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Preface 

The aim of this book is to help with your journey into state-space methods of mod­
em control. It could be said that modem control marked its beginning when the 
first satellite was launched into space by the former Soviet Union on October 4, 

1957. The techniques that were used to control that satellite were very different from the 
classical control. They were based on state-space models in the time domain and on the 
stability theory developed by Aleksandr Lyapunov (Lyapunov, 1892). A state-space 
approach has multiple advantages over the classical transfer function approach and 
allows: 

1. Uniform analysis and design techniques for single-input single-output (SISO) 
and multiple-input multiple-output (MIMO) systems. 

2. Almost-uniform analysis and design for continuous-time and discrete-time 
systems. 

3. Relocating closed-loop poles anywhere you want (for minimal systems) by a 
simple computation without trial and error. 

4. Development of optimal and robust control techniques. 

5. Extension to analysis and design of nonlinear systems. 

Additionally, a state-space approach does not assume zero initial conditions (as in 
transfer functions). 

The state-space approach is widely used in multiple applications beyond modem 
control, such as visual tracking (computer vision), biomedical signal and image analy­
sis, forecasting stock prices (econometrics), or machine learning. There are alternative 
names for state-space models in various fields of study. For example, in forecasting time 
series they could be called latent process models and in machine learning it is more 
frequent to hear about hidden Markov models (HMMs) (Baum, 1966). 

Is This Book for You? 
This book is appropriate for a one-semester upper-level undergraduate or graduate 
course, but could also benefit professionals who want to learn more about state space. 
While other textbooks strive to give you a comprehensive guide to numerous theorems 
of modem control and their proofs, I have made a humble attempt to show the avail­
able techniques concisely and explain where they come from. While currently most 

IX 
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x Prehce 

computations are done using a computer, I believe that it is still beneficial to know how 
those computations are done by hand, for a better understanding. Therefore, I added 
plenty of solved problems with an increasing degree of complexity to this book. I have 
also provided tips and tricks for solving exercises and interjected self-evaluation ques­
tions with answers. I recommend that you think well and try answering the questions 
on your own before reading the answers. 

This book assumes basic familiarity with the classical control systems terminology, 
linear algebra, ordinary differential equations, and Laplace and Z-transforms since 
most of these topics are covered in undergraduate courses on signals and systems. 
Additional information on this math background is provided in the Appendix. While the 
book could be read and tools applied without sufficient knowledge of the mathematical 
theories, this knowledge is very useful for understanding how those tools were devel­
oped and why they work. 

What You Will Find in This Book 
This book is organized around a state-space approach to the analysis and design of 
control systems. It is important to understand the language of control theory in order to 
understand modern control. Clear motivation for the need for modem control comes 
from understanding the problems and deficiencies associated with the classical control 
design approaches. Thus, in Chapter 1, we outline the terminology and essential basics 
of classical control theory and connect it to a state-space representation. Chapter 2 
describes linear systems theory, which is fundamental for the understanding of modern 
control. This chapter has a lot of math and might be difficult to read. I recommend read­
ing it slowly, trying to grasp the main definitions, and returning to it later when needed. 
In Chapter 3, you will learn how to apply modern control theory while stabilizing a 
system if all states are measured directly by sensors. Unfortunately, in real life not all 
states are accessible and Chapter 4 describes how to estimate states without measuring 
them directly. Chapter 5 discusses the design methodology for systems with a cancella­
tion in the transfer function. Chapters 6 and 7 give a brief introduction to handling 
nonlinear systems and analyzing their stability using Lyapunov's theory. Chapters 8 
through 11 provide an introduction to optimal control by describing the design of an 
optimal linear quadratic regulator, its interpretation in the root locus domain, the Kalman 
filter, and the linear quadratic Gaussian controller which allows emulating a serial or 
feedback controller using state-space tools. Finally, Chapter 12 describes practical simu­
lation projects or labs that could reinforce learning of theoretical topics. 

The comprehensive Appendix at the end of the book provides formulas ranging 
from basic math to calculus, differential equations, linear algebra, and signals and sys­
tems, and will help you recap the material, learn something new, and survive through 
mathematically heavy courses. 

Additional materials and the MATLAB code are provided online at https://www 
.mhprofessional.com/Nakhmani. 

Arie Nakhmani, Ph.D. 
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CHAPTER 1 
Introduction to 

Control Systems 

This chapter provides a brief refresher on the classical control theory and the dif­
ferent mathematical prerequisites which will help you to better understand mod­
em control. It is important to learn control systems analysis and design since 

many important applications exist, ranging from consumer electronics to space research, 
but the most important part you should take from any control systems material is a 
special mindset, where you think about the system as a black box without knowing 
specific details. Control theory allows you to analyze the system despite model uncer­
tainty, disturbances, and noises. More than that, you can make this system work as 
needed, even if you have an incomplete knowledge of the system's model. We will 
apply many mathematical tools in this book; nevertheless, you should always remem­
ber that the control theory is all about physical devices. Thus, if the mathematical result 
contradicts the physical abilities of the system, the mathematical result is wrong! As an 
example, let's assume that a good athlete can run at a speed of 25 kilometers per hour. 
How long will it take for that athlete to run 100 kilometers? Mathematically, the correct 
answer would obviously be 4 hours, but physically the correct answer probably would 
be that no athlete can run that far that fast. Similarly, if you correctly designed a control­
ler that is supposed to produce 1 million volts as an input to the controlled system, it 
would not work in real life. This example also shows the importance of using simula­
tions before implementations. 

Control System Design Goals 
The system we want to control is called a plant (see Figure 1.1). The input signal (or 
signals) of the plant is called control effort and denoted by u(t), and the output is denoted 
by y(t). 

The main goal of control theory is to design a controller C(s) so that the system out­
put y(t) will closely track the given reference signals r(t) (see Figure 1.2), despite distur­
bances and noise entering the system. 

Typically, the system should be stabilized about some design point, and the response 
to the disturbances d(t) and noise n(t) should be reduced. An additional desired prop­
erty of a dosed-loop system is to have control effort u(t) as small as possible. Given the 
goals of control system design and all the desired properties discussed above, it seems 
trivial to design controllers, as will be explained in the following question. I recom­
mend trying to answer all questions by yourself before reading the answers. 

1 
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2 Chapter One 

F111uRE 1.1 Schematic representation of a plant, control effort, and output. 

Measurement 
Disturbance noise 

d(t) n(t) 

r(_t) + 
Reference 

input 

C(s) Plant 

F1auRE 1.2 Typical closed-loop system with controller C(s). 

d(t) 

C(s) = 0 Plant 

Fl111uRE 1.3 Allegedly ideal feedback system design. 

Question an Cantral-Laap Structure 

n(t) 

y(t) 

Output 

Okay, so we want the output signal to closely follow the reference signal. We can con­
nect zero controller C(s) = 0 and then connect the reference directly to the output like in 
Figure 1.3. 

This way we get zero error e(t) = r(t)-y(t) = 0 (by definition) and the output follows 
exactly the reference. Disturbances and noises do not affect the system and the control 
effort is zero. So, we have got an ideal control system, right? 

Answer 
The goal of control is not to make the system's output to follow the input, but to make 
a plant to produce the output which follows the reference input. The plant output is 
measured by sensors, and this is the real output of the system [and not the abstract y(t) 
arrow to the right). Since the plant is not producing output, this design is useless. 

Plant Structure 
A typical control system includes sensors and actuators (see Figure 1.4). Actuators are a 
type of transducers that convert input signal into physical energy that the plant can 
handle (e.g., motion, electricity, temperature). Sensors convert the measured output of a 
system into output signal (typically voltage). 

It is important to remember that sensors and actuators might be coded in the com­
puter or be an integral part of a plant. Selecting suitable sensors and actuators signifi­
cantly simplifies the design of a control system. 

www.EngineeringBooksPDF.com



Introduction to Control Systems 3 

Sensor 

FlauRE 1..4 Plant structure. 

Mode ling 
The most popular way to model a system is by using the appropriate physical princi­
ples. Most systems have mechanical, electric, or chemical parts that can be modeled 
accordingly. There are other methods for system mode.ling. For example, if the system 
is stable in an open loop, we can try to measure step response of this system in the open 
loop. Based on the measurement of steady-state error, settling time, and overshoot, we 
can estimate the location of the dominant poles and the gain. Then we can tune other 
parameters by using the error minimization process (optimization). Another approach 
is to input sinusoidal waves of different frequencies and amplitude of 1 to the system 
(in the open loop), and to measure the output sinusoidal wave (for linear system, the 
output is always sinusoidal). The difference in the input and output phases and ampli­
tudes constitutes the Bode diagram of the system. Using the Bode diagram, the transfer 
function can be estimated. 

CAUTION! For nonlinear systems, the step response as well as the Bode response is 
dependent on the amplitude of the input signal, and the superposition rule does not 
work anymore. Therefore, there is no sense in talking about the transfer function of 
a nonlinear system. 

CA.unONI Each measurement or parameter has a tolerance range (uncertainty); thus, 
the obtained (estimated) model is never precise. 

W1JY Unur System? 
Most (if not all) physical systems we know are nonlinear. We will have a few chapters 
discussing nonlinear systems, but the control theories we are learning in this book are 
mainly about linear systems. Tools like transfer functions or Bode diagrams are not 
appropriate for nonlinear systems, so why bother learning them? 

Answer 
It is much simpler to analyze and design linear systems. Many times, nonlinear systems 
could be approximated locally by linear systems. 

Madellng Example 
Let's develop a model for an angle control of a DC motor given in Figure 1.5 from 
physical principles. 

The physics behind those equations is beyond the scope of this book, but what will 
be important for us is how to convert from the obtained differential equations into other 
representations. 
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4 Chapter Ou 

6(t) 

F'launE 1.& Direct current motor modeling. 

The input of this system is the voltage ti(t), and the output is the measured angle 6(t). 
The torque T is proportional to the armature current: 

T = Ki(t) 

The back emf e(t) is proportional to the angular velocity: 

e(t) = KB(t) 

Note that in SI units, both coefficients of proportionality are equal (K). 
Using Newton's second law, we obtain 

Jii(t) = T 

(1.1) 

(1.2) 

(1.3) 

where J is the moment of inertia of the rotor. By applying Kin::hhoff's voltage law, we get 

From (1.1) and (1.3) 

From (1.2) and (1.4) 

di(t) 
Ldt+Ri(t)+e(t) = v(t) 

/B(t) = Ki(t) 

L d~~) + Ri(t) + K8{t) = v(t) 

(1.4) 

(1.5) 

(1.6) 

The system of Equations (1.5) and (1.6) is our DC motor ordinary differential equations 
(ODE.s) model (see Appendix F.11). To solve the equations, we need, of course, the initial 
conditions. 

Conversion from ODE to Transfer Function 
In classical control theory, for designing a controller we need our model to be repre­
sented as a transfer function. To convert ODE representation into the transfer function, 
three steps are necessary: 

1. Apply Laplace transform to both sides of each ODE. 

2. Solve the system of the obtained algebraic equations to get the output as a 
function of the input. 

3. Assume zero state regponse (ZSR), that is, all the initial conditions are zero, and 
find the output to the input ratio [in Laplace (s) domain]. This ratio is the transfer 
function. 
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Introduction to Control Systems 5 

RBMINDBK Laplace transforms of first two derivatives of a function f(t) are given by 
(Appendix F.10) 

£{j(t)}=sF(s)- f(O) 

£{j(t)} = s2F(s)-sf(O)- j(O) 

where F(s) is the Laplace transform of f(t). 
Note that for computing transfer function, it is easier to assume ZSR first (in this 

case the Laplace transform is much simpler). In other words, we could apply the 
simplified Laplace transform q(nl(t) = s"F(s) to both sides of ODE. 

Example 
The system's ODE is given by y(t) + Sy(t)- lOy(t) = 3u(t) + 4u(t). To convert this repre­
sentation into a transfer function, first we apply Laplace transform to both sides of the 
ODE by replacing each nth-order derivative with a multiplication by s" and converting 
all variables to s domain: 

s2Y(s) + SsY(s)- lOY(s) = 3sU(s)+ 4U(s) 

Now, we need a simple algebraic manipulation on this equation to find the transfer 

function which is defined by ~~:~ .By combining all multipliers of Y(s) from the left and 

all multipliers of U(s) from the right, we get the transfer function ~~:~= 52 !~;~10 . 
Example 
In this example, we want to continue working with a DC motor model. This time we 
will not assume zero initial conditions to demonstrate a problem with the develop­
ment of a transfer function from ODE. We apply Laplace transforms to Equations (1.5) 
and (1.6): 

J(s20(s)- s0(0)-0(0)) = KI(s) (1.7) 

L(sl(s)-i(O)) + RI(s) + K(se(s)-9(0)) ""V(s) (1.8) 

After a few algebraic manipulations [solving (1.7) and (1.8) for I(s) and 0(s)] 

e(s)- KV(s) + K 26(0)+ J(Ls+R)(s6(0)+B(O))+KLi(O) (1.9) 
-~+~2+~ ~+~2+~ 

The transfer function is defined as a ratio between the output 0(s) and input V(s). 
Since all initial conditions are represented by constants, the overall shape of Equation (1.9) 
is S(s) = a(s)V(s)+ /J(s), where a and p are some expressions independent of V(s) or 
0(s). It is clear from that shape that it is impossible to express 0(s)/V(s) in terms of s 
only as needed for a transfer function. In other words, fJ(s) must be identically zero to 
isolate the transfer function ratio a(s). This happens only for all initial conditions 
zero, or ZSR. 
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r(t) ·I ~ I y(t) • 
Reference .... __ 11_G<_s_>_ ... fl .... __ G<_s_> _ __._ Output 

F111uRE 1.8 Allegedly perfect controller design methodology. 

CAUTION! Transfer function is defined only for initial conditions zero; thus, it is 
not completely equivalent to the ODE representation. In a transfer function 
representation, we essentially ignore initial conditions (which in most cases we 
don't know and cannot control). 

Now, for ZSR the rightmost part of Equation (1.9) is equal to zero; thus, the transfer 
function is 

G(s)- E>(s) - K 
-v(s)- ]Ls3 +R]s2 +K2s (1.10) 

Question an Control-Loop Structure 
We know that the open-loop systems are sensitive to disturbances, but let's forget that 
for a minute. 

I propose to design the open-loop controller to the plant in Figure 1.1 as C(s) = 1/G(s), 
where G(s) is the plant's transfer function. The design is shown in Figure 1.6. 

The total open-loop transfer function from the input is C(s)G(s) = 1, which is perfect 
for tracking the input. What's wrong with that design? 

Answer 
1. The controller and plant will have different initial conditions; thus, the system 

will have significant transient response. 

2. If the system G(s) is unstable, then due to uncertainty in the system's parameters, 
the system will still be unstable after adding the controller. 

3. Disturbance rejection is very low due to the absence of closed loop. 

Conversion from Transfer Function to ODE 
Suppose the transfer function is given by G(s) and described by a ratio of two polyno-

mials [numerator N(s) and denominator D(s)], that is, G(s) =~~?.The transfer function 

is also defined as a ratio between output Y(s) and input U(s); therefore G(s) = ~~? = ~~:~. 
We can cross-multiply N · U and D · Y. Then, we get the ODE by applying the inverse 
Laplace transform (Appendix F.10): 

.c-1 {D(s)Y(s)} = .c-1 {N(s)U(s)} (1.11) 

Example 
Given the transfer function G(s) = 2 

2~+310 , the ratio of output to input is defined as s + s+ 
~~:~ = 52 ~~;!10 . We cross-multiply Y(s) with the denominator of the transfer func-

tion and U(s) with the numerator of the transfer function and get (s2 + Ss + lO)Y(s) = 
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(2s + 3)U(s). Now we apply inverse Laplace transform to both sides (by replacing each 
multiplication by s by a derivative) and get the ODE: y(t)+Sy(t)+ lOy(t) = 2u(t)+3u(t). 

Example 
Given the transfer function of DC motor (l.10) and Equation (1.11), 

.c-1 {{]Ll3 + Rfs2 + K2s)0(s)} = .c-1 {KV(s)} 

Here s and its powers are used as a derivative operator of the appropriate order work­
ing on the appropriate variable; that is, s2e(s) is converted to B(t). Thus, 

]Lli(t)+ RJO(t) + K 20(t) = Kv(t) (1.12) 

Questions about Equivalence of ODE and »ansfer Function Representations 
Is Equation (1.12) equivalent to the system of Equations (1.5) and (1.6), [JO(t) = Ki(t), and 

L d~~) + Ri(t) + KB(t) = v(t)] , which were the original ODEs describing DC motor? 

Can we say that both ODE and transfer function representations are equivalent? 

Answer 
Yes, Equation (1.12) is equivalent to (1.5) and (1.6). From (1.5) we conclude that 

i = k 8 and :; = k "(i . Now, if we replace i and its derivative in Equation (1.6), we get 

LJ ... RJ ·· · 
yO + yO +KO= v which is the same ODE as in (1.12). 

Despite our result where we were able to get ODE back from the transfer function, 
an ODE and transfer function representations are not equivalent, because transfer func­
tion representation assumes zero initial conditions while ODE representation needs to 
have initial conditions to be solved. 

Stablllty 
There are many different notions of stability. Probably, you have heard about bounded­
input bounded-output (BIBO) and asymptotic stability definitions. There are two 
theorems below which make testing BIBO and asymptotic stability easy for systems 
represented by a transfer function. 

The system is BIBO stable if and only if all the system's denominator roots [after the 
maximal algebraic cancelation (reduction) of numerator and denominator] are "stable." 
For continuous-time systems, "stable roots" means the roots are in the left semi-plane 
(Re{s} < 0). For discrete-time systems, "stable roots" means the roots are inside the unit 
circle (lsl < 1). 

The system is asymptotically stable if and only if all the system's denominator roots 
(before the cancelation) are "stable." 

NOTB Despite significant similarity between testing criteria for two types of stability, 
their meaning is very different. BIBO stability means that for any bounded (not 
diverging) input signal, the output will not diverge. Asymptotic stability means 
that for input signal 0, starting from any initial conditions, the system will eventually 
converge to 0. 
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Example 

S(s + l)(s - 2) S(s + 1) 
G(s) = (s + 2)(s + 7)(s - 2) = (s + 2)(s + 7) 

The transfer function G(s) is BIBO stable, but not asymptotically stable, because it 
has denominator roots -2, -7, 2 before the cancelation and the unstable root 2 is 
canceled. 

CAUTION! The only difference between asymptotic stability and BIBO stability is 
in using reduced or not reduced transfer function. Many times, the word "poles" 
is used for the denominator roots of not reduced transfer function, but this 
is mathematically incorrect. In the example above, only -2 and -7 are the 
system's poles. 

Example 

s-3 
G(s)=s2_9 

A. Check asymptotic and BIBO stability. 

The system is not asymptotically stable, because 52 - 9 = 0 has a nonnegative 
root at 3. It is BIBO stable because after cancelation the transfer function is 

G(s) = 5 ~ 3 with a negative pole at-3. 

B. Find the system's ODE representation. 

The system is of a second order. We must use the transfer function before 
. Y(5) 5-3 

cancelation to compute the ODE: U(s) = 52 _ 
9 

and (s2 
- 9)Y(s) = (s - 3)U(s). By 

applying inverse Laplace transform to both sides, the obtained ODE is 
y(t)- 9y(t) = u(t)-3u(t). 

C. Compute ZSR for the initial conditions y(O) = l; y(O) = -3. 

For zero input condition [u(t) = O], the ODE has become homogeneous: 
y(t)- 9y(t) = 0. A general solution of this equation is y(t) = C1e-31 + C2e31

• Now we 
can substitute initial conditions and solve a system of equations to find the 
coefficients C1 and C2 : 

{ 
y(O) = 1 = C1e

0 + C2e0 = C1 + C2 

y(O) = -3 = -3C1e
0 + 3C2e0 = -3C1 + 3C2 

The solution is cl = 1 and c2 = 0. If we substitute those coefficients back into the 
expression for y(t), we get y(t) = C1e-31 + C2e31 = e-31• It is very important to 
remember that this system is asymptotically unstable, but for those specific 
initial conditions, the output converges to zero (since lime-a1 = 0). In other 
words, if the system is converging for some initial conditi6i;S, it does not mean 
that the system is asymptotically stable, because any small disturbance will 
cause the system to diverge. 
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Routh-Hurwitz Stability Criterion 
Routh (1877) and Hurwitz (1895) independently developed two methods that could be 
used to identify if some polynomials have roots only in the left semi-plane based on 
their coefficients. We will not repeat the criterion here, but will only mention that for 
quadratic and cubic polynomials this criterion is easy to use and remember: 

• For a second-degree polynomial to have all stable roots, all its coefficients 
should be of the same sign (all positive or all negative). 

• For a third-degree polynomial a3s3 + a2 s
2 + a1 s + a0 to have all stable roots, all its 

coefficients should be of the same sign and a3a0 < a2a1• 

What Is So Special about the Left Half-Plane? 
If all the system's poles are in the left semi-plane, then the continuous-time system is 
stable. How does our intuitive notion of stability connect to all these roots and complex 
semi-planes? What will happen if, for example, all the roots satisfy Re{s} <-2? 

Answer 
A general solution of a linear homogeneous ODE y<n> + a,,_1y(n-l) + · · · + ai'ff + a0y = 0 which 
describes the system (for zero input) has the following form: 

(1.13) 

where C; are constants, and s1 are n complex solutions of sn + an_1s"-1 + · ·· + a1s + a0 = 0. 
For real values of s1, the appropriate exponent in (1.13) is converging to zero with 

increasing time t only if the power is negative. Thus, s1 must be negative. If the root s1 is 
complex, thatis, s; =a+ /Jj, then e·~ = e<a+fl1!1 = eatei/Jt. Since iei/Jtl = 1, the exponent will con­
verge only if a < 0. Refer to Appendix C for more information. In both cases the conver­
gence condition is Re{sJ < 0. For the convergence of y(t), it is required that all exponents 
converge; thus, all roots should satisfy Re{sJ < 0, which is exactly the left semi-plane. 

For more negative Re{sJ, the exponents e'•1 converge faster to zero, which means that 
the system becomes faster. 

Connection between Performance SpeclflcaUons In Tlme and 
In the Complex Domain 
For simple systems, the well-known step response performance specifications (such as 
overshoot and settling time) could be approximately converted into regions of pole 
distribution in the complex domain. Using dominant poles approximation, we could 
assume that the system that has closed-loop poles located inside the trapezoid described 
in Figure 1.7 is satisfying all the design requirements. 

2 

For the second-order system G(s) = 2 zt" 2 , its settling time and overshoot 
s+ ws+w could be computed by n n 

(1.14) 

(1.15) 
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F11uRE 1.7 The connection between performance characteristics of second-order system and 
location of its poles in the complex domain. 

Thus, the larger the distance £rom the jw axis (denoted by a={m,.), the shorter the 
settling time. Also, the larger the angle 'P = arccos(') is, the larger will be the over­
shoot. It is worth noting that we do not want to put the system's poles too far to the 
left since this increases the bandwidth of the system and makes it more affected by 
noises and disturbances. 

Question on Controllu Detlgn 
We want the closed-loop transfer function to be G"(s) = some stable rational function. 
We know that the closed-loop transfer function with serial controller C(s) equals to 

Gd(s) 1 ~~~~ls)' thus by simple algebra [solving for C(s)]: C(s) = G(s)g~~d(s))' What 
is wrong with that design? Can we design a serial controller C(s) to relocate all the 
closed-loop poles anywhere we want? 

Anawar 
Sometimes this technique may work well if the closed-loop transfer function has been 
chosen well. Unfortunately, there are no indicators in this technique for how to choose 
the "right transfer function." If the choice is bad, we may get in trouble. For example, 
if the open-loop transfer function is G(s) = 1/(s-1) and the desired closed-loop trans­
fer function is 1/(s + 1), then the controller will be C(s) = (s-1)/ s, which means that we 
have c:ancelation of the unstable pole. If we have uncertainty (we always have uncer­
tainty in real physical systems) in the location of the plant's pole, say, it is not exactly 1, 
but close to 1 (such as 1.000001) which causes the transfer function to become 
G(s)= 1/(s-1.000001), then the closed-loop system will be (s - 1)/(s1 - O.OOOOOls -1), 
which is unstable. 

State-Space System's Representation 
In addition to ODB and transfer function representations, we have another way to 
describe systems using state-space equations. 
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State variables are the minimal set of the system's internal signals that can represent, 
together with the set of inputs, the entire state of the system at any given time. 

State space is the space of all possible state variable values. 
At first, these definitions might sound too broad and abstract, because they are. 

Some examples of state variables such as velocity and acceleration, or motor angle, are 
easy to comprehend, while other examples of variables such as engine air supply 
divided by a square of its angular velocity make no physical sense. The important thing 
here is that by using those auxiliary state variables, we can write our original system's 
ODE as a system of first-order ODEs and this new state-space representation will be 
completely equivalent to the ODE representation. 

We saw in the example on DC motor modeling that the ODE of a given order can be 
represented by a system of ODEs of lower order. It could be shown that nth-order ODE 
could be equivalently described by n ODEs of the first order. This is what state-space 
representation is. Instead of the output variable y(t) and its n derivatives in the original 
ODE, we will have n differential equations of the first order with n state variables that we 
will denote by X1 (t), X2(t), ... , Xn(t) . 

Non The state variables need not always have a physical meaning, but it is a good 
idea to choose the state variables from the physical variables (e.g., angle, velocity, 
current) and their derivatives. 

Non With the state-space representation, we can't use a serial controller anymore. 
We need more sophisticated control structures. 

Non We will frequently skip the time variable (t) to simplify notation. 

Why Should We Learn about State Space? 
• State-space system representation is equivalent to ODE representation. 

• We can relocate the closed-loop poles anywhere we want (given some simple 
conditions). 

• The process of controller design can be easily programmed (it is not a black art 
anymore). 

• Controller design can be simply extended to multiple input multiple output 
(MIMO) systems. 

• Optimal control is based on state-space representation. 

Conversion from ODE to State Space 
How to choose the state variables is not a trivial question. We will learn some technical 
ways of conversion later. H the state vector x = (x1, x2 , ... , xnY has been defined in terms 
of the physical system's variables, we need to compute the first derivative of each 
x1 as a function of state variables x1 and input u. Then, we compute the output y as a 
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function of the state variables and input. Finally, we present the result in the matrix 
form: x(t) = Ax(t)+ Bu(t); y(t) = Cx(t) + Du(t) (continuous-time case), or x,.+1 =Ax,.+ Bu,.; 
y,. = Cx,. +Du,. (discrete-time case). 

&ample 
A system is represented by the following ODE: !ii(t) + 2y(t) + 3y(t) = 4u(t). Since the sys­
tem is of the third order, we need to define three state variables. Presently, it is not clear 
how to define state variables in terms of y, u, and their derivatives in a way that every­
thing will work out. We will learn about defining state variables later, but now if some­
body has defined the variables for us, we should be able to write state-space equations. 
Let's assume that the state variables were defined by x1(t) = y(t); x2 (t) = y(t); x3(t) = y(t). 
Then, we need to compute the first derivatives of all X; in terms of any elements of a 
vector x and u. We start with x1: x1 = y, thus from the definition of x21 x1 = x2• Similarly, 
x2 = ii = x3• For the computation of x31 we need to use the ODE rearranged in the form 
y"(t) = -2y(t)-3y(t) + 4u(t). We get x3 = Y" = -2y-3y + 4u = -2x3 - 3x1 +4u. The system's 
output is y = Xr Note that we have represented everything in terms of x1 and u . The 
same equations could be written in matrix form: 

Example 
We return to Equations (1.5) and (1.6): 

JO(t) = Ki(t) (1.5) 

L d~~) +Ri(t)+KB(t)= v(t) (1.6) 

Let's define the state as follows: x1 = i; x2 = 6; x3 = 8. Then, by definition x1 = :; and 
from (1.6): 

By definition, X3 = 9 and from (1.5): 
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or, in short, 

R 
0 

K 

x+[ n· -r -y 

,i-;;;;; 0 0 1 

K 
0 0 T 

y=(O 1 O)x+Ou 

CAUTION! It is advisable at this point to review the mathematical tools provided in 
Appendices F and G to make sure that you can find those tools later when you need 
them. 

Solved Problems 

Problem l.l 
The state-space system is given by 

( !: )""( o1 =i )( :: )+( fo )u 
Y""(-1 1{ ;~ ) 

Compute x1 (t), x2 (t), and y(t) for t > 0, if the initial conditions are x1 (O) = 0 and x2(0) = 1 
and the input is u(t) = 0. 

Solution 
We can write the equations explicitly by multiplying matrices and vectors: 

When u = 0, the second equation becomes X2 = -x2 with obvious solution x2 (t) = C2e-t 
and some constant c2. Since X2(0) = 1, the constant must be c2=1, thus X2(t) = e-t. The 
first differential equation becomes ±1 = -x1 - x2 = -x1 - e-1• We use the formula from 
Appendix F.11 to solve this ODE [p(t) = 1 and q(t) = -e-1]: 

Finally, y(t) = -x1 + x2 ""(t + l)e-1• 
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u(t) 5 
s+3 

fl111uRE 1.8 Open-loop system block diagram. 

Problem 1.2 

1 Xi 
s + 1 --y .... t) 

The system block diagram and the definition of state variables are given in Figure 1.8. 
Write state-space equations of this system. 

Solution 
From the left transfer function: 

X1(s) S 
U(s) = s+ 3 ~ x1 +3x1 =Su ~ .X1 =-3x1 +Su 

From the right transfer function (with the input x1 + u): 

X2 (s) 1 . . 
X1(s)+U(s) s+l => X2+X2=X1+u => X2=X1-X2+u 

and y=xr 
Now, the same equations could be written in matrix form: 

x=(-; ~1 )x+(f)u 
y = (O l)x 

Problem 1.3 
The system's block diagram is given in Figure 1.9. 

Write the state-space equations {; ~ ~ + Bu for this system when the state vari­
ables are defined as follows: 

(1.16) 

u(t) + s+ a y(t) 
s(s + fJ) 

wt 1 
s+l 

Fl111uRE 1.9 Closed-loop system block diagram. 
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Solution 
First, we will write everything we know on the system from simple observations. 
Remember that the goal is to have all derivatives on the left side and state variables and 
inputs on the right side of equations. Based on state variable definitions, 

{ 

~l =~ . 
X2 =y-e 
Xs=Y 

We also can see that 

Y(s) s+a 
E(s) = s(s+/J) ~ y+/3y=e+ae 

W(s) 1 
Y(s) = s+l ~ w+w=y 

e=u-w 

Now, we are ready to write state-space equations. From (1.16), (1.17), and (1.19) 

From (1.17), (1.18), and (1.20) 

x2 = y-e =-/jy + ae =-/J(y-e)-fJe+ae =-/Jx2 +e(a- /3) 
=-/Jx2 +(u-w)(a-/3) =-/3x2 +(u-x1)(a-/J) 

From (1.16), (1.17), and (1.20) 

Alternatively, we could use the matrix form 

[ 
-1 0 1 l [ 0 l x= /3-a -/3 o x+ a-/3 u 
-1 1 0 1 

The equation for the output y is already given in (1.16), thus y = x3 = (0 0 l)x. 

Problem 1.4 

(1.17) 

(1.18) 

(1.19) 

(1.20) 

For the system given in Figure 1. 9, what is the condition on a and f3 that the closed-loop 
system will be stable (using Routh-Hurwitz criterion)? Draw approximately the region 
of stability in (a , /J) system of coordinates. 

Solution 
To be stable, the denominator of the closed-loop transfer function should have all roots 
in the left semi-plane. The closed-loop transfer function is 

s+a 
G 

5 
_ s(s+ft) _ (s+l)(s+a) 

ciC )- s+a - s3 +(/3+l)s2 +(/J+l)s+a 
1+~-~~~ 

(s(s + ft)(s+ 1)) 
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F11uRE 1.10 Stability region for a system described In Figure 1.9. 

4 5 

So, using Routh-Hurwitz criterion we need to test the polynomial s3 +(p+1)s1 + 
(p + l)s +a. The cubic polynomial is stable if all its coefficients are positive and the mul­
tiplication of two middle coefficients is greater than the multiplication of two other 
coe.fficlents. In other words, the stability will be achieved for a> 0, fJ + 1>0, and 
(p + 1)2 >a. Since a> 0, the last inequality could be simplified to fJ > .Jii -1. The inter­
section of all these conditions is given in Figure 1.10. 
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CHAPTER 2 
State-Space 

Representations 

I n this chapter, we will learn about the linear systems theory with a general state­
space representation, and transformations from transfer functions to state space and 
back. We will also learn the stability criteria for continuous- and discrete-time sys­

tems represented by state-space equations. The terms controllability, observability, and 
minimality will also be introduced. It is important to get used to the notation intro­
duced in this chapter since it will be used in all subsequent chapters. It will be quite 
useful to brush up your knowledge of the Laplace transform and linear algebra using 
Appendices F and G before you start reading this chapter. 

Continuous-Time Single-Input Single-Output (SISO) 
State-Space Systems 

A general linear time-invariant (LTI) state-space system (see Appendix F) is given by 

xnxi (t) = A..xnxnxt (t) + Bnxt U1x1 (t) 

Ytxl (t) = clxnxnxl (t)+ Dix1U1x1 (t) 

x(O)= x0 

(2.1) 

where x(t) eRn is the real n-dimensional state vector x(t)=(x1(t), x2(t), .. . , xn(t))T; and 
u(t) and y(t) are the scalar input and output respectively. When you start learning about 
state-space equations, it is critical that you remember the dimensions of matrices and 
vectors involved in (2.1). Note that x and B are column vectors, A is a square matrix, C 
is a row vector, and D is a scalar. So, more explicitly, the system equations could be writ­
ten as (while we deliberately skip adding time t to simplify notation): 

17 
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(2.2) 

where aii' b;, C;, and d are elements of matrices A, B, C, D. 

NOTB Since the structure of the system's representation is constant and completely 
defined by the matrices and vectors A, B, C, D, sometimes we will define a system 
by just giving its matrices {A, B, C, D} or even {A, B, C} if D = 0, instead of writing 
(2.2) explicitly. 

Transfer Function of Continuous-Time SISO State-Space System 
To find the transfer function of a state-space system, we can apply the Laplace trans­
form to both sides of state Equations (2.1) and (2.2). The goal is to find the ratio Y(s)/U(s), 
where Y(s) is the Laplace transform of output y(t) and U(s) is the Laplace transform of 
input u(t). Note that the Laplace transform of a derivative of f (t) is sf(s)- f (0), and 
applying the Laplace transform to vectors is just applying it to each element of the vector 
separately. Thus, 

{

sX(s)-x0 = AX(s)+BU(s) 

Y(s) = CX(s) + DU(s) 

where x0 = x(O) is the vector of state variable initial conditions. 

(2.3) 

When moving AX(s) to the left side and x0 to the right side in the first equation of 
(2.3), we get (sI -A)X(s) = x0 + BU(s). To get rid of (sl -A), we multiply both sides from 
the left by (sl -A)-1 and get 

X(s)=(sl-A}-1x0 +(sI-At1BU(s) (2.4) 

NOTB If we apply the inverse Laplace transform to both sides of (2.4), we could get an 
explicit solution for x(t) = eAtx0 + eAt * Bu(t), where * denotes convolution (see 
Appendix F.4). 

