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Preface

This book is about the techniques of modeling and simulating electric machinery. It
evolved from a graduate-level course in simulation at Purdue that is aimed at introducing
students to the modeling of power components and to using computer simulation as a tool
for conducting transient and control studies. Simulation can be especially helpful in gain-
ing insights to the dynamic behavior and interactions that are often not readily apparent
from reading theory. Next to having an actual system to experiment on, simulation is often
chosen by engineers to study transient and control performance or to test conceptual
designs. Its use in teaching is growing now that inexpensive and powerful personal com-
puters with simulation capabilities previously available only in specialized facilities are
widely accessible to students.

There are many excellent textbooks on electric machine models, operating princi-
ples, and steady-state characteristics, but few dwell on the implementation of simulations.
While the primary focus of this book is on the techniques applicable to the modeling and
simulation of electric machinery, it also illustrates the usefulness of knowing the physical
aspects of machines, the assumptions made when modeling machines, and the basic oper-
ating characteristics of these machines in verifying the correctness of an implemented sim-
ulation and in interpreting simulation results. The ability to correctly interpret and verify
results is important not only for simulation, but also in other work where engineers are
increasingly relying on software packages developed by others. Exercises to develop the
skills to discern are an important aspect of the projects given at the back of each chapter.
The chapter projects are of two kinds: one kind reinforces the learning of the operating

xiii



xiv Preface

principles and characteristics, and of the implementation and modeling techniques; the
other kind focuses on selected problems of practical interest about which students can
explore and learn more about the phenomena first-hand.

Simulation must be taught with a tool with which students can practice. I have cho-
sen MATLAB/SIMULINK ®! as the platform for this book simply because of the short
learning curve that most students require to start using it, its wide distribution, and its gen-
eral-purpose nature. The platform allows one to conveniently switch back and forth
between simulation on SIMULINK and computation on MATLAB, such as when per-
forming control design using the Control-Toolbox or when analyzing signals using the Sig-
nal Processing Toolbox. For the convenience of the reader, 1 have provided the
SIMULINK implementations for almost all of the chapter projects in a CD-ROM that
accompanies the book. One set of implementations is for use on MATLAB version 4.2¢
and SIMULINK version 1.3, the software on which these simulations were originally
developed. The other set of implementations is for those using MATLAB version 5 and
SIMULINK version 2. The differences between the two sets are minor, mostly the later
versions eliminate warnings about unconnected input or output ports. These implementa-
tions primarily facilitate learning, though many of the machine models may find use in
other studies. Nevertheless, the modeling and simulation techniques discussed in this book
can be extended to other situations and are by no means limited to the chosen platform.

The materials are presented in traditional order. The first chapter contains some gen-
eral remarks about modeling and dynamic simulations. The second chapter introduces the
reader to MATLAB/SIMULINK. The third chapter reviews the properties of ferromag-
netic materials and the basics of magnetic circuits that are essential to the modeling ot elec-
tric machines. Chapter 3 also discusses the origin of circuit parameters in line models that
are used to model the connections between machines and sources. The fourth chapter on
transformers introduces the techniques of modeling and simulating stationary magnetically
coupled circuits and core saturation that are equally applicable to rotating machines, but
without the complications of motion. Chapter 5 reviews the fundamentals of excitation,
field distribution, winding inductances, and energy conversion common to rotating
machines that are covered in later chapters. Chapters 6 and 7 describe two of the most com-
mon three-phase ac machines: induction and synchronous machines. Besides deriving non-
linear models of these machines and describing how to implement them in simulations,
these chapters also illustrate how to obtain small-signal or linearized models of the same
machines from their SIMULINK simulations. Chapter 8 covers modeling, simulation, and
control of dc machines. The modes of operation of a four-quadrant drive and the basics of
speed and torque control are introduced using the simpler operational behavior of a dc
machine. Chapter 9 is about the operation of an induction machine from an adjustable fre-
quency source. It focuses mainly on the volts/hertz control and field-oriented control com-
monly used in modern induction motor drives. The tenth chapter describes synchronous
machine models used in power system studies where the size and complexity of the sys-
tem often justify the use of models with different levels of detail. It also describes the self-
control methods used in small and large synchronous machine drives.

'"MATLAB and SIMULINK are registered trademarks of the The MathWorks, Inc.
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Dynamic Simulation
of Electric Machinery







Introduction

1.1 ON MODELING IN GENERAL

A theory is often a general statement of principle abstracted from observation and a model
is a representation of a theory that can be used for prediction and control. To be useful, a
model must be realistic and yet simple to understand and easy to manipulate. These are
conflicting requirements, for realistic models are seldom simple and simple models are
seldom realistic. Often, the scope of a model is defined by what is considered relevant.
Features or behavior that are pertinent must be included in the model and those that are not
can be ignored. Modeling here refers to the process of analysis and synthesis to arrive at a
suitable mathematical description that encompasses the relevant dynamic characteristics of
the component, preferably in terms of parameters that can be easily determined in practice.

In mathematical modeling, we try to establish functional relationships between
entities which are important. A model supposedly imitates or reproduces certain essential
characteristics or conditions of the actual—often on a different scale. It can take on various
forms: physical, as in scale-models and electrical analogs of mechanical systems; mental,
as in heuristic or intuitive knowledge; and symbolic, as in mathematical, linguistical,
graphical, and schematical representations.

Simulation can be very useful in many scientific studies that proceed as follows:

1. Observing the physical system.
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2. Formulating a hypothesis or mathematical model to explain the observation.

3. Predicting the behavior of the system from solutions or properties of the mathematical
mode}.

4. Testing the validity of the hypothesis or mathematical model.

Depending on the pature of the actual physical system and the purpose of the
simulation, the definitions of modeling and simulation will vary. Broadly speaking,
simulation is a technique that involves setting up a model of a real situation and performing
experiments on the model. In this book, we will define simulation to be an experiment with
logical and mathematical models, especially mathematical representations of the dynamic
kind that are characterized by a mix of differential and algebraic equations. Mathematical
models may be classified in many ways, some of which are as follows:

Linear or Nonlinear Linecar models can be described by just linear mathematical
refations which obey the principle of superposition. Nonlinear models, on the other
hand, possess mathematical relations that are not linear.

Lumped or Distributed Parameter Lumped parameter models are described
by ordinary differential equations with only one independent variable. Distributed
parameter models are described by partial differential equations usually with time and
one or more spatial coordinates as independent variables.

Static and Dynamic Static models do not take time variations into account,
whereas dynamic models take into account time-varying characteristics and interac-
tions.

Continuous or Discrete Continuous time models are described by equations in
which the dependent variables are continuous in time. Discrete time models are
described by difference equations whose dependent variables are defined at distinct
instances.

Deterministic or Stochastic A model is deterministic if chance factors are absent,
stochastic if chance factors are taken into account.

The procedure for developing a model is often an iterative one. The cycle begins with
identifying the purpose of the model and its constraints, as well as the kinds of simplifying
assumptions or omissions that can be made, determining the means of obtaining parameters
for the model, and defining the available computational facilities. Both an understanding of
and insight into the discipline are essential to making appropriate simplifying assumptions.
Simplicity is the hallmark of most good models. Whereas oversimplification and omissions
may lead to unacceptable loss of accuracy, a model that is too detailed can be cumbersome to
use. There can be more than one model for the same physical system, differing in precision,
aspect, and range. For example, a transmission line may be represented by a distributed
parameter model, a lumped RLC model, or a lumped RL model. Similarly, the model of
an electromagnetic component with an iron core may or may not include the effects of
magnetic saturation or hysteresis of the core depending on the purpose of the simulation.
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Every model has parameters which are to be estimated. The model must lend itself to
methods by which these parameters can be determined experimentally, otherwise the model
will be incomplete.

The developed model must be verified and validated. Verification involves checking
the consistency of the mathematics, the solution procedure, and the underlying assumptions.
Validation is the determination of how adequately the model reflects pertinent aspects of
the actual system that are represented by it. When a discrepancy is unacceptably large, the
mode! must be revised and the cycle repeated. Data used for estimating the parameters ought
not be the same as those used to validate the model.

Modeling and simulation have appropriate uses. They are especially beneficial in
situations where the actual system does not exist or is too expensive, time-consuming, or
hazardous to build, or when experimenting with an actual system can cause unacceptable
disruptions. Changing the values of parameters, or exploring a new concept or operating
strategy, can often be done more quickly in a simulation than by conducting a series of
experimental studies on an actual system. Simulation can also be a very useful training
aid; it is a technique by which students can learn more and gain greater insight and better
understanding about the system they are studying.

A frequent question about simulation is its validity. Do the simulation results reflect
those of the actual system for the condition simulated? Even with valid component models,
the use of them in a larger simulation must be done carefully with consistency and a well-
defined goal in mind; otherwise, the results could be meaningless. Finaily, in interpreting
the results, we should not overlook the simplifications and assumptions made in devising
the model.

1.2 MODELING POWER COMPONENTS

Actual experimentation on bulky power components can be expensive and time-consuming.
For many, simulation offers a fast and economical means if not the only means by which
they can conduct studies to learn more about these components.

Power components should be designed to withstand expected stresses caused by
temporary overvoltages, surges, and faults. Since extreme stresses usually occur during
abnormal operation and transient conditions, the design of these components is often
dictated by transient considerations. Some examples are: persistent overvoltages which
can affect insulation coordination; surges caused by lightning and switching; undesirable
interactions such as ferroresonance between nonlinear magnetizing inductance and circuit
capacitance; and subsynchronous resonance between the torsional modes of the turbine
shaft and natural frequency of the network.

It is beneficial for us to briefly review how others have modeled and simulated power
components. Power systems are usually so large and complex that modeling all components
in detail is seldom attempted. Aside from the sheer number of components, the spread of
their frequency response can also be very broad. Significant reduction in dimension and
complexity of the model is often done by making judicious approximations, by limiting
fidelity or coverage, or by employing both of these means. Examples of such abstraction are
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» Physical partitioning, as in the use of simple equivalents to model distant parts of
the system which have minor effects on the behavior that is of interest because of its
localized nature, as in the use of network equivalents at remote buses for fast transient
studies.

e Frequency domain partitioning, as in the selective use of low-frequency models
known to be adequate for portraying the behavior of interest.

Models of various degrees of mathematical complexity have been developed to exploit such
abstractions in specific situations. We should therefore be aware of the original purpose
and assumptions when using these models. Indiscriminate use of elaborate models for all
circumstances will not only result in cumbersome and inefficient simulations, but also in
compromised accuracy if the parameters for these models are in question.

1.3 TOOLS FOR DYNAMIC SIMULATION

Except for very simple systems, computing tools are needed to handle the complex models
used for transient situations. The three computing tools which have been employed for
transient studies are

e Network analyzers.
e Analog and hybrid simulators.
» Digital computers.

On network analyzers, a scaled circuit model of a selected portion of the system is
constructed. Usually a limited number of components essential to the situation under study
is modeled. Scaling in voltage, current, and frequency are often used to reduce the size and
cost of the circuit model. The degree of detail and extent of the model will depend on the
situation and the capacity of the analyzer. For example, if surge studies on specific lines
are to be studied, the lines directly affected could be represented in greater detail using
several more II sections; lines further away could be represented by lesser models. But, if a
network analyzer is to be used to study synchronous machine stability, line models can be
simpler because the frequency range of the electromechanical interactions involved in such
situations need not be as high as the range used for surge studies.

On analog and hybrid simulators, a mathematical rather than circuit model of a
selected portion of the system is implemented. On analog simulators, the mathematical
model is implemented using electronic operational amplifiers capable of performing
the basic mathematical operations of integrating, summing, multiplying(dividing), and
generating some simple nonlinear functions—all in parallel. The output level is usually
scaled down to 410 or 420 volts to stay within the amplifier’s saturation limits. Also to stay
within the frequency response of the amplifiers and auxiliary equipment, such as plotters,
time scaling is often used. Time scaling applied to the integrators can slow the simulated
response in proportion to the actual response time, thus enabling the same equipment to be
used for studying a broad range of transients from the very fast to the very slow. Greater
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capability and ease of use can be obtained by operating an analog simulator in conjunction
with a digital computer. Such an installation is referred to as a hybrid simulator. With hybrid
simulators, the digital computer is often used to automate the setting up of the parameters
on the analog computer, to control the study sequence in multiple case studies, to simulate
long delays, to emulate control loop functions, and to process acquired data—the kinds of
tasks at which a digital computer excels.

For large-scale system studies, the burden of abstraction can be avoided when the
tool has the capacity to handle large models. The power of the digital computer to process
large amounts of information systematically was recognized very early on. Many activities
that used the digital computer to perform loadflow and short-circuit calculations were well
on their way by the 1950’s. Today, there is a wide selection of software available to do
loadflows, short-circuit calculations, protection settings, dynamic and transient stability
studies, electromagnetic transients, and operational and design optimization studies.
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2.1 INTRODUCTION

Simulation packages may be loosely divided into general-purpose and application-specific
packages. Most general-purpose packages are equation-oriented in that they require input
in the form of differential or differential-algebraic equations. An application-specific
package, on the other hand, may provide convenient, ready-to-use modules or templates
of commonly used components for a specific application. A user can also add his/her
own modules in equation form. These modules are then incorporated in a network-like
fashion by the package. Among the better known simulation packages, ACSL [1], ESL
[2], EASYS5 [3], and PSCSP [5] are for general systems, whereas SPICE2 [4], EMTP
{6], and ATOSECS [7] are mainly for simulating electrical or electronic circuits. IESE
and SABER [8] are examples of general-purpose electrical network simulation programs
that have provisions for handling user-defined modules. Besides these, there are also
standard differential and differential-algebraic solvers in callable routines, such as IMSL
[9], ODEPAK [26], and DASSL [127].

SIMULINK®! i5 a toolbox extension of the MATLAB! program. It is a program
for simulating dynamic systems. Student editions of MATLAB 5 and SIMULINK 2 are
currently available through Prentice Hall [148]. The SIMULINK simulations given in the
CD-ROM accompanying this text were originally developed on MATLAB version 4.2¢ and

'"MATLAB and SIMULINK are registered trademarks of the The MathWorks, Inc.
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SIMULINK version 1.3¢c. To accommodate the newly released MATLAB version 5 and
SIMULINK version 2, files for these versions are also provided on the CD-ROM. For the
applications in this text, the differences between these new and the older versions are minor.

Briefly, the steps of using SIMULINK involve first defining a mode!l or mathematical
representation and the parameters of your system, picking a suitable integration method, and
setting up the run conditions, such as the run-time and initial conditions. In SIMULINK,
model definition is facilitated by the graphical interface and the library of templates or
function blocks that are commonly used in mathematical descriptions of dynamic systems.
The objective of this chapter is to guide a new user through some simple setups, bringing
to his/her attention some features that are useful for common tasks. For more details, the
reader should refer to the Reference and Tutorial sections of the SIMULINK User’s Guide
by The MathWorks, Inc. [13] or to the online Help Desk in MATLAB 5. Those who can
program in C or Fortran might be interested to know that SIMULINK has provisions for
you to create and mask your own functional block using a MATLAB .M file, ora MEX C
or Fortran file.

2.2 CD-ROM FILES

The CD-ROM that accompanies this book contains MATLAB and SIMULINK files for
the exercises in Chapter 2 and almost all of the projects in Chapters 3 through 10. Further
information about the CD-ROM'’s contents can be found in Appendix B.

Some of these simulations are quite large. For the SIMULINK screen to display the
full simulation, you may have to increase the display resolution of your computer monitor.

2.3 GETTING TO SIMULINK

SIMULINK is an extension of the MATLAB program. To get to it, you will need to run
MATLAB. From the directory in which you intend to work with your SIMULINK files,
enter matlab to start the MATLAB program. By enter, I mean type in the text and press
the Enter or Return key on your keyboard. The MATLAB program starts with a display
indicating the version of the MATLAB program after which it will display the MATLAB
prompt 3> in a MATLAB command window. At this point, the program is waiting for a
MATLAB command. To start SIMULINK, enter simulink after the MATLAB prompt >
in the MATLAB command window. The program will display the SIMULINK block library
as shown in Fig. 2.1. If you are using SIMULINK most of the time, you may want to insert
the simulink command in your MATLAB STARTUP file, in which case SIMULINK will
be automatically activated whenever you start MATLAB.

2.4 CREATING A SIMULINK SIMULATION

Prior to setting up a system model in SIMULINK, you will need to have a mathematical
description of the system you want to simulate. A typical mathematical description of a
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Figure 2.1 SIMULINK Block Library (courtesy of the The MathWorks, Inc.).

dynamic system may consist of a mix of integral and algebraic equations. These equations
may have to be manipulated further to eliminate potential algebraic loops. Have an
idea as to which variables in your mathematical model are independent and which are
dependent. Rewrite the integral equations with the dependent-state variable expressed as
some integral of a combination of independent variables and dependent variable:, including
itself. Construction of the SIMULINK model can then follow the rearranged mathematical
description of the model.

Figure 2.1 shows the main SIMULINK block libraries of SIMULINK version 1.3¢
and SIMULINK version 2. Double-clicking on a menu heading will open up a display of
the menu commands under that heading. For example, if you are starting anew and want to
create a new SIMULINK model, open the file menu heading and select the menu command
new to produce a blank SIMULINK model screen onto which you can then select and drag
components from the block library to assemble your SIMULINK simulation. Note that this
screen will initially be named Untitled uatil you give it a name using the save as menu
command under the file menu heading. The assigned filename is automatically appended
with an .mdl extension in SIMULINK 2 or an .m extension in SIMULINK .

A variety of function blocks or templates are grouped under the different library
blocks. A template can be copied from a library block onto the SIMULINK model screen
by first selecting the template and then dragging it to the desired location in the SIMULINK
model screen, or by a sequence of copy and paste commands, which are found under the edit
menu. Selection is accomplished by positioning the mouse pointer on the desired template
and clicking the left mouse button once. When a template is selected, its icon becomes
highlighted. A selected item can be copied into a buffer using the copy menu command
under the edit menu heading. The copied item can be pasted at some location on a screen by
first marking the desired location with a click on the spot and then clicking the paste menu



Sec. 2.5 Choosing an Integration Method 9

Linear Library

1) D 4du/d} >D> >

Sum Inner Integrator  Derivative  Gain Matrix
Product Gain
) 1.317 } S o (s-1) J X' = Ax+Bu
Sider s+1 s(s+1) y = Cx+Du
Gain Transfer Fen  Zero-Pole State-Space

Figure 2.2 Contents of the Linear library block (courtesy of The MathWorks, Inc.).

command under the edit menu heading. When starting a new simulation, copying items
from the library block is more conveniently done by first selecting the desired template in
the library block and dragging it onto the SIMULINK model screen. The combined actions
of selecting and dragging are carried out by clicking on the desired template with the left-
most mouse button, keeping that button depressed, and moving the pointer to the desired
location on the SIMULINK model screen.

Table 2.1 gives a partial listing of function templates in some of the library blocks.
The templates can be accessed by double-clicking on the corresponding library block icon
to open the library. Then, a copy of the desired template or block can be copied onto your
SIMULINK model screen by first selecting the template and then dragging the highlighted
template onto the model screen. For example, if you need summers and gains, you first open
up the Linear library block by double-clicking on the icon of the Linear library block to
display its contents. Figure 2.2 shows the contents of the Linear library block, in which you
will find the Sum and Gain templates.

Many templates have internal parameters which you must specify before you can use
these templates in a simulation. To view or to set up these parameters, you must double-click
on the template, upon which a dialog window will appear with boxes for parameter values
to be inserted. You can enter the required information as constants or as named variables.
Named variables can be initialized in the MATLLAB workspace before you start your
simulation. Using named variables may be preferable when you have to perform multiple
runs using different parameters values, as in a parameter sensitivity study. Parameters and
initial values of named variables and flags may be entered into the MATLAB workspace
by typing them in directly, by reading a data file, or by running an M-file that is written to
do other things, such as set up the appropriate system condition. Such an M-file can also
be started from the SIMULINK screen using a masked block. For a large simulation, the
M-file approach is recommended. Creating and debugging the M-file can be conveniently
done with the M-file Editor/Debugger from the MATLAB 5 toolbar.

2.5 CHOOSING AN INTEGRATION METHOD

After you have created a SIMULINK model of a system and before you start the simulation,
you will need to choose an integration method and specify some run conditions. Under the
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TABLE 2.1 SOME TEMPLATES OF SIMULINK 1.3C

Sources

Clock

Constant

From File

From Workspace
Signal Generator

Provide and display system time
Inject a constant value

Read data from a file

Read data from a matrix in Workspace
Generate various waveforms

Sine Wave Generate a sine wave
Step Fen Generate a step function
Repeating Sequence - Repeat an arbitrary signal
‘White Noise Generate random noise
Sinks
Scope Display signals during simulation
To File Write data to a file
To Workspace Write data to a matrix in Workspace
Connections
Inport Input port to a masked block
Outport Output port of a masked block
Mux Multiplex several scalar inputs into a vector input
Demux Demultiplex vector input into scalar component input
Linear
Derivative Output a time derivative of the input
Gain Multiply an input by a constant
Integrator Integrate an input signal(s)
State-Space Linear state-space system
Sum Sum inputs
Transfer Fen Linear transfer function in a domain
Zero-Pole Linear system specified in poles and zeros
Nonlinear
Abs Absolute value of input
Backlash Model hysteresis
Dead Zone Zero-output dead-zone
Fen Any legal C function of input
Look Up Table Perform piece-wise linear mapping
MATLAB Fcn Apply a MATLAB function to an input
Product Multiply inputs together
Rate Limiter Limit the rate of change of an input
Relay Switch an output between two values
Saturation Limit the excursion of a signal
S-function Make an S-function into a block
Switch Switch between two inputs

Transport Delay

Delay an input signal by a given amount of time

Chap. 2

parameters sub-menu of the main menu heading simulation, you can select one of several
integration methods and enter the values of simulation parameters, such as tolerance and
minimum and maximum step size. In SIMULINK 1.3c, the integration routines available

are

o linsim A method for solving linear dynamical equations. It computes the derivative
and output at each output step.
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rk23 The Runge-Kutta third-order method is for solving nonlinear systems with
discontinuities. It is recommended for mixed continuous and discontinuous systems,
but not for numerically stiff systems. The method takes three internal steps [0,%,1]
between output points.

rkd45 The Runge-Kutta fifth-order method has characteristics similar to those of
rk23, except that it takes six internal steps between output points.

gear The Gear method is a predictor-corrector method for numerically stiff sys-
tems. It takes a variable number of internal steps between output points. Since it relies
on predictions based on past values, it may not work well when future input changes
rapidly.

adams The Adams method is also a predictor-corrector method that uses a variable
number of internal steps between output points. It is particularly efficient when
handling systems that have smooth response and are not too numerically stiff.

euler The Euler method is also a one-step method. It computes the derivative and
output at each output point.

SIMULINK 2 has five ODE solvers. The first three are for non-stiff problems and the

last two are for stiff problems.

oded5 This method is based on Dormand-Prince(4,5), which is an explicit, one-step
Runge-Kutta that is recommended as a first try method.

ode23 This method is based on Bogacki-Shampine(2,3), which is also an explicit,
one-step Runge-Kutta. It may be more efficient than ode45 when tolerances are wide.
odell3 Thisisamulti-step, variable-order Adams-Bashforth-Moulton PECE solver.
It is recommended when function evaluation is time-consuming and tolerances are
tight.

odelSs This is a multi-step, variable-order solver based on a backward differentia-
tion formula.

ode23s This is a one-step solver based on the Rosenbrock formula of order 2. It has
the A-stability property.

Depending on your version of SIMULINK and your choice of integration method,

you may have to specify some or all of the following integration step size control
parameters:

e tolerance Used by the integration routine to control the amount of relative error

at each step. The routine tends to take smaller steps when the specified tolerance
is small; thus, the run-time will be longer. For the class of problems that we will
be handling, the error tolerance may range from le™ to 1¢75, If you are not sure
initially of what is best for your system, experiment by first starting with something
conservative in terms of accuracy and gradually loosen it to reduce run-time until you
have a compromise between the accuracy you need and the run-time you are willing
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to accept. This remark also applies to the initial selection. of minimmum and maximum
step sizes.

e minimum step size This is used to start/restart the integration at the beginning of
a run and after a discontinuity. With variable step-size methods, such as the Gear
or Adams methods, the specified minimum step size does not affect the accuracy in
that the internal step size is varied to give the necessary accuracy, but the specified
minimum step size is observed in generating the output. Thus, it is recommended that
you specify the minimum step size to be the same as the maximum step size for these
methods.

o maximum step size This limits the step length to achieve a smooth appearance in
the plot of the output.

Fixed step size simulation of the system model can be obtained with the linsim, rk23,
k45, or Euler integration methods by setting both the minimum and maximum step size to
the desired step length.

2.6 STARTING AND RUNNING A SIMULATION

Other than the parameters for the integration method, you will also need to specify the start
and stop time of the run before you can start your simulation. The simulation can be started
by clicking on the Start button under the main menu heading Simulation of either the main
SIMULINK screen or the model screen. Before you start your simulation, you might want
to set up the scope and open up the clock template to monitor the progress of the simulation.

2.6.1 Viewing Variables During a Run

Often in the debugging stage, we need to view certain key variables to check whether the
simulation is progressing satisfactorily and working correctly. Progress can be monitored
with a display of the simulation time from a clock module placed inside the screen. Double-
clicking on the clock opens up a running display of the simulated time that will give an
indication as to how smoothly the integration is proceeding or at which point it got hung
up.

SIMULINK provides several types of output devices in the Sinks library block
for you to monitor variables. The Scope provided has a single input which will accept
multiplexed signals. The multiplexer template in the Connections library block may be
used to multiplex two or more signals into one scope input. A scope with input that is left
Sfloating will have an input that is selected by the mouse. Clicking the mouse pointer on
an output port or line will select that as the input to the floaring scope. In SIMULINK 2,
a warning is given regarding unconnected input or output unless you check the box for
floating scope on the Settings dialog box under the Properties menu of the scope’s toolbar.
Furthermore, in SIMULINK 2, a scope can only display up to six signals. If the muitiplexed
input is wider than six and you do not want to use multiple scopes, you can use a selecior
switch to select up to six signals of the multiplex input to be fed through to the scope.
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2.7 PRINTING
2.7.1 Printing a Figure

A hard-copy printout of a MATLAB plot or a SIMULINK model can be obtained using the
print command. The print command for a MATLAB figure or window is

> print [-ddevicerype] [-options| [-EMATLAB figure) {filename]
The print command for a SIMULINK window or figure is

> print [-ddevicetype] [-options) [-sSIMULINK figure] [filename|

Just typing print in the MATLAB command window with no option will print the
current MATLAB figure window on the default printer. Adding a filename to the print
command as in print filename will save the curtent MATLAB figure to the named file using
the default device format. When the figure is to be used in a report, the figure file may have
to be in a device format usable by a text processing program. The device format or type
can be specified by adding the -ddevicetype option to the print command. Among the many
supported device formats are -dps2 for Level 2 Postscript and -deps for an encapsulated
Postscript (EPSF). Other options for the print command include -Pprinter_id to specify the
printer, and -ffigure_name to specity the MATLAB figure or -sSIMULINK _figure to specify
the SIMULINK screen. When the title of a figure contains spaces, the option and title ought
to be enclosed within single quotes, as in *-sTivo-word Title’.

A file created by the print command will have a name, such as filename.devicetype. To
print or preview the file within the MATLAB command window, you need to preface your
UNIX command with the escape character, !. For example, to obtain a hard-copy printout
of an .eps file, use p -dprinter_id filename.eps, where printer_id is the ID or address of the
printer. A figure file in Postscript format may be viewed using Ghostview, Ghostscript, or
any graphic program that supports the Postscript format.

2.7.2 Saving Data

Figure 2.3 shows two different ways of monitoring a variable. The output of the signal
generator can be viewed directly during the simulation run using a Scope. Or, the desired
output, along with the run-time from a clock, can be stored as a MATLAB data file using the
To File template in Sinks if the data are to be plotted or processed later. Instead of writing
the result directly into a file, the output can be stored temporarily in an array, yout, in the
MATLAB workspace using the To Workspace template given in Sinks.

Stored in this manner, the output in the array, yout, can also be used by another
part of the same SIMULINK simulation. The names of the data file and array, yout,
associated with the To File and To Workspace templates can be renamed by the user in
the SIMULINK window. When using a To Workspace template, an adequate buffer length
in To Workspace must be specified before starting your simulation. If the buffer length
is not sufficient, the stored data may be overwritten with data from the end of the run. In
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SIMULINK 1, the second parameter field of the To Workspace dialog box allows for entry
of the following three parameters: [nrows, decimation, sample_time]. The first parameter,
nrows, is the buffer length. The second, an integer, say n, specifies the saving of simulation
output data every nth integration step. It can be used to space out the data point when
your computer does not have sufficient memory storage or there is no need to store the
results from every integration time step. The last parameter allows you to specify the sample
interval at which to collect data; it is useful when uniformly sampled values are required for
later analysis or plotting.

You can also save the array that you have written in the MATLAB workspace for later
use, such as plotting or further processing, by using the MATLAB save command:

> save filename yout

MATLAB will create a binary file, filename.mat, in your current directory with the array,
yout, in it. The data can also be saved in ASCII format by specifying the option in the save
command, that is

> save filename yout -ascii

Reloading information that has been saved in a previous MATLAB or SIMULINK session
back into the workspace can be accomplished using the MATLAB load command:

> load yout
2.7.3 Plotting

In dynamic simulation studies, plots of variables versus time are usually made to examine
the transient response. We will briefly describe how such plots can be made using the
MATLAB plot command in the MATLAB window. Let’s begin with getting a single plot of
some variable versus time on the computer screen for verification purposes. We will assume
that the variable has been stored along with the corresponding time in array yout of length
N, say with time stored in the first column of your and the variable of interest saved in the
second column. The following basic MATLAB commands will enable you to customize the
plot somewhat:



Sec. 2.8 Exercise 1: Variable-frequency Oscillator 15

title(’insert desired title of plot here’)

xlabel (‘insert x axis label here’)

ylabel(’insert y axis label here’)

grid \% if you want grid lines on plot

plot(yout(:,1),yout(:,2), linetype’)% plot yout(:,l)on x-axis and yout(:,2) on y-axis

The optional entry ’linetype’ in the plot command allows you to specify the color and type
of line to be used to plot the curve. It is a useful option when there is a need to distinguish one
curve from another. For more details, refer to plot in the online Help Desk or the MATLAB
User’s Guide. To graph two or more variables versus time on the same plot, say yout(:,2) and
yout(:,3) versus time, you could use the hold command or put them in one plot command
as shown below: '

title(’insert desired title of plot here’ }

xlabel ('insert x axis label here’)

ylabel (‘insert y axis label here')

grid % if you want grid lines on plot
ploti={yout(:,1},yout(:,2), -", yout{:, 1), yout(:,3),":")
% plot vector yout(:,2)versus time using solid curve

% plot vector yout(:,3)versus time using dotted curve

2.8 EXERCISE 1: VARIABLE-FREQUENCY OSCILLATOR

In this exercise, we will go through the steps to construct a SIMULINK simulation
to generate an orthogonal set of sine and cosine time functions of fixed amplitude but
adjustable frequency beginning with the following equation of an oscillator:

=~y @1

where w is the angular frequency.

The Laplace transform of an ideal differentiator is s; that of an ideal integrator is
1/s. Letting s = jw, we can see that the gain of a differentiator is directly proportional
to frequency, whereas that of an integrator is inversely proportional to frequency. In other
words, a differentiator will be more susceptible to high-frequency noise than an integrator.
For this reason, integration is preferred over differentiation.

To implement the oscillator equation, we will first convert the second-order differ-
ential equation into two first-order differential equations and then express them in integral
form. Let’s introduce a new state, y, = (1/w)dy)/dt. Substituting the time derivative of y,
into Eq. 2.1, we obtain

2 .
et 2.2
ar wyy (2.2)

Rewriting the above equation and that defining y; in integral form, we have

2= «w/yndt
i =w/y2dt

(2.3)
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in this simulation, the system parameters and initial conditions have been
entered as constants. After running the simulation, double-click on masked
block M1 to plot simulated results on the MATLAB figure window.
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Figure 2.4  Variable-frequency oscillator.

Figure 2.4a shows the SIMULINK implementation of Eq. 2.3 given in the s/ file.
It uses the integrator, multiplier, and gain templates taken from the Linear block library of
SIMULINK. Note the use of a multiplexer to stack yy, y2, and time into a vector for display
and also the use of temporary storage in an array named your in the MATLAB workspace.

The two integrators in Fig. 2.4 ought to be initialized with the proper values, y; (0) and
—y2(0), of the two states. Their outputs, y; and y,, are orthogonal sinusoids. They can be
made to start with any desired initial phase angle by using the appropriate initial conditions
for y; and y,. For instance, using the initial values of y;(0) = Vj and y2(0) = 0 will
produce outputs of y; () = Vyrcoswt and y2(t) = —Vpsinwt. The sample result shown
in Fig. 2.4b has been obtained with y;(0) = 5, y2(0) = 0, and w = 377 radians/sec, using
the RKS algorithm with a minimum step size of 0.0001, a maximum step size of 0.01, and an
error tolerance of le™. Labels on the curves are placed with the MATLAB gtext(’string’)
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command, and the plot is generated by the following MATLAB plotting commands in the
ml MATLAB file:

plot(yout(:,1),yout(:,2), -/, yout(:,1),yout{:,3), -.")
xlabel (’time in sec’) )
ylabel ('y1 and y2’)

After running the simulation, s/, double-click on the masked plot block in s/ to plot the
simulation results. The masked block, plot, executes the command eval(’ml’) in its dialog
string field. To see how that block is masked, select it and then select Create Mask under
Edit in SIMULINK 2 or Mask Block under Options in SIMULINK 1.

2.9 EXERCISE 2: PARALLEL RLC CIRCUIT

The second exercise is to simulate the dynamic response of a parallel RLC circuit. Again,
we will go through the steps of rearranging the circuit equations, conducting simulation
runs, and storing and plotting the results. This time we will also describe a way to verify
the simulation using analytical knowledge of the circuits.

Consider the implementation and verification of the simple parallel RLC circuit
shown in Fig. 2.5. Convince yourself that the circuit shown in Fig. 2.5 has the following
circuit equations:

KVL of mesh 1:

—vs+isRg+ve =0 (2.4)
KCL at node 2:

—ig+ip+ic=0 2.5)

Equation for inductor branch:
L4 (2.6)

vo = L— .
ST
1 ,'.,S., Rs 2 _',';, ’f,. .
/\/ —_

* *SC + *ic
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(a) original (b) equivalent

Figure 2.5 - Parallel RLC circuit.
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Equation for capacitor branch:

1 ‘
= — | icdt 2.7
Ve C/lc 2.7

Choosing the inductor current and capacitor voltage as states of the system, the above circuit
equations can be rewritten in terms of the two states and the input voltage as follows:

. 1
thzfvcdt

1 vs—ve
o - - dt
e, C[( Rs 1L>

For the convenience of determining the analytical results that we will use to verify the
simulation, we will consider the transient response of the RLC circuit to be a step function
voltage. Start up MATLAB and SIMULINK, double-click on the SIMULINK file menu
and use the open file command to select and open the 52 file containing the model of the
parallel RLC circuit. As shown in Fig. 2.5, the step voltage excitation is simulated by a
step input generator from the SIMULINK Sources block library. Check the connections of
the various blocks in $2 to confirm that the simulation agrees with the mathematical model
given in Egs. 2.8. ’

If you would like to experiment with implementing the simulation on your own,
start by opening a new SIMULINK screen. Open up the Sources block library, locate the
template for the step input generator, and click on it to select and drag that template onto
the new screen. Double-click on the step input template to open up its dialog window. Set
the step time to 0.05 seconds and the inirial and final values of the step input voltage to
zero and 100 volts, respectively. Similarly, select and drag the integrator and sum templates
from the Linear block library to synthesize the rest of the equations given in Egs. 2.8. Fill
in the connections between these templates as shown in Fig. 2.5 to set up the SIMULINK
simulation of the above two integral equations.

The orientation of the templates on the screen can be changed using the Flip block
and Reotate block commands listed under the Format menu in SIMULINK 2. Similar
commands are placed under the Options menu in SIMULINK 1.

A line connection between any two points can be made by clicking on one of the
points, keeping the mouse button depressed while dragging the cursor to the other point, and
releasing the mouse button when the cursor is at the second point. The layout of lines drawn
between points can be further manipulated manually using a combination of the mouse
button and Shift key. Line(s) can also be automatically set in SIMULINK 1 by first selecting
the line(s) and then selecting the reroute lines command under the Options menu. Lines
can be individually selected by clicking on any part of a line, or they can be selected area-
wise by clicking on one corner of a rectangular area enclosing several lines and holding and
dragging the cursor to define that area, or by using Select All under the Edit menu.

Figure 2.6 shows the use of a floating scope, Scope2, to display the variable ic, the
selected input to the floating scope being indicated by the little black square on the output
line.

(2.8)
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Double-click on masked block M2INIT to intialize before starting
simulation. After simulation, double-click on masked block M2PLOT
to plot simulated results on MATLAB window.

Figure 2.6 SIMULINK Simulation S2 of RLC circuit.

Before we can run the simulation, we must first initialize the circuit parameters to
represent a circuit with Ry = 50Q, L = 0.1H, and C = 1000 F. Next, we must set the
desired initial condition of the system, that is, the initial values of the system states. The
initial values of the inductor current and capacitor voltage can be set by either directly
entering the desired initial values in the dialog boxes of the respective integrators with
inductor current and capacitor voltage as output, or by using named variables in these dialog
boxes and assigning these variables desired initial values from the MATLAB command
window. For this run, set the initial values of the inductor current and capacitor voltage
directly to zero.

Finally, we must choose the integration method to use and set the start time, stop time,
step size range, and error tolerance. All these are to be specified under parameters of the
Simulation menu. For this run, we select the Adams/Gear integration method, set the start
time to zero, the stop time to 0.5 seconds, the minimum step size to 0.1 msec, the maximum
step size to 1 msec, and the error tolerance to 1e™>.

Before starting the simulation, click on the scope in the SIMULINK screen to open
the scope’s display screen and set the vertical and horizontal ranges of these scopes. Open
the Simulation menu again and select start to start the simulation. The scope should now
display all variables that are multiplexed into its input. The floating scope may be used to
display any variable of interest during the simulation run. As shown in Fig. 2.6, the results
are stored as the array y in the MATLAB workspace. The variable values in y are stored
column-wise in a stacking order corresponding to the order of the multiplexed input. As
shown, the clock time will be stored in the first column of y, corresponding values of ig in
the second column, and so on.

Plot the values of /g, vc, and iy at the first 0.5-second interval. A sample output
response of the RLC circuit with zero initial capacitor voltage and inductor current set to a
step input voltage of 100 V step applied at 0.05 sec. is given in Fig. 2.7.
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The simulation s2 can be initialized with the desired circuit parameters and initial
condition by running the m2 file shown below in the MATLAB window. The keyboard
command in m2 will put the program in keyboard mode, in which you can examine
or make changes to variables in the MATLAB workspace and conduct your simulation
run. Keyboard mode is indicated by a K prompt in the MATLAB window, during which
MATLAB will respond to any valid MATLAB command. In this case, we use the keyboard
mode to run the SIMULINK simulation. Upon the conclusion of a successful run, enter
return after the K prompt to exit from the keyboard mode and continue with the m2 script.

% M-file for Exercise 2 RLC circuit simulation

% input parameters and initial conditions

Rs = 50; %Rs = 50 ohms

L = 0.1; %L = 0.1 Henry

C = 1000e-6; % C = 1000 uF

VS_mag = 100; % magnitude of step voltage Vs in Volts
tdelay = 0.05; % initial delay of step voltage in sec
vCo = 0;
iLo = 0;

% initial value of capacitor voltage
% initial value of inductor current
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tstop = 0.5; % stop time for simulation
disp(’run simulation, type ‘’return’'’ when ready to return’)
keyboard

subplot(3,1,1)

plot{y{(:,1),y(:.2))

title(’source current’)

ylabel (’is in A’)

subplot(3,1,2)

plot(y(:,1),y(:,3))

title(’capacitor voltage’)

ylabel ('vC in V')

subplot(3,1,3)

plot(y(:,1),¥(:,4))

title(’inductor current’)

xlabel ('time in sec.’)

ylabel (“iL in A’)

Alternatively, the initialization and plot functions of m2 can be divided into two M-files,
m2init and m2plot, and their operations can be placed on-command using the separate
masked blocks of Fig: 2.6.

Besides checking the correspondence of the simulated system with the integral

equations given in Eqs. 2.8 to verify the implementation, we should also cross-check the
simulated result against that obtained experimentally or predicted from analysis. In this
case, a closed-form response of the transient response to a step input voltage can be obtained
as follows:

1

2.

The circuit shown in Fig. 2.5a can be transformed into the equivale::: form shown in
Fig. 2.5b using a Thevenin to Norton transformation.

Applying KCL to the top node of the parallel RLC circuit of Fig. 2.5b, we obtain the
following circuit equation in terms of v¢:
ve [T dve vs
o dt +C—= = —u(t 0.1 2.9
g [vearr e = Bue-on 29)
. The characteristic equation and its roots are
1 l
2
57 e § o e = ) 2.10
TR T I @10
S1,8 = —atjw 2.11)

For the given circuit parameters, the attenuation factor, o = 1/(2RgC), is 20, the
natural resonant frequency, w, = /1/LC, is 100 rad/sec., the damped oscillation
frequency of the response, w = /w2 —a?, is 97.98 rad/scc., and the period of the
damped oscillations given by 27 /w, is 0.064 sec.

. The complete response of the capacitor voltage to a step input voltage may be

expressed as the sum of the transient and steady-state components as in
ve(t) = A1e’ + Age™ e (t — 00) (2.12)
ot et e porrsinrose?

transient steady~-state
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Double-click on the masked block M3 in this screen or run M3.M
in' the MATLAB command window to initialize this simuiation.
After simulation, type return in the MATLAB window to plot resuits.

(a) RL circuit with ac excitation (b) Simulation of an RL circuit with ac excitation

Figure 2.8 AC energization of an RL circuit.

5. With a step input voltage, the steady-state component is zero. Since w is real, that is

w? > &2, the under-damped response can expressed in the form:

ve (1) = e %00 (B cosw(r — 0.05) + By sinew(r —0.05)u(r —0.05)  (2.13)

Constants By and B, can be established using the initial conditions of v¢(0.05) =
ve(0) = 0 and i£,(0.05) = i (0) = 0. From v¢(0.05) = 0, we obtain B = 0; from
ir(0.05) =0, Cduc/dt att =0.05" is vs/Rs or By = vg/(wC Rs). Substituting all
these values, Eq. 2.13 for the capacitor voltage reduces to

Vs

e~ =005) gin oy (1 — 0.05)u(t —0.05) (2.14)
wCRs

ve(t) =

2.10 EXERCISE 3: AC ENERGIZATION OF AN RL CIRCUIT

In this third exercise, we will examine the transient response of a simple RL circuit to an
ac voltage energization; in particular, we will look at the dc offset in the response current
from energizing at different points of the ac voltage wave. The circuit and its SIMULINK
simulation are shown in Fig. 2.8.
The circuit equation for the RL circuit with an ac source is
. di
Vae =IiR+L— (2.15)
dt
For simulation purposes, the above equation is rearranged into its integral form:

t
i) = —1./ (Ve — i RYdt 41 (0) (2.16)
L Jo

The above integral equation is implemented in the SIMULINK file 53 using a summer and
an integrator. The ac voltage source is represented by a sinusoidal signal source from the
Sources library block. Set the circuit parameter values of R = 0.4 and L = 0.04H, and
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set the initial value of the current to zero, the magnitude of the sinusoidal signal source to
100 volts, its frequency, ws, t0 314 rad /sec, and its phase angle, 6, to zero. Select the oded5
or Linsim numerical integration method and set the start time to zero, the stop time to 0.5
seconds, the minimum step size to 1 msec, the maximum step size to 10 msec, and the error
tolerance to 1. Run the simulation.

Repeat the run using two different values of 6, 6 = /2 and 8 = tan™ ' w,L/R.
Examine the simulated response of i (¢) to determine whether the initial dc offset, the decay
of the dc offset, and the final steady-state magnitude and phase of i(¢) agree with the
corresponding values predicted from the following analysis:

The complete response of the current to a sinusoidal excitation of Vi sin(wyt +0)u(r)
may be expressed as

i) = Ae”" + M3 sin(wst +6 — ¢) .17
" |Z] ‘
R4 13 1oT | S I ————
steady-state

where the time constant ¢ is L/ R, the impedance, Z, is /R? + w2L?, and the power factor
angle, ¢, is tan~!(wyL/R). Constant A can be determined from the initial condition of
i(0) =0, that is

%
3{0):0=A+|—Z[)—T—sin(9-</>) (2.18)
Thus,
v
i(1) = —éf sin(Q—~¢)e“‘/’+—rf£—llisin(wst+0w¢) (2.19)

It is evident from the above expression that the current, i (1), will have some dc offset when
the circuit is being energized at a point of the wave other than at 6 = ¢, and that the dc offset
decays off at a rate equal to the L/R time constant of the RL circuit.

Figure 2.9 shows the result for the case when the RL circuit with zero initial inductor
current is being energized with a sine wave voltage of 100sin314¢ V. Determine the value
of the power factor angle of the RL circuit ¢, use it in a run where the sine wave voltage is
set equal to 100sin(314¢ 4+ ¢), and note the initial offset in the response of i (¢).

2.11 EXERCISE 4: SERIES RLC RESONANT CIRCUIT

Figure 2.10a shows a series resonant inverter circuit with resistive loading. If the switching
transients of the inverter are not of primary interest, the inverter output may be replaced
with an equivalent source. Figure 2.10b shows a simple equivalent circuit representation of
a system in which the transformer and load are represented by a referred RL impedance and
the inverter output is represented by an equivalent square wave source. The system equation
is given by the following KVL equation of mesh 1:

v+ VR Ve = Vs (2.20)
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Figure 2.10  Series resonant circuit.



Sec. 2.11 Exercise 4: Series RLC Resonant Circuit 25

Using iy, = Cduc/dt, vy = LC d%vc/dr?, and vg = if, R, the system equation, expressed
in terms of the capacitor voltage, vc, is

d>ve  Rdve ve vs

W+L ’ +ZE_~E 2.20
For a response of vc that is under-damped, the roots of the characteristic equation of the
above system equation are complex. Defining 2« = R/L and the series resonant frequency,
wo = 1/+/LC, the pair of complex roots may be written as

s1p=—a . Ja? —w? (2.22)

from which we see that the damped resonant frequency is wy = /w3 — o2,
The admittance of the series RLC branch at the frequency w is

1 1 20(jw)

Y(jw) = = 2.23
o) = R 1wl R (jo) +2a(jo) + w2 (2.23)
In terms of the quality factor, Q, defined as w, /¢,
1 j o
Y(jw) = 1 (1/Q)(jo/w,) (2.24)

R (jw/w)* +(1/Q)(jo/w,) +1
Using circuit elements with a higher Q value will resultin a sharper or more selective Y (jw)
characteristic, but then the peak voltage across the capacitor which is equal to Q times the
source voltage at resonancz will be correspondingly higher.

Figure 2.11 shows the SIMULINK simulation of the equivalent circuit representation
of the system that is given in file s4. It makes use of the inductor current and capacitor
voltage as system states. The integral equations of these two states are

1
izz/(US_UC”Ri)dt

I)C:éfidt

Assuming that the dc voltage source and the switches of the inverter are ideal, the output
voltage of the inverter may be represented as an adjustable frequency square wave voltage
of amplitude equal to the dc source voltage magnitude. Feedback of the load power, in
this case, is obtained by sensing the instantaneous current and computing the instantaneous
power delivered to the load resistor. The filtered output of the load power is then compared
with the reference power value and the error is put through a proportional integral (PI)
compensator. Since the output power decreases on either side of the resonant value, the
control logic is simplified by limiting the operation to only one side, either below or above
the resonant frequency.

Let’s now consider a circuit where R = 12, L =231mH, C = 0.1082251 F, and
Ve has a value of 100 volts. Since the power delivered to the load resistor, R, is i 2R, the
current, i, is controlled by varying the frequency of the square wave inverter output. The
fundamental component of the square wave voltage of magnitude Vg has a peak value of
4Vye/m, or an rms value of 4V /m /2. For the given values of RLC and Vj,, a maximum

(2.25)
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Double-click on the masked block of M4 in this screen or run M4.M in the MATLAB command window
to initialize simulation. After simulation, type return after the K>> prompt in the MATLAB command

window to obtain a plot of the simulated resuits.

Figure 2.11 SIMULINK simulation of series resonant circuit,

power of 675.47 W is deliverable to R at the resonant frequency of 200> rad/sec. Figure
2.12 shows the plots of the admittance of the series RLC circuit and the power deliverable
to R with the fixed dc voltage close to its resonant frequency.
To set up the system parameters and run conditions, and to obtain the desired plots,
we make use of the m4 file listed below:

% M-file for Exercise 4 series resonant circuit simulation
% input parameters and initial conditions

R = 12; 3R in obms

L = 0.231e-3; %L in H

C = 0.1082251le-6;%C in Farad

wo = sqrt(l/(L*C)) % series resonant freguency in rad/sec
vde =-100; % magnitude of ac voltage = Vdc Volts

iLo = 0; % initial value of inductor current

vCo = 0; % initial voltage of capacitor voltage

tf = 10*(2*pi/wo); % filter time constant

tstop = 25e-4; % stop time for simulation

% set up time and output arrays of repeating sequence for Pref
Pref_time = { 0 6e-4 1le-4 1le-4 18e-4 18e-4 tstop }:
Pref_value = [ 0 600 600 300 300 600 600 ]:

% determine steady-state characteristics of RLC circuit
we = (0.5*wo: 0.01*wo: 1.5*wo);% set up freqg range
wind = 0 % index for w loop
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for w = we; % w for loop to compute admittance

wind

= wind + 1;

Y(wind) = 1/(R + j*w*L + 1/(3*w*C));
= (4*Vdc/(pi*sqrt(2))) *abs(Y(wind)):; % rms value of i
PR(wind)= Irms*Irms*R;

Trms

end;

% for w

% plot circuit characteristics

clf;

subplot(2,1,1)
plot(we,abs(Y));
xlabel (' frequency in rad/sec’);
ylabel (‘admittance in mhos’);
subplot(2,1,2)
plot{we, PR);
xlabel (' frequency in rad/sec’);

ylabel (‘power in watts‘);

disp{’run simulation, type ’’‘return’’ when ready to continue’)
keyboard

clf

3.5
x 10°
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subplot(4,1,1)
plot(y(:,1}),y(:,2))

Introduction to MATLAB/SIMULINK

title(‘excitation voltage’)

ylabel{(’Vs in V')
subplot{4,1,2)
plot(y{:,1),y(:,3))
title(’load power’)
ylabel (’PR in W')
subplot(4,1,3)
plot(y(:,1),y(:.4))
title(’RLC. current”’)
ylabel(’i in A’)
subplot(4,1,4)
plot(y(:,1),y(:,5))
xlabel ('time in sec’)

title(’capacitor voltage’)

ylabel (‘VC in V*)

Chap. 2

Figure 2.13 shows the plot of some results from a simulation run using the
programmed sequence where the reference power was initially ramped up to 600 W, stepped

VsinV

excitation voltage

2
£
o
o
0 ; - . L
0 Q0.5 1 15 2 25
-3
RLC current x 10
20 : T . r
<
g 0 v\
20 i 1 L L
0 0.5 1 15 2 2.5
-3
capacitor voltage x 10
500 r ; -
> | ‘
£ I
o 0
> i i
~500 ;
0 0.5 1 1.5 2 2.5
time in sec X107
Figure 2.13  Responses to changes in the reference power command,
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down to 300 W, and stepped back up to 600 W. Run the simulation as programmed or with
a new control sequence. Comment on the magnitude of vc and vy, relative to that of vy, and
on the change in load power with the change in frequency of the inverter output voltage.
Determine the value of Q of the given RLC circuit. Show, by modifying the M-file or by
simulation, that at resonant, the peak value of the capacitor voltage is Q times V..



3

Basics of Magnetics
and
Line Modeling

3.1 INTRODUCTION

The machines that we will be discussing in later chapters are constructed with copper or
aluminum windings to carry the curreats and iron to direct the flux. In many instances, the
machines will also be connected by cables or lines to other components or to the supply
network. In this chapter, we will briefly review the properties of ferromagnetic material, and
the basics of modeling magnetic circuit and electrical lines. For this purpose, line parameter
calculations may be limited to simple overhead lines to avoid complex boundary conditions.

3.2 MAGNETIC MATERIALS

The magnetic properties of a material are associated with the atomic magnetic moments
produced by the spins and orbiting motion of electrons. Since an electron is negatively
charged, its angular momentum, G, is opposite to the magnetic dipole moment, m, that is
defined as m = [ x area of orbit. The spin of the electron also produces a magnetic moment
my of h/dm, where h is the Planck’s constant; m, is cither parallel or anti-parallel to the
orbiting magnetic moment m.

In ferromagnetic materials, such as iron, the unpaired 3d electrons are not effectively
screened from the influence of an adjacent atom’s dipole moment. There is appreciable

30




Sec. 3.2 Magnetic Materials o 31

interaction between neighboring atoms. Unpaired spins are oriented nearly parallel to one
another and tend to point in the same direction, giving rise to domains which exhibit
spontaneous magnetization, even in the absence of an externally applied field. Such
spontaneous magnetization exists only below the Curie temperature. Weiss postulated that
in this kind of material are many regions called domains, each possessing a net magnetic
moment, but the relative orientation of these moments may not be aligned. The structure
of the domains are such that the total magnetic energy is a minimum. In equilibrium,
the configuration of these domains is determined by a complicated interplay of exchange
interaction, crystal anisotropy, magnetostrictive strains, impurities, dislocations, and atomic
vacancies in the material,

The external magneto-static field energy is reduced by regions of opposite magneti-
zation separated by an intermediate region, known as the domain wall, within which there
is a gradual transition of the orientation of magnetization. Within the domain wall, extra
exchange energy is involved because the adjacent dipoles are not parallel. There is also extra
anisotropic energy, as some dipoles in the wall are not in easy directions of magnetization.
The optimum wall thickness will be that for which the sum of the extra exchange and
anisotropic energies is a minimum.

A further decrease in external magneto-static energy can be obtained by the presence
of closure domains at the ends. Such closure domains involve additional energy due to
magnetostrictive and anisotropic effects. Narrower domains will reduce the volume of the
closure domains, but decrease the domain wall area. Any increase in exchange interaction
energy with domain wall thickness is balanced against that from magnetostrictive and
anisotropic effects within the closure domain’s volume.

Without an external field, domains are randomly oriented. Under the influence of
an external field, however, domains with magnetic moments parallel to the applied field
expand while others shrink. The increase in B aided by the internal field is large. The extent
of the domain wall’s migration at each stage minimizes the total energy. When the domain
walls have migrated as far as possible or have vanished, the magnetization direction rotates
to align with the applied field. A saturation level is reached when all domains become
aligned.

When a material is placed in a magnetic field of H, the interaction between the
external and internal atomic magnetic moments increases the resultant, B. If the induced
magnetism is denoted by the magnetic moment density M Nm. per unit volume, the flux
density due to M alone is given by

Bina = oM (3. })

where the magnetic constant, it,, has a value of 4 x 1077 Wh/A m in the SI system. The
total flux density due to M and the external field, H, is

B = oM+ p,H (3.2)

Let’s express M as x H, where yx is the magnetic susceptibility of the material. Equation
3.2 for the total flux density becomes

B =Ma£2<bj;_1lﬁ =pH (3.3)

Hr
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Figure 3.1 Magunetic characteristics of ferromagnetic materials.

where w, is the refative permeability of the material to free space and g is referred to simply
as the permeability of the material,

3.2.1 BH Characteristics of Ferromagnetic Materials

Figures 3.1a and 3.1b show the typical MH and BH characteristics for soft or high
w ferromagnetic materials. Beginning with an initially unmagnetized specimen, as H
increases from zero, B increases along with it—at first with an increasing rate and then
with a decreasing rate corresponding to domain rotation as saturation is approached. When
H is decreased back to zero, the specimen does not return (o the same minimum energy
state as before the application of A due to the acquired compatibility of strain in adjacent
grains from domain walls that have moved past lattice defects, and from the effects of non-
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magnetic inclusions. Instead, there is a residual magnetism, B,. To reduce the magnetism
back to zero, it is necessary to apply a reverse magnetizing force, known as the coercive
force, H,. Further increases in H beyond H, in the negative direction cause a rapid increase
in reverse magnetization until saturation at A”. When H is again reversed to the same
positive value, the flux density follows the path A’C’A. The closed curve, ACA’C'A, is
known as the Aysteresis loop. Hysteresis here refers to the change in B lagging that of H.
The larger the maximum value of H, the larger the area of the hysteresis loop, until the
material is fully saturated whereupon the area of the loop ceases to increase and B, and H,
reach constant values known as the remanence and coercivity, respectively. The x and p of
ferromagnetic materials are very large and from Fig. 3.1 it is evident that they are nonlinear
functions of B or H.

With cyclic excitations of lesser amplitudes, the material exhibits minor hysteresis
loops, such as those shown within the saturation hysteresis loop in Fig. 3.1c. The dark
curve, OA, drawn through the tips of the minor hysteresis loops, is referred to as the
normal magnetization curve of the material. It is often used to represent the magnetization
characteristic of ferromagnetic material in engineering calculations. The permeability,
given by the ratio of B to H, varies with the point on the BH curve. Figure 3.1d is a plot
of the differential permeability, 114, computed from the ratio of B to H for a small change
in H at any point on the normal curve,

If the domain walls of a material are easily moved, its H, is low and it is
easy to magnetize. Such materials are said to be magnetically soft. Magnetically hard
materials have a high H.. Structural irregularities, such as dislocations and non-magnetic
inclusions, hinder domain boundary movements. As such, the factors which make materials
magnetically hard are also those which generally increase mechanical hardness.

3.2.2 Magnetic Circuits

The behavior of an electromagnetic device whose magnetic field paths can be defined,
such as in some confined space, can be modeled by a magnetic circuit. When dealing
with machines of not enormous size and very high operating frequencies, the displacement
current term is negligible and the integral form of Ampere’s circuit law can be written as

7§ Hdl = 9§ jda (3.4)
C N

where C is a closed contour and § is any surface whose edge is defined by C. In some
applications, the closed flux path may be convenicatly divided into m separate sections,
along which the field intensity can be regarded as uniform. In these applications, the above
line integral could be approximated by a summation:
m
> Hili=1 (3.5)
f==]
where /; is the length of the ith section and / is the net current linked to the flux path.
Similarly, the integral form of the divergence theorem may be expressed as

?g B.da=0 (3.6)
N
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Again, assuming that the cross-sectional area of a flux path can be divided into n sub-
sectional areas, wherein the flux density can be regarded as uniform, the above integral can
be approximated by

iB,-Ai =0 (.7)

i=1

where A; is the area of the /th subsection.

Magnetic circuit calculations. Let's consider the derivation of the
magnetic and equivalent electric circuits of the magnetic component shown in Fig. 3.2a,
whose core’s dimensions are symmetrical about the center leg. From its geometry, we can
see that the component has more than one flux path. Choosing the two flux paths shown in
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Figure 3.2 A simple magnetic system and its equivalent circuits.
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Fig. 3.2b, we see that ¢y has in its path the excitation mmf of winding 1, the reluctance of
the outer left leg of the core, the reluctance of the gap in the center leg, and the reluctances
of the two center leg pole sections. Likewise, going around the path of ¢,, we can identify
the mmfs and reluctive drops in its path. As drawn in Fig. 3.2b, KVL-like equations of the
two flux paths can be systematically written. Going counter-clockwise around the paths of
¢1 and ¢, beginning in each case from the top right corner and taking into account the sign
of mmf drops, we obtain

P Rs+ (1 — ) (Rp+Rg+Rp)+ FL =0
~Fi+ (2= dD)Rp+Re +Rp)+ 2R +F2 =0

The reluctances of the various sections can be determined from the core dimensions of the
sections, that is

(3.8)

Is
R = e
v HAs
i
R, = —L— (3.9)
P LA,
Ry = =%
HoAyg

where A, can be assumed to be the same as A, if the airgap is so small that fringing of the
flux around the airgap can be ignored.

Taking the time derivative of both equations and dividing through by Ny, Eq. 3.8 can
be expressed as

dt dt

dNig1 Ry | (dN1 lefﬁz) Ry Rg Rp\ dit
d N,Z+ di dt N3+N§+N§ a =0
(3.10)
,il+(dN‘¢2_,dN1¢‘>(2§£+E£ zg,) ANy R diNain/N1) _

N} NP N dt N} dt

We can proceed to simplify the form of Eq. 3.11 by introducing the following dual electrical
variables:

AN ¢y , NydNap
Uy 5% e Uy = s e
dt Ny dt
Nai 1 R
i = D22 — =t (3.11)
Ny Ly N
LR IRy
Ly N} L, N}

The prime on the variables of winding 2 denotes their referred values to winding 1 or an
equivalent winding of the same number of turns as winding 1. In terms of these newly-
defined electrical dual variables, Eq. 3,11 simplifies to
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1 2 1 diy
Y (o A — —vy)+— =0
. (L Lg)(vI v) dt

Ly » '
5 (3.12)
AN G-I N S SV .
—1 Rt e — —— — I
YL, T ) YT

Based on the form of the above equations, we can deduce the electric equivalent circuit
shown in Fig. 3.2d. The electric equivalent circuit shown in Fig. 3.2d can also be obtained
directly from the equivalent magnetic circuit of Fig. 3.2b using mesh-to-nodal circuit dual
techniques. '

The diagram in Fig. 3.2¢ illustrates the technique. A point outside the magnetic circuit
is first chosen as the electrical reference node. Then, into each flux mesh we place an
electrical node. Next, going. around each flux mesh, we insert the electrical dual of the
magnetic element encountered between the electrical nodes representing the adjacent flux
meshes. The outer space is considered a “mesh” as it translates to the reference node for the
nodal voltages. The electrical dual of a flux mesh is a nodal voltage, that of a permeance is
an inductance, and that of an mmf source is a current source. The polarity of an mmf source
can be translated to a proper direction for its dual current source if we are consistent with the
sign convention used in the mmf drops around the flux mesh and in the currents entering or
leaving a node. For example, following ¢ counter-clockwise around its loop, we encounter
the positive polarity of F first; thus, its dual current, i1, should also be a positive current in
the KCL equation for node 1, which by sign convention would be a current leaving node 1.

We will next illustrate how the inductances of the windings in Fig. 3.2a can be
determined by solving the magnetic circuit of Fig. 3.2¢. The flux linked by each of the two
windings can be expressed as

A= Ly + Ligip = Lyjiy -+ Ly 3.13)
Ay = Layit + Logiy = Loyiy + Lpiy
The L coefficients are the inductances. The self- and mutual inductances of winding 1 can
be determined as follows:

Ly = Mlia=0 = Niiy = 2N}
i\ Q@R+ Rg+Rs/2) Ry +AR,+ 2R,
(3.14)
Liy = Mli=0 M —Naiz L NNy
i i R+ R.\‘(ZRIJ +Rg) - R +472.,;+2Rg

PR, +2R, + R,

Those of winding 2 can be determined in the same manner. By reciprocity, the mutual
inductance, L, will be the same as L 5.

3.3 ENERGY CONVERSION

In this section we will review the basic relations of energy conversion using a simple systern
that has the bare essentials for the conversion of electrical energy to mechanical work or
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Figure 3.3 A relay and its A vs. i curve.

vice versa. The relay shown in Fig. 3.3a has an electrical winding, a magnetic circuit, and
a movable armature. Movement is essential for mechanical work, as force alone without
movement does not amount to mechanical work.

If the copper losses in the winding, the core losses in the iron, and the frictional
losses in the armature are to be accounted for externally, the balance of energy flow over an
elemental period of time, dt, when the armature moves by dx of the remaining ideal system
may be expressed as

cidi = fdx + dW 315
S S’

electrical mechanical change in

input output field energy

Replacing the back emf, e, by dA/dt and rearranging Eq. 3.15, the change in magnetic field
energy over that same time interval will be given by

AWy =idh— fdx (3.16)

The above relation indicates that the field energy stored is a function of A and x. We can
also deduce the functional dependence of the magnetic field energy for the system by first
identifying the field energy stored in the A versus i plot. Let’s begin by examining the
situation where the armature is held fixed at a position, x,, while the winding current is
raised. Flux in the core and armature of the relay will increase along with the excitation
current. The rise in flux will not be as rapid as that in a solid iron core because of the high
reluctance of the gap between armature and relay core. Figure 3.3b shows the typical flux
linkage versus magnetizing current curves at two armature positions. Note that the flux
corresponding to a given level of current excitation is higher when the gap reluctance is
smaller. If the armature position is held fixed, that is, dx in Eq. 3.16 is zero, the change in
field energy is idA. From this we can deduce that the electrical energy used to magnetize
the relay from an unexcited state to a state of (i,, A,) on the flux linkage curve, with x held
fixed at x,,, will be stored as field energy given by the shaded area above the A vs. i curve
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for x = x,. Geometrically, we can see that the shaded area is bounded by the A = A, line
and the A vs. i curve for x = x,. As noted earlier, A vs. i is in itself a function of x. Thus,
the stored energy is a function of A and x. With Wy(A, x), its total differential with respect
to the independent variables is

oWy Wy
AdWr(Ah, x) = —=dr+ —>d 3.17
rlx) = dh g @17
Equating the coefficients of the d A and dx terms in Eq. 3.16 with those in Eq. 3.17 we obtain
Cawy
ST
s (3.18)
oW
T ax

In practice, it is easier to hold the excitation current, i, rather than the flux linkage,
A, constant. In Fig. 3.3b, the cross-hatched area complementary to the field energy in the
rectangle defined by A and / is referred to as the coenergy, that is

W) = ih~W(h,x) (3.19)

When the A vs. { characteristic is linear, W/ will be equal in value to Wy.
Taking the total derivative of Eq. 3.19, and replacing the d(i1) term on the right by
id)+Adi and d Wy by the right side of Eq. 3.16, we obtain

AW/ =xdi+ fdx (3.20)

from which we can deduce that the coenergy is a function of i and x. This is evident from
the area of W/ being bounded by i and the A vs. i curve which is dependent on x. Equating
the coefficients of the di and dx terms in Eq. 3.20 with those in Eq. 3.17 we now obtain

W,
A= ——j:

adi

P ’

B IW;

T ox

(3.21)

3.3.1 ac Excitations

Soft ferromagnetic materials of high permeability are widely used in ac machines and
transformers. Their high permeability and low coercivity enable the required flux to be
established with moderate ac excitation losses. With ac excitation, besides resistive losses
in the winding, there will be core losses in the ferromagnetic core. The main core losses
are those due to hysteresis and eddy current flow in the core. Hysteresis loss is the energy
expanded in the movement of the domains during cyclic ac magnetization. For example,
for each cycle of magnetization of a toroidal specimen of the material of mean length, /.,
and cross-sectional area, A., by a winding of N turns, as shown in Fig. 3.4, the energy
absorbed is
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mean length is s

cross-sectional area is Ag

Figure 3.4 The ac magnetization of a specimen and an area of a BH loop.

T T d¢
W, :/ eidt :f N=—idt :%Nidgb :%chAch = A, %Ha’B (3.22)
0 0 G
BH loop area

When the cyclic excitation is repeated at a rate of f cycles per second, the power loss due
to hysteresis may be expressed as

Py, o f(BH loop area)(volume magnetized) = ky, f B

1 ax (volume magnetized)

(3.23)

where n, the Steinmetz constant, depends on By, and the core material with a value
typically between 1.5 to 2.5.

When the core is exposed to a time-varying field, the induced voltages from. the
time-varying field cause currents, known as eddy currents, to flow in the conducting core.
Assuming that the core flux density is sinusoidally varying, that is B(t) = By sinwt, the
induced emf driving the eddy current encircling an area A, of the core is

de(r) .
e(t) = TR @ Bypax Ac sin(wt +m/2) (3.24)
The root-mean-square (rms) value of e(¢) is
wn Bpax A
Epms = ~—¢7§£’£~ =444 f N A Byax (3.25)

Figure 3.5 is a simplified model of eddy current flow in a thin lamination whose
thickness, ¢, is much smaller than its width, w. In the thin lamination, the eddy current
path may be assumed to be laminar and the short connecting sections at both ends may be
neglected. The resistive loss of the eddy current path along the two elemental strips at a
distance y trom the centerline of the lamination, as shown in Fig. 3.5, may be written as

_ E,2 _ (4~44f3nmxwy)2
2Rsrrip h 2(pW/lidy)

where E; is the induced emf due to the time-varying B field in the elemental loop of area
wy, p is the resistivity of the core material, and Ry, is the resistance of each strip to

dP, (3.26)
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Figure 3.5 Laminar eddy current flow in a thin lamination.

the eddy current flow in an elemental strip of thickness dy. Integrating the right side of
Eq. 3.26 from the centerline to ¢/2, we obtain the power loss due to eddy current flow in
the lamination:

b (4.4 f By ) wit?

€

)
2, (3.27)
It is evident from the above expression that eddy current loss for a given volume of core
material will be reduced by using thinner laminations and material of high resistivity.

If the index, n, of Eq. 3.23 is assumed to be 2, the power losses due to hysteresis
and eddy current flow will be proportional to the square of the maximum flux density,
Buax. Since the rms value of the back emf is proportional to By, these core losses are
proportional to the square of the back emf; as such, they can be accounted for by a resistive
losz across the voltage, e(t).

3.4 PERMANENT MAGNETS

Permanent magnetism is produced in a ferromagnetic material by magnetizing the material
with a strong dc current or pulses of dc current to insure saturation. The remanence B, is
not truly permanent as it may be reduced by mechanical vibration, thermal agitation, or
the application of a reversed field. Many of the alloys of iron, nickel, and cobalt have been
known to have more durable remanence than that of iron. Since these alloys are subjected to
heat treatment, which results in mechanical hardness of the finished magnet, they are known
as hard magnetic materials. But, there is another meaning to magnetically hard and soft.
With soft magnetic materials, the early stage of easy magnetization at low values of [ is due
to domain wall movement. Only at high values of H does domain rotation make an elastic
contribution to magnetization which disappears as soon as H is lowered. The remanence
of soft material is mostly due to domains whose walls have not returned to the position that
they occupied before A was applied. The composition of many hard magnetic materials and
the heat treatment produce very small elongated crystals, a structure that inhibits domain
wall movement. In hard magnetic materials, most of the magnetic magnetization occurs as
a result of abrupt inelastic switching of the orientation of entire domains. The persistence
of the domains in their switched orientations after H is removed give rise to the high
remanence and a coercivity that may be several thousand times greater than that of a soft
material.
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3.4.1 Permanent Magnet Materials

The Alnicos are alloys of iron with aluminum, nickel, copper, and cobalt. The initial
alloy of iron, aluminum, and nickel, developed by Nishima in 1932, has since been modified
to include cobalt, copper, and titanium to improve its properties, They can be shaped by
casting in dry sand molds or by dry-pressing sintered powder in hydrogen. The formed
parts are then heat treated in a magnetic field to produce strong magnetic properties.
The advantages of Alnicos are high service temperature, good thermal stability, and high
flux density. The disadvantages are their low coercive force coupled with a squarish BH
characteristic, which often would require magnetization in situ to achieve higher flux, and
that they are mechanically brittle and hard. Since they are hard and brittle, any finishing
must be ground.

Barium and strontium ferrites were introduced in 1951 and 1963, respectively. They
are widely used today in many kinds of permanent magnets. Hard or ceramic ferrite
magnets, made by dry- or wet-pressing a ferrite mixture, are brittle. Bonded ferrites, on
the other hand, can be extruded into flexible magnets when bonded with rubber, or molded
using die or injection molding when mixed with plastic binders. Although the magnetic
properties of bonded or plasto ferrites are not as good as the parent material, they have
desirable mechanical properties, such as strength, pliability, efasticity, and resistance to
fracture that make them easy to form and machine into desired shapes and dimensions. The
important advantages are their low cost, the plentiful supply of raw material, they are easy
to produce, and their process is suited for high volume, as well as moderately high service
temperature (400°) C. The H, for hard ferrites is around 240 kA /m, that of bonded ferrites,
125 kA;m. Their almost linear demagnetization characteristics permit magnetization
before assembly with low magnetization forces, about 800kA/m. A disadvantage is their
low B,, which is about 0.4 Wh/m? for hard ferrite and 0.2 Wh/m? for bonded ferrite.

Samarian-cobalt magnets, first introduced in 1963, are made from compounds of
iron, nickel, cobalt, and the rare-earth Samarian. They have a remanence of about that
of Alnico-type material and coercivities greater than those of ferrites. The advantages of
Samarian-cobalt magnets are an exceptionally high B Hy,, ranging from 40 to 200 &J /m?,
a high H. of 400 to 720 kA/m, and linear demagnetization characteristics. The service
temperature can be as high as 300° C, with good temperature stability of about —0.03° C.
The disadvantages are that Samarium is not plentiful and is costly, and the magnetizing
force required is high, 1300 to 3200 kA /m. Also, the magnet may require care in handling
since the ground powder and air mixture is pyrophoric and the magnetic force is strong.

Neodymium-iron-boron magnets, first introduced in 1983, are compounds of iron,
nickel, and neodynium. They have exceptionally high coercive force, a low service
temperature of 150° C, and are susceptible to oxidization unless protected by a coating.
They have exceptionally high H, and (BH)uax, up to 740 kA/m and 400 kJ/m?,
respectively. The corresponding values for the bonded type are lower, 480 kA/m and
120 kJ /m?. The demagnetization characteristics of both types are linear. The disadvantages
of neodymium-iron-boron magnets are their low service temperature, under 150° C, and
their temperature stability, which exhibits as much as a —0.13% change in B per degree
C, which is inferior to Sm-Co magnets. Like Sm-Co, they require very high magnetization
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TABLE 3.1 ORDERING BY MEASURES USEFUL IN MOTOR APPLICATIONS

Relative
Energy to Max service  Temperature  cost to
(BH)max B, He magnetize  temperature  stability stored energy
Nd-Fe-B Alnico Sm-Co Sm-Co Alnico Alnico Sm-Co
SmCo Nd-Fe-B Nd-Fe-B Nd-Fe-B Sm-Co Sm-Co Nd-Fe-B
Alnico Sm-Co Ba,Sr ferrites  Ba,Sr ferrites  Ba,Sr ferrites  Ba,Sr ferrites  Alnico
Ba,Sr ferrites  Ba,Sr ferrites  Alnico Alnico Nd-Fe-B Nd-Fe-B Ba,Sr ferrites

force, up to 2900 kA /m, and special care in handling since the powder and air mixture is .
pyrophoric and the magnetic force is strong.

The choice of magnet for a motor is influenced by factors that could affect the
performance and costs of the motor. Weight and size considerations will influence
the (BH)max, Br, and recoil characteristic needed. The shape of the demagnetization
characteristic and the value of H, might affect the placement of magnets or require
further consideration of ways to prevent demagnetization. In addition, tolerances, finishing,
assembly, handling, and magnetizing of the magnet can affect the ease of fabrication and
overall cost.

Table 3.1 lists some of the commonly used magnet types in decreasing order of
measures often considered important in motor applications. It should be borne in mind
that within each type there are variations in values from manufacturer to manufacturer
and from one compound mix to another. The ordering should therefore be used as a rough
guide. For example, hard ferrite has the lowest cost per unit energy listed, bonded ferrite
magnets are easily cut and formed to shape, Samarium-Cobalt has high service temperature
in combination with high coercivity and energy product, and neodymium-iron-boron has
the highest coercivity and energy product.

3.4.2 Equivalent Magnetic Circuits

The demagnetization segment of the BH curve shown in Fig. 3.6 is usually where a
permanent magnet is designed to operate. The initial demagnetization from zero to a
stabilized value of £ shifts the operating point initially along the B H curve in the second
quadrant. A reversal of the field from H; to zero will, however, return along a minor
hysteresis loop to an effective remanence of B,;. Figure 3.6 shows a complete recoil
loop when the applied field cycles between zero and H;. The dashed center line drawn
through a recoil loop is often referred simply as the recoil line, and its slope is the recoil
permeability, u,.. For operations where the applied demagnetization field does not fully
return to zero, the operating point of the magnet will move along smaller recoil loops within
the complete recoil loop shown. If the losses associated with these minor hysteresis loops
and the small deviations in recoil permeability from partial demagnetization can be ignored,
the behavior of the permanent magnet for H > H; can often be characterized by just the
center line of the complete recoil loop from H;. Should the magnet be demagnetized beyond
Hy, say to H,, subsequent operation will be along a new recoil loop below that shown
and its new effective remanence will be lowered. This reduction in effective remanence
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Figure 3.7 Recoil line.

by improper demagnetization can be substantial, especially for magnets with a squarish
demagnetization curve, such as for Alnico types. But this is not a concern for magnets with
linear demagnetization characteristics, such as Nd-Fe-B, Sm-Co, and hard ferrites.

Figure 3.7 shows the case of a linear recoil characteristic of a magnet through its
current operating point m (H,,, By, ), mapped directly onto the mmf-flux (¥ vs. ¢) or the
current-flux linkage (i vs. 1) plane. For a design of fixed configuration, the axes of the B-H,
¢-F, and A-i plots shown in Fig. 3.7 will differ only by scaling constants. It will be shown
next that the two simplified circuit models of a permanent magnet in use today are really
equivalent, differing only in the choice of variables.

The recoil line can be described by the equation of the line through the point (—F,, 0)
with slope P,.. Using the coordinates (¥, ¢) of point m on the recoil line, the slope, Py, may
be determined from

p-0
=F = (=F,)
From Fig. 3.7, we can also deduce that ¢, = P, F,,. When Eq. 3.28 is rearranged to the form
given below, it suggests the equivalent magnetic circuit {16] shown in Fig 3.8a.

Pre (3.28)
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It can also be shown that mmf, flux, and permeance are the mathematical duals of current,
voltage, and inductance, respectively [15]. Thus, Fig. 3.8b is an electric dual of the magnetic
circuit of Fig. 3.8a.

The line equation of the same recoil line can also be expressed in terms of the effective
residual flux at zero field, ¢,. Using the relation, ¢, = P,. F,, to replace F, with ¢,, the
line equation in Eq. 3.29 yeilds

¢ =¢r1— PrcF (3.30)

The equivalent magnetic circuit and its electric dual corresponding to Eq. 3.30 are shown in
Figs. 3.8¢c and 3.8d, respectively. In circuit analysis, the electrical equivalents of Figs. 3.8b
and 3.8d are referred to as the Norton’s and Thevenin’s equivalents, respectively. If their
parameters are not time-varying, they are linear equivalents of the same v-i characteristic
as viewed from the terminals, a and b. The current i, is the curtent when the output voltage
v is zero, just as F, is the mmf when the output flux is zero. Likewise, v, is the available
voltage when the external current i is zero, and ¢, is the available flux when the external
mmf is zero.

3.5 LINE PARAMETERS

The RLC circuit parameters of lines are related to the size and spacing of the line conductors
and the electrical properties of the insulating medium. In this section we will derive some
of the relationships for the R, L, and C of overhead lines. Similar techniques can be applied
to cable, albeit less clear-cut because of complications associated with proximity, shielding,
and bonding.
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3.5.1 Resistance

When a direct current (dc), 1, flows through a length of conductor, the voltage drop, V,
across the length of conductor obeys Ohm’s law, that is

V=Ryl V (3.31)

where Ry, is the dc resistance in ohms. For a conductor with a uniform cross-sectional area
and uniform current distribution, the dc resistance is.given by

Rye = ml—« Q (3.32)
gA
where / is the length of the conductor in the direction of current flow, o is the conductivity
of the material, and A, is the cross-sectional area normal to the current flow. Since
conductivity varies with temperature, the value of resistance of a piece of conductor will
vary with operating temperature. Given its dc resistance Ry, at T, its dc resistance Ry
at temperature T, can be computed using
Racr (T +T)°C
Rd(:l (T+T1)OC
where T is a function of the composition of the conductor material.

The resistance of irregularly-shaped conductors can be determined using numerical
field solution methods, such as that which discretizes the region into tubes of flow and slices
of equipotential [18].

An alternating current (ac) flowing through the same conductor will encounter an
effective resistance higher than the dc value because the current distribution inside the
conductor is affected by not only the resistance, but also by the inductance. A time-
varying current flowing in a conductor will create a time-varying magnetic field around
the conductor. In a circular cross-section conductor, the portion of the ac current nearer
to the center of the cylindrical cross-section conductor will link more of the flux that it
creates; thus, it will experience a higher self-inductance than the portion of the current
flowing near the circumference of the conductor. If we were to examine the variation in
field and current distribution inside a semi-infinite block of conductor that is exposed to an
alternating magnetic field at the conductor surface, we would find that the field and induced
current density within the conductor decay exponentially with depth into the conductor, that
is, the current density, J, has the form

J=Je 0 A m? (3.34)

(3.33)

where J; is the magnitude at the surface, x is the distance into the conductor from its
surface, and § is the skin depth. The skin depth is defined as the depth at which / decays
to 1/e of its maximum value. Figure 3.9 shows the current density distribution with depth
inside the conductor. At an excitation frequency of w rad/sec, a homogeneous conductor of
conductivity, o, has a skin depth of «/2/ o w. For copper at 60 Hz, assuming a 1, of | and
a0 of 0.5 x 10® S/m, the skin depth is

2 172
= =92 3.35
(47{ x 1077 x 0.5 x 108 x 271 x 60) mim (3.35)
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x  Figure 3.9 Current density distribution vs.
depth into conductor.

Where skin effect is pronounced, as much as 86% of the conductor current flows within the
outer cylindrical surface of thickness equal to the skin depth, §.

For a waveform of the current that is nonsinusoidal or complex, the effective ac
resistance can be determined from

Power |
Effective resistance Ropp = _‘Q_I%ﬂ Q (3.36)

rms

3.5.2 Inductance

The flow of current in a circuit establishes a magnetic field around the circuit. When the
surrounding media is magnetically linear, the flux density produced is proportional to the
field strength, which in turn is proportional to the current enclosed. For such a situation, the
flux linked by the circuit, A, due to the current, /, is linear.

A=1LI Wb (3.37)

The constant of proportionality, L, is known as the inductance. The unit of inductance is
Henry, or Wb/A.

Let’s begin by determining the expression for the inductance per meter length of the
two-conductor line shown in Fig. 3.10. For now, we will assume that the length of the line
and its height above the ground are much greater than the conductor spacing, Dy, so that
both end and ground effects can be ignored. Furthermore, D, is much larger than the
conductor radius, r, that proximity effects on the current density and H field distribution
may also be ignored.

Note that the flux within the conductor links only part of the conductor current,
whereas that encircling the whole conductor links all of the conductor current. For clarity,
we will determine the total flux linkage by the current, 7, as the sum of two parts: the internal
flux linkage due to flux within the conductor and external flux linkage due to flux outside
the conductor.

Flux inside conductor. As shown in Fig. 3.11a, for the flux linkage inside
a meter length of the a conductor, consider the flux linked by the portion x < r of the
current, I,, flowing inside a cylinder of radius x. The field intensity may be determined from
Ampere’s law:

[ Hdl = Lnciosed A.turn (338)
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Figure 3.10  Area of flux integration and equivalent circuit representation.

Ignoring end and proximity effects, the H distribution is concentric about the center of the
conductor, with only a tangential component. The tangential component at radius x from
the center, H,, is given by

2
YrxHe=""q, A (3.39)
r
and the tangential flux density at radius x is
1, .
By=uH, =229 wpm? (3.40)
2mr?

The elemental flux linkage from the circumscribing B field within the thin cylindrical
annulus of internal radius x and external radius x + dx is given by the effective turns times
flux linked. Since the current flowing inside the circle of radius x is only a fraction of I,,
the effective turn is equal to the fraction, wx?/7r?. The elemental flux linkage per meter
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radius = r

(a) Within conductor ‘ (b) Qutside conductor

Figure 3.1  Flux linkages inside and outside of conductor.

length of the conductor is thus given by this fractional turn times the elemental flux due to
B within the area, dx x 1 meter, that is

2
TX
dhipt = —5(By x 1dx) 340
T
Integrating the above over the entise internal cross-section of the conductor, we obtain.
g I
Aine :/ dXips = Pl Wbh. turn/m (3.42)
0 8

Flux outside conductor. Theexternal portion of the flux linkage between the
conductors, a and a', due to the field component of 7, only can be determined by integrating
the flux linked by the entire current, I,,, from its outer radius outwards. It can be seen from
Fig. 3.11b that when the elemental circle of radius x encloses both conductors, the enclosed
current will be zero. Although the field is finite, its line integral along circular paths for x >
Dqr +r will be zero. Hence, the integration need not be made from  to infinity, but rather
to the point when the total enclosed current becomes zero. With a finite conductor cross-
section, the total current linked actually tapers off to zero from x = Dy —r t0 x = Dy -+ 7,
but for simplicity, we will approximate that by an abrupt drop to zero at x = D,

i
B, =% pzxzr (3.43)
27X
D, D
a Io Dy
P f Aoyt = f Bydx = ECU 0 T urngm (3,44
- - 2 r

Likewise, the flux established by the flow of I,/ in the other conductor of the line links
the same one-meter length circuit, albeit in the other direction because the circuit is on the
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leftside of the current. It can be shown that the resultant flux linkage of the one-meter length
circuit due to fluxes created by [, and I/ is
molly — 1y) Daw

7
Aaa! = 3;(10 — L)+ BT In - Wbh. turn/m (3.45)

With no other current path but just the aerial conduction, the sum, I, + I/, must be
zero. Replacing I, by —1, and 1 by popt,, the above expression for the total flux linkage
simplifies to

(L I, D a
haa’ = ',“'Ia 4 BTy el Wb. turn/m
4 r (3.46)
I D, :
= By, fzy Wbh. turn/m
T reTd

The term re ¥~ is known as the geometric mean radius(GMR) of the solid conductor. With
physical radius r, it will be denoted by r'.

From the circuit modeling viewpoint, the per meter length circuit may be considered
to have two equal per unit length series inductances, L, in the path of [, and I, and Ay =
2L pI,. The inductance per meter length, L ,p, of the line may be obtained from Eq. 3.46,
that is

Dr(’
L,,/,:ﬂln< ”,) Hm (3.47)

2 re~T

3.5.3 Self- and Mutual Inductances of Circuits
with Ground

The presence of a conducting ground plane close to the conductors of a line will affect the
magnetic field distribution established by the currents of the line. Analytically, the condition
can be handled by the method of images in which the field distribution with ground plane
is being replicated by additional image currents. When the ground is approximated by a
perfectly conducting plane, the image currents are of the same magnitude as their real
currents, but of opposite sign, and are placed in mirror image positions with respect to the
ground plane as shown in Fig. 3.12.

Let’s begin by considering the flux linkage of a circuit formed by a one-meter length
of the conductor 1 and its image 1. With [ = —1; j = 1,2,3, the flux linkage of such a
circuit can be expressed as

M=Lyh4Ligh+ Lzl (3.48)
N S ey
Al Az A3

where L) is referred to as the self-inductance of the circuit since it is associated with the
flux created by the current flowing in that same circuit, and Ly, and L3 are the mutual
inductances between circuit 1 and circuits 2 and 3, respectively, since they are associated
with fluxes created by current flow in those two circuits. The three inductances can be
separately determined by considering the corresponding flux linkage components. Thus for
Ly, we will consider the situation when there is only current flow in the circuit formed by
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Figure 3.12 Image currents of a three-
conductor line.

conductors 1 and 1’. From the analysis of the two-conductor line in the previous section, in
particular Eq. 3.47, we can deduce that
All =L1111:M1n(9~l’£) (3.49)
b4 r
where Dy is the center-to-center distance between conductor 1 and its image conductor 1/,
and r' is the geometric mean radius of the conductors 1 and 1'.

The mutual inductance between circuits 1 and 2, Lia, can be determined by
considering the flux linkage of circuit 1 due to only current /; in circuit 2, or that of circuit 2
due to current flow in circuit 1. The flux linkage of circuit 1 due to only current [ in circuit
2 may be found from

Dy I Dyry I o
MzzLuIz:f EOT2 e f i BN (3.50)

Dy, 2mx Dy 2w x!

where x is measured from the center of conductor 2 and x’ is measured from the center of
2/
Making use of the relations, I] = — I, and Dy = D1y, the above expression for 17

reduces to
I Dy, Dyry
Ligh = 202 (1 22y, 212
2 Dy Dyy

_ b D12'D1'2)
2 D2 Dyry

(3.51)
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from which we can obtain the expression for the mutual inductance between circuits 1 and
2, that is

Ho Dy D

Lyp=—In{ ——+
7o (DIZDI’Z’) @.52)
Using the same approach, we can derive similar expressions for A3 and Ljs. In
general, for a line with n conductors carrying currents Iy, Iz, ..., I,, the flux linkages of

the meter length circuits formed by the real conductors and their corresponding images can
be written in matrix form as

Al Ly Lz -+ Lin Iy
A2 Loy Ly Loy I
= .o . . (3.53)
)‘-n Lnl Ln2 Lnn In

Both the self- and mutual inductances may in general be computed using a general form of
Egs. 3.49 and 3.52, which is given below:

Dy Dy
ijzﬂm(bﬂ-«i j=1,2,....n (3.54)
2T \D,’j Di/jf
where Dj; = Dy = r] is the geometric mean radius of conductor 7.

3.5.4 Geometric Mean Radius and Distance

In this subsection, we will derive the general expressions for the geometric mean radius
and distance by considering the case where a group of line conductors are divided into
two clusters: Cluster Q has n conductors carrying a total current of [ in one direction, and
cluster I' has m conductors carrying the same total current in the opposite direction. For
simplicity, we will assume that the total current of each cluster is equally divided amongst
its conductors and that the conductors of a cluster are of the same size.

Using Eq. 3.54, we can express the flux linkage of the circuit formed by the ith
conductor in cluster 2 and its image as

D;iDjr; 1 Dy Diy,
i t/}__/fg___m{n ik lk] (3.55)
kel

= ﬂu{ln
jeq Dl’j D"lj/ 2 m DikDi’k’

A=
"Tona

The n conductors of the cluster €2 contribute to the n product terms for j € §2. Likewise,
the m conductors of the cluster I" contribute to the m product terms for k € I'. When the
distances between all conductors and their images are much larger than those separating
the conductors, we can make the reasonable approximation that D;y &~ Djp. Using this
approximation and that of D;y = Dy; in Eq. 3.55, we can rewrite it as

v er!“ Dy (3.56)

i
o Aot b v ker Mik

T J njeﬂ D

A
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The average value of the flux linkages of the circuits formed by conductors of the
cluster Q is given by ' .

1
AE == (3.57)
n ieQ
The average loop inductance of the entire €2 cluster of conductors carrying a total current
of / may be expressed as .

ave
)‘Q

Lluop = 2L[}h =

(3.58
Loy Ko n "W icaU lker Die) (3-58)
2 T
2 "\2/ nieﬂ(njeﬂ Df!')

The numerator of the argument of the log term is the geometric mean distance between the
two clusters. It is equal to the mnth root of the products of the distances between conductors
of the two clusters. The denominator of the same argument is the geometric mean radius,
or the self-GMD, of cluster €. Likewise, similar expressions of loop and self-inductances
may be written for the I" cluster of conductors.

3.5.5 Transposition of Line Conductors

In practice, conductor spacing is usually not symmetric. With unsymmetric spacing, the
position of each phase conductor relative to that of another phase is not the same. As a result,
the inductance of one phase will not be the same as that of another. This difference in circuit
inductances among the phases can be minimized by rotating the position that each phase
conductor occupies over the entire length. The changing over of position, or transposing,
is usually done at convenient points along the line. Transposing the line conductors will
reduce the imbalance of circuit inductance and capacitance. Figure 3.13 shows the three
sets of conductor positions of a transposition cycle. The conductor positions are labeled by
numbers, whereas the phases are labeled by alphabetic characters.

Consider a uniformly transposed line in which the positions of the phase conductors
are fully rotated. Over the three segments of the transposition cycle denoted by the
superscripts, X, Y, and Z, the expressions of the flux linkage for a meter length circuit
formed by the conductors, @ and o', are

1

alchh © a ¢ b
2
a
blale © b z
3
a
chbla @ ¢ b
Segment X SegmentY Segment Z.

Figure 3,13 The transposition of three-phase line conductors.
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¢ Mo "Dy Dy Dy Dyy Dy3 Dyy
AA:-{im(--)+hm(m~wm + L In{ 2180
@ 2 |\ Dy Dy DDy U\ Di3Dyy
Ko Doy Doy Dy3 Doy Doy Dy
W= S| b | 2 ) L 222l .
“ 2 { ‘4 (D22D2/2’ b Da3 Dyry ¢ Doy Doy (3.59)

D % D ’ D 3 D ’ D /. D ’
A = g—g{laln( 33 D33 )+1;,In( 31 D3y )—Hcln( 2 D )}

2 D33 D3y D3y Dy D3y Dy
If the phase conductors are of the same size, we canreplace Dy, Dy, D33, Dyryv, Dy, and
Dy by r'. Taking the average value of the above three A,’s, that is,
2E Ay 40z

3

o { la lrl(DmDu' Dy Doy 03'3033’>

27 | 3 Dy Dy Dya Doy D33 Dy

ave __
)"cl -

(3.60)

I (szDu/ Dy3 Doy D3'1D31'>

+—In
3 D2 Dyy Doz Dyy D3y Dyy

1‘—'1 (01’3013' Doty Dy 03/2D32'>}

.+._
3 Di3Dyy Doy Dy Dag Dy

Note that the numerators and denominators of the logarithm coefficient to {; and /.
are equal in value, the two subscripts of the corresponding D terms are just permutated, as
such Eq. 3.61 can be rewritten as

jave _ 1o { fa (DMDW Doy Dyy D3/31)33/)

@ T on _3— Dy Dyy Doa Dory Dz Dyy

N Up+1) In (Dl'lez’ Doy Doy D3y D3y ) }
3 D12 Dy Das Doy D3y Dy

(3.61)

When the phase currents are balanced, that is 7, + [ + 1, = 0, there will not be any ground
conduction. When the spacings between conductors are much smaller than their heights
above ground, or if the effect of ground is to be ignored by assuming that it is far away from
the conductors, all conductor-to-image distances may be approximated by a common value,
Dy g, in which case the numerator of the two log terms in Eq. 3.61 will be equal. Replacing
Iy + I by —1I,, the D;; and Dy terms by +/, and Dirjr by Dyj, Eq. 3.61 will simplify to

. DD D
mwz(@mﬁwiiiﬂ>@ (3.62)
w

r/

2L ph

where L ,p, is the average per meter inductance to the current, /,, flowing in the conductor,
a, over a full transposition cycle. A comparison of Eq. 3.62 with Eq. 3.58 shows that the
GMD is /D3 Dy3 D31. The GMD may also be interpreted as the equilateral spacing of an
equivalent three-phase line having the same phase inductance. In both of these cases, the
expression of the average phase inductance is of the form:
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o, GMD
2 GMR

Lon= (3.63)

Zero-sequence inductance. With unbalanced currents, that is > /; 5 0,
the effects of ground may have to be considered to account for the ground path taken
by the so-called zero-sequence current component, Iy. For convenience, we will assume
that the heights of the conductors above ground are large relative to the spacings between
conductors so that we can approximate the distances between real and image conductors
by a common mean distance, D;g. For a non-perfectly conducting ground, Dy will be a
function of the frequency and earth’s resistivity.

D]R %k\/a/f (3.64)

Assuming full transposition and ground height much larger than conductor spacings,
and using the result given in Eq. 3.60 for the flux linkages of a meter length of the circuit
formed by conductor a and a’ for the other two phases, we can obtain

D D D
aave ;‘” (211 -’~‘3+21b1 IR 4 op =R )

oMD" U GMD

Ko Dir IR
A = 2 2 In ===+ 21, 3.65
=5 ( laln =" D +2IpIn == +2I1n GMD> (3.65)
aave = K2 DR oty In —&
© T \7"GmMD GMD

Equating the zero-sequence flux linkage Ao to 2L lo, where Ao = (AZ" + 13" +2127¢)/3,
Io=(Is+ I+ 1) /3, and Ly is the per meter zero-sequence inductance to the zero-sequence
current of the real abc currents, we have

1
ho =2 (A8 424" 4 A0)

D’ (3.66)
m
2ol =2lp - In | —
T n<”'D?R)
Thus,
GMD?
Lo=22m{ 25 (3.67)
2 r'Dig

whose value may be several times the value of the per meter phase inductance, L .

Double-circuit line. Double-circuits are often used when the availability of
right-of-way is limited. The phase conductors of a double-circuit may be arranged in more
than one way. We will consider the conductor transposition shown in Fig. 3.14, in which
the geometric mean distances of the corresponding phases are maximized to reduce phase
inductance. In Fig. 3.14, the positions occupied by the transposed conductors are denoted
by numbers. The letters by the side of each conductor position indicate the order in which
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1 T
alclh @ e che
4
blalc € 2 D1 3 2@blalc
clhla & & ald
3 3

Figure 3.14  Conductor positions of a transposed double-circuit.

the phases occupy that conductor position over the three segments, X, ¥, and Z, of a
transposition cycle.
The GMDs of the phases for the three parts of a transposition cycle are

GMDY = GMD! =GMD}, = /DDy Dy Dy (3.68)
GMD}. = GMDY, = GMDZ, = /D3y Day Dy Dy (3.69)

GMDY = GMD}, = GMDZ = Dy Dyy Dyy Dy (3.70)
The GMD between phases for transposition phase X is given by

GMD* = JoMDY,GMD},

be

GMDY, (3.71)

Along with similar expressions for the GMDs for the transposition phases, ¥ and Z, we can
determine the geometric mean of these GMDs over the entire transposition cycle from

GMD = GMDXGMDYGMDZ = GMD* (3.72)
Similarly, the GMRs of phase a for the three parts of the transposition cycle are
GMR) = J(r'Diy)?
GMRY = V(' Dyy)? (3.73)
GMRZ? = J(r'Dy)?

The geometric mean of the GMRs of phase a over the entire transposition cycle may be
expressed as

GMR = yGMRETGMRJGMRZ’ = V(D3 Doy Dyy)\ (') (3.74)

With the values of GMD and GMR computed above, we can determine the average phase
inductance for each phase of the double-circuit line using

o GMD
L= (222 H 3.75
P o “(GMR) /m (375)
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3.5.6 Capacitance

Assuming a uniformly distributed surface charge of ¢ Coulombs per meter on the
cylindrical conductor, Gauss™ law gives

f Dds = Genclosed C (3.76)

5
For a one-meter length of conductor, the electric flux density at a radial distance x from the
center is :

p=-"_"" c/m (377
2mx
The electric field intensity or force per Coulomb at that distance is
- 9 2
E o= V/m (378)
2mex /m )

Since force can be expressed in units of energy or Volts Coulomb over meter, the unit of
the electric field intensity is Volts over meter,

The electrical potential at a point is usually defined as the work done in moving a unit
of electrical charge from infinity to the point, that is,

Vo= / —~FEdx 1% (3.79)
o0
or
A .
E=-—grad V = ~2h (3.80)
an

where @1 is the normal to the equipotential surface.
The potential drop in going from the equipotential surface at the radial distance. ry,
to that at 7 in Fig. 3.15 is given by

ol "AE
V\Z :V{m - V?.OO == ..-/ E(IX ’*‘j Ec[k

oQ >

:/ CEdx =3 1n (i> v
Jiy 2me rl

For positive ¢, Vi will be positive when ra > ry.

(3.81)

Capacitance of a two-conductor line.  Lets derive the expression of the
capacitance for the two-conductor line shown in Fig. 3.16. Using superposition, the voltage
drop from [ to 2 due to the fields established by ¢ and ¢, can be expressed as

D r
Via :/ Erdx +] Eadxs (3.82)
ry D

where x| and v, are distances measured from the respective centers of conductors 1 and 2.

V=D g2 22 (3.83)
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N equipotential surfaces

Figure 3.15  Potential between points | and 2 from E field.

envelope | D | envelope
radius, r{‘é 5 é*/ radius, ro
) .
az

q4

Figure 3.16  Line charge on two-conductor
line.

Imposing the condition of conservation of charge, that is g1 + g2 = 0, the above equation
reduces to
q1 n?
5 = ——In
2me ryr

(3.84)

Defining capacitance as charge per unit volt, the capacitance between conductors 1 and 2
is given by

2
Co=T__ "¢ f/m (3.85)

Ve ( Dz>
In
£y

where ry and ry are the radii of the surface envelopes of the two conductors. The above
equation has the form:

e

]2 = e

I/éﬂp
n{ ——————
(GMR

(3.86)
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Unlike the GMR in the inductance formula, which also accounts for the flux linkage inside
the conductor, the GMR in the capacitance expression uses the envelope radius.

3.5.7 Self- and Mutual Capacitance
of a Conductor Group

Using Eq. 3.81 the voltage drop or potential difference between conductors i and n of the
conductor group shown in Fig. 3.17 can be written as

Din Doy Dnp
Vin = / “Edx +/ Eydxyr+... +/ E,dx, (3.87)
Dy; . 2 Dy

where Dj; is the radius of conductor i and D;; is the physical distance between the centers
of conductors i and j.

V,-n:—1~§n:q-ln Djn (3.88)
2me 7 J Dj,'

Imposing the condition that Zj q; = 0, and using it to eliminate g, from the above
expression, we obtain

Vip = “‘L'i (1 2z Do i and j#n (3.89)

" 2me - 4 Dj; D / .
1ol D jn Dy

v = S0 1 PP 3.90

g 2me F 4 ( " Dji Dy (390

Similar expressions for the potential difference between other conductors and conductor n
can also be written. These expressions can all be assembled in matrix form as

Vin Py Piz oo Pia—y q1
Van Py Py o Py Q@
A = o . : (3.91)
Vin—1)n Pau-iyt P12 - Pa-yin-n] [@n-n

The coefficient matrix of Ps is a symmetric matrix; it contains the self- and mutual potential
coefficients of the conductors. Using the basic definition of capacitance as charge per unit

3
-C
» 13 o

-cf\/

N—f—o -
n-1
¥ Cik Figure 3.17  Self- and mutual capacitances
k=1 of two groups of conductors.



Sec. 3.5 Linw-Parameters

volt, the inverse of the (n — 1) x (n — 1) potential coefficient matrix yields a symmetric
capacitance matrix.

q1 Cy Cp - Ciu-p Via

q2 Cau Cn -+ Cipn-2 Van

S : : (3.92)
qin—1) Cii—-11 Can—12 -+ Cn=1)(n—1) Vi

Note that the voltages used in the above expression are those measured with respect to
conductor n. To obtain the circuit capacitances between conductors 1, say, and the other
conductors, we will have to rewrite the above equation for ¢ in terms of the voltage
differences between conductor 1 and the other conductors. That is

g =(C+Cu+...+Cia-1Y Vi +Cr2(Vop = Vi) + ...+ Crin—1y Vin—13n — Vin)
=(Cn+Cun+...+Cra—Vin —Cr2Vio+... + Ciu-y Vi1 (3.93)

Written in this manner, we can see that the capacitance between conductors 1 and n is
(Cii +Cia+ ...+ Cipm—1)), and the capacitance between conductors | and j (j 5 n) is
~Clj.

Capacitance of a double-circuit line. Consider again the transposed,
double-circuit, three-phase line of Fig. 3.14. If the charge on each phase conductor in the
three transposed positions were to remain the same, that is ¢¥ = g} = g7, the voltage
between any two phases would vary as the phase conductors occupied different positions
of the transposition cycle. For instance, the voltages between phases a and b for the three
phases of a transposition cycle are

1 D3
Va}f) w *2'7’;; (qaln~—~+qbln~D——~+qcln—i)

D3
1 D3y
Vab = e (qcz In— “}‘Qb]n*—“l‘qC] ‘“D—2:> (3.94)
1 D1 Dy
Va"i = e (sz1n-~+qbln—-~+qcln~b;>

The average value of the voltage between the a and b phases over an entire transposition
cycle is
Y z
ab + Vab +V, ab
3

1 In GMD tanl r
n
T \ N T TR D

where GM D = /D1, D23 D3y Using a similar approach, we can derive the expressions
for the average voltage between the other phases. That between the a and ¢ phases over
a transposition cycle can be written down from the previous equation of Vy, by simply
replacing subscript & with ¢, that is

Vab =
(3.95)
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1

GMD r
V.. = = In ——— 3.96
YT e (qaln r tae nGMD) 3.96)

When the three-phase voltages are balanced, thatis V,,, + Vi, -+ Ve = 0, we can show from
the phasor diagram of these voltages that the following relationship between the line-to-line
voltages and the phase-to-neutral voltage holds:

[Vab + Vacl = 3{Vanl (3.97)
Using the above three expressions and g, + g5, + g, = 0, we can obtain
3 GMD
3Van = ~——qaln (_L-) (3.98)
., 2me r

from which we can deduce that the phase-to-neutral capacitance of the uniformly transposed
three-phase line is

2TE pim (3.99)

(GMD)
In
-

The presence of ground can be handled analytically using the method of images. For a
perfectly conducting ground plane, the depth below ground of the image charges will be
the same as the height above ground of the corresponding conductor charges. For the two-
conductor line of Fig. 3.18, the expression for the voltage to ground of conductor a with the
presence of ground taken care of by image charges can be written as

Cun =

3.5.8 The Presence of Gréund

1 h hy h hy
Vag = 5 {Qa In 7“ +qan <m~> +gpIn (—5—’;) +qpIn (ﬁ)} (3.100)
a a a. ay’
Ga b
a &@—— &b
ha

Figure 3.18 Image charges of a
two-conductor line.
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b
©
a A ;
o q
da ¢

Figure 3.19  Image charges of a
three-conductor line.

Substituting g/ = --¢g; and h=hi, [ €a,b we obtain
1 2/1,1 Dab’
Ve = —— In —— In —= 3.101
ag = 5o ((Ia ; +qn Dab ( )

Using Eq. 3.101, we can write the following phase-to-ground voltage equations for the three
phases of the three-conductor line shown in Fig. 3.19:

2hg Day D,
r Dap Dye

Vag .
Vig | = o | e 2 2 ap (3.102)

Vg 2me | Dgp r Dpe G
Dy Dy g_lzi
Dac Dpe r
Inverting Eq. 3.102, we have
Ga Vag Vag
@ | =PI Vg | =1C'] | Vi (3.103)
qe Veg Veg
where the capacitance matrix is of the form
C(,ut :;b C(/zc
[Ch=|C}, Chy Che (3.104)
! / 4

ca “eb Yee
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b
Cap \A/ Cpe
a@/\ ' &@ ]
Cac
Cag - Cpg Ceg

Figure 3.20  Circuit capacitances of a three-
phase line.

The elements of the C’ matrix can be translated to the capacitances in the circuit
representation shown in Fig. 3.20. Rewriting the expression for g, given by ¢, =
CraVag +Chp Vg + Cl Vg, we get

Ga = (Cha+ Cry 4+ Ch) Vg + Cliy(Vog — Vig) + Chre (Vg — Viag) (3.105)
In accordance with the desired circuit representation shown in Fig. 3.20, the expression of
qq should be

qa = Cag Vag + Cap Vab + Cac Vae (3.106)
Thus,
Cag = CL,+Cly+CL, (3.107)
Cap = —Cpy (3.108)
Cac = —Cqe (3.109)

Double-circuit lines. The phase-to-neutral capacitance of the transposed,
double-circuit, three-phase line shown in Fig. 3.14 may be determined from

2me
Co=—7empy "
In{ ————
GMR
where the GM D may be determined from ~¥GM DX GM DY GM DZ as shown earlier in

Eq.3.72.
The value of the GMR will, however, be different from that used in the inductance
calculation. For the capacitance, the GMR of the phases is given by

GMR = JGMRYXGMR! GMR?
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where
GMRY = J(raDi3)?
GMR! = J(raDyw)? (3.110)

GMR? = J(ryD3;1)*

3.6 LUMPED PARAMETER CIRCUIT MODELS

Several circuit models of transmission lines are used in simulation studies. Usually, lumped
parameter circuit models, like the series RL, nominal and equivalent i, are used in steady-
state calculations and in studies limited to low-frequency electromechanical behavior,
such as transient stability of machines. A distributed parameter line model may be more
appropriate for higher-frequency electromagnetic behavior, such as the propagation of
lightning and switching surges.

