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Preface

This volume provides the latest advancements in statistical methods for multidimen-
sional data analysis which can have a complex structure and collects a selection of
revised papers presented at the first Joint Meeting of the Société Francophone de
Classification and the Classification and Data Analysis Group of the Italian Statis-
tical Society (SFC-CLADAG 2008) which was held in Caserta, June 11-13, 2008.
Bernard Fichet and Domenico Piccolo co-chaired the Scientific Programme Com-
mittee and Rosanna Verde chaired the Local Organising Committee.

The meeting brought together a large number of scientists and experts, especially
from Italy and francophone countries. It was a highly appreciated opportunity of dis-
cussion and mutual knowledge exchange about techniques and tools for analyzing,
classifying and summarizing statistical information, as well as for discovering and
characterizing trends, and for automatically bagging anomalies.

Special attention was paid to new methodological contributions from both the
theoretical and the applicative point of views, in the fields of Clustering, Classifica-
tion, Time Series Analysis, Multidimensional Data Analysis, Knowledge Discovery
Jfrom Large Datasets, Spatial Statistics.

Upon conclusion of the joint meeting a cooperation agreement between the SFC
and CLADAG was signed by Gilles Venturini, president of the SFC and Andrea
Cerioli, president of CLADAG for a continuation of the scientific collaboration
between the two groups around subjects related to the Classification and Multivari-
ate Data Analysis.

The volume is structured in nine sections. The first contains the key note speakers
papers, with eminent contributions in Classification and Data Analysis fields in ple-
nary and semi-plenary sessions, by Edwin Diday, Carlo Lauro, Jacqueline Meulman,
Paolo Giudici, André Hardy and Roberta Siciliano. The extended versions of some
of their contributions were then written in collaboration with other colleagues.

Furthermore, the other 43 selected papers have been collected in 8 sections
according to the following macro-topics:

Classification and discrimination

Data mining

Robustness and classification

Categorical data and latent class approach
Latent Variables and related methods
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Symbolic, multi-valued and conceptual data analysis
Spatial, temporal, streaming and functional data analysis
Bio and health science

We wish to thank the authors for their contributions and the referees who care-
fully reviewed the papers: S. Balbi (Universita di Napoli Federico II), F. Bartolucci
(Universita di Urbino “Carlo Bo”), Ch. Biernacki (Université LILLE 1),
M. Bini (Universita di Firenze), H.-H. Bock (RWTH Aachen), A. Cerioli (Uni-
versita di Parma), M. Chiodi (Universita di Palermo), A. Chouakria-Douzal (Uni-
versité Joseph Fourier Grenoble), M. Civardi (Universita di Milano Bicocca),
M. Corduas (Universita di Napoli Federico II), ET.A. De Carvalho (UFPE Brazil),
M.R. D’Esposito (Universita di Salerno), F. Domenach (University of Nicosia),
V. Esposito Vinzi (ESSEC Paris), L. Fabbris (Universita di Padova), L. Ferré (Uni-
versité Toulouse Le Mirail), J. Gama (University of Porto), P. Giudici (Univer-
sita di Pavia), A. Giusti (Universita di Firenze), R. Gras (Université de Nantes),
A. Guénoche (IML Marseille), G. Hébrail (ENST Paris), S. Ingrassia (Universita
di Catania), F.-X. Jollois (Université Paris Descartes) P. Kuntz (LINA, Université
Nantes), M. La Rocca (Universita di Salerno), Y. Lechevallier INRIA Rocquen-
court), V. Makarenkov (Université de Montréal), S. Mignani (Alma Mater Studio-
rum Universitd di Bologna), A. Mineo (Universita di Palermo), M. Noirhomme
(Université de Namur), F. Palumbo (Universita di Napoli Federico II), C. Rampi-
chini (Universita degli Studi di Firenze), M. R€émon (Facultés Universitaires Notre-
Dame de la Paix, Namur), M. Riani (Universita di Parma), R. Rocci (Universita di
Roma Tor Vergata), F. Rossi (ENST Paris), G. Scepi (Universita di Napoli Fed-
erico II), R. Siciliano (Universita di Napoli Federico II), N. Torelli (Universita
di Trieste), Claus Weihs (Universitidt Dortmund), S. Zani (Universita di Parma),
D. Zighed (Université de Lyon).

We gratefully acknowledge the Facolta di Studi Politici e per I’Alta Formazione
Europea e Mediterranea “Jean Monnet” and the Dipartimento di Studi Europei e
Mediterranei of the Seconda Universita di Napoli for financial and organisation sup-
port and EPT, Scuola Superiore della Pubblica Amministrazione, Sovraintendenza
ai Beni Culturali for the authorization for the use of the rooms and the theatre of the
Royal Palace of Caserta for the conference sessions.

Special thanks are due to the members of the local Organising Committee for
their work and especially to Antonio Irpinio and Antonio Balzanella for their effi-
cient assistance in managing the web review process.

We are grateful to Hans-Hermann Bock for his help and fruitful support during
the reviewing process and to have facilitated our contact with Springer-Verlag

Finally we would like to thank Dr. M. Bihn and her colleagues from Springer-
Verlag, Heidelberg, for the excellent cooperation in publishing this volume.

Marseille, France Bernard Fichet
Napoli, Italy Domenico Piccolo
Caserta, Italy Rosanna Verde
Roma, Italy Maurizio Vichi

Maggio 2010
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Principal Component Analysis for Categorical
Histogram Data: Some Open Directions
of Research

Edwin Diday

Abstract In recent years, the analysis of symbolic data where the units are cat-
egories, classes or concepts described by interval, distributions, sets of categories
and the like becomes a challenging task since many applicative fields generate
massive amount of data that are difficult to store and to analyze with traditional
techniques [1]. In this paper we propose a strategy for extending standard PCA to
such data in the case where the variables values are “categorical histograms” (i.e.
a set of categories called bins with their relative frequency). These variables are a
special case of “modal” variables (see for example, Diday and Noirhomme [5]) or
of “compositional” variables (Aitchison [1]) where the weights are not necessarily
frequencies. First, we introduce “metabins’” which mix together bins of the different
histograms and enhance interpretability. Standard PCA applied on the bins of such
data table loose the histograms constraints and suppose independencies between
the bins but copulas takes care of the probabilities and the underlying dependen-
cies. Then, we give several ways for representing the units (called “individuals”),
the bins, the variables and the metabins when the number of categories is not the
same for each variable. A way for representing the variation of the individuals, for
getting histograms in output is given. Finally, some theoretical results allow the
representation of the categorical histogram variables inside a hypercube covering
the correlation sphere.

1 Introduction

Recent advances in Symbolic Data Analysis (SDA) as Billard and Diday [2], Diday
and Noirhomme-Fraiture [5] have motivated the development of strategies for the
analysis of data where the variable values (called “symbolic data”) are intervals,
categorical sequences sometimes weighted, distributions or histograms. Applica-
tion fields include socio demographic surveys, medical information management,
biology, forecasting and climate monitoring, telecommunications.

E. Diday (=)
CEREMADE, Université Paris-Dauphine, Paris, France,
e-mail: diday @ceremade.dauphine.fr

B. Fichet et al. (eds.), Classification and Multivariate Analysis for Complex Data 3
Structures, Studies in Classification, Data Analysis, and Knowledge Organization,
DOI 10.1007/978-3-642-13312-1_1, © Springer-Verlag Berlin Heidelberg 2011
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Here we are interested on what we have called “categorical histogram” data,
where each variable value for each individual is a set of the relative frequencies
associated to the categories (or bins) of this variable. That is why the sum of the
weights is equal to 1 and these numbers can be considered as the probability of
their associated category for the corresponding individual. Therefore, these data
are a case of what has been called in the SDA framework “modal multi-valued”
data where the value taken by each variable (called “modal”) for each individual
is a sequence of weighted categories. Categorical histogram data are also a case of
compositional data (Aitchison [1, 3]) where sum of the weights of the categories
for a given variable remains a constant when the individuals vary. Nagabushan et al.
[11] approach consists of doing the standard PCA of each table 7y fork =1, ..., m
where each individual is described by its kth bin for each of the p variables Other
approaches like Rodriguez et al. [13] or Ichino [7, 8] are based on the transformation
of the histograms in distributions which is not possible in the case of non ordinal
bins. Makosso Kallyth et al. [10] approach needs the same number of bins supposed
ordered for each variable. The method presented in this paper can be applied to
ordinal or nominal (i.e. non ordinal) bins with different number of bins for each
variable. We first present the so called “categorical histogram data”, we define and
build examples of metabins which join together bins taken in each variable. Then,
we present the standard PCA and the “Copular PCA” which improves the standard
one by taking care of the dependencies between the bins. We give tools for the
representation of individuals, individual x variables, individual x metabins in its
factorial space with histograms at output following in that way one of the SDA
framework principle saying that the output data have to be of the same kind than the
input data. Finally, we give tools for the representation of variables or metabins in
the correlation sphere of a PCA inside a hypercube.

2 The Categorical Histogram Data Table

The set of individuals (i.e. observations) is denoted 2 = {wi, ..., ®,}, the set
of the histogram value variables is ¥ = ({Y1,...,Y,}. Each variable Y; has
m; bins (i.e. categories) and is associated to its bin variables (Y 1o Yim j).
The variables are such that the value of ¥; for an individual w; is Yj(w;) =
(le (i), ..., ijj (a),)) = (I’,‘jI e rijmj) € IR™j. Hence Yir(wi) = rijk is
the categorical histogram value of w; for the variable Y; and its bin k. Therefore,
i
we have for any individual i and variable j: X/: rijk = 1. In other words we obtain

=1
the table of Fig. 1. For example, if the data ktable describes the teams of the world
cup and if the variable Y; represents the nationality, the bins Y are associated
to countries and the individuals w; are associated to the teams, we can have for
example:

NATIONALITY (Spanish Team) = [(0.8) Spanish, (0.1) Brazilian, (0.1) French)]
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Fig. 1 Initial categorical Y, Y,
histogram data table Vil [ Y e [ Yo [ [ Yom,
mj o, |r r r N
. A LSRN CXE KB S V770 XN V| pm,
characterized by Y rijx = 1 : .
k=1
O\ it |-+ | Turt |- [ Tnpy|--- |Tnpmy

where the weights as (0.8) represent the frequencies of the nationalities in this team.
We can have two kinds of categorical histogram value variables: the “nominal” case
where the bins are not ordered as for example countries in the example of the nation-
ality variable and the ordinal case where the bins are ordered as the intervals of age
in the following example:

AGE (Spanish Team) = [(0.5)[20, 25[, (0.3)[25, 30[, (0.2)[30, 35]] .

3 Building ‘“Metabins’ by Scoring the Bins in Case of Nominal
Histogram Variables

3.1 What Are “Metabins”?

It is possible to sort the bins of nominal histogram value variables by many ways.
The simplest way is to sort the bins by the means of their frequencies on the set of
individuals. For example having:

AGE (Spanish Team) = [(0.8) Spanish, (0.1) Brazilian, (0.1) French]
AGE (French Team) = [(0.2) Spanish, (0.2) English, (0.6) French]

We get the following mean and range:
[(0.5) Spanish, (0.35) French, (0.1) English, (0.05) Brazilian].

In practice, it is more interesting to sort the bins in such a way that the first bins, sec-
ond bins etc. of all the variables be “linked” within the meaning of their (standard,
Kendall, Spearman, Guttman, etc.) correlation denoted “cor”. In Sect. 3.2 we give
examples of such criteria. We denote K = ((k“, ki) kpr, s kpmp))
an ordered set of integers such that k;; < m associated to the following bins vec-

tor: ((Ylk“, e, Ylkpml ) FRP (kapl, R kapmp)) which represents a reordering

of the bins of each categorical histogram variable. We call “metabin” a set of p bins
one for each variable.

Example From the table given Fig. 1 in case of p = 4, § = {Y21, Ya1, Ye1, Ya3}is
a metabin. But " = {Y»s, Y43, Y41, Y34} is not a metabin as two bins belong to the
same variable Yj.
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3.2 Metabins Quality Criteria, Correlation or Copulas Based

Many quality criteria of metabins can be defined. We can set, for example, that the
best order of the bins is the one which maximizes the following criterion: W(K) =

p min(mj,mj/)

> > c0r2(ijjm, Yjk;,,) which means that the “link” between the bins
. j'=1  m=1
i]n] same metabin for each pair of variables must be maximized.

Another kind of criterion based on ‘“copulas” (see the Annex for a short

recall on copulas) can be defined in the following way. First we define a joint

probability distribution Fy based on a metabin s = {Yif,,,..., Ypk,,} by
Fy(x1,...,xp) = Cop(Gi5(x1), ..., Gps(xp)) where G js(x;) = Prob(ijjm <
xj) = card{w/Yji,;, (@) < x;j}/n and Fs(xi,...,xp) = Prob(Nj=1pYjk,,
= xj).

Knowing the F and the G j;, the copula Cop can be estimated among a parametric
copula family (as the Clayton or Frank family) which allows finding F; by just
knowing the marginals G j; and a criterion to optimize. An example of criterion W
likelihood based can be written in the following way:
max; (m ) max; (m )
W(K)= > L(Fy)orW(K)= > Log(L(F))where L(F,) is the
m=1 s=1
n
likelihood of Fy given by L(Fy,) = [ Fs(Yik,, (@i), ..., Yk (@1)).
i=1
Many non parametric copulas are also possible as the “product” which

p
expresses independencies: Fy(Yi,, (@i), ..., Ypk,, (@) = I1 Prob(Yjk,, <

j=1
Yikjn(@j)). A simpler possible choice is Fs(Yik,, (@i), ..., Ypi,, (@) =

Min {Prob(ijjm = ijjm (a)j))}. By using Archimedean copulas (see for exam-
j=Lp
ple, Nelsen [12]) many other criteria can be also used.

4 PCA for Histogram Data Table Using Copulas

4.1 The Standard PCA on Histogram Data

After having centered and reduced the initial data table given in Fig. 1, we denote
X = {Xij}i=1,n;j=1,p its induced matrix of rows defined by the vectors X;; =
(Xij1s Xijks oo o s xij,nj) for j = 1, p. Its rows can be also associated to a vector X;

p
of > my dimension, such that:
k=1

T
Xi = (Xilly ooy Xilmys Xi2ls « « s Xi2mys « s Xipls « s Xipm,,)-

In other words, if the initial coordinates are denoted r;;x, we have x;jx = (rijx —
rjk/n)/ (sjk\/ﬁ) where 7 ji/n and s;; are respectively the mean and the mean
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square of the bin variable Y. As the bin variables Y;; are centered and reduced

n n
we getz Yik(w;) =

n
xijk =0and ) xizjk = 1 for any j and k. Therefore, the
i=1 i=1 i=1

mj
condition ) x;jx = 1 is no more available. Standard PCA can be applied to the
k=1
numerical centered and reduced data table of Fig. 1. In all the following we use the
standard formulas given in Lebart et al. [9]. We denote D a diagonal matrix p x p

where the ith term of the diagonal is a weight p; associated to the ith individual
n

such that Y p; = 1 and we look for a vector:
i=1

T
Z" = (211, ZUmy s 2205 -+ 5 L2mys - -+ Zpls oo s Zpmy)

p n

of Y my coordinates, such that > p; (X; M Z)2, where M is a metric between indi-
k=1 i=1

viduals, be maximized for any i/ under the constraint Z TMZ = 1. In other words

we wish to maximize

n n
Y piXiMZXiMZ=Y p;Z" MX] X;MZ=2"MX"DXMZ =Z2"MI'Z=)

i=1 i=1

where A is a positive number and I" = X7 DX M is the standard correlation matrix
P
of dimension ) my x ) my. It is easy to see that a solution of the equation
k=1 k=1
ZTMIZ=xisI'Z =2Zas ZTM(I'Z) = 2ZTMZ = Z" M(1.Z). Hence, the
solution is given by the Eigen vector of I" which maximizes A. This Eigen vector
is called the first factor and denoted Z1. The other best orthogonal solutions are
given by the other Eigen vectors of W and denoted Z®, ..., Z(P)
In the following, in order to simplify, we consider that M is reduced to the iden-
tity matrix even if all the results can be easily generalized to any metric defined
by M. The coordinate i of the principal component F @ is by definition the pro-

jection of the ith individual w; on the factor Z(*). Therefore, its value is: Fl.(“) =

pomj

3 x jkzﬁ). For which it results more generally that F*) = X Z* . The correla-
j=lk=1
tion between each variable and each factor gives its coordinates inside the so called
“correlation sphere” of raw length equal to 1. More precisely, the coordinate of the

n
bin variable Y;; on the factor k is defined by: cor (Yjx, F®) = 3 x;jk Fl.(a)/«/)»a )
i=1

i=

P
Therefore, we get: Y cor?(Yji, F®)) = 1. Finally this method allows the mapping
a=1
of the variables inside the correlation circle.
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4.2 The Copular PCA

In the standard PCA developed in Sect. 4.1 we have not used the fact that probabil-
ities can be associated to the frequency of each bin. If we wish to take care of that,
“copulas” are needed. In order to simplify, we suppose that D is the 1/n diagonal
matrix and M is the identity matrix. It results that I” is the correlation matrix and so
its generic term is:

n n
Cij= Y Xijrxije = Y _(rijk — . ji/m)(rijc = r.joi/ n) [ (185 j0).
i=1 i=1

Let R;; be the random variable associated to the variable Y; for the individual i
such that Prob(R;;(k)) = riji. We can now see that in C;;» there are many products
rijktijk = Prob(Ri; = k) Prob(R;j = k’). Let H be the joint probability between
R;j and R;j. Under the hypotheses of independence between R;; and R;;/, we get
H(R,'j = k, Rij’ = k/) = Prob(R,-j = k)Prob(Rl-jr = k/) = Tijklij'k- This means
that the product get a high value if both 7;j and r;;/ are high. In practice, this is not
the case when there is no independencies between R;; and R; ;. In order to express
the joint probability in a more realistic way, we need to introduce copulas which
aim is to do the link between the marginals and the joint by the following formula
(Shweizer and Sklar (1983)), for more details on copulas see annex):

H(Rij = k, Rij’ = k/) = COpg(PrOb(Rij = k), PrOb(R,'j/ = k’)),
where H is the joint probability:
H(R;j =k, Rijjy = k') = Prob((R;j = k) N (R;j = k")),

where only Cop and 6 are unknown and has to be estimated. The copula Cop exists
and is unique under some hypothesis given in the Sklar theorem [15] recalled in
annex. If the initial data are the native data from which the histograms have been
build are known, and the copula family has been chosen, the parameter 6 can some-
times be estimated by using the Kendall Tau between the random variables R;; and
R;j’ (see Nelsen [12] for examples of such estimations).

5 Data Tables Derived from the Initial Categorical Histogram
Data Table

5.1 The Use of the Derived Data Tables

Until now we have just used the standard PCA on the normalized histogram data
table (given in Fig. 1) extended to copulas inside the correlation matrix. From the
Fig. 2 we can see that many other data tables are also involved in this framework.
The Tables 2—6 are based on the standard or copular PCA presented in Sects. 4.1
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Variables|Individuals| Ind. x bins |Ind. X metabins|Ind. x Variables
o]0 @, [01.1] 0k [ O, | ©01.1][ O] @ipa [011.] 03] Onp.

Bins:
Y
Y ik Tablel Table4 Table5 Table6
Ypmp
Variables
Yi.=Y
Y; =Y; | Table2 Table7
Y p. = Y, P
Metabins
S1

S Table3 Table8
Sm
F* [ ] [ ]

Fig. 2 Data tables derived from the initial categorical histogram data table

Fig. 3 Table 4 where .1 ;i k . Wn.m,,
Y jk(@rq) = xijy if Y11 Xt |ee | Yor(oig) |- [Yar(@nm,)
(t,q) = (J, k) and equal to O
if not Y Xijk
Y.pmp Y.pm,, (wl.l) Y.pmp (a)lk) Xnpmy,

and 4.2. For example, the table 4 is detailed in Fig. 3. They allow the representation
of supplementary individuals and variables as will be shown in Sect. 5.2.

5.2 Representation of Supplementary Individuals, Variables
and Metabins

The idea is here to use the tables shown in Fig. 2 in order to represent inside the
standard or copular PCA of Table 1, the contribution of bins, variables or specific
individuals by using the table 2—6. More precisely, we use the Table 2 for the pro-
jection of the variables Y;, the Table 3 for the projection of the metabins S,,, the
table 4-6 respectively for the projection of the Individual x bins, the Individual x
Variables and the Individual x Metabins. We use table 2 for the representation of
new variables on the principal components F®) |

5.3 Representation of the Variation of the Individuals According
to the Bins, the Metabins and the Variables

The table 4 expresses the Cartesian product between the individuals and the bins
described by the bins. In this case the coordinate on the factor Z®) of the individual

w; X (j, k) associated to the initial observation w; and the bin k of the variable Y

: ()
1S xiijjk .
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Hence, each individual wi can be considered as the mean center of the projections

p

of M = X:] m ; bins such that: Proj* (w,- x (k, j)/Z(“)) = Mxijkzﬁ) for all the
j:

M bins on the factor Z(®. This is easily proved as we know that Proj® (wi /Z (O‘)) =

Z Z Xij kz k is the projection of w; on the factor Z® and therefore, we get:
j=lk=1

Mean{ (w, x (k, ])/Z(“))/] =1,p, k=1, m]}

= Z Z roj (wi x (k, )/Z@) /M = Proj® (w;/Z®).

In practice, in order to avoid too many points we can select the projection of the
bins according to a given variable or to a given metabin.

The table 5 expresses the Cartesian product between the individuals and the
metabins described by their bins. In this case, the coordinate on the factor Z®
of the unit w; X S, associated to the initial observation w; and the metabin S,

is: Z Xijkjm zE k) Hence, each observation w; according to the metabin S,, among
iz
the K4 = Max;m; metabins can be represented by a supplementary individual

denoted w; x S, of projection: Proj® (w; x Su/Z®) = Kpax Z x,jkjmzﬁk) on

jm
iz
the factors Z®. The product by M in the preceding formula leads to

Mean {Proj (a), X Sm/Z(Ot)) /=1 p}
Kyax
=3 Proj*@i x Su/Z®)/Kstax = Proj® (wi/Z@)

m=1

and so it results that the projection of w; on Z®) is the mean center of the projections
of the supplementary individuals denoted w; x S,, fork = 1, K74, on Z@.
The table 6 expresses the Cartesian product between the individuals and the vari-

ables described by the bins. In this case, the coordinate of the unit w; X Y; associated
m

to the initial individual w; and the variable Y; is Z Xij kz k Hence, each individual
w; according to the variable Y; can be represented by p supplementary individu-
als denoted w; x Y; of projection: Proj® (w; x Y;/Z®) = p. Z x,]kz ) on the
factors Z(®). As in the preceding cases, it results that

Mean {Proj“ (a)l x Y /Z(“)) /j=1, p}

14 .

Proj® (w; x Y:/Z@®

— .] ( 1 .// ) :Proja (C{)l/Z(a)>.
j=1 P

Hence, the projection of w; on Z® is the mean center of the projections of the
supplementary individuals w; x Y; for j =1, pon Z @,
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Bs S1
Vex
S3
S2
B,

Fig. 4 Examples of “histogram stars” of bins or of variables where the sum of the length of the
radius is 1 and the center is the projection of the individual is w; (Vex in the example)

5.4 “Histogram Stars” Associated to the Bins, the Metabins or the
Variables, as Output of the PCA

We have seen in the preceding section that the representation of the individuals w;
can be considered as the mean center of the M supplementary individuals x bins
w; X (k, j), of the K s,y supplementary individuals x metabins w; x S, or of the
p supplementary individuals x variables w; x Y;. These properties can be used in
order to get a categorical histograms in output. In that way, we introduce the so
called “histogram stars” (see Fig. 4). The centers of these stars are the projection of
the n individuals w; on the factorial space and their vertices are the M projections of
the w; x bins or the p projections of the w; x variables or the K ys,, projections of
the w; x metabins such that the sum of the length of the radius of each star equal 1
(that is why such stars are called “histogram stars”). For example, in the case of the
stars whose vertices represent the w; x bins and the center represents the individual
w; we can get them in the following way: we denote A; for i = 1, n the projection
of the w; in the factorial space and By the projection of the M individual x bin in
the same space. It is then easy to join A; to the By and to divide the length of each
radius by the sum of the length of all the A; By when k = 1, M in order to get a
star as the ones shown in Fig. 4 where the sum of the length of the radius is equal
to 1. In the Fig. 4 an individual x bin (resp. individual x variable or individual x
metabin) is represented by just the name of the bin (resp. the name of the variable
or the name of the metabin) as there is no ambiguity. Knowing the meaning of the
factorial axis, the directions of the radius of these stars in the factorial space can
enhance the interpretability of the categorical histogram PCA (standard or copular)
for each chosen individual.

