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Preface

Robotics can be a very challenging and very satisfying way to spend your time. A pro-
found moment in the history of most roboticists is the first moment a robot performed
a task under the influence of his or her software or electronics. Although a productive
pursuit of the study of robotics involves aspects of engineering, mathematics, and
physics, its elements do not convey the magic we all feel when interacting with a
responsive semi-intelligent device of our own creation.

This book introduces the science and engineering of a particularly interesting class
of robots — mobile robots. Although there are many analogs to the field of robot
manipulators, mobile robots are sufficiently different to justify their treatment in an
entirely separate text. Although the book concentrates on wheeled mobile robots,
most of its content is independent of the specific locomotion subsystem used.

The field of mobile robots is changing rapidly. Many specialties are evolving in
both the research and the commercial sectors. Any textbook offered in such an evolv-
ing field will represent only a snapshot of the field as it was understood at the time of
publication. However, the rapid growth of the field, its several decades of history, and
its pervasive popular appeal suggest that the time is now right to produce an early text
that attempts to codify some of the fundamental ideas in a more accessible manner.

Another indication of timeliness might be the fact that much useful information
must be omitted. Many topics, such as perception, are treated only briefly, and others,
including legged locomotion, calibration, simulation, human interfaces, and multiro-
bot systems, are omitted completely. The goal of this book is to extract from both the
underlying specialties and the depth of mobile robotics research literature a coherent
exposition of the concepts, methods, and issues that rise to the forefront in practice,
and to represent the core that is unique about this field.

To that end, as much as possible of the material is restricted to two-dimensional
wheeled vehicle motion and to structured environments. These assumptions produce a
consistent exposition with just enough richness to be relevant and illustrative without
overwhelming the reader with details irrelevant to the purpose.

The book follows a logical progression, mimicking the order in which mobile
robots are constructed. Each chapter represents a new topic or capability that depends
on what came before, and the concepts involved span the fields of numerical methods,

xiii



Xiv PREFACE

signal processing, estimation and control theory, computer vision, and artificial intel-
ligence in that order.

As of this writing, the Mars Science Laboratory Rover named Curiosity has recently
arrived on Mars. It is our third mobile robotic mission to Mars and the legacy of the
last (MER) mission is already historic. This book is not for everyone, but for those
who are prepared and motivated, if you master the content of the text you will have a
very good idea of what is going on inside the brain of a mobile robot, and you will be
well prepared to make one of your own.



CHAPTER 1

Introduction

Figure 1.1 Science Fiction Becomes Fact. Many of the
author’s generation were introduced to robotics and
space travel at the same time when the first Star Wars
movie appeared in 1977. Little did we suspect that real
robots of our own design would drive around on Mars in
1997 for the Pathfinder Mission—only 20 short years
later.

Although robot arms that spot weld our cars together have been around for some time,
a new class of robots, the mobile robot, has been quietly growing in significance and
ability. For several decades now, behind the scenes in research laboratories throughout
the world, robots have been evolving to move automatically from place to place.
Mobility enables a new capacity to interact with humans while relieving us from jobs
we would rather not do anyway.

Mobile robots have recently entered the public consciousness as a result of the
spectacular success of the Mars rovers, television shows such as Battlebots, and the
increasingly robotic toys that are becoming popular at this time.

Mobility of a robot changes everything. The mobile robot faces a different local
environment every time it moves. It has the capacity to influence, and be influenced
by, a much larger neighborhood than a stationary robot. More important, the world is
a dangerous place, and it often cannot be engineered to suit the limitations of the
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robot, so mobility raises the needed intelligence level. Successfully coping with the
different demands and risks of each place and each situation is a significant challenge
for even biological systems.

1.1 Applications of Mobile Robots

Every situation in which an animal, human, or vehicle does useful work today is a
potential application for a mobile robot. Generally, some of the reasons why it may be
a good idea to automate are:

e Better. Manufacturers can improve product quality — perhaps because results are more
consistent, easier to measure, or easier to control.

» Faster. Automation can be more productive than alternatives either due to increased
rates of production, reduced downtime, or reduced consumption of resources.

* Safer. Sometimes the risk to humans is simply not justified when machines are a viable
alterative.

* Cheaper. Using robots can reduce overheads. Robot maintenance costs can be much
lower than the equivalent for man-driven vehicles.

¢ Access. Sometimes, humans cannot even exist at the scales or in the environments in
question.

1.2 Types of Mobile Robots

We can classify mobile robots based on such dimensions as their physical characteris-
tics and abilities, the environments for which they are designed, or perhaps the job
that they do. Following are some examples of a few different classes of mobile robots.

Figure 1.2 Tug AGV (JBT Corporation, Philadelphia, USA).
These laser guided vehicles are used in factories to move
materials from place to place.

1.2.1 Automated Guided Vehicles (AGVs)

AGVs are designed to move materials (an application known as material handling) in
factories, warehouses, and shipping areas in both indoor, and outdoor settings. They
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may convey automotive parts in manufacturing settings, newsprint in publishing com-
panies, or waste in nuclear power plants.

Early vehicles had guidance systems based on sensing wires embedded in the floor
whereas contemporary systems use laser triangulation systems, or inertial systems
augmented by occasional magnetic landmarks in the floor.

It is typical for contemporary systems to employ wireless communications to link
all vehicles to a central computer responsible for controlling traffic flow. Vehicles are
further classified based on whether they pull trailers filled with material (tug-AGV),
pick and drop it with forks (forked-AGV) or convey it on an platform on the top of the
vehicle (unit load AGV).

w (T

T

Figure 1.3 Straddle Carrier. Used to move containers to
and from ships, automated versions of these vehicles are
perhaps the largest AGVs in use today.

AGVs are perhaps the most developed market for mobile robots. Companies exist
to sell components and controls to many competing vehicle manufacturers, and vehi-
cle manufacturers sometimes compete with each other to sell to value-added systems
integrators who assemble a solution for a particular application. In addition to moving
material, the loading and unloading of trucks, trains, ships, and planes are potential
applications for future generations of vehicles.

1.2.2 Service Robots

Service robots perform tasks that would be considered service industry jobs if they
were performed by humans. Some service tasks, like the delivery of mail, food, and
medications, are considered to be “light” material handling, and are similar to the job
of AGVs. Many service tasks, however, are distinguished by higher levels of intimacy
with humans, ranging from coping with crowds to answering questions.

Medical service robots can be used to deliver food, water, medications, reading
material, and so on to patients. They can also move biological samples and waste,
medical records, and administrative reports from place to place in a hospital.

Surveillance robots are like automated security guards. In some cases, the auto-
mated ability to move through an area competently and to simply sense for intruders is
valuable. This application was one of early interest to mobile robot manufacturers.
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Figure 1.4 Health Care and Surveillance Service Robots. (Left) The Aethon Corp. “Tug”
Vehicle is used to move food, linens, records, specimens, and biological waste in hospital
settings. (Right) A surveillance robot like Robart might scan a warehouse for unwanted
intruders on its regular rounds.

1.2.3 Cleaning and Lawn Care Robots

Other service robots include machines for institutional and home floor cleaning and
lawn care. Cleaning robots are used in airports, supermarkets, shopping malls, facto-
ries, and so on. They perform such operations as washing, sweeping, vacuuming, car-
pet shampooing, and trash pickup.

These devices are concerned, not with getting somewhere, or carrying anything,
but instead with getting everywhere at least once. They want to cover every part of a
particular area of floor in order to clean it.

Figure 1.5 Floor and Lawn Care Service Robots. These kinds of mobile robots care about
area coverage. They try to “visit” every place in some predefined area.

1.2.4 Social Robots

Social robots are service robots that are specifically designed to interact with humans
and often their main purpose is to convey information or to entertain. Although sta-
tionary information kiosks convey information, social robots require mobility for one
reason or another.
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Figure 1.6 Entertainment and Tour Guide Robots. (Left, Cen-
ter) The SONY QRIO and AIBO robots dance and play, respec-
tively. (Right) The EPFL tour guide moves from one station to
another, often surrounded by people, and it describes museum
exhibits.

Some potential applications include answering product location questions in a
retail store (grocery, hardware). A robot that delivers hamburgers to kids in a restau-
rant would be fun. Robot assistants for elderly and infirm individuals could help their
owners see (robot seeing-eye dog), move, or remember their medication.

In recent years, SONY Corporation has produced and marketed some impressive
robots intended to entertain their owners. The earliest such devices were packaged as
“pets.” Automated tour guides in museums and expositions can guide customers
through a particular set of exhibits.

1.2.5 Field Robots

Field robots perform tasks in the highly challenging “field” conditions of outdoor nat-
ural terrain. Almost any type of vehicle that must move about and do useful work in
an outdoor setting is a potential candidate for automation. Most things are harder to do
outdoors. It’s difficult to see in bad weather and it’s difficult to decide how to move
through complicated natural terrains. It’s easy to get stuck, too.

Figure 1.7 Field Robots. Field robots must engage the world exactly as it exists. (Left) Semi-
automated fellerbunchers similar to this one have been designed to gather trees. (Right) Auto-
mated excavators have been prototyped for mass excavation applications—where large
amounts of dirt are loaded over short time periods.
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Vehicles that do real work look the way they do for good reasons. Hence, field
robots look a lot like their human-driven equivalents. Field robots are often of
the form of arms and/or tools (called implements in general) mounted on a mobile
base. As such, they exemplify a more general case of a mobile robot that not only
goes somewhere but also that interacts physically with the environment in some use-
ful way.

In agriculture, real and potential applications include planting, weeding, chemical
(herbicide, pesticide, fertilizer) applications, pruning, harvesting and picking fruit and
vegetables. In contrast to household grass mowing, large scale mowing is necessary in
parks, and on golf courses, and highway medians. The specialized man-driven vehi-
cles used in mowing are good candidates for automation. In forestry, tending nurseries
and the harvesting of full grown trees are potential applications.

There are diverse applications in mining, and excavation. Above ground, excava-
tors, loaders, and rock trucks have been automated in open pit mines. Underground,
drills, bolting machines, continuous miners, and load-haul-dump (LHD) vehicles have
been automated.

1.2.6 Inspection, Reconnaissance, Surveillance,
and Exploration Robots

Inspection, reconnaissance, surveillance and explorations robots are field robots that
deploy instruments from a mobile platform in order to inspect an area or find or detect
something in an area. Often, the best justification for a robot is that the environment is
too dangerous to risk using humans to do the job. Clear examples of such environ-
ments include areas subject to high radiation levels (deep inside nuclear power
plants), certain military and police scenarios (reconnaissance, bomb disposal), and
space exploration.

In the energy sector, robots have been deployed to inspect components of nuclear
reactors including steam generators, calandria, and waste storage tanks. Robots to
inspect high tension power lines, and gas and oil pipelines have been prototyped or
deployed. Remotely piloted undersea vehicles are becoming increasingly more auton-
omous and they and have been used to inspect oil rigs, communications cables on the
seabed and even to help find shipwrecks like that of the Titanic.

Research into developing the robotic soldier has become particularly intense in
recent years. Robotic vehicles are being considered for such missions as reconnais-
sance and surveillance, troop resupply, minefield mapping and clearing, and ambu-
lance services. Manufacturers of military vehicles are already working hard to get a
diverse array of robotic technologies into their products. Bomb disposal is already an
established niche market.

In space, several robotic vehicles have now driven autonomously for kilometers
over the surface of Mars and the concept of vehicles that maneuver around space sta-
tions under thruster power has been on the drawing table for some time.
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Figure 1.8 Exploration Robots. (Left) The military robot is intended to explore environments
where it may be too unsafe for soldiers. (Right) The Mars Science Laboratory searches for signs
of life in the hostile environment on Mars.

1.3 Mobile Robot Engineering

1.3.1 Mobile Robot Subsystems

There are a host of challenges that become instantly obvious when attempting to con-
struct systems exhibiting autonomous mobility. At the lowest level in a conceptual
hierarchy of abilities, robots require the capacity of automatic control. Doing this
involves the sensing of the states of actuators such as steering, speed, or wheel veloci-
ties and the precision application of power to those actuators to cause them to exert
the correct forces. However, moving around competently requires more than an accel-
erator, steering and engine that do what they are told — there needs to be a driver. This
book is mostly about the construction of such a driver.

Often, the objective is one of navigation, to move somewhere in particular or to
follow a particular path. Accomplishing that requires a vehicle state estimation system
that knows where the vehicle is at any time along the way. Navigation and control give
a robot the capacity to drive (albeit blindly) from place to place, provided there is
nothing in the way — but what if there is something in the way? The need for a capac-
ity to understand the immediate surroundings, known as perception, arises in many
different contexts ranging from following the road in view, to dodging a fallen tree, to
recognizing the object for which the robot has been searching.

Although such an understanding of the environment is one aspect of intelligence,
planning is another. Planning involves a capacity to predict the consequences of alter-
native possible courses of action, and a capacity to select the most appropriate one for
the present situation. Planning often requires models of both the environment and the
vehicle in order to predict how they interact. The former models are called maps and
they are used to help decide where to go.

Maps may be produced externally to the robot or they may be produced by an onboard
mapping system that uses the navigation system and the perception system to record
salient aspects of what has been seen in its correct relative place. Maps can have other uses
besides support of planning. If maps record both what is seen and where it is seen, it
becomes possible for the robot to determine its position in the map if it can match what it
does see to what it would see if it was in a particular hypothesized position.
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1.3.2 Overview of the Text

This book will discuss many aspects of each of these subsystems in the order in which they
might be developed, integrated, and tested during the construction of a prototype robot.

Preliminary material in mathematics (Chapter 2), numerical methods (Chapter 3),
and physical models (Chapter 4) is presented first and the rest of the text will rely on it
heavily. Thereafter incremental aspects of mathematics, models, and methods will be
introduced as needed. Chapter 5 presents certain aspects of probability and then a
more advanced topic that has special importance in mobile robots — optimal estima-
tion. The problems of knowing where you are and of knowing what is out there are
solved more effectively using optimal estimation techniques. State estimation (Chap-
ter 0) is presented next because it produces the most basic feedback necessary for con-
trol of mobility. It is also a good introduction to some of the issues that are most
peculiar to mobile robots. As we will see, moving is often not so hard compared to the
problem of knowing precisely how you have moved or where you are.

The topic of control system design and analysis (Chapter 7) is presented next.
Here are the basic techniques that are used to make things move in a controlled
and deliberate fashion. Control makes it possible to move at a particular speed,
with a particular curvature, or to a particular goal position and heading. It also
becomes possible to move any articulations to point sensors, to dig a hole, or to
pick up something. When Perception (Chapter 8) is added to this basic moving
platform, things get very interesting quickly. Suddenly the mobile system poten-
tially becomes able to look for things, recognize and follow or avoid people, and
generally move much more competently in the local area. Such a system can also
construct maps on small scales, and plan its motions in those maps based on the
results of state estimation.

The topics of Localization and Mapping (Chapter 9) are two sides of the problem
of locating objects relative to the robot or locating the robot relative to a map of
objects. Once the robot can see objects, it can remember where they are and the asso-
ciated map can be very useful the next time this or any other robot inhabits the area.
The final chapter presents Motion Planning (Chapter 10). When maps are available on
a large scale, whether produced by a robot or a human, it becomes possible to do some
very intelligent things. Given an accurate map, robots can rapidly compute the best
way to get anywhere and they can update that map rapidly as new information is gath-
ered on the move.

1.3.2.1 Layers of Autonomy

For mobile robots, and for us, problems that require deep thought cannot be solved in
an instant. There are other problems like avoiding the jaywalking pedestrian, which
must be solved in an instant. Yet, it is difficult to be both smart and fast so robots tend
to use a hierarchy of perceive-think-act loops in order to allocate resources optimally
(Figure 1.9). Higher levels tend to be more abstract and deliberative, whereas lower
levels tend to be more quantitative and reactive.
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Figure 1.9 Layers of Autonomy. The entire mobile system can be described in terms of three
nested perceive-think-act loops.

1.3.2.1.1 Reactive Autonomy. This layer is responsible for controlling the motion of
the vehicle with respect to the environment and any required articulations. It typically
requires feedback only of the articulation and motion state (position, heading, attitude,
velocity) of the vehicle. The content of the book up to the middle of the Control chap-
ter fits in this layer.

1.3.2.1.2 Perceptive Autonomy. This layer is responsible for responding to the
immediately perceivable environment. It typically requires feedback of the state of the
environment, which is derived from Perception. This layer requires estimates only of
short-term relative motion and it tends to use environment models that are valid only
locally. Prediction is limited to a few seconds into the future. The content of the book
up to the Perception chapter fits in this layer.

1.3.2.1.3 Deliberative Autonomy. This layer is responsible for achieving longer
term goals, sometimes called the “mission.” This layer requires earth-fixed position
estimates and it tends to use environment models that extend over large areas. Predic-
tion may extend arbitrarily far into the future. The content of the book up to Motion
Planning chapter fits in this layer.

1.3.3 Fundamentals of Wheeled Mobile Robots
At this point in the history of the field there is no agreed-on list of fundamental con-

cepts that constitute the core a of mobile robotics curriculum. Whereas homogeneous
transforms take center stage in any text on robot manipulators, mobility changes
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everything — even the governing mathematics. This text takes the perspective that
the most basic model of a wheeled mobile robot is a kinematic differential equation
that is constrained and nonlinear. Most of the content of the text follows from that
perspective.

The easiest way to formulate wheeled mobile robot (WMR) models is write the
velocity kinematics and to do so in the body frame because the actuators, as well as
the sensors, move with the robot. Fluency with ideas of moving coordinate systems
makes the velocity kinematics very straightforward to derive in the general case. Once
these ideas are mastered, they also play a role in mechanical dynamics, inertial navi-
gation and stability control. However, in moving from the plane to three dimensions,
the rate kinematics also get more complicated. In many cases, the basic WMR model
requires explicit constraints for treatment of both rolling without slipping and terrain
following. At this point, our model has become a differential algebraic system and we
will cover both velocity and force driven models.

However, although the rate kinematics of WMRs thus produced are straightfor-
ward, the rotation matrix that appears to convert coordinates to the world frame makes
the integrand nonlinear, and in a very bad way. The trig functions of orientation states
make the problem of driving to a particular place — arguably the most basic problem
of all — more formidable than the famous Fresnel integrals, and therefore not solvable
in closed form. The elegance of manipulator inverse kinematics is simply not achiev-
able for mobile robots and a host of related problems cannot be solved in closed
form — even in the plane. Thus, any time we want to write a relationship between state
(pose) and inputs, we have to be content to write an integral, so the text has a lot of
integrals in it.

Then computers come to the rescue. The book covers numerical methods because a
large number of important problems succumb to a short list of basic numerical meth-
ods. Some effort has been expended here to reduce every robotics problem into its
associated canonical “method.” Nonlinear least squares, for example, is fundamental
to both estimation and control and the Kalman filter itself is derived here from
weighted least squares. Likewise, the Newton iteration of constrained optimization
applies to problems as diverse as terrain following, trajectory generation, consistent
map building, dynamic simulation, and optimal control. As for that most basic prob-
lem of all? It is a numerical rootfinding problem that Newton’s method handles read-
ily once the problem is parameterized. Thus, although we cannot write elegant
formulae for fundamental reasons, we can still get the job done in a computer.

Once the basic WMR model is in place we will integrate it, parameterize it, perturb
it, take its squared expected value, invert it etc. in multiple ways in order to supply
control and estimation systems with the models they need. They need them to provide
the feedback and perform the actions necessary for a robot to know where it is and get
where it is going. All of this is illustrated using essentially the same basic model of a
robot actuated in linear and angular velocity.

Along the way the tools of linear systems theory prove to be powerful. In addition
to providing the means to control the robot, these tools allow us to understand the
propagation of systematic and stochastic error and therefore to understand the behav-
ior of dead reckoning and to even calibrate the system while it is in operation.
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Then the robot opens its eyes and evaluates its options. Once there are options we
need optimization to pick the best one, and optimal control supplies the required
formalism for both obstacle avoidance in the continuum and global motion planning
in discretized world models. The text takes the perspective that Bellman’s principle
of optimality is the basic strategy needed to search the trajectory continuum. First,
we convert the optimal control problem to nonlinear programming to avoid obsta-
cles, follow paths, and execute maneuvers. Then we convert it a second time to a
sequential decision process to plan paths on a more global scale using A* and its
modern derivatives. When we are done, we will have revealed the mind of an artifi-
cial entity endowed with a capacity to navigate intelligently, purposefully, and suc-
cessfully from one place to another in complicated environments.

It is hard to get all that in one book. Legged robots and humanoids are other funda-
mentally distinct configurations whose treatment will have to be the subject of other
books.

1.3.4 References and Further Reading

There mare many good books on robotics and mobile robotics available on the market
today. Here are just some of them.

[1] George A. Bekey, Autonomous Robots: From Biological Inspiration to Implementation and
Control, MIT Press, 2005.

[2] Greg Dudek and Michael Jenkin, Computational Principles of Mobile Robotics, Cambridge
University Press 2000.

[3] Joseph L. Jones, Bruce A. Seiger, and Anita M. Flynn, Mobile Robots: Inspiration to Imple-
mentation, A. K. Peters, 1993.

[4] P.J. McKerrow, Introduction to Robotics, Addison-Wesley, 1991.

[5] Ulrich Nehmzo, Mobile Robots: A Practical Introduction, Springer, 2003.

[6] Bruno Siciliano and Oussama Khatib (eds.), Springer Handbook of Robotics, Springer, 2008.

[7] Roland Siegwart and Illah R. Nourbakhsh, Introduction to Autonomous Mobile Robots, MIT
Press, 2005.