3.8.1 Series RL and Nominal » Circuit Models

Figure 3.21 shows two per phase equivalent circuit models for short and medium length
lines. The series RL model is applicable when the shunt capacitance of the line can be
ignored. It is usually adequate for lines that are shorter than SO miles. Where the shunt
capacitance of the line is to be included, as in longer lines up to 120 miles in length, a
nominal s model is often used. The nominal 7 equivalent circuit has the structure of a w
network. Its series branch is the same as that used in the series RL circuit model, that is
Zo= Rpp+ joLpy (3.111)

In the nominal 7, half of the total shunt admittance of the line is lumped at each end of the
line, that is

Y Cph

— = jo—— 3.112)

2 7Y (

The parameters of the circuit models shown in Fig. 3.21 can easily be determined from the
per unit length RLC parameters of the line as shown below

IS th Lph

TS R L, I 1
h R R
2otk =
+ + + ’L ‘L +
— ~ ~ Can
Vg VR Vg ‘{ 2 T R
(a) series AL (b) nominat I

Figure 3.21  Series RL and nominal 7 circuit models.
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e R, = ( phase resistance/unit length) times line length.
e Lpp = (phase inductance/unit length) times line length.
s (', = (phase-to-neutral capacitance/unit length) times line length.

More than one nominal 7 circuit may be required when the line is long, when higher
fidelity is desired, or when there is a need to introduce a fault or connection at some
intermediate point between the busses joined by the lines.

3.6.2 ABCD Transmission Matrix

The sending-end phasor voltage and current of the nominal  circuit model in Fig. 3.21 can
be expressed in terms of the receiviig-end phasors as follows:

. . Y . -

Vs = (VR~2—+IR>Z+VR 3.113)
- .Y .Y .

Is = V5;—+V1e'i+{1g (3.114)

Arranging these two equations in matrix form, we have

Ty e
13- e
Pz o
4 2
The shunt admittance, Y, in these expressions will be zero for a series RL model. The abeve
set of equations enable us to identify the relation of the ABCD parameters for the nominal

n line model in what is generally known as the ABCD transmission matrix of the two-
port representation. This is done by equating the coefficients of Eq. 3.115 with those of the

transmission equations:
Vs A B VR ;
M = - 3.116
[Is} [C D}[IR] G110

The ABCD transmission representation is especially handy when cascading a number of
components. For example, the overall transmission equation for the three segments shown
in Fig. 3.22 may be determined from

Vs AL By Ay By Ay B Vi
[iSl}w[Cl D]][Cg DzHc3 DJ[;RB} 3B.117)

A

2 ls3

Figure 3.22  Concatenation of three ABCD modules.
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3.7 DISTRIBUTED PARAMETER MODEL

If the objective of the study requires higher accuracy or higher fidelity to portray the
transient components than what the lumped parameter circuit models are capable of, we
can use a distributed parameter circuit model of the line. Figure 3.23 shows the circuit
representation of a distributed parameter model which applies the RLC parameter of the
line to an elemental section, instead of to the whole length of the line.

Let’s determine the voltage and current relationship of both ends of the elemental
section shown in Fig. 3.23. Applying KCL to the node at (x 4+ Ax), we obtain

Jv
i(,r)——i(x+Ax)=(Gu—l—Cgt—)Ax (3.118)
Applying KVL around the elemental loop, we obtain
o
V() = v(x + Ax) = (Rz‘+Lé-%) Ax (3.119)
Letting Ax — 0, the above equations can be expressed as
ai v
- 8—— = Gv -+ C 5}'
* (3.120)
av RitL i
il = Ri his
ax at
When the line is lossless, that is, R and G are zero, the ratio of the two sides of Eq. 3.120
yields
dv L
— 3.121
i C ¢ )

The above ratio is known as the surge impedance of the line. Eliminating the dv and di
terms between the two equations of Eq. 3.120, we obtain
dx 1
B (3.122)
9 JCL
Later we will see that dx /9t corresponds to the propagation speed of the voltage and current
wave components propagating along the line.

| 1
s o Aac L ‘A
* +
Vs Vg

e
X=0 ‘ : x=d

Figure 3.23  Distributed parameter model.
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Note that both v and i in Eq. 3.120 are functions of time and position x along the
line. Ignoring initial conditions, v(x,0*) and i (x, 0*), and applying the Laplace transform
in time to Eq. 3.120, we obtain

di

=—(G+sC)V=~-YV
dx

(3.123)

av
b —— == (R+sL)I=-Z1
dx

Taking the second derivative with respect to x, and substituting to separate the variables,
we obtain two ordinary differential equations:

2

I N
(G +sC)R+sD)I
dx?

N (3.124)
da=vy
5 =(R+sL)(G+sO)V
dx
Let’s now define a propagation constant, y, as
y2 = (R+sL)(G +sC) (3.125)

and a characteristic impedance as

G (R+sL)
Z.= | 3.126
Z (G+sC) ( )

The second-order ordinary differential equations of Eq. 3.124 have solutions of Tand V that
are of the form:

1(x,5) = Aje? +Ase™"* (3.127)
[T A
1y 1%
V(x,s) = ZeAge "F —Z,A et (3.128)
St s sty
V/ vy

The terms in Eqs. 3.128 and 3.128 with a negative exponent in x are often referred
to as the forward components, and those with a positive exponent in x are the backward
components. The terminology of these terms will become evident later. For now, we see
that

Vi=LZ, Vp=-1Z (3.129)
and
Vix,s) =V +Vy=Z (I ~1p) (3.130)
If the line is terminated by some impedance, Z,(s), at the receiving end where x = d, then
v(d,s) _ Ze(r—1p)
1(d,s) I+l

Defining the current reflection coefficient, p;, at that point by the ratio

Za(s) = (3.131)
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pi ==, (3.132)
I
and substituting it into Eq. 3.131, we obtain the following relationships:
Zy 1 - p; Ze—2Zy
= = e O P = 3.133
Ze 14p b Ze+Zg ( )
Likewise, we can define the voltage reflection coefficient at that same point to be
Vo Z4—-2.
=l oy 3.134
Py v, " 7,52 pi (3.134)

The reflection coefficients of some common terminations are given below:

Open-circuit Zg =00 pp=1 pi=—1
Short-circuit Za=0 Py =—1 pi=1
Matched termination Zyg=2, Py =0 pi =0

The integration constants, A; and A,, are functions of the boundary conditions.
Setting x = d in Eq. 3.128 yields

Likewise, setting x = 0 yields

eZyd
I(O,s)=A1+A2:A1(1+—‘—'—“> (3.135)

pi

Between Eqgs. 3.124 and 3.135, we can obtain the following expressions for A| and A;:

10, s)p,-e“zyd

Ay = 2 3.136

LT T pred (3-130
10, )

Ay = —2 3.137

2 1+pie“2Vd ( )

Wave propagation characteristics. We can get some insight into the
nature of what we have termed forward and backward components of the solution by
examining the solution for the hypothetical case of an infinitely long line. Letting d — oo,
we have from Eq. 3.136 A; — 0, and from Eq. 3.137 A = I(0, 5). Thus, for an infinitely
long line, both p, and p; are zero; in other words, there are no backward components. And
the solution simplifies to

I(x,s) =1(0,5)e V" =1 (3.138)

In practice, the shunt conductance, G, is very small and may often be neglected. When
G is set to zero, the truncated Taylor’s expansion of y in Eq. 3.125 simplifies to

R /C
y=5£+SVLC (3.139)



68 Basics of Magnetics and Line Modeling Chap. 3

wave at t =0

same wave later in time

XI=0 1 X=d

Figure 3.24. Forward component at position x and time .
Substituting this y into Eq. 3.138 and taking the inverse transform, we will obtain the
following time domain solution of the current at position x and time

~(&JEY,
ix.0)=¢ (7‘/;) i{(0,¢ —vLCx) u(t —ICx) (3.140)
Nermmnim i) N
attenuation unit step
factor function

Likewise, with no reflected components, the time-domain response of the voltage is
v(x,t) = Z;i(x,t) (3.141)

The above voltage and current expressions indicate that the forward component at
position x and time ¢ is an attenuated version of the same component that originated at the
sending end of the line at time 7 = +/LCx. In other words, these components are traveling
ata speed of 1/ VLC. Figure 3.24 depicts the attenuated wave traveling down the line.

Likewise, the backward components of the voltage and current may be regarded as
traveling waves. The forward component propagates in the direction of increasing x, but
the backward component propagatzs in the opposite direction. These components propagate
with the same velocity, 1/+/LC. The voltage components are related to the corresponding
current components geometrically by the characteristic impedance of the line, Z,.

3.7.1 The Bewley Lattice Diagram

The Bewley lattice diagram provides a quick graphical solution for waves traveling in a
radial network. The hand-drawn diagram can be used to show the position and direction of
the incident, reflected, and transmitted waves at any instant.

We will use this diagram to illustrate what happens when an excitation voltage, V, is
applied at time ¢ = 0 to aline of length d and characteristic impedance Z, that is terminated
with an impedance, Zg, at the other end. Upon closing the switch at the sending end, a
forward voltage wave component of magnitude V at the sending end travels down the line
towards the receiving end. The amplitude of the wave is attenuated by the factor e™*¢ from
one end to the other. The first forward component arrives at the receiving end at ¢ = t;
upon encountering the change in impedance, the attenuated forward wave is reflected as
a backward component of maguitude p,, Ve~ The voltage reflection coefficient at the
receiving end, oy, is determined by (Z4 — Z.)/(Z4 + Z.). This backward component
propagates toward the sending end, arriving there another v seconds later. By then, it is
further attenuated by e ¢, Assuming that the source impedance at the sending end is zero,
that is pys is equal to —1, the reflected wave at the sending end will also be inverted. It then
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x=0 X=Z Xx=d X vy

i aed

Ve 2. pyrVe -0{2g-7)
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Figure 3.25 Bewley lattice diagram.

propagates down the line as the second forward component. Thus, reflections at both ends
of the line result in subsequent forward and backward components in the line.

The lattice diagram of Fig. 3.25 displays the events in two axes: distance along the line
in the x-axis, and time transpired in the negative y-axis. Shown on the right side of Fig. 3.25
is the voltage vs. time waveform at a point, x = z, that is obtained by noting the magnitude
and time of arrival of the forward and backward wave components at that location. The plot
assumes gy to be negative, or Zy < Z,.

3.7.2 Equivalent r Model

The more accurate distributed parameter line representation yields a circuit model that may
be used to represent very long lines in low-frequency studies. For steady-state condition, the
Laplace operator, s in Eqgs. 3.127 and 3.128, may be replaced by jw, and these equations
may be expressed in terms of phasor quantities as
I(x) = Aje”* + Age™ ™
. (3.142)
V(x) = ZeAge ™V — LA e?

where

¥y =R+ joL)(G+ jol) =a+ jB (3.143)

and the characteristic impedance is given by

Z. = M (3.144)
(G+ jwC)

The real and imaginary components of the propagation constant y, o and f§, are
known as the attenuation and phase constants of the line, respectively. Since a wavelength
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corresponds to 27t change in phase, the wavelength, A,,, of the line may be determined from
the relation, A, = 27 /8.

The two integration constants, Ay and Ay, can be evaluated using available boundary
conditions at either x = 0, the sending end, or at x = d, the receiving end. For example,
using conditions at the receiving end, we obtain

iR xA1€Vd -+ A2€Ayd
’ (3.145)
Vi =Zohne 7~ Z.A e

The above equations can then be used to determine the constants, Ay and A, in terms of
the receiving end quantities, that is

Ay = (W—IR - ZR—M/ZC) e vd

. - (3.146)

N LIS LT AW

o 2
Back-substituting these expressions of A} and A, into Eq. 3.142, we obtain
T(x) = Ik =Vr/Ze eTv@d=0 4 Ir+Vr/Zc Q=)

2 2

V) =2, (M> 0 _7, (E@:.M) e G4
. 5 - 5

Since the value of x increases from the sending end to the receiving end, the ¢¥ =+
term of the forward components decreases in magnitude and lags further in phase with x.
Thus, its magnitude is diminished and its phase retarded with distance from the source. On
the other hand, both magnitude and phase of the ¢ ™~ term of the reflected components
will increase with the value of x. When the load at the receiving end is terminated with a load
of impedance equal to the characteristic impedance of the line, Vg = 1z Z,, the coefficients
of the reflected current and voltage components will be zero.

The characteristic impedance, Z., is also known as the surge impedance when the
losses of the line are neglected. The surge impedance of the lossless line is given by Z. =
+/L/C. The surge impedance loading (SIL) of a line, defined as the power delivered to a
purely resistive load equal to Z, is

V2
SIL = Yraed (3.148)
Ze
The velocity of propagation of the wave may be determined from the number of cycles per
second (frequency) times the wavelength, that is

2
velocity of propagation = fA,, = (%) (wéz) = («;« (3.149)
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Using the hyperbolic function identities,

y(d-x) + =y (d—x) v(d=x) _ p=y(d~x)
coshy(dwx)-—:f——————————z—fw sinhy(a’~x)=6—-—‘~—i£--—-—
. (3.150)

Eq. 3.147 can be rewritten as
T s Vi
I(x) =Igcoshy(d —x)+ ——sinhy (d — x)

Z (3.151)

V(x) =IxZ.sinhy {(d — x) + Vg coshy(d — x)

At the sending end, that is at x = 0, the above equation becomes
‘Vg . coshyd Z.sinhyd VR (3.152
ic |T| (1/20)sinhyd coshyd ix 132)

Equation 3.152 is the transmission equation from the distributed parameter line model. An
equivalent 7 circuit model for the above transmission equation can be obtained by eguating
its ABCD matrix with that of the nominal 7w model in Eq. 3.115. The series and shunt circuit
elements of the equivalent 7 circuit model will be distinguished from those of the nominal
7 circuit model by a subscript, 7. Equating the B elements of the two ABCD matrices and
making use of the relationship, Z. = +/Z/Y, we obtain

sinhyd Zsinh yd
Vayd vd (3.153)

Similarly, equating the A and D elements of the two ABCD matrices, we have

B=2Z, =2Z.sinhyd = /Z/Ysinhyd =Zd

7Y
A = D=coshyd = | + "2” (3.154)
Yr _ coshyd—1 _ coshyd—1
2 Zn T sinhyd

il

i vd \/? yd

tha h(“> Zta h(“) (3.155)

tanh (yd/2) Xtanh(yd/Z)
ZNd 2 (yd/2)

The circuit representation of the equivalent 7w mode! is shown in Fig. 3.26.

ro*f

= Yd (3.156)

3.7.3 Terminations and Junctions

All along the line, including at terminations and junctions, the total voltage and current are
related by the effective impedance at that point, that is
_ V VetV

= = 3.157
I If-’rIb ( )
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e
IR
z sinh yd ——tpr
v +
| X.tanh yd2 Y tanh w2 | o
5 2 Tydi2 3 Tyd2 Vg

Figure 3.26  Equivalent v circuit model.

Capacitive termination. Let’s first consider the response to a step voltage
excitation of a line of characteristic impedance Z, that is terminated by a capacitor, ;. In
the Laplace domain, the reflected component at the termination produced by a forward step
component of Ve(s) = V, /s is

1/Cis— 2, 2s \Z .
Y = | ———— = ] ——— 3.158
»(s) (I/C,s+ZC>Vf(S) ( 5+1/C,ZC> " ( )

Taking the inverse Laplace transform, the time-domain expression of the reflected voltage
component at the end of the line is

p(1) = V(1 — 21/ €1 %e) (3.159)
The reflected current component is
R vp () Vo 1/ Ci Ze
) =— =—(2 e 3.160
in() === = e ) (3.160)
The terminal voltage of the capacitor is given by
V() = vp(t) +up(e) = 2V, (1 — ™/ C1%e) (3.161)

Note that as 1 — 00, the terminal voltage approaches the value of 2V,,. As the capacitor
charges up, it behaves like an open-circuit. Figure 3.27 shows the voltage and current
waveforms at two instances after the reflection.

Inductive termination. For the case of an inductive termination of Zy(s) =
Ls, with an incident component of V¢ (s) = V, /s, the s-domain expression of the reflected
component is

Ls—2Z, 28 V,
Vpis) = Vi) = ———~-1]— 3.162
b(s) (L;+ZC) r(s) (SJrZC/L ) p (3.162)
The time-domain expression of the reflected voltage component is
Vb () =V, (2 7/E — 1) (3.163)
The corresponding reflected current component is
. Ub(t) Vo ~Z/L
1 = — = 2 (] —2e  4U/E 3.164
iy(0) = === 57 (1-2e77) (3.164)

And the terminal voltage is given by
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(@)t <CZ, (b)t>>CZ,

Figure 3.27  Waveforms of capacitive termination.

(@t <l/Z (b) t>> L/ 2,

Figure 3.28 Waveforms of inductive termination.

V() = up(0) Fup () = Vo + V, (2e 50~ 1) (3.165)

In this case, as t — oo, the terminal voltage approaches zero as the inductor behaves like
a short-circuit in steady-state. Figure 3.28 shows the voltage and current waveforms at two
instances after the reflection.

Junctions. In the case of a transition from one kind of line to another, besides
the reflected component, we also have to consider the voltage or current transmitted through
the connected line. Since the voltage at the junction must be continuous, the voltage a
little to the left of the junction must be the same as the voltage a little to the right, that is
v(xf, 1) = v(,rj“, t). Thus, the total transmitted voltage at the junction, v, is the same as the
total voltage on the other side, that is vf + v,. Defining the voltage transmission coefficient
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Figure 3.29 Reflected and transmitted
(b) reflected and transmitted components  components from a junction.

as the ratio of the total transmitted voltage to the incident component, we can express it in
terms of the py:

v, Up
Uf vf
Similarly, with no lumped shunt components at the junction, the current at the
junction will also be continuous, or i(x/.+, 1) = i(xj', 1). Defining the current transmission
coefficient in the same manner as for the voltage, we have
ig ib
i=—=l4—=1l4+p=1-p (3.167)
i if
Knowing either p, or p; in the above expressions will enable us to determine
the transmitted voltage and current. As an example, a wave in the line of characteristic
impedance Z,; in Fig. 3.29 traveling towards the junction will see an equivalent impedance,
Z¢2, in parallel with Z.3 at the junction. Thus, the voltage reflection coefficient to that wave
at the junction is
Zeg —2Z ZerZe
pyy = =28 el where Zog = el (3.168)
qu + Zey Zea+Zes
The above value of p,; can then be used to compute the transmission coefficients in
Eqs. 3.166 and 3.167, which in turn can be used to determine the transmitted voltage and
current components.

3.8 SIMULATION OF A SINGLE-PHASE LINE

In this section we will discuss a technique for implementing a distributed line simulation
using the simple single-phase circuit shown in Fig. 3.30. It is assumed that the parameters
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Distributed
source parameter line load

Figure 3.30 A single-phase line connecting a source to an RL load.

of the circuit, including those of the Thevenin’s source and load, are known.

As shown earlier, with a distributed parameter line representation, the voltage and
current at any position x and time ¢ consist of forward and backward wave components,
that is

v(x, 1) = vr+up (3.169)
i(x,t) = ip+ip 3.170)

where vr = Z.ir and vp = —Z.ip. For aline of length d meters, the time taken for the waves
to travel from one end to the other is given by

r=dJIC (3171

where L and C are series inductance and shunt capacitance per meter of the line,
respectively.

If the delay, 7, is to be obtained using a circular buffer, at a fixed sampling time of ;,
the required buffer length, NV, is the next higher integer value of the ratio of the total delay,
7, to the sampling time, .

N = Integer ({-) (3.172)
5

Two delay buffers will be needed: one for the transport delay of the forward component and
the other for the backward component. A common pointer steps through the elements of
these two buffers at the rate of one location per sampling instant. With N = integer (r/t),
it will take the pointer T seconds to cycle once through these buffers. As shown in Fig. 3.31,
fresh values of vyg and v 55 computed from Eqgs. 3.181 and 3.181 and stored in the arrays at
a certain time will be retrieved when the pointer returns to the same location the next time
around, or t seconds later.

From the circuit connection of Fig. 3.30, we see that given the voltage, e, and the
electrical parameters of the line and series RL load at the receiving end, we can use the
voltages across the inductors, Ly and Ly, to determine the sending and receiving end
currents, ig and i g, respectively. From the source end, we have
dig

3.173
dt ( )

e—vs = Ryis+ L
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Vps=vpRit-1)

as tincreases . as tincreases

(a) forward component array (b) backward component array

Figure 3.31 Ring buffers of delay elements.
Expressed in integral form below, we can integrate for the value of is:

1
ig= i ](e —vg — Ryig) dt (3.174)
5

At the load end, the receiving-end current, i g, can be determined from the integral form of
the voltage equation for the RL load, that is

1
l'R:M/(UR”RLik) dt (3.175)
Ly
The value of g is in turn being used to determine vg from
Vs = Ups o vps = Lelps +Ups = Ze(is —ips) + Ups (3.176)
Vs = Zeis +2ups (3.177)

The value of v,g, the backward voltage component at the sending end, is derived from the
output of a transport delay with the following delay and attenuation applied to vy z:
_r[C
attenuation factor = ¢~ VL% delay = dLC (3.178)

where d is the length of the line, and R, L, and C are the per unit length resistance,
inductance, and capacitance of the line, respectively.
Likewise, iz is used to determine vg from

URzzva"‘ZciR (3179)

The value of v g, the forward voltage component at the receiving end, is derived from the
output of another transport delay applied to vsg.

Finally, to complete the simulation, the inputs to the two transport delays, vpg and
vy, are computed from

VpR = UR T USR (3.180)
Vps == Vs~ Ups (3.181)

Figure 3.32 shows the flow of variables in the single-phase line simulation.
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Figure 3.32  Flow of variables in single-phase line simulation.

3.9 PROJECTS
3.9.17 Project 1: Line Parameters and Circuit Models

In this project, we will first determine the per unit length parameters of a 60 Hz, 345 kV,
three-phase ac line with conductor arrangement as shown in Fig. 3.33. Next, we will
compare the sending end’s condition as determined using a series RL and nominal 7 with
that of an equivalent 7 circuit model of the entire line, 160 km long, delivering 120 MW at
0.9 power factor lagging to a fixed receiving end voltage, Vg, 0f 345/./(3) /0° kV. Finally,
we will examine the behavior of real and reactive power transfer through the same length
of line when the angle and magnitude of the voltage across the line are varied.

Relative accuracy of circuit models for different line lengths. The
line has conductor spacings of D2y = 7.772 m and Dy, = 6.858 m. Each phase is a bundle
of two identically sized conductors, each of diameter 4.4755 cm, an ac resistance of 0.02896
ohms/km, and a GMR of 1.6276 cm.

The GMDs between any two of the bundled phase conductors are

] EXS

1 2 2 3 3

Figure 3.33  Three-phase bundled conductor line.
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TABLE 3.2 SENDING END CONDITION

Per phase power  Input power Input voltage Input current
Circuit model  P;+ jQ, in MW factor magnitude in kV  magnitude in A
Series RL 40+ j19.401 0.8998 199.24 223.13
Nominal 7 40+ j19.372 0.9000 199.24 223.067
Equiv 40+ j19.372 0.9000 199.24 223.067

-

GMDyy = /Dy D1y Dy Dyy
GM Dy = /D23 Dyy Dy Dyy (3.182)
GM D3y = /D3 D3y Dy Dyyr

Thus, with full transposition, the GMD over a transposition cycle is

GMD = /GMD;,GMD»GMDs, (3.183)

Run the ml m-file to determine the RLC parameters of the line, the ABCD
transmission matrices of the series RL, nominal 7, and equivalent  circuit models of the
whole line. Table 3.2 shows sample results for the case where the line length is 160 km and
the total power delivered to the receiving end is 120 MW at 0.9 power factor lagging.

Modify the data in the M-file for the case where the line length is 240 instead of
160 km. Compare the results from the equivalent 7 model with those from the other two
circuit models. Modify the M-file to use two nominal 7 sections for each half of the line
and again compare the results obtained with those from the equivalent 7 model. Note the
improvement in accuracy of the results as compared to that from just one nominal 7 section.

Real and reactive power transfer. In this part of the project, we will
examine the behavior of real and reactive power delivered to the receiving end’s load
when the voltage magnitudes at both ends are held constant but the relative phase angle
between the sending and receiving ends’ voltages is varied. We will begin with the base
case condition of the 160 km length line delivering 120 MW at 0.9 power factor lagging
to a receiving end when the magnitudes of the sending and receiving ends’ voltages are
held constant at their previous values, that is 199.24 and 345/+/(3) kV, respectively. Keep
the phase angle of V at zero, but vary that of Vs from —7 to -7 radians in one-degree
increments.

The complex power delivered to the receiving end can be computed from

Sg="Pr+jQr = Val}
(Vs —~AVg (3.184)
Vel T

Figure 3.34 shows the loci of the receiving end’s complex power for the 160-km line based
on the ABCD parameters of its equivalent 7 circuit model. These plots are obtained by
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x 10" loci of receiving end’s P+jQ
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Figure 3.34  Loci of receiving end’s real and reactive power.

varying the angle of Vs over the range of . The solid-line plot is the PQ locus for a | V|
of 199.24 kV. The inner dash-dot plot is for six percent less in the sending end’s voltage,
and the outer dotted-line plot is for six percent more in the sending end’s voltage.

From transient stability consideration, the phase difference between the sending end’s
and receiving end’s voltages of lines is to be kept well within 50°. Examine the data of these
plots and see if you can identify the portions of these loci that are of practical use from the
point of view of lower line current and losses for some given level of power transfer.

3.9.2 Project 2: Switching Transients
in a Single-phase Line

The objectives of this project are as follows:

e To implement a transient simulation of one phase circuit of a 500-kV, three-phase line
shown in Fig. 3.35, given in the Simulink simulation s2.
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Figuré 3.35 Single-phase circuit.

e Use the simulation to study the impact of inserted circuit breaker resistance on the
breaker and line transient voltages during and following the opening and closing of
the breaker.

e Examine the impact of line loading oun the breaker and line transient voltages.

In the single-phase circuit of Fig. 3.35, the supply source at the sending end of the
single-phase line is represented by a Thevenin’s equivalent consisting of a 60-Hz voltage

source, e = 500. %coswez kV, and a source inductance, Ly = 0.1 H. The single-phase line
is 100 miles long and is to be represented by a distributed parameter model. The electrical
parameters of the line are

R = 0.15 /mile
L = 2.96 mH/mile
C = 0.017 pF/mile

The circuit breaker shown has one main contact, M, and two auxiliary contacts
represented by switches S, and S,. Upon receiving a signal to close, the circuit breaker
closes its auxiliary contact, S,, first, inserting the closing resistor, R, for ¢, seconds before
its main contact, M, closes. The closing of the main contact, M, shorts out R, immediately,
following which S, reopens and remains open until another closing operation.

When a circuit breaker is closed and it receives a signal to open, it closes its auxiliary
contact, S,, first before it opens its main contact, M, at the next breaker’s current zero.
After the opening of the main contact, the auxiliary contact, S, remains closed with R,
inserted for a further 1, seconds. After 7, seconds, S, opens to interrupt the diminished
breaker current at the next current zero.

Figure 3.36a shows the overall diagram of simulation s2 of the circuit of Fig. 3.35.
The details inside the main blocks of the simulation are given in Figs. 3.36b through 3.36e.
As simulated, the breaker can be closed at any point of the wave of the source voltage. It
is, however, simpler to obtain the point of the wave of closing onto the unenergized line by
arranging for the breaker to close at ¢ = 0, using an initial phase of the source voltage, e,
that corresponds to the desired point of the wave of closing.
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Figure 3.36  Simulation s2 of distributed line and breaker.
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In Fig. 3.36a, the Thevenin’s source inductance and operational logics of the breakers
with insertion resistors are simulated in the source block, the delay and attenuation of the
line in the line block, and the series RL load at the receiving end of the line in the RL load
block.

In Fig. 3.36b, the switches, Insert iS*Rc and Insert iS*Rc, insert the appropriate
amount of breaker insertion resistive drops. These two switches are controlled by logic
signals having pulse widths corresponding to . and ¢,, respectively. As required by the
condition that M and S open on a current zero, the rising and falling edges of the opening
pulse signal are synchronized to the current zeros of the breaker current, is. Since the switch
block operates with a default transition condition of input (2) > 0, a bias of —0.5 must be
added to its logic signal, with true = 1 and false = 0, to operate the switch properly. As
shown, current zero is approximately located by testing for the condition when abs (is) <e.
Care must be exercised in selecting €, as too small an € can result in a current zero being
stepped over when the integration step size is not small.

Set up the simulation s2. Also given is the MATLAB script file m2 that can be used to
set up the desired parameters of the system and the operating times of the breaker. Modify
m2 to establish the condition for each case, and use s2 to investigate the following switching
operations:

1. Simulate the following cases of the breaker closing on an unenergized line with no
load at the receiving end:

a Re.=0,1.=1cycle.

b, R.=1kQ, t.=1/4,1/2,and | cycle.

c. Use a few golden section searches to locate the approximate value of R, within
zero and 200 €2 that will minimize the over-voltage transients on vg and vg for
t. = 1 cycle. The MATLAB functions, max and min, may be used to determine
the maximum and minimum of the values of vy and vy that are stored in the
MATLAB workspace after each simulation run.

Determine from the waveform of vp the time it takes the switching transients to travel
from the receiving end to the sending end and back. Check this value against that use
for the transport delay.

2. Simulate the following cases of the breaker opening when the energized line has no
load at the receiving end:

b

a. R,=0,¢,=1cycle.

b. R, =50kQ, 1, =1cycle.

¢. Use a few golden section searches to locate the approximate value of R, within
3 and 10 £$2 that will minimize the over-voltage transients in vy, for 1, = 1 cycle.

3. Repeat cases (1.c) and (2.c) with the line connected to a single-phase RL load of 30
MVA and 0.8 power factor lagging at its receiving end. The single-phase load is to
be represented as a lumped parameter RL impedance, whose value corresponds to the
given loading at the rated voltage of the line.
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Figure 3,37 Plot of vp(trace 1), vg(trace 2), vg(trace 3), is(trace 4), and i g (trace 5).

In each case, plot the variables e, vy, vs, is, and vg.

Given in Fig. 3.37 are sample results for the case where e == 500./(2/3) sin(w,t -+ /2)
kV and the receiving end of the line is terminated with a fixed impedance corresponding to
a three-phase loading of 30 MVA, 0.8 power factor lagging. The circuit breaker was closed
at ¢ = 0, or at the peak value of the source voltage with 7, = 1 cycle and R, = 1 k2, and
reopened 10 cycles later with 1, = 1 cycle and R, = 1k Q. The closing and opening sequence
is carried out using a repeating sequence signal source for the circuit breaker ON/OFF
signal. For the results shown, the time values array of the ON/OFF signal source was set
to [ 0 10¥Te 10*Te 15*Te], Te being the period of one 60 Hz cycle, and the corresponding
output values array being [ 1 1 0 0].
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Transformers

4.1 INTRODUCTION

The main uses of electrical transformers are for changing the magnitude of an ac voltage,
providing electrical isolation, and matching the load impedance to the source. They are
formed by two or more sets of stationary windings which are magnetically coupled, often
but not necessarily, with a high permeability core to maximize the coupling. By convention,
the input ac winding is usually referred to as the primary winding, and the other windings
from which output is drawn are referred to as secondary windings.

Power transformers working at lower frequencies between 25 to 400 Hz usually
have iron cores to concentrate the flux path linking the windings; those for high-frequency
applications may have powder ferrite cores or air cores to avoid excessive core losses. Eddy
current losses in an iron core can be reduced by using a laminated construction. For 60-Hz
transformers, the laminations of the core are typically about 0.014 inch (0.35 mm) thick.

4.2 IDEAL TRANSFORMER
We will begin by considering the relationships between the primary and secondary voltages
and currents of an ideal transformer that has no winding copper losses, core losses,

leakage fluxes, or core reluctance. Consider the magnetic coupling between the primary and
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Figure 4.1 Ideal transformer.

secondary windings of such an ideal transformer shown in Fig. 4.1. The flow of currents in
the two windings produces magneto-motive forces (mmf) which in turn set up the fluxes. As
shown in Fig. 4.1a, the sense of these windings is such that their mmfs are directed around
the core in a counter-clockwise direction for the assumed direction of winding currents
shown. With core reluctance neglected, the resultant mmf needed to magnetize the core is
zero, that is

Nyt + Naip =0 or L= -2 @.1)

i Ny

The dots in Fig. 4.1a mark the end of each winding that wraps around the core in the same
sense. Consequently, the induced voltages, e, and ep, with polarity so marked are in time
phase and their ratio yields the following relation between the winding voltages:

e _ Ni@pn/dt) _ Ny

er Ny(dpp/dt) N “2)

With all losses neglected, the ideal transformer is lossless; in other words, the net power
flowing into the ideal transformer from both of its windings will be zero, that is

. Nyiey\ [ —Naip .
eyiy ( v )( N ) esin (4.3)

Figure 4.1b shows the circuit symbol of the ideal transformer with current and voltage
relations as given by Egs. 4.1 and 4.2. Note that the positive polarity of the voltages is on
the dotted end of the winding and the direction of the currents is into the dotted end of
each winding. Since power flow is usually into one winding and out of another, the actual
direction of the currents could be opposite to that shown in Fig. 4.1, When the assumed
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direction of i5 is opposite to that shown, the mmfs of the windings will be subtractive, and
—in ought to take the place of i, in all the expressions given above.

In simulation and analysis, circuit variables and elements on one side of the ideal
transformer in Fig. 4.1c can be referred to the other side to facilitate the computation or
to obtain a simpler equivalent circuit. For example, using p to denote the time derivative
operator, the operational impedance, Z,(p) = rp + pL2, on winding 2’s side in Fig. 4.1¢c
may be referred to winding 1’s side using the voltage and current relationships of the ideal
transformer, that is

Jo (M) (2N NP (e &)2
“p = i H( Ny )(Nziz)—ﬁg( iy >~<N2 2P @4

4.3 MODEL OF A TWO-WINDING TRANSFORMER

In this section we will begin by deriving the flux linkage and terminal voltage equations
of a two-winding transformer, taking into account the resistance and leakage fluxes of the
windings, and the reluctance of the core. Towards the end of this section, we will use these
equations to develop an equivalent circuit representation for the transformer.

4.3.1 Flux Linkage Equations

When leakage fluxes are included, as illustrated in Fig. 4.2, the total flux linked by each
winding may be divided into two components: a mutual component, ¢, that is common to
both windings, and a leakage flux component that links only the winding itself. In terms of
these flux components, the total flux linked by each of the windings can be expressed as

(b] = ¢y + Pm (45)
P2 = ¢12+¢m : (4.6)

where ¢ and ¢y are the leakage flux components of windings 1 and 2, respectively. As
in an ideal transformer, the mutual flux, ¢, is established by the resultant mmf of the two
windings acting around the same path of the core. Assuming that N turns of winding 1

Figure 4.2 Magnetic coupling of a
two-winding transformer.
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effectively link both ¢,, and the leakage flux, ¢y, the flux linkage of winding 1, defined as
the turn times the total flux linked, is

Ay = Ny = N (@ + Pm) 4.7

The right side of Eq. 4.7 can be expressed in terms of the winding currents by replacing
the leakage and mutual fluxes by their respective mmfs and permeances. The leakage flux,
@1 is created by the mmf of winding 1, Nyij, over an effective path permeance of Py, say.
And the mutual flux, ¢, is created by the combined mmf, Nyi| + N,is, in the mutual path
of permeance P,,. Substituting for the leakage and mutual fluxes, Eq. 4.7 can be rewritten
as

A= Ny (N1iy Piy + (Nyiy + Naig) Py) = (N} Py + Ni Po) iy + Ny Ny Py i 4.8)
i, vz oo, o pntsmeoniesa N, ettt D
bt Dm Ly Ly

Similarly, the flux linkage of winding 2 can be expressed as
Ay = No{giz + dm) = No(Naiz Pro +(N1iy + Naiz) Py)

= (N} P+ N2 Pp)ia+ Ny NPy 4.9
| Nt e
Ly Ly

The resulting flux linkage equations for the two magnetically coupled windings, expressed

in terms of the winding inductances, are
Ay = Lyiy+ Lz (4.10

Ay = Loyiy +Lnia @.11)

1l

where L and Ly, are the self-inductances of the windings, and L, and Ly, are the mutual
inductances between them.

The self-inductance of winding 1 may be considered as the sum of a leakage, L;, and
a magnetizing component, L, from its own current. Thus for winding 1, with i3 = 0,

P )‘lizxo _ N+ 1)

Lu=—3 - =N} P +NEP, (4.12)
1 e e
Ly Ly

where ¢,,; = Nii1 P,, is the portion of the mutual flux magnetized by ;. Likewise, for
winding 2

22,20 _ M@+ dm)

Ly =— : = N} P+ N3P, (4.13)
i 1 R S —
Ly Lm2

where @ = Nyiz Py is the portion of the mutual flux magnetized by i,. In general, core
saturation will affect the values of the winding inductances.

Taking the ratio of L, to L,,, we obtain the following relationship between the
magnetizing inductances of the two windings:

Nodmz  NaLpa 5 N \?
m2 i N 28m N ml ( )
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The total mutual flux linked by each winding can be expressed in terms of its
own winding magnetizing inductance times the corresponding magnetizing current, For
example, the total flux linked by winding 1, expressed in terms of its own magnetizing
inductance, is

. Ny,
N1¢m=N1(¢ml+¢m2)=Lm1(ll+ V2 ) (4.15)
\_.\1,./

iy referred

It is evident from the above expression that the equivalent magnetizing current, as viewed
on winding 1’s side, is the sum of winding 1’s current and the referred current of winding 2.

4.3.2 Voltage Equations

The induced voltage in each winding is equal to the time rate of change of the winding’s
flux linkage. Thus, using the flux linkage expression given in Eq. 4.10, the induced voltage
in winding 1 is given by

=Ly ——+Lip— (4.16)

Replacing Ly by Ly + Ly and Lyaia by NoLyyia/ Ny, the voltage induced in winding 1
can also be expressed as o
diy d{is+ (N2/N1)ip)

ey =Ly "C;;-+Lm1 I Pa—— 4.17)
Whether it is just for convenience of computation or out of necessity, as when the
parameters are only measurable from one winding, often quantities of the other winding are
referred to the side which has the information available directly. This process of referring
is equivalent to scaling the number of turns of one winding to be the same as that of the
winding whose variables are to be retained explicitly. For instance, the current Nyiz /Ny is
the equivalent value of winding 2’s current that has been referred to a winding of N, turns,
chosen to be the same as that of winding 1. Denoting the referred value of i3 by i3, Eq. 4.17
becomes

diy d ..
81=Lu7t-+Lm12;(ll+l§) (4.18)
Similarly, the induced voltage of winding 2 may be written as
diy d (N, .
ey = Lpp—=+Lmp— | — 4.19
er=Lio-—r=+ m (Nzll-l—lz) 4.19)

The voltage e; can also be referred to winding 1, or scaled to a fictitious winding of N}
turns, using the refation given in Eq. 4.2. Thus, multiplying Eq. 4.19 through by Ny/No,
denoting Nyea/N; by €7, and replacing N%L,,,Z/NZ2 by Ly, Eq. 4.19 can be rewritten into
the form:

| di d . .
ey = L,Z—th« + Lt == G +ib) (4.20)
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The terminal voltage of a winding is the sum of the induced voltage and the resistive
drop in the winding. That for winding 1 is given by *
. o L di d
vy =iy bep =i+ 1/1E~+Lm;$
Instead of writing a similar equation for the terminal voltage of winding 2, we will write it
in terms of quantities referred to winding 1’s side, that is

vy = ﬂvo = &iq M zrw +e;
2 Ny © AN T Ny -
R S S—

il [
0 , di} d. .,
::12r2+1412—427+Lm1:i7(11+‘2)

(i1 +1i5) @20

Equations 4.21 and 4.22 are written with the current and voltage of winding 2 referred to the
side of winding !. The voltage equations with the current and voltage of winding 1 referred
to the side of winding 2 can be obtained by simply interchanging the subscripts of 1 and 2
for all the variables and parameters in Eqs. 4.21 and 4.22.

4.3.3 Equivalent Circuit Representation

The form of the voltage equations in Egs. 4.21 and 4.22 with the common L,,; term
suggests the equivalent T-circuit shown in Fig. 4.3 for the two-winding transformer. In
Fig. 4.3, the prime denotes referred quantities of winding 2 to winding 1. For example,
i, will be the equivalent current flowing in a winding having the same number of turns as
winding 1. (Equivalent in the sense that it will produce the same mmf, M,i», in the common
magnetic circuit shared with winding 1, that is N1i5 = Naiz.) This is apparent from the ideal
transformer part of the equivalent circuit. Similarly, the referred voltage, v}, satisfics the
ideal transformer relationship, v} /vy = N|/N». In a practical transformer, unlike that in
an ideal transformer, the core permeance or the mutual inductance is finite. To establish
the mutual flux, a finite magnetizing current, | + i3, flows in the equivalent magnetizing
inductance on the winding 1 side, L,,;.

The values of circuit parameters of winding 2 referred to winding | are determined
by the relation given in Eq. 4.4, that is

2

ry = &)Lr (4.23)
2= \y )" 23
= (M), (4.24)
2= \N, 2 -24)

If we were to include core losses by approximating them as losses proportional to
the square of the flux density in the core, or the square of the internal voltage e,, shown in
Fig. 4.3, an appropriate core loss resistance could be connected across ¢, in parallel with
the magnetizing inductance, L. The resultant equivalent circuit would then be the same
as that derived from steady-state considerations in a standard electric machinery textbook
[26].



Sec. 4.4 Siviulation of a Two-winding Transformer - ¥ |
ity Li PR A A
*j_/\/__@ N\ =
+ + + l[ e i’ 4 +

v1 e1 €m Lm1 62 \2)

Figure 4.3 Equivalent circuit of a two-winding transformer.
4.4 SIMULATION OF A TWO-WINDING TRANSFORMER

In this section, we will describe an arrangement by which the voltage and flux linkage
equations of a two-winding transformer can be implemented in a computer simulation.
There is, of course, more than one way to implement a simulation of the transformer even
when we are using the same mathematical model. For example, when using the simple
model described in the earlier section, we could implement a simulation using fluxes or
currents as state variables. Note that the equivalent circuit representation of Fig. 4.3 has a
cut set of three inductors. Since their currents obey Kirchhoff’s current law at the common
node, all three inductor currents cannot be independent. The magnetizing branch current
may be expressed in terms of the winding currents, i1 and i/, as shown.

In our case, we will pick the total flux linkages of the two windings as the state
variables. In terms of these two state variables, the voltage equations can be written as

1 d
S 1+-—~i‘—”~‘ 4.25)
dt
] dx[/3
A 4.26
K 2" wp dt ( )

where | = wphy, Y2 = wpky, and wy s the base frequency at which the reactances are
computed. The ﬂux linkage per second of the windings can be expressed as

Y1 = wphy =Xt + (4.27)
Yy = wprh = Xpih (4.28)

and
Y = p L1 (i) +15) = Xp1 (i1 +15) (4.29)

Note that ¥, is associated with the magnetizing inductance referred to winding 1.
The current i) can be expressed in terms of ¥ and v, using Eq. 4.27. Similarly, 75
can be expressed in terms of ¥ and ¥, using Eq. 4.28.
i = ‘//l Y (430)
X1
-,
R “.31)
X
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Substituting the above expressions of i; and i, into Eq. 4.29, we obtain

Yo _ ViU ViV )

- (4.32)
Xml Xi1 Xy

Collecting the ¥, terms to the right, we obtain the desired expression of ¥, in terms of the

two desired states, that is
/1 1 1 W A
wm( +~—+—,~)=ﬂ+-’ (4.33)
Xml Xt Xpp X1 xlz

Letting

1 1 1 1
— + e (4.34)
XM Xmt XL Xpy

Eq. 4.33 can be written more compactly as

Ym = xu ( LI ) (4.35)
Xit ’Cp
Using Eqs. 4.30 and 4.31 to replace the currents, Egs. 4.25 and 4.26 can be expressed
as integral equations of the two total flux linkages, that is

¥ = /{wbu;——wbm (Mﬂ)]dz (4.36)
X1

Yh o= /{wbvé"wbré(%v wm)} (4.37)
2]

Collectively, Egs. 4.30, 4.31, 4.35, 4.36, and 4.37 form a basic dynamic model of a
two-winding transformer to which magnetic nonlinearity and iron losses may be added if
necessary. In this model, the flux linkages are the internal variables, the terminal voltages
are the required inputs, and the winding currents are the main outputs. Figure 4.4 shows the
flow diagram of a simulation of a two-winding transformer that requires the instantaneous
value of the terminal voltages of both windings as input to the simulation. Figure 4.5 shows
the SIMULINK simulation given in s/a that is in accordance with the flow diagram given
in Fig. 4.4. It shows that internal variables, 1/, ¥3, and ¥, are also available directly from
this simulation.

4.5 TERMINAL CONDITIONS

As shown in Fig. 4.5, the developed simulation of a two-winding transformer uses terminal
voltages of the two windings as inputs to the simulation and produces the winding currents
as outputs. The input-output set of a subsystem in a simulation need not be the same as that
of the physical subsystem as long as the input-output requirements of all subsystems in the
simulation can be properly matched by those of connected subsystems, including the actual
inputs and outputs of the entire system. For example, if a load is connected to the secondary
winding of the transformer and the nature of the load is such that its describing equation can
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’_" Figure 4.4 Flow of variables in a two-
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be implemented in the simulation to use the load current as its input and the load voltage as
its output, the load module input-output requirement is said to match those of the secondary
terminal of the two-winding transformer simulation given above.

In manipulating equations to be solved either on the digital or analog computer,
the forms to avoid are those with derivatives or algebraic loops. While the derivative
form is obvious, the presence of an algebraic loop is less so. Algebraic loops occur when
implementing simultaneous algebraic equations where there is direct feed-through of their
inputs from one block to another around a loop not involving an integrator.

Let’s return to the problem of completing the input requirement for the simulation of
the two-winding transformer, specifically that of determining v from the load simulation.
The techniques to be presented are useful, not only for combining the above transformer
simulation with those of other network elements, but they are also applicable to other
electromagnetic devices such as the rotating machines simulations that will be described
in later chapters. The input voltage to the primary winding, vy, is either a known fixed
ac voltage or obtainable from the simulation of other components to which the primary
winding is connected. That the primary input voltage can also be derived from another part
of the simulation will become clear after the following discussion on how to obtain the
secondary terminal input voltage.

The condition of a short circuit at the secondary terminal is easily simulated by using
v} =0 in the simulation. Simulating an open-circuit condition at the secondary terminal is
not as straightforward as that for a short-circuit condition. The open-circuit condition at the
secondary terminal has an i, of zero, which when substituted into Eqs. 4.26 and 4.28, yields
vy, = drm/dt. To avoid taking the time derivative of +,, in the simulation, this value of
secondary input voltage can be derived from the value of di( /d¢ just before the integrator
that yields ¢{. The relationships used are those between v, and /| in Eqs. 4.26 and 4.28
and that of Eq. 4.29 for the condition i; = 0.

’ d.(ﬁm Xml d‘//1 Xm1
[ e e == vy — 17w, 4.38
2oc dt X1+ X, dt x“+x,,,1( thres ( )
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Figure 4.6 Equivalent circuits of load.

The case of finite loading on the secondary terminal is easiest when the load can be
represented by an equivalent impedance or admittance. For example, a specified loading
of S at the rated voltage of Vo,4.4 can be translated into an equivalent load admittance
referred to the primary side.

N\ V3
S pry - 2rated )
(GV + B/) [ 2rated 4.39
LT JIby N, S ( )
The conductance and susceptance of Eq. 4.39 may be modeled by either one of the two
equivalent circuit representations shown in Fig. 4.6. The equations of these parallel circuit
equivalent loads can be expressed in integral form with voltage as output and current as
input to complement those of winding 2’s terminal. For lagging power factor loads, the
paraliel RL combination of Fig. 4.6 is used. The required v} output from the load simulation
is obtained from the v vs. i relationship of the resistive clement, that is

vy = iRy =— (i5+i] )R] (4.40)
where 4 is the output current from the simulation of winding 2 of the transformer and i; is
to be obtained from integrating the voltage across the equivalent load inductance, L .

1
i = 7 vidt :w/,B;‘/vlzdt (4.41)
L
The parallel RC combination of Fig. 4.6 is to be used for leading power factor loads.
However, the required v} output from the RC load simulation is obtained from the v vs.
relationship of the capacitor, that is

7
v = é, / iLdl = wp Bl / {_zg - }(zz @.42)
L L

Note how the common junction voltage between the load and the winding 2 terminal
of the transformer can be developed in these two different situations, that is the use of the
load resistor in Eq. 4.40 and the use of the capacitor in Eq. 4.42. Clearly, the common
junction voltage needs to be defined by only one of the components when there are two
or more componenis connected to that junction,

Sometimes the nature of the interconnected components may not lend themselves
to such matching of their input/output requirements at all junctions. This situation is not
uncommon in a complex system simulation which is constructed using standard modules
of components or templates. There is an advantage in being able to use well-established
templates, especially large and complicated modules. The convenience of not having to
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Figure 4.7 Use of a fictitious resistor to
develop vj.

reformulate may, in some situations, justify the expense of little inaccuracy caused by the
introduction of either a very small capacitor or a very large resistor across a junction to
develop the common junction voltage required by connected modules whose input/output
requirements are all of the voltage input current output kind. While choosing an extremely
small capacitor or an extremely large resistor does minimize the inaccuracies caused by
the introduction of such non-physicaily-related elements, too extreme a value may resuit
in system equations that are overly stiff for the solution procedure used. In practice, the
smallest capacitor or largest resistor that one can use for such an approximation will be
limited by numerical instability.

As a simple illustration of the use of such approximations, consider the sub-circuit
shown in Fig. 4.7, in which the voltage, v}, is the desired input to both the transformer
simulation and the other module. Adding a fictitious resistor, Ry, that is much larger
than the impedance of the actual circuit elements, would allow us to develop v/, without
introducing too much inaccuracy to the simulated solution. The required voltage input to
the connected modules is given by the voltage equation of the fictitious resistor, Ry, that is

vy=igRy = —(i5+ )Ry (4.43)

Alternatively, a small capacitor, Cr, can be used in place of the resistor, Ry, to
develop the junction voltage, that is

1
vy = o /(ig +i)dt (4.44)

Although using a capacitor will introduce an extra state, its voltage does not amplify the
noises in the currents as with Ry. In some situations, it may result in a more tolerable
approximation than Ry at an acceptable simulation speed.

4.6 INCORPORATING CORE SATURATION INTO SIMULATION

Core saturation mainly affects the value of the mutual inductance and, to a much lesser
extent, the leakage inductances. Though small, the effects of saturation on the leakage
reactances are rather complex and would require construction details of the transformer
that are not generally available. In many dynamic simulations, the effect of core saturation
may be assumed to be confined to the mutual flux path. Core saturation behavior can be
determined from just the open-circuit magnetization curve of the transformer, The open-
circuit curve, such as that shown in Fig. 4.8, is usually obtained by plotting the measured
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Figure 4.8  Saturation characteristics.

tms value of the terminal voltage against the no-load current drawn on winding 1 when
the secondary terminal is open-circuited. With core losses ignored, the no-load current is
just the magnetizing current, [,,,ns. Furthermore, with only no-load current flowing into
winding 1, the voltage drop across the series impedance, r| + jwLi, is usually negligible
compared to that across the large magnetizing reactance, x,,| = wLy. Since the secordary
is open-circuited, i’2 will be zero, thus Vipms & LyprmsXmi - In the unsaturated region, the ratio
of Virms/ Imrms 18 constant, but as the voltage level rises above the knee of the open-circuit
curve, that ratio becomes smaller and smaller.

Some of the methods that have been used for incorporating the effects of core
saturation in a dynamic simulation are:

(i} Using the appropriate saturated value of the mutual reactance at each time step of the
simulation.

(ii) Approximating the magnetizing current by some analytic function of the saturated
flux linkage.

(iii) Using the relationship between saturated and unsaturated values of the mutual flux
linkage.

In method (i), the saturated value of the magnetizing inductance, X3¢, can be updated
in the simulation using the product of the unsaturated value of the magnetizing inductance,
x4 times a saturation factor, &, both of which can be determined from the open-circuit
test data. Under open-circuit conditions, the small voltage drop across the ry -+ jx;i can be
neglected, thus Vs & Enrms. When the excitation flux is sinusoidal, it can be seen from
Eqs. 4.25 and 4.29 that E iy = Wmrms. Thus, the voltage axis of the open-circuit curve in
Fig. 4.8a may also be read as that for the flux linkage, ¥rms. The slope of the airgap line,

shown as a dashed line in Fig. 4.8a, is equal to the unsaturated value of the magnetizing
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reactance, x,i*". The saturated magnetizing reactance, xJ¢%, at any voltage on the open-
circuit curve is equal to the slope of a line joining that point on the open-circuit curve to the .

origin. The degree of saturation can be expressed by a saturation factor that is defined as

satr 1 unsat
mMrms mrms
= s, < .
ks wnsar OF Jsat ks =1 (445)
mrms mrms
If the effective saturated magnetizing reactance, x3¢, is defined as the ratio of ¥yh,  / Inat, o
sat ISCZ[ xSaf
— mrnis mrms ml
ky = Jsat unsat ~ unsat (4.46)
mrms ¥ mrms ml

With certain methods of simulation, such as in analog simulation, it is generally easier
to handle a constant rather than a variable magnetizing reactance in Bq. 4.35 to account for
the effect of core saturation. Usually in such simulation, the current value of y3% will be
determined from the unsaturated value of mutual flux, ¥4, that is computed using the
value of x¥}%".

Let’s denote the difference between the unsaturated and saturated values by Ay, that
is

w:’;ﬂ.sﬂl — sat + Aw (447)

m

The value of A will be positive in the first quadrant but negative in the third quadrant.
The relation between Ay, and w24 or 3¢ can be obtained from the open-circuit
magnetization curve of the transformer. As shown in Fig. 4.8a, for a given no-load current,
i1, we can determine the corresponding values of ¥"¥9" and y3%. Repeating the procedure
over the desired range for ;% we can obtain a sufficient number of paired values of 4%/
and ¥, to plot the curve shown in Fig. 4.8b.

With method (i), the relation between the peak value of the flux linkage and the
peak of the magnetizing current must be established. Since the open-circuit test is usually
performed by applying a sinusoidal input voltage, ignoring the series voltage drop, the core
flux may be assumed to be also sinusoidally varying in time. But the magnetizing current for
asinusoidal flux excitation into the saturation region will not be sinusoidal. The conversion
of the measured rms values of the applied voltage and magnetizing current to instantaneous
values when the magnetizing current is non-sinusoidal is not straightforward. A procedure
given in [30] for deriving the instantaneous value saturation curve from measured data of
the open-circuit test will be described in the next section.

Method (iii) uses the relationship between the saturated and unsaturated values of the
flux linkage. Unlike method (ii), it does not require an explicit relationship between the flux
linkage and magnetizing current. When flux linkages are chosen as the state variables, as
in our case, method (iii) is preferred.

We will next describe the modifications needed to include core saturation using
method (iii). For clarity, additional superscripts are introduced in this section to distinguish
between unsaturated and saturated values of the mutual flux linkage. Unsaturated and
saturated values of the winding currents and total flux linkages are implied by their
relationships with the mutual flux linkage. We will begin here by first rewriting Eq. 4.29 as

w,l]llllsal — LUb Litnnlsaf (i] +l‘é) o xl”lSﬂf ([l + lé) (4.48)

nml
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Similarly, in terms of the saturated flux linkages, the saturated value of the winding currents
can be expressed as

7}”[”‘ sat
| = e (4.49)
x[l .
. vy =¥
iy = A (4.50)
)&12
Substituting the above expressions of i} and ié in Eq. 4.48, we obtain
nsat st / sat
A LA S A 1 @.51)
X X, X
ml 1 12

Note that the values of v and 1[/3 in Egs. 4.50 to 4.51 are saturated values. Replacing v 454!
by 3 + A and collecting the 3% terms, we obtain

m mn

: v Y A
Yol = xpy (“ + _/g = hmsar (4.52)
ML X Ay

where the value of x is as in Eq. 4.34 for the unsaturated case, that is
1 1 1 1

— (4.53)

T T

A comparison of the above set of expressions for the saturated condition, along with
the corresponding expressions for the unsaturated or linear case, will show that to account
for saturation in the mutual flux, we need to be able to determine the value of Ay on the
right side of Eq. 4.52. This can be done with the help of the functional relation between
Ay and Y3 The above formulation in which the parameters, in particular x1*“ and x,
remain constant is relativety simple to implement. The modified implementation which will
account for mutual flux saturation is shown in the flow diagram of Fig. 4.9. Compared to
that for the linear case given earlier in Fig. 4.4, the changes are in the last term of Eq. 4.52
and an additional module which is needed to compute Ay from . Note, however, that
the Ayr loop so introduced is an algebraic one.

In digital simulation, the current value of Ay can be determined by a look-up table
using interpolation, or by simple analytic functions approximating some range of the Ay
vs. 3¢ curve, In SIMULINK, a table relating Ay to ¥5% can be implemented using the
Look-up Table module given in the Nonlinear block library. The input-output relation of
the Look-up Table module is defined by input and output array variables of the same length.

Alternatively, the relation between Ay and ¥;% shown in Fig. 4.10 can be
approximated by a simple analytic function. Some analytical approximations studied
[27] include linear, power series, exponential, and hyperbolic functions. The choice of
representation depends on the application and the range for which the approximation is to be
valid. In some studies, the reluctivity or local gradient of the magnetization is important, for
others it may be the general fit over a larger range, as in system-behavior-type simulation.

Figure 4.10 shows two examples of three-segment approximations of the Ay vs. i
curve in the first quadrant. The mathematical description of the three segments in Fig. 4.10a

are
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Figure 4.10  Piece-wise approximations of Ayr vs. y3f,

Linear Region (3% < By)

In the unsaturated portion of the Ay vs. Y3 curve,

Ay =0 (4.54)

Knee Region (B) < % < By)
The knee region is highly nonlinear. It can be approximated quite well by a suitable
exponential function of the form:

AV = aebthn’=BD (4.55)

where the value of a is equal to the small step discontinuity at ¥7%' = B; and the
constant b is to be determined by equating the expression to the value of Ay at the

point Y% = By, that is

A (By) = ae®Pr—B0 4.56)
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Fully Saturated Region (%' > B))

In the fully saturated region, the Ay vs. 3% curve is approximately linear. Thus for
sat - B’)
m 2

AY = Ay (" — Ba) + Ay (B2) (4.57)

The mathematical description of the piece-wise linear approximation shown in
Fig. 4.10b can be expressed as

Ay = Ay (YoF =By )+ Ay (v — By ) (4.58)
where
Al = slopel it 3 > By
"= 1o otherwise
A, = | slope2—slopel if Yt > By
27 %0 otherwise

The slopes and breakpoints of the second and third linear segments are slope/ and By, and
slope2 and By, respectively.

Since ¥, is alternating, saturation for negative v, must be taken care of by a similar
Ay vs. Y3 approximation in the third quadrant. For negative 3%, the slope of the linear
approximation remains the same, hence the A values remain the same, but the sign of the
breakpoint values, that is B, changes with that of ;4.

4.6.1 Instantaneous Value Saturation Curve

The open-circuit magnetization curve of the transformer can be obtained from the results of
an open-circuit test. With I} = 0, the applied sinusoidal voltage, Vi, to winding 1’s terminals
is gradually raised from zero to slightly above its rated value. Usually, the measured rms
value of winding 2’s output voltage and the measured rms value of winding 1’s excitation
current, that is Vz’ vs. I, are plotted Since all variables in our simulation model are referred
to primary winding 1 and are of instantaneous rather than rms value, the correction for
saturation, Ay, should be expressed in terms of the instantaneous variables referred to the
primary winding. The measured open-circuit secondary rms voltage can easily be referred
to the primary side using the turns ratio, that is
N
st = 3 Vi (4.59)
The relation between the peak value of the primary winding flux linkage and the
peak value of its magnetizing current can be obtained following the procedure described
in [30, 31]. Beginning with the open-circuit curve with rms values referred to the side
of the winding that we will use in the simulation and distinguishing the rms values by
upper-case letters and the instantaneous values by lower-case letters, mark on the rms open-
circuit curve, as shown in Fig. 4.11a, the points 0, 1,2,3, ..., N. Point 0 is at the origin and
point 1 is at the end of the linear region of the magnetization curves. The other points can
be approximately distributed over the saturated portion of the curve. Figure 4.11c shows
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Figure 4.11 rms value curve to instantaneous value curve.

the corresponding points on the instantaneous ¢35 vs. i curve that is to be determined
successively, one point at a time. Corresponding to each point on the rms open-circuit curve,
consider the open-circuit rms current drawn by the transformer when an input sinusoidal
voltage having a peak value of +/2 times that of the rms voltage is applied, such as that
shown in Fig. 4.11b for the kth point. For a sinusoidal input voltage of frequency w, the
corresponding flux linkage will be sinusoidal with a peak value given by

Ye=+2Ve k=01,...,N (4.60)

Thus, the values of ¥, ¥,..., ¥y in Fig. 4.11b can be determined from the above
relations.

Except for the initial value, that is ip = 0, the peak value of their corresponding
magnetizing currents, iy, iz, ..., iy, however are still unknown at this stage. They are to
be determined by equating an expression of the rms value of the instantaneous current
in Fig. 4.11c to the measured rms value for the corresponding points in Fig. 4.11b in the
manner described below.

When the number of points used is sufficiently large and their level judiciously
distributed, the rms value of the instantaneous current corresponding to a sinusoidal voltage
excitation can be determined with reasonable accuracy using a simple piece-wise linear
analytical representation between adjacent points, as shown in Fig. 4.11c. Let K; be the
slope of the line joining points (j — 1) and j, measured from the vertical, that is

fj—1ij-1
Y=Y

The value of ix can then be expressed as

Kj= j=1...,N 4.61)

k
=S K~ Vi) fork=1,...,N (4.62)
j=1
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The algorithm described in [30] determines the values of Kjfs forj=1,..., N
successively by equating the expression of the rms value of the instantaneous current to
the corresponding measured rms value for an input sinusoidal voltage having a peak that is
/2 times the corresponding rms voltage.

Beginning with j = 1, the peak of the flux linkage wave corresponding to point 1
on the open-circuit curve of Fig. 4.11a is ¥ = +/2V;. With the first St ys. iy linear
segment starting from the origin, the analytical expression of the instantaneous current

corresponding to the above excitation is
i = Ky sinf (4.63)

Assuming sinusoidal voltage excitation, the flux linkage wave will also be sinusoidal. When
hysteresis is ignored, the magnetizing current with an applied sinusoidal input voltage is
quarter-wave symmetric; as such, we need only to consider a quarter-wave excitation when
computing its rms value. For example, for the kth point, we need only to consider the rms
value of the current due to the hatched area of the applied voltage shown in Fig. 4.11b. For
k =1, we equate the expression for the square of the rms value of i with a peak of i; from
the curve of Fig. 4.11c to the square of the rms current, that is ; in Fig. 4.11a.

9 /2 K2>y?
I’ = -/ (K sing)? a0 = XiV1 (4.64)
T Jo 2
or
21
x = Y2h (4.65)
(21

Similarly, for point 2 of Fig. 4.11a, we use an excitation flux wave with a peak value
of yr; equal to V2Va/w (note that 8, = /2 in this instance). Equating the square of the
corresponding measured rms current to the expression for the square of the rms current
produced by a sinusoidal voltage of this magnitude, we have

5

L

4 /2 2
B== { (Kiyasind)? do + f Ky + Ka(fasind —y))2do | (4.66)
0 0

where 6; = sin™! (Y1 /¥r2). Using iy = K v, Eq. 4.66 can be rearranged into a quadratic
equation in X of the form

AyK2 4+ ByKy+Cy =0 (4.67)
where
/2
Ay = / (Y2 5in6 —+4r)2d8, Ay >0 (4.68)
N
/2
Bz = 2K1¢/1/ (wzsinﬂ wl/fl)dG, 32 >0 (4.69)
0
5 T o 5 T,
C; = it -0 +/ (K1y>sin0)*do — = 13, Cy<0 (4.70)
0
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With only a positive value of K, admissible,

—~By+,/ B} —44,C;
K, @.71)

= 24,

Likewise, it can be shown that the linear segment with slope, Ky say, satisfies a
relation similar to that given in Eq. 4.67 obtained for point 2, that is

AKE+ Bk +Cp =0 4.72)

where by induction it has been shown in [30] that

k=1

i 2 T
Cr =dk+/;(1<j A+ KBy +dy) = S
2
d}' :lj——ltj
t =9j~9j_1

0; = Si‘n‘l (—W—])
WYk

1 (4.73)
S = E(Sil"nz@j - sin26j~;)

& = COS?,@,‘ -C0829j_1

¢.2
Aj = 5= )+ 2018+ V1

Bj= =2 (Yrgi+ ¥j-14)
forj=1,...,k;1 <k<N

Beginning with the point at the origin, thatis k = 0, where ¥y =0, iy =0, and 8y =0,
the values of K for k = I,..., N can be obtained successively using Eqs. 4.72 and 4.73.
As shown earlier for the case of k = 2, the solution is of the form given by Eq. 4.71.

An M-file based on the above algorithm to obtain the instantaneous value ¥ vs.
i curve from the standard open-circuit test data in rms values is given in mginit. Figure
4.12 shows the results of the sample case given in mginit. The subfigure on the top left
of Fig. 4.12 is a plot of the input open-circuit curve data in rms values; the plot of the
corresponding instantaneous value 5 vs. i curve is on the top right. The bottom two
subfigures are plots of errors in comparison to the open-circuit rms current when the two
magnetization curves are subjected to a sinusoidal voltage excitation whose amplitude is
slowly varied to cycle over the full range of the magnetization curves. The one on the bottom
left is obtained using the open-circuit curve, but it is scaled by a factor of V2, assuming
that both voltage and current waveforms are sinusoidal. That on the bottom right is obtained
using the instantaneous value 5 vs. i curve. These results, obtained using the SIMULINK
program, smg, shown in Fig. 4.13, indicate that the error is negligible when the amplitude

of the excitation voltage is below the knee of the saturation curve, but grows rapidly as the
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Figure 4.12  Saturation curves and errors in current,

amplitude of the excitation voltage reaches further into the saturated region. As shown in
this exercise with the algorithm, the open-circuit curve should be monotonic and the usual
scattered points from measured data should be curve-fitted first to avoid excessive kinks in

the 3% vs. i curve.

4.7 THREE-PHASE CONNECTIONS

The generation and distribution of ac electric power are mostly in three-phase. When
the three-phase system is operating under balanced conditions, it can be represented for
study purposes by an equivalent single-phase representation, thus experiencing savings
in computational effort. For unbalanced operating conditions, the three-phase system will
have to be represented as-is or by a combination of sequence networks. In this section,
we will examine methods that can be used to simulate some of the common three-phase
transformer connections, as in electromechanical transient studies.

In general, the operating characteristic of a three-phase transformer will depend not
only on its winding connections, but also on the magnetic circuit of its core. When the
windings of the different phases share a common core that provides a magnetic path for
mutual flux, there will be mutual coupling between them.
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The two most common winding connections are the Wye and Delta connections. A
Wye connection is favored over a Delta connection at higher voltage levels, but a Delta
connection can be advantageous when the winding current level is high. Other factors
normally considered include those of grounding from the point of safety and protection,
and paths for harmonic currents and fluxes to minimize distortion of the voltage waveform.
For greater detail, the reader is referred to reference [24].

4.7.1 Wye-Wye Connection

We will begin by considering the case where the primary and secondary windings of a
three-phase transformer are Wye-Wye connected as shown in Fig. 4.14a. For illustration
purposes, the neutral of the primary windings is grounded through a resistor, Ry, and those
of the supply sources and secondary windings are solidly grounded. Since the neutral of
the primary windings is not solidly grounded, its potential will be floating with respect to
the system ground, G. Depending on whether the operating condition is balanced or not,
the phase-to-neutral voltages across the transformer primary windings may not be the same
as the corresponding phase-to-neutral voltages of the source, since

VAN = VAG —UNG
VBN = UBG — UNG (4.74)
VCN = UCG ~ UNG

where vag = va0, VpG = Vo, and veg = vco. Figure 4.14b shows the equivalent circuit
representation of only one of the phases of the three-phase system, in which the transformer
has been represented by the equivalent circuit representation given in Fig. 4.3. Recall that
the two-winding transformer simulation developed earlier requires primary and secondary
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Figare 4.14  Wye-Wye connected transformer.

voltages as input and provides primary and secondary currents as output. The voltage, vy,
can be determined from the relationship of the voltage drop across Ry, that is

vy = (ia+ip+ic)Ry 4.75)

Ry could be a large fictitious resistor in the case where the neutral point, N, is ungrounded.

Figure 4.15 shows a SIMULINK simulation of the three-phase transformer connec-
tion given in Fig. 4.14a for the case where three separate two-winding transformers are used.
The assumption of three separate two-winding units here is used so that we can use three
two-winding transformer modules, as shown in Fig. 4.16 of the inside of one module, and
the connection relationships expressed in Eqs. 4.74 and 4.75.

4.7.2 Delta-Wye Connection
Figure 4.17 shows a Delta-Wye connected transformer, where the secondary neutral point,

n,1is grounded through resistor R,,. When the windings are connected as shown, the effective
secondary-to-primary turns ratio of the three-phase connection is V3N, /Np, and the
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Figure 4.15  Simulation of Wye-Wye connected transformer.

secondary phasor voltages are phase-shifted by 30° counter-clockwise to the corresponding
primary phasor voliages.

With the primary windings of the three transformers connected as shown in Fig. 4.17,
the input voltages to the primary windings can be computed directly from the ac source
phase voltages using

Il

vaB VA0 —VBO

1l

vgc = VBo ~VUCo (4.76)
UcA = VUCo —VAO

The input voltages to the secondary windings of the transformers, on the other hand, are a
function of the secondary neutral point voltage to system ground, that is

Van == Van = UnG

Vbn = Upn — Un@ .77

Ven == VUep =~ UnG
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Figure 4.17 Delta-Wye connected transformer.

where v,¢ = (ig +ip +ic) R,. In the simulation, the line currents on the primary side can
be computed from the primary winding output currents using

= iap—ica
igc—ias (4.78)

ic = ica—ipc

=
|

o
il

A SIMULINK simulation of the system shown in Fig. 4.17a is given in Fig. 4.18.
Again, for simplicity, we have assumed that the Delta~-Wye transformer is formed by three
separate single-phase units. The simulation shown uses three two-winding transformer
modules like the one given in Fig. 4.16, and the relations given in Egs. 4.76, 4.77, and 4.78.
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Figure 4.18  Simulation 54 of Delta-Wye connected transformer.
4.8 PROJECTS

The circuit parameters and magnetization curve of the 120/240, 1.5 kVA, 60-Hz, pole-type,
two-winding distribution transformer for Projects 1 and 3 are as follows:

r =025Q rh=0.134Q
xi1 = 0.0562 X}, = 0.056Q
X1 = 708.802

All parameters given above are referred to the 120V, winding 1 side. Figure 4.19 is a
plot of the magnetization curve of the transformer in terms of the instantaneous values of
the flux linkage and magnetizing current on the 120V, winding 1 side.

4.8.1 Project 1. Short-circuit
and RL Load Terminations

The objectives of this project are to implement a SIMULINK simulation of a single-phase
two-winding transformer, use it to examine two operating conditions: (1) the secondary
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Figure 4.19  Magnetization curve of distribution transformer.

terminals short-circuited and (2) the secondary terminals connected to a non-unity power
factor load, and to verify the results obtained with those predicted from an analysis using
the equivalent circuit given in Fig. 4.3.

The SIMULINK simulation of a two-winding transformer can be set up using the
voltage-input, current-output model described earlier in this chapter. Core saturation can
be handled using either a piece-wise linear analytic approximation of the saturation curve,
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Figure 4.20  Simulation s/b of a two-winding transformer with a piece-wise approximation of the
saturation curve.

such as that of Fig. 4.20 and given in s/b, or a look-up table between ¢ and Ayr, such
as that of Fig. 4.21 and given in s/c. The Look-up Table and Memory modules to break
the algebraic loop are found in SIMULINK’s Neonlinear block library.

Use the MATLAB script file m/ to set up the parameters of the SIMULINK
simulation s/c. Check the parameter settings in m/ to make sure that they correspond
to the parameters of the 120/240, 1.5 kVA, 60-Hz, pole-type distribution transformer
given above. Begin by trying the odel5s or the Adams/Gear numerical method with a
minimum step size of 0.1 msec, a maximum step size of 1 msec, and an error tolerance
of le™7. Conduct the following runs on the simulation using a sinusoidal input voltage of
i = 12042 sin(120mt +60) V:

1. With the 240V side terminals short-circuited, that is vy = 0, and no initial core flux,
energize the transformer at the following point of the wave of the voltage, v;:

a. The peak of the sinusoidal supply voltage, using a 8 of /2.
b. The zero of the sinusoidal supply voltage, using a @ of zero.

Plot the values of vy, iy, ¥, vj, and i5.

2. Replace the short-circuit termination on the secondary terminal with a fixed impe-
dance representing 1.5 kVA, 0.8 lagging power factor of loading at rated voltage and
repeat the above energization studies with the transformer on the load.

Discuss the results obtained, checking some of them against analytical results based
on the same equivalent circuit. For example, check the decay times of the dc offset in the
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Double-click the masked block m1 or run m1.m in the MATLAB command window to initiaiize this simulation.
Type return after the K>> prompt in the MATLAB command window to piot simulated results.

Double-click the masked block fft to run fftplat.m script, and input the requested information in the MATLAB command
window to obtain the time and frequency plots.
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Figure 4.21 Simulation s/c of a two-winding transformer using a look-up table for the saturation

curve.

input current or flux against the values of the time constant for the corresponding terminal
condition on the secondary side, with saturation and without saturation. Note the impact
that saturation has and explain it. Compare the magnitude of the currents obtained from the
simulation when it reaches steady-state with those computed from steady-state calculations.

4.8.2 Project 2: Open-circuit Termination,
In-rush Current, and dc Bias Core Saturation

The objectives of this project are

e To implement an open-circuit termination.

e To examine the phenomena of in-rush currents during the energization of a trans-

former.

e To study the core saturation caused by a dc excitation component, as in the case of a

geomagnetic-induced current.
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Open-circuit termination.  Itis assumed that you have implemented the two-
winding transformer simulation called for in the previous project. Approximate the open-
circuit condition on the secondary terminals in your simulation by using a large fictitious
resistor across the open-circuit terminals. In implementing the volt-current relationship for
the fictitious resistor, take heed of the current direction and voltage polarity of the resistor
shown in Fig. 4.7. The larger the fictitious resistor value that you can use in your simulation
to approximate the open-circuit condition, the closer the approximation. Typically, a resistor
value about 100 times the base impedance, defined as rated voltage to rated current, will be
acceptable if it does not present a numerical problem. The simulation can have difficulty
converging when the resulting system equation is numerically ill-conditioned, as in the case
of tightly-coupled windings with relatively small leakages. A good example of this is the
situation at hand, where we are attempting to use a large resistor to simulate the open-
circuit operation of the given two-winding transtormer that has tightly coupled windings
and a saturation curve with sharp knee. To avoid numerical instability, we will have to
pick an integration method that is suitable for stiff systems, keep the step size and/or the
error tolerance small, and if necessary, use a smaller fictitious resistor at the expense of less
accuracy.

Experiment with a few values of the fictitious resistor in the range between 50 to
200 times base impedance in combination with some reasonable step size to see whether
your simulation of the transformer with saturation will yield satisfactory results, that is,
no noticeable glitches riding on the secondary voltage waveform. Note the value of the
secondary current in each case.

In-rush current. Large magnetizing in-rush current can occur with a certain
combination of point of wave energization and residual core flux. Here we will examine
the in-rush of magnetizing current in an unloaded transformer that is energized at the instant
when the supply voltage and residual core flux are both zero.

Use the To Workspace block to store the values of ¢, vy, iy, ¥, and vg over the
initial 20 cycles for plotting and analysis to be performed later. To perform a fast Fourier
analysis, values of the function at a uniformly spaced interval are required. Unless you set
the maximum and minimum step size to the same value, the result from a variable step size
integration algorithm is unlikely to be uniformly spaced. Uniform samples can be obtained
by using the save feature of To Workspace, or by interpolation of the simulated output.
The save feature of To Workspace allows you to specify the sample time and also the
decimation, that is the number of sample times to skip between successive stores. However,
with a simulation that is highly nonlinear or with many discrete changes, using a uniform
time step may not give satisfactory results unless the specified time step is very small.

Given in the CD-ROM that accompanies this book is an M-file, FFTPLOT, for
obtaining the discrete Fourier transform plot of a variable that is stored in column array form
in the MATLAB workspace, as in the To Workspace block. The values of the variable need
not be taken at uniformly spaced time intervals. The M-file, FFTPLOT, uses interpolation
to first obtain uniformly sampled values of the variable required.by the MATLAB fast
Fourier transform function, ff1, and then plots the normalized value of the discrete transform
sequence. Double-clicking on the masked block, ffiplot in s/c shown in Fig. 4.21, will
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execute the given FFTPLOT M-file, if it has been properly placed in MATLARB’s search
path beforehand. '

For purposes of comparison, we will first collect data from a transformer energization
with no core saturation by leaving open the Dpsi feedback loop as shown in Fig. 4.21.
With zero initial core flux, energize the transformer with a sinusoidal input voltage of
= IZOﬁsin(lZOnt) V and plot the values of vy, iy, and ¥, vs. .

Close the Dpsi loop.in the transformer simulation and repeat the energization. Plot
the values of vy, i1, and ¥, vs. t. Comment on the differences between the i) and 1, of the
two sets. .

Use FETPLOT to obtain the discrete Fourier transform of the magnetizing in-rush
current, i1, for the case of the transformer with an open-circuit secondary being energized
with a sine input voltage. Figure 4.22 shows the sample plot, i}, and its discrete transform
for the above condition with a stop time of 0.2 second. Note the dc component and even
harmonic components in the transform sequence of the in-rush current. The prominent
second harmonic current component of the in-rush current is employed in some circulating-
current protection schemes to restrain the overcurrent relay from operating during the in-~
rush period.

Time trace of i_1
40 v r T

30 ]

20

10F

[
<
R —

_1 o L 1 L
0 0.05 0.1 0.15 0.2
time in sec
Discrete transform of i_1
5 b

-y
T
L

Fourier transform/N
n W

-
2

L ./\AA‘A

0 100 200 300 400
frequency in Hz

Figure 4.22  Discrete transform of an in-rush current with sine voltage excitation,
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dc bias core saturation. Half-cycle saturation and its attendant problems can
be caused by inadvertent excitation of an asymmetric nature, as in rectifier circuits or during
a geomagnetic storm. We can observe this behavior in simulation by introducing a small dc
offset component to the primary voltage, v;.

Modify your simulation to allow you to switch in an additional dec component voltage
to vy besides the main ac component of 120\/§sin(120m) V. Connect the 1.5 kVA,
0.8 power factor lagging load to the secondary terminals. Start the simulation with the
transformer with a vy of 120+/2sin(1207¢) V and the load on the secondary. When steady-
state is reached, slowly ramp up the dc voltage component in the primary voltage, vy,
from zero to 10 V and record the behavior of ¥, i, and v,. Comment on the potential
adverse effects in practice from the point of view of harmonic distortion and additional var
requirements.

Sample results for the case of no load on the secondary terminal are given in Figs. 4.23
and 4.24. These results are obtained using the simulation shown in Fig. 4.21 with an
Adams/Gear numerical method, a minimum step size of 0.1 msec, a maximum step size of 1
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Figure 4.23 Transformer energized at the peak of vy.
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msec, and an error tolerance of 1e~’. The open-circuit terminal condition on the secondary
terminal was approximated with a large resistor of 1 k. :

4.8.3 Project 3: Autotransformer Connection

Show how you can use the transformer simulation given in Fig. 4.21 to simulate the
autotransformer winding connection shown in Fig. 4.25, where the voltage on the high-
voltage side is the sum of the winding voltages, v and vy, and the voltage on the low-voltage
side of the autotransformer is v;.

4.8.4 Project 4? Delta-Wye Transformer

The objectives of this project are to determine the voltage and current ratios of the Delta-
Wye connected transformer shown in Fig. 4.17, and to examine the waveforms of the zero-
sequence current components on both sides of the transformer.

Set up a SIMULINK simulation s4 of the Delta-connected transformer and ac source
system shown in Fig. 4.17a. Figure 4.18 shows the overall diagram of the SIMULINK
simulation, s4. Each of the transformer modules in s4 contains a full representation of the
two-winding transformer used in Projects 1 and 2. Let’s consider the -situation when the
load across each secondary winding is 1.5 KVA, unity power factor. Note that the turns
ratio, N/ Ny, is 0.5 and that the primed secondary voltages and currents are referred to the
primary; as such, the load value used within the three load modules should also be the load
impedance referred to the primary side. The parameters and magnetization characteristic of
the three single-phase transformers forming the Delta-Wye arrangement are identical. The
voltages of the three ac sources on the primary side are

2
120\/-;005(1207”) %
2 27
vgo = 120 é—cos 120m-—-3~ \% 4.79)
2 4
veo = 120\/;«)3 (12071:—375) %

Voltage and current ratios. For this part of the project, we will ignore
core saturation. The core saturation in each transformer module can be deactivated by
opening the Dpsi loop. Use the MATLAB script file m4 to set up the parameters and initial
conditions in the MATLAB workspace for simulating s4. The duration of the simulation
run, tstop, is set inside m4 to be 1.5 seconds to allow time for the variables to settle to
steady-state condition; however, the length of the To Workspace array y is purposely kept
short so that only the last few cycles of the waveforms will be plotted. Using ode15s or the
Adams/Gear numerical method, s4 will run satisfactorily with a minimum step size of 0.2
msec, a maximum step size of 10 msec, and an error tolerance of 2¢~.
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Run m4 from the MATLAB command window and respond to its prompt to input the
ohmic value of the secondary neutral resistor to ground, R,, to 10§2. Run the simulation -
with the transformer operating with balanced supply and load, and obtain a plot of the line
voltages and currents, v g, Vas, i 4, and i4, the zero-sequence component of the winding and
line currents, (iap +igec +ica)/3 and (iy +ip +i.)/3, and the secondary neutral to ground
voltage v,g. From the circuit diagram in Fig. 4.17b, the voltage, v,, may be expressed as

”

: N,
UnG = (fa +ip +ic) Ry = Nﬁ(;‘; +ip iRy (4.80)
- $
From the plotted waveforms, determine the following:

1. The ratio of the primary-to-secondary line-to-line voltages. Check it against the
nominal ratio of N/ V3N,

2. The ratio of the primary-to-secondary line currents. Check it against the nominal ratio
of +/3N;/Np.

3. The phase shift between the primary and secondary line-to-line voltages, v4 g and vqp.
Compare it with the phase shift between the primary and secondary line currents, i4
and i,. Sketch the phasor diagram to illustrate and cross-check these phase shifts in
the voltages and currents for the unity power factor load condition. For the primary
winding connection used, show that the sum of the primary line current, that is
(ia+ip+ic),is zero.

Zero-sequence current. Repeat the above study, but with core saturation
by closing the Dpsi loops in all three transformer modules. Set R, to 10 £ and run the
simulation to obtain plots of the same set of variables. Comment on the difference in the
wave shape of the zero-sequence component of the primary and secondary windings, as
well as the primary line currents.

Next, unbalance the secondary loading by halving only the resistive component of
RL load on phase a. With R, still at 10 €2, repeat the run and examine the plots of the
zero-sequence components of the winding and line currents, (iap + ipc + ica)/3 and
(ia +ip+ic)/3.1s there a change in the zero-sequence component on the secondary winding
due to the single-phase unbalance in loading? Will there be a similar change in the zero-
sequence component of the primary line currents, (i4 +ip +ic)/3? Why not?

Finally, increase the value of R, to some large value, say 100 times the base
impedance, Z;, of 1202/1500 , to approximate an ungrounded neutral of the Wye
winding. With the secondary loading still unbalanced, repeat the run to obtain a plot of the
same three zero-sequence currents. Explain the presence or absence of the zero-sequence
current component in the primary and secondary winding currents and in the primary line
currents. Figure 4.26 shows the voltages and currents of the Delta-Wye transformer with
the ungrounded neutral connection of its Wye secondary windings approximated by 100Z,,
when the load on each secondary phase is 1.5 kW.
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and Transformations

5.1 INTRODUCTION

Most of today’s electric machinery uses iron as a medium to concentrate or to direct the
useful flux, air as a medium to store energy and to provide relative motion, and copper
or aluminum to conduct the current and to collect the induced voltage. The windings in
an electric machine usually consist of many turns of copper or aluminum conductor. A
voltage is induced in a winding when the flux it links changes with time. In transformers,
the windings are stationary, and the voltages induced in the windings are due to the time-
varying flux linking them. But in rotating electric machines, changes in flux linkage with
time are usually created by either relative motion between a winding and a spatially
distributed magnetic field, or by a variation of reluctance in the magnetic circuit linking
the winding as a result of rotor motion.

In electric machines and transformers, windings are usually assembled from iden-
tically shaped coils formed by one or more turns of copper or aluminum conductors.
Concentric windings are formed by coiling roughly similar sized turns concentrically
about a common axis. They are suitable for transformers, and are also used in small
electric machines. Although less expensive to construct, they are nevertheless impractical
in large machines where the large cross-sectional area of the coil sides would require an
unacceptably large slot. Widening the slots to accommodate the coil sides will reduce
the iron area available to the useful flux, and deepening the slots can result in excessive

122
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localized saturation at the narrower tooth base. The alternative is a distributed winding that
distributes the coils of the winding over several smaller slots which are adjacent to one
another.

Windings are also referred to by their principal functions. A winding whose primary
function is to handle the converted electrical power is referred to as an armature winding,
whereas that which is used to provide the excitation flux is known as a field winding.
Sometimes the same winding performs both functions, power carrying and excitation, as
in the windings of an ac induction machine.

Let’s briefly review the fundamentals which can help us understand not only how
most electric machines operate, but also to know why they are built that way. From the
fundamentals of electrostatics, we learned that electric charges exert a force on one another.
When the charges are stationary, the force may be attributed to the presence of an electric
field created by other stationary charges. But when the charges are moving, there is an
additional force, besides that exerted by the electrostatic field. This additional force on the
moving charge is from the magnetic field of the other moving charges. The movement of
charges or current creates a magnetic field. The force on the moving charge can be expressed
in terms of the magnetic field. Figure 5.1a shows the force acting on a charge, ¢, moving
in a magnetic field of flux density, B. In MKS units, with the unit of charge expressed in
Coulomb, its velocity in meters per second, and the field B in Webers per square meter, the
force, in Newton, is given by

F=g¢gvxB N (5.0

The magnitude of the force, F, is g Bvsin®, where vsing is the component of the
velocity, ¥, that is perpendicular to the field, B. A steady current flow, as from a continuous
streamn of moving charges in a conductor of length L meters exposed to a uniform magnetic
field B, will result in a force on the conductor given by

F=LixB N (5.2)

Such a developed force can be hamessed to perform useful work, as in the situation
shown in Fig. 5.1c, where a counter-clockwise torque is produced by forces acting on the
conductor segments, ab and c¢d, which turn the rotor holding the conductors. Assuming
that the two conductor segments through which the common current flows are of identical
length, the forces on them will be equal and opposite when they are placed under equal
but opposite field polarity, that is with B radially inwards on ab and radially outwards on
cd. With a symmetrical configuration, the two forces combine to produce a torque with no
net translational component. This simple setup has many of the basic features of a working
motor: a winding to carry the current to interact with the magnetic field to produce a torque
and a movable element so that the developed torque can produce useful work, as force alone
without movement produces no work.

As the movable element rotates under the influence of the torque produced, an
induced voltage is produced in the moving conductors. If the velocity of the conductors is
v meters per second relative to the magnetic field, B, the induced voltage in each coil side
is given by

e=L¥xB VvV (5.3)
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(a) Force on moving charge (b) Force on current-carrying conductor
direction direction
of rotation of rotation

i /
(c) Torque on coil sides (d) Induced voltages in coil sides

Figure 5.1 Forces and torque in motoring.

With B radially outward and ¥ as shown, Fig 5.1d shows that the induced voltages
on the two conductor segments are of a polarity that will oppose the current, 1 shown in
Fig. 5.1c. In other words, if torque is to be developed continuously in the direction shown
in Fig, 5.1c, to keep the conductors rotating counter-clockwise, the external voltage source,
Vext, driving the current, i, will have to force the current flow against the induced voltages
inab and cd.

The situation that we have just described is commonly referred to as the motoring
mode of operation, where an external voltage source must overcome the internal induced
voltages to circulate the current that interacts with the magnetic field to produce a useful
torque. In motoring, energy from the external voltage source is being converted by the
machine to mechanical work.
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(a) Induced voltage in a moving conductor

direction of

N . developed torque
direction of rotation direction of rotation

and applied torque and applied torque

(b) Induced voltages in coil sides (c) Torque on coil sides

Figure 5.2 Induced voltages in generating.

In the so-called generating mode of operation, an external torque is applied to the
rotor carrying the conductors, rotating them relative to the magnetic field to produce an
induced voltage. As placed in Fig. 5.2, the conductors are under opposite field polarity so
that their induced voltages will reinforce one another, or become additive, around the loop.
When no current Hlows in these conductors, there will not be a force acting on them from
the magnetic field. The externally applied torque need only overcome whatever friction and
windage losses to maintain motion at a certain speed. However, if the induced voltages
were to be used to supply electrical power to some electrical circuit connected externally,
the flow of current which accompanied the supply of electrical power would again interact
with the magnetic field. This time, the forces on the conductors will produce a torque that
opposes the externally applied torque. Thus, for the machine to rotate at the same speed and
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continue to generate electrical power, the externally applied torque would have to overcome
the developed torque and also the friction and windage torques. ) .

The above description, of course, is a rather simple viewpoint. When it comes to
designing a practical machine, we will have to handle numerous engineering details and
address fundamental questions such as how do we produce the B field so that the machine
can generate steady power or produce a steady torque.

5.2 ELECTRICAL RADIANS AND SYNCHRONOUS SPEED

Around the airgaps of most ac machines, the magnetic field alternates in polarity. Figure
5.3 shows the field distributions of two- and four-pole ac machines with round and salient
rotors. For a P-pole machine, the spatial flux density may be viewed as having P/2 pairs
of north-south poles around the airgap. A winding linked to such a spatial flux density and
moving at a uniform relative speed with respect to the flux distribution will in one rotation
of the rotor have P/2 cycles of induced voltage. Thus for a P-pole machine, the relation
between the angular measures of the electrical and mechanical variables is

P
B, = 56,,, elect. rad (5.4)

(a) Two—pole salient (b) Two-pole round

{c) Four-pole salient (d) Four~pole round

Figure 5.3 Flux distribution and induced voltage.
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Differentiating both sides of Eq. 5.4 with respect to time, we obtain
P
welelectrical rad/sec) = -—iwm (mechanical rad/sec) (5.5)

The subscripts, ¢ and m, have been added to distinguish between the electrical and
mechanical measures.

The relation between the frequency, f, of the induced voltage in cycles per second
and the mechanical speed, , in revolutions per minute, can be shown to be

f=—— Hz (5.6)

where f is (w,./2m) cycles per second and N is (wy, /27r) x 60 revolutions per minute. The
value of wy, or IV, which satisfy the relationships given in Eqs. 5.5 and 5.6, is known as the
synchronous speed of the machine.

5.3 FLUX PER POLE AND INDUCED VOLTAGE

The induced voltage and developed torque of an electric machine are dependent on the
amount of flux under each pole. When the flux density distribution in a pole is known, the
flux under the pole can be determined by integrating the flux density distribution over the
pole area. For example, Fig. 5.4 shows the developed view of a sinusoidally distributed flux
density over two poles with B(0,) = By cos 8. The flux per pole for such a field distribution
is given by

7. /2
Ppole = / B i cos. L RO, Wb (5.7)

~Te/2

coil axis

A

v

Figure 54 Flux per pole.
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coil axis

Figure 5.5  Full-pitch coil moving relative to flux density, B.

where L is the effective length of the pole area, R the mean radius of the air-gap annulus,
and —m. /2 to . /2 is the angular span of a full pole width in electrical radians. Substituting
for d6,, using

2
dby, = -}—)—d()e (5.8)

we obtain
2 /2 4 4
Ppote = ~B,,kLR/ c086,d0, = — B, LR 5.9
P —-rr/_,/z P
For a sinusoidal flux distribution, the average value of the flux density, Byye, is /) B Pk
The flux per pole can also be obtained from the average flux density under a pole area times
the pole area, that is :

2w LR 4
¢pale = Baye ( )

o ) = 5 Bl R (5.10)

(pole area)

Figure 5.5 shows a full-pitched coil with N turns that is moving laterally with respect
to the sinusoidally distributed flux density at a constant relative velocity of w, = d,/dt.
The flux linked by the coil varies with its position with respect to the sinusoidal flux density.
The maximum flux linked by the full-pitched coil of N turns is N¢ 0. If we let time ¢ be
zero when the coil’s axis coincides with the peak of wave B, the flux linked by the coil at
any time ¢ may be expressed as

A(t) = N pote cOs et Wh. turn (5.1D)

The induced voltage in the full-pitch coil is given by
dr(t) Nd‘bpnle

dt dt

COs el ~ We NP pote SIN Wt Vv (5.12)
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The first term of Eq. 5.12 is known as the transformer voltage term and the second term is
the speed voltage.

In most rotating ac machines, the flux density distribution, B(6,), and the flux per
pole, @po1e, are usually constant under steady-state operation. Thus in steady-state, the
induced voltage is from the speed voltage, or ¢ = —w NP pose Sinw, 1.

5.3.1 RMS Value of the Induced Voltage

The root-mean-square (rms) value of the above sinusoidally varying speed voltage
component can be expressed as

weN¢pule
72

In ac machines, especially those of higher ratings, a phase winding is formed by
interconnecting identical coils whose coil sides are positioned in two or more adjacent slots.
These distributed windings may also have coils that are short pitched, that is, coils which
span less than 180° of the flux wave. The effects of both distribution and short pitching
of the coils can be separately accounted for by a distribution and pitch factor, k4 and &,
respectively. The combined effect of both distribution and short pitching on the induced
voltage is usually represented by the winding factor, k,,. Thus, the rms value of the induced
voltage of a winding with a distribution factor, £, and pitch factor, k,, can be written as

Erps = 4‘44fk1u N(ppolc (5.14)

Erpms =

=444 f Nppote  V (5.13)

where

kw = kpkq (5.15)
5.3.2 Distribution Factor

The phase windings of an ac machine may consist of series and/or parallel combinations
of more than one coil under a different pole-pair. Within each pole-pair region, the coils
of a distributed winding are distributed over many pairs of slots. As shown in Fig. 5.6 the
voltages induced in the component coils forming the phase winding occupying adjacent
slots will be phase displaced from one another by the slot angle separating them, ¢, which
is the electrical angle subtended by the arc between two adjacent slots.

Defining the distribution factor as the ratio of the resultant voltage with coils
distributed to the resultant voltage if those same coils were concentrated in one location,
we have

a Resultant voltage of coils under a pole-pair | E poe|

d = . p ;
‘ Arithmetic sum of the coil voltages Y ; | E¢il

(5.16)

For the case of a phase winding having g coils/phase/pole, | E pore| = 2R sin(gay /2)
and | E;| = 2R sin(e/2), its distribution factor is
_ sin(gos /2)

47 gsins/2) 617
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Ect Ec2 Ec3

+ o+ - -
+ Epole
Figure 5.6 Resultant voltage of series full-
Coils of a pole Result of coil's phasor voltages pitch coils under each pole.

5.3.3 Pitch Factor

Short-pitching, or chording, refers to using coils with width less than one pole-pitch
such as that shown in Fig. 5.7. Chording is often used in machines with fractional-slot
windings (non-integral slots per pole or slots per pole per phase) in a double-layer winding
arrangement. It allows the use of a total number of armature slots that is not necessarily a
multiple of the number of poles, thus enabling a finite set of stampings with a certain number
of slots to be used for a range of machines running at different speeds. Chording may also be
used to reduce or suppress certain harmonics in the phase emfs. Chording results in shorter

coil axis

(b) Resultant of coil-side phasor voltages

Figure 5.7 Resultant of coil-side voltages of a fractional-pitch coil,
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end connections, but the resultant fundamental phase emf is reduced with chording. As
such, coil span is rarely made less than 2/3 pole-pitch because the additional turns necessary
will offset whatever savings gained in the end connections.

The effect of chording can be accounted for by the pitch factor, &, defined as the ratio
of the induced voltage in a short-pitch coil to that in a full-pitch coil:

Resultant voltage in short-pitch coil

k, =
P Arithmetic sum of voltages induced in coil sides (5-18)

With sinusoidal induced voltages, each coil voltage is the phasor sum of its two coil-side
voltages, thus for coil a, Eco =E, +E_g, where |E, | = 1B _al,

Efa = cos O : (5.19)
2[E,|

kp =

o)

5.4 SPATIAL MMF DISTRIBUTION OF A WINDING

Let’s examine the mmf that is established by a current, i, flowing in a single concentric coil
of n. turns as shown in Fig. 5.8. Ignoring the reluctive drop in iron and applying Ampere’s
law to a closed path drawn symmetrically around the bottom coil side, we obtain

Fi—Fy=nd  Adturn (5.20)

By symmetry of the chosen path, the mmf across the two gaps in a closed path are equal
and opposite, that is, F = —Fy. Thus

=l (5.21)

coil axis coil axis

Figure 58 mumf distribution of concentrated coil.
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A developed view of the airgap mmf distribution can be obtained by slitting a side of
the stator and unrolling it as shown in Fig. 5.8. The direction and magnitude of the airgap
mmf on either side of the two coil sides can be deduced from the figure and the above
relationships between Fy and F,. For the single coil of n. turns, the airgap mmf distribution
is a quasi-square of amplitude n.i /2.

The fundamental component of the quasi-square mmf distribution of magnitude
nei/2 is given by

4n
Fy = ——icosf, (5.22)
w2
The expression for the corresponding fundamental component of the airgap flux density in
a uniform airgap machine is

t 4
fat _SHone, oso,  whym? (5.23)
g wmg 2

where the airgap length, g, is assumed to be the same all around.

By = o

5.4.1 The Effect of Distributing the Phase Coils

In practice, the coils of the winding are distributed over several slots on the inner bore
of the stator stampings or on the outer circumference of the rotor stampings. Because of
the discrete location of the coil sides, the spatial mmf distribution of such a distributed
winding consists of steps at every location of the coils sides. For instance, Fig. 5.9 shows
the distribution of coil sides in a two-layer arrangement of a set of three-phase windings
in a two-pole stator. As shown, each of the abc phase windings are formed by connecting
four coils identified in the figure by numbers 1 through 4. The two coil sides of a coil are
numbered with the same phase and coil number, distinguished only by an extra minus sign
for one of the coil sides. For a full-pitch winding in a two-pole machine, coils 1 and 2 of the
a-phase winding have coil sides on the top and bottom slots vertically opposite one another,
that is, their coil sides are one pole-pitch apart. Assuming that each of the four coils has n,,
turns, the sum of the fundamental mmf components produced by coils al and a2 is given
by

4 o
Fat—at + Faa—u2 = —ncicos (Ge + ‘5‘) (5.24)
b4 2

where 8, is the angle measured from the a-phase winding axis and «; is the angle between
the center lines of adjacent slots, both measured in electrical radians. Similarly, the sum of
the fundamental mmf components produced by coils a3 and a4 is

s

4 o
Fa3—a3 + Faqmad = —neicos (95 - “") (5.25)
b1 2

The distribution factor is defined as the ratio of the phasor resultant to the arithmetic sum
of their magnitudes. Using the cosine rule for the resultant, we have

Distribution factor ky = %\/ cos? (Ge + %j") +cos? (He - %) +2cos (95 + 9‘—23) cos (65 - %—S)

= cos 2 (5.26)
cos
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4 aphase axis

. '
a-phase axis

A A

F +F
Fatat * Fazan -a3-a3 " -ad-a4

& Frosuttant

Figure 5.9 The resultant mmf of a distributed winding.
5.4.2 The Effect of Short-pitching

The span of a full-pitch coil is 180 electrical degrees; that of a short-pitch coil is less. For
example, Fig. 5.10 shows the layout of windings which are short-pitch by one slot angle,
the stator has the same number of slots as in the full-pitch winding case shown in Fig. 5.9,
If we were to compare the position of the inner-layer coil sides of the full- to the short-
pitch arrangement, we would see that the short-pitch arrangement could be obtained from
the full-pitch case by rotating the inner layer of coil sides by one slot angle in the direction
which shortens the span of each coil, in this case counter-clockwise. The effect of short-
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»- a-phase axis

Figure 5.10 A fractional pitch winding ar-
| rangement. .

pitching the phase coils can be conveniently accounted for by considering the space mmf
of these fictitious full-pitch coils. For example, in Fig. 5.10, we can imagine the equivalent
space mmf to be set up by four fictitious full-pitch coils: (ay, —a3), (as, —a2), (a2, —ay),
and (a3, —a4).

The fundamental component of the resultant from these four fictitious full-pitch coils
is

Fq

il

Fal,~a3 + Fa4,~az + Fa3,'—a4 + Faz,~a|

i

4 1 1
;r-nci Icosﬂe+ é-cos(Qe — o) + 5005(@—%—%)} (5.27)

i

4 4
—n¢i cosf, (1 +cosay) = —2n.icosb, cos® &
b4 b4 2
By comparing the above expression of F, to the form
4
Fp= ;chikdk,, c0s 6, (5.28)

and allowing for the distribution of the four full-pitch coils by a k4 of cosa,/2 found in
Eq. 5.26, the factor attributable to short-pitching by one slot angle may be identified as

o
kp = cos as— (5.29)
In general, the expression for the fundamental mmf of a distributed winding with a
winding factor of ky, and a total of 7,4, turns over a two-pole region may be expressed as
4n pole

Fg1=—
aln_,}

kyyicost, (5.30)

Assuming that the total phase turns of N, in the P-pole machine are divided equally among
P /2 pole-pair regions, the number of turns per pole-pair is
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6e
coil ax;s
Figure 5.11  Sinusoidal current sheet.
Nph N pole Nph
— _pre PR 5.31
Rpole (P/2) or 3 ) ( )
In terms of Ny, the fundamental mmf is
4 [ Npk
Fo=— (—-"i—_) i cosd, (5.32)
k14 P

By comparing the above expression with Eq. 5.22, which gives the fundamental mmf
component produced by a concentric winding, we can deduce that the same fundamental
mmf component can be produced by a winding with N,z turns of full-pitch concentric coils
per pole-pair, where
2N prky
P
For analytical purposes, the same fundamental mmf can be produced by an equivalent
continuous current sheet, shown in Fig. 5.11, that is produced by the same current i flowing
in a hypothetical winding of sinusoidally varying turn density,

N .
ni6,) = -‘i’"~ sino, (5.34)

Negr = (5.33)

Such a current sheet has a total number of turns per pole pair of Nyine. It produces a
sinusoidally distributed spatial mmf that is given by

1 [oetn : Niinel
Fy=~ n(0e)id, = 2L cos6, (5.35)
2 Jo, 2

By comparing the above mmf expression with that of Eq. 5.32, and using the relationship
given in Eq. 5.33, we can obtain the following relationships between the different turns
mentioned so far:

e T (5.36)

The expression of the fundamental flux density, assuming a uniform airgap of g, is

F, 4  Npypk
= BTl TR cost, (5.37)

B,
al g 7 Pg
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The expression for the flux per pole due to the fundamental flux density component is

/2 2
¢pole = Lf Bai Rdby, = LR] Bay (9e)d9e (F)

—n/2
4 poLR 2Nppky (2 4 woL R (2) - (5.38)
el A HEES B — Neff i
T8 P P T g P
Negs

5.5 WINDING INDUCTANCES

In this section, we shall derive the expressions of the self- and mutual winding inductances
for the elementary machine shown in Fig. 5.12. The self-inductance of the winding, s, on the
stator of the elementary machine with Nz, turns per pole pair linking ¢ poe, not including
leakages fluxes, is given by
P/2)N, 4
L”,_(_._/._l_fﬂiféﬁﬂliz_.’f‘lgvefslllg (5.39)
i g

The flux linked by the rotor winding, r of Ny, effective turns, due to the field established
by the stator winding, s of Negs, effective turns, is

P T4 pg N 2
A (_) Neff,{Lf K0 ZXffs i cos6 R d6, (——)}
2 —nf2+a 7T 8§ 2 P

i

(5.40)
= O NugssLRigcose
7 g effriVeffs $
A 4
Lys = == = “'@Nefereff.\‘ LRcosu (541)
iy wg
coil r axis

coil s axis

Figure 5.12 Mutual coupling between sta-
tor and rotor windings.




Sec. 5.6 Rotating Fields 137

=0

._.‘\ "‘,'“.-' Fs
LN Le]
[N i
% i ot E
» i 9 at
“‘u~ r 4 ’u"’ ° - ot
®% ', S @ \ Fb
a o £ ;
N =3l 7 a
.“:; e
t =10 Forward and backward

Time variation of Fo4 over space revolving components

Figure 5.13 mmf of a single-phase coil.

It can be readily shown that Ly, = L,; and that

4 o
Ly = ;?fof, LR (5.42)

5.6 ROTATING FIELDS
Using Eq. 5.32, the fundamental component of the space mmf that is established by a single-
phase winding with a current i = [, coswt may be written as
Fyy = Fjpycoswt cosb, (5.43)

where the peak value of the fundamental mmf, £, is equal to (4/7)ky, (Npn/ PY 14, and 6,
is the electrical angle measured in the counter-clockwise direction from the winding axis.
Replacing the product of the two cosines with a sum and difference, we obtain

1 1
Fy = -Z-lecos(t?a -—wt)+§F,,,1 co8(8, + wt) (5.44)

7 Fy

The fundamental component of the space mmf may be interpreted as a pulsating standing
wave by the form of Eq. 5.43, or as two counter-revolving mmf waves, each of half the
amplitude of the resultant’s by Eq. 5.44. Both interpretations are illustrated in Fig. 5.13.
The forward component, Fy, rotates counter-clockwise in the direction of increasing 6, ata
speed w, whereas the backward component, Fj, rotates in the opposite direction at the same
speed. )

In a three-phase machine, the axes of the three-phase windings are spaced 27/3
electrical radians from one another, that is 85 = 6, — 120° and 6, = 6, + 120°. Assuming
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balanced operation, that is the phase currents are of the same magnitude and 120° phase
apart, '

Il

ig = Incoswt
ip = Iycos(wt—120°%) (5.45)
ic = Iycos(wt+120%)
Using Eq. 5.44, the funéamental airgap mmfs of the three phases, expressed in terms of 6,
are

1
Far = 5 F1{cos(0s = w1) +cos(0a +wi)}
Fyy = %le (co8(84 — 1) +c08(da + ot —240%)} (5:46)

1
Fop = 3 w1 (€08 (8, — wt) + cos(f, + wt +2407))

The second terms of these mmfs form a balanced set of a zero resultant. The resultant from
a superposition of these three winding mmfs is yielded by the first terms, that is

3
Foi+ Fpr+ Fep = Elecos(Ba —wrt) (5.47)

N
Fy

Thus, the resultant airgap mmf is a constant amplitude, sinusoidal-shaped, revolving
wave whose peak coincides with the magnetic axis of the a-phase winding at 1 = 0 and
rotates with a speed of w in a direction corresponding to the sequence of the peaking of the
phase currents.