5.5 Representation of the Symbolic Variables in a Hypercube

We represent a variable Y; on F @ by a weighted sum of the projection on each
factor of the m ; bins of this variable. This weighted sum corresponds to the projec-

tion of the observations on the factor Z* restricted to the bins of ¥;. Hence, Y;a) is
defined by:
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Y(Ol) ZZ(U)Y (1)

More precisely Y j@ can be written Y]@ = (Yl(j[), . Y;?))T where Yi(]?‘) =

mJ
Z X; jkz k ) for i = 1, n. We can then calculate the correlation between Y;“) and

F (‘”) defined by:

Cor (Y;a), F(a)) = Y;O‘)F(O‘)/ <|y;01)| . |F(Ot)|) )

Lemma The projection of the bins on the principal component F® is given by
Y F® = a2y (3)

Proof The projection of the bins on the principal component F® is given by the
matricial product X'F®, As F©@ = XZ% we have X'F @ = X'XZ% = 1,Z"
which implies X' F® = 1,Z% . As Yj; and zﬁ) are respectively the kth row of X’

and of Z% , we get Y F @ = kaz;‘}?

Proposition

m;

Cor (Y;a), F(“)> = \/)‘»"‘Z (z.

k=1

“)

Proof We have

Y‘“)F<“> Zz“”y +F@ from (1)
k=1

Y(a)F(“) Zz(a)< azﬁ)) from (3)
Therefore

Y(a)F(oz) = Ay Z( (a)> (5)

k=1

Knowing that

IF@) = Ay (6)
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and

(@), _ ()
Y=o () @)

n
with o2 (Y@> =X (Y@) /n where Y(O’) Z x,jkz ) due to the fact that Y(“)
i=1
is centred as linear combination of centred varlables By replacmg in (3) the formu-

las (5), (6) and (7) we get Cor (Y(“) F(a)) — Z ( (a>> y (U (Y}“)) G)

From which results (3).

The “symbolic hypercube”: From this proposition, it is possible to asso-
ciate a “global” vector OG; to each symbolic variable Y;. This vector OG;
is defined by its coordinates on the principal components axes F® which

value is Cor (Y;a), F(“)>. In other words OG; = (Cor (Yl(a), F("‘)),

Cor (Y ;a), F ("‘)>). Therefore, each coordinate of this vector varies between —1

to 1 and therefore the vectors O G are inside the hypercube of p dimension whose
projection on each plane defined by two axes F@, F® is a square with vertices of
coordinates (1, 1), (—1, 1), (=1, —1), (1, —1). This hypercube is called “symbolic
hypercube” as it contains the symbolic variables.

6 Conclusion

We have presented a set of open directions of research for methods allowing the
extraction of several kinds of information from a categorical histogram data table.
We have shown that standard PCA can be applied but loose the probabilistic aspect
of these kind of data due to its underlying assumption of independency between the
bins. The copular approach solves this question by allowing the estimation of other
models closer from the data. Copular approach can be applied to ordinal histogram
data and has to be extended to standard numerical histograms and more generally
to distributions of functional data. We have also given ways for the representation
of individuals, individuals x variables, individuals x metabins at the vertices of
what has been called “histogram stars”. For the representation of the categorical
histogram variables, we have provided new theoretical results allowing their repre-
sentation in a hypercube of the correlation PCA space. This work open doors for
solving the difficult question of PCA on nominal histogram data but much remain
to be done to improve in practice the proposed directions.

Annex

Definition of a k-copula (Schweizer and Sklar [14], Nelsen [12]): A k-copula is a
function C from [0, 1]¥ to [0, 1] with the following properties:
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[a—

. for every u in [0, l]k, C(u) = 0 if at least one coordinate of u is 0;

2. if all coordinate of u are 1 except u™ then C () = u*;

3. the number assigned by C to each hyper-cube [ay, a2] x [b1, ba] x ... X [z, 2k]
is non negative.

For example, in two dimensions (k = 2), the third condition gives: C (a2, by) —
C(aa, by) — C(ay, by) 4+ C(ay, by) = 0. In the following, we denote RanG as the
range of the mapping G. Sklar [15] gave the following theorem:

Theorem Let H be a k-dimensional distribution with marginal distributions
G1, ..., G. Then there exists a k-copula C such that for all (xy, ..., x) € [0, 1],

Hxy,...,x) =C(G1(x1), ..., Gr(xx)). (1)

Moreover, if G, ..., Gy are continuous, then C is unique; otherwise C is uniquely
determined on RanG1| X ... X RanGy. Conversely, if G1, ..., Gy are distribution
Sfunctions and C is a copula, the function H defined by (1) is a k-dimensional distri-
bution function with marginal distributions G1, ..., Gy.

Parametric families of copulas: the most simple copulas denoted M, W and I
are M(u,v) = min(u,v), [I(u,v) = uv and W(u,v) = max(u + v — 1,0).
These copulas are special cases of some parametric families of copulas as the
followings: Cp(u,v) = max([u_b + v b — 1718, 0) discussed by Clayton [4]
has the following special cases: C_1 = W, Cy = I1 , Coo = M. Frank [6] has
defined Cp(u,v) = —1/b In (14 (e7? —1) (e7*V —1) / (e~? — 1)) which has
the following special cases: C_ooc = W, Cyp = IT , Coc = M. We denote t the
Kendall tau between R;; and R;;..The Clayton family is defined by Copg(u, v) =

max (= +v= = 1) 0) where 6 € [~1,1]/0 and 6 = 2¢/(1 - 7). Many
other copulas families are defined in Nelsen [12].
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Factorial Conjoint Analysis Based
Methodologies

Giuseppe Giordano, Carlo Natale Lauro, and Germana Scepi

Abstract Aim of this paper is to underline the main contributions in the con-
text of Factorial Conjoint Analysis. The integration of Conjoint Analysis with
the exploratory tools of Multidimensional Data Analysis is the basis of different
research strategies, proposed by the authors, combining the common estimation
method with its geometrical representation. Here we present a systematic and uni-
tary review of some of these methodologies by taking into account their contribution
to several open ended problems.

1 Introduction

Conjoint Analysis [15, 16] is one of the most popular statistical technique used in
Marketing to elicit preference functions at both individual and aggregate level. Con-
joint Analysis (CA) is a methodology based on several steps starting from designing
the experiment, collecting data, estimating the model and, finally, using the results
for market segmentation or product positioning.

Since the early 1970s, this technique has known an even wider diffusion in dif-
ferent applicative fields, ranging from Trading to Health, from Agriculture to Food
Industry, among others. One of the most recent field is Regulatory Impact Analysis
where the aim is to set the ideal regulation among alternative policies [24].

In the 1998, Lauro et al. [18] proposed the use of Principal Component Analysis
in order to manage dependent and explanatory variables in Conjoint Analysis. In
such approach, the traditional interpretative tools of multidimensional techniques
enhance the classical CA results. The underlying thought is that individual part-
worth coefficients derived for each respondents can be aggregated in a set of com-
mon latent utility models, arranged in decreasing importance with respect to their
explicative power (see Sect. 3).

Starting from this approach, different methodologies have been then developed
and applied in the framework of Multidimensional Data Analysis. Aim of this paper
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is to present a systematic and unitary review of these methodologies by taking into
account their contribution to several open ended problems: (i) to obtain homoge-
neous groups of respondents (ii) to take into account information on the respon-
dents not included in the Conjoint models, and (iii) to consider multiple criteria as
response variables.

The paper is structured as follows: in Sect. 2 we refer to the Metric Conjoint
Analysis model as the baseline of all successive methods. In Sect. 3 it is shown
how the data structure considered in Metric Conjoint Analysis can be analyzed
in the framework of exploratory multidimensional data analysis and how to read
and interpret the factorial maps as preference map. In Sect. 4, it is considered the
opportunity to enrich the original data structure with information about respondents.
This new data set is introduced and analyzed by a new specification of the Conjoint
model considering the preference system influenced by both the stimuli features and
the consumer characteristics.

Thus, in order to derive ex-post cluster of homogeneous set of respondents, a
peculiar approach is discussed in Sect. 5. It starts from the results of the facto-
rial decomposition in order to derive global and local utility models. Finally (in
Sect. 6), we address the problem of a multi-criteria approach to Conjoint Analysis
by introducing a data structure allowing to take into account multiple set of response
variables. Some conclusions and future directions are in the Sect. 7.

2 The Metric Approach to Conjoint Analysis

As starting point, we look at the metric approach to Conjoint Analysis. This allows
us to consider a well defined data structure that can be analyzed with a multivariate
multiple regression model, where the response variable is measured at interval scale
and OLS estimation method is applied.

For instance, we consider the role played by two sets of variables: the dependent
variables in the matrix Y (NxJ), and the explicative ones in the design matrix X of
size N x (K — k), where N is the set of Stimuli, J is the number of judges, i.e.
the preference responses, and k is the number of experimental factors expanded in
K attribute-levels. Let us notice that one dummy category has been dropped out for
each attribute to obtain a full rank matrix design.

The Metric Conjoint Analysis model is written as the following multivariate mul-
tiple regression model:

Y=XB+E ey

where B is the (K — k) x J matrix of individual part-worth coefficients and E is the
(NxJ) matrix of error terms for the set of J individual regression models.

Indeed, the simultaneous computation of the elements of the coefficient matrix
B yields the same results as a set of J separate multiple regression models, since
the relationships within the multiple responses are not involved in the ordinary
least squares method. The OLS is seen here as a decompositive technique because
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the classical assumptions on the errors are disregarded in Conjoint Analysis. Typi-
cally, some holdout runs are used to assess the internal validity of the model. Since
researchers often deal with complex stimuli, where a large number of attributes and
levels are involved, the use of saturated models is often necessary as a screening
study.

Focusing on the quantitative nature of the response variables (preference rating),
on the qualitative featuring of the design matrix (dummy variables) and because of
the simple reading of the part-worth coefficients computed as average effects, the
metric approach to Conjoint Analysis is the most used one. This model is at the
basis of the methodologies proposed in the following sections.

3 The Factorial Conjoint Analysis

The Multidimensional Approach to Conjoint Analysis aims at improving the inter-
pretation of the traditional results of this technique by proposing a new reading in the
context of Exploratory Data Analysis. The main advantage is to obtain a graphical
visualization of the relationships between the preference judgments (dependent vari-
ables) and the attribute-levels (independent variables) represented onto a common
space.

Different techniques have been proposed in order to take into account the dimen-
sion reduction aspect of the model stated in Eq. (1). Among others, we mention the
Reduced-Rank Regression Model [1, 17]; the Principal Component of Instrumental
Variables [20]; the Simultaneous Linear Prediction Modeling [10]; the Redundancy
Analysis [25] and the Principal Component Analysis on a Reference Subspace
[5, 6]. The peculiarity of all these techniques is the possibility to link the compu-
tational aspects of the regression coefficients with the descriptive and interpretative
tools of principal component or canonical variates.

Here we refer to the Principal Component Analysis on a Reference Subspace
(PCAR). We consider the asymmetric role played by the two sets of variables (pref-
erences and attributes) involved in multiattribute preference data. Note that in mul-
tidimensional data analysis asymmetry refers to the different role played by two or
more set of variables when we observe a particular phenomenon. In this context, we
highlight the dependence relation between the set of the J preference response vari-
ables and the set of the (K — k) attribute—levels described in the design matrix. This
technique allows to summarize the multivariate set of preference response variables
by performing a Principal Component Analysis of the matrix XB — stated in model
(1) — and equivalent to:

Y = XB = X(X'X)"'X'Y )

The individual part-worth coefficients are aggregated by means of a suitable
weighting system (the PCAR coefficients) reflecting the preference variability:
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B'X'’XBu, = A uy a=1,....,(K—k) 3)

It is worth noting, by comparing expression (1) and (3), that the criterion opti-
mized with PCAR (i.e. preference variance accounted by attribute-levels) is fully
consistent with the metric Conjoint Analysis data structure. Namely, we define this
method as Factorial Conjoint Analysis (FCA).

The PCAR geometrical interpretation allows to enrich even more Conjoint Anal-
ysis by joint plots of attribute-levels, judges and stimuli on the first two or three
factorial axes. Additional information on judges (e.g. a priori cluster or social-
demographic characteristics) can also be shown on the plot.

Traditional interpreting tools of Conjoint Analysis can be read in the context of
multidimensional data analysis too. For instance, the relative importance of each
attribute are derived by looking at the range of the attribute-level coordinates on
each factorial axis. Each factorial axis is a synthesis of the preference variables.
They describe the preference of a homogenous subset of respondents towards the
attribute levels. The first factorial axis determine the maximum agreement system
within judges while the successive ones establish alternative preference patterns of
judges subsets.

Considering the expression (2), the principal axes of inertia are obtained as solu-
tion of the following characteristic equation under orthonormality constraints:

PSS
Y Yu, = Auy wiw=1; wu;=0 (i jlea=1,...(K—k); 4

which is a Principal Component Analysis of the matrix Y.
The eigenvectors u, are the weights for the J respondents in the aggregated pref-
erence model:

Y, = X(X'X)"'X'Yu, = XBu, (5)

Since there are at most (K — k) different weighting systems with decreasing order of
importance, we refer to « = (1, 2) as the principal judgment system and define the
first factorial plan as a Preference Scenario. The (5) is used in computing the coor-
dinates of the N stimuli. The holdouts stimuli can be represented as supplementary
points Y T:

Coor(YT) = X*Bu, (6)

where X are the X rows containing the attribute levels combinations describing
any new products. The coordinates of the attribute-levels are:

Coor(X) = X'X)"2X'Yu, (7

The level coordinates in Eq. (7) are computed as linear combination of the individual
part-worth coefficients and assuming the relation between judge and factorial axis
as weighting system (i.e. the vector u), they represent different synthesis of the
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estimated part-worth coefficients. In this way, we obtain different synthesis of the
individual estimates instead of the unique average which is traditionally considered.
The coordinates of the J respondents are:

Coor(Y) = \/Eua ®)

which give the directions where pointing out the individual preference models.

The most important feature of this approach is the possibility to synthesize the
part-worth coefficients in an optimal way according to hierarchical patterns of pref-
erences.

The advantage of this technique with respect to similar approach, carried out
by means of Multidimensional Scaling techniques, is the possibility to recover and
interpret the different role of all the objects involved in the analysis (e.g. Stim-
uli, Attributes, Levels and Preference Scores). Furthermore, holdout stimuli not
involved in the analysis can be represented as supplementary points on the factorial
plan which is here interpreted as a Preference Map.

4 The FCA with Two Informative Structures

In the multivariate regression model introduced in Eq. (1) we have considered
two groups of variables: a set of dependent variables (in Y), judges’ preference,
described by a set of explicative variables (in X) which are the dummy coded
attributes of the stimuli.

In Marketing, for example, with the aim of defining a peculiar market strategy,
consumers can be a-priori classified on the basis of several socio-demographical
characteristics. Starting from this point of view, it is possible to undertake the
Taguchi’s categorization between controllable versus noise factors proposed in
Design of Experiment for Total Quality Control and introduce it in Preference Data
Analysis [12]. In particular, the set of a-priori information on judges can be con-
sidered as external factors and the attribute-levels describing different stimuli as
controllable or internal factors. Therefore, it is possible to introduce the data matrix
Z of size (H — h) x J, holding socio-demographical characteristics (h nominal
variables expanded in full disjunctive binary coding) observed on J judges.

We refer to the design matrix X as infernal informative structure or Inner Array
in Taguchi’s notation. while the matrix Z can be seen as external informative struc-
ture or Outer Array. With the aim of studying the relationships between the two
different informative structures, the influence of these two kinds of information on
the response variables and, finally, the relationships within each data structure, an
extension of the Factorial Conjoint Analysis approach has been applied.

In particular, the two data matrices can be regarded as two different sets of
explicative variables in two separated multivariate regression models. The first one
is the model (1) above defined and the second one is defined by considering the
respondents as statistical units in the model:
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Y =ZD+F )

where D is the (H — h) x J matrix of coefficients and F is the (J x N) matrix of
error terms. In order to relate the information of the two designs (X and Z’ and their
own effects on the values in Y, the coefficients matrices B and D have been used in
the models (10) and (11) which share common solutions in the matrix @.

B=7Z60+V (10)
D=XO0+W (1)

where V and W are the corresponding matrices of error terms. The generic ele-
ments of [(H—h)x(K—k)] can be regarded as a coefficient showing the relationship
between the two sets of explicative factors. The common OLS solution for @ is:

6 =2ZZ)'zYyXX'X)"L. (12)

In order to synthesise and represent the information in ®, the Singular Value
Decomposition SVD) with respect to two different metrics [13] allows to produce a
factorial plan where to show the relationships between the users’ characteristics and
the service features.

This approach allows us to enrich the results of Conjoint Analysis by considering
the elements of @ as inter-reference coefficients while the elements of B and D can
be regarded as intra-reference coefficients.

The coefficients in B are useful to answer to questions as: What happens if we
substitute an attribute level with another one?

The coefficients in D answer to: How a category of respondents value a prod-
uct/service with respect to another category? The ® coefficients help the researchers
to answer at question as: What is the effect of changing the attribute level when we
target a peculiar category of respondents?

In this way, for example, we may simulate potential market segments charac-
terised by both consumers and products characteristics.

S Cluster Based Factorial Conjoint Analysis

The results obtained by Factorial Conjoint Analysis (see Sect. 3) give an aggregate
model derived by the total variability within preference judgments. Let us note that
judges are represented as variables (judge-vectors) in the FCA subspace.

Starting from FCA results, a strategy which alternates steps of factorial analyses
and clustering procedures is proposed in Lauro et al. [19].

With the aim of defining utility models for homogeneous group of judges, we
used a method of variables clustering that split the set of judgements into hierarchi-
cal clusters. In a Customer Satisfaction strategy, for example, the obtained classes
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can be considered as market segments and specialized products are offered to these
segments in order to maximize customer satisfaction.

Therefore, for each class a local utility model is derived. Thus, in order to define
an aggregate model coherent with the local models and, at the same time, reflecting
the preferences of most judges, a weighted PCA is carried out. This analysis aims
to synthesize the local preference models in a single model by considering both the
number of units in a class and their variability. In this way, the final synthesis put
emphasis on more homogenous and larger classes. As a result, this aggregate model
is different from the initial aggregate model furnished by the first axis of the FCA;
it gets the information from the classes for defining an ideal scenario representative
of the preferences of most respondents.

Indeed, each factorial axis obtained through Eq. (3) is a synthesis of the whole
set of J preference models. According to standard PCA interpretation rules, vector-
variables pointing in the same direction are highly correlated and represent similar
preference. Starting from results shown in Eq. (8), a variable clustering (i.e. the
VARCLUS procedure of the SAS/Stat system) is performed, so that the individual
judgments are aggregated to form homogenous classes. For each class, a local utility
model is derived and a standardized scoring coefficient is assigned to each variable
to determine the membership to the class. In this step the number of members in
each class and a measure of variability explained by each class is also retained.
The number of classes C is chosen by exploring the tree structure (dendrogram)
or can be set ex ante by the researcher. In a further step we use this information to
derive an optimal aggregated utility function, as a synthesis of the local models. The
aggregated model is different from the initial PCAR results because it takes into
account the relationships among clusters instead of individual judgments. At this
aim it is defined the matrix S (J x C) holding the standardized scoring coefficients
for each judge, and the diagonal weighing matrix W(C x C) of generic term defined
as:

wemZL% 1O O<we<l: > we=1 (13)

_ch/ac’
p

where j. is th number of judges in the cth class and o, is the variability explained by
the cth class. By considering the initial coefficients B, a weighted Principal Compo-
nent Analysis is defined by the following eigen-equation:

WS'B'BSv, = Uy Vy (14)

where the v, are the eigenvalues associated to the corresponding eigenvectors vy.
The matrix product BS [(K — k) x C] retrieves the importance of each part-worth
coefficients in the C segments.

The first principal component obtained by the (14) represents a synthesis of the
local preference models. So the new aggregate model can just defined by consid-
ering this component. We highlight that the weighing matrix W used in Eq. (14)
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allows to stress on local models with a large number of units (all judges sharing
the same model) and allows to give importance to more homogeneous clusters (i.e.
market segments).

Therefore, the direction of the new principal component depends on (i) the cor-
relations between the local models; (ii) the size and (iii) the variability within the
clusters.

The main results of this strategy are:

e the definition of local preference models;

e the definition of a synthesis model taking into account the local preference
models;

e the graphical representations of preferences of both the local and the aggregate
models as useful tools for interpreting results.

The local preference models allow to represent utility functions for subset of
respondents. For example, in marketing, they could be very useful to establish a
marketing specialization strategy. The global preference model is complementary to
the average model and to the principal component model. The more homogeneous
is the market as a whole, the more the syntheses will tend to the average model. In
presence of strong variability among the judgements the principal component model
improve the average model. Whereas there exists subsets of consumers that define
market segments, the global model is the best suited for a covering market strategy.
The graphical representation allows to better visualize the results of the Conjoint
experiment and simulation study for product positioning and market simulation.

We warn that internal validity should always achieved by cross-validation tech-
niques, and more important in application fields, the actual use of the methods
should produce feedback information to assess external validity and reliability of
results.

6 Multi Criteria Factorial Conjoint Analysis

The developments of Conjoint Analysis discussed above are defined on the con-
cept of utility function and applied in the context of Marketing Research, Cus-
tomer Satisfaction and Customer Relationship Management. Recently, the concept
of function of value has taken new meanings. Since one cannot measure utility
directly, and attempts to derive it based on preferences (Conjoint Analysis relies
on the Neumann-Morgenstern theory) could not work because the idea of utility is
ambiguous in Social Choice theory where you are speaking about what is useful to
society in general. Anyway, Which are society values? and What do you value for
society? In general, different criteria could be taken into account when evaluating
some concepts from the socio-political point of view. In this view, we think that
Conjoint Analysis can be easily adapted to understand the importance (or value) of
different attribute-levels in defining a new product/service, as well as a new policy or
politics [24]. All we need, is a value system, different from Utility, able to describe
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the new concept. Some example are the Efficacy or the Sustainability in a broader
sense. The definition of such analytical functions and their estimates through the
use of the Conjoint Analysis approach, will provide a new tool for comparing and
evaluate the gaps between what is expected and what is possible to get.

We plan and administer a questionnaire for collecting simultaneously opinions of
same judges on a set of stimuli on the basis of m different criteria such as expected
benefits, expected utility, strategic priority, and so on.

With this aim, we extend the metric model of Conjoint Analysis (1) by introduc-
ing several response matrices:

Y =XB;+E|
: (15)
Y =XB, +Es

where B,, is the coefficient matrix related to the mth criterion and E,, is the corre-
sponding error matrix. Therefore, m sets of OLS part-worth coefficients have been
calculated by considering each single criterion separately. Let us notice that the
Design Matrix X is the same in the m criterion.

We are interested in define a similarity measure among the J judges with respect
to the m criteria simultaneously. A straightforward approach is to carry out the Fac-
torial Conjoint Analysis on a given criterion and then project (as supplementary
points) on the obtained subspace the others m—1 criteria. However, this choice has
several issues because of the subjectivity of the reference criterion and the absence
of a reference subspace where all criteria play an equal (as well as weighted) role.

Different methods allow to face with these issues. They aim at obtaining a syn-
thesis of the multiple criteria directly on a factorial plan. From the others, we refer
to STATIS [9], Principal Matrices Analysis [4, 21] and Multiple Factorial Analysis
[8] and, from a non-symmetrical point of view, to an extension of PCAR [5] and to
a non-symmetrical version of Principal Matrices Analysis [3], which considers the
case of multiple observational designs.

The Multi Criteria Factorial Conjoint Analysis deals with a peculiar data struc-
ture where the design matrix is the same in the different occasions while the
response matrix changes. Therefore, we propose to apply the MFA to the coefficient
matrices B; (i = 1, ..., m) and (according to Eq. 2) to interpret it in the frame of a
non-symmetrical data analysis.

Multiple factor analysis analyzes observations described by several “blocks” or
sets of variables. MFA seeks the common structures present in all of these sets. MFA
is performed in two steps. First a principal component analysis (PCA) is performed
on each data set which is then “normalized” by dividing all its elements by the
square root of the first eigenvalue obtained from each PCA. Second, the normalized
data sets are merged to form a unique matrix and a global PCA is performed on this
matrix. The individual data sets are then projected onto the global space to analyze
communalities and discrepancies.
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In analogy with MFA, we carry out m PCA’s, one for each separated criterion,
and the first eigenvalue is retrieved. So we normalize each B,,,(i = 1,...,m) and
juxtapose them in order to obtain a unique matrix. A global PCA is performed
on this matrix. In this way a synthesis of the coefficients related to all criteria
is achieved. On this common plan, we can compare the different criteria and we
can project the judges for analyzing their differences and similarities respect to the
different criteria. The relationships among the different criteria and between the
criteria and the global solution can be analyzed by computing the partial inertia of
each analysis for each dimension of the global analysis. In this way we are able to
understand the importance of each criterion in the definition of the global solution
and we can define the ideal combination of attribute-levels (product, service, policy
and so on) by selecting the levels with the larger coordinates on the global plan.

