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Preface

Rotating electrical machines provide the basis of the
electromechanical energy conversion and constitute the core of a
wide scientific and technological field called “electrical
engineering”. This discipline has seen a very important evolution
with the extensive development of related fields: power electronics,
analogical and digital control techniques, etc. This revolution has
led to the generalization of electrical actuators in every industrial
area as well as in everyday life. It has also modified the way the
machines are used while, at the same time, simplifying their
adaptation to new energy sources. Therefore, this evolution has to
be taken into account in the teaching of electrical machinery.

The present text is the result of our long teaching and research
experience in various universities’ engineering schools, both in
France and Algeria. It is intended mainly for Master’s level
students enrolled in electrical engineering programs. Its aims
consists of providing readers with the essential knowledge of
electrical machines, their structures, the ways they can be modeled
and their implementation. This basic understanding should allow
them to tackle with relative ease the study of transient
phenomenon, speed variation and control of drives, and any other
special applications.

This methodological approach was first proposed by Professor E.
J. Gudefin in Nancy (France) in the 1960s. It is based on matrix
representation of the machine equations using instantaneous
values of electromagnetic variables.
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x  Rotating Electrical Machines

This modeling approach is particularly suitable for the study of
electrical machines fed by static converters; and it is necessary for
the analysis of machines in transient regimes or any other study
that uses Concordia and Park transformations, etc. It can also be
used to establish classic steady state equations of electrical motors.
The calculation of the instantaneous electromagnetic torque leads
to a simple and convenient representation of the association
machine-converter enabling an easy understanding of the
continuous energy conversion phenomenon.

The main preliminary knowledge useful for reading this text
(electromagnetism, sinusoidal systems, power electronics) is
gathered in Chapter 1 (Main Requirements).

General concepts are established in Chapter 2 (Introduction to
Rotating Electrical Machines) and are then used for different
analyses of conventional machines: Synchronous Machines
(Chapter 3), Induction Machines (Chapter 4) and Direct Current
Machines (Chapter 5). Many examples describing the use of these
machines with and without converters are also presented. Some
traditional aspects (e.g. resistive starters, circle diagrams, etc.),
which are of very little use today, are still presented because of
their historical and pedagogical interest.

To make this book as factual as possible, we have illustrated it
with many photographs that have been graciously provided by
industrial firms; most of the curves, diagrams and characteristics
are those of machines that really exist. Different field distribution
plots describing electromagnetic behaviours of machines have been
obtained from software codes developed in our research laboratory.

We would like to acknowledge all the individuals and
organizations who took part in the realization of this book:

— Our colleagues from Electrical Engineering Department of
Polytech’Nantes (France), particularly Professors M.F. Benkhoris
and M. Machmoum.

— Professor Bernard Multon, from Ecole Normale Supérieure de
Cachan (France).

— Professor Guy Olivier from Ecole Polytechnique de Montréal
(Canada).
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— The following firms: ECA EN, Converteam and STX France
(previously, Aker Yards) for generously providing most of the
photographs illustrating this book.

The authors wish to pay a particular tribute to their mentor,
the late Professor Emeritus Edmond J. Gudefin (1923-1996).
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Chapter 1

Main Requirements

1.1. Introduction

The study of rotating electrical machines is a science
which is linked with several other topics. In order to make
this book easier to read, we are going to summarize the main
results and concepts used later on in this introductory
chapter:

— sinusoidal systems;
— electromagnetism;

— power electronics.

1.2. Sinusoidal variables
1.2.1. Single-phase variables

1.2.1.1. Timed expressions

An x variable, a timed-sinusoidal function, can be written
as:
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2 Rotating Electrical Machines

x=X\/ECOSCUt

where X is the rms (root-mean-square) value and ® is the
angular velocity.

1.2.1.2. Vector representation

The x variable defined above can be considered to be the

projection on an axis of a vector of length X+2 rotating
anticlockwise at an angular velocity o (Figure 1.1).

'\0)

X2

\

|
|
|
|
|
ot I
@
X

Figure 1.1. Vector representation of a sinusoidal variable

1.2.1.3. Single-phase currents and voltages

If a sinusoidal single-phase voltage v is applied at a Z
impedance terminal, current i in this impedance, at steady
state, is also sinusoidal, and can be written:

V= Vﬁcoswf
i=I\/Ecos(a)t—¢)

¢ being the phase shift between the voltage often chosen as
the origin and the current. Conventionally, ¢ is counted
positively when the current is lagging behind the voltage.
The instantaneous power supplied to impedance Z is:

p=vi=VIcosp+VI cos(2a)t - (/7)
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Main Requirements 3

P=VIcosg [1.1]
is the active power and:

Py = VI cos(2mt — ) [1.2]

is the pulsating power. It must be noted that this variable,
which characterizes the fact that the single-phase power
supplied to a receiver is time varying, is cancelled with
balanced polyphase systems.

Figure 1.2 shows that voltage is changed into current
through a similitude of ratio Z and angle ¢.

\

Figure 1.2. Vector representation of sinusoidal current and voltage

1.2.1.4. Complex representation

Complex numbers are very useful to represent the
previous similitude and vector ¥ will thus be associated with
complex number 7, as well as complex number 7 with
vector / . They can then be written as follows:

V =Vel®

7 = [/ @0
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4 Rotating Electrical Machines

Complex impedance Z is also defined by ratio:

7 = el? = 7079

~||V|
~| <

It will be set down:
Zcosp =R
Zsing=X

R and X respectively being the resistance and the reactance
expressed in Ohms.

S is also introduced:
S =VI*=VIe!? =VIcosp+ jVIsing = P+ jO [1.3]

S is the apparent power expressed in volt-amperes (VA). Q is
the reactive power expressed in volt-amperes reactives (VA:).

1.2.2. 2-phase voltages and currents

A 2-phase voltage system is defined by two voltages in
quadrature:

vy = V2 cos(w1)
vg = Vﬁsin(a)t)

if it is loaded onto a symmetrical impedance it leads to
a balanced 2-phase current system:

ig = Ix/zcos(a)t —q))

ig = N2 sin(@t - @)
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Main Requirements 5

There is no pulsating power and the instantaneous power
is constant:

p=2Vlicosgp =P

A
v

ig

Y

Va
ig
Figure 1.3. 2-phase currents and voltages
The complex representation can also be introduced:

Vg =V  Vg=jV
Iy=1e77 15 =777

with the expressions of the active and reactive powers:
P =2VIcosg

Q =2VIsin@

1.2.3. Balanced 3-phase sinusoidal systems

1.2.3.1. Time expressions

A balanced 3-phase voltage system is composed of three
voltages with the same frequency, with the same amplitude
and phase shifted by a third of a period with respect to the
others. It is thus written as a time expression:
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6 Rotating Electrical Machines
Vg = VA2 cos ax

2
vy = V2 cos (ot — Tﬁ)

2
V. = VA2 cos (ot + T”)

If this voltage system is connected to a symmetrical load
(with a circulating impedance matrix), it leads to a balanced
current system (Figures 1.4 and 1.5):

i, = Iﬁcos(a)t - (p)
. 2w
Iy = I\/ECOS(M —T—$)
. 27
i, = [ﬁcos(wt +?— Q)
with the vector representation shown in Figure 1.4.

Va

ip

Figure 1.4. 3-phase currents and voltages
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Main Requirements 7

A zero pulsating power is then obtained and the
instantaneous power is constant and equal to the active
power:

p=3VIcosp

1.2.3.2. Associated complex notations

Complex vectors are associated with balanced voltage and
current systems:

1 1
7]=7| a2 and [7]=1] a2 [1.4]

a a

where 1, a and a2 are the cube roots of the unit: a = ¢/2%/3,

g2 = oJ47I3

If the 3-phase voltage system is applied to a load
characterized by a circulating impedance matrix [Z] (Figure
1.5) such as:

1 =n

N
N

2= = =

— —n —

N}
|
N}

N
N
N

the expression [I']=[Z][I] leads to the phase equation:

V =71
in which:
Z=(Z+ad’7 +az) [1.5]

is the impedance of the load.
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8 Rotating Electrical Machines
vaT
V J—
1 @
VCT

Figure 1.5. Balanced 3-phase load

This happens as if each of the three phases was loaded
with a Z impedance decoupled from the other two (it is in
fact a diagonalization of the impedance matrix that has Z
as an eigenvalue). In those conditions balanced 3-phase
systems can be dealt with as independent and decoupled
single-phase systems.

1.2.4. Unbalanced 3-phase sinusoidal systems:
Fortescue symmetrical components

Voltage and current systems may be unbalanced (different
amplitudes depending on the phases or phase-shifts different
from 2mn/3). Expressions [1.4] and [1.5] are no longer valid
and 3-phase equations cannot be replaced by single-phase

equations. Generally, the analysis of these systems is very
difficult.

However there is a system class, fortunately quite
commonplace in electrical engineering, for which there is a
mathematical simplification. They are the devices described
by a circulating impedance matrix [Z] and to which
dissymmetrical external conditions are imposed. It can be
demonstrated that matrix [Z] has three eigenvectors:
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Main Requirements 9

1], |a®| and | a

—
[\S)

respectively associated with the three eigenvalues:

Zy =Z+2'+z" [1.6]
Z, =Z+a’7+az" [1.7]
Z; =Z+az'+a’z" [1.8]

4

The three above-written impedances are respectively
called zero phase-sequence impedance, forward impedance
and backward impedance. A transformation matrix can be
built from the three eigenvectors:

1 1

1
[S]=]1 &* a [1.9]
1

a
2
a a

called “Fortescue’s matrix”. Its backward matrix is:

I 1

1
1 a a° [1.10]
1

612 a

[s7" =5

If three variables composing an unbalanced 3-phase
system are named G,, Gy, and G, (voltages, currents, flux,
etc.), then the homologous variables Gy, Gq and G; can be
defined by:

Go
G, |=IsI' G, [1.11]
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10 Rotating Electrical Machines

with, of course, the opposite transition expression:

Q| Q| Q|
o o IS

Il

T
Q1 Q1 2

[1.12]

This last expression shows that if only the forward
(positive phase-sequence) part exists, the above-mentioned
balanced 3-phase system (Figure 1.4) will be found:

1
a2
a

only if the backward (negative phase-sequence) part is not
Zero:

=Gy

Q| 9 S
o o Q

G, 1
Eb = 51 a
G, a?

A balanced 3-phase system is obtained, also known as

“backward (negative phase-sequence)”, for which components
b and ¢ exchange their roles.

Finally, if only G, is different from zero:

=501

Ql Q| Q
EYRLESRLEN

This is an expression defining a zero phase-sequence
3-phase system in which the three components are identical.
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Main Requirements 11

Gy
Gy, Ob 6
v/
Gp Gp
(b)

©

Ga

Ge

@

Figure 1.6. Systems: a) forward (positive phase-sequence); b) backward
(negative phase-sequence); c) zero phase-sequence

This approach therefore consists of replacing an
unbalanced 3-phase system with the superposition of three
different balanced 3-phase systems of different natures:
forward, backward and zero phase-sequence, which can be
studied separately and easily.

Matrix equation:
V1=[Z1[1]

in which [F] and [/] represent voltage and current
unbalanced systems, can be divided into:

Vo = Zoly
Va="Zalq
17' =Zil_i

1

Zy,Z;and Z; are respectively the impedances of the device in
zero phase-sequence, forward and backward modes.

This method, called “Fortescue’s symmetric
components”, is very convenient for studying and

www, Enagi neer i ngEbooksPdf . conr



12 Rotating Electrical Machines

calculating unbalanced sinusoidal 3-phase systems. It is
also noticeable that it can be used to study non-sinusoidal
balanced 3-phase systems. Indeed it can be demonstrated
that 3k rank harmonics create zero phase-sequence
systems, that 3k + 1 rank harmonics create forward systems
and that 3k — 1 rank harmonics create backward systems.

1.3. Electromagnetism
1.3.1. Primary laws
1.3.1.1. Maxwell’s equations
Considering the industrial frequencies used in power
systems, displacement currents b are neglected, and

ot
Maxwell’s equations can be written as follows:

orE=-28 [1.13]
ot

rot H=J [1.14]

divf)=,0 [1.15]

divB=0 [1.16]

E [V/m] and H [A/m] are respectively electric and magnetic
fields. D [C/mZ2] and B [T] are the electric flux density and the
magnetic flux density. J [A/m?] is the current density, and p
[C/m3] the volume charge density. Equation [1.13] illustrates
the coupling between E and B, whereas equation [1.14] leads
to divJ =0 (i.e. nodal rule). Equations [1.13] to [1.16] are valid
in any fixed or mobile axis systems provided the different
variables are measured and their derived values are
calculated in the same coordinate system. Considering the
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Main Requirements 13

speeds encountered in power systems, H, B and J are
unchanged in a reference frame moving at speed v. Only the
electric field is modified as follows:

F=E+vnb [1.17]

1.3.1.2. Ampere’s theorem
Equation [1.14] leads to:

fHdl = Yi [1.18]
c i

The magnetic field circulation on a closed circuit (C) is
equal to the algebraic sum of the embraced currents.

1.3.1.3. Faraday’s law

Let’s consider circuit (C) in Figure 1.7, first assumed to be
fixed. Equation [1.13] leads to:

e=fEdi = -2 -2 [1.19]
C

¢ is the magnetic flux through circuit (C)’s surface S and e is
the induced electromotive force (emf) on (C)’s terminals. This
is a transformation emf.

If (C) is moving at speed v, equation [1.17] gives:

e::-—:§EdT+§(\7A§)di=eT +eV [1-20]
C

The induced emf at (C)s terminals is the sum of the
transformation emf er and of emf ev, also called speed emf or
emf due to the cut-flux.
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14 Rotating Electrical Machines

B()

emf

©

Figure 1.7. Production of an emf at the circuit’s terminals

1.3.2. Materials and magnetic circuits

When a material is subjected to a magnetic field H, each
dV element gains a magnetic moment able to oppose or add
itself to H. Those magnetic moments can be considerable for
ferromagnetic materials. Magnetic flux density within the
material is written:

B = ugH + pioM

UoH is the flux density which would have been created into

free space, and M [A/m] is the magnetization. This is noted:
M=yxH

The magnetic susceptibility ¥ usually varies in a very
complex way with the field and leads to a B(H) expression
presenting a hysteresis (Figure 1.8). Figure 1.8 shows the
remanence flux density Br, the coercive field Hec and the
initial magnetization characteristics.

According to the hysteresis cycle, “soft” materials can be
distinguished from “hard” materials. Soft materials
(electrical steel, solid steel, etc.) are characterized by a
narrow cycle. Br and Hc are weak. Hc is around 50 to
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Main Requirements 15

70 A/m, whereas Br is below 0.1 T. Hard materials
(permanent magnets) have a wide cycle. The coercive field
Hc is held between 200 and 1,000 kA/m while Br is held
between 0.3 T and 1.2 T.

B(T)

initial magnetization curve

Br
/ H (A/m)
-Hc ] / Hc

///
/

Figure 1.8. Hysteresis cycle

1.3.2.1. Soft ferromagnetic materials

As the hysteresis cycle is narrow, only the initial
magnetization curve is taken into consideration. If the
material is characterized by a constant :

B=py(+y)H = ugug H=uH

ur = 1 + x is the relative permeability. u is the material’s
permeability [H/m]. The ferromagnetic materials are
characterized by y = ur >> 1. The magnetic materials have a
susceptibility close to zero. This is negative (y =-10") for
the diamagnetic materials and positive (x = 103) for the
paramagnetic materials.
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1.3.2.1.1. Saturation
The magnetic permeability of ferromagnetic materials

depends on the applied field:

B = u(B)H

Figure 1.9 shows the initial magnetization curve as well
as the relative permeability in terms of the magnetic field of

a steel frequently used in electrical machines.

B(D
1.5-K
.

051
H(A/m)
_
4000 -2000 2000 4000
-0.5
-1
Ur

H(A/m)

} '

2000 4000

4000 -2000

Figure 1.9. Initial magnetization curve and variation of the relative
permeability of FeV 400-50 HA steel in terms of the field
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1.3.2.1.2. Iron losses
Hysteresis losses

When the field in a ferromagnetic material varies with
time, losses (called hysteresis losses) appear; they are
proportional to the area enclosed by this hysteresis loop.
They correspond to the energy required for the orientation of
the magnetic moments. Those losses are proportional to
frequency f of the excitation currents, as well as to volume V
of the magnetic circuit:

P, =K,V f By

Bm is the maximum value of the magnetic flux density.
Constant Kn depends on the material. n is the Steinmetz
coefficient; its value is held between 1.8 and 2. The value
n = 2 is often accepted.

Eddy current losses

Let us consider the solid ferromagnetic circuit drawn in
Figure 1.10.

Main flux

Reaction
\\/i'\_;_'_i____
1
e -~ -
| £
> . | :
Ni : : |
: + | : Reaction flux
|
1 I
- H
N, K]
L Induced
Average flux current

path

Figure 1.10. Flux and induced currents in a solid circuit
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18 Rotating Electrical Machines

When mmf (i.e. magnetomotive force) NI is variable,
currents are induced in the conductive iron. The
corresponding losses are called “eddy current losses”. In
order to reduce those losses the solid material is usually
replaced by thin metal sheets insulated from one another.
Those losses are given by:

Pr=KpVef’B?

Constant Kr depends on the material, e is the metal sheet
thickness (about 0.5 mm for electrical machines).

Iron losses

The sum of the hysteresis losses and the eddy current
losses are usually gathered under the name “iron losses”

(Pfer)l
2p2
Pu =K,V [ Bl +Kp Ve f*B,,

1.3.2.1.3. Magnetic circuits

We have seen that ferromagnetic materials are
characterized by an important permeability which enable the
magnetic flux to be canalized.

Hopkinson’s law
Let us consider the circuit characterized by the average
closed path (C) of length 1 (Figure 1.11). Assuming that field

H and dl are colinear, and assuming that H is constant,
Ampere’s theorem leads to:

§ﬁdi=N1=Hl=ﬂHsi=¢L=9w

(©) us us
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Hopkinson’s law is obtained:

=N =%Rp=2 [1.21]
o

¢ is the magnetomotive force, expressed in [At]. R is the
magnetic circuit reluctance, and ¢, its permeance, with:

1 l
SO [1.22]
o us
(©
average flux —
path / - ~ N
N\
/ \
. / \
— - |
\ I
\ /
\ /
N 7/
~ Tl
~ -

Figure 1.11. Magnetic field and average flux path

Analogy between a magnetic circuit and an electrical circuit

Hopkinson’s law can be represented by Figure 1.12. The
flux ¢ circulates within reluctance R of the magnetic circuit,
like current I which circulates within resistance R of the
electrical circuit. In comparison to Ohm’s law, it is therefore
noted that mmf ¢, flux ¢ and reluctance R are respectively
similar to voltage V, current I and electrical resistance R.
However there is no equivalence to the notion of electrical
losses associated with a resistance. Moreover at constant
temperature, R is constant whereas in the presence of
saturation, R varies with flux density B.
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¢ i

(a) (b)

Figure 1.12. Analogy between a magnetic circuit (a)
and an electrical circuit (b)

Series and parallel magnetic circuits
As for electrical circuits:

— the equivalent reluctance R, of several reluctances ;
connected in series (crossed by the same flux) is:

EReq = Z%t [123]

—the equivalent reluctance R, of several reluctances %;
connected in parallel (submitted to the same mmf) is:

1
= 1.24
T [1.24]

L
R;
1.3.2.2. Permanent magnets
1.3.2.2.1. Classification

These are “hard” materials characterized by large
hysteresis loops. They operate in plane Ba > 0 and Ha < 0
(Figure 1.13). There are:
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— ferrites or ceramics. They are iron oxide-based materials
characterized by:

Br=0.3t00.4 T, Hc =200 to 300 kA/m, (BH),,.x = 25 to
30 kd/m3

— Alnico or metal magnets also called “Ticonal” and
mainly constituted of iron, cobalt, nickel, aluminum and
copper, with:

Br =0.8to 1.1 T, Hc = 100 to 150 kA/m, (BH) ,,.x = 60
to 90 kJ/m3

—rare earth magnets, samarium-cobalt (Sms Coy7, Sm
Cos, etc.) and neodymium-iron-boron magnets (NeFeBo).
SmCo magnets are characterized by:

Br=0.8to 1T, Hc =500 to 800 kA/m, (BH) j,.x = 120 to
250 kJ/m3

NeFeBo magnets are quite sensitive to temperature. In
order to avoid their demagnetization they are generally used
under 120°C. They are characterized by:

Br=1to 1.2 T, He = 700 to 900 kA/m, (BH) y,,x = 200 to
300 kJ/m?3

Note that the characteristics of the SmCo, NeFeBo
magnets and of the ceramics are quite linear (Figure 1.13).
Those magnets are called “rigid magnets”. In this quadrant,
this characteristic can be written:

By=uH, + Bp =u,(H, —H_)
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The permeability u, of the magnet is near to the free
space permeability uy = 41 107 H/m. In the following, only
rigid magnets will be considered.

' B(T)
Alnico 1.2
Sammarium-Cobalt
0.8
Neodymium- Iron- Boro
0.4
H(kA/m)

-1000 -600 -200
Figure 1.13. Magnetic characteristics of different permanent magnets

1.3.2.2.2. Static behavior

Let us consider the magnetic circuit constituted of a rigid
magnet inserted into iron (soft ferromagnetic material of
very high permeability) with air-gap e (Figure 1.14a).
According to the high permeability of iron, the magnetic field
can be neglected in it. If the flux leakage is also overlooked,
flux density and magnetic field within the magnet are linked
by the external characteristic or load curve:

Ba:'soef;_a H [125]

a
a
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Sa and La are respectively the cross-section and the length of
the magnet. g, is the air-gap permeance given by:

Se
Pe = My —
e

The P operating point (Figure 1.14b) corresponds to the
crossing of this load curve with the magnetic characteristic of
the magnet. Note that, within the magnet, the field is
negative and the useful portion of the cycle is defined by
B>0and H<O.

Average flux Ao
load
path /
curve -
s [ —— Br=u,M
|l r 1 s
| | e
Y 2y | P
magnet |
La 1 T Ie
T I
: : H(A/m)
__________ He=-M

(a) (b)

Figure 1.14. a) Magnetic circuit excited by a magnet; b) operating point P

1.3.2.2.3. Equivalent circuit
Using the Amperian current model of the magnet and if
we neglect the fictitious currents inside the magnet

(EJVI =0) and the flux leakages in the magnet, the
equivalent circuit of a rigid magnet consists of a
magnetomotive force € in series with magnet reluctance R,

(Figure 1.15). With:

L .
e=ML,=H_.L,, R, =—2 with g, = y,
HaSq
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B B

Ra

e=ML,

A A

Figure 1.15. Equivalent circuit of a magnet

For example, the circuit presented in Figure 1.14a can be
replaced by the equivalent circuit given by Figure 1.16.

Figure 1.16. Equivalent circuit of a magnetic circuit excited by a magnet

Re and Rt are respectively the reluctances of the air-gap
and iron. The magnetic flux @ is then given by:

po ML
Ry, +Re + R,

1.3.3. Inductances

Electrical circuits are supposed to be in free space.
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1.3.3.1. Mutual inductances

Let’s consider two circuits (C;) and (Cy) having
respectively N; and Ny turns (Figure 1.17). Only (Cy) is
supposed to be supplied by current I;.

(&)

Figure 1.17. Electrical circuits (Cy) and (Cy)

The total flux in (Cy) created by I; is given by:
Wi =M1,

M2 is the mutual inductance between (C1) and (C2). With:

NN  § dl dp

My, = [1.26]

4 C, G, T
M2 is therefore proportional to the product NiNz. In the

same way, if only (C2) was supplied by Iz, the total flux in
(C1) would be:

Yy =My 1,
with:

My =My
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1.3.3.2. Self-inductances

Self-inductance M;; = L; would be obtained by the
previous test if C; and Cy, were joined. Expression [1.26]

cannot be used because of indetermination when r tends to
zero. It is thus preferable to determine L; from the
associated energy. However when the flux flows in a
magnetic circuit surrounded by a coil (i.e. case of a winding
or a transformer), it can be calculated in restricting the
surface to that of the magnetic circuit not including the coil:

a=|j Bds
S
If the circuit consists of N1 turns, the total flux is:
Hi=Nig =L [
The self-inductance is then obtained by:

_ M

L
I

[1.27]

Flux ¢1 being proportional to N1, it can be noticed that L1
is proportional to (N1)2.

1.3.3.3. Coupled circuits

Let us consider two circuits (C1) and (Cy) from Figure 1.17
again, and let us suppose that they are respectively supplied
by currents I; and I,. The total flux created by I; equals LqI;.
A part of this flux, equal to Mjsl;, crosses circuit (Cg). The
total flux crossed by (C1) and (Cy) is therefore given by:

Y=Ly + M1,
1{“2 :M2111 +L2[2
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with M12 = M21 = M:

wfy] wf) w2

It is then written in a matricial form:

[¥]=I[L][/]

The co-energy (numerically equal to the energy in a linear
case) associated with those two circuits is given by:

1 1
LY = 5(‘1'111 +¥,1,) = 5((L111+M12)11 +(MI + LIy) 1)

I T R
Wew=2 LI + S Lyl3 + ML 1,

This result can be generalized to n coupled circuits:

\Ijl Il Ll M12 M13 o o e e M‘ln
[w]=|. [7]=]. [£]=
¥, I, My Mp Mpgs ... L,
~ 1 ¢
Wem :E[[] [L][1] [128]

(11t = [I; L,... In] being the transpose of matrix [I].
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1.3.3.4. Inductances, reluctances, permeances

A magnetic circuit of reluctance R, crossed by magnetic
flux ¢ (Figure 1.18) is considered.

Figure 1.18. Magnetic circuit of reluctance 9

We have Ni = R ¢, where:

— ¢ is the flux embraced by one turn of the coil.

— The total flux in the coil is W= N ¢.

— W¥ris related to current I by self-inductance L: ¥ = L 1.

thus, N ¢ =L i=N2i/R.

The self-inductance of a coil is therefore bound to
reluctance R (or to permeance g) of the corresponding
magnetic circuit by:

L = — = stg [1-29]

This shows that the self-inductance of a coil is forwardly
related to the permeance of its magnetic circuit. This is also
the case for the mutual inductances between two coils.
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1.3.4. Skin effect or Kelvin effect

Let us consider one homogenous conductor with a
rectangular cross-section S characterized by permeability u
and conductivity o, and travelling by current i (Figure 1.19).
When i is DC, current density J is constant in the entire
cross-section S. J is not constant for an alternating current.

In this case, the field leads to auto-induction phenomena
and there is a current concentration on the surface which is
all the more important when the frequency is high. The
conductor then has a higher electrical resistance than the
resistance obtained with forward current; it is sometimes
necessary to subdivide the conductors, particularly when
frequency increases.

Skin thickness dis defined as being the thickness of the
layer in which most of the current is concentrated.

o= |—— [1.30]
wUoc

As an example, for copper, § approximately equals 1 cm at
50 Hz, and 2 mm at 1 kHz.

a D i a |

(a) (b)

Figure 1.19. Schematic representation of the current repartition in a
conductor: a) forward current; b) alternating current
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1.3.5. Torque calculation using the virtual work
principle

1.3.5.1. Single-phase system

Let us consider a single-phase system (Figure 1.20)
converting electrical energy into mechanical energy.
Electrical energy W, provided by the source is the sum of
energy W, dissipated in losses, of energy W, stored in the

electromagnetic field and of converted mechanical energy
Wi

. . output
electrical Wem: energy mechanical .
mechanical
energy stored in the energy
Wl . WM Wu
electromagnetic
Field

electromechanical
converter

loss
mechanical
losses W,
losses

Figure 1.20. Energy balance in electromechanical energy conversion

Losses W, do not affect the conversion process. The
diagram of Figure 1.21 in which losses W, are dissipated in
equivalent resistances R; and Ry is adopted. The system is
supplied by voltage u and the loss free converter absorbs
current i. The energy supplied to the idealized converter
can then be expressed in terms of the electromotive force e:

W, = [eidt =W -W,
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It can also be written in a differential way:
dW, = eidt =idy = dW, —dWp

dw, = dWy, + dWem

r____-i

| Ri I mechanical

output
energy mechanical

loss free energy

electromechanical
converter

mechanical

losses
losses W,

Figure 1.21. Loss free converter

Considering a rotating converter, the mechanical energy
generated during time dt is linked to the electromagnetic
torque I, by:

AWy =T, do

For a system in translation in direction x, this energy is
related to force F by:

dWM = Fdx

In the following we shall consider that the system is
rotating:

dW,, = id¥ —T,d6

This equation shows that energy Wem is a function of flux
v and of position 6. It can then be written:
_ Wem gy, , W

+— 46
¥ 00

dw,

em
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then:

i= W, and r, =- IWer

0¥ ¢ 00

6 constant Y constant

It is important to note that the electromagnetic torque is
obtained by deriving W., in terms of position 6, while
keeping a constant flux. This constraint is not easy to
achieve. Co-energy dW,,, is introduced by:

dw,, +dW,, = d(i ¥)

thus:
~ oW, oW,
AW, =Wdi +T, d0 = —0 gi + — 0 49
0i 00
then:
v = IWen| and T, = OWern
0 6 constant 00 i constant

The electromagnetic torque therefore equals the
derivative, with constant current, of the co-energy in terms
of position 6.