Now, we can substitute X(s) from (2.4) into the second equation of (2.3) and get 

Y(s) = C(sl -A)-1 x0 + C(sl -At1 BU(s) + DU(s) (2.5) 

The C(sl -Ar1 x0 is zero input response (ZIR), and C(sl -A)-1 BU(s)+ DU(s) is zero state 
response (ZSR). 
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Thus, by dividing both sides of (2.5) by U(s) and assuming x0 "'0, the transfer func­
tion which is defined by the output to input ratio (for zero initial conditions) is 

Y(s) I ( )-1 G(s);;;;;; U(s) :r,=D ;;;;;;c sl-A B+D (2.6) 

Alternatively, it is sometimes more convenient to use (2.7) or (2.8) to compute trans­
fer functions. 

G( )- det(sl-A+BC) D-l 
5 

- det(sI-A) + 

(2.7) 

(2.8) 

All three formulas are equivalent. For example, to derive (2.6) from (2.7), we could use 
the determinant of the block matrices formula (see Appendix G.21): 

det(sl-A -B) 
C D "'det(sI-A)det(D-C(sI-A)-

1
(-B)) "'det(C(sI -A)-1B+ D) 

det(sI -A) det(sI -A) 

So, we have got something very similar to (2.6), but with a determinant. Why are 
both formulas the same then? Note that the expression inside the determinant is a scalar 
polynomial; thus, its determinant is the polynomial itself, which shows that (2.6) and 
(2.7) are equivalent. 

NOTB The transfer function is always of the order n (or less if there are cancelations in 
the numerator and denominator polynomials) if matrix A has dimensions n x n. 

NOTE Formula (2.7) has a very interesting form. Both determinants are producing 
polynomials and the ratio of those polynomials is the transfer function, which 
implies that the characteristic polynomial (polynomial of poles) is det(sI -A) and 

the polynomial of the system's zeros is det ( sl CA ~).To find poles and zeros of 

the system, we need to equate those corresponding determinants to 0 and solve the 
polynomial equations. 

Question 
When is it more convenient to use different formulas for computing transfer functions, 
that is, compare (2.6) versus (2.7) versus (2.8)? 

Answer 
Equation (2.8) is obviously more convenient if D"' 1. For low-order systems, especially 
when using hand computations, Formula (2.7) is more convenient because using invert­
ing matrix is a cumbersome process. Formula (2.6) is used in other cases. 
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It is possible to compute the explicit solution of matrix differential Equation (2.2) by 
using the inverse Laplace transform of (2.4) and (2.5): 

I 

x(t) = eAtx
0 
+ J eA(HlBu(r)d-r 

0 

I 

y(t) = CeAlx0 + J CeA!HlBu(-r)d-r+Du(t) 

(2.9) 

(2.10) 

The matrix eAt is very important in control theory, and is called transiti.on matrix. To 
understand what this matrix is, how it is computed, and how we get to (2.9) and (2.10), 
refer to Appendix G.12. Though (2.9) and (2.10) are rarely used in computations or for 
solving problems, they are important from the theoretical standpoint because some of 
the developments that we will be discussing are explained by those formulas. 

Question 
How is it possible (if at all) to realize a transfer function H(s) =as+ {3, where a and f3 are 
constants (ideal PD [proportional derivative} controllers) in state space? 

Answer 
The function includes pure derivative; thus, it is noncausal. Theoretically, it is not pos­
sible to implement noncausal state-space system, though practical ways exist to over­
come this limitation. 

Discrete-Time SISO State-Space Systems 
A general LTI state-space system in discrete time is given by 

{ 

Xnxt[k+ 1] = An><nXn><l[k] + Bnx1U1x1[k] 

Y1x1lk] = clxnxnxtlk] +D1x1Uix1[kl 
x[O] =x0 

where k = 0, 1, 2, ... is sample number. 
An explicit solution of system (2.11) is given by 

k-1 k-1 

(2.11) 

x[kl=A1x0 + L.Ak-1
-

111Bu[m]=Akx0 + LA"'Bu[k-m-l] (2.12) 
m=O m=D 

Transfer Function of Discrete-Time SISO State-Space System 
Similar to (2.6), by applying Z-transform (see Appendix F.12) we obtain 

det(zI-A -B) 
_ Y(z) _ _1 _ C D det(zI-A+BC) +D-l 

G(z)- U(z) - C(zI -A) B + D - det(zI -A) det(zI -A) 

(2.13) 

(2.14) 
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Multiple-Input Multiple-Output (MIMD) State-Space Systems 
The LTI MIMO state-space system with m inputs and l outputs is given by 

{ 

±nxt (t) = Anxnxnxt (t) + Bnx.,umxt (t) 

Y1xt (t) = C1x,.Xnx1(t) + D1x111Umx1 (t) 

x(O)= x0 

where u(t) = (Ui(t), ... , u.,(t))T are inputs and y(t) = (y1 (t), ... , y1(t)Y are outputs. 

(2.15) 

Non Most of the formulas we develop in this course are appropriate for MIMO 
systems without any significant change (or without any change). 

Non The state equations can be written more explicitly 

{ 

x=Ax+B1u1 +···+B,.u,. 
yi=Cix+Diu; j=1, ... ,l 

x(O)=x0 

(2.16) 

where Bi are the columns of B, and Ci and Di are the rows of C and D matrices, 
respectively. 

Now, the transfer function G(s) = C(sI -A)-1 B +D is an l x m matrix, where 

(2.17) 

CAUTION! Even if all [G(s)]
1
i are stable, the MIMO system is not necessarily stable. 

Stability of Continuous-Time Systems 
If we return to Formula (2.7), we may see that the denominator of the transfer function 
is the characteristic polynomial of the matrix A (roots of a characteristic polynomial are the 
eigenvalues of A). Therefore, the asymptotic stability of the system can be determined 
using the eigenvalues of A (the system's poles are always a subset of A's eigenvalues). 

Theorem 2.1 
The system is asymptotically stable if and only if all eigenvalues of A have negative real 
part (V's;, i = 1, ... , n: Re{s1} < O) where V' symbol denotes "for all ... . " 

Stablllty of Discrete-Time Systems 
For discrete-time system, the asymptotic stability is verified using the following theorem. 

Theorem 2.2 
The system is asymptotically stable if and only if all eigenvalues of A are inside the unit 
circle (V's;, i = 1, ... , n: Is; I< 1). 
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Example 
The system is given by 

{
x(t)=( ~ 6 )x(t)+( 6 )u(t) 

y(t) = (1 -3)x(t) 

(2.18) 

A. Check the asymptotic stability. 

To check the asymptotic stability, we need to find eigenvalues of the matrix 

( ~ 6). Those eigenvalues are the solutions of the following polynomial 

equation: det(sI-A)=det(s(6 ~)-(~ 6))=0. Thus, 1~l -:1=s2 -9=0. 

The eigenvalues are 3 and -3. The first eigenvalue is positive; therefore, the 
system is not asymptotically stable. 

B. Compute the transfer function and check the BIBO stability. 

det( sl-A -B) 

~ct c[o~p~ ~al ~'i-~n:ol n, we will use (2.7): G(s) = det(~I -A)D 

1 -3 0 - 1 -3 s -3 1 . 
2 9 = 2 9 = ~9 = - 3 . After cancelation, the transfer s - s - s - s+ 

function has a pole at -3; thus, the system is BIBO stable. 

Block Diagrams of State-Space Systems 
It is easy to draw a block diagram of the state-space system when you know the process. 
This block diagram generally includes only three bask elements: integrator, gain, and 
adder (or subtractor). 

NOTB In the Laplace domain, integration is produced by division by s, or multiplying 
1 

by s . 

Any LTI state-space system could be built from these basic elements. The built 
model could be used in simulations, or for a better understanding of the system's inter­
connections. 

To draw a block diagram, the following process should be followed: 

1. Identify the system's order n and draw n integrator boxes (with input and output 
arrows) with enough space between the blocks. 

2. For integrator i(i = 1, ... , n), the input of integrator is denoted by X; and the 
output by X;· 

3. Draw an input arrow u(t) from the left side of a page and an output arrow y(t) 
on the right side. 
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4. Write all state differential equations explicitly as a system of n equations of the 
kind x; =ax1 +f3x2 +· .. +rx,. +,u. 

5. Implement each equation i (i = 1, ... , n) by using gains and adders, starting by 
taking all the X; and u that appear in the equation and then multiplying them by 
the appropriate gain (their coefficient in the equation). You could use negative 
gains or subtractors if needed to add them all together and return to the input 
of the integrator i. For example, to implement the equation x2 = 2x2 -3x3 +Su, 
you need to multiply the input by 5, the output of the second integrator by 2 
and the output of the third integrator by -3 and then add them all. The sum 
arrow will be connected to the input of the second integrator. 

6. Finally, you need to write the equation for y(t) explicitly and implement it as 
before Gust with the sum arrow connected to the y(t) output arrow). 

Example 
Let's return to a previous example and draw a block diagram of (2.18) to clarify the 
process. The system is of the second order. 

Figure 2.1 demonstrates the process of implementing these equations step by step. 

Step 1 -rn- -ill-
Integrator Integrator 

Step 2 ~ ~ 
Integrator Integrator 

Step 3 u 

~ ~ 
y - -

el =9.x2 + u 
Integrator Integrator 

Step 4 Xi = .%1 

Step 5 
u + .x1 i2 --1..-

Integrator 

Step 6 

Integrator 

FlauRE 2.1 Block diagram of the state-space system drawing process. 
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Controllability 
The state-space representation of an LTI system is controllable if the state vector x can be 
brought from any initial state x0 to any final state x1 in finite time, using the appropriate 
inputs u. 

Theorem 2.3 
1. The system of order n is controllable if and only if rank( e) = n, where e = 

(B, AB, A2B, ... , N-1B) is a controllability matrix. 

2. The system's state may move only in the directions spanned by the columns of 
e (controllable subspace). 

NOTE For SISO systems, the matrix e has the dimensions n x n; for MIMO systems it 
has the dimensions n x mn, where m is the number of inputs. 

NOTE It is easier to understand where the matrix e comes from in discrete-time case 
when examining Equation (2.12). For zero initial conditions, the only states the 
system could get are defined by a linear combination of e columns. The expression 
A"' Bu[k - m -1) inside the sum is essentially columns of the matrix e multiplied by 
various scalar inputs u. Since we choose the inputs, we could pick any numbers for 
u that will serve as coefficients of e columns. Thus, any obtainable state x is the 
initial vector x0 multiplied by n's power of A plus a linear combination of e columns. 
For example, if all columns are proportional, then the state of the system will be 
x[n] =A"x0 +const·B since all combinations of ecolumnswill be proportional to B. 

NOTE The input u such that the system will move from state x0 to state x immediately 
for a continuous-time system or in n steps for a discrete-time controifable system is 

11-l 

u(t) = L e-1 (e-A'1x1 - x0 )c5("'>(t) (continuous-time) (2.19) 
m=D 

[
u[n-1)] 

u[k] = : = e-1 (x1 -Anx0 ) (discrete-time) 
u[O] 

(2.20) 

In discrete-time case, at the most n steps are necessary to get from any state to any 
other state. The vector of inputs u[k] in Formula (2.20) is sorted bottom up starting with 
u[O) at the bottom. 

Question 
Will the same controllability property work if we change the definition of eto e1"? Or to 
backward order of blocks in e: (A"-1B, ... , B)? 

Answer 
Since row and column spaces have the same rank, the transposed matrix has the same 
rank and the controllability property is not changed. Similarly, the order of columns 
does not matter for rank computations; thus, the controllability is not changed. 
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Question 
How can we check controllability of a MIM:O system ( eis not square)? 

Answer 
The procedure is the same: We need to check if the rank of e equals to the system's order. 
In the SISO case, we might use invertibility properties of e matrix such as det ( e) "# 0 for 
full rank. Unfortunately, for MIMO systems, we do not have such shortcuts. 

Observability 
The state-space representation of the LTI system is observable if it is possible to compute 
the initial state x0 from the measurement of inputs u and outputs y in a finite time inter­
val (given the matrices A, B, C, D). 

NOTB If we can compute the initial state, we can compute the state at any given point 
of time. 

Theorem 2.4 [ c l 
1. The system of order n is observable if and only if rank( O) = n, where 0 = C~ 

is an observability matrix. CA n-1 

2. The subspace of states x0 that can be reconstructed from the inputs and outputs 
is called observability subspace, and it is a subspace of 0 rows. 

NOTB To compute the controllability or observability matrix, there is no need to 
compute all the powers of A matrix up to n -1. All you need for controllability is to 
compute AB, then A multiplied by the vector (AB), which is A2B; then again A 
multiplied by the vector A2B, etc. Similarly, for observability, multiply C, CA, etc., 
each time by A (from the right side). 

Mlnlmal Systems 
The SISO system that cannot be implemented with a smaller-order state-space realization 
is called minimal. Such systems have no cancelation in the numerator and denominator 
of the transfer function C(sJ -At1 B +D. 

Theorem 2.5 
The system is minimal if and only if the system is controllable and observable. 

NOTB If there is a cancelation in the transfer function, then the state-space realization 
is not controllable, or not observable, or both. 

State Slmllarlty Transforms 
Any given state-space realization can be converted into another state-space realization of 
the same system by applying a similarity transform (two realizations, the original and the 
transformed are called similar, see Appendix G.19; both have the same transfer function). 
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Let's say the system is defined by state matrices A, B, C, D. We can define new state vari­
ables x in terms of the original state variables x, using an arbitrary regular (invertible) 
similarity matrix T: 

x = T-1x (equivalently x =Ti) (2.21) 

N · th tat t {x=Ax+Bu if 1 "th r.- h ow, given e s e-space sys em y = Cx +Du , we rep ace x WI x everyw ere, 

we get { Tx =CAT.Ti +DBu. By multiplying the left and right sides of the top equation by r-1, 
y= x+ u 

{ 

x=T-1ATx+T-1Bu 
'---v----' .............. 

we get ~ ii . Note that the form in which the new system is given is still 
y=g:x+eu 

c jj 

the same standard state-space form, but in terms of i and the same input and output. 
Multiplication by T or r-1 is not changing matrix and vector dimensions. 

It follows that the similar system realization is 

A=T-1AT; B=T-1B; C=CT; D=D 

e= r-1e; 0= OT 

(2.22) 

(2.23) 

The formulas in (2.23) are easily derived by noticing that Ak = 
(T-1AJ")(7'-1AJ")(7'-1A,1'}·-C.7'-1AT)=T-1NT,thus e= (B AB A2B ···)=(T-1B 

k tlmea [ C ) 
T-'AIT-' B T-'A'rr-' B .. ·) = T-'(B AB A, B .. ·) = T-' e Sllnilarly, 6 = ~' = 

[ gf.~,~ J=[ ~}=or 
Similar realizations have 

1. The same eigenvalues 

2. The same transfer function 

3. The same contt'<!.llability and observability properties (rank( e) = rank( e) and 
rank( 0) = rank( 0)). 

These properties are easily proven using linear algebra: 

1. We need to prove that A and r-1AT have the same characteristic polynomial: 
det(sl -A)= det(sl -T-1 AT). Let's start with the right part: det(sl -T-1 AT)= det(T-1 

(Tsrr-1
- rr-1 Arr-1 )T)=det(T-1(sl - A)T)= ~ det(sl-A) ~ =det(sl-A) 

as expected. 

2. The transfer function for the transformed system is G(s) = C(sl -.A.)-1 B + fJ = 
CT(sl -T-1AT)-1T-1B+D= C(T(sI-T-1AT}T-1

)-
1B+D = C(sIA)-1B+D = G(s). Note 

that when entering T and T-1 into the parentheses, the order of matrices is 
changing. 
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3. As shown above, the controllability matrix of the transformed system is T-1e. 
Thus, the rank of the transformed controllability matrix is the same (not 
changed by the multiplication by invertible matrix). 

Question 
How many state-space realizations exist for a given system? 

Answer 
Since any invertible matrix T generates a new realization, the number of possible similar 
realizations is infinite. 

Question 
If the system's realization is not controllable, does it mean that all other realizations of 
this system are not controllable? 

Answer 
No, a system that is not controllable might have controllable realization, but this realiza­
tion will not be observable. Also, you will not be able to find a similarity transform 
between two realizations. 

Canonlcal Forms 
Now that we are ready to convert transfer functions into a state-space form the easy 
way, we will demonstrate three different realizations that could be obtained automati­
cally from the transfer function. 

NOTB A strictly proper system has more poles than zeros, and a proper system could have 
an equal number of poles and zeros (or less zeros). The implementation is available 
only for proper systems (or strictly proper systems). This makes sense since such 
systems are causal, and we don't need future measurements to compute present 
time values of a proper system. 

Suppose the transfer function is given by 

b sn-l +···+b 
G(s)- 1 

n +d 
- s" +~sn-1 +···+an 

The controller (controllable) canonical form is given by 

X• = [-0;1 -;2 :1:: -ooa:. n ]x+[ 00~: Ju,· y = (b1 b2 ••• bn)x; D, = d (2.24) 

c • ............... 
A. B. 

In this form, the top row of A. consists of negative coefficients of the denominator poly­
nomial (excluding the coefficient of s"), the diagonal below the main diagonal consists 
of ls, and everything else is 0. The vector B. has 1 at the top row and zeros elsewhere, 
and the vector c. has numerator coefficients. 
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Example 
3 b5"-1 +···+b 

The transfer function is given by G(5) = ~2 = n 1 
,._1 n +d. Obviously, the 

5 + 5 +a15 +···+a,. 
system is of the order n = 2 (the highest power of 5 in the transfer function). By compar­
ing coefficients, we get b1 = O; b2 = 3; a1 = O; a2 = 2; d = 0. So, the matrices will be 

A. = ( ~ -; } B, = ( ~} C, = (O 3); D, = 0 

NOTB The matrix A, is given in a companion farm. 

Theorem 2.6 
The system in a controller canonical form is always controllable, and its controllability 
matrix satisfies 

(

1 a··· al 
e-1 = ~ : ·1. : . . t 

c : •• •• ~ 

0 ... 0 1 

(2.25) 

The system realization is controllable if and only if the realization can be transformed 
to a controller canonical form. The appropriate transformation is 

T= ee-1 
c (2.26) 

NOTB If the system is proper, but not strictly proper, then the D value will not be 0. 
The rational transfer function should be brought to a form which includes strictly 
proper transfer function plus a constant. One way to do that is by long division of 
numerator and denominator, but this is not the easiest way. There is one simple 
trick that could help as in the following example. 

Exampre 2 

We have to realize the transfer function G(s) = 
25 

2 + 35 ~ 5 . This would not fit into 
5 +5+ 

the transfer function shape used in the canonical form. Instead of dividing 252 + 35 + 5 
by 52 +5+1, we can get rid of 52 in the numerator by bringing the numerator to 
a more convenient form by completing it to twice the denominator 2(s2 +s+1): 

2(52 +5+1)+5+3 5+3 
G(5) = 2 1 

. Now we can cancel and get G(5) = 2 + 2 1
, where d = 2 

5 +5+ s +5+ 
and the rest is written in the appropriate form. 

The observer (observable) canonical form for the same transfer function (2.24) is 
given by 

[
-a

1 

1 0 l l b1 l x = -a2 0 ._. x + b2 u. 
: : ... 1 : , 

-a,. 0 ... 0 b,. 
~ 

A0 B0 

In this form, A 0 =AI; B0 = q; C0 =BI. 

y = ( 1 0 ·· · 0 )x; D0 = d 

c. 
(2.27) 
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Theorem 2.7 
The system in observer canonical form is always observable, and its observability 
matrix satisfies 

[ 

1 .o :·· ? I lli . . . 0-1 _ . . . 
• - : ·. ·. 0 . . . 

an ... al 1 

(2.28) 

The system realization is observable if and only if the realization can be transformed to 
an observer canonical form. The appropriate transformation is 

(2.29) 

If matrix A is diagonalizable, a diagonal (modal) canonical form for the transfer func­

tion G(s) = d + f /3~rt (given in partial fraction expansion form [Appendix F.91) is 
i=l S S; 

[ " 
0 ! }·[; }; . 0 S2 

Y = <11 Yn)x; Dd =d (2.30) X= . 12 . .. 
0 0 Sn fln cd 

~ 

Aa Bd 

NOTB The choice of /31 and 1; could be arbitrary as far as their multiplication fits the 
numerator coefficients in the transfer function. It is convenient to choose all /31 = 1. 

Theorem 2.8 
1. The system is minimal if and only if /3111 ~ 0 for all i . 

2. The system is controllable if and only if 'Vi: f:J1 ~ 0 and there is no multiplicity of 
eigenvalues. 

3. The system is observable if and only if 'Vi: 11 ~ 0 and there is no multiplicity of 
eigenvalues. 

When all eigenvalues of the system are different, diagonalization always exists. This 
is not the case when some eigenvalues are repeated. If the diagonalization does not exist, 
the Jordan realizations (near diagonal; with ls above the main diagonal) are possible. For 
example, if the root s1 is repeated 3 times, in this realization, 

S1 1 0 0 0 

0 S1 1 

%+[} x= S1 0 
y=<r1 r,.)x; D:1=d (2.31) 12 ... 

54 
c:1 0 

0 0 s,. 
......__... 

B:J 

A:J 
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Question 
What is the controllability subspace of a controllable second-order system? 

Answer 
Since the second-order controllable system can have any x1 and x21 the controllability 
subspace will be the entire 20 space (JR2). 

Question 
How would canonical state realizations change for a discrete-time system? 

Answer 
There is no significant change. The variable s will be replaced with z, and block diagrams 
will have delays instead of integrators. 

Solved Problems 

Problem 2.l 
The discrete-time system realization is given by 

x[k + 1] = Ax[k] + Bu[k] 

y[k] = Cx[k] 

where A=(~:~ ~:~} B=(ii} C=(l 0). 

A. Check the stability of the system. 

B. Check the controllability and observability of the system. Is the system minimal? 

C. Find the transformation to the canonical controller form (if possible). 

D. Find the transformation to the canonical observer form (if possible). 

E. Find the realization of the canonical controller, observer, and diagonal forms 
for the given system. 

F. How is it possible to move from the initial state x0 = (1, l)T to the final state 
x1 =(5,S)f? 

Solution 
A. The eigenvalues of the matrix ( g:~ g:~ J are computed from the characteristic 

polynomialequation det(zl-A) =z2 -tr(A)z+det(A)= z2 -0.2z+O = 0. The roots 
of this quadratic equation are the eigenvalues 21 = 0 and z2 = 0.2. Both are inside 
the unit circle; therefore, the system is stable both asymptotically and BIBO. 

B. The controllability matrix is e = ( 6 g:~ J. The matrix is full rank (rank( e) = 2) 

which could be seen directly from this matrix. If the matrix is invertible, it must 
have full rank. A few alternative options for checking matrix invertibility are 
given in Appendix G.14. Here we just note that this matrix is upper triangular 
with no zeros on its main diagonal, and thus invertible. Consequently, the 
system is controllable. 
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The observability matrix is 0 = ( 0\ 0~1) and it is full rank, because it is 

lower triangular with no zeros on its main diagonal, or because two rows are 
not proportional (linearly independent). Thus, the system is observable. Based 
on Theorem 2.5, controllable and observable systems must be minimal. 

C. The transform of a controllable system to a canonical controller form is given 
by T = ee/ in (2.26). 

T=ee,-
1 =(6 g:~)(6 ~·2)=(6 ~l) 

(2.25) 

We will denote this transform matrix by ~· 

D. The transformation of an observable system to a canonical observer form is 
given by T= (0;10)-1 in (2.29). 

T= (0-10)-1 = [( 1 0)( 1 0 J]-1 
=(1 0) • --0.2 1 0.1 0.1 1 10 

(US) 

We will denote this transformation matrix by T0 • 

E. To find the controller and observer canonical realizations, we could use (2.22): 

A =T,-1AT, =( oi2 g} B, =T,-1B =( ~} C, =CT, =(1 -0.1); D, =0 

A =T-1AT =(0·2 1)=AT·B =T-1B=( l )=CT·C =CT =(l O)=BT.D =O • • • 0 0 c, • • -0.1 c, • • c, • 

Note that we could alternatively write these matrices directly from the transfer 
function computation (2.14) and templates in (2.24) and (2.27). The transfer 
function is 

G(z) = C(zI-A)-1B+D = (l o)(z(l 0)-(0.1 0.1))-
1 

(l)+o = z-0.1 
O 1 0.1 0.1 0 z2 -0.2z+O 

Thus, the numerator coefficients are b1 = 1 and b2 = --0.l and the denominator 
coefficients are a1 = -0.2 and a2 = 0. H we substitute those numbers into (2.24) 
and (2.27), we get the same results as above. 

For a diagonal canonical realization, we need to find partial fraction 
expansion of the transfer function: 

G{) z-0.1 0.5 0.5 
z = z2 -0.2z = z-0 + z-0.2 

Now, we arbitrarily choose the coefficients P and r in such a way that the 
appropriate multiplication /3;Y; will be 0.5 for i = 1, 2, as follows from the partial 
fraction expansion. For example, using (2.30): 

Aa =( g 0~2} B4 =0} C4 =(0.5 0.5); Dd = 0 
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F. To get from state x[O) = x0 = ( ~ ) to x 1 = ( ~ ), the following input is required 
based on (2.20): 

1 2 -(u[l]J-(1 0.1)-
1 [(s) (0.1 0.1)

2

(1)]-( o ) e- (x,-A x0 )- u[O] - O 0.1 5 - 0.1 0.1 1 - 49.6 

This means that first we need to input 49.6 to the system and then 0. 
An interesting question here is whether or not the system would be at a 

desired state right after the first input (since the second input is zero). The 
answer is "no"; the second input is required to get to the desired state. Let's 
show that directly by iterating through the system's states: 

x[l] = ( 0.1 0.1)x[O]+(1 )u[O] = ( 0.1 0.1)(1)+( 1 ) 49.6 = (49.8) 
0.1 0.1 0 0.1 0.1 1 0 0.2 

Obviously, this is not the desired state. Now, let's use the second input: 

x[2] = ( 0.1 0.1)x[l]+(1 )u[l] = ( 0.1 0.1)(49.8)+( 1 )o = ( 5) 
0.1 0.1 0 0.1 0.1 0.2 0 5 

and the system reaches the desired state. 

Problem 2.2 
The continuous state-space system is given by 

A=(-7 1) 
-10 0 B=(fs) c =(1 0) D=O 

Which of the following systems are similar (has similarity transform)? If the system 
is similar, then find the similarity transform T, and if not, then explain why. 

A. A=(-; -60) B=(6) C=(3 15) D=O 

B. A=(~ ~~) B=( li) C=(O 1) D=O 

C. A=( 02 ~s) B=O) C=(3 0) D=O 

D. A=( 02 ~s) B=(6) C=(2 3) D=O 

Solution 
The original system is given in a canonical observer form; thus, it is observable. The 

• • _ _1 _ 3s+15 _ 3(s+5) _ 3 
transfer function is G(s)-C(sI -A) B+D- 52 + 7s+10 - (s+ 2)(s+S) - s+ 2. The system 

is not minimal and observable; thus, it is not controllable (Theorem 2.5). 
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A. The same system is given in a canonical controller form; it is controllable and 
not observable. Thus, the systems are not similar. 

B. Pay attention that this system is exactly like the original system with states 
redefined in the opposite order, that is, x1 is defined as x2 and x2 is defined as Xr 
You could find such definition of canonical forms in some textbooks where the 
order of state variables is the opposite of what we have defined in this book. 
Nevertheless, the canonical forms defined that way still have the same 

properties. So, the new state x is defined as x = r-1x = (::) and the appropriate 

transform is T = r-1 = ( ~ ~) The systems are similar. 

C. The system is given in a diagonal canonical form with nonzero B elements; 
thus, the system is controllable, and not similar to the original system. 

D. The transfer function is G(s) = 2

2
s;

10
10

, which is different from the original 
s + s+ 

system; thus, the systems are not similar. 

Problem 2.3 
The discrete system is given by 

x[k+ 1] = Ax[k]+Bu[k] 

y[k] = Cx[k] 

[
1 0 OJ A"' a 2 0 ; 
b 1 5 

A. Compute the transfer function G(z) as a function of a and b variables. 

B. What are the conditions on a and b such that the system will be controllable? 

C. What are the conditions on a and b such that the system will be observable? 

D. When the system is not observable, find two different initial conditions for 
which the outputs will be indiscernible given the input. 

For the rest of this question assume a = 1 and b = 0. 

E. Let's assume that x[O] = (1 0 oy. Is there any input u[O], u[l], u[2] that gives 
xI3] = (O 0 O)T? If yes, then find that input sequence, and if not, then explain 
why not. 

F. Repeat part (E) for xI15] = (0 0 l)T, and find the appropriate input if possible. 

Solution 
A. Using Formula (2.14), the transfer function is 

G(z);;;;;C(zl-A)-1B"'(O 1 O)[z~l z~2 g ]-
1

[~] 
-b -1 z-5 0 

a(z-5) 
"'(z- l)(z-2)(z-5) 
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B. The system is controllable if the determinant of a controllability matrix is 
not zero. 

e= [i ! la ] 
0 b a+6b 

det(e) = a(a+6b)-3ab = a2 +6ab-3ab = a2 +3ab = a(a+3b) "t:- O 

The required condition is 

{a-::/:- O} and {a-::/:- -3b} 

C. The observability matrix is 

[ 0 1 OJ 0 = a 2 O ~ det(O) = 0 (The system is not observable.) 
3a 4 0 

D. It can be seen directly from the equations that x3 is not affecting any other state 
variable or the output. Thus, any initial conditions with different x3(0) values 
will be indiscernible from the output measurement. 

E. Using (2.20), we can get to zero state in three steps by providing the following 
inputs: 

u = e-1(x[3]-A 3x[O~ 

where E= [B AB A'B]=[ ! ~ g] => e-' = ( g ~1 1] 
u[0:2J=(-8 17 -lOY 

F. We know that the system needs at the most three steps to get to any state; thus, 
we need three steps to get to zero (see [E] above), and then nine steps which 
will keep "O" state, and, finally, three more steps to get the final state: 

•=e-' (x11s1-A'x112n= e-.,11s1=(g ~1 1 mH ~3 J 
U[0:14]=(-8 17 -lQ Q Q Q Q Q Q Q Q Q} -3 2)T 
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CHAPTER 3 
Pole Placement via 

State Feedback 

Classical control tools allow us to design a serial or a feedback controller that stabi­
lizes the system and allows reaching the desired performance characteristics. The 
tricky part here is that this basic design rather resembles black art where a lot of 

trial and error are needed to get anywhere close to what we want. There is no easy way to 
design a controller using the classical theory even with modem computational power. In 
turn, modem control allows designing a controller using a single formula or one line of 
code. The catch here is that it is not a serial or a feedback controller, but a state-space 
controller which has a different architecture. In this chapter, we will discuss feedback and 
three different ways to design a controller. The main goal here is to design a controller that 
will place all closed-loop poles of the system at the desired locations, which will in turn 
provide both stability and performance characteristics. 

State Feedback 
Given the system 

{ 
x=Ax+Bu 
y=Cx+Du (3.1) 

we would like to design a state feedback controller K that will satisfy all the requirements 
of stability and performance. 

NO'l'B We could use two equivalent block diagrams for the open-loop system represen­
tation as shown in Figure 3.1. For simplicity, we will frequently assume that D = 0 
and that the blocks related to D will disappear. 

The idea is to return via the feedback the weighted sum of the states x. Thus, the 
controller Ktxn is a row vector of constant numbers multiplied by a vector x (inner 
product) as shown in Figure 3.2: 

u(t) = r(t)- K · x(t) (3.2) 

CAUTION! It is important to remember that the vector of the controller's gains K is 
defined as a row (and not a column) vector. 

35 
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i=Ax+Bu 
y=Cx+Du 

i=Ax+Bu 

Fl111uRE 3.1 Two equivalent representations of the open-loop state-space system given in (3.1). 
{Bold lines denote vectors.) 

r(t) + 
i=Ax+Bu 

K ·x(t) 
= k1X1 + ... + knxn 

K = (k1 ••· k,,) 

Fl111uRE 3.2 State-space feedback closed-loop control architecture. 

Substituting the definition of input u from (3.2) into (3.1), 

{ 
x=Ax+B(r-Kx)=(A-BK)x+Br 
y= Cx+D(r-Kx)=(C-DK)x+Dr 

(3.3) 

Thus, the closed-loop system from r(t) to y(t) is equivalent to the system with the 
input r(t), and matrices {A= A-BK,B = B,C = C-DK,D = D}. These matrices represent 
a closed-loop system. We want to choose the values in the vector K in a way that the 
closed-loop poles of the system will be at desired locations. In other words, we want to 
choose the eigenvalues of the closed-loop matrix A= A-BK using the appropriate 
vector K. 

NOTB The closed-loop transfer function is 

G (s)- open-loop zeros _ det(sl-A+B(K+C-DK)) +D-l (3.4) 
c1 - closed-loop poles - det(sl -A+ BK) 

CAUTION! State feedback controller cannot change the system's zeros. The only way to 
change zeros is by cancelation of closed-loop poles and open-loop zeros. 
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Controller Design 
Open-loop poles are the roots of A's characteristic polynomial det(sl-A). We denote 
this open-loop polynomial (denominator of the transfer function) by a(s) = sn + 
"i_sn-1 +···+a,,, or by a vector of the coefficients ii= (a1,a2, ••• , a,,). Now, we want the 
poles in the closed loop to be at the predefined locations s; . Thus, the desired closed­
loop polynomial is a(s)=(s-s1)(s-s2}-·-(s-sn)=s"+a1s"-1 +···+a,,. We denote the 
vector of its coefficients by ii= (a11a 2 , •.• ,a,,). The following theorems explain how to 
design a controller for a controllable system. 

111eorem 3.1 (Bass-Gura, 1965) 

K =(a-ii)~e-1 (3.5) 

where eis a controllability matrix of the system, and e. is the canonical controller con­
trollability matrix. 

111eorem 3.2 (Ackermann, 1972) 

K = (O 0 ... 0 t)e-1a(A) (3.6) 

that is, the controller gain K is the last row of e-1a(A) matrix. 
It is possible to design the controller gain K using one of the theorems above, but 

the simplest method for low-order systems is to solve the problem by comparing 
the coefficients of the desired closed-loop characteristic polynomials a(s) and the actual 
polynomial det(sl -(A - BK)) = det(sl - A+ BK). 

Desitn AldfJrithm 
1. Choose the appropriate location of the closed-loop poles s; e C. 

2. Compute the desired closed-loop polynomial: 

a(s) = (s- s1)(s- s2 ) • •• (s-s,,) = s" +a1s"-1 +···+a,. 

3. Method A: Compute the coefficients a(s) = det(sl -A) and a(s). Then, compute 
matrices e. and ~1, and use the Bass-Gura formula. 

4. Method B: Compute a(A) and ~1• Then apply Akermann's formula. 

5. MethodC:Compute ax(s) = det(sl-A+BK)= s" +a1 (k11 .•• , k,.)s"-1 + ··· +a,.(kw··i k. ) 
and compare the coefficients to the polynomial a(s). Solve the obtained system 
of equations a,(k1, ... , k,,) =a; to extract the K = (kw .. , k,.). 

