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Preface 

In Volume 2 a variety of models for qualitative data are explored; these go 
beyond the hierarchical log-linear models and logit models of Volume 1. 

Chapter 6 discusses multinomial response models appropriate for the complete 
factorial tables considered in Volume 1. These models are generalizations of the 
hierarchical log-linear models of Chapters 2 -4 and of the logit models of Chap­
ter 5. As in the case of logit models, the models of Chapter 6 can be used to 
exploit ordered categories and can be used with continuous predicting variables. 

Chapter 7 examines log-linear models for incomplete factorial tables. The 
chapter emphasizes for incomplete two-way tables quasi-independence models 
which have been the subject of much early work on log-linear models. Hierar­
chical log-linear models for incomplete multi-way tables and multinomial re­
sponse models for incomplete tables are also studied. Both iterative proportional 
fitting and Newton-Raphson algorithms are developed. 

In Chapter 8 models are considered for contingency tables in which several 
variables have the same categories. Symmetry models, quasi-symmetry models, 
marginal-homogeneity models, and distance models are introduced and related to 
quasi-independence models and to parametrizations developed for hierarchical 
log-linear models. Again, both iterative proportional fitting and the Newton-
Raphson algorithm are used for numerical work. 

In Chapter 9 adjustment of data is studied through numerical methods de­
veloped in earlier chapters for use with log-linear models. The methods of Dem-
ing and Stephan for adjustment of marginal totals are related to the iterative 
proportional fitting algorithm for hierarchical log-linear models. Alternative 
methods of adjustment of data are also studied. In contrast with most earlier 
treatments of adjustment of data, emphasis is given to estimation of standard de­
viations of estimates. 
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Vil i PREFACE 

Chapter 10 develops a general theory of latent-class analysis in terms of log-
linear models. Although latent-class analysis had been considered as early as 
1950 by Guttman (1950) and Lazarsfeld (1950a,b), use of latent-class models 
has become much easier in recent years due to Goodman's (1974a,b) develop­
ment of an iterative proportional fitting algorithm for a general collection of 
latent-class models. This chapter discusses Goodman's iterative proportional fit­
ting algorithm and a scoring algorithm similar in structure to the Newton-
Raphson algorithm for log-linear models. 

The Appendix provides computer programs for log-linear models and latent-
class models. 

This volume may serve as a sequel to Volume 1 in a two-quarter or two-
semester course. The two volumes together provide a thorough introduction to 
log-linear models and to latent-class analysis. 

Work on the book has benefited from partial support from National Science 
Foundation Grants Nos. SOC72-05228 A04 and MCS72-04364 A04 and Na­
tional Institutes of Health Grant No. G722648. Comments by Professors Leo 
Goodman, William Mason, and Clifford Clogg have contributed to the prepara­
tion of Volume 2, just as they aided in the preparation of Volume 1. The Na­
tional Opinion Research Center of the University of Chicago has been a source 
of much of the data used in this volume. Thanks are also due Dr. L. Srole for 
permission to use Table 6.1. 
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Multinomial response models, or multinomial logit models, are generaliza­
tions of logit models in which one or more independent variables are used to 
predict one or more polytomous dependent variables. Multinomial response 
models have a much more limited literature than do logit models. The 
literature does not appear to go back prior to Mantel (1966). Bock (1970, 
1975, pp. 520-538), Bock and Yates (1973), Nerlove and Press (1973), 
Press (1972, pp. 268-272), Theil (1969,1970), and Haberman (1974a, pp. 351-
373) are among those who have discussed these models. 

As in the case of logit models, a special version of the Newton-Raphson 
algorithm can be employed with multinomial response models to produce 
simpler computations than those required in the Newton-Raphson algorithm 
of Chapters 1-3. This version of the Newton-Raphson algorithm also 
simplifies computation of estimated asymptotic variances of the parameters 
in the multinomial response model. Gains achieved are not without cost. If a 
parameter appears in a log-linear model formulation but not in an equivalent 
multinomial response formulation, then the parameter estimate and its 
EASD are not obtained through the version of the Newton-Raphson al­
gorithm in this chapter. 

The Newton-Raphson algorithm for multinomial response models forms 
the basis for the MULTIQUAL program of Bock and Yates (1973) and for 
the FREQ program in the appendix. The algorithm is algebraically equivalent 
to the algorithm for logit models when there is a simple dichotomous de­
pendent variable. The algorithm reduces to the algorithm of Chapters 1-3 in 
the trivial case in which it assumed that there is a single independent variable 
with one category. 