1.3.5.2. Generalization: polyphase systems

Let us consider a multiphase system absorbing currents
iy, ip... i, with respective voltages vy, vo... vy. If dW, is the
sum of the electrical losses before the electromagnetic
transformation, we get:

dWl = dW2 +de = Vlildt+V2i2dt+ ...... +v,i,dt

n'n
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with:
AW, =dWy, +dW,,, = ejijdt +eyirdt + ...... +e,i,dt
Since:
dwy, =T, d6 and epi,dt =i,dy,
we get:
AW, =i d¥; + ihd¥5 + ...+ i,d¥, —-T,dO [1.31]

As the state variables are flux y and position 6:

aw,, = IWery d¥, + IWery d¥y + ..+ IWery avy, +awi do
oy oY, ov, " 96
thus:
i = Wem 1.32]
al}li 0 constant
r, = - Wem [1.33]
a0 Y constant

In the same way, co-energy dW,, is introduced by:
AW, + dW,,, = d(i)¥, + 'Y + ...+ i,F,)
thus:

AW, =W dij + ¥diy + ...+ ¥, di, +T, d6
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The state variables are currents i; and position 6, then:

~ W, W, W, s W

dW, . = — dii + — diy + ...+ ] m g6
e W A, i 00
It can be deduced that:
W, = IWem [1.34]
aii 0 constant
¥, (j#1) constant
r — 9Wem [1.35]

i constant

1.3.5.3. Linear systems

Fluxes and currents are linked by a linear law. Energy
and co-energy are then numerically equal.
1.3.5.3.1. Single-phase systems

We have:

L is the self-inductance of the phase with n turns, and R is
the reluctance of the corresponding magnetic circuit. L and R
can depend upon position 6. With a fixed 6, energy is given
by:
1 1 1
aw,, = Zz//dz// Wen = —y/2 = EEK¢2

¢1is the flux per turn withy = ng.
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In the same way, co-energy is given by:

|
em= L

dw,,, = Lidi W ;

The electromagnetic torque can therefore be calculated
indiscriminately by:

poo L] L
27 90| L©®

_1.20)
2 a0

I’

e

1.3.5.3.2. Polyphase systems

Fluxes and currents are related by:

v Ll M12 Mln i
v, _ M, L, e M, |
I//n Mnl MnZ Ln ln

Co-energy is given by:

AW,y = (Ljiy + Mygiy + ... + My, )diy + ...+ (Myiy + Moyyiy + .. + Ly, )di,

which can be written:
~ 1. .
Wen = lil L]
In the same way, energy is expressed:

Wen = ol BO)]l]
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The electromagnetic torque can therefore be obtained
indiscriminately by:

1 [0%©6)
= —[pl| 22 1.36
L, 2[¢]{ Yy }[415] [1.36]
or by:
1 OL(O) |.
=—|il' | —=|li 1.37
L, 2[][ Y }[] [1.37]

1.4. Power electronics

Since the 1960s, power electronics have made
considerable modifications in electrical engineering and
particularly in the implementation of electrical machines.
Thanks to the development in semi-conductors, motors are
mainly supplied by static converters. That is why it is useful
to mention in the present chapter the functioning principles
and the main characteristics of static converters associated
with electrical machines. For simplification we shall restrict
the presentation to idealized functioning of the most common
converters.

Power electronics are in constant and quick technological
evolution, particularly regarding components technology. In
order to make writing easy we shall assume that
“traditional” components are used: diodes (represented by D)
or thyristors (represented by T) for rectifiers or naturally
commuted inverters, thyristors for AC power controllers.
Concerning choppers and inverters, we shall consider that
fully controlled switches (bipolar or field effect transistors,
GTO, IGBT, etc.) denoted Tc are used. This does not alter the
validity of the results presented in the following.
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1.4.1. Rectifiers and naturally commutated inverters

1.4.1.1. Introduction

Rectifiers ensure an AC-DC energy conversion. They are
constituted of diodes (in that case the output voltage is
constant in average value) or of thyristors in order to make
the output voltage variable or regulated.

1.4.1.2. 3-phase bridge converters

3-phase bridge rectifiers are largely used for the control of
electrical machines. Figure 1.22 represents a thyristor-based
3-phase bridge. The time variation of the output voltage is
shown in Figure 1.23a and the currents absorbed from the
AC supply are represented on Figure 1.23b. Assuming the
bridge conduction to be uninterrupted and neglecting the
commutation phenomena, the average value of the rectified
voltage is:

= 3V\/g cosa [1.38]
3

Uy

where V is the rms value of the phase voltage of the source,
and «, the firing angle of the thyristors.

A .
ia %TI%TZ T3 |

Ta Tsssze

Figure 1.22. Thyristor bridge

load
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u A X
™ F\_/;\ Vb . //Vc
\ \ /N
rN /N '
/ \ g
X
N \ /
(a)
A
Ia
t
>
(b)

Figure 1.23. Load voltage (a) and source phase current (b) of a 3-phase
thyristor bridge. iy, and i, are shifted by +27x /3 with respect to i,
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1.4.1.2.1. Single-phase bridge

When a 3-phase source is not available, a single-phase
bridge is used (Figure 1.24). With the same assumptions, the
mean value of its output voltage is:

w2

U cos & [1.39]
r
A i
i T1 5T,
v T u load
EoRa?

Figure 1.24. Single-phase bridge

1.4.1.2.2. Diode bridge

A diode bridge can be considered to be a thyristor bridge
with a zero firing angle. The mean value of its output voltage

36 w2
T

will then be respectively —— and
V4

for 3-phase and
single-phase bridges.

1.4.1.3. Inverter mode

Equation [1.38] shows that if o is greater than n/2, Uo
becomes negative. The output current of the bridge, Io
(considered as constant in a first approximation) remains
positive, the AC to DC power flow becomes negative and
the bridge works as an inverter. The DC “load”, of course,
has to be active in order to become a generator. The DC
voltage is then as shown in Figure 1.25.
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The inverter mode of thyristor bridges also requires that
the AC system has electromotive forces in order to ensure
the commutation of the thyristors.

1.4.1.3.1. Maximum firing angle

In order to take into account the components blocking
conditions, it is necessary that o < m, and, to take the
various commutation and overlap phenomena into account,
the value of the firing angle is limited to m — 3, where £ is a
guarding angle often called “minimum extinction angle”.

(04
A
u
[ — —. -
A /Va\\ //Vb\' /VC\\
Ny
/ A /
;Jf \ / ', fK \ / t
NNV AR g
\/ \ S/

N

Figure 1.25. Output voltage of a thyristor bridge (inverter mode)

1.4.1.3.2. Reversibility

The transition of the thyristor bridge from “rectifier” mode
to “inverter” mode allows us to reverse the direction of the
energy transfer. However, this reversibility is only partial
because only the voltage changes sign; the current remaining
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positive. In order to reverse the current in the AC side it is
necessary to use two thyristor bridges anti-parallel
connected (Figure 1.26), giving a four-quadrant converter.

P
I~ T
| |
| % | i
! I
I I
Three-phase | :
1
source | |
[ S—— | u
s s

Figure 1.26. Four-quadrant AC-DC converter

1.4.2. AC thyristor controllers

1.4.2.1. Single-phase AC controller

A single-phase AC controller is generally constituted of
two anti-parallel connected thyristors. It ensures power
transfer from an AC voltage source to an AC load (Figure
1.27).

Thyristors are usually controlled with a firing angle y the

origin of which is the zero crossing of the source voltage
(Figure 1.28).
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T [ I:
i
;I ,] u load

T

Figure 1.27. Single-phase AC controller

Depending on the nature of the load, voltages and
currents represented in Figure 1.28 are obtained.

A u=Ri
\d
\ "
/ - .
!
/
/ t
yT Y T -
\\
(a) \

Figure 1.28. Load voltages and currents. Single-phase
AC controller: a) resistance load
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<
—
b+
—
~
S
-
v

wT \J

(b)

Ay

yT+T/2 t

‘\\
<
—
v

(c)

Figure 1.28 (continued). Load voltages and currents. Single-phase AC
controller: b) and ¢) resistance and inductive load (v > @), where the
current is out of phase by @ with respect to the voltage

When vy varies, rms value Vg of the load voltage varies;
however, the relation between y and Vg is not simple. For
example, on the resistance load:

/ v osin2y
Ve =V, |1 -——+ [1.40]
7 /4 27
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If the load is inductive, the calculation of Vet depends on
the load parameters and is complicated, but Ver remains a
decreasing function of y. Furthermore the load voltage and,
consequently, the current have important harmonic
components.

1.4.2.2. 3-phase AC controllers

The most common structure (fully controlled star
connected load) of an AC controller designed for power
supply or motors is represented in Figure 1.29. As there is no
connection between the source and the load neutrals there is
no circulation of 3k rank harmonics which would give zero
sequence currents in the machines.

Figure 1.29. 3-phase AC controller

This converter allows us to supply a 3-phase load by a
non-sinusoidal voltages constant frequency and which rms
value is controlled by the firing angle y. As for the single-
phase AC controller, the load voltages (and therefore the
currents) have a high harmonic content.

1.4.3. Choppers

Choppers ensure energy transfer between two DC systems
with different voltages.
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1.4.3.1. Step-down chopper

The diagram of the basic step-down chopper is
represented in Figure 1.30. Its functioning assumes that the
source is a “voltage” source (voltage E is a state variable and
cannot have any discontinuity) and that the load is a
“current type” receiver, the presence of an inductance
preventing current discontinuities.

Assuming that T, is switched on with a period T and
switched off after a delay oT (o € [0,1]), the voltage and the
current waveforms of Figure 1.31 are obtained. The average
value of the load voltage is therefore oFE, from which we
derive the name “step-down DC to DC converter”. The average
output DC voltage is adjusted using the variation of o.

Te
Ny |
LA >
D u
E - load

Figure 1.30. Step-down DC to DC converter

1.4.3.2. Boost chopper

In order to ensure energy transfer between a source with
a voltage E and a load of voltage E’ (with E’ > E), the circuit
represented in Figure 1.32 can be used. This matches the
previous circuit. The structure including a step-down
chopper and a boost chopper (regenerative chopper) enables
a bi-directional energy transfer between a DC source and a
DC load.
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\4

oT T
(a)

\

oT T
(b)

Figure 1.31. Voltage (a) and load current (b) of a step-down DC to DC

converter
L ; D
T

yi

E —— T N\ — F

Figure 1.32. Boost chopper
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1.4.4. Cycloconverters

These are AC-AC converters enabling forward variation of
the load currents frequency. They are rarely used and only
for very high power applications. Interest in cycloconverters
is decreasing.

1.4.5. Force commutated inverters

These converters ensure energy transfer from a DC source
to an AC load (single-phase or 3-phase). They are based on
the use of fully controlled switches. The elementary
structure includes a fully controlled switch (transistor, GTO,
IGBT, etc.) connected in an anti-parallel with a diode. The
set of two elementary structures connected to a same phase
of the load makes an “inverter leg”.

A force commutated 3-phase inverter is generally
constituted of three inverter legs, one per phase (Figure
1.33).

s TC] TcZ TC3
U
D, 5: :D2 Dy

Dy Ds D¢

Figure 1.33. Force commutated 3-phase inverter

When controlled by pulse width modulation (PWM), force
commutated inverters provide load currents with few
harmonics (Figure 1.34). The fundamental frequency of
voltages and currents imposed by the switch control can vary
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over a wide range. Force commutated inverters are therefore
very useful for obtaining almost sinusoidal 3-phase systems
with variable frequencies.

4

EAVALVARVE

Figure 1.34. Current in a load supplied by a PWM inverter
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Chapter 2

Introduction to Rotating
Electrical Machines

2.1. Introduction

Rotating electrical machines are electromechanical energy
converters. Their economic importance is considerable
because they provide almost all the electrical energy. In
addition, electrical motors, usually associated with power
electronics static converters, play an ever-increasing part in
all industrial areas as well as in day to day life.

These machines are made of two distinct parts, one fixed
(the stator) and the other one, mobile (the rotor). Those two
parts are mainly constituted of ferromagnetic materials
whose high permeability enables us to lead the field lines;
they are separated by an air space (the air-gap) and carry a
set of conductors (the windings) usually made of copper, a
material chosen for its good electric conductivity. Those two
armatures have different and complementary roles,
illustrated by the terms of “field system” and of “armature”
which are allotted to them.
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2.2. Main notations

— Be: air-gap flux density.

— e: air-gap thickness.

— H,: field within the air-gap.

— Hg: field within the iron.

—i;: phase i instantaneous current.

— L: active length of the machine.

— L;: self-inductance of phase i.

— M;;: mutual inductance between phases i and j.
—n: total number of the machine phases.

— ng: number of turns per stator phase.

— n,: number of turns per rotor phase.

— p: number of pole pairs.

— P: active power.

— P;: instantaneous value of the electrical power.
— P,,: mechanical power.

— Q: reactive power.

— R: radius of the rotor.

— R;: resistance of phase i.

— v;: instantaneous voltage at the terminals of phase i.
— Uo: permeability of free space.

—y;: total flux within phase i.

— Tp: pole pitch.

— O: stator/rotor mechanical angle.
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— 0 =p O : electrical angle.
— Q =dO/dt: angular speed of the rotor.

—I'e: electromagnetic torque.

2.2.1. Vectors

— {v}: voltages of the phases vector (dimension n);
— {i}: currents of the phase vector (dimension n);

— {¥}: fluxes per phase vector (dimension n);

as well as matrix:

— {R}: diagonal matrix of the resistances of the phases
(dimensions n x n);

— {£}: inductance matrix or coupling matrix (dimensions
nxn).

It should be noticed that the inductance matrix is
naturally symmetrical because M;; = M;;.

2.3. Principle of the electromechanical energy
conversion

First let us see how it is possible to produce electric
energy by moving conductors within a magnetic field: let’s
consider conductor (C) set in an area where a flux density B
appears (Figure 2.1).

Let us assume that this conductor is submitted to a basic
movement dl during a time dt. The conductor will trace a
surface dS through which the flux (or “flux-cutting”) will be
noted d¢. It is known that, under such circumstances, an

do

electromotive force of module e =1 appears at the terminals

of conductor (C). If this conductor is connected to an external
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impedance, a current i will flow within (C) and lead to the
production of an instantaneous electrical power P; = e i. The
movement of the conductor requiring a mechanical power
P, a conversion of mechanical energy into electrical energy
is therefore achieved.

On the contrary if a current i is injected into (C), a force F
which will tend to move it will be applied to it, consequently
producing a work and therefore a mechanical power P,
(Figure 2.2). A conversion of electrical energy into
mechanical energy is then achieved.

Bear in mind that the situation described in Figure 2.2
(field applied directly on the conductors) is rarely
encountered in electromechanical converters. Conductors are
usually set in slots, as represented in Figure 2.3a. The
magnetic field is then canalized in teeth made of a highly
permeable ferromagnetic material. At the conductors level
(in the slot), the values of the flux density are small because
the corresponding flux is a leakage flux. Consequently, as
long as the currents do not exceed their nominal value, the
electromagnetic force the conductors are submitted to is not
important. The main force is indeed located on the slots sides
because of the discontinuity of magnetic permeability.

However it can be shown that the real armature (coils,
slots, teeth) may be replaced by an equivalent smooth
armature (Figure 2.3b) where the conductors would be set
down on the surface and would be of a thickness €. Thickness
€ is often made to tend towards zero in order to replace the
real current by equivalent superficial currents.

This equivalence enables us to calculate force F, as
suggested in Figure 2.2, but obviously doesn’t make it
possible to determine the local effects due to the slot. The
representation in Figure 2.2 is therefore useful for
emphasizing in a qualitative way the phenomena of
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electromechanical conversion. The example given in Figure
2.2 shows that electromechanical conversion result from the
action of magnetic fields in relative movement with one
another. This highlights the complementary roles played by
the armatures.

AR Y,

Flux density B

ﬁWM

¥

Figure 2.1. Elementary movement of a conductor

B i (©)

Figure 2.2. Force created by the interaction
between flux density and current

Considering this, it can be noted that only a relative
movement between these armatures, which can be placed
indiscriminately at the stator or at the rotor of the machine,
is necessary.
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flux lineg
teeth slots
\\ /l
conductors
(@
conductor
iron & /
(®)

Figure 2.3. Conductors in slots (a) and layer of equivalent currents (b)

In most cases, the machines used for electromechanical
energy conversion are cylindrical. Indeed, this geometry is
particularly convenient, as the example in Figure 2.4 shows.

Figure 2.4. Production of mechanical energy
within a cylindrical structure
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A conductor, carrying a current i directed longitudinally,
is fixed to a rotor of circular section (radius R) and of length
L. It is placed in a radial field (flux density B) which
generates a tangential force creating a torque T, = BiLR

which, if the rotor has a speed Q, will work and produce a
mechanical power I'Q.

2.4. Continuous energy conversion

In most applications, electrical rotating machines are
designed for “continuous energy conversion”. This means
that it is desirable for the power produced to have an
average value different from zero. For example in the
hypothesis of a motor working mode, the average mechanical
power Pm produced is given by:

P,=—|T,Qdt

1
Tr
where T is the functioning period of the machine (one turn,

for example). If it is admitted that speed Q is constant
(functioning in a stationary mode), this expression leads to:

[T dt#0 [2.1]
T

This concept is usually expressed as follows: a machine
achieves a continuous energy conversion when the average
value of the instantaneous torque is different from zero. This
is an important notion which will then enable us to clarify
some principles of the construction and of the power supply
of electrical machines.

2.5. Non-salient and salient poles

The inductor has to generate a series of “north” poles and
“south” poles along the air-gap. This can be achieved in two
different ways: in the first method, the conductors are set
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inside the slots hollowed out along the field spool, the latter
being indiscriminately stator or rotor, and are then
connected with one another at the extremities of the machine
(those connections are called “end windings”) so as to
generate the desired pole alternation (Figure 2.5).

In this case the dimensions of the slots are generally
considered to be negligible compared to the other geometrical
parameters of the machine, which enables us to admit that
the air-gap has a constant thickness. It is then referred to as
“non-salient air-gap”, and by extension “non-salient pole
machine”.

slots
\\ V teeth
AY

end windings

19— 7
RO
(a)
S
N
iy
(b)

Figure 2.5. a) Non-salient poles armatures and
b) structure and coil of the rotor
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(¢

Figure 2.5 (continued). Non-salient poles armatures: ¢) introduction
of a coil (section) in the stator (ECA EN document)

The other approach consists of using (Figure 2.6) windings
around salient poles, with the direction it is wound imposing
the name of the pole. In this case they will be referred to as
“salient poles inductor” and “salient poles machine”, and the
air-gap cannot be considered to be constant.

(@) (b)

Figure 2.6. Salient pole machines a)salient stator b) salient rotor
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2.6. Notion of pole pitch

The armatures of an electrical machine generate a series
of p “north” poles and p “south” poles, p being the number of
pairs of poles along the air-gap, whether the machine is a
salient pole one or a non-salient pole one. The pole pitch 1, is
defined by central angle m/p. The “double pole pitch” is
therefore the central angle 2n/p through which consecutive
“north” pole and “south” pole are seen. This emphasizes the
existence of two different periods: the “mechanical period”,
which corresponds to one revolution of the rotor, and the
“electrical period”, which corresponds to the double pole
pitch.

If Figure 2.7 which represents a tetrapolar machine is
considered, it is clear that the position of a point P located
along the air-gap, can be marked by two distinct angles of
same origin: the “mechanical angle” © and the “electrical
angle” 0 with the expression:

0=p0O [2.2]

|
rotor

air-gap
stator

Figure 2.7. Tetrapolar machine
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Figure 2.8 shows the distribution of the flux density along
the air-gap.

AB

< double pole
W W

) /

e, 0=21/p 0=2n
— 8 5 0=2
o \®

Figure 2.8. Variation of the air-gap flux density in a tetrapolar machine

\

S )

2.7. Stator/rotor coupling: the “basic machine”

In order to attempt an approach of the principles of a
“good conversion” of electromechanical energy in machines,
we shall consider an elementary structure which shall be
called a “basic machine” (Figure 2.9).

The structure is made of a cylindrical ferromagnetic rotor
and stator with a circular section, coaxial and a length L. In
each one two diametral slots of negligible dimensions have
been hollowed out and carry two coils with respectively n,
and ng turns. The radius of the rotor is named R, and the air-
gap thickness e; it is assumed that R >> e, which enables us
to consider in what follows that R + e = R.

Considering 0 the angle made by the axes of the two coils
and £ the angle spotting the position of a point P of the air-
gap in relation to the axis of the rotor coil. In order to
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express the mutual inductance in the two coils, we can
assume, for instance, that the rotor coil is supplied by a
current i, and calculate the flux induced in the stator coil

which is assumed to be without any power supply.

stator ]

Figure 2.9. Basic machine

If the permeability of the iron is assumed to be infinite,
and since the air-gap is assumed to be small, it can be stated
that field Hy in the iron is zero and that the lines of field H,
in the air-gap are radial. Since they change direction
following the plan of the rotor coil (see Figure 2.9), it is
arbitrarily set down that:

He>0for0<&éE<m and H, < 0 elsewhere
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If Ampere’s theorem is applied on a contour (y) including
two crossings of the air-gap located on each side of the rotor
coil, we get:

§H,dl =2H.e = ¥ ni = n, i,
$2)

thus the module of H:
n,i;

H =
| e| 2e

i B
and therefore H, = + Drlr _ e

2e i

0

The variation of H, = B/ in terms of & is shown in
Figure 2.10.

Figure 2.10. Variation of the air-gap field versus &

Considering the calculation hypotheses, the flux density
within the iron is indeterminate. In order to calculate the
flux in a stator turn, we shall consider the half-cylinder of
length L located in the air-gap as close to the stator as
possible and leaning on the turn (Figure 2.11).
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integration surface

ds=LRd¢&

Figure 2.11. Calculation of the stator flux

Calling d¢ the flux through an elementary surface ds of
the cylinder, seen under the central angle d&, leads to:

d¢=Bds=y0“2ﬁLRd§
€

-0
¢p= [do = uy
E=-0

n l 0 -0
“LLR| [-d&+ [dE
2Ze -6 0
0= to "TT LR (7-26)
2e
The total flux in the ng turns of the stator coil is then:

ngn,

LR (7-20)i, for 0¢ 0, 7]

Y =n;0=u

Mutual inductance M between the two coils is defined by:

Y=Mi,
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with:

ng 1,

M = LR (7 -26)

This inductance varies in terms of 6, as shown in Figure
2.12.

Ry

-m/2 /2

Figure 2.12. Variation of the mutual M in terms of 6

The Fourier series of this wave is:

M=MyY cosk +1)0 [2.3]

K (k+1)?
with:

2 !
V4 2e

Expression [2.3] highlights the fundamental M cosé,
corresponding to k = 0, and the “space harmonics” obtained
for k # 0. In order to show the respective roles of the
fundamental and space harmonics, we shall now assume
that the machine is made of three identical stator coils
shifted 2m/3 in space in comparison to the previous machine
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(Figure 2.13). Let us assume these coils are supplied by a 3-
phase balanced current system and the rotor coil by a DC
current.

Figure 2.13. “Basic” 3-phase machine

Let us calculate, for example, the torque resulting from
the interaction of the rotor coil with the stator coil “1”
travelled by current iy:

Fl(il,ir,0)=2nsil LRBe fOI‘ -71:<e<0
Fl(il,ir,é’):-EnsilLRBe fOI‘O<6<TI:

where B, is the air-gap normal flux density generated by the
rotor current. Thus:

LR .
Iy =%ugngn, — iy,
e
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I'; can be written as follows:
IN=-Kied
with:

LR .
K=uyngn, — i,
e

The variation of ¢ (“square wave”) is given by Figure 2.14,
and its Fourier series is written:

4 = sin(2k+1)0
g(ﬁ)z_zg
T k=1 2k +1

Figure 2.14. Variation of function € versus 6

Naming I'1, I'; and I's the torque contributions of the rotor
coil with each of the stator coils, the global electromagnetic
torque I, is worth:

2 2
[=N 4+ + T =- K[i; £(6) +y 5(0—7”)+13 g(9+7”)]
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If we set down, for example:
. . 27 ) 27
11=Ix/§cosa)t ; 12=Ix/5cos(a)t-?) ; 13=Ix/§cos(a)t+7)

the resolution of the torque in Fourier series leads to:

4K 2 in(2k +1)8
Fez- J_ coswt Z SIII(—+)
T k>0 2k+1
2 in(2k +1)(6 — 27/3
+cos(a)t-—”) > sin( X 7/3)
3 x>0 2k +1
2 in(2k +1)(@ + 27/3
+cos(a)t+—ﬂ) > sin( X 7/3)
3 kx>0 2k +1

Let us assume that the rotor speed is w, it is possible to
write:

O=wt+6,

If this expression of 0 is transferred into the expression of
the torque, we obtain:

r =

e

_6KIV2 {

sin[6kat +(6k —1)0y] _ sin[6kax — (6k + )0 ]}
T

sin@, +
0 Z{ 6k —1 ok +1

k=1

On the one hand this expression shows a constant term:

FO =- 6KI\/E Sil’lgo [2.4]
T
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which corresponds to the average value of the instantaneous
torque produced by the machine, and on the other hand, time
related sinusoidal terms or “torque harmonics”.

Since these harmonics have a zero average value, they
will not lead to continuous energy conversion, but only to
losses and vibrations. This calculation therefore shows that
if a machine is supplied by sinusoidal currents it is
important to reduce the space harmonics as much as possible
in order to obtain mutual inductances as near as possible to
sinusoidal functions of the relative positions of the coils. This
can be obtained by distributing the conductors into several
slots, as shown in Figure 2.15.

In the example under consideration, the n, rotor turns are
distributed equally in ten slots, which gives n,/5 conductors
per slot, each with a current i, travelled through them.

Applying Ampere’s theorem to the contour y;, the

embraced Ampere-turns are equal to “rlr , leading to an air-

gap field worth:
H = n.i,
10e

If contour Yy is used, the Ampere-turns change to h%,

hence the new field value:

3
H, =3H, _2Mt
10e

Likewise contour y3 would have led to a field:

n,.i,

H; =5H, =
! 2e
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The flux being conservative, the magnetic field H varies

“in steps” between +% and —% (Figure 2.16).
c (&

Determination of mutual inductance M between the rotor
and phase 1 of the stator requires a calculation of the
magnetic flux travelling through the stator coil. This
requires the integration of the field (see previous
calculation). Each of the “steps” of H will therefore lead to a
variation of M with a slope proportional to the value of H.
We obtain the variation of M in relation to 6 qualitatively,
represented in Figure 2.16.

Thus a sinusoidal approximation of inductance M(0) for a
sufficiently large number of slots can be admitted. In such
conditions it will be quite possible to overlook the space
harmonics, at least in a first approximation. In this case, the
machines are said to have “a sinusoidal repartition of
amperes-turns”.

stator

Figure 2.15. Rotor coil distributed in 10 slots
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A

M(©) HE)

-n -11/2 /2 n

v D

Figure 2.16. Variations of the field in terms of £
and of the mutual inductions in terms of 0

Note that a similar calculation would show that a
machine devoid of space harmonics and supplied by non-
sinusoidal currents would have a torque with a constant
term linked to the fundamental component of current and
torque harmonics caused by current harmonics. This
explains the fact than when designing static converters,
intended to supply sinusoidal distribution rotating machines,
considerable attention is paid to the reduction of the
harmonics of the output currents.

2.8. Losses within the machines

Rotating machines provide a conversion during which
energy takes various successive forms: electric,
electromagnetic and mechanical. This process is, at each
step, accompanied by energy losses of various natures, which
are usually classified as follows.

2.8.1. Losses due to Joule effect (or “Joule losses™)

These are due to the circulation of currents through
conductors having a non-zero resistance. In order to reduce
them, good conductive materials are used (usually copper,
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but sometimes aluminum for low cost machines). The
frequency of the currents can have an influence upon these
losses through the skin effect.

2.8.2. Electromagnetic losses (or “iron losses™)

These are linked to the behavior of ferromagnetic
materials submitted to alternating fields. They gather, on
the one hand hysteresis losses, and on the other hand losses
due to the eddy currents. In order to reduce them, soft
materials are used (materials with a narrow hysteresis cycle)
in thin laminated steel, insulated from one another. Those
losses mainly vary according to the frequency and the
amplitude of the fields.

2.8.3. Mechanical losses

Gathered under this term are all of the energy losses
caused by machine rotation: friction of the axes on the
bearings, ventilation and air movement in the air-gap, etc.
These losses are functions of the rotation speed of
the machine. They are often represented by a losses torque
with polynomial expression in terms of the speed
(Fp=ap+ a1Q + apQ?%+ ..., where ag, ay, ap are constants).

All these losses cause the production of heat within the
machine, and therefore an increase in temperature with a
risk of deterioration. That is why machines include cooling
devices in order to extract the calories as they are produced:
fans at the shaft ends, or driven by auxiliary motors, hollow
conductors through which a coolant fluid runs, etc.

2.9. Nominal values

The previous considerations (power losses, temperature
rises, cooling, etc.) bring about the definition of “nominal
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values” of a given machine. This is a set of quantities (power,
voltages, currents, torque, speed, etc.) which the considered
machine is likely to bear for an indeterminate time. Those
values lead to a thermal equilibrium corresponding to the
maximum temperature the machine can bear. This
equilibrium is reached when the cooling devices extract the
calorific energy exactly due to the losses within the machine.

It can be noted, in this connection, that those quantities
can be exceeded during a limited time e.g. in transients like
the starting of motors. This is possible because the thermal
time constants (from several minutes to a few hours) are
noticeably bigger than the mechanical time constants
(usually about a few seconds) and electrical time constants
(several dozen milliseconds) of the machines.

2.10. General sign covenant

Throughout this book, except for some specific cases which
will be specified, we shall consider machines as motors: the
mechanical power is considered to be positive when it is
produced, and the electrical power is positive when it is
absorbed. As a consequence, the various coils and windings
shall a priori be considered as receivers.

2.11. Establishment of matricial equations

In this section, we shall establish a general process to
translate the problem into equations for electrical machines,
and a general expression of the electromagnetic torque. The
approach consists of an overall writing of electrical equations
in instantaneous quantities (voltages, currents, flux). A
machine shall be considered as a set of coils (rotor and stator
coils) the self inductances and mutual inductances of which
constitute coupling matrices. The expression of the magnetic
co-energy in relation to those coupling matrices and to
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instantaneous currents will enable us to establish a general
expression of the electromagnetic torque and to examine the
possibility of continuous energy conversion.

2.11.1. Working assumptions

Later in this section we shall consider a machine made of
n coils with 2p poles at the stator and at the rotor. We shall
neglect saturation and hysteresis phenomena, as well as
induced eddy currents in the ferromagnetic parts.

2.11.2. Expression of the instantaneous torque

Let us consider the stator phase I, with R; its electrical
resistance, v; the voltage applied between its terminals and
Y, the total flux through it. The following general equation
can be written:

dw
Vi :Rlll +£

dt

For all n phases of the machine:
AL )ay
)=+ {22 25

with:

/8] il Rl 0 . . 0
/8 ip 0 R2 . . 0

W=l b @=l -

v, i, 0 0 . . R,
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The instantaneous power P; absorbed by the entire circuit
is:

B={if{v} = {if{r}{i} + {i}t{‘;—‘j} [2.6]

The first term of the right-hand member represents the
Joule losses while the second represents (see equation [1.31])
the sum of the “accumulated power” in the electromagnetic

field WWem

y and the converted mechanical power ['.Q.
t

In a linear state, the global expression of the flux is
written:

{wt=1{cki}
with:
Ly My My,
My Ly My,

{c}=
M, M, . . L,
L; is the self inductance of phase i, and M;;, the mutual
inductance between phases i and j.

The electromagnetic torque is then obtained from
equation [1.37].

no= gy {g_g} =20 {2_;} i) 2.7]

This expression of the torque instantaneous value shall
enable us to seek the main structures of machines likely to
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lead to a continuous energy conversion, that is to say the
ones producing an average value of ', different from zero.