1.3.5 Exercise

1.3.5.1 Mobility

Comment in one or two sentences for each subsystem on how the goal of mobility
requires that a mobile robot have such a subsystem.

* position estimation
* perception

* control

e planning

* locomotion

* power/computing



CHAPTER 2

Math Fundamentals

Figure 2.1 WorkPartner Robot. This robot is designed to not only
get to the job, but it can do the job, too. The kinematic and
dynamic modelling of this robot illustrates wheeled locomotion
and dual-armed manipulation. To control this robot, models of
both its mobility and its manipulation capability are needed.

Kinematics is the study of the geometry of motion. Kinematic modelling therefore
enjoys a particularly distinguished role as one of the most important analytical tools
of mobile robotics. We use kinematics to model the gross motion of the robot body as
well as the internal motions of mechanisms associated with suspension, steering, pro-
pulsion, implements, and sensors. Kinematic models are employed offline for such
diverse purposes as design, analysis, and visualization. Such models are also used
online on computers used to interface to robots or on the computers on the robot.
Many kinematic models are based on matrices and we will need a few advanced top-
ics on matrices for a few other purposes, so matrices are reviewed first. The tools
developed in this section will be used throughout the rest of the book.

2.1 Conventions and Definitions
This chapter will present some aspects of notation that will be unfamiliar to most

readers who have not studied advanced dynamics. We do not need advanced dynamics
in this book but we do need precise notation. We also need notations powerful enough

12
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to handle many concepts from dynamics rather than just homogeneous coordinates
applied to points and vectors in space. For these reasons, we will depart from the con-
ventions of many other robotics books and use the notations of physics rather than
those of computer graphics. The reader is advised to skim this subchapter first up to
Figure 2.7 and the commentary afterward. With that context, a second reading would
be more illuminating.

2.1.1 Notational Conventions

It will be necessary in the rest of the text to adhere to a fairly strict set of notational
conventions for describing geometry and motion. In most cases, the quantities of
interest can be interpreted as properties of a first object that are defined with respect to
a second. For example, the velocity of a robot is more precisely a statement about the
robot and the ground or floor over which it drives.

2.1.1.1 Unspecified Functions

The most basic interpretation of functional notation is to consider a function f'( ) to be
a syntactic mapping of a list of supplied symbols, called the arguments, onto an
expression involving those symbols. Thus if f(x) = x*+6x then
f(3) = (3)"+6(3)and fapple) = (apple)* + 6(apple).

The text will present numerous algorithms in an unspecified function notation either
for reasons of brevity, to emphasize that the precise form of the function is irrelevant, or
because the precise form is too complicated or unknown. The letters f( ), g( ) and
h( ) will typically be used for unspecified functions. The appearance of the same letter
for a function in two places will not necessarily mean the same function is implied.
This convention is common in calculus books because this is the point in mathematics
where we discuss transformations of functions, like derivatives, which are indepen-
dent of the function itself.

Thus in one instance, we may have f(x) = ax + b whereas nearby there appears
fx) = X Probability is an extreme case of this convention where p(X) and p(Y)
are totally unrelated because the different arguments are intended to indicate different
functions, and every probability density function in this and most other books is called
p( ) ! Hence, this convention is not as new as it may seem.

In such notation, it is important to recognize that the appearance of a symbol in an
argument list to a function means that it appears somewhere in the explicit expression
of the function. Thus, the expression f(x, u, )means that all of these arguments will
appear explicitly. For example:

f(x,u,t) = ax+bu+ct

If f() does not explicitly depend on time ¢, then the expression becomes f(x, u).
For example:

f(x,u) = ax+ bu
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It is tempting to read the expression f(x, u)from a computational point of view, to
mean that if x and u are specified, this constitutes enough information to compute
£ ()but this is true only if the explicit form of f( )is known.

As a completely separate matter, it may be the case that either or both of x and u
depend on time t. If so, this dependence may be stated or it may be implied, but in any
case the expression f'(x, u)conveys nothing about whether x or u depend on time or
not, or the nature of the dependence. On occasion, when it is important to make this
clearer, we may write:

S (x(0), u(2))

If this is so, it clearly means that f( ) depends only on time, so we may write:

g(1) = f(x(2), u(t))

Here, we used g( ) to make it clearer that the explicit form of g( ) will certainly be
different from the explicit form of f( ) but note that both functions return the exact
same number for their values once ¢ is specified. That is, when one computes f(x, u)
from x(¢#) and u(t), the value returned is that same one that would be returned by
computing g(t).

In summary, the statementy = f(x)is a statement that y depends on x in some
unspecified manner but we will never write such a statement to mean that y does
not depend on u unless there is more context to render such a conclusion a reason-
able one. Unspecified functional notation like f(x) is used for indicating that
dependencies exist, whereas explicit functional notation like f(x) = x” is used for
specification of the precise nature of dependencies. Neither notation is used to indi-
cate that other dependencies do not exist. It may be the case that f(x) is just an
abbreviation for f(x, u)but the dependence on u is not relevant to the immediate
presentation.

2.1.1.2 Functionals

There is another form of dependence that will be of interest. A functional is not the
same thing as a function. A functional is a dependence that maps entire functions onto
numbers. At times, we will use square brackets to make the distinction clearer. Hence
if J[ f] means that J is a functional of the function f, then J might such that
J[sin(x)] = 2 and J[ax+b] = b/(2a).

Functionals are familiar even if their name is not. Definite integrals are one form of
functional because if:

UGBS

Then J[sin(x)] = 2 and J[e'] = " -1 so the integral maps functions onto num-
bers. Physical quantities like centroids and moments of inertia, and statistical concepts
like mean and variance are defined by functionals.

2.1.1.3 Physical Quantities

We will need to represent a physical quantity r, relating two objects a and b,
denoted rz. The quantity could be the position, velocity, acceleration, angular
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velocity, orientation, pose, homogeneous transform, etc. Generally, physical quanti-
ties of interest will be asymmetric, so usually:

b a
Va?fi"b

We will sometimes record our knowledge of the » quantity between ¢ and b by an
edge in a graph (Figure 2.2):

r ' Figure 2.2 Physical Quantity Relating
b > Two Objects. It will sometimes be conve-
\ nient to use graphs to represent what we

know about some objects.

)

2.1.1.4 Instantiated Quantities

While r denotes the quantity in general, rz means the specific quantity associated
with the two named objects. In the second case, we can sometimes think of » as a
property of object a but more often context is necessary because the property also
depends on the choice of object b:
¥

We read rZ as the “r” property of a relative to b. For example, “the” velocity of an
object is not defined. Every object has a velocity with respect to every other object in
the universe, so it takes two objects, as in V,, to be precise about what the velocity of
object @ means. Angular velocity can neither be measured relative to a point nor pos-
sessed by a point because a point has no orientation and therefore no rate of orienta-
tion change. For this reason, points are disqualified as objects for expressing
relationships involving orientation or its derivatives.

We will say that a quantity associated with two specific objects is instantiated. For
example, Vf.Z:th = (10, 20) might mean that a car has a velocity relative to the earth
surface of 10 mph in the east direction and 20 mph north. Conversely, we will say that
a quantity with unspecified objects is uninstantiated. For example, v = (10, 20)
might mean the property of having a velocity relative to something of 10 mph in the
east direction and 20 mph in the north.

2.1.1.5 Frames of Reference and Coordinate Systems

As mentioned above, the velocity of something is only meaningful when expressed
relative to something else. That critical something else is known in physics as the
frame of reference [2]. When we write I’Z, the object b is the frame of reference. Its
role is to serve as the datum or origin with respect to which the property of a is
expressed. The thing that distinguishes reference frames from each other is their state
of motion (linear and angular position, velocity, and acceleration).

Conversely, when we described the uninstantiated velocity v = (10, 20) earlier, it
was necessary to refer to the two directions east and north to understand the interpre-
tation of the numbers 10 and 20. These directions are known in physics as the coordi-
nate system. If the directions are changed to west and south, the numbers would have
to be changed to —10 and —20 to convey the same meaning. Even the numbers 10 and
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20 and the expression “mph” require definition. The numbers are a particular kind of
number system and “mph” is a member of the unit system in use. Changing coordi-
nates changes the description but not the underlying relationship. In our conventions,
we will denote the fact that north-east (ne) coordinates are used to express the velocity
by using the left superscript, thus "“v. The left superscript will be used on occasion to
explicitly specify coordinates.

2.1.1.6 Dimension and Order of a Physical Quantity

Physics distinguishes classes of physical quantities based on dimension and order.
Order specifies whether the quantity involved can be expressed as a scalar (order 0), a
vector (order 1), a matrix (order 2), and so on. Mass is a scalar; velocity is a vector,
and inertia is a matrix. Dimension relates to how many numbers are needed to define
the quantity. Velocity in the plane is two-dimensional, whereas inertia in space is a
3 X 3 matrix.

2.1.1.7 Vectors, Matrices and Tensors

A matrix is a set of numbers arranged in a rectangular array. It is a more specialized
concept than a simple set because the numbers are sorted in two dimensions and they
must form a rectangle. For example:

4= |2 36

8 43
is called a 2 X 2 matrix because it has 2 rows and 2 columns. These are the dimen-
sions of A. Rectangular matrices, such as a 2 X 3 matrix, also occur commonly in
practice. The matrix 4 above is square and the numbers 2 and —4.3 are on its diago-

nal. One special square matrix is the identity matrix, which has only ones along its
diagonal, and zeros elsewhere:
;=110
01

Notationally, / is used for any identity matrix regardless of its size. A matrix of
the form:
e |

:

1s sometimes known as a vector. Note the x is also the first column of 4. We will
often use such vectors to express a vector quantity from physics, such as force, in a
particular coordinate system. Inertia, covariance, and stress are matrix-valued quanti-
ties that, just like vectors, change the numbers in the matrix if the coordinate system
changes.

Often matrices will be denoted with an uppercase letter and vectors will be under-
lined. It is conventional to consider most vectors to be matrices of one column rather
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than one row. Hence, the notational device )gT =[2 8] is used in most texts to denote
the conversion of a column vector to a row vector. The uppercase T superscript is used
to denote the transpose operation that reflects a matrix around the line that would
define the diagonal of a square matrix. As we will see later, a transpose is often neces-
sary to express particular matrix multiplication operations with precision. Note that
particular elements in a matrix or vector can be identified by associating indices that
amount to defining an integer valued coordinate system with respect to the top left
corner. Thus:

A[2,2] = A[2][2] = ay = 4.3

Conventionally matrix indices start with 1 in books while they start with 0 in most
programming languages and this is a rich source of software bugs. Note that vectors
need only a row index — the column index is understood to be 1:

x[2,1] = x[2] = x, = 8

Although a vector is a like a line segment and a matrix is like a rectangle, a tensor is like
a 3D box. It has three dimensions that could be called row, column, and depth. A tensor
can be visualized as a stack of matrices. Here are the three “slices” of such a stack:

T o= (2367 r,=|3-512 ro=| 7 9218
42 -1 §-4 0 13

8-430
Tensors arise naturally in matrix calculus as well as advanced physics and we will
have limited uses for them. This third-order tensor has 3 indices, though more are
possible. Each element in the tensor has its integer coordinates. For example, if the
indices are [row][col][depth] then:

T[1,3,2] = T[1I[31[2] = t;5, = 12

Clearly, matrices and vectors are just tensors of order 2 and 1, respectively, and a sca-
lar is a tensor of order 0.

2.1.2 Embedded Coordinate Frames
2.1.2.1 Objects and Embedded Coordinate Frames

The objects of interest to us will be real physical bodies like wheels and sensors,
obstacles, and robots. Generally we will denote these by a single letter, or occasion-
ally a word such as HAND. We will often abstract these bodies by sets of axes that are
fixed in the bodies (Figure 2.3) and that move with them to help us track their motion.
For example, one convention is to put axes at the robot centroid.

These conceptual embedded sets of axes are fundamental to modelling the
motion of rigid bodies. They have two properties of interest. First, because of their
association with a real object, they have a state of motion so they can function as
reference frames. It is meaningful to ask how something is moving relative to them.
Second, three orthogonal axes form the basis of a Cartesian coordinate system so it
is meaningful to ask about, for example, the components or projections of a vector
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onto these axes. Hence, our embedded sets of axes have the properties of a coordi-
nate system.

We will refer to these embedded sets of axes as coordinate frames and we will
often use them as surrogates for the objects they represent. It will also be convenient
at times to embed a coordinate frame in a point with the understanding that its orienta-
tion is not meaningful.

2.1.2.2 Coordinate System Independent Quantities

Relationships can be stripped of their coordinate system and remain meaningful.
Although the situation is analogous for relationships of all orders, we will concentrate
on vectors. Consider the rule for transforming a velocity with respect to frame b into
one with respect to frame c:

NG N N¢

V, = V,+ Yy 2.1)

Here, the important point is that this law holds regardless of the objects involved. The
letters a, b, ¢ are merely placeholders for any objects we care to use.

Z
X
y a ©
——
Va
B O

Figure 2.3 Embedded Coordinate Frames.
A coordinate frame is embedded in an Figure 2.4 Vector Addition Without Coor-

object. This conceptual object possesses the dinates. Vector addition is defined geomet-
properties of both a reference frame and a rically so coordinates are not needed to
coordinate system. define the operation.

The notation that places a small vector symbol over a letter as in v and v, is used
universally in physics to denote a relationship expressed in coordinate system inde-
pendent form. This is a notational convenience, which is meaningful because all
physical laws (such as Equation 2.1) hold irrespective of the coordinate system in
which the relationships involved are expressed. Addition of vectors in this form is
defined geometrically by placing them sequentially in tip to tail fashion as shown in
Figure 2.4.

Conversely, an underline and left superscript, such as in the notation ‘v, denotes a
vector v expressed in coordinate system a . If it were expressed in a different coordi-
nate system b , the same vector would have a potentially different representation (dif-
ferent numbers in its associated row vector), and it would be denoted by .

2.1.2.3 Free and Bound Transformations

At times it is useful to derive one relationship from another. For example, Equation 2.1
can be regarded as a process that derives v, from v? . The relative velocity of frames
b and ¢ (v}) is required to do this. Two classes of transformation (free and bound)
will be of interest to us. They are best illustrated with position vectors as shown in
Figure 2.5.
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Suppose the position vector ?7, of the point p is known with respect to frame a . If
another frame b is available, at least two mechanisms are available to associate the
position of point p with frame b .

In a bound transformation to frame b (which treats ?; as a bound vector) the tail
of the vector is moved to frame b to produce the vector ?l;. This is a transformation
of reference frame. Conversely, a free transformation (which treats ?; as a free vec-
tor) is a more subtle transformation. It leaves the vector alone and merely expresses
it in the coordinates of frame b to produce the quantity br This is a conversion of
coordinates that does not change the definition of the orlgmal vector in any way.
Some texts call a bound vector a point and a free vector is called a vector. We will
sometimes have to treat the same vector in both ways as just described

In Figure 2.6, we define the quantity " to mean the projections of 7 » onto the axes
of frame b. This can be visualized by freemg r » and moving its tail to frame b before
performing the projections as shown in Figure 2.6. The coordinates of the result are:

b Xb Xb
p _
ro= [P 74 2.2)
-P b b
yp_ya
b b
> Xp—Xa b b
- > V,~ Y,
sa P
y Py S A

Figure 2 5 Free and Bound Vectors. If the —  f _ roem" *|

a
vector rp is bound, the change of reference x ‘yM
frame from a to [g changes its magnitude

and direction to rp. If it is free, its tail can
be simply moved to the origin of b. This
new vector is identical to rp but its expres-
sion in the coordinates of b may differ from
that of a.

b a

Figure 2.6 Interpretation of Iy The
coordinates of the result are equivalent to
treating rp like a free vector and moving it
to the origin of frame b.

2.1.2.4 Notational Conventions

The notation that will be used consistently throughout the book can be visualized
as follows:

r: physical quantity / property

o: object possessing property

d: object whose state of motion
serves as datum

c: object whose coordinate system
is used to express result

Figure 2.7 Notational Conventions. Letters denoting physical quantities may be adorned by
designators for as many as three objects. The right subscript identifies the object to which the
quantity is attributed. The right superscript identifies the object whose state of motion is used
as datum. The left superscript will identify the object providing the coordinate system in
which to express the quantity.
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When the coordinate system object is unspecified, it will be the same object as the
datum and vice versa. These conventions are summarized in Box 2.1.

Box 2.1: Notation for Physical Quantities

We will use the following conventions for specifying physical quantities:

r, denotes the scalar r property of object a.

r,, denotes the scalar n-th component of a vector or the #-th entity in a sequence.
n p y q

r;; denotes the scalar ij-th component of a matrix or the ij-th entity in a
sequence of order 2.

7, denotes the vector r property of object a expressed in coordinate system

independent form.
r,, denotes the vector r property of object a expressed in the default coordi-

nate system associated with object a. Thus r, = “ .

>b . . . .
7, denotes the vector r property of a relative to b in coordinate system inde-
pendent form.

{‘z denotes the vector r property of a relative to b expressed in the default

. . . . b b
coordinate system associated with object b. Thus I:‘Z =,

Rz denotes the matrix R property of a relative to b expressed in the default
coordinate system associated with object b.

r denotes the vector r property of a relative to b expressed in the default
coordlnate system associated with object c.

These conventions are just complicated enough to capture some of the subtly defined
quantities that will be used later. For example an accelerometer mounted on a robot
inherently measures something akin to a — the acceleration a of the sensor s relative
to inertial space i expressed in the robot body b frame. One of the early steps in inertial
guidance is to convert this into the acceleration of the body relative to the earth
expressed in earth coordinates eqz. Likewise, wheeled robot kinematics can often be
most easily expressed in body coordinates. We will find that an encoder measures some-
thing like the velocity of the front right wheel relative to the earth ;jr and we will find it
convenient to express this quantity in body coordinates, which is written as by;.

An example of a vector is the position (denoted conventionally by 7) of point p
relative to object a:

= d

If the numbers x, y, and z have values, a coordinate system must have been specified.
If they do not have values, it is permissible to write the symbolic form };; instead.
Sometimes r will be written » (without the underline) when it is clear that it is a vec-
tor. It is important to recognise that all of these forms are shorthand, but the entity
being described is r, .
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2.1.3 References and Further Reading

Few people have thought about notation in recent years because we inherited it from
deep thinkers of centuries ago. See Wolfram for some perspectives. Ivey and perhaps
other physics texts distinguish reference frames and coordinate systems.

[1] Stephen Wolfram, Mathematical Notation: Past and Future (2000), Transcript of a keynote
address presented at MathML and Math on the Web: MathML International Conference,
October 20, 2000.

[2] Donald G. Ivey, J. N. P. Hume, Physics: Relativity, Electromagnetism, and Quantum Physics,
Ronald Press, 1974.

2.2 Matrices

2.2.1 Matrix Operations

The reader is assumed to have a basic familiarity with matrix and vector algebra. This
section is provided to introduce notation and consolidate more advanced concepts
upon which subsequent chapters will rely.

2.2.1.1 Block Notation

It is often convenient to divide a matrix up into blocks. This is denoted as follows:

All A12
AZI A22

The division can be arbitrary provided rows(A ;) = rows(A,) and cols(A1) = cols(A,),
and so on.

2.2.1.2 Tensor Notation

The notation:

A= [a,ﬂ

means that 4 is a matrix whose elements are a;; for every allowable pair of indices i
and j. The intention is to distinguish this from a set that might be denoted {a}
because the elements of matrices are ordered in 2D and they must form a rectangle.

This notation is very convenient for deriving many results. One main reason for
using this notation is that we will have occasional use for arrays with three indices.
Such a third-order tensor can be written as:

4= [auk}

Representing such higher dimensional objects on paper can be a challenge but, for our
purposes, they are nothing more than the multidimensional arrays that all popular
computer programming languages provide. We will have only occasional need for
tensors of order higher than 3 — and we will never write them out in detail!

2.2.1.3 Basic Operations on Matrices

Operations on matrices are defined only when the operands are conformable — mean-
ing when they have appropriate dimensions. Addition and subtraction are defined
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when the matrices are of the same dimensions, and these operations take place ele-
ment by element. Scalar multiplication multiplies every element of a matrix of any
dimension by the scalar. Thus:

A+lB=23.67+l200=33.67
2 8430/ 2040 [8-230
In contrast to scalar multiplication (involving a scalar and a matrix), matrix multipli-

cation (involving a matrix and a matrix) is defined when the number of columns of the
left operand equals the number of rows of the right. They need not be square.

2.2.1.4 Vector Dot Product

The concept for the multiplication of two matrices is built upon the dot product (also
called the inner product) operation for vectors. The dot product produces a scalar from
two vectors. It is computed as the sum of the element-by-element products of two vec-
tors of the same length:

a-b= zakbk
k

This is also written as ngg — a notation that uses the operation of matrix multiplica-
tion as defined next.

2.2.1.5 Matrix Multiplication

Matrix multiplication is defined so that the (i, j) element of the result is the dot prod-
uct of the ith row of the left argument and the jth column of the right:

C = 4B = [c,] = [zaikbkj}
k

Matrix multiplication is not commutative, so the order of the operands matters, and
AB # BA in general. There are many exceptions to this rule. The simplest is that any
square matrix commutes with itself, so 44 = AA because switching the order
changes nothing in this case. Also, the identity matrix is so-named because it is the
identity element under matrix multiplication. When A4 is square /4 = Al = A.

