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PREFACE

This book covers some of the most recent developments (theoretical and with appli-
cation potential) in reliability-based civil engineering analysis and design. The chap-
ters are authored by some of the most active scholars in their respective areas.
The topics represent some of the most recent research, upcoming interests, and
challenges to the profession. As a result of extensive multidisciplinary efforts, the
reliability-based engineering concept has matured over the last three decades. Reli-
ability evaluation procedures with different degrees of sophistication are available.
Various simulation schemes are also available to verify the theoretical developments.
Reflecting these developments, most of the engineering design codes or guidelines
are being modified or have already been modified to explicitly consider the pres-
ence of uncertainty. However, some recent incidents have identified some of the
weaknesses that have yet to be addressed. Extensive damage during some recent
earthquakes forced the profession to change the design philosophy. The design phi-
losophy of human safety has been extended to consider damage to structures, and
the concept of performance-based design is being advocated. Risk assessment and
management of complicated structural systems are some of the major building
blocks of this concept. The World Trade Center incident of September 11, 2001
also prompted a discussion on how to design for low-probability high-consequence
events. Safety evaluation of bridges and offshore structures has generated a con-
siderable amount of interest. The civil engineering applications domain has been
extended to the reliability of fatigue and corrosion related problems. Recent trends
include reliability evaluation of complicated structures using their realistic behav-
ior using the nonlinear finite element method and the meshfree method. Life-cycle
cost analysis for maintenance decision is now being advocated, although the major
sources of uncertainty during the structural life have yet to be incorporated in
the formulation. Health assessment of existing structures has attracted world-wide
interest.

Some of these challenges are very recent and the profession has just initiated
discussion on the related issues. These topics are not expected to be available in
book form. However, the thoughts and recent works of some scholars who are pro-
viding leadership in developing these areas need to be readily available to benefit
students (undergraduate and graduate), researchers (university and industrial), and
practitioners. This edited book provides a sampling of some exciting developments
in upcoming areas. It is designed for readers who are familiar with the fundamentals
and wishes to study or to advance the state of the art on a particular topic. It can
be used as an authoritative reference.

v
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vi Preface

The book consists of thirteen chapters. They can be grouped into several theme
topics including design for low-probability high-consequence events, performance-
based design for building, bridges, and structure-foundation systems, risk-based
design of offshore structures, reliability assessment of fatigue and corrosion, numer-
ical methods for the reliability assessment of complicated structural systems using
the nonlinear finite element method and the meshfree method, reliability assessment
using information from experts, life-cycle cost analysis considering major sources
of uncertainty, and the health assessment and monitoring of existing structures in
the presence of uncertainty.

In Chapter 1, Corotis discusses risk in the built environment, and the role of
risk and society’s risk perception in making decisions for structures and infras-
tructure. The chapter provides a brief presentation of the inherent risks in life,
the hazards that face communities, and the limitations imposed by economic and
political realities in making decisions for low-probability high-consequence future
events. The chapter ends with thought-provoking discussions on societal decision
issues involving trade-offs, development, sustainability, inter-generational transfer,
utility, discounting, probability versus uncertainty, risk versus risk perception, and
political realities.

Rackwitz reports some recent developments in setting up rational public risk
acceptability criteria for technical facilities exposed to natural or man-made hazards
in Chapter 2. The life quality index is chosen as the basis for modern economic
considerations and integrates the available information on world-wide communities.
The social value of a statistical life and the corresponding willingness-to-pay are
presented.

Wen introduces the performance-based design concept in Chapter 3. The consid-
eration and proper treatment of the large uncertainty in the loadings and capacity,
including complex response behavior in the nonlinear range, is essential in the eval-
uation and design process. A performance check of the structures can be carried
out at multiple levels from immediate occupancy to incipient collapse. Lifecycle
cost can be used to arrive at optimal target reliability. Performance-based evalua-
tion and design are demonstrated for earthquake and wind hazards. The approach
is expected to provide the foundation for the upcoming performance-based design
guidelines.

In performance-based design, prescribed reliabilities must be satisfied at differ-
ent levels. In general, a complicated system consists of many elements. Some of the
elements act in series and other act in parallel, and the failure of one element may
not indicate the failure of the system. Furthermore, the brittle and ductile behav-
iors of elements after they reach their capacities also affect the overall reliability
of the system. In most cases, strength performance requirements are satisfied at
the element level and the serviceability or deflection requirements are satisfied at
the structural level. For the performance-based reliability evaluation procedure, the
element-level probabilities of unsatisfactory performance for strength and system-
level probabilities for serviceability need to be combined. Chowdhury and Haldar
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Preface vii

presented the relevant issues in detail in Chapter 4. They use complicated structure-
foundation systems to demonstrate the necessity of such evaluation.

Ghosn discusses issues related to the reliability evaluation of bridges, a generally-
overlooked topic of considerable recent interest, in Chapter 5. He points out that
bridge design has emphasized the evaluation of the members on an individual basis
while ignoring their interaction as a structural system. Ghosn presents the subject
in the context of developing performance-based engineering methods that take into
consideration the whole system’s response range. He discusses the applicability
of reliability methods for the safety assessment of bridge components as well as
systems.

Offshore structures are becoming increasingly essential to maintain our way
of life. The reliability evaluation of offshore structures is very specialized. Quek,
Zheng, and Liaw present two frequency-domain methods to estimate the stochastic
response of fixed offshore structures in Chapter 6. They address the complexity in
stochastic analyses due to the presence of several sources of nonlinearity including
drag and waves.

Fatigue is generally considered the most important failure mode in mechanical
and structure systems. Modern reliability methods are available for managing the
relatively large uncertainties in fatigue design factors. Wirsching provides a review
of fatigue reliability methods in Chapter 7.

Structural deterioration and its effect on the reliability evaluation have recently
become important research topics. Material loss due to corrosion and pitting cor-
rosion are comprehensively discussed in Chapter 8 by Melchers. The variables
involved in natural environments are identified. Recently-introduced probabilistic
phenomenological models for marine immersion corrosion are described for both
general and pitting corrosion. They show that the nature of the corrosion process
changes from being controlled by oxygen diffusion to anaerobic bacterial action.
The observations affect the longer-term prediction of general corrosion loss and
for maximum pit depth. The effects of steel composition, water velocity, salinity,
pollution and season of first immersion on corrosion are also summarized.

Reliability analysis techniques have matured in recent years, but they are not
yet widely accepted by the deterministic community. One of the major objections is
that the available techniques are not adequate to evaluate the risk of complex real
structures. To overcome this concern, Huh and Haldar, in Chapter 9, propose a new
efficient and accurate finite element-based hybrid method to evaluate the reliability
of nonlinear real structures under short-duration dynamic loadings, including earth-
quake loading. The method explicitly considers nonlinearities due to geometry and
material characteristics, boundary or support conditions, and connection conditions
and the uncertainty in them. It intelligently integrates the response surface method,
the finite element method, the first-order reliability method, and an iterative linear
interpolation scheme. This approach can evaluate the time domain reliability of
any structures that can be represented by finite elements, thus removing one of the
major concerns of the deterministic community.
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viii Preface

In Chapter 10, Rahman provides an exposition of stochastic meshfree meth-
ods that involve deterministic meshfree formulation, spectral representation of ran-
dom fields, multivariate function decomposition, statistical moment analysis, and
reliability analysis. Numerical results indicate that stochastic meshfree methods,
employed in conjunction with dimension-reduction and response-surface methods,
yield accurate and computationally efficient estimates of statistical moments and
reliability. Rahman observes that although significant strides have been made,
breakthrough research is essential on enhancing the speed and robustness of mesh-
free methods for their successful implementation into stochastic mechanics.

Reliability assessment of an engineering system depends to a great extent on
performance data obtained in field or laboratory environments. In cases where such
data is not readily available or cannot be obtained at a reasonable cost, data from
experts can be utilized. In some cases, expert opinions may be necessary to pro-
vide direction on which methods would be most suitable for conducting a rational
reliability analysis. Mohammadi and DeSantiago focus on reliability analysis using
information from experts in Chapter 11. They specifically address the significance
of using experts to provide information on the reliability methods and data collec-
tion process, and performance data obtained from the opinions of experts. Different
statistical methods for conducting tests on such data, the identification of biases,
and methods to improve the outcome of reliability analysis using information from
experts are also discussed.

Life-cycle cost analysis is becoming an essential part of the maintenance deci-
sion process including inspections, repair or replacement. Since all cost must be
discounted down to the decision point, a sustainable, intergenerationally acceptable
discount rate must be used. A rate decaying from some market rate down to the
real economic growth rate per capita in a country based on intra- and intergenera-
tional equity is proposed by Rackwitz in Chapter 12. The renewal model established
elsewhere for setting up suitable objective functions is adjusted to time-dependent
interest rates. Optimal replacement strategies including inspection and repair are
proposed. The theory is extended to series systems of dependent or independent
deteriorating structural components.

Health assessment of existing structures in normal operating conditions or just
after a natural or man-made event must be conducted as objectively as possible.
The sources of uncertainty in such an evaluation are numerous, and they should
be kept to a minimum. Katkhuda and Haldar propose a system identification-
based nondestructive defect evaluation procedure to identify structural stiffness
parameters at the element level using only limited noise-contaminated response
information and completely ignoring the excitation information. The structures
are represented by finite elements. The procedure detects defects by tracking the
changes in the stiffness property of each element. The area is rapidly evolving and
is of considerable interest to many segments of our profession.

This book is unique in terms of its content, which addresses many emerg-
ing research areas where the available information is scarce or not yet properly
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Preface ix

formulated. The recent thoughts and opinions of experts presented in this book
are expected to accelerate the development of these areas. The book provides the
reader with a wealth of insight and a unique global perspective. It is hoped that this
book will convey to the reader the excitement, advances, promise, and challenges
the reliability community faces in the near future.

Achintya Haldar
Tucson, Arizona
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CHAPTER 1

RISK AND RISK PERCEPTION FOR LOW PROBABILITY,
HIGH CONSEQUENCE EVENTS IN THE

BUILT ENVIRONMENT

ROSS B. COROTIS

Denver Business Challenge Professor University of Colorado
Boulder, Colorado 80309-0428, USA

E-mail: corotis@colorado.edu

Risk in the built environment, and the role of risk and risk perception in how soci-
ety makes decisions are important aspects of safety for our structures and infrastruc-

ture. This chapter provides a brief presentation of inherent risks in life, of hazards that
face communities, and of the limitations of economic and political realities in making
decisions for low probability, high consequence future events. It begins with an intro-
duction on the presence of risks, and then discusses the mathematical basis and codified
approach to structural reliability. A definition of the aspects of risk and risk perception
is followed by issues unique to low probability, high consequence events, including small
probabilities, the convolution of probability and consequence and political accountability.
There is then a section on alternative decision criteria. Finally, there is a section on soci-
etal decision issues involving trade-offs, development, sustainability, inter-generational
transfer, utility, discounting, probability versus uncertainty, risk versus risk perception,
and political realities.

1. Why Risk?

All activities involve a degree of risk, defined as occurrence of some outcome that is
normally considered undesirable.1 Such outcomes could be the failure of a dam to
hold the water in a reservoir following a storm, the collapse of a structure during an
earthquake, the inability of a bridge to support traffic loads following a collision by
a boat, etc. Although not universally accepted, the most common quantification of
risk is the product of the likelihood of occurrence and the effect of the event, such as
change in structural state, loss in monetary value, and/or mortality and morbidity.
Thus something as specific as the annual risk of death due to flooding would be
the probability of occurrence of one death in one year, whereas the lifetime risk of
damage due to earthquakes would be the product of some appropriate measure of
the damage (perhaps monetary value) multiplied by the probability of occurrence
of this damage over the design lifetime of the structure.

Every civil engineering structure entails some degree of uniqueness, either in
the design or construction of the structure, the supporting soil and foundation, the
environmental setting or the use. In addition, all structures are built to exist over

1
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a future intended lifetime, during which they will be exposed to the natural envi-
ronment and societal effects, both intended and unintended. Therefore, the perfor-
mance of every structure during its service lifetime exposes it to uncertainties that
involve risk, and it is the role of building codes to ensure that structures designed
in accordance with them have an acceptably low level of risk.2 The development
of these codes is based on careful evaluation of the performance of existing struc-
tures, professional judgment concerning materials, loads and analysis, and finally a
consensus process that determines, at least implicitly, an acceptable level of risk.3

The process described above has worked remarkably well, with experience result-
ing in cost-effective structures for which any particular structure exhibits an annual
probability of severe unintended consequence estimated to be on the order of 10−4.
Yet this level of performance is not the result of comprehensive probabilistic analysis
or conscience effort to set the safety level, rather it has evolved from a “comfortable”
level of risk determined by professionals and endorsed, at least in a taciturn way,
by society. In this chapter there will be a review of the concepts of the probabilistic
approach to structural safety, followed by sections on risk and risk perception, spe-
cial issues of low probability — high consequence events, and finally a discussion of
social and political issues surrounding the civil engineer’s role in risk management
in the built environment.

2. Structural Reliability

2.1. Mathematical basis

The basic concept of structural reliability in probabilistic terms is the determination
of the likelihood that a given structure will perform as intended. This determination
can be viewed as the convolution of the probability density function of the demand
applied to the structure (the “loads”) with the cumulative distribution function of
the capacity, or fragility, of the structure (the “resistances”),

P =
∫

fL(x)FR(x)dx (1)

in which both fL(x) and FR(x) are to be interpreted in general as multi-dimensional
distributions, and x as a vector of parameters of both loads and resistances. In addi-
tion, in general both L and R should be interpreted as time-varying, or stochastic,
random variables.

This deceptively simple equation, therefore, embodies the concept of the lifetime
history, or scenario, of a structure composed of multiple structurally interdependent
components exposed to demands or loads caused by the natural environment, the
usage, and unintended forces. The capacity of the structure, and even the loads in
some circumstances, can be altered by the particular time history of all events up
to the present instant of evaluation.
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Other chapters in this book, and indeed other books, are available that discuss
the various modeling of load and system parameters as well as approximate solu-
tion techniques. Several computer programs have been developed to assist in this
evaluation, including ones based on approximate first and second order methods,
simulation and response surfaces. In all cases, the resulting evaluation of Eq. (1)
leads to a stated probability of failure, with the definition of failure dependent on
the framing of the problem and the definition of loads and capacities. The cal-
culation of the probability of failure for a particular situation is the fundamental
objective of traditional structural reliability.

2.2. Mathematical reliability versus codified design

While the evaluation of Eq. (1) has been the goal of structural reliability, there has
been an understanding among researchers, sometimes explicitly stated, that the
resulting probability should not be interpreted in a literal sense as the likelihood
of occurrence of the particular event. In large part this dates back to the work of
Alfred Freudenthal, beginning at the middle of the last century.4,5 He claimed that
the computed probabilities of structural safety were “notional,” meaning that they
were to be used only in a relative sense to compare alternative designs, and certainly
not across different categories of risk to society. This was based on three important
shortcomings associated with structural reliability theory, which all relate to the
problem of dealing with extreme events. One is that since occurrences of extreme
events are by definition rare, and thus there will be relatively few observations.
Therefore, the confidence levels associated with the selected values of these param-
eters are very large, and epistemic uncertainty can overwhelm computed probabili-
ties. A second shortcoming is that computational power limits the practical ability
to utilize mechanics-based models of structural behavior that are realistic in the
nonlinear response regions, which are the essence of interest for failure analysis.
This was especially true during the time of Freudenthal’s concern, but is becom-
ing less of a problem due to the increasing power of computers. The third area
lacking verification is the modeling of extreme events. For instance, while methods
of extreme value statistics have been developed to determine the forms of asymp-
totic probability distributions, it is not clear that the series of events leading to
unusual circumstances have been captured in models of structural reliability. While
Freudenthal continued to promote the concept of notional probabilities,6 others
advocated that societal trade-offs required comparisons across alternatives.7

Building codes evolved not from a formal sense of structural reliability, but
from the need to capture, quantify and reproduce practices that resulted in struc-
tures that performed satisfactorily in normal circumstances. Studies of live loads
in the late 1800’s and early 1900’s8,9 recognized that loads could be mathemati-
cally quantified, and that a probabilistic model of load intensity could be related to
intended use and the extent of structurally-supported floor area. While this use of
formal probability led to the proposal for a live load reduction formula, its bound
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was set by reference to a purely deterministic overload.10 This lack of willingness
to adopt code provisions based solely on the theories of probability continued to
manifest itself in the advancements in concrete design that led to the incorpora-
tion of ultimate strength design in 1956. While the separate identification of load
and strength factors can be seen as a direct transformation to account for different
probabilistic variations of various loads and strengths, the method was not mar-
keted as a probabilistically-based advancement. As with prior code changes, the new
method was “calibrated” through trial designs such that sections designed with the
new procedure were very similar to those resulting from the prior working stress
method.

The concept of calibrating new code provisions to existing design continues as
the method of assurance that code changes will not significantly affect the safety
of structures. Examples are the load and resistance factor design codes for steel,
masonry and timber structures. This approach is prudent, in that it protects against
the reality that new models of loads and structural behavior are not “field tested”
and may not be complete. Progress is still possible because the new methods can
lead to increased consistency of reliability across alternative designs. Unlike all
other fields of engineering, civil engineering structures are tested only through
field applications of actual structures over design lifetimes. It is also consistent
with Freudenthal’s advocacy that structural reliability probabilities be used only
to compare designs, and not as actual chances of events.

This approach has not, however, permitted an open discussion of the risks inher-
ent in structural design codes, nor a comparison with other risks faced by society.
It is in this broader construct of risks and risk trade-offs that civil engineering
reliability professionals have before them an opportunity for major impacts for
society.11–13 But to engage this domain, it is incumbent upon engineers to have
a fuller understanding of the way in which society perceives and acts on the risks
faced by individuals.

3. Risk and Risk Perception

At the beginning of this chapter, risk was defined as the probability of occurrence of
an undesirable outcome, multiplied by a quantitative measure of that outcome. This
will be referred to as mathematical risk. Studies by social psychologists and others
have documented that comparative levels of risk defined this way are inconsistent
with the trade-off decisions that are made by society at large.14–16 Therefore, there
must be other conceptualizations of risk that are being used to form decisions.
Indeed, different sets of researchers have documented separate and important issues
that are used in societal decision-making. The issues related to the manner in
which decisions are framed have been studied extensively by Daniel Kahneman and
Amos Tversky.

Kahneman and Tversky17,18 have investigated how outcomes depend on the
manner in which questions are framed and the way in which situations are referred
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back to experiences. As an example of the former, they demonstrate that very
different choices are made when questions are framed to emphasize the positive
aspects of one choice over another. One of their classic examples (due to Maurice
Allais) is described below.17

In Problem 1 a group of respondents is given two choices: (A) Win 2500 mone-
tary units with a probability of 0.33, win 2400 monetary units with a probability of
0.66, or win no monetary units with a probability of 0.01, and (B) win 2400 mone-
tary units with certainty.

In Problem 2, another group of respondents is also given two choices: (A) Win
2500 monetary units with a probability of 0.33 or no monetary units with a prob-
ability of 0.67, and (B) win 2400 monetary units with a probability of 0.34 or no
monetary units with a probability of 0.66.

Studies on groups have shown that in general for Problem 1 82% of the subjects
will choose alternative (B), and for Problem 2 83% of the subjects will choose
alternative (A). A careful examination shows that both problems are of the same
structure and should produce the same choice, since the only difference between
Problem 1 and Problem 2 is eliminating a 0.66 probability of winning 2400 monetary
units for both choices. Someone with linear utility theory who bases selections on
expected value would choose (A) for both problems.

Paul Slovic19 has investigated the characteristics by which people evaluate the
risk associated with various events. He has determined that the probability of occur-
rence and the magnitude of outcome are only two of 20 such characteristics. In a
comprehensive study he asked people to evaluate 90 common risks faced in society.
He instructed them to rate the risks, and then used descriptors to determine their
importance in the perception assigned by the subjects. Slovic then performed a sta-
tistical factor analysis in order to understand the primary characteristics that were
important in the minds of individuals when they assessed risk. This process led to
two factors that had high statistical loadings with differing characteristics (he chose
to label these two factors Dread and Familiarity). A third factor was related to a
single characteristic, and from subsequent studies he added two additional factors.
This information is summarized below.

Table 1. Risk perception factors and the risk characteristics with which they exhibit high statis-
tical loadings.

Factor Characteristics w/high statistical loadings

Dread Dreadful, catastrophic, hard to prevent, fatal, inequitable,
threatening to future generations, not easily reduced, involuntary,
personally threatening

Familiarity Familiar, observable, degree of knowledge, immediacy of
consequences

Number of People Exposed

Trust

Technological Stigma
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An important lesson from Slovic’s study is that the public does not use the
simple measure of risk that has been adopted by structural reliability professionals,
but instead considers risk to be a multi-attribute quantity. He concludes that risk
is relative, existing in the minds and cultures of society. An example of the dis-
parity between engineering and sociological approaches is his conclusion19 (p. 392):
“. . . there is no such thing as ‘real risk’ or ‘objective risk’.”

Another conclusion of the work of Slovic and others20,21 is that people translate
situations about which decisions are to be made to those for which they have
personal or studied experience, and then adjust for the differences. This method
has three distinct steps. The first is the judgment of probability by availability.
That is, the evaluation of the problem by the availability of similar instances that
can be recalled. The second is anchoring, which is the process of selecting a base
probability from the reference situation that has been selected by the decision-
maker. This process is very dependent on how recently various situations were
experienced, and their relative importance to the decision-maker. The third step is
the adjustment to the probability for perceived differences between the reference
situation and the current one.

4. Low Probabilities and High Consequences

Studies of public decision-making have indicated that people have a difficult time
calibrating decisions to probabilities that are not around 50%.22 Something with
a very high probability will be “counted on” to occur, and something that has
a very low probability will be assumed not to occur, i.e., its risk will be set to
zero. Similarly, probabilities in a broad range around 50% will be classified as an
“even chance,” with mild qualitative adjustments to account for variations in either
direction. While this characterization is clearly an over-simplification of complicated
rationalizations, it illustrates the challenges of forming decisions that must contrast
and compare outcomes with vastly different probabilistic levels, such as damage due
to an earthquake versus increased efficiency due to construction of a new bridge.

4.1. Issues with events of small probability

A special challenge for trade-off decisions involving risks in the built environment
is that the probabilities of occurrence of damages due to various hazards will all
be “small.” This means that such events will be in the realm of probabilities that
are usually dismissed, making quantitative comparisons, or even recognition of pos-
sibilities, more difficult. Accurate assessment of the consequences of occurrence of
rare events is likely to vary significantly with the rarity of the event.

As an example of this last difficulty, consider the case of earthquake damage to
a building. In certain areas of the world (California, for instance) moderate earth-
quakes occur with some regularity. An earthquake that has a relatively high (say
around 50%) chance of occurring over a ten-year period is likely to cause minor
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damage to a structure, perhaps less than 10% of its value, without long-term dis-
ruption of operation and without displacement of people or services. While a precise
estimate of the damage may not be possible, the product of the probability and the
estimated loss, adjusted to an annual expected risk, should form a convenient basis
for decision-making. For instance, the annual risk in this case could be estimated
as one-half of 1% of the value of the building. This can be contrasted due a very
large earthquake, say one with a chance of 10% over a 100-year period. If one were
considering only property loss, this latter earthquake might be estimated to cause
damage of 100% value of the building, leading to a rather precise annual risk com-
puted as one-tenth of 1% of the value of the building, or one-fifth as large as in the
first case. Such a large earthquake, however, could cause the loss of the contents of
the building and the disruption of business, valued in total at five times the value
of the building itself. Then the annual risk would be one-half of 1% of the value of
the building, the same as the case of the moderate earthquake. Alternatively, the
collapse of the building could cause injury and/or death and disruption of life, val-
ued at anywhere from 10 to 1000 times the value of the building, producing annual
risk varying from 1% to 100% of the building value.

4.2. Issues with the convolution of probability and consequence

The example in the previous section indicates the difficult nature of assigning conse-
quent costs to large-scale events. It also illustrates the complex sociological issue of
comparing risks for events with vastly different probabilities and consequences. The
moderate earthquake and the second example of damage due to a large earthquake
had the same risk, yet members of society might not feel comfortable conclud-
ing that these two events were “comparable.” In addition, if the total earthquake
risk consisted of these two events, then the total risk would be equal to 1% of
the building value, with 50% of the risk arising from the moderate earthquake
and 50% from the large earthquake. This convolution nature of the risk combines
events with differing probabilities and consequences to determine the total risk
value, and in this illustration the two events would contribute equally to the total
risk. This psychological distinction has been identified by Yacov Haimes and he
attempts to address it by what he terms, “the partitioned multi-objective risk
method”.23

4.3. Issues of political accountability

Another characteristic of low probability events is related to the political reality
that they are unlikely to occur during the term of office of a particular elected or
appointed official. Therefore, the politically “astute” office-holder will find that he
or she is much more likely to satisfy constituents by spending limited resources on
activities with immediate, demonstrable returns, rather than investing in reduction
of risk that has already been ignored by most people. Unfortunately, while such
logic may be appropriate for a particular decision-maker, it is not often the best
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in the long-term. This paradox that a series of “optimal” solutions leads to an
apparent contradictory long-term solution was discussed many years ago by the
economist Paul Samuelson.24 In order to overcome this paradox in the case of the
built environment, it is necessary to adjust the cost and benefit reward system so
that each sequential decision leads toward the optimal long-term solution.

Both the probability of occurrence aspect and the consequence aspect must
be presented in such a way that the public comprehends the true risk. As stated
earlier, the public has a difficult time comparing events with differing probabilities,
and this is especially true for very small probabilities. Therefore, it is necessary to
present the probability of occurrence in absolute or comparative forms that allow
people to understand and appreciate the magnitudes. One way to do this for all
probabilities to be expressed as a multiple of some common reference risk. While
it would be desirable to have the reference risk be something that is time-invariant
and universal, it is also important that it be something to which people can readily
relate. Purely, as an example, one might consider the annual probability of a person
who has attained the age of 50 years of dying from natural causes within the next
year, termed a danc (death annually due to natural causes). All risks, whether
annual or for longer reference terms, could then be expressed as a number of these
units, such as 50 dancs, or 0.1 dancs. This has the advantage of being relatively
stable and technology-independent, except for long-term trends due to health and
medical advances. It can also be viewed as relatively natural, and therefore a non-
controversial base.

In assessing risks for the built environment, it is important that return periods
not be used in conveying information to the public at large. Their concept is often
misunderstood, leading to false confidence concerning the occurrence of the next
event. Thus, even if the concept of the preceding paragraph is not adopted, events
such as the 100-year flood should be referenced as the annual 0.01 flood.

In addition to expressing the probabilities in a form that can be easily used for
decisions, there must be an accounting of the various risks to society presented in
a public manner.25 Indeed, the detailed analysis of structural reliabilities26,27 must
be combined with societal issues in such a way that broad segments of a community
can make meaningful input to risk decisions.

5. Alternative Decision Criteria

5.1. Expected value

Although not explicitly stated, the use of the term risk as the probability of occur-
rence multiplied by the measure of consequence is based on an expected value
criterion. That is, the number is the average value of the consequence if exposure is
repeated many, independent times. While there is a strong mathematical and actu-
arial basis for using the expected value criterion, there are a number of deficiencies
in the case of the built environment, and other decision rules can be considered.
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From the definition above, expected value can claim an almost indisputable
logic as a decision rule when something is repeated in many, identical experiments.
In this case, the expected value of the consequence for a single exposure, or for
a set accounting time period such as one month or one year, can be set aside as
appropriate to cover the cost of the consequence when it occurs (or used to purchase
an insurance policy when supplemented by the associated operational expenses of
the insurance company). In this manner it meets both emotional and fiscal needs.
The decision rule would logically be to maximize the expected net benefit (benefit
adjusted by cost).

The assumptions of repetition, however, are rarely met for the built environ-
ment. While the exposure to many types of hazards might be modeled as being
composed of repeated, independent annual events, each structure or set of struc-
tures tends to be unique. Therefore, precise estimates of both probabilities and
consequences are unlikely. In addition, when rare events are being considered the
lifetime of a structure (or at least the term of duration of a single owner) might be
viewed as a single experiment, and in this case there is no repetition.

Another problem with the use of expected value was demonstrated earlier with
the earthquake example. People do not necessarily wish to equate two events in
their decision-making just because for each the product of probability and outcome
are the same. Indeed, if one accepts the multi-attribute nature of risk, then the
two such events could be very different in many of their other attributes, and
thus as dissimilar as two events with comparable levels of dread, familiarity and
technological stigma, but vastly different probabilities and costs.

One can of course accept the concept of multi-attribute risk and still use the
expected value as a decision criterion. If a measure of common utility can be applied
across attributes, then the problem remains the same as before. On the other hand,
most situations will not lend themselves to reduction to a common measure of
attributes, in which case a multi-objective rule should be utilized. In this case, the
expected value along each axis can be used as a component of the risk, but the
final decision will not be clear unless one option completely dominates all others
for every component.

5.2. Minimum regret

Another decision rule, which can be used for single or multiple objectives, is that
of minimum regret. In this case, the optimal value associated with each attribute
is identified, subject to the constraints. For each decision choice, the distance is
measured between the optimal value of the objective(s) and the one realized for
the decision. This difference is termed the regret, and a decision is selected such
that the maximum regret over all objectives is minimized. This rule ensures the
smallest amount of deviation between the ideal solution and the one selected. With
uncertain outcomes, as being dealt with in this book, the regret most likely has to
be defined in probabilistic terms, so one is likely to use minimum expected regret,
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combining attributes of expected value without necessarily maximizing expected
net benefit.

5.3. Mini-max and as low as reasonable

These two terms are closely related and based on similar principles. The first is short
for minimizing the probability of occurrence of the outcome with the maximum
harm (cost). It was originally used for a set of decisions related to alternate designs
to meet a desired goal, for which there was a fixed and definable set of undesirable
outcomes. The idea is that one would select the design associated with the minimum
probability for the worst of the undesirable outcomes. The expression as low as
reasonably achievable (ALARA) is used for quantitative design decisions and is
based on the principle of improving the design until the probability of a given
undesirable outcome is as low as is reasonable given constraints of cost, practicality
and the current state of knowledge. It is used in the nuclear power industry and
with certain toxic chemicals, but appears to be too subjective for helpful guidance
in the design of civil structures for the built environment. A similar approach is
expressed as best available control technology (BACT).

These two principles appear to hold promise for a multi-attribute approach to
decisions in the built environment. For instance, consider a series of undesirable
outcomes (one can again use the concept of damage from a moderate and a very
large earthquake). Rather than combine these in a true expected value sense, one
could decide on a maximum accepted probability of damage due to each event. The
optimal design would then be the one that meets this level of probability for the
minimum total cost. This would require the setting of probabilistic goals for each
of the outcomes, which seems entirely consistent with the current call in the civil
engineering field for performance-based design. The damage level due to a moderate
earthquake could also be determined based on a minimum expected cost criterion,
while that for the very large earthquake could be based on an acceptable probability
taking into account the direct cost, dread, indirect costs and social amplification
associated with the outcome.

5.4. Additional criteria

There are other criteria that can be applied, especially in the case of multiple
attributes. One of these is mutual elasticity, where an optimal decision point is
defined where a certain percentage improvement in an objective can only be gained
by a larger percentage decrease in every other objective. Another approach is to
maximize the norm of the objectives, defined as the square root of the sum of
the squares of the attributes. This requires that a common measure is found that
can quantitatively be used across attributes. In general, it may be necessary to
incorporate multiple objectives directly rather than trying to reduce the decision
to a single trade-off.28
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6. Societal Decision-Making

6.1. Trade-offs

All of the issues discussed previously provide the quantitative and perception infor-
mation that is necessary for society to make informed and enlightened decisions
among various applications of resources,29 although it can be argued that this has
not always been the case.30 Societies will always be faced with more opportunities
for improving their utility than there are resources. The issues of meeting current
needs for shelter, food, and education must be balanced with investment for future
security and serviceability of infrastructure. When that investment in the built
environment involves a degree of recognized risk, such as due to natural and soci-
ety hazards, then the balance of current needs with uncertain future risks becomes
even more difficult.31–33 Society is just beginning to take a comprehensive view of
the risks from natural hazards,34–36 and these are yet to be combined with other
hazards (Paté-Cornell).37

6.2. Development, sustainability and intergenerational issues

The development goals of a region traditionally have been related to the creation
of employment, and the servicing of the resultant workforce. These goals have not
focused on risks and probabilities, especially long-term hazards of development, or
the effects on the sustainability of the environment. As stated by Tierney et al.,38

“. . . human settlements are based upon principles of short-term growth and profits
for privileged segments of the population instead of safety and sustainability for
the society as a whole.” With regard to sustainability, they comment that decisions
related to growth of the built environment are often based on “. . . policies that
emphasize growth at the expense of safety and. . . operation of political-economic
forces that depend on the exploitation of natural and environmental resources.” It
is upon this community framework that it is necessary to introduce a probabilistic
and long-term view that includes trade-offs of risk and economic analysis over the
expected service life of infrastructure, along with the aspects of sustainability.39−41

This requires both education of the public and an appropriate supportive method
for presentation of accomplishments by elected officials.42

For decisions that affect future risk, those affected by the decision should be
involved in that decision. But building and infrastructure decisions involve economic
lifetimes of 50 to 100 years, or longer in the case of certain structures such as dams
and nuclear storage facilities. Similarly the ecological footprint of building projects
and the sustainability of resources certainly involve generations far into the future.
Therefore, it is impossible for all affected players to be at the table. This situation
extends the problem of group optimization in gaming theory and extends it to the
situation where each player has to represent to some degree players not present.

Today’s decision-makers must be prepared to become defenders of future gen-
erations, while at the same time be willing to assume that new technologies and

www.EngineeringBooksPDF.com



October 26, 2005 11:20 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch01

12 R. B. Corotis

capabilities will permit advances not now possible. A founding principle comes
from the definition adopted by the United Nations43 that sustainable development
“meets the needs of the present without compromising the ability of future gen-
erations to meet their own needs.” A more specific working definition is provided
in 1993 by the National Commission on the Environment44: Sustainability implies
“a strategy for improving the quality of life while preserving the environmental
potential for the future, of living off the interest rather than consuming natural
capital. . . ”

While these definitions of sustainability are meritorious, they beg the issues of
how much sacrifice of resources is reasonable in light of the uncertainty of future
changes in technology. Society is left with the fundamental issue of deciding in the
present the risk that is reasonable for those of the future (for a good discussion, see
Risk Analysis).45

6.3. Assessing risks and benefits

It has been established that the public uses several standards to assess future ben-
efits and risks, and these must be taken into account in order to establish a system
that will be effective in involving the public in the political decision-making process.
Fischhoff et al.46 have identified four basic comparisons commonly used by individ-
uals. One of these is a cost-benefit analysis, using future benefits and expected cost.
This requires a comprehensive accounting of both costs and benefits, and an ability
to fully accept the concept of present discounting. Another is revealed preferences,
whereby an analyst can infer the tradeoffs of current and future risks and benefits
from other decisions. This is hampered by the difference of up to three orders of
magnitude in willingness to accept risk when the action is viewed as voluntary.
A third approach is that of expressed preferences, whereby individuals explicitly
express their willingness to trade off risks and benefits, including those that involve
future expenditures and rewards. This method has the political advantage of having
the public state direct values, rather than trying to infer them from other actions.
On the other hand, such decisions are known to be inconsistent, and there is no
simple way to reconcile them. The fourth method to assess risk and reward is to
use the natural environment to calibrate values that are based on some sort of nat-
ural standard. This is an especially promising approach when it comes to flood risk
and other land use decisions, but may not be applicable to issues of infrastructure
improvement, such as location and design of bridges.

6.4. Economic lifetime

All structures and infrastructure are intended to last for a significant time into the
future, referred to as the economic or design lifetime. Typical values range from 50
to 100 years, depending on the nature of the project. Therefore, considerations of
safety and economics must be cast in terms of the full life-cycle of the structure.47–51
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The decision, at the design phase of a building, to announce that the facil-
ity is intended to last for a specific number of years could be highly unpopular.
Currently, the economic lifespan is reflected essentially through the design loads,
such as a code-specified wind or earthquake intensity with a 2% probability of
exceedance in 50 years. With negligible structural deterioration, there is no spec-
ified lifetime for the building, merely a specific annual probability of a particular
load being exceeded. This is important, since the public statement that a particular
new building is “intended” to last, say, 50 years might be unpopular and even unac-
ceptable, and it raises the issue of whether it really makes sense to specify a lifetime.
If design is to include the consideration of the balance of initial construction cost
and lifetime risk and operational costs, then there must be a specified lifetime over
which these costs are incurred. This issue can be avoided by selecting an economic
lifetime over which the structure is computed be economically balanced. This would
not imply that the building is expected to only last a particular number of years,
but that its economic balance point was set at some lifetime. It would have to be
made clear that this would not necessarily imply that the building was uneconomi-
cal to continue operating past that time, just that the “break even point” of initial
design had been reached.

6.5. Utility and discounting

A goal of individuals in society, and presumably society as a whole, is to increase
utility. Therefore, the measures of consequence that have been referred to thus far
need to be cast in terms of utility.52 Both benefits and costs should be construed
to mean positive and negative values of utility, introducing a degree of subjectivity.

Since utility by definition reflects the personal worth of an outcome, it is dif-
ferent for different people. In order to use it for decisions with respect to the built
environment, it is necessary to define some societal standardization. It is important
to distinguish the societal issue of risk aversion, which produces a characteristic con-
vex shape for the utility curve, from the issue of diminishing importance of marginal
increases in wealth, which also produces a convex shape. These two issues will need
to be considered separately and calibrated for society, perhaps on a community level.

Since most decisions relating to the built environment involve costs far into the
future, discounting to the present value is very important. Discounting, however, can
also introduce subjectivity, and methods must be adopted that provide a normative
basis.53 Usually the discount rate is defined in terms of an annuity, relating the
amount of money that must be invested in the present to purchase something in the
future. This usual definition sets the discount rate as the investment rate of return
minus inflation (all estimated for future periods). Psychologists note, however, that
there is a natural human preference to receive a benefit immediately rather than
at some point in the future. This preference to receive benefits in the near term
produces a discounting of future rewards, completely independently of investment
and inflation.54
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One final issue considered here is the discounting of future injuries and death.
Since these are statistically and not cohort-based, the characteristics of those
affected presumably do not change over time. Therefore, it is not clear that it
is appropriate to discount these “costs.” In other words, should the loss of a life in
year ten be discounted relative to a loss of life in year one (as it presumably would
be for a specific individual)? While it would seem that it should not, a cogent argu-
ment can be made for such discounting based on the use of societal resources to
improve conditions for the future.55

6.6. Probabilistic risk versus uncertainty

In all the discussions thus far, the term probability has been used to denote the
likelihood of occurrence of an event. It has been observed, however, that the nature
of the modeling of this uncertainty has an effect on the way individuals evaluate its
acceptance. In terms of risk and decision for the built environment, therefore, it is
necessary to distinguish among the various concepts.56,57

6.6.1. Objective and subjective probability

Probability is generally defined in terms of two different concepts, sometimes
referred to as objective (or frequentist) and subjective (or Bayesian) probability.
The former is formulated as the fraction of time a particular outcome occurs when
an experiment is repeated independently and with identical parameters, as the
number of repetitions approaches infinity. This was the sense that was used earlier
in this chapter. The latter definition is a personal best estimate of the likelihood of
a particular outcome occurring, and is the only way to evaluate unique situations.
For instance, an estimate as to whether location A along a flood plain is at a higher
elevation than location B is a Bayesian probability. It either is or is not, and in
assigning a probability one is integrating knowledge to assign a probability as to
whether the statement is true.

6.6.2. Aleatoric and epistemic uncertainty

There is an alternative formulation regarding aspects of probability, and the dis-
tinction has been observed by social psychologists as important in decision-making.
The first of these relates to the inherent randomness of a process, and is referred to
as the aleatoric uncertainty. For instance, with full knowledge of a completely fair
coin-flipping experiment, the outcome of each experiment can still not be predicted
with certainty.

In practical situations society lacks full knowledge of the conditions of the prob-
ability experiment. Thus, it is necessary to introduce additional uncertainty due to
this lack of information, and this is referred to as epistemic uncertainty. Additional
data and field verification of models and parameters should reduce this uncertainty,
with it theoretically approaching zero with sufficient verified information.
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Experiments by social psychologists have confirmed that people react differ-
ently to aleatoric and epistemic uncertainty. They generally accept the former as
fact (although they have trouble conceptualizing probabilities that are far from
50%, as mentioned earlier), whereas they apply biases to the latter. In general,
they apply an optimism to the epistemic uncertainty, hoping that with additional
information it will increase for favourable outcomes and decrease for unfavourable
outcomes. Apparently, the lack of knowledge is taken as an opportunity for subjec-
tive optimism.

6.6.3. Psychological distinctions

In presenting probabilities to the public for decision-making, it is important to
distinguish between those probabilities that will be accepted as fact and those that
will be treated as being based on judgement. As a general rule, those that are
founded on objective probability and aleatoric uncertainty are taken as factual,
and those that involve the subjective judgement of professionals and epistemic
uncertainty are treated as estimates. It should be made clear, however, that these
distinctions are in the eyes of the public, and not based on distinctions in the
mathematics of probability. The fact remains that decisions made by elected officials
and the public at large will be altered based on these perceptions.

6.7. Risk or risk perception?

It should be clear from the preceding discussion that the risk as strict probability
generally presented by risk engineering professionals gives only one small aspect of
the factors that are considered when society as a whole makes decisions. There are
two necessary directions of change. To the extent that decisions by society utilize
poorly estimated approximations to true probability, then it is incumbent upon
risk professionals to help educate the public so that better estimates of probability
are achieved, and perceived. It is somewhat disturbing, for instance, to note that
studies have observed that only those individuals who are moderately depressed
have accurate assessments of risks in society.58 But even if society has and under-
stands accurate estimates of risk, the fact remains that society bases its decisions
on additional dimensions of risk. In order to address this there are two conflicting
approaches, and it is not clear which is the preferable one.

It is easy to understand that an argument can be made that it is important to
assign society’s limited resources in the most effective manner possible. Following
this mandate, one can only trade off alternate expenditures by comparing the actual
reduction in risk as measured by probability and consequence of different actions.
Therefore, to effect the most efficient utilization of resources, science-based profes-
sionals need to work to educate the political establishment and others in society to
comprehend the most accurate perception of risk in terms of actual probabilities of
occurrence.
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On the other hand, society has shown by experience that it does not wish to
allocate its resources strictly in this narrowly-defined sense of optimization. Funds
invested in air travel safety (through National Transportation Safety Board in the
United States, for instance) are far more than would be justified on the basis of the
probability of injury or death than those invested in highway safety. Research money
invested by the United States Congress through the National Earthquake Hazard
Reduction Program far exceeds the money for storm and riverine flood hazards,
even though the latter two cause significantly more injury, loss of life and property
damage per year.59 In these examples higher resources are dedicated to those haz-
ards that are seen as less controllable and more spectacular (airplane crashes and
earthquakes). Similarly, the fear of toxic chemicals and nuclear radioactivity have
led to severe curbs in the chemical and nuclear energy fields, reflecting both dread
and public distrust of experts in those industries, with much less stringent controls
on common runoff toxicity and greenhouse emissions.60

Since truth in a democratic society can perhaps only be defined in terms of the
laws and policies of that society, it is impossible to be dogmatic about a probabilistic
basis. An excellent set of articles debating this subject appeared in a special issue
of the journal Reliability Engineering and System Safety.61

6.8. Political issues

Decisions in the Western world are based on a combination of influences, chiefly
among them being the courts, elected politicians, and professionals. The courts
have the role of interpreting the laws and assigning responsibility and account-
ability. They carry a great deal of influence because fault in the case of a struc-
tural failure is most often decided in a court through the interpretation of law,
and responsibility is assessed in monetary terms through that court. Since deci-
sions are based on precedence and laws, however, it is the elected officials who
have the ultimate responsibility for shaping the nature of assumed risk in soci-
ety. Therefore, it is the set of measures that is used by citizens in electing its
political leaders that ultimately determine the levels of risk and responsibility that
will be determined by laws. Too often, however, it has been observed that groups
in strong political positions have trouble seeing risk issues from the viewpoint of
others.62

Public acceptance of someone in a position of power is directly related to the
security and benefit felt by individuals. Other factors include philosophical con-
gruence and personal appeal. The benefit felt by the public is often related to
policies and laws that bring financial advantages to an individual, as well as tan-
gible improvements in life style and local pride. It is the cost-effectiveness of these
improvements from the individual’s viewpoint that relates to the subject of invest-
ment in infrastructure. At the time of election in a democratic society, the populace
generally evaluates a political party and its candidates based on the tangible ben-
efits accrued since the last election. In the case of public infrastructure, such as
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buildings, bridges and roads, this generally will be evaluated in terms of improved
level of current service due to new or significantly upgraded facilities.

When it is time for reappointment, review, or re-election of a public official,
the perception of the real value of the infrastructure and immediate return-on-
investment has substantially more impact than esoteric arguments of future cost
savings and present discounted value. This perception of benefit is a driver in the
political process. Some studies or corporations have shown that there are system-
atic methods to develop strategies of risk throughout a company, and that these
strategies might offer a source of investigation for public risk and responsibility.63

It will be necessary to align accountability in the political process with the long-
term goals of economics, balanced risk and sustainability. One possibility is that
at the time of any election, a community or state official who is running for re-
election presents a present value analysis of the public infrastructure within his or
her region. This would include not only the current value of a benefit/cost analysis
for any new structures, but also the change in value to existing infrastructure. If
nothing had been done to improve the efficiency and lifetime safety of existing
infrastructure, then during the time since the prior election there may have been
a deterioration or decreased serviceability of these facilities. This loss would be
combined with the benefits of new infrastructure to present a total picture to the
public.

The exact nature of such a tool would need significant research and consider-
ation, including the involvement of appropriate legislative and economic experts,
but the basic concept is quite straightforward. The fundamental goal is that of
an infrastructure report card, perhaps as part of a total public trust report card.
Such an expectation could become part of the lexicon of the political process for all
government authorities having jurisdiction of public infrastructure. The credits and
debits of existing and new infrastructure would reflect the current value, including
discounted future benefits and costs. Such future costs should be those associated
with operation and maintenance, as well as those reflecting a probabilistic assess-
ment of potential losses due to both natural and society-induced hazards.

Finally, it must be recognized that the professional community has not only cru-
cial importance, but also tremendous influence on risks to society. The consensus
standards process is driven and dominated by professionals with special expertise
and interest. They evaluate the adequacy of current codes and procedures, and make
adjustments that are then adopted, usually in their entirety, but local jurisdictions
having authority (local communities within the United States, federal bodies in
many other countries). Thus, changes to building codes to reflect new knowledge,
new material, and new appreciation of hazards, are often implemented completely
due to the decisions of the professional community. Even public review is mostly
from the participation of professionals, may times reflecting special interest groups.
The process leads to formal standards and codes that are deemed by the profes-
sionals to be in the best interests of society, broadly defined. The role of risks and
consequences is certainly present, but often only in implicit terms.
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CHAPTER 2

SOCIO-ECONOMIC RISK ACCEPTABILITY CRITERIA

RÜDIGER RACKWITZ

Institut fuer Baustoffe und Konstruktion
Technische Universitaet Muenchen, Arcisstr. 21

D - 80290 Muenchen, Germany
E-mail: rackwitz@mb.bv.tum.de

This contribution reports about some recent developments in setting up rational public
risk acceptability criteria for technical facilities exposed to natural or man-made hazards.
The life quality index is chosen as basis for modern economic considerations. The societal
value of a statistical life and the corresponding willingness-to-pay are presented.

1. Introduction

The public requires safety from technical installations and natural environment if
human life is at risk. Traditionally, risk acceptance criteria are implicit in codes of
practice, standards or regulations since well-defined fields of application are cali-
brated against past and present practice. This is all but satisfying. Not only is it
unclear whether present rules are already optimal, extrapolations into new fields of
application are also extremely difficult due to a missing rational basis. From many
empirical studies it is known that the efforts spent in saving a life in different areas
by different interventions vary from a few hundred US$ to more than a hundred
million US$ just by illustrating the unpleasant situation. The public must require
that criteria for setting limits should be uniform, affordable and efficient.

The following considerations are valid only for public reduction of involuntary
risks of an anonymous member of society. Attributes like life expectancy, age, work
and leisure time, income and consumption will be incorporated. Risk reduction is
a primary concern of society, but it is not the only one as it generally involves cost.
Thus, the cost expended for risk reduction must be balanced against other com-
peting needs in view of limited resources. If we wish to recommend rational choices
for risk reduction, then monetary valuations of human life cannot be avoided. How-
ever they must be compatible with ethical standards such as the right for life,
freedom of personal development and intra- as well as intergenerational equity as
laid down in our constitutions and elsewhere.1 Cantril2 and similar more recent
studies conclude from empirical sociological investigations that long life and wealth
are among the primary concerns of humans in a modern society — among others
such as good family relationship, personal well being, a good cultural and ecolog-
ical environment, etc., all parameters which define the “quality of life”. Long life
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(in good health), wealth and time for leisure will, in fact, be the main ingredients
of our developments.

2. Theoretical Developments

According to Yaari3 and Usher4 the quality of life in an economical sense can be
measured by the life time utility derived from the level of consumption. Denote
by c(τ) > 0 the consumption rate at age τ and u(c(τ)) the utility derived from
consumption between age a and t:

U(a, t) =
∫ t

a

u(c(τ))dτ . (1)

Individuals tend to undervalue a prospect of future consumption as compared to
that of present consumption. This is taken into account by (continuous) discounting.
The life time utility for a person at age a until she/he attains age t is

U(a, t, γ) =
∫ t

a

u(c(τ)) exp
[
−
∫ τ

a

γ(ϑ)dϑ

]
dτ, (2)

where the time preference rate (discount rate), γ(t), should be decomposed into a
subjective time preference rate ρ and the rate δ is related to real economical growth
per capita. In particular, we will decompose the time preference rate as

γ(t) = ρ(t) + εδ > 0, (3)

as proposed in economic growth theory,5,6 assuming εδ as the characteristic constant
for each country and taking the subjective rate ρ(t) as time-dependent in sufficient
generality. The parameter ε is close to one and will be further discussed below.
There is a general agreement to use special rates associated with health and life
extension (one cannot save good health at age 30 for consumption at age 75).
Exponential population growth with rate n should be considered taking into account
that families are by a factor exp[nt] larger at a later time t > 0. Constant exponential
population growth can be verified for the last 100 years in good approximation
from the data collected in Ref. 7. The economics literature also states that if no
such “discounting” is applied more emphasis is placed on the well being of future
generations rather than improving the welfare of those alive at the present, assuming
economic growth. Future generations are simply wealthier, so therefore one should
add the real, exponential growth rate ζ of an economy. Exponential economic growth
at a nearly constant rate can again be verified from the data in Ref. 7 for at least the
last 100 years if short term fluctuations are averaged out. The growth rate per capita
then is δ = ζ−n. Following Bayer8 we assume constant preference rates ρ for living
generations in an overlapping generation model but omit ρ for all future generations
as being ethically indefensible.5 The demand for intergenerational equity lets us
then define an equivalent time-variant rate for easy understanding and analytical
convenience.9 This can be approximated by

γ(t) = ρ0 exp[−0.013t] + εδ. (4)
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The expected remaining present value life time utility at age a (conditional on
having survived until a) is then3,10,11

L(a) = E [U(a, au)] =
∫ au

a

f(t)
S(a)

U(a, t)dt

=
∫ au

a

f(t)
S(a)

∫ t

a

u(c(τ)) exp
[
−
∫ τ

a

γ(ϑ)dϑ

]
dτ dt

=
1

S(a)

∫ au

a

u(c(t)) exp
[
−
∫ t

a

ρ(ϑ)dϑ + εδ(t − a)
]

S(t)dt (5)

where f(t)dt = (µ(t) exp[− ∫ t

oµ(τ)dτ ])dt is the probability of dying between age t

and t + dt which can be computed from life tables containing the age-dependent
mortalities µ(t). S(t) = exp[− ∫ t

oµ(τ)dτ ] is the survival probability from which the
(unconditional) life expectancy at age a, e(a) =

∫ au

a
S(t)dt can be obtained. Life

expectancy conditional on having survived until a is e(a)/S(a). au is some upper
bound age. In economics this function is used to find the optimal consumption path
c∗(t) by dynamic optimization given a realistic function for the earnings, rational
behavior of the consumer and suitable budget constraints. The introduction of a
constant consumption rate c∗(t) = c independent of t can be shown to be opti-
mal under perfect market conditions because insurance annuities can compensate
for outliving one’s assets or temporary overconsumption and because a surplus of
earnings over consumption is best invested into an insurance,10 simplifies [Eq. (5)].

L(a) = u(c)ed(a, ρ, δ), (6)

where ed(a, ρ, δ) is the “discounted” remaining life expectancy at age

ed(a, ρ, δ) =
1

S(a)

∫ au

a

exp
[
−
∫ t

a

ρ(ϑ)dϑ + εδ(t − a)
]

S(t)dt. (7)

Shepard/Zeckhauser10 assume that there are no legacies or bequests. At birth
there is no wealth and there is no wealth left at death at some old age. Dur-
ing years of none or low earnings the individual can borrow (life-insured) money
against future earnings and can invest it into (fair) life insurances during periods
of larger earnings in order to cover the expenses after retirement. They, in fact,
find that the maximum and optimal consumption level is constant over lifetime. In
the real world perfect markets do not exist. Shepard/Zeckhauser therefore consid-
ered the other extreme, the so-called “Robinson Crusoe” case, where the individual
is absolutely self-consistent leading to an inverted U-shaped consumption pattern.
Shepard/Zeckhauser take those cases as extremes. Since we are considering the
whole life of an individual we may say slightly more realistically that the family and
possibly the public provides through redistribution support for consumption during
childhood and education and life insurances, public or other pension systems provide
sufficient support during retirement. This acts implicitly as the supposed perfect
market although the assumption of a perfectly constant consumption throughout
one’s lifetime will be valid only in approximation.
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The expected remaining present value residual life time utility L(a) varies with
age as ed(a, ρ, δ). For constant discounting it is a monotonically decreasing function.
This is confirmed in many theoretical and, in part, also empirical studies. Time
variant discounting, however, enables it to grow until an age of about 25 years and
then decrease.

Next, we have to choose an appropriate utility function u(c). This is essentially
the question of how much consumption and other aspects of life quality to be
sacrificed in favor of more life years which can be achieved by some payment for
risk reduction. Income is produced by work, all considered at a national level. More
income will be produced by more work but this will leave less time for leisure. It
will be proportional to productivity of work defined as earnings per time unit of
work. Some recent ideas to apply these aspects are repeated here in all brevity.
Nathwani et al.12 hypothesized that “. . . people on the average work just enough
so that the marginal value of wealth produced, or income earned, is equal to the
marginal value of the time they lose when at work” (also denoted as the work-leisure
optimization principle) and defined a measure for life quality as L = f(k)h(t) where
k is consumption, t = (1−w)e(0) is leisure time with e(0) life expectancy at birth,
w(0 < w < 1) the fraction of life expectancy lost due to (paid) work and f(k) and
h(t) two unknown function of these quantities. Switching to small relative changes
dL/L and imposing the requirement of indifference of the relative impact of k and t

on life quality with respect to the actual values of k and t they find two simple
differential equations and derive the following life quality index:

L = krts. (8)

In order to determine the unknown exponents they applied the work-leisure opti-
mization principle. Writing L = (pw)r((1 − w)e(0))s with p the labor productivity
and solving dL

dw = 0 together with r + s = 1 gives

L = (pw)w(1 − w)1−we(0)1−w, (9)

where c = pw is the yearly consumption rate. Clearly, the work-leisure optimization
will be performed by those who work, i.e. produce wealth, possibly together with
their families. Division by w removes a minor inconsistency of the original form for
all practical purposes because persons with the same c and e(0) but larger w would
have higher life quality so that finally

L =
1
w

cw(1 − w)1−we(0)1−w. (10)

For later convenience we take the (1−w)-root and divide by q = w/(i−w) so that

L =
1
q
cqe(0)(1 − w). (11)

Therefore u(c) = cq

q (1−w), where the last factor may be condensed into a constant,
e(0) may be replaced by the discounted remaining life expectancy ed(a, ρ, δ) at age
a and Eq. (11) is fully determined. If this is interpreted as a utility function it will
belong to the class of so-called constant relative risk aversion (CRRA) functions
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according to Arrow-Pratt for constant q. The parameter ε = cd2u(c)/dc2

du(c)/dc as intro-
duced before is the elasticity of marginal consumption and is taken as a constant
over time. The risk aversion parameter is q or ε = 1 − q. A large q indicates low
risk aversion and preference for large consumption c and vice versa. For an average
of q = 0.12 implying about 1600 yearly working hours in a life working time of
45 years one finds ε ≈ 0.87, a value consistent with or a little larger than empiri-
cal findings based on other concepts. The validity of the work-leisure optimization
principle and other assumptions in Ref. 12 are extensively discussed in Ref. 13.

Finally, we have to choose a value for the consumption rate c. Despite ongoing
discussions, especially with respect to sustainability, the presently best measure for
the wealth-related aspects of the quality of life (standard of living) is the gross
domestic product (GDP) of a country or region which is available everywhere and
can be updated frequently. The real (i.e. net of inflation) gross domestic product
per capita and year is a common indicator of the economic status and behavior
in a country. The GDP is roughly the sum of all incomes created by labor and
capital (stored labor) in a country during a year.14 In most developed countries
about 60% of the GDP is used privately, 15% by the state (e.g. for military, police,
jurisdiction, education, etc.) without transfer payments (social security and other
welfare payments) and without health-related or risk-related expenses. The rest
is used for (re-)investments into deteriorating production means. The GDP also
creates the possibilities to “purchase” additional life years through better medical
care, improved safety in road and railway traffic, more safety in or around building
facilities, more safety from hazardous technical activities, more safety from natural
hazards, etc. It does not matter whether those investments into “life saving” are
carried out individually, voluntarily or enforced by regulation or by the state via
taxes. Neither the share for the state nor the investments into depreciating produc-
tion means can be reduced appreciably because they form the (external) conditions
for the individual to enjoy life in high quality, now and in the future. Therefore,
only the part for private use is available for risk reduction. The part available for
risk reduction is then g = c ≈ 0.6GDP as a lower bound and a first approximation.
The exact share for risk reduction must be determined for each country or group
in a country separately and requires great care. The public must decide how much
it is willing to spend on risk reduction, how much it is willing to give up on public
services and how much it wants to use for private consumption. A realistic estimate
is determined from the GDP by leaving the investments untouched but taking the
government share without any transfer payments, tax-paid social benefits and, pos-
sibly, any payments for public risk reduction programs. We then have g = c ≈ 0.7
GDP as a crude estimate. The full GDP is the upper bound, of course.

We intend to apply the above concepts to event-type hazards where a repre-
sentative cross-section of the population is affected by the event. This requires
averaging over the proportions in which different ages are present. The density of
the age-distribution of a (demographically stable or stationary) group is

h(a, n) =
exp[an] S(a)∫ au

0
exp[an] S(a)da

≈ S(a)
e(0)

. (12)
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Age-averaging finally gives the societal life quality index15 which is to be interpreted
as an age-averaged expected remaining present value life time utility:

SLQI =
gq

q

∫ au

0

h(a, n)ed(a, ρ, δ)da =
gq

q
ē(ρ, δ). (13)

All quantities like g, w, the life tables and at least δ are observable. It should
be clear by its derivation that the special risk aversion parameter q must only be
used in the context of risk reduction. It has nothing to do with the same parameter
used in economics in connection with intertemporal consumption choices.

Willingness-to-pay (WTP) measures a person’s willingness to sacrifice one
desired attribute, wealth or consumption in order to obtain another desired
attribute, or improved survival. Let de denote a marginal change in life expectancy
and dg the marginal change in consumption. Shepard/Zeckhauser10 and others
introduced the {willingness-to-pay} as defined by the indifference of L with respect
to loss (gain) of consumption or gain (loss) of life expectancy

L = L(a, g) = constant, (14)

or, equivalently, that the total differential of the present value remaining life time
utility L(a, g) [Eq. (14)] is zero:

dL(a, g) =
∂L(a, g)

∂g
dg +

∂L(a, g)
∂e(a)

de(a) = 0 (15)

so that after rearrangment:

WTP(a) = dg = −
∂L(a)
∂e(a)

∂L(a)
∂g

de(a) = −g

q

de(a)
e(a)

. (16)

Using discounted life expectancies and performing age-averaging gives the societal
willingness-to-pay

SWTP = dg = −EA

[
g

q

ded(A, ρ, δ)
ed(A, ρ, δ)

]
. (17)

The criterion is independent of the constants in L(a) and also of monotone
transformations. It is possible and many times useful to replace the quantities like
de(a)
e(a) under the criteria of Eq. (16) by Taylor expansions to first order (at x = 0):

E

[
de(x)
e(x)

]
= E

[
d
dxe(x)|x=0x

e(x)

]
= −Cxx. (18)

For example, for a mortality reduction scheme reducing mortality by a constant
small quantity ∆ at all ages, i.e. µ∆(a) = µ(a) + ∆ one finds

C∆ē(ρ, δ) = E

[
ded(A,ρ,δ,∆)

d∆

ed(A, ρ, δ)

]
. (19)

This allows us to define a new constant which we will denote by “societal value of
a statistical life (SVSL)}”. To assign a monetary value to human life, on whatever
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basis, to a known or anonymous, young or old, rich or poor, healthy or sick indi-
vidual is a very controversial issue. In fact, a monetary value of life does not exist.
“. . .the value of human life is infinite and beyond measure, . . .”.16 It must rather
be understood as a formal constant in a relation expressing the “willingness-to-
pay” for risk reduction given the financial capabilities of a society. The “societal
willingness-to-pay” per unit risk reduction finally is:

SWTP = G∆ē∆ (20)

with G∆ē = g
wC∆ē which is denoted as “societal value of a statistical life”. The con-

stant Cx depends on the specific mortality reduction scheme, i.e. the age dependency
of a mortality reduction. The influence of such schemes is significant. It depends on
the mortality reduction scheme of a particular intervention, for example whether the
intervention reduces mortality proportional to age-dependent mortality, only in cer-
tain age ranges or simply as a constant at all ages. In the following only constant
mortality changes denoted by scheme ∆ will be considered. For the applications
we have in mind this is intragenerationally acceptable. Other mortality reduction
schemes are discussed in Ref. 17. The criterion Eq. (20) is necessary, affordable and
efficient from a societal point of view.12

3. SWTP’s for Some Selected Countries

Setting risk acceptability criteria requires intergenerational equity because the next
or even the far future is concerned. Period life tables have been used in Refs. 13
and 18. So-called cohort life tables certainly are more realistic as they reflect the
common trend towards larger life expectancies and more compact age distributions.
Since we are interested in future risks we have to extrapolate into the future. Time-
and age-dependent mortalities can be obtained by extrapolating from a sequence
of historical period life tables so that

µϑy(a) = µy(a)b(a)ϑ+a−y, (21)

where y is the reference year, i.e. the last year for which a period table is available
and θ is the year of birth. Unfortunately, cohort life tables do exist only for a
few countries. Predictive cohort table must be constructed. Results are collected in
Table 1 for 13 developed countries. An uninterrupted sequence of period life tables
must be available for at least the last 40 years so that extrapolations for the age
dependent mortalities can be performed. Some tables reach back into the 18th and
19th century. The data used are all from Ref. 19. Clearly, such extrapolations are
based on the assumption that the observed demographic trends continue throughout
the next 100 years. Trends in all other demographic parameters are not taken into
account but must be expected. Their effect, however, is small. For example, if
population growth n is set to zero resulting in a small change in the age structure
of a population no noticeable change in Eq. (20) is observed.
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Table 1. Data for several countries.