The inductance matrix {£} is broken up in four sub-
matrices:

[£s] and [£.] respectively group together the stator and
rotor inductances, [£s] and [£,] group together the stator-
rotor and rotor-stator mutual inductances; keep in mind that
the last two sub-matrices are the transposed matrices of one
another. We shall now analyze the influence of the structure
(non-salient or salient poles) of the machines on the
instantaneous electromagnetic torque I, and, more
specifically on the possibility of achieving a continuous
energy conversion.

2.11.3. Continuous energy conversion in cylindrical
machines

2.11.3.1. Instantaneous torque in cylindrical machines

In a cylindrical machine, the influence of the slots can, in
a first approximation, be overlooked, and the air-gap can be
considered to be constant. In such conditions the reluctance
of the magnetic circuits of stator and rotor phases is
independent of the stator-rotor position; it shall thus be the
same for the inductances of those phases. It can be deduced
that:
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thus:

{ag} | {%}

o] b

If this expression is transferred into the equation of the
instantaneous electromagnetic torque, we obtain:

0 o .
re=§{[is]’ Dﬂt}{i} L[%]} H

which leads to:

re=2lt [a[’—“} b1+ 20 ) FL} ]

00 00

t
Since [LmJ :[Lsr} , the two terms of the above expression

are equal, and it can then be written indiscriminately:

]
L= pl) [;"—H} ] [2.8a]
or.
L,=pli| Fa%} li, ] [2.8b]

2.11.3.2. Periodicities and angular frequencies

We shall now consider that all rotor currents have the
angular frequency w,, and the stator currents, the angular
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frequency ws. The stator-rotor mutual inductances depend on
0 = pO®, and, if the machine is assumed to be “well built” (that
is to say with a sinusoidal distribution of the Ampere-turns),
this dependence will be sinusoidal. The period of variation of
those mutual inductances will therefore be the “electrical
period” or double pole pitch, which leads to an angular
frequency pQ.

Torque I'e is the product of three periodical functions;
hence a non-zero average value needs the algebraic sum of

the angular frequencies to be equal to zero. It is deduced
that:

o, t w, £pQ=0 [2.9]

Now let us see what can be deduced from this expression,
in analyzing first the special case when one of the terms of
this expression is zero.

2.11.3.2.1. Case of o, = 0 (rotor supplied by a DC current)
In this case:

o, = pQ [2.10]

which corresponds to the functioning of a synchronous
machine (rotation speed proportional to the stator angular
frequency); this will be studied in Chapter 3.

2.11.3.2.2. Case of o, = 0 (stator supplied by a DC current)

In that case:
w, = pQ [2.11]
This expression corresponds to so-called “inverted”

synchronous machines (field system at the stator side and
the armature at the rotor side), but also to DC machines. The
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currents in the rotor of the latter are AC currents and are
mechanically rectified by the brush-commutator system
(Chapter 5).

2.11.3.2.3. Case of Q = 0 (stationary machine)

If Q= 0, we obviously get ws = ®,. The stator and rotor
angular frequencies will then have to be equal. We shall see
that the asynchronous machine (Chapter 4) provides this
condition, leading to an initial non-zero torque. The DC
machine also respects this expression with w; = 0, = 0 at a
zero speed.

2.11.3.2.4. General case

If none of the three variables (wg, ®,, &) are zero, equation
[2.9] leads to:

Wy =, + pQ [2.12]

This equation corresponds to the functioning of the
asynchronous machine, whether it is an induction machine
or a “doubly fed” machine (Chapter 4).

2.11.4. Continuous energy conversion in salient pole
machines

2.11.4.1. Salient pole machine torque

When one of the two spools (rotor or stator) has salient
poles (Figure 2.6), it is not possible to consider the air-gap as
constant. For example, let us consider the case of rotor
salience (Figure 2.6b): since the stator is cylindrical, the
magnetic circuit of the rotor coil has a geometry independent
from the stator-rotor position; its reluctance, and as a
consequence, its inductance shall be independent from
0, and therefore from 6. On the contrary, it is clear that as
far as the magnetic circuit of the stator phases is concerned,
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the air-gap, and therefore the reluctance, are extremely
dependent from relative rotor-stator position, which
generates a variation of the stator inductances in relation to
©, and therefore to 6.

So, for a machine with a salient rotor, matrix [£J] is a
function of ©, whereas [£,] is not. This leads to an
inductance matrix derivative in terms of the position:

{ags } {aLﬂ }
{ a_L } ) 00 00
90 o,

5] W

Bringing this expression into the equation of the
electromagnetic torque leads to an extra term (with regards
to the non-salient machine torque) called “salience torque” or
“reluctance torque”:

ro- [is]ﬁg}[is] [2.13]

An identical reasoning would show that for a salient
stator machine (Figure 2.6a), it is matrix [£,] which is a
function of ©, and this leads to a salience torque as follows:

r =1 ]f[aﬁf }[i,] .14

00

2.11.4.2. Periodicities and angular frequencies

In the previous sections, the inductances variation period
in terms of ©is the polar pitch (and not the double polar
pitch, as for rotor-stator mutuals). Therefore, when in the
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E)L(i;, } has a 2pQ angular frequency.

case of rotor salience, {

F;O’} also has an angular frequency of 2pQ in the case of a
stator salience.

2.11.4.3. Continuous energy conversion

Expressions [2.13] and [2.14] show that in order to obtain
a non-zero average value of I'y it would be advisable to have:

w, = pQfor a salient rotor

or:

w, = pQ for a salient stator

We can deduce that the machines for which it is useful to
have salient rotors are the synchronous machines, which will
be studied in Chapter 3. In the same way, DC machines
(Chapter 5), as well as “inverted” synchronous machines
(Chapter 3) can have stator salient poles. On the contrary,
asynchronous machines need a non-salient air-gap, that is to
say they cannot have any salient pole either at the stator or
at the rotor.

2.12. Mechanical equation

Electrical machines have a mechanical interaction with
their environment (charge in the case of a motor, driving
mechanism in the case of a generator). This is characterized
by the dynamics equation applied to rotating solids. In the
case of a motor it can be written as:

dQ

JS=T-T

c [2.15]
dt

where T is the torque of the electrical machine, I'; that of the
charge, and J the moment of inertia of the whole of the
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rotating parts. This equation is often called the “mechanical
equation” of the rotating machines.

2.13. Conclusion

The matricial formalism introduced in this chapter will
later allow the translation into equations of synchronous,
asynchronous and DC machines: the analysis of the physical
structure of each machine will lead to writing the coupling
matrices, and knowing the power supply will enable us to
write the current and voltage expressions. Bear in mind that
since the equations are written with instantaneous values,
the supply by static converters giving out non-sinusoidal
currents can be taken into account. The instantaneous
electromagnetic torque expression (equation [2.7]) shall be
used in the following chapters in order to characterize the
electromagnetic energy conversion in each machine.
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Chapter 3

Synchronous Machines

3.1. Introduction

The industrial value of synchronous machines is
considerable: first, used as generators (called “AC
generators”), they provide almost all the production of
electric energy.

In addition, associated with static converters (inverters or
cycloconverters) functioning on variable frequencies,
synchronous motors have become essential during recent
decades in a number of industrial areas: rail traction, naval
propulsion, manufacturing industry, iron and steel industry,
oil exploitation, machine-tools, etc.

In this chapter, we shall mainly consider cylindrical
machines, however we will address salient pole machines at
the end of the chapter.
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3.2. Introduction and equations of the cylindrical
synchronous machine

3.2.1. General description

We shall consider a machine with cylindrical field spools,
each one having 2p poles at the stator as well as at the rotor.
In most cases the field system is at the rotor. It is supplied
with DC current or provided with permanent magnets. The
field current is usually injected in the rotor via slip rings and
brushes. The armature (Figure 3.1), which usually is 3-
phase, is at the stator and makes exchanges with a source
(network or static converter) or with a voltage and current
charge assumed to be sinusoidal a priori. Depending on the
kind of power exchanged by the machine with its
environment, we shall either talk about an AC generator or
about a synchronous motor.

We shall usually assume the machines to be “well built”,
that is to say with a sinusoidal repartition of the ampere-
turns, enabling us to overlook the space harmonics.

3.2.1.1. Main notations
— f: stator currents frequency.
—1ij: instantaneous value of the current in phase j.
—Ij: rms value of current i;.
— J: moment of inertia.
— Ls: self inductance of a stator phase.
— Lir: self inductance of a rotor coil.
— Ms: mutual inductance between two stator phases.

— M: maximum value of the rotor-stator mutual
inductance.

— L = Ls— Ms: synchronous inductance.
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— p: number of pole pairs.

— P: active power.

— Q: reactive power.

— S: apparent power.

— V: rms value of the voltage per phase.
_Z=Zéc: complex stator impedance.

— : stator currents angular frequency.
— O: stator/rotor mechanical angle.

— 0: electrical angle (O = pb).

— Q: speed of rotation.

— @: voltage/current phase shift.

—y;j: total flux in phase j.

— I'i: instantaneous value of the torque.
—v: load angle.

— 3: power angle.

— u: ampere-turns equivalence factor.

— A = lw: leakage reactance.

Figure 3.1. Synchronous machine stator (photo source: Converteam,)
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3.2.1.2. Conventional representation

We shall describe the machine in the form of three coils A,
B and C, representing the stator phases, and representing
the rotor field system of a coil R (Figure 3.2).

Figure 3.2. Conventional representation of the synchronous machine

Conventionally, we will choose the axis of phase A as the
origin of the angles which will be counted positively in the
trigonometric direction. Phases B and C are then shifted in
space respectively by 2n/3 and 4n/3 electric in relation to the
origin, and the field system is shifted by an electric angle 6.

3.2.1.3. Inductances and coupling matrixes

Let us introduce the stator coupling matrix rg, the rotor
coupling matrix g and the stator-rotor coupling matrixes
Lsr and Lgs:

www, Enagi neer i ngEbooksPdf . conr



Synchronous Machines 85

Ly Mg Mg
{csf=3Mg Ly Mg
Mg Mg Lg
{crt=Lg
cos @
{LSR}: {LRs}t = M<cos (9— 27'[/3)
cos (6 +27/3)

3.2.2. Why synchronous?

In order to justify the name given to this machine, we
shall make two calculations: one for a functioning as a
generator, and the other, as a motor. Let us assume first that
the machine is driven at an angular speed Q and that only
the field system is supplied by a DC current Ig. The stator
phases not being supplied, their flux are exclusively caused
by the excitatation current Ig.

Since 6 = 0y + wt = 0 + pQ t, it can be written that:

cos cos(6y + wr)
wst={Lsg} 1z =M Ip{cos(0-27/3)t = M Ip{cos (6, + awt — 27 /3)
cos (0 +27/3) cos(0y +wt +27/3)

Those flux being variable in terms of time, electromotive
forces appear in the stator. They are given by:

y sin (6 + wx)

{est= —{ﬂ} = Malr{sin (6 + ot —27/3)
dt

sin (G + @t +277/3)

which establishes that this machine enables the production
of a 3-phase sinusoidal voltage system, for which frequency
is proportional to the speed of rotation:
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o pQ
f:—:—

2 21w

Let us now assume that the stator of this machine is
supplied with a balanced 3-phase sinusoidal current system
as follows:

cos (ot — @)
{ig}= 12{cos (wt — 2713 - )
cos (wt + 27 /3 - )

As the rotor is still supplied by a DC current I, we shall
assume that it turns at the angular speed Q' = w/p, so that
0=0p+ w't.

In using the general expression giving the instantaneous
torque of a cylindrical machine:

o [9csr)
r; = plis} { aZR } {in} [1.8al
with:
] sin &
{ LSR}: —M|sin (6 - 27/3) and lint=1Ix
90 sin (0 + 277/3)
We obtain:

I, = —%pMIRIx/Esin(H —ar + @)
and finally:

3 ,
T, = —EpMIR]\/E sin[(@' — w)t + 6y + )]
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This expression shows that, if and only if ® = w, torque I}
will have a mean value different from zero. In that case Tj
will be constant and equal to:

F[. :—%pMIRI\/ESin (60+¢)) [3.1]

In the following, it will be set down:
y=00+o
v is called the load angle.

It is now clearly illustrated that it is necessary for the
speed of rotation to be proportional to the frequency of the
armature currents for a synchronous machine to make a
continuous energy conversion:

0-2_271 [3.2]
p P

Also let us now assume that this machine is supplied by
non-sinusoidal stator currents as follows:

i, =21nx/§cos(na)t—(on)
n
. 2
ip =Z]n\/gcos (nax — g, —T)
n

2
io =21nﬁcos (nat — @, +Tﬂ)

n

In transferring those expressions to [1.8a], we obtain,
after a few calculations:

T, =Y -2 pMIgI,N2 cos [(@-nw)t+6, +p,]
n

N | w
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This expression clearly shows that only one of the current
harmonics (usually, the fundamental) gives a continuous
energy conversion; the others generate some torques of zero
mean value, which cause vibrations and losses.

This shows the relevance of the reduction of current
harmonic factor when synchronous motors are supplied by
power electronics converters.

3.2.3. Rotation speeds at constant frequency

When a synchronous machine is connected to a fixed
frequency network (50 Hz in Europe, 60 Hz on the American
continent, for example), its rotation speed expressed in
revolutions per minute (rpm) is:

N0 0@
27 27 p
. 3000 .
Thus, if f = 50 Hz, N =—— rpm. The possible speeds for
p

synchronous machines (usually AC generators) connected to
a 50 Hz network are therefore sub-multiples of 3,000 rpm.

3.2.4. Equations of the cylindrical machine

3.2.4.1. Assumptions and sign covenant

We shall consider machines with a constant air-gap in
electrical and mechanical stationary states. We neglect the
magnetic saturation and hysteresis phenomena. The stator
currents are assumed to be sinusoidal, and the rotor current
is constant. The only losses taken into account are those due
to the Joule effect.
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We choose sign covenants relative to a “motor” working,
that is to say that the mechanical power is counted positively
if it is furnished to a load, and the active and reactive
electrical powers are counted positively when they are
absorbed by the machine.

3.2.4.2. Calculation of the flux in a phase

Let us consider Figure 3.2, which represents the stator
and rotor phases of the machine with their respective
voltages and currents. We can express the various flux in the
machine as follows:

wi={cHi

with:

i=fin) 03]

and:

[e] e
-2 )
hence the total flux in a stator phase:
Wsh={csHis}+{cse} Ix
which, when it is developed, gives:
Ly Mg Mg||iy M cos @

{Wsl=1Mg Ly Mgligt+ Mecos(0-27/3)} Ip [3.3]
MS MS LS iC MCOS(0+27Z'/3)
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assuming that:
iy = Iﬁcos(wt—go)
ip = Iﬁcos(wt—(p—%z)

2
i = Iﬁcos(a)t—(p+?ﬂ.)

If the first row of [3.3] is developed in order to calculate
the flux in phase A:

Yy =LSiA +MS(iB +ic)+M[RCOSH

hence:

Yy =(LS_MS)iA +M[RCOSH
v =(Lg —MS)Ix/Ecos(a)t—w)+MIR cos (at + 6)

likewise:
27 2
Wy =(Lg - Mg)I2 cos(wt — ¢ —==)+ M I  cos(et + 0y — —)
3 3
2 2
we = (Lg —MS)I\/Ecos(a)t—(p+Tﬂ)+MlR cos(at + 6, +Tﬂ)

In order to determine the rotor flux wyg, a similar
calculation leads to:

3
Yr = EMI\/ECOS(QO + ¢7) +LRIR
These expressions of the instantaneous flux within the

different coils of the machine lead to the following comments:

— the rotor flux yg does not depend on time, therefore
there is no e.m.f. induced in the field winding;
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— the total flux per stator phase is the sum of two
sinusoidal terms with the same angular frequency o ; it thus
has an angular frequency o itself. This will enable us to use
complex notations.

If the complex number I, =/le/? associated with the
current i is introduced and if ¥, is similarly associated
with flux y,, we can write:

— - M1 i
l{"A :(LS _MS)]A +—R€j60

V2

For phases B and C, similar expressions would be
obtained, and it is therefore possible, in removing the
suffixes, to unify the general expression of the total flux per
stator phase:

_ _ M.
V= (Lg - M)l +—L /%

NG

that is to say:

=]+ Mk 6, [3.4]

V2

with L = (Lg - Mg): synchronous inductance.

3.2.4.3. Electrical equation of the cylindrical synchronous
machine

If the complex representation of the voltage per stator

phase is 7, and the stator phase resistance is R, we can
write:

_ 4 S - Mol
V=RI+“Y _RI+ jog =RI+jLol+ 22K

dt 2

oI
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or also:
V =R+ jLo)I+E [3.5]
with:

-~

E is the complex representation of the electromotive force
per phase of the machine and L, the synchronous reactance.

If

[3.6]

d is the power angle of the machine.

This expression emphasizes that the amplitude of the
electromotive force E is proportional to the field system
current I, and also to w, and thus to the rotation speed Q.
Note the synchronous impedance:

Z=R+jlo=2Zel¢
The electrical equation becomes:
V=E+ZI

3.2.4.4. Equivalent diagram

Equation [3.5] represents the equivalent per phase
diagram of Figure 3.3, which is a diagram of an active dipole.
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R jLw -

—  AA— T —e—

o
NI

Figure 3.3. Per phase equivalent circuit of the cylindrical synchronous
machine

3.3. Analysis of the synchronous machine connected to
an infinite power network

We shall now consider that the synchronous machine
(motor or AC generator) has its armature winding connected
to a network. The power of this network is far superior to the
power of the machine. Through a misuse of language, it is
then called a network of “infinite power”.

Assuming this, it is admitted that the network fixes the
voltage at the terminals of the machine, as well as the stator
angular frequency . It is then convenient to consider the
voltage as the phase origin. The electrical equation per phase
is written:

V=QR+jLo)] +E
where V is a real number.

3.3.1. Phasor diagram

The previous electrical equation can be illustrated by a
vector diagram in the “voltages plane” (Figure 3.4), called a
“voltage diagram”.

www, Enagi neer i ngEbooksPdf . conr



94 Rotating Electrical Machines

Figure 3.4. Phasor diagram

It can be noted that since V is assumed to be constant,
points O and A are fixed and point M is representative of the
“operating point” of the machine: active and reactive powers
exchanged with the network, torque, mechanical power
exchanged on the shaft, etc. We shall see in the following of
this paragraph how it is possible to deduce those quantities
from the position of point M.

3.3.2. Active (P) and reactive (@) graduation of the
voltage diagram

In order to deduce the powers exchanged with the
network from the previous diagram, we shall graduate it in
active power P and reactive power Q. We shall therefore
determine the axes and the corresponding scale. First let us
consider the complex apparent power:

S=3Vi"=P+;j0
We have:

_ - V-E) 3V —
S*=3V1=P—jQ=3V( = ):7MA

that is to say:

_ 3V — .
S =_Mde ¢ =P-jO
z
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The location of points M causing S to have positive real
values provides the axis of the active power and its
orientation. The previous expression shows that we must
have:

Arg(ﬂ) =x+¢

In the same way, S  will be a negative imaginary number
(and therefore S will be a positive imaginary number) if:

Arg(AM) = §+ £

which defines the axis of the reactive powers. We can
therefore complete the diagram in making the axes of
absorbed active and reactive powers appear (Figure 3.5). As
the plane is initially graduated in voltages, the power scale
will be obtained in multiplying the scale of the voltages by
k14
S

If the projections of point M on the axes are considered: q
on the reactive powers axis and p on the active powers axis,
qM will measure power P, and pM, power Q absorbed in the
network. This graduation will enable us to characterize the
operating modes of the synchronous machine:

—if P < 0: generator mode (AC generator);
—if P > 0: receiver mode;

—if Q < 0: so-called “capacitive” state, through an analogy
with capacitors which supply reactive power;

— if Q@ > 0: “inductive” state, in comparison to the
inductances which absorb reactive power.
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This enables us to characterize the four quadrants of the
plane delimited by axes P and Q (Figure 3.5).

‘capacitive’
‘inductive’ AC generator AC generator

‘inductive’ receiver

‘capacitive’
receiver

Figure 3.5. Active (P) and reactive (@) graduation of the phasor diagram

3.3.3. “Internal” powers

In section 3.3.2, we emphasized a half-plane in which the
machine absorbs active power. This can encourage us to
consider that the machine works as a motor but, in order to
establish it we have to calculate the mechanical power. With
this end in view let us consider the expression of the torque
P given by equation [3.1]:

= —%pMIRlﬁ sin (6, + @) =%pMIRI\/5 cos (5 +¢) [3.7]

Let us introduce the “internal apparent power” given by:

S =3E1 =P+ QO
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that is to say:

S = 3Mw IRl e.f(§+(ﬂ)
V2

hence the “internal active power”:

L3 3
P =5Mw1R1\/E cos (8 + 9) =5pQMIRI\/E cos (8 + 9)

In bringing together this equation and the expression of
the torque [3.7], we obtain:

P =TQ

which shows that, considering the hypotheses made
(neglected mechanical losses), the internal active power P’
represents the mechanical power produced by the
synchronous machine. In order to ensure that the machine
operates as a motor, P’ will have to be positive.

We shall now look for the locus of the points
corresponding to P’ > 0 in the plane previously introduced
[Figures 3.4 and 3.5]. Let us consider the axis [Ax, Ay] in
Figure 3.6 in which x and y are the coordinates of the point
M:

m=x+jy

Calling (- a) the abscissa of point O in this coordinate
system, leads to:

EZV—E}=a+AM=a+x+jy
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The expression of S’ being:

= . =2
S'=3ET" =3E—
Z

with:

Z1=MA=—(x+jy), that is to say (ZI)" = -(x+ j») and

Z =ze K
we get:

g .3 - e /€

S = —E(a +x+ jy)(x = jy)e

. _ 3 2 2 . L.

S = E(x +y“ +ax — jay)(cos & + jsin &)
hence:

3
P =-=|x?+y? +ax)cos & + aysin &
zZ

The locus of the points corresponding to a constant
mechanical power is therefore defined by:

4
-P ?=()c2+y2 + ax)cosé + aysin &

expression which can be written as follows:

42 LN e ZF
[(x+2) +(y+2tg§) :|COS§ ToosE 3

which shows that the locus of points corresponding to P’ =
constant are circles centered on the point Q, with

coordinates:
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x= - and y= —%tgf, and of radius

1/2
a>  zP
4cos? & 3cosé
It can be noted that Q,is at the intersection of axis P with
the median of segment OA. In the special case when P’ = 0,

circle (Co) has the radius and goes through points O

2 cos
and A (Figure 3.6). The motor operating points (P’ > 0) are
therefore inside (Co). It is then possible to distinguish the
different operating modes of the synchronous machine in
Figure 3.6.

Ay

‘inductive’ l
AC generator L
Vi

‘capacitive’
AC generator

‘inductive’
motor

!
.
|
|

Unstable
area

‘capacitive’
motor

(Co)

P’=0
Synchronous
compensator

(@

Stability limit
line

Figure 3.6. Delimitation of the different
operating modes on the phasor diagram
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A specific mode corresponds to the semicircle (Co) located
in the quadrant (P > 0, Q < 0): the machine works on a no-
load motor (zero mechanical power) connected to a network
from which it absorbs a little active power corresponding to
the losses and to which is provides reactive power. This
“synchronous compensator” state is commonly used to supply
energy transport networks with the reactive power they
need.

3.3.4. Stability of the synchronous machine

We have seen that the position of point M provides some
information: active and reactive powers exchanged with the
network, mechanical power (and therefore torque, too) on the
shaft, etc. We are now going to see that all the operating
points of this plane are not feasible.

Let us first remind ourselves that, in order to avoid
excessive overheating, the field system current Iz and the
rms value I of the stator current have to be lower than their
nominal values, respectively called Irny and In. Point M will
therefore have to be inside two circles, the first centered in O
Mo Ipy

7

and with a radius of Ey = , and the second centered in

A and with a radius of ZIx.

Another limitation to the positioning of M within the
plane exists: the stability of the machine. Indeed, at the
beginning of this chapter we saw that the synchronous
machine has a non-zero average torque only when it runs at
the synchronous speed. If, for any reason (for example, a
torque variation), this speed happens to be modified, it shall
then be necessary for the machine to recover it.

In order to carry out this stability study, we shall start
with the equation of the dynamic applied to rotating solids,
or “mechanical equation” of the rotating machines:
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J£=F—FC [1.15]
dt

where J is the moment of inertia of all the rotating parts
(rotor of the synchronous machine and associated
“mechanical charge”), I'the torque of the synchronous
machine, and I'c,the torque of the associated machine
(mechanical charge for a motor working or driving device for
an AC generator working). And yet:

d® 1dé
Q:—:——
dt p dt

with:
0=a)t+00=a)t+5—§

Therefore:

Q= i(a)+d—5)
p dt

Let us now assume that for a machine initially
functioning in steady state (Q constant, and therefore
I'=To=T¢), with a voltage V and with a field current Iz both
constant (and therefore with an electromotive force E
constant in magnitude), an instantaneous variation of torque
AT (or of power exchanged with the network) occurs. In
Figure 3.7, it is expressed by a variation A8 of the power
angled.
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circle
\ E=constant

circle
P’=constant

Unstable
zone

Stability limit
line

Figure 3.7. Torque and power angle variation

By calling do the initial value of this angle, we get:
0= 50 + AS

hence:

oL (m d(A&)j

p dt

and:

de l(dz(Aé‘)j

dt?
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With the machine working initially in steady state, it is
possible to write:

J d*(a5)
p dar’

= ([y + AT) =T = AT

If only small variations about the starting point are taken
into consideration, the torque characteristic in terms of 8 can
be assimilated to its tangent at the point under
consideration. Therefore we can write:

AF:(B—FJ AS
%
hence:
2
Jd (Af):(alj AS [3.8]
p dt 00 S,
This is a differential equation of the second order of

variable As. If [a—rj >0, A has an exponential growth
1)

characterising an unstable functioning of the machine. The
result is that a necessary condition of stability is:

[B_Fj <0
1) s,

In order to be able to discuss this condition, a torque
expression in which & is the only variable has to be
established. Let us look at the expression of apparent intern

power S'again:

—_ k p— —_
— —_ —_ — —_ —_ ; 2
S'=3EI :3E[V E] :3E(V £ J=3€V—3E‘

V4 VA
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that is to say:

2
G o3EV jere) _3ET e
V4 Z
hence:
3EV 3E?
P =TQ-= o+ &)-
L oo+ £)- Lol
and therefore:
2
r _3 ﬂcos(§+§)—E—cos(§) [3.9]
w| Z Z

The necessary condition for stability established above
becomes:

I —3£ﬂsin(5+§)< 0
900 w Z

At starting point do, we shall therefore have:
sin(dy + &) > 0

The necessary condition for stability is therefore written:
£<fy<nm-¢ [3.10]

We can deduce that the straight line OD (Figure 3.6) is
the stability limit.

The previous condition does not constitute a necessary
and sufficient condition for stability, because the solution of
the differential equation [3.8] is then as follows:

AO = Ay« Sin wyt
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with:

Adpax 18 the maximum value of Ad. It is a sinusoidal

variation of § around initial value do. In order for AS to tend
toward zero, and therefore for the stability condition to
become necessary and sufficient the differential equation
d(AS)

[3.8] has to contain a damping term in y
t

This can be obtained by providing the rotor of the machine
with “damping windings”; this is usually a winding made of
bars longitudinally inserted in the rotor and short-circuited
at their two extremities in the same way as the cage of an
induction motor. When the synchronous machine is in a
steady state, this “damping cage” does not play any part
because there is no current in it. On the other hand, as soon
as the machine does not work at a strict synchronism, the
damping cage is subjected to a flux varying at a frequency
proportional to the relative speed difference of the rotor and
of the air-gap field or “slip” (see Chapter 4, “Induction
Machines”). If this slip is called g, it can be shown that the
“asynchronous torque” which then appears can be written (if
g is small):

I, ~Kg (see section 4.5.3 and equation [4.19])

where K is a constant, and:

o { d(M)}
w-— O-|0w+
_ dr _ d | 1d(as)
g_ = [ p—
w w o dt
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In transferring this result into the mechanical equation:

2(As)
Jd i +Kd(j5)—(g—gj AS =0 [3.11]
dt t S

If -£< 9, <z —¢£, this equation has a damped sinusoidal

solution which brings Ad back to zero after a few oscillations.
The synchronous machine is therefore stable in this part of
the plane.

3.3.5. V-curves called “Mordey curves”

These are the characteristics of the variations of armature
current I in terms of the field system current Iz for a load
operating point at a constant internal power P’ (that is to say
at a constant torque I'). Since the electromotive force is
proportional to Ir, we can indiscriminately draw I = f(Ir) or
I=1(E).

For this operating state, the machine can be considered as
a system with one “input” Iz and two “outputs” the
armature current I and its phase shift ¢in relation to
voltage V. Torque I (equal, in a steady state, to charge
torque I'c) is considered as a “perturbation” (Figure 3.8).

r

I > |
R Synch_ronous
machine
N (D

Figure 3.8. “System” representation of the synchronous
motor operating with constant P’
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In order to determine those curves, we shall refer to
Figure 3.6. For a given power P’, point M draws a semicircle
bordered by the stability limit line. The corresponding
Mordey curve is therefore the transform of this semicircle
into the plane I(E). This curve does not usually have any
simple analytical expression, we shall first attempt to
establish the transforms, in the “Mordey plane”, of particular
curves of the voltages plane.

3.3.5.1. Mordey curve for P’= 0

Let us first assume that operating point M draws an arc
AD corresponding to Q < 0. The following relationship can
then be written:

v:=E2+ 74 %-2EZ Icos(% — &
that is to say:
V2 =E?>+Z7**-2EZIsiné

a relationship which defines an elliptic arc limited at both
points:

- cos&

If Q > 0, point M follows the arc AO, which leads to the
relationship:

T
v:=E*+ 7% - 2EZIcos(5+ &)
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that is to say:
V2 =E?>+ 7% +2EZIsin&

It is once again an elliptic arc limited at both points:

1=0 _
B and P, !
E=V £

oN |

3.3.5.2. Stability limit curve
If an operating point is located on segment OD of the
stability limit, it can be written:

Z 1> =E*+V? - 2EVcosé

This is a hyperbola arc limited by the two points:

y
I = V [:Elgg
P, 7 and P, V
E=0 E=
cos &

3.3.5.3. Locus of the armature currents minima

When point M draws a semi-circle at constant P’, the
armature current is minimal when the absorbed reactive
power Q is equal to zero. This corresponds to the operating

point located on the intersection of axis P with the
considered semi-circle.
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The locus of currents minima is therefore the transform of
straight line segment AQ; for which the relationship linking
I to E can be written:

E?=y24272%1> -2V ZIcosé

it is therefore a hyperbola arc limited by points:

= 14
I=0 B
P and P, 27 cos &
E=V E = 4
2cosé

3.3.5.4. General case, P’Z0

The previous curves enable us to be more specific about
the appearance of characteristic I(E) for a particular value of
P’ (Figure 3.9): it begins on a point P5 homologue to point Ms
(see Figure 3.6) of intersection of circle P’ = constant with the
stability limit line, goes through a minimum of current in Ps
and ends in P7, transform in Mordey plane of M7, second
intersection of the circle with the stability limit.