2.2.1.6 Vector Cross Product
For completeness, let us briefly consider the vector cross product. It is most useful in
three dimensions. If a = [a, ay aZ]T and b =[b, by bZ]T then:
a,b,-a.b,
c=axb=\l4b —ab,

ab,—a,b,
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This product can be written as a matrix multiplied by a vector ¢ = aXb = a’b
where we have used the clever device of defining the matrix-valued skew-symmetric
function of the vector a:

0 -a, a,
a =
a =1a, 0 -a,
-a, a, 0

2.2.1.7 Outer Product

The outer product produces a matrix from two vectors:

a.b, axby a.b,
T
c =ab =
¢ =ab ab,ab,a,b,

a,b, ab, a,b,

2.2.1.8 Block Multiplication

Block multiplication is a convenient high level notation that describes the multiplica-
tion operation in terms of component matrices without revealing all of the internal
structure. Provided all components are conformable where necessary:

An An| 5 _ |Biu Bl p - (41181 + A13By1) (A1 By + A1aBy)
Ay Ay B, B,, (A5 By + Ay Byy) Ay B+ AypBy)

A =

2.2.1.9 Linear Mappings

The most common use of matrices and vectors is the use of a matrix as a linear opera-
tor that maps vectors onto vectors. The equation:

y = Ax

occurs throughout applied mathematics. The matrix multiplication operator provides
the basic mechanism to express the idea that every element of y depends in a linear
way on every element in x. Of course, points are just a particular kind of vector, the
displacement vector, so matrices also map points to points.

2.2.1.10 Interpretations of Linear Mappings

Consider the case when matrix 4 is m X n so it has m rows and n columns. Note
that the length of x must equal the length of the rows (i.e., number of columns) of A.
Fluency with advanced concepts in linear algebra depends on two equally valid views
of the equation y = Ax.
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One view of this equation is that 4 is an operator that operates on x to produce y.
In this view, the vector x is successively projected onto each row of 4 by computing
a dot product, and the output y amounts to a list of the magnitudes of these projec-
tions (dot products). In this view, the rows of 4 are a set of axes and the process
y = Ax is computing the coordinates of x in this coordinate system.

Conversely, note that the length of y must equal the length of the columns of 4.
The equation y = Ax can also be viewed as a process where the vector x operates on
the matrix 4 to produce the output y. In this view, the formula scales every column of
A by its corresponding element in x, adds all the weighted columns up, and produces
y. This process can be visualized as a weighted sum process rather than a projection
process and the columns of A are collapsed into a single column as a result.

2.2.2 Matrix Functions

A basic function as defined in set theory maps objects of any kind in a set A to
objects of any kind in another set B:

f1A—>B

Using this idea, we could define a function mapping each of several atoms to one of
several zebras. It turns out that every one of the nine potential combinations where A
is a scalar, vector, or matrix and B is a scalar, vector, or matrix occurs and is of prac-
tical value.

2.2.2.1 Matrix Functions of Scalars and Vectors

It is straightforward to define a matrix-valued function of one or more variables by
simply having the elements depend on a variable. For example, a time varying matrix
would be written as:

a; (1) ap(t) ...
A1) = ay (1) an(t) ...| = [ati/(tﬂ

A scalar that depends on a spatial vector is called a scalar field. A matrix of such fields
would be a matrix-valued function of a vector:

ap(x) ap(x) ...

A = 1ay(x) ay(x) .| = aij()fﬂ

We will have many uses for these in modelling mechanisms.

2.2.2.2 Matrix Polynomials

Matrix-valued functions of matrices are also useful. For square matrices, the result of
multiplication is the same size as the original operands. This idea enables us to define
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the exponentiation (power) function on matrices:
A = A(A%) = (4H)A4 = 444

When we combine this notion with scalar multiplication, we can clearly write a matrix
polynomial. A matrix “parabola” would be:

Y=AX*+BX +C

Here, X, Y, 4, B, C are all matrices; X must be square and A, B, and C must be of the
same dimensions and they must have exactly as many rows as X has columns.

2.2.2.3 Arbitrary Functions of Matrices and the Matrix Exponential

The reader may recall that most functions of practical interest can be expressed
in terms of a Taylor series. This is an infinite series that can be derived from the deriv-
atives of the function itself. If a function f'(x) is known at the origin (or more gener-
ally at any x) then its values can be computed everywhere else based only on
knowledge of its value and the values of its derivatives at the origin:

2 3
_ ar|  2ldrl  Fldf
fx) = f(0)+x{dx}0+2!{dx }0+3!{dx}0+"'

Now this is relevant to matrices because we just defined polynomials on matrices and
the above is just an infinite polynomial. Based on this idea, we can choose to define
almost any function on matrices.

A very important function of a matrix is the matrix exponential. The ordinary scalar
exponential has this expression as a Taylor series:

2 3

S = X 4 x
e = exp(x) = 1+x+2!+3!+

Taking the hint, for the square matrix A, the matrix exponential is defined as:
2 3
_ A" A
exp(A) = I+A+-2—!+§+...

In practice, the higher-order terms vanish for many situations or the matrix elements
are a recognizable series whose limits can be evaluated and an explicit formula for the
matrix exponential results.

2.2.3 Matrix Inversion

The inverse 4~ of a square matrix A4 is defined such that 4-'4 = I. We will see
later that left and right pseudo inverses of nonsquare matrices can be defined as well.
There are explicit formulas for the inverse of a matrix but they become extremely ver-
bose for anything but very small matrices. Fora 2 x 2 :

T I ey K
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This is easy to verify by multiplying A4 together. The quantity ad — cb appears as
a scalar multiplier. The inverse of this matrix exists if and only if this determinant is
nonzero.

2.2.3.1 Inverting a Linear Mapping
One of the main uses of the matrix inverse is to invert a linear mapping. If y = Ax,
then multiplying both sides by A" leads to: )
A7])7/ =A'4x = x
x=4d"y

This can be thought of as mapping the output vector back to its corresponding input.

2.2.3.2 Determinant

The determinant [5] of a square matrix, denoted det(A4) or |A4]| is a generalization of
the vector cross product. It is a scalar function, of particular importance, of a matrix.
For a 2 X 2 matrix:

det(4) = | ¢ bl = qd—chb
cd

For matrices larger than 3 x 3, closed form expressions for the determinant become
too verbose to use. Luckily, it is rarely necessary to compute a determinant. Nonethe-
less, we will use it for two of its most basic properties. The determinant expresses the

volume of the parallelepiped spanned by the rows of A (Figure 2.8) and this notion
carries over to higher dimensions.

R

Figure 2.8 Intuition for Determinant. (Left) If both inputs map to the same output, the matrix
is not invertible. This situation occurs whenever the output spans less dimensions than the
input. (Right) The volume enclosed by the parallelepiped spanned by the rows of the matrix is
its determinant.

Area: ad-bc

There are two consequences of this. First, if the volume is zero, it means that when the
matrix is interpreted as a linear mapping, information is lost in at least one dimension
when a vector is transformed by the matrix. Such lost information means that the
input cannot be recovered from the output. In other words, the matrix is not invertible.

Second, notice that:
A 1 — a A 0 - b
0 c 1 d
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Just as the rows of 4 define a volume (area), so do any two vectors if we arrange them

as rows of a matrix. In particular, the volume spanned by the transformation of the two
. T T.

unit vectors [1 0] and [0 1] is:

ac|-gd-ch=|9b
bd cd

This is numerically the same as the determinant of 4 because det(A4) = det(AT). It’s
also easy to see that twice the input volume results in twice the output volume. Hence,
the determinant provides the scale factor relating an output volume and an input vol-
ume of any size. Also, the determinant of a product of two matrices is the product of
the individual determinants: det(AB) = det(A)det(B).

2.2.3.3 Rank

The rank of a matrix is the dimension of its largest invertible submatrix. Suppose 4 is
an n X n matrix. The inverse of 4 will exist if A4 is of rank n. An n X n matrix of rank
less than » is said to be rank deficient or singular. Conversely, if 4 is of rank #n itis
said to be of full rank, invertible, or nonsingular. Rank is defined on a nonsquare
matrix since it can still have square submatrices which have determinants. In this case,
the terms rank deficient or full rank are used.

Several rules about rank are useful. A nonsquare matrix can have a rank no larger
than the smaller of its two dimensions. The rank of a matrix product cannot exceed the
minimum of the ranks of the two operands.

2.2.3.4 Positivity

A square matrix A4 is called positive definite if:

)gTA;c>0 Vx#0

The quadratic form x" Ax is a scalar and the mapping from x onto this scalar can be
visualized as a paraboloid over n dimensions. Positive definite matrices are the
matrix equivalent of positive numbers and many operations preserve the positivity
property. The sum of two positive definite matrices is positive definite, for example.
We will use them to define local minima of functions, and they occur in probability as
covariance and in mechanics as inertia.

2.2.3.5 Homogeneous Linear Systems

The special system of linear equations:
Ax = Q

is called a homogeneous system. In the case when A is invertible, the system has a
unique and trivial solution given, of course, by:
x=4"'0=0

If A is singular, the system has an infinite number of nonzero solutions.
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2.2.3.6 Eigenvalues and Eigenvectors
The vector e is called an eigenvector of the square matrix A when it satisfies:
Ae = Ae

for some scalar A called the eigenvalue associated with e. Intuitively, an eigenvector
is simply a vector that is not rotated when operated on by A. For such a vector, opera-
tion by A4 is equivalent to simply multiplying the vector by the scalar A . That is
exactly what the definition says.

Note that if (e, A) satisfies the above, then (ke, A) is also a solution for any con-
stant £ so only the direction of an eigenvector is significant. They are often normal-
ized to unit length by convention. To find the eigenvalues of a matrix, we solve the
above condition by rewriting it in the form of:

(M —A)e =0

We know from the rules for homogeneous systems above that this only has a nonzero
solution e when:

det(M —A4) = 0

The most important thing about eigenvectors is the fact that if 4 is invertible with dis-
tinct eigenvalues, then the eigenvectors of A4 form a basis for R". In other words,
every vector ve R” can be written as a weighted sum of the eigenvectors of A:

Vv =ce +ce+ ... +cLe,

2.2.4 Rank-Nullity Theorem

One can associate several subspaces with a given m X n matrix 4 (m < n) [3]. When
the equation y = Ax is viewed as a weighted sum of the columns of A, it is clear that
the set of all possible output vectors y is described by all possible weighted combina-
tions of the n columns of 4. This set of all such m X 1 vectors y is called the range
or column space of A, denoted C (A). Conversely, every vector x can be potentially
described in terms of its projections on the m rows of A. The rows therefore induce a
set of vectors whose projections onto them are nonzero. This set of n X 1 vectors x is
called the row space of A, denoted R (A4).

There are cases where the rows of 4 do not span all of the » possible dimensions
desired — either because there are less than #n rows or they are linearly dependent. In
this case, there are directions in n dimensions where vectors of any length do not
project onto any row of A. It is even possible that there are several such independent
directions. The number of such independent directions is called the nullity of A. The
set of all vectors that satisfy 4x = 0 is called the nullspace of A, denoted N (A)

Vectors in the nullspace are orthogonal to all rows of A, meaning they have no pro-
jection onto its rows. The row space and the nullspace are said to be orthogonal com-
plements because they are mutually orthogonal. That is, every vector in the nullspace
is orthogonal to every vector in the row space. By the fundamental theorem of linear
algebra, their union is R".R(4) spans at most an m dimensional subspace of R" and



2.2 MATRICES 29

N'(A) spans a subspace of R” of dimension at least n — m. In fact, the rank and the
nullity of A always sumto #:

rank(A) + nullity(4) = n

This is known as the rank-nullity theorem.

2.2.5 Matrix Algebra

Although simple equations such as Ax = y can be solved by inverting A, it turns out
that many of the rules of algebra carry over to matrices with some care. We have
already seen that matrix multiplication is not commutative, for example, and that only
square matrices are invertible, so there is a need to be mindful of the exceptions.

2.2.5.1 Dividing by a Matrix

We must be careful when “dividing” by a matrix (multiplying by its inverse) to note
whether the inverse was left or right multiplied. Thus if 4 and B are invertible and:

AB = CD (2.3)
then B = A~ CD whereas 4 = CDB ™.

2.2.5.2 Creation of A Singular Matrix

Suppose m < n and matrix 4 is m X n whereas matrix B is n X m and both are of
rank m. The product 4B is m X m and it may be invertible whereas the product B4 is
n X n and it definitely is not invertible since its rank is at most m . For example, con-
sider a matrix equation involving the dot product of two n X 1 vectors:

a'x=b 2.4)
where a is a vector of constants and x contains » unknowns. It is perfectly legitimate
to multiply both sides by a row vector ¢ to produce:

ca'x = cb (2.5)

Notice also that QQT is an outer product, and hence, a matrix. We might now be
tempted to “solve” for x with:

x = (ca’) 'ch (2.6)

Apparently, no rules of matrix algebra have been violated, but in fact, one has. The
last equation has tried to invert a singular matrix. Sometimes this occurs in the middle
of a computation for reasons that cannot be predicted. In the above case, however, the
product QQT is a rank one matrix, so unless it is 1 X 1 and not the scalar O, it cannot
be inverted and this was perfectly predictable. Intuitively, Equation 2.3 places a single
constraint on the n elements of x and it is fundamentally impossible to recover n
unknowns from a single constraint.



30 MATH FUNDAMENTALS

Although the creation of singular matrices is legitimate and useful, inverting them
is not. In general, any matrix product that produces a matrix whose smallest dimen-
sion exceeds that of either of the operands, will have produced a singular matrix.

2.2.5.3 Blockwise Matrix Elimination

The same principles that are used to eliminate variables in scalar equations can be used
to eliminate blocks of equations and invert block matrices. Consider the solution of:

A B||X4| _ |Va
C D||xp Vg

where the structure looks like so:

n o m 1 1
L m
nlnxXnl Il [ n
L—Jd Jdllul~u
m| "mxn [T M m
L — e L L

Thatis, dim(A) = nXn,dim(B) = nxXm,dim(D) = mxXmanddim(C) = mXn.
Assuming A is square and invertible, multiplying the first row by the m X n matrix
CA™" reduces the top block to m equations:

CCA'B
C D

XA} = CA_lyA
XB VB

Now, subtracting the two blocks of m rows produces:
(D~CA ' Byxy = yy-CA 'y,

In a computer implementation, we could stop here and solve for x,. Otherwise, the
explicit solution for x is:

xp= E'[y,—CA'y,] (2.7)
where E = D— CA™'B is called the Schur complement of A. In a computer imple-

mentation, we would now solve the original first equation for x, by writing that equa-
tion in the form:

Ax, = y,— Bxy (2.8)
For a closed form result, we substitute into the original first equation and simplify:
Ax + Bxy = y,
Ax,+BE [ys—CA 'y ] = v,
11 1 2.9
Axy = [I+BE CA lya—I[BE lyg
x,=[Ad"+4"'BE'CA ys-[4"'BE "y,
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Hence, the inverse is:

-1 -1 T B L |
A _ |4 +4 BE CA -A BE (2.10)
CD E'c4a’ E"

T

Note the special case that occurs often where B = C° and D = 0. Then

E =-CA'C" and:

-1
T -1 S N R | —1 AT o1
ACT _ |44 CTEcaT -4 CTE @2.11)
C 0 _E'ca™ E!

2.2.5.4 Matrix Inversion Lemma

Alternatively, we could have multiplied the second block of rows by —BD"' and
added the two equations. That process produces this result:

F -F'BD™

-1
{A B} = (2.12)
¢D _p'cF' p'+D'CcF'BD'

where F = A— BD ™' C is called the Schur complement of D. By equating the top left
submatrices of Equation 2.11 and Equation 2.12, we have:

—1

F A+ A'BE'Cca™!

Substituting for F' produces:

[A-BD'C]' = 4+ 4 'B[D-C4a'B] 'Ca™ (2.13)

Spotlight 2-1 Matrix Inversion Lemma.

Equation 2.13 is known as the Matrix Inversion Lemma. This formula is used when
A" is known and it is necessary to compute the inverse of the rank m “correction”
to A, which is [4 — BD_IC]_I. Instead of inverting the » X n matrix A, one can
invert D— CA'B the Schur complement of A, which is m x m. The special case

when m = 1 is known as the Sherman-Morrison formula.

We will have use of the special form when B = C" and the sign of D is reversed:

T -1 =i -1 1T -1 T -1 1
[C"D C+4] =4 -4 C[CA4 C +D] CA4 (2.14)

2.2.6 Matrix Calculus

It will be necessary in many places to represent derivatives of scalars, vectors, and
matrices with respect to each other in every possible combination.
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2.2.6.1 Implicit Sum Notation

The notation:

[ci/} - [aikbkj (2.15)

is a convenient mechanism to represent operations on tensors, matrices and vectors.
By convention, [a], [b], and [c] above are all matrices because they have two indices.
They would be denoted A, B, and C in most texts. By convention, if an index is
repeated on the right-hand side it is summed over its entire range (but the capital
sigma summing symbol is omitted) and the index disappears on the left-hand side.
Hence, the above expression means the following:

C = 4B = [¢,] = [Zaikb,g}
k

Equation 2.15 is a compact way to represent matrix multiplication. Implicit sum nota-
tion is also a very compact specification for a computer program that performs the
indicated operations. If [b] was a vector:

e = o]

the result is a vector. We might interpret this as if the column dimension of the matrix
A was collapsed by the operation with b. In this notation, the dot product is:

¢ = [ap]

(where a is a vector) and the outer product is:

ea] = lan)

and, in 3D, the cross product is:

] = legany

Because two indices are repeated, this is a double sum over j and k. The special sym-
bol €, is defined to be:

1: when (ijk) € {(123), (231), (312)}
€k = —1:when (ijk) € {(321),(213), (132)}
0: otherwise

2.2.6.2 Compression Operations on Tensors

When two objects of different order are multiplied, the result can be reduced or
increased in order. We have already seen that various multiplication operations on
vectors can produce, scalars vectors, or matrices. Many operations for matrices can be
defined analogously for tensors. In the case of third-order tensors, we can visualize
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multiplication by a vector to mean a weighted sum of its component matrices. Hence,
multiplying such an object a;;, by a vector b; produces a matrix.

["ij - [aijkka

The operation amounts to a weighted collapsing of the third dimension of tensor A4 to
produce a matrix. This is analogous to how y = Ax is a weighted collapsing of the
second dimension of matrix 4 to produce a vector.

2.2.6.3 Layout Conserving Operations

Differentiation of tensors (and hence the special cases of matrices, vectors and sca-
lars) is defined to be performed on an element-by-element basis. In other words, the
derivative of the tensor is the tensor of the derivatives:

0
A= L o)

for any objects 4 and B of any order. Hence, we can always take a derivative opera-
tion inside a tensor. One consequence of this is that the derivative of anything with
respect to a scalar has the same layout as the original object.

2.2.6.4 Derivative of Matrix Product with Respect to a Scalar

Although it is rarely written in texts, the product rule of differentiation applies to
matrices. Consider the derivative of a matrix product with respect to a scalar:

J _ 0
py Clx) = a{A(x)B(X)}

The general case can be derived from the definition of matrix multiplication. In
implicit sum notation:

[Cij(xﬂ = [aik(x)bkj(xﬂ

Each element of the result is the dot product of two vectors. Each dot product is a sum
of products of scalars and we know how to differentiate scalar products.

Conveniently, the derivative of a sum is the sum of the derivatives so implicit sum
notation can be differentiated to produce more implicit sums. We simply treat the two
operands as scalars and the implicit sums take care of themselves:

d —_|(0 d
Lxc,,(xﬂ = {(axa,m)bk,-(x)) +(aik<x>axbk,<x>j 2.16)

Which means in matrix notation:

0 _d _d 0
aC(x) = a—x{A(x)B(x)} = a—x{A(x)}B(x)+A(x)a—x{B(x)} 2.17)
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Extensions to products of three or more matrices are straightforward. Note that the
derivation would proceed identically for products of tensors. Clearly, some special
cases are the case where 4 and B are equal, or a transpose pair, and when either of
them does not depend on x.

2.2.6.5 Useful Matrix-Scalar Derivatives

The above results permit the derivation of several useful additional results. By
Equation 2.16 using ¢ to replace the independent variable x above:

T
AxOAXO _ 110 gy

When 4 is symmetric, this can be simplified to:

dix(n'Ax(0} _ 1
a - = e

2.2.6.6 Expansion Operations on Tensors

While differentiation with respect to a scalar preserves the order of an object, differen-
tiation with respect to a vector will increase the order of an object. For example, the
notation:

0
L)xky,,-(X)}

means the tensor whose elements are the derivatives of each element of matrix Y with
respect to each element of vector x . In this case, each element of ¥ produces an entire
vector of derivatives.

2.2.6.7 Derivatives with Respect to a Vector

If x is a vector, derivatives taken with respect to it are all partials because there is no
longer a single independent variable. Consider the quantity:

gz () _ [;jxky’j(xﬂ

The result is a tensor that can be visualized as a cube of numbers formed when the
matrix Y is expanded out of the page. Each depth slice is associated with a different
value of the index k and hence a different element of the vector x.

Two special cases of this result are when the matrix Y is a scalar and a vector. The
first case produces the derivative of a scalar with respect to a vector — the object
known as the gradient vector:

%@ = [ijy(X)J
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The second case produces the derivative of a vector with respect to a vector — the
Jacobian matrix:

gi(x) = [aijy,«(xﬂ

We will have occasional need of the second derivative of a scalar with respect to a
vector — the Hessian matrix:

2
azy(zC) |9y
a0,

Note the special Jacobian matrix when )j()g) = x:

ox _ [ox;] _
ax‘{ax_,]"

Conventionally, both the gradient vector and the Jacobian matrix are laid out on
the page as expansions along the column dimension of the original scalar or vector.
This means they are automatically laid out so that they can be multiplied by a column
vector.