Country GDP(1), g(2) δ(3) n(4) e(5), e(6) q(7) C
(8)
∆ , C

(9)
∆e G

(10)
∆ , G

(11)
∆e

CAN 27330, 16040 2.0 0.99 78, 84 0.13 43, 17 4.6, 1.8
USA 34260, 22030 1.8 0.90 77, 86 0.15 44, 18 5.6, 2.3
D 25010, 14460 1.9 0.27 78, 87 0.12 44, 17 4.9, 1.8
F 24470, 14660 1.9 0.37 78, 85 0.12 43, 16 4.7, 1.8
S 23770, 12620 1.9 0.02 79, 82 0.12 42, 15 3.8, 1.4
CH 29000, 17700 1.9 0.27 79, 85 0.12 43, 16 5.8, 2.2
UK 23500, 15140 1.3 0.23 78, 87 0.13 40, 16 4.1, 1.7
JAP 26460, 15960 2.7 0.17 89, 92 0.13 46, 15 4.8, 1.6

(1)in PPPUS$ in 1999,22 (2)private consumption in PPPUS$,23 (3)yearly economic
growth per capita in % for 1870–1992,7 (4)population growth (2000) in %,24 (5)life
expectancy in 2000,(6)life expectancy for those born in 2000,(7)estimates based on
Ref. 20 including 1 hour travel time per working day and a life working time of 45
years,(8)without any discounting and age-averaging,(9)with discounting according to
Eq. (4) and age-averaging,(10)SVSL*106 without any discounting and age-averaging,
(11)SVSL*106 with discounting according to Eq. (4) with ρ0 = 0.03 and ε = 1 − w.

Numerical values for various economic and demographic quantities are given in
Table 1. Only those countries which are economically and demographically compa-
rable with complete data are chosen. The data for GDP, g (as proportion of GDP
for private consumption), δ , n and w collected in Table 1 are in part from different
sources. Some minor inconsistencies in the data could not been removed, however.
Monetary quantities are given in PPPUS$ (corrected for purchasing power parity).
The trends in time in g are taken into account by discounting. Trends in w are
neglected. If the life working time is made time-dependent, i.e. by a suitable func-
tion fitting the trends in Refs. 7 and 20 sufficiently well one finds that G∆ē goes up
by at most 0.2× 106. But the future development of w(t) depends on many factors
which are very difficult to predict.13 Therefore, the values in Table 1 are those for
the year 2001 in official statistics based on a life working time of 45 years. They also
include 1 hour travel time per working day because this time is not available for
leisure. For all considered countries ρ0 = 0.03 is assumed in Eq. (4) but reasonable
variations of ρ change the results only insignificantly. The results for G∆ē show
remarkable consistency among the countries considered. The values of G∆ē with-
out any discounting and age-averaging can be easily computed. The demographic
constant C∆ē varies only around 16±10% as compared to C∆ ≈ 43 suggesting that
one can also ignore the demographic differences for practical purposes. Those last
conclusions do not hold for countries with significantly differing demographic and
economic conditions.

Even if one considers the variations in g and w for the different countries it is
clear that Table 1 presents a much smaller spread of the constants than empirical
estimates as collected in Viscusi/Aldy.21 Comparing our results with the empirical
estimates shows excellent agreement in the mean in the value of VSL (or SVSL)
although some uncertainty exists about the precise meaning of the reported values
of VSL, for example whether they take into account of the age-dependency, consider
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age-averaging and the particular mortality reduction scheme. It is worth nothing
that a factor of say, 2, makes hardly a difference in applications.

4. Application to Event-Type Hazards from Technical Facilities
and the Natural Environment

For technical facilities the mortality change must be replaced by a change in the
asymptotic failure rate, i.e. Ref. 17:

dm = kdr(p), (22)

where k is the probability of being killed in or by the facility in an adverse event
and r(p) is the (asymptotic) failure rate dependent on a parameter set p. k must
be estimated taking into account of the number of persons endangered by the
event NPE , the cause of failure, the severity and suddenness of failure, possibly
availability and functionality of rescue systems, etc. The probability k can vary
between less than 1/10000 and 1. For example, estimates show that k = 0.01 to
0.1 for earthquakes,25 k = 10−6 to 0.1 for floods,26 k = 0.1 for building fires27 and
k = 0.02 or less to 0.7 for large fires in road tunnels.28 A summary of the estimation
methodology is given in Ref. 29.

Making use of Eq. (20) this results in:

dCY (p) = −dg = −g

q
C∆ēdm = −G∆ēdm = −G∆ēkNPEr(p), (23)

where dCY (p) are the incremental yearly cost for a risk reduction by dr(p). Age-
averaged willingness-to-pay is the correct quantity to use as it must be assumed
that a representative cross-section of the population is endangered by the event.
CY (p) may also be interpreted as cost of financing of single investments into risk
reduction dC (p) at time t = 0 such that dCY (p) = dC(p) γ exp[γts]

exp[γts]−1 where ts is
the credit period. g in G∆ē also grows in the long run approximately exponentially
with δ, which is the rate of effective economic growth in a country. If it is taken
into account by the same type of discounting the effects of the two discounting
schemes cancel asymptotically. Consideration of the time preference rate ρ is, as
mentioned, ethically indefensible if future generations are concerned, i.e. for a long
planning horizon. The acceptability criterion for individual technical projects is
then (discount factor for discounted erection cost moved to the right hand side):

dC(p)
dr(p)

= −eγts − 1
γeγts

G∆ē
δeδts

eδts − 1
kNPE , (24)

but
dC(p)
dr(p)

= lim
ts→∞−eγts − 1

γeγts
G∆ē

δeδts

eδts − 1
kNPE = − δ

γ
G∆ēkNPE. (25)

The equivalent time-dependent γ(t) also approaches δ (or εδ) for ts → ∞ so that
there is no discounting asymptotically. It is important to note that the additional
risk reducing investment dC (p) depends on the change dr(p) of the yearly failure
rate and not on its absolute value.
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5. Summary and Conclusions

A new concept for determining rational risk acceptability criteria based on earlier
work by Nathwani et al.12 and Pandey/Nathwani15 is presented. Life time utilities
from consumption discounted down to the decision point are used. This is weighted
by the age-distribution in a population. By requiring indifference of small changes
in lifetime consumption and small life expectancy extensions by payments for risk
reduction a risk acceptability criterion is derived. This is applied to technical facil-
ities under man-made or natural risks. The societal willingness-to-pay is computed
for a number of countries.
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CHAPTER 3

RELIABILITY IN STRUCTURAL PERFORMANCE
EVALUATION AND DESIGN

Y. K. WEN

Department of Civil and Environmental Engineering
University of Illinois at Urbana-Champaign, Urbana, IL 61801, USA

E-mail: y-wen@uiuc.edu

Structural performance in recent earthquakes and hurricanes have exposed the weakness
of current design procedures and shown the need for new concepts and methodologies
for performance evaluation and design. The consideration and proper treatment of the
large uncertainty in the loadings and the building capacity including complex response
behavior in the nonlinear range is essential in the evaluation and design process. A
reliability-based framework for analysis and design is most suitable for this purpose.
Performance check of the structures can be carried out at multiple levels from imme-
diate occupancy to incipient collapse. To arrive at optimal target reliability, lifecycle
cost criteria can be used. The methodology is demonstrated by application to perfor-
mance evaluation and design of structures under earthquake and wind hazards. The
inconsistency of design against these hazards in current codes is pointed out.

1. Introduction

Building performance has been less than satisfactory in recent natural hazards such
as Northridge (US), Kobe (Japan), and Chi-Chi (Taiwan) earthquakes and hurri-
canes Hugo, Andrews, and Ivan in United States. These events bring to focus how
the structural engineering profession treats the large uncertainty in the natural
hazards and structural capacity and what reliability existing buildings have against
future hazards. Although the uncertainty of loads has been well recognized by the
profession, until recently, the incorporation of uncertainty in most building code
procedures has been limited to the selection of design loads based on return period.
This design load is then used in conjunction with a series of factors reflecting the
influence of structural period, loading characteristics, site soil condition, structural
inelastic behavior, importance of the structure etc. These factors are largely deter-
mined based on judgment and experience and often calibrated in such a way that
the resultant designs do not deviate significantly from the acceptable practice at the
time. Recent studies of the reliability of buildings designed for seismic loads accord-
ing to current code procedures in US, Japan, and Taiwan1 have shown that there
are large differences implied in the reliability, which can be attributed to the dif-
ferences in hazard characteristics (e.g. seismcity, wind climate), design philosophy,
construction practice, and code provisions (e.g. importance factor, ductility reduc-
tion factors, gust response factor). It clearly points out the need for a statistical
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and reliability framework for development of performance-based design considering
properly the uncertainty in the demand and capacity, and balance of cost and ben-
efit. In the following, a framework for reliability and performance based design is
described.

2. Reliability-Based Performance-Oriented Design

In developing a reliability framework for performance evaluation and design, some
critical issues have been identified from recent research.

2.1. Performance goal

The performance of a structure can be described in terms of specific limit states
being reached. For example, in design against earthquake, a commonly accepted
specification2 has immediate occupancy (IO), life safety (LS), and collapse preven-
tion (CP) each associated with a design earthquake of given return period. The
actual reliability corresponding to these limit states vary due the system capacity
uncertainty and conservatism built into the various factors in the codes. To strictly
enforce reliability performance goals, the target probabilities need to be set directly
for the limit states rather than for the design earthquake.1 In evaluation, the per-
formance of the structure is satisfactory if the limit state probabilities are below
the target values. In developing reliability-based design formats, one starts from
this target reliability goals corresponding to physical limit states such as incipient
damage and incipient collapse and develop the required deterministic design for-
mat, which will yield a design that satisfies these goals. An example of such bi-level
performance acceptance criteria based on this procedure in terms of annual inter-
story drift probabilities is shown in Fig. 1. Such a procedure, for example, has been
proposed in the US SAC Steel Project.3–5

2.2. Reliability evaluation

To determine the reliability for performance evaluation and design of structures
under severe loads such as seismic excitations, factors like yielding, fracture, and
deterioration of members and connections in stiffness and/or strength need to be
considered. The well-known First Order Reliability Method (FORM) in combina-
tion with static or equivalent static response analysis of the structures has been
successfully used as basis for reliability-based design formats in most recent code
procedures.

When the structural responses become dynamic, nonlinear, and hysteretic
caused by inelastic deformation and brittle fractures; however, the problem is gener-
ally not amenable to FORM since it is difficult to describe the limit state function.
For problems of such complexity, the direct time history/simulation method may
be more practical. To evaluate the reliability, however, one needs to generate a large
number of ground motions that represent all future events in the surrounding region
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Fig. 1. Bi-level performance check in terms of 50-year limit state probability.

that have an impact on the building. It can become computationally unmanageable,
especially for nonlinear analyses of structures of large sizes.

To reduce the computation, a small number of earthquake ground motions can
be generated using the values of seismic parameters that contribute most to the
limit state probability. For example, in the SAC Steel Project, recorded and broad-
band simulated ground motions were scaled such that the median (50 percentile)
values of the resulting elastic response spectra of these motions matches that of
the uniform hazard response spectrum at the site, i.e. spectrum corresponding to a
given probability of exceedance.6

In locations where records are scarce such as Mid-America, one can generate
suites of ten ground motions according to regional seismicity and the latest ground
motion models.7 These ground motions represent what we expect to occur at these
sites, corresponding to a specified level of probability of exceedance are therefore
referred to as uniform hazard ground motions (UHGM). The structural response
corresponding to the probability level can be obtained as the median response
of structures under such suites of ground motions using a nonlinear time history
analysis. This process is then repeated for several probability levels to obtain the
performance curve. Figure 2 shows an example of diaphragm slip demand on a
2-story, un-reinforced masonry building. For example, for a diaphragm with an
anchor of 2 inches, the 50-year probability of diaphragm falling from the wall (slip
exceeding 2 in) is 0.015.

The accuracy of this method for nonlinear inelastic systems has been proved to
be very good in comparison with results of full simulations for several Mid-America
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Fig. 2. URM building diaphragm slip demand curve using 10% and 2% in 50 years uniform
hazard ground motions at Memphis: � denotes data point corresponding to each UHGM, ©
denotes median value, effect of uncertainty due to record-to-record variability across UHGMs
considered (solid line), and not considered (dashed line).

cities.7 The uniform hazard ground motion approach is therefore an efficient method
of accounting for excitation uncertainty. The effect of capacity uncertainty and other
modeling errors can be included in the above analysis by randomizing the building
capacity. Alternatively, one can account for this type of uncertainty by using a
uncertainty correction factor as will be discussed in the following section.

The performance can also be evaluated using a scalar excitation intensity mea-
sure and relating the structural response and limit state to this measure via repeated
time history response and regression analyses. The uncertainty in the excitation is
then described by the intensity hazard curve and the limit state or reliability anal-
ysis of the structure can be performed based on the hazard curve and the results of
the response regression analysis. Simple power laws can be used in modeling both
the intensity hazard and the intensity/response relationship such that the limit
state probability can be evaluated in closed form with all uncertainties explicitly
considered. This approach has been used in the recent FEMA/SAC Steel Project8

in which the seismic hazard in terms of annual probability of exceedance of spectral
acceleration is described by

Ht(s) = k0s
−k (1)

in which s is spectral acceleration, k0 and k are respectively site-dependent fre-
quency and scatter parameters determined from seismic hazard analysis. For exam-
ple, k is around 3 for Western United States (WUS) and around 1 for Central and
Eastern United States (CEUS) indicating much larger scatter in the latter region.
The nonlinear displacement demand (D) and spectral acceleration relationship can
be described by

D = aSb (2)
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in which a and b are determined by regression analysis of dynamic structural
responses under ground accelerations which also provides the uncertainty in this
relationship in terms of coefficient of variation of D given S, δ2

D|S=s. A distinc-
tive advantage of this approach is that it yields closed form reliability estimates of
demand D exceeding d as

Pt(D > d) = Ht(sd) exp
[
1
2

k2

b2
δ2
D|S=s

]
, (3)

where Sd is the intensity level corresponding to the demand d according to Eq. (2)
when the demand uncertainty can be modeled by a lognormal random variable.
Also simple, explicit tracking of uncertainty propagation can be done as shown in
the following section.

2.3. Effect of capacity and epistemic uncertainty

Reliability evaluation of structures against natural hazard in the past has been
mostly concerned with the inherent variability (aleatory uncertainty or random-
ness) of the excitation and structural capacity against a given limit state. The
uniform hazard ground motion approach is an efficient method of capturing this
aleatory uncertainty in the excitation. In addition, there are also modeling errors
(epistemic uncertainty or simply uncertainty) which need to be taken into consider-
ation. Capacity variability can be attributed to material variability, non-structural
component contribution to resistance such as claddings and partitions, and struc-
tural modeling errors such as the highly unpredictable brittle failure of steel con-
nections. The total uncertainty (coefficient of variation) on the capacity side has
been estimated to be 40% or higher,9 which is significant in itself but still small
compared with that of the seismic load which is generally in excess of 80%. An
interesting implication is that because of this dominance of the uncertainty on the
loading side, the effect of the uncertainties can be de-coupled as an approximation.
As a result, one can first ignore the uncertainty by using the mean value in the
reliability analysis as is done in the above time history/simulation and recover it
by a multiplier called uncertainty correction factor. This correction factor can be
used in both reliability analysis and reliability-based design.

The general effect of uncertainty is a decrease in reliability. It can be incor-
porated by a correction factor defined as the ratio of the limit state probabil-
ities with and without consideration of the uncertainty. It is a very convenient
tool in both reliability evaluation and development of reliability-based design when
uncertainty is present but cannot be accurately quantified at the time. For exam-
ple, one can treat the uncertainty separately by first neglecting its effects in the
reliability evaluation and design and recover it using the correction factor which
can be continually updated as more information on model uncertainty becomes
available. The method has been demonstrated3 that the correction factor for limit
state probability evaluation due to capacity and epistemic uncertainties is given
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approximately by

CF ≈ 1 +
1
2
S2δ2

R, (4)

in which S is the sensitivity coefficient depending on the seismic hazard and relia-
bility level and δR is the measure of the total uncertainty in terms of coefficient of
variation. S generally increases with the uncertainty in the hazard and reliability
level. This factor has been used to account for effect of record-to-record variability
of the UHGM on the structural median response estimate in Fig. 2. In a reliability-
based design, the correction factor for design capacity to incorporate capacity and
epistemic uncertainty for a given target reliability is

CD ≈ 1 +
1
2
Sδ2

R. (5)

The net effect of capacity and epistemic uncertainty is an increase in the required
design capacity.

In the FEMA/SAC approach the uncertainty has been incorporated in a more
comprehensive manner.8 For example, if the system capacity can also be modeled by
a lognormal random variable with median mC and dispersion δC , a point estimate
of the limit state probability, D > C, one obtains

Pt = H(sC) exp[(k/b)2(δ2
DR + δ2

C)/2], (6)

in which the substitution δDR = δD|S=s has been made for brevity and sC =
(mC/a)1/b = spectral acceleration that corresponds to the median capacity.
Equation (6) considers the effect of aleatory uncertainty (randomness). A point esti-
mate of risk that includes the epistemic uncertainty (uncertainty) can be described
by the mean limit state probability, E[Pt], determined as follows:

E[Pt] = E[Ht(sC̃)] exp
[
1
2

k2

b2
(δ2

DR + δ2
DU + δ2

CR + δ2
CU )
]
, (7)

in which

E[Ht(sC̃)] = Ht(sC̃) exp
[
1
2
δ2HU

]
,

where sC̃ is the spectral acceleration corresponding to the median displacement
capacity, C̃, determined from Eq. (2). Subscripts DR, DU , CR, CU , and HU on
coefficient of variation δ indicate demand randomness, demand uncertainty, capac-
ity randomness, capacity uncertainty, and hazard uncertainty, respectively.

2.4. IDA analysis of capacity against incipient collapse

In structural performance evaluation the most important limit state is collapse and
yet dynamic behavior of structure near collapse is nonlinear and complicated that
the capacity against collapse is very complex and highly dependent on the excita-
tion. A method of determining the capacity against incipient collapse under seismic
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excitation based on an incremental dynamic analysis (IDA) has been proposed10

for determining and application to a variety of structural systems.11 A structure
response analysis is performed under a selected ground motion representing likely
excitation at the site from a future earthquake. The ground motion intensity is
then increased incrementally and the structural response behavior (e.g. inter-story
or global drift) is monitored. The transition point at which there is a large increase
in the response at a small increase of the excitation intensity signals the onset of
instability is therefore recorded as the capacity (either in terms of drift or excitation
intensity) against incipient collapse. The procedure is then repeated for different
ground motions and statistics of the incipient collapse capacity are then obtained.
For example, for post-Northridge steel moment frames the mean capacity in terms
of inter-story drift is approximately 8% with a coefficient of variation of about
30%.12 It is pointed out that although capacity uncertainty of the order of 30% or
more seems large, its contribution to the limit state probability may be small when
demand randomness and uncertainty dominate as can be seen from Eq. (7). This
is generally the case for seismic excitation, i.e. δDR and δDU are much larger than
δCR and δCU .

2.5. Reliability-based design

To meet a prescribed probabilistic performance goal while taking the uncertainty
into consideration, a reliability-based design is to determine the required structural
median capacity, C̃, to satisfy a prescribed target mean limit state probability,
E[Pt] = P0. This inverse problem can be solved as follows8:{

exp
[
−1

2
k

b
(β2

CR + β2
CU )
]}

C̃ ≥
{
exp
[
1
2

k

b
(β2

DR + β2
DU )
]}

D̃P0 . (8)

Note that this is not a rearrangement of Eq. (7); therefore it takes a slightly different
form. It can be rewritten into a more familiar load and resistance design (LRFD)
format,

φC̃ ≥ γD̃P0 , (9)

where φ is the capacity (resistance) factor and γ is the demand (load) factor.
D̃P0 = median demand corresponding to SP0

a , a spectral acceleration of exceedance
probability of P0. From Eq. (2), one obtains

D̃P0 = a(SP0
a )b, (10)

in which SP0
a is solved from Eq. (1). Note that from Eq. (1), smaller P0 (higher

reliability) gives larger D̃P0 and from Eq. (8) larger randomness and uncertainty in
the demand and capacity give larger γ and smaller φ leading to larger design capac-
ity C̃. The various sources of randomness and uncertainty are therefore considered
explicitly.
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2.6. Target reliability level

In a reliability-based performance-oriented design the starting point is the tar-
get reliability for various limit states. Determination of the target reliability lev-
els requires broader social-economical considerations. They can be determined by
comparison of risks of limit states with other societal risks. Alternatively, one can
compare the notional (calculated) probability of limit states with those implied in
current designs and adjust accordingly. This approach has been used in the past.
For example, Ellingwood et al.13 calibrated the target reliability of structural mem-
bers against practice acceptable at the time in developing the AISC LRFD design
recommendations, which have been adopted in the ASCE-7.14 The need for a more
rational approach to determine target reliability and acceptable risk has received
serious attention by researchers and engineers recently.15 One of such approaches
is based on consideration of cost and benefit by minimization of expected lifecycle
cost as given in the following section.

3. Minimum Lifecycle Cost Design Criteria

Design procedure based on optimization considering cost and benefit is generally
referred to as level IV reliability-based design. Rosenblueth16 had made convincing
arguments for the profession to move from a semi-probabilistic, second moment, or
full distribution design format to one based on optimization since it is the only ratio-
nal procedure to ensure long term benefit to the society. Review of optimization-
based design procedures can be found, e.g. in Frangopol and Corotis.17 The method
based on minimum lifecycle cost by Wen and Kang18,19 is described in the following
section.

3.1. Design based on optimization

The major considerations in a life cycle cost analysis of a constructed facility are
loading and resistance uncertainties, limit states, and costs. The random occurrence
in time and the intensity variability of the hazards are modeled by random process
models. Costs include those of construction, maintenance and operation, repair,
damage and failure consequence (loss of revenue, deaths and injuries, etc.), and
discounting of future loss/cost over time. It is reasonable to assume there are only
a small number of limit states to be considered and the loadings that can cause the
facility to reach these limit states are due to severe natural and man-made hazards
which occur infrequently. Over a time period (t), which may be the design life of
a new facility or the remaining life of a retrofitted facility, the expected total cost
can be expressed as a function of t and the design variable vector X as follows:

E [C(t, X)] = C0(X) + E


N(t)∑

i=1

k∑
j=1

Cje
−λtiPij(X, ti)


+
∫ t

0

Cm(X)e−λτdτ, (11)
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in which C0 = the construction cost for new or retrofitted facility; X = design
variable vector, e.g. design loads and resistance, or load and resistance factors asso-
ciated with nominal design loads and resistance; i = number occurrences and joint
occurrences of different hazards such as live, wind, and seismic loads; ti = loading
occurrence time; a random variable; N(t) = total number of severe loading occur-
rences in t, a random variable; Cj = cost in present dollar value of jth limit state
being reached at time of the loading occurrence including costs of damage, repair,
loss of service, and deaths and injuries; e − λt = discounted factor of over time t,
λ = constant discount rate per year; Pij = probability of jth limit state being
exceeded given the ith occurrence of a single hazard or joint occurrence of different
hazards; k = total number of limit states under consideration; and Cm = operation
and maintenance cost per year. The design criteria are determined by the minimiza-
tion of the total expected lifecycle cost with respect to the design variable vector X .
Additional constraints in the form of reliability and/or resistance may be also intro-
duced in the minimization problem. The above formulation allows tractable solu-
tion of the minimization problem and facilitates the sensitivity study of the optimal
design decision parameters. Details can be found in Wen and Kang.18,19

3.2. Design against earthquakes

The method is applied to design of a 3 × 5 bay, 9-story special moment resist-
ing frame steel office building in downtown Los Angeles. The building is designed
for a wide range of base shear and meeting the drift and other requirements of
NHERP1997.20 The system strength is measured by a system yield force coefficient
(system yield force determined from a static pushover analysis using DRAIN2D-X
divided by the system weight). Five limit states in terms of story-drift are used
according to the performance levels of FEMA 273.21 The empirical seismic hazard
procedure of FEMA 273 is used to calculate the ground excitation demand for a
given probability level. To obtain the drift ratio from the spectral acceleration, the
method based on uniform hazard response spectra and an equivalent nonlinear sin-
gle degree of freedom system (SDOF) is used. The drift ratio is then multiplied
by correction factors to incorporate building capacity uncertainty and converted to
damage factor according to FEMA-227.22 The maintenance cost is not considered
in this study. Initial costs are estimated according to Building Construction Cost
Data.23 The nonstructural items were not considered since they are not functions
of the design intensity. The damage cost, loss of contents, relocation cost, eco-
nomic loss (dollar/sqft), cost of injury ($1000/person for minor and $10000/person
for serious injury) and cost of the human fatality ($1 740 000/person) are estimated
based on FEMA reports.22 All costs are given in 1992 US dollars. A constant annual
discount rate λ of 0.05 is assumed.

Following the procedure outlined above and using Eq. (11), the optimal system
yield force coefficients (system yield force divided by system weight, a measure of
system strength) are found to be 0.194 and 0.189 with and without considering
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Table 1. Life-cycle cost (LCC) based design system yield
coefficient against earthquakes, winds, and both hazards and
comparison with current design (NEHRP 1997).

�
�

�
�

�
�

�
�

Location Los Angeles Seattle Charleston

Hazard
(Design Basis)

Earthquake 0.140 0.100 0.075
(NEHRP 1997)

Earthquake 0.198 0.109 0.097
(LLC)

Wind 0.073 0.073 0.121
(LLC)

Earthquake and Wind 0.198 0.115 0.146
(LLC)

human injury and death costs respectively, both higher than the system yield coef-
ficient of 0.14 according to 1997 NHERP. The design is then extended to Seattle,
Washington and Charleston, South Carolina with proper adjustment of the cost due
to regional variation. The results are shown in Table 1 in which the designs accord-
ing to NEHRP1997 are shown for comparison in the first two rows. It is seen that
the lifecycle cost (LCC) based designs are generally higher. The difference is large
at Los Angeles, moderate at Charleston, and small at Seattle. Since some of the
important decision parameters such as structural life span, discount rate, injury and
death costs, and system capacity uncertainty are difficult to estimate accurately, a
sensitivity of the optimal design was also carried out. The results (see Fig. 3, EQ)
show that the optimal design intensity depends moderately on discount rate, and
increases fast with structural life for t < 20 years but slowly for t > 50 years. It is
insensitive to cost estimate of injury and death at Los Angeles but quite sensitive
at Charleston due to the proportionally much larger contribution of these costs to
the overall cost at Charleston. The seismic hazard curve at Charleston has a rather
flat tail due to larger uncertainty in the high intensity range. As a result, the ratio
of expected cost of death and injury to that of damage and economic losses is much
higher at Charleston than at Los Angeles. Although not shown in Fig. 3, the results
are found insensitive to the structural capacity uncertainty due to the dominance
of the hazard uncertainty.

3.3. Design against earthquake and wind hazards

The application of the method is then extended to design in the three cities under
both wind and earthquake hazards. It is of interest of compare the contribution of
different hazards in the lifecycle cost design since at Angeles and Seattle seismic
loads dominate whereas at Charleston wind loads play a very important role. The
wind hazard and structural response analyses are based on provisions in ASCE-7.14
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Fig. 3. Sensitivity of optimal design to structural life, discount rate, and injury/death cost
multiplier.
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The optimal design of structural strength under both hazards is again expressed
in terms of the system yield force coefficient Sy. Figure 3 shows the sensitivity of the
optimal Sy under a single hazard and under both hazards to the structural design
life, discount rate, and the multiplier applied to the cost of death and injury. At
Los Angeles, the design is dominated by seismic load. The wind load contribution
is so small that there is practically no difference between the design for both winds
and earthquakes and that for earthquakes only. The design is sensitive to structural
life for t < 20 years and becomes almost constant for t > 50 years. It is moderately
dependent on the discount rate. The insensitivity the optimal Sy increases from
0.121 under winds only to 0.146 when seismic load is also considered. The optimal
design is more sensitive to the multiplier due to the larger uncertainty associated
with the large seismic events causing larger contribution to the total expected lifecy-
cle cost. Considering again all these factors, the optimal design Sy may reasonably
estimated to be 0.15. It is found that in both locations, the reliability against winds
is much higher than that against earthquakes. It is therefore concluded that uni-
form reliability against different hazards is not required in an optimal design. The
optimal target reliabilities are higher at Los Angeles than at Charleston primarily
due to the much higher seismic hazard at Los Angeles.

4. Application to Vulnerability and Retrofit Analysis

The application of the above reliability evaluation procedure to vulnerability analy-
sis and retrofit decision with proper consideration of consequences is demonstrated
by retrofit of un-reinforced masonry (URM) structures in Mid-America. A large
portion of the building stock of the design to the cost multiplier is due to the domi-
nance of expected lifecycle cost of damage and economic losses since the probability
of death and injury is extremely small by comparison. Considering the difficulty of
assessing these factors, the optimal design coefficient is reasonably estimated to
be 0.20. At Charleston, the wind hazard becomes more important. Seismic loads,
however, still contribute. In other words, wind load does not “control,” as would be
the case in traditional design procedure. For example, for a design life of 50 years,
in Mid-America, there are URM structures and many essential facilities such as
fire stations and police stations that utilize URM construction.24 Such buildings
are vulnerable to seismic forces and their failures may cause serious consequences.
The response of such buildings to seismic actions is nonlinear and complex and the
uncertainty in their capacity is large.

To demonstrate the risk-benefit approach to decisions regarding rehabilitation,
a study of a URM building is carried out. The building selected is a two-story
residential/commercial building of 1930 vintage located in Memphis, TN. A finite
element model based on ABAQUS was developed to model the nonlinear dynamic
response behavior. The diaphragm/wall connections were modeled either as flexible
with gravity friction, bolts, and nails for a typical connection details for such as
structure, or assumed to be rigid after retrofit. Details can be found in Wen et al.11
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Table 2. 50-year limit state probability of URM building.

Limit state Immediate Life Collapse Incipient
Occupancy (IO) Safety (LS) Prevention (CP) Collapse (IC)

Reference FEMA 273 FEMA 273 FEMA 273 IDA

Drift Ratio Capacity (%) 0.3 0.6 1 1.3(F)
1.74 (R)

St. Dev. of Capacity (%) 0.3 0.3 0.3 0.37 (F)
0.33 (R)

L. S. P. (F) 1.15 × 10−1 7.51 × 10−2 5.43 × 10−2 4.65 × 10−2

L. S. P. (R) 3.75 × 10−2 2.11 × 10−2 1.35 × 10−2 8.36 × 10−3

St. Dev. of Capacity 0.6 0.6 0.6
L. S. P. (R) 4.06 × 10−2 2.30 × 10−2 1.495 × 10−2

IO = Immediate Occupancy; LS = Life Safety; CP = Collapse Prevention; IC = Incipient
Collapse; F = Flexible wall/diaphragm connections; R = Rigid wall/diaphragm connections;
L. S. P. = Limit State Probability.

and Ellingwood and Wen.25 The system performance levels selected were immedi-
ate occupancy (IO), life safety (LS), and collapse prevention (CP), corresponding
to maximum drifts of 0.3%, 0.6% and 1.0%, respectively, as described in FEMA
273 (1997).

IDA analyses are performed to determine the capacity against incipient collapse
(IC) and the results are fitted by a lognormal distribution. The 50-year limit state
probabilities of IO, LS, CP and IC were also calculated and shown in Table 2 where
capacity uncertainties due to material properties and other sources are also shown.
These values were doubled to check the sensitivity (the last two rows of Table 2
for the case of rigid connections). As expected, the rigid connections between the
walls and diaphragms reduce the limit state probabilities by approximately a fac-
tor of four indicating that such an intervention measure would be quite effective.
Notice also that the vulnerabilities are not particularly sensitive to the capacity
uncertainties because of the dominance of the uncertainty in the seismic excitation.
The relations between limit states and damage and between damage and loss can
be established by regression analyses of cost on damage using data from past earth-
quake damage surveys.26 Since such data are generally unavailable in Mid-America,
one must use similar statistics elsewhere such as in Western US where URM build-
ings damages in past earthquakes are more readily available. In FEMA 273,21 there
are qualitative descriptions of damage and likely damages in consequences associ-
ated with each limit state. These are summarized in Table 3. More factual informa-
tion is required to establish a functional relationship and estimate of uncertainty
between limit states and moreover, the damage-to-loss estimate requires knowledge
of repair cost, economic loss, cost of injury and death, etc. Large uncertainties exist
in these relationships.

To demonstrate the procedure, an approximate analysis is performed using a
liberal interpretation of the FEMA 273 performance state descriptions and con-
sequences in terms of mean damage index, mean injury and death rate given the
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Table 3. Limit state/damage/expected life-cycle cost relationship.

Limit state (IO) (LS) (CP) (IC)
(Performance level)

Damage level Very limited Significant Substantial Collapse is

structural damage, low risk damage, significant imminent
damage, very of life- risk of injury due (IDA analysis)
low risk of life- threatening to falling hazards
threatening injury (FEMA 273)
injury (FEMA 273)
(FEMA 273)

Damage index 0.05 0.2 0.4 0.9
Injury rate 0 0.1 0.2 0.6
Death rate 0 0.01 0.04 0.12

Cost given limit state $22 000 $244 000 $794 000 $2 251 000

Contribution to $355 (before) $2015 $2302 $39323
50-year expected
life-cycle cost $138 (after) $671 $1419 $7212

occurrence of each performance state shown in Table 3. The costs considered include
damage repair cost ($85/ft2), content cost ($30/ft2), injury ($103–104/person) and
death ($2 × 106/person). These costs are to be multiplied by the floor area and
then a damage index and expected injury and death rates respectively depending
on limit state as shown in Table 3. The 2-story URM building has a foot print
dimension of 83 ft by 23 ft and total floor area of 3818 ft2. An occupancy rate of
2 persons/1000 ft2 is used. To calculate the life-cycle cost, a discount rate λ = 5%
per year and a life of 50 years are assumed. The expected total life-cycle cost can
be calculated according to Eq. (11).

Using the cost assumptions given above, the 50-year expected total losses to
the existing building are $43 995 before retrofit and $9440 after retrofit. Such infor-
mation can be used in design/retrofit decision making. For example, if the cost of
retrofitting the connections is less than the difference of the expected total lifecyle
cost before and after retrofit, i.e. $34 555 (or approximately 10% of replacement
cost) the retrofit decision is justified. The last row of Table 3 shows that all limit
states contributed to the expected total lifecycle cost, although the IC limit state
dominates due to the large fatality cost and flat seimic hazard curve at Memphis.
In other words, the retrofit is justified primarily because it saves lives. The results
are sensitive to the cost estimates as well as the relationship between costs and
damage and limit states, i.e. the mean estimates given in the third row of Table 3.

Additional research is needed to obtain accurate estimates of these numbers and
relationships. In addition to the mean life-cycle cost, the probability as function of
loss can be also calculated such information would be useful for decision making. It
requires uncertainty in the relationships between limit state to damage and damage
to cost, i.e. in terms of coefficient of variations of damage index, injury and death
rate and type of distributions for given each limit state and the uncertainty in the
various estimates of costs per square footage.

www.EngineeringBooksPDF.com



October 26, 2005 11:22 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch03

Reliability in Structural Performance Evaluation and Design 47

5. Reliability and Redundancy

Redundancy of structural systems has attracted much attention of engineers after
the large number of failures of structural systems in recent earthquakes. Most define
redundancy according to the structural configuration. For example, in ASCE-7,14 a
reliability/redundancy factor ρ is define as function of the floor area and maximum
element-story shear ratio. The allowable range of ρ for the seismic lateral force can
vary by as much as 50%. There has been much criticism by engineers on the rationale
behind this provision and as a result, a new ρ factor with more consideration of
the structural response behavior has been proposed and currently under review by
ASCE-7 Committee on Minimum Design Loads for Buildings and Other Structures.

In view of the large uncertainty of the seismic excitation and structural resis-
tance, the redundancy of a structural system under seismic load cannot be treated
satisfactorily without a careful consideration of the uncertainty. For example, a sim-
ple deterministic system of a given strength and identical parallel members under
tension force will fail when the strength is exceeded regardless of the number of the
parallel members since all members will reach the collapse threshold at the same
time. Therefore, there is no advantage of having more members. The situation is
drastically different if there is uncertainty in both loading and member strength. It
has been shown27 that under random static loads, the parallel systems have signifi-
cant redundancy (much higher reliability) if there is adequate number of members,
moderate degree of ductility, low strength correlation among members, and small
load variability compared with that of the member resistance. It is clear that all
these factors have not been considered in redundancy study of structures thus far,
especial under random dynamic loads. The same is true in the case of the largely
empirical redundancy factors ρ proposed in code procedures. The redundancy con-
sidering the structural nonlinear response behavior and uncertainty in excitation
and structural capacity has been investigated in Wang and Wen,28,29 Wen and
Song,30 and Liao and Wen.31

The results of redundancy of steel moment frames are shown here. The nonlinear
behavior of the members and connections including inelastic and brittle fracture
failures are accurately modeled according to test results. The ground motions corre-
sponding to three different probability levels (50%, 10%, and 2% in 50 years) devel-
oped in the SAC Steel Project6 are used as excitation. To realistically model the load
redistribution and effect of possible unsymmetric failure of members, 3D response
analysis methods were developed which allow evaluation of torsional response. Mem-
ber resistance is modeled by random variables. The findings are summarized and
implications on the ρ factors examined in the following.

5.1. Steel moment frames of different connection

ductility capacities

Two low-rise steel moment frame buildings in the LA area, of 2 stories and 2 by
3 bays, and 3 stories and 3 by 5 bays, were designed according to current code
procedures. The diaphragms are assumed to be rigid in its own plane but flexible
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Table 4. 50-year incipient collapse probability and uniform risk redundancy
factor for 3-story steel frame building.

Assumption of excitation, Drift ration Pf RR R
connection behavior, and capacity
accidental torsion (%)

Uni-directional, ductile, 0.08 0.004 1 8
no torsion

Uni-directional, brittle, no 0.05 0.021 0.986 7.88
torsion

Bi-directional, ductile, no 0.08 0.037 0.828 6.63
torsion

Bi-directional, brittle, no 0.05 0.124 0.546 4.37
torsion

Bi-directional, ductile, 0.08 0.034 0.850 6.80
torsion

Bi-directional, brittle, 0.05 0.129 0.538 4.31
torsion

Bi-directional, brittle, 0.05 0.182 0.471 3.77
column damage and
torsion

out of plane. Plastic hinges can form at the ends of beams and columns. Fracture
failures of connections occur when the capacity as a function of ductility and cumu-
lative energy dissipation is exceeded. The capacity is modeled as random variable
based on test results. The smooth hysteresis model32 was extended and used to
describe the post-yielding ductile and brittle behavior of the members and connec-
tions and calibrated against test results. It reproduces the nonlinear behavior well.
A 3D response analysis method is then developed based on these element mod-
els. Response statistics under the SAC ground motions were obtained. The 50-year
probabilities of maximum column drift ratio of the 3-story steel building exceeding
incipient collapse capacity under various assumptions of the ground excitation and
structural response behavior are shown in the third column of Table 4. The incipient
collapse thresholds in terms of column drift ratio are assumed to be 8% for ductile
systems and 5% for systems with possible brittle connection failures, based on SAC
research results by Yun et al.12 It can be seen that the brittle fracture failure of
the connections have only moderate effects compared with ductile systems under
uniaxial excitation. The coupling of such failures with biaxial interaction and tor-
sional response due to possible unsymmetric member failures however, significantly
increases the displacement demand on the structures (inter-story and global drift)
and the probability of incipient collapse.

5.2. Uniform-risk redundancy factor RR

It is obvious from the above that redundancy can be accurately defined only in terms
of system reliability; therefore, it can be incorporated into design only through a
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reliability-based design procedure. To achieve uniform reliability in the current
design procedure, for systems with different degrees of redundancy, a uniform-risk
redundancy factor, RR, may be used in conjunction with the widely used response
modification factor, R, to determine the required design force. The R value for spe-
cial moment frames is 8 according to ASCE-7-02.26 RR is defined as the ratio of the
system spectral acceleration capacity corresponding to the actual that required to
achieve the allowable (target) Pf . For example, one can set the target Pf to be 2%
in 50 years and calculate these two spectral acceleration values based on the fore-
going reliability analysis. Details can be found in Wang and Wen.28,29 For a system
with inadequate reliability/redundancy, RR will be smaller than unity. When the
system has adequate reliability/redundancy; in other words, Pf is lower than the
allowable value, RR is equal to unity. RR, therefore, functions as an adjustment
factor to assure that the target (allowable) reliability will be achieved. The design
seismic force is reduced by a factor of R multiplied by RR. The R and RR for the
3-story building under various assumptions of component ductility capacity and
excitation characteristics are shown in the third and fourth columns of Table 4.
For example, if an allowable value of Pf is 2% in 50 years, RR varies from 1 under
the assumption of uniaxial excitation and ductile connections, to 0.471 (R = 3.77)
under biaxial excitation with possible brittle connection failures. The results indi-
cate that for a structure of a given configuration, ductility capacity and structural
3D response (bi-axial and torsional motions) can greatly change the structural reli-
ability/redundancy and lead to a large increase in the required design force which
has not been considered in current code procedures.

5.3. Moment frames of different configurations

The recently proposed provision according to NEHRP 200333 is such that the redun-
dancy factor ρ is 1.0 when loss of moment resistance at the beam-to-column con-
nections at both ends of a single beam would not result in more than 33% reduction
in story strength, nor create an extreme torsional irregularity, and otherwise it is
1.3. The torsional effects as mentioned in the previous section have been incorpo-
rated. It is an improvement over the existing ρ factor. The recommended ρ factors
for some typical configurations are shown in Fig. 4 for 5 × 5 bays moment frame
buildings with different numbers and locations of moment frames investigated in
NEHRP 2003. The recommended values of either 1.0 or 1.3, perhaps necessary in
code provisions for simplicity, need to be examined within the framework of the
above reliability-based procedure.

In Liao and Wen31 the investigation has been extended to low-rise (3-story) and
medium-rise (12-story) prototype moment frame buildings shown in Fig. 4. The
buildings are designed according to NEHRP 2003. The FEMA/SAC ground motions
are used again. In the response analysis, additional factors considered include the
number and layout configuration of the moment frames, effect of panel zones, and
contribution of the gravity frames. The IDA analysis is also extended to three
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Fig. 4. Nine plan configurations of 3-Story and 12-Story buildings (bold lines represent the

moment frames).

dimensional. A biaxial spectral acceleration, defined as the maximum vector sum
of the spectral accelerations in the two principal directions is used as an intensity
measure for better correlation with the 3D structural response in the uniform-risk
redundancy factor analysis.

Typical IDA analysis results of a 12-story moment frame building are shown
in Fig. 5 in which each curve represents the IDA curve of the building under a
FEMA/SAC ground motion and the building properties are randomized across
the IDA curves under different ground motion to including the effect of excitation
and building material and component capacity variability. The transition points
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Fig. 5. IDA curves of a 12-story building with 3 bays of moment frames in both directions, tran-
sition points to incipient collapse are shown by square points. Building properties are randomized
across IDA curves each under a different ground motion.

to instability are shown by black squares. The capacity against incipient collapse
can be measured in terms of either structural response (interstory drift ratio) or
excitation intensity (biaxial spectral acceleration). Base on the statistics obtained
from the IDA curves, the capacity against incipient collapse is modeled by a log-
normal distribution for reliability analysis and determination of the uniform-risk
redundancy factor.

The uniform risk redundancy factor these prototype buildings are obtained.
Table 5 shows the RR factor, the equivalent ρ(1/RR), and NEHRP 2003 ρ values
for 12-story moment frame buildings of different configurations given in Fig. 4.
The results show that as expected, the HEHRP ρ factor tends to oversimplify
the complicated redundancy problem and is not risk-consistent. It is, however, a
significant improvement over the current ρ factor. Further refinement of the ρ factor
is possible using the reliability-based procedure to make it more risk-consistent.

Table 5. Uniform-risk redundancy factors (RR) and corresponding ρ factors
(1/RR) for a 2% in 50 years target incipient collapse probability of 12-story build-
ings of various configurations and comparison with NEHRP (2003) ρ values.

Building RR (1/RR) NEHRP ρ
configuration

3bay-3bay 1.0 1.0 1.0
2bay-2bay 0.91 1.1 1.0
3bay-1bay 0.95 1.05 1.0
2bay-1bay 0.91 1.1 1.0
3bay-1bay-interior 0.83 1.2 1.0
1bay-1bay 0.81 1.23 1.3
2bay-1bay-interior 0.77 1.29 1.3
1bay-1bay-interior 0.75 1.33 1.3
1bay-interior- 0.73 1.37 1.3
1bay-interior
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6. Concluding Remarks

Recent developments are reviewed and a framework is discussed on reliability-based
performance evaluation and design under natural hazards. The major factors in
design are considered and properly treated in this framework including uncertainty
in hazard demand and structural capacity, nonlinear structural response behavior,
redundancy, balance of costs and benefits, and target reliability in design for a single
or multiple hazards. Sensitivity studies are carried out to identity most important
system and cost parameters. Examples are given on design of multistory buildings
against earthquakes and winds.

It has been shown that currently available structural response and reliability
analysis methods have the capability of treating these major factors in design and
allowing development of risk-based, comprehensive, and yet practical design proce-
dures familiar to engineers. It is also shown that structural design based on such
a procedure is highly dependent on consequence of structural limit states and the
minimum expected lifecycle cost is a viable approach to setting reliability and per-
formance goals. For multiple hazards, uniform reliability against different hazards is
not required and hazards of large uncertainty and high consequence generally dom-
inate. The proposed method is a viable tool for vulnerability analysis and retrofit
decision making.

Finally, the largely empirical reliability/redundancy factor in current codes has
been proved to be inadequate and may yield inconsistent results. It needs to be
considered in the framework of reliability-based design. The uniform-risk redun-
dancy factor proposed is one possible such approach to ensure that the structures
of different redundancies will meet desirable target reliability. It provides a basis
that can be used to develop more rational codes and standards.
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The most recent professional expectation is that the reliability of complicated mechan-
ical or structural systems should be evaluated using their performances. In general, a
complicated system consists of many elements, some of which act in series and others act
in parallel. The failure of one element may not indicate the failure of the system. Further-
more, the brittle and ductile behaviors of elements after they reach their capacities also
affect the overall reliability of the system. In most cases, strength performance require-
ments are satisfied at the element level and the serviceability or deflection requirements
are satisfied at the structural level. For the performance-based reliability evaluation pro-
cedure, the element-level probabilities of unsatisfactory performance (UP) for strength
and system-level probabilities of UP for serviceability need to be combined. A procedure
is presented here to calculate the lower and upper bounds of the probability of failure
of the system. A complicated structure-foundation system consisting of concrete super-
structure and pile-supported foundation is considered to illustrate the procedure. The
discussions indicate that the estimation of the probability of failure at the element level,
particularly for the strength performance function often practised in the profession, may
not be sufficient to develop performance-based design criteria.

1. Introduction

The performance evaluation of mechanical or structural systems is a challenge to
the profession. The task is more challenging if the system is in operation. A typical
redundant structural or mechanical system consisting of many subsystems or com-
ponents and they can affect the performance of the system in a many different ways.
Functional disorder of a system can be defined as unsatisfactory performance (UP),
i.e. the system can no longer serve its intended purpose. Thus, a UP may or may
not cause a catastrophic failure in a physical sense. Identifications of some of the
significant UP modes are thus essential elements of the performance evaluation of
existing operational systems.

55
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Fig. 1. A typical pile-supported dam.

For the ease of discussion, consider a cross-section of a structure-foundation sys-
tem representing a dam shown in Fig. 1. In this case, the concrete super-structure is
supported by aged timber piles. It represents a typical redundant system consisting
of many parallel components. This complicated system may not be able to function
as intended in many different ways. Several structural elements may behave poorly
and the system may not be able to resist the applied loads. Some structural elements
may perform unsatisfactorily first, followed by excessive deformation, causing func-
tional disorder of the system due to insufficient stiffness. In some cases, the intact
structure may produce inadmissible deformation rendering the system inoperable.
To maintain the operational status of such a system without compromising the
reliability, it is essential to evaluate the reliability at the system level considering
all major potential loads and load combinations, and different performance modes
in terms of strength and serviceability.

A relatively simple representation of the pile-supported system is shown in
Fig. 2. In this representation, the rigid pile cap transfers the loads from the super-
structure to the pile group. The loads, concrete superstructure (rigid cap), and
group of piles supporting the superstructure are shown in Fig. 2, in an idealized way.

In a typical pile-supported structure, the redundant resistance provided by the
multiple piles provides a parallel resistance mechanism so that UP of a single pile
will not usually result in total distress of the overall system. Several piles need to
perform unsatisfactorily to cause an overall strength failure or an excessive lateral
movement of the rigid pile cap beyond an acceptable limit, producing global distress
to the structure supported on the pile cap.1 The overall concept is shown in Fig. 3.
In massive navigation structures, “global distress” can be regarded as the move-
ment of the rigid cap that can substantially limit their operation or serviceability
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Fig. 2. A cross-sectional view of a pile-group.

System
Performance

Serviceability
Failure Mode

Strength
Failure Mode

Excessive
Lateral

Deflection

Excessive
Vertical

Deflection

Fig. 3. Performance modes of the system illustrated in Fig. 1.

requirements. In defining performance of these structures, thus, UP is appropriately
used to represent the global distress that may not cause physical damage or failure
in the structure.

The complicated system considered here consists of many sub-systems arranged
in parallel and series, as shown in Fig. 4. The behavior of a sub-system, in this case
piles, after reaching the load carrying capacity will also dictate the reliability on the
system. A pile may not carry any load after reaching its capacity, indicating brittle
behavior. In some cases, a pile can carry some load after reaching its capacity,
indicating ductile behavior. Thus, brittle or ductile behavior of structural elements
is also expected to influence the behavior of the system. Strength requirements may
be local2 or global,3 and may be related to reserve and residual strength.4 Some
of the piles may perform unsatisfactorily at first, followed by excessive deformation
and causing functional disorder of the system due to insufficient stiffness. Thus, the
strength failure may lead to serviceability failure.
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dx dzStrength

(Series System)(Parallel System)

S

S

Serviceability

Fig. 4. A system model (S) showing the failure modes of the structure-foundation system shown
in Fig. 1. Redundant supports provide a parallel system in strength mode. Serviceability modes are
denoted as dx and dz. Lateral (dx) and vertical (dz) deflections may well depend on the available
strength capacity of redundant members in subsequent loading stages in a parallel system.

In evaluating the reliability of complicated structures, it is essential to identify
potential performance modes (PMs) and their predetermined acceptance criteria.
Acceptance criteria are generally established considering nature, importance, and
consequences of failure of the structure under consideration. Engineering models are
routinely used for identifying performance or failure modes of systems. Effective-
ness of such identification depends on the validity of the inherent assumptions and
its ability to accommodate uncertainties in the predictive model. A probabilistic
approach is a natural choice for bridging the gap between the reality and the pre-
dictability of engineering solution. Probabilistic approaches requiring identification
of some of the most significant performance modes are described in this chapter.

2. Reliability-Based Approaches

Reliability-based assessment methodologies, explicitly addressing major uncertain-
ties in engineering analysis, are desirable, and it is important to standardize such
procedures and implement them in practice.5 In spite of the progress in the imple-
mentation of reliability-based procedures, the rate of its acceptance by practitioners
has been slow. This is primarily due to lack of familiarity in the general areas of
risk and reliability and the analytical intricacy of the system reliability evaluation.
The inclusion of reliability assessment procedures into the available deterministic
analytical approaches increases the chances of acceptance by the users, in easing
the transition from the deterministic to the probabilistic domain. Discussions made
in this chapter are expected to help in this transition process.

The state-of-the-art in the reliability evaluation of civil engineering systems
is very advanced. The uncertainties associated with most major variables in any
civil engineering problem have already been identified or quantified. If the accep-
tance or allowable criteria are known, the strength and serviceability-related limit
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state or performance functions can be defined, as will be discussed later. For a
known performance function, the reliability can be estimated using several well-
established reliability evaluation techniques,6,7 including the first-order reliability
method (FORM), second-order reliability method (SORM), and several schemes of
Monte Carlo simulation techniques. FORM is very frequently used. In this approach,
the reliability is generally estimated in term of the reliability index β and the cor-
responding probability of failure Pf is estimated as Pf = 1.0 − Φ(−β), where Φ is
the standard normal cumulative distribution function. The probability of failure is
higher when β is smaller. Several procedures with various degrees of complexities are
available to evaluate the probability of failure. They will not be discussed further.
FORM is used to estimate the reliability index in all the subsequent discussions.

3. Performance Functions

As mentioned earlier, the reliability of a civil engineering system is generally esti-
mated considering the strength and serviceability performance functions. They are
separately discussed next.

3.1. Strength performance functions

Strength requirements may be local or global, and may be related to instability,
reserve and residual strength, and fatigue damage. Since the axial load effect on
a pile could be tensile or compressive, and a pile can be distressed either in pure
axial load or combined axial load and bending moment, the following four strength
performance functions for a two-dimensional structure are considered in this study:

Compressive load:

g(x) = 1.0 −
(

F

AC

)(
1

OSF

)
, (1)

g(x) = 1.0 −
[

F

ACC
+

|M |
AM

](
1

OSF

)
. (2)

Tensile load:

g(x) = 1.0 −
(−F

AT

)(
1

OSF

)
, (3)

g(x) = 1.0 −
[ −F

ATT
+

|M |
AM

](
1

OSF

)
, (4)

where F is the applied axial load, M is the applied bending moment, AC and AT
are the nominal axial compressive and tensile load capacity of a pile, respectively,
AT is assumed to be AC/2 in this study, ACC is the nominal axial compressive load
capacity of a pile when the combined effect of axial compressive load and bending
moment is considered, ATT is the nominal axial tensile load capacity of a pile when
the combined effect of axial tension and bending moment is considered, AM is the
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nominal bending moment capacity of a pile, and OSF is the allowable overstress
factor. For unusual or short duration load cases, OSF = 1.33 is generally used.8

Using a deterministic linear computer pile group analysis (CPGA) program8 and
the Taylor Series Finite Difference (TSFD) method, the means and the standard
deviations of axial load and bending moment (F and M) acting on each pile can be
calculated. The statistical characteristics of the resistance-related random variables,
AC and AT, can be estimated from pile load-tests.9 For round timber piles, ACC,
ATT, and AM are estimated as:

ACC = FacA = Facπ

(
d2

4

)
, ATT = FatA = Fatπ

(
d2

4

)
, (5)

and

AM = FbS = Fbπ

(
d3

32

)
, (6)

where Fac, Fat and Fb are the allowable axial stresses in compression, tension and
bending, respectively, and d, A, and S are the diameter, cross-sectional area, and
the section modulus of a circular pile, respectively. They are assumed to be random
variables in this study. The statistical characteristics of Fac, Fb, and d were evalu-
ated by Mlaker and Stough,10 and are summarized in Table 1. Using the statistical
information of these independent variables, the means and standard deviations of
random variables ACC, ATT, and AM are estimated. In Table 1, Nh is introduced to
represent the coefficient of horizontal sub-grade reaction. The parameter is required
to calculate the load distribution in piles. All the variables in Table 1 are assumed
to be lognormal.

3.2. Serviceability performance functions

Serviceability requirements depend on the intended functional requirements of the
structure. They may include excessive vibration,11 and excessive deflection.12 Only
issues related to the horizontal and vertical deflections are considered in this study.
Excessive global movement of the rigid cap is used to define the serviceability limit
states of the pile system. The limit state equation for the serviceability requirement
can be written as:

g(x) = 1.0 − δ

δa
, (7)

Table 1. Statistical characteristics of timber piles.

Variable Mean Standard deviation

Nh 10.630 × 103 kN/m3 2.519 × 103 kN/m3

d (diameter) 0.363m 0.006 m
Fb 39.65 MPa 6.83 MPa
Fac 19.58 MPa 3.79 MPa
AT 311.39 kN 40.48 kN
AC 622.78 kN 80.96 kN
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where δ is a random variable representing the lateral or vertical deflection of the pile
cap produced by the applied loads and δa is the corresponding allowable deflection.
The mean and standard deviation of δ are evaluated using the TSFD estimation
procedure. The reliability index for the serviceability performance function, rep-
resented by Eq. (7), can be evaluated for any allowable deflection limit using the
FORM method.

4. System Reliability

An essential step in the system reliability evaluation is the estimation of the element-
level reliabilities considering all applicable strength and serviceability-related per-
formance limit states. In general, system reliability evaluation is very complicated
and depends on many factors. Some of the important factors are (i) the contribu-
tion of the component failures to the system’s failure, (ii) the redundancy in the
system, (iii) the post-failure behavior of a component and the rest of the system,
(iv) the statistical correlation between failure events, and (v) progressive failure of
components.

For the structure-foundation system under consideration, the major task is to
evaluate the system reliability considering all possible failure modes, including the
individual strength of the piles and the lateral and vertical deflections of the pile cap.
The element-level reliability for each pile needs to be calculated considering several
limit states. Then the system reliability for the strength PM needs to be calcu-
lated considering a parallel structural system with brittle and ductile pile behavior.
Since lateral and vertical deflections of the pile cap are system-level parameters
representing the global behavior, the corresponding reliabilities will give directly
the system-level reliabilities for the serviceability limit states. Thus, the element-
level reliability for strength and system-level reliability for serviceability need to
be combined to evaluate the system reliability. Since it is difficult to determine the
joint probabilities of more than two failure events except by using Monte Carlo sim-
ulation or numerical integration, several approximate bounds have been proposed
for the system reliability evaluation. Since the statistical dependencies between the
PMs are unknown, the system reliability, PSS , is defined by the lower and upper
bounds1 as:

N∏
i=1

P (Ēi) ≤ PSS ≤ min
i

P
(
Ēi

)
. (8)

The corresponding bounds for the probability of failure of the system, Pfs, can
be expressed as:

max
i

P (Ei) ≤ Pfs ≤ 1 −
N∏

i=1

[1 − P(Ei)], (9)

where P (Ei) denotes the probability of UP of the ith component, P (Ēi) is the
probability of survival of the ith component, and N is the total number of PMs.
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If the P (Ei)’s are relatively small, the upper bound in Eq. (9) can be evaluated as
the summation of the individual probabilities of failure, i.e.

∑N
i=1 P

(
Ei

)
.

The lower bound in Eq. (9) represents the system failure probability if all the
events are perfectly dependent. The upper bound indicates if the events are statis-
tically independent. The foregoing first-order bounds could be very wide. In that
situation, the second-order bounds considering the joint occurrences of two events
can be considered.13 However, it will not be discussed further here.

Thus, the evaluation of probability of system UP is essentially the calculation of
the two bounds considering all possible PMs for a given load case. The lower bound
of the system probability of UP is related to the most significant failure mode.
The upper bound estimation requires consideration of the probability of UP of all
significant failure modes. With the help of an example, a conceptual procedure
to identify some of the most significant PMs that contribute to the estimation of
bounds of system probability of UP will be presented in Sec. 5.

A robust system reliability method proposed by the authors is discussed next.
The system reliability evaluation can be carried out by following the basic five
steps:

Step 1: Identify the magnitude and the uncertainty associated with the external
loads and the load combinations the structure will be subjected to during its
lifetime.
Step 2: Evaluate the element-level reliabilities for the strength limit states for all
the piles considering brittle and ductile behavior.
Step 3: Evaluate the system-level reliabilities for the serviceability limit states con-
sidering brittle and ductile behavior of piles.
Step 4: Evaluate the lower bound of the system reliability by identifying the most
significant PM for each load case, and
Step 5: Evaluate the upper bound of the system reliability by considering the con-
tributions of all related significant PMs.

For the system reliability evaluation of the structure-foundation system consid-
ered here, the brittle and ductile behavior of a pile needs to be considered properly.
In a brittle system, if a pile reaches its capacity, it is assumed to have distressed
and is removed from the pile group so that the applied load is redistributed to
the remaining piles. In reality, however, even after a pile has reached its capac-
ity, it will continue to carry its share of the applied load, causing a ductile effect.
Consideration of the realistic ductile behavior of piles in the system reliability eval-
uation is thus essential and will reduce the compounding conservatism and biases
in the computation scheme. A conservative estimate could inadvertently mislead
by concluding that a structure’s performance is severely inadequate.3 System reli-
ability evaluations considering brittle and ductile behavior of piles are discussed
separately next.
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4.1. Performance modes (PM) — Brittle behavior of piles

Performance modes which are interchangeably used as failure modes in this chapter
are primarily a system behavior. A system consisting of components and subsys-
tems can have numerous performance modes as illustrated below. However, it is
not possible to postulate a particular PM in advance. For the structure-foundation
system under consideration, the strength behavior of piles is expected to be similar.
This will necessitate consideration of a large number of significant PMs consider-
ing both the strength and serviceability requirements. The identifications of some
of the most significant performance modes based on strength and serviceability
requirements are the essence of the reliability based methodology described in this
chapter.

Suppose, there are m piles in a system shown in Fig. 1. UP due to the strength
of such a well-designed structure is expected to require more than one deficient
pile. The sequence of UP of piles and the redistribution of the applied loads need
to be considered to estimate the system reliability. Conceptually, the UP of L

piles out of a total of m piles can be considered to constitute the strength UP of
the pile group. The value of L will depend on the reliability of the individual pile,
brittle or ductile behavior, and the total number of piles in a group. The system can
become undependable in strength by having L piles developing UP in strength. The
system can perform unsatisfactorily by having excessive lateral or vertical deflection
without distressing a pile, or one or some of the piles can get distressed in strength
first followed by excessive lateral or vertical deflection, as shown in Fig. 4.

The performance mode approach (PMA), also known as the failure mode
approach,1 can be used to assess the system reliability. In the PMA, a PM is defined
as a path that would lead to the UP of the system considering strength of the piles
or the lateral and vertical deflection of the pile cap. Obviously, for a complicated
problem, the numbers of possible PMs are numerous and the task of evaluation the
system reliability becomes very cumbersome. A procedure to identify the significant
PMs considering brittle behavior of piles is discussed next.