369 



370 6 MULTINOMIAL RESPONSE MODELS 

Since any log-linear model can be regarded as a multinomial response 
model, the family of multinomial response models is very large. Numerous 
cases deserve special attention. The possibilities can be distinguished in terms 
of the nature of the dependent variable or variables: 

(Dl) There is a single dichotomous dependent variable. 
(D2) There is a single polytomous dependent variable in which scores are 

not assigned to categories. 
(D3) There is a single polytomous dependent variable, and scores are 

assigned to categories. 
(D4) There are several dichotomous or polytomous dependent variables, 

and scores are not assigned to categories. 
(D5) There are several dichotomous or polytomous dependent variables, 

and scores are assigned to categories. 

Several possibilities can be distinguished in terms of the independent variables. 
The first distinction involves the number of independent variables: 

(Ml) One independent variable is present. 
(M2) More than one independent variable is present. 

The second distinction involves the nature of the independent variables. 

(11) The independent variables are dichotomous or polytomous, and 
scores are not assigned to categories. 

(12) All independent variables are dichotomous or polytomous, at least 
one independent variable is polytomous, and scores are assigned to categories 
of the polytomous variables. 

(13) At least one independent variable is continuous. 

If the dependent variable is dichotomous, as in (Dl), then the multinomial 
response model is a logit model. Since logit models have been studied in 
Chapter 5, no special attention need be given to this case. However, it should 
be emphasized that the methods of this chapter do apply to logit models. 

Even excluding logit models, 24 combinations of conditions remain. The 
simplest four cases involve a single polytomous dependent variable and a 
single dichotomous or polytomous independent variable. These four cases 
are examined in Section 6.1. One of these cases, the combination of (D2), 
(Ml), and (II), involves the type of models for two-way tables examined in 
Chapter 2. The remaining cases provide a basic introduction to the multi­
nomial response version of the Newton-Raphson algorithm. 

Section 6.2 considers the 12 cases in which at least three variables are 
involved but no independent variable is continuous. The four cases in which 
dependent variables satisfy (D2) or (D4) and independent variables satisf) 
(II) reduce to the hierarchical models of Chapters 3 and 4. The new Newton 
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Raphson algorithm introduced in this chapter is useful for computations even 
for the models in which iterative proportional fitting is available, especially 
if estimates of asymptotic variances are needed and closed-form maximum 
likelihood estimates do not exist. In other cases in this section, useful com­
petitors for the Newton-Raphson algorithm are not available. This section 
considers a huge family of models. Just as in Chapters 3 and 4, model selection 
is a major problem. Methods used here will be similar to those of earlier 
chapters. Thus standardized values, adjusted residuals, and partitions of the 
likelihood-ratio chi-square receive emphasis. 

Section 6.3 considers the remaining eight cases in which at least one inde­
pendent variable is continuous. As in the case of logit models, problems arise 
in use of residual analysis and chi-square statistics, although maximum like­
lihood estimates retain ordinary large-sample properties. Added problems of 
computational cost also appear present. 

6.1 Multinomial Response Models for Two-Way Tables 

Multinomial response models for two-way tables may be used to illustrate 
many of the general principles of multinomial response models. In the case of 
two-way tables, interpretation in terms of simultaneous logit models is 
attractive. In some respects, multinomial response models are related to logit 
models just as multivariate regression models are related to ordinary 
univariate regression models. 

The relationship of logit models to multinomial response models also 
extends to the Newton-Raphson algorithm of this section. This algorithm is a 
generalization of the Newton-Raphson algorithm for logit analysis, although 
the equations used to define the new algorithm are somewhat different from 
those in Chapter 5. Despite differences in appearance, it is still possible to 
interpret the algorithm in terms of a series of weighted regression analyses. 

To define a multinomial response model for a n r x s contingency table, let 
polytomous variables Ah and Bh, 1 < h < N, be observed such that each Ah 
can take values from 1 to r and each Bh can take values from 1 to s. Assume 
that given the Bh, the Ah are independently distributed with probability 
pf.'jB > 0 that Ah = i given that Bh = j . Let n^ be the number of observations h 
with Ah = i and Bh = j . Then given that nB observations have Bh = j , nu has 
expected value m{-} = nBpf.'B, and each column ni} ,1 < i < r, has a multinomial 
distribution with sample size nB and probabilities pf.'B, 1 < i < r. 

