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Foreword

The classical electric circuit theory is widely presented in modern educational and
scientific publications. The properties of circuits, which allow simplifying the
analysis of complex networks in the case of change of one (or several) resistance or
load, are known. These properties make appropriate sections in the circuit theory
books. The problems of application and development of basic properties of circuits
in an analytical view draw attention of researchers at present times, despite
opportunities of simulation computer systems.

It occurs in science that someone looks at traditional problems from another
viewpoint and a whole new direction with a new mathematical apparatus appears in
this traditional area of science and engineering. The book, written by A. Penin, is an
example of such a new approach in circuit theory or methods of their analysis.

This book includes the author’s main publications, results of more than 30-year
searches, reflections, and doubts. All these determine a new, unusual approach to
the solution of a number of tasks of circuit theory.

The combination of such concepts, as circuit theory and projective geometry (in
general, non-Euclidean geometry), is a new representation in electrical engineering
and circuit theory. There are almost no modern publications of other authors using
such a geometrical approach for circuit analysis. At the same time, similar geo-
metrical methods are widely used in other areas of science. For a wide audience, it
is necessary to explain that geometry is a much deeper concept than a simple
graphical representation of studied dependences.

In the foreword, there is no opportunity and no need to speak about the content
of the author’s main results, but one important circumstance should be noted. The
used mathematical apparatus gives a successful interpretation for observed
dependences, validation to used definitions and concepts, removes a traditional, and
their formal introduction. Therefore, the book supplements and develops basic
methods of circuit analysis, makes them very evidential, and simplifies under-
standing of the complicated interconnected processes happening in electric circuits.

The author restricts his analysis by direct current circuits (as models of power
supply systems with one, two, and more loads), which gives the possibility to show
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viii Foreword

in the simplest way the new things or results that geometry can propose for circuit
analysis.

The theorem of the generalized equivalent circuit is such a result. The author
determines the parameters of this equivalent for a network with changeable
parameters and load.

Another result is that mutual changes of resistance and current are set not in the
form of usually used increments (typical for mathematical analysis and a concept
of the derivative) but as well-founded fractionally linear expression. On this basis,
convenient formulas of recalculation of currents turn out. It is possible to carry out
the normalization of running regime parameters and to prove a technique for
comparison of regimes for circuits similar to each other.

Using own scientific and practical experience in power electronics, the author
applies new representations to a number of traditional problems in this area. It is
natural that the author uses idealized models of considered power electronics
appliances and therefore does not give the finished practical decisions. Also, the
possible directions of development of this approach are shown in this book.

As a whole, the book represents a theoretical, methodological, and methodical
interest for those who study circuit theory or work in this area directly. It is possible
to hope that the presented geometrical approach to known tasks and arising new
problems will cause the active interest of experts in various areas of electrical
engineering and radio electronics.

Prof. Anatolie Sidorenko
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Preface

The circuit regime analysis is one of the main problems for electric circuit theory.
The finding of the actual (absolute) value of regime parameters (voltage, current,
power, and transformation ratio for different parts of a circuit) is the simplest
analysis task. If a circuit has variable elements (loads and voltage regulators),
additional analysis tasks appear.

The interest in such circuits is defined, in particular, by the state and tendencies
of development of power electronics, modular power supply, or distributed power
supply systems with renewable power sources. Similar devices, in general, repre-
sent the complex multiple input and multiple output systems and their loads can
change from the short circuit to open circuit and further give energy. In turn, the
loads can be subdivided into high priority and additional (ballast) loads. For defi-
niteness, it is possible to accept that such systems, for circuit theory, present linear
mesh circuits of a direct current or multi-port networks.

We will consider some of the arising additional tasks of analysis. For example, it
is important to confront operating regime parameters with characteristic values; that
is, to represent these parameters in the normalized or relative form. In this case, the
informational content of these parameters is increasing; it is possible to appreciate
qualitative characteristics of an operating regime or its effectiveness, to compare
regimes of different circuits, and to set a necessary regime.

The other task of analysis is the determination of the dependence of the regime
parameter changes on the respective change of element’s parameters (for example,
the problem of the recalculation of load currents). Thus, it is necessary to set the
form of these changes reasonably, that is, to determine whether these changes are
increments or any other expressions.

Another task of analysis is the definition of the view or character of such an
active circuit with a changeable element (as a power source concerning load); that
is, this circuit shows more property of a voltage source or current source.

In the electric circuit theory, a range of circuit’s properties, theorems, and
methods is well known, and their use simplifies the decision of these problems.
However, the known approaches do not completely disclose the properties of such
circuits, which reduces the effectiveness of analysis.

ix
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X Preface

The method of analysis for a circuit with variable element parameters is
developed by the author. For interpretation of changes or “kinematics” of circuit
regimes, projective geometry is used. For example, the known expression has the
typical fractionally linear view for functional dependence of current (or voltage) via
resistance. It gives the grounds for considering this expression as a projective
transformation. The projective transformations preserve an invariant; there is a
cross-ratio of four points (a ratio of two proportions) or four values of current and
resistance. The value of this invariant is preserved for all the variables (as a current,
voltage, and resistance) and for parts or sections of a circuit. Thus, this invariant is
accepted as the determination of the regime in relative form. Therefore, obvious
changes in regime parameters in the form of increments are formal and do not
reflect the substantial aspect of the mutual influences: resistance — current.

In general, this geometrical approach grounds the introduction and determination
of required concepts.

This book has an introduction (Chap. 1) and three parts. The disadvantages of
known methods are considered in Chap. 1.

Part I (Chaps. 2-5) considers electrical circuits with one load. The application of
projective geometry to analysis of an active two-pole is shown in Chap. 2. The
concept of generalized equivalent circuits is introduced in Chap. 3. The invariant
relationships of cascaded two-ports are considered in Chap. 4.

In Chap. 5, the paralleling voltage sources are presented.

Part 1T (Chaps. 6-9) considers multi-port circuits. The application of projective
geometry to analysis of an active two-port and three-port is shown in Chap. 6. The
concept of generalized equivalent circuits of multi-port is introduced in Chap. 7.
The recalculation formulas of load currents are obtained in Chap. 8. The invariant
relationships of cascaded four-ports are considered in Chap. 9.

Part III (Chaps. 10-12) considers circuits with regulation and stabilization of the
load voltage with limited capacity power supply. The voltage regulator regimes are
studied in Chap. 10. The load voltage stabilization is shown in Chap. 11. The pulse-
width modulation converters are considered in Chap. 12.

The book may be useful to those who are interested in the foundations of the
electric circuit theory and also to a professional circle of experts in various areas of
electrical engineering and radio electronics.

The author thanks Prof. A. Scherba (Ukraine) for the attention shown and rec-
ommendations to the publication of the first results. He also thanks Prof. P. Butyrin
(Russia) for long-term constructive criticism and recommendations to the publi-
cation of series of papers. He also thanks Prof. V. Mazin (Russia), who shares his
area of researches, and appreciates scientific editor B. Makarshin (Russia) for a
20-year hard effort on preparation of paper manuscripts for the publication.

The author is grateful to academician D. Ghitu, the founder of Institute of
Electronic Engineering and Nanotechnologies (Moldova), for the given opportunity
to work according to the individual plan of researches. He appreciates Prof.
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About the Book

Features of analysis of electric circuits with variable parameters of elements (such
as loads and voltage regulators of power supply systems) are considered. For
interpretation of changes of operating regime parameters, projective geometry is
used, which allows defining invariant relationships for various regime parameters
and circuit sections, to prove introduction and expressions for a number of concepts
characterizing these circuits. The expressions of normalized regime parameters,
their changes, and changes of elements are presented. The generalized equivalent
circuits are entered. Convenient formulas for recalculation of load currents are
given. The paralleling voltage sources and cascade connection of multi-port net-
works are investigated. The two-valued voltage regulation characteristics of loads
with limited power of voltage source are considered.

The book relates to the fundamentals of electric circuits, develops circuit theo-
rems, and can be useful to those interested in basic electric circuit theory, regula-
tion, and monitoring of power supply systems.
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Chapter 1
Introduction

1.1 Typical Structure and Equivalent Circuits of Power
Supply Systems. Features of Circuits with Variable
Operating Regime Parameters

The circuit regime analysis is one of the main problems for the electric circuit
theory [1, 7]. The finding of the actual (absolute) value of regime parameters
(voltage, current, voltage transformation ratio and so on), is the simplest analysis
task. In turn, the determination of the maximum load power and maximum effi-
ciency is an essential energy problem [6, 14], including distributed power supply
systems. Such systems, shown in Fig. 1.1, contain multiple power sources, energy
storages, direct current DC/DC voltage converters, charge/discharge units, point-of-
load POL regulators, and loads [4, 13].

Usually, the static characteristics of all the incoming units are used for energy
analysis [9, 12] and analog computation of power systems [11]. Therefore, this
power supply system is the complex DC circuit with a given number of input and
output terminals. For example, such a circuit is shown in Fig. 1.2. The voltage
DC/DC converters are simply DC transformers. The resistive network determines
losses of all the converters and supply lines.

Let us consider the feature of the show circuit. The interaction between power
sources and loads is the main feature of this system. The regime of the loads and
energy storages may change from the energy consumption to return of energy. The
loads may be also subdivided into basic (priority) and additional (buffer) loads.

Therefore, additional analysis tasks appear for these circuits with variable ele-
ments (loads, voltage regulators). For example, it is important to confront operating
regime parameters with the characteristic values; that is, to represent these
parameters in the normalized or relative form. In this case, the informational content
of these parameters is increasing; it is possible to appreciate the qualitative char-
acteristics of an operating regime or its effectiveness, to compare regimes of dif-
ferent circuits, to set a necessary regime in the sense of similarity theory.

© Springer International Publishing Switzerland 2015 1
A. Penin, Analysis of Electrical Circuits with Variable Load Regime Parameters,
Power Systems, DOI 10.1007/978-3-319-16351-2_1
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2 1 Introduction
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Fig. 1.2 Simplified
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Usually, the relative expressions are constituted by using of the characteristic
values (as scales) for the corresponding regime parameter [18]. Similarly, the regime
change is defined by the difference or ratio of subsequent and initial regime param-
eters; there are changes in the form of “times” or “percents”. For example, the open
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1.1 Typical Structure and Equivalent Circuits of Power Supply Systems ... 3

circuit OC voltage and short circuit SC current will be the corresponding scales for the
load voltage and current of the simplest circuit. In the same way, the maximum load
power or maximum source power will be the scales for the running load power.

The other task of analysis is the determination of the regime parameter changes
via respective changes of element parameters (for example, the problem of the
recalculation of load currents). Thus, it is necessary to set the form of these changes
reasonably; that is, if these changes are increments or the other expressions.

Also, we have the next task. The change of the load parameters or parameters of
circuit defines the corresponding regime change and its effectiveness. Therefore, a
deeper analysis and introduction of changes in the valid form of both regime
parameters and effectiveness indicators are necessary.

In the electric circuit theory a range of properties, theorems, and methods is well
known, and their use can simplify the decision of these problems. However, the
known approaches do not completely disclose the properties of the circuits with
variable elements that reduces the efficiency of analysis.

Using the equivalent circuit in Fig. 1.2, we will choose the simplest and
important circuits. The analysis of such simple networks shows the disadvantages
of the known methods.

1.2 Disadvantages of the Well-Known Calculation Methods
of Regime Parameters in the Relative Form for Active
Two-Poles

1.2.1 Volt-Ampere Characteristics of an Active Two-Pole

The simplest circuit of an active two-pole is shown in Fig. 1.3a. At change of a load
resistance R; from the short circuit SC to open circuit OC, a load straight line or
volt-ampere characteristic in Fig. 1.3b is given by a linear expression

VO VL SC VL
L =———==L"—— 1.1
L Ri Ri L R[_) ( )

where R; is an internal resistance and 15¢ is SC current.

Fig. 1.3 a Simplest circuit. (a) (b) 1
b Load straight line ‘
I RL:O
R Lo ic RL
Vv
v, - \
O o3
/// RLzoo
0 v v
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RLI/EZ% <:/RL2 o

Fig. 1.4 a Influence of loads to each other. b Influence of voltages sources to each other

In turn, an internal resistance R; in Fig. 1.4a determines the influence of the load
resistances Ry, Ry, to each other. Similarly, the influence between the paralleling
voltage sources Vyy, Vo, takes place in Fig. 1.4b.

Let us consider the straight lines of the initial circuit and a similar circuit with the
other values ‘70, ki in Fig. 1.5.

The regimes of these circuits will be similar or equivalent if the correspondence
of the characteristic and running regime parameters takes place. For the given case,
this conformity is specified by arrows.

1.2.2 Regime Parameters in the Relative Form

Let us constitute the relative expression of the load straight line for our simplest
circuit in Fig. 1.3. For that, it is possible to use the values Ifc, Vj as the scales.
We may rewrite Eq. (1.1) in the form

I V.
o =1--=. 1.2
3¢ Vo (1.2)

Fig. 1.5 Straight lines of ’I‘/
comparable circuits L| 'L
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1.2 Disadvantages of the Well-Known Calculation Methods of Regime Parameters ... 5

Similarly, for the other circuit

L .

5C W

From this, the equality of the relative or normalized values for currents and
voltages determines the similarity of regimes

- IL jL — L ~L
_ L vy Yo 1.3
L Igc IEC, L V() ‘,0 ( )

Then, Eq. (1.2) obtains the relative view
I =1-V,. (1.4)

Therefore, the relative values I;, V; allow evaluating the use of the voltage
source for current and voltage of the running regime.
From (1.3), the recalculation formulas of the actual regime parameters follow

mI:{—L:{ﬂ7 mV:&:E, (15)
I I Vi W
where my, my are the scales.
If m; = my, a geometrical similarity or, more precisely, the Euclidean equiva-
lence in sense of Euclidean geometry is obtained.
If m; # my, an affine similarity in sense of affine geometry is fulfilled.
The load power dependence

PL=V I, =V (1-Vp) (1.6)

determines a parabola in Fig. 1.6.
In turn, the power transfer ratio Kp or efficiency # of the running regime

P, -
Kr=np=—==1V, 1.7
Pp=1 Py L (1.7)
is a linear function shown in Fig. 1.6.
Let us consider the analogous relationships for the load resistance.
From (1.1), we get the corresponding expression

Ry
Vi =V, . 1.8
L=VorTr (1.8)
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Fig. 1.6 Load power and 1.00
efficiency via the load voltage
n
0.75
0.50
P
0.25 =
0.00
0.0 0.5 1.0

VL

It is possible to express the relative load resistance by the internal resistance
_ R R
R =—=—=. 1.9
L % (1.9)

Then, we have the relative expression

_ R,
VvV, = . 1.10
YT14R, (1.10)
From (1.9), the recalculation formula follows
R R;
Mg = — ==, (1.11)
R, R

where my is the scale.

Hence, we have obtained relative values (1.3), (1.9) and relative expressions
(1.4), (1.10), which coincide for different circuits. It shows as though we have not
the problem. But, it is possible to remark that relative regime parameters (1.3), (1.9)
have the different quantities. For example, the maximum load power regime cor-
responds to the values R, = 1,V = 0.5, That is inconvenient for the more
complex circuits with a large number of parameters. If the internal resistance R; = 0,
the circuit has not scales for the load current and resistance.

The examples of circuits, which have two characteristic values of regime
parameters, will be shown later. Then, the problem of scales and relative expres-
sions arises.
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1.2 Disadvantages of the Well-Known Calculation Methods of Regime Parameters ... 7

1.2.3 Regime Change in the Relative Form

Let an initial (the first) regime correspond to values R}, V},I}. In turn, a subsequent
(the second) regime corresponds to R2, V2 I?. For convenience, we consider
Vo = 10,R; = 1. Using (1.1), (1.8), we get the concrete or absolute values of all the
regime parameters shown in Fig. 1.7.

Let us obtain these changes of regime parameters in the absolute and relative
form. In the given case, we use the difference of values that corresponds to the
known variation theorem of resistance and current into a circuit.

Then, we get the relative changes for the currents and voltages

B I; I; 10
VE Ve _AVE 1 ooy
VO VO VO 10 g

(1.12)

Using (1.9), we constitute the following relative changes for the resistances

R} R AR? 05
L L_—L _""_05. (1.13)
R R R 1

In turn, correspondingly to the known variation theorem of resistance and
current [2], we have the dependence AI7!(AR?!) in the form

Fig. 1.7 Correspondence of R R R R

the regime parameters at ) L L Lo

change of the load resistance ' ' ' ] J T
0 IARZI I'SAR32 3 5666 o RL
N L | :
1 i 31 : : ;
N
U T T
105 4 »2515 0 1
NN
Lo - Lo
LN AL
v v
0 s~——"6 75 65 10V

AV
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AR?'/R}y p__ 05 /2

Al = L/IN b P
L 1+ AR /R, " 1+0.5/2

5=-1 (1.14)
where R}y, = R; + R} = 2 is the input resistance of our circuit for the subsequent load.
It is possible to rewrite expression (1.14) in the relative view

AP AR:'/R}y
Il 1+AR}/R)

Therefore, we get the other determination of the relative changes

ARZI AIZI
L =025, —L=-02. (1.15)
1 Il
IN L

Hence, the practical question arises, which expressions may we use? Because
both initial expressions (1.12), (1.13), and complementary expression (1.15) have a
clear physical sense.

Group properties of regime changes
Let the next regime correspond to the values R}, V;, I} shown in Fig. 1.7. Then,
correspondingly to (1.15), we get the changes relatively to the first regime

Let us obtain the changes relatively to the second regime. To do this, we must
calculate R?y, = R; + R? = 2.5. Then,

AR32 AI32
=06, —F=-0375.
Riy Iy
We note that the resultant regime change AL;!/I] = —0.5 is not expressed

through the initial change AI7!/I} = —0.2 and intermediate change AL?/I} =
—0.375 by the group operation (addition or multiplication). In this sense, regime
changes (1.12), (1.13) hold the group properties that is convenient for analysis.

Anyway, the next regime changes will lead to the increase of a number of the
relative values for various parameters and determinations of changes that compli-
cates analysis.

Equal regime changes for different initial regimes

Let the initial regime correspond to R}, V}', 1], and subsequent regime corresponds to
R? V2 I?. Then, we have some regime change. Similarly, let the same regime change
correspond to the other initial R;, V3, I7 and subsequent R}, V}, I} values. We obtain
ever more the relative values for various parameters and determinations of changes.
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1.2 Disadvantages of the Well-Known Calculation Methods of Regime Parameters ... 9

1.2.4 Active Two-Port with Changeable Resistance

Let an active two-pole A with a load resistance Ry contain a changeable resistance
R;»> shown in Fig. 1.8a.

Therefore, values R},,R?, and so on determine a family of load straight lines
with the various values of SC currents and OC voltages in Fig. 1.8b. Then, we have
the set of the base or characteristic values as the parameters of the Thévenin
equivalent circuit. Also, the corresponding variations of scales (1.3) complicate
analysis.

Hence, it is necessary to obtain such base values which do not depend on the
variation of an additional load. Also, we may get the relative values and relative
changes of this additional load for comparing of regimes for different circuits.

1.2.5 Scales of Regime Parameters for Cascaded Two-Ports

Let us consider a cascade connection of two two-ports TP1, TP2 with a variable
load conductivity Yz, in Fig. 1.9a. At change of a load conductivity, we get a family
of load straight lines for various sections; that is, we have some correspondence
between these load lines by dash-dot lines shown in Fig. 1.9b.

Our cascaded circuit, relatively to the load Y;,, is similar to the simplest circuit
in Fig. 1.3. Then, the characteristic values VY€, I3 are the scales or base values.
Therefore, the relative values of the load current and voltage are determined
by (1.3)

L=k gy

We must remark that the other characteristic values V3¢ = 0, 19€ = 0.
In turn, the internal resistance or conductivity R, = 1/Y;, = VI /I5C.
Therefore, the relative load is determined by (1.9)

Fig. 1.8 a Active two-pole (b) I
with a changeable resistance !
R;>. b Family of load straight ' ISCI
lines (a) R 1
R, 2
/ I
! 2 sc2 ‘R,
A v, RLZ I 1 ,/ -
2 Ru ,/
0 0c2 ,0C1
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Fig. 1.9 a Cascade (a)
TPI TP2
connection of two two-ports. Vol Vil V1,
b Correspondence of load } : ‘
straight lines | Yo l ! -
LT AT -
| | | Y
h h : L2
YINl : YL1=YIN2 :
—= — =

() 1,1.I, (V) I(V,)

27170

0

— R2
Ry = -2,
Ri

So, we have the following base values for the load section V;, I,
Vo€ I3, Vi€ = 0,19¢ = 0. (1.16)

These values determine the corresponding base values for the other section of
the cascaded circuit. For the section Vi, I, we get

VPC R Ve, IPe. (1.17)
In turn, for the section Vj, Iy, the base values are
16, 18°. (1.18)

The two nonzero base values turn out for all the regime parameters.

Then, there is a problem, how reasonably we may express these parameters for
the initial regime Y/,, subsequent Y7, and regime changes in the relative form.

It is possible to note that regime changes, as the length of segments on all the
load straight lines, have different length for usually used Euclidean geometry.
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1.3 Analysis of the Traditional Approach to Normalizing ... 11

1.3 Analysis of the Traditional Approach to Normalizing
of Regime Parameters for the Voltage Linear
Stabilization

For the illustration of the assigned task, we consider two simple active two-poles
with load conductivity Y7 in Fig. 1.10. The equation of the load straight line of the
first active two-pole in Fig. 1.10a is given by

I = (Vo — Vi)yor =y01Vo — yoi Vi,

where the conductivity yg; corresponds to the internal resistance of the voltage
source Vy and SC current I5€ = yo, V.

Then, we use normalized expression (1.2) which contains the two normalized
values

I Vi
I 7

The regimes of two similar circuits with running values of currents I;,; and

voltages V, V; will be equivalent or equal to each other if the normalized values of
currents and voltages (1.3) take place; that is,

L I Vi W
K¢ B¢ Vo Wy

The equation of the load straight line of the second active two-pole in Fig. 1.10b
is given by

YoNYIN
I =——— (Vo — V1),
YoN -I-)’lN( )

where conductivity y;y corresponds to the conductivity of voltage regulator.

Fig. 1.10 a Active two-pole without a voltage stabilization. b Stabilization of a load voltage
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It is possible to carry out the normalization by the SC current I5€ if there is an

access to this source at an experimental investigation. Then

I yw/yow (1_2) (1.19)
S 1+ yiv/yon Vo

This expression contains the three normalized values. Therefore, a possible
condition of equal regimes corresponds to the equalities

Lo L Vi Vi Sw

5C Ve Vo' oy Yon (1.20)
If regimes differ, how may we express this difference in the convenient view? It
is not clear, how may we work with the set of these six different values. It would be
convenient to work with one value which characterizes this difference.
If the access to the voltage source is missing, what then must we choose as the
normalizing value? It is possible to normalize by the maximum load current
I = yon (Vo — V1), when the linear regulator is completely closed. Then, we have

I yv/yon

—_— 1.21
Ly 14+yin/yon ( )

Therefore, the possible condition of the equal regimes corresponds to the
equalities

DL oy dw
Liw Ty’ Yo Jov

We again obtain the two normalized values. But there is a contradiction with
condition (1.20) for currents.

In Eq. (1.21) we pass from the value y;y to the voltage V,y of the linear
regulator. Then, we obtain the normalized expression of the regulator

I  Vo-Vi

L, Vw

The equivalent circuit in Fig. 1.11 corresponds to this expression.

Even for such a simple circuit there is an uncertainty, how correctly or rea-
sonably we may represent the normalized expression of regime.

The problem becomes complicated even more for a case of two and more loads
with the voltage stabilization. For this, we consider Fig. 1.12.
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Fig. 1.11 Equivalent circuit of the active two-pole with the voltage stabilization

Fig. 1.12 Active circuit with the voltage stabilization of two loads

In case of two loads (without conductivity yy), the two equations turns out

J’_

IIM = (Vo — Vi)yon — I,
YIN
J’_

Izu = Vo —Va)yon — I
Yon

It is possible to carry out the normalization by the SC current of the voltage
source. These expressions contain six normalized values. If regimes differ, we have
the set of twelve different values.

On the other hand, the normalization by the maximum load -currents
Lt =yon(Vo = V1), Ly =yon(Vo — Va) leads to the reciprocal components
L /Iy, I /ly. These components raise a number of normalized values.

Therefore, the shown examples of the formal normalization do not allow com-
paring the regimes of different systems.
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1.4 Active Two-Port

1.4.1 Volt Characteristics of an Active Two-Port

Let us consider the features of an active two-port with two load conductivities
Y11, Yo in Fig. 1.13a. The interaction between load voltages is observed at change
of loads. Therefore, the variable slope of the load volt characteristics or load straight
lines V5 (V1,Y11), V2(Vy,Yy2) takes place in Fig. 1.13b; the values Yy, Y, are
parameters.

Therefore, such base values as the load SC currents and OC voltages are
changed. In turn, the corresponding variations of scales (1.3) complicate analysis.

Hence, similarly to Sect. 1.2.4, it is necessary to obtain so base values which do
not depend on variable loads.

1.4.2 Traditional Recalculation of the Load Currents

Let us lead the base statements of the traditional approach to the recalculation of the
load currents [3]. Expression for the currents I;, [, of Fig. 1.14a has the view

Li| | -Yu TYn Vi I
Bl =l Bl e
SC currents 7€, I5€ are considered as the initial values 19, 19 of the load currents
for the zero load resistances RY, = 0,R?, = 0.

Now, we introduce the first load resistances Ril,Riz as the first increments
AR}Y, AR} concerning the initial zero values; that is,

Ry, = AR} +R), = AR[], R, = AR+ R, = AR,
Therefore, the relationships take place for these subsequent or the first values of

currents and voltages

Fig. 1.13 a Active two-ports. (b)
b Family of load volt (a)
characteristics a
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Fig. 1.14 a Initial values of (a) I 121
loads. b Increments of loads . <l —
concerning to the initial i Y |4
values I 1
RL] RLZ
(b)

2
Il
-
—w— —’Wv——%
% 1 1
AR21] RI,I RLZ ARZI
L

L2

V= ARNH, V3 = AR

We rewrite expression (1.22) as
It = =YuARQI! + Y AR + 1Y
I = YpARNCIN — Yo ARSI + 1.

Then, we get

(1+ YuARI)I — YioARSH = 1Y
: (1.23)
—YARSI + (1+ YnARS) =17

The solution of Eq. (1.23) gives the subsequent currents

I + AR (Yoo} + Yiol3)

Ill = D10 ’

(1.24)
i B+ AR (Y9 + YioIY)
2 D10

where the determinant
D' = (1+ YuARY) (1 + YnAR}3) — (Yi2)*AR§AR}S.

Let us carry out the analysis of these relationships. Let the second load resis-
tances Rzl , Rzz be given as the second increments AR?Y, ARIZB concerning the initial

zero values; that is,

2 20 0 20 2 20 0 20
R, = ARLl +R;, = ARLla R, = ARLZ + R, = ARL2~
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Then,

2 IY + AR (Yol + Y1)
1

D20 ’
o B ARR (R + Vo)
2= D20 ’

where the determinant
D® = (1+ Y AR)(1 + Y ARS) — (Yi2)*ARZ AR},
We try to introduce the intermediate changes AR?!, AR?} thus that

R}, = AR}} + Ry, = ART) + AR[} = AR},
R, = AR}, + R}, = AR}, + AR5 = AR}S.

Introduction

(1.25)

Therefore, the denominator D?° will contain both intermediate changes ARﬂ,
AR:}, and the first values of resistances R} |, R},. Thus, the structure of denominator
(1.25) shows that group properties are not carried out for intermediate changes of
load resistances. Therefore, subsequent changes must be counted concerning initial
zero values. However, if we want to use the changes AR?}, AR?} concerning the
values R} ,R},, the two-port with conductivity parameters G is obtained in
Fig. 1.14b. Thus, the recalculation of parameters of a new two-port is required.

Let us introduce variations of currents as increments Al{°, AI}° concerning the

initial values; that is,
I =-A"+10, I =-AL"+D.

From (1.23), we get

—(1+ YR ARY)AL® + Y, ARSAL® = — Y\ | ARJSI) + Yo AR IS
YRARSGAL® — (14 YnARD) AL = Y1, ARSI — Y ARSL.

The solution of this system gives the increments of currents via the increments of

load resistances

YUARS? + Y11Y22 - (Y12)2 AR%‘?AREZ) Y]zARlO
0 _ L ] [0 _ L2

|
AP = Do 1 DIo Ig’
o Y2ARSH | YuYn — (Yi)'|ARJARS -y Agw0
ALY = — h=—pw 1
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1.4 Active Two-Port 17

Let us compare these expressions with expression (1.14). We cannot already
directly introduce the relative changes of type (1.15).

It is possible to draw the conclusion that it is necessary to carry out a deeper
research of such circuits so that to receive the relative expressions of regimes and its
changes.

1.5 Nonlinear Energy Characteristics

1.5.1 Efficiency of Two-Ports with Different Losses

Let us consider a two-port in Fig. 1.15. In this case, the power transfer ratio Kp or
efficiency 7 is a nonlinear function.
As it is known, the system of equation of this circuit has the view

HREEARA 127
where Y parameters
Yoo = y10 + Yo, Y11 = Y10 + ¥1, Y10 = Y10-
The matrix determinant
Ay = YooY11 — (Y1)

The characteristic admittance at the input and output or load

Yoo Y1
Yive =1/5—Ay, Yic= /5

Ay. 1.28
Yi Yoo ! ( )

Next, we use the transmission a parameters. Then,

V(J’ ]n \ V]’ 11
: AWV
! y
| 10 q
O 1|Ey, 2 ,E?/Y
1
Il L
1
1
Y, '
—_—t

Fig. 1.15 Two-port with loss and a variable load conductivity
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Y
Vo| _|an an| |Vi|_ Yo Y%O W (1.29)
Iy an an]| | L & Yol | '
10 10
Using the attenuation coefficient y [2], we may rewrite Eq. (1.29)

Vo | _[chy shy| Vi j’f
lo = . I . (130)
Yoc shy chy 7=

In turn, the admittance transformation has the view

Yic

Ywe 1 +%th“/.

Yiw Yo 4 thy

(1.31)

We have the relative values Yiv/Yv.c, Y/ YL.c. However, expression (1.31) is
not a pure relative because contains the value thy. This value is diverse for two-
ports with different losses.

In turn, the power transfer ratio has the following forms

KP:%:Ch2y+Sh2'})—Chy'Sh'))' (Y’” +M)

Yive Yiy
Kp— 1 . (1.32)

YL Y
ch?y+sh?y-+chy-shy- (ﬁ+§_f)

Sequentially, the maximum value Kpy, corresponds to the admittance matching
Kpy = ch®y + sh*y — 2 - chy - shy = (chy — shy)*. (1.33)

So, the relative values Yiv/Yv.c,Y./YLc determine the deviation from the
admittance matching by some way. However, expressions (1.32) are not pure rel-
ative because contain the value thy. If we try to use the value Kpy, as the scale
value, we cannot obtain the pure relative form of expression (1.32).

Let us use the following voltage transfer ratio

Vi TuV

Kg=—0=-H1"1
T VOC T Y Vo

which corresponds to the voltage ratio of the Thévenin equivalent circuit. Using
(1.30), we get

1-K
Kp(Kg) = K¢ °

A = ch?y. 1.34
A K ch®y (1.34)

An example of efficiency (1.34) is shown in Fig. 1.16 for the various values
A. The maximum values of Kpy, correspond to the various values K.
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1.5 Nonlinear Energy Characteristics 19

Fig. 1.16 Efficiency of two- 0.8
ports for different losses
PM
0.6 /T\
A=105 | A |
K, 04 ——
K
PM
A=1.25
0.2
A
0.0
W 0.2 0.4 0.6 0.8 1.0
K

G

The solid arrows demonstrate the correspondence of the characteristic points. So,
we have the three characteristic regimes. Then, the problem of scales, relative
expressions, and correspondence of running points (dash arrow) arises.

1.5.2 Characteristic Regimes of Solar Cells

Let us consider volt-ampere and power-volt characteristics of two different solar
cells in Fig. 1.17. These characteristics have the maximum power points Py, Py
with the different currents I, iM and voltages Vy, VM [8, 17]. There are also such
characteristic values as the SC currents I°C, I°€ and OC voltages V€, Vo€,

Fig. 1.17 a Volt-ampere

@ @),
characteristic. b Power-volt L L
characteristic ~
ISC ~
3 N
sC| )
. L/
IM M
"\//oc
ocC, ~
0 VM v O VL’ VL
b -~
( )P P
’l‘)’ L
M ]
oo Y
P M i
i
i ~
Q
0 \% OCO ~
v vV,
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The solid arrows show the correspondence of the characteristic points. So, we
have the three characteristic regimes. Similarly to Sect. 1.5.1, the problem of scales,
relative expressions, and correspondence of running points (dash arrow) arises. In
the present book we do not examine these problems. The interested readers may see
the author papers [15, 16].

1.6 Regulated Voltage Converters

1.6.1 Voltage Regulator with a Limited Capacity Voltage
Source

In power supply systems with limited capacity voltage sources, the limitation of
load power is appeared. An independent power supply system with a solar array and
rechargeable battery may be the example of one.

We consider DC transformer with switched tapped secondary windings as a
voltage regulator VR1 connected to a limited capacity voltage source V, in
Fig. 1.18a. The regulator defines a transformation ratio

1%
ni :71. (1.35)

The regulation characteristic Vi (n;), by an internal resistance R;, is a nonlinear
and two-valued function shown in Fig. 1.18b. In this case, the up-slope direction or
forward branch of its regulation characteristic is used and the down movement of an
operating point on the back branch is restrained.

Let R; be equal to the load R;. Then, the expression of V(n;) has the view

V _
N_goom
Vo 1—|—(I’l1)

ni

(1.36)

We get the relative expression which coincides for different circuits. But, sim-
ilarly to Sect. 1.2.2, the relative regime parameters Vi, n; have the different
quantities. For example, the maximum value V3, = 0.5 corresponds to nyy = 1.

Therefore, it is necessary to stipulate the parameter so that to set the regime value
in the form of number.

Also, there is a question of the next switching step for the secondary winding;
the regular or irregular step for the load voltage or for transformation ratio relatively
to maximum permissible values. It is determined by how to set the value changes;
that is, by increments, ratio and so on. The situation becomes complicated even
more, if such a power supply system contains two loads with individual voltage
regulators shown by dash lines in Fig. 1.18a; the interference of these loads takes
place.
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Fig. 1.18 a Power supply (a)
system with limited capacity

voltage sources. b Example of

its regulation characteristic

(b)
0.50

Vv
—! 025

0.00

1.6.2 Buck Converter

Let us consider a buck converter in Fig. 1.19.
The expression of the static regulation characteristic for the continuous current
mode of a choke L with a loss resistance R has the known view [5, 10]

v, = Vo D— o
l—l-R% 1—|—(a)2

D, (1.37)

where D is the relative pulse width and () is the relative loss.
Let us express (1.37) in the relative form. There are some variants.
Firstly, it is possible to introduce the value V; = V; /Vo.
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L R
_W_Wv
v o] 14
pay L
Fig. 1.19 Buck Converter
Then
_ 1
Vi, =—D. (1.38)
1+ (0)*

This expression is not a pure relative because contains the value (0’)2.
Let D be changed, D' — D?, and a subsequent value D> = D' + D?!.
Then, the voltage change \721, by (1.38), depends on the parameter (6)2.
Let us consider the ratio of the initial and subsequent values

This determination of regime change does not depend on parameter (¢)>.
Secondly, we may introduce the value

A V
Vv, = L

= =D 1.39
L VLM 9 ( )

where the maximum load voltage

Vo
Viu=—""3-
1+ (o)

Therefore, we obtain the following equalities for regimes of different converters
Dy =Dy, Vi1 = Via.

In turn, the regime changes are expressed by the ratio or increment of values
Vi1, Via.

If an initial expression of type (1.37) is more complex, it will be also difficult to
constitute relative expression (1.39) directly and reasonably. This case is considered
in the next section.
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1.6.3 Boost Converter

Let us consider a boost converter in Fig. 1.20a. Similarly to (1.37), we offer an
equation of the known static regulation characteristic

V
A — (1.40)
Voo 1+ (0)"(n)
where n = 15 > 1 is the inverse relative pause width.
This expression is analogous to (1.36). The regulation characteristics for various

values (a)2 are shown in Fig. 1.20b. It is obviously that the maximum values V,
correspond to the various values n. The characteristic value is also n = 1.

The solid arrows show the correspondence of the characteristic points and dash
arrow confirms to running points.

Let us attempt to express (1.40) in the relative form. We may introduce the new
values

~ o .
Vi, = 70 Vi, n=on
Fig. 1.20 a Boost converter. (a) R L
b Its regulation characteristics ——f
for different losses
\
0 -
’JE 2R
L
(b)
3
670005
—-4%\
5 71/ ~—_|
7 \
Vv ’
7" A 6’=0.1
| \\
@ —
0
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Then

n

Vp=—" .
1+ (7)?

As though, the relative expression turns out. But, for the characteristic value n = 1
(the transistor is switched off), the new value 7 = ¢ and depends on the parameter
of the converter.
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Part 1

Electrical Circuits with One Load.
Projective Coordinates of a Straight
Line Point
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Chapter 2
Operating Regimes of an Active Two-Pole.
Display of Projective Geometry

2.1 Volt-Ampere Characteristics of an Active Two-Pole.
Affine and Projective Transformations of Regime
Parameters

2.1.1 Affine Transformations

It is known that any linear circuit (an active two-pole A) relatively to load terminals
is replaced by a voltage sources Vj, in series with an internal resistance R; [1, 6].
Let us consider two cases of the load.

Case 1

A variable voltage source V is the load of an active two-pole A in Fig. 2.1. The
voltage V; (independent quantity) and load current [; are the parameters of oper-
ating or running regime.

At change of the load voltage from the short circuit SC (V;, = 0) to open circuit
OC (VP€ =V,), a load straight line is given by (1.1)

7V0 VL?]SC_E

= _t_
LR R LR

(2.1)
where 7€ is the SC current. This straight line is shown in Fig. 2.2.

The characteristic regime parameters I;C, V,, determine the different scales for
the axes of coordinates.

We want to represent a running regime parameter of the load by a certain
quantity, which would have an identical value for various actual regime parameters
such as voltage and current. To do this, we use a geometrical interpretation of
change or “kinematics” of a circuit regime.

As the load characteristic is defined by linear expression (2.1), a similar
expression in geometry defines an affine transformation, conformity or mapping of

© Springer International Publishing Switzerland 2015 29
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Fig. 2.1 Active two-pole
with a load voltage source

Fig. 2.2 Load straight line of I
an active two-pole L
ISC
L

1
1

¢ )

2 1
IL
&

=~

the voltage axis to current axis V;, — I [7]. The values IfC, R; are parameters of
this affine transformation. The mechanism of this mapping is shown by parallel
lines with arrows for three voltage values or points V}, VZ V3.

An affine transformation is characterized by an invariant of three points

o(Ve, VL Vi) = o I, 17).

The invariant represents a certain expression, which only contains the chosen values
of voltage or corresponding values of current; the parameters of the affine trans-
formation do not enter in this expression.

To obtain the invariant expression, it is necessary to exclude the two parameters
from Eq. (2.1) by means of three equations. For arbitrary three voltage values
v}, VZ V? we have the system of equations

I V2 V3
{ILl:Ifc—ﬁ,lf:120—?%,12:1?—?%. (2.2)
Using the first and second equation, we exclude 15¢
v v}
Ii—lfz—&—ﬁ—ﬁ. (2.3)
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Similarly, we have

1 3 L Vli

I' —p=4+-L__L 24

L — 1L +& R (2.4)
Vi oy?

P-p=4-Lt__L 2.5

=1 +& R (2.5)

Let us exclude the parameter R;. To do this, we use expression (2.3) and (2.5).
Then, the required invariant or affine ratio is obtained as follows

L—I_Vi-V

= . 2.6
-5 Vi-V} (2:6)

If we use expression (2.3) and (2.4), we get the other invariant
-5 vi-v} -

- v:-v}’

Application of the concrete invariant is determined by a physical sense of a
parameter of running regime, as it will be shown later.

Let us consider expression (2.6). We accept values 1}, V] correspond to the
running regime. In turn, values I7,V;7 correspond to the open circuit regime,
I} =0,V; =Vp;, values I;,V; correspond to the short circuit regime,
I} = I}, V} = 0. The pairs of the respective points I7, V7 and I3, V; are the base or
extreme points; the points /}, V] are the dividing points.

Then, expression (2.6) takes the forms

-0 Vo-V}
0-I¢ 0-Vy'

2.8
-0 Vo-V} 2:8)
=0 Vo—0
The affine ratio n! can be represented by the formal view
n' = (L 0L) = (VL Vy0),
where
1 75C 0-1 I
(ILOIL ):O_IEC:IE_Cv (29)
Vo—V}
ViV 0) =—F. 2.10
(Vi Vo 0) = — (2.10)

www.EngineeringBooksPDF.com



32

2 Operating Regimes of an Active Two-Pole ...

Further, we consider the sense of the value n'. We obtain the quantity that has an
identical value for current and voltage. For the current, this value n' is simply the

normalized value (at the expense of a particular choice of the base points)

Therefore, expression (2.8) coincides to Eq. (2.1) for the normalized values

L . v
T

(2.11)

The more convenient representation of affine transformation (2.1) is given in
Fig. 2.3 for the actual values of the current and voltage. There is a projection center
S and straight lines Vy, I are parallel. The affine conformity is also given by two

pairs of respective base points.

As it was already shown, as the respective base points, it is convenient to use the
points of characteristic regimes, which can be easily determined at a qualitative
level; that is, the short circuit and open circuit regimes. The sense of this affine
transformation is visible in Fig. 2.3. The projection center S has a final coordinate

because of different scales or base points of the current and voltage lines.

If the projection center S — oo, the projection is carried out by parallel lines.
This mapping corresponds to the Euclidean transformation; that is, the parallel

translation of a segment in Fig. 2.4. Such case conforms to Eq. (2.11).

Fig. 2.3 Affine PN
transformation V; — I, //'i" N
NI
. \,
A \
/'/ lI \\
SC . | B
IL IL // ’I IL \‘\ 0
/ i \,
/7 i \
/7 i \,
/7 i \,
7 ! N
/ :I \
oV Vi W
Fig. 2.4 Epclidean S—>00
transformation V; — I,
1/
L L 1 0
0 1 VIV
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Now we consider changes of regime; that is, how to set this change in the
invariant form too. Let an initial regime be given by values I}, V} and subsequent
regime be set by I7, V2. Let us express the subsequent value of current through the
initial value. Using Eq. (2.3), we get

vl v?
@:Q+ﬁ—ﬁ:4+$. (2.12)
1 2
The obtained transformation with a parameter I?! translates the initial regime I}
point into the subsequent regime Iz point; that is, I} — Iz shown in Fig. 2.5.

Further, transformation (2.12) with a parameter /;* translates the point I7 — I3

that is,

3.3
=0+
For example, let /3% be equal I7!, as it is shown in Fig. 2.5. It now follows that
3_ gl 2l 32 gl 3l
B=0'+P' + 2 =1 +p.

Therefore, we have the resultant transformation I} — I; with a parameter I;'.

Thus, a set of transformations (2.12) is a group.

Let an initial regime be given by two values I}, 13. These values correspond to a
segment I, in Fig. 2.6.

For example, this segment or increment of current I;; corresponds to a signal
voltage V,; in series with a variable bias voltage V, in Fig. 2.7.

Fig. 2.5 Translation of point I I
I} - I} = I} along a line /L\A /L\A
1 1
31
IL
Fig. 2.6 Movement of a 7 &
segment Ip; /L7§L\
I IZI I r 121 122 IL
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Fig. 2.7 Signal V,; and bias jmeeemmesseseceea- .
i ; pL
3 'voltage is the load of an : A R, :
active two-pole !
i 1A o Vi
i T,

If we apply transformation (2.12) to the initial points I},13, we obtain the
subsequent points

n=0+0r, L=5L+I" (2.13)

Obviously, translation (2.12) or (2.13) is characterized by the invariant of two
points ¢(I},1;) = I — I}, because

L-F=0L-1I. (2.14)

Thus, this invariant is the Euclidean distance between of two points. Therefore,
geometry of this transformation group is geometry of a Euclidean straight line.
Also, we can consider the dual variant of segment and its movement in Fig. 2.8.
Let an initial regime be given by two values I, I? or segment I7 I!. We use the
translation with a parameter I5;. Then, the subsequent points

L=1+0bL, L=05L+D50;.
Obviously, there is an invariant of two points
o1 =g-1n.

Using (2.11), we get the similar invariant for the normalized voltage and current
values

Fig. 2.8 Movement of . 1,
segment I21] — L1} 7N N
1 1 : 2 2
I 1 I; L

www.EngineeringBooksPDF.com



2.1 Volt-Ampere Characteristics of an Active Two-Pole ... 35

2 1 1 2
L 4L _ Ve Vi o (2.15)
EC BV, Vo

This regime change corresponds to a relative change in “percent”. Note that the
invariants of transformation (2.12) coincide with the known principle of superpo-
sition for linear circuits.

Remark Let us introduce a regime change by ratio of currents. Using expression
(2.11), we get

;o Vo-V;

BRI v

We can note that the ratio of currents does not contain a transformation parameter.
But, this ratio of voltages contains the transformation parameter V,,. Hence, the
condition of invariant is not executed.

Case 2

A variable conductivity Y7 is a load of the simplest circuit in Fig. 2.9; an internal
resistance of this active two-pole R; = 0. The equation of this circuit

I = VoYy. (2.16)

The conductivity Y; (independent quantity) and load current are the parameters of a
running regime.

For this circuit, the regime has only an absolute value; it is impossible to state a
relative expression in view of the absence of a scale.

Now we consider changes of regime. The initial conductivity value equals ¥;
and subsequent equals Y7. Then, we have the two values of currents

I = VoY), IF=Vyri (2.17)

Fig. 2.9 Active two-pole
with R, =0
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Using the ratio of these equations, we get

E_Y_ ,m (2.18)
Iy '
Then, the subsequent current is obtained as
I =ml]. (2.19)

This transformation with a parameter m?*! translates a point of an initial regime /; to
a point of a subsequent regime /7; that is I} — I?. The transformation is a group
transformation because

3 _ 3292 _ 32 2171 _ 31l
L=m7l] =m "m I, =m"I.

This group is the dilation group. For example, let m>? be equal m*', as it is shown in
Fig. 2.10; a usual distance between currents is increased.

Let an initial regime be given by two values 1], I}. These values correspond to
segment [; I, in Fig. 2.11. If we apply transformation (2.19) to the initial points
11,1} or to the segment, we obtain the subsequent points

2 _ 21l 2 _ 21l
L'=m>I, IL=m"1,.

Fig. 2.10 Transformation of 21 32

m
apoint I} — I? — I3 SN T T~

' ' I
1 2 3
I \IL_/ I L
31
m
Fig. 2.11 Movement of el
segment 1,1, /\
m21 mZ]
RS —~— A
Y Il 1
1Lt 2 12 2
I KIZ/’ I I
le
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Obviously, transformation (2.19) has the invariant of two points

12 mZIIl Il
B =2="""2=-2_p = (1. 2.20
o(I3,17) 2w my = @(L, 1) ( )
This invariant m;y; is the invariable “length” of segment I; I. Therefore, we obtain
the segment end

1 1
12 = lell.

These two examined cases correspond to the known similarity property. And so, the
consideration of regime changes as geometrical transformations gives a methodical
foundation for the valid introduction of regime changes for more complex cases.

2.1.2 Projective Transformations

Let us consider a circuit with a variable load resistance in Fig. 2.12.
The load straight line is also given by expression (2.1)

Vo Vi o Vi
=0 ke YL 221
L Ri Ri L Ri ( )

This straight line is shown in Fig. 2.13.
The bunch of straight lines with a parameter R;, corresponds to this straight line.
The bunch centre is the point 0. The equation of this bunch is given by

1
L =—V. 2.22
L= Ve (2.22)

Further, it is possible to calibrate the load straight line in the load resistance values
[10, 13, 14]. The internal area R; > O at the load change corresponds to regime of

Fig. 2.12 Circuit with a load !
resistance
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Fig. 2.13 Load straight line RL<()
of a circuit with a load N - - 5
resistance 7N \
\
i =
1 \\\ Yol RL O
\ \ I !
\ N L RL
\ \ 1 R.
\ A I
N N \\\ // 3 R2
N \\ '/ f”’ r R = oo
N \ /,—/’__ L
N ~ 1 N\
0' “~<
_Rx\ Ng2 Y ‘\ |4
i N Sso
N SO 1
N N [
N St
N /‘R,<O
\v~ - e g

energy consumption by the load. If to continue the calibration for the negative
values Ry, <0, the regime passes into the external area, which physically means
return of energy to the voltage source Vj.

Therefore, at the infinitely remote point R, = —R;, the calibrations of the load
straight line will coincide for the areas V; > V,, V; <0. So, this straight line is
closed; that is typical property of projective geometry.

The load resistance value determines the nonhomogeneous coordinate for a point
of load straight line. In turn, the two values V|, I} are the homogeneous coordinates
because R; = pV, + pl;, where p is any nonzero real number. Homogeneous
coordinates have finite values. Further, the equation V. (R.) has the characteristic
fractionally linear view

R;,
Vi=Vog——. 2.23
r=VYor TR (2.23)

Of course, similar expressions take place for currents and resistances for different
branches of active circuits and are used for measurement of circuit parameters [2].

That gives the solid grounds for considering the map R, — V. as a projective
transformation of projective geometry [4, 5, 7]. In general, a projective transfor-
mation of points of one straight line into points of another line is set by a centre S of
projection or three pairs of respective points in Fig. 2.14. Therefore, the infinitely
remote point R; = oo corresponds to the finite point V; = V. Also, fractionally
linear expressions of type (2.23) as projective transformations are used for mea-
suring instruments [8, 9]. In addition, a class of infinite “ideal” points of projective
geometry is introduced to represent infinite resistances [3].

