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PREFACE 

"Models are often the only way of interpreting measurements to in­
vestigate long-range transport, and this is the reason for the emphasis on 
them in many research programs". 

B. E. A. Fisher: "A review of the processes and models of long-range 
transport of air pollutants", Atmospheric Environment, 17(1983), p. 1865. 

Mathematical models are (potentially, at least) powerful means in the efforts to study 
transboundary transport of air pollutants, source-receptor relationships and efficient ways of 
reducing the air pollution to acceptable levels. A mathematical model is a complicated matter, 
the development of which is based on the use of 

(i) various mechanisms describing mathematically the physical and 
chemical properties of the studied phenomena, 

(ii) different mathematical tools (first and foremost, partial differenti­
al equations), 

(iii) various numerical methods, 

(iv) computers (especially, high-speed computers), 

(v) statistical approaches, 

(vi) fast and efficient visualization and animation techniques, 

(vii) fast methods for manipulation with huge sets of data (input data, 
intermediate data and output data). 

The mathematical description of the physical and chemical properties of the air pollutants 
is the most important task. However, there are a lot of difficult and unresolved problems 
connected with the physical and chemical background of the air pollution phenomena that are 
of interest. Therefore many different possible descriptions of the physical and chemical 
properties are to be tried in the model and the results obtained are to be carefully compared 
and studied. It is important to emphasize here that correct conclusions could be drawn only 
if all problems related to the remaining issues (ii)-(vii) are successfully solved. This means 
that: the numerical methods should be sufficiently accurate, the computers should be 
sufficiently fast, the statistical approaches should be reliable, efficient visualization and 
animation programs should be available and it should be possible to perform quick 
manipulations with large data sets. It is absolutely necessary to satisfy these conditions. If 
these conditions are satisfied, then one will be able perform long series of simulations with 
the model and to derive reliable conclusions about the way in which physics and the 
chemistry should implemented. 

Some important problems concerning the implementation of numerical methods in a large 
air pollution model and the use of high-speed computers to treat such a model are the main 
topic of this book. It should be emphasized here that these two factors (fast and sufficiently 
accurate numerical methods and efficient codes for different high-speed computers) are often 
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underestimated. In many cases fast but not sufficiently accurate numerical methods are 
selected. Simplified (and oversimplified) physical mechanisms are incorporated in the models 
in order to make it possible to treat them on, say, personal computers. In many important 
situations the use of these two approaches is not justified. The numerical methods must be 
sufficiently accurate in order to avoid the influence of numerical errors on the results when 
different physical mechanisms are tested. The use of old-fashioned sequential and scalar 
computers (instead of modern vector and parallel computers) may cause difficulties in the 
selection of the right physical mechanisms (some promising physical mechanisms have to be 
rejected and not included in the set of the tested mechanisms only because they are 
complicated and it will be impossible to run the resulting model on such slow computers). 

The long-range transport of air pollutants and the major physical processes involved in 
it are briefly described in Chapter 1. Some problems connected with the reduction of the air 
pollution to acceptable levels is also discussed in Chapter 1. 

The mathematical description of the major physical processes, which take place during 
the transport of air pollutants, is studied in Chapter 2. A general Eulerian model is derived 
and then compared with models based on the Lagrangian approach. 

Various numerical methods that can be used in connection with large air pollution models 
are discussed in Chapter 3. A comparison of different numerical methods is also given there. 

It is important to be able to check the accuracy of the numerical methods. It is highly 
desirable to implement error estimators in all parts of a large air pollution model, but it is 
extremely difficult to accomplish such a task. In fact, this is a very challenging but still 
unresolved problem. Therefore, a carefully chosen set of test-problems has to be used. Test­
problems are described in Chapter 4. 

In many cases the use of advanced methods, which try to adjust automatically some 
parameters in an attempt to achieve· high performance, is worthwhile. The use of such 
methods during the time-integration part of the computation is demonstrated in Chapter 5. 

The discretization of any large air pollution model leads to huge systems of ordinary 
differential equations. It is important to apply high-speed computers in the treatment of these 
systems. Basic properties of several classes of modem high-speed computers are discussed 
in Chapter 6. 

The application of various vector processors in the solution of some basic algebraic 
operations, which appear again and again when big application codes (not only air pollution 
models) are handled on computers, is discussed in Section 7. The efficiency of the devices 
proposed there is illustrated by many numerical examples. 

Parallel machines with shared memory are often used in the attempt to achieve high 
speeds of computations. The application of such computers in the treatment of large air 
pollution problems is discussed in Section 8. 

Many scientists believe that the future of scientific computing is the use of powerful 
massively parallel computers that could have thousands of processors. An application of such 
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a computer, the Connection Machine, in the treatment of some modules of a large air 
pollution model is described in Chapter 9. The computational speed achieved is illustrated in 
tables and by plots. 

Some experiments with the particular large air pollution model developed at the National 
Environmental Research Institute (Roskilde, Denmark), the Danish Eulerian Model, are 
described in Chapter 10. The results are illustrated by many plots. 

Air pollution modelling is an interdisciplinary science. Meteorologists, physicists, applied 
mathematicians, numerical analysts, computer scientists, statisticians and chemists are working 
in this area. The main topics discussed in the book are numerical methods and high speed 
scientific computations. However, an attempt is made to take into account the fact that 
specialists from many other areas might be interested in some parts of the book. This is why 
the following actions were taken during the preparation of the text. Unnecessary details are 
avoided. The notation is simplified as much as possible. The main ideas, on which the 
algorithms discussed are based, are described and references, where details can be found, are 
given. Some popular algorithms have been published, sometimes with different interpretations, 
in physical, meteorological, chemical and mathematical journals. An attempt to give all these 
references is made. This increased the number of references. The hope is that different 
scientists will be able to find a reference published in a joumal where the notation and the 
language are familiar to them. 

The different chapters of this book, and even some sections, can be studied independently. 
Moreover, short cross-references are in general avoided in the book. That is if a few formulae 
or several sentences from an earlier chapter are needed then they are repeated. Further, the 
tables and figures are supplied with as many explanations as possible so as to allow the reader 
to understand their contents without searching for the page in the text where the contents of 
the table or the figure under consideration are explained. An attempt has been carried out to 
use concepts and tools that are used by all scientists involved in this field (applied 
mathematicians, numerical analysts, meteorologists, physicists, chemists, statisticians and 
computer scientists). 

The terminology used in connection with air pollution studies deserves some attention. 
There are many different names that are associated with the air pollution models: meteoro­
logical models, dispersion models, diffusion models, numerical models, computer models, 
chemical models, etc. The situation is sometimes rather confusing. Therefore it seems to be 
useful to try to state clearly what terminology will be used in this book. The following 
convention rules are used in the text: 

(i) In this book, a model is either an air pollution model or a 
mathematical model (the two names being used as synonyms in all chapters 
of the book). It is also assumed that the model is described mathematically 
by a system of partial differential equations. 

(ii) The different terms in the equations reflect the particular 
mechanisms that are used to describe mathematically the physical processes 
involved in the model. A group of such terms is considered as a sub-model, 
whose name is the name of the physical process described by these terms; 
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for example, the diffusion sub-model contains the terms by which the 
diffusion process is described mathematically. 

(iii) The mathematical model is always treated numerically. The term 
"numerical model" is never used in the book. 

(iv) The numerical treatment of a large mathematical model is always 
carried out on a computer. This means that the use the term "computer 
model" is redundant, and this term is never used in the book. 

I hope that this book will be useful for all groups of scientists who are doing research in 
the field of air pollution modelling (applied mathematicians, numerical analysts, physicists, 
chemists, meteorologists, statisticians and computer scientists). Some chapters of the book are 
quite general and could also be used by specialists involved in other fields of science and 
engineering where large-scale computations are to be carried out (perhaps on high-speed com­
puters). Thus, this book may be used as a reference book in many scientific and engineering 
fields where large mathematical models are to be treated numerically (in most of the cases 
on high-speed computers). 
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CHAPTER 1 

THE AIR POLLUTION PROBLEM 

"The quality of the atmosphere, on which existing terrestrial forms of life 
are dependent, has been recognized as an important variable of the 
environment only during the past few decades". 

Leslie A. Chambers: "Classification and Extent of Air Pollution 
Problems". In: "AIR POLLUTION" (A. C. Stern, ed.), Vol. 1, p. 5. 
Academic Press, New York, 1976. 

The air pollution, and especially the reduction of the air pollution to an acceptable level, 
is an important environmental problem. The air pollution is not limited to regions where there 
are big emission sources. Air pollutants can be transported, mainly by advection due to the 
wind (but diffusion phenomena and chemical transformations under the transport also play 
an important role), to areas where there are no emission sources. Thus, the atmosphere is 
normally polluted not only in areas with emission sources, but also in the surrounding areas. 
Furthermore, air pollutants are deposited on the surface not only in areas where there are big 
emission sources, but also in the surrounding areas. 

The pollutants, both when these are dispersed in the atmosphere and when these are 
deposited on the surface, can be dangerous for plants, animals and humans if their 
concentrations are over certain levels. This imposes or, at least, may impose a requirement 
to reduce the air pollution in some areas to certain acceptable (or critical) levels. However, 
it must immediately be stressed that the reduction of the air pollution is an expensive process 
(or, at least, very often is an expensive process). Therefore one should be very careful. It is 
necessary to define exactly what kind of reduction is wanted and where it is necessary to 
achieve reductions. The acceptable (or critical) levels of the concentrations and the depositions 
are to be determined precisely and the air pollution should be reduced to these levels but no 
more, because the extra efforts may be very expensive and, therefore, may cause great 
economical difficulties (for some countries, at least). 

Mathematical models of air pollution phenomena (and, first and foremost, of long range­
transport phenomena) are indispensable tools in the efforts to solve the problems sketched 
above. Moreover, many problems connected with an optimal reduction of the air pollution to 
acceptable levels can successfully be solved only if reliable mathematical air pollution models 
are used. 

A short description of the physical nature of the air pollution transport will be presented 
in the first chapter. Some related issues, and especially the efforts to reduce the air pollution 
to some acceptable levels, will also be discussed in some more detail in this chapter. Then, 
in the following chapters, some mathematical air pollution models that lead to very large 
computing problems will be studied. 
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1.1. Long-range transport of air pollution 

'Transport, chemical reactions and deposition of atmospheric pollutants 
as well as their effects like smog formation and acidification of soils 
constitute a regional problem ". 

Adolph Ebel: "Modelling of Pollutants Dispersion over Europe: An 
Introduction to EUROTRAC Subproject EUMAC". In: "TRANSPORT 
AND TRANSFORMATION OF POLLUTANTS IN THE ATMOSP­
HERE" (P. Borrell, P. M. Borrell and W. Seiler, eds.), pp. 227-230. SPB 
Academic Publishing by, The Hague, Netherlands, 1991. 

The physical phenomenon, which is well-known under the name "long- range transport 
of air pollution" (the abbreviation LRT AP will often be used both in this chapter and in the 
following chapters), consists of three major stages: 

1. Emission. During this first stage different pollutants are emitted in the atmosphere 
from different emission sources. Many of the emission sources are anthropogenic l (the terms 
human-made and man-made are also commonly used), but some of the air pollutants are also 
emitted from natural emission sources. 

2. Transport. The actual transport of air pollutants takes place in the second stage. The 
driving factor is the wind. The transport of air pollution in the atmosphere that is caused by 
the wind is normally called "advection of the air pollutants". 

3. Transformations during the transport. Three major physical processes take place 
during the transport of pollutants in the atmosphere: 

3.1. Diffusion. The air pollutants are widely dispersed in the atmosphere 
(both in the horizontal directions and in the vertical direction). 

3.2. Deposition. Some of the pollutants are deposited to the various 
surfaces of the Earth (soil, water and vegetation). Two different kinds of 
deposition phenomena are usually considered: dry deposition and wet 
deposition. The dry deposition continues throughout the long-range transport, 
while the wet deposition process takes place only when it rains. 

3.3. Chemical reactions. Many different chemical reactions take place 
during the transport of pollutants in the atmosphere. As a result of the 
chemical reactions many secondary pollutants are created (the air pollutants 
that are emitted directly from the emission sources in the atmosphere are 

1 Anthropogenic emissions: The use of the word "anthropogenic" in connection 
with emissions is etymologically not correct; see Wellburn [474], p. 2. The 
word anthropogenic is derived from the word anthropogenesis (which is a 
composition of the Greek words anthropo and genesis), and "anthropogenesis" 
means the study of the origin of man. Nevertheless, the term "anthropogenic 
emissions" is commonly used instead of emissions from human-made or man-made 
sources. 
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often called primary pollutants). Some of the chemical reactions lead to a 
production of final species that are not damaging (thus, the final products of 
the chemical reactions are not necessarily air pollutants). 

1.2. Emission sources 

"For many years, emission data have been reported without specific 
guidelines on how such data should be estimated. The first guidelines. 
adopted in 1988, were rather general". 

Harald Dovland: "Emission Data: Agreed Reporting Guidelines and 
Situation in Practice". In: "EMEP WORKSHOP ON THE CONTROL 
OF PHOTOCHEMICAL OXIDANTS IN EUROPE" (P. Anttila, ed.), 
pp. 141-144. Finnish Meteorological Institute, Sahaajankatu 22, FIN-0081O 
Helsinki, 1993. 

It is commonly accepted to classify the air pollutants into two large groups: primary air 
pollutants and secondary air pollutants (this has been mentioned at the end of the previous 
section). The primary air pollutants are directly emitted in the atmosphere from various 
emission sources. The secondary air pollutants appear as a result of chemical transformations 
during the transport of pollutants in the atmosphere. It must be mentioned here (see also the 
previous section) that some of the final products of the chemical reactions can be harmless. 
Of course, some of the chemical reactions can be reversible (under some conditions, at least). 
This means that not only are primary air pollutants emitted from different emission sources, 
but some of them can also be produced in the atmosphere during the transport. 

There are two major groups of emission sources. The primary air pollutants can be 
emitted from natural emission sources. For example, some organic air pollutants (from a big 
group which is well-known under the abbreviation VOe2) are emitted from the forests. Some 
sulphur compounds are emitted from the seas. 

While it is true that some air pollutants are emitted from natural sources, it is 
unfortunately also true that many of the emission sources (at least those in the highly 
industrialized parts of the world; Europe, North America and some parts of Asia) are created 
by human activities and, thus, emitted by anthropogenic (man-made, human-made) emission 
sources. 

A detailed description of the emISSIOn sources for various air pollutants (the terms 
"species" and "compounds" also being commonly used, especially in connection with the 
chemical reactions) is beyond the scope of this book. However, it will be illustrative to 
explain, by an example, how the inventories concerning the anthropogenic (man-made, 
human-made) emission sources are prepared in order to be used in different investigations (for 
instance, as input data in the large air pollution models). 

2VOC: Volatile Organic Compounds 
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Let us consider, as an illustration only, the anthropogenic emissions of nitrogen oxides. 
The anthropogenic nitrogen oxides are mainly produced, and emitted into atmosphere, during 
different combustion processes. The main types of anthropogenic emission sources for 
nitrogen oxides, according to Liibkert [294] and Liibkert and Tilly [296], are listed in 
Table 1.1. 

For the 12 OECD3 countries (Austria, Denmark, Finland, France, Germany, Italy, the 
Netherlands, Norway, Portugal, Sweden, Switzerland and the United Kingdom) the average 
percentages of the contributions from the six major types of emission sources for nitrogen 
oxides for 1980 are given in Table 1.2 (more details can be found, for example, in Dovland 
and Saltbones [120], Liibkert [294], Liibkert and Tilly [296], Semb and Amble [392]). 

Domestic combustion 

Industrial combustion 

Other industrial processes 

Table 1.1 
The types of emission sources 

for nitrogen oxides. 

In some of the OECD countries the percentages of the emissions of nitrogen oxides 
from different types of emission sources can deviate quite a lot from the average values for 
the whole region of the OECD countries. For example, there is no contribution to the 
emissions of nitrogen oxides from power plants in Norway and Switzerland, where the natural 
water resources are fully exploited. The differences in the contributions of nitrogen oxides 
from the main types of emission sources in three of the OECD countries are clearly seen 
in Table 1.3. 

The above short description of the different types of emission sources for nitrogen oxides 
is quite sufficient for the purposes of this book. It illustrates clearly how the emissions 
sources of nitrogen oxides are classified and how inventories that can be used in different 
environmental studies can be prepared. Similar procedures can be applied when inventories 
concerning other emissions are to be prepared (as, for example, inventories for emissions of 
sulphur, ammonia, different hydro-carbons, etc.). More details about many procedures (which 

30ECD: Organization for Economic Co-operation and Development 
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can be used in connection with emissions and inventories for emissions) can be found in 
Lamb et al. [279], Ltibkert and Schopp [295], Seinfeld [391] or Wellbum [474]; see also 
the references given above. 

24 

Domestic combustion 6 

Industrial combustion 12 

Other industrial processes 4 

1 

Table 1.2 
The contributions, in percent, to the emissions of nitrogen oxides 

from the different types of sources (mean values for 1980 
and for the whole OEeD region). 

50 o 44 

Domestic combustion 9 4 3 

Industrial combustion 7 12 13 

Other industrial processes o 9 o 
1 o 3 

Table 1.3 
The contributions (in percent) to the emissions 

of nitrogen oxides from different types of sources 
in three OEeD countries (Denmark, Norway and UK) 

and in the whole OEeD area (the last column). 

4 ox: United Kingdom 

24 

6 

12 

4 

1 
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1.3. Transport of air pollutants 

"The atmosphere serves both as a reservoir in which chemical and 
physical reactions take place and as a pathway for material to go from 
one geophysical reservoir to another". 

Douglas M. Whepdale and Jenie L. Moody: "Large-scale Meteorologi­
cal Regimes and Transport Processes". In: "THE LONG-RANGE 
ATMOSPHERIC TRANSPORT OF NATURAL AND CONTAMI­
NANT SUBSTANCES" (A. H. Knap, ed.), pp. 3-36. Kluwer Academic 
Publishers, Dordrecht-Boston-London, 1990. 

The long-range transport of different pollutants in the atmosphere is mainly due to the 
wind. This is a very important physical process. The long-range transport of air pollutants in 
the atmosphere may cause severe damaging problems (under certain meteorological 
conditions, at least) even in regions where there are no big emission sources. Therefore this 
process should be studied very carefully. 

There are two questions of great interest (or, at least, may be of great interest in certain 
circumstances) that have to be answered: 

(1) How big is the contribution of the emission sources from a given 
region to the surrounding regions? 

(2) What is the influence of the reduction of the emission sources in a 
given region on the pollution in the surrounding regions? 

Correct answers to these two important questions are needed in the efforts to reduce the 
pollution to some prescribed levels in an optimal way. The reduction of the pollution is 
normally an expensive process. Therefore it is important to reduce the pollution as much as 
needed, but no more. It is clear that if reliable information about 

and 

(i) the contributions due to sources in a given region to the pollution in 
the surrounding regions 

(ii) the influence of a given reduction of the emissions from certain 
sources to the concentrations of the appropriate pollutants in the surrounding 
regions 

is available, it will be possible, in principle at least, to design some optimal (or nearly 
optimal) strategies for the reduction of the air pollution to an acceptable level. 

It is necessary to develop reliable mathematical models in order to answer these questions 
(or other similar questions). Moreover, reliable mathematical models are perhaps the only tool 
by which one can obtain detailed information both about the contribution due to sources in 
a given region to the pollution in the surrounding regions and about the influence of a 
prescribed reduction of some sources on the concentrations of the corresponding pollutants 
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in the surrounding regions. The correct treatment of the transport due to the wind (this 
transport is also called advection; see Section 1.1) is an important requirement for such a 
model. However, one should remember that, while the long-range transport of pollutants in 
the atmosphere which is caused by the wind is without doubt one of the most important 
processes, the other physical processes (the processes that take place during the transport) 
must also be taken into account during the preparation of a mathematical model. 

1.4. Diffusion phenomena 

"The differential equation which has been the starting point of most 
mathematical treatments of diffusion from sources is a generalization of 
the classical equation of conduction of heat in a solid and is essentially 
a statement of conse11'ation of the suspended material". 

F. Pasquill and F. B. Smith: "Atmospheric Diffusion". Wiley and Sons, 
New York, 1983, pp. 94-95. 

When air pollutants are released from an emission source into the atmosphere, they are 
transported by the wind (see the previous section). Several physical processes take place 
during the transport. The diffusion phenomenon is one of these processes. The air pollutants 
can be diffused (dispersed) both in the two horizontal directions and in the vertical direction. 
There are no clear limit barriers for the diffusion in the horizontal directions. However, there 
are two important barriers for the diffusion in the vertical direction that must be taken into 
account and correctly handled in the mathematical models. 

The first of the two barriers is the top of the boundary mixing layer, which is determined 
by a special quantity, namely the mixing height. During the night the mixing height is 
normally rather small (the top of the boundary layer is close to the surface). During the day 
the mixing height can be pretty high; up to several kilometres. The air pollutants are mixed 
relatively fast within the boundary mixing layer. 

The second of these barriers is the tropopause (its height is about 10 km). While the air 
pollutants can be diffused over the top of the mixing boundary layer (although this process 
is normally very slow), there is practically no mixing over the tropopause (even if such 
mixing takes place, then it is so small and/or it happens so rarely that it can be ignored, and 
is often ignored, in the air pollution models). 

The diffusion phenomena depend on many factors (as, for example, on the meteorological 
conditions and on the terrain). The correct treatment of these factors in an air pollution model 
becomes more and more important when the space domain of the model becomes smaller. 
Thus, one should be more careful in the description of the diffusion process in short-scale 
models. 

A mathematical description of the diffusion process for the case where long-range 
transport of air pollutants is studied (which is based on partial differential equations) will be 
presented in the next chapter. The physical background of the diffusion phenomena is beyond 
the scope of this book (a good study of the physical background of the diffusion process can 
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be found in, for example, Pasquill and Smith [347]). It should be stressed here, however, that 
the mathematical description of the diffusion process, which will be presented in the following 
chapter and which is used in many large air pollution models, is based on rather crude 
assumptions (and there is a strong need for improvements based on a more solid physical 
knowledge). On the other hand, it must also be emphasized that the more complicated 
modules for calculating the diffusion of the concentrations will as a rule require some 
additional input data files. Therefore, they are useful only if the available additional input data 
files are sufficiently accurate. 

It must also be emphasized that some artificial diffusion is always presented when the air 
pollution transport is modelled and, moreover, when the mathematical models are treated 
numerically. In this situation the spatial domain under consideration is divided into small 
boxes by some kind of grids and it is assumed that the emissions from all sources in any of 
these boxes are mixed instantaneously inside the box. This is why many modellers prefer to 
work without any horizontal diffusion in their mathematical models; the horizontal grid­
squares are often very large (the size of the horizontal grid-squares in the EMEpS models 
is 150 km x 150 km; see Eliassen and SaItbones [154], Iversen [251], Iversen et al. [252-
254] or Simpson [413,414]). The artificial diffusion will be discussed in more detail in the 
following chapters where large air pollution models will be studied. 

1.5. Chemical reactions during the transport 

"In previous model studies, it has been concluded that choice of chemical 
mechanism may have a decisive influence on model performance". 

R. G. Derwent and T. J. Davis: "Modelling the Impact of NOx Control 
on Photochemical Ozone in Europe". In: "EMEP WORKSHOP ON 
THE CONTROL OF PHOTOCHEMICAL OXIDANTS IN 
EUROPE" (p. Anttila, ed.), p. 55. Finnish Meteorological Institute, 
Sahaajankatu 22 E, FIN-0081O Helsinki, Finland, 1993. 

Different chemical reactions take place during the transport of pollutants in the 
atmosphere. The chemical reactions may lead to the creation of other air pollutants (which 
will be called secondary pollutants; see Section 1.2 ), but the chemical reactions may also 
lead to the conversion of some primary pollutants to harmless compounds. Therefore the 
chemical reactions should be studied carefully. 

Let us assume that one wants to study a large group of important air pollutants (as, for 
example, sulphur pollutants, nitrogen pollutants, ozone and hydro-carbons) by using a 
mathematical model. Then it is highly desirable to determine an optimal set of chemical 
reactions that has at least the following two properties: 

(a) It describes adequately the reality (i.e. the actual chemical transform­
ations that take place in the atmosphere under the transport). 

5 ENEP: European Monitoring and Evaluation Programme at the Economic 
Commission for Europe of the United Nations. 
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(b) It is not too big6 (and, thus, a model containing the species involved 
in this set of chemical reactions can successfully be treated numerically). 

Unfortunately, the question: 

is still open. 

9 

The condensed CBM IV chemical scheme7, which is used in some of the models that 
will be discussed in the following chapters, seems to be feasible: it is not too big and it still 
contains many of the important species. However, it is probably not the optimal chemical 
scheme that can be used in a model for studying all important air pollutants. The condensed 
CBM IV chemical scheme has been proposed by Gery et al. [204]; see also Whitten and 
Gery [479]. Some of the chemical schemes discussed in Derwent [101,102] may be more 
appropriate for some large air pollution models. 

If one is interested in some special (and small) group of air pollutants (as, for example 
the long-range transport of sulphur pollutants only; such studies were very popular in the 
70'ies and in the beginning of the 80'ies), then it may be possible to design, in a rather 
simple way, optimal (for these special groups of air pollutants) chemical schemes. Let us 
assume that only the group of pollutants that has been mentioned above (the sulphur 
pollutants) is to be studied. Then a model that consists of only two species: sulphur dioxide 
(the primary pollutant) and sulphate (the secondary pollutant) can successfully be used (and 
has been used in many air pollution models). Moreover, one can assume that it is sufficient 
to consider only one chemical reaction in this case (the transformation of sulphur dioxide to 
sulphate). One can furthermore assume that this reaction is linear (or, in other words, that it 
is described mathematically in the model by a term that is proportional to the concentration 
of sulphur dioxide). 

The above example shows that the choice of a chemical scheme is rather simple in some 
special cases. Unfortunately, very often the opposite is true: the choice of a chemical scheme 
is a very difficult problem. This problem, the great difficulties that are connected with the 
choice of a suitable chemical scheme as well as with the treatment of the chemical reactions 
in large mathematical air pollution models, will also be discussed in the following chapters. 

6 In fact "big" should be related to the computer available. A set of chemical 
reactions that is big for a PC or work-station will be quite acceptable if a 
modern high-speed computer is used. 

7CSH: Carbon-Bond Mechanism 
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1.6. Deposition of air pollutants 

"Nevertheless the terms 'wet' and 'dry deposition' encompass wider 
concepts and distinguish the two main pathways by which atmospheric 
pollutants are returned to the surface of the Earth ". 

Alan Wellburn: "Air Pollution and Acid Rain". Longman Scientific and 
Technical, Harlow, Essex, England, 1988, pp. 1-2. 

One of the physical processes that takes place during the transport of air pollutants is the 
deposition. There are two major types of deposition on the surface: (a) wet deposition and 
(b) dry deposition. 

The wet deposition by precipitation, which is also known as precipitation scavenging, is 
one of the most effective atmosphere cleansing mechanisms. However, while the atmosphere 
is cleaned, the soil may be acidified by some pollutants and this may be very harmful for 
some sensitive areas. 

The dry deposition of air pollutants is a process that takes place throughout the long-range 
transport of air pollutants (not only in precipitation periods; i.e. not only when it rains, snows, 
etc.). There are different mechanisms that drive the dry deposition of air pollutants on the 
surface. For large particles, for example, removal processes due to gravitational sedimentation 
are an effective removal source. Impaction on vegetation is another effective process; 
especially near the ground. Absorption or reaction processes on Earth's surface is a third type 
of a deposition mechanism. Uptake on Earth's surface depends on many factors as, for 
example, on: 

and 

(i) certain meteorological parameters, 

(ii) the physical, chemical and physiological properties of the Earth's 
surface, 

(iii) the specific properties of the pollutants under consideration. 

More details about the deposition processes as well as descriptions of different 
mechanisms that can be used to model these processes can be found in [237], [309], [342]­
[346], [476] and [477]. 
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1.7. Effects on plants, animals and humans 

and 

"Elevated ozone in rural areas is believed responsible for crop losses of 
J to 2 billion dollars annually". 

S. Sillman, J. A. Logan and S. C. Wofsy: "A Regional Scale Modelfor 
Ozone in the United States with Subgrid Representation of Urban and 
Power Plant Plumes". Journal of Geophysical Research, 95(1990), p. 
5731. 

The damaging effects of the air pollutants on plants can be divided into two groups: 

(i) direct effects 

(ii) indirect effects. 

Certain air pollutants can damage the plants directly. However, the deposition of air 
pollutants on the ground can cause acidification of the soil, which can damage the plants. 
These indirect effects are often much more dangerous than the direct effects. 

The effects of air pollutants on animals and humans are also either direct or indirect. 
Again the indirect effects are often much more dangerous than the direct effects. One of the 
most dangerous effect (in the group of the indirect effects) is the acidification of the fresh 
water sources. 

There is no need to go into more details, because for the purposes of this book it is quite 
sufficient to emphasize the fact that air pollutants can cause damages to plants, animals and 
humans when these exceed certain critical levels. The readers that are interested in this topic 
should study, for example, Becker et al. [25] or Wellburn [474]. 

The fact that high concentrations and/or depositions of certain air pollutants might cause 
damage to plants, animals and humans explains why it is necessary to determine, in a 
sufficiently reliable manner, the critical levels of the concentrations and/or the depositions of 
the dangerous air pollutants and to keep the concentrations and/or the depositions of the 
dangerous air pollutants under the critical levels. The latter task is even more important. 
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1.8. Need for reduction of the air pollution 

"Society's concern exists now because urbanization and industrialization 
have brought together large concentrations of people in small areas. 
Concentrations of pollutants emitted from many of man's activities thus 
build up to levels sufficient to have adverse effects on plant, animal, and 
human health. Pollution concentrations on a global scale are reaching the 
point of potential serious consequences to the planet itself". 

Henry C. Perkins: "Air Pollution". McGraw-Hili Kogakusha, Tokyo, 
1974, p. 2. 

It has already been mentioned that air pollutants may cause damage to plants, animals and 
humans when their concentrations and/or depositions are over certain acceptable (or critical) 
levels. Therefore it is necessary to reduce the concentrations and/or the depositions of the air 
pollution to the acceptable (or critical) levels (and, moreover, to keep them under the 
acceptable levels). The fact that the air pollution must be reduced is now well understood. 
There are several international conventions where the main purpose is to start up and/or to 
carry on some efforts toward reducing the concentrations and/or the depositions of some of 
the dangerous air pollutants to the acceptable (or critical) levels. The countries in Western 
Europe and North America are very active in this field. Of course, this is not a great surprise 
since all these countries are also highly polluted. 

1.9. Reduction of the air pollution 
versus its economical cost 

"Model analysis of atmospheric processes can play an important role in 
understanding the effect of different sources on regional-scale air quality ". 

G. R. Carmichael, L. K. Peters and T. Kitada: "A second generation 
model for regional-scale transport/chemistry deposition ". Atmospheric 
Environment, 20(1986), p. 185. 

The reduction of the concentrations of air pollutants is normally an expensive action. 
Therefore one should analyze carefully all economical consequences of the planned reduction. 
A careful work has to be done to determine precisely the acceptable (or critical) levels of 
concentrations of all dangerous air pollutants. Then the concentrations must be reduced to 
these levels but no more (because of the high cost). Moreover, the reduction to the acceptable 
(or critical) levels must be optimized: the price of achieving this reduction should be as low 
as possible. The task of keeping the air pollution under the acceptable (or critical) levels must 
also be optimized; again, here it is highly desirable to perform this task at the lowest cost 
possible. 

Neither the task of reducing the concentrations to acceptable (or critical) levels in an 
optimal way nor the task of keeping the air pollution under the acceptable (or critical) levels 
in an optimal way is an easy task. This is true even when the acceptable (or critical) levels 
are precisely determined. These tasks are especially difficult for small couutries. The 
following example could be given to illustrate this statement. 
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One of the simple models developed at the National Environmental Research Institute 
(this model is described in Zlatev [515,517,520]) was used to estimate the contributions of 
emission sources in different European countries to the total sulphur deposition in different 
parts of Denmark. Some of the results are shown on Table 1.4. The results are for 1989, 
but the same experiment was carried out also with meteorological data for 1979 and 1985. 
The same conclusions (as those that are listed below) can be drawn by using the results for 
the other two years. 

1700 743(44%) 80(5%) 600(35%) 

1500 534(36%) 40(3%) 400(27%) 

1300 337(26%) 50(4%) 400(31 %) 

Table 1.4 
Total (dry + wet) sulphur deposition (for 1989) in some Danish regions. 
The contributions from the sources in East Germany are added to the 

contributions from the countries in Eastern Europe. 
The depositions are measured in mg sulphur per m2 per year. 

(a) The results that are given in Table 1.4 are total sulphur depositions for the whole 
1989. For separate months the results can vary in a quite wide range. For example, the annual 
contributions (for 1989) of the Polish sulphur emission sources to the total sulphur depositions 
in the different parts of Denmark vary between 3% and 5%. However, the corresponding 
contributions are between 8% and 15% when only July 1989 is taken into account. Many 
factors play an important role when short periods of time are considered (the wind directions 
probably being the most important). 

(b) From the calculated results that are shown in Table 1.4 it becomes quite clear that 
in a small country (such as Denmark) it is rather difficult, and perhaps impossible, to reduce 
the pollution to some prescribed levels without cooperative actions together with the other 
European countries (especially the big countries), because only about one-third (and more 
precisely some quantities between 26% and 44%) of the total sulphur deposition in 
Denmark is caused by the Danish sulphur emission sources. By applying some rather crude 
calculations, it can be concluded that a reduction of the Danish sulphur emission by 30% 
will lead to a reduction of the total sulphur deposition in the Northern Jutland only by about 
8%. Thus, a reduction of the total sulphur deposition in Denmark by 30% will require 
much greater amount of reduction of the Danish sulphur emission sources if Denmark has to 
reduce its sulphur deposition alone. It is obvious that this will be an impossible task when the 
economical cost of the reduction is taken into account. However, while it is quite unrealistic 
for Denmark alone to reduce its sulphur deposition by about 30%, the task becomes less 
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difficult (at least not prohibitive) if all countries in the region decide to reduce the sulphur 
emission sources together. 

(c) The results indicate also that the countries in Eastern Europe contribute (to the total 
sulphur deposition in Denmark) nearly as much as the countries in the Western Europe. 
Roughly speaking, one-third of the total sulphur deposition in Denmark is caused by the 
Danish emission sources, one-third can be assigned to emission sources in the countries in 
Eastern Europe and the rest is emitted from sources in Western Europe. 

(d) Finally, it is seen that the sulphur emission sources in a separate country contribute 
a little to the total sulphur deposition in Denmark (this is true even for such a polluted 
country as Poland; the contribution from the Polish sources to the different parts of Denmark 
is only about 3% - 5% on an annual basis). 

It should be emphasized that, although common action of several countries makes it 
possible (in principle, at least) to reduce the air pollution to the critical (or acceptable) levels, 
the problem of finding an optimal solution of this task remains unresolved. Reliable 
mathematical models can play a very important role in the efforts to reduce the air pollution 
to acceptable levels at a low economical cost. This explains why large mathematical models 
are needed and why many researchers are working on the development of large mathematical 
models for studying the long-range transport of air pollutants in Europe. It must be emphasi­
zed, however, that many more efforts are required in order to get more reliable and more 
robust air pollution models. 

Some other issues concerning the critical (or acceptable) levels of concentrations and/or 
depositions of damaging air pollutants as well as the use of reliable and robust mathematical 
air pollution models will be discussed in detail in the next section. 

1.10. Critical levels, control strategies 
and long-range transport models 

"The recent years have seen an increasing interest concerning the 
transport of air pollutants over long distances and the modelling of this 
phenomenon". 

A. Eliassen: "The OECD Study of Long Range Transport of Air 
Pollutants: Long Range Transport Modelling". Atmospheric Environment, 
12(1978), p. 479. 

The short discussion in the previous two sections shows clearly (and this has already been 
emphasized several times) that it is necessary to determine by some sufficiently accurate and 
robust method certain critical (or acceptable) levels of the concentrations and/or the 
depositions of the dangerous air pollutants. However, the concept of critical (or acceptable) 
levels has not been defined precisely in the previous sections (it has been assumed that it is 
intuitively clear what a critical or acceptable level for the concentrations or the depositions 
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of a given air pollutant means). It is worthwhile now to try to define this concept in a more 
rigorous manner. The following definition, which is often used and which describes in a short 
but adequate way why such a concept is important, can be given. 

Definition .1~1 
( 'I ~ , 

The acceptable (or critical) level for the concentrations or the depositions of a 

given air pollutant is the highest concentration or deposition that will not cause 
damaging effects to biological systems during a sufficiently long period of time 
(say, 50 years). 

It is very important to emphasize the fact that the critical (or acceptable) level for a given 
air pollutant is the highest concentration or the highest deposition of this air pollutant that 
can be allowed for a certain area in the attempts to avoid all damaging effects. 

This requirement (the critical, or acceptable, level is the highest concentration or 
deposition of the air pollutant under consideration that will not cause damages) is very 
stringent. However, by imposing such a requirement it is ensured that the air pollution is 
reduced as much as needed, but no more (which is necessary because the reduction of the 
air pollution is in general a very expensive process; see the previous section). 

On the other hand (and this is also very important), it is very difficult to determine 
precisely the critical levels of the concentrations and depositions of some of the air pollutants. 
In fact, the truth is that it is probably impossible to find the exact critical levels for most of 
the air pollutants. However, the task of finding good approximations of the exact critical 
levels can be solved (although even this task is extremely difficult; at least for some of the 
damaging air pollutants). 

The determination of the critical levels (or, at least, of some sufficiently accurate approxi­
mations of the critical levels) is absolutely necessary. This is, as stated above, also a very 
difficult task. Unfortunately, it is by far insufficient to determine the critical levels (or even 
some good and reliable approximations to the exact values of the critical levels). It is also 
necessary to develop and use in a regular way different control strategies. There are two 
important cases where it is necessary to apply some reliable and robust control strategies8: 

A 

l~ Control strategies must be used to reduce the depositions of 
the damaging air pollutants to the critical levels. 

2. If the depositions of the damaging air pollutants have al­
ready been reduced to the critical levels, then control strate­
gies must be used to keep them under the critical levels. 

8 It should be mentioned here that there are many other cases where it is also 
worthwhile to apply modern control strategies 
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Control strategies must be used to reduce the concentrations 
of the damaging photooxidant pollutants9 during episodes 
to the critical levels. 

If the concentrations of the damaging photooxidant pollu­
tants during episodes have already been reduced to the 
critical levels, then control strategies must be used to keep 
them under the critical levels. 

The task of developing reliable and robust control strategies is very difficult. The fact that 
there are many interconnections and, thus, the problem is very complicated as illustrated on 
Fig. 1.1 (more details can be found in Derwent et al. [104]). It is seen from Fig. 1.1 that 
there are a lot of interrelations between sources, pollutants, effects and receptors. 

However, there are at least three other major difficulties that also have to be overcome 
in connection with the construction of a reliable and robust mathematical model that could 
successfully be used in different control strategies : 

(A) The concentrations and the depositions depend non-linearly on the 
corresponding emissions (this means that a reduction of one type of 
emissions by a factor of two will not necessarily lead to the reduction of the 
involved concentrations and depositions by a factor of two). 

(B) The reduction of only one type of emissions will not necessarily 
solve all related ecological problems (for example, the reduction of the 
nitrogen emissions can lead to an increase of the ozone concentrations in 
some parts of the space domain). 

(C) Common actions of many countries in a given region are necessary 
in the efforts to efficiently reduce the air pollution to the critical levels. One 
country alone, especially a small country (say, Denmark), will not be able 
to control the critical levels in the long run, because of the transport of air 
pollutants over its boundaries. 

The consequence from (A) is that simple models that are based on an assumption that 
the concentrations and the depositions of the air pollutants studied depend linearly on the 
appropriate emissions are not very reliable and probably should not be used in all modern 
control strategies. However, such simple models can be used in connection with studies 
concerning some special air pollutants as, for example, in the case where only sulphur 
pollutants are of interest. Many such simple models were developed during the end of 70'ies 

• A photooxidant pollutant is a pollutant that participates in the initiating 
step of a photochemical reaction (see also Chapter 2). 
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and in the beginning of the 80'ies. The model that is called RAINS (see, for example, 
Alcamo et al. [4,5]) is a typical representative of this type of models. 

The consequence of (B) is that a mathematical air pollution model, which is to be used 
in control strategies, must in general contain all important air pollutants (including here 
sulphur pollutants, nitrogen pollutants, ammonia-ammonium, ozone and hydro-carbons). It 
should be stressed that the simple air pollution models that are based on an assumption that 
the concentrations and/or the depositions depend linearly on the appropriate emissions are 
oversimplifying the problem also in regard to the number of pollutants that are to be included 
in the study. An attempt to study the relationship between emissions and concentrations (or 
depositions) separately for each pollutant is made in these models. For example, see again 
Alcamo et al. [4,5], one tries to investigate how the reduction of nitrogen emissions will 
influence the nitrogen concentrations and/or depositions (without taking into account that the 
variations of the nitrogen emissions will lead to variations of some other concentrations too; 
the ozone concentrations will certainly be influenced because the ozone participates in many 
important chemical reactions in which also nitrogen pollutants are involved). In this way the 
interrelations demonstrated in Fig. 1.1 (see also Derwent et al. [104]) are practically 
neglected when simple mathematical models are used. 

The two consequences that have been drawn above are rather general. These are valid for 
all kinds of models that are to be used in the control strategies. The next three consequences 
are related to mathematical models for studying long-range transport of air pollutants. 

The consequence of (C) is that advanced mathematical models for studying long-range 
transport of air pollutants (LRTAP) must be used in the control strategies (but note that, while 
this is necessary, the use of LRTAP models will not be enough in many cases; some other 
tools, for example short-scale and meso-scale models, will also be needed in the control 
strategies). 

The consequence of (B) and (C) taken together is that a reliable LRT AP model must 
contain all important air pollutants (because of the many interconnections between air 
pollutants and effects; the various interconnections are illustrated in Fig. 1.1 (and fully 
discussed in Derwent et al. [104]; it should be mentioned here that Fig. 1.1 is taken from 
Derwent et al. [104]). 

The consequence of (A), (B) and (C) taken together is that a sufficiently large set of 
chemical reactions, a set which contains also many photooxidant reactions, should be 
incorporated in a reliable LRTAP model that is to be used in control strategies (this is a 
very strong requirement; the chemical reactions introduce a high non-linearity in the models 
and make its numerical treatment very difficult). 
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Interconnections between sources, 

pollutants, effects and receptors 
(see also Derwent et al. [104]). 
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There are many difficulties that are to be overcome when an LRT AP model that 
satisfies the above conditions is to be developed. The time requirement (the CPU time 
that is needed to run the model on the computer that is available) was the major limiting 
factor in the development of large LRTAP models until the middle of the 80'ies. It was 
practically impossible to use LRT AP models in control strategies before the middle of the 
80'ies (in such strategies one must carry out many runs in a long simulation process, and the 
computers were not fast enough to accomplish such a task). It explains why simple models, 
like RAINS (see again Alcamo et al. [4,5]), were developed in this period, and were very 
popular (such models are still very popular, but it is commonly accepted now that one should 
be careful when conclusions, which are only based on the use of such models, are drawn). 

In the last decade of the 20'th century, the computer time requirement (i.e. the CPU 
time needed to run a big air pollution problem on the computer that is available) is, at least, 
not a prohibitive factor any more. The modellers are able to run very big jobs on modern 
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high-speed computers, and the computers become faster and faster. Computers that can 
achieve a speed of computations of several GFLOPS 10 are already available. There are 
ambitious plans to develop a new generation of computers that can achieve speeds of 
computations greater than one TFLOPS 11 • Therefore there is a need for more powerful and 
more realistic control strategies, second generation control strategies (see also Derwent 
et al. [104]), which are based on the use of advanced and reliable mathematical models and 
which possess all properties that have been discussed above. Furthermore, and this is even 
more important, it will be possible to apply the models used in the new control strategies 
again and again, in many runs and simulations, on modern high-speed computers if the 
programming work is carefully done (and the great potential power of the new vector and/or 
parallel computers is correctly exploited to achieve a high speed of computations). 

1.11. Concluding remarks and references 
concerning the air pollution problem 

"Odin!' showed that acid precipitation was a large scale regional 
phenomenon in much of Europe with well defined source and sink regions, 
that precipitation and surface waters were becoming acidic, that long­
distance (100-2000 km) transport of sulfur- and nitrogen-containing 
species was taking place over Europe, and that there were marked 
seasonal trends in deposition of major ions and acidity". 

John H. Seinfeld: "Atmospheric Chemistry and Physics of Air Pollution". 
p. 696. Wiley, New York, 1986. 

The air concentrations of many of the pollutants were in general steadily growing during 
the last decades. Some basic information about the nature of the air pollution problem, i.e. 
about the emission sources, the transport due to the wind and the transformations (deposition, 
diffusion and chemical reactions) during the transport, is given in Section 1.1 - Section 1.6, 
Only the information that will be used in the following chapters of this book is presented in 
the first six sections of Chapter 1. Some further details about the physics of the main 
processes that are related to the air pollution problems as well as some information about the 
major chemical reactions that take place during the long-range transport of pollutants in the 
atmosphere can be found in many other books; as, for example, Pasquill and Smith [347], 
Seinfeld [391] or Zannetti [503] (see also the references in these books). 

High concentrations and/or high depositions of many of the air pollutants can cause 
damage (first and foremost to plants, animals and humans). The dangerous effects that can 

10 GFLOPS: 109 floating point arithmetic operations (additions or 
multiplications) per second. 

11 TFLOPS: 1012 floating point arithmetic operations (additions or 
multiplications) per second. 

12 Svante Odin is a Swedish scientist; one of the pioneers in the systematic 
studies concerning long-range transport phenomena. Odin established in 1961 
a Scandinavian network to measure surface water chemistry (see again Seinfeld, 
[39lJ). 
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be caused (either directly or indirectly) by the air pollutants are beyond the scope of this 
book. Nevertheless, some of these effects are briefly described in Section 1.7. These issues 
are discussed in detail in many other books treating air pollution phenomena; see, for 
example, Becker et al. [25] or Wellbum [474]. 

The fact that different damages can be caused by high concentrations and/or depositions 
explains why it may be desirable, and in most of the cases it is even necessary, to reduce the 
concentrations and/or the depositions of certain air pollutants to some acceptable (or critical) 
levels. This topic is shortly discussed in Section 1.8. 

However, the concentrations of air pollutants can be reduced to the acceptable levels only 
at some economical price. The great problems connected with the reduction of the 
concentrations to acceptable levels are explained in Section 1.9. The main conclusion is that 
it is important to find an optimal solution of the problem, i.e. 

Such an optimal solution can be achieved by common actions of all countries in the area 
where the pollution has to be reduced. It has been shown in Section 1.9 that for the small 
European countries a common action is a necessary condition. This is not a sufficient 
condition. Much more efforts are required in order to find an optimal solution. Reliable 
mathematical air pollution models are to be used in the attempts to get a solution which is 
close to the optimal one. Mathematical air pollution models and their numerical treatment are 
the main topic of this book, and these issues will be studied in detail in the following 
chapters. 

Some of the major difficulties that are connected with the reduction of the damaging air 
pollutants to certain acceptable (or critical) levels are further discussed in Section 1.10. It 
is explained in Section 1.10 (by using some results that are reported in Derwent et al. 
[104]) that the major difficulties are caused by the fact that: 

and 

(i) there are a lot of interconnections between sources, air pollutants, 
effects and receptors, 

(ii) there could be non-linear relations between certain emissions and the 
corresponding concentrations and/or depositions. 

Therefore new and modem control strategies, which are based on the use of advanced 
mathematical models, are needed in the efforts to prevent complex and irreversible damaging 
effects caused by simultaneous actions of several air pollutants. 
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MATHEMATICAL MODELS FOR STUDYING 
THE LONG· RANGE TRANSPORT OF AIR POLLUTANTS 

"It is not unusual to hear qualified scientists making statements such as 
"Why do we need to model that? Let's measure it; that's all we need," 
"Models do not work," etc. These statements imply unscientific thinking. 
Science involves development of theory (or "models") based on (J) the 
empirical interpretation of experimental data, (2) the generalization of 
experimental relationships or (3) pure speculative thinking subsequently 
confirmed by experimental results. The advancement of science is not the 
consequence of monitoring activities, even though the collection of good 
reliable experimental data is often (but not always) a necessary (but not 
sUfficient) condition to it. " 

Paolo Zannetti: "Air Pollution Modeling: Theories, Computational 
Methods and Available Software" , Computational Mechanics Publications, 
Southampton-Boston, 1990. 

The long-range transport of air pollutants, the LRTAP, is a very complicated physical 
phenomenon. Some air pollutants can be transported over long distances to remote areas that 
are far away from the big emission sources. Moreover, under certain circumstances the 
transported air pollutants may lead (directly or indirectly) to some damaging effects on plants, 
animals and humans. Therefore, it is important to be able to study the LRTAP carefully. 
Mathematical air pollution models are indispensable tools in the investigation of long-range 
transport phenomena. The analytical description of some types of such large models by 
systems of partial differential equations will be discussed in this chapter. 

It has already been mentioned (in Chapter 1) that the long-range transport of air 
pollutants, the LRTAP, can be considered as a result of the interaction of five physical 
processes: 

(l) advection, 

(2) diffusion, 

(3) deposition, 

(4) emission 

and 

(5) chemistry. 

The first task that has to be solved during the development of a long-range transport 
model is to describe mathematically these five physical processes. The principles (or, at least, 
some of the principles) that can be applied in connection with the mathematical description 
of each of these five physical processes will be discussed in the first eight sections of this 
chapter. Then a combined mathematical model for studying long-range transport phenomena 
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in connection with air pollutants will be introduced in Section 2.9 and briefly discussed 
there. 

It will be shown that the combined mathematical model for studying the long-range 
transport of air pollution is normally described, like many other important physical processes, 
by a system of partial differential equations (a system of PDE's). The number of equations 
in this system is equal to the number of species that are studied by the model. Thus, the 
system becomes bigger when one wants to study more species in the model. Even when the 
number of species that are to be studied is not very large, the numerical treatment of a model 
for studying the long-range transport of air pollution is a difficult task, because the 
discretization of the system of partial differential equations leads to huge systems of ordinary 
differential equations that are to be integrated numerically over a long time-intervals. The 
numerical treatment of large long-range transport models will be discussed in the following 
chapters of this book. 

2.1. Long-range transport and reduction of air pollution 

The physical phenomenon which is well-known under the name "long-range transport 
of air pollution (LRT AP)" can be divided, as mentioned in Section l.l, into three major 
stages. These three major stages are briefly described in Table 2.1. 

It is seen from Table 2.1 that five major physical processes (emission, advection, 
diffusion, deposition and chemical reactions) are forming the LRTAP; this was also 
mentioned in Chapter I. The first task that must be solved during the development of an air 
pollution model is to describe all these processes mathematically. 

Emission 

Transport due to the wind (advection) 

Transformations during the transport: 

3.1. Diffusion 

3.2. Deposition 

3.3. Chemical reactions 

Table 2.1 
The three major stages during 

the long-range transport of air pollutants. 
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The LRT AP will, in the following sections of this chapter, be described mathematically 
by a system of partial differential equations (PDE's): the number of equations in the system 
of PDE's is equal to the number of species that are to be studied by the model. Furthermore, 
the system of PDE's will be defined in a large space domain. Indeed, only when the space 
domain, in which the system of PDE's is defined, is sufficiently large, one can study long­
range transport phenomena. 

Certain mathematical functions are to be used in the description of the five physical 
processes in a large LRTAP model. It is normally assumed that these functions (as, for 
example, the wind velocities) are known in the whole space domain and in the whole time­
interval. Such a requirement (certain mathematical functions to be known in the whole space 
domain and in the whole time-interval) is usually very stringent when practical problems are 
to be treated. This can be demonstrated by the example given below. 

Let us assume that the LRT AP model is two-dimensional. This means that the long­
range transport of air pollutants is studied on a two-dimensional space domain. Furthermore, 
let us assume that the space domain is discretized by an equidistant grid consisting of equal 
grid-squares. As an illustration the actual grid that has been used in the Danish Eulerian 
Model (by which the long-range transport of air pollutants over Europe has been studied in 
Harrison et al. [228], Zlatev and Christensen [537], Zlatev et al. [538,539]) is given in Fig. 
2.1. It should be mentioned here that the grid shown in Fig. 2.1 is a 32x32 grid. A finer 
spatial grid, a 96x96 grid, is used now in the discretization of the Danish Eulerian Model. 

Consider the horizontal advection process, i.e. the transport of pollutants in the 
atmosphere that is directly caused by the horizontal components of the wind. The horizontal 
wind velocities u(x,y,t) and v(x,y,t) (i.e. the wind velocities along the Ox and the Oy 
axes respectively) are to be used in order to describe the advection mathematically. Both 
u(x,y,t) and v(x,y,t) are to be considered (in the model) as known mathematical functions 
that can be calculated at every point (x,y) of the space domain and at every time t. This 
example shows clearly that the requirement that both u(x,y,t) and v(x,y,t) are known 
functions on the whole space domain and on the whole time-interval is a rather stringent 
requirement and as a rule it cannot be satisfied in practice. This means that one should try 
to relax this requirement. Of course, such a situation arises not only when the horizontal 
advection process is to be handled mathematically, but also when the other physical processes 
involved in the study of long-range transport of air pollution are to be treated in a 
mathematical model. 

Having some discretization of the space domain and also some discretization of the time­
interval, one can relax the requirement that u(x,y,t) and v(x,y,t) are known on the whole 
space domain and the whole time-interval by a requirement that sufficiently accurate 
approximations to the values of these functions can be calculated at all grid-points (xj'Yj,tk) 

where 

i=1,2, ... ,I 

j=I,2, ... ,J 

(I being the number of grid-points on the 
grid-lines parallel to the Ox axis), 

(J being the number of grid-points on the 
grid-lines parallel to the Oy axis), 
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k=1,2, ... ,K 

Chapter 2 

(K being the number of grid-points along 
the time axis). 

It is clear that the problem is substantially simplified when such an assumption is made, 
because the requirement to know analytical expressions for the functions u(x,y,t) and 
v(x,y,t) which are valid in the whole space domain and in the whole time-interval is replaced 
by a requirement to know sufficiently accurate approximations to the exact values of these 
functions on finite number of points. 
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The space domain that is used in the Danish Eulerian Model 

discretized by an equidistant (32x32) grid; 
in the latest version of the Danish Eulerian Model 

an equidistant (96x96) grid is applied. 
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The two dimensional case has been discussed above. Quite similar ideas can also be 
applied when three-dimensional models are to be treated numerically. 

It should be stressed that the requirement for sufficiently accurate approximations is 
important because: 

and 

(a) if the approximations are not sufficiently accurate, then the results 
obtained by the mathematical model will normally be unreliable 

(b) if the approximations are much more accurate than the accuracy 
required for the model output, then perhaps the high accuracy of the values 
of u(xi'Yj,tk) and v(Xi,yj,tk) is obtained by using some additional measure­
ment stations and/or some extra computational efforts that could be saved 
(it must be emphasized here that reducing the computational work as much 
as possible is one of the most important tasks during the numerical treatment 
of large models for studying long-range transport of air pollutants; this task 
will be discussed in detail in the following chapters). 

In the same way, as for the known functions that are used during the mathematical 
treatment of the advection process, the requirement to the known functions connected with 
the other physical processes can be relaxed; i.e. sufficiently accurate approximations to these 
functions on the grid-points can also be used when the deposition, diffusion, emission and 
chemical reactions are introduced in the model. 

Reliable mathematical models for studying the long-range transport of air pollutants in 
a prescribed space domain (say, the long-range transport in Europe) can be used for many 
different purposes. However, the most important task (see also Chapter 1) is 

This task is so important that there is nearly no need to justify further (by describing into 
detail the other tasks that can be treated by using large air pollution models) the usefulness 
of developing and applying reliable mathematical models. Nevertheless, some other tasks are 
listed (together with the above task) in Table 2.2; this list can be continued. 

Before starting to discuss the mathematical models for studying air pollution phenomena, 
it is necessary to explain why both mathematical models and measurements are to be used 
when long-range transport of air pollutants is studied. 
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2.2. Use of models versus use of measurements 

Some information about the distribution of the concentrations of different air pollutants 
in a given area can be obtained by studying measurements taken in different parts of the area. 
This is true both in connection with the determination of air pollution levels of the 
concentrations in the area and even in connection with the determination of the amount of the 
transported (by long-range transport) air pollution. 

A necessary condition for carrying out successfully such studies is to have a sufficiently 
large network of measurement stations in the area under consideration. However, even when 
a large network of measurement stations is available, there are still some tasks that cannot be 
studied by using measurements only (or, at least, cannot be studied in an easy way only by 
using measurements). In fact, some of the tasks that are listed in Table 2.2 can be studied 
efficiently only by using reliable mathematical models. This is especially true for the 
important Task 5. 

Obtaining information about the levels of the concen­
trations of different air pollutants in different parts of 
the space domain . 

... 2 Studying the diurnal and seasonal variations of the con­
centrations of certain air pollutants. 

:.\ Calculating the contributions of the emission sources in 
one part of the space domain to the concentrations and 
depositions in the surrounding parts . 

. 4 Studying the dependence of the concentrations of certain 
air pollutants (say, ozone) on different physical parame­
ters (for example the temperature). 

5 Finding a way to reduce the air pollution in a prescribed 
area to some acceptable level at a minimal economical 
price. 

Table 2.2 
Some of the important tasks that can be studied 

by using reliable mathematical models. 

In the case where one is interested in studying what will be the result of reducing (by a 
prescribed amount) the emissions from all sources in a given area on the concentrations in 
the same area (or, what is even more important, on the concentrations in the surrounding 
areas), reliable mathematical models are the most convenient tool for achieving the required 
information. Note that, as a rule it is necessary to have the answers to the above questions 
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for many different reductions of emission sources. In some situations also the effect of several 
different increases of emission sources in a given area should be studied. The latter situation 
occurs when the future development of an industry in a given area is to be planned. 

The above discussion (together with the examples given above) shows clearly that the 
application of reliable mathematical models is more preferable than the use of a large network 
of measurement stations; in many situations, at least. It should also be emphasized here that 
the use of a mathematical model is as a rule much cheaper than the use of observations from 
a large network of measurement stations. However, the requirement for reliability of the 
mathematical model is essential. Therefore the question: 

How:ta\tthe reliatiility pfthe concentrations and deposi-. 
tions3that are jtalcu18tedby a given mathematical model; 
Ibechecked? . I 

is important and has to be answered. 

Checking the reliability of the concentrations calculated by a given mathematical model 
can be performed in a natural way by comparing the concentrations calculated by the model 
with measurements. If there are sufficiently many measurement stations in the space domain 
covered by the model and if there are good reasons to believe that the measurements are 
reliable, then checks based on comparisons of calculated concentrations and measurements 
will give a good information on whether the mathematical model is reliable or not. 

If the comparisons of calculated concentrations with measurements indicate that the 
mathematical model is not reliable, then an investigation of the model must be made. One 
should try once again to check everything in the mathematical model: 

(i) the physical parameters, 

(ii) the mathematical description, 

(iii) the numerical procedures 

and 

(iv) the programming. 

If the comparisons with measurements indicate that the mathematical model is reliable, 
then one may proceed by setting up new experiments for which there are no measurements 
(as, for example, experiments with different emission sources by which one can study how 
the concentrations and depositions of various air pollutants will change when the emission 
sources are reduced or increased). This important task cannot be handled (or, at least, it is 
difficult to be handled) without a reliable mathematical model. 
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The main conclusion is that, while very valuable information about the air pollution in 
a given area can be obtained by using measurements, the use of mathematical models is often 
much more powerful (one can also obtain useful information in cases where measurements 
do not exist when a mathematical model is used). However, the reliability of the results 
obtained by a mathematical model must be checked carefully and here the measurements play 
an important role: they could be used to check the reliability of the concentrations and 
depositions calculated by a mathematical model. 

2.3. Modelling the transport in the atmosphere 

The transport of various air pollutants over long distances in the atmosphere (the physical 
process that is also called advection) is one of the most important physical processes when 
long-range transport of air pollutants, LRT AP, is studied. In this section the mathematical 
formulation of the transport phenomena will be discussed. 

Let us consider the situation where a mathematical model containing advection only 
is to be constructed. This means that there will be no diffusion, no deposition, no emission 
sources and no chemical reactions in such a model. Of course, this is an artificial situation. 
In a real situation all other physical processes are represented and playa considerable role in 
the global model. However, by such a consideration (of a pure advection process) one can 
both simplify the explanation of the main features of the advection process and facilitate the 
construction of the global mathematical model for studying long-range transport of air 
pollutants. For example, it is obvious that one can assume that the advection part of a 
mathematical LRTAP model does not depend on the particular air pollutants that are 
transported: this means that the transport of any of the air pollutants studied can be 
described mathematically by using the same partial differential equation. Thus, although the 
global mathematical LRTAP model is described by a system of PDE's (the number of the 
equations in the system being equal to the number of air pollutants involved in the study), the 
following statement holds. 

r~eonSider only a single 

Let us denote by c(x,y,z,t) the concentration of a given air pollutant at the point 
(x,y,z) E D C R3 and at time t E [O,T], where D is a space domain in the three­
dimensional Euclidean space R3 and [O,T] is a time-interval with some T > O. Let us 
denote the wind velocities along the three coordinate axes by u(x,y,z,t), v(x,y,z,t) and 
w(x,y,z,t), respectively. Furthermore, let us also assume that the wind velocities are known 
functions defined in the whole space domain D and on the whole time-interval [O,T]. 
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If there is no danger of misunderstanding, then the independent variables x, y, Z and 
t will as a rule be omitted; i.e. the abbreviations c, u, v and w will be used instead of 
c(x,y,z,t), u(x,y,z,t), v(x,y,z,t) and w(x,y,z,t), respectively. 

When large LRT AP models are considered, the space domain is very often a 
parallelepiped in the three dimensional Euclidean space R3. If an assumption is made that 
the space domain is a parallelepiped, then one can assume that the space domain D is 
defined by 

(2.1) D { (x,y,z) I x E (O,X], y E [O,Y], z E [O,Z] L 

where X > 0, Y > 0 and Z > 0. It is clear that the assumption that D is defined by 
(2.1) (or, more precisely, that the left end-points of the space intervals along the coordinate 
axes are zeros) is not a restriction: if the space domain D is a parallelepiped, then there 
exists a transformation of the space coordinates such that (2.1) holds. 

Under the assumptions made above, the long transport of air pollutants that is due to the 
wind can adequately be described by the following partial differential equation (PDE) and, 
as stated above, this partial differential equation can be used in the description of the transport 
of any air pollutant in the atmosphere: 

(2.2) de/dt d(ue)/dx - d(ve)/dy - d(we)/dz, 

for 'if (x,y,z) E DcR3 and for 'if t E [O,T]. 

The above equation can be simplified (and it is, in fact, very often simplified in the 
mathematical models; see, for example, Marchuk [307]) by assuming that a conservation law 
is satisfied for the wind velocities in the lower parts of the atmosphere: 

(2.3) dU/dX + dV/dy + dW/dZ = 0, 

for 'if (x,y,z) E Dc R3 and for 'if t E (0, T] . 

By substituting equation (2.3) in the three-dimensional advection model (2.2) the 
following PDE can be obtained: 

(2.4) de/dt U de/dx - v de/dy w de/dz, 

for 'if (x,y,z) E DcR3 and for 'if t E [O,T]. 
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It is clear that (2.4) is simpler than (2.2). The assumption that (2.3) is satisfied, 
which is necessary to obtain (2.4), is, as mentioned above, often used in the development 
of air pollution models. 

The mathematical model that is defined by (2.2) describes a pure advection process (of 
any air pollutant) in the three-dimensional Euclidean space. Two-dimensional models can also 
be considered. In the latter case the functions involved in the model are c(x,y,t), u(x,y,t) 
and v(x,y,t). These functions are considered now at any point (x,y) E Dc R2 and at any 
time t E [O,T], where D is a space domain in the two-dimensional Euclidean space R2 

and [O,T] is again a time-interval with some T > O. Also here the abbreviations c, u and 
v will be used (when there is no danger for misunderstanding) instead of c(x,y,t), u(x,y,t) 
and v(x,y,t), respectively. Finally, it will normally be assumed that the two-dimensional 
space domain D is rectangular. The rectangular space domain D can be defined, in a 
similar way as in the three-dimensional case, by 

(2.5) D { (x,y) I x E [O,X], y E [O,Y] }, 

with X > 0 and Y > O. Also in this situation the assumption that D is defined by 
(2.5) is not a restriction: if the space domain D is a rectangle, then there exists a 
transformation of the space coordinates such that (2.5) holds. 

A two-dimensional model can formally be obtained from the three- dimensional model 
that is represented by (2.2). It is simply necessary to remove the last term in the right-hand 
side of the partial differential equation (2.2) in order to obtain a two-dimensional model. 
One should also use the assumptions made above for the functions c, u and v as well as 
for the space domain D. The result is given by: 

(2.6) de/dt d(ue)/dX - d(ve)/dy, 

for \:j (X,y) E Dc R2 and for \:j t E [O,T]. 

It is easy to obtain, formally at least, a two-dimensional advection model from the 
advection model (2.4). As in the previous case, one should again remove the last term in 
the right-hand side of (2.4). Moreover, one should also use the assumptions made above for 
the functions c, u and v as well as for the space domain D. Under these assumptions 
the two-dimensional version of (2.6) can be written as: 

(2.7) de/dt u de/dX - v de/dY, 

for \:j (x,y) E DCR2 and for \:j t E [O,T]. 

The derivation of (2.7) from (2.4) is, as stated above, a formal derivation only. There 
are some difficulties when the use of (2.7) is to be justified. The main problem is that while 
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the assumption made by (2.3) is a plausible one (see again Marchuk [307]), it will not be 
plausible to assume that the relationship: 

(2.8) dU/dX + dV/dy = 0, 

for V (x,y) E DCR2 and for V t E [0, T], 

also holds. Therefore one has to use (2.2) and (2.3) together with an assumption that the 
concentrations are evenly distributed in the vertical direction (and this last assumption can be 
justified in certain situations) in order to derive a two-dimensional version of (2.4). This 
means that the following assumption is to be introduced: 

(2.9) dC/dZ o 

for any fixed point (x,y) in the space domain, x E [O,X], Y E [O,Y], and for any fixed 
value of t in the time-interval, t E [O,T]. 

After this discussion it is clear that the use of (2.7) can be justified (in some situations 
at least) by applying (2.2), (2.3) and (2.9) in its derivation. However, it should be stressed 
that it is probably better to apply (2.6) instead of (2.7) when two-dimensional LRTAP 
models are used. 

In some situations it is useful to consider even one-dimensional advection equations: 

(2.10 ) dC/dt = - d(uc)/dx, 

for V x E [O,X] and for V t E [O,T], 

or 

(2.11) dC/dt = - u dc/ax, 

for V X E [0, X] and for V t E [0, T] . 

Note that the space domain, in the case where one-dimensional advection transport is 
considered, is defined by 

(2.12 ) D { x I x E [0, Xl }, 
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with some X > 0 . 

Of course, it is not realistic to study general phenomena concerning LRT AP by using 
one-dimensional models. However, one-dimensional models can successfully be used to study 
some special cases and/or to solve many auxiliary problems. Such models can be used, for 
example, to study short-scale (or even meso-scale) transport in periods of time when the wind 
does not change its direction. If the advection equation is to be solved numerically, then the 
simple equations (2.10) and (2.11) can be used as a first check of the reliability of the 
numerical method chosen. 

In all equations which were derived in this section it was assumed that the wind velocities 
u, v and w are known functions; i.e. it is assumed that the values of these functions can 

be calculated for all points of the space domain D and for all values of the time-variable 
t (t E [O,T] ). It has already been pointed out, see Section 2.1, that in fact it is not possible 

to satisfy such a requirement when large LRT AP models are treated, because the wind 
velocities should either be measured in some way (and this is done at many meteorological 
stations) or calculated, on a given grid, by some weather forecasting model. This means that 
only a finite number of values of the wind velocities is as a rule known when long-range 
transport of air pollutants is to be studied. Therefore the requirement that the values of the 
wind velocities are to be calculated exactly for all points (x,y,z) of the space domain D 
and for all values of the time-variable t (t E [O,T]) is usually replaced by a requirement 
that sufficiently accurate approximations of these three known functions can somehow be 
calculated at a finite number of grid-points (see again the discussion in Section 2.1). 

The solution of any of the advection equations described in this section is uniquely 
determined only if an initial value condition is given, which means that the concentrations 
at the starting point of time-interval (t = 0) must be given for all points of the space 
domain D. Therefore the advection equations given above must be handled together with 
an initial value condition given by one of the following relations: 

(2.13 ) C(X,y,z,O) p(x,y,z) (in the three-dimensional case) , 

(2.14) C(x,y,O) p(x,y) (in the two-dimensional case), 

(2.15) c(x,O) p(x) (in the one-dimensional case) . 

It is assumed here that p is a known function (such an abbreviation, where the 
arguments are omitted, will often be used; from the context it should be clear what case is 
considered). When large air pollution problems are studied, there will be similar problems 
with the known function p as those concerning u, v and w; i.e. in practice it will be 
difficult to calculate the values of function p at all points of the space domain D. 
However, the same procedure (as that used in the calculation of the wind velocities) can be 
used in connection with the initial concentrations p. The requirement that the values of p 
must be known at all points of D is replaced with a weaker requirement that some 
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sufficiently accurate approximations to the exact values of p can be calculated by some 
numerical procedure (or in some other way) at a finite number of grid-points in the space 
domain D. The following procedure is followed in many large air pollution models in an 
attempt to get sufficiently accurate initial concentrations: (i) one starts with some rather crude 
approximations of the initial values, (ii) one runs the model several days (five days have been 
used in the Danish Eulerian Model; see Zlatev et al. [538,539]), (iii) one accepts the con­
centrations thus found as improved initial values and, after that, one starts the calculations of 
the concentrations which are actually desired. 