7 Some Conclusions

Different other contributions to Factorial Conjoint Analysis have been proposed
by the authors with different aims and from different perspectives [2, 7, 11, 23].
A further development consists in searching a new distance for comparing metric
Conjoint Analysis models. In particular, Romano et al. [22] define an inter-models
distance which takes into account both the analytical structure of the model (through
coefficient deviations) and the information about the model fitting (through the dif-
ference between the adjusted R? related to each pair of models). The so defined
Model Distance is parameterized by a trimmer value that allows to take into account
the extent to which the model fitting enter in the definition of the distance. This new
metric allows to cluster judges in terms of individual models by taking into account
both the information on the structural component of the model and on the error term.
As Green et al. [14] say:

[...] despite its maturity, conjoint analysis is still far from stagnant, because the methods
deal with the pervasive problem of buyer preferences and choices.

In this point of view, we think that new methodological development and appli-
cations can be performed in Factorial Conjoint Analysis context. In particular, it
will be interesting to investigate the possibility to extend the proposed methods to
different structures of data, such as for example, interval value data.
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Ordering and Scaling Objects in Multivariate
Data Under Nonlinear Transformations
of Variables

Jacqueline J. Meulman, Lawrence J. Hubert, and Phipps Arabie

Abstract An integrated iterative method is presented for the optimal ordering and
scaling of objects in multivariate data, where the variables themselves may be trans-
formed in the process of optimizing the objective function. Given an ordering of
objects, optimal transformation of variables is guaranteed by the combined use of
majorization (a particular (sub)gradient optimization method) and projection meth-
ods. The optimal sequencing is a combinatorial task and should not be carried out
by applying standard optimization techniques based on gradients, because these are
known to result in severe problems of local optima. Instead, a combinatorial data
analysis strategy is adopted that amounts to a cyclic application of a number of
local operations. A crucial objective for the overall method is the graphical display
of the results, which is implemented by spacing the object points optimally over
a one-dimensional continuum. An indication is given for how the overall process
converges to a (possibly local) optimum. As an illustration, the method is applied to
the analysis of a published observational data set.

1 Introduction

In this paper we consider a set of iterative methods that are integrated to perform
a particular data analysis task. The available data will typically consist of nonnu-
merical variables, e.g., ordinal variables that provide an ordering for the objects, or
nominal variables that group the objects into a limited number of classes. In either
case, the distances between distinct pairs of the objects are unknown and have to be
recovered as part of the overall optimization process. For such data, we require the
results of the analysis to be invariant under one-to-one nonlinear transformations of
the variables.

We focus on the analysis of an n x m multivariate data matrix Q =

and m denotes the number of variables in the columns. Later, the columns of Q
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will themselves be assumed constructed by transformations on the columns of an
originally given n x m data matrix Z, but for the moment we phrase our presenta-
tion solely in terms of the data matrix Q. The relationship between the objects is
defined by Euclidean distances between the rows of the data matrix Q, and these
are collected into an n x n proximity matrix P = {pir}1<i k<n, having entries p;x
(= pri = 0,and p;; = 0). Thus, p;; represents the proximity between the objects O;
and Oy, where a large value corresponds to a small similarity and a large distance,
and can be given explicitly as:

pik = /d2(Q) = v/(e; — &) QQ/(e; — ) . (1)

with e; denoting the ith column vector of the n x n identity matrix I, and dizk Q
the squared Euclidean distance between O; and Oy. The basic data analytic prob-
lem is to represent the (high-dimensional) proximities between objects by distances
between object points in a low-dimensional representation space X of order n x s,
for some suitably chosen value of s.

There are numerous approaches that could be considered if the representation
space X has s > 2 dimensions. (We mention these very briefly; details can be found
in [22].) One of these is the classical approach usually associated with Torgerson
[30] and Gower [9], which is an eigenvalue technique based on Young and House-
holder [37]. Here a scalar product matrix R, constructed by taking —% the double-
centered squared proximities, is approximated by another scalar product matrix of
lower rank XX'. To optimize the approximation by using distances D(X), and not
scalar products XX', gradient [16, 17, 23, 24], subgradient [5, 10], and majorization
methods [6] have been developed to minimize iteratively the objective function

STRESS(X) = |P — D(X) |2, )

over X in s < r dimensions, and where || - || denotes the usual Frobenius (Euclidean)
norm. Basically, these methods are variations (with fixed or optimal stepsizes) of
iteratively computing a successor configuration X* for X of the same order, and
satisfying

IP — DX < |P— DX)|I?, 3)

for fixed X. Kruskal [16, 17] proposed a gradient method and re-estimated a step-
size y in each iteration. The method proposed by Guttman [10] implicitly used the
same algorithm, but with a fixed stepsize. (Again, see Meulman, Hubert, and Arabie
[22] for details regarding these candidate successor configurations.) De Leeuw and
Heiser [5] showed that the procedure proposed by Guttman is equivalent to a sub-
gradient method, and a convergence proof was given, while De Leeuw and Heiser
[6] interpreted the associated update X as a majorization procedure, and offered a
new, alternative convergence proof.
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2 Our Data Analytic Problem

In the present paper, we use a set of iterative methods that are integrated to minimize
the objective function

STRESS(Q;x; ¢) = |D(Q) + ¢ — D). 4)

Here, the vector x defines a one-dimensional scale to be fitted to the proximities
in D(Q), and c is a constant to be estimated; D(-) contains Euclidean distances
d;j(-) according to (1) between all objects i and j, i, j = 1,...,n. Q denotes the
data matrix, with columns allowed to be transformed according to a prespecified
transformation level. For ordinal data, the transformation level would typically be
monotonic, using either the full parameter space, or a monotonic spline function
with a prespecified degree and number of interior knots.

The combination of multivariate analysis and optimal scaling (i.e., exchanging
the variables in Z with a set of transformed variables in Q), has a long history in
psychometrics. The major impetus was the extension of the loss function in (2)
to include optimization over only the ordinal information present in the proximi-
ties in P, an approach pioneered by Shepard [27, 28] and Kruskal [16, 17]. Sub-
sequently, the principle of optimal transformation was transferred from proximity
data to multivariate data, with optimal scaling of the variables instead of the prox-
imities. Selected highlights from the early psychometric literature on optimal scal-
ing include Kruskal [18], Shepard [29], Roskam [26], De Leeuw [4], Kruskal and
Shepard [19], Young, De Leeuw, and Takane [38], Young, Takane, and De
Leeuw [39], Winsberg and Ramsay [34, 35], Van der Burg and De Leeuw [31],
Van der Burg, De Leeuw, and Verdegaal [32], and Ramsay [25]. Approaches to
systematization are the “ALSOS” system [36], and the Leiden “Albert Gifi” system
[8]. The more mainstream statistical literature has acknowledged optimal scaling by
the papers by Breiman and Friedman [1], Ramsay [25], Buja [2], and Hastie, Buja,
and Tibshirani [11].

For the data analytic task of the present paper, optimal scaling has to be inte-
grated with the task of finding an optimal ordering of objects and spacing the
objects as points along a one-dimensional continuum (along with an estimate for the
constant c¢).

2.1 The Three Subtasks and Corresponding Optimization Methods

Finding an optimal ordering of objects is a combinatorial optimization task, and it
is known, for example, from Defays [3], De Leeuw and Heiser [5], and Hubert and
Arabie [12] that (sub)gradient and majorization methods are prone to identifying
seriously suboptimal solutions whenever applied to scaling tasks that are limited to
one dimension.

We begin with a given n x n symmetric proximity matrix P = {p;x}, whose
entries have a distance interpretation in which larger values reflect the more
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dissimilar objects. An ordering of the n objects is sought, represented by a per-
mutation of the first n integers, o(-), such that the reordered matrix P, = {p,i)p )}
is as “close as possible”, defined by an explicit objective function, to a so-called
anti-Robinson matrix (see Hubert and Arabie [13] and the references therein for the
historical background to the use of the term ‘“anti-Robinson”). Formally, an n x n
symmetric matrix, A = {§;x}, has an anti-Robinson form if the entries within the
rows and columns never decrease as we move away from the main diagonal in any
direction, i.e.,

Sik < Sigyny forl <i <k <n-—1; )
Sik < Sik—n for2 <k <i <n.

Except for small values of n, a complete enumeration strategy that would exhaus-
tively consider all n! permutations is computationally infeasible. To construct a gen-
eral search procedure that would work for any reasonable size for n, a heuristic strat-
egy is adopted based on suggestions from the quadratic assignment literature (e.g.,
see Hubert and Schultz [14]), and which has been successfully applied in Hubert
and Arabie [13] for fitting anti-Robinson matrices to given proximity matrices.

Specifically, we begin by computing the cross-product I" (0 (-)) = Y, ; Pp(i)p(k)Sik
for some (randomly) chosen permutation p(-) and equally-spaced anti-Robinson
target matrix A = {|i — k|}, and attempt by a series of local operations to produce a
sequence of permutations that increase /7 (-) until no local operation can improve on
its value. The strategy includes local operations from three classes: (i) all pairwise
interchanges of the n objects; (ii) all insertions of / consecutive objects between
any two existing objects (or at the beginning and end of the permutation); (iii) all
complete reversals of the orderings of [ consecutive objects, [ = 2,...,n. When
the best permutation, say, p*(-), is found, a “new” anti-Robinson target matrix A
is reconstructed by a least-squares fit to the proximity matrix P+, and the whole
process repeated, until stability is eventually achieved both in the identification of
0*(-) and A.

Optimal spacing of the object points amounts to obtaining scale values for the
(ordered) objects along a one-dimensional continuum. To obtain scale values and to
construct a graphical display, requires additional constraints, to be imposed on the
fitting of the anti-Robinson matrix A for the identified permutation p*(-). Explic-
itly, A is constrained as A = D(x), with D(x) the matrix containing all pairs of
Euclidean (or more generally, Minkowski) distances, d;x(X) = |x; — x¢|, for some
collection of coordinates x; < --- < x,. Given the ordering p*(-), the scale values
(in x) and the constant (c¢) can be obtained in several ways. In the present paper, we
use Dykstra’s [7] iterative projection approach. For a fixed permutation p(-), the set
of all n x n matrices equal to the reordered proximity matrix {p,@)pk)} up to an
additive constant ¢ will be denoted by P,, and D denotes the set of all n x n matri-
ces that give the interpoint distances between the objects along a one-dimensional
continuum for x; < --- < x,. The sets P, and D are both closed and convex; thus,
projections of any n x n symmetric matrix onto either P, or D can be constructed.
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Because we need to find both the coordinates in x and the additive constant ¢ simul-
taneously, an alternating projection strategy is implemented between the two sets
P, and D. The projection of any given matrix onto P, to generate an optimal value
for c is straightforward, but the projection onto D is somewhat more complicated.
This minimization requires the satisfaction of several linear inequality/equality con-
straints:

(D 0<dyxforl <i#k=<mn;
(i) 0 =d;;(x) forl <i <n;
(i) dix(x) =d;(x) for 1 <i #k <n;
(v) di+1y(X) + - Fdg—1k(X) =djx(x) for 1 <i <k <n,where2 <k —i.

The details for solving this particular optimization problem can be found in Hubert,
Arabie, and Meulman [15]. Basically, the constraints are considered sequentially
and checked as to whether each is satisfied; if not, the current update is projected
onto the subset that does satisfy the constraint. In this cyclic process, the previous
changes are “undone” when each constraint is reconsidered (see Dykstra [7] for a
proof of convergence to the desired projection onto the closed convex set).

Optimal scaling of each variable implies finding a transformation q; = ¢(z;)
with maximal fit for fixed x. Thus, the optimal scaling process is guided by the
objective function

STRESS(x; c) = mig I1D(Q) + ¢ — DX)|>, (6)
qjcC;

with q’j q; = 1. For a given matrix D(x) and constant c, finding the optimal Q can
be solved by an optimization strategy based on majorization (which is equivalent to
a subgradient method) and projection (see De Leeuw and Heiser [6] for the basic
principles).

In our algorithm, the majorization step finds for each current Q an unconstrained
update Y of the same order as Q that satisfies

ID(Y) — D®|* < [DQ) — DX)|?, 7)

for fixed x. This task is carried out by choosing Y as Y =n~'B(Q)Q. Here, the n x n
matrix B(Q) is defined as B(Q) = B;(Q) — B, (Q); the n x n matrix B, (Q) has ele-
ments b}, (Q) = dix(x)/dix(Q) if i # k,and b}, (Q) = 0ifi = k ord;x(Q) = 0. The
n x n diagonal matrix, B;(Q), has elements blf ;(Q) =u'B,(Q)e; along its main diag-
onal. The required transformation is constructed by a metric projection of the uncon-
strained update Y onto the space that satisfies the constraints; explicitly, if a class of
cones is defined for all admissible transformations of the variables in Q, we write
the metric projection of Y onto the cone as Pc(Y) = Q = {q1,...,q;, ..., qm},
where Q minimizes ||[Y — Q||* over all q j € Cj. The convergence results of De
Leeuw and Heiser [6] can be used to show that Q will yield the desired result:
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IDQ) — DX* < [DQ) — D). ()

The metric projection P¢(Y) needs to be specified by a particular choice of trans-
formation. If we choose monotonic spline transformations and construct an I-spline
basis matrix S; for the j 'h variable in Z (see Ramsay [25] for details),

ly; —S;bjlI%, 9)

is minimized, under the conditions that the spline coefficient vector b; contains
nonnegative entries (to guarantee monotonic I-splines) and b’j S’j S;b; =1 (to give
the transformed variable a unit length). To ensure nonnegativity of the entries in b,
the problem is further partitioned by separating the /" column of the spline basis

matrix S; (denoted by s/, with the remaining matrix denoted by s/ .) and the ¢
element from the spline coefficient vector b; (denoted by b/, with the remaining
vector denoted by b’ ). We minimize iteratively:

Iy; — S 7)) —s/b] |12, (10)
over elements b',/ >0,t =1,..., M (where M is dependent on the degree of the
spline and the number of knots), and for j = 1, ..., m. After an update for Q has

been determined, the procedure returns, and the three steps described in this section
are cycled through repeatedly until no change occurs.

3 An Empirical Illustration

To illustrate our iterative method, we use a data set that concerns the perceived
effectiveness, safety, availability, and convenience of 15 birth control methods. Four
groups of respondents (two groups consisting of female respondents, and two of
male respondents) ranked the methods from 1 to 15 according to the four criteria.
Each group consisted of seven individuals, and their rankings were aggregated [33].
For the present analysis, it is important to use the aggregate rankings per group as the
variables in the analysis, and the 15 contraceptive methods as the row objects (thus
we analyze the transpose of the usual data matrix.) The objective of the analysis
is to find an optimal ordering of the 15 methods displaying a consensus among
the respondents, on the basis of optimal transformation of the rankings for each
of the eight groups of respondents. The rankings were optimally transformed with
a quadratic spline function with one interior knot (thus, for every ranking, three
parameters were fitted in the transformation). The solution found by our iterative
method accounts for 92.6% of the total variance in the distances between the objects
according to the transformed variables. One ordering and scaling is depicted in
Fig. 1. The sequence is from the extreme birth control method abortion via the
other surgeries, hysterectomy, tubal ligation, and vasectomy, to the other extreme
abstinence via rhythm, withdrawal, and oral sex. The condom, pill, and iud are in
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Fig. 1 The proximity between 15 birth control methods fitted along a one-dimensional continuum.
The horizontal axis displays the ordering and the spacing of the objects, showing the consensus
among the four groups of respondents on the four different criteria

the center of the continuum. The spacing between the points corresponds to the fitted
distances; the scale values are given as well. The largest distance between adjacent
objects is for abstinence and oral sex (1.29). At the other end of the continuum,
hysterectomy is 0.59 from abortion and 0.70 from tubal ligation and vasectomy,
which coincide and are 0.74 from intra-uterine device. The latter is much closer
(0.27) to the pill, but the smallest distances are from the pill to spermicide (0.09) to
diaphragm (0.01) to douche (0.02) and to foam, tied with douche. At some distance
(0.25) we find condom to rhythm (0.15), and withdrawal (0.10), and finally we have
oral sex at distance 0.33, and abstinence at the end of the scale.

Next, we consider the transformation of the (aggregate) rankings from 7 (7 x 1)
to 105 (7 x 15) to their optimally scaled versions (in Figs. 2 and 3). In the left two
panels of Fig. 2, the transformations for the women groups are displayed; the two
panels on the right are transformations for the male groups. The two top panels are
transformations according to effectiveness, followed by safety at the bottom. It is
clear that there is a great deal of consensus, with the overall exception being the
second male group. Although the women and the first male group believe that oral
sex and abstinence is efficient and safe, the second male group ranks abstinence
and oral sex much lower on effectiveness, and oral sex much lower on safety. The
corresponding plots for convenience, and availability are given in Fig. 3. Here it can
be seen that the women judge oral sex and abstinence as available and convenient,
but both male groups believe that oral sex is not available, and the second male
group that oral sex is not convenient either.

An alternative display of the optimal scale values from Fig. 1 is given in Fig. 4.
Here, the horizontal axis displays the objects sequenced according to the scale
values (and equally spaced), while the vertical axis displays the optimal spacing
according to the scale values. The transformations in Figs. 2 and 3 were found
separately for each of the 4 groups and according to each of the four criteria. As
an interpretation, Fig. 3 displays a “consensus” transformation over all groups of
respondents and criteria. Overall, the consensus ordering and scaling in X is most
associated (according to the Pearson correlations) with SF1 (0.95), SM1 (0.91), CF1
(0.90), AF2 (0.89), AF1 (0.85), CF2 (0.81), SF2 (0.73), and SM2 (0.70), and least
with EM2 (-0.28), EF1 (0.0), EF2 (0.17), AM1 (0.41), CM1 (0.48), AM2 (0.51),
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Fig. 2 The optimally scaled rankings (vertical axis) versus original ranking scores (horizontal axis)
giving transformation plots. The transformations were found for two groups of men and two groups
of women on four criteria; above are the optimally scaled rankings according to Effectiveness and
Safety. The transformations for the two female and the two male groups were combined into a
single plot each. The sequence of the 15 contraceptive methods - ordered from high to low for each
of the four groups of judges - is given at the right-hand side

EM1 (0.56), and CM2 (0.67). Thus, safety, convenience, and availability according
to women and safety according to men are closest to the consensus ordering in X,
while availability and convenience according to men, and effectiveness according
to all groups of respondents, are not. The women respondents are generally closer
to the consensus ordering than the male groups, and the criterion effectiveness is
judged differently from the other three.

To evaluate the possible presence of (suboptimal) local optima, the analysis
reported above was repeated with 100 random starts for the initial ordering of
the objects. Of the 100 solutions, 99 were identical, with 92.6% of the variance
in the distances accounted for; the only solution that differed gave a slightly less
variance-accounted-for of 92.5%. The ordering in this solution differed for the
objects withdrawal and rhythm: in the optimal solution, rhythm comes before with-
drawal (with scale values of 2.806 and 2.903, respectively); in the suboptimal solu-
tion, rthythm and withdrawal have almost the same scale values (2.835 and 2.834,
respectively). The rest of the one-dimensional scale was virtually identical, as well
as the transformed rankings per group.
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Fig. 3 Optimally scaled rankings as in Figure 2, but now for Availability and Convenience

Fig. 4 The proximity
between 15 birth control
methods fitted along a
one-dimensional continuum:
the horizontal axis represents
the ordering and the vertical
axis represents the spacing:
optimally scaled consensus
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In the present paper, we have shown how to construct a parsimonious one-
dimensional representation for a (large) number of transformed variables. The data
analytic objective was to incorporate the use of discrete multivariate ordinal data,
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where relationships between variables could be nonlinear, and where the data might
be decidedly nonnormal in distribution. Optimal scaling was proposed as a way for
dealing with this nontraditional type of multivariate data. The data analytical task is
computationally a nested iterative procedure, where objects are optimally sequenced
cyclically, spaced optimally, and all implemented with optimal transformation of the
variables in the original data.

Using this combinatorial data analysis framework, the transformation of vari-
ables can also be combined with fitting the special structures described by Hubert,
Arabie, and Meulman [15]. One extension is to the construction of a circular unidi-
mensional scale, where in addition to the ordering, the scale values, and the additive
constant, a set of inflection points must be found that indicate where the minimum
distance calculation must change direction around the closed continuum. A second
generalization is to the use of additive trees, defined by a structure where the fitted
value d; is the length of the path that joins the two objects i and k. The fitted values
satisfy what is called the four-point condition: over all distinct 7, k, /, and m, among
the three sums, dix + dj, dij + dipm, and d;,, + dy;, the largest two are equal. As
a special case of an additive tree, ultrametrics can be fitted, where for any three
distinct objects i, k, and [, the largest two values among d;i, d;;, and dy,, are equal.
The latter condition induces a sequence of partitions for the object set.

Finally, in the general distance analysis framework considered, we can also fit
objects in a representation space with dimensionality s > 1, as done by Meulman
[20, 21]. In contrast to their performance in the unidimensional scaling task
(and their difficulty with identifying seriously suboptimal solutions), gradient and
majorization methods generally work well in constructing such multidimensional
representations.
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Statistical Models to Predict Academic
Churn Risk

Paolo Giudici and Emanuele Dequarti

Abstract This paper describes a research conducted on university students careers.
The purpose is to study, describe and prevent the phenomenon of abandonment
(churn). Results from predictive models may be employed to start activities of per-
sonalized tutoring, aimed at preventing the phenomena

1 Introduction

In this paper we present how to analyse student careers data, in order to predict
and, therefore, prevent, students abandonment. We show empirical evidence derived
from real data from the Faculty of Psychology of the University of Pavia.

The faculty of psychology was chosen because we deal with strongly motivated
students. This makes the analysis of the data particularly meaningful. The main
objective of this paper is to study the phenomenon of churn concerning the students,
in order to reduce the number of students that leave their university career without
reaching the degree.

In profit companies is rather immediate to establish the number of clients that
abandons a service. The distinction is usually made between voluntary and involun-
tary churn. Involuntary churn occurs when the company terminates the customers’
contract or account - usually on the basis of a poor payment history. Voluntary churn
is when the customer decides to take their business elsewhere.

Now we adapt these concepts to a situation that interests the students of a faculty
(see E.6. [5]). Voluntary churn is when the student interrupts academic studies. The
student could definitely leave his/her career. We will call this possibility renounced
student. A different event is that the student could continue his/her career in another
University. We will call this possibility dismissed student. Renounced student and
dismissed student are positions officially enacted in official documents.

There are also positions of students that officially result “active”, but that do not
take exams anymore and they suspend the payment of the annual tax for years. The
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reception office considers these kind of students as “renounced student” after eight
years of complete inactivity, but it is clearly possible to establish with wide advance
this condition of abandonment.

It thus becomes necessary to individualize a criterion to establish what students
formally held active, are instead definitely inactive.

The missed payment of the annual tax of registration, with the exception of the
graduated students, clearly signals a possible risk of churn. A necessary caution is
the need to verify that the student does not restart to pay taxes in following years.

The final objective is to define profiles of students with high churn risk, depend-
ing on the following factors: given credits, average mark of given exams, and the
followings social- demographic variables: gender, date of birth, province of resi-
dence, type of middle school diploma.

These profiles could be used for beginning tutorial and counselling activities in
order to prevent churn risk.

For relevant contributions about analysis on the performances of the students see
also [2] [7] [8] [13] [14] [15].

To reach this objective we employ descriptive and inferential models such us
Kaplan Meier survival function and Cox model (see E.6. [3]).

The paper is organised as follows: in Sect. 2 we present the data available, in
Sect. 3 our methodological proposal aimed at estimating for each student churn
risk; finally in Sect. 4 empirical evidence is given. Section 5 reports the conclusion
and further ideas of research.

2 Data Set

The data available for our analysis contain information about the Degree of Psychol-

ogy. The data set contains 845 observations: for each row (statistical units), which

represents in this case a different student, we report variables useful to describe the

university career of each student and his/her social-demographic characteristics.
The variables are:

I D: (univocal code of identity for each student).

Dateofbirth: (year).

Gender: (female, male).

ProvRec: (italian province of residence).

Diploma: type of middle school diploma (professional institute, technical insti-

tute, classical high school, linguistic high school, scientific high school, teacher’s

college, Other).

e Position: current position of the student (Active, Dismissed, Interruption, Grad-
uated, Renounced, Declined).

e Credits: (credits maturated by the student in the exams for each year of his
career). The minimum value is 5, the maximum is 185.

e Averagemark: (average mark of the given exams for each year of the career).
The minimum value is 18, the maximum is 30.

e Tax: type of payment of the tax for each year (none, only first, full).
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The period of time considered is: 2002—-2006. Missing values are present for the
Credits and the Averagemarkvariables. This means that the student did not take
any exam in that year.

The response variable is called Churn. We will use it to examine the distribution
of times between two events, the beginning and the end of the career. This kind of
data includes some censored cases. Censored cases are cases for which the second
event is not recorded. In this case the censored cases include students graduated and
students Active, that are regularly continuing the university career and paying the
tax. The status variable Churn is dichotomic and it presents these values:

e 1: the (churn) event has occurred
e 2:the event is censored.

3 Methodological Proposal

A number of components can generate a churn behaviour:

e a static component, determined by the characteristics of the students;

e a dynamic component, that encloses trend and the contacts of the students with
the university career;

e a scasonal part, linked to the period of exams;

e external factors.