NOTB For a controllable system we are able to place the poles wherever we want. 

NOTB It is not readily clear how to choose the locations of the closed-loop poles. In 
general, it is advisable to choose the locations by dominant pole analysis, or at the 
locations of the Bessel filter (on the left semicircle in the complex domain). 
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VllllY IMPORTANT Non For discrete systems, almost all the learned methods and 
formulas are the same, except for the change of s to z, the change of x(t) to x(k + 1), 
and the unit circle stability region instead of the left semi-plane. Moreover, the same 
methods of design can be applied to multiple-input multiple-output (MIM:O) 
systems; in that case the gain K is a matrix, and there are some additional degrees of 
freedom in choosing the gains. 

Tracking the Input Signal 

CAUTION! After learning control systems for a while, it might become second nature 
to assume that the system's output in a closed loop with a stabilizing controller 
closely follows the reference input. In other words, for a unit step input we expect 
to see the output converging eventually to 1. Obviously, it is a misconception to 
think that all stable closed-loop systems are like that. The steady-state error could 
be arbitrarily big in the dosed loop (depends on the controller and plant). 

Suppose we have a unit step input [reference signal r(t)], and we want to compute 
the steady-state error. Of course, we want this error to be as small as possible for a good 
tracking. Using the relations (3.3), we can compute the closed-loop transfer function 
Gc1(s) = C(sl -..4.)-1 B + D = (C- DK)(sl -A+ BK)-1 B +D. Thus, the DC gain (for s = O) is 

Gc1(0) = (C - DK)(BK -At1B + D (3.7) 

which is definitely not 1 in most cases. 

Question 
If we want zero steady-state error, that is, the DC gain of 1 in the closed loop, can we 
multiply the reference signal r by the reciprocal of Gc1(0) in (3.7) to make it happen? 

Solution 
Yes, this trivial solution will work, but there are serious downsides to this solution. 
First, the gain l/Gc1(0) will multiply noise and disturbances outside the loop. Second, 
we cannot know the model precisely (or the physical model could change in time) and 
the actual DC gain could be different from the modeled DC gain, so l/Gc1(0) gain will 
not cancel the actual steady-state error precisely. 

Integrator in the Loop 
If we want to ensure zero steady-state error for a step response, we have to add an 
integrator in the loop as shown in Figure 3.3. 

We need to rewrite the system's equations to make it possible to design a state 
feedback controller with the additional state x,.+1• Clearly, the system is of the order 
n+l now. 

If we define the new state as 

= ( x ) x = X..+1 
(3.8) 
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y(t) 
.i=Ax+Bu 

Integrator 
K · x(t) 
=k1X1 + ... +knXn 

F1auRE 3.3 Integrator in the loop-controller design for zero steady-state error. 

we obtain 

Thus, A = _( !c ~ ), and B = ( ~} We can design a controller of the order n + 1 for these 

matrices K = (K,kn+t) using the usual tools described previously in this chapter. 

Question 
Is it possible to stabilize a system if that system is not controllable? 

Answer 
Yes, it is possible to stabilize it, but not always. Some states might not be controllable 
but converge naturally by themselves. If this is the case, the system could be stabilized. 
Refer to Chapter 5 for more information about such systems. 

Question 
What are the disadvantages of the state feedback controller design compared to the 
classical control methods (Bode diagrams, root locus, etc.)? 

Answer 
The state-space design requires availability of all the system's states. For most physical 
systems, this would require multiple sensors and/or computational modules. We will 
explain how to relax this requirement in Chapter 4. 

Question 
Pay attention that we ignore matrix C in our controller design. Does this mean that we 
can change C to another matrix (different transfer function) and still get the same 
response specifications? 

Answer 
This question is tricky. Yes, we can change matrix C to any other matrix without chang­
ing the location of closed-loop poles. The thing is that matrix C affects the location of 
open-loop zeros of the system and those are the same zeros in the closed loop since state 
feedback does not change the location of zeros. We know from the classical control 
theory that zeros affect the response, though less than dominant poles. Thus, we will 
not get the same response specifications. 
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Solved Problems 

Problem 3.l 
Let's return to Problem 2.1 from Chapter 2 and design a stabilizing state controller. The 
discrete system realization is given by 

x{k+ 1] = Ax{k]+Bu{k] 

y{k] = Cx[k] 

A""(0.1 0.1). B""(l). C""(l O) 0.1 0.1 I 0 I 

Use three different methods to design a controller where all the closed-loop poles will 
be at-0.1. 

Solution 
The first method uses the Bass-Gura formula. To use that formula, we need to identify 
the open-loop characteristic polynomial and its coefficients, the desired closed-loop 
characteristic polynomial of the same degree and its coefficients, and the controllability 

matrix. ( ) 
The controllability matrix is given by e"" ~ 8:i . The open-loop characteristic 

polynomial is a(z) = z2 -0.2z, and to locate both closed-loop poles at --0.2 the desired 
polynomial is a(z) = (z + 0.1)2 = z2 + 0.2z + 0.01. Consequently, the coefficient vectors are 
ii= (-0.2 0) and a= (0.2 0.01). Using the Bass-Gura formula (3.5), 

K""(a-a) ece-1 "" ((0.2 0.01)-(-0.2 0){6 Oi
2
)(6 8:ir=(0.4 0.5) 

The controller gains are k1 =0.4 and k2 = 0.5. Note that the controllability matrix and 
canonical controller controllability matrix were computed earlier in Problem 2.1. 

Now, we will try to get the same result using the Ackermann formula. Given that 
a(z) = z2 + 0.4z + 0.04 as before, the a(A) would be defined as A2 + 0.2A + 0.011. Based 

on (3.6), we need to find the last row of the matrix e-1a(A) = ( 1 0.1 )-
1

fi(0.1 0.1 )
2 

+ 
0 0.1 ~ 0.1 0.1 

0.2 ( 8:i g:i) + 0.01 ( ~ n] = ( ~~l -g:~l), which is the same vector K = (0.4 0.5). 

The third way to compute the controller gains is by a comparison of coefficients of 
the desired closed-loop polynomial a(z) and the actual closed-loop characteristic poly­
nomial det(zI - A+ BK). 

det(zI -A+ BK)= det(( ~ n-( 8:i 8:i) + ( 6 }k1 k2)) 

"'det( z-O.l
1
+ ki -0~ +k

1
2 ) = (z-0.l+k

1
)(z-O.l)+O.l(k

2 
-0.1) 

-0. z 0. 

= z2 +(k1 -0.2)z+(-O.lk1 +O.lk2 ) 
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Now, we can compare coefficients with a(z) = z2 + 0.2z + 0.01: 

{ 
0.2 =kl -0.2 

0.01 = O.l(k2 -k1) 

From the first equation, k1 = 0.4, and from the second equation, k2 = 0.5, as expected. 

Problem 3.2 
The system is defined by 

.X(t) = Ax(t)+Bu(t) 

y(t) = Cx(t)+ Du(t) 

A·[ ~l y ~l] B·m C·(3 7 9) D·l 
A. Is this system controllable? Is it observable? 

B. Assume that the entire state is measurable. We close the loop with the feedback 
controller: u(t) = r(t)-Kx(t). Design the state feedback controller K such that all 
the closed-loop poles will be at -1. 

C. Compute the closed-loop transfer function of the system. 

D. What is the simplest correction to the system that is needed to get a zero steady­
state error with step response? 

Solution 
A. The controllability and observability matrices are 

e- [~ -1 0 J 1 -1 ~ rank(e)=3 
0 1 

O·O 79] 6 6 ~ rank( CJ)= 3 
2 2 

The system is controllable and observable. 

B. The desired closed-loop characteristic polynomial is 

a(s) = s3 +3s2 +3s+1 

[

s+k1 +1 k2 +1 k3 +1J 
a.t(s)=det(sl-A+BK)=det -1 s O 

0 -1 s-1 

= (s+ k1 + l)s(s-1)+ ((s-1)(k2 +1) + k3 +1) = s3 + k1s
2 + (k2 -k1)s +(k3 -k2) 

From the comparison of the polynomial coefficients, k1 = 3, k2 = 6, k3 = 7. 
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C. Closed-loop matrices are Ac1 =A- BK, Bc1 = B, Cc1 = C- DK, D c1 =D. Then, the 
transfer function is 

_ _1 _ s2 + 2s + 2 s + 1 
G(s)-Cc1(sI-Ac1) Bc1 +Dc1 - 2 2 l ·-+l s + s+ s 

D. We can see from the transfer function in part (C) above that the DC gain (when 
s = jw"" O) is 2; thus, all the input step responses will be multiplied by 2 and the 
steady-state error for unit step will be 100 percent. To correct this problem, we 
need to multiply the reference signal r by 1h. 

Problem 3.3 
Prove the Bass-Gura theorem. 

Solution 
We want to show that the eigenvalues of the closed-loop matrix A- BK could be repo­
sitioned to the locations defined by the desired polynomial a(s) roots when using the 
controller K"" (k1 •• • k")"" (a-ii) t:,e-1

• 

First, we will prove it for a simple case where the system implementation is given 
in a controllable canonical form: 

r-· 
-a2 

T}+[fr X= :' 
0 

1 .___..... 
Ac BC 

Here, 

r-·· ~ ~.) (k" ka l) A.-BcKc"" : ·~. 0 - 0 ... . . . . . . . . . 
1 0 0 ... 

r-·, -k., 
-a2 -kc2 

-· -k l n en 

;;;;; 1 0 0 

0 1 0 

The characteristic polynomial of that matrix in the companion form is det(sI -A.+ BcKJ = 

s" + (a1 + kc1)s"-1 + (a2 + kc2)s,,_2 +···+(a"+ ken), and it should be equal to the desired 
polynomial s" + a 1s,,_

1 + a2s"-2 +···+an. From the comparison of the coefficients of two 
polynomials, we get kci =a; -a;; i = 1, 2, ... , n, which is exactly the Bass-Gura formula 
where e= ec, thus Kc= (a-ii)t:,e-1 =(a-a). 

Now, for a general controllable system {A,B,C,D}, we can always find the trans­
formation to a controllable canonical form. Formula (2.26) gives that transformation 
as T= ee-1• 

c 
We want to find such a K that A- BK will have eigenvalues at the locations of a(s) roots. 

The characteristic polynomial of A- BK and A
0 

- B.K. should be the same, since the similar­
ity transform is not changing the eigenvalues. We can write the equality of characteristic 
polynomials as det(sI -A+ BK)= det(sI - A. + B

0
K. ). If we substitute the transformed 

matrices in the left determinant, we will get det(sI -A+ BK)= det(sI -TA
0
T-1 + TB

0
K) = 

det(T-1 )det(sI -TA,T-1 + TB,K)det(T) = det(T-1sIT-T-1TA,T-1T + T-1TB,KT) = det(sI -A,+ 
B,KT) = det(sI -A.+ B0K.). Thus, KT= K0 and K = K.T-1 = K/:1.e-1 = (a-a)e,e-1

, which 
concludes the proof. 
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CHAPTER 4 
State Estimation 

(Observers) 

So far, we have assumed that the full state x is available to us, that is, we can somehow 
measure all the variables included in the state vector x (e.g., by adding sensors). 
In practice, not all variables are available. Some quantities are hard to measure 

directly, while for others the sensors needed for the measurements are too expensive. 
Fortunately, in many cases we can estimate the state x based only on the input u and 
the output y. The mechanism (or algorithm) for such an estimation is called observer. 

Observer Structure 
It is important to remember that the plant is a physical (mechanical, electrical, chemical, 
etc.) system and that its outputs are measured by sensors. Though we draw a linear 
mathematical model instead of a plant, the actual output is not the output of the model, 
but the output of the real physical system. The observer is different-it is a simulation of 
a mathematical system's model that is trying to emulate the work of a real system. Since 
it is a simulated model, we have access to its states and hope that the real states are close 
enough. It would be nice if we could follow the states of the system based on a model. 

Question 
Suppose we know precisely the state-space model of a given system. In other words, 
matrices A, B, C, D are known. We plan to compute the states of the real system by 
simulating the system of differential equations x"' Ax+ Bu and using the same input u, 
as shown in Figure 4.1. Why would this approach for state estimation not work well? 

Answer 
The problem is that we don't know the system's initial conditions; therefore, even if we 
know the model precisely, this will not work. We start our observer's simulation from 
arbitrary initial conditions (generally zero initial conditions unless there is a good reason 
to choose something else). Since the physical plant and the simulated system start from 
different initial conditions, it is obvious that they will not converge to the same states. 

An additional problem is that in practice, matrices A, B, C, D are known only 
approximately. So, the idea of observer is to start with zero initial conditions and try 
emulating the system's behavior by simulating its state equations, but at the same time 
comparing the emulated (estimated by model simulation) output to the real output and 
trying to minimize the difference between y(t) and estimated y(t). 

43 
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u(t) 

Real state vector 
I 

Plant + 
x(t) 

i=Ax+Bu 

Simulation 

i=Af+Bu 
"' .__ ____ _.I 

I 
Estimated state vector 

Fl111uRE 4.1 Incorrect way to estimate the state. 

The observer equations proposed by David Luenberger in 1964 (Luenberger, 1964) are 

{~=~+Bu+L(y-y)=(A-LC)x+Bu+Ly (4.1) 
y=Cx+Du 

where {A, B, C, D} is the system's model, i denotes the estimated state, and y denotes 
the estimated output. The goal is to design a vector L such that the estimated state i will 
converge as fast as possible to the real state x of the system. 

NOTB The observer's initial conditions are i(O) = 0, unless otherwise explicitly stated. 

Figure 4.2 shows a general structure of an observer implementing those equations. 
For simplicity, we assume D = O. Make sure that you understand how different connec­
tions between the blocks implement the equations (compare to Figure 3.1). 

Observer 
,.--------------------------------------------------------, 

Uy-y) 

u 
Plant 

' ' ' 
Estimated 1! 

+ 

y 

F1auRE 4.2 Linear observer estimating the states of a plant. 
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Question 
Suppose our model is defined by matrices {A, B, C, D}. When does it make sense to have 
very high values in the vector L? 

Answer 
It makes sense when the measurement y(t) is very reliable and the system's model not 
so much. It would give more weight to the output's error. 

Observer Design 
We want the observer's state x be as close as possible to the plant's state x as soon as 
possible. In other words, we want the estimation error x = x(t)-i(t) to be as small as 
possible (as fast as possible). 

Theorem 4.1 

i=(A-LC)x (4.2) 

that is, the estimation error is fading according to the eigenvalues of the matrix A - LC. 
Thus, we will want to design a vector Lin such a way that the eigenvalues of A-LC 

will be stable and "fast" (far to the left for the continuous-time systems or closer to origin 
for the discrete-time systems). 

Question 
Suppose we can choose the observer's eigenvalues of continuous-time system any­
where we want, and we want them as fast as possible. Is it wrong to choose them all 
in -1010000001 

Answer 
While theoretically it is possible to do so, practically it is a very bad idea. As always, 
using faster eigenvalues increases the system's bandwidth, which, in tum, makes our 
observer more sensitive to noise and unwanted disturbances. 

NOTB For discrete-time systems the design process is the same (while replacing s 
with z). 

NOTB Note the similarity between the problem of designing the eigenvalues of A - BK 
(controller) and A - LC (observer). Those are dual problems and similar techniques 
are used to solve them. 

Theorem 4.2 
If the system is observable, it is possible to design the observer with the vector of 
gains L, such that its poles are anywhere we want. 

RULE OP 'I'HuMB It is advisable to choose the observer's poles (eigenvalues of A- LC) 
approximately 2 to 5 times to the left of the plant's closed-loop poles. 
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Observer's Design Algorithm 
1. Choose the desired location of the observer's poles s; in the closed loop. 

2. Compute the desired characteristic polynomial for observer in the closed loop: 
a(s) = (s-s1)(s-s2)···(s-s,.) = 5 11 +a1sn-l +···+a,. 

3. ~ethod 1: Compute a(s)=det(sl-A)=s" +12is 11
-

1 +···+a,., 0
0 

and 0-1• Denote: 
ii= (a11 •• • , a,.); ii= (a1, .•• , a,.) and use the following Bass-Gura formula: 

(4.3) 

4. Method 2: Compute the vector of observer gains using the Ackennann formula: 

L~a(A)&Hl (4.4) 

that is, the last column of a(A)0-1 matrix. 

5. Method 3: Compare the coefficients of a(s) and aL(s) = det(sl -A+ LC) = 
s" + a1(11, ••• , l,.)s,.._1 + ··· + a,.(11, ••• , 1

11
) to obtain the system of linear equations. 

Solve this system with regard to the vector of observer gains L = (4, ... , l,. )T. 

Integrated System: State Feedback+ Observer 
Now, we are able to get all the advantages of an arbitrary pole placement using only the 
input and output of the open-loop plant. All that is left to do is to connect the estimated 
state (instead of the original state) to the controller gains Kand return this weighted 
sum in the feedback loop. The block diagram of state feedback with the observer is 
shown in Figure 4.3 and with additional details in Figure 4.4. 

Question 
The real system and the observer start with different initial conditions. Will the system 
in closed loop with the state controller and observer be always stable if the initial condi­
tions are very different? 

Answer 
Yes, the system will be stable with stabilizing controller regardless of the initial condi­
tions. We know that a stable linear system converges globally from any initial conditions. 

r(t) + 
Plant 

y(t) 

.-------- ---- ------------------------------------ --
: 
I 
I 

! KX(,t) 
: 
I 
I 
I 
I 
I 

Observer 

l ____________________ f.Q~~l)~--------------------

FlauRE 4.3 The block diagram of a closed-loop state feedback with the observer. 
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Estimated.£ 

r(t) + 
Plant 

y 

KX<_t) X(t) 

Fl111uRE 4.4 Detailed block diagram of a closed-loop state feedback with the observer. 

Theorem 4.1 demonstrates that eventually the estimated state will converge to the 
real state. At that point of time, the state of the real system will be equal (or very close) 
to the estimated state. You can think about that time point as new "time zero." Since 
from that point on the estimated state will follow the real state (whatever it is), the 
system will converge as it would with a regular state feedback after some transient 
response. 

Question 
Notice that we design the controller as there is no observer (assuming that all states are 
accessible) and designing the observer as there is no controller and closed loop. Aren't 
controller and observer affecting each other? Why is it allowable to ignore their inter­
relations when designing them? 

Answer 
This is a tough question better answered by the following theorem. The magic thing 
about observers is that their structure is designed in such a way that observers do not 
change the closed-loop transfer function at all. It is difficult to believe, but we will demon­
strate that soon. 

Theorem 4.3 (Separation Principle) 
There is no mutual dependence between the system's closed-loop poles and the observer's 
poles. Thus, the observer and controller can be designed independently. 
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Explanation 
Using (3.1), (4.1), and the feedback definition u = r-KX, the integrated system in 
Figure 4.4 is represented by the following equations: 

{

x=Ax+Bu 
i = (A - ~C)x + Bu +Ly = (A- LC)x + Bu + LCx 
U=r-Ki 

After substitution of u into the first two equations 

{
x = Ax+B(r-KX) 

i = (A-LC)x+B(r-KX)+LCx 

or in matrix form 

(4.5) 

(4.6) 

Now let's apply the similarity transformation (not changing eigenvalues and 
transfer function): 

(4.7) 

where I is the identity matrix, and get 

0 )=( A-OBK A~~C )(~)+( g)r (4.8) 

y=(C o>(~) (4.9) 

Note that now the closed-loop matrix of the system with the controller and observer has 
upper block-triangular form; thus the estimation error is independent from the controller. 

Theorem 4.4 
The closed-loop transfer function (for D = O) is 

Y(s) _1 T(s) = R(s) = C(sl -A+ BK) B (4.10) 

which is the same as the closed-loop transfer function without the observer. 

Explanation 

T(s) = C(sl -A+BKt1B 

where tilde denotes the closed-loop block matrices defined in (4.8) and (4.9). 
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Thus, 

T(s) = (C o)(sl-A+BK -BK )-l(B) 
0 sl-A+LC 0 

=(C O)((sl-A+BK)-
1 

something ... )(B) = C(sl -A+BK)-1B 
0 (sI-A+LC)-1 0 

NOTBS 

1. The observer's poles are all canceled in the closed-loop transfer function. 

2. The initial conditions for the observer are always chosen as zero i(O) = 0, if not 
otherwise stated. 

3. There are two sources of uncertainty in the system: the uncertainty in model 
parameters and noisy measurements. H the measurements are not too noisy, but 
the system's parameters have high uncertainty, then we would trust the output 
measurement more, and increase the weight of the y-y error (the observer's 
gain L), choosing the "faster" observer's poles. 

Question 
Think of an example of a physical system for which not all state variables can be measured. 

Answer 
There is an infinite number of potential examples from the velocity of a paper airplane 
to a turbine's airflow per second. In the first case, sensors would unnecessarily increase 
the weight and change the behavior of a small paper airplane. In the second case, sen­
sors would be too expensive or unreliable. 

Question 
What will happen to a system in a closed loop with the observer's poles "slower" than 
the system's poles? 

Answer 
It will take longer time to estimate the correct state; thus, the transient system's response 
will be longer. 

Question 
Why can't we choose the initial observer's conditions equal to the system's initial 
conditions? 

Answer 
We would love to, but in most cases we do not know the system's initial conditions. 

Question 
What constraint does not allow choosing the observer's poles far away to the left in the 
complex domain? 

Answer 
This would be a physical constraint on the system's bandwidth. 
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Solved Problems 

Problem 4.1 
Let the system be defined by 

x=(~ ~)x+(nu 
y =(1 O)x 

A. Check stability, controllability, and observability. 

B. Design the controller with poles at -1 ± j . 

C. Design the observer with poles at -2 ± 2 j . 

Solution 
A. The characteristic polynomial in open loop is det(5I -A)= det ( ~l ~l) = 52 -1; 

thus, the system's eigenvalues are 51,2 = ±1. Since we have a pole at the right 
complex semi-plane, the system is not stable. The controllability and observability 
are tested using the rank of controllability and observability matrices: 

e= ( ~ 5 )--+ rank(e) = 2 

0= ( 6 ~ )--+ rank(O) =2 

Therefore, the system is controllable and observable. 

B. To design the controller with poles at 51,2 =-l±j, we could compare the 
coefficients of a(5) and ak(5): 

{

a(s) = (s-51)(s-s2 ) = (5+ 1+ J)(s+l- J) = 52 +2s+2 

ak(5) = det(51-A+BK) = det( -l:k1 s~t J = 52 +k25+(k1 -1) 

From the comparison of the coefficients, we get the following system of equations: 

{
2=k2 
2=k1-l 

which is solved by k1 = 3 and k2 = 2, or K = (3 2). 

C. To design the observer gains L = ( :: ) with the poles at su = -2 ± 2 j , we compare 

the Coefficients Of a(s) and aL (5): 

{ 

a(5) = (5-S1)(s-s2) = (5+2+2J)(5+2-2j) = 52 +45+8 

aL(s) = det(SI -A+LC) = det( ~~ll ~l) = 52 +I1s+l2 -1 

which produces the system of equations 4=11 and 8=12 -1 solved by L = ( ~} 
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Obviously, parts (B) and (C) could be solved by other methods using the 
Bass-Gura or the Ackermann formulas. 

Now, let's simulate the system above in open loop (Figure 4.Sa), closed loop 
with state-space controller where all states are measured by sensors (Figure 4.5b), 
and observer in closed loop with the same controller. 

(a) Open-loop system: response of the system to nonzero Initial condition 
o ...... ---~ ........ ~ ......... ~~~~~~~~~~~~~~~~~~~~ " . . ., . 'r t I _ " I I 

]-200 >-

:= 

! --400 >-

--6000 

(b) 

I 0 
c. 

~ -1 

-2 
0 

(c) 
2 

1 

I 0 

' -1 

-2 

-3 
0 

' ,, .. 
r ' .i I . , ' ,, , . 

' 
,, 
~ . ,, . . 

BJ . 2 

1 2 3 4 5 6 
Time (seconds) 

State feedback system response to nonzero initial condition 

_______ .. __ _ 

1 2 3 4 
Time (seconds) 

5 

~ 
~ 

6 

State feedback vs. observer system response to nonzero initial condition 

••••••••• Xt 
• i2 

1 2 3 4 5 6 
Time (seconds) 

. 

F11uRE 4.5 System simulation. (a) Open loop; (b) state feedback control; {c) state feedback 
control with observer. 

7 

7 
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As you can see, the open-loop system is diverging since it is U11Stable 
(Figure 4.Sa), but the system in closed loop is converging to state zero for zero 

input from some initial conditions x0 = ( !
2

} The convergence to small enough 

values takes about 4 seconds. Note that the convergence takes longer when the 
observer is present. It takes i about 2 seconds to approach from zero initial 
conditions to the real state x, and additional 3 seconds converging to small 
enough values of state. So, the overall convergence is slower, but it is promised 
not to diverge if the system is controllable and observable. 

Problem 4.2 
The discrete-time system is given by 

xlk+ 1] = Axlk]+ Bu[k] 

ylk] =Cx[k] 

where A=( t ~ ~1} B=( n C=(O 0 q), O<q<l. 

A. Check controllability and observability of this system. 

B. Design the observer's gain L with all the poles at 71. 

C. The controller's gain K is designed with all the poles at (l-77)2
• For which 71 

values are the closed-loop poles slower than the observer's poles? 

Solution 

A. The controllability matrix e= [i 11 !1] is upper triangular with no zero 
0 0 1 

values on the main diagonal; thus, it is full rank (rank( e) = 3), and the system 
is controllable. 

The observability matrix 0 = [ ~ ~ -~] is having three linearly indepen-
11 -11 0 

dent rows for 71':f:.0; thus, rank(O) = 3, and the system is observable. 

B. Since the system is observable, it is possible to design an observer with poles 
anywhere we want, including at 17. The desired characteristic polynomial 
would be a(z) = (z-71)3 = z3 -3z217+3z172 -173

• The inverse observability 
matrix is 

J
-1 [ 11 1/11 

-11 = 1/11 
0 1/11 

1/17 
l/17 

0 Y] 
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Using Ackermann's formula, we obtain the solution: 

L=<i(A)O-Hl 

]3 ( ]2 [ 1 0 -1 1 0 -1 
0 -1 -371 1 0 -1 +3712 1 
1 -1 0 1 -1 0 

[
l/71 1/71 1/71](0] 1/11 1/11 0 0 
1/11 0 0 1 

[

-(71
3 

+ 371
2 

+ 671 + 3)/ 11 l 
= (3772 + 371 + 1)/ 1] 

-(371 + 2)/ 11 

As you may have noticed, this task is very time consuming to do by hand. 
Alternative solutions with the Bass-Gura formula and the comparison of 
coefficients are long as well and preferably would be done with the help of 
computer. 

C. For discrete-time systems the poles are "faster" if they are closer to the origin 
inside the unit circle. Thus, we require 1(1-7])2 I>I1111 but since both sides are 
positive by the definition of 71 range 0<71<1, we could remove the absolute 
value and solve the inequality (1- 77)2 > 71 which is equivalent to 772 - 377+1 > 0. 
This quadratic polynomial has two roots 0.382 and 2.618 and the parabola 
describing it is positive for 71 < 0.382 or for 71 > 2.618. Since 0 < 71 < 1, the 
intersection of this interval with the inequality solution above is 0 < 71<0.382. 

Problem 4.3 
The system is given in the following form: 

{
x(t) = Ax(t)+Bu(t) 

y(t)=Cx(t) 

Pay attention that the state variable x has the second-order time derivative. The 
matrix A is of the order n. Also, the pair {A, B} is controllable, and the pair {A, C} is 
observable. 

A. What is the system's order in the standard state-space representation? Find the 
state vector z(t) and matrices A, B, C such that 

{
z(t) = ~(t) + Bu(t) 

y(t) =Cz(t) 

B. Is the system controllable? Is it observable? Prove your answer for any order n. 

For the rest of this question, assume n = 1, B = ~ , A = a2 -:F. 0. 
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C. Find the transfer function of the system. Is the system asymptotically stable? 

D. Is it possible to stabilize the system with output feedback controller only (i.e., 
u = -ky = -kcx with scalar k)? Hit is possible, find such a controller k. 

E. Is it possible to stabilize the system with the state feedback controller and 
observer? If yes, then design such a controller and observer. 

Solution 
A. We can define z1 = x and z2 = x to express the new system; thus, the system's 

total order is 2n, and 

B. For n <? 2, the controllability matrix is 

All even columns are linearly independent, since {A, B} is a controllable 
pair. For the same reason, the odd columns are linearly independent. Moreover, 
the odd and even columns are independent; thus, matrix e has full 2n rank, 
and the system is controllable. Similarly, the rank of observability matrix is 2; 
thus, the system is observable. 

C. Now, 

Thus, 

{z=(~ ~)z+(~)u 
y =(B-1 O)z 

- - - 1 G(s) = C(sl -A)-1 B = - 2 - 2 s -a 

The system has two poles at ±a, so one of them has to be on the "right unstable 
area." Thus, the system is not stable. 

D. Let's try to stabilize the system with a constant output controller u = -kcx. Then 
in case of a closed loop, we get 

z =(A - BkC)z = ( a2 ~ k ~ )z 
The characteristic closed-loop polynomial is s2 -(a2 -k); thus, the closed­

loop system has poles at ±.J a2 - k. One of those poles has to be unstable; thus, 
the system cannot be stabilized with such a controller. 

www.EngineeringBooksPDF.com



State Est i m at i o n { 0 b se n e rs J 55 

E. We have proven in (B) that the system is controllable and observable; thus, it 
can be stabilized with the state feedback controller and observer. 

Let's design the controller to get the closed-loop characteristic polynomial 
a(s)=(s+a)2• 

From the comparison of the coefficients: K =(ls 
Let's design an observer with all of the poles at-4a. We get a(s) = (s+4a)2 = 

s2 +Bas+16a2
, and 

After comparing the coefficients, L = ( :: J = Ba ( 1 ~a } 
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CHAPTER 5 
Nonminimal 

Canonical Forms 

So far we have discussed how to design a state-space controller for controllable 
systems. When we needed to estimate states, we assumed that the system was 
observable. What if your system is not controllable or not observable? There is no 

need to panic, yet, because in many cases it is still possible to control your system suc­
cessfully. In this chapter, first we will learn to deal with noncontrollable or nonobserv­
able systems. We will then introduce the terms detectability and stabilizability. Finally, 
we will show how to design controller and observer for such systems. 

Canonical Noncontrollable Form 
Let {A, B, C} be a system of the order n, with the controllability matrix e, where 
rank( e) = r < n. Obviously, this system is not controllable since it has r out of n control­
lable eigenvalues. There exists the similarity transformation T such that 

x=Tx 

[~ ~}r I 
A=T-1AT= lnl ~} &J Anot e n-r 

............. 
r 

n- r 

B=T-1B=[ ~}r l 
[Q]}n-r 

C=CT=(~ ~] 
r n- r 

(5.1) 

This representation is called canonical noncontrollable form. Matrix A has four blocks. 
The top-left block size is r x r and together with the upper part of vector B it creates a 
controllable pair {A e, Be}. This also means that the eigenvalues of the matrix Ano1e are 
not controllable. 

57 
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Haw to Find This Transformation 

Denote T "" ( l!J ~ ) then ............ ............ I 
r n- r 

T1 = (B AB ... N-1B)e-1 
{ IA:e I, l!J} (5.2) 

T columns of e 

where e-1 
{ ~, ~} rxr is the invertible matrix that ~an be c:1osen arbitrarily, and it will 

be the inverse controllability matrix of submatrices A e and Be· It is convenient to choose 
this matrix as Irxr. 

T2 is a completion to a basis of T1 (additional n- r column vectors linearly indepen­
dent from the T,. columns). 

NOTBS 

1. The first r columns of the controllability matrix are linearly independent. 

2. Denote x = [ ~ }}• ] , then {Ae, Be} is a controllable pair (.X1 is controllable), and 
~ n-r 

.X2 is not controllable, since these state variables depend on themselves only and 
are not changed by the input [carefully check the structure of the matrices in 
(5.1) to understand why]. 

3. The transfer function has only controllable eigenvalues: G(s)"" C(sl -At1 B"" 
C1(sl-Aet 1Be. 

4. The system's eigenvalues consist of those of Ae (controllable) and Anote (not 
controllable). In other words, the eigenvalues of Ae and Anote together determine 
the eigenvalues of the original matrix A. 

Canonical Nonobservable Form 
Let {A, B, C} be a system of the order n, with the observability matrix CJ, where 
rank( CJ)"" l < n. There exists the similarity transformation Tsuch that 

(5.3) 
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This representation is called canonical nonobservable form. The matrix A has four 
blocks. The top-left block size is l x l, and together with the left part of vector C it creates 
an observable pair {A0 , C0 }. This also means that the eigenvalues of the matrix Ano1o are 
not observable. 

How to Find This Transformation 

Denote T-1 = [ ~} 1 
] , then 

[!J}n-1 

T1 =0-1 {.A0 , C0 }[ ~ ) 

CA1-1 
(5.4) 

where 0-1 { ~' C0 }
1 
xz is the invertible matrix that ~an be cl!_osen arbitrarily, and it will be 

the inverse observability matrix of submatrices A0 and C0 • It is convenient to choose 
this matrix as I,,.,. 

T2 is a completion to a basis of T1 (additional n-1 row vectors linearly independent 
from the T1 rows). 

NOTB The first l rows of the observability matrix are always linearly independent. 

NOTB It is impossible to move eigenvalues that are not controllable with a state 
feedback controller, and it is impossible to control the state estimation rate of 
eigenvalues that are not observable. 

Stabilizability and Detectability 
A system is called stabilizable if all its noncontrollable eigenvalues are stable. A system 
is called detectable if all its nonobservable eigenvalues are stable. 

Theorem 5.J 
To stabilize a system with the state feedback and an observer in the closed loop, the 
system should be stabilizable and detectable. 

How to Check Controllability and Observability of Eigenvalues 
As we saw earlier, it is important to know which eigenvalues are not controllable or not 
observable. The most general method to check it is to find the transform__!ltion to a 
canonical noncontrolla~le or nonobservable form. Then, the eigenval_?es of Ae are con­
trollable, and _those of Anot e are not controllable. The eigenvalues of A0 are observable, 
and those of Ano10 are not observable. 

There are other methods to check the same thing: 

1. If matrix A is diagonal, each zero in vector B is accordant to a noncontrollable 
eigenvalue and each zero in C is accordant to a nonobservable eigenvalue. 

2. If det(sJ -A+ BK)= 0 for all K, then eigenvalue s; is noncontrollable. 
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3. If det(sJ -A+ LC) = 0 for all L, then eigenvalue s; is nonobservable. 

4. If one of the state equations looks like i; = ax;(a e JR) (some X; variable depends 
on itself only, and not on the inputs), then the eigenvalue a is noncontrollable. 

5. You may use combinatorial considerations: for example, if the system is of the 
order 3, and rank(e) = rank(O) = 1, then one of the eigenvalues is definitely 
noncontrollable and nonobservable. 

Question 
What can you say about the observability and controllability of the eigenvalues of a 
system with transfer function O? 

Answer 
The system could be controllable, or observable, but not both. The simplest case where 
the transfer function equals zero is when vector B or C equals zero, but they don't have 
to be zero. You will find more information on this in solved Problem 5.2. 