The advection equations that are discussed in this section can generally not be solved 
exactly (or analytically). This is so, because exact (or analytical) solutions can only be 
obtained if very stringent requirements are imposed on the known functions u, v and w 
(so stringent that these functions will not, in general, have anything to do with the actual wind 
velocities when such assumptions are imposed). Therefore numerical methods must be used 
in order to obtain numerical solutions. At the same time, it must be emphasized that test­
problems with known analytical solutions are needed: such test-problems may be very useful 
when the accuracy of the numerical methods chosen is to be investigated. 

Consider the one dimensional advection equation (2.11) and assume that the wind 
velocity is constant; i.e. 

(2.16) U(X,t) 

for 't/ x E [O,X] and for 't/ t E [O,T], 

Let us also assume that some initial field of concentrations p(x) is defined by (2.15). 
Equation (2.11) is written as 

(2.17 ) oclot = - Uo oclox, 

for 't/ x E [O,X] and for 't/ t E [O,T]. 

when the assumption given by (2.16) is made. 

The analytical solution of the one-dimensional advection equation which is defined by 
(2.17) and (2.16) is given by the following function: 

(2.18) c(X,t) = p(x-uot) 

for 't/XE [O,X] and for 't/ t E [0, T] , 
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The one-dimensional advection equation (2.17) (with a known analytical solution) is 
often used to verify the applicability of a numerical method in the treatment of the advection 
part of large air pollution problems or to perform some theoretical investigations; see, for 
example, Kreiss and Oliger [270]. This equation will be discussed in Chapter 4 and will 
be used to justify some results in Chapter 5. 

Although the one-dimensional test-problem can often provide sufficient information 
concerning some properties of the numerical methods tested, there are situations when this 
test is not sufficient (especially when two- and three-dimensional advection equations are 
studied). A simple test-problem with a known analytical solution is often needed when two­
dimensional advection equations are studied. A very convenient two-dimensional test-problem 
has been proposed simultaneously in 1968 by Crowley [81] and Molenkampf [320]. This 
test-problem can be described by equation (2.7) as follows. Assume that 

(2.19) o { (x,y) I x E [0,2], y E [0,2] }, 

(2.20) T 21t , 

(2.21) U{X,y,t) = y-l, V{X,y,t) 1-x 

for 'd (x,y) E DCR2 and for 'd t E [0, TJ . 

The use of (2.19)-(2.21) III (2.7) results in the following two-dimensional test-problem: 

(2. 22) ae/at (y-1) ae/ax - (l-x) ae/ay, 

for 'dXE [0,2], 'dYE [0,2] 'dtE [0,21t]. 

Assume that (x,y) is any point in the space domain D which is different from its centre 
(1,1); i.e. (x,y) + (1,1). It can be proved that the concentration in any such point (x,y) 
will rotate, with a constant angular velocity, along a circle with a centre (1,1) and a radius 
r = [(x_l?+(y_l)2]0.5. This means that if a given initial concentration field is defined by the 
function p(x,y), i.e. if c(x,y,O) = p(x,y), then after time t = 21t the solution will be 
c(x,y,21t) = p(x,y). Thus, this test problem can also be used (and in fact has often been used) 
to study the accuracy of different numerical methods for two-dimensional advection equations; 
see, for example, Zlatev et al. [529]. 

These two test problems are quite sufficient for the purposes in this chapter: they show 
that one can construct some simple test problems with known analytical solutions to check 
the reliability of the numerical methods used. More details will be given in the following 
chapters where the accuracy of the numerical methods for the solution of advection equations 
will be discussed (see, for example, Chapter 4). 
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Finally, the problem of finding suitable boundary conditions should be mentioned. No 
boundary condition is needed on the so-called out-flow parts of the boundary (the parts of the 
boundary of the space domain where the concentrations are transported outside the space 
domain by the wind). Some boundary condition must be specified on the in-flow parts of the 
boundary. However, boundary conditions are in practice needed even on the out-flow parts 
(or, at least, some special treatment of certain grid-points that are close to the boundaries is 
necessary) when numerical methods are used. This problem will be studied in more detail in 
connection with the numerical treatment of the advection equations. 

2.4. Modelling the diffusion phenomena 

When pollutants are released into the atmosphere from the emission sources inside the 
space domain studied by the air pollution model, these are, first and foremost, transported by 
the wind. This is the advection physical process that has been described in the previous 
section. Three other important physical processes take place during the transport of air 
pollutants in the atmosphere (see Section 2.1 and Chapter I). One of these processes is the 
diffusion (i.e. the dispersion of the air pollutants in the atmosphere). 

Let us assume that only diffusion takes place (i.e. there is no advection, no deposition, 
no emission and no chemistry). Again, as in the previous section, it should be stressed that 
this is an artificial situation, because diffusion should be considered together with the other 
four basic physical processes. However, the study of the diffusion only has several 
advantages: 

and 

(i) one can simplify the explanation of the main features of the 
diffusion process 

(ii) one can facilitate the construction of the global mathematical model 
for studying long-range transport of air pollutants. 

For example, it can very often be assumed (in the same way as in the previous section) 
that the diffusion part of a mathematical LRT AP model does not depend on the particular 
air pollutants that are transported: this means that the transport of any of the air pollutants 
studied can be described mathematically by using the same partial differential equation. Thus, 
although the global mathematical LRTAP model is described by a system of PDE's (the 
number of the equations in the system being equal to the number of air pollutants involved 
in the study), 
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It should be reiterated here that precisely the same arguments were used in the previous 
section in order to justify the use of a single partial differential equation when only pure 
advection is studied. 

Let us denote, as in the previous section, the concentration of a given air pollutant at the 
point (x,y,z) E Dc R3 at time t E [O,T] by c(x,y,z,t), where D is a space domain 
in the three-dimensional Euclidean space R3 and [O,T] is a time-interval with some T > 
O. Let us denote the diffusivity coefficients along the three coordinate axes by K(x,y,z,t), 
Ky(x,y,z,t) and ~(x,y,z,t), respectively. Furthermore, let us also assume that the diffusivity 
coefficients are known functions defined in the space domain D and on the time-interval 
[O,T]. 

If there is no danger for misunderstanding (see also the previous section), then the 
independent variables x, y, z and t will as a rule be omitted; i.e. the abbreviations c, 
K, Ky and ~ will be used instead of c(x,y,z,t), K(x,y,z,t), Ky(x,y,z,t) and ~(x,y,z,t), 

respectively. 

When large LRT AP models are considered, the space domain is normally a 
parallelepiped in the three dimensional Euclidean space R3. If an assumption is made that 
the space domain is a parallelepiped, then the space domain D can be defined, as in the 
previous section, by (2.1). 

Under the assumptions made above, the diffusion process can be described (see, for 
example, Pasquill and Smith [347]) by the following partial differential equation (and, as 
stated above, this equation holds for the diffusion, in the atmosphere, of any pollutant): 

(2.23 ) oclot + O(Kx(oclox))lox + o(Ky(ocloy))loy 

+ o(K.(ocloz))loz. 

It is often assumed that Kx and Ky are non-negative constants. In the models 
described in Zlatev [517,520], Zlatev and Berkowicz [526] and Zlatev et al. [525,527-535] 
it is assumed that 

(2.24) 
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Similar values for the horizontal diffusivity coefficients are often used (or it is 
recommended to use such values) in large LRTAP models (see, for example, Gifford [205]). 

The treatment of K. is more difficult. Several suggestions are discussed in Pasquill 
and Smith [347]. These are 

(2.25) Kz const. , 

(2.26) Kz za, 0 S Z S Z, 

(2.27 ) Kz (Z-z) a, 0 S Z S z, 

(2.28) Kz z (Z-z) , 0 s z S Z, 

(2.29) Kz z, 0 S z S Z/2, 

Kz Z-z, Z/2 < z S Z. 

There are many other ways to determine the vertical diffusion. It is not necessary to 
discuss all of them here. A rather crude, but still applicable, way to introduce a vertical 
diffusion is the following. Assume that the height of the mixing layer at the point (x,y) and 
in time t is Hmix = Hmix(x,y,t). Then the vertical diffusivity coefficient K.(x,y,z,t) can be 
defined by 

(2.30) K z (x, y, z, t) K if z S Hmix(X,y, t) 

and 

(2.31) K z (x, y, z , t) o if z > Hmix (x , y , t) , 

where K is a positive-valued function (see, for example, Zlatev et al. [530,531], where K 
= 300 m2/s has been used in day-time, while the value used during night-time has been 
considerably smaller; K = 50 m2/s). 

More sophisticated modules for calculating the vertical diffusion coefficients can be 
found, for example, in Seinfeld [391]. Such modules can be applied in connection with any 
of the numerical methods used to treat the vertical transport. One must be aware, however, 
that a more sophisticated module will not necessarily improve the model results. In fact, the 
results may become worse if a sophisticated module (even a perfect one; from a theoretical 
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point of view) is just mechanically attached to the model. This is so because the use of a 
correct physical module in a large air pollution model is only a necessary condition for 
obtaining better results. The sensitivity of the modules to uncertainties in the input data is 
another important requirement. Assume, for example, that one quantity A depends on the 
third power of another quantity B; i.e. A=F(B3). Assume also that the quantity B is 
measured and that the uncertainties in the measurements are 20%. Then the uncertainties 
of the calculated values of A will be up to a factor of two-three, and one should be very 
careful when deciding whether the module should be attached to the model (in spite of the 
fact that the module is physically correct when B is sufficiently accurate). This example 
shows that it is not easy to decide which module to choose: a module which is potentially 
very accurate but also very sensitive to the accuracy of the input data or a module which is 
more robust but not very accurate. The right decision in such situations (which appear many 
times when a large air pollution model is to be developed; not only in the diffusion part) may 
have great influence on the global performance of the model. 

As in the case where the advection process was studied (see the previous section), it is 
also possible to consider diffusion phenomena in two dimensions (i.e. horizontal diffusion 
only) and even in one dimension. The corresponding partial differential equations are 

(2.32 ) 

and 

(2.33 ) 

The equations (2.23), (2.32) and (2.33) can sometimes be simplified. If, for example, 
an assumption similar to (2.24) is made, by using some constants Kx and ~, then (2.32) 
could be rewritten as 

Some more details about the diffusion equations will be given in the following chapters 
where it will be explained how these equations can be treated numerically. 

There are still many open questions related to the mathematical description of the 
diffusion phenomena. The description given above is a rather crude approximation. Since the 
numerical treatment of large mathematical models is the main topic in this book, there is 
no need to discuss this topic in further details. It should be emphasized, however, that it will 
be possible to treat numerically many other descriptions of the diffusion process with the 
same numerical methods as those that will be described in the following chapter. 
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2.5. Modelling the deposition processes 

Both dry and wet deposition processes take place during the long-range transport of air 
pollutants. The dry deposition takes place throughout the transport, while the wet deposition 
takes place only when some kind of precipitation occurs in the area under consideration. 

The same approach as in the previous two sections can be used. Let us assume that 
deposition only takes place (i.e. there is no advection, no diffusion, no emission and no 
chemistry). Again, as in the previous two sections, this is an artificial situation, because the 
deposition phenomena should be considered together with the other four basic physical 
processes. However, the study of the deposition only has several advantages (as already 
mentioned in the previous two sections where advection only and diffusion only were 
studied); 

and 

(i) one can simplify the explanation of the main features of the 
deposition processes 

(ii) one can facilitate the construction of the global mathematical model 
for studying long-range transport of air pollutants. 

It is clear that the deposition part of a mathematical LRT AP model depends on the 
particular air pollutants that are transported (this was not the case for the first two physical 
processes; see the previous two sections). However, under certain assumptions the deposition 
of a given pollutant does not depend on the deposition of the other pollutants involved in the 
mathematical model. If such an assumption is made, then the deposition depends only on the 
appropriate concentration (not on its spatial derivatives). This implies that ordinary differential 
equations can be used in this situation (instead of partial differential equations). Moreover, 
it is sufficient to consider only one ordinary differential equation in order to explain the main 
mechanisms concerning the deposition processes (dry and wet deposition), but it should be 
reiterated that this is only true when some appropriate assumptions are imposed. Thus, 
although the global mathematical LRTAP model is described by a system of PDE's (the 
number of the equations in the system being equal to the number of air pollutants involved 
in the study), 

'in some cases it'is-quite smlicient to consider 
a . single ordilmfY differential equation (an 
·ODE) in order {(),explain the deposition pro­
Icesses. (note that this . is ditTerent from the 
previous two· physical processes, where a 
partial differential equation, a PDE, was 
, considered). 
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Let us denote, as in the previous section, the concentration of a given air pollutant at the 
point (x,y,z) E Dc R3 at time t E [O,T] by cs(x,y,z,t), s=1,2, ... ,q (q being the number 
of pollutants studied by the model), where D is a space domain in the three-dimensional 
Euclidean space R3 and [O,T] is a time-interval with some T > O. Let us denote the dry 
deposition coefficient with k1s(x,y,t) and the wet deposition coefficient with k2,(X,y,z,t), 
s=1,2, ... ,q (note that the dry deposition coefficient does not depend on z). Furthermore, let 
us also assume that both the dry deposition coefficient and the wet deposition coefficient are 
known functions defined in the space domain D and on the time-interval [O,T]. 

If there is no danger for misunderstanding (see also the previous two sections), then the 
independent variables x, y, z and t will as a rule be omitted; i.e. the abbreviations cs' 
k1s and k2s will be used instead of c,(x,y,z,t), k1,(x,y,t) and k2s(X,y,z,t), respectively. 

When large LRT AP models are considered, the space domain is normally a 
parallelepiped in the three dimensional Euclidean space R3. If an assumption is made that 
the space domain is a parallelepiped, then the space domain D can be defined, as in the 
previous two sections, by (2.1). 

Under the assumptions made above, the deposition process can be described by the 
following linear ordinary differential equation (it should be mentioned here that this equation 
will differ in the transition from one air pollutant to another, but when the air pollutant is 
fixed it depends on the fixed air pollutant only and not on the others): 

(2.35) dcs/dt 

As mentioned above, both k1s and k2s will generally depend on both of the spatial 
coordinates and on the time variable. However, for some species these coefficients could be 
assumed to be constants. In both cases (when k1s and k2s depend on x, y, z and t and 
when k1s and k2s are constants), the equation (2.35) is linear and can be solved exactly. 

In some cases an assumption that the deposition coefficients k1s and k2s depend on the 
concentration Cs (at least for some values of s; s=1,2, ... ,q) might be made. If this is the case, 
then (2.35) becomes non-linear (at least for some values of s) and, thus, has to be treated 
numerically. As an illustration consider the wet deposition coefficient. One might assume that 
the rain drops cannot take more than a certain number of particles of a given pollutant. This 
means that the wet deposition coefficient k2s will depend not only on x, y, z and t, but 
also on cs' If this is the case, then some of the terms in the right-hand-side of (2.35) will 
no longer be linear in cs. It should be noted here that there seems to be some evidence that 
such an assumption is not very unrealistic: it could be confirmed experimentally (for sulphur 
pollutants, at least) by comparing the concentrations of sulphate in precipitation with the con­
centrations of sulphate in air. 

The most complicated case arises when one has to assume that the deposition of a given 
pollutant Cs (s=1,2, ... ,q, where q is the number of the pollutants studied) depends not only 
on the concentration of Cs but also on the concentrations of some other pollutants. In this 
situation the deposition process cannot be studied by considering a single equation of the type 
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(2.35). A system of ordinary differential equations is to be solved in this case. Such a system 
of ODE's can be written as 

(2.36) dcs/dt 5=1,2, ... ,q. 

This system is very similar to the system of ODE's that arises in the chemical part of 
the model (when the chemical reactions are described mathematically; see the next two 
sections). 

More details about the mathematical description of the deposition process will be given 
in the following chapters. 

2.6. Choice of a chemical scheme 

One of the most important physical processes, which takes place under the transport of 
pollutants in the atmosphere and which should be treated very carefully, is the chemistry: 
chemical transformations take place during the long-range transport of air pollutants. It is 
highly desirable to determine an optimal set of chemical reactions and to implement it in the 
model (this issue has been discussed in Section 1.5). Unfortunately this problem (the 
determination of an optimal set of chemical reactions) has until now been solved only in some 
very special cases; as, for example, in the case where long-range transport phenomena 
concerning only sulphur pollutants were studied. In more general cases (where several 
different types of air pollutants are to be included in the model), it is rather difficult to solve 
the problem and, therefore, many more research efforts in this important direction are highly 
desirable. 

Assume that most of the main air pollutants (sulphur pollutants, nitrogen pollutants, ozone 
and hydro-carbons) are to be studied. Then the so-called condensed CBM IV schemel, 
developed by Gery et al. [204], can (in some cases, at least) be used successfully. The 
chemical reactions that are involved in the condensed CBM IV scheme are listed in Table 
2.3. Several chemical reactions involving ammonia-ammonium have been added to this 
scheme. The treatment of these reactions is based on the algorithm proposed in Iversen et 
al. [252-254]. The condensed CBM IV chemical scheme is still used in the Danish 
Eulerian Model. However, some work is carried now to incorporate several more advanced 
chemical schemes in this model. This is a common tendency: the scientists are trying to 
develop and incorporate in the large air pollution model more advanced (and, hopefully, more 
reliable) chemical schemes. 

1 CBM: Carbon Bond Mechanism. 
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n: ~c""~~.actiOD Coeff~ici .. t ,~t 

1110, + hu ==} 1110 
+ ° 1.00*10-' 0.39 

.2 " ° ==} 0, 4.65*10·" - 690 

3 0, + 1110 ==} 1110, 2.66*10.1 1490 

" 

.. ° + 1110, ==} 1110 1.38*10·< 

.' 5 ° + 1110, ==} 1110, 2.32*10·' - 600 

6 .'. ° + 1110 ==} 1110, 3.21*10·' - 411 ".' 
.. 7. 1110, + 0, ==} 1110, 4.74*10-' 2450 

8 0, + hu ==} 0.205*OB + 0.897*0 1.90*10-< 1.90 

9 0, ==} ° 4.20*10-> 

10 0, + OB ==} BO, 1.00*10·' 940 

11 
, 

0, + BO, ==} OB 3.00 580 

3.2 1110, + 1110 ==} 2 *11102 2.81*10·< - 250 

.13 1110, + 110, ==} 1110 + 1110, 5.90*10-1 1230 

14. 1110, + 1110, ==} IIiI,O. 1.78*10·' 60 

15) IIiI,O. ==} 2 *1110; 2.85*10-> 

16 IIiI,O. ==} 110, + 1110, 3.12 10840 

17 1110 + 1110, ==} 2 *BIIiIO, 2.40*10-7 

18 BIIiIO, + BIIiIO, ==} 1110 + 1110, 1.50*10-' 

19.···· , BIIiIO, + hu ==} 110 + OB 1.80*10-3 0.39 
.. 

20 110, + OB ==} BIIiIO, 1.63*10·< - 560 .. 

.. 21. 110 + OB ==} BIIiIO, 9.77*10.3 - 477 

22. BO, + 110 ==} OB + 1110, 1.23*10·< - 240 

23 
, 

110 + 110 ==} 2*1110, 1. 52*10-' - 530 

24 OB + BIIiIO, =} 1110, 9.77*10.3 

25. 1110, + hu ==} O. 85 *1110. + 0.85*0 +0.15*110 3.06*10-1 0.39 

26. BO. + BO. =} B.O. 4.144*10.3 -1150 

21, BO, + BO. =} B.O. 3.27*10·' -5800 

28. OB + CO =} BO. 4.00*10·' 

19 FORM + OB =} BO. + CO 1.50*10·< 

30··· FORM + hu =} 2*BO. + CO 7.80*10-' 0.87 

31 FORM + hu =} CO 1.10*10-< 0.59 

32 FORM +O=}OB+ BO. + CO 2.37*10·' 1550 

,33 .. FORM + 1110, =} BO, + co 9.30*10-1 

3' ALD. + ° ==} C.03 + OB 6.36*10·' 986 
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wo. e CbeIII1cai :reaction (cont1Jmation) Coeff I 

35 ALD, + ° =} C,03 2.40*10·' - 250 

36 ALD. + N03 =} C,03 3.70 

'37 ALD, + hu =} XO, + 2*BO, + CO + FORII 1.50*10-5 U.90 

ALD, + BO, =} XO. + BO, +2*FORII 5.00 

C,03 + NO =} NO, + XO, + PORII + BO, 1.65*10·' - 250 

C.03 + NO, =} PAIl 9.00*10.3 - 250 

PAIl =} C,03 + NO, 2.22*10·' 14400 

C,O, + C,03 =} 2* (XO. + PORII + BO,) 3.70*10.3 

4~ C,03 + BO, =} the result is Dot used 9.63*10.3 

'4.; IIGLY =} C,03 + BO, +co 2.00*10-' 

,45 MGLY + OB =} XO, + C,03 2.64*10·' 

46 OB =} XO, + PORII + BO, 2.10*10.' 

47 PAR =} 1.49*XO, + 0.067*XO,1II' + 0.93*BO, 
+ 0.45*ALD, -0.75*PAR 1.15*10.3 

c' 

48. ° + 
OLE =} O. 95*ALD, + 0.35*BO, 

+ 0.2*XO. + 0.15*CO 
+ 0.05*FORII + 0.05*C,03 
- 0.35*PAR 5.92*10.3 324 

4~ OB + OLE =} FORII + ALD, +XO, + BO, - PAR 4.20*10·' - 537 

51) 0 3 + OLE =} 0.5*ALD, + 0.66*FORII 
+ 0.212*CO + 0.28*BO, 
+ 0.144*XO, + 0.08*OB - PAR 1.80*10-' 1897 

51 N03 + OLE =} 0.91*(XO, + BO,) + 0.09*XO,1II' 1.14*10.' 

52., ° + ETB =} FORII + XO, + CO + 2*BO, 1.08*10.3 800 

53 OB + ETB =} XO, + 2*FORII + BO, 1.20*10·' - 320 

54, 0 3 + ETB =} FORII + 0.37*CO + 0.13*BO, 2.70*10-3 2840 

'l'OL+ OB =} BO. + 0.64*XO. + 1. 13*FORII 
+ 0.56*MGLY + 0.36*PBElII' 
+ 0.36*PAR + 1. 13*CO 9.75*10.3 

j56~ PBElII' + N03 =} PBO 1.40*10·' 

57"" PBO + BO. =} the result is Dot used 2.00*10·' 

58 XYL + OB =} BO. + 0.72*0. + 0.67*CO 
+ 1.33*MGLY + 0.28*PBElII' . + O. 67*FORII + 0.56*PAR 3.60*10·' 

rCc5~< XO.III' + NO =} the result is Dot used 1.00*10.3 

&0 xo. + NO =} NO • 1.20*10·' 
,;>< . , 

,61' • xo. + BO. =} the result is Dot used 5.00*10.3 -1300 

. ". 62"," XO. + C.03 =} XO. + BO. + PORII 2.40*10.3 
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Table 2.3 
Chemical reactions from the CBM IV scheme 

together with some ammonium-ammonia reactions. 

The condensed CBM IV scheme is rather complicated and, therefore, it is useful to have 
a simpler scheme when the most important features of the numerical treatment of the 
chemical scheme are to be studied. Two main requirements must be satisfied by such a simple 
scheme: (i) it should allow us to see readily the main trends in the variations of the 
concentrations in the most interesting cases and (ii) it should still contain all important types 
of chemical reactions. Such a simple chemical scheme, a simplified chemical scheme, is 
presented in Table 2.4. 

The simplified chemical scheme will be used in most of the numerical experiments. It 
is rather simple (only 10 species are involved in this scheme), but all types of chemical 
reactions that are difficult for the numerical methods (non-linear chemical reactions2 and 
photochemical reactions3) are represented in it. Therefore numerical methods that perform 
well in the treatment of this scheme should be expected to perform also well in the treatment 
of more complicated chemical schemes (as the scheme given in Table 2.3). 

2 The non-linear chemical reactions are described mathematically by terms that 
depend non-linearly on the involved concentrations. In the cases considered 
here, the terms by which a non-linear reaction is described will contain 
products of two concentrations; see the mathematical description of the 
simplified chemical scheme given by (2.51) - (2.60). If a chemical reaction 
can be described mathematically by terms that depend only linearly on the 
involved concentrations, then it will be called linear. 

In photochemical reactions the initiating step is absorption of a photon 
by an atom, molecule, free radical or ion. To be initiated photochemical 
reactions require light in the visible and ultraviolet portion of the spectra. 
The absorption is often followed by dissociation. The initial effect of photon 
absorption and dissociation is called a primary photochemical reaction. 
Subsequent reactions caused by products from the primary photochemical 
reactions are called secondary photochemical reactions. Both the primary and 
the secondary photochemical reactions are important. More details can be found 
in Calvert and pitts [58J (see also [lOOJ and [103J). 
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Table 2.4 
Chemical reactions from the simplified chemical scheme 

(HC is a lumped hydro-carbon molecule, ALD is formaldehyde). 

A short description of the notation used in Table 2.3 and Table 2.4 is needed. Such 
a description is given below. 

2.6.1. Chemical reactions that are not photochemical 

If the chemical reaction under consideration is not photochemical, i.e. there is no term 
hv in the expression for the reaction given in Table 2.3 or in Table 2.4, then the rate 
coefficients (as the name indicates, the speed of the chemical reactions is measured in some 
sense by their rate coefficients) are of the form: 

(2.37 ) 

where 

and 

k A exp (-BIT) , 

(i) the parameter T is the temperature (which is measured in degrees 
Kelvin), 

(ii) the parameter B is the Arrhenious temperature coefficient for the 
reaction under consideration (which is a constant measured in degrees 
Kelvin) 
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(iii) the parameter A depends on the particular chemical reaction 
under consideration (the units used are the same as those used in connection 
with k; see Sub-section 2.6.3). 

The values of all rate coefficients k at 298K are listed in the third column of the 
table. The parameters B (when these are non-zeros) are listed in the fourth column of the 
table. Thus, the parameters A can be determined by using (2.37) and the figures listed 
in the table (for the non-photochemical reactions). 

It should be mentioned that the description given here is in fact simplified; the rate 
coefficients of the chemical reactions may also depend on some other parameters (as, for 
example, the pressure). It is believed that the description given above works rather 
satisfactorily in many practical situations. Therefore it is often used in large air pollution 
models. 

2.6.2. Photochemical reactions 

For the photochemical reactions (i.e. for all chemical reactions in Table 2.3 that contain 
the term hv; these reactions depend on the light and, thus, on the position of the Sun 
relative to the horizon) the rate coefficients are given by a formula of the following type: 

(2.38) k A exp(-B/cos8), 

where 8 is the solar elevation. It should be noted that the rate coefficients for the 
photochemical reactions are not given in the table: the figures in the table are the values of 
A and B from (2.38) when the reaction is photochemical. 

2.6.3. The units used 

The rate coefficients k are measured in lImin for unimolecular reactions as well as 
for the photochemical reactions (the reactions containing the term hv) and in l/(ppm 
min) for all bimolecular reactions. It is clear that the parameters A are measured with the 
same units as the rate coefficients k. These units are often transformed in the models; in 
order to achieve compatibility with the other units that are used in the models. 

For some reactions the terms in the right-hand side are not given. 
This means that the final result of such a reaction consists of harmless 
final products that are not needed further on in the model. 
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2.6.4. The ammonia-ammonium chemistry 

The ammonia-ammonium chemistry (that is used in connection with the condensed CBM 
IV chemical scheme) is based on simple equilibrium relationships. 

It is assumed that the ammonia, NH3, reacts first with sulphate. It is furthermore 
assumed that the reaction takes place instantly and the compound (either NH3 or sulphate) 
whose concentration is smaller is totally absorbed in the (NH4)1.5S04. 

The description of the last reaction in Table 2.3 table is much more complicated. In the 
description given below the main ideas described in Iversen et a1. [252-254] have been 
followed. Let [z] denote the concentration of z. A quantity x is determined by the use 
of the equilibrium relationship 

(2.39) 

and by taking the root of the quadratic equation (2.39) that has physical meaning: 

(2.40 ) 

If x is positive and [NH4N03] - x is non-negative, then the chemical reaction 

(2.41) 

takes place and the new concentrations are 

(2.42 ) and [HN01 ] + x . 

If x is positive and [NH4N03] - x is negative, then again the reaction (2.41) takes 
place, but the new concentrations are 

(2.43 ) and 

where y = [NH4N03]. It should be noted that the equilibrium is not achieved in this situation. 

If x is negative, then it can be proved that both [NH3] + x and [HN03] + x are 
non-negative and the reaction 
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(2.44) 

takes place. The new concentrations are again given by (2.40). 

It is clear that if x = 0, then nothing happens (i.e. the concentrations involved, 
[NH4N03] - x, [NH3] + x and [RN03] + x, remain unchanged). 

To complete the description of the mechanism, it is necessary to define the coefficient 
k70 which is used in (2.40). Denote by HUM the relative humidity and let Cd be defined 
by 

(2.45) 856.23/T + 1.2306. 

For HUM < Cd' the coefficient k70 from (2.40), can be calculated by using the 
following relationship: 

(2.46) 70.78 -24.220/T - 6.1 In(T/298), 

Consider now the case HUM:2:: Cd' Let k* be determined by 

(2.48) In(k*) 70.78 - 24.200/T -6.1 In(T/298) . 

Then the coefficient k70 from (2.40) can be calculated from the following equality: 

(2.47 ) In(k*) - (20.75-1n(k*)) (c-cd ) / (101-cd ) 

when either HUM> Cd or HUM = Cd' 

Thus, the chemical mechanism for the reactions involving NH4S04 and NH4N03 is 
based on an assumption of equilibrium relationships. This mechanism is fully described in 
Iversen et al. [252]-[254]. An attempt to improve this mechanism is discussed and tested 
(comparing the model results with measurement from the North Sea taken from a ship) in 
Harrison et al. [228]. 
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2.6.5. Simplifying the notation 

The following assumption is made to simplify the notation used in Table 2.3: all 
compounds that are not important for the model are not included in the reactions. Thus, the 
second reaction in Table 2.3 is written as 

(2.49) 

while, strictly speaking, it is more correct to apply the somewhat longer formula 

(2.50) 

This means that the oxygen molecule O2 is omitted in Table 2.3 (because the oxygen 
is not an air pollutant and the above reaction does not lead to any practical change of the 
oxygen in the atmosphere). In this way the notation in Table 2.3 is simplified; the hope is 
that the contents of the table are also quite clear when such a simplification is performed. 

2.7. Mathematical description of the chemical reactions 

The chemical reactions can be described mathematically by a system of ordinary 
differential equations (ODE's). For the small chemical scheme with ten species, see Table 
2.4, the system of ODE's can be described as follows. 

Let us assume that the mathematical notation that is shown in Table 2.5 is used in 
connection with the ten chemical species from the simplified chemical scheme. 

By applying this notation, the simplified chemical scheme can easily be represented by 
the following system of ODE's (one equation per every chemical species). 

(2.51) 

(2.52 ) 

(2.53 ) 

(2.54) 

(2.55 ) d115 /dt 
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(2.56) d116/ dt k gTh112 

(2.57 ) d117/dt 2k2'Tl4 + k 3'Tls'Tl1 + C'Tl9 - k 4'Tl7'Tl1 

(2.58) d'Tls/ dt 4k1'Tl9 - k 3'Tl1'TlS 

(2.59 ) d119/dt k4'Tl 111 7 + 2ksh 'Tl7 - ( k6'Tl3 + k9'Tl2 - C ) 'Tlg 

(2.60) d'Tl1O/ dt k 7'Tls - ( ksh + f ) 'Tl2 

where c, hand f are appropriately defined constants. It is not necessary to explain in 
detail the meaning of these constants; the main purpose is to show that the systems of 
chemical reactions in the simplified chemical scheme can be represented mathematically by 
a system of ordinary differential equations. 

Chemical notation Mathematical notation 

NO 'Tl] 

N02 'Tl2 

HC 'Tl3 

ALD 'Tl4 

0 3 'Tls 

HN03 'Tl6 

H02 'Tl7 

R02 'Tls 

OH 'Tl9 

OeD) 'Tl1O 

Table 2.5 
The mathematical notation that is used 

in connection with the simplified 
chemical scheme (10 species). 
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It is clear that the ODE system (2.51 )-(2.60) can be rewritten in vector form as 

(2.61) dll/ dt Q (11) , 

where the vector 11 is given by 11 = {111 ,112,113,114,115,116,117,118,119,111O} T, while the compo­
nents of vector Q are the right-hand side parts of the equalities (2.51)-(2.60). 

The chemists and the physicists prefer to divide the right hand-sides of the equalities 
(2.51)-(2.60) into two parts: 

(2.62) 

This division has some physical meaning: Pi is called the production term for the i'th 
pollutant involved in the chemical scheme, while Li is the loss term. However, it is 
important to emphasize here that both terms are generally non-linear. 

The units normally used by chemists for the concentrations of the various species are 
molecules per cubic centimetre. Therefore the system of ODE's, (2.62), is very badly 
scaled. The situation becomes worse when the photochemical reactions are activated or 
disactivated: this leads to very quick changes of the concentrations in short time-periods. Both 
the bad scaling of the problem and the quick variations of the concentrations over short 
periods of time cause great difficulties when the chemical part of the model is to be treated 
numerically (this will be discussed in detail in the following chapters of this book). 

The initial conditions together with the magnitudes of the minimal and maximal 
concentrations found during a short run (42 hours) of the simplified chemical scheme defined 
by (2.51)-(2.60) are shown in Table 2.6. 

The system of ODE's corresponding to the condensed CBM IV chemical scheme, the 
scheme with 35 species, can be derived in a quite similar way. 

The chemical schemes, and especially their numerical treatment will also be discussed in 
the following chapters. It should also be stressed here, however, that many more efforts are 
needed in order to find numerical procedures by which the chemical part of the LRTAP 
models can be treated efficiently. As mentioned several times in this section, and in the 
previous sections, it is crucial to treat the chemical part of the LRT AP models efficiently 
by fast, accurate and robust numerical methods (if this is not done, then very often the models 
cannot be treated numerically even if modern high-speed computers are available). It seems 
to be necessary to develop quite new integration methods for the treatment of the stiff and 
badly scaled systems of ODE's that arise from the chemical part of the air pollution models. 
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Uutant Initial condition Minimal value Maximal value 

NO 1.0*1011 7.1*10.24 1.0*10" 

NO: 1.0*1011 7.6*107 1.0*10" 

HC 1.0*1011 8.4*108 1.0*10" 

ALD 5.0*10'" 5.0*10'" 5.1*10" 

Ol 5.0*1011 5.0*1011 1.6*1012 

HN03 1.0*10'" 1.0*10"1 2.1*10" 

HOl 1.0*10· 1.0*10· 1.3*1012 

ROz 1.0*10· 1.0*10· 4.3*10'" 

··OH 1.0*Uf 1.9*10'" 7.3*10' 

O(lD) 1.0*10.3 3.4*10"· 2.6*10"' 

Table 2.6 
The initial values and the order of magnitude 
of the minimal and maximal concentrations 

obtained in a short run 
(starting at 6 o'clock in the morning 

and finishing at 24 o'clock in the next day). 

2.8. Introduction of the emissions in the models 

The introduction of the emission sources from the space domain under consideration in 
the long-range transport models should be, theoretically at least, a straight-forward process. 
In practice, however, it is rather difficult to identify the sources and, what is sometimes even 
more important, to determine quantitatively the amount of pollution emitted from a given 
source. The practical problems connected with the introduction of the emission sources in 
large-scale air pollution models become even greater when the sources are time-dependent 
(which is often the case). 

Assume again, for the sake of simplicity only, that a two-dimensional model is to be 
treated. Consider some primary pollutant whose concentration is cj(x,y,t). The positions of 
the sources of this primary pollutant (see Section 1.2) are to be located and the emission at 
a point (x,y) and at time t is to be described by a function E;(x,y,t). Function Ej(x,y,t) 
takes non-negative values. In general, Ej(x,y,t) > 0 if the i'th pollutant is a primary 
pollutant and if there is a source at point (x,y). However, Ej(x,y,t) may sometimes be zero 
even if there is a source at the point under consideration; for example, some sources may stop 
the emission during the night. If there is no source at point (x,y) or if the i'th pollutant is 
a secondary pollutant, then Ej(x,y,t) is equal to zero for all values of the time-variable t. 
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It is clear that the same considerations are valid for three dimensional models. It is 
important to emphasize here that three-dimensional models can successively be used to 
separate the contributions due to surface sources from the contributions due to elevated 
sources (as, for example, power plants with high chimneys) in some receptor areas within the 
space domain of the model. 

The emission is normally treated together with the chemical reactions (the emission terms 
are simply added to the production terms in the chemical reactions; see Section 2.6). This 
means that, when the emissions in the space domain of the model under consideration are 
described mathematically, there are no more problems with the emissions (these are just 
treated in the chemical part of the model). The difficulty is, as mentioned above, to describe 
mathematically the emissions. 

2.9. General mathematical description 
of an air pollution model 

In the previous sections of this chapter it has been shown how the five major physical 
processes (advection, diffusion, deposition, chemical reactions and emission) can be described 
mathematically. A general mathematical model can easily be obtained now by combining the 
mathematical expressions that have been derived for the five physical processes: 

(2.63 ) - d(ucs)ldX - d(vcs)ldY - d(wcs)ldZ 

+ d (KxdCsldX) IdX + d (KydcjdY) IdY + d (KzdCs/dZ) /dZ 

+ Es (x, y, Z, t) 

s 1, 2, ... , q . 

The first three terms on the right-hand side of the above system of PDE's describe the 
advection process (see Section 2.3). The next three terms describe the diffusion (see Section 
2.4). The two terms in the third line of (2.63) describe the deposition in the system (see 
Section 2.5). The first of these two terms, the term containing k1s, is the contribution of the 
dry deposition, while the second term, the one containing k2s, is the contribution of the wet 
deposition. The emission sources in the space domain, which were discussed in Section 2.8, 
are described in (2.63) by the term Es(x,y,z,t). Finally, the chemistry, the chemical 
reactions were studied in Section 2.6 and in Section 2.7, is represented in the model by the 
terms Qs(c1,Cz, ... ,cq): the terms Q/C1,C2, ... ,cq) are in fact the right-hand sides of the ordinary 
differential equations by which the chemical reactions are described mathematically (see 
Section 2.7). 
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It should be mentioned here that equations in system (2.63) are coupled only through 
the chemical terms. If the chemical terms Qs(c"c2 , ... ,cq) were not present, then the system 
would split into independent equations. The chemical terms not only are coupling the 
equations in the system, but they also introduce non-linearity in the model. 

The system (2.63) is to be considered together with appropriate initial and boundary 
conditions. The initial and boundary conditions will be discussed together with the numerical 
treatment of the model. However, it must be mentioned here that the dry deposition can be 
included in the boundary conditions (and this is often done). 

Most of the coefficients in the system of PDE's are functions of both the space variables 
x, y, z and the time-variable t. Some of these functions depend on other parameters (as, 
for example, many of the rate coefficients that are used in the chemical schemes; these 
depend on the temperature, the humidity and other quantities). It is assumed that all these 
functions are known functions. It was shown in the beginning of this chapter that this 
assumption very often causes great practical difficulties. It was also discussed there how the 
difficulties can be alleviated. 

2.10. Lagrangian models versus Eulerian models 

The system of PDE's by which long-range transport of air pollution phenomena are 
described mathematically, see (2.63), cannot be solved analytically (unless some very 
unrealistic assumptions about the known functions involved in this system are made). 
Therefore (2.63) must be treated numerically. There are two main approaches that could be 
applied during the numerical treatment of (2.63): the Lagrangian approach and the Eulerian 
approach. Both approaches have successfully been used to handle many air pollution models 
numerically. The main properties of both the Lagrangian approach and the Eulerian approach 
will briefly be discussed in this section together with their advantages and disadvantages. 

2.10.1. The Eulerian approach 

Let us assume again, for the sake simplicity only, that a two-dimension model is to be 
handled. Assume also that the Eulerian approach is to be applied in the numerical treatment 
of the model. In such a case the space domain, on which the system of PDE's (2.63) is 
defined, is divided into "small" squares4 by applying some grid (equidistant grids are 
commonly used in air pollution modelling). Then the spatial derivatives involved in the 

4 The grid-squares are small in the sense that the area of each square is a 
small part of the area of the whole space domain. In the old version of the 
Danish Eulerian Model the area of each grid square is 150 km x 150 km = 22500 
krrr, while the area of the space domain is 4800 km x 4800 km = 23040000 krrr. 
This means that the area of one grid-square is approximately 0.0977% of the 
area of the space domain. Thus, although a 150 km x 150 km square seems to 
be rather large (when it is considered as an independent object), it is small 
in connection with the whole space domain. 
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system of PDE's are discretized on the grid chosen. This is why the Eulerian models are 
sometimes also called grid models. After the discretization, the system of PDE's is 
normally reduced to several large systems of ODE's that are to be solved successively at 
every time-step. Different numerical algorithms can be applied in the computer treatment of 
these systems of ODE's. 

In principle at least, it is also possible to discretize both the spatial derivatives and the 
time derivative. The fully discretized system, which is obtained from (2.63) when such a 
procedure is used, is a very large system of algebraic equations (the system of algebraic 
equations will be non-linear when non-linear chemical reactions are involved in the model). 
While the principle (on which the full discretization is based) is rather simple, it is very 
difficult to apply it to large air pollution models. Therefore the full discretization of the 
system of PDE's (2.63) is practically never used when large Eulerian air pollution models 
are treated numerically. 

The numerical treatment of Eulerian models that are described mathematically by (2.63) 
will be discussed in Chapter 3. 

2.10.2. The Lagrangian approach 

The Lagrangian approach is based on the calculation of wind trajectories and on the 
transportation of air parcels along these trajectories. The models that are based on this 
approach are called either Lagrangian models or trajectory models. The main ideas used 
when a Lagrangian model is developed can be summarized as follows. 

Consider a fixed point B in the space domain. A trajectory '"C which arrives at B is 
calculated, and this trajectory can be followed backward for a certain time-period to reach 
some starting point A. A period of 96 hours is commonly used in the air pollution models; 
see, for example, Eliassen and Saltbones [154], Iversen et al. [252-254] or Simpson [413-
414]. It is also possible to reverse the direction in which the trajectory is followed or, more 
precisely, to consider the situation where the starting point A is fixed and one follows 
forward the trajectory for a certain period (again periods of 96 hours are often used) until 
a final point B is reached. Thus, one can consider both backward and forward trajectories. 

The numerical treatment of both the backward trajectories and the forward trajectories is 
the same, but the interpretation of the calculated results, when these two manners of 
modelling the long-range transport of air pollutants are applied, is as a rule different. In some 
particular situations it will be more convenient to use forward trajectories, while the 
application of backward trajectories will be the best solution in many other cases. 

Let us assume (some of the assumptions listed below can be avoided if special devices 
are attached to the Lagrangian model under consideration) that 

(i) the concentrations of all air pollutants that are involved in the air 
pollution model under consideration are known at the starting point A (or, 
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at least, it is possible to obtain sufficiently accurate approximations to all 
concentrations of the air pollutants at the starting point A), 

(ii) there is no diffusion in the air pollution process that is modelled 

(iii) a two-dimensional model is to be developed (which implies that the 
trajectory 't is a two-dimensional curve). 

Then the concentrations of the pollutants involved in the model at the final point B can 
be calculated by following the transport of the air parcel along the trajectory 't from point 
A to point B and by taking into account 

and 

(a) all contributions from the emission sources along the trajectory to the 
appropriate concentrations, 

(b) all changes of the concentrations under the transport that are due to 
both the dry deposition process and the wet deposition process 

(c) all transformations of the concentrations under the transport that are 
caused by the chemical reactions involved in the model. 

The calculations (along the trajectory 't) can be carried out by using the following system 
of equations: 

(2.64 ) dcs/dt 

s 1, 2, ... , q . 

It is immediately seen that a system of ODE's has to be treated when a Lagrangian 
model is used, while a system of POE's, the system given by (2.63), has to be handled 
when an Eulerian model is applied. Thus, the system (2.63) is directly treated (by various 
numerical methods) when an Eulerian model is chosen. The system (2.63) is first simplified 
to the system (2.64) when a Lagrangian model is selected. It is important to emphasize here 
that this simplification is not obtained for nothing. The three assumptions (i) - (iii) are very 
often introduced if a Lagrangian model is to be used. Then the numerical treatment of system 
of ODE's (2.64), by which a Lagrangian model is described mathematically, is much easier 
than the numerical treatment of the corresponding system of POE's (2.63), by which an 
Eulerian model is described mathematically. On the other hand, the assumptions (i) - (iii), 
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which are used to derive system (2.64) from system (2.63), may be rather restrictive in 
some situations. 

2.10.3. Two ways of using the Lagrangian models 

(A) Simple use of the Lagrangian models. The Lagrangian models are best suited for 
calculations in some simple (but very often important) situations as, for example, to answer 
the following question: What will happen if air parcels from the continent arrive at the 
Western coast of England passing over London? This situation has been studied by Derwent 
[lOll. Note that forward trajectories can be used in this situation. This simplifies the 
problem: it is easier to calculate initial concentrations when forward trajectories are used, 
because the starting point of the trajectories is fixed and the concentrations at this point can, 
for example, be measured. 

(B) Advanced use of the Lagrangian models. The truth is, however, that Lagrangian 
models are often used to produce the same output data files as the output data files that are 
calculated by the Eulerian models. This means that Lagrangian models are used to obtain 
values of the concentrations on the same types of grids as those used in the numerical 
treatment of Eulerian models. It is easy (in principle, at least) to solve the task of using a 
Lagrangian model in order to obtain the same output as that produced by an Eulerian model. 

Consider any grid that has been chosen for an Eulerian model and let some initial value 
to of the time variable t be fixed. Assume also that the number of grid-points in the space 
domain under consideration is N. Then all N grid-points may be considered as final points 
of, say, 96-hours backward trajectories. System (2.64) must be solved for all N 
trajectories in order to calculate the values of the concentrations at time to at all grid-points. 
After that the same procedure must be repeated for t l , t2 , ••• , tk• Some details are omitted 
here in order to simplify the explanation of the main idea (for example, a special treatment 
will be necessary when some trajectories leave the space domain of the model). 

The number of trajectories used in the advanced application of a Lagrangian method can 
be very huge. This number is (k+I)N, where N is normally of order 103, while k is of 
order 4.3* 103 when the time-interval is one ycar and it is assumed that thc trajectories 
arrived at the grid-points after every time-interval of two hours. This means that the system 
(2.64) has to be solved several million times. The total number of tasks is very impressive. 
However, it should immediately be noted that it is not very difficult to treat them numerically. 
There are two reasons for such a statement: 

(i) the separate tasks can easily be treated by using fast and cheap 
numerical methods 
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and (what is even more important) 

(ii) the separate tasks are quite independent of each other and well­
balanced (this means that the computational work at any fixed time tj , 
j=O, 1 , ... ,k, can easily be vectorized and/or parallelized). 

It is clear from (ii) that new and modern high-speed computers can efficiently be used 
when a Lagrangian method is applied to produce the same output as that produced by an 
Eulerian model (high-speed computers and their applications will be discussed in Chapter 6 -
Chapter 9). 

2.10.4. Advantages and disadvantages of the Eulerian 
models and the Lagrangian models 

Eulerian and Lagrangian models are often used in air pollution studies. Each of these two 
groups of models have both advantages and disadvantages. Very often the advantages of the 
one group of models are disadvantages for the other group. Therefore it is very difficult to 
recommend the use of models from any of the two groups for all possible situations (although 
in particular situations the use of models from one of the two groups may be more 
advantageous than the use of models of the other group). The main advantages and 
disadvantages of the air pollution models belonging to these two groups are briefly discussed 
below (under the assumptions made in § 2.10.2). 

The main advantages of using an Eulerian model to study air pollution phenomena are: 

(i) In the Eulerian models one works with system (2.63), which is 
derived by utilizing directly the physics of the air pollution problem that is 
studied, while several simplifying assumptions are as a rule imposed in the 
Lagrangian models in order to obtain system (2.64). 

(ii) All physical processes that are involved in the long-range transport 
of air pollutants are taken into account when Eulerian models are used. The 
diffusion process is, for example, totally ignored in the transition from 
(2.63) to (2.64) when Lagrangian models are to be applied. 

(iii) The three-dimensional case can be treated by Eulerian models (if both 
a sufficiently powerful computer and a sufficiently accurate set of input data 
are available), while it is practically impossible to solve the task of 
developing three dimensional Lagrangian models unless some rather 
unrealistic assumptions are imposed. 

However, the Eulerian air pollution models have also at least one serious disadvantage: 

(a) The Eulerian methods are normally time-consuming. The system 
(2.63) is much more complicated than the system (2.64). The use of this 



Models for studying the long-range transport of air pollutants 

system is good from a physical point of view, because (as mentioned above) 
(2.63) reflects the physical properties of the studied problem better. 
However, the complexity of the system (2.63) implies a requirement for 
more accurate numerical methods and, thus, leads to a substantial increase 
of the computer time needed. The problem of finding numerical methods 
that are both sufficiently accurate and sufficiently fast is still an open 
problem when Eulerian models are used, although some success has been 
achieved during the last years. 
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The main advantages of using a Lagrangian model to study the levels of concentrations 
and depositions of a given group of air pollutants are: 

(1) The system (2.64) is much simpler than (2.63). Therefore it is 
much easier to implement simple and fast numerical methods in a 
Lagrangian model. 

(2) The Lagrangian models are conceptually much simpler than the 
Eulerian models. Therefore it is easy (a) to modulate them, (b) to perform 
different experiments with them and (c) to interpret the results obtained by 
them. 

The Lagrangian models have, unfortunately, several disadvantages. Most of the 
disadvantages are caused by the assumptions made in order to obtain the simplified system 
(2.64) from (2.63); see § 2.10.2. The main disadvantages of the Lagrangian models that 
are caused by the assumptions in § 2.10.2 are: 

(A) One of the physical processes that plays an important role in the 
long-range transport of air pollutants, the diffusion process, is completely 
ignored when a Lagrangian model is used. 

(B) It is, as already mentioned above, practically impossible to develop 
three-dimensional Lagrangian models unless some very unrealistic assump­
tions are added to the assumptions made in § 2.10.2. Some people try to 
develop three-dimensional models by imposing an assumption that the wind 
velocity vectors have the same direction and the same magnitude at all 
heights. This means that u(x,y,z,t) and v(x,y,z,t) can vary in x, y and 
t, but for any fixed triple (x,y,t) these quantities are constant in z. Of 
course, such wind fields will never occur in practice when the space domain 
is sufficiently large and the time-interval is sufficiently long. Therefore the 
development of such a model is controversial. While some physical 
processes can be described better in such a model (compared with the two­
dimensional models), there is a danger that all benefits from the better 
description of some of the physical processes will be lost when the errors 
caused by the non-physical assumption that the wind velocities do not vary 
in the vertical direction are dominating over the remaining errors. 
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(C) It is not very easy to obtain approximations for the concentrations 
at the starting points of the trajectories. One can try to use the calculated 
values at the starting points, but such a choice will lead to a requirement to 
keep and update at every time-step huge sets of data. The new modern 
computers allow us to manipulate with very large sets of data. Therefore this 
drawback is perhaps not as serious now as it was, say, ten years ago. 

(D) Problems may sometimes occur during the calculation of trajectories. 
The numerical procedures that are used in the calculation of trajectories are 
in most of the cases convergent, but certain problems could arise when some 
special meteorological situations take place. 

(E) If a Lagrangian model is to be used to calculate the same output as 
an Eulerian model on a fine spatial grid, then the results will normally be 
very unreliable and in most of the situations even misleading (the trajectories 
will "miss" many sources). It is at least true that some actions are to be 
taken in an attempt to improve the performance. 

The last drawback should be taken very seriously; it indicates that one must be very 
careful when Lagrangian models are used in connection with fine spatial grids. The 
application of Lagrangian models in this situation should probably be avoided. Of course, the 
danger of achieving poor results with Lagrangian methods, in the case where these are used 
on a fine spatial grid, is well known among the scientists that are working in this field. 
Nevertheless, the last disadvantage deserves some additional discussion. This is why the 
disadvantage (E) will be studied in some more detail in the next sub-section. 

2.10.5. The choice of a model among the two groups 

It is not easy to recommend a model from any of the two groups that will be efficient in 
all possible applications. An attempt to discuss the choice, by using the advantages and the 
disadvantages of the models from the two groups, will be carried out below. 

Let us start the discussion with the Eulerian models. It is relatively easy to draw a general 
conclusion concerning the use of large air pollution models from this group. From the 
discussion in the previous sub-section, it is clear that 

ult~Ql1~6defcan always be applied when thenumericalmeth~~' 
e~~ntedm.ltare sufficiently accurate and wheu the CPU time thatwiJ . 

heneeijedt«>;hl\odletbe m()del numerically on the computer available does 
,ndt ca~e problems. 

However, it must also be emphasized that it is not easy to design both sufficiently 
accurate and sufficiently fast numerical methods for the computer treatment of an Eulerian 
model. In fact, this problem (the determination of an optimal set of both sufficiently accurate 
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and sufficiently fast numerical methods) is not completely solved yet. Moreover, in many 
Eulerian models the numerical methods are perhaps sufficiently fast, but not sufficiently 
accurate. In any case, more efforts in this direction are absolutely necessary. Some success 
has been achieved during the last years. 

The situation is much more complicated when Lagrangian methods are to be used to 
produce output results at all points of a given grid. In these methods one often simplifies the 
mathematical description of the problem by inserting the simplifying assumptions (i) - (iii) 
from § 2.10.2. Of course, these assumptions lead to some errors in the results; these errors 
will be called here Lagrangian errors. However, there are also errors that are caused by 
other factors (discretization errors, errors due to the uncertainties in input data, errors due to 
the uncertainties in the physical parameters and mechanisms, etc.). These errors also appear 
when other models (for example, Eulerian models) are used. This second group of errors will 
be called common errors. It is clear that the use of a Lagrangian method is justified only in 
the case where the common errors are both acceptable and dominating over the Lagrangian 
errors. 

It is difficult to answer the question: when the common errors are dominating over the 
Lagrangian errors (and, moreover, are still acceptable)? Assume that the discretization errors 
are the dominating errors among the common errors. Then an attempt to answer the above 
question can be done by using the simple situation that is described in Fig. 2.2. There are 
three sources SI' S2 and S3 and one receptor R. Assume also that the wind velocities are 
constant in the part of the space domain where the sources SI' S2 and S3 and the receptor 
R are located (the direction of the wind is shown in the plots by the trajectory that arrives 
in R). 

It is clear that only the second source S2 is contributing to the concentrations of the 
appropriate air pollutants in the receptor point R in this situation; see also Fig. 2.3. Thus, 
the physical background of this situation is very clear. 

Assume now that the part of the space domain where the sources and the receptor are 
located is discretized by using a coarse (for example, 150 km x 150 km) spatial grid; such 
a grid is used in the EMEP models (see Eliassen and Saltbones [154], Iversen et al. [252-
254] or Simpson [413-414). The coarse grid is drawn in Fig. 2.4. The usual assumption 
is made that the emissions from the three sources are instantaneously spread in the grid­
squares where the sources are located. 

It is seen from Fig. 2.4 that both source S2 and source S3 will contribute to the 
appropriate concentrations in the receptor R, because the trajectory arriving in the receptor 
point R is passing through the grid-squares where these two sources are located. Thus, 
source S3 will contribute to the concentrations in the receptor according to any Lagrangian 
model, although there is no physical justification for such a contribution. 

However, it should be noted that the Eulerian models also have problems in this situation. 
It is easy to see that if any Eulerian model is used, then all three sources SI' S2 and S3 
will contribute to the appropriate concentrations in the receptor R. Thus, both source SI 
and source S3 will contribute to the concentrations in the receptor point according to any 
Eulerian model, although there is no physical justification for such contributions (i.e. the 
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results from the Lagrangian model will in some sense be better in this particular case). 

Let us reiterate now the assumption that the discretization errors are dominating over the 
other errors. If the accuracy requirements are not high and if the discretization errors caused 
by using the coarse grid are still acceptable for the particular process studied, then both 
Lagrangian and Eulerian models can successfully be used. 

The discussion in the previous sub-section shows that the use of coarse spatial grids in 
the discretization of the air pollution models, both Lagrangian and Eulerian, may cause, in 
some receptor points, contributions from sources for which one can easily show (by physical 
reasons) that these sources should not have any influence on the receptor points under 
consideration. Therefore it is often desirable to try to improve the performance of the models 
by introducing finer spatial grids. The situation where a finer grid, a (50 km x 50 km) grid, 
is specified is shown in Fig. 2.5. It should be mentioned here that such grids are often 
recommended when large air pollution models are used to study the long-range transport of 
air pollutants in Europe. 

It can easily be deducted from Fig. 2.5 that the performance of the Eulerian models will 
be improved very considerably in this situation. If the diffusion process is sufficiently well 
described in the model, then only "the right" source S2 will contribute to the appropriate 
concentrations in the receptor point R. This means that the results, which are calculated by 
the model when the numerical methods are sufficiently accurate, will agree with the results 
which should be expected when this simple particular physical situation is studied (the fact 
that only the second source, S2' will contribute to the appropriate concentrations in the 
receptor point R under the assumptions made above is illustrate in Fig. 2.3). 

The performance of any Lagrangian model may, however, become even worse when a 
finer spatial grid is applied (under the assumptions made in §2.1O.2). This is demonstrated 
in Fig. 2.5. In the particular situation considered here, the Lagrangian models will miss 
source S2 (because the trajectory, see the arrow in Fig. 2.5, is not passing the grid-square 
where this source is located). This means that the model will report no contribution from the 
sources SI, S2 and S3 to the receptor R (or, in other words, the model will "lie" in this 
situation by telling us that the concentrations in the receptor point R are unrealistically low). 
The probability for missing sources will be increased dramatically if the grid is further 
refined; if, for example, a 10 km x 10 km grid is used. 

This means that, while one should expect the Eulerian models to be in some sense 
"convergent" (the accuracy of the results could be improved by refining the gridS), the 
Lagrangian models do not have this useful property (at least, under the assumptions made in 
§2.1O.2). 

5 It must be emphasized here the some additional conditions are necessary in 
order to guarantee the convergence. These conditions will not be discussed 
here. The quotation marks are used to indicate that the definition given above 
is rather loose, although it seems to be quite sufficient and, what is even 
more important from a practical point of view, it is very useful when a model 
has to be chosen. 
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Figure 2.2 
A configuration of three 

sources and one receptor in 
in a part of the space domain. 

Figure 2.4 
The emissions in the sub­
domain in the case where 

a coarse rid is used. 

Figure 2.3 
The plumes from the three 
sources when the wind is 

constant in the sub-domain 

Figure 2.5 
The emissions in the sub­
domain in the case where 

a finer rid is used. 
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One can argue that the example shown in Fig. 2.2 - Fig. 2.5 is very stringent. Of course 
this is true, and in practice the situation will often not be so bad. However, the example 
shows clearly that one must be very careful when Lagrangian models are used to give results 
on fine spatial grids. 

The fact that the diffusion is often completely ignored in the Lagrangian models implies 
very often an underestimation of the concentrations in the receptor points when finer spatial 
grids are used (because some sources are often missed by the trajectories). At present, many 
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the air pollution modellers are accepting this fact. Some of them, however, are trying to 
remedy the situation by introducing compensating errors (instead of drawing the more 
correct conclusion that the better choice is to avoid the Lagrangian models when the spatial 
grid is very fine). The idea behind the introduction of compensating errors is very simple. 
Assume that the modeller knows that the model tends to create errors with a certain sign 
(positive or negative). Then another error that has the opposite sign is introduced in order to 
reduce the effect of the first error6. This idea can be implemented in the following way for 
Lagrangian models on fine grids. Since sources that are relatively long away from the 
receptors will often be missed by the trajectories, these are simply spread. This is equivalent 
to introducing new artificial sources in some grid-squares (and diminishing the strength of the 
actual sources). It is clear that correct answers to questions as "when to spread?" and "how 
to spread?" are absolutely necessary when this procedure is used. Note too, that if a 
trajectory hits a source that has been spread, then one will achieve the opposite effect (the 
compensating error is not giving any compensation in this case; it will increase the total 
error). 

In the situation shown in Fig. 2.5 the introduction of compensating errors means, 
among other things, that artificial sources in some neighbouring grid-squares (of the grid­
square where source S2 is located) will in fact be created, and the strength of the source 
S2 will be reduced. The desired effect in the receptor point R could be achieved if the 
source is correctly spread (the appropriate concentrations in the receptor point R will be 
increased). On the other hand, the depositions and the chemical reactions in some parts of the 
region are carried out under the assumption that contributions due to artificial emission 
sources are added to the concentrations. Thus, one accepts that the intermediate concentrations 
calculated when the trajectory is followed are not correct; the hope is that the concentration 
in the end-point is more accurate (because an attempt has been made to take into account 
contributions due to emission sources close to the trajectory). The above discussion shows that 
the introduction of compensating errors is a controversial decision, and explains why such 
an approach should perhaps be avoided in modern models. Note too, that if one decides to 
spread equally the emissions in the nine grid-squares that form a large 150 km x 150 km 
grid-square, then one comes back to the situation described in Fig. 2.4. This means that the 
refining of the spatial grid will have no practical effect in this particular situation or, in other 
words, the refining of the spatial grid will only result in some waste of CPU-time and 
storage). 

The introduction of compensating errors could be considered as one of the last remnants 
of the romantic era of the air pollution modelling (the 70's), when the scientists had much 
poorer knowledge than now about the physical and chemical processes in the atmosphere and 
much poorer means than now (numerical methods and, especially, computers), but attacked 
heroically the problems with the slogan: "The faith moves mountains". Now we both have 
much better knowledge (concerning the relevant physical and chemical processes in the 
atmosphere) and much better means (modern numerical methods and, what is even more 
important, high speed computers with enormous memory capabilities) that could successfully 

5 From this short description it becomes immediately clear that this is not 
a scientific approach. There is some similarity between this approach and the 
methods used by a small shop-keeper in an attempt both to retain some profit 
and to sell quickly some products that have been a long time in the shop. 
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be used to build up, not heroically, but in a systematic and patient way, robust and reliable 
mathematical models without making crude non-physical assumptions. It should also be 
stressed, however, that the development of such a model is still a very difficult task and that 
there are still many unresolved problems and, therefore, compensating errors will also be 
used in the development of models in the near future. 

Another interpretation of the above implementation of compensating errors in Lagrangian 
models is to consider this procedure as an attempt to introduce a kind of diffusion in the 
models. Instead of applying the diffusion mechanism to spread the concentrations, one applies 
it to spread the emissions. Thus, one is working (under the computations along the trajectory) 
with emissions that may differ considerably from the actual emissions in the grid-squares 
passed by the trajectory. The hope is that the concentrations in the end-points of trajectories 
are improved when such a procedure is correctly implemented. 

The discussion in this sub-section indicates that one should be careful when Lagrangian 
models are used. This does not mean that Lagrangian models should be avoided. In some 
situations the use of a Lagrangian model may be a good choice or even the best choice. The 
main recommendations concerning the use of Lagrangian models can be summarized as 
follows: 

1. the situations where the simple use of a Lagrangian model can 
be made (see § 2.10.2) are the best example where the use of a 

. L~grangian model is a good choice. 

2. If the accuracy required is low and the discretization is not very 
rme, then the Lagrangian models will give quite acceptable re-
sults. 

3. If the spatial discretization is fine or if three dimensional cases 
are to be studied, then one should consider the possibility of 

. switching to an Eulerian . model • 

The main conclusion is that one must be careful when a Lagrangian approach is chosen. 
However, many important practical tasks can successfully be solved by Lagrangian models. 
In some situations the Lagrangian approach may be the best choice. 

One final remark is needed. The procedure is clearly not mass conserving when a 
Lagrangian model is used to produce the same output as an Eulerian model. Indeed, the 
deposition process is carried out along the trajectories, but the deposited mass is not taken 
into account; only the deposited mass at the final trajectory points is used (together with some 
kind of interpolation) when the total deposition in the area of consideration is to be formed. 
Therefore it is hard to see how the total deposition calculated in this way can be connected 
with the total emission in the area (taking into account also the transport over the boundaries 
of the space domain of the model). The violation of the conservation law (when the total 
deposition in the area is to be calculated) is perhaps not very important when the grid is 
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coarse (because the dominating errors are mainly caused by truncation errors in this situation). 
However, the violation of the conservation law may cause serious problems when a fine grid 
is in use. 

2.11. Concluding remarks and references concerning large models 
for studying long-range transport of air pollutants 

In some cases (but not always) the mathematical description of the main physical 
processes that take place under the long-range transport of air pollutants is, in principle at 
least, a straight-forward and well-understood procedure. The difficulties appear when the 
mathematical expressions are to be treated numerically and when some specific values are to 
be assigned to the physical parameters that are used in the mathematical terms. For some of 
these parameters (as, for example, the wind velocities) it is relatively easy to get sufficiently 
accurate approximations by using measurements. However, it is rather difficult to evaluate 
some of the other physical parameters. These problems have been discussed in Section 2.1. 
The importance of the models in the solution of several practical tasks is also discussed in 
Section 2.1. 

The mathematical models must be reliable. The reliability of the mathematical models is 
normally checked by comparing the concentrations and the depositions calculated by the 
models with the corresponding measurements. Therefore it is not a great surprise that there 
are comparisons of model results with measurements in nearly all papers dealing with large 
mathematical air pollution models; see, for example, [22], [36], [39], [43], [60], [153-154], 
[215], [216], [228], [230-232], [251-254], [301], [302], [313], [314], [355], [375-376], [411-
414], [463]. Many other examples can be given. The need of checking the reliability of the 
mathematical models is briefly discussed in Section 2.2. 

The mathematical description of the main physical processes is given (separately for each 
of these processes) in Section 2.3 • Section 2.8. After that, a general description of the 
mathematical model to be studied in the following chapters is presented in Section 2.9. The 
mathematical model (2.63) is certainly not the most general model that can be constructed. 
Moreover, different modifications must be inserted if the model is to be used for some special 
purposes. However, the model described by (2.63) contains all main properties that a 
general-purpose LRT AP model must have. Therefore a careful study of the numerical 
treatment of (2.63) will be useful in all cases; even in the many cases where the formulation 
is not the same as that given in Section 2.9. 

The direct use of the system of partial differential equations (2.63) in the numerical 
treatment leads to the so-called Eulerian or grid models. Another approach, the Lagrangian 
approach, is based on a preliminary simplification of the system of partial differential 
equations (2.63) to a system of ordinary differential equations (2.64), which is considered 
along trajectories. The models based on this approach are called Lagrangian or trajectory 
models. The advantages and the disadvantages of the Eulerian and Lagrangian models are 
discussed in Section 2.10. Lagrangian models are often used in practice; see, for example, 
[36], [101], [153-154], [215], [251-254], [335], [413-414]. These methods were rather 
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popular in the 70's when the computers were too slow to deal with advanced Eulerian 
models. Now the Eulerian models become gradually more and more popular, but the 
Lagrangian models can be used very successfully in many situations. 

There is one case, however, where the use of Lagrangian models should perhaps be 
avoided; see § 2lO.5. This is the case where a fine grid is needed. The use of fine grids is 
only justified by the necessity to improve the quality of the calculated results. Thus, the basic 
idea is to improve the model by the introduction of fine grid. However, the improvements 
must be carried out in a harmonic way. The modeller must be aware that in many cases one 
will not improve the model if only one of the following conditions is satisfied: 

(i) the grid is refined, 

(ii) the quality of the input data (meteorological data and/or emission 
data) is improved, 

(iii) the physical mechanisms used are more accurate, 

(iv) the set of the chemical reactions are more adequate, 

(v) the numerical methods are both faster and more accurate, 

(vi) the initial and boundary conditions are treated in a more reliable 
way. 

Very often improvements will not be achieved even if several of these conditions (but not 
all of them) are satisfied. One should carefully investigate all these conditions in order to 
decide how to satisfy this set of conditions in an optimal way. The physical processes 
involved in the model may be treated in a more accurate way or in a less accurate way 
(depending of the accuracy that is required). However, the physical laws on which these 
processes are based should not be violated (this is, at least, highly desirable). 



CHAPTER 3 

NUMERICAL TREATMENT OF LARGE 
AIR POLLUTION MODELS 

"Paul Dirac! once said that it was more important to have beauty in 
one's equations than to have them agree well with experiment. He went 
on to explain that the empirical discrepancy might be due to unimportant 
factors which better calculations or more accurate observation would put 
right. The implication was that nothing will remedy the defect of 
mathematical ugliness". 

John Polkinghome: "The Queen of the Sciences", Bulletin of the Institute 
of Mathematics and Its Applications, 21(1985), 121-122. 

It has been shown in Chapter 2 that any LRTAP model (any long-range transport of 
air pollution model) can be described mathematically by a system of partial differential 
equations (PDE's). The number of equations in this system is equal to the number of species 
which are to be studied by the model. Thus, including more species leads to an increase of 
the size of the problem. However, even more important is the fact that the system of PDE's 
cannot be solved analytically (even if the number of species is small; say two) unless some 
very unrealistic assumptions are imposed. Therefore the systems of PDE's, by which the 
large air pollution models are described mathematically, have to be treated numerically. 

Many different numerical methods have been used in the treatment of large air pollution 
models. The number of numerical methods that have been suggested for use in large LRTAP 
models in different books and papers, but which have not actually been used in any 
production model until now, is even greater. This explains why it is not possible to describe 
all these methods in this book. Therefore several numerical methods that can be used to get 
approximate solutions of the systems of PDE's will be studied in detail in this chapter. The 
other possibilities will be briefly discussed. However, references, in which adequate 
descriptions of this second group of numerical methods can be found, will be given. 