The general appearance of this characteristic justifies the
name of “v-curve” which it is often called. It is interesting as
it enables a choice, for a given mechanical power (or,
likewise, a fixed torque), of the value of the excitation
current: which is usually sought to be located around point
Ps, in order to minimize the Joule losses.

A position slightly beyond this point enables us to provide
the electrical network with reactive power without any major
modification of current I, because of the relatively flat shape
of the curve when nearing the current minimum.
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V
. P,
V4

unstable area
V

2ZcosE @ ——————————

vV

|
|
|
|
|
|
|
|
|
I
|
|
z I
|
|
|
|
|
¢

E

=

2cos & cos&

Figure 3.9. Mordey curves. Machine 220V, Z = 102, {=67.5°

3.3.6. Case when resistance R is negligible

If stator resistance R is neglected, which generally is
acceptable for high power machines, the synchronous
inductance becomes equal to the synchronous reactance, and
we have = /2.

The axis of the active powers becomes vertical and the
axis of reactive powers becomes horizontal. Furthermore, as
P’ is now equal to P, the locuses of the points with constant
mechanical power become horizontal straight lines, and the
stability limit, a vertical straight line.

Figure 3.6 therefore transforms into Figure 3.10, and the
two ellipse arcs P:P: and P:Ps; (Figure 3.9) then become
straight line segments. The electromagnetic torque is
written:

3 3p EV
[=2pMigl2siny =2 =" sins
2 w Z
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Z € “capacitive”
7 inductive AC generator
v AC generator
7
7
7
e
7
7

Unstable area 7 E
e
Z 5
7

< /)

Q 2° v

“inductive” motor “capacitive” \ P=p’
motor / constant
P
v

Figure 3.10. Phasor diagram with R =0

3.4. Considerations about the salient pole synchronous
machine

We have, from the beginning of this chapter, studied the
behavior of cylindrical synchronous machines. However it
has to be remembered that for many applications (low or
medium speed motors and slow AC generators in hydraulic
power stations, in particular), the rotor has salient poles.

These machines have a single-phase field system winding
made of coils wound around ferromagnetic poles and
connected in series in order to ensure an alternation of the
poles. Action is taken on the shape of the polar shoe in order
to obtain a repartition, close to a sinusoid, of the flux density
within the air-gap. This structure is thus characterized by
the simplicity of its making and of its maintenance.
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Alternatively, for mechanical reasons, it is usually used for
applications where speed does not exceed 1,000 rpm.

The major difficulty for the study of those machines is due
to the geometric anisotropy (variable air-gap), and therefore
magnetic anisotropy of the rotor, which leads to a
dependence of the different mutuals and of most
inductances, in position 6 of the rotor, upon the stator. The
armature reaction then varies according to the load state of
the machine.

We shall, in this section, present a model of these
machines overlooking the space harmonics (approximation at
the first harmonic) and based on fields and corresponding
flux density variations in the air-gap. These results are
obtained using finite element computation.

3.4.1. Torque and inductance matrix

We consider a machine having a non-salient stator
bearing a 3-phase armature winding and a salient pole rotor
with the field system winding. Rotor and stator each have 2p
poles.

This machine can be represented, as for the cylindrical
machine, with three coils A, B and C representing the stator
phases and with a coil R representing the rotor field system
(Figure 3.2). The damping circuits (which are not in use in a
steady state of the machine) are not taken into account. In
what follows, magnetic saturation phenomena shall be
neglected. The global expression of the flux is written:

M L M M i
Vp _ BA B BC BR 'B [3.12]
Ve Mcy Mcp Lec Mcp | |ic
YR Mpy Mpp Mpe Lpg I
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which can also be written:

M 4r cos
Mpr |[=M|cos(0 —4r/3)
Mg cos(6 — 27/ 3)

The stator is considered to be non-salient, the reluctance
met by the field system flux is independent from the position
of the rotor. We deduce that Lr is independent from 6. The
rotor reluctance being variable, the stator inductances
depend on position 6. In limiting the study to the
fundamental we get:

Ly=Lg+Ljcos20
Lg =Lg+Ljcos(20 -27/3)
LC = LS + L] COS(20 - 47[/3)
this is the same for the mutuals between the stator phases:
MAB =MS +L1 cos(20—2ﬂ/3)
MAC :MS +L1 COS(20—47Z'/3)

MBC :MS +L1 cos 26

Note that 7, =0 for a cylindrical rotor.

3.4.2. Calculation of the flux

We consider that the field system winding is supplied by a
DC current Iz and that the three stator phases are supplied
by a 3-phase current system:

www, Enagi neer i ngEbooksPdf . conr



114 Rotating Electrical Machines

iy =1ﬁcos(a)t—(o)
ip =Ix/zcos(a)t—(0—27z/3)
ic = IN2 cos(wt — g +27/3)

Flux at the rotor given by:
YR :MAR Iy +MBR Ip +MCR Ic +LR[R :EMI\/ECOS(QO +(ﬂ)+LR[R

has an expression identical to expression obtained for a
cylindrical machine. Flux in phase A is given by:

Va4=Wus TV 4R

War =M 4rlp

where y ,r is the flux generated by the rotor excitation

current. This is expressed in the same way as for a
cylindrical machine. Flux y ¢ is the armature reaction flux,

it corresponds to the flux generated by the stator currents:
Was = Laig+ M ypip+Mycic

Contrary to the cylindrical machine, this flux depends on
the position of the rotor in relation to the stator. This is
illustrated by Figures 3.11 to 3.13, which present the air-gap
radial flux density Bn(0) variation as well as the armature
reaction field lines, for three positions of the rotor in relation
to the stator electromotive force €s.

These figures correspond to a bipolar salient pole rotor
machine with a 24 slot stator. Each stator phase therefore
takes 4 “outward” slots and 4 “return” slots. We also
assumed that this stator is supplied by a balanced 3-phase
current system, considered at the one particular instant
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when iy = —ig and ic = 0. The “outward” conductors are
drawn in a shade darker than the “return” conductors.

On these figures, two axes are introduced: direct axis d,
merged with the axis of the rotor, and axis q in quadrature.
We can observe that, when mmf &, is colinear with axis d
(Figure 3.11), the reluctance met with the flux is small. The
corresponding inductance is then maximum; this is written
L4 or direct axis synchronous inductance. Along the air-gap,
the appearance of normal flux density Bn is almost
sinusoidal, disturbed by the stator slots. The origin of the
angles is the horizontal axis, Bn is at its maximum for
0 = n/2, that is to say along axis d.

@ (b)

Figure 3.11. No-load armature reaction field (load angle y= n) :
a) field lines; b) normal flux density in the air-gap

When ¢, is aligned with axis q (Figure 3.12), the
reluctance is important and the corresponding inductance is
minimal. This inductance is written Lq or “synchronous
inductance in quadrature”. In accordance with the field lines,
the normal induction in the air-gap decreases in the
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neighborhood of axis q. When ¢ is shifted by a load angle y in
terms of axis d (Figure 3.13), the normal flux density in the
air-gap presents a complex appearance depending on Y.

(@ (b)

Figure 3.12. Armature reaction field for a load angle y= 7/2:
a) field lines; b) normal flux density in the air-gap

(2) (b)

Figure 3.13. Armature reaction field for a load angle y:
a) field lines; b) normal flux density in the air-gap
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If the magnetic saturation is neglected, the principle of
superposition can be used to determine the armature
reaction magnetic flux for any position y in relation to
the flux corresponding to the positions d (y= 0 or n) and
q(y=+m2).

€5 1s then decomposed into two mmf: one, ey, in the
direction of axis d, and the other, &4, in quadrature (Figure
3.14).

Egq = ECOSY

Eq = Egsiny

Figure 3.14. Magnetomotive force following axes d and q
Flux yq corresponding to € is a direct axis flux; it is
proportional to inductance Ly and is written:
Wa=Lgly

Flux y, relative to &4 is the in-quadrature flux; it is
proportional to Ly, with:
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Vg =1Lyi,

i; and i, are then the components of current i, following

q
respectively axes d and q:
i, =i,cosy

i, =i siny

The armature reaction flux and the flux in phase A are
therefore written:

I//AS:l//d"'l//q:LdidJ"Lqiq

I/IA:Ldid+Lqiq+MARIR

3.4.3. Electrical equation and phasor diagram

In adopting the sign covenants relative to a load operating
mode, the electrical equation for phase A, with resistance R,
is written:

d
va() =2 LRy (1)
dt

The total flux in phase A is the sum of the sinusoidal
terms of similar angular frequencies w. The complex notation
can then be used. In phases B and C, similar expressions
would be obtained, and it is therefore possible, by removing
the indexes, to write the phase electrical equation as follows:

V=E+RI+jX,1,+X,]1, [3.13]

where E is the complex representation of the no-load emf.
This is in back quadrature with current /. 7 =1, +I,is the

complex representation of the phase current. X; = L, wis the
direct reactance. X, = L, wis the reactance in quadrature.
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Regarding only the fundamental, it can be shown that:
Xd = (LS -MS + 3/2L1)CU

Xq = (LS -MS —3/2L1)(U

By introducing the emf of “salience” Eg and the
“resulting” emf E, :

Eg = j(Xg-Xg) 1y

Et =E+ES

equation [3.13] becomes:

V=E +RI+jX,I [3.14]

An expression similar to this can be obtained for the
cylindrical machine. This equation can be illustrated by the
phasor diagram shown in Figure 3.15.

Figure 3.15. Phasor diagram of the salient pole machine
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3.4.4. Calculation of the torque and stability analysis

Remember the general expression giving the
instantaneous torque value of a rotating machine:

r- 21| 22

2 06
matrix L is defined in equation [3.12].

It is considered that the three stator phases are supplied
by a 3-phase current system, and it is stated that the
machine rotates at speed Q so that:

92p9t+90

It can then be shown that the average torque is different
from zero only at the synchronism speed:

=2
p

At this speed, it is equal to the instantaneous torque, and
it is given by:

3
r= —?/EpMIIR sin 7 —3p(Ld-Lq)1%sin2y =T + T
[3.15]

The load angle is equal toy =6, + ¢ .
The first term of this expression, I'L, is identical in form to

that of a cylindrical machine. This term corresponds to the
interaction of the stator and rotor currents. The second term,
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I's, is a salience torque (or reluctance torque) which depends
on the square value of I; it is linked to the rotor geometry.

If the stator resistance is overlooked (case of high power
machines), and we introduce internal angle 8 given by:

0=6y+7n/2=y-p+7x/2
the torque can be written:

2
SVE sin§—p£(L—L)sin 20 [3.16]

wX 4 20 Xq Xy

'=-p

In considering only the small variations in comparison
with the initial equilibrium point, it can be shown that a
condition necessary to the machine stability is written:

&)

Figure 3.16 shows the variation of the average torque
given by [3.16] in terms of d. In this example, the maximum
value of the reluctance torque equals 30% of this,
corresponding to the action of stator currents on the rotor
current (cylindrical machine).

At a given stator voltage, when the internal angle
increases, that is to say when the load increases, we can
observe that the salience effect leads to a maximum torque
I'max greater than this I'y of an equivalent cylindrical
machine. It is also observed that the stability limit is
obtained for an absolute value of angle § lower than n/2. This
diagram shows the interest of salient poles synchronous
motors.
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Figure 3.16. Torques of a salient pole machine

3.5. Consideration about permanent magnet machines

Several structures of permanent magnets synchronous
machines can be encountered. We shall restrict ourselves to
a non-exhaustive presentation of those with a cylindrical 3-
phase stator similar to the machines studied in the previous
sections.

The magnets are set in the rotor in order to generate the
field necessary for the machine magnetization. Their
magnetization can be radial (Figure 3.17), tangential (Figure
3.18), or mixed (Figure 3.19).

As in standard machines, we can distinguish:

— “sinusoidal distribution of ampere-turns machines”
particularly appropriate to the continuous energy conversion
when the stator currents are sinusoidal;
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— “trapezoidal” emf machines or “DC brushless”, whose
conductors are usually concentrated in one slot per pole and
per phase, and are usually supplied by current commutators.

magnet

stator
magnetic
material

rotor

Figure 3.17. Bipolar SPM synchronous machines: radial magnetization

In the following we shall propose a classification of these
structures according to the arrangement of the magnets. It is
possible to distinguish machines with SPM (surface
permanent magnets), INSET and IPM (intern permanent
magnets).

3.5.1. Surface permanent magnets machines

The magnets are set on the surface of the rotor (Figures
3.17 and 3.19). This structure is largely used because of its
simple manufacturing. In order to ensure their mechanical
resistance to centrifugal forces, the magnets are often bound
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by amagnetic binding bands. This causes an additional cost
and also an increase of the air-gap.

It can be noted that the “magnetic” air-gap, that is to say
the air-gap seen through the field generated by stator
currents, is almost constant, and its value ey is important
because the magnets have a magnetic permeability close to
that of air. We have:

e, =eth, +ey

m

where h, is the magnets thickness (Figure 3.25), e is the
“mechanical” air-gap, and eris the binding band thickness.

These machines are therefore cylindrical, characterized by
relatively small stator inductances and mutuals because of
the magnetic air-gap thickness. The armature reaction is
therefore much smaller than the reaction of standard
excitation machines.

3.5.2. Machines with inserted magnets

The magnets are set between magnetic parts as drawn in
Figure 3.20. This figure introduces the direct axis d, joined to
the axis of the excitation field, and the axis q in quadrature.
Note that these are salient pole machines because the
magnetic air-gap varies between a minimal value equal to e
in the direction of the axis q and a maximum value equal to
(e + h) in the direction of the axis d.

This variation of the air-gap leads to a so-called “inverted”
structure because the reactance in quadrature is bigger than
the direct reactance.
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3.5.3. Machines with embedded magnets

The magnets are set inside the rotor (Figures 3.18 and
3.21), which protects them from mechanical stress and
allows considerable rotation speeds. This arrangement leads
to salient pole machines because the magnetic air-gap is not
constant.

This structure enables us to channel the flux generated by
the magnets in order to get the desired levels and variations
of the flux density in the air-gap. The configuration given by
Figure 3.18 is called “with flux concentration” configuration
because the air-gap magnetic flux is almost equal to the sum
of the flux generated by two successive magnets (Figure
3.22). Sufficient flux density values, around 0.7 T, can be
obtained in the air-gap, by using, for example, ferrites, which
are cheap magnets but in which the remanence flux density
is quite small.

magnetic

material

Figure 3.18. Rotor of a 12-pole IPM synchronous machine with flux
concentration: tangential magnetization
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magnet

magnetic
material

Figure 3.19. Rotor of a 4-pole SPM synchronous
machine: combined magnetization

magnet

magnetic
material

Figure 3.20. Rotor of a 2-pole INSET synchronous
machine: radial magnetization
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Figure 3.21. Rotor of a 4-pole IPM synchronous machine:
radial magnetization

Figure 3.22. Field lines due to the magnets in no-load operation of a
12-pole IPM synchronous machine with flux concentration:
tangential magnetization
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3.5.4. Modeling of permanent magnet machines

A machine with a non-salient stator bearing the 3-phase
armature winding and a salient rotor with permanent
magnets is considered. The stator and the rotor each have 2p
poles. This machine can be represented, as for the wound
rotor machine, in the form of three coils A, B and C
representing the stator phases of a magnet generating the
rotor flux on the axis R (Figure 3.23).

A
A

3

Ms

magnet

Figure 3.23. Conventional representation of the
permanent magnets synchronous machine

The total flux in a stator phase can be written:
Va4 Ly Myp Myc|lig| |Vra

wst=3wgt=Mps Ly Mpcipgr+{Wrs
ve Mcy Mcp L |lic YrC
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which can also be written as follows:

P =1 s o

The co-energy of the system is then written:

oo ol 5

W.mo 18 the co-energy of the system when all the currents are
zero. It can be shown that:

w.

em0 = —

W

em(

Wemo is the electromagnetic energy stored in the machine
when all the currents are zero.

The instantaneous torque 1is then obtained by
differentiating, with constant currents, the co-energy. We
have:

‘1ot ap) oW

pP. S . . Vi em(

=2 s Uty + [3.17]
2{15} Y {ZS} p{ls} a0 (' a0

The first term of expression [3.17] is the reluctance torque
(or salience torque); it is linked to the rotor geometry. The
last term is the cogging torque due to the interaction of the
magnets with the stator slots. The second term of the
expression is the “hybrid” torque; it corresponds to the
interaction of the stator currents with the rotor flux. This is
the main torque.
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3.5.5. Cylindrical machine modeling

In the following, a symmetrical 3-phase machine with p
pair of non-salient poles is considered (Figure 3.24). The
inductances and the stator mutual inductances are therefore
constant.

The magnetic saturation phenomena are neglected, as
well as the space harmonics in restricting the study to the
fundamental. The influence of stator slots is also neglected;
the cogging torque is then considered to be zero.

Figure 3.24. Cylindrical synchronous machine and closed circuit of
integration (c)

Figure 3.25 shows the thickness h, and the opening angle

B of the magnets. s and Or are the angles locating the
position of a point P of the air-gap in relation to the stator
axis S and the rotor axis R.
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Figure 3.25. Cylindrical rotor of SPM synchronous machine

3.5.5.1. Electrical equation of the synchronous machine

Considering the adopted hypotheses, the flux caused by
the magnets can be approximated by:

W Rra cos
{I//R}Z WRrB ( = WR COS(0—27Z'/3) [318]
/8% cos (0 +27/3)

The total flux in a stator phase can be written:

Wy Ly Mg Mg||iy cos 8
lvst=|vs | = Mg Ly Mg yige+wgricos(0—27/3)
Ve Mg Mg Lg ||ic cos (0 +2x/3)
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Assuming that stator currents are as follows:

iy =Ix/5cos(a)t—(o)
ig =12 cos(wt — ¢ - 27/3))
ic = IN2 cos(wt — ¢ + 27/3))

we obtain, for phase A:
Wy=Lgiy+Mg(ip+io)+ypcost

thus, in introducing the synchronous inductance
L=(Lg-Mg):

w,=Li,+wgcost
The machine is considered to have the rotation speed:
a0 _ 140

Q=2=—
p dt pdt

The position of the rotor in relation to the stator is 6 = wt
+ 60. We have:

W, = le/zcos(a)t - (p) + g cos(awx + 6)
For phases B and C, we get:

Wy =LIN2cos(wt —@—2m/3)+yg cos(wxt + 6y —2m/3)
We = LIN2 cos(at — 9+ 27/ 3) +y g cos(ar + 6, +27/3)

The total flux per stator phase with the angular frequency

o and complex numbers 7, = le/?, with current iy, and ¥ 0

associated with flux ¥4 are introduced. This can be written:
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+ YR i,
2

¥, =1,

For phases B and C similar expressions would be
obtained, and therefore it is possible, by removing the
indexes, to unify the general expression of the total flux per
stator phase:

¢=Li+’/’TReﬁo
2

If the complex representation of the voltage per stator

phase is called ¥ and the resistance of the stator phase is
called R, we can write:

17=Rf+%=Rl_+jwl/7=Rf+jLwI_+jl//j; e/
that is to say:
V =R+ jLw)l +E
with:
R [3.19]

) A

where Eis the complex representation of the electromotive
force per phase of the machine L, the synchronous
reactance, and &§=6,+7z/2is the power angle of the
machine. This expression emphasizes the fact that the
amplitude of the electromotive force E is proportional to flux
wr due to the magnets and to the rotation speed Q.
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In introducing the synchronous impedance

Z=R+jLo=2Ze’ ¢ , like the wound rotor cylindrical machine,
we obtain the equation:

V=E+ZI
which can also be represented by the equivalent diagram per
phase of Figure 3.3.
3.5.5.2. Determination of the flux generated by permanent

magnets

The influence of the stator slots being neglected, it can be
admitted that in the air-gap, the flux density is constant and
equal to B, for the whole width B of the magnet. The
variation, along the air-gap, of this normal flux density is
then given by Figure 3.26.

A b
B.

A
h 4

Or

-B/2 B/2

-B. &—————

Figure 3.26. Approximate form of the normal induction in the air-gap

If this is restricted to the fundamental of its Fourier
series, we get:

b, = B, cosOg = B,  cos(8s — 0)
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4
By =28, sin%)
T 2

Ampere’s theorem, applied to the closed circuit (c), (Figure
3.24) is written:

cﬁﬁdi: j Hdi+j1§di+ j Hdl =0

(c) (air—gap) (ir'on) (magnet)

If the magnetic field is neglected in the iron, and if it is
admitted that fields H in the air-gap and H, in the magnets
are constant, we can write:

H,h, + Hee=0 [3.20]

where h, and e are respectively the thicknesses of the
magnets and of the air-gap. When the magnets are held by a
binding band, e has to be increased by the thickness er of the
binding band.

Flux densities B, in the magnet and B, in the air-gap are
linked to the fields by:

B, =u,H, + Bp

[3.21]
B, = puoH,

Br and p, are respectively the remanence flux density and
the magnet permeability. In the following we shall state that
Uy = Hp. In neglecting the leakage flux, we can state that B,
and B, are equal. Equations [3.20] and [3.21] then lead to:

B =B = [3.22]
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Flux y,, generated by the magnets and crossing phase A
with Ns turns is then given by:

Ve = Ns[,dS = N[ B, cos(6; -6)dS
N N

with:
0y

dS = RlLudG)S = RlLu E—
p

R; is the internal radius of the stator, and L, is the useful
length of the machine. This can be written:
/2

1 2
Wra =—NsRiL, [B,cos(6s —6)dbs == NgR;L,B, cos&
p -/2 p

The maximum value is therefore equal to:

8Ng Bp
prm l+e/h,

- p
YR = R;Ly, Sln(;)

Using equation [3.19], the rms value of the phase emf
becomes:

8N B
=25 "R _RLQ sin(ﬁ)
2 1+e/h, 2
3.5.5.3. Determination of the electromagnetic torque

The electromagnetic torque can be obtained from
expression [3.17] where, considering the adopted hypotheses,
only the hybrid torque plays a part. We have:

5 oy,,/ 08
L, zp{is}t{ al/;R}zp[iA Ip ic] Yy, /00
OWpe /060
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Using expression [3.18], a torque independent from time
is obtained:

I; = %I/IRI«/Esin(ﬁo +¢) = %WRI\/Esiny
y=(6+ @) is the load angle.

3.6. Inverted AC generators

The excitation of large synchronous machines is often
carried out by smaller AC generators with inverted
structures (rotor armature and stator field system) fixed on
the same shaft as the main AC generator. It is then possible
to connect the armature winding of the secondary AC
generator to the field winding of the main AC generator
through a static rectifier, often called “rotating diodes”
(Figure 3.27). This prevents the field current from flowing
through slippery contacts (slip ring-brushes) which are not
very convenient, particularly when the field current is
important.

diodes

Figure 3.27. Rotor of a “rotating diode” exciter, 155 kVA, 74 V, 3,000 rpm.
On the right hand side of the photograph the semi-conductor components
are distinctly visible enabling the armature currents of the inverted
AC generator (ECA EN document) to be rectified
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3.7. Implementation of synchronous machines

The implementation of synchronous machines is very
different depending on whether it is a motor or an AC
generator; the analysis difficulties are also different.

AC generators usually work at a constant speed and
supply networks with fixed voltages and frequencies. The
problem to be solved is then to determine how to supply the
network with the desired active and reactive powers using
the adjustment parameters available: the field system
current Ir and the drive turbine torque. In such conditions,
the machine operates in sinusoidal state, but the difficulty of
the study consists of the magnetic saturation phenomena.

Concerning the motor mode, the machine is usually a
constituent of variable speed drives. In such conditions, it is
essential to take into account the working of the static
converters which generally supply the motor with non-
sinusoidal currents. On the contrary, it is possible in an
initial analysis to overlook the magnetic saturation
phenomena.

Another working mode called “synchronous compensator”
is also considered, for which the machine operates as a no-
load motor (no mechanical charge) and supplies the network
with reactive power only (Figure 3.6).

3.7.1. Implementation of synchronous motors

3.7.1.1. Synchronous motor supplied by a current commutator

Historically, the first item designed with that aim was the
association of two thyristor bridges. One of them, P;,
supplied by the network, works as a rectifier and supplies
the second one, P2. The latter works as an inverter and
supplies the stator of the machine (Figure 3.28).
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An inductance L inserted between P: and P2 enables the
reduction of the harmonics of rectified current I, which is
assumed to be constant. It can therefore be stated in an
initial analysis that according to the state of conduction of
the P: thyristors, the phases of the motor are supplied with
currents of the values I, -I or zero. P: is thus called the
“current inverter”. The whole drive (thyristors bridges-
synchronous motor) is often called a “self-synchronous
controlled synchronous motor”.

In fact, this drive usually uses salient pole motors;
however, we shall make an analytical study assuming that it
is a cylindrical machine in account of the simplicity of the
equations. Furthermore, the qualitative conclusions remain
valid whichever type of machine is under consideration.

1
—
—C000 —
AC L DC
DC AC
Py Py synchronous load
rectifier commutator machine

three-phase
network

Figure 3.28. Self-synchronous controlled synchronous motor

3.7.1.1.1. Calculation of the instantaneous torque

The instantaneous torque of the synchronous machine is
written as follows:

I = plis }f{"’LSR }{fR}

260
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with:
cosd
{iR}=1R, {LSR}=M0 003(9—27[/3) and
cos(0 +27/3)
iy
list=1is
Ic

Considering the machine supply mode (phase stator
current equal to I, -I or 0), six different expressions for the
instantaneous torque can be distinguished: I'ag, I'ac, I'sc,
I'ea, I'ca, and I'cg, expressions in which, as a covenant, the
first index indicates the phase where the current is worth +
I, and the second index where the current is worth —I. Let us
calculate, for example, I'ac:

sin @

T o =-pMy(Il 0 —1I)|sin(@-27/3)[(Ig)
sin(6 + 27 /3)

that is to say:
Ty =-pN3M ol 41 cos(0 —27/3) = Ty

The other expressions of the instantaneous torque would
be obtained in the same way:

T4 = p3Moll cos(0 + 27 /3) = —Ty,

Tpe = pN3Molpl cos(6) = ~Tcg
Note that those elementary torques each have a

sinusoidal expression in terms of 0, their average value is
therefore zero (Figure 3.29).
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A Torque
AB
[e—»]
| |
FBC FBA IFCA I FCB FAB FAc

Ic

Figure 3.29. Step by step operating

3.7.1.1.2. Step by step operating

Let us consider the six instantaneous torque sinusoids
again. Let us assume for example that the machine has
phases A and B supplied with Ip = -I and Ig =1, and that it is
connected to a mechanical charge with a resistant torque I'c
(Figure 3.29). The rotor of the motor shall therefore position
itself at position 6o so that I'ea = I'c. If current I is commuted
from phase B to phase C (to make the reasoning more
convenient we shall assume an instantaneous commutation),
the torque of the motor will become I'ca. Since, in 6, torque
I'ca is greater than I'c, the motor will move until it reaches
value 0, for which I'ca = I'c, position where it shall stabilize
again (after some oscillations). For each commutation, the
machine makes an incremental movement A6 or “step”. This
device enables the use of the machine to make an
incremental positioning of its charge, which is very
interesting in various domains of electrical actuation.
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For the positioning to be precise, it is important that A6 is
small. Machines with specific structures are generally used,
mainly with variable reluctance, the study of which is
outside the scope of this book.

3.7.1.1.3. Self-synchronous behavior

The set “rectifier-inverter” is usually used to make the
synchronous machine work at a variable speed in various
industrial domains. In this case, current I is successively
commuted from one phase of the machine to the next, which
also makes the motor torque “switched” to be worth
successively I'gc, I'ga, I'ca, ete. (Figure 3.30).

If 0; is the electrical angle, for which I'gy becomes greater
than I'gc (Figure 3.30), it seems optimal to commute the
current from one phase to the other for 6 = 6; + kn/3 (k € N).
However, in order to avoid the risk of commutation failure
(see section 1.4.1.3.1), it is advisable to make these
commutations with 6c < 0;, This leads to torque
discontinuities that cannot be avoided, generating noises and
vibrations.

A Torque

Iec

\

Figure 3.30. Machine torque in self-synchronous state
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In order to reduce those discontinuities, which are very
damaging in some industrial applications (rail traction and
naval propulsion, in particular), it is useful to increase the
number of phases. The most basic structure is the “double-
star” synchronous machine in which the stator has two 3-
phase coils (A, By, C; and Ay, By, C,) shifted in space by an
electric angle equal to /6 (Figure 3.31). Each coil is supplied
by a current commutator (Figure 3.32). The torque ripples
are thus considerably reduced.

1B2

Figure 3.31. Stator of the “double-star” synchronous machine

The structure of “double-star” motors supplied by current
commutators was developed during the 1980s for rail
traction, then extended to more considerable powers (several
MW) for naval propulsion (Figure 3.33). For this latter
application, the motors are often located outside the ship’s
hull in pods (Figures 3.34) used for both propelling and
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steering the ship. This device enables the simplification of
motor maintenance.

|
—>
— T —
AC DC
DC
|
—
— 000 —
AC DC
DC

Figure 3.32. Double-star machine supplied by current commutators

Figure 3.33. Cruise liner MSC Poesia, equipped with two inboard double-
star synchronous motors driving the propellers through shafts. Each
motor develops a power of 18 MW at around 170 rpm. These
motors are supplied by current inverters (photograph
Aker Yards Saint-Nazaire, Bernard Biger)
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Figure 3.34. Motor in a pod fixed under the hull of a ship
(photo source: Converteam)

3.7.1.1.4. Concentrated winding machines

It has already been seen (Chapter 2) that the machines
with sinusoidal repartition of ampere-turns are particularly
well suited to continuous energy conversion when the stator
currents are sinusoidal. In such a case, they are much more
interesting than those for which conductors are concentrated
in a single slot per pole and per phase (machines that we had
called “basic”). Remember that, for those machines, the
stator-rotor mutual inductances have triangular variation
(Figure 3.35a).