The goal of the university is to identify students that are likely to leave and join
a new university or a job. This objective is well perceived by the university top
management, which considers lowering churn one of the key targets.

The churn models currently used to predict churn are logistic regression and
classification trees. However, in order to obtain a predictive tool which is able to
consider the fact that churn data is ordered in calendar time, the use of new methods
is necessary. We propose to use a survival analysis approach, as a longitudinal data
analysis method aimed at predicting students’ churn behavior. For lack of space,
we do not present details of our methodology here, but refer the reader to the paper
[6], that contains the methodology employed and a more extensive treatment of the
context, as also explained by Fleming and Harrington [9].

4 Empirical Evidence

We now proceed with survival analysis modeling. Through the analysis of the pay-
ments of the taxes and the activities of the students we classify the careers, defining
the variable churn, that points out abandons. As shown in Table 1, on 845 cases,
188 students experiment the event abandonment, while 657 students, 77, 8 %, are
considered censored cases.

In Fig. 1 and 2 we show the survival and hazard functions, relatively to the careers
of the students of psychology in the five analyzed years.

In Table 2 we report the results of the application of the Kaplan Meier estimator
[12] to the data.
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Table 1 Distribution of the events of abandonment and censored cases, on Psychology

Frequency Percent Valid Percent Cumulative Percent
Valid Abandonment 188 22.2 222 22.2
Active/censored 657 77.8 77.8 100.0
Total 845 100.0 100.0
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From Fig. 2 and Table 2, note that the probabilities of survival, after one year
from the beginning of the studies, are of 95, 6%, for a total of 37 subjects that
experiment the event abandonment. Probabilities moderately decrease, then, in the
second and third year. They lower in more evident way from the fourth year, being
equal to 48, 1%. An intervention of tutoring for the students that have not completed
the career after the three years could be meaningful.

Table 3 shows that the highest percentage of students focuses in the band between
141 and 170 credits.

Table 2 Kaplan Meier estimator

Time n.risk n.event Survival Std.err Lower 95% CI Upper 95% CI
1 845 37 0.956 0.00704 0.943 0.97

2 707 44 0.897 0.01091 0.876 0.918

3 448 57 0.783 0.01703 0.75 0.817

4 96 37 0.481 0.04026 0.408 0.567

5 21 13 0.183 0.05323 0.104 0.324

Table 3 Distribution of the variable credits banded

Frequency Percent Valid percent Cumulative percent

<= 20,00 24 2,8 2,8 2,8

21,00 — 50,00 44 52 52 8

51,00 — 80,00 136 16,1 16,1 24,1

81,00 — 110,00 171 20,2 20,2 44,4

111,00 — 140,00 188 22,2 222 66,6

141,00 — 170,00 277 32,8 32,8 99,4

171,00+ 5 0,6 0,6 100

Total 845 100 100
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Figure 3 and Table 4 show that the Kaplan-Meier method, applied to the data,
allows us to compare overall survival rates between different groups of student,

according to different factors:

Credits

Average mark

Date of birth

Gender

Italian province of residence
Diploma

Table 4 Kaplan Meier estimator for the factor credits

Credits_banded=<= 20.00
Time n.risk

n.event Survival Std.err Lower 95% CI Upper 95% CI

1 24 16 0.333  0.0962 0.189 0.587

2 6 6 0 NA NA NA
Credits_banded = 21.00 — 50.00

Time n.risk n.event Survival Std.err Lower 95% CI Upper 95% CI
1 44 17 0.614  0.0734 0.4854 0.776

2 21 16 0.146  0.0597 0.0656 0.325

3 2 0.073  0.0472  0.0206 0.259

4 2 2 0 NA NA NA
Credits_banded = 51.00 — 80.00

Time n.risk n.event Survival Std.err Lower 95% CI Upper 95% CI
1 136 3 0978  0.0126 0.9536 1

2 48 14 0.693  0.0648 0.5767 0.832

3 25 17 0222  0.0679 0.1216 0.404

4 5 2 0.133  0.0634 0.0523 0.338

5 3 3 0 NA NA NA
Credits_banded = 81.00 — 110.00

Time n.risk n.event Survival Std.err Lower 95% CI Upper 95% CI
2 168 6 0964  0.0143 0.937 0.993

3 39 18 0.519  0.0774 0.388 0.695

4 12 7 0216  0.0806 0.104 0.449

5 3 3 0 NA NA NA
Credits_banded = 111.00 — 140.00

Time n.risk n.event Survival Std.err Lower 95% CI Upper 95% CI
1 188 1 0.995  0.0053 0.9843 1

2 186 2 0.984  0.00917 0.9662 1

3 106 19 0.808  0.03742 0.7375 0.884

4 27 18 0.269  0.07432 0.1567 0.462

5 6 3 0.135  0.06634 0.0512 0.354
Credits_banded = 141.00 — 170.00

Time n.risk n.event Survival Std.err Lower 95% CI Upper 95% CI
3 269 1 0.996  0.00371 0.989 1

4 45 8 0.819  0.05686 0.715 0.939

5 6 4 0.273  0.15878 0.0874 0.854
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The curves of survival confirm an high risk for students in low bands of credits,
in particular for the bands <= 20.00 and 21.00 — 50.00 credits.

Similar results can be obtained for the Gender variable, as in Fig. 4 and Table 5.

The performance of female students is always better than male colleagues, in
terms of survival probabilities, as shown in Table 5. We now report the performances
of students coming from different Italian provinces, in Fig. 5. The greater part of
the students arrives from the same region where the faculty is situated, Lombardy.
The students resident in the province of Alessandria and Sondrio have underlined
positive results, while the ones from the province of Genoa have negative results.

Survival Function

1,094 - -- Gender
™

[ ! [F

0,8

0,6

0,4

Cum Survival

0,2

0,0 4

Years

Fig. 4 Survival function for the factor Gender

Table 5 Kaplan Meier estimator for the factor Gender

Gender=Male

Time nrisk  n.event  Survival  Std.err Lower 95% CI ~ Upper 95% CI
1 143 13 0.909 0.024 0.863 0.957

2 113 15 0.788 0.0357 0.721 0.862

3 73 15 0.626 0.0469 0.541 0.725

4 16 7 0.352 0.082 0.223 0.556

5 4 4 0 NA NA NA
Gender=Female

Time nrisk  n.event  Survival  Std.err Lower 95% CI ~ Upper 95% CI
1 702 24 0.966 0.00686  0.952 0.979

2 594 29 0919 0.01075  0.898 0.94

3 375 42 0.816 0.01775  0.782 0.851

4 80 30 0.51 0.04553  0.428 0.607

5 17 9 0.24 0.06533  0.141 0.409
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Concerning high school diplomas, Fig. 6 shows that the best results have been
noticed for the students coming from high school and teacher’s college.

The application of Cox models, model [3], as a multivariate analysis tool to
estimate the risk of abandonment, considers the covariates: gender, province of
residence, diploma, average mark, sustained credits. The results of the analysis
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confirm the previous findings: the covariates gender, diploma and credits are sig-
nificant. meaningful. The best performances in comparison to the curve of hazard
are recorded for female students, with the maximum of credits and coming from
a classical high school and teacher’s college. The more subjects to risk are males,
from professional institutes and with few credits sustained during the university
career. For more examples of this methodology see [11].

We have presented a methodology aimed at individuating, for each degree study,
the typologies of students more subject to the risk, considering the characteristics
of their careers and socio-demographic variables. The structures of the university in
Pavia devoted to the actions of tutoring can thus choose to which students’ groups
address their activities. An important research development, that we are investigat-
ing, concerns the integration between this “objective” data and data coming from
students’ questionnaires, that measure the subjective perceptions of students. As
explained by Giudici [10]. This may allow, when integrated in a statistical model, a
more refined predictive tool.
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The Poisson Processes in Cluster Analysis

André Hardy

Abstract This paper aims to review some use of the point processes in cluster
analysis. The homogeneous Poisson process is, in many ways, the simplest point
process, and it plays a role in point process theory in most respects analogous to the
normal distribution in the study of random variables. We first propose a statistical
model for cluster analysis based on the homogeneous Poisson process. The cluster-
ing criterion is extracted from that model thanks to maximum likelihood estimation.
It consists in minimizing the sum of the Lebesgue measures of the convex hulls of
the clusters. We also present a generalization of that model to the non-stationary
Poisson process, as well as some monothetic divisive clustering methods also based
on the Poisson processes. On the other hand, it is usually considered that the central
problem of cluster validation is the determination of the best number of natural
clusters. We present two likelihood ratio tests for the number of clusters based on
the Poisson processes. Most of these clustering methods and tests for the number of
clusters have been extended to symbolic data.

1 Introduction

The objective of cluster analysis is to identify a natural structure within a data
set, if any. Most of clustering methods are based on the choice of a dissimilarity
or a distance between objects. Recently spatial statistics have been increasingly
used in cluster analysis, discriminant analysis and pattern recognition. We propose
to construct statistical models for cluster analysis based on point processes (Karr
(1991)). The simplest point process is one in which points occurs totally randomly.
Poisson processes are usually considered as good models of randomness (Cox and
Isham [3]). This paper surveys some use of the Poisson processes in cluster analysis.
Section 2 presents the starting problem of the research (the estimation of a convex
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set), describes the model for cluster analysis based on the homogeneous Poisson
process and the corresponding clustering criterion (the Hypervolumes clustering
criterion). Section 3 generalizes the statistical model to the non-stationary Poisson
process. Section 4 concentrates on two hypotheses tests for the number of clusters
based on the Hypervolumes clustering criterion. Section 5 deals with the presen-
tation of monothetic divisive clustering methods based on the Poisson processes.
Section 6 reports some concluding remarks.

2 A Statistical Model for Cluster Analysis Based
on the Homogeneous Poisson Process

We introduce the definition of the homogeneous Poisson process and the condi-
tional uniformity property of that process. We present the starting problem of the
research, the estimation of a convex set, and we show how that result leads to the
Hypervolumes clustering method.

2.1 The Homogeneous Poisson Process

We assume that the data are the observation of a n random sample x1, x2,-- , X,
inside some measurable convex domain D (with 0 < m(D) < oo) which is a subset
of the p-dimensional Euclidean space R”. m is the Lebesgue measure. Let us denote
X1, X2, -+, X, the random sample associated with these n data points.

2.1.1 Definition

The Poisson process is a point process in which points occur totally randomly. The
homogeneous Poisson process N with intensity ¢ (g € R)onaset D C R? (0 <
m(D) < 00) is characterized by the following two properties (Cox and Isham [3])

e If the sets Ay, As,..., Ay C D are disjoint sets, then the random variables
N(A1), N(A2), ..., N(Ay) are independent (k € Np).
A k
e VACD, VkeNy, P(N(A) =k = we—qm“‘).
That is for each A, N(A), the random number of points in A, has a Poisson dis-
tribution with mean gm(A) where m(.) is the p-dimensional Lebesgue measure.

2.1.2 Conditional Uniformity Property

Given that N(D) = n, then the n data points {x;, x2, ---, X,} are independently
and uniformly distributed over D.

This conditional uniformity property allows us to write the density function asso-
ciated with the homogeneous Poisson process
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fx) = ﬁ Ip(x) (1)
where Ip is the indicator function of the set D. Ip(x) = 1if x € D and 0
elsewhere. If x = (x1, x2,---, X;), the likelihood function L p takes the form
1 n
Lp(xi, x2,-++, xp) = D) 11 Ip(xi). (2)

2.2 Starting Problem: The Estimation of a Convex Set

The research was initiated with the following problem formulated by D.G. Kendall:
“Given a realization of a homogeneous planar Poisson process of unknown intensity
within a compact convex set D, find D”. When p = 1, that problem is the well-
known bus or taxi problem of estimating an interval from which an observed set
of data points is assumed to have been drawn uniformly. H (x1, x2, ---, Xj), the
convex hull of sample x1, x2, -+, X, is both a sufficient statistics and a maximum
likelihood estimate of the domain D. The unbiaised estimate of D proposed by
Ripley and Rasson [22] is a dilatation of the convex hull of the points about its

centroid. An estimate C of the coefficient of dilatation is given by Moore [17] and

n
n—V,

of points on the convex hull.

can be computed as C = where n is the number of points and V,, the number

2.3 The Hypervolumes Clustering Method

The homogeneous Poisson process has the property of complete randomness in two
senses: its intensity is constant, and given that N(A) = n, the n points are inde-
pendently and uniformly located in A. For that reason the homogeneous Poisson
process is of central importance among point processes, both in theory and in prac-
tice. The homogeneous Poisson process also provides a natural starting point for the
construction of models for cluster analysis.

Consequently, the challenge was to construct a model for cluster analysis based
on the homogeneous Poisson process and on the estimation of a convex set. The
Hypervolumes clustering method (Hardy and Rasson [13], Hardy [7]) assumes that
the n p-dimensional observation points xi, x2, ..., X, are independant realiza-
tions of a homogeneous Poisson process N in a convex domain D included in the
Euclidean space R? (with 0 < m(D) < o0). The set D is supposed to be the

union of k disjoint convex domains Dy, D>, ..., Dy (with k fixed; k and D; are
unknown). The problem is to estimate the unknown domains D; in which the points
were generated. We denote by C; C {x1, x2, ---, x,} the subset of the data points

belonging to the domain D; (1 <i < k). The likelihood function L p of the model
can be written as
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1 n
L X1, X2, “*+, Xp) = Ip(x;
Dl,Dz, ,Dk( 1 2 n) (m(D1UD2UUDk))n llj! D( l)
_ 1
T m(DyUDyU---U D)
ID(H()C], X2, tt0 xn))
where H(x1, x3, ---, X) is the convex hull of the data points x1, x2, -+, X,.
The maximum likelihood estimates of the & unknown domains D1, Dy, ..., Dy

are the k convex hulls H(C;) (i = 1, 2, ..., k). The maximization of the likelihood
function L p is equivalent to the minimization of the sum of the Lebesgue measures
of the convex hulls of the clusters (Hardy [7]) i.e.

k
max  Lp(xi, x2, -+, X)) & min Y m(H(C) ()
Dy,Dy,--- , Dy PEPki —1

where P, is the set of all the partitions of C into k clusters and P =
{C17 C27 R} Ck}'
The Hypervolumes clustering criterion is defined by

k

k
Wi(P)= Y m(H(C) =Y / m(dx) )
P (o)

i=1

where H (C;) is the convex hull of the points belonging to C; and m(H (C;)) is the
multidimensional Lebesgue measure of that convex hull. That clustering criterion
has to be minimized over the set of all the partitions of the observed sample into k
clusters. So in the context of a clustering problem, we have to find the partition P*
such that

m(dx). @)
)

For example, in the one-dimensional euclidean space, convex sets of points are
intervals of points and the Lebesgue measure of an interval is its lenght. So, if we fix
the number of clusters to k, the clustering problem consists in finding the k intervals,
containing all points, such that the sum of the lenghts of the intervals is minimum.
In a two-dimensional space, the Lebesgue measure of a set is the area of that set. So
we’ve to find the k sets Cy, C, ---, Cg, containing all points, such that the sum
of the areas of the convex hulls H(C;) is minimum. In a p-dimensional space, the
Lebesgue measure of a set is called the hypervolume of that set.

An algorithm (Hardy [8, 10]) has been implemented in a polynomially bounded
time. Furthermore the hypervolumes clustering method is not biased towards ellip-
soidal or hyperspherical clusters, and it fulfils most of the admissibility conditions
of Fisher and Van Ness [6].
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3 The Statistical Model Based on the Non-stationary Poisson
Process: The Generalized Hypervolumes Clustering Method

The simplest generalization of the homogeneous Poisson process is the non-
stationary Poisson process in which the rate is a function ¢ (x) of the location. So the
next step of the research was to construct a more general model for cluster analysis,
based on the non-stationary Poisson point process.

3.1 The Non-stationary Poisson Process

We give the definition and the main property of the non-stationary Poisson process.

3.1.1 Definition

The non-stationary Poisson process N with intensity ¢ (.) on the measurable domain
D C R? (0 < m(D) < 00) is characterized by the following two properties (Cox
and Isham [3])

o If Ay, Ay, -+, Ay are arbitrary disjoint sets, then the random variables N (A1),
N(A»z), ---, N(Ay) are independent (k € Ny).
e VA C D, N(A) has a Poisson distribution with mean fA q(x)m(dx).

3.1.2 Conditional Property

Given that N(D) = n, then the n data points are independently distributed in D,
with a density function proportional to ¢ (x).
So the density function associated with the non-stationary Poisson process is

q(x) Ip(x) _ q(x) Ip(x)
[p a(®)y m(dr) p(D)

fx) = (6)

where p(D) = [ p 9(t)m(dr) is called the integrated intensity of the process
on D. For the homogeneous Poisson process, the intensity ¢ is constant. So p(D) =
fD qg m(dt) = g m(D).
3.2 The generalized Hypervolumes Clustering Method

The generalized Hypervolumes clustering method (Kubushishi [15], Rasson and

Granville [19]) assumes that the n p-dimensional points xi, x2, ..., X, are gener-
ated by a non-stationary Poisson process N with intensity g(.) inaset D C R? (0 <
m(D) < o0o) where D is the union of k disjoint convex domains D1, D3, ..., Dg.

The problem is then to estimate the unknown domains D; in which the points
were generated. The likelihood function can be written as
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Q(xl)ID(xl
LD(-xls X2y 00y
ﬂ p(D)
n
= —— [[aGDIp(Hxx2. -+ x). ()
(b L1
The convex hull H (x1, x2,---, x,) is again the maximum likelihood estimate

of the convex domain D. The generalized Hypervolumes clustering criterion is
deduced from that statistical model, using maximum likelihood estimation.

If the intensity g(.) of the non-stationary Poisson process is known, the maxi-
mization of the likelihood function L p is equivalent to the minimization of the sum
of the integrated intensities over the convex hulls of the clusters i.e.

max  Lp(xy, x2, ---, X;) <= min / (x))m(dx) (8)
Dy, Dy, -, Dy " PePy i; H(C)) 7
where P = {Cq, Ca,---, Ci} and Py is the set of all the partitions of the data

points into k clusters. So the maximum likelihood estimates of the unknown convex
domains D; are their convex hulls H(C;) (i =1, --- , k).
The generalized Hypervolumes clustering criterion W;" is defined by

Wi (P) = Z / q(x)m(dx) ©)

i=1

where q(.) is the intensity of the non-stationary Poisson process and H (C;) is the
convex hull of the points belongingto C; (i =1, --- , k).
In the context of a clustering problem, we have to find the partition P* such that

P* = arg min (x) m(dx).
§ Pe’Pk Z /H(C, i

3.3 Estimation of the Intensity of the Non-stationary
Poisson Process

When the intensity g (.) of the non-stationary Poisson process is not known, it must
be estimated. The clustering method described in Sect. 5 in monothetic. So the
estimation of the intensity ¢(.) is to be made in the unidimensional case. We use
a non-parametric method: the Kernel method. The Kernel estimate ¢ of ¢ is defined
by

R 1 <1 X — X;
q<X>—;ZgK( - ) (10)
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where the Kernel K has the following properties: K is symmetric and continuous,
K > 0 and f K(x)dx = 1. The parameter s is the window width also called
“smoothing parameter”. The kernel estimate is a sum of “bumps” placed around the
observations x; (i = 1,2,---,n). The kernel function K generates the shapes of
the bumps while the window width /& determines their widths. In order to choose
h, we distinguish the notions of “bump” and “mode”. A mode of a density ¢ is a
local maximum of that density. A bump is characterized by an interval such that the
density is concave on that interval, but not on a larger interval. Due to its properties,
we use a Normal kernel defined by
] )C2
= 2
Kn(x) me . (11)
Silverman [23, 24] proved, in the unidimensional case, that the number of modes
for a Normal kernel is a decreasing function of the smoothing parameter /4. So
for practical purposes we determine /4 by choosing the first value of % such that
g remains multimodal.

4 Statistical Tests for the Number of Clusters Based on the
Homogeneous Poisson Point Process

The determination of the “true” number of “natural” clusters has often been con-
sidered as the central problem of cluster validation. In this section we present two
likelihood ratio tests for the number of clusters based on the Hypervolumes cluster-
ing criterion: the Hypervolumes test and the Gap test.

4.1 The Hypervolumes Test

The statistical model based on the homogeneous Poisson process allows us to
define a likelihood ratio test for the number of clusters (Hardy [8]). Let us denote
by C = {Cy, Ca, ..., C¢} the optimal partition of the sample into £ clusters and
B = {B1, B2, ..., By_1} the optimal partition into £ — 1 clusters. We test the hypothe-
sis Hy: k = ¢ against the alternative H;: k = £ —1, where k represents the number of
“natural” clusters (¢ > 2). The test statistic is deduced from the statistical model for
cluster analysis based on the homogeneous Poisson process by applying a likelihood
ratio test. The test statistic is defined by
Wi (C)
S(xr, x2, <+, Xp) Wi 1 (B) 12)
where Wy (C) (respectively, Wi_1(B)) is the value of the Hypervolumes cluster-
ing criterion associated with the best partition into k (respectively, k — 1) clusters.
Unfortunately the sampling distribution of the statistic S is not known. The first
solution to that problem is to consider an interesting property of the test statis-
tic: S(xg, x2, -+, x,) belongs to [0, 1[. For practical purposes, we can use the
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following decision rule: reject Hy if S is “close to” 1. We apply the test in a sequen-
tial way: if £ is the smallest value of £ > 2 for which we reject Hy, we choose ¢p—1
as the best number of “natural” clusters. More recently Hardy and Blasutig [12] used
permutation tests to obtain an approximate distribution for the test statistic S.

4.2 The Gap Test

The Gap test (Kubushishi [15], Rasson, Kubushishi [20]) uses the model for cluster
analysis based on the homogeneous Poisson process. We test Hy : the n observed
points are a realization of a Poisson process in D against Hj: n; points are a
realization of a homogeneous Poisson process in D and n, points in D> where
Dy N Dy =@andn; +np, = n. The sets D, D, D, are convex and unknown. Let

us denote by C (respectively, Cy , C3) the set of points {x1, x2, ---, x,} belonging
to D (respectively, D1, D;). The test statistic is given by (Kubushishi [15])
0( = (1- @y 13
X s X Lty X — e —
b " m(H(C))

where H(C) is the convex hull of the points belonging to C, A = H(C) \
(H(Cy) U H(C7)) is the “gap space” between the clusters and m is the multidi-
mensional Lebesgue measure. So the test statistic is the Lebesgue measure of the
gap space between the clusters.

The decision rule is the following: reject Hp, at level «, if (asymptotic
distribution)

nm(A)

m(H (<))~ logn — (p— Dloglogn —logi > —log(~log(l —e)  (14)

where the constant « depends on the shape of the convex domain (Janson [14],
Deheuvels et al. [4], Kubushishi [15]).

The Hypervolumes test and the Gap test have been applied to numerous data
sets with various data structures (Hardy and Beauthier [11]). These tests were also
compared to well-known stopping rules for the number of clusters available in the
scientific literature (Milligan and Cooper [16]).

5 Monothetic Divisive Clustering Methods Based on the Poisson
Processes

Polythetic partitioning methods are usually computationally complex. Therefore
Pircon [18] proposed five monothetic divisive clustering procedures. One of them
is based on the homogeneous Poisson process and the others on the non-stationary
Poisson process. We present here the method UNHOPPKI (Unique Non HOmoge-
neous Poisson Process with Kernel Intensity).
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5.1 The Model

We consider the statistical model for cluster analysis based on the non-stationary
Poisson process. So we suppose that the n observed data points xj, x2, -+, X,
are generated by a non-stationary Poisson process of intensity ¢(.) in a set D C R?,
where D is the union of k disjoint unknown convex domains Dy, D3, ..., Dy. The
estimation of the intensity ¢ (x) of the Poisson process is made by the kernel method
with a Normal kernel.

5.2 The Splitting Process

UNHOPPKI is an unsupervised monothetic divisive clustering method. The splitting
part of the process is analogue to the classical CART algorithm (Breiman et al. [2]).
At each step we split a cluster C into two subclusters C; and C,, which minimize
the integrated intensity WG, = p(H(C1)) + p(H(C>)) on the convex hulls of the
two clusters, or equivalently which maximizes the integrated intensity p(A) on the
gap space of the clusters. The hierarchic divisive procedure is the following

e Foreach variable Y; i =1, ---, p)andeachclusterC; (j =1, ---, k),

— compute the estimate g (x) of g(x) (given in Sect. 3.3);
— find the best bipartition of C into C; and C, such that C = C; U C, and
p(A) = [, G(x)m(dx) is maximal;

e choose the cluster and the variable such that the likelihood function is maximal;
e cut the cluster and repeat the procedure until a stopping rule is fulfilled.

The stopping rule is the number of points in a node. That parameter has to be
fixed by the user.

5.3 The Pruning Method

At the end of the splitting process, a complete tree is obtained. No statistical test has
been performed as yet in order to test if the splits are statistically significant. So a
pruning process is applied in order to obtain a useful tree. The Gap test is applied at
each node in order to test

e H : the points are distributed in only one domain D
e H; : the points are distributed in two domains Dy and D,  (Dy N Dy = @).