Question 
What can you say about the stabilizability and detectability of the continuous-time 
system that has all its eigenvalues in the left half-plane? 

Answer 
This system is stabilizable and detectable, because all its noncontrollable and nonob­
servable eigenvalues are stable. 

Question 
How would you check the stabilizability of a multiple-input multiple-output (MIMO) 
system? 

Answer 
The stabilizability of a MIMO system is verified similar to single-input single-output 
(SISO) systems. If noncontrollable eigenvalues of a MIMO system are stable, then the 
system is stabilizable. 

Solved Problems 

Problem 5.1 
The system is given by 

i(t) = Ax(t) + Bu(t) 

y(t)= Cx(t) 

A=[! j n B =[!} C=(l 2 1) 
A. Check controllability and observability. 

B. Check stabilizability and detectability. 
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C. Is it pos.sible to stabilize the system with state feedback? H yes, design the controller. 

D. Is it possible to stabilize the system with state feedback and observer? 

Solution 
A. First, we will compute the rank of the controllability and observability matrices 

to find out how many eigenvalues are not controllable or not observable: 

e= [~ ~2 ~) 
0 -5 -5 

Note that the first and the third rows are proportional (the third row is the first 
row times -1); thus, they are linearly dependent and the matrix rank is lower 
than 3. On the other hand, the second row cannot be written as a linear 
combination of other rows; thus, we have at least two linearly independent 
rows and the rank of e is at least 2. If the rank is at least 2 and less than 3, it 
must be 2. We conclude that two eigenvalues are controllable and one is not, 
but we don't know which one yet. 

Similarly, the observability matrix is 

0= [!1 ~ !1) 
1 8 1 

The first and the last columns are equal, but the second column is not 
proportional to the first and the third columns; thus, there are two linearly 
independent columns and rank( e) = 2. Again, only one out of three eigenvalues 
is not observable, but we don't know which one. 

B. To check stabilizability and detectability, we need to identify if the eigenvalue 
that is not controllable and the eigenvalue that is not observable are stable. 

A standard way to solve this problem is to convert our system into a 
canonical noncontrollable or not observable form. To find the transformation to 
a canonical noncontrollable form, we take the first two columns of the 
controllability matrix [since rank(e) = 2) and add one more column in such a 
way that the transform matrix will be invertible. Obviously, there are infinite 
number of ways to do that, but we need to pick something simple like 

T=[~ ~21 ~) 
0 -5 1 

Thus, the transformed system is (after painfully long-hand computations 
or by using a computer) 

( 
0 6 0 J A=T-1AT= 1 1 0 
0 0 -1 

B=~'B=( g J 
c = CT = (2 -4 I 1) 
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Note that the number of zeros in vector B is not defining the block size. In the 
transformed system, matrix A is block-diagonal; thus, its eigenvectors are 

the eigenvectors of the blocks on the main diagonal, namely ( ~ ~) and (-1). 

Since the bottom-right block in the canonical form is not controllable, the 
eigenvalue of the block (-1) is not controllable and cannot be moved with the 
state-space controller. The eigenvalue of this block has the value -1 itself and it is stable; thus, the system is stabilizable. In the next part of this problem, we 
will see a simpler way of identifying stabilizability and designing a controller 
at the same time. 

Note that the controllability matrix of the upper-left (controllable) blocks 

( ~ ~) and (~) is the identity matrix I2x2 as determined by Formula (5.2). 

Now, to find the eigenvalue that is not observable, we find the transfor­
mation to a canonical nonobservable state by taking the first two rows of the 
observability matrix and completing it with the linearly independent row 
(O, 0, 1) to make T invertible: 

The canonical form will be 

In this transformed system, which is lower block-triangular, the bottom­
right block of matrix A includes the not observable eigenvalue 3. Since this 
value is not stable (not in the left semi-plane), the system is not detectable. 

C. The system is stabilizable; thus, we can design a state-space controller. We 
should be careful though, because we cannot move one of the eigenvalues, 
namely s = -1. Thus, we have to choose one of the closed-loop poles at -1. Two 
other closed-loop poles could be anywhere else in the left semi-plane. Let us 
design a controller to locate poles at -1, - 2, and -3. Using the comparison of 
coefficients from Chapter 3, we compute the desired closed-loop characteristic 
polynomial: 

a(s) = (s + l)(s + 2)(s + 3) = (s + l)(s2 + Ss + 6) 
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The closed-loop characteristic polynomial as a function of K vector elements 
will be 

aK(s) = det(sl -A+ BK) 

=d~([~ ~ ~]-[! j ~JO)<k, k, k,)J 
s-3 -5 0 
k1 s+2+k2 k3 

4 5 s+l 

If we develop this determinant by the first line 

= (s -3)I(s + 2+k2 )(s+1)-5k3] + 5I(s + l)k1 -4k3 ] 

= (s -3)(s + 2+k2 )(s+1)-5k3 (s -3)+5k1(s + 1)-20k3 

= (s-3)(s+2+k2 )(s + l)+Sk1(s+ 1)-5k3 -5k3s 

= (s-3)(s+2+k2 )(s + 1)+5k1(s + 1)-5k3(s+ 1) 

= (s + l)[(s - 3)(s + 2 + k2) + 5k1 -5k3] 

= (s + l)[s2 +(-1 + k2 )s+Sk1 -5k3 -6-3k2 ] 

Notice that the factor (s + 1), which we cannot change automatically, became a 
multiplier of the quadratic polynomial. This will always happen to systems 
that are not controllable. The characteristic eigenvalues that are not controllable 
will be factored out in det(sl -A+ BK), and this is an alternative method to 
identify eigenvalues that are not controllable. 

Now, since the original desired polynomial is a(s) = (s + l)(s2 + Ss + 6), we 
need to compare the coefficients of the quadratic polynomials only, that is, 
s2 +Ss+6= s2 +(-l+k2)s+5k1 -Sk3 -6-3k2• Thus, k2 -1=5 and 5k1 -5k3 -6-3k2 =6. 
The gain k2 = 6, and for two other gains we have one degree of freedom. In 
other words, we can freely choose k3 to be, say, k3 = 0, and then k1 = 6. To 
summarize, K = (6, 6, O). 

D. The system is not detectable; thus, it is not possible to stabilize the system with 
an observer and a controller. 

Problem 5.2 
Let {A, B, C} be a SISO system, where {A, B} is a noncontrollable pair. Prove that there 
exists C =F- 0 such that the system's transfer function is zero. 
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Solution 
Without loss of generality, assume that the system is given in a canonical noncontrol­
lable form. This assumption does not limit generality, since we are always able to find 
similarity transform from any system that is not controllable to a canonical form, and 
their transfer functions are the same. Let's start with block matrices given as follows in 
the canonical form: 

Now, the transfer function is 

G(s) = C(sl -A)-1 B = (Cv C2)( sl -OAi1 -Au J-1 ( B1 J-
sl -A22 0 -

=(C C )((sI-A11)-
1 (sI-Ai1 )-1~(sI-~)-1 J(B1 J= 

1' 2 0 (sl -A22 )-1 0 

-(C C )((sl-Au)-
1
B1 J-c (sl-A )-1B 

- 1' 2 0 - 1 11 1 

We can choose any C2 and C1 = 0. The transfer function will be zero, despite the fact that 
C is not zero. 

Problem 5.3 
The system is given by 

.X(t) = Ax(t) + Bu(t) 

y(t) = Cx(t) 

A=u2 ~1 n B=m C=(l 0 0) 

A. Check controllability and observability. 

B. Check stabilizability and detectability. 

C. Is it possible to stabilize the system with state feedback? If yes, design the 
controller. 

D. Is it possible to stabilize the system with state feedback and an observer? 

Solution 

A=[~ ~1 gl; B=[~]; C=(l 0 0) 
-2 2 1 1 

A. To check the controllability an[1 ob;erv;blility we need to compute the relevant 

matrices: e = (B, AB, A2 B) = 0 0 0 =H = rank( e) = 2 (row of zeros is 
1 -1 -3 
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always dependent and the other two vectors are not proportional, thus 
independent) and the system is not controllable. 

0 = (C, CA, CA2 y = [ ~ ~ ~] ~ 1= rank(O)=1 (only one nonzero column) 
1 0 0 

and the system is not observable. 

B. There are a few ways to solve this problem. We will start with the standard way 
of computing the transformation to canonical noncontrollable realization. In 
most cases you will not need to do that. 

We need the first r = 2 columns of the controllability matrix and one 
additional column which will make all three columns linearly independent. 
One obvious choice is a vector with a nonzero second element (since there is a 

row of zeros in the matrix). As usual, we choose the matrix e-1 
{ ~' ~} = I. 

The transform is as follows: 

T=[~ ~1 ~] 
and the transformed system is 

A=T-1AT=[~ -,} !1] B=T-1B=[6] 
0 0 -1 0 

The eigenvalues of the block triangular matrix are sitting in the matrices on 
the main diagonal. Since the lower-right block is scalar, -1 is the eigenvalue. As 
you may see, the second zero in the transformed B matrix does not mean that 
two eigenvalues are not controllable. Only the last eigenvalue (-1; on the 
bottom-right block) is not controllable. This eigenvalue is "stable"; thus, the 
system is stabilizable. 

Asasidenote,noticethatthe Ae= ( ~ -,} ) and Be=( 6 ), thus e{~~} = 
1-1 = I as expected. 

The same problem can be solved in a much simpler way by the observation 
that in the original system x2 = -x2, which means that this state variable depends 
on itself, and is not affected by the input u. The appropriate eigenvalue is the 
coefficient of this state, namely "stable" -1. Moreover, there is only one 
eigenvalue that is not controllable since the rank of controllability matrix is 2 
(out of 3). Thus, we can conclude that the system is stabilizable. 

To answer the question of detectability, we need to compute the system's 
eigenvalues. Of course, we can compute det(sl -A)= 0 roots, but it can be done by 
observation: Matrix A is block (lower) triangular (with the block of two zeros on the 

top right). So, the eigenvalues are 1 and ( 2_1 ~ ). The last 2 x 2 matrix is triangular; 

thus, the eigenvalues are 1 and -1. In conclusion, the system's eigenvalues are 
1, 1, -1. Only one of them is "stable," and two of them are not observable; thus, 
from combinatorial standpoint, the system should not be detectable. This 
concludes the argument, but if you want to know which two specific eigenvalues 
are not controllable, just observe that the system is given in the canonical 
nonobservable form, and thus the eigenvalues 1 and -1 are not observable. 
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C. The system is stabilizable, so we can design the controller. Let's use the 
coefficient comparison technique: 

[[

s-1 0 
det(sl-A+BK)=det 0 s+l 

2 -2 

(

s-1+k1 

det 0 
2+kl 

Note that noncontrollable eigenvalues will always create factors (s - s;) 
which are independent of K values (that could be taken out of parentheses). 
Now we need to decide on the desired closed-loop polynomial. Note that any 
desired polynomial should include the term (s + 1), since the eigenvalue -1 is 
not controllable. After deciding on the pole locations, say -1, -3, -5, we solve 
the problem as done earlier. 

D. The system is not detectable; therefore, the design of the observer is impossible. 

Problem 5.4 
The system is given by 

[

2 1 5 
A= 3 0 3 

0 0 -3 
0 0 0 

{
x"'Ax+Bu 
y=Cx 

C=(l 0 7 9) 

A. Find the transfer function before and after the poles/ zeros cancelation. 

B. Find all the uncontrollable eigenvalues. Is the system stabilizable? 

C. Find the similarity transform T that converts the system into a not controllable 

[~ [Q]l canonical form. 010ose the following structure for T: T = , where T,.1 

has the lowest possible order. [Q] [I] 

Solution 
A. Similar to Problem 5.2, we divide matrix A into four blocks 2 x 2 (note that A is 

block triangular), and matrices B, C into halves and get the following system: 
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G(s) = {C1 

- -1 - s - 2 -1 1 -( )-1( J -C1(sI-A11 ) B1 -(1 0) -
-3 s -3 

s2 
- 2s + 3 1 s - 3 1 

1 l s-2 (-3 )= s2 -2s+3 = s+l t 
2 2 3 beforecancelations s - s+ 

(s-3){s+3){s+4) 1 
= (s-3){s+3){s+4)(s+l) = s+1 

B. Observe that {.Ai11 b1} is not controllable: e {.A11, b1} = ( !3 31} rank= 1<2. 

Thus, the eigenvalue s = 3 is not controllable. The additional eigenvalues that 
are not controllable are those of A22, that is, s = -3 and s = -4 (because x3 and x4 

depend on themselves only and are not affected by the input u). 
The system has an unstable, not controllable eigenvalue s = 3; thus, it is not 

stabilizable and it is impossible to design the state feedback controller. 

[ 
1 0 0 OJ 

C. It is easy to see that T = -g ~ ~ ~ , where the first column is B, and the rest 

0 0 0 1 
is just the simplest completion to the basis. 
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CHAPTER 6 
Linearization 

So far we have worked with linear models only. Fortunately, the real world is not 
that simple. The real problems are nonlinear, and quite often to the extent that 
they can't even be approximated by a linear counterpart. In this chapter, we deal 

with more "nicely behaved" nonlinear systems that can be locally approximated by a 
linear system. 

Equilibrium Points 
Most nonlinear systems described by nonlinear differential equations can be brought to 
an explicit state-space form: 

{
x= f(x,u) 

( ) 
x = (x1, ... , xn? 

y=g x,u 
(6.1) 

where f and g are some nonlinear functions. 
The equilibrium points {x,, u,} are defined by the solutions of the equation f (x., u,) = 0 

[or x.(k + 1) = x.(k) for discrete-time systems]. The meaning of this kind of n-dimensional 
point is that if the state x gets into that point (x = x,), it will stay there if no additional 
inputs, noises, and disturbances are introduced in the system. 

Suppose the input changes a little bit from the equilibrium point by ou(t), then we 
can write this as u(t) = u, + ou(t). Similarly, we denote small deviations of x and y from 
the equilibrium point by 

x(t) = x, + ox(t) 

y(t) = Y. + oy(t) 

NOTB The variables {Jx and {Jy mean a small change in x and y, and not a multiplication 
of {J by x or y. 

When we substitute these definitions in state Equation (6.1), we get 

{ 

d . 
dt (x. +ox)= ox= f (x. +ox, u. +{Ju) 

y, +oy = g(x. +ox, u, +ou) 
(6.2) 

69 
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The first equality is true because x, is a constant, and the derivative of a constant is 
zero. Now, we develop f (x, +ox, u, + ou) with the Taylor series to get the approximate 
linear model for small disturbances around the equilibrium point, or equilibrium trajec­
tory. The Taylor series formula for multivariable function h(i) around a point a is given 
by (see Appendix E.7): 

h(x+a) = h(a)+(Vh(a))Ti+~FV2h(a)i+(higher-order terms) (6.3) 

where v denotes a gradient (vector of partial derivatives of h) and V2 denotes the 
Hessian matrix of second-order derivatives. We will ignore all terms that are above 
order one and use only h(x+ a)"' h(,a)+(Vh(a)Y x. In our case, the function itself is multi­
dimensional, that is, f = (/11 / 21 ••• , fn)T, so we need to write the Taylor series for each 
f;; i = 1, ... , n: 

f;(x+ a)"" f;(a) +(Vf;(a)Y x 

If x =(ox, ouf and a= (x,, u,)T, we get 

f;(x. +ox,u. +ou) "'f;(x,, u,) +(Vf;(x,, u,))T ( ~~) 

(6.4) 

By definition, f;(x,, u,) = 0, thus f; (x. +ox, u. + ou) ""OX1 ;~I + OX2 ;~I + ... + 

of; I af; I x..... x ..... 
oxn~ +ou~ . 

uXn uU 
"'' u, x,,.., 

Similarly, for y, +oy = g(x. +ox, u, +ou), we have 

(6.5) 

Note that y, is canceled since, by definition, y, = g(x,, u,). 
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To summarize (6.4) and (6.5) in the matrix form 

{ 
:t (5x(t))"' A5x(t) + B5u(t) 

5y(t) "'C5x(t)+ D5u(t) 

afi afi 
axl ... axn 

A- afl -- ax x=x, -
af" afn ....... 
OX1 

... ax,. 

Theorem 6.1 (l.,apunav) 

Linearization 71 

(6.6) 

D-~1 - au x=x, 
v="< 

1. If all the eigenvalues A; of A have Re{.lt;} < 0, then x. is a stable equilibrium point. 

2. If at least one eigenvalue of A has Re{A.J > 0, then x. is an unstable equilibrium 
point. 

3. If all the eigenvalues of A have Re{.lt;} S 0, it is impossible to determine the 
stability. 

NOTB Matrix A is the Jacobian matrix of the system. 

Solved Problems 

Problem 6.1 
The forced Van der Pol oscillator equation is given by y(t)-µ(l-y2(t))y(t)+y(t) = u(t), 
where µ ~ 0 is the constant damping coefficient. The forced input is denoted by u, the 
output by y, and the state variables are defined by x1 = y; x2 = y. 

A. Write nonlinear state-space equations of the Van der Pol oscillator. 

B. Write linearized state-space equations of the Van der Pol oscillator for u. = 0. 

C. Check the stability of the equilibrium point for u. = 0. 

Solution 
A. We start with writing the first derivative of the state variables in terms of those 

variables and the input (using the differential equation given in the problem): 

x2 =y = µ(1-y2)y-y+u = µ(l-x~)x2 -x1 +u 
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The output is given by y, thus by definition 

We represented the system in the form (6.1) such that g(x11 x21 u) = x11 and 
fi(x11 x21 u) = x21 and f2(x1, x21 u) = µ(1-xi)x2 -x1 + u. 

B. First, we need to find the equilibrium point (x., u.). To find this point, both 
derivatives of x1 and x2 should be zero. In other words, fi = / 2 = 0. Therefore, 
from the first-state equation, x2 = 0, and if we substitute this into the second­
state equation µ(1- xi}x2 -x1 + u, = 0, we get x1 = u •. Since u, = 0, it follows that 
X1 =0. 

Now, we use the formulas in (6.6) to linearize the system: 

B- CJf _ ail _ 0 

[ 

CJ/1 l -a.I~ - ~ -(,) 
c = ~~I=!: = ( :~ :~ ) = (1 O) 

D= CJgl =0 
dU x=x. 

U= ... 

C. Based on the Lyapunov theorem, in order to check the stability we need to find 
the eigenvalues of matrix A. The characteristic polynomial is det(sI -A)= 
s2 

- tr(A)s + det(A) = s2 
- µs + 1. Since µ ";;?. 0, the characteristic polynomial will 

always have roots in the right semi-plane (based on the Routh-Hurwitz 
criterion); thus, the system is unstable. 

Problem 6.2 
The system in Figure 6.1 consists of linear (s2 ;lSs) and nonlinear u(e) = e2 -16 parts. 

A. Write the differential equation connecting the reference r to the output y. 

B. Define the state as x1 = y and x2 = y and write the state equations. 

C. Find the equilibrium points for a constant input r(t) = 1. 

D. Find the linearization {A, B, C, D} around all equilibrium points. Are the equilib­
rium points stable? 
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u = e2-16 
u 2 y 

s2 + ISs 

F1auRE 6.1 Nonlinear system example. 

Solution 
A. Note that we want to write the differential equation only in terms of r, y, and 

their derivatives. First, we can convert the linear part (transfer function) into a 
differential equation as explained in Chapter 1, Formula (1.11): 

Y(s) 2 
U(s) = 

8
2 + lSs ~ (s2 +15s)Y(s) = s2Y(s)+ 15sY(s) = 2U(s) 

By applying the inverse Laplace transform to both sides, we get 

y(t) + 15y(t) = 2u(t) 

Now, substituting u with the nonlinear equation u = e2 -16, we get 
y(t) + 15y(t) = 2(e2 -16). To find the error signal e(t), we need to see how it is 
obtained in Figure 6.1. The negative feedback connection provides 
e(t) = r(t)-y(t) which we can substitute back into our differential equation: 
y(t) + 15y(t) = 2(r(t)-y(t))2 

- 32. So, the differential equation of interest will be 

y(t) + 15y(t)-2(r(t)-y(t))2 + 32 = 0 

B. Given the state variable definitions x1 = y and x2 = y, we get the following 
state-space equations: 

C. The equilibrium point should satisfy i 1 = i 2 = 0. If we solve the appropriate 
system of equations using the state equations we developed in (B) for r(t) = 1: 

or T- X1 = -4 ~ X1 = -3, or X1 = 5. 

Thus, for T = 1, the equilibrium point is x.
1 

= (-3, OY and X"2 = (5, O)T. 
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D. In part (B) we have shown that / 1 = x2 ; / 2 = -15x2 + 2(r - x1 )2 - 32; g = x1; thus, 
for the first equilibrium point x,1 = (-3, oy, 

The characteristic polynomial is det(51-A) = 52 +155+ 16. Since all coefficients 
are of the same sign (positive), all roots are stable. You can verify this directly 
by computing them (51 =-1.16 and s2 =-13.8). Thus, based on the Lyapunov 
theorem, the first equilibrium point is stable. 

For the second equilibrium point x,, = (5, o)r, 

The characteristic polynomial is det (51 -A) = 52 + 155 -16 and the roots 51 = 1 
and 52 = -16. Based on the Lyapunov theorem, the second equilibrium point is 
not stable. 
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Friction 

s 
Fieun 8.2 Inverted pendulum on a cart. 

Problem 6.3 
Inverted pendulum on a cart (see Figure 6.2) equations are given below: 

where ; = rod angle 

(J +mL2)~-mgLsin;+ mLScos; = 0 

MS+FS=u 

g = gravitation acceleration constant 
S = linear translation 
u = external force applied to the cart 

M=cartmass 
F = friction coefficient 
T =moment of inertia around the rod's center of mass 
m=rodmass 
L =distance between the rod's center of mass and the axis 

It is clear that the system is nonlinear,. and since we have second-order derivatives 
of f and S, this is a fourth-order system. 

The numerical system parameters are given: 

F=lkg·s-1
; M=l.kg 

g=10 m·s-4; L=0.5 m 

m = 0.5 kg; J = 0.125 kg ·m2 

A. Linea.rize the system using the following state definition: 

X1 =S 
X,_=S 

J+mL2 
x, = s +---mr;-• 

. J+mJ.2. . 
.x, =5+---mr;-f 

B. Is the system stable at its equilibrium point? 
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Solution 
A. Given that there are so many variables and constants, it is very important to 

understand what should stay in the state-space equations and what should dis­
appear. Most of the letters we used to describe a model are constants; thus, they 
can stay. The variables, which are the functions of time, are S and efJ. We want to 
replace these variables with the defined state variables x11 ••• , x 4• Given the chosen 

. mL mL 
state vanable x3, efJ = J + mL2 (x3 -S) = J + mL2 (x3 - x1) . The development of state 

equations is as follows: 

Finally, we can use the first system's differential equation (J + mL2 ~ - mgL sin efJ + 
mLScosefJ= 0 to compute: 

··- mgL . mL .. 
4'- I +mL2 Slll.t{J- l +mL2 ScosefJ 

If we substitute this expression in the fourth-state equation, 

- I :!i2 (-~ X2 + ~ u Jcos(1 :!r2 (x3 -x1))) 
= u~x2 

(i-cos(J !L2 (X3 -X1)))+ gsin(J :,!;L2 (X3 -X1)) 

This way we have computed four state equations. 
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H we substitute the numerical values for the system's parameters, we get 
the following equations: 

X2 =-X2+U 

X3 = X4 

Note that three of them are already linear; thus, linearization will not change 
them. The last equation is linearized around the equilibrium point x. = 0: 

a· 1 a~' = -(1-cosO) = 0 
2 x=O 

Thus, i 4 = -10x1 + 10x3• 

Similarly, 

B. Matrix A= [JO il l ndet(sl-A) =···= s(s+ l)(s+,/lO)(s-,/lO) arul the 

system is unstable. Note that since matrix A is block-triangular, the eigenvalues 
of this matrix and the poles of the system are the same as eigenvalues of the 

main diagonal blocks ( ~ !1) and (?a ~} 
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CHAPTER 7 
Lyapunov Stability 

Y ou are already familiar with asymptotic and bounded-input bounded-output 
(BIBO) stability. In this chapter, we will learn about additional type of stability 
which is appropriate not only for linear but also for nonlinear systems repre­

sented in state space. This stability was developed by Russian mathematician Alexandr 
Lyapunov in 1892 (Lyapunov, 1892). Lyapunov stability is weaker than asymptotic sta­
bility (which means that asymptotically stable systems are always Lyapunov stable), 
but many times the Lyapunov theory is the only way to analyze the stability of nonlinear 
systems, and it is still dominant in analyzing nonlinear systems. Lyapunov theorems 
also have theoretical importance in developing optimal control theory. It is advisable to 
read through Appendix G.20 before starting this chapter. 

Internally Stable Systems 
As we have seen in Chapter 6, the equilibrium points x. are defined by the solutions of 
the equation f (x.) = 0 (or x.(k + 1) = x.(k) for discrete-time systems). 

Definition (Internal Stability in Continuous Time) 
Let x = f(x, t), x(t0) = x0 be a state-space (possibly nonlinear) system with equilibrium 
point x,. This equilibrium point is internally stable (Lyapunov stable) if for every R > 0, 
there exists r(R) > 0 such that if llx(O)-x.11 < r, then llx(t)-x.11 ~ R; 'Vt ~ t0, where x(t) is the 
solution of the system at time t. 

We can think about a specific state x as a point in an n-dimensional space. The 
change in state as a function of time is some trajectory in an n-dimensional space. The 
equilibrium point is Lyapunov stable if for any chosen distance R (from x.) one can find 
a small enough distance r, such that all trajectories of the state starting within that small 
circle will not go farther than distance R (see Figure 7.1). Even simpler, state x that starts 
11 close enough" to the equilibrium will stay "close enough" forever. 

NOTE The norm 11•11 could be thought of as the size of the vector or distance from the 
origin x = O; thus, the norm of a difference of two vectors is the distance between 
those vectors in an n-dimensional space. 

Definition (AsymptoUc Stability) 
The system is asymptotically stable if it is Lyapunov stable and if there exists r > 0 such 
that if llx(O)-x.11 < r, then lim llx(t)-x.11 = O. 

!->-
In other words, the system converges to its equilibrium point from "close enough" 

points. 
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F1auRE 7.1. Lyapunov stability in 20 state space. 

Direct Lyapunov Method (Second Method) 
The definition of internal stability is very difficult to apply in practice because we need 
to compute the entire trajectory to make sure it is not leaving the region of interest.Now 
we will establish the stability property without explicit computation of the trajectories. 
The idea is that some sort of the system's energy dissipation rate teaches us something 
about the stability. 

For the equilibrium point in the origin (x. = 0), we will define a system's energy 
function. If such a function exists, then the system is stable. 

Definition (Lyapunov Energy Function) 
A function V(x) (scalar function of the elements of the state vector x) is called Lyapunov 
function if 

1. V(x) is a continuous function with continuous partial derivatives with respect 

11 . bl (" dV . d · · ) to a state vana es i.e., dx. exISts an IS continuous . 
l 

2. 'v'x ~ 0: V(x)> 0. 

3. V(O)=O. 

4. V(x) :S: 0 for all x in the neighborhood of the origin. 

To compute the derivative of V, we use the following: 

where x = f(x, t). 
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NOTB Different linear or nonlinear systems will have different Lyapunov energy 
functions. If you have a function that will satisfy all four conditions, then you are 
lucky since the system is stable. If the function you have is not satisfying at least one 
of the conditions, it means nothing; the system could be stable or unstable and you 
need to search for another function. The first simple thing to try would be 
V(x) = axi + Pxi + .. ·, but it is not promised to work. Unfortunately, standard 
formula for the Lyapunov energy function exists only for linear systems. It might be 
tremendously difficult to design Lyapunov energy functions for nonlinear systems 
and this topic is beyond the scope of this book. 

Stability Tlleorem 7.1 
1. The equilibrium point x. = 0 is Lyapunov stable in its neighborhood if there exists 

Lyapunov function V(x). 

2. The equilibrium point x. = 0 is asymptotically stable if it is Lyapunov stable and 
for all states x in the neighborhood (excluding x.) exists: V(x) < 0. 

NOTBS 

1. The neighborhood means an n-dimensional hypersphere around the equilib­
rium point. 

2. In stability Theorem 7.1, the only difference between Lyapunov and asymptotic 
stability is in the last (fourth) condition on the derivative of the Lyapunov 
energy function. The energy change (derivative) should be nonpositive for 
Lyapunov stability and strictly negative for asymptotic stability. 

3. Even if we are unable to find energy function with the appropriate properties, 
this does not mean that the system is stable or unstable. 

4. If the equilibrium point is not at the origin, the state equations can always be 
transformed in a way that this point will be moved to the origin. To do that, 
define new state variables z = x-x., and then z = f(z + x,), and obviously z. = 0. 
It is possible to explore the stability of the new equilibrium point z., and to 
conclude on the stability of the original x •. 

Lyapunov Stablllty for Continuous-Time LTI Systems 
The linear time invariant (LTI) system x = Ax is globally asymptotically stable if from any 
initial condition x0, limx(t) = 0 (converging to zero state). 

t-->-

Lyapunav Tlleorem 7.2 
The LTI system x =Ax is globally asymptotically stable if and only if for all A's eigen­
values s;, Re{s;} < 0. 

Lyapunav Tlleorem 7.3 
The LTI system x =Ax is globally asymptotically stable if for some positive definite 
symmetric matrix P > 0, the matrix AT P +PA is symmetric and negative definite. 
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l.,apunov Theorem 7.4 
If the LTI system i =Ax is globally asymptotically stable and Q > 0 is a positive definite 
symmetric matrix, then exists P > 0 positive definite and symmetric such that the fol­
lowing Lyapunov equation takes place: 

NP+PA=-Q (7.2) 

Lyapunov Stability for Discrete-Time LTI Systems 
Let xik+ 1] = Ax{k] be a discrete LTI system. This system is globally asymptotically 
stable if for all initial conditions x0, limx{k] = 0 (converging to zero state). 

k--+-

1.,apunov Theorem 7.5 
The discrete-time LTI system xik + 1] = Ax[k] is globally asymptotically stable if and 
only if for all A's eigenvalues sjl Is; I< 1. 

l.,apunov Theorem 7.6 
The discrete-time LTI system is globally asymptotically stable if for some positive defi­
nite symmetric matrix P > 0, the matrix AT PA- P is symmetric and negative definite. 

Lppunov Theorem 7. 7 
If the discrete-time LTI system is globally asymptotically stable and Q > 0 is a positive 
definite symmetric matrix, then exists P > 0 positive definite and symmetric such that 
the following Lyapunov equation takes place: 

NPA-P=-Q (7.3) 

NOTBS 

1. To check the stability of the LTI system, it is enough to pick one positive definite 
and symmetric matrix Q (say, Q = I), and to find the solution P of the Lyapunov 
equation. If the matrix P is positive definite and symmetric, then the system is 
globally asymptotically stable. 

2. The appropriate Lyapunov function of the LTI system is V(x) = xTPx. 

Question 
Can you think of a system which is Lyapunov stable but not asymptotically stable? 

Answer 
There are many such systems. For example, a car standing on a flat surface. If we move 
this car a little from its initial position (disturbance), it will not return to its initial position, 
but it will also not try to escape. 

Question 
Can you think of a system which is not Lyapunov stable, but from any initial condition 
(and zero input), lim y(t) = 0. Note that this kind of system is not asymptotically stable, 
th gh . 1 1--+-ou 1t a ways converges to zero state. 

Answer 
This system is more difficult to come by. Imagine a toy gun where the bullet is attached 
to the gun with a spring or a rubber band. From any shooting angle, the gun shoots the 
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bullet to a given distance and then the bullet returns to its original position using the 
spring. While the final position of the bullet is at the origin, it must leave the equilibrium 
neighborhood first. 

Question 
Is there any linear system which is asymptotically stable, but not globally asymptoti­
cally stable? 

Answer 
No, such a system does not exist. H the LTI system is stable for some initial conditions, 
then it is stable for any initial conditions. It is clear from Theorems 7.2 and 7.5 that 
asymptotic stability is dependent only on A' s eigenvalues and not on initial conditions. 

Question 
Is there any linear system which has equilibrium points that are not in the origin? 

Answer . 
Yes, for example { ~: : ~: is obviously linear, but if .i'1 = .i'2 = 0, then x1 = 0 and x2 could be 

anything. So, we have an infinite number of equilibrium points. In general, for any 
linear system x = Ax, if A is invertible, then the only equilibrium point is x, = 0, but if A 
is singular, then there are an infinite number of solutions to Ax= 0, and hence an infinite 
number of equilibrium points. 

Solved Problems 

Problem 7.1 
Given the system x = ( ~l !2 ) x + ( ~) u, analyze the system's stability using the 
Lyapunov equation. 

Solution 
We choose a positive definite identity matrix Q =I and use Equation (7.2): ATP+ PA= -I. 

(o -t)(P1 P2)+(P1 P2)( o 1 )=(-1 0) 1 -2 p2 p3 p2 p3 -1 -2 0 -1 

Note that the matrix P is symmetrical; thus, it needs only three free parameters: p11 p2, 

and p3• The system above also has only three independent linear equations (instead of 
four) because of symmetricity. H we multiply and add all matrices above, we get 
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The solution of that linear system of equations is p1 = 1.5; p2 = 0.5; p3 = 0.5. The result­

ing matrix is P = ( ~:~ g:~} We can use the Silvester criterion to prove that this matrix 

is positive definite. Both minors ILS I> 0 and I~:~ g:~I = 0.25 > 0 are positive; thus, the 

matrix is positive definite, and the system is stable. Alternatively, you could check 
eigenvalues and make sure that both eigenvalues of P are positive. 

Problem 7.2 

{

i1 =Xz +u 
Given the system .X2 = -2x1 - 2x2 - 4x:, prove the asymptotic stability of the origin. 

y=X1 +X2 

Solution 
The linearized system will be 

Note that in this case, for the linearization around the origin we just need to ignore the 
higher-order terms (such as power of 3) and leave only the linear terms, because higher­
order terms around zero will be very small compared to the first-order terms. 

The system's matrix A = ( ~2 _\ J and its characteristic polynomial is det(sI -A)= 

s2 + 2s + 2. Since all coefficients of that second-degree polynomial are positive, the 
system is asymptotically stable. 

Problem 7.3 
Given the discrete-time LTI system, prove that the eigenvalues of this system are inside 
a circle with the radius CJ'-1 if and only if for symmetric Q > 0 exists symmetric P > 0 such 
that G 2ATPA-P = -Q. 