Let wus consider the general expression of the
instantaneous torque again:

}{ik}

4oL
r = pls 22

with:
M 4 iy
{Lm}: M g {iS}Z ip and lir}=1g
M cp ic
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It is clearly visible that the triangular wave shape of the
mutual inductances will lead to square waves for their
derivatives (Figure 3.35b).

|
I2m3 I
| A Tap
© . _1t/3 2m/3 g
| >
| -2 | T
L
31
! f—sl | A !
! ' o o
| |
) j27'[/ i | /3 >
- —1/2 —7/6 T

Figure 3.35. a) Stator-rotor mutual inductances of a “non-distributed”
synchronous machine; b) derivative of the mutual inductance Mag;
¢) torque IaB; d) torque I'ac

If the machine is supplied by a current commutator, the
three stator current values are +I, 0 or —I, and we obtain, as
previously, six possible expressions for the instantaneous
torque:

oM oM
Uyp =-Tpy = PIRIKJ—J]

el 00

www, Enagi neer i ngEbooksPdf . conr



Synchronous Machines 147

OMpr M g j

I'pe =T g =plpl
BC CB PR(BH 30

oM _aMARj

Ty =-T 0 = plgl
CA AC R[ 90 90

Figures 3.35¢ and d emphasize the evolution of the two
elementary torques I'ayg and I'sc. It is noticeable that they
have a “flat” maximum for a duration of 2n/3 electric and
that these maxima overlap on a m/3 angle. If current —I is
commuted from phase B to phase C during this overlap (for
example, in 0 = —1/2), the electromagnetic torque will remain
constant. Thus it can be seen that, with a current
distribution such as the representation in Figure 3.36, the
torques I} will be constant (taking into account the
simplifying assumptions).

A Current
27/3 2T/3
- -—
|c IA |B : IC IA lB
-1/2 /6 ! 5m/6 0
J M M »
T - L] I L] »
—Iml6|  -sm/e | -n/6 /2 n I 2n
I [ “Ia s I,
NN PN SN R — R B
T
3 A Torque -
« -
FCB 1—‘AB 1—‘AC 1—‘BC 1—‘BA rCA 1—‘CB l—‘AB 1—‘AC 1—‘BC
4 r T ! 1 ! 1 r i f
I T T L T N
S R A A
! 1
- T N 77 S N -7 77 T R 0
. !
—Tn/6 -51/6 -n /6" m/6 51/6 1371t/6

Figure 3.36. Currents ia, i and ic and corresponding torques
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This relatively simple example enables us to illustrate a
fundamental point of present electrical engineering: it is no
longer possible to optimize a machine without knowing how
it shall be used, and generally it is the whole drive (static
converter-rotating machine set) which has to be optimized.

3.7.1.1.5. Principle of self-synchronous control

We have just seen that the inverter current has to be
commuted from one phase of the machine to the following
phase with judiciously chosen values of the electrical angle 0,
that is to say for particular positions of the rotor.

A position sensor is used with this aim: it provides the
control device of the inverter bridge with the order of the
commutation components, thus the name of “self-
synchronous controlled synchronous machine” given to the
whole drive (bridges-synchronous machine-control) (Figure
3.37).

Rectifier Py | Commutator P, l_QQWJ
M —p ia
Q
AC DC s N
- Load
i
DC AC c
A
Current Sy:nc:crs;:;us Position
sensor
Three-phase network sensor
Ref Q —p
Control Control
of Py of P, h
Ref | — ]

Figure 3.37. General diagram of the self-synchronous machine control
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It can be shown that the model of the set commutator P»-
synchronous machine, observed between points M and N, is
similar (in mean values and in stationary state) to a
separated excitation DC machine. It has therefore been easy
to transpose the methods of speed and current regulation.
This device has quickly replaced the separated excitation DC
machine from the 1970s.

The position sensor needed to control P: also gives
through derivation, the “speed” information at P: control in
charge of the current and speed regulation of the machine.

3.7.1.2. PWM inverter synchronous motor drive

The evolution of power electronics and the growth of the
power of fully controllable switches allow to deal with the
supply of high power synchronous motors (several
megawatts) by PWM inverters (Figure 3.38). Without
detailing the working of these converters, bear in mind that
they enable to generate variable frequency stator currents
with little harmonics (see section 1.3.5).

Stator  Rotor

—— 000 nQ

Rectifier f MLl inverter L5955 --AL—'K Load

Current Position
sensor sensor

Three-phase network

Ref Q i Digital
controller

Ref | —p ~—

Figure 3.38. Structural diagram of a vectorial
controlled synchronous machine
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In a first approximation, those currents are therefore
sinusoidal, and the motor turns at a speed proportional to
their fundamental frequency; it produces a torque with a
slight harmonic content.

This device, associated with digital controls
(microprocessor, DSP, etc.), enabled the introduction of the
vectorial command of synchronous machines. This command
leans on a particular modeling of the machines in transient
state (Park equations), which is beyond the scope of this
book. Outstanding dynamic performance can thus be
obtained. This device is now largely used in industry.

3.7.2. Implementation of the AC generators taking into
account the saturation phenomena

In most cases, AC generators work connected to a
network, which they have to supply with an active power P
and a reactive power Q (Figure 3.39). With this end in view,
it is possible to use two control parameters: the mechanical
power supplied by the driving “motor” and the rotor
excitation current Ir (voltage V, frequency f, and therefore
speed Q imposed by the network). Those control parameters
or “inputs” therefore have to be predetermined. This is very
different depending on whether the magnetic saturation can
be neglected or not.

[R = — p
Vv, Q

[ —» — Q

Inputs Outputs

Figure 3.39. “System” representation of an AC generator
connected to a network
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3.7.2.1. Analysis in a linear state

When saturation can be neglected, the solution is
immediate because the approach developed in section 3.3 is
valid. Indeed, if P and Q are fixed, the position of operating
point M in the phasor diagram is undoubtedly defined.
Electromotive force E is immediately deduced and therefore
current Iz to which E is proportional (Figure 3.5). In the
same way, P’ being known, the mechanical power and the
torque needed are determined.

It is clear that, if the AC generator has to supply the
network with active and reactive power (capacitive AC
generator) the required value of E is linked to a very
important field current Iz. In that case the AC generator
cannot be in linear state. Figure 3.40 shows that when the
field current is great, the electromotive force E is no longer
proportional to Ir.

We shall therefore see how it is possible to take into
account the saturation using a few physical considerations.

A 5

3000

Ex

1500 ==

Ir(A)

|
|
|
|
|
|
|
|
|
|
|
|
|
4

kn 60 120

Figure 3.40. Characteristic E = f(Ir) or “no-load curve” of a 10 MVA
machine, 50 Hz, Un = 5 000 V (composed voltage),
INn=200A, Irn =50 A
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3.7.2.2. Physical considerations about magnetic saturation

Magnetic saturation is a complex physics phenomenon
linked with the non-linear behavior of ferromagnetic
materials when they are excited by a magnetic field. The
magnetic state of the machine then depends on the flux
density in each point, and when it is important, there is no
longer proportionality between the flux and the currents.
Note that this flux density depends on the interaction of the
whole of the fields and therefore on the rotor and stator
currents.

The saturation in AC generators is taken into account
using standard methods. In order to make these methods
comprehensible we shall first point out some key
phenomena. For that purpose we shall use field lines
distribution and corresponding levels of flux densities. These
are obtained by finite element computation.

3.7.2.2.1. Fields and inductances

In a ferromagnetic material, saturation is characterized
by the fact that flux density B is not proportional to field H.
For a synchronous machine working as a “no-load” AC
generator (without any stator currents), this leads to the
non-proportionality of the electromotive force E to Ir (Figure
3.40). When the machine is on-load, its magnetic state
depends on the whole of the ampere-turns distributed in it:
the field generated by the field system and the field linked to
the stator currents or “magnetic armature reaction field”. In
the air-gap those two fields have amplitudes that can be
described by sinusoidal progressive waves, and their phase
shift depends on the operating point. Saturation therefore
depends on various parameters, and particularly on Ig, I
and ¢.

Let us consider, for example, the cylindrical 3-phase
machine represented by Figure 3.41. It is bipolar and has 18
slots in the rotor and 24 slots in the stator. Each stator
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phase takes 4 “outward” slots and 4 “return” slots. Figure
3.41a shows the field lines in the machine during the no-load
functioning, that is to say when only the field system is
supplied by a current Ir corresponding to the mmf er. In the
Figure, the “outward” conductors of the rotor coil are
represented in a darker shade than the “return” conductors.

It is observed that all the field lines do not go through all
the parts of the machine uniformly. Thus, in an initial
approximation, they go through the stator teeth located in
front of the rotor poles only, and when Iz increases, those
teeth are increasingly subject to saturation because the flux
density becomes considerable there.

Figure 3.41b represents the local distribution of the flux
density. It shows the parts of the machine likely to have the
biggest magnetic saturation; they are the darkest parts. Note
that those parts “move” with the rotor when it rotates.

(a) (b)

Figure 3.41. No-load operating: a) field lines; b) flux density levels

Figure 3.42a represents the on-load field lines, that is to
say when the stator and the rotor are fed. In this example,
the position of the rotor is the same as in Figure 3.41, and it
is assumed that the stator is supplied by a balanced 3-phase
current system considered at one particular instant when
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ia = —is = I and ic = 0. The “outward” stator conductors
(represented in dark) are therefore located in 8 adjacent
slots, and the “return” conductors (represented in a lighter
shade) are located in 8 diametral slots. The corresponding
mmf es is shifted from mmf er with load angle y.

Figure 3.42b shows that the parts of the machine most
subject to magnetic saturation (represented in a darker
shade) do not exactly correspond to those of no-load
operating. This saturation state, which varies with I,
therefore depends on the amplitude of stator current I and of
its shifting ¢ in terms of the voltage.

(b)

Figure 3.42. On-load operating: a) field lines; b) flux density levels

Figure 3.43 shows the armature reaction field lines, that
is when only the stator is power supplied. The rotor is in the
same position as in Figures 3.41 and 3.42. In Figure 3.43b,
which is a zoom-in on a part of the machine, the field linked
to the “useful” flux can be distinguished from the field linked
to the leakage flux. The field determining the “useful” flux
goes through the air-gap and through the ferromagnetic
material constituting the stator and the rotor whereas the
field lines corresponding to the leakage flux do not cross the
air-gap and are mainly localized in materials with
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permeability po (slots, air-gap, end winding, etc.). It can
therefore be admitted that leakage inductance 1 associated
with the leakage flux is constant and does not depend on the
magnetic saturation.

Leakage
field

(a) (b)
Figure 3.43. Armature reaction field: a) field lines; b) zoom-in
Synchronous inductance L is then broken up into two
parts:
L=s+1 [3.23]

Inductance s corresponds to the “useful” flux and varies
with the saturation state of the machine.

3.7.2.2.2. Resulting electromotive force

Considering the electrical equation [3.5] of the
synchronous machine again and if [3.23] is taken into
account, we can write:

V =(E + jsol )+ (R + jlo)T

www, Enagi neer i ngEbooksPdf . conr



156 Rotating Electrical Machines

that is to say:

V=Egs+(R+ jlo) [3.24]
with:

E, =E + jsal [3.25]

E, is called the “resulting electromotive force” of the
synchronous machine. It corresponds, for the stator phases,
to the common flux coming from, on the one hand the field
system, and on the other hand the armature currents. It is
therefore representative of the overall saturation state of the
machine.

When the machine is short-circuited (V = 0), there comes:
0=E, +(R+ jlw)l,,

Since R is usually smaller than low, we deduced that
E,and I, are almost in quadrature. The flux generated by

Icc is then in direct opposition to the field system flux linked
to Ir. The armature reaction is called “degaussing” and the
resulting flux remains small. Characteristic Icc = f(Ir) or
“short-circuit characteristic’ can be approximated by a
straight line, even for high values of Ir. In order to draw it, it
is therefore possible to make one test only.

These various considerations lead to the methods used to
answer the following question: what value shall be given to
Ir in order to supply the network with an active power P and
a reactive power Q (or, in the same way, set an armature
current I with a phase ¢)? Various methods exist in the
literature, but we shall restrict ourselves to the two main
ones: the Behn-Eschenburg method, which is the simplest to
implement, and the Potier method, which is the more
accurate.
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3.7.2.3. The Behn-Eschenburg method

This method is quite elementary because it is based on
large simplifying assumptions: the magnetic armature
reaction is neglected, and the dipolar model of the machine is
used assuming that E and L depend only on Ir. Let us draw
on the same figure (Figure 3.44) the no-load curve E(Izr) and
the short-circuit straight line Icc(Ir).

E(Ir)

Ir

Figure 3.44. No-load and short-circuit characteristics
(same machine as Figure 3.40)

If one value of field system current Ir is given, the
corresponding values of E and of ICC (associated with this
value of IR) can be determined. The value of the impedance
is then deduced:

E(Ig)

Z([R):]CC(]R)
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In knowing the value of the stator resistance R, the
phasor diagram can be drawn as follows (Figure 3.45). The
stator current I is chosen as the phase origin and segment
04 =RI is positioned. Point B, the intersection of the
perpendicular to OA in A and of circle of centre O and of
radius ZI, is then determined. Let us consider the straight
line going through B and making the angle ¢ with the
direction of I; the intersection of this line with the circle of
centre O and the radius E gives the point M.

Vector BM =V verifies the equation:

E=V+ZI
for the chosen value of current IR. The obtained value V

therefore has a priori no reason for corresponding with the
given voltage of the network.

Figure 3.45. Phasor diagram for the Behn-Eschenburg method
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The process is taken again for another value of IR (bigger
than the previous one if too small a value of V was obtained,
or smaller if a larger value of V was obtained). It is then
possible, through successive approximations, to come closer
to the value of IR leading to the desired value of V.

The interest of the method mainly resides in its great
experimental simplicity. Indeed it requires only the
knowledge of the no-load curve and the implementation of a
short-circuit test. However it shall be noted that, considering
the simplifying hypotheses adopted, it is unrealistic to hope
for a good precision through this method.

3.7.2.4. Potier method
3.7.2.4.1. Theoretical foundations

This method is based on the model introduced in section
3.7.2.2: breaking up synchronous inductance L in a saturable
part s and a non-saturable part 1, and introduction of a
“resulting electromotive force” Ec.

Modification of the sign covenant: in order to find the
standard Potier method again, we shall, for this section,
leave the “motor” covenant to take the “AC generator”
covenant of the synchronous machine. This consists of
changing I into -I in the equations. Equations [3.24] and
[3.25] become:

Ey =V +(R+ AN [3.26]

— Malp s . - Mo, s s\2-

E, = el — jswl = —(Upe’® — j——1 [3.27]
o \/E J \/E R J M )

where A =/w is the leakage reactance.

Equation [3.27] highlights that the resulting
electromotive force comes from the superposing of excitation
ampere-turns and of armature reaction. We can set down:
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sv2
ﬂ:

M

This value has no size and is called “ampere-turns
equivalence coefficient”. It implies that ul amperes in the
field system generate the same flux as a current I in the
armature.

We can then set down:

Iy = jlge’® +ul [3.28]

E,-- ~%ig 3.29]

These two equations amount to the consideration that the
resulting electromotive force E, is produced by a resulting
field system current 7, which is the result of the
superposing of current Iz and of an “equivalent” armature
current .

If equation [3.29] is put together with expression [3.6], it
is evident that the magnitude dependence from E; to I, is the
same as from E to Ig, coefficient M being representative of
the saturation state of the machine. The “no-load curve”
shall therefore be, at the same time, the image of £ = f(Iy)

and of E, = f(I).

3.7.2.4.2. Potier diagram

Let us assume the “Potier coefficients” (# and A= [w), the
resistance R and the no-load curve of the machine are
known; equations [3.26] to [3.29] enable us to solve the
formulated problem: if V, I and ¢ are given, the resulting
electromotive force can be deduced from:

Ey =V + R+ jAI) [3.26]
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where V, assumed constant, will be considered as a real
number taken as the phase origin (Figure 3.46). It is then
easy, in referring to the no-load curve, to obtain the value of
the “resulting” current I;. We can then draw, on the same
diagram, a “triangle of the currents” representative of
equation [3.28].

In this vectorial diagram, the position of I, is defined in
quadrature with E,. The value of the sought excitation
current I, is thus obtained. Sometimes the figure is drawn

by rotating the “triangle of the currents” by(-n/2). Current I,

is then in the same direction as E,;, and ul is perpendicular to
I

3.7.2.4.3. Determining the Potier coefficients

The geometrical construction of Figure 3.46 assumes that
A and p are known. These two coefficients are considered to
be constant for a given machine. In order to determine them,
let us examine what the diagram becomes for reactive
currents, that is to say when ¢ = /2 (Figure 3.47).

Figure 3.46. Potier diagram
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C
IRq ul

I
\'% A
e ———— E
© J & M
O=1/2 RI Al
1
\J

Figure 3.47. Potier diagram for ¢p=mn/2

Since R is usually very small, it can be stated that v, A7
and E, are collinear and therefore I, I and I ( jige’®) are

collinear too, and orthogonal to the former, hence the two
algebraic equations:

Ey=V+Al I, =Ig-ul

The coefficients A and u can be deduced from these two
equations: let us draw on the same diagram the no-load curve
Es; = f(I;) and the “constant current of power factor zero”
(p.f.z.) curve V = f(Ip), drawn for the desired value of I
(Figure 3.48). It can be considered that one point M on the
“p.f.z.” curve is related to one homologous point Mo on the no-
load curve through a translation (- in the direction of the
currents and A/ in the direction of the voltages). If M and
Mo were known, A and u would be deduced immediately. If
these two points are a priori unknown, Mo can be deduced
from M according to the following considerations.
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If the Potier coefficients are assumed to be constant, any
point on the p.f.z. curve is related to its homologue on the no-
load curve through the same translation. This is therefore
true for point P corresponding to V = 0 and its correspondent
Po (Figure 3.48). Since P corresponds to a working short-
circuit, the machine is not saturated at this point and Po is
therefore located on the linear part of the no-load curve. This
consideration enables us to determine Mo, because we can be
consider that triangle POPo translates itself in the plane. So,
if we set MO’ = PO and at the point O’, we draw the parallel
to OPo, this straight line crosses the no-load curve at Mo. In
drawing Mo the perpendicular to O’M, we get HMo = AI and
HM = ul, which determine A and p.

Note that, since this determination is unique, there is no
need to draw the whole curve; a single p.f.z. current point
and the short-circuit point are enough.

E,V

4 Ele)

V(lg) with constant

p.f.z. current |

Figure 3.48. No-load and p.f.z. characteristics
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3.8. Experimental determination of the parameters

The performances and characteristics of synchronous
machines can be predetermined using the equivalent
diagrams and the diagrams drawn above. This assumes, for
a given machine, the knowledge of the parameters numerical
values.

Depending on the case, we proceed as follows.

3.8.1. Cylindrical machine in linear state

It is a matter of identifying the parameters of the
equivalent diagram in Figure 3.3. Resistance R is measured
with a hot machine with DC current (nominal value) through
an “ammeter-voltmeter” method. The value of reactance Lw
is obtained from the no-load curve in its linear part and a
short-circuit test with a field system current value of Ircc
corresponding to a supportable value (for example, the
nominal value) of the armature current I.

We then obtain:
7 - Elrco)
I(Ircc)

and then we deduce Lo =+vZ? - R? .

3.8.2. Saturation of the cylindrical machine

It is also necessary to draw the no-load curve E = f(Ig) and

to make a short-circuit test. Those two tests are enough to
use the Behn-Eschenburg method (see section 3.7.2.3).

In order to use the Potier method, it is necessary to obtain
a point with p.f.z. current. In order to do so, it is possible to

www, Enagi neer i ngEbooksPdf . conr



Synchronous Machines 165

load the machine on a supposedly perfect 3-phase
inductance, and to measure the phase voltage and current as
well as the field current.

3.8.3. Salient poles machine

In order to determine reactances X4 and X, the “slip test”
is used. The stator is supplied by a reduced value balanced 3-
phase voltage system, with rms value V. The rotor, in open
circuit, is driven in the direction of the stator field at a speed
very close to the synchronous speed in order to reduce the
effect of the damping windings.

During this test, when the stator mmf axis coincides with
the rotor axis d, the reluctance met by the stator flux is at a
minimum. This reluctance is maximum when those axes are
in quadrature (position q). The current is therefore minimum
in position d and maximum in position q (Figure 3.49). The
variation of stator current i(t) is then recorded, the extreme
values I,;, and I,,, are obtained and the direct and
quadrature reactances are deduced:

28 vi2
Xg = T X =7

min max

Let us point out that during the short-circuit test the load
angle is almost zero, which corresponds to position d. It is
then preferred to determine Xi using the Behn-Eschenburg
method (see section 3.7.2.3). Reactance X is then deduced in a
more accurate way by:

X
ql
X, =Xg—=
Xa

www, Enagi neer i ngEbooksPdf . conr



166 Rotating Electrical Machines

Imax

Imin

v

Figure 3.49. Variation of the stator current: slip method
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Chapter 4

Induction Machines

4.1. Introduction

“Induction machines” are energy converters characterized
by the fact that the rotation speed of their rotor is different
from the synchronous speed, defined by:

w
Qg =—
p

where o is the angular frequency of the stator currents, and
p is the number of pole pairs. These machines are called
“induction machines” because their rotor currents are
generally induced by the currents running through the stator
coils.

These machines are rustic, robust and cheap. Formerly
their use was restricted to simple and low performance
applications when they were connected to constant frequency
and constant voltage networks.
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Now, induction machines have spread in every domain of
industrial motorization, including high-tech applications,
since the recent progress in power electronics and in digital
control have made it possible to control them with good
dynamic performance.

4.2. General considerations
4.2.1. Structures

4.2.1.1. Stator

The stator of induction machines is a 3-phase field spool
with 2p non-salient poles identical to the stator of
synchronous machines (Figure 4.1). It is connected, either
with a 3-phase network, or with a static converter, and a
3-phase current system is produced.

Figure 4.1. Induction machine stator before winding,
45 kW, 440 V, 590 rpom (ECA EN document)

4.2.1.2. Rotors

Two types of rotors exist: rotors called “wound rotors” and
rotors called “squirrel rotors”.
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4.2.1.2.1. Wound rotors

In this case, we have a 3-phase field spool with 2p non-
salient poles, star connected, in which each phase is
connected to a slip-ring on which a fixed brush is rubbing
(Figure 4.2). This device makes it possible to connect the
rotor coil to either a starting 3-phase rheostat, or to a static
converter for some particular drives. In usual working, the 3-
phases are short-circuited and 3-phase currents are induced
by stator currents. This configuration is mainly found in
high-power machines.

Figure 4.2. Wound rotor of induction machine, 140 kW, 380 V, 800 rpm,
shaft height: 355 mm (ECA EN document)

4.2.1.2.2. Squirrel rotors

In this case, the rotor is hollowed out of longitudinal slots
in which conductive bars are placed and short-circuited at
each end by “short-circuit rings” (Figures 4.3 to 4.6). Those
bars and rings are usually made of copper but, for small
power machines, they can be made of aluminum alloy in
order to reduce the cost price. This structure is not a 3-phase
structure, but for each cage rotor, an equivalent 3-phase
wound rotor can be determined.
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As the external behavior of the two types of machines is
similar, we shall consider, in this chapter, that we are
dealing with wound-rotor machines for which equations are
easier to set.

4.2.1.3. Air-gaps

In the two cases (wound rotor and squirrel rotor), it is
possible to consider, in an initial approximation, that the air-
gap is constant.

We shall see in the following that the induction machine
performances are very dependent on the thickness of this
air-gap, which is, as a consequence, as small as possible: it
varies from a few tenths of a millimeter for the small power
machines to a few millimeters for the high power machines.

Figure 4.3. Squirrel rotor of induction machine, 6 kVA, 440 V, 60 Hz,
1200 rpm. Note the skew of the slots (ECA EN document)
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Figure 4.4. Piling up of steel sheets constituting the magnetic circuit of a
squirrel rotor (photo source: Converteam)

cooling
hole

slot

Figure 4.5. Detail view of a squirrel rotor being built. Note the cooling
holes (photo source: Converteam)
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short-circuit ring

fan

Figure 4.6. Squirrel rotor. The short-circuit ring connecting the bars to
one another is visible as well as the fan on the shaft
(photo source: Converteam)

4.2.2. Working principle

Let us assume that the stator windings fed by 3-phase
currents of angular frequency o will correspond to an air-
gap field rotating at angular speed:

Q=2
p

where Q is the rotor speed. If Q= Q,, the flux in the rotor
phases are time variable and give rise to electromotive
forces. Since the rotor phases are short-circuited, these
electromotive forces generate currents, which, through an
interaction with the stator field, give rise to a torque. On the
contrary, if Q =Q,, the rotor flux do not depend on time, and
there are therefore neither electromotive force nor induced
currents at the rotor. It is therefore clear that, with such
machines, the energy conversion requires that the speeds of
the rotor and of the air-gap field are different; that is the
reason why they are also called “asynchronous machines”.
The relative difference in speed between the field and the
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rotor, or “slip”, plays an important part in the study of
induction machines. Slip g is defined by:

thus: Q=@=(l—g)93 =(1—g)2.
dt p

O measures the position of the rotor with regard to the
stator. When introducing electrical angle 6, we write:

0=p0=(1-g)at+6,

4.3. Equations

In this section, we are going to establish the external
behavioral equations of the induction machines using the
coupling matrixes of the stator and rotor phases.

4.3.1. Main notations

If the machines are assumed to be 3-phase at the rotor as
well as at the stator, and the axis of phase A is chosen as the
origin of the angles, we shall call:

— A, B, C: stator phases;

—a, b, c: rotor phases;

—g: slip;

— I4: rms stator current value;

— I, rotor currents efficient value;

—J: moment of inertia;
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— L;: phase i self inductance;

— M;;: mutual inductance between phases i and j;

— Mo: maximum value of the mutual inductance between a
stator phase and a rotor phase;

— p: number of stator and rotor pole pairs;

— O : stator-rotor mechanical angle;

— 0 = pO: electrical angle;

— o : stator currents angular frequency;

— o, rotor currents angular frequency;

— Q = dB/dt: rotor speed;

— Qg = w/p: synchronous speed;

— {ig}: stator currents vector;

— {i;}: rotor currents vector;

—{£4}: stator inductance matrix;

—{£.}): rotor inductance matrix;

— {Lgr} = {Ls}t: stator-rotor coupling matrix;

— {W¥,}: vector of the total flux per stator phase;
— {¥.}: vector of the total flux per rotor phase.

4.3.2. Sign covenants and working assumptions

Throughout this chapter, we shall adopt the “motor” sign
covenants for the machine, which means that the mechanical
power will be considered as positive if it is produced, and the
electrical power will be positive if it is absorbed. We shall
therefore take, a priori, “receiver” sign covenants for each of
the electrical circuits.
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The coils are assumed to have a sinusoidal ampere-turns
distribution, and we shall neglect the saturation and
hysteresis phenomena.

4.3.3. Conventional representation

Figure 4.7 represents in a conventional way the stator
and rotor windings.

in 1

VT‘_’E

Figure 4.7. Conventional representation of the machine

4.3.4. Flux analysis

If the matricial general expression is considered again:

Wy=1Lid} [4.1]
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or:

fe =t it

with:

\PA \Pa iy Iy
{\Ps}z Yp s {lPr}z Yo, {is}z ip and {ir}z Ip
Yo e ic I

the machine has non-salient poles both at the stator and at
the rotor, only the stator-rotor coupling inductances depend
on the position, and we can write;

Ly M, M L. M, M,
{Ls}: Mg Ly Mg, {Lr}: M, L. M,
Mg Mg L M, M, L,

where L and M, are the self and mutual inductances of the
stator phases, and L, and M, are the self and mutual
inductances of the rotor phases. In the same way, we have:

2 2
cos @ cos(6 + Tﬂ) cos(6 — Tﬁ)

{Lsr }= {L,S ¥ = M qcos(6 - ZT”) cos @ cos(d + 2T”)

2 2
cos(6 + Tﬁ) cos(6 — ?ﬂ) cos @

Furthermore, we can write the stator and rotor currents
in the vectorial form:
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cos (wt — @)

{is}zls\/E Cos(a)t_zTﬂ_¢s)

2z
cos(a)t+?—(ps)

cos (gwxt ~ ;)
. 27
and {lr}z ]r\/a cos (gt _T_wr)

2z
cos (gt +? -9

¢s and ¢, are respectively the stator and rotor currents
phases corresponding to the voltages taken as the phase
origin. It is therefore possible to express the total flux per
stator and rotor phase:

{IPS } = {Ls }{is }+ {Lsr }{ir}
{l{"r} = {Lrs }{is }+ {Lr }{ir }

To simplify the calculations, we shall develop only the
first line of these two equations for the determination of Wa
and Y.

2
W, = Ly + M(ip +ig) + Myi, cos 0 + My iy cos(8 + )
3
2
+ My i, cos(6 - 1)
3

withg =6, +(1- g)or.

If the currents are replaced by their expressions in terms
of time, we get:
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¥, = (L, — M)I2 cos(wr — @)+ %MOI, cos(@, + wr - @,) [4.3]

In the same way, we obtain:

3
¥, = EMOIS\/ECOS(gwt =0, — @)+ (L, — M,)I,x/Ecos(ga)t -9
[4.4]

Expressions [4.3] and [4.4] show that the total flux per
stator and rotor phase are sinusoidal values of respective
angular frequencies ® and go. It is therefore possible to use
the complex notations associated with these sinusoidal
values.

Given ¥,, ¥,, I, and I, the complex representations
respectively associated with ¥,, ¥,, iy and i,; equations
[4.3] and [4.4] lead to:

¥, =(L, -M ), +3/2MyI,e’'% (angular frequency ®)  [4.5]

V,=(L, -M, ), +3/2MyI 4% (angular frequency gw)  [4.6]

NOTE.- Since complex formalism makes angular frequencies
disappear, we shall note them down separately in order to
avoid any possible ambiguity.

It is obvious that, in the other stator and rotor phases, we
would obtain similar expressions. It is therefore possible to
unify the expression of the total flux per stator and rotor
phase in making the following variable changes:

— 1, = I;: stator current or “primary current”;

— 1,¢/% = I,: “secondary” current;
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- ¥, = ¥: “primary” flux;

- ¥,e/% = ¥, : “secondary” flux.

In setting down:

— L = Ly — M : primary synchronous inductance;

—L, = L. — M, : secondary synchronous inductance;

- M =3/2M,;
- Ry =Ry;
— R2 :Rr;

equations [4.5] and [4.6] become:

¥, = LI + MI, (angular frequency o) [4.7]

¥, = Ml + L,1I, (angular frequency gm) [4.8]

4.3.5. Electrical equations

If the induction machine has its rotor short-circuited and
its stator supplied by a balanced 3-phase voltage system of
rms value per phase Vi, it can be written:

_— d¥ :

N=RI+ Ttl (angular velocity w)
- d¥ .