For a given load case, the structure-foundation system is subjected to a horizon-
tal load Px, a vertical load Pz, and a moment My. Using the CPGA program, the
load distribution in each pile can be calculated. Statistical characteristics of all the
load and resistance-related random variables in the strength and serviceability limit
states can be established using the available information. Considering several limit
states identified earlier, the strength reliability indices βi’s for piles are evaluated
using FORM. Similarly, considering the allowable lateral and vertical deflections of
the pile cap, the corresponding reliability indices, βdx and βdz are evaluated. The
following four sequential tasks are to be completed.

Task 1: Analyze the intact structure using the CPGA program and obtain the
strength reliability index βij , for the ith pile corresponding to the jth strength
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limit state using FORM. Since more than one limit states need to be considered
for the ith pile, the controlling reliability index for the ith pile would be the one
with the lowest βij value. Here, βi represents the lowest βij value for the ith pile.
The corresponding probability of UP, Pfi, can be estimated as Pf = 1.0 − Φ(−β).
βdx and βdz and the corresponding Pfx and Pfz can be calculated similarly using
the allowable values for the pile cap lateral and vertical deflections.

Task 2: Remove the pile in compression with the minimum βi. This will give
the maximum load distribution. Reanalyze the system using the CPGA program.
Obtain new values for β′

i, P
′
fi, β

′
dx, β′

dz, P
′
fdx and P ′

fdz , where i = 1, 2, . . . , (m − 1).

Task 3: Remove the next pile in compression with the minimum β′
i and reanalyze

the system. Obtain another set of values for β′′
i , P ′′

fi, β
′′
dx, β′′

dz, P
′′
fdx and P ′′

fdz, where
i = 1, 2, . . . , (m − 2).

Task 4: Repeat Step 3 until L piles are removed. As piles are removed one by one,
βi’s and βd’s values will start going down. When all β

(L+1)
i , β

(L)
dx , and β

(L)
dz fall below

a pre-selected reliability index, the system can be assumed to have no functional
use. The reliability index evaluation can be stopped at this stage.

The information thus generated can be used to identify the significant PMs for
the system reliability evaluation as discussed next.

4.1.1. Evaluation of the most significant performance mode

Following the four tasks discussed in the previous section, the total number of PMs
can be shown to be:

(1) Dx

(2) 1 − Dx

(3) 1 − 2 − Dx

. . .

. . .

(L + 1) 1 − 2 − · · · − L − Dx,

(L + 2) Dz

(L + 3) 1 − Dz

(L + 4) 1 − 2 − Dz

. . .

. . .

(2L + 2) 1 − 2 − · · · − L − Dz

(2L + 3) 1 − 2 − · · · − L − (L + 1)

(10)

where Dx and Dz denote the UP for lateral and vertical deflections of the pile
cap, 1 represents the strength UP of the first pile, 2 represents the strength UP
of the second pile given that one pile has performed unsatisfactorily, and so on.
For an example, the third PM in Eq. (10) indicates that after the UP in strength
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of two piles, the pile cap produces excessive lateral deflection causing the UP of
the structure. It can also be noted that the PMs (1) to (L + 1) cause the UP in
the lateral deflection, the PMs (L + 2) to (2L + 2) cause the UP in the vertical
deflection, and the last PM (2L+3) is the most dominant strength PM. To identify
the most significant PM among (2L + 3), the corresponding system probability of
UP Pfsi for each PM can be estimated as:

(1) Pfs1 = Pfdx

(2) Pfs2 = max(Pfi) · P ′
fdx

(3) Pfs3 = max(Pfi) · max(P ′
fi) · P ′′

fdx

. . .

. . .

(L + 1) Pfs(L+1) = max(Pfi) · max(P ′
fi) · · · max

(
P

(L−1)
fi

) · P (L)
fdx

(L + 2) Pfs(L+2) = Pfdz

(L + 3) Pfs(L+3) = max(Pfi) · P ′
fdz

(L + 4) Pfs(L+4) = max(Pfi) · max(P ′
fi) · P ′′

fdz

. . .

. . .

(2L + 2) Pfs(L+2) = max(Pfi) · max(P ′
fi) · · · max

(
P

(L−1)
fi

) · P (L)
fdz

(2L + 3) Pfs(L+3) = max(Pfi) · max(P ′
fi) · · · max

(
P

(L)
fi

) · max
(
P

(L+1)
fi

)

(11)

The most significant PM will be the one with the maximum probability of
UP, i.e. max(Pfsi). This max(Pfsi) will give the lower bound of system probability
of UP.

4.1.2. Upper bound evaluation of the system probability of UP

The estimation of the upper bound system reliability using the PMA requires the
identification of all significant PMs. The information available from the previous
two sections can be used for this purpose. However, all possible sequences of UPs
need to be considered. Thus, Eq. (10) needs to be modified as:

(1) Dx

(2) (any 1st) − Dx

(3) (any 1st) − (any 2nd) − Dx

. . .

. . .

(L + 1) (any 1st) − (any 2nd) − (any Lth) − Dx

(L + 2) Dz

(L + 3) (any 1st) − Dz

(L + 4) (any 1st) − (any 2nd) − Dz

. . .

. . .

(2L + 2) (any 1st) − (any 2nd) − (any Lth) − Dz

(2L + 3) (any 1st) − (any 2nd) − (any Lth) − (any (L + 1)th)

(12)
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For each of the (2L + 3) PMs, using the available values of Pfi, Pfdx, and Pfdz ,
the approximate system probability of UP can be shown to be:

(1) Pu1 = Pfdx

(2) Pu2 = Σ(Pfi) · P ′
fdx

(3) Pu3 = Σ(Pfi) · Σ(P ′
fi) · P ′′

fdx

. . .

. . .

(L + 1) Pu(L+1) = Σ(Pfi) · Σ(P ′
fi) · · · Σ

(
P

(L−1)
fi

) · P (L)
fdx

(L + 2) Pu(L+2) = Pfdz

(L + 3) Pu(L+3) = Σ(Pfi) · P ′
fdz

(L + 4) Pu(L+4) = Σ(Pfi) · Σ(P ′
fi) · P ′′

fdz

. . .

. . .

(2L + 2) Pu(2L+2) = Σ(Pfi) · Σ(P ′
fi) · · · Σ

(
P

(L−1)
fi

) · P (L)
fdz

(2L + 3) Pu(2L+3) = Σ(Pfi) · Σ(P ′
fi) · · · Σ

(
P

(L)
fi

) · Σ(P (L+1)
fi

)

(13)

The upper bound of the system probability of UP will be the union of the (2L +3)
PMs given in Eq. (13). Since the probability of UP is very small for all these cases,
the upper bound can also be calculated approximately by taking the summation of
these numbers.

The bounds for the system probability of UP can be shown to be:

max(Pfsi) < Pf <

2L+3∑
i=1

Pui. (14)

4.2. Performance modes (PM) — Ductile behavior of piles

As discussed earlier, the UP of one pile out of a total of m is not expected to
cause overall UP of the pile group; the UP of L piles needs to be considered.
The sequential distressing of piles and the subsequent load redistribution among
the remaining piles using ductile behavior need to be considered at this stage. To
incorporate the ductile element behavior, an incremental loading approach14,15 is
used in this study. In this approach, an incremental loading path of the system is
constructed using idealized elasto-plastic element behavior for the pile elements, as
shown in Fig. 5(a). The pile group is loaded incrementally such that when the most
distressed pile has just attained its capacity, it continues to bear its share of loads
with ductile behavior until the system has attained its limiting capacity. In gen-
eral, system performance can well be explained by constructing a load-displacement
history for the system as in Fig. 5(b). As seen in the figure, the first load incre-
ment ∆P1

(≡ P1

)
distresses the first element, ∆P2

[≡ (P2 − P1

)]
the second, and
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Load
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PL+1

D1

P1

P2

PL

2 L+1

1

(b)

Displacement

Load

(a)

L

Fig. 5. (a) An idealized ductile element behavior; (b) Incremental system loading history.

∆PL

[≡ (PL+1 − PL

)]
the Lth, and so on. In matrix form, the incremental loading

equations can be written as:


R1

R2

...
RL


 =




a11 0 . . . 0
a21 a22 . . . 0
. . . . . . . . . . . .

aL1 aL2 . . . aLL






∆P1

∆P2

. . .

∆PL


 , (15)

where Ri is the resistance-related factor for the ith element, and aij is the
force-related factor of the ith element corresponding to a unit incremental load
(∆Pj = 1.0). The computational scheme for element-level probability of UP indices
of individual piles for strength PM using Eq. (15) is further discussed later with
the help of an example.

As discussed in Sec. 4.1 for piles with brittle behavior, Eq. (7) can be used to
evaluate the system level probability of UP for the serviceability limit states con-
sidering ductile behavior of the piles. If the pile cap produces excessive deflection
without pile strength failure, then the probability of UP of the pile cap in service-
ability can be estimated using FORM. However, if several piles must produce UP
in strength first, followed by excessive deflection of the pile cap, then the ductile
behavior of the piles needs to be considered. As shown in Fig. 5(b) the deflections of
the pile cap are expected to increase during an incremental loading of the structure.
Thus, using the relationship in Eq. (7) and Fig. 5(b) the probability of UP for the
system based on the ductile element-level behavior can also be evaluated for the
deflection limit states.

4.2.1. Evaluation of the most significant performance mode

As discussed in the previous section, the total number of the performance modes
could be numerous. The first PM may represent a system in which the UP develops
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due to critical deflection (horizontal, vertical, or both). The second PM may denote
the strength UP for one pile followed by excessive deflection. The third PM may
indicate that, after the UP in strength of two piles, the pile cap produces excessive
deflection, and so on. The probability of UP of the most significant PM will give
the lower bound of the unsatisfactory system probability. The tasks are first to
identify n number of significant PMs out of a total of N , followed by the evaluation
of the corresponding probability of UP considering the ductile behavior of piles. A
procedure to identify significant PMs is discussed below.

Significant modes are those that have relatively large probabilities of UP. Here,
an arbitrary truncation limit is set to define the significant PMs by using the fol-
lowing relationship: (

Pf

)
j+1(

Pf

)
j

= λ, (16)

where (Pf )j+1 and (Pf )j are the probabilities of UP for the (j + 1)th and jth PM.
When λ, the truncation ratio, is less than 10−4, the PM corresponding to the
(j + 1)th is neglected in this study, giving n number of significant PMs. Out of
a total of n significant PMs thus obtained, the PM that will produce the highest
probability of UP will give the lower bound of the system probability of UP.

4.2.2. Upper bound evaluation of the system probability of UP

The significant PMs identified in the previous section can be used to compute the
upper bound of the system reliability or system UP probability. The upper bound
of UP can be easily calculated using Eq. (9) or approximately, by taking summation
of individual probability of UP.

5. Illustrative Examples

The structure-foundation system shown in Fig. 2 is considered. The pile group
consists of four identical vertical piles of 12.19m length evenly spaced at 0.914m.
The piles are made of Coastal Douglas Fir and are located in alluvial sand deposits
with coefficients of horizontal subgrade reactions10 given in Table 1. A series of
tests were conducted on this structure. The group was first preloaded by a vertical
load of Pz = 1067.62kN or 266.9 kN per pile. Along with this vertical load, a
horizontal load Px = 133.45kN was slowly applied to the cap while the response of
the system was measured. The lateral loads, with an eccentricity e, applied at the
pile cap produced moments, My, of magnitude (e × Px). From Fig. 2, e is found
to be 0.914m producing a moment My = 122kN-m. The allowable horizontal and
vertical deflections are assumed to be 25.4mm and 6.35mm, respectively.

The task is to evaluate the system probability of UP considering all possible ways
the structure may behave unsatisfactorily considering brittle and ductile behavior
of piles.
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Table 2. Probability of failure — brittle behavior of piles.

Pile Intact Remove 1 Remove 2

β Pf β Pf β Pf

1 4.19 1.427 × 10−5

2 5.68 6.729 × 10−9 −1.27 0.8983
3 7.52 2.85 × 10−14 4.32 7.704 × 10−6 −3.07 0.99894
4 7.63 1.152 × 10−14 8.44 4.382 × 10−18 −2.69 0.99644

Dx 9.43 2.053 × 10−21 2.29 1.097 × 10−2 <−10 ≈1.0
Dz 9.46 1.495 × 10−21 <−10 ≈1.0 <−10 ≈1.0

5.1. System reliability bounds considering brittle behavior of piles

Using the CPGA computer program and FORM, the reliability indices and the
corresponding probabilities of UP due to strength and deflections are evaluated.
The uncertainties associated with all the random variables were summarized in
Table 1. The results are summarized in Table 2.

L is 2 in this case. A total of seven PMs are identified for the evaluation of the
most significant PM. Among the seven PMs, three correspond to the horizontal
deflection UP mode, three correspond to the vertical deflection UP mode, and the
last one is due to the strength UP mode. These seven modes and the corresponding
probabilities of failure are given below.

1. Dx Pfs1 = 2.053 × 10−21 (can be ignored)
2. (1) − Dx Pfs2 = 1.427 × 10−5 × 1.097× 10−2 = 1.5654× 10−7

3. (1) − (2) − Dx Pfs3 = 1.427 × 10−5 × 0.89831× 1.0 = 1.2819× 10−5

4. Dz Pfs4 = 1.495 × 10−21 (can be ignored)
5. (1) − Dz Pfs5 = 1.427 × 10−5 × 1.0 = 1.427 × 10−5

6. (1) − (2) − Dz Pfs6 = 1.427 × 10−5 × 0.89831× 1.0 = 1.2819× 10−5

7. (1) − (2) − (3) Pfs7 = 1.427 × 10−5 × 0.89831× 0.99894 = 1.2805× 10−5

From the above calculations, the max(Pfsi) = Pfs5 = 1.427 ×10−5 gives the
lower bound of the probability of UP for this problem. To evaluate the upper bound
of probability of UP, the contributions of the first and fourth PMs are ignored. The
contributions to the upper bound from the remaining five PMs can be evaluated as:

1. (any 1) − Dx Pu1 = Σ(Pfi) · P ′
fdx = 1.4277× 10−5

×1.097× 10−2 = 1.5662× 10−7

2. (any 1) − (any 2) − Dx Pu2 = Σ(Pfi) · Σ(P ′
fi) · P ′′

fdx = 1.4277× 10−5

× 0.89832× 1.0 = 1.2825× 10−5

3. (any 1) − Dz Pu3 = Σ(Pfi) · P ′
fdz = 1.4277× 10−5

×1.0 = 1.4277× 10−5

4. (any 1) − (any 2) − Dz Pu4 = Σ(Pfi) · Σ(P ′
fi) · P ′′

fdz = 1.4277× 10−5

× 0.89832× 1.0 = 1.2825× 10−5

5. (any 1) − (any 2) − (any 3) Pu5 = Σ(Pfi) · Σ(P ′
fi) · Σ(P ′′

fi) = 1.4277× 10−5

× 0.89832× 1.99538 = 2.5591× 10−5.
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Then, the upper bound of probability of UP becomes:
Upper bound ≈ Pu1 + Pu2 + Pu3 + Pu4 + Pu5 = 6.5676 × 10−5.

Considering brittle behavior of the piles, the bounds of the system probability
of UP are:

1.427× 10−5 ≤ Pf ≤ 6.5676× 10−5.

For this example, one of the vertical deflection PMs gave the lower bound of the
probability of UP. If the allowable deflection is different, the most significant PM
is expected to be different.1

5.2. System reliability bounds considering ductile behavior of piles

The reliability indices and the corresponding probabilities of failure for the four
piles and the pile caps given in Table 2 for the intact system will remain the same.
Element-level probability of UP for the strength limit states requires the construc-
tion of incremental load history for the system as in Fig. 5(b). Considering the
ductile behavior of the piles in the intact structure, in which none of the pile has
distressed yet, ∆P1 or P1, as shown in Fig. 5(b), is calculated using Eq. (15). The
first row in Eq. (15), i.e. R1 = a11∆P1, can be used for this purpose. In this case,
∆P1 represents the first incremental horizontal load that will cause the most critical
pile, already pre-loaded with vertical load, to attain its allowable capacity. Thus, the
computation of ∆P1 requires that a11 and R1 are evaluated. This can be achieved
by a backward calculation of the limit state equations as discussed below.

5.2.1. Calculation of incremental load, ∆P1

The pile group is already pre-loaded axially with Pz = 1067.62kN (240 kips). Now,
a horizontal load Px of 4.4484kN (1.0 kip) is applied to the pile cap. It will produce
a bending moment, My, of 4.4484× 0.914 = 4.07kN-m (3.0 kip-ft). With this load
condition, and using the mean values of all the random variables involved in the
problem, the mean values for the axial loads and bending moment acting on each
pile cap are determined using the CPGA program. The results are shown in Table
3. In this case, Pile 1 is the most critical pile. The application of Px of 4.4484kN has
resulted in an increase in the axial load by 3.115kN [{(1067.62/4)−270.02}= 3.115].
Considering Px to be 1 kN, the value of a11 can be estimated as 3.115/4.4484 = 0.7.

Considering the axial limit state equation represented by Eq. (1), and the mean
value of AC shown in Table 1 as 622.78 kN, ∆P1 can be estimated as [622.78 −
(1067.62/4)]/0.7 = 508.39kN. This completes the determination of the lateral load
that would cause the first pile to attain its axial capacity.

Following the similar procedures and considering the combined axial and bend-
ing moment limit state given by Eq. (2) for the critical pile, it can be shown that

R1 = AM(ACC − F ) and a11 = [AM(AC − F ) + ACC × M ]. (17)
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Table 3. The CPGA results for a unit lateral load on the pile cap
(Px = 4.4484 kN (1 kip), Px = 1067.62 kN, and My = 4.07 kN-m).

Variable Axial load Moment

Pile 1 Pile 2 Pile 3 Pile 4 kN-m
kN kN kN kN

Mean value 270.02 267.79 266.01 263.79 −1.40

Table 4. Results of CPGA calculation when Px = ∆P1 = 426.52 kN.

Variable Axial load Moment

Pile 1 Pile 2 Pile 3 Pile 4 kN-m
kN kN kN kN

Mean value 570.73 368.33 165.48 −36.92 −134.07

Considering the mean values of all the parameters in Eq. (17), a11 and R1 can
be shown to be (3.4× 109)/4.4484 = 0.7643× 109 N2-m/kN and 3.26× 1011 N2-m,
respectively. Thus, ∆P1 = [(3.26 × 1011)/(0.7643× 109)] = 426.52kN. Considering
both the axial and the combined axial and bending moment limit states, ∆P1 =
426.52kN.

Using Px = 426.52kN, Pz = 1067.62kN, and My = 122.03kN-m, another
CPGA analysis is conducted, and the results are shown in Table 4. Denoting the
horizontal load in each pile as F1, it can be estimated as 426.52/4 = 106.63kN. It
is interesting to note that if the axial load F and moment M values for Pile 1 given
in Table 4 are used to evaluate Eq. (2), it will become 1, indicating that the first
pile has just reached its distressed state.

Upon reaching the yield limit, the first distressed pile continues to carry its lim-
iting constant load with no remaining elastic resistance against the next increment
of global load. A new state of equilibrium will be attained by the remaining piles
based on the elastic distribution of the global loads on the pile cap. Thus, the total
deflection dx at the new state of equilibrium, after attaining the first incremental
load, consists of two components, dx1 and dx2. The first one is for the ∆P1 and the
other is due to the redistributed elastic deformation for the new global loads that
can be obtained from the static equilibrium equations. It can be shown that

Px = 133.45− 106.63 = 26.82 kN, Pz = 1067.62− 570.73 = 496.89 kN,

and My = 122.03− 570.73× 1.37 + 134.07 = −526.37 kN-m.
(18)

These loads are now considered to act on the pile cap. Again, using the CPGA
program, the axial load and bending moment acting on the remaining three piles,
and the horizontal and vertical deflections in terms of dx1, dx2, dz1 and dz2 are
determined. dx1 and dx2 represent the deflection due to ∆P1, and dz1 and dz2

represent deflection due to the redistributed load given in Eq. (18). Thus, the
total horizontal and vertical deflections can be calculated as dx = dx1 + dx2 and
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Table 5. Reliability indices of the pile group after the first incremental load.

Results of CPGA for redistributed global pile loads, (Eq. 18) Total deflection

Pile 1 Pile 2 Pile 3 Pile 4 M dx dz
(kN) (kN) (kN) (kN) (kN-m) (mm) (mm)

Mean 35.59 165.48 295.37 −246.62 −32.412 6.529
Stand. Dev. 4.97 0.00 0.70 3.76 2.921 0.203

Reliability Evaluation

β (Eq. 1) 21.98 10.24 5.76
β (Eq. 2) 13.04 11.74 9.12
β (control) 13.04 10.24 5.76 −2.65 −0.1075
Pf 3.868−38 6.717−25 4.176−9 0.99596 0.543

dz = dz1+dz2, respectively. Corresponding values of dx and dz are also summarized
in Table 5. The results indicate that the probability of UP for the critical pile is
so small that it is unnecessary to calculate the second incremental load for com-
puting the PM for the system probability of UP evaluation. In case of a significant
strength mode, the next incremental load could be obtained from the second set
of equation in Eq. (15). The probability of system UP evaluation for the system is
discussed next.

The information on the probability of the intact structure is summarized in
Table 2. The same information for the damaged structure (one pile distressed in
ductile way) is summarized in Table 5. The information now can be used to estimate
the lower and upper bounds of the system probability of failure.

In Table 6, seven PMs are identified. Among these, the first three are due to
horizontal deflection, the second three are due to vertical deflection, and the last
one is controlled by the strength mode. In Table 6, Dx and Dz represent the PMs
for the horizontal and vertical deflections of the pile cap, (1) represents strength
UP for the first pile, (2) indicates strength UP of the second pile, and so on, and
Pfsi represents the system probability of UP for the ith mode. Only 2 modes are
found to be significant using Eq. (16). From the above calculations, the max(Pfsi) =
Pfs2 = 1.4212× 10−5 gives the lower bound of probability of UP for the system.

Table 6. Performance modes for ductile behavior.

Performance mode Associated probability of UP

(Dx) Pfs1 = 2.053 × 10−21 (can be ignored)
(1) − (Dx) Pfs2 = 1.427 × 10−5 × 0.99596 = 1.4212 × 10−5

(1) − (4) − (Dx) Pfs3 = 1.427 × 10−5 × 4.176 × 10−9 × 1.0 = 5.9592 × 10−14

(can be ignored)
(Dz) Pfs4 = 1.495 × 10−21 (can be ignored)
(1) − (Dz) Pfs5 = 1.427 × 10−5 × 0.543 = 7.7486 × 10−6

(1) − (4) − (Dz) Pfs6 = 1.427 × 10−5 × 4.176 × 10−9 × 1.0 = 5.9592 × 10−14

(can be ignored)
(1) − (4) − (2) Pfs7 = 1.427 × 10−5 × 4.176 × 10−9 × · · · < 10−14

(can be ignored)
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To evaluate the upper bound of system probability of UP, all possible sequences
of PM are to be considered. The authors1,15 suggested an approximate procedure
for this purpose. The probability of failures of all PMs except 2 and 5 in Table 6
are negligible. Thus, these two most significant PMs are expected to contribute to
the estimation of the upper bound of the system reliability. Their contributions can
be shown to be:

(any 1) − Dx; Pu2 =
∑

(Pfi) · P ′
fdx

= 1.4277× 10−5 × 0.99596 = 1.4219× 10−5
(19)

(any 1) − Dz; Pu5 =
∑

(Pfi) · P ′
fdz

= 1.4277× 10−5 × 0.543 = 7.7524 × 10−6.

In Eq. (19), Pui represents the upper bound of system probability of UP for the
ith mode and P ′

fdx represents the new system probability of UP for deflection along
ith direction. Thus, using Eq. (9), the bounds of system probability of UP using
ductile pile behavior are:

1.4212× 10−5 ≤ Pf ≤ 2.1971× 10−5.

When the brittle behavior of the piles was considered, the corresponding bounds
were found to be:

1.427 × 10−5 ≤ Pf ≤ 6.5676× 10−5.

These results indicate that the lower bounds for the brittle and ductile systems
are almost identical; however, the range between lower and upper bounds is nar-
rower for ductile behavior of piles. This is expected since the consideration of the
ductile element behavior in the system probability of UP reduces the compounding
conservatism and biases in the computation scheme.

6. Conclusions

Performance mode-based approaches are presented to evaluate the system reliabil-
ity of complicated structure-foundation systems. In general, they consist of many
elements. Some of the elements act in series and other act in parallel, indicating
that the failure of one element may not indicate the failure of the system. Further-
more, the brittle and ductile behaviors of elements after they reach their capacities
also affect the overall reliability of the system. In most cases, strength performance
requirements are satisfied at the element level and the serviceability or deflection
requirements are satisfied at the structural level. For the performance-based relia-
bility evaluation procedure, the element-level probabilities of unsatisfactory perfor-
mance (UP) for strength and system-level probabilities of UP for serviceability need
to be combined. Procedures are presented here to calculate the lower and upper
bounds of the probability of failure of the system. The lower bound for the system
reliability is estimated by identifying the most significant performance mode and the

www.EngineeringBooksPDF.com



October 26, 2005 11:23 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch04

74 M. Chowdhury and A. Haldar

upper bound is estimated by considering all of the significant performance modes.
A complicated structure-foundation system consisting of concrete superstructure
and pile supported foundation is considered to illustrate the procedure. For the
example considered in this study, the bounds of probability of UP are narrower
for ductile behavior of piles than that of brittle behavior. The discussions indicate
that the estimation of the probability of failure at the element level, particularly
for the strength performance function, often practice in the profession, may not be
sufficient to develop performance-based design criteria. The deflection performance
modes could be more critical.
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CHAPTER 5

APPLICATION OF PROBABILISTIC METHODS
IN BRIDGE ENGINEERING
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Structural reliability theory has been used for several years to account for the
uncertainties associated with estimating bridge load capacity and the applied loads dur-
ing the calibration of safety factors for bridge design and evaluation specifications. The
emphasis has been on evaluating the members on an individual basis and ignoring their
interaction as a structural system. Although the existing approach has worked well
in providing society with safe bridges, recent trends in structural design have focused
on developing performance-based engineering methods that take into consideration the
whole system’s response range. Such a new approach, which would more accurately rep-
resent the behavior of bridge structures, requires the application of system reliability
techniques. The purpose of this chapter is to illustrate the applicability of reliability
methods for the safety assessment of bridge components as well as systems.

1. Introduction

The aim of structural reliability theory is to account for the uncertainties encoun-
tered while evaluating the safety of structural systems or during the calibration of
load and resistance factors for structural design codes. The concepts are applicable
for any type of structure and in particular to highway bridge structures.

The uncertainties associated with predicting the load carrying capacity of a
structure, the intensities of the loads expected to be applied, and the effects of
these loads may be represented by random variables. The value that a random
variable can take is described by a probability density function which for certain
typical distributions can be completely defined in terms of the mean and standard
deviation, or the coefficient of variation (COV). For a random variable R, these
statistics will be denoted hereafter as R̄, σR, and VR, respectively. Structural design
codes often specify nominal values for the variables used in the design equations.
A nominal value is related to the mean value through a bias. If R is the member
resistance, then R̄ is related to the nominal value Rn using a bias, br, such that:

R̄ = brRn, (1)

where, br is the resistance bias and Rn is generally specified by the design code.

77
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In structural reliability, safety may be described as the situation where capac-
ity (strength, resistance, fatigue life, etc.) exceeds demand (load, moment, stress
ranges, etc.). Probability of failure, Pf , which is the probability that capacity is less
than applied load effects, is generally represented in term of the reliability index,
β, through:

Pf = Φ(−β), (2)

where Φ is the cumulative distribution function of the standard normal distribution.
Several methods with different degrees of complexities are available to evaluate

the reliability index. Some of the commonly used methods are the first order reli-
ability method (FORM), the second order reliability method (SORM), and several
schemes of the Monte Carlo simulation technique. Detailed presentations of the
basic principles of structural reliability are available in the literature.1–4

The reliability index has been used by bridge code writing groups throughout
the world to express structural risk. β in the range of 2 to 4 is usually specified
for different structural applications. For example, β = 3.5 was used for the calibra-
tion of the Strength I limit state in AASHTO LRFD Specifications.5 These values
usually correspond to the failure of a single component. If there is adequate redun-
dancy, overall system reliability indices will be higher. However, generally speaking
previous code calibration efforts focused on the reliability of individual members
because of the general lack of easy to apply techniques for considering structural
system reliability. This chapter reviews some practical methods that have been
recently applied for analyzing the reliability of bridge systems and the calibration
of system factors for implementation in bridge design codes.

2. Code Calibration

Generally speaking, the reliability index has not yet been used in bridge engineering
practice for making decisions regarding the safety of a particular design or exist-
ing structure. Rather, β, is used by code writing groups for calibrating load and
resistance safety factors for bridge design or evaluation specifications. The most
commonly used calibration approach is based on the principle that each type of
structure should have uniform or consistent member reliability levels over the full
range of applications. For example, load and resistance factors should be chosen to
produce similar member β values for bridges of different span lengths, number of
parallel members, simple or continuous spans, roadway categories, etc.

Some engineers and researchers are suggesting that higher values of β should be
used for more important structures such as bridges with longer spans, bridges that
carry more traffic, or bridges that, according to their owners, are classified as critical
for “social/survival or security/defense requirements.” Since higher β levels would
require higher construction costs, the justification should be based on a cost-benefit
analysis whereby target β values are chosen to provide a balance between cost and
risk. This latter approach is still under development in order to establish proper
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safety criteria, outline suitable calibration methods, and determine appropriate cost
functions.6,7

Recent bridge design and load rating codes have recommended the use of system
factors to account for the behavior of the whole structural system while designing
new highway bridges or verifying the safety of existing bridges.8,9 This would require
the application of system reliability techniques and the adoption of the system
reliability index as the safety criterion during the code calibration process.10

Bridge code calibration efforts have proposed load and resistance as well as sys-
tem factors which were calibrated to match appropriate member or system reliabil-
ity index target values. These target values are deduced based on the performance
of existing designs. That is, if the safety performance of bridges designed according
to current standards has generally been found satisfactory, then the reliability index
obtained from current designs is used as the target that any new design should sat-
isfy. The aim of the calibration procedure is to minimize designs that deviate from
the target indices.5,10 Such calibration with past performance also helps minimize
any inadequacies in the database.10,11

3. Application to Bridge Engineering

To execute the calculations for the reliability index, one needs to obtain the statis-
tical data for all the random variables that affect the safety margin that compares
the load capacity of the structure to the applied loads. This requires the statistical
modeling of member and system resistances and the modeling of the input loading
and load effects.

3.1. Resistance modeling

Experimental and simulation studies have developed statistical estimates of member
resistances for different types of traditional bridge structural members such as those
made of steel or reinforced concrete. These models have accounted for the variability
and uncertainties in estimating the material properties; modeling errors; differences
between predicted member capacities and measured capacities; human error and
construction control.1,12 For example, a bridge member resistance capacity can be
represented by a variable R that is the product of several variables, such that:

R = MFPRn, (3)

where M = material factor representing properties such as strength, modulus of
elasticity, capacity to resist cracking, and chemical composition; F = fabrication
error including geometry, dimensions, and section modulus; P = analysis factor
such as approximate models for estimating member capacity; idealized stress and
strain distribution models; Rn = predicted member capacity using code specified
methods. Equation (3) can be used to find the mean of R using Eq. (1) if the
total resistance bias, br, is set to be equal to the product of the mean values of M ,
F and P .
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3.2. Load modeling

For a bridge member (or structural system) to be safe, the resistance should be
large enough to withstand the maximum load effect that could occur within the
structure’s service life. Estimating the effects of the maximum loads involves a
number of random variables, which may often be associated with large levels of
modeling uncertainties. In particular, the intensities of the maximum loads are
time-dependent random variables in the sense that longer service lives imply higher
chances that the structure will be subjected to a large extreme load level.

On the other hand, the projection of limited load intensity data, collected from
previous measurements over short periods of time, to future return periods is asso-
ciated with various levels of statistical and modeling uncertainties. Similarly, mod-
eling the structure’s response to the applied loads and estimating the variables that
control the effects of the loads on the structure are associated with high levels of
uncertainty that are independent of the return period. These modeling uncertain-
ties are often represented by time-independent random variables. Thus, the effect
of the applied load of intensity Q on a structural member may be represented by
an equation of the form:

S = λf(λQCjQ) (4)

where S is the load effect (say moment effect or shearing force at a particular
point of the structure), λ is the analysis modeling factor that accounts for dif-
ferences between measured load effects and predicted load effects; f( ) represents
the analysis prediction model that converts load intensities into load effects. Q is
the projected intensity of the applied load for the return period of interest. λQ is the
statistical modeling variable that accounts for the limitations in predicting the value
of Q. Cj represents the analysis variables such as bridge material and geometrical
properties required for executing the structural analysis. Several such variables,
each represented by the index, j, may be required to execute the analysis. All the
variables in Eq. (4) may be considered as random where Q is a time-dependent
random variable and the remaining variables are time-invariant.

The probability density of the load intensity, Q, for a given return period, t, can
be calculated by studying the probability that Q will exceed a given value within t.
Assuming that the load events follow a Poisson model, the probability that the load
intensity will exceed a value x, within a period, t is represented by (1 − FQ,t(x)),
which may be approximated as:

Pr(Q > x; T < t) = 1 − FQ,t (x) = 1 − e(−tp), (5)

where p is the rate of exceedance per unit time.
For extreme values of x when the values of FQ(x) are close to 1.0, and when p

is calculated for one unit of time while the return period, t, consists of m units of
time, Eq. (5) would lead to:

Pr(Q < x; T < t) = FQ,t (x) ≈ FQ (x)m
. (6)
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Equations (4) through (6) have been used to develop live load models for vehicular
traffic on short to medium span bridges for the AASHTO LRFD code calibration
and to model the effects of seismic motions, wind pressures, scour, and ship collisions
forces on bridge systems.5,11,13

3.3. Example

This section illustrates the application of basic reliability concepts to a simplified
example in bridge engineering. The example analyzes a two-girder bridge system
formed by two continuous spans as shown in Fig. 1. The applied loads are equally
distributed to the two main members. The two spans are 45.75m (150 ft) and 61m
(200 ft) long. The maximum lifetime load effect is modeled by the crossing of a
point load, which has a mean weight equal to 2.07 the weight of the AASHTO
HS-20 truck (325 kN). The dynamic amplification factor is 1.15. The coefficient
of variation of the live load accounting for the multiple presence effects and the
dynamic vibrations is assumed to be 19%. The nominal moment capacities of the
sections are assumed to be 8190kN-m, 23 400 kNm, and 19 217kN-m for the positive
moment capacity of the first span, the negative bending capacity over the middle
support, and the positive bending of the second span, respectively. The bias for
the moment capacities is 1.12 and the coefficient of variation is 10%. We are also
assuming independence between the different moment capacities. The input data
is summarized in Table 1.

The reliability analysis for each critical section produced a reliability index
β = 1.90 for the positive moment of the first span, β = 2.27 for the negative
moment section and β = 2.17 for the positive moment in the second span.

In general, when analyzing the safety of a bridge based on the reliability of
its components and critical members, the lowest reliability index is used as the

Section 3Section 1 Section 2

18.30m

45.75m 60m

24.40m

CROSS-SECTION

Fig. 1. Configuration of two-girder bridge.
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Table 1. Input data for reliability analysis of 2-girder bridge system.

Variable Section 1 Section 2 Section 3

Nominal moment capacity (kN-m) 8190 23400 19217
Dead load moment (kN-m) 3640 13755 10750
Live load moment (kN-m) 1351 2183 2082
Resistance bias 1.12 1.12 1.12
Resistance COV (%) 10% 10% 10%
Distribution of resistance Lognorm. Lognorm. Lognorm.
Dead load bias 1.05 1.05 1.05
Dead load COV 9% 9% 9%
Distribution of dead load Normal Normal Normal
Live load bias 2.07 2.07 2.07
Dynamic amplification factor 1.15 1.15 1.15
Live load COV (%) 19% 19% 19%
Distribution of live load Extreme I Extreme I Extreme I
Member reliability index, β 1.90 2.27 2.17

reliability index for the whole bridge. This assumption is very commonly used
although it is not strictly correct. The error is due to the fact that the reliability of
a structural system depends on the reliability of each of the system’s components
and the way that these components would combine to produce system collapse or
the failure mode.

4. Reliability of Bridge Structural Systems

The calculation of the reliability index for bridge structures depends on the accu-
rate formulation of the safety margin equation, which is normally based on practical
methods of structural analysis. Current methods for bridge evaluation are based
on the assumption that bridge structural systems behave in a linear elastic mode
although member capacities are proportioned using ultimate limit states. Thus,
current bridge specifications largely ignore the influence of material nonlinearity
on the redistribution of forces in a bridge structural system. Although such a con-
servative approach is often desirable in engineering practice, it does not provide
accurate estimates of the true load carrying capacity of structural systems and in
turn produces erroneous estimates of the reliability indices.

Several factors affect the reliability of a structural system. These are primarily
related to whether the system is formed by individual components joined together
in series or whether the system is formed by a number of parallel members. In
addition, the level of component ductility plays an important role in characteriz-
ing the effectiveness of the structural system. Finally, the correlation between the
member capacities and/or the correlation between the loads affect the reliability
of the system as compared to the reliability of the individual members. Below is a
more detailed discussion on these important factors.
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4.1. Series systems

A series system, also called weakest link system, is a system where the failure of
any member will produce the failure of the complete system. A typical example is a
chain where the failure of any link results in the failure of the whole chain. Examples
in bridge engineering include determinate truss structures where the failure of any
truss member produces the collapse of the whole bridge. Bridges that may have
different possible modes of failure (say shear versus moment or several possible
collapse mechanisms) would collapse if any one mode of failure takes place. It is clear
that the level of member ductility does not affect the reliability of determinate truss
systems (i.e. the full truss will fail whether the individual members fail in brittle or
ductile modes). Thus, in general the level of member ductility does not influence
the reliability of systems formed by several members in series. On the other hand,
the level of member ductility affects the individual collapse mechanisms for girder
bridges, which can be considered as systems with parallel members.

If a system is formed by two independent members in series, the system will
survive only if both members 1 and 2 are safe. Therefore, the safe domain of the
system is the intersection of the safe domains of members 1 and 2, and the system
reliability, Ps, is:

Ps = 1 − Pf = Ps1Ps2 = (1 − Pf1)(1 − Pf2). (7)

If the loads applied on each member or the resistances of the members are cor-
related (which is normally the case in bridge structures), then, finding the reli-
ability of the system becomes more complicated. To help simplify the problem,
several researchers have developed upper and lower bounds on the reliability of a
series system. The best-known bounds currently in use are known as the Ditlevsen’s
bounds.14

4.2. Ditlevsen’s bounds for systems in series

Let us assume that a bridge system would collapse if one of two members (or modes)
fails. The safety margins of the members are Z1 and Z2. The bridge system will fail
when either Z1 or Z2 is less than zero or when both Z1 and Z2 are less than zero.
In bridge engineering it is usual to find that Z1 and Z2 are not independent. When
the failure of a bridge system is modeled by two modes in series, the probability of
failure of the whole system will be higher than the probability of failure of either
member taken independently. The difference between the reliability of the system
and that of the individual members (or modes) is related to the level of correlation
between the different members (or modes).

The degree of correlation between Z1 and Z2 can be calculated if the expressions
for Z1 and Z2 are known. The correlation coefficient between Z1 and Z2 is denoted as
ρ12. Ditlevsen’s bounds on the probability of failure of the system can be calculated
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based on the probability of failure of each individual member and the correlation
coefficient between every two modes. These bounds can be expressed in the form14:

Pf ≤
n∑

i=1

Pr (Fi) −
n∑

i=2

max
j<i

[Pr (Fj ∩ Fi)], (8a)

Pf ≥ Pr(F1) +
n∑

i=2

max
j<i

{[
Pr(Fi) −

i−1∑
j=1

Pr(Fj ∩ Fi)

]
; 0

}
, (8b)

where n is the total number of modes, Pr(Fi) denotes the probability of occurrence
of failure mode i, and Pr(Fj ∩ Fi) denotes the probability of occurrence of the
intersection of failure modes i and j. If the system has more than two modes, the
ordering of the modes may be important. Best results are obtained when all possible
permutations of ordering are considered.

4.3. Parallel systems

A parallel system is a structure where the total failure of the system requires failure
of all its components. Examples of parallel systems include statically indeterminate
structures and multi-girder bridges. The failure state associated with the failure of
a parallel system is known as a failure mode. A system may have several possible
failure modes. The failure in any one mode would result in the failure of the system.
Thus, the different failure modes would constitute the “elements” of a system in
series. In general, any structural system would be composed of several subsystems
in series (failure modes) where each subsystem may be composed of a single member
or a number of elements in parallel.

The level of member ductility is important in parallel systems because ductility
will influence the reliability of the system compared to the reliability of the indi-
vidual members. For example, if two parallel members that are perfectly ductile
form a system, then the failure of the system will occur only if the two members
fail and the resistance of the system is equal to the sum of the member resistances.
On the other hand, if brittle members form the system, then the capacity of the
system is not necessarily equal to the sum of the member capacities but the system
capacity depends on the level of reserve strength in each member. This situation
occurs, because when a ductile member reaches its limit, the member will only
stop taking any additional loads and the other members in the system will have to
carry the additional load only. On the other hand, when a brittle member reaches
its limiting capacity it will shed the load that it carries to the adjacent members
which will have to sustain the loads that they were already carrying, the load being
redistributed to them from the failed member, and the additional load.

The effect of member correlation on the reliability of systems is also different
than that observed in series systems. For example, the reliability of ductile parallel
systems decreases when the correlation coefficient increases; the reliability increases
as the number of elements increases.15

www.EngineeringBooksPDF.com



October 26, 2005 11:24 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch05

Application of Probabilistic Methods in Bridge Engineering 85

4.4. Example

In this example, we will look at a bridge with the same configuration as the bridge
illustrated in Fig. 1. The analysis will evaluate the reliability of the system rather
than that of the individual members. When the moment applied at Sec. 1 reaches
the ultimate capacity of that section, the section will undergo inelastic deformations
and a redistribution of the load to the other sections of the bridge is effected. In
fact, assuming perfectly plastic behavior, and assuming equal distribution of the
applied load to the two parallel girders, the bridge system will fail following the
formation of a collapse mechanism.

Two different mechanisms are possible for this bridge configuration as shown in
Fig. 2 where the applied live load is represented by one concentrated load denoted
as P . Each collapse mechanism can be represented by a failure function, Zi which
can be written as:

Z1 = 2(M1 − D1) + (M2 − D2) − PL1

2
, (9)

Z2 = 2(M3 − D3) + (M2 − D2) − PL2

2
, (10)

where Mi is the moment capacity at section i, Di is the moment due to dead load
at section i, P is the applied maximum lifetime truck load, and Li is the length of
span i. The assumptions are that the dead loads for the different sections considered
are independent. Also, it is assumed that the portion of a section’s capacity available
to carry the live load is the total moment capacity minus the moment due to the
dead load. The dead load moment is calculated using linear elastic analysis.

The statistical data associated with the failure functions (9) and (10) are the
same as those shown in Table 1. It is herein assumed that the dead load effects rep-
resented by D1, D2 and D3 are independent random variables. Although somewhat
unrealistic, this assumption is maintained herein to simplify the calculations.

2θ

θ

P
2θ

θ

P

Fig. 2. Collapse mechanisms for two-span continuous bridge.
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Using a FORM algorithm, a reliability index is calculated for each of the two
modes. The reliability index for mode Z1 is obtained as 3.43. The reliability index
for mode Z2 is 3.47. Notice that these values are quite higher than the lowest
member reliability index values. This observation confirms that using the member
reliability index value to estimate the safety of this bridge configuration will vastly
under-predict the true safety level accounting for the system’s effects.

The bridge system will fail when Z1 is less than zero, or when Z2 is less than zero,
or when both Z1 and Z2 are less than zero. Common variables in the equations for Z1

and Z2 indicate that the two modes are not independent. The correlation coefficient
is calculated to be ρ12 = 0.12. Using Ditlevsen’s equations, the probability of failure
of the complete system is found to be bounded by: 5.524 × 10−4 ≤ Pf ≤ 5.526 ×
10−4. This will produce a system reliability index β = 3.26.

4.5. Generation of failure modes

The reliability analysis of structural systems whether in series, parallel or com-
bined is possible only if all the failure modes can be identified. Bridge systems are
complex structures formed by hundreds of individual components. Finding all the
failure modes of such systems is a very elaborate and time-consuming process. On
the other hand, many failure modes have very low probabilities of failure and would
not influence the reliability of the system as a whole and only a few are generally
important. Several methods have been developed to calculate the reliability of struc-
tural systems using different types of approximations. Such methods include the β

unzipping method and the response surface approach as well as the incremental
loading technique and the branch and bound method.16–18 Most of these are diffi-
cult to apply in practical situations as they require especially developed programs
and/or make major assumptions about the behavior of the members of the sys-
tem being analyzed. The response surface method was found to be most practical
because of the ease of its implementation in finite element analyses using commer-
cially available FEM packages combined with the classical FORM algorithm. Recent
experimentations with Genetic Algorithms have also shown that they can provide
very powerful tools for failure mode identifications.19 Brief descriptions of these
two methods and their applicability for the reliability analysis of bridge systems
are discussed in the next sections.

5. Response Surface Method

An efficient numerical simulation technique that can be used to calculate the relia-
bility of bridge systems when the failure equations cannot be explicitly formulated
is the response surface method.17,20 This method assumes that a structural analysis
program that models the deterministic behavior of bridge structures is available.
The program is used to obtain the capacity of the bridge system for a predetermined
set of member resistances and dead loads. For the bridge example analyzed in the
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previous section, this means that for a given set of values for M1, M2, M3, D1,
D2, D3 the value of P ∗ that will produce the collapse of the system is obtained. It
should be noted that P ∗ is a representation of the capacity of the system to carry
the live load. The applied live load P may be smaller or larger than P ∗.

Several analyses are performed for different sets of data. The results of the
deterministic analyses are then used to obtain a functional relationship between
P ∗ and M1, M2, M3, D1, D2, D3. The functional relationship could be obtained
by a multi-variable regression analysis, a Taylor series expansion, or any suitable
curve fitting technique. This functional relationship is often known as the response
function or the response surface, which can be used to obtain a safety margin
equation and consequently perform a FORM analysis.

It should be noted that the regression analysis and the Taylor series expansion
are sensitive to the points where the expansion is performed. To improve the accu-
racy of the results, an iterative process is proposed.20 The iterative process consists
of first performing the Taylor series expansion around the nominal values of the
random variables and then repeating the expansion at points close to the failure
point once the failure point is identified by FORM.

To illustrate the use of the response surface method, the same bridge example
studied in the previous section is analyzed. A program is written to perform the
plastic analysis of a continuous beam modeling the behavior of one of the parallel
bridge girders. As a first step, the beam is analyzed assuming that the moments
M1, M2, M3, and the dead loads D1, D2, D3 are at their nominal or design values.
At these nominal values, the calculations indicate that a plastic mechanism would
form at a load P ∗ = 820.66kN. The calculation of P ∗ is then repeated after each
one of the six variables (moments and dead loads) is independently varied from
its nominal value by + or −10%. The value of P ∗ is noted for each one of these
instances. To calculate the response function of the bridge, a first order Taylor series
expansion is performed using the expression:

f(xi) = f(x∗
i ) +

∑ ∂f

∂xi
|x∗

i
(xi − x∗

i ), (11)

where xi denotes the variables used (M1, M2, M3, D1, D2, D3) and x∗
i denotes

the values at which the Taylor series expansion is performed. The operator f( )
represents the results of the structural analysis. In particular, f(x∗

i ) is the value
P ∗ obtained when the variables M1, M2, M3, D1, D2, D3 are evaluated at their
nominal values. In the case discussed herein f (x∗

i ) is equal to 820.66 kN.
The partial derivatives used in (11) may be calculated using a finite difference

formulation such that:

∂f

∂xi
=

f(x∗
i + 0.1x∗

i ) − f(x∗
i − 0.1x∗

i )
0.2x∗

i

. (12)

The safety margin becomes:

Z = f(xi) − P. (13)
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This expression for the failure surface is used in the FORM program based on the
input data provided in Table 1. On the first iteration, the reliability index obtained
in this analysis is 3.54.

For the first iteration, the Taylor series expansion was performed at points
(nominal design values) that are in the safe region and not on the failure surface.
In subsequent iterations, the calculation of the response function is performed at
points around the most likely failure point identified by the form algorithm and more
refined expressions of the response surface and the safety margin are obtained. The
process is repeated until the reliability index converges to a stable value. For the
problem at hand, the process converged after only two iterations. The convergence
led to a safety margin equation, which was found to be exactly the same as that
corresponding to the failure function (9). The corresponding reliability index of 3.43
was calculated.

Experience with the method has shown that the response surface approach will
often converge rather quickly to the reliability index corresponding to the most
critical mode. However, in order to obtain the other mode of failures, a filtering
algorithm is necessary to direct the search away from the modes that have been
previously identified. This can be difficult to achieve in practical applications. How-
ever, for the sample example treated in this chapter, the algorithm converged to
the solution of the second failure mode after only three additional iterations. The
solution included the value of the reliability index for the second mode, β = 3.47
and the expression of the second failure function (10).

Notice that the response surface method is capable of determining the critical
failure modes and the reliability indices corresponding to these modes. The proba-
bility of failure of the system can be subsequently calculated using either Ditlevsen’s
bounds or Monte Carlo algorithms. The Monte Carlo simulation with importance
sampling can be efficiently used since the most likely failure points will also be
known from the response surface results.

Although the response surface method often converges to the most critical mode
of failure, there is always a high chance that the method would lead to less impor-
tant modes. Furthermore, in many cases, it is difficult for the method to identify
other important modes. Recent advances in artificial intelligence techniques have
led to the development of heuristic search methods that are quite suitable for use
in structural reliability.19 The next section illustrates the application of Genetic
Algorithms for the structural reliability of bridge systems.

6. Genetic Algorithms in Bridge System Reliability

The fact that the search for the reliability index and the design point in the FORM
algorithm reduce to an optimization problem makes modern day heuristic search
algorithms appropriate for solving reliability problems. The Genetic Algorithm is
especially suitable because of its ability not only to detect the global optimum
of any search problem but also to find the local optima. This ability is important
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when dealing with structural problems such as bridge systems that may have several
modes of failures.

6.1. Genetic algorithm method

Shao and Yoshisada19 developed a method to use Genetic search algorithms to find
the global reliability index of a bridge system by executing a search along several
pre-set directions that lie along 45◦ angles in the multi-dimensional normalized ran-
dom variable space. Extensions on the method were made to improve the efficiency
of the search and refine it to produce more accurate results by adding new operators
and using data mining techniques, which speed up the search process.21–22

The method begins by defining the search directions using a binary format based
on the direction cosines of the search directions in the standard normal space of the
random variables (see Fig. 3). These digitized directions become the chromosomes
of the genetic algorithm. The fitness of a search (how good it is) is defined as 1/β

where β is the reliability index. The object of the genetic search is to find the
search direction (chromosome) that produces the best fitness (lowest β) which is
the direction leading to the design point (optimum solution). The proposed coding
scheme needed to convert the directions into chromosomes is also illustrated in Fig. 3
where each variable is represented as a gene. The gene value is a representation of
the direction cosine corresponding to the associated variable.

Following this coding, a number of search directions are randomly created to
form the first population. The population is also randomly divided into pairs that
are mated to produce the next generation. The mating process consists of having
each pair of chromosomes exchange their genes using a crossover operator, so that
each of their two offsprings have parts of the genes of the parents. Additionally, one
of the genes may be randomly changed in order to simulate a mutation process that
introduces some new genes into the population. The mating process is illustrated
as shown in Fig. 4.

Once a new chromosome is created, its fitness is obtained by following the
search direction using a finite element analysis program until failure is reached.
This is executed by reinverting the chromosome into the actual variable space and
incrementing all the variables by the same factor and performing finite element
analyses at each stage and checking whether the analysis indicates that failure has
been reached or not. The factor by which the variables are multiplied to reach first
failure is related to the fitness or the inverse of the reliability index. Thus, the
reliability index for this particular search direction is obtained.

By checking all the search directions created through different generations, a
global reliability index associated with the most critical failure mode is obtained.
In addition, the algorithm leads to sub-optimum solutions that are associated with
the reliability indices of the other possible failure modes. A local search algorithm
and appropriate filtering operators are used to refine the results of the search and
lead to accurate estimates of the reliability index values and the identification of
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Coding System

Variable Gene

Direction cosine Gene value

Search direction Chromosome

Coding Example

Direction cosine# of Variables

1 1
,

2 2
V =2 variables

1 -1 -1

3 3 3
V =3 variables

1 1

1 -1 -1

Chromosome

U1
Ο

Failure Domain

Failure Domain

Z2 Z1

U2

θ = 45°θ = 45°

ΙiΙj (1,1 )(-1,1)

(0,1 )Ιk

(1,0)

(1,-1)

Fig. 3. Illustration of genetic coding scheme.

the corresponding design points.22 The applicability of the genetic algorithm for
solving general structural problems and bridge reliability problems has been verified
by comparing the GA solution to that of other methods.22

6.2. Illustrative example

A simple example is analyzed in this section to compare the performance of the
genetic algorithm with that of gradient-based and other commonly used structural
reliability methods, such as FORM, Response Surface Method (RSM), Importance
Sampling Method (ISM), and Neural Network techniques. The example is for a
uniaxial bar with plastic behavior that is subjected to an axial load.23 The problem
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0 101 1 -1 1011 1-10 -1 1 1-10

0 101 -1 1 1-101 1-10 1 -1 101

Crossover

Mutation

1 1-10 -1 -1 101

Fig. 4. Illustration of crossover and mutation operators.

Table 2. Comparison of different methods for bar example.

Technique Reliability index β Probability of Average
failure Pf evaluation times

Analytical solution24 3.049 0.001148 —
Direct MCS23 3.075 0.001050 100000
MCS with Importance Sampling23 3.050 0.001131 14000
FORM (explicit limit function)23 3.049 0.001147 7
Response Surface Method23 3.049 0.001147 50
Neural NetWork23 3.046 0.001141 30
Advanced Genetic Algorithm22 3.049 0.001148 30

has a failure function expressed by the equation:

Z = Afy − P, (14)

where the three random variables are: A = cross sectional area of the bar, fy =
yielding stress, and P = applied load.

Comparison of the results from different reliability methods for this problem is
provided in Table 2. The genetic algorithm converged after a total 30 function eval-
uation times. The “exact” β = 3.049 was obtained. When compared to the results
from other methods, it is observed that the genetic algorithm is as efficient as the
Neural Network technique and is more efficient than the Response Surface Method
or the Importance Sampling Method. The latter is true even if every function eval-
uation in the genetic algorithm would require several structural analyses to arrive
at the corresponding reliability index.

The gradient-based FORM algorithm converged after only 7 iterations in this
problem where the limit state function is explicitly known. However, it should be
noted that the advantage of the gradient-based algorithm quickly dissipates for
problems involving multiple failure modes or in the cases when the limit state
function is not explicitly known and the search gradients have to be numerically
evaluated using finite element analysis programs.
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Table 2 shows that overall the genetic algorithm can be more efficient than the
Response Surface Method and is superior to RSM because of its ability to easily
solve multiple failure mode problems as previously explained.

6.3. Analysis of cable-stayed bridge

The reliability of a cable-stayed bridge is analyzed to demonstrate the ability of the
genetic algorithm to identify the important failure modes of a large geometrically
nonlinear structure. The realistic bridge model consists of one support tower and
the symmetric cable stayed system shown in Fig. 5.

The main girder’s sectional properties can be divided into the three categories
listed in Table 3. The modulus of elasticity of the girders is E = 2.1 ∗ 105 MPa, and
the yielding stress is σy = 345MPa. The total length of the bridge is 1024 meters.
The height of the main tower is 269.95 meters. In this analysis, since the tower is
very stiff compared to the other members, the components of the tower are modeled
as rigid elements. There are a total of 35 stay cables whose design tension stress is
1860MPa and modulus of elasticity E = 1.95 ∗ 105 MPa. The typical span between
the cables is 15 meters except for the leftmost part of the bridge, where the cables
are spaced 9 meters apart.

The random variables include the live load, the dead load, the moment capacities
of the three different cross sections of the main box girder, as well as the strengths
of the 35 stay cables. The nominal values, biases, COV’s and distribution types of
all the variables are listed in Table 4. Assuming structural degradation of the stay
cables, the biases of all cables’ strengths are assumed to be 0.74 for the 75-year
service life. The structural reliability of service life is a time-dependent problem.
However, to simplify the problem, it is assumed that the biases of cable strengths

Fig. 5. Configuration of cable-stayed bridge.

Table 3. Geometric properties of main girder sections.

Self weight (KN/M) Area (m2) Ix (m4) Iy (m4)

Section 1 215.6 2.544 10.164 261.748
Section 2 223.4 2.278 9.078 226.203
Section 3 245.0 1.743 6.755 168.786
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Table 4. Random variables of cable stayed bridge.

Variable Variables Nominal value Bias COV Distribution
number type

1 Live load 129.78 KN/m 1.05 0.2 Extreme
Type I

2 Dead load See Table 3 1.03 0.08 Normal
3 Moment capacity of main girder 1 353 456KN-m 1.05 0.11 Normal

section 1
4 Moment capacity of main girder 1 205 740KN-m 1.05 0.11 Normal

section 2
5 Moment capacity of main girder 889 777 KN-m 1.05 0.11 Normal

section 3
6 Yield strength cable # 1 (KN) 16 665.6 0.74 0.2 Normal
7 Yield strength cable # 2 (KN) 13 020.0 0.74 0.2 Normal
8 Yield strength cable # 3 (KN) 13 020.0 0.74 0.2 Normal
9, 10, 11, Yield strength cables # 4, #5, 18 228.0 0.74 0.2 Normal

12, 13 #6, #7, #8 (KN)
14 Yield strength cable # 9 (KN) 19 269.6 0.74 0.2 Normal
15 Yield strength cable # 10 (KN) 20 311.2 0.74 0.2 Normal
16 Yield strength cable # 11 (KN) 21 352.8 0.74 0.2 Normal
17 Yield strength cable # 12 (KN) 22 394.4 0.74 0.2 Normal
18 Yield strength cable # 13 (KN) 23 956.8 0.74 0.2 Normal

19, 20, Yield strength cables # 14, #15, 26 560.8 0.74 0.2 Normal
21, 22 #16, #17 (KN)

23, 24 Yield strength cables # 18, 27 081.6 0.74 0.2 Normal
#19 (KN)

25, 26, 27 Yield strength cables # 20, #21, 31 248.0 0.74 0.2 Normal
#22 (KN)

28 Yield strength cable # 23 (KN) 28 644.0 0.74 0.2 Normal
29, 30, 31, Yield strength cables # 24, #25, 31 768.8 0.74 0.2 Normal

32, 33, 34 #26, #27, #28, #29
35, 36, 37 Yield strength cables # 30, #31, 31 248.0 0.74 0.2 Normal

#32 (KN)
38, 39, 40 Yield strength cables # 33, #34, 30 727.2 0.74 0.2 Normal

#35 (KN)

are constant over the whole service life. All 40 random variables are assumed to be
statistically independent.

In a first step of the analysis, all the resistance variables are multiplied by a
reduction factor equal to 0.3. This is done to reduce the probability of failure, Pf ,
so that the analysis can be performed using classical Monte Carlo Simulation. The
failure equation can then be roughly represented by the equation:

Z = 0.3R − S. (15)

Applying the Monte Carlo Simulation direct sampling option in the structural
analysis program, ANSYS, version 7.0, the probability of failure and the system’s
reliability index were found to be Pf = 1.93 ∗ 10−1 and βsys = 0.866 after 300 cycles.
Using the genetic algorithm for executing the search for the failure modes in asso-
ciation with the finite element program, ANSYS, the failure modes are identified,
and the system reliability index as well as the probability of structural failure are
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obtained as, Pf = 1.87 ∗ 10−1 and βsys = 0.889. In this case, the total number of
structural analyses required for convergence happened to be equal to 300.

Comparing the results of the genetic algorithm with those of the Monte Carlo
Simulation, it is noticed that the proposed algorithm provides reasonably accurate
results. The analysis was stopped after identifying the first three failure modes.
Improved accuracy can be obtained if the simulation is continued so that a larger
number of modes are identified. Another reason for the difference is the assump-
tion that all failure modes can be approximated by first-order equations. For this
particular problem, this is not necessarily the case.

Ignoring the 0.3 reduction factor used in the previous test case of Eq. (15),
the reliability analysis of the cable-stayed bridge is performed using the genetic
algorithm with the original data of Table 4. The analysis was stopped after the
three most important failure modes are identified. If L represents the live load, D

represents the dead load, Gi represents the resistance of girder section i and Cj

represents the resistance of cable j, the most critical linearized failure equation, Z1,
is given as:

Z1 = 3.374G1 + 2.400G2 + 1.700G3 + 0.790C1 + 0.451C3 + 0.720C7

+ 1.026C10 + 1.277C12 + 1.082C14 + 1.381C17 + 0.473C21

+ 0.711C26 + 1.284C30 + 1.085C33 + 0.850C34 + 0.741C35

− 1.421L− 10.89. (16)

The corresponding reliability index is calculated to be, βZ1 = 4.791. Some valu-
able information can be obtained from Eq. (16). For example, the dead load is found
not to be a critical parameter that would affect the system reliability. This is most
probably due to its low COV.

From a design optimization point of view, the cables that do not appear in this
failure mode can be considered to have been overdesigned. More sensitivity analyses
can be performed to analyze different girder box sections, different load conditions,
and cable strengths to obtain a more efficient design.

The genetic algorithm also identified the second failure mode whose linearized
failure equation is obtained as:

Z2 = 2.646G1 + 2.292G2 + 1.392C9 + 1.986C12 + 1.859C15

+ 1.219C17 + 1.356C21 + 1.158C31 + 0.830C32 + 0.810C35

− 1.336L− 1.427D − 4.592. (17)

The corresponding reliability index is βZ2 = 5.379. For the third failure mode, the
linearized failure equation is:

Z3 = 1.223G1 + 2.694G2 + 0.450C4 + 0.535C7 + 0.615C12

+ 0.445C13 + 1.836C15 + 0.743C16 + 1.866C17 + 1.347C20

+ 1.193C21 + 1.018C22 + 0.572C26 + 0.648C28 + 1.417C32

− 1.089L− 6.8222. (18)
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The corresponding reliability index is βZ3 = 5.931. The system reliability when
all three failure modes are considered is βsys = 4.7819 producing a probability of
failure Pf = 8.68 ∗ 10−7. When only the two first failure modes are considered, the
system reliability index becomes βsys = 4.7820. This shows that in this example,
the first failure mode is dominant and the system’s reliability can be well estimated
when the first two modes are considered.