Solution 
Note that for CJ'= 1 we get Lyapunov's Theorem 7.7. We need to devise a plan for the 
solution. The idea is that we want to transform matrix A as a function of CJ' in a way that 
we will be able to use some Lyapunov theorem. Here is the plan: 

1. We will prove that if matrix A has eigenvalues si' then matrix GA has 
eigenvalues GS;. 

2. From the stability of matrix GA we derive ICJ"s;I < 1 (all eigenvalues in the unit 
circle). 

3. The expression las;I < 1 is equivalent to ls;I < ..!.. = CJ'-1 (eigenvalues s; are in a 
circle of radius a-1) for positive a . a 

4. Let's define A= a A and s1 will be eigenvalues of A. The characteristic 
polynomial of Aisdet(sJ-A) = o <:;;> det(sJ -a A)= o <:;;> det(a(a-1s,I-A)) = o <:;;> 

det(a-1s;i -A)= 0. This means that if s; is the eigenvalue of A then u-15; is the 
eigenvalue of A. This is equivalent to what we wanted to prove in part 1. 
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5. From Lyapunov's Theorem 7.7, for stable system there exist positive definite 
and symmetrical P and Q such that ATP.A-P=-Q. If we substitute the 
definition of A, (aA)T P(aA)-P = -Q. For LTI systems this is true if and only if 
a A is stable. a A is stable if and only if I as; I < 1, or alternatively Is; I < a-1. This 
concludes the proof. 

Problem 7.4 
A system is given by the following nonlinear equations: 

{ 
~1 ""-x1+0.5x2 sin(x2) 
x2 ""-x2 + 0.5x1 cos(x1) 

Verify the Lyapunov stability of the origin equilibrium point using energy function 
V"" O.S(xi + xD. 

Solution 
Using Lyapunov's Theorem 7.1, let's compute the derivative of the given energy function 

using Formula (7.1 ): V "" ~V f 1 + · · · + ~V fn, where ±1 "" f1 and ±2 "" f 2• 
uX1 uXn 

V ""x1x1 + x2x2 ""x1(-x1 +0.5x2 sin(x2 ))+ x2(-x2 + 0.5x1 cos(x1)) 

;;;;;-xi + 0.5X1X2 sin(x2)-xi + 0.5X1X2 cos(x1) 

;;;;;-xi -xi +O.Sx1x2(sin(x2)+cos(x1 )) 

Now, knowledge of inequalities should help us find the solution. We want to prove 
that the expression above is never positive. We know that 0.5x1x2 (sin(x2) + cos(x1)) S 
10.sx1X2(sin(x2)+cos(x1)) I= o.s 1x1X2l · lsin(x2)+ cos(x1)I s o.s 1x1X2I (lsin(x2) I+ 1cos(x1)1)S 
o.s1 x1 x21 (1+t)=1 x1 x21. 

So we have, V S -xi -xi+ lx1x2 I, but I x1x2 IS O.S(xi + xi), which is easily derived from 
the obvious inequality Ox11-lx21 )2 :<!: 0. In conclusion, V S -0.S(xi + xi) < 0 for any x1 -:!- 0 
and x2 -:!- 0. Therefore, the equilibrium point is stable. 

Problem 7.5 
Prove that the controllability Gramian P"" f 0- eA'1QeAt dt solves the Lyapunov equation 
AT P +PA ""-Q for stable A. 

Solution 

AT P +PA "" AT fa-eA'1QeA1 dt + f; eA'1QeAt dt A "" fa- AT eA'1QeAt dt + f 0- eA' 1QeAt A dt 

= fo- ATeA'tQeAt +eA'tQeA'Adt = J; -#t<eA'tQeAt)dt = eA'tQeAt]; 

=0-Q=-Q. 

In the last step we have assumed that eAt -+ 0 for t -+ oo. This is correct only for matrices 
which have eigenvalues in the left semi-plane (stable). This concludes the proof. 
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CHAPTER 8 
Linear Quadratic 

Regulators 

W e have seen how to design a state-space controller by pole location, but the 
question where to put those desired closed-loop poles is open. Even if the 
system is controllable and we could choose any location for closed-loop 

poles, we may get unreasonably high inputs (control effort) depending on the poles' 
location. In this chapter, we will learn how to design a state controller in a way that 
the output will converge reasonably fast, and the input will be reasonably small. A 
good thing about such a design is that we do not need to choose the pole location and 
there is no change to the connection architecture of the system-it is the same as in 
Chapter3. 

Cost Function 
The system is given by 

{

x(t) = Ax(t) + Bu(t) 

y(t)= Cx(t) 

x(O)= x0 

We define a scalar cost function J that includes squared functions of control as follows: 

(8.1) 

where Q and R are positive definite weight matrices and J is the weighted sum of 
input and output energies that we want to minimize. Ideally, it would be great to have 
the integrand decaying to zero immediately, but, in reality, if we preserve small inputs, 
we cannot rapidly regulate the states and the output. If we push hard to make the states 
small, then we must use big inputs. There is a need to compromise. 

87 
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NOTB The expression xTQx is called a quadratic form. It is always scalar (check the 
dimensions). If we denote the elements of matrix Q by q<iil' then xTQx = q11 x: + qnxi + 
q33xi +···+q12x1x2 + q21X2X1 +··· :=!: 0 for positive definite Q. 

The goal of the design in this chapter is to minimize I with some controller K, where 
u(t) =-Kx(t). Such a controller is called an optimal controller. 

NOTB The same notation works for multiple-input multiple-output (MIMO) systems. 

Theorem 8.l Sufficient and Necessary Conditions for the Existence and 
Uniqueness of Optimal Controller 
The following conditions should be satisfied for the existence and uniqueness of an 
optimal controller: 

1. The pair {A, B} is stabilizable. 

2. R >- 0 is symmetric. 

3. It is possible to write the matrix Q as 0 ~ Q = C/C, (Q is symmetric positive 
semi-definite). 

4. c, is such a matrix that {A,C,} is a detectable pair. 

Continuous-Time Optimal Controller 

Theorem 8.2 
The optimal controller u(t) =-Kx(t) is given by 

K=R-1BTS (8.2) 

where S is a positive definite matrix, which solves the following continuous-time algebraic 
Riccati equation (CARE): 

ATS+SA+Q-SBR-1BTS= 0 

In the case of an optimal controller, the optimal cost is 

JmJn =x;fSx0 

(8.3) 

(8.4) 

NOTB For a single-input single-output (SISO) system, and particular choice of Q = CTC 

and R = p, we get J = J
0
- (y2 + pu2)dt; (p > 0). 

Cross-Product Extension of Cost Function 
It is possible to generalize the optimization criteria as follows: 

J= J;(x u>(~T ~)(~)dt= f
0
-(xrQx+uTRu+xTNu+uTNTx)dt (8.5) 
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Theorem 8.3 
The pair {A, B} is controllable; {A-BR-1NT, W} is detectable, where W is some matrix for 
which WWT = Q- NR-WT. 

The optimal solution is 

ATS+SA+Q-(SB+N)R-1(SB+NY = 0 

K = R-1(BTS +NT) 

Prescribed Degree of Stability 

(8.6) 

(8.7) 

We can extend the cost function in various ways, including increasing the stability 
margins. The new cost function is 

It is possible to show that in this case the solution is 

K=R-1BTS 

where S is the solution of the following Riccati equation: 

(A+aIYS+S(A+aI)+Q-SBR-1Brs = 0 

(8.8) 

(8.9) 

(8.10) 

All existence and uniqueness conditions here are the same, but for matrix A+al 
instead of matrix A. 

Discrete-Time Optimal Controller 
The system is given by 

The cost function is 

Theorem 8.4 

{

x[k + 1) = Ax[k] + Bu[k] 

y{k] = Cx{k] 

x{O]= x0 

I= l:[xTik]Qxik] + uT[k)Ru[kJ] 
k=l 

The optimal controller u(t) = -Kx(t) is given by 

K = (BTSB + R)-1BTSA 

where Sis the solution of discrete algebraic Riccati equation (DARE): 

NSA-S-ATSB(BTSB+ R]-1 BTSA +Q = 0 

The optimal cost function is Imm= xiiSx0• 

(8.11) 

(8.12) 

(8.13) 
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Solved Problems 

Problem 8.1 
The system is given by 

{

x(t) = Ax(t) + Bu(t) 

y(t) =Cx(t) 

A=( 12 ~} B=O} C=(O 1) 

Design the state feedback controller u(t) = -Kx(t) which minimizes the following cost 
function: 

J = s; (y2 + u2)dt 

Solution 
Formally, we need to check the conditions of Theorem 8.1 to make sure that the solution 
exists and that it is unique. Technically, we could start with solving the Riccati equation 
and hope that a positive definite solution for matrix P exists, but that could be a waste 
of time in cases where the conditions of Theorem 8.1 are not satisfied. In practice, most 
systems would satisfy all conditions. 

Just for the sake of completeness, we will check all four conditions. 

1. The pair {A, B} is controllable because the controllability matrix e= ( ~ l2) is 
full rank; thus, the system is stabilizable. 

2. R = 1>-0 is symmetric (as any scalar). 

3. We define c, = C = (0 1) and can write Q = qc, = ( ~ ~} Then Q is 

symmetric positive Semi-definite (eigenvalues Q and 1) and XTQX = XTCTCX = 
( Cx )r ( Cx) = y2 as in the criteria J given in the question. 

4. The observability matrix of the pair {A,C,} is 0 = ( ~ ~} which is full rank. 

So, C, is such a matrix that {A,C,} is a detectable pair. 

Now, we need to solve the Riccati matrix equation, which is difficult and nonlinear. 
In the next chapter, we will learn how to avoid solving this equation and getting 
the same results with symmetric root locus. We substitute A, B, and Q into Riccati 
Equation (8.3) ATS+SA+CTC-SBR-1BrS= 0: 
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On adding these matrices, we get four equations two of which are the same because of 
symmetricity. Therefore, we need to solve just three equations: 

There is no standard way to analytically solve this system of second-degree 
equations. Generally, these equations are solved numerically, but we will try to make 
sensible decisions here to solve them by hand. First, equation (s2 + s3 }2 = 1 could 
mean s2 +s3 =1 or s2 +s3 =-1. Let's start with s2 +s3 =1. Then, (s1 +s2 )(s2 +s3 )+ 
2s2 - s3 = st + s2 + 2s2 - s3 = s1 + 3s2 - s3 = s1 + 3s2 -1 + s2 = st + 4s2 -1 = O. Thus, s1 = 1-4s2• 

We substitute st into the last equation and get (s1 +s2 ) 2 +4st-2s2 =(1-4s2 +s2 ) 2 + 

4(1- 4s2 ) - 2s2 = 9si - 24s2 + 5 = 0. The solution of that quadratic equation is s2 = ~ ± '11 · 
Substituting this back into s1 =1-4s2, we get st = -4-}± 4.J}1. From the Sylvester crite­
rion for positive definite matrices, all minors built on the main diagonal of the matrix S 

should be positive, including s1• Thus, the only possible solution is s1 =-4-}+ 
4.J}1 = 

0.089; s2 = j- '11 = 0.228; s3 = 1- s2 = 0.772. Matrix S = ( 8:~~~ 8:~~) is positive defi­

nite (can be verified by the Sylvester criterion or direct computation of eigenvalues). 
Therefore, this P satisfies the condition and we don't need to search for another solution 
(the solution is unique). 

Using Formula (8.2), the controller is K = R-1BTS = f (1 1>( g:~~~ g:~~) = (0.317 1). 

Note that we did not need to decide on the location of the closed-loop poles to 
design this controller. 

Nevertheless, we can compute their location where the optimal controller will put 
them by solving the det(sI -A+ BK)= 0 equation (finding eigenvalues of the closed­
loop matrix A - BK). Those eigenvalues are -1.67 ± 0.5 j . 

Problem 8.2 
The system is given by 

x(t) = Ax(t) + Bu(t) 

y(t) =Cx(t) 

A = [ g ~ J B = [ ~ J C = Il O] 

A. Compute the optimal controller u(t) = -K.x(t) to minimize the following cost 
function: 
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B. Find the optimal location of closed-loop poles. 

C. If the initial state is given by x(O) = (1 l)T, find Imm· 

Solution 
A. First, we need to compute matrices Q and R from the cost function f. From the 

SISOcase,wehave xTQx+uTRu = xT(q1 q2 )x+ pu2 =q1x; +2q2x1x2 +%X~ + pu2
• 

q2 qa 
From the comparison of coefficients between the last expression and the 

integrand of J, we get R = 1 and Q = ( }i ~} It is easy to see that Q >- 0 

(Sylvester criterion). So, we need to solve Riccati Equation (8.3) and then 
compute the vector of controller's gains using (8.2). 

NS+SA+Q-SBBTS=O 

(~ ~)(:: ::)+(:: ::)(8 i)+(}i ~J-(:: ::)(~)<o 1>(:: ::)=(8 8) 
After multiplying and adding the matrices above, we get three quadratic 
equations with three unknowns: 

{

2-si=O 

S1 + 2s2 + .J2 - S2S3 = 0 
2(s2 +2s3 )+2-si = 0 

From the first equation, 52 = ±.ff.. If we choose s2 = -../2, then the third equa­

tion becomes 2(-.fi +253)+2-5i = 0, which has solutions s3 =2±~6-2../2 = 

3.78 or 0.22. On substituting the numbers into the second equation, we get 
51 -2./2. + .J2 + .J2 · 3.78 = 0 or 51 -2../2+J2.+.J2·0.22 = 0. Therefore, s1 = -3.93 
or 51 = 1.103. From the Sylvester criterion, only positive 51 will work. The 

conclusion is that S = (1·1~ -../2} but this matrix is not positive definite; 
-v2 0.22 

thus, the choice of 52 = -../2 was incorrect. Now, let's choose 52 "".J2 and follow 

the same steps to get positive definite matrix S = (2·'!: .J2 J· We compute the 
controller using this matrix: v2 4.97 

K ""BTS"" (.J2 4.97) 

B. To find optimal locations of closed-loop poles, we find eigenvalues of the closed­
loop matrix A-BK with the vector of gains K computed in the previous part. 

det(5l-A+BK)=det((~ ~)-(g i)+(~)(.J2 4.97)J 

= det( }i s+~~97 )= 5(5+2.97)+./2. = 52 +2.975+../2 =0 
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The solutions of that quadratic equation are -2.38 and -0.595. Obviously, both 
closed-loop poles are stable in the left semi-plane. This will always be true for 
optimal controllers. 

C. Based on (8.4), Imm = x~Sx0 =10.59. 

Problem 8.3 
Derive the continuous-time algebraic Riccati equation. 

Solution 
Optimal controller u = -Kx minimizes the cost function J = J

0
• xTQx+ uTRudt. If we 

substitute u into the integral, /= J
0
• xTQx+(-Kx)TR(-Kx)dt= J; xTQx+xTKTR.Kxdt= 

J 
0
- xr (Q + KTRK)x dt. 

The closed-loop system x =(A - BK)x; x(O) = x0 has a general solution [Formula (2.9)] 

x(t) = e(A-BK)txo, thus J = J; (e(A-BK)t xoY (Q +KT RK)e(A-BKltxo dt =lo- x~ e(A-RK)T t (Q +KT RK)e<A-BK)t 

X x
0
dt = x~ (J

0
- e(A-BK)T1(Q+ KTRK)e<A-BK)t dt)x

0
• 

Let's define a matrix s = r e(A-BK)' t ( Q + KT RK)eCA-BK)I dt. This matrix is positive definite 

(by definition) if J = x~Sx0 > 0. 

In Problem 7.5 of Chapter 7 we have shown that P =lo-eAT1QeA1 dt solves the Lyapunov 

equation ATP+ PA= -Q for stable A. This means that S solves the following equation: 

(A- BK)TS+ S(A-BK) = -(Q+ KTRK) 

where we just replaced A with A-BK and Q with Q + KTRK. 
After opening parentheses 

Completing the square 

The equation above is satisfied if we choose K=R-1Brs and S solves Ars+SA+Q­
SBR-1BTS = 0, which is the algebraic Riccati equation we need. 

Problem 8.4 
The system is given by 

{
x(t)=Ax(t)+Bu(t) (O)-( O)T 
y(t) = Cx(t) ' x - a 

A = ( g ~) B = ( n C = (1 0) 
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We would like to design an optimal controller u(t) = -Kx(t) that minimizes the 

following optimality criterion (cost function): I= J; (y2 + u2)dt. 

A. Find all three solutions of the Riccati equation. 

B. Show that only two of those solutions are positive semi-definite S ~ O; and thus, 
only they can be candidates for the solution. Compute the cost function J for 
both. Which solution is better? Would your answer be different if x(O) =(a /JY? 

C. For each solution from (B), compute the controller K, and the appropriate 
closed-loop eigenvalues. Which design is better? 

D. Explain the difference between (B) and (C). 

Solution 
A. The Riccati equation: ATS +SA+ ere - SBBT s = 0 

Thus, (s1 +s2 ) 2 =1; (s1 + s2 )(s2 +s3 ) = s2 ; 2s3 = (s2 +s3 ) 2 • 

Case 1: S1 = 1, S2 = S3 = 0, thus sl = ( 6 g) )p 0. 

Case 2: s1 = -1, s2 = s3 = 0, thus S2 = ( 01 g) not positive semi-definite. 

Case 3: s1 = 3, s2 = -4, s3 = 8, thus S3 = ( _! -: ) >- 0. 

B. S1 and S3 are candidates for the solution. For the initial state (a oy, we get 

Thus, ]1 S ] 3, and we choose Sr 
For the initial state (a f:J)T, we get 

] 3 =3a2 -Ba/3+4/32 

But ]3 - ] 1 = 2(a - 2/3)2 :<!: 0, thus, ]1 S ]3, and we choose S1 again. 

C. K1 =BTS1 =(1 O}~A-BK1 =(=~ ~)~A.=±1 

K3 =BTS3 =(1 O)~A-BK3 =n j)~A.=-1,-1 
Thus, for stability we have to choose S3, and that is the only possible solution. 

D. The reason for the minimizing solution which is not stabilizing the system is 
the absence of observability. The eigenvalue that is not observable is not stable. 
Thus, the criterion does not depend on everything that happens to the system 
and can be minimal even though part of the system is diverging. 
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Symmetric 
Root Locus 

I n Chapter 8, we discussed the designing of an optimal controller, but we didn't 
explicitly answer the question about where the optimal poles should be. Of 
course, it is possible to compute the eigenvalues of A - BKop11 but if we want to know 

how the closed-loop poles move if we change the cost function weights, we need sym­
metric root locus (SRL). As a by-product, in many simple cases we get the optimal loca­
tion of the closed-loop poles without solving the Riccati equations. After knowing the 
location of the poles, we should be able to design an optimal controller using the stan­
dard pole placement techniques from Chapter 3. 

Continuous-Time SRL 
The system is given by 

Theorem 9.1 (Letov, 1960) 

{

x(t) =Ax(t)+Bu(t)
1

• 

x(O)=x0 
y(t) = Cx(t) 

For a minimal linear time invariant (LTI) single-input single-output (SISO) system with 

transfer function G(s) = b(s}/a(s), the optimal eigenvalues that minimize J = J: (y2 + pu2 )dt 

are given by the roots with negative real part of the following equation: 

1 
a(s)a(-s)+ p b(s)b(-s) = 0 (9.1) 

NOTES 

1. The total number of roots for this equation is twice the system's order. 

2. The cost function given here is a simple case of the cost function given in the 
previous chapter. Extensions for more sophisticated cases exist. 
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Using Letov's Theorem 9.1, we can design the optimal controller as follows: 

1. Solve Equation (9.1) and find 2n roots. 

2. Oi.oose n "stable" roots and create the desired closed-loop polynomial a(s) 
from them. 

3. Compute the controller using a(s) and a(s) (Bass-Gura, Ackermann, or com­
parison of coefficients). 

Note that Equation (9 .1) is symmetrical, that is, if we exchange s with -s, we will get 
the same equation. In other words, if s; is the root of (9.1), then -s; is also the root of (9.1) 
and all the roots have their mirror image roots with regard to a vertical axis. Since the 
solutions of Equation (9.1) include all optimal poles [solutions of a(s) =OJ, it will also 
include their mirror images [solutions of a(-s) =OJ, where a is the desired closed-loop 
characteristic polynomial. 

Thus, in the closed loop we have 

1 
a(s)a(-s) = a(s)a(-s) +-b(s)b(-s) = 0 

p 
(9.2) 

It is still not very clear what the relation of (9.1) with the root locus is. Here is an expla­
nation. When dividing both sides of (9.1) by a(s)a(-s), we get 

1 + _!_ b(s)b(-s) = 1+_!_G(s)G(-s)=0 
p a(s)a(-s) p 

H we think about 1/ p as gain and the total open-loop transfer function H(s) = G(s)G(-s), 
this is exactly the format we need to plot the standard root locus (RL) of W. R. Evans: 

(-l)"'-n 1 II<s+z;)(s-z;) =-l 
P II<s+p1)(s-p;) 

(9.3) 

where Z; are the roots of b(s) and P; are the roots of a(s), and deg(a(s)) = m, deg(b(s)) = n. 

NOTES 

1. We need to choose RL gain = 11 p (unfortunately for our notation this gain is 
also denoted by Kin the standard RL). 

2. The obtained RL is symmetric with respect to s = jw axis. 

To plot the symmetric RL (SRL) as a function of 1/ p, we need to plot open-loop poles 
and zeros of G(s). Then, we mirror all poles and zeros with respect to the imaginary 
axis. Finally, we plot a regular RL based on all these poles and zeros. 

The last question is what sign we should pick for the gain (remember that there is 
one root locus for a negative and one for a positive gain). From the definition, we see that 
for even m -n the gain should be positive, and for odd m - n the gain should be negative. 

CAUTION! SRL never crosses the jw axis! (It may start on the axis though.) 
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Discrete-Time SRL 
The system is given by 

Theorem 9.2 (Letov, 1960) 

{

x[k + 1) = Ax[k] + Bu[k] 

y[k] = Cx[k] 

x[O) =x0 
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For a minimal LTI SISO system with transfer function G(z) = b(z)/a(z), the optimal eigen-

values that minimize J = L(y2[k] + pu2 [kl); p > 0 are given by the roots with negative 
k~o 

real part of the following equation: 

1 
a(z)a(z-1)+ pb(z)b(z-1)=0 (9.4) 

Similarly, to continuous-time case, we create the desired polynomial a(z) from "stable" 
roots of the equation above (in the unit circle). 

The SRL is produced by using the poles and zeros of G(z) and G(z-1
) . Hence the 

name SRL is less appropriate, since the RL graph is not symmetric anymore. 

CAUTION! SRLnever crosses the unit circle! 

How to Sketch Continuous-Time SRL 
Modern software could solve most of the problems described in this book in no time. 
Plotting the root locus using software is easy as well. Sometimes, it is still useful to 
sketch a root locus by hand to understand how things work. In most cases, it is not 
essential to compute splitting points or angles of asymptotes precisely. This leaves only 
a few basic rules to remember that will not require any computations. They include: 

1. Draw a system of coordinates with real and imaginary axes. Use the open-loop 
transfer function G(s) and draw its zeros and poles in the complex domain 
(system of coordinates). 

2. Mirror all poles and zeros about the imaginary axis [in total you should have 
twice the number of zeros and poles as compared to the original transfer 
function G(s)]. 

3. Identify intervals on the real axis where the poles will be moving. The intervals 
are identified by counting the total number of poles and zeros to the right from 
the point of interest in the interval. If the total number to the right is even (odd) 
then there is a motion on that interval. The tricky part here is to decide if we are 
checking an even number or an odd number. Obviously, they exclude each 
other. One will include interval crossing the origin and another will not. So, we 
must choose an SRL that does not cross the origin. 

www.EngineeringBooksPDF.com



98 C h a pt e r N i ne 

4. All poles should end up at zero or approach infinity when 1/ p approaches 
infinity. 

5. All poles are moving symmetrically about the real and imaginary axes. 

These steps and rules are enough to plot the correct SRL. 

How to Sketch Discrete-Time SRL 
Discrete-time SRL plotting is very similar to continuous time. Following are the required 
rules to remember: 

1. Draw a system of coordinates with real and imaginary axes. Use the open-loop 
transfer function G(z) and draw its zeros and poles in the complex domain 
(system of coordinates). 

2. Mirror all poles and zeros about the unit circle by plotting the reciprocal of all 
poles and zeros [in total you should have twice the number of zeros and poles 
as compared to the original transfer function G(z)]. 

3. Identify intervals on the real axis where the poles will be moving. The intervals 
are identified by counting the total number of poles and zeros to the right 
from the point of interest in the interval. If the total number to the right is 
even (odd), then there is a motion on that interval. The tricky part here is to 
decide if we are checking an even number or an odd number. Obviously, they 
exclude each other. So, we must choose an SRL that does not cross the unit circle. 

4. All poles should end up at zero or approach infinity when 1/ p approaches 
infinity. 

5. All poles are moving symmetrically about the real axis. 

Solved Problems 

Problem 9.1 
The system is given by 

.i'(t) = Ax(t) + Bu(t) 

y(t) = Cx(t) 

Design the state feedback controller u(t) =-Kx(t), which minimizes the following cost 
function: 
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Solution 
The open-loop transfer function is computed using Formula (2.6): 

G(5) = b(5) = C(5l -A)-1B+ D = (O 1)( 5+ 2 O )-
1 

( 1)+ O 
a(5) -1 5 1 

(O l) 1 (s O )(t) 1 (l 2)(1) 5+3 
= 5(5+2) 1 5+2 1 = 5(5+2) s+ 1 ""5(5+2) 

Thus, b(5) = 5 + 3 and a(5) = 5(5 + 2). From the definition of cost function /, we can identify 
the multiplier of u2 as p = 1. 

Now, using Letov's Equation (9.1): 

1 
a(5)a(-s)+-b(5)b(-5) = 5(5+ 2)(-s)(-5 + 2)+ (5+3)(-5 + 3) = 0 

p 

52(s2 -4)-(52 -9)=54 -552 +9= 0 

This is a biquadratic equation that first solved for s2: 

2_5±~ 25± .JIT. 
s - 2 . 2 J 

By computing the complex square root using de Moivre's formula, we get four roots 
51,2.u = ±1.658±0.Sj. We pick only stable roots 51,2 =-1.658±0.Sj. 

Though not required in this problem, it is often useful to sketch the SRL to make 
sure that the computed poles do not lie outside the SRL. Figure 9.1 shows the plot of 
SRL and the location of the optimal pole for p = 1. 

Root locus 
1.5 ~---~---< System: G 

1 ( 
Gain: 1.01 
Pole: -1.66 + O.SOSi 
Damping: 0.957 
Overshoot(%): 0.0032 
Frequency {rad/s): 1.74 

.... )4-,.....-- -- S---t---------1 

-1 

-5 0 5 10 
Real axis (seconds-1) 

Fl111uRE 9.1 Symmetric root locus for Problem 9.1. 
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Now, we need to use one of the methods discussed in Chapter 3 to design a control­
ler. For example, we could compare the coefficients of the desired polynomial a(s) and 
the dosed-loop polynomial ax(s): 

a(s) = (5+ 1.658-0.5j)(5+ 1.658+0.SJ) = 52 +3.3175+3 

(s+2+k k ) 
aK(5) = det(5I -A +BK)= det l -l+k

1

1 s+2k
2 

= (s+2+ k1)(s+k2)-k2 (k1 -1) 

= 52 +(2+k1 +k2 )5+3k2 

Both polynomials should be the same; thus, s2 +(2+k1 +k2)s+3k2 = s2 +3.3175+3 and 
from comparison of the coefficients: 

Therefore, k1 = 0.317 and k2 =1, K = (0.317 1). This is the same result we obtained for 
Problem 8.1 in Chapter 8 for the same system. 

Problem 9.2 
The system is given in a canonical controller form, and its transfer function is 

s-1 
G(5) = (5-1)(5+ 3) 

A. Is this system detectable? 

We define the following optimality criterion: J = J;(xi +9xi +6x1x2 +~u2)dt. 
B. Draw the SRL of the system. What is the optimal poles position? 

C. Describe how you would design the state feedback controller to move all poles 
to the optimal locations of part (B). 

Solution 
A. The system is not minimal because of the cancelation of s -1. Also, the system 

is controllable because it is given in the canonical controller form. This means 
that the system must not be observable (based on Theorem 2.5, observable and 
controllable system must be minimal). Since the canceled values = 1 is unstable, 
the system is not detectable. 

B. From the definition of cost function J, we identify p =~·Unfortunately, the rest 
of the cost function is not given by y2 as in Theorem 9.1. 

Here we have to use one important trick. Our goal is to bring the cost 
function to the standard form to be able to use Letov's equation. Note that 
the system's output is not at all used in the optimal (or state space in general) 
controller design. In other words, the system's matrix C is not participating 
in any computations. So, for any C we are supposed to get the same optimal 
controller. What if we replace the original matrix C with C such that 
(Cx)T (Cx) = y2 = xr + 9x~ + 6x1x2? This way we get a different output y, but this 
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does not matter for the computation of the optimal controller. Such C exists and 
you could easily verify that C = (1 3). 

The original system's implementation in canonical controller form is 
given by 

A=(-12 ~} B=(5} C=(l -1) 

Now, we replace the C with C to find the transfer function of interest G(s) 

for which we minimize J = J
0
-{y2 + j u2

) dt: 

G(s)=b((s))=C(sl-A)-1B= 2 s+3 =_!_1 
as s +2s-3 s-

Thus, b(s) = 1 and a(s) = s-1. 
The SRL equation is 

a(s)a(-s)+3=0 

(s-1)(-s-1)+3 = 0 

-s2 +1+3=0 

S1,2 = ±2 

Note that we have got only one stable pole, while the system is of the second 
order; thus, we need two poles. One of the eigenvalues was canceled (s = -3), so 
we cannot move it with the controller and must design the controller to leave 
this pole as in the closed loop. The SRL plot is given in Figure 9.2. 

Root locus 
0.8 

0.6 

~ 
0.4 

0.2 
"' 

Poleat-2! 

'-' 

"' 0 ·a 1-----------"- ... '. ..... ~- 8 

.i --0.2 

.§ --0.4 

--0.6 

--0.~ --6 -4 -2 0 2 4 6 8 
Real axis (seconds-1) 

F1auRE 9.2 Symmetric root locus for Problem 9.2. 
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C. We chose the optimal location of poles at -3 and -2 based on the solution in the 
previous part of the problem, and use the Bass-Gura, Ackermann, or comparison 
of coefficients techniques to design the controller for the original canonical 
controller implementation. 

Problem 9.3 
The system is given by 

x(t)=( ~2 ~ )x(t)+( nu(t) 
y(t) = (2 O)x(t) 

with the cost function J = s; (y2 + pu2 )dt. 

A. Find the open-loop transfer function: G(s) = :~:~ . 
B. Draw the SRL and compute the values of closed-loop eigenvalues for p = 1. 

Find the appropriate controller K. 

C. Find the controller directly by solving the Riccati equation. 

Solution 

A. The transfer function is G(s) = C(sl -A)-1 B = 2 

2 
2

. 
s + 

B. From (A), G(s)G(-s) = (s2 ! 2)2 ; thus, Letov's equation is (s2 + 2)2 = -4 ~ s2 + 2 = 

±2j ~s2 =-2±2j. 
The appropriate SRL is shown in Figure 9.3. Note that it starts and splits 

from the imaginary axis. 

6 

,--, 4 

1 2 
~ 

·a o 

Root locus 

System: untidedl 
Gain: 2.02 
Pole: --0.647 + 1.56i 
Damping: 0.384 
Overshoot(%): 27.1 
Frequency (rad/s): 1.68 

~-2 / .!3 

J -4 

-6 

/ 
-~ -6 -2 2 4 

Real axis (seconds-1) 

F1auRE 9.3 Symmetric root locus for Problem 9.3. 
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The complex quadratic equations above have four roots, but only two of 
them are stable, 51,2 = --0.643±1.55 j . The desired closed-loop polynomial is a(5) = 
(5+0.643+ 1.55j)(s+0.643-1.55J) = 52 +1.287s+2.828. The open-loop polynomial 
is a(s) = 52 + 2. Now we can apply the Bass-Gura formula: 

K=<a-a)ece-1 = [(1.287 2.828)-<o 2>{6 ~)(~ 6r =<0.828 i.287) 

C. By solving the Riccati equation, we obtain P = ( £s~8 1~:l:1 ) >- 0-+ K = BTP = 

(0.828 1.287). 
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CHAPTER 10 
Kalman Filter 

W e have seen that the process of state controller design is actually a pole place­
ment process. We have also converted the problem of choosing the desired 
pole locations into the problem of cost function optimization. Now, we 

should ask the same question with regard to the observer's poles. Where should we 
choose them? This is a dual problem, and has a dual solution solved by linear optimal 
observer, which is a causal version of the Wiener filter. It was proposed by Rudolf Kalman 
and Richard Bucy (Kalman, 1960; Kalman and Bucy, 1961) even before the "official" 
development of the state observers by David Luenberger (1964). H we go further back 
in history, Russian physicist, Ruslan Stratonovich, published about more general non­
linear filters (Stratonovich, 1959). Since the Kalman-Bucy filter is a special case of the 
Stratonovich filter, it is sometimes called the Stratonovich-Kalman-Bucy filter. The idea 
is that the optimal observer should minimize the mean squared error between the real 
state and the estimated one. Since the 1960s, this idea has grown into a broad theory of 
system estimation and has been widely used in many engineering domains ranging 
from computer vision and stock market prediction to self-driving cars. 

The Idea of Optimal Observer (Estimator) in Presence of Noise 
Let's start with a simple example. We have a system of a free fall. A hand releases a ball 
to fall freely under the influence of gravity and a distance (depth) camera measures the 
distance to the ball from the initial release point (Figure 10.1 ). 

The ball starts to fall at time t0• The initial location of the ball is known but measured 
with some tolerance (imprecision). For the Kalman filter we will always assume that 
this tolerance is given by a normal (Gaussian) distribution (see Appendix H.3). In other 
words, most probably the ball is where we measured it to be, but it is also probable that 
it is somewhere nearby, and much less likely that it is far away from the measured 
point. The likelihood of the ball being at a specific location is outlined in Figure 10.2. 

Assume that we developed a state-space dynamic discrete-time model of this system. 
We could predict where the ball will be at the next time point t1 (k = 1) using the model 
alone without any measurements. It is easy to understand from a physics perspective that 
with constant acceleration the ball will pass longer and longer distances per the same time 
interval. As time passes by, disturbances and noise are added to the system; thus, our cer­
tainty about the predicted location should be lower. It is modeled by widening the Gaussian 
bell-shape curve (see Figure 10.3) showing our uncertainty about the real location. 

Now, we measure the location using the depth camera and get some specific dis­
tance (see Figure 10.4). Obviously, the measurement is not perfect, so we still have 
uncertainty about the real location. This uncertainty in measurement or depth camera 
tolerance is also modeled as Gaussian distribution given in Figure 10.4. 
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Fl111uRE 10.1 Hand releasing a ball into a free fall. 
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F1auRE 10.2 Initial location likelihood (distribution). 
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Fl111uRE 10.3 Predicted ball location distribution. 
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Fl111uRE 10.4 Updating the location with the measurement. 
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Fl111uRE 10.5 Final estimated location. 

Note that in most cases the predicted location disagrees with the measured location. 
What should we pick then? Should we trust the model (prediction) or the measurement? 
We will trust both, but in a certain proportion. The Kalman filter result will be a weighted 
average of the prediction and the measurement, somewhere in between the two Gaussian 
peaks. The wider the Gaussian peak, the more uncertainty we have; thus, its weight 
(relative importance) should be lower. In other words, if, say, we trust the measurement 
over the model, then the estimated location should be closer to the measurement. It is 
achieved by multiplying two distributions and getting a final estimated location distribu­
tion (generally narrower than each of the two distributions), as shown in Figure 10.5. 