0=Ry1, + d_t2 (angular velocity gw)

that is to say:

Vi = R} + jo¥,

0= Rziz + ]ga)?z
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From the two equations [4.7] and [4.8], we get:

Vi = (R + jLio)], + jMol, [4.9]
o= Ry =
0= ]Ma)[l + (— + jLza))]z [4.10]
g

These two equations can be written under the matrix
form:

Rl +jL16l) JMCU [_1
-2 Mo jLyol|T,

4.3.6. Change in the sign covenant

Equation [4.11] is very similar to the equation of a single-
phase transformer, without iron losses or secondary
resistance, loaded on a resistance R2/g. In order to make use
of this similarity, it is natural to alter the sign covenant for
the secondary current (rotor) and to choose, for induction
machines rotors, the “generator” sign covenant (output
current counted positively). It can be noted that, since the
rotor windings are in short-circuit, this alteration has no
energy consequences. In such conditions, equation [4.11]
becomes:

Z i
! R + jLi@ M) [ T,

Ry - _

=21 Mo jLyo) |- T,

g
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4.4. Equivalent circuits

Equation [4.12] corresponds to an equivalent circuit per
phase, identical to that of a single-phase transformer with
stator Joule losses only (Figure 4.8).

T] Rl Tz
M
A—A

Figure 4.8. Induction machine equivalent circuit

The transformer appearing on this equivalent circuit has

a voltage ratio m=%. The dispersion coefficient is also
1
introduced:

12
o=1-—
L,

This diagram enables us to represent the energy flux in
the machine. Term 3Ril:2 represents the Joule effect losses

at the stator and 3&122 corresponds to the overall power

transmitted to the rotor. In order to separate the converted
power from the rotor Joule losses, it is necessary to slightly
modify the equations and the equivalent diagram of the
machine. We shall therefore write:

7 _
! Rl +jL1a) ]Ma) 11

R (l— )_ = [413]
=28y Mo Ry + jLyo) |- T,
g

www, Enagi neer i ngEbooksPdf . conr



182 Rotating Electrical Machines

which leads to the equivalent circuit given in Figure 4.9.

I, R, I, R,

M
A
Vi L L, R; (1-g)/g

Figure 4.9. Equivalent circuit separating the Joule losses
from the converted power

On the one hand, this diagram clearly shows the rotor
Joule losses (3R:l:2) appear and, on the other hand, the

R,(1-
3 2( g)lzz.
g

converted power

In the following we shall see that it is sometimes
convenient to use a transformer-less equivalent diagram
based on a two-terminal network. We shall therefore set
down:

M
-1, = L—I ,: rotor current referred to the stator;
1

2
~ Ry = (%j R, : resistance of a rotor phase referred to the

- N, = (—lj N, withnN,=0l,=1,-—: total leakage
M L
inductance seen from the rotor.

In transferring these variable changes in equations [4.9]
and [4.10] we finally have:

171 = Rll_l +jL1a)(i1 —]_é) [4.14]
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- oo Ry o [ ' v l—g -
lea)(Il—Iz)=jN2w12 +—212 =jN2a)12+(R2 +R2 g)]z [4.15]
g g

These two equations correspond to the equivalent
diagrams of Figures 4.10. Figure 4.10b separates the rotor
Joule losses from the converted power.

T, R, N, T

Vi Ro/g

Vi R, (1-g)/g

(b)
Figure 4.10. Transformerless equivalent circuits
4.5. Induction machine torque
4.5.1. Instantaneous torque

The expression of the induction machine instantaneous
torque can be established from general expression [2.8a]:

r = ofs }f{““" }{z;}

do

The stator and rotor currents are assumed to be
sinusoidal, in a balanced 3-phase system, with respective
angular frequencies w and gw, we shall set down:

www, Enagi neer i ngEbooksPdf . conr



184 Rotating Electrical Machines

{is}=1s\/§

{i}=1.42

with:

Lyt

do

and:

cos(wt — @)

2
cos(wt — Tﬁ -@,)

27
cos(wt + T - @)

cos(gwt - ¢,)

2z
cos(gwt — EN @)

27
cos(gwt + T -.)

sin @

. 27
0 s1n(49 — T)

0=0,+(-g)wt

We finally get:

I =3pMI 1, sin(6, + ¢, — ¢,)

2 2
sin(6 + T”) sin(6 — Tﬂ)

2z 2z
sin(@ + —) sin(@ ——)
3 3

2
sin@  sin(@ + ?”)

sin @

[4.16]

This expression shows that in sinusoidal steady state, the
induction machine instantaneous torque is constant. It will
therefore be possible to identify this instantaneous torque
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with the average torque determined from global energy
considerations.

Expression [4.16] is not convenient to use because it
depends on values that are difficult to obtain, such as 6,
and ¢:; we shall therefore establish another torque
formulation from the analysis of the energy transfer in the
induction machine.

4.5.2. Analysis of the energy transfer

Let us assume that the machine is connected to a network
having a phase voltage Vi. The absorbed active power is
written Pa.. The latter is partially dissipated in stator Joule
losses pj1 and of stator iron losses pn (which had until now
been neglected). The remaining power, which shall be called
P2, is transmitted to the rotor:

Py =F -pp-prn [4.17]

Referring to the equivalent diagram of Figure 4.8, it can
also be written:

R
P =3-217
g

In the rotor, the frequency is small (0. = gw), and it is
therefore possible to neglect the rotor iron losses. After
taking off the rotor Joule losses pj2, P2 is converted into

mechanical power Pn=T'Q.

Considering the equivalent diagram given in Figure 4.9,
we get:

2
Pjpp =3R1" =gP
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1_
P, =3R—2 1,

g

hence:

w
By =TQ=(0-gh=T(~-g)—
)4

and therefore:

p=rZ-ro, [4.18]
p

This result shows that the power transmitted to the rotor
is equal to the product of the torque by the synchronous
speed. Furthermore, since pj; = gPy, it is clear that the rotor
Joule losses are proportional to the slip, and therefore
inherent to the asynchronous energy conversion. This power
transfer can be represented by Figure 4.11.

w w
P2=l"; Pm=(1—g)FE
pa—i > > » P,
— Dii — D2 — Pm
—> Py

Figure 4.11. Power transfer in the induction machine

It is also deduced that if all losses except pje losses were
neglected, the ideal efficiency would at the most be equal to:

Nmax =1-8

www, Enagi neer i ngEbooksPdf . conr



Induction Machines 187

This expression shows that in order to have a satisfying
efficiency, an induction machine has to work with a small
slip.

4.5.3. Expression of the electromagnetic torque in terms
of the slip

For this study, we shall neglect all the stator losses. The
equivalent circuit per phase of Figure 4.10a becomes that of
Figure 4.12.

T N’z T,

.
L4

Vl Ll II'I’Z R,Z/g

Figure 4.12. Equivalent figure without stator losses

The value of Py can be deduced from this diagram:

Ry, .2
P2:3—212

g

3p Ry 2.
We therefore have T' = ﬁPz = —p—212 , with:
® o g

2 72
[2 =

BE=
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thus:

Ry

r=2___g g [4.19]
T
[] (vof
g

Expression [4.19] makes it possible to study the variation
of the torque of the induction machine in terms of the slip
(Figure 4.13). This characteristic curve, drawn for a slip
varying from —eo to +eo, leads to the following remarks:

)
o R 2 3
— if g is near zero, [—2] >> N, o* leads to T z—pi,l/lz.

g @ Ry
We can deduce that curve I'(g) is almost linear when nearing
the origin,;

N
. . . Y2
- if g is important, N, @®>> {&J leads to
g
B

12
@ gN2 0)2

tend toward zero if g tends toward infinity;

r

7. The torque will therefore hyperbolically

2
3p N
— curve I(g) has two extreme values +I, =L L
w 2N,w

obtained for:

g=g —+—RV —xfo

" N'2w - Nw
It is therefore clear that obtaining an important value of
I'm will be linked to a small value of N2 corresponding to
small stator-rotor leakage. This explains that induction

machines have as small an air-gap as possible.
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Figure 4.13. Torque-slip characteristic

Curve I'(g) is symmetrical in relation to the origin. It is
therefore clear that if g is negative (Q> Q), the
electromagnetic torque is negative too, which characterizes a
negative mechanical power. This shows the reversibility of
the induction machine, which can operate as a generator or
as a motor.

4.6. Study of the stability

Let us assume that the machine, working as a motor,
drives a charge characterized by a resistant torque I'c (Figure
4.14). We observe that characteristics I'(g) and I'c(g) have two
intersections for working points corresponding to slips called
gc and gc. In order to show that only slip point g.
corresponds to an effective working point, we shall study the
induction machine stability.
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A Torque
rm
=== |[INSTABLE
= STABLE
‘ '
_1 _gml
I
-.-...,_.__“ |
-,
-..,..“‘.~ I
~. |
~ I
s
~1/ T
m

Figure 4.14. Stable parts of the torque-slip characteristic

Let us assume that the machine is in steady state with
slip gc and that a perturbation Ag occurs. If Ag is small
enough, the characteristics I'(g) and I'c(g) can be assimilated
with their tangential lines in gc:

daQ
J; = F(gc)_rc(gc)= 0

r@):r@){%} re

8¢

and:
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Furthermore:
) )
Q=(1-g)—=(-g-2¢)—
p p
hence:
dQ _ dag)e
dt dt p

The mechanical equation therefore becomes:

8c

p dt dg dg

Remember that in this equation, J represents the moment
of inertia of all the rotating parts (rotor of the induction
machine and load).

In order for the calculation to be stable, the machine must
tend to get back to its initial working point, that is to say

that g tends toward gc and therefore that M and Ag have

dt
opposite signs. It is then necessary to have:

(ﬂ _ "Fc] 50 [4.20]
dg dg 2

Generally the resistant torque increases with speed,
consequently it decreases with slip. The condition for
stability [4.20] can therefore be written:

T . [4.21]

dg
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We can deduce that the stable part of characteristic I'(g)
is the part located between g=-g, and g=+g,, in the
small slip area. In Figure 4.14, the stable operating point

corresponds to g = gc. The point corresponding to g'c is
therefore unstable.

4.7. Circle diagram (or “Blondel” diagram)

4.7.1. Introduction

From its origins, electrical engineering has used graphic
methods for the predetermination of the behavior of the
machines, particularly that of AC machines. Indeed the
latter are governed by equations that are difficult to treat in
an analytical way.

Since digital calculation has been developed, diagrams
have lost the part of “calculation instruments” that they had
played for decades, to become mere support for qualitative
reasoning, and for digital calculations that avoid the
structural imprecision of the graphic methods.

This is true both for induction machines and for
synchronous machines. That is why, in this book, we shall
mainly use the simplified version of the circle diagram,
called a “Blondel diagram”. This diagram represents, in the
complex plane, the locus of the vector of affix 7, when slip g

varies from - o to + o, with constant Vi and . If matrix
equation [4.13] is considered again and if current 7, is

eliminated, we have:

M2w2

R, . l
—+ jLza)
g

171 = Rl + lea)'l' [4.22]

www, Enagi neer i ngEbooksPdf . conr



Induction Machines 193

The stator phase impedance Z,is then deduced:

_ . M2w2
Zl = R] + ]Lla) +
=24 Jlw

g
This impedance has two noticeable values:
—-withg=0, 7, =7, =R + jLw;

— when g tends toward infinity,Z tends toward

= M3w?
Z]oo = R] + leCU+

JLhow

, that is to say:

Z1o = R + joLio
o is the stator-rotor dispersion coefficient defined by

o=1-—

Ll

Equation [4.22] gives the stator current:

. 2
11 = M2w2 [4.23]

R+ jLow+
N
g
It can be deduced (either geometrically, through
inversion, or analytically from the properties of the Mobius
transformation in the complex plane) that when g varies
from —oo to +oo, the locus of affix point I is a circle, called a

“circle diagram” in the literature.

4.7.2. g and in 1/g graduation of the circle

We can also be deduced from equation [4.23] that a
bijective transformation exists between the circle and any
straight line A linearly graduated in slip (Figure 4.15). For
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that purpose a transformation (inversion) pole A has to be
chosen at the second intersection of the circle with the
parallel to A going through point O... The graduation origin is
the intersection of A with straight line AQo.

In order to obtain the graduation scale of A, we need only
know the value of the slip corresponding to a point on the
circle; point M1 with slip g = 1 is often used because it is easy
to obtain experimentally (locked rotor).

As I(g) is also a Mébius function of 1/g, it is possible to

scale the circle in 1/g in the same way, providing that the
roles of Oo and O.. are exchanged (graduation of A’ in Figure
4.16). The joint use of the two graduations makes
determination of the value of the slip corresponding to any
point of the circle possible.

R(1n g

Figure 4.15. Slip graduation of the circle diagram
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Ry 4

Figure 4.16. 1/g graduation of the circle diagram

4.7.3. Simplified circle diagram

4.7.3.1. General introduction

This diagram is called “simplified” because it is based on
the hypothesis that the stator Joule losses are negligible. It
is therefore assumed that R: = 0 all along this section. The
stator current is therefore written:

- 2
I === —— [4.24]
VA M~ w
! lea)+
72+jL26£)
g
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If the machine is assumed to be supplied by constant
stator voltage 7, , this voltage can be taken as the origin of
the phases. The affixes of points Oo and O.. respectively
corresponding to g = 0 and to g infinite are:

4 4 7 4 . N

fo=tiog e =y
lea) LICU j O'Lla) O'Lla)

They are two imaginary negative numbers. The circle is
then centered on the imaginary axis at point Q, for which the

. 1+o
affix is - j1;

20w '

4.7.3.2. Drawing of the circle
Experimentally, the circle is determined from two tests:

— a “no-load” test when the motor, supplied with its
nominal voltage, drives no load: the slip is very small and
the measured current will be assumed to be I;,, and

assumed to be Z lagging. Point O, on the imaginary axis is
2

then determined. For convenience reasons, the real axis is
usually drawn vertically (Figure 4.17);

— a test at standstill, with a stator voltage Vic reduced so
that the corresponding current modulus 7,. does not exceed
the nominal current. The machine impedance is assumed to
be independent from the voltage, the stator current

. . . = . 4
corresponding to voltage Vi is calculated using I;; =, V—l
le

Point M; corresponding to g = 1 can therefore be set down
(Figure 4.17).

Center Q of the circle is then found at the intersection of
the median O,M: with the imaginary axis.
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y
I R(1)
Gm ¢
Power lines
Mm
M1
G ¢ M .
n t——— \
|
\
¢/ oy \
P v N o
- \
3y Of O\ m e 0=
M

Figure 4.17. Simplified circle diagram

4.7.3.3. Interpretation of the diagram

197

Once the circle is drawn, it can be graduated in slip, as
established above. We shall now show that it is possible to
deduce from this diagram the main characteristics of the
induction machine.

4.7.3.3.1. Absorbed powers

If we consider a point M on the circle, for which slip is g,
vector OM represents the current I;, absorbed at the
network, and for which the phase, with regard to the voltage,
is @ (Figure 4.17). If n and m are respectively the projections
of M on the real and imaginary axes, we obtain:

P =3V}, cos@ = 3V; On = 3V; mM
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O = 3V1; sin @ = 3V, Om = 3V; nM

Segment mM therefore measures, providing the scale of the
diagram is multiplied by 3V, the active power absorbed at
the network. This power is positive when point M is on the
“upper” semi-circle (g > 0); it is negative for the “lower” semi-
circle (g < 0).

In the same way, segment Mn represents the reactive
power absorbed at the network, which is always positive.
4.7.3.3.2. Electromagnetic torque

As all stator losses are neglected, the absorbed power is
fully transmitted to the rotor. Therefore we have:

w
R =P =T
p

It is deduced:

V -
P
@

r=3

Thus, thanks to another scale change, mM also measures
the electromagnetic torque. The latter is therefore positive
for the upper semi-circle and, when g varies from zero to +oo,
the torque goes through its maximum I, for point Mm
corresponding to slip g, (Figure 4.14). By calling o the angle
(0,0..M), we get mM =0,0,, sinacosa.

Point M relative to torque I'm corresponds to « = % It is
deduced that:
L =2sincosx =sin2a = L@tz
L 1+ (tg)
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Furthermore, if the intersection of straight line 0.M with
the real axis is called G, segment OG is proportional to the
slip (the real axis can be graduated in g with O.. as the pole).
Given Gn the intersection of O.Mn with the real axis. We
therefore get:

oG g O00.;gox

= — _— =

OGu  &m 009"
4

hence:
r 2i 2
- Em__ _ [4.25]
Fm 1 + ( g )2 i + gi’"
Em m g

Expression [4.25] is very convenient because, if I'm and gn
are known, it is very easy to -calculate the torque
corresponding to a given slip and vice versa.

4.7.3.3.3. Mechanical power

Absorbed power Pi, considering the above made
hypotheses, is completely transmitted to the rotor. It is then
divided, on the one hand, in rotor Joule losses pj2 and, on the
other hand, in mechanical power Pum. It is therefore
interesting to separate those two values on the diagram. If
the straight line bearing mM is graduated in 1/g, the pole is
O, and the origin is m. If P is the intersection of this straight
line with O,Mi, this point corresponds to value 1 of the
graduation. We therefore have:

1
= =g

I

1
g
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Going back to the power graduation, we have:
mP=gmM =gP,=pp
and, as a consequence:
PM =Py =pj =Py

Segment PM therefore represents the mechanical power
produced by the induction machine, and segment nP, the
rotor Joule losses. Straight line O,M: that separates the
mechanical power from the Joule losses is sometimes called
“mechanical powers line”.

4.7.3.3.4. Reversibility

The simplified circle diagram shows the reversibility of
the induction machine: the half of the circle located below
the imaginary axis corresponds to negative values of the slip
and also negative values of the absorbed power Pi. It is
therefore an asynchronous generator operating with a
rotation speed Q greater than Qs.

We shall come back to this working mode in more detail
(section 4.9.2) but it is clear that, even when P: becomes
negative (point M’), Q1 remains positive, and the reactive
power will therefore have to be supplied to the induction so
that it is able to operate as a generator.

4.8. Induction machine characteristics

In order to illustrate the various curves of the following
paragraphs, we shall consider a machine defined by:

- P,=1MW;
— U, = 5,000 V phase-to-phase voltage;
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—-2p=8;
—f=50 Hz;

— g, = 1.2%;

— 0 =6.4%;
—R;=0.0437 Q;
—Re =0.0437 Q;
-L; =0.263 H;
— Ly =0.0435 H.

M shall be placed on each curve point, corresponding to
the nominal load of the machine. The characteristics of
Figures 4.18 to 4.24 have been drawn numerically directly
using the corresponding analytical equations.

A
RL) (A)

Figure 4.18. Circle diagram. It can be noticed that for this machine,
points M1 and O.. are near the imaginary axis, and that the starting torque
is clearly smaller than the nominal torque
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A T (kNm)

—— Stable
------- Instable

|
|
|
|
M, (] |
10 4 i
| ¢ (%)
L ] : L L l‘ ] : : ] L :
Zm 20 40
-10
1 30

Figure 4.19. Torque-slip characteristic. It can be noticed that slip gm,
which corresponds to the maximum torque value,
is equal to 5% with gn=1.2%

L (A)

600 +

g (%)

-20 -10 0 10 20

Figure 4.20. Stator-slip current characteristic
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Cos @

I+ M,

20 -10 g (%)

A

Figure 4.21. Power-slip factor characteristic. Note that in this particular
case the maximum power factor corresponds to the nominal power factor

A pmw)

+ 2

Figure 4.22. Powers-slip characteristics (P1: absorbed, Ps: converted,
Pu: mechanical). Note that the 3 curves almost join one another
on the useful part of these characteristics (g€ [0, gnl)
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200T
P2
100
Pij1
Mn
g (%)
-20 -10 0 10 20 g
Figure 4.23. Joule losses—slip characteristics
(pj1: at the stator, pj2: at the rotor)
g(%)

>

10

Figure 4.24. Synchronous impedance-slip characteristic
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4.9. Implementation of induction machines

The use of induction machines has changed considerably
over recent years. They are mainly used as motors but the
number of induction generators is now increasing in the area
of renewable energy particularly in wind power stations.

4.9.1. Motor mode

The induction motor is widely used in every industrial
domain and for various applications, going from fixed-speed
pumping (power supply by a constant frequency network) to
rail traction and ship propulsion (power supply by static
converters). We shall survey the various implementations
starting with the most traditional one.

4.9.1.1. Constant voltage and frequency power supply

In this case, the induction motor is directly supplied by
the network at an industrial frequency and drives a
mechanical load the rotation speed of which is nearly
constant, g being small. In such implementations, the only
problem to be solved is the starting of the motor. For this
analysis, the circle diagram is a good analysis support.

Referring to Figure 4.18, we can notice that when the
motor is stopped (g = 1), torque I'(g = 1) is smaller than
nominal torque Is, and absorbed current Ii(g = 1) is
obviously greater than the stator nominal current. This
example shows that it is usually impossible to start a loaded
induction motor supplied with its nominal voltage.

In order to resolve this problem, solutions vary depending
on whether we are dealing with a squirrel induction motor or
with a wound-rotor induction motor.
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4.9.1.1.1. Squirrel induction motors

Squirrel induction motors are very robust machines, likely
to support a current largely greater than their nominal
current during the few seconds necessary to their starting. It
is possible to reduce this current in supplying the stator with
reduced voltage (star-delta connection, use of a self-
transformer or of an electronic AC power controller).

The star-delta start consists of star coupling (at the time
of start) a motor designed for delta working. The phase
voltage is thus reduced, and therefore the starting current

with a ratio of /3.

Note that, since the electromagnetic torque is proportional
to the square of the voltage, if the voltage is reduced (and
therefore the current) in a k ratio, the torque is ipso facto
reduced in a k2 ratio. This process is therefore only to be
used for no-load starting motors.

In order to improve the motor characteristics at starting,
deep slots are used (Figure 4.25). Initially, the rotor
frequency is equal to the supply frequency, and the skin-
effect phenomenon leads to an induced current repartition
concentrated at the surface of the rotor bars. This gives an
increase of the apparent resistance of the bars, that is to say
an increase in resistance Rz, and therefore a decrease in the
starting current. On the circle diagram g, moves and
provides an increase of the starting torque. With the
increase of speed, the rotor frequency decreases, the skin
depth increases and leads to the reduction of the rotor
resistance.

Various slot shapes can be used. It is clear that, for
instance, in adopting trapezoid slots (Figures 4.25b), the
variation effect of the resistance increases. At 50 Hz and for
aluminum bars, it can be shown that this effect is noticeable
only for bar heights over 2 cm.
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Double-cage rotors are also used (Figure 4.26) in order to
improve the starting performances of the machine. The first
cage, or starting cage, is set near the air-gap. Its resistance
is great due to the choice of the section and of the materials
the bars are made from. Furthermore, its setting near the
air-gap gives it a small leakage reactance. On the contrary,
the second cage, or inside cage, is characterized by a smaller
resistance and a greater leakage reactance.

Initially, both cage resistances are smaller than their
reactances, and the induced currents are almost restricted to
the outer cage, characterized by the smaller inductance. The
starting torque is therefore great, and the current, reduced.
In nominal working, the rotor frequency is small and the
bars reactances become smaller than their resistances. The
induced currents are then concentrated in the small
resistance inner cage. The corresponding slip is then small,
which leads to a good efficiency.

(a) (b)

Figure 4.25. Deep slots: a) rectangular; b) trapezoid

—
7

% <«—Starting cage

(close to the air-gap)

Z& Inside cage

Figure 4.26. Slot bearing a double cage
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4.9.1.1.2. Wound-rotor induction motors

When induction motors have wound rotors, it is possible
to connect their rotor phases, star coupled, to external
resistances through slip-rings and brushes (Figure 4.2).
Those resistances called “starting rheostats” enable us to
modify the apparent value of resistance Ry (Figure 4.27) This
starting method is almost not used any more. However we
are introducing it because of its historical and pedagogical
interest.

Stator Rotor Starting

Figure 4.27. Rotor starting rheostat

The starting values of the motor (torque and absorbed
current) can be modified in this way. Indeed, if the induction
machine equations are considered, it is clear that (equation
[4.23]) absorbed current I: depends on the slip through term
R . . . .
—2 | that is to say that (Vi and f being fixed) a working point

4
is related to a Ry ratio. Furthermore, maximum torque

g
3p 7,2 .
I, =——— does not depend on R:, but the corresponding
@ 2N260
slip g, = N is proportional to Re.
Nza)

The circle diagram is a good reasoning support to show
the influence of the starting rheostat (Figure 4.28). Let us
assume that the machine under consideration can endure a
starting current kI, and has to drive a load for which the
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resistant torque is equal to nominal torque I'n. On the circle
the corresponding points are respectively My and M,. Point
M; of slip g = 1 (without a rheostat) is also noted.

A 9{(' 1)

My

Acceleration

A

/ Commutation

3(1)
Figure 4.28. Circle diagram
Calling g« the slip corresponding to Mx in normal working,

it is possible to set down the starting point in Mk provided
that a rheostat of resistance Rais used:

g _ 1
R, Ry + Ry
hence:
1_
Ry =R, —°5k [4.26]
gk

If the corresponding starting torque I'y is greater than I'),,
the motor starts, accelerates, and its working point follows arc
MxM.. Its speed stabilizes for a slip g, corresponding to

point M (torque I'n). It can be written:

& _&
R2 + Rd R2
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The previous calculation can be taken again in order to
place the point with slip g’» in Mk and to calculate the new

rheostat resistance Ra:

gn — 8k
gk

R;l =R2

In commutating the rheostat from Ra to R’a, the move from
M. to Mk is instantaneous and the motor accelerates again to
go back to Mn, and so on and so forth. In plane I'(g), the

characteristics of Figure 4.29 are obtained.

A
)
(R2+R"q) (R+Rg)
R2
N S <
m LN — e
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Figure 4.29. Torque variation at starting

4.9.1.2. Variable voltage and fixed frequency supply

We shall see in the following (section 4.9.1.3) that the
most effective way to vary the speed of an induction motor
consists of varying the frequency of the supply. However, for
small power and low cost applications, another solution
consists of varying the rms value of the supply voltage only.

In order to grasp the principle of this approach, it is
suitable to refer to the torque-slip characteristic of the
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machine (equation [4.19] and Figure 4.13). If it is assumed
that, for example, the motor drives a load of torque I'c(g), the
working point will be at the stable intersection of those two
characteristics (Figure 4.14). If these characteristics are
drawn for various values of Vi, a family of curves I'(g)
deduced by homothetic transformation and with their
maxima for the same value gm of g is obtained (Figure 4.30).
Their intersections with torque I'c line therefore correspond
to slips g, g’, g”, etc. which are larger when voltage Vi is
small. It is therefore possible in this way to vary, in a
relatively small range, the induction motor speed. In order
for this range to be as wide as possible, it is advisable to use
motors with their maximum torque I'm for important values
of the slip. Their rotor resistance R: therefore has to be
significant. For this kind of application, machines with
highly resistive cages are therefore used.

This variable voltage power supply is usually made using
a 3-phase electronic AC power controller (Figure 4.31).

Torque
A

Figure 4.30. Torque-slip characteristic for various stator voltages
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Induction motor
Three-phase AC power

Figure 4.31. 3-phase electronic AC power controller supply

It will be noted that, as this speed variation is based on a
slip increase, it leads to a considerable decrease of efficiency
n since N < (1 — g). Moreover, electronic AC power controller
supply generates non-sinusoidal currents, and harmonics
contribute still further to reduce efficiency. That is why this
way is only used for small power cage induction motors,
destined to low-cost applications: pumps, fans, etc.

4.9.1.3. Variable frequency and voltage supply

This is the most modern and the most high-performance
method of induction machine implementation. It was made
possible by the emergence of voltage source inverters (Figure
4.32) at the end of the 1960s, then by their continued
increase in power and performance. The principle of this
implementation mode of induction motors follows from the
expression:

a=(-g)%
p

which shows that, if the slip is small, the speed is almost
proportional to the stator angular frequency, and therefore
to the frequency.

In supplying the stator with variable frequency voltages,
it is therefore possible to control the machine speed. It is
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however advisable to make these voltage amplitudes vary
according to frequency.

Stator Rotor

o - ol | A e fom

® ——— U0 FOnOl

Rectifier Inverter Induction motor

Three-phase
network

Figure 4.32. Variable frequency drive

We shall, in the following, first deal with the problem
using a simplified approach overlooking the stator
resistance.

4.9.1.3.1. Constant Vi/f supply

If R:is neglected, impedance Z, is written:

_ 2,2 . 2
Z = jLho+ —————=(jL

| t———
Rz/g+jL2C() Rz/a)r+jL2

with o, = go.

The expression of the absorbed stator current can
therefore be deduced:

I =-L [4.27]

www, Enagi neer i ngEbooksPdf . conr



214 Rotating Electrical Machines

This expression shows that if a constant ratio V/o is
imposed when frequency varies, the current absorbed at the
stator depends only on rotor angular frequency o:.

4.9.1.3.2. Circular diagram

Expression [4.27] defines, for a stator current, a Mobius
function of variable w: in the complex plane. The extremity
N of the vector with the affix I, therefore describes a circle
when o, varies from —e to +co. This circle is centered on the
imaginary axis in the middle Q of segment NoN.., points
respectively corresponding to the rotor angular frequencies
or= 0 and w: — « (Figure 4.33).

This circle can, in the same way as the standard circle
diagram, represent the powers exchanged with the source
and the electromagnetic torque I'. The result in particular is
that segment nN represents both the absorbed active power
and the torque. It is therefore deduced that characteristic
(o) is unique. We have:

_ ﬂjz Ry o, [4.28]
r 3p(w (R'z/wr)2+(N£)2

The torque goes through a maximum (Figure 4.34) given
by:

for:
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Figure 4.33. Circular diagram of the stator current:
V/f constant and a variable

| P

——— - —————— =

@y
>
(’OI'C (DI'ITI

Figure 4.34. Torque variation in terms of the rotor angular frequency.
Supply at constant V/f

Characteristic I'(w,) being unique, load torque I'c fixes a
value wr, and therefore one and only current I:, regardless of
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the frequency. This approach led to the development of
rustic, sturdy variable speed drives that are satisfying when
considerable dynamic performances are not sought.

However it is advisable to underline the limits of this
study:

— first, it calls for a “permanent state” type model of the
induction machine, which restricts its wvalidity to slow
frequency variations;

— then, the simplifying hypothesis, consisting of
neglecting the stator resistances, is valid only for quite high
frequencies. For low frequencies (particularly at starting), it
is advisable to modify slightly the variation law of V; in
terms of the frequency, in order to compensate the voltage
drops due to the stator impedances. It is then called
“constant flux” supply.