When the null hypothesis is not rejected, we conclude that the split is not statis-
tically acceptable (bad split). On the other hand, if the null hypothesis is rejected,
we consider that the split is statistically acceptable (good split). At the end of the
process we adopt the following rule: cut all the branches that contain only bad splits.



60 A. Hardy

Fig. 1 Tree before pruning

Fig. 2 Tree after pruning

For example, suppose that we obtain the following tree at the end of the splitting
process (Fig. 1).
After the pruning process we obtain the following tree (Fig. 2).

5.4 The Merging Process

In some cases, for example when the clusters are not linearly separables, it is not
possible for the method to recover the natural structure of the data at the end of
the pruning step. That’s why we’ve added a merging step after the pruning step.
Additional tests are made on the pairs of clusters not belonging to the same node.
Once more, we use the Gap test.
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6 Conclusion

The Poisson processes are usually considered as good models of randomness. So the
goal of that paper was to review some uses of these processes in order to construct
a natural model for cluster analysis. We have presented several clustering methods
based on the Poisson processes as well as two hypotheses tests for the number of
clusters. Let us mention that some of these methods have been extended to symbolic
interval variables. For example SCLASS (Rasson et al. [21]) is an extension to inter-
val variables of the method UNHOPPKI. The clustering criterion used in SCLASS
is a symbolic extension of the generalized Hypervolumes clustering criterion. The
Hypervolumes test and the Gap test have also been extended to interval variables.
The extended Gap test is used in the SCLASS procedure. The method SCLASS is
available in the SODAS 2 software.
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TWO-CLASS Trees for Non-Parametric
Regression Analysis

Roberta Siciliano and Massimo Aria

Abstract This paper shows that a regression tree problem can be turned into a
classification tree problem reducing the computational cost and providing useful
interpretation issues. A TWO-CLASS tree methodoloy for non-parametric regres-
sion analysis is introduced. Data are as follows: a numerical response variable and
a set of predictors (of categorical and/or numerical type) are measured on a sam-
ple of objects, with no probability assumption. Thus a non-parametric approach is
proposed. The concepts of prospective and retrospective splits are considered. Main
idea is to grow a binary partition of the sample of objects such that, at each node
of the tree structure, the numerical response is recoded into a dummy or two-class
variable (called theoretical response) on the basis of the optimal partition of the
objects into two groups within the set of retrospective splits. A two-stage splitting
criterion with a fast algorithm is applied: the best split of the objects is found in
the set of candidate (prospective) splits of each predictor modalities by maximizing
the predictability of the two-class response. Some applications on real world cases
and a simulation study allow to demonstrate that the two-class splitting procedure is
computationally less intensive than standard regression tree such as CART. Further-
more, the final partitions obtained by the two-class procedure and the standard one
are very similar to each other, in terms of percentage of objects belonging together
to the same terminal node. Some aids to the interpretation allow to describe the
response variable distribution in the terminal nodes.

1 Previous Work

This paper deals with tree-based methods, in particular binary segmentation or
exploratory trees [4, 10], namely recursive partitioning of a sample of units on the
basis of a set of predictors such to obtain subgroups where a response variable is
internally homogeneous and externally heterogeneous. The attention is focalized
on regression trees, considering as benchmarking CART [Breiman et al., [2]], as
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extension of AID [9]. Fast splitting algorithm [7, 11] will be also considered within
the two-stage methodology [6, 8, 13]. The result is either a classification tree when
the response variable is categorical or a regression tree when the response variable is
numerical. Usually binary trees are built up. Any segmentation procedure is charac-
terized by a splitting criterion, a stopping rule and an assignment rule of the response
class/value to each terminal node. Exploratory tree allows to describe the depen-
dence relation between the response variable and the predictors. In order to predict
the response class/value of new units on which only measurements of predictors
are known alternative confirmatory approaches can be considered, such as prun-
ing and selection by test sample or cross-validation estimates as well as ensembles
methods [4].

AID [9] was the pioneer work to grow regression trees. The splitting criterion was
based on the between group deviation of the response variable, predictors were only
of categorical type. CART [2] extended the procedure to any type of variables, intro-
duced the decrease of impurity measure, added pruning and selection for prediction
purpose. Two-stage methodology [6, 13] defined the global and the local predictabil-
ity measures to select at each node the best predictor and the best split respectively.
Fast splitting algorithms [7, 11], that are based on suitable mathematical properties
of two-stage splitting criterion, allowed to find the best split without trying out all
candidate splits and thus saving computational cost. In place of predictability mea-
sures, there have been considered statistical models such as factorial method [12],
discriminant analysis [8], logistic regression [5].

2 TWO-CLASS Trees Methodology

Let L = {y, X} be a learning sample, where the N-vector y includes either the
observations of the numerical response variable Y (in case of regression trees) or
the classes of a categorical response variable (in case of classification trees) and
the matrix X includes N row vectors X, = (xp, ..., X,p)" of measurements of
M predictors (X1, ..., Xp) of a numerical or categorical type, with N the number
of observed objects or cases. Let iy (¢) be the impurity measure of the response
variable Y at node ¢, describing how similar the objects into the node are to each
other, the smaller the number of the impurity measure the less impure the group of
objects is. For a numerical response variable, the variation measure can be consid-
ered: the smaller the variation of Y is the less impure the group of objects is. For a
categorical response variable Y, the heterogeneity index of Gini can be considered
analogously. In the recursive partitioning, the best split of the objects at any node ¢ is
found maximizing the decrease of impurity of ¥ sending a percentage p;, of objects
from the node ¢ to the left subnode #; and a percentage p; of objects to the right
subnode #,:

maxs Ay (s, 1) = iy (t) — [iy(t) py + iy () py, ] ey
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where s is any splitting variable or dummy variable defining the split of the objects
into two sub-groups. In case of regression trees the (1) is equivalent to maximizing
the between-group deviation of Y in the two subnodes or Pearson correlation coef-
ficient. In case of classification trees the (1) is equivalent to maximizing a depen-
dence measure in two-way cross-classifications, namely the predictability T index
of Goodman and Kruskal.

One point arises: which is the set of splits to be tried out? We distinguish between
prospective and retrospective splits of the objects at a given node.

A prospective split is any split s of the objects induced by splitting the predictor
modalities. As an example, an object goes either to the left sub-node if X < ¢ or
to the right sub-node if X > c. Standard tree-growing procedure adopts prospective
splits. Let S denote the set of prospective splits, considering all sets of splits deduced
by the predictors.

A retrospective split is any split s of the objects induced by splitting the response
modalities, without caring for the predictors. If Y is numerical then any cut point of
the real interval in which the Y is defined yields a retrospective split. Let K denote
the set of retrospective splits. It can be shown that § C K.

We define the optimal split of the objects into two sub-groups the split s,, that
maximizes the decrease of impurity (1) over all possible retrospective splits in the
set K. We define the best split of the objects into two sub-groups the split Spes;
that maximizes the decrease of impurity (1) over all possible prospective splits in
the set S.

The optimal split s,,, can be theoretical since it can be not necessarily generated
by any prospective split of the predictor modalities. The Ay (sop;, t) is the upper
bound of the decrease of impurity that can be reached, as Ay (spegr, 1) < Ay (Sopr, 1),
so that the ratio Ay (Spes:, 1)/ Ay (Sopt, t), ranging from zero and one, is an efficiency
measure of the best split found at a given node, saying how good is the discrimina-
tion between the two sub-groups in terms of the response distribution into the two
subnodes.

TWO-CLASS trees for regression defines, at each node, a dummy or two-class
response (theoretical) variable Y,,; describing the optimal split s,,, of the objects;
then, two-stage splitting criterion for classification trees using the fast algorithm can
be applied in order to find the best (prospective) split sps; Of the objects.

The partitioning algorithm TWO-CLASS Tree is formed by the following steps:

— Step 1. The domain K of retrospective splits of Y is generated;

— Step 2. The best retrospective split s, is identified maximizing the decrease
of impurity over the set K, where as impurity measure the variation is con-
sidered; the split obtained yields to define the theoretical distribution Y, with
two-classes;

— Step 3. The domain S of prospective splits is generated considering the
predictors X;

— Step 4. The best prospective split spes; i identified minimizing the decrease of
impurity over the set S, where as impurity measure the Gini index of heterogene-
ity is considered and the fast algorithm is used;
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— Step 5. The partition of original Y is obtained through the split of objects due to
Sbest -

The algorithm iterates, at each node, up to reaching stopping rules.

The quality of the split can be evaluated by the above mentioned efficiency mea-
sure. As a result, an exploratory tree is built up, its terminal nodes define the final
partition of the objects. The quality of the overall tree can be evaluated in terms of
Relative Mean Square Error with respect to the root node.

3 Comparative Study

Comparative study of TWO-CLASS Trees methodology has been worked out con-
sidering real data sets and a simulation plan. The benchmarking methodology is
the CART methodology for regression trees. The final exploratory trees have been
compared in terms of Relative Root Mean Square Error.

The following real data sets from a well-known archive of UCI repository have
been considered: Boston Housing, Automobile, Auto MPG, Forest Fire and Con-
crete Compressive Strength [1].

The simulation study has been planned such to consider five typologies of rela-
tionship between predictors and the response variable. Predictors have been gen-
erated from different probability distributions, such as uniform, binomial, normal,
chi-square. The response variable has been generated as linear and nonlinear func-
tion of the predictors, with an error perturbation generated by either uniform or
normal distribution. The dependent links for each simulation are formally defined
in Table 1 and graphically represented in Fig. 3.

The last column of Table 2 and the second last of Table 3 show the results of a
similarity measure, namely the percentage of objects that fall into the same group
considering the final partitions obtained by the TWO-CLASS tree and the CART
regression tree. In other words, it counts how many objects fall into terminal nodes
characterized by the same splits into both final partitions, although the splits can
be not ordered in the same sequence. As an example, in boston housing the final
partitions of TWO-CLASS tree (induced by the optimal classification of the objects)
and CART tree are similar for the 87.20% of objetcs, as also shown in the scatter
plots using different colours for the objects belonging to each group of the partition.

Table 1 Dependence functions for Y response (The letters ¢, k and & indicate random positive
values)

Simulation Dependent Link

Simulation 1 Y =sin(X| +k-Xyq)+error

Simulation 2 Y =(k-X2+h-yXs)" +error

Simulation 3 Y =(k-Xi+h-eXs+h-Xs5) +error
Simulation 4 Y =1+sin (k~X1 +h-eXs +h~X5)2+error

Simulation 5 Y = [c—l—log Xs+h-X3)—h-Xo+(0—-k)-X| — X4] + error
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The quality of both the TWO-CLASS tree and the CART Tree can be evaluated in
terms of Relative Mean Square Error with respect to the root node. In Table 3 the
computational cost reduction of TWO-CLASS Tree over CART Tree in the simula-
tions.

Figure 1 shows for the dataset Boston Housing a comparison of the final partition
obtained through the methodologies TWO-CLASS Tree (sub-figure on the left) and
CART (sub-figure on the right). In order to graphically visualize the partition and
the binary splits made to every step of the algorithm, the classification has been
made in both cases, considering only two predictors. It is possible to deduce that the
final clusters tend to have an high similarity. You can deduce it also thanks to Fig. 2
which shows a comparison between the two methodologies for the dataset Forest
Fire. In the first four levels of the tree the splits coincide. These explain the most
important relations between the response and the predictors.

TWO-CLASS Tree Cart Regression Tree
9 - -]
8 .-;,?‘,' q'i 8
B B ok T

o

-ﬁ-ﬁm
i

s
&
2

04 05 06 07 08 09 il Gi 065 06 @97 098 09 i

Fig. 1 Final partitions by TWO-CLASS Trees and CART approaches (Boston Housing Dataset)

TWO-CLASS Exploratory Tree CART Exploratory Tree
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X /
% \ \
8 Pomc=<99.6 ISI=<17,9\ / /
DMC=<227
Wind=<7,6 temp=<18,8
: FFMC=<89,
temp=<17,6
\’ISI=<25 /

Similar Partition

Fig. 2 Trees comparision in terms of similar splits (Forest Fire UCI archive)
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Fig. 3 Simulated datasets: Scatterplots of Sim1, Sim2, Sim3 and Sim5

It can be noticed that although the final partition is obtained through a splitting
procedure for classification, in the terminal nodes the numerical response distribu-
tion can be described as well, calculating the average and the mean square error.

4 Concluding Remarks

This paper has provided a tree-based methodological framework to non-parametric
regression analysis. A regression tree problem has been turned into a two-class par-
titioning tree procedure. This has been possible through the use of prospective and
retrospective splits. Splitting criterion has been based on decrease of impurity, other
approaches such as statistical modelling could be considered as well. TWO-CLASS
trees have been shown to provide exploratory trees with a very high percentage of
objects classified in the same way as in the CART regression trees. Main advantage
of the proposed approach is computationally and interpretative: the best split at each
node is found using a fast algorithm and, in addition, its quality can be evaluated by
an efficiency measure. As a result, it improves the quality of the final partition and
decreases the computational cost. TWO-CLASS trees framework can be fruitfully
considered for robust tree-based missing data imputation [3] as well as for three-
way trees [15]. The basic method has been implemented in MATLAB environment,
enriching the Tree Harvest Software [14].
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Part 11
Classification and Discrimination






Efficient Incorporation of Additional
Information to Classification Rules

Miguel Fernandez, Cristina Rueda, and Bonifacio Salvador

Abstract We propose and discuss improved classification rules when a subset of
the predictors is known to be ordered. We compare the performance of the new rules
with other standard rules in a restricted normal setting using simulation experiments
and real data exposing their good performance.

1 Introduction

Consider the classical discrimination problem with two populations /1; and I7, and
a new observation z = (z1, ..., 2r) that has to be classified in one of the two pop-
ulations. Let P; and P> be the distributions of Z in I1; and I1,, and f; and f> the
corresponding density functions. If we consider the 0—1 loss function and equal a
priori probabilities for each population the Bayes rule can be written as:

Classify z in ITyiff f1(z) > f>(z).

In applications it is usual that some additional information is available. It is
frequent that this information tells us that the observations from one of the pop-
ulations, for example I71, take higher (or lower) values that those coming from the
other, i.e. IT,. For example, suppose that we are interested in discriminating among
populations [7; that corresponds to cirrhotic patients, and 1, corresponding to non-
cirrhotic patients. From the literature it is known (see [2]) that Hyaluronic acid (HA)
levels are increased in chronic liver diseases, in particular in patients with cirrhosis,
so that HA levels correlate with clinical severity, and that the same happens with the
levels of B-Glucuronidase activity and N-acetyl-8-d-glucosaminidase activity.

In [4] and [6] we have proposed two different ways of defining sample rules that
take into account this additional information and have lower total misclassification
probability (TMP) than the classical rules that do not consider this information. The
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purpose of this work is not only to rejoin the work we have done in those papers,
but to take one step further and show how the different ways of incorporating the
additional information appearing there can be combined to obtain new rules that
outperform the ones previously defined.

In Sect. 2 we describe the different ways of defining restricted rules and present
the new ones. In Sects 3 and 4 we show their performance in a simulation study and
in real data. Sect. 5 briefly summarizes the final conclusions.

2 Discrimination Rules That Incorporate Additional Information

Although normality is not an essential condition for our rules, let us assume normal
distributions Ny (u;, X),i = 1,2 and equal a priori probabilities for the popula-
tions, that is the two populations have equal covariances matrices and all parameters
are unknown. In this way the usual Fisher’s rule is:

Classify z in IT1iff fy, 4,.5(2) = fn,(a,,5) (2) or equivalently,
Classify z in IT1iff (z — (c1fi1 4 c2/i2) 4+ ¢8)'S™'8 > 0, (1)

where ¢; = n;/(n; + na), ¢ = (c1 — ¢2)/2, n; is the training sample size from
population I7;, S is the sample covariance matrix and (i;, § are the unrestricted
MLEs of u; and 6 = w1 — .

Here we will also assume that the additional information tells us that observations
from I tend to take higher values in each predictor than those coming from I75.

We will use a two parameter notation, R(A, y), for the rules considered in this
work. First parameter tells us what latent space set (see Sect. 2.2 below) has been
used in the definition of the rule with 0 meaning no latent space set used. The second
parameter indicates what estimator of the means is being considered (see Sect. 2.1).
When this second parameter is equal to “U” it means that an unrestricted estimator
of the means is being considered. In this way Fisher’s rule is denoted as R(0, U).

2.1 Restricted Parameter Estimation

The most direct approach, developed in [4], is to transform the additional infor-
mation in restrictions between the parameters. For our case this implies u; > u»
(or § > 0) coordinatewise. This line of work appears in [5] under some sim-
plifying assumptions. We could use directly the restricted MLE (RMLE) of $
in Fisher’s rule. The RMLE of § is 8* = pg1 (81 — 6> /0;"), ie. the projec-
tion of the estimated difference of means on the positive orthant cone 0; =
{[x eR*:x; > 0,i=1,.... k} using the metric given by S™!. However, we have
found that better results can be obtained using (1) and replacing H by an estimator
of the difference of means ¢ that belongs to the interior of its restrictions cone (the
positive orthant) with probability 1. This may be related to the well known fact that
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the estimators belonging with positive probability to the frontier of the parametric
space are not admissible (cf. [7]). Our new estimators 8; are defined as the limit
when i — oo of the following iterative procedure:

,5\)(/1) = psfl (gg_l) /Olj) o ypsfl <§7(/i_1) /Oljp) i=1, 2, o (2)

Where:S\)(/O) =X 0;‘P = {y eRF:yx<0,x¢ O,j} is the polar cone of 0; and
0 < y < 1is aparameter indicating how much into the cone is the estimator. Notice
that ¥ = 0 corresponds to the RMLE.

Then the classification rule R(0, y) is

Classify z in ITjiff (z — (c141 + c2/2) + ¢83)'S718% > 0.

The convergence of procedure (2), several good properties of estimators 8; and a
proof for the fact that rules R(0, y) have lower TMP than Fisher’s rule under mild
conditions may be found in [4].

2.2 Latent Space Rules

A more involved approach that leads to a new theoretical rule, and with a good
performance in practice, appears in [6]. The point is to use a 2k dimensional latent
space of nonobservable values to introduce the additional information directly in
the rule formulation. The latent space is derived assuming that for each individual
there are two vector values (57, S>) that correspond to observations on the response
vector, under [T and I1,. In particular, here we assume that the marginal densities
for S and Sy are N (i, X),i =1, 2.

Going back to our cirrhosis example, the latent space represents pairs of HA, B
and B, values for the same patient that would have been observed under the presence
or absence of cirrhosis. The values in this space are non observable because each
patient has only a response value and so only S7 or $; is observed. Therefore, an
observation: t = (a, b, ¢) from a cirrhotic patient corresponds in the latent space to
(s1,82) = (a, b, c,a, B, y) where the last three coordinates are nonobservable and
correspond to a potential observation (¢, 8, ) which would have been observed if
that patient were non-cirrhotic. A data set n x k is then represented by a data set
n x 2k in the latent space.

The key idea is that in this new setting we can translate the auxiliary information
into a presumption of a high probability for the sets,

Ap = {s e R* . s1; > sp; for at least m indexes i C { 1,...,k}}.

The reason for giving high probability to these sets is clear. If the additional infor-
mation telling us that observations from /7; tend to take higher values coordinate-
wise than those coming from I75 is true, then these sets must have high probability.
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Looking to the example once again and setting m = 3, the last statement means
that, for a given patient, the probability of increased HA values under cirrhosis, is
high; and the same is presumed for By and B,. The new representation in the latent
space allows us to consider an alternative unrestricted model and to include in a
different way the auxiliary information, using not only the marginals but also the
joint distribution of S = (S7, $2). In this way the theoretical rule can be written as:

Classify z in IT1iff wi(z, m) fng(u,,5)(2) = w2(z, M) [ (o, 5)(2) 3)
where
wi(t,m) = pr(S € A, /S1 =1t) and wa(t, m) = pr(S € A, /S2 =1t).

To use these rules in practice, assumptions about the joint distribution of (Sy, S2)
must be introduced and the choice of m must be considered. In [6] we proved that
values of m < [k/2] are recommendable, and we proposed the following family of
models for (S, $»):

S1i=Z1+V S — Ne(61, X)
So=7Z+V 8§ — N (6, %)
Z1 — Nip(01,A%), Zr - Nr(6, LX)
V = N0, (1 —1)X)

M) :

where A is a parameter that measures the degree of association between S; and S».
For A = 0, S1 and $> are linearly dependent and we obtain the usual Bayes rule
(i.e. is equivalent to using no latent space), while for A = 1, Sj and S, are inde-
pendent. Under these assumptions expressions for computing the weights w; (¢, m)
are derived in [6]. The value of these probabilities depend on w1, o, ¥ and 1. A
good performance was obtained in that paper using uj = ciit1 + c2 (2 +8%),
wh = c1 (L1 — 8%) + c2fi2 and S as estimators of the parameters, and A = 1. This
is the rule we denote as R(1,0) as A = 1 and y = 0 (recall that §* = 83). Notice
that we use the RMLE as estimator of the difference of the means and from it we
recompute the estimators of the means taking into account that § = | — wy and
that (u1 + p2) /2 = cip1 + oz — €.

2.3 New Rules Combining Both Approaches

The approach used in [6] does not take advantage of the estimators defined in [4],
since the estimator of the difference of the means considered in the former paper is
just the RMLE and, therefore, the iterative procedure (2) is not used.

Moreover, it is not difficult to notice that both approaches can be combined if the
estimators obtained by the iterative procedure (2) are used when building the sample
version of rule (3).
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In this line, we will use, in the rules defined in Sect. 2.2, 8; with0 <y <1

as estimator of the difference of the means and pfl’ =i + (ﬁz + 8;) and

/,L; = (;’Il — 6;) + o1y as estimators of ) and . These are the rules we

denote as R(A, y).

This way, we use estimators of the difference of the means § that are in the
interior of the cone, unlike the RLME which is not admissible, and we are able to
introduce the additional information in the theoretical formulation of the rule, which
was one of the main achievements obtained from the latent space approach. In the
simulation study and the example that appear in the Sections below we will see that
the combination of both approaches give results that in most cases outperform the
TMP obtained by the use of only one of them.

3 Simulations

The purpose of this simulation study is to show the good behavior of the new com-
bined rules when compared with the ones already in the literature, Fisher’s rule, and
the ones appearing in [4] and [6].

For simplicity we concentrate on the case k = 3. The simulations have been
performed in higher dimensions obtaining similar results. As m < [k/2] is recom-
mended, the only value of m considered is m = 1. We generate training samples
of size n1 = np = 5 from populations Iy, N (8, X'), and ITr, N (0, X). The
simulations have also been performed with bigger sample sizes (n; = ny = 50)
and with unbalanced sample sizes, rescaling the covariance matrices accordingly.
Similar results have also been obtained in those cases.

Forty different simulations are conducted to show cases where § and/or X' are
different. These parameter configurations were already considered in [4] and [6]
and are generated by 10 mean vectors and 4 covariance matrices as:

6 X;i=1,...,10, j=1,...,4

The values for the mean vector § are determined by ||§|| and cos (8, ¢), where
c is the central direction of the positive orthant for the metric given by X ~!. The
concept of central direction of a cone can be found in [1].

We consider two kind of values of the difference of means. Some of them are
inside the cone such as &1, 82, §3 and §¢, 87, 83. These points cover situations that
are more likely to appear in applications. The higher ||§] and cos (8, ¢), the more
inside the cone are the points. The rest of the values are at the frontier of the cone
of restrictions. These sort of points will not appear in applications if the variables
considered are useful to discriminate among the populations, but they represent limit
situations and therefore they are interesting from the theoretical point of view.
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Table 1 Mean vector and covariance matrices

81 : 118112 = 0.5 and cos (8, ¢) = 1 86 : 118112 =2 and cos(8, ¢) = 1
8 : 118117 = 0.5 and cos(8, ¢) = 0.9 87 118112 = 2 and cos(8, ¢) = 0.9
83 118112 = 0.5 and cos(8, ¢) = 0.7 83 ¢ 118112 = 2 and cos(8, ¢) = 0.7

84 : 181> = 0.5 and § € dim 2 face of 03+ 89 : 181> =2 and § € dim2 face of 03+
85 : ||8||2 =0.5and § € dim 1 face of 0;’ 810 : ||6||2 =2and § € dim 1 face of 0;’

100 1 0303

Y, =]010 >,=1031 03
001 0303 1

103 =03 10707
Se=]03 1 —03|X,=[07107
-03-03 1 0707 1

The values chosen for the covariance matrix are intended to cover usual values in
practice for the correlations coefficients. Full details of the configurations are given
in Table 1.

For each scenario, we generated 10, 000 training samples for which the rules are
determined. For each of these training samples a test observation for each of the
two populations has been classified. The values of the TMP of each of the rules
considered in this simulation appear in Table 2. The best value for each scenario
appears in bold.

In Table 2 we see that there are two rules performing better than the rest, R(1, 1)
and R(1, 0). They are the only ones appearing in bold except for the last two scenar-
ios. If we compare among them we find that R(1, 1) is the best one in 24 out of 40
cases while R(1, 0) is the best for 15, 11 of them corresponding to values not likely
to appear in applications. Therefore, we recommend R(1, 1), the rule that combines
both approaches taking advantage from the iterative estimation procedure and from
the new theoretical rule coming from the latent space.