5.7 DEVELOPED TORQUE OF A UNIFORM AIRGAP MACHINE

Using the basic principle of energy conversion, the torque developed by a machine can be
obtained by considering the change in coenergy, W/’,d, of the system produced by a small
change in rotor position, 6,,, when the currents are held constant.
a W‘,’, d
T= “‘aja““i held constant (5.48)
m

The coenergy of the magnetic system is defined as the complement of the field energy, Wﬁw
that is

Wiy = Al = W (5.49)

Depending on the problem at hand, one form of the torque expression may be preferred over
another. Here, we shall examine the expressions of the developed torque for the elementary
two-pole machine with one stator and one rotor winding shown in Fig. 5.12. We will first
use the coupled-circuit, and then we will use the field approach.
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Coupled-circuit approach. If we ignore magnetic nonlinearity, the coen-
ergy, Wf’,d is equal to the stored energy in the field. In the circuit approach, the stored energy
of the two coupled windings in the idealized machine of Fig. 5.14a is given by

1 1
Wa = ~2»L”i52 + EL,,if + Lgyisircosdy,  J (5.50)

where Lgs and L, are the self-inductances of the stator and rotor windings, respectively,
Ly, is the maximum value of mutual inductance between the stator and rotor windings, and
8,y is the angle of inclination between the two windings in electrical radians. Using Eq. 5.48,
the torque developed is given by

o W O WaaGoris,ir) 88y, P

D Sy =8
385rm 385r 38 srm S R

(5.51)

P
:-——2«Ls,zsz,sm8s, N.m

The negative sign in Eq. 5.51 indicates that the developed torque is in the direction opposite
to that of increasing Js,.

Magnetic field approach. In the magnetic field approach, the stored energy
can be obtained by multiplying the volume of the space containing the field by the energy

coil r axis

(a) winding axes

(c) phasor resultant

Figure 5,14 Field components and resultant,
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density. If F; and F, are the peak values of the fundamental mmf components in the airgap
that are produced by currents of the stator and rotor windings, respectively, and if the
electrical phase angle between them is 85,, the peak value of the resultant mmf Fy as given
by the cosine rule is

F2 = F? 4 F} 4 2F,F, cosé,, (5.52)

The peak and rms values of the resultant field intensity in the airgap are
' Fg Hpeuk
Hpeak = ‘g"_y Hypms = ?g

The average energy densny is equal to (uoH?,,)/2 or uoFz e /4g2. Ignoring the reluctive
drops in the iron, the stored energy-is mainly from the airgap annulus. For an annulus of
length L, mean diameter D, and radial thickness g, the stored energy is

A/m (5.53)

FZ
Wa="2"Riprey 7
§ (5.54)
uon DL

T (F2 4 F2 4 2F Fy cosdsy)
4g

With the nonlinearity of the magnetic material disregarded, W;l ¢ Will be equal in value to
Wha. Since the above expression for Wy is already in terms of the mmf and rotor angle, the
independent variables of Wf’,d, the torque expression may again be obtained using Eq. 5.48
with W ¢ €qual to the right side of Eq. 5.54, that is

Wy PuonDL

T ::—-«2~~*2— P s F,sinég, N.m (5.55)

The torque can also be expressed in other forms using the following relationships:

T =

Fysindg, = Fgsiné,

F,sind,, = Fpsind;

By = ”0: Ly (5.56)

2 nDL
¢ = Byye(pole area) = { — By,
n P

For example, the developed torque can be expressed in terms of the peak value of the flux
density in the airgap, that is

P L
T:“‘z‘“z) BuFysing, N (5.57)

or, it can be written in terms of the flux per pole:

2
T = “g‘ (“12”)') ¢paleFr Sin(Sr N.m (558)
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5.8 THREE-PHASE TRANSFORMATIONS

In the study of power systems, mathematical transformations are often used to decouple
variables, to facilitate the solution of difficult equations with time-varying coefficients, or
to refer all variables to a common reference frame. For example, the method of symmetrical
components developed by Fortescue uses a complex transformation to decouple the abe
phase variables:

[fo12] = [Tor2}fape] (5.59)

Variable f in Eq. 5.59 may be the currents, voltages, or fluxes, and the transformation [Tp2]
is given by
1 11
2
[Tozl==] 1 a a (5.60)
3 P
1 a* a
where a = ¢/ 5. Its inverse is given by
11
(Toa) '=| 1 o a (5.61)
1 a a?

The symmetrical component transformation is equally applicable to steady-state vectors or
instantaneous quantities.

Another commonly-used transformation is the polyphase to orthogonal two-phase (or
two-axis) transformation. For the n-phase to two-phase case, it can be expressed in the form:

[fy) =1T@]f1 23] (5.62)

where

P P P
‘ 5 cos?ﬁ cos(—z-f)—ua>...cos(~é—f)~(n~I)cx)
[TO)] =/~

n P P
sinj?:& sin (’—2~9~—a).‘.sin (g@-(n— l)a) (5.63)

and o is the electrical angle between adjacent magnetic axes of the uniformly distributed
n-phase windings. The coefficient, +/2/7, is introduced to make the transformation power
invariant.

Important subsets of the general n-phase to two-phase transformation, though not
necessarily power-invariant, are briefly discussed in the following subsections,
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B-axis

b-axis

Figure 515 Relationship between the «f

c-axis and abc quantities.

5.8.1 Clarke’sTransformation

The stationary two-phase variables of the Clarke’s transformation are denoted as o and 8.
As shown in Fig. 5.15, the a-axis coincides with the phase-a axis and the S-axis lags the
a-axis by 7 /2. Just so that the transformation is bidirectional, a third variable known as the
zero-sequence component is added:

{fupol = [Tapollfanc] (5.64)

where the transformation matrix, [Tegol, is given by

1 =4 17
5 2 2
[Tapol =3 | 0 ﬁ ﬁ\/g (5.65)
L1 L
2 2 7
The inverse transformation is
1 0 17
Tapol ' =| =3 3 1 (5.66)
1 3

5.8.2 Park’sTransformation

The Park’s transformation is a well-known three-phase to two-phase transformation in
synchronous machine analysis. The transformation equation is of the form:

[£aq0] = [Tag0(00) Mfabe] (5.67)

where the dq0 transformation matrix is defined as
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Figure 5.16 Relationship between the dg and abc quantities.

2n 2
cosfy  cos{fy—— cosl Oy + 5
S

2
_2 2 2
(Tago@Dl =731 _G1o, —sin (9 - —371> —sin (9(,+—”—>

3 (5.68)

1 1 1

and its inverse is given by

cosby —sinby 1
2 . 2w
[Taqo@a)] ™" = | €08 (9“’ - “3“) —sin (9d - ‘3‘) 1 (5.69)

2 2
cos(6d+~3—7£> -—sin(&d—k%) IJ

Park’s transformation is used to transform the stator quantities of a synchronous
machine onto a dq reference frame that is fixed to the rotor, with the positive d-axis aligned
with the magnetic axis of the field winding. The positive g-axis is defined as leading the
positive d-axis by 7 /2 in the original Park’s transformation. The internal voltage, wLyir,
is along the positive g-axis.

Some authors define the g-axis as lagging the d-axis by /2. Defined in this manner,
the g-axis coincides with the induced voltage, which is the negative of the internal voltage.
The transformation with the g-axis lagging the d-axis is given by

2
cos6y cost Gy — -2—J-r~ cos | 64+ —7{)
3 3
i 2
(Tago(6a)} = 3 | sin6, sin (9(, - %ﬁ) sin (6‘4 + —2—31) (70

1 1 L
2 2 2
Others use a gd0 transformation in which the g-axis leads the d-axis and the
transformation is usually expressed in terms of the angle, 6,, between the g-axis and the
a-axis, as shown in Fig. 5.16c:
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[fqdo] = [qu()(gq)][fabc] (5.71)
where
2
cosf, cos <9q - g;”—) cos (éq + —ﬂ>
3 3
2
== 2 2 5
[Tea0@1 =31 Ging, sin (eq - g) sin (9,, + ’3375) 6.72)
L ‘ L 1
2 2 2
with an inverse given by
costy, sinb, 1
2 . 2n
[Tga0(@g)] ™" = | cos{fg— = | sin{fg—— ) | (5.73)

2 . 2n
cos (0q + T) sin (90 + T) 1
The relation between 8, and 6, which is defined in the original Park’s transformation, is

0, =04+ % (5.74)

Substituting the above relation into [T,40(6;)] and making use of the trigonometric
reduction formulas:

cos(6a + %) = —sinfy (5.75)
. n
sin(fy + ~2—) = cosbty (5.76)

we can show that the two transformations, [T,40(64)] and [T4q0(04)], are basically the
same, except for the ordering of the d and ¢ variables.

5.9 qd0 TRANSFORMATION APPLIED TO LINE ELEMENTS

In this section, we shall illustrate the use of the ¢d0 transformation by deriving the qd0
circuit models of the series RL and shunt capacitance circuits given in Figs. 5.17 and 5.20.
These gd0 circuit models may be used in a variety of situations. For example, they can be
combined to form the equivalent circuit models of three-phase lines represented by 7 circuit
models, or of three-phase RL and RC loads.
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5.9.1 gd0 Transformation to Series RL

We shall begin by deriving the gd0 equations for the three-phase series RL line with a
ground return given in Fig. 5.17 in a gd0 reference frame that is rotating at an arbitrary
speed of w. The angle, 6, is determined by

0, (t) = f w()dt +6,0)  rad (5.77)
0

The sending end voltage with respect to local ground is given by the equation:

) di, diy di di
Vasgs = lala + Laa ?17 + Lab? + Lae B‘f‘ + Lag :[;i + Vargr + Vgres (5.78)
Using the relation iy = — (i, + i -+ i), the voltage drops across the three phases of the line
can be expressed in matrix form as

[vs]—[vg] = [RI[i]+ p[L][] (5.79)
where

i Yasgs Vargr
[vs] = | Ubgys VR) = | Vbrgr

L. vcsg,v Vergr

[y + re e ry
[R] = Fe r1,+rg re

L T rg  Tetiyg

i Laa +L,F,‘g""2Lag Lab+ng "“ng ”"Lag Lac"l”‘ng ‘“ch ”"L(zg
L] = Lap+ ng - Lag - ng Lpp + [-«gg - 2ng Lpe + ng h ch - th

L L<15+ng_Lag“ch Lbc“{'ng“‘ng-—‘ch Lcc“}‘ng"“ZI—'cg

The equation of the voltage drop across the ground path is

i I ng - Figure 5.17 Three-phase RL line with
9, ]
¥ o0 g ground return.
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dig dig diy di,
Vgrgs == ~Vgsgr = —lgrg — Lgg—= ar —Laog— o ~ Lpg— ar e
di k .
= rgliatip+ic)+(Lgg = Lag) = (5.80)

di
+(ng ng) ’f'(ng LCg)_JtC-

for a uniformly transposed line, r, =rp = r, Lab = Lpc == L¢g, and Lgg = Lpg = Leg.
Letting Ly = Laa + Lgg ~2Lag, Lm = Lap+ Lgg —2Lag = Ly ~ Lag =+ Lap, I's =71q +7g,
and ry, = rg, the resistance and inductance matrices simplify to

Fs 'm I'm Ls Lm Lm
Rl=|rmrs rm and [Ll=| Lm Ly Ly
- Fm T'm Ts Lm Lm Ls

The ¢d0 equations for the uniformly transposed line can be obtained separately by
considering the resistive and inductive drops of the a-phase equation. Let’s first consider
the resistive drop in the a-phase given by

rsia +rm(ip +ic) (5.81)

Substituting ig = (iz +ip +i.)/3 to eliminate i and i;, we obtain
(rs — rmYia + 3rmio (5.82)
Expressing i, in terms of the ¢d0 currents, the resistive drop in the a-phase becomes
(rs = rm)(iqg cosy +ig sindy +ig) -+ 3rpio. . (5.83)
Similarly, for the inductive drop term in the a-phase, we have
di, dlin+i
L=+ Ln dlip +ic) (5.84)
dt
Eliminating i, and i,
di
(Ls Lm) +3Lm - (5.85)

Using the gd0 transformation of Eq. 5.71 to express i, in terms of the gd0 currents, the
inductive drop in the a-phase becomes

(Ls — L) plig 086, +iqsinby +io) + 3Ly pio (5.86)

Similarly, applying the same gd0 transformation to the voltage across the sending and
receiving ends of the a-phase on the right-hand side of Eq. 5.79 and equating the coefficients
of the cosf,, sind,, and constant terms, we obtain

di de

Av, = (rs—~rm)iq+(LsvLm)—éfw‘-(LS—Lm)id—Ef— (5.87)
di de,

Avg = (rs = rm)ig + (Ls —~Lm>7i~;’-~—<Ls ~Ln)ig—* (5.88)

i
Avo = (r, +zrm>io+<Ls+2Lm)—d—‘§ (5.89)
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g, fs'm o(lgLm)ig Ls- L
+ - 0 -0
© + \_/ +
qu Var
O O
(a) g-axis circuit
o(lg bm)i
ig fs~ m (ks tbm)ig Ls-Lm \
o— ot 0 0
+ / +
Vs Var
o o
(b) d-axis circuit
o, fst2rm Lg+ 2Ly
o 70
Vos Vor
o QO Figure 5.18 Equivalent gd0 circuits of
(c) O-axis circuit series RL of a transposed line.

It is worthwhile to note that the corresponding voltage drop equation of the same line in
symmetrical components is

vp 25+ 22, i
Al v | = Zs = Zm Al iy (5.90)
) s Im iz

The ¢d0 equations of the voltage drops across the line suggest the equivalent circuit
representation shown in Fig. 5.18. In terms of the original phase parameters of the line, we
have

rs =Fm = Iy (5.91)
rs+2ry = rqa+3r, (5.92)
Ly—Ly = Lgg— Lap (5.93)

Ls+2Lm = Lag+2Lab +3(Lgg ~2Lgg) (5.94)

When the mutual inductances between phases and between phase to ground are zero,
thatis Lap = Lac = Lpc = 0and Lgg = Lpg = Ly =0, then Lg = Lgg + Lgg and Ly = Lgg.
The gd0 equivalent circuit representation of the line simplifies to that given in Fig. 5.19.
The equivalent circuits of Fig. 5.19 are often used for shunt RL loads where the mutual
inductances are zero. Assuming voltage input, the ¢d0 currents can be obtained by solving
the following integral equations on the computer:
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®lgaig

i r Laa
94 » @
© + @ o 7
qu Var
o O
(a) g-axis circuit
olaalq |
iq - Ia aa
+ +
Vs Var
o - {o]
(b) d-axis circuit
io ra*+31g Lag* 3lgg
—
oo ) —o
\Y - Vor
-OS - Figure 5.19 Equivalent ¢d0 circuits of se-
© O ries RL line with no mutual coupling between
(c) 0-axis circuit phases.
. i S
ig = —— | (Vgs — Vgr — @Lgalqg — igra)dt (5.95)
Laa
. 1 o
d = (Vas — var +@laalq — igra)dt (5.96)
Laa
] : [( iora ++3rg)dt 5.97)
Ig = ———————— [ (Vo5 — Vor — 0T, .
Loat 3ng Os r a g

where w = df, /dt.
5.9.2 gd0 Transformation to Shunt Capacitances

In this subsection, we shall derive the ¢d0 equations for the voltage drops across the
shunt capacitances of the three-phase line shown in Fig. 5.20. Besides the phase to neutral
capacitance of the phases, we have also included the mutual capacitances between phases.

Let Cap = Cpe = Ceq = Cpm, Can = Cpn = Cen, and Cy = Cyp +2C4p. The equation
of the a-phase current in Fig. 5.20 may be expressed as

. d d d
iqg = Can ;Z;Uan + Cabzi"t'(van — Upn) + Cac"'j”;(van — Uen) (5.98)
. dv, duy, dv,
ig = (Can+Cap+ Cc,c)-f— ~Cn 7;1 ~Com d;" (5.99)
Exchanging the b and ¢ phase voltages with vo = (Van + Vpn + Ven)/3 gives
. d d
o = (Cy +Cn) 22 230,22 (5.100)

dt dt
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+ lia
+ ‘ ib
+
IICab 11Cbe Ve
\Y ! I
an y , Cac
bn ]
Ven
Lo Lo lca
- - - Figure 5.20 Shunt capacitances of a three.
phase line,
* g * o
Vq Vy Cs+Cn Vo mfs‘ 2Cm
® (Cg + Cppy) vy @ (Cg +C) vq

(c) O-axis circuit

(b) d-axis circuit

(a) g-axis circuit
Figare 5.21 Equivalent ¢d0 circuit of shunt capacitances of a transposed three-phase line.

Applying the qd0 transformation to the current and voltage of the a-phase, we obtain
. . d . dv,
iq €03 +iasinfy +io = (Cy+ o) 7= (0 €086, + v sindy +v0) = 3Cn —370 (5.101)

Equating the coefficients of the cosy, sinf,, and constant terms, respectively, we obtain

the following equations for the gd0 currents:
. dv,
iy = (Cy +Cm)~zi~tw+(CS+Cm)vdw (5.102)
dv,
iy = (Cs+Cm)—a~th~—(Cs+cm)v,,w (5.103)
‘ dvg
ip = (Cs ~2Cm)-c~i~t— (5.104)
where w = df, /dt. In terms of the original phase parameters,
Cs+Cp = Can +3Cap (5.105)
(5.106)

Cy =20y = Cgp
The above set of equations for the gd0 currents suggests the equivalent circuits given in

Fig. 5.21. The equations in integral form are
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(a) g-axis circuit (b) d-axis circuit (c} O-axis circuit

Figure 5.22  Equivalent gd0 circuits of a set of three-phase shunt capacitances.

1 , dé,
vg = m/{zq—mﬁcm)uﬁti}dz (5.107)
1 o,
= | i —L 5.108
Vg4 CS+Cmf[ld+(Cs+Cn1)Uq dt } ( )
S
= e | iod 5.109
v crzc,,l/’” t (5.100)

When C,, = 0 and Cyp = Cpy, = C,p = C;, the gd0 equivalent circuits simplify to those
shown in Fig. 5.22.

5.10 SPACE VECTORS AND TRANSFORMATIONS

This section describes the mathematical basis of the commonly used gd0 transformations
in electric machine analysis and also the idea of space vectors which has become popular
in vector control schemes of induction and synchronous machines.

Using Eqgs. 5.32 and 5.35, we can express the airgap mmf due to i,(¢) flowing in the
a-phase winding alone as

_ 4 kyNpp

. Niine .

ig(t)cosl, = ia(t)cosb,

Fa (5.110)

F, has a cosine spatial distribution around the airgap centered about the a-phase winding
axis. Its magnitude along the a-phase winding axis is Nyineiq(¢)/2. As i,4(¢) varies in time,
the magnitude of the whole distribution of F,;| fluctuates along with it. Essentially, Fy; is a
standing wave having nodes at 6, = £ /2. Equation 5.110 may be written in space vector
notation as

(5.111)

where f,, denotes a current space vector whose magnitude may be time-varying, that is i, (2).
The space vector, iy, has a cosine spatial distribution about the a-phase winding axis or
along the direction of 0, = 0. It therefore may be interpreted as a vector of magnitude
proportional to that of i,(¢) in the direction of 6, = 0. The mmf space vector, F,;, may
be interpreted likewise.
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Assuming linearity, the resultant airgap mmf established by the currents flowing in
all three-phase windings whose axes are along the directions, 6, =0, 8, =0, and 6, = 0, is
Fs =ﬁa1+i’b1+ﬁcl (5.112)

Using Egs. 5.110 and 5.111, the above expression can be written as

Sllle

. Ny
= ”"e(n +ip+ie) =

(igcosf, +ipcosBy +i.cosb.) (5.113)

where 6, and 6, are angles to the same position given by 8,, but measured from the b-phase
and c-phase axes, respectively; that is 6, = 6, — %’1 and 6, =6, — %”—. Using Euler’s identity,
we can rewrite F; as

- Nii y 02 -4 : 2 4

Bo= =2 /iy ipe ™ F i F) e iy e F ie ) G014)
Adopting the notation used for symmetrical components, that is a = ¢/"/3, and a% =
@473 = ¢=I%7 /3 the above equation becomes
NY”!C’

s = { 0 (i + 2%ip +aic) +e % (i, +aip +a zc)}
Nt ! \——-——ﬂ/-———“——/

st

iy i (5.115)

Ni;
= Zne(l hel% e

where i, and i, are the positive-sequence current and negative-sequence current space
vectors of the three-phase winding currents. .

Let’s pause to examine the components of sequence space vectors i} and iy. Their
components, iq, aip, and so on, may also be regarded as space vectors along the a, b and
c-axes, respectively. Written explicitly in terms of real and imaginary components, we have

> . VAN 1 V3,
Iy la+(‘§+/7>’b+(“"i‘]“§‘)’c

il

(5.116)
3 V3 1
= 'Z‘id'f'j"i—'(ib‘“ic)"i(ia +ip+ie)
2 . V3. 1 3\,
12wla‘*‘(“’z“wj"i")lb“f‘("’z‘“f‘j“‘z’“)lc
5.117)
3.

il

'ild "J‘\{z’é(ib — i) = “;“(in +ipt+ic)
It is evident from Egs. 5.116 and 5.118 that space vectors iy and iy are complex conjugates
of each other, that is iy = (i;)*.

Returning now to the right-hand side of the expression of the resultant mmf given in
Eq. 5.115, since iy is the conjugate of i i, ne =/t 12e19ﬂ in Eq. 5.115 are a conjugate pair
and their resultant will be real. In other words, Fj of Eq. 5.115 is a real quantity.
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For balanced three-phase current excitation, that is

ig = Iy cos(wet)

o=
1

2
Incos (wec——-—g-) (5.118)

. 4
i = I, cos wet—~~—-3—a

the zero-sequence current space vector is zero and Eq. 5.116 reduces to

- 3 \/5 ‘ 27 4
i Emcos(wez)wi—j—?lm cos wet~—3~ — o8 wet«——;

%1,n cos(wet) +j~?1m {—ZSin(wet) sin (-—335)} (5.119)

It

i

3
= %Im(cos(wet) + jsin(w,t)) = ;I,,.e/‘””’

The above expression shows that the positive-sequence current space vector has a peak
value of 3/2 times the peak value of the balanced phase currents. It may be represented by
a sinusoidal spatially distributed current sheet of magnitude 37,,/2 that rotates clockwise
in the positive direction at an angular velocity of w,. The negative-sequence current space
vector given by the conjugate:

C 3 )
h=(@{)"= ilme““"”' (5.120)

has the same peak value but rotates in the opposite direction at the same angular speed.
Substituting Egs. 5.119 and 5.120 into Eq. 5.115 for Fs, we obtain

- Ny 3 ; ;
Fs . Ysine (_Z_Im> (ej(ﬁaw(,ue!) +e~;(90~wer))

4
(5.121)
Nsine (31 ) 050 — wet)
s 2 2”1 a (4

Equation 5.121 indicates that the resultant airgap mmf, ij‘s, may be considered as a rotating
mmf space vector. F has a sinusoidal spatial distribution around the airgap and rotates at a
speed of w, in the positive direction of §,. Its peak value is 3/2 times the peak value of the
mmf space vector of each of the phase windings.

For ease of visualizing the transformation, some people prefer to introduce a scaling
factor that makes the magnitude of the current space vector the same as the peak value of
the phase currents. This is accomplished by defining

28 =i+ iy (5.122)

where ip, the corresponding zero-sequence current space vector that is equal to
(iq +ip+ic)/3, is a real quantity. From the above relationship, we can express the actual
a-phase current in terms of i as



Sec. 5.10 Space Vectors and Transformations 183
ip —ip = R (5.123)
We can also show that

- 2 )
a’i :§ (a2i,Z + a3ib -+ a“ic)

o : (5.124)
iyt () - L iy i)
—ib J \/j 3 a b ¢
or .
ip — ig = R(aD) (5.125)
Likewise, we can also show that
i, —ip = R(ad) (5.126)

As intended, the scaled positive-sequence current space vector, i defined in Eq.5.122,
is a sinusoidal spatially distributed current sheet of the same peak value as the phase current;
it too rotates in the clockwise direction at an angular speed of w,.

5.10.1 Transformation between abe
and Stationary gd0

The defined relationships of the three current space vectors, iy, i3, and iy with i, ip and i,
can be expressed in the same form as the classical symmetrical transformation, that is

iy 1 aa®)[i
i | =1 a’ a ip (5.127)
: v
1o 33 3 4

From Eqs. 5.120 and 5.122, 32 = (il)* = 3/2(3)*, the above matrix equation can therefore
be written as

i NEEE I
W =51 i,,J (5.128)
e 1

io 33

From the latter form we can see that row two can be eliminated without any loss of

information. Letting i = ig — Ji%, and writing the real and imaginary components in two
separate rows, we obtain the following real transformation:

i 1 %@ Rw@d iq

i :% 0 —3@ -S@) || i (5.129)
ol Li 3 1 fe

M2 ] [ =5 =3[

i =§‘ 0 -4 %EJ i (5.130)
o] Ly oy Il
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The above matrix equation can be written more compactly as
ligg0] = [Thaolliave] (5.131).

where [i; do) and [igp] are column vectors of the gd0 current components and the phase
currents, respectively. The matrix [TZ 4ol is the coefficient matrix in Eq. 5.130; it, in effect,
transforms the abc phase currents to the gd0 currents. The above transformation is usually
referred to as the abc to stationary gd0 transformation. The superscript, s, is to denote the
stationary reference frame. The inverse transformation, that is from stationary ¢d0 back
to abe, can be accomplished using [i,.] = [Ty 201" iqa0). The matrix inverse of [Tyq0):
[T 4] ", can be shown to be

10 1
[T;mrl: -5 =21 (5.132)
~1 @ 1

For a balanced set of three-phase currents given by

ig = Iycos(wet—+ @)
2

iy = Incos (wgz - -3’.’_ +¢) (5.133)
4

ip = I,cos (a)et - —31 +¢)

the transformation of Eq. 5.130 yields

i; = Iy cos{w,t +¢)
i3 = — Iy sin(w,t + ) = I cos (wet + + ) (5134
ig =10

Thus, the scaled current space vector for the balanced currents is
i= i = ji§ = In{cos(@et + @) + J $in(@et + )} = Iyed @ +9)

= [pelPel®t = /20,000 (5.135)

where I, is the rms time phasor of the phase-a current.

Clearly, for balanced three-phase currents, the gd currents, iy and i}, are orthogonal
and they have the same peak value as the abc phase currents. From the above expressions,
we can also see that i) peaks % radians ahead of iy, and that the resultant current, i, rotates
counter-clockwise at a speed of w, from an initial position of ¢ to the a-phase axis at t = 0.
Equation 5.135 also indicates the relationship between space vector and traditional time

phasor.
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5.10.2 Transformation between abc and Rotating gd0

For certain studies or applications, we may see a need or an advantage to transform the
stationary gd variables onto yet another gd reference frame that is rotating. Equation 5.135
shows that the resultant i rotates at w,. We can therefore deduce that an observer moving
along at that same speed will see the current space vector, i, as a constant spatial distribution,
unlike the time-varying gd components on the stationary ¢d axes given in Eq. 5.134.

To see through the eyes of the so-called moving observer is equivalent mathematically
to resolving whatever variables that we want to see onto a rotating reference moving at
the same speed as the observer. Since we are dealing with two-dimensional variables, the
rotating reference can be any two independent basis vectors, which for convenience, we
will use another pair of orthogonal gd axes. The zero-sequence component remains the
same as before. Figure 5.23 shows the geometrical relationship of the rotating gd axes with
respect to the earlier stationary gd axes. Consider, for example, the resolution of the space
current vector i of the balanced set of abc currents, given in Egs. 5.133-5.134. In terms of
its stationary g« components, the resolved components of i on the new rotating ¢gd axes can,
by geometry, be shown to be given by

ig | _ | cos8 —sinf || iy o
{id} - [ sinf cosf ] [i; (5.136)
The angle, 0, is the angle between the g-axes of the rotating and stationary gd axes; itis a
function of the angular speed, w (¢), of the rotating ¢d axes and the initial value, that is

6(:):—./ w(t)dt +0(0) (5.137)
0

bs
cs ;
ds
a) three-phase and stationary qd (b) stationary and rotating qd

Figure 5.23 Relationship between stationary and rotating gd axes.
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where 6(0) is the initial value of 6 at time r = 0. When the qd components are combmed
into the space vector form, we have

= Jia = igcosf —iysin@ ~ j (iy sinf +i;cosd)

o (5.138)
= (i3~ jig)e™
The inverse transformation can be shown to be
i cosf sinf ||
9 | = 9 1
[ij] [—sin& cosé’][id] (.139)
Alternatively, the reverse transformation can be expressed as
iy = jiy = (i — jia)e’’ (5.140)

The factor, e/?, may be interpreted as a rotational operator that rotates whatever
vector components it multiplies by the angle, 6. Thus, Eq. 5.138 indicates that the resolution
of stationary gd variables to a set of synchronously rotating gd axes that is 6 ahead
is equivalent to rotating the smtlonary gd components backward by the same angular
displacement of 6.

The choice of rotational speed and #, will depend on the kinds of simplification
or formulation best suited to the application at hand. Besides the stationary gd, where
w = 0, the other frequent choices are the synchronously rotating gd, when w is equal to the
excitation frequency, w., and the rotating gd at rotor speed, with the new d-axis aligned to
the physical field winding axis.

Let’s examine the nature of the gd components on synchronously rotating gd axes.
This is equivalent to what will be seen by an observer rotating along with i. Denoting the
variables in the new synchronously rotating ¢d axes by the superscript e to distingnish them
from those with the superscript s on the stationary gd axes, and noting that the synchronous
speed is constant, we have

t
QH(t):f wedr +8,(0) = wet +0,.(0) (5.141)
0
The space vector, 1 in the new gd coordinates, is
(i; .,ﬁ:}) - (l:]‘ _jij)e“j(wewfk(o))
— Imej(h)gf+¢)e~f(wef+9p(0)) — [mej(¢“6c(0)) (5.142)

I cos(@ —6.(0)) + j Iy sin(¢p — 6. (0))

Since ¢ and 6,(0) are both constant, the values of i; and 7 in the synchronously rotating
qd axes are steady, as anticipated earlier. The ¢ — 6,(0) term indicates a relative angular
measure, with the g-axis of the synchronously rotating gd axis as a reference, We can
simplify the angular measure by starting the rotating gd axes with their g-axis aligned with
the a-phase winding axis at time ¢ = 0, that is making 8, (0) = 0. In which case, Eqs. 5.135
and 5.142 can be expressed in the following way to show the relationships between the
different forms of representation for the set of balanced three-phase currents:
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=i} = jiy =V 2pe ™I = (18— jieIoet (5.143)

or
(ie = jig) = V21, (5.144)

Equation 5.144 shows that the ¢ and d components in the synchronous reference frame are
the same as the real and imaginary components of the peak-value phasor of the a-phase
current. ,

The full transformation from stationary gd0 to rotating gd0, with the zero-sequence -
component included for completeness, is

iq cosf —sinfd 0 iy
ig | = | sinf@ cosé 0O % (5.145)
Lo 0 0 1 iy
where 8 = wr +6(0). In matrix notation, the above transformation may be expressed as
ligaol = {To1ligqol (5.146)
In terms of the original abc currents,
{iga0] = [To [ Tygolliabe] (5.147)
Denoting [T [T} 401 by [Tqao], we obtain
[iqu] = [quO][iabc] (5.148)

Carrying out the matrix multiplication and simplifying, we can show that

p o 2 p 4
s s{O—— ) co —
cost cos 5 S 3

2
et 2 4
Mool =31 Gino sin (9 - 4) sin (9 - Ji) (5.149)
3 3
1 1 1
2 2 2
The inverse transformation can be shown to be
cost siné 1
2 R 2
[quOJ‘AI — Cos (9 — ——3*) sin (9 - -—3——-) 1 (5150)

4 4
cos (9»%) sin (9———575) 1

As with [Tfl 40> the transformation, [Tyq0], is not unitary in that [Tya0l’ # (Tq,m]‘l; as
such, the transformation is not power-invariant. This can be shown by starting with the total
instantaneous power into the three-phase circuit in abc quantities and transforming the abc
quantities to gd0 as follows:
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1

Vg iq .
Pape = Valq +Vpip +veic = | Up ib (5.15])
Ve ic :
t .
Vg lq
= | [Tgaol™" | va [Tga0l™" | ia (5.152)
v io
. iy
—11! —1 .
= [vg va vo)[[Tqa0]™'] [Tgao] ig (5.153)
. io
It can be shown that
‘ 300
) 17t -1 23 -
[[Tao] '] [Tgaol™' =] 0 3 0 (5.154)
00 3
Thus,
3 . 1.
Pope = E(Uqlq +vgig) + 3 voio (5.155)

At this point, it is worthwhile to take stock of certain assumptions made which could
restrict the use of the above transformation. Clearly, there is no restriction on the abc
currents; they can be unbalanced or non-sinusoidal. The expressions concerning the rotating
qd axes have been obtained without any restriction on the value of w, the angular speed of
the rotating ¢d axes. Implied in [sz 40l» however, is that the axes of the abc windings are
spaced (27 /3) electrical radians apart. Even though we have provided a mathematical basis
for the abc to qd0 transformation using the currents of a set of three-phase windings, we can
show that the same transformation applies to other variables, such as the mmf, flux linkages,
induced voltages, and terminal voltages.

511 PROJECTS

5.11.1 Project 1: gd0 Transformation
of Network Components

Figure 5.24 is a one-line diagram of a simple three-wire system consisting of a three-phase
generator and a length of transposed three-phase line connecting the generator to a three-
phase RL shunt load. On the load bus is a set of three-phase shunt capacitors that is added to
compensate for the lagging power factor of the RL load. For simplicity, model the generator
by an equivalent three-phase voltage source behind a source inductance, and the three-
phase transmission line by a series RL line model. Since it is a three-wire system, there
will not be any zero-sequence current components; as such, the zero component circuit
connections may be omitted. Sketch the input-output relations between the gd components
in a simulation of the given three-wire system.
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RL load and
Generator series RL fine power factor
capacitor
R t L t
A B Ry

I Ly
1 ‘ Figure 5.24 One-line diagram of a three-
wire system.

5.11.2 Project 2: Space Vectors

In this project, we shall implement the transformation of instantaneous three-phase ac
current to space vectors as given in Eqgs. 5.116 and 5.118, and use it to examine the nature
of the positive- and negative-sequence space vectors in the spatial domain.

Figure 5.25 shows the contents of SIMULINK file s2 for transforming a set of abc
currents to positive- and negative-sequence space vectors. The abc currents in s2 are of the
form: '

10
iq = 10e™* cosm(2mt) + »~cosn(2m) A

2 10 2
iy = 10e™ cosm (2;1: . »3’1> 4+ —cosn (Zm - 3’1) A (5.156)
n
2 10 2
i = 10e™% cosm (2nt+~—§£>+——cosn (2m+~;§£) A
n

As programmed, the second component in Eq. 5.156 of each phase current will be switched
off by switches controlled by nSw in 52, whenever the entered value of n is negative. The
SIMULINK file, 52, has a masked block of the MATLAB script file m2 for initializing the
simulation and plotting the results of the simulation.

For example, entering the values of 1 for m, 0 for «, and —1 for n, the resultant
abc currents will be a balanced set of three-phase currents of constant amplitude 10 A and
frequency I Hz. As shown connected in Fig. 5.25, the two XY graphs will display the real
part of the space vectors along the x-axis and the imaginary part of the space vectors along
the y-axis. Based on the analytical results given in Eqs. 5.119 and 5.120 for the above set
of currents, we expect to obtain an i of 15¢/2™" and an i; of 15¢=/%"!,

The final display of the two rotating space vectors is shown in Fxg 5.26. It is obtained
using the ode45 or Linsim numerical integration algorithm, a stop time of 0.95 second (0.95
of the basic period), and minimum and maximum step sizes of 5 msec. The XY graphs
display the loci of the tips of both space vectors starting from +15 on the positive x-axis
and tracing out circles of radius 15; the locus of the tip of ij traces out the circle in the
counter-clockwise direction, while that of i iz traces out the circle in the clockwise direction.
The space vector represents a sinusoidal spatially distributed current sheet. As plotted, the
length of its tip from the origin of the XY plot corresponds to the positive peak of the
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Positive sequence i_1 locus Negative sequence i_2 locus
20 20
15 15
10 10
5 5
0 0
-5 -5 /
-10 -10
~-15 -15
e Ty 0 10 20 e o 0 10 20

Figure 5.26 XY plots of positive- and negative-sequence space vectors: iy (left plot), i
(right plot).

TABLE 5.1 PROJECT 2 CASE STUDIES

Cases Value of m Value of n
1 m=3k+1, k=0,1,2 n<0
2 m=3k, k=1,2,3 n<0
3 m=3k—-1 k=12 n<0
4 m=1 n=3k+1, k=012
5 m=1 n=3k, k=1,2,3
6 moe=1 n=3k—1, k=12

spatially distributed current sheet. The trajectory of the tip displays fluctuation in amplitude
and radial movement of the sinusoidal spatially distributed current sheet. With balanced
fundamental phase currents, the trajectory of the tip is a circular locus at uniform speed,
indicating that both magnitude and excitation frequency remain constant, as predicted by
Egs. 5.119 and 5.120.

Form > 1, the tips of the space vectors will trace over the previous circle when the
peak values of the phase currents remain constant. For purposes of being able to tell them
apart, an exponential decay factor to the peak value may be introduced to cause the locus to
spiral inwards, so that the number of rounds that the tips of the vectors traveled in the same
time interval may become evident.

1. Move the two XY graphs to an open position where you will be able to see both
displays during a simulation run. Conduct simulation runs of s2 for values of n and m
given in cases 1 through 6in Table 5.1. For each run, jot down the direction of rotation
of the loci of the positive- and negative-sequence space vectors. Save a sample of the
plots from each case. Comment on the direction and speed of rotation of the two space
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vectors in cases 1 and 3. Explain what you see for the odd and even triplens in cases
2 and 5. . .

Using values of m = 1, @ = 0, and n < 0, make modifications to the appropriate
function blocks to simulate the following unbalanced conditions in the phase currents:

a. Create a magnitude imbalance by changing the magnitude of the i,,, component
of i; only to 15 A.

b. Create a phase imbalance by changing iy, to 10cos2mt — /2) and i¢p to
10cos(2mt + 7 /2) (igm remains as 10cos(2nt)).

Sample results fora k of 2 in cases 4 and 6 with o = 0 are given in Fig. 5.27.

5.11.3 Project 3: Sinusoidal and Complex Quantities
in gd0

Figure 5.28a shows the overall diagram of s3. It is a SIMULINK implementation of the
phase to gd transformations as given in Eqs. 5.130 and 5.145. In this project, we will use
53 and its accompanying MATLAB script file, m3, to examine the waveforms of the gd0
components corresponding to sinusoidal and complex phase currents. As given in s3, the
function blocks are programmed to generate sinusoidal abc currents of the form:

i = 10e™* cosm(2nt) A

ip = 10e ™ cosm (27{1—-12-;—) A " (5.157)

it

i = 10e™* cosm (27” + %3{-[—) A

In 53, time is taken from the clock and multiplied by the value of angular frequency to
obtain the value of wt, which is then fed to the three fcn function modules that generate the
sinusoidal three-phase currents. The template for the fen function module can be found in
the Nonlinear library block of SIMULINK. The value of m in the three function blocks
is to be entered into the MATLAB workspace from the MATLAB command window.
Figure 5.28b shows the inside of the abc2qd0s block. This block implements Eq. 5.130 to
transform the input abc phase quantities to stationary gd0 quantities. Figure 5.28¢ shows
the inside of the gds2gd block. This block implements Eq. 5.136 to transform the stationary
qd quantities to another gd reference frame that is at an angle of 6 to the stationary gds
reference frame. The 6 input to the gds2qd block can be made a muitiple, nframe, of the
wt input of the phase quantities with or without some initial offset angle corresponding to
the value of ¢ —6(0) in Eq. 5.142, ¢ being the phase angle of the phase quantities as defined
in Eq. 5.133, and 6(0) being the initial angle of 8 in Eq. 5.157. As programmed in s3, with
the currents in Eq. 5.158, the value of ¢ is zero.

Shown in Fig. 5.29 are the ¢d0 currents for the case of m = 1 and ¢ = 0in Eq. 5.157,
with an nframe of 1 that is rotating at synchronous speed in the forward direction, and an
initial angle, 6(0), of zero. The first three traces are in the stationary reference frame. In
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(a) Fundamental and 7th-timeharmonic component.
Positive sequence i_1 locus Negative sequence i_2 locus

20 20
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2% 10 0 10 20 2 <10 0 10 20

(b) Fundamental and 5th-time harmonic component.

Figure5.27 XY plots of positive- and negative-sequence space vectors:fl (left).fz (right).

the synchronously rotating gd synchronous frame, the gd0 components of fundamental
frequency abc currents are dc components. The form and magnitude of these waveforms
agree with those predicted by the analytical expressions of the stationary gd0 currents given
in Eq. 5.134 for ¢ = 0, and of the gd components in the synchronously rotating frame given
in Eq. 5.142.

1. Run the cases with m = 1 and ¢ = 0, but with nframe first set to —1 and then
to 2. Based on the results obtained, deduce what will be the frequency of the gd
components for a balanced set of phase currents also having a frequency of Swinaqd
reference frame that is also rotating in the forward direction at Sw. Use the simulation
to verify your answer by setting m and nframe to 5, and « to zero.
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—a»i (2*u[1] - u[2]- u[31)y/3
in_a )

_ abc2qds_rowt out_gs
Mux :{ (~u[2] + u[3])/sqrt(3)
in_b abc2qds_row2 out_ds
(U[1] + u[2] + u[3)/3
e T abczqd_m\;vs out_0s

(b) Inside the abc2qd0s block

1 .
ms B ul1]*cos(u{3]) ~ u[2]*sin(u[3])
Mux .qds2qd_row1 out.q
in_ds p|  ulilsin(ui3]) + ul2lcos(ul3])
E}—> qds2qd_row2 out_d
theta L] -

(c) Inside the gds2qd block

Figure 5.28 (cont.)

2. Repeat the above cases, but with a e of 1, to see the form of the transformed attenuated
sinusoids in the two rotating qd0 reference frames.

3. Run the case of m = | and nframe = 1 for 6(0) = /4. Verify your results using
the expression given in Eq. 5.142.

4. Run the case of m = 2 and nframe = 2 and examine the results obtained to see if you
can explain them. (Hint: Determine the sequence of the abc currents and the direction
of rotation of their resultant mmf or their space vector, i).

5. Modify the abc current function blocks in a copy of s3 to produce a set of complex
abc phase currents with fundamental and nth time harmonic components of the form:

10
iq = lOcos(Zm)»&«;cosn(Zm) A
2 I 2
iy = 10cos (2nt——;~>+«9cosn <2m~7ﬂ) A (5.158)
n

2 10 2
10cos (27:!—%—3—) +~n~cosn (2m+i> A

i

2

3

Obtain the ¢d0 components in the synchronously rotating reference frame, that is
with nframe = 1 and 8(0) =0, forn =5and n =17.
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Three-phase
Induction Machines

6.1 INTRODUCTION

Three-phase induction machines are asynchronous speed machines, operating below
synchronous speed when motoring and above synchronous speed when generating. They
are comparatively less expensive to equivalent size synchronous or de machines and range
in size from a few watts to 10,000 hp. They, indeed, are the workhorses of today’s industry.
As motors, they are rugged and require very little maintenance. However, their speeds are
not as easily controlled as with dc motors. They draw large starting currents, typically about
six to eight times their full load values, and operate with a poor lagging power factor when
lightly loaded.

6.1.1 Construction of Three-phase Induction Machines

Most induction motors are of the rotary type with basically a stationary stator and a rotating
rotor. The stator has a cylindrical annulus magnetic core that is housed inside a metal frame
onto which are mounted the bed-plates, end shields, and a terminal box. At the center of the
end shields are bearings to support the rotor’s shaft. The stator magnetic core is formed by
stacking thin electrical steel laminations with uniformly spaced slots stamped in the inner
circumference to accommodate the three distributed stator windings. For 60-Hz machines,
the lamination is about 0.5 mm thick, The stator windings are formed by connecting coils

167
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’ rotor bars
end-ring Figure 6.1  Squirrel cage rotor.

Figure 6.2 Slot shapes.

of copper or aluminum conductors. The coils are insulated from the slot walls. The axes of
the stator windings of a P-pole machine are spaced (2/ P)(2x /3) mechanical radians apart,
with each phase belt occupying the same number of slots. The terminals of the three stator
phase windings can be star- or delta-connected.

The rotor consists of a cylindrical laminated iron core with uniformly spaced
peripheral slots to accommodate the rotor windings. There are two main types of rotor
windings: wound and squirrel-cage. In a wound rotor machine, rotor windings similar to
those of the distributed windings on the stator are wound on a cylindrical laminated core
with uniformly spaced slots on the outer periphery. The terminals of the rotor windings can
be brought out via slip rings and brushes. These slip rings are insulated from one another
and from the shaft. A variable amount of external resistance can be connected to the rotor
windings via the slip rings to obtain higher starting torque or limited control of speed below
synchronous speed. In very large and expensive drives, the terminals of the rotor windings
may be connected to a slip frequency source to recover part of the power flowing into the
rotor circuit.

Figure 6.1 shows the rotor winding of a squirrel-cage rotor. It has uniformly spaced
axial bars that are soldered onto end rings at both ends. Single squirrel-cage slots are mostly
oval and closed by a threshold 0.4 to 0.5 mm thick. Figure 6.2 shows some of the slot shapes
used. Small rotors under 20 inches in diameter are usually die-cast. After the rotor core
laminations are stacked in a mold, the mold is filled with molten aluminum. Rotor bars,
rings, and cooling fan blades are cast in one economical process. In large machines, the
rotor bars are of copper alloy and are driven into uniformly spaced slots on the periphery
of the rotor; the bars are braced onto end rings at both ends. There is no insulation between
the bars and walls of the rotor slots.
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A difficult combination of high starting torque and good efficiency can be obtained
using a double-cage rotor. The outer cage has a lower reactance of the two cages by virtue of
its position. It is usually made of higher electrical resistance material, like brass or bronze,
for it to provide most of the starting torque. The inner cage has a relatively higher reactance
and is usually made of lower resistance material, like copper, for high efficiency at low slip.

The smaller the airgap, the better the mutual electromagnetic induction between stator
and rotor windings. However, the extent to which the airgap can be reduced is dictated
by manufacturing tolerances and costs, and by allowable core losses from the higher local
saturation around the slots. The airgap is typically between 0.35 to 0.50 mm for motors up
to 10 kW, and between 0.5 to 0.8 mm for motors in the range of 10 to 100 kW. Wider gaps,
however, are used in motors which operate with exceptionally large peak load torque.

6.2 ROTATING MAGNETIC FIELD AND SLIP

It has been shown in Sections 5.4 and 5.10 of the previous chapter that a balanced set of
three-phase currents flowing in a set of symmetrically placed, three-phase stator windings
produces a rotating mmf field given by

F(o°

a?r

t)-34NI cos(0¢ t) ALt (6.1)
——2";P m COS(U, — W, Jdurn N

where 67 is the electrical angle measured from the a-phase axis, w, (=27 f,) is the angular
speed of the stator mmf in electrical radians per sec, and f, is the frequency of the excitation
currents. In mechanical radians per second, the synchronous speed is

2
Wy = —l—;we rad/s (6.2)

In revolutions per minute, the synichronous speed is

. 120
s = 6026:'" = 7—& rev/min (6.3)

When the rotor is rotating at a steady speed of w,,, mechanical radians per sec, the relative
or slip speed between the rotor and synchronous rotating stator field, F, is

slip speed = wym — Wrm (6.4)

The per unit slip, also referred to simply as the slip, is defined as the normalized slip speed,
that is

A Wsm —~ Wrm - We — Wy 6.5)
Wsm We

Slip s is negative in generating operation when the rotor rotates above synchronous speed.
The slip speed can be expressed as sw, Or sy, and the slip frequency as sf,. When

wrm 18 less than the synchronous speed, wq,, the rotor conductors are slipping backwards
at a speed of swy, relative to the moving airgap flux in the forward direction. As a result,
the induced voltages in the rotor windings due to the synchronously rotating airgap flux are
of slip frequency sf,. When the rotor circuit is closed, the induced voltages will circulate
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currents in the rotor circuit. The magnitude of the currents flowing in the rotor circuit is
determined by the magnitude of the rotor induced voltages and the rotor circuit impedance
at slip frequency. ) .

At standstill, w,, is zero or s = 1, thus the slip frequency when starting is f,. As the
motor accelerates towards the synchronous speed, the slip frequency decreases. As with the
flow of currents in the stator, the rotor currents will establish their own revolving mmf field
that rotates at swy,, rad/sec relative to the rotor. Since the rotor itself is rotating at w.,, the
absolute speed of the rotor mmf field can be shown to be equal to the synchronous speed,
that is

Wrm + S Wy = Wy mech. rad/sec (6.6)

With the stator and rotor mmfs rotating at the same speed, a steady torque would be
produced in steady-state when the magnitude and phase differences of these mmfs are
constant.

6.3 CIRCUIT MODEL OF A THREE-PHASE INDUCTION MACHINE
6.3.1 Voltage Equations

Using the coupled circuit approach and motor notation, the voltage equations of the
magnetically coupled stator and rotor circuits shown in Fig. 6.3 can be written as follows:

as axis

Figure 6.3 Idealized circuit model of a
three-phase induction machine.
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_cuit Model of a Three-phase Induction Machine

Stator voltage equations

. dr
Ugs = lgsls + d:s 14
. ddp
Ups = lbsrs+mdts -V 6.7)
dA,
Ups = leshs + d;S vV

Rotor voltage equations

dx
Var = lgrtr + = 14

dt
) dip
Vpr = ipetr + ”EIL \4 (6.3)
dA,
Vep = lep?y + dtcr

Flux linkage equations. In matrix notation, the flux linkages of the stator and
rotor windings, in terms of the winding inductances and currents, may be written compactly

as
Ao ] _[Lgte Lgbe ot
[}J}bc] e [L‘,‘fc Lﬁff i‘,‘bc Wb. turn (6.9)
where

}\?bc = OVas» Abss }\cs)l

AP = (hary Mor Aer)'
v . (6.10)
1_{: = (lus, Ips Les)
b . . f
l‘: = (igr, ipr icr)’
and the superscript ¢ denotes the transpose of the array.
The submatrices of the stator-to-stator and rotor-to-rotor winding inductances are of

the form:
Lys + Ly L Lsm
L?fc = Lsm  Lis+Lss  Lsm H 6.11)
Lsm Lm Lis+ Lss

Llr + er er er
Labe = Lyw Ly+Ly L H 6.12)
er er Llr + er

Those of the stator-to-rotor mutual inductances are dependent on the rotor angle, that is
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B 2r [ 27\ ]
cosB, cos| 6, + KX cos| 6, — EX

2 2n
L2 = [Lﬁfc]t = Ly | cos (9, - —;) c0s, cos (9, + T) H (6.13)

2 2
€os (0, + %) cos <<9, - -—31) cos b,

where Ly, is the pet phase stator winding leakage inductance, L;, is the per phase rotor
winding leakage inductance, Ly is the self-inductance of the stator winding, L, is the self-
inductance of the rotor winding, Ly, is the mutual inductance between stator windings, L,
is the mutual inductance between rotor windings, and Ly, is the peak value of the stator-to-
rotor mutual inductance.

When the reluctive drops in iron are neglected, we can express some of these
inductances in terms of the winding turns, Ny and N,, and the airgap permeance, P, using
the expressions derived in Section 5.5:

Lys=NP, Ly, = NP,

2 2w
Lon = N2 Py cos (-—3-> Lym = N? P cos (?) (6.14)
Ly = N,riPg

Note that the idealized machine is described by six first-order differential equations,
one for each winding. These differential equations are coupled to one another through the
mutual inductances between the windings. In particular, the stator-to-rotor coupling terms
are a function of rotor position; thus, when the rotor rotates, these coupling terms vary with
time.

Mathematical transformations like the dg or af can facilitate the computation
of the transient solution of the above induction machine model by transforming the
differential equations with time-varying inductances to differential equations with constant
inductances.

6.4 MACHINE MODEL IN ARBITRARY gd0 REFERENCE FRAME

The idealized three-phase induction machine is assumed to have symmetrical airgap. The
qd0 reference frames are usually selected on the basis of convenience or compatibility with
the representations of other network components. The two common reference frames used
in the analysis of induction machine are the stationary and synchronously rotating reference
frames. Each has an advantage for some purpose. In the stationary rotating reference, the
dq variables of the machine are in the same frame as those normally used for the supply
network. It is a convenient choice of frame when the supply network is large or complex.
In the synchronously rotating reference frame, the dg variables are steady in steady-state,
a prerequisite when deriving the small-signal model about a chosen operating point.
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q-axis \w

Figure 6.4 Relationship between abe and
arbitrary qd0.

d-axis

We shall first derive the equations of the induction machine in the arbitrary reference
frame which is rotating at a speed of w in the direction of the rotor rotation. Those of the
induction machine in the stationary reference frame can then be obtained by setting w = 0,
and those for the synchronously rotating reference frame are obtained by setting w = w,.
As before, we will begin with the voltage and torque equations of the machine in phase
quantities. Applying the arbitrary ¢d0 reference transformation to these equations yields
the corresponding gd0 equations. The relationship between the abc quantities and ¢d0
quantities of a reference frame rotating at an angular speed, w, is shown in Fig. 6.4. The
transformation equation from abc to this gd0 reference frame is given by

fq fa
fa | =[Tgao®]| f5 (6.15)
fo fe

where the variable f can be the phase voltages, currents, or flux linkages of the machine.

For clarity, the first quadrant of the reference frame rotating at an arbitrary speed,
w(t), in Fig. 6.4 is shown as a shaded area. The transformation angle, 6(¢), between the
g-axis of the reference frame rotating at a speed of w and the a-axis of the stationary stator
winding may be expressed as

t
a(t) :/ w(t)dt +6(0) elect. rad. (6.16)
0

Likewise, the rotor angle, 6, (¢), between the axes of the stator and the rotor a- phases fora
rotor rotating with speed w, (t) may be expressed as

6,(t) z[ wydt +6,(0) elect. rad. 6.17)
0

The angles, 6(0) and 6,(0), are the initial values of these angles at the beginning of time ¢.
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From Eq. 5.72, the ¢d0 transformation matrix, [T4q0(0)], is

2 2
cosf cos(@«%) cos(9+€z)

2

_2 2 2 ‘
Moo= 31 v sin(6-2) sinf6+= (6.18)
3 3
- 1 i 1
2 b 2
and its inverse is
cosh sinf 1
' o\ 2
[quo(g)]—l — | cos{f— 5 sin{ 8 — 1 (6.19)

3
2
cos(f)%—zg-) sin<9+:3f-> i
6.4.1 gd0 Voltage Equaiions

In matrix notation, the stator winding abc voltage equations can be expressed as
V;:hc — pk?bc +l‘:bci?bc 6.20)

Applying the transformation, [T440(6)], to the voltage, flux linkage and current, 'Eq. 6.20
becomes

VI = [Tya0 1P T a0 @1 AT+ [Teao Oy [Tgao @171 (621)
The following time-derivative term may be expressed as
PITa0®]7' 1247)

—sinf cosf 0

. 2 ) 2 d6
—| —sin (9 - ?) cos (9 - _3-> 0 | 2 [A290) 1 [T 0(0)] 7 [pA290]  (6.22)

dt
sm 6”"‘ 3 cos 9+ 3 0

Substituting this back into Eq. 6.21 and rearranging, we will obtain

010
Vi = | —1 00 | A940 4 ppad0 4 p 2405940 (6.23)
000
where
100
do
W= and  r¥%=r 1010 (6.24)
! 001
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Likewise, the rotor quantities must be transformed onto the same gd frame. From
Fig. 6.4, we can see that the transformation angle for the rotor phase quantities is (6 — 6,).
Using the transformation, T4q0(6 —6,), on the rotor voltage equations, in the same manner
as we have done with the stator voltage equations, we obtain the following ¢d0 voltage
equatious for the rotor windings:

010
Vi = (w—w,) | =100 | 990 4 ppa0 4 403940 (6.25)
000

6.4.2 gd0 Flux Linkage Relation

The stator ¢d0 flux linkages are obtained by applying T,40(0) to the stator abc flux linkages
in Eq. 6.9, that is

/\gdo [qu()(e) (Labc .ab(‘ +LabL l!bC) (6_26)

sr l’

Using the appropriate inverse transformations to replace the abc stator and rotor currents
by their corresponding ¢d0 currents, Eq. 6.26 becomes

M0 = [T a0 (@)L [T g0 (@)1 1940 4 [Tyu0 (O T[Ty (0 — 6,)]7 1440

Lis '{"%Lss 0 0 'EL.W 0 0
= 0 Lis+ %Lss 0 igdo + 0 %Lsr 0 igdo 6.27)
0 0 Lig 0 0 0

Similarly, the ¢d0 rotor fiux linkages are given by

240 = [Tqa0(8 ~ 6L [Tga0 (@)1 1 +[Tyao (0 ~ OIS Tgao(8 — 61"

Ly, 0 0 » Liy+3L, 0 O
=| 0 3,0 i+ 0 Ly+3Ly 0 |if (6.28)
0 0 0 0 0 Lir

The stator and rotor flux linkage relationships in Eqgs. 6.27 and 6.28 can be expressed
compactly as

Ags Lis+Lw 0 0  Ln 0 0 [ ig
Ads 0 Lig+Ln O 0 Ly, 0 ids
Aos | 0 0 Lis 0 0 0 ios
PO [l B 0 0 Lp+Lw O 0 ||,

, 6.29
X, 0 Ln 0 0 gjL, 0 ||i | @
Mo 0 0 0 0 0 ir tor

where the primed rotor quantities denote referred values to the stator side according to the
following relationships:
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W, © -
fqs fs 95 op Xl x; dr “op r i

_ g-axis

d-axis
X} ’ i
IOS fs Xis Ir r ‘Ol’
P Afrmmncana.
+ +
Vos Vor

Zero-sequence

Figure 6.5 Equivalent circuit representation of an induction machine in the arbitrary
reference frame.

Ay = N‘jxq, Ay = N‘;Ad, (6.30)
. N, . Ny
z(']r = »ﬁfzq, zL",, = —ﬁ?td,- (6.31)
N 2
Ly, = (7\,1) Ly (6.32)
r

and L, the magnetizing inductance on the stator side, is

3 3 N, 3 Ny
m = = Lgg = ?L.rr = ‘2“1\‘]‘:'

2% . 6.33
2 2N, L 6.33)

Substituting Eq. 6.29 into Egs. 6.23 and 6.25, and then grouping the g, d, 0, and 6
terms in the resulting voltage equations, we obtain the voliage equations that suggest the
equivalent circuit shown in Fig. 6.5 for the induction machine in the arbitrary reference gd
axes.
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6.4.3 gd0 Torque Equation

The sum of the instantaneous input power to all six windings of the stator and rotor is given
by
Pin = Vaglas + Vbsips 4 Vesies + Vg lg, + U;;ri[,;r + Uériér w (6.34)

In terms of the gd0 quantities, the instantaneous input power is

3 P )
Pin = i (quiqs + Vasids + 2vosios + U;,l;r + U&rld,— -+ 2U6,l(3,> W (6.35)

Using Eqgs. 6.23 and 6.25 to substitute for the voltages on the right-hand side of Eq. 6.35,
we obtain three kinds of terms: i%r, ipA, and whi terms. The i%r terms are the copper
losses. The ipA terms represent the rate of exchange of magnetic field energy between
windings. The wAi terms represent the rate of energy converted to mechanical work. The
electromechanical torque developed by the machine is given by the sum of the wii terms
divided by the mechanical speed, that is :

3P _ . S
Tom = 25— [ (hasias = hasias) + @ =0 Ry i =il | Nom (636)

2 2w,
Using the flux linkage relationship in Eq. 6.29, we can show that
)hzlxl‘qs - }\qxids = *(}h:jri;r - }\;,i!jr) =Ly (idriqs - l‘qrids) (6.37)

Equation 6.36 can thus also be expressed in the following forms:

Tom = 3P()\’ i = Al N
em == ”2“'5‘ rlar — drlqr) .m.

q
3P .
= = (Agsigs = Agsids) N.m. (6.38)
22
P
= '?:'Z”Lm (l(ljrlq.v ‘_lqr‘ds) N.m.

For simulation purposes, the preference of one form over another is usually influenced by
what variables are available in other parts of the simulation.

Another way to derive the torque expression is from the power absorbed by the
speed voltages in the equivalent circuit representation given in Fig. 6.5. In the ¢, d, and
0 circuits, the resistive elements may be associated with copper losses, the reactances with
the magnetic field energy, and the speed voltage terms associated with mechanical work.
Defining the speed voltages in the same manner in which they have been defined in the
literature on synchronous machines, that is

Eqs = whgs, Egy = —wAgs \%4
(6.39)
Ej, = (0= w)hy,, Ey, = —(@—wn)hy, v

The real power absorbed by these four-speed voltage sources is the electromechanical
power of the machine, that is
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Pam = SR (Bgs = JEa)igs = Jias)" + (Egy = JEu) gy = jif)*| W (640)

When the real part of Eq. 6.40 is divided by the rotor’s mechanical speed, we will again
obtain the expressions given in Eq. 6.38 for the electromagnetic torque.

A summary of the voltage, flux linkage, and torque equations of the induction
machine in the arbitrary ¢d0 reference frame is given in Table 6.1.

-

TABLE 6.1 INDUCTION MACHINE EQUATIONS IN ARBITRARY REFERENCE FRAME

Stator gd 0 voltage equations:
Ugs"= PAgs +whgs +rsigs
Vds = Phds — Whgs + ryids (6.41)
Vos == PAgs + sips

Rotor ¢d 0 voltage equations:

Uc/)r = p)‘i)r + (w"'w’))";lr +r;i¢/]r

Vg = phy, — (@ —w)Xy, +r/iy, (6.42)
vg, = phg, +r7ig,
where
)\qx Ll.\' +Lpy 0 0 Lm 0 0 iqf
Ads 0 L+ Ly 0 0 L, 0 ids
Aos | _ 0 0 Lis 0 0 0 ios
Al - L 0 0 L.+L 0 0 i’
qr ” ir m ar 6.43
A 0 Ln 0 0 L+l 0 ||, (6.43)
A 0 0 0 0 o L, ||

Torque equation:

3 p ) . . )
Ton= 55— [0 Gutsigs = hgsias) + (@ =0 Wiy, = Hyia)| N
r
3P . .
= _z‘é_(k;rl;’r - }"Zirl;r)

3P . . _,
= “i”‘z‘ (}\dx’qx = Agslds) (6:44)

3P g
= é"z'Lm(’:jrlq: ’"’;rtds)

Base quantities. Oftentimes, machine equations are expressed in terms of the
flux linkages per second, ¥’s, and reactances, x’s , instead of A’s and L’s. These are related
simply by the base or rated value of angular frequency, wy, that is
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¥ = wpA V or per unit (6.45)
and
X = wyL H or per unit (6.46)

where wp, = 277 frareq electrical radians per second, frqreq being the rated frequency in Hertz,
of the machine. With complex waveforms there may be justification to using the peak rather
than the rms value of the rated phase voltage as the base value. The base quantities with peak
rather than rms value of a P-pole, three-phase induction machine with rated line-to-line rms
voltage, Viareq, and rated volt-ampere, Syqreq, are as follows:

base voltage Vj, = \/2/3V,a1e4
base volt — ampere S, = Srared
base peak current [, = 25,/3V;

base impedance Z; V! Ip

i

base torque T

i

Sb/ Whm

where wpm = 2wp/ P.

The equations of a symmetrical induction machine in the arbitrary reference frame in
terms of the flux linkages per second and reactances at the base frequency are summarized
in Table 6.2.

TABLE 6.2 ARBITRARY REFERENCE EQUATIONS IN TERMS OF vr’s AND X’s

Stator and rotor gd 0 voltage equations:
p @ ,
Vgs = ——Yus + — rsi
qs o ‘/qu wp ‘/fdx + 1y qs
p w .
Vds = —— g5 — qu + rslds
wp wp

P .
vos = ~— Y5 + rsios
wp

) o (647)
7 14 7 X
Vgr = ;[;qu+( )‘!fdr+rrlqr
P -, )
Uér=z)~;lﬁér—~( wp r)‘/’;r’{'r;’c/ir

’ p ’ 1
Yor == _wﬂr +7yip,
wp

where
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Yys X5+ Xm 0 0 Xm [ B ] igs
1//(1,; 0 Xis+xm O 0 Xm 0 ids
Yos | _ 0 0 Xis 0 0 0 ios
Yo | Xm 0 0 x,+xxn O O igr
o 0 xu O 0 xxe 0 ||| ©4®
Yo 0 0 0 0 0 x, iy
‘ Torque equation:
3P |low . : -~ w, . .
em == 5 é:u‘; [;;(stlqs - W‘?SldS) + "Z);”L (V/:;rl(,zr - ‘/’;rlz’h)] N.m.
3P, e
= 'i é’&)’;(w;rlér - w(/irl;r)
3P . .
= Eﬂ(vwslqs - ‘/’qslds) (6.49)
3P . .
= mem(l{g,zqs,—z;,lds)

6.5 qd0 STATIONARY AND SYNCHRONOUS RFFERENCE FRAMES

As mentioned earlier, there is seldom a need o simulate an induction machine in the
arbitrary rotating reference frame. For power system studies, induction machine loads,
along with other types of power system components, are often simulated on a system’s
synchronously rotating reference frame. But for transient studies of adjustable-speed drives,
it is usually more convenient to simulate an induction machine and its converter on a
stationary reference frame. And for small-signal dynamic stability analysis about some
operating condition, a synchronously rotating reference frame which yields steady values
of steady-state voltages and currents under balanced conditions is used.

Since we have derived the equations of the induction machine for the general case,
thatis in the arbitrary rotating reference frame, the equations of the machine in the stationary
and synchronously rotating reference frames can simply be obtained by setting the speed
of the arbitrary reference frame, w, to zero and w,, respectively. To distinguish among all
these reference frames, the variables in the stationary and synchronously rotating reference
frames will be identified by an additional superscript: s for variables in the stationary
reference frame and e for variables in the synchronously rotating frame. The equations of
a symmetrical induction machine in terms of ¢’s and x’s in the stationary and synchronous
reference frames are summarized in Tables 6.3 and 6.4, respectively. The corresponding
equivalent circuit representations are given in Figs. 6.6 and 6.7.
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g ~OF
: s Ydr "o PRE:]
ids s Xis X dr “op Tqr
q-axis
d-axis
ios  Ts Xis *le ior
e reen
+ +
Vos Vor
zero-sequence
Figure 6.6 Equivalent circuit of an induction machine in the stationary reference frame.
TABLE 6.3 INDUCTION MACHINE EQUATIONS IN STATIONARY REFERENCE FRAME
Stator and rotor voltage equations:
s P o X3
Vg == ;D—;qu +rsigg
5 P s s
v:lx = ch}s +ryigs
wp
P s
gy = Y5 -+ rslos
Wp
P w (6.50)
/s A pts TNl 1418
vqr - wp ]/’qr Wy dr +rrlqr
/5 P s @r g 1215
Uy, = =g — +rpi
dr b dr wp 1/fq.r ridr
7 p ’ I
Vo, = mwOr +rr10r
wp
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Flux linkage equations:
Vs Xstxm 0 0 xy 0 o [
‘p;s 0 Xig+Xm O 0 Xm 0 ifis
vos | _ 0 0 x5 0 0 0 || i
Yo Xm 0 0 x,+xn O 0 i 6.51)
Vgr 0 Xm0 0 xhxe O |]if
vor L0 O 0 0 0 0 x, if,
Torque equation:
3 P 5 » .
Tom = E'Zz);(qurlgyr - erl(/]sr) N.m.
3P . .
= 55&;(1%1{% ~Vasias) (6.52)
3 s s
= mem(l(/frl;s ~l:;rljs)

d-axis .
i0s s Xis Xir Tr for
[ e
+ +
B
Vos Vor

zero-sequence

Figure 6.7 Equivalent circuit representation of an induction machine in the synchronous
rotating reference frame.
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TABLE 6.4 INDUCTION MACHINE EQUATIONS IN SYNCHRONOUS REFERENCE FRAME

L. ddy-state Model

w; 5
Vs 1
‘/’Os
Yy
Vi
Vo

e 14 e We e e
o g i
qs b qs wp ds Stqs
e P e We . e
v = g — s i
ds o ds oy qs Stds

p ‘
Vs = ~—Yos + Islos
wp

re P e We — w’) re 1 .le
Ul == e + ( Wd +rli

r r r rtqr
q. wp q wp q
re D e We — Wr re 1:le
dr“'(;)'b‘wdrm( >.¢Iqr+r Lay

4 p ! It
Vor = =V, +ryig,
wp

Flux linkage equations:

Xis +Xm 0 0 Xm 0
0 Xis+xm O 0 Xm
0 0 Xig 0 0
Xm0 0 x,4xs O
0 xm 0 0 xj,+xn
0 0 0 0 0
Torque equation:
3P ,
Tem = = _—(wqerl(lier ‘//c/ier c/]er N.m
= 2 2w (V/d: qs qutds
3 P e
= ) 208 5 Xm (’r/!er f}'a qu:;s)

Stator and rotor gd 0 voltage equations:

oo o o

0

/
X !

r

(6.53)

(6.54)

(6.55)

6.6 STEADY-STATE MODEL

For steady-state operation of the induction machine from a balanced three-phase sinusoidal
supply, we can express the stator voltages and currents as
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Vas = Ving €OS(@e1) ias == Ins COS(wel ~ Ps)
2 2

Vps = Vs COS (wet - ‘g'\) ips = Ipg COS (wet - "3'” “‘”¢s> (6.56)
4 . 4

Ves = Vins COS { Wl — 5 o = Iys COS{ wet — 5 — @

Similarly, the rotor voltages and currents with the rotor rotating at a slip of s may be
expressed as ’

Var = Vinr COS(s@et =6, (0) ~8) . gy = Iy cOS(S@et —0,(0) ~ 5 — @)

2 2

Vpyr = Vi COS (swet — «3]2 —6,(0) — 8) ipr = Iy cOS (scuet el 6,(0) — 8 — (t:,) (6.57)
4 4

Ver = Vinr COS (swet - -31{ —6,(0) -—8) icr = Iy cOS (sa)ez iy —-6,(0)—8 -—q&,)

Transforming the above sets of stator and rotor abc variables to a stationary ¢d0 reference
that has its g-axis aligned with the axis of the a-phase of the stator, we obtain

b 5 £S5 jwet

Vs = tgs = JVg; = Vmse?™*

i =i it =1 e“—jlﬁsejwef
s = lgs — Jlgs = dms

) j 6,(0)~38)y _jb, (6.58)
¥, = (U;r “jvzrir)ej 1) (erel(ﬂve"" - (0)— ))L,J (1)

i, = (ifr ~jz‘[,,)ef""’) — (Imrej(swerwf?r(o)—ﬁ—(#r))ejar(f)
q

where the superscripts, s and r, are used to denote the gd0 components in the stationary and
the rotor ¢d0 reference frame, respectively. In steady-state operation with the rotor rotating
at a constant speed of w,(1 —s),

6,(t) = we (1 — )t +6,(0) (6.59)

Substituting Eq. 6.59 into the expressions for the rotor’s voltage and current space
vectors of Eq. 6.58 and simplifying, we obtain

v, :U;r — jUi’r = ere—jcsejwet

. . ) (6.60)
ra . - i

i, :l;r _‘-’l;r = Ipre i +‘f’r}e]we

Steady-state analysis with sinusoidal excitation is usually performed using rms time
phasors. Denoting rms values of space vectors by bold upper-case letters with an arrow
accent and rms time phasors by bold upper-case letters with a tilde accent, we have
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. Vo .
Vos = %210
; (6.61)
i, = %e—m
- V, .
Var = —-%e""s
, \ (6.62)
L, = e
and
o - vio— jvd .
V;x ”' jvfis == JQ{ “ = Vasgjwe[
(6.63)
;8 LRSS
By =1, = L e
. - vi o — jud .
Vflr ‘jVZr = \/—2{ = = Varejwe!
(6.64)
o - i — i ..
Iflr - jI;r = 'ql"\—/-é"d'r = Iare®
When the rotor voltages and currents are referred to the stator side, we have
- N N\ - -
V;Sr - jV:j, = (i) Vare]wel = V/arej%t
(6.65)

- - N\ - . - .

7z SY8 r H 4 t

Iqr = Jhgy = ("A‘,‘ Lire/ = Iarelw'
s

The stationary gd voltage and flux linkage equations in Egs. 6.50 and 6.51, expressed
in terms of the above rms ¢d0 voltages and currents, can be assembled into the following
complex rms space voltage vector equations:

VS = Ve = s+ jweLis + L)) = jE5) + jeoe L (05, — X5,
VS~V = j(@e—op) LB~ jT5) (6.66)
+ () + J (@ — @) (L, + L)) — JT5,)

Using the relationships between rms space vectors and rms time phasors given in Egs. 6.63
through 6.65, writing w, — w, as sw,, and dropping the common /¥ term, Eq. 6.66
becomests

Vs = (rs +jweLls)ia;s‘ + jweLm (ias "i'i;r)

U ’ . 7 Ng! s ¥ ¥ (667)

Var = (rr +jsw, lr)Iar A+ jswe L (Tas + Iar)
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v Figure 6.8 Phasor diagram of steady-state
Var : motoring condition.

-

Dividing through by the slip, the second equation in Eq. 6.67 becomes

V/ / <
”’fL = ("‘ +]weL[r)Iar + jweL (Ias +Iar) (6.68)

Equation 6.67 can thus be rewritten as

ers = rsias + ] xlsIas + J"“xm(las + Ia,«)

A/ rl 1) ) (6.69)
;r = ;r'lgr +jz)-:xl,rlizr +j;;§'x"1(1113 +Iﬁzr)

Figure 6.8 shows a phasor dihgram of the stator and rotor variables, with L, = ia s +i;,. An
equivalent circuit which portrays the phasor equations of Eq. 6.69 is shown in Fig. 6.9a.
The same equivalent circuit can be obtained through physical reasoning of the steady-state
operation of the machine. Core losses, which may be considered to vary roughly with the
square of the airgap flux, or E,., are often incorporated into the circuit by adding a core loss
resistor r, across E,,,, in parallel with the magnetizing reactance, x,.

By adding and subtracting r] of the rotor branch in Fig. 6.9a and regrouping these
terms differently, we can obtain the alternate equivalent circuit shown of Fig. 6.9b. When
the rotor winding resistance, r/, is separated out, the remaining resistance of r; (1 —s) /s may
be associated with the developed mechanical power, whereas the resistor, r;./s, is associated
with the power through the airgap. If the primary interest is on the torque developed, the
stator side can be replaced by a Thevenin’s equivalent, as shown in Fig. 6.9¢c.

In steady-state, the average value of the developed power is

P =312 —1—;—{/ (6.70)

r

From which we can derive an expression for the average value of the electromagnetic torque
developed by the P-pole machine:

P 1—

Ty = mech ~3I£ ; ( s)
Wrm Wsm (1 —5) ©71)
_32n 32y |

SWsm Wym — Wrm
With variable-frequency operations, the last form of the torque expression becomes useful
when w, is zero and the value of slip s given by (w, — w,)/w, becomes undefined.
The operating characteristics of the induction machine operated from a current source
supply is quite different from that when it is operated from a voltage supply. With a voltage
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Tas s 15;"15 i %,)i-xir Ls& T
s s
+ V D l]‘ 0 /></ +
+ m w
v = ® ar
Vas Epm 375':‘"'" s

(a) Based on phasor equation Eq. 6.69

o, '
[ s o= =X ’ —_r
as I, "s Gy re s r

(c) Stator Thevenin's equivalent, with g = @, and Var=0

Figure 6.9 Equivalent circuit representations.

source, when the stator series impedance drop is small, the airgap voltage usually remains
close to the supply voltage over a wide range of loading. With a current source, the terminal
and airgap voltage could vary somewhat with loading when the stator current is held
constant.

Consider first the case of the machine operated with a constant voltage supply to
the stator windings, the terminals of the rotor windings shorted, that is V/,, = 0. Figure
6.9c shows the resulting circuit where the stator-side portion of the circuit, including
the magnetizing branch, has been replaced by a Thevenin’s equivalent, as seen by the
referred rotor current if,,, In terms of the original stator parameters, the Thevenin’s circuit
parameters are

JXm &
s+ J (Xis -+ Xm) “

rs+ J (xis + Xm)

Vrh =
(6.72)
Zup = rop+ jXen =
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max

S maxt

Braking Motoring

Figure 6.10  Average torque vs. slip with constant voltage supply.

In terms of the above Thevenin’s circuit parameters, the expression for the average value of
the electromagnetic torque developed by the P-pole machine with constant voltage supply
is

_3p V2(rl/s)

T 20, (i /Y (o + ¥],)°

et (6.73)
Given the supply voltage, frequency, and the machine’s parameters, we can use Eq. 6.73 to
compute the average value of the torque developed at various slip values. Figure 6.10 is a
plot of the average value of the torque developed vs. slip, showing what is normally termed
the braking, motoring, and generating regions of the machine’s operation. In the motoring
region, the developed torque is in the direction of rotation. The generating region is above
synchronous speed, and the developed torque is opposite to the direction of rotation. In the
braking region, the developed torque is in the direction of rotation of the excitation mnf,
but opposite to the direction of the rotor rotation.

Maximum torque is developed when the variable resistor, r) /s, draws maximum
power from the source in Fig. 6.9a, that is when

2
o Jr2 b Gt x)2 (6.74)

Smaxt

Substituting this value of 45, in Eq. 6.73, the maximum torque developed with constant
voltage supply is

vy

max _ t

em
Yy 4 IR 4 e+ x), )2

Nm (6.75)



Sec. 6.6 Steady-state Model 189

The above expression indicates that the value of the maximum torque developed is not
dependent on the value of the rotor circuit resistance, 7., even though the slip at which
maximum torque is developed depends on the value of r,.

Since the stator input impedance varies with slip, with constant voltage supply, the
input current will vary accordingly. The stator input impedance is given by

jxm(r;/s +]V;,)

Lin =15+ jXp5 + = 6.76
in I8 JXls r;/sfj(x[,nhxm) ( )
The stator input current and complex power can be computed from
3 Vas
I, = 6.77
as =7 (6.77)
Sin = Pin +JQin = 3‘70&"i25 (6.78)

With a constant current supply, the stator current is held fixed but the stator voltage
will vary as the stator input impedance, given by Eq. 6.76, varies with slip. For a singly
excited machine, V;, is zero, the average torque developed can be determined using
Eq. 6.71 with the rotor current determined from

Em = j(ias ‘-“i;r)«\f/n = (’"r, /s + ].x[,r)i;,, (6.79)
that is
12 X,%l Ifgs (6 80)

17 =
ar (r,/‘/s)2 + (x[/, + xm)z

Figures 6.11 and 6.12 illustrate the difference in the operating behavior of a 20-hp, 60-
Hz, 220~V three-phase induction machine operated with constant voltage and with constant
current supply, neglecting iron saturation. The equivalent circuit parameters of the 20-hp
machine are as follows:

re = 0.1062 $2 xis = 0.2145 Q
r; =0.0764 2 x,’, =0.2145Q
X = 5.834 Q2 Jrotor = 2.8 kgm?

With saturation, the effective value of x,, will decrease as saturation sets in; as such, the
increases in stator voltage and torque in the saturation region will be lower than those shown
in Figs. 6.11 and 6.12. The difference in the shape of the torque vs. speed curve is evident.
With constant voltage supply, the airgap voltage E,, at large slip is higher than that with
constant current supply. The considerably lower starting torque for the constant current
supply case is because the values of airgap voltage (or flux) and rotor current are relatively
lower than in the constant voltage supply at starting.
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Figure 6.11  Operating characteristics with constant voltage supply.
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Figure 6,12 Operating characteristics with constant current supply.
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6.7 TRANSIENT MODEL

The time constant of the rotor flux linkage, A, can be quite long, especially in large or high-
efficiency induction machines. For relatively short-term transients, it may be acceptable
to use a simpler transient model that is obtained by assuming that the rotor winding flux
linkage remains essentially constant over the brief period of the transient. Such a model is
used in transient stability programs to represent induction motor loads.

We begin the derivation of the simple transient model by considering a perturbation
to the variables in the following expressions of the flux linkages of the stator and rotor
windings in the synchronously rotating gd axes:

Mgy = Lyigy + Linig,
= L-S‘ids‘ +L"li(lLr
Ve = L' FLml

([7' r t]l‘

(6.81)

qs
=LY + Lyi
dr rldr ’"lds

With perturbations in the stator and rotor currents, the expressions of the perturbed stator
and rotor flux linkages are

Aot ARGy = Ly (il + Ail) + Lin (5, + Al

gs0 qro
de + A)“zx =Ly (ifz'so + Aijr) +Lm (idm + Aid’)
,\ +A/\m ”"L (t ’Q"AIM)‘}"LmU +Ai;,v>

qro qr

)‘dro + A)‘dr = L] (lrlro + Aldr) + L (i(cl.\‘o + Aifix)

(6.82)

qro qso

where the changes are denoted by A and the nominal or predisturbance values are denoted
by an additional subscript, 0.
If the rotor flux linkages, k;", and A7, are assumed to remain unchanged by the

perturbaiion, that is the components, Ak’ and ALY, are zero, or

Ak'e =1L Az’e +L,,1Al =0
(6.83)
= L Az A L Aij, =0

The above relationship between the changes in the stator and rotor ¢d currents can then be
back substituted into the stator flux linkage expressions of Eq. 6.82 to obtain

. . L, :
)\‘c?m + A)‘e = Ly lqsa + Lml’L (L.v L ) Al L

qro ’

(6.84)
e € L€ ;e L2
dso + A)‘Js = ledsa + Lmldro +{ Ls - L' Aig Lis
Since the predisturbance values of flux linkages and currents also satisfy Eq. 6.81, Eq. 6.84

can be simplified to give the following relationships between the changes in stator flux
linkages and changes in stator currents when the rotor flux linkages remain constant:
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2
AL, = (L ﬁL)A" = Ly AQf
LV‘

5 (6.85)

ArG, = (Ls LL/ )A;dc = Ly Aij,
where L is known as the stator transient inductance.
Let’s define the gd component voltages behind the stator transient inductance as
E;s = We ()‘Zs - L;iﬁs)
Epe ==, (X, ~ L},

Using Egs. 6.81 and 6.85, we can show that these voltage components behind the stator
transient inductance are proportional to the rotor flux linkages, that is

E;s = We ()“a‘s' L; ld\)

(6.86)

= We (Lfirels + L”lidr Ls dJ)

o, Em Ly, Lnmye
L
, (6.87)
Ed.s = (}“e L; ;x)

= (Lz A Ll — L ;;3)

= e
Thus, when the rotor flux linkages are constant, the newly defined voltages behind the
transient inductance, E;; and £, will be constant.
Consider now the following gd stator voltage equations in the synchronously rotating

frame:

dAS
qs 4
T qu r,zqT WA
e (6.88)
dry .
d; b= vf}x "rS‘;}y +w0}‘2\¢

Using Eq. 6.86 to replace the speed voltage terms on the right-hand side of Eq. 6.88, we
obtain the desired set of stator voltage equations of the simple transient model for operating
conditions in which the rotor flux linkages can be assumed to remain constant:

d)”gs e . e E L' ¢
dt = Vgs ~ Fslgs — qs+we stds
(6.89)
drs
ds e e ’ /s
dr Vgs — Tstys — Eds Ls gs

For steady-state condition, we can put the above equation in the corresponding
time phasor form. Setting the time derivative terms on the left to zero for steady-state,
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Figure 6.13 Simplified transient circuit
representation.

multiplying the d equation of Eq. 6.89 by —; and adding that to the ¢ equation, and
regrouping terms, we obtain '

(vgs = Jvge) = (s + jwe L) gy — jigy) + (Egs = j Eqs) (6.90)
In phasor notation, Eq. 6.90 becomes
Vas = (rs + jwe L) las +E' (6.91)

An equivalent circuit representation of this equation is shown in Fig. 6.13. It consists
of a single-phase voltage, £, behind the transient impedance, Z' = r; + jx’. In a simplified
transient analysis of the induction machine, the value of E’ before the disturbance can
be determined from the operating condition just before the disturbance, that is, E' can be
calculated from

B = Vo~ (rs + 5 aso (6.92)

where Va 5o and 1450 are the phasor values just before the disturbance:

This simplified transient model can also be used to study the behavior of an induction
machine over a brief period following a change in stator operating condition, such as a
disconnection from the supply or a terminal short-circuit. In each of these cases, it may be
assumed that the rotor flux linkage immediately after the disturbance is the same as that just
before the disturbance. Subsequent decay of the trapped rotor flux linkage is at a rate that
is dependent on the L/R ratio of the effective impedance as seen by the rotor current. In
the case of a motor disconnected from its supply, the rotor flux linkage will decay at a rate
corresponding to that determined by the open-circuit time constant:

’
_ Kt m

T/
0 Wer)]

(6.93)

‘When the stator terminals are shorted together, the corresponding time constant of the rotor
flux linkage is known as the short-circuit transient time constant. It is given by

XisXm 1
T =xp +———— | — 6.94
(x" * Xis + X > Wl ¢ )

For extended time studies, the allowance for changes in value of the rotor flux linkage,
and E' for an open-circuit connection or a short-circuit fault at the stator terminals, can
be approximated by an exponential decay of time constants, T or 7", respectively. For
example, the form of E/ following an open-circuit may be approximated by
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3

E@)=E©e © (6.95)

where ¢ = 0 is the time at which the disturbance occurs.

The phasor form of the simplified transient model shown in Fig. 6.13 can also be
derived directly by perturbing the stator phasor voltage equation given in Eq. 6.69. With the
perturbations in the electrical variables, the stator phasor voltage equation may be expressed
as

- - o, - L We -
Vaso+ AV = <rs +j5§'(xls +xm)> Poso+ Alas) +Jj ‘(Jb‘xm (Iam +Aly,) (6.96)

From W, = (x], +xm)I,,, + xmlaso before the disturbance, AW/, =0, and

Lo+ AW = (xf, 4+ x,) (T, + AL + xm (Tuso + ALy) (6.97)
we can determine that the change in rotor current is

~Xm

7
Xy T Xm

AL, = Al (6.98)

4
aro

Using the above relations to replace (i -+ AL,) in the perturbed stator voltage equation,

Eq. 6.96 can be simplified to

~ ~ we [ XI5+ X —x2 - ~
Vaso+ AV = (’"s +J : ( 2 7 - m)) (Taso + Allgy)
wp Xp, -+ Xm

. We Xm =,
Fi () B
]a)b (x,’,-i—x,,,) are

Denoting the stator transient reactance by x” and the voltage behind the stator transient
impedance x’ by E’, that is

(6.99)

2

X = Xy — (6.100)
Xp. X,
~ W, X -
E =2 a7 6.101
j(l)b (xl/, +xm aro ( )

the stator voltage equation when the rotor flux linkage may be assumed constant may be
expressed as

Vas = (rs + jxMos + E (6.102)

It is the same as that given in Eq. 6.91.
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6.8 SIMULATION OF AN INDUCTION MACHINE
iN THE STATIONARY REFERENCE FRAME

We shall next show how the developed model can be used to simulate a three-phase, P-pole,
symmetrical induction machine in the stationary reference frame with winding connections
as shown in Fig. 6.14. We start by considering the equations of its input voltages for the
given neutral connections of the stator and rotor windings. The three applied voltages to
the stator terminals, vag, Upg, and veg, need not be balanced nor sinusoidal. In general, for
the connection shown, the three stator phase voltages are

Vgs = Vgg — Usg
Ups = Upg = Vsg (6.103)
Ves = Ugg — Usg
or
3vgg = (Vas + Ups + Ves) — (Vag + Vbg + Ucg) (6.104)

In simulation, the voltage, vy, can be determined from the flow of phase currents in the
neutral connection, that is

. . d . , . dy.
Usg = Ryg(ias +ips + ies)+ Lng;@as +ips tics) =3 (Rxg + Ly 2;) t0s (6.105)

where Ry, and Ly, are the resistance and inductance of the connection between the two
neutral points, s and g. Clearly, when point s is solidly connected to point g, that is the
connection impedance is zero, vs, will be zero.

Equation 6.104 indicates that the voltage, v, is also zero when the zero-sequence
components of the source and stator phase voltages are both zero, as in a balanced operation
of a symmetrical induction machine with a balanced set of applied voltages that are
sinusoidal and balanced. That vy + ups -+ vy Will be zero for balanced operation can be
reached using the fact that iy, is zero in Eq. 6.50.

In practice, a three-wire connection between supply and stator windings is quite
common. With a three-wire connection, the stator zero-sequence current, ips, equal to
(ias +ips +ics)/3, is zero by physical constraint, irrespective of whether the three-phase
currents are balanced or not. Even though the sum of the phase currents is constrained by the
physical connection to be zero, the phase currents may be unbalanced, as in a single-phasing
situation where the a-phase is open and ips +ics = 0. But, the free-floating stator neutral
voltage, vyg, may not be zero, depending on whether the applied voltages are sinusoidal
and balanced.

Where the applied voltages are non-sinusoidal, as from the output voltages of a six-
step inverter, the zero-sequence component of the applied voltages may not be zero. Where
the stator winding’s neutral is free-floating, the voltage, usg, can be determined in simulation
using Eq. 6.105 with L, = 0 and Ry, set as high as possible to approximate the actual open-
circuit condition.

Consider next the transformation of stator phase voltages to gd0 stationary voltages.
With the g-axis of the stationary gd reference always aligned with the stator a-phase axis
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Vag
e
~O
(O
ng
Vog

as

Figure 6,14  Stator and rotor connections,

and a o of zero, we can obtain the following relationships by setting 6 to zero in the
transformation matrix of Eq. 6.18:

2 1 1 2 1 1

Ugs = gvas - ':gvbs - “3'ch = gvag - Evbg - 3Uc‘g — Usg

1 1
vy, = ﬁ(vcs - Ups) = :7"3-(“65' — Upg) (6.106)
1 1
Ups = E(Uas + Ups + VUgs) = ‘B‘(Uag + Upg -+ Ueg) — Usg

The transformation of the abc rotor winding voltages to the same stationary gd0
reference frame can be taken in a single step using Eq. 6.18 with 6 equal to 6,(¢), or in
two separate steps as follows: First, transform the “referred” rotor phase voltages to a gd0
reference frame that is attached to the rotor with the g-axis of that frame aligned to the axis
of the rotor’s a-phase winding. The resulting equations of the rotor voltages after the first
transformation are similar to those of the stator voltages, that is

1 1 2 1 1
Z]rr gv;r"'j'ullir"‘gvér:§U;n—§v;n"§vén"vin

Il

vy (6.107)

1 ) |
ﬁ(vér - Ubr) = 75(')(’:" - U;)n)

1 1
v()r = g(v;r + v;)r + Uér) = E(vc/m + Uén + vén) - U;n

where v/, is the voltage between the points, r and n. The prime here denotes values referred
to the stator side. The voltages, vﬁl’, and v, are still slip frequency voltages.

Next, perform a rotational transformation of the above gd rotor quantities onto the
same stationary gd frame for the stator quantities, using either Eq. 5.139 or Eq. 5.145:
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Figure 6.15 Axes of abc windings and ¢d
stationary.

v('f, Vg, €086, (1) + v, $inby (1)

i

I

v, = =), sind, (1) + v}, cos b (1) (6.108)

t
0,(t) = f wp (O)dt +6,(0)
0

where, as shown in Fig. 6.15, 6,(¢) is the rotor angle angle, 6, (0) is its initial value, and
w,(t) is the instantaneous angular speed of the rotor. '

The qd0 voltages at both the stator and rotor terminals, referred to the same stationary
qd0 reference frame, can now be used as inputs, along with the load torque, to the model
equations of the induction machine in the stationary gd0 frame to obtain the corresponding
qd0 currents in the stationary reference frame. Usually, the stationary gd0 stator and rotor
currents are then transformed back to phase currents for use in other parts of the simulation.
The stator abc phase currents can be determined from the stator gd currents using the
inverse transformation given by Eq. 6.19 with a 8 of zero.

; s
lgs = gy +los

. 1, V3.,
iy = ~§iés——71ds+zm (6.109)

I

Ly V3.,
—'i‘qs + —2—-lds +igs

Again, the abc rotor currents can be obtained from the gd0 rotor currents using
Eq.6.19 with § equal to §,(¢) in one step, or in two separate steps as follows: First, transform
the stationary qd rotor currents back to the gd frame attached to the rotor, using a rotational
transformation:

les

i =i cos6,(t) — iy, sinf, (1)
ar " ar e (6.110)

i = i;’, sind,(¢) + iy, cos 6, ()
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Then, resolve the gd rotor currents in the rotor reference frame to the desired rotor abc

phase currents, using the inverse gd0O to abc transformation of Eq. 6.19 with 6 equal to
Zero:

1 V3

i;r = -—*ii;’r —é—l:jrr"**l(l)r (6111)
1, V3,

ié‘r = —"Eil/jrr’*'_;idrr’{"i(l)r

Observe that the machine’s gd circuits have the same T-connection of inductors as in
the equivalent circuit of the single-phase transformer. As such, the same technique to handle
the cut-set inductors in the single-phase transformer simulation can be used here.

The model equations of the induction machine in the stationary gd0 reference frame
may be rearranged into the following form for simulation:

r
w;x CDb/ {v;s + ;f—(‘//tilq - 1/”1;5) ] di
K

wb/ {vjﬁ}r-lﬁ(w;"nd—vfj_y)}dr (6.112)

wWp .
— | {vos —iosrs}dt
Xls .

]/ft/;r b/ {U/S 4= w __:'_(l[/:;lq — 1//4“;,)} dt

i

Vas

I

i Os

H

Vi ﬁwb”vﬁr%t/f +——( S 0=V } t (6.113)

g @ ’ T
Lo = o {U()r"l()rrr}dt
iy

.8 1y
g = Fm (igs +ig,)

(6.114)
Vina = %m(igs +ig,)
vy
S ] K3 .8 "15 ’”‘1
qu - xlslqs + 1/"mq lqy
Xis
|2
s ] K .5 Yds — ¥md md
‘//ds = Xslys + wmd Las =
Xl
(6.115)
s ,‘/,s
’oats a5 Tgr mq
IAI/qr =Xyt qr + meq lqr - ’
iy
Vigr = ¥ma
’5 7oarst s oI5 Ydr — ¥md
Vdr = X1rigy + Vma lgy =

x!r
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where
Lttt (6.116)

and

X X
b 6.117)
i Vi
s ds r)
Wmd £ ( Xis X[r
The torque equation is
3 P S5 8 S s i
Tom = Eﬁ(wdsqu = Wasias) N.m. (6.118)

The equation of motion of the rotor is obtained by equating the inertia torque to the
accelerating torque, that is

dawrm
dt

In Eq. 6.119, Thecn is the externally-applied mechanical torque in the direction of the rotor
speed and Tyamp is the damping torque in the direction opposite to rotation. The value of
Tmecr will be negative for the motoring condition, as in the case of a load torque, and will be
positive for the generating condition, as in the case of an applied shaft torque from a prime
mover.

When used in conjunction with Eqs. 6.112 and 6.113, the per unit speed, w,/wp,
needed for building the speed voltage terms in the rotor voltage equations, can be obtained
by integrating

J = Tem + Tmech - Tdamp Nm (6119)

2J wp d{wy [
5 b ““"‘*“‘““"‘( ;{ b) = Tom + Tnech = Tdamp N.m. (6.120)

Often, the above equation of motion is written in terms of the inertia constant, H, defined
as the ratio of the kinetic energy of the rotating mass at base speed to the rated power, that
is
Jw?
= hm 6.121)
2.5 (

Expressed in per unit values of the machine’s own base power and voltage, Eq. 6.120 can
be rewritten as

IH d(wy/wy)
dt
Figure 6.16 shows the flow of variables in both the ¢- and d-axes circuit simulation of
a three-phase induction machine. Note the cross-coupling speed voltage terms between the
parts of the g-axis and d-axis circuit simulation. The zero-sequence components, however,
are not coupled to gd circuits.

= Tom + Tnech — Tdamp in per unit (6122)
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Figure 6.16 Flow of variables in ¢-axis circuit simulation.

(d) d-axis circuit
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6.8.1 Saturation of Mutual Flux
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In reality, iron saturation affects both the leakage and mutual flux components, the latter
more so than the former. The leakage flux paths of the machine windings are very
complicated, compared to those of the mutual flux path. Thus, accounting for the effects of
iron saturation on the leakage is not an easy task. In this text, we will confine our attention to
account for the saturation effects on the magnetizing flux path. For machines with a uniform
airgap, we can reasonably assume that iron saturation affects the ¢- and d-axis components
in the same manner, so that we can then use a common saturation characteristic like the one
shown in Fig. 6.17 for both these components, even though localized saturation can actually
affect the gd components non-uniformly. Denoting the saturated value of the mutual flux
linkages by the superscript, sar, the saturated value of the mutual flux linkage per second in

unsat \

Ay

Figure 6,17 Saturation characteristic.

sat
Wm
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Figure 6.18  Approximation of saturation in
qd components.

the g-axis is given by
xat ‘/fmq A‘/’;;q

sat sar 6.123)
=xm(‘”‘” Vg, Vo Vg ) svi (
Xy

$ xlr

Grouping like terms and using Eq 6.116, the above expression can be written as
XM
Vg = as ww// — Ay, (6.124)
1 Xm
Similarly, the saturated value of the d-ax1s mutual flux linkage is given by
XM XM XM
Vimd = Vs + =7 Vi, — — AV (6.125)
s X Xm

Assuming a proportional reduction in the flux linkages of the - and d-axes, we obtain
from Fig. 6.18 the following relationships:

_ VUmg
'"q yrsat A

A
(6.126)

sat

Ay = 2L Ay,

sat

sat (wsat)’l_*_( sat>2 6.127)

The relationship between A, and ¥ can be determined from the no-load test curve
of the machine, as shown in Fig. 6.17. Figure 6.19 highlights the part of the induction
machine simulation that is affected by the inclusion of mutual flux saturation. The value
of A, can be determined from 5% using piece-wise segments or a look-up table as in
the representation of the transformer core saturation described in Chapter 4.

where
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A“f'mq L

Wsat
Ygs Eq. 6124 |9 Awm
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\d/S sl de
Var Eq. 6.125

Awm d

Figure 6.19  Simulation of mutual flux saturation.

6.9 LINEARIZED MODEL

Quite often, a linearized model of a nonlinear system may be needed in preliminary contro}
design, which employs well-established linear control techniques. Linearized models of an
induction machine can be obtained by performing a small perturbation on all the machine
variables, of either the full nonlinear model in the synchronously rotating reference frame,
or of the phasor equations where these variables in steady-state are not time-varying
[44, 53].

The combined differential-algebraic equations of Egs. 6.53, 6.54, and 6.55 in Table
6.4, and that of the equation of rotor motion, Eq. 6.120, is of the general form:

G, y) =0 (6.128)

where x is a vector of state variables, (s %’,r; Yas; ’/’:1,; wy fwp); 1 1s the vector of inputs,
(Uf;s? V9 Tmeen): and y is the vector of desired outputs, such as i;’x, ig, and Ty, The dot
accent on the x vector denotes the operator d/dt.

When a small displacement, denoted by A, is applied to each of the components of
the x, u, and y vectors, the perturbed variables will still satisfy the governing differential-

algebraic equations, that is
S Gxmr, + DX, X 4+ DX, 1o + Dk, yo +Ay) =0 (6.129)

where the subscript, o, denotes the steady-state value before the disturbance. In steady-state,
Xy=xo = 0 and

S (o tto, y0) =0 (6.130)

The above steady-state relations can be back-substituted into Eq. 6.129 to simply it. And
when higher order A terms are ignored, the remaining terms can be regrouped and written
in the following standard state-variable form:
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Ax =AAx+BAu
Ay=CAx-+DAu

(6.131)

With MATLAB/SIMULINK, the whole perturbation and regrouping process of determin-
ing the values of the [A, B, C, D] matrices of a nonlinear system that you have simulated
in SIMULINK can be done numerically. The procedure to obtain the numerical values of
the [A, B, C, D] matrices about some desired operating point can be accomplished in three
steps: First, the complete steady-state of the SIMULINK system at some desired operating
point must be determined using the SIMULINK trim function:

[Xo, tho, Yol = trim['sdeig’, x8 us, y8] (6.132)

where s4eig is the filename of the SIMULINK simulation of the system with all its inputs
« defined by input ports numbered in the same sequence as in u, all its outputs y defined by
output ports numbered in the same sequence as in y, and x the vector of the state variables.
The actual ordering of the states in x by SIMULINK can be determined using the MATLAB
function:

[sizes, x0,xstr}=sdeig((J,{1.11,0) 6.133)

The trim function uses a quadratic nonlinear programming algorithm. Good initial guesses
of x,, u,, and y, are to be provided to the function through x5, ud, and y§. Index variables
can be used to specify which elements of x§, uf, and yﬁ are to be held fixed and which are
allowed to change during the iterations for the steady-state.

When the initial values are obtained, we can then proceed to use the MATLAB
linmod function to determine the [A, B, C, D] matrices of the small-signal model of the
nonlinear system about the chosen steady-state operating point.

Figure 6.20a shows an overall diagram of the simulation s4eig of a three-phase
induction machine in the synchronously rotating reference frame. The details inside the
Qaxis, Daxis, and Rotor blocks are shown in Figs. 6.20b through 6.20d, respectively. Note
that the inputs and outputs are connected to sequentially numbered input and output ports
as required by trim and linmod to obtain the steady-state and small-signal models.

The synchronously rotating reference frame is chosen because the steady-state
voltages, fluxes, currents, and torque of the machine in this reference frame are all non-
time-varying. Thus, the [A, B, C, D] matrices will also be time-invariant.

The MATLAB Control Toolbox [45] has several useful functions that can directly
make use of the [A, B, C, D] of the small-signal model. Among them are block-building
functions for interconnecting two or more subsystems, functions to determine transfer
functions, functions to determine the Nyquist and root locus plots, and functions to help
design compensators and estimators.

For example, given below is the MATLAB m4.m script file which performs the
computation of the (Aw, /wp)/ AT yeen transfer functions at several 7,,¢cn levels. The main
tasks performed by the script file are:

1. Load the file containing the machine parameters and rating,
2. Obtain the actual ordering of x.
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(a) Overall diagram of s4eig

Figure 6.20 Simulation sdeig of a three-phase induction machine in the synchronously
rotating reference frame.

3. a. Setting up the Tmech loading in the T vector.
b. Determining the complete steady-state at each Tmech loading.
¢. Determining the [A, B, C, D] matrices of the small-signal model.
Determine the transfer functions by:
4. Plot the poles of the transfer functions at various loading levels.

M-file for Project 4 on linearized analysis in Chapter 6
To be used in the same directory containing the SIMULINK
file, sdeig, of an induction machine in the synchronous

reference frame

E

o€

It does the following:

o

{a) loads parameters and rating of machine;

o

(b) sets up Tmech loading levels in T vector for tasks (i) thru (iv)

(i) uses Simulink trim function to determine
steady-state of a desired operating point of the
Simulink system sdeig;

@ 9P P P

o

(ii) uses Matlab linmod to determine A,B,C, and D;

S

(iii) uses Matlab ss2tf to determine
the speed-torque transfer function

o®

% (iv) uses Matlab tf2zp to determine
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1] .

in_psidse

I

. . out_Tem

Tem

igse  |Muxi{Tfactor*(u[1)*u[2] - u[3]*u{4])

Mux

mech Damping
coefficient

(d) Inside Rotor block
Figure 6208 (cont): Simulation sdeig of a three-phase induction machine in the

synchronously rotating reference frame.

% the poles and zeros of the speed-torque transfer function

% (c) generates a plot of poles for changing
% Tmech

% Enter script file to load parameters and rating of motor
p20hp % parameters of 20 hp three-phase induction motor

After initializing the parameters of the inwe

in the Matlab workspace, make initial guess of all
values in the state (x), input (u), and output (y)
vectors. From the diagram of imwe, we see that

u = {[vge; vde; Tmech]

9 P oH o P o

y = [igse; idse; Tem; wr/wb]

Since the ordering is dependent on how Simulink assembles

I

the system equation, the current ordering of the state

e

variables can be determined using

% define all initial value variables
Psigso = Vm;
Psipqro = Vm;

pPsidso = 0;
Psipdro = 0;
wrbywbo = 1;

[sizes,x0,xstr] = sdeig([], {1, (1, O)
% which yields xstr =
%/sdelg/Daxis/psids_

%$/sdeig/Daxis/psidr’
%/sdeig/Qaxis/psigs_
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%/sdeig/Qaxis/psiqr’ _
%/sdeig/Rotor/1l/s N

% or x = [ psids; psipdr; psiqgs; pgipqr; wr/wb |
% Input the following guesses:

Vm = Vrated*sqrt(2/3) % peak voltage per phase

T = [0:-Tb:-Tb]% sgecify range and increment of
% external mech torgue, negative for

% motoring .

xg = [Psidso; Psipdro; Psigso; Psipqro; wrbywbol;
% IMPORTANT!! must update xg in accordance with
% actual ordering of statg‘Variables

yg=[0; 0; -0; 1];

index = 0;

% For loop to compute transfer function at various levels
% of Tmech loading specified in T vector

for Tmech = T

index = index + 1; % set index
u = [Vm; 0; Tmech];

X=Xg;

Y=ydg;

% use index variables to specify which of the above
% inputs in the initial guess should be held fixed

iu={1; 2; 3):; % all input variables held fixed
ix = {]; % all state variables can vary
iy = {]; % all output free

% Use Simulink trim function to determine the desired
% steady-state operating point, For more details

% type help trim after the matlab prompt.

% Results from trim must be verified.

(x,u,y,dx] = trim('sdeig’, x,u,y,ix,iu,iy);

Xg = X; % store current steady-state to use as guesses for next
yg = y; % increment in loading

Use Matlab linmod function to determine the state-space
representation at the chosen operating point

dx/dt = [A] x + [B] u
y = (C] x+ (D] u

{A, B, C, D] = linmod(‘'sdeig’, x, u);
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% For transfer function (Dwr/wb)/DTmech

bt=B{(:,3); % select third column input
ct=C(4,:); % select fourth row output
dt=D(4,3); % select fourth row and third column

% Use Matlab ss2tf to determine transfer function
% of the system at the chosen operating point.
% If desired, transfer function can be printed using

[numt {index, :},dent (index, :)] = s$s2tf(A,bt,ct,dt,1);
printsys (numt (index, :) ,dent (index, :),’'s"’)

% Use Matlab tf2zp to determine the poles and zeros
% of system transfer function

[zt (:,index),pt(:,index), kt(index)] = t£2zp(numt (index, :),dent (index, :});

% z,p column vectors
% For transfer function (Dwr/wb)/Dvgse

bv=B(:,1); % select third column input
cv=C(4,:); % select fourth row output
dv=D(4,1); % select fourth row and third column

% Use Matlab ss2tf to determine transfer function

% of the system at the chosen operating point.