2.2.6.8 Names and Notation for Derivatives

All combinations of derivatives of (scalars, vectors, matrices) with respect to (scalars,
vectors, matrices) are defined and meaningful [4]. In the text, such derivatives will be
denoted in one of two ways as outlined in Table 2.1.

Table 2.1 Notation for Derivatives

Symbol Meaning Symbol Meaning
al »Vy a partial derivative afY Y a matrix partial derivative
0x 0x
dy o dy : :
=,y a vector partial derivative ==Y a Jacobian matrix
ox ¥ ox X
dy . oY
== a gradient vector == ) an order 3 tensor
Ox Vx g 9xx

2 y)
At . .
—5  Vux a Hessian matrix

ox

The second (subscripted) form will not appear in a context where it can be confused
with the notation defined earlier for vectors subscripted by frames of reference. In the
very special case where y is a scalar that depends solely on the scalar x, the deriva-
tive is a total derivative. Everything else above is a partial derivative. We will tend to
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use partial derivative notation for everything and rely on context to notice when x is
the only independent variable.

2.2.6.9 Derivative of a Matrix Product with Respect to a Vector

Suppose now that x is a vector. The product 4(x)B(x) is a matrix function, say
called C(x), of the vector x. We know the derivative of this is a tensor but the for-
mula for it requires some interpretation.

Each slice of the tensor can be computed from the result in Equation 2.15 repeated

below:
0 _ 0 0
Lxc,j(xﬂ = {(axaiku)bk,(x)} (aik<x>a)cbk,<x>)}

To get the result for a vector, we simply add one more index to the derivative part:

d _ (0 d
L,xlcij(x)} = {(aﬂaikmb@-m) +(aik<x>axlbkj(x)j (2.18)
This can be expressed succinctly as:
cw) = AWFDE _ 9 4pw+awdsw @19
X ox ox

Spotlight 2-2 Product Rule for Matrix Derivatives.

Derivatives of products of matrices work just like products of scalar-valued
functions. Of course the special case when x is the scalar x is also covered by this
formula.

The expression aa

Jx
times a tensor. Both produce another tensor by multiplying every slice of the tensor by

A(x)B(x) is a tensor times a matrix, whereas A()g)aiB()g) is a matrix
X

the matrix and stacking the resulting matrices to reconstruct a tensor.

2.2.6.10 Tensor Layout

Tensor and implicit sum notation was introduced in part to hide some severe ambigui-
ties when tensor operations are written out like matrices. Consider the case of differ-
entiation of a matrix with respect to a vector:

gj(x) _ [aiky,,m}

The derivative with respect to every element of the vector x is a matrix, so the result is
a stack of matrices. If we write matrices in the plane of the paper, the only dimension
left for stacking the component matrices is the depth dimension — out of the page. The
main reason to evaluate such a derivative in the first place is that it will be used to
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multiply by a small change in the vector Ax to produce an induced small change in
the matrix:

AY = — 7" Ax (2.20)
0x -
In the abstract this may seem plausible but when it comes time to write a computer
program, some loops over specific indices must be coded, and the above is not as
straightforward as it may seem. Indeed, one does not multiply every slice of the tensor
(a matrix) by the vector using conventional matrix algebra. Consider the implicit sum
expression of this result:

— |9y;(x) dy;(x)
Ay, = =2 Ax | GV Ax
[ yj ox, i ox, i

The small vector Ax must be multiplied in such a way as to collapse the depth dimen-
sion that was created by differentiation. Indeed, there is no guarantee (and certainly no
need) for Ax to have a length equal to the number of columns of Y as would be nec-
essary for a conventional matrix multiplication.

Hence the above really means:

_0V(x), @Y (%)
AY = 5 Ax—;a—xk Axy

The rules for matrix multiplication use the implicit rule that rows of the left operand
are aligned with the columns of the right. Once we move to tensors, however, it often
becomes necessary to be careful about which dimensions are associated for multipli-
cation. In implicit sum notation, the common letters tell us which dimensions to com-
bine. The above equation can be visualized like so:

——— -
o || -

ax

Spotlight 2-3 Tensor Times a Vector.

When a tensor is produced by differentiating a matrix, the “layout” needed to use
the tensor with a small Ax is as shown.

2.2.6.11 Implicit Layout

When we write products involving tensors on paper, it is not necessarily the case that
the column dimension collapses in a multiplication. Given that the collapsed dimen-
sion is often out of the page, there is no trick like using transpose operations that will
make this expression behave according to our conventions for writing matrix products
on paper. We will refer to the notation in Equation 2.19 as implicit layout and use
context to interpret the expression.
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When a product is differentiated, the situation is even more complicated. Consider:
y(x) = A(x)x
The derivative has two terms, each of which is a tensor. The total differential is:

Ay = {gf(x) x+ A(zc)g—i }Ax

In implicit product notation:

Ay, = {a""f‘(’“) x a,--<x>ax-’}Axk = {o(0) + Bu(0) 1A,
ax; 70,
In this case, the vector x does collapse the column dimension of the tensor dA4(x)/9dx
and the columns of the matrix A(x) collapse with the rows of dx/dx. The derivative
thus formed is a “thick” column, whose depth dimension is collapsed by Ax to pro-
duce the final result —a column vector Ay.
This can be visualized as seen in Figure 2.9.

-

_{ 24 ) A I
0x Ax
Ay
- { . })% Figure 2.9 A Derivative Tensor.
Ax
Ay

1%

Two intermediate results are “thick”

columns that collapse to column
94 (x) ox vectors when multiplied by a small
0x ox vector Ax .

To make matters worse, it is convenient to store the derivative in a form where it can
be multiplied (later) by some Ax which can be represented as a true column vector. In
this case, because the derivative is of order < 3, it can be rotated into the page to form
a conventional matrix, while Ax is oriented like a column. This is accomplished by
rewriting the result to exchange j and k like so:

da;(x) ox 1 2

Ay, = {axk Xt aik()f)aixk. ij = {azj()f) + aljj()f)}ij
J J

In summary, we will rely on implicit layout whenever tensors are produced by differ-

entiation and the reader will be required to be mindful to produce a consistent explicit

layout in computer memory if the equation is ever implemented in software.

2.2.6.12 Useful Matrix-Vector Derivatives

The above results make it possible to compute derivatives of extreme complexity in a
computer program without ever having to write an explicit formula. However, for
some derivations, it is useful to have a few formulas at hand. The following results are
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laid out in order to be able to multiply the derivative by a column vector regardless of
how x may have appeared in the original expression. By Equation 2.19:

o{A4x}

_ 0 o
Sy = Agah) =4l =4 221

The following are all special cases of this result:

Ha'xy _ r ofx'} _ox'I}
w Y w T x4}
. - - L= =A" (2.22)
ox'a} _ r x} _o{Ix} _ 0%
ox ©  9x  ox

Based on Equation 2.18 when applied to a product of three matrices, we can easily
show that:

ox'dx}  r .1 1
e x4 +xd (2.23)

When A4 is symmetric:
x4
RxAxh _ 5y
ox -

The following is a special case of this result:

Hx'x} 5.7
ox - (2.24)

Two useful tricks are worth noting. First, any scalar must equal its transpose so:
y'dx = x'dy

Second, it helps to consolidate components that do not depend on the variable. Thus
XTABCDEF x is identical in form to yTA)g above. Also, its derivative with respect to

x is trivial once you realize that XTABbDEF 1s a constant column vector denoted gT
in Equation 2.22.

2.2.7 Leibnitz’ Rule

We will have a very regular need of a result from calculus for which the reader may
have found little use before now. Given any definite integral, Leibnitz’ rule states that
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the derivative of the integral equals the integral of the derivative:
) d
—f/i()_c, p)dt = Jb—Ji()_C, p)dt
Ip’a adp

Spotlight 2-4 Leibniz’ Rule.
This rule for differentiating integrals will be used very frequently.

If the variable x = x(p) also depends on p, then we must be careful to take this into
account with:

rap =TS
There is a sticky notation issue here. We will have to use ai / (x, p)to mean the
“total” derivative with respect to p and f° , to mean the derivative while holding x
constant.

If either of the limits @ or b depend on p, then this will generate more terms in the
derivative but we will not need this case.

2.2.8 References and Further Reading

Strang’s book is hands down the most readable book on linear algebra. Poole’s book
stresses geometric analogy before making the jump to #» dimensions. Magnus covers
matrix calculus.

[3] Gilbert Strang, Introduction to Linear Algebra, Wellesley-Cambridge, 2009.
[4] Jan Magnus and Heinz Neudecker, Matrix Differential Calculus with Applications in Statistics

and Econometrics, 2nd ed., Wiley, 1999.
[5] David Poole, Linear Algebra: A Modern Introduction, 2nd ed., Brooks/Cole, 2006.

2.2.9 Exercises

2.2.9.1 Matrix Exponential

6
expﬂé o“z e 0
0 - 0e¢”

2.2.9.2 Jacobian Determinant

Show that

You probably learned in multivariable calculus that the ratio of volumes in a 2D linear
mapping is given by the Jacobian determinant. Consider the matrix:

-l
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and the vectors dx = [dx 0} " andd y= [0 d\; ! Using the result for the area of a
parallelogram defined by two vectors in Figure 2.6, show that the area formed by the
vectorsdu = Adx anddy = Ady isdet(A)dxdy.

2.2.9.3 Fundamental Theorem and Projections

A matrix P is called a projection matrix if it is symmetric and P’ = P which is
called the property of idempotence.

(i) What happens if you compute p, = Px and then p, = Pp?

An important projection matrlx can be derived from a general n X m matrix 4 (where
m<n) as follows:P, = A(A4 A) A

(i1) Show that P, satisfies both requirements of a projection matrix.

(iii) Note that p, = P,x must reside in the column space of A. The orthogonal com-
plement Q, of P, is defined as 9, = I - P, Note that Q,P, = P,0, = 0. In
what subspace does ¢, = Q,x reside?

2.2.9.4 Derivative of the Inverse

Suppose a square matrlx A(t) depends on a scalar, say ¢. Differentiate 4~ '4 and find
an expression for A7

2.3 Fundamentals of Rigid Transforms

2.3.1 Definitions
2.3.1.1 Transformations

Consider linear relationships between points in 2D. An affine transformation [10] is
the most general linear transformation possible. In 2D it looks like:

V2 721 ool [ V1

where the r’s and #’s are constants.

Such a transformation includes all of the following effects: translation, rotation,
scale, reflections, and shear. Such a transformation preserves lines, meaning if three
points were originally on a line, they will remain on a line after transformation. It is
therefore also known as a collineatory transformation or a collinearity. It may not pre-
serve the distance between two points. Hence, it also may not preserve area or angles
between lines. A homogeneous transformation is an affine transformation for which:

t] = t2 = 0'
V2 a1 Tl | V1

t

! } (2.25)
2
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Such a transformation does not include translation but it does include all the others
mentioned above. More generally, while the equation Ax = b is said to be linear, the
equation Ax = 0 is called homogeneous. Another name for these transforms is “pro-
jective” transforms and the vectors involved are said to be projective coordinates. Due
to their ability to represent the image formation process, they are used in computer
vision as extensively as they are in robotics.

An orthogonal transformation transforms from one set of rectangular coordinates
to another. Its columns are mutually orthogonal and of unit length, so it satisfies the
following three constraints.

rurintrary =0 ryrygtrygry =1 rprptrpr, =1 (2.27)

Such a transformation preserves the distance between two points, so it is rigid. It
therefore also preserves lengths, areas, and angles. It does not scale, reflect, or shear.
Rotation is the only operation left in the list above.

2.3.2 Why Homogeneous Transforms

The product of a matrix and a vector is another vector; a matrix can be viewed as a map-
ping from vectors onto other vectors. One view of a matrix is that of an operator — a
process that maps points onto other points. Homogeneous or projective coordinates
are those whose interpretation does not change if all of the coordinates are multiplied
by the same nonzero number. They are said to be “unique up to a scale factor.” 3D
Homogeneous coordinates are a method of representing 3D entities by the projections
of 4D entities onto a 3D subspace. Following points establish why you would want to
use such an awkward construct.

2.3.2.1 The Problem with Translation

Suppose that we multiply the position » of a 3D point by the most general 3X3 matrix
and denote the result by »':

X - txy ., x X+ txyy +1.,2
L — — —
e e L L L I I N (2.28)
1
z tzx tZy tZZ z tz.xx + tzyy + tZZZ

This most general transform can represent operators like scale, reflection, rotation,
shear, projection. Why? because all of these can be expressed as constant linear com-
binations of the coordinates of the input vector. However, this 3X3 matrix cannot rep-
resent a simple addition of a constant vector to another vector like so:

Fo=r+Ar = [xl Vi zJT"' [Ax Ay AZ}T

The point r'cannot be represented as a linear combination of the elements of r —
because the displacement Ar is independent of r.
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2.3.2.2 Introducing Homogeneous Coordinates

The situation can be fixed with a standard trick. In homogeneous coordinates, an extra
element, w, can be added to each point to represent a kind of scale factor:

r= [xyzw]T

and it is conventional to consider that this 4-vector is “projected” into 3D by dividing
by the scale factor:

T
r=|XXY:Z
ww w

Points are canonically represented with a scale factor of 1. Thus:

T
ro= P_ Yz 1}
ww w
is a point in homogeneous coordinates. Notationally, 7 is the (4D) homogeneous
point corresponding to its 3D projection r. From now on, we will drop the ‘~* and use
context to distinguish these from each other.

It is also possible to represent a pure direction in terms of a point at infinity by
using a scale factor of 0. Thus:

d = [xyzO]T

is a direction in homogeneous coordinates. We will see that such objects are free vec-
tors, sometimes called simply “vectors” in the context of homogeneous coordinates.

2.3.2.3 Translation with Homogeneous Transforms

A (3D) matrix in homogeneous coordinates is a 4 X 4 matrix. Using homogeneous
coordinates, it is now possible to represent the addition of two position vectors as a
matrix operation, thus:

X Ax 100 Ax||x

Pz raAr= |V 4B = [010AY Y] o Trans(Ar)r
z Az 001 Az||z
1 1 000 1]]|1

where Trans(Ar) is the homogeneous transform that is equivalent to a translation
operator for the translation vector Ar. Homogeneous transforms can also represent
somewhat nonlinear operations such as perspective projection. They do this by hiding
the nonlinearity in the normalization by the scale factor.

2.3.3 Semantics and Interpretations

The whole trick of successful manipulation of homogeneous coordinates is to master
the semantics associated with their many interpretations. This section reviews the
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many ways in which we can conceptualize both what homogeneous transformations
are and what they do.

2.3.3.1 Trig Functions

We will henceforth often use a form of shorthand for trig functions in order to render
results more readable:

s, = sin(y,) Cipy = COs(Y; + Yy +3)

2.3.3.2 Homogeneous Transforms as Operators

Suppose it is necessary to move a point in some manner to generate a new point and
express the result in the same coordinate system as the original point. The Trans(Ar)
operator just discussed does this.

The basic rigid operators are translation along and rotation about any of the three
axes. The four elementary operators in Spotlight 2-5 are sufficient for almost any real
problem. The first three rows and columns of each are mutually orthogonal. Operators
are identified (here) by an upper case first letter.

10 00 c6 0560 W —sy 0 0
Rotx (@)= |0 05001 poy=|0 100 Ropzpyy= |S¥ ey 00
0sp co0 50 0cO0 0 0 10
00 01 0001 0 0 01
V4
100 u
— 010
Trans (u,v,w) =
001w
0001

X

Spotlight 2-5 Fundamental Rigid Operators.

If a homogeneous position vector is multiplied by one of these matrices, the result
is a new position vector that has been rotated or translated.
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2.3.3.3 Example: Operating on a Point

The homogeneous coordinates of the position of a point o at the origin are clearly:

o=1lo001]"

According to our conventions, the position of point o is », but we will use shorthand
for this and the unit vectors i, j, and & on occasion. o denotes the position of the ori-
gin, and i, j, and £ denote the directions of the associated axes.

Figure 2.10 indicates the result of translating a point at the origin along the y axis
by ‘v’ units and then rotating the resulting point by 90° around the x axis.

The order is important because matrix multiplication is not commutative. The
grouping is not important because matrix multiplication is associative, so the matrices
can be multiplied together before being applied, as a unit, to the point.

Also notice that the initial point, and final result are expressed in terms of the axes
of the original coordinate system. Operators have fixed axis compounding semantics.
Finally, the input was a vector that conceptually started and ended at the origin so its
length was zero. It was transformed into a vector that started at the same place but
ended elsewhere. It should be clear that the unit scale factor caused this to happen.
Hence, a unit scale factor signifies a bound vector.

0":[001/1JTZ f'=[0010]T z
\ \

/\' y
x i=lorod"

j' = Rotx (m2)Trans (0y,0)j

<—>'\ ;y
%
o=Tlovo1

0" = Rotx (T2)Trans (0,v,0)0

X

10 0 o

100o0|[o

100 0/|/1000||O

0.,:00710 010v||0 j.:OO—IO 010v|1
01 0 0/]|00T1O0||0 01 0 0/|00 100
000 1/|000 1|1 00 0 1/{000 L]0
10 0 0/0 0 10 0 00 0

o = 00-10(|v| _ |O jr= 00-10|1| _ |0
01 0 0|[0 v 010 0|0 1
00 0 1]]|1 1 00 0 1][0 0

Figure 2.10 Operating on a Point. A point
at the origin is translated along the y axis by
v/ units and then rotated the resulting point
by 90° around the x axis.

Figure 2.11 Operating on a Direction. The
y axis unit vector is translated along the
y axis by ‘v’ units and then rotated by 90°
around the x axis.
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2.3.3.4 Example: Operating on a Direction

The homogeneous coordinates of the y axis unit vector j are clearly j = [0 100 "
Figure 2.11 indicates the result of translating the y axis unit vector along the y axis by
‘v’ units and then rotating the resulting point by 90° around the x axis. Note that the
translation part of the compound operation has no effect. The result is the z axis unit
vector, so rotation works just as before, so having a zero scale factor disables trans-
lation and allows us to represent a pure direction. Equivalently, a zero scale factor
signifies a free vector.

2.3.3.5 Homogeneous Transforms as Coordinate Frames

The unit vectors of a cartesian coordinate system can be considered to be directions.
The x, y, and z unit vectors can be written as:

i=[1000
j=Tlo100"
k=loo10

These three columns can be grouped together with the homogeneous coordinates of
the origin to form an identity matrix:

1000
0100/ _,
0010
0001

i jkol =

We will call the unit vectors and origin a basis. The columns of the identity matrix can
be interpreted as the unit vectors and the origin of a coordinate system. The result of
applying an operator to these four vectors has a similar interpretation — another set of
unit vectors at a new position — as the next example shows.

2.3.3.6 Example: Interpreting an Operator as a Coordinate Frame

The four vectors representing the orientation and position of the frame at the origin
can be transformed simultaneously by applying the same two operators of the last
example to the identity matrix (Figure 2.12).

Because we started with the identity matrix, this result is just the product of the
original two operators. Each column of this result is the transformation of the corre-
sponding column in the original identity matrix. The transformed vectors are:

"=[1000
S =Tloo10
k=lo-100

o=loovi
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That is, because columns of an input matrix are freated independently in multiplica-
tion, any number of column vectors can be placed side by side and operated upon as a
unit.

Ak

2 Jv ]
[0010" kb<7‘
/ ib %
.“,7’\ Ja
—3

y Iy

IZ = Rot x (n2)Trans (0,v, O)[Z

X
1000
I' = Rot x(w2)Trans (0y,01) = [00-10
1oo0olftoool{tooo] [too0 o0 010w
0001

00-10/{010v||0100] _({00-10
o1 00/loo10/lo010 01 0 v Figure 2.13 Conversion of Basis. If a
000 1llooo1llooo1 000 1 set of 3 orthogonal unit vectors emanat-

. . ing from an origin is called a basis, then
Figure 2.12 Operating on a Frame. Each result- 3 “homogeneous transform can  be

ing column of this result is the transformation of  \jewed as something which moves a
the corresponding column in the original identity  pagjs rigidly.
matrix.

It can be shown that the fundamental operators preserve the orthonormality of the
first three columns of an input frame. So, the column vectors of any compound funda-
mental operator are just the homogeneous coordinates of the transformed unit vectors
and the origin. That is, every orthonormal matrix can be viewed as the relationship
expressing how one set of axes is located with respect to another set. We can use a
homogeneous transform to represent the motions of embedded coordinate frames
mentioned earlier in the chapter.

We often think of the spatial relationship between two frames in terms of the align-
ing operations — the operations that are applied to the first to move it into coincidence
with the second. If you can imagine how to move one frame into coincidence with
another, you can write the homogeneous transform corresponding to an arbitrary num-
ber of fundamental operations.

2.3.3.7 Conversion of Basis

Consider again the two sets of axes above. For important uses later, let us call the orig-
inal frame ‘a’ and the transformed one ‘b’ (Figure 2.13).

We will begin using superscripts and subscripts in the manner outlined earlier in
the chapter. Thus o} represents the “origin” property of object b relative to object a.
That is, the vector from frame a to frame b — expressed in the coordinates of frame a.
By contrast, unit vectors are unit length by definition (and free vectors) so they do not



48 MATH FUNDAMENTALS

require a right superscript to be meaningful. The quantity 7, is equivalent to i, for
any frame x.