As the pairs of respective points, it is convenient to use the points of the
characteristic regimes, which can be easily determined at a qualitative level; that is,
the short circuit, open circuit, and maximum load power. In turn, the point of a
running regime is the fourth point.
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Fig. 2.14 Projective
transformation of points
R, — VL

We want to represent the running regime of load in the relative form regarding to
these three characteristic or base points. To do this, we may use a cross ratio of four

points.
The projective transformations preserve a cross ratio of four points. For values

R}, V} 1} of initial or running regime, the cross ratio m; has the view

_RL-0 R -0 Rl

1 1
= (OR, R; 00) = + ===, 2.24
my = (O Ry R o0) Rl —cc "Ri—o0 R (224)
V. vi-o  %-0 v}
1 1 Y0 L .2 L
=0V, — VW) = = = , 2.25
my, ( L 0) Vz—Vo %7‘/0 VO_V1} ( )
SC
I5¢ 71— 5¢ L _ysc ¢ _ i
1 _ (ysc g1 1L A A L 1L L
mp = (" I > 0) = =0 " g_o = o (2.26)

We note that expression (2.26) corresponds to (2.7).

The cross ratio in geometry underlies the definition of the “distance” between
points R}, R, = R; concerning the extreme or base values 0, cc. The point R; is a
scale or a unit point. Similarly, we have the base points 0, Vj, and a unit point V;/2
of voltage. Thus, a projective coordinate of running regime point is set by the value
my, which is defined in an identical (invariant) manner through various regime
parameters as Ry, Vi, Ir.

In turn, a regime change R} — R? (respectively V} — V2, Il — I?) can be
expressed similarly

R2
mi = (0 R? R} o0) = R%, (2.27)
L
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Vi . Vi

=0 V}Vv v -~ , 2.28
! = ( )= e (2:28)
ISC _ 12 ISC _ Il
m'=L°Lno=>Lt_—£t+L L (2.29)
I I
The cross ratio has the next quality
= o) = —=
S AT

A group property of the cross ratio realizes

m: =mm. (2.30)

For the next regime change RI% — Ri, the group property is given by

mz = mzzmi = mizmilmL = milml_
Let us express the subsequent voltage value Vf by the initial value V; and regime
change value m3!. Using (2.28), we get the recalculation formula

v}
2 21
Vi vemg

TV o,
Vo ‘;—g(mil—l)—&-l

(2.31)
This formula allows finding a subsequent voltage value by an initial voltage and
transformation parameter m:!. Also, this expression can be obtained from (2.23).
For an initial R} and subsequent R% value, we get the following system of the
equations

1

V=V R
R+R1

R2
Vi=Vo—t—.
R +R?

Excepting R;, we get expression (2.31).

In general, transformation (2.31) translates an initial point V/ to subsequent
point V7. Therefore, we can set the identical regime changes for the different initial
regimes shown in Fig. 2.15 for the straight line V;, as a closed projective straight
line.
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21 21

LA LN

0 21 21 el v,
mL mL L

Fig. 2.15 Identical regime changes for the different initial regimes

The identical transformation parameter m?' forms a segment of invariable

“length” (in sense of projective geometry) and we observe the movement of this
segment. Here, the change of the Euclidean (usual) length is visible. For the base
points, the Euclidean length is decreasing to zero.

In the theory of the projective transformations the fixed points play an important
role. For their finding, Eq. (2.31) is solved as V} = V2. It turns out the two real
roots, V;, = 0,V, =V}, which define the hyperbolic transformation of hyperbolic
(Lobachevski) geometry. Physically, the fixed point means such a regime when a
variable V;, does not depend on the initial or subsequent value R;. It is evident for
SC, OC regimes.

If the roots of equation coincide, the fixed point defines the parabolic transfor-
mation and, respectively, parabolic (Euclidean) geometry. If the roots are imagi-
nary, geometry is elliptic (Riemannian).

In geometry, it is established that these three kinds of transformations (projec-
tive, affine, and Euclidean) exhaust possible variants of group transformations,
which underlie the definition of the metrics of a straight line. Thus, the geometrical
approach allows validating regimes determination, and both definitions of a regime
and its change are coordinated by structure of expressions and ensure the perfor-
mance of group properties.

Reasoning from such a geometrical interpretation, it is possible to give the
following definition [12, 13]:

e a circuit regime is a coordinate of point on load straight lines and axes of
coordinates;

e aregime change is a movement of point on all the straight lines, which defines a
segment of corresponding length.

In this connection, it is possible to accept the following requirement (likewise to
metric space axioms):

¢ independence or invariance of regimes and their changes from variables (regime
parameters) as type R, V, I;
the additive postulate of regimes changes;
assignment of equal regime change for various initial regimes.
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2.2 Volt-Ampere Characteristics of an Active Two-Pole
with a Variable Element

2.2.1 Thévenin Equivalent Circuit with the Variable Internal
Resistance

Let us consider the Thévenin equivalent circuit with the variable internal resistance
R; in Fig. 2.16.

In this case, a bunch of load straight lines with a parameter R; is obtained at a
centre G in Fig. 2.17. The unified equation of this bunch is given by

1

I = (=Vi+ Vo). (2.32)

The coordinate of the centre G corresponding Vy does not depend on R;.
Physically, it means that the current across this element is equal to zero. The
element R; can accept the two base or characteristic values, as 0, co. The third
characteristic value is not present for R;.
Also, the bunch of straight lines with a parameter R; corresponds to these load
straight lines. The point O is the bunch centre. Therefore, R, can accept the two base

Fig. 2.16 Thévenin
equivalent with the variable
internal resistance

Fig. 2.17 Bunch of load
straight lines for a voltage
source
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or characteristic values, as 0, co. Hereafter we say about the two bunches with the
parameter R; and R; correspondingly.
Let relative regimes be considered for this circuit.

Case 1

Let the internal resistance R; be equal to R} and the load resistance varies from R} to
Ri. In this case, a point of initial regime C; — C,. If R; is equal to Riz, a point of
initial regime B — B;. Therefore, the regime change, which is determined by the
load change (an own change), is expressed similarly to (2.27)

mi' = (C;C2C, G) = (B; B2 B, G)
R2 (2.33)

2 pl
:(ORLRLoo):R—{.
L

This determination of a regime change does not depend on R;. Therefore, we must
use only the load voltage for this calculation, as (2.28)

VE2—0  VEl-0

21 C2 y/C1
my = 0VreV V) = = .
e = OV V) = ye ey,

(2.34)

In this case, the base points Cy, B; correspond to the common value V; = 0.

Case 2

Similarly, the regime change, which is determined by R; change (a mutual change),
is given by

Wll-z1 = (082 C2A2) = (OBl C]A])
R! (2.35)
_ 2 pl 0N
This determination of a regime change does not depend on R;. Therefore, we must
use only load voltage for calculation, as (2.34)

VE2—0  VfZ-0
21 B2 y,C2 L . L
m;y =0V, "V~ Vo) = - . 2.36
i ( L "L 0) Vigz Vv Vch —V ( )

In expressions (2.34) and (2.36) the identical base points, which are the centers of
the two bunches of straight lines R;, R;, are used.

Case 3

If the regime is changed as point C; — C, — B, it is possible to speak about the
general or compound change
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R! R?
m* = m?lmil = _lz_lf (2.37)
R R,

Then

i (VP=0 VE-0Y (ve-0 V-0
VB2 vy T Ve —v,) \VEr—v, T VET -V,

Finally, we obtain

2 VB2 —0 L vit-o
VB —Vo " VEN =V

= (0 VB VE wy). (2.38)

Analogously to (2.31), we get the recalculation formula

VEZ Vé_?‘mzl
L (2.39)

The compound regime and voltage changes, as point moving, are shown in
Fig. 2.18.
We may note that values Ry, R; have not any scales.

2.2.2 Norton Equivalent Circuit with the Variable Internal
Conductivity

Let us consider the Norton equivalent circuit with the variable internal resistance or
conductance Y; and load conductance Y, in Fig. 2.19.

In this case, a bunch of load straight lines Y; is obtained at the centre G in
Fig. 2.20.

Fig. 2.18 Compound voltage ! el
changes / L
/‘\ /\
0 B2 C2 C1
VL VL VL VO VL
v
le
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Fig. 2.19 Norton equivalent jTTTTTTTTTTTTTT N I
with the variable internal LA s
conductance i | v,
I I I
1 0 Y. SN
I ; ;z/‘u
| ® A Y
1 1 L
I I
: |
Fig. 2.20 Bunch of load 1,
straight lines for a current Y oo v ¥
source G L , b L
IS(' /
L S Y[=0
1) /
LA SO N c, -
ICI \ s
L L) RS
G
L B
1
B, C, Y =0
0
Ve ¥ v
The unified equation of this bunch is given by
Iy — Iy =-YV.. (2.40)

The coordinate of the centre G corresponding

Iy = Ifc does not depend on the value

Y;. Physically, it means that the current across this element is equal to zero. The
element Y; can accept the two base or characteristic values, as 0,c0. The third

characteristic value is not present for Y;.

Let the relative regimes be considered for this case.

Case 1

Let the internal conductance Y; be equal to Y}

and the load conductance varies from

Y} to Y?7. In this case, a point of initial regime C; — Cs. If ; is equal to Y?, a point
of initial regime B, — B,. Therefore, the regime change, which is determined by
the load change (an own change), is expressed similarly to (2.33)

mi' = (Cy C,C, G) =

(0¥ ¥ o) =

v B, B, G)

(B
Y} (2.41)
Y_lll.
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This determination of a regime change does not depend on Y;. Therefore, we must
use only the load current for calculation; that is,

I2-0 If'—0
m' = (01 If" 1) = o vt J6T . (2.42)
L L

In this case, the base points Cy, By correspond to the common value I;, = 0

Case 2

Similarly, the regime change, which is determined by Y; change (a mutual change),
is given by

ml.21 = (032 CzFQ) = (OBI C Fl)

Y! (2.43)
= (V7Y 0) = 5.

This determination of a regime change does not depend on Y;. Therefore, we must
use only the load current for calculation

IBZ -0 IC2 -0
mit = (O I I Jo) = Spy— + 26— - (2.44)
L — 10 IL —1I

Case 3

If regime is changed as C; — C, — B,, the compound change is

m* = m'mi! = %i—é (2.45)
it
Then
2= gj :1(()) + IILgcll :Z = (0182 IE" Iy). (2.46)
The recalculation formula
I i (2.47)

Lo
It — 1) +1
The compound regime and current changes are shown in Fig. 2.21.

We may note that values Y;, Y; have not any scales also.

The above mentioned arguments make it possible to confront regimes of com-
pared circuits and give the basis for analysis of the general case of circuit.
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Fig. 2.21 Compound current 2

changes /\
IBZ

2.3 Regime Symmetry for a Load Power

In the above Sect. 2.1, the examined regime parameters of the type V,I,R are
expressed among themselves by linear and fractionally linear expressions (2.1),
(2.23) and have projective properties. In turn, such an important energy charac-
teristic, as a load power, represents quadratic expression (1.6) and determines a
parabola in Fig. 1.6. This quadratic curve has similar projective properties that
permit to compare the regime of different circuits, to determine the deviation from
the power matching [11, 12, 15]. Let us consider these properties in detail.

To do this, we use the circuit in Fig. 2.12 and rewrite Eq. (2.21) of load straight
line in the following relative form

I v,
L2k, 2.48
;¢ Vo ' 248)

where Ky is a voltage transfer ratio. Also, we rewrite Eq. (1.6) of load power in the
similar relative form

Py

P~

Ky — (Kv)?, (2.49)

where P3C is the maximum power of the voltage source V; for SC regime.

Therefore, the task of equal regimes does not cause of a problem; that is simply
corresponding equality of values Ky, I, P. But a deeper analysis will be useful,
which allows generalizing the justification of the equality of regimes and will be
used for considering of a more complex case, the efficiency of two-ports.

2.3.1 Symmetry of Consumption and Return of Power

Let us consider load straight line (2.48) in Fig. 2.22.

In the first quadrant, a positive load consumes energy; there is the maximum
load power point P}, for R, = R;. At SC and OC regime points, R;, = 0, 0o, load
power (2.49) is equal to zero, as it is shown in Fig. 2.23.
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Fig. 2.22 Conformity of
points for positive and
negative load

Fig. 2.23 a Parabola of (a)
power for the Cartesian

coordinates, b this parabola

into the projective coordinates

is as a closed curve

(b)
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2.3 Regime Symmetry for a Load Power 49

We remind if a negative load returns energy into the voltage source V), then the
load voltage V; < 0 and V; > Vj. In this case, the load resistance Ry < 0; the load
power increases. In the final analysis, the load power P},, = oo for the resistance
R, = —R;. Therefore, the load straight line is closed and the parabola is a closed oval
curve too, which concerns the infinitely remote straight line 7P}, at the point P,,,.

Let us use expression (2.24) of the cross ratio

Rl
m; = (0R} R; 00) = EL' (2.50)
For the point R, = —R;, cross ratio (2.50)
—R;
mL(fR,) = Ri =—1.

This special case of the fourth point —R; determines the property of the harmonic
conjugacy of four points, which determines the symmetry of points —R;, R; rela-
tively to base points 0, 00.

For an arbitrary running load R,, we obtain, at once, the corresponding conju-
gate load resistance equals —R,; because cross ratio (2.50)

(O—RLRL OO):—I (251)

So, we have the symmetry of points —R;, R, relatively to the base points 0, © too.
The points R;, —R;; R}, —R} and so on pass into each other, as it is shown by arrows.
Physically, this symmetry corresponds to mapping of the region of power con-
sumption by a load on the region of return. Then, the mapping of points of parabola
of the region P > 0 onto the region P <0 is realized from a point F. In this case, the
points O, 1 of the axis Ky are fixed. Therefore, we obtain the following condition

From here, we get

Ky(RL) - Ky(—Ry)
Ky(Rr) + Ky(—Ry)

=0.5. (2.53)

The point F is formed due to the intersection of the tangential FX, FY at the fixed
points. This point F is called a pole, and a straight line, passing through the fixed
points 0, 1 is a polar 07". The indicated symmetry is obtained relatively to the polar.

We may pass to the projective system of coordinates YFX. In this coordinate
system, a polar is considered as the infinitely remote straight line. Therefore, our
initial parabola will be already a hyperbola, and the coordinate axes FX, FY are
asymptotes in Fig. 2.24. The point P, has a finite value.
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Fig. 2.24 Rotation of a
radius-vector RpF

In this case, a point on hyperbola is assigned as the rotation of radius-vector RpF
from the initial position at the point Py,

The non-Euclidean distance R P, is determined by a hyperbolic arc length of a
hyperbola; it will be later on shown in Sect. 4.4.

2.3.2 Symmetry Relatively to the Maximum Power Point

Also, the symmetry of points R}, R7, as the points of equal power, is manifested by
arrows relatively to the point R; or relatively to the straight line Pj,,Pr,, in
Figs. 2.25 and 2.26. The points +R;, —R; are the fixed points. This symmetry
corresponds to points K{,, K3 also.

Fig. 2.25 Mapping of points
relatively to the maximum
load power point
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Fig. 2.26 Mapping of a (a)
parabola relatively to the

maximum load power line.

a Cartesian coordinates,

b projective coordinates

Using (2.49), we get the following condition
Ky +Kp=1. (2.54)

Also, the mapping of points R} — R%, relatively to the straight P;,, P}, of the
parabola, leads to an additional system of pole and polar; the point T is a pole, and
the straight line P}, Py, is a polar. Similarly, the regime or the point of the parabola,
is assigned as the rotation of radius-vector Ry T from the initial position at the point
0 or point 1. In the Cartesian coordinate system, this radius-vector RrT is the
parallel line to the axis Ky .
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Similarly to (2.50), we introduce the other value of running regime

_R—R _0—R, —R]+R
"RI+R TO+R R +R

m; = (Ri R 0 —R)) (2.55)

The point R, = 0 is a unit point.
Similarly to (2.51), we obtain the harmonic conjugate point using the condition

R —R _RL—R

=l +-L =—1.
RU+R ~R:+R

(Ri Ry R} = R;)

From that, we get

RIR? = (R). (2.56)

2.3.3 Two Systems of Characteristic Points

Thus, we have obtained a “kinematics” diagram of the regime deviations relatively
to the selected base points and initial point. Also, we get two conjugate systems of
pole and polar. For example, there are four harmonic conjugate points 0,0, 1, T
onto the polar 0T of the pole F. Reciprocally, there are four harmonic conjugate
points Py, Q, P};, F onto the polar P,, P}, of the pole T. Let us consider this
harmonic conjugacy in detail.

For the pole T, the following correspondences take place. We believe the har-
monic conjugate points 0, 1 relatively to the base points Q, T of the polar 0. Then,
these points correspond to four points 0, 1, Ky(Q) = 0.5,Ky(T) = co of the axis
Ky. The mutual mapping of the points 0, 1 relatively to fixed points Ky (T), Kv(Q)
is shown by arrows in Fig. 2.27.

In turn, there are such harmonic conjugate points R}, R? relatively to the base
points A,T of running straight line TR;. The harmonic conjugate points
K}, K%,0.5, 00 of the axis Ky correspond to these points of the line 7R;.

00

N 0 "2 2 ‘
—RL 0 RL +Rl_ RL oo —RL 7Ri RL

Fig. 2.27 Mutual mapping of points relatively to the fixed points onto the straight line TR,
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The mutual mapping of points K}, K7 relatively to the fixed or base points
00, 0.5 is shown by arrows in Fig. 2.27 too. Therefore, we can constitute the cross
ratio

K, —-05 K;—05 K,—-05
KL —o00 T Ki—o00 Ki—-05

(0.5 Ky, K}, o0) ~1.

From this, we get expression (2.54) that confirms the accepted geometrical model.

Similarly, for the pole F, the following correspondences take place. We believe
the harmonic conjugate points P, P;,, relatively to the base points F, Q of the
polar P},,P},,. In turn, there are such harmonic conjugate points R}, —R} relatively
to the base points F, C of running straight line FR;. The harmonic conjugate points
Ky (C),Ky(R1),0.5,Ky(—R;) of the axis Ky correspond to these points of the line
FR;.

The mutual mapping of points Ky(R}),Ky(—R}) relatively to the points
Ky(C),0.5 is shown by arrows in Fig. 2.28.

Now, it is necessary to find the common fixed or base points for these two
systems of harmonic conjugate points.

We note at once that points Ky (R} ), Ky(—R}) are the harmonic conjugate points
relatively to the points 0,1 in accordance with (2.52). Obviously, the points 7, Q are
the harmonic conjugate points relatively to the points 0, 1 too. These correspon-
dences are shown by dash arrows in Fig. 2.29. Therefore, we may choose the points
0, 1 as the base points.

Fig. 2.28 Mutual mapping of RN 0
points of the straight line FR, : : i
1 1y '
_KV i ¢ KV i | Kv
! i i
R R +R R,
Fig. 2.29 Mutual mapping of L i
points relative to the fixed ¥ 0 Y /,&\‘\ ,0 . T
points and correspondence of : ; s : s 1 s )
1 2 2
v K, 0.5 I‘('V ‘1 K ‘ K,

the different values X 0
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Thus, the suggested geometrical approach allows to re-unite all the points of

characteristic regimes into one system and to prove the choice of base points and a
unit point. Therefore, it is possible to express any running regime point by a cross
ratio of type (2.50). All the values of cross ratios for the characteristic and running
points are shown on the axis m in Fig. 2.29.

References

10.

11.

12.

13.

14.

15.

. Alexander, C.K., Sadiku, M.N.O.: Fundamentals of Electric Circuits, 5th edn. McGraw-Hill,

New York (2009)

. Bhattacharyya, S.P., Keel, L.H., Mohsenizadeh, D.N.: Linear Systems: A Measurement Based

Approach. Springer, India (2014)

. Bryant, R.E., Tygar, J.D., Huang, L.P.: Geometric characterization of series- parallel variable

resistor networks. Circ. Syst. I Fundam. Theory Appl. IEEE Trans. 41(11), 686-698 (1994)

. Frank, J.A.: Schaum’s outline of theory and problems of projective geometry. McGraw—Hill,

New York (1967)

. Glagolev, N.A.: Proektivnaia geometria (Projective geometry). Nauka, Moskva (1963)
. Irwin, J.D., Nelms, R.M.: Basic Engineering Circuit Analysis, 10th edn. Wiley, Hoboken

(2011)

. Kagan, V.F.: Osnovania geometrii, Chasti II (Geometry basics, Part II). Gostekhizdat, Moskva

(1956)

. Mazin, V.D.: Method for raising the precision of measuring instruments and transducers.

Meas. Tech. 23(6), 479-480 (1980)

. Mazin, V.D.: Error of measurement in the compound-ratio method. Meas. Tech. 26(8),

628-629 (1983)

Penin, A.: Projectively- affine properties of resistive two-ports with a variable load.
Tehnicheskaia elektrodinamika 2, 38-42 (1991)

Penin, A.: Definition of deviation from the matching regime for two-port circuit.
Electrichestvo 4, 3240 (1994)

Penin, A.: Fractionally linear relations in the problems of analysis of resistive circuits with
variable parameters. Electrichestvo 11, 32-44 (1999)

Penin, A.: Determination of regimes of the equivalent generator based on projective geometry:
the generalized equivalent generator. World Acad. Sci. Eng. Technol. 2(10), 703-711 (2008).
http://www.waset.org/publications/10252. Accessed 30 Nov 2014

Penin, A.: Projective geometry method in the theory of electric circuits with variable
parameters of elements. Int. J. Electron. Commun. Electr. Eng. 3(2), 18-34 (2013). https://
sites.google.com/site/ijeceejournal/volume-3-issue-2. Accessed 30 Nov 2014

Penin, A., Sidorenko, A.: Determination of deviation from the maximum power regime of a
photovoltaic module. Moldavian J. Phys. Sci. 9(2), 191-198 (2010). http://sfm.asm.md/
moldphys/2010/vol9/n2/index.html. Accessed 30 Nov 2014

www.EngineeringBooksPDF.com


http://www.waset.org/publications/10252
https://sites.google.com/site/ijeceejournal/volume-3-issue-2
https://sites.google.com/site/ijeceejournal/volume-3-issue-2
http://sfm.asm.md/moldphys/2010/vol9/n2/index.html
http://sfm.asm.md/moldphys/2010/vol9/n2/index.html

Chapter 3

Generalized Equivalent Circuit

of an Active Two-Pole with a Variable
Element

3.1 Introduction

To simplify the calculation of circuits with variable parameters of elements,
Thévenin/Helmholtz and Norton/Mayer theorems are used [1, 6-8]. In practice, it
can be DC power supply systems with variable loads.

According to these theorems, the fixed part of a circuit, concerning terminals of
the specified load, is replaced by an equivalent circuit or equivalent generator. The
open circuit voltage (or short current) and internal resistance are the parameters of
this equivalent generator. These parameters can be used as scales for the normalized
values of load parameters or load regimes. Such a definition of the relative regimes
allows comparing or setting the regimes of different systems.

Considering importance of ideas of the equivalent generator, the attention is
given to the respective theorems in education [2, 14]. Also, these theorems attract
the attention of researchers [3-5].

However, this known equivalent generator does not completely disclose the
property of a circuit, for example, power supply systems with a base (priority) load
and a variable auxiliary (buffer) load or voltage regulator. In this case, the change of
the auxiliary load leads to change of the open circuit voltage and short circuit
current, as the parameters of the equivalent generator. Thus, the problem of the
calculation of this circuit and finding of the equivalent generator parameters again
arises.

In this chapter, the generalized equivalent generator, which develops Thévenin/
Helmholtz and Norton/Mayer theorems, is proposed. It appears that the load
straight line at various values of anyone changeable resistance passes into a bunch
of these lines. Since the bunch centre coordinates do not depend on this changeable
element, then these coordinates can be accepted as the parameters of the generalized
equivalent generator [9-11]. Also, the approach based on projective geometry of
Chap. 2 for interpretation of changes (kinematics) of regimes is developed [12].
That allows revealing the invariant properties of a circuit; that is, such expressions,
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56 3 Generalized Equivalent Circuit of an Active Two-Pole ...

which turn out identical to the load and element changes. Such invariant expres-
sions permit to obtain convenient formulas of recalculation of the load current.

3.2 Circuit with a Series Variable Resistance

3.2.1 Disadvantage of the Known Equivalent Circuit

Let us consider an active two-pole circuit with a variable series resistance roy and
base load resistance R; in Fig. 3.1. This circuit has a practical importance for a
voltage regulation.

At change of the load resistance from the short circuit SC to open circuit OC for
the specified series resistance rgy, a load straight line is given by

voe vy, V.
[ =-L - _pC__= 3.1
L Ri Ri L Rl' ) ( )

where 7€ is the SC current; the OC voltage VY€ and the internal resistance R; are
the parameters of the Thévenin equivalent circuit in Fig. 3.2.
For our two-pole circuit, we have

n
V€ = Vyp—, (3.2)
N + ron
TONTN
Ri=ry + NN (3.3)
Ton + Iy
Fig. 3.1 Electric circuit with r P
a variable series resistance W A NN Lo
v N Wy VL
0 7
rN 3z 3 R
L
Fig. 3.2 Thévenin equivalent A 1
circuit with a variable internal 1 A R, P
resistance and voltage source A : 1%
S L
/ :
Yy
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Fig. 3.3 Two load straight I
lines with the parameters r{y, | L
72 R scl R
0N 1 IL HL
0 too
N )
R sa N
i ) IL i
N
t ocl G
0 VL VL VL
! 0C < v
\% O
G L RN
IL Syl G
yoc \%
sc _ 'L _ 0
Be=lL — (3.4)

Ri rON(l—F?—NN) “+ riy

Let the resistance roy varies from rjy to r3y. Then, we get the two load straight
lines in Fig. 3.3 with the following parameters of the Thévenin equivalent circuit
yoet, VLOCZ; Ri17Ri2; e Igcz_

Expression (3.1) allows calculating the load current for the given load resistance.

But, the recalculation of all the parameters of the equivalent circuit is necessary that
defines the disadvantage of this known Thévenin equivalent circuit.

3.2.2 Generalized Equivalent Circuit

According to Fig. 3.3, these load straight lines intersect into a point G. Physically, it
means that regime parameters do not depend on the value rgy; that is, the current
across this element is equal to zero at the expense of the load value.

In this case, the point G will be a bunch centre of the load straight lines with the
parameter roy.

Let us define this bunch center. At once, it is obvious that the current across the
resistance roy Will be equal to zero if the voltage Viy = Vj. Then, we get a circuit in
Fig. 3.4 for the calculation of the load parameters.

Then, the load current and voltage

Vo

G _
—If =
n
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Fig. 3.4 Part of the circuit . 1°
with zero current across the Vo W= L
variable resistance roy -T W
A
L 2 pG
nE oV ER<0
r'iN + 7
VO =Vo+rwl® =22V, > v, (3.6)
'n
The load resistance is a negative value
o V¢
R; :IT: —(riv + rn)- (3.7)
L

Thus, an equation of straight line, passing through a point IZ, V, has the form

ve v,
1L+IE:?€—Ff. (3.8)

So, the values IIG, V@, and R; are the parameters of the generalized Thévenin/
Helmholtz equivalent generator in Fig. 3.5.

We note that

besides a base energy source of one kind (a voltage source VLG) there is an
additional energy source of another kind (a current source IP) that it is possible to
consider as a corresponding theorem.

It is natural, when the value ILG = 0, we obtain the known Thévenin/Helmholtz
equivalent generator. In this case VP = V€. Using the generalized generator, we
must recalculate the internal resistance only. It is the advantage of the offered
generator.

Let us show how the internal resistance R; and changeable resistance ryy
respectively influence on properties of the generalized equivalent generator in
Fig. 3.5. The corresponding family of the load straight lines is shown in Fig. 3.6.

Fig. 3.5 Generalized
Thévenin/Helmholtz
equivalent generator
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Fig. 3.6 Family of the load 1 e
straight lines with the L Lo
characteristic values R; and RL /,// R'=
ToN ‘ !

VL
VL
G
Further, we use the inverse expression to (3.3); that is,
rv(R; —r
roy = V& Zrw) (3.9)
ry — (Ri — riw)
The resistances R;, roy have the following characteristic values:
I'NFIN
RV =0, rly=——"", 3.10
i ON v+ riv ( )
which defines the generalized equivalent generator as an ideal voltage source;
RlI = OO7 }"(I)N = —}"1\/7 (3.11)
which defines the generalized equivalent generator as an ideal current source;
R' = —RY =riy +ry, 1oy =00, (3.12)

which corresponds to the beam GO and defines the “zero-order” source when the
current and voltage of the load are always equal to zero for all the load values.
The generalized equivalent generator that displays the “zero-order” generator is

presented in Fig. 3.7. V, = 0 because the internal resistance voltage V? = —VF.
Fig. 3.7 “Zero-order” R 1=0

. L >
generator LYW
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So, a variable element and internal resistance can have these three specified
characteristic values. These values are defined at a qualitative level. This brings up
the problem of determination in the relative or normalized form of the value roy
regarding of these characteristic values. In this case, it is possibly to define a kind of
active two-pole as an energy source and to compare the different circuits. Therefore,
the obvious value roy = 0 is not characteristic one concerning the load.

Let us view the possible load characteristic values. Both the traditional values
R; =0, Ry = o0, and Rf will be the characteristic values according to Fig. 3.6.
Physical sense of these values is clear.

3.2.3 Relative Operative Regimes. Recalculation of the Load
Current

Let us consider a common change of load R; and variable resistance rgy of the
circuit in Fig. 3.1. The corresponding load straight lines are shown in Fig. 3.8.

In this figure we get the two bunches with parameters R; and roy. Let an initial
value of the variable element be rj, and subsequent value is r3y. Similarly, an
initial value of the load equals R} and subsequent one is R:.

Let us consider the straight line of the initial load R}. The three straight lines
with the characteristic values r}y, rgN, ryy and the two lines with the parameters
rins T3y intersect this line R}. The points Aj,0, By, Cy, F; are points of this inter-
section. In turn, the points A;, 0, B>, C,, F, are points of intersection of the line RZ.
Therefore, a projective map (conformity) of one line R} on the other line R? takes
place. This conformity is set by a projection center G.

Similarly, we consider the straight line r}y. The three straight lines with the
characteristic values of load R, and two lines with parameters RL, R% intersect this
line r{y. The points G, Cy, Cy, Ca, C; are points of this intersection.

Fig. 3.8 Common change of
load R; and variable
resistance roy
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In turn, the points G, By, By, B, B; are points of intersection of the line r%N.

Therefore, a projective map (conformity) of one line r}, on the other line 13,
takes place. This conformity is set by the projection center 0.

The above conformities of straight line points represent projective geometry
transformations. As shown earlier, it is convenient to use projective geometry for
analysis of circuits with variable elements. The projective transformation is also set
by three pairs of respective points. As pairs of these points, it is convenient to use
the points corresponding to the characteristic values of the load and variable ele-
ment. The projective transformations preserve a cross ratio of four points; other-
wise, a cross ratio is an invariant of these transformations. Further, we will show the
use of such invariants.

Case 1 Definition of the relative operating regime at the load change

Let the series resistance roy be equal r(l)N and the load resistance varies from Ri to
R?. In this case, a point of initial regime C; — C, as it is shown in Fig. 3.8. If the
series resistor is equal to ”(2)1\17 a point of initial regime B; — B;. The given points
Cy, C,,Cy, Cy, G correspond to the points B;, By, By, By, G.

Using (2.24), we may constitute the cross ratio for the initial regime in the form

== (C[ C1 CV G) == (B[ Bl BV G)
R (3.13)
Rl I

(OR, 0o RY) =

The points C;, G (and B;, G) are the base points, and Cy (and By) is a unit one.
Likewise, we have the base values R; = 0, Rg, and a unit R, = oo.

This determination of relative regime does not depend on ryy. Therefore, we
must use the load voltage for the cross ratio calculation. In this case, the base points
Cy, By give the common base point V;, = 0.

Similarly to (2.23), the equation Vi (R;) from (3.8) has the fractionally linear
view; it is possible by formalized method to express the cross ratio right now

Vel o0 Ve 0
VE Ve T Ve Ve
VBL_0 VB 0
VBl Ve TV v

(0 VCl VCV VG)
(3.14)

(O VBI VBV VG)

In this case, we have the base values V, = 0, VC, and a unit value V.

The corresponding values of this cross ratio are shown in Fig. 3.9.

So, it is possible to consider cross ratio (3.13) and (3.14) as a projective coor-
dinate of the initial or running regime points V<!, R}. This coordinate is expressed
by invariant (identical) manner by various regime parameters.
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Fig. 3.9 Mutual conformity C C C C
of the load voltage, resistance, o1 2 1 v |
and cross ratio i | | | |
I A LA LA
i FERER i
1 , m o m | |
! 3| 4 ' !
| o | i
Oy e
: — ; :
0 ‘R R oo ¢ R,
The cross ratio for the subsequent regime
m: = (C; C, Cy G) = (B; B, By G)
R? (3.15)
:(ORZ ooRG):iL.
N N
VCZ -0 VCV -0
mi: (OVLC2 VLCV Vg)zvcg_vG+VCLV_VG
L L L L
» By (3.16)
— OvB2 VBV VG p— VL _0 . VL _O
—( L VL L)—sz_VLGTVfV_VLG'
Similarly to (2.33) and (2.34), the regime change has the view
m:' = (C; C, C, G) = (B; B, B, G)
R? R}
_ 2 pl pGy _ L . L 2.
VCZ VCI
21 _ C2 /Cl Gy _ L . L
mp = (0 V=V VL)_VLCZ_VLGTVLCI —VE
VB2 _0 VBl _0
= (0V2 VI V) =5 =5 (3.18)

T VB _yG T Bl _ G

This change is expressed by invariant manner through various regime parame-
ters. Therefore, usually used regime changes by increments (as formal) are

eliminated.
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In turn, the values VZ, RY are the scales for normalizing the voltage and
resistance values. Then, expressions (3.17) and (3.18) represent the relative
regimes. It permits to compare or set the regime of different circuits with various
parameters.

Let us remind properties of a cross ratio. If the components VE!, VLC2 of
expression (3.18) are interchanged, we get

1

Also, the group property takes place

3_ 3%, 2 _ 3 21 1 _ 31 1
m; = mpTmy = m;om; m; =my m,. (3.20)

Let us obtain the subsequent voltage value from expression (3.18). Then, we
have

VG VC 1,21
Ve L (3.21)
Vi (mp = 1) + VL
The obtained transformation with a parameter m?' allows realizing the direct
recalculation of load voltage at load change. This expression is especially conve-
nient for the set of the load changes on account of group property (3.20).

Case 2 Definition of the relative operating regime at the change of the series
resistance rgy or internal resistance R;

The cross ratio m; of four points, three of these are the characteristic 0,Ay, Fy of the
line R}, and the fourth point C; of the initial regime 7}y or R!, has the view
;-0 A -0

1 .
m; =(0C; A Fy) = = . 3.22
! ( re l) Cl—Fl Al—Fl ( )

The points 0, F'; are chosen as the base points; that will be explained later. In
turn, A; is a unit point.
The cross ratio for the points 0, C2, Ay, F, of the line R? has the same value
-0 A, -0

1 .
i ( 242 2) C, F, A, F, ( )

Cross ratio (3.22) is expressed by voltage components

VC] -0 VAl -0
1 _ Cl /Al G\ _ L . L
m; =0V V' V)) = VLCI — VLG = Vfl — VLG' (3.24)
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Similarly, the cross ratio for the subsequent regime

V-0 vi-o
VP Ve TV Ve

m? = (0 VB v vO) = (3.25)

The “distance” between the points of the initial and subsequent regimes on the
straight line R}

21 2 . 1 VBI 0 . VLC1 0

Bl y,C1 y,G
=y T e e = OV VI VD) (3.26)

The same “distance” of the points on the line R?

V-0 V-0
VP2 Ve T Ve - VE

=0 VEVVE) = (3.27)

For a given load, the equation V. (R;) = Vi(ron) from expression (3.8) has
fractionally linear view; it is possible, by the formalized method, to express cross
ratio (3.24) and (3.26) for the resistance R; and roy

mi = (0 Vi VI V) = (R R; R; RY)
RI+RS oco+RS R +RY (3.28)
RI—0 " oc0c—0 R

l

= (—RY R} 00 0) =

mi = (0 Ve Vi V) = (roy Tow Tow Tow)
Foy =00 . Ty =00 _ oy — oy (3.29)

_ T N _
= (00 Toy Ton Ton) = 77 VT VT v
Tovn —Ton  Ton —Tov  Tov — Ton

D=0V Ve VE) = (RVRI R RY)
R?+ RS Rl +RS (3.30)

= (—-RYR?R! 0) = :
o R R

= (O V' VE' VE) = (o 7w Tox Tow)

2 1 1 v
f(oorz /1 rv)irmv_oo Loy =90 Ton —Ton (3.31)
= ovTonTon) =2 v 1 v 2 _ V-
Ton —Tov  Tov —Tonv  Tov — Ton

The subsequent voltage value from expression (3.26) is obtained

Vvt (3.32)
VEm2 — 1) + V' '

B1
VL
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3.2 Circuit with a Series Variable Resistance 65

This transformation with a parameter m?l allows realizing the direct recalcula-
tion of load voltage.

Case 3 Definition of the relative operating regime at the common change of the
load R; and resistance roy

Let a common or compound change of regime be given as C; — C, — B;.
Then, the view of expressions (3.27) and (3.18) shows that it is possible to use
the multiplication of these cross ratios as the compound regime change

VBZ -0 VCl -0
m21 _ m21m21 _ L . L

— B2 y,Cl y,G
! = oy —ye = O VE VE VD). (3.33)

In this resultant expression, intermediate components are reduced at the expense
of the identical base points. Therefore, we obtain the resultant voltage value for the
point B,

Vvt (3.34)
Ve m 1)+ VP

3.2.4 Example

Let us consider a circuit with given values in Fig. 3.10. Dimensions of these values
are not indicated for simplifying.

Let the initial value of the resistance roy be equal to r(l)N =0.5.

Parameters (3.2)—(3.4) of the Thévenin equivalent circuit

5
voct —y, N _ 49 — 9.0909
L Ay 5405 ’

riory 05-5
Rl=ry+-22 —14 = 1.4545
R N 05+5 ’
VOCI
R =L =625
R;
Fig. 3.10 Example of a - I
circuit with given elements Ton N IN L_>,
AW V
v 1 !
0 3 Z
10 l"N 35 < RL
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Let the subsequent value of the resistance rgy be equal to r(%N =1
The corresponding parameters of the Thévenin equivalent circuit

5 1-5
Vo2 — 10— =8.3333, R’=1+——=1.8333, [’ =45454.
L S+ AR P P

The corresponding load straight lines are shown in Fig. 3.11.
The parameters of the known equivalent generator correspond to points Cy, Cy,
and points By, By; that is,

VeV =9.0909, If' =6.25;
VBV =8.3333, [P =4.5454.

Bunch center coordinates (3.5) and (3.6)

Vi 10 1+5
_15270:7:2, VE:nN-i-rNVO: +

10 = 12.
N 5 rn 5

Corresponding negative load resistance (3.7)

v
=%

RY = —6.

Fig. 3.11 Example of load
straight lines of a circuit with
the variable series resistance
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Fig. 3.12 Example of the R’
“zero-order” generator L, "
VG + v VL=0
L 12
G
2Q o &

R/ =0 = = -0.8333
i ’ Ton 5+1 ’
ng = 00, I’éN = —Iry = —5,
R?*7R2;767 rgN:OO

Figure 3.12 demonstrates the “zero-order” generator.

Case 1 Recalculation of the load voltage at the load change

Let the series resistance roy be equal to 7y and the load resistance varies from R} to
R%. In this case, the initial regime point C; — C;.

We consider the load voltage of the initial regime V! = 6. Using expression
(3.8) of the generalized equivalent generator, we get the load current

Ve — vl 12-6
=y L L — 24— _— —21251.
L Lt TR + 14545
Then, the load resistance
L _VEh 6

R = 2.8233.

LT T 21251

We consider the load voltage of the subsequent regime V> = 4.5. We get the
load current and resistance

If? =3.1564, R; =1.4256.
If the series resistor is equal to rjy, the initial regime point By — B,. Then,

VBl =5.0524, VB =3.6455.
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Initial regime cross ratio (3.13)

m; = (C; C, Cy G) = (B; By By G)

_ R 28233 o
Rl —RY 28233+6 7

We check cross ratio (3.14)

Vel 0 Ve o

ml = -
L Vfl _ VLG VLCV _ VLG
6—0 9.0909—0
— . = —1=(=3.1249) = 0.32
6—12 ~ 9.0909 — 12 ( ) ’
Bl 70 BV 70
mi: VL . Vi

VBl Ve TV VG

5.0524—0 833330
~S04-12 smp_12 P72 (722726) =032

Subsequent regime cross ratio (3.15)

m? = (C; C, Cy G) = (B; B, By G)
R 1.4256

- = =0.192.
R —RY  1.4256+6

Regime change (3.17)

n_ R Ry
m = T TE = 0,192 % 0.32 = 0.6.
RL - RL RL - RL

We may check subsequent value (3.18) of load voltage

v _ VEVEIim2! __12:6:06 432 _
Lovlm - 1) +ve 6-(06—1)+12 9.

We consider the load resistance R; = 0.7163 that corresponds to the point C;
and cross ratio

R, 07163
R} —RY 0.7163+6

m} = (C; C; Cy G) = = 0.1066.

www.EngineeringBooksPDF.com
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Regime change (3.20)
=0.1066 = 0.192 = 0.5555.
Using group property (3.20), we may directly calculate the load voltage

o _ vcvc2 P 12:45.0555 30 .,
L =V )+vg 45-(05555—-1)+12 10

Case 2 Recalculation of the load voltage at the series resistance ryy change

Let the load resistance be equal to R} and the series resistance rjy — rgy. In this
case, the initial regime point C; — Bj.
Regime change (3.31)

” v Ty —Tey  05+0.8333

m; = (o0 rozv rozv Toy) = >

= = 0.7272.
2y —r¥, 1408333

We consider the load voltage of the initial regime VS' = 6. Then, subsequent
voltage value (3.32)

vaflm,.zl _12:6:07272 oo

LTV m = 1)+ Ve 6-(0.7272— 1) + 12

Similarly, let the load resistance be equal to R?; the point of the initial regime
C, — B,. We consider the load voltage of the initial regime V2 = 4.5. Then, the
subsequent voltage value

Vv 12.4.5-0.7272
f— R — 3.6453.
VE(m — 1)+ VG 45-(0.7272— 1) + 12

Case 3 Recalculation of the load voltage at the common change of the load R;,
and resistance ryy

Let the regime change be given as C; — C; — Bs.
Common regime change (3.33)

m* = m'm' =0.7272 - 0.6 = 0.4363.
Resultant voltage value (3.34) for the point B,

ye VevEm?!  12.6-0.4363 36453
VElm2 — 1)+ Ve 6-(04363—1)+12 ~ 77
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3.3 Circuit with a Shunt Variable Conductivity

3.3.1 Disadvantage of the Known Equivalent Circuit

Let us consider an active two-pole circuit with a base load conductivity Y, and
variable auxiliary load or shunt regulating conductivity yy in Fig. 3.13. This circuit
has a practical importance for a current regulation.

At change of the load conductivity from the short circuit SC to open circuit OC
for the specified shunt conductivity yy, a load straight line is given by expression
3.1

I =Y,VP€ - YV, = - YV, (3.35)
where VY€ is the OC voltage; the internal conductivity ¥; and SC current I3 are the

parameters of the Norton equivalent circuit in Fig. 3.14.
For our two-pole circuit we have

Yon
Vo€ = Vy———, 3.36
L YN + Yon ( )
Y, = Yon + YN Yins (3.37)

 Yov + N+ YN

Fig. 3.13 Electric circuit )i

with a v.ar.iable shunt Yon N Yiv L =
conductivity ANV \%
V L
0 y
vg Fd
YL
Fig. 3.14 Norton equivalent rtTTTTT T T vy
circuit with the variable : A : L
internal conductivity and : ;
current source | | VL
| |
W g/j Y/§) 37
L
| o | Y,
|
| l
| |
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Fig. 3.15 Two load straight
lines with parameters y}, y%

15¢ — y,yo¢ — y, YoV 338
L tr 0y1N+y01v+yN ( )

Let the conductivity yy varies from y}, to y%. Then, we get the two load straight
lines in Fig. 3.15 with the following parameter of the Norton equivalent circuit

0C1 0C2, 1 2. SC1 7SC2
Ve VEs Y Y I I

Expression (3.35) allows calculating the load current for the given load resis-
tance. But, the recalculation of all parameters of the equivalent circuit is necessary
that defines the disadvantage of this known Norton equivalent circuit.

3.3.2 Generalized Equivalent Circuit

According to Fig. 3.15, these load straight lines intersect into a point G. Physically,
it means that regime parameters do not depend on the value yy; that is, the current
through this element is equal to zero at the expense of the load value.

In this case, the point G will be a bunch centre of load straight lines with the
parameter yy.

Let us define this bunch center. At once, it is visible that the current across yy
will be equal to zero if the voltage Vy = 0. Then, we get a circuit in Fig. 3.16 for
the calculation of the load parameters.

Then, the current across the conductivity ygy is

1¢ = yon Vo. (3.39)
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Fig. 3.16 Circuit with the

zero voltage of the variable

conductance yy

yON

G

Yin IL

The voltage through the conductivity yy is

IG
Viy = L&
Yin

On the other hand,
VE 4+ Viy = Vy = 0.
Therefore

Yo
—VE = Vi =22V

VN

In turn, the load conductivity is a negative value

(3.40)

(3.41)

Thus, an equation of a straight line, passing through a point /¥, VE, has the form

I —I° = Y, (VE+ V).

(3.42)

So, the values I, VE, and ¥; are the parameters of the generalized Norton/Mayer

equivalent generator in Fig. 3.17.

Fig. 3.17 Generalized
Norton/Mayer equivalent

generator

L ®
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3.3 Circuit with a Shunt Variable Conductivity 73

We note that

besides a base energy source of one kind (a current source I7) there is an
additional energy source of another kind (a voltage source V) that it is possible to
consider as a corresponding theorem.

It is natural, when the value VLG =0, we obtain the known Norton/Mayer
equivalent generator. In this case IZ = I;¢. Using the generalized generator, we
must recalculate the internal conductivity value only. It is the advantage of the
offered generator.

Let us demonstrate how the internal conductivity Y; and respectively the
changeable conductivity yy influence on properties of the generalized equivalent
generator in Fig. 3.17. The corresponding family of the load straight lines is shown
in Fig. 3.18.

Further, we use expression (3.37).

The conductivities Y;, yy have the following characteristic values:

Y/ =0, Yy =—yon, (3.43)

which defines the generalized equivalent generator as an ideal current source;
Y/ =00, yy=—0on+yw), (3.44)

which defines the generalized equivalent generator as an ideal voltage source;
W=o0, ¥ =yy=-Y7 (3.45)

which corresponds to the beam GO and defines the “zero-order” source when the
current and voltage of the load are always equal to zero for all load values.

Fig. 3.18 Family of the load 1
straight lines with the L 1° s
characteristic values Y; and yy G L Yy
2 Y=0
s Y,
G .
VL 0\[.”~
e ’ 0 Y= y N VL
Y Y
. \4 !
Yy
Y'=co
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Fig. 3.19 “Zero-order” Vo 1=0
generator L~ —-=
Yio . ~ V=0
r® gV
Y,

The generalized equivalent generator that exhibits the “zero-order” generator is
presented in Fig. 3.19. The load voltage V;, = 0 because V? = —VF.

So, a variable element and internal conductivity can have these three specified
characteristic values. This brings up the problem of determination in the relative or
normalized form of the conductance value yy regarding of these characteristic
values. Therefore, the obvious value yy = 0 is not characteristic ones concerning
the load.

Let us view the load characteristic values. Both the traditional values ¥; = 0,
Y, = oo, and Yf will be the characteristic values according to Fig. 3.18.

3.3.3 Relative Operative Regimes. Recalculation of the Load
Current

Let us consider a common change of load Y; and variable shunt conductivity yy of
the circuit in Fig. 3.13. The corresponding load straight lines are shown in Fig. 3.20.

In this figure we get the two bunches with parameters Y, and yy. Let an initial
value of the variable element be y) and subsequent value is y%. Similarly, an initial
value of the load equals Y, and subsequent one is Y7.

Case 1 Definition of the relative operating regime at the load change

The cross ratio m} of the four point, three of these are the characteristic points
Cy, Cy, G of the line y,lv, and the fourth C| is the point of the initial regime Y Ll has
the view

G —=Cy G —Cy
-G -G
:(oyLlooyLG):YiLl.

R

m; = (Cy C1 C; G)
(3.46)
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Fig. 3.20 Common change
of load Y; and variable
conductivity yy

The cross ratio for the points By, B;, By, G of the line yjzv has the same value

B —By | Bj—By
B -G B -G

m} = (By By B; G) . (3.47)

The points Cy, G (and By, G) are the base points, and C; (and By) is a unit one.
Correspondingly, we have the base values ¥, = 0,YF, and a unit ¥, = co. This
determination of relative regime does not depend on yy. Therefore, we must use the
load current for the cross ratio calculation. In this case, the base points Cy, By give
the common base point I, = 0.

Then, the cross ratio is expressed by current components

IF'—0 If'-0
1 _ Cl 4CI 4G\ _ 'L . L
my = (0I" I IL)_ILC‘—ILGTILC’—ILG' (3.48)

The corresponding values of this cross ratio are shown in Fig. 3.21.
Similarly, the subsequent regime cross ratio.

-0 I9-0
m: = (01 IF I9) = 152 —G Ig, — (3.49)
L L L L
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Fig. 3.21 Mutual conformity G C C C C
of the load current, ' ! 2 ! VoV
conductivity, and cross ratio : ; i ! i
’ G v L CT 1 2 C2 + 5 Cl 1
L L s 0
i i | i i
1 1 1 ] 1
| | | | |
| | | 2 | 1 |
: : L, Vm, |
1 1 1 ! 1
| | : | |
21
I co | | 1 |
: : m 0om
] ] [} ! 1
| | | | |
] ] ] ! ]
1 1 1 ! 1
] ] ] ' ]
G ' 2 1
Y )
f Y} v o v

The regime change has the view

mil = (CV Cz Cl G) = (BV Bz Bl G)
Y2 . vi-o0 (3.50)
AR

=0y v Y]) =

£2-0  IF' -0
21 C2 yC1 ;G\ _ 'L . L
mi! = O I I IE) = o+ e g (3.51)

This change is expressed by invariant manner through various regime parameters.
Therefore, usually used regime changes by increments (as formal), are eliminated.