[numv (index, :) ,denv(index, :)] = ss2tf(A,bv,cv,dv,1);
printsys (numv (index, :),denv(index, :}, 's’)

% Use Matlab tf2zp to determine the poles and zeros
% of system transfer function

[zv(:,index),pv(:,index), kv (index)] = tf2zp{nunv(index, :},denv{index, :));
% z,p column vectors

end % end of for Tmech loop

% Print loading level and corresponding gain, zeros, and poles
% of (Dwr/wb)/DTmech

index = 0;
for Tmech = T
index = index + 1;

fprintf('\n {(Dwr/wb)/DTmech \n’)

fprintf (’Tmech loading is %10.2e\n’, Tmech )
fprintf(’'Gain is %10.2e\n’, kt{index))
[mzero,nzero] = size(zt);
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fprintf(’\nZeros are: \n’) .

for m = l:mzero

fprintf(’%12.3e %12.3ei\n’,real(zt(m,index)}, imag(zt(m, index)))
end

[mpole,npole] = size(pt):

fprintf(‘\nPoles are: \n’)

for m = l:mpole

fprintf(’%$12.3e %12.32i\n’,real(ptin,index)), imag(pt(m,index)))
end

end

% Print loading level and corresponding gain,zeros, and poles
% of (Dwr/wb)/Dvgse

index = 0;
for Tmech = 7T
index = index + 1;

fprintf(’\n (Dwr/wb)/Dvgse \n’')

fprintf (‘Tmech loading is %10.2e\n’,Tmech )

fprintf(’Gain is $10.2e\n’,kv(index))

[mzero,nzero] = size(zv);

fprintf(‘\nZeros are: \n')

for m = 1l:mzero

fprintf(’%12.3e %12.3ei\n’,real (zv(m, index)), imag(zv{m, index)))
end

[mpole,npole] = size(pv);

fprintf (’\nPoles are: \n’}

for m = l:mpole

fprintf(’%12.3e $12.3ei\n’,real (pvim, index)}), imag{pvim,index)))
end

end

% Root Locus Plot of (Dwr/wb)/Dvgse with a sensor TF of
% 1/(0.05s+1)

clf;

index =2 % pick the rated torque condition

nunG = nunv(index, :); % numerator of (Dwr/wb)/Dvgse
denG = denv(index,:); % denominator of (Dwr/wb)/Dvgse
numH = 1; % numerator of sensor’s TF

dend = [0.05 1]; % denominator of sensor's TF

{numGH, denGH] = series (nunG, denG, numH, denH) ;
k=logspace(0,5,600); $ define gain array

[r,k}= rlocus{numGH,denGH,k); % store loci

% customize plot over the region of interest

ymax = 400;

xmax = 400;

plot(zr, '-’) % plot loci using a black continuous line
title(’Root Locus of (Dwr/wb)/Dvgse’)

xlabel ('real axis’)

ylabel ('imag axis’)

axis square; % equal length axis
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Poles of (Dwr/wb)/DTmech transfer function
400 : . ) , ,

300 -
200 : : : - ]
100+ - . e IEPUTUI P 4

BRI+ Sl . B

imag axis
(=]

~-100}
~200}t - S PR . L 4

-300

po=d

~400 : ~ 5 : :
Z120 -100  -80  -60  -40 20 0

real axis

Figure 6.21 Migration of poles of (Aw, /@p) /AT pech from no-load to twice base torque.

hold on;
grid on;

axis('equal’) %equal scaling for both axis

axis([-xmax,xmax/10, ~ymax/10,ymax]) % resize
plot(real(r(l,:)}, imag(r(l,:)),’x’) % mark poles with x's
hold off

%
%
%
%
%
%

Transfer to keyboard for printing of plot

disp(’When ready to return to program type ’‘return’’’);
keyboarad

In keyboard mode, that is K >>, you can use the Matlab command
kk = rlocfind(numGH,denGH) and the mouse to determine

the gain of any point on the root locus.
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Figure 6.21 shows the poles of the (Awy/wp)/ AT mecn transfer functions of the 20-
hp motor of Projects 2 and 4 about steady-state operating points ranging from zero to twice
base torque. Since base torque is defined as base volt ampere divided by base mechanical
speed, where base mechanical speed is the mechanical synchronous speed, the base torque
for an induction motor will be less than its rated torque. The gain, zeros, and poles of the
transfer function vary from the values at no-load of

Tmech loading is 0.00e+00
Gain is 1.50e-01
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Zeros are:
~9.630e+01 3.603e+02i
-9.630e+01 -3.603e+02i
~6.706e+01 1.667e+011

-6.706e+01 -1.667e+011

Poles are:
~1.095e+02 3.648e+021
-1.095e+02 -3.648e+02i
~1.864e+01 1.735e+02i
~1.864e+01 -1.735e+021
~7.050e+01 0.000e+0041

to values at twice base load torque of

Tmech loading is -1.58e+02
Gain is 1.50e~01

Zeros are:
-9.653e+01 3.590e+021
-9.653e+01 ~3.590e+021
-6.683e+01 4.30%e+014
-6.683e+01 ~4.309e+011
Poles are:
~1.066e+02 3.617e+02i
-1.066e+02 ~3.617e+021
-2.840e+01 1.558e+02i
-2.840e+01 ~1.558e+021
~5.680e+01 0.000e+001

6.10 SINGLE-PHASE INDUCTION MOTOR

A three-phase symmetrical induction motor upon losing one of its stator phase supplies
while running may continue to operate as essentially a single-phase motor with the
remaining line-to-line voltage across the other two connected phases. The same machine
might not, however, restart with a single-phase supply unless a rotating magnetic field is
somehow produced at standstill. In very small single-phase induction motors meant for
operating on single-phase voltage supply, a rotating field component is produced using a
shaded pole. The short-circuited turn on the shaded pole shown in Fig. 6.22a introduces
a delay to the time-varying flux component through the shaded portion of the stator pole;
as a result, the flux under the unshaded portion peaks before that under the shaded portion
of the pole. An auxiliary winding, however, is required to produce the stronger revolving
field needed in larger motors. The axis of the auxiliary winding is placed about 90° ahead
of that of the main winding. Of a smaller conductor size and requiring less turns than those
of the main stator winding, the auxiliary winding has a higher resistance to inductance ratio
than the main winding. When connected in parallel with the main winding across the same
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short-circuit
coil

(a) Shaded-pole

(b) Split-phase (c) Capacitor-start

Figure 6.22  Shaded-pole, split-phase, and capacitor-start single-phase induction motors.

ac voltage, as in the split-phase single-phase induction motor of Fig. 6.22b, the current
of the auxiliary winding, iy, leads iy of the main winding. For even larger single-phase
induction motors, that lead can be further increased by connecting a capacitor in series with
the auxiliary winding, as in the capacitor-start motor shown in Fig. 6.22¢.

Since the axes of the main and auxiliary stator windings are already orthogonal, for
simplicity in analysis, the stationary qd axes may be aligned with the orthogonal axes of the
physical windings, as shown in Fig. 6.22. If the coil sides of the main and auxiliary windings
do not occupy the same slots, there will be negligible leakage coupling between them. The
cage rotor may be represented by a pair of equivalent gd symmetrical rotor windings. Using
the coupled circuit approach and motor notation, the voltage equations of the magnetically
coupled stator and rotor circuits shown in Fig. 6.23 can be written as follows:
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Liba

qr axis

Figure 6,23 Idealized circuit model of a
single-phase induction machine.

R d)tq‘v
Vg SlgsTgst =V

. d)“(ﬁ
Uds = ldsids + “E“‘Y‘ Vv

(6.134)

. d’]"qr

Ugr = lgrfgr + "'——dt 1%
dxr

Vdr = lgrtar + ]—;ii

Flux linkages. In matrix notation, the flux linkages of the stator and rotor
windings can be written compactly in terms of the winding inductances and currents as

)\qs Lq.\'qs Lq;qr COSO,— Lq;,], Sill@r iqs
Ads Lsas “deqr sin®, Lgsar 080, ids
= ‘ , ; (6.135)
Agr Lyrqs €080, —Lgrgs sind, Lgrgr lyr
Adr Largs sinty  Lrds cos0y Lirar Ldr

If the reluctive drops in iron are neglected and the permeance of the uniform aicgap is Py,
the winding inductances may be expressed in terms of their effective turns, Ngs, Nyg, Nyr,
and Ny, and the permeance of the airgap:

Lq.s‘qs = qus -+ N{?‘ Pg Ldsds = Ll{b‘ + er P},’
quqr = Nqs qu Pg qudr = Nq.s' Ndr Pg

(6.136)
Ld.\'qr = Ndqur Pg Lsdr = NdSNdrPg

Lqrqr = qur + er Pg Ldrdr = Lla’r -+ N(%f Pg
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where Lygs, Ligs, Ligr, and Ly, are the leakage inductances of the stator and rotor
windings. For a symmetrical cage rotor, Ny, = Ny, and Ly, = Ly4,; henceforth, they will
be denoted by N, and L., respectively.

Choosing the gd reference frame on the asymmetrical stator, such that its g-axis is
aligned with the axis of the ¢s winding and its d-axis with that of the ds winding, the rotor
qd windings may be transformed to the chosen ¢4 stationary reference using

I35 [ cosor sing, [ /7,
[f[f = | —sing, cost, || fh (6.137)
B e
Tya(6r)

where the variable f can be the phase voltages, currents, or flux linkages of the gr and dr
windings, and 6, is the angle between the axes of the qr and gs windings, measured from
the stationary ¢s axis as given by Eq. 6.17. The inverse of [T, (6,)] is
cosf, —sind, ]

sinfl, cosb, (6.138)

[Tga 61" = [
Besides the above rotational transformation to be applied to the variables of the
rotating gr and dr windings, we also would like to refer, or scale, the transformed variables
and rotor winding parameters to the stator or input side. Since the gs and ds windings are
unequal, one of them will also have to be referred to the other. We will refer the actual
variables of the auxiliary ds winding to the main gs winding. To simplify the notation, let’s
use the superscript s and prime to denote the transformed rotor variables in the stationary gd
reference frame and the referred quantities to the stator gs winding, respectively. In terms of
the transformed rotor variables and of the ds variables referred to the g5 winding, Eq. 6.135
for the flux linkages becomes

)"qs = qu.v[q.v + Lm([ (iqs + l:{sr)
4 ’ e of ITAY
cmm Ly i A Ly (400
ds ldstds mg s T L, )
oo o (6.139)
)‘z}r = Llrtc}r + L”"I (lfh" + lc}r)
)“gr = L;ri;fr + me? (iz/!s + lrljr)
The voltage equations of the ¢s and ds stator windings may be expressed in terms of the
transformed and referred quantities as

o dhg
Ugs = Fgslqs ar
(6.140)
/ 1o d)‘;ls
Vs = Faslas + dt

Applying the transformation, [T,4(6,)], to the voltages, flux linkages, and currents
of the gr and dr windings in the gr and dr voltage equations, we will obtain

[Z?,j] = [qu(er)]{rr 2}[1‘(1‘[((»)]“‘ [izlil

dr dr

A
+[Tga (0PI Tqa (01" [ Ag’} (6.141)
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It can be shown that

s d6r
5 : qr
1| Agr | —sinf, cosb, dt
P[qu(er)] !ikjr:] . [ ““COS&r _Siner i dH,
dr E?
dhg,
- dt
AT @ " (6.142)
d}"(lr
dt
Substituting this back into the previous voltage equations and simplifying, we obtain
s /s I dg’" d'\'gV
vqr = rrlqr - )"dr dt dr
e (6.143)
s s S d9 )"iif
U;’r =Felgr +}‘;1fr-d‘;£ + dt

Using v for wpA in Eqgs. 6.140 and 6.143, we can deduce from the resulting equations the
equivalent circuit shown in Fig. 6.24. Variables and parameters in the shaded portion of the
equivalent circuit are referred to the main gs winding.

o, = Nas, it = Nas,
= s = d
ds Nds s ds qu as
2
— N2 r Nflf 2 .
Lm‘l“‘Nq:Pg Lmd‘”(N > Nd.ng'*Lmq
ds
2 2
Ny Nos
L, = ( q L. o= a8 s
Ids Ids ds ds
Nas ’ Nus
2 2
L, *(Nqs> L r'ﬂ(Nqs> r
r — 4 r r
N, N,
le — quvi‘ 5o NW 5
qr N, ar Var = N Var
r r
i Ny ;s i = r i
qr qu qr dr Nq‘v dr
P Nqs 2 V= N‘IS N
qr N Tar dr = N dr
r r

Torque equation. The sum of the instantaneous input power to all four
windings of the stator and rotor may be expressed as

. o /S RIAY A
Pin = Vgsigs + Vysly + g in +vgig, W (6.144)
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Ideal traﬁgformer

Figure 6.24 Equivalent circuit of a single-phase induction machine,

Using Eqgs. 6.140 and 6.143 to substitute for the voltages and eliminating terms associated
with copper losses and the rate of change of magnetic field energy, we can equate the
remaining terms to the rate of mechanical work, that is

d Grm

Tem = g )-~ N.m. (6.145)

qr dr dr qr

Replacing the mechanical speed, dBpm/dt, by (2/P) d6, /dt, the developed torque may be
expressed as

. 15 48 s
Tom = —‘O"qr dr ™ dr qr) N.m.

(6.146)

YA s15 a7
= ‘Z‘L'nq(’dr‘qs —lgrigs)

Simulation of a single-phase induction motor. For simulation
purposes, the equations of a single-phase induction motor may be rearranged as shown in
Table 6.5.
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TABLE 6.5 SINGLE-PHASE INDUCTION MACHINE EQUATIONS
Voltage and flux equations:
‘/qu = wa {qu + (qu Wq:) } d()
(6.147)
wi,is L:wa {vds dT (vfmd wd.\ }d(t)
lds
Wy !
v =an [ fot 4 2+ 2 g = v )
' r (6.148)
3 @r s r; / 15
‘[’dr = Wh Var — ~“wqr + _f“(wmd - wdr) d({)
Wh Xy
qu = Xmg (i(].f + i )
” (6.149)
wmd = Xmgq (lda‘ + lc]r)
. . Yas — ¥
‘//qs = Xigslqs + qu Lgs = 4 s
Ligs
) . Vs =V
Vs = Xaslgs + Vma gy = “is“‘/’“_ﬂ
RIE
(6.150)
oy - ‘/fn q
Il’qr - xir qr ""/’mq Lz/;r = "‘_—”/‘m—lﬂ
X1p
15t
Wz]r = xl/rlc/{sr + v/r,nd igr = M
iy
where
I 1 1 1
Mg X X X
q mq gs Ir 6.151)
1 1 1 1
v ol
Md  Xmq KgAK
and
w 8
V}mq = XMq (“’Cﬁ i
Xgs Xy
(6.152)

Vs | Vi,
11l[md "“de( t+ /r
lds X1r
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Torque and rotor motion equations:

P .
Tem = ‘2"‘—‘“(‘/’(15’(1& ~ Vgsigy) N.m. (6.153)
wWp
dwy,
J "= Tom + Tneck — Tdamp N.m.
(6.154)
d .
ZH’M = Tom + Timech — Tdamp in per unit

dt

Steady-state analysis.  Unlike the steady-state condition of a balanced three-
phase induction machine where the airgap flux is a uniform rotating field and the torque
is constant, the airgap flux and torque of a single-phase induction machine with non-
symmetric stator windings, in general, are pulsating even in steady-state. As shown in
Section 5.10, the pulsating mmf from a single-phase excitation may be viewed as the
resultant of forward and backward revolving components. In terms of space vectors, the
fundamental component of the airgap mmf that is established by the stator gs and ds
currents at a point §, counter-clockwise from the ¢s axis may be expressed as

]?‘S(Qq) = ivq.r +§‘ds

N, sine? Nl" %
- q?ilge_ iy + 1;1ne is
Nysine Nysi b
= W";m igs COSOy + J—éﬂii[u cos(by + ’2“) (6.155)
[——
a
Nqs."ne . L’jﬁ'/ —e % -+ Nagine . L’/g" - @ijq
= 1 !
2 2 P 2j

Nqsine iqs . Nusine ids Jjb, iqx . Ndsine igs -,
= 5 —_— i Eevnmeneiesenll K4 1+ j)* Bl Rl K4 "
2 Nq.rine 2 -~ Nqsine 2

Igg it

where —i';‘s. and 325 are the positive- and negative-sequence space vector components of the
stator currents, igy and igy, and Nygine and Nggine are the turns of equivalent sinusoidally
distributed g5 and ds windings. As shown in Section 5.4, Nysine and Nyyine are related to the
effective number of turns, Ngs and Ny, by the same constants, thus the ratio, Nysine/ Nusine,
is equal to Nys/Nys.

For steady-state analysis of operating conditions where the voltages and currents are
sinusoidal, for instance iyy = R{v/2lprmse! T4} and igs = R{2lgrmse’ @ 19D}, the
relationship between the rms time phasors of the positive and negative sequence current
components and the rms time phasors of the phase currents are
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i 1 [1 «j] Iy 1 [1 ‘—j][iqs] '
Lyl L A s L S 6.156
[Iz.v:! vzt J %ﬁld& VZLL T LT ( )

When the two winding currents form an orthogonal balanced set, that iS Jgms = lyrms and
b = ¢q — 1 /2, the positive-sequence rms phasor, 15, is I;rms /0 and the negative-sequence
rms phasor, Iy, is zero. The inverse transformation can be readily shown to be

- iqs ___1__[1 1][315] 6.157
[I;J’ﬁ i =il (6.157)

Since the inverse transformation matrix is equal to the conjugate transpose of the
transformation matrix, the transformation is power-invariant. For example, the total
complex power into the two stator windings may be expressed as

Sin = [Vas Vi ] [izz ] =[¥1 V2] [i“ } (6.158)
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The rms time phasors of the other variables of the rotor windings in the g4 stationary
refgrc?nce frame, sufch as Vg,, A I;Sr, I, )\ZIX,, and A7, are relat‘ed to tpeir corresponding
positive- and negative-sequence phasors by the same set of transformations.

The flux linkage equations of the stator and rotor windings, when expressed in terms
of positive- and negative-sequence components, are as follows:

As | L[ (Ligs+L}y,) (Ligs—Ljy,) [i,s } [i“ +1 ]
A L i 6.159
[Ab :| 2 [ (Ligs = Ligy) (Ligs + Ligg) || o M L+ T, ( )

In general, when the stator windings are dissimilar, the off-diagonal leakage term will not
be zero. In our equivalent circuit, the mutual inductances, L ;g and L,,g, are equal in value,
as shown in the table above, because the airgap is uniform and all other windings have been
referred to the g5 winding. The flux linkage equations of the symmetrical rotor winding can

thus be simplified to
ia,} [x} [imf}
b= pl P 4L - =i (6.160)
[ A2r lr I/2r " Izs + I2r

For steady-state, the time derivative operator, d/dt, on variables that are varying sinu-
soidally at an angular frequency of w, can be replaced by jw,, and the rotor speed, d6, /dt,
by w,. With these replacements, the steady-state voltage equations of the stator and rotor
windings become

{715 1 (rqy+r¢/15) (rqs"'";s)] i1: jweilr

-~ = - : 4 4 o L e 6.161
{VZQV ] 2 l> (r‘IS - rds) (rqf +rd.r) s * JWeAas ( )

Vl] } / [ il] } [ j(we - wr)i/l ]

P rel b, = 6.162
v = e 16

With a cage rotor, V’lr and Vzr are zero. Dividing the steady-state equations of V’lr and \"/’Zr
by (we — wy)/w, and (we + w,)/w,, respectively, and substituting s for (w, — w,)/w, and
2 — s for (we + ;) /we, the resulting equations for the rotor windings are
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g rgs L lgs Ly 71’ r
=__A, T Cg R =
+
Y , , L r
18 rys -Igs Ligs qus ma s
- 2 2
7N
i -
B log -4 L .
Vas % ma ) (_2_-{;)
- Tgs Ligs Ly
=V ' [ ==
Tg Té Figure 6.25 Steady-state equivalent circuit
s r

of a single-phase induction machine.

/
ST+ o [ LT+ L (o + 1)
(6.163)

4

0= (22 STyt o { LTyt LB + L))

The sequence network representation in Fig. 6.25 for a single-phase induction motor
with dissimilar stator windings may be deduced from the form of the above stator and
rotor winding voltage equations. The coupling between the positive- and negative-sequence
components from the off-diagonal resistive and leakage inductive terms in the stator voltage
equations may be expressed as follows:

’
(rgs = Tgs)

vl.v :rz]sil.y+ (ils"‘ib)

(L;d.v - qus)
2

+ja)e {qus'il.¥+ (il\v “‘i2s)+Lmq(ilx +i/|r)}

i ) o= - .
v2x = rqsim + W(Iz; ~1yy) (6.164)

(L;ds = Ligs)
2

+jfl)e Iqusi?.s‘)f‘ (i2s _ils) +Lmq (iZS "ri&,)}

Average torque in steady-state. Denoting jw.1;, by E, and jw.X), by

E,,, the total complex power flowing across the airgap from the stator to the rotor is given
by

Sag = —E, 11, — £, T3, (6.165)

The real part of Su corresponds to the synchronous watt flow. The average torque

developed by the motor can be obtained by dividing the positive- and negative-sequence

synchronous watts by their respective synchronous speed in mechanical radians per second,
that is
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6.11 PROJECTS
6.11.1 Project 1: Operating Characteristics

In this project, we will implement a simulation of a stationary reference qd0 model of a
singly excited, three-phase induction motor. Following which, we will use the simulation
to examine the motoring, generating, and braking characteristics of a test motor supplied
with sinusoidal voltages.

(a) Figure 6.26a shows an overall diagram of the simulation s/ of an induction
machine in the stationary reference frame. The details inside the main blocks of s/ are given
in Fig. 6.26b through 6.26e, with the exception of the Daxis block, which by symmetry, is
similar to in the Qaxis block. In this simulation, the stator neutral is floating, its voltage
with respect to the system reference point, g in Fig. 6.14, is obtained by connecting a small
fictitious capacitor, Csg, between points s and g. Also included is the zero-sequence circuit
simulation, which can be disabled when the operating condition is balanced.

The given ml M-file uses the machine parameters in p/hp to set up the following
machine parameters of a 1-hp, three-phase, 60-Hz, four-pole, 200-V induction motor:

re=335Q Lis=1L), =694 mH
Ly, =16373mH r, =199 Q
Jrotor = 0.1 kgm2

When the value of C,p is kept small, to say 1/(50Zpwp), the simulation will run
satisfactorily with a minimum step size of 2¢ %, a maximum step size of le™2, and a
tolerance of le™7 using the odel5s or Adams/Gear method. When the stator neutral is
grounded, Cj, is infinite and the gain in the 1/Csg block should be set to zero.

(b) Using a stop time of 0.8 seconds, simulate the motor starting from rest with rated
voltage applied and no mechanical load. Plot the torque vs. speed curve of the run-up and
note the values of the starting (s = 1) and breakdown (s = syqx) torques. Compare the
torque-speed curve obtained under dynamic conditions to the corresponding steady-state
curve shown in Fig. 6.27 that is obtained from Eq. 6.73 for steady-state operation. Compare
the values of spqx, and 7,2 computed from the expressions given in Eqs. 6.74 and 6.75
with those observed on the dynamic torque vs. speed curve.

(¢) Asimplemented in the rotor simulation shown in Fig. 6.26(c), the machine will
be motoring when Tp.c4 is negative, and generating when 7p.cs is positive. Determine the
base torque, T, of the machine that you are simulating, then apply step changes of load
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»1]

out_Tem

3*P/(4*Wb)

Sum 3P/4wb

out_wr/wb

Damping
coefficient

(c) Inside the Rotor block

—>{ (209)"(ul1] - (ui2lsais)2) :
in_vag Fen out_vas
Mux{——5  (u3Fui2)/san(3) »
in_vbg Fenil out_vds
B ~—+l (U }ul2l+u[3])/3 }»———» N
in_veg L“——Mux Fen2 -
out_v0s
-;- ki) Sum
ias+ibs+ics 1/Csg Integrator
(d) Inside the abc2qds block

ul1] + u[3]
(1 > =
i Tas Fon out_ias
Mux ~(u[1}+sqrt(3)"ul2])2 +u[3]
in_ids Feni out_ibs
.
o ~(u[T}-sqrt(3)“u(2])/2 + u[3] 3

M Fcn2 out_ics

Figure 6.26 (con
frame.

{e) Inside the qds2abc block
1.):

Simulation s/ of an induction machine in the stationary reference
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Figure 6,27 Steady-state curves of the test machine.

torque from zero to the base value of Tj in two increments. Plot the transient response of
ias, Tem, and w, to the applied step change in load torque. Cross-check your results with
the sample results shown in Fig. 6.28 of the machine starting under no-load and with step
changes in motoring a Tyecn of zero to 50 percent, 50 to 100 percent, and from 100 back
down to 50 percent of rated torque applied at £ = 0.8, 1.2, and 1.6 seconds, respectively.

(d) Repeat Part (c) with negative values of load torque. Check the rotor speed
obtained when steady-state is reached after each increment against that predicted by
Eq. 6.73. Check also the phasing between v, and ig, to ensure that it is consistent with
the condition that the machine is generating.

(e) Plugging is a form of braking where the field rotation of the stator’s mmf is
opposite to that of the rotor’s. Modify a copy of s/ so that you can reverse the connection
of the b and c-phase supply voltages to the stator on the fly. Start the motor up as in
Part (a). When the motor has run up to its no-load speed and the transients are over,
reverse the sequence of the supply voltages to the stator windings, causing the airgap
field to reverse in rotation, opposite to that of the rotor’s rotation. Figure 6.29 shows
the motoring characteristic for a forward rotating field in a solid curve and the braking
characteristic after the field reversal in a dotted curve. The marked trajectory shows the
machine motoring initially at no-load speed. The rotor speed remains the same at the switch-
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Figure 6.28 No-load startup and step load response.

over from motoring to braking mode because the speed is continuous for finite rotor inertia.
Immediately following the reversal, the slip is almost 2 and the stator current will be
relatively large compared to its rated value. Plot the values izs, Tem, and w, as the rotor
slows down to zero and accelerates in the other direction.

6.11.2 Project 2: Starting Methods

It can be seen from the equivalent circuit of Fig. 6.9 that when the slip is large, the effective
rotor resistance, /s, is small. Thus, starting a motor from standstill with the rated stator
voltage applied can result in large starting current, typically as much as six to eight times
the rated current of the motor. The starting current of a large induction motor could result
in excessive voltage drop along the feeder that is disruptive or objectionable to other loads
on that same feeder. Various methods can be used to reduce the current drawn by the
motor during starting. One popular method is to reduce the voltage applied to the stator
windings during starting, using an autotransformer or star-delta contactors. Since the torque
developed is proportional to the square of the applied stator voltage, the starting torque
will be correspondingly reduced during the period when the stator voltage is reduced; as
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Figure 6.29 Trajectory of a plugging oper-
ation.

such, the acceleration during that period will be slower. In some applications, such as
in compressor drives, the requirement of large starting torque may necessitate the use of
another method of reducing the starting current, that of using external rotor resistance
during starting. Figure 6.30 shows the circuit and torque vs. speed curve for external rotor
resistance starting of a wound-rotor machine. In this project, we will examine the starting
performance of some of these methods on a 20-hp, four-pole, 220-V, three-phase, 60-Hz
induction motor machine with the following parameters:

rs =0.1062 Q x5 =0.2145 Q
. =0.0764 Q x;, = 0.2145 Q
Xy =5.834 Q2 Jrotor = 2.8 kgm?

The rated speed of the motor is 1748.3 rev/min at a slip of 0.0287, and the rated current is
49.68 A.

Direct-on-line starting. Make acopy of the MATLAB and SIMULINK files,
ml and 51, given in Project 1. Modify m1 to use the parameters of the 20-hp induction motor
instead of those of the 1-hp motor. For this part of the project on direct-on-line starting, you
can use s/ as given.

Start the motor from standstill with full-rated supply voltage and a load torque of 7},
(T}, being the base torque of the machine). Stop the simulation when steady-state is reached.
Plot the starting current drawn i, and w,. Note the magnitude of the starting current at
the beginning of starting, and the time and rotor speed at which the starting current drops
significantly from its initial starting value.
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Figure 6.30 Wound rotor machine with external rotor resistors.

Reduced voltage starting. With a reduced voltage method, the supply
voltage is temporarily reduced during the initial phase of starting to keep the initial starting
current drawn low. When the rotor accelerates up, the slip decreases and the stator current
drops. When the starting current has fallen significantly, the supply voltage can then be
raised to the rated value to complete the run-up. Using an autotransformer, the initial starting
voltage can be adjusted by selecting the appropriate turns ratio of the autotransformer.
With a machine that is designed to run normally with its stator windings delta-connected,
the terminals of the three stator windings, if available externally, can be temporarily
reconnected as wye to reduce the current drawn during the initial phase of starting. With
the same rated supply voltages, the phase voltage across each phase of the wye-connected
stator windings will be only 1/+/3 of that when the windings are delta-connected.

Modify your copy of s/ so that the magnitude of the input voltages to each stator
phase can be changed from 1/ +/3 rated to rated in response to a timer during a run. Repeat
the startup run as in Part (a) with a load torque of T}, but with the magnitude of the supply
voltage kept at 1/+/3 of rated, and note how long it takes the starting current to start
decreasing significantly. Set the timer to the time noted above and repeat the run with the
reduced voltage supply, and with the input voltage to the stator phases reverting back to full
value after the scheduled delay. Plot vgs, iqs, Tem, and w, and compare this set of results with
that obtained in Part (a) with the direct-on-line starting method. With wye-delta or star-delta
starting, besides changing the magnitude of the input voltages to the stator windings, there
may also be a change in phase of the input voltages when the stator windings are being
reconnected in delta,
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Yigure 6.31  Torque and stator current curves for three different rotor circuit resistances.

Rotor resistance starting. Induction machines with a wound rotor construc-
tion, where the rotor windings terminals are accessible via the slip rings, can be started
with external resistances introduced to limit the starting current drawn. Note from the
discussion of Eq. 6.75 that the maximum torque developed is not dependent on the rotor-
circuit resistance, but the slip at which the maximum torque is developed can be varied by
changing the rotor circuit resistance, r/.

Use Eq. 6.74 to determine the values of rotor circuit resistance that would cause
maximum torque to be developed by the test motor at slips of 0.8 and 0.4, respectively.
Figure 6.31 shows the torque and stator current vs. rotor speed curves computed from
steady-state expressions using the nominal value of rotor circuit resistance and the two
values computed above.

Modify a copy of s/ so that the rotor circuit resistance can be step changed during
starting to three different values: that which will give maximum torque at s = 0.8 in steady-
state; that which give maximum torque at s = 0.4; and, the nominal rotor winding resistance
given. Using the information given in Fig. 6.31, determine by trial and error a suitable
timing to step change the rotor circuit resistance using rotor speed as the feedback variable
to initiate these step changes for the case where peak starting current is kept below 170+/2A
when starting with a load torque of T,. Run the simulation of the motor starting from
standstill with rated supply voltages and a load torque of T} using the above scheme of
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rotor resistance adjustment. Plot iz, Tom, and w, and compare the results obtained with
those obtained using the direct-on-line starting method in Part (a) and those obtained using
the reduced voltage method in Part (b).

Comment on the differences in starting current drawn and the starting time that
the machine takes to reach full-load speed among the three methods studied in Parts (a)
through (c).

6.11.3 Project 3: Open-circuit Conditions.

Since the developed induction machine simulation has voltage input and current output, the
simulation of a short-circuit condition at the machine terminals is straightforward, but the
simulation of an open-circuit condition is not. The objective of this project is to examine
two specific cases: that where only one out of three stator phases is open and that where all
three phases are open for a while and then reclosed onto another supply bus.

Single-phasing. The condition in which the motor operates with one of its
stator phases open-circuited is referred to as single-phasing. In practice, single-phasing
of three-phase motors can often be the result of one of the supply fuses being blown.
Momentary single-phasing is also encountered in simulating some adjustable-speed drive
in which the stator terminals of the motor are cyclically switched by an inverter, connecting
only two phases of the motor to the de supply, one phase to the positive rail and the other
phase to the negative rail, and leaving the third phase open-circuited briefly every sixth of
a switching cycle.

Method a.  During single-phasing, the terminal voltage of the open stator phase
is the same as that of its internal phase voltage. Consider the stator supply connection shown
in Fig. 6.14 where the neutral point of the stator winding is floating and let the a-phase of
the stator be the open phase, that is i,, = 0. With the neutral point of the stator windings
floating and the a-phase open, i + i = 0 and igy = 0. Since ip; = 0, we can readily show
that vy, will also be zero. Show that for the above single-phasing operation:

igs =0
S s
qs T 1pmq
S
) KXo i
v, = (6.167)
4 wp dt
5
s wqr

X;,. + Xmgq

Is
v Vo= L xmg 4V
s = L A
@ s wp X;,. +qu dt

If the value of x,, may be considered constant, the last expression in Eq. 6.167 may
then be used to generate the input voltage, v,y, for the open a-phase when simulating a
single-phasing operation of the motor. In the simulation, the time derivative term, dy7. /dr,
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can be taken from the input to the integrator that produces ;. in Fig. 6.26b, to avoid taking
the time derivative. ' .

Method b.  On the other hand, if the value of x,, varies with operating condition,
as with iron saturation, the above open-circuit voltage expression will not be very useful.
For such a case, the open-circuit voltage at the terminal of a-phase can be obtained from
the voltage across a very large resistance, Ry, between the external terminal of the a-phase
stator winding and the system ground, g, and the voltage, v,, between the floating neutral
of the stator windings and the system ground.

e (6.168)

Vag = —igs Ry

To avoid creating a high-gain algebraic loop, the value of vy, can be obtained from a small
capacitor, Cy,, instead of another large resistor connected across points, s and g, that is

1
Cyg

In the first half of this project, we will experiment with the two methods of
implementing an open-circuit condition on the a-phase of a three-phase induction machine
and examine the results. Start by modifying a copy of s/ used in Project | of this chapter
using Method A to simulate a single-phasing operation of a three-phase motor having the
same parameters as those given in Project 1. Modify a copy of the MATLAB M-file, m1, to
set up the simulation and to plot the desired results. Start the simulation with a three-phase
voltage supply and a load torque of less than one-half the base torque, Tj, of the motor. You
can get the motor simulation to settle quicker to the steady-state by initializing the rotor
speed with the synchronous value. When steady-state is reached, activate the changeover
from three-phase to single-phasing operation to open the a-phase connection to the three-
phase supply at the next current zero of izs. Explain why the precaution is taken to open the
phase connection at the moment of its current zero? Plot iyy, Vas, Vsg, Tem, and w, vs. time.
Compare these plots with those obtained for the same load torque in Part (b) of Project 1.

Next, modify another copy of s/, this time using Method B to simulate the same
single-phasing operation of the three-phase motor as with Method A. Determine whether
it is necessary for you to include the equation of the stator’s zero-sequence component in
your simulation of this condition. Repeat the simulation as in the case with Method A.

/(izzs +ips + ics)dt (6.169)

Usg =

Bus transfer. An important operation where all three phases of the motor are
open for a short period arises when a critical motor must be transferred from one bus to
another to maintain continuity in its operation. Figure 6.32 shows the condition in a nuclear
power plant where the induction motor driving the coolant pump may on occasion have to be
transferred from the auxiliary bus to the system supply bus. The same situation occurs again
when transferring back from the system supply bus to the auxiliary bus to restore normal
operation. During the short time that the stator is disconnected from its supply, its rotor will
decelerate and the internal voltages of the stator due to the trapped rotor flux will decrease
in magnitude and retard in phase. Frequent questions related to such a bus transfer are
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Figure 6.32 Bus transfer of induction motor in a power plant.

How long can the motor be left open-circuited and yet be able to complete the transfer
in a reasonably smooth manner?

What is the best point of the wave to reclose onto the new supply bus voltage for
minimal switching transients?

Modify your simulation to conduct a bus transfer run where the disconnection of
each stator phase from its supply bus is open at the zero of the corresponding stator
current. The stator circuit can be left open for some arbitrary length of time and the
reconnection of all three stator stator phases to their new supply bus voltages can be
closed immediately by manual control or can be automatically synchronized to some
recognizable event.

. With the machine motoring a load torque of 7}, and using supply voltages of rated

magnitude, vary the duration of the state where the stator phases are completely open
to see how quickly the terminal voltage of the stator decays in magnitude and retards
in phase relative to the steady supply voltage.

. Repeat the run with rotor inertia changed by a factor of 0.5 and 2.
. Conduct runs with the reclosing at the instant when the supply voltage and internal

stator voltage of the corresponding phases are in phase, 90°, and 180° out of phase.

4 Project 4: Linearized Analysis

A linearized model of an induction machine can be useful in small-signal stability prediction
and in control design that uses linear control techniques. In this project, we will learn how
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to obtain a linear model of an induction machine from its SIMULINK simulation and use
it to determine the root-locus of some transfer functions.

First, set up the SIMULINK simulation, s4eig, shown in Fig. 6.20 of an mductxon
machine in the synchronously rotating reference frame. Compared to the simulation of the
same machine in the stationary reference frame, the main changes are those associated with
the speed voltage terms and the requirement of the SIMULINK trim and MATLAB linmod
functions that the inputs and putputs be defined by sequentially numbered input and output
ports.

Examine the given m¢ script file that has been programmed to determine the transfer
functions of (Awy/wp)/ AT jeer and (Aw,/wp)/ A vg at just the no-load and full-load
operating points of the 20-hp, 4-pole, 220-V motor of Project 2. Run m4 once to check the
ordering of the state variables by SIMULINK on your computer, as the ordering may be
different from what is shown, depending on how SIMULINK assembles the model on your
computer. If the ordering is different from what is given in m4, the ordering of the state
variables in m4 will have to be changed to conform with the new ordering on your computer.
A check of the outputs from trim is also recommended as the outputs can be off the mark
when the initial guess is not close.

~ The MATLARB script file, m4, is to be used in conjunction with the SIMULINK s4eig
file to determine the open-loop transfer function of a system where the forward transfer
function is (Aw, /wp)/ Avg; and the feedback function of the speed sensoris 1/(0.05s + 1).
It also performs a root-locus plot of the open-loop system. Figure 6.33 shows the root-locus
plot from m4 of the open-loop transfer function, A(wy/wp)/ Dugy, of the 20-hp motor at
base torque condition. Each branch of the locus starts from an open-loop transfer pole with
the gain equal to zero and moves toward an open-loop zero as the gain approaches infinity.
Note that parts of the two branches of the locus reentering the real axis have been omitted.
That is because points corresponding to the discrete values of gain in the k vector are
joined by lines in the above plot. If need be, these parts can be filled in by inserting a small
range of closely spaced gain values spanning the omitted region. Check your SIMULINK
simulation, s4eig, and your MATLAB M-file, m4, using the sample root-locus plot.

Step response. Use m4 to insert the machine parameters and compute the
transfer function, numG/denG = A(w,/w;,)/Avqs With the above information in the
MATLAB workspace, you can use the following MATLAB script given in mdustp to
determine the step response of the transfer function, numG/denG, of the induction

machine:

M-file for the second part of Project 4 on linearized analysis
in Chapter 6 to obtain the unit step response of the motor
transfer function, numG/denG.

determined by md4, that is numG/dent must be already

%
%
%
% It can only be used after the transfer function has been
%
% defined in the MATLAB workspace.

o

mdustp computes the step response using the step function
and plots the unit step response of the transfer function
numG/denG.

o dP
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Figure 6.33  Root-locus for

% Requires MATLAB Control System Toolbox function step

%

£ ={0:0.0005:0.25]; % set up the regularly spaced time points
% Obtain the step response of the transfer function
ly,x,til=step{numG,denG, t); % step is a Control System Toolbox
% function

plot(ti,y);

title(’'step response of numG/denG’)

Figure 6.34 shows a sample plot of the unit step response of the transfer function,
Alwr/wp)/ Bug,.

Cross-check the above step response output of the transfer function against that
obtained from the SIMULINK simulation of the induction machine in the synchronously
rotating reference by applying a unit step voltage disturbance to vg, of the induction
machine operating at rated voltage and motoring a load torque of T}. Figure 6.35 shows
the simulation inside the SIMULINK file, s4stp, for conducting such a step input. The
inputs to the s{eig block are the fixed value of 7, at the value of base torque, 7}, and
the repeating sequence signal of vg, with time values = [0 1. 1. 1.2] and output values of
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qs

[Vie Vin Vi 41 Vi + 1]. The initial delay of a second in the repeating sequence signal for
vy, is to allow time for the simulation starting from some approximate initial condition to
settle to steady-state before applying the step input voltage. Note that the post-disturbance
level of vg, is the same as that of the calculated unit step response. The length of the To
Workspace is adjusted to capture the tail end of the simulation run where the disturbance is
in effect. Shorter run-times can be used if you are using the computed steady-state condition
from trim to initialize your simulation. Figure 6.36 shows the step response from the above
simulation for a nominal condition in which machine is motoring with rated stator voltage -
and a load torque of 7. Except for the difference in steady-state level, this response curve
is identical to that shown in Fig. 6.34.

Obtain the root-locus and check out the step response plot of the following transfer
functions for the motor operated with rated voltage, that is rated vg:

e Alw,/wp) /Avgs when motoring zero and base load torque.

o A(wr/wp)/ATnecr, when motoring zero and base load torque.
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Figure 6.36  Simulated (w, /wp) response to a unit disturbance in ug_f.

6.11.5 Project 5: Some Non-zero v,;, Conditions

As indicated earlier, when the stator windings are connected by a three-wire connection
to the source, the voltage, vy, can be non-zero even though the sums, iy + ips + iy and
Vas + Ups + Ve, are both zero. In this project, we will examine a few kinds of source
voltages which can result in a non-zero vs, using the MATLAB and SIMULINK files,
m5A and s5a. Aside from the changes in the abc2qds block to handle the case of a non-
zero vy, shown in Fig. 6.37b, the rest of s5a is the same as that in s/ described earlier.
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(b) Inside the abc2qds block of s5a

Figure 6.37 (cont.)

We will use the same 1-hp motor as in Project 1 so that the results obtained here can
be compared against those obtained with balanced three-phase, sinusoidal voltages. It is
apparent from Eq. 6.104 that when the Source voltages are unbalanced in a manner that
Vag + Ung + Veg is DOt equal to zero, the value of vy, will not be zero. If you are not familiar
with such unbalanced conditions for sinusoidal source voltages, experiment with various
combinations of magnitude and phase unbalance by inserting the appropriate expressions
in the corresponding function generator blocks. With extreme unbalanced conditions, the
motor may not develop sufficient torque to run up with the value of mechanical torque,
Tmech» that is set at —7,/2 in s5a.

Aside from unbalanced sinusoidal waveforms, we could also use s5a to examine the
following cases of complex voltage waveforms. For instance, to cach phase of the function
generators for vy, vp,, and v we can add harmonic components, such as

1% .
Vag = Vi COSwet + fcos(hwez+a,,)

2w Vin 2hn

Upg = Vycos| w,t — 5 + W cos | hwet — =N + oy (6.170)
2 Vi 2hn

Veg = Vi COS | wet + R -+ e cos{ hw,.t + 5 +

Experiment with odd values of & = 3n and 3n £ 1 where n is an integer. Determine the
relationship between the value of i and the condition for zero vgg.

Next, we will apply the above observations to the case where the source voltages
to the induction motor are square waves, each phase being displaced 120° apart from the
others and of magnitude such that their rms value is the same as that of the three-phase sine
voltages used in Project 1. Figure 6.38 shows the inside of the SIMULINK file, s56. The set
of quasi-square, three-phase voltages is generated by connecting a sign function block from
the Nonlinear library block after the sinusoidal output of each function generator block,
and by amplifying the outputs of the sign blocks back to the desired level. Use m5 to set up
the parameters of the 1-hp motor in the MATLAB workspace and conduct a simulation run
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with s5b of the startup of the motor with a constant load torque of Tpecp = —T,. Compare
the results of this run with those obtained with sinusoidal voltages of the same rms value in
Project 1.

6.11.6 Project 6: Single-phase Induction Motor

In this project, we will implement the SIMULINK simulation, s6, of a single-phase
induction motor and use it to study the characteristics of a single-phase induction motor
operating with no external capacitor, as in a split-phase motor, with a starting capacitor,
and with both starting and run capacitors.

When operated as a split-phase motor, the slight lead of the ds stator winding current
to that of the ¢s winding is from the difference in L/R ratio of the two windings. Ideally,
when the magnitude of ds and ¢s currents is the same and the ds winding current leads
the gs winding current by 90°, there will not be any negative-sequence component. At
any operating point, the negative-sequence component can be minimized, even though the
magnitude of the winding currents are not equal if the phase difference between the ds and
qs winding currents is made to approach 90° by connecting an appropriately-sized capacitor
in series with the ds winding to the supply voltage. The output torque will have a higher
average value and less pulsations when the negative-sequence component of the stator
currents is reduced. For a capacitor-start motor, the starting capacitor remains connected
until the rotor speed reaches a predetermined cut-off speed, after which the capacitor and
ds winding are both disconnected from the supply voltage. The starting capacitor is sized
to give the optimum lead between the ds and ¢s winding at the beginning of starting. A
capacitor-start and capacitor-run motor uses two capacitors, the smaller run capacitor is
permanently connected in series with the s winding and is sized to give optimal output
torque at some nominal running condition. The larger starting capacitor, sized to improve
the output torque at starting, is connected in parallel with the run capacitor during starting,
but is disconnected after the rotor speed reaches the predetermined cut-off speed.

The details of the SIMULINK simulation, 56, of a single-phase induction motor using
the model equations given in Table 6.5 are shown in Figure 6.39. The overall diagram
of 6 is shown in Fig. 6.39a. The single-phase voltage supply to the motor is represented
as an ideal ac voltage using a sine wave source block. Figure 6.39b shows the inside of
the ExrConn block that produces the input voltages to the gs and ds circuits. It contains
the simulation for inserting the appropriate capacitor voltage or open-circuit voltage to the
ds winding. For example, in the case of a capacitor-start motor, the switching logic will
simultaneously disconnect the start capacitor at current zero and change the applied voltage
to the ds winding terminal from that of the supply voltage minus the capacitor voltage
to the open-circuit voltage to simulate the open ds winding immediately after the rotor
has attained the cut-off speed. The input voltage to the ds winding to simulate the open
condition is obtained using Method A described in Project 3. It is based on the following
equations for the open-circuit condition:
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Figure 6.39  (cont.): Simulation 56 of a single-phase induction motor.

i, =0

ds

.l
Vs = Vina = Ymglar

’ Xmg di:ir
;= 6.171
Vs wp dit ( )
. t!f(/llr

dr /
Xy, Xmg

l -tmq d‘/f{lh

U:ls = T A
wp Xp, t Xy dt

As can be seen from Figs. 6.39¢ and 6.39d, the simulations of the gs and ds circuits
in the Qaxis and Daxis blocks are similar to those of a three-phase induction machine,
except for the unequal parameters of the ¢s and ds stator windings. The input voltage to the
ds winding to simulate an open condition is generated inside the Daxis block. The Rotor
block shown in Fig. 6.39¢ is where the torque equation and rotor’s equation of motion are
simulated.

Implement the SIMULINK file, s6, on your computer and use the accompanying
MATLAB M-file, m6, to study the starting and load response behavior of a 1/4-hp, 110-
V, four-pole, 60-Hz single-phase induction motor. The parameters of the 1/4-hp motor and
external capacitor values given in the psph.m file are from {43]. If you examine the listing
of the M-file, m6, you will see that it has been programmed to determine and plot the
steady-state characteristics of the motor, set up the motor parameters, initial values, and the
sequence of step loading for the motor starting from standstill condition, and plot certain
simulated results. The steady-state characteristics can be helpful when you need to cross-
check your simulation,
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Running up with no mechanical loading. First, we will use the
simulation to study the behavior of the motor starting from standstill with no mechanical
loading. Use m6 and the motor parameter given in psph to determine the steady-state
characteristics and to set up the condition for simulating the startup of the motor operating
as a split-phase. Repeat the study with the same motor parameters, but with it operating as
a capacitor-start and then as a capacitor-run motor.

Examine the three sets of steady-state characteristics and compare their average
output torque, efficiency, winding current magnitude, and phase difference between the ¢
and ds winding currents. Note the speed at which the phase difference between the ¢s and
ds winding currents in the capacitor-start and capacitor-run is close to 90°.

Conduct a simulation of the split-phase motor running up from standstill with no
mechanical loading. Repeat the study with the motor operating as a capacitor-start motor
and then with the motor as a capacitor-start and capacitor-run motor. Explain observed
differences in acceleration, magnitude of torque pulsations, and final rotor speed with the
help of the steady-state characteristics.

Response to step changes in loading. Note the programmed sequence
of step changes in Ty.cn given in m6. Conduct a simulation of the motor operating as a
split-phase motor starting from standstill, this time followed by step changes in external
mechanical torque after the initial run-up from standstill with no loading. Repeat the study
with the motor operating as a capacitor-start motor and then with the motor as a capacitor-
start and capacitor-run motor. Note the variations in rotor speed, winding currents, and
torque pulsations with the change in loading.

Sample results for the case when the motor is operated as a split-phase motor are given
in Figs. 6.40, 6.41, and 6.42; those for the same motor operated as a capacitor-start motor
are given in Figs. 6.43, 6.44, and 6.45; and, those when it is operated as a capacitor-start,
capacitor-run motor are given in Figs. 6.46, 6.47, and 6.48.
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Synchronous
Machines

7.1 INTRODUCTION

Of the electric machines that run at synchronous speed, the largest and also perhaps the most
common are the three-phase synchronous machines. Although the construction of three-
phase synchronous machines is relatively more expensive than that of induction machines,
their higher efficiency is an advantage at a higher power rating. Three-phase synchronous
machines are widely used for power generation and large motor drives.

The stator of a synchronous machine consists of a stack of laminated ferromagnetic
core with internal slots, a set of three-phase distributed stator windings placed in the core
slots, and an outer framework with end shields and bearings for the rotor shaft. The turns
of the stator windings are equally distributed over pole-pairs, and the phase axes are spaced
2 /3 electrical radians apart,

The cross-sectional shape of the rotor can be salient or cylindrical. Salient pole
construction is mostly used in low-speed applications where the diameter to length ratio
of the rotor can be made larger to accommodate the high pole number. Salient pole
synchronous machines are often used in hydro generators to match the low operating speed
of the hydraulic turbines. The short, pancake-like rotor has separate pole pieces bolted onto
the periphery of a spider-web-like hub. Salient here, refers to the protruding poles; the
alternating arrangement of pole iron and interpolar gap results in preferred directions of

259
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salient rotor round rotor

Figure 7.1 Cross-sections of salient and cylindrical four-pole machines.

magnetic flux paths or magnetic saliency. Figure 7.1 shows the cross-sections of salient and
cylindrical rotor synchronous machines with four poles.

The cylindrical or round rotor construction is favored in high-speed applications
where the diameter to length ratio of the rotor has to be kept small to keep the mechanical
stresses from centrifugal forces within acceptable limits. Two- and four-pole cylindrical
rotor synchronous machines are used in steam generators to efficiently match the high
operating speed of steam turbines. The long cylindrical rotors are usually machined from
solid castings of chromium-nickel-molybdenum steel, with axial slots for the field winding
on both sides of a main pole. Direct current excitation to the field winding can be supplied
through a pair of insulated slip rings mounted on the rotor shaft. Alternatively, the dc
excitation can be obtained from the rectified output of a small alternator mounted on the
same rotor shaft of the synchronous machine. The second excitation method dispenses with
the slip rings and is called brushless excitation.

In the basic two-pole representation of a synchronous machine, the axis of the north
pole is called the direct or d-axis. The quadrature, or g-axis, is defined in the direction
90 electrical degrees ahead of the direct axis. Under no-load operation with only field
excitation, the field mmf will be along the d-axis, and the stator internal voltage, dA,/d!t,
will be along the g-axis.

The mathematical description or model developed in this section is based on the
concept of an ideal synchronous machine with two basic poles. The fields produced by
the winding currents are assumed to be sinusoidally distributed around the airgap. This
assumption of sinusoidal field distribution ignores the space harmonics, which may have
secondary effects on the machine’s behavior. It is also assumed that the stator slots cause
no appreciable variation of any of the rotor winding inductances with rotor angle. Although
saturation is not explicitly taken into account in this model, it can be accounted for by
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adjusting the reactances along the two axes with saturation factors or by introducing a
compensating component to the main field excitation.

Since three-phase synchronous generators have been widely used for power gen-
eration, there is a wealth of literature on their modeling and the determination of their
parameters. Although very elaborate models of these machines can be established by
considering the magnetic circuits of the machines, in general, the coupled-circuit approach
is simpler to understand and is more widely adopted. To properly simulate a machine we
need to have not only a representative model but also accurate parameters for the model.
Whether a model is representative or not would depend on the purpose and how adequately
it serves that purpose. Elaborate models will generally require more data than what is
usually available, more effort to program, and more computer time to run. Complicated
models requiring parameters that cannot be readily obtainable from tests are to be avoided.

Although the rotor may have only one physically identifiable field winding, additional
windings are often used to represent the damper windings and the eftects of current flow
in the rotor iron. For the salient-pole rotor machine, usually two such additional windings
are used, one on the d-axis and the other on the g-axis. Over the years, experience on
power system simulation has shown that most synchronous generators can be adequately
represented by a model that is based on an equivalent idealized machine with one or two
sets of damper windings, besides the field winding. Damper windings in the equivalent
machine model can be used to represent physical armortisseur windings, or the damping
effects of eddy currents in the solid iron portion of the rotor poles. Figure 7.2 shows a circuit
representation of an idealized machine model of the synchronous machine commonly used
in analysis.

a a-axis
aaaaa >

d-axis

Rotor Stator

Figure 7.2 Circuit representation of an idealized machine.
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7.2 MATHEMATICAL MODEL

Before we derive the mathematical equations of the circuit model shown in Fig. 7.2,
let’s take a brief look at the variation of inductances with rotor positions. In general, the
permeances along the d- and g-axes are not the same. Whereas the mmfs of the rotor
windings are always directed along the d- or g-axis, the direction of the resultant mmf of
the stator windings relative to these two axes will vary with the power factor. A common
approach to handling the magnetic effect of the stator’s resultant mmf is to resolve it
along the d- and g-axes, where it could be dealt with systematically. For example, let’s
consider the magnetic effect of just the a-phase current flowing in the stator. As shown in
Fig. 7.3, the resolved components of the a-phase mmf, F,, produce the flux components,
¢q = PyF,sin, and ¢, = P, F, cos6, along the d- and g-axes, respectively.
The linkage of these resolved flux components with the a-phase winding is

haa = Ns(¢gsinb, + ¢, cosb,) Wb.turn

= N;F,(Py sin” 6, + Py cosze,) (7.1
Py+P, Py—P
== ,NsFa( d; g_ 44 c0529r>

The above expression of A, is of the form A — B cos 26,.
Similarly, the linkage of the flux components, ¢4 and ¢, by the b-phase winding that
is 277 /3 ahead may be written as

2 2
Apa = Ny Fy { Pysing, sin (9, - 7”) + P, cos, cos (9, - %) } Wb.turn
_ Pat+ Py Pa—Py i (7.2)
_-.NSF(;{'——‘T“‘““—"*Z“““ C052<9,~ 3)

The expression of the mutual flux linkage, Apq, is of the form —(A4/2) — Bcos2(8, — ).
The magnitude of its second harmonic component in 6, is the same as that of A,,, but the
constant part is half that of A,,.

—p 3-axis

Figure 7.3 mmf components along dg
axes.

c-axis
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Based on the functional relationship of A,, with the rotor angle, 8,, we can deduce
that the self-inductance of the stator a-phase winding, excluding the leakage, has the form:

Loy = Lo — Lysc0s26, H (7.3)
Those of the b- and c-phases, Ly, and L, are similar to that of L,, but with 6, replaced
by (8, — —23’5) and (6, — %), respectively.

Similarly, we can deduce from Eq. 7.2 that the mutual inductance between the a- and
b-phases of the stator is of the form

L
Lap = Lpg = — —29 Lo cosz(e, - %—) H (7.4)

Similar expressions for Ly and L., can be obtained by replacing 6, in Eq. 7.4 with
6, — %’5) and (6, — 4—3’5), respectively.

Using the motoring convention, the applied voltage to each of the seven windings
shown in Fig. 7.2 is balanced by a resistive drop and a dA/d¢ term. The voltage equations
for the stator and rotor windings can be arranged into the form:

Vs | | Ts 0 is d Ay
MR IH A @

vy = [va, Vb, Vel

where

Ve = [vr, vka, Vg Vigl'
iy = liq ip ic)

i = lif ik iy ikg)

1y = diaglry rp rel

v, = diaglry rea ry regl
As = [Aay Aoy )
Ar = [hr, Aeds Mgy Mgl

The symbols of the per phase parameters are as follows:

Ty armature or stator winding resistance

rf d-axis field winding resistance

re g-axis field winding resistance

T'kd d-axis damper winding resistance

Tkq g-axis damper winding resistance

Lis armature or stator winding leakage inductance
Lif d-axis field winding leakage inductance

Ly, q-axis field winding leakage inductance

Likq d-axis damper winding leakage inductance
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Lixg g-axis damper winding leakage inductance

Lmd d-axis stator magnetizing inductance

Lmg q-axis stator magnetizing inductance

Loy d-axis field winding magnetizing inductance
Ly ‘g-axis field winding magnetizing inductance
Lpkd d-axis damper winding magnetizing inductance
Lomkq q-axis damper winding magnetizing inductance

The equations for the flux linkages of the stator and rotor windings can be expressed

as
Ag = Lygis + L, Wb. turn
, (7.6)
Ay = [Lg, 1l + Ldy
where
. 1 n 1 n
Lis + Lo — Lins c0526, =5 Lo Lnscos2 (9, - 5) =5 Lo = Lms cos2 (9, + ?>
1 b4 I
= | ~5Lo~ LiscosZ (9r - -3*) Lis+ Lo~ L cos2 (9,, - %”) =5 Lo Lins 00826 = 1)
1.7
1 b4 1 2
=5 L0~ Lnscos2 (6, + %) ~ Lo Lns0s2(0,+)  Lis-t Lo Ly cos? (s, + T)
Lip+Lng L ska 0 0
Ly L 0
L, = kdf tkd + Linkd 0 (7.8)
0 0 ng + ng Lgkq
0 0 qug leq + Lmkq
i Lyy siné, Lykd sin8, Lyg 086, Lykg cos6y
. 2 b2 2
Lg = | Lgssin <9, - %TE) Liga sin (Gr - ‘3‘) Ly cos <9f - ‘5‘") Lsiq cos (9’ - T) (7.9)

. 2 2 2 2
Lgy sin (9, + T) Likq sin (8, + —;) Lsgcos <9r + ~§T-r-) Liskq cos (Or + %)

It is evident from Eqgs. 7.7 and 7.9 that the elements of Ly, and Ly, are a function
of the rotor angle which varies with time at the rate of the speed of rotation of the rotor.
These time-dependent coefficients present computational difficulty when Eq. 7.5 is being
used to solve for the phase quantities directly. To obtain the phase currents from the flux
linkages, the inverse of the time-varying inductance matrix will have to be computed at
every time step. The computation of the inverse at every time step is time-consuming and
could produce numerical stability problems.

7.2.1 Transformation to the Rotor’s gqd0
Reference Frame

We shall show in this subsection that when the stator quantities are transformed to a gd0
reference frame that is attached to the machine’s rotor the resulting voltage equation has
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time-invariant coefficients. In the idealized machine, the axes of the rotor windings are
already along the ¢- and d-axes, and the qd0 transformation need only be applied to
the stator winding quantities. In vector notation, we define the augmented transformation
matrix:

. Tya0(6r) 0
C~[ a 0 U ] (7.10)

where U is a unit matrix and

/ 2 2
cos6, cos (6’, - ~3~— cos | b, + 3—

2 2 2
Tga0(0,) = 3 sinf, sin (9, - ~3£> sin (8, + —;) (7.10)
1 1 1
2 2 2

For convenience, we will denote the transformed gd0 voltages, currents, and flux
linkages of the stator, that are

Vqao = Tqa0(0:)Vs
igao = Tqa0(0r)i; (7.12)
Aqao = Tga0(Or) A
by
Vqa0 = [vq, vg, vl
igq0 = lig, i, io) (7.13)
Agao = [Ag, Aas Aol
Applying the transformation Ty 40(6-) to only the stator quantities in Eq. 7.5, the stator

voltage equations become

d
1 s —~1
Yqdo = Tgaors T yolqd0 -+ quO’L’i"I'quoAqu (7.14)
If rq = rp = ro = 3, the resistive drop term in the above equation reduces to
-1 s .
Tqu()rqud()lqu = rslgdo (7.15)

The second term on the right side of Eq. 7.14 can be expanded as follows:

d ) d . L d
Tya0 T T a0 qa0 = Tqao [(Zi_t quo) Aqu’{‘quozi; Aqdo (7.16)

Substituting in the transformation matrix from Eq. 7.12 and simplifying, we can show that
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—~sin6, cos 6, 0
. 2 2
d__ - - _=
mth}OAqu = Wy s (er 3 ) cos (gr 3 ) 0 Aqdo

dt
. 2
—sin (9r + “3*) cos (8, + %JL) 0

and that

4 : 010
Tya0 [;ET;(}O] Agao=w, | —1 00 | Agao
. 000

where w, denotes df,/dt in electrical radians/sec.
The last term in Eq. 7.16 simplifies to

d d
—1
ququdo m Agdo = ar Agao

Back-substituting these results into Eq. 7.14, the stator voltage equations of the
idealized synchronous machine in its own rotor gd reference frame simplifies to

010
Vgdo = rsigao+wr | ~1 00 | Agao+ '(EAqu
000

7.2.2 Flux Linkages in Terms of Winding Currents

The corresponding relationship between flux linkage Agg0 and the gd0O currents can be
obtained by transforming only the stator quantities, that is

Agao = quQL”T;d‘O +Tgaoksr Wb, tum (7.17)

The algebra in simplifying the right-hand side of the above equation is too lengthy to be
included here, but it can be shown that Eq. 7.17 yields the following expressions for the
stator gd0 flux linkages in which all the inductances shown are independent of the rotor
angle, 6,:

3 . , )
Ay = [Lls+Q(LO_me)}lq+L33‘£+L-‘kqlkq

3
Ag = {Lls + E(LG + Lms)} iq + Lsgair + Lskaird (7.18)
Ao = Lyip

With the chosen rotor dg reference frame, the rotor winding variables need no rotational
transformation. The expressions for the flux linkages of the rotor windings are



Sec. 7.2 Mauiematical Model
3. . )
Af = Efold + Lypis + L praira

3 . . :
Mg = ELskdzd + L fraly + Liaraiva

(7.19)

3. . ,
Ag = Engtq + Lggly+ Lgkqig
3 . . .
Ag = ELSkqlq + Lokgle+ Ligigirg
7.2.3 Referring Rotor Quantities to the Stator

Observe that the terms in Eq. 7.19 associated with the stator current components, iy and
ig» have a 3/2 factor which will render the inductance coefficient matrices for the d- and
q-axes windings non-symmetric when equations of Eq. 7.19 are combined with those of
Eq. 7.19. Replacing the actual currents of the rotor windings by the following equivalent
rotor currents will result in flux linkage equations with symmetric inductance coefficient
matrices:

.2,
szglf
. 2.
Lkd=§lkd
7.20
o (7.20)
!.gzglg
. 2.
qu::j;lkq

Let’s also denote the equivalent magnetizing inductances of the d- and ¢-axes stator
windings in Eq. 7.19 by L;ug and Ly, that is

3
Lya = §<LO + Lis)

(7.21)
P, Py—P
:.:g N? d+Pq__N52d q '::‘S”N?Pd
217 2 2 2
and
3 3
Ling = 5 (Lo = Lns) = 5 N7 Py (7.22)

Expressing the stator and rotor flux linkages in terms of the equivalent rotor currents
and magnetizing inductances given by Eqs. 7.20 through 7.22, we have
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.3 3 .
kq = (L + anq)lq + iLsng + ELSkqikq .

o033 .
Aa = (Lis+ Lma)ia + L iLsdekd
Ao = Lisip
33 3 )
Ap = §Lsfld + E(,L[f A Lmp)iy + Z):Lfkdikd
3 . 3 .3 .
Ad = ELskdld -+ —Z-Lfkdgf + 3 (Likd + Lmia)igg

3 .3 ) 3 .
)\g = stgtq+§(ng+ng>!_g‘|’5Lgkql_kq

3 .3 .3 .
}\kq = ELskqlq + ELgqug + E(leq + Lmkq)l_kq

Chap. 7

(7.23)

Next, we shall refer the rotor quantities to the stator using the appropriate turns ratios,

denoting the equivalent rotor currents referred to the stator by a prime superscript:

Nr 2 Ny,
lf e lenl PRI Ji oo Lf
Ny 3N
il = ﬁ”iﬁl ._E ﬁ"ff,‘
kd Ns_kd 3N, kd
’ Ner __«2 Nk(!
fa = =3,
v/__‘NS v U/ NS v
= = vuni”
Nf f kd de kd
v/zﬁliv v, Ajs-v
8 o 8 kq Nig kaq
N, N,
M= =2 A Mo
f N f kd Nt kd
N, N,
;oS / s
)»g——Ng Xg )\kq——Nk )qu
,fﬂi(&)Z, ;3NN
rT=a2\nN ) 7 =0\ N )

(7.24)

(7.25)

(7.26)

(7.27)



Sec. 7.2 Mathematical Model ‘ ‘ 269

Using Eqs. 7.21 and 7.22, we can express the winding inductances as

Lsf = NyNfPy = “3"1\7{ Lma Lsa = NyNyg Py = 3 Afd Limd
s 5
2N, 2 Ng,
Lgg = NsNg Py = %—N—f Ling Lstg = NsNig Pq = 5‘[\7} Ling
3 /N2 2 /N
L}f = 5 (—Ni) Llf+Lma’ me = Aljzpd = 5 (’ﬁf) Lmd
3/ N2 2 ( N\
Liara 5 (X’ﬁ;) Lira + Lima Lika = N§yPa = 3 ("ﬁj‘) Lina  (728)
L = NeNeg P, 2(N/de)L Likg = Ny Nig P, 2<Ng’\lk">L
Jhd = INfWNkd g == = md vgkg = kqtfgq = 3 q
3 N52 8Kq g47kqt g 3 NE‘ mq
3 /N, \? 2 /N2
Léﬂ:i(ﬁ) Lig 4 Lmg ng—Ng?Pq“‘g(Ns) Limg
30N 2 (Nig )’
kakg = 2 \Kff‘) Likg+ Limg Limkg = Nig Py = 3 (7\7}) bma
g s

In using the values of L4 and L,, as the common mutual inductances on the
d-axis and g-axis circuits, we have essentially defined their corresponding fluxes as the
mutual fluxes in these axes; any additional flux linked by a current is considered a leakage
component in the corresponding current path. Traditionally, the sums, (L + Lis) and
(Lmg + Lis), are referred to as the d-axis and g-axis synchronous inductance, respectively,
that is

Ly=Lpua+ Lis
(7.29)
Ly = Ling+Lys

7.2.4 Voltage Equations in the Rotor’s gd0
Reference Frame

A summary of the winding equations for the synchronous machine in the rotor’s gd
reference frame with all rotor quantities referred to the stator is given below:
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qd 0 Equations of a Synchronous Machine:

. dhq do, '
e = et g e
. +d}"d 1 do,
= N — P
Vd = sl T di
. +dko
. vy = Feig+ —
0 st0 dt
’ rar g ko/L
v = rflf+w—th (7.30)
o d)\‘;cd
Vkd = Tralka F T
d ’
’ Y g
v, = rg’g+_g}—
dx,
. cq
Ul{(q = r,’/(qlkq+7;~

where the flux linkages are given by
Ag = Lyiq+ Lingiy+ Lmgit, — Wh.tum
ha = Laia+ Lnaif+ Liaity
Ao = Lo
A = Lydiq + Luairy + Lyiy (7.31)
Mg = Lmdia+ Lmaif + Ligeaira

’ 2 T o
N = Liglig+Logly+ Limglyy

A;(q = Lm‘liq + L'""-Iig/,' + L‘I,\'qkqil/cq

Figure 7.4 shows an equivalent circuit representation of the synchronous machine
that is based on the above set of voltage and flux relations. It should be remembered
that the winding equations and equivalent circuit diagram have been derived for an
idealized machine. One of the limitations of this description is the assumption of a common
mutual inductance for the stator and rotor windings. With proper parameters, such an
assumption has been shown to have very little consequence insofar as the stator quantities
are concerned, but the discrepancies between measured and simulated rotor variables,
especially the field current, can be significant [58]. More refined models [58, 62, 63] with
allowances for unequal stator and rotor windings’ mutual inductances and the damping
effects in the pole iron will be discussed later in Section 7.8.

7.2.5 Electromagnetic Torque

The expression for the electromagnetic torque developed by the machine can be obtained
from the component of the input power that is transferred across the airgap. The total input
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Figure 7.4 Equivalent ¢d0 circuits.
power into the machine is given by
w (7.32)

Pin = Vgla + vpip + Veic + Vi + Vgl
When the stator phase quantities are transformed to the rotor gd0 reference frame that
rotates at a speed of w, = df, /dt, Eq. 7.32 becomes

Pin w

i

3
—2—(vqiq +vygia) + 3voio + vrir + vgiy
(7.33)

I

3 2 a2y, dhg L dA , ,
3 (rs(u? +l3) +lq-?ﬂq— +ld~d~;‘i +wr (Aaiy w/\qzd)>

d dA dA
.2 . 0, .2 s Y : g
+3lorﬂ+3lo—g}"+lfrf+'f"7+lgrg'Hg_t_
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Eliminating terms in Eq. 7.34 identifiable with the ohmic losses and the rate of change in
magnetic energy, the above expression of the electromechanical power developed reduces
to

3 .
Pop = Ewr(kdiq ~Agid) w (7.34)
For a P-pole machine, o, = (P /2)w;m, with w,, being the rotor speed in mechanical

radians per second. Thus, Eq. 734 fora P- -pole machine can also be written as

3P
Py = 2 3 = Wrm (Adlq - )\qld) 114 (7.35)

Dividing the electromechanical power by the mechanical speed of the rotor, we obtain the
following expression for the electromechanical torque developed by a P-pole machine:

3P
Tem = 5—2~(Xdi,, —Agld) N.m (7.36)

7.3 CURRENTS IN TERMS OF FLUX LINKAGES

Often a synchronous machine is simulated using the flux linkages of the windings as the
state variables. To handle the cut set of inductors formed by the T-circuit of leakage and
mutual inductances, we introduce the following mutual flux linkages in the ¢- and d-axes:

. . o
Mg = Lngliq + 1;’, +igg) Wh. turn

R {1.37)
Amd = Lypg(ia + b +lkd)
The currents can then be expressed simply as
. 1 . |
g = _‘()\q “)‘-mq) ig = — g = Amd) A
Lls
) L,
g = L/ ()”/ ~Amq) l/,” = "L’;;()\f")wd) (7.38)
1
./
i <7 (kg = Amg) ita = 57 (g = hma)
“ leq 7 lecl ‘ !

Using the above expressions of the d-axis winding currents in Eq. 7.37 and collecting all
Amd terms to the left, we will obtain

Lup LMD Lup _,
Amd = A e Wb. t 7.39
md I d+ L’ + L kd urn ( )
where
1 1 1 1 1
T (7.40)

Lyp  Lis Ly Lyg  Lmd
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Back-substituting the above expression for A, into the expressions of the d-axis currents
given in Eq. 7.38 and regrouping, we obtain the following matrix equation of the currents
in terms of the total flux linkages for the d-axis windings:

r (1 LMD) 1 _ Lyp B Lyp
. Bl e / T
ia Lis / Lis LisLiy LisLigy Ad
y Lyp L 1 Lyup
; - B ,1 _ w/m — T )\} (7.41)
LisLis i) Lis Lf=ikd
-/ L, Lup\ 1 :
Ik L _H,EMB/._ (1.~_.‘:1’£),7_ Ara
LiggLis a1y Livg / Lika

A set of expressions similar to those given in Eqs. 7.38 through 7.41 for the windings
on the ¢g-axis can be derived in a similar manner. The above expressions of the currents in
terms of the flux linkages can be substituted into the voltage and torque equations to obtain
a mathematical model of the synchronous machine in which the state variables are the flux
linkages of the rotor windings.

7.4 STEADY-STATE OPERATION

In this section, we shall examine the equations and phasor diagrams for steady-state
motoring and generating operations to help us better understand the operational behavior
of the machine. When performing simulations, the steady-state equations can be used to
determine the proper steady-state values to initialize the simulation so that it starts with the
desired steady-state condition. More importantly, a knowledge of the steady-state behavior
is indispensable for checking the correctness of the simulation results.

We shall assume balanced steady-state condition with the rotor rotating at the
synchronous speed, w,, and the field excitation held constant. For ease of referral, we will
refer to the g -axis on the rotor as the ¢, axis, the g-axis of the synchronously rotating frame
as the ge-axis, and the g-axis of the stationary reference frame which is along the axis of
the a-phase winding as g,. When dealing with just one machine, it is convenient to use the
a-phase terminal voltage of its stator as the synchronous reference phasor, from which all
phase angles are measured; in other words, the stator phase voltages can be expressed as

Uy = Vycos(wet) \%

2
vy, = Vycos (a)et — T) (7.42)

4
Vincos | wet — Y

The space vectors and phasors of the above phase voltages are referred to the g.-axis of a
synchronously rotating frame, which we will assume to start with an initial angle of 6,(0) =
0 from the g,-axis.

For balanced operation, the steady-state stator currents flowing into the machine may
be expressed as

It

Ve
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iq = I cos{wet+¢) A

. 2 ) .
ip = Ipcos| wet+¢— KX (7.43)
. 4

i = Icos (a)gt +¢— ——3——)

It is evident from the above voltage and current expressions that the terminal power factor
angle is ¢; the value of ¢ is positive for a leading terminal power factor condition and
negative for a lagging terminal power factor.

At this stage, we do not know the orientation of the rotor’s g,-axis with respect to
the synchronously rotating ¢.-axis. Since the rotor is also rotating at synchronous speed in
steady-state, we do know that the angle between the g, - and ¢.-axes will have a steady value
that is not varying with time. To locate the g,-axis, we first transform the phase voltages and
currents to the synchronously rotating frame. From the material presented earlier in Section
5.10.2, in particular Eq. 5.142, the gd components in the synchronously rotating reference
frame are

Vg = jU§ = Vi jO = Ve
, (7.44)
if = ji§ = Incos¢+ jLnusing = fye’?

Note that, in steady-state, the stator gd voltage and current components in the syn-
chronously rotating frame are constant. The zero-sequence components of the balanced sets
of phase voltages and currents are zero.

7.4.1 Steady-state Equations of the Stator

Usually only the f field winding is externally excited, that is v} s 0, and the other rotor
windings have no external input, that is v, = v, = v;, = 0. In steady-state, the rotor is
rotating at synchronous speed, that is w,(t) = df,(t)/dt = w,. The relative speed of the
rotor to the synchronously rotating resultant field in the airgap is zero; as such, there will
be no speed voltages in the rotor windings. Therefore, i} = (vf/ rf’-), and the other rotor
currents, ié, i ,; g0 and i ,’c , are zero, Since both stator and rotor currents are constant, the flux
linkages, A4 and A4, will also be constant and the dA, /dt and dA, /dt terms in Eq. 7.30 will
be zero. Thus, in steady-state, the gd voltage equations of the stator windings in the rotor
qd reference frame will reduce to

Vg =I5l +weLgiy + Ef 1% 745

Vg = Tylg — weLgiy

where [y, referred to as the steady-state field excitation voltage on the stator side, is

A
Ef 2 0oLy (—f—> v (7.46)
Ty

Note that E is along the g,-axis of the rotor.
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7.4.2 Locating the Rotor’s g,-axis

Let’s now define the angle, 8(¢), between the g,-~ and g.-axes as
3(t)y =6,(t) —0.(t) elect. rad.

' (7.47)
= f {w, (1) — weldt +6,(0) — 6,(0)
0

where 6,(1) is the angle between the rotor’s g,-axis and the axis of the stator a-phase
winding, and 8, (¢) is the angle between the g,-axis of the synchronously rotating reference
frame and the same a-phase axis. As defined, § is the angle between the g,-axis of the rotor
and the g.-axis of the synchronously rotating reference frame, measured with respect to
the g.-axis. In steady-state, with the rotor rotating at the same synchronous speed, that is
wy (1) = w,, the angle, 8, will be constant. The steady-state value of § will have accumulated
contributions from all three terms on the right side of the second equation in Eq. 7.47.

The value of é can be determined as follows: When the gd component equations in
Eq. 7.45 are put in the complex form, that is

(g = jva) = (rg + jweLg)(ig — jia) + we(La — Lg)ia + Ey 4 (7.48)

it is apparent that the last two terms on the right-hand side are real, that is along the g,-axis
of the rotor. Thus, the resultant of the remaining terms must also be real, or along the ¢,-axis
of the rotor. Traditionally, the resultant voltage from the remaining terms is denoted by E,,
. that is

Eq = (Uq ‘jvtl)_'(r.s"f‘]‘weLq)(iq_jid): lEq|ejO v (7.49)

Both E, and Ey are along the rotor’s g-axis, that is the ¢,-axis and, for motoring operation,
differ only in magnitude, that is

Ep=Eq; —ig(xy —x4) Vv (7.50)

The same relationship for generating operation, with current direction reversed, say ij =
—ig,is By = Eq+i5(xq —x,).

The stator gd components of Eq. 7.44 in the synchronously rotating reference can be

transformed to the rotor’s gd axes by a forward rotational transformation of angle §. Using
the relations given in Eqs. 5.140 and 5.142, we can obtain

Vg = jva = (W = juDe P = Ve v
) . (7.51)
ig = Jjig = (g = jie P =1,/ A
Using the relationships of Eqs. 7.51 and 7.44 in Eq. 7.49, we will obtain
|Eqle?® = (v = juie ™ = (ry + jwe L) (i — jig)e ™ (7.52)
Multiplying through by ¢~/%, the above equation becomes
|Egle’® = Vin — (rs + jweLg) (I 08 + j Ly sing) (7.53)

Taking the ratio of the imaginary part to real part on both sides, we obtain
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FsIm Sing + @, Ly Ly cos P

tand = — -
Vin = rs I OS@ + we Ly Iy sing -

(7.54)

When using the above equation to determine §, we should take note that it has been derived
assuming that stator currents are flowing into the machine and that ¢ is positive for leading
terminal power factor condition. It can easily be adapted to generating convention by
flipping the sign of I,.

7.4.3 Time Phasors and Space Vectors

It is instructive to see how time phasors, especially those of the stator windings, are related
to the corresponding space vectors. The stator current space vector in the stationary gd axes
can be expressed as

;5

. 2
=i — jij = g(i(,+aib+32ic) A (1.55)

where the superscript, s, is to denote stationary gd variables. Using the identity of
. : 3 - 25 . 7

COS(@et + ) == () @et+®) 4 o= (@et+8)) /2 and g = e/ 5| the above expression for ¥ reduces

to

0= iy = LuePed A (71.56)

Denoting the rms time phasor of the q-phase stator current by I, we have

¥ lm ieh ~IKI‘

I, = —=e" or 1} A (7.57)
a «/i \/EL‘"
In terms of the current phasor, the space vector, ;‘ can be expressed as
B =i~ iy =V2Lel A (7.58)

The relationship between the instantaneous a-phase current and its phasor can, therefore,
be expressed as

o =[] A (7.59)
Likewise, for the set of balanced stator voltages given in Eq. 7.42, we have
V=~ vy = V2Vl Y (7.60)
where
Vo= 2ol o 12 14 (7.61)

V2

Using the results in Eqs. 7.51 and 7.44, we can deduce the following relationships:
(uf; —ju§) = V2V, (vg ~ jvg) = NOY L

(ig — jig) = /21, (i — jia) = N 2Hge 1 (7.62)

or
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. (7.63)
Lot
we 0 = 575 =1, - jla

The rms space vectors are denoted in bold upper-case letters to distinguish them from the
instantaneous space vectors.

Equation 7.63 indicates that the conventional rms time phasor is, in this case, equal
to (1/+/2) times the corresponding space vector. The above relations suggest that dividing
Eq. 7.45 by (1/+/2) will yield the following steady-state gd voltage equations of the
synchronous machine in rms quantities, that is

Vq =r5ly +weLyly + Xy

- - - (7.64)
Vg =rdy— a)eLqu V

where Ef, the rms space vector of the stator field excitation voltage, Er, has a value of
(weLma/\/f)(u}/rp along the ¢,-axis.

7.4.4 Steady-state Torque Expression

The total complex power into ail three phases of the stator windings is given by
§=3(V, = jVaol,— jl)*  va (7.65)

The electromagnetic power developed by the machine is obtained by subtracting from the
input real power the losses in the stator. which in this model is just the copper losses in
the stator windings. Thus, subtracting 3(I; + I7)rs from the real part of the input power,
the expression for electromagnetic power is

Pon =N 3@ Lala+ By + joe LI+ 1)) W

= 3{Ej'[q Fwe(Lyg— L(])Id[q}

(7.66)

The expression for the electromagnetic torque developed by the machine is obtained by
dividing the expression for the electromagnetic power by the actual rotor speed, that is

Pun, 2
Tom = SA (“““‘) Pym N.m
sm Pw,

) (7.67)
=3 (F-C;;) (Ej‘lq +a)g([4d - Lq)Iqu}

The first torque component is the main torque component in a synchronous machine with
field excitation. The second component is referred to as the reluctance torque component. It
is present only when there is rotor saliency, that is Ly 7% L. Small three-phase reluctance
motors are designed to operate on reluctance torque alone. They have simple and robust
salient rotors that require no field excitation.

Alternate expressions for P, and 7, in terms of the terminal voltage can be obtained
by replacing the stator current components in Eqgs. 7.66 and 7.67 using Eq. 7.64 with
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{’q = V,cosé and Vd = V, siné. For large machines, where the small resistive drop may
be neglected, such expressions for the electromagnetic power and torque can be shown to

reduce to
ErV, V2 ( 1 ) . }
S —— e 8 w
Pemn 3 { X, sind + — 2 \X, "X sin2
2 2 EfV V* 1 1 . (7.68)
— ind + ~24{ — — — 28 N. ’
Tom =3 ( Pwe) { Xa' + 5 (Xq Xd) sin } m

where V, is the rms value of the stator phase voltage, that is V}, /«/5, X4 = weLy is the
d-axis synchronous reactance and X; = w,L4 is the g-axis synchronous reactance. As
given in motoring convention, both P, and T, are positive for motoring and negative
for generating since the value of §, as defined, is positive for generating and negative for
motoring.

7.4.5 Phasor and Space Vector Diagrams

Based on the equations derived for steady-state operation, we can construct the space vector
or phasor diagrams shown in Figs. 7.5 through 7.9. Figure 7.5 is a phasor diagram for
motoring with a leading terminal power factor. As shown, the armature mmf, ¥, has a d-
axis component that bucks the field mmf, Ff Flgure 7.6 is also for motoring, but with a
lagging terminal power factor. Here, F, reinforces Fy, essentially requiring a lower Fy for
the same resultant field in the airgap.

In motoring operations, the stator currents are impressed by external voltages apphed
to the stator terminals as illustrated in Fig. 7.7a. But in generating operations, the stator
currents are driven by the internally induced stator voltages to flow against the external
voltages at the terminals as shown in Fig. 7.7b. The equations that we have derived using
motoring convention can easily be adapted to generating operations by reversing the sign
of the stator currents, I, I;, and I;. Thus, in generating convention, with stator currents
flowing out of the machine terminals and the machine variables in rms values, Eq. 7.64
becomes

Vq = ~rsiq “‘(l)eLdid —%—Ef 1%
- - " (7.69)

Vi=—rly +weLyly
Figures 7.8 and 7.9 show the phasor diagrams for leading and lagging power factor
conditions, respectively, for generating operation. The angle § is measured with respect to
the g,-axis of the synchronously rotating reference vector, which in the cases shown, is also
aligned with the phasor of the a-phase stator voltage. Note that value of § is positive for
generating and negative for motoring.

7.5 SIMULATION OF THREE-PHASE SYNCHRONOUS MACHINES

The winding equations of the synchronous machine model derived in Section 7.2 can be
implemented in a simulation that uses voltages as input and currents as output. The main
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(a) motor notation

(b) generator notation

Figure 7.5 Motoring with a leading power
factor.

Figure 7.6 Motoring with a lagging power
factor,

Figure 7.7 Assumed direction of winding
current.
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Figure 7.8  Generating with a leading
power factor.

Figure 7.9  Generating with a lagging
power factor.

inputs to the machine simulation are the stator abc phase voltages, the excitation voltage to
the field windings, and the applied mechanical torque to the rotor.

The abc phase voltages of the stator windings must be transformed to the gd reference
frame attached. to the rotor. Although the angle, 6, (¢), increases with time, cosé, (¢) and
siné, (¢) will remain bounded. In simulation, the values of cos6,(¢) and siné,(t) can be
obtained from a variable-frequency oscillator circuit which has a provision for setting the
proper initial value of 8,. The transformation from abc to qd rotor may be performed in a
single step or two separate steps. In two steps, the intermediate outputs from the first step
are the stator voltages in the stationary ¢d reference frame, that is

L2 1

Vg, = gva“gvb“gvc \%

s 1

Vg = E(Ucﬁvb) (770)
1

Vg = g(U(1+Ub+vc)

The second step yields
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vy = uf? cos By (t) — vy sin6.(¢)

vy = vy sind, () + v cos b, (1) (7.71)

where
t
0, (1) :f w, (£)dt +6,(0) elect. rad. (7.72)
0

Alternatively, the transformation can be performed in a single step:

2 2 4
3 {vacosf) () 4+ vpcos (9 {t) — —34) + v, cos (9 (t)—»—w)}

2 2 4
3 {va sin#, () + vp sin (9 (t)— ) -+ v, sin (9, (t) — »3-> } (7.73)

Vg

H

H

Vg

1
Vo = g(va”{"vb‘f"vc)

Expressing the gd0 voltage equations as integral equations of the flux linkages of the
windings, the above stator qd0 voltages along with other inputs can then be used in the
integral equations to solve for the flux linkages of the windings. For the case of a machine
with only one field winding in the d-axis and a pair of damper windings in the 4- and g-axes,
the integral equations of the winding flux linkages are as follows:

) T,
Y =wp / {Uq - 5;*1/&1 + i(l/fmq - 1/&,)} dt Wb. turn/s 'V

Yy = wp / {U,j + E‘)Lllfq + “’}“(Wmd - Wd)}dt
wp Xls

Yo = wp j[ (vo - 15—1//0) dt
Xis

Wi = kg f (g — Vi)t 774)
lkq

Yy = f (Urma — Vi)
llul

1

’ wbr; Xmd
V= | B S i
where
I/’mq = wamq(iq +i//<q)
Yimd = O Lalia +ify +if) (1.75)

DA

Ef = xmd”‘[,'
r
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WY = Xisiq + Ymg
Ya = Xisiqg + Yimd
Yo = Xisio
1/’} = xtlfi}' + Yma
Vka = Xjealka + Vimd
Vig = ikgikg T ¥mg
Note that the above equations are in motén'ng convention, that is with the currents, i, and
i4, into the positive polarity of the stator windings’ terminal voltages. As before, to handle

the cut set of inductors in the g- and d-axis circuits, we will express the mutual flux linkages
in terms of the total flux linkages of the windings as

1qu =XMQ (ﬁ‘f'&?‘)

Xls xllkq

(7.76)

-

, (7.77)
: 2T
VYimd =XMD —“+“7’£g*+—,f—
Xs o Xpg  Xip )
where

1 1 1 1

tMQ  Xmg g s (7.78)
1 1 1 1 1 '

AMD  Xmd xl/kd X s

Having the values of the flux linkages of the windings and those of the mutual flux
linkages along the d- and g-axes, we can determine the winding currents using

. Wq - 1/fmq
g = ———— A
Xy
iy = wd - Wmd
Xy
'Illid ~Ymd
iy = 7.79
ke xllkd ( )
i, _ W;@, - 1/’mq
ke xl/kq
= ‘/"}" Ymd
f xl/f

The stator winding gd currents can be transformed back to abe winding currents
using the following rotor to stationary gd and stationary ¢d0 to abc transformations:
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‘; = i,c080; (1) +1iy8in6,(¢) 7.50)
iy = —igsin, (¢) +igcosd,(r)
Iq = iy +ip
iy = ——-zl-i;«-%i;wo (7.81)
i = ———;—i; + %i;+zo

7.5.1 Torque Expression

As given earlier in Eq. 7.36, the electromechanical torque developed by a machine with
P-poles in motoring convention is

Pow 3P . .
Tem = = = (Agiq — Agid) N.m
Wy 22
3 p (7.82)
== 'Z‘iz)*;(llfdlq - Ill'qid) N.m.

The value of T,, from the above expression is positive for motoring operation and negative
for generating operation.

7.5.2 Equation of Motion of the Rotor Assembly

In motoring convention, the net acceleration torque, Tem + Timech — Tdamp, 18 in the direction
of the rotor’s rotation. Here, T,,, the torque developed by the machine, is positive when the
machine is motoring and negative when the machine is generating; Tyecn, the externally-
applied mechanical torque in the direction of rotation, will be negative when the machine
is motoring a load and will be positive when the rotor is being driven by a prime mover as
in generating; and, Tgamp, the frictional torque, acts in a direction opposite to the rotor’s
rotation. Equating the net acceleration torque to the inertia torque, we have

dwrm(t) 20 do (1)
dt ~ P dt

The rotor angle, §, is defined as the angle of the g,-axis of the rotor with respect to the g.-
axis of the synchronously rotating reference frame, that is

() =0,() —0.(t) elect.rad.

Tom + Tinech — Tdamp =J N.m (7.83)

‘ (7.84)
zf {er (8) - we}dt +6,(0) — 6.(0)
0

Since w, is constant,
d{w, (1) — w,} - dwy(t)

7.85
dt dt ( )
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Using Eq. 7.85 to replace dw, (¢) /dt in Eq. 7.83, the slip speed can be determined from an
integration of '

P ¢
wr (1) ~we = 7 / (Tom + Tech — Tyamp)dt  elect. rad/s (7.86)
0

Note that 6, (¢) and 6, (¢) are the angles of the g, - and ¢.-axes of the rotor and synchronously
rotating reference frame, respectively, measured with respect to the stationary axis of the a-
phase stator winding. The angle, 8, will be equal to the conventional power angle defined
as that between the g,-axis of the rotor and the terminal voltage phasor if the phasor of
v, is aligned with the g.-axis of the reference synchronously rotating frame, that is v, =
Vi cos{wet + 6, (0)) and 6,(0) is zero. If ,(0) is not zero, as with a sine wave excitation of
Vg = Vi sin(wet) = V,, cos(wet — 7 /2) where 0,(0) = —n /2, the no-load steady-state value
of § will be — /2 instead of zero. In this case, the a-phase phasor voltage, Vs, will still be
aligned with the g,-axis of the rotor at no-load, but both of them will be lagging 7 /2 behind
the g.-axis of the reference synchronously rotating frame. In a multi-machine system, the
reference axis can be the g,-axis of one of the generators in the system or the g.-axis of an
infinite bus voltage.

The initial values of 8.(0). for the bus voltage, 6,(0) for the variable frequency
oscillator, and 8(0) for the rotor angle must be consistent if the machine’s simulation is to
begin with the desired operating condition.

7.5.3 Per-unit Expressions for Torque
and the Equation of Motion

For studying power systems where there are many transformers and a wide range of
equipment ratings, there are advantages to choosing an appropriate per unit system which
will eliminate the bother of having to keep track of the primary and secondary side quantities
of the transformers and also provide a rough but quick check on the values of the parameters.
In the case of a study involving just one synchronous machine, the use of a per unit
system offers no such advantage, other than perhaps the convenience of having the per unit
parameters of the machine already available in terms of a set of base values that correspond
to those of the rating of the machine. In such a situation, the base power, Sy, is the rated kVA
of the machine.

For transient studies, the peak value rather than the rms value of the rated phase volt-

age is to be chosen as the base voltage, that is the base voltage, V;, is (ﬁ Viine—to~tine/ \/§)

Similarly, choosing the peak value of the rated current as the base current, I, that is
Ip = 28,/3V}, the base values for the stator impedance and torque are given by

. Vi
base impedance: Zy = 75 Q
; (1.87)
base torque: Ty = 2k N.m
Whm

The base mechanical angular frequency, wyy, is 2w,/ P, where wp is the base electrical
angular frequency and P is the number of poles. Using the second expression given in Eq.
7.82, the per unit electromagnetic torque developed is
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Figure 7.10  Flow of variables in the g-axis circuit simulation.
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Tem 55;0‘;(‘/@11(] = Yqia)

Tomipuy = = 222 7 70 pu
em(pu 7 3(}/ I,)

3
<\ pop

(7.88)

Since the base for the flux linkages, ¥, and y, is the same as V,, for the stator voltage, the
above expression for the torque in per unit reduces to

Tem(pu) = ‘/fd([m)iq(pu) - K//q(/)u)id(pu) (7.89

Equation 7.83 for the motion of the rotor assembly, expressed in per unit, is

- | 2\ dw
Tem([m) + lmech(pu) - Tdamp(pu) = (—,I—;h-) (-—F) dtr pu (7.90)

In terms of the inertia constant, /, that is defined as A = —‘%qugm/S;, sec., we have

d(w, Jwp) _ d{(wr — we)/wp}

Tem([)u) -+ anch(pu) - Tdamp(pu) =2H dt ZH“"""""'E;“"“"— pu
(7.91)

Figure 7.10 shows the flow of variables in a simulation of a three-phase synchronous
machine in the rotor reference frame. Figure 7.11 shows an overall diagram of the
SIMULINK simulation, s/.

The inputs to the simulation are the stator abc voltages, the excitation voltage, E,y,
to the field winding, and the externally-applied mechanical torque, Tppeck, on the rotor. The
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Figure 7,10 (cont.) Flow of variables in the d-axis circuit simulation.

equations given earlier are in the motoring convention, in which the assumed direction of
the stator currents are into positive polarity of the stator windings’ terminal voltages. Since
we will be mainly using the simulation for generating operation, Fig. 7.11 shows the stator
qd0 currents opposite in sign to those used for motoring notation. This step is taken merely
for convenience since we will be using the simulation mainly for generating operations.
In Fig. 7.11, the transformation of the input stator abc voltages to the rotor gd
reference frame are performed inside the abc2qgd0 block. Details of the abe2qd0 block are
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Figure 7.11  (cont.): Simulation s/ of a synchronous generator.
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Figure 7.11  (cont.): Simulation 57 of a synchronous generator,
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Figure 7.11  (cont.): Simalation s/ of a synchronous generator.

shown in Fig. 7.11b. The transformation uses the cos, (¢) and sin8, (1) generated by the
oscillator block.

The block gd_gen contains the simulation of the generator proper in its rotor reference
frame. The simulation of the g-axis circuit equations with one damper winding on the rotor
is performed inside the g_ccr block, that of the d-axis circuit with two rotor windings inside
d_cct block. The details of the g_cct and d_cct blocks are shown in Figs. 7.11d and 7.11e,
respectively. A close examination of the manner in which the rotor winding equations are
implemented in the simulation will reveal that the addition of another rotor winding having
a common magnetizing reactance with other windings of the same axis can be done quite
easily.

It is evident from simulation exercises of the previous chapters that startup transients
occur whenever the variables of the simulation are not properly initialized. Waiting for
the startup transients of the simulation to settle can be rather time-consuming when the
simulated system has some rather long time constants. Since the field and mechanical time
constants of a synchronous machine are much larger than those of the stator transients,
to minimize the startup transients it is important that we at least try to initialize the
corresponding states with good initial estimates. For the given simulation, the initial values
of the integrators, intd, intf, intkd, should be set with values as close to those of the desired
operating condition as possible to minimize the initial simulation transients.

The equations associated with rotor motion and rotor angle are implemented inside
the Rotor block. The details of the Rotor block are shown in Fig. 7.11f. In simulation, startup
transients can also be minimized by temporarily setting the value of the damping coefficient,
D, in Fig. 7.11f high enough to provide a large amount of damping; however, when the
desired steady-state condition is established, it should be reset to correspond to the actual
value before conducting the study.

When using a two-stage transformation between abc and ¢gd0 variables, the cos 6, (¢)
and sin®, (1) terms are generated by a variable-frequency oscillator. Details of such an
oscillator circuit are shown in Fig. 7.11g. The initial values of the cos and sin integrators
in this block can be set to give any desired initial value of 6, (0). For example, using initial
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values of cos 6, (0) = | and sin#, (0) = O corresponds to starting the rotor gd axes with an
initial value of 6,(0) = 0 to the axis of the stator winding and 6, (r) will be equal to w,t.

The transtormation of the gd0 rotor reference currents back to abc stator currents are
performed inside the gdr2abe block. The details of the gdr2abe block are shown in Fig.
7.11h.

Figure 7.111 shows the inside of the VIPQ block, in which the instantaneous
magnitude of the stator voltage, stator current, and stator real and reactive power at the
generator’s terminal are computed. The instantaneous values of the real and reactive power
in per unit flowing out of the stator terminals of the generator are computed from the
following:

P = \)‘:(Uq - jvtl)(iq = jla)x = quq + Vglg
(7.92)
Q= S(vq - jl"d)(iq = Jig)* = qud - Udiq

7.6 MACHINE PARAMETERS

The machine data from manufacturers are usually in the form of reactances, time constants,
and resistances; most are derived from measurements taken from the stator windings. The
usual methods of extracting the required parameters, especially those of the rotor windings
from stator measurements, hinges on the observation that the effective time constants of
the various rotor currents are significantly different. A commonly used demonstration of
this phenomena is the short-circuit oscillogram of the stator currents when a three-phase
short-circuit is applied to the machine whose stator is initially open-circuited and its field
excitation held constant. Besides the dc offset, the symmetrical portion of the short-circuit
current typically exhibits two distinctly different decay periods: generally referred to as the
sub-transient and transient periods. The sub-transient period refers to the first few cycles
of the short-circuit when the current decay is very rapid, attributable mainly to the changes
in the currents of the damper windings. The rate of current decay in the transient period is
slower and is attributed mainly to changes in the currents of the rotor field windings.

The theorem of constant flux linkage is useful in determining the initial values of
transient fluxes in inductively coupled circuits. Briefly stated, the flux linkage of any
inductive circuit with finite resistance and emf cannot change instantly; in fact, if there is
no resistance or emf in the circuit, its flux linkage would remain constant. The constant flux
linkage theorem can thus be used to determine the currents immediately after a change in
terms of the currents before the change. The theorem can be used to explain the typical
flux distributions shown in Fig. 7.12 of a synchronous machine during the so-called sub-
transient, transient, and steady-state periods after a stator-side disturbance. In the sub-
transient period that immediately follows the disturbance, changes in currents in the outer
damping windings limit the stator-induced flux from penetrating the rotor. As these damper
winding currents decay, we enter the transient period where current changes in the field
windings react in the same manner, albeit slower. Finally, in steady-state, the stator-induced
flux penetrates both field and damper windings of the rotor. These pictures of the flux
conditions in the machine during the sub-transient, transient, and steady-state periods
are helpful to understanding the constraint conditions that we will be using next in the
derivation of the effective inductances of the machine for these same three periods.
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Figure 7.12  Flux paths for the steady-state, transient, and sub-transient inductances.

7.6.1 Synchronous Inductances

In general, inductance is defined as the ratio of flux linked to current. When the peak of the
rotating mmf is aligned with the d-axis, the ratio of the stator flux linkage to stator current
is referred to as the d-axis synchronous inductance, L,. Likewise, when the peak of the
rotating mmf is aligned with the g-axis, the ratio of the stator flux linkage to stator current
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= 0
Figure 7.13 Equivalent d-axis circuit for
steady-state.

is the g-axis synchronous inductance, L. Even in so-called round rotor machines, the value
of Ly may be slightly greater than that of L, because of the rotor slots.

A change inA4 or A, in synchronous operation where all rotor winding currents are
unchanged must be accompanied by a corresponding change in iy or iy, that is

Ahg = LyAly Wb. turn

Arg = LyAiq
In other words, the effective inductances to iy and i4 are Ly and L, respectively. Fig. 7.13
shows the equivalent circuit for the steady-state condition.

For such a change in stator condition, the flux linkages on both the 4- and g-axes
may be viewed as consisting of two components: that which remains unchanged when stator
currents vary and that which changes along with the stator current. That is, Ay = 13/ + Akg
and &, = A} + Akg; A and A} being the components which remain unchanged or
stationary through the change in stator currents, and Ai, and Al being the corresponding
components which change with stator currents. Since the damper winding currents, i, and
i ,/(q, are zero in steady-state, the unchanged components may be expressed as

(7.93)

Aff = Ag — AAg = Aqg — Lyiy = L,,,dij/» Whb. turn
(7.94)
A = hg = Ahg = g~ Lygiy = Lingly.
We can also identify the speed voltages that correspond to the two stationary flux
linkage components of Eq. 7.94 using the relationship

Ef—jEg=jo,(\ —jx)) v (7.95)
Using Eq. 7.94 to replace the stationary components of the flux linkages, we obtain

_ . U
Ef = a)erdlf = wrLpg 7
4

(7.96)

y U
Eg = —-er,,,ng = ~@rLmg | =
Tg

In steady-state, the rotor speed, wy, is equal to w,, thus the above expressions for £y and E,
are the same as those for steady-state operation. £y and E, are the field excitation voltages
on the stator side in the g- and d-axis, respectively.
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7.6.2 Transient Inductances

Since the resistances of the damper windings are usually greater than those of the field
windings, the induced currents in the damper decay much more rapidly than those of the
field windings. For the transient period, we can assume that the transients in the damper
circuits, being highly damped, are over while the induced currents in the field windings are
still changing to oppose the change in flux linkage caused by the stator currents.

Let’s first consider the changes in flux linkages of the windings on the d-axis. With
Aky=0and Ai;dzAi;q =0, .

Ahp = LypgAig+ Lijif =0 Whb. turn
7 (7.97)
Alg = Lylig+ LmdAi;

Eliminating the change in field current to express Ady in terms of Aiy only, we have

L2 ‘

Adg = (Ld - ML'f" > Alg (7.98)
i

The ratio of Alg to Aiy in this situation is referred to as the d-axis transient inductance,

that is

o Bha L}

Ly~ ~nd (7.99)

Ly N L
d 7

Likewise, by considering the changes in flux linkages of the windings on the g-axis,
we can show that the q-axis transient inductance is given by

AL L?
R T (7.100)
iy L;;g

Figure 7.14 Equivalent d-axis circuit con-
dition during the transient period.
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7.6.3 Transient Flux Linkages and Voltages
behind the Transient Inductances

Equation 7.98 gives the change in A4 to a change in iy when both i and if are free to change.
Likewise, we can derive a similar relationship between A}, and Ai, when both i, and iy
are free to change. Again, we can identify the components in A4 and X4 which will remain
unchanged by transient stator currents under the transient condition where both A and A,
are being held constant by changes in il’c and ;,. They are given by

Ay =g — Ahg = Ag — Lyig Wh. turn
, .. (7.101)
Ay ==hg = Bhg=hrg— Liig
The definitions and alternate forms of the speed voltage terms associated with the
transient flux linkages, &, and Ay, are

L2
E; £ (Ur)‘v;j = Wr {Ldid + Lmdijl‘ - (Ld - If'/ld ) ld’ \4

7
Liit 4 Lipaia
= U)erd( ff/L/ - (7.102)
I
ermd)‘]/r
Ly
L2
. . m
E, & «w,)x; = =, { Lgiq + Lmdl;, - (Lq - Z7—q—> zq} Vv
88
L i! 4 Loy
= —w,Ling (—5:”-5—5—-'1"—1) (7.103)
88 /
a),Lmq}\;
Lx

E, and Ej are the voltages behind the transient inductances in the ¢- and d-axis,
respectively.

7.6.4 Sub-transient Inductances

For the sub-transient period, transient currents induced in the rotor windings will keep the
flux linkage of every rotor circuit initially constant. With the d-axis rotor flux linkages held
constant, that is AAf = Ak, =0, we obtain

AK}3LmdAid+Lf,fAi]r+LmdAillcd:0 (7.104)
A)h;(d == LmdAid + LmdAiji + L;CdkzlAi//(d =0 |
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Equation 7.104 can be used to express the changes in the rotor currents in terms of Aig, that
is '
[ Al ] o Tlmabia [L;ccgkd‘l‘md] = __:l‘_'ﬁéfir [L;{cd] (7.105)
2/ 2 o N
Ay LiLigka = Lina Ly = Lima Ly Liaka = Lima if
The corresponding change in the d-axis stator flux linkage is given by
Adg = LgAig+ Lyg Aip 4 Ling Dy (7.106)

Substituting Eq. 7.105 into Eq. 7.106 and defining the ratio of A), to Aiy in this situation
as the d-axis sub-transient inductance L), we obtain

2 ’
pra Bk L Lyna(Lig +Liy)
i = Li—————5—
Aig Ly Liqra = Lina
Lpaly L)
= Ly (7.107)
teaLip + Lma (Ligg +Lip)
L L
Lmd L’Ikil’,{
— Lls"}‘ lkd If

Lyl
Lomd + Eﬁ%‘[l“?‘;
The last form of Eq. 7.107 indicates that the value of the d-axis sub-transient inductance is
the Thevenin’s equivalent inductance of the d-axis stator circuit as viewed from the stator
d-axis terminals shown in Fig 7.15. It is the combined inductance of L in series with the
parallel combination of L4, L;f, and L, ,.
Similarly, the expression for the g-axis sub-transient inductance, detined as Ak, /Ay
= Lg, can be shown to be
L LigHly
mq L;kq+ng
L Ly
I‘;kq+l‘;g

H (7.108)

L;’ = L!S “l“
Ling +

Figure 7.15 Equivalent d-axis circuit con-
dition during sub-transient period.
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7.6.5 Sub-transient Flux Linkages and Voltages
Behind the Sub-transient Inductances

As in steady-state and transient conditions, we can identify the components in A4 and Ay
which will remain unchanged by transient stator currents under the sub-transient condition

when the flux linkages of the rotor field and damper windings are constant.
Ap =g~ Adg = Ag — Lljig
” ' " (7.109)
hg =g — By =hq— Lyig

Likewise, we can also define the speed voltage components associated with A} and Ay as
2 ’ :
Long(Ligg + L@:)m)

N "o v -
Eq = wrxd = Wy (Lmdlf”*‘Lmdlkd + L Y
I “kdkd md

) . 7.110
= Eg+ o, Lngiyy +or(La— Ly ( )
and
L2 (L!, L )i
A Y . . mg \lkq lg/*q
EZI = —a)r}»({, = —y (Lmql;, +Lmql,/(q + WL(,, AL o — L2
F44 qKq myq /
R . 7.111
= Eq —; Lingi, — w,(Lg ~ Lig ( )
where
E, :ermdif/
(7.112)

./
Ey = "'CUerqlg

Eq/ and E7 are the voltages behind the sub-transient inductances in the ¢- and d-axis,
respectively. Note that, unlike in Eq. 7.96 for steady-state condition where if and i}, are

constant, the values of i}i and ié’), in Eq. 7.112 can vary with time.
7.6.6 Transient Time Constants

Associated with the two sets of rotor windings in the machine are two different sets of time
constants. The set with the larger values is the transient time constants, and the set with the
smaller values is the sub-transient time constants. In general, the damper windings, which
have a higher resistance than the field windings, are associated with the sub-transient time
constants.