NOTB Multiplication of two Gaussian functions is also a Gaussian function. 

The following section formalizes the Kalman filter approach. 

Optlmal Observer (Kalman Fiiter) 
The system is given by 

{

x[k+ 1] = Ax[k]+Bu[k]+Gw[k] 

y[k]= Cx{k]+v[k] 

x[O] - N(x[O], p[O]) 

(10.1) 

where w[k] represents the system's noise, and v[k] represents the measurement noise 
(sensor's noise). 
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We assume that both noises are Gaussian (normally distributed), stationary, and 
have zero mean: 

E(w[k])=O E(v[k])=O 

E(w[k]wr[n]) = Wo[k-n] 

E(v[k]vr[n]) = Vo[k-n] 

E(w[k]vT[n]) = 0: Vk, n 

(10.2) 

A low w means that you should trust the model; a low v indicates that you should trust 
the sensors. 

The problem is to estimate x[k] from noisy measurements to minimize mean squared 
error: 

e[k] = x[k]- x[k] 

P[k] = E(e[k]eT[k]) 

J = E(er[k]e[k]) =error variance--+min 

The solution to this problem is the Kalman filter. 

Theorem 10.l 
The condition for minimal variance asymptotically stable filter is as follows: 

(10.3) 

The pair {A,C} is detectable, V is positive definite, and there exists matrix H such 
that HHr = W and pair {A, GH} is stabilizable. 

If this condition is true, then the optimal observer is given by 

L = PCT(CPCT + V)-1 

x[k] =(I -LC)(AX[k-l]+Bu[k-l])+Ly[k] 

where P is the solution of the following algebraic Riccati equation (ARE): 

Alternatively, 

L=PCrv-1 

P = M -MCT[CMCT + V]-1CM 

M=APAT +GWGT 

(10.4) 

(10.5) 

(10.6) 

(10.7) 

NOTB The solution of this Riccati equation is different from the previous one, but it 
produces the same observer's gain L. 

Kalman has proposed the recursive solution. In this solution, matrix P and the esti­
mated state are obtained only using the previously computed data in time. 

www.EngineeringBooksPDF.com



110 Chapter Ten 

Recursive Solutlon 
The before and after measurement values are denoted by superscripted "-"or"+", 
respectively. To recursively compute the estimated state i±(k], we assume y[-1] = 0 (for 
the time k = o-), and a priori estimations: 

i-101 = E(x[O] ly[-1]) = x[O] 

p-[o] = COV(x[O] ly[-1]) = p[O] 

Now we need measurement update (k ~ 0): 

and time update: 

P-[k]} {P+[k] 

i-[k] => i+[k] 

K{k] = p-{k)CT(CP-[k)CT + V)-1 

i+Ikl = .X-[k] + Klk](y[k]- ci-[k]) 

P+{k] = P-{k]-K[k]CP-[k] 

p+[k]} => {P-[k+l] 

i+[k] i-[k+l] 

L[k] = AK[k] = AP-[k)CT(CP-[k]Cr + V)-1 

.x-rk+ 11 = Ai+[k]+Bu[k] = Ai-[k]+Bu[k]+L[k](y[k]-ci-[k]) 

P-[k+ 1] = AP+[k]N +GWGT = A(I -K[k]C)P-[k]N +GWGr 

(10.8) 

(10.9) 

(10.10) 

For the following time steps k > 0, the computations (10.9) and (10.10) are repeated 
in a loop. 

NOTE Make sure that you understand how to obtain all variables and expressions on 
the right side of the Kalman equations (10.9) and (10.10) given the model matrices, 
noise parameters, and previous time steps. It is especially important to understand 
that k + 1 from the time update step becomes k when k ~ k + 1 and the computation 
loops to the measurement update. 

The steady-state covariance matrix is 

P_ = lim(P+[k]) (in steady state P+[k] = P+[k-1]) 
k-->-

(10.11) 
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The steady-state gain is 

K. =~(K[k]), L_ =AK_ (10.12) 

Theorem 10.2 
The steady-state Kalman filter is stable if and only if all the eigenvalues of (A- K_CA) 
are inside the unit circle. 

NOTBS 

1. For non-Gaussian noises, the Kalman filter algorithm implements linear 
optimal filter. 

2. The algorithm also works for time varying systems (A[k], B[k], C[k], V[k], W[k]). 

3. Matrix P can be computed offline if (A[k], B[k], C[k], V[k], W[k]) are known in 
advance. 

4. For linear time invariant (LTI) systems, we still get L[k] dependent on time, 
since the initial conditions do not fit the steady state. It is possible to show (with 

k-.- k-.-
some restrictions) that P-[k] --+ P,:-, L[k] --+ L. The filter designed with this L is 
called the stationary Kalman filter. 

5. In some books and articles, matrices W and V are denoted by Q,. and R
0

, 

respectively. 

Alternative Kalman Filter Formulation for Unknown Initial Conditions 
Theoretically, if there is no initial information available on the estimated process, we 
should choose P-[Q] = oo, and in that case the equations will not work. Practically, 
Formulas (10.9) and (10.10) will work when we have high uncertainty about initial con­
ditions. We just need to pick very high values for P-[O], but the convergence to real state 
could be slow. We need alternative representation with inversed covariance matrices. 

The a priori estimations would be given by (P-[0])-1 and .X-[O], where (P- [Q])-1 could 
be zero. 

Measurement update (k ~ 0): 

Time update: 

K[k] = P-[k)CT(CP-[k)CT + V)-1 

i+[k] = X--[k]+ K[k](y[k]-C.X-[k]) 

(P+[k]t1 = (P-[k]t1 + crv-1C 

.x-rk+ 11 = Ai+[kJ+Bu[kJ 

P-[k+ 1] = AP+{k]Ar +GWGr 

The block diagram in Figure 10.6 explains the order of operations. 

(10.13) 

(10.14) 
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[ ___ K_=_P_-_ci:_c_c_p_-cr_+_V)_-_
1 
__ ] y[OJ. y[!J, y!2J ••.. 

/' 
.£""" = Aj+ + Bu 
p-=AP+AT + cwaT 
InvertP-

! 

/ ! 
-------------. f+[O], f+[l], f+[2], ... 

(P+)-1 = (P-)-1 + c7V-lc 
Invert (P+)-1 

F111uRE 10.8 Alternative Kalman filter loop. 

Solved Problems 

Problem 10.1 
The system is given by 

x[k+ 1] = x[k]+w[k] 

y[k] = x[k]+v[k] 

where w[k] and v[k] are white, independent Gaussian noises. The initial state is normally 
distributed. Also, 

E(w[k]) = E(v[k]) = 0 

W=l, V=2 

E(x[O]) = x[O], E((x[O]- x[0])2) = p[O] 

y[l] = 2, y[2] = 3, y[3] = 1 

A. Write the Kalman filter equations for this system. 

B. Write the equation for P_ (error covariance in steady state). 

C. Compute the first two estimated states i[l], i[2]. 

D. Check the stability of the filter in the steady state for W = 1, V = 0.1, p[O] = 1, 
x[O] = 0. 
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Solution 
A. Given: 

{
A=~B=~C=~G=~W=~V=2 

Ex[O] = i[O]; E(x[O]- i[0])2 = p[O] 

Initialization: Let's choose .X-[o] = .i[O]. This choice is the best if you don't 
have any additional information about the initial state. In addition, we 
choose P-[O] = p[O]. Note that the measurement y[O] is missing; thus, we will 
not be able to do the first measurement update (we don't get any information 
about the system's state upfront); thus, we must skip that step and also 
assume that i-•[O] = i[O] and P+[O] = p[O], that is, we start estimating at time 
k=1. 

Kalman filter equations for k ~ 1: 

Measurement update: 

K[k] = P-[k)CT(CP-[k]CY + V)-1 = p-[k] 
p-[k]+2 

i+[k] = i-[k]+ K[k](y[k]-Ci-[k]) = i-[k]+ :r~n2 (y[k]-.i-[k]) 

- p-[k]y[k]+2i-[k] 
- p-[k]+2 

( 
P-Ikl ) 2P-Ikl 

p+[k] = p-[k]- K[k]CP-[k] = p-[k] 1 p-[k]+ 2 - p-[k]+ 2 

Time update: 

.X-[k+ 1] = AX-Ik]+Bu[k]+L[k](y{k]-cx-Ik]) = i+[k] 

P-{k+ 1] =(I-K[k)C)P-[k]AT +GWGT =P+[k]+l 

B. In steady state, 

P+[k-1] = P+[k](= P_) 

and we could define the error covariance as P_ = limP+[k]. 
k-+-

(10.15) 

(10.16) 

(10.17) 

(10.18) 

(10.19) 

(10.20) 

(10.21) 

From (10.17) and (10.20) we get: P_ = 
2~- \

1
) ::::> P_ = 1; thus, the solution is 

positive definite. - + 
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C. From (10.19) and (10.20) we get: p-[11=p+[01+1 = p[01 + l; i-[1] = x[O], thus for 
k=l: 

K[l1= pI01+1 
p[01+3 

A+c11 - (p[01+1)2 + 2i[01 
x - p[0]+3 x[O]+ K[ll(y[l]-i{O]) 

p+[l 
1 
= 2(p[01+1) 

p[01+3 

Ll11 = K[l] = plO]+ 1 
plOJ+3 

A-121 - A+[11 - (p[01+1)2 + 2i[01 
X -X - p(01+3 

p-121 = p+l11 1 = 2(p[01+1) 1 = 3p[O] + 5 
+ p[01+3 + pl0]+3 

Similarly, for k = 2: 

3p[01+5 +1 
K[

21
_ p[01+3 _ 2p[01+4 
- 3p[01+5 3 - 3pl01+7 

p[01+3 + 

A+
121

=(p[o1+1)2 + 2xI01 2p[o1+4 ( 
121 

(p[o1+ 1)2+2x101) 
x p[01+3 + 3pl0)+7 y pl0]+3 

p+121 =3pI01+s (1- 2pI01+4) 
p[O] + 3 3p[O] + 7 

L[21 = K[2] = ;~~~~: ~ 
i-I31 = i+121 

p-131=p+[21+1 

The same way you continue for k > 2. 

D. From (10.16) and (10.19): 

{

i+[k1 = i-lk1 + Kik1(y[k]-i-[k]) 

x-[k 1 = i+lk -11 

Thus, i+lk1 = i+[k-11 +K[k1(y[k]-i+[k-1]) = (1-K[k])i+lk-11 +K[k1y[k1. For this 
system to be stable, we need the eigenvalue of 1-K_ to be in the unit circle. 
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Similar to part (B), we can compute the covariance matrix of the error for 

new data (notice that now V = 0.1). We get P_ = O~(~ t 
1
1
) :=) P_ = 0.0916, thus 

K_ t :-++l\ = 0.916. Finally, det(z-1+K_)=z~0.084, which means 
(10.15)-+{10.20) 

that the system is stable. 

Problem 10.2 
In this problem, we will use simple physical experiment shown in Figure 10.1 to demon­
strate optimal estimation The goal of the experiment is to estimate the value of gravita­
tional constant g from the measurements obtained for the falling ball. The ball location in 

time is given by y(t) = ~
2

• The measurements are given by (tlk1, ylk]), 1 ~ k ~ K, where 

tlk] is the time of measurement and ylk 1 is the distance from the initial point measured by 
a sensor. So, y(t = O) = 0, and after that there is a free fall. The sensor is not perfect, so it has 
noisy measurements. The noise is modeled as z.ero mean, Gaussian, and with standard 
deviation a 2• Find the approximation of g using the first few steps in the Kalman recursion. 

Solution 
As you know that in free fall after time t, the ball is passing the distance y = ~

2

• Let's 

assume that we receive noisy measurements of the ball location ylk] at times tlk1. We 
will define the state variable we would like to estimate: x = g = canst, and assume (for 
simplicity) that there is no system noise. We will get the following state-space system: 

{

xlk+ l]=Ax+Bu+Gw =xlk1 

ylk1 = Cx+v = (~t2lk1)xlk1+vlk1 
C[k) 

From the system above and other data given in the problem, we identify the following 
variables: 

1 
Alk] = 1; Blk] = O; C[k1 = -t2lk1; Glk1 = O; Wlk1 = O; Vlk1 = a 2 

2 

Initialization: Let's choose .x-101=0 (or you can choose .x-101=10 to get it closer to 
physical reality and for faster convergence). We choose p-101 = plO] (we don't have any 
information on estimation error; thus, pl01 should be large). 

Measurement update: 

Kl01 = p-l01CTl01(Cl01P-l01ClOY + V)-1 = Cl01~~~~~g~F + v 

_ 1 _ 2t2l01pl01 _ 
- (C[01 + V /(C[01P-l0])) - t 4l01pl0] + 4V t O 

1[0)=0 

i+101 = .x-10J+Kl01(yl01-C[01x-10]) = o+o(y101- tl~P ·O) = 0 

P+lO] = P-101- Kl01C[01P-l01 = pl01-0 = pl01 
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Time update: 

.X-111 = Ai+l01 + Bul01=i+l01=0 

P-111 = A(I -Kl01C[O])P-l01AT +GWGT = (1-0)pl01 = pl01 

Similarly, for k = 1: 
Measurement update: 

_ 1 _ 2tl1]2pl01 
Kll1- (C[11 + V /(C[11P-ll])) - tl1]4pl0]+ 4V 

A+111 = Kl11(yl11-0) = 2tl1]2pl0lyl11 
x tlWpl01+4V 

... tl1]2 ( tl114 pl01 ) p l11=pl01-Kl11-2-pl01=pl01-0=pl011- tll14pl0]+ 4V 

Time update: 

.x-121 = Ai+111 + Bu111 = .x+111 = :r~~1;rJf ~!~ 

P-121 = A(I-Kl11C[l])P-l11AT +GWGT = P+ll) = (1- tll1
4

pl01 )pl01 
tl114 pl0]+ 4V 

We continue for k > 1 in the same way. 
Question: Check what happens to the estimated state i+[l] when pl01-+ oo by com­

puting the limit. Was the result expected? 
Answer: The computation is simple: 

x+ll1 = lim 2tl1]2pl01yll] = 2yll] 
p[oJ-+" tll14 pl01+4V tll12 

This result is expected because huge uncertainty about the initial ball position makes 
the model useless. Thus, we have to trust the measurement and twice the measurement 
yl11 divided by the time squared would show something very close to the acceleration 

constant g (y = sf- -+ g = 1¥- and x = g). 

Question: Now, try to substitute V-+ 0 in the formulas of i±lk1. Does the result make 
sense? 

Answer: If V-+ 0, this means that the measurement is perfect and there is no need of 
alternatives. As in the previous question, the result of estimation will be based on mea­
surement only. 
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Problem 10.3 
The system is given by 

x[k+ 1] = O.Sx[k]+w[k] 

where x[O], w[k] are distributed normally (Gaussian distribution): Ew[k] = Ex[O] = 0, 
Ew[k ]2 = Ex[0]2 = 1. 

If there are no measurements, 

A. List the updated equations for Ex[k] and Cov(x[k]) by writing explicitly x[k] as a 
function of w[j] and x[O]. 

B. Obtain the same equations from (A) using the Kalman filter equations. (Hint: 
"no measurement" is equivalent to V-+ oo.) 

Now, the measurement is given by y[k]=x[k]+v[k], where v[k] is white Gaussian 
noise: Ev[k]"" 0, Ev[k]2""1. 

C. Write the equations for Ex[11 given y[O], y[l]. 

D. Write the Kalman equation for i[k] = E(x[kDlm given y[O], y[l] if only two 
measurements y[O], y[l] are available. 

Solution 
A. Let's explicitly compute a few iterations for the system's states: 

x[l] = 0.Sx[O] + w[O] 

x[2] = 0.5x[l] + w[l] = 0.25x[O] + 0.5w[O] + w[l] 

x[3]"" 0.5x[2] + w[2]"" 0.125x[O] + 0.25w[O] +O.Sw[l] + w[2] 

It is easy to pick up a general pattern and write 

(l)k k-1 (1)' x[k]= 2 x[O]+ ~ 2 w[k-i-1] 

Then, the expected value is 

(( l)k k-1 (1)' ~ E(x[k])""E 2 x[O]+ ~ 2 w[k-i-1]) 

(l)k k-1(1); 
= "2 E(x[O])+ ~ "2 E(w[k-i-1])= 0 

since E(x[O]) = E(w[k-i-1]) = 0. 
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To compute the covariance, or rather variance due to the scalar nature of the 
given system, we use the formula Var(X) = E{X2}-(E{X})2 = E{X2}: 

Var(x[k]) = E {((} )' x[O]+ ~(})' w[k-i-l]n 

{(1)2k (k-1 (l)i )2 (l)k k-l(l)j } =E 2 x[OJ2+ fa. 2 w[k-i-1] +2 2 x[Olfo. 2 w[k-i-1] 

{(1)2k (k-1 (l)i )2} = E 2 x[OJ2+ fa. 2 w[k-i-1] 

(1)2k k-1 (1)2i = 2 Var(x[O])+ fa. 2 Var(w[k-i-1]) 

(l)k+l 
(l)k k-1(1); k (l)j 1- 4 =-+L-=L-= 1 

4 i=04 i=04 1--
4 

.! - .!. (.!.)k 
3 3 4 

B. The Kalman equations for V ~ oo: 

K(k] = P-[kJCT(CP-[kJCT + V)-1 =0 

i+[k] = i-[k]+ K[k](y[k]-Cx-[k]) = i-[k] 

P+[k] = p-Ik]-K{k]CP-[k] = P-Ik] 

L[k] = AK[k] = 0 

i-[k+ 11 = Ai+[kl+ Bu[k] = Ai-[kl+Bu[k]+L[k](y[k]-ci-[k]) = o.si+[k] 

p-[k+l]= A(l-K[k]C)P-[k]AT +GWGT =0.SP-[k]O.S+l 
P[O] = 1 

Thus, i+[k + 1] = (O.S)k i[O] and P-[k+ 1] = 0.2SP-[k] + 1; therefore, P[k] = 1+0.25 x 

k (l)j (1+0.25(1+0.25(1+0.25( ... )))) = ~ 4 and the results are the same as in (A). 

C. The equations are 

p-[O]CT 1 1 
K[O] = CP-[OJCT + R 1+1 = 2 
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Thus, E(x[O]) given y[O) is x-[O) + K[O)(y[OJ-x-[O]) = y~O] 

P+[Q] = (1- K[O]C)P-[O] = ~ 

( 1J
3 

9 P-{1) = AP+{O]N +QIOJ = 2 + 1=8 

K[l] = p-[t](P-[1] + R[l]t1 = {
7 

Here, E(x[l]) given y[O], y[l] is i +[l] = x-[1) + K[l](y[l]- x-[1]) = y~O] + {
7 

x 

( [1] _ y[O]J- 2y[0]+9y[1] 
y 4 - 17 . 

D. The Kalman equation is 
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CHAPTER 11 
Linear Quadratic 
Gaussian Control 

W e have so far discussed optimal controllers and optimal observers. Now it 
is time to put them together into a single closed-loop system. This should 
not come as a big surprise for us, since we already know about the separa­

tion principle. The system with a linear quadratic regulator (LQR)-based controller 
and a Kalman filter is called a linear quadratic Gaussian (LQG) control system. 
The only change that we will see in this chapter is the continuous-time version of the 
Kalman filter (this is the Kalman-Bucy filter). As you may expect, the solution of the 
Kalman-Bucy equations is dual to the solution of continuous LQR (with some changes 
in matrix names). 

Kalman-Bucy Filter 
The Kalman-Bucy filter is a continuous-time version of the Kalman filter and represents 
an optimal state estimator (observer) discussed in Chapter 10. 

The system is given by 

{
x =Ax+Bu+Gw 

y=Cx+Du+v 

where v and w are white Gaussian noises. In most cases, their covariance matrices V 
and W for these noises are diagonal. The system is controlled by the input u, and w 
models the disturbances in the system. 

Theorem 11.2 shows the relation to optimal regulator LQR. 

Theorem 11.2 (Duality Principle) 
The solutions of LQR and the Kalman-Bucy filter are dual. One needs to do the fol­
lowing substitutions in the Riccati and other equations to find the optimal state 
observer: 

LQR 

Kalman 

121 
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In other words, following Equations (8.2) and (8.3), the optimal observer is given by 

(11.1) 

where P is the solution of the Riccati equation: 

(11.2) 

What Is LQG Control? 
LQG control is a modern method for finding an optimal dynamic regulator. It allows 
providing necessary performance, while keeping the control effort low. With this 
method, it is possible to improve the robustness to noise. The problem of regulation 
regarding the measurement noise v and the system's noise w is described in Figure 11.1. 
Note that in this chapter we consider only the so-called infinite horizon LQG that has 
constant controller and observer gains. Full description of the LQG approach is beyond 
the scope of this book. 

Our goal is to minimize y to zero. The LQG regulator measures the noisy output 
y = y + v and creates the control effort u. 

Theorem 11.2 (Separation Principle) 

To minimize the performance criterion J =E{J; (xTQx+2xTNu+uTRu)dt} (E denotes 

expected value or average), we do the following: 

1. Design an LQR controller for the deterministic problem (as there is no noise) 
and compute the matrix of the controller's gains K using Formulas (8.6) 
and (8.7): 

NS+SA+Q-(SB+N)R-1(SB+NY = 0 

w(t) 
Disturbance 

u(t) 

Noise 
v(t) 

r------------------------, 
I I 
I I 
I I 
I I 

: -Ki(t) filter : 
I I 
1 Controller (regulator) 1 

~------------------------~ 

F1auRE 1.1..1. Block diagram of the LQG regulator. 
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w(t) 
Disturbance 

u(t) 

LQG 

Controller (regulator) 

F1auRE ll.2 A general block diagram of the LQG regulator. 

2. Design an optimal observer (a Kalman-Bucy filter) for the given system and 
compute the matrix of gains L using Formulas (11.1) and (11.2). 

3. l}se the control effort u = -KX, where x is the output of the Kalman-Bucy filter 
x=Ax+Bu+L(y-Cx-Du), and E(wwT) = W;E(TJVT) = V;E(wvT) =N. 

In other words, we design the LQR assuming that all states are measurable and there is 
no noise, and then we independently design the Kalman-Bucy filter assuming that the 
system is stable. Finally, we connect both designs together and get the LQG controller. 
A general block diagram of the closed-loop system is shown in Figure 11.2. 

The state equations of the LQG-controlled system: 

{
i= [A~LC-(B-LD)K]x+Ly 
u=-Ki 

(11.3) 

Since only input and output of the plant are connected to the observer and controller, 
we could think about them together as a transfer function F(s). From (11.3), this feed­
back transfer function (LQG controller transfer function) is 

F(s) = -K(sl -A +LC +(B-LD)K)-1 L (11.4) 

NOTB The system is connected with a positive sign in the feedback. 

Optlmal Cost Function for Stationary LQG 
Continuous-time case: 

/min = tr{SBKP+SGWGT} (11.5) 

Discrete-time case: 

/m1n = tr{SBKPAT +SGWGT} (11.6) 

www.EngineeringBooksPDF.com



124 Chapter Eleven 

Solved Problems 

Problem 11.1 
Given the scalar system: 

{
i=ax+u+w 
y= cx+v 

where a and c are given constants, and the noises w and v are distributed normally with 
zero mean and variance W and V, respectively. 

A. Find the LQG regulator for this system assuming that the optimization criterion 

is given by J = E{J; (qx2 + pu2)dt} with given q and p constants. 

B. What happens to the system if p--+ 00? 

C. What happens if W--+ O? 

D. What happens if W » V? 

E. Find the transfer function of the LQG controller for a = 2, c = 1, p = 1, q = 5, V = 2, 
and W=24. 

Solution 
A. From the system's definition, B = G = 1. Also, Q = q and R = p. First, we design 

an LQR controller using Equation (8.3): 

AT5+5A+Q-5BR-lBT5 = 0 

52 
a5+5a+q-p-=0 

52 
- 2apS - qp = 0 

There are two solutions to this quadratic equation, but we will choose only one 
positive solution: 

From (8.2): 

5 1 .Ja2p2 +qp R 
K =-=-(ap+.Ja2 p2 +qp) =a+ a+ a2 + pq p p p 
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Similarly, we design the Kalman-Bucy stationary filter using (11.2): 

AP+PAT +GWGr -pcrv-1CP=O 

p2c2 
aP +Pa+ W ---v = 0 

c2P2 -2aVP-VW =0 

There are two solutions to this quadratic equation, but we will choose only one 
positive solution: 

2aV +,J4a2V 2 +4c2WV aV +,Ja2v 2 +c2WV 
P= 2 2 = 2 c c 

From (11.1): 

L=Pcrv-1 =(aV +.Ja2~2 
+c

2
WV J ~ =~+ .Ja

2 +~2W/V 

Now, connecting the system as shown in Equation (11.3) and Figure 11.2 
provides the LQG regulator. 

B. If p ~ oo, then !L ~ 0 and K ~a+ ./a2 =a+ lal. Note that in this case if the system p 
is stable in an open loop (a < 0), then K = 0. In other words, the LQR is not 
changing the position of the open-loop pole and leaves it in the closed loop at a, 
as expected from the symmetric root locus. If the system is unstable (a > 0), we 
would expect the unstable pole jump to its mirror image location in the left 
complex semi-plane. Let's see what is going on. If a> 0, then K = 2a, and the 
location of the closed-loop pole will be det(sI-A+BK)=det(s-a+1·2a)= 
det(s+a) = s+a (for scalar quantities). Thus, the optimal closed-loop location is 
at -a as expected. 

C. If W ~ 0, then L = ~+I ~I· This means that if a and c are of a different sign, then 

L = 0, and if they are of the same sign, then L = 
2a. For example, if the system is c 

stable (a < O) and c > 0, then the best thing to do would be trusting the system 
and ignoring the output. 

D. WecanrewriteL=~+~ =%(1+ 1+ ~(iJ). IfW> V,itfollowsthat 

~(f;J »1 and 1+ ~(iJ ~J~UiJ · For the same reason, ~~(iJ »1, 

thus 1 + ~~ ( f; J ~ ~~ ( f; J. In conclusion, L ~ % ~~ ( f; J = J;. 
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E. Using (11.4): 

F(s) =-K(sl-A +LC +(B-LD)K)-1L 

F(•)=++A[·-·++g)+•+Rr(%+~ 

= -( 2+~2' +~ )(•-2+2+~2' + 2• ~ + 2 +~,, +~n ~+ (iJ' + ;·] 
-5·6 30 

=- s+9 =- s+9 

The controller is a simple first-order low-pass filter. 

Problem ll.2 
A system is shown in Figure 11.3. 

Design an LQG controller for the following criterion: 

V = E(v2
) = 0.1; W = E(w2

) =I 

J = J
0
-(4y2 + 0.1u2 )dt 

Would the design change if we replace J with J 
0
- ( 40y2 + u2)dt? 

Solution 
The plant transfer function is minimal, thus observable and controllable. So, LQG can 
be designed. 

Let's start with the canonical controller realization of our plant: 

A = ( 1_2 16 } B = ( 6} C = (O 36); D = 0 

Non You could choose any other equivalent realization. If you choose another 
realization, the solution for the Riccati equations, L and K, will be different, but 
the final result F(s) should be the same since the optimal controller is unique. 

v(t) 

36 
SZ+2s +36 

+ 

u(t) 

F(s) 

F1auRE .1.1.3 System for Problem 11.2. 
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We need to write J = J
0
-(5y2 + 0.1u2 )dt as J = J; (xTQx + Ru2 )dt. Since y = Cx, we get 

4y2 = 4(Cx)T (Cx) = xr 4crcx, thus Q = 4crc = 4( 3°6 )co 36) = ( g 51°84 } The coefficient 

of u2 is R = 0.1. 
Now, we have all components to solve LQR's Riccati Equation (8.3): 

ATS+SA+Q-SBR-1BTS = 0 

(:J6 6)(:: ::)+(;: ::)(-12 -~6)+(g 5~84)-(:: ::)(6)10<1 o>(:: ::) 
=(g g) 

This system is equivalent to the following system of equations: 

{

-2s1 +s2 -2s1 +s2 -tosi = 0 
-2s2 + s3 - 36s1 - tos1s2 = 0 

-36s2 -36s2 +5184-lOsi = 0 

From the third quadratic equation -36s2 -36s2 + 5184- tos~ = 0, it follows that 
Ss~ + 36s2 - 2592 = 0, and the two possible solutions are 

If we pick the positive solution s2 = 19.4512 and substitute it in the first equation 
-2s1 + s2 - 2s1 + s2 - lOsi = 0, we get the quadratic equation 

lOsi + 4s1 - 38.902 = 0 

for which we have two solutions: s1 = 1.7825 and s1 = -2.1825. Using the Sylvester crite­
rion, we have to choose positive s1 to make S positive definite. Similarly, when substitut­
ing the result in the second equation, we get the only solution s3 = 449.7877. 

The only positive definite solution of this system of equations is 
s = ( 1.7825 19.4512 ) 

19.4512 449.7877 . 
Based on (8.2), the LQR stationary gain will be 

K = R-1BTS = 10(1 o{ 1~:.fs1f2 11/#lf7 ) = (17.825 194.512) 

Now, we can design the Kalman-Bucy filter using (11.2): 

AP+PAT +GWGT -Pcrv-1cp = 0 

( -2 -36)(P1 P2)+(P1 P2)(-2 1)+(1 o)-(P1 P2)( 0 )10co 
1 0 P2 Pa P2 Pa -36 0 0 1 P2 Pa 36 

=(g g) 

36)(P1 P2 J 
P2 Pa 
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Impulse response 
5 ,, 

- - - Open loop 
4 

I \ 
I I -- Closed loop 
I I 

I 
3 I 

I 
I 

2 I 

~ 
I 

" I I \ 
1 l I \ 

! I I \ 
I I \ 1' 

0 
I I I \ --......... T .. 

\ ,_ / 
I \ I 

I I \ I 
-1 I I 

.,, 
I I 
I I 

-2 I I 
I I 
\I 

-3 
0 1 2 3 4 5 

Time (seconds) 

F1auRE 1.1..4 Open- and closed-loop impulse response of the system in Problem 11.2. 

which is equivalent to 

{

-2pl -36p2 - 2pl - 36p2+1-1~, 960pi = 0 
-2p2 - 36p3 + p1 -12,960p2p3 - 0 

p2 + p2 + 1-12, 960p; = 0 

6 

You can directly check that the only positive definite solution of this system is 

p = ( 0.2582 -0.0005) 
-0.0005 0.0088 

and the optimal stationary observer is (11.1) 

L = pcTv-1 = (-0.18) 
3.16 

The impulse responses in open and closed loops are shown in Figure 11.4. 

The design will not change if we multiply cost I by any positive constant, since addition 
and multiplication by a constant move the cost function up or down without changing 
the location of its minimum. 
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Project Examples 

I n this chapter, we present a few practical control problems. We assume that you will 
use MATLAB and Simulink to solve the problems and produce simulations of the 
system, but other computational tools could be used as well. 

General Instructions 
1. Before you start working on a project, you should brush up your knowledge of 

different MATLAB Control Toolbox commands that may help you. 

2. All models, codes, computations, graphs, and simulations, together with the 
appropriate explanation, must be included while submitting the work. The 
goal is that your results would be reproducible based on your report alone. 

3. Pay attention to careful titling your graphs and graph axes. You could add any 
annotations to your graphs (as needed). Specify and emphasize all important 
points. If there is more than one curve on the graph, you have to name each one 
and explain the trend. 

4. Write all your conclusions explicitly; do not leave space for guessing. 

5. All final answers must be emphasized. 

6. It is necessary to maintain an orderly work. 

Project 1: Magnetic Levitation System Control 

Levitation System Model 
The goal of the levitation system is to hold a small metallic ball in the air using magnetic 
force (Figure 12.1). 

The system should control the electromagnetic field to keep the ball at some pre­
defined distance from the electromagnet. In an ideal case, we just need to increase the 
electromagnetic force until it is equal to the gravitational force, but in real world there 
are many disturbances and noise, so it is impossible to create a perfect electromagnetic 
field. These disturbances will cause the ball to fall or stick to the electromagnet. Thus, 
we need to develop a closed-loop system to control the ball's height. 

System's Description 
The system consists of an electromagnet, a metallic ball, a light source, and a detector 
(see Figure 12.1). 

129 

www.EngineeringBooksPDF.com



130 Chapter Twelve 

Infrared LED 

FlauRE 12 • .1 Magnetic levitation system. 

Photo1nmsistor 
at equilibrium 

V.r[V] 

Equilibrium conditions: 

Levitated ball 
m [kg] 

Xo[m] 
Io[A] 

The equations desaibing the ball's motion in the electromagnetic field are nonlinear. 
The important variables are 

1. The distance between the ball and the magnet: x 
2. The current that passes through the electromagnet coil: i 

3. The electromagnetic force: f 

Motion Equations 
Force is given by 

(12.1) 

where L is total inductance of the system. The floating ball is also contributing to the 
inducti.vity of the system. When the ball rises, the total inductance L rises too. When the 
ball falls, the total inducti.vity decreases, and approaches its minimal value when the ball 
is far away from the magnet The minimal value equals to the inductance of the electro­
magnet coil itself: 

L=L,.+~ x (12.2) 

where I,. is the coil inductance and Lg is the inductance that adds the ball at the equilib­
rium pointX0• Using Equations (12.1) and (12.2), we get 

(12.3) 
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and at the equilibrium point 

(12.4) 

from which the mass of the ball m could be computed. 
The equation of dynamic motion could be written using the second law of Newton, 

connecting the acceleration and mass to the sum of forces mi= -(f - / 0) , where m is the 
mass of the ball. 

If we rearrange the last three equations, we get 

(12.5) 

Electrtcal Model 
Assume that the electromagnet can be modeled by the resistor and total inductance in 
series as in Figure 12.2. 

Using Kirchhoff's law, 

R. Ldi 
v = i+ dt 

di v-Ri v-Ri 
dt =-L-= Li_+ L

0
X

0 

x 

(12.6) 

(12.7) 

and after some simple algebraic manipulations on the two equations above we have 

(12.8) 

Sensor Model 
The feedback sensor consists of a light source and a light detector. The detector is con­
nected in a way that when the ball falls, the voltage at the sensor's output rises. We 
assume the simplest gain model for that kind of sensor is 

v, = {Jx (12.9) 

where v. is the output voltage and fJ is the gain. 

F1auRE 1.2.2 Electrical model of an electromagnet. 
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Physlcal Model 
Assume that Li » 4. and the following values describe our physical model: 

Parameter Value 

Equilibrium distance X
0 

0.05 [m] 

Equilibrium current /
0 

7 [A] 

Coil resistance R 2.5 ['1] 

Coil inductance L1 
0.2 [Hy] 

Ball inductance L
0 

0.005 [Hy] 

Sensor's gain fj 400 [V/m] 

Standard gravity g 9.8 [N/kg] 

Questions 
1. Linearize Equations (12.5) and (12.8) with regard to the equilibrium point {X0, 10}. 

Define the following state variables: x1 = x,x
2 = i,x3 = x. The input is u = v and 

the output is y = v,. 
Write the state equations (include the computation). Linearize the obtained 

system and prove that the linear system {A,B,C,D} is described by 

0 O); D= 0 

2. Find the system's transfer function. (From now on, you are free to use MATLAB 
in any computations, but you have to submit all the code and the produced 
results.) 