In turn, the values I, Y7 are the scales for normalizing the current and con-
ductivity values. Then, expressions (3.50) and (3.51) represent the relative regimes.
It permits to compare or set the regime of the different circuits with various
parameters.

Also, the group property takes place

m = mimi = mymyim) = m3'mi. (3.52)

Let us obtain the subsequent current value from expression (3.51). Then, we

have

1C2 — Iglglmil (3 53)
R ES '

The obtained transformation with a parameter m%l allows realizing the direct

recalculation of a load current at a load change. This expression is especially
convenient for the set of the load changes on account of group property (3.52).
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Case 2 Definition of the relative operating regime at the change of the shunt
conductivity yy or internal conductivity Y;

The cross ratio m} of the four points, three of these are the characteristic 0,A1, F; of
the line Y}, and the fourth point C; of the initial regime y), or Y/, has the view
;-0 A -0

1 . A
m. = O C A F — . . 3.5
1 ( 1 1 1) Cl Fl ql Fl ( )

The points 0, F; are chosen as the base points; that will be explained later. In
turn, the point A; is a unit point.
The cross ratio for the points 0, Cp,A,, F; of the line YL2 has the same value
C;—-0 A, -0

1 .
m; = (0Cy Ay Fr) = - . 3.55
! ( 202 2) Cz — F2 A2 — F2 ( )

Cross ratio (3.54) is expressed by current components

ICI_O IAI_O
1 _ Cl jAl ;G\ _ 'L . L
m = OIf I = e+ o (3.56)

Similarly, the cross ratio of the subsequent regime

IB] —O IAl —O
m? = (0 12" 1A' IC) :IBLl _IG+1ALI — (3.57)
L L L L

The “distance” between the points of the initial and subsequent regimes on the
straight line Y, Ll

IBl -0 1C1 -0
= = e e = (O I ). (3.58)
L — L L — L

The same “distance” of the points on the line Y7

-0  If2-0
m' = OIP T 1)) = i+ o (3:59)
L — L L L

For a given load, the expression I (Y;) = Ir(yy) has fractionally linear view; it is
possible, by the formalized method, to express cross ratio (3.56) and (3.58) for the
conductivity Y; and yy
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mi =01 ' I7) = (Y ¥} v Y)
Y 4¥E o+ Y¥e ¥ 4+Yf (3.60)
Y -0 ~-0 Y/

1

= (~¥f ¥} 20 0)

mf = (OIF I IT) = (W% vy yv )

= (coyy YN Vi) = : = -
R R e T

mit = O ITHIY) = (0¥ ¥ X))
YP4+YP Y+ Yp (3.62)
Y?-0 " v'-0"

l

= (_YLG Yi2 Yil O) =

m2' = (0 18 IV I9) = (5 v3 yh o)
T e Tk 563
TR T VR VR ¥

= (00 Y ¥n W)
The subsequent current value from expression (3.58) is obtained

Bl — I my! _
LI e - ) I

(3.64)

21

i

This transformation with a parameter m
tion of load current.

allows realizing the direct recalcula-

Case 3 Definition of the relative operating regime at the common change of the
load Y; and conductivity yy

Let a common change of regime be given as C; — C; — Bs.
Then, the view of expressions (3.58) and (3.49) shows that it is possible to use
the multiplication of these cross ratios as the common regime change

21 oo _ =0 If'-0 B2 C1 ;G
M= My = G T e 6 O~ ). (3.65)
LA g =

In this resultant expression, intermediate components are reduced at the expense
of the identical base points. Therefore, we obtain the resultant current value for the
point B,

B2 — I m?! _
EoIft m — 1) + 17

(3.66)
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Fig. 3.22 Example of a
circuit with given elements Yon N

3.3.4 Example

Let us consider a circuit with given values in Fig. 3.22.
Let the initial value of the conductivity yy be equal to yy = 0.1. Parameters
(3.36)—(3.38) of the Norton equivalent circuit

1
yoct —y, 2 _ o — 9.0909,
L Oy}v + yon 0.1+1

vl Yy + Yon 0.1+1
i = YIN =

yn + Yo + Vv 0.1+ 1+2
5 =y v =0.7096 - 9.0909 = 6.4516.

2 =0.7096,

Let the subsequent value of the conductivity yy be equal to y3 = 1.6987.
The corresponding parameters of the Norton equivalent circuit

1

Vo2 — 10— =3.7055
L 1.6987 + 1 ’
1.6987 + 1
Yi=—"""" — 211486, 5> =4.256l.
L 1.6987 +1+2 rL

The corresponding load straight lines are shown in Fig. 3.23.
The parameters of the known equivalent generator correspond to points Cy, Cy,
and points By, By; that is,
VEV =9.0909, If' = 6.4516;
VBV =3.7055, 1P =4.2561.

Bunch center coordinates (3.39) and (3.40)

1
IE:yONV():llO:lO, —VI‘G:y()—NVO:EI():S

YIN
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Fig. 3.23 Example of load G I
straight lines of a circuit with Y, 1° F
the variable shunt L 2 <y
conductivity G 10 s N
8 1 o
G
VL
B VL
A] _al y =oo
\4
Iv | 6T
A, sl

Corresponding negative load conductivity (3.41)

_ I

A
Ve

2.

Characteristic values (3.43)—(3.45) of the variable element and internal

conductance

Y/ =0, »y=—-yw=-1,
YiV:OOa y]‘(]:_(yON+y1N):_37

Wy =, ¥ =-¥i=2.

Figure 3.24 demonstrates the “zero-order” generator.

Fig. 3.24 Example of the A
“zero-order” generator L
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3.3 Circuit with a Shunt Variable Conductivity 81

Case 1 Recalculation of the load current at the load change

Let the shunt conductivity yy be equal to yy and the load conductivity varies from
Y} to Y?. In this case, the initial regime point C; — Ca.

We consider the load current of the initial regime IC! = 3.5. Using expression
(3.42) of the generalized equivalent generator, we get the load voltage

Ip -1t s+ 10-3.5
Y} 0.7096

1

= 4.160.

Vel = —vP 4

Then, the load conductivity is

It 35
L == —0.8413.

Y} =L =
Eovel a6

We consider the load current of the subsequent regime IF* = 4.5. We get the
load voltage and conductivity
V2 =275, Y] =1.635.

If the shunt conductivity is equal to y3 = 1.6987, the initial regime point
B, — B,. Then, we obtain

P'=18, I1*=25.
Cross ratio (3.46) for the initial regime

mi = (CV C] C[ G) = (BV B] B[ G)

Y! 0.8413
Y —YS 08413 +2

We check cross ratio (3.48)

If'—0  If-0

-1 T va I
35-0 | 645160

T 35-10 64516 — 10

= —0.5384 + (—1.8181) = 0.296.

1 _
m; =

Subsequent regime cross ratio (3.49)
I2-0  If—0
If2 =17 Ve —1I¢

= —0.8181 + (—1.8181) = 0.45.

2 _
m; =
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Regime change (3.50)

2 1
21 YL . YL

= - =0.45 +0.296 = 1.5202.
R A

We may check subsequent value (3.53) of load current

45.

o 18IS m?! _ 10-3.5-1.5207 _
L ISYm2' — 1) +1¢ 3.5-0.5207 + 10

Case 2 Recalculation of the load current at the shunt conductivity yy change

Let the load conductivity be equal to ¥} and the shunt conductivity varies from yj,
to y%. In this case, the initial regime point C; — Bj.
Regime change (3.63)

1 1
y y 0.1+1
mizl = (o0 yzzv yzlv ygv) = N

= = = 0.407.
v —yh  1.6987+1

We consider the load current of the initial regime /f' = 3.5. Then, subsequent
current (3.64)

R 10-3.5-0.407
L

- - = 18.
IFm2 —1)+1°  35-(0.407 — 1) + 10

Case 3 Recalculation of the load current at the common change of the load Y},
and conductivity yy

Let the common change of regime be given as C; — C, — Bs.
Common regime change (3.65)

m* = m?'m?' = 0.407 - 1.5207 = 0.6187.
Resultant current (3.66) of for the point B,

oo MIEeet 103506187 )
LI m? — 1) +16 3.5-(0.6187—1)+10 7
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Fig. 3.25 Active two-pole

Y
with a load conductivity Y, L2
and variable element Y;, J
1

3.4 General Case of an Active Two-Pole with a Variable
Conductivity

Let us consider an active two-pole A with a load conductivity Y;; and variable
auxiliary conductivity Y, in Fig. 3.25. For convenience of a mathematical
description, the variable element Y;, is taken out from the two-pole contour.

This circuit (as a two-port network) is described by the following system of the
Y parameter equations

Ll | -Yu Ti Vi Ilsc,sc
b=l e e

The short circuit SC currents of all the loads
IISC’SC = Y1oVo, IZSC"SC = Y Vo,

where V) is a resultant value of sources entering into this active two-pole.

3.4.1 Known Equivalent Generator

Taking into account the current
12 = YLQVQ, (368)

we obtain an expression of a load straight line

YZ Yy,
L = —(Yu —12> Vi+ (YIO +1220> Vo. (3.69)

Yo+ Yo Yio +Yn

The load straight line with the parameter Y;, is shown in Fig. 3.26.
Let us consider the short circuit current Ifc. In this case V; = 0 and

www.EngineeringBooksPDF.com



84 3 Generalized Equivalent Circuit of an Active Two-Pole ...

Fig. 3.26 Load straight lines I
with the parameter Y}, 1
L Y,
1 , L,
7 Y, =0
R N
Y,
Y Y
IISC = (Y[o + ﬂ) Vo. (370)
Yo+ Yo

Similarly, we consider the open circuit voltage V. In this case I; = 0 and

1
voe :?Ifc, (3.71)

where the value

Vimpy -t _Yetutlr 1 (3.72)
l Y4, Yo +Y» R’ '

is the internal conductivity (internal resistance R;) of the circuit relatively to the load
Y11; Ay is the determinate of the matrix Y parameters.
Taking into account the entered parameters, Eq. (3.69) becomes as

I =Y, Vi +I5€. (3.73)
This expression we represent as
I —IC =-Y,V,. (3.74)

Thus, we obtain an equation of a straight line passing through a point €. In
turn, conductivity Y; defines a slope angle of this line.

So, the values IISC, Y; are the parameters of the Norton equivalent circuit.

By analogy to (3.74) and taking into account (3.71), we obtain an equation of a
straight line passing through a point V¢
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I = (VS - V.. (3.75)

So, the values VIOC, Y; = 1/R; are the parameters of known Thévenin equivalent
circuit. We note that the parameters 7€, VPC depend on the changeable conduc-
tivity Y.

3.4.2 Generalized Equivalent Circuit

Let us study features of load straight line (3.69). This expression represents a bunch
of the load straight lines with the parameter Y;5. To find the coordinates V{, I¢ of
the bunch centre G of these lines, it is convenient to use the extreme parameter
values; that is, Y7o = 0, Y7, = oo. These lines are shown in Fig. 3.27.

In this case, expression (3.69) gives the following system of equations

2
{’1 )=~ (¥u = 32)vi+ (Yo + 52 Vo (376)
I1(00) = =Y11 Vi + Y1oVo.

At the point of intersection we have that
1€ = 1,(0) = I; (c0).
The solving of the system gives the following values

Yoo

VE = — =V, (3.77)
Yi»
Y Y

19 = (v, + 22 v, (3.78)
Yir

Fig. 3.27 Bunch of load
straight lines with the
parameters Yj,
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The obtained values VIG, IlG, and the internal conductivity Y; allow to represent
Egs. (3.69) or (3.74) in the other kind

I —I¢ = —Y;(V, + VO). (3.79)

Thus, we obtain an equation of a straight line passing through a point I, VE. So,
the values I¥, VG and Y; are the parameters of the generalized Norton/Mayer
equivalent circuit in Fig. 3.17 of Sect. 3.2. In turn, this equation corresponds to
expression (3.42).

Let us note the bunch center G corresponds to such a voltage V¢ and current /¢
of the load Y, = Yfl when the current of the element Y;, is equal to zero.
According to this condition, from (3.67), it is also possible to find values (3.77) and
(3.78) of VG, IG. Then, the corresponding negative load conductivity

I __YuYy +Yio¥a

Ye =L —
Ly e

(3.80)

In the above case, the bunch center G is in the second quadrant of the coordinate
system and so V <0, I¢ > 0. It is natural to consider a case when the bunch center
G is in the fourth quadrant shown in Fig. 3.28.

To do this, we may consider expression (3.80) as follows

o _—IF
Y =—2=&. (3.81)
_VIG
Then, expressions (3.77) and (3.78) become as
Y.
ve =2y, (3.82)
Y2
Fig. 3.28 Bunch center is in I Y
the fourth quadrant ! Ll
too =—=)
YL2=(><> //’
YL2=0 ////
/// G
0| Vi v
Pl — SN
1 G RLI

www.EngineeringBooksPDF.com



3.4  General Case of an Active Two-Pole with a Variable Conductivity 87

Y11
1?:—<Y10+ & 2O)Vo. (3.83)
Y12

Thus, Eq. (3.79) has the form

1
Lt 17 = = (Vi = V). (3.84)

1

So, the values /9, VP and R; are the parameters of the generalized Thévenin/
Helmholtz equivalent generator in Fig. 3.5 of Sect. 3.2.2. In turn, Eq. (3.84) cor-
responds to expression (3.8).

The position of center G (in the second or fourth quadrant) is defined by the kind
or type of an active two-pole as an energy source. If an active two-pole shows more
properties of current source, the case of Fig. 3.27 takes place. If it shows more
properties of voltage source, we have the case of Fig. 3.28.

Let us demonstrate how the internal conductivity Y; and respectively the con-
ductivity Y7, influence on properties of the generalized equivalent generator.

Further, we use the inverse expression to (3.72)

YVi— Ay
Yip =027 —. 3.85
L Yin-Y ( )

The conductivities have the following characteristic values:

Ay

v'=0 Y, ,=-—"2,

L

(3.86)

which defines the generalized equivalent generator as an ideal current source;

Y =00, Y),=-Yn, (3.87)

L

which defines the generalized equivalent generator as an ideal voltage source;

Yo I yo — Y11Y20 + YioY21
A
v (3.88)
YO = —¥p — 0¥z
Y10

which defines a “zero-order” source.
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3.4.3 Example of a Circuit. Recalculation of the Load
Current

Let us consider the electric circuit with the base load conductivity Y;; and auxiliary
load conductivity Y;, in Fig. 3.29.

This circuit may be considered as an active two-port A network relatively to the
specified loads in Fig. 3.30.

Taking into account the specified directions of currents, this network is described

11 )11 112 . [ 1 l ’

~[os oes) L] 73}

Fig. 3.29 Active two-pole i ' I
with the load conductivity Y7, ! A Yin ! 1 -
and variable element Y;, ! VVV ! Vl
! 1.25 é y,oo
1 1
1 1
! Yw N Yoy 025 A Y
| [
1
1 ! Vv
E V() 2.5 v, 0.833 ), E )
1 1
v I, 2 0.625 g 025! /ngLz
: <2 !
1 1
1 T
b e e e e e e e e e e e e e e e e — 1
Fig. 3.30 Active two-port A \%

network with the specified l
loads
A Y
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In turn, Y parameters are

Y11y1+y1N)%0.25 1257%*1.2,
Vs = Yon + YN + Vv +Yov = 2.5 4+ 0.625 + 1.25 + 0.8333 = 5.2083,
Yo = yz/vy—2 =0.8333 512323 0.2,
Yo = y2 +yan — yyz—;’ —0.25+0.8333 — % = 0.95.
The short circuit SC currents
1595¢ = vV, 7y0N);—V0 -2 55123235 —06-5=3,
L =Yy Vo = )’ON}:;V 5%5 =04-5=2.

Let the initial value of the conductivity ¥z, be equal to ¥}, = 0.5. Parameters
(3.70)—(3.72) of the Norton equivalent circuit

Y, Y 02-04
B5C [ — (yo+—220 Yy = (06+—=""""1).5=132758.
1 1 10+ YL12 + Yy 0 + 0.540.95

YLY +Ay 0512+ 1.1
y) =ttt Ay T 7,
Yh+Yn  05+0095

1
Vol = v = FISC1_27941

Let the subsequent value of the conductivity Y;» be equal to Y7, = 2. The
corresponding parameters of the Norton equivalent circuit

P =18 =3.1355 Y}=11864, VP2 =VE =2.6428.

The bunch of the load straight lines is shown in Fig. 3.31.
Bunch center coordinates (3.77) and (3.78)

Y
Vei=—2y,=-2.5=-10,
Yo

Y 12-04
1° = <Y10+ ;122")%: (O.6+ s )-5:15.
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Fig. 3.31 Example of load ]l
straight lines of a circuit with y© ol ¥ =
the variable conductivity Y;» u 1 H 2 ;
G 15 / YI_2
)
lY, Ll=1
3.135
15073 |- /YL11:O'5
4341
G
v, o\ c, Y, =0
-10 v,
. /
i 2 1
- YLZ YLZ
0
YLZ
Y ;

The corresponding negative load conductivity

I _ YuYy + Yol

yo =1L —
L1 V1G Y20

Characteristic values (3.86)—(3.88)

Ay 1.1
Yi=0 Y, =—"=__""=-_109166
i v Yi 1.2 ’
Y/ =00, Y)5=—Yyn=-095,

Y120 _
Yio

0 G 0
YO = Y5 =15 Y\ =—Yn-

= —(le —|—y1) = —15

—(yonv +y2) = —1.0833.

So, the case of the generalized Norton/Mayer equivalent generator takes place.
Therefore, we will use the corresponding relationships of Sect. 3.3.

Case 1 Recalculation of the load current at the load change

Let the conductivity Y;, be equal to ¥}, and load conductivity varies from Y}, =
0.5to YZI = 1. In this case, the initial regime point C; — C,; the load current of the

initial regime IF' = 0.979.
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Cross ratio (3.46) for the initial regime

Y 0.5

1
m; = (Cy C, C; G) = YLII —YLG_O.5+1.5:O'25.

Subsequent regime cross ratio (3.49)

Y2 1

2
= = =04,
LTy Y T 1415

Regime change (3.50)

mi =04 +0.25 = 1.6.
Subsequent value (3.53) of load current

GyCl, 21
1C2 — Ip1 " my
1

15097916
I

= = 1.5073.
+1¢  0979-0.6+ 15

Case 2 Recalculation of the load current at the conductivity Y;, change

Let the load conductivity be equal to Y7, = 1 and conductivity Y;, varies from
Y}, = 0.5 to Y}, = 2. In this case, the initial regime point C; — By.
Cross ratio (3.55) and (3.61) for the initial regime

Yl _YO YV _YO
mzl =0GAR)= (Ygz Yle Yva Yzz) = YL12 — Yez - YLV2 — Y?
L2 L2 L2 L2

0.5+41.0833 —0.95 + 1.0833
= = =1.1176 + (—4) = —0.2794.
0.540.9166 —0.95+0.9166 (=4) ?

Subsequent regime cross ratio

2 0 2 yV oyl Yo —Yh YL Y
m; = (0B, Ay Fp) = (Y, Y[, Y, Ypp) = Y2, — Y7, - Y)Y, — YL,
2+ 1.0833
=— " +(—4) =1.0571 + (—4) = —0.2642.
24 0.9166 (=4) =4

The regime change

!

2= m? = m] =0.2642 + 0.2794 = 0.9459.
Then, subsequent value (3.64) of current for the point B,

G1C2,, 21
B2 — 117 "m;
1

15-1.5073 - 0.9459
I

= = 1.434.
1)+18 ~ 1.5073-(0.9459 — 1) + 15
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Case 3 Recalculation of the load current at the common change of the load Y;;
and conductivity Y;,

Let the common change of regime be given as C; — C, — B».
The common regime change

m* =m'm;' =0.9459 - 1.6 = 1.5134.
Resultant current (3.66) for the point B,

g IO 15097915134
U md — D+ 10 0979- (15134 — 1)+ 15

3.5 Stabilization of the Load Current

The influence of the conductivity Y7, on properties of the generalized equivalent
generator can be used in practice, for example, for a parametric stabilization of load
current. In this case, the conductivity value Y}, is determined by expression (3.86).
Figure 3.32 schematically shows a structure of the appliance designed to stabil-
ization of the adjustable load current [13]. Power supply voltage source 1 are
connected to the input of line 2 with longitudinal 3 and lateral 4 resistances (loss
resistances). The load 5 is connected to the output of line 2. Negative resistance 6
through a match circuit 7 (general case) and a bias voltage source 8 are connected to
one of the lateral resistance 4.

Fig. 3.32 Appliance for
stabilization of the load
current |

Q
S
S
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3.5 Stabilization of the Load Current 93

In turn, the negative resistance 6 is determined by a negative-impedance
converter with an operation amplifier 9. Resistor 10 is an initial positive resistance,
corresponding to the negative resistance 6; resistances 11, 12 are a feedback circuit.

The appliance in Fig. 3.32 works as follows. Let the bias voltage 8 be equal to
zero at first. The power supply voltage source 1 sets the load current /; and voltage
V,. The operation amplifier 9 gains this voltage V,; the output voltage Vour
specifies the current I. The voltage for the inverse input of the amplifier 9 is equal
to V, and the same current, as I,, flows across the resistor 10. Therefore, the
operation amplifier 9 with the resistor 10 is an energy source. This energy source, as
the negative resistance 6, sets the voltage V,, current I,; the ratio V, /L is equal to
the resistance 10 value. If the resistance 10 is chosen by necessary way, the load
current will be constant. In turn, the voltage V, determines the value of the load
current.

For convenience of use of expression (3.86), we may consider a three-port in
Fig. 3.33, which is equivalent to the structure in Fig. 3.32 and the circuit in
Fig. 3.29. In particular, conductivities ygy,yy correspond to the longitudinal
resistances; conductivities yy,y; correspond to the lateral resistances of the line.
Also, we have the load conductivity Y7, negative conductivity Yz, and bias
voltage Vps.

For example, let us consider a circuit of ORCAD model in Fig. 3.34. The
negative resistance, by expression (3.86), is equal to —6.63488 kQ.

The results of modeling for various values of the load resistance R;; and volt-
ages Vj, Vpg are given in Tables 3.1 and 3.2.

We consider the Table 3.1. It is visible, that the output voltage Voyr of the
operational amplifier reaches the maximum value at the load resistance of 3.0 kQ.

Also, we note that the voltage source 1 does not give but consumes energy in the
given load values because the negative current /.

Fig. 3.33 Equivalent circuit 1
to the structure of stabilization Yon N Yiv L 1%
of the load current v My MV 1

L1

www.EngineeringBooksPDF.com



94 3 Generalized Equivalent Circuit of an Active Two-Pole ...

Fig. 3.34 ORCAD model of I
stabilization of the load R R6 ! =
current V
Vo 8k 8k !
+] R3 R7
635V - [ 20k 40k 1.5k
0
—
I L R2 ?0
2 = % 2k
Vv
6.63488k R4
R10 100k
j -
T Vs
=
‘T/ab'e 3\1/ Vo =3V, Ru1, kQ 0.001 L5 3.0
BS = I, mA 0.451 0.4508 0.4506
Iy, mA -0.076 -0.177 —0.2784
Vo, V 5.022 6.15 7.276
L, mA 0.757 0.9273 1.097
Vour, V 20.17 24.7 29.21
Table 3.2 V() =6.35 V, RL17 kQ 0.001 15 6.1
Vs =2V I, mA 0.4502 0.450 0.4496
Iy, mA 0.345 0.242 ~0.0067
Vs, V 4.175 5.3 8.749
L, mA 0.328 0.497 1.017
Vour, V 10.75 15.26 29.1

Let us consider the Table 3.2. The output voltage Voyr of the operational
amplifier reaches the maximum value at the load resistance of 6.1 kQ. It is the
advantage of utilization of a bias voltage source. Also, the voltage source 1 gives
energy practically for all load values. Therefore, the use of a bias voltage source

improves an energy effectiveness of power supply voltage source.
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Chapter 4
Two-Port Circuits

4.1 Input-Output Conformity of Two-Ports as Affine
Transformations

4.1.1 Conformity of a Two-Port

Let us consider a two-port TP1 circuit in Fig. 4.1. A variable voltage source V) is
the load of this two-port. The voltage V|(independent quantity) and current /; are
the parameters of operating or running load regime. Therefore, we use the approach
of Sect. 2.1.1.

As it is known [1, 2], the system of equation of this two-port has the view

Iy = Yoo Vo — Y10V
4.1
{11:Y10V0—Y11V1- (4.1)

where Y parameters are
Yoo =yi0+y0, Yii=yw0+y1, Yo=Y

We determine the characteristic value of regime parameters for the short circuit
SC (V{€ = 0) and open circuit OC (I°€ = 0). Then

Vi€ =0, I°=YiVo, I3¢="YeoVo, (4.2)
Y A
Ve =Rvy, 17€=0, I9€=_1V,. (4.3)
Y11 Yll
© Springer International Publishing Switzerland 2015 97
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Fig. 4.1 Two-port with a load voltage source

For these parameters, system (4.1) becomes as

SC
Iy =3¢ —3-V,

.
I =€ — 5 V.
1 voc

4  Two-Port Circuits

(4.4)

Equations (4.4) give the following input and output load straight lines in

Fig. 4.2.

Our circuit represents an active two-pole relatively to load. By definition, the
internal conductance of the active two-pole is ¥; = I7€ /VPC. Therefore, the second
equation of system (4.4) corresponds to Eq. (2.1) of Chap. 2. Then, we may use the
results of this chapter and determine the running regime parameter by an identical
value for the various actual regime parameters (voltages, currents) and for different

sections of circuit (input and output).

As the load characteristics are defined by linear expression (4.4), an affine
transformation or mapping V| — I, V| — Iy, I, — I, takes place [3, 8].

Fig. 4.2 Conformity of the
input and output load straight
lines of a two-port
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Let an initial regime be given by values Vl1 v 11 , Id. Then, affine ratio (2.6) or (2.8)
has the form

VoV e R

" T yoc Zyse T se —joc T sc —joc (4:3)
This affine ratio can be represented by the formal view
= (0119 I5) = (V] VO V) = (13 19 1), (46)

Let a subsequent regime be set by values V7,7, I2. Then, the affine ratio

> WC-vi K- L -I5C

T yoe Zyse T pse —poc T se —joc (4.7)
Now we use regime change (2.15)

1 = J,0C SC — 75C 0C — 78C oC *
Vl _Vl Il _[1 Io _IO

So, we obtain the identical values for the voltage and currents at the output and
input.
Using (4.8), we get the recalculation formulas

B=t w10, B=1 -0, (49

Let us consider the practical case. Let the voltage V| be changed once again. We
get regime change (4.8) and currents (4.9). The structure of expression (4.8) shows
that errors of voltage measurement are reduced. Therefore, recalculation formulas
(4.9) give a more great accuracy, than primary Eq. (4.4), which contain the actual
voltage value V;. Also, the invariant value n; can represent the interest for remote
voltage measurement that will be shown in this chapter further.

4.1.2 Conformity of Cascaded Two-Ports

Let us now consider the cascade connection of two-ports TP1 and TP2 in Fig. 4.3.
A variable voltage source V; is the load of this connection.

At change of the load voltage V,, we get the family of load straight lines in
Fig. 4.4.
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Fig. 4.3 Cascade connection TP1 TP2
of two-ports Vo’ I0 Vl, ]l [2
NV \%
V1o 2
[ YooY

Fig. 4.4 Family of load
straight lines for sections of
cascaded two-ports

N\ L)

0 1 2 oc
Vz Vz Vz Vz

Similarly, we have affine transformations or mapping of regime parameters for
various sections; that is,

Vo= 6L, V=L, V,—=V, Vo=, L—IL—l.

Therefore, it is possible to constitute the affine ratio, as an invariant of these
transformations, for initial parameters of all the sections relatively to the load.
Using (4.5), we get

oC 1 1 oC
nl _ V2 — VZ _ 12 712
2 7 yoC SC — ySC oC
V2 - V2 12 - 12

Vv e

T yoC_yse T e oc (4.10)
Iy — I§¢
o

Also, we may obtain the other affine ratio likewise to (2.7).
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Similarly to (4.8), the regime change has the form

2 2
n_ Va=Vs B

ny, = =
V9C — V3¢ ¢ - I9¢
i=Vi _ Li-h

T yoC _yse T e —poc @10
_ -l
e —19¢

So, we obtain the identical values for the voltages and currents of different
sections. From here, we get the voltage recalculation formula

Vi=V—n(VPC - vi). (4.12)

Example

Let us consider a circuit with given values in Fig. 4.5a. The initial and subsequent
regimes correspond to the load voltages V) = 1, V; = 3. The calculated currents,
voltages of all the sections and their conformity are shown by the diagram in Fig. 4.5b.

Fig. 4.5 a Example of the (a)
cascaded circuit, b conformity VoI TP1 VoI TP2
of the regime parameters 00 y =4 o y =4 A
10 10 ‘/’7
Yo~ yg=1
y=24 y=1
(b) sC 1 2 oc
s 2 VZ VZ VZ VZ
) ' 3 13.902
: Ne : 1 : 2 : oc
;12 A A A 1,
E 14.03 E 10.43 53.241 0
1755 1153 1108 1878 I,
13509 13.86 14562 14878 v
535.97 13456 13175 130.49 A
E n,m n,
1 0.7437 0.2317 0O
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Affine ratio (4.10) for the initial regime

,VPC—v) 39021
2 VoC —vEC T 3,902 -0
B —19¢  1043-0
2 BC—19¢ 7 14.03-0
L vee—vl 4878 -3.86

n =0.743,

= 0.743,

S

= = =0.743
"2 T yoc s T 4878 — 3.500 ’
Il —19¢ 153-8.78
1 1 1
= = =0.743
"2 T sC ¢ T 1755 - 878 ’
1 oC
= I —I§° 34563049 .
I3€ —19¢ 35.97 —30.49
Regime change (4.11)
a_ VooV 1=3 _ 0513,

" T YO Tyse T390
Subsequent voltage (4.12)

Vi=v! —n(vPC - vi%) =3.86 4 0.513(4.878 — 3.509) = 4.562.

4.2 Input-Output Conformity of Two-Ports as Projective
Transformations

4.2.1 Conformity of a Two-Port

Let us consider an asymmetrical two-port TP1 in Fig. 4.6. A variable conductivity
Yy, is the load of this two-port. Therefore, we use the approach of Sect. 2.1.2.

Fig. 4.6 Two-port with a TPI
load conductivity VO ]0 V.I
’ 1’71
o
| V1o
@) ! s =
Yo Y Y
1 L1
y
IN1 :
—_—=
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System of Eq. (4.1) has the matrix form
Iy Yoo — Y10 Vo
= . . 4.13
[II:| |:Y10_Y11] |:V1:| (4.13)

At change of the load conductivity Y7, we get the load straight lines in Fig. 4.7.

In turn, bunches of straight lines with parameters Y|, Yy correspond to these
load lines. It is also possible to calibrate the load straight lines in the conductivity
values. The point of maximum load power corresponds to values Vi = O.SVIOC,
Yi'l = Y;. The value ¥; is the internal conductivity of circuit relatively to load Y.

In previous Sect. 4.1.1 it was shown that the conformity of load straight lines is
an affine transformation for voltage and current. Now, we consider the conformity
Y1 — Y1 [5, 8]. For this purpose, we demonstrate the relationship Yy (Y1) by
the transmission a parameters.

In this case, the equation of two-port has the view

Yy, L

[ Vo| _lan an| [(Vi| _ v %
Iy| |ay a L A X

0 21 4 1 o

The inverse expression

HEE Rl s

: {Vl]. (4.14)

Fig. 4.7 Input and output
load straight lines
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The determinant of @ matrix
Ay = aynap —apay = 1.
This feature of a parameters allows to introduce the hyperbolic functions
Ay = ch*y —sh®y =1,

where y is an attenuation coefficient.
Then, Eq. (4.14) is given by

Vo | _ [chy shy| Vi YL/“Z?
Iy = I (4 16)
Yinic shy  chy Ay

where characteristic admittance at the input and output are

Yoo Y
Yinie = ”Y—HAY’ Yiic= \/Y—;I)AY- (4.17)

In turn, the relation Yy (¥7;) or admittance transformation has the fractionally
linear view by (4.14)

Iy axnYn +an

Yy = — = . 4.18
M7V T anYy +an (4.18)
Using (4.16), we get the normalized form of this expression
Y,
Y, L+ thy
Nl Tic V (4.19)

Yivie 1+ %_‘Cthy'

Similarly to (2.23) this conformity Y;; — Yy is a projective transformation.
The projective transformations preserve a cross ratio of four points. Therefore,
analogously to (2.24), the cross ratio m}, for an initial values Y}, has the view

mb:(YﬂC YLll Y£1 Yﬁc):(oo YLll Y; 0)
Y, -0 Yi—oco Y (4.20)
TV 0 Tv-0 vy

The conformity of all the parameters is given by the diagram in Fig. 4.8. Then,
we can constitute the cross ratio for these parameters.
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Fig. 4.8 Conformity of the VSC_O V! v i V2 v v
regime parameters L ! ! ! Ll :
(e [ . [ ' oc
K iy 0 ) =01,
| | | | |
| | | | |
| | | | |
| | | | |
|, SC ly! Iy i 2 |, 0C
! YL1=°° o :YLI L 3 =0 Ll
|, sC [ v [ ' oc
E YINI EYINI EYINI EYINI EYINI INT
| | | | |
1 1 1 1 1
1 2 "
0 le 1 le [} le
For the input conductivity
I _ (ysC 1 i oc
my =Y Yo Yo Vi)
1 SC i SC e 1
Vi =Y Y =Y Y — Y (4.21)
=yl oC ~ yi 0C ~ yI 0C >
Yive = Yivi Yoo = Y1 Yy — Y
where the point Y}y, is the centre of segment Yi< Y5<; that is,
. YSC _ YOC
_ yoC IN1 IN1
Yivg = Yy + >
Also, we have
my=(0 Vi - V)= yOC _yi7 (422)
1 1
sC _ gl
1 ¢ R -1
my =(r¢ 11 3 0)= e (4.23)
1 _(ys¢ 71 ji jOC
my = (L Iy Iy I§°)
(4.24)

bk =L Lk
I -I9¢ T —19¢ 1 19

where the input current [} is the centre of segment 3¢ I9€; that is,

SC oC
IO — IO

Iy =15 +=—

We consider the load change Y/}, — YL21. This change defines the segment
Y} Y}, and segment Y3, Y}y, on the line Ip(Vy). It may be noted that length of
segments is different for usually used Euclidean geometry. However, if the mapping
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106 4  Two-Port Circuits

is viewed as a projective transformation, an invariant or cross ratio is performed,

which defines the same “length” of segments.
Similarly to (2.27)—(2.29), this cross ratio has the forms

Yl
21 2 1 _ I
mpy = (o0 Y Yp 0)—72 )

Ll

21 _ (ySC 2 1 oc
mp=(Ym Y Yoo Yiug)
2 SC 1 sC
7YIN1_YIN1;YIN1 Y1N17 2 L1
mpy = mpy,

T y2 oc * vyl ocC
YINl - YINl YINl - YINl

Vi-0 _ vi-o0
V2 voe T v voe

mL1_<0 V2 Vll V10C>

12 _ [SC Il _ ISC
mih = (e B o1 0y=" A0 DI
1 1

Bt -1
B =1

21
mp = (1€ I 15 I0¢) =

Using (4.26), we get the subsequent input conductivity

SC 0c, 21, 1
Yiji +Y llele

YIZNI =
L+ miimp,
Similarly, the subsequent values
V2 = VIivOCm?
Vi = 1)+ Ve
ISCII
I =

11(1 - le) +Iscle

e ocC
I" + 1 lele

I} =
0 1+ lele

4.2.2 Versions of Conformities, Invariants, and Cross Ratios

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

There are different versions or variants of cross ratio depending on the choice of the
base points and a unit point. Let us consider expression (4.19). This expression sets
the conformity Y;; — Yy, including negative values, as it is shown in Fig. 4.9 for

the values Y;1.c = Yiyi.c = £1.
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-1 -thy 0 1 y' o lithy v

-1 thy

IN1

Fig. 4.9 Conformity of points of the line Y;; and Yy

Version 1

If the base points are YJ© = 0, Y;¢ = oo and a unit point is ¥z; = Y71c = 1, the

cross ratio

~ 1
iify = (00 Yh 1 0)=or,
L1

Then, for the input conductivity,

i Yivi —ag . L=ag _ 1=Yhy
mh:(% Yiy, 1 thV):YI thy . TN
w1 —thy 1 —thy  Yp, —thy

We express the regime change for Y}, — Yzl and Yb\,l — YI%\,I as follows

2 ~2 . ~1 _ (1 y2 1
mpy =mp +mpy = (g5 Y Yo 1)

_ L= Yiythy 1= Yythy Yy,
S Ypy—thy T Y, —thy YR

It may be noted that the expression for the regime change and the expressions for
the conductivity changes at the input and output are expressed analytically in
different ways, but their numerical values are equal. In this matter, we can choose
the base points and a unit point in such a way as to these expressions are the same
view. This case is presented by the following version 2.

Version 2

We use the characteristic values —1, 1 as the base points. Then the regime change

Y2 _y!

2 1 Ll L1

21 _(_1 Y2 Yl l)_YLl—i_l;YI{l_i_l_ +17YZIY21
"= L R A N e 7
Ll Ll — fia it

The obtained expression shows that
there is a solid argumentation to introduce the value of the load change in the form
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Y} -Y]
v, =t -4 (4.34)
=Y, Y,
Then, the regime change
1 Y21
p?l = UL (4.35)
1 -Y;

Similarly, the same regime change and the conductivity change are resulted at
the input

1+ Y5y,

mZIZ(_l YI%Vl YIlNl 1)_1—Y2’
N1

(4.36)

Yi, - Y}
21 1 1
Yiyy = 1 ﬁvyz ;;1\1/ : (4.37)
IN1TINT

Now, we constitute the cross ratio for the initial regime. It is possible to use the

point YLOIC = 0 as a unit point. This point corresponds to the point Y] 1(1)VC1 =thy in
Fig. 4.9.
Then
1+Y/
m'(Yu) = (=1 Y, 0 1)=1—Fi
Ll
1+7} 1+ thy
m' (Yin) = (-1 Y1¥v1 thy 1)= o T /_ml(YLl)'

1—Yh, "~ 1—thy

These cross ratio are shown by dash arrows on the superposed axis in Fig. 4.10.
In turn, we can consider the movement of point from the position Yz to position
Ynv1. This movement determines the segment Y;; Yjy;. The movement of this
segment for different initial values Y;; is shown by arrows in Fig. 4.10.

Fig. 4.10 Movement of the 1/thy /\/\ Vthy

segment Y, Yy for
different initial values Y;;

-1 -thy 0 thy YLI YINI
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Then, the points 1 are fixed. It is possible to make the cross ratio for the points
Y11, Yy relatively the fixed points. This cross ratio determines the “length” of
segment Yy, Yy; and has the view

m(Ye, Yivi) = (=1 Yo Y 1),

It is known the property of such a cross ratio; its value does not depend on
running values Y, Yy;. For simplification, we set Y7 = 0, Y;y; = thy. Therefore,
the cross ratio

1 —thy

m(Yr1, Yin) = Tfh? =

PM -

It is seen that “length” of segment Y;; Yy equals maximum efficiency of two-
port.

Therefore, it turns out that the concept of maximum efficiency is already into this
geometric interpretation, and it is not required to “think out” this definition.

Version 3

Transformation (4.19) is characterized by another invariant too. This expression for
a symmetric two-port takes the form

Vo _ [chy shy| |V (4.38)
I()\/AY Sh“/ Ch“/ I]\/Ay ’ ’

This transformation can be seen as rotation of radius-vector Y of constant length
at angle y in the pseudo-Euclidean plane I, V in Fig. 4.11.

Fig. 4.11 Rotation of the 1.1
radius-vector Y of constant
length at the angle y

’ YLI
1 S
! 7
/
v, . oc
/”» / YINI
!’ g
/// O!_I
0 14 4 v,V
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The invariant is given by
Vi)’ = (1) Ay = (Vo)* — (Io)*Ay. (4.39)

This value is the length of radius-vector Y. On the other hand, the trajectory of
rotation is a hyperbola in the Euclidean plane.

Proposed interpretation corresponds to Lorenz’s transformation for mechanics of
relative motion [4]. In turn, expression (4.19) corresponds to the rule of addition of
relativistic velocities.

4.2.3 Conformity of Cascaded Two-Ports

Let us now consider the cascade connection of two-ports 7P1 and TP2 in Fig. 4.12.
A variable conductivity Y;, is the load of this connection.

At change of the load conductivity Y;,, we get the family of load straight lines in
Fig. 4.13. In this case, we have a projective transformation or mapping of load
straight lines and conductivities Y;, — Y1 — Yy, for various sections. This
mapping is shown conditionally by dash-dot lines. According to (4.18), the resul-
tant relationship Y;y;(Y72) has the fractionally linear view.

In turn, the resultant matrix of a parameters is equal to product of the matrices
for the first and second two-ports. Such a group property confirms projective
transformations.

Therefore, by (4.20) and (4.21), we constitute the cross ratio miz for initial
values of regime parameters relatively to the load Y;,.

The conformity of all the parameters is given in Fig. 4.14.

Then, we get

1 ye e
my=(YE T, % ¥E)={A &Il
IR (D ¢
) Yl _ YSC Yi _ YSC
1 L1 L. fn L1
mp= (Y0 Y, Y, YO)= yl _yoC ™ yi _ yoC’ (4.40)
Ll Ll Ll Ll

Fig. 4.12 Cascade TP1 P2
connection of two-ports with Vo’ 1 0 Vl, 1 | V2, 1 )
a load conductivity . AN L
I I
L e :
O iz s ;<
X Yo Y X Y
| | L2
i .
Y o =y
INI L1~ TIN2
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4.2

L)

L 1,1

Fig. 4.13 Load straight lines
for the cascade connection of

two two-ports
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1 _ (ysSC 1 i oc
mp =Y Yoo Y Yig)

1 SC i SC SC 1
7YIN17YIN1;YIN17YIN1 YlNlilel

~ vl oC ~ yi 0C ~ yl ocC -
Yo=Y Yo — Y1 Yo = Yii
In the last expression,
YSC _ YOC

i yoc , Yivi — Yini
Yiyu =Y + - 5

Using (4.22)—(4.24), we may constitute the same cross ratio for all the currents
and voltages. In particular, for the middle section with the parameters Vi, I;

1 A
ma= (Vi€ ViV V)
VLV Ve v
VT =T
T

=(15¢ 11 [ 19C) = i = 441
( 1 1 1 1 ) Ill _ IIOC Ii _ IIOC 111 _ I]OC’ ( )

where
1€ —19¢
2

SC ocC
Vl — Vl

PR I =10 +

Vi=VP<+

We consider the load change Y}, — Y?Z,. This change defines the segments

Y} Y, Y} Y}, and Y}, Y}y,. The cross ratio defines the same “length” of these
segments

1 SC 1 SC 1
m2l = (YSC Y2 vyl YOC) _ YLZ — YLZ . YLZ — YLZ _ YLZ
2 — \ I L2 L2 L2 )7yl _yoC * yl _ yOC — y2
Ll L2 L2 L2 L1
2 _ ySC 1 _ ySC
_ (YSC Y2 y! YOC) _ YLI YLI . YLl YLl
— VAL L1 Ll Ll /7 y2 _ yOC * yl _ yOC
Y, =Y Y, =Y
2 SC 1 SC
_ Yive — Y N Yive — Y

=(Yii Y Y YRO) = : . (4.42)
Y = YR1 Y — YRS

Using (4.27)—(4.29), we may constitute the same cross ratio for all the currents
and voltages. In particular, for the middle section with the parameters V1, I}, we get

le:(VSC VZ Vl VOC):VIZ_VEC;VII_VfC
L2 1 1 1 1 V12 _ V]OC : Vll _ V]OC
12 _ ISC Il _ ISC
—_ (15C 2 1 ocy _ 1 1 .0 1
—(B° B 1 o19c) = e T e (4.43)
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Using (4.42), we get the subsequent conductivity

y2 — YSC"‘NilYOCmLz NI — Yir - vy (4.44)
e I T ¢ N o '
1M L1 Ll
Similarly to (4.33), the subsequent values
V2= Vi€ + VIOClesz2 - Le + IOCmL2mL2 (4.45)

1+ miymy, 1+ miymy,

Proceeding from such a geometrical interpretation, it is possible to give the
following added definition [7] of regimes to Chap. 2
e Invariance of regimes and their changes for all sections of circuit.

These invariant relationships of a cascaded circuit define the original “confor-
mity principle of regimes”.

Therefore, the definition of regime by cross ratios (4.40)—(4.43) removes the
indeterminateness in the choice of possible relative expressions for all parameters
and sections of circuit.

Example

Let us consider a circuit with given elements in Fig. 4.15.
The first two-port has the following Y parameters

Yo=y0o=4, Yoo=Yyo+yo=3, Y=y +yno=064
Ay = YooY11 — (Y10)* = 16, Ay = 4.

Equations (4.14) and (4.18)

|:V0:|_|:a11 a12:| |:V1:|_|:16 025:| [V]]
1() N daz dx 11 N 4 1.25 11 ’

Iy anYtay  125-Y,+4

Y, = .
INE= V() (112YL1 +arn 0.25-Y,,+1.6
VoI TPI VI P2 VoI
° _ 1’7 222

T : Yio= : V1o~ =4
1 _1 1
E Yo E V=1
E yl=2 4 E yl_l YLz
1 1
Yo Y =Y, i
—_— —_— =

Fig. 4.15 Example of the cascaded circuit with the load conductivity
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Inverse expression (4.15)
Vi _|125 =025| |V
N (446)
For the second two-port
Vil [125 025 Vs
L] 1225 125) | L)
Vol [ 125 =025 Vi (4.47)
L] |-225 125 L '
Iy 125-Y,,+225

Yy =Yy = — —_—~ “L2 1 =%
N2 = T =y T 025 - ¥, + 1.25

The resultant transformations of the output-input

Vol [1.6 025 1.25 0.25 V,]  [2.5625 07125 V,
L] |4 125 225 1.25 L | |78125 25625 L |

2.5625 - Y, + 7.8125

©0.7125 - Yip +2.5625°

Yivi

(4.48)
Let the initial and subsequent load conductivities be given as
Y, =1043, Y7, =1.08.
Using (4.48), we get
Yy, =3.456, Y3, =3.175.
Iy = Y, Vo =34.56, I3 =Yh,Vo=3175.
By (4.46), we obtain

VI =386, Il =153, Y} =153+3.86=3.963;
Vi=4562, I} =108, Y} =10.8=4.562=2.367.

Now, by (4.47)

V=1, I, =1043, Y}, =1043;
Vi=3, I53=3241, Y, =108
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Fig. 4.16 Conformity of the sc v i y? oc y
calculated regime parameters . Yo B L L2 , Yio L
| oo 110.43 13.597 1 1.08 10
| | | | !
[ 7! [ 12 ' ,0C
: VZ :V2 : V2 : V2 ; V— Vz
10 i 11951 13 13.902
| | | | |
| 1 1 | |
I | I | |
| | | | |
13.509 13.86 14.193 14.562 14.878 \%
| | | | | 1
1755 1153 11306 1108 1878
1
| | | | |
| | | | !
| | | | !
| | P |
sc 1 i 2 oc
EYu ':Yu EYLI EYLI EYLI Y,
'5 13.964 13138 12367 1.8
| | | | !
I | I I !
13.596 13456 13.323  13.175 13.049
| | | 1 | IN1
0 0.344 1 3.323 oo m

L2

The calculated regime parameters are shown in Fig. 4.16.

Initial

1
mpy

1 _
mp, =

1
mp, =

regime cross ratio (4.40)

1043 — 00 3.597 — 0o 3.597
YSC Yl Y: YOC — = —

(Y Y Y oY) 1043 -0 °~ 3.597 -0 1043
. 3.964 — 5 3.138 -5

SC 1 i 0C\ — - =0.344

(Y?C YLll Y“i Yo O)C 3.964 — 1.8~ 3.138 — 1.8 ’

(YlNl YINI YlNl YlNl )

3.456 —3.596  3.323 —3.596

=0.344,

=0.344 - 1 =0.344.

3.456 —3.049 ~ 3.323 —3.049

Cross ratio (4.41) for the middle section

1
mp,

1
my,

= (VW)

= (a1 )

_Vi—V{©  3.86—3.509
CVPC— vl 4878 —3.86
B —1f  17.55-153
I —19¢ 153 -8.78

= 0.344,

= 0.344.
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Regime change (4.42) for the conductivities

Y} 10.43
21 2
mLzz(YLSzC Ygz Yle Ygzc):YLg:W
Ll .
wi = O v vy v =R T
Yh - YR© Y - Y
. 2367-5 | 3964 -5
T 2367—1.8 " 3.964 —1.8

= 9.66,

=4.64 = 0478 = 9.60,

2 SC 1 SC
_ YlNl — YlNl . YINl — YlNl

21 _ [ ySC 2 1 oc -
mp= (Y1 Y Y Yii) = y2 _ yoc”
IN1

Yl _ YOC
IN1 IN1 IN1

~3.175 - 3.596 N 3.456 — 3.596
©3.175—3.049 © 3.456 — 3.049

= 3.323 +-0.344 = 9.66.

Regime change (4.43) for the middle section

S A e A
T VE_yoc Tyl _yoc
 4.562 3509 | 3.86 — 3.509
T 4562 —4.878 " 3.86 — 4.878
_BEC Rrf
TR —10¢ T —19¢
1081755 153 —17.55
" 10.8—8.78 © 153 —8.78

mh= (V€ Vv v

=3.323 +0.344 = 9.66,

21
mp = (K° 17 I I7°)

= 9.66.