Any point of origin is straightforward when “referred to” (expressed in) its own
coordinates:

is=i="[1000"

Jo=Jr=Tlo100

ke=k=Tloo10
i="o,=[o001]

Q
Il

Our result above expresses the axes and origin of frame ‘b’ in the coordinates of frame

[P

a .

[Z = |la. a. a a a

Iy Jp ky 04
That is, I, converts (equivalently, it expresses) the coordinates of frame ‘b’s basis to
(in) that of frame ‘a’ and that converted basis is exactly equal to its own columns.

a— a. a . a a b a: a. a . a a a
Iy = [lb Jo Ky 011]” Ty [lb Jo Ky OJ

2.3.3.8 Homogeneous Transforms as Coordinate and
Reference Frame Transforms

So far homogeneous transforms (HTs) have several complementary interpretations:

* move points (operator interpretation)

e re-orient directions (operator interpretation)

* move and orient frames (operator interpretation)

* represent the relationship between coordinate frames (coordinate frame interpretation)
» convert the coordinates of a basis

There is yet another one: a device to transform coordinates, and this will be our most
common use for them. If HTs can move frames, we can ask about the relationship
between the coordinates of any point in each of the two frames involved (original and
moved). As before, let the original frame be called ‘a’ and the transformed one be
called ‘b’.

Figure 2.14 Conversion of Coordi-
nates. The black dot represents a
point in space. lIts coordinates in
frame a and frame b are different. A
homogeneous transform can be used
to convert one set of coordinates to
another.
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Let the position rl; of a general point p be located relative to the origin of frame
‘b’. This vector can be written as a weighted sum of the unit vectors and the origin of
the ‘b’ frame thus:

o= xbCiy) + 5y + 28 (Cky) + 0, (2.29)

This formula holds regardless of the coordinates in which it is expressed. When the
unit vectors of and origin of frame ‘b’ are also expressed in frame ‘b’s coordinates,
they are trivial:

ib=[1000 e 0 =[0001
The coordinates of p in this frame are written more concisely as:

rl; = [xbybzb 1]

Sometimes, when there are many unit vectors available, its useful to write the unit
vectors explicitly. Consider the problem of how to represent the vector from the
origin of frame a to the same point (see Figure 2.14), and express the result in
terms of frame ‘a’s unit vectors and origin. We need only transform the unit vec-
tors of frame ‘b’ into frame ‘a’s coordinates and add the vector from the origin of a
to that of b:
ry = xp (i) + vy + 25 (k) + 0

We have transformed only the coordinates within which the unit vectors are
expressed. They are the same unit vectors, so the scalar weights (x5, y5, z) are
unchanged. However, refer to Figure 2.14 for the meaning of the transformation of the
bound vector oy, . Because we are adding this vector to rf;, the result is now expressed
relative to the origin of a. All of the four vectors added above were expressed in the
coordinates of a, so the result is now expressed in the coordinates of a. We will there-
fore denote the result as 7.

p
Based on our results in the conversion of a basis section above, this can be written as:

ry = xp(Lyiy) + yp(I,),) + 25 (1hky) + Tho

Or more compactly as:

b, b. b b
”; = IZ[XZ( ip) +yf;( Jb) +zf,( ky) + op]
Substituting from Equation 2.29, we now have proven the capacity of the change of
basis matrix to transform the coordinates of any point:

b

a a
r,=1,r,

P

2.3.3.9 Converting Coordinate Frame

From now on, we will use the notation 7" z (T for transform) to denote the change of
basis matrix used above. Suppose the 4 x4 matrix T Z denotes the matrix which
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transforms a vector from its expression relative to frame ‘a’ in frame a coordinates to
its expression relative to frame ‘b’ in frame b coordinates. The notation is such that
the superscripts and subscripts provide a hint of the result by imagining that the b’s
cancel:

a b

=1
Note that multiplying by T' Z changes the right superscript (and the implied left super-
script) of the entity transformed.

2.3.3.10 Converting Coordinates Only

Strictly speaking, the above operatlon has taken the bound vector r and transformed
it into another bound vector 7’ »- The vectors are “bound” because their definitions
depend on the choice of origin, indicated by a right superscript. Mechanically, this
occurred because the origin vector, with a unit scale factor was included in the defini-
tion in Equation 2.29.

We will occasionally use the notation RZ when the transform 7' Z happens to be
a rotation mat;ix. Thus, R’ is the same as T 2 with the last column set to

=000 1] a

a
Ry = [uib “Jin Ky 0}
This matrix performs the rotation part of moving frame b into coincidence with
frame a but not the translation part. It can be visualized as a set of axes positioned
at the origin of frame b but oriented like frame a. Equivalently, we can imagine
that a vector expressed relative to the origin of frame a was unbound and moved

to the origin of frame b. The above derivation when modified for a free vector pro-
ceeds like so:

b i)+ 5 + 25(Cky) + 0
XZ(aib) + yf;(“jb) + ZZ(akb)

’”a = x,’;(IZib)+y2(1Zjb)+Z§3(IZkb)

Y = Rolxb (i) + y5( ) + 28 (k)]
= Ry Ciy) + vy + 25 (Cky) + "0,
rp = R, %

< o
o

LIRS

a

P

The second last step made use of the fact that:

Ri(o) = [0 001

The matrix Rj, therefore treats the vector 7 like a free vector and converts its coordi-
. L . . b
nates without converting its origin to produce the quantity that we denote by arp.
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2.3.3.11 Converting Coordinate Frame of a Displacement

We can represent a displacement (a free vector) in homogeneous coordinates by the
difference of two position vectors (bound vectors) expressed relative to the same ref-
erence frame. For example:

a a a a
Xp Xq Xp=Xq
a a a a

Ga = 4=y Yol = |Vp =V

ro=r —r = — =

» r,=r, p q P q
z? z2 z?
)4 q P~ “q
1] [ 1] | 0 |

It is easy to see that operating on this object with a general homogeneous transform
representing translation and rotation will only rotate the object:

ba g _ 5b, a ay _ b @ ba b b _ byg
Tyr,=T/(r,—r) =Tg,-Ty,=71,-r =7,

So a free vector can be expressed as the difference between two bound vectors. In
summary, the capacity to change datum can be turned off by either zeroing the origin
column in the transform (to produce a rotation matrix) or by zeroing the scale factor in

the vector.

2.3.3.12 Operator / Transform Duality

This is the most important thing to remember about homogeneous transforms.

Box 2.2: Operator / Transform Duality

The homogeneous transform T, that moves frame ‘a’ into coincidence with
frame ‘b’ (operator) also converts the coordinates (transform) of points in the

opposite direction — from frame ‘b’ to frame ‘a’:
b

a a
r,="Tyr1,

The reason for the opposite sense in the interpretation is that moving a point “for-
ward” in a coordinate system is completely equivalent to moving the coordinate sys-
tem “backward.” The reader is strongly encouraged to work through the provided
exercises on this topic. Most of kinematics becomes accessible thereafter.

2.3.3.13 Fundamental Transforms

It is easy to show that the inverse of a rotation matrix is equal to its transpose. This is
called the property of orthonormality. This fact leads to a second set of four matrices,
the fundamental transforms, which are the inverses of the operators and which there-
fore convert coordinates from a to b. These are given in Spotlight 2-6.
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10 00 c00-500 v s 00
rotx (¢) = U &g ) 0 roty (0) = 0100 rotz (¥) = —sy cy 00
0—sp cp 0 s60 co 0 0 010
0 0 01 00 0 1 0 0 01

100 —u
010 —v
001 -w
000 1

trans (u,v,w) =
Vb

Spotlight 2-6 Fundamental Rigid Transforms.

If a homogeneous vector that is represented in coordinate system a is multiplied
by one of these matrices, the result is its representation in coordinate system b.

2.3.3.14 Example: Transforming the Coordinates of a Point

The homogeneous coordinates of the origin o are:

o=1lo001]"

Figure 2.15 indicates the result of transforming the origin of frame b into the
coordinates of frame a where the two frames are related by the same sequence
of operators used earlier. Frame b is moved into coincidence with frame a by
first rotating frame b by -90° around its x axis to produce the intermediate frame
in the figure, and then translating by —v along the z axis of the intermediate

frame.

Notice that, for transforms, each new transform is interpreted as if it were
applied to the last frame in the sequence of frames that ultimately bring the
first into coincidence with the last. Transforms have moving axis compounding

semantics.
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xa
of =trans (0, 0,—v) rotx (—-m/2) oz
1000{|{10 0 0|0 10 0 0}(0 0 . .
0100lloo_10llo 00_10llo 0 Figure 2.15 Transforming the Coor-
of = - - = dinates of a Point. The origin of
001 w010 00 010 v0 V| frame b has coordinates [0 0 v 1]7
0001[|00 O 1||1 00 0 1||1 1 in frame a.

2.3.3.15 Inverse of a Homogeneous Transform

Essentially all homogeneous transforms that we will use will be structured according
to the template in Figure 2.16:

Rotation
Matrix

Vector

c
el
=
@
o
o

t . Figure 2.16 Template for a Homogeneous Transform. Every homo-
Perspective | Scale geneous transform has the structure shown.

The scale factor will almost always be 1 and the perspective part will be all zeros
except when modelling cameras. Under these conditions, it is easy to show by multi-
plying the inverse by the original matrix, that the inverse is:

-1 -1

I (2.30)

R
o"1] o

This is very useful for converting from a matrix that converts coordinates in one
direction to one that converts coordinates in the opposite direction. The opposite

direction of “from a to b” is “from b to a.” Remember that it is trivial to reverse the
sense of a coordinate transform.
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2.3.3.16 Consequences of Duality on Compositions

Operators and transforms are two views of the same thing and this fact leads to two
ways to visualize sequences of spatial relationships. Whether a particular matrix is
considered to be operator or transform is a matter of taste. This has an important
implication for kinematic modelling that will be demonstrated by example. Using the
previous example, the moving axis operations that bring frame «a into coincidence
with frame b are:

 translate v units along the z axis

¢ rotate 90° around the new x axis

Actually this is just one set of operations that work. There are obviously many ways to
move the frames to align them.

The complete transform that converts coordinates from frame a to frame b can be
written as:

Tb = rotx(n/2)trans(0,0, v)

Ya Figure 2.17 Aligning Operations. One way (of many
ways) to move frame a into coincidence with frame b is to
translate v units along the z axis and then rotate 90°

a around the new x axis.

The trans(0, 0,v) converts coordinates to an intermediate frame called i in
Figure 2.17, and then the result of that is converted to frame b by the rotx(mt/2) . The
reader probably noticed that the transform matrices look almost identical to the opera-
tor matrices. Specifically:

rotx(¢) = Rotx(—0)

roty(0) = Roty(-0)

rotz(y) = Rotz(-y)
trans(0,0,v) = Trans(0, 0, -v)

In fact, using the above formula for inversion, it’s easy to show that they are inverses
of each other:

rotx(¢) = Rotx(q))_1
roty(0) = Roty(e)fl trans(0, 0,v) = Trans(0, 0, v)_1 (2.31)
rotz(y) = Rotz(\p)_1
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Therefore, the previous compound transform can be rewritten in terms of operators as:
T = Rotx(-n/2)Trans(0, 0, —v)

Because this matrix converts coordinates from frame a to frame b, the inverse of this
matrix will convert coordinates from frame b to frame a. As was shown earlier, its
internal parameters also represent the position and attitude of frame » with respect to
frame a. Using the well-known method for inverting a matrix product
([AB]f1 = B-14-1), this inverse matrix can be expressed as follows:

T¢ = Trans(0,0,-v)'Rotx(-n/2)"!
T¢ = Trans(0,0,v)Rotx(m/2)

Note that, for these matrices, reversing the sign of the argument is equivalent to invert-
ing the matrix, so doing both does nothing:

Trans(0,0,—v)~! = Trans(0, 0, v)
Rotx(-n/2)' = Rotx(n/2)

Now our result for the matrix that converts coordinates from b to frame a is:
T¢ = Trans(0,0,v)Rotx(m/2)

We have shown that, the transform from b to a can be written in terms of transforms
Jrom right to left or in terms of operators in the reverse order. There are two comple-
mentary ways to conceptualize compound transformations. The latter view is tradi-
tional in robotics and it will be used from now on.

2.3.3.17 The Semantics of Homogeneous Transforms

Homogeneous transforms are both operators and transforms and they can also be the
things that are operated on and transformed. If you have not noticed already, go back
and confirm that every one of the five example interpretations was a different interpre-
tation of the same matrix.

2.3.4 References and Further Reading

The first group of references up to Rogers discuss homogeneous transforms in a set-
ting more general than robotics.

[6] James D. Foley and Andris Van Damm, Fundamentals of Interactive Computer Graphics,
Addison Wesley, 1982.

[71 W.M. Newman and R. F. Sproull, Principles of Interactive Computer Graphics, McGraw-Hill,
New York, 1979.

[8] E.A.Maxwell, General Homogeneous Coordinates in Space of Three Dimensions, Cambridge
University Press, 1951.

[9] D.F.Rogers andJ. A. Adams, Mathematical Elements for Computer Graphics, McGraw-Hill,
New York, 1976.

[10] I. M. Vinogradov, Encyclopedia of Mathematics, Kluwer, 1988.
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2.3.5 Exercises
2.3.5.1 Specific Homogeneous Transforms

What do the following transforms do? If it is not obvious, transform the corners of a
square to find out.

100a a000 10a0 10 0 O 1000
01065 0600 01560 01 0 O 0100
001c 00cO 0010 00 1 O 0000
0001 0001 0001 001/d 1 0001

2.3.5.2 Operators and Frames

(i) 2D Homogeneous transforms work just like 3D ones except that a rigid body in 2D
has only three degrees of freedom — translation along x or y or rotation in the plane.
Consider the transform:

0-17
T'=1103
001

Recall that the unit vectors and origin of a frame can be represented in its own coordi-
nates as an identity matrix. Let such a matrix represent frame a. Consider the T
matrix to be an operator and operate on the unit vectors and origin of frame a
expressed in its own coordinates to produce another frame, called b. Write explicit
vectors down for the unit vectors and origin of the new frame b. Use a notation that
records the coordinate system in which they are expressed.

(i1) Visualization of the New Frame. When a transform is interpreted as an operator,
the output vector is expressed in the coordinates of the original frame. Get out some
graph paper or draw a grid in your editor with at least 10 X 10 cells. Draw a set of
axes to the bottom left of the paper called frame a. Draw the transformed frame, called
b in the right place with respect to frame a based on the above result. Label the axes of
both frames with x or y.

(iii) Homogeneous Transforms as Frames. Consider the coordinates of the unit vectors and
origin of the transformed frame when expressed with respect to the original frame. Com-
pare these coordinates to the columns of the homogeneous transform. How are they
related? Explain why this means homogeneous transforms are also machines to convert
coordinates of general points under the same relationship between the two frames
involved. HINT: how is a general point related to unit vectors and origin of any frame.

2.3.5.3 Pose of a Transform and Operating on a Point

(1) Solving for the Relative Pose. The parameters of the compound homogeneous trans-
form which relates the frames in question 2.3.5.2 can be found using the techniques of
inverse kinematics. Write an expression (in the form of a homogeneouTs transform with
three degrees of freedom (or “parameters” in operator form) [a b \If] for the general
relationship between two rigid bodies in 2D, equate it to the above transform.

(i1) Solve the above expression by inspection for the “parameters.”
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2.3.5.4 Rigid Transforms

Operating on a general point is no different than operating on the origin.

(i) Operate on the point p = [3 2 ﬂ ! with the transform 7 from Section 2.3.5.2 and
write the coordinates p' of the new point. Copy your last figure and draw p and p'
on it. Label each.

(ii) How do the coordinates of p' in the new frame (called b) compare to the coordi-
nates of p in the old frame (called a)?

(iii) What property of any two points is preserved when they are operated upon by an
orthogonal transform and what does this imply about any set of points?

2.3.5.5 Homogeneous Transforms as Transforms

(i) Transforming a General Point. This exercise is worth extra attention. It illustrates
the basic duality of operators and transforms upon which much depends. Copy the last
figure including points p and p’ on a fresh sheet. Draw the point gb = [4 1 1] . The
notation superscript b means the point has been specified with respect to frame b, so
make sure to draw it in its correct position with respect to frame b.

(i1) Write out the multiplication of this point by “the transform” and call the result Qa .
Using a different symbol than the one drawn for gb, draw ga in its correct position
with respect to frame a.

(iii) Earlier, when p was moved to p', p was expressed in frame a and so was p'.
Here you expressed Qb in frame b to produce a result Qa expressed in frame a. Now
the following is the key point. Discuss how interpreting the input differently (i.e in
different coordinates) leads to a different interpretation of the function of the matrix.
(iv) How can the function performed on the point p be reinterpreted as a different
function applied, instead, to p'?

2.4 Kinematics of Mechanisms

We will distinguish motions, which rotate or translate the entire vehicle body from
articulations, which merely reconfigure the mass of the vehicle without a substantial
change in its position or orientation.

2.4.1 Forward Kinematics

Forward kinematics is the process of chaining homogeneous transforms together in
order to represent:

¢ the articulations of a mechanism, or
¢ the fixed transformation between two frames which is known in terms of (fixed) linear
and rotary parameters.

In this process, the joint variables are given, and the problem is to find the transform.
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2.4.1.1 Nonlinear Mapping
So, far we have considered transformations and operations of the general form:
r'=T(p)r

and we have used this form to perform essentially linear operations on » because
T(p) (p is a vector of parameters) is considered to be a constant.

Most mechanisms are not linear — being composed of one or more rotary degrees
of freedom. We can still model them using homogeneous transforms by considering
the parameters p to be associated with the rotary degrees of freedom and the homoge-
neous transform 7'(p) to be a matrix-valued function of the variables p . The problem
of forward kinematics is one of understanding the variation in such a homogeneous
transform when it is considered to be a function of one or more variables.

In the study of mechanisms, the real world space in which a mechanism moves
is often called task space. The desired position and orientation of the end of the
mechanism are often specified in this space. The term workspace is often used to
mean the specific volume that can be reached with the end-effector — the reachable
task space. However, the mechanism articulations are most easily expressed in
terms of angles and displacements along axes. This space is called configuration
space. Formally, the configuration space (C-space) of the system is any set of vari-
ables that, when specified, determine the position of every point on an object.

So far, we have studied linear transformations within task space. This section and
the following sections will consider the more difficult problem of expressing the rela-
tionship between task space and configuration space.

2.4.1.2 Mechanism Models

It is natural to think about the operation of a mechanism in a moving axes sense — because
most mechanisms are built that way. That is, the position and orientation of any link in a
kinematic chain is dependent on all other joints that come before it in the sequence.

Conventionally, one thinks in terms of moving axis operations applied to frames
embedded in the mechanism that move the first frame sequentially into coincidence
with all of the others in the mechanism. Then, a sequence of operators is written to
represent the mechanism kinematics.

Box 2.3: Forward Kinematic Modelling

The conventional rules for modelling a sequence of connected joints are

* Assign embedded frames to the links in sequence such that the opera-
tions that move each frame into coincidence with the next are a function
of the appropriate joint variable.

» Write the orthogonal operator matrices that correspond to these opera-
tions in left to right order.
This process will generate the matrix that represents the position and orienta-
tion of the last embedded frame with respect to the first, or equivalently, that
converts the coordinates of a point from the last to the first.
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2.4.1.3 Denavit Hartenberg Convention for Mechanisms

A mechanism is considered to be any collection of joints, either linear or rotary, joined
together by links (Figure 2.18). The total number of movable joints is called the num-
ber of degrees of freedom.

Joints
Figure 2.18 Links versus Joints. Quite often, a
mechanism can be viewed as a linear sequence of
Links joints connected by links.

It is conventional in many aspects of robotics to use a special product of four fun-
damental operators as a basic conceptual unit. The resulting single matrix can repre-
sent the most general spatial relationship between two frames of a class of
mechanisms called lower pair mechanisms. This convention, along with a small num-
ber of associated rules for assignment of embedded frames, has come to be called the
Denavit-Hartenberg (DH) convention [12].

These special operators can be used in place of the basic orthogonal operators in forward
kinematics because they are also orthogonal operators. The set of homogeneous transforms
is closed under the operation of composition. For two frames positioned in space, the direc-
tions of, say, the z axes of two frames define two lines in 3D space. For nonparallel axes,
there is a well-defined measure of the distance between them given by the length of their
mutual perpendicular. Let the first frame be called frame k-1 and the second frame k. The
first can be moved into coincidence with the second by a sequence of 4 operations:

* rotate around the x;_; axis by an angle ¢,
* translate along the x;_; axis by a distance uy,
* rotate around the new z axis by an angle y;

* translate along the new z axis by a distance wy,
Figure 2.19 indicates this sequence graphically.

z
k
Vi

Figure 2.19 Component Operations of a DH Matrix. Attach two frames to two axes in space.
Then, the first can be moved into coincidence with the second by a sequence of 4 operations
starting at the top right.
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The matrix, conventionally called 4, , that converts coordinates from frame & to frame
k-1 can be written using the rules for forward kinematic modelling given previously.
Tt-1 = Rotx(0,) Trans(uy, 0,0)Rotz(y,) Trans(0, 0, w,)
1 0 0 O0/|100 u|cy;,—=sy, 00100 0
T = 0cor =59, 011010 0|[sy, cy, 00[|010 0

0sd, co, 0/{001 0| 0 o0 101[001w,
00 0 1/[0001(|0 o0 o01//000 1 (232)

cyp sy 0 Uy

A, =Tk = CORSYy cOCY =Sy =S5O Wy
SORSY, SOy O cOwy
0 0 0 1

Note especially that it has four degrees of freedom although a general 3D relationship
between frames has six. This arrangement works because each DH matrix typically
models only a single real degree of freedom (dof) while the other three are constant.
Mathematically speaking, the DH matrix relates two lines in space, not two frames, so
there are only four degrees of freedom if position along each line is immaterial.