As mentioned in the previous two chapters the system of PDE's, by which a large air 
pollution model is described, can be split into different sub-systems. It is natural to split this 
system into parts (sub-systems) that correspond to the physical processes that are involved in 
the model. It is also natural to select (or, at least, to try to select) as good as possible 
numerical methods for each of these sub-systems. For every sub-model (or, in other words, 
for every sub-system of the system of PDE's), an attempt to describe one or two of the best 
numerical methods, among the numerical schemes that have been used (or have been 
proposed for use) in air pollution modelling until now, will be made. However, it must be 
reiterated here that other numerical methods may also perform rather well; references 
concerning many other numerical methods will be given. 

1 Paul Adrien Maurice Dirac: A British physicist, the winner of the Nobel 
prize in physics in 1933 (together with E. Schrodinger). 
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3.1. Splitting of the large model to sub-models 

Consider the system of PDE's that describes an LRTAP model. This system, which 
has been presented in Section 2.9, is written in the following way: 

(3.1 ) (advection) 

- (k" + k 2s )cs (x,y,z,t) (deposition) 

+ Es(x,y,z,t) (emission) 

+ Qs(c"c2, ... ,co) (chemistry) 

where 

(3.2 ) s 1, 2, ... ,q, 

and 

(3.3 ) X E [O,X], yE[O,Y], Z E [0, Z] , t E [O,T]. 

It is highly desirable to apply a common numerical method directly to the whole system 
of PDE's (3.1). Unfortunately, this is a very difficult task. The different terms in the right­
hand sides of the q equations in (3.1) originate from different physical processes and, 
therefore, have different properties. The requirements, which have to be satisfied by the 
numerical methods that either have to be selected or have to be developed, depend strongly 
on properties of the mathematical terms on the right-hand side of (3.1). Very often, the 
requirements that are imposed by different terms of (3.1) work in different directions. 
Therefore, it is very difficult to satisfy all the requirements simultaneously. This is why some 
kind of splitting is to be applied (and, in fact, splitting algorithms are used in all known big 
air pollution models). Different splitting procedures have been proposed and/or discussed in 
the literature; see, for example, Marchuk [307], and McRae et al. [315]. The first paper, 
in which a splitting procedure has been proposed (although in a very simple example), is 
probably that written by Bagrinowskii and Godunov [20]). 

The discussion in the previous paragraph indicates that it is natural to apply splitting 
according to the different physical processes that are involved in the model. Such a procedure 
has been proposed in Marchuk [307] in connection with a model that is somewhat simpler 
than that described by (3.1), but the main idea is fairly general. It can be applied also in 
connection with the system (3.1) or even in connection with systems of PDE's arising 
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from more complicated air pollution models. The same idea can, of course be applied also 
in connection with mathematical models arising in some other fields of science and 
engineering. 

If the model is three-dimensional, then it is convenient to carry out first the computations 
for every horizontal plane and then to perform the modifications in the vertical direction. 

The implementation of the above two ideas: 

and 

(i) splitting the air pollution model according to the physical processes 
involved in it 

(ii) processing first the horizontal planes and after that carrying out 
computations along the vertical direction 

leads to a splitting procedure that can be defined as follows: 

(A) Computations in the horizontal planes. Let some Zo be fixed in the interval 
[O,Z]. When the model described by (3.1) is discretized, the set of points (x,y,zo), where 
x E [O,X] and y E [O,Y], defines a horizontal plane within the space domain of the model. 
Then the computations connected with this horizontal plane (i.e. for z=zo) are carried out by 
treating numerically the following four systems: 

(3.4) ac~l) I at - a (UC~l») lax - a (VC~l») lay, 

(3.5) ac2) lat + a(Kxac~2)/ax)/ax + a (KyaC~2) lay) lay, 

(3.6) dc2) Idt - (k1s + k2s)C~3)(X,y,zo,t), 

(3.7) dC~4) Idt + Es(x,y,zo,t) + Qs (ci4) ,ci4), ... ,C~4») , 

where s=1,2, ... ,q and q is again the number of pollutants that are to be studied by the 
model. • 

(B) Computations along the vertical lines. Assume that (xo,Yo) is a fixed point with 
Xo E [O,X] and Yo E [O,Y]. When the model is discretized, the set of points (xo,yo,z), 

where z E [O,Z], defines a vertical grid-line within the space domain of the model. Then the 
computations for (x,y)=(xo,yo) can be performed by treating numerically the following 
system of PDE's: 
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(3.8) 

where again s=1,2, ... ,q and q is the number of pollutants that are to be studied by the 
model. It should be noted here that the dry deposition may be incorporated in the boundary 
conditions of the vertical transport. • 

The above discussion shows that the system of PDE's (3.1) can be split into five POE 
systems, which can (after the splitting) be solved separately at every time step. It must be 
mentioned here that, while the separation of the computations in the vertical direction from 
the computations in the horizontal planes is in many cases convenient, it is not always 
necessary to separate these computations. The terms in the right-hand side of (3.8) can be 
added to the previous systems: the first term to the system (3.4), the second one to system 
(3.5). In some situations this could be the better choice. Nevertheless, this situation will not 
be discussed in detail here, because there is nothing new when the latter choice is made: 
systems (3.4) and (3.5) can be handled in the same way when the extra terms from (3.8) 
are added. Formally, the problem becomes slightly easier (because four PDE systems, 
instead of five, are to be handled). On the other side, the addition of extra terms in (3.4) and 
(3.5) may cause some difficulties when these systems of PDE's are handled numerically; 
see also Section 3.8. 

Of course, the five systems (3.4)-(3.8) must be coupled in some way. The process of 
coupling the systems that arise after the splitting of the model can be carried out, at every 
time-step, in the following way. At each time-step the five systems are successively solved. 
Assume that some approximations to the concentrations c, at time t have been found. Then 
the first system is solved by using the approximations of c, as starting values. The solution 
found is used as a starting vector in the treatment of the second system. This process is 
continued: the solution of the third system is used as a starting vector in the treatment of the 
fourth system and the solution of the fourth system is used as a starting vector in the 
treatment of the fifth system. Finally, the approximated solution of the fifth system is 
accepted as an approximation to the solution of the global model at time t + ~t (where ~t 

is the time-stepsize) and, thus, everything is ready to start a new time-step. 

Sometimes it is recommended to change the order in which the five sub-systems are 
solved after every time-step (see, for example, McRae et al. [315]). Thus, if C~l), C~2), C~3), 
C~4) and C;5) have been determined (in this order) at time-step i, the approximations at 
time-step i+ 1 will be calculated in a reverse order; i.e. the order at time-step i+ 1 will be 
c;,), C~4), C~3), C~2) and c~l). 

are: 
The splitting device defined above has several advantages. The most important advantages 

(i) One works with simpler systems. 

(ii) Different numerical methods can be used III the solution of the 
different systems (and, thus, the computational work can be easily 
optimized). 
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(iii) One can prepare separate and easily exchangeable modules for the 
different parts of the model. 

(iv) If the model is considered as a two-dimensional model, then the 
vertical coupling procedure defined by (3.8) should simply be omitted. 
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However there are also some disadvantages. For example, it is rather difficult to control 
the errors that are caused by the splitting procedure chosen and this is a serious drawback. 

The fact that there are disadvantages should be taken into account both when splitting 
techniques are chosen and during their implementation in the model under consideration. It 
is important to emphasize here that 

One should also try to check in some way the global performance, i.e. whether the 
methods that are selected give good results also when these are combined to treat numerically 
the mathematical model (3.1) by some splitting technique. Appropriate sets of test-examples 
can be used to check the reliability of the splitting procedure applied in the model. 

3.2. Treatment of the horizontal advection 

It has already been mentioned in the previous chapter that it is quite sufficient to consider 
a single PDE in order to describe the use of different numerical methods that can be applied 
in connection with the horizontal advection (or, in other words, in connection with the air 
pollution transport that is caused by the horizontal wind velocities u and v); see Section 
2.1. This means that the following single partial differential equation could be studied (and 
will be studied in this section): 

(3.9) de/dt - d(ue)/dx - d(ve)/dy, 

instead of the system of PDE's (3.4). 

In general, the horizontal wind velocities u and v depend both on the space coordinates 
x and y and on the time t; i.e. u=u(x,y,t) and v=v(x,y,t). 

There are many numerical methods which could be applied in the solution of (3.9). Most 
of these methods can be divided into four groups: 
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(i) methods based on the use of characteristics, 

(ii) methods based on the use of finite differences, 

(iii) methods based on the use of finite elements 

and 

(iv) methods based on the use of spectral expansions. 

Methods of the first group have been the first numerical methods that have been used 
in connection with the solution of equations of type (3.9). The numerical methods based on 
the use of characteristics are most convenient (and, thus, have been mainly used) when the 
coefficients u and v satisfy some special conditions. If (3.9) is to be used in connection 
with large air pollution problems, then u and v are rather general functions of x, y and 
t. This is why methods from the first group have not been very popular among the scientists 
working with large LRTAP models, but despite of this they have been used (and are used) 
in many applications; see, for example, van Loon [293] and the references there. The 
methods based on the use of characteristics are studied in many text-books on PDE's; see, 
for example, Richtmyer and Morton [365] or Smith [423]. These methods are often called 
semi-Lagrangian methods by the scientists. 

The methods based on finite differences have systematically been used from the 
beginning of the 20'th century; not only in the case where (3.9) is used in air pollution 
modelling, but first and foremost to study other physical processes. Some basic theoretical 
results have been formulated in 1928 by Courant, Friedrichs and Lewy; see [76]. Methods 
of the second group have been commonly used in the numerical treatment of air pollution 
models in the 60'ies and in the 70'ies. Some of the classical finite difference schemes are 
not very popular when large and very large LRT AP models are to be handled. This is 
especially true for the finite difference schemes of first and second orders. However, more 
accurate finite difference schemes, and first and foremost, finite difference schemes of orders 
three and four, are still often used. Several comparisons of different numerical methods that 
can be used to treat (3.9) numerically, when this PDE is obtained by using some splitting 
devices applied to large air pollution models, have shown that the methods based on second 
order finite differences perform often worse than methods of the next two groups; see, for 
example, Chock [67,68], Chock and Dunker [69], Long and Pepper [292], Orszag [336-
338]. Methods of this group have thoroughly been studied in all text-books on numerical 
solution of PDE's; see again Richtmyer and Morton [365] or Smith [423]. 

The methods based on the application of finite elements deserve some special 
attention. These methods have several very nice properties. The most important among these 
properties is perhaps the fact that the discretization can easily be carried out by using non­
equidistant grids. This allows the modeller to use finer grids in parts of the region that are 
of interest or should be studied more carefully. Until now mainly simple finite elements 
schemes (first-order linear one-dimensional finite elements) have been used in large air 
pollution models. Some properties of one such scheme, which has been used by Chock 
[67.68], Chock and Dunker [69] and Pepper et a1. [349], will briefly be discussed in this 
section. The results of many experiments that are reportcd in the litcrature seem to indicate 



Numerical treatment of large air pollution problems 75 

that even such simple linear one-dimensional finite element schemes work very satisfactorily 
in many situations. However, it is also highly desirable to try to implement more advanced 
(but also more complicated) finite element schemes that have the ability to perform local 
refinement of the grid when such a refinement has to be applied. The application of two­
dimensional finite element schemes in the numerical treatment of (3.9) has been analyzed 
In Neta and Williams [327]; see also Neta [326]. 

The methods based on spectral expansions are not very well known among the 
modellers (although a fine description of some of the main ideas, and also implementation 
issues, could be found in Kreiss and Oliger [270] or Orszag [336-338]). There are two ways 
of using spectral expansions. The classical way is to use some spectral expansion to transform 
the equations involved in the model and to work with the transformed equations. The methods 
based on this approach are called spectral. It is more common, however, to apply the second 
way of using spectral expansions. If the second way is used, then the spectral expansions are 
only used to obtain some polynomials that interpolate the unknown functions (then these 
polynomials are differentiated in order to obtain approximations to the derivatives of the 
unknown functions under consideration). The method is called pseudospectral. It is crucial 
to emphasize here that the pseudospectral methods are usually based on the use of truncated 
Fourier expansions in order to obtain approximations to the spatial derivatives at the grid­
points. The methods are also called Fourier methods when truncated Fourier expansions are 
used to obtain approximations to the spatial derivatives at the grid-points. Pseudo spectral 
methods that are based on the use of truncated expansions in Chebyshev polynomials have 
also been proposed and studied; see, for example, Bayliss et al. [24]. In both cases (when the 
pseudospectral methods are based on truncated Fourier expansions and when the 
pseudospectral methods are based on truncated expansions in Chebyshev polynomials), 
trigonometric polynomials are used to interpolate the spatial derivatives of the unknown 
functions (in our particular case, the concentrations of the air pollutants), while algebraic 
polynomials are used in the other numerical methods. The pseudo spectral methods based on 
Fourier expansions require periodicity on the boundaries. This may cause some problems, but 
there are devices that can be applied to deal with this requirement; see, for example, Lyness 
[300], Roache [367,368]. The requirement for periodicity can be avoided when Chebyshev 
polynomials are used, but the methods based on the use of the Chebyshev polynomials are 
more expensive (with regard to computing time) and, moreover, some requirements on the 
distribution of the grid-points are imposed by the latter methods. 

All numerical methods discussed above have both some advantages and some 
disadvantages. It is not possible to recommend a numerical method that is the best one for 
all applications. In the case where (3.8) is derived from an LRT AP model, methods based 
on the application of finite elements as well as pseudospectral methods seem to be among the 
best (but, let us reiterate once again, good results can also be obtained by some other 
numerical methods). Some particular methods from these two groups will shortly be discussed 
in this section. 
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3.2.1. Pseudospectral discretizations 

A pseudospectral discretization algorithm can be introduced in connection with the 
advection part of a large air pollution model in the following way. Let us consider (3.9). 
Assume that this partial differential equation can be rewritten in the form given by (2.7). In 
other words, let us consider the equation 

(3.10 ) de/dt - ude/dx - vde/dy, 

XE[O,2n:], YE[O,2n:], tE[O,T], 

instead of (3.9). 

Assume also that an initial value condition (i.e. the set of values of the concentrations at 
t=O) is given by 

(3.11) e (x,y, 0) p(X,y) for V x E [O,2n:] /\ V y E [O,2n:]. 

Finally, assume that the boundary conditions of transport problem studied are periodic, 
i.e. 

(3.12 ) e (O,y, t) e(2n:,y,t) for V y E [0,2n:] /\ V t E [O,T], 

(3.13 ) e (x, 0, t) e(x,2n:,t) for VXE [O,2n:] /\ VtE [O,T]. 

Introduce two equidistant spatial grids XM and Y N as well as a matrix G(t), t being 
fixed in the interval [O,T], as follows: 

(3.14) {x., Xo=O, x.,+1=x.,+~, ~=2n:/(2M+1), m=0(l)2M}, 

(3.15 ) {Yn I Yo=O, Yn+l=Yn+Lly, Lly=2n:/(2N+l), n=0(l)2N}, 
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c (X2M ' YO' t ) 

(3.16) G(t) 

The trigonometric polynomials that are given below can be constructed by the use of the 
grids XM and YN and the elements of matrix G(t); see, for example, Dahlquist and 
Bjorck [93]: 

(3.17 ) 

(3.18) T~,m 

M 
A,,(t) + l: [akn(t) cos (kx) + bk,n(t) sin(kx)] 

k=l ' 

nO, 1, ... ,2N, 

N 
A.:(t) + l: [a~,m(t) cos(ky) + b~,m(t) sin(ky)] 

k=l 

m 0,1, ... , 2M. 

The coefficients of these trigonometric polynomials can be calculated by using, for V 
xm E XM A V Ym E YN, the following formulae: 

(3.19 ) A,,(t) 

(3.20 ) ak,n (t) 

2M 
(2M+l)-1 l: c(~,yn,t), 

m=O 

n=O, 1, ... , 2N, 

2M 
2(2M+l)-1 l: c(~,yn,t) cos(k~), 

m=O 

n=O, 1, ... , 2N, 
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(3.21 ) bk,n (t) 

(3.22 ) ~(t) 

(3.23 ) 

(3.24 ) 
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2M 
2(2M+1)-1 L c(~,Yn,t) sin(kxm), 

m=O 

n= 0, 1, ... , 2N , 

2N 
(2N+1)-1 L c(~'Yn,t), 

n=O 

m=O,l, ... ,2M, 

2N 
2(2N+1)-1 L c(~,Yn,t) cos (kyn), 

n=O 

m=O, 1, ... , 2M, 

2N 
2(2N+1)-1 L c(~'Yn,t) sin(kyn ), 

n=O 

m=O, 1, ... ,2M, 

Let rj be the vector formed by the elements of the i'th row of the matrix G(t) and 
cj be the vector formed by the elements of the j'th column of the matrix G(t), These vectors 
can be written as 

(3.25 ) 

i=1,2, ... ,2N+1, 

(3.26 ) 

j=1,2, ... ,2M+1, 

It is clear now that some approximations r; and < to the vectors 

(3.27 ) 

i=1,2, ... ,2N+l, 
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(3.28 ) cj 

j=1,2, ... ,2M+l, 

can be found by the use of (i) the elements of matrix G(t), (ii) the relationships (3.17)­
(3.26) and (iii) the derivatives of the trigonometric polynomials (3.17)-(3.18). Some FFf 
(fast Fourier transforms; see, for example, Brigham [38], Cooley and Tukey [75]) algorithm 
must be applied to increase the speed of computations that are carried out by using the 
formulae (3.17)-(3.28) (see more details in Fornberg [169], Kreiss and Oliger [270], Orszag 
[336-338], Zlatev [512,515,517,520,522], Zlatev and Berkowicz [526], and Zlatev et aI. 
[529-532]). 

It is easily seen that there exist two matrices, a (2M+ l)x(2M+ 1) matrix SM and a 
(2N+l)x(2N+I) matrix SN' such that 

(3.29 ) i=1,2, ... ,2M+1, 

and 

(3.30) j=1,2, ... ,2N+1. 

Let 

(3.31) g(t) 

and 

(3.32) g*(t) 

Since r; and C; are approximations (on the points of the grid XMxYN) of the 
derivatives Jc/Jx and Jc/Jy, it is obvious that the partial differential equation (3.9) can 
be approximated (again on the points of the grid XMxY N) by a linear system of ordinary 
differential equations (ODE's): 

(3.33 ) dg/dt (US+VPS*P) g, 
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(i) g is an abbreviation of get), 

(ii) S and S' are block diagonal matrices (S contains 2N+ I diagonal 
blocks equal to matrix SM' while S' contains 2M+ 1 diagonal blocks 
equal to matrix SN)' 

(iii) U and V are diagonal matrices, the diagonal elements of which are 
values of functions u and v on the points of grid XMx Y N' 

It is also necessary to explain the use of the matrix P in (3.33). Observe that the vector 
get) is formed by the elements of the matrix G(t) when these are ordered by rows, while 
the vector g'(t) is formed by the elements of the same matrix when these are ordered by 
columns. This shows that there exists a permutation matrix P, such that 

(3.34 ) g'(t) P g(t) P. 

Let z*(t) = S* g'(t). From (3.34) it follows that the vector 

(3.35) z (t) p-l z'(t) PS* g*(t) 

can be used to get correspondence with the coordinates of the vector S get). Matrix P is 
used in the two relations (3.34) and (3.35) on which the derivation of (3.33) is based. 

The method used in the transformation of the PDE (3.1) into the system of ODE's 
(3.33) is, as mentioned before, well-known under the names pseudospectral or Fourier 
method; see, for example, Fornberg [169], Gotlieb and Orszag [211], Kreiss and Oliger 
[270] or Orszag [336-338]. This method is suitable in many different application areas. It 
has been used in connection with large air pollution models by Christensen and Prahm [71], 
Prahm and Christensen [355], Ziatev [512,515,517,520,522], Ziatev et al. [529-535]. The 
derivation of the method given here follows the description of the pseudospectral algorithm 
in Zlatev et aI. [529]. Several remarks are necessary in connection with the assumptions 
made during the derivation of the pseudo spectral discretization of (3.1). 

Remark 3.1. The assumption x E [0,2n] is not a restriction. If x belongs to an 
arbitrary interval [a,b], then this interval can be transformed to [0,2n] by the 
substitution ~ = 2n(x-a)/(b-a). The same is true for the interval of variable y. • 

Remark 3.2. If the equation 
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(3.36) dC/dt = - d(UC)/dX - d(VC)/dY + E, 

where E = E(x,y,t) is an emission source term, is solved instead of (3.9), then an extra 
term (a vector whose elements are the values of the emissions E on the points of the grid 
XMXYN) has to be added to the right-hand side of the system of ODE's (3.33). • 

Remark 3.3. Denote R' = (US+VPS·P)g. In the actual computations with the 
pseudospectral (or Fourier) method, one normally uses the vector R'. Thus, the matrices 
S, P and S' are neither calculated explicitly nor stored in the solution process. However, 
these matrices are needed in the stability analysis of the numerical methods for solving 
(3.33). • 

Remark 3.4. The pseudospectral method (based on truncated Fourier expansions) was 
derived for the weaker form (2.7) of the two-dimensional advection equation. It makes the 
analysis much simpler. It is also possible (in principle, at least) to derive the pseudospectral 
method for the advection equation (3.9). • 

The next step is the treatment of the system of ODE's (3.33). Systems of the same type 
also appear when other space discretizations are in use (such as, for example, finite 
differences and finite elements). However, the fact that truncated Fourier expansions are used 
in the space discretization imposes some specific requirements on the time-integration 
schemes. Therefore, it is worthwhile to discuss the problem of selecting time-integration 
schemes that perform well for pseudospectral methods. The choice of a time-integration 
scheme is crucial when an attempt is made to reduce the computational work (time-integration 
schemes that can be applied with large time-stepsizes lead to a reduction of the time-steps 
needed and, thus, to an efficient treatment of the model). This is why the discussion of the 
time-integration schemes will be postponed for Chapter 5, where efficient implementations 
of some numerical methods will be studied. 

3.2.2. Finite element discretization 

Consider now (3.9) instead of the weaker form (2.7). Many discretization schemes 
which are based on the implementation of different finite elements can be applied during the 
numerical treatment of the spatial derivatives in this equation. It has been mentioned that one­
dimensional linear finite elements are rather popular when large air pollution models are to 
be treated. This is one of the simplest discretization methods. However, the truth is that in 
many practical applications it may be desirable to apply more accurate methods (based on 
two-dimensional finite elements). 

It should be emphasized here that the application of any finite element scheme (that is 
based on two-dimensional finite elements) leads, after the discretization of the right-hand-side 
of (3.9), to a system of ODE's of the following type: 
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(3.37) Pdg/dt Hg + f, 

where the notation used can be explained as follows: 

(i) N is the number of grid-points used in the space discretization, 

(ii) P is a symmetric and positive definite matrix which depends only 
of the finite elements chosen, 

(iii) H is a matrix that depends on the wind velocities (and, therefore, 
the matrix H is in general time-dependent), 

(vi) g = get) is a vector that contains the values of the concentrations 
at the grid-points and at time t, 

(v) dg/dt =dg(t)/dt is a vector that contains the first time derivative of 
the concentrations stored in vector get), 

(vi) f = f(t) is a vector, whose components depend on the boundary 
condition used in the definition of the problem (for the sake of simplicity, 
it will be assumed here that Dirichlet boundary conditions are always 
specified; this means that the values of the concentration, which is studied 
by (3.9), are given on the boundaries). 

Let us assume that the space domain is a square whose sides are parallel to the coordinate 
axes, and that equidistant grid lines with L'.x = L'.y are used. The number of grid-points on 
a grid-line parallel to the Ox axis is equal to the number of grid-points on a grid-line 
parallel to the Oy axis when this assumptions are made. Let us denote the number of grid­
points in a grid-line by n (it is clear that n2 = N). Then both P and H are banded 
matrices with the same structure of the non-zero elements and with bandwidth equal to 2n+ 1 
or to some number that is close to 2n+ 1. Moreover, only a few diagonals of P and H 
contain non-zero elements. These facts about the structure of the non-zero elements of the 
matrices P and H must be used in order to achieve an efficient treatment of the model 
under consideration. 

It should be noted here that the application of any finite difference scheme will lead to 
an ODE system of the same type as (3.37), but with P = I, where I is the identity 
matrix. Thus, the use of finite difference schemes leads in general to computations that are 
in some sense simpler than the computations with finite elements. It should be noted here that 
the lumped mass principle is sometimes used to get P = I also when a finite elements 
discretization is used. However, these devices are not very popular. Devices that are based 
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on the use of the lumped mass principle will lead to some reduction of the computations; the 
price that has to be paid is some loss of accuracy. 

The system (3.37) has to be treated numerically. Most of the methods for solving 
systems of ODE's are designed for problems of the type: dg/dt = h, where h is a vector. 
Therefore it is desirable to transform the system (3.37) into a system dg/dt = h. Formally 
this can be done by multiplying both sides of (3.37) by pol. The resulting system is 

(3.38) dg/dt P-l(Hg+f), 

Let us denote by h the right-hand-side vector in (3.38). This means that vector h is 
given by 

(3.39 ) h pol (Hg + f). 

One should find an efficient method for calculating the vector h. This vector must be 
computed once or several times at every time-step. There are three major approaches that can 
be applied in the calculation of the vector h. 

(A) Calculating the inverse of matrix P. It seems to be worthwhile to invert matrix 
p in the very beginning and then to use it again and again; every time when vector h is to 
be calculated. Such a procedure can be applied because P is a constant matrix. However, 
this will in general be inefficient because, while P is a banded matrix, its inverse pol will 
in general be a dense matrix. The inversion of the matrix P is more expensive than the 
factorization of the same matrix and, therefore, it is not recommended to calculate p- I (see 
the further discussion). 

The calculation of the inverse of a matrix is a linear algebra operation and, therefore, 
standard FORTRAN subroutines are available in many libraries; as, for example, the NAG 
Library ([325]) or UNPACK (see Dongarra et al [112]). The subroutines from LAPACK 
(Anderson et al. [8]) are becoming more and more popular. It is rather easy to attach any of 
these subroutines to the advection modules of large air pollution models. • 

(B) Solving (3.39) by a direct method. In the very beginning of the computations, one 
can also factorize matrix P into a product of some easily invertible matrices (as, for 
example, triangular and/or orthogonal matrices). This can be done by several different 
methods, but the simple Cholesky decomposition is often the most efficient algorithm 
(because matrix P is symmetric and positive definite). If the Cholesky decomposition is 
used, then an upper triangular matrix L is obtained, such that P =eL (if the rounding 
errors caused by the use of computer arithmetic are neglected). Since the matrix P is a 
banded matrix, the upper triangular matrix L is also a banded matrix whose bandwidth is 
equal to the upper bandwidth of P (to one half of the bandwidth of P, because P is 
symmetric). 
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The Cholesky decomposition is an important and often used linear algebra operation. 
Standard FORTRAN subroutines for performing the Cholesky decomposition can be found 
in the same places where standard subroutines for calculating the inverse of a matrix can be 
found; i.e. in [8], [112], [325]. Also such a subroutine can easily be attached to the 
advection part of a large air pollution model. • 

(C) Using some iterative method. A third possibility is to apply some iterative method. 
Let us assume that the conjugate gradient method is to be used. The convergence of this 
iterative methods is ensured because P is symmetric and positive definite. but may be very 
slow. The most time-consuming operation is a multiplication pz where z is a vector. 

Iterative methods for solving systems of linear algebraic equations are discussed in many 
papers and books on numerical linear algebra. The books of Varga [456) and Young [495] 
are classical; many iterative methods are studied in [10], [14]-[19], [23], [44], [116], [121], 
[147], [148], [160]-[164], [175], [224], [236], [257], [261], [265], [266], [310], [316], [318], 
[321], [339], [340], [362]-[366], [377]-[380], [421]-[423], [430], [466]. [478], [480], [493]­
[499], [522]-[524]. Standard FORTRAN subroutines are available in many libraries; such 
as the NAG Library [325]. There exist also well-documented and carefully tested packages 
that contain many subroutines using different iterative methods. ITPACK ([265], [266], 
[498], [499]) and PCGPACK (which is based on methods and procedures developed at Yale 
University, the methods used in this package being described in [147], [148], [377]-[379]) 
are two such packages. • 

Let us try now to evaluate the number of simple arithmetic operations needed in the 
calculation of vector h from (3.39) by the three methods sketched above. If the first 
approach is used (the approach based on a direct use of the inverse matrix P- 1), then the 
number of operations needed to calculate vector h is 

(3.40 ) 

The number of simple arithmetic operations needed with the second approach (where the 
matrix L obtained by the Cholesky decomposition is used to solve the system directly) is 

(3.41) O(2Nn) . 

This means that the computations with p- 1 will be about n/2 times more expensive than 
the computations needed when the second approach is used. 

The number of simple arithmetic operations needed with the third approach, where the 
conjugate gradient algorithm, or some other iterative method is used to solve the system 
(3.39), is 
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(3.42 ) COST] = O(Njp}, 

where j is the number of diagonals that contain non-zero elements (this number is small, 
typically 5, 7 or 9) and p is the average number of iterations per calculation of h 
(averaged over the total number of vectors h that are needed during the whole computational 
process). 

It is difficult to compare COST2 with COST3. It should be stressed here that the 
constant in the right-hand-side of (3.42) is considerably larger than that in (3.41), because 
of the overhead due to the stopping criteria that have to be used during the iterative process. 
The quantity p in (3.42) is dependent both on the particular iterative method that is 
selected and on the particular problem that is to be solved. This quantity is not known in 
advance (before the start of the computations), as all the other quantities that are used in 
(3.40) and in (3.41). This means that the optimal solution should be found by comparing the 
results from several trials with different iterative methods for the problem that is to be solved 
with the results obtained by the second approach. 

The disadvantages of the use of iterative methods were pointed out in the previous 
paragraph. However, these methods have also several advantages. The most important 
advantage of the iterative methods is perhaps the fact that the iterative methods seem to be 
more suitable for most of the modern high-speed computers than the direct methods. 

It has been mentioned several times (see also the beginning of this sub-section) that the 
use of one-dimensional linear finite elements is rather popular when air pollution models 
are to be treated numerically. Assume that the space domain is a rectangle with sides parallel 
to the coordinate axes (the last part of this assumption is not a restriction, because if the sides 
of the rectangle are not parallel to the coordinate axes, then these could be made parallel to 
the coordinate axes by a simple transformation of the coordinate system). 

Consider now the first-order space derivative o(uc)/ox. This derivative can be 
discretized on each of the grid-lines parallel to the Ox axis by using one-dimensional linear 
finite elements. In this way a system of ODE's of the same type as (3.37) will be found 
for each grid-line parallel to the Ox axis. The treatment of o(vc)/oy is quite similar. Also 
here the use of one-dimensional linear finite elements will lead to one system of ODE's of 
the same type as (3.37) for each grid-line parallel to the Oy axis. 

Let us assume that the number of grid-points along the grid-lines parallel to the Ox axis 
is m, while the number of grid-points along the grid-lines parallel to the Oy axis is n. 
Then the application of anyone-dimensional linear finite elements scheme will lead to m+n 
systems of ODE's of the same type as (3.37). However, the systems are much smaller; the 
number of equations in every system is either m or n, while the number of equations in 
(3.37) is N=mn. Even more important is the fact that the matrices involved in any of the 
m+n systems are tri-diagonal. The exploitation of this fact leads to efficient numerical 
algorithms. It is relatively easy to design schemes that will perform efficiently on high-speed 
computers. These are the advantages of the scheme. However, these advantages have been 
achieved by using computational schemes that are of low order of accuracy (first-order of 
accuracy). Therefore the problem of achieving the required accuracy may be a difficult task 
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when these methods are used. 

Assume that the vector h has been computed in some way. Then it still remains to solve 
the system of ODE's dg/dt = h (or m+n such systems of ODE's when one-dimensional 
linear finite elements are used). Some time-integration scheme has to be applied in the 
solution of this system (these systems) of ODE's. The problems arising in the numerical 
integration of the system (or systems) dg/dt = h are similar to those arising after the 
pseudospectral discretization of the first order derivatives by which the advection process is 
described mathematically (see in the end of the previous sub-section. A common description 
of the choice of a time-integration scheme for systems of ODE's arising in different parts 
of air pollution models will be given in Chapter 5. 

3.3. Algorithms for the horizontal diffusion terms 

The horizontal diffusion terms in the air pollution models can be treated in a similar way 
as the advection terms were treated in the previous section. Therefore it is not necessary to 
go into details; a short discussion of the numerical algorithms that can be applied in 
connection with the horizontal diffusion sub-model (3.5) is quite sufficient. 

It is often assumed that the horizontal diffusion coefficients are non-negative constants. 
In some models it is assumed that these coefficients are zero (i.e. there is no horizontal 
diffusion). This is perhaps an extreme point of view. In this section it will be assumed that 
the diffusion coefficients are positive constants (but sufficiently small, so that the advection 
dominates over the diffusion in the model). If such an assumption is made, then the system 
of PDE's (3.5) is reduced to the following system of PDE's: 

(3.43 ) 

s=1,2, ... ,q. 

As mentioned before, everything concerning the numerical treatment of the diffusion part 
of the model can be described by considering one PDE only. This means that it is quite 
sufficient to consider the equation 

(3.44 ) dC/at 

The numerical treatment of the diffusion equation (3.44) is very similar to the numerical 
treatment of the advection equation (3.9). Therefore only the major differences are briefly 
discussed below. 
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(A) Use of finite elements or finite differences. Assume that either finite differences 
or finite elements are to be used in the discretization of the spatial derivatives. Then (3.44) 
will be reduced to a system of ODE's which is of the same type as the system (3.37) 
(where P is again the identity matrix when finite differences are used). However, the matrix 
H will now be a constant matrix that is symmetric and positive definite. This might be 
exploited during the numerical treatment. 

A straight-forward way of handling numerically the horizontal diffusion is to add the 
horizontal diffusion terms to the horizontal advection terms (i.e. to treat the horizontal 
advection and the horizontal diffusion together). This can easily be done when methods based 
on finite differences or finite elements are used. The advantage of combining the advection 
terms with the diffusion terms is that only one system of PDE's is to be solved when this 
is done; instead of the two systems (3.9) and (3.44). The disadvantage is (or, at least, may 
be) the fact that matrix H is now formed by contributions both from the elements that are 
used to discretize the first order spatial derivatives in (3.9) and from elements that are used 
to discretize the second order derivatives in (3.44). Thus, the matrix H is no longer 
symmetric and positive definite as in the case where (3.44) is to be solved. Moreover, the 
matrix H has no longer the properties of the matrix with the same name that appears when 
(3.9) is solved. This means that the methods discussed in Sub-section 3.2, or at least some 
of them, may be inefficient. It seems to be worthwhile to check carefully their efficiency. The 
conclusion is that the coupling of the advection and the diffusion terms is possible when finite 
elements or finite differences are used and it may be worthwhile to do this, but a careful 
check of the performance of the numerical algorithms in the new situation is needed. Efficient 
algorithms for the matrix H that arise from the coupled advection and diffusion terms must 
be found and this may be a difficult task. 

If one decides to treat the diffusion independently from the advection, then it will in 
general be much easier to find efficient methods that exploit the fact that matrix H is 
symmetric and positive definite. However, one must solve two systems of ODE's at every 
time-step when the advection and the diffusion are treated separately. Only one system is to 
be solved in the case where the advection and the diffusion terms are combined. The question 
whether it is better to solve two systems with two different and very efficient methods or to 
solve only one system, but with a method which is more complicated and perhaps not very 
efficient, seems to be open. Much more experiments (than these available in the literature 
until now) are needed in order to give an adequate answer to this question. • 

(B) Use of a pseudospectral discretization. The analysis given above shows clearly that 
both finite differences and finite elements can be applied directly to (3.44) or the diffusion 
terms and the advection terms can be combined and both finite differences and finite elements 
can be applied to the combined systems. The implementation technique is in principle the 
same as for the case where (3.9) is solved (see the previous section), however there may be 
difficulties with the choice of the time-integration scheme. The situation is practically the 
same when a pseudospectral technique is to be used. One can use the trigonometric 
polynomials (3.17) and (3.18) in order to get some approximations to the second order 
derivatives a2c/ax2 and a2c/al at the grid-points; these polynomials must now be 
differentiated twice (not only once as in the case where only the advection is treated; see the 
previous section). Everything is quite straightforward and there is no need to go into further 
details here. 
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The fact that the horizontal advection phenomena are dominating over the horizontal 
diffusion phenomena, when long-range transport of air pollution is studied, can be exploited 
to design some special algorithms for the treatment of the horizontal diffusion. One of these 
special algorithms is sketched in Zlatev et al. [533] and used in the Danish Eulerian 
Model (which has been studied in [525]-[528], [537]-[540]). This algorithm is in fact semi­
analytical; the assumption that the horizontal diffusion coefficients are positive constants is 
also exploited in the derivation of this special algorithm. The special algorithm is based on 
using the representation of the solution by a Fourier expansion. This expansion is truncated 
and the truncated sum is used as an approximate solution. It is convenient to truncate the 
Fourier expansion by keeping as many terms as the number of grid-points that are used along 
the grid-lines parallel to the Ox and Oy axes. More details about this algorithm can be 
found in [533]. • 

(C) Use of some methods of characteristics. If methods based on characteristics are 
used in the treatment of the advection terms, then the diffusion terms are to be treated with 
some other method (finite elements, finite differences or some of the pseudospectral 
discretizations). • 

3.4. The chemical terms and the problem of stiffness 

"When the equations represent the behaviour of a system containing a 
number of fast and slow reactions. a forward integration of these 
equations becomes difficult". 

H. H. Robertson: "The solution of a set of reaction rate equations". In: 
"NUMERICAL ANALYSIS: AN INTRODUCTION" (J. Walsh, ed.), 
pp. 178-182. Academic Press, New York-London, 1966. 

The chemical part of a large air pollution model is nearly always the most time­
consuming part. Therefore it is very important to handle this part by applying efficient 
numerical methods. Unfortunately, it is very difficult to design numerical methods by which 
the system of ODE's arising from the chemical part of the model can be treated sufficiently 
fast and, moreover, by which sufficiently accurate results can be obtained. 

The numerical methods that can be applied during the treatment of the chemical part of 
a large LRTAP model may be divided into three major groups: 

(i) numerical methods in which an attempt is made to exploit some 
specific features of the problem being solved (some features of the chemical 
reactions), 

(ii) classical numerical methods for solving stiff systems of ODE's, 

(iii) numerical methods based on some extrapolation techniques. 
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The methods of the first group are often based on heuristics. It is difficult to obtained 
some error estimation when these methods are used. However, if such methods are used with 
sufficiently small time-steps, then they will as a rule produce sufficiently accurate results. It 
should also be noted that the computational work per time-step is rather low for these 
methods. However, it may be difficult to determine precisely what is "a sufficiently small 
time-step"? The situation is rather confusing: while everybody seems to accept the fact that 
the methods of this group are to be run with a sufficiently small time-step, the time-steps that 
are actually used in different air pollution models vary in a very wide range. 

The methods of the second group are based on a solid theoretical basis. It is possible 
to obtain some error estimation when some of these methods are used. The computational 
work per time-step for the classical numerical methods for stiff ODE's is normally larger 
than that for the methods from the first group. The computational work per time-step 
increases rather quickly when more accurate methods are to be used (this is especially true 
for high-order methods of Runge-Kutta type). However, it is often possible to apply the more 
accurate methods with a larger time-step (it should be noted that it seems to be necessary to 
try to keep the errors under control when the methods are used with large time-steps). 

There are many theoretical results concerning the numerical methods of the third group. 
An error estimation can be calculated in a natural way when numerical methods based on 
extrapolation rules are used. These methods are normally more expensive than the methods 
from the other two groups. It is again possible to run them with larger time-steps. 

It is clear (from the short discussion given above) that the methods of any of the three 
major groups have both some advantages and some drawbacks. This fact shows why it is 
difficult to recommend the methods of only one of these groups. Some more information is 
needed when a good choice has to be made. Therefore some representative numerical methods 
of each group will be discussed in some more detail below. 

3.4.1. Methods based on exploiting special features 
of the chemical reactions 

The so-called quasi-steady-state-algorithm is a typical representative of these methods. 
A good discussion of this method has been given by Hesstvedt et al. [235], in 1978. 
However, the method has been well-known (and it has often been used; not only in air 
pollution problems, but also in many other scientific and engineering problems) a long time 
before 1978; see, for example, Chameides and Stedman [63], Dimitriades et al. [111], 
Farrow and Edelson [165] or Jeffries and Saeger [258]. 

The quasi-steady-state-algorithm can shortly be described as follows. Consider only the 
system of ODE's arising from the chemical reactions: 

(3.45 ) s 1,2, ... , q. 
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The s'th equation of this system of ODE's can also be written in the following way: 

(3.46 ) dejdt 

where both Ps = Ps(C I,C2, ... ,cq) and Ls = Ls(C I,C2, ... ,cq) are in general non-linear terms, which 
are respectively called the production term and the loss term for the s'th pollutant. 
Moreover, the relationships Ps ~ 0 and Ls ~ 0 are satisfied for all species and for all 
values of t E [O,T]. 

Assume that some time-stepsize L1t is to be used at some time-step n. The quasi­
steady-state-algorithm is based on the assumption that sufficiently accurate results could 
be achieved by treating each equation in system (3.46) as an independent equation. For 
each equation one studies the magnitude of the quantity L1tLs and, according to the 
magnitude of this quantity, one applies one of the following three formulae: 

(3.47 ) c n + 1 
s Ps/Ls' 

for L1tLs > 10, 

(3.48 ) c n + 1 Ps/Ls + (e~ - Ps/Ls) exp (-L1tLs) , s 

for 0.01 < L1tLs ::::; 10, 

(3.49) c n +1 en + L1t (P s - Lse~) , s s 

for L1tLs ::::; 0.01, 

Formula (3.47) can formally be obtained from (3.46) by setting dc/dt equal to zero. 
Thus, a steady state case is assumed when L1tLs > 10. 

Formula (3.48) is the exact solution of (3.46) under the assumption that both the 
production term Ps and the loss term Ls are constants in some small neighbourhood of the 
interval [tn,tn+I ], where tn+1 = tn + L1t. Note that under this assumption the equation (3.46), 
which is in general non-linear, reduces to a linear ODE with constant coefficients. 

Formula (3.49) is an application of the simplest numerical method for solving systems 
of ODE's; i.e. the first-order forward Euler algorithm. A thorough description of this method 
is given, for example, in Henrici [233]. One should expect this algorithm to be stable when 
the condition L1tLs::::; 0.01 is satisfied. 
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The method could be simplified and/or improved in several ways. The number of choices 
can be reduced from three to two if (3.48) is also used when ~tLs:S; 0.01. More accurate 
integration methods (of order two or three) can be applied instead of the first-order forward 
Euler algorithm (3.49). However, it must be pointed out here that the main drawbacks of 
the methods from this group: 

and 

(i) the assumption that the equations of the system of ODE's can be 
decoupled so that each of them can be treated independently from the others 

(ii) the assumption that Ps and Ls can be considered as constants when 
0.01 < ~tLs :s; 10 

also remain when such improvements are performed. An attempt to avoid the errors caused 
by these two assumptions (or at least to reduce them) can be made by introducing an iterative 
procedure, in which the values of Ps and L, are updated at each iteration. However, it is 
difficult to prove that such an iterative method will converge: In fact, it is rather easy to 
prove (by counter-examples) that such an iterative procedure will in general not converge. In 
most of the applications of these methods (at least, in the cases where the chemical part of 
large air pollution models are treated by such algorithms) one performs only a fixed number 
of iterations (say, five) without any attempt to check whether the iterative procedure 
converges or not and without any attempt to evaluate the accuracy of the solution obtained 
after the performance of the prescribed number of iterations. This means that the iterative 
process is carried out according to the following scheme (NFIX being the fixed number of 
iterations that are to be carried out, while NSPECIES = q): 

DO ITERS=l,NFIX 
DO S=l,NSPECIES 

Calculate an approximation 
to the value of c:+I • 

END DO 
DO S=l,NSPECIES 

Update the values of 
Ps and Ls' 

END DO 
END DO 

Very often the iterative process is further simplified by assuming that sufficiently accurate 
concentrations of some of the species can be calculated during the first iteration. Assume that 
the number of these species is ql < q. Then the next iterations are carried out only for the 
remaining q2 = q - ql species. 
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The methods of this group are based on several assumptions which seem, at the first look 
at least, to be rather unrealistic. On the other hand, however, the methods have been 
extensively tested on many rather hard problems. The experiments indicate that the methods 
may give reliable and sufficiently accurate results when the time-stepsize is sufficiently small. 
In Hesstvedt et al. [235] a time-stepsize .1t = 30 sec. is recommended. This recommenda­
tion is based on experimental results; many experiments have been performed by choosing 
some typical situations (both with various typical starting concentrations and with an attempt 
to simulate diurnal variations of the concentrations that are involved in the chemical scheme). 
The recommendation to carry out the computations with a time-step not larger than .1t = 30 
sec. seems to be good for the species that are involved in many of the large air pollution 
models. Unfortunately, such a small time-stepsize, .1t = 30 sec., is too small for practical 
runs of large air pollution models on long time-intervals (say, one month). Therefore, it is not 
a great surprise that these methods are very often used with much larger time-stepsize in 
many large air pollution codes. A time-stepsize .1t = 900 sec. is used in, for example, 
Simpson [413-414]. Many experiments were carried out at the National Environmental 
Research Institute by chemical schemes that are used in large air pollution models. The results 
of these experiments seem to confirm the statement originally made in Hesstvedt et al. [235]: 
the recommended value of the time-stepsize should be as stated there (.1t = 30 sec.) and, 
moreover, the use of a larger stepsize might lead (in some situations, at least) to rather 
inaccurate results. Some interesting new ideas concerning the quasi-steady state algorithm are 
discussed in Verwer and van Loon [462]. Note that the algorithm is called pseudo-steady­
state-algorithm in [462]. 

3.4.2. Classical time-integration methods 

The classical time-integration method are well described in the literature. However, there 
arise many difficulties when classical time-integration methods are to be applied in the 
chemical part of large air pollution problems. It has already been emphasized in Chapter 2 
that the systems of ODE's which appear in the numerical treatment of the chemical parts 
of large air pollution models are often both very stiff and extremely badly scaled. Moreover, 
a rather quick and very large changes of the concentrations take place when the so-called 
photo-chemical reactions are switched on and off (normally at sunrise and sunset respective­
ly). Therefore special integration methods for solving stiff systems of ODE's secm to be 
necessary (these are described in all textbooks on numerical solution of ODE systems; see, 
for example, Butcher [55], Gear [182], Hairer and Wanner [227], van der Houwen [245], 
Lambert [280,281] and Stetter [434]). Both the fact that the systems are badly scaled and 
the fact that rapid changes do occur in certain periods impose (typically during sunrises and 
sunsets) an additional requirement for accurate numerical methods (i.e. numerical methods of 
order higher than one may be needed). 

Let us first consider the numerical treatment of the problem of stiffness. Some notation 
is needed in order both to simplify (3.45) and to achieve an agreement with the notation 
which is commonly used when the problem of stiffness is handled numerically in the ODE 
papers and books (see the above references). Denote 
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(3.50) 

and 

(3.51) f (y) 

By using the notation that has been introduced in (3.50) and (3.51), the system of 
ODE's (3.45) can be rewritten as 

(3.52 ) dy/dt f (y) . 

The integration methods for stiff systems of ODE's are necessarily implicit methods (see 
Butcher [55], Dahlquist [87], Hairer and Wanner [227] or some of the other references 
given in this sub-section). Assume that the simplest implicit integration method, the backward 
Euler algorithm, is used. The application of the backward Euler algorithm to the system of 
ODE's given by (3.52) leads to the following step-by-step integration algorithm for 
obtaining approximations Yn to the vector y(tn) (applied successively for n=I,2,oo.N and 
tn = ~-l + ~t): 

(3.53 ) Yn 

It is straight-forward to apply the functional (or the simple, or the fixed-point) iteration 
to obtain an approximation to Yn at time-step n. One simply begins with some starting 
approximation y~ (the upper index shows the number of the current iteration, while the 
lower one shows the number of the current time-step) and carries out an iterative procedure 
by using 

(3.54 ) i=0,1,2,oo., 

until some stopping criterion is satisfied. Unfortunately, this simple procedure does not work 
in practice; it converges only if the time-stepsize ~t is unrealistically small (see, for 
example, Fatunla [166] or Lambert [280,281]). It must be emphasized here that this 
conclusion is also true for any other implicit integration method (not only for the backward 
Euler algorithm). 

The above brief discussion explains why any implicit integration method leads to the 
solution of one or several systems of algebraic equations at each time-integration step. If the 
system of ODE's is linear, then linear systems of algebraic equations appear, and these 
could be solved by direct methods (such as those that are based on Gaussian elimination). If 
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the system of ODE's is non-linear, then the systems of algebraic equations are also non­
linear. This means that iterative methods have necessarily to be used. It should be emphasized 
here that the system of ODE's given by (3.52) is nearly always non-linear when this 
system arises from the chemical part of large air pollution models. 

The systems of algebraic equations are usually solved either by the classical Newton 
method or by some quasi-Newton method (the name modified Newton method is also used). 
In any of these two cases several systems of linear algebraic equations are to be solved. The 
coefficient matrix of these systems contains the Jacobian matrix J(y) = dfidY of the right­
hand-side vector fey) in (3.52). 

More precisely, the following type of systems are to be solved at each time-step when 
the classical Newton method is used in the solution of (3.52) by any implicit integration 
algorithm: 

(3.55) 

where 

and 

(i) the lower index shows the number of the time-step, 

(ii) the upper index shows the number of the iteration, 

(iv) ~ is a parameter that depends on the time-integration algorithm 
chosen 

(v) vector bn depends on the approximate values of y that has been 
calculated at previous time-steps (i.e. this quantity does not vary during the 
iterations at time-step n). 

The coefficient matrix I-M~J(Y~+I) is in fact a shifted Jacobian matrix of the right-hand­
side vector f of the system of ODE's (3.52). It has to be factorized at every iteration when 
the classical Newton method is used. This is in general an expensive operation. Therefore 
several modifications of the Newton method are often used in an attempt to reduce the 
number of computations. The first modification of the classical Newton method is based on 
the idea to factorize the shifted Jacobian matrix only once; in the beginning of the iterations 
at the time-step under consideration; i.e. to factorize the shifted Jacobian matrix I-l1t~J(Y~+I). 
In this modification of the classical Newton method, the iterative process based on (3.55) 
has to be replaced by the following iterative process, where one tries to apply some 
factorization of the shifted Jacobian matrix I-l1t~J(Y~+I) at each iteration: 
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(3.56) 

It can be proved that under certain assumptions both iterative processes, (3.55) and 
(3.56), are convergent. However, the convergence rate of (3.56) is usually slower; while 
the convergence rate of (3.55) is quadratic, the convergence rate of (3.56) is linear. 
Therefore it is necessary to check the convergence rate and to update the iteration matrix in 
(3.56) every time when the convergence rate is judged to be slow. Thus, it is as a rule 
allowed to occasionally update the factorization of the iteration matrix during the iterative 
process. If the time-stepsize l1t is large, then even the classical Newton method (3.55) may 
be slowly convergent. Therefore the convergence rate has to be checked also when (3.55) 
is used. If the convergence rate is very slow, then it may be worthwhile to reduce the time­
stepsize and to repeat the iterative procedure, for the step where this happens, with the smaller 
value of 11t. 

Another modification of the classical Newton methods is based on the use of a 
factorization of the shifted Jacobian matrix obtained at some previous time-step j < n (and 
some iteration /.I during the time-step j). Such a modification is very popular when systems 
of ODE's are treated numerically. The iterative process is carried out by using the following 
formula: 

(3.57) 

The convergence may be slow when the last modification is used. However, in the codes 
for solving systems of ODE's the standard procedure is to update the shifted Jacobian 
matrix after a prescribed number, say ITERS, of iterations if the accuracy required is not 
achieved. Parameter ITERS is normally small (ITERS=3 is often used), but some authors 
recommend the use of large ITERS in some situations. 

The classical Newton method together with the modifications described above is the most 
popular procedure used when systems of ODE's are to be solved numerically. However, 
some other promising methods have recently been suggested. Methods that are based on the 
use of conjugate-gradient type iterations, such as GMRES, CGS, BICGST AB and TFQMR 
(usually together with some kind of preconditioning), have been used in several studies. Good 
results have been reported in [40]-[42], [64], [65], [189], [319]. Nevertheless, the situation 
is not quite clear yet. While it is obvious that such methods will work well for some kinds 
of problems (especially problems where the shifted Jacobian matrix is symmetric and positive 
definite), they will depend strongly on the preconditioners for systems of ODE's whose 
Jacobian matrices are general and, moreover, it may be a very difficult task to find a good 
and cheap preconditioner. The conclusion is that many more experiments, where precondi­
tioned conjugate gradient type of methods are used to handle systems of ODE's arising from 
the chemical part of large air pollution models, are needed in order to answer the question 
about the efficiency of the implementation of these methods in air pollution models. 
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Even simpler iterative methods, such as the Jacobi iteration or the Gauss-Seidel iteration, 
can be used for some special systems of ODE's. However, it is well-known that these two 
methods do not converge or are slowly convergent (unless a very small time-step is used) for 
problems arising in the chemical part of large air pollution models. On the other side, the use 
of some block-formulations of either the Jacobi iteration or the Gauss-Seidel iteration, where 
the specific properties of the particular chemical reactions used in the model are taken into 
account to obtain dominant diagonal blocks, seem to be possible and may be efficient (i.e. 
it may be possible to use it with rather large time-stepsizes). Some results in this direction 
has recently been reported in Hertel et al. [234]. The main advantage of the method is its 
efficiency (with regard to the computing time used) when the method is correctly 
implemented on the particular computer that is to be used. However, there are also certain 
disadvantages. For each particular chemical scheme one has to find the right block­
partitioning of the Jacobian matrix. Once such a block-partitioning is obtained, the algorithm 
will probably be efficient in many important, from the practical point of view, situations. If 
several new chemical reactions are to be added to the chemical scheme or if the chemical 
scheme is to be modified in some way (for example, by changing the rate constants of some 
chemical reactions), then a new partitioning may be needed (and if this is the case, then a 
new partitioning must be found). It is as a rule not an easy task to find a new partitioning. 
Even when the chemical scheme is unchanged, there may occur (although rather rarely) 
meteorological situations, in which the diagonal blocks are no longer dominant. Nevertheless, 
the experiments that have been performed in Hertel et al. [234] seem to indicate that the 
method works rather well in practice; at least for the condensed CBM IV scheme (the 
condensed CBM IV chemical scheme has been discussed in Chapter 2). It is not very clear 
if the methods will also perform well when some other chemical schemes are used. 

It is important to emphasize that the convergence of the iterative procedure (in any of the 
implementations that were discussed above) is only a necessary condition for obtaining 
reliable results. Unfortunately, the convergence of the iterative procedure is by far not 
sufficient to guarantee sufficiently accurate results. Therefore the accuracy of the approxima­
tions obtained by any of the above procedures must also be checked. This is a very difficult 
and time-consuming task. Therefore it is often (in fact nearly always) omitted when large 
LRTAP models are treated numerically. It must be emphasized, however, that it might be 
rather dangerous to omit the error control during the time-integration of the chemical part. 
There are several reasons for this; the fact that normally numerical procedures of low order 
are used is perhaps the most important reason (very often, if not always, the lowest possible 
order, order one, is used in the time-integration algorithms by which the chemical parts of the 
air pollution models are treated). 

The well-documented ODE codes, such as the codes described and/or discussed in [56], 
[83], [84], [105]-[109], [183], [184], [240]-[242], [271]-[276], [328], [329], [351], [352], 
[393]-[408], [450], [545], perform an automatic accuracy check during the numerical 
integration. The same is true for the ODE codes included in the standard FORTRAN 
libraries (as, for example, the codes in the well-known NAG Library; see [209], [325]). If the 
modeller will design his own time-integration method for the chemical part, then the accuracy 
control can be based on the evaluation of the local truncation error of the numerical method 
chosen. Devices by which such an evaluation can be obtained are described in many 
textbooks and papers in which the numerical solution of systems of ODE's is studied; see, 
for example, [3], [44]-[57], [61], [62], [78]-[95], [145], [146], [155]-[159], [167], [173], [174], 
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[182]-[191], [212], [225]-[227], [233], [249], [255], [259], [260], [262], [263], [291], [304]­
[306], [330], [341], [356]-[357], [381]-[383], [415]-[420], [431]-437], [442], [447]. Sometimes 
it is better to perform an accuracy check based on an evaluation of the global truncation error. 
Different evaluations of the global truncation error have been proposed recently in the 
literature; see [418], [436], [437], [500], [501]. It should be stressed here that the accuracy 
checks based on some evaluation of the global truncation error are both more robust and more 
reliable than those based on an evaluation of the local truncation error. However, the codes 
where an evaluation of the global truncation error is implemented are also much more time­
consuming. 

As mentioned above, there are a lot of standard codes that are based on classical time­
integration schemes. The code developed by Gear ([183], [184]) is very popular among the 
physicists, but this code is very old. The code LSODE, prepared by Hindmarsh [241], and 
based on the same algorithm (the backward differentiation formulae), is much better, but this 
code is not used very much in the numerical treatment of large air pollution models (not as 
much as the original code that has been developed by Gear in the end of sixties). It is not 
very clear why this is so. It may be advisable to try to develop a code especially for air 
pollution problems, in which the photochemical reactions are directly taken into account in 
the development of the code (very quick changes of the concentrations take place when the 
photochemical reactions are switched on and when these are switched off). However, it must 
be emphasized here that the development of such a code is not an easy task. 

3.4.3. Methods based on extrapolation rules 

The use of extrapolation methods is another possibility when the chemical part of an air 
pollution method is to be handled numerically. These methods are well-described in the 
literature. They have been introduced, for systems of ODE's, by Bulirsch and Stoer [44] 
and Gragg [212]. After that extrapolation methods have been extensively studied and used 
by Deuflhard and his co-workers; [105]-[109]. They developed also a code, LARKIN, that 
has been used in the treatment of chemical reactions. A good exposition of the main ideas 
used in the extrapolation methods could be found in Hairer et aI. [226] and in Hairer and 
Wanner [227]; see also [263] and [442]. All extrapolation methods are based on the 
Richardson idea ([363], [364]), which is applicable not only in the solution of system of 
ODE's, but also in the solution of many other problems. 

The use of extrapolation methods in the numerical treatment of the chemical part of large 
air pollution problems has several advantages: 

(i) it is relatively easy to develop codes based on extrapolation rules, 

(ii) high accuracy can be achieved, 

(iii) the methods are relatively robust (at least when some kind of 
smoothing is used), 
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and 

(iv) an error estimate can cheaply be obtained. 

However, there are also some drawbacks. Theoretically, the extrapolation methods are 
based on the fact that for sufficiently small values of time-stepsize L'1t there exists an 
asymptotic expansion of the solution that could be truncated and used as an approximation 
of the solution. Unfortunately, the values of the time-stepsize L'1t for which this procedure 
is valid may sometimes tend to zero in presence of stiffness; see, for example, Hairer and 
Wanner [227]. Moreover, the methods based on extrapolation are rather time-consuming (and 
this is certainly not desirable when large air pollution problems are handled numerically). 

A careful comparison of the advantages and the drawbacks, and also many experiments 
performed with systems of ODE's that arise from chemical problems ([ 108]-[109]), indicate 
that some efficiently implemented extrapolation methods can successfully be used in large air 
pollution models. 

Many different classical implicit integration methods can be applied as basic methods in 
an extrapolation procedure. Two simple time-integration algorithms, the trapezoidal rule, 

(3.58) Yn Yn-l + 0.5 L'1t [f (Yn-l + f (Yn) 1 , 

and the implicit mid-point rule, 

(3.59 ) Yn 

are often used. Consider a given time-step n and a given time-step size L'1t. Assume that 
approximations to Yn are calculated (starting from Yn.l) by using the following sequence 
of time-stepsizes 

(3.60 ) 

Denote by Yj " the approximation to Yn obtained by a stepsize L'1tj (starting from Yn.')' 
Then a triangular array of vectors can be obtained by using the recurrent formula: 

(3.61) Y j, k+l 

where j=2,3,... and k= I ,2, ... ,j-1. It is clear that the first four rows of the triangular array 
are given by 
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(3.62 ) Y1,1 

Y2,1 Y2,2 

Y),l Y),2 Y],) 

Y4 ,1 Y4 ,2 Y4 ,) Y4 ,4 

An error estimation can be obtained by using 

(3.63) ERROR j II Yj. j - Yj,j-l II , 

where II z II is some norm of vector Z. It is clear that ERRORj can be used to stop the 
extrapolation process at step n: if ERRORj becomes less than some prescribed accuracy 
requirement E, then one sets Yo = Yj,j and everything is ready to start the next step (step 
n+ 1). This is a nice property: one can start with a large time-stepsize Llt. The method will 
adaptively find the proper stepsize that gives sufficiently accurate results and stop the 
extrapolation when such a stepsize is obtained. However, the starting stepsize should not be 
very large: this may cause stability problems. A smoothing procedure is normally used 
together with the extrapolation methods in order to avoid, among other things, instabilities. 
If a smoothing procedure is to be applied, then the values of Yj,[ are first smoothed and the 
triangular array (3.62) is built with the smoothed Yj ,[. . 

The methods based on extrapolation are very flexible. It is not necessary to use the 
sequence of step sizes given in (3.60), although this is a choice that is often made. Any other 
sequence which is monotonically decreasing can be applied instead of that given in (3.60). 
The two integration methods (3.58) and (3.59) are often chosen because these lead to an 
expansion in powers of (Llt?, Other integration methods can also be used, but one should 
be aware that other methods could lead to an expansion in power of LlL If this is the case 
all formulae given above will be still valid, but the second power in the denominator of 
(3.61) must be removed. If, for example, the backward Euler formula (3.53) is used, then 
the extrapolation procedure leads to an expansion that is linear in Llt. The following 
recurrence formula: 

(3.64 ) 

is to be used in this situation instead of (3.61) when an extrapolation based on the backward 
Euler formula is applied. 

There are, as mentioned in the beginning of this sub-section, several well-known codes 
that are based on extrapolation rules. The code LARKIN (a code for treating problems from 
the field of LARge chemical KINetics), see Deuflhard and Nowak [108] or Deuflhard et 
al. [109], has been used in many chemical applications, but not yet in the numerical treatment 
of the chemical schemes that appear in large LRT AP models. 
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3.5. Treatment of the deposition terms 

After the splitting of the system of PDE's (3.1) into sub-models according to the 
physical processes, the deposition sub-model is represented by a system of ODE's: 

(3.66) s=1,2, ... ,q. 

It has been assumed that the dry and wet deposition coefficients, k1s and k2s 
(s= I ,2, ... q), may depend on both the first two spatial variables (the horizontal variables x 
and y) and on the time variable t; i.e. k1s = k1s(x,y,zo,t) and k2s = k2Jx,y,zo,t). This 
means that (3.66) is a linear system of ODE's. Moreover, the equations in the system 
(3.66) are independent of each other. Therefore every equation could be solved exactly (and 
this is probably the best way of treating this part of the model when the above assumptions 
are made). Moreover, it is quite clear that (3.66) could be treated easily on massively 
parallel machines (there is no need for communication; each processor has to perform its own 
task). 

If the model is considered as a three dimensional model, then dry deposition operations 
are performed only in the lowest layer of the space domain. Therefore it is convenient to 
include the dry deposition terms in the boundary conditions on the bottom of the space 
domain. If this is done, then the terms containing k 1s should be removed from (3.66). If the 
dry deposition terms are not included in the boundary conditions, then k 1s should be zero 
on all layers but the lowest one. 

Consider again the three dimensional case. The wet deposition is a removal process due 
to the fact that air pollutants are absorbed in the rain drops. Therefore this process takes place 
only in the clouds and below the clouds. If some information about the layers which are 
below the clouds is available, then (3.66) has to be solved only in these layers. 

Let s be fixed. Sometimes it might be assumed that kls and/or k2s depend on the 
concentration cs (as an illustration only, such an example has briefly been discussed in 
Section 2.5). In this way some of the equations become non-linear (and, therefore must be 
treated numerically). Thus, the problem becomes slightly more complicated, but it is still 
suitable for massively parallel machines. 

The most complicated situation arises if one assumes that the dry and/or wet deposition 
coefficients, k 1s and k2s (s=I,2, ... q), depend in a non-linear way on the concentrations. In 
this situation (3.66) can be rewritten as 

(3.67 ) s=1,2, ... ,q. 

This system is very similar to the system that arises in the chemical part of the model; 
see (3.7). Therefore it is appropriate to use methods similar to those studied in the previous 
section when (3.67) is to be handled numerically. 
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3.6. Initial value conditions 

The system of PDE's, (3.1), by which a large air pollution model is described 
mathematically, has to be treated together with some initial value conditions. This means that 
it is assumed that the concentrations are given for t=O; i.e. 

(3.68) C s (x, y, Z, 0) Ps (x,y, z), s=1,2, ... ,q, 

where Ps(x,y,z) are given functions. 

The use of the initial values (3.68) in an air pollution problem should formally not cause 
any problem. However, the truth is that (3.68) does cause problems. The main problem is 
that very often the functions p,(x,y,z) are not known and it is difficult to find some 
approximations to these functions that can immediately be used to start the computations. 

A practical device that is normally used by the air pollution modellers is to start the 
computations several days before the actual starting day. It is not very easy to decide how 
many days are to be used to start up the model. In most of the runs that were carried out with 
the Danish Eulerian Model (results of some of these runs are reported in Ziatev et al. 
[538], [539]) the computations were always started five days before the actual starting point. 
If, for example, the actual starting day is July 1, then the computations are started on June 
26. 

Some starting values are needed also when several days are used to start up the model. 
However, there is no need for very accurate starting values when several extra days are used 
to start up the model. Some values of the concentrations that are typical for the season can 
successfully be applied in this situation (although these are rather inaccurate). 

3.7. Boundary value conditions 

The system of PDE's (3.1) by which an air pollution is described mathematically has 
to be treated together with some boundary conditions. Let us consider first (3.1) as a two­
dimensional system of PDE's. Then the boundary conditions can be written in the following 
general form: 

(3.69 ) a S1 (y,t}, 

(3.70) a s2 (y, t) , 

(3.71) as] (x, t) , 
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(3.72 ) 
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a S4 (x,t)cs (x,Y,t) + ~s4(x,t)()cs(x,y,z)/dY a S4 (x, t) , 

where s = 1,2, ... ,q, while as;' ~s; and as; (i=1,2,3,4) are some given functions. 

Dirichlet conditions are normally used on the horizontal boundary when air pollution 
models are to be treated numerically. Such conditions can be specified by taking as; > 0 
and ~s; = O. It is clear that, under these assumptions, the boundary conditions can be 
rewritten as 

(3.73 ) cs(O,y, t) b S1 (y, t) , 

(3.74) cs(X,y,t) b S2 (y, t) , 

(3.75) cs(x,O,t) b s3 (x,t), 

(3.76) cs(x,Y,t) b s4 (x, t) , 

where bsi = as/as; and s=1,2, ... q, i=1,2,3,4. This is the simplest form of the boundary 
conditions: it is assumed that the concentrations are known on the boundaries. In principle 
at least, it is not difficult to get some approximations to the values of bs; (for example, 
values that are obtained by using a model defined on a larger space domain and treated by 
using a coarser grid can be used as approximations to these functions). 

Some numerical methods require special conditions on the boundaries. This is, for 
example, the case when the pseudo spectral algorithm is used: periodical boundary conditions 
are needed in this situation; see Section 3.2. One must be careful when such numerical 
methods are used in the model. 

Let us consider (3.1) as a three-dimensional system of PDE's. The boundary 
conditions described above can also be applied for three dimensional models (these have to 
be used in all layers when the model is three-dimensional). However, it is necessary to 
specify additionally a lower boundary condition (on the bottom of the space domain) and an 
upper boundary condition (in the top of the space domain). 

A Neumann boundary condition is often specified on the lower boundary of the space 
domain: 

(3.77 ) dCS(x,y,O,t)/dZ 0. 

Nearly always, however, the dry deposition is incorporated in the lower boundary 
condition. It is relatively easy to achieve such an inclusion; one should only apply 
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(3.78) b S5 (x, y, t) , 

instead of (3.77). In (3.78) bss(x,y,t) is a function that depends on the dry deposition 
velocity of the s'th pollutant. In the case where no dry deposition is assumed for a given 
pollutant (there are such pollutants), the boundary condition (3.78) reduces to the boundary 
condition (3.77). 

As a rule a Dirichlet boundary condition is assumed on the upper boundary. This means 
that the boundary condition is given by 

(3.79) b S6 (x, y, t) , 

where bsix,y,t) is some function of the concentration of the s'th pollutant in the free 
troposphere. Either discrete values of this function or some simple analytic expressions are 
normally determined by using measurements. However, there are only few measurements 
available for the concentrations of the pollutants in the free troposphere. Therefore the 
functions bs6(x,y,t) that are used in the large air pollution models are rather uncertain. 

Sometimes it is necessary (for some pollutants, at least) to assume some exchange of air 
pollutants between the boundary layer and the free troposphere (i.e. between the space domain 
of the model and the space over the upper boundary). This can be achieved if the Dirichlet 
boundary condition is replaced by a more general boundary condition that is given by 

(3.80 ) Us6 (x,y,t)C S (x,y,Z,t) + ~s6(x,y,t)acs(x,y,Z,z)/az 

= a s6 (x, y, t) , 

where U,6(X,y,t), ~'6(X,y,t) and a,6(x,y,t) are some given functions. Such a boundary 
condition seems, for example, to be necessary in connection with ozone. It should be 
mentioned that the determination of the functions U,6(X,y,t), ~'6(X,y,t) and 3,,6(X,y,t) is in 
practice even more difficult than the determination of bs6(x,y,t) in the Dirichlet boundary 
condition (3.79). Therefore one should be very careful when such a condition is to be 
specified. One way out of the difficulties is to use a large Z (assuming that if the upper 
boundary is very high most of the pollutants will be equal to zero or, at least, to some small 
background values that could be prescribed in a sufficiently reliable manner). 