The subsequent regime value
2 211 —
my, = mj,m;, = 9.66 -0.344 = 3.323.
We are checking the subsequent conductivity Y;; by (4.44)

, YO+ NLYPCmE,  5+40.478-1.8-9.66

= - =2.367
L 1+ N} m2} 1 +0.478 - 9.66 ’
YSC _ Yl
N}, =1Ll —0478.
SRR

The check of the subsequent values Vi, 1, by (4.45)

Vi€ + VPCmiim;, 3.509 +4.878-3.323  19.72

Vi= = = =4.56
: 1+ miml, 1+3.323 4.323 ’
2 _ B+ 1P miymy,  17.55 +8.78 -3.323 _ 103
: 1+ m2iml, 1+3.323 o
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4.3 Use of Invariant Properties for the Transfer
of Measuring Signals

Different sensors of physical values are used for monitoring of technical or natural
objects. For these, usually remote devices, it is necessary to transmit the measuring
signals, for example, over wire lines. Usually, digital signals are used for this
transmission. But such disadvantages as low noise stability, complicated and
expensive equipment, separate wire lines of power supply and communication take
place in digital systems. Therefore, researches and elaborations of easy-to-use
systems for transmitting signals are important.

Invariant properties of two-port networks allow transmitting the measuring
signals, using even the joint or combined wire line for communication and power
supply [5, 10]. As it was shown, the value of affine and cross ratio does not depend
on two-port network (wire line) parameters, accuracy of measuring devices, and
influence of noises. The parameters of this communication wire line, for example,
joint with a power supply line, are defined by both own parameters and current
consumed by other devices.

4.3.1 Transfer of Signals Over an Unstable Two-Port

Let us consider the transfer of signals for the following simple examples. More
complex case of transmitting over a joint wire line for communication and power
supply is presented in [9].

Example 1 The value of cross ratio my; is accepted as a transmitted analog signal
Vs; that is, Vg = my;. The structure of the appliance, designed to this transfer, is
shown in Fig. 4.17a.

In a short time #1, 15, . . ., t5, when the parameters of this circuit do not change, the
four samples of load conductivity are transmitting by connecting the respective
conductivities Y;C, Y}, Yi, YOC. The connection is realized by a multichannel
switching and multi-output generator Gen with a pulse period Tx. The conductivity
Y}, is the signal or information sample. Therefore, its value Y}, (Vs) is calculated by
a unit F for the running signal value V5.

Let us give expression of cross ratio (4.20). In general case

L _ (ySC 1 i oC 7Y£I_YEF.Y£1_Y5F7
mp = (Yu Y, Y, Y )= Ylfl — YLolc -~ Y£1 — YLolc =Vs.
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Fig. 4.17 a System of an (a)
accurate transmission of \ Gen[— — —
signal by conductivities, Y
b diagram of the input current \{l
V.1
v | b | vi| vod
Wy — Yu YL] YLl
1
3 > 1 YSC > >
O 3 2 u Fl|3 3

—O

F' Vs
SC 1 4i roc V.
Io ’Io’ Io’ 1, ’
(b)
0
SC .................... e e
Io e
IO ................ S
1
IO
och e
IO
0
t t tl+T t

From this we find, similarly to (4.44), the value

1 Yflc+VSN£1YL01C i YEIC*Yb
Y, = i = F(VS)v Ll — Vi oC *
1+ VSNLI YLI - YLI
In particular case
‘ Y Yi
mb:(oo YL11 o 0)= Lll =Vs, YL11: L
Y, Vg

At the input of the circuit, the cross ratio or the signal is calculated by a unit F~!
similarly to (4.24). For this purpose, the measured input currents I3, I}, I, I9€,
shown in Fig. 4.17b, are used; that is,
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Vs=mly = (B 1L By I¢°)
BB R

= + - =F'(1)).
I —19¢ 1 —19¢ (o)

The structure of this expression shows that measuring errors of currents mutually
are reduced. The process of connection and calculation is repeated every period Tk.
If during this time the parameters of two-port network changed, the values of input
currents changed too (for example, the currents decreased in Fig. 4.17b). But the
cross ratio value remains the same.

Example 2 The value of affine ratio n; is accepted as a transmitted analog signal
Vs; that is, Vg = n;. The structure of the appliance is shown in Fig. 4.18.

In a short time, the three samples of load voltages are transmitted by connecting the
respective voltage sources VOC VI V€. The voltage V| is the information sample.
Therefore, its value V] (Vs) is calculated by a unit F for the running signal value V.

We use expression of affine ratio (2.6) or (4.5)

n = 7V10C — Vll = Vs.
boypee —yse
From this,
V= VPC = Vs(VPC = V() = F(Vy).
Fig. 4.18 System of an \

Gen [— — —

accurate transmission of ‘:\
signal by voltage sources ' - L]
N -
K AW l
_>'
1

vl v
1

© | g vO[rlO

—O
’ﬁ_.
<

56110c s
0’7070
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A unit F~! calculates affine ratio (4.5) or the signal

1L — 19¢

Vs :”} = (Ié IOOC Igc) — S¢ _joc :Fil(lé)-
0 0

The structure of this expression shows that measuring errors of currents mutually
are reduced. The process of connection and calculation is repeated by period Tk.
Also, we may use affine ratio (2.7)

Vo —vi I —I§°¢
N

Vs =

Then, the information sample

V- Vo€ + vsvi©
! Vs +1

4.3.2 Conductivity Measurement by an Unstable Two-Port

Let us consider the circuit in Fig. 4.19. The action of this appliance is similar to the
system in Fig. 4.17.

We need to calculate the conductivity value Y}, of a resistive sensor by input
currents. The given conductivities Y31, Y! , Y2 are reference conductivities.

Fig. 4.19 System of accurate

measurement of conductivity \ Gen[— — —
[
N
Vo’ Io ]
re i
MV — YLl] Yu YLOIC
1 e
O |z g Nz gz g

—O

1 1
. Y,
11, 1°c Y,

0’7070 0
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Using the known cross ratio

1 SC i SC

m! _(YSC y! yi YOC)_ YL1*YL1 ;YL1*YL1
L1 — \ 111 Ll Ll Ll /) = yl oC * yi oC”

Yi, =Y Yy, =Y

we find the value

sC i yOC, 1 sC i
VY ENp Yy, i Yo =Y
L= L+ N m! =Y, (my), Ny = yi _ yoc”

L1’y Ll Ll

On the other hand, the cross ratio, by the input currents Igc,lé, Ié,IgC, has the
view

mho= (BC 1 15 1)
B Bk

1
= 0C ~ 7Ji oc — M1 (Io)-
Iy — I Iy — I

Using this expression, we obtain the value Y}, (Iy).

4.4 Deviation from the Maximum Efficiency of a Two-Port

We use the results of Sects. 1.5.1 and 2.3. Let us consider a more complex case of a
quadratic curve, as the efficiency of a two-port in accordance with expression (1.34)

1-Kg
A—Kg'

Kp = K¢ (4.49)

This expression represents a hyperbola in Fig. 4.20 for all area of load changes.
The positive load consumes energy; the maximum power transfer ratio (1.33)

Ki =(VA-VA-1). (4.50)
Then, the corresponding voltage transfer ratio
K;=A—\AA-1). (4.51)

In turn, the negative load returns energy and we get the corresponding maximum
values

Ky = (VA+VA—1)?, K;=A+AA-1). (4.52)

Next, we must determine all the characteristic points [6].
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Fig. 4.20 a Efficiency of a
two-port for load changes into
the Cartesian coordinates,

b this efficiency is as closed
curve in projective
coordinates

4  Two-Port Circuits

(a)

(b)

Obviously, there are points By,0,Kp,1,A;, K3 by Fig. 4.20b. These points
correspond to points 7' = 00,0, K;, l,A,Kg of the axis K.

It is possible to take up the points 0, 1 as the base points and the point K as a
unit point. But visibly, the other characteristic points have to be defined relatively to
these basic points and not depend on the parameter A of comparable two-ports.

Therefore, we must, at first, define the possible systems of all the characteristic
points. To do this, we will study a regime symmetry of efficiency using the regime
symmetry for the load power of Sect. 2.3.
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4.4.1 Regime Symmetry for the Input Terminals

In Fig. 4.20b, the pole S and polar TA; determine the mapping or symmetry of the
region of power delivery by the voltage source V| (above of the polar) on the region
of power consumption of this voltage source (below of the polar). The point K3
passes into the point K}, . Points By, A; are the fixed base points and K (B)) = oo,
KG(A1) = A. A hyperbola point is assigned by the hyperbolic rotation of radius-
vector RgS.

In turn, the pole T and polar SM determine the mapping or symmetry of the
hyperbola relatively to the straight line KjK, or to the points of maximum
efficiency.

For the pole T, the following correspondences take place.

We believe harmonic conjugate points 7,0, Q, 1 onto the line 7Q or the axis
Kg. Therefore, these points correspond to the points Kg(T) = oo, 0,
K (Q) = 0.5, 1. The mutual mapping of the points 0, 1 relatively to Q is shown by
arrow in Fig. 4.21.

Similarly, for the pole S, the following correspondences take place.

We believe harmonic conjugate points S, K, M, K, , which correspond to the
points A, K/, oo, K of the axis Kg. The mutual mapping of the points K/, K;
relatively to A, oo is shown by arrow in Fig. 4.21.

Let us use the points A, oo as the base points and K/ as a unit point. Therefore, a
running regime point is expressed by cross ratio

A —K
my = (00 K& Kg A)=—oi_
AA-1)
Yy
=(o0 Ywe Yw 0)= . (4.53)
Yivc
Fig. 4.21 Mutual mapping of /Y—\
the characteristic points and 0
the correspondence of input “ ‘ 1 i N 1 g 1 N
values hd 0 0 KG 1 A KG KG
o0 Y Y 0 Yo'

—oo -1 0 1 oo D

IN
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This value is the deviation of K¢ from the point K/;. The correspondence of the
values K¢, Yy, myy is shown in Fig. 4.21.
Now, it is necessary to check the cross ratios for the points 0, 1

A Y O ACT
mav(0) = A-1 Ywc' mav(1) = A my(0)

(4.54)

The modules of these values are equal to each other if we use the hyperbolic
metric

H[N(O) = H[N(l) = Ln[mlN(O)]
Then, expression (4.53) becomes
H[N = Ln[mIN}.

Therefore, we may introduce the normalized distance or relative deviation from
the matched regime

- HIN - Ln[m;N]
D = Hn(0)  Lafmy(0)] (4:35)

The inverse expression
muy = [mu (0)]

The expansion of this formula by (4.53) and (4.54) gives

A—Kg _ A\ Dw/2 Yiv _ Yoo D (4.56)
A—K/ A—1 " Ywce Yiv.c - .

The first member of these equations is the relative deviation but this deviation is
determined by a value D;y and by parameters of a circuit (the second member)
If it is necessary to set any equal deviation by K¢ for different circuits, we get

Ko=A—JAA-1) <AA_1> Dm/z. (4.57)

4.4.2 Regime Symmetry for the Output or Load

In Fig. 4.22, the pole F and polar TQ, as the axis K, determine the mapping or
symmetry of the region of power consumption by the load (above of the polar) on
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Fig. 4.22 Symmetry of the
efficiency relatively to the
axis K¢

the region of power return of this load (below of the polar). The point K passes
into the point K. The Points 0, 1 are the fixed base points.

In turn, the pole T and polar FQ are a complementary system and determine the
mapping or symmetry of the hyperbola relatively to the straight line K3 K, or to the
points of maximum efficiency.

For the pole T, the following correspondences take place.

We believe harmonic conjugate points 7,0, O, 1 onto the line 7Q. The mutual
mapping of the points T = oo, Q relatively to the points 0, 1 is shown by dash
arrow in Fig. 4.23.

Similarly, for the pole F, the following correspondences take place.

We believe harmonic conjugate points F, K}, Q, Kp, which correspond to the
points Kgr, K¢, 0.5, K of the axis K. The mutual mapping of the points K}, K
relatively to 0.5, Kgr = A/(2A — 1) is shown by arrow in Fig. 4.23.

Fig. 4.23 Mutual mapping of p
the characteristic points and
the correspondence of load
values

)
27
\\\
D
L7

7Y11 o LC 0 Lc L
o 1m(A) 1 m(A) 0-m(A) -1 m,
o ] 0 -1 - D
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Let us use the point K/; as a unit point. Therefore, a running regime point is

expressed by cross ratio

mL:(O KE Kg

=(c0 Yic Y

(4.58)

The correspondence of the values K¢, Y, my is shown in Fig. 4.23.
Now, it is necessary to check the cross ratio for the rest characteristic points, the

points oo, A

Fig. 4.24 a Deviation for
two hyperboles relatively to
the load, b comparison of
deviations relatively to the
load and input of one two-port

(a) 0.8

0.6

0.2

0.0

(b) 038
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0.2

0.0

by 025 |0
0.5 /‘/—i\
1
0 A=1.05
1 ——
0.5/ 0.25
| —
/ / D,
2 2
o A=1.25
0.0 0.2 0.4 0.6 0.8 1.0
KG
by L0025 |0
0.5 /—0\
T
v 025
1
0.5 A=1.05
/ DIN
2
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K
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B A Yi o jA-1 1
mL(OO) n A—1 o YLAC7 mL(A) n A o mL(oo)

(4.59)

The negative values show that these points disposed into “external” area of the
base points. We map these points into “internal” area and obtain the harmonic
conjugate points 0.5, Kg(F) shown by dash arrows.

Similarly to (4.54) and (4.55), we may at once write the following expressions
for deviation Dy relatively to the load

1-K, A A\ oy Yo \ >
g = ;=) (4.60)
K, A—1 A—1 Yic Yic

If it is necessary to set any equal deviation by K for different circuits, we get

1
Kg = .
Lt /A1)

As an example, the calibration of the hyperboles for two parameters A by
deviation D;, of (4.61) is given in Fig. 4.24a. The comparison of calibration by Dy
of (4.57) and D, is shown in Fig. 4.24b.

(4.61)
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Chapter 5
Paralleling of Limited Capacity Voltage
Sources

5.1 Introduction

The paralleling of lower-power voltage sources (converter modules) offers the
well-known advantages over a single, high power source. The base problem of such
a power supply system is the load-current sharing among the paralleled modules.
Various approaches of current distribution are known [3]. In the simplest droop
method equalizing resistors are used [4, 5, 11], including lossless passive elements
[10]. Usually, the equality of module parameters is provided; that is, open circuit
voltages and internal resistances. Therefore, the distribution of currents means the
equality of these currents.

On the other hand, scatter of module parameters, possible cases of use of pri-
mary voltage sources with different capacity determines the non-uniformity distri-
bution of currents.

Therefore, it is natural to understand the uniform loading of sources in the
relative sense when the actual loading corresponds to the capacity of the source.
The analysis of this power supply system by the method of projective geometry has
led to introduction of some concepts for the quantitative representation of operating
regimes [6-8].

5.2 Initial Relationships

Let us consider voltage sources V|, V, presented in Fig. 5.1. Resistances R;;, R are
internal resistances of these voltage sources; equalizing resistors R,;, R., provide
the distribution of currents for a given load resistance Ry.

A circuit in Fig. 5.1 is described by the following system of equations

© Springer International Publishing Switzerland 2015 129
A. Penin, Analysis of Electrical Circuits with Variable Load Regime Parameters,
Power Systems, DOI 10.1007/978-3-319-16351-2_5
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Fig. 5.1 Paralleling of Ru
voltage sources R — =R Il 0.857
il el =
s LA
v 125 0.5
! F R[z ReZ
@) W
125 0 C 02 J/ 0
V RU : 3
) .y 0.833
12.0 J %RU
6.507
Vi = (Ri +Ra)I} + Vo
V2 = (R + Ro)b + Vo (5.1)

Vo = Roly = Ro(I; + I).

The possible normalized parameters of a load regime (or source loading) of the first
voltage source look like
R 1
=2 =1
R I

(5.2)

my

Here, the maximum current of the voltage source corresponds to its short circuit
current

Vi
Ly =—. 5.3
= (5.3)

Also, such relationships can be rewritten as

Ry —Ray  Imi—5L  Iwn
Ru+Ry Lm+1L" L’

and so on.

These expressions are used in different areas of electrical engineering, radio
engineering, and power. Let us note that all these equations represent fractionally
linear expressions and can be interpreted as projective transformations which
possess an invariant. Therefore, all the above mentioned expressions are equivalent.
Further we will use expressions (5.2).

Since

Vi—Rul, V;
Ry 21721——131'1,
1 1
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then

ml:Rle i o _lm 1
Ry Rul L Ji

From here, we get the inverse expression

__Im
! ml—i—l'

Similar consideration can be done for the second source

_ R I 1 I

myp
Ro D J> L2

I

L, = .
2 my + 1

5.3 Influence of the Load Value on the Current Distribution

5.3.1 Analysis of Paralleling Voltage Sources

==l b=, o=

V,
Ry’

131

(5.5)

Let us write an expression, which associates parameters of source loading, in the

form m,(m;). From (5.1) it follows
Vi— Vo= (Ria+Ra)i — (Ro+Re)b.

So, by (5.5) and (5.7)

L m; +1 (1/111—|—1)Ri17 2 (”12‘|'1)Rz‘27
then
V1 VZ
Vi—-Vo=Ri1+Rs1)———————— (Rp+Rpp) ——————.
1o Ve = R Ra) T Ry~ R TR G

From here, we obtain finally

—am; + (d—a+1)
ml—d

np = ;
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where
Vv Vo R, % Vi R
g [ > 2 4= 2 1 L
Vi—-Vo Vi—WVaRp Vi—=Vo Vi—WVoRy (5.9)
Vi Ra Vo Ra '
a—d+1

:Vl —VaRy Vi—VaRyp'

We write now an expression, which associates parameters of source loading, in the
form J,(J1). So

Ly 1 ViYe) 1
J = - . b= — )
(mi+Dhn  m +1 (my+ Dy mp+ 1

Using (5.7), we get finally

d+1 1
S = |-
a—1

(5.10)

a—1"

The plots of dependences (5.8) and (5.10) are presented in Fig. 5.2.

Expression (5.8) corresponds to a hyperbole, and (5.10) corresponds to a straight
line. The desirable operating regime corresponds to straight lines on these plots; that
is, my = my, J, = Ji. The crossing of this straight line with the hyperbole plot gives
the two points m!)| m® of the equal loading of sources. The working area, when
load consumes energy, corresponds to the first point m("). The second point cor-
responds to the condition when the voltage sources relatively equally consume

energy. Let us determine the points m!), m(®). In this case, expression (5.8) leads to
the quadratic equation

m* —(d—a)m—(d—a+1)=0.
Its solution gives the two roots
mV=d—a+1, m®=—1. (5.11)
These roots correspond to points of (5.10)

1

Jo =
d—a+?2

J? = 0. (5.12)

For the second point J?), the currents I, I; — oo. Though this case physically is
not feasible, but its mathematical description allows introducing some necessary
characteristics of a circuit.
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Fig. 5.2 a Correlated (a)
changes of source loading

parameters as a hyperbole.

b Correlated changes of

source loading parameters as

a straight line

5.3.2 Introduction of Two Concepts

The points of equal loading are the fixed points of the projective transformation
my — my, J; — Jo [1, 2], as it is shown in Fig. 5.3.

Let us consider in details this geometrical interpretation of transformation (5.8)
for different initial values of the quantities m,m, at loading change. These quan-
tities define a line segment, its length (in the usual sense of Euclidean geometry) or
degree of difference of source loading is decreased at its approach to the fixed
points. It is obvious that this length for the different circuits will be various.

Thus, it is possible to enter two concepts; the first of them defines a circuit: how
much the loadings of sources can differ. The second concept defines deviations of
actual loadings from the fixed point in the relative form.
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-1 m, m M m
2 1 m m

Fig. 5.3 Display of the projective transformation of points m; — my, J; — J»

In this case, it is possible to compare running regimes of the different circuits.
For introduction of such characteristics we use a number of concepts of pro-
jective geometry, applied in Chap. 2. We constitute the following cross ratio

mp — m(z) m; — m<2)

(m® my my m\V) = (5.12)

my —m) " my —m)’
where the points m(z)7 m) are the base ones. Also, it is known that the cross ratio,
concerning the fixed points, does not depend on running points m, m;. Therefore,
we accept m; = oo for simplification of calculations.

So, by (5.8)

—a-0o+(d—a—+1
my(00) = oo(—d ):fa,

then

(5.13)
_ —a— (1) _a—l_K
T —a—(d-a+1) d+1 °F
Using the values a and d by (5.9), we get
Vo 1+ Rn/R;
L = Vel +Ra/Ry (5.14)

v +R.i /Ry’

The obtained expression is defined by circuit parameters only. This expression
characterizes the ability of a circuit to equal loading of sources that corresponds to
the first entered concept. We name this expression as the non-uniformity loading
factor Kj.

Obviously, if my; — m,, then K; — 1 for a given circuit. In general, the factor
K; # 1. Equation (5.12), taking into account (5.13), allows expressing the
dependence m, (m; ) using only the two parameters of a circuit, such as m(!) and K.
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Fig. 5.4 Bunch of
hyperboles for different K,
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Let us represent (5.12) as

K — my + 1 . m;+1
Ly —mO T my —m

From here, we get the value

1+ K mM
LR )
_ 1 —K;
" m
KL+m
m — ———
1-K,

—(1 + KLm<1>)m1 + (1 — KL)m<1)
(1 — KL)m1 — (KL + m(l))

(5.15)

(5.16)

Dependence (5.16) for different values of K}, is presented in Fig. 5.4. The bunch of
hyperboles is obtained for K; # 1. In turn, if K; = 1, these hyperboles degenerate

into the straight line my = m;.
Let us analyze expression (5.14). We consider V| = V,.
Then

1 +Rn/Rp

K =——""—.
k 1+ R.1/Ri
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136 5 Paralleling of Limited Capacity Voltage Sources

The condition K; = 1 leads to the equality

ReZ _ Rel

Ro Ry’

Therefore, it is quite possible to put R.; = R.; = 0. Thus, if voltage sources have
identical open circuit voltages, they are equally loaded, and it is independent on
their capacity.

Generally, expression (5.13) allows comparing the factors of non-uniformity of
loading of different circuits; to determine the values of equalizing resistors for
necessary value of this factor.

5.3.3 Comparison of a Loading Regime of Different Circuits

At first, let us obtain the normalized representation of the dependence my(m; ). For
this purpose, we will consider the cross ratios for the quantities (or variables) m
and m;, using their conformity, according to transformation (5.8). Therefore, the
cross ratios are equal among themselves

(=1 my mY d) = (=1 my mY c0),
where, according to (5.16),

g Ketm?
- K.

The cross ratio is the relative expression and gives necessary normalizing of
variables. Therefore, any variety of relative expressions for variables m; and m; is
excluded.

Let us present each cross ratio as

(_1 m m(l) d) _ my +l . m(l) +1
KL —I—m(l) 1 KL—|—m(1)
my— XMy B
1-K; 1-Kp
_ my + 1 —Kr.
N KL+m<1> 1—I(L7
m ————
1-K;

| my + 1 _m(l)—i—l my + 1
(=1 my mY 00) = + =
2 Tm—o0 m) —oo mM) 417
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5.3 Influence of the Load Value on the Current Distribution 137

Therefore, we have equation

m+1 my+1 —K
mb+1 Ki4+mY 1-K.°
T Tk,

The first member of this expression represents the normalized value and prompts
how to write the similar value in the second member.

Therefore
K ml
_ 1
’:Z:rll _ m11+ f(Lm( ) 1+ L (5.17)
m)+1 1-K;
Similarly, we have by (5.10), (5.12) and (5.13)
o d+1Jy d—a+2 J _I—KL. (5.18)

JO T a—1J0 a—1 JOK, K,

It should be noted that expressions (5.17) and (5.18) set certainly deviation of
running parameters of loading from the equal loading regime by the normalized
values. But, it is not enough for comparison of deviations for circuits with different
parameters K;. As an example of the most simple relation (5.18), we will show,
why it turns out.

Let us consider two circuits with the different parameters Kj, K, but with the
identical value J(!) = 1. The characteristics of circuits are presented in Fig. 5.5.

Loading regimes may be considered identical if conformity of the characteristic
regime points takes place (are shown by arrows in Fig. 5.5) at change of the load. It
follows from the similarity principle [9]. Then, a projective transformation takes
place and it is set by the center at the point 0 and by three pairs of the characteristic
regime points A, B, D, and A, B, D. The points D, D coincide among themselves and
correspond to the fixed point J(). The point of running regime C should correspond
to the point C. For such a projective transformation, the cross ratio is carried out

(ACDB)=(ACDB).

Here, the points A, B and A, B are the base points, and points D, D are unit ones.
Therefore, this cross ratio can be accepted as the equal deviation of the running
points C, C from unit points.

Further, we map the points A, C, D, B onto the axis of current J;. Then, we
obtain the deviation for the first source
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138 5 Paralleling of Limited Capacity Voltage Sources

Fig. 5.5 Comparison of the o)
loading regime of two ‘Iz/ J
different circuits 2
‘l ............................ : I -'l' D
1 71"
1K
%/
1-K
-K
Ay = (07, 7Y (1=K )JW)
o J1—0
L= (1=K )JW
JU -0 J
= ! K. (5.19)

T (1 —K)JD T I — (1-K)JD

To compare deviations of sources among themselves, it is necessary to express the
deviation for the second source in the same base points. Therefore, we obtain at
once

J>

Ao = ORI =R = G

Ky

Thus,

the deviations include parameters of a circuit and are not simply the normalized
R
values <, 7.

We can represent the deviations in the other form

Joa—-1_ (a—1)J

A= (07,00 = = :
! ( Yod+1) T hd+ 1 (d+ 1)) -1

(5.20)
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Fig. 5.6 Deviations for the

‘

ch'flracteristic and running J? A Jl J2 d+1
points | i . I ] L
10 : E E | E 0 A
Wt e im
-1 | (d-a+1) | : vd e mm,
AT AT A A,
| B L dee 10
| 1 : | : 1 Al’ Az
3 }’(2) E}’(l) E rl El”z E ] E—oo
ik 'O ‘LnA LA, | ror
‘ . ' [ 2, h 1’2
1 0 [ o e LT,
1 (a — 1)]2
A= (0, gV = . 5.21
: ( A1) T d+ L1 (5:21)

Taking into account conformity (5.4) and (5.6) between various definitions of
parameters of loading regime, the deviations are expressed in the invariant form
through the corresponding cross ratio for the variables m;, m;

MW—d 1-a
= (1> :m =
> (0o my m'" d) o d md

1
A=(0g 0 —
! ( ! d+1

1 l1—a
A= {05V — ) = .
: (2 d+1) m—d

(5.22)

The values of deviations for the characteristic points and running points are
presented in Fig. 5.6.

In particular, the deviation A® for the second fixed point, m? = —1,is equal to
the parameter K;; that is,

(2):(1—1:
d+1

K. (5.23)

It turns out that such a deviation depends on a circuit parameter. We can exclude
this dependence as follows. We introduce the hyperbolic metrics or distances
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140 5 Paralleling of Limited Capacity Voltage Sources

ry = Ln Al, rp = Ln Az. (524)

The values of these distances are shown in Fig. 5.6.
In particular,

U =1n AW =0, @ =1nA® = LnK,. (5.25)

Only one nonzero and finite value of the distance @) is obtained. Therefore, we can
use this value as the scale and introduce the normalized values

_ ri LnA _ rn  LnA,
ry = —2 = N rp = —2 = .
7(2) ILnK; 72 ILnK;

(5.26)
Example 1 We use the specific elements in Fig. 5.1. Maximum currents of sources
5.3)
Ly =10, Ly = 12.
Parameters of loading regimes (5.2) and (5.6)
my = 10.66, J; =0.0857; my =13.4, J, =0.0694.
Source loading regimes (5.8) and (5.10)

 —29.8m; +5.2

my = , Jo»=1215J; —0.0347.
nmy — 34

First fixed points (5.11) and (5.12),

mY =52 JU =0.1613.

)

Non-uniformity loading factor (5.13), K; = 0.8228.
Deviations (5.22)

Ay =1.2343, A, = 1.3986.
Hyperbolic distances (5.24)

ri = 0.2105, r, =0.3354.

Scale (5.25), r? = Ln0.8228 = —0.195.
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Fig. 5.7 Example of the g Jo J J
deviations for the \ , ! 2 , )
characteristic and running 1o :0.61 13 10.0857 '0.0694 11/35 0 J.J
points ! ! ! ! ! : N
) V() . ' . !
I m :m | ml I mz : |
—1 152 11066 1134 34 oo
| 1 | : 1 : ml’ mZ
NG e : : : !
AT A A s
'0.8228 11 112343 11.3986 jeo 10\
| 1 | ' 1 ' 1’72
X P o \r 'r, loo  l—oo
10.195 10 10.2105 10.3354 |
| | | : : X et
I I I ' I :
1 0 1.0795  -1.72 —oo o Fr
1’2
Normalized distances (5.26)
0.2105 0.3354
r = =-1.0795, r = =—1.72.
—0.195 —0.195

All these values are presented in Fig. 5.7.

5.4 Influence of the Equalizing Resistance on the Current
Distribution

5.4.1 Analysis of Paralleling Voltage Sources

Let us write expressions which associate parameters of source loadings in the form
my(my) and J»(J) with the variable equalizing resistor R, for a given load. From
(5.1), (5.5) and (5.7) it follows

Vi \%

2
V= Ry +
2 (my + )Ry 0 (my+ 1)Rp

(R + Rex + Ro).

Then, we obtain

oamy + (0 +o+1
my(my) = —— m(l—é ), (5.27)
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Fig. 5.8 a Correlated

changes of source loading (@) ™
parameters as a hyperbole.
b Correlated changes of
source loading parameters as ™
a straight line m 1
m2 I—
[24

,,,,,,,,,,,,,,,,,,,,,,,,,,,,

where
Ry + Ry Vi Ro
oe=— 0=——=1,
Ry VaR;y
Ro+Ry ViR
o+l="—"4 ——
rroT Rp +V2Ri1
Also, similarly to (5.10), we get
o0+1 1
D)= —""—h +—
2(11) o+ 1 l+oc—i—l7

J(l)

(5.28)

(5.29)

The plots of dependences (5.27) and (5.29) are presented in Fig. 5.8. Expression
(5.27) corresponds to a hyperbole and (5.29) corresponds to a straight line. The
desirable operating regime corresponds to straight lines on these plots; that is
my = my, Jo = J;. The crossing of this straight line with the hyperbole gives the

two points m(!), m® of the equal loading of sources. The working area when load
consumes energy corresponds to the first point m(!). The second point corresponds
to the condition when the voltage sources relatively equally consume energy.
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Let us find the fixed points m(!), m®). In this case, expression (5.27) leads to the
quadratic equation

m? — (5 +a)ym— (6 +a+1)=0.
Its solution gives the two roots
mV =6+a+1, m?=—1. (5.30)

These roots correspond to points of (5.29)

1
JV =~ J@ = . 5.31
o+a+2’ o ( )

For the second J® point, the currents I, I} — oo.

5.4.2 Introduction of Two Concepts

The points of equal loading are fixed points of the projective transformations,
for example, of points m] — m}, m7 — m3, and J! — Ji, J? — J2, shown in
Fig. 5.9. These transformations are another kind than those for variable load case

(5.8) and (5.10).

Fig. 5.9 Display of the P T
projective transformations of e - .
points my — mp, Ji — J» )

-l // . /_/' m(l) \\ mz \\
Jan) L R R
U T NN
. a \\mz K m, 4 m,
N N y ’
N ~N - /7
N Seo -7 7
N .
0o v A
o+l v J oy N J,
2
Lo A5 20
\\ a+1 N ’ 2,
N 4 7
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144 5 Paralleling of Limited Capacity Voltage Sources

Similarly,

it is possible to introduce two concepts; one of them defines a circuit: how much
the source loadings can differ. The second concept defines deviations of actual
loadings from the fixed point in the relative form.

For introduction of such characteristics, we use also cross ratio (5.12)
2)

2
(m® my my mV ) = my — m? L m —m!

my —m) " my —m’

We accept m; = oo. So, by (5.27), my(00) = .

Then
—m® 1
@ )y _ma(o)—m= _ atl_ o 5.32
(™ ma(o0) oo m ) = ooy —m® ~ 511 (532)
Using (5.28), we get

Vo R; Ri» + R,

k=2 RetRa) (5.33)
ViRp Ro

The obtained expression is only defined by circuit parameters and characterizes
ability of a circuit to equal loading of sources that corresponds to the first intro-
duced concept. We name this expression as the non-uniformity loading factor K.

The negative value of K shows that points m;, m, are located on different sides
from the fixed point m(!), as it is shown in Fig. 5.8a. For example, m} > m),
mé < m, For the variable load case, these points are located on the one side from
the fixed point and similar factor K; > 0 by (5.14).

Similarly to (5.15), we have

my + 1 . m; + 1

K = p——Y - - (5.34)
From here
1 + Km(l> (1)
Y S
mp = K+m(l)
- 5.35
T Tk (5.33)

=1+ KmWYym; + (1 — K)mV)
- (1=K)m — (K+m)

Therefore, § = Klt’”;).
Dependence (5.35) for different values of K is presented in Fig. 5.10. We obtain

the bunch of hyperboles with the common point (1).
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Fig. 5.11 Display of harmonic conjugate points m; — my, my — m;

If K =K, = —1, then
%ml +m() ~ Smy +m

(1) -
ml_m21 ml_5

myp =

o =0.

The points m;, m, are symmetric points concerning m'") and carry the special name
in projective geometry as harmonic conjugate points shown in Fig. 5.11. In par-
ticular, the point m; = ¢ corresponds to the point m; = oo and vice versa. Also, the
center S, will be on the straight line of equal loading. The cross ratio for harmonic
conjugate points

(m® my my mVy = —1.
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Fig. 5.12 Comparison of the (o
. . JIN
loading regime of two ~ 2
different circuits 1-K
-K
1-K
-K
1
0

o

(-K  ju?
5.4.3 Comparison of a Loading Regime of Different Circuits

Let us obtain the normalized representation of the dependence m,(m;). For this
purpose, we consider the cross ratios for the variables m; and m,, using their
conformity, according to transformation (5.27). Therefore, the cross ratios are equal
among themselves

(=1 my mY 8) = (=1 my m\Y o).

Therefore, similarly to (5.17) and (5.18), we get the same expressions at once

K m+1
m+1 kgm0 41
m) 1 m+1 _ 1 (536)
mh+1 1-K
b 12K (5.37)

It should be noted, that expressions (5.36) and (5.37) set certainly deviation of
running parameters of loading from the equal loading regime by the normalized
values. But, it is not enough for comparison of deviations for circuits with different
parameters K. As an example of the most simple relation (5.37), we will show, why
it turns out.

Let us consider two circuits with the different parameters K, K, but with the
identical value J(!) = 1. The characteristics of circuits are presented in Fig. 5.12;
we are reminding K < 0.

As it was noted above, the loading regimes may be considered identical if
conformity of the characteristic regime points takes place (are shown by arrows) at
change of the load. Then, a projective transformation takes place and it is set by the
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5.4 Influence of the Equalizing Resistance on the Current Distribution 147

center at the point 0 and by three pairs of the characteristic regime points A,B,D,
and A, B, D. The points D, D coincide among themselves and correspond to the
fixed point J(!). The point of running regime C corresponds to the point C. For such
a projective transformation, the cross ratio is carried out

(ACDB)=(ACDB).

Therefore, this cross ratio can be accepted as the equal deviation of the running
points C, C from unit points. Further, we map the points A, C, D, B onto the axis
of currents J;. Then, similarly to (5.19), we obtain the deviations for the first and
second sources at once

Ji

A=0nJYa1-KJV)=——— ____K
1 ( 1 ( ) ) J]—(I—K)J(l) )

(5.38)

J
Ay = (01, 7D (1 — Ky :ng (5.39)

Thus,
the deviations include the parameters of a circuit and are not simply the nor-

malized values J; /J(l), Jz/J“).
With the aim to show the presented reasons for introduction of such deviations,

we will consider the special case K = —1. Then, expressions (5.37) and (5.38)
became
Ji I
Js Ji 70 -5 1
-2 _ . A= =S (5.40)
Jn Jm 2 _ % % As

Thus, deviations look like usual proportions and normalized values.
Similarly to (5.20) and (5.21), we can represent the deviations in the other form

1 S o—a—1

A = (o.h Jw ) . (5.41)
o+1) Ji—540+1
1 J2 —a—1

Ay = <o Jp JW > = . (5.42)
d+1 =55 041

Similarly to (5.22), the deviations are expressed in the invariant form through the
cross ratio for the variables my, m;

AI—(OJ1J<1) )—(oom1m<1)5)— 1+0€

1
o+1 7m1—5’

5.43
A—(OJJ“) ! )—H“ o
2 = 2 =—.

5+1 meé
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In particular, for the second fixed point m(>) = —1, the deviation AP =K.
We can also use hyperbolic metric (5.24)

rt :L}’lAl, r :LI’LAQ. (544)
Then, by (5.25) we get

D =rn AW = 0.

Since the value A®) = K <0, we cannot use expression r? = Ln A®) directly.
Therefore, at first, we find the harmonic conjugate point 7=®) for the point m® by
the following condition

md 51—

(0o P m®? §) = T et -1 (5.45)
Then, we get
m? =1+ 26.
Next, using (5.43), we find
A(z): I+a :l—i—oc:i
m?—06 1496
This value is also obtained from the similar condition to (5.45)
~(2
0 A% A® o) = % -1
Finally, we get
r? = Ln(-K). (5.46)

Using this value as the scale similar to (5.26), we have at once the same normalized
expressions

_ rn
. 5.47
=00 (5.47)

The values of deviations for the characteristic points and running points are pre-
sented in Fig. 5.13.

If K = —1, then A? = 1. Using (5.40), we get r; = —r». In this case, there is

< (2
no need to use the scale, because A( _ 1 = A", From here, the physical sense of
value K = —1 follows:
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P 1 o « m m" m, oo m, n,
3 A(2)< 0 E oo A(2»> 0 EAl El E Az EO Al, Az
\\\\\”'fo//v’:ra) Erl EO Erz E—oo L,
- A
o 1L 10 T e ToTy
Fig. 5.13 Deviations of the characteristic and running points for K # —1
_ M
-1 o=a m, m m, oo m,m,
| . i | | |
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 ! 1
1 1 1 1 ! 1
1 1 1 1 1 1
1 1 1 1 1 1
@) ) ) . ALA
;A =—1 oo :Al /1 ;A2=1/A1 10 T2
oo r 0 r= —oo e,
Fig. 5.14 Deviations of the characteristic and running points for K = —1

deviations of sources are equal by quantity, but are opposite by a sign (for the
entire equalizing resistor values that can be useful for practice).

For this case, the deviations for the characteristic and running points are pre-
sented in Fig. 5.14.

Example 2 We consider the circuit in Fig. 5.1 and rewrite the required date of
Example 1.
Maximum currents of sources (5.3)

Iy1 =10, Ly = 12.
Parameters of loading regime (5.2), (5.6)
my = 10.66, J; =0.0857, my =134, J, =0.0694.

Further, we pass on to our example.
Source loading regimes (5.27) and (5.29)

6.707my + 12.13

- 0. 13.
g 2= 0703 +0.13

ma
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150 5 Paralleling of Limited Capacity Voltage Sources

First fixed points (5.30) and (5.31)
mM =12.13, JW =0.0761.

Non-uniformity loading factor (5.32), K = —1.421.
Deviations (5.43)

Ay =1.235, A, =0.858 = 1/1.165.
Hyperbolic distances (5.44)
ry = LnA1 = 02117 rp = LI/lAQ = —0.1526.

The deviation for the second source turns out less than for the first one.
Scale (5.46)

r? =Ln1.421 =0.351.

Normalized distances (5.47)

_ 0.211 _ —0.1526
rt —m—0601, r —W— —0.4347.
All these values are shown in Fig. 5.15.
Example 3 The case of a symmetrical circuit, K = —1, a = 5. We consider the

initial circuit in Fig. 5.1 with the fixed points m(!) = 12.13, J() = 0.0761. Let us

determine the elements i?il, i?iz of this symmetrical circuit.
Using (5.30) and (5.28), we get

- m—1 ViR R
m 0 _ 2+ Ro
5= =55647 =21, g=-¢ .
VaR; Ry
Fig. 5.15 Example of the _1 5 «a m n® m o m,m
deviations by equalizing ‘ A ! R ‘ "2
resistance | 44220 6707 1066, 1213, 134 '
L1421 1 1421 11.235 ‘110858 10 AL A,
'00/750.351 10211 10 1-0.1526 = 1.7,
L L U
C0.601 0.4347
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From here
Vi 2R R + R
Ry =——""0 10325, Rp=2-2""0_12052.
m

~Vom® 11 M1

where Ry, R.», Vi, and V, are equal to the given initial values. Then, maximum
currents of sources (5.3)

Iy = 12,1065, I» = 9.9563.

Let the deviation be A; = 1.235 and, by (5.40), A, = 1/A; = 0.8097. Then, by

(5.43),
o0+1 d0+1
my =0+ + =10.8825, mp, =90+ + = 13.67.
1 2
Normalized currents (5.4) and (5.6)
Ji = =0.0841, J, = = 0.0682.
! my + 1 ’ 2 my + 1
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Part 11
Multi-port Circuits. Projective Coordinates
of a Point on the Plane and Space
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Chapter 6
Operating Regimes of an Active Multi-port

6.1 Active Two-Port. Affine and Projective Coordinates
on the Plane

6.1.1 Affine Coordinates

Let us give necessary relationships for an active two-port network in Fig. 6.1 with
changeable load voltage sources Vi, V,.

Taking into account the specified directions of the load currents, this network is
described by the following system of Y parameters equations [1, 5]

Lij _|=Yu Yo | |\ n res 6.1)
L Yo —Yno Vs L5 '
where ;%€ ;€ are the short circuit SC currents of both loads.
The inverse expression
Yy ¥
V v R L &

From here, we obtain

Y. A
SC,SC 22 SC,SC Y
L -1 =——(0 -1 ) ——Vy, (6.3)
Yio Yo
Y A
SC,SC 12 SC,SC Y
L-L"" =——0L-1"")——V. (6.4)
Yy Yy
© Springer International Publishing Switzerland 2015 155

A. Penin, Analysis of Electrical Circuits with Variable Load Regime Parameters,
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156 6 Operating Regimes of an Active Multi-port

Fig. 6.1 Active two-port I
with changeable load voltage
sources A

Equation (6.3) determines a family of parallel load straight lines with a
parameter V. Similarly, Eq. (6.4) determines a family of parallel load straight lines
with a parameter V,. These load straight lines are shown in Fig. 6.2 for charac-
teristic regimes (as the short circuit Vi€ = 0, V5¢ = 0 and open circuit V¢, VIC)
and a running regime V|, VJ.

We consider that the load currents define the rectangular Cartesian system of
coordinates (1; 0; ;). Then, the load voltages correspond to the affine coordinates
(Vi 0y V2) [2, 6].

The axis V; equation is defined by expression (6.4) as V, = 0

Y
b — B = 22 (1, 155, (6.5)

11

This straight line passes through the point (SC, SC) with the coordinates

IISC’SC, IQSC’SC or the point Oy. The value Y;,/Y;; corresponds to a slope angle.

Similarly, the axis V, equation is defined by expression (6.3) as V; =0

Y
SC,SC 22 SC,SC
L -1 :——(Il—l1 ) (6.6)
12
Fig. 6.2 Systems of 1
Cartesian coordinates v
(I, 0; I) and affine 1
coordinates (V; Oy V)
VOC
1
C,SC
U
(ococ)|0 T TTTTeeeea 1
SC,0C
12
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6.1 Active Two-Port. Affine and Projective Coordinates on the Plane 157

The open circuit regime of both loads corresponds to the point (OC, OC) with

0C,0C 0C,0C
=0, I9¢

the coordinates /; = 0 or the point 0,.

Using (6.2), we get

Y. Y

VOC 2;15C SC lj ISC SC (67)
Y Y

VZOC lj ISC SC l; ISC SC (68)

We must map the point (OC, OC) onto the coordinate axes V;, V, by parallel

lines to these axes.

0C,SC  ;0C,SC

Then, the coordinates or components /, A correspond to the point V¢
on the axis V;. Using (6.7) and (6.1) as V2 = 0, we get

YiY. Yy
Y Y

Y1nY. Y
1965¢ _ yyoc 4 psesc _ Ya¥a sese | Yula jsesc (6.10)
Ay Ay
In turn, the coordinates I;<°C, I;°C correspond to the point VOC on the axis
V5. Using (6.8) and (6.1) as V| = 0, we obtain

Yy,
[50C — y,,y0C 4 [5CSC _ (1 n AY)ISCSC n linz p5ese, (6.11)
Y Y. Y1 Y,
[590C — _y, y0C 4 [5CSC _ lz 2 sesc <1 + li 22)159050' (6.12)
Y Y

Let an initial regime be given by values V|, V) or by a point M". Then, the
coordinates I}’ . SC 21 SC€ define the point Vl1 on the axis V;. Using (6.1) as V, =0, we

have
1€ = —yy v+ 195, (6.13)

L3¢ = vV + 59 (6.14)

In turn, the coordinates ISC1

Using (6.1) as V; = 0,

gc.l define the point V} on the axis Va.

£ = ypvi 4+ 1795 (6.15)
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158 6 Operating Regimes of an Active Multi-port

L' = —vpuv, + L (6.16)

Let us introduce the normalized coordinates for the point M' of this running
regime. The point (OC, OC) is the scale one for the coordinates V; Oy V5. Then, the
normalized coordinates have the view

‘71 0 ‘71

1 1 |4 1

n = voe—0,  voC (6.17)
Vl 0 ‘71

=27V _ 2 (6.18)

2oVl —oy VIS

Also, it is possible to represent the normalized coordinates by the components of
current

J1sC _ IfC’SC JlsC _ psese

1 1 2 2
nj = = , 6.19
1 Iloc,sc _ Ilsc,sc I2oc,sc - Izsc,sc ( )
SC,1 SC,SC SC,1 SC,SC
1 b 1 o I b 1 y
ny =— ! 2 2 (6.20)

SC,0C _ 1SC,SC — 78C,0C _ 1SC,SC
L -n- L 5L

The obtained expressions are similar to expressions (2.6) and (2.9). Also, we
may obtain the other affine ratio similarly to (2.7).

The presented approach will be used for analysis of input-output transformations
of a circuit with two inputs and two outputs.

Example 1 We consider the following circuit with given parameters in Fig. 6.3.
System of equation (6.1) has the view

Il . |:Y11 Y12 :| Vl
I Yo —Y» Vs

[-12 02 Vi N 3
L 02 —095] |, 2|

sC,sC
L™

sC.SC
I,

Fig. 6.3 Example of the [ LT
. . . ! A s | 1
circuit with two load voltage ! Yiv [
1 1
sources ! v ;
: 1.25 éy] ¥
i Yo N yZNA 0.25 E 2
AARY 0.833 | v,
i'5 I Voo
1 1
E 0.625 025 |
1
1 1
Ll [
1
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Therefore, Y parameters are the following values

2
Yii=y1+yw _)%: 1.2, ys =yov +yn +yinv + Yoy = 5.208,
s

2
Yio = Y2NM =02, Yn=y+yw— YN _ .95
yz y=
The SC currents of both loads
I595€ = ¥ioVo = yon 28V = 0.6 -5 = 3,
V=
IgC,SC = YyVy = yQN}ﬂVO =04-5=2.
y=

Inverse expression (6.2)

IfC’SC It

Vil 1 [Yzz Y12} —h

Vs Ay [Yo Yi I
1 095 02 3-1
L1 Lo2 12] |2-p|

Equation (6.5) of the axis V;

Y
I = — 22 q, _ psescy | psesc
Y
1
_—5(11—3)+2———11+25

Equation (6.6) of the axis V,

Y.
12 _ Y22 (11 ISC SC) +I.2§C SC — _47511 + 1625
12

The obtained coordinates V; Oy V, are shown in Fig. 6.4.
Open circuit voltages (6.7) and (6.8)

Y Y 095 02

oc _ Yo scsc | Yi2 scsc

RELYE T2 psese L0925 925 5 9545,
Vil =R, i TRk 1171 ?

Y12 scsc  Yn SC.SC 0.2 1.2
V9C = =R+ — L =234+ 22 =2.7272.
e v R
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160 6 Operating Regimes of an Active Multi-port

Fig. 6.4 Example of the I
affine coordinates V; Oy V>

1 \ 1 i
\ 2 \.\M I
Ry S )
v H DT 1
oesc : ; - \V=1.6494
1 \ 1‘:
-1 -05 13 g
I;Z'JL' """ 27272
-1+ 2
\%4

Currents (6.9) and (6.10)

1095€ = v, Vo€ 4 P95 = —1.2.2.9545 + 3 = —0.5454,
15 = ¥V + ¢ = 0.2-2.9545 +2 = 2.5909.

Currents (6.11) and (6.12)

1799 = ¥ vO€ 4 9% = 0227272 + 3 = 3.5454,
LS = —ypVvo© + 595C = —0.95 -2.7272 + 2 = —0.5909.

Let the initial regime be given as follows
VI =1.958, V) = 1.649%4.
Currents (6.1)

I = =y VI + YV} + 9% = —1.2.1.958 + 0.2 - 1.6494 + 3 = 0.979,
B =YV — YVl + 5% =0.2-1.958 —0.95 - 1.6494 + 2 = 0.8247.
Currents (6.13) and (6.14)

15 = —y V! + £95€ = —1.2.1.958 4+ 3 = 0.6504,
L = vV + 59 =0.2-1.958 +2 =2.3916.
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Current (6.15) and (6.16)

1O = vVl + 9% =02 1.6494 43 = 3.3298,
LY = YV + LS = —0.95-1.6494 + 2 = 0.433.

Normalized expressions (6.17) and (6.18)

v} 1.958 Vi 1.6494
1 1 1 2
=—==—-—=0.6627 =—==——"=0.6047.
& Voc  2.9545 ™ voe 27272

We are checking normalized coordinates (6.19) and (6.20)

1, p L, p

n] B 11 SC IfC’SC B 12 SC IgCSC

1= ;0CSsC SC.SC — ;0C,SC SC,SC
Il - Il 12 - 12

_0.6504—3 239162
T —-0.5454 -3 2.5909 —2

SC,1 SC, SC.,1 [ 5
[1 C [1 Cc.SC [2 5 ZSC SC
2 SC,0C SC,SC SC,0C SC,SC

= 0.6627,

n

33298 -3 0433 -2

~35454 3 05900 2 6047

6.1.2 Particular Case of a Two-Port. Introduction
of the Projective Plane

Now, let us introduce the projective plane. For this purpose, we consider the most
simple active circuit, which contains two load conductivities Y;;, Yy, in Fig. 6.5a.