This matrix has the following interpretations:

» It will move a point or rotate a direction by the operator which describes how frame & is
related to frame &-1.

¢ Its columns represent the axes and origin of frame k expressed in frame k-1 coordinates.

» It converts coordinates from frame k to frame k-1.

2.4.1.4 Example: 3-Link Planar Manipulator

Coordinate frames are assigned to the center of each rotary joint and the datum angle
for each is set to zero as illustrated in Figure 2.20. It is conventional to assign the
z axis of a frame so that the associated degree of freedom, linear or rotary, coincides
with it. Also, the x axis is normally chosen so that it points along the mutual perpen-
dicular. In this case, this means that frame 1 is a rotated version of frame 0.

B e —— LI > L2—><—L3—>

Figure 2.20 Elbow Manipulator. Five frames are attached to the joints in order to track the
motions of the three joints and express the offset of the hand from the wrist.
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The joint parameters for this manipulator model are indicated in Table 2.2:

Table 2.2 Three-Link Planar Manipulator

Link [0} u v w
0 0 0 v, 0
1 0 L, v, 0
2 0 L, v, 0
3 0 L; 0 0

This table gives the following Denavit-Hartenberg matrices. Their inverses are com-
puted from the inverse formula because they will be useful later:

kcl -5, 00 ¢, 5,00 ¢ =55 0 L, ¢y 53 0-cyLy
4o |51 e 001 -5, ¢,00[4, = Sy ¢, 00 Elz =S5 €5 0 5,1,
1 0 010 : 0 010 0 010 001 0
0 001 0 001 0001 0 00 1
) (2.33)
¢3—s3 0L, ¢y 530 —c3L, 100 L4 100 -L,4
A3=s3c300A§1:—s3c30s3L2A4= 0100 A21=0100
0 010 001 0 0010 001 0
0 001 0 00 1 0001 000 1

The position and orientation of the end effector with respect to the base is given by:

c; =51 00| |cy—s,0Ly||c3 =530 Ly [100 L,
0 0 10/{0O 0 10||0O 0 10(|0010
0 00100010 001]000]1 (2.34)

Cia3 =123 0 (€1p3L3+ ¢ Ly + ¢ Ly)

70 = |S123 €123 0 (sy3L3+ 5L, +5,L))
0 0 1 0

L0 0 0 1

The way you use this is that the last column tells you the (x,y) position of frame 4 with
respect to frame O and the upper left 2 X 2 matrix is telling you the angle between
frame 4 and frame O.

2.4.2 Inverse Kinematics

The inverse kinematics problem is that of finding the joint parameters given only the
numerical values of the homogeneous transforms that model the mechanism. In other



62 MATH FUNDAMENTALS

words, it is the problem of determining where to drive the joints in order to get the
hand of an arm (or the foot of a leg) in the right place. Hence, it is pretty fundamental
to robot control.

2.4.2.1 Existence and Uniqueness

Inverse kinematics usually involves the solution of nonlinear equations. Such equa-
tions may have no solution, or a nonunique solution. It has been shown theoretically
by Pieper [13], that a six degree of freedom manipulator is always solvable if (not
only if) the joint axes of the last three joints intersect at a point. Most manipulators are
constructed in this way, so most are solvable.

Any real mechanism has a finite reach, so it can only achieve positions in a region
of space known as the workspace. Unless the initial transform to be solved is in the
workspace, the inverse kinematic problem will have no solution. This manifests itself
eventually as some mathematically impossible calculation. For example, inverse sines
and cosines of arguments greater than 1 might be encountered. Mechanisms with
many rotary joints will often have more than one solution. This problem is known as
redundancy.

2.4.2.2 Technique

Using the DH convention, a mechanism can be solved more or less one joint at a time.
The inverse kinematic problem is solved by rewriting the forward transform in many
different ways to attempt to isolate unknowns. Although there are only a few indepen-
dent relationships, they can be rewritten in many different ways.

Using a three degree of freedom mechanism for example, the forward kinematics can
be written in all of these ways by premultiplying or postmultiplying by the inverse of
each link transform in turn:

T = A, A,454, T = 4,4,4;54,

A7'T) = 4,454, TA4;! = A,4,4,4

A7 47'TY = 434, T94;145" = 4,4, (2.35)
AF'AF'ATITY = 4, 79471451 45" = 4,

A A A4 T = T TOAF A A AT = 1

Spotlight 2-7 Mechanism Inverse Kinematics.

The basic process used to isolate unknowns is to rewrite the forward kinematic
equations as shown.

These are, of course, redundant specifications of the same set of equations, so they
contain no new information. However, they often generate equations that are easy to
solve because the DH convention tends to isolate each joint. It is conventional to use
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the left column of equations, but the right column is easier to follow in our case, so it
will be used in our example.

2.4.2.3 Example: 3 Link Planar Manipulator

The process is started by assuming that the forward kinematic solution is known.
Names are assigned to each of its elements as follows:

11 T2 713 Px

TY = Ta1 T2 V23 Dy (2.36)
F31 730 33 P:

0 0 0 1

For our example, we know that some of these are zeros and ones, so that the end effec-
tor frame is:

ryr 0 py

Ty = |"21 72 0p, (2.37)
0 010
0 001

The first equation is already known:

T 0 py Ca3 =S1p3 0 (cp3L3 +¢pply +¢(Ly) (2.38)
a1 720 0 Pyl = |S123 o3 0 (Sy3l3+55L, +5,Ly)
0 010 0 0 1 0
0 001 0 0 0 1
From the (1,1) and (2,1) elements we have:
WYip3 = atan2(ryy, rqy) (2.39)
The next equation is:
ri i 0 —ryly+p, Cio3 =813 0 ¢j(eaLy + L) —5,(5,L5)
To1 Ty 0 =1y Ly+p | = |S103 Cro3 0 51(cpLy + L) +¢(s,L5)
0 01 0 0 0 1 0
0 00 1 0 0 0 1 (2.40)
it 0 -y Ly+p, Cio3 =123 0 ¢pply + ¢y Ly
Fop I 0 —r21L3+Py = |S123 €123 0 sppLy+s51Ly
0 01 0 0 0 1 0

0 00 1 0 0 0 1



64 MATH FUNDAMENTALS

From the (1,4) and (2,4) elements:
ky = —ryLs+p, = cply+c¢ )Ly
ky = —=ryLy+p, = sl +5,L
These can be squared and added to yield:

kt+k3 = L3+ L} +2L,L(cicip+5,512)

k?+k3 = L3+ L?+2L,Lc,

This gives the angle y, as:

(kt+k3)— (L3 + L%)}

2.41
2L,L, (241

Y, = acos[
The result implies that there are two solutions for this angle that are symmetric
about zero. These correspond to the elbow up and elbow down configurations.
Each solution generates a different value for the other two angles in subsequent
steps. Two sets of angles emerge: one for the “elbow up” solution, the other for
“elbow down.”
Now, before the expressions were reduced to include a sum of angles, they
were:

ky = —ryLy+ p, = ¢i(caly+ L)) —5,(5,L5)
ky = —=ryLy+ p, = si(c;Ly + L)) +¢(s5,L,)
With y, now known, these can be written as:

Siky+ciky, =k,

This is one of the standard forms that recur in inverse kinematics problems for which
the solution is:

v, = atan2[(kyk; - kky), (kiky + kyky)] (2.42)

Finally, the last angle is:

Vs = Yz — VY-V, (2.43)

2.4.2.4 Standard Forms

There are a few forms of trigonometric equations that recur is most robot mecha-
nisms. The set of solutions described below is sufficient for most applications.
One of the most difficult forms, solved by square and add, was presented in the
last example. In the following, the letters a, b, and c represent arbitrary known
expressions.
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2.4.2.4.1 Explicit Tangent. This form generates a single solution because both the
sine and cosine are fixed in value (Figure 2.21). It can arise in the last two joints of a
three-axis wrist, for example. The equations:

a=c, b =s,
have the trivial solution:
vy, = atan2(b, a) (2.44)
2.4.2.4.2 Point Symmetric Redundancy. This form generates two solutions that are
symmetric about the origin (Figure 2.22). The equation:
s,a—c,b =0

can be solved by isolating the ratio of the two trig functions. There are two angles in
one revolution that have the same tangent so the two solutions are:

y, = atan2(b, a) y, = atan2(-b, —a) (2.45)

Figure 2.21 Explicit Tangent. Figure 2.22 Point Symmetric.

2.4.2.5 Line Symmetric Redundancy

This case generates two solutions that are symmetric about an axis because the sine or
cosine of the deviation from the axis must be constant (Figure 2.23). The sine case
will be illustrated.

(A
W
Figure 2.23 Line Symmetric.

The equation:
s,a-c,b =c
has the solution:
v, = atan2(b, a) — atan2[c, tsqrt(r? —c?)] (2.46)
where:

r = tsqrt(a® + b?) 0 = atan2(b, a)
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2.4.3 Differential Kinematics

Differential kinematics is the study of the derivatives of kinematic models. These
derivatives are called Jacobians and they have many uses ranging from:

¢ resolved rate control
* sensitivity analysis & uncertainty propagation
¢ static force transformation

2.4.3.1 Derivatives of Fundamental Operators

The derivatives of the fundamental operators with respect to their own parameters will
be important. They can be used to compute derivatives of very complex expressions
by using the chain rule of differentiation. They are:

(000 1] 00 00
iTrans(u,v,w) = (0000 iRotx(q)): 0 —s¢ —co 0
du 0000 99 0 cd —s6 0
10000 00 00
(0000 [—s6 0 ¢0 0
iTrans(u,v,w) =(0001 iRoty(e) =|0000 (2.47)
v 0000 99 00 -s00
10000 L0000
0000 sy —cy 00
iT;’ans(u,v,w) -0000 iRotz(\y) _|ecy =sy 00
ow 0001 oy 0 0 00
0000 L0 0 00

2.4.3.2 The Mechanism Jacobian

It is natural to ask about the effect of a differential change in joint variables on the
position and orientation of the end of the mechanism. A coordinate frame matrix rep-
resents orientation indirectly in terms of three unit vectors, so an extra set of equations
is required to extract three angles from the rotation matrix. In terms of position, how-
ever, the last column of the mechanism model gives the position of the end effector
with respect to the base.

Let the configuration of a mechanism have generalized coordinates represented by
the vector ¢, and let the position and orientation, or pose, of the end of the mechanism
be given by the vector x:

¥=lxyzo0y

Then, the end effector position is given by:

x = E(g)

where the nonlinear multidimensional function £ comes from the mechanism model.
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The Jacobian matrix is a multidimensional derivative defined as:

dox,  ox,
dq; " 9q,
7= Dy = 2] = | (2.48)
q q dq;
' dx,  Ox,
¥aql h aqng

The differential mapping from small changes in g to the corresponding small changes
in x is:
dx = Jd q (2.49)

The Jacobian also gives velocity relationships via the chain rule of differentiation as

follows:
dx ox |(4q
i T S 2.50
dt (an(dt) (230

which maps joint rates onto end effector velocity.

x=Jg (2.51)

Note that this expression is nonlinear in the joint variables, but linear in the joint rates.
This fact implies that reducing the joint rates by half reduces the end velocity by
exactly half and preserves the direction.

2.4.3.3 Singularity

Redundancy takes the form of singularity of the Jacobian matrix in the differential
kinematic solution. A mechanism can lose one or more degrees of freedom:

* at points where two different inverse kinematic solutions converge
* when joint axes become aligned or parallel
* when the boundaries of the workspace are reached

Singularity implies that the Jacobian becomes rank deficient and therefore not invert-
ible. At the same time, the inverse kinematic solution tends to fail because axes
become aligned. Infinite rates can be generated by resolved rate control laws.

2.4.3.4 Example: Three-Link Planar Manipulator

For the example manipulator, the last column of the manipulator model gives the fol-
lowing two equations:

x = (c13L3+ ¢l + L)

2.52
(S13L3+ 5L, +5,Ly) ( )
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We also know that the final orientation is:

V=V, +tVY,+V; (2.53)

These can be differentiated with respect to y,, ¥, , and Y5 in order to determine the
velocity of the end effector as the joints move. The solution is:

X = —(513WisLs +5oWinLy + 51V Ly)
YV = (13Wia3ls + cuWinly + ¢V L)) (2.54)
Vo= (Y + P +Vs3)

which can be written as:

X (=813L3=581,Ly—5,Ly) (= 513L3—51,L,) —=513L5|| W1

y (cisly+cpply+eiLy) (eipnly+cply) cinly ||V (2.55)
W 1 1 1 W3

2.4.3.5 Jacobian Determinant

It is known from the implicit function theorem of calculus that the ratio of differential
volumes between the domain and range of a multidimensional mapping is given by
the Jacobian determinant. This quantity has applications to a technique of navigation
and ranging called triangulation.

Thus the product of the differentials forms a volume in both configuration space
and in task space. The relationship between them is:

(dxldXZ"‘dxn) = ‘J‘(dqldqqum)

2.4.3.6 Jacobian Tensor

At times it is convenient to compute the derivative of a transform matrix with respect
to a vector of variables. In this case, the result is the derivative of a matrix with respect
to a vector. For example:

dyran -

This is a third-order tensor. The mechanism model itself is a matrix function of a
vector. For example, if:

T(q) = 4,(q,)4,(q,)A45(q5)

Then there are three slices of this “Jacobian tensor,” each a matrix, given by:

or _ 94, 4 or _ 494, O _ g 4,00

g1 9q; dg, '9g, 995
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2.4.4 References and Further Reading

Craig’s book is perhaps the most popular for teaching robot manipulators. The other
two references are classic papers in robot manipulators referenced in the text.

[11] John Craig, Introduction to Robotics: Mechanics and Control, Prentice Hall, 2005.

[12] J. Denavit and H. S. Hartenberg, A Kinematic Notation For Lower-Pair Mechanisms Based on
Matrices, ASME Journal of Applied Mechanics, June 1955, pp. 215-221.

[13] D. Pieper, The Kinematics of Manipulators Under Computer Control, Ph.D. thesis, Stanford
University, Stanford, 1968.

2.4.5 Exercises
2.4.5.1 Three Link Planar Manipulator

Every roboticist should code manipulator kinematics at least once. Using your favor-
ite programming environment, code the forward and inverse kinematics for the three-
link manipulator. Pick some random angles and draw a figure. Then compute the end
effector pose from the angles and verify that the inverse solution regenerates the angle
from the pose. What does the second solution look like? If you are ambitious, try a
case near singularity, and experiment with the mechanism Jacobian.

2.4.5.2 Pantograph Leg Mechanism

The pantograph is a four-bar linkage that can be used to multiply motion. This one
was used on the Dante II robot that ascended and entered an active volcano on Mount
Spur in Alaska in 1994. Triangles ABD, ACF, and DEF are all similar. When the actu-
ator pushes the lever down, the leg lifts up by 4 times the distance that the actuator
moved.

Write the set of “moving axis” operations which will bring frame D into coincidence
with frame F. Then, write the 4 X 4 homogeneous transform 7' ? that converts coordi-
nates from frame F to frame D. Then, write the mechanism Jacobian relating foot
extension to actuator extension.

2.4.5.3 Line Symmetric Redundancy
Derive Equation 2.45 using the trig substitution:

a = rcos(0) b = rsin(0)
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2.4.5.4 Inverse DH Transform

The general inverse DH transform can be computed for a single mechanism degree of
freedom. This transform can be used as the basis of a completely general inverse kine-
matic solution for robotic mechanisms. The solution can be considered to be the pro-
cedure for extracting a joint angle from a link coordinate frame.

“Solve” the DH transform as if it was a mechanism with four degrees of freedom

and show that:
ui = px Wi = /\,/pfr-'—pi

v = atan2(—r12, I"“) (1) = atan2(-r23, r33)

2.4.5.5 SLAM Jacobian

In an algorithm for solving the Simultaneous Localization and Mapping problem in
Chapter 9, the pose of a landmark m with respect to the sensor s frame on a robot r
is given by:

T, = T T, (p)Th(rn)

where p” is the pose of the robot and r,, is the position of the landmark and two of
the transforms depend on these quantities. Using the chain rule applied to matrices,
derive expressions for the sensitivity of the left-hand side with respect to small
changes in the robot pose, and then with respect to the landmark pose.

2.5 Orientation and Angular Velocity

Although heading refers to the direction where a vehicle is going, yaw refers to where it
is pointing, and the two may or may not be the same. The attitude of a vehicle captures
its 3D orientation with respect to gravity. A vehicle may be tilted about a forward or a
sideways axis, so attitude has two components. They are typically called roll and pitch.
It is convenient to group together the attitude, and yaw and call it the orientation.

In a similar manner, for sensors and other devices which point at something, the
equivalent angle to roll is often irrelevant. In this case, the yaw rotation is typically
called azimuth and the pitch rotation is called elevation.

We will group position and orientation of the vehicle into a single conceptual unit
called the pose. In 2D, thejpose is [x y \@ " and the orientation is just the yaw. In 3D

theposeis[xyz(b 9\@ .

2.5.1 Orientation in Euler Angle Form
2.5.1.1 Axis Conventions

In aerospace vehicles, when assigning coordinate frames, the convention is that z
points downward. Although this is great for airplanes and satellites (since “down” is a
very important direction!), it can be counterintuitive for ground vehicles. The conven-
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tion used here is that z points up, y out the left side, and x forward. This rule has the
advantage that the projection of 3D information onto the x-y plane is more natural.

The angles yaw, pitch, and roll are conventionally considered to be rotations about
vectors out the roof, out the side, and out the front, of the vehicle. If we preserve these
names for the attitude and heading, the convention used here corresponds to a z-y-x
Euler angle sequence. See Figure 2.25 for a summary.

When processing sensor data, it is not advisable to use the homogeneous trans-
forms developed here until you have very carefully determined how to interpret the
(angular) outputs of any attitude and heading sensors that are used.

2.5.1.2 Frame Assignment

Some common frames are indicated in Figure 2.24. The navigation frame n, also
known as the world frame w, is the coordinate frame with respect to which the vehicle
position and attitude is ultimately required. Normally, the z axis is aligned with the
gravity vector; the y, or north axis is aligned with the geographic pole; and the x axis
points east to complete a right-handed system.

The body frame b, also known as the vehicle frame v is positioned at the point on
the vehicle body that is most convenient and it is considered to be fixed in attitude
with respect to the vehicle body. The positioner frame p is positioned at the point on
or near any position estimation system. If the positioner system generates attitude and
attitude rates only, this frame is not required because the attitude of the device will
also be that of the vehicle; it is a rigid body. For an inertial navigation system (INS),
this is typically the center of the inertial measurement unit (IMU) and for a Global
Positioning System (GPS) it is the phase center of the antenna (which may be
nowhere near the GPS receiver).

i}

. by tals
by 4, 0

o oty
oo

£

|n,w tc
Figure 2.25 Yaw, Pitch, and Roll. These

Figure 2.24 Standard Vehicle Frames. angles are defined in terms of moving axis
Many coordinate frames are commonly operations applied to a frame originally
used when modelling vehicles. fixed to the earth.
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The sensor head frame h is positioned at a convenient point on a sensor head such as
the intersection of the two rotary axes, the center of mounting plate, or the optical center
of the hosted sensor. At times, a rigid sensor head can and should be defined that tilts the
body axes into coincidence with those of the sensor. The sensor frame for a video cam-
era is positioned on the optical axis at the center of projection behind the lens or on the
image plane. For stereo systems, it is positioned either between both cameras or is asso-
ciated with the center of projection of the image plane of one of them. For imaging laser
rangefinders, it is positioned as the average point of convergence of the rays through all
of the pixels in an image for a stationary sensor. The wheel contact point frame c, is
positioned at the point where the wheel touches the ground surface.

2.5.1.3 The RPY Transform

It is usually most convenient to express vehicle attitude in terms of three special
angles called roll, pitch, and yaw. A general homogeneous transform, called the RPY
transform, can be formed, which is similar in principle to the DH matrix, except that it
has three rotations. It can serve to transform between the body frame and all others.
There are six degrees of freedom involved, three translations and three rotations, and
each can be either a parameter or a variable.

Let two general frames be defined as a and b and consider the moving axis operations
which transform frame a into coincidence with frame b. In order, these are:

» translate along the (x,y,z) axes of frame a by (1,v,w) until its origin coincides with that
of frame b

* rotate about the new z axis by an angle y called yaw
e rotate about the new y axis by an angle 0 called pitch

e rotate about the new x axis by an angle ¢ called rol!

Angles are measured counterclockwise positive according to the right-hand rule.
These operations are indicated below for the case of transforming the navigation
frame into the body frame.

The forward kinematic transform that represents this sequence of operations is,
according to our rules for forward kinematics:

T§ = Trans(u, v, w)Rotz(Y)Roty(0)Rotx(¢)

100 u|jcy —sy00[|cO 0s600[|1 O O O
Tg:OIOV sy cy 00(| O 1 0 O[|0co—sd0
001w/ |0 O 10[|-s60cO0/|0sd cd O
0001/]{0 O 010 OO0 1J)[00 0 1

The final result is Equation 2.56.

cycO (cysOsd—sycd) (cysOchd +sysd) u

Ta — |SWcb (sWsBso +cycd) (sysOcd —cyso) v
b —s0 cBsd cOch w (2.56)

0 0 0 1
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Box 2.4: The RPY Transform From Body to World Coordinates

The matrix that converts coordinates between two frames related by a trans-
lation and zyx Euler angles is given by Equation 2.56. It is used like so:

a a_ b
ro=T,r
=P -p

It has the following interpretations:
* It rotates and translates points through the operations listed, in the
order listed, with respect to the axes of a.