4 Example. Pima Indians Diabetes Database

This dataset is included in the UCI repository of machine learning databases [3]. The
diagnostic, binary-value variable investigated is whether the patient shows signs of
diabetes or not. The dataset contains 768 instances and eight attributes. There are
268 elements in group 1, who are those who have tested positive for diabetes, and
500 elements in group 0. The sample size will allow us to divide the data into train-
ing and test sets for the purpose of evaluating the correct classification probability.
We consider the restrictions between population means given by the whole sample.
In this way the diabetes population is assumed to have greater mean values than the
healthy population for each of the eight variables. In two different trials we split
the dataset into training sample and test sample. Each observation belongs to the
training sample with probability 0.25 in the first trial (see Table 3) and 0.1 in the
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Table 2 TMP for the different scenarios

Scenario/Rule R(0,U) R(0,0) R(0,1) R(1,U) R(1,0) R(1,1)
X181 0.4351 0.4078 0.3947 0.42135 0.39765 0.39175
8 0.43475 0.4131 0.40165 0.42175 0.4027 0.3978
83 0.43815 0.42005 0.415 0.4295 0.41305 0.4143
84 0.44215 0.42365 0.4131 0.4324 0.41235 0.41125
8s 0.44235 0.4257 0.4266 0.43375 0.422 0.42465
86 0.3183 0.30725 0.3011 0.31175 0.30245 0.298

87 0.31435 0.30175 0.29395 0.3077 0.29765 0.29155
83 0.31685 0.30205 0.30295 0.31005 0.29845 0.302
89 0.3194 0.3049 0.30385 0.31215 0.3014 0.30165
810 0.3177 0.30455 0.3135 0.30965 0.30155 0.313
381 0.43995 0.42025 0.40735 0.41785 0.40445 0.3988
8 0.4426 0.42305 0.41055 0.4226 0.40845 0.4046
83 0.43935 0.42345 0.4161 0.42395 0.41135 0.41135
84 0.43735 0.4199 0.4153 0.41915 0.4092 0.41125
8s 0.44105 0.4273 0.42965 0.43105 0.42395 0.42715
86 0.3151 0.30915 0.30405 0.30495 0.30075 0.29775
87 0.31395 0.3049 0.30115 0.3018 0.29615 0.2948
83 0.3128 0.30185 0.3033 0.3016 0.29665 0.29805
89 0.31905 0.30895 0.311 0.3075 0.3023 0.30785
810 0.3247 0.3087 0.3187 0.31015 0.30535 0.31845
3381 0.4394 0.41245 0.3985 0.4292 0.40515 0.3959
8 0.44745 0.4188 0.40385 0.43625 0.40995 0.4005
83 0.44365 0.42245 0.4151 0.4342 0.41415 0.41315
84 0.43765 0.41405 0.4025 0.42825 0.40435 0.40025
8s 0.439 0.41995 0.4132 0.43065 0.4119 0.41155
86 0.32235 0.31175 0.30555 0.3172 0.30805 0.3033
87 0.32115 0.3065 0.3003 0.31535 0.30215 0.29845
83 0.31915 0.3023 0.3001 0.31205 0.29875 0.29815
89 0.32455 0.31175 0.3098 0.3189 0.30695 0.30775
810 0.3143 0.3008 0.30505 0.30805 0.29735 0.30415
X481 0.4342 0.423 0.41315 0.40715 0.4017 0.39745
8 0.44155 0.43145 0.42355 0.41485 0.41145 0.40945
83 0.45055 0.43775 0.42685 0.42595 0.4215 0.41775
84 0.4433 0.42955 0.4287 0.4243 0.42275 0.4234
8s 0.4419 0.4377 0.44 0.43415 0.43405 0.43845
86 0.314 0.3112 0.3086 0.29485 0.2937 0.2929
87 0.3234 0.31905 0.31595 0.3062 0.30345 0.30245
83 0.32045 0.31305 0.30835 0.3046 0.30225 0.30025
89 0.31925 0.3127 0.3139 0.3055 0.30605 0.31175
810 0.31645 0.3074 0.3143 0.3115 0.3124 0.3153

second (see Table 4). In the first sample all restrictions are verified, so changing
parameter y has no effect on the rule, but we can see that choosing A = 1 improves
the results. For the second trial the order is not verified by the training means of
variables 3 and 4, and we can see that the combination of both approaches yields
the best rule. Full results are displayed in Tables 3 and 4.
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Table 3 Diabetes database. Incorrect Classification table for test sample in trial 1 (p = 0.25)

Fisher m=4 m=23 m=2 m=1
Size R(0, y) R(1,y) R(1,y) R(1,y) R(1,y)
Group 0 377 87 87 86 87 87
Group 1 194 62 61 62 60 62
Global % 0.2609 0.2592 0.2592 0.2574 0.2609

Table 4 Diabetes database. Incorrect Classification table for test sample in trial 2 (p = 0.1)

Fisher m=4 m=3

Size R(0,U) R(0,0) R(0,1) R(1,U) R(1,0) R(1,1) R(1,U) R(1,0) R(1, 1)
Group 0 452 100 100 98 107 108 109 101 101 100

Group 1 240 69 69 68 59 58 59 66 65 64
Global % 0.2442 0.2442 0.2399 0.2399 0.2399 0.2428 0.2413 0.2399 0.2370
m=72 m=1
R(,U) R(1,0) R(1,1) R(1,U) R(1,0) R(1,1)
Group 0 100 100 99 100 101 99
Group 1 70 69 68 70 69 69
Global % 0.2457 0.2442 0.2413 0.2457 0.2457 0.2428

5 Conclusions

We have defined new rules that incorporate efficiently the additional information
that may appear in applications, and proved, using simulations and real data, that
they perform better than the ones already defined for this purpose. On future works
we will try to adapt this technique to other multivariate methods.

Acknowledgments Research partially supported by Spanish DGES grant MTM2009-11161.

References

1. Abelson, R.P., Tukey, J.W.: Efficient utilization of non-numerical information in quantitative
analysis: general theory and the case of the simple order. Ann. Math. Stat. 34, 1347-1369
(1963)

2. Attallah, A., Toson, E., El-Waseef, A., Abo-Seif, M., Omran, M., Shiha, G.: Discriminant
function based on hyaluronic acid and its degrading enzymes and degradation products for
differentiating cirrhotic from non-cirrhotic liver diseased patients in chronic HCV infection.
Clin. Chim. Acta. 369, 66-72 (2006)

3. Blake, C.L., Merz, C.J.: UCI Repository Learning Databases. University of California,
Department of Information and Computer Science, Irvine, CA. http://www.ics.uci.edu/~
mlearn/MLRepository.html (1998)

4. Fernandez, M.A., Rueda, C., Salvador, B.: Incorporating additional information to normal linear
discriminant rules. J. Am. Stat. Assoc. 101, 569-577 (2006)



Efficient Incorporation of Additional Information to Classification Rules 83

5. Long, T., Gupta, R.D.: Alternative linear classification rules under order restrictions. Commun.
Stat. Theory Methods 27, 559-575 (1998)

6. Rueda,C., Ferndndez, M.A., Salvador, B.: Bayes discriminant rules with ordered predictors. J.
Classification 26, 201-225 (2009)

7. Van Eeden, C.: Restricted Parameter Space Estimation Problems. Springer, New York, NY
(2006)






The Choice of the Parameter Values
in a Multivariate Model

of a Second Order Surface

with Heteroscedastic Error

Umberto Magagnoli and Gabriele Cantaluppi

Abstract The paper describes an experimental procedure to choose the values for a
multivariate vector X under these conditions: average of Y (x) equal to a target value
and least variance of Y (x), linked to x by a second order model with a heteroscedas-
tic error. The procedure consists of two steps. In the first step an experimental design
is performed in the feasible space X of the control factors to estimate, by an itera-
tive method, the parameters characterizing the response surface of the mean. Then
a second experimental design is performed on a set .4, subset of X’ satisfying a
condition on the average of Y (x). This second step determines the choice of x by
using a classification criterion based on the ordering of the sample mean squared
errors. The research belongs to the theory of optimal design of experiments [2], that
is employed in the Taguchi Methods, used in off-line control [6].

1 Introduction

An experimental procedure is presented to assign proper values to the control fac-
tors x, which affect the response Y of a system, so that the two following optimal
conditions are satisfied: (a) equality of the mean of Y (x) to an assigned value yy and
(b) minimum dispersion, respectively

E{Y x)} =yo and mxin Var{Y x)} , (D)

x is assumed to belong to a specified space X, that has a practical interest for the
control factors, under the assumptions that are given below.

In particular, we consider a model of a response surface Y (x), where x = (x1, x2)
is a vector of only two explicative variables, whose optimal values we want to deter-
mine. A second-order model is used for estimating the parameters in a non-linear
situation. The response Y of the system depends, thus, on the levels of two control
variables x1, xp according to the following relationship:
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Y (x1,x2) = u(x1, x2) + E(x1, x2) =
= Bo + Bix1 + Baxa + Braxixa + Br1x} + Boaxs + E(x1, x2), (2)

where: B, B1, B2, B12, B11 and B2 are unknown parameters; the errors E(xq, x2)
are random variables independently distributed, on varying x; and x», as normal
random variables, E(x1, x3) ~ N(O, ag (x1, x2)), with zero means and variances
aé(xl,m), which, we assume, depend upon the levels xi, x» according to an
unknown functional relationship. We observe that relationship (2) takes into account
the linear effects of x; and x; on the response level of Y as well as the quadratic
and the interaction ones and that the presence of heteroscedasticity characterizes the
behaviour of the response Y.

2 The Procedure

To choose the levels of x| and x, two experimental designs and a selection procedure
are performed.

The First Experimental Design. To estimate the g parameters in (2) we assume to
observe the response of the random variable Y for each experimental condition in a
three-level full factorial design, with n replications for each experimental condition,
according to the following experimental design matrix:

X11 X21 X11X21 X7 X3, d;
2 2

X11 X22 X11X22 Xi; X3, d,
2 .2 /

X11 X23 X11X23 X{| X33 d;

D= = : s

2 2 /

X13 X21 X13X21 X3 X3, d;
2 2 /

X13 X22 X13X22 Xi3 X%, dg
2 2 d

L X13 X23 X13X23 Xi3 X33 | LGy |

where xi,, x25, r, s = 1,2, 3, denote the levels of the variables x; and x;; while
(x1, x2) belong, without loss of generality, to the square experimental region X =
[—1, 1] x [—1, 1], see [4].

Observe that alternative experimental designs could also be adopted to estimate
the B parameters, such as the saturated second order or the fractional factorial ones.
The three-level full factorial design allows us to estimate the variance of the error
too, although this result can be obtained also through the replications of the experi-
mental design.

We will consider also a sampling design where the 9 x n trials are performed
on the same points of the support pertaining the three-level full factorial design but
with a different number of replications for each experimental condition established
according to a D-optimal design for homoscedastic linear models. Should the het-
eroscedasticity in the errors not be present, both the determinant of the covariance
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matrix of the parameter estimates and the variance of the estimated response Y over
the region X would be, in this way, minimized (see [2] and [5]). D-optimal designs
for the heteroscedastic situation are considered in [1], [9], [10] and [11], where the
structure of a parametric model to describe the heteroscedasticity of the errors is
assumed to be known.

Relationships pertaining only the three-level full factorial design are presented.
The adaptation to the D-optimal design (for the homoscedastic case) involves taking
into account the different number of replications for each experimental condition.

Let X be the matrix, 9n x (1 +5), obtained by concatenating the unitary
vector 1, 9n x 1, with the stacking of the elements lnxld/j, j =1,...,9
in this way elements, which theoretically give the same variance, are grouped.
Let Y be the column vector, 9n x 1, whose elements are the responses of the
Y variable, defined by (2), for each experimental condition and replication. Let
B = [Bo Bi B2 Bi2 Bi1 B2] be the column vector, (1 +5) x 1, containing the
unknown parameters, and E the column vector, 9n x 1, whose elements are the
error components E (x1,;, x25;) ~ N(O, J%(xlr,xgs)),i = 1,...,n. Observe
that the value aé (x1r, x25) of the variance of E is independent of i. Accord-
ing to (2) we have Y = XB + E, being E ~ N(0,2),and = [, ® X
the diagonal matrix, 9n x 9n, whose non-zero elements are the variances of
the errors in the vector E; ¥ = diag[(ré(xn,le),U%(xu,xzz),aé(xn,ng),
07 (x12,%21), O (X12, X22), 0F (X12, X23), 05 (X13, X21), O 4 (X13, X22), 05 (x13, X23)].

If the elements of 2 were known we could apply the generalized least squares
estimator of the parameters f:

= (X/9_1X>71 X'ely;

since we cannot assume that the elements of £ are known, one can make recourse
to the estimation method presented in [8], see also [3]. Referring to this estimation
method we suggest a spemﬁc iterative procedure, which at each step p provides a
provisional estimate /3 p of B and a provisional estimate Sl of the matrix :

~—1
g, = (st[, lx) X/Sll,_lY;

@, =1,®S] =1, ® diag[s} (x1,. x20): 7. s = 1,2, 3];

where s2(ri,x2) = (Yj - xjﬁp)/ (Y,- - X,-ﬁp) J(n—1-5) with
X; = [1 ldfi]; 1 is the unitary vector, n x 1, and the index j denotes also the
subset of elements in the vector Y corresponding to the n replications x1,;, X2si, | =
1,2, ..., n, of each experimental condition specified by the levels x1,, x25.

The generahzed least squares estimate p 1s based on 9 2p-i and we assume that,
in the first step, ﬂ | is the ordinary least squares estimate, ;3 1= (X’ X) X'Y.

The final estimate of the parameters B is given by the ﬁ values, obtained at the
end of the iteration procedure, when ,B p—1 1s sufficiently near to ﬁ p» and the final
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estimate of the variances a% (x1r, x25) corresponding to the levels r and s of the
control variables is

1

2 —
ST, X25) =

AN/ ~
(Y, = X;8) (Y, = X;B). forrs =1,2,3.

For all pairs of values x1, x» of the feasible space, X, of the two control factors we
may define also the value of the estimated response, 1 (x1, x2), of the variable Y:

$(x1, x2) = Po + Prx1 + Baxa + Praxixa + Brix} + fox3. 3)

The Second Experimental Design. Let yg be a target value of the response Y and
let ¢ > 0 be a value defined by the experimenter. By considering the relationship
y(x1,x2) — e < yo < ¥(x1,x2) + &, that defines a set of acceptable y values
including the target value yp, we can define a subset A C X of x, x» values, that
depends, according to (3), on the estimates of the g parameters obtained in the
first experimental design. The set .A may be considered as a set of experimental
conditions that ensure the system to satisfy the target value yg. We observe that all
the points in the set .4 are characterized approximately by the same mean value of
the response variable Y. We extend this set in the new region A™ defined by adding
to each element in the set A its neighbouring elements.

In the set of the M points on the feasible space of x; and x> belonging to the set
AT we consider a subset of K points — that is K pairs (x1g, x2k), k =1,2,..., K —
to submit to the procedure presented below. The K points may be extracted by
making use of a sampling without replacement or with a systematic sampling.

The Selection Procedure. We submit the subset of K points (xig, x2), k =
1,..., K, sampled in the second experimental design to the following experimental
procedure.

1. Obtain m replications of the experiment on every experimental condition belong-
ing to this set of K points.

2. Estimate the mean, y(x1x, x2x), and the variance, s%(xlk, x2r), with the m repli-
cations of the response Y for every experimental condition in the set of K points.

3. To identify the most desirable experimental conditions re-order the K points
(x1%, x2x) according, see [7], to their estimated mean squared error

_ 2
MSEy (xik, x2) = [¥ (15, X26) — yo|” + 57 (X1, x20).

where Y is the target value for the response Y.
4. Choose the points characterized by the least mean squared error levels.

We observe that the final selection of the ideal experimental condition from this set
of points may be performed by the experimenter by having also recourse to econom-
ical arguments; say, the ideal experimental condition could be the one minimizing a
cost function over this final set of points.
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3 Some Results Obtained by Simulation

A simulation example is proposed to evaluate the experimental procedure with
regard to a system whose response is defined, according to (2), as follows:

Y (x1, x2) = 2.6 — 5.2x1 — 5.2x5 — 2.4x1x2 + 4x7 + 4x3 + E(x1,x2).  (4)

The errors E(x1,x2) are independently distributed as normal random variables
E(x1,x2) ~ N(O, a‘% (x1, x2)) with variances depending upon the control factors
according to the relationship, assumed to be unknown to the experimenter

o7 (x1, x2) = 0.03125—0.0625x1 +-0.0625x2 4+0.375x1 x2 +0.25x7 +0.25x3 . (5)

The target value yp = 6 is considered for Y: the corresponding “optimal” experi-
mental condition (x190 = —0.26, x20 = 0.26) is characterized by least variance.

The first experimental design is performed on X = [—1, 1] x [—1, 1] by making
recourse to both a three-level full factorial design, with n = 10 trials for each exper-
imental condition x;; = —1,x;2 =0, x;3 = l,and xo; = —1,x20 = 0, x23 = 1,
and a D-optimal experimental design for homoscedastic models.

The set AT is defined, in the second experimental design, by the experimental
conditions that ensure, according to the parameter estimates obtained in the first
experimental design, values of the response Y far from yp no more than ¢ = 0.15.

The feasible space X is assumed to consist of a mesh of 81 x 81 = 6,561 possible
experimental conditions. Sample of different sizes, K, extracted with the simple
random sampling without replacement and the systematic sampling techniques, with
various numbers, m, of replications for each experimental condition are considered.
Observe that the value of m is independent of n.

The interest has been focused, for different replication sizes N of the proce-
dure, on the following properties: (a) The fraction of simulations with some points,
among those sampled in the set A™, belonging also to a set C defined by exper-
imental conditions satisfying oé(xlr, X25) < og = 15 x oé(xlo, X20), Where
aé (x10, x20) = 0.072 is the least variance level for the “optimal” experimental
condition (x1¢, x20). (b) The average number of the sampled points belonging to
C N AT, see Fig. 1.

With regard to the properties (a) and (b) both experimental designs, considered
in the first step, give similar results, see Table 1. We observe that they are both sub-
optimal, since an explicit relationship to model the presence of heteroscedasticity
has not been considered. Table 1 shows that, for almost every N and K, over 90%
of the replications of the procedure present at least a value in CN.A™". With regard to
the average number of the sampled points in C N AT the systematic sampling works
generally better than the simple random sampling without replacement.

For each replication, i = 1,..., N, of the simulation, let W; be the random
variable describing the number of pairs (xx, x2x) in C N AT among the K pairs
sampled in AT, If p denotes the probability to sample a pair in C N A™, then
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Fig. 1 Response surfaces for the mean and the variance, see (4) and (5). A™ is the set between
the thicker contour levels of the mean. C is the convex set defined by the thicker contour level
of the variance. The points in A" denote the experimental conditions that have been sampled in
the second experimental design; they are numbered according to the ranking of the mean squared
errors of Y; the best one, identified by the number 1, has a value of 0.11866

Table 1 The fraction of simulations with some of the points in the set A™ belonging also to the
region C and the average number of the sampled points in C N AT

yo =6  Simple random sampling Systematic sampling
N K 10 15 20 10 15 20
50 ¢ 0.840, 1.960 0.980,3.300 1.000,3.980 1.000,2.840 1.000,3.940 1.000,5.460
100 ¢ 0.900,2.160 0.980,3.380 0.990, 4.240 1.000, 2.780 1.000, 4.230 1.000, 5.470
200 ¢ 0.920,2.320 0.965,3.375 0.995,4.345 0.985,2.835 1.000,4.280 1.000, 5.430
500 ¢ 0.916,2.186 0.968,3.420 0.998,4.414 0.984,2.856 1.000,4.288 1.000,5.512
50 0.940,2.400 1.000,3.820 1.000,4.800 0.980,2.860 1.000,4.340 0.980, 5.520
100 2 0.900,2.250 0.990,3.510 1.000,4.650 0.990,2.750 1.000,4.350 0.990, 5.500
200 b 0.940,2.340 0.985,3.405 1.000,4.795 0.995,2.730 1.000,4.245 0.995,5.410
500 b 0.932,2.318 0.988,3.356 1.000,4.530 0.988,2.818 1.000,4.254 0.998,5.376
@ 15" experimental design: 3-level full factorial with 10 trials for each experimental condition

byst experimental design: D-optimal with 90 trials on the same set of the 3-level full factorial
K : number of sampled points in the region A™,
N: number of replications of the whole procedure
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W; ~ W ~ Bin (K, p). We remind that in each replication the empirical value
p and the set A" depend upon the estimates of the parameters in (4) obtained in the
first step.

With reference to the following system of hypotheses

Hy:p>po versus Hi:p < po (6)

we can decide to accept the null hypothesis Hy : p > po, in presence of N replica-
tions of the simulation, depending on the value of one of the statistics T = vazl Wi
or R = ZINZI W;/N, where T ~ Bin (NK, p). Table 3 reports the critical val-
ues for R at the significance level @ = 0.05 for each pair N, K. If we consider
po = 0.20 for the simple random sampling and py = 0.25 for the systematic
sampling we may observe that every average number of experimental conditions in
CN AT, see Table 1, is greater than the pertaining critical value. For K = 10, 15, 20
we may expect to sample respectively at least 2, 3 and 4 values close to the theoret-
ical value (x19, x20). The best experimental conditions can be chosen by sorting the
mean squared errors of the response Y for each pair (xx, x2x). Figure 1 shows an
example of the points, sampled in the second experimental design, ordered accord-
ing to their estimated mean squared errors for K = 10: four of the sampled points
areinC N AY.

To study the attitude of the procedure to select experimental conditions with
low variance of the error E, Table 2 reports the average number of experimental
conditions with rank of the mean squared error of Y lower than rg, where ry is 4,
6, 8 for K = 10, 15,20. A test similar to (6) can be performed to check if the
probability that “the best sampled experimental conditions are in the set C N AT is
greater than a value pg. The critical values corresponding to the different N, K for
the statistic R are reported for « = 0.05 in Table 3. If we consider py = 0.15 for the

Table 2 Average number of experimental conditions, among the four with least MSE, in C N AT

yo =6 Simple random sampling Systematic sampling

m 10 10 10 20 20 20 10 10 10 20 20 20
N K 10 15 20 10 15 20 10 15 20 10 15 20

50 ¢ 1.360 2.520 3.140 1.440 2.540 3.260 2.460 3.400 4.460 2.540 3.420 4.620
100 ¢ 1.560 2.610 3.330 1.640 2.610 3.460 2.440 3.620 4.460 2.530 3.630 4.630
200 ¢ 1.705 2.555 3.325 1.795 2.605 3.505 2.505 3.625 4.455 2.565 3.685 4.620
500 ¢ 1.668 2.592 3.406 1.742 2.678 3.544 2.496 3.612 4.460 2.568 3.710 4.594
50 P 1780 2.920 3.600 1.900 2.960 3.800 2.480 3.680 4.440 2.540 3.740 4.520
100 »  1.680 2.680 3.570 1.740 2.740 3.720 2.390 3.710 4.390 2.460 3.800 4.540
200 © 1730 2.630 3.710 1.785 2.725 3.830 2.370 3.600 4.425 2.445 3.685 4.560
500 » 1738 2.576 3.504 1.836 2.692 3.658 2.446 3.636 4.386 2.522 3.728 4.528

@ 15" experimental design: 3-level full factorial with 10 trials for each experimental condition
b 15" experimental design: D-optimal with 90 trials on the same set of the 3-level full factorial
K : number of sampled points in the region AT,

m: number of replications for each sampled point,

N: number of replications of the whole procedure
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Table 3 Critical values for the statistic R = ZINZI W;/N at the significance level @ = 0.05 to
test the hypotheses Hy : p > po, Hi : p < po with reference to a binomial random variable
W ~ Bin(K, p)

po = 0.25 po = 0.20 po=0.15

N K 10 15 20 10 15 20 10 15 20
50 2.180 3.360 4.560 1,700  2.640 3.580 1240 1.940 2.640
100 2280 3.480 4.680 1,790 2.750 3.710 1320 2.020 2.740
200 2340 3.555 4.775 1.855 2.820 3.795 1370 2.090 2.815
500 2400 3.626 4.858 1.908 2.886 3.868 1418 2.148 2.882

simple random sampling and pg = 0.20 for the systematic sampling, which seems
to have a better performance, we may observe that every average number of “best”
experimental conditions in C N A™ is greater than the pertaining critical value. We
may then expect to have respectively for K = 10, 15, 20 at least 1.5, 2.25 and 3
values in C N AT characterized by a rank of the mean squared error lower than rg
among the sampled experimental conditions.

4 Conclusions

An experimental procedure is proposed to choose the values of control factors to
realize a target value for the response of a system described by a second order model
with heteroscedastic error. To ensure a good definition of the response surface for the
mean, the space X pertaining a first experimental design is defined over a wide range
for all control factors. To search the experimental condition with least variance the
attention is then focused, by a second experimental design, on a restricted set AT,
whose elements satisfy approximately a condition on the average of Y.