The long span cable-stayed bridge example solved in this section demonstrates
the accuracy, efficiency and high flexibility of the genetic-algorithm-based reliabil-
ity analysis and the ability of the method to be combined with general-purpose
finite element programs to perform the reliability analysis of complex structural
system.

7. Concluding Remarks

Major advances in the development and application of the theory of structural reli-
ability have been made during the last three decades. The application of structural
reliability in bridge engineering has lagged behind other structural fields such as
offshore structures and nuclear power plants where reliability methods are used
on a routine basis to assess the safety of individual structures. In bridge engineer-
ing, the application of reliability theory has focused on developing new design and
load capacity evaluation specifications that are calibrated to produce consistent
levels of reliability index values. The reliability concepts should be expanded for
direct use during the safety evaluation of specific bridge structures especially when
such bridges have unusual configurations. This chapter demonstrated that struc-
tural reliability methods can be easily applied to evaluate the structural safety
of individual bridge components as well as complete structural systems. In par-
ticular, genetic algorithms are found to be especially useful for solving large-scale
problems involving material and geometric nonlinearities. By linking the genetic
algorithm to existing finite element packages, realistic models of complex bridges
can be analyzed to estimate their reliability levels and identify their modes of
failure.
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CHAPTER 6
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This chapter focuses are on two frequency-domain methods to estimate the stochastic
response of fixed offshore structures. The sources of nonlinearity including that due to
drag and waves that lead to complexity in stochastic analyses are discussed. Both the
Volterra series and cumulant spectral approaches are presented where the drag-related
wave forces (including that due to inundation) are polynomialized into zero-memory
processes. It is shown that up to fourth-order statistical moments of the response can be
computed and in good agreement with values estimated from time domain simulations
and the response is found to deviate significantly from Gaussianity.

1. Introduction

One main challenge in offshore engineering is the ability to precisely and effi-
ciently predict the wave forces acting on the structures and the resulting structural
responses, accounting for inherent and environmental variabilities. Fixed platforms
such as jacket and jack-up rigs are mainly subjected to Morison-type wave loads
acting on their slender members. The difficulty in prediction of forces and responses,
and estimating their stochasticity lies in nonlinearities due to the nonlinear force-
kinematics relationship and/or the nonlinear nature of waves.

1.1. Sources of nonlinearities

In practical engineering analysis and design, linear wave theory has been popularly
accepted as a basis for modeling the short-term random wave storm, where the
wave elevation can be adequately modeled as Gaussian processes. Despite this, the
structural response shows deviations from Gaussianity, which can be attributed to
three main nonlinear effects, two associated with drag forces and the third with
wave inundation. The non-Gaussian response behavior will be more evident if non-
linearity of waves is considered. Nonlinear random wave based on Stokes theory is
non-Gaussian in nature.

The first nonlinear effect of wave loading arises from the distributed nonlin-
ear drag force which can be evaluated using the well-known Morison equation.

99
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This is usually the predominant wave force component for the slender structural
members of a fixed platform and is the main cause of the so-called superharmonic
phenomenon.1 In the absence of current, the power spectrum of the wave force
exhibits sharp peaks at odd-multiples of the peak wave frequency ωp. If current is
not negligible, the spectral peak at 3ωp becomes less dominant and a peak at 2ωp

becomes observable.2,3

The second nonlinear effect is due to the relative velocity term, which must be
included in the modified Morison expression in order to account for wave-structure
interaction. The superharmonic responses influenced by the relative velocity have
been studied by Bouyssy and Rackwitz,4 and Tognarelli et al.5 If the structural
displacement is relatively large, such as in the case of tension leg platforms, sub-
harmonic6–9 and even chaotic responses10 will occur in addition to superharmonic
resonance.

The third nonlinear effect is that induced by the varying water surface, known as
“inundation effect”,11–13 also referred to as “the effect of wave intermittency”14–16

or “splash-zone wave force”.17 Unlike the Morison drag force, inundation introduces
only superharmonic forces at even-multiples of ωp in the absence of current.18–20

If the structural natural frequency ωN of an offshore platform is close to 2ωp, the
nonlinear inundation effect will be significant,21,22 especially in shallow water.16,22

The superharmonic phenomena can also be produced by wave nonlinearities.
Many previous researches were devoted to deterministic studies of wave nonlinear
effects on the structural response or the non-Gaussian distribution of wave height. In
the stochastic approach, the second-order Stokes theory has been employed14,23 to
investigate the response spectrum of platform and it was concluded that wave non-
linearities is not negligible. As the use of higher-order spectral analyses to account
for wave nonlinearities is still not fully developed, this chapter will only concentrate
on the more established stochastic analysis based on linear random waves.

1.2. Frequency-domain analyses of wave loadings

For structural reliability prediction, a good description of the extreme response
behavior is critical, which is generally more appropriately characterized as a non-
Gaussian process, especially for drag-dominant cases. The non-Gaussian prob-
ability density function (PDF) of Morison force may be approximated by the
Pierson-Holmes24 (P-H) system of frequency curves which is defined by the first
four moments. Quasi-static studies25–28 showed that structural response follows
the P-H class of distribution. However, this is only true for very rigid offshore
structures where ωN 	 ωp. In other cases, dynamic considerations are neces-
sary to obtain accurate higher-order moment estimations for representative PDF
approximations.29

Stochastic dynamic analyses to estimate the response higher-order statistics
can be carried out in either time or frequency domain. In time-domain anal-
yses, the spectral representation method for Monte Carlo simulation is widely
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used.4,14,21,30–33 To capture the dynamic characteristics accurately, many harmonic
frequency components and a large ensemble of sample functions are needed, which
leads to time-consuming computational work. In addition, the physics behind the
factors contributing to the statistical moments of interest is harder to discern com-
pared to the frequency domain approach.

1.2.1. Volterra series approach

To a certain extent, frequency-domain approaches may partially overcome the draw-
backs of computational time and the manifestation of physical behavior inherent
in the time domain approach. One such approach is the use of Volterra series,
a generalization of Taylor series expansion of a function.34,35 It is a power series
with memory36 and is most suitable for a nonlinear system that is expressible as
polynomials34 to obtain frequency response functions (FRF) or transfer functions
in control theory. Morison drag force has been polynomialized for employing the
Volterra series approach to estimate the responses of offshore structures.5,23,37–40

The drag cubicization for jack-up platform response analysis was conducted by Li
et al.39 Spectral analysis based on fourth-order polynomialization of inundation
force was performed by Liaw and Zheng.41,42 Figure 1 displays a finite-memory
model36 in the dynamic analysis of fixed offshore structure subjected to Morison
and inundation forces. The first system relating the water particle kinematics to
wave fluctuation is given explicitly by linear wave theory, while the last system is
governed by a linear differential equation linking the structural states to the input
excitation. The first system becomes nonlinear under Stokes wave theory and the
resultant particle kinematics are no longer Gaussian.

For a system with strong nonlinearity, higher-degree polynomial approxima-
tion is essential. Higher-order (beyond second-order) spectral analyses based on
Volterra series approach becomes quite tedious due to the complicated system
input-output relationship.36,43 In addition, because higher-order statistics involve
multi-dimensional integrals, the efficiency of such an approach drastically decreases
when the order of polynomials increases.39

1.2.2. Cumulant spectral approach

Another frequency-domain approach for the finite-memory model (Fig. 1) is cumu-
lant spectral analysis, which is more efficient than the Volterra series method. It is

Wave
elevation

Water particle
kinematics

Inundation
force

Morison
force Response of deck

displacement

Linear Nonlinear Linear

Fig. 1. Nonlinear input-output model of stochastic analysis of fixed platform.
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based on the inverse Fourier transforms of the response power, bi- and tri-spectra
to obtain the desired moments, namely, variance, skewness and kurtosis.44

Most fixed offshore platforms can be idealized as linear time-invariant (LTI)
systems, with the wave loading as input and the structural response as output. For
a LTI system, the relationship of the nth-order cumulant spectra of the input and
output has been well established.45,46

The first essential step is to formulate the cumulant spectra of the wave loading.
This can be realized by applying Fast Fourier Transform (FFT) to the cumulant
functions of the wave loading. The power spectral analysis of Morison force is an
illustration of the basic cumulant spectral analysis. Borgman47 analytically derived
the autocorrelation function, a second-order cumulant, of the Morison drag force at
a fixed location based on Price’s theorem.48,49 The corresponding power spectrum
could be evaluated by 1 dimensional (1D) Fourier transform of autocorrelation.
Such an idea was extended to find the spectral density of the total wave loading,
the latter being the summation of Morison forces at distinct positions.1 Further
extension to the more complicated spectral analysis of inundation force has been
performed42 and its superiority in terms of numerical efficiency over Volterra-series
approach was substantiated.42

Higher-order spectral analysis of a LTI system driven by non-Gaussian exci-
tations can be also found in Refs. 50–54. Hu and Lutes51 derived the fourth-
order cumulant function of Morison drag force using power series expansion, which
involves the product of up to four velocity correlation functions (eighth-order joint
moments). The corresponding tri-spectrum was computed by frequency convolu-
tions, instead of the more efficient 3D-FFT. The same tri-spectrum was obtained
by Hermite cubicization of the drag using least squares fit.54

A complete and more meaningful cumulant spectral analysis of the total force
on fixed platform was presented by Zheng and Liaw.22 This analysis provides an
efficient method for obtaining the power-, bi- and tri-spectra of total Morison load-
ings and the inundation force, with spatial correlations amongst them taken into
account. The second-, third- and fourth-order cumulants of total wave force were
derived based on moment decomposition and condensation algorithms developed
for the purpose of reducing tedious derivations and time-consuming computations.
Numerical results showed the significant contribution of inundation effects leading
to larger deviation from Gaussianity in the deck response. It was also pointed that
tenth and twelfth joint moments of velocities are indispensable to obtain a proper
response kurtosis value; applying least square fit in drag force approximation results
in unreasonable kurtosis estimations.55

2. Polynomial Approximation of Nonlinear Wave Forces

To facilitate either quasi-static or frequency-domain computations, one sim-
plification often adopted is the polynomial approximation of nonlinear drag
forces.5,25–28,37–42 Statistical linearization, which is convenient for both spectral
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derivation and numerical computation, has long been used to simplify the Morison
drag force.5,56–59 However, linearization can only capture the response mean and
variance and unable to account for non-Gaussian features. This necessitates higher-
degree polynomial approximation of nonlinear drag. In this section, least squares
and moment-based approximations will be discussed.

2.1. Morison and inundation drag forces

Morison et al.56 suggested that the in-line force per unit length acting on a station-
ary slender vertical cylinder can be expressed as:

f(z, t) = fI + fD, (1)

where fI and fD are inertia and drag forces respectively, in which:

fI = CMAI(∂u/∂t) = kIa, (2)

fD = CDADu |u| = kDu |u| , (3)

where CM and CD are respectively the inertia and drag coefficients, assumed con-
stant along the submerged cylinder; AI = πρD2/4 and AD = ρD/2; ρ is the water
mass density; D is the equivalent diameter of the cylinder; u = u(z, t) is the water
particle velocity (to be replaced by u + C if current C exists) at the position z; z

is positive upwards from still water level (SWL); and a is the particle acceleration.
If fluid-structure interaction is modeled, Morison’s equation needs to be

modified as:

f = −AI(CM − 1) v̈ + kI u̇ + kD(u − v̇) |u − v̇| , (4)

where v is the displacement of the cylinder. The interaction represented by the third
term on the RHS results in fluid damping effect.60 Due to the relatively small v̇ for
fixed platforms, this effect can be included by adjusting the structural damping for
analyses,3 while retaining Eqs. (1–3).

The free-surface inundation, which constitutes one part of the modal force, can
be expressed as18:

P =
∫ η

0

Φ(z)f(z, t)dz ≈ Φ(0) · f(0, t) · η, (5)

where Φ(z) is the mode shape of the structure under free vibration; and η is the
wave elevation, usually assumed Gaussian-distributed with a zero mean. In Eq. (5),
the inundation is simplified as a point load acting at the SWL,18,20 and its drag
contribution is approximated as:

PD = Φ(0)CDAD[u(0, t) |u(0, t)| η] . (6)

Note that both two drag forces, fD and PD, are represented by nonlinear
square-law term with sign (Eqs. (3) and (6)), the following normalizations are first
introduced:

x = η/ση, y = u/σu, c = C/σu, (7)
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where ση and σu are the standard deviations of η and u (written concisely in
place of u(0, t)). Based on linear wave theory, both x and y are standard Gaussian
distributed. The nonlinear problem reduces to dealing with the two functional forms
given by:

r = (y + c) |y + c| , (8)

s = x(y + c) |y + c| . (9)

2.2. Least squares approximation (LSA)

Least squares approximation (LSA) and moment-based approximation (MBA) of
r and s have been discussed in detail in Ref. 61. As such, only the approximation
schemes and some useful results are presented herein. LSA seeks the minimization
of the mean square error between the approximate and original forcing functions.
For the Morison drag term, the nth-degree polynomial approximation is

r = (y + c) |y + c| ≈ r′ = a0 + a1y + · · · + anyn, (10)

with the mean square error ε defined as:

ε = E[(r − r′)2]. (11)

Minimization leads to n linear equations:

∂ε

∂ai
= 0 (i = 0, 1, . . . , n), (12)

which can be grouped into two independent sets of equations, one for the odd-
degree, the other for the even-degree coefficients.61 In the absence of current (c = 0),
the linear, cubic and quintic fits are31:

r′ =

√
8
π

y, r′ =

√
2
π

(
y +

1
3
y3

)
, r′ =

√
2
π

(
3
4
y +

1
2
y3 − 1

60
y5

)
. (13)

If current is present, the cubic61 and quartic2 fits have also been obtained. The
PDF of r and r′ can then be derived using:

p(r) = p(y) |dy/dr| and p(r′) = p(y) |dy/dr′| , (14)

where the PDF of y is

p(y) =
1√
2π

exp
(
−y2

2

)
. (15)

The quartic approximation of s (representing inundation drag) takes the follow-
ing form:

s′ = a0 + a1x + a2xy + a3xy2 + a4xy3. (16)
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Like r, the even-degree coefficients are solved independently of the odd-degree by
minimizing the mean square error, that is:


a0 + a2E[xy] + a4E[xy3] = E[s]

a0E[xy] + a2E[x2y2] + a4E[x2y4] = E[xys]

a0E[xy3] + a2E[x2y4] + a4E[x2y6] = E[xy3s]

, (17)

and {
a1E[x2] + a3E[x2y2] = E[xs]
a1E[x2y2] + a3E[x2y4] = E[xy2s]

. (18)

The expectations in Eqs. (17–18) are estimated based on the joint probability den-
sity function (JPDF) of x and y,61 given by:

p(x, y) =
exp{−(x2 − 2ρxyxy + y2)

/
2(1 − ρ2

xy)}
2π
√

1 − ρ2
xy

(19)

where the correlation coefficient ρxy = ρηu can be evaluated from the wave spectrum
Sηη(ω).61 For the case c = 0 and ρxy = 1.0, the quartic fit is

s′ = −0.199 + 1.197xy + 0.2xy3. (20)

2.3. Moment-based approximation (MBA)

Bruce26 obtained cubicization of Morison drag term

r′ = a0 + a1y + a2y
2 + a3y

3 (21)

by directly equating the first four central moments of r to those of r′ for the four
polynomial coefficients:

µr
i = µr′

i , (i = 1, 2, 3, 4). (22)

The central moments µi are related to the moments mi:


µ1 = m1

µ2 = σ2 = m2 − m2
1

µ3 = m3 − 3m2m1 + 2m3
1

µ4 = m4 − 4m3m1 + 6m2m
2
1 − 3m4

1

(23)

in which moments of r and r′ are estimated based on p(y) in Eq. (15). The roots
of the four coupled nonlinear equations in Eq. (23) need to be solved to obtain ai

(i = 0, 1, 2, 3). In the absence of current, a0 and a2 vanish because mean and
skewness equalizations are naturally satisfied and only equalizations of second- and
fourth-order moments (variance and kurtosis) need to be imposed.

Note that MBA approach is valid in general only for monotonic function.29

Considering that inundation drag term s is non-monotonic, a hybrid method, taking
the respective advantages of LSA and moment equalization, was proposed.61 In
quartic approximation of s in Eq. (16), a1 and a3 are obtained using Eq. (18) based
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Table 1. Comparisons of drag term
approximations; no current.

Drag term Variance Kurtosis

r = y|y| 3 8 2
3

LSA linear 2.5465 0
LSA cubic 2.9709 13.5918
LSA quintic 2.9921 8.8049
MBA cubic 3.0000 8.6667

on LSA approach while a0, a2 and a4 are computed by equating the mean, variance
and kurtosis corresponding to the first, second and fourth equations in Eq. (23). In
the absence of current, this hybrid method degenerates into moment equalizations
only for a0, a2 and a4.

The MBA method has been found to be superior to LSA for the same-
degree polynomializations of both Morison and inundation drags, in terms of their
(a) curve fit, (b) PDF, and (c) first four moments.61 As shown in Table 1 for
approximations of Morison drag without current, MBA cubicization appears even
better than LSA quintic approximation. A frequency-domain analysis based on
fifth-degree approximation seems impractical for mathematical manipulations and
numerical computations.4 Based on the kurtosis obtained, LSA cubicization appears
unsuitable.

3. Volterra-Series Based Frequency-Domain Analysis

3.1. A third-order Volterra series model

The Volterra series is a functional extension of linear (first-order) systems to bilinear
(second-order), trilinear (third-order), and higher-order systems.36 These extensions
require the multi-dimensional FRF, H(f, g) and H(f, g, h) respectively, to describe
the bilinear and trilinear systems in place of the simple one dimensional FRF H(f)
for a linear system.

In the time-domain, the general third-order Volterra equivalent system can be
described as36,43:

y(t) = y1(t) + y2(t) + y3(t)

=
∫

h1(τ)x(t − τ)dτ

+
∫ ∫

h2(τ1, τ2)x(t − τ1)x(t − τ2)dτ1 dτ2,

+
∫ ∫ ∫

h3(τ1, τ2, τ3)x(t − τ1)x(t − τ2)x(t − τ3)dτ1 dτ2 dτ3 (24)

where x(t) is a Gaussian input; yi(t) (i = 1, 2, 3) are the first-, second- and third-
order response components respectively; h1(τ), h2(τ1, τ2) and h3(τ1, τ2, τ3) are the
linear, bilinear and trilinear kernels of the impulse response functions respectively.
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Each kernel and the corresponding FRF form a Fourier transform pair, where for
an nth-order model:


hn(τ1, . . . , τn) =
∫

· · ·
∫

Hn(ω1, . . . , ωn)ei(ω1τ1+···+ωnτn)dω1 · · · dωn

Hn(ω1, . . . , ωn) =
∫

· · ·
∫

hn(τ1, . . . , τn)e
−i(ω1τ1+···+ωnτn)

dτ1 · · · dτn

. (25)

For Gaussian input, the odd-order response components will be mutually cor-
related, but uncorrelated with even-order system outputs. The even-order system
outputs will also be mutually correlated. For non-Gaussian input data, all output
components are usually correlated.

3.2. Application to spectral analysis of wave force

The total wave modal force Q acting on a platform leg can be decomposed into that
described by Morison equation up to SWL, F , plus that due to inundation effects,
P . These two components can be further split into components caused by inertia
and drag, where the latter is polynomialized. Hence, Q can be written as55:

Q = F + P ∼= (I + D) + (PI + PD)

= (I + D1 + D3) + (PI + PD0 + PD2 + PD4)
, (26)

where I, D1 and D3 correspond respectively to the inertia, linear and cubic drag
parts of the total Morison force F ; PI denotes the inundation inertia term; and PD
the inundation drag which has three parts. The details are given as follows:

F :




I =
∫ 0

−d

Φ(z)fI(z, t)dz =
∫ 0

−d

kIΦ(z)u̇(z, t)dz

D1 =
∫ 0

−d

Φ(z)fD1(z, t)dz =
∫ 0

−d

kDc1(z)Φ(z)u(z, t)dz,

D3 =
∫ 0

−d

Φ(z)fD3(z, t)dz =
∫ 0

−d

kDc3(z)Φ(z)u3(z, t)dz

(27)

PI = Φ(0)kI u̇0η and PD :




PD0 = kDΦ(0)b0

PD2 = kDΦ(0)b2u0η,

PD4 = kDΦ(0)b4u
3
0η

(28)

where u0 = u(0, t) and the coefficients c1, c3 and b0, b2, b4 are associated with the
polynomial coefficients discussed in Sec. 2. The relationship amongst wave eleva-
tion, water particle kinematics, wave forces and structural response is depicted in
the finite-memory model of Fig. 2 which comprises one LTI system with memory
each before and after the zero-memory nonlinear systems. This model consists of
three phases: (I) linear transformations from the wave elevation to water particle
kinematics, a single-input and multi-output system; (II) nonlinear transformations
from kinematics to the modal force Q, a multi-input and single-output system,
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Yη

HPD4(ω1,ω2,ω3,ω4)

HPD2 (ω1, ω2)

HPI (ω1, ω2)
Q HQY(ω)
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),( tzu.
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Fig. 2. Fourth-order Volterra series input-output model.

where the input comprises six components (including two quadratic, one cubic and
one quartic); (III) linear transformation from Q to modal displacement Y , a single-
input and single-output system.

Such a model allows FRF of wave forces to be derived.36 The FRF for I, D1
and D3 are respectively39,55:

HI(ω) =
∫ 0

−d

kIΦ(z)Hηu̇(z, ω)dz, (29)

HD1(ω) =
∫ 0

d

kDc1(z)Φ(z)Hηu(z, ω)dz, (30)

HD3(α,−α, ω) =
∫ 0

−d

kDc3(z)Φ(z)HD3(z, α,−α, ω)dz, (31)

where HD3(z, α, β, γ) is the product of linear transfer functions Hηu(z, ω) at three
distinct frequencies, that is:

HD3(z, α, β, γ) = Hηu(z, α)Hηu(z, β)Hηu(z, γ). (32)

Based on linear wave theory:

Hηu(z, ω) = ωr(z), (33)

Hηu̇(z, ω) = iω2r(z) = iωHηu(z, ω), (34)

where r(z) = coshk(z + d)/sinhkd. The FRF of asymmetric bivariate functions PI,
PD2 and PD4 are obtained by an averaging method36,55:

HPI (ω1, ω2) =
1
2
[Hηu̇0(ω1) + Hηu̇0(ω2)], (35)

HPD2(ω1, ω2) =
1
2
[Hηu0(ω1) + Hηu0(ω2)], (36)
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HPD4(ω1, ω2, ω3, ω4) =
1
4
[Hηu0(ω1)Hηu0(ω2)Hηu0 (ω3)

+ Hηu0(ω1)Hηu0(ω2)Hηu0 (ω4)

+ Hηu0(ω1)Hηu0(ω3)Hηu0 (ω4)

+ Hηu0(ω2)Hηu0(ω3)Hηu0 (ω4)], (37)

where Hηu0(ω) = Hηu(0, ω) and Hηu̇0(ω) = Hηu̇(0, ω).
Note that in Eqs. (27–28) F consists of only odd-degree terms of water particle

kinematics, while P comprises only even-degree terms. Hence, the cross-spectrum
of F and P vanishes and power-spectrum of Q is:

SQQ(ω) = SFF (ω) + SPP (ω). (38)

3.2.1. Power-spectrum of F

According to Borgman,1 the power spectrum of total Morison force F is:

SFF (ω) = SII (ω) + SDD (ω), (39)

where the summation of the cross terms between the inertia force I and drag force
D vanishes. Note the linear and cubic drag terms (D1 and D3) are correlated, which
implies that:

SFF (ω) = SII(ω) + [SD1D1(ω) + SD1D3(ω) + SD3D1(ω) + SD3D3(ω)]. (40)

Applying the third-order Volterra-series model, Eq. (40) is given by39,55:

SFF (ω) = |HI(ω)|2 Sηη(ω) + |HD1(ω)|2 Sηη(ω)

+ 6HD1(ω)
(∫

HD3(α,−α, ω)Sηη(α)dα

)
Sηη(ω)

+ 9
∣∣∣∣
∫

HD3(α,−α, ω)Sηη(α)dα

∣∣∣∣2 Sηη(ω)

+ 6
∫ ∫

|HD3(α, β − α, ω − β)|2 Sηη(α)Sηη(β − α)Sηη(ω − β)dα dβ.

(41)

The third term on the RHS reflects the cross-effect between D1 and D3 while
the last two are contributed solely by D3. For drag approximations based on LSA
method, the preceding equation can be further reduced into a more compact form.55

3.2.2. Power-spectrum of P

It has been proven42 that similar to F , the power-spectrum of the inundation
P is the summation of the respective spectra of PI and PD. Considering the
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cross-correlation of PD2 and PD4, SPP (ω) is written as:

SPP (ω) = SPI PI (ω) + SPD PD (ω)

= SPI PI (ω) + [SPD2PD2(ω) + SPD2 PD4(ω)

+ SPD4PD2(ω) + SPD4 PD4(ω)]. (42)

The constant PD0 contributes to the spectrum at ω = 0 only. Applying the
fourth-order Volterra-series model involving only the second- and fourth-order com-
ponents, it follows that36,42,55:

SPI PI (ω) = 2 (kIΦ(0))2
∫
|HPI (α, ω − α)|2 Sηη(ω − α)Sηη(α)dα, (43)

and the most complex term SPD4 PD4(ω) is:

SPD4 PD4(ω) = (b4kDΦ(0))2 · [9µ4σ4
u0

δ(ω) + 18
∫

|σ2
u0

HPD2(α, ω − α)

+ µ2Hηu0(α)Hηu0 (ω − α)|2Sηη(α)Sηη(ω − α)dα

+ 24
∫∫∫

|HPD4(α, β − α, γ − β, ω − γ)|2

×Sηη(α)Sηη(β − α)Sηη(γ − β)Sηη(ω − γ)dα dβ dγ] (44)

where µ2 = E[ηu0] =
∫

Hηu0(ω)Sηη(ω)dω and δ(ω) is the Dirac-Delta function.

3.3. Higher-order spectra analysis of F

Li et al.39 considered the effects of current and performed higher-order spectral
estimations of response based on Volterra-series. The skewness and kurtosis were
evaluated in terms of central moments, involving many multi-frequency spectra.
For kurtosis evaluation, the contribution to the fourth-order central moment by
the cubic drag consists of six terms each involving a six-fold integral, the second of
which is illustrated here:

T 2
6 = 648

∫ ∞

−∞
. . .

∫
HY (−ω1, ω1,−ω2)HY (ω2,−ω3,−ω4)HY (ω3,−ω5, ω5)

×HY (ω4,−ω6, ω6)S(ω1) · · ·S(ω6)dω1 . . . dω6. (45)

The numerical computation seems prohibitively excessive. If fourth- or higher-
degree approximation of drag is assumed, both analytical derivation and numerical
calculations become impractical.

4. Cumulant Spectral Analysis

4.1. Input-output spectral relationship

Figure 3 outlines the broad steps in the cumulant spectral analysis of a LTI sys-
tem. The relationship of the nth-order (n ≥ 2) cumulant spectra of the stationary
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RQ(τ1, τ 2,…, τ n-1) SQ(ω 1, ω 2,…, ω n-1)

Sy(ω 1, ω 2,…, ω n-1)Ry(τ1, τ 2,…, τ n-1)

Fig. 3. Cumulant spectral analysis of a LTI system.

input Q and output y is given as45,46:

Sy(ω1, ω2, . . . , ωn−1) = HQy(ω1) · HQy(ω2) · · ·HQy(ωn−1)

×H∗
Qy(ω1 + ω2 + · · · + ωn−1)SQ(ω1, ω2, . . . , ωn−1), (46)

where HQy(ω) is the linear transfer function:

HQy(ω) =
1

m(ω2
N − ω2 + 2iξωnω)

(47)

for the governing equation:

mÿ + cẏ + ky = Q. (48)

In modal analysis of a fixed platform, m, c and k are structural modal mass,
damping and stiffness, respectively. Here, the first vibration mode is considered
for its largest contribution to the platform response, with the natural frequency
ωN =

√
k/m. Obviously Sy(ω1, ω2, . . . , ωn−1) depends on SQ(ω1, ω2, . . . , ωn−1),

where the latter is available through the (n − 1)-dimensional Fourier transform of
the nth-order cumulant functions of Q44:

SQ(ω1, . . . , ωn−1) =
∫

· · ·
∫ ∞

−∞
RQ(τ1, . . . , τn−1)

× exp{−j(ω1τ1 + · · · + ωn−1τn−1)}dτ1 · · · dτn−1. (49)

Similarly, if Sy(ω1, . . . , ωn−1) is known, the nth-order cumulant functions of dis-
placement can be estimated through the inverse Fourier transform:

Ry(τ1, . . . , τn−1) =
1

(2π)n−1

∫ ∫
. . .

∫ ∞

−∞
Sy(ω1, . . . , ωn−1)

× exp{j(ω1τ1 + · · · + ωn−1τn−1)}dω1 · · · dωn−1. (50)

By choosing n = 2, 3 and 4, S(ω1, . . . , ωn−1) represents the power-spectrum,
bi-spectrum and tri-spectrum respectively and R(τ1, . . . , τn−1) represents the
autocorrelation function, third- and fourth-order cumulant functions. Setting
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τ1 = τ2 = τ3 = 0, the skewness and kurtosis are obtained in normalized form:

κ3 =
R(0, 0)
R3/2(0)

κ4 =
R(0, 0, 0)

R2(0)
. (51)

R(0) is equal to variance when the mean is zero. Another way to obtain
R(0, 0, . . . , 0) is to directly integrate S(ω1, ω2, . . . , ωn−1), that is,

R(0, 0, . . . , 0) =
1

(2π)n−1

∫ ∞

−∞
. . .

∫
Sy(ω1, ω2, . . . , ωn−1) · dω1dω2 · · · dωn−1, (52)

which is more time-consuming than Fourier transform in Eq. (50). The critical issue
here is the formulation of the input cumulant functions.

4.2. Correlation functions of F & P

The second-order cumulant function is the same as the correlation function. The
autocorrelation function of F is derived from the double integral over the cross-
correlations of the distributed Morison force42,55:

RFF (τ) =
∫ 0

−d

∫ 0

−d

Φ(z)Φ(z′)Rff (z, z′, τ)dz dz′, (53)

where the cross-correlation of f is:

Rff (z, z′, τ) = RfIfI (z, z′, τ) + RfDfD (z, z′, τ), (54)

RfIfI (z, z′, τ) = kI(z)kI(z′)Ru̇u̇(z, z′, τ). (55)

Based on Price theorem, RfDfD (z, z′, τ) is expressed as1,55:

RfDfD (z, z′, τ) = kD(z)kD(z′)Ruu(z, z′, τ)

×
[
(a1 + 3a3)

2
σu(z)σu(z′) + 6c3(z)c3(z′)R2

uu(z, z′, τ)
]
. (56)

All cross-correlations of wave kinematics involved are obtainable from the corre-
sponding cross-spectra:


Ruu(z, z′, τ) =

1
2π

∫
Suu(z, z′, ω)eiωτ dω

Ru̇u̇(z, z′, τ) =
1
2π

∫
Su̇u̇(z, z′, ω)eiωτ dω

, (57)

where {
Suu(z, z′, ω) = Hηu(z, ω)Hηu(z′, ω)Sηη(ω)

Su̇u̇(z, z′, ω) = −Hηu̇(z, ω)Hηu̇(z′, ω)Sηη(ω)
. (58)

The autocorrelation function of the inundation load P is55:

RPP (τ) = RPI PI (τ) + RPD PD (τ), (59)

where

RPI PI (τ) = Φ2(0)k2
I

(
Rηη(τ)Ru̇0u̇0(τ) − R2

ηu̇0
(τ)
)
. (60)
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Utilizing Price’s theorem,

RPD PD(τ) = Φ2(0)k2
D

[
µ4
(
b2 + 3b4σ

2
u0

)2
+
(
b2 + 3b4σ

2
u0

)2 (
Rηη(τ)Ru0u0(τ) + R2

ηu0
(τ)
)

+ 12b4µ
2
(
b2 + 3b4σ

2
u0

)
Rηu0(τ)Ru0u0(τ)

+ 6b2
4R

2
u0u0

(τ)
(
3µ4 + Rηη(τ)Ru0u0(τ) + 3R2

ηu0
(τ)
)]

. (61)

The correlation functions of wave kinematics are provided by the following Fourier
transform pairs:



Rηη(τ) ↔ Sηη(ω)

Rηu̇0(τ) ↔ Sηu̇0(ω) = Hηu̇0(ω)Sηη(ω)

Rηu0(τ) ↔ Sηu0(ω) = Hηu0(ω)Sηη(ω)

Ru0u0(τ) ↔ Su0u0(ω) = |Hηu0(ω)|2 Sηη(ω)

Ru̇0u̇0(τ) ↔ Su̇0u̇0(ω) = |Hηu̇0(ω)|2 Sηη(ω)

. (62)

It follows that the power spectrum of Q is estimated using the following Fourier
transform:

SQQ (ω) =
∫

(RFF (τ) + RPP (τ))e−iωτ dτ , (63)

and the structural response spectrum is:

Syy(ω) = |H(ω)|2 SQQ(ω). (64)

4.3. Fourth-order cumulant function of Q

In the foregoing spectral analysis, F and P are uncorrelated. However, this is no
longer true for higher-order spectral analysis where F and P will act together to
form new joint moments. Considering that the drag terms (D and PD) are of
stronger nonlinearities than the inertia terms (I and PI ), and that the magnitudes
of the latter are usually smaller than the former, it may be justified to only consider
the correlation of dominant drag terms in the cumulant spectral analysis of Q. Such
a simplification, in view of Eq. (26), leads to44:

RQ(τ1, . . . , τn) = RF (τ1, . . . , τn) + RP (τ1, . . . , τn)

∼= RZ(τ1, . . . , τn)
for n ≥ 3, (65)

where Z = (D1 + D3) + (PD2 + PD4), being the assembly of linear, quadratic,
cubic and quartic drag-related forces. Denoting D = D1 + D3 and X = PD2 + PD4,
one can write

RF (τ1, . . . , τn) ∼= RD(τ1, . . . , τn), (66)

and

RP (τ1, . . . , τn) ∼= RX(τ1, . . . , τn). (67)

www.EngineeringBooksPDF.com



October 26, 2005 11:25 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch06

114 S.-T. Quek et al.

Rewrite PD2 and PD4 in Eq. (28) as:

PD2 = B2ηu0, PD4 = B4ηu3
0, (68)

where B2 = b2kDΦ(0) and B4 = b4kDΦ(0). The non-zero means are:

PD2 = B2µ
2 PD4 = 3B4σ

2
u0

µ2. (69)

The fourth-order cumulant function of Z can be expressed in terms of the following
moment functions44:

RZ(τ1, τ2, τ3) = mZ
4 (τ1, τ2, τ3) − mZ

2 (τ1)mZ
2 (τ3 − τ2) − mZ

2 (τ2)mZ
2 (τ3 − τ1)

−mZ
2 (τ3)mZ

2 (τ2 − τ1) − mZ
1 [mZ

3 (τ2 − τ1, τ3 − τ1)

+ mZ
3 (τ2, τ3) + mZ

3 (τ2, τ4) + mZ
3 (τ1, τ2)] + 2(mZ

1 )2
[
mZ

2 (τ1)

+ mZ
2 (τ2) + mZ

2 (τ3) + mZ
2 (τ3 − τ1) + mZ

2 (τ3 − τ2)

+ mZ
2 (τ2 − τ1)

]
− 6(mZ

1 )4, (70)

in which the mean is:

mZ
1 = PD2 + PD4, (71)

and the second-order moment function is:

mZ
2 (τ) = RD(τ) + RX(τ), (72)

where RD(τ) is the double integral of RfDfD (z, z′, τ) in Eq. (56). RX(τ) is exactly
the correlation function shown in Eq. (61). The third-order moment function
mZ

3 (τ1, τ2) is for estimating the third-order cumulant function and skewness of Q.
It is simpler than the fourth-order moment function which is given by:

mZ
4 (τ1, τ2, τ3) = E

[
(D(t) + X(t)) (D(t + τ1) + X(t + τ1))

×(D(t + τ2) + X(t + τ2)) (D(t + τ3) + X(t + τ3))
]
,

= mD
4 (τ1, τ2, τ3) + mX

4 (τ1, τ2, τ3) + mD,X
4 (τ1, τ2, τ3) (73)

where E[·] denotes expectation. The last term on the RHS, a cross moment function,
reflects the correlation between drag terms D and X :

mD,X
4 (τ1, τ2, τ3) = E [D(t)D(t + τ1)X(t + τ2)X(t + τ3)]

+ E [D(t)X(t + τ1)D(t + τ2)X(t + τ3)]

+ E [D(t)X(t + τ1)X(t + τ2)D(t + τ3)]

+ E [X(t)D(t + τ1)D(t + τ2)X(t + τ3)]

+ E [X(t)D(t + τ1)X(t + τ2)D(t + τ3)]

+ E [X(t)X(t + τ1)D(t + τ2)D(t + τ3)] . (74)
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4.4. Fourth-order moment function of D

In numerical computations, a platform leg is discretized into N elements, with
element lengths ∆zi (i = 1, 2, . . . , N). The linear and cubic modal Morison drags
D1 and D3 are then approximated as:


D1(t) ≈ kD

N∑
i=1

∆zic1(zi)Φ(zi)u(zi, t)

D3(t) ≈ kD

N∑
i=1

∆zic3(zi)Φ(zi)u3(zi, t)

. (75)

Let Ai = kD∆zic3(zi)Φ(zi) and ui(t) = u(zi,t), D3 takes a simpler form:

D3 =
N∑

i=1

Aiu
3
i (t). (76)

Note that D1 is a linear combination of Gaussian water particle velocities u at N

distinct positions. Hence, D1 is also Gaussian. However, D3 is non-Gaussian; it is
the combination of N trilinear finite-memory functions.36 The fourth-order moment
function of D is:

mD
4 (τ1, τ2, τ3) = E

[{
D1(t) +

N∑
i=1

Aiu
3
i (t)

}{
D1(t + τ1)

+
N∑

j=1

Aju
3
j(t + τ1)

}{
D1(t + τ2) +

N∑
k=1

Aku3
k(t + τ2)

}

×
{

D1(t + τ3) +
N∑

l=1

Alu
3
l (t + τ3)

}]
. (77)

This term contains joint moments of even-orders from fourth to twelfth. The fourth-
order moment comes only from the linear process D1, that is:

E4 = E[D1(t)D1(t + τ1)D1(t + τ2)D1(t + τ3)] . (78)

The twelfth-order moment is from the cubic drag terms with four distinct time
shifts, given by:

E12 =
N∑

i=1

N∑
j=1

N∑
k=1

N∑
l=1

AiAjAkAlE[u3
i (t)u

3
j(t + τ1)u3

k(t + τ2)u3
l (t + τ3)]. (79)

The sixth-, eighth- and tenth-order joint moments (E6, E8, E10) are from the
cross effect between linear and the cubic drag terms.55 For instance, E6 have four
different forms and one of them is:

E6A =
N∑

i=1

AiE
[
D1(t)D1(t + τ1)D1(t + τ2)u3

i (t + τ3)
]
. (80)
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The spatial correlation of the distributed Morison forces is represented by the
summation along the vertical coordinate, from element i = 1 to N . Observe that
the summation kernels of all joint moments involve only the Gaussian D1(t) and
ui(t). Thus, Price’s theorem can be used to decompose these higher-order moments
into the algebraic combinations of the following three correlation functions that are
obtainable from the corresponding spectra, that is:




RD1(τ) ↔ SD1(ω) = Sηη(ω) |HD1(ω)|2

RD1ui(τ) ↔ SD1ui(ω) = HD1(ω)Hηu(zi, ω)Sηη(ω)

Suiuj (ω) ↔ Suiuj (ω) = Hηu(zi, ω)Hηu(zj , ω)Sηη(ω)

. (81)

The number of combinations is as many as 11·9·7·5·3·1 = 10 395 for the E12 kernel
E[u3

i (t)u
3
j (t+ τ1)u3

k(t+ τ2)u3
l (t+ τ3)], which makes the derivation manually tedious

and prone to error. Fortunately, for every joint moment, only four distinct sets of
Gaussian data are involved. Hence, there are many repetitive combinations which
can be condensed. Two efficient algorithms55 have been developed to perform the
moment decomposition and condensation. It was found that E12 actually has only
47 basic non-repeating combinations; each combination is a product of six corre-
lation functions. Also note that E12 is a four-fold summation along the height of
cylinder of elements from i, j, k, l = 1 to N . Evidently, E12 is the most complicated
joint moment and its numerical formulation contains all the necessary procedures
required for E4, E6, E8 and E10.

In the actual formulation of E12, the four-fold summation due to the spatial
correlation and the aforementioned 47 combinations are two critical bottlenecks.
To facilitate computation, two schemes are introduced.55 One is a “page-by-page”
scheme: The 3D kernel (about τ1, τ2 and τ3) is formed by performing the loop only
about τ3. For each loop, a 2D “page” is generated using matrix multiplications for
the product of correlations with respect to τ1 and τ2. The symmetry of τ3 allows
nearly half of the corresponding number of loops to be saved. The other scheme
takes advantage of four inherent symmetries associated with the permutations of
integrating variables (i, j, k, l), such that the minimum number of loops can be
realized for the four-fold summation of E12:

i = 1, 2, . . . , N ; j = 1, 2, . . . , i; k = 1, 2, . . . , j; l = 1, 2, . . . , k. (82)

The reduction of the number of loops is therefore rather significant. However, E12
still accounts for over 90% of the total numerical effort in 4th-order cumulant
analysis.

The above procedures are also applicable for formulating the fourth-order
moment function of X and cross-moment function of X and D (Eq. (74)) that
have joint moments of the order higher than 12, but less spatial correlations repre-
sented by summations, as detailed in Ref. 55.
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5. Time-Domain Simulations

5.1. Linear wave

In time-domain simulations, the standard spectral representation method has been
widely utilized in the dynamic analysis of offshore platforms. Given the wave
spectrum Sηη(ω), the time history of the linear random wave elevation can be
generated, that is:

η(x, t) =
M∑
i=1

ηi(t) ≈
M∑
i=1

ai cos(φi), (83)

and the horizontal water particle kinematics:


u(x, z, t) =
M∑
i=1

ωi
cosh ki(d + z)

sinh kid
ηi(x, t)

u̇(x, z, t) =
M∑
i=1

ω2
i

cosh ki(d + z)
sinh kid

[ai sin(φi)]

, (84)

where φi = kix − ωit + θi and the amplitude of frequency component is ai =√
2Sηη(ωi)∆ω; the circular frequency and wave number are related by the disper-

sion function ω2 = kg tanh kd. Each harmonic component ηi(t) is assumed to be
independent of the others, with the phase angle θi being randomly and uniformly
distributed between 0 and 2π. For accurate representation, the number of frequen-
cies M should be large.

Once the time histories of wave kinematics are available, Morison forces and
inundation force can be obtained without polynomial approximations for the
modal force Q(t). The modal displacement can be computed using Newmark time-
integration scheme.

For a LTI system driven by local Morison force, it has been suggested4 that an
ensemble of 120 or more sample functions be simulated to obtain a reasonably sta-
ble fourth-order response moment. Each simulation, as recommended in SNAME,62

corresponds to a wave storm of 3 hours’ duration. To investigate the effect of num-
ber of frequency discretizations on simulation results, Fig. 4 gives the variation of
drag kurtosis, response kurtosis and response variance versus log2 M . The value of
variance is normalized using the values computed with M = 214 = 16 384. It can be
seen that the variance is stable even with M = 27 = 128. However, both drag and
response kurtosis increase with M . The drag kurtosis approaches the exact value
8.6667 and the response kurtosis is almost stable when 16 384 harmonic compo-
nents are employed. Therefore, the value of 8.6667 may act as a criterion to test
the effectiveness of simulations: A reasonable response kurtosis relies on the kurtosis
of Morison drag force that should be close to 8.6667. The large value of M indicates
that simulation is time-consuming and can become impractical when modal force
is treated, because Morison forces at various positions need to be simulated before
being integrated. Fortunately, the computing efforts can be greatly reduced if FFT
technique, instead of the direct summation in Eq. (84), is used.63
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Fig. 4. Number of frequency discretizations on simulated moments.

5.2. Nonlinear wave

Based on second-order Stokes theory, nonlinear random wave kinematics can be
simulated using the method proposed by Hasselmann.64 In deep waters, the second-
order random water particle kinematics are:


u2(x, z, t) = −

M∑
n=1

M∑
m=n

anamωm(km − kn)e(km−kn)z cos(φm − φn)

u̇2(x, z, t) = −
M∑

n=1

M∑
m=n

anamωm(km − kn)e(km−kn)z sin(φm − φn)

, (85)

which can be reduced into single-fold summations to expedite computations. That
is, for velocity:

u2(x, z, t) = −R

[
M∑

n=1

(AnBn − knAnCn)

]
, (86)

where the operator R[ ] signifies taking the real part in the bracket and:

An = ane−knze−iφn , Bn =
M∑

m=n

dmkm,

Cn =
M∑

m=n

dm, dm = amωmekmze−iφm .

(87)
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5.3. Numerical example

To illustrate the nonlinear effects of wave forces, an idealized jack-up platform with
ωN = 0.848 rad/s and ξ = 0.07 is considered. The equivalent cylinder diameter Deq

is 1.97m for calculating the water mass occupied by the leg and the inertia and
drag coefficients are taken as 1.60 and 3.25. Wave conditions (Table 2), typically
for North Sea condition, are considered with the JONSWAP wave spectrum.62

Figure 5 displays the response power spectrum. The frequency-domain results
are based on LSA approximation of drag forces: (1) Linear approximation of Mori-
son drag and quadratic approximation of inundation drag (i.e. second-order); and
(2) cubic approximation of Morison drag and quartic approximation of inundation
drag (i.e. fourth-order).

It can be seen that the superharmonic responses at 2ωp are significant and
the fourth-order results agree well with that obtained from time domain simula-
tion. Lower-order drag approximations led to underestimation of the superharmonic
response.

Figure 6 presents the response spectrum, with and without inundation effects.
Without inundation, the spectral amplitude at 2ωp is underestimated by about 50%.

Tables 3 and 4 show the mean, variance, skewness and kurtosis of the modal wave
forces, F , P and Q, and the corresponding induced modal displacements. Results

Table 2. Wave conditions.

Parameters

Water depth, d (m) 75
Peak wave frequency, ωp (rad/s) 0.417
Peak enhancement factor, γ 3.3
Significant wave height, Hs (m) 12.9
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Fig. 5. Power spectra of structural modal response.
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Table 3. Cumulants of modal wave forces.

F P Q

Mean (N) TD −1.2861e−02 5.1856e+01 5.1843e+01
FD 0 5.1343e+01 5.1343e+01

Variance (N2) TD 1.1275e+05 1.4199e+04 1.2689e+05
FD 1.1342e+05 1.3722e+04 1.2714e+05

Skewness TD −2.0636e−03 5.3046 2.4657
FD 0 5.3278 2.2100

Kurtosis TD 6.2697 (8.2635) 4.8619e+01 1.5137e+01
FD 6.0990 (8.0199) 5.0111e+001 1.5961e+01

Table 4. Cumulants of modal displacements.

YF YP YQ

Mean (m) TD −8.3284e−05 3.1544e−01 3.1536e−01
FD 0 3.1233e−01 3.1233e−01

Variance (m2) TD 1.5822e+01 3.7729 1.9579e+01
FD 1.5690e+01 3.9749 1.9665e+01

Skewness TD −7.4168e−04 1.1049 1.5057e−01
FD 0 1.0410 3.5072e−01

Kurtosis TD 2.3868 1.4560e+01 5.0497
FD 2.2750 1.3690e+01 5.2622

from frequency-domain (FD) cumulant spectral analysis and time-domain (TD)
simulation are compared. Two and three dimensional FFT techniques are applied
in bi- and tri-spectral analyses. The number of FFT points is 128 and the cylinder
is discretized into 15 elements. Cubic approximation of the Morison drag force
and quartic approximation of the inundation drag based on MBA approach are
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employed. Computational time for cumulant spectral analysis is about 25 times
less than that for time history simulations.

For both wave forces and structural displacements, the cumulants estimated
in the frequency-domain are close to the simulation results. The importance of
including inundation is illustrated where the kurtosis of YQ is two times larger than
that of YF . The kurtosis of total Morison drag (shown in parenthesis) is smaller
than that of the local drag (8.6667), which can be attributed to spatial correlations.
Due to the linear filtering effect, the kurtosis of modal displacement is smaller than
that of modal force, indicating lesser deviation from Gaussianity. This can be also
seen from the perceptible differences in the spectral surface variation exhibited in
the tri-spectra (for ω3 = 0) of the modal force Q and modal displacement YQ as
shown in Figs. 7 and 8.

Fig. 7. Trispectrum of Q.

Fig. 8. Trispectrum of YQ.
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Table 5. Effects of wave nonlinearities.

Mean Variance Skewness Kurtosis

F −7.9515e−01 1.2457e+05 −1.1082 8.3828 (11.4201)
YF −3.6895e− 03 1.7611e+01 −1.0759e−01 2.8049

The above results are based on the case of linear random waves. To investigate
the effects incurred by wave nonlinearities, Table 5 lists the first four moments of the
total Morison force F and induced modal displacement YF , based on second-order
Stokes wave theory (Sec. 5.2).

Compared with the data in Tables 3 and 4, stronger non-Gaussianities are
observed: (a) For both F and YF , the skewness no longer tends to be zero, implying
the emergence of second-order superharmonic phenomena that is not existent in
the linear random wave case (b) kurtosis values of F and drag D (shown in brack-
ets) increase for around 30%; and kurtosis of YF increases for more than 15%. The
increases in variance are also observable.

6. Concluding Remarks

It is shown in this chapter the complexity in performing stochastic analysis of
fixed offshore structures. The frequency-domain treatment of two types of drag
nonlinearities arising from wave loadings is presented. Volterra series and cumulant
spectral analysis approaches for higher-order spectral analyses of Morison force,
inundation force and the resultant total force are discussed. Least squares and
moment-based polynomial approximations of drag nonlinearities are presented for
the frequency-domain manipulations.

For the example illustrated, the response power spectra and cumulants obtained
using cumulant spectral analysis are in good agreement with simulation results, but
with less computational time. Inundation has the effect of increasing the response
skewness and kurtosis. The need for including wave nonlinearities is confirmed by
the numerical results.
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CHAPTER 7

APPLICATION OF RELIABILITY METHODS TO
FATIGUE ANALYSIS AND DESIGN

PAUL H. WIRSCHING

Department of Aerospace and Mechanical Engineering
The University of Arizona, Tucson, AZ, USA 85721

E-mail: phw@u.arizona.edu

Fatigue is generally considered the most important failure mode in mechanical and

structure systems. Modern reliability methods are available for managing the relatively
large uncertainties in fatigue design factors. This chapter provides a review of fatigue
reliability methods.

1. The Fatigue Process

The physical process of fatigue is described in Fig. 1. Under the action of a long-
term oscillatory stress, a fatigue crack initiates typically (but not always) on the
surface at a point of stress concentration. In the second phase, the crack grows in
a direction orthogonal to the stress. In the final phase, the crack reaches a point
where the remaining material cannot support the quasi-static peak load.

Fatigue strength can be defined by an S-N curve as shown in Fig. 1. Fatigue
data is characterized by relatively large scatter as measured by the coefficient of
variation, CN , which can range from 25% to 150%.

It has been reported that fatigue accounts for 80% to 90% of all observed ser-
vice failures in mechanical and structural systems. Fatigue failures are often catas-
trophic; many have come without warning and have caused significant property
damage as well as loss of life. And many fractures have been observed in applica-
tions where failures previously had not been encountered.

There are several reasons for the dominance of this failure mode and the diffi-
culties in trying to design to avoid it. First, the process is inherently unpredictable
as evidenced by the statistical scatter in laboratory data (see below). Fatigue is a
very subtle process and it is very difficult to translate laboratory data of material
behavior to field predictions. Environments (corrosion, thermal) play a very impor-
tant role as does geometry and the nature of the loading (torsion, axial, bending).
It is extremely difficult to accurately model the mechanical environments to which
the system is exposed over its design lifetime. In summary, the fatigue problem
involves very complicated interactions of several processes.

125
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Fig. 1. The physical process of fatigue.

2. Engineering Descriptions of Fatigue Strength

Texts on fatigue by Dowling,1 Frost et al.,2 Stephens et al.,3 Almar-Ness,4 and
Gurney5 are but a sample of definitive references on fatigue. These texts describe the
three fundamental models of fatigue strength that are commonly used by engineers.

(i) Characteristic S-N curve. Examples are provided in Figs. 1 and 2. Plotted
on the ordinate is the stress level (typically amplitude or range of a constant
amplitude stress process). Cycles to failure are plotted on the abscissa. This
is the most commonly used model for design for high cycle fatigue (more than
roughly 104 cycles)

(ii) The general strain life model. This is an extension of the basic S-N model to
include “low cycle” fatigue in which the material experiences cyclic plasticity.
Total strain amplitude is plotted versus life. Life predictions are made using
what is called “local strain analysis”.

(iii) Fracture mechanic fatigue model. It is assumed that there is a pre-existing crack
(or flaw) that grows under each load cycle. The crack grows until it reaches
a critical crack length when fracture occurs. Fatigue strength is defined by a
da/dN (crack growth rate) versus ∆K (stress intensity factor range) curve.

The focus of this chapter will be on the characteristic S-N approach. Reliability
methods that are presented here for the S-N model apply as well to the fracture
mechanics and strain-life models as well.
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Fig. 2. A summary of fatigue testing.

The S-N curves representing fatigue strength can be defined in laboratory tests
in which a smooth “dogbone” specimen is subjected to a constant amplitude stress S

(amplitude or range) as shown in Fig. 2.
The testing machine runs until the specimen breaks, cycles to failure N are

recorded. S is plotted as a function of N in log-log space as shown.
If the S-N data tend to follow a linear trend in log-log space, the following

relationship is implied:

NS m = A, (1)

where m and A are empirical constants, called the fatigue strength exponent and
the fatigue strength coefficient respectively. This model is very useful because of its
simplicity. It provides a reasonable level of accuracy for strength of welded joints
and those components for which life is dominated by the crack propagation phase.

3. Miner’s Rule

Two examples of one common form of variable amplitude loading is shown in Fig. 3.
These random processes would be typical of stresses in components of ground, flight,
and marine vehicles. Wind, ocean wave, and earthquake environments produce
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Fig. 3. Examples of variable amplitude loading.

stresses of this general nature. Other variable amplitude processes such as vehi-
cle loading on a bridge, loads on cranes, etc. would have a different signature.

Narrow band stress as shown is characterized by a quasi-constant period whereas
several frequencies seem to participate in wide band stress.

The basic goal of analysis is to predict fatigue life under variable amplitude
stress.

Almost all available fatigue date for design purposes is based on constant ampli-
tude tests. In practice however, fatigue stresses are typically variable amplitude or
random. The key issue is how to use the mountains of available constant amplitude
data to predict fatigue in a component. While many models have been proposed
for life prediction under variable amplitude loading, the original model, a linear
damage rule, originally suggested by Palmgren6 and developed by Miner7 main-
tains its popularity because of its simplicity, and because no other model seems to
consistently perform any better. As a result, Miner’s rule is enshrined in almost
every design code worldwide.

Miner’s rule is illustrated in Fig. 4. A random process is decomposed into block
loading. Consider the first block. At stress level, S1, there are n1 cycles applied.
But the S-N curve indicates that it would take N1 cycles to failure at S1. Thus
n1/N1 can be thought of as fractional damage and it follows that failure will occur
when the sum of all of the fractional damages exceed one.

Miner’s rule is popular because of its simplicity. Any realization of a long-term
stress process can be decomposed into blocks of constant amplitude stress such as
shown in Fig. 4. Subsequent application of Miner’s rule is straightforward.
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Fig. 4. Overview of Miner’s rule.

In the special case where fatigue strength is defined by Eq. (1), it can be shown8

that fatigue damage can be expressed as

D =
n

A
E(Sm), (2)

where n is the number of cycles of application, D is the damage accumulated from
n cycles, and S is a random variable denoting the stress range.

It is often convenient to express damage in terms of an equivalent constant
Miner’s stress, denoted as Se where

D =
n

A
Sm

e , (3)

and

Se =
[
E
(
Sm
)]1/m

. (4)

For many applications it has been found that the Weibull distribution provides
a good fit to the long term distribution of stress ranges. The distribution function
of the Weibull is,

FS(s) = 1 − exp
[
−
(s
δ

)ξ
]

for s > 0, (5)

where ξ is the Weibull shape parameter and δ is the Weibull scale parameter. It
has been found for both marine and aerospace application that ξ typically is in the
range 0.70 to 1.5.

For the Weibull, the general expression for E(Sm) is,

E(Sm) = δmΓ
(

m

ξ
+ 1
)

. (6)

Damage D is then computed by substituting Eq. (6) into (2).

www.EngineeringBooksPDF.com



October 26, 2005 11:26 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch07

130 P. H. Wirsching

Computation of fatigue damage as described above is based on the assumption
that the stress process is narrow band (see Fig. 3) and that all stress cycles are
clearly identified. However for irregular stress histories, e.g. wide band stress, it is
not so easy to define stress cycles. The rainflow algorithm [Dowling1] provides a
method for counting stress cycles. Wirsching and Light9 and Lutes and Larsen10

have presented simplified methods, based on rainflow counting, for quantifying wide
band damage.

4. Uncertainties in the Fatigue Process

The total uncertainty in the fatigue process has both physical (evidenced by scatter
in data) and modeling uncertainty (analysis assumptions for models used) making
major contributions. A brief summary of these uncertainties follows.

4.1. Strength modeling error; The quality of Miner’s rule

Because Miner’s linear damage rule has a very simple form, it should be expected
to have significant modeling error. Damage, D, at failure is denoted as ∆. A brief
summary of tests on the quality of Miner’s rule, i.e. observed median and coefficient
of variation (COV) of ∆ is provided in Table 1.

As a default value, this author13 has used Median(∆) = 1.0, COV(∆) = 0.30.

4.2. Strength uncertainty

Fatigue tests to define the S-N curve have are subject to considerable scatter. Typ-
ically welded joint data show a COV ≈ 0.50 on life, N , but pooled data can be
as high as 1.50. For smooth specimen data, the COV of N at high stresses can
be approximately 0.10 and for low stress something like 0.70 to 1.00. The COV of
stress, S, given N is typically 0.10. It should be emphasized that these are only
approximate values as the scatter is highly dependent upon the material and the
type of test.

4.3. Stress uncertainty

In general the total environment to which a system is subjected over its intended
service life will be a random process. This is physical uncertainty. Then there will
be modeling error associated with the analysis process: (1) Translating environment
to loads on the system, (2) performing the static/dynamic analysis typically with a

Table 1. Example data on ∆.

Median(∆) COV(∆)

Miner,7 the original study 0.95 0.26
SAE,11 comprehensive fatigue study 1.09 0.90
Shin and Lukens,12 extensive survey 0.90 0.67
Gurney,5 survey of welded joint data 0.85 0.28
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finite element computer code, and (3) computing the fatigue process at the fatigue
sensitive point. While the uncertainty analysis should be done on a case by case
basis, it is usually impractical to invest in a large experimental program.

In the first approximation, the simplest model is to use a blanket random vari-
able, B, that includes all stress uncertainty. For example when Miner’s stress is
used, B is defined by the stress equation,

E[Sm] = BSe, (7)

where Se would be defined as the best estimate of Miner’s stress. Typical values of
B are 0.10 to 0.15 for reasonably well defined loads in general mechanical systems,
0.20 to 0.25 for general civil structures subject to environmental loads.

5. Managing Uncertainty; Structural Reliability

Methods of structural reliability are used to manage uncertainties, i.e. probabilities
of failure, or indices thereof, are estimated relative to the intended service life. Given
the stress level, life N can be expressed as a function of random design factors, X .
Given the intended service life, NS , the probability of failure is,

pf = P
[
N(X) ≤ NS

]
. (8)

In general this will be a very difficult calculation and numerical methods are
used. There are several excellent references that discuss how to estimate probabili-
ties of functions of random variables, e.g. Madsen, Krenk, and Lind,14 Melchers,15

Haldar and Mahadeven.16 Methods of probability estimates are both analytical and
experimental (i.e. Monte Carlo).

There are also several computer codes that automate the probabilistic analyses.
For example, NESSUS (Southwest Research Institute) has the following methods,
(1) the mean value method, (2) first order reliability method (FORM), (3) advanced
first order reliability method (FPI), (4) second order reliability method (SORM),
(5) Monte Carlo, (6) plane based adaptive importance sampling, (7) curvature based
adaptive importance sampling, (8) radius based importance sampling, (9) advanced
mean value method (AMV), (10) latin hypercube, and (11) response surface
method. These include what is generally considered the most popular numerical
approximation methods. Any or all of these techniques can be employed in the
fatigue reliability problem and the selection depends in part upon the form of N(X).

6. Example. The Lognormal Format

This is one example where direct probabilistic analysis can be performed. First
define the limit state. From Eq. (3), at failure, n = N cycles to failure, and D =
∆, damage at failure. Introducing the variable B (see Eq. (7)) the expression for
damage can be written in terms of N .

N =
A∆

BmSm
. (9)
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Note that this is an explicit function, i.e. it can be written in closed form. It is
also a multiplicative function. And if it can be assumed that B, A, and ∆ all have
lognormal distributions, then N also will be lognormal. Invoking the properties
of the lognormal distribution along with Eq. (8), a closed form expression for the
probability of failure results. The exact form of the probability of failure is

pf = Φ(−β), (10)

where Φ is the standard normal distribution function and β is the safety index
defined for this limit state as

β =
ln(Ñ/NS)

σln N
, (11)

where the tilde denotes median values, and

Ñ =
Ã∆̃

B̃mSm
e

, (12)

σln N =
√

ln
[(

1 + C2
∆

)(
1 + C2

A

)(
1 + C2

B

)m2]
. (13)

The C’s denote coefficients of variation.
This author in Refs. 13, 17, and 18 has discussed the lognormal format applied

to fatigue.
The lognormal format has the following features:

(i) It provides an exact and easy to use closed form expression for the safety index.
(ii) In general, lognormal models are known to provide a good fit to most design

variables.
(iii) Extensive (unpublished) studies by the author have shown that the lognormal

provides the best fit (relative to other widely used two-parameter models) for
cycles to failure data in fatigue.

Example: The best estimate Miner’s stress range in a butt welded joint is Se =
8.0 ksi. Uncertainty in the stress range is quantified by the random variable B,
assumed to be lognormal with median and COV.

B̃ = 1.0, CB = 0.15.

The fatigue strength coefficient A is assumed to have a lognormal distribution
with median and COV, (UK DEn/HSE, D-curve19,20)

Ã = 1.21E10 (ksi units), CA = 0.51.