It is necessary to incorporate the boundary conditions in the numerical methods that are 
used in the solution of the system of PDE's (3.1). In many cases this is a straightforward 
procedure. Sometimes, however, there may arise difficulties. This is especially the case with 
high order finite differences in which many grid-points are involved. In this situation one may 
need values of the concentrations not only on the boundaries, but also at some other grid­
points that are close to the boundaries. Such cases will not be considered here. This is not 
necessary in the most of the cases. Indeed, if additional values of the unknown functions (the 
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concentrations) are required, then in the documentation of the method it is described how to 
obtained these additional values. Many modem and well-written codes are supplied with 
subroutines that automatically handle these problems when they arise. 

3.8. Treatment of the vertical advection and diffusion 

It has mainly been assumed that the model is a two-dimensional model in the previous 
sections of this chapter. Let us consider now a three-dimensional model. Then the terms 
involving the space derivatives with regard to z, the terms - (J(wcs)l(Jz and (J(~(Jc/(Jz)l(Jz, 
can either be considered together with the horizontal advection and the horizontal diffusion 
or as a separate sub-system of PDE's. 

The first situation is not very interesting; it has shortly been discussed after (3.8). Some 
additional terms are to be included in (3.4) and (3.5). Some methods as those discussed in 
Section 3.2 and Section 3.3 can be applied. The major difficulty is caused by the fact that 
it is highly desirable to apply non-equidistant space-grids in the vertical direction, while 
equidistant space-grids are often used in the horizontal planes. One should be more careful 
during the implementation of the numerical methods when non-equidistant space-grids are 
used. Some of the methods used in the horizontal directions are not applicable when the terms 
- (J(wcs)l(Jz and (J(~(JcJ(Jz)/(Jz are added to (3.4) and (3.5) and when the space-grids are 
not equidistant. For example, it will difficult (and practically impossible) to apply the 
pseudospectral algorithm in this situation. It will also be difficult to apply finite differences. 
This means that the most suitable methods will be the methods based on finite elements. In 
principle, at least, the same ideas as those described in Sub-section 3.2.2 can also be applied 
in the situation studied here. 

Assume now that the second approach is used; i.e. the vertical terms are separated from 
the other terms during the splitting procedure. Consider the system of PDE's (3.8) which 
describes the changes of the concentrations in the vertical direction. In fact, it is quite 
sufficient to consider one PDE only in this situation. By using this observation, one can 
replace here the system (3.8) by the equation: 

(3.81) 

where c can be any of the concentrations involved in the model. Pseudo spectral algorithms 
cannot be applied here, because as mentioned above the grids used along the vertical grid­
lines are not equidistant. The methods based on finite differences cannot be used either (or, 
at least, the use of such methods is not very easy). Finite elements are applicable. The same 
ideas as those discussed in Sub-section 3.2.2 can be used also when (3.81) is treated 
numerically by finite element discretizations. 

The above equation is a one-dimensional problem that has to be solved many times. Let 
us reiterate that q is the number of pollutants involved in the model and denote by N, and 
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Ny the numbers of grid-points along the lines parallel to the Ox and Oy axes respectively. 
Then the number of one-dimensional problems (3.81) that are to be solved at a given time­
step is q*Nx *Ny. This number is equal to 35840 when Nx = 32, Ny = 32 and q = 35 
and to 322560 when Nx = 96, Ny = 96 and q = 35. This explains why it is important to 
solve this problem efficiently. 

3.9. Use of local refinement in the discretization process 

Sometimes more detailed information both about the emissions and about the meteorologi­
cal data is available in some parts of the space domain. In such a situation it is desirable to 
exploit better this information. This could be done if finer grid is used in the parts of the 
domain where more detailed information about the input data is available. One could use the 
finer grid on the whole space domain, but it is clear that such a procedure will be rather 
inefficient. Therefore one should be able to use some local refinement of the grid when 
this is needed. It should be pointed out here that in the situation described above the local 
refinement of the grid is static (the parts of the space domain, where more detailed 
information about the input data is available, are prescribed in advance). 

Local refinement of the grid may also be necessary in parts of the space domain where 
there are quick changes of the concentrations (large concentration gradients). Such quick 
changes may be caused by powerful emission sources in some parts of the space domain 
and/or by quick variation in the meteorological conditions. 

If the large concentration gradients are caused mainly by powerful emission sources, then 
the local refinement of the grid could be static (because the location of the powerful emission 
sources can be determined in advance). However, the large concentration gradients depend 
also on the meteorological conditions (for example, on the wind and the temperature) even 
if the meteorological conditions do not vary too quickly. Therefore, in this situation it is much 
better to apply some local refinement of the grid, which is dynamic. This could be explained 
as follows. Assume that a powerful emission source X is located in some part Y of the space 
domain. Consider only the wind. Assume that several days the winds around Y are from 
South. Then local refinement in the part Y and in some neighbouring parts located North from 
Y is needed. Let us assume now that after several days the winds change direction; say, the 
winds are from West. It is clear that the local refinement area should contain again the part 
Y but now together with some neighbouring parts located East from Y. 

If the large concentration gradients are caused by some rapid changes of the meteorologi­
cal conditions, then the local refinement of the grid have to be performed dynamically (in the 
parts of space domain where the rapid changes of the meteorological conditions take place; 
these parts are in general not known in advance). The case where the local refinement is to 
be carried out dynamically is usually much more difficult than the case where the local 
refinement is to be used statically (in a prescribed in advance part of the space domain). 
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Local refinement of the grid is a well-known procedure, which has successfully been used 
in many areas of engineering and science. It is not very popular in the field of air pollution 
modelling. Nevertheless, it has been used by some modellers; see, for example, [331], [332], 
[453], [454], [461]. It is necessary to start to use more modern procedures for automatically 
performing local refinement of the grid when such procedures are needed and/or where they 
are needed. A simple study of the gradients of the concentrations (performed automatically 
in the code) will show whether a local refinement procedure is needed or not and, moreover, 
where to refine the grid. An investigation of some error estimate (performed again 
automatically by the code) will show how to refine. This shows that some local refinement 
procedure can, in principle at least, be carried out automatically. 

There are many well-described (in the literature) algorithms to perform this procedure 
automatically; see again [331], [332], [453], [454], [461]. It is necessary to adjust some of 
these procedures for air pollution models and, what is even more important, to investigate 
carefully the efficiency of various procedures and to select the best candidates among them. 
The task is by far not easy. It may turn out that some quite new procedures are needed for 
the large LRT AP models, and the development of such procedures may be very difficult. 
However, such procedures are highly desirable in many simulations with the new modern air 
pollution models. Therefore the development of both static and dynamic local refinement 
procedures is likely to become one of the most important tasks that are to be tackled in the 
near future. 

3.10. Concluding remarks and references 
concerning the numerical treatment 
of large air pollution models 

The mathematical description of the model is given in Section 3.1. In this section it is 
also explained why it is necessary to use splitting procedures, and some commonly used 
splitting procedures are described. The splitting procedures are usually based on an idea that 
has been proposed (in connection with air pollution models) by Marchuk [307]. Marchuk 
advocates to split a large air pollution model according to the physical processes involved in 
it. However, some other approaches, as for example these based on splitting the model to one­
dimensional sub-models, which are studied in McRae et al. [315], can also be applied. All 
splitting procedures have both some advantages and some disadvantages; the advantages and 
the disadvantages are also discussed in Section 3.1. Splitting techniques are discussed in 
[20], [141], [142], [267], [308], [348], [491]. At present all large air pollution models are 
treated numerically by applying some splitting techniques. 

The treatment of the horizontal advection is studied in Section 3.2. The main groups 
of methods used in the discretization of the advection terms are shortly described. The 
question: 
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is still open. The pseudospectral method (based on the use of trigonometric interpolants that 
are truncated Fourier expansions) is a good choice, because it preserves rather well the high 
concentrations ([24], [67]-[71], [169], [172], [211], [270], [287], [289], [317], [336]-[338], 
[367], [368], [475], [512], [520], [529]-532]). Methods that are based on finite elements are 
most efficient when non-equidistant grids are to be used, but the truth is that the finite 
elements are mainly used on equidistant grids in the large air pollution models ([67]-[70], 
[292], [348], [349]). However, there are a few exceptions; see, for example, [331], [332]. The 
finite elements are rather efficient even when these are used on equidistant grids. This is why 
these two groups (pseudospectral methods and finite element methods) are studied in more 
detail. However, a good implementation of finite difference methods (and other related to 
them methods such as different corrected flux techniques) may also give good results; see, 
for example, [1]-[2], [9], [31]-[35], [50], [67]-[69], [73], [74], [77], [81], [141]-[143], [181], 
[213], [214], [217], [243], [248], [267], [285], [286], [297], [324], [350], [359], [365], [371], 
[374], [376], [387], [424]-[429], [440], [446], [452], [467], [502]. Other promising 
discretization methods (as, for example, different methods based on the use of characteristics, 
which are also called semi-Lagrangian methods) are proposed in [28], [98], [288], [293], 
[301], [302], [358], [360], [361], [369], [370], [388], [390], [433], [445], [490]. 

There are many comparative studies of methods for horizontal advection ([67]-[69], [213], 
[292], [349], [387]). However, all these comparisons are mainly carried out on a fixed spatial 
grid (as a rule on a 32x32 grid) and on sequential computers. New comparisons, where high­
speed computers are used and where an attempt is made to determine an optimal size of the 
spatial grid for each of the compared methods, seems to be necessary. Such comparisons will 
give much more information because: (i) methods that show poor performance on sequential 
machines may perform better on parallel or vector machines and (ii) methods that are not 
accurate a coarse grid may give accurate results on a finer grid (being still competitive with 
regard to the CPU time needed). 

If the space discretization of the horizontal advection part is successfully done, then it is 
not difficult to select a good time-integration algorithm (because the errors caused by the 
space discretization methods are normally dominating over thc errors caused by the time­
integration algorithms, and, thus, the choice of a time-integration algorithm is not very 
critical). The discussion of the time-integration algorithms for systems arising after the 
discretization of the horizontal diffusion terms is postponed to Chapter 5, where the time­
integration algorithms will be related to some efficiency requirements connected with an 
adaptive choice of the time-step. 

The space discretization of the horizontal diffusion terms in the system of PDE's (3.1) 
is discussed in Section 3.3. For many numerical methods it is possible to consider these 
terms together with the horizontal advection terms (but this cannot be done if some of the 
methods based on characteristics has been applied in the advection part). It is also possible 
to consider them separately. The advantages and the disadvantages of these two approaches 
are shortly discussed. The main conclusion is that it is much easier to treat numerically the 
horizontal diffusion than the horizontal advection in large air pollution models. 

The numerical treatment of the chemical part is the most difficult task among the tasks 
that are to be solved when a large air pollution model is handled on a computer. It is crucial 
to solve this task by an efficient numerical method. If this task is not solved by a sufficiently 
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fast numerical methods, then it will be impossible to treat numerically the model, even if a 
large high-speed computer is available. The treatment of the chemical part is studied in 
Section 3.4. Three groups of numerical methods can be applied in the numerical treatment 
of the chemical part: 

and 

(i) methods based on exploiting special features of the chemical 
reactions (as, for example, the quasi-steady state algorithms that are studied 
in [63], [Ill], [165], [235], [258]), 

(ii) methods based on classical integration formulae ([3], [6], [7], [21], 
[29], [30], [37], [72], [82]-[97], [99], [110], [118], [119], [155]-[159], [166], 
[182-191], [220], [221], [247], [250], [256], [259], [260], [268], [269], [278], 
[283], [351], [352], [357], [372], [373], [393]-[408], [415]-[420], [457], 
[458], [460], [470]-[472], [508]; see also the references in Sub-section 3.4.2) 

(iii) methods based on extrapolation rules ([44], [105]-[109], [212], [225]­
[227], [442]). 

It is difficult to decide what will be the optimal choice. The methods of the second and 
the third group may be implemented with a rather reliable and robust error estimations, while 
the methods from the first group tend to be faster than those of the other two groups 
(however, some experiments performed by Deuflhard and Nowak [108] seems to indicate 
the fact that an efficient implementation of an extrapolation method may be competitive even 
with the quasi-steady state algorithms). The conclusion is that methods from the second and 
the third groups should in general be preferred. However, if the computing time is a very 
important factor (and this is very often the case), then methods of the first group may be 
selected. 

The matrices arising in the chemical part of the air pollution models are often sparse (i.e. 
they contain only a few zero elements). This property may sometimes be exploited by 
applying special methods for sparse matrices; see, for example, [123]-[140], [149]-[152], 
[192]-[203], [206]-[208], [210], [222], [223], [354], [384]-[386], [409], [410], [448], [449], 
[451], [505], [506], [509], [510], [513], [514], [516], [519], [542]-[563]. 

The numerical treatment of the deposition terms is discussed in Section 3.5. Simple 
deposition terms are discussed. These terms lead (after the splitting procedure) to a system 
of linear ODE's in which each equation can be considered independently from the other 
equations. Thus, every equation of this system can easily be solved exactly. Several cases, 
where more complicated deposition terms are used, are briefly discussed. 

The problem of finding some reliable initial value conditions for the system of PDE's, 
by which large air pollution models are described mathematically, is discussed in Section 
3.6. 
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Boundary value conditions are needed when large air pollution models are handled 
numerically. The boundary conditions that might be used are discussed in Section 3.7. 

Calculations in the vertical direction are briefly discussed in Section 3.8. The 
development of three-dimensional air pollution models leads to a very considerable increase 
of the computing time needed when the model is treated numerically (very often by a factor 
of 10-20; depending on the number of layers used in the model). Moreover, it is very difficult 
to satisfy the requirement for high-quality three-dimensional input data (both meteorological 
data and emission data). Simplifying assumptions are often used. The developers must be very 
careful; some of the simplifying assumptions may lead to significant errors and, thus, may 
countermine any benefit which can be achieved by the use of calculations in the vertical 
direction (note that as a rule more than 95% of the computational work will be a waste of 
both CPU time and storage when this happens). 

Local refinement of the space grids might be needed in certain situations. Both static and 
dynamic local refinement techniques are shortly discussed in Section 3.9. Local refinement 
of the space grids is an important issue which is often underestimated or simply neglected in 
the field of air pollution modelling, while it is popular in some other fields of science and 
engineering. One should consider the application of techniques that are used in these fields 
or technique proposed by numerical analysts (as, for example, [331], [332], [453], [454], 
[461]) in large air pollution models when local refinement is needed in order to solve the 
problems more efficiently. 
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TESTING TIlE RELIABILITY 
OF TIlE NUMERICAL ALGORITIIMS 

"A rather difficult advection calculation, in two dimensions, is the rotating 
cone problem". 

G. McRae, W. R. Goodin and J. H. Seinfeld: "Numerical Solution of 
the Atmospheric Diffusion Equation for Chemically Reacting Flows", J. 
Comput. Phys., 45(1982), p.23. 

It is highly desirable to implement sufficiently accurate numerical algorithms in an 
LRT AP model. One of the main requirements is to obtain a model where the errors due to 
the use of numerical procedures are smaller than the error caused by other factors (as, for 
example, the uncertainties in the input data, the uncertainties of some of the physical 
parameters, the uncertainties of the implementation in the model of some physical processes, 
etc.). If this requirement is satisfied (i.e. if the numerical algorithms are sufficiently accurate), 
then the numerical errors have no influence on the results and, thus, one will be able to study 
successfully different problems connected with the physical nature of the model (sensitivity 
of the results to variations of different physical parameters, sensitivity of the results to 
variations of some of the emission sources in the space domain, sensitivity of the results to 
variation of some meteorological parameters, etc.). 

On the other hand, it is rather difficult to satisfy the requirement for sufficiently accurate 
numerical algorithms. There are two major reasons for this. The first reason is based on the 
fact that the use of very accurate algorithms and very fine discretizations will make the 
numerical treatment of the problem practically impossible (even if the powerful modern 
computers are in use). However, the second reason is even more important: if the mesh is 
very fine, then it becomes practically impossible to supply sufficiently accurate meteorological 
data for the model (to achieve this one must have too many meteorological stations and/or 
very high resolution meteorological forecast models). 

Some kind of optimality has to be achieved: the numerical algorithms that are 
implemented in an LRTAP model should be sufficiently accurate (in relation to the 
uncertainties in the input data and the physical parameters), but the accuracy must not be 
much higher than what is really needed (very high accuracy of the numerical methods will 
certainly cause a lot of difficulties when the LRT AP model is treated numerically, and it 
will also be difficult to supply sufficiently accurate input data in this situation). The ideal 
solution will be to implement automatic error estimators in the models by which the errors 
due to the numerical methods used could be kept in a robust and reliable way under the 
desired level. However, the truth is that it is both difficult and expensive (in terms of 
computing time) to develop such automatic error estimators. In some models there are error 
estimators for some of the numerical methods used in the code (very often this is done for 
the time-integration parts; see, for example, Zlatev [515,517,518,520] or Zlatev et al. 
[532]). However, there is no model, until now at least, in which one tries to evaluate 
automatically the global error caused by the application of all numerical methods that are 
implemented in the model and to keep it in an adaptive way under some prescribed level. 
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The above discussion explains why sets of different numerical tests are necessary in order 
(i) to investigate what is the error due to the numerical algorithms used in the model and (ii) 
to give an answer to the question: is the model able (potentially, at least) to produce 
sufficiently accurate results? Several such tests will be described in the this chapter. 

4.1. Testing the advection algorithms 

It has been stated several times in the previous chapters that the advection process (the 
transport due to the wind) is one of the most important processes and, therefore, it must be 
studied carefully. It is nearly obvious why the advection process is very important. Having 
the big emission sources given, one should like to know where the emitted pollutants are 
transported. In the same way, having some high concentrations in some part of the region, one 
should like to investigate how these have been transported there by the wind. Therefore the 
first tests concerning the reliability of the air pollution models are normally connected with 
checking the accuracy of the advection algorithms. 

Assume that the model is a two-dimensional model. Then there is a rather simple and 
very suitable test-problem for the advection algorithms. The idea is very simple (see also 
Chapter 2). One defines a velocity field in which the trajectories of the winds are concentric 
circles around the centre of the space domain. Moreover, the velocity field is defined so that 
the angular velocity is constant. Assume now that the concentrations in the whole space 
domain G, excepting some sub-domain GI C G, are equal to some background concentration 
co. Assume also that the concentrations in GI are different from Co (say, much higher than 
co). If the above conditions are satisfied, then it is clear that after some prescribed time tl 
(which can be calculated exactly) the parcels containing high concentrations will accomplish 
a full rotation around the centre of the space domain and will return at the same place where 
these were at the starting time tao The advantages of using such a test-problem are clear: 

(1) its analytic solution is known, 

(2) the trajectories, along which the concentrations are transported, are 
not trivial (the transport is not carried out along straight lines, but along 
circles). 

Therefore such a test-problem is very useful and the accuracy of the advection algorithms 
that are implemented in the model could (and should) be checked by using such a test­
problem. 

The ideas sketched above can be described mathematically in the following way. 
Consider: 

(4.1) ac/at - (y-1) ac/ax - (l-x) ac/ay, 

where 
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(4.2) X E [0,2], yE[0,2], tE[0,21t]. 

Note that the wind velocities in (4.1), u = y-l and v = I-x, are very special. When 
the wind velocities are defined in this way, the requirements stated above are satisfied. That 
is, (1) the wind trajectories are circles around the centre of the domain (xl=l, YI=I) and 
(2) the motion is performed with a constant angular velocity. 

The initial distribution, c(x,y,O), can be defined in many different ways. The distribution 
given below has been used in many papers; see, for example, Crowley [81], Molenkampf 
[320], Zlatev et al. [529], as well as the references in the last paper. 

Consider the space domain that is defined by (4.2) and assume that 

(4.3) 0.5, Yo = 1.0, r 0.25, 

Then the initial distribution of the concentrations can be introduced by 

(4.4) c(x,y,O) as rO < r and co> 0 

on GI and by 

(4.5) c(x,y,O) as rO ;::: r, 

on G - GI, where Co is some background concentration; Co = 0 is often used in the 
experiments. If co=O, then lOO(l-r'/r) should be used in the right-hand side of (4.4). 

Let us assume that the space domain G is discretized by using a (96x96) grid (such 
a discretization is used in the new version of the Danish Eulerian Model, and this is the 
reason for using it also in this chapter). If the surface defined by the initial distribution is 
plotted, then the result is a cone in the sub-domain G I (see Fig. 4.1). The base of the cone 
is a circle with centre (Xo,yo) and a radius r. The centre of the cone is rotated along a circle 
with centre (Xl,yl) and radius 0.5. The shape of the cone is preserved during the rotation. 
Therefore the test is often called a cone rotation. One can also define the initial distribution 
in many other ways. The distribution which is known under the name "the cosine hill 
rotation" is often used in practice. The cosine hill is defined by 
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NO 

Ma xcon= O.1 OE+ 12 Mincon=O.25E + l 0 
File: /home 1/1ujbr / graf3d/cone.da t/p.eudo/pure ... d vection 

Figure 4.1 
The initial distribution of the NO concentrations 

(with background concentrations 2.5% of the maximum). 
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(4.6) e(x,y,0)=2eo+49[1+eos(nr'/r)] } as r' < r and 

and by (4.S) as r*;::: r (see, for example, Zlatev et al. [S29) and the references given 
there). If co=O, then SO(l+cos(nr*Ir)) should be used in the right-hand side of (4.6). 

The cosine hill rotation test is less stringent than the cone rotation. A test that is more 
stringent than the cone rotation is described and tested in Odman and Russel [331,332). The 
test defined by (4.1) for any initial distribution of the concentrations is also called a puff 
rotation. 

One can also introduce an emission source (or several emission sources) in the rotation 
test. This can be done by replacing (4.1) with 

(4.7) de/dt - (y-l) dc/dx - (l-x) de/dy + E(x,y,t). 

The initial distribution of the concentrations can be defined by 

(4.8) e (x,y, 0) for \:IxE[0,2] and \:lYE [0,2] 

when one or several sources are introduced in the space domain of the model. 

Assume that only one source is to be used. Then it could be introduced as follows: 

(4.9) E(x,y,t) 100a(1-r'/r) as r' < r, 

where a is a constant chosen so that the concentrations at the top of the plume have the 
same order of magnitude as the concentration at the top of the cone in the previous test 
example, and 

(4.10) E(x,y,t) ° as r' ;::: r. 

Again the source (or the sources) can be defined in different ways. This test is called a 
plume rotation. 

The pseudo spectral method performs very well on both tests. Results that are obtained 
after one rotation of the cone are given in Fig. 4.2. Results obtained after one rotation of the 
plume defined by (4.7)-(4.10) are given in Fig. 4.3. 
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NO 

Pure advection (pseudospectral method) 
Maxcon~O.99E+ 11 Mincon~O.25E+ l 0 
File: Ihome 1 II ujbr I gra r3d/cone.da t/ pseudol pure.ad veclion 

Figure 4.2 
Advection of a puff treated by the pseudospectral method. 

The NO concentrations after one rotation. 
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NO 

Pure advection (pseudospectral method) 
Maxcon~O .70E+l l Mincon~O .24E+ 1 a 
FlIe; / home I /lujbr / gra I3d/cone.da l/plume.ps/ pure.ad v 

Figure 4.3 
Advection of plume by the pseudospectral method. 

The NO concentrations after one rotation. 
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The one-dimensional linear finite elements perform also quite good. Some results are 
given in Fig. 4.4 (the cone rotation) and Fig. 4.5 (the plume rotation). 

It must be emphasized that several implementation problems have been omitted in order 
to facilitate the explanation of the main ideas. For example, periodic boundary conditions are 
necessary when the pseudo spectral method is selected. For this particular problem this does 
not cause any problem (because the concentrations on the boundaries are periodical). If the 
linear finite elements are in use, then no boundary condition is used at out-flow points, while 
the values of the concentrations in in-flow points are set equal to the background con­
centration co' 

It should also be mentioned that if a pure advection test is carried out, then the negative 
concentrations (if such concentrations appear) are small and remain small during the whole 
integration. Therefore they are tolerated (no smoothing during the computational process is 
carried out). However, the final fields are smoothed by using a passive filter very similar to 
that proposed by Forester [168] (see also McRae et al. [315]). Smoothing becomes much 
more important when non-linear chemical reactions are coupled to the test; this case will be 
discussed in the next section. 

4.2. Testing the numerical algorithms 
used in the combination of the 
advection and chemistry sub-models 

Although the advection is a very important process, it is also important to study the 
transformations that take place under the transport. The chemical reactions are the most 
important source for such transformations (for some of the pollutants, at least). Therefore both 
the accuracy of the numerical algorithms that are used in the chemical sub-model and the 
accuracy of the coupling between advection and chemistry must carefully be tested. 

The test problems that involve chemical reactions are much more complicated than the 
test problems that were discussed in the previous section. Only one PDE was sufficient to 
test the accuracy of the advection process. If the numerical algorithms that handle the 
chemical reactions are to be studied, then a system of PDE's must be used in the tests. 

It is important to construct a test that contains as small number of PDE's as possible 
and, at the same time, all difficulties for the numerical procedures must be preserved in the 
chemical scheme used in the test. The last condition implies that the chemical scheme must 
contain non-linear chemical reactions (including here photochemical reactions). The simplified 
chemical scheme (which has been described in Section 2.6) satisfies this condition and, 
therefore, it can successfully be used in test problems. 

A class of test problems that can be used to test both the accuracy of the algorithms used 
in the chemical sub-model and the coupling between advection and chemistry can be 
introduced by the following system of PDE's: 
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NO 

Pure advection (finite elements) 
Maxcon- O.93E+ ll Mincon=O.19E+ 10 
File : /home 1/1ujbr / gra(3d/cone.da t/iter / pure.adveclion 

Figure 4.4 
Advection of puff with the finite e~ements method. 

The NO concentrations after one rotation. 
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NO 

Pure advection (finite elements) 
Maxcon~O.? l E+l l Mlncon~O.24E+lO 

File: /home l/lujbr / graf3d/cone.dal/plume.fe/pure.adv 

Figure 4.5. 
Advection of plume by the finite elements method. 

The NO concentrations after one rotation. 
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(4.11) 

s = 1,2, ... , q, q = 10, 

where the independent variables x, y and t are defined as in the previous section; see 
(4.2). 

The class of test problems defined by (4.11) can be applied to study the following five 
types of tasks. 

1. Pure advection of high concentrations (puffs). This type of tasks 
can be obtained from the system (4.11) by retaining only the advection 
terms, i.e. by setting both E,(x,y,t) = 0 and Qs(C 1,C2, ... ,cq) = O. In this 
case it is sufficient to retain only one equation (see the previous section, 
where test problems for treating this type of tasks were studied). 

2. Pure chemistry. Only the terms Qs(C1,C2, ... ,cq) are retained in 
(4.11) when this type of tasks are to be studied. The transformations of the 
concentrations are performed in situ (the transformations of the concentra­
tions in any point of the space domain are independent of the transform­
ations in the other points). 

3. Advection of high concentrations (puffs) + chemistry. Both the 
advection terms and the chemical terms are retained in (4.11) when this 
type of tasks are to be studied, but all emission sources are switched off by 
setting E,(x,y,t) = O. In this case the concentrations are transported along 
spherical trajectories with a constant angular velocity (see the previous 
section) and chemical reactions take place under the transport. Thus, this is 
an important type of tasks that allows us to test the accuracy of the splitting 
procedure. 

4. Pure advection of plumes. Both the advection terms and the 
emission sources are retained in (4.11) when this type of tasks is to be 
studied, but the chemical reactions are switched off by setting Q,(C 1,C2, ... ,cq) 

= O. The pure advection of the concentrations caused by the emission 
sources (the plumes) can be followed when this is done. In this case it is 
sufficient to consider only one equation (see the previous section, where test 
problems for treating this type of tasks were studied). 

5. Advection + sources + chemistry. All terms in (4.11) are retained 
when this type of tasks is to be studied. This means that this is the most 
general case that can be treated by (4.11). 

The first and the fourth types of task have been discussed in the previous section. The 
other types will be discussed in this section. 
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Consider first the second type of tasks. Assume that the simplified chemical scheme from 
Chapter 2 is used. Let the initial concentrations be given by 

(4.12 ) C s (x,Y, 0) C sO + 99(1-r*/r)c so as r* < r f 

(4.13) C s (x,Y, 0) as 

for the first four pollutants (NO, N02, HC and ALD), and by 

(4.14) C s (x, Y, 0) for V x E [0,2] and VYE [0,2], 

where cso>O is some background concentration of the s'th pollutant, s=I,2, ... ,1O, which 
depends on the particular pollutant. It is measured in mol/cm3, molecules per cubic 
centimetre, in the experiments that will be reported in this section. 

Assume as in the previous section that the test problem (4.11) is discretized on a 
(96x96) grid and that the chemical sub-model is integrated over a time-interval that 
corresponds to the time-interval needed to perform a full rotation when only the advection 
sub-model is run; i.e. the time-interval is [O,2nJ. Then the chemical reactions depend only 
on the starting concentrations at the grid point under consideration. It is obvious that there 
are only a few grid-points with different sets of starting concentrations. This means that an 
accurate solution can be calculated (by using a very small time stepsize) at the few grid-points 
where the starting concentrations are different. After this a good approximation to the solution 
on the whole space domain can easily be constructed. Thus, although the exact solution is not 
known, a sufficiently accurate approximation can easily be obtained. By using this procedure 
one can easily verify that the solution shown in Fig. 4.6 is very accurate. 

Consider the third type of tasks (the combined effect of advection and chemistry). Let 
us assume again that the initial concentrations are given by (4.12)-(4-14). Then the solution 
after one rotation should be the same as that shown in Fig. 4.6 (but note that it is not 
obtained in the same way: the transformations are performed in situ when only the chemical 
model is run, while the initial concentrations are transported along circular trajectories and 
the chemical transformations are performed under the transport when both advection and 
chemistry take place). Experiments show that again the pseudospectral method performs better 
than the finite elements; compare the results shown in Fig. 4.7 and Fig. 4.8. However, also 
in this case the results obtained with the finite elements algorithm are quite acceptable. 

The numerical results that are shown in Fig. 4.7 and Fig. 4.8 are for nitrogen oxide, 
NO. This pollutant causes the greatest problems for the numerical methods, because its 
concentrations vary in the most widest range (among the pollutants involved in the simplified 
chemical scheme). The largest value of the NO concentrations is of order 10" mol/cm3, 

while its minimal value is practically equal to zero. The numerical results for the other 
pollutants are considerably more accurate. 
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The results shown in Fig. 4.7 and Fig. 4.8 are considerably better than the results 
published in Hov et al. [246]. The improvement was achieved by using both a finer space 
discretization and a filter, which smooths short waves. The filter is based on ideas described 
in Forester [168] and McRay et al. [315]. It is used passively. This means that only the 
output fields are smoothed by using the filter, i.e. results that will be used in further 
computations are never smoothed. This is an attempt to avoid accumulating effects of the 
filter on the final results. The filter works rather well for this kind of problems. However, it 
is not very clear if such a filter should be used in big air pollution models. In fact, such a 
filter is not used yet in the Danish Eulerian Model (Zlatev et al. [538,539]). Much more 
experiments are needed in order to find out if such a filter can be applied in more general 
situations and, if it can be used only in some special situations, how to determine the cases 
where the use of such a filter is worthwhile. Thus, the questions when and how to use a 
filter are open, and further research in this field, with a special emphasis on big air pollution 
models, is highly desirable. 

One can also carry out advection + chemistry computations in the case where there is 
a source in the space domain (to rotate a plume by performing simultaneously the appropriate 
chemical reactions). Assume that the initial concentrations of every pollutant are given by 
(4.8). Assume that sources are introduced for NO, N02, CO and ALD by the relations 
(4.9)-(4.10). The test-problem defined as sketched above has been run both with the 
pseudospectral method and with the chapeau finite elements. The results obtained with the 
pseudospectral method for the nitrogen oxide concentrations after one rotation are given in 
Fig. 4.9. The corresponding results for the linear one-dimensional finite elements are given 
III Fig. 4.10. 

A filter was also used in the plume rotation tests. The conclusions are the same as those 
for the puff rotation: 

(i) for these particular test problems the filter performs quite well, 

(ii) it is not quite clear when and how to use a filter 

and 

(iii) further research in this field is necessary. 

Again, as in the previous sections, some details have been omitted in an attempt to 
facilitate the explanation of the main ideas. For example, periodic boundary conditions are 
used when the pseudospectral method is used. For this particular problem this does not cause 
any problem (because the concentrations on the boundaries are periodical). 

If the linear finite elements are in use, then no boundary condition is used at out-flow 
points, while the value of the concentrations are in-flow points is set equal to the background 
concentration cso(t), where cso(t), s=1,2,,,.q, is calculated by running a box-model with the 
simplified chemical scheme using as a starting values the background concentrations cso. 
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Pure chemistry (quasi - steady- sta te- aigori thm) 
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Figure 4.6 
Chemist~ performed on the concentrations shown in Fig. 4.1. 
The time-interval is equal to that needed for one rotation. 
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Advection + chemist ry (pseudospectral m ethod) 
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Figure 4.7 
Advection + chemist~ for a puff with the pseudospectral method. The 

NO concentrations after one rotation. 
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Advection + chemistry (finite el 
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Figure 4.8. 
Advection + chemistry for a plume with the finite elements method. The 

NO concentrations after one rotation. 
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Figure 4.9 
Advection + chemist~ for a plume with the pseudospectral method. The 

NO concentrations after one rotation. 
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Maxcon~O_77E+OB Mincon~O_69E+05 

File: /homel/lujbr/graI3d/cone.dal/plume.re/adv.kemi 

Figure 4.~O. 
Advection + chemistry for a p~ume with the finite e~ements method. The 

NO concentrations after one rotation. 
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It should also be mentioned that if the chemical module is activated, then negative 
concentrations (if such concentrations appear) cannot be tolerated; these will cause severe 
instability problems. Therefore negative concentrations are smoothed by using the simple 
algorithm proposed in Hov et al. [246]. Only concentrations in an neighbourhood of a point 
where negative concentrations were detected are smoothed by this algorithm. The final fields 
are also smoothed by using a passive filter (this procedure has been discussed above), which 
is very similar to the filter that has been proposed by Forester [168] and discussed in 
McRae et al. [315]). 

4.3. Other tests of numerical algorithms 

The test problems that were described in the previous two sections are perhaps the most 
relevant tests for the most important components of a two-dimensional air pollution problem; 
the advection process and the chemical reactions. However, other test problems could also be 
very useful. There are at least three cases which require some additional test problems. 

(i) Information that is worthwhile could sometimes be obtained from 
one-dimensional problems. However, one should be careful, because the 
transition from a one dimensional problem to a two-dimensional problem 
may lead to some difficulties, which are not present when the one dimen­
sional case is studied. 

(ii) The diffusion phenomena also may deserve some more attention. 
This is especially true when the grid-size is refined, because the artificial 
diffusion (that is caused by the fact that the emission are equally distributed 
on the whole grid-unit) is decreased considerably in this situation and, thus, 
one should take care to describe more accurately the diffusion process in a 
model that is to be treated on a fine grid. 

(iii) Finally, three-dimensional models are often used now when fast 
modern computers are easily available. The transition from a two-dimension­
al model to a three-dimensional model may cause some difficulties that do 
not appear in the two-dimensional models. Therefore three-dimensional test 
problems are highly desirable. 

Several test problems, which Can be used to check the accuracy of the approximations in 
the three cases, which were sketched above, will be shortly discussed in this section. 

4.3.1. Pure advection in one dimension 

This process can be studied by considering the simple equation: 
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(4.15) - dC/dX, X E [0,2], t E [0,1], 

with a constant wind velocity u=1 and with the following initial condition 

(4.16) C (x, 0) 

where Xo = 0.5 and different values of (j in the interval [0.001,0.1] can be used. The 
exact solution of this test problem is 

(4.17) C(X,t) 

Numerical results obtained in the solution of this test problem by the pseudo spectral 
method are given by Zlatev et al. [530]. 

4.3.2. Advection + diffusion in one dimension 

This process can be studied by using the following one dimensional test-equation 

(4.18) dC/dt 

X E [0,2], tE[O,l], 

with u = 1, Kx = 0.1 and with an initial value condition defined by 

(4.19) C (x, 0) Po 

for x = Xo and c(x,O) = 0 otherwise. It is again assumed that Xo = 0.5 and Po = 100. 

It can be shown, see Berkowicz and Prahm [27], that the solution of the problem in the 
point (1,5,1.0) is given by 

(4.20) 89.206. 

Numerical results obtained in the solution of this test problem by the pseudo spectral 
method are given by Zlatev et al. [530]. 
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4.3.3. Two dimensional transport in the Oxz plane with 
a vertical diffusion and a variable mixing height 
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This is a physical process which is close to some particular conditions under which the 
transport of air pollutants may take place. However, it should be emphasized here that while 
such a test-problem can successfully be use to study some physical processes under some 
special conditions (the horizontal component of the wind does not change with the height), 
it is completely wrong to use such kind of equations in a general-purpose model. The process 
that will be studied in this sub-section is described by the equation: 

(4.21 ) dC/dt 

where 

(4.22) XE[0,16], ZE[0,16], t E [0,16], 

and 

(4.23 ) u 1. 0, 0.02. 

Let us assume that we want to study two situations: (i) a change from day conditions 
to night conditions and (ii) a change from night conditions to day conditions. In the first 
situation the day conditions are defined for t < 5 and the night conditions for t ~ 5. In 
the second situation the night conditions are defined for t < 5 and the day conditions for 
t ~ 5. Let us assume also that the mixing height during the day is given by H(x,t) = hday 

= 12, while the corresponding value for the night conditions is H(x,t) = hnight = 4. Then 
the vertical diffusion coefficient Kz = ~(x,z,t) depends on the mixing height H(x,t) and 
can be defined by 

(4.24) 40 for Z ::; H(x,t) and ° otherwise. 

Assume now that the problem is discretized by 

(4.25) 0.5, llz 1.0, llt 

The numbers of grid-points along the axes Ox and Oz and along the time direction are 
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(4.26) NX 32, NZ 17 and NT 160. 

Two kinds of sources were used: (i) low sources and (ii) high sources. A low source 
is defined by 

(4.27) E 400/(Ax~z) for x=3 A z=2 and E ° otherwise. 

A high source is defined by 

(4.28) E 

E 

E 

400/(Ax~z) 

100/(~z) 

for x=3 A z=6, 

for the eight grid points that are 
adjacent to (X,z) = (3,6), 

° otherwise. 

The initial condition is given by 

(4.29) c(X,z,O) 0. 

The boundary conditions are defined as Dirichlet boundary conditions (the concentrations 
on the boundaries are given) by 

(4.30 ) c (0, z, t) c(16,z,t) ° 
for 'v' Z E [0,16] 'v'tE [0,10] 

and 

(4.31) C(X,O,t) = c(x,16,t) ° 
for 'v'XE [0,16] 'v' t E [0,10]. 
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This test problem is described in detail in Zlatev et al. [531]. Numerical results are also 
given there. Several different situations can be studied qualitatively by the problem defined 
by (4.21)-(4.31). It is quite sufficient to emphasize once again the following three important 
properties of this test problem. 

The first property of the test-problem defined by (4.21)-(4.31) is connected to the 
mixing height: the vertical diffusion coefficient ~ = ~(x,z,t) depends on the mixing height. 
~ is positive when z is less than the mixing height and zero otherwise. Moreover, in the 
test it is assumed that the mixing height during the day is higher than that during the night. 

The second property of the test-problem defined by (4.21 )-(4.31) is connected with the 
study of the interactions between sources and mixing height. Four typical situations were 
studied in Zlatev et a1. [531]: 

(a) a low source together with changing from night conditions to day 
conditions, 

(b) a low source together with changing from day conditions to night 
conditions, 

(c) a high source together with changing from night conditions to day 
conditions, 

(d) a high source together with changing from day conditions to night 
conditions. 

The third property of the test-problem defined by (4.21)-(4.31) concerns the 
information about the solution. The exact solution is not known in this situation. However, 
some useful information about the qualitative behaviour of the solution can be obtained by 
using physical reasons; see again Zlatev et a1. [531]. 

4.3.4. Three dimensional transport with variation 
of the mixing height and the wind velocities 

The governing equation for this process is given by 

(4.32) de/dt - u de/dx - v de/dy 

where 
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X E [0,16], Y E [0,16], Z E [0,16], t E [0,16]. 

It is assumed that the horizontal diffusion coefficients are positive constants that are given 
by 

(4.33 ) 0.02, 0.02. 

Let us assume that we want to study the situation where a change from day conditions 
to night conditions takes place. Moreover, let the day conditions be defined for t < 5 and 
night conditions for t ~ 5. Then the wind velocities are defined as follows: 

(4.34) u 1.0 for t < 5 and u otherwise, 

(4.35 ) v 0.0 for t < 5 and v otherwise. 

Assume also that the mixing height is given by H(x,y,t) = huay = 12 during the day, 
while the corresponding value of the mixing height for the night conditions is given by 
H(x,y,t) = hnight = 4. Then the vertical diffusion coefficient ~ = K/x,y,z,t) will depend 
on the mixing height H(x,y,t). Moreover, it will be assumed here that the vertical diffusion 
is greater during the day. The precise definition of ~ is given below 

(4.36 ) Kz 40 for Z ~ H(x,y,t) 1\ t ~ 5, 

Kz 10 for Z ~ H(x,y,t) 1\ t > 5, 

Kz 0 otherwise. 

Assume now that the problem is discretized by 

(4.37) ~ 0.5, Lly 0.5, Llz 1. 0, Llt 2-4 • 

The numbers of grid-points along the axes Ox and Oz and along the time direction are 

(4.38 ) NX 32, NY 32, NZ 17 and NT 160. 
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Two kinds of emission sources were used in the experiments: (i) low sources and (ii) 
high sources. A low source is defined by 

(4.39 ) E 40001 (fuci1yi1z) for (x,y, z) (3,3,2) , 

(x,y, z) (2.5,3,2) , 

(x,y,z) (3,2.5,2) , 

(x,y, z) (2.5,2.5,2), 

E 20001 (fuci1yi1z) for (x,y, z) (2.5,2,2) , 

(x,y, z) (3,2,2) , 

(x,y, z) (2.5,3.5,2) , 

(x,y, z) (3,3.5,2) , 

(x,y, z) (2,2.5,2) , 

(x,y, z) (2,3,2) , 

(x,y, z) (3.5,2.5,2) , 

(x,y, z) (3.5,3,2) , 

E 10001 (fuci1yi1z) for (x,y, z) (2,2,2) , 

(x,y, z) (2,3.5,2) , 

(x,y, z) (3.5,2,2) , 

(x,y, z) (3.5,3.5,2) , 

E 0 otherwise. 

A high source is defined by 

(4.40) E 80001 (fuci1yi1z) for (x,y,z) (3,9,8) , 



136 Chapter 4 

E 4000/(,1x,ly,lz} for (x,y, z) (3.5,9, 8) , 

(x,y, z) (2.5,9, 8) , 

(x,y, z) (3,8.5,8), 

(x,y, z) (3,9.5, 8) , 

E 2000/(~y,lz} for (x,y, z) (2.5,8.5,8), 

(x,y, z) (3.5,8.5,8) , 

(x,y, z) (2.5,9.5,8), 

(x,y, z) (3.5,9.5,8) , 

E ° otherwise. 

The initial condition is given by 

(4.41) C(X,y,z,O} 0. 

The boundary conditions are again (as in the previous test problem) defined as Dirichlet 
boundary conditions: 

{4.42} C(O,y,z,t} c(16,y,z,t} ° 
for VYE [0,16] v Z E [0,16] /\ VtE [0,10], 

{4.43} C(X,O,z,t} c(x,16,z,t} ° 
for VXE[0,16] VZE [0,16] /\ V t E [0,10], 

(4.44) C(X,y,O,t} c(x,y,16,t} ° 
for VYE [0,16] VXE [0,16] /\ VtE [0,10], 

This test problem is described in detail in Zlatev et al. [533]. Numerical results are 
given there. It should only be emphasized that with this test problem several situations (which 
are rather simple but, at the same time, also quite realistic) can be studied qualitatively. 
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4.3.5. Pure advection in three dimensions 

The two test problems that were considered in the previous two sub-sections provide only 
a qualitative information about the solution. Such test problems are very useful, but test 
problems where the exact solution is known (or, at least, some sufficiently accurate 
approximation of the exact solution is available) are also highly desirable. A three 
dimensional pure advection test problem, whose exact solution is known, has been proposed 
by Christensen [70]. This problem is defined by 

(4.45) 

where x, and y, are given, and the space domain is defined by 

(4.46) 

The exact solution of (4.45) is 

(4.47) C(X,y,z,t) = c((x-x1)cos(mt)+(Yl-y)sin(mt)+x1, 

It is convenient to take (x,,y,,z,) = (1,1,1), m = 1 and to define the space domain 
and the time-interval by 

(4.48) XE [0,2], yE [0,2], Z E [0,2], tE[0,2nj. 

It is clear that this is not a restnctlOn (there exists a simple transformation of the 
independent variables by which this could be achieved). It is also clear that if the space 
domain is defined by (4.48), then (x"y"z,) is the centre of the domain. 

Assume that the initial condition is given by the following field of concentrations: 
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(4.49) C(X,y,z,O) c o+99co(1-r"/r) as r' < r and Co > ° 
and 

(4.51 ) c(X,y,z,O) as r* ~ r, 

where 

(4.52) 0.5, Yo 1. 0, 1. 0, r 0.25 

and 

(4.53 ) r' 

This test problem can be considered as a three-dimensional generalization of the two­
dimensional pure advection test problem (4.1) that has been described in Section 4.1. 
However, the test-problem defined by (4.45)-(4.53) is in a way a much more stringent 
problem than (4.1), because the shapes of the iso-surfaccs that are formed by the high 
concentrations change during the transport. The initial iso-surfaces formed by the high 
concentrations are spheres. Under the transport they are transformed into ellipsoids. After one 
full rotation the ellipsoids are transformed back to spheres. It is difficult for the numerical 
methods to re-shape the ellipsoids into spheres. Therefore this is a good test of the three­
dimensional advection subroutines: the numerical algorithms that are applied in these 
subroutines must be able not only to follow the transport along the three-dimensional 
trajectories (which are in general ellipses), but also to transform correctly the shapes of the 
iso-surfaces. 

4.3.6. Common remarks 

The problems discussed in this section are test problems which deal only with the 
advection part and the advection-diffusion part of the models. However, it is not very difficult 
to extend these test problems so that also some of the remaining physical processes are 
involved. It is worthwhile to attach a chemical sub-models to these tests and/or to introduce 
sources in some parts of the space domain. Such extensions can be constructed by following 
closely the devices that were used in the test-problems discussed in the first two sections of 
this chapter. The last test-problem will give much more information about the reliability of 
the numerical method if both chemical reactions and sources are included in it. 
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The three dimensional test-problems are much more difficult than the two-dimensional 
test-problems. They produce huge sets of output data, and it is rather difficult to understand 
the tendencies and to judge correctly the ability of the numerical methods to produce 
sufficiently accurate results. A good graphic subroutines are absolutely necessary in order to 
represent the results in a form that allows us to see the performance of the numerical methods 
(and judge the accuracy of the results). However, even excellent visualization may not be 
sufficient in some situations, because it is also important to see the performance in some 
intermediate stages and to judge the accuracy of some intermediate results. Therefore 
animation of the computational process is the perfect means which allows us to understand 
best the performance of the numerical methods when three dimensional test-problems are 
used. It should be mentioned here that several animation programs have been developed at 
the National Environmental Research Institute and extensively used in the experiments with 
the test-problems (and also with the air pollution models; see also Chapter 10). 

4.4. Concluding remarks and references 
concerning the tests of the reliability 
of the numerical algorithms 

The requirement that the numerical methods (which are applied in the treatment of a big 
air pollution model) are sufficiently accurate is a basic requirement. 

The errors due to the application of approximate al­
gorithms must be less than the errors due to the un­
certainties in the input data (both meteorological data 
and emission data) and in the determination of the 
parameters that are used to describe different physi­
cal processes involved in the models. 

If this condition is satisfied, then one can, as mentioned several times in the previuus 
chapters, study many important topics, such as 

(i) the sensitivity of the output results to changes of different compo­
nents in the meteorological data, 

(ii) the influence of changes in the emission fields on the output results, 

(iii) the sensitivity of the results to changes of different mechanism by 
which the physical processes are described. 

This explains why test problems have been extensively used during the last two decades 
in experiments with models. The pure advection test described in Section 4.1 has been 
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proposed simultaneously in 1968 by Crowley [81 [ and Molenkampf [320]. After that this 
model and/or different modifications of this model have been used in many papers and books. 

In the new LRT AP models advanced chemical reactions are as a rule incorporated. 
Therefore there is a need to check both the accuracy of the numerical algorithms by which 
the chemical reactions are treated and the coupling of the chemical sub-model with the other 
sub-models (the coupling with the advection sub-model being the most important one). 
Special tests in which the chemistry is also checked are discussed in Section 4.2. The 
combination of the rotation tests with tests of the chemical algorithms (and, what is even 
more important, with tests of the accuracy of the procedures used in the splitting of advection 
and chemistry) was probably first suggested in Hov et al. [246]. Now such a test has also 
been used by other authors; see, for example, Odman and Russell [331,332]. 

All tests in Section 4.1 and in Section 4.2 have been performed by using a (96x96) 
grid. However, it is worthwhile to mention here that the pseudospectral algorithm gives good 
results also when a (32x32) grid is used; and even if a (I6x 16) grid is applied; see, for 
example, Zlatev et al. [529]. Also the linear one-dimensional finite element method has been 
run on a (32x32) grid; see Zlatev and Wasniewski [549]. 

The tests described in Section 4.1 and Section 4.2 are very important, but some other 
tests are also needed (in some situations, at least). Other tests of the numerical algorithms that 
can be used in the models (including here tests concerning three-dimensional models) are 
shortly discussed in Section 4.3; these tests are fully described in Christensen [70] and 
Zlatev et al. [529-533]. 



CHAPTERS 

NEED FOR EFFICIENT ALGORITHMS 

"To understand variable stepsize, variable formula (VSVF) codes, a 
crucial first step is to establish stability of the integration". 

L. F. Shampine and W. Zhang: "Rate of Convergence of Multistep 
Codes Started by Variation of Order and Stepsize", SIAM J. Numer. 
Anal.. 27(1990). 1506-1518. 

The discretization of the systems of PDE's, by which the large LRTAP models are 
described mathematically, always leads to very big computational problems. Therefore it is 
crucial to perform efficiently the most time-consuming calculations during the numerical 
treatment of a large air pollution model. Efficiency can be achieved by selecting numerical 
algorithms which are both fast and accurate and by implementing correctly these algorithms 
in the codes by which the large air pollution models are treated numerically. 

This way of achieving efficiency, by selecting numerical methods that are both fast and 
accurate, is more or less traditional. It was and is always used when large mathematical 
models (not only large LRTAP models) are to be handled on computers and, therefore, the 
basic principles are well-known (and more or less well-understood also). One attempts to 
improve the numerical methods selected for the model under consideration or even to develop 
special methods designed for the particular problems that are to be solved. However, it should 
be emphasized here that, while it is quite clear (in principle, at least) what has to be done, 
the actual task of selecting optimal (for the particular problem solved) numerical methods or 
of constructing new numerical algorithms which are especially designed for the problem under 
consideration is as a rule extremely difficult. 

The benefits of a correct choice of numerical algorithms will be demonstrated in this 
chapter by only one example: by explaining the development of self-adaptive algorithms for 
solving the systems of ODE's that arise after the discretization of the advection part of an 
LRT AP model. This example will illustrate the fact that some solid theoretical results from 
the field of numerical analysis are needed in the efforts to design efficient numerical methods 
for large LRT AP models. The example will also explain the difficulties that arise when very 
big application packages (not necessarily large air pollution models) are to be handled 
efficiently on modem computers. The difficulties become greater when non-linear chemical 
reactions are included in the model. It should be emphasized here that while the benefits of 
using this approach in models with simple linear chemistry are obvious, the problem of 
designing the algorithm in the case where non-linear and photochemical reactions are involved 
in the model is still open. Of course, many other examples, where similar difficulties are to 
be overcome, can be given. 

While the use of fast numerical algorithms in the big air pollution codes is necessary, as 
a rule this is by far not sufficient. The codes should normally be run on modem high-speed 
computers (and in the most cases the task of achieving high performance on such computers 
is also an extremely difficult task). The basic principles on which the high-speed computers 
are based will briefly be discussed in Chapter 6. The performance of some modules of the 
Danish Eulerian Model on three types of modern high-speed computers will be demonstra­
ted in Chapter 7 - Chapter 9. 
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5.1. Size of the discretized models 

It is worthwhile to emphasize, once again, the fact that the numerical problems, which 
are to be solved when regional air pollution models are handled on computers, are very 
large. This justifies the search for both fast and accurate numerical algorithms. On the other 
hand, it is almost clear that such algorithms will in general be rather complicated, because all 
simple algorithms have already been tried (many times and with numerous small modifica­
tions) by many authors. 

Consider the air pollution model that has been discussed in Section 2.9. Assume that this 
model is split into five sub-models according to the physical processes that are involved in 
it (see the description given in Section 3.1). Assume also that the number of air pollutants 
which is to be studied by the model is 35. Finally, assume that the space domain is 
discretized by using a (32x32xlO) grid. Then each of the five sub-models leads (after the 
discretization) to a system of 358400 ODE's that is to be treated numerically at each time­
step. To complete the description, it must be stressed that the number of time-steps needed 
to complete the computations in a typical run of the model is usually rather large (several 
thousands if the time-interval is one month). If the calculations with such a model are to be 
performed: 

(i) with a time-stepsize .1t = 15 min., 

(ii) on a time-interval of one month 

and 

(iii) with a start-up period of five days, 

then the number of time-steps needed to complete a run with an air pollution model 
discretized as described above is 3456 (see, for example, Ziatev and Christensen [537], or 
Zlatev et al. [538,539]). 

This simple example illustrates clearly that the computational work needed to treat an 
LRTAP model numerically is enormous. Unfortunately, this is not the whole story. The 
problem is that the chemical sub-model leads to systems of ODE's that are very stiff. The 
problem of stiffness is studied in detail in many books on ODE's (see, for example, 
Butcher [55], Gear [182], Hairer and Wanner [227] or Lambert [280,281]) and in 
connection with many well-known codes (see Butcher et al. [56], Gear [183,184], 
Hindmarsh [241] and Shampine [393,394,397,401]). In the particular case where large 
LRT AP models are treated numerically, the important issue is the fact that the stiffness of 
the chemical sub-model restricts the time-stepsize. As an illustration of this let us mention 
here that the chemical sub-model of the Danish Eulerian Model had to be run with a time­
stepsize .1t = 2.5 min. instead of the time-stepsize .1t = 15 min. which is used in the other 
sub-models. This is a reduction by a factor of six. The small time-stepsize, .1t = 2.5 min., 
will be called the chemical stepsize, while the large time-stepsize, .1t = 15 min., will be 
called the advection stepsize. The fact that different stepsizes are to be used in the chemical 
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sub-model and in the other sub-models means that the actual number of systems of ODE's 
that are to be treated at each of the 3456 advection steps is ten. Thus, the total number of 
ODE's that are to treated numerically at each advection step is 3.584*106• 

In the newest long-range transport models the discretization is carried out by using finer 
grids; (96x96) grids are often recommended in the discretization of the horizontal grid-planes 
when the particular space domain of the model contains the whole continent of Europe. If 
such a discretization is used, then the number of ODE's, which are to be treated numerically 
at every advection time-step, will, roughly speaking, be increased by a factor of nine. It is 
difficult at present to run such large air pollution models on long time-intervals. This is 
especially true when the models are three-dimensional. However, models of this type could 
be used to study episodes (i.e. short periods with very high concentrations). It should also be 
emphasized here that in the near future it would probably be possible to run successfully 
three-dimensional models discretized on fine spatial grids over long time-intervals when new 
and fast computers are used. 

The size of the problems that arise after the discretization of air pollution models can be 
reduced considerably (by a factor of ten in the particular case discussed in this section) when 
the models are considered as two-dimensional models as in Harrison et al. [228], Zlatev and 
Christensen [537] and Zlatev et al. [538-540]. This explains why many LRTAP models 
are still used as two-dimensional models. 

For the sake of completeness, it must be emphasized here, once again, that the size of the 
discretized three-dimensional air pollution models is not the only limiting factor when the 
three-dimensional case is to be treated. The lack of high quality three-dimensional input data 
(both meteorological data and emission data) is very often the most important limitation. 
However, the situation is gradually improving. The computers become faster and faster, and 
there are good reasons to believe that also high quality three-dimensional input data will soon 
become easily available. 

5.2. Efficient implementation of ODE algorithms 

Consider the two-dimensional advection sub-model (which is one of the most important, 
and also one of the most difficult, parts of the computational work when a large air pollution 
model is handled numerically). In Section 3.1 it has been shown, see (3.4), that the 
advection sub-model of an LRT AP model can be written as 

(5.1) 

where s = 1,2, ... , q and q is the number of pollutants, which are to be studied by the 
model. 

Since we shall be interested only in the solution of advection part of the model in this 
section, it is not necessary to consider all q PDE's. The equations in the system defined 
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by (5.1) are independent and, therefore, it is quite sufficient, for our purposes here, to 
consider only one PDE (such a simplification has also been applied in Section 3.2). It will 
furthermore be assumed that the single equation can be written in the following form (see also 
Chapter 2): 

(5.2) - U dC/dX - v dC/dY, 

where x E [O,21t], y E [O,21t] and t E [O,T]. 

Assume again, as in Section 3.2, that the following two conditions are satisfied: 

(i) The space domain of (5.2) is discretized by an equidistant grid 
where 2M+2 grid-points are used along each grid-line which is parallel to 
the Ox axis and 2N+2 grid-points are used along each grid-line which is 
parallel to the Oy axis; see also (3.14) and (3.15). 

(ii) the pseudospectral method (which is based on trigonometric 
interpolants which are truncated Fourier series) is to be applied in the space 
discretization of (5.2). 

The discretization by the pseudospectral method leads, see (3.33), to the following 
system of ODE's (but it must be emphasized here that similar systems of ODE's can be 
obtained when many other discretization techniques are used): 

(5.3) dg/dt - (US+VPS'P) g . 

The different quantities, which are involved in this system of ODE's, are fully described 
In Section 3.2. A brief description is given below. 

(i) The vector g = g(t) contains values of the concentrations at the 
grid-points (ordered by rows). 

(ii) S and S' are block diagonal matrices which are induced by the 
discretization rule used. The matrix S contains 2N + 1 diagonal blocks 
equal to the matrix SM which has been defined by (3.29), while matrix 
S' contains 2M+ 1 diagonal blocks equal to matrix SN which has been 
defined by (3.30). 

(iii) U and V are diagonal matrices, the diagonal elements of which are 
values of wind velocities u and v on the grid-points. 

(iv) P is a permutation matrix. 
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The ODE system (5.3) must be solved numerically. Moreover, it is important to 
choose numerical methods that could be used with as large time-stepsizes as possible. Assume 
that the space discretization gives sufficiently accurate results (or, in other words, that the 
errors caused by the space discretization are sufficiently small). It should be mentioned here 
that in practice it is very difficult to satisfy this requirement (the requirement for sufficiently 
accurate space discretization leads to a requirement of using very fine spatial grids). Let us, 
nevertheless, assume that the space discretization is sufficiently accurate. Then there are two 
major factors that impose restrictions on the choice of a time-stepsize (under the assumption 
that the space discretization is sufficiently accurate): 

(i) the required accuracy of the results 

and 

(ii) the stability of the computations. 

One can select special methods that will be stable for any stepsize (the so-called A-stable 
methods; see, for example, Butcher [55], Hairer and Wanner [227] or Lambert [280,281]). 
Such time-integration methods are very useful in some situations. A typical situation where 
this is true is the case where very stiff systems of ODE's are to be solved (the chemical 
sub-models lead to such systems and, thus, A-stable methods are a good choice in this case). 
However, one should be careful. The A-stable methods are implicit and, therefore, they lead 
to a solution of large systems of algebraic equations which is a very expensive procedure. The 
alternative possibility is the use of explicit methods. The explicit time-integration methods are 
much cheaper, but the stability requirements may restrict the time-stepsize. If the problem is 
not very stiff, then explicit methods can successfully be used. The advection sub-models do 
not lead to very stiff problems, and explicit integration methods with improved stability 
properties (as, for example, these proposed in Ziatev [512]) can successfully be applied in 
the numerical treatment of the systems of ODE's which arise after the discretization of these 
sub-models. 

Assume that explicit time-integration methods are to be applied. Then very often the 
stability requirements (and not the accuracy requirements) impose a limiting restriction on the 
choice of the time-stepsize. Therefore it is essential to select explicit time-integration methods 
that have good stability properties. This means that some stability analysis is necessary before 
the discussion of the selection of particular time-integration methods, which are suitable for 
solution of the system of ODE's (5.3) when this system arises after the discretization of 
the advection sub-model (5.2). It is convenient to carry out the stability analysis for the 
simple test-equation (see Ziatev [512,517,518,521] and/or Ziatev et al. [529]): 

(5.4) ac/at - u ac/ax, 

where the wind velocity u is assumed to be a constant. 

The test-equation given by (5.4) is a PDE analog to the famous test-equation dy/dt 
= -'"Ay that has been used in many studies concerning the stability of ODE systems. 
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Assume now that the pseudo spectral discretization described in Section 3.2 is applied 
to (5.4). The result, which can formally be obtained from (3.33) by setting V = 0 and 
by assuming that U is a diagonal matrix whose diagonal elements are equal to u, is given 
by 

(5.5) dg/dt - USg . 

Assume that the time variable t is varied, as in (5.2), in the interval [O,T], and 
consider an equidistant grid on the time interval: 

(5.6) 

where ~t is the time-stepsize (or, shorter, the stepsize). 

Let gk be an approximation to the exact solution g(tk). Assume also that all 
approximations up to some gk-I have already been calculated. Then an explicit, forward 
stepping, time-integration algorithm for calculating the next approximation gk is given by 
a formula of the following type: 

8 8 
(5.7) gk L u i gk-i + ~t L ~i f k- i , 

i=l i=l 

where s is a given integer and 

(5.8) k 8, 8+1, ... , K, fj -uSg j , j 0, 1, ... , K. 

If s=l, then the method is self-starting; otherwise some starting procedure is needed to 
calculate some approximations gl' g2' ... , gsl of the concentrations at the first s-l time­
steps (the starting concentrations at the grid-points of the space domain, i.e. the components 
of vector go' are to be given). Moreover, the starting procedure may be used (and in fact 
is often used) with some LUI =f ~t. 

The time-integration method that is defined by (5.7) is called the general linear 
multistep method (see, for example, Butcher [55], Gear [182], Hairer et al. [226], Hairer 
and Wanner [227], Lambert [280,281], Lapidus and Seinfeld [283], Stetter [437]). Very 
often the following three algebraic polynomials 
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s 
~s + r <Xi ~S-i , 

i=l 

s 
O'(~) r ~i ~s-i 

i=l 
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are associated with the general linear multistep method (5.7) and used to derive many of the 
properties of these methods. 

The algebraic polynomials defined by (5-9)-(5.11) are used in the three definitions given 
below. These definitions will be needed for the derivation of the main results concerning the 
absolute stability of the numerical time-integration algorithms. 

Definition 5.1. It is said that an arbitrary algebraic polynomial P(z) satisfies the root 
criterion if all roots of P(z) lie on the unit disc (i.e. the disc defined by Iz I :0; I /\ 
Z E C, where C is the complex plane) and if there are roots on the unit circle ( I z I = 
1 /\ Z E C), then these roots are simple. • 

-
Definition 5.2. Let h .!Je an arbitrary complex number whose real part is non-positive 

(i.e. let h E C /\ _Re(h) :0; 0). The linear multistep method (5.7) is said to be 
absolutely stable for h if the third of its associated polynomials, the polynomial (5.11), 
satisfies the root criterion. • 

-
Definition 5.3. The set Subs of all h with h E C /\ Re(h):O; 0 for which the linear 

multistep method (5.7) is absolutely stable is called the absolute stability region of the 
time-integration method. • 

The concept of absolute stability of a numerical method for integration of systems of 
ODE's has been introduced by Dahlquist [87]. The importance of this concept can be 
illustrated as follows. Let u = I. Denote by Ai' i= 1 ,2, ... ,2M+ 1, the eigenvalues of 
matrix S from (5.5), which is induced by the discretization operator used (in our case, by 
the pseudospectral discretization algorithm); this matrix has been defined and studied in 
Section 3.2. Consider 

(5.12 ) i=1,2 ... ,2M+1, 

and 
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(5.13) h = AM. 

The linear multistep method defined by 
applied in the solution of (5.5) with u = I 
absolute stability region Sobs' 

(5.7) will produce stable res!!)ts when it is 
only if .1t is chosen so that h is inside the 

It is highly desirable (especially when large air pollution models are treated numerically) 
to use as large as possible time-stepsizes .1t, because the computing time is proportional to 
the number of time-steps. However, the above analysis shows clearly that both the space 
discretization method used and the linear multistep time-integration method selected impose 
some restrictions on the choice of the time-stepsize. The eigenvalues of matrix S, see (5.5), 
depend on the space discretization applied in the advection part of the air pollution models 
studied, while the absolute stability region Sobs depends on the particular linear multistep 
method chosen. 

It will be shown in this section that some stability bounds for the time-stepsize ~t can 
be derived by exploiting some specific properties of the special problem under consideration 
(the advection parts of large air pollution models). These stability bounds can be used: 

and 

(i) to construct special linear multistep methods and predictor-corrector 
schemes for which the bounds are large 

(ii) to apply the linear multistep methods and the predictor-corrector 
schemes so constructed with values of ~t which are close to the bounds 
found. 

Some preliminary information concerning the eigenvalues of matrix S is needed. Such 
information is given in the following two lemmas. Lemma 5.1 is a simple modification (for 
our purposes) of a result obtained by Kreiss and Oliger [270]; see also Fornberg [169]. 
Lemma 5.2 is a simple corollary from Theorem 2.10.2 in Lancaster [282] (see also [180]). 

Lemma 5.1. Matrix S from (5.5) is anti-symmetric] and its eigenvalues form the set 

(5.14) A (-M+j)i/j, j=O,1, ... ,2M, i 2=-1}. • 
Lemma 5.2. Any anti-symmetric matrix S is orthogonally similar to the diagonal matrix 

of its eigenvalues, i.e. there exists an orthogonal matrix H such that 

1 The term "skew-symmetric matrix" is often used instead of "anti-symmetric 
matrix". A matrix is anti-symmetric if a ij = -a j • holds for all of its 
elements. 
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(5.15) s 

where matrix A is a diagonal matrix the diagonal elements of which are the eigenvalues of 
matrix S. • 

A stability bound for the largest time-stepsize ~t that can be applied in the numerical 
integration of (5.5) by a linear multistep method can be obtained by using these two 
lemmas. 

and 

Theorem 5.1. Assume that 

(i) himag is the length of the interval on the positive part of the 
imaginary axis (containing the origin) which belongs to the absolute stability 
region Sabs of the linear multistep method defined by (5.7) 

(ii) the number of grid-points used in the space discretization is 2M+2. 

Then the application of the linear multistep method defined by (5.7) in the solution of 
(5.5) with any constant u =1= 0 leads to a stable computational process if the time-stepsize 
~t is chosen so that 

(5.16) I u I rMt < h imag • 

Proof. Use (i) the fact that the eigenvalues of matrix S are given by (5.14) from 
Lemma 5.1, (ii) the relationship (5.15) from Lemma 5.2, and (iii) the substitution HTg 
= z to split the system (5.5) into a set of 2M+I independent ODE's: 

(5.17 ) dz~/dt iu (-M+~) z~, 0,1, ... , 2M, i J -1 . 

The computational process that is carried out during the solution of any of the 
independent ODE's in (5.17) will be stable (see, for example, Dahlquist [87]) if lu I 
I-M+1l1 ~t < himag• Global stability, for the whole set of equations (5.17), will obviously 
be achieved by choosing the time-stepsize ~t so that (5.16) is satisfied (because A = 
max(I-M+IlI) = M for 11 = 0,1, ... , 2M). • 

The relationship (5.16) is derived under the assumption that x E [0,21t]. However this 
is not a restriction. If x E [a,b], then it is easy to derive the following relationship 
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(5.18) M < [himagl (I ul M)] [(b-a) I (21t)] . 

Both (5.16) and (5.18) are valid in the case where the number of grid-points used in 
the space discretization is even (2M+2 grid-points). This is not a restriction either. If the 
number of grid-points used in the pseudospectral discretization is odd (say, 2M+ 1 grid-points), 
then a relationship for ~t can be obtained from (5.16) and (5.18) by replacing M with 
M -I. The bound for ~t that corresponds to (5.18) is gi ven by 

(5.19 ) M < {himag/[lul (M-1)]}[(b-a)/(21t)] . 

The linear multistep method (5.7) and the time-stepsize ~t used in the numerical 
integration of (5.5) were discussed until now. However, the system of ODE's (5.5) is not 
a general system of ODE's. This system has several special properties arising from the fact 
that it is found after the pseudo spectral discretization of the space derivative in (5.4) on the 
points of some grid of type (3.14). Therefore, 

it· is necessary to relate the time-stepsize ~t 

to the space increment Ax. 

Consider the case where the spatial grid contains 2M+ 1 points. Then the relationship 
~x = (b-a)/2M holds, and the following stability bound is obtainable: 

(5.20 ) M < { [himagl (I ul1t)] [MI (M-1)] } ~. 

The bound of the time-stepsize that is given by (5.20) is only valid for the one­
dimensional case; this is also true for the previous bounds (5.16) and (5.18). The following 
bound for the two-dimensional case is based on some heuristics (see also Ziatev et al. [529]). 
Assume that the two-dimensional problem (5.2) is defined for 

(5.21) and t E [0, T] . 