A multinomial response model may be defined in terms of a series of 
related logit models. For each value / of Bh, let q independent variables fjk, 
1 < k < q, be given. The basic requirement in a multinomial response model 
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is that for categories /and/' of Ah9 the logitT-J^ = log(p*'jB/p$'.f) = log(m0/mrj) 
be a linear function of the independent variables. Thus for some unknown 
ηίν and £lTk, 1 < k < q, 

4'? = ηιν + Σ £«*'*· (6.1) 
fc= 1 

(If (7 = 0, then τ£* = ηίν) Since for 1 < ; < 5, 1 < i < r, 1 < ΐ < r, and 
1 < i" < r, 

τ£* = 0 (6.2) 
and 

τ,ϊ»../ = τύ'·7 + Ti'i" ·;> ( 6 · 3 ) 

one may assume without loss of generality that 

la = 0, (6.4) 

*?«- = Άύ' + >?.·'«", (6.5) 

É„fc = 0, (6.6) 

and 

ξ*η = ξιη + ^ Γ Γ ^ 1 < * < 9- (6.7) 

Other linear constraints may also be imposed on the ηίν and ξύΎ. Several 
examples will appear in this section. 

Special Cases 

Several special multinomial response models have already been considered. 
If r = 2, the logit model of Chapter 5 is equivalent to the multinomial re­
sponse model of (6.1), because (5.2) and (6.1) are equivalent if ω} = τ^2

β
7, η = 

i712,andft = ξΧ2ίί,\ < k < q. 
If q = 0, then the column homogeneity model and the multinomial 

response model are equivalent. Verification of the claim is straightforward. If 
the column homogeneity model holds, then (6.1) holds when q = 0 and 
Άύ' = τΰ'Λ· On the other hand, if q = 0, then (6.1) implies that the cross-
product ratio 

A i / , = <'*x - TA
u
B.y = ηιν - */1Γ = 0, 2 < V < r, 2 < / < s. 
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As shown in Section 2.6, this condition on the cross-product ratio implies the 
additive log-linear model. 

log m0. = k + kf + Af, 

where 

This additive log-linear model is equivalent to the column homogeneity 
model under the column multinomial sampling procedure of this section. 
The ^-parameters and A-parameters are related by the equations 

η... = Xf - kf. and kf = -£>,·,·'. 
r v 

The saturated model of Chapter 2 is equivalent to the multinomial 
response model 

4'* = niv + nh (6.8) 
in which 

Σ ^ = 0· (6-9) 
j 

Equation (6.8) can be converted into the form used in (6.1) if, as in Chapter 2, 
xfj> is defined for 1 < / < s — 1 as 

x*f = h j =j\ 
= 0, j φ / , j < s, 
= - 1 , j = s. 

Then (6.8) is equivalent to 

s - l 

Lu'j 'In' ^ L· r\ujX)}' 

Equation (6.8) imposes no restrictions on the τ£*, for given any xfv
B^ the 

^-parameters may be defined by the equations 

»to· = - ! * « ■ ' · ; (6-10) 
S j 

and 

1*Ί = τ$ΐ-ηιν. (6.11) 
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In terms of the parametrization 

log miJ = λ + kf + A? + AiJB, 

Σ^ = Σ*ί = Σ^Β = Σ^/ = ο, 
one has 

τί};» = (Af - AJÎ) + (A?/ - Atf), 
so that 

fir = Αί1 - Αίί (6.12) 
and 

„«,. = Α^ - λ # . (6.13) 

Similarly, 

Ai1 = - Σ »/«· (6.14) 
and 

ΑίΒ = ; Σ ^ , · · (6-15) 

Thus the multinomial response models include the models employed so far in 
this book for analysis of r x s contingency tables with column multinomial 
sampling. 

Mental Health Status and Parental Socioeconomic Status 

To illustrate use of multinomial response models, Table 6.1, which also 
appears in Haberman (1974b), may be considered. These data originally ap­
pear in a study by Srole, Langner, Opler, and Rennie (1962) which attempted 
to examine relationships between mental illness and socioeconomic status. 
Subjects were obtained from a probability sample of the resident midtown 
Manhattan population living at home. The survey was conducted in 1954. Of 
1911 persons contacted, 1660 permitted themselves to be interviewed. 

Details of the classification of subjects by mental health category and 
parental socioeconomic status are described by Srole et al In this section, the 
task is to describe the relationship between the variables reported in the table. 
Questions of rating biases, sampling biases, and causation are all important, 
but they are not considered here. 