The slope of the S-N curve is m = 3.0.
Uncertainty in Miner’s rule is modeled with the random variable, D, also

assumed to have a lognormal distribution with median and COV,

∆̃ = 1.0, CD = 0.30.
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Goal of analysis. Estimate the safety index and the probability of failure for a service
life of NS = 2 × 106 cycles.

Solution: First compute the median life by Eq. (12):

Ñ = 2.36E7 cycles

Then the standard deviation of lnN by Eq. (13):

σlnN = 0.72

The safety index is computed from Eq. (11).

β = 3.43.

The estimated probability of failure is,

pf = Φ(−β) = 3E − 4.

7. Same Example . . . Different Statistical Distributions

For the above example, an exact solution from probability theory was available.
This was possible because the life was an explicit multiplicative function and all
design factors had lognormal distributions. In the more general case where the
life function is continuous, but not multiplicative or has all lognormal variates, a
numerical solution is necessary. (See Sec. 5.)

Consider the above example with a change of distributions, ∆ is normal, B is
Type I EVD, and A is Weibull. While the median and COV is useful for the log-
normal, the means µX and standard deviations σX are necessary for the other dis-
tributions. For the lognormal, the relationship between the parameters is given as

µX = X̃
√

1 + C2
X CX =

σX

µX
(14)

Using these forms, the parameters are given in Table 2.
The limit state function is,

g = N − NS

=
∆A

BmSm
e

− NS . (15)

Upon execution of Prorgram NESSUS (SORM option), the estimated safety
index and failure probability is,

β = 2.61, pf = 0.0045.

Table 2. Definition of distributions.

Distribution Mean, µX Standard deviation, σX

D normal 1.04 0.313
B Type I EVD 1.01 0.152
A Weibull 1.36E10 6.92E9
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8. Reliability Analysis when Life is an Implicit Function

An implicit function is loosely defined as a function in which the relationship
between the response (dependent) variable and the independent variables does not
have a simple closed-form expression. Such a function may be defined by a com-
puter code (e.g. a local strain analysis code, a finite element code) in which life N is
computed as a function of several variables, Xi, i = 1, n.

N(X) = N(X1 · · ·Xn). (16)

The problem is that the code has to be run whenever a function evaluation is
required and a FORM/SORM might require up to 1000 function evaluations. Now
when the limit is an explicit function (see above examples), this operation may take
a very few seconds on a PC. But when a large computer code, taking significant clock
time, is required for one function evaluation, FORM/SORM becomes impractical.

The advanced mean value (AMV) method developed by Wu et al.21 is an efficient
algorithm for performing reliability analysis, using a minimum number of function
evaluations, when the limit state function is implicit.

Steps in the execution of the AMV method are:

(i) Approximate N(X) by a linear form,

N(X) = a0 +
n∑

i=1

ai(Xi − µi), (17)

where µi is the mean value of each of the n random design factors, Xi. Not-
ing that the coefficients, ai through an are just the partial derivatives of the
variables, estimates can be made by function evaluations that perturb each
variable individually about the mean (all other variables at their mean values)
a small amount, i.e. ai ≈ ∆N/∆Xi.

(ii) A FORM or SORM is run using the linear form to approximate the cumulative
distribution function (cdf) of life, N , at specific discrete points in the sample
space of N . (The number of points is arbitrary, but four points on either side of
the mean going to ±3 or 4 sigma generally will provide a reasonable estimate
of the cdf.) This gives a “first-order” estimate of the cdf of N . In general, this
is not expected to be an “accurate” solution because the limit state is being
approximated by a linear function.

(iii) A second-order improvement in the cdf is made by re-evaluating N using the
design point from the SORM analysis at each of the discrete probability levels
defined in step (ii).

It has been shown in unpublished studies that for a well behaved limit state a
reasonably accurate cdf can be constructed with as few as 14 function evaluations.
For the same level of accuracy, the response surface method requires about 80 func-
tion evaluations. Direct Monte Carlo may require well over 100 000 depending on
the requirement on the extent of the tails.
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9. Comments; A More General Case Where System Reliability is
a Consideration and Maintenance is Performed

The fracture mechanics model is useful for structural health maintenance. Con-
sider a member having a growing fatigue crack. The crack growth rate is random.
Periodic inspection is performed. The member is repaired/replaced when a crack
is discovered that is deemed to be “dangerous”. But discovery is uncertain. Prob-
ability of detection curves are used to assess the chances of finding a crack of a
given length. But the restored member now has a new random crack growth rate.
Clearly the process is discontinuous. In order to estimate reliability over the service
life, special techniques must be employed, but generally simulation is required.
This is particularly the case when there is a structural system of components
involved.

Wirsching and Mansour22 provide a more detailed overview of the maintenance
problem.

10. Fatigue Design Criteria

Fatigue design criteria can be based on a maximum allowable failure probability or
minimum allowable safety index in which the designer is required to perform a prob-
abilistic analysis. But reliability technology can be used to translate a maximum
allowable failure probability into user-friendly safety factors. The following meth-
ods, all used by various agencies and companies, are demonstrated in the following
using a very simple example.

The methods presented are: (1) The design stress approach, (2) target damage
level, (3) factor of safety on life, and (4) partial safety factors.

The basic design requirement, stated in terms of both a target (minimum allow-
able) safety index and target (maximum allowable) probability of failure.

β0 = 2.0, p0 = Φ(−β) = 0.0228.

The intended service life (design life), NS = 2E6 cycles.
The UK Department of Energy D-Curve is specified as the S-N curve to be used.

Values of the fatigue strength exponent, m, and the fatigue strength coefficient, A,
and design value A0, are given in Table 3.

Table 3. Parameters for examples.

Median COV

∆ 1.0 0.30
B 1.0 0.15
A 1.21E10 (ksi) 0.51
A0 4.64E9 (ksi)
m 3.0
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These are the same parameters that were used in Example, Sec. 6. The design
factors, ∆, B, and A are assumed to have lognormal distributions so that the log-
normal format can be used.

10.1. Fatigue design criteria; The design stress approach

Using the lognormal format described in Sec. 6, the safety index can be written as

β =
ln
(
Ñ/NS

)
σln N

=
ln
[

∆̃Ã
B̃mNSSm

e

]
σln N

. (18)

For safe design β > β0 = 2.0.
Solve Eq. (18) for Se:

Se <

[
∆̃Ã

B̃mNS exp(β0σln N )

]
. (19)

Here σlnN = 0.72 (see Example, Sec. 6). Substituting the parameters into Eq. (19),

Se < 11.3 ksi.

The design stress approach is used by ABS in its Rules for Steel Vessels.23

10.2. Target damage level

This is a common approach used by designers. First compute damage at the end of
the service life, NS :

D =
NSSm

e

A0
, (20)

where A0 is the design curve. This will be a curve on the safe (lower) side of the
S-N data. For the HSE data, it is shifted to the left from the median curve, two
standard deviations on a log basis.

Design is safe if D ≤ ∆0, and the goal of analysis is to derive ∆0.
Typical values in codes

∆0 = 0.50 general

= 0.10 serious failure consequences.

Given: Parameters of the random design factors and β0, the target safety index, a
probability based ∆0 can be derived:

∆0 =
λ∆̃

B̃m exp(β0σln N )
, (21)

λ =
Ã

A0
. (22)

From the previous example,

β0 = 2.0, σlnN = 0.72.
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Also,

λ =
Ã

A0
=

1.21E10
4.64E9

= 2.61.

Then, from Eq. (21),

∆0 = 0.62.

10.3. Fatigue design criteria; Factor of safety on life

The safety check expression for life is

N > (FSlife)NS , (23)

where N is the life that a designer would use, i.e. based on the design S-N curve.

N =
A0

Se
. (24)

The factor of safety on life is just the inverse of ∆0:

FSlife =
1

∆0
. (25)

Continuing the above example,

∆0 = 0.62.

And,

FSlife = 1.61,

used by API RP2A and other marine structural design criteria.

10.4. Partial safety factor format

Reliability technology can be employed to derive partial safety factors (PSF) . . . a
factor applied to the nominal value of each random design factor. The fatigue limit
state is defined in Eq. (15).

g =
∆A

Bm Sm
e

− NS . (26)

The three random design factors are, ∆, A, and B. A deterministic analog of
the limit state that expresses a safe condition is

(γ∆∆n)(γAAn)
(γBBn)m Sm

e

≥ NS, (27)

where γ∆, γA, and γB are partial safety factors and ∆n, An, and Bn are nominal
(characteristic) values for ∆, A, and B respectively. The goal is to derive γ∆, γA,
and γB given the target safety index, β0. Thus, when the safety check expression
of Eq. (27) is satisfied, a reliability exceeding β0 is ensured.
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The partial safety factor concept is described in Mansour, Wirsching et al. and
Mansour, Wirsching et al. [2000]. Application to the fatigue limit state is described
in the following.

The goal of analysis is to derive a safety check expression of the form

(γ1∆̃)(γ2Ã) > (γBB̃)3 S3
e NS . (28)

The process of deriving partial safety factors has been automated by Program
PSF (developed under contract with the Materials Properties Council). Here, after
some reduction,

γ1 = 0.789,

γ2 = 0.524,

γ3 = 1.20.

For convenience in design, the safety check expression should be written in terms
of the design curve, A0:

Ã

A
=

1.21E10
4.64E9

= 2.61.

Upon substitution into Eq. (28), it follows that

(0.789 ∆̃)(1.367A0) > (1.202 B̃)3 S3
e NS .

Thus the three partial safety factors are defined:

γ∆ = 0.789,

γA = 1.367,

γB = 1.202.

It has generally been assumed that

∆̃ = B̃ = 1.0.

Thus the safety check expression becomes

1.079A0 > (1.202 Se)3NS .

It is seen that the strength term is on the left side of the inequality; stress is on
the right side. Taking this one step farther:

A0 = S3
e

(
1.61 NS

)
.

The requirement reduces to a factor of safety on life of 1.61, in agreement with
the results of the example of Sec. 10.3.
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11. Concluding Remarks

(i) In general, why are reliability methods employed? Ans: (1) Probabilistic meth-
ods are convenient tools to describe physical phenomena too complex to treat
with the current level of scientific knowledge, (2) probabilistic design procedure
promise to improve the quality of engineered systems.

(ii) Fatigue design factors are subject to relatively very large uncertainties.
(iii) Reliability technology provides the analytical tools for managing the uncer-

tainties, i.e. producing cost effective designs having structural integrity.
(iv) Reliability technology can be used to derive probability based safety factors

for conventional design.
(v) A continuing problem . . . quantifying stress and model uncertainty.
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CHAPTER 8

PROBABILISTIC MODELS FOR CORROSION
IN STRUCTURAL RELIABILITY ASSESSMENT

ROBERT E. MELCHERS

Centre for Infrastructure Performance and Reliability
The University of Newcastle, Australia, 2308

E-mail: rob.melchers@newcastle.edu.au

The basic concepts in structural reliability analysis using probability theory are
overviewed and the important effect of structural deterioration is noted. For represen-
tation of material loss due to corrosion and for pitting corrosion appropriately accurate
models are required. These should account for the many variables involved in natural
environments. Recently introduced probabilistic phenomenological models for marine
immersion corrosion are then described both for general and for pitting corrosion. These
show that the nature of the corrosion process changes from being controlled by oxygen
diffusion and later by anaerobic bacterial action. This change has important implications
for longer-term prediction of general corrosion loss and for maximum pit depth. A sum-
mary is given also of the effects of steel composition, water velocity, salinity, pollution
and season of first immersion.

1. Introduction

In the design of new structures and the assessment of existing structures, long-term
durability increasingly is becoming an issue of interest. This is the case both for
offshore structures and shipping and for land-based structural systems. Because of
the uncertainties involved it is appropriate to employ structural reliability meth-
ods. In addition to models for the applied loadings Q these require probabilistic
models for the structural strength properties R(t), here shown as a function of time
since typically structural strength and capacity tend to deteriorate with time. This
must be considered in any reliability assessment. Thus models are required also to
describe the deterioration that occurs as a function of time. Structural reliability
assessment is also an important component of risk based inspection, maintenance
planning and execution and in ‘whole-of-life’ project assessment.1

Although protective measures such as cathodic protection and surface coatings
are almost invariably applied in practice, they are known to be not always wholly
effective or sufficiently robust, particularly in the splash zone and at structural
details. Evidence of this is widespread. As a result, for the design of new structures
subject to corrosive conditions the usual approach is to make an allowance for future
loss of material. For example, for ships a 10% plate thickness allowance for ‘wastage’
is typical in Classification Society rules for commercial vessels. Once this is reached
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in practice the wasted element must be replaced, usually at considerable cost. Evi-
dently, wastage allowances do not provide for localized corrosion, for example, as
might occur at welds or other locations of non-uniform materials.

Monitoring of corrosion loss can be through thickness measurements (e.g. using
ultrasonics) or through indirect methods such as the measurement of ‘corrosion
potentials’. However, indirect methods provide only the potential for corrosion to
occur but do not provide an indication of the actual rate of corrosion. Other meth-
ods, such as impedance measurements, are very difficult to use in field conditions
and are of variable reliability. Moreover, they are expensive to use and require
access to the region of interest. In addition, there is the problem of extrapolating
from highly localized data points to larger structural elements (such as ships and
off-shore structures).

None of these approaches are helpful in estimating the remaining safe life of
an existing structure. Typically a much higher level of accuracy is required, both
for predictions of structural safety and for prediction of likely future corrosion.
This requires some level of mathematical modelling of structural corrosion. The
topics of main interest to structural engineers are (i) the amount of strength (and
stiffness) loss due to corrosion that is likely to occur with time and (ii) the likely
time to penetration of steel plate or pipeline wall under given exposure conditions.
Currently available corrosion handbooks for designers typically deal with corro-
sion ‘rates’, suggesting that corrosion occurs at a constant rate, even though it has
been known for a long time from field observations that this is not usually the
case. While the corrosion literature contains a wealth of information derived from
laboratory observations, mainly electro-chemical, little of this is of direct use to
structural engineers.2 Until recently, the information available to structural engi-
neers about marine corrosion tended to be anecdotal, not well organized and of
limited in use to simple applications. It was also generally insufficient for reliability
analyses purposes.1 This situation is changing, as will be described in this chapter.
In the process, greater understanding of the corrosion process is being obtained,
and is in a form suitable for use by structural engineers. This is quite distinct from
the information typically of interest to corrosion scientists.

Most of this chapter will deal with the representation of the corrosion of mild
steel in seawater using models based on probability theory. The discussion will
focus on immersion corrosion, both general and pitting. Probabilistic models for
tidal, splash zone and atmospheric corrosion are currently under development and
are expected to follow the same general approach, even though the number of
environmental variables involved is much greater and understanding of the fine
detail of the corrosion processes is still incomplete.

This chapter is not a complete summary of all aspects of marine immersion
corrosion. It deals with the corrosion of small steel coupons as (reasonably good)
surrogates for larger steel surface areas. Readers interested in a summary of the
state of the art relevant to ships and offshore structures might consult Melchers.3,4
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2. Factors in Marine Corrosion

Corrosion of metals requires the presence of moisture. For oxidation of a metal,
oxygen must have access to the corroding surface. Inhibition or lack of either will
reduce the rate of corrosion or stop it occurring. However, increasingly it has been
recognized that under certain conditions corrosion may occur without the presence
of oxygen. As will be described below, this involves anaerobic bacterial action.

The corrosion process involves electro-chemical reactions. This recognition has
been very significant for the development of corrosion science and has had a pro-
found influence on laboratory-based experimentation. However, owing to obvious
practical difficulties it has been less helpful for in situ or field observations. The
fundamentals of the electro-chemical theory of corrosion are available in a number
of texts.2,5 There are also compendia of practical marine corrosion observations.6–8

As will become evident, these fundamental pieces of information are important for
the proper development of probabilistic models for metal corrosion loss.

Figure 1 shows the forms in which corrosion can occur for structural steels.3

So-called ‘uniform’ corrosion is the nominal loss of thickness of material as derived
from weight loss measurements. No account is taken of limited pitting corrosion,
even though it occurs to a greater or lesser degree in all marine corrosion. Hence ‘uni-
form’ corrosion is a convenient but not necessarily accurate description, although
for mild and low alloy steels corrosion usually approximates a near-uniform loss.
Uniform corrosion is of most interest for overall degradation of structural strength,
as in plates and structural members.

Pitting corrosion is important for loss of containment, such as for pressure ves-
sels and to a lesser extent shipping and offshore platforms. Crevice corrosion is
relevant mainly to stainless steels at fittings, bolts, etc. Galvanic corrosion caused
by differences in material properties around the heat affected zone of welds may
be important for strength considerations of local details and for overall strength of
stiffened plates.

uniform general corrosion

uneven general corrosion

wide pits

crevices

deep pits

wide shallow pits

Fig. 1. Corrosion types.
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It has been shown that the material properties themselves, such as elastic moduli
and yield strength are not influenced by the corrosion of adjacent material. Table 1
sets out the main types of corrosion, summarizes some characteristics and indicates
where it may be an issue for ships, offshore structures and coastal structures. The
different marine corrosion environments are shown in Table 2.

Since seawater is remarkably uniform from location to location9 it might be
expected that for ‘at-sea’ conditions there would be a general similarity between
observations. However, a superficial comparison (Fig. 2) of data for general corrosion
of mild steel coupons under immersion conditions obtained from all available sources
to 1994 suggests that this is not so, and has been used in the past to argue that it
is not possible to make sense of the various field data. Moreover, some have argued
that only field-testing can determine local corrosion rates.

Table 1. Main types of corrosion.1,3

Type of
corrosion

Material Feature Effect

General (or
‘uniform’)

mild steels, high
tensile steels

roughly uniform
over extended areas

reduction in plate
thickness, structural
capacity

Pitting limited for mild
steels, mainly high
tensile and stainless
steels

highly localized
penetration, often
with clusters of pits

local reduction in
thickness and stress
intensification, possibly
leakage

Crevice mainly stainless
and some high
tensile steels

highly localized
elongated
penetration

localized stress
intensifcation, local
failure

Galvanic dissimilar metals in
contact

localized localized severe
material loss

Table 2. Corrosion environments (E = vector of envi-
ronmental and material parameters).1

Factor Ei Importance

bacteria very important, long-term
biomass likely of low importance
oxygen supply very important, shorter term
carbon dioxide little importance
salinity not important by itself
pH important
carbonate solubility not very important
pollutants importance varies
temperature very important
pressure not important
suspended solids not important
wave action important
water velocity important
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Fig. 2. Compilation of general immersion corrosion data from all available field data sources to

1994. The 5 and 95 percentile confidence bands are also shown.3,10

The data in Fig. 2 shows a large degree of scatter. This is due to (i) not all
environmental and material variables having been properly isolated, (ii) a prepon-
derance of short-term data, often from laboratory trials using artificial seawater and
(iii) a lack of an appropriate theoretical model on which to base data comparisons.
Although simplistic models11,12 can be developed from Fig. 2, it is possible to do
much better, as will now be described.

3. Probabilistic Model for Marine General Corrosion

3.1. General form

As seen in Fig. 2, actual field observations, being obtained under imperfect con-
ditions, typically display variability. Since there are many factors (Table 2) that
are unlikely to be known precisely, unlikely to be measured accurately or cannot be
controlled, it is essential that a comprehensive model for corrosion loss as a function
of time take an account of uncertainty. Such a model has been proposed earlier for
immersion corrosion loss as a function of time t11–14:

c(t,E) = b(t,E) · fn(t,E) + ε(t,E), (1)

where c(t,E) is the weight loss of material, fn(t,E) is a mean valued function,
b(t,E) is a bias function, ε(t,E) is a zero mean error function (a probability ‘bucket’)
and E is a vector of environmental (and material) parameters.

To use (1), models must be developed for each of its functions. The key element
is the mean value function fn(t,E). A model (Fig. 3) for it for ‘at-sea’ conditions
has been developed13 based on theoretical corrosion science concepts and suitable
laboratory observations.15
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Exposure Period

Corrosion
loss
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ta
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ca

ro
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ra

Phase 1 2 3 4

Transition

0

Aerobic Anaerobic

Fig. 3. Immersion corrosion loss as a function of exposure period, showing changing phases of
corrosion process — schematic.13

3.2. Mean value model

The mean-value function fn(t,E) has a number of sequential phases. Each corre-
sponds with a (different) process controlling the (instantaneous) rate of corrosion.
By restricting attention mainly to ‘at-sea’ conditions, the waters are on average
fully aerated, have low velocity and low wave action, unpolluted and are of average
ocean seawater salinity. The phases of the model may be summarized as follows.13

Phase 0

This phase is a very short time period during which corrosion is under ‘activation’
or kinetic control and is governed by the rate at which local chemical reactions can
occur unhindered by external diffusion or transportation limitations.

When the steel surface is first exposed to seawater, it will be subject to invasion
marine organisms. Also, its corrosion behavior will be governed by cathodic and
anodic polarization, involving dissolution of the Fe ions and their diffusion away
from the metal surface into the electrolyte according to

Fe ⇒ Fe++ + 2e−, (2)

and oxygen supply to the corroding surface and the uptake of electrons from (2)
according to:

O2 + 2H2O + 4e− → 4OH−. (3)

The development of anodic and cathodic polarization will be a transient and very
short-term process before equilibrium is established. Although either of (2) or (3)
could control the corrosion process, it has been established that the diffusion of
metal ions is not normally the limiting condition.16 The consumption of oxygen at
or near the corroding surface reduces the local oxygen concentration and leads to
an oxygen flux towards the corroding surface. In practice this process often soon
takes over as the process controlling the rate of the corrosion.
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Phase 1

This phase is the period of ‘oxygen concentration’ control, in which the corrosion
rate is governed by the rate of arrival of oxygen through the water and corrosion
product layer to the corroding surface.2 While the diffusion processes involved are
not (quite) linear it is sufficient for practical application to model it as a linear func-
tion r0.13 As would be expected from theoretic considerations the initial corrosion
rate r0 was found to correlate well with Arrhenius equation.

The rate of corrosion r0 under concentration control is proportional to the lim-
iting discharge current i for oxygen diffusion (or ‘corrosion current’), given approx-
imately by2:

r0 ∞ i =
nFDC

δ
, (4)

where δ is the thickness of the diffusion layer immediately adjacent to the corroding
surface and which represents the region in which oxygen concentration draw-down
occurs, n is the number of electrons taking part in the discharge of the oxygen
molecules according to (3), F is the Faraday constant, D is the diffusion coefficient
for oxygen and C is the concentration of oxygen in the bulk seawater (i.e. away
from the corroding surface).

Laboratory observations have shown that the diffusion layer thickness δ is
reduced by water velocity and turbulence. Hence i and thus the rate of corrosion,
is increased. This has been verified for field conditions.17 It is also likely to be the
case for ‘at-sea’ conditions due to wave and current action. Due to turbulence and
mixing, fully aerated conditions are usually assumed for ‘at-sea’ conditions.

In stagnant waters the water in the region near the corroding surface may
become so depleted of oxygen that the transport of oxygen from the air-water
interface and through the water to the corroding material becomes the limiting
criterion. Typically this results in very low rates of corrosion.

Phase 2

The corrosion rate in this phase is controlled by the rate of oxygen diffusion through
the increasing thickness of corrosion product to the corroding surface. It is therefore
a non-linear function in time. The theoretical description18 follows from the fact
that the rate of oxygen supply depends on the rate at which oxygen can permeate
through the corrosion products and any marine growth, modelled as:

dO2

dt
=

k(C0 − Ci)
Dcp

, (5)

where O2 is the transfer mass of oxygen, C0 is the concentration of oxygen in the
bulk seawater, Ci is the concentration of oxygen at the corrosion interface, Dcp

is the diffusion coefficient for the corrosion products and k is a constant. If the
reaction is controlled by the rate of arrival of oxygen, it will be consumed as soon
as it arrives at the corrosion interface, thus Ci is zero.

www.EngineeringBooksPDF.com



October 26, 2005 11:27 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch08

148 R. E. Melchers

Theory and field data show that there is a linear relationship between oxygen
consumption and corrosion2,7 and hence the corrosion rate should be directly pro-
portional to C0. This allows the mass-loss with time to be derived.18 In the simplest
case of a uniform density corrosion product, the amount of (general) corrosion c(t)
is given by:

c(t) =
√

a · t + b, (6)

where a and b are constants. In the (theoretically impossible) case of diffusion
control from the very beginning of exposure, (6) becomes (with b small) the well-
known ‘square root’ function:

c = d · t0.5 + e, (7)

where d and e are constants. More generally, allowance must be made for non-
uniformity of corrosion product and for phase 1 behavior (see above). As a result
the exponent will be less than 0.5. In addition, calibration is required to empirical
data.18

With the build-up of the corrosion product layer with time, the rate of supply
of oxygen to the corroding surface will decline and eventually widespread anaerobic
conditions will set in between the corrosion product and the corroding metal. This
is modeled as occurring at point AP in Fig. 3. It has been recognized for many years
that long-term corrosion behavior departs from (7) and involves sulphate-reducing
bacteria.19,20 These are ubiquitous in nature.

Phase 3

In this phase the corrosion process is controlled by sulphate-reducing bacteria (SRB)
under anaerobic conditions, assumed established more or less uniformly over the
corroding surface at the end of phase 2 (i.e. at AP). In reality there will be some
degree of non-homogeneity and the resulting transition is shown schematically
in Fig. 3. Field observations for mild and low alloy steels21 and microbiological
considerations19,20 indicate that during phase 3 there is a period rapid growth of
sulphate reducing bacteria (SRB) with high corrosion. A mathematical model for
this is currently being developed.

Phase 4

This phase is currently assumed to be linear in time, supported by (limited) long
term observations for a variety of steels. These also suggest that the corrosion rate
is largely independent of the actual activity levels of the SRB provided their activity
remains sufficiently stimulated by replenishment of nutrients.22

3.3. Calibration of mean value model

As noted, detailed mathematical modelling for fn(t,E) is at the present time lim-
ited to phases 1 and 2. However, this has not been necessary for model calibration
using the parameters shown in Fig. 3.13 Limiting to ‘at-sea’ conditions, allows most
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of the factors in Table 2 to be eliminated. The most important remaining factor is
mean seawater temperature, shown earlier23 to be a significant influence not only
for structural steels but also for copper-nickel and aluminium.24,25 Thus fn(t,E)
becomes fn(t, T ) and similarly for b(t,E) and ε(t,E). The functions fitted to the
parameters tq, ca, r0, ra, cs and rs in Fig. 3 have been calibrated both for structural
steels13 and for copper-bearing steels26 and are summarized as functions of average
seawater temperature T in Table 3.27

For many practical engineering applications only relatively short-term corrosion
is of interest since repair or maintenance action will normally be taken before cor-
rosion becomes too severe. The initial corrosion rate r0 as a function of average
seawater temperature is shown in Fig. 4.

Table 3. Calibrated parameters for fn(t, T ) as a function of T .

Parameter Functional relationship Correlation coefficient

ta ta = 6.61 exp(−0.088T ) R = 0.99
ca ca = 0.32 exp(−0.038T ) R = 0.944
r0 r0 = 0.076 exp(0.054T ) R = 0.963
ra ra = 0.066 exp(0.061T ) R = 0.97
cs cs = 0.075 + 5678T−4 —
rs rs = 0.045 exp(0.017T ) R = 0.71
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Fig. 4. Initial corrosion rate r0 as a function of average seawater temperature T .
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Fig. 5. Corrosion loss — exposure period plots for mild steel as a function of average seawater
temperature.26

However, it can be quite misleading to use this rate for extended time periods
since, as indicated in Fig. 3, the corrosion process changes with time and the changes
are functions of seawater temperature. This is illustrated in Fig. 5. It shows that the
total amount of corrosion loss departs considerably from linearity and in some cases
produces a higher corrosion loss for lower average temperatures, a matter that has
been viewed as caused primarily by hard marine growth in other observations.28

When there is a considerable annual variation in seawater temperature, the
seasonal timing of the exposure of the steel to corrosion can have an influence on
the form of the corrosion loss — time curve.4,6 Importantly, in cases where variation
is likely to be important standard practice is to time exposure to produce the worst
effect — thus exposure in springtime is typical. The above relationships are based on
this assumption. Where first exposure coincides with lower seawater temperature
conditions for an extended period, it is a simple matter to make an appropriate
allowance.

3.4. Bias and uncertainty functions b(t, T ) and ε(t, T )

The bias function b(t, T ) can be estimated by comparing the predictions of the
mean-value model fn(t, T ) with the mean values of the corrosion loss c(t) for given
T obtained from field trials.14 This showed that b(t, T ) is in the range 0.9–1.1 for
the aerobic phases 1 and 2 (Fig. 6). At some sites serious excursions were found
only in the anaerobic phases. Since the SRB are very sensitive to nutrient levels,
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Fig. 6. Typical bias function b(t, T ) as a function of dimensionless exposure period.

the possibility of water pollution was investigated for a number of sites and this
appears to correlate well (see below).

Since E is a multi-variate random vector, it would be expected that in the ideal
case ε(t,E) would be represented by a multi-dimensional joint probability density
function, dependent on t. In practice there is insufficient information for such a
complete description and it has been proposed to represent ε(t,E) simply as

ε(t,E) = ε(t, T ) ≈ N(0, σT ), (8)

where N(0, σ) is the (multi-variate) standard normal probability density function.
The standard deviation σT (t, T ) is then

σ2
T =

n∑
i=1

σ2
i , (9)

where σi is the standard deviation of variable i. Thus the total uncertainty σT is
defined completely by (9) once the individual uncertainties σi are determined.

There are very few suitable data available to estimate ε(t, T ). Typically, only
the mean of (usually only) two coupon weight-loss (i.e. corrosion loss) results are
reported in the literature. Figure 7 shows some results including specially commis-
sioned observations at Taylors Beach and Coffs Harbour, Australia.29

Figure 7 shows that the CoV for coupon variability is around 0.03–0.07 for all
t provided t/ta < 1.5. This range includes aerobic and early anaerobic conditions.
Considerably higher values can occur in the later anaerobic region. For unpolluted
waters the CoV appears reasonably constant with time. Also, variability will be a
function of seawater temperature and the following preliminary function has been
proposed14:

σc(t, T ) = (0.006 + 0.0003 T )(t/ta), for t/ta < 1.5. (10)

Variability due to differences in metal composition and in site location have been
described in the literature.14
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3.5. Example application

As an example, consider the expected corrosion loss at 15◦C average seawater
temperature.1 From Table 3 the corrosion model parameters are ta = 1.7 years, ca =
0.18mm, r0 = 0.18mm/year, ra = 0.175, cs = 0.175mm and rs = 0.06mm/year.
These allow the mean-value function to be constructed. Also the curves represent-
ing one standard deviation may be constructed similarly as shown in Fig. 8. For
simplicity the bias function was assumed unity throughout.14

4. Probabilistic Model for Marine Pitting Corrosion

4.1. Background

Pitting corrosion of steels used for structural purposes (i.e. mild and low alloy
steels) may be important for applications involving containment systems such as
a tanks, pipelines or (nuclear) waste containers and in this case pit growth as a
function of time of exposure is primarily of interest. Laboratory observations show
that some corrosion pits initiate, grow a limited amount and then stop, while others
will grow rapidly in much the same environment.30,31 Typically it is assumed that
pits are hemispherical and grow in depth (and diameter) according to a power law
relationship given by

x = atb, (11)
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Fig. 8. Example mean-value corrosion-time curve and ± one standard deviation for coupon
variability and for combined composition and coupon variability for 15◦C average seawater
temperature.

with b in the range 0.33–0.5, estimated by calibration to experimental
observations.32 This model, although entirely empirical and widely used to rep-
resent pit depth growth, usually can be calibrated only to relatively short-term
test observations. Nevertheless, it has been used to estimate penetration times for
long-term exposures, such as for nuclear containments.33

Detailed laboratory observations of pit growth show, however, that for structural
steels pits may have much more complex shapes and in particular are often deeper
than suggested by (11).30 Moreover, it has been shown recently that field observa-
tions, particularly for longer exposure periods, do not correlate well with (11).34

As a result, a new multi-phase phenomenological model for pit-depth growth with
time has been proposed (Fig. 9). Evidently, it has the same general form as the
model (Fig. 3) for general corrosion but with an allowance for very early pitting
behavior.

The model for pit depth growth shows that after rapid pit depth growth in
phase 0, pitting depth will increase relatively slowly under the predominantly
aerobic conditions prevailing under phases 1 and 2. However, it will increase
rapidly when widespread anaerobic conditions are established (Phase 3 of Fig. 9).
The model is consistent with data obtained from a variety of sources when
appropriate account was taken of average seawater temperature and when the
waters are equivalent to normal unpolluted seawater. Figure 10 shows a typical
application.34

For the following discussion, let the model in Fig. 9 be represented by the generic
function f(t, A,E), where t is the period of exposure, A is the exposed surface area
and E represents a vector of factors characterizing the exposure environment, steel
composition and surface finish factors.
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4.2. Probabilistic pit growth model

Figure 9 may be considered a mean value function for pit depth. It is reasonable to
suppose that, like most natural random phenomena, the depth distribution of all
pits that will exist on a surface at any point in time can be described by the Normal
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distribution. [However, because of the practical difficulty of measuring all pits (or
a sufficiently large sample) on a surface, neither the variance nor the distribution
is usually available.] The exceedence probability for a given value of pit depth dq

can be given by:

P [d ≤ dq] = q, (12)

where dq(t, A,E) represents the qth percentile of the pit depth, i.e. This means that
there is a probability 1 − q that a pit having a depth greater than dq will occur.
The pit depth dq for an exposed surface area A can then be given as

dq(t, A,E) = b(t, A,E)f(t, A,E)|q. (13)

Here b(t, A,E) is a bias function which should be unity when f(t, A,E) repre-
sents dq(t, A,E) exactly under all conditions. The term f(t, A,E)|q indicates that
f(t, A,E) is evaluated at the qth percentile.

For practical applications in which only the maximum pit depth is of inter-
est, extreme value theory indicates that for probability distributions with expo-
nential tails (such as the normal distribution) the maximum can be described by
an extreme value distribution, such as the Gumbel distribution.35 This has been
used for nearly 50 years in pitting corrosion studies.36,37 Of particular interest is
the statistical distribution of maximum pit depth as the pits evolve over time. An
important assumption underlying this approach is that the extreme pit depths are
all statistically independent events.

Figure 11 shows measurements of maximum pit depth for coupons recovered
from Taylors Beach on the Eastern Australian seaboard plotted on the Gumbel
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Fig. 11. Maximum (relative) pit depths plotted on Gumbel paper.

www.EngineeringBooksPDF.com



October 26, 2005 11:27 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch08

156 R. E. Melchers

paper. Evidently, the data could be interpreted as consistent with a straight line,
indicating consistency with the Gumbel distribution and allowing, in principle,
extrapolation to longer exposure times and estimation of the probability of occur-
rence of greater pit depth.38 This is the most common approach and, as noted,
the one that has been used for estimating, for example, the probability of nuclear
containment perforation over hundreds of years.33

4.3. Dependence and homogeneity for maximum pit depths

A different view of the data in Fig. 11 is that it more closely can be modeled
by a bi-modal distribution consisting of an extreme value distribution for the
smaller extreme-depth pits and approximately a (narrow) Normal distribution for
the deeper extreme-depth pits.32 The proportion between these partial distributions
moves away from the exponential with time. Moreover, this bi-modal distribution is
similar to the distribution for the complete population of pit depths. For example,
the change in distribution can be seen clearly in Fig. 11 for the pits for exposure
times of up to about one year, which, for Taylors Beach, corresponds to the time
when phase 3 becomes active.

Systems reliability theory indicates that similarity between the probability dis-
tribution for the extreme pit depths and that for the underlying pit depth distribu-
tion can exist only if the extreme pit depths are highly correlated.39,40 In this case,
it follows that the probability distribution for extreme pit depth should also be
normal. This conclusion is a major departure from the accepted approach to repre-
senting the probability distribution for extreme pit depths, but interestingly, both
the data recent data for pitting of mild steel and much literature data support it.39

Moreover, it has led to a re-assessment of the basis for the common assumption of
independence between maximum depth pits, considering that in marine immersion
conditions:

(i) the metal surfaces of the coupons may be modeled as essentially spatially
homogeneous (since the coupons typically are cut from the same sheet of
metal),

(ii) the metal surfaces are all subject to a very similar local (i.e. immersion) envi-
ronment, and

(iii) the physical, electro-chemical and thermodynamic laws are highly likely to
govern all pitting behaviour similarly for similar metals and environmental
conditions.

These points indicate that the growth pattern for extreme pits should be
very similar and that therefore the extreme pit depths are likely to be highly
dependent.39 Moreover, it has also been suggested that the distribution of all pits is
not homogeneous, as is required for analyses based on conventional extreme value
theory.35,41 The reason for the non-homogeneity arises from the well-established
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observation that pit growth may be divided into two types — ‘metastable’ pit-
ting, involving delayed pit initiation or intermittent pit growth and ‘stable’ pitting,
which some pits evolve into eventually. Pitting behavior characterized as ‘super-
stable’ pitting has been advanced to account for pits that will initiate immediately
on first immersion and then continue to grow in depth in the stable-pitting mode,
that is, without interruption. Only these types of pits, having maximal stable and
minimal meta-stable pit growth behaviour, could become the extreme depth pits —
the others simply could not ‘catch-up’.40 These remarks are confined to pit depths
within phases 0–2 of Fig. 11.

4.4. Comparison

Figure 12 shows the different interpretation of pit data using a normal distribution
for the larger pit depths in the aerobic range (phases 0–2). It is evident from com-
parison to Fig. 11 that there are large differences in exceedence probabilities for
pits in the aerobic phases between the two probability models.

At the present time the statistical behavior for pitting under anaerobic condi-
tions has not been investigated in detail since the mechanisms involved in pit growth
and pit extreme behavior under anaerobic conditions are still not sufficiently well-
understood. Accordingly, the probability distribution for these more advanced pit
depths currently is still best be represented by the Gumbel distribution (Fig. 11).
However, in view of the above observations, it is appropriate to consider just the
deeper extreme valued pits rather than the complete extreme value population.
This technique is a recognized approach when changes in extreme value behavior
are known.41
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5. Other Factors

For completeness some brief observations will now be made about the effects of steel
composition, water velocity, salinity, pollution and the season of first immersion
season on general corrosion and on pitting corrosion. These factors have not so far
been incorporated in the above probabilistic models. Most effort has been focussed
on developing the necessary mean value functions and probabilistic models have
yet to be developed.

5.1. Steel composition

The chemical composition of some steels makes them more resistant to immersion
corrosion than others. Until recently efforts to use correlation studies with empirical
field data produced inconsistent and sometimes conflicting results.42 Much of this
is eliminated by invoking Figs. 3 or 9 together with very careful reassessment of the
data sources and their supplementation with additional environmental data.43,44

Figure 13 summarizes schematically the effect of particular alloys relative to mild
steel for general corrosion. A similar effect has been observed for pitting corrosion.
At this time the data is insufficient to report percentage changes.

Fundamental corrosion science considerations indicate that alloys should have
little effect on the initial corrosion rate r0 since in phases 1 and 2 the rate of corrosion
is controlled by the rate of oxygen diffusion.2,5 This means that conventional high
strength steels corrode at about the same rate as mild structural grade steels, ren-
dering the use of high strength steels problematic, such as in their use for ship hulls.

The effect of alloys may be different in different phases of the corrosion model.
A good example is the effect of chromium as an alloy. For short-term corrosion it is
beneficial, but in the longer term it can be very detrimental owing to its proneness to
attack by SRB. Importantly, the timing involved is temperature dependent, which
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explains, for example, why only beneficial effects of chromium were observed in the
7-year North Sea (10◦C) corrosion trials.45 Whilst those in the tropical Panama
Canal Zone (27.6◦C) showed detrimental effects already after about 4 years.7,21

5.2. Water velocity

The calibration of the model of Fig. 1 employed the field data for which there
typically was some wave action and sometimes low water currents. Under really
quiescent conditions the early corrosion rate is reduced, consistent with a lower
rate of oxygen supply to the coupons.46 Conversely, it is well-known that higher
water velocities increase the corrosion rate.2,5 A widely quoted relationship between
corrosion rate and velocity is due to LaQue.47 Unfortunately, it was obtained in
a short term (36 day) laboratory experiment using a closed recirculating seawater
system, casting doubt on its veracity since such a system would not provide proper
aeration and would inhibit the influence of marine growth and bacteria in the
corrosion processes. A rather different relationship was obtained in recent field
trials.48 Figure 14 shows that after a relatively short period of time (<2 months)
the effect of (tidal) water velocity effectively is to shift the corrosion — time curve
upwards. When this is reworked into average corrosion rates, the results are very
different from those of LaQue.47

5.3. Saline and brackish waters

It is often thought that waters of lower salinity are less corrosive. However, labora-
tory observations nearly 100 years ago already showed that chloride concentration
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itself has little direct effect on corrosion rates when the rate of corrosion is controlled
by the rate of diffusion of oxygen to the corroding surface. More recent studies add
confirmation even under mild water velocity conditions.15

The corrosivity of water is closely tied to the calcium and magnesium carbon-
ate balance (hardness) in the seawater and to pH.5 This is because calcium and
magnesium carbonate deposits form part of the corrosion product layer and thus
regulate the supply of oxygen to the corrosion interface. Increased pH will increase
calcite deposition owing to the changed solubility,5 providing, in the longer term,
greater protection against aerobic corrosion (phases 1–2) through limiting oxygen
diffusion.

The pH of seawater is remarkably uniform across the oceans and typically has
a daily fluctuation in the range 8.0–8.2. In coastal regions dilution by river-flows or
stormwater runoff changes (usually lowers) the pH and hence offers less corrosion
product protection against corrosion. For example, clean, neutral freshwater has a
pH of 7.0 while laboratory grade triple distilled tap water is in the range 5.5–6.0.
In some cases the diluting waters may increase the pH owing to their hardness,
lowering net corrosivity.

These remarks are relevant for the aerobic phases 0–2. There is some laboratory
evidence49 that the calcium carbonate content of water may influence SRB activity
and hence corrosion in phases 3 and 4.

5.4. Water pollution

Water pollution of coastal waters, harbors and river estuaries is often associated
with excessive corrosion; however the reasons for this to occur are seldom reported
in sufficient detail for correlation with corrosion studies. Although the chemical
composition of the seawater can influence corrosion behavior,5 in practice the con-
centrations required for this would be so high that the waters normally would be
unacceptable on environmental and other grounds.

Probably the most common pollution effect is a reduction in the dissolved oxygen
(DO) level of the water. Often this is due to the biological oxygen demand (BOD) of
the waters discharged to the seawater. This leads to a (perhaps localized) lowering
of the rate of oxygen supply to the corroding surface and in turn should lower ta
(see Fig. 3), the amount depending nonlinearly on the level of dissolved oxygen.17

A lower ta will produce an earlier onset of phase 3 and, because of the usually
high corrosion rate at the beginning of phase 3, much increased overall levels of
corrosion.

Water pollution may be associated also with nutrient discharges such as from
untreated or poorly treated sewage or storm-water run-off or, increasingly more
common, nutrient-loaded run-off from poor fertilization practices on agricultural
areas draining to the sea. It has been found in recent tests that the effect is mainly on
the anaerobic phases 3 and 4 of the model of Fig. 3, typically with much higher lev-
els of corrosion in phase 3. Earlier corrosion phases are not significantly affected.50
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At the present time there is insufficient quantitative information to prescribe math-
ematically the relationship between the level of nutrient pollution and corrosion.

5.5. Season of first immersion

The season (and hence the water temperature) of first immersion can have an effect
on early corrosion.4,6 Typically steel exposed at the beginning of the winter months
and during the winter shows a period of relatively low level of corrosion. The rate
increases during spring and summer as the waters increase in temperature. The
models of Figs. 3 and 9 are based on data for spring immersions.

6. Conclusion

The present chapter has indicated that good quality probabilistic models can be
developed for representing corrosion loss and for pitting corrosion. Such models are
necessary in structural reliability analysis such as might be applied to structural
systems, offshore platforms, pipelines and shipping. Herein only models for immer-
sion corrosion were discussed. Similar models are currently under development for
tidal and for coastal atmospheric corrosion situations although for these applica-
tions the number of environmental variables involved is very much greater and this
adds considerable complexity and difficulty to model development.

Simple linear models as implied by the ‘corrosion rate’ can be very mislead-
ing and are unable to untangle the effects of metal composition and velocity, for
example. It is necessary to recognize that there are changes in the mechanisms
controlling the (instantaneous) rate of corrosion as corrosion products build-up.
Importantly, longer-term corrosion in seawater is not controlled by oxidation but is
controlled by bacterial activity. This recognition allows also the effects of pollution
to be considered in a rational manner.

The models described herein bridge the gap between field testing and laboratory-
based corrosion science. Exponents of the former have seldom been able to develop
models with adequate predictive power, while the latter has been focussed only on
short-term behavior with little validity for predicting longer-term effects.
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Reliability analysis techniques have matured in recent years, but they are not yet widely
accepted by the deterministic community. One of the major objections is that the avail-
able techniques are not adequate to evaluate the risk of real complex structures. To
overcome this concern, a new, efficient and accurate hybrid finite element-based reliabil-
ity method is presented to evaluate the reliability of real nonlinear structures excited by
short duration dynamic loadings applied in the time domain, including earthquake load-
ing. It intelligently integrates the response surface method, the finite element method, the
first-order reliability method, and an iterative linear interpolation scheme. The method
explicitly considers nonlinearities due to geometry and material characteristics, bound-
ary or support conditions, connection conditions and the uncertainty in them. Time
domain reliability of any structures that can be represented by finite elements can be
evaluated with this approach, thus removing one of the major concerns of the deter-
ministic community. The applicability of the method is demonstrated with the help of
several examples.

1. Introduction

Despite significant recent progresses in the risk and reliability analysis techniques, a
large segment of the engineering profession is not familiar with them and thus fails
to use them in everyday practices. One of the major factors is that the available reli-
ability methods fail to capture the realistic structural behavior. They are not similar
or parallel to the deterministic methods commonly used to study the behavior of real
structures. It is believed that reliability-based design and analysis concepts will be
accepted by the deterministic community if the applications of probabilistic meth-
ods in estimating the reliability of real structures can be demonstrated. The lack
of progress so far indicates that the task is not simple. In developing an attractive
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reliability evaluation method, it is necessary to first improve the deterministic algo-
rithms used to capture the realistic behavior of a structure. The estimation of the
failure probability implies that the structural behavior just before failure needs
to be captured as accurately as possible. Major sources of nonlinearity including
geometric and material, boundary or support, and the connection conditions must
be modeled realistically. The most rigorous deterministic dynamic analysis requires
that the dynamic loadings must be applied in time domain. Thus, the reliability
analysis also needs to be conducted under similar conditions.

The finite element method (FEM) is commonly used to study the behavior of
real structures under static and dynamic loadings. The use of FEM adds two dif-
ferent challenges to the reliability community. The first challenge is how to improve
the computational efficiency of the deterministic algorithm. If standard procedures
are followed, the probabilistic algorithm could be inefficient or impractical. The
second challenge is how to incorporate uncertainty into the improved determin-
istic algorithm. For the seismic reliability evaluation, since the time history of a
future earthquake is unknown, it introduces a major source of uncertainty. The
representation of the dynamic load in the form of the power spectral density func-
tion may not be appropriate, particularly for highly nonlinear structures. Also,
since most practicing engineers are not familiar with this approach, they will not
use it. To comprehensively address some of the deficiencies in the currently avail-
able reliability methods, the authors recently proposed a hybrid approach con-
sisting of the response surface method, the nonlinear finite element method, and
the first-order reliability method to estimate the reliability of nonlinear structures
where dynamic loading can be applied in time domain. It is presented in this
chapter.

2. A Unified Time-Domain Reliability Assessment
of Real Structures

The limit state functions are essential in estimating reliability using the commonly
used first-order or second-order reliability method (FORM/SORM).1 For nonlinear
dynamic problems, limit state functions may not be available in an explicit form
or they may change with time. The proposed hybrid method attempts to address
issues associated with the reliability evaluation when the limit state functions are
implicit. Using the FEM approach and the response surface method (RSM), the
proposed method approximately generates the limit state function under a short
duration dynamic loading. However, the basic RSM is not expected to be effi-
cient if the failure region is unknown. To efficiently locate the failure region, it
may need to be integrated with the FORM. Since FORM is an iterative algo-
rithm, an efficient interpolation scheme is necessary to make the procedure attrac-
tive. The integration of these logics forms the foundation of the proposed hybrid
approach.
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2.1. Deterministic finite element method for dynamic analysis

The commonly used displacement-based FEM may not be efficient for tracking
highly nonlinear behavior of real structures considered in this study. The assumed
stress-based FEM2–4 was found to be very efficient and accurate for this purpose,
particularly for frame structures and is used in this study. In this approach, the tan-
gent stiffness can be expressed in an explicit form without performing any integra-
tion and fewer elements are required to describe a large deformation configuration.
It is not necessary to discuss it in detail here due to lack of space. However, the detail
information on the subject is widely available in the literature.2,4,5 Only very few
of its essential features, in the context of the dynamic analysis, are presented here.

The nonlinear dynamic equilibrium equation can be expressed at time t + ∆t as:

M t+∆tD̈(n) + tC t+∆tḊ(n) + tK(n) t+∆t∆D(n) = t+∆tF(n) − t+∆tR(n−1)

−M t+∆tD̈(n)
g , (1)

where M is the mass matrix, tC is the viscous damping coefficient matrix at time t,
tK(n) is the global tangent stiffness matrix of the nth iteration at time t, t+∆t∆D(n)

is the incremental displacement vector of the nth iteration at time t+∆t, t+∆tF(n)

is the external load vector of the nth iteration at time t + ∆t, t+∆tR(n−1) is the
internal force vector of the (n − 1)th iteration at time t + ∆t, and t+∆tD̈(n)

g is the
seismic ground acceleration vector of the nth iteration at time t + ∆t.

The matrix tC in Eq. (1) represents viscous damping. In a realistic seismic anal-
ysis of steel frames, the amount of damping energy to be dissipated will depend on
the non-yielding and yielding state of the material, and the hysteretic behavior if
the material yields. For mathematical simplicity, the effect of non-yielding energy
dissipation is generally represented by equivalent viscous damping varying between
0.1% and 7% of the critical damping.6 In the context of nonlinear finite element
analysis, the Rayleigh-type damping, i.e. the damping is proportional to mass and
stiffness is very common. Since the stiffness is expected to change in the nonlinear
range, by assuming the damping is proportional to the stiffness is a realistic rep-
resentation of the damping characteristics. The Rayleigh-type damping is used in
this study. It can be represented as:

tC = αM + γ tK, (2)

where tK is the tangent stiffness matrix, and α and γ are proportional constants.
They can be evaluated from the first two natural frequencies of the structure.

2.2. Systematic response surface method

The major purpose of using RSM in the proposed algorithm is to generate
an approximate explicit expression for a performance function.7,8 At least a
second order polynomial is necessary for the nonlinear dynamic problem under
consideration in this study. The following two types of second order polynomial are
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considered:

ĝ(X) = b0 +
k∑

i=1

biXi +
k∑

i=1

biiX
2
i , (3)

ĝ(X) = b0 +
k∑

i=1

biXi +
k∑

i=1

biiX
2
i +

k−1∑
i=1

k∑
j > i

bijXiXj, (4)

where Xi (i = 1, 2, . . . , k) is the ith random variable, and b0, bi, bii, and bij are
coefficients of the second-order polynomial. The polynomial can be fully defined
using regression analysis or by solving a set of simultaneous equations using infor-
mation on responses obtained at specific data points called sampling points. The
selection of sampling points is a crucial factor in establishing the efficiency and
accuracy of RSM. Saturated design (SD) and central composite design (CCD) are
the two most promising techniques that can be used for this purpose. SD is less
accurate but more efficient. CCD is more accurate but less efficient. By consider-
ing the two design methods and the form of the polynomial, the three promising
response surface models suggested by Huh and Haldar9 are: Model (1) — saturated
design using a second-order polynomial without cross terms, Model (2) — satu-
rated design using a full second-order polynomial, and Model (3) — CCD using a
full second-order polynomial. They are discussed in more detail elsewhere.4,9,10

Since the proposed algorithm is iterative, it is necessary to improve on the
selection of the location of the center point around which the sampling points
are generated in the subsequent iterations. Bucher and Bourgund7 suggested an
iterative linear interpolation scheme as shown in Fig. 1 and is used in this study. It

g(X) : Actual Performance Function
g1(X) : First Fitted Performance Function
g2(X) : Second Fitted Performance Function
g3(X) : Third Fitted Performance Function
XCi : Center Point for the ith iteration
XDi : Checking Point for the ith iteration

from FORM

g1(X)g2(X)

g3(X)

XD2

XC3

XC2

XD1

XD3

g(X)

X2

X1
XC1

Fig. 1. Iterative linear interpolation scheme (similar to Rajashekhar and Ellingwood8).
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can be mathematically represented as:

xC2 = xC1 + (xD1 − xC1)
g(xC1)

g(xC1) − g(xD1)
if g(xD1) ≥ g(xC1), (5)

xC2 = xD1 + (xC1 − xD1)
g(xD1)

g(xD1) − g(xC1)
if g(xD1) < g(xC1), (6)

where xC1 and xD1 are the coordinates of the center point and the checking point for
the first iteration, and g(xC1) and g(xD1) are the actual responses of the limit state
function estimated from the dynamic FEM analysis at xC1 and xD1 , respectively.
The point xC2 can be used as a new center point for the next iteration. This iteration
scheme needs to be continued until a preselected convergence criterion is satisfied.
The convergence criterion of (xCi+1 − xCi)/xCi ≤ |0.05| is used in the numerical
examples of this study.

Considering the three models identified earlier, Huh and Haldar9 suggested two
promising schemes to improve the computational efficiency without compromising
the accuracy. They are: Scheme 1 — saturated design using a second-order polyno-
mial without cross terms [Model (1)] for the intermediate iterations and saturated
design using a full second-order polynomial for [Model (2)] the final iteration, and
Scheme 2 — saturated design using a second-order polynomial without cross terms
[Model (1)] for the intermediate iterations and CCD using a full second-order poly-
nomial [Model (3)] for the final iteration. Both schemes are considered here.

2.3. Consideration of uncertainty

Most of the load and resistance-related parameters in the finite element formula-
tion are uncertain in nature. The randomness in them needs to be identified at
this stage. The probabilistic characteristics of the variables are extensively stud-
ied and are widely available in the literature.1 Additional discussions on the topic
are unnecessary. For steel structures considered in this study, the resistance-related
random variables are the Young’s modulus (E), the yield stress (Fy), the cross sec-
tional area (A), the moment of inertia (I), and the plastic section modulus (Z) of
frames. For the concrete shear walls, the Young’s modulus (EC) and the Poisson’s
ratio (ν) are also considered to be random variables.

The consideration of uncertainty in the time domain seismic loading is a very
complicated subject. No guideline is available on how to consider the uncertainties
in both the amplitude and frequency content of the seismic loading. The uncertainty
in the amplitude of the earthquake is considered in this study by treating it as a
random variable. It is conceptually shown in Fig. 2. A parameter ge is introduced
to incorporate the uncertainty in the amplitude. The uncertainty in the frequency
content of an earthquake is considered indirectly. The large number of time histories
recorded in close proximity of each other during a specific earthquake can be used
for this purpose. They have different frequency content. The estimated reliability
of a given structure excited by them will indicate the effect of uncertainty in the
frequency content. The uncertainty in the frequency content can also be simulated
but it is beyond the scope of this study.
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Fig. 2. Consideration of uncertainty in the amplitude of an earthquake.

2.4. Limit state function for risk assessment

Risk is always estimated corresponding to a performance or limit state function.1

Commonly used limit state functions can be broadly divided into two groups: The
serviceability and strength limit states. Each limit state needs to be considered
separately since a structure can fail due to excessive lateral or inter-story deflec-
tion, or due to failure of several components in strength forming a local or global
mechanism. The proposed algorithm is capable of calculating risk for both types of
limit states, as discussed next.

2.4.1. Strength limit state

The limit state function for structural strength mainly depends on the failure mode
to be considered. Most of the elements in the structural system considered in this
study are beam-columns, i.e. they are subjected to both axial load and bending
moment at the same time. For design purposes, interaction equations are gener-
ally used to consider the combined effect of axial load and bending moment. Thus,
the interaction equations suggested by the American Institute of Steel Construc-
tion’s (AISC’s) Load and Resistance Factor Design11 manual for two-dimensional
structures are given below for the discussion purpose. They are:

Pu

φPn
+

8
9

(
Mux

φbMnx

)
≤ 1.0; if

Pu

φPn
≥ 0.2, (7)

Pu

2φPn
+
(

Mux

φbMnx

)
≤ 1.0; if

Pu

φPn
< 0.2, (8)
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where φ and φb are the resistance factors, Pu is the required tensile or compres-
sive strength, Pn is the nominal tensile/compressive strength, Mux is the required
flexural strength and Mnx is the nominal flexural strength. Pn and Mnx can be
calculated using AISC’s LRFD code.

Since Pu and Mux are functions of time in dynamic analysis, the ratio of Pu

and Mux is also a function of time. Furthermore, the axial and bending strength
of the members, Pn and Mnx, are also functions of time since the load effects
change from compression to tension and vice versa in dynamic loading. The inter-
action equation used for static problems therefore may not be applicable for the
dynamic problems. In order to follow the intent of the design guidelines, the effects
of axial load and bending moment are represented separately as α1(Pu/Pn) and
α2(Mux/Mnx), respectively. The coefficients α1 and α2 represent the time-variant
aspects of Pu/Pn and Mux/Mnx. These modifications do not affect the efficiency or
generality of the algorithm since they are obtained simultaneously from an identical
design. Only an estimation of the coefficients has to be made for both polynomials.

In general, the maximum values of both Pu and Mux do not occur at the same
time. It is also difficult to predict which interaction equation needs to be used for
a given experimental sampling point since the Pu/Pn ratio is unknown. To address
this issue, the responses for each experimental sampling point are tracked, i.e. in
a deterministic dynamic analysis, recording the time when the interaction equa-
tion [left hand side of Eq. (7) or (8)] reaches the maximum value. This provides
the necessary information on which interaction equation is to be used. Then the
contributions of α1(Pu/Pn) and α2(Mux/Mnx) are evaluated for an experimental
sampling point. For other experimental sampling points the contributions of axial
load and bending moment can be similarly evaluated. However, these contributions
are expected to be different, indicating the dynamic nature of the analysis. Interest-
ingly, these values can be used to formulate the necessary response surface required
for reliability analysis using FORM.

2.4.2. Serviceability limit state

For seismic loading, the design may be controlled by the serviceability, e.g.
inter-story drift or the overall lateral displacement. Limit states corresponding to
inter-story drift or overall lateral displacement can be formulated using the recom-
mendations given in design codes. The general form of a serviceability limit state
can be represented as:

g(X) = δallow − ymax(X), (9)

where δallow is the allowable inter-story drift or the overall lateral displacement
specified in codes or design guidelines and ymax(X) is the corresponding maximum
inter-story drift or overall lateral displacement estimated from analysis.
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2.5. Solution strategy

The solution strategy for the proposed algorithm9,12 can be stated as follows. The
initial center point is first assumed to be the mean values of the random variables
for the first iteration for both schemes. Similar assumption is also made for FORM.
The responses are calculated by conducting nonlinear FEM at the experimental
sampling points for the response surface model being considered. A limit state
function is thus generated in terms of k basic random variables. Using the explicit
expression for the limit state function and FORM, the reliability index β and the
corresponding coordinates of the checking point and direction cosines for each ran-
dom variable are obtained. The coordinates of the new center point are obtained by
applying the linear interpolation scheme. The updating of the location of the center
point continues until it converges to a predetermined tolerance level. In the final
iteration, the information on the most recent center point is used to formulate the
final response surface using either Scheme 1 or Scheme 2. FORM is then used to
calculate the reliability index and the corresponding coordinates of the most prob-
able failure point. The graphical representation of solution strategy is provided in
the form of a flowchart as shown in Fig. 3.

3. Reliability Estimation of Frames with PR Connections

Connections in steel frames are essentially partially restrained (PR) with different
rigidities. They add another major source of nonlinearity but also dissipate energy at
a much higher level. The commonly used analytical procedures developed for frames
with fully restrained (FR) connections are not applicable for the PR connections.
The PR connections not only change the dynamic properties (such as the natural
frequency, stiffness, damping, etc.) of structures, but they also add a major source
of uncertainty in the reliability analysis during loading, unloading, and reloading
stages of dynamic excitation. The behavior of a steel frame will depend on how the
PR connections are modeled in any nonlinear algorithm.12

3.1. Modeling of PR connections

The flexibility in the connections can be represented by a relationship between the
moment M , transmitted by the connection, and the relative rotation angle θ. The
relationship is generally represented by M −θ curves. Several mathematical models
are available in the literature for this purpose.10 Due to many advantages over other
models, the Richard four-parameter moment-rotation model13 is chosen here to rep-
resent the flexible behavior as shown in Fig. 4. The relationship can be expressed as:

M =
(k − kp)θ(

1 +
∣∣∣ (k−kp)θ

M0

∣∣∣N) 1
N

+ kpθ, (10)
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Intermediate iteration
FORMFinal
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Fig. 3. Flowchart of the proposed algorithm.

where M is the moment, θ is the relative rotation between the connecting elements,
k is the initial stiffness, kp is the plastic stiffness, M0 is the reference moment, and
N is the curve shape parameter.

Equation (10) represents only the monotonically increasing loading portion of
the M -θ curves. Colson14 and El-Salti15 theoretically developed the unloading and
reloading parts of the M -θ curves using the Masing rule. The unloading and reload-
ing relationships of a PR connection, used in this study, can be represented as:

M = Ma − (k − kp)(θa − θ)(
1 +
∣∣∣ (k−kp)(θa−θ)

2M0

∣∣∣N) 1
N

− kp(θa − θ). (11)
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kp1

k

1

Fig. 4. Loading, unloading, and reverse loading model of PR connections.

If (Mb, θb) is the next load reversal point, the reloading relationship between
M and θ can be obtained by simply replacing (Ma, θa) with (Mb, θb) in Eq. (11).
Therefore, the proposed method uses Eq. (10) when the connection is loading and
Eq. (11) when the connection is unloading and reloading. This represents hysteretic
behavior of the PR connections.

3.2. Incorporation of PR connections into the FEM

The assumed stress-based FEM approach used in this study uses a beam-column
element to model both regular structural elements and flexible connections. One
element is added for each PR connection. However, the stiffness of PR connec-
tions needs to be updated at every iteration since it depends on θ. This can be
accomplished by updating the Young’s modulus as:

EC(θ) =
lC
IC

KC(θ) =
lC
IC

∂M(θ)
∂θ

, (12)

where lC , IC , and KC(θ) are the length, the moment of inertia, and the tangent
stiffness of the connection element, respectively. When the element is loading, using
Eq. (10) KC(θ) is evaluated as:

KC(θ) =
dM

dθ
=

(k − kp)(
1 +
∣∣∣ (k−kp)θ

M0

∣∣∣N)N+1
N

+ kp. (13)

When the element is unloading and reloading, using Eq. (11) KC(θ) can be
calculated as:

KC(θ) =
dM

dθ
=

(k − kp)(
1 +
∣∣∣ (k−kp)(θa−θ)

2M0

∣∣∣N)N+1
N

+ kp. (14)
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Fig. 5. Random parameters in Richard model.