If an internal resistance of voltage source Vj is equal to zero, the independent
change of load currents takes place at the independent change of the load con-
ductivities. The point M of running regime can be set by the values of load con-
ductivities M(Yy1, Y1) or by load currents M(Iy1,112).

The family of load straight lines (there are parallel lines) coincides, for example,
with the rectangular Cartesian coordinates in the Euclidean plane in Fig. 6.5a. Then,
the calibrations of the coordinate axes, by the values of currents and conductivities,
coincide. It is obvious that the circuit does not possess the own scales. Therefore, it
is possible to express the regime only by the absolute or actual values of currents or
conductivities.

We can represent the obtained family of load straight lines in the projective plane
[7, 10]. In this case, the infinitely large currents and conductivities (infinitely remote
points) are located in a finite domain in Fig. 6.5b and form the line of infinity oo.
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Fig. 6.5 a Simple active
circuit and its load straight
lines in the Cartesian
coordinates. b This load
straight lines in the projective
coordinates

6 Operating Regimes of an Active Multi-port

()
YLz ]LZ
M
Y p-———------ |
v, Y, 2 L2 I, \
L B 2 |
ILI . ILI
=
0 Y Y
(b) L1 L1
YLZ IL2
L1
Y

Therefore, the load straight lines represent two bunches of straight lines with the

centers in these infinitely remote points.

Now, the internal resistance R; of the voltage source V|, accepts a finite value in
Fig. 6.6. In this case, the dependent change of load currents takes place. There are
two bunches of load straight lines; the bunch centers are defined by the SC current
Iy;. Then, the straight line of the maximum current I, passes across these centers.
This straight line is similar to the line of infinity ©o.

Fig. 6.6 Active circuit with
the internal resistance of
voltage source and its load
straight lines in the projective
coordinates

\ D Y
\ S Ll
Y, =Y, Y, Y, =eo
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The obtained “deformed” coordinate grid defines the projective plane. The axes
of coordinates can be calibrated by the values of corresponding currents or con-
ductivities of the loads. In this case, there is an internal scale; that is, the value of
conductivity ¥; = 1/R; or the current Iy,

It is possible to accept that the load conductivities are equal, for example, to the
internal conductivity Y; and define the point M; of characteristic regime.

The projective coordinates is uniquely set by four points; there are three points
of the reference triangle G; 0 G, and scale point M; [3, 4].

The point M of running regime can be set by the values of load conductivities
(non-uniform coordinates) M(Y;;, Y;,) or by the load currents (homogeneous
coordinates) M(Iy, 115, V;). The sense of homogeneous coordinates consists that
they are proportional to the length of perpendiculars from a point to the sides of
reference triangle. The homogeneous coordinates are used for uncertainty elimi-
nation, when the point is on the line of infinity ©o0. Presence of the fourth (char-
acteristic) point allows to introduce the cross ratios m; |, m;, and to set the regime in
the relative form.

6.1.3 General Case of a Two-Port. Projective Coordinates

Let us give necessary relationships for an active two-port network in Fig. 6.7 with
changeable load conductivities Y7, Y75 [9, 11]. Taking into account the specified
directions of the load currents, these active two-port is described by (6.1)

Ll | -Yu TYi Vi ¢
AR A AR o D
where are SC currents of both loads.

Next, we use the circuit of Example 1. In our case, this circuit is shown in
Fig. 6.8. For convenience, we rewrite Y parameters

SC  JSC
R~ I

Il
A Vi
47
V;
A,

Fig. 6.7 Active two-port network with changeable load conductivities Y;;, Y7,
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i ]
LA Vi Co

i W : v,
E 1.25 | y '

1 = !

! Y N Y OB A Y,
! EYYY [

Ll \AAS H V

i 25 0833 : )

HE0 B Yy B Vs E

1 < <

5 > = !

: 0.625 0.25 ' YLZ

1 1

1 l

1

Fig. 6.8 Example of the circuit with two load conductivities

2
y
Yii=»n erlN*%, Y= = Yon + YN + YN + Yon,

2
Yip = yzNM, Yoo =y +yov — Yov (6.22)
y= yz

Y1 y2
I = YigVo = yov == Vo,  B5€ = YaoVo = yov = Vo.
p> Yz

Taking into account the voltages V| =I;/Y.;, Vo = I,/Y},, the equations of
two bunches of straight lines with parameters Y;;, Y, are obtained from system
(6.21)

Ay
Vo(YooY12 + YioYn) — Yiolb =1 | Yo + 7. )
& (6.23)

Ay
Vo(YioYi2 + YaoY11) — Yiolh = L | Y1 +Y7 .
12

Bunches of these straight lines are presented in Fig. 6.9. The bunch center, a
point G,, corresponds to the straight lines with the parameter Y; ;. We would remind
that bunch center corresponds to such a regime of the load Y;; which does not
depend on its values. It is carried out for the current and voltage I, =0, V| = 0 at the
expense of the second load Y;, parameters.

Then, the center G, parameters will be as follows

1
Vit = —Y—nlfcv
, (6.24)
5?2 = Y—zzlfc +5¢ = VoYON(l +£>,
12 Yan
o 1%
Y, = Ve = —(y2 +yon)- (6.25)
f73
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Fig. 6.9 Two bunches of
straight lines with parameters

YLZ
Y, Yo YGZ\
G

2

0 1
ml
The center G, parameters are expressed similarly
VOl = _lesc7
Yi2
Y (6.26)
19" = L€ 4 1€ = Voyow <1 + y‘) ,
Y1, Yin
a _If
Yii =—er=—01 tyw)- (6.27)
Vi

We accept that the centers coordinates define the characteristic regimes.

Another kind of characteristic regime is the short circuit regime of both loads
(Y1 = 00, Yo = 00) presented by the point SC in Fig. 6.9. The open circuit
regime of both loads is also the characteristic regime and corresponds to the origin
of coordinates, the point 0.

So, the reference triangle G; 0 G, and a unit point SC define the projective
coordinates.

In turn, Fig. 6.10 demonstrates the axes V;, V, of the familiar affine coordinates.

Let an initial or running regime be corresponded to a point M" which is set by

conductivities Y}, Y}, and currents 1], I3. Also, this point is defined by the pro-

jective non-uniform m}, m} and homogeneous é}, 5; 5; coordinates.
The point 0 is the origin of projective coordinates and the straight line G| G, is

the line of infinity ©o.
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Fig. 6.10 Axes Vi, V, form Y, N1
the affine coordinates '
\
Y =
‘
V] N
SC
12
RN
YL2
0 1 1
Y

The non-uniform projective coordinate m] is set by the cross ratio of four points
similarly to (2.24)

Y} oo —0 y!

1 1 Gl L1 . L1
m, = 0 Y oo Y - - — . 628
1= (07 i) Y, —YS T co—Y8 Y, — YS! (6:28)

There, the points Yz; = 0, Y,}l = Yfll correspond to the base values. The point
Y11 = oo is a unit point. Also, the values of m, are shown in Fig. 6.9. For the point
Y}, = YZ, the projective coordinate m; = oo defines the sense of the line of
infinity G; G,.

The projective coordinate mé is expressed by the same way

1 1 G2 Y
m2 = (0 YL2 o0 YL2) = m (629)
2~ 1

The homogeneous projective coordinates &, &,, &3 set the non-uniform coor-

dinates as follows

S| P& & pé
—=—= —=—= 6.
G oos M G s ™ (6.30)

where p is a proportionality factor.
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In turn, the homogeneous coordinates are defined by the ratio of the distances for
points M!, SC to the sides of reference triangle

1 i 111 1 é _ 121 1 _ (%
4 L =L E = = , ¢ . 6.31
1 5fc Ifc Per 5§c I2sc p&3 5§c ( )

For finding the distances 5;, 5§C to the straight line G; G,, the following

equation of this straight line is used

I )

—+-—=—-1=0. 6.32
I]Gl +12GZ ( )

Then, the distance

SC SC
5§C=i(llﬁ+%—1>v Hy = %ﬂ‘%
NI I (1en)" - (19?)

where 5 is a normalizing factor.
Further, we use these expressions in the form

e B sc

(IGIJFIGZ_ 1> — 15, (6.33)
1 2
I L

(,Tlﬁr,% - 1) = 11365, (6.34)
1 2

Then, by (6.31), the homogeneous coordinates have the view

Il
1 _ 11
Pfl = If_c’
1 b
pé = 75C (6.35)
2
1! n 1

1
pSs = + - :
' 03¢ IP030 oy

It allows presenting system of equations (6.35) in the matrix form

1
pci e 0 0 I
p&H | =] O g 0| \n|=[C-[. (6.36)
9 1 = 1
N Vs T

We do not use the superscripts “1”, “2” for currents.
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In this equation, the values (I}, I, 1) are the homogeneous Cartesian coordinates.
The inverse transformation

sC
L 110 Igc 8 <1 -1
,012 = 15¢ 12Sc sc : 62 = [C] : [é] (637)
pl o —303 ¢3

From here, we pass to the non-uniform Cartesian coordinates or currents

I = ph _ I5Cm
1= pl - ¢ B¢ o’
’lﬂml +12ﬁm2 — /1353
. (6.38)
L= Lb — Lmy
- - 1€ I§C
pl I:ﬂmlJrI;ﬁme/gégc

Thus, for preset values of the conductivities Y7, Y;,, we find the coordinates m,
m,; transformation (6.38) allows finding the currents I, I,.

It is possible to represent system of equations (6.38) by the normalized or
relative form

I

Lo i

R T TR e

[ S O
L
="
= e 5 . (6.39)
1 2

5

b "

Izﬁ ~5C 15C

Lom — 1)+ (my— 1) +1
Il 12

From this system of equations, it is possible to obtain the equations of two
bunches of straight lines, corresponding to (6.23).

| L I 1 1 1 | - B°/1"
52 ¢ m reaet )

A B L (L (6:40)
IlGl o 15?2 ms I.29C/12G2 .
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Also, system of equations (6.39) allows obtaining in the relative form the
equations of load characteristics I;(Vi, Va), L(Vq,V2) which correspond to
Eq. (6.21). For this purpose, we express the non-uniform coordinates m;, m, by
currents and voltages

Y11 L/Vy 1 /10
Y — Y (V) = 17 VE (/197 = Vi Ve
L/15?
(L/I5?) = Va2 /V§*

mp) =

nmyp =

Substituting these values in system (6.39), we obtain the required equations
L(Vy,Va), L(Vy,V,), excluding the currents I, I; accordingly

I B\ vi B°vy, K¢
= ) v v g
L 5V, LY Vv, IS¢

i i) e

(6.41)

G2 G2 /Gl
12 12 Vl

The obtained system of equations represents the purely relative expressions.
Therefore, such values, as

[.IS'C IiS‘ C Ig C IS C
(-5) i i (i)

represent the «normalized» Y parameters.
Let us pass to the absolute values of regime parameters in system (6.41)

v V
L= (Ifl _Ilsc) (;1 L© G2 +1°
Ve V5
v, v (6.42)
— SC G2 SC 2 SC
L=-I vor (7 -5 )Vsz + 5

From this, it follows that Y parameters are expressed by the parameters of
characteristic regimes

17— 1€
Y= “yer
IG2 ISC
—Yy =2 vG22 , (6.43)
Y1, I I
V2G2 VGI
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Systems of equations (6.39) and (6.40) are important relationships, as represent
the purely relative expressions. It allows defining, at first, the coordinates m, m, (as
relative values) for different load conductivities, and then, the normalized currents.

Also, as (6.41), these expressions allow estimating at once a qualitative state of
such a circuit; how much a running regime is close to the characteristic values.
Then, the currents IC!, I92 represent the scales. In this sense, initial systems of
equations (6.21) and (6.22), containing the actual or absolute values of Y parame-
ters, currents and voltages, are uninformative, because do not give of a direct
representation about the qualitative characteristics of a circuit.

In addition, it is possible to notice that it is difficult to obtain directly the relative
expressions of type (6.39)—(6.43) from systems of equations (6.21) and (6.22). In
this sense, the geometrical interpretation allows to solve this problem easily.

Example 2 We use the date of Example 1.
Equation (6.21)

Ly [(-12 02 (W n 3
L) \ 02 -095 Vs 2 )
Bunch centers (6.24)—(6.27)

f'=15, vél=—-10, Y& =-15;
I§* =16.25, Vi*=-15 Y7 =-10833

Let the actual parameters of the running regime be given
Y}, =05, Y,=05 1 =0979, L, =0.8247.
Non-uniform projective coordinates (6.28) and (6.29)
ml =025, m)=03158.
The distances
1305 = —0.677, 303 = —0.8839, 3 = 0.0907.
Homogeneous coordinates (6.31)

pél =0.979/3 = 0.3264, p&) = 0.8247/2 = 0.4123,
p¢3 = 0.8839/0.677 = 1.3057.
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Let us check up the non-uniform coordinates

m; = 0.3264/1.3057 = 0.25, mj = 0.4123/1.3057 = 0.3158.

Matrix of transformation (6.36)

% 0 0
c]=1| o0 1 0
o 15-01.677 - 16.2;0.677 ﬁ
Matrix of inverse transformation (6.37)
30 0
c'=10 2 0
= 55 0.677

Let us check up the values of currents and Y parameters

N=5 st 1962.2158 0677 0?7228 =097,
15 16.25
) = % — 0.825;
-1 = % =—-1.2,
—Yn = % = —0.95,
Y12=13—5=12—0:O.2.

6.2 Particular Case of a Multi-port. The Projective
Coordinates in Space

The popularized power supply system is shown in Fig. 6.11. Three and more loads
are connected to a common supply voltage source V, or common node N by own
circuits (two-port TP1, TP2, and so on). The interference of loads is observed
because of the internal circuits by ygy, yy of the voltage source.

Let us use the above approach for an active two-port network with changeable
conductivities of loads.

We now consider the concrete active multi-port network in Fig. 6.12. Similarly
to (6.21), this network is described by the following system of equations [8, 11]
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Fig. 6.11 Power supply
system with a common
voltage source

Fig. 6.12 Active multi-port
with three loads

I
L
L

Yio

where

Yin
Yio =yov—i,
y=

Yan
Y3 = ysn—,
y=

e 43

= +le_yl_Na
yz

Y1,

YiN
Yi3 =ysn—i,
y=

6 Operating Regimes of an Active Multi-port

Y= =Yon +Yin +Yon + VN,

¥
Yo =y +yw — 2
y=

2
Yan

Y33 =y3 +ys3y ——.
y=
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The short circuit SC currents of all the loads

Yiv Yan
EC =YioVo =yov—Vo, B =YnVo=yow=—Vo,
A Yz

V3
13SC =Y;30Vp = yON_NVO«
V=

Taking into account the voltages V, =1,/Yy, Vo=05L/Yn, V3=D5L/Ys3,
the equations of three bunches of planes are obtained from system of equai-
tons (6.44) similarly to Eq. (6.23) and the bunches of straight lines of the active
two-port in Fig. 6.9. The intersection of the planes of one bunch among themselves
defines a bunch axis. The equation of the axis of the bunch Y;; corresponds to the
condition I; = 0, V| = 0. Therefore, this axis is located into the plane I, I3, as it is
shown in Fig. 6.13.

The point of intersection with the current axis I, is defined by

1202 = Voyon <1 + y—2> (645)
Yan
that corresponds to the voltage and conductivity of the second load

Y
Ve = Wy YWy G ().
Yio Yan

The point of intersection with the current axis /3 defines the third load

3 0.
1 = o (12 V= ¥ = 0wt (646)
3N 3N

Fig. 6.13 Two bunches of I
the planes with parameters 3 \
Y1, Yi3 o | G
13
G, 7 1,
1 [ N G2
YL% o Iz
N\ 7, 1
1
/l i./ .
1 R4 ' 1! o0
1 h |
13 2. Xl
/
/s Gl
‘ Gl =
1 1
0 I Y I I

www.EngineeringBooksPDF.com
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Similarly, the axis of the bunch Y;, corresponds to the condition I, = 0 and is
located in the plane /;, I3. The point of intersection with the current axis /; defines
the first load

1 0.
I = Voyozv(l +yy1_N>v Vil = _;)1_1;‘/0’ Y == + ). (6.47)

The characteristic regime is the short circuit of the loads Y;; = oo, Y, = o0,
Y13 = oo. The open circuit of the loads is also characteristic and corresponds to the
origin of coordinates, the point 0 in Fig. 6.13.

Also, we accept the plane, which passes through three points /9!, 12 I93 on the
axes of coordinates, as the plane of infinity ©o0. This plane and three coordinate
planes I} =0, I, =0, Is = 0 form the coordinate tetrahedron 0 G; G, G3. Let an
initial or running regime be corresponded to a point M' which is set by conduc-
tivities Y},, Y},, Y}; and currents I{, I}, I}. Also, this point is defined by the
projective non-uniform coordinates m}, m}, m} and homogeneous ¢}, & & &
coordinates, which are set by the coordinate tetrahedron 0 G| G, G3 and a unit point
SC. Then, the homogeneous coordinates are defined as the ratio of the distances for
points Ml, SC to the planes of coordinate tetrahedron

LI I n Lo
pé] = I_lg_c7 pé2 ISC ) pé}} ISC ) P€4 = 5_2—(: . (648)

The distances

) 1 Il Il [l sC 1 ISC ISC ISC
54:/1_4 Iﬁ-i-lﬁ“rlﬁ—l 54 ™ IGI+Iﬁ+Iﬁ—1
1 n 1 n 1
g = 2 B 2
s ) (1)

where i, is a normalizing factor.
The non-uniform projective coordinate m| is set by the familiar cross ratio

YLII . 00—-0 YLll

m} = (0¥}, oo Y - = .
R I S T e

(6.49)

There, the points ¥;; = 0, ¥}, = Y& correspond to the base values. The point
Y11 = oo is a unit point. For the point ¥}, = YS!, the coordinate m; = oo defines
the sense of the line of infinity G; G,. The cross ratio for m}, m} is expressed
similarly. Therefore, we get the plane G, G, G; of infinity ©o.

Also, the homogeneous projective coordinates &, &, &3 set the non-uniform
coordinates as follows
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G pS & P

- = =m, = = my,
Ss P& S P&

where p is a proportionality factor.

Homogeneous projective coordinates (6.48) have the matrix form

[p&] = [C] - [1],
where
P& L
P&, L
b I bl
= 2] W=
p&s 1
A0 0
0 1%( 0
[C] = ’ 1
0 0 i
1

1 1
19,050 1PussC 1P p,0C

The inverse transformation

ol = [C]" - [¢],
5 o0 0
0 K 0
=10 o g

SC SC SC
o h L

Ilﬁ 162 163 —H4

2 3

From here, we find the currents

Il :p—Il: I‘fcml
ISC ISC ISC bl
pl I:ﬂm1+lzﬁmz+éﬁm3—u45ic
I I
Pl g _ph
ol pl

Then, the normalized expressions for currents

15¢ 5¢

1 2
L . 10! m I 152 m I;

Ilﬁ_ (ml,mz,mS)7 Izﬁ_ (ml,mz,m3)7 13@_ (ml,mzﬂna)’
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where

1 1
= 75 SC SC )
1
;1

(a2, 13) 2 (my — 1) + o (ma = 1) + s (my = 1) + 1

Also, system of equations (6.54) allows obtaining in the relative form the
equations of load characteristics which correspond to Eq. (6.44). For this purpose,
we express the non-uniform coordinates m,, m,, m3 by the currents and voltages

Y1 Il/IIGl
my = = )
Yo —YG  (L/I7Y) = vi/vE
I IGZ I IGS
my = 2/ 2 ms = 3/ 3

(L/I§%) — Vo /V§?' (I/1§%) — V3 /V§?~

Having substituted these values in system (6.54), we obtain the required
equations

L ( Ifc) Vi BV, I°Vs K
! 17 ver agtver aetves et

b L¢ vy LY Vo °vs ¢
I 5°v, IV ( 1§C> Vi | 3¢

= T 3633 ) 63 T 763
183) V@ IS

(6.55)

G3 G3 /Gl G3 /G2
13 13 Vl 13 V2

The obtained equations represent the purely relative expressions. The currents
IOV 162 193 are the scales. It is obvious that relative expressions (6.55) are gen-
eralized to any number of loads by the formal way. If we use the absolute values of
the regime parameters of equations (6.54), then Y parameters are expressed by the
parameters of the characteristic regimes.

Example 3 We consider the circuit with given parameters in Fig. 6.14.
System of equation (6.44)

I —-1.236  0.17 0.282 Vi 2.641
L|=1| 017 -0966 0.188 |- |V,| + [1.761
I 0.282 0.188 —1.283 Vi 2.817

Bunch centers (6.45)—(6.47)

I§? =16.25, Y7 = —1.0833; [ = 14.844, Y& = —1.583;
=15, YS! = -15.
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Fig. 6.14 Example of the
circuit with three loads

Yy 1

Let the actual parameters of running regime be given

Y}, =05, Y,=05 VY,5=1;
1, =0974, I, =082, I=16l.

Non-uniform projective coordinates (6.49)
m; =025, m)=0.316, m;=0.387.
The distances
1y05¢ = —0.526, 0y = —0.776, py = 0.0907.
Homogeneous coordinates (6.48)

pél =0.974/2.641 = 0.369, p&) = 0.466,
péy =0.571, p¢&) = 1.476.

Matrix of transformation (6.52)

2.641 0 0 0
-1 0 1.761 0 0
€ = 0 0 2.817 0

0.176 0.108 0.19 0.526
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Let us check current (6.53)

e 2.641-0.25 066 0.974
1770.176 - 025+ 0.108 - 0.316 +0.19 - 0.387 + 0.526  0.67

6.3 Projective Coordinates of an Active Two-Port
with Stabilization of Load Voltages

The popularized power supply system is shown in Fig. 6.15. The low-dropout linear
regulators can be used as voltage stabilizers.

There are important features of such a circuit; that is, the interference of load
currents on the voltage stabilizers regimes takes place, the SC regime has no
physical sense and cannot be accepted as the characteristic regime.

This brings up the problem for the choice of characteristic regimes, justification
of the normalized expressions for parameters and equations of circuit, comparison
of regimes between the loads in a given circuit [12].

Let us introduce the projective coordinates using the results of Sect. 6.1.3.

Using Egs. (6.21)—-(6.23), we get the following system of equations

It Yon + YN +Yinv
IEALABRIE AL

y = yonVo — Vilyov +yv) — b2,
1IN
(6.55)
+yn +
YONyy—NyW = yovVo — Va(yon +yn) — 1.
2N

L

These equations define two bunches of the straight lines (Ij,L,yin) =
0, (I),I,yon) =0 with parameters yy, yov. These bunches are presented in
Fig. 6.16. The bunch center G,, corresponds to the straight lines with parameter
yin- Physically, the bunch center corresponds to such a characteristic regime of the
load Y71 which does not depend on y;y. It is carried out for the current I; = 0O at the
expense of the second load current I$2. In this case, the voltage Viy = V. Using the
first equation of system (6.55), we obtain the characteristic value of the second load
current

Fig. 6.15 Active two-port network with stabilization of load voltages
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Fig. 6.16 Two bunches of Y1 L

straight lines with parameters

YN, Y2n se [ Loy
y2N N\

152 = yovVo — Vi(vow + yn)- (6.56)

The characteristic value of the first load current, which defines the bunch center
G, of the straight lines with parameter y,y, is expressed similarly

17" = yon Vo — Va(yon +yw)- (6.57)

In this case, the current I, = 0, and voltage Vy = V5.
Using the first equation of system (6.55) and current (6.57), we find the char-
acteristic value of the first regulator

Gl Gl Yon + YN

W yon Vo — Vi(yow + yw) — ¢!

6.58
_ 7G1 YON + _ Ilcl ( )
B R A
Similarly, the characteristic value of the second regulator
IG2
G2 _ G2 YON tw (6.59)

Ty A
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Let an initial regime corresponds to a point M' which is set by loads YLI17 YLI2 or
currents 111 =Y}V, 121 =Y}, Va. The corresponding values of regulator conduc-
tivities are defined by system (6.55). However, using (6.56) and (6.57), we obtain
the more convenient relationships

Yon + YN

- Yon + YN
& =+ 1)

. 6.60
"+ 1) (660

1 1
Yoy = I

Also, this point M' is defined by the projective non-uniform m}, m} and
homogeneous f}, Cé, é; coordinates which are set by the reference triangle G| 0 G,
and a unit point. The point O is the origin of coordinates and the straight line G| G,
is the line of infinity ©0. As a unit point, we must also choose some characteristic
regime using the condition of stability of the voltages V|, V,. As mentioned above,
the SC load currents regime is not such one. However, the SC current regime of the
voltage source, when Vy = 0, allows finding such a characteristic regime. In this
case, the SC current of Vj

oy = yowVo =1 + L.

This expression corresponds to an equation of straight line. In Fig. 6.16, this line
intersects the coordinate axes in the points I} = loy, I, = Ioy. The straight lines
with the parameters yff,, yglf, correspond to these points.

Let us determine the values y7$, y55. We assume the current I, = 0 for the first
and I; = 0 for the second equation of (6.55). Then, the values

iy = —ynVo/Vi,  vig = —yowVo/ V. (6.61)

Now, using (6.61) and Eq. (6.55), we can define the load currents

e I

BC=v, —

! Vo + ViIe [Ty 6.62
e (662

15¢ 2

2

2 T <, s
Vi + VaI§? [ Iom

These currents correspond to the point SC as a unit point in Fig. 6.16.

Let us now return to the determination of projective coordinates for the running
regime point. The non-uniform projective coordinate m! is set by cross-ratio (6.28).
In our case, we have

1 SC
1 1 .SC .Gl yiwn—=0 . »iy—0
my = (0 y1y iy Yin) = 1 N Gl SCN ClL” (6.63)
Yin —Yin  ViN T VIN
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The points y;y =0, yiv = ylGAl, correspond to the base points. The point yf,f, isa
unit one. The values of m; are shown in Fig. 6.16. The non-uniform projective
coordinate m} is expressed similarly

1 SC
SC GZ) Yon - Yon . (6.64)
Yoy = YSv  van — VSN

1 1
my = (0 v,y Yoy Vo) =

These expressions demonstrate the conductivities y;y, yon in the relative form.
The homogeneous projective coordinates &;, &,, &; set the non-uniform coor-
dinates by (6.30). For convenience, we rewrite (6.30) and all the required formulas

pé pé2
— =my, — = my. (665)
p<3 p<3
Homogeneous coordinates (6.36)
1
p<i N ? I
P | = 0 i O |- |L|=I[C] . (6.66)
1 1 -
Pfs 191365 1985¢ m !
Inverse transformation (6.37)
sC
pih Ib Igc 8 < »
| =0 B0 s s (ee)
prl ,iﬁ Izﬁ — 303 &
From here, we pass to currents (6.38)
7 pih Ifcml
1 = 7 = 3¢ sC s
prl %M1+%M2—ﬂ35“§c
! ZSC (6.68)
L= pila _ L "m;

1 ISC ISC SC *
Pi [:ﬁml +,z;—zm2—#353

Therefore, it is possible to consider that non-uniform and homogeneous pro-
jective coordinates reasonably represent a running regime of circuit by the relative
form.

Next, we must obtain the inverse formulas to (6.68) for the calculation of
parameters mj|, mj by the load currents. These inverse formulas are obtained at
once by the following method. From (6.65) we get
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& =&my, & =Emy.

Substituting in (6.66), we have

L
pésmy Re (1) 0 I
p&my | = 0 e 0 | |L|=[C-. (6.69)
1 1 -1 1
pé3 Ilclﬂs‘sgc I§2H3 5§C Hs 531(‘
From here
I sc I el
pémy 103 pEmy,  Beksds
my = z =55 M= 7 Sl R (6.70)
pe3 I]G] + Izcz Pe3 Ilcl + lzcz
Using (6.63), we get
1 _ miyiy 1 _ mysy 6.71
WS e WS e ©7
ST T

Example 4 Let our circuit be given as the follows
V() = 5, Yon = 2.5, YN = 0625, V= 2, V, = 3.
For the first load, characteristic currents (6.57) and (6.62)

If' =3.125, IJC =1.785,

and conductivities (6.58) and (6.61)
Yo =3.125, WG = —6.25.

For the second load

12 =625, I€=5357, y32=-625 5 =_4.166.

Let the initial currents be equal to 1] = 1, 121 =1
Then, regulators conductivities (6.60)

yiy = 0.735,  yiy =2.777.
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Non-uniform projective coordinates (6.63) and (6.64)
m} = —0.461, m) = —0.154.
The negative values mean that the point M, and a unit point SC are on the

different sides from the infinitely remote straight line G, G,.
Distances (6.34) and (6.33)

1 1
L_ - - —
H303 = <3.125 6.25 1) 032,

1.785 5.357
SC
=(—+—-—-1) =0.428.
H3% (3.125 625 )
Homogeneous coordinates (6.35)
1 1 -0.52
1 1 1
=—— =——=0.186 =—.
P = 17850 P2 T 5357 » PSS T Gans
Matrix of transformation (6.66)
1
1.785 (1) 0
C|= -
€] 0 5.357 0
1 1 1

3.125-0.428 6.25-0.428  0.428

Matrix of inverse transformation (6.67)

1785 0 0
[C]*l _ 0 5.357 0
1.785 5.357
305 625 4%

Let us check up currents (6.68)

i —1.785 - 0.461 _—0.82 |
1= 1785 5.357 082
315 0.461 — s 0.153 — 0.428
| —5.357-0.153
12 ==

—0.82
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184 6 Operating Regimes of an Active Multi-port

We check parameters (6.70)

1
17850428 02307

1 __ [
m = — 0 =555 = 0461,
et 1
3.125  6.25
1
——0.428
ml — _ 5.357 _ 0.07989 0154
2 1 N L |, -0 ’
3.125  6.25
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Chapter 7
Recalculation of Load Currents
of Multi-ports

7.1 Recalculation of Currents for the Case of Load Changes

7.1.1 Active Two-Port

Let us continue with the matter we began in Sect. 6.1.3. Let a subsequent regime
correspond to a point M? with conductivities Y7, Y7, and currents I3, I3 of loads.
The non-uniform coordinates are defined similarly to (6.28) and (6.29)

2 2
PESEND  BE NN 7 S
17 y2 (G 27 W2 G2 °
YLI - YLI YL2 - YL2

Therefore, the regime change m3! is naturally expressed by the cross ratio [3]

2 1
Yo-o0 ¥, -0 5,
Y2 _ yGl * yl _YGl_mlelv
10 L~ 1

21 _ 2 vl yG2y o2 . 1]
my = (0Y, Y, Y5)=m +m.

21 2 vl yGl
my = (0Y Yy Yig) =

(7.1)

Using (6.31) and (6.34), we define the homogeneous coordinates of the point M,
I? I? 5 I? I?
2 1 2 2 2 3 2 1 2
P&l—lls—@ Péz—lzs—@ Pés—é?a M353—(Ilﬁ+l2ﬁ—1>.

The corresponding regime change is shown by arrows in Fig. 7.1.
Using transformations (6.28), we obtain the subsequent currents

SC .2 SC .2
2= 1y-my 2= 5-my
1 = pc 5C » Iy = 5e 5C :
1 2 2 2 SC 1 2 2 2 SC
g ¥ g a0 g a0
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186 7 Recalculation of Load Currents of Multi-ports

Fig. 7.1 Regime change at 1
the expense of change of the
load conductivities

Taking into account (7.1), we present the non-uniform coordinates m?, m3 as

2 ! &
Il = 15 él 15€ . fl sc’
(rmi) &+ (o) § - ook
P
sC, 21y ¢
N (15°m; )5_%
12 = 5€ 1 ¢ : 51 .
21 ¢ 21 SC
() 4+ () & = st
Then, by (6.37), we get transformation
2 217-1 gl
pll] =[CT] - [¢T],
where the matrix
Ifcmfl 0 0
_ SC, 21
)= 0 om0
SC
S
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Using (6.36), we obtain the resultant transformation as the multiplication of the
two matrixes

plP]=[C*"[C]- 1] = (") - 1], (7.2)
where the matrix
m%l 0 0

2] = 0 m3! 0
A 1) 1) 1

From here, we pass to the required currents
2 1,21
2= Phi _ fym;

1 - Iz
PL rlmd' = 1)+ (3 — 1) +1

)

~

ol 3

1 1 M
pl I%(m%l—l)+li%(m%l—l)+l

The obtained relationships carry out the recalculation of currents at a respective
change of load conductivities. These relations are the projective transformations and

possess group properties. The performance of the group properties is advantage of
projective transformations.

Let the regime be changed once again; we have changes m3j%, m3>. Then, the
final regime value is expressed as follows

3_ 32 .2 .32 21 1 _ 31 1 3 _ 31 1
m=m"-my=m"-my -m; =my -my, m,=m, -m,.

Using (7.2), we obtain the resultant transformation
p[P] = 7] - [P] = [J77] - (7' - [1'] = [9°'] - [1'],

where the matrices

m3? 0 0 m3! 0 O

[J32] — 0 m? 0 [J3l] — 0 m! 0
m?zfl mng ’ mflfl m%lfl

191 152 1 10 152 ]
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Projective transformation (7.2) or (7.3) with parameters m%l, m%l translates any

initial points of the plane [, 1, into a new position shown in Fig. 7.1. The fixed
points and fixed straight lines are shown too.

Example 1 We continue Example 2 of Sect. 6.1.3 and rewrite the parameters of an
initial regime

Y, =05, Y,=05 I =0979, I, =0.8247;
m; =025, m)=0.3158.

Let the parameters of a subsequent regime be given as
Yi=1, Yh=2, [} =1434, I =15504.
The non-uniform coordinates
mi =04, m}=0.6486.
Regime change (7.1)
mi' =0.4+025=16, m' =0.6486+0.3158 = 2.0538.

Transformation (7.2)

oI} 1.6 0 0 I
pl3 | =1| 0 20538 0|-|L
pl 0.04 0.0648 1 1

Subsequent currents (7.3)

. plk 1.6-0.979  1.5664
"7 p1 7 0.04-0.979 +0.0648 - 0.8247 + 1 1.0926
P pI3 _ 2.0538-0.8247
27 p1l 1.0926

= 1.434,

= 1.5504.

Once again we notice that the offered formulas of recalculation are especially
convenient, when the fixed values m%l,mgl are used for any values of initial

currents.
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7.1.2 Active Three-Port

We continue Sect. 6.2. Let a subsequent regime correspond to a point M? with
conductivities Y7, Y7, Y7, and currents 17,13, 13 of loads.
The non-uniform coordinates

2 2 2
2 _ Yi 2 _ Y 2 _ Yis
m T y2 _ yGl’ T y2 _yG2 ~ y2 _ yG3
L1 L1

The regime change

20 _ 2. 1 2 _ 2. 1 20 _ 2. 1
my =mj+my, m, =m,-+my, m5 =m;-m;. (7.4)

We define the coordinates of the point M? similarly to (6.48). The distance
1 (L 5
P S . B IR
G

Then

I’ I? I? 2
2 1 2 2 2 3 2 4
pé] - Iigc I pé2 - IZSC I p€3 - Igc I p£4 - 5ic .

Repeating a mental step for the plane, we obtain the required transformation
similarly (7.2) and matrix

m3! 0 0 0
. 0 m3! 0 0
=10 0o m o (7.5)
m%lfl m§171 m§171 1
T
From here, we pass to the required currents
) _ Pl _ Iimy!
1 - JA ! ’
pl r (my! = 1) + g (m3' = 1) + 55 (m3! = 1) + 1
2 1,21
» Pl Lm;
L="1= 1 I 1! ’ (7.6)

pl ﬁw@—n+?m@—n+@m§—n+1

_ P Bm3'

I! I 4 :
pl ﬁ@ﬁ—U+ﬁ@%—D+@W?—U+1

These relationships are directly generalized for any number of loads.
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Special case

Only the load conductivity Y;3 is changed. The matrix

Example 2 We continue Example 3 of Sect. 6.2 and rewrite the initial regime
parameters

Y}, =05, Y,=05 VY,5=1
I} =0974, L, =082, I} =16l
m; =025, m)=0.316, m}=0.387.

The subsequent regime parameters
2 2 2
Yoo=1, Y,=2, Y;=20
I} =1254, I5=135, I =3.1.

The non-uniform coordinates
mi =04, m;=0.6486, m; = 0.9266.
Regime change (7.4)

m' =0.4+025=16, mi =0.6486+0.3158 = 2.0538,
m3 =0.9266 + 0.387 = 2.3948.

Matrix (7.5)

1.6 0 0 0

51 0 20538 0 0
] =
0 0 2394 0

1

0.04 0.0648 0.0939

We check up subsequent currents (7.6)

P 1.6 -0.974 15592_1254

1770.04-0.974 + 0.0648 - 0.82 +0.09396 - 1.61 + 1 1.2433 7
2.0538 - 0.82 2.3394 - 1.61

2= 0 p=""" 0 3.

2 1.2433 336, 13 1.2433 3
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7.2 Recalculation of Currents for the Case of Changes
of Circuit Parameters

We consider the concrete circuit (see Sect. 6.1.3) in Fig. 7.2.
The above results allow investigating the influence of a lateral conductivity yy
and longitudinal conductivity ygy on load currents [2].

7.2.1 Change of Lateral Conductivity

Let the conductivity value yy be changed, yy — yy. Corresponding changes of an
initial point M — M and short circuit point SC — SC are shown in Fig. 7.3. On the
other hand, the coordinates of the points G, G, by (6.26) and (6.24) do not depend

Fig. 7.2 Example of a circuit

ith variable conductivities of | A Y o
with variable conductivities o IN ! — v
voltage source T 1
1.25 é y |
1 [
Yon N Yoy 0.25 . L Y,
| —=
0.833 : V.

Fig. 7.3 Regime change at 2
the expense of conductivity
YN = IN

11
Yo
- X
0 m(y,) 1 m(y,) 1 o  m(y,)
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on the value yy. Therefore, a straight line G; G is the fixed line. The point 0, as the
open circuit regime, does not depend on this element too.

According to Fig. 7.1, the influence of this conductivity yy can be interpreted as
a projective transformation in the plane /,,l,. This transformation, as similar to
(7.2) and (7.3), can recalculate the initial currents I;,I, of the point M to the
subsequent currents I, 1, of the point M.

The point M has the homogeneous coordinates &;, &,, &3 which are set by the
reference triangle G| 0 G, and a unit point SC. On the other hand, the fixed ref-
erence triangle G; 0 G, and a new unit point SC form a subsequent system of
projective coordinates. Therefore, the point M has the same homogeneous coor-

dinates &, &,, &; that is,

the matrix [C]”' has view (6.37).
Therefore, the resultant matrix

Ju O 0
J={0 Jn 0|, (7.7)
Jai I I3
where its elements
7S¢ 75¢ ggc
Jii ===, Jn="%=, Ji3=—=,

SSC - [FsC §SC SSC [3SC sSC
J31 = séc3 IITC%_I ;I = s503 I%C%_l :
03 1161 Iy~ o3 03 1262 1~ 03
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Dividing all these elements by J33, we obtain the resultant matrix in the form

75C §SC
Il 53

A<t 0 0
o 7SC sSC
Lo
. S
] = it

18Ca5C . SCs5C
SC35C SC35C
»%o I B 0 3 1
7GT 152
1 2

In this case, the factor p contains the value J33.
We may introduce transformation parameters

TISC 5§C jgc 5§C
m ===, m = o= 7.8
l(yN) Iigc 5§C Z(yN) I_ZSC 5§C ( )

Because the conductivity yy has an equal effect on the load currents, these
parameters are equal to each other; that is, m; (yy) = ma(yn) = my.
Finally, we obtain the above desired transformation

pjl mpy 0 0 11
piz = 071 myl ofl. L. (79)
pl T e ] 1

From here, we pass to the required currents

- IlmN
Il =7 T )

Iﬁ(me 1)+1%(H1N71)+1

! e (7.10)
L= 2

I%(m,v—l)Jr,%(mN—l)H'

The obtained relationships carry out the recalculation of currents at the respec-
tive change of conductivity yy in the form of parameter my. Transformation (7.9) is
a projective transformation and possesses group properties.

Let us formulate the value my by the initial and subsequent currents I}, I}. To do
this, we use expression (7.10) for the current /, as I, = 0.

Then

_ I
=7 — (7.11)
Ilﬁ(m]v — 1) +1
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my my

/T\ :: a 2\
N N
0

T A A !

1 1 1 1 1

Fig. 7.4 Change of the current I; — I; at the change of yy

From here, we obtain expression

L -0 -0
L1010

my

It is possible to consider this expression as the cross ratio for points I;,I;
relatively to the base points I, =0, I} = IIGI; that is,

mN:(O 71 11 IIGI)

The points I; = 0, I; = I{'! are fixed points and do not depend on the value yy.
Therefore, expression (7.11) is the transformation I; — I; with parameter my as it
is shown in Fig. 7.4.

Therefore, the cross ratio has the same value for the points 7€, I{¢

my=(0 L L If')=(0 E° rf° If")
L-0  L—-0 -0  E°-0 (7.12)

TR O Y Ly Iy oy

Now, let us formulate the value my by yy,yy and determine the sense of the
parameter my.

Viewing expressions (6.28), we may consider expression (7.8) of my as a non-
uniform coordinate

35C <SC  3SC SC
m _ Lty i ;Il _21;51
N_ISCBSC_ésC TS0 T ST ey
1 93 3 3

Hence, the value my is the cross ratio of the initial SC and subsequent points SC
shown in Fig. 7.3.

The base values of conductivity yy are values y(]i,, yﬁl. The value y?\, =00
determines the current ; = 0. The value y§! presets the current I} = I¢! as I, = 0.

Analysis of the circuit gives the following relationship for yﬁl
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YV1IVIN Y2Yon i
yVit+yiv Y2ty N ( )

=5 = yov +

The sense of value y}, will be explained below.
Therefore, the cross ratio has the view

my=(co yn wn —Vy)
:}_’N_OO;)’N_OO:)’N‘F)’;\/
Yy T av Yy vy

(7.14)

Now, we formulate the value my by the yy,yy for the general case of currents
L, D.
Using (6.21), we get the SC currents

= S YIN YN
¢ = VoYio = Voyon =, L = VoY1o = Voyon—.
y= A

Substituting these currents in (7.8), we obtain

BC oy SSER Ly
l 5 VR = yon + yiv + yaw,

175 Ty

) )
5§ C If}l I2GZ I?l 15}2
ySER

TN Yy N
VER + Y5 Yy + N

Finally, we have

B3 yw+y
My = —cn—am = = AR
N Ilsc 5§C IN + Yy

This expression is equal to (7.14).
So, the value my can be interpreted as a relative change of conductivity yy.
In turn, the value yfv is a scale for yy. The correspondence of the values my, yy is

shown in Fig. 7.5.

Fig. 7.5 Correspondence of the conductivity yy and transformation parameter my
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Fig. 7.6 a Internal y
conductance ij of circuit. (a) w
b Conductance —y}, presets 1.25 Y,
current 7!
Yox N| Yy 0.25
2.5 ‘ 0.833
i Y2
Iy 0.25
i
(b) Yin
1.25
Y
Yoo N| Y 025 YLI1
v | 25 0.833 Gl
0 é ; Y, 4 11
5 ‘ Iy 0.25
Let us clarify the sense of the values yi and y$' = —yi,. The value y, is the

internal conductance of circuit relatively to terminals of disconnected conductivity
yy for the open circuit of loads, as it is shown in Fig. 7.6a.

In turn, if yy = —ij, the determinate of matrix Y parameters (6.21), Ay = 0. In
this case, we have the current I; = I?! for the first given load Y}, and the dis-
connected second load, as it is shown in Fig. 7.6b. And vice versa, the current
L, = I{? is preset for the second given load Y}, and the disconnected first load.

Example 3 We use the date of Example 1 for the initial regime

Y11 =05, Yo =05, yv = 0.625, I; = 0.979, I, = 0.8247,
€ =3, 15 =2, 1305 = —0.677.

Let the subsequent regime parameters be given as
yyv = 125, I} = 0.8465, I, = 0.713,
I5€ =2.679, I5€ = 1.785, 1305¢ = —0.7116.

Then, transformation parameter (7.8)

my = 0.8494.
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Transformation (7.9)

ol 0.8494 0 0] [n
oh| =1 0 08494 0| |b
ol —0.01 —0.009262 1 1

Subsequent currents (7.10)

- 0.8494 - 0.979 _ 0.8315

I = =
"7 20.01-0.979 — 0.009262 - 0.8247 + 1  0.9825
- 0.8494.0.8247 0713,

27709825

= 0.8465,

Internal conductivity (7.13)

0.25-1.25 0.25-0.833

=25 =29.
MW= S 0351125 T 0.25 4 0.833
We check transformation parameter (7.14)
i 0.625+2.9
my = 2NN 20 _ (8494,

wHyy 125429

7.2.2 Change of Longitudinal Conductivity

We consider again the circuit in Fig. 7.2. Let the conductivity yoy be changed,
yon — yon. Corresponding changes of an initial point M — M and short circuit point
SC — SC are shown in Fig. 7.7. Also, the coordinates of points Gy, G, by (6.26) and
(6.24) are proportional to the value ygy. Therefore, the subsequent straight line
G, G, is parallel to the initial line G; G,; the values Y2, Y do not change.

Let us determine fixed points and lines as yoy change. Naturally, the point 0 does
not depend on this element. If the current across conductivity ygy is equal to zero, a
straight line S; S, is the fixed line and we have the following equation of this line

YIN I+ Yan
yi+yinv Y2 +Yon

I, + yé)NV() =0.

The internal conductivity yi, of the circuit relatively to terminals of conductivity
Yoy by Fig. 7.8a, has the value

YiYin + YVaYon (7_15>

Yoy = I + :
oN N YI+YIN Y2+ YN
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Fig. 7.7 Regime change at 1

the expense of conductivity

Yon — Yo { G
G

Gl
NG
G, I
Fig. 7.8 a Internal
g 19 a . (a) Yiy
conductivity g, of circuit,
b conductivity —y}, presets 1.25 y
the current I5! 0 12 s
N Yan )
, 0.833
U
Yon § In § Y,
= |o0.625 025
(b) Yin
1.25 Y,
1
Yo N You 0.25 g YLI1
MW
0.833
Yo y T I=I 1S 1
2y ’
5 | 0.625 0.25

The normalized view of the line S; S, equation

L b
—t+-5—1=0,
L2
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where the points

5= _yfw<1 +y_1> Vo, Y= _y;)N(l +y—2) Vo. (7.16)
YN Yan

In turn, if yoy = —yfw, the determinant Ay = 0. In this case, we have the load
current I; = I3! for the first given load Y}; and the disconnected second load, as it is
shown in Fig. 7.8b. And vice versa, the current I, = I5 is preset for the second
given load Y}, and the disconnected first load.

Therefore, the influence of conductivity ygy can be interpreted as a projective
transformation in the plane I}, I>. In this case, we have the reference triangle S; 0 S,
and a unit point SC, which form the initial system of projective coordinates.

Similarly to (6.36), we may determine the projective coordinates of the point M.

The homogeneous coordinates

Il 12 53
P¢t =76 PO =T, PGS =6
I.IS'C IiS'C 5§C

The distances 03, 5§C to the straight line S; S, have the view

1 /1 I,
5 :_<_+__ 1),
M3 Ii“ quz

o1 (Y
3 s IiS'l IQS‘Z

(7.17)

In turn, the non-uniform coordinates

_eh b

mp; = s mp = .
p<s p<s

For explanation, these non-uniform coordinates are represented in Fig. 7.9.
Transformation matrices (6.36) and (6.37)

o i
— 0 0
5
1
=] o e o |
1 1 I
L1 03¢ B s03C 03 )
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Fig. 7.9 View of the non-
uniform coordinates

7 Recalculation of Load Currents of Multi-ports

Sl
I'II
N
oo I'II
"
n
IIoo
S2 \
L5¢ 0 0
_ 0 I 0
[C] 1: IISC I§C SC
—H303

S1 S2
Il 12

On the other hand, the same reference triangle S; 0 S and a new unit point SC

form the other system of projective coordinates and distance 5§C.
Then, the required transformation is similar to (7.9)

ol mi(yon) 0 0 I
ph | = 0 | mz(y‘W% 0L,
ol ml(yl%llxr)* mz(&]gl;')* 1 1
7 SC
5 %

where transformation parameters
75C §5€

1 9
m (yo)

mi (yon) :IIS_CET’ 2125_05?’
3 3
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Because the conductivity ygy has an equal effect on the load currents, these
parameters are equal to each other; that is,

ml(yON) = mz(y()N) = MoN -

Finally, we obtain

pil mon 0 0 Il
oh | = 0l Moy 0. 1n|. (7.19)
pl e e 1 1

From here, we pass to the required subsequent currents

7 Limgy
1 = 1 — L — )
BT (mON 1) + i (mON 1) +1
) . (7.20)
L =

,I]%(mozv— 1)+,12%(m01v— N+1

Let us formulate the value moy by the initial and subsequent currents Iy, ;.
To do this, we use (7.20) for the current I; as I, = 0.
Then, we get transformation

- I moy
Lh=——"41" (7.21)
[%(MON — 1) +1

The fixed points of this transformation are the points I} =0, I :If;1 in
Fig. 7.10.
Similarly to (7.12), it is possible to constitute the cross ratio

my=(0 L I E')=(0 K° ¢ ri'y=(o 17" ¢ 1.

Now, we formulate the value mgy by yon,yon and determine the sense of this
parameter mgy. According to the above case, we get

mON mON mON
e N e W AN A A
7 - ' _slc 'SC e 'Gl
' 0 I I r° I °

Fig. 7.10 Change of current at change of yoy
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0 Yov Yon Yow You
1 t t }
0 mg, 1 co m,
Fig. 7.11 Correspondence of the conductivity yoy and parameter mgy
_ ; yov—0 | yov—0
mon = (0 Yov yov — Yoy ) == —+ —. (7.22)

The value mgy can be considered as a relative change of the conductivity yoy.
In turn, the value ygN is a scale for ygy. The correspondence of values mgy, yoy 1S
shown in Fig. 7.11.