Models for Table 6.1 will assume that mental health category Ah is the 
dependent variable and parental socioeconomic status Bh is the independent 
variable. Thus nxl = 64, n2i = 94, etc. 
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Tuhle 6.1 

Subjects Cro.s.s-C/u.s,~ified by .Mentu/ H r u l t h  Stutus aiid Par.eiitu/ 
Soc,ioeconomic Stutus" 

Parental socioeconomic status stratum 
Mental health 

category A B C D E  F Total 

Well 64 57 51 12 36 21 301 
Mild symptom 

format ion 94 94 105 141 97 71 602 
Moderate symptom 

for mat ion 58 54 65 77 54 54 363 
Impaired 46 40 60 94 78 71 389 

Total 262 245 281 384 265 217 1660 

' I  Srole, Langner. Michael, Opler, and Rennie (1962, p. 213). 

Column homogeneity The two multinomial response models from Chapter 
2 that may be applied to these data are the column homogeneity model and 
the saturated model. The column homogeneity model is unsatisfactory, for 
the Pearson chi-square is 46.0, the likelihood-ratio chi-square is 47.4, and 
there are (4-1) (6-1) = 15 degrees of freedom. 

Obviously, the saturated model does fit the data. 
Examination of estimated tf-parameters can be used to suggest multinomial 
response models simpler than the saturated model but less restrictive than the 
column homogeneity model. Since ~ $ 7  has maximum likelihood estimate 

The saturated model 

under the saturated model, ni i ,  has maximum likelihood estimate 

qi l .  = - 2 log (::;) - 
s .i 

and Y ] $ ~  has maximum likelihood estimate 

where 

c j j ,  = 1 - l/s, j = j ' ,  
= - I / &  j # j ' .  
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The estimated asymptotic variance of ήΒ
ίΊ is 

ΛήΖΊ) = Σ φ(— + —) = s2««-) + fi - -) (- + —\ 
r% \nif nVÏ) \ sj \nu nVj) 

where 

s2(fliv) 
s2 j \nij " r / 

Results are summarized in Table 6.2. The choices of i and ï used in the table 
suffice to specify all ήΒ

ίΊ since for i < f, 

i - 1 

The general pattern exhibited by the estimates r\B
Vj is a tendency to decrease as 

j increases. The pattern is quite clear for i = 1 and Ϊ = 2 and fairly clear for 
i = 3 and ï = 4. The pattern is less evident for i = 2 and Ï = 3. 

The simultaneous linear logit model A possible model suggested by Table 
6.2 assumes that each logit xfv

B
} is a linear function of the parental socio-

Table 6.2 

Estimated ^-Parameters for the Saturated 
Model for Table 6.1 

tin « 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 

0.345 
0.229 
0.119 
0.057 

-0.262 
-0.489 
-0.014 

0.057 
-0.017 

0.108 
0.089 

-0.223 
0.270 
0.338 
0.118 

-0.161 
-0.330 
-0.236 

0.152 
0.156 
0.154 
0.140 
0.176 
0.216 
0.152 
0.155 
0.145 
0.134 
0.154 
0.162 
0.178 
0.186 
0.164 
0.146 
0.163 
0.165 
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economic status score ί7·, where t} = 2/ — 7, so that tx = — 5, i2 = — 3 , 
t3 = -1, r4 = 1, i5 = 3, t6 = 5, and £ t} = 0. Thus 

4 ? = ίΐΓ + δΐΓθ· (6·16) 
As usual, 

η.. = 0, ηίΓ = ηίν + ηη„, ξη = 0, ξιΓ = ξίν + ξΓΓ. 

The model appears in Simon (1974). 

An equivalent log-linear representation To compute maximum likelihood 
estimates, the model is expressed in terms of the log ml7. A series of weighted 
regression analyses are then performed using techniques from analysis of 
covariance. Since in the decomposition (6.8), 

Ίιι j S u VJ-> 

(6.14) and (6.15) imply that 

r ;' i'= 1 

J i - 1 / - 1 i r / ' - 1 
= ~ ; Σ Σ */*<*+!) + ~ Σ Σ */*(*+D 

' i ' = l k = i" r i ' = i+ 1 k = i 
J i - 1 J r - 1 

= - - Σ krik(k+1) + - Σ (r - *>/*<*+1) (6·17) 
r * = ι r k = f 

and 
1 r 1 r 1 i _ 1 1 r _ 1 

^ij = ; Σ nH'J = ~ h Σ £«' = ~~ 7 0 Σ £̂k(k + 1) + - h Σ (Γ "" O£k(fc+ 1)· 
Γ i ' = 1 ' i ' = 1 ' k=\ ' k = l 

(6.18) 
Thus 

log my = A + A;4 + A? + A; 

= A + Af + 2 < χ '/?**υ* = «? + ' Z ' Ä*υ*, (6.19) 
k = 1 k = 1 

where a* = λ + λ%, ì <j < s, and for 1 < k < r - 1, 

Hk = *7k(fc + 1 ) > P k + r - 1 = Pk(k + 1 ) » 

/c 
X Ü k = ! - - > ' ^ fc> ^.7(k + r - 1) = 0 1 l - Z h * ^ fc> -R. 