3. Check the controllability, observability, stabilizability, and detectability of the 
system. 

4. Implement and show the linear and nonlinear systems in Simulink. 

5. Assume that you have access to all the state variables. Design state-space 
controller for the linear system. Connect that controller to the linear system and 
test it with at least two initial conditions to show that your design gives stable 
results (with zero input). 

6. Attach the same controller to the nonlinear system (remember to shift all the states 
and the input to the origin equilibrium point). Show that for some initial conditions 
the system is stable. Find the initial conditions for which the system is unstable. 

7. Now, assume that you don't have access to state variables (only to the input 
and output). Design the appropriate observer (with zero initial conditions). 
Connect the observer to a linear system with a controller and check how the 
convergence is dependent on the initial conditions. In addition to state graphs, 
show the plant input graph. Is the control effort reasonable with your chosen 
location of poles? 
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8. Design LQR controller £or the linear system. Choose matrix Q to be diagonal. 
Play with the values in Q and R to see how control effort and state convergence 
to zero are dependent on those values. Show graphical results to prove your 
conclusions. 

9. Connect one chosen LQR controller to linear and nonlinear systems. Compare 
the state, output, and input signals (plot the state output in the same coordi­
nate system for linear and nonlinear systems using "hold on" MATLAB 
function). 

10. Cmmect small step reference signal. How good is your tra.clcing of steady-state 
error? Correct the problem by adding a constant gain at the input. Now, try sine 
wave input. Does the output follow the input well? 

Project 2: Double Inverted Pendulum 

System Description 
In this project, we discuss the stabilization of the double inverted pendulum, as it 
represents a problem that is equivalent to stabilizing human standing. Human body 
biomechanics could simply be descnoed as a double inverted pendulum while assum­
ing that the neck and knees are locked. The pendulum consists of two rods as described 
in Figure 12.3. 

The lower rod represents the pair of legs up to the pelvis, and the upper rod 
represents the upper torso (head+ hands+ chest+ abdomen), which are modeled 
here as a rigid body. System's control is done by activating 1'1, 'f2 in the appropriate 
joint points. 

Fl1u111 12.3 Double inverted pendulum model of the standing biomech1nics. 
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The system's parameters are as follows: 

Parameter Description Unit 

mi Leg mass kg 

m2 Upper body mass kg 

Li Leg length m 

L2 Upper body length m 

11 Distance to the leg mass center m 

12 Distance to upper body mass center m 

l1 Moment of inertia of the legs kg·m2 

l2 Moment of inertia of the upper body kg·m2 

61 Angle between the legs and the rad 
perpendicular from the ground 

62 Angle between upper body and legs rad 

63 Sum of angles of the legs and upper body rad 

g Gravity constant m/s2 

'f'l Torque powered by ankle N/m 

i-2 Torque powered by the waist N/m 

Nonlinear Model 
To find the nonlinear model, we will use the Euler-Lagrange equation (from calculus of 
variations and used frequently in analytical mechanics): 

(12.10) 

whereL=T-V 
T =kinetic energy 
V =potential energy 

Qq =applied momentums 

Q =generalized coordinates 

The overall kinetic energy of the system is given by the sum of the kinetic energies 
of each of the rods: 

T = T1 + T2 (12.11) 

T1 = }m1[(481 cos81)
2 +(481 sin81)

2l+}J1Bf (12.12) 

1 . . . . 1 . 
T2 = 2 m2 [(li.61 cos81 +1283 cos83 )

2 +(Li.61 sin81 +1283 sin63 )
2]+ 2 /20; (12.13) 

The total potential energy is given by the sum of the potential energies of each of the 
rods: 

U=U1 +U2 

U = rnig11 cos61 + m2g[4cos81 +12 cos63 ] 

(12.14) 

(12.15) 
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Determining matrices Qi and qi is done as follows: 

By substitution into Equation (12.10) for q1 = 81: 

-gsin81<111i~+1n:iI,.)+(171iI; +mi~+ !1)81 + ··· 

···+m2'2_I,_[B3 cos(81 -63 )+Bisin(61 -63)-8Asin(61 -63 )]=-r1 

And for q2 = 83: 

-gsin83m2l2 + (1n:ili + /2 )63 + ··· 

···+m24_I,_[B1 cos(81 -83)-8~sin(81 -83)+8183 sin(81 -83)]=-r2 
The two equations above could be written as follows: 

(12.16) 

(12.17) 

(12.18) 

11,.81 + hA cos(81 -83)+ hi}i sin(81 -83)- h3 sin81 - h18183 sin(81 -83) = -r1 (12.19) 

where h; constants are described in the following table: 

Constant Value 

h1 m1~+"'2~ +11 

h2 "'2'21.i 

h3 m1l1g + "'21.ig 

h4 m21:+12 

h5 m2l2g 

Substituting 82 = 8
3 

- 81 in Equations (12.19) and (12.20) is providing two differential 
equations that describe the nonlinear system's model: 

(12.21) 

(12.22) 

After a few algebraic manipulations, we get 

h,.B1 +h2 (B1 +B2 )cos82 -~82(81 +82)
2 sin82 -~sin81 =-r1 (12.23) 

(12.24) 
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Question 1 
Find the system's equilibrium points. Which ones are stable? (No computations are 
necessary-physical argument is sufficient.) 

Linearization 
To linearize the nonlinear model around 0 equilibrium point, we use the following 
approximations (correct only for small angles): 

cos 6= 1 sin 6= 6 

The following linear equations are obtained: 

lliii1 + h.iii1 - "361 + h.iii2 = .. 1 

h.iii1 +h401 -hs61 +h4ii2 -hs62 ='r2 

that could be written in a matrix form: 

Question 2 

(12.25) 

(12.26) 

(12.27) 

Define the state vector x, the measurement (output) y, and the input u as follows: 

x = (61 81 62 B2Y1 y = (61 62Y1 u = (-rl 1'2f 

Use the system of Equation 12.27 and show that you receive the following linear 
state-space system {A, B, C, D}: 

D=(8 8) 
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Finding the Controlled System 
For a typical system, the parameter values that describe the system are determined in 
the following manner, depending on the person's height H (in meters) and the weight 
of M (in kilograms): 

Parameter Yalue Units 

Mt 0.322 · M kg 

Mz 0.68 · M kg 

L1 0.53 · H m 

L2 0.47 · H m 

II 0.58 · L1 m 

12 0.58 · L2 
m 

f1 0.017·M·H2 kg·m2 

12 0.14·M·H2 kg·m2 

g 9.8 N/kg 

For parameters that will be used in this project, you must choose your own height H [m] 
and weightM [kg] values. 

Question 3 
Consider matrices {A, B, C, D} corresponding to the linear system, after the parameters 
are set. 

1. Is the system controllable? Is it observable? 

2. Is the system stable? 

From now on, suppose that the system can be controlled by the input u = i;. only 
( i; = O is forced). 

3. Find the appropriate matrices {A,B,C,D} . 

. d f fun . 61(s) 62(s) fth 
4. Fm trans er ctions u(s) , u(s) o e system. 

5. Is the system still controllable? 

6. Is there any input u such that the system stabilizes on the values 61 =62 = 0.1? 
How does your answer align with the system's controllability? 

Question 4 
Implement and present the linear and nonlinear model of the system in an open loop in 

ffimwmk Md ~ml ~ ~~ ro ~ uuau coodi~ [ ~ l = l n =[:::) fur 
both systems. 
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Optlmal Control: LQR Design 

Question 5 
It is required to design a controller that minimizes the following cost function: 

J= r[x(W ·Q·x(t)+pu2(t)J·dt (12.28) 

Given the access to all state variables, compute the controller's gain vector K for the 
following values of p: [10-o, 10~, 10-11 ] and for the following matrices [Q11 Q2 ] : 

(6 combinations). 

[

o o 
0 0 

Ql = 0 0 
0 0 

0 OJ 0 0 
1 0 I 

0 0 
[

1 0 
0 0 

Q2 = 0 0 
0 0 

0 OJ 0 0 
0 0 
0 0 

1. How does selecting each matrix [Q1 , Q2 ] affect the cost function J? 
2. Find dosed-loop eigenvalues for each combination of p and Q. For each matrix 

Q, draw the location of dosed-loop poles as a function of p (symmetric root 
locus). 

3. Implement the optimal linear closed-loop system in Simulink and show the 
response to the initial conditions in Question 4 for each of the six controllers. 
In a separate plot, show the control effort u for each one of the state-space 
controllers. 

4. Explain the response dependency to the value of each of the matrices and p. 

5. Is it possible to make the system converge as fast as we wish by increasing or 
decreasing the value of p? Why? (Hint: How does transfer function affect the 
change in eigenvalues? Bigger hint: Check the SRL separately for each row in 
C matrix.) 

6. Find the nonlinear system response to the same initial conditions with the same 
gains K. For which gains is the system able to stabilize? Explain. In cases where 
the system does not stabilize, find the boundary initial conditions of a kind 
(a, 0, a, Of for which the nonlinear system is stabilizing. 

Observer Design 
Because of different constraints, the angular velocity values [61, 62] cannot be directly 
measured, and it is necessary to reconstruct them from the measured [811 82 ] and from 
the input. 

Question 6 
1. Find the matrix of the observer's gains L1 which enables the use of all controllers 

K calculated in Question 5. What are the eigenvalues of the observer? Note that 
since there are two outputs, matrix Li has dimensions of 4 x 2 and it could be 
computed using the MATLAB command "place." 

2. Add the observer to the dosed-loop system from Question 5 and compare 
the response to initial conditions from Question 4 for all controllers K 
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that were computed in Question 5. Set to zero the initial conditions of an 
observer. 

3. We define the observer's error by e= x- x, where e is a 4 x 1 vector. For p = 10....5 
and Q1, plot all four components of the observer's error. Explain the behavior of 
the error as a function of the observer's eigenvalue's location. 

Noise Flltertng 
Now, we assume that the system has uncertainty, and there are disturbances and noises 
affecting its response. The model is described in the following way: 

x=Ax+Bu+Gw 

y=Cx+v 

where G is the identity matrix, C mabix has dimensions 2x4, and w, v are white 
Gaussian independently distributed noises with zero mean: 

w - N(04xl' WV.,. I4x4) 

where wvar and vvar are scalars. 

Question 7 
In the first part of the question, we set vv., = 10-1• For w,,.,. taking the following values: 
[l, 10-3], answer the following questions: 

1. Are the necessary conditions for the Kalman filter being satisfied? 

2. Find the filter ~ for each value of wv.,.· Specify the Kalman filter's 
eigenvalues for each case. Note that~ has dimensions 4 x 2 and you can 
use MATLAB command "are" to compute it. 

Build the closed-loop model with noise state controller and Kalman filter in 
Simulink. Pick one of the controllers from Question 5. 

3. For each value wv.,, find and show the system's response to the initial conditions 
[0.1, 0, 0.1, O] for both observers [~, Li1 (total four combinations). 

4. Is the system always stable in the four cases above? When it is stable, which of 
the two observers gives a better response? 

5. Theobserver'scostfunctionis defined as a quadratic error J(t) = (x(t)-i(t)Y (x(t)­
i(t)). Compare the quadratic error of the Kalman filter with Li observer for one 
value of wvar for which the response is stable. Explain the differences between 
the errors obtained by each of the observers. 

Now, set wvar = 10-1• 

6. For vvor taking the following values: 110-1, 10-3], repeat Sections 2 to 5 of this 
question. 

7. When is it beneficial to use the Kalman filter? Explain. 
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Project 3: Bridge Crane Control 

Choosing the Model 
The selected model is a loading bridge system. The purpose of the bridge is, for exam­
ple, the loading of containers into the ship. At the be~ the load mass is the mass 
of the hook only. The hook must appear above the contain.er in a resting state. Some­
times, the workers at the seaport help curb the hook fluctuations and attach it to the 
container. In this project, it is asswned that the vibration dwnping and hook connection 
are done automatically. After lifting the contain.er, it moves a certain distance and is 
transferred to the ship's deck. 'This movement is controlled by the engine control lim­
ited by the power the engine can provide and the safety :restrictions. In order to control 
the system, it is required to add feedback. 

Modal Description 
The system is described in Figure 12.4. The m load mass can vary considerably between 
the weight of the hook itself and the weight of the hook with the maximum mass that the 
bridge is capable of transferring. However, the maBS of the cart and the length of the 
cable are not altered. 

We use the following additional simplifying assumptions: 

• The cable has no mass, it is not flextble, and has a fixed length L. 

• There is no friction or gliding between the cart and the bridge. 

• You can neglect the engine's dynamics and nonlinearity, which creates a 
horizontal input force u. (This asswnption makes sense only if the controller 
provides I u I and I u I that aren't too large.) 

Definitions: 

M = the cart mass extended by moment of inertia (transmitted through gears) of 
the engine 

m =load mass 

M Cart 

Ftraua: 12A Bridge crane system. 

Load 

Bridge 
J 
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L = length of cable 

g =constant gravitation 

x1 = location of the cart 

cp = angle of the cable 

y = position of a load 

Dynamic Model Equations 
Any physical system can be modeled mathematically in one of the following two ways: 

A. From measurements of input and output signals. In this case, the system is 
treated as a "black box" whose internal structure is unknown. 

B. From the dynamic relationship between the different parts of the system and 
their mutual influence. In this case, the structure of the system is known, and 
the physics laws can be used to construct the model. 

We will use the second way to develop nonlinear differential equations that describe 
the crane bridge system. 

First, we examine the system in Figure 12.4 and write down the appropriate force 
equations. We denote the cable pulling force by F and the vertical distance between the 
cart and the load by z. 

From the equality of forces, the following differential equations could be written: 

A. Horizontal forces on a cart: 

Mx1 = u+Fsin(cp) 

B. Horizontal forces on a load: 

my= -F sin(cp) 

C. Vertical forces on a load: 

mz=-Fcos(cp)+mg 

By elimination of force Fin the aforementioned equations, we get 

{
Mx1 +my=u 

ycos(cp)-zsin(cp) = -gsin(cp) 

For a fixed cable length L: 

z= Lcos(cp) 

z = -LefJsin(cp) 

z = -LiPsin(cp)-Lqr cos(cp) 

By substituting (12.33) into (12.32), we get 

y = x1 + Lsin(cp) 

fl = x1 + LefJcos(cp) 

y = i 1 + Lq;cos(cp)-LefJ2 sin(cp) 

{

(M +m)x1 + mL(rpcos(cp)-qr sin(cp)) = u 

i 1 cos(cp) + Lq; = -gsin(cp) 

(12.29) 

(12.30) 

(12.31) 

(12.32) 

(12.33) 

(12.34) 
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We define the system's state vector to be 

(12.35) 

Now, we can write down the nonlinear system state equations and perform a linearization. 

Guidelines 
You need to design the system with the parameters given below. The value of the 
parameters depends on a number of chosen constants, namely U, V, W, X, Y, and Z. 
These constants are given as digits between 0 and 9. You could pick them randomly, or 
they might be provided to you. 

Numeric values of the system's parameters are given in the following table: 

Parameter Value 

Mass of the cart M 100(5 + Z) [kg) 

Mass load m 100(1 + Y) [kg] 

Cable length L 5+X[m] 

Gravitation acceleration constant g 9.8 [N/kg) 

For example, if U =4, V =5, W = 6, X = 7, Y =8, and Z = 9, then we get M = 1400 kg; 
m=900kg;L=12 m. 

Questions 
1. Write down the nonlinear state-space equations using Equations (12.34) and 

the state vector defined in (12.35). Equations must be written in the form 
x= f(x,u). 

2. Perform the linearization of nonlinear equations that are obtained around the 
equilibrium point {'I'= 0; <P = O} (hint: for small angles: cos(<p) "'1; sin(<p) "'<p; 
sin2('1') "'O; efJ2 "'0 ). For the system's output y, prove that you get the system of 
the following shape: 

r=Ax+Bu 

y=Cx+Du 

[o 1 
0 

n B=m;C=(~ A= 0 0 '123 0 C3 0); D= 0 
0 0 0 
0 0 tl43 

(Find all the constants in the matrix.) 

3. We define the three possible outputs of the system: 

y: location of the load 

y,: location of the cart (y, = x1) 

Yx= the cable angle relative to the cart <Yx = rp) 
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Compute three transfer functions between the input u and each of the 
outputs. Draw (approximately) the locations of the poles and zeros of each 
transfer function. What can be said about the stability of each function? Is the 
nonlinear system with the output y asymptotically stable? Explain. 

4. Examine the stabilizabili ty and detectability of each of the three aforementioned 
systems (with the given realization). 

From now on, let's assume that the system has only y output. 

5. Is it possible to stabilize the system using a fixed serial proportional controller 
(not state-space) KP? Explain. 

6. Implement and show the linear and nonlinear Simulink model of the system 
in an open loop, and present the response to the initial conditions [ n ~ r o a::f~::ad] 1 (~fu =· mput) Un bmh ~~ (all fum of tlre 

state variables, and a graph of the output y). 

7. It is required to plan a controller that minimizes the following price function: 

J = J;cx(tf Qx(t)+ pu2(t)]dt 

Given access to all state variables, consider the state controller K for the following 
values of p and Q: 

Arn+~i, 10+to-l, 10-(t~lJ 

[0.001 0 0 

0 l [1 
0 0 

o.Ll 
- 0 0.001 0 0 - 0 0.001 0 

Ql - 0 0 1 0 I Q2- ~ 0 0.001 
0 0 0 0.001 0 0 

(A total of six combinations.) 
Note that the value of constant U was chosen at the beginning of this 

project. 

a. Compute six optimal controllers for the matrices given above. How does 
selecting each matrix Q affect the cost function J? 

b. Compute the closed-loop eigenvalues of the system in all six cases. Plot 
symmetric root locus as a function of p for each case. 

c. Implement the closed-loop linear model with optimal controllers from part (a) 
and plot system's response to the initial conditions from Question 6. Plot 
separately the appropriate control effort u. 

d. Repeat part (c) for the nonlinear system. Test for which initial conditions 
it stabilizes. Find the boundary initial conditions of the kind (a,O,a,O)T for 
which the nonlinear system is stabilizing. 
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8. Now, we assume that the system has uncertainty, and there are disturbances 
and noise affecting its response. The model is described in the following way: 

x=Ax+Bu+Gw 

y=Cx+v 

where G is the identity matrix, matrix Chas dimensions 1x4, and w, v are white 
Gaussian independently distributed noises with zero mean: 

v - N(02xv vv.,) 

where wvar and v_ are scalars. 

In the first part of the question, we set vv .. = 10-1
• 

For wv .. taking the values: [ 10-(i~), 10-(~) J, answer the following questions: 

a. Are the necessary conditions for the Kalman filter satisfied? 

b. Find the filter 4.m.an for each value of wv .. · Specify the Kalman filter's 
eigenvalues for each case. Note that 4.m.an has dimensions 4x1, and you 
can use the MATLAB command "are" to compute it. 

Build the closed-loop model with noise state controller and the Kalman 
filter in Simulink. Pick one of the controllers from Question 7. 

c. For each value wv.., find and show the system's response to the initial 
conditions from Question 6 for both observers [~, Li1 (total four 
combinations). 

d. Is the system always stable in the four cases above? When it is stable, which 
of the two observers gives a better response? 

e. The observer's cost function is defined as a quadratic error J(t) = (x(t)­
x(t))T (x(t)- x(t)). Compare the quadratic error of the Kalman filter with Li 
observer for one value of wvar for which the response is stable. Explain the 
differences between the errors obtained by each of the observers. 

Now, set wvaz = 10-7• 

f. For vvar taking the following values: [10+;) ,10-{a+;)J, repeat parts (b) to (e) 
above. 

g. When is it beneficial to use the Kalman filter in this system? Explain. 

Bonus Question 
The purpose of this question is to design a system that moves a certain load from one 
place to another in the shortest time. 

Only in this exercise we will assume that M = 400 kg, m = 600 kg, and L = 4 m. 
It is necessary to design an optimal controller and observer (not necessarily optimal) for 
the linear system, which will also work with the nonlinear system. The nonlinear 
system starts near the origin equilibrium point. Using the appropriate input, the 
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nonlinear system (the hook) must be brought to position y = -5 Im] and then wait until 
the hook oscillations (swinging) are dampened enough (the hook does not swing more 
than ±15 [cm]). Then the system should move to y = +5 [m] and wait until swinging is 
small enough. You have to design the appropriate reference input signal (using the 
Signal Builder block of Simulink). Time is calculated from the moment the cart motion 
starts from the origin to the arrival of the load to y = 5 [m]. Additional limitations are 
lul < 500; lul < 500; overshoot< 50%. 

Write down your design process. It must be shown that all the restrictions and 
requirements are satisfied by showing plots of inputs, states, and outputs. The overshoot 
and settling time should be clearly outlined. 
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APPENDIX 

Math Compendium 

A Notation and Nomenclature 

x(t), y(t): continuous-time signals e : element of (belongs to) 

x[n], y[n]: discrete-time signals N: set of natural numbers: 0, 1, 2, 3, ... 

X(t»),X(z),X(s): transformed signals Z: set of integer numbers: 0, ± 1, ± 2, .. . 

N, T: signal period (N 0, T0: fundamental period) Q : set of rational numbers (fractions) 

f : signal frequency (f0 : fundamental frequency) IR: set of real numbers (JR+ positive) 

w: angular frequency (w0: specific angular frequency) C: set of complex numbers 

H, G: transfer function; system operator V: for all (any) 

T,: sampling interval 3: exists 

9: signal phase =: identically equal 

. (t) sin(t) smc =-t- . (t) = sin(nf) 
smc. nt 

U(t)= { ~: t~O 
ramp(t) = { ~' t~O t<O t<O 

rect(t) = U(t + 0.5)- U(t-0.5) = { ~: itl S0.5 tri t = r-ltl, ltl < 1 
ltl >0.5 () 0, ltl ~1 

B Trigonometric Identities 

1 cos(91 ±92 ) = cos(91)cos(92 )::i:sin(91)sin(82 ) 8 cos(29) = cos2(9)-sin2(9) 

2 sin(91 ±82) = sin(91)cos(92)±cos(91)sin(92 ) 9 sin(29) = 2sin(9)cos(9) 

3 2 cos(91)cos(92 ) = cos(91 - 92 ) + cos(91 +92 ) 10 2cos2(9)= l+cos(29) 

4 2sin(91)sin(92 ) = cos(81 -82)-cos(81 +92) 11 2 sin2 (9) = 1- cos(29) 

5 2sin(91)cos(92)= sin(91 -92)+ sin(91 +92) 12 4cos3(9) = 3 cos(B) + cos(39) 

6 cos(e±-i )=+sin(B) 
13 4 sin3(9) = 3 sin(9)- sin(39) 

7 sin(e±.Y) = ±cos(9) 
14 cos2 (9)+ sin2 (6) = 1 

147 
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C Complex Numbers 
; = .r-t; p = -1; r = -; ; r = 1; r = ; ; ... 

Cartesian: s = a + bj Polar: s = Rei8 

Real value: Re{s} =a Real value: Re{s} = Rcos9 

Imaginary value: Im{s} = b Imaginary value: Im{s} = Rsin9 

Absolute value (magnitude): lsl = ../a2 + b2 Absolute value (magnitude): M = R 

Angle: LB= tan-1 (~) Angle: LB=9 

Conjugate: s =a - bj Conjugate: s =&-;a 

C.l Eulerlbeorem and de Molvre's Formula 

e±i9 = cos8± jsin8 

le±;sl = 1 

e±fs/2 = ±j 

C.2 Multlpllcatlon 

C.3 Division 

D Algebra 

D.l Inequalities 

cos8= 
efB+cfB 

sin9= 
efo -e-10 

2 2j 
1 j(B+2irt) 

Le±iB =±8 (refB);;: = ,11.e-· -; n=N,k=O, ... ,n-1 

e±;2 .... = 1; neN e±/(2..+l)s = -1; neN 

(a+bJ)(c+dJ) = (ac-bd)+(ad+bc)j 

a+bj ac+bd be-ad. 
c + dj = c2 + d2 + c2 + d2 1 

Ri_ei&i /R
2

eiB-z = ~ ei<&i -B-zl 

• Triangle inequality: \fa, be JR: la+ bi :S: lal + lbl 
This inequality could be generalized to any finite number of a;: 

l~a;l:S:~la;I 
The equality reached only when a; are all positive or all negative. 
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• 'v'a,be!R: la-bl~llal-lbll· 
• 'v'a, b e!R: a2 +b2 ~ 2 labl (in particular from (a-b)2 ~ 0 follows a2 +b2 ~ 2ab). The 

equality is reached if and only if la l=lbl. 
• Va, b E lR of the same sign (ab > O): 

a b 
"b+a-~ 2 

and the equality is reached if and only if a =b. 

• Cauchy inequality for finite number of a; ~ 0: 

which means that the geometric mean is not greater than the arithmetic mean. 

• Holder's inequality: Va;, b; E IR, Vp > 1: 

D.2 Polynomlals 
Polynomial of the free variable s is the sum of powers of s multiplied by constant 
coefficients: 

n 

P(s) = I,aksk =ans"+ a"_1s•-1 + · · · + a1s + a0 
k=O 

where ak (k = 0, 1, ... , n) are constant coefficients and n is the order of the polynomial. 

Theorem 
Any polynomial of the order n has exactly n complex roots and it could be factorized 
as follows: 

where s1, ... , s" are the roots. 

Example 

2s2 +6s+4=2(s+2)(s+1) 

where -1 and -2 are the roots of the polynomial 2s2 + 6s + 4. 
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Vieta~ Formulas 
For a polynomial P(s) =ans"+ an_1sn-1 + · · · + ~s + a!Y 

(s1S2 + S1S3 + S1Sn)+(s2s3 +s2s4 + ·· · + s2s")+ ·· · + Sn_lSn = a~-2 
n 

In other words, the sum and product of roots could be derived from the coefficients 
without computing the roots. 

Example 

The sum of roots of2s2 + 6s + 4 = 0 is -i = -3 and the product (multiplication) is i = 2. 

E Calculus 

E.1 Derivative Rules 

Chain rule j(g(t)) = :t f (g(t)) = d~~) g(t) 

Linearity 
d . 
ar<llf (t) + bg(t)) = af (t) + bg(t) 

Product rule 
d . 
arU<t)g(t)) = J (t)g(t) + J (t)g{t) 

Quotient rule d (! (t) )- j(t)g(t)- f (t)g(t) 
at iUJ - g2 (t) 

Leibniz' B rule _![t') /(..t t)d..t] = f(b(t) t) db(t) - f(a(t) t) da(t) + t) a f{..t, f) d..t 
dt o(t) 

/ 1 dt 1 dt •(I) Of 

E.2 Derivatives Table 

d 
1 (fft)- nt,._1 di - 4 -#r(sinat) =a cos at 

d 
2 -(ect)- ae"' dt - 5 :t (cos at)= -a sin at 

3 
d 1 
-(lnt)=-
dt t 6 

d 
dt (at)= at Ina 
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E.3 Integration 

Linearity J af (t) + bg(t)dt =a J f(t)dt + b J g(t)dt 

Integration by parts J: 1<t)g(t)dt=1 (t)g(t)I: - J: i<t)g(t)dt 

Change in variable ;. = tp{,t): r f(A)d). = r:(b] f(tp(,t))4'(t)dt . " (•) 

E.4 Indefinite Integrals 

1 
fll+l 

n~-1 Jt•dt=-· n+1' 
10 Jtncostdt = x•sint-nJ t,...1 sintdt 

2 Ji·dt=ln It I 11 Jin sint dt = -t•cost +n J t,._1cost dt 

3 a' 
Ja1dt=lrui 12 J t"e"'dt = -}[t•e• - n J t•-1e .. dt] 

4 
eirt 

Jeirtdt=-a 13 J e'' e•1sinbtdt = a2 +b2 (asinbt-bcosbt) 

5 Jte•1dt = e111
( ~-a~) 14 

e• 
Je•1cosbtdt= az+b2 (acosbt+bsinbt) 

6 J cos(at) dt = ~sin( at) 15 J ( t) (bt)dt- sin[(a-b)t] sin[(a+b)f] 
cos a cos - 2(a-b) + 2(a+b) 

7 J sin(at)dt = -~cos(at) 16 J · ( t) · (bt)dt- sin[(a-b)t] sin[(a + b)t] 
sm a sm - 2(a-b) 2(a+b) 

8 J tcos(at)dt = : 2 (cos(at)+at sin(at)) 17 J sin(at)cos(bt)dt = cos[(a-b)t] cos[(a + b)t] 
2(a-b) 2(a+!i) 

9 J tsin(at)dt = ~ (sin(at)-atcos(at)) 18 J cos2 (at)dt = ia [2at + sin(2at)] 

E.5 Definite Integrals 

1 
r flll-1 11:/n --dt-
ot"+l -sin(mn/n) 5 re_,..,. cos bt dt = .Ji e-b'l(u') . 

0 2a 1 a>O 

2 r n! tne-111 dt=-· 
0 an+l 1 

a>D 6 r sin at dt = !!.sign(a) 
0 t 2 

3 J,- a e-' cosbt dt = ~; o a + 
a>O 7 J

0
-(s7tJ dt=i 

4 r b e-' sinbtdt = · 
0 T+/;2' a>O 8 [ e±i2m dt = c5(a) 
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E.6 Finite Sertes 

1 fn- N(N+l) 
• =1 - 2 4 

N aN+t_l 
~~· =--· a;!l 
~ a-1 I 
• =O 

2 
fn2 _ N(N + 1)(2N + 1) 

- 6 5 ~ N! "N..... N ~(N- )' 1a b =(a+b) 
n=O n .n. •=1 

N N2(N+1)2 
3 »3-- 4 

n~t 

~ 1-(N +l)aN +NaN+I 
~na· - -'--..-'-~--
•~a - (1-a)2 6 

E. 7 Infinite Serles 

Taylor Series 

~( 1 dn ) • 1 •• 1 ••• 
f(t) = ~ nl dt" f(a) (t-a)" = f(a) + f(a)(t-a) + 2 f(a)(t- a)2 + 6 f (a)(t-a)3 + · · · 

- t" t2 t3 t' 
e1 = L-=l+t+-+-+-+··· 

•=0 n! 2 6 24 

1 -
1 _ t = Lt" = 1 + t + t2 + t3 + t' + ... ; 1 tl < 1 

n=O 

- r ~ ~ ~ 
ln{l+t)= ~(-1)"+1 -=t--+---+··· 

~ n 2 3 4 

Multlvarlable Taylor Serles 
A multi.variable function f (t) around the point a is approximated by 

f(t+a) = f(a)+(Vf(a)Yt+}trV2/(a)t+(higher=0rder terms) 

where both a and t are vectors, V denotes the gradient (vector of partial derivatives of f), 
and V2 denotes the Hessian matrix of second-order derivatives. 
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F Signals and Systems 

F.1 Linear Time Invariant Systems 
Let's assume that the response of a system to input 11i(t) is y1(t) and the response to 
another input u2(t) is y 2(t). The system is linear if for any Ui and u2 and for any scalars a 
and /j, the response of this system to aUi(t)+ PUi(t) is ay1(t)+ /jy2(t). In other words, 
linearity is when you multiply the input by some constant, the output is multiplied by 
the same constant, and the response to sum of signals is the sum of responses. 

A system is time invariant if for any scalar -r the response of this system to u1 ( t - -r) is 
y1(t--r). In other words, time invariance means that the response to a shifted signal is 
shifted response (by the same time). 

F.2 Fourier Sertes 
Trigonometric Fourier series for a function x(t) defined on interval {a, a+ T]: 

x(t)= ~ + ~[akcos(k2; t)+b1 sin(k2; t)] 
where ak, b1 e lR are the Fourier coeffidents, 

211+T ( 2.1r ) a1 = T • x(t)cos kyt dt; k= 0, 1, 2, .. . 

2 11+T . ( 21r ) bk = T • x(t)sm kyt dt; k =1, 2, ... 

Complex Fourier series for a function x(t) defined on interval {a, a+ T]: 

- 2>< 
x(t) = I CkeJly' 

k=-

where C1 e IC are the complex Fourier coeffidents: 

11•+T jl:~ 
ck = T • x(t)e T dt; 

Relation between coefficients: 

{ 

O.S(at - J"bt), 
Ck= O.Sa0, 

O.S(a_t + jb_t), 

Amplitude spectrum: ICtl = O.S~a; + b; 

Phase spectrum: LCk = tan-1 
( :: ) 

Power spectrum: !Cl = 0.25(a: + bD 

k = 0, ±1, ±2, ... 

k = 1,2,3, ... 
k=O 
k=-1,-2,-3, ... 

Parseval's theorem: i J:+Tlx(t)l
2 
dt = f lcl 

k=- -
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F.3 Discrete Fourier Transform ( DFT) 

n=O 

Inverse DFf is defined as 

1 N-1 .2JJ.bi 

x[nJ= N I,C/ti ; n=O, 1, 2, ... , N -1 
k=O 

F.4 Convolutlon Integral 

y(t) = x(t) * h(t) = [ x(-r)h(t--r)d-r 

F.5 Convolutlon Sum 

y[n]=x[n]•h[n]= I,x[k]h[n-k] 
kg--

Commutativity of convolution integral and sum: 

F.6 Generallzed Functions 

Dirac Delta 

x(t) * h(t) = h(t) * x(t) 

x[nl * h[nl = h[nl * x{n] 

Definition: '5(t) = { ~, ! : ~ and [. '5(t)dt = 1. 