When the stator is open-circuited and the effects of the higher winding resistance
damper windings are disregarded, the change in field currents in response to a change in
excitation voltages is governed by the open-circuit field time constants, defined as

4
T A f_ff:
do .
f
Is
T’ Eﬁé’,
qo /
Te

(7.113)

>
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T;, is typically of the order of 2 to 11 seconds and is greater than the other time constants
discussed below. However, when both the field and stator windings are short-circuited and
the effects of the damper windings ignored, the apparent inductance of the field winding
changes with the external connection. It can be shown that the ratio of the time constants
of the field winding with short-circuited stator windings to that with open-circuited stator
windings is equal to the ratio of the apparent inductance seen by the stator current with
field short-circuited to that with field open-circuited. For the d-axis, that ratio is (ij /La).
Therefore, the time constant of the field windings under these conditions is given by the
relation:

T/ 4
4 d (7.114)
T;, La
Using
L Lg—~L'
-”,‘lil = “/LI“”J and Lyg = Lg—Lis
L Ly~ Lis
Lg—Lig)(L,~L
L;f — ( d 15)( c/g is) (7115)
(La~— d)
we can also express the d-axis transient time constant in Eq. 7.113 as
U ((Lq~Li)*
T =~ (%( oLt ) (7.116)
Ty Ly—Ly .

7.6.7 Sub-transient Time Constants

The open-circuit sub-transient time constant in the d-axis, T, is the time constant of the
kd damper winding current when the terminals of the field winding, f, are shorted and the
stator windings are open-circuited. It is also defined as the time in seconds required for
the rapidly decreasing initial d-axis component of the symmetrical voitage to decrease to
(1/e) of its initial value when a short-circuit on the armature terminals of a machine running
at rated speed is suddenly removed. During this period of initial decay of the open-circuit
stator voltage, the resistance of the field winding is neglected. The effective inductance to
the kd damper winding current under this condition is given by

LY =1L/ +,..{‘_'":LL,;.L 7.7
kdo kd T Ly, .
Therefore,
"
Ty = —kdo (7.118)
Tkd

It would be interesting to verify that the time constant of the kd damper winding
current with the stator open-circuited is indeed 7 . To do this, we begin with the following
d-axis flux linkage relations for an open-circuited stator condition, that is iy = 0:
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Mea = Liaraika + Lmaif
, , . (7.119)
)\f = Lpglp, + Lffzf
Next we consider a step change in the excitation voltage. Currents induced in the damper
windings will oppose a change in field current. Immediately following the step change, the
flux linkage of the kd damper winding is assumed to remain unchanged, that is 1}, = 0.
From the first equation of Eq. 7.119, we obtain
! dip  Lj g di;
_ Zkdid f kdkd “'kd (7.120)

i or -l

U T Ly At Lg dt
From the voltage equations of the f and kd winding, we have
Y i L dilg
L, L dt Ly dt
rer 7 (7.121)
. . ; .
0 Tkdikd + dip  Ligy digg
Loma dt Lma dt

Using Eq. 7.120 to replace ijﬁ, the damper winding equation in Eq. 7.121 can be written as

U}Lm([
di; r L
kd kd . o
Ty il = . (7.122)
dt kedkd = = kdkd it
d Lff ¢ Lj].

From Eq. 7.122, we can show that the time constant of i,’\,d for the open-circuited stator
condition is the same as that given earlier in Eq. 7.118. The time constant can be expressed
in the following forms:

! n
. Lyara = _LifL
T = '

¢ !

kd (7.123)

1 L;fLmd
= — | Ljpg + ——
r;(d ( thd Lina + L;f

By symmetry, we can write down the open-circuit sub-transient time constant of the
g-axis rotor windings as

1 L;,Lmq
T = L), 7.124
qo rl/“] ( lkq Lmq’*‘L;g ( )

The short-circuit sub-transient time constant of the d-axis, T/, is the time constant
of the damper winding kd current when the field and stator circuits are all shorted. The
effective inductance to the kd winding current under this condition is given by

’ Liglmg
f \ Lis+Lmd

ka = Ligg+——7 (7.125)

4[2'Lmd
L[s + (Ll,v"‘Lmd )
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Therefore,

" ’
7] =X (7.126)
Tkd

7.7 CALCULATING MACHINE PARAMETERS

In this section, we shall describe a procedure to calculate the parameters for the developed
model from data normally available from the manufacturers. The primes associated with
the rotor quantities indicate parameters referred to the stator by the appropriate turns ratio.
The values used should be of consistent units, either engineering or per unit.

Often, the armature leakage reactance is given directly; if not given, the value of the
zero-sequence reactance may be used instead, that is x;s = xg. Subtracting the value of
leakage reactance from the direct and quadrature synchronous reactances yields the direct
and quadrature magnetizing reactances:

Xy = Xg — Xis
my q ls (7' 127)
KXmd = Xd — Xis

The field leakage reactances can be determined from the definition of L/, given in Eq.

7.99, which can be written as

Y xmdx;/'
X = (7.128)
Xind + fif
from which we can obtain
= xmd(x(/[ —Xlg) (7.129)
i Xmd — (x& - X15) ‘
Or, if xpq > x,’f,
X[ R X X (7.130)

The leakage reactance of the d-axis damper winding can be determined from the
expression for L) given in Eq. 7.107, that is

Xmd ¥ Xy
B T B ML (7.131)
Xmd X g + Xmd Xy +x,fx,kd
from which we obtain
(X[f “‘xlx)xma'x[/f
g = ' (7.132)
tkd xilfxmd - (x,,jl = X15) (Xmd +X;f-)
Or, if xpg > x;f,
(=~ X))
Xy N = d (7.133)

x;j' - (x(fjl —Xi5)
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With no g-winding on the g-axis, the leakage reactance of the g-axis damper winding
can be determined from the expression for L;’ in Eq. 7.108 by setting Lj, — oo, that is

’
XmgXigg
Xy = Xy (7.134)
Xmg + Xy, "

from which we obtain

Xmgq (x:; — Xis)

X, = e (7.135
Ika Xmgq — (xg -~ Xis) )

Alternatively, if xq > xl’kq,
Xig 2 Xy = X1s (7.136)

The stator phase resistance may be assumed to be the same as the positive-sequence
resistance of the stator that is normally given. The winding resistances of the rotor windings
are to be determined from the time constants given. The field resistance can be calculated
from the d-axis transient open-circuit time constant, Eq. 7.113 can be written as

1
Tjo = Jbr—f,(x,’f + Xma) (7.137)

Rearranging, we obtain

1

7
rf/ = %——-f;;(x,f + Xind) (7.138)

Given the value of T, we can determine r;,. Equation 7.118 can be written either

as
1 X, dx’
Ty = e \ Mg + —— (7.139)
Wyl Xmd + Xy
or
1
Ty = —— (g + X4 = X15) (7.140)
b7 kd
Rearranging, we obtain
1
Tt = o (Xlg X = X15) (7.141)
wpd 4,
Similarly, using Eq. 7.124 for T,j,, we can determine r,’“l as follows:
1
" I3
0= (x[k +xmq) (7.142)
O oprgy q ;
from which we obtain
1 /
rléq = —-—-M(x,kq Jr‘qu) (7143)

"
wp Tq .
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Alternatively, if the short-circuit time constants instead of the open-circuit time
constants are given, the resistances can be found from :

1 nd Xls
rj/. — ; l‘:l,f + m \)
wpTy Xmd + Xis
. - 14
, 1 , Kmd Xis Xy p
Fra = i | Yika T AR
wp 7(1 X Xs -+ Lmd Xy + LsXpp

XmqgXis
+ .
Xmq + XI5

(7.144)

o l 7
Ty = aon T’ Xkg

q
7.7.1 Sample Calcuiation

Given the following data in per unit of the machine base, determine the rest of the
parameters required for the simulation model:

x4 = 1.63 pu Ty, =435
X, =1.56 Ty =.032

xy =174 T; =7

x] =123 T; = .023

Xy =124 T, =.023

x5 =093 1, = .066?
ry = .0032

Xpg = 1.63—.003 = 1.54
Xy = 1.56—.093 = 1.47
L (1.54)(.081)

Xjp = e e 085 &), = 174~ 093 =
Xy T54_ 08l 0855 or .y 174 —.093 = .081 pu
. (.030)(1.54)(.0855) or o o (123-093)00855)
Hkd T 0855)(1.54) — (.03)(1.6255) Tkd T 0855) — (123 —.093) 0
) 1 47)(.031 .
Xy = (ﬁwi«%—l =.0316 or xjp, = 124~ 093 = 031
1
| e (0855 4+ 1.54) = .001
T Frasy (T
) I (1.54)((.093)
e (0855 e = 0107
"id = 7oy O T e )
1 1.47)((.093
r ——M(.o316+(_-u)~@—9—3>:.014

k1 377(023) 156
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7.8 HIGHER-ORDER MODELS

As simulation capability improved and problem interest expanded beyond those of
transients of the stator quantities and the first swing stability of the rotor electromechanical
oscillations, it was recognized that simulated responses using the traditional circuit model
of Fig. 7.4 with machine parameters as calculated previously often did not agree well with
actual measured responses, especially in the rotor winding quantities [58] of machines with
solid iron rotors. Better agreement can be obtained with refinements in the structure of the
d-axis model and in the techniques used to determine the machine parameters. Depending
on the rotor construction, the shielding effects of the damper winding currents and the
eddy currents induced in a solid rotor can affect the transient characteristics of the rotor
significantly.

One approach is to model such effects by a low-order ladder network of RL branches
to accommodate the complex frequency-dependent nature of the rotor’s surface impedance.
Another approach to synthesizing the rotor circuit is to model it along the lines that we have
traditionally viewed the partition of current paths from the physical construction. Besides
the physical field and damper circuits, we could also add a third circuit for the eddy currents
induced in the pole surface. These three current paths are in close proximity in the rotor
slots. Figure 7.16 shows only the slot leakage flux components that couple two or more
current paths in a rotor slot. The field current path is deep in the slot and it links all the
slot leakage flux components shown [63], whereas the second current path associated with

third circuit
eddy currents

first circuit
field current '////ff

Figure 7.16  Coupling flux components of three current paths in a rotor slot.
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Figure 7.17 A higher-order model with leakage coupling between d-axis circuits.

the damper current is higher up the slot and it links ¢, . partially and all of ¢,,. that crosses
above it. Similarly, the third current path which is associated with the eddy currents flowing
on the pole face links ¢, partially, but not ¢,.. Using the relation between magnetic
and electric circuits described in Section 3.2.2, each of the flux components coupling two
or more of the current paths may be translated to a mutual inductance in an equivalent
circuit representation of the rotor where the identity of these current paths are retained. For
example, Fig. 7.17 shows a refined qd0 circuit model [63] with three ¢ and three d rotor
circuits. The inductances, L,y and L,,., are the coupling inductances associated with flux
components, such as ¢, and ¢, in a rotor slot shown in Fig, 7.16. The inductances, L,
Ly, and L, are from the self-leakages of the field, damper, and eddy currents. It is of
interest to note that similar circuit representation has been used for the coupling between
the rotor circuits of a double-cage induction motor [64].

Equally important to the improvement in accuracy are the development of methods
to measure operational impedances and transfer functions and the determination of the
machine parameters that fit over a significant frequency range using standstill and on-line
frequency response tests [57]. In reference [62] Canay has described a method to determine
the mode] parameters from measured data of a standstill frequency response test for circuit
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models such as that shown in Fig. 7.17, which accounts for the unequal mutual inductances
between stator and rotor circuits.

7.8.1 Equations for simulation

As before, the equations for an equivalent circuit with unequal stator and rotor mutual
inductances and coupling inductances between d-axis rotor circuits can be arranged with
Wmg and ;¢ maintained, so that core saturation can be included in the manner described
in Section 6.8.1. Those equations for the equivalent circuit with three rotor circuits in Fig.
7.17 can be shown to be as follows:

Yy = VYmg = Xisly
Ya = VYma = Xi5iq
Vo = xisio
Vias = Vimd = (e + X000 ikay + X000k + X005
Viar = Wmd = Xaclivgy + (0op + 5010+ X0 )iy + (g + 27101 (7.145)
V= Vmd = Xaciigy + (5 10+ 000 ikgn + (Ko +Xp00 + 271Dl
t/f/i(ﬂ = Vg = xllkqfiillcq}
‘lfli-qz —Vmg = x[/kq?.ilrcql
1//-I:ql - ‘//"“J = xl,kqlil/cql

The flux linkage equations of the three rotor circuits on the d-axis with mutual coupling
may be written in matrix form as

’ I3 I ' / 3!
11[/kd3 - ‘//md (x3c + xr2c) Xr2e Xroe Lkd3
’ N ]
Viaa = VYma | = Xpe  (hetxptxn) (et iy | (7.146)
r_ ' ’ ’ ' ’ ’ -
wf Yima Xrae (Xrlc+xr2c') (xlc +xrlc+xr20) If
: X,

A suitable machine model is determined by first selecting the appropriate circuit repre-
sentation before determining its parameters to fit the frequency response test data. Thus,
ignoring the leakage couplings of the three d-axis rotor circuits is not equivalent to dropping
the off-diagonal terms of the full X matrix in Eq. 7.146, as the diagonal values from a
parameter fitting without off-diagonal elements could be different from those obtained with
off-diagonal elements. When the off-diagonal, x,2. and x,1, terms are ignored, the mutual
inductances of the stator and rotor windings will again be equal and all three d-axis rotor
circuits will be decoupled from one another.

The inverse relation of Eq, 7.181 with B = X ~! allows us to determine Iy Lpans and
i} from the values of ¥y 3, ¥y 5. w;, and Ypg.
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e b by by Vigs — Vimd
D | = bat by by Vg~ ¥md (7.147)
i byt by by Y= Vmd
e
B

-

The equations for the stator gd currents and g-axis rotor circuit currents can be determined
in a similar way as before, that is

P o= %[/q—]pmq
1 Xis
, Wd - Wmd
ig = ————
Xis
W,Q ‘Wm
.t q3 q
fgy = (7.148)
kg3
’
v _ wqu "qu
kg2 = <
lkq2
I
v _ W}cql ~‘ffmq
lkql - 7
Llkqi

The flux linkages, ¥nq and ¥y, may be expressed in terms of the total flux linkages of the
windings, that is

. . . .
Ymd = Xma(id + lray + l/’(dz + ll’)
E f

v 3 3 3
=XMD (;i‘ "f‘zbj!‘#;é@+Zb12'>'/f/:d2+2bf3w;)
’ j=1 j i=1

j=1
Ving = Xmqliq ity +ifgy +ite) (7.149)
Yo Vigs Vi  Vig
Ymg = Xm0 <J+"rg"+'7‘1"+”7i
s Xikgs  Xikga  Xikgl

where

i (7.150)
1 1 | { 11

e 2 e e e b

7 / ’
AMQ  Xmq Xz Nikg2 Kkt Xls

The stator and rotor circnit flux linkages are obtained by integrating their respective voltage
equations, that is
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Wy rs .
Yy = ap vy = Vgt = (Ymg — g) { dt Wb. turn/s V
Wy Xis

Vi = wa{vd+&¢q+i(1//md~w)]dt
wp Xls

Yo = wb/(vomr—x%>dl
Xis

Wpr k 3

Vigs = 22 [ ng = Vg
g3
wpr

Vigr = ko /(‘”mq Vigo)dt (7.151)
ch2

, Dprig

wkql = /(‘/fmq Illkql)d’

lkql

Vias = =onrkas [ {ouWies +biatian +130 = Buu+bra+ bia)ina |

Viar = “wbr[;d’g/ {bm Viay + 022y + 23— (ba1 +bx +b23) Yma } di

/7 wbrf/’ ’ 7 7
vy = - {Ef ~ Xmd <b3; Vias T 03200y + b33 — (bar + b2+ b33)7ﬂmd> } dt
m

where Ef = Xy vf/- / r}L
The rotor speed, w, (1), is determined from the following expression of the slip speed:

P t
(1) — we = 57/ (Tem + Tonech — Taamp)dt elect. rad/s (7.152)
0

where T, positive for motoring operation and negative for generating operation, is
computed from

3P
Tom = ~T(wdt’q = Yrqid) N.m. (7.153)
Wh

S

7.9 PERMANENT MAGNET SYNCHRONOUS MOTORS

The dc excitation of the field winding in a synchronous machine can be provided by
permanent magnets. One obvious change with replacing the electrical excitation with a
permanent magnet is the elimination of copper losses. Machines so excited can offer simpler
construction, lower weight and size for the same performance, with reduced losses, and
thus higher efficiency. The disadvantages are that present prices of permanent magnet
materials (except for ferrites) are relatively high, and that magnet characteristics change
with time. The choice of permanent magnets for a motor is influenced by factors such
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flux bridge

flux barrier

(a) surface (b) interior (b) interior transverse

Figure 7.18  Arrangements of permanent magnets in synchronous motors.

as the motor’s performance, weight, size, and efficiency, and economic factors regarding
the material and production. Machinability, tolerance, and ease of handling of various
permanent magnet materials can also affect production costs significantly. Figure 7.18
shows three common arrangements of permanent magnets in synchronous motors. The
surface mount arrangement is popular with modem high H, magnetic materials that are
not easily susceptible to demagnetization. Since the leakage of the magnet with regard
to airgap flux generation is small, this arrangement can result in a smaller volume of
permanent magnet material being used. With material of lesser H, and where the risk
of demagnetization is high, the magnet is usually embedded in the rotor. The ermbedded
arrangement will allow a longer length of magnet than the surface mount arrangement.
Furthermore, with material of low remanence, there is room for the flux focusing that is
needed.

In general, a line-start motor will have a rotor cage to help start the motor on a
fixed frequency supply. The induction motor torque component of a line-start motor has
to overcome the pulsating torque caused by the magnets during starting. An inverter-fed
motor may or may not have a rotor cage as the inverter frequency can be synchronized to
the rotor speed. Inverter-fed motors can be fed with pwm sinusoidal voltage waveforms or
quasi-square voltage waveforms of 120° or 180° wide.

A circuit model of a permanent magnet motor, which is used for predicting its
transient behavior, can be obtained using either of the two equivalent circuit representations
for permanent magnets given in Fig. 3.8. Using the equivalent circuit of Fig. 3.8b for
permanent magnets, the equivalent gd0 circuit representation shown in Fig. 7.19 of a
permanent magnet synchronous motor with damper cage windings but no g winding
can be obtained by modifying the ¢d0 circuit given in Fig. 7.4. For modeling purposes,
the permanent magnet inductance, L., that is associated with its recoil slope, can be
lumped with the common d-axis mutual inductance of the stator and damper windings
and the combined d-axis mutual inductance denoted still by L,,q. The current, i/, is the
equivalent magnetizing current of the permanent magnets, referred to the stator side. The
corresponding ¢d0 equations for the above equivalent gd0 circuits of the permanent magnet
motor are summarized in Table 7.1.
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Figure 7.19 Equivalent ¢d0 circuits of a
zero-sequence permanent magnet synchronous motor.

TABLE 7.1 ¢d0 EQUATIONS OF A PERMANENT MAGNET MOTOR

qd 0 Voltage equations:
. dAy do,
Vg = ryig+ T +)xd-(;t—
L dhy do,
Uy = md»{”:z’—th -—)»qa—t-
o dh
vy = rslo-t T

<

|
s
B
Y
B

-+

a

(7.154)
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Flux linkages:
hq = Lqiqg+Lngig, — Wb.turn
A = Lqiq -+ Lidiyg + Lmdiy,
[SS—
A

Ligip (7.155)

il

Ao
14 7 : ’ IYs
kg = Lmglqg + Ligegiig
!

. !/ ./ v
Ma = Lmatd + Liaggia + Lmaly

Electromagnetic torque:

3P
Tom = 5 5(A(1iq —Xgid) N.m (7.156)
or,
3P 3P P o
Tom = Ei;(Ld Lyliaiy ”‘“‘(Lmdlkdlq Lrau;lkqld)+ 37 Lmdl,/nlq
- (7.157)
reluctance torque induction torque excitation torque

In Eq. 7.157, the developed electromagnetic torque is separated into three compo-
nents: a reluctance component, which is negative when Ly < Ly ; an induction component
which is an asynchronous torque; and an excitation component from the field of the
permanent magnet.

The mutual flux linkages in the ¢- and d-axes may be expressed by

. y
)\mq = Lmq (lq 'Plkq) Wbh. turn

S (7.158)
Amd = Lpaia + [ +lkd)
As before, the winding currents can be expressed as
. 1 . 1
g = ZT()uq - )\mq) Iq = —LT«()L([ — Amd) A
] N
.7 . 1
beq = L, 7 g = hmg) it = 57— (g = hm) (7.159)
lkq 1kd

With the above relations for the d-axis winding currents substituted into Eq. 7.158 and
simplifying, we will obtain

Amd = Lyp (* -+ «,—— +i ) Wb. turn (7.160)
Lis  Ligg

where
1 1 1 1

Lyp Lis led Limd (
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Similar expressions for A,,, and Lasg can be written for the g-axis.

For steady-state conditions, where w = w,, as in the case of Ef in a wound field
machine, weA,, O Xpqi ,’n can be denoted by E,,, the magnet’s excitation voltage on the stator
side. And if stator resistance is disregarded, replacing £y by E,, in Eq. 7.68, the developed
torque of a permanent magnet motor in terms of the rms phase voltage V,, at its terminal is

2 VaEp . V2ol Ly .
T, = —3 ALY R 28 N.
em (Pa)e> { X, sind -+ > ) y sin m (7.162)

7.10 SYNCHRONOUS MACHINE PROJECTS

7.10.1 Project 1: Operating Characteristics
and Parameter Variations

The purpose of this project is to implement s/, the SIMULINK simulation of a three-
phase synchronous machine shown in Fig. 7.11, and use the simulation to determine the
operational characteristics of the generator with the parameters given below. In addition,
we will examine the effects that a change in damper winding resistance has on the damping
of electromechanical oscillations, and also how a change in rotor inertia affects the duration
of the first swing.

Since the full ¢d0 model already has damper windings included, the damping
coefficient, D,, may be used to represent the damping from windage and friction on the
rotor. Since the field and rotor mechanical time constants of a synchronous machine are
usually large, to minimize the initial startup transients, the d-axis winding fluxes, 1,(/; and ¥y,
and the rotor slip speed, (w, —we)/wp, should be initialized with values that are closed to the
starting condition. The best initial values to use are the steady-state values corresponding to
the starting condition. But a rough setting of 1/1/1 and ¥4 to one per unit and the rotor speed,
@y, to synchronous value may get the machine simulation to synchronize in reasonable time,
if the operating condition is relatively stable.

For this project, the MATLAB file, m/, may be used to determine the resistances and
reactances of the circuit model from the given data, and to set up the desired inijtial condition
for the SIMULINK simulation, s/, of the machine connected to a fixed voltage supply. As
implemented in s/, the bus voltage magnitude, V,,, the applied excitation voltage, E/, ., and
the externally applied mechanical torque, Tyecn, are all represented by repeating sequence
source signals, which can be programmed to produce the desired values over the run-time
of the simulation.

(a) Check the given MATLAB file, m/, to make sure that it establishes the desired
starting condition of the generator delivering one per unit power at unity power factor to the
external bus of voltage magnitude at one per unit. Note that the applied excitation voltage,
E,in per unitreferred to the stator is equal to Ey. Set the repeating sequence source signals
for Vi, E.,, and Tpecn for a run where the magnitudes of the bus voltage and externally
applied mechanical torque are both held constant at their starting values, but that for £, (o

take a step increment of 10 percent at ¢ = 0.2 sec., that is
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Ex_time = {0 0.2 0.2 tstop]

Ex value=[ 11 1.1 1.1]*Efo :

Efo being the applied excitation for the starting condition of generating one per unit
power at unity power factor. Record the response of |V;|, | 1,], P, Q. 8, Te,,,, ,and i,
to the step change in excitation voltage. Note the long response time to the change in
field excitation and the sign of Q with the increased field excitation.

(b) Repeat Part (a). This time, use a step decrement of 10 percent in E,, att = 0.2
sec., that is

Ex_time = [0 0.2 0.2 tstop]

Ex_value ={ 110.9 0.9]*Efo

Comment on whether the machine is producing or absorbing reactive power after the

change and cross-check by examining the relative phasing between the v, and i,.

(c) Obtain the machine response to the following step changes in the externally
applied mechanical torque: from its starting value when the machine is generating rated
power at unity power factor into the bus first to zero at t = 0.5 sec., and then to the negative
of its starting value at ¢ = 3 sec. The time and value arrays of the T},.cn repeating sequence
source signal are

tmech_time = [0 0.5 0.5 3 3 tstop]

tmech_value =[1 1 0 0 -1 -1]*Tmech

Tmech being the initial condition value of the externally applied torque when the

machine is generating rated power at unity power factor.

Comment on whether the machine is generating or absorbing real power after the two

step changes and cross-check your comments by examining the sign of the power

angle, §. Comment on the electromechanical oscillation frequency and damping.

(d) Repeat Part (c) with different values of the kd and kg damper winding resis-
tances, r,’( ., and r,; ” First reduce ré » and r,’( gt 60 percent of their base values, respectively.
Then, increase ry, and ry, o [0 140 percent of their base values, respectively. Comment on
how the change in damper winding resistances affects the damping of the rotor oscillations.
Also, determine which damper winding resistance has a greater effect on the damping of the
rotor oscillations. Why?

(e) Change the value of H, the inertia constant of the machine, from the base value
of 3.77 seconds to 5 seconds and repeat Part (c). Compare the oscillation frequency of §
obtained in Part (c) with that in Part (e) for the same disturbance and deduce from the
comparison the effect that larger rotor inertia has on the time it takes the rotor to go through
the first swing.

Figure 7.20 shows sample results for Part (¢) for the machine with nominal circuit
parameters and inertia. It can be seen that the initial condition established by m/ starts the
simulation off with the machine generating rated power at unity power factor. At t = 0.5
seconds, the externally applied mechanical torque is dropped from one per unit to zero
for the next 2.5 seconds. At t = 3 seconds, the mechanical torque again is changed, this



Sec, 7.10

" hehronous Machine Projects

1.1 T T

{Vttin pu

0.9 . .

it in pu

Pgen in pu

0.5 ; .

Qgen in pu
[=]

s

{
o
3

L 1

Q 1 2
time in sec

Figure 726 Response of set ! generator to step changes in Tyecn .

3 4

s

— 315

time from zero to — 1 per unit torque. The applied excitation voltage, E. ., is held constant
throughout this run.

7.10.2

Project 2: Terminal Faults
on a Synchronous Generator

The purpose of this project is to examine the response of a synchronous generator operating
under fixed rotor speed and fixed excitation voltage to several kinds of electrical faults at

its stator

terminals.
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Figure 7.20  (cont.): Response of set 1 generator to step changes in Tech.

Make a copy of the Project | SIMULINK file s/ and modify the copy to enable you
to simulate the following electrical faults on its stator terminals:

1. Three-phase bolted fault.
2. Phase-to-phase bolted fault between phases b and ¢.
3. Single-phase-to-ground fault on phase a.
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TABLE7.2 SYNCHRONOUS GENERATOR
SET | RATINGS AND PARAMETERS

Srated = 920.35 MVA Viatea = 18 kV

Nyrated = 1800 rpm Rated power factor = 0.9
x5 = 0.215 per unit ry = 0.0048 per unit

Xq = 1.790 per unit xq = 1.660 per unit

x}y = 0.355 per unit x; = 0.570 per unit

xlf =0.275 per unit xy =0.275 per unit
Tj,=79s T),=041s

Ty, =0032s Tyo=0.055s
H=377s D,, = 0 per unit

Test your simulation using the set/ parameters of the synchronous generator given in
Table 7.2 with the help of the MATLAB file, m/.

The modified simulation should allow you to simulate the condition of applying
any of the above faults directly to the machine’s stator terminals which are initially open-
circuited. Set the inertia constant, H, to some large value, 999 say, to keep rotor speed
constant over a brief period before and during the short-circuit. Edit the initial condition
specified in m/ for your simulation to start with the machine running at synchronous speed,
no-load, and rated terminal voltage.

(a) When the initial electrical transients are over, apply the three-phase short circuit at the
peak of v,. Record the response of ig, iy, i, i/i, and T,,,. Compare the waveforms of
the fault currents with those given in standard machine text, such as [26]. Repeat the
run with the short-circuit applied at the voltage zero, v,. Comment on the differences
in the dc offset of the waveforms of short-circuit currents obtained at the two different
points of the wave.

(b) When the initial electrical transients are over, apply a phase-to-phase short circuit
across phases b and ¢ at the peak of v,. Record the response of ig, ip, ic, i}, and Ty .

(c) When the initial electrical transients are over, apply a single-phase-to-ground short
circuit to phase a at the peak of v,. Record the response of ig, ip, ic, z'f’, and T,

7.10.3 Project 3: Linearized Analysis
of a Synchronous Generator

The objectives of this project are to learn how we can determine a linear model from a
SIMULINK simulation of the machine and use it to determine the small-signal characteris-
tics of the machine, Specifically, we shall determine the linear models of a synchronous ma-
chine that is generating directly into an infinite bus at two different operating conditions, use
these linear models to determine the transfer functions, A Pgen/ATmech and A Qgen/AEy,
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and examine the effect of a change in rotor inertia and damper winding resistance on the
system eigenvalues. ' ) ‘
Figure 7.21 shows the SIMULINK simulation of a synchronous machine connected
directly to an infinite bus given in the SIMULINK file, s3eig. In the given simulation, v]
and vy are the infinite bus voltage components in a synchronously rotating reference. The
transformation of the synchronously rotating reference input stator voltages to the reference
frame rotating with the rotor can be accomplished using Eq. 7.51 in the form of
Ug =V 088 ~ v sind
) (7.163)
vg = U sind +vjcos 8
The rest of the simulation of the synchronous machine in Fig. 7.21 is in the rotor reference
frame. Again, in using the SIMULINK trim and MATLAB linmed functions, the inputs
and outputs must be defined by sequentially numbered input and output ports.
Use the MATLAB script file,m3, to perform the following tasks:

1. Load the parameters and rating of the synchronous machine given in Project | onto
the MATLAB workspace. Make sure that the units used are consistent with those employed
in your SIMULINK representation of the system.

2. Have in mind the operating conditions for which you would like to obtain linear
models of the system. Modify this part of m3 accordingly. For this project, we would like
to obtain the transfer functions for the following two operating conditions:

a. Pgen = 0 and Qgen = 0 when vy, = Land vg, =0.

b. Py = 0.8 and Qg,p = 0.6 when v, = 1 and vj = 0.
3. The outer £or loop in m3 performs the following subtasks for each of the above
operating conditions:

a.- Uses the SIMULINK trim function to determine the desired steady-state operating
point of the SIMULINK system, s3eig.

b. Uses the MATLAB linmod function to determine the state variable model, that is the
A,B,C, and D matrices of the linear model. Obtains the system eigenvalues using the
MATLAB eig function on the system matrix, A, that is from eig(A).

¢. Uses the MATLAB ss2tf to determine the transfer functions of AQgen/A Ef and
A Pgen/ ATmech at each of the above operating points.

d. Uses the MATLAB tf2zp to determine the poles and zeros of the two sets of transfer
functions.

e. Plots the root-loci of the transfer functions, AQgen/AEr and A Pyen/ATmecn, at the

operating point where P, = 0.8, Qpen = 0.6, 0%, = I, and vé =0.
& 8 qs ds

Sample results of the transfer functions are given in Tables 7.3 and 7.4. A sample
root-locus plot of AQgen/AEy at the operating point where Pgep + j Qgen = 0.8+ j0.6
and vy, — jug, = 1+ jOis given in Fig. 7.22.

Edit the parameter values in a copy of the machine parameter file, set/.m, that is
used by m3 to perform parameter sensitivity studies of the system eigenvalues at the same
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0

(wr-we)/wb .
(7]
gain4 del delta
B+
wr/wb
—id Tem we/wb Sum14

(d) Inside the Rotor block of s3eig

*—*{ sqgrt(u{1]*u[1] + u[3]*u(3})

var Fen out_vii

.._,1 sar(uf2]*u(2] + ul4]ul4])

-iar M Fent Out_lit!

1) Q) I—

[2}— ~—>4 u[11uf2] + ul3Tul4]

vdr P Pgen

4 : |

~idr ’*’—"[ u[1]"uf4)-uf2]"u[3]
Mux Q Qgen

(e) Inside the VIPQ block of s3eig

Figure 7.21  (cont.): Simulation s3eig of a synchronous generator.

two operating conditions: first to a change in rotor inertia, /, and then to changes in rotor
damper winding resistances, r;, and r,’(q. The system eigenvalues at each of the operating
conditions can be obtained using the MATLAB function eig() on the system matrix, A. In
addition to the results for the base case parameters, determine the system eigenvalues for
the cases when H alone is changed to 60% and to 140% of the nominal value. Repeat the
study for the following two changes in the damper winding resistances, ry, and r,iqr first
with both changed to 60% and then to 140% of their nominal values. Examine the system
eigenvalues obtained with and without the changes and determine whether there is a change
in frequency and damping of the rotor dynamics. Confirm these changes from simulated
responses with the appropriate machine parameters to a small perturbation in mechanical
input torque about the corresponding operating condition using the SIMULINK system, s3.
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TABLE 7.3 Apls‘en/Atmech

Output P+4jQ = 0+j0
Gain is —5.68 — 14

Output P+jQ = 0.8+j0.6
Gain is 8.53e~14

Zeros are:

3.199e+-15 0.000e+-00i
~3.283e+00 3.769¢+02i
—3.283e+4-00 —3.769¢+021
—4.071e4+01 0.000e+00i
—1.818e+01 0.000e+-00i
~6.327e~01 0.000e+00i
Poles are:

~6.373e+00 3.762e-+02i
—6.373e+00 ~3.762e+02i
—1.088e-+02 0.000e-+00i
—4.071e-+01 0.000e+00i
—6.980e~01 5.479¢+00i
~6.980e—01 —5.479¢+-00i
—6.327e~01 0.000e-+00i

Zeros are:

—2.492e+15 0.000e+001
—3.285¢-+00 3.761e+02i
—3.285e+00 —3.761e+-02i
~6.090e+-01 0.000e-+-00i
—3.283e+01 0.000e+4-001
~3.972e-01 0.000e+00i
Poles are:

—6.374e-+00 3.762e-+02i
—6.374e-+00 —3.762e+02i
—1.092e+02 0.000e+001
—4.042¢+01 0.000e+00i
—7.468e~01 9.817e+4-00i
—7.468e~01 —9.817e+00i
~3.958¢~01 0.000e-+00i

TABLE 7.4

A‘Igen//—\ef

Output P+jQ = 0+j0
Gain is 1.97e~01

Output P+jQ = 0.8+j0.6
Gain is 1.64e—01

Zeros are:

—3.077e+00 3.762e+021
—3.077e400 ~3.762e+02i
—1.088e+02 0.000e4-001
—7.292e+01 0.000e+001
—6.981e—01 5.479%+001
~6.981e—~01 ~5.479e+00i
Poles are:

—6.373e+00 3.762e+402i
—~6.373e-4-00 —3.762e-+02i
—1.088e+-02 0.000e+4-00i
—4.071e401 0.000e+00i
—6.980¢—01 5.479¢+-00i
—6.980e~01 ~5.479¢+00i
~6.327e—-01 0.000e-+001

Zeros are:

~2.579¢+-00 3.742e-+02i
—2.579¢+00 —3.742e+02i
~1.098¢+402 0.000e+00i
~7.292e++01 0.000e+00i
~7.062e~~01 9.389¢+4-001
—7.062e~01 ~9.389e+00i
Poles are:

—~6.374e+4-00 3.762e4-02i
~6.374e+00 ~3.762e+02i
~1.092e+-02 0.000e+00i
-4.042¢+01 0.000e+001
—7.468¢~01 9.817¢+00i
—7.468e~-01 —9.817¢+00i
~3.958e~01 0.000e+00t

7.10.4 Project 4: Permanent Magnet

Synchronous Motor

The line-start permanent magnet motor is a high-efficiency synchronous motor with self-
starting capability when operating from a fixed frequency voltage source. The permanent
magnets embedded in its rotor provide the synchronous excitation and the rotor cage
provides the induction motor torque for starting. The difference in permeability between
the magnet and rotor core also results in significant magnetic saliency and reluctance
torque at synchronous speed. At asynchronous speeds, the dc excitation and saliency of the
permanent magnets will cause pulsating torque components. When the field strength of the
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Figure 7.22  Root-locus plot of AQeen/AEy.

magnet is too strong, a line-start permanent magnet motor may fail to synchronize because
of the excessive pulsating torque component from the dc excitation of the magnet.

The objective of this project is to implement the SIMULINK simulation, s4, of a
line-start permanent magnet motor and use the simulation to explore the behavior of the
torque components during a starting run of the motor from standstill. In particular, we will
examine the ability of the motor to synchronize with various values of magnet field strength,
mechanical loading, and rotor inertia.

Figure 7.23 shows the SIMULINK simulation, s4, of a line-start permanent magnet
motor connected to a fixed frequency supply source. The equations used for the permanent
magnet motor are given in Table 7.5.
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TABLE 7.5 SIMULATED ¢d0 EQUATIONS OF PERMANENT MAGNET MOTOR
Flux linkages:
w F
Vo = o /{vq a2 (Y ~wq>}dr
wWp Xis
w, r
Va = wa{vd+-iwq+~i<wmd—w>}d:
wp Xls
r
Yo = wp f (vo+~iwo) dt (7.164)
Xis
a)bfk
Vig = —— f (¥mg = Yig)dt
lkq
LL)[;I'
Vg = —4 f (Wmd — Vig)dt
Xea
where
v/r;’c
¢’mq =IMQ ( el
xlkq
(7.165)
‘/’kd
Yimd = XMD + ~ i
Xlea
_ 1 1
AMQ X X X
me ke T (7.166)
1 1 1
IMD  Xmd  Xjpg s
Winding currents:
P = ‘“meq i’ - ‘/fliq“/fmq
7 Xig ka x(’kq
! [
iy = Ya = Vmd il = Yia : Ymd (7.167)
Xis Xikd
Rotor motion:
Tem = (‘/fdiq - 1/"q‘fd) pu
= (Xq —Xq)idig +xmdi,:diq - xmqiflcqid + dei;niq
h S (7.168)
reluctance torque induction torque excitation torque
d{(w, — we) /o,
Tem + Tnech — Tdamp = 2H“"{—(“"r“"’iz‘l’/‘i}' (7.169)

dt
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§(t) = 6,(t) —6.(¢) elect. rad.

' ' (7.170)
=wa {(wr (8) — we) [wp}dt +6:(0) — 6. (0) ‘
0

The SIMULINK file, s4, contains an implementation of a line-start, three-phase
permanent magnet synchronous motor connected directly to a 60-Hz, three-phase supply

[

Workspace smi

Initialize
Id i }Mux

. [_ Mux
and plot ry i 7 S
— o
Clock viPQ
&
» ia
| | liq

PoF— va %_

v

va % doita [ 0s fwrt) ’
cos fwrt) o
o vd » wr/wb g O] sin (wrt) |
T > 1 | _Tem t:‘ g
vo 0SC qdr2abe
BVC abe2qdo [ 2™ id
Tmech

qd_motor

(a) Overail diagram of s4

4 >
cos!;h}etar u[1]*u[3] - u[2]*u[4]
E B qds2qr vqr
sin_thetar vgs Mux
> (2°u[1}- u2] - u[3))/3 }_._.__..>
abc2q Vs ul2]*ul3] + u[1]uf4]
s2dr vdr
(u[3] ~uf2]Ysqri(3) qdsad
abc2d Mux1
(u[1] + uf2] +u[3)y3 } 3
Mux abc20 o
abc2qd0 qds2qdr

(b) Inside the abc2qd0 block of s4

Figure 7.23  Simulation s4 of a line-start permanent magnet motor.
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psig
% . T
=L_J iq_motor
q_cct
prod1
prod;
psid >El
[2:} . ” delta >@
TGRS -

» - wr/wb
. ! Tem ; .

Ipm d_cct id_motor Tmech Rotor (wr—we)/wb

:
3]

(c) Inside the qd_motor block of s4

Figure 7.23  (cont.): Simulation s4 of a line-start permanent magnet motor.

voltage of rated magnitude. The MATLAB file, m4, has been programmed to work with
s4; it will set up in the MATLAB workspace the parameters of the 230-V, 4-hp, two-pole,
60-Hz, three-phase line-start permanent magnet given in Table 7.6 [67].

The MATLAB script file, m4, will prompt the user to input the desired equivalent
magnet current, i), or the terminal input power condition for it to establish the equivalent
magnetizing current. It also allows the user two options to initialize the integrators in s4:
that with the steady-state currents, fluxes, and rotor speed corresponding to the terminal
condition specified by the user, and that with just the magnet’s d-axis field flux, zero stator
current, and rotor speed as in starting from standstill. As programmed, it will allow the user
to repeat anew the calculations to determine the equivalent magnetizing current for a fresh
terminal condition or to make repeated simulations with changes in parameters, external
loading, or stop time. The file, m4, is also set up to provide a plot of the input real and
reactive power, P, and Q,,, the power angle, §, the per unit speed of the rotor, w, /wy, the

TABLE 7.6 PARAMETERS OF LINE-START MOTOR IN PER UNIT

x5 = 0.065 per unit ry = 0.017 per unit
xq = 0.543 per unit xg = 1.086 per unit
#1q = 0.054 per unit rig = 0.108 per unit
g = 0.132 per unit X, = 0.132 per unit
H=03s Dy = 0 per unit

Adapted from M. A. Rahman and T. A, Little, "Dynamic Performance
of Permanent Magnet Synchronous Motors,” IEEE Trans. of Apparatus
and Systems, Vol. 103, June 1984, (® 1984 IEEE).
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>{4]
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et
> delta
del

. wr/wb
i Tem we/wb Sum14
(f) Inside the Rotor block of s4
1 B
wr/wb »
Product
1]
cos_thetar
> 2]
sin_thetar
(g) Inside the osc block of s4
U qdr2qds qds2abe
[4}—>
cos_thetar 5
- W] + o]
. ; qds2a ia
sin_thetar

iq uf1]"ufd] - u[2]*u[3] B ~>J ~u[1)/2 —sqrt(3) ul2)/2 + u[3]
. B qdr2ds qds2b ib

id T

ux
3 > ->[ —u[1)2 +sqrt(3)*uf2)/2 + u[3] 1
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(h) Inside the gdr2abc block of s4

Figure 7.23  (cont.): Simulation s4 of a line-start permanent magnet motor.
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Texcitation Texc

(i) Inside the VIPQ block of s4

Figure 7.23  (cont.): Simulation s4 of a line-start permanent magnet motor.

TABLE 7.7 MAGNET STRENGTH FOR GIVEN TERMINAL CONDITIONS

Case  Rotor inertia, H  External loading, Tyecn i, for 8, to be Remarks
1 Nominal 0 pu Set if, =0 Demagnetized
2 Nominal 0 pu Sy = 0.9+ 70436 il = 1.6203
3 Nominal 0 pu Sy =09~ /04366 i =2.6985
4 Nominal 0pu S o= 1.0+ /0 in, =2.2223
5 Nominal ~0.5 pu Sy =1+ /0 i, =2.2223
6 2x Nominal 0.5 pu Sm=1+j0 i, =22223
7 2x Nominal 0pu Sm o= 1+ jO in =2.2223
8 2% Nominal —0.5 pu Sy = 0.9+ 70.436 iy = 1.6203

electromagnetic torque, 1., and the stator a-phase current, i,, in one figure. In a separate
figure, it will plot 7,,, along with its reluctance, induction and excitation components.

First, we will examine the reluctance, induction, and excitation components of the
instantaneous torque developed by the motor during a starting run from standstill. These
runs are to be conducted with the motor starting up from rest, with flux components other
than those of the magnet, rotor speed, and angle all set initially to zero. The strength of
the permanent magnets is to be changed in these simulations by adjusting the value of
the equivalent magnetizing current, i/, , denoted by Ipm in m4 according to the terminal
conditions specified under Column 4 of Table 7.7.

Where the magnet strength is the same, such as in Cases 4 through 6, changes in H
or mechanical loading from one case to another can be entered directly into the MATLAB
workspace, instead of rerunning m4. For example, changing the mechanical loading from
no-load in Case 4 to a constant motoring load of -0.5 pu in Case 5 can be done by entering
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Steady-state torque vs. angle curves
2 : r : T :

1.5}

torque in pu

0.5 . . . . .
~3.5 -3 -2.5 -2 -1.5 -1 -0.5 0
delta in radians

Figure 7.24  Steady-state torque vs. angle curves of permanent magnet motor.

in the new value of tmech_value of the repeating sequence in the MATLAB window, that
is tmech_value = [—0.5 —0.5]. Similarly, changing the rotor inertia from nominal value
in Case 5 to twice nominal value in Case 6 can be accomplished by typing in H =2 H in
the MATLAB workspace. Figure 7.24 shows the steady-state torque vs. angle curves of the
permanent magnet motor for Case 4 when i/, is 1.6203 A. The curves are obtained using a
torque equation similar to that given in Eq. 7.68 where stator resistance has been neglected.
It shows the reluctance and excitation torque components, and their resultant. The lower
aT/dé slope, or synchronizing torque coefficient on the stable side of the resultant torque
curve, is due to the reluctance torque component. Sample results of the startup run for Case
8 in Table 7.7 are shown in Fig. 7.25. From the subplot of § vs. time in Fig. 7.25, we can
see that the accumulated value of § settled to a steady value indicating that the machine
finally achieved synchronous operation. An accumulated value of § that is larger than 27
indicates that the rotor ran asynchronously during the initial phase of the startup run. Figure
7.26 shows a plot of the same & vs. time over the principal value of ki, in which the pole
slip is displayed more graphically by the transitions from —x to 7.

Examine the results you obtained, that is check for correctness in operating mode,
such as whether the sign of § is consistent with the motoring mode, the change in excitation
with terminal power factor, the rotor speed, and the sign and value of the developed torque,
real power, and reactive power when the motor is synchronized. Next, examine the behavior
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Figure 7.25  Starting transients of permanent magnet motor.

and values of the torque components during asynchronous and synchronous operations.
Identify, if you can, which of these components contribute to the acceleration of the rotor
during starting and which of them contribute to steady-state operation.

Next, we will use the simulation to obtain the dynamic response of the permanent
magnet motor to a sequence of step-load changes. We can use m4 to initialize the simulation
in s4 with the condition corresponding to Case 2 in Table 7.7. In this case, we will select
to initialize the integrators in simulation with the computed steady-state currents, fluxes,
and rotor speed to minimize the simulation startup transients. Some startup transients
will be present because not all variables are properly initialized in this manner. Before
performing the simulation, we will have to set up the repeating sequence signal source for
the mechanical loading by typing in the following statements in the MATLAB window:

tmech value = [00 —~1. —1. —=0.5 =05 —1. —1.]
tmech_time = [0.0.40.40.80.81.21.21.5}

Figure 7.27 shows the simulated response of the permanent magnet motor with an i, 1.6203
pu to the above sequence of step changes in mechanical loading.
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Figure 7.27 Response to step changes in mechanical loading.

7.10.5 Project 5: Simulation of Synchronous Machine
Model with Unequal Stator and Rotor Mutual
and Coupling of Rotor Circuits

The objectives of this project are to implement a simulation of the synchronous model
described in Section 7.8 and to compare its simulated output to a three-phase short-circuit,
especially the rotor quantities, with the output obtained using two other simpler machine
models.

Figure 7.28a shows the overall diagram of s5, a SIMULINK simulation of the 2x3
synchronous machine model described in Section 7.8. Figures 7.28b and 7.28c show the d-
and g-axis circuit blocks inside the gd_gen block of s5 for the case with three rotor circuits
in each axis. Not shown are the other parts of the simulation which are the same as those
given earlier in Fig. 7.11. The b coefficient terms in the d-axis block are computed in the
MATLAB m-file, m5, as part of the initialization procedure that also establishes the desired
steady-state starting condition for a simulation run.

Along with s5 and m5 are two M-files, set3a and set3b, which are programmed to set
up the machine parameters of the 722.222 MVA, 60-Hz, two-pole test machine: set3a uses
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Figure 7.27 (cont.): Response to step changes in mechanical loading.

the parameters for the 2x3 equivalent circuit model given in [62] whereas ser3b uses the
parameters given in the discussion of [63] for a 2x3 equivalent circuit model where x, . is
zero. To complete the comparison, we have also included in set3¢ the machine parameters
of the same 722.222 MVA generator for the simpler model described in Section 7.5. The
M-file, set3c, is to be used by m1 to set up the simulation, s/, for the same short-circuit test.
The machine model used in s/ has one damper winding on the g-axis and one field and
one damper winding on the d-axis, but there is no leakage coupling between the field and
damper windings in the d-axis.

Both m5 and m1 are programmed to start the simulation with the machine generating
rated power at unity power factor into the external bus of one per unit voltage magnitude.
For the short-circuit case, the run-time is 1.5 seconds and the external voltage bus voltage
magnitude, V,,, is stepped down from one per unit to zero at t = 0.1 seconds for a number
of cycles specified by the user.
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(a) Set up simulation s5 to conduct the short-circuit simulation using the machine
parameters in set3a. Select a step disturbance in V,, and enter 10 for the fault duration.
in number of cycles. Save the two sets of plots. Save the Workspace y arrays in a data
file using the MATLAB save command so that you can later plot iJL and 8 of this run
with those obtained in Parts (b) and (c).

Repeat Part (a) using the parameter file, set3b. Save the two sets of plots. Reassign

the Workspace y arfays in your MATLAB workspace with a unique variable name

and store them in a separate data file for plotting later.

(¢) Set up the simulation s/ using m/ to conduct the same short-circuit run with the
parameter file, set3c, and save the two sets of plots. Again, reassign the Workspace y
arrays in your MATLAB workspace with a unique variable name and store them in a
separate data file for plotting later.

(d) Reload the stored data files from Parts (a), (b), and (c) into the MATLAB workspace
and use plot5c to plot the three § curves on one plot and the three i} curves on separate
plots to avoid overcrowding. Comment on any observable differences in é and i j’, from
these three different machine models.

(b

~—

Sample results from the run in Part (a) are shown in Fig. 7.29, and the combined plots
of § and 1} from all three runs are shown in Fig. 7.30.

7.10.6 Project 6: Six-phase Synchronous Machine

In Project 5 we saw how we could implement a simulation where there were coupling
inductances between rotor circuits. Here in Project 6 we will look at how we can also
handle coupling of the stator side windings in the gd rotor reference frame. We will use
an example where the coupling on the stator side in the gd rotor reference frame remains
in a synchronous machine with two three-phase sets of stator windings that are displaced
by an angle. To obtain higher power capacity, the twin stator windings of a six-phase
synchronous generator divides the generator’s current into two paths to circumvent the
limitations in current handling capacity of other equipment. Previously the limitation was
from the interrupting capacity of breakers [70]; nowadays it is the current handling capacity
of the power switches in the converters [71].

First, we will briefly review the equations for a six-phase synchronous machine,
rearranging them into a form suitable for implementation in a simulation. Then we will
proceed with the objective of this project, which is to develop and test a SIMULINK
simulation of a six-phase machine. Figure 7.31 shows the windings of an idealized six-
phase synchronous machine. The two sets of three-phase stator windings are labeled abe
and xyz with the axes of xyz displaced by angle, &, ahead of abc. On the rotor are the damper
kg and kd windings and the d-axis field f winding. Since parts of the distributed windings
of the two sets share common stator slots, there will be mutual slot leakages. The leakage
inductances of the stator and rotor may be put in the following form [72]:

(L] [Li2] O
Li=| Ll [Li2] 0O (7.171)
0 0 [Lyl
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Figure 7.29  Short-circuit response from 2x3 model with non-zero x,1c and x,2..

where the submatrix, [L12], is a full matrix of mutual slot leakages between the two sets of
three-phase stator windings, that is

[Li2] =

Ligx Llay Llaz
Lipx Livy Libz
Licx Llcy Llcz

(7.172)

and the other submatrices are diagonal in form:
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Figure 7.29  (cont.): Short-circuit response from 2x3 model with non-zero x, i and x,2..
[Lin] = diag[List1, List, Lisi]
[Lia} = diaglLisa; Lisz, Lis2) (7.173)

[Lir} = diaglLikg, Lika> Lif]

If the two sets of stator windings are uniformly wound, we can assume that L, = Lipy =
Licss L[ay = Lip; = Licx,and Lig; = Lipy = L[Cy, or that [Ly12] is cyclic-symmetric. Picking
the ¢d0 rotor reference as before with the angle, 8,, measured from the stator a-phase axis,
we can show that the transformation of [L;12] yields



Sec. 7.10 Synchronous Machine Projects

Delta in rad

g' VWNWW o '

¢] 0.5 1 1.5

2 : .
0 0.5 1 1.5
time in sec
Figure 7.30  Response of 6 and if from three models.
| Lim —Li qd 0
[Tqa0 O L2l Ty Or =) = | Liga Lim 0 (7.174)

0 0 Llax + Llny + Llaz
where
Lim = Liax coS& -+ Liay cos(€ +2m/3) + Liq; cos(§ —2m/3)
Ligd = Liax Siné + Liay sin(§ +2m/3) + Lia sin(§ —27/3)

The voltage equations of the stator and rotor windings of the six-phase machine shown in
Fig. 7.31 using motoring notation are as follows [72]:

(7.175)
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Figure 7.31 Windings ofvthe six-phase synchronous machine.

Vg1 = rsliql‘l“gg}ﬂ—!-kdl%g{- vV

Vg1 = rslid1+%:~l ,_)qufg%i

vop = fsll'm—l-%l):?l

o = gt o, By
L dMy, o, do,

b d
Va2 = Talp = “)v,»z‘(jt‘

v = r;2i62+5‘%;92
U;‘ = rjﬁi}—}— g;ti

Vea = rflcdi:/cd+ddi€(l
v,’cq = r,’{qi,’cq + i;i\-;;i

where the flux linkages are given by

Chap. 7

(7.176)
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Agl

Il

Litigi + L, (igy +igg) = Ligaigy +Amg

Amg = Lmgliqn +igy +ig)

Aar = Lidar+ Ly, (a1 +igg) + Ligaigy +Ama
Amd = La(ia1 +igy +igg +ip)
Aot = Lisvior + (Liax + Liay + Liaz)igy
Aoy = Lipily + Ly (gt 409 + Liggif +dmg 7.177)
Mgy = Ligign + Ly (i1 +igo) — Ligaign +Ama
02 = Lisiy + (Liax + Liay + Liaz)ion

Ap = Ama +Lipis
Mg = Amd + Liggirg
)”;(q = )‘mq +L;kqillcq

and

Ly = Lisy — Ly, Ly = Ligp— L,
Ny Ny
[ !’ —
Lin =57 Lin Liga = 5 Liat (7.178)
M M2
ry = (7\/—;) r Ligy = (7\-]; Lis

N and N, are the effective number of turns of the abc and xyz stator windings, respectively;
the prime on the xyz variables and parameters indicates their referred values to the abe stator
windings.

The electromagnetic torque developed by the six-phase generator with P poles is
given by

P . . YA FANYS

E(kditq: = hquiagr+Mpigs = Mgalgn)

2 (7.179)
5 {rmatiar i) = omaGas + i)

Figure 7.32 shows the gd0 equivalent circuits of the six-phase synchronous machine.

Equations for simulation. As before, the equations for the six-phase
synchronous machine can be arranged with 1/,,,4 and 1,4 maintained, so that core saturation
can be included in the manner described in Section 6.8.1. The equations for the flux linkages
are [72]
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1l’ql - qu = Xi1ig1 +xl/m(iql +i;2) _‘xl/dqiz/iz

Va1 = Ymg = Xi1iar + X, (a1 + i) + Xyl

Va2 — ¥mg = Xiaigy + X ig1 +igo) +Xj441a1

’1/,4; ~Vmg = Xigy +xfy (a1 +igy) = Xgqlq
Vo1 = Xistiol + (Vs + Xiay + Xiag)igy (7.180)
1//‘62 | = xl,gzi(/}z + (Xlax +xlay +xlaz)i01

1pllcq - ‘/’mq = xl!kqillcq

Via = ¥md = Xgalra

V= Yma = X[7if

When Eq. 7.181 is written in matrix form, it will be block-diagonal. For instance, the 4x4
coefficients matrix for the stator gd flux linkages may be written as

Vg1 = Vg Cen +xp,,) 0 X =Xl4q Ig1
Va1~ Yma 0 e txg,) X, X iq1 181)
,.p/ — w_ - x/ ! ( + ’ ) 0 N ( ’
q2 mq Im xldq X2 Xy lq2
! / / .
11[’{12 —Ymd Xldg Xim 0 (2 +xlm) ’!;12
Xqd

The inverse relation of Eq. 7.181 with B = Xq“d1 allows us to determine gd stator currents
from the values of Y41, Y41, ‘%2» Yy, and g The algebraic form of B is given in [72].
In general, we can write

igt by byy b1z by Va1~ Vmg
ig1 by1 by bz by Yat — Vmd
e (7.182)
ig b3y b3y b3z baa Yoy = Vimg
i bay bay baz baa Vi~ Ymd
L SRS
B

The equations for the rotor circuit currents and stator zero-sequence currents can be
determined in a similar way as before, that is
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. wléq - 1//’”4
4 e
ka xllkq
/

i = Wkd . ’/fmd
K Xl

. Wf 1lfmaf
=

Xl f

The g-axis mutual flux linkage may be expressed as
‘/fmq = Xmg (iq} + i;z +l]/cq)
Ymg = IMQ[(bn +b13)¥g1 + (b12 +b32)Var

w,f
+(b13 +b33) ¥y + (bra+b3) Wy + = }

Xiiq )
where
1 1
— = ~—~+(b11+b13 + b3y +b33) + ——
AMQ  Amgq xlkq

That for the d-axis flux linkage may also be expressed as

Ymd = Xma (i1 +igy + igg +ip)
Ymd = XMD { b2y + ba) Vg1 + (baz + ba2)¥ran
‘Jfkd
+(b23 +ba3) gy + (b2a +baa) ¥y +
Xl
where
1 1 1
——— = —— -+ (b2 + b4 + baz +bad) + ——
AMD  Xmd Xjkd
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(7.183)

(7.184)

(7.185)

(7.186)

(7.187)

The stator and rotor circuit flux linkages are obtained by integrating their respective voltage

equations, that is
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Vg1 = wb/ Vg1 — %Wdl — Ty (bu‘/fql +buar +bpYy, + bty
=11 +b13)¥mg ~ b1z +b1a)¥ma) } dt
Ya1 = wb/ Va1 +%%1 —rs1 <b211/fql+b221/fd1+b23¢(;2+b24‘//(;2
—(ba1 + b2 Ymg — (22 + b2a)¥rma) } dt
Vg = wb/ Vgo = %Tﬁdzﬁfﬁi (baﬂﬂql +b3aar + b3V, +buvs
~(b31 +b33)¥mg — (32 + b3a)Yrma) } dt
Vi = on [ $ol+ Sota =y (o + biav + biaiip + buaiy (1189
—(ba1 +ba3)¥mg — (baz +baa)Yrma) } dt

Tsl
Yo = wb/ vor = == (xXfs2 W01 ~ (Ktax + Xiay + X1az) ¥p) } dr
D

’
r
52
%g = wb[ U(,)z'“xY ("’(xlax + Xiay + Xiaz) ol +Xls1‘//62>}dt
1D
L= —wpr, {‘l" dt
Vig = wb'/cqj kq

Vi = =onriy [ ittt
v = dli {Ef -xmdi}} dt
Xmd
where x1p = Xi51X[ 5 — (Xtax +Xiay +X1a.)% and Ef= x,,,dvf’/r’.
The rotor speed, w, (¢), is determined from the following expression of the slip speed:

P t
W, (1) — w, = —27/ (Tem ~+ Tneeh — Tdamp)dt elect. rad/s (7.189)
0

where Tg», positive for motoring operation and negative for generating operation, is
computed from

N W

Tom =

P
'2‘2)‘}: {"/’d(iql +i;2) — g (ig1 + i(llz)} N.m. (7.190)

Steady-state equations. Let's consider the steady-state condition with
balanced, three-phase sinusoidal variables where
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vy = Vyy cos(wet) iq = Iny cOs{wet +¢1)
(7.191)
Ve = Vyya cos(wet +02) iy = Iz cO8(w,t + 62 +¢2)
If the g.-axis of the synchronously rotating reference frame is aligned with the a-axis of the
abe stator windings at £ = 0, we can express

v = vl =2V = Vel vy = jVly = V2Vel = Vel 610D
' (7.192)
igy = JiGy = V20 = Ly e? 08y = jigy = V2Dl = Lypel EHH0)
Let & be the angle by which the rotor g,-axis leads the g.-axis of the above synchronously
rotating reference. When transformed to the rotor reference frame, the abc stator quantities
become

: . —js —js
Vg1 — JUar = (v ~ jug e’ = Ve

s " (7.193)
it = Jiar = (i, = jig)e ™ = Le™/C700
Those of the xyz stator with magnitudes referred to abc windings are
N s Ny ;
bt e e e YT —j(0—&—62)
Vg = Vg = Na (qu ]Udz)e = N Vinoe
(7.194)

. e Moo s M2 —j Bk~ —)
iy = Jigy = ——(iy — jis)e /* = —=Iyse™/ i
02 e Nl(qz Jig) N
In steady-state, with sinuscidal voltages and currents, the damper winding currents
and the derivative terms in Eq. 7.176 will be zero and the voltage equations of the two stator
windings simplify to
(Uql '“judl) = {rl +ja)e(Lll =+ L;m + Lmq)} (iql '",iidl)

{0 Lisg + joel L+ Lng) | G = Jig) + B
(Vgy = JVp) = {3+ jwe(Lig+ L, + Ling) | iy — Jig) (7.195)

| ~0eLig + 0 Liy + Lug) | 1 = fia) + E,
where

Eq = we(Lmg ~ Lmq)(idl + i:{z) + Ef (7.196)
The voltage, E,, has only a real component along the g,-axis of the rotor. As described in
Section 7.4.2, given the terminal operating condition or the phasor voltage and current of
the stator windings, we can use the above equations to determine the rotor angle, §, or to
locate the g,-axis.

Construct a SIMULINK simulation for a six-phase machine whose stator terminals
are connected to balanced sets of three-phase sinusoidal voltage sources. Sketch the flow of
variables similar to Fig. 7.10 before attempting to implement the simulation. Some of the
component blocks may be established more quickly by modifying blocks of similar function
in simulation s/. Verify your simulation using the parameters and operating conditions
given in [72].



L,

Y
“thines  Chap. 7

Synchror\ouéka ;

qu

d-axis
io1 rgy  List Lis2 I'so i’ 02
i o
+ v 0 o +
)
Vo1 L’ax +Lay +LHZ V02
zero-sequence

Figure 7.32  ¢d0 equivalent circuits of the six-phase synchronous machine.



8.1

8

DC Machines

INTRODUCTION

As with the other rotating machines, a dc machine has a stator and a rotor. Figure 8.1 shows
the basic parts of a simple de machine. The stator typically consists of field windings wound
concentrically around stator poles on the inside of a cylindrical yoke that is housed inside
a metal frame. The yoke and pole irons are usually built from stamped steel laminations of
about 0.5 to 1 mm thickness. At the airgap end, the pole has a pole-shoe that is used to shape
the distribution of magnetic flux through the airgap.

On the rotor, the main components are the armature winding, armature core,
mechanical commutator, and rotor shaft. The armature core is formed by stacking circular
steel laminations with uniformly spaced slots on its outer periphery for the armature
winding. The coil sides of the armature winding are distributed uniformly in the axial
slots of the armature core. They are insulated from the rotor slot and held in position by
insulating wedges. The two coil sides of each armature coil are located under adjacent poles
of opposite polarity so that their induced emfs are additive around the coil. The coil ends
are soldered to separate copper segments of the commutator, which are connected to the
external circuit through the brushes riding on the commutator. The commutator segments,
insulated from one another and from the clamp holding them together, have a cylindrical
outer surface onto which spring-loaded brushes ride. The brushes and commutator act not
only as rotary contacts between the coils of the rotating armature and stationary external
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end plate

.

field yoke
pole iron

field winding

armature winding

commutator

Figure 8.1  Basic parts of a de machine.

Chap. 8

circuit, but also as a switcher to commutate the current to the external de circuit so that it

remains unidirectional even though individual coil voltages are alternating.

The brushes are usually placed at the neutral position where the commutator segments

are connected to coil sides that have no induced voltage.

8.2 ARMATURE WINDINGS

The two common winding arrangements of the armature winding are known as lap and
wave windings. The coil ends of a lap winding are connected to commutator bars near each
other; for example, a simplex lap winding has only one connected coil between adjacent
commutator segments. The coil ends of a wave winding, on the other hand, are connected
to commutator bars approximately two pole pitches apart. Though the bars of a wave-
wound coil are further apart than those of a lap-wound coil, the potential between them,
at approximately two pole pitches apart, are still electrically close. They cannot be exactly
two pole pitches apart, because after one trip around the armature, the coil connection
should not close onto the same bar but either one bar forward or backward so that the whole
armature winding is traced through before the winding closes upon itself. Thus, a wave-
wound armature for a P-pole machine will have £/2 coils connected in series between

adjacent commutator segments.
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Figure 8.2 Four-pole armature lap winding.

8.2.1 Lap Windings

If the induced voltages of the two coil sides of a coil are to be additive, the two coil sides
should be located under poles of opposite polarity. Furthermore, if the size and arrangement
of the coils are to be uniform, the number of slots spanned by a coil, that is the slot pitch,
s, has to be an integer value less than or equal to the total number of slots, S, divided by
the number of poles.

Figure 8.2 shows a sectional view of a four-pole dc machine with a lap-wound
armature winding on an armature core with 24 slots. Shown is a common two-layer winding
arrangement with two coil sides per slot; top coil sides are odd-numbered and bottom coil
sides are even-numbered. There are 24 coils altogether in the armature winding. The span of
the coil, specifically the distance between its two coils sides around the back of the armature,
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is referred to as the back pitch. Using the above numbering system, the back pitch should
be some odd number of coil sides given by

yp=C/P+k 8.1

where C is the total number of coil sides and & is 0,=41,42,.... To ensure that the
corresponding sides of a multi-element coil'are in the same slot, (y, — 1)/coil sides per slot
must be an integer. Using a k of 1, we obtain a y, of 13 or 11. The former value yields
a progressive lap-wound and the latter yields a retrogressive lap-wound. For the winding
shown in Fig. 8.2, a y;, of 13 was used, yielding a coil span of exactly one pole pitch, or six
slots. For example, the two coil sides of the highlighted coil @ in Fig. 8.2 span 1 and 14, or
six slot widths. With a simplex progressive lap winding, like the one shown, the return coil
side of coil a is one commutator segment ahead in the clockwise direction.

At the rotor position shown in Fig. 8.2, the coil sides of the four highlighted coils,
a, g, m, and s, are at the geometric midpoints between the centers of adjacent poles, also
known as the geometric neutral axes of the poles. When the field distribution is perfectly
symmetrical, these coil sides ‘will be under zero field; in other words, there will be no
induced emfs in them to aid or to hinder the current reversal. If the rotor rotation is counter-
clockwise, a short time before the situation shown in the figure, coil sides 1 and 14 would
be under the north and south pole, respectively. And a little time after, the same two coil
sides would be under the south and north pole, respectively. In other words, the induced
emf around coil @ would flip directions when moving through the position shown. This flip
is evident if we were to examine the difference in polarity of the adjacent two coils, b and
x. The polarity of induced emfs in all coils are marked in Fig. 8.3, which is redrawn to show
a clearer connection of the coils.

As the armature winding rotates around, the tapping is always made at the point of
highest potential for the positive brush and at the lowest potential for the negative brush.
It is important to note that four brush sets are required, the two positive brushes can be
connected together, likewise for the negative brushes, to form four parallel armature paths.
The simplex lap winding has as many parallel paths and brushes as poles. The brushes
can be placed on the commutator at points known as neutral points where no voltage
exists between adjacent segments. The conductors connected to those segments lie midway
between the poles at zero flux density locations, that are also known as neutral axes.

As shown in Fig. 8.3, the currents in coils a, g, m, and s, bridged by the brushes, are
undergoing commutation as each of these coils is moved into a different current path. In
motoring convention, the current from the external circuit will enter the two brushes marked
by the positive polarity of the resultant back emf of the coils. In Fig. 8.3, that current will
divide among the four current paths formed by coils b, ¢, d, ¢, and f in the first quadrant,
coils x, w, v, 4, and ¢ in the second quadrant, coils n, 0, p, ¢, and r in the third quadrant,
and coils [, k, j, i, and h in the fourth quadrant. A lap-wound armature, in general, has as
many parallel paths as the number of poles times the plexity of the wound. Simplex windings
having a plexity of one are quite common. But where the armature current is very large,
multiplex windings are used to increase the number of parallel paths to keep the individual
coil current low, often to obtain acceptable commutation.
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Figure 8.3 Coil connection of a four-pole,
simplex lap-wound armature.

8.2.2 Wave Windings

Since the airgap field distribution of multiple pole pair machines repeats after every pole
pair, the commutator connection to the two coil sides of a coil can be approximately two
pole pitches away and yet the voltage between adjacent commutator segments will be nearly
the same as that across a single coil in a lap winding. Going around the armature, coils under
consecutive pole-pairs can be connected in series and their emfs will be additive. Coming
back after going around the armature, the winding formed by the series coils must however
not close on itself but progress with the series connection of other coils until the entire
winding is complete. This type of winding is called a wave winding from the appearance
of the end connections.

Figure 8.4 shows an example of a simplex wave winding on an armature with 21 slots
in a four-pole dc machine. When the top sides of all coils are identified by odd numbers and
the bottom sides by even numbers, both the back pitch, yp, and the front pitch, yy, will be
odd since the difference between an odd and even number is always odd. The front pitch
is the distance between two coil sides connected to the same commutator bar. Their sum,
which has to be even for a wave winding, is to be determined from

C+2x plexity
Yo+ yp = P2 (8.2)
For the two-layer arrangement shown, C is twice the number of slots and the plexity
is one; therefore, the sum of these two pitches can either be 22 or 20. The combination of
ye = 11 and y; = 11 yields the progressive winding arrangement shown in Fig. 8.4, with a
coil span that is exactly one pole pitch. Alternatively, a combination of y, = 11 and yy =9
will give a retrogressive winding arrangement.
The distance between commutator segments connected to the same coil, in number
of commutator segments, is given by
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Figure 8.4 Four-pole armature wave winding.

yo= 22X (8.3)
2

For the winding shown, y. is 11 and the coil span is five armature slots.

Beginning from commutator segment 1, the highlighted coils, a and /, travel one time
around the armature returning to commutator segment 2, one commutator segment ahead
in the clockwise direction. The number of coil elements traced through in one round of
the armature is the same as the number of pole pairs, that is P /2. After one time around
the armature, the connection must not close onto the same commutator segment, it must
continue until all the other coils are similarly connected before the winding can close on
itself. In the example given in Fig. 8.4, the pairs of coils in subsequent rounds are coils b
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Figure 8.5 Coil connection of a four-pole, simplex, wave-wound armature.

and m,candn,d ando,eand p, f andg, gandr, hand s, i and 1, j and u, and finally the
remaining coil k, which closes back onto commutator segment 1.

Tracing out the winding in the order mentioned above, we will find that the polarity
of the induced coil emf does not change until half the coils are traced through. The coil
connections of the wave winding in Fig. 8.4 can be redrawn as shown in Fig. 8.5, which
clearly shows that the wave winding has only two parallel paths. We can also arrive at
the conclusion that the coil currents can be commutated with just the two shaded brushes.
However, additional brushes, shown unshaded, may be placed in other neutral axes to
provide more contact area instead of using longer commutator segments. Each pair of
brushes will short-circuit P/2 coils during commutation, because there are always P/2
coils between adjacent commutation segments.

8.2.3 Equipotential Connectors

Differences in induced emfs between paths may occur because of unequal pole flux,
caused sometimes by small differences in airgap. With low coil resistances, even a slight
difference in generated emf between parallel branches can cause a sizeable circulating
current, causing higher copper losses in the winding and commutation difficulties. Equalizer
connections can be used to divert some of the circulating current from the brush contacts.
Such connections are made to convenient points on the armature winding that are two pole
pitches apart, which normally would be at the same potential.

8.3 FIELD EXCITATION

The useful magnetic flux in the airgap under the stator poles is produced mainly by the
mmf of the field windings on the stator. Figure 8.6 shows the commonly-used field winding
connections. In Fig. 8.6a, the field current is from an external source that is independent of
V4. In Fig. 8.6b, the shunt field current is a function of V,, and in Fig. 8.6¢, the series field
current is a function of /. In the compound excitation circuits of Figs. 8.6d and 8.6e, the
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(a) Separately-excited (b) Shunt-excited

(d) Short compounding (e) Long compounding

Figure 8.6 Field winding connections.

resultant field excitation is a function of both V,, and I,. The compound excitation is referred
to as cumulative when the mmf of the series field aids that of the main shunt field, or as
differential when the series field mmf opposes that of the shunt field. The machine’s terminal
voltage vs. load current characteristic in generating and torque vs. speed characteristic in
motoring are dependent on the field winding connection used.

8.4 INDUCED VOLTAGE OF THE ARMATURE WINDING

Consider the two-pole elementary machine with one armature coil shown in Fig. 8.7. The
spatial distribution of the airgap flux density due to the two main poles is alternating and
periodic. As drawn, the radial B field directed radially outwards from the armature under the
south pole region is considered positive and that directed radially inwards under the north
pole region is considered negative. With the armature rotating in the counter-clockwise
direction, the direction of the induced emfs in the two coil sides can be deduced from the
vector product, v x B. In the absence of the commutator and brush connection, the induced
emf of the coil as it rotates around in a steady angular velocity of @ will have a time
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induced emf at the terminals

Figure 8.7 Induced emf in the coil of an elementary machine.

waveform that is similar in shape to the spatial distribution of B. With the commutator and
brush, the connections to the external circuit are interchanged whenever the coil axis crosses
the angular positions of 7 /2 and 37 /2. As a result, the voltage at the external terminals is
a rectified version of the actual coil voltage.

For a machine with P poles and a mean airgap diameter of D, one pole pitch, r, will
span an arc length of 7 D/2 P. The flux per pole is given by

T
¢ :/ B.(0)Lrdf = B, Lt Wb (8.4)
0
where B, is the mean value of B, (0) over a pole, that is
- 1 T
B, = ﬂ/ B, (@)rdd  Wb/m? (8.5)
T Jo

Consider the instant when the two coil sides of the armature coil of n.. turns are located
at o and « + B. The flux linked by the coil at that instant is given by

a+f
Ae=ncL j{,

B.(0)rdb Wb. turn (8.6)

The voltage induced around the whole coil is given by the time derivative of the flux it links,
that is

di d [eth
L /a BO)rdo vV 87
The derivative of the integral term in the above expression can be simplified using
at+p “th d(a+p) da
— 6,1)do = — f(6,)dd R L) — 8.8
G rendo= [ Lo+ farp 0= - r@n S @
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For an airgap flux density distribution, B, (), that is time-invariant, the first term is
zero. With the rigid coil rotated around at an angular speed of w, d(« + B) /dt =da/dt = w,
Eq. 8.7 simplifies to

e. = neLro{B.(a + B) — B, (x)} \% (8.9)

For a complete armature winding that has a parallel paths between brushes of opposite
polarity, and n, identical coils of n. turns each in series, the resultant voltage between
brushes is the sum of the series coil voltages:

Ny s
Va= ) eq=noroy (Booi+B)—Bla)y V (8.10)
. iz} i=1
where «; is the angular location of one of the coil sides of the ith coil in the series string.
For coils that span exactly one pole pitch, 8 isequal to 7. Since Be(a; +7) = — B, (@;)
and Z:.’;I B.(w;) can be replaced by ns B., where B, is the mean value of the flux density.
Substituting these into Eq. 8.10, we will obtain the following expression for the average
value of the induced emf of the armature:

Vi == 2no Wty Be v (8.1

Alternatively, we can expressed V, in terms of the total number of active conductors
and the flux per pole, using the fact that the armature has a total of an; coils, or a total
of angn, turns. Since a turn-is formed by two conductor sides, the total number of active
conductors, Z, is 2angn. . Using the above expression for Z and those of ¢ = t LB, and
t=nD/2P =mnr/P,Eq. 8.11 can be rewritten as

V, = Ew(b =k, 1% (8.12)
2ra
where k, = P Z/2ma. Although the above expressions for V, and k, have been derived for
the condition where brushes are set on the neutral axis and the coils are full-pitch, the same
form of V, can still be used for other brush locations and coil pitches, but that of k, will
have to be modified.

8.5 ELECTROMAGNETIC TORQUE

Likewise, the resultant torque developed on the armature can be obtained by summing
the torque on each coil. Consider motoring operation when an externally applied voltage
circulates a current of /. through the single coil in the direction against the induced emf, as
shown in Fig. 8.8. The cross on coil side a in this figure denotes current flow into the paper
and the dot on coil side —a denotes current flow out of the paper. The force on the coil side
located at position « where the flux density is B («) is given by

f}:/[cdix B N (8.13)
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Figure 8.8 Forces on coil sides for motoring operation.

With di perpendicular to B, (), the force, f,, in Fig. 8.8 will be tangential. And
if the coil spans one pole pitch, the force on the two sides will be equal, that is
fa = f-a = Be(@)I.L. Note that f, and f., are in the direction of rotation, that is the
developed tangential forces on the coil are in the direction of rotation. The torque developed
may be expressed as

Ty =2rBe(e)I.L N.m (8.14)
The resultant torque on an armature winding having a parallel current paths and n; coils in
. each current path is
ny
Tew=ay 2rBeai)l.L ~ Nm (8.15)
i=1

Using the relations I, = al;, v =2nr/P, and Z = 2angn,, Eq. 8.15 can be rewritten as
Pz
Tom = —ply = kad)lu N.m (8.16)
2ra

If we ignore saturation, ¢ may be expressed as proportional to the excitation current,
I, that is ¢ = k1., and the torque developed can then be written as Ty = kI, 1., where
k), = kgkq.

Note that under the ideal condition considered,

Eoly = ke law = Tomwp, w (8.17)

In other words, the electrical input power to the armature is equal to its developed
mechanical output power.
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8.6 ARMATURE REACTION

The current in an armature winding produces its own field, commonly referred to as the
armature reaction (AR) field. The airgap field intensity from the armature winding current
can be determined by superposition of the component field intensities from its coils. If the
reluctivity of iron on both sides of the airgap is ignored, the field intensity, H,, in the airgap
due to a single coil of n, turns is given by the line integral:

?g He(x)dl =2H (x)g(x) =n.l; A.turn (8.18)
r

where 1, is the coil current and g(x) is the effective airgap length along the chosen path.
By choosing a I' that is symmetric about a coil side, we can show that the mmf drop across
the airgap on either side of I" is equal and opposite, that is

nele
2

Figure 8.9 shows the spatial mmf distribution established by coils | and 2 of the armature
winding. By superposition, the resultant spatial mmf distribution of all the coils of the
armature winding is a stepped triangular wave. The resultant airgap field, H or B in the
interpolar region, is lowered by the larger value of gap in that region. Note that the current
distribution shown is for the case where the brushes are located at the geometric neutral. For
such a case, the resulting AR field is in the direction of the main field under one-half pole,
but is in opposition to the main field in the other half. When iron saturation is ignored, the
cross-magnetizing AR field has no effect on the net value of the flux under a pole. But with
the nonlinear effects of iron saturation, the distortion introduced by the AR field will result
in some loss of the flux per pole.

Figure 8.10 shows the resultant B field distribution by a bold dark line; the top
portions, shown lightly shaded, are flattened by iron saturation, Without iron saturation, the
cross-magnetizing mmf of the armature winding results in a shift in the magnetic neutral
axis, but no reduction in the flux under a pole. With saturation, however, the tops of the B
field will be flattened, resulting in some reduction of the flux under each pole. The reduction
in flux per pole, ¢, is dependent on the relative position of the main and AR fields, and the
degree of saturation.

The cross field of the armature reaction skews the resultant field distribution. Over the
region where it reinforces, the increase in resultant flux is not proportional to the increase
in mmf when saturation comes into effect. From the point of view of commutation, it is
undesirable because it displaces the magnetic neutral from the geometric neutral axis where
the brushes would normally be. Additionally, the polarity of residual resultant flux at the
geometric neutral axis (g.n.a) induces an emf in the coil undergoing commutation that tends
to prolong the flow of current in the same direction, in effect retarding the commutation
process.

F(x)=H.(x)g = N.mn (8.19)

Accounting for AR.  With armature reaction, the net mmf in a compound
machine that has a main shunt field of Ny turns carrying Iy A and a series field of Ny turns
carrying the armature current, /,, will be given by
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Figure 8.11 Equivalent AR drop.

Net mmf = Nyly £ Ngl, — AR A.turn (8.20)

where the + sign is positive for cumulative compound and negative for differential
compound.

In steady-state-type calculations, an equivalent armature voltage drop can be used
to represent the combined effect of armature reaction and resistive drops in the brush
and winding. If we have the experimental data shown on the left of Fig. 8.11, where the
machine’s terminal voltage is maintained constant by raising the main field excitation mmf
as armature load current increases, we can obtain the loaded voltage characteristic for a
certain load current from the open-circuit curve. For example, for a load current of I,
we can determine from the left figure the equivalent AR, AR(I,)), in the main field, AT.
Starting with a point, p say on the open-circuit curve, subtracting the brush and winding
resistance drop at l,|, represented by pg, and then adding the equivalent AR, that is
AR(I51), we would obtain the point ¢ on the loaded voltage curve. The rest of the loaded
Vu(1,1) curve at the same current level of [,y can be constructed by repeating the procedure
with other points on the open-circuit curve. Alternatively, the loaded voltage curves at
various armature current values may be determined experimentally.

For steady-state calculations, we can then use pr, that is AV, as the equivalent
voltage drop at a load current of [;; when the main field excitation yields an open-circuit
armature voltage corresponding to that of point p.

8.7 COMMUTATION

As the armature rotates, coils of the armature winding will occupy new positions in the
various current paths. The currents in those coils that are switching from one current path
to another have to be reversed in direction when going from one current path to the other
by a process known as commutation. Commutation of a coil current takes place as the
corresponding commutator segments of the coil move under a brush. The coils undergoing
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commutation are short-circuited by the brushes. During commutation, the behavior of the
coil current is influenced by several factors, including the changing contact resistance under
the brush, the emf due to self- and mutual inductances that react against the change of
current, and the emf due to armature reaction.

Ideally, if the coil current were to change at a constant rate when the rotor was
rotating at constant speed, the current density under the brush would remain uniform
during commutation. As shown in Fig. 8.12, the division of the brush current between
adjacent commutator segments will vary linearly when the division of the brush current
is strictly proportional to the contact area. That is only so when commutation is strictly
in accordance to the ohmic resistance of the contact area of the brush, The real condition,

ic e =g tle
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-
1
t
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(d) t=tg

. .

Figure 8.12  Commutation.
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however, is complicated by the nonlinear nature of the film resistance between the brush
and commutator segments, the induced emfs in the commutating coils. The induced
voltages in the commutating coils include those from inductances, self- and mutual of
the coil or coils undergoing commutation at the same time, that from eddy currents flows
in surrounding conductor and iron, and that from flux density produced by armature
reaction. Coil inductances will oppose the change in current, giving rise to the condition
referred to as under-commutation in Fig. 8.12. On the other hand, the induced emf of the
commutating coils may 4id the change in current, which if in excess can contribute to the
over-commutation condition shown in the same figure.

Resistive commutation, which refers to the situation where brush resistance domi-
nates inductive effects, is used in very small machines where brush resistance can be made
high. Carbon brushes work well in the current density range of 40 to 50A/in?; that of copper
brushes is 150-200 A/in®.

The inductive voltage drop from the winding inductance can be compensated for
by creating an induced emf of the appropriate polarity in the commutating coils. A close
examination of the resultant B field distribution shown in Fig. 8.13 will show that the correct
polarity of induced emf in the commutating coils can be obtained by shifting the position
of the brushes riding on the commutator to advance or retard the commutation.

The required brush shift from the geometric neutral position is in the forward
direction for a generator and backward for a motor if the coil undergoing commutation is
to have an induced speed voltage that aids the change in current, countering that due to
inductances. The magnitude of the induced speed voltage is dependent on the angular speed
and flux density in the commutation zone. The latter is also a function of armature reaction,
which if uncompensated, will distort the airgap flux density, shifting the magnetic neutral
away from the geometric neutral axis by a varying amount. Shifting of the brushes will also
alter the position of the armature reaction field, B,, refative to the main excitation field, By.

“Figure 8.13b shows the coils of the armature winding divided into two components:
one produces an armature reaction field that is cross-magnetizing and the other, demagne-
tizing. The number of demagnetizing AT per pole is given by

lda Z 1, 12221,

AY}/:EEE«;:E—;F; A.turn (8.21)
The number of cross-magnetizing AT per pole is
AT, = (1 - 35'5) 21, Aturn (8.22)
n ) 2Pa

Brush shift is mainly limited to small, inexpensive machines for several reasons.
As shown in Fig. 8.13b, it produces a demagnetizating component to the main field, the
direction of shift is dependent on armature current direction {motoring or generating), and
the amount of shift is dependent on the magnitude of the armature current or loading.

8.7.1 Interpoles

In larger machines, interpoles that are excited by the armature current can be used to induce
a voltage of proper polarity and magnitude in the commutating coils that will counteract
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Figure 8,13  Effects of brush shift on field.

the delay in current change from the coil inductance. Interpoles are positioned in between
main poles, usually centered over the neutral axes where coil sides of the coil undergoing
commutation are located. As shown in Fig. 8.14, the magnitude of the interpole excitation,
which is proportional to the armature current being commutated, creates a resultant field for
the proper polarity of induced emf in the armature winding that will aid commutation. The
polarity of the induced emf changes with the direction of armature current flow; as such, it
will function as desired in both motoring and generating operations.

If an interpole is to be positioned over each and every coil side undergoing
commutation, the number of interpoles for a lap-wound armature will be equal to the
number of main poles. In practice, half that number is sufficient because the required voltage
can be induced in just one of the coil sides of the coil undergoing commutation. Similarly,
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we see in Fig. 8.4 that for a wave-wound armature, the brushes short-circuit P /2 coils in
series. With two brushes, only two interpoles, each to provide sufficient induced emf to
comimutate the current of the P/2 coils in series, will suffice.

Excitation of each interpole must be sufficient to balance out the armature reaction,
Z1,/2Pa, and to drive interpole flux across the reluctances of its path (gap + iron in pole +
iron in armature). Neglecting the reluctances of iron, the estimated mmf from an interpole
is

Zl, Bingi
Finterpote = Niply = 2+ k=282 A purn (8.23)
2Pa Ho

where N, is the number of turns of the interpole winding, Bj), the mean flux density, and
ke, the product of two factors: a Carter’s coefficient to allow for slotting and a peak-to-mean
form factor of the flux distribution under the interpole. In practice, excess excitation can be
trimmed by using a non-inductive shunt across the interpole winding,

8.7.2 Compensating Windings

Large and rapid changes in armature current can in some instances cause large voltage
differences between coils connected to adjacent commutator segments. When the voltage
between commutator segments is in excess of 30V, there is a danger of flashover, which
could ultimately lead to flashover between brush arms. An expensive but effective remedy
is to provide a compensating winding with a magnetic axis that is along that of the armature
and also excited by the armature current. The compensating winding is normally embedded
in pole face slots; its mmf is supposed to cancel the armature reaction mmf under the
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Figure 8.15  Field distribution with interpole and compensating windings.

main pole arc. Figure 8.15 shows the layout and field distribution with interpole and
compensating windings.

The required mmf of the compensating winding to cancel the armature reaction can
be estimated from

Feom P =

1,Z 1
saf o POERE e (8.24)
2Pa  pole pitch

8.8 MODES OF OPERATION

In terms of energy flow, an operating machine has not only an input and an output, but also
energy storage capability in the form of magnetic energy in the fields and kinetic energy
in the rotating components. Based on the direction of energy flow, we can identify two
common modes of operation. The machine is said to be motoring when energy drawn from
the external electrical source connected to its armature winding terminals is converted to
perform mechanical work and/or increase the kinetic energy of the rotor. It is said to be
generating when energy from a mechanical prime mover driving the rotor is converted to
electrical energy flowing out of the armature terminals into the external circuit.

8.8.1 Motoring

In the motoring mode of operation shown in Fig. 8.16, the direct voltage from an external
source applied to the terminals of the armature winding injects an armature current, /g,
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Figure 8.16 Motoring.

against the armature induced emf, E,. The current, /,, interacts with the airgap flux
to produce an electromagnetic torque, T,,. In motoring, the rotor will accelerate in the
direction of T, reaching a steady-state speed at which 7,,, is balanced by the friction and
load torques, Tjpss and Tech-

With the induced emf, E,, of the armature winding opposing the flow of current, /,,
in motoring, the voltage equation of the armature winding is

di,
Vo = Eq+ Ryly + Virysn + L(l([ ’L?l:(u 1 (825)

where R, is the resistance of the armature winding, Viyusp is the total brush drop, and Ly
is the armature winding inductance. For motoring, positive /, is to flow into the armature
winding at the positive terminal of V,, that is, net power flows from the external voltage
source into the armature winding. The actual brush drop is a complex function of brush
material, brush pressure, and current density and temperature; but, for simple calculations,
an approximation of one volt drop per brush contact is considered reasonable.
Equating the acceleration torque of the rotor to its inertia torque, we have
dawy,

Tom —~ Tlus.v + Tmech =J “(E" N.m (826)

where Tyecn is the externally applied mechanical torque on the shaft in the direction
of rotation, T, the electromagnetic torque developed by the machine, and Tj,;y, the
equivalent torque representing friction and windage and stray load losses. The value of 7.,
in the direction of rotation shown is positive for motoring and negative for generating, that
of Tpeen 1s negative for motoring and positive for generating.

Multiplying the stator voltage equation by I, we obtain

5 d{(Lyg 122
Va Iy = Eqlq + Ra][; + Vbrush I+ _E_a(f’if_/_l 4 (8-27)
Similarly, multiplying through the rotor equation by w,,, we have
d(Jwk/2)
Pom + Puech ~ Piosses = ““’“’*"L/““ w (828)

dt

Equating P,,, with £,1,, Eqs. 8.27 and 8.28 can be combined to give the following
relation of the power flow through the machine:
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d(Jown 24+ L2,12/2)

dr + 15 Ra + Vbrush Ia + Plosses w (829)

input power ] losses
change in stored energy

Vala + Preeh =
N, it

In steady-state, the net rate of change in stored energy will become zero and the flow
of power through the motor may then be presented as shown on the right side of Fig. 8.16.

8.8.2 Generating

In the generating mode of operation, a mechanical prime mover provides the externally
applied torque, T)yech, to rotate the rotor forward. In the presence of a non-zero flux density
in the airgap from either residual magnetism or external excitation, speed voltages will be
induced in the rotating coils of the armature winding. An armature current, /¢, as shown in
Fig. 8.17, will flow in the armature winding if the external circuit connected to the armature
winding has a closed path, delivering power from the induced emf to the rest of the armature
circuit.

The torque and power equations of rotor motion can be the same as those given by
Eqgs. 8.26 and 8.28 for motoring, with /, replaced by — /. In generating, the value of T,ec,
and Pmecn Will be positive and those of 7, in the direction of rotation, and P, will be
negative. Thus, Tiyeen is being opposed by T, and Zj,yy, in the direction of rotation.

The voltage equation of the armature winding for generating in terms of I, is

dlye
E,=Vy+ Ry Iag + Vorush + Luq "(’i‘[i‘:“ % (8.30)

The above voltage equation is the same as Eq. 8.25 when [, is replaced by —/,,. In
generating, net power flows from the armature winding to the external circuit connected
across the armature terminals, Multiplying Eq. 8.30 by /[, we obtain

d(Lag%/2)

3
dt @31

E, [(lg =V Iag + Ry Ijg + Vorush Iug +

Equating — P, in Eq. 8.28 with [E,/,, in Eq. 8.31, we obtain the following
expression for the power flow through the machine for generating:

lag=-la
—
* =Tom®p | Valag
Py —
v i
a Ea

Tioss®m  BD lag+ 1ag9 R,

Figure 8.17 Generating.
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dUwy 2+ Lagl3,/2)

Vi Lug (8.32)
dt (S : )

2
Pmech ~ Rq ]ag + Vbruxh [ag + Plo,s-xex -
o, ot

input power losses

. output power
change in stored energy

In steady-state, the net or average change in stored energy is zero and the flow of
power through the generator can be depicted by the diagram on the right side of Figure 8.17.

-

8.9 FEASIBLE TORQUE-SPEED REGION
Using the motoring convention, the relations between internal emf and the armature circuit
component voltages of a dc machine operating in steady-state at a rotor speed of w,, are
Eq = ka@wyn = Vi~ Raly — Virush 14 (8.33)

[gnoring brush drops and dividing through by k¢, and using the relation Ty, = ks /4 to
replace I, on the right-hand side, we can express the rotor speed in terms of the developed

torque as
w — V[l Rll Té‘l?‘l
(A )
koo kZp?
¢ “ (8.34)
= Wiypo — 53_7:611 rad/s
mo k‘?l'(ﬁl

In the above expression, w,,, is the no-load speed when T,,, = 0. When V,, R,, and ¢
are held constant, the above expression is a linear rel~tionship between w,, and T,,. The
intercept on the speed axis corresponds to w,,, and the slope of the line is proportional to
R,. The figures on the left-hand side of Fig. 8.18 show the direction and polarity of the
main variables of interest using motoring convention with counter-clockwise rotation of
wy, considered positive. On the T,,w,, plane, forward motoring is in the first quadrant,
forward generating is in the second quadrant, reverse motoring is in the third quadrant, and
reverse generating is in the fourth quadrant. The relations of £, = k,pwp, and Ty = ka1,
hold true in algebraic terms. For example, a change in sign of w,, will be reflected by a
corresponding change in E,.

The dark line in the diagram on the right side of Fig. 8.18 is the steady-state torque-
speed characteristic of the machine with V, and k,¢ held fixed. A family of parallel
characteristics like the ones shown in dashed lines for Vg > Vi > ... > V, can be
generated by varying the value of the applied voltage, V,. In steady-state motoring, T, i3
balanced by the sum of T,ecr, and Tpo5s. When V, and k4 ¢ are held fixed and the load torque
varies, the steady-state operating point slides along the linear operating characteristic.

For points on the operating characteristics in the second quadrant, their T, are
negative. The direction of the developed torque is opposite to that of the rotor’s rotation.
Energy from the rotor’s momentum or the external applied torque is being converted by the
machine to electrical energy. With ¢ unchanged, I, will reverse along with 7,,,; thus, the
direction of power flow in the armature circuit will reverse too. A temporary venture into
the second quadrant, however, is usually referred to as regenerative braking since the motor
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Figure 8.19  Operating a hoist.

develops a torque that opposes a further increase in speed, as in the case of the rotor being
temporarily overhauled by the load torque. Sustained operation in the second quadrant is
simply referred to as generating.

With flux ¢ held constant, the vertical intercept and slope of the operating character-
istic can be varied by changing the applied voltage, V;, and the armature circuit resistance
respectively. For example, Fig. 8.19 shows an operating sequence of a hoist rajsing and
lowering a load. Control of the machine in this case is assumed to be confined to changing
the armature circuit resistance by adjusting ‘a variable external resistance, Ry, in the
armature circuit. Increasing R.y, increases the slope of speed vs. torque line. Point FR
corresponds to the initial stage of rapidly raising the load with a R,y of zero. As the load
approaches a certain height, the speed can be reduced by gradually increasing the value of
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the external circuit resistance, Ry, for example, to point SR. At H, the load has reached
the desired height and the dc machine is providing a braking torque to hold the load steady
at that position against the gravitational force. Lowering of the load is accomplished by
unwinding in the opposite direction of rotation, that is (—w,,), in a controlled manner. For
example, at point SL, obtained here by using an even larger R, the machine works as
a brake where the potential energy of the load is absorbed by the machine while at the
same time energy is also fed into the machine from the electrical supply — all this energy is
dissipated as heat in the resistance of the armature and braking resistance. The machine is,
in fact, regenerating in the reverse direction of rotation.

Alternatively, to go from motoring to generating momentarily, we could lower V,
to V) to obtain the new operating characteristic shown in Fig. 8.18 by the dashed line.
Assuming that the rotor inertia-is finite and neglecting the electromechanical transients,
the new operating point, Q, immediately following the change in V, will have the same
operating speed as the initial motoring point, P. However, 7., at Q in Fig. 8.18 is negative,
that is, of opposite sign to that at . The reversal of 7., will slow the rotor down unless the
rotor speed is being sustained by 7T,,..; from a mechanical prime mover, as in the case of
prolonged generating operation.

8.10 BRAKING

Here, braking refers to the operating condition where the rotor is deliberately being
decelerated by electrical means. Electrical braking is usually used to achieve rapid stops
in emergency situations, accurate stops, as in lift and machine tool control, or to counteract
overhauling by gravitational forces, as in hoist and traction. Electrical braking complements
mechanical braking by reducing the wear and size of the mechanical brakes, by providing
smoother and more reliable braking, and by boosting overall efficiency using a regenerative
method that recovers a portion of the change in kinetic energy.

The changeover from forward motoring operation to braking can be achieved in
several ways: Rapid braking can be obtained by reversing the polarity of the applied voltage
while simultaneously inserting an external braking resistance to the armature circuit to limit
the armature current. Since the direction of rotation and flux are the same as motoring, the
polarity of the induced armature voltage will remain the same as in motoring. However, the
direction of I, will be opposite to that in motoring with the reversal of the applied voltage,
Va; as such, the direction of 7, too will be opposite to that in motoring, that is, Tpy, in
braking will be in a direction opposite to wy,.

The voltage equation of the armature winding in braking with the reversal of V, and
the insertion of Ry, is

dl
aq E“

aq == Lig — (Rexr + Ry) oy — Vorush — L 14 (8.35)

Using the same torque equation as given by Eq. 8.26 for motoring, the flow of power
through the machine can be shown to be
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d(Jwh /24 L2, 12/2) R
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In Fig. 8.20, the solid line is the operating characteristic of the machine that is initially
motoring at point M, and the dashed line is that for braking with V, flipped and R,
inserted. The latter has a no-load speed, —w,,, or =V, /k,¢, that is equal and opposite to
that when the machine is motoring. Point B is the operating point immediately following
the reversal of V,, the speed being continuous with a finite inertia rotor must be equal
immediately before and after the changeover. Along BCD, where both {, and V, are
reversed, electrical power is still supplied to the machine. In BC, w,, and therefore [,
remain in the same direction as in M. However, T,,, which is reversed along with /,, now
acts in the opposite direction to the inertia torque, slowing down the rotor. Kinetic energy
from the rotor and electrical input energy from the armature input are dissipated as heat in
R, and R,,. The dc machine functions as a brake until its speed becomes zero at C. Further
along CD, the direction of rotor rotation reverses and the machine motors up in the reverse
direction. With shunt self-excitation, however, there is a critical speed, wy,¢, below which
the machine can no longer maintain self-excitation with a given field resistance; effective
electrical braking will cease and the motor will coast to a stop. With series self-excitation,
to maintain self-excitation, the reversed /, must continue to aid the residual flux. This is
satisfied by either reversing the field or the armature connection.

Dynamic braking. Dynamic braking refers to braking in the generating mode
where V, is zero. It is widely used in electric traction drives. The dynamic braking
characteristic for a motor with fixed excitation on the speed-torque plane is a line through
the origin since V, is zero. The negative slope of the characteristic is proportional to
Ry + Rexe. A changeover from motoring to dynamic braking can simply be effected by
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Figure 8.21 Regenerative braking.

disconnecting the supply voltage and replacing it with an external braking resistor, Rey,,
across the armature terminals. With the rotor speed continuing in the same direction, the
sign of E, will be the same. With V, removed, 7, will now be circulated by E,, or the
machine will operate as a generator. The recovered kinetic energy from the rotor assembly
will be dissipated in R, and R,

Regenerative braking. Regenerative braking refers to braking with energy
recuperation above the no-load speed, w,,,. For example, to illustrate when such an
operating mode may be advantageous, let’s consider an electric vehicle moving over a hilly
terrain as shown on the left side of Fig. 8.21. On the uphill climb, at point A, the machine
must produce torque to overcome friction, windage, and gravitation. On reaching B, the
gravitational force component becomes smaller because the incline is less. With a fixed
terminal voltage, I, falls off and w,, rises, and the operating point shifts from A to B along
the torque-speed line of the machine shown on the right side of Fig. 8.21.

On the downhill run, the gravitational force component helps to overcome the
frictional forces. When these are equal, [, = 0 (no-load operation). As the downhill slope
becomes steeper, the gravitational force component can be greater than the frictional forces,
overhauling the vehicle forward. The value of induced emf, E,, rises above that of the
terminal voltage, V,, reversing the flow of I, and causing a reversal in power flow from
the armature to the external circuit. The torque, T,,,, reverses in direction along with 1,
retarding the acceleration in the forward direction. Thus, part of the electrical energy that
was used to raise the potential energy of the train in the uphill climb can be recovered
electrically during the downhill run by regenerative braking.

- 8.11 SPEED CONTROL

Within limits, as can be seen from the equation below, the operating speed of a dc motor
can be controlled in a straightforward manner by varying V,, ¢, or R,:
Va— Ralq — Vorusn

SR S AL 1/ 8.37
Wm [ rad/s ( )
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8.11.1 Speed Control by Varying Circuit Resistance
The effects of external resistance in the armature circuit on the operating speed of a

separately excited motor can be determined from the following equation that is a modified
form of Eq. 8.37:

Va (R(l + Rex{)Tem
= —_—— d/s. 8.38
W v k3¢2, rad/s ( )
S’

no—load speed

When the parameters in the first term are held constant, the operating speed can only be
adjusted downwards by varying the external resistance, R..;. With V,, ¢ and 7,,, constant,
the output power will decrease along with speed though the input power, V,I,, remains
constant; as such, the efficiency will decrease with speed. Keeping the machine within an
allowable temperature rise can be a problem at low speeds as draft cooling decreases with
speed, unless separate forced cooling is used. Besides operational efficiency, the resistor,
R, for continuous operation of large motors can be bulky and expensive. Nevertheless,
its simplicity and low initial cost can be attractive, especially for intermittent-duty drives
where the decrease in efficiency and cooling at low speed for intermittent operation may
not be of as much concern.
That for a series excited motor with ¢ = k¢ /, is of the form:

Va Tem
i = e o (R Ry + Rey d/s. 8.39
o v ku ks Twn ( ' “) kllkl“ " / ( )

Reyr and Ry are the resistances of the external resistor and the series field winding,
respectively.

8.11.2 Speed Control by Varying Excitation Flux

The effect of a change in excitation flux on the operating speed of a dc machine can be
deduced from the ratio of the induced emfs at two different operating conditions, that is

E)ﬂ_l. _ Eaq/é . ?12_ Va~ Ralat — Virush " ?é
W2 Eq2/tn ¢ Vo~ Ralaa = Vorush i

If the load torque remains constant, both input and output power increase with motor
speed; thus, motor efficiency is maintained when ¢ is varied. Raising the speed by reducing
flux and maintaining the torque constant will require a higher /,, which, in continuous
operation, must stay within some allowable value. Commutation will also become more
difficult because I, and w, will increase simultaneously. At very low excitation, the
armature reaction of [, required to develop a certain torque may reduce the ¢ by such a
proportion as to cause the speed to increase with [, giving rise to an ascending speed-torque
characteristic that is unstable for motor operation. To avoid this situation, the range of speed
control by reducing excitation is usually limited to one to three times the base speed of the
machine (base speed being the speed where rated excitation yields the rated voltage).

(8.40)
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Figure 8.22  Ward-Leonard system.

Decreasing speed by increasing excitation, on the other hand, has a rather limited
range because excitation is usually kept close to its rated value to fully utilize the iron. Speed
control by changing excitation is economical because the power losses in the field rheostat
are small and the rheostat required is compact and inexpensive.

8.11.3 Speed Control by Varying Applied Voltage

As evident from Eq. 8.37, the operating speed can also be varied by adjusting V,. An
adjustable dc supply of V, can be obtained from another dc machine or from a static
converter. Figure 8.22 shows a Ward-Leonard system, where the main dc motor, M3, is
fed with an adjustable dc supply generated by another dc machine, M2, that is driven by
an ac motor, M1. In low-power applications, M1 can be a squirrel-cage induction motor,
but for higher power applications, a wound-rotor induction motor, synchronous motor, or
a diesel engine would be needed. The exciter, Ex, provides a constant excitation voltage.
Speed reversal of the dc motor, M3, is obtained by reversing the polarity of the excitation
to the dc generator, M2.
Some of the advantages of such a system are:

1. Wide range of speed control, typically 25:1, often limited by the useful range of M2’s
output voltage of about 10:1 because of residual magnetic flux and the steepness of
the speed-torque characteristic of motor M1.

2. Fast acceleration of high inertia loads possible with /, set at the maximum allowable.

3. Regenerative load braking can be effected simply by lowering generator M2’s
voltage.

4. Dispensation of lossy and bulky resistance and switches in the armature circuit for
starting and braking.

The disadvantages are in the number of full-size machines in the chain, which raises the
cost and lowers the overall efficiency.

Electronic control.  Figure 8.23 shows an electronic speed control de machine
drive with outer speed and excitation regulation loops operating through a faster current
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Figure 8.23 Current and speed control loops of a dc machine drive.

regulation inner loop. The current control via « is discrete (six times per cycle for six pulse
units). The speed response of the drive is mainly governed by the mechanical time constant.
The inner current loop response is determined mainly by the armature circuit time constant,
which is usually much smaller than the mechanical time constant. The feedback current
value can be obtained from a Hall effect sensor, a non-inductive resistive shunt and isolation
amplifier, or by measuring the ac-side current using a combination of current transformers
(C.T.s), rectifier, and filter.

Speed sensing based on the back emf by measuring (V, — I, R,) may not be as
accurate as that from a tachogenerator with a good linear voltage to speed characteristic.
Speed and position sensing can also be accomplished with a digital encoder.

Full utilization of both machine and converter ratings over a wide speed range can be
achieved by a combination of voltage and flux control, For this discussion, base speed is
the operating speed at which rated open-circuit voltage is obtained with rated field current
excitation. For a converter that is appropriately sized to handle the de machine’s voltage
and current ratings, maximum torque at speeds below base speed can be obtained when
armature and field currents are regulated at their respective maximum values. Lower values
of developed torque can be obtained by regulating the armature current accordingly, and by
keeping field excitation at the maximum. Since £, will increase with speed if flux remains
constant, beyond base speed, field excitation must be lowered to keep the terminal voltage
within the allowable operating voltage of the converter. Thus, operation beyond base speed
is also referred to as the field weakening mode, in which the output power will be constant
if E, and I, arc held at their respective limits. The profile of Io, I, E,, output power, and
torque over the speed range are shown in Fig. 8.24.
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8.12 FOUR-QUADRANT OPERATION

Most of the newer dc drives are of the electronic type - supplied by controlled rectifiers.
Figure 8.25a shows a dc drive with an electronic bridge converter supply to both the
armature and field circuit. The converters can be single-phase or three-phase controlled
bridges. With a fully-controlled bridge, the terminal voltage, V,, can be varied by
controlling the firing angle of the switching devices in the bridge. For example, if the ac
source inductance is neglected, the average values of the dc output voltage of a two- and
six- pulse rectifier fed from an ac supply of voltage magnitude V,, with the firing angle, «,
are (2V,, /m) cosa and (3+/3V,, /7) cosa, respectively. Theoretically, V, can be adjusted to
any desired value between the full-positive and full-negative limits by changing the firing
angle, «. In practice, some margin angle in the inversion mode would be needed to allow
for the finite turn-off of real switches.

A motor usually has a large thermal constant that will allow it to withstand
transient overcurrent for a short while with no serious consequence. Unlike motors, the
semiconductor switches in a converter are less forgiving insofar as their capability to safely
withstand overcurrent or overvoltage. Better controlled performance may be achieved with
the converter’s current rating higher than that of the motor, if the current control of the
converter can be properly coordinated to protect the motor against sustained overloading.
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Figure 8.25 Electronic control of armature and field voltage.
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Figure 8.26 Connections for bi-directional current operation of de machine.