ι > κ, = —tj-, ι > k. 
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The xijk, 1 < k < 6, for Table 6.1 are shown in Table 6.3. Arguments similar 
to those in Section 2.6 may be used to show that the maximum likelihood 
estimates mfj- of the means mi7 satisfy the equations 

and 

fit* = n*, 1 < j < s, 

Σ Σ xUk™ij = Σ Σ xijknir 1 < /c < 2(r - 1). 

(6.20) 

(6.21) 

As is evident from Bock (1975, p. 524) and Press ( 1972, p. 270), these equations 
are well known. For a derivation, see Exercise 6.8. 

Table 63 

Coefficients Xjjkfor the Simultaneous Logit Model 
for Table 6.1 
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The Newton-Raphson algorithm for multinomial response models relies 
on the fact that if mB = nB and if 

2(r-l) 
vij = L Pkxijk* 

k= 1 

then 
mB = Σ mu = e xp(af) Σ e xP vu = n*> 

i i 

so that 

aB = logi nB Σ e x P vu\ 

Thus, given the constraint mB = nB, 1 < j < s, the ßk, 1 < k < q, determine 
the a*, 1 < j < s. Consequently, the algorithm can concentrate on com­
putation of the ßk. Algorithms of the type used in this section are found in the 
appendix and in Bock and Yates (1973). 

As usual, the algorithm requires initial estimates mij0 of the niy The choice 
used here is mij0 = nu + \. 

From these estimates, empirical logarithms 

yij0 = log mij0 

are obtained. Then estimates ßk0 are obtained as in the weighted regression 
problem 

yijo = tf + Σ ßk*ijk + ß.j = ^ + λΒ + Σ ^fcxfJ.k + εφ 
k i 

where the ε̂ - are independent random variables with respective means 0 and 
variances m^1. 

This regression problem corresponds to one-way analysis of co variance. It 
is well known that the ßk0 satisfy the simultaneous equations 

ZSk/oß/o = wko = Σ(χΦ - Ojkoiïijonuoi (6-22) 

where 

(ijko = Σ XijkWijo Σ muo (6.23) 

and 

Suo = Σ Σ ( χ ϋ * - °jko)(Xiji - ö j /oKo· (6.24) 
' 7 
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In matrix terminology, 

ßo = V w 0 . (6.25) 

Given the ßk0, one may let 

»ijo = ΣΑο^ο-fc (6·26) 

and 

#;o = rf frexpvijo, (6.27) 

so that 

satisfies the condition 

< = «?· 
At iteration v > 1, weighted regression analysis is based on the working 
logarithms 

yijv = log mijv + (wy - mijv)/mijv. (6.29) 

The weighted regression model 

yijv =a? + Y,ßk*ijk + «y 

is used to find the jSfcv, where the zi} are independent random variables with 
respective means 0 and variances m0. Thus the ßkv satisfy the simultaneous 
equations 

ZSfc/vß/v = wkv, (6.30) 
/ 

where 

0/fcv = Σ XijkMijv Σ mijv = (nj)~1 Σ *ü*m0v> (6·31) 
i / i i 

^ ν = Σ Σ (xUk - ejkv)yijvmijv, (6.32) 
i J 

and 

Sfc/v = Σ Σ (xijfc - ejkv)(*ijiv - ejlv)mijv. (6.33) 
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Given the ßkv, a new estimate mij(v+1) of m0 is found from the equations 

»ijv = Σ Α ν ^ Ο ^ ( 6 · 3 4 ) 

9jv = nj ΣεχΡυψ> ( 6 · 3 5 ) 

and 

" W n = gjv exp vijv. (6.36) 

Normally, mijv approaches m0 and ßkv approaches ßk as v becomes large. To 
simplify calculations, one may use the observation that if 

0k = Σ (χΦ - ejkv)("ij - mijv) = X Xijtiiij - X Xijkmijv, (6.37) 

and if the (5kv, 1 < k < 2(r — 1), are defined by the simultaneous equations 

Z5k/v^v = tffcv, (6.38) 

then 

Av = Ä(v-i) + 5kv. (6.39) 
In matrix terms, 

ß v = ß v - 1 + S v " 1 a v . (6.40) 

Calculations are summarized in Table 6.4. The program in the appendix 
performs these computations, while Bock and Yates (1973) proceed in a 
similar manner. Convergence is clearly very rapid in this example. 