4.9.1.3.3. Introduction to vector control

The previous study (constant V/f or constant flux supply)
is a matter for an “open loop” approach to speed variation, an
approach from which it would be unrealistic to expect great
accuracy and considerable dynamics. If this kind of
performance is sought, it is necessary to rely on another
theoretical approach, based on the exploitation of the
induction machine transient equations (Park equations).
Very high-performance speed and current regulations can
then be developed, using pulse width modulation inverters
(PWM) and digital control.

The principle of this implementation is represented by
Figure 4.35 where Ref Q and Ref I respectively represent the
desired speed and the maximum admissible current. These
systems, called “vector control drives”, have been the subject
of an abundant scientific literature over the past years. Their
study goes beyond the scope of this book.
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Induction motor
Stator Rotor

| 1 Inverter with ]
Rectifier T ML —— 00 Load
A Current Speed
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Three-phase
network
Ref  Q — pigital
Ref controller <

Figure 4.35. Structural diagram of a vector-controlled induction machine

4.9.2. Generator mode

Induction machines are mainly used as motors but, as
with all rotating machines, they are reversible. Their use as
generators has shown an increase in interest for a few years,
particularly for the use of renewable energies such as wind
energies.

4.9.2.1. Induction generator connected to a network

When an induction machine is connected to an electrical
power network, the circle diagram is, as we have already
seen, a good tool for a qualitative analysis.

Considering the diagram in Figure 4.36, it is clear that
when the machine works with a negative slip (that is to say
at a speed Q > Q) corresponding for instance to point M’, the
active power represented by mM' is negative. Angle ¢ is
greater than m/2 and the electromagnetic torque (also
represented by mM') is negative. All this characterizes a
generator mode for which the machine absorbs the mechanical
power (represented by PM') and supplies the network with
electrical power (represented by mM").
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Figure 4.36. Simplified circle diagram. Induction generator mode

This diagram also makes a fundamental aspect of the
induction machine appear: the reactive power represented by
Om =nM" had to be supplied to the machine for generator
mode and for motor mode.

This operating mode is used to recover energy for cyclic
working devices, for example service elevators: the induction
machine operates as a motor on the way up and as a
generator on the way down. On a way up-way down cycle,
the overall energy consumption thus only represents losses.

Induction generators are also used in “micro-power
plants” when the presence of a watercourse or of other
primary energies (particularly wind energies) enables us to
drive machines and supply the network.
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4.9.2.2. Self-excited induction generator

The induction machine, unlike the synchronous machine,
has no field winding; therefore it can produce energy only if
an external source provides it with the reactive power
needed for its magnetization. In isolated mode, this source is
made of a capacitor bank C connected to the terminals of the
stator windings (Figure 4.37).

Stator
Rotor

K

" «—

-4

_,j«_l %ﬁ
Im

C ) Vi

Ll |

Figure 4.37. Self-excited induction generator

When the load is zero (switch K open), the equivalent
diagram per phase is given in Figure 4.38.

— T N’z
I I] Rl
1z
< +“—\ N\,
K/
1V == u Sl
VTIC

Figure 4.38. Per phase equivalent circuit of a
self-excited induction generator
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In driving the rotor at speed Q, the self-voltage build-up
is possible if capacitor C provides a reactive energy Qc
equal to the sum of Qu: and Q~2 absorbed by inductances Li
and N’.. If the voltage drop in stator resistance R: is
neglected, Qc and Q1 can be written in terms of Vi:

1 ) 1y
Oc = —CaoV, O =———
=7 1 L1 2 Lo

Qe is usually small, hence the necessary condition of no-
load self-voltage build-up:

Qc> Qu1

which leads to LiCw? > 1. The minimum values of C in terms
of L can thus be determined. Angular frequency o is almost
equal to pQ.

In order to explain the self-voltage build-up phenomenon,
it is necessary to take into account the saturation as well as
the remanence field in the magnetic circuit. Those
phenomena are complex, and we shall restrict to qualitative
explanations in the following analysis.

Figure 4.39 shows that when the machine is driven by an
external device, the remanence field of the rotor generates
an emf Vr at the terminals of each stator phase, leading to
the creation of a reactive current Ino. This magnetizing
current increases the flux in the machine, which increases
the voltage of phase V1. In a no-load state, the modulus of V;
is related to the magnetizing current I, through the specific
internal magnetic characteristic of the machine Vi(I)) (Figure
4.39, curve a), and also through external
characteristic v, = é—m (curve bi). The operating point is

®
therefore obtained by the intersection of these two
characteristics.
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Figure 4.39, representing the evolution of current In
during the self-voltage build-up, shows that the value of C
can be chosen so that the working point corresponds to
nominal voltage Vix (curve bi). It also shows that when the
value of C is important (leading to a low slope of the external
characteristic), the working point corresponds to a great
voltage V12 that can be dangerous for the machine (curve b2).
It is furthermore deduced that if the value of C is too small,
there cannot be any self-voltage build-up (curve bs).

>

I

Figure 4.39. Voltage build-up in a self-excited induction generator

Let us consider the case when the generator supplies an
inductive load Z (Figure 4.38, switch K closed). When the
load increases, the capacitor value has to increase in order to
maintain the desired frequency and voltage because, on the
one hand, the reactive energy needed by the machine
increases, and, on the other hand, C also has to provide the
reactive energy for Z.
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The value of the capacitor needed for the working can be
obtained by writing the two equations relative to energy
conservation:

— the reactive energy generated by the capacitor bank is
equal to this absorbed by inductances L;, N’5 and the
imaginary part of Z;

— active energy ﬁlﬁ is consumed in resistances R; and
the real part of Z.
We shall not develop this calculation in this book.

Figure 4.40 shows, at a given frequency, the evolution of
the phase voltage in terms of the active power P provided by
the generator for various values of capacitor C, with C:< Cz<

Cs.

AV
V13 -\‘%
Vip 9 |
|
(Cy)
Vi |
|
©
|
|
|
4 >
Px P

Figure 4.40. Voltage-power characteristics for
various capacitors (C;1< C2< C3)
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In order to maintain a fixed frequency when the load
increases, that is to say when the slip increases, the
generator speed Q has to be increased slightly:

Q=(-g— g<0
p

Note that when P increases, the voltage given by the
machine decreases faster for smaller values of C. For a small
capacitor value, for example C = Ci, note that power P goes
through a maximum and then diminishes. In this case, if the
call for power is maintained it can bring about the
demagnetization of the generator and lead to its working
stop.

Figure 4.40 also shows that, in order to regulate the
voltage at the load terminals, when P increases, the reactive
power issued by capacitor bank C has to increase.

4.9.2.3. Doubly-fed induction machine

So far we have considered that the rotor currents were
induced in the short-circuited coils. It is obvious that for cage
motors, there is no alternative, but for the wound rotor
machines, it is possible to inject a 3-phase AC current system
of fundamental frequency f: into the rotor. These rotor
currents are produced by an inverter working in pulse width
modulation while the machine stator is connected to the
network of angular frequency w. It is then called a “doubly-
fed induction machine” or a “DFIM” (Figure 4.41).

This system working principle and its uses can be deduced
from expression [2.12], which is revised here:

W= 0, +pL with ® =
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If o is considered to be constant, we can note that in fixing
p

for quite economical rotation speed variators because the
static converters only have to supply the rotor power.

angular frequency o, speed Q = @ is set. This is used

Constant
frequency network f

freq uincy fr=gf

1
-

DEIM Power converter

Figure 4.41. Doubly-fed induction machine principle

The main application of this drive is energy production
made from wind energy. Indeed, in this case, rotation speed
Q is linked to the speed of the wind, and therefore is highly
variable. If AC generators are used, the frequency of the
obtained voltages is therefore also variable, which does not
allow us to connect them directly to the network.

On the contrary, for the DFIM, the rotor windings only
have to be supplied with an angular frequency w, = v - pQ in
order to obtain the desired stator frequency regardless of the
rotor rotation speed. It is therefore possible to connect the
DFIM directly on the network.
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Figure 4.42. Doubly-fed induction machine wind turbine (parc de Bouin,
Vendée, France). 2.5 MW, 660 V machines. The three-bladed turbine has a
diameter of 80 m, and its speed is between 11 and 19 rpm. The generator
rotation speed is near 1,500 rpm. The induction machine is connected to

the blades by a mechanical device multiplying the speed

4.9.3. Single-phase induction motor

When a 3-phase source is not available, single-phase
induction motors are often called upon to drive small-power
devices (pumps, fans, compressors, etc.).

4.9.3.1. Structure

A single-phase induction motor is a cage induction motor,
for which the stator has the same structure as the stator of a
3-phase motor, but where only 2/3 of the slots are used to
make a single-phase winding. The additional 1/3 enables the
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winding of a so-called “auxiliary” phase, used for starting, as
we shall see in the following.

In an initial analysis, a single-phase induction machine
can be considered as a 3-phase machine supplied by a single-
phase current at the stator with voltage U (Figure 4.43).

K A
| B
Network B
of c
c
Stator Rotor

Figure 4.43. Single-phase power supply of the induction machine

4.9.3.2. Equations

According to the previous section, it can be considered, for
example, that the current in phase A is equal to zero and
that Iz =-I- =1. Furthermore it is also possible to write

U=VB—I70.

We are in the presence of a problem with an induction
machine in an unbalanced operating mode, and Fortescue’s
symmetrical components method is very convenient for
analyzing it (see section 1.2.4).

4.9.3.3. Stator current calculation

The stator supply voltage U is assumed to be known, and
the machine impedances in direct, inverse and zero-sequence
modes are called Zq4, Zi and Z,. We therefore have the six

expressions, on the one hand:
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I,=0
]_:_B :—I_C
U=V -V¢

in the phase value scale, and on the other hand:

Va =Ty
=71,
o= 2T,

in Fortescue’s component space.

It is advisable to incorporate the previous equations when

using the passage expressions:

Vel 11 1, Iyl 11
Vgl=[1 a® a |V, and |Iz|=|1 &°
I7C 1 a a? 17, I_C 1 a

We therefore obtain:

=(a* -a)Vy -V;)
0

<SSl
[

|NIN
[SUNY

[4.29]

After calculation, the three currents and the three voltage

expressions in Fortescue’s space are deduced:

[_0 =0

- - U

1d=_1i= 5 — —
(@® -a)Zy - Z;)
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Vo =0

Vy=Zy—— [4.31]
(a° -a)Zy -Z;)

- 7

Vi=2; — —
(@* -a\Zy - Z;)

If the inverse transformation is used to calculate the
phase values, we finally obtain:

[4.32]

This expression enables us to calculate the absorbed
stator current, providing Z, and Z; are known.

4.9.3.4. Positive and negative sequence impedances of the
induction machine

Z; and Z; are, by definition, the impedances presented by

the induction machine to respectively positive and negative
sequence current systems. The words “positive sequence”
and “negative sequence” can be interpreted in relation to the
rotor rotation direction.

It is therefore possible, by respectively naming ga and gi
the rotor slips corresponding to the positive sequence and
negative sequence rotating fields, to write:

84 =8 and gi=2-¢g
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If the phase impedance expression is considered again, we
obtain:

MZO)Z

Zy=Z(g)= (R + jLio) + [4.33]

Rz/g+jL20)

L 20>
Z;=Z(2-g)=(R + jLiw)+ [4.34]
2-2) =R +jLo) Ry 12— g)+ Ly

If these expressions are transferred into expression [4.32],
the variation of stator current I in terms of slip g can be
deduced.

4.9.3.5. Single-phase induction machine torque

The single-phase induction machine torque is the
resultant of torque I'; due to the positive sequence currents
component and to torque I; linked to the negative sequence

component. I; is a braking torque:
=Ty -T; =T(g)-T2-g)

In referring to expression [4.19] and to Figure 4.12, we
get:

Ry
Q=%.'2g v,? [4.35]
U (s
g
R,
n=2t__C-® 2 [4.36]
B
+{Nrw
[(%g)] ?
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If expressions [4.35] and [4.36] in connection with [4.31],
[4.33] and [4.34] are considered, it is clear that torque I" has
a symmetrical formulation in terms of g and (2 — g). The
characteristic of Figure 4.44 shows the variation in terms of
the slip of positive sequence and negative sequence torques.
The resultant torque can then be deduced. This
characteristic I'(g) emphasizes:

— the symmetry in terms of the point corresponding to
g = 1. The motor therefore has no favorite rotation direction;

— the cancellation of the torque for two values of the slip,
one slightly below 0, and the other, worth 2;

— a value of the torque developed by the single-phase
motor, for a given slip, smaller than this of the 3-phase
motor;

— cancellation of the resultant torque for g = 1. The single-
phase asynchronous motor therefore does not start by itself.
Specific methods are needed for it to start.

A Torque

positive sequence
AN _ - negative sequence

Figure 4.44. Single-phase induction machine torque
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4.9.3.6. Capacitive single-phase motor

The stator winding of the single-phase induction machine
usually takes only 2/3 of the slots. It is therefore possible to
use the remaining slots to make an auxiliary coil P, shifted

of m/2 electrical in terms of the main winding called Pe.

In supplying the main winding with a single AC current
Ip, the motor cannot start because the corresponding field is
pulsating. We then seek to generate a rotating field in the
motor in supplying simultaneously Pa and Pp, so that current
I;a in the auxiliary winding is shifted from Ip,.

This phase-shift can be obtained by adding an impedance
in series with the auxiliary winding. This impedance can be,
in some cases, a resistance or an inductance, but a capacitor
is usually used.

The aim is to obtain (or to approach) the equivalent of a
balanced 2-phase motor that produces a circular rotating
field. Coils Pp and Pa being shifted in space of n/2 electrical,
it would be necessary that for all the rotation speeds,
magnetomotive forces Npplpp and Npalpa (Npp and Npa
respectively being the number of turns of phases Pr and Pa)
are equal and shifted in time of /2 electrical. This constraint
is very hard to achieve in practical terms.

Let us consider the diagram of the capacitive motor given
by Figure 4.45a. Voltage V1 is applied to main phase Pr and
to auxiliary phase Pa in series with capacitor Cp.

When speed varies the impedances of coils Pr and Pa also
vary, leading to the variations of the magnitudes and the
phases of currents I;. and I,. Thus, for example, if a value of
C provides a circular rotating field at the start of the motor
is chosen, the mmf Nyplpp and Npalpa will no longer be equal
and shifted by /2 electrical for a speed that is different from
zero. For this speed, the corresponding field would therefore
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not be circular. It is called elliptic, because the locus of the
vector representing at every instant the maximum field is an
ellipse.

The elliptic field can be broken into two circular fields
rotating in opposite directions. The field rotating in the
positive sequence direction (rotation direction) produces the
useful torque while the negative sequence field generates a
harmful braking torque.

Single-phase induction motors are used to drive devices
for which power usually does not go over a few KkW.
Permanent capacitor motors Cp (Figure 4.45a), start
capacitor motors Cd (Figure 4.45b) or start capacitor and
permanent capacitor motors (Figure 4.45¢c) are encountered.

The standard permanent capacitor motor is reserved for
small-power uses enabling a starting torque smaller than the
nominal torque. The auxiliary phase is permanently in series
with capacitor Cp.

In order to increase the starting torque, a capacitor of
larger capacity is used for an “intermittent duty”. When
speed reaches about 2/3 of the nominal speed, a centrifugal
contactor K (or electric relay) connected in series with the
auxiliary phase opens and cuts the starting circuit. The
nominal working is then solely single-phase (only one coils is
power-supplied) and characterized, as we have seen
previously, by the presence of an inverse braking torque and
a poor power factor.

At the same time, in order to improve the starting torque,
the power factor and the efficiency, start capacitor and
permanent capacitor motors (Figure 4.45¢) are adopted. At
the start, the two capacitors Cd and Cp are connected in
parallel and the total capacity (Cd + Cp) is chosen so that the
motor produces a torque about twice the nominal torque.
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Figure 4.45. Single-phase motor: a) permanent capacitor; b) start
capacitor; ¢) permanent capacitor and start capacitor

After the start, the “intermittent” capacitor Cd is
disconnected beyond a particular speed thanks to Switch K.
Permanent capacitor Cp is chosen so that the permanent
working is almost of the same as a balanced two-phase motor
characterized by a small slip (that is to say a good efficiency)
and a good power factor.
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For these three kinds of motors, the inversion of the
rotation direction is obtained by changing the connections of
one phase.

4.10. Principle of the experimental determination of
the parameters

The determination of the parameters appearing on the
equivalent diagrams is necessary for the predetermination of
the machine characteristics. This determination is quite
different depending on whether it is a wound rotor induction
machine or a cage induction machine, especially concerning
the rotor parameters. Let us consider the equivalent figure
given in Figure 4.46. This corresponds to Figure 4.10a to
which a resistance Rt representing the iron losses is added.

— N’z —

Il Rl 1’2
— AN
Vi R, L R'y/g

Figure 4.46. Equivalent diagram per phase including iron losses

4.10.1. Case of wound rotor induction machines

In this case, all the parameters can be obtained through
direct measurement. Stator and rotor resistances are
measured in DC current using an “ammeter-voltmeter”
method (nominal temperature and current).

Stator leakage inductance Li can be measured directly by
leaving the rotor circuit open. It is usually preferable to
make a no-load test, with a “zero” slip motor.
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Voltage and phase current Vio and I, are measured as
well as active and reactive powers P10 and Qo absorbed by
the machine. L1 and Rr are then deduced using:

3V 33
~ 10 and Ry =710

I =
@Q1o Py

In the same way, inductance L2 can be obtained via a test
by supplying the rotor with a 3e-phase system, when the
stator is in open circuit. The value of the induced voltage on
the non-supplied side gives two measurements of the

. ., M L . .
“transformation ratio”, — or Vz’ enabling us to determine
Ly

M.

4.10.2. Case of cage induction machines

It is neither possible to directly access the rotor
parameters nor to leave the rotor in open circuit. Stator
resistance Ri is measurable directly in DC current, and
inductance L; is deduced from a no-load test (g ~ 0).

As for the wound rotor induction machine, L: and R¢ are
determined from the measurement of voltage and phase
current, Vio and Ii0, and from the active and reactive powers
P10 and Q10 absorbed by the machine.

Concerning the rotor parameters, determination can only
be indirect. A test with a locked rotor (g = 1), under reduced
voltage, enables (knowing L: and Ri which can often be
neglected) us to determine elements N> and R’; appearing
on the equivalent diagram of Figure 4.46. With g = 1, it can
indeed be admitted that:
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Qlc . Plc

Nyw = > and Ry =~ —
31 314,

_Rl

I, Pic and Qic are respectively the current and the active
and reactive powers absorbed by the machine.
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Chapter 5

Direct Current Machines

5.1. Introduction

The so-called “direct current machines” are
electromechanical energy converters in which the electrical
energy is exchanged with their environment (supply or load)
under the form of direct voltages and currents. This is
possible due to the brush-commutator systems which plays
the part of a “mechanical rectifier”. That is the reason
why these machines are sometimes called “commutator
machines”.

Like all rotating machines, DC machines are reversible
and can operate as a motor or as a generator (they are
sometimes called “dynamos” in this case). However it can be
noted that the development of power electronics, and
particularly of diode and thyristor rectifiers, from the 1960s
onwards, has gradually marginalized the wuse of DC
generators. Today the generator function of these machines
is restricted to the recovery of kinetic energy during braking
and slowing down, we shall therefore focus this chapter on
the motor mode.
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5.2. Main notations

In the remainder of this chapter, we shall allot the index
“1” to the field system, and the index “2” to the armature. We
shall also set down:

— e: air-gap thickness;

— E: electromotive force;

— J: moment of inertia of all of the rotating parts;
— L;: self inductance of the winding i;

— M: mutual inductance between the field system and the
armature;

— R;: resistance of the winding i;

— U: supply voltage;

— Wwo: free space permeability (uo = 4m 107 H/m);
— Q: angular speed of the rotor;

—I': machine torque;

—I'c: “load” torque.

5.3. DC machine structure
5.3.1. Constituents

Figure 5.1 represents a bipolar DC machine. It is
composed of:

— a solid stator bearing a field system, usually a salient-
pole system. It bears the field coil intended to produce the
excitation magnetic field. Each pole is made of a core and of
a pole shoe allowing the concentration of the field along the
air-gap. For small machines, the excitation field coil is
sometimes replaced by permanent magnets;
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— a non-salient laminated rotor bearing the armature
winding. The armature conductors are set down in slots and
linked so that they make an unbroken winding fully closed
on itself;

— a commutator rotating with the rotor and made of
conductive segments insulated from one another. The
armature conductors are linked to the commutator segments;

— fixed brushes rubbing on the commutator segments and
making up the armature terminals (Figure 5.2).

Interpolar axis \l

Stator yoke

Pole shoe

Link with the

commutator Commutator

Field system
coil

Rotor

Armature coil

Figure 5.1. Bipolar DC machine

The brush-commutator set allows the selection of the
armature coils so that the “outward” conductors are
separated from the “return” conductors by the stator
interpolar axis (Figure 5.1). We shall demonstrate later on in
this chapter that this spatial distribution of the currents is
fixed during the rotation, and that the armature winding can
be modeled by a fixed axis stationary coil.
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Rotating commutator segments

Insulants
Fixed brushes

Figure 5.2. Brushes-commutator set

commutator ‘useful’ part

winding ‘useful’ part

(b)

Figure 5.3. Armature of a DC machine, 180 W, 960 rom: a) commutator
side, b) end windings side (ECA EN document)
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Figures 5.3a and b show the rotor of a small DC machine.
Note that the “useful” length of the conductors is quite small
compared to the overall length because of the size of the end
winding and of the commutator.

Figure 5.4 shows the brushes and the commutator of a
four-pole machine. Note the important length of the
commutator segments; the brush-commutator contact
surface indeed has to be enough in order to limit the current
density going through them.

brush

commutator

Figure 5.4. Brush-commutator set. Note the important length of the
commutator segments. To allow a good contact quality, the brushes are
divided in several parts (ECA EN document)

Figure 5.5 shows the arrangement of the outward and
return conductors in the armature slots of a four-pole
machine.
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Interpolar
axes

field system coil

Figure 5.6. Field lines. Bipolar machine

5.3.2. Analysis of the field winding

Figure 5.6 shows the field lines obtained when only the
field winding is supplied. These lines rotate around
excitation currents; they cross the air-gap, then the rotor,
and finally close through the stator. We can observe that on
a first approximation, these lines only cross the part of the
air-gap, of small thickness e, located under the pole shoes.

Figure 5.7a shows the variation of the normal flux density
along the air-gap. The origin 6= 0 corresponds to the
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interpolar axis. The influence of the slots is observed but it
can be admitted in a first approximation that the flux
density is constant over the whole width of a pole (Figure
5.7b) and is zero around the interpolar axis. It is assumed to
be positive under a north pole, and negative under a south
pole.

A BOD Ag

Nyl
A

-2 w2 -2 2

Naly
e

- Uy

@
(b)

Figure 5.7. Normal flux density in the air-gap:
a) finite element calculation; b) simplified form

The Ampere theorem used along any field line (closed
circuit (c)) is written:

2N\J, = §Hdl = [Hdl + [Hdl

(¢) (air-gap) (iron)

where N; is the number of turns per pole, and I;, the field
current.

The magnetic field circulation along the air-gap is always
dominating compared to the magnetic field in the iron side,
particularly when the magnetic circuit is not saturated.
Furthermore, along the air-gap, the normal flux density can
be considered to be constant since the air-gap is very small (a
few millimeters for the most important machines). It can
therefore be written:
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N1

e

B=uH = u

where e is the air-gap thickness, and uo, the free space
permeability. The normal flux density is usually between 0.7
and 1 T.

5.3.3. Analysis of the armature winding

The armature winding is obtained by connecting in series
and/or in parallel several “coil sections”. One coil is made of
several insulated conductors connected in series (Figure
5.8a). The active part, with a wuseful length L, is
distinguished from the end windings. Figure 5.8b shows its
schematic representation. The armature winding can be
wound in a complex way, but we shall consider only the
simplest windings, which can be “lap windings” or “wave
windings” (Figures 5.9 and 5.10).

Figure 5.9a shows a lap winding made of the series
connection of two identical coil sections. It is preferred to
represent it as if each section had only one turn (Figure
5.9b). Figure 5.10 shows the series connection of two coil
sections in order to make a wave winding.

end winding —_—
active
Useful
of the machine L conductors \@
(a) (b)

Figure 5.8. a) 2-turn coil section; b) simplified representation
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active

conductars
o« \

commutator

- T
(@) (b)

Figure 5.9. Lap winding: a) series connection of 2 coil sections,
b) simplified representation

‘/end windings ~

active
4 conductors ~__|
commutator
o e CoOoOoco;
(b)

@

Figure 5.10. Wave winding: a) series connection of 2 coil sections;
b) simplified representation

Figure 5.11. Coil sections for a 155 kVA machine;
useful length: 150 mm (ECA EN document)

Let us consider the armature of the machine in Figure
5.1, with 12 slots. In a real winding, each slot has at least
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two independent bundles of conductors. In order to simplify
the study, we shall assume that a slot has only one bundle of
conductors crossed by the same current. Its commutator then
has only 6 segments.

Figure 5.12 represents the corresponding lap winding,
presented in a developed form. In motor operating, a direct
voltage is applied to the terminals of the two brushes and
generates a current I that crosses segment A of the
commutator, divides into two “ways” (pairs of armature
circuits in paralle]) and comes back through segment D.
Each conductor bundle is therefore crossed by current 1/2.
The adjacent conductors located in slots 1 to 6 are thus
crossed by “positive” currents while slots 7 to 12 carry the
return conductors crossed by “negative” currents.

SISO ISISK

Figure 5.12. Simplified lap winding, 12 slots, 2 poles,
2 “ways”, 6 commutator segments

I
I
H

The position of the stator poles in terms of the armature
conductors is specified in Figure 5.13 for two positions of the
rotor. For both positions we can notice that the current is the
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same in the rotor slot conductors in front of each stator pole.
In the position given by Figure 5.13b, current I crosses
commutator segment F and comes back via segment C. Slots
5 to 10 then contain the return conductors; the outward
conductors are therefore located in the other slots.

End
windings

)

X

=

o
SUN

Active conductors

K

7

Z
9

)

Field pole

%

R ] Field poles

&)
m
)
>

Brushes

(b) I I

Figure 5.13. Distribution of the armature currents for two positions of
the rotor. The same current runs through the conductors in
the rotor slots in front of each stator pole
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If the armature keeps on rotating, current I will
successively cross segments E, D, C, etc. and will
respectively get out through segments B, A, F, etc., so that,
in terms of the stator, the armature spatial distribution will
remain unchanged. Thus the brush-commutator system
makes it possible to impose on the rotor a current
distribution, fixed in space and dependent on the position of
the brushes. The rotor winding can therefore be modeled in a
fixed axis stationary winding. This specific characteristic of
DC machines will therefore be extremely useful in order to
establish their equations (section 5.4.2).

We mentioned before that in practice, each slot has two
conductor bundles, one taking up the top, and the other, the
bottom of the slot (Figure 5.14).

An example of two-layer bipolar lap winding is given in
Figure 5.15. It has 12 slots and the commutator has 12
insulated segments. In each slot, the conductor bundle
corresponding to the first layer takes up the top of the slot
and is represented by a continuous line. The second layer is
located at the bottom of the slot and is represented by a
broken line. Note that each coil section is made by the series
connection of a conductor bundle taking up the top of a slot
with a conductor bundle located at the bottom of another
slot.

Figure 5.16 shows the field lines obtained when only the
armature winding is supplied (field called “armature
reaction field”). These lines turn around rotor currents; they
cross the air-gap, then the stator, and then close through the
rotor. In a first approximation, these lines cross only the
small air-gap located under the poles.

Figure 5.17 shows the variation of the armature normal
flux density along the air-gap. Origin 6 = 0 corresponds to
the interpolar axis. The flux density is equal to zero for
0 = /2 (field system poles axis), and it can be admitted that
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it varies in a linear way within the pole width. Around the
interpolar axis, its value is small and can be assumed to be
constant.

When both rotor and stator windings are supplied, the
resulting field is obtained by superimposing the excitation
winding and the armature fields. An example of the drawing
of field lines is given by Figure 5.18. The influence of the
armature reaction can be observed, which leads to a
concentration of the field lines in one horn of each polar shoe.

For each pole, this phenomenon leads to the increase of
the normal flux density under one horn and its decrease
under the other horn (Figure 5.19). It thus leads to the
magnetic saturation of the horn and of the stator teeth,
subjected to the field concentration. Thus the magnetic field
crossing the armature winding decreases and leads to a
reduction of the electromotive force. We shall see later that
this reduction can be compensated by using an extra
winding at the stator, called “compensating winding”
(Figure 5.47).

Wedge

Conductor
Insulant

Figure 5.14. Armature slot having 2 conductor bundles
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11

»
>

Figure 5.15. Lap winding, 12 slots, 2 poles, 2 layers, 2 “ways

12 commutator segments

Interpolar

Figure 5.16. Armature field lines: bipolar machine
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4 B(T) AB(T)
Pole Pole
width width

0.25 <" 70.25

6 6
/2 ( n/2 /2 | /2
a) b)

Figure 5.17. Normal flux density in the air-gap:

a) finite element calculation; b) simplified form

Figure 5.18. Distortion of the on-load field lines: bipolar machine

. B(T)

-m/2

/2

v

Figure 5.19. Normal on-load flux density: finite element calculation
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5.4. DC machine equations
5.4.1. Hypotheses and covenants

We shall, in a first analysis, neglect all the losses except
the Joule losses, as well as the magnetic saturation and
hysteresis phenomena. The current commutation when the
brushes go from one commutator segment to the next shall
be assumed to be instantaneous. These various phenomena
shall be the subject of a specific study at the end of the
chapter.

Furthermore, since we shall assume field system current
I and armature current I are perfectly constant, the field
system and armature self inductances shall not take part in
the equations. These parameters will have an influence only
in dynamic operating or when the machines are supplied by
static converters. Except if especially mentioned, we shall
use the “motor” sign covenants (mechanical power considered
as positive when it is supplied to a load) and, as a
consequence, the two electrical circuits (armature and field
system) are considered as receivers.

5.4.2. Equations

The example of simplified winding presented in Figures
5.12 and 5.13 enables us to establish a fundamental result
for DC machines: the distribution of rotor currents is fixed in
space and depends only on the brushes position.

The rotor coil (or the armature coil) of the machine shall
therefore be likened to a fixed coil, the position of which with
regard to the stator coil (or the field system coil) depends
only on the brushes position. These two field systems (index
1) and armature (index 2) coils have respective self-
inductances L: and Lz and a mutual inductance M.
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The DC machine has non-salient rotor poles and salient
stator poles. Thus, only M and L: depend on the respective
position of the two coils, positions represented by the angle o
of their respective axes (Figure 5.20). It is thus wise to derive
the electromagnetic co-energy in terms of o in order to
calculate the electromagnetic torque of the DC machine.