The basic FEM formulation of the structure remains unchanged, except for
adding a few more elements to represent PR connections.

3.3. Uncertainties in the connection model

The uncertainties in the connection behavior come from the manufacturing and
assembly processes and also from mathematical modeling.1 To consider uncertainty
in modeling the behavior of PR connections, the four parameters in the Richard
model are considered to be the basic random variables as shown in Fig. 5.12

4. Reliability Estimation of In-Filled Frames

Steel frames in the presence of PR connections may not be able to transfer horizontal
loads (e.g. wind and earthquake) effectively. To increase their lateral stiffness, the
use of shear walls is very common. It is not an easy task to capture the realistic
behavior of a combined system consisting of steel frames represented by beam-
column elements and shear walls represented by plane stress elements. In addition,
the associated uncertainties in modeling the combined system will make the task
more challenging. The algorithm presented in the previous sections is extended to
evaluate the reliability of the combined system.16

4.1. Modeling of shear walls

The basic frame is represented by two-dimensional (2D) beam-column elements and
the shear walls are represented by 4-node plane stress elements. The shape of the
shear wall is restricted to be rectangular. Two displacement (horizontal and vertical)
dynamic degrees of freedom (DDOFs) are used at each node point. The rotation
of the combined system at the node point is expected to be very small and can
be neglected. This simplification was independently verified using a commercially
available computer program.
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To bring the shear wall stiffness into the frame structure, the components of
the shear wall stiffness are added to the corresponding frame stiffness components.
The explicit form of a stiffness matrix of a 4-node plane stress element can be
obtained as17:

Ksh =
t

4γ
AtEA +

t

12γ
BtEB +

tγ

12
CtEC, (15)

where t is thickness of the wall, γ is the ratio of b and a; i.e. γ = b/a, and 2a

and 2b are long and short dimensions of the rectangular shear wall, respectively.
The matrixes A, B, C, and E in Eq. (15) can be represented as:

A =


−γ 0 γ 0 γ 0 −γ 0

0 −1 0 −1 0 1 0 1
−1 −γ −1 γ 1 γ 1 −γ


 , (16)

B =


 0 0 0 0 0 0 0 0

0 1 0 −1 0 1 0 −1
1 0 −1 0 1 0 −1 0


 , (17)

C =


 1 0 −1 0 1 0 −1 0

0 0 0 0 0 0 0 0
0 1 0 −1 0 1 0 −1


 , (18)

and

E =
EC

1 − ν2


 1 ν 0

ν 1 0
0 0 1−ν

2


 , (19)

where EC is modulus of elasticity and ν is Poisson’s ratio of shear walls.
The reinforced concrete (RC) shear wall is the most frequently used and is

considered in this study. To consider the presence of concrete shear walls, two
additional parameters, namely, the modulus of elasticity and the Poisson ratio of
concrete are necessary in the deterministic formulation, as can be seen in Eq. (19).
The modeling of the stiffness of shear walls is not easy. There has been extensive
research on cracking in RC panels.18–22 It was observed that the degradation of the
stiffness of the shear walls occurs after cracking and can be considered effectively
by reducing the modulus of elasticity of the shear walls. Lefas et al.21 reported that
the degradation of the stiffness after cracking could vary from 40% to 70% of the
original stiffness depending on the amount of reinforcement and the intensity of
axial loads. The same concept is used in this study. The shear wall is assumed to
develop cracks when the tensile stress in concrete exceeds the prescribed value. The
rupture strength of concrete, fr, is assumed to be fr = 7.5 ×√f ′

c, where f ′
c is the

compressive strength of concrete.

4.2. Incorporation of shear walls into the FEM

Once the explicit form of the stiffness matrix of shear walls is obtained using
Eq. (15), it can be combined with the stiffness of the steel frame to develop stiffness
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matrix for the combined system. In general the nonlinear governing equation for
the combined system can be represented in the incremental form as:

K(n)
T ∆D(n) = F(n) −

[
R(n−1) + K

(n−1)

sh D(n−1)
]
, (20)

where K(n)
T = K(n) + K(n)

sh , K(n)
sh is the global tangent stiffness matrix of the shear

walls at the nth iteration, K(n−1)
sh D(n−1) is the internal force vector of the shear

walls at the (n − 1)th iteration, and K(n), ∆D(n), F(n), and R(n−1) are defined
earlier. For dynamic problems, Eq. (1) needs to be modified to consider shear wall
effects. Finally, the equilibrium equation of the combined system for the dynamic
can be expressed as:

M t+∆tD̈(n) + tC t+∆tḊ(n) + tK(n)
T

t+∆t∆D(n)

= t+∆tF(n) −
[

t+∆tR(n−1) + tK(n−1)
sh

t+∆t∆D(n−1)
]
− M t+∆tD̈(n)

g . (21)

The governing equation of the combined system consisting of steel frame and
RC shear walls, i.e. Eq. (21), can be solved using the modified Newton-Raphson
method with the arc-length procedure. The deterministic formulation of the prob-
lem discussed above is expected to be very accurate and efficient. The finite element
representation of the RC shear walls is kept simple in order to minimize the number
of basic random variables present in the formulation. More sophisticated methods
can be attempted in future studies, if desired. Reliability evaluation procedures are
emphasized in this study.

To consider the presence of shear walls in the context of reliability analysis,
two additional variables, the modulus of elasticity (Ec) and Poisson’s ratio (ν) are
considered to be random.17

5. Numerical Examples

To demonstrate the application potential of the proposed method in the reliability
estimation of real structures, the following two examples are considered. The first
example considers the reliability evaluation of steel frames in the presence of PR
connections. The second example considers the reliability evaluation of steel frames
reinforced with concrete shear walls.

5.1. Example 1 — Seismic reliability of steel frame structures

with FR and PR connections

5.1.1. Seismic risk of the frame with FR connections

A two-story steel frame structure shown in Fig. 6 is considered first. The frame
consists of W27×84 for all beams and W14×426 for all columns. A36 steel is used.
The frame is excited for 15 seconds by the actual acceleration time history recorded
at Canoga Park during the Northridge earthquake of 1994 (N-S component) as
shown in Fig. 7. Both the serviceability and strength limit states are considered.

www.EngineeringBooksPDF.com



October 26, 2005 11:27 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch09

178 J. Huh and A. Haldar

7.62 m

Section for beams: W27×84

(N - S Direction)

Northridge Earthquake Excitation

Sectionforcolumns: W14×426

q = 29.19 kN/m

3.81 m

q = 29.19 kN/m

3.81 m

a b

c d

e f

Fig. 6. Two-story steel frame structure.
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Fig. 7. Northridge earthquake (N-S) time history.
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Table 1. Statistical description of random variables (b: beam, c: column).

Random variables Mean value Serviceability limit state Strength limit state

COV Distribution COV Distribution

E (kN/m2) 1.9994 × 108 0.06 Lognormal 0.06 Lognormal

Ab (m2) 1.600 × 10−2 0.05 Lognormal — —
Ib
x (m4) 1.186 × 10−3 0.05 Lognormal 0.05 Lognormal

Zb
x (m3) 3.998 × 10−3 — — 0.05 Lognormal

Ac (m2) 8.065 × 10−2 0.05 Lognormal — —

Ic
x (m4) 2.747 × 10−3 0.05 Lognormal 0.05 Lognormal

Fy (kN/m2) 2.4822 × 105 — — 0.10 Lognormal

ξ 0.05 0.15 Lognormal 0.15 Lognormal

ge 1.00 0.20 Type I 0.20 Type I

For the serviceability limit state, the permissible lateral displacement at the top
of the frame is assumed not to exceed h/400, where h is the height of the frame.
Thus, δallow is 1.905 cm for this example and the corresponding limit state is:

g(X) = δallow − ymax(X) = 1.905 − ymax(X), (22)

where ymax(X) is the maximum lateral displacement at the top of the frame. For
the strength limit state, the reliability of the weakest member (beam c–d in Fig. 6)
is investigated.

Initially, all nine variables shown in Table 1 are considered to be random. From
the sensitivity analysis, the plastic section modulus of the beams and the yield
stress of the frame (Zb

x and Fy) for the serviceability limit state, and the sectional
area of the beams and columns (Ab and Ac) for the strength limit state were found
to have very low sensitivity indexes. They are considered to be deterministic in the
subsequent reliability analysis.

The frame is first analyzed assuming all the connections are FR type. The
statistical characteristics of all the random variables for both limit states are given in
Table 1. The term ξ in Table 1 represents the viscous damping coefficient expressed
as a percentage of the critical damping. The probabilities of failure of the frame
are estimated using Scheme 2. The results for both limit states are given in Table 2
in terms of failure probability, reliability index, error, CPU time, and the total
number of experimental sampling points (TNSP) required for the evaluation. For
the verification purpose the results are compared with Monte Carlo simulation
(MCS) results using 100 000 simulations. The error estimation for the serviceability
limit state is based on the failure probability. Since the probability of failure is
very small for the strength limit state, the reliability index is used to compare the
error. A supercomputer (SGI Origin 2000) was used for the numerical calculation
using the proposed algorithm and MCS. Results in Table 2 clearly indicate that
the probabilities of failure estimated using the proposed algorithm are very similar
to those of MCS. It is reasonable to conclude that the proposed method is viable
and efficient for the reliability of nonlinear frame structures subjected to dynamic
loading including seismic loading applied in time domain.
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Table 2. Reliability analysis results of the frame with FR connections.

Limit state Serviceability limit state Strength limit state

Monte Carlo simulation Pf 0.02887 (β = 1.898) 0.00002 (β = 4.107)
CPU 98183 sec 72949 sec

Proposed algorithm Scheme Scheme 2 Scheme 2
Pf 0.027792 0.000021
β 1.914 4.098

TNSP 173 188
CPU (sec) 182.8 152.3

Error 3.73% 0.23%

0 0.004 0.008 0.012 0.016 0.02
θ (radian)

0

200

400

600

800

M
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kN
-m
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Curve1
Curve2
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Fig. 8. M -θ curves for connections.

5.1.2. Seismic risk of the frame with PR connections

The same frame shown in Fig. 6 is studied again and the four beam-to-column
connections at a, b, c, and d are considered to be PR type. Three M -θ curves,
Curve 1, Curve 2, and Curve 3, shown in Fig. 8, are considered to represent the
effects of different rigidities in the connections. Curve 1 represents high rigidity,
Curve 3 represents very low rigidity, and Curve 2 represents intermediate rigidity.

The probabilistic descriptions of the four parameters of the Richard model rep-
resenting the three curves are listed in Table 3. The statistical descriptions of all
other random variables remain the same. As in the previous example, the frame is
excited by the same acceleration time history shown in Fig. 7.

The probabilities of failure of the frame with PR connections for the serviceabil-
ity and strength limit states are evaluated using the proposed method using Scheme
1 with 11 random variables. The reliability indexes of the frame with FR and three
different PR connections are summarized in Table 4. From the results, it can be

www.EngineeringBooksPDF.com



October 26, 2005 11:27 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch09

Seismic Risk Assessment of Realistic Frame Structures 181

Table 3. Statistical description of the four parameters in the Richard model.

Random variables Mean value COV Distribution

Curve 1 Curve 2 Curve 3

k (kN·m/rad) 1.13×106 1.47×105 5.65×104 0.15 Normal
kp (kN·m/rad) 1.13×105 1.13×104 1.13×103 0.15 Normal
M0 (kN·m) 508.64 452.12 339.09 0.15 Normal
N 0.50 1.00 1.5 0.05 Normal

Table 4. Reliability analysis results of the frame with FR and PR connections.

Limit state FR connections PR connections

Curve 1 Curve 2 Curve 3

Serviceability limit state β = 1.914 β1 = 1.274 β2 = −0.008 β3 = −0.899
Strength limit state β = 4.098 β1 = 2.351 β2 = 2.558 β3 = 3.156

observed that the reliability indexes for the serviceability limit state decreased sig-
nificantly with the decrease in the rigidity of the PR connections. The frame became
very weak in serviceability, particularly when PR connections were represented by
the very flexible Curve 3. Due to the redistribution of moment in beam c–d, the
reliability indexes for the strength limit state also changed. However, the frame
is found to be more prone to failure in serviceability than in strength. It can be
concluded that connection rigidity should be taken into account appropriately in
the reliability analysis of steel frame structures subjected to seismic loading.

5.2. Example 2 — In-filled steel frame structures

5.2.1. Reliability analysis of the frame without shear walls

A two-story two-bay steel frame without shear walls, shown in Fig. 9, is considered
in this example. The frame is excited for 5.12 seconds with the El Centro Earthquake
(N-S component) of 1940 as shown in Fig. 10.

For this example, the prescribed horizontal drift at the top floor is considered
not to exceed h/400, where h is the height of the frame. Thus, δdrift

allow is equal to
1.83 cm and the corresponding limit state is:

g(X) = δdrift
allow − ymax(X) = 1.83 − ymax(X). (23)

The statistical characteristics of all the random variables present in the problem
are shown in Table 5. Considering all the random variables identified in Table 5
and the serviceability limit states function represented by Eq. (23), the probability
of failure of the frame due to horizontal deflection at Node a in Fig. 9 is calculated
using the proposed algorithm with Scheme 1. The results are summarized in Table 6.
The probability of failure for the overall horizontal deflection is compared with MCS
results using 100 000 simulations. The probability of failure of the frame is very close
to 1.0 indicating that it is unable to carry the seismic load. The probability of failure
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Fig. 9. A frame structure without shear walls.

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

A
cc

el
er

at
io

n 
/ A

cc
el

. o
f g

ra
vi

ty

0 1 2 3 4 5

Time (sec)

Fig. 10. El Centro earthquake (N-S) time history.

for the overall horizontal deflection serviceability limit state using the proposed
algorithm is very similar to the MCS results, indicating that the algorithm is viable
and accurate. However, the CPU time required for the proposed algorithm (134 sec)
is about 0.136% of that of MCS (98459 sec), indicating that the proposed algorithm
is very efficient.
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Table 5. Statistical description of random variables.

Item Random Mean value COV Distribution Comment
variables

Frame E (kN/m2) 1.999 × 108 0.06 Lognormal

Ab (m2) 1.135 × 10−2 0.05 Lognormal Beam W18×60
Ib
x (m4) 4.096 × 10−4 0.05 Lognormal

Zb
x (m3) 2.016 × 10−3 0.05 Lognormal

Ac (m2) 0.761 × 10−2 0.05 Lognormal Column W12×40
Ic
x (m4) 1.290 × 10−4 0.05 Lognormal

Zb
x (m3) 0.942 × 10−3 0.05 Lognormal

Fy (kN/m2) 2.482 × 105 0.10 Lognormal

Shear wall EC (kN/m2) 2.140 × 107 0.18 Lognormal f ′
C = 2.068 × 104 (kN/m2)

ν 0.17 0.10 Lognormal
Dynamic ξ 0.02 0.15 Lognormal Without shear wall
property ge 1.00 0.20 Type I

ξ 0.05 0.15 Lognormal With shear wall
ge 1.00 0.20 Type I

Table 6. Reliability analysis result of the frame without and with shear walls.

Steel frame structure Scheme Proposed algorithm Monte Carlo simulation

Pf CPU (s) Pf CPU (s)

Without shear walls 1 0.9999 134 1.0 98459

With shear walls 1 0.0057 202 0.0049 117832
2 0.0094 295

5.2.2. Reliability analysis of the frame with shear walls

The frame without shear walls is unable to carry the seismic load applied to it. The
frame is reinforced with RC shear walls as shown in Fig. 11. As discussed before,
two additional random variables related to the shear walls, Ec and ν, need to be
considered. Their statistical properties are given in Table 5.

The building is assumed to contain five similar frames connected by rigid
diaphragms at the floor levels. Only the center frame of the building is assumed
to have shear walls. Although the physical thickness of the shear wall is considered
to be 12.7 cm, considering the presence of five similar frames and rigid behavior
of diaphragms, the effective thickness per frame is assumed to be 2.54 cm for this
example. After the tensile stress of each shear wall exceeds the prescribed ten-
sile stress of concrete, the degradation of the shear wall stiffness is assumed to be
reduced to 40% of the original stiffness.21

The frame is again excited for 5.12 seconds with the same El Centro Earthquake
(N-S component) of 1940 as used in the previous case. The probability of failure
of the combined system for the serviceability limit state is calculated using the
proposed algorithm with both Scheme 1 and Scheme 2. The horizontal deflection
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Fig. 11. A frame structure with shear walls.

at the top of the combined system (point a in Fig. 11) is evaluated. The results
are summarized in Table 6. The results indicate that the presence of shear walls
significantly improves the serviceability behavior of the steel frame. This behavior
is expected. However, the amount of improvement in terms of probability of fail-
ure can be quantified using the proposed algorithm considering major sources of
uncertainty. Again, the MCS simulation technique is used to verify the algorithm
using 100 000 simulation cycles. The reliability indexes estimated by the proposed
algorithm and the MCS technique are almost identical. The result clearly indicates
that the proposed algorithm can accurately estimate the probability of failure of
a combined system consisting of frame and shear walls under dynamic loading.
However, considering CPU time required for the proposed algorithm (202 sec) is
significantly smaller than the MCS (117832 sec). Thus, the proposed algorithm is
an attractive alternative to MCS. This example clearly indicates that the proposed
algorithm is efficient without sacrificing any accuracy.

Two realistic examples clearly demonstrate the power of the proposed algo-
rithm. The authors believe that the proposed algorithm will be very useful in the
performance-based design guidelines under development by the profession. It will
help to develop risk-consistent design requirements. Assuming the reliability of a
structure should be similar for both the serviceability and strength limit states, the
algorithm will help to develop the allowable deflection criterion. For example, the
current allowable lateral deflection criterion of h/400 may be too conservative.
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6. Conclusions

A nonlinear finite element-based hybrid reliability analysis algorithm is proposed to
evaluate the reliability of real structures subjected to seismic loading applied in time
domain considering all major sources of uncertainty and nonlinearity. The unique
feature of the technique is that the seismic loading is applied in the time domain.
The procedure rationally and effectively combines the concepts of the response
surface method (RSM), the finite element method (FEM), the first-order reliability
method (FORM), and an iterative linear interpolation scheme.

The four-parameter Richard model is used to represent the flexibility of connec-
tions of real steel frames. The uncertainties in the loading and resistance-related
parameters and the parameters in the Richard model are incorporated in the algo-
rithm. The algorithm was elaborated by evaluating the probabilities of failure of
steel frames with FR and PR connections in the first example. The applicability of
the methods to estimate the reliability of real structures is extended in the second
example by considering a steel frame reinforced with concrete shear panels. The
algorithms found to be capable of estimating the reliability of any real structure
that can be represented by finite elements.

This is a very advanced form of reliability analysis technique for real struc-
tures excited by earthquake loadings. The procedure appears to be very useful
in the performance-based design guidelines under development by the profession.
The member sizes and arrangements can be established based on the performance
requirements. The flexibility of connections and the uncertainty in modeling them
have considerable influence on the overall behavior of frames, particularly under
seismic loading. In the analysis and design of structures, uncertainty in seismic
loading should not be overlooked.
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CHAPTER 10

MESHFREE METHODS IN COMPUTATIONAL
STOCHASTIC MECHANICS

SHARIF RAHMAN

Department of Mechanical and Industrial Engineering
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E-mail: rahman@engineering.uiowa.edu

This chapter provides an exposition of stochastic meshfree methods that involves deter-
ministic meshfree formulation, spectral representation of random fields, multivariate
function decomposition, statistical moment analysis, and reliability analysis. Numer-
ical results indicate that stochastic meshfree methods, employed in conjunction with
dimension-reduction and decomposition methods, yield accurate and computationally
efficient estimates of statistical moments and reliability. Although significant strides
have been made, breakthrough research on enhancing speed and robustness of meshfree
methods is essential for their successful implementation into stochastic mechanics.

1. Introduction

During the last decade, much attention has been focused on collocation1,2- or
Galerkin-based3–8 meshfree or meshless methods to solve computational mechanics
problems without using a structured grid. Among these methods, the element-free
Galerkin method (EFGM)4 is particularly appealing, due to its simplicity and use
of a formulation that corresponds to the well-established finite element method
(FEM). Similar to other meshfree methods, EFGM employs moving least-squares
approximation9 that permits the resultant shape functions to be constructed
entirely in terms of arbitrarily placed nodes. Since no element connectivity data
are needed, burdensome meshing or remeshing required by FEM is avoided. This
issue is particularly important for crack propagation in solids for which FEM may be
ineffective in addressing substantial remeshing.10–15 Hence, EFGM and other mesh-
free methods provide an attractive alternative to FEM in solving computational-
mechanics problems.

However, most meshfree development has focused on deterministic problems.
Research in probabilistic modeling using EFGM or other meshfree methods
has not been widespread and is only now gaining attention.16–20 For example,
using the perturbation and first-order reliability methods, Rahman and Rao16,17

developed stochastic meshless formulations to predict both the second-moment
and reliability of stochastic structures. An alternative approach involving spec-
tral representation of random fields and Neumann series expansion has also
appeared for second-moment meshless analysis.18 Due to their inherent advantages,
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most stochastic meshless development has been focused on linear-elastic19,20 and
nonlinear21 fracture-mechanics problems. More recently, new stochastic solutions
integrating meshfree formulation and dimension-reduction techniques and decom-
position methods have been reported.22–24 Nevertheless, meshfree methods for
probabilistic analysis present a rich and relatively unexplored area for future
research in computational stochastic mechanics.

This chapter provides an exposition of meshfree methods for stochastic mechan-
ics and reliability applications. Section 2 reviews deterministic formulation of
EFGM. Section 3 discusses the Karhunen-Loève representation of a random field,
meshfree solution of an integral equation, and modeling of Gaussian and translation
fields. Section 4 informs the reader on function decomposition that facilitates lower-
variate approximations of a general multivariate function. Using function decompo-
sition, dimension-reduction methods for statistical moment analysis are presented
in Sec. 5. A Monte Carlo simulation using response surface models of lower-variate
approximations is examined in Sec. 6. Several numerical examples are presented to
illustrate various methods developed. Finally, Sec. 7 concludes the chapter with the
impact of current research and future research needs in stochastic meshfree analysis.

2. The Element-Free Galerkin Method

2.1. Moving least squares and meshless shape function

Consider a real-valued, continuous, differentiable function u(x) over a domain
D ⊂ R

K , where K = 1, 2, or 3. Let Dx ⊆ D denote a subdomain describing
the neighborhood of a point x ∈ D ⊂ R

K . A moving least-squares (MLS) approxi-
mation uh(x) of u(x) is9

uh(x) =
m∑

i=1

pi(x)ai(x) = pT (x)a(x), (1)

where pT (x) =
{
p1(x), . . . , pm(x)

}
is a vector of complete basis functions of length

m and a(x) =
{
a1(x), . . . , am(x)

}T is a vector of unknown parameters that depend
on x. For example, basis functions commonly used in two-dimensional (K = 2)
solid mechanics with x1 − x2 coordinates are pT (x) =

{
1, x1, x2

}
; m = 3 and

pT (x) =
{
1, x1, x2, x

2
1, x1x2, x

2
2

}
; m = 6, which represent linear and quadratic

basis functions, respectively. The basis functions need not be polynomial. When
solving problems involving cracks, trigonometric basis functions consistent with sin-
gular crack-tip fields have been developed for both linear-elastic11 and nonlinear14

fracture-mechanics applications.
The coefficient vector a(x) in Eq. (1) is determined by minimizing a weighted

error norm, defined as:

J(x) ≡
l∑

I=1

wI(x)
[
pT (xI)a(x) − dI

]2 = [Pa(x) − d]T W [P a(x) − d], (2)
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Fig. 1. A schematic illustration of meshfree discretization and weight functions with compact
support.

where xI denotes the coordinates of node I, dT =
{
d1, . . . , dl

}
with dI representing

the nodal parameter for node I, W = diag
[
w1(x), . . . , wl(x)

]
with wI(x) being the

weight function associated with node I, such that wI(x) > 0 for all x in the support
Dx of wI(x) and zero otherwise, l is the number of nodes in Dx for which wI(x) > 0,
and P = [pT (x1), . . . ,pT (xl)] ∈ L

(
R

l × R
m
)
. The weight function has a compact

support and is schematically depicted in Fig. 1. A number of weight functions are
available in the current literature.3–21 For example, a weight function proposed by
Rao and Rahman is12

wI(x) =




„
1+β2 z2

I
z2

mI

«−( 1+β
2 )

−(1+β2)−( 1+β
2 )

1−(1+β2)
−( 1+β

2 ) , zI ≤ zmI

0, zI > zmI

, (3)

where β is a shape controlling parameter, zI = ||x−xI ||, and zmI is the domain of
influence of node I. The stationarity of J(x) with respect to a(x) yields

A(x)a(x) = C(x)d, (4)

where

A(x) =
l∑

I=1

wI(x)p(xI)pT (xI) = P T WP , (5)

and

C(x) =
[
w1(x)p(x1), · · · , wl(x)p(xl)

]
= P T W . (6)

Solving for a(x) in Eq. (4) and then substituting into Eq. (1) yields

uh(x) =
l∑

I=1

ΦI(x)dI = ΦT (x)d, (7)
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where

ΦT (x) =
{
Φ1(x), . . . ,Φl(x)

}
= pT (x)A−1(x)C(x) (8)

is a vector with its Ith component

ΦI(x) =
m∑

j=1

pj(x)
[
A−1(x)C(x)

]
jI

, (9)

representing the shape function of the MLS approximation corresponding to node I.
The partial derivatives of ΦI(x) can also be obtained as

ΦI,i(x) =
m∑

j=1

{
pj,i(A−1C)jI + pj(A−1

,i C + A−1C ,i)jI

}
, (10)

where A−1
,i = −A−1A,iA

−1 and
()

,i
= ∂
()

/∂xi. From Eqs. (6) and (9), ΦI(x) = 0
when wI(x) = 0. In other words, ΦI(x) vanishes for x not in the support of nodal
point xI , thus preserving the local character of the MLS approximation.

2.2. Variational formulation and discretization

For small displacements in two-dimensional, isotropic, and linear-elastic solids, the
equilibrium equations and boundary conditions are

∇ · σ + b = 0 in D and (11)

σ · n = t̄ on Γt (natural boundary conditions)
u = ū on Γu (essential boundary conditions)

, (12)

respectively, where σ = Dε is the stress vector, D is the material property matrix,
ε = ∇su is the strain vector, u is the displacement vector, b is the body force
vector, t̄ and ū are the vectors of prescribed surface tractions and displacements,
respectively, n is a unit normal to the domain D, Γt and Γu are the portions of
boundary Γ where tractions and displacements are respectively prescribed, ∇T =
{∂/∂x1, ∂/∂x2} is the vector of gradient operators, and ∇su is the symmetric part
of ∇u. The variational or weak form of Eqs. (11) and (12) is∫

D
σT δεdD −

∫
D

bT δudD −
∫

Γ

t̄
T
δudΓt

+
∑

xk∈Γu

fT (xk)δu(xk) +
∑

xk∈Γu

δfT (xk)
[
u(xk) − ū(xk)

]
= 0,

(13)

where fT (xk) is the vector of reaction forces at the constrained node k on Γu

and δ denotes the variation operator. From Eq. (7), the MLS approximation of
u(x) =

{
u1(x), u2(x)

}T in two dimensions is

uh(x) = ΦT d, (14)

where

ΦT (x) =

[
Φ1(x) 0 · · · ΦM (x) 0

0 Φ1(x) · · · 0 ΦM (x)

]
, (15)
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d = {d1
1, d

2
1, . . . , d

1
M , d2

M}T ∈ R
2M is the vector of nodal parameters or generalized

displacements, and M is the total number of nodal points in D. Applying the
MLS approximation of Eq. 14 to discretization of Eq. 13 yields a linear system of
equilibrium equations

KY = F , (16)

or [
k G

GT 0

]
︸ ︷︷ ︸

K

{
d

fR

}
︸ ︷︷ ︸

Y

=
{

f ext

g

}
︸ ︷︷ ︸

F

, (17)

where

k =




k11 k12 · · · k1M

k21 k22 · · · k2M

...
...

...
...

kM1 kM2 · · · kMM


 ∈ L

(
R

2M × R
2M
)

(18)

is the stiffness matrix with

kIJ =
∫
D

BT
I DBJdD ∈ L

(
R

2 × R
2
)
, (19)

GT =




Φ1(x1) 0 · · · Φ1(xM ) 0

0 Φ1(x1) · · · 0 Φ1(xM )
...

...
. . .

...
...

ΦL(x1) 0 · · · ΦL(xM ) 0

0 ΦL(x1) · · · 0 ΦL(xM )




(20)

is a matrix comprising shape function values of nodes at which the displacement
boundary conditions are prescribed, L is the total number of nodes on Γu, fR =
{f(xk1), . . . , f (xkL)}T ∈ R

2L is the vector of reaction forces on Γu,

f ext =
∫
D

ΦT bdD +
∫

Γt

ΦT t̄dΓt ∈ R
2M (21)

is the force vector, g = {ū(xk1), . . . , ū(xkL)}T ∈ R
2L is the vector of prescribed

displacements on Γu, and

BI =


ΦI,1 0

0 ΦI,2

ΦI,2 ΦI,1


 . (22)

To perform numerical integrations in Eqs. (19) and (21), a background mesh is
required, which can be independent of the arrangement of meshfree nodes. However,
in forthcoming numerical examples, the nodes of the background mesh coincide with
the meshless nodes. Standard 4× 4 Gaussian quadratures are used to evaluate the
integrals for assembling the stiffness matrix and the force vector.
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2.3. Essential boundary conditions

In solving for d, the essential boundary conditions must be enforced. The lack of
Kronecker delta properties in meshless shape functions presents some difficulty in
imposing essential boundary conditions in EFGM. Nevertheless, several methods
are currently available for enforcing essential boundary conditions. In this work, a
full transformation method12,25 is employed for stochastic applications.

It should be noted that the generalized displacement vector d represents the
nodal parameters, and not the actual displacements at meshfree nodes. Let d̂ =
{uh(x1), . . . ,uh(xM )}T ∈ R

2M represent the vector of nodal displacements. From
Eq. (14)

d̂ = Λd, (23)

where Λ = [ΦT (x1), . . . ,ΦT (xM )]T ∈L
(
R

2M × R
2M
)

is the transformation matrix.
Hence, d̂ can be easily calculated when d is known.

In summary, shape functions and resultant matrix equilibrium equations have
been created without using any structured mesh, a key advantage of meshfree
methods over FEM. However, the computational effort in generating these matrix
equations is typically higher than that required by low-order FEM. Therefore,
breakthrough research focused on enhancing speed and robustness of meshfree
methods is required for their effective implementation.

3. Random Field and Parameterization

3.1. Karhunen-Loève representation

Let (Ω,F , P ) be a probability space, where Ω is the sample space, F is the σ-algebra
of subsets of Ω and P is the probability measure. Defined on the probability space
and indexed by a spatial coordinate x ∈ D ⊂ R

K , K = 1, 2, or 3, consider a real-
valued random field α(x) with mean zero and covariance function Γ(x1, x2) ≡
E
[
α(x1)α(x2)

]
, which is continuous over D. Denote by L2(Ω,F , P ) or simply L2

a collection of random variables α for each x ∈ D such that E[|α|2] < ∞, where E

represents the expectation operator. If α is in L2, then Γ(x1, x2) is square integrable
and hence a bounded function.

Let {λi, fi(x)}, i = 1, 2, . . . ,∞, be the eigenvalues and eigenfunctions of
Γ(x1, x2), which satisfy the integral equation26

∫
D

Γ(x1, x2)fi(x2)dx2 = λifi(x1), ∀i = 1, 2, . . . ,∞. (24)

The eigenfunctions are orthogonal in the sense that∫
D

fi(x)fj(x)dx = δij , ∀i, j = 1, 2, . . . ,∞, (25)
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with δij representing the Kronecker delta. The Karhunen-Loève (K-L) representa-
tion of α(x) is26

α(x) =
∞∑

i=1

Vi

√
λifi(x), (26)

where Vi, i = 1, . . . ,∞ is an infinite sequence of uncorrelated random variables,
each of which has zero mean and unit variance. In practice, the infinite series of
Eq. (26) must be truncated, yielding a K-L approximation or expansion

α̂M (x) =
N∑

i=1

Vi

√
λifi(x), (27)

which approaches α(x) in the mean square sense for x ∈ D as N → ∞. According
to Eq. (27), the K-L expansion provides a parametric representation of a random
field with N random variables.

3.2. Gaussian and translation random fields

The K-L approximation captures only the second-moment properties of a random
field. Hence, a random field that is completely described by its second-moment
properties, such as a Gaussian random field, can be effectively approximated by
K-L expansion. For example, if a random field is Gaussian, its K-L approxima-
tion in Eq. (27) forms a zero-mean, independent sequence of standard Gaussian
random variables Vi, i = 1, . . . , N . For a general non-Gaussian field, K-L represen-
tation cannot provide complete characterization and therefore may not be appli-
cable. However, one class of non-Gaussian random fields for which the use of K-L
expansion can be readily exploited is the class of translation random fields, where
a non-Gaussian random field is defined as a nonlinear, memoryless transformation
of a Gaussian random field.27

Let Z(x) be a homogenous, non-Gaussian translation random field with mean
µZ , standard deviation σZ , covariance function ΓZ(ξ) ≡ E[(Z(x)−µZ)(Z(x+ξ)−
µZ)], and marginal distribution F that has no atoms, and let α(x) be a homoge-
neous, zero-mean, Gaussian random field with unit variance and covariance function
Γα(ξ) ≡ E[α(x)α(x + ξ)]. If G is a real-valued, monotonic, differentiable function,
then,

Z(x) = G[α(x)] (28)

can be viewed as a memoryless transformation of the Gaussian image field α(x).
From the condition that the marginal distribution and the covariance function of
Z(x) coincide with specified target functions F and ΓZ , respectively, it can be
shown that28,29

G(α) = F−1[Φ(α)], (29)
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and

µ2
Z + ΓZ(ξ) =

∫ ∞

∞

∫ ∞

∞
(G(α1) − µz)(G(α2) − µz)φ2(α1, α2, Γα(ξ))dα1dα2, (30)

where Φ is the distribution function of a standard Gaussian variable and
φ2(α1, α2, Γα(ξ)) is the bivariate standard Gaussian density function with correla-
tion coefficient Γα. For given µZ , ΓZ(ξ), and F , G can be calculated from Eq. (29)
and the required covariance function Γα(ξ) of α(x) can be solved from Eq. (30), if
the target scaled covariance function ΓZ(ξ)/ΓZ(0) is in the range (Γ̄∗, 1), where29

Γ̄∗ =
E [G(α)G(−α)] − E [G(α)]2

E [G(α)2] − E [G(α)]2
. (31)

Once Γα(ξ) is determined, the parameterization of Z(x) is achieved by K-L expan-
sion of its Gaussian image, i.e.

Z(x) � G

[
N∑

i=1

Vi

√
λifi(x)

]
, (32)

where Vi, i = 1, . . . , N are independent standard Gaussian random variables, and
{λi, fi(x)}, i = 1, . . . , N are eigenvalues and eigenfunctions of Γα(ξ).

3.3. Meshfree method for solving integral equation

The K-L expansion requires solution of an integral eigenvalue problem (Eq. (24)),
which is not an easy task in general. Closed-form solutions are only available when
the covariance kernel has simpler functional forms, such as exponential and lin-
ear functions, or domain D is rectangular. For arbitrary covariance functions or
arbitrary domains, numerical methods are often needed to solve the eigenvalue
problem. In this section, meshfree shape functions from EFGM are employed to
solve the eigenvalue problem.18

For a random field α(x) indexed by x ∈ D ⊂ R
K , K = 1, 2, or 3, consider an

MLS approximation of the eigenfunction fi(x), given by

fi(x) =
M∑

I=1

f̂iIΦI(x), (33)

where f̂iI is the Ith nodal parameter for the ith eigenfunction, ΦI(x) is the meshless
shape function of the Ith node (see Sec. 2), and M is the total number of nodes.
Hence, Eq. (24) becomes

M∑
I=1

f̂iI

∫
D

Γ(x1x2)ΦI(x2)dx2 − λi

∑
I=1

f̂iIΦI(x1). (34)

Define

εM =
M∑

I=1

f̂iI

(∫
D

Γ(x1, x2)ΦI(x2)dx2 − λiΦI(x1)
)

(35)
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as the residual error, which is associated with meshless discretization involving an
M number of nodes. Following Galerkin approximation,∫

D
εMΦJ(x1)dx1 = 0, ∀J = 1, . . . , M, (36)

which, when combined with Eq. (35) can be expanded to yield the following matrix
equation

λiRf̂ i = Sf̂ i, (37)

where f̂ i = {f̂i1, . . . , f̂iM}T is the ith eigenvector, R = [RIJ ], S = [SIJ ],

RIJ =
∫
D

∫
D

Γ(x1, x2)ΦI(x2)ΦJ (x1)dx1dx2, ∀I, J = 1 . . . , M, (38)

and

SIJ =
∫
D

ΦI(x)ΦJ (x)dx, ∀I, J = 1, . . . , M. (39)

Equation (37) represents the matrix analog of the integral eigenvalue problem for
a multi-dimensional random field with an arbitrary domain. Equation (37) can be
formulated for any covariance function or domain and can be easily solved by stan-
dard methods. Hence, the meshfree method can solve problems involving a multi-
dimensional random field with an arbitrary covariance function and an arbitrary
domain. Once the eigenvector f̂ i is calculated, Eq. (33) can be used to determine
the eigenfunction fi(x).

Note that the meshless discretization proposed here is only intended for solv-
ing the integral eigenvalue problem, not for discretizing the random field. Matri-
ces R and S, which involve 2K- and K-dimensional integration, respectively, can
be computed using standard numerical quadrature. Integration involves meshless
shape functions, which are already calculated and stored for meshless stress anal-
ysis. Hence, matrices R and S can be generated with little extra effort. However,
for a large K, the computational effort in performing numerical integration can
become intensive. Also note that for meshless stress analysis it is not necessary
that the number and spatial distribution of nodes coincide with those for eigen-
function approximation. Different and selective discretizations can be employed, if
necessary. However, in this study the same discretization is used for both meshless
stress analysis and for solving the eigenvalue problem.

3.4. Example 1: Eigensolution for a two-dimensional domain

Consider a two-dimensional domain D that is constructed by subtracting a quarter
of a circle of radius a = 1 unit from a square of size L = 20 units, as depicted by
Fig. 2. A homogeneous Gaussian random field α(x) defined over D has mean zero
and a bounded covariance function

Γα(ξ) = σ2
α exp

(
−‖ξ‖

bL

)
, ∀x, x + ξ ∈ D, (40)
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Fig. 2. A two-dimensional domain D for random field α(x), x ∈ D ⊂ R
2.

where σα = 0.1 unit and b = 0.5. Since the domain is not rectangular, no analytical
solution of eigenvalues and eigenfunctions exists for the above covariance function.
Therefore, the meshfree method is needed to find a numerical solution. Figures 3(a)
though 3(e) show five meshfree discretizations of D with total number of nodes
M = 9, 20, 30, 56, and 90, respectively, which represent progressively increasing
degrees of refinement.18

Figure 4 shows several eigenvalues calculated using the meshfree method
(Eqs. 33–39) for M = 9, 20, 30, 56, and 90, for the given covariance kernel. Clearly,
the eigenvalues converge with respect to M , as expected. Similar comparisons of the
first four eigenfunctions f1(x), f2(x), f3(x), and f4(x), presented in Figs. 5(a), 5(b),

(a) (b)

(e)(d)(c)

Fig. 3. Various meshfree discretizatons; (a) M = 9; (b) M = 20; (c) M = 30; (d) M = 56;
(e) M = 90.18
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Fig. 4. Eigenvalues for various meshfree discretizations.18

6(a), and 6(b), respectively, also demonstrate the convergence of eigenfunctions with
respect to M . These convergent solutions of eigenvalues and eigenfunctions provide
confidence in the following probabilistic results.

4. Multivariate Function Decomposition

Consider a continuous, differentiable, real-valued multivariate function y(v) that
depends on v = {v1, · · · , vN}T ∈ R

N . Suppose, y(v) has a convergent Taylor expan-
sion at an arbitrary reference point c = {c1, · · · , cN}T . Applying the Taylor series
expansion of y(v) at v = c, y(v) can be expressed by

y(v) = y(c) +
∞∑

j=1

1
j!

N∑
i=1

∂jy

∂vj
i

(c)(vi − ci)j + R2, (41)

or

y(v) = y(c) +
∞∑

j=1

1
j!

N∑
i=1

∂jy

∂vj
i

(c)(vi − ci)j

+
∞∑

j1,j2>0

1
j1!j2!

∑
i1<i2

∂j1+j2y

∂vj1
i1

∂vj2
i2

(c)(vi1 − ci1)
j1(vi2 − ci2)

j2 + R3, (42)

where the remainder R2 denotes all terms with dimension two and higher and the
remainder R3 denotes all terms with dimension three and higher.
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Fig. 5. First and second eigenfunctions by meshfree method; (a) f1(x); (b) f2(x).18

4.1. Univariate approximation

Consider a univariate approximation of y(v), denoted by

ŷ1(v) ≡ ŷ1(v1, . . . , vN ) =
N∑

i=1

y(c1, . . . , ci−1, vi, ci+1, . . . , cN ) − (N − 1)y(c), (43)

where each term in the summation is a function of only one variable and can be
subsequently expanded in a Taylor series at v = c yielding
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Fig. 6. Third and fourth eigenfunctions by meshfree method; (a) f3(x); (b) f4(x).18

ŷ1(v) = y(c) +
∞∑

j=1

1
j!

N∑
i=1

∂jy

∂vj
i

(c)(vi − ci)j . (44)

Comparison of Eqs. (41) and (44) indicates that the univariate approximation leads
to the residual error y(v) − ŷ1(v) = R2, which includes contributions from terms
of dimension two and higher. For a sufficiently smooth y(v) having a convergent
Taylor series, the coefficients associated with higher-dimensional terms are usually

www.EngineeringBooksPDF.com



October 26, 2005 11:28 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch10

200 S. Rahman

much smaller than those associated with one-dimensional terms. As such, higher-
dimensional terms contribute less to the function, and therefore, can be neglected.
Furthermore, Eq. (43) exactly represents y(v) =

∑
yi(vi), i.e. when y(v) can be

additively decomposed into functions yi(xi) of single variables.

4.2. Bivariate approximation

In a similar manner, consider a bivariate approximation

ŷ2(v) =
∑

i1<i2

y(c1, . . . , ci1−1, vi1 , ci1+1, . . . , ci2−1, vi2 , ci2+1, . . . , cN )

− (N − 2)
N∑

i=1

y(c1, . . . , ci−1, vi, ci+1, . . . , cN ) +
(N − 1)(N − 2)

2
y(c) (45)

of y(v), where each term on the right hand side is a function of at most two variables
and can be expanded in a Taylor series at v = c, yielding

ŷ2(v) = y(c) +
∞∑

j=1

1
j!

N∑
i=1

∂jy

∂vj
i

(c)(vi − ci)j

+
∞∑

j1,j2>0

1
j1!j2!

∑
i1<i2

∂j1+j2y

∂vj1
i1

∂vj2
i2

(c)(vi1 − ci1)
j1 (vi2 − ci2)

j2 . (46)

Again, the comparison of Eqs. (42) and (46) indicates that the bivariate approx-
imation leads to the residual error y(v) − ŷ2(v) = R3, in which the remainder
R3 includes terms of dimension three and higher. The bivariate approximation
includes all terms with no more than two variables, thus yielding higher accu-
racy than the univariate approximation. Furthermore, Eq. (45) exactly represents
y(v) =

∑∑
yij(vi, vj), i.e. when y(v) can be additively decomposed into functions

yij(vi, vj) of at most two variables.

4.3. Generalized S-variate approximation

The procedure for univariate and bivariate approximations described in the preced-
ing can be generalized to an S-variate approximation for any integer 1 ≤ S ≤ N .
The generalized S-variate approximation of y(v) is22–24

ŷS(v) ≡
S∑

i=0

(−1)i

(
N − S + i − 1

i

)
yS−i(v), (47)

where

yR =
R∑

k=0

(
N − k

R − k

)
tk; 0 ≤ R ≤ S, (48)
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with

t0 = y(c)

t1 =
∑
j1

1
j1!

N∑
i1=1

∂j1y

∂vj1
i1

(c) (vi1 − ci1)
j1

t2 =
∑
j1,j2

1
j1!j2!

∑
i1<i2

∂j1+j2y

∂vj1
i1

∂vj2
i2

(c) (vi1 − ci1)
j1

(vi2 − ci2)
j2

...
...

...

tS =
∑

j1,...,jS

1
j1! · · · jS !

∑
i1<···<iS

∂j1+···+jS y

∂vj1
i1
· · · ∂vjS

iS

(c) (vi1 − ci1)
j1 · · · (viS − ciS )jS .

(49)

Using a multivariate function decomposition theorem, developed by the author’s
group, it can be shown that ŷS(v) in Eq. (47) consists of all terms of the Taylor series
of y(v) that have less than or equal to S variables.23 The expanded form of Eq. (47),
when compared with the Taylor expansion of y(v), indicates that the residual error
in the S-variate approximation is y(v)− ŷS(v) = RS+1, where the remainder RS+1

includes terms of dimension S + 1 and higher. When S = 1, Eq. (47) degenerates
to the univariate approximation (Eq. (43)). When S = 2, Eq. (47) becomes the
bivariate approximation (Eq. (45)). Similarly, trivariate, quadrivariate, and other
higher-variate approximations can be derived by appropriately selecting the value
of S. In the limit, when S = N , Eq. (47) converges to the exact function y(v).
In other words, the decomposition technique generates a convergent sequence of
approximations of y(v).

5. Statistical Moment Analysis

5.1. General stochastic response

Consider a mechanical system subject to a zero-mean independent random input
vector V = {V1, . . . , VN}T ∈ R

N , which characterizes uncertainty in loads, mate-
rial properties, and geometry. Let g(V ) represent a general stochastic response of
interest, for which the lth statistical moment

ml ≡ E
[
gl(V )

]
=
∫

RN

gl(v)fV (v)dv (50)

is sought, where fV (v) is the joint probability density function of V . If y(V ) =
gl(V ), the lth moment can also be evaluated from

ml = E[y(V )] =
∫

RN

y(v)fV (v)dv. (51)
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Following the S-variate approximation procedure discussed in Eqs. (47)–(49) and
using c = 0 (mean input),

ml
∼= E [ŷS(V )] =

S∑
i=0

(−1)i

(
N − S + i − 1

i

)
×

∑
k1<k2<···<kS−i

E
[
y
(
0, . . . , 0, Vk1 , 0, . . . , 0, Vk2 , 0, . . . , 0, VkS−i , 0, . . . , 0

)]
. (52)

If fVkj
(vkj ) represents the marginal density of Vkj , then by definition

E
[
y
(
0, . . . , 0, Vk1 , 0, . . . , 0, Vk2 , 0, . . . , 0, VkS−i , 0, . . . , 0

)]
≡
∫ ∞

−∞
y
(
0, . . . , 0, vk1 , 0, . . . , 0, vk2 , 0, . . . , 0, vkS−i , 0, . . . , 0

) S−i∏
j=1

fVkj
(vkj )dvkj ,

(53)

which is valid for any independent random vector V . If V comprises dependent
variables, an appropriate transformation, such as the Rosenblatt transformation,30

should be applied to map the dependent random vector V to an independent
standard Gaussian random vector U . Note that Eq. (53) only requires at most
S-dimensional deterministic integration, which can be more easily evaluated using
standard quadrature rules if S � N . For example, Gauss-Legendre and Gauss-
Hermite quadratures are frequently used when Vj follows uniform and Gaussian
distributions, respectively.31 For an arbitrary distribution of Vj , a moment-based
quadrature rule developed by the author can be used to evaluate the integral.23

The moment equation entails evaluating at most S-dimensional integrals, which
is substantially simpler and more efficient than performing one N -dimensional inte-
gration when S � N . For practical problems involving a large number of input ran-
dom variables (e.g. N > 30), the moment equation presents a promising method.
The method does not require calculation of any partial derivatives of response and
inversion of random matrices as compared with, respectively, the commonly used
Taylor/perturbation and Neumann expansion methods. Hence, the computation
effort in conducting statistical moment analysis is significantly reduced using the
function decomposition technique. The method is coined “S-variate or multivari-
ate dimension-reduction method,” since calculation of an N -dimensional integral is
essentially reduced to that of an at most S-dimensional integral.23 When S = 1, the
method degenerates to the univariate dimension-reduction method involving only
one-dimensional integrations.22 When S = 2, the method becomes the bivariate
dimension-reduction method entailing at most two-dimensional integrations. Sim-
ilarly, trivariate, quadrivariate, and other higher-variate methods can be derived
by appropriately selecting the value of S. In the limit, when S = N , there is no
dimension reduction and the method yields the exact solution.

5.2. Discrete equilibrium equations

Consider a linear mechanical system subject to a vector of input random parameters
V ∈ R

N �→ (µ, γ) characterizing uncertainty in the system and loads. Following
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discretization, let Y ∈ R
L �→ (mY , γY

)
represent a displacement (response) vector

associated with L degrees of freedom of the system, satisfying the linear equilibrium
equation

K(V )Y (V ) = F (V ), (54)

in which the stiffness matrix K and force vector F depend on V and were defined
in Sec. 2 in the review of meshfree formulation for linear elasticity. Equation (54)
is common in mesh-free methods when the system, loads, or both, are uncertain.
The solution

Y (V ) = K(V )−1F (V ) (55)

is random and depends on V . Using the S-variate dimension-reduction method,
the mean vector mY and covariance matrix γY of Y can be derived as

mY
∼= E[Ŷ ] =

S∑
i=0

(−1)i

(
N − S + i − 1

i

) ∑
k1<k2<···<kS−i

E

[
K(Ṽ i)−1F (Ṽ i)

]
,

(56)

γY = E

[
Y Y T

]
− mY mT

Y , (57)

where Ṽ i = {0, . . . , 0, Vk1 , 0, . . . , 0, VkS−i , 0, . . . , 0}T and

E
[
Y Y T

] ∼= S∑
i=0

(−1)i

(
N − S + i − 1

i

)

×
∑

k1<k2<...<kS−i

E

[
K(Ṽ i)−1F (Ṽ i)F (Ṽ i)T K(Ṽ i)−T

]
. (58)

Note that the calculation of expected values on the right hand side of Eqs. (56)–(58)
involves at most S-dimensional integrations.

5.3. Example 2: Response statistics of a plate with a hole

Consider a square plate with a circular hole, as shown in Fig. 7. The plate has
dimension 2L = 40 units, a hole with diameter 2a = 2 units, and is subjected to a
far-field, uniformly distributed stress of magnitude σ∞ = 1 unit. The Poisson’s
ratio ν = 0.3. The elastic modulus is a homogeneous Gaussian random field
E(x) = µE [1 + α(x)]; x ∈ D ⊂ R

2, where µE = 1 unit is the constant mean
over domain D and α(x) is a homogeneous Gaussian random field with mean zero
and covariance function defined by Eq. (40) in Example 1.a Furthermore, the mod-
ulus of elasticity is assumed to be symmetrically distributed with respect to x1- and
x2-axes (see Fig. 7). Therefore, only a quarter of the plate needs to be analyzed.

aThe Gaussian random field is adopted in Example 2 to allow direct comparison between
dimension-reduction methods and Neumann expansion method,32 of which the latter method
entails the Gaussian assumption. The dimension-reduction methods do not require any specific
distribution of random fields or variables.23
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Fig. 7. A square plate with a hole subjected to uniform tension.

Figures 3(a)–3(e) show several meshfree discretizations of the quarter plate with
various degrees of refinement. A plane stress condition is assumed.

Based on the correlation parameter b = 0.5, a value of N = 12 was selected for
the K-L approximation of α(x). The meshfree method using the finest discretization
(i.e. M = 90; see Fig. 3(e) in Example 1) was employed to obtain both the stress field
and eigensolutions {λj , φj(x)}, j = 1, . . . , 12. Hence, the input random vector V =
{V1, . . . , V12}T becomes a twelve-dimensional standard Gaussian random vector.

Table 1 presents standard deviations of displacements and strains at points A,
B, C, D, and E (see Fig. 7), predicted by the univariate and bivariate dimension-
reduction methods, as well as results of a fourth-order Neumann expansion method
and a Monte Carlo simulation (5000 samples).23 The Neumann expansion solu-
tions are obtained by following the development of Spanos and Ghanem.32 As
can be seen in Table 1, the Neumann expansion and dimension-reduction meth-
ods provide satisfactory results for prediction of standard deviations in comparison
with simulation results. The accuracy of the response statistics from the bivariate
dimension-reduction method is similar to the Neumann expansion method, and is
slightly higher than the univariate dimension-reduction method. More importantly,
however, a comparison of CPU times, shown in Fig. 8, indicates that the univari-
ate dimension-reduction method is far more efficient than the Neumann expansion
method. From Fig. 8, it can be seen that the bivariate dimension-reduction method
also surpasses the computational efficiency of the fourth-order Neumann expansion
method.
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Table 1. Standard deviations of displacements and strains by various methods.23

Location Response Standard deviation of response
variable

4th-order Univariate Bivariate Monte Carlo
Neumann dimension- dimension- simulation
expansion reduction reduction (5000
method method method samples)

A u1 1.17×10−1 1.15×10−1 1.17×10−1 1.19×10−1

ε11 2.78×10−2 2.72×10−2 2.78×10−2 2.79×10−2

ε22 2.57×10−1 2.51×10−1 2.57×10−1 2.58×10−1

ε12 3.52×10−2 3.45×10−2 3.52×10−2 3.54×10−2

B u1 4.92×10−1 4.83×10−1 4.93×10−1 4.95×10−1

ε22 8.58×10−2 8.41×10−2 8.59×10−2 8.49×10−2

C u2 2.64×10−1 2.58×10−1 2.64×10−1 2.66×10−1

ε11 9.12×10−2 8.92×10−2 9.13×10−2 9.28×10−2

ε22 1.38×10−2 1.35×10−2 1.38×10−2 1.41×10−2

ε12 4.06×10−2 3.97×10−2 4.07×10−2 4.13×10−2

D u2 1.44 1.41 1.44 1.44
ε22 8.76×10−2 8.53×10−2 8.77×10−2 8.52×10−2

E u1 6.03×10−1 5.91×10−1 6.04×10−1 5.98×10−1

u2 1.46 1.44 1.47 1.46
ε22 8.74×10−2 8.53×10−2 8.76×10−2 8.59×10−2

Note: u1 and u2 are horizontal and vertical displacements, respectively; ε11 and ε22 repre-
sent normal tensorial strains; and ε12 represents tensorial shear strain.
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Fig. 8. Comparison of CPU times for moment analysis by various methods.23

6. Reliability Analysis

A fundamental problem in time-invariant reliability analysis entails calculation of
a multi-fold integral33–35

PF ≡ P (V ∈ ΩF ) =
∫

Ωf

fV (v)dv, (59)
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where ΩF ⊂ Ω defines the failure domain and PF is the probability of failure.
For component reliability analysis, ΩF = {v : y(v) < 0}, where y(v) represents a
single performance function. For system reliability analyses involving r performance
functions, ΩF = {v :

⋃r
k=1 y(k)(v) < 0} and ΩF = {v :

⋂r
k=1 y(k)(v) < 0} for series

and parallel systems, respectively, where y(k)(v) represents the kth performance
function. Nevertheless, for most practical problems, the exact evaluation of this
integral, either analytically or numerically, is not possible since N is large and y(v)
or y(k)(v) are highly nonlinear functions of v.

The most common approach to compute the failure probability in Eq. (59)
involves the first- and second-order reliability methods (FORM/SORM),33–35 which
are based on linear (FORM) or quadratic approximation (SORM) of the limit-state
surface at a most probable point (MPP). Experience has shown that FORM/SORM
are sufficiently accurate for engineering purposes, provided that the limit-state sur-
face at the MPP is close to being linear or quadratic, and no multiple MPPs exist.35

Otherwise, the results of FORM/SORM should be interpreted with caution. Simu-
lation methods involving sampling and estimation are well known in the statistics
and reliability literature.36–38 While simulation methods do not exhibit the limi-
tations of approximate reliability methods, such as FORM/SORM, they generally
require considerably more extensive calculations than the latter methods. Conse-
quently, simulation methods are useful when alternative methods are inapplicable
or inaccurate, and have been traditionally employed as a yardstick for evaluating
approximate methods.

In this work, innovative response-surface approximations using multivariate
function decomposition, which provides accurate and computationally efficient reli-
ability estimates, are presented in the following subsection.

6.1. Response surface generation

Consider the univariate terms yi(vi) ≡ y(c1, . . . , ci−1, vi, ci+1, . . . , cN ) in Eqs. (43)
and (45). If for vi = v

(j)
i , n function values

yi(v
(j)
i ) = y(c1, . . . , ci−1, v

(j)
i , ci+1, . . . , cN ); j = 1, 2, . . . , n (60)

are given, the function value for arbitrary vi can be obtained using the Lagrange
interpolation as

yi(vi) =
n∑

j=1

φj(vi)yi

(
v
(j)
i

)
, (61)

where the Lagrange shape function φj(vi) is defined as

φj(vi) =

∏n

k=1,k �=j

(
vi − v

(k)
i

)
∏n

k=1,k �=j

(
v
(j)
i − v

(k)
i

) . (62)

Using Eq. (61), arbitrarily numerous function values of yi(vi) can be gener-
ated if n function values are given. This is defined as the univariate method.24
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The same concept can be applied to the bivariate terms yi1i2(vi1 , vi2) ≡
y(c1, . . . , ci1−1, vi1 , ci1+1, . . . , ci2−1, vi2 , ci2+1, . . . , cN) in Eq. (45). If for vi1 = v

(j1)
i1

and vi2 = v
(j2)
i2

, n2 function values

yi1i2

(
v
(j1)
i1

, v
(j2)
i2

) ≡ y
(
c1, . . . , ci1−1, v

(j1)
i1

, ci1+1, . . . , ci2−1, v
(j2)
i2

, ci2+1, . . . , cN

)
;

j1 = 1, 2, . . . , n; j2 = 1, 2, . . . , n (63)

are given, the function value yi1i2(vi1 , vi2 ) for arbitrary point (vi1 , vi2) can be
obtained using the Lagrange interpolation as

yi1i2(vi1 , vi2 ) =
n∑

j2=1

n∑
j1=1

φj1 (vi1)φj2 (vi2)yi1i2

(
v
(j1)
i1

, v
(j2)
i2

)
, (64)

where shape functions φj1 (vi1 ) and φj2(vi2 ) are already defined in Eq. (62). The
resulting approximation is defined as the bivariate method.24 Note that there are
n and n2 performance function evaluations (e.g. meshfree analyses) involved in
Eqs. (61) and (64), respectively. Therefore, the total maximum cost for univariate
method entails nN + 1 function evaluations, and for bivariate method, N(N −
1)n2/2 + nN + 1 maximum function evaluations are required. More accurate mul-
tivariate methods, such as an S-variate (S > 2) decomposition method, can be
developed in a similar manner.

6.2. Monte Carlo simulation

For component reliability analysis, the Monte Carlo estimate of the failure proba-
bility employing S-variate response surface method is24

PF
∼= 1

NS

NS∑
j=1

I

[
ŷS

(
v(j)
)

< 0
]
, (65)

where v(j) is the jth realization of V , NS is the sample size, and I[·] is an indicator
function such that I = 1 if v(j) is in the failure set (i.e. when ŷS

(
v(j)
)

< 0) and
zero otherwise.

For system reliability analysis involving the union and intersection of r failure
sets, similar response surface approximations can be developed for the kth perfor-
mance function y(k)(v). Hence, the Monte Carlo estimate of the failure probability
employing S-variate response surface method for series and parallel systems is

hi
∼=




1
NS

NS∑
j=1

I

[
r⋃

k=1

ŷ
(k)
S

(
v(j)
)

< 0

]
, series system

1
NS

NS∑
j=1

I

[
r⋂

k=1

ŷ
(k)
S

(
v(j)
)

< 0

]
, parallel system

, (66)

where I[·] is another indicator function such that I = 1 if v(j) is in the system
failure domain and zero otherwise. By setting S = 1 or 2, univariate or bivariate
decomposition methods can be generated.
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6.3. Example 3: Reliability analysis of a plate with a hole

Consider again the problem of a square plate with a hole under tension, as
described in Example 2. In Example 3, the modulus of elasticity E(x) is defined
as a homogeneous, lognormal translation field E(x) = cα exp[α(x)], which has
mean µE = 1 unit and standard deviation σE = 0.2 or 0.5 unit. The image
field α(x) is a zero-mean, homogeneous, Gaussian random field with standard
deviation σα =

√
ln(1 + σ2

E/µ2
E), cα = µ2

E

√
µ2

E + σ2
E , and covariance function

Γα(ξ) = σ2
α exp[−|ξ1|/(bL) − |ξ2|/(bL)] with b = 0.5 unit. All other input parame-

ters are the same as in Example 2.
The random field α(x) is parameterized using N = 8 in the K-L approximation.

Hence, the input random vector V = {V1, . . . , V8}T becomes an eight-dimensional
standard Gaussian random vector. The failure condition is defined when the von
Mises equivalent stress σA(V1, . . . , V8) at point A exceeds the uniaxial yield strength
Sy of the material.24

Figures 9(a) and 9(b) present failure probabilities for various yield strengths, pre-
dicted by the mean-point-based univariate and bivariate methods (c = 0), as well
as by the direct Monte Carlo simulation (105 samples). As can be seen in Fig. 9(a),
when the uncertainty of elastic modulus is lower (σE = 0.2 unit), both univariate
and bivariate methods provide satisfactory results in comparison with the simulation
results. However, when a higher uncertainty is considered (σE = 0.5 unit), Fig. 9(b)
indicates that the accuracy of the failure probability from the bivariate method is
slightly higher than that from the univariate method. The number of function evalu-
ations (i.e. meshfree analyses) for the proposed method with univariate and bivariate
methods are only 33 and 481, respectively, when n = 5 and N = 8.

A comparison of total CPU times, shown in Fig. 10, indicates that both response
decomposition methods are far more efficient than the Monte Carlo simulation. In
calculating the CPU times, the overhead cost due to random field discretization,
random number generation, and response surface approximations are all included.
The overhead cost is comparable to the cost of conducting meshfree stress analysis
in this particular problem. For this reason, the ratios of CPU times by bivariate and
univariate methods and by Monte Carlo and univariate methods are respectively
only 8 and 1080, as compared with 15 (= 481/33) and 3030 (= 1 000 000/33), when
function evaluations alone are compared. For complex problems requiring more
expensive response evaluations, the overhead cost is negligible. In that case, the
CPU ratio should approach the ratio of function evaluations. Hence, the response
decomposition methods are effective when a response evaluation entails costly mesh-
free or other numerical analysis.