* Its columns represent the axes and origin of frame b expressed in
frame a coordinates.

* [t converts coordinates from frame b to frame a.
* It can be considered to be the conversion from a pose vector of the

form I:x yz90 \I’:I ! to a coordinate frame.

This matrix will be used extensively throughout the text.

Luckily, most pan/tilt sensor pointing mechanisms are formed from a yaw rotation
followed by a pitch and no roll, so these are a degenerate form of the above.

2.5.1.4 Inverse Kinematics for the RPY Transform
The inverse kinematic solution to the RPY transform has at least two uses:

» It gives the angles to which to drive a sensor head, or a directional antenna given the
direction cosines of the goal frame.

It gives the attitude of the vehicle given the body frame axes, which often correspond to
the local tangent plane to the terrain over which it moves.

This solution can be considered to be the procedure for extracting a pose from a
coordinate frame. Each is just a representation for the configuration of a rigid body in
space. There are many different ways to get the solution from different elements of the
RPY transform.

The one used here is useful for modelling terrain following of a vehicle. Proceed-
ing as for a mechanism, the elements of the transform are assumed to be known:

i T2 "3 Px
T¢ = Ta1 T T3 Py,
731732 733 P2
0 0 0 1
The premultiplication set of equations will be used. The first equation is:

T§ = Trans(u, v, w)Rotz(Y)Roty(0)Rotx ()

11 712 13 Py cyeB (cysBsd —sycod) (cysOed +sysh) u
"1 T2 T3 Pyl — |sWcb (sysBsd +cycd) (sysBed —cysh) v
F31 3y 33 Py —s0 cOsd cOco w
0 0 0 1 0 0 0 1

(2.57)
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The translational elements are trivial. Next, from the (1,1) and (2,1) elements:

atan2(ry, ;)  when ¢8>0

\j
(2.58)

Y = atan2(-r,;, =) when ¢6<0

This implies that yaw can be determined from a vector, that is known to be aligned
with the body x axis expressed in the coordinates of frame a. The two solutions
emerge because if 7 is added to the yaw, two other values for pitch and roll will result
in the same final configuration. There is clearly a problem when c6 = 0 (i.e., when
the vehicle is pitched up or down by 90°). This case is a singularity when the roll and
yaw axes become aligned and only the sum of both angles can be determined
uniquely.
The second equation (which generates nothing new) is:

[Trans(u, v, w)]‘ng = Rotz(yY)Roty(0)Rotx(d)

STRETESERY cych (cysBsd—sycd) (cysBcd + syso) 0

a1 722 723 O] _ |syeB (sysBs0 +cyed) (sysbed —cysod) 0 (2.59)
Fa T3 33 0 —s0 cOBsd cOBcod 0
The next equation is:
[Rotz(y)]" [ Trans(u, v, w)]‘lT}‘j = Roty(0)Rotx(d)
(rpey +rysY)  (rpey +7r9ysy)  (rzey +ry;5y) 0 cO 5050 s8co 0 (2.60)
(=r | SY + 1o ) (= pSY +rppc) (=r3sW+ro3cW) 0 _ | 0 cd —sd O )
ra) 3 I3 0 —50 c05¢ cOcd 0
0 0 0 1 0 0 0 1
From the (3,1) and (1,1) elements:
0 = atan2(—ry, 7 CY + 7y SY) 2.61)

This implies that pitch can be determined from a vector known to be aligned with
the body x axis expressed in the yawed intermediate frame. Based on the form of
Equation 2.60, the arguments of the arctangent are the y and z components of the unit
vector of the x axis of the yawed frame expressed in the coordinates of frame a. A
good solution for ¢ is also available from the (2,2) and (2,3) elements. However, the
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solution will be delayed until the next equation so that it can be extracted from a col-
umn instead of a row. The next equation is:

[Roty(8)]"[Rotz(y) ]~ [ Trans(u, v, w)]’ng = Rotx(9)

CO(r ey + 79 5Y) —73150 |cO(r oY + 78 W) — 73,50 | cO(F 3¢ + 7935Y) — 73350 0

(=7 SY +75,CY) (=718 + r9pCY) (=738 + ry30W) 0
SO(r Y + 79 SY) + 73,0 SO(Fr ,CY + 79p W) +13,¢0|50(7 |30 + 7535Y) + 7330 0
0 0 0
(2.62)
10 00
_ |0chd—-s00
0sd cdp 0
00 01

From the (2,2) and (2,3) elements:

O = atan2(sO(r,CY + 7 SY) + 73,0, =7, SY + 7pp ) (2.63)

This implies that roll can be derived from a vector known to be aligned with the body
y axis expressed in the pitched frame. Based on the form of Equation 2.62, the argu-
ments of the arctangent are the x and z components of the unit vector of the y axis of
the yawed frame expressed in the coordinates of frame a.

2.5.2 Angular Rates and Small Angles
2.5.2.1 Euler’s Theorem and Axis Angle Representation

According to a theorem of Euler, all rigid body rotations in 3D can be expressed in
terms of an axis of rotation and an angle of rotation about that axis. Regardless of
what motions moved the body from a starting orientation to a final one, the same
motion can always be achieved by a single rotation about a single vector. It is typical
to represent this motion in terms of a magnitude and a unit vector, thus:

Rot(¢, 0, ) < (6, 0)

2.5.2.2 Rotation Vector Representation of Orientation

It is useful to represent the above rotation as a rotation vector [15] — a unit vector
whose magnitude is scaled to be equal to the magnitude of the desired rotation in radi-
ans. Let the vector:

©=1[o,0,0] (2.64)
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represent a rotation in space under this convention. Its magnitude |@| is the magni-
tude of the rotation. Moreover, the unit vector:

A

6= 0/0| (2.65)

is the axis of the rotation.

Note especially that the rotation vector is not a true vector. The component-wise addi-
tion of two rotation vectors, for instance, is meaningless. One special case exception
to this rule is when adding a differential rotation. A differential rotation can be added
vectorially to another rotation vector to produce the desired composite rotation.

2.5.2.3 Small Angles and Angular Velocity

Let a composite differential rotation around the three orthogonal axes be denoted by a
very small rotation vector:

T
z

d® = |46, o, do,) (2.66)

The angular velocity ® is defined as the vector about which a body is instantaneously
rotating and its magnitude is the magnitude of the orientation rate. If the above rota-
tion takes place over a time period of dt, the angular velocity vector is clearly:

_ ey de

149 = 0dO = wa 2.67
7 d@) 0dO = 0o ( )

Thus, for a differentially small period of time, a rotating body rotates through an

angle.
e = 0d = o, o, o] “dr = de, a8, dez]r (2.68)

X

Hence, the angular velocity is the time derivative of the rotation vector.

2.5.2.4 Small Angles and Skew Matrices

The rotation operator matrices given earlier can be rewritten to apply to small angles
by replacing the trig functions with their first-order approximations. Thus:

sin(80) = 60 cos(80) =1

Our rotation operators then become:

10 00 1 0360 I~y 00
Rotx(89) = |0 1 =800 Rosy(30) = | O 1 0 0 posz(gyy = [dW 1 00
080 1 0 860 10 0 0 10
00 01 0001 0 0 01

It is traditional to use the symbol d to denote a differential (infinitesimal) quantity
whereas 9 is used to denote a small but finite quantity (usually an error or perturba-
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tion). Also A denotes a finite change that may or may not be an error. The d was
switched to a & above because the result will be used in error analysis later. Note that
operations using the above transforms are linear in the associated angles. Now define
the composite differential rotation:

50 = [5¢ 50 dy| (2.69)

It is easy to show that by multiplying the three above matrices and cancelling second-
order terms that the composition reduces, to first order, to:

1 -0y 06 0

Rotx(80)Roty(50) Rotz(dw) = Rot(5@) = |OW 1 =80.0] (570
30 30 1 0
0 0 0 1

In fact, the result does not depend on the order in which the rotations are applied.
Although rotations through finite angles do not commute in 3D, infinitesimal rota-
tions do.

The last result can be usefully rewritten in terms of the sum of an identity matrix
and a skew symmetric matrix.

Rot(80) = I+[80]"

2.71)
Where we have defined:
1 -0y 06 0
_ X _ |8 1 -6 0
Skew(80) = [80]" = |°Y
50 50 1 0 2.72)
0O 0 O 1

2.5.3 Angular Velocity and Orientation Rates in Euler Angle Form

The roll, pitch, and yaw angles are, as we have defined them, measured about moving
axes. Therefore, they are a sequence of Euler angles, specifically, the z-y-x sequence
of Euler angles. Note that the designation of the sequence depends on the convention
for assigning the names of the linear axes. Later, it will be convenient to gather the
Euler angles into a vector:

¥=loeyl

Several other vectors of angles will be introduced for various purposes, and we have
seen several already, but each will have a distinct name.

The Euler angle definition of vehicle attitude has the disadvantage that the roll,
pitch, and yaw angles are not the integrals of the quantities that are actually indicated



78 MATH FUNDAMENTALS

by strapped-down vehicle-mounted sensors such as gyros. The relationship between
them is surprisingly complicated, so we will derive it below.

2.5.3.1 Euler Angle Rates from Angular Velocity

The relationship between the rates of the Euler angles and the angular velocity vector
is nonlinear and the angles are measured neither about the body axes nor about the
navigation frame axes.

The total angular velocity is the sum of three components, each measured about
one of the intermediate axes in the chain of rotations that bring the navigation frame
into coincidence with the body frame.

. 0 :
o = + rot(x, ¢) Y +rot(x, 9)rot(y,0)| o
0 0 Wy
) ] (2.73)
@, ¢ — 50V 1 0 —s8/|d
o = Oy = | coB+50c0 | = [0 cd s0cB||§
o |—500+cocoy] L0 =50 cocO |y

This result gives the vehicle angular velocity expressed in the body frame in terms of
the Euler angle rates. Notice that when the vehicle is level (¢ = 6 = 0), the x and y
components of the output due to a body z rotation are zero and the z component of the
output is just the yaw rate as expected. This relationship is also very useful in its
inverted form. One can verify by substitution that ®.c¢+ s¢ = cOy, and
w,cd—w,s¢ = 6. Hence, we must have:

) o, + 05010 + ©_co16 1 500 co18| |

q) X

5l = ®,c0 - 0,50 = |0 co -s¢ ®, (2.74)
. s c 0 3¢ co

A wyc% + (Dz£ c® O o,

Box 2.5: Angular Velocity Transformations for zyx Euler Angles

The transformations between the angular velocity in the body frame and
the Euler angle rates for zyx Euler angles in both directions are:

Z . ; 1 s¢10 cH10 b
o 10 —s8|l0] |o | i)q) _q;q) O
o = o, = [0 co socO||d o = ,
0 50 <0
o, 0 —so chcO s W} 0 0 |9

These results will be used extensively throughout the text.
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2.5.4 Angular Velocity and Orientation Rates in Angle-Axis Form

Angular velocity is most easily defined in terms of the angle-axis representation of 3D
rotations.

2.5.4.1 Skew Matrices and Angular Velocity

Recall the skew symmetric matrix formed from a small 3D rotation:

.o -ae. e,
Skew(d®) = [dO] = | g6, 0 -d6,
~d6, d6, 0

Hence, the angular velocity also has a skew symmetric matrix representation:

70 0 -0, o,

Q= Skew(—*—) = [(p]>< =l 0 -0
dt z x

-0, o, 0

2.5.4.2 Time Derivative of a Rotation Matrix

Suppose a rotation matrix expresses the relative orientation of two frames that
changes over time. At time instant &k, we denote the rotation matrix as RZ and we seek
an expression for the time rate of change of this matrix. Let the change in the matrix
from time instant k& to k+ 1 be expressed as a small perturbation as shown in
Figure 2.26.

k+1

Figure 2.26 Perturbation of a Rotation Matrix. A
rotation matrix relating two frames changes by a small
n amount over a small time period.

Based on Equation 2.71, we can write the composition matrix at time £ + 1 in terms
of a small perturbation:

n n pk n X
Rivy = RiRiyy = Ri[1+[80] ]
Now the time derivative of R} is:

e ORE IR+ 80— RY(D)]
8t —0 Ot 8t —0 ot

Using the immediately preceding result:

n X n n X X
n Ri[I+[60© - R
Rk=lim[k[+[’]] "]zlimmzjzzhm[sﬂ

8t —0 ot 8t—0 ot 5t—>0 Of
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We were able to take R outside the limit because it means the rotation matrix at time
step k, rather than the matrix-valued function of k. Now the limit on the right side is
just the skew matrix of the angular velocity expressed in the coordinates of frame &
because each new perturbation is defined in a moving axis sense with respect to the
immediately preceding one. Hence, we can conclude that the time rate of change of a
rotation matrix is:

o X
R = R',Z%@] = RIQ, (2.75)

This result holds provided the components of Q, are expressed in the coordinates of
the moving frame k:

0 -0, o

z y
Q° = Skew('®}) = | @, 0 -a, (2.76)
-0, o, 0

2.5.4.3 Direction Cosines from Angular Velocity

It is possible to use the previous result to formulate an extremely useful matrix inte-
gral that produces the rotation matrix representation of attitude directly from the

. k .. .
angular velocity. Let us assume that the €2° matrix is constant over a very small time
step. Then, a clever method [14] provides an exact solution for the rotation matrix cor-
responding to the perturbation [d or¢ = Q*dt. Based on Equation 2.75:

Livt
Rivi = RiRp,, = Ry [ Q'de = RZexp{[d@]x} 2.77)
193

Where we have used:
t
jAdr = exp{At} (2.78)
0

where A4 is a constant matrix and exp{A¢} is the matrix exponential. Conveniently,
the skew matrix has a closed form matrix exponential:

exp{vx} = T+ L)+ )T (2.79)
Where:
f1) = ﬂg—v fa(v) = U=cosv) (2.80)
\%

Hence the differential angle vector associated with the angular velocity is given by:

k X X 2
Riyy = 1+ f1(dO)[dO] + f,(dO)([dO] ) (2.81)

where dt is the time step, d® = |d©|, and d© = wd:.
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2.5.5 References and Further Reading

Jordan’s exponential of the skew matrix is presented in his NASA report. The other
two references discuss representations of 3D attitude.

[14] J. W. Jordan, An Accurate Strapdown Direction Cosine Algorithm, NASA TN-D-5384,
Sept. 1969.

[15] M. D. Shuster, A Survey of Attitude Representations, Journal of the Astronautical Sciences,
Vol. 41, No. 4, pp. 439-517, 1993.

[16] J. R. Wertz, ed., Spacecraft Attitude Determination and Control, Dordrecht, Holland,
D. Riedel, 1978.

2.5.6 Exercises
2.5.6.1 Converting Euler Angle Conventions

Suppose that a pose box produces roll ¢, pitch 8 and yaw y according to the zyx
Euler angle sequence. This means the composite rotation matrix to convert coordi-
nates from the body frame to the world frame is given by:

, cy —sy 0[[cO 0sB|1 O O
Ry =lsy cy 0| 0 1 0[]0 cd —s0
0 0 1/|-s600c0||0 50 cod

cycO (cysOsd —sycd) (cysOch + sysd)
sycO (sysOsd +cycd) (sysbch —cyso)
—s0 cBsd cBcd

Ry =

The box is mounted incorrectly on a vehicle with the y axis forward and the x axis to
the right. There is no time to fix it. Using the Euler angle outputs of the box in this
configuration, compute the Euler angle outputs that would be generated if it were
mounted correctly with the x axis forward and y pointing to the left. Hint: The RPY
matrix relating any two frames is unique regardless of the Euler angle conventions
used.

2.5.6.2 Inverse Pose Kinematics Near Singularity

Equation 2.58 cannot be used at or near 90° of pitch. At this point pitch and yaw
become synonymous. Derive a special inverse kinematics solution for this case.

2.5.6.3 Exponential of the Skew Matrix

Derive Equation 2.79 and Equation 2.80. Compute exp([v]™) by computing powers
of [y]>< and noticing the pattern.
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2.6 Kinematic Models of Sensors

2.6.1 Kinematics of Video Cameras

Many sensors used on robot vehicles are of the imaging variety. For such sensors, the
process of image formation often must be modelled. Typically, the associated trans-
formations are not linear, and hence they cannot all be modelled by homogeneous
transforms. This section provides the homogeneous transforms and nonlinear equa-
tions necessary for modelling such sensors.

2.6.1.1 Perspective Projection

In the case of passive imaging systems, a system of lenses forms an image on an array
of sensitive elements called a CCD or focal plane array. These systems include tradi-
tional video cameras and infrared cameras. The transformation from the sensor frame
to the image plane row and column coordinates is the well known perspective projec-
tion studied by artists of the Renaissance.

Zs

A

7 = Zsf _ Zg
Py Hf 1 . . ,
ysrf o 1Ay S Figure 2.27 Pinhole Camera Model. Its easy to derive the
relationship between scene coordinates and image coordi-
y; =0 nates using similar triangles.

This type of transform is unique in two ways. First, it reduces the dimension of the
input vector by one and hence, it discards information. Second, it requires a post nor-
malization step where the output is divided by the scale factor in order to reestablish a
unity scale factor.

Although even casual efforts in computer vision will model various imperfections in
imaging geometry, we will use the simplest model available. The most basic model of a
camera is the pinhole camera model (Figure 2.27), where the focal length of the lens is
denoted by f. This ideal camera can be modelled with a homogeneous transform [18].
The transformation can be derived by similar triangles as shown in the figure.
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This relationship can then be expressed as a matrix operator relating scene coordi-
nates to image coordinates.

r; = Pir,
1 ooo|[, 1000
. 0000
_[o0oop pi (2.82)
=10010 s 0010
1 5 1
0-01 0-01
Cf ] VA

Note in particular that all projections into lower dimensions are not invertible. Here,
the second row is all zeros, so the matrix is singular. This, of course, is the ultimate
source of the difficulty of measuring scene geometry with a single camera. For this
reason, this transform is identified by the special capital letter P.

2.6.2 Kinematics of Laser Rangefinders

Kinematics of reflecting a laser beam from a mirror are central to the operation of the
many laser rangefinders that scan the laser in two degrees of freedom. There are at
least two ways to conceptualize the transformations involved in modelling them:

¢ In terms of reflections of the laser beam off of mirrors.
* A kind of “mechanism” forward kinematics where we consider the operations on the
laser beam to be the mechanism.

It is important, for such sensors, to be aware of and account for mirror gain. This is
the amount by which the rate of rotation of the laser beam is different from the rate of
rotation of the mirror. In the azimuth scanner discussed later in this chapter, for exam-
ple, the laser beam rotates at twice the rate of the mirror.

2.6.2.1 The Reflection Operator

This approach can be used when the translations of the laser beam can be ignored.
From Snell’s law for reflection of a ray:

* The incident ray, the normal to the surface, and the reflected ray, all lie in the same
plane.
» The angle of incidence equals the angle of reflection.

From these two rules, a very useful matrix operator can be formulated to reflect a
vector off of any surface, given the unit normal to the surface [17]. Consider a vector
;, not necessarily a unit vector that impinges on a reflecting surface at a point where
the unit normal to the surface is 7. Unless they are parallel, the incident and normal
vector define a plane, which will be called the reflection plane.
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Drawing both vectors in this plane, it is clear that Snell’s law (Figure 2.28) can be
written in many forms:

A A A AN

Vv, = v;,—2(v; -wn
N
-G, mn

A b N ~
V, = V;—2v;cos én

Figure 2.28 Snell’s Law of Reflection. One way to express the reflection of a vector is to sub-
tract twice its projection onto the surface normal.

This gives us the expression for the matrix reflection operator:

1-2nn, —2nxny —2n.n,
Ref(n) = [-2(n®n) = —2nynx 1—2nyny —Znynz (2.83)

—2n,n, —2nzny 1-2n.n,

Such a matrix implements the famous Householder transform. The outer product
(x ® y) of the normal with itself was used in forming the matrix equivalent. The result
is expressed in the same coordinates in which both the normal and the incident ray
were expressed. Notice that a reflection is equivalent to a rotation of twice the angle of
incidence about the normal to the reflection plane (which is not the normal to the sur-
face). A similar matrix refraction operator can be defined.

In order to model rangefinders, we can use this in the following way. The laser
beam will be modelled by a unit vector because the length of the beam is immaterial.
The unit vector is operated upon by the reflection operator — one reflection for each
mirror — in the sequence in which they are encountered. The ultimate result of all
reflections will be expressed in the original coordinate system.

Box 2.6: Kinematic Modelling of Laser Rangefinders

Laser rangefinders can be modelled kinematically as follows:
* Form a ‘sensor’ coordinate system fixed with respect to the sensor
mounting plate and conveniently oriented.

* Write an expression for a unit vector aligned with the beam direction as it
leaves the laser diode (the laser generation device).

* Write expression in the sensor frame for the unit normals to the mirrors
as functions of the mirror articulation angles.

» Reflect the beam off the mirrors in the order in which they are encoun-
tered.

* The result is an expression for the orientation of the beam expressed in
terms of the mirror articulation angles.
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The results of such an analysis give the orientation of the laser beam as a function
of the actuated mirror angles, but it says nothing about where the beam is positioned
in space. The precise position of the beam is not difficult to calculate and it is impor-
tant in the sizing of mirrors. From the point of view of computing kinematics, how-
ever, beam position can often be ignored.