Chi-square statistics The chi-square statistics 

χ2 = Σ Σ Κ " ^ ) 2 (6·41) 
■ · YYl 
ι J rniJ 

and 

Ϊ-ΙΣΣ^Ο^ (6.42) 

have rs - s - 2(r - 1) = (r - l)(s - 2) = (4 - 1)(6 - 2) = 12 degrees of 
freedom, for there are rs counts n0, s parameters aj*, and 2(r — 1) parameters 
ßk. In this example, X2 = 6.29 and L2 = 6.28, so the simultaneous linear logit 
model fits the data very well. 

Adjusted residuals Further confirmation that the model is consistent with 
the data may be obtained through the adjusted residuals 

ru = (nu - m^/cjj2. (6.43) 
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7uhle 6.4 

Coinpiirurion ~ / 'Muri in i im Likc4ihootl Estiintite.s,/i)r /lie Simii1fuwou.s Lineur 
Loqir Model of' Tuhle 6.1 Using rkr N e w r o w  Kuphson Alyorirhm 

1 1  
2 
3 
4 
I 2  
2 
3 
4 
1 3  
2 
3 
4 
1 4  
2 
3 
4 
1 5  
2 
3 
4 
1 6  
2 
3 
4 

m,,, 

64.5 
94.5 
58.5 
46.5 
57.5 
94.5 
54.5 
40.5 
57.5 

105.5 
65.5 
60.5 
72.5 

141.5 
77.5 
94.5 
36.5 
97.5 
54.5 
78.5 
21.5 
71.5 
54.5 
71.5 

~ 

4.1667 
4.5486 
4.0690 
3.8395 
4.051 8 

3.9982 
3.7013 
4.05 I8 
4.6587 
4.1821 
4.1026 
4.2836 
4.9523 
4.3503 
4.5486 
3.5973 
4.5799 
3.9982 
4.363 I 
3.068 I 
4.2697 
3.9982 
4.2697 

4.5486 

0.091 71 
0.43737 

- 0. I 1400 
- 0.4 1 509 
- 0.05902 

0.42814 
-0.10352 

-0.20976 
0.4 I89 I 

- 0.09305 

-0,26560 

-0.1161 I 
- 0.36049 

0.40968 

0.03338 
-0.5 I 1  23 

0.40045 
-0.07210 

0.18287 
-0.661 96 

0.39122 

0.33236 

- 0.08257 

- 0.06 I62 

68.42 
96.67 
55.70 
4 I .22 
55.71 
90.68 
53.29 
45.31 
56.3 1 

105.58 
63.28 
61.83 
64.39 

139.10 
85.03 
95.48 
37.63 
93.65 
58.38 
75.34 
25.86 
74.1 3 
47. I3 
69.89 

0.095 1 1 
0.441 2 1 

- 0.1 I264 
-0.42368 
- 0.05871 

0.43246 
-0,10304 

-0.21253 
0.42371 

- -  0.27071 

- 0.09344 
-0.1 I773 
- 0.36636 

0.4 1496 
- 0.08385 

0.03524 
-0.52018 

0.4062 1 
- 0.07425 

0.18822 
- 0.67400 

0.39746 

0.341 19 
- 0.06466 

68.56 
96.42 
55.70 
40.81 
55.68 
9 1 .OO 
53.27 
45.05 
56.1 I 

106.0 I 
63.20 
61.69 
63.95 

139.68 
84.82 
95.55 
37.23 
94.02 
58.15 
75.60 
25.47 
74.37 
46.85 
70.30 

I --95.29 248.70 135.70 68.33 -171.75 -70.98 --12.09 -0.69942 
2 100.34 135.70 408.38 209.20 -70.98 0.50 73.48 0.50211 
3 34. I3 68.33 209.20 294.95 - 12.09 2488.83 137.45 -0.04644 
4 - 151.17 - 171.75 -70.98 - 12.09 2488.83 1370.63 670.73 -0.07075 
5 --239.67 -70.98 0.50 73.48 1370.63 421 1.95 2124.61 -0.00985 
6 -243.81 - 12.09 73.48 137.45 670.73 2124.61 3084.37 -0.06951 

u k l  'k, I 'kZ I 

1 - 1.32 247.51 135.48 
2 0.87 135.48 406.37 
3 0.07 68.24 208.05 
4 -4.04 -- 162.81 -61.40 
5 -3.73 --61.40 11.31 
6 -- 5.93 -7.12 77.60 