Assume also that ~x = ~y and M = N (where 2M+I is the number of grid-points 
along the grid-lines parallel to the Ox axis, while 2N+ I is the number of grid-points along 
the grid-lines parallel to the Oy axis). Let the quantities u* and v* be defined by 

(5.22) max ( I u (x, y, t) I ) 
XE [a1 , b 1 ], yE [a1 , b 1], tE [0 , T] 
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(5.23) max (iv(x,y,t)i) 
XE [a1, b1l, yE [a1, b1l, tE [0 , T 1 

Then the following bound for ~t will normally ensure stable computations when a 
linear multistep method (5.7) is used: 

(5.24 ) 

Consider now the last bound for ~t. This relationship shows clearly that the length of 
the time-stepsize that could be used in the numerical integration with a formula of type (5.7) 
is limited by the following factors: 

1. the particular problems solved (through the quantities 
u' and v*), 

2. the pseudospectral discretization used (through both the 
number of grid-points and the space increment), 

3. the particular time-integration method chosen (through 
its stability interval on the positive part of the imagin-
ary axis). 

Of course, the accuracy that is required may also be a limiting factor for the time-stepsize 
~t. This may be crucial for the choice of ~t in certain situations. Let us assume temporarily 
that the accuracy is not a limiting factor. Let us also assume that the spatial grid is fixed. It 
is clear that if such an assumption is made, then an efficient time-integration algorithm 
is a time-integration algorithm that can produce stable results with as large values of 
himag as possible. 

It is well-known that there are some restrictions when integration algorithms of type (5.7) 
are to be used: the value of hi mag cannot exceed some bounds. These restrictions are 
discussed in Zlatev [512] and in Ziatev et al. [529]; the results in these two references are 
deduced from more general results in leltsch and Nevanlinna [259]. These results can be 
summarized in the following theorem. 

Theorem 5.2. Consider the class of linear multistep methods that is defined by (5.7). 
Let y be an arbitrary real number in the interval [0,1] and let s E {2,3,4}. Then there 
exists a particular linear multistep method of order p=s in the class defined by (5.7) for 
which himax = Y. • 
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The upper bound (which can be achieved by taking y = 1) can be obtained by the 
leap-frog rule (this is a second-order formula. which is often called the explicit mid-point 
rule). It is easily seen that the leap-frog rule can be found from (5.7) by setting s=2. a 1 

= O. ~ = 1. ~l = 1 and ~2 = O. This means that the leap-frog rule is in some sense 
optimal when the class of linear multistep methods (5.7) is considered. However. the value 
himag = 1 is too small in many cases. Therefore it is often desirable to construct integration 

methods which can be used with a larger time-stepsize (this implies that for such methods the 
relation himag > 1 must be satisfied). It is necessary to consider a wider class of integration 
methods in order to be able to obtain methods with himag > 1. Such a wider class. the class 
of predictor-corrector schemes with several different correctors. can be introduced by 
following formulae. 

Jl [0) ViOl 

(5.25) g~O) E a lO ) 
gk-i + & E ~IO) f k - i , , 

i=l i=l 

(5.26) f [0) 
k (US+VPS'P) g~O) , 

Jl [r) vir) 

(5.27) g~r) E air) 
gk-i + & ~6r) f [r-l) + Llt E ~Irl f k - i , , k 

i=l i=l 

(5.28) fir) 
k (US+VPS'P) g~r) , 

where r = 1.2, ...• q; q> 1 being a given integer. It is assumed that 

(5.29 ) s Jl1q),v[q)) • 

Then the formulae (5.25)-(5.28) are used for 

(5.30) k S, s+l, ... , K. 

If s= 1, then the scheme is self-starting. If s> 1. then a starting procedure is needed to 
find some approximations to the solutions gj and the right-hand side vectors ~ = 
(US+ VPS'P) gj for j= I ,2 •...• s-1. 

The method defined by the above formulae is called a predictor-corrector scheme. The 
practical implementation of the formulae (5.25)-(5.28) in the numerical treatment of a system 
of ODE's can be explained as follows. A prediction of the solution is calculated by using 
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(5.25). The prediction is used in formula (5.26) to evaluate the right-hand side of system 
(5.3). After that q corrections are computed by using (5.27). Each correction is followed 
by an evaluation, (5.28), of the right-hand side. After the last evaluation of the right-hand 
side of (5.3), one sets gk = g[q] and fk = t1q]. Thus, everything is ready to start the next 
time-step; the time-step k+ 1. 

Normally the· same corrector formula is used in (5.27). The use of different corrector 
formulae provides more flexibility, which is important when particular predictor-corrector 
schemes with large ~mag are to be found. 

The possibility of finding some special predictor-corrector schemes from the class (5.25)­
(5.28) that can be applied with large time-stepsizes Llt is seen from the following theorem. 

Theorem 5.3. Consider the test-problem (5.4). The absolute stability interval on the 
positive part of the imaginary axis for a predictor-corrector scheme with q correctors from 
the class (5.25)-(5.28) is given by 

(5.31) o :::; h imag :::; q+ 1 . • 
Theorem 5.3 tells us that it is possible, in principle at least, to construct a predictor­

corrector scheme with, say, three correctors whose absolute stability interval on the positive 
part of the imaginary axis is close to four. This is about four times greater than the maximal 
value that can be achieved when a single linear multistep formula (5.7) is used (see 
Theorem 5.2). However, the computational work per time-step is also increased by a factor 
of about four when a predictor corrector scheme with three correctors is used instead of a 
single linear multistep formulae. Furthermore, every formula in a predictor corrector scheme 
with three correctors (possibly different) is normally more complicated than the simple leap­
frog rule for which the maximum absolute stability interval is achieved in the class of linear 
multistep formulae (5.7). 

The above considerations are used by some authors to justify the statement that the leap­
frog rule is in some sense optimal among the explicit integration schemes (the predictor­
corrector schemes with a fixed number of correctors are usually considered as explicit 
methods). In general, this is true. However, in many big application codes there are other 
factors which should be taken into account. There are at least two reasons for using larger 
time-stepsizes in the treatment of the advection phenomena in a large air pollution model; 
even when the number of formulae needed to ensure stable computations with such large 
stepsizes is greater than one. The first reason is connected with the fact that some quantities 
(as, for example, the wind velocities) are to be calculated only once per time-step. The 
second reason is connected with the other physical phenomena (excluding the chemical part): 
if these can be treated with a large time-stepsize, and as a rule they can, then it is desirable 
to be able to apply a large stepsize also when the advection is handled. These and some other 
reasons are discussed in Zlatev [512]. 

There is another difficult problem that has to be solved when efficient predictor-corrector 
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schemes are to be used in large air pollution models. This problem is connected with the 
construction of schemes with large himag . Theorem 5.3 is not a constructive theorem; it only 
states that predictor-corrector schemes with himag "" q+ I (where q is the number of corrector 
formulae used) may exist. Such schemes are to be found in some way. In Zlatev [512] this 
has been done by using an optimization process (with the Harwell subroutine V AlOAD; see 
Harwell Subroutine Library [229]). In this process 

(5.32 ) !l [0] !l [1] !l [q] 2 

was set (in the next section it will be explained why such a requirement is imposed). If the 
choice (5.32) is made, then the following relations are satisfied: 

def 
(5.33 ) r=1,2, ... ,q. 

The parameters air] (r=0, 1 , ... ,q) were used as free parameters (i.e. a set of parameters 
air] was searched during the optimization process for which the predictor-corrector scheme 
has as large as possible himag subject to some restrictions on the error constants; see Zlatev 
[512]). 

Some predictor-corrector scheme that have been obtained during the optimization process 
are given in Table 5.1; see again Zlatev [512]. Note that all predictor-corrector schemes 
listed in Table 5.1 are with different correctors. When different correctors are used, one has 
more free parameters in the optimization process. This leads, as a rule, to determining 
predictor-corrector schemes with longer absolute stability intervals on the positive parts on 
the imaginary axis. Plots of the absolute stability regions of the predictor-corrector methods 
found can also be drawn; some plots are given in Zlatev and Berkowicz [526]. 

5.3. Need for an automatic adjustment of the stepsize 

It has been assumed until now that the accuracy requirements do not cause any trouble. 
This is, of course, not always true. Very often one have to take into account both the accuracy 
requirements and the stability requirements. This can be done by using the so-called variable 
stepsize variable formula methods. The variable stepsize variable formula methods allow 
us to adjust dynamically (according to the local requirements at the current time-step) the 
time-stepsize and, thus, to try to optimize further the computational process. These methods 
are especially very efficient when the wind velocity norms vary too much in the different 
parts of the time-integration interval. Therefore the variable step size variable formula methods 
are very useful in some situations and deserve some special attention. Variable stepsize 
variable formula methods based on predictor corrector schemes with large absolute stability 
intervals on the positive parts of the imaginary axis will be discussed in the following 
sections. 
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The space discretization of any large LRT AP model leads to the solution of several 
systems of ODE's (assuming here that the discretization is applied together with some 
splitting procedure; as that described in Chapter 3). The systems of ODE's are normally 
solved numerically by step-by-step time-integration algorithms. It is important to carry out 
the solution process in an efficient way. It has been explained in one of the previous sections, 
Section 5.2, that the code should try to select (at every time-step) as a large time-stepsize as 
possible. In this way the number of time-steps can be reduced and, therefore, this will lead 
(when correctly implemented, at least) to improving the efficiency of the computational 
process. The method is applicable for any computer and will also result in better performance 
on any computer, when it is correctly implemented. 

Number Type Stability 
ofcorrec- of the predictor-corrector interval 

tors scheme himag 

1 

2 

:{ 

(-0.0041,1.9884)-P2EC3E 1.995 
(-0.8440,1.8841)-P3EC4E 1.733 

(-1.5909,0.3748,0.7710)-P2EC2EC2E 2.330 
( -1. 7631,0.5577 ,0.0044)-P 2EC2EC3E 2.462 
(-1.7631,0.5577,0.0044)-P 2EC3EC4E 2.842 

( 0.2885,0.9980,0.3446,1.0233)-P 2EC2EC2EC2E 3.345 
( 0.0375,0.3510,0. 7124,0.0336)-P 2EC2EC2EC3E (-2.1687- 3.296 
,0.2109,0.3695,0.2191)-P 2EC2EC3EC4E 3.147 

Table 5.1 
Absolute stability intervals for some predictor-corrector schemes 

which may have several different correctors. 
Pi is a predictor formula of order i. 

E is an evaluation of the right-hand side. 
Ci is a corrector formula of order i. 

The figures in brackets are the values of the parameters u" r=I,2, ... ,q, 
found during the optimization procedure. 

It is rather difficult to develop efficient air pollution codes, which will automatically try 
to select the largest possible time-stepsize at every time-step. The general purpose codes for 
the numerical solution of systems of ODE's are usually designed in such a way that the 
time-stepsize is changed by a small amount and, moreover, after each change of the time­
stepsize several steps are carried out with the same stepsize; see, for example, Gear [182-
184,186-188], Hindmarsh [240-242], Krogh [271-274], Petzold [351,352], Shampine [393-
402], Shampine and Gordon [404]. This is not a good strategy when air pollution codes are 
handled; especially when the advection part of the model is handled (which is one of the most 
important and also one of the most time-consuming processes during the numerical treatment 
of large air pollution models). In the latter situation, i.e. for the important advection sub­
models of large air pollution models, the time-stepsize depends strongly on the wind 
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velocities, which change, as a rule, rather rapidly. Therefore the variation of the time-stepsize 
in the algorithms by which the advection sub-model is treated should be designed so that 
during the whole integration process 

tJteVJlriation of thHime-stepsize.foDows the variation of 
<1erWnnorms of the wind· veloeities in the space region 
·oHbe model. 

The solution of this important (and difficult) numerical problem will be discussed in next 
sections. 

5.4. Variable stepsize variable formula methods 

Consider again the advection part of a large air pollution model. Assume that the 
advection sub-model is discretized by a pseudospectral algorithm as described in Section 
3.2. This is not a very restrictive assumption. Many of the ideas can also be applied when 
other discretization algorithms (as, for example, finite elements) are applied. However, it will 
be much easier to carry out the presentation when a particular space discretization is 
considered. 

It has been shown (see Section 3.2 and Section 5.2) that the discretization by the 
pseudospectral algorithm on a (2M+ 1) x (2N+ 1) grid leads to the following system of 
ODE's: 

(5.34) dg/dt - (US+VPS'P) g . 

The notation used in (5.34) is described in Section 3.2 and in Section 5.2. The 
description will not be repeated here. 

It should be mentioned again that a system of ODE's of the same type as (5.34) can 
be obtained not only when the pseudospectral algorithm from Section 3.2 is used, but also 
with some other discretization rules (the use of any of the other discretizations, which lead 
to the same type of system of ODE's, will change only the matrices Sand S*). It should 
also be mentioned that many of the conclusions that will be derived in this section under the 
assumption that system (5.34) is obtained by the particular pseudospectral algorithm 
described in Section 3.2 are valid for other space discretization algorithms that lead to the 
systems of ODE's of the same type as (5.34). Some space discretizations (as, for example, 
some finite element methods) will lead to systems of ODE's that are not of the same type 
as (5.34). Nevertheless, as mentioned in the beginning of this section, many of the ideas can 
also be applied for such discretizations. 
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It has been shown in the previous section that predictor-corrector schemes with several 
different correctors can successfully be used in the numerical integration of the system of 
ODE's (5.34). It is desirable to use such a scheme with as a large time-stepsize .M as 
possible. However, there is a restriction on the time-stepsize: it has been shown in Section 
5.2, see (5.24), that one should expect the computational process to be stable when the 
relationship 

(5.35) oM < {hirnag / [(u'+V')1tl} [M/ (M-l) 1 rue 

is satisfied. This relationship is derived under the assumption that the same numbers of grid­
points are used along the two horizontal axes and that the space increments are equal; i.e. 
M = Nand ilx = ily. However, this assumption can easily be removed (see, Zlatev et al. 
[529]). 

The quantity himag is called the absolute stability interval on the positive part of the 
imaginary axis (see again Section 5.2). The size of himag depends on the predictor-corrector 
scheme used. It has been shown in Section 5.2 how to choose the predictor-corrector 
schemes in order to get as large himag as possible. However, the direct use of (5.35) in the 
time-integration of a large systems of ODE's may (in some situations, at least) be very 
inefficient; even when himag is optimal. Therefore it is important to start the work towards 
the development of a procedure for an efficient stability control at every time-step with the 
solution of the following important task. 

:fb~n1ain task, which is to be performed when both the space 
discretiZation method and the time-integration algorithm are al­
ready chosen, is. to modify (5.35), so that the modified formula can 
easily be USed to adjust locally the time-stepsize (trying to select as 
a large time-stepsize as possible at every time-step). 

The quantities u' and v' are the maximal values of the wind velocity functions 
u(x,y,t) and v(x,y,t) that are defined as 

(5.36 ) max (Iu(x,y,t) I), 
XE [a1, b1l, YE [a2 , b 2 1, tE [ 0 , T 1 

(5.37) v* max ( I v (x, y, t) I ) 
XE [a1, b1l, YE [a2 , b 2 1, tE [0 , T 1 

Assume now that the space discretization scheme is fixed (i.e. M = Nand Llx = ily 
are given). Assume that also the time-integration scheme is fixed (with some absolute stability 
interval himag). Then the maximal time-stepsize that can be used depends only on the 
particular problem solved (through the quantities u' and v'). 
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In many treatments of LRT AP models, one is interested in running the model over a 
long time-integration interval, very often one year (in order to obtain some information about 
the seasonal variations of the concentrations; see, for example, Harrison et al. [228], Zlatev 
[515,517,520], Zlatev and Christensen [536,537] or Zlatev et al. [532-535,538-540]). If this 
is the case and if there are, say, two-three very stormy days, then the numbers u' and/or 
v* will be very large and the time-stepsize calculated by (5.35) will be very small. This 
situation is very unfortunate, because if the stormy days are removed, then it would be 
possible to carry out the time-integration with much larger time-stepsizes (and, thus, the 
number of time-steps could be reduced considerably). The example given here is very 
illustrative. It shows that in some cases it will be worthwhile to try to perform the computa­
tions with different time-stepsizes at the different parts of the time-interval. This can be done 
in the following way. 

Assume that the time-integration process is completed up to some temporal point t E 

(O,T) and that it is desirable to calculate the concentrations at the next temporal point t + 
~t with as large ~t as possible. This means that at time t it is necessary to determine 
some optimal time-stepsize ~t. The relationship (5.35) can be relaxed if an optimal (or 
nearly optimal) time-stepsize has to be determined at every time-step. Let t' and (* be two 
real numbers that satisfy the relationships 

(5.38) o :0; t* :0; t, t + ~t :0; t" :0; T. 

Consider the quantities u ** and v instead of u * and v' respectively: 

(5.39) u * * max (Iu(x,y,t) I), 
XE [au b 1 ] , yE [au b 1 ] , tE[t*,t"] 

(5.40) v * * (Iv(x,y,t) I) max 
XE [a1 , b 1 ] , yE [au b 1 ] , tE [t *, t **] 

It is worthwhile, see also Zlatev [512] and Zlatev et al. [529,532], to replace the 
relationship (5.35) by 

(5.41) ~t < {himag /[(u"+v")1t] [M/(M-1)]} ~. 

If this is done and if the interval [(,t'*] is a sufficiently small neighbourhood of the 
current temporal point t (that contains t + ~t), then the bound for the time-stepsize that is 
given in (5.41) will be in many cases much less restrictive than that given in (5.35). 

The use of (5.41) in the determination of the time-stepsize is not sufficient to ensure an 
efficient computational process. The problem is that, while one should expect a time-stepsize 
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calculated by (5.41) to ensure stable computations, such a stepsize may be too large and, 
therefore, the calculations with such a time-stepsize may lead to inaccurate results. This 
means that one has to keep the balance between the requirements for stable computations and 
the requirements for accurate results. 

It is relatively cheap to obtain some estimation of the accuracy of the calculated solution 
when predictor-corrector schemes with several different correctors are used. Some norm of 
the difference between the solution calculated by the last corrector and the solution calculated 
by the predictor (or one of the previous correctors) gives normally a good estimation of the 
error in the approximate solution calculated by the last corrector. 

The above discussion shows clearly that both the accuracy of the numerical solution and 
the absolute stability of the computations can efficiently be controlled at every time-step when 
predictor-corrector schemes are used in the numerical integration of system (5.34). Therefore 
it is possible (although this is a very difficult task) to develop a robust integration algorithm 
in which both the accuracy of the calculated solution and the absolute stability of the 
computational process are controlled in a reliable way, and (what is even more important), 
an attempt to perform the numerical integration of the advection sub-model with as large 
time-stepsizes as possible is carried out at the same time. The main ideas, on which such an 
algorithm is based, can be sketched as follows (more details can be found in Ziatev 
[512,517,521], Ziatev and Berkowicz [526] and Ziatev et al. [529,532]). 

Consider an arbitrary time-step n. At the end of this time-step (i.e. when the calculations 
with the last corrector of the predictor-corrector scheme have already been performed) an 
error estimation of the accuracy of the calculated approximate solution is computed. The error 
estimation is used to accomplish two tasks: 

(i) To decide if the step has been successful (i.e. whether the approxi­
mate solution that has been calculated at the current time-step satisfies some 
prescribed accuracy requirements given by some error tolerance). If the step 
has not been successful, then it is rejected and the calculations arc repeated 
with a smaller time-stepsize. 

(ii) To calculate (in the case where the step has been judged as success­
ful) a time-stepsize that is as large as possible and, moreover, such that one 
should expect to obtain at the next step a sufficiently accurate approximate 
solution with this time stepsize (according to some prescribed error 
tolerance ). 

The device based on the above two rules is a well-known algorithm (and also a rather 
well-understood algorithm) that is commonly used in the development of modern self-adaptive 
ODE codes (see, for example, Gear [182-184,186-188], Hindmarsh [240-242], Krogh [271-
274], Petzold [351,352], Shampine [393-402], Shampine and Gordon [404]). This is an 
excellent technique when the accuracy requirements are dominant over the absolute stability 
requirements (i.e. when only the accuracy is limiting the time-stepsize). If this is true, then 
the time-stepsize calculated at this stage (by using accuracy considerations only) will also 
ensure stable computations. 
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Even in the case where the accuracy is not the limiting factor for the time-stepsize of the 
integration algorithm, one can still use the above criterion (with some safety factor) to 
determine the time-stepsize. Moreover, the criterion is very often used in cases where the 
accuracy is not the limiting factor for the time-stepsize and the results are satisfactory. The 
reasons for this can be explained as follows. It can be shown, see Shampine [393,398,401], 
that if the absolute stability requirements are dominant and if the time-step size is determined 
by using accuracy requirements only, then a good time-integration code will produce 
sufficiently accurate results, but the calculations will normally be rather inefficient. Some 
price has to be paid when the absolute stability requirements are neglected. Assume that step 
n has been carried out by a time-stepsize that is sufficiently small, so that the calculations 
have been stable. Then the error is small and the next time-stepsize (calculated by the code 
will be large). This will as a rule lead to unstable computations. The absolute instability will 
manifest itself by producing a large error estimation (see again Shampine [393,398,401]). If 
large errors are obtained during the error estimation test, then this will imply either a rejection 
of the time-step (when the errors exceed the prescribed error-tolerance) or computations with 
a small stepsize at the next time-step (when the errors are large, but still under the prescribed 
error-tolerance). 

There are many excellent general-purpose ODE codes, which are based on the direct use 
of (i) and (ii) (as, for example, the codes proposed in Gear [182-184,186-188], 
Hindmarsh [240-242], Krogh [271-274], Petzold [351,352], Shampine [393-402], Shampine 
and Gordon [404], Shampine and Watts [405]). The above analysis indicates that the codes 
based on (i) and (ii) will not always be very fast. It is also necessary to take into account 
the absolute stability requirements during the integration process. This is, in fact, done in 
some of the codes described in the above references. On the other hand, all these ODE 
codes are general-purpose codes, and it is very difficult to deal with the absolute stability in 
the general case. In the special case, however, where the advection part of a large LRTAP 
model is to be treated numerically, a much more efficient device based on (5.41) can be 
designed by exploiting the special properties of the particular problem treated. Assume that 
the calculations with (i) and (ii) have been used to determine a potentially optimal (with 
regard to the accuracy of the computations) time-stepsize at the end of a successful time-step 
n. Assume also that the calculations at the next time-step, step n+ 1, have been started and 
that the wind velocity field for step n+ 1 has been calculated. Then the tasks (i) and (ii) 
are to be followed by a third task: 

(iii) Calculate the right-hand side of (5.4l), and if the quantity obtained 
is smaller than the time-stepsize computed in (ii), then reduce the time­
stepsize so that it becomes smaller than the right-hand side of (5.41); here 
some safety factor can be applied, see Zlatev et al. [532]. 

The device that is determined by (i)-(iii) takes into account both the accuracy 
requirements and the absolute stability requirements of the particular problem solved. 
Therefore it should work in a robust and efficient way when it is correctly implemented. 
However, it must be emphasized that it is not an easy task to implement this device correctly. 
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The time-stepsize can be varied from one step to another when the device described 
above is used. However, one can also vary the formulae in order to ensure greater flexibility. 
This leads to variable stepsize variable formula methods (VSVFM's) for numerical 
integration of large systems of ODE's. The first methods of this type have been devised in 
the end of 60'ies and in the beginning of 70'ies (see Gear [183,184], Krogh [272]). Now 
variable stepsize variable formula methods are often used in practice. However, it must be 
emphasized here that the variable stepsize variable formula methods are not always the best 
choice. In some cases the traditional methods, let us call them constant stepsize constant 
formula methods (CSCFM's), may be a good choice. 

One of the difficulties that are to be overcome when a VSVFM is to be implemented 
is connected to the so-called zero-stability. It is nearly trivial to ensure zero-stability when 
a CSCFM is used. The situation change (or, at least, may change) when VSVFM's are 
used, because the zero-stability properties of the predictor-corrector schemes may be lost 
during the transition from a CSCFM to a VSVFM (see, for example, Gear [186], Gear 
and Watanabe [191], or Zlatev [511,512,518,521]. This means that one should be careful 
when the set of formulae is selected and when a strategy for varying the time-stepsize is 
designed. The problems connected with the zero-stability of the time-integration methods will 
be treated in the next section. A formal definition of a variable stepsize variable formula 
method will also be given in the next section. 

5.5. Zero-stability properties of the VSVFM's 

A variable stepsize variable formula method, a VSVFM, can be based on a set F = 
{F"F2, ••• ,F ml of m underlying predictor-corrector schemes. Of course, this is an example 
only; the VSVFM can be based on other integration methods. However, the basic ideas 
remain the same. The exposition of the main results can be facilitated by considering only 
predictor-corrector schemes. 

The j'th predictor-corrector scheme Fj (j=1,2, ... ,m) of the set F is given by 

IljO] v]O] 
J 

(5.42) g~O' = E ala] 
gk-i + i1t E ~'O] f k- i , F J L 

i=l i=l 

(5.43) f~O] (US+VPS*P) g~O] , 

Iljr] vIr] 
J 

(5.44) g~r] = E aiel gk-i + M F 
~Ir] 

JL 
f Ir-l] 

k + M E ~Ie] 
F 

f k_i , 

i=l i=l 

(5.45) fIr] 
k (US+VPS*P) g~r] , 
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where r = 1,2, ... ,qj; qj > 1 being some given integer. It is also assumed that the integer 
parameter Sj is determined by 

(5.46) 

It is clear that the formulae (5.42)-(5.45) that form the predictor-corrector scheme Fi 
can be used in the calculation of approximations to the solution of (5.34) when 

(5.47 ) k 

In many situations it is desirable to use the set of predictor-corrector schemes F = {F!,F2, 

... , F m} in a VSVFM. This means that the equidistant time-discretization (5.6) from 
Section 5.2 should be replaced by a non-equidistant grid: 

(5.48 ) 

where ~tk is the time-stepsize at time-step k (the term stepsize will, as mentioned in the 
previous sections, be used when there is no danger for misunderstanding). 

Assume that s=Sj and consider the vector 

(5.49) 

If the j'th predictor-corrector scheme Fj from set F is to be used at time-step k and 
if the temporal grid is given by (5.48), then the coefficients in the formulae that are actually 
used in the computations will depend on the components of the vector ~t~j (see, for example, 
Zlatev [512,521]). More precisely, in such a case the actual computations at time-step k will 
be carried out by the formulae: 

IljOJ VIOJ 
J 

(5.50 ) g~OJ = L aj~J (M~j) gk-i + M L ~j~l (M~j) f k _i I 

i=l i=l 

(5.51) f [OJ 
k (US+VPS'P) g~OJ , 



(5.52) 

(5.53) 
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g~r) = L aiI) (M~j) gk-i + 

fir) 
k 

i=l 

V lrl 
] 

+ L M k - i ~n) (M~j) fk-i' 
i=l 

(US+VPS'P) g~r) . 
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It should be stressed here that if the same time-stepsize has been used during the Sj last 
time-steps, then the formulae (5.50)-(5.53) are reduced to the underlying predictor-corrector 
scheme with constant coefficients; i.e. to the scheme given by (5.42)-(5.45). It should also 
be stressed that the order of the scheme (5.50)-(5.53) is the same as the order of the 
underlying predictor corrector scheme (5.42)-(5.45). 

The concept of absolute stability was introduced and studied in the previous sections. 
There is a weaker concept, the concept of zero-stability, that becomes important when 
VSVFM's are used. Roughly speaking, a linear multistep method (when it is implemented 
as a CSCFM) leads to a stable computational process for a given ~t if it is absolutely 
stable. The absolute stability of a time-integration method is related to the distribution of the 
roots of the polynomials (5.11). Again roughly speaking, the zero-stability could be 
considered as a limiting case of the absolute stability, as absolute stability for ~t = O. 

This shows that the zero-stability properties of a linear multistep method (5.7) are 
related to the distribution of the roots of the polynomial (5.9). More precisely, this 
polynomial must satisfy the root criterion: all roots of this polynomial should be inside the 
unit disc and if there are roots on the unit circle these must be simple (see Definition 5.1 and 
Definition 5.2 in Section 5.2). 

The statement made above is true under the assumption that single linear multistep 
formulae are used. However, the results can easily be extended for predictor-corrector 
schemes. In the latter case, it could be shown that the zero-stability properties of the whole 
predictor-corrector scheme depend on the zero-stability properties of its last corrector: if the 
last corrector of a predictor-corrector scheme is zero-stable, then the predictor-corrector 
scheme is also zero-stable; see Ziatev [521]. 

If CSCFM's (either single linear multistep formulae or predictor-corrector schemes with 
several correctors) are considered, then it is a rather easy matter to guarantee the zero-stability 
of the computations: one should only use formulae for which the polynomial (5.9) satisfies 
the root criterion, and it is rather easy to build such integration methods. However, the 
situation changes when VSVFM's are to be used. In the latter case, it is not sufficient to use 
zero-stable underlying formulae in order to ensure the zero-stability of the VSVFM based 
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on these underlying formulae. In other words, the zero-stability properties may be lost in the 
transition from CSCFM's to VSVFM's. An example where this happens is given in Gear 
and Watanabe [191]; see also Ziatev [511,512,518,521]. 

The problem of preservation of the zero-stability of the VSVFM's (such a problem does 
not exist at all when zero-stable CSCFM's are handled) must be solved in some way. There 
are many solutions of this problems. The simplest one is probably the use of the so-called 
two-ordinate underlying predictor-corrector schemes. A predictor-corrector scheme defined 
by (5.42)-(5.45) is a two-ordinate scheme if 

(5.54) 2, r=O,l, ... ,q. 

If a predictor-corrector scheme is two-ordinate, then the requirement to have order of 
accuracy at least equal to one leads to 

(5.55) a ir] 
j2 r=O, 1, .,. ,q 

If aj;l = 1, then aj;l = 0 and the predictor-corrector scheme is in fact one-ordinate; 
such predictor-corrector schemes are normally called Adams schemes. 

It is easily seen that any formulae (the predictor or any of the correctors) in a two­
ordinate predictor-corrector scheme is zero-stable if o:s; aI;] < 2, because if this condition 
is satisfied, then all roots of the zero-stability polynomials derived from (5.9): 

(5.56 ) r=O, 1, ... ,q, 

are inside the unit disc (and if there are roots on the unit circle, then these are simple roots). 
In fact, the roots of (5.56) are <;1 = 1 and <;2 = - 1 + aW-

If all underlying predictor-corrector schemes (the schemes from set F) are two-ordinate, 
then any VSVFM which is based on them is also two-ordinate; i.e. its formulae satisfy rela­
tionships that are quite similar to those described by (5.54) and (5.55). 

The use of a set of two-ordinate predictor-corrector schemes in the construction of 
VSVFM's is important, because it can be proved that the VSVFM's whose underlying 
predictor-corrector schemes are two-ordinate and zero-stable are also zero-stable under some 
very mild assumptions (i.e. the zero-stability properties of the underlying predictor-corrector 
schemes are preserved in the transition from CSCFM's to VSVFM's under some very mild 
assumptions). It is necessary to introduce the concept of a stable stepsize selection strategy 
in order to formulate a theorem concerning the zero-stability of two-ordinate VSVFM's. 
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Definition 5.4. Consider a VSVFM. Assume that the following two conditions are 
satisfied: 

(5.57 ) ~t max (~tk) , ~t K :s; c < 00, 

1 :s; k :s; K 

(5.58) for 'Ii k E {l, 2, ... ,K} . 

Then it is said that a stable stepsize selection strategy is used in the VSVFM under 
consideration. • 

It must be stressed that the second relationship in (5.57) is important: it is telling us that 
if K ~ 00, then ~tk ~ O. 

Theorem 5.4. If a VSVFM is based on a set F of two-ordinate and zero-stable 
predictor-corrector schemes and if the discretization Tk from (5.48) is such that the 
stepsize selection strategy is stable. then the VSVFM is zero-stable when O:s; a}?(~tk) < 2 
for 'Ii k E {I.2 .... K}. • 

It is not necessary to prove this theorem here. The proof of this theorem and some other 
results concerning the zero-stability properties of the VSVFM's can be found in Zlatev 
[504,507,511 ,512,518,521]. On the other hand, several remarks concerning this theorem and 
its applicability in several situations, which occur often in practice, are needed. 

Remark 5.1. The conditions (5.57)-(5.58) are very mild and it is natural to require that 
these are satisfied (see, for example, Zlatev [511,512,518,521). The requirement for two­
ordinate predictor-corrector schemes could be relaxed. One could require only the last 
corrector to be two-ordinate (see the above references again). • 

Remark 5.2. If it is allowed to change the step size and/or the formula (in this remark 
a formula means a predictor-corrector scheme) at every time-step, then Theorem 5.4 relaxed 
as explained in Remark 5.1 is in some sense optimal. This means that one can construct 
examples where zero-stable three-ordinate underlying predictor-corrector schemes (or, more 
precisely, predictor-corrector schemes in which the last correctors are three-ordinate formulae) 
lead to zero-unstable VSVFM's. Such an example is given in Zlatev [512]; this example 
is an extension of a simpler case (concerning single linear multistep formulae) that has been 
described in Gear and Watanabe [521]. • 
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Remark 5.3. The previous remark shows that there is a barrier on the number of 
ordinates used in the last corrector if one wants to guarantee the zero-stability of a VSVFM 
in the case where both the stepsize and the formula (in this remark formula means predictor­
corrector scheme) can be varied at each time-step: in such a situation the last corrector 
formula must be two-ordinate. However, the barrier can be overcome if the same stepsize 
and/or the same formulae are to be used successively during several time-steps. VSVFM's 
in which it is not allowed to vary the stepsize and/or the formula at every time-step have been 
studied by Cruzeix and Lisbona [80], Gear and Tu r 190], Gear and Watanabe [191], 
Grigorieff [218], Grigorieff and Paes-Leme [219], Marz [3 11,312] and several other 
numerical analysts. • 

Remark 5.4. In situations where large air pollution models are treated one should 
probably allow both the stepsize and the formula to be varicd at every time-step. Indeed, the 
absolute stability properties of the method depend strongly on some norms of the wind 
velocity vectors. The wind velocities vary as a rule rather quickly. This means that if the 
time-stepsize is not increased at a given time-step, there is no guarantee that one will still be 
able to increase it after several steps. The basic rule that has always to be applied in the 
choice of a time-stepsize during the numerical treatment of air pollution models can be 
defined as follows: do not try to delay the increase of the time-stepsize, increase it every 
time when you can. • 

Remark 5.5. In some other situations it may be worthwhile to carry out the numerical 
integration process by using VSVFM's in which the same stepsize and/or the same formula 
is used during several time-steps. A typical situation where this is satisfied is the case where 
implicit integration methods are to be used (as, for example, in the chemical sub-model). In 
this situation one is interested to use the old Jacobian matrix as long as possible. Therefore 
the same step size and the same formula are to be kept as long as an old Jacobian matrix can 
be used. • 

5.6. Control of the accuracy of the results 

Assume that a VSVFM that is based on a set F of predictor-corrector schemes is zero­
stable (i.e. such that the conditions of Theorem 5.4 are satisfied). Then the VSVFM can 
efficiently be implemented only when both an absolute stability control and an accuracy 
control can reliably be incorporated and used at every time-step. The absolute stability control 
can be based on the use of (5.41) when the pseudospectral algorithm is applied in the dis­
cretization of the first-order space derivatives. Some cheap accuracy control procedures that 
can be incorporated in a VSVFM will be discussed in this section. 

Let TOL be an error tolerance (prescribed before the beginning of the computations). 
Let get), t E [O,T], be the exact solution of (5.34). It is desirable to have Ilg(tk)-gkll:::; 
TOL (or, in other words, the global error at the point tk E T K should not exceed the error 
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tolerance). To be able to control the global error is the most desirable achievement, but this 
is a very ambitious task. Even when an estimation of the global error can be achieved, such 
an estimation is as a rule very expensive and, moreover, it is difficult to implement a global 
error estimator in a big application package. Therefore an estimation of the local truncation 
error is normally calculated and used in the error control at each integration step. 

There are different ways of calculating an estimation of the local truncation error (see, 
for example, Butcher [55], Dekker and Verwer [99], Gear [182], Hairer et al. [226], 
Hairer and Wanner [227], van der Houwen [245], Lambert [280,281], Lapidus and Seinfeld 
[283], Shampine [402], Shampine and Gordon [405] or Stetter [435]). 

If a predictor-corrector scheme is used, then a rather crude (but quite sufficient in many 
practical situations) estimation of the local truncation error of the time-integration algorithm 
can be achieved by taking the norm of the difference between the approximations obtained 
by two formulae of the predictor-corrector scheme. 

Let gk be, as usual, the approximation calculated by the last corrector. Let g~ be an 
approximation obtained by one of the other formula in the predictor-corrector scheme. Then 
an estimation, ESTk,j' of the local truncation error (made when Fi is the underlying 
predictor-corrector scheme of the predictor-corrector scheme that has been used at time-step 
k) can be found by 

(5.59 ) 

The problem of choosing the formula, which is to be used in the calculation of g~, is 
easily solved when only one corrector is used; the predictor can be used in this situation. 
Assume that jk different formulae are used at time-step k, Then the jk -I' st formula can 
be used to calculate g~. Other choices of a formula (from the predictor-corrector scheme), 
by which g~ can be calculated, can also be used. 

The case where the last corrector has order of accuracy higher than the order of accuracy 
of the formula, let us call it E;, that has been used to calculate g: is important. In this case 
the estimation given by (5.59) is in fact an estimation of the local truncation error made 
when E; has been used. The final result, gk' obtained by the last corrector will normally 
be more accurate (because it has been obtained by a more accurate formula). Thus, the error 
estimation ESTk,j is rather conservative in this situation. On the other hand, since ESTk,j 
is only an estimation of the local truncation error (not of the global error), it is clear that the 
error check will tend to be more robust in this situation. Therefore it is probably a good idea 
to try to achieve this situation; to construct underlying predictor-corrector schemes in which 
any of the last correctors has an order of accuracy that is higher than the order of accuracy 
of the other formulae involved in its predictor-corrector scheme. 
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5.7. Designing algorithms with desired properties 

Consider the time-step k. An approximation gk to the solution of (5.34) is found at 
the end of this step and the following test 

(5.60 ) ESTk,j < TOL 

can be used in order to decide whether the step should be accepted or not. If the test (5.60) 
is not successful (i.e. if this inequality is not satisfied), then the time-step has to be rejected 
and the calculations to be repeated by a smaller time-stepsize (in many codes the computa­
tions are repeated with a time-stepsize that has been reduced with a factor of two when this 
happens). 

If the test (5.60) is successful, i.e. if the inequality is satisfied, then the time-step is 
considered as a successful one. The next important task now is to calculate an optimal time­
stepsize for the next time-step; the time-step k+ l. As mentioned before, both the accuracy 
requirements and the restrictions imposed by the absolute stability of the numerical integration 
has to be taken into account. 

Let us start with the accuracy requirements during the numerical integration process. 
Assume that Fj E F is the underlying predictor-corrector scheme of the predictor-corrector 
scheme that has been used at step k. Assume also that the accuracy order of Fj is P=Pj 
and that ACCURk+I,j is some estimation of the accuracy that could be achieved at time-step 
k+ 1 if a predictor-corrector scheme corresponding to Fj will be used. Then it is well­
known (see, for example, Gear [182-184], Hindmarsh [240-242], Krogh [271-274], Krogh 
and Stewart [275-276], Shampine and Gordon [405], Zlatev and Thomsen [545]) that a 
good guess for an optimal stepsize ~tk+1 for the next time-step (let us reiterate: under the 
assumption that a predictor-corrector scheme corresponding to Fj will be used) is given by 
the following expression for ACCURk+1j: 

(5.61) 

where 0 < li < 1 is a safety factor (0=0.9 is commonly used), 

It is not necessary, as mentioned in the previous sections, to use a predictor-corrector 
scheme corresponding to Fj (the predictor-corrector scheme which has been used at time-step 
k) also at time-step k+ l. A predictor-corrector scheme that is corresponding to another 
underlying predictor-corrector scheme can be applied if the calculations with this other 
scheme can be carried out with a larger stepsize. Let us assume that s::; m similar 
expressions, ACCURk+l,i (i E {i1,i2,oo.,is } ~ (l,2,oo.,m}), can cheaply be found for several 
other predictor-corrector schemes from the set F. By cheaply calculated we mean, among 
other things, that for a given i the expression ACCURk+I,i is calculated without calculating 
an approximation gk by using a predictor-corrector scheme that corresponds to the 
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underlying scheme F j (an approximation gk is calculated only by using a scheme 
corresponding to Fj). Then the optimal time-stepsize for the next time-step k+ 1 is given 
by 

(5.62 ) max 
i E {i 1 , i 2 , ••• , is} 

when only the accuracy requirements are taken into account. It should be mentioned here that 
if the maximal value in the right-hand side of (5.62) is achieved for some i which is not 
equal to j, then the choice made by (5.62) will also lead to a change of the underlying 
predictor-corrector scheme (from Fj to F;). 

If the accuracy requirements are dominant over the absolute stability requirements, then 
the choice made by (5.62) will also satisfy (5.41) and one can set ~tk+' = hk+,. Both the 
accuracy requirements and the absolute stability requirements will be satisfied in this 
situation. However, it is very often true that not the accuracy requirements, but the absolute 
stability requirements are dominant when the advection part of a large air pollution model is 
treated numerically. Therefore an absolute stability check is normally also needed. Such a 
check could be made in the beginning of time-step k+l; when the quantities u" and v" 
have already been calculated. More precisely, one can calculate the quantity: 

(5.63 ) 01 {h imag /[(U"+v")1t] [M/(M-l)]} rue, 

where 0 < 0, < I is a safety factor which is introduced to guarantee that (5.41) is satisfied 
when h~ is inserted in its left-hand side instead of ~t (0,=0.9 will normally be a good 
choice). 

If both hk+, and h~+, are calculated, then it is easy to choose an optimal time-stepsize 
for the time-step k+ 1. One should expect both the accuracy requirements and the absolute 
stability requirements to be satisfied if the time-stepsize is chosen by 

(5.64) 

Consider two of the underlying predictor-corrector schemes, say F j E F and F j E F. 
Assume that the following three conditions are satisfied: 

(i) The absolute stability interval along the positIve part of the 
imaginary axis of Fj is greater than the absolute stability interval along the 
positive part of the imaginary axis of F j • 

(ii) The accuracy order of F j is either higher than the accuracy order 
of Fj or, at least, equal to the accuracy order of Fj , but in the latter case 
the error constant of the last corrector formula of F j is less than that of Fj 
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(so that one should expect the scheme F; to produce more accurate results 
than Fj also in the case where both schemes have the same order of 
accuracy). 

(iii) The number of formulae involved in F, is less than the number of 
formulae involved in Fj (this means that if both predictor-corrector schemes 
are used with the same stepsize, then F; is less expensive than Fj). 

Assume furthermore that (i)-(iii) hold for any two of the predictor-corrector schemes in 
the set F. Then the set F is called optimal. If an underlying predictor-corrector scheme 
Fj in an optimal set F has better absolute stability properties than another predictor­
corrector scheme, then Fj is both less accurate and more expensive (because more formulae 
are involved in it). On the other hand, in many cases Fj can be used with a larger time­
stepsize. 

It is worthwhile to try to construct an optimal set F of underlying predictor-corrector 
methods. Assume that the set F is optimal. Assume also that 

(5.65) 

In this situation the time-stepsize is limited by the absolute stability requirements. 
Therefore it is smaller than the stepsize that would be determined if only the accuracy of the 
results is taken into account. One can try to reduce the computational cost at step k+ I (that 
has been increased due to the fact that the stepsize has been reduced because of the absolute 
stability requirements) by switching to a predictor-corrector scheme in which fewer formulae 
are involved. The accuracy requirements will be satisfied when such a switch is made 
(because any of the underlying predictor-corrector schemes that involve fewer formulae is 
more accurate due to the definition of optimal sets F). The computational cost will be 
reduced; simply because fewer formulae are involved in the computations. 

The above discussion illustrates clearly that one should try to construct an optimal set 
F of underlying predictor-corrector schemes. A VSVFM based on such a set F will in 
general be more efficient than a VSVFM that is based on a set F which is not optimal. 
An optimal set F consisting of three predictor-corrector schemes has successfully been used 
in the treatment of some simple air pollution models (only two species and linear chemical 
reactions) in Zlatev [515,517,520], Zlatev and Berkowicz [526] and Zlatev et al. [532]. 
The predictor-corrector schemes from this set are given in Table 5.2. The orders of the 
formulae involved in these scheme is indicated in Table 5.2 by using indices. The figures 
that are given in brackets before the schemes are the free parameters aJ'l U=I,2,3, 
r=O,I, ... ,qj) used to obtain as large absolute stability intervals h,mag as possible; see also 
(5.33). It should be emphasized that any VSVFM, which is based on the optimal set of 
predictor-corrector schemes F = {F[,F2,F3 } described in Table 5.2, is zero-stable when the 
conditions of Theorem 5.4 are satisfied. 
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.. 

Scheme Type of the predictor-corrector scheme 

I 
FI 

..•...•... 

Fl •. · ...... · 

·.·····F3 

...... 

.~ 
(-0.3412,0.3705,0.5766,0.4548)-P 2EC2EC2EC3E 

(0.6500,1.5000,1.0000)-P 2EC]EC4E 
.... 

(0.9000,1.6000)-P3EC4E .... 

Table 5.2 
Predictor-corrector schemes that form an optimal set F. 

The indices show the orders of the formulae. 
The figures in brackets are the values of the free parameters 

used in the construction of schemes 
with good absolute stability properties. 

Qption Time-steps CPU-time 

CSCFM 1824 548 

VSVFM 931 297 

Table 5.3 
Running the two options of the simple model 

hi,ij~g 

3.26 

2.51 

1.62 

on an IBM 3081 computer (the CPU-times are given in seconds). 
The CSCFM was run with £\t = 30 min. (in this run this was 

a good choice, but in some other cases such a large 
time-stepsize may cause troubles), 

the average time-stepsize for the VSVFM is about 59 min. 
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Numerical results, which are obtained by using a VSVFM based on the set of predictor­
corrector schemes from Table 5.2, are given in Zlatev [512,520,522], Zlatev and 
Berkowicz [526] and Zlatev et al. [532]. These results show that it is worthwhile to use a 
VSVFM when large air pollution models are to be treated numerically. Some results are 
given in Table 5.3 to illustrate the fact that a good VSVFM gives better results (in terms 
of computing time) than a CSCFM. 

It is interesting to investigate the relationship between the norms of the wind velocity 
vectors and the time-stepsize when a VSVFM is used. This relationship is expressed 
analytically in (5.41). However, it is also illustrative to show how the norms of the wind 
velocity vectors are related to the time-stepsizes that are actually calculated during a computer 
run of the model. The variation of the norms of the wind velocity vectors and the variation 
of the time-step sizes during a run of the simple model can easily be monitored during the 
computations. If this is done and if the ideas sketched above are correctly implemented, then 
it will clearly be seen that the time-step sizes are small when the wind velocity norms are 
large and the time-stepsizes become large when the wind velocity norms are small. Plots 
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representing the variation of the time-stepsizes versus the variation of the norms of the wind 
velocity vectors are given in Zlatev [521], Zlatev and Berkowicz [526] and Zlatev et al. 
[532]. 

It must be emphasized here that the efficiency of the VSVFM's depends essentially on 
the implementation. If the implementation of a VSVFM has been successfully done, then 
the VSVFM will be efficient. However, it is not very easy to obtain an efficient 
implementation. For example, there are still some problems connected with the implementa­
tion of a VSVFM in the advanced models with non-linear chemical reactions (and this is 
the reason for running these models with constant stepsize constant formula methods; see 
Harrison et al. [228] and Zlatev et al. [538,539]). 

5.S. Concluding remarks and references concerning the implementation 
of variable step size variable formula methods 

The time-discretization of the advection part of any large LRT AP model leads to several 
huge systems of ODE's. The size of the numerical problems to be treated is enormous. 
Therefore it is important to apply efficient algorithms. These problems are discussed in 
Section 5.1. 

It is crucial to reduce the number of time-steps in the numerical integration of this system 
of ODE's. The time-integration methods are to be chosen carefully. The stability of the 
computational process is one of the important issues that are to be taken into account when 
the time-integration algorithm is chosen. The stability properties of some time-integration 
algorithms are discussed in Section 5.2. 

It is necessary to develop codes in which the time-stepsize is automatically adjusted by 
the code. This can be done by using a variable stepsize variable formula method (a VSVFM). 
Such methods have often been used after the end of the 60'ies (when the first such methods 
were developed in the end of 60's; see Gear [182-184] and Krogh [272]). In Section 5.3 
it is explained why it is desirable to use VSVFM's. 

However, in most of the VSVFM's one tries to control only the accuracy. Since the 
systems of ODE's that arise from air pollution models are slightly stiff, it is also necessary 
to check the absolute stability during the calculations. Although a good VSVFM code will 
solve the problem even when only an accuracy control is incorporated in it, the solution will 
not be very efficient (see Shampine [393]). Therefore it is better to introduce an absolute 
stability check also. In general it is not very easy to develop an absolute stability control 
strategy. However, in the case where the system of ODE's arises after the time-discretization 
of the advection part of a LRT AP model, there is a surprisingly simple and, at the same 
time, very reliable device on which such a strategy can be based. This important issue, the 
need of a reliable absolute stability control, has been discussed in Section 5.4. 
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The development of a reliable absolute stability check is not the only difficulty, which 
has to be overcome when a VSVFM is used in the solution of systems of ODE's. There 
is a serious danger that the computations will not be zero-stable. If a constant stepsize 
constant formula method (a CSCFM) is used, then the zero-stability problems can be solved 
in a nearly trivial way. The problem is that even if all underlying formulae are zero-stable, 
the zero-stability may be lost in the transition from a CSCFM to a VSVFM (examples 
where this happens are given in Gear and Watanabe [191] and Zlatev [512,521]). This 
means that one should be careful when the underlying formulae are selected. The solution of 
this problem is discussed in Section 5.5. Stability properties are also studied in [59] [333], 
[334], [353], [455]. 

When the two important tasks (the check of the absolute stability and the selection of 
underlying formulae that ensure the transition to a zero-stable VSVFM) are solved, one should 
also try to obtain sufficiently accurate results. In other words, an accuracy control is 
necessary. This third task is nearly classical. In many codes based on VSVFM's one tries 
in fact to treat only this task; see Gear [183,184], Hull et al. [247], Krogh [271-274], 
Shampine and Gordon [405]. It is not very difficult, in principle at least, to treat this task 
when predictor-corrector schemes are used. The problem of finding some error estimates is 
discussed in detail in many studies; see, for example, Shampine and Gordon [405]. However, 
it should be mentioned that normally estimates of the local truncation error only (and even 
estimates of the principal part of the local truncation errors) are calculated. It is much more 
desirable to calculate estimations of the so called global error, but this task is also much more 
difficult. In this chapter the classical way is followed; i.e. some estimates of the local 
truncation error are discussed, see Section 5.6. The experience indicates that this is quite 
sufficient for the case at the present level of development of codes for treatment of air 
pollution models. However, the development in this field is very fast. Therefore, it will not 
be very surprising if global error estimations will be used in the near future. 

The VSVFM's are rather complicated, but also rather powerful, tools in the treatment 
of large air pollution models. Several different tasks are to be solved at each time-step when 
such methods are used. One must 

and 

(i) estimate the local truncation error, 

(ii) decide if the current step is acceptable, 

(iii) calculate an optimal (or, at least a good) time-stepsize for the next 
time-step, 

(iv) perform an absolute stability check 

(v) select the right formula (in our case, the right predictor-corrector 
scheme). 

The treatment of these tasks in an adaptive code is discussed in Section 5.7. Since the 
systems of ODE's that result from the discretization of the advection part of a large air 
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pollution problem are normally mildly stiff, the fourth task is rather important. Fortunately, 
it is also relatively easy in this special situation to perform an absolute stability check. The 
experiments indicate also that the device is not only very simple, but also quite reliable (see 
the results in Section 5.7 and similar results in Zlatev [512,515,517,520,522], Ziatev and 
Berkowicz [526] and Ziatev et al. [532]). However, it must be emphasized here that in 
general this is not so; the devices for checking the absolute stability of the solution process 
for general systems of ODE's are rather complicated, and there is still insufficient evidence 
for the reliability of these complicated and expensive devices. 
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COMPUTATIONS ON HIGH-SPEED COMPUTERS 

"Although the fastest computers can execute millions of operations in one 
second, they are always too slow. This may seem a paradox, but the heart 
of the matter is: the bigger and better computers become, the larger are 
the problems scientists and engineers want to solve ". 

Arthur Jaffe: "Ordering the universe: The role of mathematics", SIAM 
Review, 26(1984), p. 478. 

The computational problems that are to be solved when large LRT APi models are 
treated numerically on computers are huge (this has been mentioned in several preceding 
chapters; see, for example, Section 5.1). Therefore it is critical to perform the whole 
computational work (or at least the most time-consuming parts of it) efficiently. In fact, in 
many cases the large air pollution models are not tractable at all unless the codes by which 
they are treated numerically are sufficiently fast. There are two ways to achieve the highly 
desired efficiency. 

The first way is based on the selection of fast (but also sufficiently accurate) numerical 
algorithms and on a careful implementation of these algorithms in the computer programs that 
treat the air pollution models numerically. This topic has been discussed in the previous 
chapters. In Chapter 5 it has been illustrated (by using an example) that the development of 
fast and accurate numerical algorithms for large air pollution models may be a very complica­
ted task. It has also been emphasized there, in Chapter 5, that in many cases the selection of 
fast and accurate numerical algorithms or the construction of new fast and accurate numerical 
algorithms will not ensure that the large air pollution models can be treated successfully on 
traditional scalar and/or sequential computers. Normally, it is necessary to run the large 
models on modern high-speed computers. However, if modern high-speed computers are 
applied in the treatment of large air pollution models, then there is a second way to achieve 
efficiency. 

This second way, which has been used mainly during the last two decades, is connected 
with the new powerful vector and parallel computers. An important feature of these modern 
high-speed computers is their ability to perform many millions of floating point arithmetic 
operations per second (and even billions of floating point arithmetic operations per second). 
However, it must be emphasized here (and this must be well-understood) that high-speed 
performance is only a potential capability of the high-speed computers. The high-speed 
performance (the high-speed of computations) can as a rule be achieved only if the numerical 
methods that are applied in the model under consideration are carefully selected and, 
moreover, if the programming work is done thoroughly. Thus, the use of modern high-speed 
computers imposes some very strong requirements that must be satisfied by the developers 
of codes for large LRTAP models (at least when a fast computational process is to be 
achieved, and this is nearly always highly desirable). 

One must be aware that a numerical method that has been used successfully on a 
traditional sequential and/or scalar computer (or even on another high-speed computer) may 

1 LRTAP: Long range transport of air pollution. 
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be unsuitable for the high-speed computer on which the runs are to be carried out. This 
implies that any change from one high-speed computer to another may lead to a requirement 
to replace several numerical methods with new ones in some parts of the code (at least, in 
the case where it is desirable to achieve a high performance of the code). 

The basic principles on which high-speed computers are based will be discussed in this 
chapter. In the subsequent chapters the performance of three different types of high-speed 
computers will be demonstrated by using some modules of the Danish Eulerian Model. 

6.1. Classification of high-speed computers 

The improvement of the numerical algorithms (which are used in the numerical treatment 
of large air pollution models; several such algorithms were discussed in the previous chapters) 
may lead to a substantial reduction of the computing time that is needed when the codes are 
run on a given computer. However, the improvement of the numerical algorithms alone is 
normally not sufficient in the efforts to make the model tractable numerically on the computer 
under consideration, and to use it in long series of simulation experiments (as, for example, 
in experiments with different emission scenarios). It is also necessary to use a high-speed 
computer in the runs. The high-speed computers are able, if the programming is done 
carefully, to achieve many hundreds of MFLOPS2• Therefore very big problems from 
different fields of science and engineering that could not be solved two decades ago can 
successfully be run on such computers. 

It must be reiterated that the requirement for a carefully and correctly done program­
ming work is very essential. As a rule, it is not an easy task to achieve speeds of 
computations that are close (in some sense) to the peak performance of the high-speed 
computer under consideration. In fact, this could very often be a very difficult task, especially 
when the scientific and engineering problems are very large (and the tasks that are to be 
solved after the discretization and the splitting of the large LRT AP models are certainly very 
large). 

The degree of difficulties, which arise when large application packages are optimized for 
runs on high-speed computers, depends on the particular high-speed computer that is to be 
used in the calculations. The main types of high-speed computers will shortly be discussed 
in this section. After that an attempt to explain what kind of difficulties arise on the different 
types of computers will be made. 

The high-speed computers, which are available at present, can, roughly speaking, be 
divided into four major groups. The different groups of high-speed computers are given in 
Table 6.1. 

2 MFLOPS: million floating point operations (additions or multiplications) per 
second. 
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It should be emphasized that the classification of the high-speed computers, which is 
given in Table 6.1, is not the only possible classification of existing high-speed computers. 
One can also apply other criteria and, thus, obtain other classifications3• However, the 
classification, which has been chosen here, provides a clear way to divide the high-speed 
computers into different groups. Moreover, it is quite sufficient for the purposes of this book 
(and this is even more important). 

It should also be stressed that the development in this important area (i.e. the development 
of high-speed computer architectures) is very rapid. More and more new high-speed 
computers and architectures are appearing, and the newest computers are often hybrids that 
have properties of several of the major groups that are listed in Table 6.1. Nevertheless, it 
is important to describe the major groups of computers in some more detail. The knowledge 
about the main principles on which these groups are based will be useful when more complex 
hybrid computer architectures are studied. The main principles, on which the computers of 
the four major groups (that are listed in Table 6.1) are based, will be described in the 
following sections of this chapter. Some examples that illustrate the effect of using these 
computers will be given in the following three chapters. 

e computers 

1 Vector processors 

2 Parallel computers with 
shared memory 

3 Parallel computers with dis­
tributed memory 

4 High-speed computers with 
more complicated architec­
tures 

Table 6.1 
Classification of high-speed computers. 

3 Classifications of the high-speed computers, which are based on the concepts 
of ·SIMD computers· and ·MIMD computers·, are often used. SIMD is an 
abbreviation of "single instruction mul tiple data", while "mul tiple 
instruction multiple data" is abbreviated to MIMD. These concepts and other 
related concepts are not used in this book. However, it should be emphasized 
that they are very useful in many other situations. 
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6.2. Vector processors 

The vector processors were the first high-speed computers. The CRA Y machines were 
the first computers that reported computational speeds greater than 100 MFLOPS. The 
vector processors, and among them the newest CRA Y models, are still among the fastest 
high-speed computers on the market. 

The basic principles that are used to design different vector computers will be described 
in this section. The description of the basic principles on which the vector machines are based 
is simplified, and perhaps oversimplified, but the main ideas are clearly seen when all details 
(these which in the context of this book are not very important) are omitted. 

Assume that a given arithmetic floating point operation, for example a multiplication of 
two real numbers, has to be performed on the components of two large vectors a and b 
that are stored in two long arrays A and B of length L. Assume also that the result is a 
vector c that has to be stored in array C of length L. In a scalar computer the first 
components a, and b, of the vectors a and b are taken from the memory and loaded to 
the arithmetic unit and multiplied there. The result, c, = alb"~ is then stored in the first 
component of array C. This procedure is repeated for the second components, for the third 
components and so on. After L multiplications the whole vector operation is completed. 
Assume that the multiplication of two real numbers (together with two load operations from 
the computer memory and one store operation to the computer memory) can be performed 
in m time-units. Then the time needed to multiply the two vectors is 

(6.1) 

where d, is some overhead that depends on the particular computer used in the calculations. 

The situation is changed substantially when a vector computer is used. Two major 
achievements are of fundamental importance for the vector machines. It has been found that 
any floating point arithmetic operation consists of several parts, for example m parts, that 
can be performed in m successive elementary steps by different parts of the arithmetic 
unit of a vector processor. Each elementary step can be performed in one unit time. The term 
"one clock period" is commonly used to denote the time needed to perform one elementary 
step on a given vector processor. The clock period depends on the particular vector processor. 
The clock period for a given vector processor can roughly speaking be used to measure its 
speed: if the clock period is small, then the vector processor under consideration is fast. 

Moreover, it has also been discovered that the arithmetic units do not need to 
communicate directly with the computer memory; it is much more profitable if the arithmetic 
units have access to special vector registers. The vector registers contain a limited amount 
of data only. However the data that are in the vector registers can be moved very quickly to 
the arithmetic units. 
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Assume now that the arithmetic operation under consideration consists of m elementary 
steps that are to be performed successively. Consider again the example given above. Then 
a vectorized process (roughly speaking, on any vector processor) is achieved as follows. The 
first two components a, and b, are taken from the vector registers and put in the arithmetic 
unit. All components that are in the vector registers are moved forward, and if necessary the 
last positions on the vector registers are filled in. The first elementary step of the multi­
plication is performed, and the result is pushed forward in the arithmetic unit where the 
second elementary step is to be performed. At the same time, the next to components, a2 and 
b2 , are moved from the vector registers to the arithmetic unit to perform the first elementary 
step of the multiplication. Again, all components that are in the vector registers are moved 
forward, and if necessary the last positions on the vector registers are filled in. In the next 
step, the third one, a, and b, are pushed forward in the arithmetic unit (where the third 
elementary step of the multiplication will be performed), while a2 and b2 are pushed to the 
place where a, and b, have been before the third step (the second elementary step of the 
multiplication will be performed there). The next two components, a, and b" are taken 
from the vector registers to the arithmetic unit to perform the first elementary step of the 
multiplication on them. The components of the two arrays in the vector registers are moved 
forward, and if necessary the vector registers are filled in. The process continues in this 
manner, a kind of pipelining. 

It is clear that after m time units (clock periods), the multiplication of the first two 
components of the two vectors will be completed and the result can be loaded in array C. 
After that the computer will be ready (when certain conditions are satisfied) with one new 
component of vector c after every time unit (clock period). This means that the computing 
time (measured in clock periods) that is needed to complete the multiplication of the 
components of the two vectors is given by 

(6.2) 

where d2 is again some overhead, which depends both on the particular vector processor 
used to carry out the computations and on the particular arithmetic operations that are 
performed in the loop under consideration. In the simple example considered here d2 will 
depend linearly on m (i.e. d2 will be of the form m + d" where d, depends on the 
computer used). 

It is rather difficult to compare directly the computing times that are given by these two 
formulae, formulae (6.1) and (6.2), because the two overhead parameters d, and d2 may 
differ very much (and, moreover, these overhead parameters will in general depend on the 
particular computers that are used in the computations). 

It is quite clear, however, that computations performed on a given vector processor will 
be efficient (and the speed of computations will be high) if the parameter d2 is small 
(compared with L). The efficiency achieved will, of course, depend strongly on the particular 
vector machine that is used. On the other hand, there are also several features that are typical 
for all vector processors; for any vector processor, the speed of computations will depend on: 
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(i) the length of the vectors involved in the computations, 

(ii) the order of the components of the vectors in arrays where these 
vectors are stored, 

(iii) the flow of data from the memory to the vector registers and from 
the vector registers to the arithmetic units, 

(iv) some other factors (as, for example, on the presence of if 
statements in the loop that is executed by the vector processor). 

If the vectors a and b are sufficiently long and if these are stored appropriately in the 
arrays A and B, then the important condition (iii) will be satisfied and the vectorization 
is successful (on most computers it is best to store vectors contiguously in the corresponding 
arrays). 

It is useful to conclude the description of the basic vectorization principles with an 
example. Consider again the multiplication of the components of two vectors and assume that 
this operation has to be performed on a CRA Y Y -MP processor. The numbers of elementary 
steps for the three operations that are needed when two components of the two vectors are 
multiplied are given in Table 6.2 (the figures given in Table 6.2 are taken from the recent 
CRA Y manuals). 

It should be mentioned that the figures that are given in Table 6.2 are derived for a 
rather special situation, the situation where the components of the vectors a, band care 
stored contiguously in the corresponding arrays A, Band C. This means that the 
calculations are to be carried out by the piece of code shown in Fig. 6.1. It is seen that any 
two successive components of the arrays a, band c are stored in two successive positions 
of the corresponding arrays A, Band C. If this condition is not satisfied (i.e. if the 
components of the vectors are not stored contiguously in the corresponding arrays), then the 
figures in Table 6.2 will be different (and in general the speed of computations will be 
slower). 

I~peration Number of elementary steps 

Load 17 

Multiply 7 

Store 17 

Table 6.2 
The numbers of elementary steps needed to multiply 

two real numbers on a CRA Y Y -MP computer. 
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DO 10 I=l,L 
C(I)=A(I)*B(I) 

10 CONTINUE 

Figure 6.1 
Code for multiplications of the components of two vectors 

when these are stored contiguously in two arrays. 
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Two important conclusions can immediately be drawn from the numbers that are shown 
in Table 6.2. 

The first conclusion is that the manipulations with data (the load and store operations) 
would likely take about five times more computing time than the time needed to perform 
the actual floating point arithmetic operation (the multiplication of two real numbers). 

The second conclusion is that there will be a delay of 40 clock periods in the very 
beginning of the loop shown in Fig. 6.1. However, one result per clock period will be 
produced after that if certain requirements, some of them have been listed above, are satisfied. 

There are many other issues that must be taken into account when an efficient code for 
vector machines has to be developed. Two of these issues are very important: 

and 

(i) the ability of many vector computers to chain certain arithmetic 
operations if some conditions are satisfied 

(ii) the possibility to achieve a full exploitation (or a nearly full 
exploitation) of the vector registers when the computations are properly 
organized. 

Chaining is a combination of several floating point arithmetic operations, such that the 
elementary steps continue from one arithmetic operation to another. This means that a process 
including more than one floating point operation is executed as one long floating point 
operation when chaining takes place. Therefore it is clear that chaining leads to a reduction 
of the overhead d2 and increases the efficiency of the vectorized computational process. 
Unfortunately, on most of the vector machines the chaining process cannot be controlled 
directly by the programmer. On the other hand, the compilers chain automatically many of 
the relevant arithmetic operations. However, there are some principles that should be applied 
carefully in the programming work in order to enhance the chaining process during the 
computations. 

The efficient use of the vector registers can also increase the speed of computations. 
Therefore it is often desirable to exploit fully the vector registers. In some situations a better 
exploitation of the vector registers can be achieved by using unrolling of the inner loops, 
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when the loop under consideration is a nested loop. The possibility of increasing the speed 
of computations by using unrolling of the inner loops of certain nested loops will be 
demonstrated in Chapter 7. The compilers of many vector machines try automatically to unroll 
some of the loops (and to produce a code where the loops are unrolled). The programmer can 
unroll some of the other loops and investigate the effect of this action. There are cases where 
the compiler is not able to perform the unrolling process properly. This is the case where 
some modifications in the code are needed in order to make the unrolling process possible. 
One example, in which nested loops (which arise in computations with banded matrices) are 
to be unrolled, will be given in the next chapter. 

Modellers who are interested in this topic (vector processors and scientific computations 
on vector processors) could find more details in, for example, Ortega [339] and Schonauer 
[389]. 

6.3. Parallel computers with shared memory 

As a rule, computers of this class contain only a few but tightly connected processors. 
The different processors can work simultaneously on different tasks. When several processors 
are working concurrently, they access the data from a global memory. It is said that the 
processors "share the data". The major task is to identify the parts of the computational 
work that can be done in parallel and to ensure that the computer can run these parts 
concurrently (possibly by inserting some appropriate directives for the compiler). It may be 
necessary to synchronize some computations because the processors share the data. 

Sometimes it will not be sufficient only to find the parts of a big application code that 
can be run in parallel. It may also be necessary to organize the computations so that the 
processors work with the same small amount of data as long as possible. This is the data­
locality principle. The benefits of using the same data as long as possible can be explained 
as follows. Very often a cache memory is also used in parallel computers with shared 
memory. The cache memory is, as a rule, not very big. However, it is much faster to refer 
to data that is in cache than to data from the global memory of the computer. This is why one 
should try to apply algorithms in which the data that is in cache are used as long as possible. 
This means that the work must be organized so that data from the cache memory is used 
mainly in the computations. Moreover, the work must also be organized so that the 
contents of the cache are not changed too often. Assume that these two conditions are 
satisfied. Assume, furthermore, that all the processors are kept busy most of the time. Then 
the code will work very efficiently. The three conditions, which will ensure efficient 
performance on many parallel computers with shared memory: 
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1. data from the cache must be used in the 
computations as much as possible, 

2. the contents of the cache should be changed 
as seldom as possible, 

3. all the processors should be kept busy as 
long as possible, 

are important. However, it must be mentioned here that it is not always possible to satisfy 
these three conditions. Moreover, it is normally not possible to tell the compiler what amount 
of data must be stored in cache. 

This short discussion explains why the task of obtaining a high level of performance is 
often a very difficult task. More details about data organization in parallel machines can be 
found, for example, in Wijsoff [481]. 

The processors in a parallel computer with shared memory are as a rule very powerful. 
Moreover, very often they have a vector capability. When this last condition is satisfied, the 
optimization of the computational process can be carried out on two levels: 

and 

(i) one can try to vectorize the computations on every processor 

(ii) one can try to run the most time-consuming part of the computation­
al work in parallel across the processors. 

Parallel computers with shared memory are rather popular. This is mainly due to the fact 
that it is relatively easy to achieve a good performance when computers in this group are 
available. The compilers of these computers are normally very friendly to the user and give 
clear information about many of the actions that are to be taken in order to optimize the code. 
Nevertheless, a lot of work is as a rule needed when a hig application code is to he optimized 
on such computers. 

The processors of many parallel computers with shared memory, such as CRA Y X-MP, 
CRAY Y-MP, CONVEX and ALLIANT, have vector capabilities. 

6.4. Parallel computers with distributed memory 

As a rule, parallel computers with distributed memory have more processors than parallel 
computers with shared memory. Each processor of a parallel computer with distributed 
memory has its own local memory. When all the processors (or some of them) work in 
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parallel, every processor uses its own data. Of course, the processors have to communicate 
in order to exchange data. It is necessary to connect the processors in some network in order 
to make the communications between them possible. There are different kinds of connections 
that are commonly used in parallel computers with distributed memory. The hypercubes are 
very popular. A brief, but adequate, description of the main principles, on which the 
hypercubes are based, can be found in Lustman et al. [298,299]. 