Example 4 We use the date of Example 1 for the initial regime

Yon = 257

I, =0.979,
¢ =3,

L = 0.8247,
L =2,

1303¢ = —0.677.

Let the subsequent regime parameters be given as
yov =2, I} =0.896,

L = 0.7545,
7€ = 2.6548,

€ =177, p305 = —1.6969.
Transformation parameter (7.18)

moy = 0.9323.
Transformation (7.9)
ol 0.9323 0 0 L
oL | = 0 09323 0 I
pl —0.011 -0.01016 1 1
Subsequent currents (7.20)
0.9323-0.97 0.9127
I = ? o7 = ° = 0.896,
0.011-0.979 +0.01016 - 0.8247+1 1.01914
- 0.9323.0.8247
L= = 0.7545.
? 1.01914 07545
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Fig. 7.12 Conformity of the I
characteristics of two active 2
two-ports G

Ql

w
D

Internal conductivity (7.14)

YiVin T Yayan
Vi+yYww Y2ty

=0.625+0.4 = 1.025.

y{)N =JyN+

We check transformation parameter (7.22)

Yoy . Yon
moN = = FC i
Yon + Yoy Yon + Yoy
2 25 06611

= 0.9323.

T 241025 25+1.025 0.7092

7.3 Comparison of Regimes and Parameters
of Active Two-Ports

Let two active two-ports be given with different parameters. Bunches of load
straight lines and the conformity of points of characteristic and running regimes are
presented in Fig. 7.12.

The problem is to find such values of conductivities and currents of loads of the
second two-port (a point M) that its relative regimes would be equal to regimes of
the first two-port (a point M with preset values of conductivities, Y71, Y;» and
currents I, I).
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For this purpose, we consider systems of projective coordinates of these two-
ports [1]. Such systems are set by the triangles of reference G, 0 G,, G; 0 G, and
unit points SC, SC respectively.

Therefore, we have the equality of non-uniform coordinates by (6.28) for the
load conductivities

Y1 Yi Yo Y,
me e T, e " Ty, v@ o2 )
L1 Ll L1 Ll L2 L2 L2 L2
From here, we get the formulas
. 61 M 5 oGy M
Y=Y —— Yn=Y% : 7.24
L1 Lo — 17 L2 L2m2_1 ( )

Next, it is necessary to find a transformation which provides the recalculation of
currents.

The conditions of equal regimes lead to the equality of homogeneous projective
coordinates; that is,

[pE] = [¢].

According to (6.36) for these two-ports, we get

[pcl = [C]-[1],  [p¢] = [C]- .

Therefore, we obtain the necessary transformation as

pI) = [C]"" - [C]- [ =[] - [1], (7.25)
where the matrixes
TISC 0 0
— 0 ¢ 0
C" = 75¢ ﬁc b (7.26)
L —y0sc
g
1
IIS—C 0 0
1
[C] = 0 [g_c 0 . (7.27)
1 1 1

I1Glll3f5gc 17715 5§C 'u35§c
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Then, the matrix [J] has the form

Ju 0 0
J={0 Jn 0. (7.28)
Js1 Jiz J3
In turn, the matrix elements are
75¢ 75¢ 'a3550
Jii=—as, Jn=2s, Jp=as,
T

. 1303 71SC{1GI .#35§C
190 T oo

133 @%”mf_g

J3p = ==
32 1262#35§C 12$C12G2 — <SC

The form of these expressions shows that we may divide all the elements by J33
and introduce values

= I .“35§C = B¢ ﬂ35§C
M =7sc—=sc» ™ = 735¢_=5s¢" (7.29)
™ 11305 L™ 11305
These values state a quantitative estimation of the circuit distinctions.
Then, the required transformation becomes
ol m 9 0 I
ij = Gl 0 sz2 o1 L. (73O>
- (1) (R 1) 1
pl o7 \ 11 m o7 1 myp 1
In turn
- Iimy
L = 1 (19 5 (1% _ s
Iﬁ(ilﬁml - 1) +ﬁ(;ﬁm2— 1) 1
b 2o (7.31)
- Izl’ﬂz
I =

Lo (1~ L (57 = '
1 1

The structure of expressions (7.31) shows that it is possible to introduce the
normalized values
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Gl G2
mN_mI1 mN—m12

1= "Mt 2 = "M2y6re
1 2

Then, we obtain the normalized form of transformation (7.30)

I

ﬁylﬁ my 0 0 70T
P | = 7N0 wmgv 0] - 1% . (7.32)
ﬁi m —1 my —1 1 1

The obtained transformations allow carrying out the recalculation of currents of

the second two-port for any currents of the first two-port, using the preset values

my,my or mb ,mb.

Example 5 We consider two circuits similar to the circuit in Fig. 6.8 and use some
date of Example 2 of Sect. 6.1.3.
Let the following different conductivities be given for these two-ports as

yiy = 1.25 — yy = 0.8928,
yon = 0.8333 — yy = 0.5681.

The bunch centers of the second two-port
If' =16, Yo' = —1.1428;
7 =18, Y% =-0.8181.
Let the relative regimes of these two-ports be equal to each other by (7.23)

m; =0.25, mp =0.3158.

For the second circuit we find the following values.
Load conductivities (7.24)

¥ =8 L — 03809,

m; — 1 o
Y = Y% mzmi - = 03776.

SC currents

I[€ =2.434, L =1549.
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The distances
[305€ = —0.7618, 303 = —0.9211, fi; = 0.08362.
Distinctions (7.29)
my; = 0.721, my = 0.6882.

Transformation (7.30)

ol 0.721 0 0 I
oL | = 0 06882 0| -|Lh
ol —0.0216 —0.0233 0 1
Currents (7.31)
_ 0.721-0.979 ~0.7058

1 = 0.7355,

T 20.0216-0.979 — 0.0233-0.8247+ 1 0.959%
_0.6882-0.824
_06882-0.8247 ) o5

27 770.959

7.4 Comparison of Regime of Active Two Ports with Linear
Stabilizations of Load Voltages

We use the circuit in Fig. 6.15. For convenience, we redraw this circuit in Fig. 7.13.

Let us consider the two similar circuits with different values of element
parameters and regime parameters. It is necessary to prove an approach to the
comparison or recalculation of running regimes of such circuits. The characteristics
of these comparable circuits are given in Fig. 7.14. The condition of regime
comparison is the conformity of characteristic regimes as a projective transforma-
tion [4].

Fig. 7.13 Active two-port with stabilization of load voltages
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Case of equal regimes

The running regimes of these circuits (a point M; corresponds to a point M) will be
equivalent or equal to the each other if their non-uniform coordinates (6.63) and (6.64)
are equal, and homogeneous projective coordinates (6.66) are proportional; that is,

my =y, my =iy, [pf=[E. (7.33)

Using relationships (6.66) and (6.67), we find the required conformity of load
currents

O =[C]"-[E=[C"-[C] =M. (7.34)

The resulting matrix [M] has the view

My 0 0
Mj=| 0 My 0 |, (7.35)
M3 Mz Mss
7S¢ 7S¢ 1555
Mllzl_; M22:2_7 33:47
po M Mo = e
e B i B e

S L N VA N -
IlGl I.ISC 11G1M35§C 1572 IgC 1202#35.§C
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The similar condition for the conformity of regulator conductivities follows from
(6.63) and (6.64). In particular, the conductivity y,, is defined by the equality

1 sC =1 —SC
Yw . YN Yiw . YiIN
1 GI = SC_ GL =l —GI * =SC _ —Gl-
Yivn = Yiv Yivn = Yiv o Yivn = YIN Yiv T YIN

(7.36)

Case of not equal regimes

Let a subsequent regime of the second circuit be given by a point M,. The point M,
of equal regime of the first circuit corresponds to this point M,.

Therefore, it is possible to consider the points M, M, of the first circuit as the
change of its regime; that is, M; — M,. Then, the same change of regime will be for
the second circuit, M| — M. Therefore, this regime change defines the difference
of regimes of comparable circuits, M; — M.

Let us validate an expression of regime change via the change of non-uniform
projective coordinates. The non-uniform coordinate 7 of subsequent regime, the
point M, is given by (6.63)

5SC

i = (0 32y 7S 39 ) Yiv . Vi

YINVIN ) = 3

<Gl * =SC _ <Gl *
YIN =YIN  YIN —YVIN

The regime change are naturally expressed through the cross-ratio

2 =1

21 2 -1 =Gl Yin . Yin |

mi' = (0Viy Yiy Viv ) = 5——r + gy = iy + 1. (7.37)
Yin = Vin  Yiv —ViN

This change is also equal to the change of regime of the first circuit

rﬁ%l = m%l = m% —mi
Let us express these changes through load currents. Using (6.65) and (6.31), we
obtain

1 130, 1 136}
a LG g = 2% (7.38)
Iy 1303 L 1303

Let the changes m%l,mgl and the initial equal regime, the points M, M, be

given.
At first, it is necessary to find load currents of these regime changes, the points
M,,M,. Similarly to (7.2), we have for the second circuit
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o] = 7] [1], (7.39)

The matrix

From here, we pass to the required currents

- I
1 — 71 7! bl
r (mi' = 1)+ g (m3! — 1) + 1
oo (7.40)
B=- 2"

1 Il N
Eﬁ(m%l —1)—0—72%(171%1 —-1)+1

Similar relationships are obtained for the first circuit.
At last, we find the required expression of recalculation for comparable circuit

currents, the conformity M, — M,.
Using (7.39) and (7.34), we obtain

[pl’] = 1] -[I'] = (3] - M - [1'] = 7] - [1Y). (7.41)

The resultant matrix [321] has the view

[0 o
Jl=10 Jn 0|, (7.42)
Ja I I3
where
- sc sc [1,85€
Jn=m'te. Ip=m'to, J="3,
15 EC 465C
A K1 1303

=™ 7G175C T 161, s5C°
IP'RC 1083
75C = §5C
Tzo = m?! Iz_i . i35
— "2 3623SC T 762, s5C°
L7 1511305
From the obtained expressions, the procedure of regime comparison of two
circuits follows. For this purpose, we consider an example.
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Example We use the date of Example 4 for Sect. 6.3. The element parameters have
the following values

Vo=15, yow=25, yy=0.625.
We have for the first circuit.
The characteristic values of currents and conductivities

171 =3.125, Y0y =3.125, y5=-625 I°=1785;
7 =625 y5i=-625 5 =-4.166, I5°=5.357.

The currents of the initial regime, point M,
=1, L=1.
The conductivities of the regulators
iy =0.735, yiy =2.771.

The non-uniform projective coordinates

m; = —0.461, m)=—0.154.
The distances of the points, M, SC to the straight line G, G,

1305 = —0.52,  u;385¢ = 0.428.
We have for the second circuit.
The element parameters have the same values, except yy = 0.25.

The characteristic values of currents and conductivities

I7' =425 3y =425 3y =-625 =230
7 =17, y=-7, yy=-4166, L°=5706.

The distance of point SC to straight line G| G,

fi305€ = 0.358.
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Case of equal regimes

Elements of matrix (7.35)

2.309 5.706 0.358

=277 1203, My =2 —1.0652, Ms3 = —0.836
11785 93 Mn=335 © BT 0428 ’
2309 1 0.358
My, = - —0.
3= 405 1785 31250428 0365
5706 1 0.358
My, = —0.0183.

7 5357 6.25-0.428

Currents (7.34)

7 My 1}
U Ml 4+ Ml + My
1.293 . .
_ o3-1 1293 usog,
0.0365-1+0.0183-1+0.836 0.89
- Mxyl} 1.0652 - 1
=22 = = 1.194.
M3111 + M3212 + M33 0.89
Conductivities of regulators (6.60)
_1 -1 Yon t N 2.75
= = — — = 1 5 = 0916.
A ) 7 — 2.646
1 -1 Yon +IN 2.75
=L -—=————=1194————=2.047.
YN TR () 425 — 2.646

Let us check up the equality of non-uniform coordinates (7.33).
Non-uniform coordinates (7.36)

0.916 —6.25
—1 _ - — _ . _ _ |
M=o ote 435t Teagaa5 = 0274+ 0.595 = ~0.461 = m},
2.0475 —4.166
& : 0226+ (—1.47) = —0.154 = mih.

2720475 +7  —4.166+7
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Case of not equal regimes

Let us consider the second circuit. We believe that the regime corresponds to the
point M,. Let the currents be given as

=15 5L=2

Then, the conductivities
2 2
yiy = 1.179,  y5y =7.333.

Regime change (7.37)

" 1179 0916

- - = 0.3839 < 0.2749 = 1.
M =179 - 425 ¢ 0916 — 425 0839+ 02749 =139,

Similarly, we get

o 7333 2.0475

_ - —0.5116 = 0.2263 = 2.261.
" T 733347 20475+ 7

The currents of the second circuit by (7.40)

»_ 1.45-1.397 202 Ls
17 145.0.0935+1.194-0.18+1 135 77
o 1.194.2261
2o 1.35 N
Matrix (7.42)
1.8073 0 0
1=1 o 2408 0
0.1574 0.2103 0.8368
We check the currents of point M, by (7.41)
P 1.8073 - 1 18073 Ls
170157414+ 0.2103 -1 +0.836  1.2045 7’
24089
2712045
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Chapter 8
Cascaded Four-Port Circuits

8.1 Input-Output Conformity of Four-Ports as an Affine
Transformation

We use the results of Sect. 6.1.1. Let us consider a four-port circuit with changeable
load voltage sources in Fig. 8.1 and give necessary relationships I53(Vy, V,),
14(Vy, V,) for this network.

Taking into account the specified directions of currents, this network is described
by the following system of Y parameters equations

I =Yn Y Yi3 Y4 Vi
L Y —Yn Y3 Yo Vo

- : — Y-V, (8.1
4] Y3 =Y Yz —Yu V3 Y] V] (8.1)
I Yy —Yu Y Yy V4

From here, we obtain

L _|-Yi3 Y| [V pSese
[14} N |:_Y14 _YZJ [VZ} + [lfc,sc ) (8.2)
where SC currents of both loads
I3sc,sc [ ¥s  —Ya V.
|:IfC,SC B _Y34 Y4 ' V4 ' (83)

The inverse expression of (8.2)

SC,SC
][ ] [ (5.4
Vil A [V Y3 5, |’
© Springer International Publishing Switzerland 2015 215
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Fig. 8.1 Four-port with I
changeable load voltage }
sources Vi, V,
V3 Y
Q L
V4

where determinant A?} = Y13 Y24 — Y23 Y14.
Therefore, we get

34

Y. A

I — 1% = 22 (1 - %) + 2wy, (8.5)
Yo3 Y3
Y A

I — BO5C = 2y - [565¢) _ Ly, (8.6)
Yi3 : Yi3

Equation (8.5) determines a family of parallel load straight lines with a
parameter V. Similarly, Eq. (8.6) determines a family of parallel load straight lines
with parameter V,. These load straight lines are shown in Fig. 8.2 for characteristic
regimes (as the short circuit V¢ = 0, V5 = 0 and open circuit VP, VYC) and a
running regime V|, V1.

We consider that the load currents define the rectangular Cartesian system of
coordinates (I30;1y). Then, the load voltages correspond to the system of affine
coordinates (V; Oy V5).

The equation of the axis V; is defined by expression (8.6) as V, =0

Yiu
I — 1,95 = i (I — ). (8.7)

This straight line passes through the point (SC,SC) or the point Oy. The value

sC.SC
L ,

Y14/Y)3 corresponds to a slope angle. The currents IfC’SC determine the point

(SC,SC).
Similarly, the equation of the axis V, is defined by expression (8.5) as V|, =0
scsc Yo $C.SC
L —1, —Y—(Ig - ;7). (8.8)
23

The open circuit regime of both loads corresponds to the point (OC, OC) or to
point 0. Let us determine the voltages VO, V€. From (8.1), we get
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Fig. 8.2 Systems of I

Cartesian coordinates 4 ;

(5507 14) and affine sC.sC I ,SC “ sc
coordinates (V; Oy V) 1 3, (8C, SC)

I
5C,8C
L _ | =Yu Yo | Vil 4 (8.9)
4] Yo —Yn V2 5ese ’ '
where SC currents of both loads

IfC’SC _ Yis Yu| |V (8.10)

Igc,sc Y3 Yo V4

The inverse expression of (8.9)
-k ). w—h 8.11)
V, A%}Z Yo Yni IgC,SC L !
where determinant A%,z =Y Yn — (le)z.
Using (8.11), we get, similarly to (6.7) and (6.8), that
Y Y

oc 22 .SC,SC 12 ,5C,SC

Vl :Pll +PIZ 5 (812)
Y Y
Y Y

oc _ Y12 ;scsc 11 ,5C,SC

1% _Pll +EIZ . (8.13)
Y Y
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We determine now the currents IOC o 140 ¢.oc by (8.2)
1999 = —y13v0C — vy vIC + 5 (8.14)
1290€ = —y1,VPC — Yo V€ 4 1;95C. (8.15)

We must map the point (OC, OC) onto the axes V;, V, by parallel lines to these

axes. Then, the coordinates or components IOC SC If CSC will correspond to the

point VPC on the axis V;. Using (8.12) and (8.2) as V, = 0, we get
1995 = —y,vP€ + 95, (8.16)
1995€ = —y Vo€ 4 ;95€, (8.17)

In turn, the coordinates ISC oc IchOC correspond to the point VY€ on the axis

V5. Using (8.13) and (8.2) as V; = 0, we obtain
BOOC = —ypv0© + 595, (8.18)
I[99C = —yp, V€ 4 [595C, (8.19)

Let an initial regime be given by values V|, V21 or by a point M'. Then, the

coordinates /5 18C 1’SC define the point V11 on the axis Vy. Using (8.2) as V, = 0, we
have
55 = —yvl + 595 (8.20)
15 =~y vl + 9% (8.21)
In turn, the coordinates ISC : S C1 define the point V3 on the axis V». Using (8.2)
as Vi =0, we have
5O =~y + 95, (8.22)
L = vVl + 95 (8.23)

Let us introduce normalized coordinates for the point M!. The point (OC, OC) is
a length scale for the system of coordinates V; Oy V;.

Then, similarly to (6.17), (6.18), (6.19), and (6.20), the normalized coordinates
have the view
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1 1 1,SC SC,SC
nl_vl_OV_Vl _ L5
1 = yoC ~ y0C — ;0CSC SC,SC >
Vl - OV Vl 13 : - 13
1 SC,1 sC,sC
nl = Vs _ L -1
27 yoc — 75C.0C _ scsce
2 4 4

219

(8.24)

(8.25)

These normalized coordinates, as an affine ratio, are the invariants of affine

transformation (8.27).
Similarly to (2.7), we get the other affine ratios in the form

1,5C  ,SC,SC
NI — Vll _ LT -5
1 = j0C 1~ ;0CSC 1,5C
Vit =v; L -
1 sC,1 sc,sC
NI — Vs L -0
2 = j0C 1~ ;5C,0C ,SC1°
Vit =V, Iy -1

(8.26)

(8.27)

The presented approach will be used for transmission of two measuring signals.

Example 1 We consider the following four-port circuit with given parameters in

Fig. 8.3.
System of equation (8.1)
I —0.6813  0.1393 0.147  0.0464 Vi
L|{ | 01393 —-0.7727 0.087  0.159 Vs
L| | —0.147 —0.087 0.3247 —0.029| |V;
Iy —0.0464 —0.159 —0.029 0.2803 Vy

Currents (8.3)

jScsc ~0.029 0.2803 | |10 2.455

[zgcvsc] _ [0.3247 —0.029} . {12] _ [3.6064}
4

System of equation (8.2)

L) | —0.147 —0.087| |V i 3.6064
I,| | -0.0464 —0.159 Va 2.455

The inverse expression

[v,} 1 [ 0.159 —0.087}[3.6064—13}

Va] T A [-0.0464  0.147 2455 — I,

A = 0.147 - 0.159 — 0.087 - 0.0464 = 0.01934.
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Fig. 8.3 Four-port represents
two two-port networks

Y zK y 1K
connected by conductivity yg. 0.416 %y é yKL 0.666 A%ym
K0
|4 025

Equation (8.7) of the axis V;
Iy — 2455 =0.3156 - (I; — 3.6064).
Equation (8.8) of the axis V,

Iy — 2455 = 1.8275 - (I; — 3.6064).

The obtained system of coordinates is shown in Fig. 8.4.
SC currents (8.10) of both loads

e = [oow 05[] - [322]

Igc,sc 0.087 0.159 10 2.634 |

The voltages Vloc’ VZOC by (8.12) and (8.13)

0.7727 0.1393
0c — 2.22 2.634 =4.11
! 0.507 8+ 0.507 63 %
0.1393 0.6813
oC
= 2.208 2.634 = 4.1514;
2 0.507 0507 '

Ay =0.6813 - 0.7727 — 0.1393% = 0.507.
The currents 137, 1799C by (8.14) and (8.15)

1990 = —0.147 - 4.119 — 0.087 - 4.1514 4 3.6064 = 2.6397,

1299 = —0.0464 - 4.119 — 0.159 - 4.1514 + 2.455 = 1.6038.

The components 15°¢, 129%¢ by (8.16) and (8.17)

www.EngineeringBooksPDF.com



8.1 Input-Output Conformity of Four-Ports as an Affine Transformation 221

Fig. 8.4 Example of the I
Cartesian coordinates 4
(5507 14) and affine 1 oc
coordinates (V; Oy V) 25 vV =4.119
/

4 V2'=2.663

7241514

15 + (0C, 0C) %

1295€ = —0.147 - 4.119 + 3.6064 = 3.0,
1995 = —0.0464 - 4.119 + 2.455 = 2.263.

The components I3SC"OC, IfC’OC by (8.18) and (8.19)

B9 = —0.087 - 4.1514 + 3.6064 = 3.2452,
9% = —0.159 - 4.1514 4 2.455 = 1.795.

Let the initial regime, the point M', be given by voltages
Vi =2202, V,=2.663.
Currents (8.2)
{131} _ { —0.147 0.087] . {2.202} " [3.6064} _ {3.051].
I —0.0464 —0.159 2.663 2.455 1.93
The coordinates 1,°C, I, by (8.20) and (8.21)

IS€ = —0.147 - 2.202 + 3.6064 = 3.2827,
%€ = —0.0464 - 2.202 + 2.455 = 2.3528.

The coordinates 15", I;<" by (8.22) and (8.23)

ECY = —0.087 - 2.663 + 3.6064 = 3.3747,
O = —0.159 - 2.663 + 2.455 = 2.032.
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Normalized coordinates (8.24) and (8.25)

| 2202 3.2827 — 3.6064

_ _ — 0.5346
"T 41197 3.0 3.6064 ’
2663  2.032 —2.455
1
- - — 0.6415.
" T 41514 1.795 — 2.455
Affine ratios (8.26) and (8.27)
2.202 2827 — 3.6064
1 0 3282736064 o
4119-2202 3.0-—32827
2.663 2.032 — 2.455
N, = =1.789.

T 41514 —2.663  1.795 — 2.032

8.2 Input-Output Conformity of Four-Ports as a Projective
Transformation

Now, we consider a four-port circuit in Fig. 8.5. Let us give necessary relationships
between input currents and load conductivities [1]. This network is described by
system of equations (8.1). Also, we have that

Vi=1/Yn, Va=DL/Yn.

8.2.1 Output of a Four-Port

The above circuit concerning loads represents an active two-port network. There-
fore, we use the results of Sect. 6.1.3. As it was shown in Fig. 6.9, the family of
straight lines (11,5, Y1) = 0, (I}, 1, Y1) = 0 at change of Yy, Y, is represented
by two bunches of straight lines in the system of coordinates (I; 0 1,). For conve-
nience, we show this family in Fig. 8.6.

Next, we use the idea of projective coordinates of a running regime point. Let the
initial or running regime corresponds to the point M' which is set by the values of
the conductivities Y}, Y}, and currents I}, I}.

In addition, this point is defined by projective non-uniform coordinates m},m)}
and homogeneous coordinates ¢}, &), & which are set by the reference triangle
G 0 G, and a unit point SC.

We rewrite requirement relationships. Non-uniform projective coordinate (6.28)
and (6.29)
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Fig. 8.5 Four-port with I I
changeable load
conductivities Yy, Y,

Fig. 8.6 Two bunches of Y 1
load straight lines with the
parameters Y7, Y;»

1
ml _ YLI
I yl _ yGl’
L1 L1

my = _ (8.28)
LY |

In turn, homogeneous projective coordinates &, ¢&,, &3 set the non-uniform
coordinates by (6.30)

_oh b

= = 8.29
p&s o pés ’ ( )

my

where p is a proportionality factor. Homogeneous coordinates (6.36) are defined by
load currents
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5 0 0
pél 1 1 Il Il
pés 1 1 -1 I I

I 5030 19713857 p1303°
15¢  5¢€
where 11363¢ = (Ilﬁ +12E - 1).
1 2

From here, the non-uniform coordinates assume the convenient form

1
_ i
=T b T
SC SC SC
I7 1303 12(1;2.“353 15303 (8.31)
_ 5"
= b I
7503 125030 1303
The inverse transformation of (8.30)
; L5¢ 0 0
Pl 14 é
0o I5€ 0 1 B 1
ph | =1 2sc el =l s, (8.32)
Iy 5 SC & &3
ol o @ 0
1 2
Therefore, the currents
7 pl Ilscml
1 =~ = 75c sC ,
Pl ?ﬂ"ﬁ +%m2—ﬂ35gc
! > (8.33)

Igcmz

L= 75¢

ISC SC *
1 2
oM + e = 1303

8.2.2 Input of a Four-Port

Let us consider the input currents (I3,1;) of our four-port. We may superpose the
system of coordinates (13 014) with the system of coordinates (I; 01,) in Fig. 8.7.

Then any point with coordinates (I;, 1) corresponds to a point with coordinates
(I,1y). In terms of geometry, a projective transformation takes place which
transfers points of the plane (I}, ;) into points of the plane (I3, ;). Therefore, the
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Fig. 8.7 Projective I N7
transformation of the plane 2 4
(I, ) onto plane (I3, 14)

reference triangle G; 0 G, point SC, and running regime point M' correspond to
the triangle G; 0 G», point SC, and point M, as it is shown by arrows in Fig. 8.7.

Next, the axes of currents I;,1, correspond to the axes I;,I,. Also, two bunches
of the straight lines (Iy,5, Y1) =0, (I}, b, Y12) = 0 correspond to two bunches of
the lines (13,14, Y1) =0, (13,14, Y2) = O with centers in the points Gy, G;. Thus,
the point M is set by other currents /3, I}. Also, this point is defined by projective
non-uniform and homogeneous coordinates which are set by the reference triangle
G,0G, and a unit point SC.

The property of projective transformations shows that the point M' coordinates
are equal to the point M' coordinates, as these points M', M ! are set by the same
loads Y}, Y},. Therefore, this property gives required invariant relations between
input and output currents.

For finding of the point M projective coordinates, it is necessary to obtain

equations of sides of reference triangle. The normalized equation of the side 0 G; or
axis I; in Fig. 8.8 looks like

I kil - 16t — o€
0C = oC ~ j0C ~ oc — 1=0, klztgoq:“cl 4007
19€ — 1 19€  19€ — kI 167 — [

where k; is an angular coefficient or slope ratio.
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226
Fig. 8.8 Distances of points I
] — _ 4 —
Ml, SC to the axis I; Il
If] 7
1430 G,
1
I
oc 0
T S
L) a
oc 1 sc Gl
0 1 LI L1

Then, the point M' distance 5; to the axis I; is defined by expression

_ =l
H252 = 140(;

Hy =

I

where 71, is a normalizing factor.

The point SC distance 3;6 to the axis I is

1} ki3 )
— k)¢ I9C —k19C
1 2+ ki ?
19€ — k1€ 19€ — K I9€) 7
Ic ki I3¢ :

_ =5C
.“252 = 70C
4

Similarly, the axis I, equation is

— K I9C T 19€ | 19€

I koIs
koI{C —19€ kpI9€ — I9C
_ IG2 _ IOC
ky = 1goy = 4 4

1§57 — I9¢

e <l L3
Then the point M distance 6, to the axis I, is

k1)

1
—1 I

0,0, == I +17
IO = 19C — 198 T 119 — 19¢

1

k2

H =

I

The point SC distance gfc to the

ko I9€ — I9€

axis I, is

)+

()

ko I9C — I9¢
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’ ¢ __ 3¢ L kI5€ 41,
P T I9C —19€ kpIQC - I9°C

Similarly, the infinitely remote straight line 50 equation is

I kool
Gl 2 et T 161 = 01_1:07
I+ kool3 I + kocl3
e

°© T IGI _ G2
L -5
L=l <l L.
The point M~ distance 65 to the line 50 is

=l I kol
fiz0; = G T = o1 b
I+ koo IS IS + koIS

2 2
- LV R
=V k18") T\ ki1

The point SC distance gic to the line o0 is

_ SSC = 1¢ ];w13sc
0 T IS IS + koIS

The homogeneous projective coordinates are

3| k>

G==e= oc ocf_SCI31
0y (k3¢ — 17 )1, 0,
1 !
= —scla T "¢
(k1€ — I7€)T1,0, fi10,
71 —
51 _ & _ kl Il
2= 3¢ T = — s '3
9, (19 = ki I9) 11,0,
1 L1
- —cls — —=se>
(1€ = kI, 0,
5, k
1 3 0 1
pSy = —5¢ = - —chit
03 (IF' + ksl i35
1 1

Il — .
- — —scl4 T —=sc
(I§" + kooI§" ) 11305 [i305
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The matrix form of these expressions

__11 Q £SC
pé |5 B mey I
p& | =[C- |L|=|-Ca & # L. (8.34)
pf; 1 . - 202 1
’ C31 % _ lsc
o U303
The constituents of this matrix
— ]_62 — ]_<1
Cu=— oc _ jocy— 55€7 ~ 0c_ 7 000 5C°
(ka3 — 1) 1,0, (175 — kI ) 0,
— k
Cy = -

- _ =SC-
(IS + koo I$ ) 11304

From here, the non-uniform coordinates have the form similar to (8.31)

—Cub + %14 +—Le
mp =— = 2 0y ,
Cy 5 + ];—31[4 — _%SC
o Fads (8.35)
—Coly + 4y — ﬁ
nyp = 22

= C 1
Cub+ 7 — —¢
o U305

The obtained expressions have the general appearance in comparison with (8.31)
because of the non-orthogonal coordinates I, 0.

In practice, characteristic values of input current, output currents (as vertexes of
coordinate triangles), and loads are precalculated or preprogrammed by the calcu-
lation or testing of four-port network.

Further, using running values of input currents, we find or, more precisely,
restore values of non-uniform coordinates (8.35) and values of given load con-
ductivities according to the expressions Yy (my), Y»(my). These expressions are
inverse to expression (8.28).

Such a formulated algorithm represents a practical interest for transfer of two
sensing signals via an unstable four-port network or a three-wire line; it is analo-
gous to a signal transmission via a two-port network of Chap. 4.

The inverse transformation of (8.34)
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,0[3 | 61 G2
ply | =[C] | & | = |Cupr Cogm Cuagpe|-|&|. (836)
pl oo —1 —1 ¢

The constituents of this matrix

. Fal0C — 10C

U (= k) (19 — 16T
1 ]7( IOC _ IOC _—sC
Clz =03 0(;4 G2 I3G2ﬂ252 s

(kl - kZ)(Iz - 13 )
R Ay

Bk k) (9 - 15T

_ =SC
I??I:ulél )

130 Cﬁ35§6-

Similarly to (8.33), we may pass to the currents

——1 ——1 ——1
Crymi +Cymy+Cyg
=11 11 =11
C o+ Ciy o ma + Cis o

G ) y 8.37
—_1 76 19¢ ( )

——1 162 ——1
o [:ﬁml +Cp, [:ﬁmZ +Cy;5 i

L

)

Iy =

=11 =11 =11
Cll I%ﬁml + C12 I}ﬁmz + Cl3 I.(‘TC

The obtained expressions have the general view in comparison with (8.33)
because of non-orthogonal coordinates.

Convenience of expressions (8.35) and (8.37) consists in their identical form; we
replace load conductivities by their non-uniform projective coordinates and currents
are already non-uniform coordinates too.

8.2.3 Recalculation of Currents at Load Changes

Let a subsequent regime be corresponded to a point M? with loads Y7, Y7, non-
uniform coordinates m?, m3, output currents /7, I3, and input currents 17, 7.

At first, using the result of Sect. 7.1.1, we rewrite subsequent currents / 12, I% (7.2)

pI; I I
oL | =W (B =[C O | (8.38)
pl 1 1
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The matrix
20 0 mi' 0 0
=10 s of=|0 m 0
m— m2—
2 o S 0
In turn, the matrix
[ =[c - M,
where
m' 0 0
M =10 m o
0 0o 1

Here, we use the regime changes

20 2 . 1 20 2. 1
my =my+my, W, =m; - m. (8.39)
These changes of the non-uniform coordinates are also true for the input cur-

rents. Therefore, it is possible at once to obtain similar relationships for the
recalculation of the input currents.

Pl I I
pli | =[C7 MO 1 [ =07 (1] (840)
pl 1 1

We calculate the matrix [.TZI]. This matrix has the general view in comparison
with (8.38)

=21 =21 =21

Jll ‘]12 Jl3

21 =21 =21 =2

I =70 T Tl (8.41)
=21 =21 =21
J31 ‘]32 J33

Using transformations (8.38) and (8.40), we find the subsequent currents
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12 2111
p=rro -
pLom ety
. i (8.42)
g=ti____mi
o I+ i i1
132:1012 Ju +J12 +J13
pl J3113 +J324+J33
(8.43)

21
1012 J21 +J22 +J53

=% -
Pl Tl 4 Tall + T

We note that the denominators of expressions (8.42) and (8.43) are equal to each
other.

8.2.4 Two Cascaded Four-Port Networks

Let us consider cascaded four-port networks in Fig. 8.9. The first four-port is given
by a matrix Y36 of ¥ parameters and the second four-port corresponds to a matrix
Y=,

Similarly, we may superpose the system of coordinates (5 0 Is) with the systems
of coordinates (I5014), (I; 01;) in Fig. 8.10.

Then, a projective transformation, which transfers points of the plane (I, ;) into
points of the plane (Is,Is), takes place. Therefore, the reference triangle G 0 G,

corresponds to the triangle G1 0 G,. Also, a unit point SC, running regime point M

correspond to points SC, M'. Moreover, two bunches of the straight lines
(I, I, Y1) =0, (I1,hh,Y2) =0 correspond to two bunches of the lines

(Is,Is, Y11) = 0, (15,16, Y12) = 0 with centers in the points G», G,.

Also, the point M' is defined by projective non-uniform and homogeneous
coordinates which are set by the reference triangle G10 G, and a unit point SC.
These projective coordinates of the point M are equal to the projective coordinates
of the points M', ' according to the property of projective transformations. Thus,

this property gives required invariant relationships between input and output cur-
rents of cascaded networks.

Projective coordinates of the point M" are obtained similarly to projective
coordinates of the point M'. For this purpose, it is necessary to form equations of
sides of the reference triangle G 1 0 62
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Fig. 8.9 Cascaded four-port 1 1 1
networks ’ : ]
VI
Y3»6 Y1»4 :;
I, I /‘/y
—_— —_—= Ll

VZ

#

L2

Fig. 8.10 Mapping of 1. 1.1
reference triangles N

1,1,1

1’7375

8.2.5 Examples of Calculation

Let the four-port be given in Fig. 8.11.
We use Example 1 and rewrite system of equation (8.1)

[0 =[Y]- [V,

—0.6813  0.1393  0.147  0.0464
0.1393  —0.7727 0.087  0.159

—0.147  —0.087 03247 —0.029
~0.0464 —0.159 —0.029 0.2803

¥] =
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K Yik 1

AM — W\
0416 %ym éyﬂ 0.666 éylo v
v, 1 025

— 0.2 ——
C—) Yar - L VoL N _912 /§%Y

12 AV L
0.333 1 Vz
1%
4
131\ 2, 2 oy ;ﬂ
/F I 025 Y
10 4 0.2 : 12

Fig. 8.11 Example of the four-port

For the output of the four-port we have the next results
Short circuit currents (8.10)

[9%€=2228, 9% =2.634.
System of equation (8.9)
|:11:||:—Y11 Yio :|.|:V1:|+ IfC,SC
I Yi —Yp V2 L
B [—0.6813 0.1393 } [Vl] {2.228]
- 101393 —0.7727] |V, 2.634 ]

Parameters of bunch centers G, G, (6.26) and (6.24)

Y —0.6813
101 = L pSESC L [S6SC _ 2 0 634 42,228 = 15.11,

Y 2 0.1393
Vel = _Yiulgc-sc = —02"1633943 =189, Y5 = % =—0.8,
% = 1% R e %2.228 +2.634 = 15,
Vet = —Yilzlfc-sc = 02.i232983 =-16, Y3 = ‘I/%; = —0.9375.
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Let the initial regime be given by

Y, =05, I'=1101, V| =2202;
¥l =0333, Il =08868, V!=2663.

Non-uniform projective coordinates (8.28)

Y] 0.5
1 L1
- — = 0.3846
YT Yo T 05+08 ’
y! 0.333
1= L2__ — =0.2622.
" T YL ¥® T 0333+ 0.9375
Matrix (8.30)
1
— 0 0
2.228 |
[l = 2.634 o1
~1 1 1

15.11-0.6769 15-0.6769 0.6769

For this matrix, the value

IC e 2228 2634
gc— (W L) 2228 200 ) 660,
H3% (1101+1sz 5.1 15

Homogeneous projective coordinates (8.30)

I 1101 Il 08868
1 1 1 2
=1 — " 04942 = =——=0.3366
Pel = 5c = 3038 Y = ’
A —LI0L 08868
P T 15.11-0.6769 1 15-0.6769 ' 0.6769

= —0.1076 — 0.08734 + 1.4773 = 1.2823.

Let us check up the non-uniform projective coordinates

L pé 04942 . p& 0.3366
T g T 12823 T e T 10823
Inverse matrix (8.32)
2.228 0 0
[C'=| 0 2634 0

0.1474 0.1757 0.6769
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Currents (8.33)

h 2.228 -0.3846 0.86

I, = =
1'770.1474 - 0.3846 + 0.1757 - 0.2622 + 0.6769  0.7797
2.634 -0.2622
I — 2.634-0.2622 0.8868.

2007797

= 1.101,

For the input of the four-port we have the next results

The currents, corresponding to the short circuit,
B9 =3.6064, [;9°C =2.455.

Using (8.2), we may find the bunch centers G, G,. Then, we get the following
systems of equations

5! B {—YB —Y23} . {Vlcl] N I3SC’SC
1 Y4 —Yu 0 I;fc’s ¢
I _ |:Yl3 Y23} . { 0 ] N I_fC’SC
1?2 Y14 —Ynu %% [fc,s ¢

Therefore,

I§' =0.147 - 18.9 + 3.6064 = 6.4423,
I =0.0464 - 18.9 + 2.455 = 3.333,
1§ = 0.087 - 16 + 3.6064 = 5,

I§? =0.159 - 16 +2.455 = 5.

The currents, corresponding to the open circuit,
1€ =2.6397, 19 =1.6038.
The currents of the point ' by (8.2)
I, =3.051, I,=193.
The normalized equation of the axis 1,

C I8 -9 3333 -1.6038
PTIGT_19C T 6.442 — 2.6397
14 _ 7(1[3 1= 14 . 13 _

19€ —Jq19€  19€ — 1 19¢ 03835  0.8305

= 0.4617,

1=0.
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s g
The point M distance to the axis [

193 3.051
s = _ 2 203566
H2% = (3835 ~ 0.8305 ’

1\’ 1\’
T, = — 2.8721.
2 (0.3835) +<0.8305>

The point SC distance to the axis I;

s 2455 3.606
1,5 = 20— 1.0576.
f2% =43835  0.8305

The normalized equation of the axis I,
L kol b I8
kI9C —I9€  kpI9C —10€ ~ ~ 21961 15258
- I —I9¢ 5-1.6038

+1=0,

= = = 1.4392.
PTG 9C T 52,6397
The point M " distance to the axis L
<1193  3.051
0o, =——— 1 =-0.1216
101 =5 196 " 15258 © ’

I 1\
o= (2.1961) +(1.5258> = 0798

The point SC distance to the axis I,

_=sc 2455  3.606

5 - 2> 1 = —0.2458.
Mo =570961 15258 T

The normalized equation of the infinitely remote line o0

14 /_COOIX I4 I?

O k0 IO k9T 11 79166
- IP—I§Y 5-3333

XTSI T 6442 -5

1=0,

1.2.
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The point M ! distance to the line 50

193 3.051
TP G oL G T
K393 = 11 T 5166 0.4918,

1)? 1
H3 = (11) +<9166> = 0.142.

The point SC distance to the line 50

_sc 2455 3.606
Msdy ==+ 1eg | = 03835,

The homogeneous projective coordinates have the same values

=<1
5, 0.1216
1 1
== = 0.4942
Pei 5 0.2458 ’
<l
5, 0.3566
pEl = =2 = =~ — 0.3366,
PsC 1057
=<1
5,  0.4918
1 3
=3 - = 1.2823.
pes 303835
Matrix (8.34)
— 1 1 1
0.2458 - 1.5258  —0.2458 -2.1961 —0.2458
] — 1 1 1
—1.057-0.8305  1.057-0.3834  —1.057
1 1 1

L 0.3835-9.166  0.3835-11 0.3835
[ 2.666 —1.852 —4.067

= | —1.1383 2.4653 —0.9454
| —0.2844 —-0.237  2.607

Let us carry out the requalification of non-uniform projective coordinate (8.35)

ml — 2.666 - 3.051 — 1.8522 - 1.93 — 4.067  0.495
1

T —0.2844 -3.051 — 0.237 - 1.93 +2.607  1.282

= (.3846.

—1.1383-3.051 4 2.4653 - 1.93 — 0.9454  0.339
1 _ _ _
"= 1.282 = Tag 02622
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The matrix of inverse transformation (8.36)

B 0.9422 0.8789 1.7868
[C] ' = 04915 0.8791 1.0847
0.1474 0.1757 0.6768

We check input currents (8.37)

0.9422-0.3846 4 0.8789 - 0.2622 + 1.7868  2.3796
3770.1474 - 0.3846 + 0.1757 - 0.2622 + 0.6768 ~ 0.7796

=3.051,

_ 0.4915-0.3846 + 0.8791 - 0.2622 4 1.0847  1.5042

1
=1.93.
4 0.7796 0.7796 93

For the recalculation of currents we have the next results

Let the subsequent regime, the point M?, be given by

Y, =1, I} =1459, V}=1.459;
Yh =1, I =1602, V;=1.602.

Non-uniform projective coordinates (8.28)

my = =0.555, m5 =0.516.

1+0.8
Currents (8.2)

I3 =3253, I} =2132.
Regime changes (8.39)

mi' = mi +m; = 0.555 = 0.3846 = 1.442,
m3' =m5 +mj = 0.516 + 0.2622 = 1.968.

Matrix (8.38)
1.442 0 0

=1 o 1.968 0
0.0292 0.0645 1
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We may check up recalculation formulas (8.42) for the output current /;

2 1.442 -1.101 :1.5876: 1,459,
1770.0292 - 1.101 + 0.0645 - 0.8868 + 1~ 1.0893
Matrix (8.41) for the input current /3
L 1.1;1163 1.%22125 72_.25103
[J ] = I I I3
—0.01927 0.2982 0.5728
We check up recalculation formula (8.43) for the current I3
1.1463 - 3.051 + 1.3225 - 1.93 — 2.503 3.545
: = + = = 3.253.

37 -0.01927 - 3.051 +0.2982 - 1.93 + 0.5728  1.0893

8.3 Transmission of Two Signals Over Three-Wire Line

We continue with the transfer of signals in Sect. 4.3.1. We consider three-wire
communication line with losses. Therefore, the interference of transmitted signals
takes place. Using the measured input currents of the line, we may restore these two
signals. To do this, let us consider the following two examples.

8.3.1 Transmission by Using of Cross Ratio

We may use non-uniform coordinates or cross ratios (8.28) as transferable analog
signals Vg, Vs,. The corresponding appliance is shown in Fig. 8.12 [3].

We believe that the communication line is equivalent to the resistive four-port in
Fig. 8.11. Then, for a short time, when parameters of the four-port do not change,
five pairs of conductivities are connected to the output terminals of the line by turns.
This connection is realized by the contact pairs 1, 2, 3, 4, 5 of two multichannel
switches with a pulse generator Gen. The sets of five pairs of input and output
currents of the line correspond to these pairs of conductivities, as it is shown in
Table 8.1.

So, the non-uniform coordinates m1;, m; of the point M(Yy;, Y1) are set by cross
ratios (8.28) of four points
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Fig. 8.12 System of

transmission signals Vg, Vg,

by cross ratio

8 Cascaded Four-Port Circuits

3
: Gl
| 4 M Y
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. ,0C :
é} \r Line 7] Y =0 F
a8 )
V31
t+1 Gen
| 2
F 3 a| i
| 4 Y L2 Y L2
: V5% o pa
V51 Vsz | 3 T .
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7 SN v
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Table 8.1 Correspondence between output conductivities, input currents, and output currents

Number of set Load conductivities Output currents Input
currents
1 Y =0 Yin=0 L =0 L=0 I3OC Ifc
2 Y1 Yo I J4) 18 1
3 Y=o |Ym=oco |I€ 15 e e
4 i Y 12 =0 157 1§? 17
5 v Y i $'=0 I§! $
Y,
ocC SC yGl1 Gl Ll
my= Yy Yu Yy Yip) = (0¥ oo Yiy) = o——,
Y — YL1
Y,
oC SC yG2 G2 L2
my= Y, Y Y, Y5)=0YnooV7)=0—"05.
Y — YL2

Since these cross ratios m;, m, are equal to the transferable signals Vg, Vs,
then the information conductivities Y7, Y;, are expressed by the formulas
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YLGII VS] YL2 _ Ygz VSZ
Voo — 17

Y = (8.44)

S Vg — 1

The function unit F works according to these expressions. The information
conductivities Yy, Y7o may directly present measuring thermistors or resistive-
strain sensors.

In turn, the inverse function unit F~! calculates the transmitted signals Vg, Vs
by formulas (8.35)

—Cuh; +%114 + 51%

Voo =m =— = o
_ . ) (8.45)
—Culz +%I4 —_5%
Vso =my = =

—Cs1l3 + %14 - 5}%

So, it is possible to separate (or restore) two signals by only the input currents
(five pairs of current values) of line. We note also that multiplicative and additive
errors of the measurement of input conductivities are mutually reduced in expres-
sion (8.45). Therefore, such communication line is subject to action of electro-
magnetic noises to a lesser degree.

8.3.2 Transmission by Using of Affine Ratio

Affine ratios (8.24) and (8.25) or (8.26), (8.27) are accepted as transferable analog
signals Vg;, Vs,. The corresponding appliance is shown in Fig. 8.13 [2]. Similarly,
for a short time, four pairs of voltage sources are connected to the output terminals
of the line by turns. This connection is realized by the contact pairs 1, 2, 3, 4 of two
multichannel switches with a pulse generator Gen. The sets of four pairs of input
and output currents of the line correspond to these pairs of voltages, as it is shown
in Table 8.2. The voltages V€, V5¢ are minimum values; in particular case, these
values equal zero. The voltages VIOC, VZOC are maximum values; these values are
greater than the information values V;, V5.

So, the normalized coordinates of the point M(V;,V,) are set by affine ratios
(8.24) and (8.25)

V) — V¢ Vv, — Vs€

n| = —F—"—"<~ n=—fF/—""<~"
V[OC _ ViS‘C ’ V20C _ VQS‘C

Since these affine ratios n;, n, are equal to transferable signals Vi;,Vs,, then the
information voltages Vi, V, are expressed by the formulas
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Fig. 8.13 System of 4
transmission signals Vg, Vg, :
by affine ratios 3
g / vi
I
) . 1 7 F
. sc oc
v, A (P v (P 1
Q ; Vs1
Gen
I, I,
|- 4
F' :
| o
Ve Ve / 2
B o
sc oc
oo T,
52
Table 8.2 Correspondence Number of set Load voltages Input currents
‘petween load voltages and ] ysc Vic 5CsC esc
input currents 1 2 3 4
2 voe vsc I;)C,SC I40C,sc
3 vse voc Igc.oc Ifc,oc
4 Vi Va 4] I
Vi = Vi€ — (VP — VYV, Vo= Vi€ — (VI€ — V39) V. (8.46)

The function unit F' works according to these expressions.

In turn, the inverse function unit F~! calculates the transmitted signals Vg, Vg,
by formulas (8.24), (8.25)

iS¢ _ ysesc JisC _ sesc
_ 3 13 Vep =4 74 8.47)
Vsi = J0CSC_5CsC 82 = JOCSC _ 5Cs5C ( :
3 — 13 4 — iy

For other affine ratios (8.26) and (8.27), we get similarly to (8.46) that

_ VfC+Vs1V10C B Vﬁgc-f—VszVZOC

=1t =1 = 8.48
1 ) 2 1— VSZ ( )

1 - Vg
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The function unit F works according to these expressions. Also, the inverse
function unit F~! calculates the transmitted signals Vi, Vs, by formulas

[1sC _ psesc SC.1 _ ySC.sc
_h 78 _ 4y Tl
V1 = 0C,SC 1,5C° Vs2 = “scoc SC1° (8.49)
L - I -1

These two variants of use of affine ratios allow to separate (or restore) two
signals by only the input currents (four pairs of current values) of line. We note also
that multiplicative and additive errors of measurement of input conductivity values
are mutually reduced in expressions (8.47) and (8.49).
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Chapter 9
Generalized Equivalent Circuit
of a Multi-port

9.1 Generalized Equivalent of an Active Two-Port

9.1.1 Disadvantages of Known Equivalent

Let us consider, for example, a familiar active two-port network in Fig. 9.1 with
changeable load conductivities Yy, Yyo.
We rewrite the main relationships of Sect. 6.1.3. These active two-port is

described by the system of equations
Vi e
‘ + . 9.1
[Vz [Ig ¢ 6-1)

Li| | “Yu Y
I, Yo —Y»

where Y parameters

2
y
Yiu =y1+)’11v—§7 Y= = Yon + YN +Yiv + Yo,

Yin 3
Yo=yw—, Yn=y+yw — 2.
y= b))

The short circuit SC currents of both loads
el YIN sC Yan
L~ =YV :)’ONy_ZVOy L~ =YV, :}’ONy—ZVO- (9.2)

Expression (9.1) shows that the active two-port represents a passive part, which is
set by conductivities of ¥ parameters, and two sources of currents 7€, I5€, as it is
illustrated in Fig. 9.2 [1].