The usual bridge circuit of semiconductor switches will conduct current in one
direction. Thus, a dc machine with only a single bridge supply will only be capable of
operation in the first and second quadrants of the torque-speed plot shown in Fig. 8.18. For
the dc machine to operate in all four quadrants, its armature current must be reversible. This
can be accomplished using reversing switches or contactors, or two converters connected
back-to-back, such as those shown in Fig. 8.26.

With reversing switches or contactors, the changeover needed to handle a reverse flow
of I, of the dc machine should be performed at a current zero, as chopping the current
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can produce damaging voltage spikes. The switching time with mechanical contactors'is
long compared to that with electronic switches. Faster current reversal can be obtained by
simultaneously operating two fully-controlled converters in anti-parallel as shown in Fig.
8.26¢. To minimize the dc component of the circulatory current flowing around the two
back-to-back converters, the converters are controlled such that V,;; + V2 = 0, equivalent
to cosay +cosap = 0, or &) + a2 = . Even then, harmonic components of the circulating
current will be created by the difference in instantaneous dc output voltages, Inductors L
and L, are introduced to“absorb the difference in instantaneous output voltages of the two
bridges and to limit the harmonic currents. Another strategy of operating the two back-to-
back converters is to not have both simuiltaneously active. In non-simultaneous control, only
one of the converters is operating at any given time and the other is blocked. Furthermore,
a dead time of 2 to 10 ms after current zero is to be provided in a changeover,
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8.13 STARTING A SHUNT DC GENERATOR

For a voltage to be induced in the armature winding, the armature winding must be rotating
relative to some flux. In a self-excited generator, the initial flux is from residual magnetism
in the core. The additional conditions required for the internal voltage to build up under self-
excitation are that the field current circulated by induced emf from the residual magnetism
reinforces the initial flux, and that the field circuit resistance is less than the critical value for
that rotor speed. Let’s examine the two additional conditions with the help of the drawings
in Fig. 8.27. The circuit diagram in Fig. 8.27a indicates the positive polarity and direction of
the key variables. A positive I flowing in the direction shown produces positive core flux,
¢, the sign of both the flux per pole and the speed in turn determines the sign of the induced
emf, E,, for the polarity marked. Recall that £, = k,¢w,,. Figure 8.27¢ is an enlargement
of the shaded area about the origin of the plot in Figure 8.27b.

Let’s assume that the armature is rotated at a fixed speed of w,, in the positive
direction by a prime mover and that the core has an initial residual flux, ¢, in the positive
direction as shown in Figure 8.27¢. The magnitude of induced emf, E,, from the residual
magnetism is given by OA in Figure 8.27c. With zero [y, this initial positive E, across
the field winding circuit will all be absorbed initially by the field circuit inductance, that
is Lgd Iy /dt equal to Eg; in other words, dIy/dt will be positive. But when Iy increases
from zero, the induced emf generated will be absorbed by a combination of /¢ Ry drop and
LydIr/dt. The voltage, E,, will continue to build up along with the increase in excitation if
the field resistance line is below the magnetization curve of the generator at the driven speed
to some useful magnitude at point F in Fig. 8.27b, when all of £, will then be absorbed by
resistive drop and d 1y /dt becomes zero. Point F* will be the steady-state operating point for
that rotor speed, assuming that the field circuit resistance is kept fixed. However, if the field
circuit resistance line is above that of the critical field resistance line shown, the induced emf
will build up to a value that is not much higher than the initial value of OA, as determined
by the new crossover point. To obtain a higher operating voltage, either the speed will have
to be increased, raising the magnetization curve relative to the field resistance line, thus
shifting the crossover point upwards, or the field circuit resistance will have to be decreased
to give the desired cross-over point.
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On the other hand, if the field winding connection is such that the initial induced
emf OA from the residual magnetism creates a field mmf that drives down ¢, instead of
reinforcing it, in effect a negative Iy, OA will still cause I to increase from zero, but in the
negative direction. Point B in the second quadrant will be the steady-state operating point.

The conditions shown in the fourth and third quadrants of Fig. 8.27 are similar to
what have been discussed for the first and second quadrants, respectively, but for a rotation
opposite to that shown.

8.14 STARTING A SHUNT DC MOTOR

Some of the methods used to start a dc motors are:

e Direct connection to supply voltage (direct-on-line, DOL starting).
# Inserting starting resistors (resistance starting).
o Using an adjustable supply voltage (“soft” start).

Atstandstill, the back emf of the armature is zero, but as the rotor speed increases, the
back emf will increase along with it. Applying the full-rated voltage to an armature with low
resistance at standstill can cause the starting current to reach 20 or more times its rated value.
To minimize the risk of damage to the motor by the large starting current or torque, the
voltage applied to the armature could be lowered during starting and progressively raised
as the motor speed increases to keep the starting period short.

E,  critical field circuit resistance line

F
N reverse field Wy > 0
v ifty drop fine ~__ /™~ reintorcing field
AN 1¢R¢ drop line
di, 'frdrop
~N t
\ L
N ——
N
B A IRy
"0

(b) Excitation characteristic

(c) Enlarged view near origin

Figure 8.27  Startup of a shunt generator,
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8.14.1 Direct-on-line Starting

The advantages of direct-on-line (DOL) starting are low cost and simplicity. On the other
hand, the large starting current can cause dangerous sparking, overheating of the armature
winding, increased complexity in operation of protection equipment, a large voltage drop in
supply network, and a large transient torque which can be damaging to the mechanical drive
train. As such, DOL starting is limited to low-power motors with inherently high armature
resistance drop.

When frictional and windage losses are ignored, the governing differential equations
for the armature circuit and rotor speed are

dl
Va= Ry + Laq — +kgwn 4
dt e
E(l
J (8.41)
Wy
J L mech +k¢1¢ln Nan
dt S
7:'/"

In DOL starting, the full-rated value of V, is applied during the startup of the motor from
rest. With full voltage applied and no internal voltage at standstill, the starting current rises
quickly, limited only by the small resistance and inductance of the armature winding. As
the motor accelerates up, the internal emf, E,, increases along with speed, modifying the
behavior of /,, which eventually will decrease to its steady-state value.

8.14.2 Resistance Starting

External resistors may be temporarily inserted into the armature circuit during starting to
reduce the starting current. These resistors can be manually or automatically shorted out as
the motor accelerates. Figure 8.28 shows a simple starting circuit with m external starting
resistor segments that are successively shorted out by contactors as the machine accelerates
up to speed. It also shows the waveforms of the armature current and rotor speed during
starting. The value of the starting resistors for a shunt motor can be determined as follows:

time

Figure 8.28  Starting circuit and waveforms of i, and o,
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First, we need to establish the allowable maximum and minimum values of the current
during starting.

The maximum transient current that a motor can safely carry is usually limited to
what it can commutate without excessive sparking. Typically, this is less than twice the
rated value for a motor without compensating winding, or even as high as 3.5 times the
rated value for special cases where the machine is well-compensated. The minimum value
is usually based on maintaining a high average starting torque to minimize the run-up time
with a reasonable small number of switchings. A typical range for %" is between 1.1 to
1.3 of [rated,

Consider the situation when the flux, ¢, is held constant and the small armature
inductance can be ignored. Let Ryo, Ry, ..., Rym be the total resistances of the armature
circuit for the initial condition where all the contactors are open, and for the subsequent
stages when the contactors are progressively closed. Atthe initial position, with Ryq limiting
the current to /7%, [!"%* =V, /Ry. As the motor speeds up, the increase of E, with w,,
reduces /,. When I, drops to /;"", contactor 1 closes and the resistance of the armature
circuit changes from Ry to Ry, that is

Ey=V, = IM"" Ry =V, — " Ry, 14 (8.42)

or

min

Ri=toRo=BRa  © (8.43)
a

where f denotes the current ratio. Repeating the same procedure for the closing of the other

contactors, we will obtain
Ry = BRy = B*Ryo
$2 ﬂ s /3 s (844)
R‘cm = ﬁm Ry

Finally, when all m contactors are closed, the remaining resistance will be that of the
armature winding, that is Ry, = R,. Substituting this into Eq. 8.44, the required number
of segments for a given B can then be determined using

L — In er/’Rs() (845)
Ing
Alternatively, the [" /I ratio with a fixed number of segments, m, is given by
B=" Ry (8.46)
Ryo

The values of the m external resistor segments can be computed from
Ryo— Rs1 = Ryo(1 =) Q
ry = Ryt — Rya = Ry (- B) = fry (8.47)

n—1
Fm = Rom—t — Rsm = B Iy

il

A
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8.15 PROJECTS

8.15.1 Project 1: Startup and Loading
of a Shunt dc Generator

[n this project, we shall implement the SIMULINK simulation s/ of a dc shunt generator
and use it (o study the required condition of residual flux and direction of rotation for the
successful build-up of self-excitation and load characteristic of a dc shunt generator.

The equation of the field winding is

d 1/'
v = ARy Re) + Ly =V (8.48)

where Ry and R, are the. resistances of the main field winding and field circuit rheostat,
and Ly is the field winding inductance.

The armature winding is represented by an equivalent winding in quadrature with the
field winding. Using generator notation, the average value of the terminal voltage of the
armature winding can be expressed as

Ey = 1,Ry+ Luq + Vi + Vorusi, E, =kownd 14 (8.49)

where V,, is the average value of the armature terminal voltage, /, is the average current
Howing out of the armature winding at the positive terminal of V,,, E,, is the average value of
the internal voltage, R, is the armature winding resistance, and L, i$ the armature winding
inductance. In simulation, the terminal voltage, V,,, can be developed using the expression
of the foad resistor, whose value can also be set very large to approximate an open-circuit
condition.

In this project, we will be dealing with fixed-speed operation; as such, the equation
of motion of the rotor will not be needed. However, if speed variation is to be simulated,
the equation of motion of the rotor, using the convention of positive torque in the direction
of rotor rotation, is

dw,,

Tem -+ Tmer oy = J dr

+ Dawp, Tem =kap(— 1) = Eur)(“lu)/wnm N.m
(8.50)

The negative sign in front of /, in T, is consistent with the generating convention used
for the circuit equation given in Eq. 8.49. In the generating mode, 7, here will be positive,
whereas 7., will remain negative.

Due to magnetic saturation, the relation between the flux per pole. ¢, and the effective
field excitation, I, is nonlinear. The effects of magnetic saturation and rotor speed on £,
can be accounted for using the open-circuit magnetization curve at some known speed and
speed scaling, that is

24 = (8.51)

Wy Wmo

Where magnetic saturation is negligible, ¢ is proportional to I;; therefore, k,¢ can be
replaced by kyly. In which case, Eu0 = krwpoly = kyIr. The value of k¢ at the speed of
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wmo can be determined from the slope of the airgap line of the open-circuit characteristic
of the machine.

In the first part of this project we shall examine the condition for successful self-
excitation of a shunt generator with a simple resistive load. Figure 8.29 shows the
SIMULINK simulation in s/ of a dc generator with a series RL load connected to
its armature. The corresponding MATLAB M-file, mI, may be used to initialize your
simulation with the following machine parameters of a 120-V, 2-kW, 1750 rev/min dc shunt
generator:

Rated power is 2 kW Rated armature voltage is 125 V

Rated armature current is 16 A Rated speed is 1750 rev/min

Armature winding resistance, 8, = 0.242 ~ Armature winding inductance, Lqq = 18 mH
Shunt field winding resistance, Ry = 11122 Shunt field winding inductance, Ly = 10H

Figure 8.30 is the magnetization characteristic of the machine taken at a constant
speed of 2000 rev/min. For the shunt generator to self-excite, the direction of rotation
and residual flux must be such that the polarity of the induced voltage, E,, circulates a
field current that further increases the airgap flux. In the above SIMULINK simulation, the
residual flux is represented indirectly by the open-circuit voltage on the magnetization curve
at zero field current, and the direction of rotation is represented by the sign of the speed of
rotation. The field circuit connection can be reversed in the simulation by changing the sign
of the Field Polarity from +1 to —1.

If we were to neglect the passive element voltage drops of the armature winding,
brush, and field circuit resistances, the final voltage to which the generator will self-excite
would be determined by the intersection of the field circuit line and the open-circuit curve
of the armature. The slope of the field circuit line corresponds to the total field circuit
resistance, Ry and R,,. When the field circuit resistance exceeds the initial slope of the
magnetization curve at that speed, the terminal voltage of the shunt generator will not self-
excite to a useful level.

Use speed scaling to determine the open-circuit magnetization curve for the rated
speed of 1750 rev/min from that of Fig. 8.30 given for 2000 rev/min. Next, determine
the critical value of field circuit resistance that corresponds to the initial slope of the
magnetization curve at the rated speed of 1750 rev/min. Also determine the value of
external field rheostat, R, for the shunt generator to self-excite to the rated terminal
voltage of 125 V. Approximate an open-circuit condition on the armature terminals with
an Ripaq of 1¢° $2, and set w,y, to the rated speed in radian/sec. With these parameters, the
resulting system equations are quite stiff. Try running your simulation using the odel5s
ot Adams/Gear numerical method with a minimum step size and tolerance set to 5e™ and
le™®, respectively. For the first set of runs, a stop time of two seconds is sufficient. Check
the final value of V, to see if it is close to the rated voltage.

Reverse the sign of w,, and rerun the simulation with the other parameters kept the
same, Note the final value of V. Change the sign of the field polarity connection and rerun
the simulation. What is the final value of V,;? Explain the difference in results caused by a
change in direction of rotation and field circuit connection.
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Figure 8.30  Magnetization curve with shunt field at 2000 rev/min.

The next set of runs examines the droop in terminal voltage of the armature as loading
increases. The droop is caused by armature reaction and resistive drop in the armature
winding, as well as brush drop. For this study, brush drop may be assumed to be a constant
one volt per brush, and armature reaction may be approximated by an equivalent main field
demagnetizing current of the form:

AR
lar = N 0.04 xabs (arctan(l,)) +0.0001 x I A (8.52)

In reality the armature reaction is also dependent on the level of net excitation, that is also
of Iy, and will occur only when the iron of the flux path becomes saturated.

Reset the stop time to about 12 seconds. Simulate the loading sequence where Rjyqq 15
being decreased in five steps of 19,20, 10,5, and 4 . Make the changes to Rjpqq during the
simulation on a fly and allow some time after each change for the terminal voltage to settle.
Obtain a plot of the armature current, /,, the terminal voltage, V,, and the electromagnetic
torque developed by the machine, T, over the entire loading sequence.

8.15.2 Project 2: Resistance Starting
of a de Shunt Motor

In this project, we shall examine the starting transients of a separately excited dc motor.
The objectives are to implement the SIMULINK simulation, s2, of a dc motor and to use
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it to study the starting transients when the motor is started DOL, when it is started with a
resistance starter that is switched at fixed armature current level; and when it is started with
a resistance starter that is switched at fixed time intervals. '

For this project, we will assume that the field excitation of the dc motor has reached
the desired steady-state value before energizing the armature circuit to start the motor. The
internal emf, E,, of the armature is assumed to be proportional to the product of the field
flux, ¢, and the motor spee’d, wm, that is

Ey = koo, \4 (8.53)
The electromagnetic torque developed by the motor is given by
Tom = ko la N.m (8.54)

where I, is the current of the armature.

When the rotor is at or near standstill, w,, and also £, will be zero. In resistance
starting, the motor is started with a fixed dc supply voltage, and starting resistors are inserted
during the starting period to keep the armature current within some safe limits. The upper
current limit is often decided by the ability to commutate properly, and the lower limit is to
maintain acceptable acceleration or run-up time.

A simple representation of the separately excited dc motor with its starting circuit is
shown in Fig. 8.31a. Figure 8.31b shows the SIMULINK simulation of the circuit in s2.

The KVL equation of the armature circuit is

I[l

d
Va= 1R +Laq dr

+ Ea + Virush \4 (855)

where R;, the total resistance in the armature circuit circuit, is the sum of the starter
resistance and the armature winding resistance, Ry, and Vp,, is the voltage drop across
the brushes on the commutator. The equation of motion of the rotor is obtained by equating
the net accelerating torque to the inertia torque on the rotor, that is

dw
Tom + Tmech = Dotom = 17;1 N.m (8.56)
where Tpecn is the externally applied torque in the direction of rotation, D, the damping
coefficient, and J, the inertia of the rotor. The above two equations can be rewritten into

integral form, that is

MC q ]

dc C1 c2

(a) dc motor and starter circuit

Figure 8.31 Starting of a dc motor under fixed excitation.
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1,(t) =

1 t
2 / (Vdc - Vbrush = IR — Ea)d[ + Igz (O) A
aq JO

, (8.57)
1
wp () = 7/0 (Tem + Tnech — Dowm) + @y (0) rad/s

During starting, the switching of the three resistor segments in s2 is being triggered by
the crossing of I, below the threshold value of I[’l"i”. The contacts, C1, C2, and C3, are
initially open. When the main contact, M C, is closed to start the motor, the initial starting
current drawn will be limited to its upper value, I, by all of the starting resistors. As
the rotor increases in speed, the back emf, E,, will correspondingly increase with speed,
causing the armature current to decrease. When the starting current decreases to the lower
limit, 7", contact C'1.closes to short out the first starting resistance segment, r. When
ry is shorted, the armature current rises again and the torque, 7,,,, increases along with it,
accelerating the rotor to a higher speed. As the back emf, ,, increases with speed, the
armature current will again decrease. When the armature current decreases again to the
lower limit, the next starting resistor segment, r;, will be shorted out by the contact, C2. In
this way, the rotor accelerates further and the same process is repeated until the last starting
resistance segment, 3, is shorted out, leaving only the armature winding resistance as the
rotor accelerates on to full speed.

The sequential logic for starting is implemented in Fig. 8.31b by detecting the
condition when [, decreases down to Ié"""‘ The logic signal drives a derivative module,
producing a pulse input to a set of SR latches connected to operate like a counter. The
outputs of the three latches are used to switch off the resistive drcps of the three switchable
starting resistor segments. The SR latches can be obtained from the extras/Flip Flops block
library. The logic and relational operator modules are takes from the Nonlinear block
library. Memory modules, from the Nonlinear block library, are used for different purposes:
the module placed before the relational operator module is used to break an algebraic loop,
whereas the modules placed between latches are used to create a short delay to get the
latches to operate as desired. The switches, C1, C2, and C3, will pass input | through if their
input 2 is greater or equal to an adjustable threshold, otherwise they pass input 3 through.
For these switches to be operated by the standard zero one logic levels, their threshold level
must be set at 0.5.

Set up the simulation, 52, to simulate the starting of a separately excited dc motor. The
M-file, m2, has been programmed to set up the parameters of a 10-kW, 220-V, 1490 rev/min,
separately-excited motor that has an armature resistance, R,, of 0.3 ohm, an armature
winding inductance, Laq, of 12 mH, a brush drop of two volts, and a rated current of 50 A.
First, we will use s2 to simulate the motor starting with no mechanical load under full flux
condition, with k¢ = 1.3. The inertia of the rotor and load assembly, J, is 2.5 kgmz, and
the damping coefficient, D,,, is zero.

As an illustration, we will determine the three starting resistor sections for a

requirement that /%% = 100A and I"™" = 60A. Ignoring the armature inductance and
assuming finite inertia, at the closing of the main contact, M C, we have
Eq(0) = 0= Vae — Virusn — I (R +11 +ra+r3) 1% (8.58)

At the instant of shorting out the first section of the starting resistor, we have
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Eq(ty) = Vye — Vbrush"l (Ra+rl+r2+r3) i
(8.59)

= Vie ~ Vorush — I:mx(Ra +ro+r3)
At the instant of shorting out the next section of the starting resistor, we have
Eq(t2) = Ve = Vorush = 1] (Ra +r2+713)
(8.60)

= Vye — Vorusnh — Ié'm(Ra +r3)
At the instant of shorting out the last section of the starting resistor, we have
E, ([2) = Vge — Vbrush - I[rlnin(Ra +r3) = Ve = Vorush — IénaxRa (8~61)
From Eq. 8.58, we obtain

Vie—V,
(Ry 4111y ry) = e _brwk (8.62)

max
Ia

And from Eqs. 8.59 to 8.61, we obtain

mzn

(Ra+ry+r3) = = (Ryg+ri+ra+r3)

[max
min
(Ra+r3) = Imax Zr—=(Ra+ra+r3) (8.63)
min
(Ry) = Imax o= {(Ra+r3)

With [7'%* = 100A and I min — 60 A, the values of the three starting resistance segments are

rp = 08728
rp = 0.523 Q (8.64)
r3 = 0313 Q

A sample set of results showing the armature current, /,, the back emf, £,, and the rotor
speed, w,, is given in Fig. 8.32. It was obtained using the Adams/Gear numerical integration
method on MATLAB4 with a start time of zero, a stop time of 7 seconds, a minimum step
size of 0.5 msec, a maximum step size of 5 msec, and an error tolerance of le™®

Conduct a simulation of the following cases:

(a) Start up the same motor with a load torque of 50 N.m

(b) Resize the starting resistor sections for an /"** of 120 A and an I"" of 75 A and run
a case of the same motor starting from standstill with no mechanical load using these
starting resistances.

(¢) Modify a copy of the simulation given in 52 to simulate an open-loop starter where
the contacts, C1, C2, and C3, are sequentially closed by timers. Simulate a case of the
same motor starting with no load and time-delays of 30, 20, and 10 seconds between
the closings of MC and C1, C1 and C2, and C2 and C3, respectively.
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Figure 8.32  Starting of a dc motor: £, (top), /, (middle), and w,, (bottom).

8.15.3 Project 3: Methods of Braking

For dc machines, a changeover from motoring to braking can be accomplished by reversing
the flow of the motoring armature current, [,. Although a reversal of field flux will also
result in a reversal of T, it is seldom employed because the time constant for ¢ is much
longer than that for /,.

In this project, we shall examine braking methods on the second quadrant of the speed
torque domain in which /, and 7, are reversed:

1. Plugging: When V,, is reversed and an external resistor is also inserted simultaneously
to limit /, to within some allowable value.
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2. Dynamic braking: When V, is switched off and an external resistor is simultaneously
inserted across the armature terminals to limit 7,,.

3. Regenerative braking: When V, becomes smaller than E,, reversing the flow of /,.
This condition can be brought about by an adjustable V,, supply or by an increase in
E, from an increase in w,, as in the case of the load overhauling the rotor.

For this study, we will again use the parameters of the 2-kW, 125-V, 1750 rev/min dc
machine given earlier in Project 1. The machine, however, will be connected to operate as
a separately-excited motor, with its field excitation held fixed at the rated condition. The
inertia of the rotor assembly, J, is 0.5 kgm?>. For simplicity, we will ignore brush drop and
armature reaction. In each case, we will begin with the machine motoring at a speed of 1750
rev/min, drawing rated armature current of 16 A from a supply voltage, V,, of 125V.

Resistor value for plugging. Assuming that the armature current is not to
exceed 250% of its rated value, or 40 A, we first estimate the limiting resistors needed
for the plugging and dynamic braking methods. With armature reaction ignored, we can
assume that flux is maintained at rated motoring condition during braking. The flux at rated
motoring condition is given by

Vo—Ryl,  125-0.1416

kop = — 60 —0.6699  N.n/A 8.65
a4 o 75000 0 /A (8.65)

Thus the developed torque , T,,,, given by k,¢1, is 10.72 N.m. And the internal voltage,
E,, given by k,pawy is 122.76 V.

A changeover from motoring to braking using the plugging method is effected
by simultaneously reversing the polarity of the applied voltage across the armature and
inserting an external resistor, R,y,, into the armature circuit. With flux maintained constant
and the rotor speed immediately after the changeover the same as before, the value of Ry,
that will keep /7, within 250% of its rated value can be determined from

Eq = (=Vy) = 1" (Roy + Ry) 14 (8.66)
Rearranging and substituting in the known values, we have
122,76+ 125
A e s N VR T S (8.67)
2.5(16)

Resistor value for dynamic braking. Similar equations can be used to
compute the limiting resistor for the dynamic braking method, except that V,, during braking
will be zero. Thus, for the dynamic braking method, the value of the limiting resistor is

122.76
ext = ——— —0.14 =2.929 Q (8.68)
2.5(16)

Simulation of plugging and dynamic braking. Let’s examine the
braking performance of the plugging and dynamic braking methods assuming that the load
torque behaves in the manner described by
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Figure 8.33  Simulation s3a for plugging or dynamic braking operation.

Tioad = —Tmeeh = 0.014+3.189¢ %02 N.m (8.69)

m

Figure 8.33 shows the SIMULINK simulation, s3a, for this project. In this simulation,
a step generator, Timing motoring2generating, is used to trigger the changeover from
motoring to braking. The two switches, C'1 and C?2, are to be loaded with a threshold level
of 0.5 when the step generator is set to have an initial output of | and a final output of zero.
Steady-state values of the armature current and rotor speed can be used as initial values
for the corresponding integrators to minimize the startup transients, thus saving simulation
time. With the given system parameters, the simulation will run satisfactorily using the
odel5s or Adams/Gear method with tolerance set to le~ and minimum step size of le™,
Implement and run your simulation of the above system. Obtain the plots of Tpm, I, and
wp,. Based on the observed results, verify the changeover from motoring to braking and
check the agreement between the values of I, and E, used to determine the R,y with those
obtained from your simulation.

Sample results of the armature current and rotor speed using the plugging and
dynamic braking methods are shown in Fig. 8.34.

Regenerative braking in the second quadrant. As shown earlier in
Fig. 8.21, regenerative braking will occur when the rotor speed rises above the no-load
speed as in the case of the rotor being overhauled by its load torque. We can examine the
dynamics of this braking method using the same simulation shown in Fig. 8.33 by replacing
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Figure 8.34  Current and speed transients during plugging and dynamic braking,

the passive load with an active load, one that will reverse in sign to overhaul the rotor of the
motor. Replace the passive load torque simulation with a sine generator and set the peak of
the sinusoidal loading to be the same as the rated torque of 10.72N.m, the initial phase of
the sine wave to /2 so that it will start off motoring at rated torque. Set the frequency of
variation of the sinusoidal loading to 7 /2 rad/sec. Set the step time of the step generator,
Timing motoring2generating, to some value larger than the run-time so that the switches,
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Figure 8.35 Simulation s3b of a closed loop speed control system.

C1and C2, will not be activated during the run. Run the simulation and obtain plots of 7,
Iy, and wy,.

Regenerative braking in the fourth quadrant. Braking in the reverse
direction of rotation against an active load torque that is overhauling the motor, as in the
lowering operation of a hoist, is also used in practice. This corresponds to operation in the
fourth quadrant of the speed-torque domain. In this part of the project, we shall examine
the operation of a separately-excited dc motor operating with adjustable armature supply
voltage that is controlled electronically to perform the raising and lowering of a constant
load torque, as in a routine hoisting operation. For raising the load, the dc machine motors in
the first quadrant where both speed and torque are in the positive direction. At the end of the |
raising, the load is held steady for a while before it is lowered at controlled speed, countering |
the gravitational force on the load. Figure 8.35 shows the SIMULINK simulation, s3b, of a_
simple closed loop speed system that can be used to demonstrate the raising, holding, and -
lowering operations. .

In s3b, the reference speed, w};, of a hypothetical hoisting operation is represented .
by a repeating sequence source. The load torque is represented by a delay step source with |
the step change in load torque from zero to T4 Occurring at ¢t = 0, synchronized with ;’k
the first ramp-up of the speed reference cycle. The time values of the repeating sequence
are [0 30 40 5065 75 85 95 100] and the corresponding output speed values are [0 wraise
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wraise 0 0 wlower wiower 0 0]. In the simulation, s3b, the dynamics of the ac/dc bridge
and its controller that provides the adjustable V; to the machine, is represented by a simple
transfer function with a first-order delay.

The sample result of the hoisting operation given in Fig. 8.36 has been obtained using
the values of the transfer function of the current controller shown in Fig. 8.35. It is obtained
with wraise set to rated speed, wlower to minus one-third rated speed, and the upper and
lower limits of the current limiter set at 4=120 percent of the rated armature current. Repeat
the simulation of the hoisting operation for a load torque that is half the rated value and
comiment on the profiles of the armature current and voltage.
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8.15.4 Project 4: Universal Motor

A Universal motor is a small dc series motor that is designed to operate from an ac supply.
The characteristics of Universal motors are high no-load speed and high starting torque.
Because of the high operating speed, the size of these motors for a given hp rating is
typically smaller than other fractional hp ac machines, making it ideal for hand-held tools
and appliances where weight, compactness, and speed are important factors.

If the total armature Current, I, is Iy coswt, the current in the coils of an armature
with @ parallel identical paths will be given by

1
I = ;I'" cos wt A (8.70)

In a series-excited machine, the flux produced by the ac current, /,, will also be alternating
in time. Thus, the flux per pole may be expressed as

s
ZB(Q,t)Lr =gucoswf Wb 871

i=l

Substituting these into Eq. 8.16, we obtain

PZ 5
Tem = == 1y cos” wt N.m (8.72)
2ra
The average value of the above torque is
- PZ pnl
Tom = PZ budn (8.73)
2ra 2 :

It is only half that of the case where the flux and current are at a steady level of ¢, and I,
respectively.

Figure 8.37 shows the SIMULINK simulation, s4, of a Universal motor. The
corresponding MATLAB M-file, m4, can be used to set up the MATLAB workspace ‘to
simulate a motor having the following parameters and magnetization curve:

Rated power is 325 W Rated frequency of supply voltage is 60 Hz
Rated terminal voltage is 120 Vrms Rated armature current is 3.5 Arms
Rated speed is 2800 rev/min Armature winding resistance, R, = 0.6Q2

Armature winding inductance, Lay = 10mH  Series field winding resistance, Ry, = 0.1
Series field winding inductance, Ls, = 26mH  Rotor inertia,/ = 0.015 kgmz,

The magnetization characteristic of the machine at a constant speed of 1500 rev/min is
shown in Fig. 8.38. In the simulation, the switch, Sw4AC, controls whether dc or ac voltage
supply is fed to the armature circuit. A delay step function generator allows the timing of
the step change in load torque and the two levels of T, used in here.

We shall first examine the startup transients of the series motor with a terminal voltage
V, of 1204/(2)sinwt V and a load torque equal to the rated value of 1.1084 N.m. Obtain
plots of the armature current, /,, internal voltage, E,, developed torque, Ty, and rotor
speed, wy,, for the startup. Take an expanded time scale plot of the same variables when



1
<o
=

Projects

Sec. 8.15

zioyeiBau}
WM B

“rﬂ

“1010UL SLIAS OP JO £5 UONR[NWIS L€' 2InB1g

YN

jo1d pue
szieniul

B
yoswi |

L

rrL cung
. 1oNpoid

asH+eY
B Aiddns™op
s+be 0zt
JoyesBaiyy (837 L UoumMs S
3
— T t “U,&q;w
Aiddns or
anno” Bepyy owmyL N\
\/

4
=
G.
@
X

%

/L e ‘1

A &

AEm._.h

» T2

el

XNIN

80edSYIOM OL

adoog

B

A e

Lgg{]



402 DC kMaohines Chap. 8

200 e . . . —
150 / i
100 ]

501 J

~50}
-100}

~150 1

~200 b i L i . L
-15 ~-10 -5 0 5 10 15

Figure 8.38 Magnetization curve with series field at 1500 rev/min.

the machine has attained steady-state. Perform a step change in load torque from full-rated
to half-rated and obtain the plots of Vg, I, Ey, Tem, and wy, of the machine’s response to the
step change in load torque. Note the phase difference between V,, and /,, and the frequency
of the pulsating component in 7. Explain the difference in magnitude between V, and E,,
aside from the resistive drops across R, and Ry,.

Replace the ac source for V,, with a dc source of the same rms value, that is a V,, of
120 V. Using the dc supply voltage, repeat the startup run with rated load torque and the
step change in load torque from rated to half-rated. Obtain plots of Vy, 1o, Eq4, Tem, and wy,
of the startup and the transient response to the step load change. Comment on the difference
in magnitude of I, and in the speed of startup and response to a step change in load torque
of the motor with the two kinds of voltage supply.

Sample results of the startup with ac supply are shown in Fig. 8.39, and those of the
machine’s response to a step reduction in load torque at -t = 0.5s with ac and dc supplies
are shown in Fig. 8.40.

8.15.5 Project 5: Series dc Machine Hoist

In this project, we shall examine the routine operation of a dc series motor drive for a hoist.
We will consider the case where the load on the hoist is constant. In the motoring mode,
the dc machine of the hoist will operate in the first quadrant, motoring to raise the load.
The rotor speed will increase in the positive direction until steady-state is reached or until a



<

Sec. 8.15 Ptu;éjcts

200 v v T T

VainV
2

~200 : : - :
0 .

200 v T v :

EainV
o

~200 : : : '
0

lain A

1.5 2 2.5

0 05 1 15 2 25
time in sec

Figure 8.39  Startup of series machine with ac supply and rated load torque,

change in operating mode to hold or lower is detected. In the braking or lowering mode of
operation, the dc machine will be overhauled by the active load torque that remains at rated
value in the opposite direction. Its rotor speed will decrease, finally reversing in direction.
With the proper value of external resistor inserted, the motor’s speed in the reverse direction
should not exceed the specified lowering speed that is used to determine the value of the
external braking resistor.

Figure 8.41 shows the steady-state speed torque curves of the test series motor when
motoring with rated voltage, when braking with rated voltage applied and a series braking
resistor of 13.236 Q2 inserted, and when braking with supply voltage replaced by a braking
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Figure 8.40  Response to a step drop in load torque from rated to half-rated.

resistor of 2.667 2. Figures 8.42 and 8.43 show the plots of the speed vs. torque and the
speed vs. power curves of the test motor for six equally spaced values of the terminal voltage
between rated and — Vrated/S.

Steady-state stability of operating point. From Fig. 8.42 we can
deduce that the speed-torque characteristic for negative V, is not suitable for braking an
active load because the slope of the curve has a positive 37,,,/dw,, slope. A linearized
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analysis of the equation of motion of the rotor without the damping term yields
dAwy,
dt
For small perturbations, the changes in 7., and Tj,qq with respect to a change in
speed, Awy,, can be approximated by the corresponding slopes of the torque vs. speed
curves of the machine and load, respectively. That is ATey = (8Tem/dwm) Awy and

ATioad = (0T10ad/3®m) Ay, at the operating point defined by their intersection. With
these substituted into Eq. 8.74 and solving, we obtain

J

= Al + AT pech = ATem — ADTioad (8.74)

| ;3T Ty
Awn () = Awy (0)eT T ~ T (8.75)
For the operating point to be stable, the exponent in Eq. 8.75 cannot be positive or

?_Tf."_'. < 8Tload

dwy — Odwy
With a constant load torque, 37jpaq/0wm is zero. From Fig. 8.42, we can discern that
the value of 37,,,/dw,, is slightly positive when operating in the fourth quadrant with a
negative V,, in which case the machine driving a constant load torque will not have a stable

operating point. Verify this observation by conducting a simulation of such a condition
using your simulation.

(8.76)
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Figure 8.42 Speed-torque curves with various supply voltages.

First we will use the simulation shown in Fig. 8.44 to study the raising of a fixed load
and the use of two methods of braking to lower the same load. The magnetization curve
of the series motor shown in Fig. 8.45 must have some residual flux, without which the
machine will not self-excite. The values of E, and I, vectors for the 2-D Lookup table
representing the machine’s magnetization curve are

E; = —160 —155 —150 —145 —140 —135 —130 —125 —120 —115 —110 —105
—100-90 —80 —70 ~60 —50 —40 —30 —20 —10 0 1020 30 40 50 60 70 80
90 100 105 110 115 120 125 130 135 140 145 150 155 160

I = —27.22 ~23.55 —20.62 —-18.74 —17.56 —16.62 —15.63 —14.83 —13.98

—13.32 —12.64 —11.97 —11.29 —10.04 —8.89 —7.61 —6.58 —5.65
—4.64 —3.58 —2.52 ~1.42 —0.400.62 1.722.78 3.84 4.85 5.78 ‘
6.818.099.24 10.49 11.17 11.84 12.52 13.18 14.03 14.83 15.82 16.76
17.94 19.82 22.75 26.42

The MATLAB M-file given in m5 will perform the following tasks:
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1. Load the machine parameters and magnetization curve data into the MATLAB
workspace.

2. Determine certain steady-state characteristics of the dc motor supplied with rated
voltage.

3. Determine the value of the braking resistor to be inserted that will limit the lowering
speed to 500 rev/min when the dc series machine is braking in the fourth quadrant
with V, maintained at the rated voltage.

4. Determine the value of the braking resistor to be inserted that will limit the lowering

speed to 500 rev/min when the dc series machine is operating with V, set to zero,

under dynamic braking, in the fourth quadrant.

Plot the steady-state speed vs. torque characteristics corresponding to the above three

operating conditions.

U
<

% M-file m5 is for Project 5 on series dc machine hoist in Chapter 8

‘% m5 loads the following dc machine parameters
% and plots results of simulation

Prated = 1500;
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Figure 8.45 Magnetization curve of dc series motor for Project 5.

Vrated = 125;

Iarated = 13.2;

wmrated = 1425* (2*pi)/60;
Trated = Prated/wmrated;

Ra = 0.24;
Rse = 0.2;
Lag = 0.018;
Lse = 0.044;

J = 0.5; % rotor inertia in kgm2

% Enter magnetization curve data

wmo = 1200*%(2*pi)/60; % speed at which mag. curve data was taken
% load voltage values of mag. curve

SEVP5 = [~160 -155 ~150 -145 -140 -135 -130 -125 -120 -115

-110 -105 -100 -90 -80 -70 -60 -50 -40 -30 -20 -10 0

10 20 30 40 50 60 70 80 90 100 105 110 115 120 125 130 135

140 145 150 155 160 1;

% load main field current values of mag. curve

SEIPS = [-27.224 -23.547 -20.624 -18.739 -17.560 -16.617
~15.627 -14.826 -13.977 -13.317 -12.643 ~11.969 -11.290 .

-10.041 -8.886 -7.613 -6.576 -5.647 ~4.643 -3.582 -2.521 ...

~1.423 -0.400 0.623 1.721 2.782 3.843 4.847 5.776
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6.813 8.086 9.241 10.490 11.169 11.843 12.517 13.177 14.026 ...
14.827 15.817 16.760 17.939 19.824 22.747 26.424 1;
% plotting of machine characteristics

plot_option = menu(’Plot machine characteristics?’, ‘Yes’ ,'No’);
if plot_option == 1,
clf;

plot {SEIP5, SEVPS); % plot mag curve measured at wmo

xlabel (‘Armature current Ia in A')

ylabel (‘Armature voltage Ea in V')

axis(’square’)

grid on

% Transfer to keyboérd for actions (e.g. printing) on above plot
disp(’Displaying Mag characteristics, return for simulation’);
keyboard

end % if plot_option

hseriesV = SEVP5(24:1:45); % obtain positive half of E_awithout
% zero value

hseriesI = SEIP5(24:1:45); % obtain positive half of I_a

kaphi = (hseriesV)/ (wmo);

tem = (kaphi.*hseriesI);

%plot(tem,kaphi, "+’) % check smoothness of kaphi curve
$keyboard

% Compute speed-torque characteristic with rated supply voltage
% and no external resistor

Vmotor = Vrated-2; % provide for 2 volt of brush drop
Rtotal = Ra + Rse;

E = Vmotor - hseriesI.*Rtotal;

wmm = E./kaphi;

pem = E.*hseriesI; % tem.*wn;

% Case of Vbrake = Vmotor % only insert Rbrake

Vbrake = Vmotor

% Compute braking resistor to limit speed to wbrake with Tload=Trated
wbrake = -400*2*pi/60 % braking speed to rad/sec

Iabrake = interpl(tem, hseriesI,Trated) % interpolate for Trated
kaphibrake = interpl (hseriesI, kaphi, Iabrake)

Rbrake = (Vbrake - kaphibrake*wbrake)/Iabrake - Ra - Rse

Rtotal = Ra + Rse + Rbrake;

El = Vbrake - hseriesI.*Rtotal;

wml = El./kaphi;

% Transferring to keyboard to simulate the case of braking

% with Va = Vrated

disp(’'Run simulation of braking with VasvVrated, before returning’)
keyboard

% plotting results. Save and return

clf;

subplot(4,1,1)

plot(y(:,1),y(:,5))

title("Rotor speed’)

Chap. 8.
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ylabel (‘wm in rad/sec’)

subplot(4,1,2)

plot(y(:,1),y(:,4))

axis([-inf inf -200 200])

title(’Braking Torgque Tem with Va=Vrated’)
ylabel('Tem in Nm’)

subplot(4,1,3)

plot{y(:,1),y(:,3))

title(’Armature current’)

ylabel(’Ta in A’)

subplot(4,1,4)

plot(y({:,1),y(:,2))

title(’'Internal voltage Ea’)

ylabel('Ea in V')

xlabel (’time in sec’)

disp (‘Displaying results of simulation in Fig. 1°)
disp(’Return next for plot of braking characteristics’);

keyboard

% Case of Vbrake = 0

Vbrake = 0

Rbrake = (Vbrake - kaphibrake*wbrake)/Iabrake - Ra - Rse

Rtotal = Ra + Rse + Rbrake;

E2 = Vbrake - hseriesI.*Rtotal;

wm2 = E2./kaphi;

% Plot braking performance with Va = 0 and Vrated along with
% motoring char. with rated voltage

clf;

plot(tem,wn, '/, tem,wnl, '~. ", tem, wm2, ' ~-"')

axis([-inf 20 -50 300j)

axis(‘square’)

xlabel (’Torgue in Nm’)

ylabel ('Rotor speed in rad/sec’)

% Transfer to keyboard for simulating the braking with va = 0
disp(’Displaying braking characteristics in Fig. 1’);
disp(’'Run simulation of braking with Va=0 before returning’)
keyboard

clf;

subplot(4,1,1)

plot{y(:,1),y(:,5))

title{'Rotor speed’)

ylabel (‘wn in rad/sec’)

subplot(4,1,2)

plot{y(:,1),y{(:.4))

axis((-inf inf -200 200])

title('Braking Torque Tem with Va=0')

ylabel (’Tem in Nm’)

subplot(4,1,3)

plot{y(:,1),y(:.,3))

title(‘Armature current’)

ylabel(’Ia in A’")

subplot(4,1,4)

plot{y(:,1),y(:,2))

title('Internal voltage Ea’)
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ylabel(‘Ba in V’)
xlabel (‘time in sec’)

Implement the SIMULINK simulation, s5, and set the threshold level of the switches,
Va and Rinsertion, to 0.5, and the delay time of the Switchover switch to eight seconds to
allow time for the motor to raise the rated load torque to almost the steady-state speed. For
a changeover from raising to lowering after the delay time, the initial output level from the
Switchover switch is 1 and the final output level is zero.

Execute the MATLAB M-file, m35, to set up the appropriate operating condition for
you to simulate and observe the performance of the two braking methods in lowering
operations. Use the ode!5s or Adams/Gear method of integration, a stop time of 35 secs, a
minimumn step size of 0.5 msec, and a tolerance of 1e™® to obtain the plots of Eq, 1y, Tem,
and @y, vs. time of the raising and lowering of the active load of rated value for braking
with V, =0 and V, = V,4req-

Sample results showing the braking performance of the series motor with these two
values of V, are given in Fig. 8.46.
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Control
of
Induction Machines

9.1 INTRODUCTION

With the availability of faster and less expensive processors and solid-state switches, ac
induction motor drives now compare favorably to de motor drives on considerations such
as power to weight ratio, acceleration performance, maintenance, operating environment,
and higher operating speed without the mechanical commutator. Costs and robustness of the
machine, and perhaps control flexibility, are often reasons for choosing induction machine
drives in small to medium power range applications. In this chapter, we will first review
the basics of multi-quadrant drive operation, after which we will examine some common
methods by which the speed or torque of an induction machine is controlled. Even without
simulating the switching waveforms in detail, that is with only the fundamental component
of inverter outputs simulated, we can still gain useful insights into the dynamic performance
attainable by common control strategies used in today’s adjustable-speed induction motor
drives.

9.1.1 Basics of Multi-quadrant Operation
For drive applications, the primary requirement is the ability to handle the load torque
over a range of speeds with good dynamic performance. Figure 9.1 depicts the relation

between torque and speed in all four quadrants of drive operation. In quadrant one, both
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Regenerating: Tom <0 and o i >0 Motoring: Tgm > 0 and © yy >0
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Figure 9.1 Four quadrants of drive operation.

the developed torque and speed of the machine are positive, as shown, counter-clockwise
rotation is taken as positive. A machine operating in the first quadrant is said to be
motoring, when the electrical power flowing into the machine terminals is converted into
electromechanical power to turn the rotor against an externally applied mechanical torque,
Tinecr- In motoring, the externally applied mechanical torque is usually referred to as the
load torque. As shown in quadrant one for motoring operation, 7,,, accelerates the rotor in
the positive direction against a negative value, Tyeen-

In quadrant two, the developed torque is negative, opposite to the positive rotor
rotation. When the net electromechanical power output, given by Tpm X wrm, 1S negative,
the machine is said to be generating. Sustained operation in the second quadrant will require
a positive Tyech to drive w,,, in the forward direction. But for momentary excursion into
second quadrant, as in the case of braking in the forward direction, both Tyec, and T,y can
be acting in a direction opposite to w,,, in the forward direction. Thus, electrical power
could still be flowing into the machine’s stator winding when it is producing forward
braking torque. In forward braking, the kinetic energy of the rotating rotor assembly is being
converted to mechanical work and electrical power.

Operations in the third quadrant may be regarded as motoring in the reverse direction,
since both developed torque and speed of machine are negative. In this quadrant, Tyeen
in the counter-clockwise direction is still considered positive. Likewise, operations in the
fourth quadrant may be regarded as regeneration or braking in the reverse direction; 7.,
being counter-clockwise is positive, opposing the rotation clockwise. Again, for sustained
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Figure 9.2 Allowable region of operation, taking into account ratings of converter and
motor.

operation in the fourth quadrant, 7,,.., must balance T,,, and the clockwise acting Tinech
will be negative.

9.1.2 Operating Region Limited by Equipment Ratings

Since the induced voltage is proportional to flux and speed, and the developed torque is
proportional to flux and current, the upper limit of operating speed can be determined
by the maximum allowable speed of the rotor assembly or the voltage rating of the
motor and converter. Because the construction of the motor is usually more robust than
the power electronic devices of the converter, often a higher torque/current dynamic
performance is obtained by allowing the motor to operate with a reasonable margin of
transient overloading. But not so for the power electronics devices, as they are less forgiving
in that exceeding the voltage and current limits of the power switches can often lead to
catastrophic failure. Figure 9.2 shows the allowable region of operation for continuous and
transient operation of such a drive where the converter has higher current and voltage ratings
than those of the motor. ’
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9.2 SPEED CONTROL
9.2.1 Reducing Applied Voltage Magnitude

A simple means by which a limited range of speed control below the nominal motoring
speed of the motor can be obtained is to reduce the applied voltage below its rated value. Itis
apparent from the intersections between the motor and load characteristics shown in Fig. 9.3
that the range of speed control is dependent not only on how much the torque-speed curve of
the motor is changed by a reduction in applied voltage, but also on the load’s torque-speed
curve. Since the developed torque is proportional to the square of the applied voltage and
the rotor current is proportional to the applied voltage, the ratio of torque developed to rotor
current is proportional to the applied voltage. If the thermal loading is affected mainly by
the rotor current, the developed torque for a given level of thermal loading will decrease as
the applied voltage is reduced. In which case, low-speed operations without overheating are
possible only if the load torque decreases with speed. Furthermore, since P, = (1 —5) Py,
efficiency will decrease as slip increases.

9.2.2 Adjusting Rotor Circuit Resistance

With wound-rotor machines, external rotor circuit resistances can be introduced to limit
the starting current drawn. Figure 9.4 shows that a limited range of speed control below
the nominal motoring speed can also be obtained by varying the amount of external rotor
circuit resistance. Unlike the previous method of reducing the applied voltage, where the
breakdown torque also decreases with applied voltage, this method of speed control can
provide constant torque operation at a high torque to current ratio.
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9.2.3 Adjusting Stator Voltage and Frequency

With an inverter supply, the magnitude, frequency, and phase of the voltages applied to the
motor can all be varied electronically. If the inverter can handle bi-directional power flow,
the motor can be made to operate in all four quadrants. But, if the inverter can only handle
current flow in one direction, from supply to motor, the operation will be limited to one or
two quadrants.

When the excitation frequency, we, is zero, the value of slip s given by (we — wy)/w,
becomes undefined. This can be a problem with the conventional form of the steady-state
equations given in Eq. 6.68. For variable frequency operations that include operation with
dc stator excitation, the earlier form of the steady-state equations given in Eq. 6.66, repeated
below, is more useful:
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Vas = 0y + joeLidlas + joeLm(as +1,) V. o1
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The corresponding expression to use for the average value of the electromagnetic
torque developed by a P-pole machine is

Mgre 3P ny nm 9.2)

-
Te’" - ar’r

Wym ~— Wrm 2w, ~ wy)

9.3 CONSTANT AIRGAP FLUX OPERATION

In this section, we will show that the torque-speed curve of an induction machine that is
operated with its mutual flux held constant is translated along the speed axis with no changes
to its shape as the supply’s excitation frequency changes.

The airgap, or mutual flux of the induction machine, may be expressed as

- < E
(| = LoplTgs + I, | = — Wh. turn 9.3)

We
Thus, holding the airgap or mutual flux constant is equivalent to holding the ratio E,,/w,
constant, that is

Eyp = 0, Emrated (9.4)
wp
where E, rateq 1S the value of E,, at rated or base frequency. The maximum continuous
value of E, should not be higher than its value at rated frequency if excessive core
saturation is to be avoided.
When the machine is singly-excited, that is V;, is zero, we can deduce from Fig. 9.5
that the rotor current is given by

Ep
Wer!

_Lelr j ey
We—Wp +—/ wp Xty

3
Iar =

A 9.3)

Using Eq. 9.4 to replace E,, in the above rotor current expression and squaring, we obtain

2
2 E,Zn - Em.razed 9.6
ar = ot 2 ox! 27 ot 2 ) ()
ely ety by 7
(we“‘“()r> +( Wy ) (%—-w,-) +xlr

Substituting the square of the rotor current in Eq. 9.2 with Eq. 9.6, the expression for the
developed torque with constant airgap flux becomes

2
3P Em.rared

T 2 @e—w) T o N2
(wewwr> +xlr

r! N.m 9.7

I

Tem
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Figure 9.6 Torque speed curves with constant airgap flux and excitation frequencies at
60, 45, 30, 15, 0, and —15 Haz.

An examination of the above expression of the developed torque for constant airgap
flux operation will reveal that the value of torque remains the same at a given value of
the slip speed, w, — wr, for any value of w,.. Graphically, this is equivalent to a vertical
translation of the speed vs. torque curve for rated condition along the speed axis as
frequency changes; the shape of the curve is unaffected. Figure 9.6 shows the torque-speed
curves for several excitation frequencies of the 20-hp, 60-Hz, 220-V three-phase induction
motor of Project 2 in Chapter 6 operating with its mutual or airgap flux maintained constant
at the rated condition value for all values of slip. These curves indicate that with constant
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airgap flux operation, we will obtain the same value of torque at the same slip speed of
w, — w,. From Eq. 9.6, we see that the same remark also applies to the magnitude of I,..
With E,, held constant, maximum power for a given excitation frequency will be

delivered across the airgap when
wer]

r =Yy ©.8)

We = Wrmaxt wp

We

In other words, the slip speed at maximum or pull-out torque is

wpr;
7

We — Wrmaxr = & elect. rad/s (9.9)

. ir
The positive value on the right side of Eq. 9.9 corresponds to a motoring slip and the
negative value corresponds to a generating slip. The value of maximum torque developed,
obtained by substituting Eq. 9.9 into Eq. 9.7, is

2
}_{)_ Em,mted

o = N. 9.10
o m ©.10)

The above value of maximum torque is independent of the excitation frequency, w,; it is,
in fact, the same as that obtained with rated angular frequency, wp.

It can also be seen from Eq. 9.7 that the torque can be controiled by adjusting
stator flux, slip speed or both, via the control of the motor’s stator voltage magnitude
and frequency. With a voltage-fed inverter, the slip speed is usually kept well within the
maximum slip value given by Eq. 9.9 to keep the input power factor high, and the stator
current and losses low. Within the voltage rating of the inverter, the magnitude of the stator
voltage can be adjusted to keep stator flux constant. However, keeping both stator flux
and slip speed constant will result in higher slip and therefore higher rotor losses at the
lower operating frequencies. Higher than needed excitation flux will be accompanied by
higher core losses, but the higher excitation will provide a ready reserve capacity to handle -
potentially higher torque in another part of the loading cycle.

Rotor excitation flux may be considered as stator excitation flux times slip. Thus,
over the constant torque range, maintaining rotor flux at a level capable of providing the
maximum expected torque is preferred. Above base speed, in the constant horsepower
range, slip speed is held constant by allowing slip to increase with speed until it reaches its
maximum, syqxr. With the rated slip often about half the value of $yqx:, the upper end of the
constant horsepower range is usually about twice rated or base speed. A higher upper limit
of the speed range for constant horsepower operation can be obtained by using an oversized
motor.

9.4 CONSTANT VOLTS/HERTZ OPERATION

Although the regulation of airgap flux may be accomplished with direct feedback of the
measured airgap flux, in practice, the use of terminal voltage measurement is preferred
because airgap flux measurement with Hall sensors or search coils, besides having filtering
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Figore 9.7 Torque speed curves with vy = Vygreg * f/ frared @nd excitation frequencies
at 60, 45, 30, 15, 0, and — 15 Hz.

and mounting problems, must be customized to the machine, precluding the use of off-the-
shelf replacement motors in the field. Indirect control of the airgap voltage with terminal
voltage feedback is simpler. However, as shown in Fig. 9.7, the torque speed curves of the
same motor operated with a straightforward constant volts per hertz control are not the same
as those of Fig. 9.6 obtained with airgap flux held constant for all operating conditions. For
non-zero excitation frequencies, the distortion and skew in Fig. 9.7 may be attributed to the
change in mutual flux caused by the series drop across the ry + j (we/wp) X5, especially at
low excitation frequencies where the resistive drop component becomes dominant.

Figure 9.8a shows the stator volts/hertz curves for the same 20-hp motor for three
values of stator current. Each curve is obtained by keeping the magnitude of both the stator
current and airgap flux constant at their respective values at rated operating condition as
excitation frequency is being changed. These curves indicate that the magnitude of stator
terminal voltage required will be a function of both frequency and loading. In general, the
value of terminal voltage needed for motoring is higher than that for no-load, which in turn
is higher than that for generating. In motoring operations, the series drop reduces the airgap
voltage, but for generating operations, the power flow and the series drop reverses. With
the exception of the curve for w, = 0, the impact of the series voltage at the low. excitation
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Figure 9.8 Effects of loading on operating characteristics.

frequency range can be compensated for by adding a small voltage boost to the constant
V/f characteristic at the lower excitation frequency end for motoring operations.

Figure 9.8b shows the torque-speed curves obtained with the V/f curves of Fig. 9.8a.
They are different from those of Fig. 9.6; the new curves have lower pull-out torque. By
examining the currents of both sets, we will be able to see the reason for the reduced torque.
Those of Fig. 9.6 have higher stator and rotor currents, especially near the pull-out torque
condition.

Figure 9.9a shows the stator voltsthertz curves of the same 20-hp motor when its
airgap flux is held constant at rated value and rotor currents give the same pull-out torque
given by Eq. 9.10. The torque-speed curves using excitation voltages based on these curves
are shown in Fig. 9.9b. These torque-speed curves compare favorably with those of Fig. 9.6,
with the exception of that for w, = 0. The curve for w, = 0 has not only a much higher value
of pull-out torque, but also a different shape.

Let’s examine the case where w, is zero further to determine the difference in shape of
the curve. With w, = 0, the magnetizing voltage, E,,, is always zero and the stator current
will be determined by stator terminal voltage and the stator winding resistance. When the
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Figure 9.8  (cont.): Effects of loading on operating characteristics.

stator terminal voltage is fixed, the stator current remains unchanged at all slip speeds.
Consequently, as determined, the sharper torque-speed curve in Fig. 9.9b is one of constant
current rather than constant flux excitation.

The large pull-out torque of the torque-speed curve for the case of w. = 0 can be
reduced by using a lower stator voltage. Figure 9.10a shows the modified stator volts/hertz
curves for the pull-out torque at w, = 0 to be same as those of other excitation frequencies.

The case of dc stator excitation, that is w, = 0, occurs not only in an adjustable-
frequency drive, but also in the use of dc injection to obtain a braking torque. When the
voltage equations of the machine are written in the form shown in Eq. 9.1, the solution of
these equations can be handled numerically for any w,, including zero. With w, set to zero,
Eq. 9.1 becomes

Vas = rslys v

. . L 9.11)
V;, = (r£ - jer;r)I:;r = jorLm (s + Ifa,)
With only stator excitation, that is V., is zero, the rotor phasor current is given by
- i, L -
¥, =1 g, 4 ©.12)

- —r}+ jo, L,
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Figure 9.9  Stator volts/hertz with e, = Epyrared #f/f areq and rotor current to produce
the pull-out torque as given by Eq. 9.10.

The negative equivalent rotor resistance acts like a source of power driving the rotor current,

regenerating power back through the stator. The motoring torque is ¢
2

3P ol
A

2 Wil
In this situation, the torque developed is negative or a braking torque for positive value
of w,. 3

Tem = N.m 9.13)

9.5 INDUCTION MACHINE DRIVES

The availability of efficient power switches and fast processors has facilitated the growth
in development and use of induction motor drives. In a typical induction motor drive, the
power converter serves to convert the supply energy into a form suited for the operation of
the motor. The output characteristic of the power converter can be controlled to appear like
an adjustable magnitude and frequency current or voltage source to the motor. Figure 9.11
shows a basic block diagram of an induction motor drive. The power converter conditions
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Figure 9.9 (cont.): Stator voltsthertz with e, = Enrared *f/frareq a0d rotor current to
produce the pull-out torque as given by Eq. 9.10.

the power delivered to the motor in some desired manner as directed by the controller.
Usually, the conditioning involves generating the proper voltage or current waveforms with
the right timing. The primary function of the controller is to translate the command value
and feedback signals to control signals for operating the converter. It may also have other
functions, such as condition monitoring and protection.

The subject of simulating power electronic circuits is by itself a major topic, which
is beyond the scope of this text. Nevertheless, the electromechanical dynamics of induction
motor drives under different control strategies can be studied with simulation using a
sinusoidal voltage or current source of variable magnitude and frequency to represent
the fundamental component of actual inverter waveform. Since power is mainly carried
by the fundamental component, the primary control interaction will be portrayed. Such
a simulation can provide some understanding of the control principles involved without
going into the details of the power electronics of the inverter, which can be difficult and
time-consuming to simulate because of the frequent discontinuities caused by the inverter
switchings. It, of course, cannot be used to address problems which are associated with the
harmonics of the actual inverter waveforms.
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Figure 9.10  Stator volts/hertz with e, == Eppared #f/frare4 @nd all pull-out torque the
same as in Fig. 9.6 at 60, 45, 30, 15, 0, and —15 Hz.

Inverter types can be divided into two broad categories by the source characteristic of
their dc links: voltage- or current-fed inverters. Voltage-fed inverters have supply sources
that behave like dc voltage sources, often rectifiers with shunt capacitor in the de links.
The supply to a current-fed inverter usually is a controlled rectifier with a series large
inductor in the dc link. Most of today’s small induction motor drives use a voltage-fed pulse-
width-modulation (pwm) inverter that allows both magnitude and frequency of its ac output
voltages to be changed electronically.

The function of a pulse-width modulator is to translate the modulation waveforms
of variable amplitude and frequency into a train of switching pulses for the inverter. In a
classical sinusoidal pulse-width modulator, the crossovers between a sinusoidal modulation
wave and a triangular carrier wave determine the points of commutations of the pulse trains.
Figure 9.12 shows the output voltage waveforms of a three-phase sinusoidal pwm inverter.
In a sinusoidal pwm inverter, the modulation index is defined as the ratio of the amplitude of
the modulating wave to the amplitude of the triangular carrier wave. The magnitude of the
fundamental component of the pwm output is proportional to the modulation index, when
the modulation index is less than unity. With a modulation index of one, the magnitude
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Figure9.10 (cont.): Stator volts/hertz with e,y = Eprared %/ /f rureq and all pull-out torque
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control feedback signals
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signals Figure 9.11  Block diagram of an induction

motor drive.

of the fundamental component is about 79 percent of that of a square wave of the same
amplitude. As the modulation index approaches unity, the pulse width becomes too narrow,
in that there will not be sufficient time for the semiconductor switches to turn off and
recover their voltage-blocking capability. In inverters where a dc bus short-circuit through
two complementary switched devices of an inverter leg is possible, pulse duration that is
insufficient for complete recovery of the device during turn off can be prevented by locking
out further switching until after a specified minimum time.
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Figure 9.12 Pwm and square wave ac output waveforms.

Above unity modulation index, the relationship between output fundamental mag- -
nitude and modulation index becomes nonlinear. In approaching the upper limit of the
ac output voltage, many voltage-fed inverters will switch from pulse modulated to some
form of block modulated and finally to quasi-square wave output. The techniques for a -
gradual transition from sine pwm to square are discussed in References [89] - [91]. Block .
modulation tends to produce relatively high content of lower harmonics, which are usually .
not a problem at the higher speeds. It is a modulation technique that is favored in a current-
fed inverter, especially at higher power.

There are other pwm schemes besides the basic sinusoidal pwm scheme mentioned -
here, each with something to offer. For example, the harmonic elimination technique
described in [84] allows selective elimination of undesirable harmonics staircase [82, 83] or ~:
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sub-harmonic injection [86] pwm schemes that employ non-sinusoidal modulating waves,
pwm schemes using voltage space vector to reduce certain current harmonics [88], and
optimal pwm precalculated off-line to meet some specific criteria.

9.5.1 Operating Strategies

Figure 9.13 shows the operating strategies often used for motoring to obtain a wide speed
range. For motoring, we can identify the following three modes:

Mode 1: Holds slip speed constant and regulates stator current to obtain constant
torque.

Mode 2: Holds stator voltage at its rated value and regulates stator current to obtain
constant power.

Meode 3: Holds stator voltage at its rated value and regulates slip speed just below its
pull-out torque value.

In Mode 1, the ratio of magnitude of inverter output voltage to inverter frequency is
adjusted to maintain airgap flux approximately constant. The maximum available torque
in the constant torque region is usually set by limiting the inverter current to be under that
corresponding to the pull-out torque. The transition from Mode 1 to Mode 2 occurs when the
maximum available voltage of the inverter is reached. In Mode 2, the drive operates with
maximum available inverter voltage; often its output waveform will be quasi-square. As
frequency continues to increase in this mode, the machine will operate with reduced airgap
flux. The envelope of this mode is obtained by increasing slip to maintain stator current at
its limit. Transition from Mode 2 to Mode 3 occurs when slip finally approaches a value
corresponding to the pull-out torque condition. Thereafter, slip will be kept just under its
pull-out torque value and regulation of stator current ceases. The upper limit of speed may
be determined by considerations, such as unacceptably low pull-out, excessive iron and
windage losses, mechanical clearance, and bearing loading.

<4— mode 1 ——pig——— mode 2 ,E; mode 3 b
torque -1 o SR
S D stator current

stator voltage  ~ ~ wes e

Figure 9.13  Operating modes over a wide speed range.
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Figure 9,14 Volts/hertz controls.

Figure 9.13 shows the operating strategies for only motoring; those for braking are
about the same. The upper limit of Mode 1 is at a higher speed than the case for motoring,
because in braking, the voltage drops in the machine are reversed.

9.5.2 Scalar Control

For many variable-speed applications where a small variation of motor speed with loading
is tolerable, a simple open-loop system using a volt per hertz control with low-frequency
compensation, such as those shown in Fig. 9.14, may be satisfactory. Figure 9.14 shows only
twa simple ways of generating a compensated volts per hertz characteristic. Other ways
with load-dependent features are discussed in reference [92].

As shown, a slip speed command is added to the measured rotor speed to produce
the desired inverter frequency. The command value of slip speed can be negative, in which
case, the machine will be generating instead of motoring; however, its value must be limited
to some safe margin below the slip speed corresponding to the pull-out torque point. Since
the slip speed is normally small relative to the rotor speed, such a scheme requires rather
precise measurement of the rotor speed. Operating with negative slip speed will cause the
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Figure 9.15  Closed-loop speed control with volts/hertz and slip regulation.

motor to regenerate power back into the dc link. The regenerated power has to be dissipated
in a braking resistor or regenerated back into the ac mains to prevent excessive rise in dc
voltage due to the over-charging of the dc link smoothing capacitor.

The controlled slip strategy is widely used because the induction machine’s input
power factor and torque to stator current ratio can both be kept high, resulting in better
utilization of the available inverter current. When airgap flux and slip speed are both held
constant, the torque developed will be the same, but the efficiency is not as good as that
obtained with airgap flux and slip held constant. When slip is held constant, the slip speed
will vary linearly with excitation frequency and the slope of the torque-speed curve on
the synchronous speed side will decrease with excitation frequency. Figure 9.15 shows a
closed-loop speed control scheme which uses volts/hertz and slip regulation.

9.6 FIELD-ORIENTED CONTROL

In a dc machine, the axes of the armature and field winding are usually orthogonal to one
another. The mmfs established by currents in these windings will also be orthogonal. If iron
saturation is ignored, the orthogonal fields produce no net interaction effect on one another.
The developed torque may be expressed as

Tom = ka¢(1'j')1a N.m (9.14)

where k, is a constant coefficient, @ (Iy), the field flux, and /,, the armature current. Here,
the torque angle is naturally 90°, flux may be controlled by adjusting the field current, If,
and torque may be controlled independently of flux by adjusting the armature current, .
Since the time constant of the armature circuit is usually much smaller than that of the field
winding, controlling torque by changing armature current is quicker than changing Iy, or
both.
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In general, torque control of a three-phase induction machine is not as straightforward
as that of a dc machine because of the interactions between the stator and rotor fields whose
orientation are not held spatially at 90° but vary with operating condition. The field of the
rotor winding in an induction machine may be likened to that of the field winding in a dc
machine, except that it being induced is not independently controllable. With sinusoidal
excitation, the rotor field rotates at synchronous speed. If we were to select a synchronously
rotating gd0 frame whose d-axis is aligned with the rotor field [95], the ¢ component of the
rotor field, A, in the chosen reference frame would be zero, that is

s Ay
A;er = Lyigg +L,z"f, =0 Wb. turn (9.15)
ve . Lm
if = L,‘ i, A 9.16)

With A7, zero, the first equation in Eq. 6.38 for the developed torque reduces to

3P

i N.m (9.17)

Té’m = —2 P kdr qr

Substituting for i/, using Eq. 9.16, Eq. 9.17 can be written in the desired form of

3PL, .,

Tom = 3‘3—7}"(3 gs 6.18)
which shows that if the rotor flux linkage, A7, is not disturbed, the torque can be
independently controlled by adjusting the stator g component current, ig,.

For A’e to remain unchanged at zero, pk’ ¢ must be zero, in which case, the g-axis
voltage equatlon of the rotor winding with no apphed rotor voltages reduces to

Vgr = ryige + Phgy Hwe — 0N, v 9.19)
S han'and
=0 =0

In other words, the slip speed must satisfy

n
Trlgr

rg,

We — Wy = — elect. rad/s (9.20)
Also, if A}, is to remain unchanged, pA’f, must be zero too. Using this condition and that
of A7, being zero in the d-axis rotor voltage equation, we will obtain the condition that if,
must be zero, that is

gy = Prig + phig, —(we —wr) Ag, v 921
—— S ——t
=0 =0 =0

And, when ilf, is zero, A, = L,i§;. Substituting ths into Eq. 9.20 and using Eq. 9.16, we
obtain the followmg relationship between slip speed and the ratio of the stator gd current
components for the d-axis of the synchronously rotating frame to be aligned with the rotor
field:
ry lgs
We — Wy = TTe elect. rad/s (9.22)
rds
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wp rotor field

Figure 9.16 Properly oriented gd
synchronously rotating reference.

In practice, the magnitude of rotor flux can be adjusted by controlling i, and the
orientation of the d-axis to the rotor field can be maintained by keeping either slip speed
or if, in accordance to Eq. 9.22. With proper field orientation, the dynamic of A, will be
confined to the d-axis and is determined by the rotor circuit time constant. This can be seen
from Eq. 9.21 with i}, replaced by (A, — Lpij,)/ L}, thatis

s
L ™ .
A e L Wh. turn 9.23
dr r; +L; p ds ( )

Field-oriented control schemes for the induction machine are referred to as the direct
type when the angle, p, shown in Fig. 9.16, is being determined directly as with the case
of direct airgap flux measurement, or as the indirect type when the rotor angle is being
determined from surrogate measures, such as slip speed.

9.6.1 Direct Field-oriented Current Control

Figure 9.17 shows a direct field orientation control scheme for torque control using a
current-regulated pwm inverter. For field orientation, controlling stator current is more
direct than controlling stator voltage; the latter approach must allow for the additional
effects of stator transient inductances. With adequate dc bus voltage and fast switching
devices, direct control of the stator current can be readily achieved. The direct method relies
on the sensing of airgap flux, using specially fitted search coils or Hall-effect devices. The
drift in the integrator associated with the search coil is especially problematic at very low
frequencies. Hall devices are also temperature-sensitive and fragile.

The measured flux in the airgap is the resultant or mutual flux. It is not the same as
the flux linking the rotor winding, whose angle, p, is the desired angle for field orientation.
But, as shown by the expressions below, in conjunction with the measured stator current,
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Figure 9.17 Direct field-oriented control of a current-regulated pwm inverter induction motor drive.

we can determine the value of p and the magnitude of the rotor flux. The measured abc
stator currents are first transformed to the stationary gd currents using

s 2. L, 1,
lgs = glas - ’3“1bx - i‘lrs A .
| 9.24)
if[s = 7-3“0(:3 ~ ibs)

Adding and subtracting a Lj, iy, term to the right-hand side, the rotor g-axis flux linkage in
the stationary reference frame may be expressed as

Agr = (L +Lj, — Ly, )igs 4+ (Lm + L;,)i;’, Wb. turn (9.25)
Since A}, is equal to Ly, (i +iy,), we can determine Ay, from the measured quantities,
that is

s _ Ly :
Mo = TNy = L (9.26)
Similarly, A%, can be determined from
L
A= I ~LASy — L i Wb, turn .27

Using )JS and A3 computed from Egs. 9.26 and 9.27, we can determine the cosine and sine
of p by the followmg geometrical relations that are deducible from Fig. 9.16:

M,

A7

sin (—725 wp) =COSp =
9.28)

15

e A
qr
COS{ — — = 8NP =
<2 p)=sinp= x|
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where

)= (a7 = A 2402 (9.29)

The above computations, from Egs. 9.24 to 9.29, are performed inside the field
orientation block shown in the middle of Fig. 9.17. The calculated value of |A/¢] is fed back
to the input of the flux controller regulating airgap flux. Inside the torque calculation block,
the calculated values of A¢ and igs are used in Eq. 9.18 to estimate the value of torque
developed by the machine, and the estimated torque is fed back to the input of the torque
controller.

The respective outputs of the torque and flux controllers are the command values,
igy and iy, in the field-oriented rotor reference frame. Inside the gd to abc transformation
block are the following transformations from gde to gds and gds to balanced abc:

ssk | sex ex

lgs =iggCOSP+igising A ©:30)
iy = —igysinp +igicosp
L= A
i = - i ©.31
b=t i

9.6.2 Direct Field-oriented Voltage Control

Field orientation of the stator currents can also be achieved by applying the proper stator
voltages. Since the strategy in a field-oriented scheme is to avoid perturbing the rotor flux
linkage as much as possible when responding to a change in load torque, we can use the
transient model derived in Section 6.7 in conjunction with the properly-oriented gd stator
currents to determine the stator voltages to apply. The field-oriented gd stator currents are
determined by converting the measured abc currents to gd stationary using Eq. 9.24 and
the value of p as determined by Eq. 9.28 in the transformation below:

e 8 5

lgs = 1y COSp — iy, sinp A ©.32
H i ed ’
igy = ygsinp+ig cosp

In the transient model of Section 6.7, we have shown that for a situation where the rotor flux
linkages may be assumed to remain constant, the machine can be represented by constant
voltages behind the stator transient inductance. The response of the machine to stator side
transients can be represented by the set of equations given in Eq. 6.88. The stator flux
linkages can be expressed in terms of only the stator currents and rotor flux linkages, that
is
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Figure 9.18  Direct field-oriented control of a voltage-regulated pwm inverter induction motor drive.
3 = Lt 4 2 w
gs = “”+~le . turn
i (9.33)
m
L d s ZT')‘

Substituting the above expressions for the stator flux linkages into the derivative term on
the left side of Eq. 6.89, we obtain

’ die\ L d}‘ifr

q ¢ s , .
‘ dtc 4 =2 T i = vg, —rylg — Ey — 0, LjiG 1%
(9.34)
di  Lp d\¢
! ls i { :
Ly dlt i L/l (l; = Ufelé‘ - r;ljs - E;Ls’ + weLs ‘qv
r

Setting the time derivative terms of the rotor flux linkages to zero and rearranging so that
the left-hand side has the sum of the voltage behind the transient impedance and the voltage
drop across the stator transient impedance, we obtain '

ldi:lgs ’ / (f
- +La di + Eqs = qs T Wekiglyg :
(9.35)
’ dids e 1€
reige 4L, T <zvds+weLsqu

Figure 9.18 shows a direct field orientation scheme using stator voltage regulation. In this
scheme, the two left-hand side values of Eq. 9.35 are assumed to be produced by the torque -
and flux controllers. Adjusting these controller outputs for the cross-coupling current terms
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L |

on the right-hand side of Eq. 9.35, we will obtain the desired command values for v, and
v§,. The command values for the abc stator voltages can then be computed as follows:

Uys = Vg, COS p + v Sinp 1%
(9.36)
Vs = Vg sin o -+ vy cos p
v;‘v = v;}( )
1 V3
vy, = wiv;}‘ - —~2—v:,’; 9.37)
Ly, V3,
v:\ _Ev;s + TUd):

9.7 INDIRECT FIELD ORIENTATION METHODS

For very low-speed operations and for position type control, the use of flux sensing that
relies on integration which has a tendency to drift may not be acceptable. A commonly-used
alternative is indirect field orientation, which does not rely on the measurement of the airgap
flux, but uses the condition in Eqgs. 9.18, 9.22, and 9.23 to satisfy the condition for proper
orientation. Torque can be controlled by regulating iz, and slip speed, w, — w,. Rotor flux
can be controlled by regulating i; . Given some desired level of rotor flux, A%, the desired
value of i} may be obtained from
’
A= ;%L,;,d Whb. turn (9.38)
For the desired torque of T, at the given level of rotor flux, the desired value of ij
accordance with Eq. 9.18 is

B "

T - 3P Ly

em 2"2’ L, Ale* o N.m (939)

drt "gs
It has been shown that when properly oriented, i, is zero and A, = L, i5 ; thus, the slip
speed relation of Eq. 9.22 can also be written as
‘ ry las , p
Wy = W — Wy = ZT:E; elect. rad/s (9.40)
ds
The above conditions, if satisfied, ensure the decoupling of the rotor voltage equations.
To what extent this decoupling is actually achieved will depend on the accuracy of motor
parameters used. Since the values of rotor resistance and magnetizing inductance are known
to vary somewhat more than the other parameters, on-line parameter adaptive techniques
are often employed to tune the value of these parameters used in an indirect field-oriented
controller to ensure proper operation.
Figure 9.19 shows an indirect field-oriented control scheme for a current controlled
pwm induction motor drive. The field orientation, p, is the sum of the rotor angle from the
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Figure 9.19 Indirect field-oriented control of a current regulated pwm inverter induction motor drive.

position sensor, 6., and the angle, 8, from integrating the slip speed. If orthogonal outputs
of the form cos®, and sin8, are available from the shaft encoder, the values of cos p and
sin p can be generated from the following trigonometric identities:

c0s p = cos(6, + 63) = cosf, cosfy —sinf, sinb; ‘(9 a1
sin p = sin(6, + 6,) = sinb, cos ) + cosf, sind '

In simulation, the value of cosf, and sinf, may be generated from a variable-frequency
oscillator of the kind shown earlier in Section 2.8.

9.8 PROJECTS

The objectives of this group of projects on closed-loop control of induction motors are to
experiment firsthand the implementation of the control methods discussed earlier through
simulation and to gain insight into some elements of these drives, their wave shapes, and
transient performances.

9.8.1 Project 1: Closed-loop Speed Using Scalar Control

In this project, we will experiment with the implementation of the closed-loop speed
scalar volts/hertz control induction machine drive shown in Fig. 9.15. We will examine the
startup transients of the motor with a preset ramp rate of the speed reference, the dynamic
response of the drive to cyclic changes in speed command, and load torque. For purposes
of comparison, we will use the transient behavior of the same motor operated with fixed
supply voltage and no feedback control.
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Figure 9.20  Steady-state characteristics of 20-hp, 220-V, four-pole motor.

For comparison purposes, we will use the same 20-hp motor used in Project 2 of
Chapter 6. The 20-hp, 220-V, 60-Hz, four-pole, squirrel-cage induction motor has the
following parameters.

rs = 0.1062 © xis = 0.2145 Q
rl=0.0764 xp, = 0.2145 Q
X =5.834 Q2 Jrotor = 2.5 kgm®

Rated stator current is 49.68 A, rated speed, 1748.3 rev/min, and rated slip, 0.0287. Plots
of some steady-state characteristics of the motor vs. rotor speed are shown in Fig. 9.20.
Operating from a rated frequency and sinusoidal voltage supply, the rated torque is 81.49
N.m and the slip at which maximum torque occurs is 0.1758.

Fixed voltage open-loop operation. Figure 9.21a shows an overall
diagram of the SIMULINK simulation, s/o, for the first part of this project on open-loop
operations. The SIMULINK simulation is set up for simulating the dynamic behavior of
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Figure 9.21  (cont.): Simulation s/0 of an open-loop induction motor drive.

the motor when started DOL with the rated voitage and when subjected to cyclic changes
in torque loading. The results from these open-loop operations will later be used as a
benchmark to compare of the performance of the same motor operated with closed-loop
feedback.

The MATLAB M-files, m/o and mlc, can be used in conjunction with the SIMULINK
sirnulations of the open-loop and closed-loop system, s/o and s/c, respectively to set up the
machine parameters, the run conditions, and to plot the results of the simulation. The value
of the externally applied mechanical torque is generated by a repeating sequence source
with the time and and output values scheduled as follows:

Time array: time tmech =[00.750.75 1.0 1.0 1.25 1.25 1.5 1.5 2]
Output array: tmech-tmech = [0 0 -Trated -Trated -Trated/2 -Trated/2 -Trated -Trated 0 0 ]

The two function blocks, Fen and Fenl, in the main diagram take the square root of the sum
of the square of the rotor and stator flux linkages. The inside of the Var.we_source block is
shown in Fig. 9.21b. The details inside the other simulation blocks of the main diagram are
the same as those given in Project | of Chapter 6.

Sample results showing the starting of the motor with full stator voltage and the
response of the motor to the programmed sequence of loading are shown in Fig. 9.22.
Note the large starting current and fluctuations in the magnitude of the stator and rotor flux
linkages as the loading changes.

Closed-loop volts/hertz speed control.  Figure 9.23 shows the SIMULINK
simulation, s/c, that is to be used for the second part of this project on closed-loop
operations. The SIMULINK simulation is set up to simulate closed-loop control of the rotor
speed. In this project, we will not simulate the switching of the inverter. To save simulation
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time, only the fundamental components of the inverter output voltages are represented
by variable frequency and magnitude sinusoidal voltage sources. The generation of these
voltages are shown in Fig. 9.23b.

Often the neutral point of the stator winding is not brought out or connected to the
neutral point, g, of the sources. As such, the source voltages, Uag, Upg, and v, are, in
general, not equal to the voltages, v, vps, and vg, of the stator windings. As shown
in Fig. 9.23a, in s/c¢ we have chosen the neutral point, g, of the three-phase sinusoidal
voltage sources as the system reference. The neutral point, s, of the stator windings of
the induction motor is assumed to be free-floating: To obtain the applied voltages across
the phase windings of the stator, we must first determine the voltage, vy,. In the abc2qds
block of sic, the neutral voltage of the stator winding is determined from the voltage drop
of three stator phase currents flowing in a fictitious capacitor, Cy,, connecting the points
s and g. The value of Cy, should be kept relatively small so as not to compromise the
accuracy of the simulation of the actual open-circuit condition. However, if the value of
Csg used is too small, relative to the other parameters, the resulting system equations can
become artificially stiff, which can cause convergence difficuities. On the other hand, too
large a value of Cy, will not only result in inaccuracy, but also spikes on the vy, waveform.
When the actual system condition is not marginally stable, using the proper algorithm and
a capacitance reactance of about 50 per unit on the machine base will not usually give any
numerical problems.

The voltage, vy,, between the neutral points, s and g, can be determined from

| )
Usg == = (ias +ips +icy)dt 14 (9.42)
(/Xg
Given the phase voltages of the three-phase source, vy, Upg, and v, those of the stator
phase windings of the induction machine in the simulation can then be determined from
Vys = Ugg = Usg 14
Vps == Upyg — Ugp (9.43)
Uey = Veg — Uyg
A look-up table is used to produce the desired volts per hertz characteristic shown
in Fig. 9.24 for the drive. Satisfactory transient performance can be obtained using the

peak value of the rms voltage, V, and the operating frequency, w,, based on the following
relationships:

Emp = jxXmlrared 14

= I::n
Ep = 0 We 14
@b (9.44)

: W,
A L
Wp

Vo= ‘f‘:m + Lrated Zs| 14
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Figure 9.23  (con.): Simulation s/c of a closed-loop volts/hertz speed control drive.
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Startup and loading transients. Set up the SIMULINK simulation, sle,
shown in Fig. 9.23. Use mic to set up the parameters of the 20-hp induction machine in
the MATLAB workspace, as well as the operating conditions for the run. Set the upper and’
lower limits on the output slip of the slip controller to £0.7s,4x,. Repeat the startup and
load cycling run as in the open-loop case, this time, however, ramp the stator excitation
frequency from zero to 60 Hz in 0.5 second. Aside from the initial speed ramping to start the
machine, the loading cycle is the same as that used in the open-loop case. The values of the
time and output arrays of the repeating sequence source for speed reference are time_wref
=[00.5 4] and speed_wref =[0I 1], respectively. Those of the repeating sequence source
for the externally applied mechanical torque are time_tmech = [0 0.75 0.75 1.0 1.0 1.25
1.25 1.5 1.5 2] and tmech_tmech = [0 0 -Trated -Trated -Trated/2 -Trated/2 -Trated -
Trated 0 0 ). Check your results against the sample result shown in Fig. 9.25. Comment on
differences in the startup and loading transients when compared to the case with no control.

Effect of changing the limits on slip. Repeat the above startup and
loading run but with the upper and lower limits on the output slip of the slip controller
changed from £0.78,4ys t0 £0.58,,4;. Compare the startup transients obtained with those
obtained previously with the higher limits on the slip speed. Explain the differences.

Response to changes in speed reference. Next, we will use the
simulation, s/c, to examine the dynamic response of the motor to a cyclic change in speed
reference beginning with the motor unexcited. For this run, the values of the time and
output arrays of the repeating sequence source for speed reference are to be changed to
timewref =[00.250.51.01.25 1.5]and speed wref =[00.50.5-0.5-0.5 0], respectively.
Also, those for the externally applied mechanical torque are to be changed to time_tmech
={04] and tmech_tmech = [0 0]. Reset the upper and lower limits on the output slip of the
slip controller to £0.754x,. Sample results of the unloaded motor’s response to the cyclic
change in speed reference are shown in Fig. 9.26.

9.8.2 Project 2: Six-step Inverter/induction Motor Drive

In this second project on the closed-loop speed control induction motor drive, we will
represent the inverter output by a set of three-phase, six-step voltages of variable frequency
and magnitude, instead of just their fundamental components used in Project 1. Each of the
phase voltages is displaced 120° from the other.

Some of the things that will become apparent from doing these two projects are that
the dynamic response of the system with just the fundamental components represented is
almost the same as that obtained with higher harmonics of the inverter switchings included,
and that a simulation with step changes in variables not only will have to be done with
greater care, but will also take longer to run than the case when the variables are changing
smoothly. In this project, we will also have the opportunity to examine the harmonics in the
line current and voltage of the motor when supplied from a six-step voltage-fed inverter.

The SIMULINK simulations of a six-step voltage-fed inverter/motor drive with
open-loop and closed-loop scalar control are given in s20 and s2¢, respectively. The
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control.
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corresponding MATLAB script files for setting up the parameters of these two systems,
the operating conditions, and the plotting of the simulated results are the same as those
used in Project 1, that is m/o may be used for s20 and mic for s2c. Figure 9.27 shows the
SIMULINK simulation, s2¢, for the closed-loop speed control induction motor drive with
a six-step inverter waveform representation. Compared to the simulation used in Project
1 of this chapter, the modifications to change the inverter voltage output waveforms from
sinusoidal to six-step is in the variable frequency source block shown in Fig. 9.27b. The
additional sign functions after the three-phase sinusoidal voltages will produce a set of
square waves, phase-displaced 120° from one another.’

Since a square wave has a fundamental component that is of magnitude 4/m of its
amplitude, a compensation factor of /4 must be introduced to the slope of the volt/hertz
gain, so that the amplitude of the square waves will produce the same fundamental
component as the rated sinusoidal voltage at the rated frequency. Note also that the input
to the voltsthertz look-up table is taken directly from the speed reference, instead of from
the we output of the amplifier summing per unit slip and rotor speed. If it were taken
from the latter we output, the amplitude of the step wave output would be modulated by
the pulsations in the rotor speed. In practice, the magnitude of the step wave output is
equal to the dc link voltage at the inverter input. Adjustment of the dc link voltage can be
accomplished using a controllable rectifier.

Wave shapes. Show that the stationary gd0 components of the stator winding
phase voltages, that is v, Vs, and vg, are given by

2 1 2 1
Vg = gvas “E,"(Ubs”f‘vc:): §vag“‘"’§(vbg+vtg)'—vsg |14

. 1 1
v:[ = '\7——5(”03 = Ups) = %(ch - Ubg) (9.45)

) 1 1
U?) = "B‘(Ua.r + Ups + Ves) = g(vag +vpg + ch) — Vsg

Examine the wave shape of vy, Vag, Vas, Vaps las» i0s, and Tey. The term six-step refers
to the steps on the output line-to-line voltages, as in vgp. Satisfy yourself that the level of
the fundamental component of vgs is the same as vug, in spite of the difference in their
appearance.

Startup and loading transients. Repeat the startup and load cycling run,
ramping the stator excitation frequency from zero to 60 Hz in 0.5 second as in the closed-
loop control case of Project 1. Set the values of the time and output arrays of the repeating
sequence source for the speed reference to correspond to a time_wref = [0 0.5 4], and
speed.wref =[01 1], respectively. Similarly, set those of the repeating sequence source
for the externally applied mechanical torque to time_tmech =[00.750.751.0 1.0 1.25 1.25
1.51.52)and tmech_tmech =[00 -Trated -Trated -Trated/2 -Trated/2 -Trated -Trated 0 0].

Check your results against the sample result shown in Fig. 9.28. Comment on the
differences in the startup and loading transients when compared to the case with no control.
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Response to changes in speed reference. Next, we will examine
the dynamic response of the motor to a cyclic change in speed reference beginning with
the motor unexcited. The values of the time and output arrays of the repeating sequence
source for speed reference are to be changed to time_wref = [0 0.25 0.5 1.0 1.25 1.5]
and speed_wref = [0 0.5 0.5 -0.5 -0.5 0], respectively. Those for the externally applied
mechanical torque are correspondingly changed to time_tmech = [0 4] and tmech_tmech
= [0 0]. Sample results of the unloaded motor’s response to the cyclic change in speed
reference are shown in Fig. 9.29.

9.8.3 Project 3: Field-oriented Control

In this project, we will implement the SIMULINK simulation, 53, of a current regulated
pwm induction motor drive with indirect field-oriented control. The objectives of the project
are to become familiar with the implementation of a type of field-oriented control, examine
how well such a control keeps the rotor flux constant during changes in load torque, and
to observe the improvement in dynamic response with this method of vector control to that
with the scalar control in Project 1 of this chapter. For comparison purposes, we will use
the same 20-hp, 220-V, four-pole induction machine of Project 1.

Figure 9.30a shows the overall diagram of the SIMULINK simulation, 53, for a
current regulated pwm induction motor drive with indirect field-oriented control. To avoid
lengthy simulation time, the switchings of the pwm converter are omitted and only the
fundamental components of the pwm output voltages are portrayed. On the left side of
the diagram, a proportional-integral (PI) torque controller converts the speed error to a
reference torque, T, . Going into the field orientation block are the reference torque, 7,
the d-axis rotor flux, A';*, and the rotor angle, 6,.

Figure 9.30b shows the inside of the Field_Orient block. Inside it, Eqs. 9.38, 9.39,
and 9.40 are used to compute the values of igy, ig¥, and wy. The angle, p, is the sum of
the slip angle, 82, and the rotor angle, 6,. In the gdeZabc block, the transformations given
in Eqs. 9.30 and 9.32 are used to generate the abc reference currents. In the SIMULINK
simulation of Fig. 9.30, three large shunt resistors, each of a value that is 500 times the
base impedance of the machine, are connected across the stator phase terminals to the star
point, g, of the source. They are used to generate the input terminal abc phase voltages to the
stator windings of the induction motor. The star point of the stator windings, s, is floating.
The simulation of the motor and its rotor equation is the same as that described earlier in
Project 1 of Chapter 6.

The look-up table for field-weakening matches the desired value of the rotor d-axis
flux, A, to that of the mechanical speed of the rotor, wy,. For speed less than the base or
rated speed, 17;, is set equal to its no-load value with rated supply voltage, as determined
by Eqgs. 6.90 and 6.93. Beyond the base speed, the flux speed product is held constant at
the base speed value. The values of 17, and mechanical speed are generated by the m3 file,
which is also used to set up the parameters and other run conditions of the simulation in the
MATLAB workspace. The values for A}, in the field-weakening look-up table are

r
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(b) Inside the Field_Orient block of s3

Figure 9.30  (cont.). Current regulated induction motor drive with indirect field-oriented control.

0.1624  0.1710  0.1805  0.1911  0.2030  0.2166  0.2320  0.2499
0.2707  0.2953 03248 03248 03248 03248 0.3248 0.3248
0.3248  0.3248  0.3248 03248 03248 03248 03248 0.3248
0.3248 03248 0.3248 03248 03248 03248 03248 0.2953
0.2707 02499 0.2320 02166 02030  0.1911  0.1805 0.1710
0.1624

The corresponding values of the mechanical speed are

—376.9911  ~358.1416  —339.2920  ~320.4425 -301.5929 2827433  -263.8938  ~245.0442
—226.1947  —-207.3451 1884956 ~169.6460 —150.7964 —~131.9469  —113.0973 ~94.2478
~75.3982 —56.5487 ~37.6991 —18.8496 0 18.8496 37.6991 56.5487
75.3982 94.2478 113.0973 131.9469 150.7964 169.6460 188.4956 207.3451
226.1947 245.0442 263.8938 282.7433 301.5929 320.4425 339.2920 3581416
376.9911

Set up the SIMULINK simulation, s3, of the current regulated induction motor drive
with indirect field-oriented control shown in Fig. 9.30. Use the MATLAB script file, m3, to
set up the machine and control parameters, the reference signal, and the load disturbance
for the two studies described below.

Step changes in torque at a fixed reference speed. In this study,
the machine is ramped up to speed using the speed reference after which it is subjected to a
sequence of step changes in load torque. Use a text editor to check that m3 sets the following

values
tstop: The study time to two seconds.
time_wref: The time array of the speed reference repeating sequence signal source

to {0 0.5 tstop 1.
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speed.wref: The value array of the speed reference repeating sequence signal source
to [0 wbm wbm].

time_tmech: The time array of the T,,.0n repeating sequence source to [0 0.75 0.75
1.1.1.251.251.51.52].

tmech_tmech: The value array of the Tp.cn repeating sequence source to [0 0 -Trated

-Trated -Trated/2 -Trated/2 -Trated -Trated 0 0].

Run the simulation using the ode/5s or Adams/Gear method, a stop time of two
seconds, a minimum step size of le™* second, a maximum step size of 0.01 second, and
a tolerance of le™>. These parameters are picked, along with the size of shunt capacitors
used to generate the stator phase voltages, to give reasonable accuracy and simulation time.
Reducing the size of the shunt capacitors will give a closer approximation to the actual of
no physical capacitance; it will however, require finer time steps and a longer run-time.

Plot the values of the reference speed, wref, the rotor mechanical speed, wrm, the
stator a-phase voltage, vag, the stator a-phase current, ias, the electromagnetic torque,

T em, and the magnitude of the rotor flux, ./ 1//;},. + ‘l’j,‘ Sample results from such a run are
shown in Fig. 9.31. Observe how quickly and smoothly the speed of the motor responds
to the programmed speed reference with the field-oriented control. Observe also how well
your field-oriented control maintains the magnitude of the rotor flux over the simulated
condition.

Compare your results with the sample results of such a run shown in Fig. 9.31. Discuss
the response of the motor to the loading sequence and check the values of phase current and
voltage with the steady-state curves shown in Fig. 9.20 for the same machine.

Cyclic change of speed reference. For this study, check to see that m3
sets the following values:

tstop: The study time to two seconds.

time_wref: The time array of the speed reference repeating sequence signal source
to[0025051.01.251.5].

speed_wref: The value array of the speed reference repeating sequence signal source
to [0 wbm/2 wbm/2 -wbm/2 -wbm/2 0 ].

time_tmech: The time array of the Tyeen repeating sequence source to [0 tstop].

tmech.tmech: The value array of the Tecn repeating sequence source to [0 0 1.

Repeat the above run with the motor carrying an externally applied mechanical torque
equal to the rated load torque, that is Tyeen = —Trated. Sample results for this run are
given in Fig. 9.32. Note the slightly larger transient of the rotor flux at the initial startup
of the motor from standstill. Examine the acceleration torque, that is Tecn + Tem, and the
rotor angle, 6,, during the initial startup transients. Explain why the same kind of transient
in the rotor flux is not present in the beginning of the second cycle of the speed ramp-up.

Controller parameter detuning. In the field, detuning is often due to
changes in machine parameters with operating condition. For example, as rotor resistance
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increases, the response time of the rotor flux decreases, but the ensuing transient is more
oscillatory. With simulation, we can isolate the effect of detuning by changing the machine
parameter used in the controller while keeping those in the machine simulation unchanged.
In this manner, observed changes in simulated behavior of the drive may then be attributed
to the off-tuned parameters in the controller and not to the influence of a change in machine
parameters.

Let’s examine the effect of detuning in the value of rotor resistance by introducing
an estimation factor, k,, to all the r] terms of the Field_Orient block. As set up, perfect
tuning is when £, = 1. Repeat the previous runs of step changes in torque at a fixed reference
speed and of cyclic change of speed reference for a k. of 1.5 and 0.5, with no-load and with
rated load. Comment on observed differences in dynamic response and in rotor flux level
as compared to the case where k; is 1. Explain why differences in behavior with the motor
loaded are greater than those when it is unloaded.
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Synchronous Machines

in Power Systems
and Drives

10.1 INTRODUCTION

Most of today’s electrical power generators in power systems are three-phase synchronous
generators. As motors, they are not as competitive in initial costs as induction motors at
low and medium horsepowers, but at the higher power ranges, synchronous motors are
competitive because their higher efficiencies can lower operating costs. Other forms of
synchronous motors, such as the reluctance and permanent magnet motors are, nevertheless,
quite popular at the low power ranges. In this chapter, we will be looking into methods of
modeling and simulating synchronous generators and ancillary equipment in system-type
studies. We will also study synchronous motor drives,

10.2 SYNCHRONOUS GENERATORS IN POWER SYSTEMS

In modern power systems, a number of synchronous generators are operated in parallel.
Studies are routinely conducted to ensure that the generators will operate properly in
the event of probable faults or changes in system conditions. Studies concerned with the
dynamic behavior of synchronous generators are often divided into three classes:

1. Transient stability studies examine the ability of the generators to maintain syn-
chronism from large oscillations created by a severe transient disturbance. Since

463
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the oscillations are large, the machine models used should portray the essential

nonlinearity in the frequency range from 0.1 to 5 Hz. The dynamic behavior of such
synchronizing oscillations is known to be influenced by system parameters and the

type of control. Of interest for some time have been the possible destabilizing effects

of the voltage regulator, techniques to improve stability via excitation control, and the

phenomenon of subsynchronous resonance, in which the synchronous complement of

the natural frequency of the electrical network is close to one of the natural torsional

frequencies of the rotor shaft.

[
B

Dynarmic stability studies examine the smail-signal behavior and stability about some
operating point. Such studies often use a linearized representation derived from
perturbating the nonlinear model.

3. Long-term dynamié energy balance studies are concerned with system behavior
beyond the synchronizing oscillations, usually over an extended period. For such
long-term studies, the nonlinear generator models may not need to have as high a’
frequency fidelity as those used for studying synchronizing oscillations; instead, the
dynamics of slower acting components will be important.

When dealing with a large power system, it is not practical to represent each and every
component in full detail. The electromechanical oscillation frequency between synchronous
generators in a power system typically lies between 0.5 to 3 Hz. The sub-transient time
constant of most machines is between 0.03 to 0.04 seconds, which is short compared to
the typical period of the electromechanical oscillations of machines. But, the transient
time constant ranging from 0.5 to 10 seconds is usually longer than the period of the
electromechanical oscillations. In practice, depending on the range of response frequency
considered to be important for the probiem at hand, appropriate models of the required
fidelity would be selected.

To minimize the effort spent on setting up the models and on computation, we
also take advantage of simplifications that are offered by the separation in time scales of
the different dynamic behaviors and the fact that the severity of a disturbance is usually
attenuated as it propagates through the system. For example, the duration of the electrical
transients of the network is very short relative to the electromechanical dynamics of
the generator; as such, a static representation of the network can be used where longer
electromechanical oscillations are primarily of interest. On the other hand, the duration
of interest may not be long enough to require the inclusion of the dynamics of slower-
acting components, such as those of boilers and automatic generation control. However,
where separate groups of machines are interconnected by weak ties and the stability of
the generators cannot be determined from the first few swings, the dynamics of slower-
acting components should be represented. For extended time studies, the choice of models
would be a compromise between better fidelity offered by a full model and the savings in
computational effort offered by simpler models.

The models chosen for the generators on the network need not be the same; they
only have to be compatible with the network representation in the context of the solution
algorithm used. If we know the type and location of the disturbances, we can selectively
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@_, “AC Network | £

Generator

iXd

(a) One-Line Diagram (b} Circuit Equivalent

Figure 10.1 Equivalent circuit representation of generator and network.

employ a detailed model for generators electrically close to the fault locations, and then
choose progressively simpler models for generators further away.

Some understanding of the basic dynamic behavior of synchronous generators in
transient situations can be obtained using a simple model of a generator and network.
Figure 10.1 shows such a simplified representation of a system in which the generator is
represented by a voltage behind the transient reactance model and the rest of the ac network
to which the generator is connected is represented by a single-phase Thevenin’s equivalent,
The KVL equation of the equivalent circuit representation of the system is

E=Eu+jXL X =X,+Xu (10.1)

If the Thevenin’s voltage is used as a reference phasor, that is E,h = F,;;,/0 and E =FE'/8,
the electrical output power of the generator is given by

TR E,Erh .
Poen = NET") = ———sind pu (10.2)
X
The above expression describes the power vs. angle relationship of the simple system.
It indicates that the power transfer characteristic for the system is a sine curve with a
maximum value of E'Ey;/X,. If the small losses within the generator are neglected, its
electrical output power, Py, Will be equal to the input mechanical power, Pyech, in steady-
state.

Where the deviation of the generator’s rotor speed from the synchronous value is
small, the per unit torque can be approximated reasonably by the per unit power, that is
Temwp = ~Pyen and Tipechp X Ppyec,. The equation of motion of the rotor for generator
operation, without damping, becomes

2H dw

— 10.3
wp dt PH ( )

Prech — Pgen =
Using Egs. 7.84 and 7.85, we can replace dw/dr in the above equation by d*8/dr? and
obtain what is commonly known as the swing equation:
2H d*s
wp dt?

Multiplying both sides of the swing equation by d§/dt and integrating, we obtain

(10.4)

Prech ~— gen =
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2
ds\"  wp
(;,’;) = "Z‘I"/(Pmych - Pgen)ds (10.5)
If the machine were to maintain synchronism, the excursion of § would be bounded and
d8/dt would have to return to zero at the new steady-state operating point. If the new
steady-state value of & is 85 and the maximum and minimum values of § following the
disturbance are 8,4, and 8y, respectively, the right-hand side of Eq. 10.5 can be expressed
as

5mux By Smax
/ (Pmec‘h - Pgm)d‘s = / (Pieen — Pgen)ds +/ (Prneen — P},’fn)da (1()6)
Simin Bey

Smin

Ay Az

where 8pax > 855 > Smin. Figure 10.2 depicts the areas, Ay and A,, of the above stability
criterion when applied to a stable case where the disturbance is a step change in value of
Priechs from Phuecho 1O Pmecni- The step increase in Py, initially causes the generator’s
rotor to accelerate above synchronous speed, advancing 8. Since the output power, Py,
increases along with §, the accelerating power decreases to zero when § first reaches its
new steady-state value of §;; however, the gain in momentum will carry the rotor beyond
that angle. But, as § moves beyond &, qu}, becomes larger than P,..4, the difference
in power is drawn from the kinetic energy of the rotor, and the rotor starts to decelerate.
However, 8 will continue to increase until all of the momentum gained by the rotor during
the acceleration is returned to the electrical network at the point where 8 == 8,4y, after which
8 reverses in direction. If damping losses in the system are neglected, the rotor will oscillate
about the new steady-state value of 8y, between 8, = 8g and 8,4 With damping losses,
the oscillation of § will eventually be damped out and § will settle to its new steady-state
value of s, where dé/dt will again be zero. By Egs. 10.5 and 10.6, the areas, A; and A,
must be equal and of opposite sign if the machine is to return to some steady-state operation;
the above condition of stability is known as the equal-area criterion.

If however, the gain in rotor momentum is so large as to carry § beyond the critical
angle of w ~ 8, beyond which Ppecny > Pyen(8) and the rotor accelerates, § would
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continue to increase beyond the critical angle, causing the machine to lose synchronism.
Thus, for purposes of determining whether a machine subjected to some disturbance will
remain in synchronism or not according to the equal-area criterion, we need only establish
that the available margin area, A’z’“”“ ,is larger than the area Ay, where A7'%* is the maximum
area of Az up to the critical angle. For instance, as shown in Fig. 10.2, A7%" is the area of
A, from g to m — &y

The difference between AT“" and the required A; may be considered as a margin
of the transient stability. The transient power angle curve may be raised by excitation
control of E’. This observation and the concern over sluggish voltage regulation led
to the introduction of high-speed excitation systems. But high-speed excitation systems
could introduce negative damping, which might adversely affect the dynamic stability. An
excellent analysis showing how negative damping can come from the excitation system and
a discussion on stabilizing signal design to improve the damping of the dynamic oscillations
are given in [103]. This has led to many more studies on power system stabilizers with the
objective of obtaining better transient performance of the generator through its excitation
system. A related problem is the adverse interaction between power system stabilizers and
the torsional modes of the turbine shaft, which gives rise to subsynchronous oscillations.

In this chapter, we will derive two more machine models that are used in transient
stability studies: the transient model for the transient period and a full model that is good
even for the short sub-transient period. The difference between the second model and
that described earlier in Chapter 7 is basically one of form. Here, the equations of the
machine are manipulated into a form to directly use as many of the machine parameters
obtainabie from standard tests, usually in the form of reactances and time constants. The
model derivations in this chapter can help shed some light onto certain assumptions used
in determining the parameters experimentally. For example, for the open-circuit field time,
the coupling effect of the kd damper winding is assumed to be over with, that is, izs has
already reached its steady-state value of zero. Whereas in the determination of the open-
circuit sub-transient time constant, changes in both the field and damper winding currents
are included since these changes initially maintain their respective winding flux linkages as
constant. Such approximations are reasonable when ryg > 7, but experience has shown that
considerable differences in parameters can be obtained when different methods are used to
calculate the parameters. The fit between a model and its parameters is important to the final
accuracy, as the advantage of sophisticated mathematical models can be negated by poorly
fitted parameters.

As transient stability studies are mainly concerned with synchronous generators,
these models are often written using the generator notation in which the assumed direction
of stator currents flow out of the stator windings. To switch from the motor notation used
in Chapter 7 to the generator notation in this chapter, all that is required is to invert the sign
of all the stator currents in the voltage, flux linkage, and torque expressions.

10.3 TRANSIENT MODEL WITH D AND Q FIELD WINDINGS

We shall begin the derivation of the transient model by deriving the relations between stator
current and flux linkage in the d-axis for the transient period where the damper windings
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may be assumed to be no longer active. The d-axis winding flux linkages without the
contribution of the kd damper winding, obtained by setting ixs fo zero, are -

Ag = —Lgig+ Lmdi; Wb. turn

, ) o (10.7)
}\'f = ““Lmdld -+ Lfflf
Multiplying A% by @y Lima/Lfy, we have
L o L2
) er,md A} = rL,’"d iy +a)erdlf (10.8)
- U
Using the following relationships: -
7 ’ Lind ’ V . L2
B, =wdy=wr —%—Af‘ Eq = wyLpaiy, L’ =Ly~ L. (10.9)
Equation 10.8 can be written as
E,; =E; —w,(Lg— Lyig 1% (10.10)

Eliminating the field current, i} between the two flux linkage equations in Eq. 10.7, and
using some of the relationships given in Eq. 10.9, we can obtain the following expressions
for Ay:

L L 1, I
Ad = —~——~Af — Lgig + —25— mdéd e d ~ Lyiy Wb. turn
L, L’
ff f
’
_q —Lig (10.1D)
wy
Rearranging Eq. 10.11, the expression for iy is
1 E;
ig=— | — g A (10.12)
Ly \ w,

Similar expressions for the g-axis windings can be obtained as follows: Multiplying
}»; = —Lumqiq +L;,gi; Wh. turn (10.13)
by wr Limg/L,, we obtain

(Uerq er%iq
Ll by =

iq +rLgiy (10.14)
8
Using the following relationships:

L L?
mz~M%:~@L@X Eq = ~w; Lngi, J“_g Ly,  (10.15)
88

Equation 10.14 can be rewritten as

~Ej=—Eg—w,(Lg—L)ig V (10.16)
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Again, eliminating i, between the expressions of )»;, and A4 and using the relationships in
Eq. 10.15, we can obtain the following expressions for A, and i,:

9

Lmq)‘f, ;1(
Ay = § — Laig+—ig
L, L,
E/
= »;‘L‘Lqiq+(Lq~L;)iq (10.17)
r
é \
= -——r- — L;lq
or
L (-E (10.18)
g = — - .
q L\ o q

Note the similarity in form between the expressions of corresponding quantities of the d-
and g-axes. The above expressions of iy and i, can also be obtained from Eq. 7.41. For
example, the expression for iy given in Eq. 7.41, without the damper windings, can be
written as

—ig= (1= =y - L A (10.19)

1 1 N [ n 1 _ 1 n 1
Lup Lis Liy Lwa Lis Lj—Li

(10.20)
_ Lq
Lls(L;j — Liy)
With Eq. 10.20, we can replace the coefficient of the first term in Eq. 10.19 by
L L,—~L Ly
(=M (e 22 ) 2 (10.21)
Lis Ly Ly

Using the expressions for Ef] givenin Eq. 10.9, we can express the coefficient of the second
term in Eq. 10.19 as
oL B
L;f Ll — Lis w,
Back-substituting Eqs. 10.21 and 10.22 into Eq. 10.19, we will obtain the same expression
for iy as given in Eq. 10.12. Equations 10.12 and 10.19 are alternate forms of expressing
iy.