TN

) -

Ry, L,
Field system

Armature equivalent

Figure 5.20. Bipolar DC machine: a) cross-section; b) schematic external
representation

The general formulation of the torque (equation [2.7])
leads to:

Jw d 1 1
F=2"e" - ~ \M@)IL I, +— L I} +— Ly(« 12}
o aa{ () ) I ;b i+ 2 () I

We thus obtain:

oM () +l d Ly() 2 [5.1]

Let us now consider Ohm’s law applied to the rotor circuit:

U:R2[2+E
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where E is the electromotive force, and Ry, the armature
winding resistance measured between the brushes. The
power absorbed by the armature is equal to:

Uly=Ry3+E I,

This power is transformed, besides Joule losses R,/3, in

mechanical power P, = I' Q. If all the losses except for the
rotor Joule losses are neglected, we have:

FQ:EIZ

an expression characterizing the power conservation. We
obtain:

o M(@) I I, s L190@ 2|Q=EI
oa 2 Jda

hence:

£ aM(a)[H_l 0L, (@) Lo
Ja 2 da

This expression shows the difference between the machine
oM (@)

o

no-load electromotive force (I. = 0), I, Q, and on-load

electromotive force E. However, in most cases, term

19L@ I, can be neglected compared to IM(@)

I;. In all
2 Jda« o

the following, it shall therefore be neglected.

Let us now see how to choose a. Assume that only the
fundamental of M(a) is taken into account (see Chapter 1):
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M(ax) = M cosax

where, in order to avoid multiplying notations, M is the
maximum value of mutual inductance M(a). In this
hypothesis, the expression:

oM ()
oo

E =

1LQ

leads, in modulus, to:
E =MQI, sinc

with the electromagnetic torque:
I'=M L I, sina

In order to obtain the maximum torque or the maximum
emf, it is necessary to have a = /2, that is to say M(a)=0.
The brushes are then said to be “settled on the neutral line”.

In such conditions, the electrical equations of the machine
are obtained:

U:E+R2]2 [52]
E=MQI, [5.3]
r=MI1I, [5.4]

These equations correspond to the schematic
representation of Figure 5.21, where the field system is
assumed to be supplied by a current source. The mechanical
equation is written:
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7 T, [2.15]
dt

In steady state (Q constant) I' = I'c. Hence in the following
we shall write indiscriminately I" or I'c.

—>— ]

field system armature

Figure 5.21. Conventional representation of the DC machine

5.4.3 Determination of the parameters

Equations [5.2] to [5.4] enable us to study the steady state
of DC machines, providing their supply and implementation
modes are known: separate excitation machine or series
excitation machine. In order to predetermine the working of
a particular machine, it is therefore necessary to determine
parameters Rz, R: and M.

5.4.3.1. Resistance measurement

The measurement of Ri, static coil resistance, is not
particularly a problem. A standard “ammeter-voltmeter”
method enables us to determine its value with satisfying
precision. Alternately, the determination of R: is more
difficult.

Let us consider Figures 5.13 and 5.15. The current goes
from one brush to another by circulating through a number
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of conductors connected in series and in parallel. When the
rotor turns, this conductor repartition is modified because
the brushes are successively in contact with one or several
commutator segments. The result is that the value of
resistance Rz depends on the rotor position. Furthermore, at
the brush-commutator contact, there is a voltage drop Au
depending on the contact surfaces, on the pressure and on
the value of the current.

R: therefore appears to be a very simple model for the
representation of complex phenomena; strictly speaking, its
dependency upon © and I: should be taken into account. In
order to take into account the dependence on Rz in relation to
O, it is advisable to make measurements with various rotor
positions and to take the average. For the dependence on I,
it is advisable to repeat the previous measurement for
various values of the armature current and to tabulate the
obtained results. For simplicity’s sake, this determination
is generally only achieved with the nominal current and
under the normal operating temperature. This induces an
acceptable lack of precision.

5.4.3.2. Measurement of M

Expression [5.3] shows that if E, Q and I: are known, it
can be deduced:

e [5.5]
Q1

For this, a “no-load generator” test is achieved: the
studied machine is driven by an auxiliary motor (Figure
5.22), a current I: is injected in the excitation circuit and
voltage U = E is measured at the armature terminals, in
which no current circulates. So that mutual M may be
considered to be constant, it is advisable to restrict the value
of I (I1 < In) in order to avoid magnetic saturation (Figure
5.23).
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Auxiliary motor —f

I1

Winding
Armature
Figure 5.22. No-load generator test

A E(V)

El ¢

- — — - - — — — ———

R(A)

—

Figure 5.23. Independent excitation no-load generator characteristic

5.5. Separately excited motor
5.5.1. Introduction

This is the most common use of the DC motor. The field
system and the armature are supplied separately by two
supposedly distinct sources, which allows us to separately
impose field system current I: and voltage U to the armature
terminals.

We shall now analyze how the various variables
appearing in equations [5.2] to [5.4] vary according to the
different operating modes of the machine. A “system”
approach of the machine highlights (Figure 5.24) two
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“inputs” U and I; (supposedly controllable values), a
“perturbation” I' = I'c imposed by the environment (I'c is the
load resistant torque that the motor has to drive) and two
“outputs” Q and Iz, values for which evolutions in terms of
the inputs and of the perturbation are determined by the
machine equations.

The characteristics are  therefore the curves
representative of the output variations in terms of one of the
three other values, the other two supposedly being constant.
It is therefore advisable to formulate the two output
expressions in terms of the inputs and of the perturbation.

¢F
U —» —> Q
, —P —> I

Figure 5.24. “System” representation of the separately excited motor

We therefore have:

r

L =—— [5.6]
MI,
and:
U R [5.7]
i, (mr)

Those two expressions make it possible to draw the
separately excited machine characteristics. In the following
paragraphs we shall determine these characteristics by
considering a “model machine” for which the parameters are
the following:

— nominal power: P, = 4 kW;
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—nominal armature voltage: U = 220 V;
—nominal armature current: Iy, = 22 A;

— nominal field system current in motor operating:
Iln= 1.1 A;

— nominal field system current in generator operating:
Iin = 1.6 A;

— armature resistance: Ry = 0.5 Q;

— field system resistance: R{ = 133 Q;
— mutual inductance: M = 1.27 H;
—nominal speed: Q, = 157 rd/s.

5.5.2. External characteristics

5.5.2.1. Characteristic I = f(I) with constant U and I;

Equation [5.6] corresponds to a straight line going
through the origin and to slope 1/(MI1) (Figure 5.25).

A
I (A)
30T
[ Ton
— |
20T |
|
|
|
10T :
|
I
. . Lo, Tm
10 20 30 40

Figure 5.25. Characteristic I2(I) with constant
armature voltage and field current
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5.5.2.2. Characteristic 2= f(I) with constant U and I;

The motor speed is given by expression [5.7]. Note that, as
U and 1; are fixed, Q varies linearly in terms of I' (Figure

5.26). It is a straight line of origin Q= and of slope

1)
Ry
(M L)
deduce that the rotation speed of a separately excited motor
is almost independent of the load torque value.

. This straight line with a small slope, and we

A
Q (rd/s)
200 T
160 -————————— - |
Oy i
120 1 !
I
80 T i
|
|
40 T !
|
e I, Tam
10 20 30 40

Figure 5.26. Characteristic £XI) with constant armature
voltage and field current

5.5.2.3. Characteristic 22 = f(U) with fixed I"and I;

This is an important characteristic for separately excited
DC motors. Equation [5.7] represents a straight line of slope
1/(MI:) which starting abscissa depends on I' (Figure 5.27).

R, '
As the term —2 5
(M 1)

first approximation, the rotation speed of this kind of
motor is proportional to the armature voltage.

is usually small, we deduce that in a
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Q (rd/s)

200 +
160 1
120 +
80 T

40 1

R,T 100 200 300

M,

U

Figure 5.27. Characteristic Q2 (U) with constant torque and field current

This property is largely used for industrial variable speed
drives, where separate excitation motors are supplied by
static converters.

5.5.2.4. Characteristic I: = flU) with fixed I'and I:
With Q = 0, we can be write:

R, T
M I

U:R2[2:

R, T

It is therefore necessary to have U > for the motor to

M I

start. Below this wvalue, the armature behaves as a
resistance, and therefore I = U/Rz:. Above this limit, I =
I'/(MI) is constant (Figure 5.28).

5.5.2.5. Characteristic Iz = f (I1) with fixed I'and U

If T'is fixed, equation [4.6] shows that current I»
hyperbolically varies in terms of 1. (Figure 5.29). If 11 tends
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toward zero, I> therefore tends toward infinity, and it can
thus be dangerous to reduce the field system current too

much.

A
L (A)
25 4
I

[ 3

20 1

15 1

10 1

c
| Z

-—-———— - ——————

U (V)

100 200 300

>Vl _——— Y e
E ‘.\’)1 .

Figure 5.28. Characteristic I2(U) with constant torque and field current

1, (A)

Figure 5.29. Characteristic I2(11) with constant
armature voltage and torque

www, Enagi neer i ngEbooksPdf . conr



264 Rotating Electrical Machines

5.5.2.6. Characteristic Q = (1)) with fixed I'and U

Equation [4.7] shows that, in order to obtain Q > 0, it is
Rzll;. It is also clear that if I tends

necessary to have 7, >

toward infinity, the rotation speed Q tends toward zero.
Furthermore, note that if I; tends toward zero, Q tends
toward —. This result, which corresponds to the curves of
Figure 5.30, has to be considered with caution. Indeed when

these curves are considered, note that when I decreases, speed
2

goes through a maximum (Q,,,, = - ) with 7, = 2R2F.
2

Q (rd/s)

1600 +
- T=T'\/2

1200 1 . T=3/4 Ty
—TI=Ty

800 1" N\

400

Q
N ; L&)

0.4 0.8 In12

Figure 5.30. Characteristic Q(I1) with constant voltage and torque

This theoretical maximum is much higher than the actual

speed the machine can tolerate, hence the usual expression:
“if the field system current is lowered too much, the machine
races”. If current I: is accidentally switched off, the machine
behavior will depend on the load. If the motor does not have
any mechanical load, it will have a tendency to race (Q — oo
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if I —» 0, with I'= 0). On the contrary, if the load torque
exists, mechanical equation [2.15] shows that the speed is
cancelled when T is zero; the machine will then “stall” and
there is a risk of damage due to an excessive armature
current. It is obvious that it is very important to avoid any
accidental switching off of the field system current.

All of these characteristics show that the separately
excited DC machine gives a very interesting possibility for
the design of variable speed drives. It is indeed very
convenient to control it with the armature voltage, the great
simplicity of the equations linking U to Q and to Iz allowing
the use of very simple speed and current controllers.

The influence of I on the speed variation is more complex
and hazardous. In practice, the adjustment of Q by I is only
used to obtain a speed increase beyond the maximum value
of U. I is then decreased to accelerate the motor. It is
important to note that this can only be done if the torque is
smaller than the nominal torque (see equation [5.4]).

5.5.3. Energy recovery: generator operating

In the past, separately excited machines were used to
produce direct current. This working mode has almost
disappeared with the rise of static rectifiers. This machine
however enables it to recover kinetic energy during braking
or slowing down, within the devices where they mostly play
the part of motors.

Figure 5.31 schematizes the generator working of the
separately excited machine. In this case, it is judicious to
modify the sign covenant for the armature, which shall be
considered as a generator.

If the “system” analysis is used again, note (Figure 5.32)
that, in this case, I: and U remain inputs, and Iz, an output.
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Rotation speed Q is usually imposed by the mechanical
environment and has to be considered as a perturbation.
Conversely, torque I' = M I; Iz is an output.

By adopting the “generator” sign covenants (electrical
power considered as positive when it is supplied to a load),
equations [5.2] to [5.4] become:

U=E-RI, [5.2°]
E=MQI
F:Mll 12

The output expressions become:

MQI-U

I,
Ry

[5.8]

MQI -U

r=M1I, [5.9]

Ry

12
I ’
|
u o
R. - . ._{_ .I_driving 1
! I motor |
Q |
| |

winding armature

Figure 5.31. Conventional representation for generator mode
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—> |,

Figure 5.32. System inputs and outputs

267

In the following we shall outline the characteristics by

referring to the “model” machine defined in section 5.5.1.

5.5.3.1. Operating mode with fixed U and 2

Equations [5.8] and [5.9] highlight a minimum value of field
system current I, = U/(MQ) enabling the energy recovery.
Characteristic I> = f(I1) is a straight line starting from this
minimum value and of slope MQ/R: (Figure 5.33). The torque
variation in terms of I, is a parabola (Figure 5.34).

A
L (A)
30 T
Ln |
b
20 T ]
|
|
|
10 T !
|
ilm I (A)
0.4 0.8 T -2

Figure 5.33. Characteristic I2(I1) with constant voltage and speed
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A
" (Nm)

40 T
N |
30 T |
|
20 + |
|
1
10 T i
|

' ' ' ' J-:IIN ' . (A=)
0.4 0.8 L 1.2

Figure 5.34. Characteristic I111) with constant voltage and speed.
Note that the useful part of the parabola is almost linear

5.5.3.2. Variable voltage operating

Characteristics Io(U) and I'(U) are straight lines that cut
M QI

the axes in points U =MQI, and respectively 1, = and
2
2
= (MRll) (Figures 5.35 and 5.36).
2
L, (A)

30T

Ly » ____________________

20 T

1071

U (V)

100 200 MQI, 300

Figure 5.35. Characteristic I,(U) with constant excitation and speed.
Point (U =0, Io= MQI; / R2) is out of the frame of the figure
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A
[’ (Nm)
40 T
N
30T i
:
|
|
20 1 !
:
:
10 1 ;
|
Ul U (V)
100 200 MQ1; 300

Figure 5.36. Characteristic I'(U) with constant excitation and speed.
Point (U =0, '=(MI1)22 / Rs) is out of the frame of the figure

5.6. Series excited motor
5.6.1. Introduction

In a “series excited” DC motor, or “series motor”, the field
system and the armature are connected in series and
supplied by the same continuous voltage source. This brings
a constraint on the field system which, as it is travelled by
the armature current, has to have a small enough resistance
to prevent a reduction of the global efficiency. The field coil is
therefore made of quite a small number of turns of important
section conductors. Note that this increases the machine
inductance, which is favorable when it is supplied by power
converters.

Figure 5.37 shows the conventional representation of the
machine. In this case, the machine equations become:

L =1y=1
E=MQI
U=(R +Ry + M Q) I
r=MI?
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In order to simplify, we set down R = R; + Ro.

[ | R1 |

-
I

r
load —{
I

- T T T Q U

Figure 5.37. Conventional representation of the series excited machine

This system has one degree of freedom less than the
separately excited motor; the supply voltage U is now the
only “input” (Figure 5.38).

$F disturbance

U —p Q
input —JPp outputs
—> |

Figure 5.38. “System” representation of the series excited machine

The characteristics of this motor are therefore the
variation curves of Q and I in terms of U or to I', the other
value remaining constant. Let us then write the expressions
of I and Q:

/- F [5.10]
M

o- Y R 5.11]

JIM M
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5.6.2. External characteristics

In order to outline the characteristics of series motors we
shall use the parameters of the following “model” machine:

—nominal power: P, = 4 kW;

—nominal armature voltage: U = 220 V;
—nominal current: I, = 22 A;

— armature resistance: Ry = 0.5 Q.

— field coil resistance: R; = 0.375 Q;

— mutual inductance: M = 58.1 mH;

—nominal speed: Q, = 157 rd/s.

5.6.2.1. Characteristic I(I) with U = constant

Current I is given by [5.10], its variation in terms of I is
represented by Figure 5.39. It is a parabola going through
the origin.

ey TNy
10 20 30 40

Figure 5.39. Characteristic I(I) with constant voltage, U = Un

5.6.2.2. Characteristic 2= f{I) with fixed U

The expression of speed is given by equation [5.11]. If U is
assumed to be constant, and I" variable, we obtain a curve
with hyperbolic appearance (Figure 5.40) emphasizing that if
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I'tends toward O, the motor races (speed tends toward
infinity). This is a fundamental feature of the series motor,
for which no-load operation is not allowed in order to prevent
it from racing.

A

Q (rd/s)

I' (Nm)

10 20 Iy30 40
Figure 5.40. Characteristic 2 (I) with constant voltages, U =Un and Un /2

It is however noted that speed has an important variation
in terms of the load torque. Theoretically Q would be zero
when I' = M (U/R)?; this very important value corresponds to a
current I = U/R much greater than the nominal current. This
however characterizes the ability of the series motor to
provide a very important starting torque.

5.6.2.3. Characteristic 2= f(U) with constant I

This characteristic (Figure 5.41) is a straight line going
through the point with the coordinates Q=0 and

r
U=RI= R‘,ﬁ' Note that the motor only starts for a voltage

higher than R\/E .
M
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Q (rd/s)

300 T

200
Qy
100 1
U(v)
oL 100 200 Un 300
M

Figure 5.41. Characteristic 2 (U ) with constant torque, I'=IN and In /2

5.6.2.4. Characteristic I = f(U) with constant I"

Current I given by equation [5.10] is constant when the
motor works, that is to say for U > R‘/%. Below this value,

the motor behaves like a resistance R and the current is
worth I = U/R (Figure 5.42).

A
L(A)
25 ¢ =T,
IN [ S *
+ |
| |
15111 |
I I
I I
I I
1o /1 |
| I
I I
591 i
| |
o U(v)
R r 100 200 Ux 300
M

Figure 5.42. Characteristic I(U ) with a constant torque, I'=IN and IN /2
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5.7. Special case of the series motor: the universal
motor

A universal motor is a series machine capable of being
supplied in direct current as well as in alternative current.
We have indeed seen that the series machine torque is
proportional to the square current; it is therefore
independent from the direction of the current circulation and
can thus be supplied with alternative current.

However, comparative to the standard series motor, this
kind of motor has to have a laminated stator in order to
minimize the iron losses (see Chapter 2). The number of
turns in the field winding has to be reduced in order to
restrict the stator inductance. In order to compensate for the
reduction of the excitation flux, the rotor turns number
increases accordingly.

As with all series motors, the universal motor races at no-
load and its speed is very dependent on its load. It is used in
devices requiring a good starting torque: traction, domestic
appliances, etc.

5.8. Commutation phenomena

The commutation phenomenon appears when a brush
goes from one commutator segment to the next because the
current has to reverse in one coil section. The latter being
inductive and submitted to induced electromotive forces, the
reversal of the current is not instantaneous. We shall restrict
the study to the case of “simple” commutation, that is to say

when the brush width is equal to the commutator segment
width.

Let us consider the example given in Figure 5.43,

representing an armature with 12 slots, 12 commutator
segments, 2 poles and 2 conductor layers. In Figure 5.43a,
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Armature direction
Armature direction

Direct Current Machines

each brush covers a single commutator segment. At this
instant, the current in the coil section made of conductors 1

and 7 is considered to be positive and worth 1/2.

Figure 5.43. Transition of the brushes from a commutator segment
to the next: a) brush in contact with a single segment;
b) brush short-circuiting two segments
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In Figure 5.43b, which shows a later instant, the brushes,
overlapping two segments, short-circuit two coil sections. A
still later instant, when the brushes leave left segments A
and G of the commutator to position themselves on segments
B and H, the current in coil section 1-7 changes its sign and
goes from I/2 to —-1/2.

If the armature diagram is simplified (Figure 5.44), it is
noticed that when the brush overlaps 2 commutator
segments, the corresponding coil section (noted “S” on the
figure) is short-circuited. Current Is in this coil section will
therefore vary according to the flux that crosses it and to its
impedance.

Depending on the cases, the variation of Is (from I/2 to —
I/2) can have various aspects (Figure 5.45):

— on curve (1), Is varies linearly, which corresponds to a
current density constant on brush-commutator contact. This
constitutes the ideal commutation;

— on curve (2), the current does not vary linearly, but
naturally reaches —I/2 when the brush leaves commutator
segment A;

— for curves (3) and (4), the current does not reach —1/2
when the brush leaves commutator segment A. There is
therefore a current discontinuity on brush-commutator
contact, which has to go instantly from (Ig + I/2) to zero. This
current discontinuity generates an arc at the moment when
the brush leaves the commutator segment. If this
discontinuity is important, the arc can damage the
commutator and the brushes. In any case, these arcs are
ageing factors that are prejudicial to the brush-commutator
set life duration.

Without going into detail, it is advisable to point out at
this stage that the commutation phenomena are even more
complex when the armature current is alternative (universal
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motors) or, to a lesser extent, have an important harmonic
content (case of static converter supply).

In order to improve the commutation, the flux in the
short-circuited section has to be reduced. This can be
obtained either by shifting the brushes (for small power
motors), or by using an extra winding called “commutation
winding”. This commutation winding is set down between
the main poles and supplied with the armature current
(Figures 5.46 and 5.47).

-1/2 Is=1/2 1/2 -1/2 I's 1/2
- > >
]JWA(\[P?)
L 1A dls |] | |
| |
(a) t=ts (b) t=t; Armature

displacement
direction

|/z |s I/2 -1/2 ls=-1/2 12

(c) t=ts (d) t=tas

Figure 5.44. Schematic representation of the moving
of a brush from one segment to the next
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1=1/2
° )

G= == = -

@ Al =Tg,+1/2

Figure 5.45. Evolution of the current in a coil section in commutation. On
t1, the brush comes into contact with the second commutator segment B,
and on ts, it leaves initial segment A

Commutation pole

main pole

Figure 5.46. Main poles and commutation poles of a bipolar machine

5.9. Saturation and armature reaction

As for all electromechanical converters, DC machines are
subjected to the magnetic saturation phenomenon. This
leads to a non-linear no-load characteristic E = f(I1) (Figure
5.23). This phenomenon is amplified by the armature
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reaction effect. Indeed, we have seen in paragraph 5.3.3, by
considering Figure 5.18, that the field lines concentrate in
one of the polar horns to the detriment of the other horns.
This leads to a local saturation and to the reduction of the
useful flux.

Field system winding

Compensating

winding

Commutation
winding

Figure 5.47. Stator of a four-pole machine, 220 kW, 440 V, 2,800 to
7,000 rpm. The field system windings, commutation windings and
compensation windings can be distinguished (ECA EN document)

To overcome this problem, a winding called “compensation
winding” is used. It is located in slots gouged into the stator
pole pieces and supplied with the armature current. This
leads to the stator structure represented in Figure 5.47,
where the field winding, the commutation winding and the
compensation winding are visible.

5.10. Implementation of DC motors

Nowadays it is necessary to distinguish, on the one hand,
the traditional implementation with constant voltages (it has
a historical and a pedagogical interest), and on the other
hand, the present implementation using static converters.
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5.10.1. Constant voltage implementation

When a DC machine, either a separate or series excited
machine, is supplied with constant voltage, the main
difficulty is to ensure it starts. Indeed, when at standstill,
the machine has no electromotive force and the absorbed
current is limited only by small value resistances (R:z in the
case of separate excitation or R: + Rz in the case of series
excitation). The aim is therefore to restrict the absorbed
current to a value acceptable for the machine, while
maintaining a torque sufficient for the start. Since the
thermal time constants are noticeably greater than the
mechanical time constants, it is acceptable to have, during
transient states, and in particular during starting, a current
greater than the nominal current. If the starting current is
called 14 we have:

Id = k In
“Over-current” coefficient k is usually around 2.

5.10.1.1. Separately excited motor start

In order to study the start, we shall admit that the
armature electrical time constants can be overlooked
compared to the mechanical time constants. This will enable
us to assume that the armature current variations are
instantaneous.

Let us consider a machine supplied with its armature
nominal voltage and with its nominal field current. It is
mechanically connected to a load for which the resistant
torque I'c is equal to the motor nominal torque. In order to
reduce the current absorbed during the start, a “starting
rheostat” Rq is inserted between the source and the motor
armature (Figure 5.48)
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R4
Starting U
rheostat

Field Armature

Figure 5.48. Rheostatic starting

By calling Rao the value of Ra necessary for current Iz to be
equal to k1, at standstill we get:

U= (Ry+Ryo) k Iy
thus:

U
Ryo = -R;
k1,

At the switching on of the armature, motor torque I"' will
therefore be equal to k M I,, I,,, which leads to the equation:

dQ
J=—=kT, -T, >0
dt

The machine will therefore start and will generate an
electromotive force MQI;, with:

U=MQIL,+(Ry +Ryo)1»
thus:

U-MmQr,
R2 +Rd0
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The armature current will therefore decrease with the
machine acceleration. The motor torque given by:

U-MQI,
—]ln
Ry =Ry

r=m
is therefore variable in terms of the rotation speed. The

equation of the dynamic:

Q U-MQI,
JE oy 2Ty
dt R2 +Rd0

r

c

shows that the motor accelerates until I =T, value obtained
for 1, =1,,. The corresponding rotation speed Q, is:

U —(Ry+Ry9) I,

Ql =
M1,

The value of the starting resistance can then be modified
to a value Ra1 defined by:

U=MQ Iy +(Ry+ Ryy) k I,
The motor will accelerate again to:

U —(Ry +Ryy) I,

Qz =
M ]ln

The process is then iterated until complete cancellation of
the starting resistance.

Figure 5.49 represents the time variations of the
armature current and of the speed of the “model machine”
presented in section 5.5.1 during a nominal torque start.
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Figure 5.49. Starting of the separately excited motor (example motor):
a) armature current variation b) speed variation

5.10.1.2. Particular case of the separately excited motor: DC
shunt motor

When there is only one voltage source, the armature and
the field system are connected in parallel to this source, the
armature through the starting resistance, and the field
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system through another rheostat called a “field rheostat” and
noted Rnin Figure 5.50.

Starting
rheostat

I

Field system -
U v . Armature

E R2
Field

rheostat

Figure 5.50. Shunt motor implementation

During starting, Rn is usually short-circuited in order to
have maximum I1 and the greatest possible torque. Voltage
source U is applied to the cursor of the starting rheostat so
that, when Rg is short-circuited, its resistance adds to the
resistance of the field system. Current I decreases and
reaches I1 = I at the end of the starting. Rn then enables us
to make I1 decrease in order to increase speed Q.

5.10.1.3. Series motor starting

A starting rheostat is also used to reduce the current to
kI, and the iterative process leading to the progressive
removal of Rq is identical. The only notable difference is that
I'is proportional to the square of I, the starting torque is
multiplied by k2 which gives, for the series motor, a great
starting torque.

5.10.2. Present implementation of DC motors

5.10.2.1. Separately excited motor

Figure 5.51 represents a separately excited motor for
which the armature is supplied by a 3-phase thyristor
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bridge. The control variable Vc of the pulse generators (not
represented in order to avoid complicating the figure) is the
output of a current and speed controller. This controller
receives on the one hand current reference (Ref I) and speed
reference (Ref Q), and on the other hand the signals given by
the corresponding sensors. The current reference usually
corresponds to the maximum value acceptable by the motor:
Ref I = Kkl..

Speed
sensor

Three-
network

Mechanical

1"

Current
sensor

Controller

Tt

Refl,  Ref Q

Figure 5.51. Separately excited motor implementation

Without going into the details of the control, a fast
internal loop is used to control the current and prevent it
from being greater than the fixed limit during transients and
particularly during starting.

Since, in a first approximation, output voltage U of the
thyristor bridge is proportional to V¢, and rotation speed Q is
also proportional to U, the speed controller of the motor is
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simple to implement. If we want the motor to turn in both
directions (reversibility in Q and in I'), a two-bridge “back to
back” structure is used, as represented in Figure 1.26.

5.10.2.2. Series motor implementation

Figure 5.52 represents a series motor supplied by a step-
down chopper. The fully controllable switch T. (it can be
turned on and off at will) is a power transistor, an IGBT,
even a GTO for very high powers.

The variation of the duty cycle o (see Chapter 1) makes it
possible to impose the average value of voltage U applied to
the motor (U = aUo), and therefore its average speed in
steady state. The control has two loops: an internal “fast”
loop for current control enabling us to limit I under kln in
dynamic operating mode, and a slower external loop for
speed control. In order to recover the kinetic energy during
slowing down and motor braking, it is necessary to use a
reversible chopper (see section 1.3.3).

Ref Q—» DR,
Ref |—™ Control I
o \Current
sensor
A -
¢ A ; Mechanical
rmature —
- U —I__—I_ load
U D Z& E: R /5peed
Voltage - [ P
source sensor
Field system

Figure 5.52. Implementation of a series motor supplied by a chopper
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inverter, 36-40, 47-48, 81,
138, 142, 144, 148-149, 212,
216, 223

M

magnets, 15, 20-24, 82, 122-
238

materials, 14-21, 49, 69-70,
152, 154, 207

motor, 36, 44, 49, 55, 70-71,
79-82, 85, 88-89, 93, 96-
101, 105-106, 111, 121, 138-
145, 149-150, 159, 174, 189,
196, 205-212, 217-218, 223,
225, 230-237, 246, 252, 257-
265, 269-274, 277-286

N

nominal values, 52, 70-71,
100, 164
of the circle, 109, 192-196,
200

P

pole pitch, 50, 58, 76
Potier, 156, 159-164
propulsion, 81, 143, 205
PWM, 47-48, 149, 216
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R

reactive, 4-5, 50, 83, 89, 94-
96, 100, 108-110, 138, 150-
151, 156, 161, 198, 200,
218-223, 235, 236

rectifier, 40, 137-138, 142

rotor, 49-90, 101, 105, 111-
115,120-137, 141, 145-154,
165-188, 191-194, 198-211,
214-215, 220, 223-224, 228,
234-242, 246-254, 257, 274

S

salient pole, 55-58, 74, 77, 79,
81, 111-114, 119, 121-125,
130, 139, 165, 168-169, 176

saturation, 16, 19, 72, 88,
112,117, 130, 138-156, 160,
164, 175, 220, 249, 252,
257, 278

series, 20, 23, 55, 58, 63-66,
111, 134, 231-244, 245, 248,
256-257, 269-274, 280, 284,
286

single-phase asynchronous,
230

soft, 14, 22, 70

speed variation, 212, 216, 265

Index 291

squirrel, 168-172, 205-206
stability, 100-110, 120-121,
189, 191

T

torque, 30-36, 51, 55, 64-83,
86-87, 94-106, 109-112,
120-121, 129-130, 136-151,
172, 183-191, 198-202, 205-
211, 214-217, 229-232, 238,
253, 255, 259-267, 272-274,
280-284

U,V

universal, 274, 277
v-curve (Mordey), 106-110

W

wind energies, 217-218

winding, 26, 49, 56-57, 71,
90, 93, 105, 111-113, 128,
137, 145, 155, 168, 172,
175, 180, 219, 224-225, 231,
238-274, 277, 279

wound, 57, 111, 128, 134,
168-170, 205, 208, 223, 234-
235, 244
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