1 8(-t) = 8(t) 5 [ x(t)6(t--r)dt = x(-r) 

2 8(at)= f ~~ 6 x(t) •8(t--r) = x(t--r) 

3 8(t--r) = { ~, t = 'r 
t "F-1" 

7 x(t) • c5(t) = l:(t) 

4 x(t)8(t-1") = x(-r)8(t-1") 8 8(t)=ftU(t) 

Kronecker Delta 

Definition: '5[n] = g: : : ~-

1 8[-n]=6[n] 4 L 8[n-k]a[k) = a[n] 
k=--

2 8[an] = 8[n); aeZ\O 5 L6[n-k]6[k- j]= 6[n- Jl 
k=--

3 6[n-k]={1, n=k 
0, n-F-k 
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F. 7 Slgnal Energy and Power 

Energy of x(f): E_ = J_]x(t)l
2 
dt 

- 2 
Energyofx[n]: E_ =I, lx[nJI 

n=--

Average power of x(f): Average power of x[n]: 

P_ = ~2~ fTlx(t)l
2 

dt 
. 1 N 2 

P_= ~2N+1.~)x[nJI 

Average power of T-periodic signal (Va): Average power of N-periodic signal (Va): 

1 rT1 12 PT = T • x(f) dt 

F.8 Fourier Transform (FT) 

FT Definition 

Fourier transform X(w) = .1"{x(t)} 

FT Properties 

Property Name 

1 Linearity 

2 Time shift 

3 Tnne scaling 

4 Tnne reversal 

5 Multiply by t" 

6 Multiply by elaiot 

7 Multiply by cosa>0t 

8 Multiply by sinalof 

9 Derivative 

10 Integral 

11 Convolution 

12 Multiplication 

13 Duality 

14 Parseval's theorem 

1 HN 
Pn = N I, lx[nl12 

n-111+1 

Inverse Fourier transform x(t) = .r-1{X(w)} 

1 J-x(t) = 2n _ X(w)el"" dw 

Signal 'Ilansform 

ax(t) + by(t) aX(w)+bY(w) 

x(t-a); aelR X(w)e-J ... 

x(at); a:il=O 1 x(w) fiiT Ii 
x(-t) X(-w) 

tnx(t); n= 1, 2, ... ·n d• X( ) 
l dw• w 

x(t)ei"""; W0 EJR X(w-w0) 

x(t)cosw0t 
1 
2IX(w+a>0)+X(w-w0)] 

x(t)sina>of f IX(a>+a>0)-X(w-co0)] 

d· 
dt• x(t) (jw)•X(co) 

t x(i-)di-
1 
jw X(w)+nX(0)6(w) 

x(t)•y(t) X(a>)Y(w) 

x(t)y(t) 
1 

2nX(w).Y(w) 

X(t) 2n-x(-co) 

[I x(t)l
2 
dt = 2~ J.]x(co >1

2 
dw 



156 A p p e n d i 1 

FT Common Pairs 

1 8(t) 1 

2 8(t-a); aeR cl-

3 U(t) 
1 

tro(ro)+Jw 

4 U(t)-0.5 
1 
jro 

5 e-lltu(t); a>O 1 
a+joi 

6 1 21rO(ro) 

7 ei"'rl; ro0 eR 2tro{ro -ro0) 

8 cos(ro
0
t) n:[8(ro+ ro0 )+8(ro-ro0 )] 

9 sin(ro0t) jn:[8(ro +m0)-8(m-m0)] 

10 cos(m0t+8) n:[e-i98(m +m0)+ ei88(ro-ro0)] 

11 sin(m0t+8) jn:[cl68(ro + ro0)-el98(m -ro0)] 

12 e-•111 2a 
a2+w2 

13 U(t+a)-U(t-a) 2sin(ll@) 
ro 

14 sin(roat) U(ro+ro0)-U(ro-ro0) ----;rt 

15 rect(t) sine,,(~) 
16 sinc,,(t) rect(~) 

17 tri(t) ( sinc,,(~)J 
18 (smc,,(;n: )J m(~) 

F.9 Partlal Fractions Expansion 
Given a general rational transfer function with real distinct poles, repeated poles, and 
complex poles: 

( ) N(s) K1 Kn 
H 5 = (s+p1)···(s+pn)(s+p,.)'(s2 +as+b) = s+p1 +···+ s+pn + 

+ K,.1 + K,.2 + ... + K,,., + 
(s + p,.)' (s + p,.y-1 s + p,,. 

K1s+K1._1 

+ s2 +as+b 

K1 = lim(s+p1)H(s); i=1, ... , n 
s-+-pi 

. ( 1 di-l ) . 
K.u = lim (. -l)I d 1_ 1 ((s + p,.)' H(s)) ; i = 1, ... , r 

•-->-p,. l . s 



Math Compendium 157 

F.10 Laplace D'ansform (LT) 

LT Definition 
Assume that 'lt(t < O): f(t) = 0. 

Laplace transform F(s) = .C{f (t)} Inverse Laplace transform /(t) = C-1{F(s)} 

F(s) = f~f(t)e-11 dt 1 rr-f(t) = ""2""' F(s)e11ds 
1C J <-J-

LT Properties 

Property Name Signal Transform 

1 Linearity afi (t) + 1if2 (t) aF1(s)+bF2 (s) 

2 Right shift in time f(t-a')U(t-a); a>O f{s)e-.. 

3 Trme scaling f(at); a>O ~F(%) 
4 Multiply by t• t• /(t); n=l,2, ... 

d· 
{-1)" ds• F{s) 

5 Multiply by e"1 f(t)e'li aeC F(s-a) 

6 Multiply by cosoV f(t)cosw0t j£F(s+ jw0)+F(s- jro0)] 

7 Multiply by sin ro0f /(f}sinw0t t£F(s + jro0)-F(s - jro0)] 

8 Derivative j(t) sF(s)- /(0) 

9 Second derivative j(t) s2F(s)-sf(O)-j(O) 

" 10 nth derivative pn>(t) s•F(s)-I,.s•-1 pt-1>(0) 
k~t 

11 Integral J;f(-r)d-r 1 
sF(s) 

12 Convolution /1(f)* /2(f) F1(s)F2 (s) 

13 Initial-value theorem f (0) = lim{sf(s)) ,...,_ 
14 Final-value theorem If lim/(t) exists, then limf(t) = lim(sF(s)) 

t-+- t-t- s -+0 
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LT Common Pairs 

1 o(t) 1 

2 o(t-a); a>O e-• 

3 U(t) 1 
-
s 

4 U(t)-U(t-a); a>O 1-e-.. 
--

5 

5 e-•u(t); aeC 1 
-
5+a 

6 t"C"'U(t); n = 1, 2, ... n! 
(5+a)•+1 

7 (1- at)e-.iU(t) 5 
(s+a)2 

8 cos(at) U(t) s 
52 +a2 

9 sin(at) U(t) 
a 

s2 +a2 

-e-• + e-• U(t) 1 
10 a-b (s+a)(s+b) 

11 ae-a - be-111 
U(t) 

a-b 
s 

(5+a)(s+b) 

(c-b)c• +(a-c)e-"' +(b-a)e-c1 1 
12 (a-b)(b -c)(c -a) U(t) (s+a)(s+b)(s+c) 

13 
-a(c- b)e-•1 - b(a - c)e-111 -c(b- a)e-c1 

(a-b)(b-c)(c-a) U(t) 
s 

(s + a)(5 + b)(5 + c) 

14 
-a(c-b)e-•1 -b(a-c)e-111 -c(b-a)e-a 52 

(a-b)(li-cHc-a) U(t) (s+a)(s+b)(s+c) 

e-'* - e-111 +(a - b )te-"' 1 
15 (a-b)'° U(t) (5+a)(s+b)2 

-ae-• + ae-111 -b(a -b)te-111 U(t) 5 
16 (a-b)2 (s + a)(5 + b)2 

a2e-•1 -b(2a-b)e-"' +b2(a-b)te-111 92 
17 (a-b)2 U(t) (s+a)(s+b)2 

18 e-Mcos(at) U(t) 
s+b 

(5+b)2+a2 

19 e-"'sin(af) U(t) 
a 

(s+b)2+a2 

F.11 Ordinary Dlfferentlal Equations 
Let y<n) + a,._1y<•-t) + · .. + lli.Y(t) + a0y = f (t) be the ordinary differential equation (ODE), 
where /(t) is some function of time. Laplace 

We apply the Laplace transform to both sides of the equation y(t) ~ sY(s)-y(O) 
and get an algebraic equation. We then solve this algebraic equation with regard to s 
to find Y(s). Finally, we apply the inverse Laplace transform to get the solution y(t). 
Similarly, we can solve discrete-time difference equations using the Z-transform. 



Math Compendium 159 

A general solution of a linear homogeneous equation [where f(t) = O] is 
y(t) = C1e•1t + C2e•2t + ... + Cne'n1, where c1, c2, ... , en are constants, and 51, s2, ... , Sn 
are the solutions of the polynomial equation sn +an_ 1sn- 1 + · · · + a1s + a0 = 0. The constants 
C; are found from the initial conditions of the ODE. 

The general solution of a first-order ODE: d~t) + p(t)x(t) = q(t); x(t0) = x0 is 

F.12 Z-Transform 

Z-Transform Definition 
Assume that \f(n < 0): x[n] = 0. 

Laplace transform X(z) = Z{x(t)} Inverse Laplace transform x[n] = z-1{X(z)} 

X(z) = I,.x[n]z-" 
1 I X(z)zk-ldz x[n]= 2nj 

•=0 
~ 

drcle 

Z-Transform Properties 

Property Name Signal nansform 

1 Linearity ax[n]+by[n] aX(z)+bY(z) 

2 Right shift in time x[n-a]; aeN z-"X(z) 
•-1 

3 Left shift in time x[n+a]; aeN z"X(z)- I,.x[k]z•-1 

t~o 

4 Multiply by n nx[n] 
d 

-zTzX(z) 

5 Multiply by n2 n2 x[n] 
d d2 

z dz X(z) + z2 dz2 X(z) 

6 Multiply by a• a•x[n] x(~) 
7 Multiply by cos w0n x[n]cosw0n 

1 . . 
-[X(ei""'z)+ X(ei""'z)] 
2 

8 Multiply by sin a>0n x[n]sina>0n I[X(ei""'z)-X(ei""'z)] 
2 

• z 
9 Summation I,.x[i] z-1 X(z) 

i=O 

10 Convolution x[n] •y[n] X(z)Y(z) 

11 Initial-value theorem x[O] = lim(X(z)) 
•-->-

12 Final-value theorem If X(z) is rational and the poles of (z-l)X(z) have 
magnitudes <1, then lirnx[n] = [(z- l)X(z)],=1 •-+-
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Z-Transform Common Pairs 

1 c5[n] 1 

2 c5[n-a]; a=l,2, ... z-q 

U[n] 
z 

3 z-1 

4 U[n]-U[n-a]; a= 1, 2, ... 
z•-1 

z•-1(z-l) 

5 a•-tu[n-k]; a EC, k = 0, 1, 2, ... 
z1-1 

-z-a 

6 na•U[n] 
az 

(z-a)2 

7 (n+ l)U[n] 
z2 

(z-1)2 

8 n2a•U[n] az(z+ a) 
(z-a)3 

9 
an+k -b•+k 

keZ 
zt+I 

a-b U[n+k-1]; (z-a)(z-li) 

10 
( (a-b)(n+k)an+t-1 -a"'"t +b-+t} 

(a-b)2 ' 
k = 2, 1, 0, ... 

zk+t 

(z-a)2(z-b) 

11 cos[bn] U[n] 
z(z-cosb) 

z2 -(2cosb)z+l 

12 sin[bn] U[n] 
zsinb 

z2 -(2cosb)z+1 

13 a• cos[bn] U[n) 
z(z-acosb) 

z2 -(2acosb)z+ a2 

14 an sin[bn] U[n] zasinb 
z2 -(2acosb)z+a2 

G Linear Algebra 
A rectangular table of m x n numbers is called a matrix: 

where m is the number of rows and n is the number of columns. The numbers 
a;; (i = 1, 2, ... , m; j = 1, 2, ... , n) are called matrix elements. The first index i points to the 
row number and the second index j points to the column number where this element is 
located. 

If the number of rows equals the number of columns (m = n), the matrix is called 
square of the order n. 
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G.1 Speclal Matrices 
A diagonal matrix has zeros everywhere outside of the main diagonal: 

h ~ . d fin d b ~ {1' if i = j w en uii is e e y: u;i = 0, else 

An identity matrix is a special kind of a diagonal matrix with ls on the main diagonal 
(a;; = 1) and denoted by I . 

An upper (lower) triangular matrix is the matrix with zero elements below (above) the 
main diagonal. 

G.2 Matrix Addition and Subtraction 

[ 

lli.1 at2 • • • atn ) [ b11 
~1 a~ · · · a7,. ± b~1 . ~ . . . ~ . . 
a,,,1 a,,.z · · · a..., bm1 

ain±b1,. l 
a2n±b2,. 

··· a..,.±b..,. 

G.3 Matrix Determinant 

det(A2x 2 ) =I~ ~I= ad-be 

a22 a2n a21 a13 a2, a2n 

det(A) = IAI = a11 -a12 
a31 a33 a34. a3n 

+ 

a,.2 a,.,. a,.1 an3 a,,4 a,.,. 

a21 a22 a2, a2,. 

+ lli3 
as1 a32 a34 as .. 

a,.1 a112 a,., ann 

You can reduce the determinant's order from n to n-1 using the approach above to 
simplify the computation. 
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Determinant propeTties: 

1. Switching two consecutive rows (columns) changes the sign of the determinant. 

2. If there are any linearly dependent rows (columns) then the determinant is 
zero. 

3. Adding a linear combination of rows (columns) to some row (column) will not 
change the determinant. 

4. det(kA) = kndet(A), when k is a scalar. 

5. For square matrices A and B: det(AB) = det(A)det(B). 

6. det(Imxm + A,,.,,,,Bnxm} = det(I,.xn + BnxmAmxn). 

7. det(A-1) = det(A)-1• 

G.4 Slngular Matrix 
If det(A) = 0, A is called singular (or noninvertible). The matrix is singular if and only if 
it has linearly dependent rows (or columns). 

G.5 Regular Matrix 
Nonsingular matrices are called regular matrices. 

Non The terms "determinant," "regular," and "singular" are defined only for square 
matrices. 

G.6 Transposed Matrix 
AT= (aft) is the transposed matrix A= (aq)· Note that in the transposed matrix the rows 
are switched with the columns. 

PTOpeTties: 

1. (NY=A 

2. (A+B)T=AT +BT 

3. (kAY = kAT, k is scalar 

4. (ABY=BTN 

5. det(A r) = det(A) 

6. det(sI-N)=det(sI-A) (eigenvalues of A and N are the same) 

G. 7 Symmetric Matrix 

N=A 

G.8 Antisymmetric Matrix 
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G.9 Matrix Multlpllcatlon 

i\.xn · Bnxp = Cmxp = (cq) = (:ta4b19); (i = 1, 2, ... , m; j = 1, 2, ... , p) 
k=l 

CAUTION! The matrix multiplication is not always commutative, that is, it could be 

( 3 0)(1 2) (3 6) (17 o) (1 2)(3 o) that AB :#BA. For example, 7 0 1 2 = 7 14 :# 17 o = 1 2 7 o · 

CAUTION! If AC= BC, it does not mean that A= B. For example, ( j ~) ( ~ g) = 

0 ~ )( ~ g f but 0 ~) :# ( ! ~} 
G.10 Powers of the Square Matrix 

Ak = AA ... A 
~ 

G.11 Square Root of the Square Matrix (Cholesky Decomposition) 
Algorithm for finding the matrix L so that LLT = A for a positive symmetric matrix A 
(see definitions below): 

i-1 

L;.= A~-L,L~ i=l, ... ,n 
k=l 

G.12 Matrix Exponent 
For a scalar power, the exponent could be developed into the following Taylor series: 

For x = at (a is scalar): 

(at)2 (at)3 (at)4 

e"' -1+at+--+-+-+··· - 2! 3! 4! 

Similarly, we could define for a matrix A: 

eA' =I+ At+ (At)2 + (At)3 + (At)4 + ... 
2! 3! 4! 

NOTE The exponent of n x n matrix A is n x n matrix too. 

If we take the Laplace transform from both sides for a large enough 151: 

C(eAt}=-+-+-+-+-+···=- I+ - + - + - + - +· ·· I A A2 A3 A4 1 ( (A) (A)2 (A)3 (A)4 J 
5 52 53 54 55 s s s s s 
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On the other hand, for scalar x, we know that the Taylor series of -1
1 

= 1 + x + -x 
x2 + x3 + · · · and for some matrix C it would be (I - q-1 =I+ C + C2 + C3 + · · · if this series 

is converging. Thus, for C =-~'we get .C{eAt} =~(1- ~ r =(sl-A)-1
• Now, if we take 

the inverse Laplace transform from both sides, we get 

eAt = .c-1{(sl -A)-1} 

NOTB The solution of i(t) = Ax(t) matrix differential equation is the vector x(t) = eA1x(O). 

Properties: 

• p(A)eAt = eAtp(A), for any polynomial p 

• e,..Tt = (eA1y 

• e-M = (eA1)-1 

d • dt eAt = AeAt 

CAUTION! It is not always true that eAeB = eA+B (true only when AB =BA). Here is an 

example: i .'.'1 ~)e(~ ~) = ( 0.54 1.38) and i .'.'1 ~)+(~ ~) = ( 0.16 1.4 ) · 
--0.84 --0.3 --0.7 0.16 

G.13 Matrtx Rank 
rank(A) is the number of linearly independent rows (columns). 

Rows r1, rl' ... , rn are linearly independent if their linear combination a._r1 + a.,_r2 + ··· + 
anrn is not equal to zero for any ai; i = 1, ... , n (except the trivial combination 
a.. = a.,_= ... = an = 0). 

PTOperties: 

• rank(AB) s; min(rank(A), rank(B)). 

• Square matrix A has a full rank if and only if A is regular. 

G.14 Inverse of a Matrix 
The inverse of a matrix A is denoted by A-1 and satisfies 

A(A-t) = (A-t)A =I 

Properties: 

1. (A-1)-1 =A 

2. (kl)T = (AT)-1 

3. (AB)-1 = B-1 A-1 

4. Lemma of matrix inverse: If A and C are regular and A+ BCD exists and is 
invertible, then: (A +BCD)-1 = A-1 -A-1B(DA-1B+C-1)-1DA-1 

5. GivenAnxn' Bnxm' Cmxn: (I-C(sl-A)-1B)-1 =I +C(sl-A-BC)-1B 
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Calculate inveTse matrix: 

2x2: 

A=(a b) => A-1 =_1_( d -b) 
c d ad-be -c a 

3x3: 

I e ' I -I b c I I b c I h i h i e f 

A=U 
b 

n~ d f I; ~I -I~ / I A-1 1 e -
h 

= det(A) g 

I : ~ I -I ; : I I : : I 
CAUTION! In solving matrix equations, it is prohibited to reduce matrices on both 

sides. To simplify the equation, you need to multiply both sides of the equation by 
some inverse matrix from the left or from the right, and then use AA-1 = I . 

G.15 Trace of a Matrix 
II 

For a square matrix A
11

x
11 
= (aii), we define: tr(A) =}:a~, the trace of the matrix A. 

i=l 

Properties: 

• tr(A + B) = tr(A) + tr(B) 

• tr(AB) = tr(BA) 

Example 

Tu compute the trace of the followlng matrix' [ ~ l (1 2 3 O 5), we could compute 

the 5 x 5 matrix first and then add all elements on the main diagonal. Instead, it is much 
more convenient to use the property tr(AB) = tr(BA) and get an element-wise multipli-

~OOn ~ tlmse two vecto~' rr[[Hl 2 3 0 ++ 2 3 0 5HJJ= 
1·1+2·2+0·3+4·0+0·5 = 5. 



166 A p p e n d i 1 

G.16 Orthogonal Matrix 
AT = A-1 (A is a real matrix). 

G.17 Orthonormal Matrix 
The orthonormal matrix is an orthogonal matrix with the columns normalized to the 
norm 1. 

G.18 Elgenvalues and Eigenvectors of a Square Matrix 
For a matrixA,.xn' we define the eigenvalues as the scalar solutions S; of the equation Ax; = S;X; 

for some vector X; · The vector X; that belongs to the eigenvalue s; is called eigenvector. 

Computation: The polynomial det(sI -A) is called the characteristic polynomial A(s) of A, 
and its roots are the eigenvalues of A. 

By solving the equation det(sI -A)= 0 we find all the eigenvalues {s;}, and then by 
solving the system of equations Ax; = S;X; we find all the eigenvectors {xJ 

Diagonalization matrix: Construct a diagonalization transform matrix T from the eigen­
vectors as its columns. You may apply this similarity transform to the matrix A to get: 
T-1AT = diag{s;}. 

Properties: 

1. tr(A) = ts;. 
i=l 

n 

2. det(A)"" II s;· 
i=t 

3. A-sJ is singular. 

4. For 2x2 matrices: A(s) = det(sI-A) = s2 -(tr(A))s+det(A). 

5. Any real symmetric matrix A is diagonizable, all its eigenvalues are real, and all 
its eigenvectors are orthogonal. 

6. s"" 0 is an eigenvalue of A if and only if A is singular (noninvertible). 

7. s -:F. 0 is an eigenvalue of A if and only if subtracting s from the main diagonal 
will reduce the rank(A). 

8. All eigenvalues of upper or lower triangular matrices are located on the main 
diagonal. 

9. If /(A) is an analytic function of A that can be written as polynomial series 
(most functions are ... ), then for any invertible transform T, T-1/(A)T"" /(T-1AT). 
This is an effective technique to compute complicated matrix functions. 

10. A and AT have the same eigenvalues. 

Example 

Let's say we want to compute ( ~ ~ )
2000 

without using a computer. To solve that prob-

lem, we will define A= ( ~ ~) and compute its eigenvalues S; and eigenvectors X;· 
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This will allow us to find a diagonalizing similarity transform T such that T-1AT is 
diagonal. Then, we will use the identity A 2000 = ('Tdiag(s1)T-1

) 2000 to compute the matrix. 

To compute eigenvalues, det(sI -A)= I 501 
5 
~ 21 = (s- l)(s-2) = 0, thus s1 = 1 and 

s2 = 2. We could get those values using property 8 of eigenvalues without any computa­
tions. Now, we need to compute the eigenvectors. For that, we solve the system of 
equations Ax; = s;X; for each s;: 

Note that we should always get an infinite number of solutions if the matrix is 

diagonalizable. In that case, we can choose any x1, for example, x1 = 1, and get x1 = ( 5 J 
Similarly, 

( 1 2)(X1)=s2 (X1)=2(X1) ~ {X1+2~= 2X1 ~ Xi=2x2 0 2 X2 X2 X2 2x2 -2x2 

Again, we have one degree of freedom and we can choose any x2 • For example, x2 = ( i J 
The diagonalizing transform is T = (x1 lx2 ) = ( 6 if thus r-1 = ( 6 1_2 } and the 

diagonal matrix of eigenvalues is D = diag(s1) = ( 6 ~ J 
Finally, A2°00 = (TDT-1 

) 2000 = (TD )/I!') (J"D Y) (J"D Y)-· · (}"DT-1
) = TD2°00T-1 = 

2000 times 

Gayley-Hamltton Theorem 
If det(sI - A) = s" + a 1 sn--1 + · · · + a", then A" + a 1 A n-

1 + · · · + a"I = O. In other words, matrix 
A is a zero of its own characteristic polynomial. 

The polynomial of the lowest degree p(s) such that p(A) = 0 is called a minimal 
polynomial of A. 

G.19 Slmllar Matrices 
Matrices A and Bare similar, if there exists an invertible transform T such that A= T-1BT 
(alternatively, TA= BT). 

Properties: 

• Similar matrices have the same eigenvalues. 

• Matrix A is diagonizable if and only if there exists the invertible transformation 
T such that r-1AT is diagonal, and the columns of T are the eigenvectors of A. 

• A is similar to AT. 
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Example 
We will find a similarity transform between A and AT if they are diagonalizable. Let's 
assume that T1 is a diagonalization transform of A and T2 is a diagonalization trans­
form of AT. Since both A and AT have the same eigenvalues diagonal matrix D, 
T1-

1ATi = D = T2-
1ATT2• Now, we multiply both sides of the equation by T1 on the left and 

T1-
1 on the right: J;P{ A J;pf =A= T1T2-

1ATT2T1-1. So, if we define the similarity trans­
form P = T2T1-1, then A = p-1 AT P. 

G.20 Positive Definite and Semidefinite Matrices 
A real symmetric matrix Anxn is called positive definite if for any vector x =t:- 0 the quadratic 

n n 

form is positive, that is, xT Ax= L,}>1Jx1x1 > 0. We write that as A >- 0. 
i=l i=l 

A real symmetric matrix Anxn is called positive semidefinite if for any vector x =I:- 0 the 

quadratic form is positive, that is, xT Ax= t~:,aii'x1x1 ~ 0. 
i=l i=l 

Pwperties: 

1. Sylvester's Criterion: If for the symmetric matrix A, all the main minors are 

I I 
all a12 a13 

positive all > 0, an a12 > 0, a12 a12 a23 > 0 ... , then A is positive definite. 
~ a12 

a13 a23 a33 
2. If all the main minors are nonnegative, then symmetric A is positive semidefinite. 

3. A square matrix is symmetric and positive definite if and only if there exists 
invertible matrix D such that A= DTD. 

4. A square matrix of the order n is symmetric and positive semidefinite if and 
only if there exists matrix D (rank(D) < n) such that A"" DTD. 

5. Matrix A is positive definite (semidefinite) if and only if all its eigenvalues are 
positive (nonnegative). 

G.21 Block Matrices 

NOTB The eigenvalues of a block-triangular matrix are the eigenvalues of the main 
diagonal blocks. 
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3. If all matrices in the blocks exist, 

[
G'.!J rm ]-l = [1A-1-A-1B(cA-1B-vt1CA-11 IA-1B(CA-1B-D)-1 1] = 
(g [Q] l<CA-lB-D)-lCA-11 HCA-lB-Dtll 

[ 

HBD-1C-At1I ICBD-1C-A)-1BD-1I l 
= I v-1qBv-1c-A)-1 I I v-1 - v-1qBv-1c -A)-1 Bv-1 I 

4. If A is inveroble, then de{~ ~] = det(A )det(D-CA-'B). 

5. If A and D are invertible, then 

Example (9 -1 sl 
For the following matrix M = 8 3 2 , we need to compute det(M), M-1, and prove 

that M >- 0. O O 3 

We divide the matrix into four blocks as follows: 

( 
9 -1 5 l 

M= 8 3 2 
0 0 3 

The blocks are A = ( ~ 31), B = ( ~), C = (0 0), D = (3). Since C is a block of zeros, the 

matrix is block triangular. Therefore, 

det(M) = det(A)det(D) = (9 · 3 + 8) · 3 = 105 

-A-1Bv-1) ( _!_( 3 1) -A-1Bv-1 J [ 3/35 v-1 = 35 --s 9 = -8/35 
0 1/3 0 

1/35 --0.162 l 
9/35 0.21 

0 1/3 

It would be easy to use the Sylvester criterion to check if the matrix is positive defi­
nite, but we cannot do it because the matrix is not symmetrical. We need to find the 
eigenvalues (which are the eigenvalues of the main diagonal blocks for block trian­
gular matrix). These eigenvalues are 3, 5, and 7. All eigenvalues are positive, thus 
M>-0. 
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H Random Variables 
Probability is a number between 0 and 1 that shows the odds of some event, and where 
numbers closer to 1 mean stronger likelihood. In simple cases, probability could be 
approximated by estimating the ratio between the number of desired outcomes out of 
all possible outcomes. 

H.1 Expected Value (Mean) 
Given a random signal X that could have possible values (outcomes) x11 x2 , • • • , x,., ... and 
given probability of each one of those values p1, p21 ••• , p,., ... described by a given distri­
bution, the expected value (or mean, or average) for discrete random variables is given by 

E[XJ= ~p.x. = p x +p x +···+p x +··· 
"-"'' 11 22 nn 

j 

which is the weighted sum of x1 values, where LPi = 1. 

For example, if there are 10 possible value~ that X can take, and all of them are 

equally likely, then the expected value will be E[Xl = L 1~ x1 = 1~ LXv which is an 
arithmetic mean. t 1 

For continuous random variables, and a given density function p(x), 

E[X] = [ xp(x)dx 

Properties: 

• If X = Y, then E[X] = E[Y] 

• E[aX + pY] = aE[X] + .LJE[Y] 

• E[~x1]= ~E[X;] 
H.2 Variance 
A variance is the amount of deviation from the mean µ . It is defined by 

Var(X) = E[(X - µ)21 

Because of the linearity property of the expected value, it could be shown that 

V ar(X) = E[X2 ]-(E[X1)2 

A standard deviation is a square root of variance: 

C1x =.JVar(X) 

H.3 Gaussian Distribution 
There are multiple possible distributions available to describe random processes and 
noises. The most popular is Gaussian (normal) distribution, which is given by (in lD): 

1 (-x-l''f 

fx(x)= ~e-2.T 
v2tw2 

where µ is distribution's mean and G is distribution's standard deviation. It is denoted 
by x - N(µ, G). 
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Multivariate distribution for a vector x is given by 

where x = (x11 x21 • •• , xn)T, µ = (E[x1],E[x2], ... , E[x,.])T, exp(y) = eY, l is the covariance 
matrix, and ILi = det(l). 

The covariance matrix elements are defined by (l;) = EI(x;- E[x;])(x;- E[x))]: 

E[(x1 -E[x1])2] E[(x1 -E[x1])(x2 -E[x2])] 

E[(X2 -E[x2])(x1 -E[xiJ)] E[(X2 -E[x2D2l 

E[(x1 - E[x1 ])(xn - E[xn])] 

E[(x2 - E[x2])(xn -E[xn])] 
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square root of square matrix, 163 
symmetric matrix, 162 
triangular matrix, 161 

Linearcombination,24,162,164 
Linearindependence,164 
Linear quadratic Gaussian (LQG) control: 

block diagram for, 122f, 123/ 
description, 122-123, 122f, 123/ 
infinite horizon, 122 
Kalman-Bucy filter for, 121-123, 125 
optimal cost function for stationary, 123 
separation principle with, 122-123 
state equations of, 123 

Linear quadratic regulator {LQR): 
continuous-time, 88 
cost function for, 87--88 

Index 

Linear quadratic regulator (LQR) (Cont.): 
cross-product extension of cost function with, 

88-89 
discrete-time, 89 
prescnbed degree of stability extension of cost 

function with, 89 
Linear systems, 153 
Linear time invariant {LTI) systems, 153 
Linearization, 69-71 
Lower triangular matrix, 161 
LQG control. See Linear quadratic Gaussian 

control 
LQR. See Linear quadratic regulator 
LT. See Laplace transform 
LTI. See Linear time invariant systems 
Luenberger, David, 44, 105 
Lyapunov, Alexandr, 79 
Lyapunov stability: 

continuous-time LTI systems with, 
81-82 

direct method for, 80-81 
discrete-time LTI systems with, 82--83 
function, 80-81 
internally stable, 79--80, 80/ 
matrix equation, 82--83, 85, 93 
second method for, 80-81 
theorem,71,72,74,81--82 
2D state space with, 80/ 

- M-
Magnetic levitation system control: 

linearization for, 132 
model for, 130-132, 130/ 
system description for, 129-130 

Matrix. See Linear algebra 
Measurement noise, 108 
Measurement update, 110-111 
MIMD systems. See Multiple-input multiple-output 

systems 
Minimal realization, 25, 29 
Modeling: 

bridge crane control, 140-142, 140f 
control system. 3-4, 4f 
direct current motor, 3-4, 4/ 
double inverted pendulum, 133-136 
inverted pendulum, 75 
magnetic levitation system model, 129-132, 

130f 
Van der Pol oscillator, 71 

Multiple-input multiple-output (MIMO) systems, 
21,88 

controllability of, 25 
controller design with, 11, 38 
stabilizability of, 60 

Multivariable Taylor series, 152 
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- N-
Nonlinear differential equations, 69 
Nonlinear systems: 

differential equations describe, 69, 135 
equilibrium points for, 69 
Lyapunov stability for, 79, 81 

Notation and nomenclature, 147 

- o­
Observability: 

definition, 25 
matrix,25 
matrix of nonobservable canonical form, 59 
matrix of observer canonical form, 29 
ofsimilarsystem,26 

Observability subspace, 25 
Observer, 43-49, 44f, 46f, 47/ 
Observer canonical forms, 28-29 
ODEs. See Ordinary differential equations 
Optimal controller: 

continuous-time, 88, 93 
cost function minimized for, 91 
discrete-time, 89 
sufficient and necessary conditions for 

uniqueness of, 88 
Optimal observer in presence of noise. See Kalman 

filter 
Order of system, 11, 19 
Ordinary differential equations (ODEs), 158-159 

conversion from transfer function to, 6-7 
conversion to state-space from, 11-13 
conversion to transfer function from, 4--6 

Orthogonal matrix, 166 
Orthonormal matrix, 166 
Overshoot, 9-10, lqf 

- P­
Parseval's theorem, 153 
Partial fractions expansion, 156 
Performance specifications in complex domain, 

9-10, lqf 
Phase spectrum, 153 
Plant, 1-2, 2/, 3/ 
Pole placement: 

with integrator in loop, 38-39, 39/ 
state-space controller design by, 35--37, 36/ 
tracking input signal using, 38 

Polynomials. See also Characteristic polynomial 
factorization theorem, 149 
Vieta's formulas, 150 

Positive definite matrices, 168 
Positive semidefinite matrices, 168 
Power spectrum, 153 
Powers of square matrix, 163 
Proper system, 27 

- Q­
Quadratic form, 88, 168 

- R­
Random variables: 

expected value, 170 
Gaussian distribution, 170-171 
variance, 170 

Rank, 164 
Regular matrix, 162 
Riccati equations, 88-89, 93, 95, 109, 122, 125 
Root locus (RL), 96. See also Symmetric root locus 
Routh-Hurwitz criterion, 9, 16, 72 

- s-
Second method of Lyapunov, 80--81 
Separation principle, 47, 121 

LQG control with, 122-123, 123/ 
state estimation with, 47--48 

Settling time, 9-10, 10/ 
Signal energy and power, 155 
Similarity transform, 26, 42, 48, 166-168 

canonical noncontrollable form with, 57-58 
canonical nonobservable form with, 58-59 
state-space representations, 25--28 

Singular matrix, 162 
Square root of square matrix (Cholesky 

decomposition), 163 
SRL. See Symmetric root locus 
Stability: 

asymptotic,7-9,79,81-82 
BIB0,7-8,79 
continuous-time systems, 21 
discrete-time systems, 21-22 
internal, 79-80, 80/ 
linear quadratic regulator with prescribed 

degree of, 89 
Lyapunov, 79-85, 80/ 
MIMD systems, 60 
Routh-Hurwitz, 9 

Stabilizability, 57, 59 
Standard deviation, 170 
State: 

difference equation, 20 
differential equation, 17-18 
equation solution, 20 
equilibrium, 69 
estimation, 43--49, 44f, 46/, 47/ 
feedback control, 35--37, 36/ 
variable, 11 
vector, 17 

State-space representations: 
block diagrams of, 22-23, 23/ 
canonical forms for, 27-30 
of closed-loop feedback control architecture, 36/ 



State-space representations (Cont.): 
control system in, 10--13 
controllability of, 24-25 
conversion from ODE, 11-13 
minimal,25 
observability of, 25 
similarity transform for, 25-27 
stability, 21 

Stationary (steady-state) Kalman filter, 111 
Steady-state gain, 38, 111 
Stratonovich, Ruslan, 105 
Stratonovich filter, 105 
Sylvester's criterion, 168 
Symmetric matrix, 162 
Symmetric root locus (SRL): 

continuous-time, 95-98 
discrete-time, 97-98 

System's noise, 108 

- T­
raylor series, 152 
Time invariant, 153 
Time update, 110, 111 
Trace of matrix, 165 
Transfer function: 

characteristic polynomial as denominator of, 
19 

closed-loop, 10, 36, 48-49 
of continuous-time system, 19 
conversion from ODE to, 4-6 

Transfer function (Cont.): 
conversion to ODE from, 6-7 
of discrete-time system, 20 
matrix,21 
open-loop, 99 
of SISO, 18-20 

Transposed matrix, 162 
Triangle inequality, 148-149 
Triangular matrix, 161 
Trigonometric Fourier series, 153 
Trigonometricidentities,147 

- u-
Upper triangular matrix, 161 

- v-
Van der Pol oscillator equation, 71 
Variance, 170 
Vieta's formulas, 150 

- z­
Z-transform: 

common pairs, 160 
definition, 159 
properties, 159 

Zero input response (ZIR), 18 
Zero state response (ZSR), 4-6, 8, 18 
ZIR. See .zero input response 
ZSR. See Zero state response 
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