Assume that one processor, processor Pi' has to pass some message (for example, a set 
of data) to another processor Pj' The message is normally not sent directly from processor 
Pi to processor Pj (which could be done only if the two processors are neighbours in the net 
of processors). A path from processor Pi to processor Pj is used to deliver the message. The 
path will depend on the interconnection network. Even when the network is fixed, the same 
communication that is to be sent from processor Pi to processor Pj may be passed by using 
different paths (depending on the current situation in the processor network at the moment 
when the communication is to be sent). However, a path can always be defined by 

(6.3) 

where n is the length of the path. If the processors Pi and Pi are neighbour processors, 
then n=1. 

Communication between the processors of a parallel computer with distributed memory 
is as a rule an expensive process. Therefore the programmer must try 

and 

(i) to reduce the number of communications as much as possible, 

(ii) to reduce, as much as possible, the amount of data that is to be 
passed in every communication between the involved processors 

(iii) to organize the computational process in such a way that all commu­
nications can be carried out by using the shortest possible paths. 

Some of these three requirements may work (in some cases, at least) in opposite 
directions. For example, it is often possible to reduce the number of communications between 
processors only if the length of the communications is also increased. If this is the case, then 
the optimal solution of the above three tasks may depend on the particular parallel computer 
with distributed memory that is to be used. For some parallel computers with distributed 
memory it may be more profitable to send numerous but short messages, whereas for other 
computers of this kind sending a few long messages may be the better solution. 

From this discussion it becomes clear that the first requirement is, of course, to determine 
the pieces of work that could be carried out in parallel. However, in many cases this will be 
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insufficient. From the above discussion it follows that it is also necessary to organize the 
computational process so that (a) the processors work as long as possible with their own 
data, (b) the communications (when these are needed) occur rarely and (c) the messages are 
short and have to be sent to neighbour processors only. It should be mentioned here that it 
is not easy to satisfy simultaneously all these conditions. In many cases this is simply not 
possible, and a compromise has to be found. 

A special type of the parallel computers with distributed memory are the massively 
parallel computers. These computers may have many thousands of processors. For example, 
the Connection Machine CM-200 can be configured with up to 2 16 = 65536 bit-processors. 
Each processor of a massively parallel computer has its own local memory. The processors 
communicate with each other in the same way as other parallel computers with distributed 
memory. This implies that the same type of problems arise when a large scientific or 
engineering model is to be programmed and the resulting code is to be made efficient for any 
of the massively parallel computers. However, solving these problems is even more difficult 
than for ordinary parallel computers with distributed memory, because of the greater number 
of processors in a massively parallel computer. 

If the choice of a massively parallel computer (or an ordinary parallel machine with 
distributed memory) is considered in connection with the treatment of a large scientific or 
engineering model, then one should be aware that the requirements (i)-(iii) are very 
restrictive and, therefore, these cannot be satisfied for any application problem. However, it 
must also be emphasized that there are many problems for which the use of big, massively 
parallel computers is very efficient. This is normally the case when large scientific and 
engineering models that are described mathematically by partial differential equations that are 
discretized on regular spatial grids. Many important application problems, which appear often 
in practice, satisfy these two conditions: i.e., they are described by partial differential 
equations and, moreover, they are discretized on regular spatial grids. Therefore, one should 
expect massively parallel computers to be rather efficient for such application problems when 
the programming work is carefully done. This is probably why the massively parallel 
computers are gaining more and more terrain in the field of large-scale scientific computing. 
This process will probably continue in the near future. 

6.5. High-speed computers with more complicated architecture 

Three groups of main principles on which high-speed computers can be based were 
described in the preceding three sections, Section 6.2 - Section 6.4. When these principles 
are taken into account, high-speed computers can be divided into three major classes: 

(1) vector processors, 

(2) parallel computers with shared memory 
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and 

(3) parallel computers with distributed memory. 

However, it is possible to construct more complicated architectures, in which two groups 
or all three groups of the main principles are applied simultaneously, and many such 
architectures have been constructed. This tendency, to build more and more high-speed 
computers with complicated architecture, is clearly seen during the last several years. 

One simple example of computers based on more complicated architecture was explained 
in Section 6.3; that is, the ideas of building single vector processors and parallel computers 
with shared memory can be unified. The result is a parallel computer with shared memory 
each processor of which has a vector capability. This approach guarantees, as has been 
described in Section 6.3, a greater flexibility: one has a possibility to optimize the code on 
two levels: 

(i) to vectorize on every processor 

and 

(ii) to parallelize across the processors. 

One can also unify all three principles on which high-speed computers are based. One 
example is the CEDAR computer, which has been developed at the Center for Supercompu­
ting Research and Development at the University of Illinois at Urbana-Champaign. A good 
description of the main principles used in the construction of the CEDAR computer can be 
found in Kuck et al. [277]. 

The CEDAR computer consists of several clusters of processors (at present it can be 
configured with up to four clusters). Each cluster of processors has its own local memory 
(together with its own cache memory, which is much smaller than the local cluster memory, 
but access to the local cluster cache memory is very fast) and could work in parallel with the 
other clusters of processors. This means that at this level the CEDAR computer has some 
properties of a parallel computer with distributed memory. However, even at this level, 
CEDAR is not a pure parallel computer with distributed memory, because there is also a 
common global memory that could be shared by the different clusters (the access to the global 
memory being much slower than that to the local memory). 

Each cluster of the CEDAR computer contains several processors (at present, up to eight 
processors). The processors in each cluster share the local cluster memory and can work 
concurrently. Thus, within each cluster of processors the CEDAR computer works as a 
parallel computer with shared memory. 

Finally, each processor of the CEDAR computer is rather powerful and has a vector 
capability. This means that at the lowest level, at a processor level, the CEDAR computer 
is a vector machine. 
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Some details concerning the CEDAR computer are omitted here. For example, there is 
some degree of flexibility in the configuration of the machine. As an illustration of this 
statement, it should be mentioned that one can also configure CEDAR as a plain parallel 
computer with 32 processors (instead of configuring it as a computer with four clusters with 
eight processors per cluster). 

From the above description it is clear that the programmer can try to achieve efficiency 
by optimizing the code on three levels: 

and 

(i) one can try to vectorize at a processor level, i.e., to carry out 
vectorized computations at every processors, 

(ii) one can try to achieve parallelism across the processors at a cluster 
level, i.e., to carry out parallel computations within each cluster of 
processors 

(iii) one can try to achieve concurrency across the clusters, i.e., to 
distribute some computations to the different clusters and to perform them 
in parallel). 

Of course, it is not possible to achieve optimization on all these levels for any application 
problem. However, the CEDAR architecture makes it possible (in principle, at least) to 
exploit the positive properties of all three groups of main principles on which high-speed 
computers are based. This fact, together with the fact that there is a great degree of flexibility 
in the configuration of the machine, shows that the CEDAR approach is a very interesting 
way to build flexible, high-speed computers. Some of the main ideas applied in the develop­
ment of the CEDAR architecture are already used by some computer companies in the 
development of their new products. 

All high-speed computers that have been considered until now are based on the idea that 

all their processors are of the same type. 

This is not a necessary condition that must always be satisfied when high-speed 
computers are to be constructed. One can also connect (probably with some loose 
connections) different computers. Some experiments in this direction have been carried out. 
It is possible that in the future high-speed computers connecting heterogeneous processors will 
play an important role in the field of large-scale scientific and engineering computing. 
Heterogeneous networks of computers ranging from work-stations to supercomputers are 
gradually becoming commonplace in high-performance computing. For more information 
about heterogeneous computing see Freund and Conwell [176], or Khokhar et a1. [264]. 
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Until recently, each computer in such a network remained a separate unit, but now the 
Parallel Virtual Machine (PVM) package is available at many sites and can be used to 
develop truly heterogeneous programs for multiple computer systems. The PVM package is 
a software package developed at Oak Ridge National Laboratory and Emory University. It 
enables a heterogeneous collection of UNIX computers that are linked in a network to 
function as a single parallel computer. PVM applications can be run across a wide variety of 
architectures. PVM handles automatically all message conversions required when the linked 
computers use different data representations. Participating computers can be distributed 
anywhere in the world and linked by a variety of networks. It should be possible to distribute 
the tasks in an optimal way: to send to each computer in the network tasks that are most 
suitable to its architecture. 

PVM is a public domain code. The PVM source code and user's guide can be obtained 
by electronic mail. The source code has been tested on many different computers. 
Visualization and debugging facilities are available in the PVM program. More details can 
be found in Beguelin et al. [26]. 

6.6. High-speed computers and large air pollution problems 

The numerical problems that arise after the discretization of large air pollution problems 
are enormous (see Section 5.1). However, these are normally discretized on regular spatial 
grids. Moreover, the splitting procedures (which are commonly used in the numerical 
treatment of the models) lead to some natural parallelism. For example, the advection sub­
models (one per each of the species involved in the air pollution model) can be run 
concurrently after the performance of some splitting of the air pollution model. Moreover, 
most of the final tasks, which are to be treated during the discretization process and which 
are as a rule among the most time-consuming tasks, are well-known (and relatively simple) 
basic linear algebra operations. The efficient implementation of basic linear algebra operations 
is more or less a well-understood task for all types of the high-speed computers that were 
described in the previous sections of this chapter. This shows that the large air pollution 
models are potentially very suitable for efficient runs on different types of high-speed 
computers. However, it is also important to emphasize, once again, that this does not imply 
that the optimization of the big codes, which are obtained after the discretization of large air 
pollution models (the discretization being carried out together with some splitting procedure), 
is an easy task. It has already been mentioned several times, both in this chapter and in the 
previous chapters, that in fact the opposite is true, because the numerical problems arising 
when large air pollution problems are treated on computers are very large. 

The task of optimizing a large air pollution model on a high-speed parallel computer with 
distributed memory is normally a much more difficult task than the task of optimizing such 
a model of the other types of parallel computers (vector processors and parallel machines with 
shared memory). This is the case because in such a model one operates with very large sets 
of data which have to be distributed properly among the processors of the computer under 
consideration. 
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The use of single vector processors seems to be easiest. However, also in this situation 
many technical problems are to be solved. Nevertheless, it is as a rule not very difficult to 
obtain good efficiency when single vector processors are used. 

The use of parallel computers with shared memory machines, and also some more 
complicated architecture like the CEDAR computer, is also straightforward; at least in 
principle. However, some complications may arise. A typical situation where difficulties may 
arise is the case where the computer has a cache memory, and the cache memory is to be 
exploited efficiently. 

The use of parallel computers with distributed memory may, as already mentioned, be 
rather complicated; an optimal distribution of the data that is used in the model to the 
different processors of the parallel computer with distributed memory is as a rule a tough task. 

The task becomes even more difficult when a massively parallel computer is to be applied 
(because the number of processors in such a computer is very large). On the other hand, 
however, the large air pollution models contain, as already mentioned above, a lot of natural 
parallelism. The natural parallelism arises mainly because the systems of POE's, by which 
the large air pollution models are described mathematically, are as a rule discretized on 
regular spatial grids. Therefore, it should be possible to obtain a good performance also when 
massively parallel machines are used. Unfortunately, it is normally very difficult to obtain the 
right solution of the task of the optimization of a large air pollution model on a massively 
parallel computer (even though one knows that such a solution must exist). 

At present it is still difficult to judge the suitability of parallel computers with more 
complicated architecture for numerical handling of large air pollution models. More efforts 
are needed in this direction in order to determine whether such computers are suitable for 
large air pollution models. However, it is quite clear that such computers are potentially very 
promising. This is especially true for the parallel computers with heterogeneous processors 
which could be a very powerful tool in the efforts to handle large air pollution models 
efficiently and to achieve optimal speeds of computations in the different parts of such a 
model. 

6.7. Concluding remarks and references concerning the efficiency 
of the numerical algorithms and the use of high-speed computers 

The use of efficient numerical methods is absolutely necessary, but the use of efficient 
numerical methods will normally not solve all problems that arise when a large LRTAP 
model is to be handled. It is also necessary to apply some high-speed computer. High-speed 
computers are capable of carrying out many millions of simple floating point arithmetic 
operations (additions and multiplications) per second. However, careful programming work 
has to be done in order to utilize completely the great potential power of these machines. The 
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principles on which the main types of high-speed computers are based were discussed in 
Section 6.1. Different types of high-speed computers as well as many applications of 
scientific computations on high-speed computers are studied, for example, in [26], [176]­
[179], [264], [277], [339], [389]. More details about the high-speed computers as well as 
some other classifications of the high-speed computers can be found there (see also the 
references given in Ortega et a1. [340]). 

Vector processors are the oldest high-speed computers. The main principles on which the 
vector processors are built are more or less well-understood now, and it is not very difficult 
to achieve high-speed computations when such computers are used. Efficient kernels for 
performing some basic operations that appear again and again in the computations have been 
developed for many such computers; see, for example, [114], [115], [339], [389]. However, 
some difficulties may arise when very big application codes are to be optimized. A short 
description of the vector processors is given in Section 6.2. Some applications related to 
large air pollution models will be discussed in more detail in Chapter 7. 

Parallel computers with shared memory are also popular among the scientists and 
engineers that work with large scale problems and have been used to optimize many big 
scientific and engineering codes. The basic principles on which these parallel machines are 
built are briefly discussed in Section 6.3. It is underlined there that the most important case 
is the use of parallel machines with shared memory whose processors have vector capabilities. 
Such parallel machines are more flexible: one can try to optimize the code on two levels (to 
achieve vectorized computations on every processor and to achieve parallel computations 
across the processors). More details about the parallel computers with shared memory andlor 
the application of such computers in the solution of some numerical problems can be found 
in [117], [177]-[179], [339]. The efficiency that can be achieved when modules from air 
pollution codes are run on parallel computers with shared memory will be discussed in 
Chapter 8. 

The main principles on which parallel computers with distributed memory are based are 
described in Section 6.4. It is emphasized there that the programming work is more difficult 
when these computers are used than the programming work needed when the previous two 
types of high-speed computers are used. This is especially true for the so-called massively 
parallel machines where the number of processors can he very large (for example, up to 
65536 processors for the CM-200). These machines are potentially very promising for 
problems that are in some sense regular (for example, systems of PDE's that are discretized 
on regular spatial grids). If the programming work is done carefully, then one should expect 
good results for such problems. A good description of different parallel machines with 
distributed memory (including here some descriptions of massively parallel computers) as well 
as a good discussion of the organization of the computations on parallel computers with 
distributed memory can be found in [179], [290], [298], [299], [339]. However, it is highly 
desirable to have a monograph with a concise description of the most important principles 
which are common for all such computers and which can easily be understood by scientists 
and engineers working with big application problems. Such a monograph is not available yet. 
The performance of some parts of the Danish Eulerian Model (which is described and 
tested in Zlatev et a1. [538,539]) on several massively parallel computers will be discussed 
in Chapter 9. 



Computations on high-speed computers 191 

During the past five years, more complicated computer architectures have been built that 
possess properties of different kinds of high-speed computers: 

and/or 

(i) abilities to perform computations in a vector mode, 

(ii) abilities to use shared memory banks, 

(iii) abilities to distribute some data to different processors and/or clusters 
of processors 

(iv) possibilities to be configured with a relatively large number of 
processors (not necessarily the same type of processors). 

This process will probably continue. The computers of this type have been discussed in 
Section 6.5 by using a simple but illustrative example; the CEDAR computer, see Kuck 
et al. [277]. The heterogeneous parallel computers are an interesting group among these 
computers. The development in this area is very quick, and it is difficult to predict what the 
situation will be after several years. Moreover, until now many of the quite new architectures 
have neither been described in a proper way nor tested on sufficiently many big application 
codes. Therefore one should be prepared to perform a lot of programming work if a computer 
from this group is chosen. Some interesting references on this topic are [26), [176), [264), 
[443). 

The problems connected with the application of different high-speed computers to run big 
air pollution codes are discussed in Section 6.6. It is emphasized that the simple move from 
a traditional computer to a high-speed computer is not sufficient to ensure high-speed 
computations. A careful programming work has to be done. Moreover, some of the numerical 
algorithms (which were successfully used when the code was run on a traditional computer) 
may be unsuitable for the high-speed computer chosen. This implies that it may be necessary 
to replace some of the numerical methods used on the traditional computers with new 
numerical methods that are suitable for the high-speed computer chosen. This means that the 
task of achieving high speed computations is normally very difficult. On the other hand, some 
very big air pollution models can be made tractable numerically only if (i) a high-speed 
computer is used in the runs and (ii) the programming work is careful and accurate. 
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RUNNING AIR POLLUTION MODELS ON VECTOR MACHINES 

"The architecture that first caused a widespread and substantial algorithm 
redesign activity in numerical computing is the vector processor". 

K. A. Gallivan, R. J. Plemmons and A. H. Sameh: "Parallel Algorithms 
for Dense Linear Algebra Computations", SIAM Rev., 32(1990), 54-135. 

The long-range transport air pollution models (the LRTAP models) are, as shown in the 
preceding chapters, extremely complex and, therefore, a great amount of computing time is 
required to run them on computers. This (together with the fact that the big vector processors 
are still among the fastest computers that are available at the market) explains why large air 
pollution models are often run on big vector processors (as, for example, different types of 
CRAY computers). 

Vector machines are potentially very powerful. However, it is necessary to program the 
codes carefully in order to exploit fully the great power of these machines. This is not always 
an easy process, especially when very large application codes are to be designed for efficient 
runs on vector machines. Therefore it is important to analyze the codes carefully in order to 
determine which parts of the codes are most time-consuming and then to concentrate the 
attention first and foremost on these parts. 

Normally, the most time-consuming parts of any large long-range transport air pollution 
model are modules that perform standard algebraic operations, such as matrix-vector 
multiplications, inner products, solving systems of linear algebraic equations and Fast Fourier 
Transforms. Most of these operations involve matrix calculations. An important property 
of the matrices involved in these standard algebraic operations is (in many applications, 
at least) their bandedness. The fact that the matrices, which are to be treated in large long­
range transport air pollution models, are usually banded matrices is important, and efficient 
codes can be developed when the bandedness is properly exploited when matrix operations 
are performed. In this chapter it will be shown how the standard algebraic operations can be 
vectorized and run efficiently on vector computers. 

Of course, one has to perform such standard algebraic operations not only in connection 
with the numerical treatment of large air pollution models, but also in the numerical treatment 
of many other large-scale problems that arise in different fields of science and engineering. 
Therefore, some parts of this chapter may be useful also for scientists who are working in 
other fields within the big area of large-scale scientific computation. 

7.1. Separating the most time-consuming operations 

Consider the system of PDE's that is commonly used, see Section 2.9 and Section 3.1, 
to describe mathematically the long-range transport air pollution models (the LRTAP models): 
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(7.1) 

s 1, 2, ... , q , 

where q is the number of pollutants that are involved in the model (the different variables 
involved in the model have been discussed in Chapter 2 and Chapter 3). 

Let us consider the case where the model is two-dimensional. Assume that such a model 
is split into several sub-models according to the physical processes involved in it (see Section 
3.1). It has been shown (Section 3.1) that it is appropriate to split the model into four sub­
models: advection sub-model, diffusion sub-model, deposition sub-model and chemistry sub­
model (the emission terms being normally added to the chemistry sub-model). If the model 
is three-dimensional, then special care should be taken when the computations in the vertical 
directions are carried out. However, the computations in the vertical directions could also be 
added to the four sub-models that are obtained by splitting according to the physical 
processes. 

Consider first the advection sub-model. The discretization of the space derivatives of 
the advection sub-model leads to application of Fast Fourier Transforms (FFT's) if a 
pseudospectral algorithm is used. If finite differences are used and if implicit integration 
methods are applied to solve the obtained linear systems of ODE's, then one has to solve 
systems of linear algebraic equations whose matrices are banded. If finite elements are used, 
then one has to solve systems of linear algebraic equations whose matrices are banded even 
when explicit integration methods are used. 

The banded matrices have a special structure: (i) many of their elements are equal to 
zero and, moreover, (ii) their non-zero elements are close to the main diagonal. More 
precisely, the following definition of a banded matrix can be used. 

Assume that the matrix is such that its non-zero elements are located close to the main 
diagonal so that 

(7.2) o if i-j > NBANDL or j-i > NBANDU, 
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where i=1,2, ... ,n, j=1,2, ... ,n. Such a matrix is called banded if NBANDL and 
NBANDU are two integers which are, both of them, much smaller than n, where n is 
the order of the matrix. The parameter NBANDL gives the number of diagonals in the 
matrix band that are under the main diagonal, while NBANDU is the corresponding number 
of diagonals that are over the main diagonal. All matrix elements that are outside the matrix 
band are equal to zero. The matrix elements that are inside the matrix band may be non-zero 
elements, which means that not all of them are necessarily zeros. In fact, in many cases many 
of them are also zeros; see, for example, Fig. 7.3. 

Assume now that systems of linear algebraic equations with banded coefficient matrices 
are to be solved. If the systems of linear algebraic equations are to be solved directly, then 
some efficient implementation of the well-known Gaussian elimination is to be applied. If the 
systems of linear algebraic equations are to be solved iteratively, then several basic linear 
algebra operations (such as matrix-vector multiplications, inner products and calculations of 
different norms) are to be performed. In both cases, the direct solution and the iterative 
solution, one must remember that the matrices involved in the computations are banded and 
one must exploit this information in order to obtain an efficient computational process. 

The situation does not change very much when the diffusion sub-model is considered. 
Fast Fourier Transforms (FFT's) can again be applied when some pseudospectral 
discretization is applied. If finite elements or finite differences are used in the space 
discretization, the situation is as above. However, it must be emphasized that the matrices that 
are involved in the computations are normally not only banded, but also symmetric and 
positive definite. This fact must also be exploited in order to increase the efficiency of the 
computational process. 

The treatment of the third sub-model, the deposition sub-model, is nearly trivial for two 
reasons: (i) some simple assumptions concerning the deposition processes were made, and 
(ii) the solution is easy from a numerical point of view. The deposition sub-model is a system 
of ODE's in which the separate equations are independent. Moreover, these are linear 
ODE's and therefore could be solved analytically. The process is easily vectorizable (the 
vectorization of this sub-model can be achieved in an obvious way). It is not necessary to 
discuss in detail the vectorization of the deposition under the assumptions made here. On the 
other hand, it must be stressed that in many cases it will be necessary to describe the 
deposition processes by applying more complicated physics. This latter situation will not be 
discussed in detail either, because if more complicated physics are applied (especially for the 
wet deposition), then the deposition sub-model will become rather similar to the chemical sub­
model which is discussed below. 

The chemical sub-model can cause problems when a numerical method is to be selected. 
This sub-model leads to a system of ODE's which is normally stiff (or even very stiff). 
Special time-integration methods for stiff systems of ODE's are to be used, and it is not 
easy to find an efficient method. As a matter of fact, the question of finding good numerical 
methods for the chemical sub-model is still open. However, if a numerical method is selected, 
then it is rather easy, in principle at least, to vectorize it, because the chemical reactions 
involve only the species at a given grid-point (there are no interconnections between species 
from different grid-points). Therefore long loops can be organized along the grid-points. This 
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may be a difficult task, but once accomplished, these loops will vectorize on every vector 
computer. 

This short discussion of the sub-models shows clearly that the most important tasks that 
have to be vectorized are 

and 

(i) basic linear algebra operations (first and foremost operations 
involving computations with banded matrices) 

(ii) fast Fourier transforms. 

Of course, the other operations mentioned above must also be vectorized, but this is a 
problem that can easily be solved (in the most cases the compiler will automatically vectorize 
the other operations). 

Sometimes the computations in the vertical direction are separated from the computations 
on the horizontal planes (see Section 3.1). This case will not be discussed in this chapter, 
because the situation does not change too much. In other words, in most cases the separation 
of the computations in the vertical direction from the computations on the horizontal planes 
does not lead to basic tasks that are different from the tasks that appear in the treatment of 
the previous sub-models. 

It is necessary to explain why it is very important to vectorize a large air pollution code. 
The easiest way is to illustrate the ideas by analyzing the situation in a simple example. Let 
us assume that the AMDAHL VPI100 computer is to be used in the computations. Consider 
also the matrix-vector multiplication, where the matrix is assumed to be banded. This 
operation is very important when systems of linear algebraic operations are solved by iterative 
methods. If this operation is not vectorized (i.e. if the computer runs it in a scalar mode), then 
the speed of computations is approximately 8 MFLOPS '. It will be shown in this chapter 
that if this arithmetic operation is properly vectorized, then the speed of computations is 
increased considerably; up to 240 MFLOPS. This means that the speed of computations can 
be accelerated by a factor up to 30 when the code is vectorized correctly. The speed-up will, 
of course, not always be so high, but nevertheless the vectorization of a code will normally 
result in a considerable acceleration of the speed of computations. The acceleration of the 
speed of computations is one of the crucial tasks when large air pollution problems are to be 
treated on computers (because the discretization of these models leads to the solution of very 
large numerical problems; see Section 5.1). 

1 MFLOPS: million floating point operations (additions and/or multiplications) 
per second 
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7.2. Using vectorized basic linear algebra operations 

Both solving systems of linear algebraic equations, LAE's, with banded matrices and 
performing some other basic linear algebra operations with banded matrices are time­
consuming and must be carried out in an efficient way when large LRT AP models are to 
be treated numerically on big modem vector processors (see the previous section). Such 
operations appear in many other fields of science and engineering (although the matrices 
involved are not necessarily banded). Therefore, it is necessary to develop kernels that are 
standard and, moreover, perform these operations efficiently. Such kernels are called basic 
linear algebra subprograms, BLAS's. BLAS's have been proposed first in Lawson et al. 
[284], and after that an extended set of BLAS's have been proposed in Dongarra et al. 
[ 113]. 

Let us start by considering computations that involve dense matrices. A matrix is called 
dense if either all its elements are non-zeros or there are zero elements but it is not efficient 
to exploit this fact and the zero elements are treated in the same way as the non-zeros during 
computations. Subroutines for dense matrices, which are vectorized and by which a high 
level of performance can be achieved on many vector machines, can be found in Dongarra 
et al. [113]. These subroutines are based on principles described, for example, in Daly and 
Du Croz [96], Du Croz and Wasniewski [122], Dongarra and Eisenstat [114], Dongarra et 
al. [115]. The problems connected with the development of kernels involving dense matrices 
are well-understood now. BLAS's for dense matrices exist at many computing centres. Many 
of them are written in machine language and it is both easy and efficient to attach them to 
big application packages. 

The situation changes when operations with banded matrices are considered instead of 
operations with dense matrices. In order to illustrate this, let us consider the calculation of 
y:=y+Ax, where A is a real matrix of order n, while x and yare vectors with n real 
components. This is a typical algebraic operation that occurs in the numerical treatment of 
many large scientific and engineering problems. Assume that the speed of computations is 
measured in MFLOPS. Assume also that the computations are carried out on a CRA Y 
X-MP48 (by using one processor only) and that n=1024. Then the subroutine from the set 
of subprograms in Dongarra et al. [113] (this set is commonly called BLAS 2) performs 
the above operation with a speed greater than 160 MFLOPS when the matrix is dense, while 
a speed of only about 30 MFLOPS can be obtained by the corresponding subroutine for 
symmetric, positive definite and banded matrices when a matrix of the same order, n=1024, 
and a bandwidth of 32 is treated. It is clear that if the problem solved is very large, then it 
is highly desirable to be able both to exploit the special properties of matrix A (which leads 
to a reduction of the number of simple arithmetic operations) and to keep the speed of 
computations at the same level as the speed of computations for dense matrices (which results 
in a better exploitation of the power of the vector processors). This discussion together with 
the fact that banded matrices do appear very often in large-scale scientific computations 
explains why fast subroutines are needed for performing basic linear algebra operations for 
banded matrices. Examples of such subroutines will be described in this chapter. 
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A careful study of the matrices that appear after discretizing PDE's shows that these 
matrices are not only banded, but very often they also have many diagonals, within the matrix 
band, that contain no non-zero element (all their components are zeros). Thus, the matrix 
bands are very often sparse (which means, roughly speaking, that they contain a lot of zero 
elements) and, moreover, non-zero elements do not, in general, occur on random places (these 
fill whole, or at least nearly whole, diagonals). This is a special kind of sparsity, which can 
be exploited very efficiently and some algorithms, by which the sparsity of the matrix bands 
is exploited, will also be described in this chapter (together with the subroutines where these 
algorithms are implemented). 

7.3. Vectorizing matrix-vector multipliers for banded matrices 

Consider the following basic linear algebraic operation (multiply a matrix by a vector and 
add the result to another vector): 

(7.3) y: y + Ax, 

where both x and yare vectors with n components and A is a square matrix of 
order n. If matrix A is a dense matrix, then the most straightforward way to perform the 
operation given by (7.3) is to multiply (for i=I,2, ... ,n) the elements in the i'th row of 
matrix A with the corresponding components of vector x and to add this sum to the i'th 
component of vector y. Thus, the new value of Yi is obtained by 

(7.4) 
n 

Yi + L a ij Xj • 

j=l 

This approach works very well also when matrix A is banded and when the 
calculations are carried out on a sequential computer. In the latter case the summation is 
carried out from max(l,j-NBANDL) to min(j+NBANDU,n). 

In the algorithms for performing the matrix-vector multiplication that are based on (7.4), 
the calculations are organized by rows. The calculations can also be organized by columns. 
This is done, not only for operation (7.4) but for many other operations involving matrices, 
in the subroutines of UNPACK (see Dongarra et al. [112]). The algorithms in which the 
calculations are organized by columns perform (on many computers) better than the 
corresponding algorithms in which the calculations are organized by rows, because contiguous 
arrays are used in the former algorithms. 

However, if the matrix is banded and if a vector computer is in use, then the speed of 
computations, measured in MFLOPS, achieved by either of the above two approaches, is 
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considerably slower than the speed of computations achieved by the corresponding algorithms 
for dense matrices. This can easily be established by running the appropriate subroutines from 
the BLAS 2 set (see Dongarra et al. [113]). It should be emphasized here that the 
computing times for the banded subroutines will normally be smaller than the computing 
times for the dense subroutines (although the latter are faster). This is so because the number 
of arithmetic computations is reduced very considerably when the bandedness is exploited. 
Nevertheless, it is desirable to try to achieve the same speed of computations for the 
algorithms that deal with banded matrices as that for the algorithms by which dense matrices 
are treated. Several efficient algorithms for matrix-vector multiplication in the case where the 
matrix is banded will be described below. 

7.3.1. Vectorizable matrix-vector multipliers 

The conventionally used algorithms for performing matrix-vector multiplications do not 
work very well on vector computers because the arrays involved in the loops are short when 
the matrix band is narrow (when NBANDL+NBANDU+1 is a small integer) even in the 
case where the matrix itself is very large. In order to get long arrays in the loops, also when 
the matrix band is very narrow, one should organize the calculations by diagonals. Not only 
is the computing time reduced very considerably when this is done properly, but also the 
speed of computations becomes comparable with the speed of computations for the 
corresponding dense algorithms. The idea is very simple. Its realization in a computer code 
is demonstrated in Fig. 7.1, where the main loops used are given. The corresponding loop 
in the BLAS 2 subroutine for performing (7.3) is given in Fig. 7.2. 

C 

C 

DO 10 I=I,N 
Y(I)=Y(I)+A(I,NBANDL+ 1)*X(I) 

10 CONTINUE 

DO 30 J=I,NBANDU 
IEND=N-J 
JJ=NBANDU+l+J 
DO 20 I=I,IEND 

Y(I)= Y (I)+A(IJJ)*X(I + J) 
20 CONTINUE 
30 CONTINUE 

DO 50 J=I,NBANDL 
ISTART=NBANDL+2-J 
DO 40 I=ISTART,N 

Y(I)=Y(I)+A(IJ)*X(I+I-ISTART) 
40 CONTINUE 
50 CONTINUE 

Figure 7.1 
The main loops of matrix-vector multiplier 

in which the computations are organized by diagonals. 
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The two codes show clearly that the arrays involved in the inner loops are long in the first 
code, whereas they will normally be rather short in the second code. Let NBANDL = 
NBANDU = 32 and N = 1024. Then the length of the arrays in the first code is about 
1000, whereas the arrays involved in the inner loop of the second code are at most of length 
65. 

It is necessary to explain how the banded matrices are to be stored when the two codes, 
given in Fig. 7.1 and Fig. 7.2, are used. This can be illustrated by applying a small matrix 
selected from the set of the test-matrices that will be used in the numerical experiments. 
Therefore a class of test-matrices will first be introduced in the next sub-section and then a 
small matrix within this class will be used to present the storage structures appropriate for the 
calculations sketched in the codes from Fig. 7.1 and Fig. 7.2. 

NBAND1=NBANDU+ 1 
DO 20 J=I,N 

TEMP=X(J) 
NBAND2=NBANDl-J 
DO 10 I=MAXO(IJ-NBANDU),MINO(NJ+NBANDL) 

Y(I)= Y(I)+ TEMP* A(NBAND2+IJ) 
10 CONTINUE 
20 CONTINUE 

Figure 7.2 
The main loops in the BLAS 2 matrix-vector multiplier 

for general banded matrices. 

It is necessary to mention here that calculations by diagonals have also been considered, 
in another context, by Madsen et al. [303]. 

7.3.2. A class of banded test-matrices 

It is desirable to have a class of banded test-matrices for which the following properties 
are satisfied: 

(l) matrices of different orders can be generated, 

(2) all matrices from the class are generated by a simple and short 
program, 

(3) the matrices are very similar to matrices that often appear in 
practice. 

If the first of these requirements is satisfied, then it is possible to study systematically the 
variations in the performance of different codes when the order of the matrices is varied. The 
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second requirement will allow the scientists to start the experiments quickly without using a 
lot of time to attach complicated programs to the tested code. If the third requirement holds, 
then there is a good reason to expect that the code tested will also perform well in the 
solution of scientific and engineering problems from different fields. 

A class of test-matrices, for which the three requirements (1)-(3) are satisfied, can be 
constructed as follows. Let us assume that the bandwidth NBANDL of the desired matrix is 
already chosen. Set NBANDU = NBANDL and N = (NBANDL)2. Let d be an 
arbitrary real number. Consider a matrix of order N such that 

(a) All its elements on the main diagonal are equal to four. 

(b) The elements in the diagonals whose first elements are a l2 and a lk 
with k = NBANDU = NBANDL are equal to -I-d. 

(c) The elements in the diagonals whose first elements are a21 and akl 
with k = NBANDL are equal to -1 +d. 

(d) All other elements are equal to zero. 

In this way a class of test-matrices depending on two parameters is constructed. If 
NBANDL is varied, then matrices of different orders are constructed. If d = 0.0, then 
matrices similar to well-known matrices (that appear in the discretization of the Laplace 
operator by the five-point rule) are obtained. These matrices are symmetric and positive 
definite. If d 1= 0.0, then the matrices are not symmetric and the positive definiteness is 
in general also lost. In the latter case, the matrices are similar to matrices that appear in the 
discretization of PDE's containing both first-order and second-order space derivatives. 

A simple program that produces matrices of this class has been developed. This program 
will be used in the numerical experiments in this chapter (but it should be mentioned here that 
the conclusions were drawn by using also some results that were obtained by running other 
matrices on various vector computers). For any pair of parameters (NBANDL,d) the 
program produces a matrix according to the rules (a)-(d). NBANDL must be a positive 
integer that is greater than 1. 

Now it is easy to show how the bandedness is exploited to store the matrices, so that the 
codes given in the previous sections can be used. Let NBANDL=4 and d=4. The matrix 
in the family of test-matrices corresponding to these two parameters is given in Fig. 7.3. 

If the bandedness of matrix A is not exploited, then A is normally stored in a 
two-dimensional array, where the rows of the matrix are rows in the array and the columns 
of the matrix are columns in the array. The structure should be packed when the bandedness 
is to be exploited. Using the well-known structure adopted in the UNPACK subroutines 
(Dongarra et al. [112]), the matrix from Fig. 7.3 can be stored as in Fig. 7.4. 
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4-5 0 0-5 0 0 0 0 0 0 0 0 0 0 0 
3 4-5 0 0-5 000 0 0 0 0 0 0 0 
o 3 4-5 0 0-5 0 0 0 0 0 0 0 0 0 
o 0 3 4 -5 0 0 -5 0 0 0 0 0 0 0 0 
3 0 0 3 4 -5 0 0 -5 0 0 0 0 0 0 0 
o 3 0 0 3 4-5 0 0-5 0 0 0 0 0 0 
o 0 3 0 0 3 4-5 0 0-5 000 0 0 
o 0 0 3 003 4-5 0 0-5 0 0 0 0 
o 0 0 0 3 0 0 3 4-5 0 0-5 000 
o 0 0 0 0 3 0 0 3 4-5 0 0-5 0 0 
o 0 0 0 0 0 3 0 0 3 4 -5 0 0 -5 0 
o 0 0 0 000 3 0 0 3 4-5 00-5 
o 0 0 0 0 0 0 0 3 0 0 3 4-5 0 0 
o 0 0 0 000 003 003 4-5 0 
o 0 0 0 0 0 0 0 003 0 0 3 4-5 
o 0 0 0 0 0 0 000 0 3 0 034 

Figure 7.3 
A test-matrix with n=16, NBANDL=4 and NBANDU=4. 

* * * * -5 -5 -5 -5 -5 -5 -5 -5 -5 -5 -5 -5 
* * * 0 0 0 0 0 0 0 0 0 0 0 0 0 
* * 0 0 0 0 0 0 0 0 0 000 0 0 
* -5 -5 -5 -5 -5 -5 -5 -5 -5 -5 -5 -5 -5 -5 -5 
4 4 444 4 4 4 4 4 4 4 4 4 4 4 
3 333 333 3 3 3 3 3 3 3 3 * 
o 0 0 0 0 0 0 0 0 0 0 000 * * 
o 0 0 0 0 000 000 00* * * 
3 3 333 333 333 3 * * * * 

Figure 7.4 
The matrix from Fig. 7.3 stored by using the LlNPACK scheme. 

The matrix structure in Fig. 7.4 is used in the banded matrix multipliers in BLAS 2 
(see Dongarra et al. [113]). In these subroutines the calculations are organized by using the 
columns of matrix A and, more precisely, the parts of the columns of A that are within 
the matrix band. This means that if the matrix is with a narrow band, then one is working 
with short arrays. Therefore it is clear that it is better to reorganize the calculations so that 
the computations in inner loops have to be carried out by diagonals. In order to get 
contiguous vectors, it is also useful to store the diagonals as columns in the array in which 
the matrix band of A is packed. This leads to the structure shown in Fig. 7.5. 

The zero diagonals are stored in the schemes given in Fig. 7.4 and Fig. 7.5. Of course, 
this is not necessary. Both storage and computing time can be saved by storing the non-zero 
diagonals only. The storage scheme in which only the non-zero diagonals are stored is 
illustrated in Fig. 7.6. 
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If the diagonals of the banded matrix are packed as in Fig. 7.6, then it is necessary to 
use two extra arrays in which the distances of the diagonals to the main diagonal are given. 
The lengths of these arrays are equal to the numbers of diagonals in the lower matrix band 
and the upper matrix band respectively (i.e. to NBANDL and NBANDU). The contents of 
these arrays are given in Fig. 7.6 over the corresponding diagonals. For the particular 
matrices considered here the information about the distances of the diagonals to the main 
diagonal is quite symmetric, but it is clear that in general this is not true. 

For symmetric matrices one has to store only the upper (or the lower) band, and therefore 
an extra array will be sufficient to provide the information that is needed in order to locate 
the positions of the diagonal in relation to the main diagonal. 

The packed storage scheme illustrated in Fig. 7.6 can only be used together with some 
indirect addresses. The use of such addresses normally leads to a great decrease in the speed 
of computations when this occurs in inner loops. By a careful organization of the computa­
tions one can avoid using indirect addresses in the inner loops. Thus, indirect addressing is 
only used in the outer loops which do not vectorize anyway. 

Now everything is prepared for the experiments, in which the usefulness of the 
reorganization of the computations (so that these are carried out by diagonals) will be 
demonstrated. The numerical experiments are described in the following sub-sections. 

* * * * 4-5 o 0-5 
* * * 3 4 -5 o 0-5 
**034-5 0 0-5 
* 0 o 3 4-5 0 0-5 
3 0 o 3 4-5 0 0-5 
3 0 o 3 4-5 0 0-5 
3 0 0 3 4-5 0 0-5 
3 0 0 3 4 -5 0 0-5 
3 0 0 3 4 -5 0 0-5 
3 0 o 3 4 -5 0 0-5 
3 0 o 3 4 -5 0 0-5 
3 0 o 3 4 -5 0 0-5 
3 0 o 3 4 -5 0 o * 
3 003 4 -5 0 * * 
3 003 4 -5 * * * 
3 0 0 3 4 * * * * 

Figure 7_5. 
The matrix from Fig. 7.3 stored by diagonals. 
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4 1 - 1 4 

* * 4 -5 -5 
* 3 4 -5-5 
* 3 4 -5 -5 
* 3 4 -5 -5 
3 3 4 -5 -5 
3 3 4 -5 -5 
3 3 4 -5-5 
3 3 4 -5 -5 
3 3 4 -5-5 
3 3 4 -5-5 
3 3 4 -5 -5 
3 3 4 -5 -5 
3 3 4 -5 * 
3 3 4 -5 * 
3 3 4 -5 * 
3 3 4 * * 

Figure 7.6. 
The matrix from Fig. 7.3 when only the non-zero diagonals are stored. 
The distances of the non-zero diagonals to the main diagonal are given 

at the top of the figure. 

7.3.3. Performance of matrix-vector multiplications 

The performance of the two matrix-vector multiplications, the main loops of which are 
given on Fig.7.l and Fig. 7.2, will be studied in this section. The codes will be called 
DIAG 0 and BLAS 2 respectively. It should be mentioned here that BLAS 2 is in fact 
a simplified version of the subroutine SGBMV from Dongarra et al. [113] which performs 
directly (7.3) instead of the operation y:=ay+bAx (this means that the fact that a = b = 
1.0 has been exploited in order to improve the performance of SGBMV). 

The matrices from the class banded test-matrices that has been described in the previous 
sub-section were run with NBANDL=8,16,24, ... ,96 and with d=4 on an AMDAHL 
VPllOO. The speeds of the computations, measured in MFLOPS, for the two codes are 
given in Table 7.1. The bandwidth parameter NBAND = NBANDL + NBANDU + I, 
which is used in Table 7.1, is the actual length of the arrays in the inner loops of BLAS 
2. The computing times are proportional to the numbers of MFLOPS (because the same 
number of arithmetic operations is needed to calculate the matrix-vector product in both 
algorithms) and, therefore, there is no need to list them. 

The results shown in third and the fourth columns of Table 7.1 indicate that the 
calculations by diagonals are to be preferred even when the matrices are very large (and, in 
our examples, also the matrix band becomes rather large if the matrix is large). The results 
can be further improved when a special device, unrolling, is applied. Unrolling will be 
studied in the next section. 
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64 

256 

512 

1024 

1600 

2304 

3136 

4096 

5184 

6400 

7744 

9216 
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NBAND BLAS 2 DEPTH 0 DEPTH 2 DEPTH 4 DEPTH 8 DEPTH 16 

17 11 44 36 31 30 30 

33 22 80 120 99 103 101 

49 33 85 128 135 148 147 

65 44 91 137 166 185 195 

81 55 110 132 172 195 204 

97 68 114 139 182 208 224 

113 73 116 137 184 213 226 

129 76 115 140 189 219 237 

145 79 119 141 192 222 238 

161 83 121 140 192 222 241 

177 86 121 140 194 225 242 

193 89 119 141 194 226 245 

Table 7.1 
Performing matrix-vector multiplications with different algorithms. 

The speed of computations is measured in MFLOPS on AMDAHL VPll00. 
The matrices used are of the same type as the matrix given in 

Fig. 7.3 with NBANDL=NBANDU=4k (k=2,4,6, ... ,24), N=(NBANDL)2 
and NBAND=NBANDL+NBANDU+l. The sparsity of the matrix band is 

not exploited in these runs. DEPTH 0 means that no unrolling is 
used. Unrolling is not applied in the BLAS 2 kernel-subroutine. 

7.3.4. Unrolling double loops 

205 

On some vector computers a special device, called "unrolling" (see, for example, 
Dongarra et al. [115] or Dongarra and Eisenstat [114]) can successfully be applied to 
increase the speed of the computations. This device is efficient for double loops and, roughly 
speaking, leads to performing a greater amount of computational work per iteration of the 
inner loop. Unrolling can be carried out when the arrays involved in the inner loop are 
equally long. A close examination of the inner loops in the code given in Fig. 7.1 shows 
that this requirement is not satisfied when the computations are carried out by diagonals. 
Therefore, it is necessary to perform some preliminary work in order to prepare the code in 
Fig. 7.1 for unrolling. The idea is to perform separately the computations in the upper 
triangle of the lower band (for the example shown in Fig. 7.5 the elements in rows 2, 3 
and 4 which are located to the left of the main diagonal). This part of the computational 
work is carried out, in a separate loop, without unrolling. Then unrolling is carried out for the 
remaining part of the lower band. The arrays in this remaining part are equally long. 
Moreover, if the matrix under consideration is large, then the elements of the former part of 
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the lower band are a few only, while many more elements are located in the part of the lower 
band that can be unrolled. 

Similar ideas are to be applied in connection with the upper band (in this case the small 
loop, which cannot be unrolled, contains elements in the bottom of Fig. 7.3 that are to the 
right of the main diagonals). The implementation of these ideas is illustrated in the code given 
In Fig. 7.7. 

The two major loops in the code given in Fig. 7.7 can easily be unrolled. In the case 
where the depth of unrolling is two, this is done in the code given in Fig. 7.8. It is obvious 
how unrolling with higher depths can be obtained by applying the same ideas as those used 
to obtain the code in Fig. 7.8. 

C 

C 

C 

C 

DO 10 I=I,N 
Y(I)=Y(I)+A(I,NBANDL+l)*X(I) 

10 CONTINUE 

1ST ART=N-NBANDU+ 1 
DO 30 J=l,NBANDU-l 

IEND=N-J 
JJ=NBANDU+l+J 
DO 20 I=IST ART ,lEND 

Y (1)= Y (I)+A(IJJ)*X(I+ J) 
20 CONTINUE 
30 CONTINUE 

DO 50 J=l,NBANDU 
JJ=NBANDU+ 1 +J 
DO 40 I=I,N-NBANDU 

Y (1)= Y (I)+A(IJJ)*X(I + J) 
40 CONTINUE 
50 CONTINUE 

DO 70 J=2,NBANDL 
ISTART=NBANDL+2-J 
DO 60 I=ISTART,NBANDL 

Y(I)=Y(I)+A(IJ)*X(I+I-ISTART) 
60 CONTINUE 
70 CONTINUE 

DO 90 J=l,NBANDL 
JJ=NBANDL+I-J 
DO 80 I=NBANDL+ 1,N 

Y(I)=Y(I)+A(IJ)*X(I-JJl 
80 CONTINUE 
90 CONTINUE 

Figure 7.7 
The main loops of matrix-vector multiplier 

in which the computations are prepared for unrolling. 
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Experiments, in which unrolling with several depths has been applied, have been carried 
out both on a CRA Y X-MP48 computer and on an AMDAHL VPl100 computer. Some 
results obtained with unrolling with depths 2, 4, 8 and 16 are given in Table 7.1. It is 
clear that for sufficiently large values of N the unrolling with depth 16 performs about twice 
as fast as the case where no unrolling is carried out. It should be pointed out that unrolling 
with depth 32 is slower than unrolling with depth 16. In the experiments on the CRAY 
X-MP machine unrolling with depth 8 gave best performance. 

7.3.5. Exploiting the sparsity of the matrix band 

The sparsity of the matrix band is not exploited in the experiment, the results of which 
are shown in Table 7.1. Of course, this is not the best choice. Much better computing times 
can be achieved by exploiting the sparsity of the matrix band (using the structure shown on 
Fig. 7.7), although the speed of the computational process, measured in MFLOPS, is 
decreased when the sparsity is exploited. This is demonstrated in Table 7.2 and in Table 
7.3. Unrolling the outer loops has no great effect for the particular matrices that are used 
here, because there are only two non-zero diagonals on each side of the main diagonal. 
However, if the number of non-zero diagonals is larger, then the efficiency of unrolling, 
measured in MFLOPS, will become greater also when the sparsity of the matrix band is 
exploited. . 

Compare the results for DEPTH 0 (no unrolling) in Table 7.2 with the corresponding 
results in Table 7.1. The comparison shows that the speed of computations is decreased by 
approximately 10% - 20% when the sparsity is exploited. This is caused by the use of 
indirect indices in the sparse code. Fortunately, indirect indices are to be used only in the 
outer loops (which are not vectorized anyway). This is the reason for the very moderate 
decrease of the speed of computations with the sparse code. 

There are only two non-zero diagonals both in the upper band and in the lower band. 
Therefore unrolling with depth greater than 2 should practically have no effect on the speed 
of computations and the speeds of computations obtained with all unrolling in the sparse code 
should be compared with the speed of computations obtained with DEPTH 2 (unrolling 
with depth 2) in Table 7.1. Taking this into account, it is seen that the relationship between 
the speeds of computations for the dense code and the sparse code when unrolling is carried 
out is the same as the relationship between the speeds of computations for the dense code and 
the sparse code when unrolling is not performed (see the previous sub-section). 
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ISTART=N-NBANDU+ 1 
DO 30 J=I,NBANDU-I 

IEND=N-J 
JJ=NBANDU+ I+J 
DO 20 I=ISTART,IEND 

Y(I)=Y(I)+A(lJJ)*X(I+J) 
20 CONTINUE 
30 CONTINUE 

J=MOD(NBANDU,2) 
IF(J.GE.I) THEN 

JJ=NBANDU+I+J 
DO 40 I=I,N-NBANDU 

Y(I)=Y(I)+A(IJJ)*X(I+J) 
40 CONTINUE 

END IF 

JSTART=J+2 
DO 60 J=I,NBANDU,2 

JJ=NBANDU+I+J 
DO 50 I=I,N-NBANDU 

Y(I)= Y (I)+A(IJJ)*X(I + J)+A(IJJ -I )*X(I + J -I) 
50 CONTINUE 
60 CONTINUE 

DO 80 J=2,NBANDL 
1ST ART=NBANDL+2-J 
DO 70 I=ISTART,NBANDL 

Y(I)=Y(I)+A(IJ)*X(I+I-ISTART) 
70 CONTINUE 
80 CONTINUE 

J=MOD(NBANDL,2) 
IF(J.GE.I) THEN 

JJ=NBANDL+I-J 
DO 90 I=NBANDL+ I,N 

Y(I)=Y(I)+A(IJ)*X(I-JJ) 
90 CONTINUE 

END IF 

DO 110 J=I,NBANDL 
JJ=NBANDL+I-J 
DO 100 I=NBANDL+l,N 

Y(I)= Y(I)+A(IJ)*X(I-JJ)+A(IJ -1)*X(1 -JJ-l) 
100 CONTINUE 
110 CONTINUE 

Figure 7.8 
Unrolling with depth 2 for the code in Fig. 7.7. The contribution due to the main diagonal, which is 

not given here, can be calculated as in the code on Fig. 7.7 (see loop 10 on Fig. 7.7). 
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64 

256 

512 

1024 

1600 

2304 

3136 

4096 
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NBAND BLAS 2 DEPTH 0 DEPTH 2 DEPTH 4 DEPTH 8 DEPTH 16 

17 11 25 19 19 18 17 

33 22 57 55 55 53 51 

49 33 71 82 83 80 79 

65 44 84 99 104 102 100 

81 55 95 107 113 112 110 

97 68 99 118 123 120 120 

113 73 103 121 127 125 125 

129 76 106 125 132 134 133 

145 79 108 126 135 133 133 

161 83 109 128 136 135 135 

177 86 110 128 138 138 136 

193 89 110 129 139 139 138 

Table 7.2 
Performing matrix-vector multiplications with different algorithms. 

The speed of computations is measured in MFLOPS on AMDAHL VPll00. 
The matrices used are of the same type as the matrix given in 

Fig. 3.1 with NBANDL=NBANDU=4k (k=2,4,6, ... ,24), N=(NBANDL)2 
and NBAND=NBANDL+NBANDU+l. The sparsity of the matrix band is 

exploited in these runs. DEPTH 0 means that no unrolling is 
used. Unrolling is not applied in the BLAS 2 kernel-subroutine. 
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The comparison of the speeds of computations of the sparse code and the dense code is 
not fair with regard to the sparse code. This is so because the number of arithmetic operations 
is dramatically reduced when the sparse code is in use. Therefore, it is also useful to show 
the computing times obtained in the runs, which is done in Table 7.3. 

7.3.6. Multitasking on multiprocessors 

It has been mentioned in Chapter 6 that many vector computers have several processors 
that can work in parallel. If this is the case, then it is important to exploit the possibility of 
running some parts of the code concurrently. This possibility will be discussed briefly in this 
section. The parallel computations will be discussed in more detail in Chapter 8 and 
Chapter 9). 

The codes, which have been developed in the previous sections, have a very nice 
property: it is nearly obvious how to modify them in order to achieve parallel computations 
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on a multiprocessor. Let us assume that the number of the processors available is NCPU. 
Assume also that two integer arrays, IBGN and ISTOP are available and that both are 
of length NCPU. If the banded matrix that is to be treated is of order N, then the contents 
of these two arrays are to be initialized as follows: 

(7.5) 

I 

IBGN(I)=[(I-l)*N/NCPU]+l, ISTOP(I)=[I*N/NCPU], 

1=1, 2, ... ,NC PU . 

N NBAND BLAS 2 Sparsity not exploited Sparsity exploited 

64 17 0.20 0.07 (35.0%) 0.03 (15.0%) 

256 33 0.76 0.17 (22.3%) 0.05 ( 6.6%) 

512 49 1.71 0.38 (22.2%) 0.07 ( 4.1 %) 

1024 65 3.03 0.68 (22.4%) 0.10 ( 3.3%) 

1600 81 4.73 1.26 (26.6%) 0.14 ( 3.0%) 

2304 97 6.83 1.99 (29.1 %) 0.19 ( 2.8%) 

3136 113 9.80 3.13 (31.9%) 0.24 ( 2.4%) 

4096 129 14.01 4.43 (31.6%) 0.31 ( 2.2%) 

5184 145 19.05 6.27 (32.9%) 0.39 ( 2.0%) 

6400 161 24.90 8.55 (34.3%) 0.47 ( 1.9%) 

7744 177 31.99 11.34 (35.4 % ) 0.56 ( 1.8%) 

9216 193 40.17 14.50 (36.1 %) 0.66 ( 1.6%) 

Table 7.3 
Performing matrix-vector multiplications for banded matrices. 

The computing times, measured in seconds on AMDAHL VP1100. 
The results obtained when unrolling with depth 16 is applied 

are given in the case where the sparsity is not exploited. 
When the sparsity is exploited, the results given in this table 

are obtained using unrolling with depth 4. In all cases 1000 
matrix-vector products are calculated. 

Assume now that a CRA Y X-MP computer is to be used. Consider the long loops in 
Fig. 7.7; i.e. consider Loop 10, Loop 50 and Loop 90. The main part of the computational 
work is carried out in these loops. This work can be performed in parallel by using the code 
in Fig. 7.9. The other codes can also be prepared for parallel computations using the same 
ideas. Moreover, the same ideas can be used not only in connection with the CRA Y X-MP 
computer but also on some other architectures. Some codes for symmetric banded matrices 
are discussed in Zlatev et al. [547]. In Zlatev et al. [547] it is shown the speed up 
parameters of the code based on the ideas sketched above are rather good (being in the 
interval [3.5,3.85] for sufficiently large matrices when NCPU=4). 
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CMIG$ DOGLOBAL 
DO 60 K=I,NCPU 

Kl=IBGN(K) 
K2=ISTOP(K) 
KK1=MIN(Kl,NBANDL+ 1) 
KK2=MAX(K2,N-NBANDU) 
DO 10 I=Kl,K2 

Y(I)=Y(I)+A(I,NBANDL+ 1)*X(1) 
10 CONTINUE 

DO 30 J=I,NBANDU 
JJ=NBANDU+l+J 
DO 20 I=Kl,KK2 

Y(I)=Y(I)+A(I,JJ)*X(I+J) 
20 CONTINUE 
30 CONTINUE 

DO 50 J=I,NBANDL 
JJ=NBANDL+I-J 
DO 40 I=KK1,K2 

Y (1)= Y (I)+A(I,J)*X(I -JJ) 
40 CONTINUE 
50 CONTINUE 
60 CONTINUE 

Figure 7.9 
One of the main loops of matrix-vector multiplier, 

in which the computations are organized by diagonals, 
prepared for parallel execution on a CRA Y X-MP computer. 

7.4. Vectorizing the solution of systems with banded matrices 
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One should use special methods when systems of linear algebraic equations (LAE's) 
whose matrices are banded are to be solved, because this normally leads to a considerable 
decrease of the amount of the computational work. Furthermore, if the matrices involved in 
the calculations are symmetric and positive definite, then this fact should also be exploited 
during the solution process. Finally, it is not very easy to decide what kind of method (a 
direct method or an iterative method) will perform best. 

7.4.1. Solving symmetric and positive definite 
systems of linear algebraic equations 
by conjugate gradient methods 

Systems of linear algebraic equations (LAE's) whose coefficient matrices arc band, 
symmetric and positive definite can efficiently be solved by using a conjugate gradients 
algorithm with some simple preconditionings. The advantages of using this iterative procedure 
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are described in Zlatev et al. [547]. Numerical results from some experiments, which have 
been performed on an AMDAHL VPl100, will be presented in this section. The matrices 
used in the experiments are obtained from the family of band test-matrices introduced in § 
7.3.2 by setting the parameter d equal to zero. Thus, the test-matrices used are very 
similar to matrices that appear in the discretization of the Laplace operator on a square space 
domain by the fiVe-point rule (which has already been mentioned in § 7.3.2). 

The results obtained by the use of the conjugate gradients algorithm will be compared 
with results obtained by a direct method in which the bandedness, the symmetry and the 
positive definiteness are exploited. The purpose is to show that on vector machines an 
iterative method could perform better than a direct method even in the case where on a 
sequential computer the direct method performs better than the iterative one. This is so 
because the computations with banded matrices can be carried out very efficiently on a vector 
machine, while one is forced to work with short arrays during the factorization stage of the 
direct methods for banded matrices and, thus, the process cannot be vectorized on a high level 
of performance. The UNPACK subroutines SPOFA and SPOSL, see Dongarra et al. 
[112] have been used. It should be mentioned that a new package, LAPACK, has been 
developed by scientists from the Argonne Laboratory, the Courant Institute, the NAG Library 
and some other sites (Anderson et al. [8]). This means that some more efficient subroutines 
are now available. However, this will not alter too much the conclusions drawn in this 
section, because the reason for the poor performance of the direct methods for banded 
matrices on vector machines is due, first and foremost, to the work with rather short arrays 
during the factorization (and this does not depend on the particular implementation of the 
direct methods in subroutines). Nevertheless, one should have in mind the fact that better 
subroutines are available for solving LAE's by direct methods. 

The speed of computations in the case where the sparsity of the matrix bands is not 
exploited is shown (for unrollings with different depths) in Table 7.4. The matrices from the 
family introduced in § 7.3.2 are in general non-symmetric, but (as mentioned in § 7.3.2) 
they become symmetric and positive definite matrices in the case where d = 0.0 is chosen. 
One may exploit the symmetry as well as the positive definiteness and this has been done by 
applying the algorithms described in Zlatev et al. [547]. 

It is seen, from Table 7.4, that the results are best when unrolling with depth 16 is 
applied. Moreover, the results are very similar, especially for large matrices, to the results 
presented in Table 7.1. Of course, this is not a great surprise: when the matrices are large 
and the sparsity of the matrix band is not exploited, then the matrix-vector multiplication is 
the dominating computational process during the solution of LAE's by iterative methods. 
This observation shows clearly why one should be very careful in the preparation of good 
kernel subroutines for matrix-vector multiplications. 

Also in this case (as for matrix-vector multiplications; see the preceding sub-section) the 
sparsity of the matrix bands can very successfully be exploited. The speeds of computations 
obtained when the sparsity is exploited are presented in Table 7.5. The speed of 
computations is in general not reduced (in comparison with the speed of the computations for 
the case where the sparsity is not exploited) when no unrolling is carried out, because the 
matrix-vector multiplications do not dominate too much the computational process when the 
sparsity is exploited. The manipulation with one-dimensional arrays (calculations of vector 
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norms, copies and multiplications of vectors with constants) takes a considerable part of the 
computational process. These operations are performed with a high speed of computations, 
and thus the speed of computations for the global process is also increased. 

N NBAND 

64 17 

256 33 

512 49 

1024 65 

1600 81 

2304 97 

3136 113 

4096 129 

5184 145 

6400 161 

7744 177 

9216 193 

UNPACK BLAS 2 DEPTH 0 DEPTH 2 DEPTH 4 DEPTH 8 

1 7 36 29 30 29 

2 12 79 87 94 101 

2 17 84 112 135 145 

3 21 92 133 159 184 

4 24 104 140 172 188 

4 29 107 148 180 204 

5 32 111 147 183 208 

5 36 112 154 191 218 

6 38 112 154 189 218 

7 42 114 154 192 221 

7 45 114 156 193 221 

8 48 114 156 193 222 

Table 7.4 
The speed of computations, measured in MFLOPS on AMDAHL VPIlOO, 

obtained in the solution of systems of LAE's with symmetric 
and positive definite banded matrices by the use of a 

conjugate gradients algorithm. The sparsity of the matrix band is 
not exploited in these runs. DEPTH 0 means that no unrolling is 
used. Unrolling is not applied in the BLAS 2 kernel-subroutine. 

DEPTH 16 

28 

100 

145 

189 

198 

219 

221 

232 

233 

239 

239 

243 

Unrolling with depth greater than two has no great effect on the speed of computations. 
The reasons for this phenomenon are the same as those presented in connection with Table 
7.2. 

Again, as in the previous section, the comparison of the speeds of computations for the 
dense case (Table 7.4) and the sparse case (Table 7.5) is not very fair to the sparse case. 
Therefore it is illustrative to give also the computing times. This is done in Table 7.6. The 
results show very clearly the advantages of the exploitation of the sparsity in this situation. 

The percents are calculated in connection with the computing times for the BLAS 2 
subroutine. Note that the calculations by diagonals are even more efficient in this situation 
than in the case the matrices are not symmetric. This is so because the length of the arrays 
that are used in the inner loops in the code BLAS 2 is equal to the half bandwidth (the 
actual length of the arrays being NBAND I = (NBAND-l )/2 where NBAND is given 
in the tables). 
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N NBAND 

64 17 

256 33 

512 49 

1024 65 

1600 81 

2304 97 

3136 113 

4096 129 

5184 145 

6400 161 

7744 177 

9216 193 

Chapter 7 

LINPACK BLAS 2 DEPTH 0 DEPTH 2 DEPTH 4 DEPTH 8 

I 7 24 22 21 20 

2 12 63 67 67 64 

2 17 82 95 95 95 

3 21 103 121 121 119 

4 24 112 128 129 128 

4 29 1\9 138 140 140 

5 32 124 139 143 143 

5 36 126 149 146 147 

6 38 130 149 149 149 

7 42 131 151 153 153 

7 45 134 151 152 152 

8 48 134 155 155 154 

Table 7.5 
The speed of computations, measured in MFLOPS on AMDAHL VPIIOO, 

obtained in the solution of systems of LAE's by the use of a 
conjugate gradients algorithm. The sparsity of the matrix band is 

exploited in these runs. DEPTH 0 means that no unrolling is 
used. Unrolling is not applied in the BLAS 2 kernel-subroutine. 

DEPTH 16 

19 

64 

92 

118 

127 

139 

140 

146 

151 

152 

153 

152 

The results concerning the UNPACK subroutines show clearly that these subroutines 
perform in a scalar mode. Therefore the performance of these routines, compared with the 
vectorized iterative routines, is poorer. The results given in Table 7.4 - Table 7.5 are 
calculated with a requirement for achieving accuracy of order 10.3• On AMDAHL VP1WO 
the computing times needed in the solution of the systems by iterative methods are smaller 
than those needed in the UNPACK subroutines even if an accuracy of order 10- 10 is 
required. Accuracy of order 10.10 has been achieved (for the problem with n==9216) after 
346 iterations. The computing time was 5.12 seconds when unrolling with depth 16 is 
applied (the computing time for the UNPACK subroutines being 11.47 seconds; see 
Table 7.5). 

An error estimation is available when the iterative methods are used. The stopping criteria 
proposed in Zlatev and Nielsen [541] are applied. The performance of these criteria in the 
particular situation discussed here is illustrated in Table 7.7. The results shown in Table 
7.7 indicate that the stopping criteria used are reliable and in many situations do ensure the 
required order of accuracy. 

The UNPACK subroutines available on CRA Y X-MP perform better (a vectorized 
version of UNPACK for CRA Y computers has been prepared by the specialists at CRA Y 
Research). Some loops are vectorized on this computer and therefore the performance of the 
UNPACK subroutines becomes in many situations better than the performance of the 
iterative subroutine based on the BLAS 2 kernel for calculating matrix-vector products. 
However, also on this computer the use of kernels in which the calculations are organized by 
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diagonals is to be preferred for the class of matrices used; the computing time being about 
twice smaller even if a high accuracy (10- 10 ) is required. 

The situation changes when a scalar computer is in use. On vector computers a very high 
speed of computations can be achieved when the computations are organized by diagonals 
(because in this way one works with both long and contiguous arrays). On sequential 
computers this advantage is lost. The UNPACK subroutines work very efficiently on such 
computers and as a rule they will give best results for the problems from the family 
introduced in this chapter. This conclusion is based on experiments performed on a 
UNIVAC 1100 computer. 

N NBAND LINPACK BLAS 2 Sparsity not ~ ~. 

64 17 0.01 0.01 < 0.01 < O.ot 

256 33 0.05 0.06 0.01 (16.7%) < 0.01 

512 49 0.18 0.22 0.02(9.1%) 0.01 (4.5%) 

1024 65 0.42 0.52 0.06 (11.5%) O.ot (1.9%) 

1600 81 0.82 0.93 0.12 (12.9%) 0.02 (2.2%) 

2304 97 1.43 1.63 0.21 (12.9) 0.03 (1.8%) 

3136 113 2.27 2.65 0.38 (14.3%) 0.05 (1.9%) 

4096 129 3.39 3.77 0.58 (15.4%) 0.07 (1.9%) 

5184 145 4.83 5.60 0.92 (16.4%) 0.10 (1.8%) 

6400 161 6.63 7.65 1.36 (17.7%) 0.13 (1.7%) 

7744 177 8.84 10.52 1.97 (18.7%) 0.18 (1.7%) 

9216 193 11.47 13.46 2.68 (19.9%) 0.22 (1.6%) 

Table 7.6 
The computing times, measured in MFLOPS on AMDAHL VP1100, 

obtained in the solution of systems of LAE's with symmetric and 
positive definite banded matrices by the use of a conjugate gradients algorithm. 

The results obtained when unrolling with depth 8 is applied 
are given in the case where the sparsity is not exploited. 

When the sparsity is exploited, the results given in this table 
are obtained using unrolling with depth 4. The numbers given in 

are obtained by using the results for the BLAS 2 kernel. 

II 

The classical conjugate gradients algorithm has been used here as an iterative procedure 
(see Hestenes and Stiefel [236] or Reid [362]). Other iterative methods for symmetric and 
positive matrices, as those discussed in Evans [160-163], Rice and Boisvert [366], Varga 
[456], Vinsome [464), Washpress [467], Young [493-496] or Young and Kincaid 
[498,499], can also be applied. Several other iterative methods have been tested in connection 
with the air pollution models described in the previous chapters by Hov et al. [246]. 
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Different preconditionings proposed in the above references can be attached to the iterative 
algorithms selected. In Zlatev et al. [547] a preconditioning proposed in Dubois et al. [121] 
has been used. An acceleration of the Jacobi method, proposed by Martins [310], has been 
attempted in Zlatev et al. [547]. 

Estimated errors Exact errors 

N NBAND BLAS 2 DIAGONALS LINPACK BLAS 2 DIAGONALS 

64 17 4.6*10" 4.6*10.4 3.5*10.14 6.4*10.5 ( 18) 6.4*10.5 ( 18) 

256 33 7.8*10" 7.8*10" 3.3*10.13 5.0*10.5 ( 37) 5.0*10.5 ( 37) 

512 49 2.2*10" 2.2*10" 1.0*10.12 5.3*10.5 ( 56) 5.3*10.5 ( 56) 

1024 65 1.7*10.4 1.7*10" 1.2*10.12 6.8*10.5 ( 74) 6.8*10.5 ( 74) 

1600 81 8.6*10" 8.6*10.4 4.8*10.12 8.3*10.4 ( 82) 8.3*10.4 ( 82) 

2304 97 7.6*10" 7.6*10" 8.1*10.12 7.6*10.4 ( 98) 7.6*10.4 ( 98) 

3136 113 9.6*10" 9.6*10" 1.4*10.11 7.5*10.4 (113) 7.5*10.4 (113) 

4096 129 9.5*10" 9.4*10.4 2.0*10·" 1.1*10.3 (121) 1.1*10.3 (121) 

5184 145 9.3*10" 9.3*10.4 2.8*10.11 9.7*10" (137) 9.7*10.4 (137) 

6400 161 9.4*10.4 9.4*10.4 4.0*10·" 9.3*10" (151) 9.3*10" (151) 

7744 177 9.1*10" 9.1*10" 5.3*10·" 9.1*10.4 (166) 9.1*10" (166) 

9216 193 9.3*10.4 9.3*10" 7.7*10·" 1.0*10.3 (177) 1.0*10.3 (177) 

Table 7.7 
The accuracy achieved in the solution of LAE's with symmetric 

and positive definite matrices. DIAGONALS refer to any of the algorithms used 
in the previous tables (unrolling having no influence on the accuracy achieved). 