'k .3 I s k 4 1  s k 5 1  

68.24 - 162.8 1 -- 6 I .40 
208.05 - 6 1.40 11.31 
293.22 --7.12 77.60 
--7.12 2610.02 1408.79 
77.60 1408.79 4167.21 

137.42 694.43 21 19.35 

s k b  I 

--7.12 
77.60 

137.42 
694.43 

21 19.35 
2990.72 
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Table 6.4 (continued) 

k à k l ßkl 

1 -0.00936 -0.70878 
2 0.00588 0.50798 
3 -0.00096 -0.04740 
4 -0.00178 -0.07254 
5 0.00068 -0.00917 
6 -0.00218 -0.07169 

The estimated asymptotic variance cu of η(] — πι^ is given by the formula 

c.j = m i l - mu/nf - ΣΣ(*.y* " ^ X x y , - 0„)$"1, (6.44) 

where 

(lk = Σ XijkWijk Σ ™Uk = (nj)~ 1 Σ xijk*hir (6-45) 
I / I ΐ 

Sk, = Σ Σ (** - ^ X x y / - Öj()m,,, (6.46) 

and Skl, 1 < k < 2(r - 1), 1 < / < 2(r - 1), are the elements of S~\ the 
inverse of the matrix S with elements Sfcz, 1 < k < 2(r — 1), 1 < / < 2(r — 1). 

The right-hand side of (6.44) is the variance of m^R^, where R(j is the 
residual 

Ru= Yij-af-^b.Xij, (6.47) 
k 

in a weighted regression model 

Yij = «? + Σ / W + «y (6·48) 
k 

in which the Υί} are hypothetical responses and each ε0 is an independent 
random variable with mean 0 and variance mi]1. The weighted-least-squares 
estimate of α^ is a?, while ßk has weighted-least-squares estimate bk. 

Results are summarized in Table 6.5. As should be expected given the low 
values of the chi-square statistics, the adjusted residuals are quite modest in 
size and show little pattern. 

Parameter estimates The large-sample properties of the vector ß of 
maximum likelihood estimates ßk, 1 < k < 2(r — 1), are approximately the 
same as those of the vector b of weighted-least-squares estimates bk, 1 < k < 
2(r — 1), in a weighted regression model in which (6.48) holds for errors si} 
which are independently distributed with N(0, m^ l) distributions. The vector 
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Table 6.5 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the 
Simultaneous Linear Logit Model for Table 6.1" 

Mental health 
category 

Well 

Mild symptom 
formation 

Moderate symptom 
formation 

Impaired 

A 

64 
68.57 

-1.00 
94 
96.92 

-0.55 
58 
55.70 
0.50 

46 
40.81 

1.22 

Parental 

B 

57 
55.68 
0.24 

94 
91.00 
0.46 

54 
53.27 
0.13 

40 
45.05 

-0.98 

socioeconomic status stratum 

C 

57 
56.11 
0.15 

105 
106.01 
-0.14 
65 
63.20 
0.28 

60 
61.68 

-0.27 

D 

72 
63.94 

1.30 
141 
139.68 

0.16 
77 
84.82 

-1.12 
94 
95.55 

-0.21 

E 

36 
37.23 

-0.26 
97 
94.02 
0.46 

54 
58.15 

-0.74 
78 
75.60 
0.39 

F 

21 
25.47 

-1.20 
71 
74.37 

-0.65 
54 
46.85 

1.59 
71 
70.30 
0.14 

a First line is observed count, second line is estimated expected count, and third 
line is adjusted residual. 

b is equal to S~ l w, where S~1 is the inverse of S, S is a 2(r — 1) by 2(r — 1) 
matrix with coordinates 

Ski = Σ Σ but - ejk)(Xiji - ΘΙΙ)™Φ (6·49) 
'* j 

θ* = (ηΐ)-1Σ*υ*'»υ> (6·5°) 
i 

and w is a vector with coordinates 
wk = Σ Σ ( * ο * - 0jk)Yijmij-

i J 

Let β have coordinates /?k, 1 < k < 2{r — 1). Then the weighted-least-squares 
estimate b has an N(ß, S~ l) distribution. Similarly, the maximum likelihood 
estimate β of β has an approximate Ν(β, S - 1 ) distribution with the ap­
proximation becoming increasingly accurate as the column totals n? become 
large. To estimate S~ \ one may use S" 1, where S is defined as in (6.46). Thus 
ßk has EASD s(ßk) = (5a)1 / 2 , and an approximate 95 percent confidence 
interval for ßk has lower bound 