The procedure may help the operator, by simulation, to choose the parameters —
like the experimental design, the number of experimental trials, the extension of the
set AT and the size of the sample in AT — which can affect a particular type of
experimentation. An example of simulation is reported to study the behaviour of
the procedure. Future developments will regard the analysis of the behaviour of the
procedure in presence of various theoretical relationships for the variance, of various
specifications of the experimental parameters n, K, m and of a possible definition
of the set A" as a function of the precision of the B parameter estimates obtained
through the proposed algorithm and the study of the performance of the estimation
algorithm proposed in the first step.
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Mixed Mode Data Clustering: An Approach
Based on Tetrachoric Correlations

Isabella Morlini

Abstract In this paper we face the problem of clustering mixed mode data by
assuming that the observed binary variables are generated from latent continuous
variables. We perform a principal components analysis on the matrix of tetrachoric
correlations and we then estimate the scores of each latent variable and construct a
data matrix with continuous variables to be used in fully Guassian mixture models
or in the k-means cluster analysis. The calculation of the expected a posteriori (EAP)
estimates may proceed by simply considering a limited number of quadrature points.
Main results on a simulation study and on a real data set are reported.

1 Introduction

One possible approach to cluster analysis is the mixture maximum likelihood
method, in which the data to be clustered are assumed to come from a finite mixture
of populations. The method has been well developed and much used for the case
of normal populations. A main advantage in using Gaussian distributions is that a
number of possible restrictions on the covariance matrices has been proposed in
literature (e.g., [1, 3]) to deal with different local dependencies and, at the same
time, to alleviate the problem of the rapidly growing of the parameters with the data
dimension and with the number of clusters. A large range of Gaussian models are
available, from the simple spherical one to the least parsimonious where all elements
of the covariance matrix are allowed to vary across clusters. Practical applications,
however, often involve mixture of categorical and continuous variables. Everitt [4]
and Everitt and Merette [5] extended the normal model to deal with mixed mode
data but the computation involved in their model is so extensive that is only fea-
sible for data with very few categorical variables. Lawrence and Krzanowski [7]
and Vermunt & Magidson [12] propose conditional Gaussian models with local
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independence structure. Local dependencies are specified only between pairs of
categorical variables and between pairs of continuous variables and are dealt via
joint multinomial and multivariate normal distributions. In the “Latent Gold” pack-
age [11] the dependence between a categorical and a continuous variable may be
dealt with a sort of “trick”, by doubling the categorical variable and treating the
variable also as a covariate. The estimated dependence, however, may not vary
between groups. The mixture model for large data sets implemented in the pack-
age SPSS is also based on joint multinomial and gaussian distributions and postu-
late the hypothesis of local independence between a categorical and a continuous
variable.

Here we face the problem of clustering data with different scales and allow-
ing local dependencies also between a categorical and a continuous variable by
assuming that each observed categorical variable is generated from a latent con-
tinuous variable and by estimating the scores of these latent variables. In eco-
nomics, these variables are called utility functions and the assumption is that the
response (which may be, for example, the presence or the absence of a public
service or a public utility) are determined by the crossing of certain thresholds
in these functions (see, among others, [8]). Heckman [6] models whether or not
American states have introduced fair-employment legislation and describes the cor-
responding latent response as the “sentiment” favoring fair-employment legislation.
In genetics, the latent response is interpreted as the “liability” to develop a qual-
itative trait or phenotype. There are also examples of continuous variables which
are sampled as binary (among others, bit data which are originated by electric
voltages). Skrondal and Rabe-Hesketh [10], pp. 16—17, report various interpreta-
tions of these latent variables and also state that assuming a latent continuous vari-
able may be useful regardless of whether the latent response can be given a real
meaning.

This work represents the first step in the construction of fully Gaussian models
for classification, in which correlations among variables may vary across groups and
also variable selection may be faced differently in each group. Here we estimate the
scores of each latent variable and reach a data matrix with all continuous variables
to be used in these models. An application shows that some benefits of using a data
matrix with all continuous variables instead of a mixed mode data matrix may be
reached in the k-means cluster analysis.

2 From Binary Variables to Continuous Variables

The essential feature of the method to be described in this section is that the observed
categorical variables are generated from underlying latent continuous variables
according to the values of a set of thresholds. Here we formalize results regarding
binary variables but the theory may be extended to multinomial variables by esti-
mating the matrix of polychoric correlations. Given p vectors of binary variables
observed for a sample of size n, a contingency table for each couple of variables Xy
and X ; is constructed, with the following cell frequencies:
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X =0 xp=1

xj:O ejk bjk
xj-zl Cjk djk

The estimated value for the threshold generating the variable X is the value Ay
satisfying @ (hx) = (ejx + cji)/n. For variable X it is the value h; satisfying
®(hj) = (ejx + bjr)/n, where @ is the standard normal cumulative distribution
function. We then estimate the tetrachoric correlation coefficient rj; conditional on
these thresholds, via maximum likelihood. The solution may be found iteratively or
by using the following approximate analytic solution:

4eirbikcird xn* 2

ebicidan

rixk=sin| =1+ s Ll (1)
2 (ejrdjk — bjrcjr)*(ejx +djr)(bjx + cji)

In tables with zero frequencies, zero values are set to 0.5. In a simulation study with
5000 different data sets of size (100 x 6) generated from 10 multivariate normal
populations, the estimator (1) has been shown to give better results than the other
ones based on approximate analytic solutions of the likelihood function. The (n x p)
matrix of the scores of the p latent continuous variables is reached with expected a
posteriori (EAP) estimates. In order to reach semi parametric estimates, we consider
a model based on principal components rather than on factors (see, for example, [2]
and [9], for EAP estimates reached by considering a fully parametric model where
also thresholds, eigenvalues and eigenvectors associated with each factor are esti-
mated by maximizing the likelihood function). We perform a principal component
analysis on the matrix of tetrachoric correlations (which does not require previous
smoothing if the matrix is not positive definite) and consider the following model:

tij =ajiyin +ajpyiz+ ...+ ajyik + ...+ ajpyip 2

where 7;; is the score of principal component j for case i, aj; are the loadings
(eigenvectors) and y; is the score for case i relative to the k latent variable associ-
ated with the observed categorical variable x; as follows: x;z = 1 if yjx > hy and
Xix = 01if yix < hg. As assumed for the thresholds estimates, y ~ N (0, [) and
t ~ N(0, A) where A is a diagonal matrix with elements A? = Z,le ajz.k equal
to the eigenvalues. The EAP estimator of the jth principal component score is the
mean of the posterior distribution of ¢;, which is expressed by:

1 f(Xiltjs wgtjlw)
[ fxiltj; wg(tjlwydr;

fij=E(tijlxi;W)=ftjf(tj|Xi;W)dtj= 3)
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where w is the vector of known parameters (the thresholds and the eigenvectors).
In the following equations, for economy of space, w will be omitted. Given cr/.zk =

22 _ 2
MG = @ = Xk Ao then

o e (—(lfj *ajkYik)z/z(T}k)d

1
oV 2 Jhy

P(xip = 1]t;) = Yik (€]

Introducing the change in the variable:

1 (tij—ajrhi)/ojk (—2/2)
P(x-k=1|t-)=—f e 9 dz (ajxr > 0) (5)
' ! AjkV 2w J—o00 /
o0 2
P(xjx = 1t)) = e Pdz (ap<0)  (6)

—ajkN 27 J(ti—ajehi) [oji

Letting zjx = (tij — ajxhi)/ojk and Fi(t;) = (ajr)~ ' ®(zjx) when aj > 0,
Fi(tj) = |ajk|_1(1 — @(z;x)) when aj; < 0, assuming the independence of the
binary variables x; conditional on each component #;, it results

P
F&ile)) =[] Fiep™ 1 = Fie(p)' = o
k=1
We consider S quadrature points and estimate the scores as follows:

S

h ¢ (t5) Ty Fik ()" [1 — Fjuc(2j))'
lij = Ztsj S N7, PR ———
s=1 s=1 (P(l;./) nk:l F.lk(t‘/) ik[1 ij(t‘/)] .

(®)

where f;; are equally spaced points in [—z;, z;] with @ (—z;/A;) = 0.001, ¢ (z5;)
are the density functions of these points in the N (0, A?) curve times the interval
size.

Given the estimates 7; 7, the EAP estimates y; of the latent variables may be then
reached through analogous steps. The EAP estimator of the kth variable scores is
the mean of the posterior distribution of y;, which is expressed by:

Vi f ikl yis ) g (k)
[ f Giklyes t) g (i) dy

Vik = EQiklxix; ti) = fka(Yk|xik§ t)dy, =

)
Let yl.‘,t be the values y;x > hy and y;; be the values y;x < hy, then
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and F k(yk) = (ajr)” Lo (T k) whenaj; > 0, F k(yk) = lajx|” "d—o (T k)) when
ajr <0, F() = lajil™ 1¢(zjk) when a,k <0, Frm) = (ajp)~' (1 = @(z3,)
when aji > 0. Then f(xiclyi; t) = ¥7_, mewgmﬂmX¢m>®m
sidering S quadrature points we estimate the scores as follows:

e G Osi) 0 (Fif (7)  F (95) 5% X @ (7))
Yik = Z)’sk 5 T
s=1 s=1 ¢(ysk)(zj':1 jk(ys)x’]‘F k(yr) ik X ¢(t1/))

where y; are equally spaced pointsin [—z; /] when x;; = 0, in [hx  z;] when
Xix = 1, with @(—z;) = 0.001, ¢ (ysx) being the density functions of these points
in the N (0, 1) curve times the interval size.

3 Main Results on a Simulation Study and on a Real Data Set

A simulation study is used to evaluate the accuracy of the tetrachoric correlations
and the scores estimates. From 10 standard multivariate normal populations with
correlation matrices P with equal elements p,., ¥ 7# ¢, out of the main diagonal,
ranging form 0.0 to 0.95, we generate 5,000 data sets (500 from each population)
of size (100 x 6). We then dichotomize the 6 variables by imposing random thresh-
olds from a uniform distribution in the interval [—2 + 2]. The mean absolute errors
(MAESs) for the thresholds estimates for each variables (averaged over the 5,000
data sets and the 100 observations of each set) are always less than 0.06. Consider-
ing “difficult variables”, originated by thresholds outside the interval [—1 4 1], the
MAE:s increase to 0.11. These less accurate estimates also lead to larger errors for
the scores estimates. Using (1), the mean absolute errors (MAEs) obtained for the
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different p, averaged over the 500 data sets generated with each correlation matrix,
the 100 observations of each set and the 15 correlation coefficients, are:

p=0p=02p=03p=04p=05p=06p=07p=08p=09p=0.95
0.07 0.06 0.06 006 006 006 006 006 0.05 0.03

Results seem particularly accurate for all values of p. Mean errors also decrease as
long as the real correlations among variables increase. Boxplots of the MAEs for
the eigenvalues of the principal components, calculated between the eigenvalues of
the correlation matrix P used to generate the data and the correlation matrix R of the
generated data, are reported in Fig. 1. For values of p,. not exceeding 0.8, estimates
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Fig. 1 Boxplots of the mean absolute errors of the eigenvalues plotted along the original corre-
lations p,.. In the left-hand boxes, errors are calculated between eigenvalues of the tetrachoric
correlation matrix and eigenvalues of the matrix R of the generated data. In the right-hand boxes,
errors are calculated between eigenvalues of the tetrachoric correlation matrix and eigenvalues
of the matrix P used to generate the data. In the upper boxes errors are averaged over the six
eigenvalues. In the lower boxes, errors are calculated only for the first eigenvalues
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of all the eigenvalues better recover the computed correlation matrix, rather than the
matrix used to generate the data. This is not true for the first eigenvalue: when this
one is large (and the correlations are larger than 0.8) the estimates better recover
the first eigenvalues of the matrix P. We then estimate the scores of each latent
variable and of the principal components. The MAEs, averaged over the 500 data
sets generated for each correlation matrix and over the six variables and the 100
observations of each set, are:

p=0p=02p=03p=04p=05p=06p=07p=08p=0.9 p=0.95

MAE (7;;) 0.87 0.70 0.69 0.65 0.64 0.60 0.57 0.51 0.45 0.42
MAE (3;;) 0.59 0.59 0.58 0.58 0.58 0.59 0.58 0.58 0.58 0.59

As long as the correlation among variables increases, there is an improvement in
the principal components estimates. On the contrary, results regarding the latent
variables do not seem to depend on p. Estimates of the scores of the latent vari-
ables show improvements in average accuracy when the generated thresholds are
close to zero, that is are close to the mean (and the median) of the latent variables.
When the thresholds are beyond the range [—1 + 1], average errors are signifi-
cantly greater. Average errors, however, are always less than the variance of each
variable and results seem enough accurate. Table 1 reports the MAEs of the latent
variables scores obtained in a further study. Here the 6 binary variables are obtained
by generating a (5000 x 6) data set from the same zero-mean multivariate normal
populations as before, but with fixed thresholds: —2, —0.5, 0, 0.2, 0.5, 2. Average
errors (in the last row) show that the accuracy of the EAP estimates increases as
long as the threshold approaches zero. On the other hand, considering the errors
computed for different values of the true scores, we note that minima average errors
(reported in bold) are obtained for values near the thresholds. The worst fittings are
obtained for large positive values when the threshold is —2 and for large negative
values when the threshold is +2. For variables with thresholds —0.2, 0, 0.2 and 0.5,
the correlations between real and estimated scores are 0.74, 0.78, 0.78 and 0.75,
respectively.

Table 1 Mean Absolute Errors for the estimates of the 6 latent variables scores, divided into 9
groups. Groups are based on the magnitude of the true score values

thresh.= —2 thresh.= —0.5 thresh.= 0.0 thresh.= 0.2 thresh.= 0.5 thresh.= 2

scores MAEs MAEs MAEs MAEs MAEs MAEs
<-13 0.62 1.02 1.46 1.62 1.89 2.74
[-1.3—-0.8) 0.20 0.32 0.77 0.92 1.21 1.99
[-0.8 —0.5) 0.17 0.11 0.40 0.56 0.84 1.60
[-0.5—0.3) 048 0.23 0.11 0.27 0.54 1.28
[-0.340.0) 0.75 0.08 0.17 0.08 0.29 1.00
[+0.0 +0.3) 1.02 0.29 0.15 0.23 0.08 0.73
[+0.340.5) 1.30 0.55 0.13 0.09 0.19 0.47
[+0.540.8) 1.61 0.83 0.41 0.22 0.13 0.18
> 40.8 2.40 1.54 1.14 0.96 0.64 0.41

average 0.77 0.53 0.48 0.48 0.50 0.75




102 1. Morlini

We then consider the internet advertisement data set from the UCI machine learn-
ing depository (http://archive.ics.uci.edu/ml/). The features encode the geometry of
the image as well as phrases occurring in the URL, the image’s URL and alt text,
the anchor text, and words occurring near the anchor text. The cluster membership
of each image is known (clusters are: advertisement or not advertisement). After
removing instances with missing values and selecting binary variables with relative
frequencies higher than 0.1, we reach a data set with 2,359 instances, 3 continuous
variables and 10 binary variables. We perform a k-means cluster analysis and we run
the mixture model implemented in SPSS first with mixed mode variables (normaliz-
ing continuous variables in the interval [0 1]) and then with all continuous variables
(with the estimated scores of the binary ones). The classification error rate decrease
from 33 to 30% with k-means and from 35 to 32% with the mixture model.

4 Concluding Remarks

Although it is clearly impossible to generalize from the results presented, it does
appear that estimating the scores of the latent continuous variables generating the
binary values may improve the clustering results and, above all, it allows fully Gaus-
sian models with different correlations among the variables in each group to be used
for classification. This paper describes an initial investigation into the feasibility of
estimating the scores of each latent continuous variable. In literature, only EAP
estimates of the most relevant factors have been presented, for the different aims
of estimating composed items that are assumed to represent a particular set of con-
structs and for data reduction. Here the aim is to reach a continuous data matrix,
of the same dimension of the original one. Possible variations and improvements
to the method proposed are relevant topics for future research. Future simulations
involve data generated from distributions rather than the normal, to explore whether
the EAP estimates work well also in these cases. Indeed, although the threshold
estimates are based on the normal distribution and the #;; and the y;; are supposed
to be Gaussian, EAP estimates are little affected by the choice of this distribution
since loadings and eigenvalues are not estimated by maximum likelihood.
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Optimal Scaling Trees for Three-Way Data

Valerio A. Tutore

Abstract The framework of this paper is developed on tree-based models for three-
way data. Three-way data are measurements of variables on a sample of objects in
different occasions (i.e. space, time, factor categories) and they are obtained when
prior information play a role in the analysis.

Three way data can be analyzed by exploratory methods, i.e., the factorial
approach (TUCKER, PARAFAC, CANDECOMP, etc.) as well as confirmatory
methods, i.e., the modelling approach (log-trilinear association models, simultane-
ous latent budget models, etc.).

Recently, we have introduced a methodology for classification and regression
trees in order to deal specifically with three-way data. Main idea is to use a strat-
ifying variable or instrumental variable to distinguish either groups of variables or
groups of objects. As a result, prior information plays a role in the analysis providing
a new framework of classification and regression trees for three-way data.

In this paper we introduce a tree-based method based on optimal scaling in order
to account of the presence of non-linear correlated groups of variables. The results
of a real world application on Tourist Satisfaction Analysis in Naples will be also
presented.

1 Introduction

Three-way data are data classified in three ways. Longitudinal data, i.e., are three
way, because of repeated observation of the same variables on the same objects.

So far segmentation methods for classification and regression trees have been
proposed as supervised approach to analyze data sets where a response variable
and a set of predictors are measured on a sample of objects or cases. Classifica-
tion and regression trees are a fundamental approach to data mining and prediction
[1, 6]. In particular, they can be fruitfully used for either exploratory or confirmatory
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analysis. A further extension is two-stage discriminant trees [11] based on multiple
factorial splits.

From the exploratory point of view, in binary segmentation, the aim is to find the
best split of a predictor to split the cases into two sub-groups in order to reduce the
impurity of the response within each sub-group. The recursive splitting of the cases
yields a tree structure. As an example, partitioning procedures such as two-stage seg-
mentation and fast algorithm use the concept of global prediction of each explana-
tory variable and the local prediction due to each split of predictor categories [8].

Following the pioneer work [15] and further developments [16, 14], this paper
provides the methodology for the analysis of three-way data characterized at the
same time by sets of objects and sets of predictors. Therefore, data sets can be
described by a cube, namely a set of variables (including both predictors and
responses) is measured on a sample of objects in a number of distinct situations,
also called occasions. Each slide of the cube is a two-way data matrix, i.e. units
times variables. Typically, the occasions are associated to modalities of a categorical
variable. Alternatively, a time variable could be also considered as well.

As an alternative to other methods for either exploratory analysis [7] or confir-
matory analysis [9, 12, 13], main idea is to analyse this type of data with suitable
methods for classification and regression trees. In the following we propose a parti-
tioning procedure for exploratory trees dealing with three-way data.

2 The Data and the Two-Stage Splitting Criterion

The three ways of the data set are cases, attributes and situations, respectively. Let
D be the three-way data matrix of dimensions N, V, Q, where N is the number
of cases, objects or units, V is the number of variables, Q is the number of situa-
tions. Assume that the V variables can be distinguished into two groups, namely
there are M predictor variables X1, ..., X,;,..., Xy and C response variables
Yi,....,Y, ..., Yc where M + C = V. The Q situations refer to modalities of
a stratifying variable, which is called instrumental variable. Alternatively a time
variable can be also considered for longitudinal data analysis.

Predictors can be of categorical and/or numerical type whereas responses can be
either categorical or numerical, thus a distinction can be made between a classifica-
tion problem and a regression problem respectively.

The two-stage splitting criterion for C = 1 can be defined as follows:

max Y yy (tlg Xu) py (1) (M)
q

max Y yy (t1s) py (tlg) @)
q

forg =1,..., O (i.e. subsamples), m = 1,..., M (i.e. predictors), s = 1,..., S
(i.e. splitting variables), with Zq py(tlg) = 1, where yy(t];X,,) is the global
impurity proportional reduction measure of ¥ due to each predictors X, and yy (¢|s)
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Fig. 1 The structure of | variables

three-way data

variables

Instrumental variable to
distinguish subsamples

predictors response

the local impurity proportional reduction measure of ¥ due to each splitting vari-
able 5. The first one is a weighted average of the measures calculated across the O
occasions. A suitable weighting system py (¢|g) can be given by the percentage of
the total impurity of the response in each subsample.

Analogously, it can be defined the local impurity proportional reduction measure
due to each splitting variable. On the basis of the type of response variables, we can
choose a suitable impurity measure for classification trees as well as for regression
trees. In particular, impurity measures for classification can be measured by entropy,
Gini index, misclassfication-ratio, whereas the ones for regression can be measured
by variation or deviation.

In the following, we consider a special constrained version of the three-way data
matrix D, as described in Fig. 1. In particular, the instrumental variable allows to
distinguish subsamples such as groups of objects.

3 The Method

Let Y be the output, namely the response variable, and let X = {X1,..., X/} be
the set of M inputs, namely the predictor variables. In addition, let Zp be the strati-
fying object variable with Q categories. The response variable is a nominal variable
with J classes and the M predictors are all categorical variables (or categorized
numerical variables). The sample is stratified according to the Q categories of the
instrumental variable Zo.

We assume that the M predictors are structured into K non-linear internally cor-
related groups of variables. To deal with non-linear correlated groups of variables
we consider Nonlinear Canonical Correlation Analysis and the approach of Gifi [3].

This allows to summarize the information within each group through a latent
factor. Nonlinear Canonical Correlation Analysis is applied before the segmenta-
tion procedure. Optimal scaling means that for each categorical variable a nonlinear
transformation is permitted, so that it maximizes the analysis criterion [2, 17]. We
find the NLCCA’s object scores minimizing
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K
Yir(X—QA) X—QA)
=1 3)

X'X =nL,u'X =0, q = fh), f € C(h)

where X are object scores, Qq are the transformed variables from the original vari-
able matrix H and Ay are the collection of multiple and single category quantifica-
tions across variables and sets, C(h) is the set of possible transformations of h, f
refers to a transformation. In this way we found category quantifications of the sets
of variables, our new predictors, i.e. the latent factors vy for k = 1, ..., K, to be
considered in the recursive partitioning.

The above approach allowed to reduce the dimensionality of the analysis, shifting
the attention toward a set of latent predictors synthesis of the original variables.
Therefore, the latent predictors allowed to define the set of all possible splits as
candidates for the best split of the objects. In this field Tutore et al. [15] introduced
Partial Predictability Trees based on the use of predictability indexes for three-way
cross-classifications. The idea is to extend the nonlinear transformation to data struc-
tured into three ways with different groups of individuals.

We consider the two-stage splitting criterion based on the predictability t index
of Goodman and Kruskal [4] for two-way cross-classifications: in the first stage,
the best group of predictors is found maximizing the global prediction with respect
to the response variable; in the second stage, the best split of the best group of
predictors is found maximizing the local prediction.

In the following, we extend this criterion in order to consider the predictability
power explained by each group/split with respect to the response variable condi-
tioned by the instrumental variable Z .

For this purpose, we consider the predictability indexes used for three-way cross-
classifications, namely the multiple 7,, and the partial 7, predictability index of Gray
and Williams [5], that are extensions of the Goodman and Kruskal 7 index.

At each node, in the first stage, among all available groups of predictors vy for
k=1,..., K, we maximize the partial index 7, (Y |vx, Zo) to find the best predic-
tor v* conditioned by the instrumental variable Z¢:

_ m(Y|uZo) — t(Y|Zo)
p(Y|uk, Zo) = = n.(1Z0) 4

where 1, (Y|X,;,Zo) and t3(Y|Zp) are the multiple and the simple predictability
measures and v, are the object scores of the groups constructed by correlated orig-
inal variables. In the second stage, we find the best split s* of the best predictor v*
maximizing the simple index 7, (Y|s, Zop).

4 The Analysis

In this section, we present an application about tourism satisfaction survey in
Naples. This survey of N = 1,878 tourists has been collected measuring the level
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Fig. 2 Original variables and X = professionality

latent variables
X ,= structures

X = competitivity

X" i maintenance

X5= security

X i attractions

XT= accessibility
X = information

X = mobility

of global satisfaction and the level of satisfaction with respect to three dimensions
of the service, each considering three aspects.

The ordinal predictors (professionality, structures, competitivity, maintenance,
security, attractions, accessibility, information, mobility) have 5 levels of satisfac-
tion. Fig. 2 shows the original variables and the new latent variables obtained by
correlated original variables.