(10.22)

Voltage equations of the stator windings. The gd voltage equations of
the stator winding in terms of the stator currents, i, and iy that are flowing out of the stator
windings, become



‘470 Synchronous Machines in Power Systems and Drives Chap. 10

dX

_.i_[f’. = v, —ry(—ig) —wrhy Wh. turn/s or V

¢ (10.23)
dig ,

“(‘1?‘ =g '_"s(_ld)“*'wr)\q

If the flux linkages are to be the state variables in the model, Egs. 10.12 and 10.18 can be
used to replace iy and iy in Eq. 10.23, yielding

dx, re {(—E)
= e - A = wrhg
ar »L;( w 1) e
0 - (10.24)
___d:vd+1i LR ENIWY
dt L)\ w 7

Field voltage equation. The voltage equations of the f and g field windings
are to be manipulated into a form containing their respective time constants. Beginning with
the d-axis, the f field voltage equation is given by

' 1./+d)“} v (10.25
vy =Tyl ‘ 23)

Multiplying through by @, Lyg/rp, we have
Wr Lypq V' Lome d\.
__i__'_;'_‘___f. =ermdi}+(—l)L7nii»—j— (10.26)

re ry dt

From Eq. 7.96, Ef = weL,,,dv}/rf’, the left-hand side of Eq. 10.26 is the internal voltage,

Ey. Using the relationships given in Egs. 7.102 and 7.113, the second term on the right side

of Eq. 10.26 can be expressed in terms of Ez/; and T}, that is
wy Log L}f Ly ,
—’r—,-i’—x}. =-7 L M =Th,E, (10.27)
! f v
Thus, Eq. 10.26 can be written as
dE (’I
Ef= E(,+Tdu~——1~t~ % (10.28)
[¢
or
7
Td’o~d;i = Er—E, (10.29)

Replacing E, by E; =@, (Lg — L!)ig, Bq. 10.29 can also be expressed in the following
forms:
’

/ dE(I ’ 'y
Tio=—* + Eq = By =y (La = Lia (10.30)
or
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dE, [ Li—L
q d d d
Td0~(—5—~+i-,-E’ ZEf+( o )cur)»d (10.31)

g-axis field winding voltage equation. For the sake of symmetry in the
equations, we will keep a g winding on the g-axis. The symmetry makes it easy to deduce
or to verify corresponding expressions of the g-axis windings once we have derived the
expressions for the d-axis windings. The g winding can also be used as a fictitious winding
to represent the effects of induced g-axis currents in a solid iron rotor.

Again, when the g winding’s voltage equation,

V=il L (10.32)

is multiplied through by w, Ling/ry, we obtain

Wy Lpg V), L d/\’
Dromads w,Lmq, + 2o (10.33)
7y dr
Making the following substitutions:
a)rL/mq A; - E%’é’_ a)r[:mq )\/ - _T(;OEC,I
T Ty Lgg
(10.34)
/
Eg = ermq (;‘/g‘) s Ey= —‘Uerqi;
8
Equation 10.33 becomes
’ dE(,I
G0 g = —Eq—Eq4 (10.35)
Replacing Eq by Ej —ay(Lg — L})iq, Eq. 10.35 becomes
, dE/ .
T, ud +Ey=—Eg+w (Lg ~ L)ig (10.36)
We can also use Eq. 10.18 to replace the stator current, i, in Eq. 10.36, to obtain
dbd Ly Lq— Ly,
[10 = 4= I LB = —Ey — ( I W hy (10.37)

Torque equation. The expression for the electromagnetic torque developed
in the direction of rotation, that is positive for motoring, in terms of the outgoing stator
currents, i and ig, is

{ha(=ig) =Ag(—ig)}  Nm

Tom =

3p
22 (10.38)
= Ag(—

ig) = Ag(—iq) pu
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Note that as written, T,,, will still be positive for motoring and negative for generating since
the currents, —i; and —iy, are into the stator windings. Replacing A, and A, in Eq. 10.38
by )‘;1 + L;(wiq) and 1), + Ll (—iq), respectively, we have '
3 P 7 H /7 AV
Tow = 5 3 [Nali) =2 (=) + (L = Ly | (10.39)
Furthermore, replacing Aj, by ~Ey/w, and 1, by E, /w,, Eq. 10.39 can be expressed as
3p {E lq+Edl¢1

Tom = 2 2

— (L, ~1! N.m
o ( d )ldlq)

(10.40)

Elig+ Elig

. q°q d’a ’ AN
= (L~ L )igi u
{ o o w(Ly = Lydiaiq 14

Alternatively, using the expressions given in Egs. 10.12 and 10.18, Eq. 10.38 can also be

written as
3P [(—E, r ( EG
Ty = — 5= = Loy )L L=
m=T00 {L;I ( o, ) U\,

3P L ME, AL 1 1 .
o= — d+ ! /] | )\.[[/\4
22 oLy oLy \Ly L

(10.41)

N.m

The equations for the transient model are summarized in Table 10.1.

TABLE 10.1  TRANSIENT MODEL WITHOUT DAMPER WINDINGS

Stator winding equations:

~E dX,
vy = IR et A |+ —L b wpdy Vor pu
1 L'\ w ' dt

q

, (10.42)
[ dhg
Vg == "‘Z‘/' 'C‘U’" ~kg |+ *217" ’“(Ur)\q

d r

Rotor winding equations:

dE; L, Ly—L!
Tdow'—+’iE’ = Ef+(~_d-z}-i>(‘)rAd
d

(10.43)

or, in terms of the stator currents,

!

7{10 T +E ~Ef—a),(de ;I)id
(10.44)

l

dE
Tqa + F:l =—Ey+w Ly~ L;)ifi
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Torque equation:

3P {ME, ME! 1
Top = == { =4 Lo (o~ —=)Agh N. 1045
em 22{er£1+a)rL; (L; L;)dq m ( )
or
3PV E g+ Eyig Lo
Temw—w.z— {iTM(L;*Lq)tdlq N.m
, ) (10.46)
Eli,+ Eiy
q'q d A
= — {W wwb(LZ, — Lq)zdzq] pu
Rotor equation:
do
J"E;’T" = Tom + Timech — Ta’amp N.m
d{(wr — w,)/wp}
ZH“““LE[“L““’“ = Lem(pu) + Tmech(pu) - Tdamp(pu) pu (1047)
d§ P
—E—tf‘ = Wy — We, Wy = Ewrm (10.48) .

When the g winding equation is used to represent the effects of induced currents
in the rotor iron, its external input voltage, vy, and correspondly Eg, would be zero. For
completeness, we have retained the derivative terms of the stator flux linkages in the above
transient model. In many instances, these derivative terms in the transient model may be
neglected. It has been observed that the rotor winding transients are dominant when such a
model is used for transient stability prediction. Over the interval of interest, which often is
the first swing of the rotor, the rotor transients vary at the rate of 7 and Tq’n. Their impact
through the speed voltage terms, w,Aq and w, A, is usually observed to be greater than
that of the dA, /dt and d}4/dt terms. Consequently, the order of the model can be further
reduced by two by neglecting the dA,/dt and d,/d¢ terms in the stator voltage equations,
To be consistent with that simplification, w, in the rest of the equations (except that of the
rotor dynamics), should be replaced with the excitation frequency, w,. Assuming w, = wy
and dropping the changes in stator qd flux linkage terms, the equations of the simplified
transient model will reduce to those shown in Table 10.2

TABLE 10.2 TRANSIENT MODEL WITH CHANGES IN STATOR ¢d
FLUX LINKAGES NEGLECTED

Stator winding equations:

. 7. ’

Vg = —Fglg —Xglg + E Vor pu

! ! ! (10.49)
Vg = ~rsia+xgig+ Ey
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Rotor winding equations:
/

/ d q n . AT
T, +Eq~—Ef (xq —xp)iq

lo™ 1.
d‘Z/ (10.50)
d ’ ;
Tq,oTi;ﬂ + Ed = mER + (xq “xz,])LC!'
where .
My=hg = Ly(=ig), Ey = —w,h,
’ (1051
My = g = Ly(~ia), Ey = weky
Torgue equation:
T = 3P i E , I N
=55 qla+ dld+(xq~x,,)utq .m
¢ (10.52)
= {E;iq + Elig + (x;] wx"i)idiq} pu
Rotor equation:
dw Hi
j—d‘;“ = Tom + Tmech = Tdamp N.m
d{(wy —we)/wp}
2H“{“"L"l;;£“/‘““‘" = Tem(pu) + Tmech(pu) - Tdamp(pu) pu (1053)
ds P
‘ZEE = Wy We, Wy = ‘z“wrm (10.54)

10.4 SUB-TRANSIENT MODEL WITH FIELD
AND DAMPER WINDINGS

In this section, we will derive the equations for a sub-transient model that has f and g field
windings and kd and kg damper windings. During the sub-transient period, the coupling
effects of both field and damper windings are active in that the currents in these windings are
free to change. When a transient disturbance occurs on the stator side and the stator currents
change, the corresponding change in currents flowing in the field and damper windings
on the rotor would initially maintain the flux linkages of these rotor windings as constant.
We have discussed the effective inductances to the stator currents and sub-transient flux
linkages in Section 7.6. The sub-transient model that we are deriving in this section will
make use of some of the relations mentioned earlier in Section 7.6.

Stator voltage equations. With the stator currents, iy and iy, assumed
to be flowing out of the stator windings and replacing A, and Ay by Ag -+ L;’ (—ig) and
Mp 4 Ll (—1y), respectively, the gd voltage equations of the stator windings become
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' dh
vg = re(—ig) + o, (M + Lj(—ia)} + Ei 1%

da
= —rig+Ey — o Ljig+ ‘Ez}i
& (10.55)
vy = rs{—ig) —wr {)»;, -+ qu/(~i4)} -+ }Td
. ., dhg
= —rig+ E;/—}—a),l;;lq + 7&7

The next step is to express the sub-transient flux linkages and voltages in terms of the
damper flux linkages. We will show only the derivation of the relations for the d-axis in
detail; those for the g-axis can be obtained similarly. Using Eq. 7.41, the d-axis stator
current flowing out of the stator winding, expressed in terms of the flux linkages, is given
by

Lup\ * Lup * Lup X
(mig)= (1 — MR\ 24 2D Tf  ZMD Tkd (10.56)
Lis  Lig Ly Lis Ly

Substituting the above expression for —iy in A)j = Ay — L})(—iy4), we obtain

Lup\ *  Lup *  Lup My
My =ag— L (1w—~—)~—~-—*,——~—-_,- (10.57)
¢ d { Ly Ls Ly L[f Lis led
Since
11 (I L,m))
Ly Lis Lis
Eq. 10.57 simplifies to
LYL VY
M 2D S S Wb. turn (10.58)
Lis Llf Lig
Using the following relationships:
Ly,
@r Ling
LyLyp = (Ly— Lis)Lis
LmaLjy , (10.59)
= Ld - LLy

I4
Ly
LY~ Lis _ Ly —Ly
Ly La—Lis
Equation 10.58 can be rewritten as

L// — L. E/
A= (H) (:}i — }»;{d) + Ay Wh.turn (10.60)
d " Fls r
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Using Eq. 10.60 to substitute for A} in Eq. 7.110, we can express the sub-transient voltage, *
EJ, as
¢

LY~ Ly
£ = A= d
g = Wriy L/ ~Lis

Ld L[g) (L/ — L/ﬂ
E’ SR el B PN
. (L’~L/; L =Ly )
By symmetry, the corresponding expressions of the g-axis quantities should be similar

in form to those of the d-axis quantities. For example, we can show that the g-axis sub-
transient flux is given by

L hy  Lyo e Lup M
Agqu_yq/{(l_ MQ)_Z___JLQ.W&,.W_"Q S W um

) (Eg~wohpg) +wrhiy Y
(10.61)

Lis J Lis Ly Ly, Ly L;kq
L"LMQ Ay M, Mg Mg (10.62)
L Lfg, L;kq
Again, using the following substimtions:
@y Lipg A, LingL;
Ep=——r Ljlup=(Ly=Lils,  and  —E—f =L~ Ly
88 88 (10.63)

Equation 10.62 can be rewritten as

L — L\ E L// _
M= T ) Zey Lo~ bu Mg Whium (10.64)
LquL/; wy leq
Replacing L), in Eq. 10.64 by the transient and sub-transient inductances, that is Ly, =
(L = Lis)(Ly — Lig) /(L — L), we obtain

L"*Lh —~E’
” d
,\qw( : “)( o wxhq>+xkq (10.65)

The d-axis sub-transient voltage defined earlier in Eq. 7.111 can now be expressed as

EY = o, A = L:/,"Lls E' 4w\, Y
A I AU A
g s

L/l "'L!s L/ ""L/’
~(Er e (o,
g T s Lq = Lys

Now that we have the stator voltage equations expressed in the desired rotor flux
linkages and sub-transient voltages, we will next manipulate the voltage equations of the
rotor windings into compatible forms.

(10.66)
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Voltage equations of the rotor windings. We will begin with the
following d-axis rotor flux linkage expressions, manipulating them to express iy, in terms
of the flux linkage, A}, and the voltage, £y

}";ca' = wLmdid =+ Lmdi; + dekdil’(d Wh. turn

’ . /o . . (10.67)

’\J‘ = ‘Lmdla’ + Lfflf+ Lmd!kd

Eliminating the field current by pre-multiplying A’ by (Lmd/L)«f) and subtracting from it
Ay We obtain

m(l l Ezd L2 6
L )\f }"/\d = L/ + Loma §ia+ L, Ad (10.68)
i

Equation 10.68 can be rewritten as

E(/I (L, Lzs)‘
4\ = Ly ~ L) = Lyyg)ig — ——" 10.69
w, K (Ly — Ly = Lmadia L =1 ita ( )
from which we obtain the desired expression for i;d, that is
L/ -‘L// E/
Y d d [ o )
thg = (L:[ — L[s>2 {)‘ka' @ + (Ld Ll.r)la'] (10.70)

d-axis field voltage equation. The voltage equation of the f field winding,
given by

’ [ a'}\;
=itV (1071
when multiplied by w, Lq/ 7, yields
(UerdU" L d [ Lyg _,
T oy Laif+ L 1= Lo o (10.72)
Ty i

Replacing zu, ,,,dv}/rj’- by Ey and substituting Eq for wp Lqit, T,

o for Lﬂ/r , and E for
(u,L,,,d,X L, 7 Eq. 10.72 becomes

n

dt
Also, when the equation for A} in Eq. 10.57 is multiplied through by w, L,,,d/LJ’q, we obtain

Ep = E,+ 1T, (10.73)

Wy Ling A} wr L2 w L2
- L,:l L= ermdi}' - fL/md g+ —‘——‘rL/’m[ ity (10.74)
fF fF i

which, in turn, can be expressed in the form

E} = Eq—owr(La— L) ia ~it4) (10.75)
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Using Eq. 10.75 to replace E, in Eq. 10.73, we obtain the following expressions for the
d-axis field winding:

4

dE
T;Og{i + El = Er—wp(La ~ Ly)(ia ~i}g) (10.76)

Substituting for i}, with Eq. 10.70, Eq. 10.76 becomes
4

d .
Téo—a——ti + E} = Ef — o, (La — LY)ia

(Ly—L(Lg—LY) E, . 10.77
d P L~ (10.77)
‘|-Cf)r {"“‘—““““““"“"(LZI YRy kd s +(Ly 1s)id

or
; (La = L)Ly —Lis) ) . (L~ Lip(La— Ly

[/ I r{“.._,ﬂwm PR e Ml EaN N S

do gy THTE L= Lis ! (L —Liy)? a
(Ly =~ Lis)?

oAl (10.78)

g-axis field voltage equation. Similarly, the voltage equation of the g field
winding, given by
, dx, ;
v, = rg,zg + — 'R Vv (10.79)
can also be manipulated using the relations, E, = @, Ly, U;,/r;,,, Eg = (u,L,,,qi;’,, E) =
— @y Lingry/ LYy, and Ty, = Ly, /ry into the form:

dE’
e = [T 4
Ey=Eq=Tp,— (10.80)
Multiplying both sides of Ay = ~Lyugiq -+ ngzg + Lungi, by oy Ling /Ly, we obtain
@r Limg X, . oLk, wlh, p
B ey Ll — iy i (10.81)
L ¢ L Ly,
This can be expressed as
~Ey= Eqg—wp(Lg ~ L)ig —ig,) (10.82)
Using Eq. 10.82 to substitute for £y in Eq. 10.80, we obtain
’ dEd
Tgo~g b+ By ==Eg o, (L~ L)y =i, (10.83)

As in the case of the d-axis damper winding, we can obtain the following expression for i,’cq
by eliminating the field current i, » between the expressions of A} , and A;, that is

L, ~Ll L E
iy 7 ’ >
iy = m( e {x Lt - L,‘,«)lq} A (10.84)



T,

Sec. 104 Suditransient Model With Field and Damper Windings 7479

Using Eq. 10.84 to substitute for i,’cq, Eq. 10.83 can be expressed in the following forms:

1 dE& ’ £y
qu*—(};"l‘Ed = —-Eg+w,(Lq -Lq)lq
Ly LW =LV Eo
SIS A i Sl L U DY Sl SVIYG SANNY Y
w,[ (LY, ~ Lis)? k¥ wr iy ”)lq}
dE) (Lq = Ly)(Ly — Liy) (Ly = L) (Lg ~ L
et S NG i e Bk QR /78 § WA e ek s ,"( L)
dr L, =Ly (Ll = Ly,)?
(L ‘_.L/)(Ll "“L”)
*{W Wy, (10.85)
q 5

d-axis damper voltage equation. The voltage equation of the d-axis
damper winding is
dx),

7t~4+r,;di,;d =0 (10.86)

Using the following relation to replace ry, by 7)), :

(L:1 - 'Lls)2

T, == et (10.87)
o (L:i LZI,)rkd
Equation 10.86 can be rewritten as
7y Ll —Lig)?
pdhud | (Lg = Lis) iy =0 (10.88)

(!( -T—'—-——7ﬁ
" dt L,—L)
Using Eq. 10.70 to replace i;, in Eq. 10.88, we obtain the desired expression for the d-axis
damper winding, that is
T// d}";:(l E‘:J

o+ Ay —
do dt kd w,

+(Ly—Lig)ig=0 (10.89)

g-axis damper voltage equation. As in the case of the d-axis damper
winding, the voltage equation of the g-axis damper winding can first be manipulated into
the form:

dhy, (Ll —Li)?
7 kq q Is) _

Using Eq. 10.84 to replace i} 40 We can obtain the following form of the g-axis damper
‘winding voltage equation:

" dk;Cq 7 E(’[ 7 .
qu-:jT“ +)qu—l—-;;—+(Lq—L1:)lq =0 (10.91)
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Electromagnetic torque. Replacing A, and A4 respectively by Ay +A7(—iy)
and 1) + A/ (—iy), the expression of the developed electromagnetic torque in terms of the
sub-transient quantities, with assumed direction of the stator currents, i, and iy, out of the
stator winding, is

T, L V2 = Aig 4 (L) — LDigi N (10.92
m =57 " gld + (Ly — Lipiaig .m .92)

In terms of the voltages behind the sub-transient inductances, £ = -—w,)\;’ and E :; =w,A},
the expression of the developed torque can be rewritten as

. 3P {(E;;iﬁEg;id

em — I

N.m

3 (B -

(10.93)

Elig+ Eljig\ ]
q°9 d'd " N s
= - { (_—7076;;,_‘-) +wb(Lq — L:,)ldlq } pu

The equations for the stator and rotor windings, along with the torque equation of the sub-
transient model, are summarized in Table 10.3.

TABLE 10.3 SUB-TRANSIENT MODEL

Stator winding equations:

. " N d)“ll
Vg = =rig+ Ej —orLyia+ TS
¢ (10.94)
. v ", dhg
vy = —rig+ £y +orlyiq+ T
where
L L!/ — L s . L’ — LII
E(I = (Mgm{l> E({ + <~7d_“~'i> wi‘)‘;c(l
Lz! - L[.y Ld —Lis
LV — LI' Lo L (1095)
E" = q N £ q q AL
‘ (Lél = Lis 4 LZ; — Lis “rikg
Rotor winding equations:
dE; (Lg— L)LY~ Ly L, — L)Ly~ L’
T[;() q . f“‘O)r{ d ;j)( d L)}l.d__{l_i_( d /(1)( 112 d)}[‘:;
dt Ld -— Lls (Ld - LI.s‘)

(Ly—LpLa=Ly) (10.96)
(Ly = Lip)? Tk

L (TRl LU At 08 DS Rl AL N O
9" dr ¢ L~ L ‘ (Ly = Lis)? ¢

g — LG = L) o (10.97)
(Ly = Lis)? "
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dx; E;
Tiy— = =t =Xy = (L= Lis)ia
i rE (10.98)
" k d .
qu 'R = —;rm - )qu — (L = Lig)ig
Torque equation:
3P | Ejig+Ejfia
Tom = 573 ( qw d + (Ly = Liaiy N.m
r
lz”zq+E’ iq (1099
=— R (L’ — L)ialq pu
Rotor equation:
dw,
J d:m = Tom + Tnech — Tdamp N.m
d{(wr — we)/wp)
H‘—’L'J;ﬁ_""’" = Tem(pu) + Tmech(pu) - Tdamp(pu) pu (10 IOO)
ds, P
Tl-té—za)r*a)e, wrza—a)rm (10.10D)

As given in Eq. 10.95, the expressions of the sub-transient voltages, E and EY,
consisted of a linear combination of the transient voltages, £/ and E/, and the speed
voltages associated with the damper winding flux linkages, 1}, , and A4- Since the sub-
transient time constants, 7, and 7., are shorter than the transient time constants, initial
changes in £, and E7; will be mainly from those components associated with A;Cq and A,

10.5 SPECIFIC CASES

Here we will consider specific cases in modeling which are fairly common in power system
studies.

10.5.1 Salient-pole Machines

The sub-transient model given in Table 10.3, with two rotor windings in the g-axis, is often
used for round-rotor machines. For salient-pole machines, L}, % L; as such,

Lq — Lis ’ .
T, = (Zq—_—zz-> re - islarge. (10.102)

Applying these conditions to
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dE L ‘
Tq’o—é;‘M-E"i =wp(Lg — L)) (ig ~ if,) (10.103)
we obtain
dE’
—4 =0 and E,=0 (10.104)
dt
- Furthermore, for salient-pole machines, Lg < L;, the expression for E;’ reduces to
— L
El = ~wpd, | ——2L (10.105)
d kg (L,q _ L[y
The voltage equation for the kq winding becomes
' dE//
T// d +E:l/ — (l)r(L . L”)lq

dt
10.5.2 Neglecting the di,/df and di,/dl Terms

The dhg,/dt and dAy/dr terms in the stator voltage equations of Eq. 10.55 are usually
small in comparison to the voltages behind the sub-transient reactances, E, [’]’ and E7. The
reason being that speed voltage components of E{’I’ and E/] are proportional to w,, whereas
the maximum time rates of change of A4 and A, are of the order of 1/Tj, and 1/7},,
respectively, which is typically an order smaller than w,. As such, the di,/dt and dAy/d¢
terms may be omitted, in which case the o, of the speed voltage terms should also be
replaced by the excitation frequency, w,.

The modified equations of such a simplified sub-transient model are given in
Table 10.4.

TABLE 10.4 SUB-TRANSIENT MODEL WITH CHANGES IN STATOR ¢d FLUX
LINKAGES NEGLECTED

Stator winding equations:

Vg = ~rig+ Ef —weLyiy 1%
(10.106)
Vg = —rig+ E,’j +ngZiq
where
L)) — Ly A A
E:;:(L, I )F/ (ﬁ)wﬂ’)‘kd
(10.107)

L~ Ly L —1"
E! = q E q q £z,
‘ (LJ Lls) “ (L'q Ty )t
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Rotor winding equations:

, dE Lg—LYL—L L, —L'D(Lg—L!
ng““‘q' — Ef“(’)e (La /d)( d Is) ig—11 ( d ’d)( d 5 d) E;
dt I~ Ly (L~ Lis)

(La— LWLy —LYy ,
{ T —Ly? | @t

dE; (Lq — L)LY — Lis) (L —LY(Ly~ L)
T 4= 1 e TR 1y 9 79779 79’ Vg (10.108)
° dr g { Ly —Lis K (L, —Li)? Ea

B m L — L)
(Ly = Liy)? T

v, E|
T// kd — 9 __}L/’ _ L/ — L)
o g T o Mk (Lg = Lis)ia

K | (10.109)
—E
7, dtkq - _Z),i = A — (L — Lis)ig
€

Torque equation:
Elig+ Eljiq
q°4 d " YT
e L,~L N.
l ( We +( 7 d)ldlq "
Ejig+ Eqia

we [ wp

(10.110)

P S RN
N t\.)i"t:j

) +a)b(L;' - Lg)idiq] pu

Rotor equation:
dwrm
dt

d{(wr — we)/wp)
"“‘““C“‘[}?i"“““" == Tam(pu) + Tmech(pu) - Tdamp(pu)

J

= Tom + Tiech — Tdamp N.m

2H pu (10111

ds P .
-Zl—}f = @ ~ W,, Wy = ~2~w,m (10.112)

10.5.3 Neglecting Sub-transient and Transient Saliency

Most practical power systems have a fairly extensive network linking the generators.
For transient stability studies, the focus is on the ability of the generators to remain
in synchronism in the ensuing electromechanical oscillations. Usually, the much faster
electromagnetic transients of the network can be neglected. Representing the large
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.
r+Hx !

Figure 10.3 The voltage behind a transient
impedance model.

network by a static rather than dynamic representation results in considerable savings in
computational time in transient stability studies.

Further simplification, at the generator level, can be made by ignoring the changes
in stator gd flux linkage terms of the stator voltage equations. To avoid algebraic loops
involving the static network equations and the static equations of the stator, these equations
ought to be properly combined. As illustrated in greater detail later in Project 2, the
transformation of the stator equations in the rotor reference frame to the synchronously
rotating frame of the network involves the time-varying rotor angle. If the effective stator
impedances in the ¢- and the'd-axis are the same, in other words, there is no rotor saliency,
the resulting impedance in the synchronously rotating reference will not be a function of
the rotor angle. If not, the resulting impedance is a function of the rotor angle and its
value will have to be updated as the rotor angle changes. The computational advantage of
a constant effective stator impedance which can be absorbed into the network’s admittance
or impedance network can be significant.

Fortunately, the sub-transient saliency of many machines is usually small, that is L/ =
Ly. Where simpler models are desirable, the transient saliency can also be neglected by
setting L, = L;‘ For example, the model given in Table 10.2 can be further simplified by
neglecting transient saliency. Using the relationship between time phasor and space vector
given earlier in Eqs. 7.62 and 7.63, we can rewrite the stator gd voltage equations of the
model given in Table 10.2 as

g = jug = —(rs + jxg) (g — jia) +(Ey — JE) (10.113)
v i i
/

The dynamics of Ej, and E; are governed by Eq. 10.50. With x, = Xy,

equation in Eq. 10.52 becomes

the per unit torque

Top=—ET+  pu (10.114)

If the dynamics of the transient voltages, £, and Ej in Eq. 10.50, are ignored, E will
be a constant phasor and we will obtain the classical voltage behind transient impedance
model consisting of only Eqs. 10.113 and 10.114. An equivalent circuit representation of
Eq. 10.113 is given in Fig. 10.3.

10.6 EXCITATION SYSTEMS

Excitation systems may be classified according to the primary source of excitation power:
de, ac rotary, or ac static. In many of the older dc-type excitation systems, the primary
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Figure 10.4  de-type excitation system.

excitation power is from a dc generator whose field winding is mounted on the same shaft
as the rotor of the synchronous machine. The dc generator serves as the main exciter; it, in
turn, may be separately excited by another exciter. Figure 10.4 shows an example of such
a dc excitation system with an amplidyne exciter.

Most modern excitation systems are of the ac rotary- or ac static-type. The ac rotary-
type uses the output of a rotary ac alternator as the main exciter to supply the dc excitation
to the synchronous generator. The two main arrangements are shown in Fig. 10.5. In
Fig. 10.5a, the field winding of the ac alternator is on the same shaft as the rotor of the
synchronous generator. Its stator and the rectifier are stationary. As shown, the rectifier
is a thyristor-controlled bridge whose dc output voltage is electronically controlled by
adjusting the phase delay in turning on the thyristors of the bridge. In this arrangement, the
de excitation current can only flow in one direction. However, bi-directional dc excitation
current can be obtained by using two such bridges connected in anti-parallel. The rectified
dc output of the bridge is connected to the main field winding of the synchronous generator
via a pair of slip rings. The slip rings can be eliminated by interchanging the position of
the armature and field windings of the ac alternator. As shown in Fig. 10.5b, a brushless ac
excitation system has the armature of the ac exciter and the rectifier bridge rotating with the
rotor, and the ac exciter field is stationary.

Most ac static-type exciters draw their primary power from a local ac bus and
use controlled rectification to provide an adjustable dc excitation to the field winding of
the synchronous generator. Figure 10.6 shows an example of an ac static-type excitation
system. Such bus-fed systems are dependent on the availability of the ac voltage, which
could be adversely affected by nearby faults. Some incorporate fault current compounding
to offset the reduction in ac voltage during certain kinds of faults. Compared to rotary-
type exciters, the ac static excitation systems are more compact, less expensive, and have
much quicker response time. For the definitions of various terms used in describing the
performances of excitation systems, the reader is referred to References [109, 111, 115].
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Figure 10.5  ac alternator-type excitation systems.

As mentioned earlier, there are a number of stability issues in which the excitation
system has an important role. Thus, it is not surprising that much has been written
about these systems and the modeling of them in transient and stability studies. For
details on modeling, the reader is referred to References [108, 111]. The wide variety of
design arrangements makes the task of defining generic models difficult. However, the
mathematical representations of some principal parts commonly found in such systems will
be discussed in the following subsections.
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Figure 10.6  ac static-type excitation system.

10.6.1 Voltage Transducer
and Load Compensation Circuit

The error signal to the excitation system is usually obtained by comparing the desired
or reference value to the corresponding rectified value of the controlled ac quantity. The
voltage transducer and rectifier are modeled simply by a single time constant with unity gain
as shown in Fig. 10.7. Any compensation of the voltage droop caused by the load current
using a compensating impedance, R. + jX,, is modeled by the corresponding voltage
magnitude expression, as shownin Fig. 10.7.

10.6.2 Regulator

The regulator section typically consists of an error amplifier with limiters. Its gain vs.
frequency characteristic usually can be approximated quite well by the transfer function
blocks shown in Fig. 10.8. Some degree of transient gain reduction can be achieved using
a compensator that has a Te < Tg. Also shown in Fig. 10.8 at the input of the regulator are
the stabilizer feedback signal, vy, and the supplementary signal, vy, from a power system
stabilizer.

Viref

8 Ve=IVi+(Rg+iX) ! || ——mr
[t =" 1+s5TRp Verr

Figure 10.7 Voltage transducer and load compensation circuit.
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VE Figure 10.8  Regulator amplifier.

10.6.3 dc Exciter

The output signal from the regulator usually must be amplified by the exciter before it has
the necessary power and range to excite the field winding of a large synchronous generator.
The average-value model of a dc exciter includes the field winding, magnetic nonlinearity
of the exciter’s main field path, and the armature. The armature winding usually has a
small number of turns compared to the field winding; as such, the small resistance and
inductance of the armature winding are often neglected. Since the intended application
of these computer models include large signal variations, limits and nonlinearities are
considered important characteristics to be modeled.

The voltage equation of the field winding and terminal voltage vs. field current curve
of the armature may be expressed as

iy (ip)
di (10.115)

vp = ipry -+
Uy = f(ifa ix)

The subscripts, f and x in this section, denote the quantities of the field and armature
windings of the exciter. The output voltage of the exciter is typically a nonlinear function
of the field and armature currents. At a given i, the field current may be expressed in terms
of the armature output voltage, vy, and the exciter saturation function, S,, that is

if:—lgf—weux (10.116)

ag

Typically, two values of the saturation function, S,, are given: one at 75 percent and the
other at the full maximum value of v,. Based on these two values, a useful region of the
S, curve about the normal operating condition can then be approximated by an exponential
function of the form:

Se = Agy expBerts (10.117)

Figure 10.9 shows the magnetization curve of the dc exciter loaded with a fixed resistance
corresponding to some desired steady-state value of i,. It is evident from Fig. 10.9 that the
value of §, changes with the operating point. Using Eq. 10.116 to replace ir in the field
voltage equation of Eq. 10.115, we obtain
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Figure 10.9 Magnetization curve of dc exciter.

dhg(ve)
dt

. dhr(vy) dv
= R; {14 RagSe(ip) } ve + ;z()x ) gf
There is more than one base system in use for per unitizing the parameters of the exciter.
For example, in Appendix A of [111], the value of exciter output voltage that produces rated
open-circuit stator voltage on its airgap line is chosen as the base, vypgge, for both v, and vy,
That of vypase/ Rag is the base value for the exciter field current. With this per unit system,
the exciter’s field current and voltage equations become

.
Uf = {Ef— + Se(if)rf} Vx +
# (10.118)

ifpu = Vxpu + Rag Se (if)vxpu

ry . dhy () dvypy
Vipu = Rug {1 “ RagSe(zf)} Vypu + dvxr dl’
dv (10.119)
{ 1+ Sepu (pru)) Uxpu + T8 drtpu
dv
Sepu(vtpu) Vgpu + TE dxtpu
where
s A_ifpu""vxpu/Rag«A"‘B
i Vepu/ Rag B
. d)-f(vx) d)‘-f(vxpu)
E = ==
dux dVspu (10.120)
i
K =
E Rag

=0
Sg =~ Sepu (Vxpu)
Rag
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Figure 10.10  Transfer function of dc exciter.

Figure 10.10 shows two possible block diagrams of the transfer function between v, and vy,
based on the two different forms of the field voltage equation given in Eq. 10.119. When
using these representations to simulate operating conditions where the exciter field circuit
resistance may be varied, it is important to note that the feedback gain is a function of ry;
however, tg will not be affected by changes in ry.

10.6.4 Stabilizer

The role of the stabilizer shown in Fig. 10.11 is to provide the needed phase advance
to achieve the proper gain and phase margins in the open-loop frequency response of
the regulator/exciter loop [113]. Stabilizers are used in two situations: one is to enable a
higher regulator gain in off-line operations by compensating for the large time constant
of the exciter, and the other is to counter the negative damping introduced by a high
initial response excitation system in on-line operation. A similar reduction in gain of the
excitation system over the transient period can also be achieved using a lag-lead circuit with
appropriately chosen values of 75 and T¢ in the forward path shown in Fig. 10.11.

VAmax

Vsupp /
v . i+8Tg Kp VR = Vipu 1 Vx=Vxpu
r B
or @"’ T+sTg 1+sTp O Kg o sTg

VRmin

Selvxpu)

SKe

1esTe

Figure 10.11  Stabilizer for the regulator/exciter loop.
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10.6.5 Diode Bridge Operating Characteristic

The full operational characteristic of a bridge rectifier fed from a three-phase ac voltage
supply with a finite ac inductance may be divided into three modes:

In Mode 1, two or three diodes conduct alternatively, three when the diodes are
commutating. The delay angle, «, is zero and the commutation angle, u, increases from 0
to 60°. It can be shown that the range of the dc output current, I, in Mode 1 is from 0 to
Iy, where I is the peak value of the prospective short-circuit current during commutation.
Over that range, the average value of the output dc voltage decreases linearly from an open-
circuit value of Vy, to 0.75V,,. When the peak value of ac phase voltage is Vj, the open-
circuit de voltage, Vyo, 18

3.3
Vio = wg:vs (10.121)

The output characteristic of the diode bridge in Mode 1 is given by
Va = Vao — Rely (10.122)

where the commutation resistance, R,, of a single six-pulse bridge is equal to 3w, L. /i, L,
being the ac-side inductance on each phase of ac supply to the bridge.

As Iy increases, the longer commutation time may extend beyond the natural
commutation point of the next diode coming on. The so-called Mode 2 is characterized by
three diodes always conducting, as the delay angle, «, increases with Iz from 0 to 307, while
the commutation angle, «, remains at 60°. The range of the dc output current is from /,2/2
to v/31;2/2. Over that range of dc output current, the average value of the output de voltage
decreases on a curve from 0.75Vy, to \/§Vd0/4 in a nonlinear manner given by

Vu (10.123)

_ Y3V 1_(2&;1(1)2
2 V3V

In Mode 3, three and four diodes of the bridge are conducting alternatively. The delay
angle, o, remains at 30°, while the commutation angle increases with I, from 60° to 120°.
The range of I; in Mode 3 is from «/§[5~2/2 to ?,Ixz/\,@. As I, increases, the average value
of the dc output voltage decreases linearly from +/3V,, /4 to zero. At the end of Mode 3, u
is 120° and four diodes will be conducting, shorting all three phases of the ac supply. Note
that at that point, [ = 21,,7_/\/’3‘ = Vy/weLc; its value is equal to the peak three-phase short-
circuit current. Figure 10,12 shows the range of the three modes of a diode bridge rectifier
with finite ac inductance,

10.6.6 Power System Stabilizer

When it became apparent that the action of some voltage regulators could result in negative
damping of the electromechanical oscillations below the full-power transfer capability,
power system stabilizers (pss) were introduced as a means to enhance damping through the
modulation of the generator’s excitation so as to extend the power transfer limit. In power
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Figure 10.13  Power system stabilizer.

system applications, the oscillation frequency may be as low as 0.1 Hertz between areas, to
perhaps as high as 5 Hertz for smaller units oscillating in the local mode.

Figure 10.13 shows the main circuit components of a power system stabilizer; it
consists of the following parts:

1. A wash-out circuit for reset action to eliminate steady offset. The value of the T, is
usually not critical, as long as the frequency response contribution from this part does
not interfere with the phase compensation over the critical frequency range. It can
range from 0.5 to 10 seconds.

2. The two stages of phase compensation have compensation center frequencies of

Vor /T and 1 /27 ST5T5.
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3. A iilter section may be added to suppress frequency components in the input signal
of the pss that could excite undesirable interactions.

4. Limits are included to prevent the output signal of the power system stabilizer from
driving the excitation into heavy saturation.

The output signal of the power system stabilizer is fed as a supplementary input signal,
Usupp» to the regulator of the excitation system. Although the preliminary circuit design may
be based on a small-signal model of the system using phase compensation or root locus
techniques, the nonlinear action of the system and pss should not be ignored.

10.7 SHAFT TORSIONAL

The instantaneous torque of an electric machine may contain components which interact
with the torsional modes of the mechanical shaft. Since the synchronous torque or power
is a function of rotor position, a transient twist of the generator rotor translates to torque or
power transients which, if reinforced, could lead to disastrous consequence. Examples of
known torsional interactions include subsynchronous oscillations between a generator and
series capacitor-compensated lines [116] or the firing control of a high-voltage dc converter
nearby [107]. Besides control interactions, material fatigue from accumulated torsional
oscillations are afso of concern.

The shaft of a turbine generator is a complex mechanical assembly of several shaft
sections with a large number of torsional modes of vibration. Although the complex shaft
assembly can be represented by a continuum model in which the shaft is subdivided into
minute cylindrical sections, such detailed modeling is often seldom necessary. When the
torsional modes of concern are below the synchronous frequency, it has been shown that
a simpler representation of the shaft using a lumped-mass model is often adequate. The
classical lumped-mass model of a turbine shaft represents the generator’s rotor, turbine
blades, and the exciter’s rotor as separate masscs connected by weightless springs. The
torsional modes or natural frequencies below the system electrical frequency from such a
model are quite close to those obtained from the more sophisticated continuum model.

Figure 10.14 shows a typical lumped-mass representation of a generator shaft. The
equation of motion of the n-disk torsional system of Fig. 10.14, expressed in the same per
unit torque as that used for the generator, is

2—H<§+Df)+l{8 =T  pu (10.124)

wp
where 6 is the vector of angular displacements or twists of the individual disk to a common
reference, in electrical degrees. Here, 6 is positive in the direction of rotation of the shaft,
and for convenience of expressing the terms in K6, 6 is measured with respect to the first
disk in the order that Eq. 10.124 is written, that is 9| = 0. The base angular frequency in
clectrical radians per second is wy. T is the vector of externally applied torques on the disks.
H is a diagonal matrix whose diagonal elements are the inertia constants of the disks in per
unit torque electrical radians to per unit speed, thatis H=diag(H;, Ha, ... H,). The inertia
constants of the various masses are with respect to the same volt-amp base as the generator.
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Hp Hg

Figure 10.14  Flexible shaft representation of a generator shaft.

Using the angle of the first disk as the common reference for the angular displace-
ments of the other disks, the stiffness matrix, K, for the serial assembly is a tri-diagonal
matrix:

kia  —kp2
—kay ki +koy =k
—~kyy ka3 4k —ku
(10.125)

k(n~l)(n~— ) k(n~l)n
kn(nﬂl) krm

Koy =k
Ky = ki-ni +kigan
Kiivn = Kayrn =kowni = —kigey =23, ,n—1 (10.126)

K(n~n) = k(/!—l)n

where k;; is the torsional stiffness or spring constant of the portion of the shaft connecting
masses / and j in units of per unit torque to electrical radians. It is a function of the modulus
of rigidity of the material, the section modulus, and the length of that portion of the shaft.
The matrix, D, is the damping coefficient matrix, representing torsional damping

between the masses. In modeling, it is usually assumed to be tri-diagonal, like K:

dip+dig —dy1
—dy  dip+dpdy —dy |

D= o (10.127)

o dp-Dm-1) dp-1n
d(n—— bn dnn
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Dayy=diz+dio
Dgp =di-1yi +dig+1y +dio

Diivn =D =dorni = —dig+ny  i=23,...,n=1  (10.128)
D(n.n) = d(n-l)n »

where d;o is the viscous damping of the ith disk to the synchronously rotating reference
frame, d;; is the viscous damping between the ith and jth disks, both in units of per unit
torque to per unit speed. In practice, the damping coefficients are difficult to determine
accurately. Their values are usually determined in the modal domain where the damping
of individual modal components is more easily measured.

For simplicity, we will begin the modal analysis without the damping term, in which
case, Eq. 10.124 of the shaft assembly reduces to

M .
My ke =T (10.129)
wp

or

6§+%1H“K9 = %’iH“‘T (10.130)

The matrix, w, H™'K/2, is referred to as the torsional system matrix, which in general,
is a non-symmetric tri-diagonal matrix. Ignoring the excitation term on the right side of
Eq. 10.130 and assuming harmonic motion, that is @ = —A8, the natural (unforced) system
equation becomes
(7 S

[-—;’H ’K~x1}5=0 (10.131)
The characteristic equation of the torsional system is the determinant of the matrix,
[“H~'K — AIl, equated to zero. The roots, A, of the characteristic equation are known as
the eigenvalues. The eigenvalues are the square of the natural or modal frequencies, wy,, of
the torsional system, that is

M=o, i=1,2,.,n (10.132)

Since the entire shaft assembly rotates as a solid body, it belongs to the class called
semidefinite systems, which are characterized by one or more of shaft’s natural frequencies
being equal to zero. In this instance, the mode with zero natural frequency is referred to as
the zero mode of the torsional system. It is the mode that we have modeled in previous
equations of motion of the rotor where we have implicitly assumed that the entire rotor
assembly rotates as a single body. When the n disks of the shaft assembly are connected
by (n — 1) flexible shaft sections, there will be (n — 1) other modes of torsional oscillations
besides the zero mode.

By substituting A; into the natural system equation, we can solve for the right
eigenvector or mode shape vector, 0.

[%H“K——Ail]em,» -0 (10.133)

or
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2
‘““iﬂgmi = Ko : (10.134)
wp .
Pre-multiplying Eq. 10.134 by the transpose of the mode shape vector, 0,7, we have
2h;
zo—bia,'n HOyi = 0}, Kb (10.135)

Using a similar procedure, but with the ith and jth modes interchanged, we obtain

21
Zb—’e,;,ﬂemj = 0!, Kb, (10.136)

mi

Since the matrices, H and K, are symmetric,

Oy HOmj = 6, HO,,

‘ (10.137)
08, K0y = 0, K,

Subtracting Eq. 10.135 from Eq. 10.136 and using the relations given in Eq. 10.137, we
obtain

9 .
«(X,-—M)anjﬂﬁmi:() (10.138)
wp

Since the eigenvectors are orthonormal, for &; 5 A,

{9,‘,U.H49,,,,- =0 (10.139)

We can see from Eq. 10.135 that

(),',U Kb, =0 (10.140)

However, fori = j,

(),IMHQ,,,,' = Hmi
(10.141)
g,lm'K@mi = Kpni

where H,y; and K,,,; are known as the generalized (or modal) inertia constants and stiffness,
respectively.

The orthonormal eigenvectors form a set of principal coordinates in which Eq.
10.124 can be expressed in a decoupled form, in which each component can be solved
independently of the other. Let Q be the matrix whose columns are the right eigenvectors of
the matrix H~'K. The matrix, Q, is not unique, it can be multiplied by an arbitrary constant,
that is

Q=0R (10.142)

where the scaling matrix, R, is a diagonal matrix of the same order as Q. Q or {J is often
referred to as the modal matrix, because its # columns represent the modes of vibration or
degree of freedom of the n-disk system. For example, that which corresponds to a natural
frequency of zero is referred to as Mode 0. And that which corresponds to the next higher
natural frequency is referred to as Mode 1, and so on.
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The transformation from actual to modal angles can be performed by substituting
0 = Q6. Pre-multiplying Eq. 10.124 through by Q' and making the above-mentioned
substitution, we obtain

2 - R . - - - -
— Q'HQO, +Q'DQO, +QKQ, =Q'T (10.143)
(D S’ E— S s S o

Hm Dy Km Tm

A subscript, m, is used here to denote the corresponding modal quantities. For the shaft
assembly, the modal inertia and stiffness matrices, Hy and Ky, are diagonal matrices.
Often, the damping coefficient matrix, D, is casted into the same form as H and K, in which
case, the matrix, Q'DQ, will also be diagonal. Denoting the modal inertia, stiffness, and
damping coefficient matrices by Hy,, K, and D,,, respectively, Eq. 10.143 can be written
as

2 . ‘ A
'C‘O“‘Hmem + Dmem + Kmam = QrT (10 144)
b
or
. w . w, W, b
9,,,+~§H;,1Dm0m+-2[1H;;‘Km8m - ~2—b—H,;1Q‘T (10.145)

Since H,, Dy, and K,, are diagonal matrices, the equations for the modes are
decoupled from one another and have a form similar to Eq. 10.145. For example, the
torsional equation of the mith mode is

- wp Dy - 5 wp .

6171i+m9ztzi+w,n[9mi = EH"‘;Tmi L= 1,2»-“ R (10146)
where m1 is referred to as Mode 0, m2 is Mode 1, and so on. Comparing the form of the
above modal equation with that of the normal second-order equation, that is

. . wy
Omi +2‘:l WiniOpi +wg”'9mi = m

Tni (10.147)
we can identify that

wp Dppi
2 Hmi

The damping factor, ¢;, is a dimensionless quantity. It is defined as the ratio of the actual
damping to the critical damping. When ¢; < [, the response will be under-damped and may
be expressed in the form:

Omi () == Oi (0 ™5 sin(wpmi/ 1 = &7t + 1) (10.149)

In practice, the damping values are often determined from measurements of the modal com-
ponent’s decay in torsional oscillations. One such measure is the logarithmic decrement. It
is defined as

2 iwmi = (10.148)

Ly Om©O (10.150)

"o 2mne
gmi
@i

S
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where 6,,; (0) and 6,,; (35 2’”" ) are the peak values of 6,,; at the first and n.th cycle. Eq. 10.150°
may also be expressed as

N 1 ;
5 :_mm@i’iL (10.151)

- 2xn
Ne 9,7,;‘ (O)e"srwrm(’(;’;f‘)
which simplifies to
B & =27y (10.152)

In terms of the logarithmic decrement, the damping coefficient in Eq. 10.148 is
2iwom = 23, (10.153)
b1
Another measure is the decrement factor. It is defined as the inverse of the time constant
for the envelope of the measured oscillations of a modal component to decay to 1/e of
its original amplitude. The relationship between the decrement factor and logarithmic
decrement is
o= fuidi = 205 sec™ (10.154)
2
From the relationships given in Egs. 10.148, 10.152, and 10.154, the modal damping
can be determined from the measured decrement values using

2 wpi
Dpi = "’"‘“Hnugt
T wy

10.155
4 ( )

=~ L O
w,

10.7.1 Simulation

As mentioned earlier, Mode O of the rotor corresponds to rigid body rotation; the elements
of the Mode 0 eigenvector are all of the same value, In the following discussion, we will
assume that the eigenvector of Mode 0 is the first column of Q. Since the modal frequency
of Mode 0, w1, is zero, Eq. 10.146 for Mode 0 may be rewritten into a form similar to Eq.
7.91, and simulated as before. From Ty, = Q'T, the input modal torque of Mode 0 may be
expressed as

n
Twi=y 4Ty (10.156)

where g1 is the jth element of the first column of Q. Using the above expression for Ty
and a wy, of zero, Eq. 10.146 for Mode 0 may be expressed in the form

2Hm1 d Bml & deml
o aR Zq,,T D,,,l—ﬁ (10.157)

From the relation, H,, = Q‘ HQ, we can deduce that the value of modal inertia for Mode 0,
Hyy, is given by
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n
Hpt =) G H, (10.158)
=1

where H;’s are the inertia constants of the disks on the rotor assembly. In general, the values
of the modal inertia and damping will depend on the scaling applied to Q. The right-hand
side of Eq. 10.157 corresponds to some scaled magnitude of the net acceleration torque
on the entire rotor. For generating operations, the turbine torques will be positive in the
direction of rotation. They are opposed by the electromagnetic torque developed by the
generator and the damping torque. )

If the angle of the generator disk corresponds to the gth row in the transformation
0 = Q8,,, the generator’s rotor angle, §, measured with respect to a synchronously rotating
reference, is

(S:(Igleml+C]g29m2+--~+Q’gnemn (10.159)
Mt
Mode 0 other modes

The modal angles of the other torsional modes can be obtained by integrating their
respective equations in Eq. 10.146, rearranged in the form:

wp

Opi = ps Toni — 2{iwmi9’mi “w?ni()mi i=2,3,...,n (10.160)

“tdmi
The input modal torques, Ty, in Eq. 10.160 can be derived from the externally applied
torques on the disks using T, = Q'T, that is

n
Twi= GLT;  i=23...n (10.161)
i=1

where q;j is the (i, j) element of the transposed eigenvector matrix, Q', and 7} is the jth
element of the vector of externally applied torque, T. The solution of Eq. 10.160 yields the
rest of the modal angles in 6,,.

The angles of twist with respect those of disk | can be determined from 6 = QGm.
More frequently, the shaft torques between disks are of interest. Shaft torque can be
computed from the product of the shaft stiffness and the relative angle of twist. For example,
the torque carried by the shaft section between the /th and jth disks can be computed using

Tij = kij (6 —6;)

. (10.162)
=ki; Z(éu ~q1)Omi
I=1

10.7.2 Computing Q and Scaling

When computing Q, there may be advantages in noting that the computation of the
eigenvectors of a symmetric matrix is much easier than that of a non-symmetric matrix.
We can avoid computing Q directly from the matrix, H™'K, by introducing an intermediate

transformation, 6 = H™ 1. Substituting this into Eq. 10.130 yields
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J b ku-ts=T
wp

or

H PKH 15 = DHIT (10.163)
Since K is tri-diagonal symmetric and BT s diagonal, the matrix, H’%KH”%, is a tri-
diagonal symmetric matrix.

Let S be the matrix whose columns are the eigenvectors of the tri-diagonal sym-
metric matrix, H tKH" . The eigenvectors of the symmetric real matrix are real and
orthonormal, If we were to reintroduce the damping term to Eq. 10.163 and apply the
transformation, § = 86,,, and the scaling transformation of Eq. 10.142, we could obtain the
modal equation given in Eq. 10.143. However, by using this two-stage transformation, we
have simplified the computation of the eigenvectors. The computation of the matrix, S, is
less time-consuming than that of computing Q directly because the matrix HIKH™? i
symmetric. The matrix, Q, can then be determined using

Q=H"18 (10.164)
and that of Q from
Q=0QR (10.165)

Since both H~ and R are diagonal matrices, the computational effort involved in Egs.
10.164 and 10.165 will also be small.

The MATLAB eig function yields eigenvectors that are already scaled to unit length
vectors. If you are using a routine that doesn’t and you want the eigenvectors to be scaled
to unit length, the scaling matrix to use will be of the form:

R =diag (10.166)

1
\/Z 4 \/Z ah \/Ziqizn

If the generator simulation is to handle either rigid- or flexible-shaft-type studies, there may
be an advantage in choosing a scaling matrix such that the eigenvector corresponding to
Mode 0 is all ones, that is ¢;; = 1 for all j. It is equivalent to specifying that the Mode 0
shape vector is all ones. This condition is obviously satisfied using the scaling matrix given
below:

R=diag (»—L L J—) (10.167)

qgt g2 Qgn

Note that scaling the largest element of each eigenvector to unity will also produce a Mode
0 shape vector of all ones, since the elements of the Mode 0 vector are all equal. With an all-
one Mode 0 eigenvector, the resultant Mode 0 inertia and acceleration torque in Egs. 10.156
and 10.158 will reduce to simply the sum of the actual inertias and the algebraic sum of the
torques on the rotor assembly, respectively.
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In addition to an all-one Mode 0 eigenvector, the R of Eq. 10.167 also produces a Q

matrix that has arow vector of all ones in the row corresponding to the generator mass. Since
T = Q'T, using such a transformation will produce in each modal torque a unit of the
generator’s electromagnetic torque, 7T,. This may be advantageous when the objective of the
study is the torsional interactions of the rotor shaft assembly from only the electromagnetic
torque, Ty, of the generator. For such a study, the other excitation torques of the turbines
and exciter may be ignored, and the resulting input modal torques will all be equai to 7,,.

10.8 SYNCHRONOUS MOTOR DRIVES

Earlier, in Section 5.6, we showed that a set of three-phase windings excited with a balanced
set of three-phase currents will produce a rotating mmf, sinusoidally distributed in airgap
and of constant amplitude. Specifically, if {,(¢) = [,,coswt and i, and i, lag i, to form a
balanced set, the resultant mmf at an airgap point 6, from the axis of the a-phase winding
may be expressed as

- 34 IN,')hkul
F(f,,1) = 3‘; ‘7}““‘ Ly cos(8, — wt) (10.168)

£
where N, and k,, are the number of turns per phase and the winding factor of the phase
windings, respectively. If the excitation source on the rotor produces an mmf in the airgap
that is also sinusoidally distributed about the rotor axis with a peak value of Fi., say
displaced at an angle 8;, ahead of F; as shown in Fig. 5,14, the excitation torque from the
interaction of the stator and rotor mmfs given in Eq. 5.55 may be written as

T == —K Iy Fy sindy, (10.169)

where K is a constant factor that includes machine dimensions and winding factor. Equation
7.67 also shows that even when the rotor has no mmf source of its own, as in the case of a
reluctance motor, the magnetic saliency of the rotor will still result in a steady alignment or
reluctance torque from the rotating stator’s mmf.

With a power electronic inverter supplying power to the stator windings, both the
frequency and phase of the stator currents can be electronically controlled to produce a
stator mmf that will rotate in synchronism with the rotor, that is, §;, can be maintained
constant. Equation 10.169 indicates that the torque per stator ampere, that is 7/1,, is
maximum when &, is held at 90°. Such an operating condition is analogous to the
operation of a dc machine, where the brushes and commutator switch the currents flowing
in its rotating armature windings to produce an armature mmf that is at right angles to
the stationary field winding’s mmf. Thus, a synchronous motor with an inverter supply
controlled in this manner may be viewed as a dc machine with stationary armature and
the inverter functioning much like the brushes and commutator of a dc machine to keep
the stator mmf in synchronism with the rotor mmf. This similarity has resulted in the use
of the term brushless dc motor, usually in reference to a permanent magnet synchronous
motor with an inverter that is switched in accordance with its rotor position. The use of
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rotor position information to direct the switching of the inverter is generally referred to as
self-controlled. '

Synchronous motors can operate in parallel from an adjustable frequency inverter ‘
in an open-loop manner that is not self-controlled; their speed will be determined by
the common inverter frequency. Their operating characteristic in open-loop control will
be just the typical synchronous machine characteristic of load angle varying with output
power, rotor swing, and the possibility of losing synchronism with the inverter supply.
Most modern drives are of the self-controlled type with an additional speed or torque
regulation loop. Excluding cycloconverter drives, most are dc link converter arrangements
with either voltage or current source characteristic to the motor. A line-commutated current
source inverter often is a practical choice for a large synchronous motor drive from the
standpoint of commutation requirements, freedom of the motor voltage, and protection
against overcurrent. '

Medium to large horsepower synchronous motor drives are mostly line-commutated,
mainly because forced commutation with auxiliary commutation circuits and associated
commutation losses are not practical at high power. Besides, line-commutated converters
with thyristor switches have a proven record in high-voltage dc transmission systems.
Figure 10.15 shows a simplified diagram of a line-commutated synchronous motor drive
with self-control. Such a drive is also referred to as a load-commutated synchronous motor
drive. Power from the ac supply source is first converted to dc by the source-side converter,
which normally operates in the rectifier mode to control the dc current while the motor-
side converter operates normally in the inverter mode to power the motor. Adjustment of
the output torque, and hence also the speed of the motor, is through the control of the dc

* o L]
om oy i ' { b Three
— 4 Gating
s ‘
Q K O.,_,‘#_/_ Circuitry -+ Phase
) ) i Rectifier
speed current
Orm controller controfler  ldc + -
Dc Bus
1 *|  Extinction angle — ;:rae;
— !
control gating , —{>L— e
i
Excitation SM
controller

@ Resolver

Figure 10.15 Line-commutated synchronous motor drive.
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current. In the self-controlled mode, the switching frequency of the inverter is decided by
the rotor speed.

The line-commutated inverter relies on the back emf of the motor to naturally
commutate the current from one path to another. The line voltage provides a forward bias to
the thyristor that is to be turned on. The same voltage will commutate the current from the
thyristor that is to be turned off to that which has just turned on. Although the theoretical
range of the phase delay for inversion is from 90° to 180°, in practice, a lower limit of
around 150° may be used to allow for the commutation delay and the turn-off time for the
thyristor to recover its blocking voltage capability. The commutation delay is a function of
the magnitude of the dc current and the available commutating voltage at that point of the
cycle.

That the phase delay must be less than 180” implies a motor phase current that is in
advance of or leading the phase voltage. In other words, the motor should operate with a
leading power factor, or overexcited. At very low speeds, typically under 10% rated, the
back emf of the motor may not be of sufficient magnitude to commutate the thyristors
reliably. Schemes that can be used to start the motor include using a pony motor, adding
a fourth leg to the inverter and connecting a commutating capacitor between the center of
the fourth leg to the neutral of the motor to provide forced commutation capability at low
speed, or using the rectifier to modulate the de link current to zero after each pulse of current
to allow the conducting inverter thyristors to regain their voltage blocking capability. The
last approach is often preferred as it requires no additional components, just additional
coordination between the controls of the rectifier and inverter.

The drive is inherently capable of four-quadrant operation. Reversal of power flow
from motor to ac source can be easily accomplished by a reversal in polarity of the dc
link voltage, and not the direction of dc current, by switching the mode of operation of
the ac source side and motor converters, the former to inverting and the latter to rectifying.
With six pulse bridges, low order line harmonics and harroonic torque pulsations can be of
concern. Another disadvantage is that the ac-side power factor will decrease with the dc
link voltage when the motor is not operating close to rated speed.

The control of output torque has to be coordinated with the control of the field
excitation, as the increase of output torque with stator current for fixed excitation has a
certain ceiling beyond which torque can actually decrease with a further increase in stator
current. A measure of the degree of iron utilization is the volt/hertz. To keep the stator’s
volt/hertz constant when excitation is held fixed, the stator’s reaction along the d-axis, that
is 14xqq, will have to vary with output torque.

At the lower voltage and current ranges, forced-commutation by auxiliary resonant
circuits or devices with inherent turn-off capability becomes practical. One obvious
operating advantage with forced commutation is that the motor no longer has to operate
with a leading terminal power factor. At the low power range, fast switching field-effect and
insulated gate bipolar transistors can easily control the waveforms of the stator currents over
a wide frequency range. For a wound-field synchronous motor that has almost sinusoidal
airgap field distribution, supplying it with the proper sinusoidal stator currents will result
in a smooth average torque. But, for a permanent magnet motor with surface mount
magnets that has trapezoidal rather than sinusoidal airgap field distribution, a simple
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block modulation of the stator currents can be used to obtain. a steady and reasonably
smooth torque. Whereas true sinusoidal waveform control of the stator currents will require
continuous and more precise information about the rotor’s position, such as that from a
resolver, that for simple block current modulation can utifize Hall-effect devices as rotor
position detectors to perform the necessary switchings at discrete positions of the rotor.

10.9 PROJECTS
10.9.1 Project 1: Transient Models

The purpose of this project is to compare the transient and small-signal results of the
transient model with stator transients neglected with those obtained using the full model
described in Chapter 7. To facilitate the comparison we will again perform these tests
using the parameters of the 9375-kVA, 12.5-kV, 60-Hz, two-pole synchronous generator
of Projects 1 and 3 of Chapter 7 in which the full model was used.

The system of our study is the one machine to infinite bus system shown in Figure
10.16. The external line parameters, r, and x,, are to be varied to change the electrical
strength of the connection between generator and infinite bus, which in this case supposedly
represents a large system to which the generator is connected.

The following remarks are applicable to the transient and sub-transient models given
in Tables 10.2 and 10.4, respectively, where changes in stator ¢d flux linkages in the qd
rotor reference frame have been neglected. First we take note that the variables in these
machine models are in the rotor reference frame. For the test system of Fig. 10.16, where
we have only one machine and a rather simple external network, we can easily transform
the variables of the external network to the rotor reference frame of that one machine. In
phasor form, the voltage drop across the external line is

V, = (rp + jxo)k (10.170)

Using the relation given in Eq. 7.62, the phasor quantities can be expressed in gd
components of a synchronously rotating reference frame, that is V, = v;’z —~ jug, and

I=1ig — jig. In terms of the qd rotor reference frame of the machine,

Ve — Jvaz = €IV = v iy = jig = eI E — i) (10.171)
Using the above-mentioned relationships between phasors and synchronously rotating
quantities and between synchronously rotating quantities and rotor gd quantities, we can
convert Eq. 10.170 to an equivalent voltage drop in the rotor ¢d reference frame:

infinite generator  fipyre 10.16 One machine to infinite bus
bus system.
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Vo = vl — v, = (et jxo) = jif)

e, + jx)el iy = jia) (10.172)

I

Vg — jvd

i

(re +j/‘7e)(iq = Jia)
Expressed in terms of the same i, and iy of the stator, the external line drop of r, + jx, can

be readily added to the stator winding voltage equations. The stator voltage equations with
the external impedance included become

vg = —(rs +redig — (xy +xia + E
(10.173)
vg = —(ry+re)iqg + (x(; +xe)ig + Ey
Likewise, when using the sub-transient model given in Table 10.4, the external impedance
can be included directly into Eq. 10.106 of the stator gd voltages.

Figure 10.17 shows the SIMULINK simulation given in s/eig for a synchronous
generator connected by a series RL line to an infinite bus. Inside the fmodel block, the
generator is represented by the transient model given in Table 10.2. The components of
the infinite bus voltages, expressed in the synchronously rotating reference frame, are
transformed into the rotor reference frame of the generator in the gde2qdr block using

€

Vgi = Uq

;€088 —v; sind
(10.174)

Vi = vg; $ind + vy, cosd
where § is the rotor angle measured with respect to the g-axis of a synchronously
rotating reference frame. By definition, the frequency of the infinite bus is constant at the
synchronous value. With only one machine, it will be convenient for calculation purposes
to select the phasor of the infinite bus voltage as the reference phasor and also the g-axis
of the synchronously rotating reference frame. With this choice of synchronously rotating

reference frame, vy; in the above equation will be identically zero.

Inside the stator_wdg block, the stator gd currents are determined using the stator
voltage equations that included the external series RL line parameters in series with the

Initialize !
and plot
[ i
in_Er out_Vtl " .
-2 5 out_ligenl
i ie out _Pgen PE]
out_Qgen
in_vdie out_delta >@
out_puslip

tmodel out_Tem

Figure 10.17  Simulation s/eig for
(a) Overall diagram of sTeig linearized analysis.
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u[1]"cos(u[3]) ~ u2l*sin(ula])
fon var
11 sin(u[3]) + u2] cos(u[3])
fon1 vdr

(c) Inside the gde2gdr block

Figure 10.17  (cont,): Simulation s/eig for linearized analysis.

stator resistance and leakage reactance, as given in Eq. 10.173. The same stator voltage
equations, without the external RL line parameters, are used to compute the terminal voltage
of the generator within the stator_wdg block.

The two rotor circuits in this model are represented by the differential equations in
E(’I and £7,. Only the physical field winding on the d-axis has an external excitation of Ef;
that for the g-axis circuit, E,, is zero.

Linearized analysis of a synchronous generator. As in Project 3 of
Chapter 7, we will determine the linear models of a synchronous machine that is generating
directly into an infinite bus at two different operating conditions, this time with a simpler
transient model of the generator. The linear models obtained will be used to determine the
transfer functions, A Pgen/ATmech and A Qgen/AEy. We will then compare these transfer
functions with those obtained earlier in Project 3 of Chapter 7 for the same operating
condition so that we can identify what part of the characteristics are retained by the simpler
model.

First set up the SIMULINK simulation, s/eig, and use m/ to set up the parameters of
the 9375 kVA generator of Project 1, Chapter 7, given in file set/.m. Note that in s/eig, the
inputs and outputs are defined by sequentially numbered input and output ports as required
by the SIMULINK trim and MATLAB linmed functions.

Use the MATLAB M-file, m/, to perform the following tasks:

1. Load the parameters and rating of the synchronous machine given in Project 1 onto
the MATLAB workspace. Make sure that the units used are consistent with those
employed in your SIMULINK representation of the system.

2. Have in mind the operating conditions for which you would like to obtain the linear
models of the system. For the first part of this project, set the values of the external
line resistance and reactance to zero for the generator to be directly connected to
the infinite bus and obtain the transfer functions for the following two operating
conditions:

a. The complex power delivered by the machine to its terminal, Pyen + j Qgen, i8
0,vg; =1 pu, vy, =0, and Dy, =2 pu.

b. The complex power delivered by the machine to its terminal, Pgen -+ j Qgen, is
0.8+ j0.6 pu, v, =1 pu, vg; =0, and Dy, =2 pu.
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Figure 10.17 (cont.): Simulation s/eig for linearized analysis.

3. Setup a for loop to perform the following subtasks for each of the above operating
conditions:

a. Use the SIMULINK trim function to determine steady-state of a desired
operating point of the SIMULINK subsystem, tmodel in sleig.

b. Use the MATLAB linmod function to determine the state variable model, that
is the A,B,C, and D matrices of the linear model. Obtain the system eigenvalues
using the MATLLAB eig function on the system matrix A, that is from eig(A).

c. Use the MATLAB ss2tf to determine the transfer functions of AQgen/ A Ey and
APgen/ AT pecn at each of the above operating points.

d. Use the MATLAB tf2zp to determine the poles and zeros of the two sets of
transfer functions.

e. Plot the root-locus of the transfer functions, AQgen/AEr and A Pyen/ ATpech,
at the operating point where Pyey = 0.8, Qpen = 0.6, v, = 1, and v = 0.

Repeat all of tasks 2 and 3 above for the condition when the external line has a
resistance and reactance of 0.01 + j0.1 pu.

For comparison purposes, the results of the transfer functions given in Tables 10.5 and
10.6 are for the same condition as in Project 3 of Chapter 7, where the generator is directly
connected to the infinite bus; in other words, the external line resistance and reactance are
both zero.

The sample root-locus plot in Fig. 10.18 is for AQg.,/AEy at the operating point
where Pyepn + j Qgen = 0.8+ j0.6 pu, v(‘;i ~jug; =14 j0 pu, and D, =2 pu.

Operating characteristics and parameter sensitivity studies.
Next, we will use the simulation, s/, to examine the dynamic response of the system to a step
change of the input mechanical torque about the operating point to see if the response is as
predicted by the eigenvalues of the linearized model. Figure 10.19 shows the content of the
SIMULINK file, s7; it contains a modified copy of s/eig. The input ports are replaced with



Sec. 10.9  Projects

TABLE 105 APy /AT ech

Output is Pyen + j Qgen =0+ jO  Outputis Pyen + j Qgen = 0.8+ j0.6

Gain is 2.66e—15 Gain is —4.4de—15

Zeros are: ) Zeros are:

—1.130e-+16 0.000e-+00i 2.368e+16 0.000e+00i
—2.439¢-+00 0.000e+4-00i —6.383e--01 0.000e-+00i
—6.383e~01 0.000e-+00i - —=3.374e—01 0.000e+00i
Poles are: Poles are:

—7.870e—~01 5.126e-+00i ~3.95le—01 1.025e+01i
—7.870e—~01 —5.126e-+-00i ~3.951e—~01 —1.025¢+01i
—2.732e-00 0.000e+-00i —3.818e-+00 0.000e+-00i
—6.383e~01 0.000e+001 -3.358e--01 0.000e+00i

TABLE 10.6 A Qgum/AEs

Output is Pyen + j Qpen = 0+ 0 Outputis Pyey + j Qgen = 0.8+ j0.6
1

Gain is 3.57e—01 Gain is 2.7de~0

Zeros are: Zeros are:

—~7.870e-01 5.126e-+001 —3.643e—01 9.620e+00i
~7.870e—01 ~5.126e+00i —3.643¢-01 —9,620e+00i
—2.732e+00 0.000e+00i -~3.58 le+00 0.000e+-001
Poles are: Poles are:

~7.870e--01 5.126e-+00i ~3.951e—01 1.025e+011
~7.870e—01 ~5.126¢+00i —3.95le~01 —1.025¢+011
~2.732e+00 0.000e+00i -3.818e-+00 0.000e+001
-6.383e~01 0.000¢+00i ~3.358e¢~01 0.000e-++00i

constant sources whose values are set to correspond to the steady-state values determined
by the SIMULINK trim function for the desired operating condition.

(a) Set v[‘;i ~ jug =1+ j0, Peen + j Qgen = 0.8 j0.6, D, = 2, and the values of
the external line resistance and reactance to zero. Program the repeating sequence source
representing the externally applied mechanical torque, T,yyecn, with time values of [0 7.5 7.5
15 1522.5 22.5 30 ] and output values of (0.8 0.8 0.9 0.9 0.7 0.7 0.8 0.8 ]. This sequence
of input allows an initial two seconds for any simulation startup transients to settle before
applying the step changes. Use any of the RK methods of integration with a minimur step
size of 0.1 msec, and a tolerance of 1¢~%. Record the response of |V, |Igen|, Tom, P, Q,
and 8. Compare the simulated transient behavior with that predicted from the eigenvalues
of the corresponding transfer function.

(b) Change the value of H, the inertia constant of the machine, from the base value
of three seconds to five seconds and repeat Part (a). Compare the oscillation frequency of
8 obtained in Parts (a) and (b) with the corresponding runs in Project 1 of Chapter 7,

(c) Repeat the simulation runs of Parts (a) and (b) with the value of the external line
resistance and reactance changed from zero to 0.01 + j0.1 pu. Comment on the effects that
an increase in line impedance has on the frequency and damping of the electromechanical
oscillations.
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Figure 10.18 - Root-locus plot of AQgen/ALy.
10.9.2 Project 2: Multi-machines System

The objectives of this project are to implement the SIMULINK simulation, 52, of the simple
multi-machines system in Fig. 10.20 using the transient model for the generators, and to use
the simulation to examine the interactions between generators.

In stability studies, the main interest is the transients of the electromechanical
oscillations and the concern is whether the generators will maintain synchronism. To
keep simulation effort to a reasonable level, the fast electromagnetic transients are usually
neglected. Furthermore, the static representation of the network retains only a subset of the
network nodes where the generation and load behavior are of interest.

In this project, we will examine the modeling issues arising from the use of the
transient model given in Table 10.2 in conjunction with a static network representation.
In Fig. 10.20, the infinite bus represents the rest of the system and generators gen! and
gen? are local generators, whose transient behavior are of interest in this instance. Each
of these two generators will be represented by a transient model. With an infinite bus in the
network, its voltage phasor can be conveniently chosen as the reference phasor for the angle
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Figure 10.20  Four-bus test system.

of other bus voltages and rotor angles. If there is no infinite bus, the rotor g-axis of one of
the generators may be chosen as the reference axis instead. In a simulation, the rotor speed
of the reference machine can be held steady by setting its inertia to some very large value.

We will take this opportunity to elaborate on the conditions for proper interfacing
of the dynamic equations of the generator to the algebraic equations of the static network
representation. When the stator equations of the generator model are a set of dynamic
equations, interfacing them with the static equations of the network is not unlike that
of interfacing the full model to an external set of resistive loads that has no dynamics.
However, when the time derivative terms of the stator gd flux linkages are dropped from
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the stator voltage equations, as in the stator voltage equations-of the transient and sub-
transient models presented in Tables 10.2 and 10.4, the resulting stator voltage equations
will become algebraic. Algebraic loops will be formed if these algebraic stator equations
and those of the static network representation are to be solved separately. To avoid algebraic
loops, we will have to combine them. As shown in the previous project, with one machine
and a simple radial line, we can easily incorporate the network equations into the stator gd
equations. But, for a system with more than one machine or where the dimension of the
network equations is large, the stator voltage equations are best incorporated into those of
the network. Since the stator voltage equations of the models given in Tables 10.2 and 10.4
are in terms of gd variables in the machine’s own rotor reference frame, to incorporate these
stator voltage equations into those of the network equations which are usually expressed
in phasor form, we will need to express the stator voltage equations in the synchronously
rotating reference frame whose g-axis is aligned with the reference phasor.

For example, those of Table 10.2 with variables in their respective rotor reference
frames can be expressed in the complex or space vector form as

(Uq - jU(l) = “‘f\‘(iq - jill) “x;[l.d *jx;/iq + (E(II - jE(/]) (I0175)

Substituting (v, — Jug)=e I8 (g — juy and (iy — jig) = e~ 2(i¢ — jif), and rearranging,
we obtain
. e e .. 8 .t y
(g — jug) = —rs(ig = jig) = Xpih— j\qlq + el (B = Ey) (10.176)
With saliency, the reactances to the real and imaginary parts of the current are unequal. On
the Ocher hand, if transient saliency, x); # r in the transient model, or sub-transient saliency,
Xy # Xy " in the case of the sub-transient modd is ignored, incorporating the stator voltage
equanons into the network equations will be straightforward.
Let’s continue with the equations of the transient model to illustrate the procedure
involved. When transient saliency is ignored, Eq. 10.176 reduces to
. e ~ .o e P8 i
(Vg — jug) = —(ry +xp) iy = jig) e/ (£, — JEy) (10.177)
[ — R y——

v i o
The above simplified stator voltage equation in phasor form can be modeled by a Thevenin’s
or Norton’s equivalent, as shown in Fig. 10.21, whose fixed impedance of (r, + ) can now
be easily added to the Zj,s or Yp,, of the network.

If we were to use the Thevenin’s equivalent shown in Fig. 10.21a, the value of the
internal voltage, E’, could be obtained from the simulation of the rotor’s field winding
equation. When the transient impedances of the machines are incorporated in the network
admittance matrix, the injected cusrent, I, can be determined by multiplying the resultant
admittance matrix with the vector of internal voltages. The value of T or i P ig is then
transformed back to the rotor reference frame of the machine to obtain ¢, — jiy thatis needed
for the rest of the machine simulation, including that of the terminal bus voltage of the
machine.

If, on the other hand, we were to use the Norton’s equivalent in Fig. 10.21b, the
equivalent transient source current, I, could be computed from E'/ (r; +x7,) and the value of
the external bus voltage determined from the bus impedance matrix equation of the network,
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(a) Thevenin's equivalent (b) Norton’s equivalent
Figure 10.21 Equivalent network representations.
In the test system of Fig. 10.20, load bus 4 is purposely retained so that we can use

the injected current, L4, to introduce a fault at that bus. The bus admittance matrix equation
of the network, including the transient impedances of the two generators, is of the form:

i = Jig Yu Yo Y3 Y ][ L:;ei“"jE;x
4 b

lp=Jigp | _ | Yo Yoo Yo3 Yoy ES—JED (10.178)
— Jids Y31 Yi Y3 Y4 Vi3 Vs

I8y~ Jig Yar Ya2 Yoy Yaa V4= 0
where the Y’s are the elements of the admittance matrix of the network with ground as the
reference. Since we plan to use the injected current at bus 4 as the load or fault current, the

corresponding row and column should be gyrated, that is

lg = Jig
?“J‘i:}lz .
i3 = Jigs
Vga = V4
(10.179)
R el Chl il (il rallh W IR 11
Ygl»—% Yw—wzs-”&ly ~ﬁ;7}:ﬂ~ P Ef— JEf,
YBI"% Y32 — Y”Y” 33 *ﬁ“};ﬂ Tyzﬁ (13“j”(13

The above system of equations in complex variables may be rewritten as a system of
equations of real variables with twice the order. For example, the complex equation:

(x—=jy)=(G+jB)p—Jjq) (10.180)

where x, y, G, B, p, and g are of order n, is equivalent to

[ﬂz[—%g“ﬂ (10.181)
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Figure 10.22  Simulation 52 of two-machine, four-bus system.

In the form of Eq. 10.181, the components of the injected currents of buses 1, 2 and 3,
and the voltage of load bus 4 can be computed from a simple matrix multiplication of the
network matrix and the input vector consisting of the internal transient voltages of the two
generators, the infinite bus voltage, and the injected current at bus 4.

Figure 10.22a shows the overall diagram of the SIMULINK simulation, s2, for the
four-bus system based on the above-mentioned method. Figure 10.22b shows the inside
of the tmodel block of s2. Note the change in the inputs as compared to the earlier
implementation shown in Figs. 10.17a through 10.17e. Instead of the stator gd voltages,
stator gd currents in the synchronously rotating reference frame injected by the machine
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R

Eap ul1] ~rs(1)ul3]- xpd(1)*u[4]

. | Fond out_vat

iq u[2] + xpd(1)"u[3] - rs(1 )'u[4]
; Ecnd out_vdt

Mux1

(c) Inside the stator_wdg block of s2

Figure 10.22 (cont.): Simulation s2 of two-machine, four-bus system.

into the network are now used as input. Among its outputs are the internal transient voltages,
E:] and £, of the machine in the synchronously rotating reference frame.

Figure 10.22¢ shows the modification to the inside of the stator-wdg block of tmodel
to accommodate the change in input stator gd currents. Note that the machine parameters
in the expressions used are relabeled to correspond to those of the machine. In Fig. 10.22b,
we have also added an excitation system block. As shown in Fig. 10.22d, the inside of
the excitation system block has an IEEE Type 1 excitation system representation [108].
Integrators instead of SIMULINK Transfer Fen blocks are used to build up the components
of the excitation system because we like to be able to initialize the states of the excitation
system with the outputs from the trim routine to keep the startup transients of the simulation
to a minimum. Note that the input to the field excitation field can be switched by the control
signal, Exc_sw, to use either dc field voltage or ac terminal voltage regulation. Using a
common input for the reference voltage is convenient, but we must be aware that when
operating with dc field voltage regulation, the ac regulator section must be deactivated,
otherwise the ac voltage input error will drive the ac exciter to its limit. This can be avoided
by reducing the gain of the regulator. Also, with dc field voltage regulation, the negative
value of Kgin the exciter model can result in an unstable eigenvalue from the representation
of the exciter not in use. This can be avoided by resetting the value of Ky to | when the
exciter is not being used.

The network equations expressed in the form shown in Eq. 10.181 are implemented
using four matrix gain SIMULINK blocks. Figure 10.22¢ shows the inside of the nerwork
block of Fig. 10.22. Among the outputs of the network block are injected currents from
the generators. For power systems with many transformers connecting different voltage
levels, the representation of the network is simplified when using a common per unit system.
The parameters of the generators can also be expressed in the common system base. In the
simulation shown in Fig. 10.22, the parameters of the generators in the rmodel blocks remain
in their own respective bases. As such, their currents from the network must be scaled by
the ratio of the system to generator base VA, which is equivalent to the ratio of system base
current to generator base current when the base voltages of the system and generator per
unit system are the same at the generator buses. In addition to the scaling of the generator
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Figure 10.22 ~ (cont.): Simulation 52 of two-machine, four-bus system.

current, to account for the difference in per unit system between the generator and network,
the stator transient impedance must also be appropriately scaled when it is incorporated into
the network admittance matrix.

Interactions and effects of network strength, excitation, and
inertia on rotor oscillations. Having discussed the method of putting together
the four-bus system using the transient model and a static network, we can now proceed to
implement and use the simulation to investigate the interactions between the two machines
and the effects that network strength, excitation method, and rotor inertia, have on rotor
oscillations.

Before we proceed, let’s review the fundamentals of rotor dynamic behavior using
a simple one-machine infinite bus system where the machine is represented by a voltage,
E’, behind its transient reactance, x’, as described earlier in Section 10.5.3. The dynamic
equation of the rotor, in per unit, given earlier in Table 10.2, can be rewritten using the
relationship between rotor angle, §, and rotor speed, w,, as

1d% 1
Z)'b‘ E’t‘z‘ = ”Z“I; (Tmech + Tom — Tdamp) (10.182)
Replacing T, by the expression given in Eq. 10.114 and performing a small perturbation
on all variables about an operating point where the rotor angle is at §,, we obtain
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L d*a8 1 E'Veo ©r — W)
;;’—d‘tT: ‘ZE{Angchﬂ X COS(SO A(S‘—Da)A (M{;’b—*-—*) } (10183)
[ R—
Ks
where Kj is termed the synchronizing torque coefficient. In the Laplace domain, the above
differential equation becomes

D,,wp Kswp
2 5
AS + ————85AS

s + ¥ SAS + 20

Comparing the characteristic equation portion of Eq. 10.184 with that of the normal second-
order equation, s + 2{ wps + cu,z,, with roots (—¢ & \/22 — Dwy, the expressions for the
undamped or natural frequency, w,, and the damping coefficient, ¢, are

Wp
A8 = 5 A ecn (10.184)

Kswy
2H

Wy ==

(10.185)

o (Be) )P

T 2w, \2H) 2 JZHw,K,
Note that K is inversely proportional to X, the total reactance between £ and V; in other
words, the synchronizing torque coefficient will increase with the electrical strength of the
network at the generator bus. According to the expressions in Eq. 10.185, a higher K raises
the value of w,, but lowers ¢, whereas a higher H will decrease the value of both w, and ¢.

Figure 10.23 shows the overall diagram of SIMULINK simulation, s2eig, that is
employed by m2 to determine the linear model about some desired steady-state. It has
been constructed using the tmodel and exciter blocks, after testing them in simpler settings
to ensure correctness. Since we will be using the SIMULINK trim to obtain the desired
operating point, the inputs and outputs must be defined by input and output ports. The output
from trim can also be used as initial values to get a quick simulation start at the desired
operating point.

In Table 10.7 are the two sets of machine parameters that we will be using in this
project. Set 1 is the same as that used earlier in Project 1 of this chapter and in Projects 1
and 3 of Chapter 7; it is chosen so that we can compare with the results obtained previously.
Since the damper windings are not represented in the transient model, a small value of
Dy, between 1 to 3 per units is often used to account for the damping from these omitted
windings and the rotor iron. An even higher value of D, may be used when windage and
friction of the rotor assembly or damping from the network in the case of an equivalent area
machine is to be included.

To keep this project to a reasonable length, we will explore only a small number of
combinations of changes in system conditions. Summarized in Table 10.8 are the conditions
of cases to be conducted. For all five cases, the infinite bus voltage at bus 3 is to be kept at
1+ jO pu. At the nominal condition, the generated power from the generators at buses 1
and 2 are 0.8 + j0.6 per unit on their respective bases. The base case values of the line
impedances and load admittance of the network are

214 = 0.004 + jO.1 pu 224 = 0.004 -+ jO.1 pu
(10.186)
234 = 0.008 + j0.3 pu a0 = 1.2~ j0.6 pu
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Figure 10.23  Simulation s2eig for linearized analysis.

For each case, we will determine the linear model of the system about the given
operating point, and from the linear model, the dominant eigenvalues of the system.
Following which, we will conduct two simulation runs: The first run is a sequence of small
step changes in the externally applied mechanical torque about the operating value of the
generator connected to bus 1. The behavior of the simulated rotor oscillations can be cross-
checked with the eigenvalues of the linear model. The second run is to simulate a fault at
bus 4, representing the fault current drawn by a step change in i(‘;4 and i3,. A fauit current
of i;’d - jigs = —(2~ j2) per unit is to be introduced at ¢ = 5 seconds for a duration of 0.1
seconds. The disturbances in both of these runs can be applied by programming the signals
of the repeating sequence sources representing Tyyecils £ 2’4, and if,.

The given MATLAB M-file, m2, can be used to initialize the MATLAB workspace
with the system parameters, determine the linear model and its system eigenvalues at some
desired operating condition, set up the disturbances for the two simulation runs, and plot
certain machine variables after each run.

An examination of the dominant complex eigenvalues and the plots of § waveforms
from the simulation runs will, in most of these cases, show that they are related to the
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TABLE 10.7 PARAMETERS OF GENERATOR AND EXCITATION SYSTEM

Set 1 Set 2 Setl  Set2
Rated MVA 920.35 911 Rated kV 18 26
Rated PF. 0.9 0.9 S.C.R. 0.58 0.64
X4 pu 1.790 2.040 Xg pu 1.660  1.960
x; pu 0.355 0.266 xc’{ pu 0.570  0.262
X pu 0.275 0.193  x; pu 0.275  0.191
X1s pu 0.215 0.154 rs pu 0.0048  0.001
T, sec 79 6.0 Ty, sec 041 090
Tj sec 0.032 Ty, sec 0.055
H sec 377 2.5 D, pu 2 2
Ka pu 50 50 T4 sec 0.07 0.06
Ve pu 1 1 vRin py -1 —1
Kg pu -0.0465 —0.0393 Ty sec 0.052  0.440
Agy 0.0012 0.0013 Bey 1.264  1.156
Ky pu 0.0832 0.07 Ty sec 1.00 1.00
TABLE 10.8 PROJECT 2 CASE STUDIES )
Bus | machine  Bus 2 machine Network
Cases excitation type  excitation type parameters
| de regulated Set | Set 1 Base case
Base case Fixed £’ Fixed £/ network
2 ac regulated Set | Set | Base case
Base case Ac voltage Ac voltage network
regulated regulated
3 ac regulated Set 1 Set | Reduce z34 to

Increased network strength

Ac voltage

Ac voltage

734 = 0.002+ jO.1 pu

regulated regulated
4 ac regulated Set | Set 2 Base case
Different machines Ac voltage Ac voltage network
regulated regulated
5 ac regulated Set | Set 2 Base case
Change Set 1I's K4 to 200 Ac voltage Ac voltage network
regulated regulated

523

rotor oscillations of the generators, between machines and between machine and infinite
bus. A comparison of the dominant eigenvalues for Case | with those obtained for the
one-machine infinite bus system in Project 1 should review interactions between the two
identically connected machines. Differences in results between Case 1 and Case 2 may be

attributed to the two excitation methods, namely dc vs. ac voltage regulation.

Using a lower value of z34 increases the strength of interconnection between the
machines and the infinite bus, as well as the value of the synchronizing torque coefficient,
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K. According to Eqs. 10.183 and 10.185, the natural frequency of the rotor oscillations
with respect to the infinite bus should increase. ' .
The purpose of Case 5 is to explore the effect of raising the gain of the excitation
system, which in some situations, can cause the transient behavior of the machine to become
less stable.
Presented below are sample results for Case 4. The system eigenvalues for this case
with both machines ac volfage regulated are

—8.439e+00 - 3.556e+-01i -5.325e~-01 7.526e+00i
~8.439¢+00 —3.556e+-01i —5.325e—01 —7.526e+-00i
~2.134e+00 1.224e+-011 —5.084e-01 7.588e—01i
~2.134e+00 - —1.224e+01i —5.084e—01 —7.588e—01i
—8.596e+-00 8.207¢+001 ~2481e~01 2.575e-01i
-~8.596e+00 ~8.207e+00i ~2.481e—01 —2.575e-01i
—~6.692¢e+00 0.000e+-001 —5.506e-+00 0.000e+-00i

Plots of the response to small step changes of 4=0.1 pu about the hominal value of
Tnecn1 run are shown in Fig. 10.24; those from the fault runs are given in Fig. 10.25. The M-
file, m2, has the time and output values of the three repeating sequence sources, Tmechl,
iqde, and id4e, that were used to obtain the results shown.

10.9.3 Project 3: Subsynchronous Resonance

" In this project, we will make use of the lumped-mass model of the generator shaft described
earlier in this chapter and the synchronously rotating ¢d0 model of the three-phase ac lines
described in Section 5.9 to set up the SIMULINK simulation of the first benchmark model
for computer simulation of subsynchronous resonance [117]. In the first part of this project,
we will make use of the simulations, s3geig and s3g, to examine the case of the test generator
with its shaft torsional system operating directly onto an infinite bus. In the second half of
the project, we will make use of another set of simulations, s3eig and 53, that has the external
network connection to examine the phenomenon of subsynchronous resonance introduced
by the series compensated line. This project can be made more challenging by having the
students create their own MATLAB and SIMULINK files to simulate the second benchmark
model given in Reference [118].

Subsynchronous resonance. Here, subsynchronous resonance refers to the
excitation of a torsional frequency of the shaft of a generator by stator current components
of subsynchronous frequency of the ac network. The impedance-frequency characteristics
of an ac power network is usually quite complex with many poles and zeros. It is also highly
variable depending on the components that are connected and their loading. Usually, the first
pole is above the fifth harmonic, below which it appears inductive. However, in a series
compensated line, where the line equivalent reactance, X, is greater than the capacitive
reactance, X ¢, the natural frequency of the line is less than synchronous, that is
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Figure 10.24  (cont.): System response to changes in Tyeeni.

f~~—-l~=—-—~“f 1’-(—C—<f (10.187)
"oy N x. f ‘

When the rotor is rotating at the synchronous speed of f,, the f, stator current component
will be accompanied by a corresponding f, — f, rotor winding current component. The
slip corresponding to the slip frequency of f, — f. is negative for a f,, that is less than f,.
Thus, with respect to the subsynchronous f, stator components, the generator is operating
as an induction generator and the rotor windings present a negative resistance to the f,
stator current component. Should the negative resistance presented cancel the ac network
resistance to the f, component, resonance between the ac network’s subsynchronous
Jf» component and the complement torsional frequency, f, — f. component, will result.
From this simple analysis of the situation, we know that the tendency for subsynchronous
resonance will be reduced with higher ac network resistance or lower rotor winding
resistance, and that the modeling of the phenomenon must correctly portray the dynamics
of the ac network, the rotor windings, and the shaft torsional of the generator. Figure 10.26
shows the benchmark system given in Reference [117]. Table 10.9 contains the parameters
of the generator model with two g-axis damper windings. A finite value of r; = 0.001 per
unit is used here; otherwise, the machine will have unstable stator frequency eigenvalues.
The parameters for the lumped-mass model of its rotor in per unit of the generator base are
given in Table 10.10.

Fixed terminal voltage case. For this part of the project, we will be using the
simulations s3geig and s3g; both of these simulations are for a generator that is connected
to an infinite bus. Figure 10.27a shows the overall diagram of the simulation, s3g, with
external inputs to establish the operating point and also to apply a small torque perturbation

TABLE 10.9 PARAMETERS OF GENERATOR WITH TWO Q-AXIS DAMPERS

x4 =179 X = 1.66 xg =171 Tmg = 1.58
wpry = 0.53 wpry, = 1.54 wpr, = 3.1 u);,rlf,q2 =53
xj =0.062 Xq = 0.0055 Xy, = 0.095 Xan = 0326
X =0.13 ry =0.001 Dy =0

Reference [117] @ 1977 IEEE
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(a) Response of generator 1 to 0.1-sec duration fault on bus 4

Figure 10.25 System response to fault on bus 4.
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Figure 10.25 (cont.): System response to fault on bus 4.
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(a) Electrical network

HP 1P LPA LPB GEN EXC
(b) Lumped-mass model of rotor

Figure 10.26 Benchmark model for subsynchronous resonance studies.

about the operating point for the purpose of cross-checking the results from the linearized
analysis. Not shown is a similar simulation, s3geig, with only the input and output ports,
that are being used for linearized analysis. The MATLAB program, m3g, uses s3geig to

TABLE 10.10 ROTOR SPRING MASS PARAMETERS

Mass  H(sec) Shaft K(pu torque/elect. rad)
HP 0.092897

HP-IP 7,277
i 0.155589

IP-LPA 13,168
LPA  0.858670

LPA-LPB 19,618
LPB  0.884215

LPB-GEN 26,713
GEN  0.868495

GEN-Exc 1,064

EXC  0.0342165

Reference (117] @ 1977 IEEE
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(a) Overall diagram of s3g for input torque disturbance

Figure 10.27 Simulation s3g of generator connected to an infinite bus.

determine the modal quantities of the torsional system, the linear system equations about
an operating point, and the resultant system matrix eigenvalues. m3g will also set up the
operating condition in s3g for the small torque perturbation study.

The simulation details of the generator that has two g-axis damper windings and a
torsional shaft system in s3g and s3geig are the same. The details of their blocks are shown
in Figs. 10.27b through 10.27h.

Examine a listing of the MATLAB M-file, m3g, and use the M-file to determine the
modal quantities of the torsional system, the linear system equation, and eigenvalues of the
system. Figure 10.28 shows a plot of the mode shapes of the torsional system using the
M-file, m3g. From these plots of the mode shapes, we can see that the mode numbering
corresponds to the number of sign changes in the mode shape vector or the number of nodes.

Use m3g to establish the operating condition where the generator delivers 0.9 per unit
power at a power factor of 0.9 lagging to its terminal that is kept at a fixed voltage of one
per unit magnitude, and the value of its armature resistance, ry, is set equal to 0.001 pu.

Rerun the case with ry set to zero. In each case, take note of the dominant or unstable
system eigenvalues and run the simulation, s3g, keeping Ey fixed at the steady-state value
for the above operating point, but with 7., making small step changes about the operating
point value. Step changes in T,,.cx can be applied using a repeating sequence source as the
input signal for T,,.c4. For example, the time and output sequence of the repeating sequence
source canbe [0 /1 14477 10Yand [/ 1 1.2 1.20.50.5 0.8 0.8 J5Tech, respectively.
Plot the response of the generator’s real and reactive output powers, the magnitude of its
output current, its rotor angle, and the shaft torques between the LPA and LPB turbines and
between the generator and exciter. Compare the response you obtained with those given in
Fig. 10.29. Try to identify the major torsional oscillation frequency in the torque or power
trace that is associated with the dominant or unstable eigenvalue.
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u[1]*cos(u[3]) - u[2]*sin(u[3])

(f) Inside the gde2qdr block of s3g

fen var
u[1]sin(ui3]) + ul2]"cos(u(3))
fent vdr

uf1]*cos(uf3]) + ul2]"sin(uf3])

fen

~ige

-u{1]*sin(u{3]) + u[2]*cos(u[3})

:

fent

(g) Inside the gdr2gde block of s3g

—
——b{ sqrt(uf{1]*u{1] + u[3]"u[3])
Fen
—-—Pl sqri(u[2]"u(2] + uf4]"ul4])
LV, [7)74 W— Fent
-—b} u{1uf2] + u[3]"ul4]
P
__J i —-—b{ u[1]*ufd]~u[2]"u(3]
Mux Q

(h) Inside the PQgen block of s3g

—ide

|

Qut_vtl

:

o

Out

3

T
©

@

=1

é’;
>

Figure 10.27 (cont.): Simulation s3g of generator connected to an infinite bus.
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Figure 10.28 Mode shapes of six mass-lumped model of generator shaft.

Generator with series capacitor compensated line. In the second
part of this project, the study is expanded to include the ac network of the benchmark system
shown in Fig. 10.26. Figures 10.30a through 10.30c show the simulation given in s3eig
that may be used for a linearized analysis of the benchmark ssr system of Fig. 10.26. The
gen module is the same as that used in s3geig and s3g. The additional components are
those of the radial network connecting the generator and infinite bus, represented in the
synchronously rotating reference frame.

Assuming that we will be dealing with a balanced network condition where there is
no need to model the zero-sequence equation, Eqs. 5.87 and 5.88 for the gd voltage drops
across a series connected R L line in the synchronously rotating reference frame and in terms
of the positive-sequence parameters may be rewritten as

L1 di; e e e e
";)'b"-g;* = qu-qu '"I‘[lq — XLty

o (10.188)
L1 égi_ e ¢ e

e .
— = Vyg —Uyp — iy +Xr11
wy dt ds ~ VdR d q
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Figure 10.29 Response of generator with torsional system to step changes in input
mechanical torque.,
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L_

—wb*xe(1) (2] - wh*ul4)

out_vga2b

Mux

in_ida2b —wbxe(1)"u(3] + woru(1] ,

vd out_vdaz2b

. Fent
rMux

(b) Inside the Cap block

(wWh/()) (UR1-u[4] ~ r(1)*u{1] ~xI(1)"u(6])

i out_iga2b

. ) Fen

in_vda Mux

(wh/xI(1)*(ul3}-u[S] ~ r{1)"ui6] + xi(1)*u1)) :

in_vdb Fent id out_ida2b

(c) Inside the serfesAL block

Figure 10.30  (cont.)

where x; is the positive-sequence inductive reactance of the RL line at the base frequency
of wy, and the currents, i;’ and i§, are in the direction from the sending end, S, to the
receiving end, R.

Similarly, Eqs. 5.107 and 5.108 for the qd voltage drops across a three-phase set of
series capacitors with no mutual capacitances between phases may be rewritten as

dAve

qCs :
— = WpXCsiqes — Wp AV,
K (10.189)
v
ICs ; d
,._JIL.J, = wpXcslgcs + wav;Cs

Small shunt capacitors have been added to each phase of the generator’s terminal to
develop its terminal voltages at bus 1. The seriesRL block represents the positive-sequence
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equivalent RL circuit of the transformer reactance, the resistance and reactance of the lines
between buses 2 and 3, and buses 3 and 4. The intermediate buses 2 and 3 are not represented
explicitly in this simulation. If need be, these other buses can also be represented explicitly
by introducing small shunt capacitances at each of these buses, as in the case of bus 1. The
dynamics of the line’s series capacitors are represented in the Cap block.

It will be evident later that the benchmark condition for the system of Fig. 10.26 has
unstable torsional modes. Left alone, the unstable torsional oscillations will gradually grow
in magnitude. However, it can be hastened by an external excitation, such as a fault on any
of the network buses. By not explicitly representing the intermediate buses 2 and 3 of Fig.
10.26, that is lumping the resistances and inductances of the generator transformer and lines
into one RL representation, we have a simpler simulation. Yet we are able to hasten the
unstable behavior of the torsional modes by dropping bus 4’s voltage momentarily.

First, we will use the MATLAB M-file, m3, to determine the linear model of the
simulated benchmark system given in s3eig at some desired operating condition, as well
as the corresponding system eigenvalues. The M-file, m3, sets up the system parameters
and estimates initial values to be used as initial guesses for the SIMULINK trim function
before calling up the trim and linmod functions. Run the m3 file once to ensure that the
ordering of the state variables in m3 agrees with how SIMULINK interprets the setup of
the simulation file, s3eig, in your computer. If not, change the order of the state variables
used in m3 accordingly.

Run the M-file, m3, to obtain the linear model and ecigenvalues of the benchmark
system for the operating condition where the generator delivers 0.9 pu of power to bus |
at a lagging power factor of 0.9, the voltage magnitude of bus [ being | pu. Knowing that
the system condition is unstable, warnings of the ill-conditioned matrix are to be expected.
Examine the eigenvalues and relate the frequency of the unstable eigenvalues to the natural
frequency of the torsional system.

For the simple electrical radial network given, its natural frequency can be estimated
from

I :
—wp | electrical radfsec (10.190)
CyLiotat XLtotal

wy =

where x¢ is the per phase capacitive reactance of the series compensation capacitor, and
XLt 18 the total effective inductive reactance to the armature current. For the given
system:

XLrotal = Xtransf + Xlines +x" (10.191)

where x” may be approximated by the average value of the g- and d-axis sub-transient
reactances, that is x” = (x; +x7)/2. Thus, for the given per unit values of Xirquss = 0.14,
Xiines = 0.50 4 0.06, x¢; = 0.371, and a wy of 377 rad/sec, Eq. 10.190 yields a natural
frequency of 246.54 rad/sec. The synchronous complement of the network’s natural
frequency, wp — wy, is 130.45 rad/sec or 20.76 Hz, which is close to the computed
shaft’s natural torsional frequency of 20.2 Hz. The system eigenvalues for the case where
xcy =0.371 are
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—4.7962e+-00 +8.0356e-+031 —3.2777e+00 ) +1.2930e+02i
—4.7962e¢-+-00 —8.0356e+03i ~3.2777e+00 —1.2930e-+021
—5.0863e-+00 +6.6445e+-03i 4.0237e~01 +1.2737e+02i
—5.0863¢+-00 —6.6445e4-031 4.0237e-01 —~1.2737e~+021
~4.7160e+-00 +6.2364e4-02i 3.2319e-02 +1.0002e+02i
~4.7160e-+00 —6.2364e+02i 3.2319e-02 —1.0002¢+021
—5.0360e~07 <+2.9818e-+021 —3.3023e+01
—5.0360e—07 —2.9818e+02i —2.0443e++01
~2.8469¢—02 +2.0280e+021 —6.4303e—-01 +1.0485e+-011
—2.8469¢—02 —2.0280e+02i —6.4303e—-01 -1.0485e+01i
—1.3976e—02 -+1.6034e+02i —3.2788e¢—01
~1.3976e—02 —~1.6034e+02i —3.9080e-+00

Use Eq. 10.190 to determine the value of x¢, that will create a subsynchronous
resonance at another torsional oscillation frequency. Cross-check the value of x¢g with the
unstable system eigenvalues obtained from m3 with the terminal operating condition of the
generator kept the same. With the system near or at resonance, the system matrix will be
close to singular; as such, the output of the SIMULINK trim function should be closely
examined for consistency with the desired operating point.

Finally, as a cross-check, we will perform simulation runs to obtain the dynamic
performance of the system about the chosen operating points. Figure 10.31 shows the
simulation given in the SIMULINK file, 53, with some of the input and output ports
reconnected for performing dynamic simulation. Use s3 to obtain the System’s response to
a sudden drop in bus 4 voltage to 50 percent of its predisturbance value for 0.075 second
and returning to its predisturbance value after that. The values of Ef and Ty are to
remain constant at their predisturbance levels determined by m3. Prior to the disturbance,
the system is initialized with the operating condition where the generator delivers 0.9 pu
power at a power factor of 0.9 lagging to its terminal, and the magnitude of its terminal
voltage is 1 pu. With the system properly initialized, the unstable oscillations are small.
The disturbance created by a sudden drop in bus 4 voltage merely hastens the growth of the
unstable oscillations. Figure 10.32 shows the plot of some variables presented in Reference
[117] for the same benchmark system, It is obtained by using a repeating sequence signal
source with a time output vector of [0.2 0.2 0.275 0.275 0.7 ] and a value output vector of
{1.1.0.505 1. 1. 1%Vy4in m3.

10.9.4 Project 4: Power System Stabilizer

Power system stabilizers are a form of supplementary control that is used to provide
additional damping to the inter-area oscillations or to stabilize a generator whose voltage
regulator gain is such that it may result in negatively damped, machine-to-system oscilla-
tions under certain conditions. It has been observed that the damping of these small power
oscillations can be improved by feeding back appropriate stabilizing signals to the input of
the generator’s exciter. Some input signals that have been considered in the literature are
slip speed, accelerating power, and frequency. In this project, we will use an established
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Figure 10.32  Response of benchmark system to drop in V4.

approach to obtain a preliminary design for a power system stabilizer with slip speed as the
feedback signal. The two references that provide a useful background to the modeling and
design approach used here are listed in [103] and [104].

For the purpose of this project, we will use the simple system shown in Figure 10.16 of
one machine connected to an infinite bus through a series impedance. The series impedance,
re -+ jxe, may be regarded as the Thevenin’s equivalent impedance of the local load on
the generator bus and network as seen from the generator’s terminal. Its value may be
conveniently adjusted to simulate different electrical strength of the connection. We will
model the generator with one field winding by a simplified transient model. With no g field
winding in the g-axis, the values of 7/, and E,, in Table 10.2 can be set to zero. The modified
equations of the simplified model used here are given in Table 10.11.
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TABLE 10.11  SIMPLIFIED TRANSIENT MODEL

Stator winding equations:
Vg = —rsiq —xyia+ E, pu
g = ~rsig +xgig + Ey (10.192)
Eq = E +(x —x)ig &

Rotor winding equations:
7

Td/o";[ti +Ey = Ep— (x4 — X)ia

(10.193)
Ey = (xq = x))iq
Torque equation:
Ton = = | Ejiq + Ebja+ Gy = xiaiq | = ~Eqiy  pu
(10.194)
Rotor equation:
d{(w, — we)/wp}
2H " dr . / b = Tem(pu) + Tmech(pu) - Tdamp(pu) pu (IO 195)
ds
.dTe = W, — W, (10.196)

As in Project 1 of this chapter, for the small test system of Fig. 10.16 which has
a simple external network, it is easier to transform the equations of the simple network
to the rotor reference frame of the generator. The stator voltage equations, including the
external network impedance, are the same as those given earlier in Eq. 10.173. And, if the
phasor voltage of the infinite bus is the reference phasor and the g-axis of the synchronously
rotating reference frame, v, is zero. The gd components of the infinite bus voltage in the
rotor reference frame of the generator may be expressed as
€
q

¢
q

Ugi = V,; CO8

(10.197)

Vyi = vy, $ind

where § is the rotor angle measured with respect to the g-axis of the synchronously rotating
reference frame of the infinite bus voltage.

Figure 10.33a shows the overall diagram of the simulation, s4, of a synchronous
generator with exciter and pss, that is connected by a series RL line to an infinite bus. The
tmodel block contains the same transient model as that shown in Fig. 10.17. Figure 10.33b
shows the SIMULINK simulation of the exciter. The supplementary input, Vsypp, is the
modulation signal from the pss.
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Figure 10.33  Simulation 54 of generator with exciter and power system stabilizer.

Linearized model of generator and network. In this section, we begin
by deriving a set of linearized equations of the system retaining the identity of variables
AV, AE;, AEy, and Aé. The linear model so derived is being used in m4 to determine
certain transfer functions for the preliminary design of the pss.