The numerical results indicate that stochastic meshfree methods can generate
accurate estimates of response moments and reliability. Although the same results
can be produced using the well-established stochastic FEM, meshfree methods pre-
sented here do not require a structured mesh — a key advantage over FEM. It is
generally recognized that successful meshing of complex geometric configurations
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Fig. 9. Failure probability of square plate with a hole; (a) σE = 0.2; (b) σE = 0.5.24

can be difficult, time consuming, and expensive. This issue is further exacerbated
when solving solid-mechanics problems characterized by a continuous change of the
domain geometry, such as crack propagation in solids and metal forming, where
a large number of automated remeshings are required due to moving cracks or
mesh distortion. Stochastic meshfree methods are ideal candidates for solving these
special classes of problems. Nevertheless, the computational cost of determinis-
tic meshfree method is still much higher than that required by low-order FEM.
Therefore, breakthrough research focused on enhancing speed and robustness of
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meshfree methods is required for their effective implementation into stochastic
mechanics.

7. Conclusions and Outlook

This article has focused on meshfree methods for potential applications in stochas-
tic mechanics and reliability. An exposition involving a brief summary of meshfree
formulation, spectral representation of random field, multivariate function decom-
position, statistical moment analysis, and reliability analysis has been presented.
By avoiding burdensome meshing or remeshing required by the commonly-used
finite element method, meshfree methods provide an attractive alternative to the
finite element method for solving computational mechanics problems. For the same
reason, the meshfree methods are effective in solving integral equations for spec-
tral representation of a random field over a complex arbitrary domain. Numerical
results indicate that stochastic meshfree methods, employed in conjunction with
dimension-reduction and response-decomposition methods, yield accurate and com-
putationally efficient estimates of statistical moments and reliability.

Although significant strides have been made, stochastic meshfree methods still
require considerable improvement before they equal the prominence of the stochas-
tic finite element method. Breakthrough research on enhancing speed and robust-
ness of meshfree methods is essential for their successful implementation into
stochastic mechanics.
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CHAPTER 11

RELIABILITY ANALYSIS USING INFORMATION
FROM EXPERTS

JAMSHID MOHAMMADI∗ and EDUARDO DESANTIAGO†

Department of Civil and Architectural Engineering, Illinois Institute of Technology
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The assessment of the reliability of an engineering system to a great extent depends
on performance data. Such data is obtained in a variety of ways. Most conventional
methods utilize field or laboratory data. In cases where such data is not readily avail-
able or cannot be obtained through conventional means at a reasonable cost, data from
experts can be utilized. In addition to the data from the experts, there may be cases
where the correct approach to a reliability analysis may not be clear. In such situations,
experts may have to be called to provide a direction as to what methods would be most
suitable for conducting a rational reliability analysis. This chapter focuses on reliability
analysis using this approach. Specifically, the significance of using experts in providing
information on the reliability methods, data collection process and performance data
from opinions expressed by experts are described. Different statistical methods in con-
ducting tests on such data, identification of biases and methods to improve the outcome
of reliability analysis using information from experts are also discussed.

1. Introduction

The reliability assessment of most engineering systems to a great extent depends
on performance data. The conventional methods of gathering such data are pri-
marily through field and/or laboratory investigations. In cases where reliable data
through conventional sources is not available, a group of experts can be used to
provide information needed to complete the necessary system reliability analysis.
In addition to providing performance data, experts can also be helpful in identifying
the method of analysis that may be most suitable for assessing the reliability of a
given system. In essence, the expert opinion approach involves: (1) Data gather-
ing using experts’ knowledge; and (2) developing a methodology that can suitably
be used in implementing the reliability analysis. The domain of information gath-
ered from experts for the method of analysis can be very focused and narrow or
wide. If a problem is well-defined and all modes of failure are known, the infor-
mation sought from the experts can only be on failure probabilities of individual
modes. However, in certain cases, the data gathering process may be extensive and
include estimates for probability models; types of distribution; treatment of vari-
ables as random; correlation among variables; development of event and fault trees
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and results verifications. Yet in other cases where the parameters that control a
system’s performance are not well-defined or known, the information sought from
the experts may be directed towards identification of parameters that control the
system. In this case, the information may be gathered in two or more rounds. A
preliminary round can be devoted in identifying the attributes of a system’s per-
formance and modes of failure that are believed to be more prevalent. Subsequent
rounds can then be used to quantifying the failure probabilities associated with
individual modes of failure.

The specific process via which the data from the experts is gathered depends on
several factors [Mohammadi1]. Among these are: (1) Availability of information on
modes of failure; (2) availability of experts to participate in the data gathering pro-
cess; (3) type of data gathering method to be used; (4) time and cost restraints; and,
(5) level of details expected in the data. Depending on the type of data, the informa-
tion from the experts can be used as the final outcome in the process. However, there
may be cases where the information from the experts can only be used as a basis to
further explore the problem and conduct a second or even third round of data gath-
ering. When an elaborate process is planned, the experts can be solicited for basic
information on the probability of occurrence of failure events as well as on the type
of probability distribution functions, inter-variables correlations, estimated values
for means, coefficient of variation and other statistical parameters of individual ran-
dom variables. The data gathering process can in fact continue for several rounds
as long as the time and budget would allow for the continuation of the process.

The process of information gathering from experts has been widely used in
various disciplines. Most notably, the process is often employed in association with
new products, where opinions of certain consumers (as experts) are solicited in an
effort to determine how the new products will be accepted by consumers. In such
applications, the data gathering methods are usually through face to face interviews
and group seminars. In engineering applications, the data gathering method in
principal is the same; except that the data is often gathered through questionnaires.
Several examples in civil engineering projects, in which the expert opinion data has
been used, are discussed below. In some of these applications, the data gathering
is conducted for structural condition assessment while in others the method was
employed exclusively to gather information on failure probabilities in an effort to
estimate the reliability of a system.

A typical example of the expert opinion data gathering process in civil engi-
neering is in the area of structural inspections. Highway and railway bridges are
often inspected every other year for the purpose of detecting the extent of damage
to their components and identifying the type of remedial work needed to keep them
in service. Municipalities often require the owners of tall buildings to conduct peri-
odic inspections of the building exteriors for any signs of deterioration, cracks, and
other problems that may impose a hazard to the public. In both these applications,
experts (structural engineers) are hired to conduct the inspections. In bridge sys-
tems, often the areas prone to damage are known; and as such, standard forms are
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used to gather specific information on the condition of individual components. As
it is expected, the data entered into these forms is subjective and reflects the opin-
ion of the engineer conducting the inspection of a given bridge. Different agencies
use their own rating systems for structural condition of a bridge component. For
example, most highway agencies use a rating of 0–9 (where a rating of 9 indicates
a component is in an excellent condition; whereas, a rating of zero is an indication
that a component is in poor condition and needs replacement). In building inspec-
tions, the expert data is more in the form of an inspection report and may not
specifically follow a standard format.

In several other applications, the use of expert opinion data has been consid-
ered exclusively for the purpose of gathering information for a specific parameter
for which conventional methods could not be used due to cost or lack of time. One
such application deals with the significance of human error and its impact upon sys-
tem reliability. Along this type of application, Melhem, et al.2 report on a problem
where data on fabrication errors in steel bridge components were sought through
experts’ knowledge. In another application, Mohammadi, et al.3 used data from
experts to identify modes of failure and probabilities associated with these modes
for gas distribution systems used in residential and commercial buildings. In this
application, the experts consisted of technical personnel involved with gas distri-
bution industry and were familiar with potential modes of failure with interior gas
pipes in building. The results gathered from these experts were used in estimating
the probability of gas leaks and potential cost associated with any follow-up events.
In several other applications, the data from experts has been used in such problems
as seismic performance evaluation of buildings [e.g. Miyasato, et al.4 and Savy5]; in
construction management problems and risk evaluation [Kangari6]; and in several
structural reliability problems [Yamamoto and Ang7; Lind and Novak8; Kulkarani
and Cornell9 and Yao10].

As in any type of data, expert opinion data is subject to uncertainties and
is thus qualified for various methods of statistical analyses. One major source of
uncertainties that stands out in expert opinion data is due to the expert’s bias.
Various modes of an expert’s bias are covered by Spetzler and Van Holstein.11 By
knowing the specific prevalence of one or more of such modes in a given problem, one
may be able to design the data acquisition process in such a way to reduce the effect
of the bias in the experts’ opinions (Mohammadi, et al.3). Statistical analyses and
test methods can also be used to identify any trends and skews in the data, which
may indicate bias. Several other tests can also be applied to identify whether there
are differences between two or more sets of data gathered from different teams of
experts. Any statistical differences identified can be indicative of bias in the data.
The uncertainties and biases, once identified, can be controlled by repeating the
data acquisition process in multiple rounds (as explained later).

In system reliability problems, a rather simple method involves the use of the
fault-tree analysis method [Ang and Tang12], where an event of concern (top event)
is disintegrated into causative events and further down to a series of basic events.
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Basic events are primarily events of occurrences of specific modes of failure. The
expert opinion is then sought for probability of occurrence of individual basic events.
Once the necessary data is compiled, analyzed and tested, the basic event prob-
abilities are used to arrive at the probability of the top event, which will then
provide the information on the system reliability (i.e. probability of survival). In
cases where inter-correlation between causative or basic events exist, the procedure
may be more involved and the data from the expert may include identification of
random variables describing various events, correlation information and/or even
distribution models for these random variables.

This chapter provides an overview of the expert opinion data gathering pro-
cess and their use in structural reliability evaluation. A discussion of biases and
statistical methods applied to such data are also presented.

2. Procedure

The procedure in conducting the expert opinion data depends on the type of prob-
lem and the specific information known about the problem. In system reliability
applications, the procedure depends on whether the modes of failure and their sig-
nificance on the overall system reliability are known. For example, in dealing with a
simple structural truss system, one must know what modes of failure are prevalent
and whether the occurrence of any one mode will cause the failure of the system.
In non-redundant trusses, the occurrence of any one mode of failure is tantamount
to the system failure; whereas, in redundant systems, more than one mode will
be needed to occur before the system fails. Thus the procedure for these two sys-
tems will be different in the sense that the type of data that is required from the
expert may be different. In problems where the failure modes are not known or
well-defined, the expert opinion process must devote a separate effort to gather
information from the expert on the prevalent modes of failure. For example, in an
investigation of the reliability of a retaining wall system, although generic modes of
failure may be known, expert opinion data will be helpful in identifying several other
less known modes (e.g. soil washout, foundation settlement, concrete deterioration,
rebar corrosion, unexpected heavy surcharge), the significance of these modes on
the overall wall stability and any correlation between these modes. Furthermore,
when formulating the system reliability in terms of individual modes of failure,
expert opinion data may be needed for estimating the uncertainties associated with
the individual modes. In any case, the fault tree analysis will be helpful to disinte-
grate events into basic events; since it is often easier to obtain data from the expert
when events are simple and do not depend on too many other parameters. Figure 1
shows an example of a fault tree describing the failure of a simply-supported wood
truss system which is supporting a highway advertising board. The reliability of this
truss against strong wind loads is of concern. Our assumption is that there is no
information on the type of wood used in making members. Furthermore, individual
members are severely deteriorated and have knots in them, which are randomly
distributed. There are n members in the truss. Thus the top event which is the
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Fig. 1. Fault tree for failure of a simple truss.

failure of the truss is disintegrated into n events. The union of these events will
result in the top event (i.e. failure of the truss). Two modes of failure (i.e. tension
or buckling) are identified for each member. Experts are invited to express their
opinions on the probability of occurrence of each mode. Note that for each mem-
ber, the event of failure is considered to be the union of the events of occurrence of
the two modes of failure. Also note that the failure mode events are shown inside
circles. This means that these events cannot be disintegrated further; and as such
they are considered as top event. Denoting the event of the failure of the truss as
FT and that of member i as fi and those of the failure modes as fci and fti, the
probability of truss failure can be mathematically written as

P (FT ) = P (f1 ∪ f2 ∪ · · · ∪ fn), (1)

where

P (fi) = P (fbi ∪ fti). (2)

The reliability of the truss is computed as one minus the probability of the truss
failure.

3. Data Collection Process

The data can be obtained from the experts using various formats. A popular method
is data collection through a questionnaire. However, the use of a questionnaire will
be effective if the expert can be provided with enough information and there is no
ambiguity on the nature of the problem. For example, in the wood truss example,
a question for a mode of failure can be expressed as follows:

“Given the occurrence of an 80mph wind on the advertising board, in your
opinion what will be the probability that a main truss member will fail due
to buckling?”
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The expert can be given more specific information on how to provide his/her
numerical probability values. For example, the questionnairemay include a statement
directing an expert to express his/her opinion in number of failures expected in 100
occurrences. In this case, the questionnaire may include the following expression:

“In providing your opinion on failure due to buckling, assume there will be
100 identical elements. Identify how many of these members may fail due
to the 80mph wind.”

Of course, if the probability of failure is expected to be very small, the expert’s
response in terms of 1 in 1000 or 1 in 10 000 occurrences can be requested. Fur-
thermore, the questionnaire may include a series of values and the expert asked to
mark the value that is closest to his or her opinion on the occurrence of the event.

An alternative method for compiling data from experts is through group or
face-to-face interviews. The advantage of this method is that it allows for a direct
interaction between the interviewer and the expert [Spetzler and Van Holstein11].
This also allows for an on-site analysis of the expert data, a quick verification of
the data (for example, comparing an individual’s response compared with others)
and additional explanation on the problem for further clarification. A face-to-face
interview or a group seminar is generally more difficult to arrange and involves a
higher cost. It is also possible to combine a questionnaire for compiling a preliminary
set of data and then conduct the second round of data collection in a group seminar.

4. Probability Encoding

Various methods can be used for obtaining data on probability values for basic
events or statistical information (distribution functions, mean values, coefficients
of variation, etc.) for random variables describing basic events. Spetzler and Van
Holstein11 discuss several methods through which the probability encoding can be
achieved. These methods are divided into two types; namely, direct and indirect
response techniques. In the indirect response technique, one can select an ana-
log device or simply a numerical and/or measuring scheme to collect and encode
probability values from experts. In a device referred to as the ‘probability wheel,’
measurements representing probability values are marked. The interviewer uses this
wheel to mark different values and ask whether the expert agrees that a specific
number represents his/her opinion on a desired probability. In a different scheme,
the expert can be provided with a paper lined to form, say, a 10 × 10 table (i.e.
containing 100 squares). The expert is asked to darken as many squares needed to
represent percentage probability for the event of concern. Most such devices are
only applicable when the data gathering process is done in a face-to-face interview
or in a group seminar. It is also emphasized that the use of these devices may not
become effective if the probability values are expected to be very small. When prob-
abilities are expected to be very small, a direct response technique (as described
below) may work better.
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In the direct response technique, the experts are asked explicitly to provide their
opinions on a value for the event of concern. They can even be asked to provide their
opinions on a type of probability distribution model suitable for a random variable
or estimates for such statistical quantities as the mean or coefficient of variation.
This method can work well with experts who are involved in probabilistic modeling
applications; and as such can comment on the modeling aspects of the problem
as well as providing data. Spetzler and Van Holstein11 mention that the choice of
probability functions is generally a modeling consideration than being part of the
encoding process. Thus if the experts are only identified with their experience with
the nature of the problem but not with the modeling process, the data gathering
should perhaps focus only on encoding probability values.

When applied to the evaluation of system reliability, some form of direct
response technique seems to be appropriate. This is provided that the problem mod-
eling is primarily based on a fault tree analysis procedure and that the probability
values for the basic events can be obtained directly from experts. In cases where
each basic event is modeled through the introduction of one or more random vari-
ables, the direct response technique can still be used, if the experts understand the
nature of modeling through random variables and estimation of statistical param-
eters (mean and coefficient of variation) needed for each random variable. As an
example, we refer to the problem depicted in Fig. 1. Suppose the intention is to
decode a probability value for failure of member 1 due to the buckling mode. An
expert may be asked to directly express his opinion on this probability. We can give
the expert a scenario in which some 100 identical members are involved and ask
him/her to express how many of those may fail given a specific loading condition.

In an alternate method, we may formulate the probability of failure of any
member i for the buckling mode of failure using the following equation (see, for
example, Ang and Tang12 for the derivation of this equation)

P (fi) = Φ

[
− ln(R̄i/S̄i)√

Ω2
Ri + Ω2

Si

]
, (3)

in which, Ri and Si are random variables describing the resistance and the applied
load on member I, respectively. The bar indicates the corresponding mean values
for these random variables. The parameters ΩRi and ΩSi are the coefficients of
variation for the resistance and applied load; respectively; and Φ(·) is the standard
normal probability distribution function. In computing the probability of failure for
individual members using Eq. (3), experts may be requested to provide, for example,
their opinions on the mean value and coefficient of variation for the resistance of
members. Alternatively, the experts may be asked to provide their opinions directly
for the ratio of resistance to the load, θi = Ri/Si (which is a measure for the margin
of safety) and the corresponding uncertainty associated with this ratio Ωθi (which
will be the denominator in Eq. (3)). It is emphasized that since usually more than
one expert is approached for data, there will be a variation for the mean value of θi

and also a variation involved in opinions expressed for Ωθi. We can take an average
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of all responses to arrive at a single value for an estimate of the mean of θi and one
for Ωθi. However, the effect of variation in these responses must be included in the
process. Denoting these variances as ∆1 and ∆2, the overall estimate of uncertainty
for θi can be written as follows:

Ωθi =
√

Ω̄2
θi + ∆2

1 + ∆2
2, (4)

in which Ω̄2
θi indicates the average value from all responses obtained for Ωθi, ∆1 is

the coefficient of variation associated with the data gathered for the mean value of
θi and ∆2 is the coefficient of variation associated with responses obtained for Ωθi.

The computation of the system reliability through Eq. (1) depends on the inter-
correlation conditions between events fi. If fi are statistically independent, the
system failure probability is12

P (FT ) = 1 −
n∏

i=1

[1 − P (fi)]. (5)

However, if the events fi are perfectly correlated, the system failure probability will
be equal to the maximum value12 among all P (fi), i.e.

P (FT ) = Max[P (fi)]. (6)

In reality, the conditions between the failure events of members are only partially
correlated and the true system probability of failure will be bounded by the two
values from Eqs. (5) and (6). To ultimately arrive at a single value for the system
failure probability, experts can be approached again. The data gathering in this case
will be direct. We can provide the experts with the significance of and potential
sources that contribute to correlation between events fi. Then, they can be asked
to provide their estimate for the most likely value of system failure probability
between the two bounds established through Eqs. (5) and (6).

A similar approach can also be used in obtaining data on the correlation between
modes of failure for each structural member and the corresponding failure proba-
bility through Eq. (2). The basic formulations used in the derivation of Eqs. (1)–(6)
can be found, for example, in Ang and Tang.12

5. Biases in Data

As described earlier, expert opinion data is subject to bias. Spetzler and Van
Holstein11 express sources of bias to be either ‘motivational’ or ‘cognitive.’ The
motivational bias is initiated from the expert’s desire to change the outcome of
the survey to his/her favor. In system reliability applications, a motivational bias
can arise when questions used to gather experts’ data may appear to be in direct
conflicts with an expert’s interests. For example, an expert may belong to a certain
manufacturing group which specializes in fabricating structural truss components;
and such components have been mentioned in the survey questionnaire as a poten-
tial source of failure. The concern over the perception of public in regard to the risk
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might cause the expert to think that his/her company’s product will be associated
with failure.1

Cognitive biases are reported to depend on the expert’s modes of judgment.11

This type of bias is systematically introduced by the way the expert responds to
the survey questions. The expert may be influenced by most recent occurrences
of the event of interest and thus would respond accordingly. For example, when
asked to express an opinion for the failure probability of a truss component due
to material defects, the expert may provide an unusually low value for the failure
probability only to pretend that there is no particular problem with the mate-
rial. In this way, the expert tries to make the point that the material is sound,
even though there has been several recent failure cases alluded to material defects
on this specific type of trusses. Contrary to this example, in another scenario,
recent failure cases on the material defect may influence the thought process of the
expert; and as such, he/she may provide a large value for the failure probability
to emphasize how critical the material defect can be in playing a crucial role in a
potential failure of this particular type of trusses. Cognitive biases are reported to
have five different modes (Spetzler and Van Holstein,11 Kahneman and Tversky,13

and Tversky and Kahneman.14) These are: (1) Availability; (2) adjustment and
anchoring; (3) representativeness; (4) unstated assumptions; and (5) coherence.
The availability and the adjustment and anchoring modes concern occurrences the
expert recalls. Availability deals with events the expert recalls in general; whereas,
the adjustment and anchoring deals with most recent occurrences. The unstated
assumptions mode of judgment deals with the expert’s assumptions on which the
response is based. In a system reliability problem, for example, an expert may
simply assume only one factor (among several other prevalent factors) as the fac-
tor affecting the occurrence of a base event. For example, in providing an esti-
mate for the probability of settlement of a foundation, the expert may assume
that the applied load and its duration as the factor causing settlement not con-
sidering other factors such as water contents, soil type and the past history of
loading and unloading. In the representativeness mode of judgment, the expert’s
opinion is based on the similarity of the raised issues to the general population
these issues belong to. This mode may be prevalent when a specific factor is often
mentioned to have caused failure in cases similar to the one being discussed with the
experts. The coherence mode of judgment concerns the reasonableness of a series
of events that lead to the development of the event for which expert’s opinion
is sought.

Biases can be measured by detecting any skews or shift in the distribution
of responses from the experts. For example, in Fig. 2, when the distribution of
responses for a probability of occurrence of an event is plotted, a nearly symmetric
distribution is observed for values between x1 to x5. Several responses indicate
values such as x6 and x7 that are considered to be “outliers” and may indicate
biases.
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Fig. 2. Distribution of responses for detection of biases.

Fig. 3. Detection of bias by examining symmetry of responses about median.

When there is no distinct distribution in the responses; and the response popu-
lation does not show any trend, the median can be used to determine whether the
responses are symmetric about the median. In Fig. 3, the median is estimated to be
Xm. This is estimated either based on a separate survey or from past knowledge.
The expert Reponses (Xi) are compared with the median. Using the median as
the center of the location for all the responses, symmetric values for the quantities
Xi − Xm are expected when all the responses are plotted. The outliers in Fig. 3
are shown to the right and are subject to bias and need to be further investigated.
A statistical test (e.g. the Wilcoxon Signed-Rank Test) can be used to determine
whether there is enough statistical evidence to support the symmetry of the data
about the expected median.15 If the test indicates that there is not enough evidence
to support the symmetry of the data, the outliers may indicate elements of bias in
the responses.

Biases can also be detected by dividing the experts into several groups and
conducting statistical tests to identify whether significant differences across various
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group responses exist. This is especially the case when experts within each group
share similar levels of responsibilities or job definitions. For example, in compiling
the data for the probability of failure of the timber truss member cited earlier, one
group of experts is made up of engineers from the county highway department,
while another group is made up of engineers who do designs as outside consultants
or contractors to the highway department.

Differences between group responses can be tested using statistical methods used
for comparing means of two or more populations. Considering two populations with
unequal variances, the test statistic for comparing the means is written as

D =
m1 − m2 − d0√
S2

1/n1 + S2
2/n2

, (7)

in which m1 and m2 are, respectively, the mean values of the two populations,
d0 is the hypothesized difference (taken as zero, for example), S1, and S2 are the
standard deviations of the two populations; n1, and n2 are the respective sample
sizes. The null hypothesis in testing the difference between the mean is D = 0;
whereas the alternate hypothesis is D �= 0. The test statistic is compared with the
critical values from the t distribution with α significance (i.e. ±tα/2) and ν degrees
of freedom. For a t-distribution function, usually, the degree of freedom is n − 1
(in which n is the sample size). However, in this case, because two populations are
involved, the degree of freedom is computed as15

ν =
(S2

1/n1 + S2
2/n2)2

(S2
1/n1)2

n1−1 + (S2
1/n1)2

n2−1

. (8)

The degree of freedom ν is rounded down to the nearest whole number. As shown
in Fig. 4, the area bounded by the critical values is (1 − α).

Fig. 4. A typical t-distribution.
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This indicates that there is (1 − α) probability that D will be between the two
critical values ±tα/2. If the test statistic D is bounded by the critical values from the
t distribution, there is enough evidence to assume that the difference between the
means is zero. Statistically-speaking, we conclude that the null hypothesis cannot
be rejected based an α significance. We further conclude that the responses from
two groups do not indicate a major element of bias. If, however, D is either less than
−tα/2 or larger than +tα/2, there is enough evidence to conclude that D is too large.
This indicates that the difference between the means from the two populations is
significant. Statistically, we conclude that the null hypothesis is rejected. Thus a
bias may be present in one of the two group responses. For example, at α = 0.10,
and a degree of freedom equal to 22, the critical values of the t distribution are
t0.05 = ±1.717 (Tables for the values of the t-distribution function can be found
in Khisty and Mohammadi15). With a test statistic equal to −3.12, we conclude
that the difference is statistically significant because −3.12 is outside of the critical
range ±1.717. Thus responses need to be examined further to determine whether
this difference indicates a bias. It is emphasized that comparing the means from
the two populations using Eqs. (7) and (8) is done when each population is tested
for and passed the normal distribution function. Furthermore, one must conduct
a separate test to determine whether the variances of the two populations are
statistically different.

If a statistical test indicates that the variances are identical, then the test statis-
tic is obtained from the following equation:

D =
m1 − m2 − d0√
S2

P (1/n1 + 1/n2)
, (9)

in which SP is an estimate of the common standard deviation of the two populations
and is obtained from the following equation:

S2
P =

(n1 − 1)S2
1 + (n2 − 1)S2

2

n1 + n2 − 2
, (10)

in which S1, and S2 are the standard deviations of the two populations. The degree
of freedom in this case is computed as ν = n1 + n2 − 2.

For cases where more than two groups of experts are involved, additional statis-
tical tests may have to be conducted to determine if there are differences between
groups and between what two groups major differences exist. An analysis of variance
(ANOVA) needs to be conducted to find if populations are statistically different. A
multiple range test will further identify where the difference is more prevalent (i.e.
between what two populations the difference is significant). The details of these
procedures can be found in Khisty and Mohammadi.15

When populations do not follow a distribution trend or they do not pass the test
of normality, one can use distribution free methods to determine whether responses
from two groups of experts are significantly different. If there are significant differ-
ences, then an element of bias may be present. The Wilcoxon Rank-Sum Test for
Unmatched Data can be used for this purpose. The two populations are tested for
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their locations. If their locations are different (based on comparing the difference
in the location with a critical value), then there is enough statistical evidence that
the two populations are different. And as such, an element of bias may be detected.
The procedure for this method requires pooling the data, then ranking them and
computing the sum of the ranks for each population for comparison. The details of
this method are also explained in Khisty and Mohammadi.15

Once biases are detected, additional information can be provided to the experts
for further refinement of their responses. This can be done in a second round of
survey. For example, the distribution models similar to that in Fig. 2 can be made
based on the first round of survey. Upon conducting statistical tests and detecting
biases, each expert’s response, suspecting of having a bias, can be marked on the
graph. The expert is then provided with this information and is requested to eval-
uate the results before providing his/her response in the second round of survey.
This process can be repeated as many times as necessary, if the time and budget
would of course allow conducting a multi-round of surveys. Upon conducting each
round, the form of data gathering (i.e. the format of a questionnaire or types of
questions asked in a face-to-face interview) can be modified to better explain the
problem to the expert and thus gather more meaningful and refined data.

If the bias is identified to be motivational, the expert must be assured of the
confidentiality of the results. This may motivate the expert to provide an unbiased
response. If this tactic is not helpful, we may decide to exclude the expert from the
study. When biases are determined to be cognitive, several measures can be taken to
control them.1 For example, for a mode of judgment known as available or adjust-
ment and anchor, the survey questionnaire or the interview can explicitly asked
the experts to provide answers irrespective of any recent occurrences. Furthermore,
the experts may be asked to specify confidence levels for their responses. These
confidence levels may then be used to adjust the responses from the individual
experts. If the mode of judgment is one called representativeness, the bias may be
controlled by re-framing the problem to remove the element of representativeness.11

For example, in gathering data for the failure of a foundation, specific parameters
can be outlined to direct the expert to provide probability values for, say, the mode
of failure because of the load effect, time effect or saturation effect. This approach
can also be helpful in controlling biases that are believed to be from the unstated
assumptions and the coherence modes of judgment.

6. Summary and Conclusions

A procedure for gathering data from experts is explained in this chapter. Specifi-
cally, the data is used in conjunction with the reliability analysis of an engineering
system. The reliability is measured as one minus the probability of the system fail-
ure. The event of failure of the system is modeled with a series of basic events using
a fault tree analysis method. The probability values from experts are gathered for
the basic events. Experts can be asked to directly provide a value for the probability
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of occurrence of any one basic event. Alternatively, they may be asked to provide
their estimates for the mean, coefficient of variation or even a distribution model
of individual random variables that are used to formulate the probability of fail-
ure for a given basic event. The chapter further explains methods used for treating
uncertainty in the expert opinion data and a procedure to detect and control biases.
Expert opinion data is treated like any other types. And as such, various methods
of data analysis and test, such as the ANOVA, can be used for the data.
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CHAPTER 12

RISK-BASED OPTIMIZATION OF LIFE-CYCLE COST FOR
DETERIORATING CIVIL ENGINEERING INFRASTRUCTURES
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Risk-based optimization of life-cycle cost for civil engineering infrastructures requires a
sustainable replacement strategy. Since all cost must be discounted down to the decision
point a sustainable, intergenerationally acceptable discount rate must be used. A rate
decaying from some market rate down to the real economic growth rate per capita in a
country based on intra- and inter-generational equity is proposed. The renewal model
established elsewhere for setting up suitable objective functions is adjusted to time-
dependent interest rates. Optimal replacement strategies including inspection and repair
are proposed and the theory is extended to series systems of dependent or independent
deteriorating structural components.

1. Introduction

The civil engineering profession has clearly recognized that the infrastructure in a
country or region has to be maintained and finally renewed because failures occur
not only due to extreme external events but primarily due to wear out, deterioration
and, in some cases, obsolescence. The strategies adopted by engineers to manage
the life cycle of a structure were widely technical, i.e. by improving reliability and
durability and by proposing design solutions which should enable a longer time
span of full use, possibly with other uses than initially foreseen. This is, no doubt,
an important aspect of life-cycle engineering.

In addition, there is growing awareness of the fact that our world is a limited
one in the sense that it has only limited non-renewable natural resources. This lead
to the co-called Brundland Commission1 to conclude in their famous report “Our
Common Future” in 1987 that a sustainable development is one “that meets the
needs of the present without compromising the ability of future generations to meet
their own needs.” This statement has widely become a new ethical standard. The
immediate implications for the planning, design and operation of civil engineering
infrastructures are clear: Save energy, save non-renewable resources and find out
about recycling of building materials, do not pollute the air, water or soil with
toxic substances, save or even regain arable land and much more. Furthermore, our
generation must not leave the burden of maintenance or replacement of short-lived
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structures to future generations and it must not use more financial resources than
there are available and affordable in a sustainable manner. Finally, it is assumed
that civil engineering infrastructures are financed by the public via taxes, public
charges, tolls or other. It is in any case the citizen who pays and, of course, who
also enjoys the benefits derived from their existence.

In this paper a renewal model for sustainable life-cycle costing is reviewed and
extended to time-dependent discount rates. A scheme for the derivation of intra-
and inter-generationally acceptable discount rates is proposed. The renewal model
is then extended to cover corrective and preventive replacements for series systems
of deteriorating components.

2. Cost-Benefit Optimal Technical Facilities

In 1971 Rosenblueth and Mendoza2 proposed optimization with respect to benefits
and cost as the final goal of setting up structural codes and for the direct design and
operation of structures. A technical facility is financially optimal if the following
objective is maximized:

Z(p) = B(p) − C(p) − D(p). (1)

It is assumed that all quantities in Eq. (1) can be measured in monetary units.
p is the vector of all safety relevant parameters or actions. B(p) is the benefit
derived from the existence of the facility, C(p) is the cost of design and construc-
tion and D(p) is the cost in case of failure. The quantities B(p), C(p) and especially
D(p) involve uncertainties. Statistical decision theory then dictates that expected
values are to be taken. It is assumed that B(p), C(p) and D(p) are differentiable
in each component of p. The cost as well as the benefits may differ for the different
parties involved. The different parties, e.g. the owner, the builder, the user and
society, may also have different economic objectives. A facility makes sense only
if Z(p) is positive within certain parameter ranges for all parties involved. In this
paper we will primarily focus on an optimization for and in the name of the public.

In view of sustainability one has to distinguish between at least four replacement
strategies:

• The facility is given up after service or failure.
• The facility is systematically replaced after failure.
• The facility is renewed (repaired) after deterioration.
• The facility is renewed due to obsolescence.

Further, we distinguish between facilities which can fail upon completion and
facilities which can fail at a random point in time later due to service loads, extreme
external disturbances or deterioration. The option “failure upon completion or
never” implies that loads and resistances on the facility are time-invariant which is
not considered further. The option “facility given up after service or failure” is also
not considered further because infrastructure facilities must remain functioning for
all foreseeable future in accordance with the sustainability requirement.
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3. The Renewal Model for Systematic Replacement

3.1. Discounting

The facility has to be optimized during design and construction at the decision
point, i.e. at time t = 0. Therefore, all cost need to be discounted down to the
decision point. For analytical convenience continuous discounting is assumed which
is accurate enough for all practical purposes. Let the discount rate γ(t) be a function
of time. If damage D(t) occurs at time t its present value D(0) can be determined
from

D(0) = D(t) exp
[
−
∫ t

0

γ(τ)dτ

]
. (2)

For a constant (time-averaged) discount rate one has D(0) = D(t) exp[γt]. Dis-
count rates are understood as real rates net of any taxes. If a interest rate γ′ for
discrete discounting is given one converts by γ = ln(1 + γ′).

Because we are mainly interested in public works and long financing times the
discount rate γ(t) should be decomposed into a subjective time preference rate ρ

and the rate δ related to economical growth. In particular, we will decompose the
discount rate as

γ(t) = ρ(t) + εδ > 0 (3)

as proposed in the economic growth theory. Assume εδ as characteristic and con-
stant for each country and we take the subjective rate ρ(t) as time-dependent in
sufficient generality. The parameter ε is close to one. The long-term average eco-
nomic growth rate (per capita) δ is close to 0.02 for most developed countries.3

Following Bayer4 we assume constant preference rates ρ for living generations in
an overlapping generation model but omit ρ for all future generations as being eth-
ically indefensible. The demand for intergenerational equity lets us then define an
equivalent time-variant rate for easy understanding and analytical convenience.5

This can be approximated by

γ(t) = ρ0 exp[−0.013t] + εδ. (4)

3.2. Basic renewal model

We assume random events in time forming a renewal process. The times between
failure (renewal) events have identical distribution function F (t, p), t ≥ 0, with
probability density f(t, p) and are independent. Renewal theory allows us to dis-
tinguish between the densities of the first renewal and all subsequent renewals.
This extension will not considered herein. The independence assumption needs to
be verified carefully. In particular, one has to assume that loads and resistances in
the system are independent for consecutive renewal periods and there is no change
in the design rules after the first and all consecutive failures (renewals). Even if
designs change failure time distributions must remain the same. Neglecting finite
(re)construction times the objective function for systematic reconstruction is in full
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generality:

Z(p) = B∗ − C(p) −
∞∑

n=1

(C(p) + H)
∫ ∞

0

e−
R t
0 γ(τ)dτfn(t,P)dt, (5)

where fn(t, p) is the density of the time to the nth renewal. It is assumed that
construction cost C(p) exclude the cost of financing. They can easily be included.
H is the monetary loss in case of failure, including direct failure cost, demolition
cost, cost of removal of debris, loss of business and other indirect cost and, of
course, the cost to reduce the risk to human life and limb. Therefore, it is useful
to decompose H into physical losses HM and losses HF associated with losses of
human life and limb. Also, it is assumed that C(p) and H are independent of time.

3.3. Constant benefit and discount rates

For constant benefit per time unit b(t) = b and a constant discount rate γ(t) = γ

the objective function simplifies greatly, especially because one can make use of the
convolution theorem for Laplace transforms in the damage term. Laplace trans-
forms are defined by f∗(γ) =

∫∞
0

e−γtf(t)dt and there is 0 ≤ f∗(γ) ≤ 1 if
f(t), t ≥ 0, is a probability density for which f∗(0) = 1 and f∗(∞) = 0. Then,
the Laplace transform can also be written as f∗(γ) = E

[
e−γT

]
. In the trans-

formed space there is h∗(γ) = f(γ)∗g∗(γ) for h(t) =
∫ t

0 f(t − τ)g(τ)dτ , an opera-
tion necessary to determine fn(t) =

∫ t

0 fn−1(t− τ)f(τ)dτ . In the following formula
r∗(γ, p) = f∗(γ,p)

1−f∗(γ, p) is the Laplace transform of the renewal density (renewal inten-
sity) r(t, p) =

∑∞
k=1 fk(t, p).

Z(p) =
∫ ∞

0

be−γt dt − C(p) − (C(p) + H)
∞∑

n=1

∫ ∞

0

eγtfn(t, p)dt

=
∫ ∞

0

be−γtdt − C(p) − (C(p) + H)
∞∑

n=1

f∗(γ, p)n−1f∗(γ, p)

=
b

γ
− C(p) − (C(p) + H)

f∗(γ, p)
1 − f∗(γ, p)

=
b

γ
− C(p) − (C(p) + H)r∗(γ, p)

. (6)

If failures occur according to a Poisson process with occurrence rate λ(p) Eq. (6)
simplifies to:

Z(p) =
b

γ
− C(p) − (C(p) + H)

λ(p)
γ

, (7)

because f∗(γ, p) = λ(p)
γ+λ(p) for f(t, p) = λ(p) exp[−λ(p)t]. This result is especially

relevant because the parameter λ(p) may be replaced asymptotically by the sta-
tionary outcrossing rate ν+(p) frequently used in time-variant structural reliability
analysis.
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Without derivation another useful result exists for random Poissonian distur-
bances. If the disturbances occur with rate λ and can cause failure with probability
Pf (p) we have6

Z(p) =
b

γ
− C(p) − (C(p) + H)

λPf (p)
γ

. (8)

This model will be used later in an example.
An important asymptotic result for arbitrary failure models is7

lim
t→∞ r(t, p) = lim

γ→0
γr∗(γ, p) =

1
E[T (p)]

, (9)

where E[T (p)] is the mean time between renewals.
The precise details of this and more general renewal models can be found in

Ref. 8. Many other objective functions can be formulated. For example, service-
ability failure, obsolescence, aging, deterioration and inspection and maintenance,
finite renewal times, repeated renewal during construction and finite service times
can be dealt with. Benefit and damage term can be functions of time.6,9,10 Also,
multiple failure modes can be considered. Some more important cases especially
relevant for life cycle costing and sustainability are summarized in the following
sections.

3.4. Non-constant discounting

For non-constant discount rates Eq. (5) is still valid but the elegant methodology
with the Laplace transforms do not apply because the convolution theorem does not
hold any more. As will be shown the consideration of time-variant discount rates
is necessary in the context of sustainable life cycle cost-benefit analysis. Therefore,
we first study the behavior of the term

∑∞
n=1 exp[−∫ t

0
γ(τ)dτ ]fn(t, p)dt in Eq. (5).

A general analysis appears not feasible but we can study it at an important exam-
ple. Assume that the times between renewals are exponentially distributed with
parameter λ. Then, the density function to the nth renewal is the density of the
Γ-distribution, i.e. fn(t) = λ(λt)n−1

Γ(n) exp[−λt]. It is, therefore, easy to determine the

sum-terms of
∑∞

n=1

∫∞
0

exp[−∫ t

0
γ(τ)dτ ]fn(t, p)dt. Clearly, we have to ensure that

all integrals in Eq. (5) converge. This is the case if the integral
∫ t

0
γ(τ)dτ asymp-

totically grows linearly or γ(t) → γ0 > 0 for t → ∞ as is the case for Eq. (4).
Alternatively, one could apply the convolution theorem for Laplace transforms
to the new “transformation”

∫∞
0

exp[−∫ t

0
γ(τ)dτ ]fn(t, p)dt, i.e. f#(γ)n. Figure 1

shows the ratio of the exact result
∑n

j=1 f#
j (γ) and the application of the convo-

lution theorem
∑n

j=1 f#(γ)j for increasing n upto n = 20 for the discount rate
γ(τ) = ρ0 exp[−at] + δ.

It is seen that: (i) Only a few terms in the sum need to be considered and
(ii) the application of the convolution theorem for Laplace transforms to the mod-
ified transformation yields an excellent approximation, even for mean failure times
and decay times for the interest rate in the same order of magnitude (1/a ≈ 1/λ)
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Fig. 1. Ratio of exact terms in Eq. (5) and by Laplace convolution theorem using Eq. (10) for
γ(t) = ρ exp[−at] + δ and exponential times between failures with rate λ.

although slightly on the unconservative side. At most an error of a few percent has
been found under realistic conditions. Only if the decay time, i.e. 1/a of the discount
rate is much smaller than the mean time between renewals one must expect larger
errors and must include a larger number of sum-terms in Eq. (5). This suggests
that all results of the last section should be valid and the additional models studied
in the next section are used as very good approximations provided that the new
transformation

f#(γ, p) =
∫ ∞

0

e−
R

t
0 γ(τ)dτf(t, P)dt (10)

is used instead of f∗(γ, p).

3.5. Non-constant benefit

The benefit term requires special treatment depending on how the benefit per time
unit evolves in time. A realistic model is to assume that at each renewal the benefit
function starts from its initial value b(0). The time to the nth renewal is Tn =∑n

i=1Ui. Therefore, the total discounted benefit is the sum of the integrated benefits
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in the various renewal intervals. For γ(t) = γ we have

B = E

[ ∞∑
i=1

e−γTi−1

∫ Ui

0

e−γt b(t)dt

]
=

∞∑
i=1

E

[(
i−1∏
k=1

e−γUk

)∫ Ui

0

e−γtb(t)dt

]

=
∞∑

i=1

E
[
e−γU

]i−1
E

[∫ U

0

e−γtb(t)dt

]
=

E
[∫ U

0
e−γtb(t)dt

]
1 − E[e−γU ]

(11)

=

∫∞
0

∫ t

0
e−γτb(τ)dτf(t)dt

1 − f∗(γ)
.

If it is assumed that the benefit function b(t) is unaffected by any renewal in
the future one obtains

B∗ =
∫ ∞

0

b(t)e−
R

t
0 γ(τ)dτdt. (12)

4. Deteriorating Structures and Numerical Laplace Transforms

Deteriorating structures are characterized by an increasing hazard function h(t) =
f(t)

1−F (t) . Let the failure probability at a given time t be computed by FORM or
SORM11 so that

Pf (t) = P (T ≤ t) = FT (p, t) = Φ(−β(p, t))CSORM , (13)

where

β(p, t) = ‖u∗‖ = min{‖u‖} for g(u, p, t) ≤ 0, (14)

with g(u,p, t) as a monotonically decreasing state function, u = T(x) a vector of
independent standard normal variables and x the vector of uncertain variable in
the original space. u = T(x) is a unique probability distribution transformation.
CSORM is the second-order correction which is usually neglected. The mean time
to failure is

E[T (p)] =
∫ ∞

0

(1 − FT )(p, t)dt =
∫ ∞

0

Φ(β(P, t))dt. (15)

It can be shown that the density of the time to failure is to first-order12

fT (p, t) = −ϕ(β(p, t))
dβ(p, t)

dt
= −ϕ(β(p, t))

∂
∂tg(u∗, p, t)

‖∇ug(u∗, p, t)‖ , (16)

so that the Laplace transform can be determined numerically from

f∗(γ, p) ≈ ∆
m∑

j=0

wj exp[−γtj] fT (p, tj), (17)
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with wj the weights of a suitable integration formula (trapezoid, Simpson, New-
ton,. . . ) and ∆ is an appropriate spacing in time. For the variant with time-
dependent interest rate one has:

f#(γ, p) ≈ ∆
m∑

j=0

wj exp

[
−

j∑
i=0

γ(ti)∆

]
fT (p, tj). (18)

Of course, more refined numerical integration formulae can be used.

5. Renewal Models for Series Systems of Deteriorating
Components

5.1. Independent failure modes and different failure causes

including obsolescence

Assume for the moment two independent failure modes, denoted by “V1” and
“V2”, respectively, each requiring renewal after failure. The times between renewals
are then distributed as F (t) = 1 − (1 − FV1(t))(1 − FV2(t)) = 1 − F̄V1(t)F̄V2 (t).
The corresponding density is f(t) = fV1(t)F̄V2(t) + fV2(t)F̄V (t) and its Laplace
transform is f∗∗(γ, p) = f∗∗

V1 | V̄2
(γ) + f∗∗

V2 | V̄1
(γ). It follows that

D(p) =
(C1(p) + H1)f∗∗

V1|V̄2
(γ) + (C2(p) + H2)f∗∗

V2|V̄1
(γ)

1 − (f∗∗
V1|V̄2

(γ) + f∗∗
V2|V̄1

(γ))
. (19)

One can easily generalize to more (independently) caused renewals. Here, we
distinguish between ordinary Laplace transforms f∗(γ) for densities and modified
Laplace transforms f∗∗(γ) for which f∗(γ) ≤ f∗∗(γ).

Obsolescence occurs if the technical facility no longer fulfills its function. For
example, a bridge may become too narrow for the increasing traffic, a fabrica-
tion hall is replaced because the machinery inside this hall has to be modernized
and restructured, certain vehicles are put out of service because they become too
uncomfortable, too uneconomical or unserviceable because of outdated equipment.
Usually, this happens despite full system integrity. In fact, most structural facili-
ties will be replaced not because they fail or deteriorate but because they become
obsolete. Unfortunately, very few data are available about this well-known fact.
Obsolescence is almost always completely independent of the system state. But
this is just the case dealt with in Eq. (19) where one of the failure modes, i.e.
cause for renewal, is treated as obsolescence. With A = H2 denoting all cost for
demolishment and removal of debris Eq. (19) holds.

5.2. Dependent failure modes

Multiple mode failures (series systems) with stationary failure models or even non-
stationary failure models with dependent modes can also be considered.9 Here,
only the case of deteriorating components is presented. Assume that there are s
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time-dependent failure modes and whose state functions are given by gk(u, t) ≈
αT

k (t)u + βk(t) so that

Vk(t) = P (Tk ≤ t) = P (gk(U, t) ≤ 0) = P (Zk ≤ −βk(t)). (20)

The failure probability at time t is then

F (t) = P

(
s⋃

k=1

(t){Zk ≤ −βk(t)}
)

= 1 − P

(
s⋂

k=1

{Zk ≤ βk(t)}
)

≈ 1 − Φs

(
β(t); R

)
,

(21)

where β(t) =
{
αT

k u∗
k(t); k = 1, 2, . . . , s

}
, ‖αk‖ = 1, k = 1, 2, . . . , s;u∗

k(t) =
min {‖u‖} for {u : gk(u, t) ≤ 0} and R = E[ZZT ] = {ρij} = {αT

i αj ; i,
j = 1, 2, . . . , s}. In good approximation it is assumed that the matrix of correlation
coefficients R varies little with time so that ∂

dtαk(t) ≈ 0 and, hence, ∂
dtρij(t) ≈ 0

and there is gk(0, t) > 0 for all k. The general case of ∂
dtρij(t) �= 0 is given in Ref. 9.

The failure density is

fs(t) =
d

dt
(1 − Φs(β(t); R)) = −

s∑
k=1

∂

∂βk(t)
Φs(β(t); R)

∂βk(t)
∂t

= −
s∑

k=1

∂

∂βk(t)

∫ βk(t)

−∞
Φs−1(β(t); R |Zk = βk(t))ϕ1(zk) dzk

∂βk(t)
∂t

= −
s∑

k=1

ϕ1(βk(t))Φs−1(ĉk; R̂k)
∂βk(t)

∂t

=
s∑

k=1

ϕ1(βk(t))Φs−1(ĉk; R̂k)

(
− ∂

∂tgk(u∗, t)
‖∇ugk(u∗, t)‖

)

≤
s∑

k=1

ϕ1(βk(t))

(
− ∂

∂tgk(u∗, t)
‖∇ugk(u∗, t)‖

)
,

(22)

with ĉk = βk(t)−βk(t)ρk
k; and R̂k = R−ρk

k(ρk
k)T , where ρk is the kth column vec-

tor of R and the superscript means that the kth row and column, respectively, are
deleted from the original vector and matrix, respectively. This result is obtained
from regression analysis. Note that R̂k needs to be re-normalized and therefore
also ĉk. The result ∂

∂βk(t)Φs(β(t); R) = ϕ1(βk(t))Φs−1(ĉk; R̂k) is due to Ref. 13.
Here, the (s−1)-dimensional normal integrals have to be evaluated for each t. Suit-
able computation schemes for Φr(b; B) have been given in Ref. 14 and elsewhere.
Dropping the terms Φs−1(ĉk; R̂k), i.e. the survival probabilities in the other failure
modes, corresponds to the upper bound solution:

D =
s∑

i=1

(Ci + Hi)
f∗∗
1, i(γ)

1 −∑s
i=1 f∗∗

1, i(γ)
≤

s∑
i=1

(Ci + Hi)
f∗
1, i(γ)

1 −∑s
i=1 f∗

1, i(γ)
, (23)
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where

f∗∗
1, i(γ) =

∫ ∞

0

exp[−γt] ϕ1(βi(t))Φs−1(ĉi; R̂i)

(
− ∂

∂tgi(u∗, t)
‖∇ugi(u∗, t)‖

)
dt

≤ f∗
1, i(γ) =

∫ ∞

0

exp[−γt] ϕ1(βi(t))dt. (24)

5.3. r-of-s-system of deteriorating components

The model of a series system of deteriorating components is realistic if structural
collapse occurs once a component fails. In many cases, however, deterioration leads
more or less only to some sort of loss of serviceability and subsequent repair. It is
understood that the components of a system under deterioration are identified as
a finite number of “hot spots.” In such cases one probably does not define system
failure if the first failure occurs. Instead, a number of hot spots must show severe
signs of deterioration before repairs are undertaken. Then, the theory for ideal series
systems is easily extended to r-of-s-systems which are said to be intact if at least
any combination of r ≤ s components in a system of s components are intact.
Consequently, system survival has probability

1 − F (t)

=
s∑

m=r

∑
{

Ns
m

}P

 ⋂

k∈Im(Cs
m)

{Zk > −βk} ∩

 ⋂

k∈Is(Cs
m)\Im(Cs

m)

{Zk ≤ −βk}



,

(25)

where Ns
m = s!

m!(s−m)! is the total number of combinations, Im(Cs
m) the index sets

of all combinations of r elements in a set of s components and Is(Cs
m)\Im(Cs

m)
the index sets of all remaining components. Specializing now to equicorrelated and
equireliable components we have

F (t) = 1 −
s∑

m=r

s!
m!(s − m)!

Φs,m

(
(β{m},−β{s−m})T ;R

)
, (26)

with β{m} = (β1, . . . , βm), β{s−m} = (βm+1, . . . , βs), βk = β and R = {ρ}. The
failure density is

f(t) =
s∑

m=r

s!
m!(s − m)!

d

dt
Φs,m((β{m},−β{s−m})T ; R)

=
s∑

m=r

s!
m!(s − m)!

s∑
k=1

ϕ1(βk(t))Φs−1,m(ĉk; R̂k)

(
∂
∂tgk(u∗, t)

‖∇ugk(u∗, t)‖

)
. (27)

In this case one can use a result in Ref. 15 for the multinormal integral

Φs−1,m(ĉ; R̂) =
∫ ∞

−∞
ϕ1(t)Φ1

(
ĉ −√

ρ̂t√
1 − ρ̂

)m

Φ1

(−(ĉ −√
ρ̂t)√

1 − ρ̂

)s−1−m

dt, (28)

where ĉ = β−βρ√
1−ρ2

and ρ̂ = ρ
1+ρ . This theory is used later in an example.
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6. Inspection and Repair of Aging Components

Assume repairs at regular intervals a, 2a, 3a, . . . Repairs occur only if renewals have
not occurred before due to obsolescence or failure. Assume further that repairs, if
undertaken, restore the properties of a component to its original (stochastic) state,
i.e. repairs are equivalent to renewals. Inspection and repair times are assumed
negligibly short. Of course, it makes only sense to consider aging components with
increasing risk function h(t).

A renewal (repair) occurs either after failure or at times a, 2a, 3a, . . . Renewal
(repair) times are assumed negligibly short. In Ref. 16 this is denoted by age replace-
ment. Then, one obtains

Z(p, a) = B − C(p) − (C(p) + H)f∗∗∗
V (γ, p, a) + I1(p) exp[−γa] F̄V (p, a)

1 − (f∗∗∗
V (γ, p, a) + exp[−γa] F̄V (p, a))

, (29)

with I1(p) < (C(p) + H) the cost of repair, F̄V (p, a) the probability of survival
up to a and f∗∗∗

X (γ,p, a) =
∫ a

0 exp[−γt], fX(t,p)dt the incomplete Laplace trans-
form of fX(t). It is seen that repair is treated as a second failure (and renewal)
mode. This important result was already obtained by Fox17 and later by Van
Noortwijk.18 Under suitable conditions the quantity f∗∗∗

X (γ, p, a) can be replaced
byf###

X (γ, p, a).
If there are regular inspections there is not necessarily a repair because inspec-

tions are uncertain (or the signs of deterioration are vague). Then, inspection and
repair cost must also be included in the damage term:

Z(p, a) = B(p, a) − C(p) − D(p, a). (30)

Including one failure mode “V” with subsequent renewal and assuming inde-
pendence between failure and repair events results in Ref. 19:

D(p, a) =
ND
D

ND = (C(p) + H)(f∗∗∗
V (γ, p, a) + A1)

+ I0((1 − PR(a)) exp[−γa] F̄V (p, a) + A21)

+ (I0 + I1(p))(PR(a) exp[−γa] F̄V (p, a) + A22)

D = 1 −
(

f∗∗∗
V (γ, p, a) + A1+

+PR(a) exp [−γa] F̄V (p, a) + A22

)
, (31)

A1 =
∞∑

n=2

n−1∏
j=1

(1 − PR(ja))f∗∗∗∗
V (γ, p, (n − 1)a ≤ t ≤ na)

A21 =
∞∑

n=2

(1 − PR(na))
n−1∏
j=1

(1 − PR(ja)) exp[−γ(na)] F̄V (p, na)

A22 =
∞∑

n=2

PR(na)
n−1∏
j=1

(1 − PR(ja)) exp[−γna] F̄V (p, na)
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where
PR(a) = probability of repair after inspection increasing in a

P̄R(a) = 1 − PR(a) = probability of no repair after inspection
a = deterministic inspection interval
I0 = cost per inspection
I1(p) = repair cost including inspection cost
f∗∗∗

X (γ, p, a) =
∫ a

0 exp[−γt] fX(t,p)dt = incomplete Laplace transform of fX(t)

f∗∗∗∗
X (γ, p, (n − 1)a ≤ t ≤ na) =

∫ na

(n−1)a

exp[−γt] fX(t,p)dt.

Here, one has to extend the renewal interval to 2a, 3a, . . . if an inspection is not
followed by repair. The terms A1, A22 and A22 vanish for PR(a) → 1 and are
significant only for relatively small a.

If the benefit is constant in time we simply have B(p, a) = b
γ . For non-constant

benefit b(t) as in Eq. (11) it is in analogy to Eq. (31):

B(p, a) =
NB
D

NB =
∫ ∞

0

BD(t)fV (t,p)dt + B11 + BD(a)(1 − FV (a,p)) + B2

B11 =
∞∑

n=2

∫ na

(n−1)a

B∗
D(t)


n−1∏

j=1

(1 − PR(ja)


fV (t, p) dt

B2 =
∞∑

n=2

B∗
D(t)


n−1∏

j=1

(1 − PR(ja)


(1 − FV (t,p))

BD(t) =
∫ t

0

e−γtb(t)dt

B∗
D(t) =

∫ t

(n−1)a

e−γtb(t)dt.

(32)

The denominator D is the same as in Eq. (31). The terms B11 and B2 also vanish
for PR(a) → 1 and are significant only for relatively small a.

The repair probability depends on the magnitude of a suitable damage indica-
tor. For cumulative damage phenomena PR(a, p) increases with a. For example,
PR(a, p) = P (S(a, X, p) > sc) with S(a, X, p) a monotonically increasing dam-
age indicator, X a random variable taking into account of all uncertainties during
inspection and sc a given threshold level. Frequently, the length of inspection inter-
vals is taken as an optimization parameter. Repair after inspection is interpreted as
preventive renewal (replacement of an aging component after a finite time of use a).
Renewal after failure is called corrective renewal. It must be mentioned that opti-
mal inspection/repair intervals do not always exist. Preventive renewals must, in
fact, be substantially cheaper than corrective renewals. Also, the repair probability
must be sufficiently high at the optimum a.
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7. Numerical Techniques of Optimization

7.1. Principles of a one-level approach

Let p be a parameter vector which enters the cost function and the limit state
function g(u, p) = 0. Benefit, construction and damage function as well as the limit
state function(s) are differentiable in p and u. The conditions for the application of
FORM/SORM hold.11 In the so-called β-point u∗ the optimality conditions (Kuhn-
Tucker conditions) are20:

g(u, p) = 0
u
‖u‖ = − ∇ug(u, p)

‖∇ug(u, p)‖ . (33)

The geometrical meaning of (33) is that the gradient of g(u, p) = 0 is perpen-
dicular to the vector of direction cosines of u∗. The basic idea mentioned first in
Ref. 21 and elaborated in Ref. 20 now is to use these conditions as constraints in
the cost optimization problem thus avoiding a bi-level optimization.

It is important to reduce the set of the gradient conditions in the Kuhn-Tucker
conditions by one. Otherwise the system of Kuhn-Tucker conditions is overdeter-
mined. It is also important that the remaining Kuhn-Tucker conditions are retained
under all circumstances, for example, if one or more gradient Kuhn-Tucker condi-
tions become co-linear with one or more of the other constraints possibly included
in the cost-benefit optimization task. Otherwise the so-called β-point conditions are
not fulfilled.

7.2. Formulations for time-variant problems

For the general case as in Eq. (6) we have:

Z(p) ≈ B − C(p) − (C(p) + H) · f∗(γ, p)
1 − f∗(γ, p)

g(uj , p, tj) = 0 for j = 0, 1, . . . , m

ui, j ‖∇ug(uj , p, tj)‖ + ∇ug(uj , p, tj)i ‖uj‖ = 0

i = 1, . . . , n − 1; j = 0, . . . , m

h�(p) ≤ 0, � = 1, . . . , q

1
E[T (p)]

≤ radmissible

or

∇pC(p) + GxĒ(g, w, δ, ρ)kNPE∇p

(
1

E [T (p)]

)
≥ 0.

(34)

Here, the failure rate acceptability criterion must use the asymptotic failure
rate Eq. (9). Alternatively, one can add a criterion derived from socio-economic
considerations on life quality and necessary and affordable investments into risk
reduction.22 In this criterion GxĒ(g, w, δ, ρ) is a constant in the order of 2 to 5 Mill.
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PPPUS$ for industrialized countries depending on the part g of the GDP available
for risk reduction, the fraction w of life expectancy necessary for (paid) work,
the economic growth rate per capita δ and the time-preference rate ρ. k is the
probability of being killed in a failure event and NPE the number of potentially
endangered people by the event. More discussion about this criterion can be found
in Refs. 5, 22–24 The damage cost H can also include so-called life saving cost
SLSC discussed in detail in Refs. 22. In countries with a fully developed social
system SLSC is approximately the amount to support the (not working) surviving
dependents of an adverse event by the social system, mostly by redistribution. If no
social system is present, it is useful to think of the amount an insurance should cover
after an event. It should be close to the mean of the lost earnings. For example,
if GDP ≈ 25 000 PPP US$ and thus, g ≈ 15 000 PPP US$, life expectancy e ≈
77 years and w ≈ 0.15 one calculates SLSC ≈ 600 000 PPP US$. The mean value
of interarrival times of renewal in Eq. (34) is computed by Eq. (15) and similar
equations for dependent series systems. f∗(γ, p) must be replaced by f#(γ, p)
whenever a time-dependent discount rate must be used.

8. Examples

8.1. Random capacity and random demand

The example has already been given5,23 in somewhat different form and with dif-
ferent parameters. A single-mode system is considered where failure is defined if
a random resistance or capacity is exceeded by a random demand. The demand
is modeled as a one-dimensional, stationary marked Poissonian rectangular wave
renewal process of disturbances (earthquakes, wind storms, explosions, etc.) with
stationary renewal rate λ and random, independent sizes of the disturbances Si, i =
1, 2, . . . Disturbances are assumed to be short as compared to their mean interar-
rival times. The capacity is lognormally distributed with mean p and varies with
coefficient of variation VR. The disturbances are also independent and lognormally
distributed with mean equal to unity and coefficient of variation VS so that p can be
interpreted as central safety factor. A disturbance can cause failure with probability:

Pf (p) = Φ




ln
{

p

√
1+V 2

S

1+V 2
R

}
√

ln((1 + V 2
S )(1 + V 2

R)


 . (35)

An appropriate objective function based on the model in Eq. (8) is

Z(p) =
b

C0

∫ ∞

0

e−
R t
0 γ(τ)dτdt −

(
1 +

C1

C0
pa

)

−
(

1 +
C1

C0
pa +

H

C0

)∫ ∞

0

e−
R t
0 γ(τ)dτg(t, p) dt, (36)
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with g(t, p) =
∑∞

n=1 Pf (p)fn(t)(1 − Pf (p))n−1, fn(t) = λ(λt)n−1

Γ(n) e−λt and γ(t) =
εδ + ρ0e

−αt; εδ = 0.03; α = 0.013. In Eq. (36) the first term is the benefit derived
from the existence of the facility. A constant benefit rate b is assumed and a time-
depending discount rate γ(t). The second term is the erection cost where C0 is the
constant part and C1p

a the part depending on the design parameter p. The third
term are the damage cost. Because systematic reconstruction is chosen the cost
term includes reconstruction cost and cost due to physical damage. Reconstruction
times are assumed to be negligibly small. The details of this model are discussed
in Ref. 5. The acceptability criterion in Eq. (34) has the form:

d

dp

(
C0 + C1p

a
) ≥ −GxĒ(g, w, δ, ρ)kNPE

d

dp

(
λPf (p)

)
. (37)

Some more or less realistic, typical parameter assumptions are: C0 = 106, C1 =
104, a = 1.25, H = 3C0, VR = 0.2, VS = 0.3, b = 0.05 C0 and λ = 1. The LQI-data
is e = 77, GDP = 25 000, g = 15 000, w = 0.13. Also there is NPE = 100, k = 0.1.
so that HF = SLSCkNPE = 5.4 × 106 and GxĒ(g, w, δ, ρ)kNPE = 5 × 107.