The response variable has two classes distinguishing the satisfied and the unsat-
isfied tourists. The three dimensions are accommodation, territory, info-mobility.
We choose as instrumental variable Zo the nationality of the tourists with three
categories (Italian, European, Extra-European). Fig. 3 shows the final binary tree

Fig. 3 Tree Graph - Tourism Satisfaction Survey
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Node2 n=994

Node5n=325 Node4 n =669

Territory Info-mobility
Node1l r|=96/ \ Node10n =229 Node9 n =659 / \ Node8n=10
(Satisfied tourists) (Unsatisfied tourists) (Satisfied tourists)
a b c a b c [ a b c
18 40 s 31 58 16 0 7 2
17 10 6 59 50 15 T /] 0

) Instrumental variable— Nationality
Response variable a= Ttalian

I:l = Satisfied clients =
b= European
El = Unsatisfied clients ¢ = Extra-European

Fig. 4 Path 1-11 - Tourism Satisfaction Survey

with 18 terminal nodes in which we marked the predictor and the split at each
nonterminal node.

In the end, Fig. 4 shows the path from root node to node n = 11. In particular,
in Fig. 4 we report the response classes distribution of the objects within the three
strata of Z ¢, for the predictor selected in each nonterminal node.

In each node we indicate the total number of subjects, the number of subjects
divided into the three categories of the instrumental variable and for each category
we report in bold the number of satisfied tourists and in italics the number of unsat-
isfied tourists. For the terminal nodes we indicate with two different colours the
presence of satisfied or unsatisfied tourists.

As an example, we can see that in node 10 there is a bigger presence of unsat-
isfied than satisfied tourists, but relatively to zo and z3 there are more satisfied than
unsatisfied tourists. Then it’s possible to interpret in a different way that terminal
node respect to the presence of nationality of the tourists.

5 Conclusions
In a previous work [15], we presented a partitioning procedure for a data mining

problem, consisting in find a tree-based model for the analysis of a large set of
within group correlated predictors. The goal was to define a suitable variable to
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summarize each group of predictors. Two results were found: a multiple split was
considered at each node of the tree and it was possible to understand the relevance
of each group and not of the single original variable in the splitting procedure. This
procedure was called optimal scaling tree.

In another work [16], we introduced a stratifying variable in the analysis account-
ing of prior information through specific constraints upon objects. With this method,
called Partial Predictability Tree, the stratifying variable allowed to distinguish
groups of objects, thus a suitable splitting criterion has been defined to find the best
simultaneous partition of the objects. Main issue was to provide distinct response
distributions in each node sample and the best split was found as a compromise of
the impurity reduction of all response class distributions in the distinct subsamples.

This paper combines the two main ideas of the previous works providing optimal
scaling trees using an instrumental variable for the analysis of three-way data. The
goal is to understand the structure of the data in presence of complex data with
blocks of objects as well as blocks of predictors. An application on a real data set has
been briefly described in order to show the advantages of our approach. The results
of several applications have been very promising, showing that our methodology:

1. allows to understand the partial dependence structure on subsamples within ter-
minal as well as nonterminal nodes;

2. works with a few number of latent factors playing the role of predictors and,
then, it decreases redundant information;

3. overcomes the limits of classical approach in the analysis of data structured in
complex way.

The procedure has been implemented in MATLAB environment enriching the Tree
Harvest Software [10] developed by the research unit in Naples). We are developing
it as an alternative to standard tree-based methods for special structures of data.
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A Study on Text Modelling via Dirichlet
Compound Multinomial

Concetto Elvio Bonafede and Paola Cerchiello

Abstract This contributions deals with a generative approach for the analysis of
textual data. Instead of creating heuristic rules for the representation of documents
and word counts, we employ a distribution able to model words along text consid-
ering different topics. In this regard, following Minka proposal [5], we implement a
Dirichlet compound Multinomial distribution that is a mixture of random variables
over words and topics. On the basis of this model we evaluate the predictive perfor-
mance of the distribution by using seven different classifiers and taking into account
the count of words in common between text document and reference class.

1 Introduction

With the rapid growth of on-line information, text categorization has become one of
the key techniques for handling and organizing data in textual format. Text catego-
rization techniques are an essential part of text mining and are used to classify new
documents and to find interesting information contained within several on-line web
sites. Since building text classifiers by hand is difficult, time-consuming and often
not efficient, it is worthy to learn classifiers from examples.

In this proposal we employ a generative approach for the analysis of textual data.
Thus, following Minka [5] and Madsen et al. [3] proposals, in Sec. 2 we develop a
“Dirichlet Compound Multinomial” (DCM) distribution that is a mixture over words
and topics, and we show how to estimate the parameters of the models.

Then, in Sec. 3, we have the application and the predictive performance of the
distribution by using seven different classifiers. Conclusions are Sec. 4.
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2 Background: The Dirichlet Compound Multinomial

The DCM distribution introduced by Minka is an hierarchical model: on one hand,
the Dirichlet random variable is devoted to model the Multinomial parameters 6; on
the other hand, the Multinomial variable models the words count vectors comprising
the document. The distribution function of the DCM mixture model is:

p(xle) =/9p(i|9)p(9|a)d9~ ey

where p(f|a) is the Dirichlet distribution:

1oy = L L1 @) pern =1 2
p®le) Hw lmw) H )

with 6,, the probability of emitting a word w and «,, the Dirichlet parameters
for each word; thereby the whole set of words (bag-of-words) is modelled. The
expression “bag of words” is typical in text modelling context and refers to the
words present in a corpora considered as an unordered vector, disregarding gram-
mar. Instead p(x|0) is the Multinomial distribution:

w
n!
pEIO) = —— [ oar 3)
Hw:l Xw w=1

in which x is the words’ count vector and x,, is the count for each word.
Thus a text (a document in a set) is modelled as a “bag-of-bags-of-words”, (see
[3, 5]) and developing the previous integral we obtain:

n! F(Zlvgzl otyy) ﬁ I (xy + ay)
T 2o TN G o)) oy T lew)

p(xla) = ; 4

From another point of view we can state that in the DCM model the Dirichlet
represents a general topic that compound the set of documents and each Multino-
mial, linked to specific sub-topics, make the emission of some words more likely
than other for a specific document. Thus the DCM could be also described as “bag-
of-scaled-documents”.

Moreover the added value of the DCM approach consists in the ability to handle
the “burstiness” of a rare word without introducing heuristics [6]. Burstiness is the
tendency of rare word appearing many times in a single document; if a word does
appear once, it is much more likely to appear again, i.e. words appear in bursts.

When we consider the entire set of documents (D) where each document is inde-
pendent and identified by its count vector, (D = {x1, X2, ..., Xn}), the likelihood of
the whole documents set (D) is:
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N
p(Dle) = [ | p(Ealer)
d=1

N w W
( F(Zw=1 oy) l_[ I (xqw +05w)) ; (5)

a1\ (xa + Zyzl aw) y_op  Tow)
where x4 is the sum of the counts of every word in the document d-th (ZU‘LI Xdw)
and x4, the count of word w-th for the document d-th. The log-likelihood and the

gradient necessary to find the parameters are respectively:

N w w
log(p(D|a)) = Z (logF <Z aw> —logl" (xd + Zaw>> +

d w=1
N W
+ D " (0gT (xaw + o) — log I (ctuy)) 6)
d w
_ dlog(p(Dla) _
w — dw -
N w w
=y (w ( aw> —v (xd + Zaw> + ¥ (xaw + @) — waw)) (7)
d w w
with ¥ (z) = are) = digamma function
Z

Now we have the task of maximizing the log-likelihood and finding the param-
eters. Among different methods we have chosen the fixed-point iteration. Such a
method has its roots in the the Expected Maximization (EM) algorithm (see [2])
which can be built up in different ways.

One possibility is to see the EM as a lower bound maximization where we
alternate the E-step to calculate an approximation of the lower bound for the log-
likelihood and maximize it in the M-step until a stationary point (zero gradient) is
reached (see [4]).

However if we are able to find a lower bound for the log-likelihood we can max-
imize it via a fixed-point iteration in fact it is the same principle of considering the
EM as a lower bound maximization (see [4, 5]).

So for the DCM the lower bound with log(p(D|w)) is the following quantity:

log(p(D]@)) = —(X W a — 1) XV ba + XV aguloga,] + (const.)  (8)
where by = W (xqg + Zuu)/ Oy) — L]/(ZE}V o)
and agy = (¥ (xgw + o) — ¥ (oy)) oy

this allows us to use a fixed point iteration which steps are:
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where x4 is the sum of the counts of each word in the document d-th (Zuu)/:l Xdw)»
X4y the count of word w-th for the document d-th and ozﬁ) the Dirichlet coefficient
for word w at the k-th step. The algorithm is stopped when a degree of approxima-
tion ¢ is reached; in our case we have used an ¢ equal to 10719,

The parameters found out, as said before, have an important characteristic: they
follow the “burstiness” phenomenon of words. In fact the smaller an «, is, the more
“burstinesss” effect is contained within a word, as revealed in Fig. 1.

€))

3 Application

With the scope of analyzing the performance of the classification procedure, we
have used the Reuter-21,578! data set which contains 21,578 documents identified
by the following attributes: topics, places, peoples, organizations, exchanges and
companies.

! http://kdd.ics.uci.edu/databases/reuters21578/reuters21578.html
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For classification purposes, we consider topics as document classes to predict.
The original topics are 135 and most of the documents are unknown, thus we employ
46 classes (topics) characterizing 8,045 documents. We use this data set according
two different approaches:

1. First of all we evaluate the best classifier, based on the parameters extracted
from the DCM distributions, by considering the whole documents set divided
into training (with 80% of documents) and test set distributed over 46 classes.
Thus there are 6,436 training documents with a vocabulary (already filtered and
stemmed) of 15,655 words.

2. Secondly we compare DCM to sbDCM by using a training data set with only
2,051 documents containing a vocabulary of 4,096 words.

In the first we have used three kind of classifiers developed in Rennie et al. [6]
and their four compositions so to have seven different classifiers to be tested and
to evaluate their performance. These classifiers select the document class with the
highest posterior probability:

N
I(d) = argmax, |:log PO+ Y fulog ecw} (10)

w=l1

where f,, is the frequency count of word w in a document, p(6,) is a prior distribu-
tion over the set of topics (that we consider uniformly distributed) and log(6.,) is
the weight for word w.

The weight for each class is estimated as a function of alpha coefficients:

~ New + oy

Oy = ———— (11)
N¢ + ZgL:l Oy

where N, is the number of times word w appears in the documents of class ¢, N,
the total number of words occurrences in class c.

Rennie et al. [6] propose three main classifiers which are the normal (N), the
complement (C) and the mixed (M) ones:

1. Normal:
al New +a
I(d) = argmax, |:log pO:) + Z Sfwlog Cw—NLw:| ; (12)
w=l Ne+ 202w
2. Complement Version (COMP):
al Ngy +
I(d) = argmax, |:log PO = fulog C’”—N“’} ;o (13)
w=1 N5 + Zw:l Oy

where Ng, is the number of times word w occured in documents in all classes
excepted ¢ and N; is the total number of word occurrences in classes other
than c.
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3. Mixed:

N
N, Na
1(d) = argmax, {log PO+ Y fulog ﬂ _ Z futos — w0 } ;
w=1 Ne + Zw 1 Yw w=1 Nz + Zw:l Ay

3.1 Performance of the Dirichlet Compound Multinomial

In this section we describe the evaluation performed on different classifiers by using
the parameters estimated from the DCM distribution. Thus, our training data set is
compound of 6,436 documents with a vocabulary (already filtered and stemmed) of
15,655 words so we have to estimate 15,655 o’s. The alpha is able to model the
“burstinesss” of a word in fact the smaller the o parameters are, the more bursty the
emission of words is. This phenomenon is characteristic of rare words, therefore a's
coefficients are, on average, smaller for less counted words. This is showed in Fig. 1
where there are displayed the mean values of an « for each word count appearing in
the document collection and the relative histogram. The average value of overall o/’s
is 0.0,342, the standard deviation is 0.1,087 and maximum and minimum values
are respectively 6.6,074 and 0.0,025. As we can see from the histogram of «'s the
document collection is characterized by bursty words.
Once obtained coefficient «’s we employ seven different classifiers, three of which
are described in Rennie et al. [6] (normal (N), complement (C) and mixed (M)). The
remaining ones are proposed as the appropriate combination of the previous ones,
in order to improve their characteristics.

In fact the new four classifiers are set in function of the number of words that
a test-document has in common with the set of documents that compound a class;
in this way we create a classifier in function of the number of words in common.
Thus we analyze the following additional classifiers: Complement + Mixed + Nor-
mal (CMN), Complement + Normal (CN), Complement + Mixed (CM), Mixed +
Normal (MN).

In order to evaluate the classification performance we employ three performance
indexes:

1. (Indl) The proportion of true positive over the total number of test-documents.

2. TP,
> =% x 100;
D
d=1

2. (Ind2) The proportion of classes that we are able to classify.

c L
E — | x 100;
C
c=1

where I, is an indicator that we set 1 if at least one document of the class is
classified correctly, otherwise we set 0.
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3. (Ind3) The proportion of true positive within each class over the number of test
documents present in the class.

C
1 & TP,
— 100;
(c 2 MC) x

c=1

where M, is the number of test-documents in each class, T P. is the number of
true positive in the class and C the number of classes (46).

With regards to the last four composite classifiers, such indexes have been cal-
culated by varying the number of words in common between the test document and
the class. In particular for our test we have used three different thresholds for the
number of words (n): 15, 10 and 5. For example, we indicate with the initials CM _n
the classification rule that employs classifier C when the number of common words
are less or equal to n and classifier M when the number of words in common is more
than n. Instead, the initial C M N_n.m identifies the using of classifier C until n, the
classifier N over m and the classifier M between n and m.

For the data at hand the number of words in common between the two sets (train-
ing and evaluation set) varies between 1 and 268.

The above mentioned combination is based on the following idea: if the number
of words in common between the bag of words and the correct class is low, then
the most informative content is in the complement set. Otherwise the needed infor-
mation is contained either in the normal set or in the complement one. Taking into
account such consideration we have set up different combination and we concluded
that the useful trade-off among classifiers is equal to 10 (see Table 1).

The results are reported in Table 1. As we can see the best classifiers are the
mixed and the CM_10 ones.

Table 1 Comparison among classifiers

Classifier Indl Ind2 Ind3

Normal 73.46% 100% 66.74%
Comp. 66.93% 39% 10.26%
Mixed 76.88% 100% 66.79%
CM_5 76.88% 100% 66.79%
CM_10 76.94% 100% 66.84%
CM_15 76.13% 100% 65.15%
CMN_10.50 75.14% 100% 67.18%
CMN_10.152 76.69% 100% 67.11%
CMN_10.200 76.81% 100% 66.80%
CN_S5 73.65% 100% 66.74%
CN_10 73.65% 100% 66.83%
CN_15 72.90% 100% 65.16%
NM_5 73.46% 100% 66.74%
NM_10 73.58% 100% 66.78%

NM_15 73.64% 100% 66.82%
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These are able to classify respectively 1,237 and 1,238 over 1,609 documents
that are distributed not uniformly among classes (46). These classifiers are able to
classify at least a document per class even if there are classes containing only two
documents. Between them the CM_10 classifier has index three slightly better than
mixed one. The worse classifier, in this case, is the complement version alone. From
the reported results we can conclude that the DCM distribution is a valid approach
for modelling textual data and it is worthy to further investigate on its characteristics.

Moreover the Log-Likelihhod (LL) and the corrected Akaike Information Cri-
terion (AICc)? before and after the optimization procedure are respectively: LL
from —222,385 to —205,286 and AICc from 454,264 to 420,066.

4 Conclusion

In this contribution we show the characteristics of the DCM distribution employable
in the context of text analysis with the purpose of document classification. DCM
main feature is the capability to take into account the “burstiness” phenomenon of
rare words. With the « coefficients coming from the DCM distribution we imple-
ment a classification procedure which uses the Naive Bayes classifier. Among all the
proposed classification rules, we have shown that the best performances are obtained
by composition of complement classifier and mixed (i.e. we use the complement
when we have less then 10 words in common and mixed for more than 10) and by
the mixed alone.

Moreover the DCM distribution models each document as a “bag-of-scaled-
document” where the Dirichlet random variable generates the general topic and the
Multinomial one the specific sub-topics that compound the document. In Cerchiello
and Bonafede [1] the DCM is developed and modified in order to insert directly
unknown or known topics within the model by means of a new vector of parameters.
Such information will be useful to expand and improve the application of this model.
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Automatic Multilevel Thresholding Based
on a Fuzzy Entropy Measure

D. Bruzzese and U. Giani

Abstract Histogram Thresholding is an image processing technique whose aim is
that of separating the objects and the background of the image into non overlapping
regions. In gray scale images this task is obtained by properly detecting, on the
corresponding gray levels histogram, the valleys that space out the concentration of
the pixels around the characteristic gray levels of the different image structures. In
this paper, a novel procedure will be discussed exploiting fuzzy set theory and fuzzy
entropy to find automatically the optimal number of thresholds and their location in
the image histograms.

1 Introduction

Typical computer vision applications often require an image segmentation pre-
processing step in order to extract the distinct objects enclosed in the image fore-
ground. For intensity images, several approaches to image segmentation have been
proposed in last years. According to the image features exploited, they can be
broadly classified into three main classes: edge-based, region-based and cluster-
based techniques [1].

Edge-based methods disclose objects by highlighting their contours, usually
characterized by a sharp change in the intensity levels of neighboring pixels. The
main advantage of such approach is that the edge representation of an image effi-
ciently reduces the amount of data to be processed. However, the accuracy of the
results can be seriously compromised if broken boundaries are present; in this case
edge-linking techniques become necessary for contour filling (e.g. [7]). Further-
more, noise may result in erroneous edges and thus expensive preprocessing work
has to be done in order to filter-out noisy edges.

Region-based methods, on the contrary, proceed by grouping adjacent pixels with
uniform properties like grayscale, texture, and so forth. Thereafter a coarse-grained
segmentation is obtained by merging adjacent regions according to the similarities
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among the properties in these regions. Region-based segmentation usually produces
coherent regions with no gaps due to missing edge pixels. However, while edge
definition is quite simple to set, both from a logical and a formal point of view, the
criteria for region memberships are more difficult to assess.

In histogram-based techniques, the image structures are elicited only by look-
ing at the shape properties of the intensity level histogram. The main assumption
on which these methods rely is that no spatial information is required to segment
the image because the different objects can be uncovered by looking at the shape
properties of the histogram. Actually, in a well-defined image, the corresponding
histogram presents a deep valley between two peaks. Around these peaks the object
and background gray levels are concentrated and the optimum threshold value must
be located in the valley region. According to the number of objects that have to be
recognized, bi-level or multi-level thresholding techniques are employed.

In this paper a novel procedure, exploiting Fuzzy Set theory in the context of
multilevel histogram thresholding, will be discussed.

The paper is structured as follows. After a brief recall of Fuzzy Set theory and
Fuzzy Histogram Thresholding techniques (Sec. 2), the proposed algorithm (Sect. 3)
will be discussed and its application on several real and synthetic images will be
shown (Sect. 4). The issues for discussion and for future research work will set out
at the last section.

2 Fuzzy Set Theory and Histogram Thresholding

Let X be a universe of elements; a Fuzzy Set A is defined as in [11],
A={x,uax)lx € X, nua(x) € [0, 11} (D

where p is called the membership function or grade of membership and measures
the coherence of each x € X with the properties that characterize the fuzzy set A. In
computer vision applications an image can be considered as an array of fuzzy single-
tons, the pixels, each having a value of membership denoting the grade of possessing
some specific property (for example brightness) that depends on the problem to be
solved.

After the pioneristic work of Murthy and Pal [5], several thresholding algorithms
based on fuzzy set theory are reported in the literature (see [8] for exhaustive and up-
to-date survey of image thresholding methods). In these approaches, usually, Fuzzy
Set Theory intervenes at a double level. First, for each candidate threshold, the gray
values have to be mapped to the fuzzy domain by using an appropriate membership
function, and, in a second step, a measure of fuzziness for the whole image have
to be computed. The optimum threshold is found by minimizing (maximizing) the
index of fuzziness over the gray-level range.

Our proposal represents an extension of the procedure that was originally dis-
cussed in Huang and Wang [2] and afterwards refined in a subsequent work [3]. Here
the authors propose a multilevel thresholding technique based on the optimization
of a Fuzzy Classification Entropy which describes the fitness of the histogram to a
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multimodal distribution. According to our opinion, the main drawback of the proce-
dure relies on the fact that the number of thresholds is required as input parameter
of the algorithm; moreover, the computational complexity of the searching phase,
when the number of classes increases, requires to abandon an exhaustive search in
favour of some sub-optimal search strategy.

The proposed algorithm, on the contrary, by using a divide et impera paradigm,
iteratively applies the general scheme of Fuzzy Histogram Thresholding until a
stopping rule is met. The stopping rule adopts a sensitivity criterion that allows to
control the granularity of the resulting segmentation and gets automatically to find
the optimal number of thresholds and their location in the image histograms. In the
following section, the details of the proposed procedure will be outlined.

3 Automatic Multilevel Fuzzy Histogram Thresholding

In the description of the algorithm, the following notation will be adopted. Let " =
{xi,i =1, .., L} be a set of consecutive bin values, (e.g. in Image Analysis L=256
and x; = 0,x2 = 1, .., xp = 255), and let n; be the corresponding bin frequency.
Let ¢ = {xg,...,x/; s,r €{l,..,L}; s <r} be a generic range (segment) of bin
values. After an initialization step in which the whole set I" is added to the set ¥ of
candidate segments, the recursion begins.

Let c* = {xgx, ..., x,+, 8%, r* € {1, .., L}, s* < r*} be the range being processed;
for each bin ¢t € c¢* the corresponding value is set as candidate threshold and the
fuzzy membership function is computed by using the m-function, proposed in [2]

C Oifxg« <x; <t

M(xi):C+|xi_Mr|’ r:{lift<xi§xr* 2)

where g and ©1 denote the averages of those bins, respectively, up to and from the

t-th x value with ¢ € {1, ..., L} and C is a normalization factor. Once the grades of
membership have been obtained, a fuzzy entropy measure is computed [6].

H;(p) = kZ {nGi)In[wGx)] = [1 = pG)]In[l — wGx)l} xni - (3)

1

where the factor k constraints the fuzzy entropy in the closed interval [0,1].

The bin value that achieves the minimum of the measure of fuzziness, t*, is added
to the set of potential thresholds. In order to become effective, at least one of the
two adjacent intervals branched off from #* should present a relative increment of
the fuzzy entropy larger than the sensitivity criterion ¢. If this condition is met, the
threshold * become effective and that (those) interval(s) with a relative increment
of the fuzzy entropy larger than ¢ is (are) added to J. The segment in I with the
maximum entropy value is thus processed in the next cycle of the recursion. The
procedure stops when the set of candidate segments become empty.
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The pseudo-code of the algorithm is shown in the following box.

Input: Histogram-like structure / = {x;, n;}, Sensitivity Criterion &
Output: Array of thresholds locations ¢
Initialization: Set ¢* = {x{, ..., x.},add c* to &
Step 1: For each x; € c¢*, sett = x; and do
Step 1.1: Compute the fuzzy membership values u(x;), (x; € c*),
using eq. 2
Step 1.2: Compute the fuzzy Entropy H;(u), using eq. 3
Step 2: Find t* = arg min; ¢+ [H, (&)] and remove ¢* from J
Step 3: Set ¢; = {min(c*), ..., t*}, ¢, = {t* + 1, ..., max(c*)}
Step 4: For each k € {l, r} set ¢y = ¢* and compute #;" by applying Step 1
and Step 2
Step S: if 3k € {I, r} : StoppingRule (cx) = False, then add ci
to 3, add 1 to ¢

Step 6: if £(J) > 0 then find ¢* = arg max ex [Hf*(ﬂ)] and go to Step 1

else return
. [Hpx () —Hypx ()] .
StoppingRule: If W > ¢ then StoppingRule (cy) = False

With the intent of clarify the working mechanism of the proposed procedure, its
application to a fluorescent microscope image of Staphylococcus Aureus bacteria is
shown in Fig. 1. In this example and in the following applications the sensitivity
criterion was set equal to 0.05.

Fig. 1 (a) original Staphylococcus Aureus image; (b) gray level histogram of image (a); (c-f) steps
of the proposed procedure.

In the Initialization phase, the entire gray level range is set as candidate segment and for each
t € [0, 255] the fuzzy entropy is computed. The gray level achieving the minimum value of the
fuzzy entropy is t* = 198 (c). The two contiguous intervals ¢; = [0, 198] and ¢, = [199, 255]
are thus processed by computing H; (i), t € ¢; and H, (i), t € ¢, (d). Since ¢; shows a relative
increment of the fuzzy entropy greater than &, the threshold t* = 198 become effective, ¢; is added
to J, while ¢, is discarded because of the Stopping Rule.

In the next step, the only eligible candidate in J, ¢* = [0, 198], is processed. The potential thresh-
old r* = 87 (that was obtained in the previous step) splits ¢* into the two sets ¢; = [0, 87] and
¢ = [88, 198]. Applying steps 1 and 2 to both of them, it turns out that ¢, = [88, 198] should be
discarded, while ¢, = [88, 198] could be added to J because of a relative increment of the Fuzzy
Entropy greater than ¢; t* = 87 is thus added to 7 (e).

Finally the segment ¢* = [88, 198] is processed. Because both the 