We may notice that SC currents are set by parameters Y9, Y29 which depend
practically on all elements of this circuit except y;, y;.

© Springer International Publishing Switzerland 2015 245
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Fig. 9.1 Circuit with two i ! I
load conductivities ! A Yin ! 1 v
1 T
| 1.25 é v,
1
i Yowv N Yaon 025 1 Y,
! | —=
1
' 25 0.833 ! 1%
! 2
E V() § yN § yz E g
b3 0.625 025! Y
| | L2
1 1
1 1
1 T

Fig. 9.2 Known equivalent I [2
circuit of an active two-port 1
P = _
V1 . . \%
Y 2
Ne sC
Z O HONS-4
Y, Y,

Therefore, at a possible change, for example, of conductivity yy, it is necessary
to make the recalculation of these SC currents what is inconvenient. The conduc-
tivity yy can be a part of a possible third load. In turn, the conductivity y;» belongs
more to the first load, but also influences on the SC current of the second load. And
mutually, conductivity y,y influences on the SC current of the first load.

All these features determine inconveniences for the evaluation of circuit char-
acteristics, complicates regime calculations. In this sense, the parameters of the
generalized equivalent generator, proposed in Chap. 3, do not depend on a chosen
element of circuit.

9.1.2 Introduction of the Formal Variant of a Generalized
Equivalent

We use results of Sect. 3.3. At first, let us consider the above two-port network
concerning the load Y;;. Therefore, this circuit will be an active two-pole with
changeable element Y;, in Fig. 9.3.

The family of load straight lines I; (V) is presented by expression (3.79)

(11 - IIGI):* ,'1(V1 +VIGI ) (93)
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Fig. 9.3 An active two-pole 1 e i .
with changeable element Y;,

L1

%
B

Fig. 9.4 Family of load I
straight lines with the y
parameter Y;,

The internal conductivity

Y, = v (o) (9.4)

l

Yo+ Yy

The family of load straight lines shown in Fig. 9.4 represents a bunch of straight
lines with familiar center G;.

The bunch center coordinates correspond to expressions (3.77), (3.78), (3.80) or
(6.26), (6.27). Therefore, we get

Y
‘/IG1 = —Y—2OVO = _Mvﬂa IlG1 :y0N<l +y_1> VO; (95)
12 Yin YN
o I
Yol = ver =1 +yw)- (9-6)
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Fig. 9.6 An active two-pole
with changeable element Y,

of a Multi-port

L2

Let us convert expression (9.3) to the relative form

I Yai (W
L= (4.
s V)

Thus, the values IlGl, Y] LGll, VIG I are scales for corresponding values
(9.3), (9.7) determine a generalized equivalent generator in Fig. 9.5.
We remind that the value Y] = —YF! is the characteristic value

9.7)

. Expressions

for the con-

ductivity Y;. In this case, the conductivity Y; voltage is equal and opposite to the

source V! voltage. Therefore, I; = 0, V, = 0 for all conductivity Y, values.
Second, let us consider now the above two-port network concerning the load

Y1». This circuit will be an active two-pole with changeable element Y;; in Fig. 9.6

too.
Similar relationships are obtained for the second load Y;,

9.8)

Y12)2

I_IGZ = —Y; V"‘ch, Yl:Y _(7

(I 2 ) 2(V2 2 ) 2 2 Yoo +Yn

L (1 +y_2) Vo, Y =—(ntyw)  (99)
Yan Yon
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___________________________

L2

Fig. 9.7 Formal equivalent generator as the association of the two active two-poles

These expressions determine also the similar generalized equivalent generator.

Third, the common or formal scheme of the equivalent generator of our active
two-port network may be constituted by Fig. 9.7 [2].

This scheme gives an evident representation about mutual influence of loads and
allows carrying out regime calculations.

9.1.3 Introduction of the Principal Variant of a Generalized
Equivalent Circuit

It is possible also to obtain one more scheme of the equivalent generator. This
principal variant is demonstrated by Fig. 9.8 [2].
To prove that, we consider expression (6.43) for the first input conductivity

Y-

Y=L 1 -1
. Vel Ui

This expression defines the input conductivity for the passive part of two-port
network at the short circuit for the first load and short circuit for the second pair of
terminals in Fig. 9.9a.

G2

Gl
v/ 2 U, U, V>R
) o)
Vl e—b e Y -~ N —_—> V2
b . "
2 e Y,

Fig. 9.8 Electrical scheme of the generalized equivalent generator of the active two-port
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Fig. 9.9 a Definition of the
first input conductivity of the
passive part of two-port
network. b Definition of the
second input conductivity

9 Generalized Equivalent Circuit of a Multi-port

Gl
(a) Vl Ul U2=0
©; y
—
\j/ sc Gl ]1 §
I1 Il Y”
(b)
G2
U =O U2 V2
¢ =10
5| - ;
G2 sc
Yzz Iz Iz

The similar relationship is for the second input conductivity

52 -5 )
=" =y
Vs U,

Analogously, we have the input conductivity for the passive part of two-port
network at the short circuit for the second load and short circuit for the first pair of

terminals in Fig. 9.9b.

The association of these two schemes leads to the above scheme in Fig. 9.8.
Taking into account the superposition theorem, the values of all constituent sources
of current and voltage are decreased twice. The calculation proves such a scheme

for equivalent generator.

Next, we may obtain the system of equations which describes the proposed
equivalent generator. Using the specified designations in Fig. 9.8, it is possible to

write down

Gl IGI
% +Vi, Ji= 17 I,
(9.10)
V2G2 IG2

The following relationships take place for the passive part of two-port network

Ji=Yul - YU

(9.11)
Jo = =YpU; + YnU,.
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Then, taking into account (9.10), the expression is obtained

VGI VG2 IGI
I = YV + YV, + <Y11#+Y12%+17). (9.12)

Let us compare this form to expression (9.1). Then, the term in the brackets is
equal to the SC current ;€. In addition, the structure of this short circuit current for
(9.12) demonstrates its components.

The component Y, V! /2 corresponds to the own current of the two-port net-
work and depends on its parameters.

The component I{"! /2 is defined by the constituent current source.

The component Y,,V5?/2 corresponds to a mutual current on account of the
constituent voltage source for the second pair of terminals.

The expression for the current I, is obtained similarly to (9.12)

VGZ VGI IGZ
L =—-Y»Vo+ YV + (—Yzz%—F Y]z%—FzT). (913)

The offered scheme of the equivalent generator is convenient at modeling of an
active two-port network.

The values of the constituent voltage and current sources of the generalized
equivalent generator do not depend on the conductivity y, in Fig. 9.1. This feature
represents a practical interest. This conductivity may be a part of the third
changeable load. Therefore, Y parameters of the passive part of two-port are
recalculated only.

Besides, the bunch center parameters of one load do not depend on the con-
ductivities entering into the circuit of other load. For example, the center G, is
defined by the elements y,, ¥, and does not depend on y,, y,u-

Therefore, such property of this equivalent generator simplifies analysis of a
circuit.

Example 1 We use the date of Example 2, Sect. 6.1.3. For the running regime,
expressions (9.10) have the values

10 15
U, =+ Vi =6.958, J, :7—11 = 6.521,
15 16.25

Up="4V2=9.149, Jh=—=—h =73

We check relationships (9.11)

Ji=YU; — YU, =1.2-6958 —0.2-9.149 = 6.52,
Jo=—-T1npU + YU, =—-02-6958 +0.95-9.149 = 7.3.
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SC currents (9.12), (9.13)

[€=-12-54+02-75+75=3,
L€=-095-75+02-5+8.125=2.

9.2 Generalized Equivalent of an Active Three-Port

Let us use the above approach for an active three-port network with changeable
load conductivities in Fig. 9.10. We use now the results of Sect. 6.2. This network
is described by the following system of equations

sC
I, —Yu Yo Y3 Vi L
L|l=| Yy —Yn Yu|-|Vo|+|B°]. (9.14)
I Yis, Yoz —1VYa3 Vi L¢

Taking into account the voltages Vi = I /Y11,Vo = /Y12, and V3 = I3/ Y3, we
get three bunches of planes. The intersection of planes of one bunch among
themselves defines a bunch axis.

The point of intersection of this bunch axis with the axis I; is defined by (6.47)

1161 = Voy0N<1 —i—y_l)’ Vlcl = —yo—NVm YLGll = —(ywv +1)- (9.15)
VIN YIN

Fig. 9.10 Active multi-port

with three loads i A Yiu i I 1
: —AWV 1 X Vl
E é g E L 2 Y
I Yon N | Van 3 R Ll
\ ANV ; V2
.V |
L " ;’
| 5 Y
| Yaw :
: MWV :
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This point gives the center G,. Similarly, we get the center G, by (6.45)

15% = voy0N<1 +y—2>, VP = TRV ¥R = (). (916)
Yan Yon

Also, the center Gz by (6.46)

3 0,
I = Voy0N<1 +y_>» VP = =2y, ¥E = —Ow+y:). (O.17)
V3N V3N

Using these parameters of the centers, we get form (6.55) of system (9.14)

LW <1 11”) Ve Vs h°

v ) Tagve v
L B°V W LY LCVvs I 018
L B°Vi KV, Vs 5 K¢
193 IR ver B ver o ves 1) I8
From here, we may express Y parameters
IGI _ ISC ISC ISC ISC ISC
Yip =~ Gll » Y= 102: 2617 Yi3 = 1G3: 3017
-V V3 -V -V3 -V 1
162 _ I5¢ 15¢ 15¢ 163 — I5¢ (9 9)
Y22 = 2 022 ) Y23 = 2 G3 = 3 G2’ 33 = 3 G;
-V3 -V -V; -V

Let us obtain the generalized equivalent generator similar to Fig. 9.8. For this
purpose, we consider also expression (9.19) for the first conductivity

vy =W

VIG ! U,

This expression defines the input conductivity for the passive part of three-port
network at the short circuit for the first load and short circuit for the second and
third pairs of terminals in Fig. 9.11a.

The similar formulas for the second and third conductivities have the view

Yzzsz_IgC:ﬁ, 33=LS_I§C21—3-

Vzc 2 U, V3G 3 Us

These relationships correspond to Fig. 9.11b, c.

The association of these three schemes leads to the scheme in Fig. 9.12. Taking
into account the superposition theorem, the values of all constituent sources of
current and voltage are decreased thrice [3]. The calculation proves such a scheme.
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Fig. 9.11 a Definition of the
first input conductivity of the
passive part of three-port
network. b Definition of the
second input conductivity.

¢ Definition of the third input
conductivity
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—
Jl

U=0
3=O

B
YjU

“” v, W
i)
U 1=0|: Y — ¢ Y \l/
J
_ 2 ’ C) 2 sc
U3_0 |: Yzz Iz 12
(©) U, V2G3
G )—
O T
J
z ’ C) G3 sc
U=0 |: Y, A I

We obtain the system of equations which describes the proposed equivalent
generator. Using the specified designations in Fig. 9.12, it is possible to write down

(9.20)

The following relationships take place for the passive part of three-port network

Ji = YnU; — Y12Uy — Y13U3,

Jo = =YpU; + YU, — YUs,

J3 = =Yi3U; — Y30, + Y33U3.
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Fig.‘ 9.12 Generalized U VGl 3
equivalent generator of the 1 1
active three-port m V.
- _/ 1
Y J
HOYIRL?
Gl Y
1,/3 Ll
U, Vs
O— v
D N 2
J
2
1, \L /§/
J 1 52/3 Y,
U, v
. m V
- N 3
J
3 I \L g
J 53 Yis
Then, taking into account (9.20), the current is obtained
L ==YuVi+YuVo+Yi3Vs
VGl VGZ VG3 IGl
+ (—Yn%—f- le%-i- YB%_'—lT)' (9.22)

The term in the brackets is equal to the SC current /5€. This term shows the
components of this current.
The expressions for the currents I, I3 are obtained similarly

L =YV —YnuV,+YnV;

VGl VG2 VG3 IGZ
+ (lef— Y22%+ Y23%+2T), (9.23)
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L =+Yi3V) + YV, —Y33V3

yGl G2 yes G
Yiz—— 4 Yp3—2— — Y33 —— 4+ 2. 9.24
+< 1373 + Y23 3 B3 + 3 ( )

The values of the constituent voltage and current sources of the generalized
equivalent generator do not depend on the conductivity y, in Fig. 9.10. It represents
a practical interest. This conductivity can be a part of the fourth changeable load.

Besides, the bunch center parameters of one load do not depend on the con-
ductivities entering into the circuit of other loads. For example, the center G, is
defined by elements y,, y,, and does not depend from y,, y,y, and y;, ysy.

Example 2 We use the date of Example 3, Sect. 6.2. Expressions (9.20) give the
values

10 15

U, :?—i- 1.948 = 5.28133, J; :?—0.974:4.026,
15 16.25
9.377 14.844

Us = T+ 1.61 =4.7356, J3= —5 - 1.61 = 3.338

We check relationships (9.21)

J1 =1.236-5.2813 — 0.176 - 6.64 — 0.282 - 4.7356 = 4.026,
J, =—0.176 - 5.2813 4 0.966 - 6.64 — 0.188 - 4.7356 = 4.596,
J3 =—0.282-5.2813 — 0.188 - 6.64 + 1.283 - 4.7356 = 3.338.

SC currents (9.22), (9.23), (9.24)

5 = <_1,23613—0 + 0.17613—5 + 0.2829'3¥ + 13—5> = 2.641,

10 15 9.377 16.25
¢ = (0.176?—0.966?+0.188T+T) = 1.761,

10 15 9.377 14.844
L€ = <0.2823+ 0.188 = — 1.2833+3> =2.817.
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Circuits with Regulation and Stabilization
of Load Voltages with Limited Capacity
Power Supply
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Chapter 10
Regulation of Load Voltages

10.1 Base Model. Display of Conformal Geometry

In power supply systems with limited voltage source power, the restriction of load
power, two—valued regulation characteristic, and interference of several loads is
observed [15]. Distributed power supply systems, autonomous or hybrid power
supply systems with solar cells, fuel elements, and accumulators may be examples
of such systems [8].

At present time, a digital control of voltage converters is used. One way of the
digital control performance is a predictive technique. In one switching period, a
duty cycle for the next switching cycle is calculated, based on a sensed or observed
state and input/output information [2, 3].

Also, a feed—forward control method improves a load regulation dynamics of
converter [1]. This method calculates the required duty ratio variation by a predicted
load current.

Therefore, it is necessary to take into account an internal resistance of power
supply, to carry out analysis of the load interference and obtain relationships for
definition of regime parameters at the possible coordinated predictive control for
preset load regimes. To simplify the solution of task and to reveal basic moments of
this influence, it is expediently to consider static regulation characteristics and
idealized models of voltage converters.

Anyway, we consider a power supply system with two regulated voltage converters
(or voltage regulators VR1, VR2) and given loads R;, R, in Fig. 10.1 [9-11, 13].
Generally, voltage converters with switched tapped secondary windings of trans-
formers, multi-cell or multilevel voltage converters, pulse-width modulation PWM
converters, and so on may be examples of these regulators.

The regulators define transformation ratios ny, ny

Vi Va
n=—, nmnp=-—. 10.1
1 % ) 2 % ( )
© Springer International Publishing Switzerland 2015 261
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262 10 Regulation of Load Voltages

Fig. 10.1 Power supply
system with regulation of load R
voltages v

The interference of the regulators on the load voltages Vi, V, is observed
because of an internal resistance R;.

Let us obtain equations describing behavior of this circuit at change of the values
ny,ny.

From (10.1) it is evident

V1 = an, V2 = nzV.

The total load power

1 2, 1 2 1 2, 1 2 2
Pp=— — =(— — )
L R, (V) +R2 (V2) (Rl (m) —|—R2 (n2)” ) (V)
On the other hand,
Vo=V
PL=1V = OTV'

Finally, we get the required equation

Ri w2 Ri Vo\*_ (o)’

— (V] —(V: V——) = . 10.2

o g (v-2) = (10.2)

This expression represents a sphere by the coordinates Vi, V,, V in Fig. 10.2.
For simplification of drawing, the axes V;, V, are superposed.

In turn, the variables n;, n, are resulted by a stereographic projection of sphere’s
points from the pole 0, 0,0 [14]. These variables define the conformal plane n;, n,
[4]; the axes n;,n; are superposed too.

In the plane V;V, we have an area of voltage changes. This area is defined by the
internal area of circle (ellipse) in Fig. 10.3a and corresponds to the sphere’s equator.
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Fig. 10.2 Stereographic
projection of sphere’s points
on a tangent plane nn,

Fig. 10.3 a Lines L;, K; of
characteristic regimes in the
plane V;V,. b The same lines
in the conformal plane nn;
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264 10 Regulation of Load Voltages

In this case V = Vj/2. Taking into account (10.2), we obtain the equation of this
circle

2
B rr= L, (10.3)

In the plane n;n, this equation has the form

R;
R

R;
(nl)2+R—2 (m)*= 1. (10.4)

Then, we get the maximum load voltages

Vo Ry Vo /R
Vi = £ Vor = £ -2 4 =2
M 2M 2 Ri’

— 10.
5 (105)

Similarly, the maximum transformation ratios

R R
n = £y /Flf naw = £y /ﬁ. (10.6)

Let, for example, the first load voltage regime V| = const (there is a line L; in
Fig. 10.3a) be supported by ny, ny changes. Then, a sphere’s circular section L; and
corresponding L, circle L, in the plane n,n; (there is a line L; in Fig. 10.3b) turns out.

Let us obtain the equation of this circle L.

From (10.1) it is evident

(V1)’= (m)*V?,  (Va)’= (m)*V2.

Then, by (10.2)

V= : —. (10.7)

Therefore, we have

n1V0
V) = ‘ ‘ . (10.8)
L+ & ()4 £ (n)?

Thus, the equation of the circle L; has the view

R;
R,

R; Vi
(n2)2+R— (n)*—n 70 +1=0, (10.9)
1 1

where the voltage V| is a parameter.
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The points of intersection of the circle L; with the axis n; correspond to
Eq. (10.9) as n, = 0. Then

Roots ny,n; of this equation are characterized by the inverse property

np - fll = & = (I’llM)z.
R;

Therefore, in the plane nn,, the two families of circles L; correspond to the
parallel straight lines in the plane V,V, for different values V,. These two families
of circles have the centers +nj. In turn, the values +ny,; conform to maximum
voltages £Vy.

Such families of circles L; describe the regime V| = const as the rotation group
of sphere, as it is shown by arrows in Figs. 10.2 and 10.4.

This motion of points n! — n? has the two fixed points %7,y and it is the elliptic
projectivity in the form

, an'+b

= 10.1
n e (10.10)

where coefficients a,b, c,d are parameters [5, 6]. The initial point n' = n{ + jn}
and subsequent point n* = n? + jn3 are complex values.

Fig. 10.4 Regime V| = n
Const as the rotation group of
sphere
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Fig. 10.5 a Rotation of the
equatorial plane of sphere in
the coordinate plane VV,
gives the circle family K;.
b Moving of points of the
circles K; as a hyperbolic
transformation

Let a set of initial points be situated on the sphere’s equator for different values
of V. Projective transformation (10.10) shifts each initial point along its circle L;.
In turn, all subsequent points constitute an arc of circle K; in Fig. 10.4. This circle
K is orthogonal to all circles of family L;.

Let us consider this shift in detail. The rotation of the equatorial plane of sphere
about its diameter, shown by arrows in Fig. 10.2, gives the circle family K; with
parameters k., k3, and, and so on in Fig. 10.3. This rotation by the coordinates V V
is shown in Fig. 10.5a.

In turn, in the plane V; Va, the projected circles k2, k3 give the family of ellipses
K, as shown in Fig. 10.3a. Let us obtain the equation of this ellipse.

By Fig. 10.5a, we have

v,
V2:k2(V—70) =nV, (10.11)

where k, is an angular coefficient. Therefore

Vo Vs
Vo) =22
( 2) ko
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Substituting this expression in (10.2), we get

R; R 1 (W)
E{WY+<EHYE?>U@2— 2 . (10.12)

Next, we obtain the equation of corresponding circles in the plane nyn,. From
(10.11) it follows that

Vo 2k2 —m
Vv k
Using (10.7), we get the required equation of circle K;

R;
R,

(n2)2+&(n1)2+2——1: . (10.13)

This expression corresponds to (10.4) as k; = co. The moving of points of the
circles K; is shown by arrows in Fig. 10.5b. Such moving, as a hyperbolic trans-
formation with the two fixed points +ny;,, has form (10.10) too.

10.2 Using of Hyperbolic Geometry Model

At the increase of the values n;, ny on some step of switching cycle, a running point
may pass over the equator and the voltage V, is going down that is inadmissible.
Therefore, it is better to use such groups of transformations or movements of points
in the plane n;n,, when it is impossible to move out the running point over the circle
or equator of sphere. So, we must decrease the next values n;, n, by some rule.
In this sense, we come to hyperbolic geometry [7]. There is Poincare’s model in the
plane nn; shown in Fig. 10.6. The corresponding circle carries the name of absolute
and defines an infinitely remote border. The equation of absolute conforms to (10.4).

Fig. 10.6 Poincare’s model
of hyperbolic geometry

n
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The arcs of circles L; are “straight lines” of this model. In turn, the arcs of circles
K, are the lines too. The distance between these lines is constant. The straight lines
L, are orthogonal to these equidistant lines K.

In turn, the Beltrami-Klein model is the other hyperbolic geometry model in the
plane V|V, in Fig. 10.3a. The lines L;, K| of this model have the same sense.

Now, we may obtain required expressions or rules of regime parameters and
their changes.

10.2.1 Case of One Load

At first, we consider our power supply system with one load, as n, =0, V, = 0.
Using (10.8), we get the regulation characteristic equation

)

1 =% -
1+ & (ny)?

For example, this regulation characteristic is shown in Fig. 10.7a as R; = R;.

Fig. 10.7 a Regulation (a)
characteristic. b Moving of a 0.5
segment for different initial v ¢ &
points v,
|
0.0
O
05 0 n]M
T2 1 0 1 2
n]
21 21 21
® vy
0N N AN
E'VW 0 EVll EVIZ Vv v,
E 21 : 21 21 4
0N LA A
LY 50 én: inf énIM n,
! 21 . 211 21 E
! n N : mn: mu '
G N LN A
0 1 Iml m2 ‘oo m
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Let us consider transformation (10.10). In the given case, this expression is a
projective transformation for the real variable ;. The regime change goes only on
the axes Vi, n as it is illustrated by arrows. Points n}, n} of initial and subsequent
regime form a segment nin?. The moving of this segment for different initial points
and the conformity of variables n;, V; is shown in Fig. 10.7b.

It is obvious that the Euclidean length of segment n{n7 is being decreased, while
this segment approaches to the fixed points £ny, of the absolute.

We know that a projective transformation has an invariant in the form of cross
ratio for four points. In the given case, there are these two fixed points (as the base
points), point n} of initial regime, and point n of subsequent one.

Then, the cross ratio m>! which corresponds to the regime change, has the form [12]

21 2 1 ni+my iy
m," = (—niy ny n; niy) = =+ . (10.14)

n 2 1
ny —ny nmy —ny

The value of this cross ratio is constant for different initial points, as it is shown
in Fig. 10.7b.

It is also possible to constitute the cross ratio m! for the initial or running regime
n} relatively to the origin of coordinate n; = 0; that is,

1
ny +nyy
my = (—nu ny 0 nyy) = ———. (10.15)
ny —ny
The conformity of the values n}, m! is shown in Fig. 10.7b too.
The value m! determines the non-uniform projective coordinate of the value n}.
Hence, the point #; = 0 is a unite point.
2

In the same way, the cross ratio for the subsequent regime nj

2
m, = (—ny 1 0 niy) = 2 ¥ Mg nl,‘; : (10.16)
niy — Ny

Obviously, a group property is executed; a subsequent regime value is equals to
initial regime value multiplied by regime change value.

Let us obtain transformation (10.10) for our case. To do this, using normalized
values

2 1
— n _ n
n2 1 I’l% 1

1 — ) )
nim nim

we get (10.14) in the form

i+l nf+1
Sl T 1—nl’

m! = (1R il 1)

(10.17)
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Then, the subsequent value

]711 + n__
A=t (10.18)
I+ m m§1+l
We may introduce a value
21
21 m, -1
[ (10.19)

Finally, we obtain

=1 21
_n ny +nj

= 10.20
TRy (10:20)

There is a required property of this transformation. If the initial value i} = 1,
then the subsequent value 72 = 1 for various values n?!.
In turn,

> -
e s (10.21)

= —-
1 —nin
So, there is a strong reason to introduce the transformation ratio change as n%l.
Let us now consider the variable V;. Then, the cross ratio my for the initial
regime V| and subsequent regime V? has the form

V4 Viu _ Vi4 Vim

1 1 2
=(-ViuV;0Viy) =————, . 10.22
my = (=Viu V| M) Vig — VI my, Vi = V2 ( )
The following equality takes place
my = (my)*. (10.23)

This expression leads to identical values if we use the hyperbolic metric to
determine a regime value

S =Lnmy =2Lnm,. (10.24)

Using normalized values
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we get (10.8) in the form

_ 2n

V= (10.25)
1+ (fl])

Similarly to (10.20) and (10.21), it follows that

- V1o p2l

Vel (10.26)
1+ V]V;

v:-vy!

vit=—L_"L. (10.27)

1— V3V

Thus, there is a strong reason to introduce the value of voltage change as V?3'.
The validity of such definition for the changes n3! and V! is confirmed by
expression (10.25); that is,

2n21
D=0 (10.28)
1+ (ni!)
Therefore, a concrete kind of circuit and character of regime determines system
parameters.
Hence, arbitrary expressions are excluded.

10.2.2 Case of Two Loads

Moving of points in the plane 717,

Let us consider the kinds of points move in the plane 72,7, with the aid of Fig. 10.6.
The arcs of lines L, K, are virtual trajectories of regime changes. In turn, points of
initial and subsequent regimes are labeled on these lines, as it is shown in Fig. 10.8.

The family of lines L; corresponds to the voltages or parameters V[, VZ, and so
on. These lines intersect the lines K, with parameters kJ, k%, and so on.

As the result, we have the sets of points on the lines L;. For example, there are
points Cy,, Dy, for the line with V] parameter.

System of Eqgs. (10.9) and (10.13)

Ri, » R &, Vo
R, (n2) +R1 (m)” —m V. +

Ri 2 Ri 2 ny

il —L 2-2-1=0
R, (n2) +R1 (m)” + A

determines coordinates of these points.
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Fig. 10.8 Lines L, K; as
virtual trajectories of regime
changes

S~

This system gives the quadratic equation for n;

Vo R; 5 Vo 2 R;
L 21 =0, (102
[(@M) b o = Rk 1 [+ 1| =0, (1029)
In turn,
— VO
ny = k2(1 np 2V1> (1030)

Further, we must determine the coordinates of points A;, F| with the aid of
Egs. (10.4) and (10.9)

{%(n2)2+1%(n1)2—n1 Vo+1_0
R; R;
R TrR

()’ +&m)* —1=0.
Then
1% R, R [ V\?
mo=2-1 m=+=-2(221). (10.31)
V() Ri Rl VO
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Moving of points along the line L,

Let us constitute the cross ratio m?2}, that corresponds to the regime change; that is,

points Cy,, Dy, of line L, and line K; with parameters k%, k%.
Then

D, —A C,,—A

" n in 1n In 0.32

m = (A, D, Ci, F = - . 10.3
nLl ( In P “ln ln) Dln — Fln Cl" In ( )

The coordinates of the points Ay, Ci,,, D1y, F1, are defined by normalized com-
plex values

Al _ Al | Al =Cl _ =Cl , :—Cl
n=ny +jn,, n°=ny +jny,
Dl _ =Dl |, =Dl  -Fl _ —F1 , .—Fl
no=ny +jn,, nwo=np +jn,,
In particular, the coordinates of A;, F, are conjugate complex values

—Al _ -Fl Al _ = Fl
ny=n, g, = —Jjhy,
—F1 _ 71 (5#F1\2 —F1\2 _
where ny' =V, (7]")"+ (n5')" =1
Then, the cross ratio has the form

=D1 —Al —=Cl —Al

no —n n-—n

21 Al =Dl -Cl —F1 .
m =n"n"n ' n = — — = — — 10.33
nLl ( ) 7Pl — jFl 7Cl _ jpF1 ( )

The result of calculation shows that this cross ratio is a real value. The cross ratio

mﬁlLl corresponds to the points Cy,, Dy, and so on.

Let us determine transformation (10.10) for the line L; with parameter Vll. Using
(10.33), we get the subsequent value
(A1 4! ) it — 1

APl = =) (10.34)

= SFL_ mpt Lo
7€l — ("1 —jab! — Ll

where 7€' is the initial value.

In particular, when the initial and subsequent value situated on the axis 7, this
expression has the form

This transformation conforms to (10.18) of one load.
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Moving of points along the line K,

Similarly, we have the sets of points on the lines K;. For example, there are points
Cin, Cy, for the line with k) parameter.

Let us constitute the cross ratio m>!, that corresponds to the regime change; that
is, points Cy,, C,

G, +1  Cp+1

21

=(-1C, Ci, 1) = : . 10.35
mnKl ( 2n 1 ) C2n _ 1 Cln _ 1 ( )

The coordinate of C,, is defined by normalized complex value

n? =n$? + jns?.
Then, the cross ratio has the form

=C2 1 =Cl1 1

mily = (—1a R ) = LT (10.36)

1—aC "~ 1—acl

The result of calculation shows that this cross ratio is a real value. The cross ratio
mfllm corresponds to points Dy,, D;, and so on.
Let us determine transformation (10.10) for line K;. Using (10.18) and (10.19),

we get the subsequent value

_cl o1
_co T ANy

=2 (10.37)
1+ n'nZ,
where the real value
21
2 My — 1
—_nkl - 10.38
gy m;2111<1 T ( )

determinates the transformation ratio change.
Moving of points in the plane VV,

Points of initial and subsequent regimes are labeled on the lines L;, K| as it is
shown in Fig. 10.9.

Moving of points along the line L,
Similarly to (10.32), let us constitute the cross ratio

Dy, — Ay , Civ — Ay

mi', = (Aiy Dy Ciy Fiy) "Dy - Fiy Cw—Fiy
%

(10.39)
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Fig. 10.9 Lines L, K; as
virtual trajectories of regime
changes

<l

The coordinates of the points Ay, D;,, Ciy, Fiy are defined by normalized

complex values
VAL= Vvt VP = Vi
7Cl _ gyl 4 spCl  pFl _ gl | :pFl (10.40)
V==V, +jVy, V=V 45V,

In particular, the coordinates of A;y, Fy are conjugate complex values
Al F1
Voo =—jVy .

Then, cross ratio (10.39) has the form

_ _ _ _ VD] VC]
miyy, = VAV V§1+V2Fl:%+l;ﬁ+l (10.41)
Y/ Y/ MY Y/ /D1 * ycl ° °
VDU PIT = yer I %_1 %_1
The result of calculation shows that equality (10.23) takes place
m%/1L1 = (milu)z (10.42)

Let us determine transformation (10) for line L; with parameter Vll. Using
(10.41), (10.36) and (10.37), we get the subsequent value
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_ v 21
yD! wr + Vi
2 1+ @ Vii
where the value
mi, =1 % - %i
Vil =t —=—_2 (10.44)
miyy + 1 1 - %%C:
determinates the voltage change for V.
Moving of points along the line K,
Similarly to (10.36) let us constitute the cross ratio
mie, = (=1 V§ vl 1). (10.45)

The result of calculation shows that equality (10.23) and (10.42) takes place
2
m%/lm = (milm) .
Let us determine the transformation which similar to (10.26) for voltage V.

Then

- VL2l
2= LIk (10.46)
L+ VV2

where the value

21 72 ol
myg,—1 ViV

Vil — = ___ 10.47
S S R L A (1047)

determinates the voltage change for V.
Now, let us determine the transformation for voltage V,. To do this, we use
ellipse equation (10.12) for normalized values

(V1)* + (1 +%(k;2> (Va)? = 1. (10.48)

Substituting the coordinates (V}, V1), (VZ, V3) of the initial C;y and sub-
sequent C,y points into (10.48), we get the system of equation

www.EngineeringBooksPDF.com



10.2  Using of Hyperbolic Geometry Model 277

o112 Ry 1 \ viy2_
Vi) + (1 TR (k2)2> (Vy) =1

(VD) + <1 +%@> (V3)? =1

Using (10.46), we obtain the equation for V3

VAV el = (7))
Trvva) T g =

(V3)*

This equation gives the required subsequent voltage

~ V1
Vie 2 J1 (V22 10.49
2 1+V11V12(11 ( Kl) ( )

Obtained expressions (10.46) and (10.49), as transformation groups, define a par-

allel shift or sliding along the axis V,; thatis, C;y — Cay — Csy and so on, step by

step. The parameter V2| is the value of this shift. In this case, we have a priority

control of the load voltage V. The parallel shift is one of the known three types of
movement in the hyperbolic plane.
The obtained expressions may be generalized for three or more loads.

10.3 Example

Consider the circuit in Fig. 10.1. Let the parameters be given as follows
Vo=5R =1,R =125R, =2.
Expression (10.2) of sphere
0.8(V1)> +0.5(V2)* + (V —2.5)> = 6.25.
Equations (10.3) and (10.4) of absolute

0.8(V1)> 4+ 0.5(V,)* = 6.25,
0.8(n))> +0.5(m)* = 1

Maximum load voltages (10.5)
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Vin = £2.5V1.25 = 2.795, Vo = £2.5v/2 = 3.5353.
Maximum transformation ratios (10.6)
ny = £V1.25 = 1118, nyy = £V2 = 1.4142.

Equation (10.9) of circle L,
2 2 5
05(112) + 08(1’11) —n v—i- 1=0.
1

Equations (10.12) and (10.13) of ellipse and circle K;

0.8(v1)> + (0.5 + (k;z) (V2)? = 6.25,

0.5(n2)> + 0.8(n;)* + 22—2 —1=o0.
2

10.3.1 Case of One Load

Let the initial and subsequent load voltage be equal to
vi=1, V=25
Then, the corresponding transformation ratios
nl =0.2068, n? = 0.6909.
Cross ratio (10.14) of regime change

o 0.6909 + 1.118 _ 0.2068 + 1.118

M= 0.6909 — 1118 -~ 02068 — 1118 > 1

Cross ratio (10.15) for the initial regime by n|

. 0.2068 + 1.118

My = T118 — 02068

Cross ratio (10.16) for subsequent regime by n?
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, 06909 + 1.118

O T 0 40353 = 2.913 - 1.4539.
" = 1118 — 0.6909 353 =2.913-1.4539

The normalized transformation ratios

0.6909 0.2068
=118 0.618, n 1118 0.185.

Transformation ratio change (10.19)

n 29131

— — 0.4888.
T o013 11

Projective transformation (10.20) for subsequent value

9 0.185 + 0.4888

T 15018504888

The next subsequent value 7; relatively to 717

3 n} +0.4888  0.618 + 0.4888
' 1472 -0.4888 14 0.618-0.4888

=0.85.

and so on.

We see that actual values of the transformation ratio changes are decreasing at
each time.

Cross ratio (10.22) for initial and subsequent regimes by voltages V], V12

142795

,  2.5+2.795
ml == _
V72795 -1

=214, my =3255 53

= 17.949.

Equality (10.23)
my, =2.1142 = 1.4539%, mi = 17.949 = 4.2353%.
Hyperbolic metric (10.24)

S' = Ln2.1142 = 2Ln 1.4539 = 0.7486,
§* = Ln17.949 = 2Ln4.2353 = 2.8875.
The normalized voltage values

_ 2.5 _ 1
V2=_""_-0.8944, V! =——=0.3577.
172795 %44, 2.795
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Voltage change (10.27)

. 0.8944 — 03577

= = 0.7892
' 1-0.8944-0.3577 ’
We check expression (10.28)
2-0.4888
21
=——>=10.7892.
b7 1+40.48882

10.3.2 Case of Two Loads

Plane 72171,

Let the load voltages be equal to V! =1, V2 =2.5 and parameters ki =1,
k=2
The point C;, corresponds to the values V| = 1, ki = 1. Then, Eq. (10.29) has

the view
5\ 2
-] 0.54+0.8
(5) 05+

From here, n1c1 = 0.2269.
In accordance with (10.30)

nS' = (1-2.5-0.2269) = 0.4326.

(n)* =5(0.5+ 1)n; + (0.5+1) = 0.

Similarly, we calculate the coordinates of the point D, , which corresponds to

the values V| =1, k&3 = 2.
The coordinates of the point F, by (10.31)

[ 2
=04, 00" =£4/2 — 2504 = £1.3206.

The coordinates of all these points are presented in Table 10.1.

In>

Moving of points along the line L,
Cross ratio (10.32)

a1 _ (0.2323 4 0.4954) — (04 — j0.9338)
nLl 702323 +j0.4954) — (0.4 +0.9338)
~(0.203 +,0.3059) — (0.4 — j0.9338)

7 (0.203 +,0.3059) — (0.4 + j0.9338)

= 1.6282.
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Table 10.1 Coordinates of n n 7 7
. 1 2 1 2

four points A, C,,,D,,, F}, ) ~ 13 =

in the plane 77, A, 0. .3206 0.3578 0.9338
C,, 0.2269 0.4326 0.203 0.3059
D,, 0.26 0.7 0.2323 0.4954
F,, 0.4 1.3206 0.3578 0.9338

Table !0.2 Coordinates of n, n, 7, i,

four points Ay, Cay, Doy, Fapn

in the plane 7,7, A,, 1.0 —0.6324 0.8944 —0.4472
C,, 0.7325 0.2674 0.6552 0.1891
D,, 0.7948 0.4104 0.71088 0.2902
F,, 1.0 0.6324 0.8944 0.4472

We obtain the same cross ratio for the points C,,, Dy, with the voltage Vf.

The coordinates of all required points are presented in Table 10.2.
Using (10.34), we define

L+m2,  1+1.6282
m2l — 1 1.6282 — 1

nLl

=4.1837.

Then, the subsequent value

o1 (0.203 +j0.3059) - (0.3578 + j0.9338 - 4.1837) — 1
(0.203 + j0.3059) — (0.3578 — j0.9338 - 4.1837)

= 0.2323 +j0.4953.

Moving of points along the line K,
Cross ratio (10.35) or (10.36)

5 (0.6552+j0.1891) + 1 _ (0.203 +j0.3059) + 1

= =2.9135.

k1 (0.6552 +j0.1891) — 1 N (0.203 +0.3059) — 1
Transformation ratio change (10.38)

s 291351

_ S T (94889,
"KL T 50135+ 1

Subsequent value (10.37)

_C2 (0.203 + j0.3059) + 0.4889 ]
- = 0.6552 .1891.
1 + (0.203 +0.3039) - 0.4889 0.6552 +j0.189
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Table 10.3 Coordinates of -
. n, n, Vs Vs
four points A,,,, C,y,,D,y, F iy
in the plane V, V, for the Ay 0.4 —1.3206 -3.3015 —0.9338
\711 = 0.3577 Ciy 0.2269 0.4326 1.906 0.5391
D,y 0.26 0.7 2.6956 0.7624
F,y 0.4 1.3206 3.3015 0.9338

Plane ‘71‘72
Moving of points along the line L,

The coordinates of required points for the voltage V] =0.3577 are given in
Table 10.3.
Cross ratio (10.41)

o1 0.76244+0.9338  0.5391 +0.9338

= + = 2.6519.
"VLL T 07624 — 0.9338  0.5391 — 0.9338

Equality (10.42)
2.6519 = 1.62822.

Voltage change (10.44)

2.6519 — 1
VA = —0.4523.
L 26519 41
Subsequent value (10.43)
o 0.539
Vgl _ 0.933% + 0.4523 = 0.8164
VFl - 1 +O,53910 4523 - :
2 0.9338 V*

Moving of points along the line K,
Cross ratio (10.45) for the voltages V| = 0.3577, V? = 0.8944

0.8944 +1 0.3577+1
21 .
VKL T 08944 — 1 03577 — 1 8.486

Let us check the equality m?'y, = (m2%,)*. Then

8.4867 = 2.91352.
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Table 10.4 Coordinates of S
. n n, Vs )

four pomts sz7 C2V7 1)2\/7 FZV

in the plane V, V> for the A,y 1.0 —0.6324 —1.5811 —0.4472

given \7% = 0.8944 Cyy 0.27325 0.2674 0.9128 0.2582
D,, 0.7948 0.4104 1.2909 0.3651
F,, 1.0 0.6324 1.5811 0.4472

Voltage change (10.47)
o BAS6T -1 oo

K11 4 8.4867

Subsequent value (10.46)

—, 03577 40.7892
L 1403577 -0.7892

= (0.8944.

Now, we use points of the line L, for the voltage V3 = 0.8944. The coordinates
of required points are given in Table 10.4.

We check expression (10.49) for the points Ciy,C,y which correspond to
voltages V§!, V§2,

Ve — ‘?20 1— (V21)2
21+ vivE K
0.5391

= V 1 — U. 2 - 2 2
1+ 0.3577-0.7892 0.7879% = 0.258

In turn, expression (10.49) for the points Dy, Doy
D2 _ ‘7_2Dl
> TV
B 0.7624
~ 1+0.3577-0.7892

2
L= (V&)

V1 —0.7879? = 0.3651.

We see that the results of this calculation coincide with the data of Table 10.4.
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Chapter 11
Stabilization of Load Voltages

11.1 Analysis of Load Voltage Stabilization Regimes

We use the same power supply system with two idealized voltage regulators
VR1, VR2, and load resistances R;, R, in Fig. 11.1 [7, 8]. The regulators define the
transformation ratios ny = V{/V, ny = V,/V; an internal resistance R; determines
the interference of the voltage regulators on load regimes.

For convenience, we rewrite Eq. (10.2)

R; Vo (V0)2

) 2
E(V')2+%(V2)2+<V_7>: Y (11.1)

11.1.1 Case of One Load

In this case, the transformation ratio n, = 0. Then,

2 2
By (v ) o0 )

For different load values (R}, R% and so on), this expression represents a bunch of
circles (ellipses) by the coordinates V;, V in Fig. 11.2.

Let the stabilized load voltage V|, = V|_ be given [9]. Then, the vertical line
with the coordinate V|_ intersects the bunch of circles in two points.

At the same time, the transformation ratio n; is resulted by a stereographic
projection of circle’s points from the pole 0,0. Therefore, the load resistance R]
corresponds to the variable n}; R? corresponds to 73 and so on.
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Fig. 11.1 Power supply
system with two voltage
regulators VRI1, VR2, and
loads R, R,

Fig. 11.2 Stereographic
projection of bunch of ellipses
on a tangent line n;

For a minimum value R, of the load resistance, the circle is tangent to the
vertical line Vi—_. In this case, V = V})/2. Using (11.2), we get the condition

R;
lein

(Vo)
Y

(Vie)’ =
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Then, the minimum load resistance value

Vio)2
Rimin = 4Ri( 17)2 : (11.3)
(Vo)
The respective maximum allowable transformation ratio
Vi
n Vo (11.4)

The operating area of all the circles must be above the diameters of these circles;
that is, V > V}y/2. Therefore, we use the upper point of the intersection.

In turn, on some step of switching period at increase of the parameter n;, a running
point may pass over the diameter that is inadmissible. Therefore, it is better to use
such groups of transformations or movements of points along the line n; when it is
impossible to move out the running point over the diameter. So, we must decrease the
next values n; by some rule. In this sense, we come to hyperbolic geometry.

11.1.2 Use of Hyperbolic Geometry

Let us consider the dependence R, (n;, V=), where the voltage V;_ is a parameter.
Similarly to (10.15), (10.17), we must validate the definition of regime and its
changes and find the invariants of regime parameters. To do this, we consider such
a characteristic regime as R; = oo. In this case, the ellipse degenerates into the two
straight lines, V. =0, V = V,.

Then, for the voltage V = Vj, the transformation ratio

Vi
Moo = Vo (11.5)
However, the question arises about the range 0 <n, <n,., of this transformation
ratio. According to Fig. 11.2, this range corresponds to negative load values —R,
and expression (11.2) determines a hyperbola. In this case, the load gives energy
back and the voltage source V| consumes this energy as it is shown in Fig. 11.3.

In this regard, we consider a physical realization of such a power source, as a
negative resistance. For this purpose, we remind something of the electric circuit
theory by examples of two circuits in Fig. 11.4.

Let a voltage source V| be connected to a resistance R; for the left-hand circuit.
Then, the negative resistance —R; and the drain current /; correspond to this
voltage source.

We consider Fig. 11.3 again. Then, it is possible to connect up the voltage source
V) instead of the resistance —R;. At the same time, the input resistance of this
circuit must be equal to the constant value R; at the voltage V| change. This
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11 Il
Rl e: ~Y =
%
P vi
: O | O
_Rl 3 Rl
— <

Fig. 11.4 Negative resistance —R) corresponds to a voltage source V| and its practical realization
by PWM boost converter

condition is satisfied due to the variable value n;. We obtain so called a loss-free
resistance [11]. The example of another such a circuit is the right-hand circuit in
Fig. 11.4 as a high-power-factor boost rectifier [4].

Taking into account the value n; = V,~/V and Eq. (11.2), we obtain

mVo

Vie=—7———. (11.6)
L+ £ (m)?
Thus, the required relationship n;(R;) and its inverse R;(n;) is obtained
»  VoR R R (m)
e —— 4 — =0, — = . 11.7
Wy TR TR T R T 7

In turn, the dependence R;(n;) determines a hyperbola in Fig. 11.5.

We have a single-valued mapping of hyperbola points onto the axis n;. This
projective transformation preserves a cross ratio of four points. Similarly to (10.15),
let us constitute the cross ratio m) for the points 0,7}, 7y, Mimay; that is,

1
n; —0 N — 0
1 _ 1 _ 1 . loo
mn—(O ny  Niso nlmax)— ; = — , (11.8)
Ny — Nlmax  Mloo — Mimax
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Fig. 11.5 Dependence :
Ry (m1) R, !
1
i
i
Imin :
i
0 :nlm nlmax n|
i
i
Fig. 11.6 Conformity of el
different regime parameters !
s N N0
0 nlw n: }’l? Imax nl
m21
s A INARL
0 1oim e o m
R
1
0 °<’ Rll R12 Imin RI
121
1
(2 N SN ()
oo o i I

1 1 Imax 1

where the points O, ny,x are base ones and n),, is a unit point.
Using (11.4), (11.5), we get

nl nl
e I S e it ¥ (11.9)
2?07 —ny Nimax — 1

The conformity of the points n{, m) is shown in Fig. 11.6. In this case, the value m}
is a non-homogeneous coordinate of ni.

Further, the cross ratio m%l, which corresponds to the regime change n} — n%
has the form

m!'=(0 n? nl nmx)= (11.10)
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Fig. 11.7 Conformity of the normalized transformation ratio 72; and a new variable 7,

Using the normalized values

2 1
_ n _ n
L S
N1max N1max

)

we get the regime change (segment 723 7i}) or cross ratio (11.10) in the view

(m — 1)
(ny —1)
Similarly to (10.19), we may obtain the analogous expression for the change n3! of
the transformation ratio so that the following relationships are performed

Si
—_ = —

m'=(0mnAl1)= (11.11)

S|

S| S
—_———

n ml =1 non 1
=00  m, = 21
mzt +1 1 —ny

(11.12)

For this purpose, we make the substitution of variables so that to use ready
expressions (10.19). Therefore, we introduce the value

iy =2y — 1 (11.13)

This simple conformity of variables is shown in Fig. 11.7.
According to (10.21),

~2 ~1
P L S|
S

Using substitution of variables (11.13), we get

=1
- ny—n
ny +n, — 2nyn;

In this expression, the changes of the variables are equal to among themselves; that

is, 72! = n2.
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There is a following foundation for this equality. Linear expression (11.13)
preserves a cross ratio and, consequently, the regime change m?!. On the other
hand, the change of the transformation ratio n3!' is expressed by regime change
(11.12).

Using (11.14), we obtain the subsequent transformation ratio

Yo+ mdt2al 1) '
There is a group transformation. Moreover, if the initial value ﬁ{ =1, then the
subsequent value ﬁ% = 1 regardless of the value n%l. Therefore, such movement of
point corresponds to hyperbolic geometry.

Similarly to the above, let us consider the cross ratio for the load resistance R;.
Using the dependence R;(n;) in Fig. 11.5, we demonstrate the conformity of the
variables R, n; by Fig. 11.6. The cross ratio for the initial point R} relatively to the
base points 0, Rjmin, and a unit point R; = oo has the form

1
ny

mp=(0 Rl 00 Rimn)= (11.16)

AR )
1 4R} Vo)

Expression (11.16) equals the corresponding cross ratio for the conductance Y; =
1/R; and the load current I; = U, /R;. Also, the following equality takes place

mg = (my)*. (11.17)

This expression leads to identical values if we use the hyperbolic metric to deter-
mine a regime value or distance

S =Lnmg =2Lnm,. (11.18)

The base points 0, Ry, correspond to the infinitely large distance.
Similarly to (11.10), the cross ratio m%', which corresponds to the regime change
R} — R3, has the view

Ri(R] — Rimin)

21 2 pl
=(0 R* R Ripy)=—b—1 —tmn/
mg ( 1 1 lmm) Ri(R% — Rimin)

(11.19)

We may introduce the change R}! of the load resistance by the following expression

my _ LR
1-RY

(11.20)
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Further, we use the normalized values

2 1
=g R
lein lein

Similarly to (11.14), we get

R? —R!
P L W - (11.21)
R2 +R! —2R’R!