The value of NPE is chosen relatively large for demonstration purposes. Mone-
tary values are in US$.

From Eq. (36) one concludes that there is a maximum discount rate in order
to render it positive. Projects whose objective is negative even at the optimum do
not make sense. Keeping εδ = 0.02 constant one can determine the maximum time
preference rate from

ρmax = solution of Z(popt, ρ), (38)

which is ρmax = 0.0356.
The stochastic model and the variability of capacity and demand also play an

important role for the magnitude and location of the optimum as well as on the
position of the acceptability limit. The specific marginal cost (rate of change) of a
safety measure and its effect on a reduction of the failure rate are equally important
as pointed out already in Ref. 23. This is shown in Fig. 3 where the acceptable failure
rates are plotted over the parameters C1 and VR for GxĒ(g, w, δ, ρ)kNPE = 5×106,
i.e. kNPE = 1.

Performing the optimization with the (maximum) discount rate gives popt =
4.04, (r(popt) = 3.0 × 10−5) leaving the objective function positive but close to
zero. Criterion (37) requires plim = 3.61, (r(plim) = 1.110−4). It is interesting to see
that in this case one can do better in adopting the optimal solution rather than just
realizing the facility at its acceptability limit (see Fig. 2). If, however, life saving
cost are not considered in Eq. (36) then the limiting design parameter according to
criterion (38) is situated to the right of the optimum.

This example also allows to derive risk-consequence curves by varying the num-
ber of fatalities in an event. For the same data as before we first vary the cost
effectiveness of the safety measure. Only the ratio C1 is changed. The upper bounds
(solid lines) are derived from Eq. (37). The lower bounds (dashed lines) correspond
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Fig. 2. Objective function of capacity-demand example for ρmax = 0.035.
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Fig. 3. Acceptable failure rates versus C1 and VR.

to the optimum according to Eq. (36) (see left hand side of Fig. 4). In general, the
use of a time-dependent discount rate moves the lower bounds upwards as can be
compared with earlier studies.

ρmax also must vary (decrease) with the failure consequences (number of fatali-
ties NF for a given ratio C1/C0. This is taken into account on the right hand side
of Fig. 4 indicating that the area between solid and dashed lines broadens for very
high failure consequences.

Most realistic is probably a ratio of around C1/C0 = 0.001. A ratio of C1/C0 =
0.01 or higher may apply for earthquake resistant structures. Note that in these
figures the failure rate is given by λPf (p) and the number of fatalities is given by
NF = kNPE . Therefore, these figures cover the full range of λ and Pf (p) as well as
k and NPE . Figure 4 is not a theoretically based F-N-curve because the variable at
the ordinate is a failure rate and not an exceedance probability.
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Fig. 4. Risk-consequence curves (solid lines = acceptability limit, dashed lines = optimal
solutions).

8.2. Optimal replacement of a series system of corroding

dependent expansion joints10

A long multi-span bridge has s expansion joints which are exposed to corro-
sion due to heavy winter salting. For illustration purposes the state function
is taken as g(X, t) = R(1 − C

√
t) − (S1 + S2) where R ∼ LN(mR, 2), C ∼

UN (0.085, 0.115), S1 ∼ N(1, 0.3) and S2 ∼ GU(0, 0.2). If any of the expansion
joints fails the bridge must be closed off. The optimization variables are taken as
the mean of resistance mR and the repair interval a and it is assumed that there
are s = 10 joints. For simplicity, no uncertainty when inspecting the bridge is
assumed, i.e. the detection probability PR(a) is set to one. The objective function
for a time-variant discount rate

γ(t) =
{

0.05 for t ≤ 40
0.02 + 0.03 exp [−0.01t] for t > 40

, (39)

and (constant) benefit b/C0 = 0.1 can be written as

Z(mR, a) =
b

C0

∫ ∞

0

δ(t) dt − C(mR)
C0

− 1
C0

C(mR)δ(a)Ps(a) + (C(mR) + H)f###
S (mR, γ)

1 − (δ(a)PS(a) + f###
S (mR, γ)

) ,

(40)
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in which:

δ(t) = exp
[
−
∫ t

0

γ(τ)dτ

]
,

PS(a) = P

(
s⋂

k=1

{
R(1 − C

√
a) − (S1, k + S2, k) > 0

})
,

f###
S (mR, γ) =

∫ a

0

δ(t)fs(t)dt

fs(t) =
d

dt
FS(t) =

d

dt
P

(
s⋃

k=1

{
R(1 − C

√
t) − (S1, k + S2, k) ≤ 0

})
.

R and C are common to all joints while the other variables are assumed to be
independent from joint to joint and, therefore, ρij(t) = α2

R(t)+α2
C(t) ≥ 0. For b/C0

between 0.10 and 0.09 the objective function will be close to zero. For C(mR) =
C0 + C1m

2
R, C0 = 106, C1 = 104, H = 107 one determines m∗

R ≈ 7.8, a∗ ≈ 40.
Figure 5 shows the total damage cost, the corrective cost and the preventive cost.

In this case a constant discount rate of γ = 0.03 leads to roughly the same
results for m∗

R and a∗ but the benefit differs. The objective function is positive at
the optimum. Systematic replacement after failure or at the optimal repair interval
can thus save more than 50% of the cost.

Total damage cost

Preventive cost

Corrective cost

10 20 30 40 50 60 70 80

2

1.5

1

0.5

0

−0.5

Replacement interval in years

Fig. 5. Optimization of replacement interval, all cost divided by C0.
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8.3. Optimal replacement of a reinforced concrete structure

(r-of-s-system) subject to chloride corrosion in warm

sea water

Following Ref. 19 a simplified failure criterion for chloride corrosion in the splash
zone of some reinforced concrete harbor installation in warm sea water is:

Ccr − Cs

(
1 − erf

(
c

2
√

Dt

))
≤ 0, (41)

where Ccr = critical chloride content, Cs = surface chloride content, c = concrete
cover in cm and D = diffusion parameter. The stochastic model is

Variable Distr. function Parameters

Ccr Uniform [a, b] 0.125, 0.175
Cs Uniform [a, b] 0.2, 0.4
c Lognormal mc, σc = 1
D Uniform [a, b] 0.085, 0.115

The uniform distributions reflect the large uncertainty in the variables Ccr, Cs

and D. The standard deviation of concrete cover is 1 cm. The units are chosen
such that t is in years. Inspections are performed at regular intervals a. They
are followed by renewals (repairs) with probability PR(a) = 1 − exp[−aRa2]. The
optimization variables are the mean concrete cover mc and the length a of the
inspection (or repair) interval. Erection cost are C(mc) = C0 + C1m

2
c , inspection

cost are I0 = 0.1C0, repair cost are I1 = 0.5C0 and there is C0 = 106, C1 =
104, H = 10C0, a benefit function decreasing in time and a time-variant inter-
est rate, i.e. B = C0

∫∞
0

b(t) exp[
∫ t

0
γ(τ)dτ ]dt, b(t) = b0Φ(− t−50

25 ), b0 = 0.1, γ(t) =
0.02 + 0.03 exp(−0.012t), and aR = 0.005. The relatively large damage cost essen-
tially reflect loss of use. The solution is a∗ ≈ 65 and m∗

c ≈ 5.7. It turns out that
preventive repairs should be performed every 65 years which saves considerable cost.
The same example with constant discount and constant benefit rate γ = 0.03 gave
a∗ ≈ 66 and m∗

c ≈ 6.5. These results comply well with practical experience with
such structures. The contributions to the total damage cost are shown in Fig. 6.

Relatively small variations in the repair model or in the cost factors will, how-
ever, result in designs where it is better not to inspect and repair but just wait for
failure. It is noted that for the given failure model no mean time to failure exists.
Therefore, no acceptability criterion can be defined theoretically. But this is not
necessary because there are clear signs of deterioration and, thus, pre-warnings.
The parameter aR has been chosen such that PR(a∗) ≈ 1.

This example is also used to illustrate the procedure for a r-of-s-system. 10 crit-
ical components are assumed (for example, piles). Ccr and Cs are common to all
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Fig. 6. Total cost for regular inspections and renewals for a series system (upper curves) and a
7-out-of-10-system (lower curves).

components whereas c and D vary independently from component to component. If
serious deterioration is found in more than any three of the components with prob-
ability PR(a) = 1 − exp[−aRa2], the inspections are followed by renewals (repairs)
for all components. One expects a probability smaller than the probability for a
simple component and also smaller than the probability of an ideal series system.
This should make m∗

c smaller and a∗ larger as compared to the single component
case. One finds m∗

c ≈ 4.4 and a∗ ≈ 75. But the total cost curve (and thus the
benefit is larger) is lower for the r-of-s-system.

The optimal values for a∗ do not exactly correspond to the minimum values in
Fig. 6 because the benefit has also been made time-dependent.

9. Conclusions

Technical facilities should be optimal with respect to benefits and cost. The only
replacement strategy fulfilling the requirement of sustainability is systematic recon-
struction after failure or obsolescence or, alternatively, preventive repair. If the
structure is deteriorating a suitable inspection and maintenance strategy has to be
adopted. Repairs must be already planned in the design phase and must be such
that they correspond to a renewal, i.e. re-establish the (stochastically) initial state.
The cost of preventive and/or corrective repairs should be included in life-cycle
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costing. The repair intervals together with other design parameters can also be
optimized. In some cases, however, no optimal interval for preventive repairs exists.

If time is involved all monetary quantities need to be discounted down to the
decision point. Discount rates γ must be long term averages in view of the time
horizon of some 20 to more than 100 years and net of inflation and taxes. While
the operator may use long term averages from the financial market for his cost-
benefit analysis the assessment of interest rates for investments of the public is
more difficult. The classical Ramsey model decomposes the output growth rate
into the rate of time preference of consumption and the rate of economical growth
multiplied by the elasticity of marginal utility of consumption. It is found that
the rate of time preference of consumption should be as small as possible. The
public interest rate should be smaller than the sum of the population growth rate
and the long term growth rate of a national economy which is around 2 to 3% for
most industrial countries. Alternatively, one can use so-called generation-adjusted
discounting models. These models assume that all generations should be treated
according to their own preferences but discounting is only by the economic growth
rate if future generations are concerned which is also intergenerationally acceptable.
An equivalent time-dependent discount rate can be defined decaying from some
market value down to the economic growth rate. It is also shown that given a
certain output growth rate there is a corresponding maximum real interest rate in
order to maintain non-negativity of the objective function. Some numerical tools
for cost-benefit optimization are also presented.
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STRUCTURAL HEALTH ASSESSMENT
UNDER UNCERTAINTY

HASAN KATKHUDA∗ and ACHINTYA HALDAR†

Department of Civil Engineering and Engineering Mechanics,
The University of Arizona,Tucson, AZ 85719, USA

E-mails: ∗hasan@email.arizona.edu
†haldar@u.arizona.edu

A generalized system identification procedure is presented to identify structural stiff-
ness parameters at the element level using only limited noise-contaminated response
information and completely ignoring the excitation information. The authors called it a
GILS-EKF-UI method. The structures are represented by finite elements. The procedure
detects defects by tracking the changes in the stiffness property of each element. The
method can identify defect-free and defective structures even in the presence of relatively
large amount of noise in the responses. Defects could be minor in nature. The method
is very robust and can identify defects caused by different types of loadings including
seismic loading. The research team at the University of Arizona is in the process of
developing a nondestructive defect assessment procedure for existing structures and the
GILS-EKF-UI procedure will be an essential component of that effort.

1. Introduction

Structural health assessment of existing structures as they age is important to
maintain our way of life. Health assessment is also essential just after a natural
disaster, such as strong earthquakes or high winds, or after man made events such
as blasts or explosions. Visual inspections are commonly used for this purpose.
However, for large structural systems, there are no professional guidelines on what
to inspect. This strategy is not expected to be effective if defects are not visible
to the naked eyes or are hidden behind obstacles such as false ceilings. The qual-
ity of inspections or the experience of inspectors can be called in to question. A
simple and economical yet objective health assessment technique is necessary for
this purpose. For proper and accurate assessment and removing the subjectivity
in the evaluation process, the information on structural responses and the uncer-
tainty in collecting response information need to be integrated. Defects that change
structural responses can then be identified. To locate the defect spots, a finite ele-
ment representation of structures will be ideal. By tracking the dynamic properties
(mass, stiffness, and damping) of all the elements, the defect spots and the health
of structures can be assessed. The discussions lead to the development of a system
identification (SI) — based algorithm. The basic three components of any SI tech-
nique are the system to be identified, the response information, and the excitation
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force that caused the system to vibrate. However, in most cases the information
on excitation force is not available or it contains so much uncertainty that the SI
concept cannot be used. The collection of input excitation forces could be very
expensive in some cases. The desirability of the health assessment technique will be
significantly enhanced if it can identify a structure with response information only,
completely ignoring the excitation information. For large dynamic systems, collec-
tion of response information at all dynamic degrees of freedom (DDOFs) may not
be practical. Available SI-based approaches cannot satisfy all these requirements. A
new finite element-based approach which can identify structures using only noise-
laden limited response information is proposed for this purpose. The method is
discussed in this chapter.

The SI is a multidisciplinary research area and the existing literature is very
extensive [Doebling et al.1 and Housner et al.2]. Most of the available SI techniques
are in frequency domain [Alampalli et al.,3 Law et al.,4 Lam et al.5 and Barroso
and Rodriguez6]. There are many advantages of this approach including: (1) The
modal information can be expressed in countable form in terms of frequencies and
mode shape vectors instead of using enormous amount of data, (2) it provides a
simple basis for comparing modal measurements, and (3) there may be an averaging
effect on the presence of noise in the response measurements. However, they suffer
from many disadvantages including: (1) These methods identify the defects in the
global sense without identifying the location of the defects, (2) a large fraction of
the structural members could be broken without the fundamental period changing
by more than 2%, and (3) the higher order calculated modes are unreliable for
large complicated structural systems. Since the objective of the structural health
assessment is to detect the defects in the structures at the local element level, the
time domain approach is more appropriate and is used in developing a new method
presented in this chapter.

Several time domain approaches have been proposed in the last two decades
based on this assumption [Yun and Shinozuka,7 Hoshiya and Saito,8 Hoshiya and
Maruyama,9 Toki et al.,10 Oreta and Tanabe,11,12 Koh et al.,13,14 Hoshiya and
Sutoh15 and Loh et al.16]. They require excitation information for the identification
purpose and will not satisfy the objective of the study. Wang and Haldar.17 Ling
and Haldar,18 Vo and Haldar,19 and Katkhuda et al.20 proposed a linear time
domain finite element-based SI approach to identify structures using only response
information. They called it the iterative least square with unknown input (ILS-UI).
All types of structures including shear-type buildings, trusses, beams and plane
frames can be identified using this approach. It was verified using both computer
generated theoretical response information and measured responses collected in
laboratory experiments. The method was observed to be very accurate compared
with other currently available methods even when they use excitation information.
From the practical implementation point of view, the only drawback of this method
is that the response measurements at all DDOFs must be available to identify a
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structure. The method needs to be extended so that it can identify structures with
noise-laden limited responses information.

Kalman Filter-based approach is commonly used when response information is
limited. However, it requires that the excitation information and the state vector
must be known. Thus, the ILS-UI and the Kalman Filter-based methods need to
be combined to meet the objective of the study. Wang and Haldar21 proposed
such a method. They called it the Iterative Least Square Extended Kalman Filter
with Unknown Input (ILS-EKF-UI) method. If the extension is done properly,
the ILS-EKF-UI method can provide an ideal platform to identify any structural
systems using only limited response information and without suing any excitation
information. The concept behind the ILS-EKF-UI procedure is discussed next.

2. ILS-EKF-UI Method

Kalman filter is an optimal recursive data processing algorithm which processes
the available response measurements, regardless of their precision [Maybeck22]. To
implement the algorithm, the information on the state vector and the excitation
force, f(t) must be available. The algorithm uses the prior knowledge about the
system and limited response information to produce an estimation of the desired
variables by statistically minimizing the error. To increase the efficiency of the
optimization algorithm, Hoshiya and Saito8 proposed the Extended Kalman Filter
with Weighted Global Iteration (EKF-WGI) method. The ILS-UI method can be
intelligently used to satisfy all the requirements of the EKF-WGI method. A two-
stage approach is proposed as discussed below.

Stage 1: Based on the response information, develop a sub-structure that will
satisfy all the requirements for the ILS-UI method and then extract information on
the unknown excitation force f(t) and the initial values of the state vectors.

Stage 2: Identify the whole structure using the EKF-WGI method using the
information generated in Stage 1.

This endeavor will result the desired ILS-EKF-UI method. A system now can
be identified with noise-contaminated limited response information and without
using any information on the excitation. Wang and Haldar21 used the method to
identify shear-type buildings. The representation of a multi story building as a
shear-type structure is the simplest mathematical representation and consists of
many assumptions. This type of building deflects under shear forces only. The total
mass of the structure is lumped at the floor levels, assigning 1 DDOF for each floor;
the girders/floors are assumed infinitely rigid compared to columns; all the columns
in a floor are represented by one column, and the deformation of the structure is
considered to be independent of the axial force present in the columns.

The governing equation of motion for this type of structures using viscous damp-
ing can be written as:

Mẍ(t) + Cẋ(t) + Kx(t) = f(t), (1)
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where M is the mass matrix; C is the viscous damping matrix; K is the stiffness
matrix; ẍ(t), ẋ(t), and x(t) are vectors containing the dynamic responses in terms
of acceleration, velocity and displacement respectively; and f(t) is the excitation
force vector. If the acceleration time histories are available at each floor, they can
be successively integrated to obtain the velocity and displacement time histories.

The diagonal mass matrix of a shear-type building can be represented as:

M =




m1 0 0 · · · 0 0
0 m2 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · mN−1 0
0 0 0 · · · 0 mN


 . (2)

The corresponding damping and stiffness matrices can be shown to be:

C =




c1 + c2 −c2 0 · · · 0 0 0
−c2 c2 + c3 −c3 · · · 0 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · −cN−1 cN−1 + cN −cN

0 0 0 · · · 0 −cN cN


 , (3)

and

K =




k1 + k2 −k2 0 · · · 0 0 0
−k2 k2 + k3 −k3 · · · 0 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · −kN−1 kN−1 + kN −kN

0 0 0 · · · 0 −kN kN


 , (4)

where mi, ci, and ki (i = 1, 2, . . . , N) are the mass, damping, and stiffness, respec-
tively, at the ith DDOF of the building.

The general form of the unknown input excitation force f(t) vector can be rep-
resented as:

f(t) =




f1(t)

f2(t)

· · ·
fN−1(t)

fN (t)




. (5)

Some of the elements in Eq. (5) can be zero. To clarify the concept, assume that
the shear-type structure is subjected to an unknown excitation at the top floor,
i.e. at the Nth degree of freedom. Thus, all the elements except fN (t) in Eq. (5)
will be zero. Equation (1) can be used to identify the sub-structure required to
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evaluate fN(t) using the ILS-UI method. The requirement can be mathematically
expressed as:

fN(t) = mN ẍN (t) + [−cN cN ]
[

ẋN−1(t)
ẋN (t)

]
+ [−kN kN ]

[
xN−1(t)
xN (t)

]
. (6)

The masses at the floor levels are generally assumed to be known. Thus, the
response information, in terms of displacement, velocity and acceleration, at the
top two floors at the minimum, and the unknown parameters cN and kN must
be available to evaluate the unknown excitation force fN (t). To develop sufficient
constraints, two simultaneous equations for the (N − 1)th and Nth floors at time t

need to be considered [Wang and Haldar17,21] as:

[
ẋN−1 − ẋN−2 ẋN−1 − ẋN xN−1 − xN−2 xN−1 − xN

0 ẋN − ẋN−1 0 xN − xN−1

]
cN−1

cN

kN−1

kN




=
[ −mN−1ẍN−1(t)

fN (t) − mN ẍN (t)

]
. (7)

Equation (7) indicates that at the minimum the response information at the
top three floors are needed to evaluate the unknown input excitation force and to
identify four unknown parameters of the system. Thus, Eq. (7) defines the sub-
structure required for the first stage of ILS-EKF-UI. Assuming that the responses
are measured at a constant time increment of ∆t for the total number of sample
time points h, Eq. (7) can be rewritten in a matrix form as:

A(2.h)×4P4×1 = F(2.h)×1, (8)

where A is a matrix composed of the system response vector of velocity and dis-
placement; P is the vector composed of the unknown stiffness and damping param-
eters; and F is the vector composed of input excitation and inertia forces at time t.
Since F is partially known, Eq. (8) cannot be solved to identify the four system
parameters in P. ILS-UI is an iterative technique. Since the excitation information
is not available, Wang and Haldar17 suggested that the excitation force f(t) can be
assumed to be zero for p time points to start the iterative process. However, this p

time points should be kept to a minimum. They observed that p can be only 2 time
points if the structure is excited at any floor. Once the iteration process converged
satisfying a pre-determined convergence criterion, the unknown system parameters
cN−1, cN , kN−1, and kN in P and the unknown excitation force fN(t) will be avail-
able. The information of the system parameters can be used to completely define
the initial state vector. The excitation information is also available. Thus, all the
information required to implement Stage 2 is now available.
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To implement the EKF-based Stage 2, the state vector can be defined as:

Xt(t) =




X1(t)
X2(t)
X3(t)
X4(t)


 =




X(t)
Ẋ(t)
K̃
C̃


 , (9)

where Xt(t) is the state vector at time t; X(t) and Ẋ(t) are the displacement and
velocity vectors, respectively, at time t for the whole structure, and K̃ and C̃ are the
vectors of the element stiffnesses and damping, respectively, for the whole structure
that need to be identified. These vectors can be expressed as:

X(t) =




x1(t)
x2(t)

...
xN (t)


 , Ẋ(t) =




ẋ1(t)
ẋ2(t)

...
ẋN (t)


 , K̃ =




k1

k2

...
kN


 , C̃ =




c1

c2

...
cN


 , (10)

where N is the total number of DDOFs as mentioned earlier; xi(t) and ẋi(t) are
the displacement and velocity at the ith DDOF at time t, respectively.

Equation (1) can be expressed as a state equation:

Ẋt(t) =




Ẋ1(t)
Ẋ2(t)
Ẋ3(t)
Ẋ4(t)


 =




Ẋ(t)
Ẍ(t)

0
0


 =




Ẋ(t)
−M−1

(
KX(t) + CẊ(t) − f(t)

)
0
0


 , (11)

where K and C are the global stiffness and mass matrices, respectively, and can be
determined using Eqs. (3) and (4).

Equation (11) can be expressed as:

dXt(t)
dt

= f(Xt0 , t), Xt0 ∼ N(X̂t0 ,Pt0), (12)

Ytk
= HXt(tk) + Vtk

, Vtk
∼ N(0,Rtk

), (13)

where Xt(t) is a vector of size 4N × 1 at time t for a system with N DDOFs;
Xt0 is the initial state vector assumed to be Gaussian random variables with mean
X̂t0 and an error covariance Pt0 ; Ytk

is an observational vector of size (B × 1);
B is the total number of displacement and velocity observations (the information
on acceleration is not required for the EKF-WGI); H is a matrix of size (B × 4N)
containing information of measured responses; Vtk

is the observational noise vector
of size (B×1) assumed to be Gaussian white noise with zero mean and a covariance
Rtk

, tk is k∆t; and ∆t is the constant time interval between measurements.
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Using the information on the initial state vector X̂t0(t0/t0) and the error covari-
ance matrix P(t0/t0), the recursive process of the EKF algorithm can be carried
out in the following steps:

(i) Start with the initial state vector X̂t0(t0/t0) and its error covariance P(t0/t0).
The initial state vector can be obtained from Eqs. (9) and (10). The velocity
and displacement time histories in Eq. (10) may not be available at all DDOFs.
They are obtained by successively integrating the acceleration time histories
available for the identification purpose. K̃ and C̃ vectors are the initial values
of the stiffness and damping, respectively. Information on cN−1, cN , kN−1, and
kN obtained from Stage 1 can be used to initially define them. The values of
parameters c1 to cN−2 and k1 to kN−2 can be initially assumed to be of the
same orders as cN and kN , respectively. These vectors can be represented as:

K̃(t0/t0) =




k1(t0/t0)
...

kN−2(t0/t0)
kN−1(t0/t0)
kN (t0/t0)


 =




kN

...
kN

kN−1

kN


 ,

C̃ (t0/t0) =




c1(t0/t0)
...

cN−2(t0/t0)
cN−1(t0/t0)
cN (t0/t0)


 =




cN

...
cN

cN−1

cN


 . (14)

Conceptually, any other initial values can be assumed to define Eq. (14). However,
our experience suggests that if the initial values are significantly different from the
actual values, it may create convergence problem or it may take more iterations to
converge reducing the efficiency of the algorithm.

The initial error covariance matrix, P(t0/t0) is a diagonal matrix and can be
represented as:

P(t0/t0) =
[
Px(t0/t0) 0

0 Pk(t0/t0)

]
, (15)

where Px(t0/t0) is a initial error covariance matrix of size (2N×2N), corresponding
to velocity and displacement. It is a diagonal identity matrix. Pk(t0/t0) is the initial
error covariance matrix of size (2N × 2N) corresponding to the K̃ and C̃. It is
a diagonal matrix. A value of 1000 in the diagonal is assumed in this study to
accelerate the convergence of the EKF algorithm.

(ii) Prediction phase: In the context of EKF, evaluate the predicted state
X̂(tk+1/tk) and its error covariance P(tk+1/tk) by linearizing the nonlinear
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dynamic equation as:

X̂(tk+1/tk) = X̂(tk/tk) +
∫ tk+1

tk

f [X̂(t/tk), t]dt, (16)

P(tk+1/tk) = Φ[tk+1, tk; X̂(tk/tk)] • P(tk/tk) • ΦT [tk+1, tk; X̂(tk/tk)], (17)

where I is a unit matrix; Φ[tk+1, tk; X̂(tk/tk)] is the state transfer matrix from time
tk to tk+1 and can be represented as:

Φ[tk+1, tk; X̂(tk/tk)] = I + ∆t • F[tk; X̂(tk/tk)] (18)

In which

F[tk; X̂(tk/tk)] =
[
∂f(Xtk

, tk)
∂Xj

]
Xtk=X̂(tk/tk)

(19)

where Xj is the jth component of vector Xtk

(iii) Updating phase: Since the observations become available at the (k + 1) itera-
tion, the state vector and the error covariance can be updated as:

X̂(tk+1/tk+1) = X̂(tk+1/tk) + K[tk+1; X̂(tk+1/tk)]

•
{
Y(tk+1) − H[X̂(tk+1/tk), tk+1]

}
, (20)

P(tk+1/tk+1) =
{
I − K[tk+1; X̂(tk+1/tk)] • M[tk+1; X̂(tk+1/tk)

}
• P(tk+1/tk)

•
{
I − K[tk+1; X̂(tk+1/tk)] • M[tk+1; X̂(tk+1/tk)]

}T

+K[tk+1; X̂(tk+1/tk)] • R(tk+1) • KT [tk+1; X̂(tk+1/tk)], (21)

where K[tk+1; X̂(tk+1/tk)] is the Kalman gain matrix. It can be shown to be:

K[tk+1; X̂(tk+1/tk)] = P(tk+1/tk) • MT [tk+1; X̂(tk+1/tk)]

•
{
M[tk+1; X̂(tk+1/tk)] • P(tk+1/tk)

•MT [tk+1; X̂(tk+1/tk)] + R(tk+1)
}−1

, (22)

where

M[tk; X̂(tk/tk)] =
[
∂H(Xti , ti)

∂Xj

]
. (23)

(iv) Take the next time increment and using Eqs. (16), (17), (20), and (21) predict
and update the system parameters. This procedure will continue until the all
the time points are used.
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These iterative steps covering all the time point is generally defined as the local
iteration. The local iteration may not produce stable and convergent estimation of
the parameters to be identified. Hoshiya and Saito8 suggested a weighted global
iteration technique for this purpose and used in this study.

At the completion of the local iteration using EKF, the estimations of
X̂(1)(th/th) and P(1)(th/th) are available, where superscript (1) represents the first
global iteration. In the second global iteration, a weight factor w is introduced to the
error covariance matrix to accelerate the convergence. It is worth to mention here
that to get better and stable convergence, the value of w should be large positive
number.

The state vector and the error covariance matrix can be expressed as:

X̂(2)(t0/t0) =




X̂(1)
1 (t0/t0)

X̂(1)
2 (t0/t0)

X̂(1)
3 (th/th)

X̂(1)
4 (th/th)


 =




X(1)(t0/t0)
Ẋ(1)(t0/t0)
K̃(1)(th/th)
C̃(1)(th/th)


 , (24)

P(2)(t0/t0) =

[
I 0
0 wP(1)

tk (th/th)

]
, (25)

where P(1)
tk (th/th) is the error covariance matrix corresponding to the parameters

K̃ and C̃ from the first global iteration. With this information, the prediction
and updating phases of the local iteration are carried out for all the time points
producing the state vector and the error covariance matrix required to initiate the
third global iteration.

The global iterations are repeated until a pre-determined convergence criterion
is satisfied. The convergence criterion considered in this study can be represented
as |X(i)(th/th) − X(i−1)(th/th)| ≤ ε. ε is considered to be 0.1. Wang and Haldar21

verified this algorithm for the shear-type buildings. As will be discussed next, the
algorithm cannot be used to identify frames and other types of structures and the
efficiency of the algorithm can be improved significantly. The authors proposed a
generalized ILS-EKF-UI method. It will be denoted as GILS-EKF-UI in the subse-
quent discussions.

3. GILS-EKF-UI Method

In developing the ILS-EKF-UI method, Wang and Haldar21 used viscous damping
in the dynamic governing equation. The information on damping of elements is
generally not used for any defect evaluation. Furthermore, when viscous damping
is used in the formulation, for N DDOFs shear-type buildings, N stiffness and
N damping parameters need to be identified. Thus, the total number of parameters
to be identified is 2N . If Rayleigh-type damping is used, the damping is proportional
to the mass and stiffness and can be represented by two damping coefficients α
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and β. Since the proposed approach is finite element-based, the mass and stiffness
matrixes are readily available, and the consideration of Rayleigh-type damping
is not expected to create any additional difficulty in the formulation. However,
the total number of parameters to be identified is significantly reduced. The two
damping coefficients will be identified in Stage 1 and can be assumed to be known
in Stage 2. Thus, only N structural parameters need to be identified. As will be
discussed later, for a structure consisting of ne structural elements, the total number
of parameters to be identified is ne, significantly increasing the efficiency of the
algorithm, particularly for large structural systems.

To identify any structure, the finite element representation needs to be general-
ized. Without loosing any generality and for the ease of discussion, two-dimensional
frame structures can be considered. Two-dimensional beam elements can be used
to represent such frames. For such an element, three DDOFs are present at each
node. Two are translational DDOFs; one is along the length of the element (x axis)
and the other is perpendicular to the x axis, i.e., along the y axis, and the third
DDOF represents is the rotation of the node.

The basic concept used for shear-type buildings can also be used to identify any
structural system. As mentioned earlier, the first stage is to select a sub-structure
so that the ILS-UI procedure can be used to evaluate the unknown excitation forces
and the state vector. Katkhuda23 discussed the process in detail elsewhere. The first
step is to identify key node or nodes where the excitation forces are expected to act.
Then, the sub-structure can be developed by considering all the elements connected
to all the key nodes. For earthquake loading, all nodes can be considered as key
nodes, and the sub-structure can be constituted based on the available response
information.

For a sub-structure with Rayleigh-type damping, the governing equation of
motion can be written as:

Ksubxsub(t) + (αMsub + βKsub) ẋsub(t) + Msubẍsub(t) = fsub(t), (26)

where Ksub and Msub are the stiffness and mass matrices of the sub-structure,
respectively, ẍsub(t), ẋsub(t), and xsub(t) are the acceleration, velocity and displace-
ment vectors at time t, respectively, α is the mass-proportional damping coefficient,
β is the stiffness-proportional damping coefficient, and fsub(t) is the unknown exci-
tation force vector for the sub-structure. The damping coefficients α and β can be
estimated using the first two undamped frequencies of the structure as suggested
by Clough and Penzien.24

Msub can be assembled from the mass matrices of all the elements in the sub-
structure as:

Msub =
nesub∑
i=1

Mi, (27)

where Msub is a matrix of size (Nsub×Nsub); Nsub is the total number of DDOFs
in the sub-structure; nesub is the total number of elements in the sub-structure,
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and Mi is the consistent mass matrix for the ith beam element of uniform cross
section and can be represented as [Cook et al.25]:

Mi =
m̄iLi

420




140
0 156 Sym.

0 22Li 4L2
i

70 0 0 140
0 54 13Li 0 156
0 −13Li −3L2

i 0 −22Li 4L2
i




, (28)

where Li and m̄i are the length and the mass per unit length of the ith element.
Ksub can similarly be assembled from the information on the stiffness matrices

of all the elements in the sub-structure as:

Ksub =
nesub∑
i=1

Ki, (29)

where Ki is the stiffness matrix for the ith beam element of uniform cross section
(constant flexural stiffness or constant EI ) and is given by:

Ki =
EiIi

Li




Ai/Ii 0 0 −Ai/Ii 0 0
0 12

/
L2

i 6/Li 0 −12
/
L2

i 6/Li

0 6/Li 4 0 −6/Li 2
−Ai/Ii 0 0 Ai/Ii 0 0

0 −12
/
L2

i −6/Li 0 12
/
L2

i −6/Li

0 6/Li 2 0 −6/Li 4




, (30)

where Ei, Ii, and Ai are the Young’s modulus, moment of inertia, and area of the
cross-section of the ith element, respectively.

Equation (30) can be rewritten as:

Ki = kiSi, (31)

where ki = EiIi/Li and Si is the 6 × 6 matrix for the ith element shown in the
square bracket in Eq. (30). Equation (29) can be rewritten as:

Ksub =
nesub∑
i=1

kiSi = k1S1 + k2S2 + · · · + knesubSnesub. (32)

Also, Eq. (26) can be rewritten in the matrix form as:

A(Nkey·h)×LsubPLsub×1 = F(Nkey·h)×1, (33)

where matrix A is a matrix of size (Nkey · h) × Lsub; Nkey is the total number of
DDOFs for the key node(s) in the sub-structure, h is the total number of sample
points, and Lsub is the total number of unknown parameters in the sub-structure.
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The A matrix can be expressed as:

A(Nkey.h)×Lsub = [S1x(t)S2x(t) · · · Snesubx(t)S1ẋ(t)S2ẋ(t) · · ·
Snesubẋ(t)Mẋ(t)]. (34)

The displacement and velocity vectors, at time t, can be expressed as:

x(t) = [x1, y1, θ1, x2, y2, θ2, . . . , xnnsub, ynnsub, θnnsub]
T , (35)

and

ẋ(t) =
[
ẋ1, ẏ1, θ̇1, ẋ2, ẏ2, θ̇2, . . . , ẋnnsub, ẏnnsub, θ̇nnsub

]T
, (36)

where nnsub is the total number of nodes in the sub-structure.
P vector in Eq. (33) contains the following unknown system parameters:

P = [k1, k2, . . . , knesub, βk1, βk2, . . . , βknesub, α]T . (37)

All the parameters have been defined earlier.
F matrix in Eq. (33) can be expressed as:

F(Nkey.h)×1 = f(Nkey.h)×1 − Mẍ(t)(Nkey.h)×1, (38)

where ẍ(t) vector contains the acceleration responses in the sub-structure at time t

and can be expressed as:

ẍ(t) =
[
ẍ1, ÿ1, θ̈1, ẍ2, ÿ2, θ̈2, . . . , ẍnnsub, ÿnnsub, θ̈nnsub

]T
. (39)

Equation (33) can be used to solve for the unknown parameters vector P using the
ILS-UI method discussed earlier. As in the shear-type building, the iteration process
needs to be initiated by assuming f(t) to be zero at some time points. In develop-
ing the GILS-EKF-UI method, the authors [Katkhuda, et al.20] observed that the
algorithm produces better and more accurate results if the excitation information is
assumed to be zero at all time points h. As will be shown later, the algorithm accu-
rately produces information on the unknown excitation force, Rayleigh damping
coefficients and the stiffnesses of the elements in the sub-structure.

The state vector for framed structures can be represented as:

Xt(t) =


X1(t)

X2(t)
X3(t)


 =


X(t)

Ẋ(t)
K̃


 , (40)

where Xt(t) is the state vector at time t, X(t) and Ẋ(t) vectors contain the limited
response information on displacement and velocity at time t, respectively; and K̃

www.EngineeringBooksPDF.com



October 26, 2005 11:31 WSPC/SPI-B307-Recent Development in Reliability-Based Civil Engineering ch13

Structural Health Assessment under Uncertainty 261

is the vector of the element stiffnesses for the whole structure that need to be
identified and can be expressed here as:

K̃ =




k1

k2

...
kne


 , (41)

where ne is the total number of elements in the whole structure.
Equation (40) can be rewritten as:

Ẋt(t) =


 Ẋ1(t)

Ẋ2(t)
Ẋ3(t)


 =


 Ẋ(t)

Ẍ(t)
0




=


 Ẋ(t)
−M−1(KX(t) + (αM + βK)Ẋ(t) − f(t))

0


 , (42)

where K and M is the global stiffness and mass matrix for the whole structure,
respectively. They can be developed from the element-level information using the
standard finite element formulation. f(t) is identified in Stage 1.

Equations (12) and (13) are applicable for any type of structure; however, the
size of the matrixes will change. The size of the state vector Xt will be (2N +L)×1
and the size of H will be [B×(2N+L)]. The four iterative steps in Stage 2 [Eqs. (14)
to (23)] will remain the same for framed structures except, Eq. (14) needs to be
expressed as:

K̃(t0/t0) =




k1(t0/t0)
k2(t0/t0)
k3(t0/t0)

...
kne(t0/t0)


 =




k1

k2

k2

...
k2


 . (43)

The weighted global iteration technique remains the same for framed structures
except Eq. (24) is changed to:

X̂(2)(t0/t0) =




X̂(1)
1 (t0/t0)

X̂(1)
2 (t0/t0)

X̂(1)
3 (th/th)


 =


X(1)(t0/t0)

Ẋ(1)(t0/t0)
K̃(1)(th/th)


 . (44)

The theoretical formulation of the GILS-EKF-UI method is now available.
The stiffness properties of all the elements can be evaluated with limited noise-
contaminated response information and without using any information on excita-
tion. The procedure needs to be verified using several numerical examples.
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4. Numerical Examples

4.1. Example 1

A five story plane steel frame, shown in Fig. 1, is considered first.
The frame consists of 15 members; 10 columns and 5 beams. The height of the

columns is 3.66m and the bay width is 9.14m. W18×71 of grade A36 steel section is
used for all the members. Assuming the bases are fixed; the structure is represented
by 30 DDOFs. The mass of all the beams and columns is 105.65kg/m. The beam
and column stiffnesses are estimated to be 10650kN-m and 26625kN-m, respec-
tively. The mass-proportional damping coefficient α and the stiffness-proportional
damping coefficient β are evaluated from the information on the first two undamped
frequencies of the structure. The first two frequencies, f1 and f2, of the structure
were found to be 3.703 and 12.279Hz, respectively. For an equivalent modal damp-
ing of 3% of the critical for the first two modes, α and β are found to be 1.072547
and 0.000597503, respectively.

The frame is excited by the north-south component of the El Centro 1940 earth-
quake. The time history of the earthquake is shown in Fig. 2. Using a commercially
available computer program, the theoretical responses, in terms of displacements,
velocities and accelerations of the frame, are calculated. After the theoretical
responses are evaluated, the information on the input force is completely ignored.

For the sake of discussion, suppose the response information only at nodes 1, 2,
and 3 is available. As discussed earlier, since the frame is excited by an earthquake,
any part of the frame can be used as a sub-structure depending upon the available
response information. Thus, the minimum size of the substructure that can be used
is shown in Fig. 1.
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Fig. 1. Five stories frame excited by El Centro earthquake used in Example 1.
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Fig. 2. El Centro earthquake time history.

Using responses from 1.52 to 2.37 sec and assuming that they are recorded
at 0.00025 sec time intervals providing 3401 time points, the excitation force, the
stiffnesses of the 2 elements, and α and β coefficients are identified using the ILS-
UI method. The maximum error in the input excitation force, in term of the peak
acceleration, is 0.53%. The maximum errors for α and β are 0.16% and 0.32%,
respectively, and for the stiffness of Elements 1 and 2 are 0.0068% and 0.00679%.
Obviously, the errors associated with Stage 1 identification are very small. The
identified information from Stage 1 is used in Stage 2 to identify the whole frame.
The algorithm failed to identify the frame with reasonable error. Two possible
reasons are:

(a) Even with the EKF method, minimum amount of response information must
be available, particularly for identifying large structural systems as considered
in this example. No discussion on the topic can be located in the literature.

(b) The locations of the nodes where responses are available are also expected
to be very important. If the responses are available only at the upper floors,
the stiffness identification for the lower floors will have high and unacceptable
errors.

After an exhaustive study, it was observed that in addition to 9 responses at
nodes 1, 2, and 3, six horizontal responses at nodes 4 to 9, giving a total of 15
responses, would identify the stiffnesses of all the elements with a reasonable amount
of accuracy. The identified stiffnesses are shown in Table 1. The maximum error in
the stiffness identification is found to be 4.54%.

In the above example, the responses are assumed to be have a small amount
of noise, i.e. the diagonals R in the noise covariance matrix in Eq. (13) are of the
order of 10−4. However, noise in the response measurements cannot be avoided. To
address the issue of noise in the responses, numerically generated white noise with
intensity of 5% of the root mean square (RMS) values of the responses observed at
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Table 1. Stiffness (EI/L) identification for five story floors frame excited by
El Centro earthquake for Example 1.

Member Initial Identified Error % Identified Error %
theoretical small-noise large-noise

value (kN-m) (kN-m) included (kN-m)

k1 10650 10699 0.46 10781 1.23
k2 26625 26484 0.53 26939 1.18
k3 26625 26705 0.30 26874 0.93
k4 10650 10590 0.56 10828 1.67
k5 26625 25866 2.85 27819 4.48
k6 26625 27011 1.45 27238 2.30
k7 10650 10733 0.78 10366 2.66
k8 26625 26059 2.13 27674 3.94
k9 26625 27066 1.65 27537 3.42
k10 10650 10625 0.23 10462 1.76
k11 26625 26312 1.17 27114 1.83
k12 26625 27814 4.46 28358 6.50
k13 10650 10524 1.18 10850 1.88
k14 26625 27834 4.54 28501 7.04
k15 26625 25816 3.04 28311 6.33

the DDOFs are added to the theoretical responses. This is equivalent to 10−2 in
the diagonals R of the noise covariance matrix. The same procedure was followed
by Toki et al.,10 Koh et al.13 and Wang and Haldar.21 With the noise-included
response data, the frame is identified and the results are shown in Table 1. As
expected, for the noise-contaminated responses, the maximum error increased to
7.04%, but still smaller than other methods [Toki et al.10 and Koh et al.13].

4.2. Example 2

A larger structure represented by a four story two bay plane steel frame excited by
one harmonic force, as shown in Fig. 3, is considered in this example. The frame
consists of 20 members; 12 columns and 8 beams. The height of the columns is
3.66m and each bay width is 9.14m. Steel section of size W18 × 71 of grade A36
is used for all the members. Assuming the bases are fixed; the structure can be
represented by 36 DDOFs. The first two frequencies, f1 and f2, of the structure
were found to be 4.71 and 15.63Hz, respectively. For an equivalent modal damping
of 3% of the critical for the first two modes, α and β are found to be 1.365105 and
0.000469435, respectively.

The frame is excited by a harmonic force, f(t) = 44.4 sin(20t) kN applied hori-
zontally at the top floor at node 1. As before, the theoretical responses of the frame
in terms of displacement, velocity, and acceleration are calculated using a commer-
cially available computer program. After the theoretical responses are evaluated,
the information on the input force is completely ignored. The responses from 0.02
to 0.78 sec, recorded at 0.00025 sec time interval, providing a total of 3041 time
points, are used to identify the frame.
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Fig. 3. Four stories frame excited with harmonic load used in for Example 2.

Node 1 is the key node in this example. For the optimal sub-structure, the
responses at 18 DDOFs, i.e. 3 responses at nodes 1, 2, 4 and horizontal responses
at nodes 3 and 5 to 12 are necessary to identify the whole frame with reasonable
accuracy. The identified stiffness values of all the elements with small and 5% RMS
noises in the responses are shown in Table 2. The maximum errors for the two noise
levels are found to be 3.12% and 5.89%, respectively.

Table 2. Stiffness (EI/L) identification for the frame excited by harmonic load
and using responses of 18 DDOFs for Example 2.

Member Initial Identified Error % Identified Error %
theoretical small-noise large-noise

value (kN-m) (kN-m) included (kN-m)

k1 10650 10678 0.26 10727 0.72
k2 10650 10515 1.26 10976 3.06
k3 26625 26673 0.18 26820 0.73
k4 26625 26530 0.36 26880 0.96
k5 26625 27082 1.72 27562 3.52
k6 10650 10618 0.30 10552 0.92
k7 10650 10745 0.90 10860 1.97
k8 26625 26125 1.88 27459 3.13
k9 26625 26693 0.25 26426 0.75

K10 26625 26900 1.03 27389 2.87
K11 10650 10820 1.60 11073 3.97
K12 10650 10442 1.95 10991 3.20
K13 26625 26600 0.094 26504 0.46
K14 26625 26887 0.98 27286 2.48
K15 26625 26388 0.89 27200 2.16
K16 10650 10318 3.12 11277 5.89
K17 10650 10957 2.88 11107 4.29
K18 26625 26872 0.92 27118 1.85
K19 26625 26847 0.83 27078 1.70
K20 26625 26162 1.74 27597 3.65
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Table 3. Stiffness (EI/L) identification for the frame excited by
harmonic load and using responses of 21 DDOFs for Example 2.

Member Initial theoretical Identified Error %
value (kN-m) small-noise (kN-m)

k1 10650 10645 0.047
k2 10650 10654 0.034
k3 26625 26619 0.022
k4 26625 26632 0.024
k5 26625 26641 0.058
k6 10650 10650 0.003
k7 10650 10646 0.033
k8 26625 26647 0.082
k9 26625 26639 0.052
k10 26625 26614 0.042
k11 10650 10650 0.003
k12 10650 10657 0.064
k13 26625 26597 0.107
k14 26625 26638 0.048
k15 26625 26591 0.13
k16 10650 10648 0.016
k17 10650 10637 0.12
k18 26625 26632 0.026
k19 26625 26630 0.017
k20 26625 26646 0.079

Suppose, the responses are available at 21 DDOFs, i.e. 3 responses at nodes 1
to 6, and horizontal responses at nodes 10 to 12. The frame is again identified and
the results are shown in Table 3, assuming the amount of noise in the response
information is small. The maximum error is found to be only 0.13%, indicating a
significant improvement in the identification.

4.3. Example 3

Defect-free relatively large frames excited by earthquake loading applied at the
support level or a load applied at the super-structure were identified using lim-
ited response information. The GILS-EKF-UI algorithm can also identify defective
structures and it is demonstrated in this example.

The same two bays four-story steel frame considered in Example 2 and shown
in Fig. 3 is considered again. A beam (Element 11) and a column (Element 15)
are assumed to contain defects. To consider the presence of defects, their stiffnesses
are reduced by 5% of their original values. The stiffnesses of the defective Elements
11 and 15 are 10 117 and 25 294 kN-m, respectively. The theoretical responses of
the defective frame excited by the harmonic force applied at node 1 are calculated.
After the theoretical responses are evaluated, the information on the input force
is completely ignored. The responses from 0.02 to 0.78 sec, recorded at 0.00025 sec
time interval, providing a total of 3041 time points, are used to identify the frame.

Using the substructure containing responses at the same 18 DDOFs considered
in Example 2, the whole frame is identified. The results are summarized in Table 4.
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Table 4. Stiffness (EI/L) identification for the defected frame excited by harmonic
load and using responses of 18 DDOFs for Example 3.

Member Initial Identified Error % Identified Error %
theoretical small-noise large-noise

value (kN-m) (kN-m) included (kN-m)

K1 10650 10637 −0.12 10594 −0.52
K2 10650 10661 +0.10 10817 +1.57
K3 26625 26634 +0.034 26804 +0.67
K4 26625 26653 +0.10 27006 +1.43
K5 26625 26678 +0.19 27162 +2.01
K6 10650 10673 +0.22 10940 +2.72
K7 10650 10614 −0.34 10574 −0.71
K8 26625 26919 +1.10 27540 +3.43
K9 26625 26683 +0.22 27090 +1.74
K10 26625 26339 −1.07 25903 −2.71
K11 10650 10024 −5.87 9841 −7.59
K12 10650 10734 +0.79 11095 +4.17
K13 26625 26657 +0.12 26766 +0.53
K14 26625 26699 +0.28 26957 +1.24
K15 26625 25149 −5.54 24514 −7.93
K16 10650 10745 +0.89 11163 +4.81
K17 10650 10562 −0.83 10493 −1.48
K18 26625 26481 −0.54 26068 −2.09
K19 26625 26695 +0.26 27030 +1.52
K20 26625 26658 +0.12 27365 +2.77

For the low level noise in the responses, k11 and k15 decreased by 5.87% and 5.54%,
respectively, significantly more than the other elements indicating the defects are
in Elements 11 and 15. For relatively large noise level in the responses, the stiff-
nesses of these elements reduced by 7.59%, and 7.93%, respectively, as shown in
Table 4, indicating the defects are present in them. Katkhuda23 considered many
other examples to demonstrate the efficiency and accuracy of defect-free and defec-
tive frames considering several levels of noises in the responses. The available results
indicate that the GILS-EKF-UI is a significant improvement over the ILS-EKF-UI
method and can be used to identify any structure that can be represented by finite
elements with the help of limited noise-contaminated response information and
without using excitation information.

5. Conclusions

A generalized system identification procedure is presented to identify structural
stiffness parameters at the element level using only limited noise-contaminated
response information and completely ignoring the excitation information. The
authors called it a GILS-EKF-UI method. The structures are represented by finite
elements. The procedure detects defects by tracking the changes in the stiffness
property of each element. The method can identify defect-free and defective struc-
tures even in the presence of relatively large amount of noise in the responses.
Defects could be minor in nature. The method is very robust and can identify defects
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caused by different types of loadings including seismic loading. The research team
at the University of Arizona is in the process of developing a nondestructive defect
assessment procedure for existing structures and the GILS-EKF-UI procedure will
be an essential component of that effort.
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decision criteria, 8
decision rule, 9
decision-making, 6, 9
demand uncertainty, 38
density of the age-distribution, 25
dependent failure modes, 234
depreciating production means, 25
design point, 89
design stress approach, 136
deteriorating civil engineering

infrastructures, 227
deteriorating components, 228
deteriorating structures, 233
deterministic overload, 4
digitized directions, 89

dimension-reduction method, 204

Dirac-Delta function, 110

direct response technique, 219

direction cosine, 89, 172

discount rate, 13

discounted remaining life expectancy, 23,
24

discounting, 229

displacement-based FEM, 167

dissolved oxygen, 160

Ditlevsen’s bounds, 83, 88

drag cubicization, 101

drag forces, 99

ductile behavior, 57, 62

ductile behavior of piles, 66, 70

ductile pile behavior, 61

ductility, 82

ductility reduction factors, 33

dynamic amplification factor, 81

dynamic degrees of freedom, 250

dynamic optimization, 23

economic growth theory, 22

economic lifetime, 11–13

effect of wave intermittency, 100

elasticity of marginal consumption, 25

electro-chemical, 142

electro-chemical reactions, 143

element-free Galerkin method, 187

element-level reliabilities, 61, 62

epistemic uncertainty, 3, 14, 37

equivalent time-variant rate, 22

error covariance, 255

ethical standards, 21

event-type hazards, 25, 29

expected net benefit, 9

expected remaining present value life time
utility, 23

expected remaining present value residual
life time utility, 24

expected value, 8

expert opinion approach, 213

expert’s bias, 215

experts’ knowledge, 215

explicit form, 167

extended Kalman filter with weighted
global iteration, 251

extreme events, 3

extreme value theory, 155
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fabrication error, 79
factor of safety on life, 137
failure mode, 82, 86
failure mode approach, 63
Fast Fourier Transform, 102
fatigue analysis and design, 125
fatigue strength, 125
fault trees, 213
fault-tree analysis, 215
finite element method, 166
finite-memory model, 101
first order methods, 3
first order reliability method, 34, 78, 131
first- and second-order reliability

methods, 206
first-order or second-order reliability

method, 59, 166
fitness of a search, 89
fixed offshore structures, 99
fixed platforms, 99
flood risk, 12
fluid damping effect, 103
fluid-structure interaction, 103
Fourier transform pairs, 113
fracture failures, 48
fracture mechanic fatigue model, 126
frequency domain, 250
frequency response functions, 101
frequency-domain analyses of wave

loadings, 100
frequency-domain computations, 102

Galerkin-based, 187
galvanic corrosion, 143
gaming theory, 11
Gaussian processes, 99
genetic algorithms, 86, 88
genetic search, 89
geometrically nonlinear structure, 92
GILS-EKF-UI method, 257
global behavior, 61
global reliability index, 89
greenhouse emissions, 16
gross domestic product, 25
Gumbel distribution, 155, 157
gust response factor, 33

hazard uncertainty, 38
Hermite cubicization, 102
high consequence events, 2, 6

highway safety, 16

human error, 79, 215

hybrid method, 166

hybrid reliability method, 165

idealized elasto-plastic element behavior,
66

immediate occupancy, 34

immersion corrosion, 142

impedance measurements, 142

implicit function, 134

importance factor, 33

importance sampling, 88, 90

in-filled steel frame structures, 181

incipient collapse, 38

incremental dynamic analysis, 39

incremental loading approach, 66, 86

incremental yearly cost, 29

indirect response technique, 218

inelastic deformation, 34, 85

inelastic failures, 47

information from experts, 213

infrastructure report card, 17

initial state vector, 255

integral eigenvalue problem, 195

intensity hazard curve, 36

inter-story drift, 171

intergenerational equity, 27

intergenerational issues, 11

inundation drag forces, 103

inundation effect, 100

inverse Fourier transforms, 102

involuntary risks, 21

iterative least square extended Kalman
filter with unknown input, 251

iterative least square with unknown
input, 250

jack-up platform, 101

jack-up rigs, 99

jacket, 99

judgment of probability, 6

Kalman filter, 251

Karhunen-Loève representation, 192

Kronecker delta, 192

Kuhn-Tucker conditions, 239

kurtosis, 102
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Laplace transforms, 230, 231
latin hypercube, 131
least squares approximation, 104
level of consumption, 22
life expectancy, 23
life quality index, 24
life safety, 34
life time utility, 22
life-cycle engineering, 227
lifecycle cost, 40, 42
lifetime risk, 1
limit state function, 170
limited noise-contaminated response

information, 267
linear interpolation scheme, 172
live load reduction formula, 3
load and resistance design, 39, 170
load and resistance factor design codes, 4
long-term average economic growth rate,

229
low probability, 2, 6
lower bound of system probability, 62, 65

M -θ curves, 180
marine corrosion, 142, 143, 145
marine pitting corrosion, 152
Masing rule, 173
mathematical risk, 4
maximum accepted probability, 10
maximum load effect, 80
mean value, 77
mean value method, 131
median response, 35
meshfree, 187
meshfree method, 187
metastable pitting, 157
Miner’s rule, 128
mini-max, 10
minimum expected regret, 9
modeling errors, 79
modeling of PR connections, 172
modified Morison expression, 100
modified Newton-Raphson method, 177
moment function, 115
moment-based approximation, 104
Monte Carlo, 131
Monte Carlo algorithms, 88
Monte Carlo simulation technique, 59, 78,

100, 207
Morison drag force, 101, 102, 116

Morison equation, 99
Morison-type wave loads, 99
mortality reduction schemes, 27
most likely failure point, 88
most probable point, 206
most significant failure mode, 62
most significant performance mode, 62, 64
multi-attribute approach, 10
multi-girder bridges, 84
multi-objective rule, 9
multivariate dimension-reduction method,

202
multivariate function decomposition, 197
mutation process, 89
mutual elasticity, 10

narrow band stress, 128
National Earthquake Hazard Reduction

Program, 16
National Transportation Safety Board, 16
natural hazards, 17
natural standard, 12
Neumann expansion method, 204
Neumann series expansion, 187
neural network techniques, 90
nominal value, 77
non-constant benefit, 232
non-constant discounting, 231
non-Gaussian response, 99
non-structural component, 37
nonlinear analyses, 35
nonlinear displacement demand, 36
nonlinear force-kinematics relationship, 99
nonlinear inelastic systems, 35
nonlinear nature of waves, 99
nonlinear response, 3
norm of the objectives, 10
notional probabilities, 3
nuclear power industry, 10
numerical Laplace transforms, 233

objective, 14
objective probability, 14
objective risk, 6
obsolescence, 234
offshore engineering, 99
offshore structures, 141
operation and maintenance, 17
optimal consumption path, 23
optimal design decision parameters, 41
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optimal replacement, 243

optimal replacement of a reinforced
concrete structure, 245

optimization of life-cycle cost, 227

overall lateral displacement, 171

oxygen flux, 146

parallel components, 56

parallel members, 82

parallel resistance mechanism, 56

parallel systems, 47, 84

partial safety factor format, 137

partially restrained (PR) connection,
172

performance curve, 35

performance functions, 59

performance goal, 34

performance mode approach, 63

performance modes, 56, 63, 66

performance of the system, 55

performance-based design, 10, 34

Pierson-Holmes, 100

pile-supported system, 56

pit growth model, 154

pitting corrosion, 143, 161

plane stress elements, 175

plastic analysis, 87

plastic hinges, 48

Poisson model, 80

Poisson process, 230

Poisson ratio, 176

political accountability, 7

political issues, 16

post-failure behavior, 61

power spectral analysis, 102

power spectrum of the wave force, 100

power-spectrum, 109

prediction phase, 255

preventive renewal, 238

Price’s theorem, 102, 113, 116

probabilistic assessment, 17

probabilistic risk, 14

probability encoding, 218

progressive failure, 61

purchasing power parity, 28

quality of life, 21, 25

quasi-static, 102

quasi-static studies, 100

radius based importance sampling, 131
rainflow algorithm, 130
rare events, 6, 9
rating systems, 215
Rayleigh-type damping, 167, 257
real risk, 6
redundancy, 47, 61
redundancy factor, 47, 49
redundant system, 56
reinforced concrete (RC) shear wall, 176
reliability in structural performance, 33
reliability index, 59, 78, 89, 172
reliability of a structural system, 82
reliability of bridge structural systems, 82
reliability-based design formats, 34
reliability-based performance evaluation,

52
reliability/redundancy factor, 47
renewal density, 230
renewal intensity, 230
renewal model, 228, 229, 234
repair of aging components, 237
repair probability, 238
reserve strength, 57
residual strength, 57
resistance bias, 77
response modification factor, 49
response surface approach, 86
response surface method, 86, 90, 131, 166
response surfaces, 3
return periods, 8
return-on-investment, 17
Richard model, 180
Richard moment-rotation model, 172
risk acceptability criteria, 27
risk acceptance criteria, 21
risk aversion, 13, 25
risk management, 2
risk perception, 2, 4, 5, 15
risk reducing investment, 29
risk trade-offs, 4
risk-benefit approach, 44
rupture strength of concrete, 176

safety margin, 87
safety margin equation, 88
saturated design, 168
search direction, 89
season of first immersion, 161
second order methods, 3
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second order reliability method, 59, 78,
131

seismic risk assessment, 165
series, 82
series systems, 83
serviceability, 170
serviceability failure, 57
serviceability limit state, 171
serviceability performance functions, 60
shape functions, 187
shear walls, 175
shear-type buildings, 250
short-term random wave storm, 99
significant performance modes, 58
simulation, 3
single trade-off, 10
skewness, 102
small probability, 6
societal decision-making, 4, 11
societal life quality index, 26
societal value of a statistical life, 26
society-induced hazards, 17
sources of nonlinearity, 166
spectral acceleration, 36, 39
spectral peak, 100
splash zone, 141
splash-zone wave force, 100
stable pitting, 157
standard normal distribution, 78
statically indeterminate structures, 84
statistical correlation, 61
statistical factor analysis, 5
statistical moment analysis, 201
statistical test, 222
still water level, 103
Stokes theory, 99, 100
strain life model, 126
strength failure, 57
strength limit states, 170
strength performance functions, 59
strength reliability index, 63
stress concentration, 125
structural condition assessment, 214
structural health maintenance, 135
structural inspections, 214
structural reliability, 3, 8
structure-foundation system, 55, 61
sub-structure, 259
subharmonic, 100
subjective, 14

subjective probability, 14
subjective time preference rate, 22
sulphate-reducing bacteria, 148
superharmonic phenomenon, 100
support tower, 92
surface coatings, 141
sustainability, 11, 17, 25
symmetric, 92
system collapse, 82
system factors, 79
system reliability, 48, 58, 61
system reliability bounds, 69, 70
system reliability index, 79
system reliability index target values, 79
system reliability techniques, 79
system yield coefficient, 42
system yield force coefficient, 41, 44
system-level reliabilities, 61, 62
systematic replacement, 229
systematic response surface method, 167

t-distribution function, 223
tangent stiffness, 167
target damage level, 136
target probabilities, 34
target reliability level, 40
Taylor series, 199
Taylor series expansion, 87, 101
Taylor series finite difference, 60
technology-independent, 8
tension leg platforms, 100
time domain approaches, 250
time preference rate, 22
time-dependent discount rates, 228
time-dependent random variables, 80
times between failure, 229
torsional irregularity, 49
torsional response, 48
total public trust report card, 17
total risk, 7
toxic chemicals, 10
toxicity, 16
trade-offs, 11
transfer functions, 101, 108
translation random fields, 193
true risk, 8
Type I EVD, 133

ultimate capacity, 85
ultimate strength design, 4
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uncertainty, 14
uncertainty correction factor, 36, 37
uniform hazard ground motions, 35
uniform-risk redundancy factor, 48, 49, 52
uniform-risk redundancy factor analysis,

50
United Nations, 12
unloading and reloading relationships, 173
unsatisfactory performance, 55
updating phase, 256
upper bound of the system probability, 66
upper bound of the system reliability, 62
utility function, 24

variance, 102
variational formulation, 190
viscous damping, 167

Volterra series approach, 101, 102
Volterra-series, 110

wave forces, 99
wave inundation, 99
wave nonlinearities, 100
wave-structure interaction, 100
weakest link system, 83
Weibull distribution, 129
whole-of-life project assessment, 141
wide band stress, 128
Wilcoxon Rank-Sum Test, 224
Wilcoxon Signed-Rank Test, 222
willingness-to-pay, 26, 29
work-leisure optimization principle,

24, 25
working stress method, 4
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