The numbers of iterations needed to achieve the accuracy required are given in brackets. 
It is seen that the routines based on the BLAS 2 kernels and computations by diagonals 

give identical results with regard to the accuracy achieved and the iterations used 
(this is true for all experiments carried out). 

The accuracy required in this experiment is 10.4• 

7.4.2. Solving non-symmetric systems of linear algebraic 
equations by an orthomin algorithm 

The use of iterative methods in the case where the systems solved are neither symmetric 
nor positive definite is connected with many difficulties. In this case the choice of a proper 
preconditioner will very often be the most important step in the solution. Some results 
obtained with a conjugate gradients technique, applied to the residual vectors, will be 
presented. The particular method used is orthomin (Vinsome [464]). No preconditioning is 
used (which leads to performing many iterations), but some work is now being carried out 
to construct a good preconditioner for the method used in this case. 
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N NBAND LINPACK BLAS 2 DEPTH 0 DEPTH 2 DEPTH 4 DEPTH 8 DEPTH 16 

100 21 4 16 45 45 40 39 40 

400 41 9 30 79 130 112 114 115 

900 61 14 43 91 131 147 157 159 

1600 81 18 56 105 135 162 182 190 

2500 101 23 66 105 144 174 197 208 

Table 7.8 
The speeds of computations, in MFLOPS, obtained in solving systems of linear algebraic equations 

with non-symmetric matrices when the sparsity of the matrix bands is not exploited. 

N NBAND LINPACK BLAS2 DEPTH 0 DEPTH 2 DEPTH 4 DEPTH 8 DEPTH 16 

100 21 4 16 33 31 30 30 27 

400 41 9 30 77 77 78 78 74 

900 61 14 43 97 103 108 109 106 

1600 81 18 56 111 118 123 122 121 

2500 101 23 66 119 134 136 135 132 

Table 7.9 
The speeds of computations, in MFLOPS, obtained in solving systems of linear algebraic equations 

with non-symmetric matrices when the sparsity of the matrix bands is exploited. 

N 

100 

400 

900 

1600 

2500 

NBAND LINPACK BLAS 2 Sparsity not exploited Sparsity exploited 

21 0.01 0.03 0.01 (33.3%) 0.01 (33.3%) 

41 0.08 0.17 0.04 (23.5%) 0.02 (11.8%) 

61 0.24 0.51 0.13 (28.1%) 0.04 ( 7.8%) 

81 0.58 1.14 0.32 (28.1%) 0.08 ( 7.0%) 

101 1.13 2.19 0.66 (30.1%) 0.14 ( 6.4%) 

Table 7.10 
The computing times, measured in seconds, on AMDAHL VPll00. 

The results obtained when unrolling with depth 16 is applied 
are given in the case where the sparsity is not exploited. 

When the sparsity is exploited, the results given in this table 
are obtained using unrolling with depth 4. 

All matrices are generated by using d = 2.0. 
The percentages are obtained by using the BLAS 2 computing times. 
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Again the solvers based on calculations by diagonals are compared with direct solvers 
(the UNPACK, [112], subroutines SGBFA and SGBSL) and with a subroutine based 
on the same iterative method and the BLAS 2 kernel for performing a matrix-vector 
multiplication. 

The same remarks as in the previous sub-section could be made for the speeds of 
computations of the "dense" and the "sparse" versions of the code for solving linear systems 
with banded matrices (in the case where unrolling is not used as well as in the case where 
unrolling is in use). 

It is seen that the UNPACK solver for non-symmetric matrices performs considerably 
better than the UNPACK solver for symmetric and positive definite matrices. The same 
is true when the speeds of computations of the BLAS 2 solvers (for non-symmetric matrices 
and for symmetric and positive definite matrices) are compared. This and the fact that many 
more iterations are needed now to obtain the accuracy required show why the computing 
times obtained when the calculations are organized by diagonals are not so good as those 
these obtained in the previous section. As already mentioned, some kind of preconditioning 
seems to be necessary in this situation. 

It should be mentioned here that the UNPACK solver will perform much better than 
the iterative solvers on a scalar machine. 

7.4.3. Special matrices 

The improvement achieved by unrolling is caused by the reduction of the sweeps in the 
outer loops. Of course, it will be even better if the double loops can be replaced by simple 
loops, which can sometimes be done. In many applications the matrices involved in the 
computations are very special: the number of their non-zero diagonals is very small (i.e. three 
or five). In such a case the codes used to obtain the results in the previous two sections can 
be simplified so that all double loops are replaced by single loops. The implementation of this 
idea is straightforward. Kernels prepared in this way have been applied in some of the models 
at the National Environmental Research Institute. The numerical results indicate that such 
kernels are very useful, especially when the problems treated are very large. 

7.4.4. Some general remarks on the use of iterative 
methods on vector processors 

The storage scheme should be selected carefully when a vector processor is to be used 
in the iterative solution of large systems of linear algebraic equations with banded matrices. 
The matrix elements should be stored by diagonals and all computations should be organized 
by diagonals in order to utilize completely the power of the vector machine used. 
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The use of iterative methods in the solution of linear algebraic equations could result in 
many (or even too many) iterations. Therefore preconditioning should be used when this 
happens. If a vector processor is in use, then not only should the number of iterations be 
decreased by applying the preconditioner chosen, but it is also desirable to keep the high 
speed of computations. These two requirements work in opposite directions (as often happens 
in practice) and, therefore a compromise must be found. The search for a good preconditioner, 
especially for large systems of linear algebraic equations with general banded matrices, is 
continuing at the National Environmental Research Institute. 

Solving non-symmetric LAE's by iterative methods is an important problem. 
Algorithms based on a minimization of the residual vectors by conjugate gradients techniques 
have been used until now. The results that are obtained with such algorithms are rather 
encouraging (see also the tables presented in this sub-section). There are plans to try also 
GMRES from Saad and Schultz [379], as well as some other methods. 

7.4.5. Using direct methods on vector processors 

Assume that systems of LAE's whose matrices are banded are to be solved on vector 
processor. The speed of computations is usually not very fast when direct methods are used 
in the solution of such systems. This has been demonstrated in the previous sub-sections of 
this section by using appropriate subroutines of package UNPACK (see Dongarra et al. 
[112]). The main reason is that the loops that are involved in the computations are short (this 
fact has already been discussed). However, direct methods can be very useful in some 
situations. 

There are at least two important cases in which the direct methods may be preferable 
when the choice must be made between iterative methods and direct methods). The first case 
is connected with the application of finite elements in the space discretization of certain 
partial differential equations. This leads to the solution of large systems of ODE's of the 
following type: 

(7.6) P dg/dt Hg + f, 

where P is a constant matrix (very often also symmetric and positive definite), H is a 
variable matrix that is dependent, for example, on the time variable, while both g and f 
are vectors. Assume first that the time-integration method is implicit. Then the discretization 
of (7.6) leads to the solution of many systems of LAE's whose coefficient matrices are 
of the form: 

(7.7) J P + .M ~ H, 
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which means that these matrices vary from one time-step to another. In this situation iterative 
methods may be more profitable than direct methods. However. the situation changes when 
explicit time-integration methods are used in the numerical treatment of (7.6). In the latter 
case again many systems of LAE's are to be solved, but these systems have the same 
coefficient matrix P, which is assumed to be constant. This means that matrix P can be 
factorized in the beginning of the time-integration and then the triangular factors (an upper 
and a lower triangular matrices) can be used repeatedly during the whole integration process. 
The direct methods are useful in this situation. The speed of computations is again low when 
vector processors are used but the number of computations is reduced dramatically. 

Another important case where direct methods are preferable is the case where the iterative 
methods are slowly convergent. In this situation the high speed of computations will not be 
sufficient to compensate for the increased number of computations because too many 
iterations have to be performed. 

These two cases (and other cases can be found), in which it may be better to choose 
direct methods, indicate that one must have both iterative methods and direct methods in the 
software. The computations in the iterative methods consist of basic linear algebra operations 
which as a rule vectorize very well. The direct methods with banded matrices do not vectorize 
well, but the number of simple arithmetic operations can be considerably smaller than the 
corresponding number for the iterative methods. 

Thus, the choice depends both on the particular problem that is to be solved and on the 
computer that is to be used in the computations. As a rule, the iterative methods perform 
better when powerful vector processors are used. There are both direct methods and iterative 
methods included in the software that is currently used to treat numerically the Danish 
Eulerian Model. 

7.5. Vectorizing fast Fourier transforms 

When the pseudo spectral algorithm described in Section 3.2 is used to discretize the 
space derivatives that are involved in (7.1), Fourier transforms are to be used to determine 
the coefficients in the trigonometric interpolation polynomials (3.17) and (3.19). The 
number of arithmetic operations needed to calculate these coefficients is reduced considerably 
by using the so-called Fast Fourier Transforms (FFT's). Nevertheless, the determination of 
these coefficients remains one of the most time-consuming parts in the numerical treatment 
of an air pollution model when the pseudo spectral algorithm is used. Therefore it is important 
to perform this part of the computations efficiently. This is also true when vector computers 
are to be used. 

Assume now that a simple version of the model (the sulphur model with two pollutants 
only) is used. Assume also that this model is considered as a three dimensional model. Then 
the space discretization part takes approximately 85% of the CPU time needed to perform 
a one-year run on CRA Y 1 (see Zlatev [520]). This is why the FFT's must be vectorized 
on a high level. Fortunately, the FFT's are basic operations for which one can easily find 
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high quality software. Two packages were used in the experiments with the three dimensional 
sulphur model (Zlatev [520]). The first one was developed by Swarztrauber (see, Ziatev 
[520]). The second one was developed by Temperton (see again, Ziatev [520]) and 
implemented, as subroutine FFT991, at the European Centre for Medium-range Weather 
Forecasts (ECMWF) in Reading, England. Results that are obtained by these subroutines when 
the simple two-dimensional rotation test (which has been described in Section 4.1) is used are 
shown in Table 7.11. 

Computer used FFT algorithm Computing time 

CDC Cyber 175 Swarztrauber's FFT's 2572 

CRAY X-MP48 Swarztrauber's FFT's 298 

CRAY X-MP48 FFT991 at ECMWF (Reading) 25 

Table 7.11 
Performance of different FFT's in a run of the rotation test 

of the advection module of the model (see Chapter 4). 
The number of ODE's treated at each time-step is 1024. 
12500 time-steps were completed to achieve 50 rotations 

of the non-trivial part of the initial distribution. 

The results in Table 7.11 demonstrate clearly the importance of proper vectorization of 
the FFT's. A good vectorization of the subroutines that perform FFT's leads to a very 
substantial improvement of the speed of computations. This is especially true for the 
subroutine FFT991 , which also performs the so-called multiple FFT's. The use of multiple 
FFT's is very efficient when vector and/or parallel computers are in use. 

The results show also that the old-fashioned sequential computers (in this case represented 
by a CDC Cyber 175) are not competitive at all with the modern vector processors when the 
code is well vectorized. 

It should be mentioned here that the subroutine FFT991 is partly written in machine 
language and therefore can be used only on CRA Y products. However, the situation has 
been improved after 1988, because subroutines based on the Temperton algorithm were 
included as standard subroutines in the well-known NAG Library [229] (the subroutines of 
the NAG Library [229] are installed in many computing centres). The NAG FFT 
subroutines were tested in Zlatev [520]. The performance of the NAG FFT subroutines is 
quite similar to that of the Temperton's subroutine FFT991. 
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7.6. Concluding remarks and references concerning efficient runs 
of large air pollution models on vector machines 

Vector computers are now commonly used in the computations with large LRTAP 
models. These computers are fast. Their compilers become more and more intelligent (and, 
therefore, more and more operations involved in the codes are automatically optimized even 
when the programmers have not coded them in the best way). However, some more 
complicated operations are to be treated carefully. This is especially true (see [520]-[524], 
[526], [532], [540], [547]) for 

and 

(i) basic linear algebraic operations that involve banded matrices, 

(ii) solution of systems of linear algebraic equations whose coefficient 
matrices are banded, 

(iii) computations with Fast Fourier Transforms 

(v) the chemical reactions. 

The separation of the most time-consuming parts of a large LRT AP model is discussed 
in Section 7.1. It has been pointed out there that the operations involving banded matrices 
and Fast Fourier Transforms must be treated carefully on a vector processor, because it is not 
easy to achieve high speed of computations for these two types of operations. On the other 
hand, the proper vectorization of these operations improves considerably the total performance 
of a large LRT AP model. 

The basic linear algebra operations play an important role when finite differences or finite 
elements are used in the discretization of the space derivatives of an LRT AP model. Most 
of these operations are well-understood now (and efficient subroutines exist at many 
computing centres). This is especially true when dense matrices are involved in the basic 
linear algebra operations. However, the situation changes when banded matrices appear in the 
computations. The use of vectorized basic linear algebra operations in connection with banded 
matrices is briefly described in Section 7.2; see also [468], [469], [520] and [547]. 

Among the basic linear algebra operations, the matrix-vector multiplication is one of the 
most important. It is highly desirable to perform this operation efficiently. Algorithms for 
vectorized matrix-vector multipliers are developed in Section 7.3; they are based on ideas 
described in [523] and [547]. The vectorizable algorithms in the case where the matrix is 
banded are studied in §7.3.1. A special class of banded test-matrices is introduced in §7.3.2, 
and the efficiency of the proposed algorithms is demonstrated (by using these test-matrices) 
in §7.3.3. Special algorithms for unrolling double loops and exploiting the sparsity within 
the matrix band are presented in §7.3.4 and §7.2.5 respectively. Finally, it is shown in 
§7.3.6 that the algorithms can efficiently be used in multitasking procedures. 
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The solution of systems of linear algebraic equations whose matrices are banded is 
studied in Section 7.4. First iterative methods for symmetric and positive matrices are studied 
in §7.4.1 (further discussion of these methods can be found in [523]). Iterative methods 
for non-symmetric matrices are considered in §7.4.2 (see also [524]). The methods 
described in §7.4.1 and in §7.4.2 can be implemented even more efficiently for some 
special matrices; this possibility is discussed briefly in §7.4.3. Some common remarks 
concerning the use of iterative methods in the solution of systems of linear algebraic 
equations with banded matrices are given in §7.4.4. The use of direct methods (many such 
methods are discussed in [170], [171], [244], [438], [439], [444],[465], [473], [482]-[489]) 
in the solution of systems of linear algebraic equations with banded matrices may sometimes 
be more preferable than the use of iterative methods; this issue is discussed briefly in §7.4.5. 
Estimates of the condition numbers of the matrices involved in the computations may be very 
useful in the choice of a numerical method (iterative or direct). Estimators of the condition 
number of a matrix are studied in [238], [239], [322], [559]. It should also be mentioned here 
that condition number estimators are available in many modern solvers for systems of linear 
algebraic equations as, for example, in many solvers in the packages UNPACK [112] and 
LAPACK [8]. 

Fast Fourier Transforms (FFT's) are also often used when large LRTAP models are to 
be handled on vector processors. The FFT's are very time-consuming, and therefore it is 
crucial to perform them efficiently. The use of vectorizable FFT's is discussed in Section 
7.S. The efficiency of the vectorized FFT's, and especially the vectorized multiple FFT's, 
is illustrated by numerical examples (these numerical methods are also studied in [520], 
[522], [532] and [540]). 

Vectorizable algorithms for the chemical sub-model have not been described III this 
chapter. This important problem will be discussed in the following chapter. 



CHAPTERS 

RUNNING MODELS ON PARALLEL MACIDNES 
WITH SHARED MEMORY 

"The term "computational science" was first used by Ken Wilson (awarded 
a Nobel Prize for his work in physics) to refer to those activities in 
science and engineering that exploit computing as their main tool. Indeed, 
in the past 10 years, computing has become an essential tool for advan­
cing various science and engineering disciplines. Moreover, with the 
advent of parallel computers, it become clear that paraUel computing has 
become an integral part of many aspects of these disciplines" 

Ahmed Sameh and John Riganati: "Computational Science & Engine­
ering", IEEE Computer, Vol 26, No. 10, 1993,9-12. 

Parallel computers with shared memory are rather popular. The main reason for this 
popularity is the fact that it is relatively easy to achieve high speeds of computations when 
such computers are used. Furthermore, and this is in many cases even more important, good 
performance could often be achieved with minimal efforts. Therefore one should consider the 
possibility of running large air pollution codes on parallel machines with shared memory. It 
must be emphasized here that many companies that originally produced single vector 
processors are now producing parallel computers with shared memory. CRAY is a typical 
representative of this group of computer companies. 

Several modules of the Danish Eulerian Model (in fact, some of the test-problems that 
were introduced in Chapter 4) were run on several parallel computers with shared memory 
(ALLIANT FXl80, ALLIANT FXl2800, CONVEX and CRA Y Y-MP8). The most 
important physical processes involved in the model, the advection and the chemistry, are 
represented in these test-problems. It seems clear that if these test-problems can be run 
efficiently on parallel machines with shared memory, then the whole Danish Eulerian 
Model (and also many other large air pollution models) can also be run efficiently on this 
kind of parallel computers. 

It will be demonstrated in this chapter that efficient numerical methods 1 for running air 
pollution models on parallel computers with shared memory can be selected and implemented. 
The most important parts of the work that has to be performed in order to optimize a large 
application code (not necessarily an air pollution code) will also be discussed. If the 
processors of the parallel computer that is to be used have a vector capability, then the 
optimization process should be carried out on two levels: 

(i) vectorization on every processor 

and 

(ii) parallelization across the processors. 

1 In the context of this chapter, a numerical method is efficient if it is 
both sufficiently fast and sufficiently accurate. 
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Some numerical results that are obtained on two ALLIANT computers (ALLIANT 
FXl80 and ALLIANT FX/28(0) will be presented. However, it should be emphasized that 
modules of the Danish Eulerian Model were also run on several other parallel computers 
with shared memory. 

8.1. Identifying operations that can be run concurrently 

If a large application code (not necessarily an LRT AP model) is to be run on a parallel 
computer with shared memory, then first and foremost the parts of the codes that can be run 
in parallel should be identified. Of course, one is not interested in all parts of the codes that 
can be run concurrently. The task of finding all parts of a large application code that can be 
run in parallel can be very difficult. Therefore, the parts of the code that are less time 
consuming should, in the first phase at least, not be considered for parallelization. 

This means that one should start the investigation with the most expensive (the most time 
consuming) parts of the code, and the first task should be to try to parallelize these most 
expensive parts of the code. Once the parallelization of the most time-consuming parts of the 
code has successfully been completed, one should investigate once again carefully the 
performance of the other parts of the code. This is necessary because the parts of the code 
that have been ignored in the starting phase (were not among the most time-consuming parts 
of the code in the very beginning of the optimization process) could become relatively 
expensive after the parallelization of the most time-consuming parts of the code. If this 
happens, then one should proceed by trying to parallelize the parts that have become relatively 
expensive after the parallelization of the most time-consuming parts of the code. It could be 
necessary to repeat this procedure several times. It should also be emphasized here that the 
procedure sketched above is well-known and commonly used when big application codes are 
to be optimized on parallel computers. 

In many cases the identification of the parts of a large application code that can be run 
in parallel is not sufficient. This is especially true when the parallel computer under 
consideration has a cache memory. The access of data that are in the cache memory of the 
computer is as a rule much faster than the access of data from the global memory. Therefore 
it is worthwhile to work as long as possible with data from the cache memory. Unfortunately, 
in most of the cases there is no direct way to decide what data must be in cache (the compiler 
decides this). Nevertheless, one should try to organize the computations so that the same data 
are used as long as possible (hoping that these data will stay in the cache memory as long as 
they are needed). 
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8.2. Calling subroutines in concurrent runs 

Consider again the case where the air pollution model is a two-dimensional model (the 
three-dimensional case leads to an increase in the amount of the computational work, but the 
same ideas can be applied also when the model is three-dimensional). 

As mentioned several times in the previous chapters, the most time-consuming parts of 
an LRT AP code are the advection sub-model and the chemical sub-model. Therefore the 
parallelization of these two sub-models will be described in some mode detail (§ 8.2.1 and 
§ 8.2.2). If a splitting procedure is applied, then the advection of every chemical compound 
can be carried in parallel, while the chemical reactions at every grid-point of the discretized 
space domain can be performed concurrently. The other two processes, diffusion and 
deposition, will be discussed in § 8.2.3. The parallelization of three-dimensional models will 
be sketched in § 8.2.4, while some short remarks will be given in § 8.2.5. 

8.2.1. Parallelization of the advection part 

Let us assume that we have a subroutine ADVECT that could perform one advection 
time-step for one of the pollutants involved in the model. This means that the subroutine 
ADVECT performs separately one time-integration step for each equation of the advection 
sub-model (see more details in Section 5.2): 

(8.1) - a (UC~ll) lax - a (VC~ll) lay 

In a call of subroutine ADVECT the integration is performed from some tk to tk+i1t, 
where i1t is the time-stepsize chosen. The computations during the advection time-step k 
(k=I,2, ... ) can be carried out by using the loop given in Fig. 8.1. 

DO 10 I=I,NSPECIES 
CALLADVECT 

10 CONTINUE 

Figure 8.1 
The loop that can be used to perform an advection time-step 

(NSPECIES is the number of pollutants involved in the model). 

If the air pollution code is run on a parallel computer with shared memory and if it is 
possible to call subroutines in a concurrent mode (on nearly all such computers this is 
possible), then the loop shown in Fig. 8.1 can be run in parallel. 
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If the number of pollutants NSPECIES is equal to the number of processors or if 
NSPECIES is a multiple of the number of processors, then it will be very efficient to call 
concurrently subroutine ADVECT. The reason for the high efficiency is clear: every 
processor has received a task, and moreover the amount of work that has to be done by any 
processor is equal to the amount of work that has to be done by any of the other processors. 
In other words, every processor will be busy at the start of the k'th advection time-step and 
will likely be busy until the other processors are busy (which is a perfect situation when 
parallel computers are used). 

However, if the above condition is not satisfied, then the computational process will not, 
in general, be very efficient. Assume, for example, that there are four pollutants, while the 
number of processors is 40. Then only four processors will participate in the computations 
during the integration of the advection sub-model (i.e. only 10% of the computer power of 
the parallel machine will be exploited). This is clearly not satisfactory, and the paralleliza­
tion of the advection sub-model has to be carried out on a lower level in this situation. 
If such an action is properly performed, then the efficiency will strongly depend on the 
numerical methods chosen. 

If finite elements are used in the discretization of the spatial derivatives of (8.1), then 
the calculations with banded matrices are important (see the previous chapter). It is not very 
difficult to obtain a good parallel performance in the computations with banded matrices by 
using the techniques that has been described in the previous chapter (in fact, one example has 
been given there; see § 7.3.6). 

If the pseudo spectral algorithm that has been described in Chapter 3 is used, then the 
subroutines that perform FFf's (Fast Fourier Transforms), which are rather expensive, might 
be called in parallel. 

Parallel computations can also be organized when other numerical methods are used. For 
example, if finite differences are used, then the situation will be rather similar to the case 
where the advection part is discretized by using finite elements. 

It is important to emphasize here that if it is not efficient to parallelize the loop given in 
Fig. 8.1, then it is relatively easy, when LRT AP models are treated on parallel machines, 
to achieve parallel computations at some lower level. However, while it is not difficult to 
achieve parallel computations at different levels, it might be very difficult to find out the 
optimal level at which the parallelization is to be carried out. The solution of this task may 
also depend on the solution of the tasks of obtaining parallel computations in the other sub­
models of the air pollution model under consideration. 

8.2.2. Parallelization of the chemical part 

The chemical sub-model is very often the most time-consuming part of the computations 
when any LRT AP model is run on a computer. Therefore it is crucial to obtain high 
performance when the chemical sub-model is executed. It has be pointed out, in Chapter 3, 
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that the chemical reactions will normally lead to very stiff systems of ODE's. This imposes 
strong requirements for efficiency on the numerical methods that are to be used in the 
chemical part of a large air pollution model. The problem of finding an efficient numerical 
method for the chemical part is still an open problem (see again Chapter 3). However, if a 
numerical method for the chemical sub-model is somehow chosen, then it is relatively easy 
to achieve high computational speeds when the chemical part is run on many high speed 
computers (this fact has been mentioned in the previous chapter). In this paragraph it will be 
described how high computational speeds can be achieved when parallel computers with 
shared memory are used. 

Let us consider the system of ODE's by which the chemical part of a large LRTAP 
model is described (see Chapter 3 for more details about the chemical reactions and the 
systems of ODE's by which the chemical reactions are expressed in air pollution models): 

(8.2) dcs/dt 

where s=1,2, ... q and q is the number of pollutants involved in the model, while Ps = 
Ps(c"cz, ... ,cq) and L, = L,(c"cz, ... ,cq) are nonlinear terms that are typical for the chemical 
reactions. These terms describe the production and the loss rate for the pollutant under 
consideration during the chemical processes in which it is involved. 

The system defined by (8.2) contains NX*NY*NZ*NSPECIES equations (where NX 
is the number of grid-points on the grid-lines parallel to the Ox axis, NY is the number of 
grid-points on the grid-lines parallel to the Oy axis, NZ is the number of grid-points on the 
grid-lines parallel to the Oz axis, and NSPECIES=q is the number of pollutants involved 
in the air pollution model). However, the structure of the system (8.2) is very special. The 
air pollutants in a given grid-point in the space domain may interact chemically with each 
other, but they do not interact chemically with pollutants from the other grid-points in the 
space domain. This means that the big system of ODE's (8.2) is split into NX*NY*NZ 
smaller systems, where NX*NY*NZ is the total number of grid-points in the space domain 
of the air pollution model under consideration. Each of these smaller systems contain only 
NSPECIES equations and can be treated independently from the other small systems. 
The i'th small ODE system, i=1,2, ... ,NX*NY*NZ, can be written as follows: 

(8.3) 

Let us assume again, as in the previous paragraph, that a subroutine CHEMI, which 
performs one time-step in the numerical integration of any of the small systems (8.3), is 
prepared. This means that the subroutine CHEMI can perform the integration of the 
chemical sub-model (at any of the spatial grid-points) from any time grid-point tk to the 
next time grid-point tk+L\t, where k=1,2,... and L\t is the time-stepsize chosen. It is 
important to mention here that the time-stepsize used in the chemical part of an air pollution 
model is not necessarily the same as the time-stepsize used in its advection part. In fact, very 



230 Chapter 8 

often the time-stepsize used in the chemical part is considerably smaller than that used in the 
advection part. The chemical time-stepsize used in the Danish Eulerian Model is six times 
smaller than the time-stepsize that is used in the advection part of the same model, see 
Zlatev et al. [538,539]. As a rule, the chemical part must be integrated by a smaller time­
stepsize because the systems of ODE's (8.3) are very stiff. 

The module CHEMI is often (but not always) very useful when a large air pollution 
model is to be run on parallel computers. The computations can be organized in a loop as 
shown in Fig. 8.2 when such a module is available. 

DO 20 I:::;l,NX*NY*NZ 
CALL CHEMI 

20 CONTINUE 

Figure 8.2 
The loop that can be used to perform a chemical time-step 

(NX*NY*NZ is the number of spatial grid-points). 

The loop in Fig. 8.2 is very similar to the loop in Fig. 8.1. However, there is one 
difference which is essential on many parallel computers with shared memory. The parameter 
NSPECIES is normally not very large (the number of pollutants is 35 in the Danish 
Eulerian Model). This could cause some difficulties when the number of processors is greater 
than NSPECIES, and force the developers of efficient air pollution codes to try to obtain 
parallel computations on a lower level (see the discussion after Fig. 8.1 in § 8.2.1). The 
parameter used in the loop in Fig. 8.2, NX*NY*NZ, is normally much greater than the 
number of processors in a parallel computer with shared memory (this is true even when the 
model is two-dimensional; in the new version of the Danish Eulerian Model, with 
NX:::;NY:::;96 and NZ:::;l, the value of this parameter is 9216). This means that 

while one may have problems with the number of parallel 
~ks when the loop in Fig.8.1 is used (the number of tasks 
may be less than the number of processors), problems with the 
number of parallel tasks will normally not appear when the 
loop in Fig. 8.2 is used in order to parallelize the chemical 
part of a large air pollution model. 

However, this does not mean that the loop used in Fig. 8.2 is always perfect. Some 
problems may arise when each of the processors of a parallel computer with shared memory 
has a vector capability. Since the processors of many parallel computers with shared memory 
have a vector capability, this situation is important, and therefore it deserves special attention; 
the situation where both vectorization and parallelization of the computational process is 
needed will be studied in the next section. 
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8.2.3. Parallelization of the other parts 

Assume that a two-dimensional air pollution model is to be handled. The two parts of the 
model that have not been discussed in the preceding two paragraphs, the diffusion part and 
the deposition part, can be optimized (for efficient runs on parallel computers with shared 
memory) in a similar way as the advection part and the chemical part. The main ideas that 
can be applied in the optimization process are described briefly below. 

Consider first the diffusion sub-model. Assume that a subroutine DIFFUS, which 
performs one time-step for one of the equations in the diffusion sub-model, has been 
developed. If subroutines can be called concurrently on the computer that is available, then 
parallel computations can be achieved by using the code given in Fig. 8.3. 

This code is indeed very similar to the code given in Fig. 8.1. Therefore all conclusions 
made in § 8.2.1 for the advection sub-model are also valid for the diffusion sub-model (and 
it is not necessary to repeat these conclusions here). 

DO 30 I=l,NSPECIES 
CALL DIFFUS 

30 CONTINUE 

Figure 8.3 
The loop that can be used to perform an advection time-step 

(NSPECIES is the number of pollutants involved in the model). 

On some parallel computers with shared memory it is worthwhile to have a few parallel 
tasks only, but it is required that each task is as big as possible. On such parallel computers 
it would be more efficient to combine the loop given in Fig. 8.1 with the loop given in Fig. 
8.3 than to run these two loops separately. Such a combined loop is shown in Fig. 8.4. 

DO 10 I=l,NSPECIES 
CALL ADVECT 
CALL DIFFUS 

10 CONTINUE 

Figure 8.4 
The loop that can be used to perform an advection-diffusion time-step 

(the number of tasks is the same as that in Fig. 8.1 and Fig. 8.3, 
but the tasks are bigger). 



232 Chapter 8 

On some parallel computers with shared memory the number of parallel tasks may be 
insufficient (when the number of processors is greater than the number, NSPECIES, of 
parallel tasks). It has been pointed out in § 8.2.1 that one has to try to parallelize the code 
on a lower level when this is the case. If the combination advection-diffusion is considered, 
then one can try to avoid the attempts to parallelize on the lower level (which may be 
difficult) by pipelining the advection and the diffusion parallel tasks. An example is shown 
in Fig. 8.5. It is seen that the number of parallel tasks is increased substantially, by a factor 
of two, when pipelining of the advection and diffusion parallel tasks has been implemented 
in the code. It should be noted here that slight modifications of the numerical algorithms will 
be needed when such a pipelining procedure is to be implemented. 

Consider now the deposition sub-model. Assume that a subroutine DEPOS, by which 
one deposition time-step can be performed, has been developed. Since the deposition of the 
pollutants in a given spatial grid-point does not depend on the concentrations of the pollutants 
in any of the other spatial grid-points, the same ideas as those used in the chemical sub-model 
can be applied to optimize the deposition sub-model for runs on parallel computers with 
shared memory. In other words, a loop that is quite similar to the loop from Fig. 8.2 can 
be applied (and, moreover, all conclusions that have been drawn in § 8.2.2 are also valid 
for the deposition sub-model). Such a loop is shown in Fig. 8.6. 

DO 10 I=I,2*NSPECIES 
IF(I.LE.NSPECIES) THEN 

CALL ADVECT 
ELSE 

CALL DIFFUS 
END IF 

10 CONTINUE 

Figure 8.5 
The loop that can be used to perform an advection-diffusion time-step 

by pipelining the advection and the diffusion parallel tasks 
(the number of tasks is twice greater than that in Fig. 8.1 and Fig. 8.3). 

DO 40 I=I,NX*NY*NZ 
CALL DEPOS 

40 CONTINUE 

Figure 8.6 
The loop that can be used to perform a deposition time-step 

(NX*NY*NZ is the number of spatial grid-points). 
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It is again possible, as for the advection-diffusion case, both to enlarge the parallel tasks 
by combining the deposition time-step with the chemical time-step (see Fig. 8.7) and to 
pipeline the deposition tasks with the chemical tasks (see Fig. 8.8). In the former case the 
number of parallel tasks is unchanged, but the tasks become bigger (this could be useful on 
many parallel computers with shared memory). In the latter case the number of tasks becomes 
twice greater, but their sizes are unchanged. In many cases it will probably not be necessary 
to increase the number of parallel tasks in the deposition and chemistry sub-models because, 
as emphasized in § 8.2.2, the number of tasks is normally very large both in the loop from 
Fig. 8.2 and in the loop from Fig. 8.6. It should be reiterated here that slight modifications 
of the numerical algorithms will be needed when such a pipelining procedure is used. 

DO 20 I=l,NX*NY*NZ 
CALL DEPOS 
CALL CHEMI 

20 CONTINUE 

Figure 8.7 
The loop that can be used to perform a deposition-chemistry time-step 

(the number of tasks is the same as that in Fig. 8.2 and Fig. 8.6, 
but the tasks are bigger). 

DO 20 I=1,2*NX*NY*NZ 
IF(I.LE.NX*NY*NZ) THEN 

CALL DEPOS 
ELSE 

CALL CHEMI 
END IF 

20 CONTINUE 

Figure 8.8 
The loop that can be used to perform a deposition-chemistry time-step 

by pipelining the advection and the diffusion parallel tasks 
(the number of tasks is twice greater than that in Fig. 8.2 and Fig. 8.6). 

It should again be noted here that in many places in this book an assumption has been 
made that the deposition process can be described by simple linear terms (see Chapter 2 and 
Chapter 3). Such an assumption is not needed when concurrency is discussed (the only thing 
that is important in order to parallelize the deposition sub-model is to prepare a module, the 
subroutine DEPOS, that executes one time-step for each pollutant of the deposition sub­
model. 

Similar remarks, as those concerning subroutine DEPOS, are also valid for the other 
processes (the advection, the diffusion and the chemistry). The particular physical procedures 
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that are applied in the different parts of the air pollution models and/or the particular 
numerical methods that are selected during the execution on a computer do not affect the 
parallelization techniques. The computations described in the loops given in Fig. 8.1 - Fig. 
8.8 will be carried out in parallel for any physical procedure and for any numerical method 
(but, of course, the computing times will depend both on the physical procedure applied and 
on the numerical method chosen). These remarks show that the ideas discussed in this chapter 
are rather general. 

8.2.4. Parallelization of three-dimensional models 

The work with three-dimensional models causes a lot of difficulties (very large sets of 
input data, very large systems of ODE's that are to be solved at every time-step, many time­
steps, etc.). On the other hand, it becomes easier to run different parts of the code in parallel 
when the code arises from a three-dimensional air pollution model. The main ideas that can 
be applied in order to obtain parallel computations remain in principle the same (as those 
described in the previous paragraphs of this section). However, the degrees of freedom are 
in general increased. This means it becomes relatively easier both to create more parallel tasks 
and to create bigger tasks when a three-dimensional air pollution model is handled. On the 
other hand, the computing work is increased very substantially when the model is three 
dimensional. 

The fact that the same ideas can be exploited to parallelize both two-dimensional air 
pollution models and three-dimensional models has already been demonstrated in § 8.2.2 
and in § 8.2.3 during the discussion of the parallelization of the chemical and the deposition 
sub-models. Indeed, the parallelization techniques presented there for these two sub-models 
are valid both for two-dimensional models (with NZ = 1 ) and for three-dimensional models 
(with NZ > 1 ). 

The fact that the degrees of freedom are increased can be demonstrated as follows. 
Consider the horizontal advection sub-model. Assume that for each air pollutant the 
subroutine ADVECT performs one time-step per one layer. Then it is clear that the code 
given in Fig. 8.1 can be rewritten as shown in Fig. 8.9. 

DO 10 I=I,NZ*NSPECIES 
CALLADVECT 

10 CONTINUE 

Figure 8.9 
The loop that can be used to perform an advection time-step 

(NSPECIES is the number of pollutants involved in the model). 



Running models on parallel machines with shared memory 235 

It is seen (by comparing Fig. 8.1 with Fig. 8.9) that the number of parallel tasks is 
increased by a factor of NZ. It has been mentioned in § 8.2.1 that the number of parallel 
tasks in the loop from Fig. 8.1 can sometimes be smaller than the number of processors for 
some parallel computers. It is clear that this disadvantage will very often disappear when the 
air pollution model under consideration is three-dimensional. 

The horizontal diffusion sub-model can be treated in a very similar way as the advection 
sub-model. The parallel tasks can be enlarged by combining the advection tasks with the 
diffusion tasks and/or by combining the chemistry tasks with the deposition tasks. The parallel 
tasks can be pipelined (advection tasks with diffusion tasks and/or chemistry tasks with 
deposition tasks). All these procedures can be carried out in a similar way as the correspon­
ding procedures in § 8.2.3. 

The only process that is specific for a three-dimensional model is the vertical advection­
diffusion. This process is described by the following system of PDE's (see Chapter 3): 

(8.4) 

where w and ~ are the vertical wind velocity and the vertical diffusion coefficient 
respectively, while s=1,2, ... ,q (NSPECIES is used instead of q in this chapter in order to 
achieve compatibility with some of the agreements in the FORTRAN language). Assume 
that linear one-dimensional finite elements are applied in the discretization of (8.4) on each 
vertical grid line and for each pollutant. Then the system of ODE's (8.4) will be reduced 
to NX*NY*NSPECIES smaller systems of ODE's. Each of these systems can be written 
in the following form (see again Chapter 3): 

(8.5) 

where the notation used can be explained as follows: 

(i) i E {1,2, ... , NX*NY*NSPECIES}, 

(ii) Pi is a symmetric and positive definite matrix which depends only 
on the finite elements chosen, 

(iii) Hi is a matrix that depends on the wind velocities as well as on the 
diffusion coefficient Kz (and, therefore, matrix Hi is in general time­
dependent), 
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(vi) gj = g/t) is a vector that contains the values of the concentrations 
at the grid-points along the vertical grid-line under consideration and at time 
t, 

(v) dg/dt =dgj(t)/dt is a vector whose components are the time der­
ivatives of the concentrations that are stored in vector gj(t), 

(vi) fj = fj(t) is a vector whose components depend on the boundary 
condition used in the definition of the problem (it will be assumed here that 
Dirichlet boundary conditions are always specified; i.e., the values of the 
concentrations are given on the boundaries, but this assumption is in fact not 
needed). 

Assume that a subroutine VERTIC that performs one time-step in the integration of one 
equation of the system of ODE's (8.5) has been developed. Then the computational process 
can be organized by using the loop shown in Fig. 8.10. 

DO 50 I=l,NX*NY*NSPECIES 
CALL VERTIC 

50 CONTINUE 

Figure 8.10 
The loop that can be used to perform 

one time-step along the vertical grid-lines 
(NX*NY*NSPECIES is the number of parallel tasks 

in this part of the computational work). 

The main conclusion, which can be drawn from the discussion in this paragraph, is that 
in general it becomes easier to design parallel tasks when the model is three-dimensional. It 
should be emphasized that parallel computations in this situation are also highly desirable 
because the three-dimensional models are very expensive in terms of computing time (and 
also in terms of storage, but the storage requirements become less and less important on the 
big modern architectures). In fact, a large three-dimensional air pollution code can be handled 
successfully on a computer only if the following three conditions are satisfied: 

(i) the computer that is available is a very fast parallel and/or vector 
architecture, 

(ii) the numerical algorithms are carefully selected (so that they are 
suitable for the computer that is to be used 
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(iii) the code is optimized so that the great potential power of the 
computer is exploited as well as possible (this implies that if the computer 
is parallel, then the most time-consuming parts of the code must be run in 
parallel). 

8.2.5. Some remarks 

237 

Several techniques by which parallel tasks can be determined have been described in the 
previous paragraphs of this section. The possibilities of exploiting some special features of 
the parallel machines (as, for example, the optimal use of the cache) were not discussed in 
detail. There are several reasons for this preference of discussing mainly the parallel tasks. 

The most important reason can be explained as follows. The parallel tasks depend on the 
problem solved and can be executed in parallel on any parallel computer. The exploitation of 
the special features of the computers depends on the particular parallel computer that is 
available. The development in this field is very quick, and features that are very important 
now (and could without any doubt be exploited to improve the performance of the code very 
considerably) may become useless for the products that will dominate the market in a couple 
of years. 

On the other hand, some of the special features are typical for rather large classes of 
parallel machines with shared memory. Two important examples are related to the size and 
the number of the parallel tasks. Big parallel tasks are performed more efficiently than small 
parallel tasks on many parallel machines with shared memory. The number of parallel tasks 
becomes important when the number of processors is large. An attempt to discuss briefly 
some special features that are typical for many parallel computers has been made. 

If the parallel computer that is to be used is given, then one should try to exploit its 
special features as much as possible. This is especially true if large three-dimensional models 
(not necessarily air pollution models) are to be treated. Our belief is that if the parallel tasks 
are already identified, then it would not be very difficult to exploit the special features of the 
particular parallel computer that is to be used (of course, while such a statement is in general 
true, it is also true that one can find examples where it is very difficult to exploit in an 
efficient way the special features of a given parallel computer). 

The results presented in this section illustrate the important fact that a good modulation 
of the code is a rather powerful tool in the efforts to obtain a good performance on high­
speed computers. Note that this last remark is valid not only when large air pollution codes 
are treated on parallel computers, but also when any large application code is to be optimized 
for runs on parallel computers. 
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8.3. Performing both vectorization and parallelization 

Assume that the processors of a parallel computer with shared memory have a vector 
capability (some vectorization techniques have been described in the previous chapter). This 
is often the case; CRA Y, CONVEX and ALLIANT are among the companies that have 
such products. In this situation it is important to solve successfully the following two major 
problems in the efforts to achieve high-speed computations: 

and 

(i) to carry out the computations on each processor in a vector mode 

(ii) to parallelize the computations across the processors and to keep the 
processors busy as long as possible. 

The solution of these two important tasks (in the case where large air pollution models 
are run on parallel computers with shared memory whose processors have a vector capability) 
will shortly be discussed in this section. The main purpose will be to illustrate the common 
ideas that can be used, and not to go into details. The common ideas that can be used 
successfully to get parallel computations are rather general and can be applied for any code 
on any parallel computer. On the other hand, the details depend strongly both on the 
particular code and on the particular computer. The hope is that, when the main ideas are 
correctly implemented, the developer can go one step further and look at the particular 
features of both the code and the computer available in an attempt to improve the 
performance. 

8.3.1. Parallel-vector computations in the advection sub-model 

The case, where the loop given in Fig. 8.1 can efficiently be used (i.e., if the number 
of air pollutants is either equal to the number of processors or the number of pollutants is a 
multiple of the number of processors), is relatively easy to treat. Indeed, if this is so, then the 
subroutine ADVECT is called in parallel and executed (perhaps several times at every time­
step) by each processor. Therefore the only thing that is to be done is to vectorize the 
computations in subroutine ADVECT. This should not cause problems; the techniques 
proposed in the previous chapter can be used to vectorize subroutine ADVECT. It should 
be stressed here that it is efficient to use the loop given in Fig. 8.1 on many parallel 
computers with shared memory. 

The case where the loop given in Fig. 8.1 cannot be used efficiently on the parallel 
computer at our disposal (for example, because the number of processors is greater than 
parameter NSPECIES) is much more difficult. In this situation one should try to find the 
most time-consuming parts in subroutine ADVECT and then one should prepare subroutines 
by which these parts can be run concurrently. Moreover, one should try to vectorize each of 
these subroutines. This means that the same ideas as those described in § 8.2.1 can be used, 
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but on a lower level. An example for parallel-vector computations during the execution of the 
advection sub-model on a CRAY computer has been discussed in the previous chapter (see 
§ 7.3.6). 

A crucial question that has to be answered concerns the optimal level at which one should 
try to parallelize the advection sub-model so that the computations are also carried in a vector 
mode at each processor. Unfortunately, it is very difficult to answer this question. In many 
cases the answer will depend on the particular computer that is to be used and/or on the 
particular numerical algorithms that are selected for the advection sub-model. One should 
probably try several possibilities in order to find the most suitable solution of this problem 
(for the particular parallel computer with shared memory that is to be used to run the model). 

8.3.2. Parallel-vector computations in the chemical sub-model 

It has been stated in § 8.2.2 that the loop from Fig. 8.2 can successfully be applied 
to obtain parallel computations during the execution of the chemical sub-model (because the 
parameter NX*NY*NZ is normally much greater than the number of processors; this is true 
even when the model is two-dimensional). However, although there are no problems with the 
parallelization, one will normally have problems with the vectorization when the processors 
have vector capabilities. The problems arise during the vectorization of subroutine CHEMI 
because the loops in these subroutines are rather short (the parameter NSPECIES is, as 
mentioned before, normally not very large). This means that even if the compiler vectorizes 
all loops in subroutine CHEMI, the speed of computations will not be very high. 

The above discussion shows that the parallelization by using directly the loop from Fig 
8.2 can efficiently be used on parallel computers with shared memory whose processors have 
no vector capabilities. If the processors do have vector capabilities, then the parallelization 
process must be carried out on a lower level. The choice of the level on which the parallel 
computations are to be carried out depends both on the particular computer and on the 
numerical methods used in the chemical sub-model. 

If the numerical algorithm is relatively simple (for example, the quasi-steady state 
algorithm; see Chapter 3), then the computations in the chemical sub-model can be organized 
as a sequence of very long loops. The number of loops in this sequence is NSPECIES, 
whereas the length of each loop in the sequence is NX*NY*NZ (in fact, the number of 
loops can often be made less than the parameter NSPECIES by uniting some of the loops). 
It is relatively easy to get the compiler to run all these loops in the so-called "vector­
concurrent mode". In fact, on many parallel computers the compiler will automatically 
produce a code that runs in a vector-concurrent mode when the programming work is properly 
done. This is probably the simplest way to get vectorized computation on each processor and 
concurrent computations across the processors of a parallel computer with shared memory. 
As a rule, it is also efficient to run the chemical sub-model in this mode, but it should be 
noted that this technique is not always the most efficient one. 
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When the numerical algorithm used in the model is more advanced (and thus also more 
complicated), it may not be very easy to obtain high speed computations. However, it should 
be possible (in principle, at least, because the problem contains so many parallel tasks) to 
obtain both parallel computations across the processors and vectorized computations at each 
processor. 

8.3.3. Parallel-vector computations in the other sub-models 

The other two sub-models, the diffusion sub-model and the deposition sub-model, can be 
treated similarly to the advection sub-model and the chemical sub-model respectively. The 
advection and the diffusion sub-models can be treated in a common loop in order either to 
enlarge the parallel tasks or to obtain more parallel tasks. In addition, the deposition and the 
chemistry sub-models can be treated in a common loop, again in order either to enlarge the 
parallel tasks or to obtain more parallel tasks. 

The main ideas that can be used in all these options are the same as those described in 
§ 8.2.3. Thus, if the advection module and the chemistry module are well optimized on a 
given computer, then it will also be easy to optimize the diffusion and the deposition 
modules. 

8.3.4. Parallel-vector computations in three-dimensional models 

Efficiency is highly desirable when three-dimensional models are to be run because these 
are very expensive both in terms of computing time and in terms of storage; see also § 8.2.4. 
Therefore it is important to achieve a high computation speed during this phase. There is no 
problem when the processors of the computer that is to be used have no vector capabilities. 
In such a case the ideas described in § 8.2.4 will in general lead to an efficient code (when 
these are correctly implemented). Some of the ideas from § 8.2.4 are also easily applicable, 
with obvious modifications, when the processors of a parallel computer have vector 
capabilities. However, more efforts may be needed in some parts of the code. 

Consider first the calculations along the horizontal grid-lines. The ideas described in § 
8.2.4 combined with the ideas described in the previous three paragraphs of this section 
should, in principle at least, be easily applicable when three-dimensional models are to be run 
on parallel computers with shared memory whose processors have vector capabilities. The 
subroutine ADVECT must be vectorized when the horizontal advection is treated. The 
technique described in § 8.3.2 is also applicable in the treatment of the chemical sub-model 
in a three-dimensional air pollution model. The ideas briefly discussed in § 8.3.3 can also 
be applied when the diffusion and the deposition parts of a three-dimensional model are to 
be optimized in order to obtain parallel-vector computations. 
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Let us consider first the computations that have to be carried out along the vertical grid­
lines of the space domain of the air pollution model under consideration by treating the 
system of ODE's (8.5) for i = 1,2, ... ,NX*NY*NSPECIES. There are many parallel tasks 
when the loop shown in Fig. 8.10 is used, assuming that a subroutine VERTIC is used to 
perform the computations for each system of ODE's (8.5). This shows that the use of the 
loop in Fig. 8.10 will often be a good choice when the processors of the particular parallel 
computer with shared memory that is to be applied in the runs have no vector capabilities. 

However, if the processors do have vector capabilities, then the situation changes. The 
main reason for the change of the situation is, as in § 8.3.2, caused by the length of the 
vectors that are involved in the computations with subroutine VERTIC. These arrays are 
short, because the number of grid-points along the vertical lines is normally small (the number 
of horizontal layers in the models is often between 10 and 20). This means that the 
vectorization process will not be efficient (even when the compiler is telling us that all loops 
are vectorized). 

Therefore the loop given in Fig. 8.10 should not be used on parallel computers whose 
processors have vector capabilities. It is difficult to replace this loop with another simple 
generic loop when an efficient vectorization process is required. The vectorization techniques 
will depend on the numerical methods that are selected. Assume that finite elements are used. 
Then the small systems (8.5) can be united in larger systems. The number of large systems 
is NSPECIES; each of them contains NXNY = NX*NY small systems. Assume that this 
is done and denote NXNYNZ = NX*NY*NZ. Then the part of the air pollution model that 
describes the vertical advection-diffusion process can be rewritten as 

(8.6) 

The notation used in the description of the systems of ODE's can be explained as 
follows: 

(i) j E {l,2, ... , NSPECIES}, 

(ii) Pj is a symmetric and positive definite block-diagonal matrix that 
depends only on the finite elements chosen (this matrix contains NXNY 
diagonal blocks, which are the matrices Pi from § 8.2.4), 

(iii) Hj is a matrix that depends on the wind velocities as well as on the 
diffusion coefficient I{., which means that matrix Hj is in general time­
dependent (moreover, Hj is also a block-diagonal matrix with NXNY 
diagonal blocks that are the matrices Hi from § 8.2.4), 
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(vi) gj = Mt) is a vector that contains the values of the concentrations 
of the j'th pollutant at all spatial grid-points and at time t, 

(v) dg/dt =dgj(t)/dt is a vector whose components are the time der­
ivatives of the concentrations that are stored in vector gj(t), 

(vi) fj = ~(t) is a vector whose components depend on the boundary 
condition used in the definition of the problem (it will be assumed here that 
Dirichlet boundary conditions are always specified; i.e. the values of the 
concentrations are given on the boundaries). 

Assume that a subroutine VERT3D that performs one time-step in the integration of one 
of the ODE systems (S.6) has been developed. Then a parallel computational process can 
be organized by using the loop shown in Fig. S.ll. 

DO 50 I=l,NSPECIES 
CALL VERT3D 

50 CONTINUE 

Figure 8.11 
The loop that can be used to perform one time-step 
in the integration of one equation of system (8.6) 

(NSPECIES is the number of parallel tasks 
in this part of the computational work). 

Let us try to analyze the effect of the action described above. The small systems (S.S) 
have been replaced with much larger systems of type (S.6). If NX=96, NY=96, NZ=IO, 
then the number of equations per system is increased from 10 in (S.S) to 92160 in 
(S.6). This means that the loops of subroutine VERT3D are long, and thus the vectorization 
of this subroutine will lead to high-speed computations. It should not be very difficult to 
vectorize subroutine VERT3D. One can, for example, consider the block-diagonal matrices 
as banded matrices (assuming here that an appropriate ordering is performed) and use the 
techniques for vectorizing banded matrices described in the previous chapter. 

The loop from Fig. S.ll will lead to efficient computations when the subroutine 
VERT3D is correctly vectorized and when the number of pollutants NSPECIES either is 
equal to the number of processors or is a multiple of the number of processors. If this is not 
the case (if, for example the number of processors is much greater than the number of 
pollutants), then it would be worthwhile to try to improve the performance by enlarging once 
more the systems. Instead of considering (S.6) as NSPECIES independent systems of 
ODE's, one can consider only one very large system of ODE's the order of which is given 
by the product NX*NY*NZ*NSPECIES. If such an action is performed, then very large 
loops will appear in the solution process, and it should be possible to run these loops 
efficiently in a vector-concurrent mode (see also § S.3.2). 
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It has been mentioned many times that the three-dimensional models lead to very large 
computational tasks. Consider, for example, the case where NX=96, NY =96, NZ= I 0 and 
NSPECIES=35 and assume that all equations in (8.6) are united in only one very large 
system of ODE's. In this case the length of the vectors used in most of the loops is longer 
than 3.0* 106• The enormous size of the computational problems associated with three­
dimensional air pollution models may impose a strong requirement to exploit special features 
of the particular computer on which the model is to be run. To illustrate this fact, consider 
the case where the computer has a cache memory. The references to the cache memory are 
much faster, but normally only a small amount of data can be kept in cache. Therefore it is 
efficient in this situation to organize the computations so that the data locality principle 
is satisfied (i.e. one should work as long as possible with the same small amount of data). 
This explains why the requirements to the programmer are increased very much when three­
dimensional models are to be handled. 

8.3.5. Some remarks 

Many of the parallel machines with shared memory have processors that are able to 
vectorize the computations. The availability of such a computer ensures a greater degree of 
flexibility in the efforts to obtain a good performance. However, in this case the task of 
achieving as efficient performance as possible becomes much more difficult (at least in some 
of the sub-models of a large air-pollution model). Although it is normally not very difficult 
to obtain a good performance, it may be very difficult to reach the optimal performance that 
can be achieved. On the other hand, it is highly desirable (and in some situations absolutely 
necessary) to obtain the best possible performance, because the LRT AP models are very big, 
and it is not possible to handle them on a computer (even on a potentially very powerful 
computer) unless either the highest computational speed is achieved or some physical 
processes are simplified by unrealistic assumptions. The main ideas that can be used in the 
efforts to optimize the performance of an air pollution model on a parallel computer with 
shared memory have been discussed in this section. 

A good modulation of the model will also in this situation be very helpful. This has 
already been emphasized in the end of the previous section. However, the effect of a good 
modulation of the code becomes even greater when the processors of the parallel machine on 
which the model is run have vector capabilities, because the complexity of the optimization 
process is increased. If the processors of the parallel computer that is to be used do not have 
vector capabilities, then there is only one level of optimization (i.e., one must run as a large 
part of the code as possible in parallel). The number of levels of optimization is increased to 
two (both vectorization and parallelization must be achieved) when the processors of the 
particular parallel computer at our disposal are vector processors. 

In some cases it will not be sufficient to achieve vector and parallel computations. This 
is especially true when the problems are very large. When this is the case, one should also 
try to exploit some special features of the computer (for example, the cache memory could 
often be successfully used to improve performance). Of course, the exploitation of the special 
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features of the computer is dependent, first and foremost, on the computer itself. However, 
it may also be necessary to select the most appropriate numerical method in order to be able 
to exploit better the special properties of the particular parallel computer that is to be used. 

8.4. Numerical experiments on two ALLIANT computers 

Both the Danish Eulerian Model and different modules of this model were run on 
several parallel computers with shared memory. Some of the experiments have been reported 
in Zlatev [522] or Zlatev et al. [550]. Several experimental runs that were performed on 
two ALLIANT computers will be presented in this section. 

One of the test-problems described in Chapter 4 has been used in all experiments, some 
results of which will be shown in this section. The test-problem can be used to test the 
performance of the numerical algorithm during the treatment of the advection, of the 
chemistry, and of the combination of advection and chemistry. The exact solution of the 
advection sub-model is known (because a circular wind velocity field with a constant angular 
velocity is used). The chemistry is simplified; only ten chemical species are involved in the 
chemical sub-model. This simplified chemical scheme used is discussed in Chapter 3. 
However, all types of chemical reactions that cause numerical difficulties (fast photochemical 
reactions as well as fast non-linear reactions) are presented in the simplified chemical scheme. 
Therefore this is an important test. There are also other reasons for selecting this test-problem: 
(i) it is rather difficult for the numerical algorithms, (ii) the subroutines that are used in this 
test are also used in the Danish Eulerian Model and (iii) the most time-consuming 
processes, advection and chemistry, are involved in this test. 

The efficiency achieved when a parallel computer is used is an important quantity. Let 
t, and tp be the computing times achieved when one processor and p processors are used. 
Then the efficiency is measured by 

(8.7) 

The efficiency achieved in the runs with more than one processor is given in the tables 
presented in this section. 
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8.4.1. Tests on ALLIANT FXl80 

The first computer, an ALLIANT FX/80, is a configuration that may have up to eight 
processors. Each processor has a vector capability. Thus, the optimization can be carried 
out, as mentioned in the previous section, on two levels: 

(i) vectorize on each processor, 

and 

(ii) achieve concurrency across the processors. 

The usefulness of the vectorization of the code is demonstrated by the results shown in 
Table 8.1. It is seen that the speed is increased by a factor of about three (and sometimes by 
a factor greater than three) when the code is properly vectorized. 

From Table 8.1 it is also seen that the results are very good also with regard to the con­
currency. The latter issue is important and will be discussed in some more detail in 
connection with the next table. 

The computing times obtained when both the advection and the chemistry are activated 
are shown in Table 8.1. However, this test-example is very flexible: it allows the user to run 
the module in four modes: (i) only advection without smoothing, (ii) only advection with 
smoothing, (iii) both advection and chemistry, and (iv) only chemistry. Runs with all these 
options were performed. The results are given in Table 8.2. The following conclusions can 
be drawn by studying the results in Table 8.2 (and also by taking into account many other 
runs that have been performed with this test-problem or with other test-problems): 

(i) Quite different modules are used in the advection part and in the 
chemistry part of the model. However, in both cases nearly the same level 
of optimization of the code is achieved; the computing times are reduced by 
a factor of between four and five. Therefore the optimization level of the 
code when both the chemistry and the advection are used is also high. This 
is important: one must optimize all time-consuming parts of a big model. 

(ii) The smoothing procedure is only needed when chemistry is to be 
applied and, moreover, when the chemistry reactions are non-linear. It is 
seen that the smoothing procedure is not very expensive (but it is unfortu­
nately sequential). 

(iii) The fully optimized advection + chemistry code performs more than 
15 times faster than the non-optimized (no vectorization, no concurrency) 
code. It is seen from Table 8.1 that the computing time is reduced from 
1071 to 71 seconds. 
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8.4.2. Tests on ALLIANT FXJ2800 

The results obtained on the second computer, an ALLIANT FX/2800, with maximum 
of 14 processors available (but this computer may have up to 28 processors), show that high 
performance can also be achieved on this computer (see Table 8.3). In fact, the efficiency 
of the optimized code that is achieved on 8 processors is even greater than the correspon­
ding efficiency achieved on the ALLIANT FX/80; compare the percentages in Table 8.2 
and Table 8.3. However, it should be mentioned here that the processors of the ALLIANT 
FX/2800 have no vector capability. 

The results from these two machines are compared for the most complicated case (where 
both the advection and the chemistry are activated) in Table 8.4. It is seen that the second 
machine is much faster even when it runs on the same number of processors as the first one. 

The additional advantage of the second machine is that the computation speed can be 
increased by using more processors. An example is given in Table 8.3 where results 
obtained by using 10 processors are presented. We tested the performance on 14 processors 
also; see Table 8.4. The computing time is reduced only slightly in the transition from 10 
processors to 14 processors (and the efficiency is decreased considerably), because we are 
exploiting the fact that 10 species are advected and the calculations during the advection are 
distributed very efficiently to the 10 processors (by using the loop shown in Fig. 8.1). If 
more species are to be studied (in the big model we have 35 species), then the use of more 
than 10 processors will be considerably more efficient. The efficiency can also be improved 
by optimizing on a lower level (see the discussion in § 8.2.1). 

Only concurren 

1 processor 1071 309 

2 processors 551 (97%) 173 (S9%) 

4 processors 316 (S5%) 104 (74%) 

8 processors 20S (64%) 71 (54%) 

Table S.l 
Computing times (in seconds) on Alliant FXlSO 

for advection + chemistry. 
The efficiency achieved when more than one 

processor is in use is given in parentheses. 
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Number of Advection without Advection with Pure 
processors smoothing smoothing chemistry 

l~rC)(ess<!r •.•. 
....................... 
2 processors 

~ .............. 
essors 

Numberiof 
process()1:"s 

... ... ..i·. . ....... 
ocessor .... 

12 prol:~o!'S 
. 

4 processors 

8 processors 

10 processors 

150 178 72 

84 (89%) 101 (88%) 45 (80%) 

52 (72%) 62 (72%) 26 (69%) 

35 (53%) 42 (53%) 15 (60%) 

Table 8.2 
Computing times (in seconds) on Alliant FXl80. 
Both concurrency and vectorization are used. 
The efficiency achieved when more than one 

processor is in use is given in parentheses. 

Advection wit- Advection with Pure 
hout smoothing smoothing chemistry 

117 123 47 

62 (94%) 65 (95%) 28 (84%) 

36 (81 %) 65 (81 %) 15 (78%) 

24(61%) 25 (62%) 15 (60%) 

17 (68%) 18 (68%) 8 (59%) 

Table 8.3 
Computing times (in seconds) on Alliant FXl2800. 

The efficiency achieved when more than one 
processor is in use is shown in parentheses. 

Advection and 
chemistry 

309 

173 (89%) 

104 (74%) 

71 (54%) 

Advection and 
chemistry 

219 

120 (91 %) 

69 (79%) 

54(61%) 

33 (66%) 

The efficiency achieved with 8 processors of the ALLIANT FX/2800 computer is 
lower than that achieved with 10 processors (see Table 8.4). This is not a surprise because 
the chemical scheme involves 10 species and, furthermore, because the loop given on Fig. 
8.1 is used. This means that the balance load is nearly perfect when 10 processors are used: 
each processor receives one task and the tasks are practically equally large. The situation 
changes when 8 processors are used. In this situations the parallel computations during the 
treatment of the advection sub-models are performed in two sweeps. During the first sweep, 
each of the 8 processors receives one task, and thus the efficiency during the first sweep is 
nearly perfect. There are only two tasks for the second sweep, which means that 6 
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processors are idle during the second sweep. This explains why the efficiency of the 
computational process is decreased. However, note that the efficiency is not decreased too 
much because there are many parallel tasks during the chemical part (thus, the efficiency of 
the computer during the treatment of the chemical model is high when both 8 and 10 
processors are used). 

I:~tun~r of:processors IALLIANT FXl80 I ALLIANT FX/2800j 

309 219 

173 (89%) 120 (91 %) 

104 (74%) 69 (79%) 

8hroceSsors 
'r" .. I" 

71 (54%) 45 (61 %) 

Table 8.4 

33 (66%) 

49 (49%) 

Computing times (in seconds) on Alliant FXl80 and FXl2800 model 200PMs for 
advection + chemistry. The best compiler options were used. 

The efficiency achieved when more than one 
processor is in use is shown in parentheses. 

8.5. Concluding remarks and references concerning efficient runs 
on parallel machines with shared memory 

The optimization of any large air pollution code for runs on parallel machines with shared 
memory should in principle be possible, because there is a lot of parallelism in such a code, 
especially when some splitting procedure has been applied in the discretization of the air 
pollution model that is coded. However, the optimization may be a very tough task both 
because the air pollution codes are normally very large and because the codes operate with 
huge sets of data. Therefore, one should begin by finding and optimizing the most time­
consuming parts of the computational work. It may be necessary to repeat several times this 
search for the most time-consuming parts of the computational work (followed by an attempt 
to optimize them). This procedure is described in Section 8.1. 

The are two major classes of parallel computers with shared memory. The processors of 
the first class have no vector capabilities, while the processors of the second class have vector 
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capabilities. The main ideas that can be applied during the optimization of air pollution codes 
on the first class of parallel computers with shared memory are discussed in Section 8.2. 

The processors of the second major class of parallel computers with shared memory have 
vector capabilities. This allows the developers to carry out optimization on two levels. 
Assume that an air pollution code has to be optimized for runs on parallel computers with 
shared memory whose processors have vector capabilities. The main ideas that could be used 
during the optimization of both the first level and the second level are described in Section 
8.3. Some more details about running big air pollution codes on parallel computers with 
shared memory can be found in Zlatev [522], and Zlatev et al. [540,550]. 

Some test-problems, which are modules containing different subroutines of the Danish 
Eulerian Model (see Harrison et al. [228], or Zlatev et al. [525,527,528,538,539]), have 
been run on both classes of parallel computers with shared memory. The test-problems 
contain the most time-consuming parts of the Danish Eulerian Model; the advection part 
and the chemical part (the chemical part being, however, slightly simplified). Some numerical 
results are presented and discussed in Section 8.4. 

Many of the problems that are to be solved in parallel when a large air pollution code is 
to be optimized are rather standard operations (as, for example, basic linear algebra operations 
and fast Fourier transforms). Good texts concerning the concurrent runs of such standard 
operations are [177]-[179], [206], [339], [562]. 



CHAPTER 9 

RUNNING MODELS ON MASSIVELY PARALLEL COMPUTERS 

"Parallel computation actually reflects the concurrent character of many 
real-time applications" 

David J. Evans: "Parallel Computing - A New Era", In: "ADVANCES 
IN PARALLEL COMPUTING" (David J. Evans, ed.), Vol. 1, pp.1-5. 
JAI Press, London, 1990. 

Massively parallel computers are gaining more and more terrain in the field of large-scale 
scientific computations, a development that is expected to continue in the future. Therefore 
it may be useful to test the performance of some large application codes on such computers. 
Of course, large air pollution models must also perform efficiently on massively parallel 
computers, especially if such computers are available at the particular site where the code is 
to be run. 

Experiments with several modules from the LRTAP model developed at the National 
Environmental Research Institute (NERI), the Danish Eulerian Model, were run on a 
massively parallel computer, a CM-200l. Some information about this massively parallel 
computer is given in [290,323]; see also the references listed in [290,323]. Numerical results 
obtained during these experiments will be discussed in this chapter. All experiments were 
carried out at the Danish Computing Centre for Research and Education (UNI-C). 

It must be emphasized that many if not all of the ideas, which were used during the 
optimization of the modules of the Danish Eulerian Model on the CM-200 computer, can 
also be applied when the modules are run on other massively parallel computers. In fact, the 
same modules have also been run on several other well-known massively parallel computers 
such as CMoS, MAS PAR and KSR (this last computer has some very special properties). 

The optimization of any large application code for efficient runs on massively parallel 
computers is in general a very difficult task. There are two major difficulties. 

The first of these two difficulties is the requirement to program the code in a special 
version of the FORTRAN language. This means that programs that have been run on other 
computers must be rewritten in order to run them on most of the massively parallel 
computers; as, for example, on CM-200. If the code is very long (and this is in general the 
case when large application codes are run on a massively parallel computer), then this may 
be a hard and embarrassing task. The problems connected with rewriting the code have been 
recognized, and several software developers of different computer companies have prepared 
some tools for automatic transformation of the programs and subroutines so that the code 
becomes acceptable for the compiler of the massively parallel computer that is to be used in 
the runs. Moreover, many massively parallel computers that have been developed during the 
last two-three years accept codes written in a standard FORTRAN language. 

1 CM is an abbreviation of the Connection Machine, which is one of the 
well-known classes of massively parallel computers. There are different CM 
computers; CM-200 and CM-5 are well known. 
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The second difficulty is that communication between the processors of massively parallel 
computers (there are sometimes many thousands processors) is expensive. Therefore the 
number of communications must be reduced as much as possible. Moreover, the communica­
tions must be limited, if this is possible, only to neighbouring processors; the communications 
between neighbouring processors are the cheapest communications. It should be noted, 
however, that limiting the communications to those between neighbouring processors will as 
a rule lead to selecting less accurate numerical methods. This is the main source of 
difficulties: the requirement for communications only between neighbouring processors and 
the accuracy requirement work normally in opposite directions, and a reasonable compromise 
has to be found. The conclusion is that the work should be done carefully. The reduction of 
the total number of communications as well as avoiding communications between non-neigh­
bouring processors can be achieved only when the following three conditions are satisfied: 

and 

(i) the numerical methods are carefully selected, 

(ii) the data are correctly distributed between the appropriate processors 

(iii) the computations are organized in a proper way (so that the 
communication costs are minimized). 

9.1. Basic information on the Connection Machine 

All experiments that will be discussed in this chapter were performed on a CM-200 
computer. The CM-200 is a massively parallel computer that contains up to 65536 bit 
serial processors that work asynchronously. The particular computer that has been used in the 
experiments, the computer at the Danish Computing Centre for Research and Education 
(UNI-C), contains 8196 bit serial processors. Each processor has up to I Mbit of local 
memory and is able to access other processors through a general purpose high-speed 
communication router, which utilizes a hypercube communication network of an appropriate 
dimension. Physically, 16 bit serial processors reside on a single chip. Each pair of chips 
(or, in other words, each group of 32 processors) shares either a 32 or 64 bit floating 
point unit. Therefore one can consider a CM-200 with 8196 bit serial processors as a 
machine configured by 8196/32=256 computational units that are able to work concurrently 
and to communicate during the computational process. This means that, in the following part 
of this chapter, the word "processor" will be used to refer not to a single bit processor but 
to a computational unit consisting of a group of 32 bit processors. This is an appropriate 
agreement. The term "computational unit" will be used only when it is necessary to 
emphasize strongly the fact that, according to the above agreement, "a processor" is a group 
of 32 bit processors. 
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The architecture of the CM -200 is shown in Fig. 9.1. It should be mentioned here that 
the architecture of many of the other massively parallel computers can be illustrated by a 
figure that is quite similar to that shown in Fig. 9.1. 