Then, there is a strong reason to introduce the value of load resistance change as
R%l and the value of transformation ratio change as n%l.
The validity of such definitions for changes is confirmed by the following

expression similar to initial expression (11.6); that is,

2n21
20 _ 1
1
Using (2.21), we obtain the subsequent value R? of the load resistance
_ RI(1+ R}
R = (4R (11.23)

'L RIR 1)

As well as (11.15), if the initial value R{ = 1, then the subsequent value R} = 1
regardless of the value R3!.

Thus, a concrete kind of a circuit and character of regime imposes the
requirements to definition of already system parameters.

Therefore, arbitrary and formal expressions for regime parameters are excluded.

Example Let the circuit parameters be given as follows
Vo=5, R =1, V,_=25.
The initial and subsequent value of the load resistance
R} =20, R =125
Minimum load resistance (11.3)

(Vi)

(V0)2 =1

lein = 4R1

www.EngineeringBooksPDF.com


http://dx.doi.org/10.1007/978-3-319-16351-2_2

11.1 Analysis of Load Voltage Stabilization Regimes 293

Maximum transformation ratio (11.4)

Vie
Nimax = 2% =1
0
Transformation ratio (11.5)
Vi
=—=05.
Nl Vo

The values of the transformation ratio by quadratic Eq. (11.7)
ni =0.585, n?=0.691.

The normalized values are equal to these transformation ratios.
Cross ratio (11.8) for the initial regime

0.585

~T_o0sss 4

myll = (0 I’l% Nico nlmax)

Cross ratio (11.10) for the regime change

20,1
2 5 _ ni(n) — nimax)  2.236
=(0 max ) = = = 1.581.
" ( ot ) nl(n3 — nimax) 1.41
Change (11.14) of the transformation ratio
|
21 ny —n 0.106
= = = 0.226.
TR A ol T 0467
Now, we consider the cross ratio for the load resistance R;.
Cross ratio (11.16) for the initial regime
my=(0 Rl 00 Rimn)= ! -
R 1 Imin B 4R,~(V1:)2 1 — 4% V.
Rl (Vo)®
Let us check equality (11.17); that is,
mh = (m})* = 1.412 = 2.0.
Cross ratio (11.19) for the regime change
R3(Rl — Ry
my = (0 R R Rimn)= 1B~ Rimin) _ 5

R{ (R% - lein)
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The equality
mi = (m2')* = 15812 =2.5.

Change (11.21) of the load resistance

R? —R!
R = ST0L 429,
B +R - 2R'R
Equality (11.22)
22! 2.022
R mo_2:0226 .

LT (@) 140051

11.1.3 Case of Two Loads

Let us now consider a circuit with two loads in Fig. 11.1. The variation of one of
these loads leads to a mutual change of stabilization regimes for both loads.
Therefore, it is necessary to change the transformation ratios n;,n, in some coor-
dination for the stabilization of V|_, V,_. We will obtain the required relationships.

We rewrite Eq. (11.1)

R; 2 R 2 Vo> (Vo)
— (V1= — (Vo V——| = .
B+ g+ (v-2) -
By definition,
Vi Voo
n —=-——, ny = ——.
\%4 \%

Using (11.24), (11.6), and (11.25), we get the system of equations

% l’l1V0
== ) )
L+ & (m)? + R (n)?
Vi
Voo = na Vo

LR m) )
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It follows that

2 R o
-t - -4 1=
R+ ) =Y

(11.27)

LS AP E L

R Ry Voo B

By definition (11.25)
Voo

=n—. 11.28
= ( )

Substituting this expression in the first equation of system (11.27), we get

S B4 Sl B A
R|—+— (=) | - 1=0. 11.29
(m1) lR1+R2 Vi vt ( )

The expression in the square brackets is the total resistance (conductance) of both
loads relatively to the first load; that is,

11 1)
4 [=) =y 11.30
Rr R * Ry <V1_> ! ( )
If, for example, the load voltages are equal to among themselves, V,_ = V|_, then
these loads are connected in parallel and
1 1 1
—=—+—=7Y7.
Rr R R
Finally, we get the expression
R; Vi
(m)? =t -0 4 o, (11.31)

This expression corresponds to (11.7) and the dependence Ry(n;) coincides with
Fig. 11.5.
Therefore, for given load resistances, we determine:

e total resistance (30);
transformation ratio n; as the solution of (11.31);
value n; by (28) or by the second equation of (27).

Also, we must check stability conditions (11.3), (11.4). In this case, these
conditions have the form
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Vi_ 2
RTmin - 4Rl ( l_)z
(Vo) (11.32)
Vl: VZ:
Nimax = 2 5 Nomax — 2—.
Vo Vo

Further, it is possible to use the above idea of hyperbolic geometry in the case of
one load.

11.2 Given Voltage for the First Variable Load and Voltage
Regulation of the Second Given Load

We consider again the circuit shown in Fig. 11.1. Let the first load voltage V;_ be
stabilized. But for all that, the first load resistance may be both positive R; > 0 and
negative R; <0. Also, the second constant load resistance is positive R, > 0.

For example, the circuit in Fig. 11.8 corresponds to the positive load Ry > 0 and
PWM regulators in Fig. 11.9a conform to the negative load R; <O0.

We rewrite Eq. (11.1)

R; 2
— (V]
R1(1)+

R;
R,

(V2)” + (V _ %)2 (Vo)”

which correspond to a surface with a parameter R; in the coordinates Vy, V,, V.

If Ry > 0, this expression represents a sphere (ellipsoid) similarly to the circle
in Fig. 11.2. The both loads consume energy; the voltage source V| gives
energy.

Fig. 11.8 Power supply VR1
system with the invariable R VA :
voltage V;_ and given load R, ! o :
o I
IO i ,]\ E
VR2 1
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Fig. 11.9 a Power supply (a) I I
system with resistance —Rj. l — — 0 v,
b Its geometric model Y > \ A
% R, $ T
= C = RS R,
!J Vo
Rl
—

If R; <0, we get a one-sheeted hyperboloid in Fig. 11.9b [3]. The first load, as a
constant voltage source V_, gives energy. In addition, the voltage source V), as
energy storage, may consume and give back energy. The corresponding direc-
tion of the current I, determines these regimes.

For different values R;, our expression represents a bunch of spheres or hy-
perboloids. If R; = oo, as the open circuit regime, the corresponding surface
degenerates into a cylinder. Let us now return to given operating regime; that is,

Vi=Vi—, Ry, = const.

For realization of this regime, it is necessary to change the transformation ratios
ny, ny in some coordination. Let us obtain the required relationships.

So, the plane with the parameter V,_ intersects the bunch of spheres and hy-
perboloids. As the result of this section, the bunch of circles in coordinates V,, V is
obtained, as it is shown in Fig. 11.10.

In this case, our expression has the form

R;

5 AW
o 4 R,

(V)* + (V 5 — (Vi) (11.33)
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Fig. 11.10 Bunch of circles 1%
for different Ry as V,—

The second member of this equation is a radius of circle for the given value R;. It is
possible to consider the voltage V, change as the radius-vector rotation. This
rotation determines a point movement along the straight line V,_ in coordinates
Vi,V in Fig. 11.11. This figure at V, = 0 is analogous to Fig. 11.2.

In the general case of the variable V,, we get the surfaces, which rotate around
the diameter V = V;)/2, as it is shown by closed arrows. Also, the transformation
ratios ny, ny are resulted by the familiar stereographic projection of sphere’s points
on the tangent plane or conformal plane. The axes n;,n, are superposed in
Fig. 11.11.

Fig. 11.11 Bunch of curves
at V, = 0 and a point moving
along lines V;_
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Fig. 11.12 Trajectories for n
different values R; as V—

Further, we use the first equation of system (11.27)

R;
R;

R; Vi
(m)” + 5 () ==+ 1=0. (1134)
2 1=

This equation circumscribes trajectories for different values R, as it is shown in
Fig. 11.12. These trajectories are characteristic lines for the conformal plane.

If Ry > 0, the bunch of circles with parameters R}, R? is obtained.

For R; = oo, Eq. (11.34) corresponds to a parabola; that is,

L) ——=—41=0. (11.35)

The case R; <0 conforms to a hyperbola. For the limit values Ry = 0 and n; = 0,
the hyperbola degenerates and coincides with the axis n,.

The radius-vector rotation in the plane V, V determines the analogous rotation in
the plane n; n, with the centre nyy,x. This centre corresponds to the minimum load
resistance Rim;n.

Let us find these values njmax, Rimin. We assume n, = 0 in expression (11.34).

Then, we get the quadratic equation

R;

2
— -——+1=0. 11.36
) =5 (11.36)

The roots coincide for
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Using (11.36), we get

Vi
Nimax = 2i7
Vo
These values equal (11.3) and (11.4) for one load.
Next, we display the voltage V, value for the trajectories in Fig. 11.12. Using
definition (11.25), we obtain
Vo= Vo 2.
n

Therefore, the voltage V, is directly proportional to the voltage V,_ as constant
value ny/ny; that is, we have a straight line, which intersects the bunch of circles
with the parameter R; in two points. Then, the tangent lines to the circles (curves)
determine the points of the maximum voltage Vonax, the voltage V = V;/2.

In this case, we get

Vo [R> Rimin R, Rimin
Vamay = -2 4 2 [ = Bmin = )2, [ — i 11.37
= P\ = 1T )

It is interestingly to note that all these tangent lines to the curves correspond to the
value nimax. Therefore, the operating area of the transformation ratio is limited by
the value 7y < nymax. S0, we must decrease the next value n;, for the next regulator
switching period, by some rule. In this sense, we come to hyperbolic geometry.

11.2.1 Use of Hyperbolic Geometry

We may suppose that the straight line njn,, in the plane nyn; is the infinitely
remote line. Therefore, geometry of the half plane ny,n; <njna.x in Fig. 11.12 and
of normalized half plane 71, 7; <1 in Fig. 11.13 corresponds to Poincare’s model of
hyperbolic geometry. This Poincare’s model is also demonstrated by projective
coordinates g, g1 for the left-hand figure and by these Cartesian coordinates for the
right-hand figure in Fig. 11.13 for the half plane g,, g; > 0.

For Poincare’s model of hyperbolic geometry, the half-rounds with the given
resistance R; intersect the axes g, orthogonally.

Let us introduce this geometry. To do this, it is necessary to change the variables
ny(g1,82), ni(gi1,g2) so that all curves of the plane n, n; would be converted into
circles of the plane g, g;.

Further, we use the normalized values
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Fig. 11.13 a Poincare’s (a)
model of hyperbolic geometry 7
for superposed half planes

7_12,711 < 1 and 82,81 ZO

b Half plane for orthogonal

coordinates g7, g;

2

(=1

~

R<0

As the scale value ny.r, we may use a circle with some characteristic value of the
parameter R;. The resistance value R; = co may be such a characteristic value.
Using (11.35) and the value njp,,, we get

R
Raref = ﬁ. (11.38)

It is possible to represent expression (11.34) in the normalized form

R 1min

e (1) + (72)" = 20 + 1= 0. (11.39)
1

The required change of variables has the view [1]

(11.40)

Let us check the offered expressions. In this case, Eq. (11.39) transforms into the
equation of circle; that is,

(g1) + () =1- Rll;:i“ =(n) (11.41)

The second member of this equation is a radius squared for the given R;. We may
term the variables g, g» as hyperbolic transformation ratios.

This geometric model allows to use a cross ratio for the determination of regimes
and their change.
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11.2.2 Regime Change for the First Given Load Resistance

For clarity, let us consider the half-rounds with the parameter R} in Fig. 11.14.

Let points Cy,, Dy, be points of an initial and subsequent regime. Then, the cross
ratio, which corresponds to the regime change Ci, — D1, has the form similar to
(10.32); that is,

D, —A Ci,—A
DC 1g g . 1g 1g

m,- = (Ao D1, Cio F1,) = = . 11.42
¢ ( lg Plg “lg lg) Dy, — Fi, Ci,—Fyig ( )

The points Ayg, Fi, are the base points.
The coordinates of all the points A4, Dyg, Cig, Fi are given by complex num-
bers as follows

g =g +j0, & =g" +ijgl",
g =g5' +isi, & =g +)0.
In particular, radius of half-rounds (11.41) defines the coordinates g5', gh! as the

follows

1 F1
g’g =TI, & =TI

Fig. 11.14 Regime change
for Poincare’s model of
hyperbolic geometry
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For Poincare’s model of hyperbolic geometry by Fig. 11.14, cross ratio (11.42)
looks like [2]

cl Dl
pc_ tglc ri—g5 rn— 85

= = - . (11.43)
S gy gf! gt
Using (11.41), we get
2y —gSt - gD
(mpe) =08 b (11.44)
r+g "+ &5
This expression gives the subsequent value
pi & ,DC
& _ w8 (11.45)
r 1+ ngé)C
r
where the hyperbolic transformation ratio change is introduced as
2
(m?c> -1
=t (11.46)

.
(mqDC) +1

This change corresponds to the points Cyg, Do, of the half-rounds with parameter
R? and so on.

We may obtain an expression for the subsequent value of the transformation
ratios ny,ny. To do this, it is necessary to apply to (11.45) the inverse change of
variables relatively to (11.40); that is,

gl=——, Q=—. (11.47)
n n

But complicated formulas are obtained. Therefore, using (11.40), we may directly
calculate the subsequent value of transformation ratios nj, n;.

Let us now compare the half-rounds in the plane g, g; with the half-rounds in the
plane V,, V in Fig. 11.15.

The points Ay, Fyy are the base points. The points C;y, Dy correspond to the
initial and subsequent regime. It is possible to conclude that the half plane
Vo,V >V, /2 is also hyperbolic geometry model.

Therefore, similarly to (11.44), the regime change has the view

mec = (_VZmax VQDI V2Cl VZmax)
_ VQDI + V2max . V2Cl + V2max (1148)

— yDl * yCl .
V2 - V2max V2 - V2max
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Fig. 11.15 Regime change 1%
for hyperbolic geometry in the
half plane V,, V> V,/2

Also, the following equality takes place

2
pc _ (..DC
my~ = (mg ) .

Using (11.48), we obtain the subsequent voltage

VC 1 D
DI -2 C
VZ — Vamax + V2
V2max LU DC’
1 + Vamax 2

(11.49)

where the voltage change is introduced as
mbC — 1
VY€ = —e— =g 11.50
2 mec +1 &2 ( )
It now follows that

VDI D1
#:‘%. (11.51)
max

The obtained expressions may be generalized for three or more loads.
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11.2.3 Example

Let the circuit parameters be given as follows
Vo=35, Ri=1, Ry=2, Vi==25, Rimn=1, nimx=1.

Scale value (11.38), ny.r = 1.414.
The initial regime, the point Cj, is set by the first load resistance R{ = 1.25 and
the second load voltage V! = 0.707.
Using (11.24), we get
35
V= .
1.5

Further, we use the voltage value V! = 3.5 because this value is greater than
Vo/2 =2.5.
Maximum values (11.37)

5 1
Vamax = 5\6 l-10s= 2.5v2v0.2 = 1.581,

Mymax = \/EV 0.2 = 0.6324.

Radius (11.41), r; = v/0.2 = 0.447.
Transformation ratios (11.25)

2.5 0.707
ny = 35 0.714, n, 313 0.202.

The normalized transformation ratios

0.202
—Cl _ —Cl _ _
ny =0.714, n; = 1414 0.143.
Hyperbolic transformation ratios (11.47)
1-0.714 0.143
clo_ _ cl _ _
§U = gq1a 0 & Tgg =02

We check expression (11.41)
0.4+ 02> =0.2.

Further, we are verifying the regime change for the given load resistance R;.
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Let the subsequent regime, the point D;, be given by the second load voltage
VPl = 1.414 and voltage VP! = 3.

Therefore,
2.5 1.414
=Dl —=DI1
=—=0.833 = =0.333
T T3 414 :
1—-0.833 0.333
D1 D1
= 202 =" —04.
&1 0.833 » 82 70833
Regime changes (11.43), (11.44)
v02-02 +02-04
mP¢ = - =2.618.

§ 0.4 0.2

(mDC)z_ V02-02  V02-04
8 V02+02 V02404

Transformation ratio change (11.46)

= 6.8528 = 2.6182.

6.8528 — 1
DC
=————=10.7453.
82 T 68528+ 1
Subsequent value (11.45)
+0.7453
g2 = \/_— 0.8944 — ﬁ
r 1+ \/—— -0.7453 v0.2

Regime change (11.48)

DC _ 1.414 + 1.581 _ 0.707 + 1.581
v 1.414 — 1.581 ~ 0.707 — 1.581

= 6.8528 = (2.618)".
Equality (11.51)
1414 04

1581 04472 08944

11.3 Power-Load and Power-Source Elements

Let us consider the familiar power supply system with one voltage regulator (sta-
bilizer) VR and given load resistance R; in Fig. 11.16.
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Fig. 11.16 Power supply system with given load power

Load power

(Vio)?
R,

P =

=1v. (11.52)

So, we have a power-load element P for different values of voltage V and current
shown in Fig. 11.17 [10, 11].
Equation (11.52) represents a hyperbola

I=—.
Vv

In turn, the voltage source characteristic

VoV

I D
R, R,

(11.53)

as a straight line, intersects the hyperbola into two points M, M. Using (11.52),
(11.53), we get the quadratic equation

2
VoV Vv
oW (11.54)
R; R;
Fig. 11.17 Power-load I
element P and its hyperbolic I_ o ~
characteristic + ~ N\ M
P 1
Vv
1 ,M P
0| v v o
P
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The roots have the view

v 4PR;
V:é’ 1+ 1_(v )2]
0
. (11.55)
_ v 4PR;
V=11 1-—
2 (Vo)

On the contrary, we may say about a power-source element, which gives a constant
power into variable load.

Therefore, it is desirable reasonably to determine the power-load element regime
parameters using admissible area of changes of the voltages V, Vj; that is, to present
the regime parameters in the relative form and to eliminate the two-valued char-
acteristics [5, 6].

To do that, we consider the equivalent circuit of the power supply system and its
characteristic in Fig. 11.18.

For different voltage source values (V, V§ and so on), we get the voltage source
characteristic as parallel lines. These lines intersect the hyperbola into pairs of
points My, M,: M,, M, and so on. The arrows show the conformity of these points.
Also, the characteristic points M+, M~ correspond to tangent lines £V,,,. The
closed arrows illustrate these fixed points.

For the fixed points, the following condition takes place

_4PRi

0.

Fig. 11.18 Characteristics of
the power-load element with
different values of the voltage
source
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Therefore, we get the allowable minimum voltage source values

Vou = +2+/PR.. (11.56)

The corresponding power-load element voltages

Vi = £VPR;. (11.57)

We must prove the single-valued area of the power-load element characteristic.

To do this, we consider the characteristics of the power-load element in the
projective coordinates in Fig. 11.19.

The parallel lines of the voltage source characteristics are intersected into point S
onto the infinitely remote line co. This point S is the pole and the straight line
M* M~ is the polar. Therefore, we get some symmetry or mapping of a “lower” part
of our curve onto an “upper” part. The points M, M~ are the fixed or base points.
So, the obtained single-valued area involves the characteristic points Vj;, 0o, —Vyy.

Now, using the conformity of the voltages V, V), we may represent the regime
parameters in the relative form.

From (11.54), we get

RiP
v

Vo = +V. (11.58)
This dependence determines a hyperbola in Fig. 11.20.

This hyperbola is similar to the curve of Fig. 11.5. Therefore, we may use the
above obtained results.

So, the single-valued mapping of the hyperbola points onto the axis V takes
place. This projective transformation preserves a cross ratio of four points. Similarly
to (11.9), let us constitute the cross ratio m{, for the initial point V'; that is,

Fig. 11.19 Characteristics of
power-load element in the
projective coordinates
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Fig. 11.20 Dependence
Vo(V) for given load power 0

v, vivl v
-VOM
1 Vi V v! _VOTM
_ 1 _
my = (% v oo _%)_V‘—&—V”—M’ (11.59)
2
where the points Vy, = Vg—"‘, —Vuy = —VOTM are base ones and V = oo is a unit

point.

The conformity of the points V!, m}, is shown in Fig. 11.21.

Further, the cross ratio m3!, which corresponds to the regime change V! — V2,
has the form

. ‘72 Vou ‘71 Vou
2 V 2 1 V — 2 . 2
m ( oM V ‘i 7M) Vour * 1 Vou * (1160)

Using the normalized values

_ V2 B Vl
VZ=2—>1, Vi=2—>1,
om Vom
Fig. 11.21 Conformity of e
different regime parameters 0 e 0
o v, vV e Ly, Y
21
Vo
/N
1 2
“ Vou Yo Voo = Ve Vo
21
m,
/N
0 mi, m?/ I o m,
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we get regime change (11.60) as

- Vi-1 vi-1
21 _ 2yl - .
my'=(1 V* V —1)_‘_/2—HT‘71—H. (11.61)
This expression we rewrite in the view
V21 V1 YL
mi=l . LTl R T (11.62)
Viel vi-1 T — 1
Similarly to (10.27), we introduce the voltage change V2! expression
Vil —1
Then, the following relationships are performed
Vi34 mi! — 1
21 21 v
my = , V= . (11.64)
ooy - m + 1
Using (11.62), we obtain the subsequent voltage
o, vV

here is a group transformation. Moreover, if the initial value V! =1, then the
subsequent value V? = 1 regardless of the value V2! = 1.

Similarly to the above, let us consider the cross ratio m], for the voltage Vj using
the conformity of the variables by Fig. 11.21 for the single-valued area. This cross
ratio has the form
_ Vo = Vou

1 _ 1 "
= (Vi Vo oo =V = .
m, ( oM 0 oM ) V01 + VOM

(11.66)

Also, the following equality takes place
my = (my)>. (11.67)
We may use the hyperbolic metric to determine a regime value or distance
S =Lnmy=2Lnm,. (11.68)

The base points V, — V), and points Vjs, —V),, as the limit points, correspond to the
infinitely large distance. Therefore, this limit regime has a clear physical sense.
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Similarly to (11.60), the cross ratio m3', which corresponds to the voltage source
regime change V! — V2, has the view

V3 —Vou . V4 = Vou

21
mi'=(Vou V2 V& —Vou)= V2 Vou VI T Vou (11.69)
Using the normalized values
B V2 _ Vl
Vi=-2>1 Vi=-L>1,
Vom Vom
we get the regime change in the view
- Vi—1_ Vi-1
20 _ _ Yo . Yo
mi'=(1 V3 V} fl)_,ZHTVOIH. (11.70)
This expression we rewrite in the view
. - VeVol
Vel Vol vt (11.71)
O VI 4+1 V-1 V—V@Vf;f—l
0 0

Similarly to (11.63), we introduce the analogous expression for the voltage source
change V3!

V2Vl —1
31 = %. (11.72)
Vo — Vo
Then, the following relationships are performed
21:Vgl+1 21:’"(2)171 (1173)
0 Vgl —1 ’ 0 m(2)1 +1 . .
Using (11.72), we obtain the subsequent voltage
|
p =2 (11.74)
Voo =V

Then, there is a strong reason to introduce the value of voltage source change as
Vgl and the value of voltage change as V?'.

The validity of such definitions for changes is confirmed by the following
expression similar to initial expression (11.58); that is,
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1

21
W' =

+ V2L (11.75)

Example Let the circuit parameters be given as Vo =5, R; =2, P = 3.
Power-load voltages (11.55)

.3 3=V
51:|: 1_432:§5:|:1: v
2=V

V==
2

52 2 5

Voltages (11.57), Vyy = +/PR; = /3 - 2 = £/6.
Cross ratio (11.59) for the initial regime V! = 3

~3-v6 05505

=2V T 0.10102.
316 54494

1
my
Let the subsequent regime be given by Vg = 8. Then, subsequent power-load

voltages (11.55) equals to V? = 7.1623.
Regime change cross ratio (11.60)

v2_Yu oyl _ Yu

21 _ 2 2 _ . _
my, = Vi VUTM BT VOTM = 0.4903 + 0.10102 = 4.8536.

The normalized values

_ 7.1623 = 3
V2= =2924, V=" =12247.
V6 V6
Voltage change (11.63)
2.924-1.2247 — 1
21
= = 1.519.
v 2.924 — 1.2247 ?
We check expression (11.64)
1.519 +1
21
=————=4, .
My = Tsig—y 8930

Let us check subsequent voltage (11.65)

oo 1.519-1.2247 -1  0.8604

1519 12047 02040 2%

Now, we consider the cross ratio for the source voltage V,.
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Initial regime cross ratio (11.66)

5 —2v6 0.101
5 +2v6 99

Equality (11.67), 0.0102 = 0.101022.
Distance (11.68)

= 0.0102.

L _
my =

S' = 1n0.0102 = 2Ln0.10102 = —4.5848.

Voltage source regime change (11.69)

an 8-2V6
my =———=
8 +2v6

The normalized values

=+ 0.0102 = 0.2404 = 0.0102 = 23.5578.

_ 8 _
Vie——=1633, V! =
0 2\/6 0

Voltage source change (11.72)

1
Vo _ 5 o
Vou 26

» 1.633-1.021 -1  0.6666

0 = 16331021 06124 0887

We check expression (11.73)

o _ Vol 1 1088741
O V3 -1 1.0887 —1

= 23.5578.

Let us check subsequent voltage (11.74)

72— Vi'Vg—1 1.0887-1.021—1 0.1111

= —— = = = 1.633.
O v -y 1.0887 — 1.021 ~ 0.068

Expression (11.75)

1
2-1.0887 = ——+ 1.519.
088 1.5194- 519
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Chapter 12
Pulse-Width Modulation Regulators

12.1 Introduction

As it was noted in Chap. 10, into power supply systems with limited capacity
voltage sources the limitation of load voltage is appeared. Renewable power supply
with solar array, fuel cell, rechargeable battery may be the example of one’s [4].
The output voltage of these sources changes over a wide range. In such systems it is
convenient to apply the pulse width modulation PWM boost and buck-boost
regulators or converters which can step up and step up or step down the input
voltage [2, 10]. But, these regulators have a nonlinear regulation curve or charac-
teristic. Therefore, the problem of linearization is appeared [9].

The linearization methods are proposed for idealized, without losses buck-boost
regulators [3, 5].

Also, the real boost and buck-boost converters have the two-valued regulation
characteristic. In this case, the up-slope direction or the forward branch of its
regulation characteristic is used and the down movement of the operating point on
the back branch is restrained.

Therefore, it is necessary to correctly determine the regime parameters of the
converter relatively to the maximum permissible load voltage and control pulse
width. It will allow estimating, for example, reserves of the control voltage and load
voltage, to use this data for a direct digital or predictive control, to carry out some
kind of the linearization of the regulation characteristic in a wide range of load
voltage changes.

© Springer International Publishing Switzerland 2015 317
A. Penin, Analysis of Electrical Circuits with Variable Load Regime Parameters,
Power Systems, DOI 10.1007/978-3-319-16351-2_12
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318 12 Pulse-Width Modulation Regulators

12.2 Regulation Characteristic of Boost Converter

Let us consider a PWM boost voltage converter with a given load resistance R in
Fig. 12.1 [8].

We know the expression of the static regulation characteristic for the continuous
current mode of the choke L with the loss resistance R; [1]

1-D o5
Vi =V, = Vo—=L | 12.1
L O(I—D)z‘i‘% 01+ (J)z ( )

where D <1 is a relative pulse width and ¢ is a relative loss. For convenience, let
the converter be given by the following parameters

Vo =25, o =0.08.
Then, characteristic (12.1) has the view of Fig. 12.2.

We may introduce a value

1
n 1 (12.2)

=——2>1.
1-D—

This value is the inverse relative pause width or the transformation ratio of the
idealized boost converter

n=-L (12.3)

Fig. 12.1 Boost voltage
converter
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Fig. 12.2 Example of 160
regulation characteristic via
the pulse width

120

-~ /
40
/
0
0,0 0,2 0,4 0,6 0,8 1,0
D
Thus, we obtain that
n
Vi=Vo———- (12.4)

1 + (on)

This equation corresponds to regulation characteristic (10.8) for power supply

system with one load of Sect. 10.2.1. Therefore, we may use the results of this section

directly. Regulation characteristic (12.4) for our example is given in Fig. 12.3.
Expression of ellipse (10.2) obtains the general form

2 2 2
(O‘) (VL) + (V) - VW =0. (12.5)
Fig. 12.3 Example of 160 ——
regulation characteristic via / ;
the transformation ratio 1

80 /

-80 7

-160 -]
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Fig. 12.4 Geometrical model 174
of the regulation characteristic v n n n
of the boost converter 0 M
// z e
Vv , 7
_______________ X .
ol .
’ 1 7z
/ I ’
Q0
0 AR
— ’ ’ !
2 /// . ’ /
/: ’ i
2 !
0 Vi Viu Vi

The plot of this ellipse is given in Fig. 12.4.
The variable n turns out at the expense of a stereographic projection too.
Therefore, the maximum values

v 1
Vig = £-— = +156.25, ny = +—= +12.5. (12.6)
20 o

coincide with (10.5) and (10.6).

We note that the real working area n > 1, but the whole area from —ny; to +ny,
allows using the above results.

We consider that a regime change or load voltage regulation is defined by a
group hyperbolic transformation, which consecutively, step by step, translates an
initial point V}! into a subsequent point V} and so on.

The conformity of the characteristic points and running points of different
variables is shown in Fig. 12.5.

Such transformation possesses a familiar invariant; it is a cross ratio of four
points. We determine necessary points of characteristic regimes. There are two
points of the maximum voltage +V;,. Also, there is a unit or starting point, when

Vo

Vi=——,
1+ (o)

n=1, D=0. (12.7)
For the initial values n', V}, the corresponding cross ratios

1 1 Lypt 1-
ml — (__ ! 1_) :_TJrn - (12.8)
o o

I 1—¢’
a
Vi Vi Vi
1 _ 0 11 0 0
(-0 vy MY
"y ( 2¢ L 1402 20)

—+V 2

20 (1-o0) 1,2

= . =(m)". 12.9
e (12.9)
2 L
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Fig. 12.5 Regime change as 1 V2

. vV —
a group transformation and () 0 146° 0
conformity of the — /\ :

' 1 P N 1
characteristic and running E_V(’Zs 0 VL EVL i 035 VL
points of the variables 1 N b .
Vi, n, D 0 /\ 0

T PO P B I R

P I A

I+6 o 10 D' D1c 1 D

: 0 . . Y :

: 5 Py

E SCL ; 1 : 2 E

50 Lo m, Em peo m,

! Lo $ ! 1

T S IR

—~ -1 01 /A e

By definition (12.2), the values D and n are connected among themselves by the
fractionally linear expression

Then, it is possible at once to express cross ratio (12.8) by the value D

mp=m! =((1+0)D'0(1-0))
+06)-D' 1-0¢
— 0

. . 12.10
)—D!' 1+a¢ ( )

— | —

_
(

Expressions (12.8), (12.9) lead to identical values if we take the logarithm
S' = Lnmy, = 2Lnm)

Then, the hyperbolic distance

V0+v1 VOJrvl

" L 1 — " L 1

S'en20  topy im0 20 b pp 110
Vo 1 l+o Vo 1 1—-0
26 L 2¢ L

In particular, for a unit point, this hyperbolic distance is equal to zero.

Besides the considered three points of the characteristic regimes, there is still a
fourth one, the scale points V =0,n = 0,D = oco. This scale point should be
considered too. The cross ratio and hyperbolic distance for the scale point
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o
<0.
(2

1-0\° 1-
sC sC
mVL: <1+—Cf) <1, anVL:2Ln1
The corresponding hyperbolic distance will be positive for inverse value of the
cross ratio

l+o

S5CL =21 p ] > 0.

Further, it is natural to introduce the normalized hyperbolic distance for a running
regime (the index «1» is lowered), using the obtained scale

—+V

S 2 T VL 1
— =V, 2Ln
20 l1—o0

Thus, the normalized distance considers all the characteristic points. In turn, the
inverse expression is
l+o 2(r+1) |
- V() 1—0

L= .

20 1 2(r+1)

( + a) 41
1—-0

(12.12)

For a regime change n' — n?, we have

1 n-—n
- 1 1 4
m' = (-1 uw nl 1)_a+n Lot ¢ 1 — (0)"nn!
n g o 1 2.1 : 1 n2_n1 .
S R L
o a o 1-(0)n2n!

It is possible to introduce, similarly to (10.21), the transformation ratio change

2 1
a7 (12.13)
1 —(o)'n?n!
Then,

_|_n21
m* = ¢ : (12.14)

f—-J}

o
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The subsequent value of the transformation ratio

5 nl + n21

n=—— 12.15
1+ (6)*n'n?! ( )

Similarly, for the voltage change V} — V2, it is possible to write down at once

E+ V2
a2l 20 "
v Vo om
26 F (12.16)
V2 _ vyl V2l gyl ’
vl — L L V2 — LtV
L — VZvl ’ L — VZlvl .
1 —4(0)*-LL 1 +4(0)*-L—L
(Vo) (Vo)
Let us suppose the change m%'. Using (12.10), we have
2l 2 :(l—ﬁ—a)—DZ;(l—i—a)—Dl :1_0D21
b b (1—-6)—D* " (1—0¢)—D' 1+oD?!’
where the change
Dl _ D2
D*! n?! = p*, (12.17)

T 1-0>+D'D?— (D' 1 D?)’

Thus, the mutually coordinated system of all the regime parameters turns out.

We will consider the linearization of the regulation characteristic of a converter
in Fig. 12.6 [6].

Fig. 12.6 Boost converter Vv L Vv
with linearization function , Dt L
calculators of the control R. C l R
voltage AV and feedback ! L L
inverse
voltage Vfb VO J nonlinear
‘ function
R calculator
~o

o] T

nonlinear AV
V ] function
reg calculator
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Fig. 12.7 Nonlinear 1.0
characteristic of the function
—

calculator /

0.8 /

0.6

&
S

04 /

0.2

0.0

0 5 10 15

AV

Let us express D and n via r similarly to (12.12). Then

1 r+1 1 r+1
<1+0> 1 1<1+0> .
M- N7 (12.18)

1 ) r+1 :
<1+0) . U(l—i—a) +1
1-0 1-0
It turns out that the value r is equally expressed by D and V. It is possible to
interpret this equality as the linearization of the dependence V(D).
Further, it is possible to accept that the value D is equal to the regulating voltage
Vieg for PWM. We believe that the input voltage AV of a nonlinear function

calculator (introduced before PWM) is the hyperbolic distance 7.
Therefore, we obtain, by (12.18), that

11 o\ AV
(o) +
—a

Vie=1—0 5 o\ A7 . (12.19)

-1

(%)

The plot of the function V,.,(AV) is given in Fig. 12.7.

Additionally, expressing » via V; by an inverse nonlinear function calculator

according to (12.11), we obtain a value closed to the voltage AV; that is the
feedback voltage Vj, in Fig. 12.8. Therefore, we rewrite expression (12.11)

%-‘FVL 1

Vﬂ,:LnVO . 1+0_71. (12.20)
— =V, 2Ln
20 1-—
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characteristic of the inverse

Fig. 12.8 Nonlinear 16
function calculator /

4
0
0 40 80 120 160
Vi

So, we obtain that Vj, is equal to AV If to use a feedback closed loop (shown by the
dashed line in Fig. 12.6), the output voltage of the error amplifier will be the voltage
AV. ORCAD model of this converter is proposed by [8].

Examples

We use the above converter parameters as Vy = 25, ¢ = 0.08.
The characteristic values of all the regime parameters
Vi 1
Vi = £-2 = £156.25, ny =4+ = +12.5,
20 o

nM—l
M:

=1-0=0.92.
ny

Example 1 Let V! = 48.49 be the initial regime. We must define the normalized
distance for this regime.

For n = 1 we have a unit value

25
VL = ———— =24.841.
FT 14008
All these values are shown in Fig. 12.9.
Cross ratio of initial regime (12.9)
156.25 4 48.49
ml, = D022 0.852)% = 1.378.

156.25 — 48.49
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Fig. 12.9 Example of a
regime change and 0 . 24'.841 4?'49 0
conformity of points of the ' 15625 10 E E 6985 115625 V
variables Vy, n, D E ' ' ' E :' -
: : f L 20490
L1250 00 1 1198 1125 n
: Lo o6l !
11.08 el 0! 10496 1 1092 D
: N : 197
10 072560 1 11378 1 e om,
=0 0320 0 1032 1 beo s
—o ] 0 1 2 o r

Then,

m, = 1\/mi, = V1378 = 1.174.

S =

The corresponding value n' may be calculated from the inverse formula to (12.8)

1+0

ntl=—.2—=C0 _ —10986.
1
o +O'm:l+1
l—o

In turn,

D' =0.496, S; =Lnl1.378 = 0.320.

The cross ratio and distance for the scale point

scL 1-0)\?° SCL l+o
my " = =0.725, § =2Iln = 0.320.
1+o 1

Then, normalized distance (12.11)

1 Sl

"= gser T

Example 2 The regime has changed on the value ! = 1. It is necessary to define
its actual regime parameters.
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The distance for this regime
rf :r} —|—rf1 =2.
Then, subsequent voltage (12.12)

1.1742@+0) _q 2.618 —1
V2=15625-——  ~ —156.25-2— = 69.85.
L 1.17420+1) 4 1 2.618 + 1 0

In turn, voltage change (12.16)

69.85 — 48.49
v = €085 ag40 = 24-841.
1—4- 0.00642752

On the other hand, as the change V7! is equal to a unit value, the change n*! = 1 by
(12.7).
Then, by (12.15), we get the subsequent values

, 1.986 + 1

= =2949. D> =0.661.
" T 150.0064-1.986- 1 :

The values Vi, D, n for the further steps are shown in Fig. 12.9.

It is visible, that

each time the actual voltage change is reduced and can not reach the maximum
value.

Example 3 Let the regime with the initial value V! = 48.49 be changed to the
value Viv +1 = 69.85 by small steps consistently. In turn, the consecutive reduction
of the change step reduces undesirable transients.

Let the number of steps be N = 5. It is necessary to find the values V},n' on the
each step i.

We find the hyperbolic distance r%! corresponding to the initial (the zero step)
regime and final (the fifth step) regime. According to example 2, this distance
o =1.

For these five steps, the regime change (as a hyperbolic distance) equals
Ar=0.2.

The value (or length) of the first step is

1

P=r+r=1+02=12.
The first step VZ according to (12.12) and n? by (12.18)

1174222 — |

VE=15625 "
L 1.174222 4 1

= 52.96,
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, 1 117421

- T 583,
" T 0.081.17422 + 1

The voltage change on the first step according to (12.16)

52.963 —48.49

= 5’
52.963-48.49
1 — 4-0.0064 2953

21 _
V' =

The changes on the following steps are also equal to this value.
The transformer ratio change on the first step according to (12.13)

o 2.183 — 1.986
T 1-0.0064 -2.183 - 1.986

= 0.2029.

For subsequent steps, the values n, V/, are obtained via the recurrent relationships
(12.15), (12.16), since the changes on the following steps keep their values

2.183 + 0.2029
3
_ — 2379
" T 11 0.0064 -2.183 - 0.2029 :
52.963 + 5
3 + = 57.34,

L7 1+ 4-0.0064 29535
n* =2.574, n° =2.768, n® = 2.96,
Vi =61.617, V] =65.78, V{ = 69.84.

It is visibly, as such actual changes of the values n, V; are decreased.

12.3 Regulation Characteristic of Buck-Boost Converter

12.3.1 Buck-Boost Converter with an Idealized Choke

Let us consider a PWM buck-boost converter with a given load resistance R; in
Fig. 12.10.

The static regulation characteristic of the idealized converter for the continuous
current of the choke L has the well-known view

v, =y P
L= 1D
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Fig. 12.10 Buck-boost \% \%
converter with an idealized
choke

AN

N

PWM -0

reg

If we take into account an internal resistance R;, the regulation characteristic is
given by

D
D(1-D) 1-D
V. =Vp = ="Vo - (12.21)
i D
(=07 O @ (125)

For convenience, we use the same converter parameters. Then, characteristic
(12.21) has the view of Fig. 12.11.
Similarly to (12.2), we introduce the same value

1
n=—-—2>1
1-D

Fig. 12.11 Example of 160
regulation characteristic via
the pulse width

120

80
40 /
0 —
0,0 0,2 0.4 0,6 0,8 1,0
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Then
n—1

TR

This expression is close to (12.4). Therefore, we may introduce the value

1 D
S Y (12.22)
1-D 1-D \%

Neon =n — 1

This value, at that n.,, >0, is the transformation ratio of the idealized converter
itself.
Finally, we obtain

Neon
Vi=Vp——mmm. 12.23
L 0 1 i (O_nmn)z ( )

This equation corresponds to (12.4). Thus, we may use the above results. Regu-
lation characteristic (12.23) is given in Fig. 12.12. The working area involves the
Zero points 7oy, Vi.

Next, we may use ellipse Eq. (12.5) at once

(VL) +(V)> = VWV = 0.

The plot of this ellipse is given in Fig. 12.13.
The values n.,,, n turn out at the expense of a stereographic projection too. The
maximum values

Vo 1

VLM = :l:—, NeonM = +-—. (1224)
20 o
Fig. 12.12 Example of 160
regulation characteristic via T
the converter transformation
ratio
80
>0
-80
-160 \\_//
20 -15 -10 -5 0 5 10 15 20
n
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Fig. 12.13 Geometrical \%
model of the regulation v n 1
characteristic of the buck- 0 coen °
boost converter -1
L0 =+l
7’ e 0
v

The regime change or load voltage regulation is defined by a group hyperbolic
transformation, which consecutively, step by step, translates an initial point V; to a
subsequent point V7 and so on. The conformity of the characteristic points and

running points of various variables is shown in Fig. 12.14.

Also, we will use a cross ratio of four points. For that, let us determine necessary
points of characteristic regimes. There are two points of the maximum voltage and a

unit or starting point
Vi =0, nen =0, n=1, D=0.

As it is visible, this case of a unit point differs from above case (12.7).

Fig. 12.14 Regime change as v f .
a group transformation and 0 02 3 v,
conformity of the s HI'U . 1:+‘7 :/\‘i:
characteristic and running /T T (R VLl VL2 v
points of the variables ' 20 ! . ' R ' 20
Vi, n, D ' ooy
(? N NV I
Ple— 10 i1 2 ' n2 4= n
‘16 : ' : : ' 1+o
! 1 H 1 H 21 '
E T
0 l/mf/a ; 1 mf/CL m‘l/ imf/ o m,
E_w _;S,SCL 50 S,sa_ isl :Sz :700 S
—~ -1 0 1 J 7 e r
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1

1yl . . .
con>» 1, Vi, the corresponding cross ratios are similar to

For the initial values n
(12.8), (12.9)

1
Lot o (1-)) (12.25)
(IR eIy
g con
Vo oo,
=4V,
1 Vo o, Vo 20 F 12
mb= (Y0 1o 0= — (m})2. 12.26
(e vo g il CRLEEY
2¢ L

Because the values D, n, are connected among themselves by the fractionally linear
expression, it is possible to express cross ratio (12.25) via the value D

1
——+D'
mh=m— (-1 pog L )_e—1 T 7l hy
o—1 o+1 L o+l
o+ 1

Expressions (12.25), (12.26) lead also to identical values if we take the logarithm

Vo
—+WV

st :an{, = Zanlll, st = Ln%la
0y,
20

In particular, for a unit point, this distance is equal to zero.
Besides the considered three points of the characteristic regimes, there is still a
fourth one, the scale point

Vi
feon = 1, VL:72771:2,D:O.5.
1+

This scale point should be considered too. The cross ratio and hyperbolic distance
for the scale point

2
Sl — VNV Wy _(+o0)
¥ 26 1+ (o) 20
140

S5E = Lnm™ = 2Ln —
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Also, we will note that as such a characteristic fourth point, it is possible to accept
the symmetric point; that is,

-V

:72, n:O,D:OO.
1+ (o)

Neon = _1; Vi

This point is also specified in Fig. 12.14. In this case, the cross ratio will be the
inverse value to the above received value, but the hyperbolic distance will be
identical in the absolute value.

Further, it is naturally to introduce the normalized hyperbolic distance for the
running regime (the index “1” is lowered), using the obtained scale

Vi
S PR
r:m_ano y = 2L . (12.29)
20 L
Thus, the normalized distance considers all the characteristic points.
In turn, the inverse expression is
(1 + 6) 2r .
Vo \1 —
AP (12.30)
20 (1+0\"
(1) +1
l1—-0
For a regime change, n!, — n? ., we have
2 1 1
m, <_ g nzon ncl'on _

1 4 2 1 1 l + M
o Reon o T Teon g 1 - (6) ngonnion
o "L b ol — i
g g o 1- (0-)2’1%0}1”2‘0’1

It is possible to introduce, similarly to (12.13), the transformation ratio change

2l = ngon — nion _ (l’l2 — 1) — (nl — 1) )
1—(0)*n2, n! 1— (o) (2 =1)(n' — 1)

con “con

Then

m! =2 : (12.31)
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The subsequent value

1 21
2 _Meon T (12.32)

n = .
1 (o) nl,n?

Similarly, for the voltage change, V] — V7, it is possible to write down at once

Yoy
21 2(7Jr L
Vo Voo
2y
20 * (12.33)
21 Vi-V| 2 vi'+ Vv,
Vi = o1 VL= 2041 °
V2V VAT
1 - 4(g)LL 1 +4(0) L
(Vo) (Vo)

Let us consider the change m3). Using (12.27), we have

1 1
+D? +D!

mf)lzmlzj+mi):‘r;1 +6T1 - (12.34)
— 2 — 1
where the change
D? D!
200 _ 21 1-D> 1-—D!
D™ =n" = ) D2 Dl
1— I
(o) T D (12.35)
D2_D1

T 1= (D2 4D+ DDI(1 - (o))

Thus, the mutually coordinated system of all the regime parameters turns out.
Similarly to Fig. 12.6 and relationships (12.18), (12.19), and (12.20), we can use

the linearization of the regulation characteristic.
For that, we give, similarly to (12.30), the expression for the nonlinear function

G J_FZ_>1 . (12.36)

calculator

www.EngineeringBooksPDF.com



12.3  Regulation Characteristic of Buck-Boost Converter 335

In turn, we rewrite (12.29) for variable

Vo
—+VL 1
20 . +a
Vg =L + 2L . 12.37
~— VL
20

12.3.2 Buck-Boost Regulator with Losses of Choke

Let us consider a buck-boost converter with an idealized voltage source Vj in
Fig. 12.15 [7].

Taking into account a loss resistance R; of choke L, the regulation characteristic
is set by well-known expressions

D(1-D) n—1

V=V =W , (12.36)
(1 -D)* + (0)? 1+ (on)?
The plots of these dependences are closed to Figs. 12.11 and 12.12.
Similarly to (12.22), let us introduce the variable V so that
V
L_n-1 (12.37)
|4
Then, we obtain the general equation of ellipse
(0)*V2 + (14 6*)(V)* +2(0)° VLV — VoV = 0. (12.38)

The plot of this ellipse is shown in Fig. 12.16. The value » turn out at the expense of
a stereographic projection.

Fig. 12.15 Buck-boost \%
converter with a loss . K t
resistance of choke A A
Ri
CL -+ RL
Vo L
D)
2
D)
It
PWM o
\%4
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Fig. 12.16 Geometrical "
model of the regulation N v
characteristic of the buck- ; =0
boost converter with the loss N .V,
resistance of choke and AN > n=l
conformity of the points AN r
VL7 n, D \\\ : n
LN 1 Y 2
' I8 \ »
Vo | Ny 1 Viw
-169.24 LoV -25 :0 ! 144.2 VL
0726 | 1 \ my
01 08521 11 e m
! 1 I 1 n
- | | Lt
Dy o 1Py
1.086 oo 0 0926 D

Let us obtain the characteristic values, using the data of the previous example.
So, we give the ready formulas for the maximum values

Vi = Vo _ Vo
20(0 + \/1+—02) 20%ny
25 +144.2 =V},
2. 0.08(0.08 + 1.0032) - { —169.24 = VL_M’

o++V1+a2 +13.54 = nj,
ny=——= .
M o —11.54 =ny,
We accept the points V, = 0,n =1 as a unit points, and V, = —25,n = 0 as the
scale points.
Then, the cross ratios for the initial regime
_Vi=Viu Viu
CVE=Viu Vi
N ' —ny 1 -ny

n

my= (Ve Vi 0 Viy)

The cross ratios for the scale points

v ~Vo—Vi V-
BT Sl TR Y
" ny;, 1—ny
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All the above relationships are applicable further.

Also, we may use the linearization of the regulation characteristic. For that, we

give the required expression for the nonlinear function calculator

2r+1
1+6/V1+a? 41
1—06/V1+ a2
Vig=D=1+0"—0\1+3> / o (12.39)
l1+0/V1+0o?
l—0g/V1+o?
and for the inverse nonlinear function calculator
Vo
——VL(O'— \/1+62)
Vfb =r = Ln%/a
2—0— VL<U+ \/1+62)
o
1 +20(c+V1+0?)
= . (12.40)
14 20(c — V1 + 0?)
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Conclusions

In this book, the features of an electric circuit with changeable operating regimes
are considered. The reader will agree that for such a circuit it is important to
determine parameters of the running regime in the normalized form using the
characteristic parameter values as scales; to receive the equivalent of this circuit.

But there are two problems.

On the one hand, the actual regime parameters of the load resistance, current,
voltage result in various values of the corresponding normalized quantities. The
hands-on experience as if agrees with that.

On the other hand, interference of loads or any resistance on the load regime
leads to change of scales.

The offered approach to interpretation of regime changes as projective trans-
formation allowed connecting regime parameters in one system and to consider
these changes through an invariant value in the form of the cross ratio of four
points. The reader will agree that the adequate mathematical model of regime
behavior turned out and we obtain the basis for research of such circuits and
introduction of necessary concepts. Naturally, the presented results are only the
beginning of researches. In particular, it is possible to apply such approach to
alternating current circuits.

If to look more widely, it is possible to speak about representation of “flowed”
processes of the different physical nature, using known electromechanical analogy.
Also, the presented approach is being applied for a long time in other scientific
domains, as mechanics, biology; for example, it is possible to see the following

paper:
Vaseashta, A.K., Penin, A., Sidorenko, A.: On the Analogy of Non-Euclidean

Geometry of Human Body With Electrical Networks. International Journal of
Electrical and Computer Engineering (IJECE), 4(3). 378-388 (2014).
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