2.6.2.2 Example: Kinematics of the Azimuth Scanner

The azimuth scanner is a generic name for a class of laser rangefinders with equiva-
lent kinematics (Figure 2.29). In this scanner, the laser beam undergoes the azimuth
rotation/reflection first and the elevation rotation/reflection second. One design
employs a “polygonal” azimuth mirror and a flat “nodding” elevation mirror. The mir-
rors move as shown in the figure:

nodding / Vs

mirror

polygon

) Figure 2.29 Kinematics of the Azimuth Scanner. In
mirror

this kinematic class of devices the transmit beam is
Xs rotated in azimuth before elevation.

2.6.2.2.1 Forward Kinematics. A coordinate system called the ‘s’ system is fixed to
the sensor with x pointing out the front of the sensor and y pointing out the left side.
The beam enters along the negative y, axis. It reflects off the polygonal mirror which
rotates about the x, axis. It then reflects off the nodding mirror, to leave the housing
somewhat aligned with the x; axis.

First, the beam is reflected from the laser diode about the normal to the polygonal
mirror. Computation of the output of the polygonal mirror can be done by inspection —
noting that the beam rotates by twice the angle of the mirror because it is a reflection
operation. The z-y plane contains both the incident and normal vectors. The datum
position of the mirror should correspond to a perfectly vertical beam, so the datum for
the mirror rotation angle is chosen appropriately. Consider an input beam v, along
the x, axis and reflect it about the mirror by inspection:

=Tlo-10"

b, = Reflp)¥, (2.84)

% = [0 sy eyl

Notice that this vector is contained within the y,—z, plane above. Now this result
must be reflected about the nodding mirror. The particular axis of rotation which is
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equivalent to a reflection is normal to both v » and n,. Because v
x,—z, plane, the y, axis is not always the axis of rotation.

» 18 not always in the

% = [0-sy cy]”

ut ¢ -7 0
p 2 4 2
T
n,o=1s% 0%
[
v, = Ref(i,)op = v,=2(b,- i), (2.85)
a af & T_
0 i} 55 Zchz(sz) cysa cws(z )
\,}n = —sy +2CWC§ 0 = —sy = —sy = —sy
v —c% cy— ZCWC%(C%) —evea fcwc(g - 9)
A T
%0 = [[eweo] -[sy] -[eyso]]
This result is summarized in Equation 2.86:
Reyed (2.86)
Ys = = *RS\V
—Rcys6

Notice that the moving axis operations that take the x, into coincidence with the beam are
a rotation around the y axis of 6 followed by a rotation around the new z, axis by —\y :

cOcy sycO s0O

-y cy 0
—sOcy —sOsy cO

sensor

RZ@am = ROty(e)Rotz(—\y) =

The first column of this matrix is the projection of a unit vector along the beam (x axis
of a frame attached to the beam) onto the axes of the sensor frame.

2.6.2.2.2 Forward Imaging Jacobian. The imaging Jacobian provides the relationship
between differential quantities in the sensor frame and the associated position change in
the image. Let us define the range “pixel” and its Cartesian coordinates as follows

R Ys ReycB
Vi = |y Vg = 1ys| T | —Rsy
0 z —Rcys0
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Then, the Jacobian is:

dx, dx, dx;

OR Jy 90
o 3 v 3 cyc® —RsycO —ReysH
J =__ = Vs OV ls = —sy —RC\V 0 (287)

© 9V 3R 9y 98
dz, dz, 0z,

N

[9R dy 06

—cyYs® Rsys® —RcycH

2.6.2.2.3 Inverse Kinematics. The forward transform is easily inverted.

R NS+ Y+ 2
V| T latan(-y,/ Jx2 +22)| ~ " ve 2) (2.88)
0

atan (—z,/x,)

2.6.2.2.4 Inverse Imaging Jacobian. The imaging Jacobian provides the relation-
ship between differential quantities in the sensor frame and the associated position
change in the image. The Jacobian is:

/2 2 2
R Xe+ys+z; Xg

%= v = Jatan(-y,/ 524 22) v = |y
o atan(—z,/x,) zg
[ ] s Vs “s
9R OR OR R R B3
axs ays azs R
S oy oy ow :x—;( - )_”XS;ZSZ—; 2
S 9y |oxg dy 9z RENX2 + 22 R R x? 4+ 22
d6 90 96 z X
dx_dy 0z 0
LS s x%+z2 x2 422
S S S N

2.6.2.2.5 Analytic Range Image of Flat Terrain. Given the basic kinematic trans-
form, many analyses can be performed. The first is to compute an analytic expression
for the range image of a perfectly flat piece of terrain (Figure 2.30).

Figure 2.30 Geometry for Determining the Range Image of Flat Terrain. The image produced
by an azimuth scanner tilted forward at a known height can be computed in closed form.
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Let the sensor fixed “s” coordinate system be mounted at a height / and tilted for-
ward by a tilt angle of . Then, the transform from sensor coordinates to global coor-
dinates is:

x, = x,cf+z;sP

Ve = Vs
z, = —xsP+z.cP+h

If the kinematics are substituted into this, the transform from the polar sensor coordi-
nates to global coordinates is obtained:

X, = (ReyeB)eP + (—ReysO)sp = RcOBcy

yg = _st
zg = (~ReycB)sp— ReysOcB+h = h—RsOBcy

Now by setting z, = 0 and solving for R, the expression for R as a function of the
beam angles y and O for flat terrain is obtained. This is an analytic expression for the
range image of flat terrain under the azimuth transform.

R = h/(cysOP) (2.89)

Notice that when R is large s6 = A/ R. As a check on the range image formula, the
resulting range image is shown in Figure 2.31 for 2 = 2.5, B = 16.5°, a horizontal
field of view of 140°, a vertical field of view of 30°, and a range pixel width of
5 mrads in both directions. It has 490 columns and 105 rows. The intensity edges cor-
respond to contours of constant range of 20 meters, 40 meters, 60 meters, etc.

/’(ﬁ%—%
Figure 2.31 Image of Flat Terrain for the Azimuth Scanner. This image is for a height of 2.5

and a tilt of 16.5°. Image intensity is proportional to range. To aid the visualization, wrap-
around edges occur at equally spaced ranges.

The curvature of the contours of range is intrinsic to the sensor kinematics and is
independent of the sensor tilt. Substituting this range back into the coordinate trans-
form, the coordinates where each ray intersects the groundplane are:

= = —hty/s0 z, =0
Notice that the x coordinate is independent of y and hence, lines of constant eleva-
tion in the image are straight lines along the x-axis on flat terrain.

From the previous result, it can be verified by substitution and some algebra that:

¥ 2
[Hﬂ —x2 = (2.91)

Thus lines of constant azimuth y are hyperbolas on the groundplane.
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2.6.2.2.6 Resolution. The Jacobian of the groundplane transform has many uses.
Most important of all, it provides a measure of sensor resolution on the ground plane.
Differentiating the previous result:

—h

0 -
dxgl - (s6B)2 x{d\ﬂ (2.92)
dy, —h(sec\y)? htycOB| |dO '

s0pB (s6P)2

The determinant of the Jacobian relates differential areas:

dxdy, = [”’(Ss—eecﬁ‘g?—z}dwde (2.93)

Notice that when R is large and y = 0, the Jacobian norm is approximately:

st ey e

Thus, the pixel density on the ground is proportional to the cube of the range.

2.6.2.2.7 Azimuth Scanning Pattern. The scanning pattern is shown in Figure 2.32
with a 10 m grid superimposed for reference purposes. Only every fifth pixel is shown
in azimuth to avoid clutter.

30
1) N [
L
(]
=20
= N N NV [ 2 4 Ve
L
© ~ N N \ [ ' ’ s z =z
£
s} 10 ~ ~ LSRN KW A W) . -
5 - _ N |- - _ T
(o) ~ - ~. . - -
O = =
>
0—30 -20 -10 0 10 20 30

X Coordinate in Meters

Figure 2.32 Azimuth Scanning Pattern. Pixels both spread and increase in size rapidly with
distance from the scanner. The arrangements of the ellipses suggests the hyperbolas (opening
to the sides) derived in the text.

2.6.3 References and Further Reading

Bass covers radiometry including the reflection operator whereas Hausner presents
geometry from a linear algebra perspective. Hartley is one book that presents the pin-
hole camera model.

[17] Michael Bass, Virendra N. Mahajan, Eric Van Stryland, Handbook of Optics: Design, Fabrica-
tion, and Testing; Sources and Detectors; Radiometry and Photometry, McGraw-Hill, 2009.

[18] Richard Hartley and Andrew Zisserman, Multiple View Geometry in Computer Vision, Cam-
bridge University Press, 2003.

[19] Melvin Hausner, A Vector Space Approach to Geometry, Dover, 1998.
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2.6.4 Exercises
2.6.4.1 Kinematics of the Elevation Scanner

The elevation scanner is the kinematic dual of the azimuth scanner. For this canonical
configuration, the roles of the mirrors are reversed, and the order in which the beam
encounters them is reversed as shown below.

polygon
mirror

nodding

mirror Elevation Scanner

Zs A
Xs RcOsy
- Yo = |ys| T |RcOBey
Y zg —Rs0

g R Je2tyrez?

y| = atan(x,/y,) = h(x, ¥y 2Zg)

9 atan(—z,/ /x2 +y2)

2.6.4.2 Field of View of the Elevation Scanner

Compute the expression for the range image of flat terrain for the elevation scanner
and show that lines of constant elevation in the image are arcs on the ground whereas
lines of constant azimuth are radial lines on the ground.

2.7 Transform Graphs & Pose Networks

2.7.1 Transforms as Relationships

Recall that an orthogonal homogenous transform encodes a rigid spatial relationship
between two frames — which can be visualized as two rigid bodies in the correct rela-
tive configuration. We can think of the transform as encoding the generic property.
For example, given our usual conventions for axes and angles, the 2D transform:
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c= —s=3
T =
S§= cE7
3
0 0 1

encodes the property of “being positioned 3 units to the right, 7 units above, and
rotated 60° with respect to something.”

We can also instantiate (create a specific instance of) this generic relationship, by
supplying two objects that have this property. Let’s imagine a vision system fixed with
respect to a robot hand that can compute where the box is relative to the hand
(Figure 2.33).

0o
—_—

3 units

~
c
>
=
[

Figure 2.33 Instance of a Geometric Relationship. The box
is 7 units above, 3 units to the right, and rotated 60° with
respect to the hand.

We symbolize an instantiated relationship like this with the notation 7 ZZ;'d. Con-
trast that with the generic notation for the uninstantiated relationship:

Rot(%t) Trans(3,7)

The matrices are the same but the first conveys the objects involved and the second
tells us something about the relationship itself. We don’t normally need both at the
same time. Note that the property is directional. The box has this property with
respect to the hand. The hand has a different (but related) relationship with respect to
the object. T 222 ¢ has different numbers in it.

It is useful to represent this relationship in a graph structure like so [23].

Harlti)—) Bo;)

The words graph and network are synonymous. The direction of the arrow is the
author’s preference (because the pose is interpreted in this direction) but consistency is all
that matters. This is read to mean that the pose of the box is known with respect to the hand.

Now, by measuring joint angles and performing forward kinematics, we may know
where the hand is with respect to the robot base (Figure 2.34). The base may be fixed
to a mobile robot, and so on.
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Imagine that the frames Base, Hand, and Object are connected by rigid links when
their relative pose is known. Intuitively, everything is known with respect to every-
thing else. In particular, the transform relating the Box to the Base (dotted arc in the
figure) is computable as follows:

base base phand
Tbnx = ThandTbox

despite the fact there is no such arc in the original network.

Boxy Box)< ~
- \

Hand

Base

Figure 2.34 Compound Geometric Relationships. The hand is related to the base in a man-
ner similar to the relationship between the box and the hand.

2.7.1.1 Topology

Topology is the study of the properties of shapes that are invariant to deformations.
Here, it’s about the connectedness of things. Connectedness is transitive. If Hand is
connected to Base and Box is connected to Hand, then Box is connected to Base. A

path exists in networks between connected nodes. A network is fully connected when
there is a path between every pair of nodes.

2.7.1.2 Nonlinear Graphs

In more complicated cases, the network of relationships is more tree-like
(Figure 2.35). Here, the World is the root node. In order to implement a visual tracking
algorithm, it would be desirable to predict the pose of the Corner with respect to the

Robot(i+1)
’ Corner N,
World _,/" N\
‘ " \
e I
“\ . ,/
y Robot() ““ Figure 2.35 Transform Tree. This transform

Ca
\ et
\, ———

N\

graph is a tree. This complicated yet acyclic
configuration occurs commonly.

So——
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Robot at time step i + 1. For such problems, it is sometimes useful to imagine that a
robot “stamps” a set of axes on the floor at certain times. Then you can talk about
where it “was” in addition to where it is.

2.7.1.3 Poses and Transforms

The 3D RPY homogeneous transform has six degrees of freedom:

cycO (cysOsd —syed) (cysOso + sysd) u

¢ = sYcO (sysOso +cycd) (sysBsd—cysh) v
—s0 cOsd cOco w

0 0 0 1

Its common to collect them into a pose “vector” thus:

P, = [uvwdpewj

These are two different representations of the same underlying concept.

Although the transform T for a given pose is uniquely defined, the pose for a
given transform is not unique — in two ways. First, there are twelve possible Euler
angle conventions because there are three ways to choose the first rotation, two for the
second, and the choice of fixed or moving axis semantics. Second, for any convention,
there are redundant solutions for the same RPY transform.

Another complexity is the fact that poses themselves are not vectors in the linear
algebra sense. It never makes sense to add two sets of finite Euler angles but direct
addition of finite and infinitesimal Euler angles is legitimate. The closest thing, for 3D
rotations, to the way that traditional vectors add is the multiplication of the transforms
that encode two relative poses. For example, the transformation composition:

T = T}T¢
is something like:

a a b

Bc = 9b+90

In reality, if we define p(7') as the process for producing a pose from a transform and
T(p) as the reverse, then:

p’ = pIT(PHT(p))]

This equivalence between a homogeneous transform and its parameters clearly gener-
alizes to all parametrized matrices, not just the RPY matrix.

2.7.2 Solving Pose Networks

The process of ordering superscripts and subscripts to generate cancellations is equiv-
alent to finding a path in a network. For example, if you want:

TS = TIT°TS (2.95)
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This can be represented as a three edge graph relating frames a and ¢ (Figure 2.36):

) &)\ \Y

Figure 2.36 Linear Network. This is a visual representation of Equation 2.95.

So, if a path exists in a network between two frames, it is possible to determine the
relative pose between the two frames (Box 2.7).

Box 2.7: Solving Pose Networks

It is possible to write by inspection kinematic equations of arbitrary complex-
ity given a pose network. Some rules for writing equations from pose networks
are as follows:

* Write down what you know. Draw the frames involved in a roughly cor-

rect spatial relationship. Draw edges for known relationships.

* Find the (or a) path from the start (superscript) to the end (subscript).

* Write operator matrices in left to right order as the path is traversed.

* Invert any transforms whose arrow is followed in the reverse direction.

* Substitute all known constraints.
This process will generate the matrix that represents the position and orienta-
tion of the last embedded frame with respect to the first, or equivalently, that
converts the coordinates of a point from the last to the first.

2.7.2.1 Automation

It is clearly possible to automate this. Given a graph data structure with poses stored
as edge attributes, one can write a function in software called getTrans-
form (Framel, Frame?2), which finds the path and returns the transform.

2.7.2.2 Example: Picking Up a Pallet

A robot fork truck is equipped with a vision system that can find the front of a pallet.
Let’s find the formula for the relative pose between the present pose of the robot and
the new pose required to pick up the pallet. Assume the robot must line up the fork
tips with the pallet holes and that the camera reads the position of the fork base with
respect to the pallet.

First, let the frames on the forktruck be denoted as shown in Figure 2.37. The trans-
forms between all pairs of these are considered known.

robot base tip

R ’ B| T‘ Figure 2.37 ForkTruck Frames. The robot frame is placed

in a convenient place for control. The tip and base frames
are defined to simplify picking up loads.
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Now, we need to draw two forktrucks (one “here” and one “there”) and a pallet in
roughly the right places. The tip frame “there” is to be lined up with the face of the
pallet (P) as shown in Figure 2.38. Following the process described earlier, all known
transforms are drawn in a network sketch in Figure 2.38:

B

T s

14 )
i)

Figure 2.38 Kinematic Placement Problem. Where must R2 be relative to R1 if the tip frame
(T2) is to be aligned with the pallet (P)?

Now, the path from R1 to R2 can be read off by inspection:
R1 Rl Bl P T2 B2
Try =Ty Tp Tl poTy;
To get a more usable form, we substitute all known constraints. Notice that we are
requiring the second tip frame to be lined up with the pallet face, so:
Ty, =1

Also, the transforms for the frames attached to the robot are (for this robot) fixed.
Hence:

B2 R\-1 2 B.—-1
T§}=T§ TR2=(TB) TBzz(TT)

Substituting all this in gives the solution:

Ty = TRrE(rsy (k) (2.96)

This “sandwich” of one or more transforms between forward and inverse pairs is a
common occurrence. Later in Section 2.5 of Chapter 7, we will see how to take this
answer and make a steering function out of it to accomplish the required motion.

2.7.3 Overconstrained Networks

When we add edges to a fully connected network, we create the potential for (and
almost always the fact of) inconsistency (Figure 2.39). The network becomes cyclic.
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You are 7 units away.

_—> Ballis 5 units away. Y
S— Ball is 3 units away. <«
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e

Figure 2.39 Inconsistency in Cyclic Networks. There is enough information exchanged
between the two robots to find two paths in the network from R1 to R2. These two paths form
a cycle. Any errors in the information will cause inconsistency — the two paths will not be of
the same length.

This is not always a bad thing. Often, this inconsistency is some of the most useful
information, and getting it is really an opportunity to learn something, or fix an error.
Often, the inconsistency has been there for a while but once it is discovered, some-
thing can finally be done about it.

2.7.3.1 Spanning Tree

For a cyclic network, the concept of a spanning tree (Figure 2.40) is fundamental. In a
spanning tree, each node (except an arbitrarily chosen root node) is assigned one and

only one parent:
2 o&
) /

‘) 6) Loop1:[21043]

3) T T Loop 2: [621045]/ /

) MO {J 2

T ) g’,

4 6)
Figure 2.40 Spanning Tree. If node O is chosen arbitrarily as the root, the spanning tree to the
right is generated. The two leftover edges mean that the graph has two independent cycles in it.

Once the spanning tree is constructed, two important statements become true:

e There is now a unique acyclic path between any two nodes in the tree.
* Any edge in the original network, but not in the tree, closes an independent loop that is
a member of the cycle basis encoded by the tree.

No matter how complicated the network gets, you can always find a unique path
between two nodes by choosing a root and building a spanning tree. The path is just
that from the start node to the root to the end node. This is easy to generate if the
edges in the spanning tree point to each node’s ancestor.

2.7.3.2 Cycle Basis

The cycle basis is a set of independent loops in a network. Notice that if there are N
nodes, then the spanning tree contains N — 1 edges. If there are £ edges in the original
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network, then there must be:
L=E-(N-1)=E-N+1

independent loops. This will be important later for building sparse maps and sparse
mosaics efficiently.

2.7.4 Differential Kinematics Applied to Frames in General Position

This section considers the problem of expressing the differential kinematics of pose
networks from the perspective of how small perturbations in one pose affect others
when various constraints apply.

Recall that, in the plane, the matrix denoted as follows:

encodes the relationship between two frames in “general position.” It is useful to visu-
alize such a relationship by drawing frame j at a positive displacement in x and y
and at a positive rotation angle with respect to frame i.

Similarly, we will find it useful to place a third frame in general position with
respect to frame j as shown in Figure 2.41.

Vi i
e _ 4 Vi
=7
by . .

* Figure 2.41 Coordinate Frames
D in General Position. Three coor-
- T - dinate frames are shown which
v TRV, are in general position with

respect to each other. All ele-
ments of the poses relating the
frames are positive in the figure.

2.7.4.1 Pose Composition

The pose of frame k& with respect to frame i can be extracted from the compound
transform:

c\p‘,ﬁ —S\l!i a‘,ﬁ c1|l%l —sl?/}'c cqua',i - S\l!jb‘;i + a;

; i i i i igj i1(2.97
sy ey by S\If/; C‘l*k SW‘iai-"chbi'*bj ( )
0 0 1 0' 0 1

T, =

Let us introduce the following notation for relative poses:

0, = |d b))
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which is read as the pose of frame j expressed in frame i coordinates. Reading the
result directly from Equation 2.97, the relative pose relating frame i and % is:

a, = cyjai—sybl+a;
b, = s\p}ai + cw;bi + b} (2.98)
Vo= W+

This result can be considered to be the formula that defines the operation of pose com-
position. We denote this with ‘*” as follows:

p, =p *pl (2.99)

For the three poses that appear in this result, it is legitimate to ask what happens to a
first pose if a second is changed slightly and a third remains fixed. Because there are
three ways to choose the first, and then two ways to choose the second, six such poses
can be deﬁned Let p be called the compound pose, then p will be called the left
pose and p « 18 the right pose of the composition.

2.7.4.2 Compound-Left Pose Jacobian

Imagine that the relationship between frame & and frame j (right) is fixed but that
between frame j and i (left) is variable. Naturally, if we move frame j with respect to
i, then frame & also moves with respect to i.

Differentiating Equation 2.98, the compound-left pose Jacobian is:

2’ 10 ~(syha) +ewb)| |10 -b]l |10 ~(bf—b)
ik r
Ti === o1 cova—susi | = lo1 il = lo1 (d_aiy| (2100)
aej (CWjak—S\V