Memory bus 

Processors 

Local 
memories 

High-speed Communications Router 

Figure 9.1 

Instruction 
bus 

65535 

The configuration of the CM·200 computer. 
Many other massively parallel computers 
are configured in a quite similar manner 

(i.e. this configuration is typical 
for all massively parallel computers). 

The theoretical peak performance2 of the CM-200 is rather high. In the case when this 
massively parallel computer is configured with 8196 bit serial processors and when double 
precision is used, the peak performance is about 2.56 GFLOPS3; see, for example, Levit 
[290]. However, the speed of computations that is usually achieved when large application 
packages are run on the CM-200 (and also on all other massively parallel computers that 

2 Peak performance of a computer: the maximal computation speed which can be 
achieved under ideal conditions. The computation speeds on parallel computers 
(both with shared memory and with distributed memory), which can actually be 
achieved when large application codes are run, are usually much less than the 
peak performance. 

3 GFLOPS: billion floating point operations, additions or multiplications, per 
second. 
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are available at present) is normally much lower. The speed of computations on any massively 
parallel computer is degraded by: 

(i) communication costs (when information must be sent from one of 
its processors to other processors), 

(ii) reduction costs (when, for example, norms of vectors or matrices are 
to be calculated), 

(iii) the fact that different processors have to carry out different 
calculations (when maskings or the "where" statements are used), 

(iv) some other reasons. 

This information is sufficient for our purpose; which is, first and foremost, to explain the 
numerical results that will be given in the next sections. More details on CM-200 can be 
found in Levit [290] and in the references given there. 

9.2. Mapping large arrays into the memory 
of a massively parallel computer 

Each processor of the Connection Machine has its own local memory (see the previous 
section and Fig. 9.1). Therefore the perfect situation is the case where 

and 

(i) each computational unit can perform some part of the computations 
independently from the other computational units 

(ii) each computational unit can store in its local memory all data that 
it will need during the part of computations under consideration. 

It is important to emphasize here that both (i) and (ii) must be satisfied in order to 
obtain high speed computations. It is as a rule not sufficient to have a lot of computations that 
can be performed in parallel. Normally it is even more important, and in some situations this 
is the most crucial issue, to have all the data that are needed to perform the computations by 
a given computational unit of the Connection Machine in the local memory unit of this 
computational unit. 

The processors must use data from their local memories as long as possible. This implies 
that the arrays where the data are stored (input data, intermediate results and output data) 
must be shaped so that the data is properly mapped into the local memories of the processors 
that will use them. Sometimes there is an obvious and natural mapping. Assume, for example, 
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that 1024 processors are available. Consider the advection part of the two-dimensional 
model discretized on a (32x32) grid. Then one can think that the processors are connected 
as (32x32) net. If the data are stored in two-dimensional (32x32) arrays, then it is clear that 
everything will be mapped perfectly. Unfortunately, the situation is not always so simple, and 
great efforts are sometimes needed in order to obtain a reasonably good mapping. 

In some situations it is appropriate to reshape the arrays in the different parts of the 
computational process in order to be able to obtain a good mapping for every part of the 
work. Assume that a three-dimensional air pollution models are to be handled on the 
Connection Machine. Assume also that the model is split so that, at each time-step, first the 
computations on the horizontal grid-planes are carried out, and after that the computations 
along the vertical grid-lines are performed (see more details in Section 3.1). Then reshaping 
of the arrays may be an appropriate action between the first and the second part of the 
computations (and such an action has to be carried out at every time-step). The necessity of 
reshaping the arrays during the computational process is taken into account during the 
development of software for both the Connection Machine and the other massively parallel 
machines. On each massively parallel computer there are at present special tools for reshaping 
the arrays, and these tools are being continuously improved. 

9.3. Need to reorganize some computations 
on a massively parallel computer 

Let us assume that some large massively parallel computer is to be used to run a big 
application code. Then one is interested to carry out as many computations as possible in 
parallel and to use data from the local memories of the processors as long as possible. These 
two purposes can be achieved only if the arrays, where the data needed for the computations 
are stored, are properly mapped onto the net of processors. This is a rather strong requirement 
(or, at least, could be a strong requirement in some situations). However, in many cases it is 
not sufficient to map correctly the data from the arrays onto the net of processors of a 
massively parallel computer. It might also be necessary to re-organize in a new manner some 
parts the computational process in comparison with the organization of the computations for 
the old-fashioned sequential machines, and even in comparison with the organization of the 
computations on the vector machines and/or the parallel machines with shared memory. This 
could be a difficult task. However, the efficiency of the computational process may depend 
in a very crucial way on the organization of the computations. An example is given below 
to demonstrate the usefulness of the reorganization of the computations. 

Consider the advection part of a two-dimensional air pollution model involving q 
species. Assume that the model is discretized on a (32x32) space grid. Assume also that a 
vector machine is to be used (for example, a CRA Y computer or an AMDAHL computer). 
Then it is worthwhile to store the data (input data, intermediate results and output data) in 
very long arrays (see Chapter 7). Therefore when vector machines are to be used, it is 
appropriate to store the data in one-dimensional arrays of length (32x32xq) and to design 
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the computations so that one-dimensional arrays of this length are used. In this way the 
advection process can also be carried out simultaneously for all q pollutants. If massively 
parallel machines are to be used, then it is appropriate (assuming here that 1024 processors 
are available) to store the data in two-dimensional arrays, the length of each dimensions being 
32, and to carry out the computations by using such arrays. 

This means that, when massively parallel machines are used, it is more efficient to 
perform the advection process sequentially for each pollutant. If this operation is performed 
correctly, then the mapping of the arrays onto the set of processors is perfect, and the 
processors can utilize the local data during the advection step, which consists of many 
arithmetic operations. However, it is obvious that this requires some re-organization of the 
computations. Computations involving very long single loops are to be used when the code 
is run on a vector machine. Computations that consists of triple loops are more efficient on 
a massively parallel computer. The outer loop runs over the pollutants and is performed 
sequentially. The double loops run over the grid points and are performed concurrently when 
the arrays are correctly mapped onto the net of processor of the massively parallel computer 
used. 

9.4. Need to restructure the modules used in the models 

The two major requirements that were stated in the beginning of Section 9.2 (to carry 
out as many operations as possible in parallel and to use local data as long as possible) can 
often be satisfied by a simple reorganization of the calculations together with appropriate 
reshaping of the arrays used in the calculations. However, sometimes the efficiency can be 
increased much more if the modules of the model are restructured by selecting and 
implementing in them special numerical algorithms that are developed and designed first and 
foremost for massively parallel machines (and even for the particular massively parallel 
computer that is to be used). 

The most time-consuming operations in the case where massively parallel machines are 
used in the solution of very large problems arising in science and engineering are: 

(1) the communications between processors (i.e., sending data from one 
processor to some of the other processors), 

(2) the reduction operations (the operations where all or many of the 
components of an array are used to calculate a simple variable; calculations 
of norms of vectors and matrices are typical examples for reduction 
operations), 

(3) different calculations with different parts of arrays (using different 
kinds of maskings and using the "where" statements in loops are typical 
examples for this kind of operations). 
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Therefore special numerical algorithms, where one tries to avoid the use of the above 
operations or to minimize the numbers of communications, reductions and statements like 
"where", are to be selected and/or developed for large application codes when these are to 
be run on massively parallel computers. 

It should be mentioned here that the situation is gradually improving. More and more 
numerical algorithms that perform efficiently standard arithmetic operations (as, for example, 
basic linear algebra operations) on massively parallel computers are already available on 
different architectures. However, this is often not sufficient. If the particular application code 
that is to be run on a particular massively parallel computer is very large, then there are still 
many decisions (in the efforts to achieve the highest possible speed of computation) that are 
to be taken by the developer of the code. For example, it is not always clear how to store the 
data in arrays and/or how to reshape these arrays in the different parts of the computational 
work. 

9.5. Some results obtained on the Connection Machine (CM-200) 

The Danish Eulerian Model as well as different modules of this model were run on 
several different high-speed computers (see also the previous two chapters or Zlatev [515] 
and Zlatev et al. [525,538-540]). Some experimental runs that were performed on a 
CM-200 computer configured with 8196 bit serial processors (i.e. 256 computational 
units; see Section 9.1) will be presented in this section. 

Some of the test-problems that have been described in Chapter 4 were used in the 
experiments. The computations connected with these tests are much simpler than the computa­
tions in the Danish Eulerian Model. However, all difficult parts of the computational 
process are represented in these test-problems (i.e. the transition from the test-problems to real 
computations with the Danish Eulerian Model will magnify several times the number of 
simple arithmetic operations, but will not cause some new difficulties). Therefore, all con­
clusions that are valid for the performance of the test-problems on CM-200 will also hold 
for the global performance when the Danish Eulerian Model is run on this computer. 
Moreover, many of the conclusions are rather general and will also be valid when other 
massively parallel computers are used. 

Consider the general class of test-problems that has been defined in Chapter 4 by the 
system of PDE's (4.11). Assume that the third type of tasks (advection + chemistry) within 
this class of test-problems is to be treated. Then the main parts of the computational work 
during the numerical treatment of (4.11) (see again Chapter 4) are: 

(i) space discretization of the advection terms by chapeau finite 
elements (systems of linear algebraic equations with tri-diagonal matrices are 
to be solved in this part), 
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(ii) time discretization of the advection sub-model (explicit integration 
methods for solving systems of ODE's based on predictor-corrector 
methods with several different correctors are applied in this part), 

(iii) smoothing the concentrations before the application of the chemical 
reactions in order to avoid computations with negative concentrations 
(negative concentrations will normally cause disaster in the treatment of the 
chemical part), 

(iv) treatment of the chemical sub-model (it should be noted here that 
the simplified chemical scheme with 10 species described in Chapter 2 has 
been used in the experiments on the Connection Machine). 

Let us start the discussion with the first part of the computational work. Communica­
tions are needed in this part. The simple chapeau finite elements were chosen in order to 
reduce the number of communications (i.e. linear one-dimensional finite elements have been 
applied; see Chapter 3). When this choice is made, each processor is communicating only 
with two neighbours. Thus, the communication cost is nearly minimal. Nevertheless, the speed 
of computations during this part is considerably lower than that for the second part (see 
below) when a 32x32 grid is in use. Refining the grid results in improving the performance. 
Experiments with different grids were carried out in order to confirm this statement; see 
Table 9.1 and Fig. 9.2 

Reductions are also needed during the first part; because the systems of linear algebraic 
equations (that arise there) are solved by iterative methods and vector norms are needed in 
the stopping criteria. The main effects of the reductions are very similar to those that are 
caused by the communications: 

and 

(a) the reductions degrade considerably the speed of computations 

(b) the relative cost of the reductions is reduced when the grid is refined 
which leads to an increase of the speed of computations; this is illustrated 
in Table 9.1. 

Consider now the second part of the computational process described above. No 
communications and no reductions are needed because simple explicit integration methods for 
solving ODE's are used in this part. Moreover, the loops are very simple; the same kind of 
arithmetic operations are used for all components of the vectors that are involved in this part 
(i.e., no masking is needed and no constructions with where statements are used). Therefore 
the performance of the CM-200 computer is very high when the second part is executed; 
this is seen in Table 9.1. 



Part 
of the 
work 

Part 1 

Part 2 

Part 3 

Part 4 

Running models on massively parallel machines 

G R I D - S I Z E 

32x32 64x64 128xl28 256x256 512x512 

64 169 320 480 580 

332 685 910 961 850 

13 47 136 248 312 

352 510 560 577 579 

Table 9.1 
Speed of computations measured in MFLOPS. 

Part 1 - space discretization of the advection terms. 
Part 2 - time integration of the advection sub-model. 
Part 3 - smoothing to avoid negative concentrations. 

Part 4 - treatment of the chemical sub-model. 
For all grids the number of time-steps is 3456. 
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The third part of the computational work is not very expensive in comparison with the 
other parts. It is included here only because it is crucial for the numerical treatment of the 
chemical sub-model. The concentrations that are to be used as input in the chemical sub­
model must be non-negative. However, the advection sub-model produces negative 
concentrations in sub-domains where the exact concentrations are zeros (or very small 
numbers). Therefore the concentrations in such sub-domains (when such sub-domains exist) 
must be smoothed before the beginning of the treatment of the chemical sub-model. It 
becomes clear from this explanation that smoothing is to be performed only in some parts of 
the space domain of the model (and these parts must be determined during the call of the 
subroutine). Therefore, the subroutine that performs smoothing contains all kinds of 
calculations that delay the speed of computations: communications, reductions, masking, and 
constructions of loops with the where statement in them. This means that one should expect 
the speed of computations to be very low when this subroutine is executed on CM-200. The 
results in Table 9.1 show that the speed of computations during the smoothing part are 
considerably lower than the speed of computations during the other three parts. Nevertheless, 
it must also be emphasized that the speed of computations becomes greater when the grid is 
refined also when smoothing is carried out. It must be mentioned here that the smoothing 
subroutine does not perform very well on other high-speed computers either. 

The fourth part is easy for CM-200. There are no communications and no reductions 
in this part. However, the code contains some loops that are constructed by using where 
statements. The presence of these statements leads to a delay of the computations and, 
therefore, the speed of computations in this part is not so high as the speed of computations 
in the second part (the time-integration of the advection sub-model); see Table 9.1. 
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Some numerical results about the speed of computations that could be achieved in the 
different parts of the code are shown in Table 9.1. It is assumed, as stated above, that the 
third type of tasks (advection + chemistry) is treated for a class of test-problems (4.11) that 
has been introduced in Chapter 4. Five different grids, (32x32), (64x64), (128xI28), 
(256x256) and (512x512), were used in the experiments. It is seen from Table 9.1 that the 
performance of the Connection Machine is nearly always improved when the grid is refined. 
The case where the finest grid, (512x512), is used is sometimes an exception. The reason for 
such a phenomenon is probably the fact that there is not sufficient memory to store all the 
data that will be needed by a processor in its local memory. 

One can consider the total time that is spent on CM-200 (it will be called the CM total 
time) as a sum of three major components: 

(i) the CM CPU time, 

(ii) the CM communication time, 

(iii) the CM reduction time. 

In the rest of this chapter CM will be omitted when there is no danger of misunder­
standing. This means that total time, CPU time, communication time and reduction time will 
often be used instead of CM total time, CM CPU time, CM communication time and 
CM reduction time. 

It is interesting to investigate the relations between these times. An experiment has been 
performed to get information about the behaviour of the major components of the computing 
time when the grid is refined. In this experiment the above problem has been run on five 
grids: (32x32), (64x64), (96x96), (128x128) and (160xI60). The computing times (the total 
time, the CPU time, the communication time and the reduction time) obtained in this 
experiment are given in Fig. 9.2. It is seen that the first three computing times (the total 
time, the CPU time and the communication time) are steadily increasing when the grids are 
refined, while the fourth computing time (the reduction time) is nearly constant. 

The relative parts of the three major components of the total time (the CPU time, the 
communication time and the reduction time) are shown, as percentages of the total time, in 
Fig. 9.3. The results in Fig. 9.3 are very illustrative. It is clearly seen that the following 
three conclusions can be drawn by using these results. 



Running models on massively parallel machines 

q~~lusion 

The relative part of the CM CPU time grows when 
the number of grid-points is increased. 

The relative part of the CM communication time 
stays nearly constant when the number of grid-points is 
increased. 

The relative part of the CM reduction time decreases 
when the number of grid-points is increased. 
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It is easy to decide (by using these three conclusions) where to concentrate major efforts 
in the attempt to improve the performance of the code. It must be emphasized here that the 
rules given below apply not only to large air pollution models, but also to many other 
problems that lead to large-scale scientific computations. 

If one intends to run the model on a very fine grid (because of the accuracy require­
ments), then one should not bother too much about the reduction time. The communication 
time is the more important factor in this situation. However, the most important factor in the 
case where a very fine grid is to be used is the CPU time, and the major efforts in the 
attempts to optimize the code must be made to reduce the CPU time. 

If the grid is not very fine, then one must attempt to reduce both the CPU time and the 
communication time. 

Finally, if the grid is rather crude, for example (32x32), then one must attempt to reduce 
all three major components of the computing time; i.e. both the CPU time, the communica­
tion time and the reduction time. 

The results in Table 9.1 as well as those in Fig. 9.2 and Fig. 9.3 demonstrate the 
performance that can be achieved on a massively parallel computer. They show that high 
speed on computations can be achieved for the most time-consuming processes in the 
numerical treatment of large air pollution models when massively parallel computers are used. 
However, it is also important to show that sufficiently accurate results can be obtained. This 
is necessary, because the price that is to be paid for the high performance was (in some 
situations, at least) the use of special methods with a low communication cost. The test­
problem allows us to check easily not only the performance that is achieved during the runs, 
but also the accuracy of the results. Accuracy checks as those described in Chapter 4 can 
be used, and were used, to study the reliability of the numerical methods that have been 
designed for runs on massively parallel machines when the test-problems are run on the 
Connection Machine. 
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It should be pointed out that the numerical solution of the system of PDE's, by which 
the model is described mathematically, is practically useless without a well-developed system 
of plotting routines that visualize the numerical results. The need of visualization of the 
numerical results is increased when massively parallel computers, like the Connection 
Machine, are used because much larger problems can be solved (and are normally solved) 
when such computers are available. As an illustration of this fact, note that the problems 
solved in this chapter are much larger than the problems that were treated in the previous 
chapters. Very often the problems becomes so large that even the static visualization of the 
results by plots is not sufficient to understand what is really going on. In such a case it is 
necessary to use animation in order to understand better the trends and the tendencies hidden 
behind huge sets of output data. 
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9.6. Concluding remarks and references concerning efficient runs 
of large air pollution models on massively parallel computers 
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Massively parallel computers are becoming increasingly popular. Therefore it is 
worthwhile to investigate the possibilities of achieving high performance when large air 
pollution models are executed on such computers. Some basic information about the 
configuration of a massively parallel computer is given in Section 9.1. Some more details 
about different massively parallel computers can be found in Levit [290]. 
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Different problems arise when large application codes (not necessarily air pollution codes) 
are run on massively parallel computers. The main problems are connected 

and 

(i) with the shapes of the arrays used in the code, 

(ii) with the organization of the computational process (the principles 
being often different from those used on sequential computers and/or on 
other types of high-speed computers) 

(iii) with the need to restructure at least some of the modules of the 
original code. 

These difficulties are discussed III Section 9.2, Section 9.3 and Section 9.4 
respectively. 

Numerical results from experiments on the CM-200 computer are presented in Section 
9.S; see also Zlatev and Wasniewski [549]. These results show clearly that massively 
parallel computers are efficient in the treatment of the most time-consuming modules in large­
scale air pollution models. Although the massively parallel machine that has actually been 
used in our experiments was a CM-200 computer, many of the conclusions made in the 
previous sections, and first and foremost in Section 9.S, are also valid when other massively 
parallel computers are used. In fact, this was also confirmed by several runs that have been 
carried out on other massively parallel computers such as CM-5, MAS PAR and KSR. The 
speed of computations, measured in MFLOPS, is quite satisfactory also when other 
massively parallel computers are used. 

All experiments, which were performed on different massively parallel computers (not 
only these reported in this chapter), indicated also that the results obtained are sufficiently 
accurate. This is very important, because the accuracy requirements had not the highest 
priority during the efforts to optimize the code for a massively parallel computer (the speed 
of computations had the highest priority). 

It should not be very difficult to add the other two physical processes, the deposition and 
the diffusion, to the massively parallel code and thus to run the Danish Eulerian Model 
on CM-200. It is easy to treat numerically the remaining physical processes (diffusion and 
deposition). 

The whole Danish Eulerian Model will soon be run on some massively parallel machine 
(perhaps on CM-200). However, some practical problems, connected with the need (i) to 
read huge sets of input data (both meteorological data and emission data) and (ii) to distribute 
these data among the processors, may appear when such runs are carried out. These data must 
be read on the front-end machine and moved to the CM-200 after every period of six hour 
in the Danish Eulerian Model (or, in other words, after every group of 24 time-steps). 
If all meteorological data and the emission data can be stored in the CM-200 data vault, 
then one should put all input data there and use them repeatedly in the runs. The performance 
will be improved considerably when this procedure can be used. 
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NUMERICAL EXPERIMENTS 
WITH THE DANISH EULERIAN MODEL 

"In most cases accurate predictions can only be made after the right 
mathematical model has been selected". 

Garrett BirkholT: "Numerical Fluid Dynamics". SIAM Rev., 25(1983), 
pp. 1-34. 

The Danish Eulerian Model has been mentioned many times in the previous chapters 
of this book. Many of the numerical methods described in the previous chapters are 
implemented in the modules of this model. The Danish Eulerian Model has been run on 
several high-speed computers. Since both the numerical treatment of the Danish Eulerian 
Model and its performance on several high speed computers have already been discussed in 
the previous chapters, only some experiments with the model (that have been carried out 
during the efforts to answer different questions concerning air pollution phenomena in 
Europe) will be discussed in this chapter. 

The exposition of the results will be started by an attempt to locate the position of the 
Danish Eulerian Model in the set of the existing long-range transport of air pollution 
(LRT AP) models. However, it is necessary to emphasize here that the position of the Danish 
Eulerian Model among the other large air pollution models should not be considered as a 
fixed position. The situation changes the whole time. The Danish Eulerian Model is under 
a permanent development; either by improving its existing modules or by creating quite new 
modules that are based on the latest achievements in this area and by adding them to the 
model. Of course, this is not a big surprise; new and improved procedures are permanently 
developed and inserted in all other well-known large air pollution models. This process will 
probably continue a long time in the future. 

One of the main reasons for the continuous efforts to improve the performance and the 
reliability of the large air pollution models is due to the fact that there are still a lot of 
unresolved problems connected with the different physical mechanisms that are to be taken 
into account in the models. 

Both the fact that many different physical mechanisms have to be tried in order to find 
the best one for the model under consideration and the fact that the sensitivity of the model 
results (the concentrations and the depositions calculated by the large air pollution model 
under consideration) to many different values of the physical parameters has to be carefully 
investigated increase the requirement for both fast and accurate numerical methods (and, what 
in many situations will be even more important, the requirement for a correct implementation 
of the numerical methods in the model). Indeed, it must be reiterated here that 
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the sensitivity of the output results (concentrations and depositions) 
that are obtained by a large air pollution model to variations· of 
different physical parameters and procedures could be judged 
correctly only if it is reasonable to expect that the results obtained by 
the model are not corrupted by errors due to the application of one 
or more numerical algorithms that either are not sufficiently accurate 
or are not correctly implemented in the model. 

10.1. The position of the Danish Eulerian Model 
among the other LRTAP models 

"The costs of controls are sufficiently high that society will wish 
assurance that imposed controls will be effective in reducing air pollution 
levels. It is thus vital that the overall planning process allow sufficient 
time and resources for conducting thorough evaluations of model 
performance". 

Ph. M. Roth, S. D. Reynolds, Th. W. Teshe and R. L. Dennis: "A 
Conceptual Framework for Evaluating the Performance of Grid-based 
Photochemical Air Quality Models". In: "AIR POLLUTION MODE­
LING AND ITS APPLICATION IX" (H. van Dop and G. Kallos, eds.), 
pp. 49-56. Plenum Press, New York-London, 1992. 

Roughly speaking, there are two big groups of LRT AP models. The first group is the 
group of the so-called comprehensive LRTAP models. Typical representatives of this 
group are the Canadian model ADOM i (Venkatram et al. [459]), the American model 
RADM2 (Chang et al. [66], Stockwell et al. [441]) and the German model EURAD 
Model3 (Ebel et al. [144]). In these models one attempts to describe in detail all physical 
phenomena that appear during the long-range transport of air pollutants. This leads to huge 
computational problems. Therefore, it is not possible, at present at least, to run such models 
over long time-intervals, but the development of the computers is very fast. Therefore the 
comprehensive LRT AP models are perhaps the models of the future, and it will be no big 
surprise if many (or even most) of the LRT AP models will be comprehensive after about 
10 years (see, for example, Zlatev et al. [539]). 

1 ADOM: Acid Deposition and Oxidation Model. 

2 RADM: Regional Acid Deposition Model. 

3 EURAD Model: European Reaction Acid Deposition Model. 
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The second large group of LRT AP models is the group of simple models. The 
EMEP' model (see Eliassen and Saltbones [154] or Iversen et al. [252-254]) is a typical 
representative of this group. During the last years, the usual procedure is to incorporate more 
and more additional modules in the simple models. For example, some more chemical 
reactions were recently added to the EMEP model (Iversen et al. [252-254]). In this way, 
the gap between the simple models and the comprehensive models has been reduced during 
the last years and this process is continuing. 

The simple models can be run over long time-intervals. Thus, the seasonal variations of 
some air pollutants can (in principle, at least) be studied by these models. The comprehensive 
models can be run, as mentioned above, only on relatively short time-intervals. On the other 
hand, it is possible to study successfully diurnal variations of some of the pollutants during 
episodes5 when such models are used (because the physical processes are in general described 
in a more detailed form in the comprehensive models). It is highly desirable, however, to have 
a model that can be used to study both seasonal variations and diurnal variations of the con­
centrations involved in the model. Moreover, it is also necessary to include all important air 
pollutants in the model (because there are many interconnections between different pollutants 
during the transport; this topic has been discussed in Chapter 1 and Chapter 2, its complexity 
is illustrated in Fig. 1.1). Therefore, one should try to satisfy at least the three conditions that 
are described in Table 10.1 in the efforts to improve the performance of a given large air 
pollution model. 

Condition 

1 

ACTION 

One should try to add to the model as many as possible of the 
important air pollutants. 

One should try to achieve reliable results when diurnal 
variations are studied. 

It should still be possible to study seasonal variations with the 
enhanced model. 

Table 10.1 
Three important requirements for improving an LRT AP model. 

'EMEP: European Monitoring and Evaluation Programme. This is a common 
European air pollution project under the European Commission for Economics at 
the United Nations. Nearly all European countries are participating in this 
project. The EMEP models (including here the photooxidant model developed by 
Simpson [413,414J) are operationally used at the Meteorological Synthesizing 
Centre - West (MSC-W) , which is located at the Norwegian Meteorological 
Institute in Oslo. 

5 Episode: An episode is a short time-period, normally a couple of days, in 
which the concentrations of certain air pollutants are very high. It is 
important to be able to study in detail the variation of the concentrations 
during an episode. 
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The third of the conditions stated in Table 10.1 is very often neglected. This may, 
potentially, result in wrong conclusions. Assume, for example, that a comprehensive air 
pollution model have extensively been tested on data concerning episodes in August and gives 
good results for these episodes. If the third condition is neglected (and one does not know 
whether the model is able to calculate correctly the seasonal variations of the concentrations 
or not), then the same model may give poor results when, say, episodes that take place in 
May are studied (because it has been tuned to meteorological, climatological and other 
conditions that are typical for the late summer). Thus, the requirement to be able to run the 
model on long time-periods is (or, at least, may be in some situations) essential. 

The Danish Eulerian Model was in the very beginning a simple model. It has been 
initiated as a simple sulphur pollution model (Zlatev [515]). Some modules for calculating 
nitrogen pollution have been added to the model after 1984. These modules are described in 
Zlatev [520,522] and Zlatev and Christensen [536]. Gradually, many other new modules 
have been added to the model (as, for example, a chemical scheme with non-linear chemical 
reactions, including here also photochemical reactions; see Hov et al. [246]). The 
development of the Danish Eulerian Model continues. The main idea is to continue to keep 
the upgraded model well-structured, so that it should be possible both to add and to remove 
in an easy way some modules when such an action is appropriate. In this way the model will 
probably (sometime in the future) be upgraded to a comprehensive model. However, this is 
not the most important aim. As pointed out above, it is also both desirable and important to 
have the possibility of running the model on long time-intervals and, thus, to be able to study 
seasonal variations of the concentrations. 

By upgrading the model in small steps (i.e. by adding and/or by removing one simple 
module per step), it should be possible, in principle at least, to determine the most economical 
set of modules that can be used for a particular task. Thus, having the task, one should be 
able to solve it in an optimal way. To illustrate the usefulness of such an approach, let us 
mention the case where country-to-country annual sulphur budgets are to be calculated. The 
optimal way to solve this task is, perhaps, to apply the simple EMEP model (Eliassen and 
Saltbones [154]). 

It will be shown in this chapter that reasonably good results can be achieved in the efforts 
to satisfy the three important conditions shown in Table 10.1 by adding (to the simple model 
described in Zlatev [515,517,520,522]) several extra modules; as, for example, modules 
containing non-linear chemical reactions, modules for treatment some additional meteorologi­
cal data, modules with a refined spatial grid-discretization, etc. 

However, it is also necessary to point out here that the task stated by the conditions in 
Table 10.1 is indeed very ambitious, and there is no claim that this task has been completely 
solved in the present version of the Danish Eulerian Model. What is claimed here, 
however, is the following: during the small steps towards the solution of this task, one can 
improve the results obtained by the model considerably; even in the case where the task of 
satisfying the conditions in Table 10.1 is not completely solved. 

It should also be emphasized that, during the attempts to improve both the performance 
and the reliability of the Danish Eulerian Model, the possibility of running this model on 
long time-intervals has always been preserved (and the intention is to preserve always this 
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possibility; also in the future development). Thus, the requirement of preserving this 
possibility is considered as the most important constraint during the development of the model 
(i.e. any small step during the development of the model, by which this constraint will be 
violated, is automatically declared as unacceptable). 

10.2. Calculations of the levels of the concentrations and depositions 
of air pollutants in Europe 

"We rely on numerical models to address problems that cannot be solved 
by empirical means. The processes involved in the production, transport 
and deposition of atmospheric acids are sufficiently complex that we 
cannot hope to understand acid deposition source-receptor relationships 
definitively without resorting to models". 

D. A. Hansen, H. M. Barnes, M. Lusis and K. J. Puckett: "A North 
American Field Study to Evaluate Eulerian Models". In: "AIR POLLU­
TION MODELING AND ITS APPLICATION VII" (H. van Dop, ed.), 
pp. 297-306. Plenum Press, New York-London, 1989. 

The space domain of the Danish Eulerian Model contains the whole of Europe (see 
Fig 2.1 in Chapter 2). The model has been developed to study the long-range transport of 
air pollutants in Europe. Therefore the first requirement to the model is to give information 
about the levels of the concentrations and depositions of the most important air pollutants 
involved in the model within its space domain (i.e. mainly within Europe). The ability of the 
model to calculate the levels of the concentrations and depositions of the air pollutants in 
Europe will be demonstrated in this section by showing results obtained by running the model 
with meteorological and emission data for 1989. It should be pointed out here that similar 
runs have been performed with input data (both meteorological data and emission data) for 
1985, 1990 and 1991. 

The input files used in the model are given in Table 10.2 (the meteorological files 
needed) and in Table 10.3 (the emission files needed). 

The meteorological data, see again Table 10.2, is read in the beginning of every period 
of six hour (excepting here the mixing heights; information about mixing heights is read in 
the beginning of every period of twelve hours). Simple linear interpolation is used when 
necessary. 

The emission files that are used in the model are listed in Table 10.3. It should be noted 
that the emission files that are available at present contain only annual mean values of the 
emissions. Special interpolation procedures are used in the model to simulate some temporal 
variations of the emissions; see Zlatev et aI. [534,535,538,539]. 
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data Source 

Advection wind EMEP 

Vertical wind EMEP 

Mixing height EMEP 

Average precipitation EMEP 

Cloud cover EMEP 

Temperature in mixing layer EMEP 

Surface temperature EMEP 

Relative humidity EMEP 

Table 10.2 
Meteorological files used in the model. 

I~mission input data I Source 

Sulphur emissions EMEP 

Nitrogen (NOx) emissions EMEP 

Ammonia (NH3) emissions [11]-[13] 

Anthropogenic VOC emissions EMEP 

Natural VOC emissions EMEP 

Table 10.3 
Emission files used in the model. 

I 

Different ways to visualize the output files can be applied. One can use scatter plots, 
where the concentrations and depositions calculated by the Danish Eulerian Model are 
compared with measurements. One can also plot time-series giving the variations of different 
quantities at the measurement stations (and compare them with corresponding time-series 
obtained by using measurements when measurements are available). The lengths of the 
periods of averaging that could be used in the plots are given in Table lOA. It should be 
mentioned here that hourly mean values are only used in connection with the ozone con­
centrations, because only for ozone concentrations observations on hourly basis have been 
available until now at the National Environmental Research Institute (Roskilde, Denmark). 
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Length of periods of averaging 

Hourly mean values 

Daily mean values 

Monthly mean values 

Seasonal mean values 

Annual mean values 

Table 10.4 
Time-averages used in the output files. 
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The different quantities that are available (as output from the Danish Eulerian Model) are 
given in Table 10.5. 

II Output quantities 

Air concentrations 

Concentrations in precipitation 

Wet depositions 

Dry depositions 

Total depositions 

Table 10.5 
Different quantities available in the output files. 

More details about the input data used (the meteorological data and the emission data) 
can be found in Zlatev et al. [538,539]. There is an essential difference between the results 
in Ziatev et al. [528,539], and the results in this section. The results presented in Ziatev et 
al. [538,539], were obtained by using a (32x32) grid to discretize the space domain. Most 
of the results that will be presented in this section are obtained by using a (96x96) grid. This 
means that one should expect some gradients of the concentrations and depositions to be more 
correctly calculated (because a finer grid is used). 

The space domain of the model (see Fig. 2.1 in Chapter 2) contains not only Europe, 
but also parts of Asia, Africa and the Atlantic Ocean. However, in many cases it would be 
much more informative to present plots where only the results on some sub-domain of the 
space domain given in Fig. 2.1 are presented. In the cases where this is done, it would be 
possible to show the grid discretization together with the particular values of the con-
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centrations and the depositions found in the grid-squares. The model has often been used to 
study the concentrations and depositions in Denmark and in the surroundings of Denmark. A 
part of the space domain that contains Denmark could be chosen in this situation (and this 
will be done in Section 10.7). However, it should be emphasized that a part of the space 
domain that contains Denmark is not the only possible sub-domain that can be specified. Any 
other sub-domain within the space domain of the model can be chosen; the whole space 
domain can also be chosen (and this is often done when colour plots are drawn). In fact, there 
is a rather flexible visualization programme in which one will interactively be asked to give 

(i) the pollutant chosen, 

(ii) what is to be plotted (air concentrations, concentrations in precipita­
tions, wet depositions, dry depositions or total depositions), 

(iii) the coordinates of the left lower corner of the desired sub-domain 
together with its size (the number of grid-squares along the side of the sub­
domain that is parallel to the Ox axis). 

Then the visualization programme automatically performs everything: plots the grid, 
draws the map and inserts the concentrations or depositions required. There are many other 
options in the visualization programme (for example, one can omit the grid, one can draw 
colour plots or plots in black-white, one can insert the values of the concentrations and 
depositions in every grid-square or omit them, one can draw niveau-curves, etc.). 

Several plots are given below to demonstrate the ability of the programme to visualize 
the results calculated by the model. The levels of the mean values of the sulphur dioxide 
concentrations and the nitrogen dioxide concentrations in Europe (for 1989) are given in Fig. 
10.1 and Fig. 10.2 respectively. The whole region is drawn in these two figures. The case 
where only a part of the region is taken into consideration (when plots are drawn) will be 
illustrated, as mentioned above, in Section 10.7. 

10.3. Comparisons with measurements 

"The operational evaluation uses network data or long-term averages to 
determine how well the model performs on such questions as total 
sulphur and nitrogen deposition". 

A. M. Macdonald, C. M. Banic, W. R. Leaitch and K. J. Puckett: 
"Evaluation o/the Eulerian Acid Deposition and Oxidant Model (ADaM) 
with Summer 1988 Aircraft Data". Atmospheric Environment, 27A(1992), 
pp. 10\9-1034. 

The accuracy of the numerical methods used in the Danish Eulerian Model has been 
checked by using many of the test-problems described in Chapter 4. Local error estimators 
(as those discussed in Chapter 5) have been used in some modules of the model. Therefore 
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one should expect the numerical algorithms that are applied in the model to be sufficiently 
accurate. Nevertheless, one extra check is absolutely necessary: one must also compare the 
results obtained by the model with measurements taken in stations located in different 
European countries. There are two main reasons for such an extra check: 

and 

(a) the great uncertainties in the input data (which is true both for the 
meteorological data and for the emission data) 

(b) the many open questions in the description of the particular physical 
mechanisms that are to be modelled and in the determination of particular 
values of the physical parameters that are to be used in the model under 
consideration. 

This extra check (the comparisons of model results, concentrations and depositions, with 
corresponding measurements) is commonly used in practice (in an attempt to evaluate the 
reliability of the concentration and deposition fields that are calculated by a large air pollution 
model). 

Comparisons of concentrations and depositions calculated by the Danish Eulerian 
Model with corresponding measurements have been carried out. Some of the results obtained 
in these comparisons will be presented in this section. Two types of comparisons with 
measurements will be demonstrated in this chapter: 

(i) scatter plots 

and 

(ii) time variations. 

10.3.1. Scatter plots 

Scatter plots are traditionally used to compare calculated and measured concentrations 
and/or depositions. Every station is usually plotted as a dot in the scatter plot. One can 
number the measurement stations and the numbers of the measurements stations can be drawn 
on the scatter plots (instead of using dots). In both cases, the location of the measurement 
station on the plot is determined by two parameters: the measured concentration or deposition 
at the station under consideration and the calculated by the model concentration or deposition 
(in the grid-square where the station under consideration is located). Thus, the ideal case is 
a plot where all dots (or numbers) by which the measurement stations are represented lie on 
the line through the origin of the coordinate system and such that the angle between it and 
the Ox axis is 45°. Such a line is drawn on all scatter plots given in this section. It should be 
stressed, however, that this ideal case will never occur in practice. 
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The sulphur dioxide concentrations in Europe for 1989. 
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Figure 10.2 
The nitrogen dioxide concentrations in Europe for 1989. 
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It is important to answer the question whether the observations at a given measurement 
station are representative or not. The problems that are connected with the representativeness 
of the observations made at a given measurement station (when these are to be compared with 
results obtained by a given large air pollution model) are very difficult and, in general, un­
resolved. 

In this section, it is assumed that the observations (concentrations or depositions of a 
given pollutant) measured at a given station are representative if the following three 
conditions are satisfied: 

(i) The measurements must be regular. More precisely, this means that 
at least 15 observations per month must be available (and this condition 
must be satisfied in every month of the year of consideration) when air 
concentrations are studied. The corresponding number for the concentrations 
in precipitation is five. 

(ii) The station should not be located too high (no measurement station 
which is above 1200 over the sea level is taken into account in the 
experiments presented in this section). 

(iii) The station should not be located close to the boundaries of the space 
domain (the model results obtained in parts of the space domain that are 
close to the boundaries are uncertain). 

Scatter plots, where the concentrations and depositions calculated by the model have been 
compared with measurements taken at the EMEP stations that satisfy the above conditions 
on annual, seasonal and monthly bases, have been drawn (for several different years; therefore 
it is impossible to present all results here). 

Numerical results that are obtained in some of the comparisons for 1989 are given in Fig. 
10.3 - Fig. 10.14. The annual means of the sulphur dioxide and nitrogen dioxide con­
centrations are compared in Fig. 10.3 - Fig. 10.4, respectively. Seasonal means of the same 
concentrations are compared in Fig. 10.5 - Fig. 10.6 (winter), Fig. 10.7 - Fig. 10.8 (spring), 
Fig. 10.9 - Fig. 10.10 (summer) and Fig. 10.11 - Fig. 10.12 (autumn). Mean values of the 
calculated and observed concentrations for September 1989 are compared in Fig. 10.13 
(sulphur dioxide) and Fig. 10.14 (nitrogen dioxide). 

It should be mentioned that similar plots have been produced and analyzed for the other 
species for which there are measurements and for the other months of 1989 (as well as for 
some months in 1990 and 1991). 

It is seen that in general the model gives rather reliable results on annual basis. The 
quality of the comparisons is decreased when the averaging period becomes smaller (i.e. when 
seasonal and monthly mean values are compared), but in general the results are still quite 
acceptable. 
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The model seems to overestimate slightly the sulphur dioxide concentrations. The 
overestimation of the nitrogen dioxide concentrations is sometimes more considerable. For 
example, the model overestimates the nitrogen dioxide concentrations in winter rather 
significantly. The chemical scheme (the condensed CBM IV scheme) is probably not very 
suitable for calculations in winter periods. 

10.3.2. Time variations 

It is also interesting to check whether the model results calculated at a given measurement 
station follow the corresponding measurements. This is a much more difficult test. One of the 
major difficulties arises from the fact that the model results are representative means for the 
grid-square where the measurement station under consideration is located (the area of the 
grid-square being 2500 km2 when the new version of the Danish Eulerian Model is used), 
while the measurements are point-values (taken at the station under consideration). Still, the 
results indicate that the model is able to calculate concentrations that follow rather well (or, 
at least, not too bad) the variations of the concentrations at the most of the measurement 
stations in the EMEP network. It should be emphasized that this is true not only when the 
mean monthly values are used in the comparisons, but even if daily mean values (calculated 
and measured) are compared. The improved accuracy obtained during the comparisons of the 
time variations of calculated and measured concentrations is due to the use of a finer grid in 
the space discretization. 

A careful study of the daily variations of calculated and measured concentrations at many 
of the EMEP stations indicates that there are short periods (one-two days) in which the 
calculated by the model sulphur and nitrogen concentrations overestimate considerably the 
corresponding measurements in some parts of the space domain. In July 1989 there are two 
such periods (in fact only two days: July 7 and July 23) for the area containing Southern 
Sweden, Denmark and most of the Germany. Some results for sulphate are given in Fig. 
10.15 - Fig. 10.18. 

Similar results have also been observed, in July 1989, for sulphur dioxide and nitrogen 
dioxide, but the maxima for these two pollutants are not so pronounced as the maxima for 
sulphate. 

Let us consider the time series of calculated and measured sulphate concentrations that 
are given in Fig. 10.18. It is not very clear why the model gives quite acceptable results for 
29 days in July, while it overestimates rather considerably the concentrations, in this example 
the sulphate concentrations, in two particular days (July 7 and July 23). An attempt to study 
the meteorological data files for July 1989 has been carried out. The only essential issue that 
has been observed until now is the fact that the horizontal wind velocities in the part of the 
space domain under consideration (Southern Sweden, Denmark and Germany) are very low. 
This may be the reason for the overestimation of the concentrations by the model. However, 
more experiments are needed in order to confirm (or reject) such a conjecture. The wind field 
for July 7 1989 is given in Fig. 10.19. 
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Figure 10.15 
Time-variation of daily means of calculated and measured sulphate concentrations. 
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Figure 10.16 
Time-variation of daily means of calculated and measured sulphate concentrations. 
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JULY 1989 
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Figure 10.17 
Time-variation of daily means of calculated and measured sulphate concentrations. 
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Figure 10.18 
Time-variation of daily means of calculated and measured sulphate concentrations. 
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One of the wind fields used in the model. 
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10.4. Studying the influence of sources 
in one region on the air pollution 
in the surrounding regions 

"Because of the regional nature of the problem the assessment of the 
source receptor relationships required for initiation of control measures 
is difficult and cannot be derived from observational data". 

R. Stern, B. Scherer and J. Pankrath: "Application of a Regional Model 
for the Transport and Deposition of Acidifying Pollutants to Central 
Europe". In: "AIR POLLUTION MODELING AND ITS APPLICA­
TION VI" (H. van Dop, ed.), pp. 415-430. Plenum Press, New York­
London, 1976. 

A reliable mathematical model is an indispensable tool in the studies of the influence of 
sources in one region on the air pollution in the surrounding regions. Assume that it is 
desirable to find out the influence of the sources in a sub-domain A of the space domain on 
the concentrations and the depositions in whole space domain. It is necessary to run the model 
twice: the first time with all sources in the space domain, the second time only with the 
sources in the sub-domain A (the emission from the sources that are outside the sub-domain 
A being set to zero). Then it is possible to calculate the relative parts of the concentrations 
and depositions caused by the sources in the sub-domain A at each grid-square (by dividing 
the results obtained in the second run with the corresponding results obtained in the first run). 
One can also calculate the percentages of the concentrations and depositions caused by the 
sources in sub-domain A (multiplying by 100 the relative parts of the concentrations and 
depositions caused by the sources in the sub-domain A calculated as described above). 

Several experiments were carried out to calculate the influence of the sources from some 
of the big European countries to the surrounding areas have been carried out. Results 
concerning the contributions of German sources (in July 1989) to certain areas surrounding 
Germany are shown in Fig. lO.20 (the contributions in percentages of sulphur dioxide 
concentrations due to German sources) and Fig. lO.2l (the contributions in percentages of 
nitrogen dioxide concentrations due to German sources). 

It should be mentioned that one should be careful when the results obtained as described 
above (examples being shown in Fig. lO.20 - Fig. lO.21) are to be interpreted. The results 
demonstrate what will happen in a rather hypothetic situations (when only the sources in one 
sub-domain are activated and all other sources closed). It is necessary to point out here that 
the results shown in Fig. lO.20 - Fig. lO.2l are telling us what would happen if only the 
German sources are active and nothing more. Sometimes results of this type are used to draw 
a conclusion that can be used to answer the question: what would happen when the German 
sources are closed? Consider, for example, the concentration or the deposition of any air 
pollutant in a grid-square where the contribution due to German sources is p%. Then one 
concludes that the concentration or deposition in the grid-square under consideration will be 
decreased by p% if the German sources are closed. In general, such a conclusion is not true, 
because some of the processes that are involved in the model are non-linear (especially the 
chemical reactions). Therefore if one wants to study what would happen in the situation where 
the German sources are closed (instead of what is happening when only the German sources 
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are active, and all other sources closed), then one must in general run the model with the 
German sources closed (and all the other sources active). 

However, some pollutants (as, for example, the sulphur dioxide and sulphate) participate 
mainly in linear processes (or, at least, the linear processes are clearly dominating the non­
linear processes). Therefore, one can safely conclude (when this is the case) that if the 
contribution in a given grid-square (caused, say, only by German emission sources) is p%, 
then also the result of closing the German emission sources will lead to a reduction of the 
appropriate concentration and depositions by about p%. 

Of course, the situation where all emission sources that are outside a given sub-domain 
A are closed (or all emission sources that are inside a given sub-domain A are closed) is 
an extreme case. In fact, such an example have been used in this section in order to illustrate 
the fact that there exists a serious danger that the results obtained in such an extreme case 
might be mis-interpreted (and even mis-used). 

In most of the cases that arise in practice, the situation is much simpler: one wants to 
know what would happen if the emissions in a given sub-domain (or in the whole space 
domain) are reduced or increased by a certain amount. The answer to this question is quite 
straight-forward if one is prepared to run once more the model with the required changes of 
the emissions. 

Sometimes one wants to use only the basic run (with all emission sources in the space 
domain active) in order get the answer to the question stated above. This is desirable, because 
very often many different reductions and/or increases of the emissions (or some of the 
emissions) have to be tried. It should be clear, however, that all attempts to use only the basic 
run are unavoidably based on some simplifying assumptions (very often, assumptions 
introducing linear relationships; see Chapter 1). Such simplifying assumptions may work quite 
satisfactorily for some air pollutants, but this is not true in general. Therefore, one should be 
very careful when such simplifying assumptions are used. While the computational work can 
be reduced very considerably by such assumptions (especially when many cases are to be 
investigated; and, as mentioned above, this is often the case in practice), there is a danger for 
obtaining wrong results (and drawing wrong conclusions), because the simplifying 
assumptions made are simply not valid for all air pollutants studied. 

This means that if rules based on simplifying assumptions are to be used, then the 
modeller should make it sure that the rules have somehow been verified (for example, by 
running a reliable mathematical model several times for key changes of the emissions and by 
comparing the results obtained by the model with the results obtained by using simplifying 
assumptions). In the case where the result of such a verification has been satisfactorily good 
(and only in such a case), the simplifying assumptions could be used again and again in many 
situations that arise in practice. 
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Figure 10.20 
Contributions (in percent) to the sulphur dioxide concentrations 

in Europe from the German emission sources. 
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Contributions (in percent) to the nitrogen dioxide concentrations 
in Europe from the German emission sources. 
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Simplifying assumptions have not been used in connection with the Danish Eulerian 
Model. This means that if some reduction or increase of the emission sources in a given part 
of the space domain (or on the whole space domain) are interesting, then the model is just 
run with these changes and the results (concentrations and/or depositions) obtained in such 
a run are compared with the corresponding results from the basic run. 

Some results that are obtained by changing the emissions in the space domain (i.e. by 
different emission scenarios) will be presented in the next sections. 

10.5. Running scenarios in which the emissions are varied 

"One of the mnjor benefits of modelling is that trends due to emission 
changes can be separated from meteorological changes". 

Trond Iversen: "Modelled and Measured Transboundary Acidifying 
Pollution in Europe· Verification and Trends ". Atmospheric Environment, 
27A(l993), p. 916. 

In Chapter 1 and Chapter 2 it has been pointed out that the most important task (or, at 
least, one of the most important tasks) which can successfully be solved when a reliable 
mathematical LRT AP is available is the investigation of the influence of either decreasing 
or increasing the emission sources on the concentrations and depositions in the area under 
consideration. Several such experiments have been run by using the Danish Eulerian Model. 
Results obtained in two of these experiments will be given and briefly discussed in this 
section. 

All European emissions of nitrogen oxides have been reduced by 25% in the first 
experiment. Results concerning the changes in the concentrations of sulphur dioxide, nitrogen 
dioxide, ozone and hydroxyl radical that are due to the above reduction of the European 
emissions of nitrogen oxides are presented in Fig. 10.22 - Fig. 10.26. The changes of the 
concentrations are obtained by comparing the concentrations that are calculated in two 
different runs of the model: 

and 

(i) a basic run (where all European emISSIOns, including here the 
emissions of nitrogen oxides, are kept unchanged) 

(ii) a second run (where all European emissions of nitrogen oxides are 
reduced by 25%, while the remaining emissions are kept unchanged). 

Let us consider first the changes of the sulphur dioxide concentrations. Since the sulphur 
emissions have been kept unchanged (in both runs of the model), one should expect small 
changes of the sulphur dioxide concentrations in the second run. The changes, in percent, are 
shown in Fig. 10.22. It is seen that the changes are indeed very small. However, it is much 
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more important in this situation to try to evaluate the sensItivIty of the model to small 
changes in the input data. In other words, it is important to try to give an answer to the 
following question: 

4tQ 'tJje sOlal) 'changes shown in Fig. 10.22 (several percent only) 
.··ca~··by· errors due to the numerical algorithms used in the· tnocIel 
c~trqn«!8tlon.e~rors) . and/or bY· errors due to the use of computer 
aritliine~{~untting' errors)? 

It is difficult to give a direct answer to this question by studying only the results in Fig. 
10.22. However, a careful analysis of the processes involving sulphur dioxide indicates that 
the answer of the question is negative (i.e. neither the truncation errors nor the rounding 
errors are causing the small changes; the changes are caused by the change of the emissions 
of nitrogen oxides). If this indication can be strictly confirmed, then an important conclusion 
can be drawn: both the truncation errors and the rounding errors are much smaller than the 
errors caused by uncertainties in the input data and the errors due to uncertainties in the 
implementation of the physical processes in the model. Therefore some further analysis of this 
situation seems to be necessary. 

The sulphur dioxide participates in only two of the chemical reactions implemented in 
the model. The first reaction, in which sulphate is produced from sulphur dioxide (see 
reaction 64 in Table 2.3 in Chapter 2), is not very important in connection with the above 
conclusion. The second reaction, in which sulphur dioxide reacts with the hydroxyl radical 
(producing again sulphate; see reaction 63 in Table 2.3), is more important for the analysis 
of this particular situation. The key point is that the concentrations of the hydroxyl radical 
depend rather strongly on the emissions of nitrogen oxides. The changes of the concentrations 
of the hydroxyl radical due to the reduction of the emissions of nitrogen oxides are shown 
in Fig. 10.26. The main part of the sulphate concentrations is produced by the first reaction. 
Nevertheless, it is clearly seen (by comparing the results in Fig. 10.22 with those in Fig. 
10.26) that the changes of the sulphur dioxide concentrations (in percent) are smaller in the 
parts of the space domain where the changes of the concentrations of the hydroxyl radical 
(again in percent) are larger and vice versa. 

The effect is opposite when the changes of the sulphate concentrations are studied; see 
Fig. 10.23. The changes of the sulphate concentrations (in percent) are larger when the 
changes of the concentrations of the hydroxyl radical (again in percent) are also larger. The 
changes of the sulphate concentrations are again small, but these are in general larger than 
the changes of the sulphur dioxide concentrations (in some parts of the space domain by a 
factor larger than two). 
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JULY 1989 
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Figure 10.22 
Changes (in percent) of the sulphur dioxide concentrations 
when the NO. emissions in Europe are reduced by 25%. 
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Figure 10.23 
Changes (in percent) of the sulphate concentrations 

when the NO, emissions in Europe are reduced by 25%. 
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Figure 10.24 
Changes (in percent) of the nitrogen dioxide concentrations 

when the NO. emissions in Europe are reduced by 25%. 
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JULY 1989 
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Figure 10.25 
Changes (in percent) of the ozone concentrations 

when the NO. emissions in Europe are reduced by 25%. 
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Figure 10.26 
Changes (in percent) of the hydroxyl radical concentrations 

when the NO, emissions in Europe are reduced by 25%. 
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JULY 1989 
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Figure 10.27 
Changes (in percent) of the ozone concentrations 

when the NO, and VOC emissions in Europe are reduced by 25%. 
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Let us reiterate that the above analysis (together with the tests performed in Chapter 4) 
could be considered as an indirect indication that the numerical algorithms used in the model 
are sufficiently accurate (in comparison with the uncertainties of the input data and with the 
uncertainties of the physical mechanisms implemented in the model). However, it should also 
be stressed that this is only an indication and much more experiments and analyses of 
different situations are necessary in order to obtain a more decisive arguments that such a 
conclusion is really correct. 

The changes of the nitrogen dioxide concentrations (when all European emissions of 
nitrogen oxides are reduced by 25%) are given in Fig. 10.24. The greatest changes are 
mainly achieved in the Central and Western Europe (where there are the biggest sources of 
emissions of nitrogen oxides) and over the Atlantic Ocean, the Mediterranean, Africa and 
Asia (where there are no emission sources or, at least, there are only some small emission 
sources of nitrogen oxides). In all other parts of the space domain the changes are more 
moderate. 

It is also seen that the processes of forming nitrogen dioxide are not linear. If these 
processes were linear, then all nitrogen dioxide concentrations should be reduced to about 
75% of the basic levels of the nitrogen dioxide concentrations when the emissions of 
nitrogen oxides are reduced by 25%. The results show that all concentrations are reduced by 
more than 30% (and in some parts of the space domain by 35% - 40%). 

The changes of the ozone concentrations (in percent), which correspond to the reduction 
of all European emissions of nitrogen oxides by 25%, are shown in Fig. 10.25. It is seen 
that in some parts of the space domain the reduction of the emissions of the nitrogen oxides 
leads to an increase of the ozone concentrations. It is also seen that this happens in the highly 
industrialized regions of Europe: Central England and parts of Belgium, Netherlands, 
Germany, Poland and Checkia. This results shows very clearly that it is difficult to predict 
the behaviour of the changes of the ozone concentrations as a function of changes of the 
emissions of nitrogen oxides. The relationship that describes the variation of the ozone 
concentrations when the emissions of the nitrogen oxides are varied is not simple. In fact, the 
opposite is true; this relationship is very complicated and many other factors are to be taken 
into account if a reliable prediction of the influence of variations of the emissions of nitrogen 
oxides on the variations of the ozone concentrations is to be calculated without running the 
model with the changed emissions. 

The results that are shown in Fig. 10.25 indicate that it is not sufficient to reduce the 
emissions of the nitrogen oxides if the ozone concentrations are to be reduced. One should 
reduce both the emissions of nitrogen oxides and the emissions of the anthropogenic VOC's 
in order to achieve some reduction of the ozone concentrations. This is demonstrated by the 
second experiment where both the emissions of nitrogen oxides and the emissions of the 
anthropogenic VOC's are reduced by 25%. The changes of the ozone concentrations in this 
situation are shown in Fig. 10.27. It is seen that the ozone concentrations are reduced in the 
whole space domain. The reductions in Central and Western Europe and Southern England 
are greatest. However, the reductions of the ozone concentrations are not very impressive; 
even in Central and Western Europe and in Southern England. This means that the two 
experiments demonstrated here seem to indicate that a significant reduction of the monthly 
mean values of the ozone concentrations in Europe can be achieved only by reducing very 
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considerably both the emissions of nitrogen oxides and the emissions of the anthropogenic 
VOC's. 

Some experiments performed in Ziatev et al. [538,539] indicate that while the monthly 
mean values of the ozone concentrations in Europe seem to be rather insensitive to changes 
of emissions of nitrogen oxides andlor emissions of anthropogenic VOC's, the periods with 
high ozone concentrations are reduced more considerably. This is an important fact, because 
the periods with high ozone concentrations are (or, at least, can be) dangerous for plants, 
animals and humans. 

The sensitivity of the ozone concentrations to changes of emissions of nitrogen oxides 
andlor emissions of anthropogenic VOC's is an important issue and much more research in 
this direction seems to be necessary. This is especially true for the periods with high ozone 
concentrations. 

The hydroxyl radical is a very active chemical agent. It reacts with many other pollutants. 
Therefore the levels of the concentrations of the hydroxyl radical should also be studied 
carefully; the levels of these concentrations have influence on the levels of the concentrations 
of many of the other pollutants. It is important to investigate the sensitivity of the 
concentrations of the hydroxyl radical to changes of different emissions. The knowledge 
obtained during such investigations may be used to explain the behaviour of the variations 
of many other pollutants that are caused by different changes of the emissions. One example 
has already been given above (see the discussion concerning the changes of the sulphur 
dioxide concentrations that are caused by the reduction of the emissions of nitrogen dioxide). 

The changes of the concentrations of the hydroxyl radical that are caused by the reduction 
of all European emissions of nitrogen dioxides by 25% are shown in Fig. 10.26. It is seen 
that the changes vary in a quite large interval (most of the changes are in the range between 
80% and 120%, but some changes may be less than 80% or greater than 120%). The 
concentrations of the hydroxyl radical are increased (when the emissions of nitrogen oxides 
are decreased) in Central and Western Europe and England; while in most of the other parts 
of the space domain the concentrations of the hydroxyl radical are decreased. 

The changes of the concentrations of the hydroxyl radical that are caused by reducing 
both the emissions of nitrogen oxides and the emissions of VOC's are quite similar to those 
shown in Fig. 10.26. However, the changes do not vary in so large interval in the latter case 
(most of the changes are in the range from 90 % to 105%, but some of the changes may 
be less than 90% or greater than 105%). 

The changes of the concentrations of many other pollutants were also studied. As an 
illustration of this statement, let us mention that the behaviour of the variation of the 
concentrations the H02 radical is quite similar to the behaviour of the variation of the 
concentrations of the hydroxyl radical (and, moreover, this is true both in the case where only 
the emissions of nitrogen oxides are reduced and in the case where both the emissions of the 
nitrogen oxides and the emissions of VOC's are reduced). 

It must be emphasized here that the results in this section are given in order to show how 
the models can be used. As mentioned several times above, the results indicate that the 
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numerical methods used in the particular model used in these experiments, the Danish 
Eulerian Model, are sufficiently accurate (which implies that even very small changes of 
the concentrations and/or the depositions can clearly be detected by the model). However, one 
should be careful not to draw to many and too strong conclusions. It must also be emphasized 
that much more experiments are needed (and, perhaps some further development of the model 
is necessary) in order to confirm some trends and/or to establish other trends in the variations 
of different concentrations and deposition when some emission sources are varied. 

10.6. Studying episodes with high ozone concentrations 

"Both changes in emissions of volatile organic compounds (VOC) and NO, 
are important for changes of episodic owne. ". 

0ystein Hov: "Model Calculations ofOwne in the Atmospheric Boundary 
Layer in Europe". In: "ATMOSPHERIC OZONE RESEARCH AND 
ITS POLICY IMPLICATIONS (T. Schneider, S. D. Lee, G. J. R. 
Wolters and L. D. Grant, eds.), pp. 657-666, Elsevier Science Publishers 
B.Y., Amsterdam, 1989. 

High ozone concentrations can be dangerous for plants, animals and humans. The ozone 
concentrations depend on the emissions of both nitrogen oxides and volatile organic 
compounds (the emissions of NOx and VOC). However, it has been shown in the previous 
section that the reductions of the emissions of NOx and VOC must be very considerable 
in order to obtain a significant reduction of the mean ozone concentrations (on monthly and 
daily bases) in the troposphere. Therefore it is important to study carefully the high 
concentrations of ozone (and especially the time variation of the high ozone concentrations 
as well as the duration of periods where the ozone concentrations are high). 

The ozone concentrations have a clear diurnal variation: these are normally highest during 
the afternoon and lowest during the night. The diurnal variation of the ozone concentrations 
at some of the EMEP measurement stations is illustrated in Zlatev et al. [538]. 

A careful study of the variation of the daily maxima of the ozone concentrations at 
several EMEP measurement stations in different European countries shows that there are short 
periods (which are called, as mentioned above, episodes) when the maximal daily values of 
the ozone concentrations are rather high. 

Results that are presented in Zlatev et al. [538] show clearly that there were three such 
periods, on the parts of Central and Western Europe, in July 1985 (1-6 July, 11-15 July and 
23-27 July). The same episodes have also been detected, by using measurements taken at 
different EMEP stations, in Grennfelt et al. [216]. 

Some episodes in June 1989 have been studied in Ziatev et al. [539]. These episodes 
were again in the Central and Western Europe. 
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A few results, which represent temporal variations of calculated and measured ozone 
concentrations (in July 1989), are shown in Fig. 10.28 and in Fig. 10.29. 

The time variations of the calculated and measured ozone concentrations at Deuselbach 
in Germany are shown in Fig. 10.28. This plot indicates that there are two relatively long 
episodes in the part of the space domain around Deuselbach; in the periods 5-13 July 1989 
and 22-30 July 1989. 

The time variations of the calculated and measured ozone concentrations at Ispra in Italy 
are shown in Fig. 10.29. The model results do not indicate a clear episode in the region 
around Ispra in July 1989. However, the ozone concentrations are about 80 ppb the whole 
time, and such a level of the ozone concentrations is considered by many scientists as rather 
high. 

10.7. Studying the concentrations and depositions due to Danish sources 

"The main objective of EMEP is to provide governments with information 
on deposition and concentration of air pollutants. as well as on the 
quantity and significance of pollutantfluxes across national boundaries". 

Anton Eliassen and Jllrgen Salbones: "Modelling of Long-range 
Transport of Sulphur over Europe: A Two-year Model Run and Some 
Model Experiments ". Atmospheric Environment, 17(1983), pp. 1457-1473. 

As mentioned several times, the reduction of the air pollution is normally an expensive 
procedure. It would be very difficult for the small European countries to reduce the 
concentrations and the depositions of the dangerous air pollutants to an acceptable level. The 
main reason for this is the fact that a great part of the pollution in such small countries is due 
to transport from other countries. This explains why cooperative actions are necessary (this 
topic has also been discussed in Chapter 1). 

It is important to investigate carefully the influence of the sources in a given small 
country on the concentrations and the depositions both in the country itself and in its 
surroundings. Some results that have been obtained in the case where the country under 
consideration is Denmark will be presented in this section. 

The contributions for 1989, in percent, of the Danish emission sources to the concentra­
tions of the sulphur dioxide in Denmark and its surrounding are shown in Fig. 10.30. It is 
seen that in many parts of Denmark the contributions of the Danish sources to the sulphur 
dioxide concentrations are under 50% (this means that, roughly speaking, more than one half 
of the concentrations are caused by emission sources that are outside Denmark). However, 
it is also seen that the contribution of the Danish sources to the sulphur dioxide concentrations 
in the Southern parts of Sweden is rather considerable. 
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Figure 10.28 
Comparison of daily maxima of calculated and measured ozone concentrations 

in July 1989 at Deuselbach (Germany). 
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Comparison of daily maxima of calculated and measured ozone concentrations 
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The corresponding contributions in the case where nitrogen dioxide concentrations are 
studied instead of sulphur dioxide concentrations are shown (again in percent) in Fig. 1O.3l. 
The main pattern is quite similar: 

and 

(i) a big part of the nitrogen dioxide concentrations in Denmark are 
caused by sources that are outside Denmark 

(ii) the contribution of the Danish sources to the nitrogen dioxide con­
centrations in Southern parts of Sweden is rather considerable. 

It is also seen from Fig. 10.31 that the nitrogen dioxide concentrations are transported 
on longer distances than the sulphur dioxide concentrations. There are several different 
reasons by which such a phenomenon can be explained. The chemical reactions outside 
Denmark are not very effective, because all emission sources there are closed. This is 
probably the most important reason. The fact that the dry deposition coefficient for nitrogen 
dioxide is considerably less than the dry deposition coefficient for sulphur dioxide is another 
reason for this difference. It should also be mentioned that the nitrogen dioxide is not 
deposited by precipitation, while the wet deposition coefficient for sulphur dioxide is 
considerably large. More details about the deposition coefficients used for the different air 
pollutants that are involved in the Danish Eulerian Model can be found in Harrison et al. 
[228] or Ziatev et al. [538,539]. 

10.8. Concluding remarks and references concerning simulations 
with large air pollution models 

"Thus, every attempt is made to incorporate all relevant processes in as 
much detail as possible. However, our ability to do so is limited by three 
factors. Firstly, we do not as yet have a complete understanding of all the 
relevant processes. Secondly, the inclusion of the detailed descriptions of 
all the processes (even if we understood them) is likely to strain the 
resources of the best available computers. The third reason for being less 
than comprehensive is related to the need to test the model against 
observations". 

A. Venkatram, P. K. Karamchandani and P. K. Misra: "Testing a 
Comprehensive Acid Deposition Model". Atmospheric Environment, 
22(1988), 737-747. 

Several experiments with the Danish Eulerian Model have been described in this 
chapter. This model has been developed at the National Environmental Research Institute 
(Roskilde, Denmark). The efforts to improve both the robustness and the reliability of the 
model are continuing by including new and more advanced modules in it. The Danish 
Eulerian Model is described in Harrison et al. [228] and in Ziatev et al. [538,539]. 
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Figure 10.30 
The contributions (in percent) of the Danish sources 

to the sulphur dioxide concentrations 
in the region surrounding Denmark for 1989. 
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Figure 10.31 
The contributions (in percent) of the Danish sources 

to the nitrogen dioxide concentrations 
in the region surrounding Denmark for 1989. 
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An attempt to locate the position of the Danish Eulerian Model among the other 
models in the set of the LRT AP models has been made in Section 10.1. It is emphasized 
there, in Section 10.1, that the main aim is not to upgrade the model to a comprehensive 
model (some examples of comprehensive models are described and discussed in Venkatram 
et al. [459], Chang et al. [66], Ebel et al. [144] and Hass et al. [230,231]; more examples 
can be given), but rather to preserve the possibility of running the model over long time­
intervals and, thus, to preserve the possibility of studying also seasonal variations of the con­
centrations and the depositions of various air pollutants that are involved in the model. 
However, by adding new and more complicated modules to the model and by exploiting 
extensively high-speed computers, the gap between the Danish Eulerian Model and the 
comprehensive LRT AP models becomes smaller and smaller. 

Concentration levels in Europe have been discussed in Section 10.2. These concentration 
levels have been obtained by using the new version of the Danish Eulerian Model. The 
spatial resolution of the new version is much better than that of the old version (in fact, the 
spatial resolution has been improved by a factor of nine; 9216 grid-points are used in the 
new version instead of the 1024 grid-points used in the old version that is described in 
Harrison et al. [228] and in Zlatev et al. [538,539]). 

The need of comparisons of the model results (both concentrations and depositions) with 
measurements as well as some comparisons with measurements are discussed in Section 
10.3. Both scatter plots and temporal variations of measured and calculated concentrations 
are presented in Section 10.3. 

The influence of emission sources in one part of the space regions on the air pollution 
in the surrounding parts is studied in Section 10.4. Some results concerning the influence 
of German emission sources on the air pollution of Germany and its surroundings are 
presented. It should be mentioned that the experiment that has been carried out in this section 
was performed only in order to demonstrate that the model is able to solve such tasks, and 
not to produce some results that can be used for any practical purposes. The results are for 
July 1989. One should run the model on much longer time-intervals (as, for example, for the 
whole 1989) in order to obtain more representative results concerning the concentrations and 
the depositions that are to be studied. 

Some runs with different emissions (different "scenarios") have been presented in Zlatev 
et al. [538,539]. Results that have been obtained with different scenarios are given in Section 
10.5. An analysis of the results is also presented in Section 10.5. 

The importance of studying ozone concentrations, and especially high ozone concentra­
tions, is discussed in Section 10.6. Some results, which have been obtained in the 
comparisons of observed and calculated daily maxima of the ozone concentrations at two 
EMEP stations, are also given in Section 10.6. 

The contributions of the Danish emission sources to the concentrations and depositions 
of air pollutants in Denmark and in the surrounding of Denmark are discussed in Section 
10.7. There are two differences between the results presented in Section 10.4 and the results 
presented in Section 10.7. 
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The first difference is the time-interval used in the runs. The results that are presented 
in Section 10.7 have been obtained by running the model for the whole 1989, while the 
corresponding results in Section 10.4 are only for one summer month (July 1989). This means 
that it should be expected the results in Section 10.7 to be much more representative. 

The second difference is the size of the country. Denmark is a much smaller country 
than Germany. This is why the contributions of sources that are outside Denmark to the 
concentrations and depositions in Denmark are, in general, much greater than the contribu­
tions of sources that are outside Germany to the concentrations and depositions in the central 
parts of Germany. This conclusion explains why 

This topic, the topic of reducing the air pollution to acceptable levels in a cheap and 
reliable way, has also been discussed in Chapter 1. 
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