The usually small stator winding resistance, 7y, will be neglected in this derivation. In
per unit, the generated power, Pe,;, may be expressed as E,i, or £ ;iq +(xg = x))iqiy. Tak-
ing small displacements about the steady-state operating values denoted by an additional
subscript o, we will obtain

APon = Eqolig+igoDE,
Egoig +igo(Avg +xqAiq) (10.198)
Eqolig +igo{ AE; + (xq — xg) Ada)

Taking small displacements of the expression of the generator’s terminal voltage magni-
tude, V;? = v;* + vg, and using the relations E; = v, +xig and vg = x4iq, we obtain

Il

il

Vi AV = 2u40 Ay + 2040 A0y

(10.199)
AV, = 2 (AE] — 5y Aig) + 225, Aiy
V; V;
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Taking small displacements of the f rotor winding equation, we obtain

7

dAE
T,;,;—d?l +AE) = AEf — (xg — X)) Alg (10.200)

Denoting the infinite bus quantities by an additional subscript, i, the gd voltage equations
of the infinite bus in the generator’s rotor reference frame are
vgi = E,, — (x +x¢)ia —relg
7. (10.201)
Vai = (Xq +Xe)ig —Tely

When expressed in terms of the infinite bus voltage magnitude, V;, and the rotor angle, 8,
we have ’

Vgi ~ jvai = Vie ™% = Vi (cos§ — jsind) (10.202)
Solving Eq. 10.201 for iy and ig;, we obtain
- !
MV[ sind
z (10.203)
r, .
(E, — Vicos8) — B?Z-V,- sind

. T

iy = -biZ(E; ~ V; cos8) +

. (xe+xq)

g =5 e
Dz

where Dz = r2 + (x, +Xq) (X +x}). Assuming that the infinite bus voltage, V;, is constant
and taking the small displacements of Eq. 10.203, we get

Aig = L AE 4+ —‘i{re $ind, -+ (xe + xy) cos8,)} AS
Dz % Dz
. (xetxg) Vi o
Aig = *fb—zﬁ“AEf, - —biz{re 00880 — (Xe +x}) 5i08,)1 A8 (10.204)

Using the expressions in Eq. 10.204 to replace the gd current terms in Eq. 10.198 and
regrouping the A8 and AE; terms, Eq. 10.198 can be written as

APem = K\ A8+ K2 AE, (10.205)
where
EqoV;
K = J”_Zi{resinao+(xe+xg)coséo}
igo(xy —x/)V;
+ g0( qu Vi {(xe +xq) sin8, — ro 085, (10.206)
K, = E‘i?fi+fﬁlfi{1+(x —xp) (e +xg) }
Dz Dz 4T T

Similarly, replacing the qd current terms in Eqs, 10.199 and 10.200 and regrouping the Ad
and AE; terms, we can express the small displacements equations of the stator terminal
voltage and rotor f winding as
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T; dAE, | AE, AE;— K4A§
Lot 4
w0 T K, i (10.207)
AV, = K5A3+K6AE
where
-1
Ky = {1+ (xd”‘x;j)(xe +xq)}
Dz
Vi(is —x'
K, = V&%) [ (xe +x4) 5in8, — ro cos8, )
Dz
x/
Ks = Vigfi—o— {resmé +(xe+xd)co‘;5a}+v,—-—~{recos& (Xe +xg)5ind,}
Vi Dz Vi Dz
v, X} (xe +xg) Vdo Xqle
Ko = -2 142 2aoty 204c 10.208
87, { Dz YV D2 ( )
From taking the small displacements of the rotor equations, we will obtain
dAwy jwp) 1
*“7::1*1)“ =35 (A Pech + B Poy — D Awr [@p))
(10.209)
dAS
o = = wp(Awy/wp)
Similarly, taking small displacements of the excitation system’s equations, we will obtain
dAEf _ 1 AV
a1 f
dAV; K AV,
B = ZR(AVyep = AVi= AViiap — AVoupp) = = (10.210)
dt Ta
dAVSmb K AVsmb
P MINTTN ) et L)
dr T AR AR T

Operating point values,

If the operating condition were to be specified in

terms of the voltage magnitude, [V;[, and the delivered complex power, §;, at the infinite
bus, the g-axis of a synchronously rotating reference frame could then be conveniently
defined as in the direction of the voltage, V;. Figure 10.34 shows the phasor diagram
and relative orientation between the g-axes of the generator’s rotor and the chosen
synchronously rotating reference. Knowing V; and §;, the steady-state values of the
generator variables can be determined from the following equations:

e . Si)*
08— jib = =
q Jig (V,

[Eqle/® = Vi +{(rs +re) + j (g +x))

I

1t

£, (10.211)

i

Vi = Vit (re + jxok
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Figure 10.34  Phasor diagram and qd references.

The MATLARB file, m4, uses the above equations to compute the steady-state values for the
specified operating condition. These steady-state values are used by m4 to initialize $4 and
to compute the transfer functions.

Small-signal representation of system. Figure 10.35a shows the
smail-signal system representation of the generator, excitation system, and power system
stabilizer. That of the Type 1 exciter is shown in Fig. 10.35b.

Following the design procedure described in [103] and [104], we will first determine
the transfer function, PSS(s), of a pss with slip speed as its input signal. Beginning with the
condition that the resulting torque component of A P,,, produced by the pss modulation be
180° degrees out of phase with A (w, — w)/ws, as in the case of the damping torque from
D, we have

APep = ~GEP(s) PSS(s) A (9—’:}1) (10.212)
R
Dpss ’
AP,
em = —~GEP(s) PSS(s) = —Dpgs (10.213)
Wy,
a(25)

where AP, is the perturbation component of the electromagnetic power that is produced
by the pss modulation signal, GE P (s) is the transfer characteristic of the generator and
excitation system to the modulation signal, PSS(s) is the desired transfer function of the
pss, and D is a positive coefficient. The negative sign on the right side of Eq. 10.213 can
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(a) Transfer function blocks of generator with exciter and pss using slip speed

S| 18Ty 1+sTg

TEN
AVsupp

AVy

AVstap | SKg
1+sTg

(b) Transfer function of exciter

Figure 10.35 Small-signal representation of system.

be taken care of by inverting the sign of the vy, input to the excitation system, as shown
in Fig. 10.33.

An approximate expression for GE P(s) can be determined by ignoring the contri-
butions through K4 and K5 to the shaded blocks in Fig. 10.35a, assuming that the speed
deviation is small.

Exc(s) iy
1+ KﬁExc(s)“%i—;,l—

Is

GEP(s)~ K (10.214)

For the excitation system shown in Fig. 10.35b, the transfer function, Exc(s), is

Ka 1
Exc(s) = Ak LTy Ltslp (10.215)
COAV g KL K '
TsTa I4sTg LhsTy

Figure 10.36 shows the Bode plot of the exciter using the serl parameters given in
Table 10.7.

Determining GEP(s) and Exc(s). Asdemonstrated in previous projects, we
could use linmod to determine a linearized model of the system. For this project, however,
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Gain vs. frequency of Exc(s)
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Figure 10.36  Bode plot of Exc(s) using set | parameters.

the MATLAB M-file, m4, uses the expressions given in Eqgs. 10.214 and 10.215 instead
to obtain these two transfer functions. It first computes the desired operating point values
to set up the transfer functions, GE P(s) and Exc(s), and then it uses the GEP(s) to
determine the transfer function, PSS(s), using Eq. 10.213. Besides determining the transfer
functions, m4 provides the root-locus and Bode plots of the transfer functions, initialjzes the
SIMULINK simulfation, s4, and sets it up for a small disturbance study to verify the dynamic
response.

Figures 10.36, 10.37, and 10.38 .show the Bode plots of Exc(s), GEP(s), and
PS§S(s) from md for the set]l machine and exciter given in Table 10.7 at the system
operating point where 8; = 0.8+ 0.6 pu and | V;| = 1.1 pu. The gain of the P SS(s) shown
is for a Dy of 6. It can be seen from the phase plot of GEP(s) that it has two poles
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Figure 10.37 Bode plot of GEP(s).

near 6.5 Hz or 40.8 rad/sec. And from the phase plot of PSS(s), we see that the desired
phase characteristic of the pss ought to be lagging below 40.8 rad/sec and leading above
that angular frequency. The phase compensation can be obtained using a pair of lag-lead
and lead-lag networks with zeros centered at 40.8 rad/sec. Thus, picking the initial value of
Ty and T3 to be equal to 1/40.8 or 0.024, and using roughly a 10:1 ratio, we can choose Ty
of the lag-lead network to be 0.24 and 7, of the lead-lag network to be 0.002. A sufficiently
large T, of one second for the wash-out network is chosen so as not to disturb the phase
compensation of the lead-lag and lag-lead networks from 1 Hz upwards. Too large a value
of T, can result in undesirable variations of the terminal voltage along with speed for a
weak or isolated condition. The preliminary value for K, or gain of P SS(s), is based on the
desired D 5 of 6. Too high a gain can result in an unstable pss loop. Finally, a symmetrical
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Figure 10.38  Bode plot of PSS(s).

limit of £0.1 pu is placed on the output of the pss. For the assumed operating condition and
based on the above reasoning, we arrive at a preliminary design of the pss with the following

parameters:
wash-out network: K, = 120 Tw=1

lead-lag network: 77 =0.024 T3 =0.002
lag-lead network: T3 =0.024 7T4=0.24

The effects of the K4 and K's connections in Fig. 10.35a can be included by shifting
the input of the K4 connection to the same summing junction for Ks and PSS, that is
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Gain vs. frequency of PSS(s) with K4 and K5
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Figare 10.39  Bode plot of PSS(s) with K4 and K5 connections.

PSS(s)— k52— K4 _ @b ~Diss (10.216)
s Exc(s) s GEP(s)

The project M-file, m4, also determines the the transfer function of PSS(s) based on Eq.
10.216. Figure 10.39 shows the Bode plot of PS5S(s) with the effects of K4 and K5
connections for a D of 6 and at the same operating point as that used to determine Fig.
10.38. The difference between these two figures over the desired stabilization frequency
range centered around the electromechanical oscillation frequency of 40.8 rad/s is not great.
Figure 10.40 shows the Bode plot of the pss transfer function with the preliminary design
values. For damping purposes, the critical part of these characteristics is that of the phase
of PSS(s) about the frequency of the electromechanical oscillations that are to be damped.
Figure 10.41 shows the root-locus of the open-loop transfer function for GE P (s) P SS(s)
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Figure 10.40 Bode plot of PSS(s) with preliminary design values.

overarange of K from 10 to 300. The plots in Figs. 10.40 and 10.41 may be obtained using
the given MATLAB M-file, mdcomp.

Simulation studies. As mentioned earlier, m4 also establishes the desired
starting operating condition for the simulation, s4. As given, m4 uses the data file, set/,
which contains the parameters of the 9375 kVA synchronous generator and exciter used in
Project 1, and will prompt the user to provide the impedance value of the RL line connecting
the generator to the infinite bus, r, ++ jx., and the voltage and delivered complex power, {’i :

and §;, at the infinite bus for it to establish the operating condition. In the design mode, m4
will also prompt the user for the desired value of D ;.
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Figure 10.41  Root-locus of GE P(s)* PSS(s) for Ky up to 300.

In the simulation mode, m4 is programmed to set array values in the repeating
sequence source, DT mech, to introduce a small step torque perturbation, DT, of £0.1 pu
about the chosen operating point in a fixed sequence, using the time values of {0 7.5 7.5
1515 22.5 22.5 30 | and output values of [0 0 DT DT -DT -DT 0 0 ]. As given, it will
also set the PSS_sw flag in s4, first for a run without the pss, and later for run with pss,
storing the values of |V} |, 8, Pgen, and Qe of the first run for plotting alongside those from
the second run. It will plot the values of [V;], 8, Pgen, and Qe for each chosen operating
condition. Figure 10.42 shows a plot of these variables for the system condition where
re+ jxe = 0.027+ jO.1 pu, Vi = 14 jO pu, and S§; = 0.8+ 0.6 pu.

Use m4 to obtain a preliminary design of the pss with slip speed as the input signal
using a r, + jx, of 0.013 + j0.05 pu. Obtain the Bode plots of the transfer functions
GEP(s)and PSS(s).

Conduct simulation runs for the various system conditions listed in Table 10.12 using
either the given pss design or your own preliminary design. Use m4 to conduct the two runs
for each system condition: first without the stabilizing action of the pss, followed by another
on the same system condition but with pss reconnected. Comment on the effects that the
pss has on the dynamic response, and on the observed changes with the power factor of the
generator and the strength of the network connection.
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Figure 10.42  System response: dotted curve for without pss and solid for with pss
re+ jxe = 0027+ jO.1 pu, Vi = 14 jO pu,and §; = 0.8+ j0.6 pu.

Using the same operating condition of a r, + jx. = 0.027 + jO.1 pu, V; = 1.0+ 50,
and 8; = 0.8 4 ;0.6 that was used to obtain Fig. 10.41, raise the value of K of the pss until
instability becomes apparent in your simulation. Note the value of K, and the nature of the
instability and try to relate these with the information you can extract from the root-locus
plot.

10.9.5 Project b: Self-controlled Permanent Magnet
Motor Drive

Many synchronous motor drives are of the current-fed type. In the higher power ranges it
is with line-commutated inverters, and in the lower power ranges it is with pulse-width
modulated inverters. In the low power range, permanent magnet motors are becoming. .
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TABLE 10.12 OPERATING CONDITIONS

re+ jxe =0.0274 jO.1 pu  re+ jx, =0.013+ j0.05 pu

Vi =1.0+,0 V,=1.0+j0
8 =08+,0.6 8 =0.8+ 0.6
V= 10+,0 Vi=1.0+j0
§; =0+ jO S =0+ j0
Vi=10+j0 V; = 1.0+ j0
S; = 0.8~ 0.6 S; =0.8~,0.6

increasingly popular. With a permanent magnet motor, however, the magnet excitation is
not controllable. For operations higher than base speed, the control strategy used will have
to provide the necessary demagnetization if the motor’s terminal voltage is to be kept within
the rated voltage of the inverter.

In a brushless dc motor drive where the magnets of the moter are surface-mounted
and the magnet field is quite independent of the stator field, the stator current is kept in
phase with the internal voltage by turning on the stator winding currents at right angles to
the poles of the magnet. The signals for turning on the phase currents in such a scheme
can be obtained from Hall-effect devices that sense the crossing of the magnet poles at
points orthogonal to each of the stator winding axes. The field in the airgap from embedded
magnets are more dependent on the armature reaction field of the stator currents and has
a spatial distribution along the airgap that is sinusoidal rather than trapezoidal. With a
standard distributed winding stator, the output torque will be smooth if the stator currents
are sinusoidal. Continuous vector control of sinusoidally varying stator currents can be
produced by a pulse-width modulated inverter with continuous rotor position feedback from
a resolver. For some applications, self-control using an internal power factor angle that is
adjusted to maintain greater linearity between torque and stator current magnitude may be
desirable.

The objectives of this project are to examine the basis for a self-controlled permanent
magnet drive with torque control via armature current control, and the implementation of a
simulation of the drive to verify the performance of the control scheme.

TABLE 10.13 STEADY-STATE EQUATIONS OF PERMANENT MAGNET MOTOR IN PER UNIT

qd 0 voltage equations:
Uy = ryig %:1/;,1 pu
Uy = rgig — z——;lllq
Vs =,/v+v]

Iy =\[i2+i]

(10.217)
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Flux linkages:

Yq = Xqiy pu
Ya = Xgig + Xpmaly, (10.218)
R
Ep

where E,,, the stator excitation voltage from the magnets, is sometimes denoted by v, or
Wekly.

Electromagnetic torque:

Tom = (aiq = Yqia) pu

.. . (10.219)
= (xg —Xg)lalq + Enig
or, with stator resistance neglected,
V. E, 1 1
Tom = — { T sind + V32 <—~ - ~—> sinZS} pu (10.220)
Xd Xg Xdq

We will begin with the steady-state equations for a permanent magnet motor given in
Table 10.13. By imposing the condition that the output torque be varying linearly with the
stator current, I;, we can reduce Eq. 10.219 into a nonlinear equation with one unknown,
namely sind. Solving for sind, we can then use it to determine the current and voltage
components in the gd rotor reference frame, the internal and terminal power factor angles,
and also the current components in the synchrenous gd reference frame, that is i and
i§. Using the above approach in the MATLAB M-file, m5, we can determine the steady-
state curves of many of the variables of interest over the range of output torque from
rated motoring to rated generating. Figure 10.43 shows these curves for a 70-hp, four-pole
permanent magnet motor described in [120].

The above plots were obtained for the condition that the stator current magnitude, Iy,
varies linearly with the output torque, T,,,. It is evident from these plots that the relationship
between [g or I, and output torque is almost linear. Torque control, therefore, can be
accomplished through either /7 or Iy, provided that the corresponding d-axis component,
15 or 4, is also controlled accordingly in the manner shown in these plots. Note that the
internal and external power factor angles, y and ¢, are equal to one-half the power angle, §,
that is to say the phasor of the stator current that is varying with torque is along the direction
of the bisector between the phasors, V; and E,. Figure 10.44 shows the phasor diagrams

TABLE 10.14 PARAMETERS OF PERMANENT MAGNET MOTOR

Rated power =0 hp Base speed, wp = T10.48 elect.rad/sec
Rated rms stator phase voltage = 58.5 V. Magnet’s rms phase voltage, £, = 40.2 V
rs = 0.00443 Q xis = 0.0189

Xma = 0.0785 Q . Xmg = 0.1747 Q

Jrotor = 0.292* Nmsec® Dy = 1*

Reference [120] @ 1988 IEEE, modified or added value denoted by *.
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Figure 10.43  Steady-state curves of the 70-hp permanent magnet motor.
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Figure 10.44  Phasor diagram for leading and lagging power factor.

for both a motoring and generating condition, where I, is along the bisector of ¥, and E,,,.
As the output torque changes, the phasor I, is kept within the area shown shaded in each
diagram.

Figure 10.45a shows the overall diagram of the SIMULINK simulation, s5, for a
self-controlled permanent magnet drive using coordinated values of i, and iy to contro]
the output torque. In this simulation, the signal for the torque command is taken from a
repeating sequence source. A rate limit is placed on the reference torque going into the
input of the torque controller. An estimated value of the output torque from the Feedback
block closes the outer torque loop. The inner current loops of i, and iy are also closed loops.
Figure 10.45b shows the inside of the Feedback block in which the values of the ¢d current
components are determined from the measured values of stator phase currents and rotor
position. The simulation inside of the pm_motor block is very much like that given earlier
in Figs. 7.21b through 7.21f, except that the blocks associated with the damper windings
in the g_cct and d_cct blocks are deleted in this case. Figures 10.45¢ and 10.45d show the
inside of the modified g_cct and d_cct blocks, respectively. The inside of the gdr2abc block
is shown in Fig. 10.45¢.

The coordinated reference values for iy and V' are generated by separate function
generators: i} from the function generator, /d-Ig, and V* from the function generator,
Vs-Tem. The expressions for these function generators are determined in m5 using the
polynomial curve-fitting MATLAB function, polyfit, on the steady-state data of iy vs. iy
and of Vs vs. Ty, over the full range.

Figure 10,46 shows sample results of the simulation using the torque command
sequence as programmed in m5. It shows the machine operating under no external load,
motoring up from standstill under a torque command. The value and time arrays of the
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e qdr2qds R qds2abc
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Figure 16.45  (cont.): Simulation 55 of a self-controlled permanent magnet motor drive.

repeating source used to provid the torque command signal are

tref value = [1 100 —1 —1 1 1] % negative for motoring

The MATLAB file, m5, is programmed to load the machine parameters into the
MATLAB workspace, determine and plot the steady-state curves shown in Fig. 10.43,
initialize the SIMULINK file, 55, and prompt the user about repeating a run before plotting
the simulated results. Use it to conduct a simulation run as programmed and cross-check
your results with those given in Fig. 10.46. Repeat the simulation with the rotor inertia
reduced by a factor of 2 and note any difference in response.

Next, modify a copy of s5 to simulate the same motor operating under self-control
with an outer speed control loop instead of the torque control given. Adjust, if necessary,
the values of the proportional-integral controllers to obtain good speed regulation.

Modify the simulation further to simulate a speed-controlled drive that operates above
base speed by changing over from a pwm current regulated mode to a six-step voltage fed
mode as described in [ 120].
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Figure 10.46  Sample results showing drive response to torque command.
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Appendix A

Numerical Methods

A.1T INTRODUCTION

As the convenience of powerful computers becomes more affordable, the use of numerical
methods for solving problems that cannot be easily solved analytically becomes more
popular. The choice of mathematical model and numerical solution often are interrelated
in that simplifications of the model may be deliberately made to adapt to specific methods
of solution. Often a balance is struck between acceptable accuracy for the application at
hand and the expediency in solution.

1t is worthwhile for someone using digital simulation to have a little insight to some
popular numerical integration methods-insight which may help him/her pick a suitable
algorithm for the problem that he/she is simulating. Besides the behavior of the solution
and nature of the model, the main factors to consider when picking a numerical method are
compatible accuracy, speed of solution, and reliability. The solution may have a mix of fast
and slow transient components. Numerical accuracy and stability considerations usually
dictate using a time step that is many times smailer than the smallest time constant of the
dominant eigenvalues at each stage. Thus, the time steps needed to capture the fast transient
components must be small. But, as these fast components die away, larger time steps,
limited only by stability consideration, should be used to reduce the overall computational
effort.

569
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In practice, errors in digital computation are unavoidable because the number
representation in a computer is discrete or granular. The two sources of computational
errors are from roundoff and truncation. Roundoff error is the difference between an answer
obtained with rounded arithmetic and with exact arithmetic, using the same method.

Ymachine + roundoff error = Yy, (A1)

Rounding is inevitable wheri real numbers are to be represented by machine numbers having
a finite number of bits, as in the situation of taking the quotient of two N-bits numbers whose
result could require more than 2N bits. The closeness of the spacing is a measure of the
precision or the capacity for accuracy.

Truncation errors are also introduced when using truncated series, such as in
polynomial approximations, and from terminating an iteration before convergence. They
are the difference between the answers obtained with exact arithmetic using a numerical
method and the true answer.

Virue -+ trUACALION eXror == Yyxact (A2)
Thus
Vmachine = Yexact = Ymachine = Ytrue & Ytrue = Yexact (A3
< |truncation error|-+|round of f| 2
In numerical analysis, different measures of errors are defined.
(absolute) error & approximate value — true value (A4
Since the relative size of the error is more helpful, we also have
relative error & _emror (A.5)

true value
For most applications, it is sufficient to determine the approximate value to within
some prescribed error tolerance of the exact value. Thus, the so-called acceptable solution
will be no more than the specified tolerance from the exact solution or

|computed solution —exact solution| < error tolerance (A.6)

The mathematical models of power components for transient studies are often
described by a mix of algebraic and ordinary or partial differential equations. For some
situations, the mathematical model can consist of a mix of differential and algebraic
equations. In the case of ordinary differential equations, the independent variable is usually
time. Partial differential equations, on the other hand, will have two or more independent
variables, such as time and position in the network.

Let’s examine the numerical process of integrating the ordinary differential equation
(ODE) given by

y'=fty) A7

where y is the dependent variable and ¢ is the independent variable. To completely
specify the solution in addition to the ODE, we need an auxiliary condition. For transient
studies, the auxiliary condition is the value of all the dependent variables at some initial
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Figure A.1 Propagation of local errors in subsequent steps.

time, often referred simply to as the initial values. Such a problem is called an initial-
value problem(IVP). With a higher-order ODE, a more general boundary-value problem
may have values of dependent variables specified at different values of the independent
variables.

Typically, the solution of an initial-value ODE problem is determined by using an
integration formula to construct the values of y at finite time instants, ) <t < ...l <
ty < tn41, called the mesh points, beginning with the given initial point, (f,, y,). The
difference between successive time instants, such as h, = f,41 — ;, is called the step size. In
going from one time instant to the next, the process uses some discrete approximation of the
function f{¢, y). The approximation of f (¢, y) by a finite series in the integration introduces
some local truncation, or discretization, error (LTE) at each time instant. However, the total
or global error accumulated from start to finish is not just the sum of the local errors.

Along the way, the local errors propagate, in that errors in the preceding steps are
compounded by some growth factors as shown in Fig. A.1. The global error over the entire
time interval may be expressed as

n
€g = ZGiéi (A-8)
i=1

where G; is the growth factor for the local error at the ith time step and ¢; is the local error
between the two neighboring solution trajectories, y; () — yi—1 ().

The propagation of errors will depend on the nature of the local errors and stability of
the numerical method and system model. An integration scheme is considered stable when
its global error remains within bounds, that is

Yn—y(tn) =€  remains bounded as n — oo (A9

Integration methods usually have finite regions of stability, where the size of the stable
region is a function of the integration step size. A method with a large stable region is
considered to be robust. In a variable step size ODE solver, estimates of the local truncation
error are made at each step so that the next step size can be adjusted accordingly. If the
local truncation error is larger than some specified local error tolerance, the next step size
will be reduced to achieve smaller local error. On the other hand, if the estimate is smaller
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than some fraction of the specified tolerance, the next step size may be increased to save
computing time. Since a change in step size requires some overhead computations that are
greater in multi-step methods than in single-step methods, the fraction is usually set much
smaller than one in multi-step methods.

Overall, the error of concern is the global error which depends on the size of the local
errors, their growth factors, and the number of steps. While the first is under control of the
user, the last two depend on the nature of the problem.

Many of the digital methods of solving initial-value ordinary differential equations
can be classified as one- or multi-step methods. Essentially, a one-step method uses
information from a single point, y,, to predict the value y,4; at the next point in time,
whereas a multi-step method will make use of curvature information from several past
points, that is yu+1)—i»i = 1,2... K, to predict the next value.

A.2 EULER METHODS

Let’s begin by considering the first-order ODE given by
Y=fy) (A.10)

with an initial condition of y(tp) at ¢ == 1, abbreviated from this point on as yg.

Starting with the given initial value at time f), the task of a numerical method is to
determine the approximates of the solution y(¢), namely yy, y2,... at the times 11, f, ...
and so on untill the final time. Integrating Eq. A.10 forward from the point y, at #, to the
next instant at #,4+1, we have

Inil
. +/ Y (6, y)dt (A1)
'n

Note that the integrand in Eq. A.11 is a function of y and that the value of y,4 is as yet
unknown, as opposed to the situation when evaluating an integral where the dependence of
the integrand in terms of the independent variable is known ahead of time. The one-step
methods use a prediction formula of the form;

Ynt1 = Y+ Phy (A.12)
Comparing the second term on the right-hand side of Egs. A.11 and A.12, we obtain

1 1 ,
¢ = ~—/ ¥ (@, y)de (A.13)
hn Js,

Thus, the increment function, ¢, may be interpreted as the average of slope of y over the
time step h, defined by #,4.1 —¢,.

The simplest of the one-step methods is the explicit, or forward, Euler method. It
uses the derivative of y at ¢, as the increment function. A geometrical interpretation of the
approach is shown in Fig. A.2a. The approximate value at £, is given by

Ykl = Yn = Yy (bt — ) (A.14)
W
hn
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Y4 , ye
Y+t

t st thet
step h step h
(a) Forward Euler (b) Trapezoidal
Figure A2 Forward Euler step.
or
Yn+1 = Yn + /ln}’,/, (A.15)

The above equation yields an approximate of y, | by a linear extrapolation of step size i,
from the point (t,, y,) along a slope determined at that same point, that is y;, or f(t,, yu).
The method is self-starting. Repeated application of Eq. A.15, beginning from the given
initial value sequentially, will produce the approximates yi, y2, ... . Yn+1.

To establish an error estimate for the above Euler method, let’s begin with the Taylor
series expansion of the function at the point (¢,, y,), that is

Y hy Ytk Y )™

1 = 17 ) L, }, e
Y{tatt) = ¥( DY )y 2N 31 m!

+ Ry (A.16)
The time derivatives of y are denoted by y’, y”, vy, ..., y™ . R,, denotes the remainder of
all other terms from m + | to infinity; it is given by

— }]("'+l)($)111/r~4—l
(m+ D!

R, provides an estimate of the local truncation error. It is also used in criteria for
determining the step size or order of the approximating formula in many integration
schemes. When Eq. A.15 is compared to the above full Taylor-series expansion about y at
ty, it is evident that the remainder is of order (22), that is O (h?). Since the number of steps
over a fixed integration interval is inversely proportional to /, the accumulated truncation
error will be one order less in &, that is O (k). The order of the method is the same as the
order of the accumulated truncation error, thus the Euler method is a first-order method.

A lower value of accumulated truncation error can be achieved using a smaller step
size. But, when the order of the method is too low, the increase in roundoff error from the
additional computations using significantly more steps may offset the benefit gained from
reducing the truncation errors.

The stability of the Euler method may be examined using the simple case of
y ==Xy, y(t,) = yo, which has the analytical solution of y(1) = ype (=0, Assuming a

where 1, < & < f4) (A.17)

n
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uniform set of mesh points and introducing © as the extrapolation function from z, to £,.41,

we have .
Yntl+€nsl = Oyn +€,) (A.18)

From the analytical solution, we obtain y,4 = yse**. The accumulated truncation error
at (tyr1.€0+1) can therefore be expressed as

- —xh
€ppy =[O —e "]y, + ®¢, (A.19)
R ———— St
present step previous steps

The method is called absolute stable if |©] < 1 and relative stable if |@] < e,
Specifically, the forward Euler formula yields

Va4l = Yn — )»h)/rz (AZO)
Hence the extrapolation function for the forward Euler is
O=1-—Ah (A2])

For the method to be absolute stable, |1 — k| < 1, which for positive A is equivalent to
h < 2/x. Consequently, the step size of the forward Euler method will have to be small
when used on systems with a large A or small time constant.

A larger stability region is obtained with an implicit, or backward, Euler method,
whose equation can be derived from the following truncated Taylor series expanded
backwards from the point y,.41:

Yo = Yl + (=hn) Yoy (A.22)

or

Yntt = Yt hn S Unats Yur1) (A.23)

The backward Euler method is implicit in that the above formula does not yield yny
explicitly in terms of past values; instead, the unknown y,4; which also appears on the
right-hand side of Eq. A.23 must be solved iteratively. It can be readily shown that the
implicit formulahas a ® = 1/(1 —Ah). The implicit Euler method remains absolutely stable
for large step sizes, even though its accuracy may be poor.

A.3 TRAPEZOIDAL RULE

As evident from Fig.A.2b, a closer approximation of the elemental area under the curve
y' = f(#,y) over the interval i, can be obtained using the trapezoid rule, that is

h
elemental area A, = ypi1 — yu = é’*(y'(tmyn) + ¥ (st Yas1)) (A.24)

Since y,41 appearsinthe y' (41, yo+1) term on the right side of the equation, the rule yields
an implicit relation from which the unknown y,; must be solved for iteratively.
The Taylor-series expansion of the derivative y at 1, is
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y/// h 2
Vel = Y b T A (A.25)

Using Eq. A.25 to eliminate the y, () term in Eq. A.16, the latter becomes

/

Yn I r,
Ynpl = Yn = ~'1‘5‘:@*1” o (O Ay <t <ty (A.26)
Thus, the local truncation error is
1 N
€= -5 Oh (A27)

The accumulated truncation error is of the order O(hz), hence, the method is second-
order. The method is implicit and self-starting. The region of stability of the trapezoidal
method covers the entire left half of the complex z plane, and it is A-stable. Although its
global error stays bounded, the result can contain spurious numerical {147].

A4 RUNGE-KUTTA METHODS,

The RK methods achieve a higher order of accuracy of a Taylor series without having to
calculate the higher derivatives of f(¢, y) explicitly. These methods make use of midpoint
quadratures. The general form of the prediction formula of an mth RK method is

Vo1 = Yu + (@rky +agka + . apkm )iy, (A.28)

Clearly, when Eq. A.28 is compared to the form given in Eq. A.12, the increment function
of the mth order RK method is

Gty Yo ) = (atky +acks + ...+ apkn) (A.29)

The increment function of the mth order RK method may be interpreted as the weighted
mean of the slopes at several points between ¢, and 1,,.1. The k’s are defined by the following
recurrence relationships, which facilitate the computation of their values:

ky = f(tm))n)

ko = fta+ prha, yo +qrakl)
(A30)

ki = fUn+ pom—thn, Yo +dmar kit F Gt m—tkin—1)

For the integration formula to be at east of order one,

m
> a;=1 (A.3])
j=1

The parameter’s a’s, p’s, and ¢’s can be determined from relationships that are obtained
by equating coefficients of powers of 4 in the expansion of Eq. A.28 to those of the Taylor
series expansion of the solution given in Eq. A.16.
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To obtain the relationships, let’s consider the following Taylor series expansion of a*
function with two variables about the point (¢,, y,), that is

S + Aty +Ay)
f(tns Yn) Af (tns yn)

= ftu, yn) + At + 3y Ay
9 ftn, yn 9? Sty ya) 0* NAUTR D)
5 [W(A )42 2oy Amy+-5y-—«m ¥)” } (A.32)

2 .
= f([n»)’n)'**(At“”““A)’ )f(trn}’n)

1 3 a\? 1 9 3\’
+ '2—;(13!*-—-4‘ yw) f(tn’yn)+§'!(Af"é7+AYT) f([;x-Yn)+-~~

Using Eq. A.32 to replace the functional terms on the right-hand side of Eq. A.31, we obtain
for the case of m = 4

ky = f(tn»yn)

] a3
+q1,1k1 — >f(fmyn

ko :f(tmyn)+(p1h o

1 a\?
2' plhna +q1, 1kl* S, yn)
L P aN?
3’ ( lh/za +41, lkld ) Sy 4.
ad
= f(tnaYn) + (I’Zhn'é‘ + (qz,lkl +q2.2k2)—i~> f(tm_)’n)
t dy
1 3 I\
+op | P2+ @21k +f12,2k2)5; S tns yn) (A.33)

1 ay?
+3 (thn +(q2!k1+1127/‘2)"“) .f(trus}’rl)+-~~

9 o\ .
kg = f(tn, yn) + (P3hn5; +(g3.1k1 +q3.2k2+fl3.3k3)§;> Sy yn)
| dJ
+ = 5 mhn + (g3,1k1 +g3.2k2 + g3, 3kz)- f(tm)’n)

1 ) a1\
+ = p3hn— +(@aki+qaoko+q33k3)— | [l ya) +. ..
3! at dy

With y" = f(¢, y(1)), the next two higher time derivatives of y at (z,,, y,) are given by
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" _ ?f_ _E_)_}i ’
Yity) = 3 + ay'y
, 2 i (A34)
= Bhar Bl p 2L (O Y
Vi) = g2t gt \ar T

Substituting these expressions of the higher derivatives into the Taylor series expansion of
the function given in Eq. A.16, we obtain

at

?f 0 2af f(of | .of (A.35)
+(312+ Sy %57 ay( e )>3,+

The functions and their derivatives in Eq. A.35 are to be evaluated at the point (2., yn).

For orders up to the fourth, the order of the RK method corresponds to the number
of terms of the Taylor series used. For example, by equating the coefficients of the partial
derivative terms in Eq. A.35 to the corresponding terms in Eq. A.28 after the &’s have been
replaced by the expressions given in Eq. A.33, we obtain the following relationships of the
coefficients for a fourth-order RK method:

a3
Yn+1:}%+fhn+( +‘£ )E{

P1 = 41,1
2= qatqn
p3 = g31+q32+4933

aytay+aztas =

il

axpr+azpz+asp;
azP% +a3p% +a4p§ =

api +aypi +aspy = (A.36)

il

a3p1q22 +as(pigs2+ paqs.3)

aspiqra+as(plas o+ pigas) =

il

ﬁ!,_. oo — Gl,_ N B W N

azprpaqa2+aap3(piqs 2+ p2qs3)

aap1q2,293,3 =

The above set of eleven equations has 13 unknowns. Since the number of unknowns is
greater than the number of constraint equations, some of the unknowns can be chosen to
achieve any of the following:



[ |

578 Numerical Methods Appendix A

e To reduce storage requirements(e.g., Gill).

o To minimize the bound on the local truncation error(e.g., Ralston).
® To maximize the order of the scheme(e.g., King).

e To increase the region of stability (e.g., Lawson).

To obtain Runge’s coefficient, we set a; = a3 = 1/3 and solve for the rest.

m=F p=3 qu=g

a =} pz—*—»% @21=0 @o=]

=3 pp=1 ¢31=0 g32=0 g3 =1
ay = }

The fourth-order RK formula with Runge’s coefficients is given by

: h
Yt = Ynt ey 2Kz + 23 + k) (A37)
The k’s in Eq. A.37 are determined by evaluating the function value as follows:

ky = f([nsyn)

h k
k?. = f(tn+”2£vyn+”2—lhzl)

(A.38)

h ky
ky = f ([n + "zg, Ynt+ ‘Zzhn)

ka = ftn+hn, yu+kshy)

On the other hand, the Kutta’s coefficients are obtained by setting p) = 1/3, py =2/3,
and solving for the rest:

01:% Pl“;% ‘h,lz%

02:% Pzz% G = =% 1 =1

a=2 p=1 ¢1=1 @gr=-1 q3=1
a =1

The fourth-order RK formula with Kutta’s coefficients is given by

hy
Vbl = YuF —81(k1 43k 4 3k -+ kg) (A.39)

Its k’s are computed using
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ky = f(tn’ Yn)
h k
ky = f(tn+~35,yn+»31h,,)
(A.40)

2h h
ks = f(tlz+—§£ayn+(k2"kl)'§">

ky = f(ta+hn, yo+ (kg —ko +k3)h,).
The local truncation error of the above fourth-order RK methods is of order k2. The
accumulated truncation error of these methods is O(h%); hence, they are fourth-order
methods.
It can also be shown that the expressions for a third-order RK method are
1

Yntl = YuF ‘é(kl +4ky +k3)h, (A4D)

where the k’s are determined from

ky = f(tnsYn)

h hpk
f(tn+'_ﬂ"a}’n+ . 1)

fl

k
2 2 2
(A42)

k3 = f(tn+hn, yn = hnki +2hpka)

The local truncation error of the third-order RK method is of order #%. Note that the
derivative of the function is independent of the function, that is y' = f(¢), and the
expression of the third-order RK method reduces to that of the Simpson’s Rule.

Even though the third- and especially the fourth-order RK methods are very popular,
the second-order RK methods are seldom of interest because they do not produce much
better accuracy than the simpler modified Euler method. Nevertheless, it may be of interest
to know that certain well-known methods may be considered as second-order RK methods.
The expressions for a second-order RK method can be written as

Yntt = Yo+ (@r1ky +azka)hy, (A.43)
where

ky = f(tn s }’n)
(A44)
ky = f(ta+ Pihu, yn +Ql,lklhn)
Equating coefficients with a truncated Taylor series up to the second-order derivative,
we obtain the following constraint equations:

ay+a; =1
1
ap) = ) (A.45)
1
@qi,1 = 3
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Since there are four unknowns with three constraints, we can arbitrarily assign a value
to one of the unknowns. The three most common cases are:

Heun Method: ay=ay=1/2, pr=q, =1
h
Ykt = Yn ~2i(k1 +k2) (A.46)

where -

ky = f(tny Yn)
(A4T)
ky = f(ta+hn, yn+kihy)
Using such a second-order RK is equivalent to using the Heun method with a single
correction.

Polygon Method:  a; =0,a, =1, pi=q1=1/2

Yyt = Yn +kahy (A.48)
where
ki = ftu, yn)
: (A.49)
h kih
ky = f(z,,+—21,y,,+ ‘2")
Ralston Method:  a;=1/3,a,=2/3, pr=gqi1=3/4
k 2k
Ynttl = Yn+ al + ’*"‘2‘> hn (ASO)
3 3 )
where
ky = f(,ny Yn)
(A51)
3h 3kih
ky = f<tn+“fsyn+-;’—£>

Since all three second-order RK methods match the accuracy of the Taylor series
expansion up to the second order, their local truncation errors are of order k. However, the
a’s, p’s and ¢’s in Ralston’s method correspond to the smallest upper bound on the local
truncation error.

In summary, the RK methods are self-starting, even though they rely on information
from more than one point-that is because these points are generated in the current step,
not past points. The explicit RK methods have certain drawbacks. One is that they require
several function evaluations at every integration step. For instance the fourth-order RK
method requires four function evaluations per integration step. Another drawback is that
their regions of stability are not large; as such, they are not suitable for handling stiff
systems. These drawbacks can be offset with implicit or semi-implicit RK-type schemes
at the expense of additional effort required for solving the resulting nonlinear equations.
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Popular examples of the implicit RK-type are the first-order backward Euler and the second-
order trapezoidal methods. For higher-order implicit or semi-implicit RK schemes, see
[121, 122]. Finally, the basic formulation does not provide an estimate of the truncation
error at each step. Such estimates, though, can be obtained using extra function evaluations
per step.

A.5 LINEAR MULTI-STEP METHODS

Linear multi-step methods make use of information about the solution from more than one
past value. The solution or its derivative is replaced by an analytic function that can be
readily handled. There is a variety of ways to express the interpolating formula, the choice
of which will depend on the type of values available, the preferred class of the function,
and the criterion of goodness of fit. The interpolating formula can be determined using the
method of undetermined coefficients, numerical differentiation, or numerical integration.
Newton’s divided ditference interpolating polynomial is widely used for approxi-
mating derivatives, integrals, and the solution of IVP. Let’s consider Py(¢), a kth-order
polynomial that fits through the k + 1 function values at 19, ¢, ... , f, of the following form:

Pe(@) =ag+ai(t —to) +ax(t —t0)(t =) +...+ag(t —to)(t —11) - (¢ —t—1)  (AS52)

The a’s can be determined by equating the above expressions to the function values at the
various time instants. For the case of k = 1, ap = f(tp) is obtained by equating Py(z) to
[ () at 9. Next, equating P (¢) to f(¢) at ¢y yields
Pi(t) = f(to) Far(ty —to) = f(t1) (A.53)
from which we obtain
S — fo)
ap = ———
i —1lo
The interpolating formula for k = 1 gives the classical linear interpolating expression:
[ — f (o) -
ty—1p
For compactness, we will use the divided difference notation: The zeroth divided difference
of the function with respect to f is simply the value of the function at #, that is f{#] =
f(%). The first finite divided difference is an approximation of the first derivative between

two points; thus, the first finite difference of the function with respect to ; and ¢; 1 is defined
as

(A.54)

P(t) = f(to) + f) nh>i>1l (A.55)

flitigl= W (A.56)
i T H—-1

With this notation, it can be shown that the kth-order Newton’s polynomial that fits over
k 41 points, can be written as

Pe(t) = fQo)+ fln, ot —t0) + flea, 11, 001t — 10) (¢t — 1) + ...
(A.57)
ettt tod(E —to) (8 —t1) -+ (E — tr-1)
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Analogous to the Taylor series remainder R, of Eq. A.17, the truncauon error of the kth-
order Newton’s divided difference polynomial is

Ri= flt,te, e, st Lol —20) (¢ —£) -+ (¢ — 1) (A.58)

-

The above expression of Ry can be used to estimate the local error introduced by a finite
kth-order polynomial when an extra point, say at = ;. (, becomes available. Interpolating
polynomials based on finite differences is preferred because changing the order of the
approximation can be accomplished simply by adding or dropping terms, and because the
truncation error can be estimated.

Interpolation is simpler when dealing with data that are evenly spaced. As background
to our discussion of two popular multi-step methods, let’s review the relationships between
finite differences and derivatives, assuming that the mesh points are equally spaced by a
time interval, s.

Differences and derivatives of a function are closely related. In the case of forward
differences, the relations are as follows:

Af() = fl+h) — ) =hf'E) t<&<t+h

APF(6) = Af+h)—=Af @)= fE+2h) =2f (t+R)+ [ (1)
=h2f'E)  t<E<t+2h

A f)y =AM f+h) —A%f(r)
= f(t4+2h) =3f+2R)+3f(t+h)— f(t)
=R UE) <& <t43h (A.59)

Amf(t) — Am'lf(t +h) — A”‘”If(l)

= f(t+mh)~— (f)f(t + (m— 1)Yh)

+ (I;)f(t +m—=Dh)— .+ (D"

= h" f7(E) t <& <t+mh

Similar relations for backward differences are
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TABLE A.1 DIFFERENCE TABLE ABOUT THE FUNCTION VALUES AT TIME ¢

Time Function Af Alf Ay Atf

t—4h f(t—4n)
Af-a

1—3h F(t—=3h) Afy
Afis APfy

t—2h f(t—=2h) A? f-3 A fy
Afg A3f~3

t—h Ft—h) AZf, At fs
Af-q Af,

t £ AZfy Aty

Afy ‘ Adfo

t+h ft+h) A% fo At
Afy A3 fy

{+2h F(t+2h) Alfy At fy
Afr A f

t+3h flt+3m) AL
Afs

t+4h fle+4h)

Af(—hy=f()= flt—h)=hf"(§) t—h<§<t
AXF( 20 = At —h) = Af(t—=2h) = f(£) =2f (t—h) + f(t —2h)
=h* (&) t—2h <& <t

A F(t—3hy = A2 f(t —2h) — AL f (¢ ~3h)
= f{)=3f@—h)+3f@~2h)~ f(t—3h)
=Rf"E)  t-3h <& <t (A.60)

A" Flt—mh) = A"~ m = DR — A" (e —mh)
k k m
= f(t) = ) f@—h)+ ) f@=2h)— . (D"t —mh)
=h"f"E) t—mh<b <t
Table A.1 gives the difference table about the function value at ¢.
Substituting s = (t —t9)/hort — 1t =1 — (g +kh) =h(s —k) k=0,1,...,(k-1),

the coefficient of the kth difference term in the Newton’s interpolating polynomial of Eq.
A.58 can be expressed as
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(t=t)t~t)---(t—f—1)  hHEE-D=2)--s—(k=1D) (s
hkk! - hkk! - (k) (A6

Equation A.S8, rewritten in terms of the forward differences, becomes

ki s s\ Lk
Pi(s) = fto)+{ , ) Afo+ >A2f0+...+ A fy (A.62)
—— A\l 2 k
]
N, st
Py
Py
Successive degree polynomials of the sequence of polynomials, Py, Py, P2, ..., P, willin-
terpolate through one more point of the set o, £1, 2, ... , fx—| than the previous polynomial.

In fact, the polynomials can be generated using the recursion formula:
Pm(s)sz_l(s)-%-(S)A’”fo m=12,... (A.63)
m

The other advantage of using the interpolating polynomial of Eq. A.62 is that its truncation
error can be determined from

LTE = (ki l>hk+‘f"'“(t) fo <t <t (A.64)

It is evident from Eq. A.62 and Table A.1 that a certain minimum number of points
will have to be stored for a given degree of interpolating polynomial. For example, a third-
degree interpolating polynomial using forward divided differences from f(t = ty) will
require the divided differences up to A* fy, which as shown in Table A. 1, will in turn require
the function values f (), f(t +h), f(t +2h), and f(t +3h).

Instead of constructing an interpolating formula based on forward values, we
can construct one using past values, if past values of the function are known at ¢ =
to,to — h, ..., to — kh. The formula for the Newton’s backward-difference polynomial of
degree k, which interpolates these (k -+ 1)th points, is

—1
Pe(s) = f(to)+(s)Af_1 +(s+ ’)Mf_z ot (“Lk )A"f.k (A.65)
LTy 2 k
Py
[ ——
Py

P

In this case, s being negative, the identity:

s+k—1 _ of =S .
( X >-(-1)(k) (A.66)

can be used to rewrite the above equation as

Pi(s) = f(to) + <~1)(T) Afoy +<~1)2(";) Afot.. + <—1)k(‘:) T
(A.67)
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The recursion formula for generating higher-degree polynomials is

-

Puls) = Pm_}(s)+(—~1)’”<m )A”‘f_m m=12,... (A.68)

and the truncation error of Eq. A.67 can be determined from

-5

LTE = (=)
U ke

)h"“f"*‘ © r<t<t (A.69)

The integration formula of many linear multi-step methods may be expressed in the
form:

Yntl = UmeiYn +Om—2Yn—1 oo F X Ym0 Yn—m+1
+ BB f Wnets Y1) + Bn—1 S (tny yu) + - .. (A.70)
+ BLSf Unem> Yn—m) + BoS nwm+1s Yn—m+1)

where m is an integer greater than 1 and yo, yi1, ..., ym—1 are the required starting values.
The initial set of starting values can be generated with an RK method whose order is at
least as high as that of m. The right-hand side is a linear combination of the derivatives
S iy Yugi), i =0, 1,...,m. The coefficients, «;, B, = 1,2, ..., m, are real. The method
is explicit or open when B, = 0, since y,4 is then explicitly given in terms of previously
determined values. But, when 8, # 0, the method is called implicit or closed.

A simple example of a multi-step method is the modified Heun’s method which uses
the slope at y, as a predictor, that is

Yoot = Ynet + 20y (tn, yu) (A1)

Comparing the coefficients of y’s with those in Eq. A.71, we can see that the above predictor
equation has m = 2, a9 = 1, and B = 2. The predicted value is corrected by a corrector that
uses the trapezoidal rule given by

Y (ns Yu) + ¥ st Yor 1)
2

Yol =Yn+h forv=1,2,...,.M (A.72)

The corrector, which refines the value of y,, |, is applied iteratively until v = M or until the
stopping criterion, such as that given below, is satisfied.

yv - yv~l
okl ndl < specified error tolerance (A.73)

v
In+l

In terms of the parameters given in Eq. A.71, the corrector has m = 2,0y = 1,8 =
1/2, and By = 1/2.
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A.6 ADAMS METHODS

The Adams-Bashforth formulas are open or explicit integration formulas, They can be
obtained by substituting the derivative, y', on the right-hand side of Eq. A.11 with g
polynomial interpolation that fits a certain number of previous points, including that at
t,. For example, the formula for an m-step Adams-Bashforth formula can be obtained ag
follows using a (m — 1)th-order Newton’s backward-difference formula to approximate the
derivative in Eq. A.11: '

. Bl ,
Yl = yn+/ ydt
th

' Int1
= Ynt Je, y@)dr (A74)

in

Int1
~ yut / Py (0)dt
In

Substituting ¢ = t, +sh, dt = hds, the integral term becomes

fng 1/'n—,\-l"”
/ fey @)t = f Z( 1)"( ) e f(tay ya)dt

tn (m)
+[ o (S;qy(én))

=)t~ ty) - (2 '"tn+1uin)dt

m~1 ‘
”ZA kf([n:)’n)h( l)k/ (;s)ds (A.75)

hm+!

fs<s+1)-~<+m»nf‘"')(sn,y(sn»ds
4]

The values of the integral (—1)* fgl (')ds fork=0,1,2,...,m— 1 can be easily evaluated.
For instance, the value for k = 3 is

1 1
o [ Nag = [ D=2
(G2 fo (3>ds—- L 3 ds

AT6
—~1f1(s3+32+2)ds—3 e
T T T =Y

Substituting the above expression for the integral and also the values of the coefficients of
the first few terms in the summation series, Eq. A.75 becomes

1 5
Yn+1 = Yo +hL G, yn) + 5A~1f(fns Yn)+ ”I‘z‘A~2f(tn~ Yn)

9 251 475
+ A 3f(tn,}’n)+ ~—4f(tn,y,1)+ 1440

+h'"+1f(m)(§mY@n))(*])m/ <~S>ds
o \m

Asfltn,ya)+.. 1+ (ATD)
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Yn-4 vy
s Yn-3 Yoo

5-steps

tha 3 the tha ot t thda s the i oty t
(a) Open (a) Closed

Figure A.3 Range of the sixth order Adams open and closed formulas.

Using the relationship in Table A.1 to express the backward differences in terms of the
function at ¢, and before, and ignoring the remainder term, the formula of an m-step and
mth-order Adams-Bashforth formula can be expressed as

m=1

it =Yt h Y B iy Ynt) (A.78)
k=0
If the derivative y” on the right-hand side of Eq. A.11 is substituted with a polynomial
interpolation that fits a number of previous points and the point at #,41, we obtain the
following closed or implicit integration formula known as the Adams-Moulton formula:

i 1
Yutl = Yn +hLf (b, Yn) EA—lf(tmyn) - ’}"EA—Zf([m V)

1 19 27
- ﬁA——&f(In» )’n) - 77‘5'6A~4f([n7 }’n) - m(‘)A—Sf(tm yn) +...] (A79)

Ly
+ Ay (ED (D™ / ( s)ds
0 m

The formula of an (m — 1)step and mth-order Adams-Moulton formula can be
expressed in the form

m—1
art = YuFh Y Bef a1k, Yarr1—4) (A.80)
k=0

The essential difference between the open and closed Adams integration formula is
in the range as illustrated in Fig A.3 for the case of m = 6.

The B coefficients and accumulated truncation errors of the lower-order Adams-
Bashforth and Adams-Moulton formulas are given in Tables A.2 and A.3. Note that the
truncation error of an (m — 1)-step Adams-Moulton implicit formula is of the same order
as that of a m-step Adams-Bashforth explicit formula. In general, the coefficients of the
implicit formula are smaller than those of the explicit formula and are of the opposite sign.
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TABLE A.2 COEFFICIENTS AND TRUNCATION ERRORS OF ADAMS-BASHFORTH FORMULAS

Accumulated

Steps Bo Bi B B3 Ba Bs  truncation error
|
1 1 2hf'(§)
5,2
2 3 -4 ) whe (&)
9 Y
- Hh L)
59 37 9 25014 (4
4 % -3 LS 7 @)
1901 274 2616 1274 251 45 15 4 (5)
5 0 0 720 70 raao " 1 ()
5 4277 7923 9982 7298 2877 _475 1908746 06 5
720 730 7 720 77 720 60,480 -

TABLE A.3 COEFFICIENTS AND TRUNCATION ERRORS OF ADAMS-MOULTON FORMULAS

Accumulated

Steps Bo B B2 B3 Ba Bs truncation error
! 3 3 — 1z 1)
i N
2B b -7 ~ g £ (E)
" 1 1 19 14 ¢
3 % i -3 bz —ht f @)
251 646 264 106 _ 19 27 15 ¢(5)
4 ke 720 7 720 710 ragh [ (6)
5 475 1427 _ 798 482 A7 21 863 46 £(6) (g
144 1440 144 1440 1440 1440 60,480 )

In practice, the implicit formula is used as a corrector to improve the prediction made by

the explicit formula.

The well-known Adams-Bashforth-Moulton predictor-corrector integration scheme
makes use of the Adams-Bashforth formulas as predictors and the Adams-Moulton
formulas as correctors. The Adams-Moulton formulas are used as correctors because they
have smaller truncation errors and are of opposite sign when compared to the Adams-
Bashforth formulas of the corresponding order. This scheme is recommended when the
expected solution is smooth and is to be of high precision, and when the function evaluation
is time-consuming. Typically, a predictor-corrector scheme consists of the following steps:

P Extrapolate from a number of past values to predict the value of the point at the new

time,

E  Use the latest available value at the new time to evaluate the derivative of the function

at the new time.

C  Use a corrector formula to recompute the value at the new time.

There are variations to these basic steps from scheme to scheme. When the last two
steps are repeated n times, the scheme is said to have a P(EC)" mode. Another scheme is
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the P EC E mode, in which an evaluation is made after the correction. A practical algorithm
will have the ability to change the order of the Adams formula to maximize the benefits
attainable from the extrapolation and also to adjust the step size to satisfy prescribed criteria
on local truncation error, accuracy, and stability. To do these things, an algorithm needs
to have a bookkeeping method of previous points, an efficient interpolation method for
generating the necessary in-between points when halving the step size, and an effective
criterion for changing order or step size so as to keep the overhead involved with changing
back and forth to a minimum. Changes in order and step size in multi-step methods are more
costly than in one-step methods because new equally spaced values have to be generated to
effect the change.

A.7 GEAR'SBACKWARD DIFFERENCE FORMULAS

Stiffness in numerical problems is often associated with mathematical models which have
time constants distributed over a wide range, as in a system with a slow-acting mechanical
component coupled to electrical circuits having fast exponentially decaying transients.
However, numerical stiffness depends not only on system characteristics, but also on the
initial conditions, desired accuracy, and duration of integration [128]. Hence, it cannot
be easily determined in advance. When it comes to handling numerically stiff equations,
implicit integration algorithms are better than explicit ones [124]. And of the implicit
algorithms, the backward difference formulas (BDFs) are supposedly reliable for dealing
with stiff systems. The BDFs are excellent for solving stiff systems with eigenvalues not
close to the imaginary axis [128, 129, 132, 144]. Lightly damped systems with eigenvalues
close to the imaginary axis are better handled by implicit/semi-implicit RK methods.

Reference [130] describes a variable-step, variable-order Gear’s algorithm using
Newton’s divided difference. A kth-order Gear’s integration formula replaces the first
derivative, ', by y' = By, + S, where S is a linear combination of the past values,
Yy Y1y Yn~2s ooy Yn—k-

The algorithm to determine 8, S, and vy
following steps:

P

it for the kth-order formula consists of the

1. Calculate the divided differences, y{t,, ty—1, ..., ta—;}, for j =1,2,3,... k. The
first-order difference is defined as
y{ty) =yt~
,V[In, tn~|] = :(—')"“’;_(""I“‘L)‘
In =ty
The second-order difference is defined as

st 1= yltu—1, tn-2]

,V(In» bty taal =

ty = Ip—2
The kth-order difference is defined as
) by bt oo et ] = Yt b0t
yi,l‘n,l,,»x,...,tn_k_]zy[" n—1 k11— Ytn—1, tn n (A1)
by —Ink

2. Calculate o, B, and L ; using
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Ljﬁtﬁ,]——!n_j.;.] j:l.z,..:,k

[24] 3L1 Glj :a!js_le j 2,3,4,...,/(

I

(A82)

{

1 1
= By =B — =234k
B i Bi =B 1+Lj /

3. Calculate S and y?, | using

V,i}il = y(tn)» y'fj—l :)’:JCI! +'ajy[tmtn—lv" *I"‘J'] j= 12,3, .k
yo Loyl
Sy = Jntl S, =8+ 20t jo=234,... k-1 (A.83)
L, L;

With Gear’s formula, the mathematical model of the form, f(y,¥', ) =0, upon sub-
stituting for the first derivatives, yields an algebraic equation of the form g(¥, 41, fn41) = 0.
For stiff initial-value problems, better convergence of the solution of the resulting nonlinear
equation, g(y, t) = 0, is obtained using a Newton’s scheme. The predicted value, y,’: +1» from
the above algorithm can be used as a good initial guess to start the Newton’s scheme. As
we will see in the next section, the same predicted value also provides an estimate of the
local truncation error.

A.8 SOLVING THE RESULTING ALGEBRAIC EQUATIONS

When the mathematical model consists of differential and algebraic equations(DAE), there
will be additional non-state variables associated with the algebraic constraint equations,
that is y is a vector of unknown state and non-state variables at the next time step. For the
beginning time step, either default zero initial-values or user-supplied initial-values can be
used to start the Newton iteration. Since the convergence of the Newton iterations improves
significantly with initial estimates that are close to the solution, every effort should be made
to obtain good initial estimates. Thereafter, the predicted values, yf: +1 from Eq. A.83, serve
as the initial values of the state variables at the beginning of each new round of Newton
iterations. With DAE systems or where non-states variables are associated with switching
functions, previous values of non-state variables should also be stored for interpolations.
Predicted values of the non-state variables can be extrapolated from the stored values and
used as initial values for the Newton iterations.
The (v -+ 1)th update of the iteration of the Newton’s scheme is computed using

yu+1 :y” + Ay\] 2yu -’J"lg(y") (A84)

where v is the iteration count of the Newton’s scheme and the Jacobian, J, is dg(y)/dy.
Functions with exponential characteristics can sometimes cause the Newton algorithm to
diverge when there is no limit placed on the correction, Ay.

The elements of the Jacobian matrix can be determined by making infinitesimal
perturbations of the corresponding variables in g; for instance, the element, J(i, ), can be
computed using
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98i 8O, y(PD A+, ym) =g (D), - (), yOm))
ay j aj
where m is the dimension of the unknown vector, y. The value of o; is critical to avoiding
numerical cancellation and to achieving fast convergence with the Newton algorithm. Stoer
and Bulirsch [133] suggested choosing a o; that is about half a machine precision of the
function itself.

In each new iteration of y”, a new correction, Ay”, must be solved for using JAy” =
—g(y"). Since the solution of the equation, JAy” = —g(y"), must be repeated with more
than one function value on the right-hand side, an LU decomposition approach will have
the advantage over a Gauss elimination in operations count.

There are several methods of LU decomposition. The Crout algorithm decomposes J
in a lower triangular L and an upper triangular U matrix with unit diagonal elements in the
following way:

(A.85)

1. Begin with

Lj]:]j] forj=1,2,...,m
(A.86)
J .
Uy =2 for j=2,3,...,m
Ly
2. Fori=2,3,....m
a. first step through
i-1
ngZJijMZLikUkj for j=1i,i+1,...,m
k=1
(A.87)
| i1
Uj,':z—(]j,'—ZijUk;) for j=i+1,i+2,....,m
ii kel
b. then process the remaining (i — 1) by (i — 1) submatrix:
Jij . .
J;,’:T forj=i+1,i+2,....m
i
(A.88)

forj=i+1,i+2,...,m
Jje=Jjx = JjiJie { s

fork=i+1,i4+2,...,m

Clearly, the pivot, J;;, should not be zero, Since every element of J is used only once in the
decomposition and there is no need to provide storage for the unit diagonal elements of U,
the remaining elements of U and the elements of L can all be stored in the same location
occupied by J as the decomposition progresses.

With J decomposed into LU, the solution of JAy" = —g(y") is obtained using two
steps: :
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1. In the forward substitution step, the solution, y'™7, of the equation, Ly = —g,
is computed as follows: ' :

tmp —81
Nt L

it

(A.89)
t k-1
R = e L™ fork=2.3,m
i=l

2. The second step is a backward substitution step, where the desired correction
vector, Ay, of the Newton iteration is calculated as follows using the y™” determined from
the forward substitution step: '

Aym = y"
(A.90)
m
Ayk:y,imp~ Z Uk.i Ay fork=m~—1,m-2,...,1
ikt 1

Successive updates are made until the value of y,,, converges to within some
specified tolerance. The convergence criterion may be of the form:

[Ay(n)] = €raly(m)] + €aps (A91)

where €,¢; and €45 are the relative and absolute error tolerances to be specified by the user.

Savings in computation associated with the evaluation and LU decomposition of the
Jacobian can be considerable if the snme Jacobian can be reused for several time steps, that
is if the Newton's iterations continue to converge satisfactorily. The rate of convergence of
the Newton’s iterative scheme may be gauged from

yu—H - yv
y— yJIT
Petzold has used the following scheme in DASSL [127] to speed up the Newton
convergence:

ROC =

(A92)

yH=y eny (A.93)
where elements of vector ¢ associated with B terms are calculated from
2
cg, (A.94)

= 1+ﬂicurr/{3‘gld

Bf*" is the current value of B; and ﬂ{”” is the value of 8; when the Jacobian matrix was
last evaluated.

It has also been observed that with stiff systems [143], the values of 8; are usually
very large compared to other terms in the system equations; as a result, entries with f; are
usually chosen as pivots. Another scheme to extend the use of the same Jacobian matrix for
several more time steps with minor computation is to partially update the LU decomposition
by selectively modifying only those pivots associated with g as follows:
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. B o old
pivot}®’ = 'u pivot] (A.95)

Pivots not associated with 8; will not be updated.
Some packages allow the user to specify the limits that are to be imposed on the
corrections of some or all variables.

A.8.1 Pivoting

To avoid a division by zero in Eq. A.89 during decomposition, the pivots should be non-
zero. When the pivot element is not zero but comparatively small, row interchanges may be
desirable to get a larger pivot so that the roundoff errors can be reduced. Crout’s algorithm
with partial pivoting can be used for the LU decomposition [134]. In addition, choosing
the biggest entries in the rows for row pivoting (or columns for column pivoting) of the
submatrices will limit the growth of values in the decomposition process. Even though large
values do not necessarily imply a large backward error in the solution [135], limiting growth
in values usually results in better numerical stability.

There are several strategies for reordering equations to minimize the number of fill-
ins. Nagel [124] and Duff, et al. [134] have, however, reported that none seems to perform
better than the Markowitz strategy. The strategy of Markowitz [136] is to select the pivot
from the entry with the lowest Markowitz count, defined as

(re—=D (=1 (A.96)

where ry and ¢, are the numbers of non-zero entries in the row and column, respectively,
of the kth candidate for pivot. The Markowitz strategy with threshold pivoting offers a
compromise between sparsity and numerical stability [134, 143]. In this pivoting scheme,
entries with values larger than some fraction of the maximum value in the same row are
considered candidates for the pivots. Thus

qu‘k Z pomax; i1 (A.97)

where J,, « is the kth candidate for the pivot of the ith row, and u is a user specified constant
between 0 and 1. Partial pivoting is obtained with a p of 1. Duff, et al. [134], suggesta p
of 0.1 from their extensive testing.

The Markowitz strategy requires information on the number of non-zero entries in
the rows and columns. In the order of the increasing number of non-zero entries, the row
and column linked lists are scanned alternately. A limit on the number of rows and columns
to be scanned can be specified by the user. When two or more candidates for pivoting have
the same minimum Markowitz count, the entry with the largest value is usually chosen, as
suggested by Osterby and Zlatev [137].

A9 STEP SIZE CONTROL

For purposes of adjusting the step size of integration in Gear’s BDF, the current local
truncation error, LT Ey,r [129], may be computed from
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D1 =0
LT E gy == et i . (A.98
ur ,BLK+[ )
It is compared with the allowable local truncation error, LT E 0, 1129, 130, 132], that is

determined from
LT Eatiow = € Rattow (A.99)

The truncation error per unif time, €, may be specified by the user or calculated from the
ratio of the specified global truncation error to the total integration interval. With uniform
time steps, the local truncation error of an mth-order integration formula is proportional to
pmrl ,or

LT Ezligw - (hm’a'ow>m+l (AIOO)

LT Ecurr
Substituting Eq. A.99 into Eq. A.100, the next allowable step size can be determined from

Reurr

]
€rhew n
halluw = hcurr (L‘;E‘s“z;:r> (A- 101)

When there is more than one state variables, the next allowable step size is determined by
the smallest hgy10y value.

The use of Eq. A.99 in conjunction with Eq. A, 101 can sometimes result in very small
step size when handling numerically stiff systems or when the duration of the simulation
is long. Alternatively, as in IVPAG from IMSL[125], ACSL[123], ODEPACK[126], or
DASSL[127), LT Eq1101 may be calculated from

LTEaHow = ércllymH‘ + €abs (A]O?,)

where €, and €. are the relative and absolute error tolerances specified by the user,
respectively. Allowing the user to specify these two error tolerances on the varjables
can avoid the need to scale the variables, even when their dynamic ranges are orders of
magnitude apart. With LT E 4y, calculated from Eq. A.102, the step size will be influenced
more by the local dynamics as opposed to the global influence with Eq. A.99. Such
responsiveness will make the maintenance of accuracy for both fast and slow transients
casier.

In some packages, the size of the first time step after a discontinuity or at the
beginning of the simulation is arbitrarily set to some tiny fraction of the desired duration,
because reliable information needed to apply Eq. A.98 is lacking. Such an approach will be
inefficient when there are many discontinuities. On the other hand, allowing a larger time
step could risk stepping over the next discontinuity that is close. Clearly, some LT E control
to adjust the initial step size is desirable. Immediately after a discontinuity, the orders of the
integration and extrapolating polynomials should be reset to one, and the value of y/,, in
Eq. A.98 should be calculated from the forward Euler formula instead, that is

Y= vt Ly, (A.103)

At each subsequent step, the aim is for as few Newton’s iterations as possible by
picking values of f410, small enough so that the predicted values of state variables are
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mostly within the error tolerance range of the corresponding corrector values. For example,
our experimentation with TARDIS[143] on electrical drive systems led to the following
relation between hgjy,, and eyg:

g+l

ENR )

Rattow = 75 T p (A 104)
[Yns1 _yn+1|

where ey g was the convergence tolerance specified by the user for the Newton’s algorithm.
The .75 factor was used to reduce the ratio of the expected error in the Newton’s algorithm
to the correction of the predictors at the current step. The .7 factor in the exponent was an
adjustment to the fact that Eqs. A.100 and A. 102 are just rough estimates of the relationship
between local truncation error and step size.

A.10 CHANGING ORDER OF INTEGRATION

‘When dealing with a system that has a smooth response, a higher-order integration formula
generally will permit larger time steps, which translates to fewer steps for a given duration;
however, each step will require slightly more overhead computation than that of a lower-
order scheme. The order of integration is adjusted to yield the largest allowable /14170, that
is obtained by using values of ny, B, and Lk of three different orders: the current order,
one order lower, and one order higher. Some hysteresis is introduced in these comparisons
to avoid frequent changes of the order of integration. For example, the order will be reduced

only if

halloluf(ll(-—l) > Nattowik) > f’_ﬂ%&ﬁl‘ﬂl (A.105)
Conversely, the order will be raised only if

ha”;).’gg?l) < Rattow(ky < ﬁ‘.‘ﬂ‘i}"_’izéiﬂ (A.106)

ATT HANDLING OF CONDITIONAL DISCRETE EVENTS

Scheduled and conditional discrete events are to be handled differently. With a scheduled
event, the instant is known in advance. Integration can be carried right up to the scheduled
instant, adjusting the size of the latest time step for the scheduled instant to be one of the
meshpoints. With a conditional event, however the instant will not be known in advance and
is detected only when it has been passed. In the switching function techniques, the actual
instant can be determined from an interpolation between the previous and current values
by locating the zero-crossing of the corresponding switching function that characterizes
that event. For example, the switching function of a diode turning off and on can be that
describing its current and forward voltage, respectively. Other suggested techniques of
marking singularities are the perturbed polynomial [145] and rational function [146].
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Figure A4 Updating state transitions
during the startup and integration phases.

The use of simple IF-ELSE statements to handle discrete events within the Newton’s
iteration loop will cause changes in parameters and/or equations from one Newton’s
iteration to the next. Such changes, if drastic, can disrupt the convergence. In [143], state
machines are introduced in the model of a component capable of generating discrete events.
The state of the state machine changes when any of the transitions connected to the current
state are satisfied (or fired on). When there is more than one fired transition, the one with
highest priority assigned by the user will be chosen by virtue of its order in the list of state
machines. The program codes for state machines are kept separate from those of the system
equations. The states of the state machines are updated together in the order of their assigned
priority, only after the system equations and variables have been updated.

Figure A.4 shows a simple flowchart of how the state transitions are handled. At the
start of a fresh run, the initial states of the state machines are determined in conjunction
with the initial iterations of the state and non-state variables of the system equations, until
a consistent set of conditions is obtained, following which, the integration proceeds a step
forward. At the end of a step, the program determines whether any state machine has been
fired. If none is detected, another step forward in integration can proceed. If there are fired
transitions, the states of the corresponding state machines will be changed, the new system
equations reflecting these changes in states will be solved, and the consistency of the new
solution with the states of the state machines will be checked. The update and solution cycle
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will be repeated until the status of the state machines shows no further changes, that is, until
the values of the variables and the states of the state machines are consistent with each other.

A change in state of the state machines may be accompanied by changes in the input
excitation and/or parameters of the system. If the change causes an abrupt change in the
system response, the interpolating polynomials approximated from values at previous time
steps will not be applicable. The order of these polynomials and the integration must be reset
to 1. If the order is not reset, it is likely that the next integration step will fail repeatedly and
the step size eventually reduced to an undesirably small value. Similarly, with an abrupt
change in the system parameters, the Jacobian matrix used in the Newton’s method must
also be updated.

A.11.1 Locating Discontinuities

Gear [138] uses the step size control to locate discontinuities. Ellison [139] and Birta, et
al. [140] use the values of switching functions and the derivatives of their interpolating
polynomials to locate discontinuities in counjunction with a Runge-Kutta integration
algorithm. Some integration routines also have a root-finding capability [131, 141] that will
locate the zeros of user-specified switching functions from the changes in the sign of their
values.

Switching functions can be expressed in a manner such that a transition of its value
from positive to negative marks the occurrence of some discrete event. Values of switching
functions with active transitions are stored in terms of divided differences for interpolation
purposes. The order of interpolation is equal to or less than the current integration order.
When the order of integration is reset, the order of interpolating polynomials is also reset.
Negative-going zero-crossings can be located by a routine modified from Brent’s [142].
Depending on the nature of the switching function, Brent’s routine uses one of the following
three methods: linear interpolation, inverse quadratic interpolation, and binary search.
Locating the zero-crossing points with interpolating polynomials is not always reliable
because false zero-crossings can occur, usually a little ahead of the real zero-crossings. The
located crossings will have to be checked by re-integrating from the previous point to the
located instant of zero-crossing using very small time steps.

For resolving multiple transitions, a “band of certainty”, as suggested by Birta, et
al. [140], of width depending on the resolution desired, can be placed on the negative
side. Short-lived discrete events are characterized by the value of their switching functions
dipping negative briefly within a time step. They can be detected by the change in the sign
of the slopes of the switching function at the two cross-over points. When the signs of the
slopes at the cross-over points are different, the minimum, or turning, point of the switching
function can be estimated from the corresponding interpolating polynomial.
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CD-ROM

B.1 FILE FORMAT

The CD-ROM that accompanies this book contains the MATLAB and SIMULINK files of
exercises and projects described in the book

Files for Macintosh machines are placed in a separate folder from that containing
files for the UNIX and windows machines. In view of the pending release of MATLAB
S/SIMULINK 2 to replace the current version of MATLAB 4/SIMULINK |, files for the
new version are placed in the MATLABS folder and those for the current version are placed
in MATLABA4. Within each of these two folders are sub-folders, C2 through C10, containing
exercise and project files mentioned in Chapters 2 through 10 of the text.

In general, filenames beginning with the letter m are MATLAB M-files and those
beginning with s are SIMULINK files. Many of the files will run on both versions, but
some need minor changes here and there. For convenience, I have included the files for both
MATLAB 4/SIMULINK 1 and MATLAB 5/SIMULINK 2. Those for SIMULINK version
1 will have an .m filename extension, whereas those for SIMULINK version 2 have an .mdl
filename extension. For example, the MATLAB M-files for Project No. 3, m3.m say, and
the corresponding SIMULINK files are

$3.m for SIMULINK version 1,
or $3.mdl for SIMULINK version 2.
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The given files have been tested on MATLAB Version 4.2¢c and SIMULINK Version
1.0a, and on the pre-release MATLAB Version 5 and SIMULINK Version 2.
Also included on the CD-ROM are the following utility files:

ffiplot.m - for computing and plotting the fft of a variable. The times and values of
the variables are stored in separate row arrays.

sizeplot.m - for resizing the figure window

These utility files should be placed in a directory that is on the MATLAB’s search
path, for example, in the MATLAB/bin directory.

Depending on the display resolution used, the SIMULINK window may or may not
display the given SIMULINK simulations in full. The viewing area can be increased by
setting the display resolution higher, at the expense of smaller lettering. The simulation
diagrams given should fit within an open screen when using a display resolution of
800x 600 pixels or higher.

R R R R R R S

CONTENTS OF FOLDERS
CHAPTER 2 (C2 Folder) INTRODUCTION TO MATLAB/SIMULINK

Exercise 1: Variable Frequency Oscillator
SIMULINK file sl.mdl
MATLAB m-file ml.m

Exercise 2: Parallel RLC Circuit
SIMULINK file s2.mdl

MATLAB m-file m2.m

MATLAB m-file m2init.m(lst half of m2.m)
MATLAB m-file m2plot.m(2nd half of m2.m)

Exercise 3: ac Energization of a RL Circuit
SIMULINK file s3.mdl
MATLAB m-file m3.m

Exercise 4: Series RLC Resonant Circuit
SIMULINK file s4.mdl
MATLAB m-file md.m

R kKRR R KK KR E K

CHAPTER 3 (C3 Folder) BASICS ON MAGNETICS AND LINE MODELING
Project 1: Line Parameters and Circuit Models:

(a) Relative Accuracy of Circuit Models for
Different Line Lengths

(b) Real and Reactive Power Transfer
SIMULINK file none
MATLAB M-file ml.m
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Project 2: Switching Transients in Single-phase Line
SIMULINK file s2.mdl

MATLAB M-file m2.m

ek e Rk Rk kK ok kK

CHAPTER 4 (C4 rolder) TRANSFORMERS -
Project 1: Short-circuit and RL Load Terminations

SIMULINK file sla.mdl (linear transformer)
SIMULINK file slb.mdl (piecé-wise linear saturation)
SIMULINK file slc.mdl (lookup table saturation)
MATLAB M-file ml.m
MATLAB M-file fftplot.m (fftplot.m should be
placed in a directory on MATLAB's search path)

Project 2: Open-circuit Termination, In-rush Current,
and dc Bias Core Saturation

SIMULINK file slc.mdl (lookup table saturation)
MATLAB M-file ml.m

Use the given fftplot.m to obtain the discrete Fourier transform.
Project 3: Autotransformer Connection

SIMULINK file none
MATLAB M-file none

Project 4: Delta-Wye Transformer:Voltage and Current Ratios
Zero-sequence Current

SIMULINK file s4.mdl
MATLAB M-file md.m

It also contains the following M-files for translating an
open-circuit curve to an instantaneous magnetization
curve and comparison study:

SIMULINK file smag.mdl

maginit.m (translates open-circuit curve and

sets up SIMULINK smag.m)

magplt.m (plot results from smag.m)

ek Rk ok Rk Rk R ok k

CHAPTER 5 (CS Folder) BASICS OF ELECTRIC MACHINES AND TRANSFORMATION

Project 1: gd0 Transformation of Network Components

Appendix B
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: SIMULINK file none
MATLAB M-file none

Project 2: Space Vectors

SIMULINK file s2.mdl
MATLABR M-file m2.m (also used by masked block)

Project 3: Sinusoidal and Complex Quantities in gdo

SIMULINK file s3.mdl
MATLAB M-file m3.m {also used by masked block)

dh K KR KR kR Kk

CHAPTER 6 (C6 Folder) THREE~PHASE INDUCTION MACHINES
Project 1: Operating Characteristics

SIMULINK file sl.mdl
MATLAB M-file ml.m to initialize simulation and plot results
MATLAB M~-file plhp.m (1 hp induction motor)

Project 2: Starting Methods

SIMULINK file (modify a copy of sl.mdl)
MATLAB M-file (modify a copy of ml.m)
MATLAB M-file plhp.m (l-hp, three-phase induction motor)

Project 3: Open-circuit Conditions

SIMULINK file (modify a copy of sl.mdl)e
MATLAB M-file (modify a copy of ml.m)
MATLAB M-file plhp.m (l-hp, three-phase induction motor)

Project 4: Linearized Analysis

SIMULINK file s4.mdl

MATLAB M-file md.m to initialize, determine linear
model, transfer function, and plot root-locus
MATLAB M-file p20hp.m (20-hp induction motor)

MATLAB M-file mdustp.m calculates the unit step
response of the transfer function set up in the
MATLAB workspace by running mé.m, using the
Control System Toolbox function step.

SIMULINK file sdstp.m for step response
MATLAB M-file mé4stp.m to initialize sdstep.m

Project 5: Some Non-zero v_(sg)} Conditions



602

SIMULINK M-files s5a.mdl and s5b.mdl
MATLAB M-file m5.m to initialize simulation and plot results
MATLAB M-file plhp.m (l-hp, three-phase induction motor)

Project 6: Single-phase Induction Motor

SIMULINK file s6.mdl ~
MATLAB M-file mé6.m to initialize simulation and plot results
MATLAB M-file psph.m (l/4-hp, single-phase induction motor)

e ke e kK K Kk kK k%

CHAPTER 7 (C7 Folder) SYNCHRONQUS MACHINES
Project 1: Operating Characteristics and Parameter Variations

SIMULINK file sl.mdl
MATLAB M-file ml.m to initialize simulation and plot results
MATLAB M-file setl.m {Set 1 synchronous generator parameters)

Project 2: Terminal Faults on a Synchronous Generator

SIMULINK file (modify a copy of sl.mdl)
MATLAB M-file ml.m
MATLAB M-file setl.m (Set 1 synchronous generator parameters)

Project 3: Linearized Analysis of a Synchronous Generator

SIMULINK files s3.mdl and s3eig.mdl
MATLAB M-file m3.m to initialize simulation,
determine linear model, transfer functions, and plot
root-locus and results.
MATLAB M-file setl.m (Set 1 synchronous generator parameters)

Project 4: Permanent Magnet Synchronous Motor

SIMULINK file s4.mdl
MATLAB M-file md.m to initialize, calculate operating
values, and plot results.

Project 5: Simulation of Synchronous Machine Model with Unequal
Stator and Rotor Mutual and Coupling of Rotor Circuits

SIMULINK files s5.mdl and sl.mdl

MATLAB M-files m5.m and ml.m to initialize, calculate operating
values, and plot results.

MATLAB M-file set3a.m (Set 3 generator parameters for s5.m)
MATLAB M~file set3b.m (Set 3 generator parameters for s5.m)
MATLAB M-file set3c.m (Set 3 generator parameters for sl.m)

Project 6: Six-phase Synchronous Machine

None

Appendix B
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Rk e K R R kK Rk R R

CHAPTER 8 (C8 Folder) dc MACHINES
Project 1: Startup and Loading of a Shunt dc¢ Generator

SIMULINK file sl.mdl
MATLAB M-file ml,m to initialize simulation
and plot magnetization curve.

Project 2: Resistance Starting of a dc Shunt Motor

SIMULINK file s2.mdl
MATLAB M-file m2.m to initialize simulation
and plot results.

Project 3: Methods of Braking

SIMULINK files s3a.mdl and s3b.mdl

MATLAB M~-files m3a.m and m3b.m to initialize simulation
and plot results.

m3a.m and s3a.mdl are for plugging and dynamic braking.

m3b.m and s3b.mdl are for regenerative braking.

Project 4: Universal Motor

SIMULINK file s4.mdl
MATLAB M-file md4.m to initialize simulation and plot results.

Project 5: Series dc Machine Hoist

SIMULINK files sSa.mdl and sSb.mdl
MATLAB M-file m5.m to initialize simulation
and plot results.

Fk K KR Rk R K %

CHAPTER 9 (C9 Folder) CONTROL OF INDUCTION MACHINES

Project 1: Closed-loop Speed Using Scalar Control

{a) Open loop system

SIMULINK file slo.mdl

MATLABR M-file mlo.m to initialize slo.m
and plot magnetization curve.

MATLAB data file p20hp.m

{b) Closed loop system

SIMULINK file slc.mdl

MATLAB M-file mlc.m to initialize SI1CLOSED.m
and plot magnetization cuxve.

MATLAB M-file p20hp.m to put parameters
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of the 20-hp motor in MATLAB workspace.
Project 2: Six-step Inverter/Induction Motor Drive

{(a) Open loop system

SIMULINK file s20.mdl

MATLAB M-file mlO.m to initialize s2o.m
and plot magnetization curve.

MATLAB data file p20hp.m

{b) Closed loop system

SIMULINK file s2c.mdl

MATLAB M-file mlc.m to initialize s2c.m
and plot magnetization curve.

MATLAB M-file p20hp.m to put parameters
of the 20-~hp motor in MATLAB workspace.

Project 3: Field-oriented Control

SIMULINK file s3.mdl

MATLAB M-file m3.m to initialize simulation
and plot results.

MATLAB M-file p20hp.m to put parameters
of the 20-hp motor in MATLAB workspace.

KR KKK KRR KK

CHAPTER 10 (Cl0 Folder) SYNCHRONOUS MACHINES IN POWER SYSTEMS
AND DRIVES

Project l: Transient Models

(a) Linearized Bnalysis of a Synchronous Generator
SIMULINK file sleig.mdl
MATLAB M-file ml.m to initialize sleig.m and compute
its steady-state and linearized model.
MATLAB M-file setl.m to put parameters
of synchronous generator set 1 in MATLAB workspace.

{(b) Operating Characteristics and Parameter Sensitivity
Studies
SIMULINK file sl.mdl
MATLAB M-file ml.m to initialize sl.mdl
and plot results of simulation.
MATLAB M~-file setl.m to put parameters
of synchronous generator set 1 in MATLAB workspace.

Project 2: Multi-machines System

SIMULINK files s2.mdl and s2eig.mdl:
s2.mdl for simulation and s2eig.mdl for linearized model
MATLAB M-file m2.m to initialize conditions, determine
linearized model, and plot results of simulation.

Appendix B
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MATLAB M-files setl.m and set2.m to put parameters
of synchronous generators, set 1 and set 2,
in MATLAB workspace.

Project 3: Subsynchronous Resonance
(a) Fixed Terminal Voltage Case

SIMULINK files s3g.mdl and s3eig.mdl:
s3g.mdl for simulation and s3geig.mdl for linearized model

MATLAB M-file m3g.m to initialize conditions, determine
linearized model and eigenvalues, and plot mode shapes.
MATLAB M-file il3essr.m to put parameters
of synchronous generator in the IEEE subsynchronous
benchmark system in MATLAB workspace.

(b) Generator with Series Capacitor Compensated Line
SIMULINK files s3.mdl and s3eig.mdl:

s3.mdl for simulation and s3eig.mdl for linearized model
MATLAB M-file m3.m to initialize conditions, determine

linearized model, and plot results.
MATLAB M-file i3essr.m to put parameters

of the IEEE subsynchronous benchmark system in

MATLAB workspace.

Project 4: Power System Stabilizer

SIMULINK file s4.mdl for simulation.
MATLAB M~-file md.m to determine linearized model
of synchronous generator and exciter,
GEP(s) and Exc{s), and produce Bode plots.
MATLAB M-file mdcomp.m to check preliminary design
of pss and provide Bode and root-~locus plots.
MATLAB M-~file setl.m to put parameters
of synchronous generator set 1 in MATLAB workspace.

Project 5: Self-controlled Permanent Magnet Motor Drive

SIMULINK file s5.mdl for simulation

MATLAB M-file m5.m to initialize drive system parameters
and simulation conditions, plot steady-state curves,
and plot results of simulation. It uses the MATLAB
function files mStorgi.m and mStorqv.m.

kxxk END OF FILE ****
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A circuit breaker, closing resistance, 80
circuit breaker, opening resistance, 80
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Ampere’s circuit law, 33 coercivity, 33
average flux density, 128 computing tools, 4
B analog simulator, 4
digital computer, 5
backward difference, 582 network analyzer, 4
base frequency, 91, 178 conditional discrete events, 595
Bewley lattice diagram, 68 constant flux linkage theorem, 293
BH characteristics, 32 Crout’s algorithm, 593
block modulation, 430 crystal anisotropy, 31
brushless dc, 502, 559 current source, 515
C current-fed inverter, 428
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changing order of integration, 595
characteristic equation, 495 damping coefficient, 313, 494, 497, 519
circuit breaker, 80 dec machine, 351
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dc machine (cont.)
airgap flux density, 360
armature induced voltage, 358
armature reaction, 362
armature winding, 352
basic speed control, 376
braking, 374, 394
brush drop, 370 -
brushes, 351
circulating current, 357
commutatjon, 364
commutator, 351
compensating winding, 368
critical field resistance, 382
cross-magnetizing mmf, 362, 366
cumulative compound excitation, 358
current control, 379
demagnetizing mmf, 366
differential compound excitation, 358
direct-on-line starting, 383
dynamic braking, 375, 395
equipotential connectors, 357
equivalent voltage drop, 364
field excitation, 357
flux per pole, 359
four-quadrant operation, 380
generating, 371
geometric neutral axis, 354, 363
hoist, 398
interpoles, 366
lap winding, 352, 353
magnetic neutral axis, 362
magnetization curve, 387
motoring, 369
net mmf, 363
neutral position, 352
no-load speed, 377
number of active conductors, 360
plugging, 394
pole iron, 351
regenerative braking, 373, 376, 395
residual magnetism, 382
resistance starting, 384
resistive commutation, 366
rotor, 351
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series excited motor, 377
speed control, 376
starting of shunt dc generator, 382
starting of shunt dc motor, 383
stator, 351
steady-state speed-torque equation, 372
steady-state stability, 406
steady-state voltage equation, 372
torque, 360
Universal motor, 400
‘Ward-Leonard system, 378
wave winding, 355
yoke, 351

de offset, 23

decrement factor, 498

discontinuity, 594

discretization error, 571

divergence theorem, 33

domain wall, 31

domain wall migration, 31

dynamic stability, 464

E

eddy current, 39
eddy current loss, 40
eigenvalue, 495
eigenvector, 496
electric field intensity E, 56
electric flux density D, 56
electrical dual variables, 44
electrical potential, 56
electrical radian, 127
electromechanical oscillation, 492
energy conversion, 36
equipotential surface, 56
equivalent circuit
induction machine, 187
induction machine in gd arbitrary, 176
induction machine in ¢d stationary, 181
induction machine in gd synchronous,
182
line capacitance, 149
permanent magnet motor, 311
series RL line, 147



synchronous machine voltage behind
transient impedance, 484

transformer, 91
error estimate, 573
Euler, explicit or forward, 572
Euler, implicit or backward, 574
exchange interaction, 31
excitation mmf, 34
excitation system

ac rotary, 485

ac static, 485

dc, 484

diode bridge operating characteristic,

490

exciter, 485

load compensation, 487

per unit, 489

regulator, 487

saturation function, 489

stabilizer, 490

transfer function, 551

voltage transducer, 487

F

fast Fourier transform, 115

field energy, 37

floating neutral, 106

flux linkage, 46

flux linkage per second, i, 91, 179
flux per pole, 136, 140

force, 123

forced-commutated, 503

forward difference, 582

fringing, 34

G

Gauss’ law, 56

Gear’s backward difference formula, 589
generating, 125, 371

geomagnetic induced current, 116
Ghostview, 13

global error, 571

golden section searches, 83

H

Heun method, 579
hysteresis loop, 33
hysteresis loss, 38

in-rush current, 115
induced magnetism, 31
induced voltage, 89, 127-129
induction machine, 167
arbitrary gd0, 172
autotransformer starting, 230
braking, 228
bus transfer, 234
closed-loop speed control, 433
constant airgap flux operation, 420
constant current characteristics, 191
constant voltage characteristics, 190
constant volts/hertz operation, 422
construction, 167
direct field-oriented current control, 435
direct field-oriented voltage control, 437
direct-on-line starting, 230
double-cage, 169
drive operating strategy, 431
equivalent circuit, 187
floating neutral, 196, 234
flux linkage, 171, 175
indirect field orientation method, 439
input complex power, 189
instantaneous power, {77
linearized model, 204, 236
magnetizing inductance, 176
maximum airgap power, 422
maximum torque, 188
maximum torque slip, 188
multi-quadrant operation, 415
per unit, 178
phasor diagram, 186
phasor equation, 185
plugging, 228
pole zero plot, 213
qd0 arbitrary, 172
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induction machine (cont.)

gd0 arbitrary equation, 178
qd0 flux linkage, 175
4d0 stationary, 180, 181
gd0 synchronous, 180, 183
4d0 voltage equation, 174
reduced voltage starting, 231
referred quantities, 175
revolving mmf, 170
root-locus, 237
rotor resistance starting, 232
rotor speed, 169
saturation of mutual flux, 202
simulation in stationary ¢gd, 196
simulation in synchronous gd, 206
single-phase, 214
capacitor-run, 243
capacitor-start, 214, 243
flux linkages, 216
model, 220
simulation, 219
split-phase, 214, 243
torque, 218
voltage equations, 216
single-phasing, 233
slip, 169
slip frequency, 169
ship speed, 169
speed voltage, 177
squirrel-cage, 168
star-delta starting, 231
starting methods, 229
stator input impedance, 189
stator Thevenin’s equivalent, 187
stator transient inductance, 193

stator volts/hertz curve, 424, 426, 428

steady-state curve, 190, 191, 441
step response, 238

torque, 177188

torque control, 434

torque with constant airgap flux, 421

transfer function, 205
transient model, 192
transient overloading, 417
unbalanced stator, 241
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voltage behind stator transient
inductance, 193

voltage harmonics, 241

winding inductance, 171
inertia constant, 200, 285
initial-value problem, 571
instantaneous power, 157
inter-area mode, 492
interpolating polynomial, 581
inverter mode, 503

L

Laplace transform, 66
lead-lag compensator, 492
line, 44

ABCD transmission matrix, 64, 78

attenuation constant, 69
backward component, 68
bundled, 77

capacitive termination, 72
characteristic impedance, 69
circle diagram, 79

current reflection coefficient, 66

current transmission coefficient, 74

forward component, 68
inductive termination, 72
junctions, 73

lumped parameter circuit model, 63

matched termination, 67
phase constant, 69
propagation constant, 68
propagation delay, 76

real and reactive power transfer, 78

surge impedance, 70

surge impedance loading, 70
termination, 71

transposition, 52

voltage reflection coefficient, 67

voltage transmission coefficient, 74

wave length, 70

wave propagation, 67

wave propagation speed, 68, 70
line model

distributed parameter, 65



equivalent 77, 69
nominal 7, 63
relative accuracy of circuit models, 77
series RL, 63
line parameters, 44
capacitance, 56
dc resistance, 45
double-circuit, 54
external flux linkage, 48
geometric mean distance, 51
geometric mean radius, 49, 51
image charge, 60
inductance, 46
inductance coefficient matrix, 51
internal flux linkage, 46
phase inductance, 52
potential coefficient matrix, 58
presence of ground, 60
skin depth, 45
zero-sequence inductance, 54
line-commutated, 502
linear multi-step method, 581
linearized model, 204
load-commutated, 503
local mode, 492
local truncation error, 570
locating discontinuities, 597
lock-out, 429
fogaritbmic decrement, 498
long-term dynamic energy balance, 464
LU decomposition, 591

M

magnetic circuit, 33

equivalent electric circuit, 35

equivalent magnetic circuit, 35, 42
magnetic field density, B, 31
magnetic field intensity, H, 31
magnetic properties, 30

core losses, 38

domain, 31

eddy current loss, 39

hysteresis loss, 38

magnetic moment, 30

spin, 30
magnetization, 31
magupetostrictive strains, 31
MATLAB, 6
ontrol Toolbox, 215
disp, 21, 27
eig, 320
encapsulated postscript file, 13
eval command, 17
exiting keyboard mode, 20
fft, 115
ffiplot, 115
file format, 14
initialize workspace, 9
keyboard command, 19
keyboard mode, 19
linmod, 205, 236, 318
M-files, 7
max, 83
min, 83
plot command
grid, 15
gtext, 16
linétype, 15
plot, 15
title, 15
xlabel, 15
ylabel, 15
plotting, 14
printing figure, 13
printing MATLAB figure, 13
printing SIMULINK screen, 13
prompt, 7
repeating sequence, 84
rlocfind, 213
rlocus, 212
saving data, 13
SIMULINK, 7
specifying device type, 13
specifying printer, 13
ss2tf,
STARTUP, 7
state space to transfer function, 211
subplot, 21
tf2zp, 211
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MATLAB (cont.)
trim, 205, 236, 318
versions, 6, 7
viewing graphic file, 13
workspace, 13
mechanical work, 37
method of images, 49
modal analysis, 495
model, 1
abstraction, 3
accuracy, 2
analog, 1
classification, 2
continuous, 2
deterministic, 2
discrete, 2
distributed parameter, 2
dynamic, 2
frequency domain partitioning, 4
induction machine in arbitrary ¢d0, 172
induction machine in gd0
stationary, 180
induction machine in gd0
synchronous, 180
induction machine, simple transient, 192
linear, 2
lumped parameter, 2
lumped-mass flexible shaft assembly,
493
mathematical, 1
nonlinear, 2
oversimplification, 2
parameters, 3
physical, 1
physical partitioning, 4
permanent magnet motor, 309, 323
single-phase induction machine, 214
static, 2
stochastic, 2
subsynchronous resonance, 493, 524
synchronous machine, 262
qd sub-transient model, 474
qd transient model, 467
salient pole, 481
simplified gd subtransient model, 482
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simplified gd transient model, 483
voltage behind transient impedance, 484
testing, 1
two-winding transformer, 87
validity, 2, 3
verification, 3

modeling, 1

motoring, 124, 369

mutual inductance, 49

N

Newton'’s iteration, 590

Newton's backward-difference
polynomial, 584

Newton’s divided difference, 581

Newton’s interpolating polynomial, 583

Norton’s equivalent, 515

O
open or explicit integration formula, 585
P

per unit, 178, 284
base current, 179, 284
base impedance, 179, 284
base mechanical frequency, 179, 284
base torque, 179, 284
base voltage, 179, 284
permanent magnet, 40
Alnicos, 41
barium and strontium ferrites, 41
bonded ferrites, 41
coercivity, 33, 42
demagnetization, 41
demagnetization curve, 43
energy product, 41
equivalent magnetic circuit, 42
hard magnetic material, 41
mathematical duals, 44
neodyminm-iron-boron, 41
recoil line equation, 43
recoil loop and line, 43



recoil permeability, 43
Samarian-cobalt, 41
soft magnetic material, 41
permanent magnet motor, 309
Lyp 312
circuit model, 311
equivalent magnetizing current, 310
line-start, 310
magnet arrangement, 310
recoil slope, 310
simulation, 323
steady-state torque, 313
permanent magnetism, 40
permeability, 32
phasor
space vector, 150, 184, 276
stationary qd, 184, 276
synchronous gd, 157
pivoting, 593
point of wave, 235
pole, 126
pole area, 128
power factor angle, 23
power-invariant, 157
power system stabilizer, 492
Bade plot, 551
design, 542, 550
lag-lead, 553
lead-lag, 553
linearized analysis, 546
phase compensation, 553
root-locus, 557
simulation, 556
transfer function, 550
wash-out, 553
precision, 570
predictor-corrector integration scheme,
588
presence of ground, 60
propagation of error, 571
pulse-width modulator, 428

Q

qd0 transformation, 142

w(1), 155

6, 155

8,(n, 156

T‘i‘iP’ 144

T a0- 144

assumption, 158

axis rotation, 155

choice, 156

harmonics, 162

instantaneous power, 158

line capacitance, 148

network component, 158

qd0 rotating and abc, 155

qd0 rotor, 264

qd0 stationary and rotating, 156

4d0 synchronous, 156

series RL line, 144
quality factor, Q, 25

R

Ralston method, 580
rectifier mode, 503
relative error, 570
relative permeability, 32
rejuctance, 34
remanence, 33

resultant mmf, 138
root-locus, 237, 324
rotating mmof, 138
roundoff error, 570
Runge-Kutta method, 575

S

saturation, 32
A curve, 100
implementation, 100
look-up table simulation, 99
piece-wise approximation, 100
Tms to instantaneous, 101
simulation, 96

saturation factor, 98

self-inductance, 49

series compensated line, 536
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series resonant inverter, 23

shaft torsional, 493

modal angle, 496

modal damping coefficient, 494
modal inertia constant, 496
modal stiffness, 496

modal torque, 497 -
natural frequency, 495
scaling, 500

scaling matrix, 500
semi-definite system, 495
simulation, 498

zero mode, 497

simulation, 1

abc rotor to qd0 rotor, 280
ac energization of RL circuit, 22
algebraic loop, 8, 93
application-specific packages, 6
autotransformer connection, 116
checking, 21
core saturation, 96
dc regenerative braking in fourth
quadrant, 397
delay buffer, 75
Delta-Wye transformers, 107
equation-oriented, 6
equivalent load representation, 95
errors introduced using rms instead of
instantaneous, 104
floating neutral, 106, 196
general-purpose packages, 6
hoist, 402
implementation of core saturation, 96
induction machine
closed-loop volts/hertz speed control,
443
field-oriented current control, 455
six-step inverter/induction motor
drive, 448
stationary gd, 196
synchronous gd, 206
single-phase, 219
line-start permanent magnet motor, 323
linearized model, 204
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lumped-mass flexible shaft assembly, -
498 ' ’

matching input/output requirement, 92

open-circuit, 93, 96

parallel RLC cirenit, 17

piece-wise approximation of saturation,
100

power system stabilizer, 542

gd rotor to abc rotor, 282

qd stationary to gd rotor, 281

gd0 rotor to gd0 stationary, 283

gd 0 stationary to abc stator, 283

resistance starting, dc shunt motor, 389

saturation in induction machine, 202

saturation look-up table, 99

self-controlled permanent magnet motor
drive, 559

series capacitor compensated line, 536

series dc machine, 402

series RLC resonant circuit, 23

short-circuit, 111

shunt dc generators starting, 386

single-phase line, 74

stator abc to gd 0 stationary, 280

step response of induction machine, 238

subsynchronous resonance benchmark
model, 524

switching transients in a line, 79

synchronous machine, 278

transient model, 504

synchronous machine excitation system,
520

terminal faults on a synchronous
generator, 316

three-phase transformers, 105

transformer in-rush phenomenon, 115

transport delay, 75

two-winding transformer, 91

unequal mutual, 335

Universal motor, 400

variable frequency oscillator, 15

verification, 20

verifying, 24, 26

viewing variables, 12

Wye-Wye transformers, 106



SIMULINK, 7
block library, 8
buffer length of To Workspace, 14
clock, 13
copying, 8
dragging, 9
editing, 9
File menu, 8
floating scope, 12
integration method, 9
Adams, 11
Euler, 11
fixed step size, 12
Gear, 11
linsim, 10
k23, 11
k45, 11
library of templates, 8
look-up table, 99
masked block, 17
masked block dialog, 17
model definition, 7
new file, 8
opening library block, 9
Options menu, 18
pasting, 8
printing, 13
repeating sequence, 28
rerouting lines, 18
sample time of To Workspace, 14
saving files, 8, 13
saving screen in Postscript file, 13
scope, 12
screen, 7
selecting, 9
setting up, 7
sign, 241
sink library block, 13
starting a simulation, 12
storage rate To Workspace, 13
sub-menu parameters, 10
integration method, 10
maximum step size, 12
minimum step size, 12
tolerance, 12

subsystem blocks, 7
switch, 83
templates, 8
flip, 18
initial values, 9
internal parameters, 9
rotate, 18
To File, 13
To Workspace, 13
trim, 205, 236, 318
using library block, 9
viewing variables, 12
solving algebraic equations, 590
space vector, 150
abc, 152
current, 152
fundamental mmf, 152
induction machine, 185
negative-sequence current, 152
phasor, 154
positive-sequence current, 152
gd stationary, 276
qd synchronous, 276
resultant mmf, 152
rms, 277
scaling, 152
transformation, 152
unbalanced condition, 162
zero-sequence current, 161
spatial flux density, 135
spatial mmf distribution, 131
speed voltage, 129, 297, 299
state machine, 595
states, 18
step
size, 571
step
size control, 593
stiffness matrix, 494
subsynchronous, 524
synchronous machine, 259
E, 275
Lyp, 272
Xyp» 282, 347
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synchronous machine (cont.)

Xy, 282, 308, 347

abe and gd 0 rotor, 281

abc and ¢d0 stationary, 280

armortisseur winding, 261

brushless excitation, 260

cylindrical rotor, 259

d-axis flux current relation, 273

d-axis sub-transient inductance, 297

d-axis transient inductance, 296

d-axis voltage behind sub-transient
inductance, 299-

d-axis voltage behind transient
inductance, 297

damper winding, 261

direct or d-axis, 260

eigenvalues, 318, 511

electromechanical power, 272

equal-area criterion, 466

equation of rotor motion, 283

equivalent magpetizing inductance, 267

equivalent rotor currents, 268

excitation system, 484

excitation system simulation, 520

excitation torque, 312

field excitation voltage, 274, 295

field leakage reactance, 302

field voltage equation, 477

generating, 278, 280

higher-order models, 305, 335

induction torque, 312

input power, 271

interaction between generators, 512

linearized analysis, 317, 507

locating rotor’s g-axis, 275

model, 262

motoring, 278

multi-machines system, 512

mutual inductance, L, and L., 267

open-circuit field time constant, 299

open-circuit sub-transient time constant,
300

parameter, 293

parameter calculation, 302

parameter sensitivity, 511
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per unit, 284

permanent magnet motor, 309, 559
phasor, 276

phasor diagram, 278

power angle, 8, 275, 283

power factor, 275

power system stabilizer, 492

qd sub-transient model, 480

gd transient model, 472

qd0 equivalent circuit, 271
quadrature or g-axis, 260

real and reactive power, 293
referring rotor quantities, 268
reluctance torque, 312

root-locus, 324, 512

rotor, 259

rotor ¢d 0 flux linkage, 270

salient pole, 259, 481

short-circuit field time constant, 300
simplified gd sub-transient model, 482
simplified gd transient model, 473
simplified transient model, 484
simulation, 278

six-phase stator, 340

slip speed, 284

space vector, 276

space vector diagram, 278

space vector equation, 277

static network interfacing, 514
stator, 259

stator and rotor flux linkage, 264
stator phase resistance, 303

stator gd0 flux linkage, 270

stator voltage ¢d( equation, 269
steady-state, 273

steady-state equation, 274
steady-state torque, 277

step torque response, 315
sub-transient inductance, 297
sub-transient period, 293
sub-transient time constant, 300
sub-transient and transient saliency, 483
swing equation, 465

synchronizing torque coefficient, 332
synchronous inductance, 269



torque, 272, 277, 285

transfer function, 318, 504

transient inductance, 296

transient model, 467

transient period, 293

transient time constant, 299

unequal stator and rotor mutmal, 335

voltage behind sub-transient inductance,
299

voltage behind transient inductance, 297

voltage equations in ¢d0 rotor, 270

synchronous motor drive

constant voltthertz, 503

four-quadrant operation, 503

operating characteristic of permanent
magnet motor, 561

permanent magnet, 502

phasor diagram of permanent magnet
motor, 562

self-controlled, 502

steady-state equation, 559

synchronous speed, 127

T

Thevenin’s equivalent, 515
torsional mode, 493
transformation, 141

af and abc, 142

(1), 181

6.(r), 181

abe and qd0, 142

abc and gd0 rotating, 155

abc and ¢d 0 rotor, 264

abc and gd( stationary, 153

Clarke, 142

dg and abc, 143

dq0 and gd0, 143

dg0 transformation matrix, 143

n-phase to two-phase, 141

Park, 142

qd stationary and gd rotating, 157

qd stationary and gd rotor, 281

qd 0 synchronous, 156

qd 0 transformation matrix, 144

space vector, 150
symmetrical components, 141
three-phase, 141
wransformer, 85
Xy 99
algebraic loop, 93
autotransformer, 116
base frequency, 91
core losses, 90
current ratio, 86, 125
dc bias, 114
Delta-Wye connection, 107
equivalent circuit, 90
equivalent load representation, 95
equivalent magnetizing current, 89
fft of in-rush current, 116
floating neutral, 106
flux linkage, 87
ideal transformer relations, 835
in-rush current, 115
leakage flux, 87
magnetization curve, 111
magnetizing inductance, 88, 91
model, 87
mutual flux, 87
mutual inductance, 88
open-circuit, 93, 114
open-circuit curve, 96, 101
path permeance, 88
primary winding, 85
referred current, 89
referred impedance, 87
referred voltage, 89
rms to instantaneous, 101
saturation, 96
secondary winding, 85
self-inductance, 88
short-circuit, 93, 111
simulation, 91
three-phase connection, 105
voltage equation, 89
voltage ratio, 118
Wye-Wye connection, 106
zero-sequence current, 120
transient stability, 463
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truncation error, 570
turns per pole pair, 135

A

variable frequency oscillator, 15
voltage-fed inverter, 428

»

W

wash-out, 553

winding
armature, 123
back pitch, 354
coil sides, 353
commutator, 351, 364
concentrated coil mmf, 131
concentric, 122
distributed, 123
distributed winding mmf, 134
distribution factor, 129
excitation, 123
field, 123
flux per pole, 127
front pitch, 355
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foll-pitch, 129
fundamental jmf, 134
induced voltage, 128
inductance, 136
lap-wound, 353
parallel path, 354
pitch factor, 129, 130
plexity, 354
progressive, 354
resultant mmf, 138
retrogressive, 354
rotating mmf, 137
short-pitch, 130

slot angle, 129

slot pitch, 353

wrns, N, 135

turns, N, 134

P
tllI‘IlS, Nn'ne’ ]35

two-layer arrangement, 132, 355
wave-wound, 355

winding factor, 129
Z

zero-sequence, 54, 120, 141
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