ßk - 1.96.s(ft) 
and upper bound 

ft + 1.96.s(ft). 
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Table 6.6 

Parameter Estimates for the Simultaneous Linear Logit Model 
for Table 6.1 

Approximate 95 percent 
confidence interval 

Parameter 

ßi = nu 
ßl = "21 

ßz = r/34 
0 4 = ί ΐ 2 
ßs = ξιι 
ße = £34 

Estimate 

-0.709 
0.508 

-0.048 
-0.073 
-0.009 
-0.072 

EASD 

0.072 
0.067 
0.074 
0.022 
0.021 
0.023 

Lower bound 

-0.850 
0.378 

-0.192 
-0.116 
-0.050 
-0.117 

Upper bound 

-0.568 
0.638 
0.097 

-0.029 
0.032 

-0.026 

Parameter estimates, estimated asymptotic standard deviations, and 
confidence intervals are summarized in Table 6.6. The estimates ήί2, ή23, 
and ή34 are quite variable; however, | 1 2 , ξ23, and ξ34 are similar, especially 
in the case of | 1 2 and | 3 4 . These results suggest that a log-linear model 
should be considered in which ξι2 = ξ23 = £34 = ζ, so that ξίν = ξ{ϊ — ϊ). 

Linear-by-Linear Interaction and Parallel Logits 

Analysis for a multinomial response model of the form 

*ii;* = */.■(.·+D + Of - i)tj 

is quite similar to analysis for the simultaneous linear logit model. Since 

η?π = ξ{ϊ - i)tj9 

the A-parameter Xf}
B is equal to 

In Table 6.1, u{ = f, u2 = \, u3 = —\, and w4 = — §. Thus 

log mij = A + λ* + A* + kff 
r r 

= A + A* + X ßkxijk = aj + Σ ßkXijk* (6.51) 
k = 1 k = 1 

where α* = A + A*, Afc, 1 < k < r — 1, is defined as in (6.19); xijk, 1 < k < 
r — 1, is defined as in Table 6.3; 

ßr = ξ and xijr = Uitj. 
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Since the interaction Àff is a multiple of a product of a linear score uv for the 
categories i oiAh and a linear score t3 for the categories of Bh, (6.51) is called a 
model of linear-by-linear interaction. Haberman (1974b) and Neider and 
Wedderburn (1972) have used this model. 

The Newton-Raphson algorithm for this multinomial response model is 
very similar to the algorithm for the simultaneous linear logit model, so 
computation of maximum likelihood estimates and residuals is left as an 
exercise (Exercise 6.1). Results are summarized in Tables 6.7 and 6.8. This 
model also fits the data quite well, as indicated by the modest size of the 

Table 6.7 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the 
Log-Linear Model of Linear-by-Linear Interaction, as Applied to Data in Table 6.Γ 

Mental health 
category 

Well 

Mild symptom 
formation 

Moderate symptom 
formation 

Impaired 

A 

64 
65.29 

-0.23 
94 

104.42 
-1.47 
58 
50.24 

1.36 
46 
42.14 

0.81 

Parental socioeconomic status stratum 

B 

57 
54.21 
0.49 

94 
94.94 

-0.14 
54 
49.92 

0.70 
40 
45.93 

-1.10 

C 

57 
55.91 
0.18 

105 
107.20 
-0.30 
65 
61.72 
0.52 

60 
62.18 

-0.35 

D 

71 
65.28 

1.05 
141 
137.04 

0.48 
77 
86.39 

-1.32 
94 
95.29 

-0.18 

E 

36 
38.96 

-0.58 
97 
89.56 

1.06 
54 
61.82 

-1.25 
78 
74.66 
0.53 

F 

21 
27.35 

-1.50 
71 
68.84 
0.35 

54 
52.02 
0.34 

71 
68.80 
0.40 

" First line is observed count, second line is estimated expected count, and third line 
is adjust residual. 

Parameter 

Parameter 

ß\ = >7l2 

Pi = nn 
ßi = >?34 

PA = ξ 

Table 6.8 

Estimates for the Log-Linear Model of Linear-by-Linear 
Interaction for Table 6.1 

Estimate 

-0.696 
0.507 

-0.053 
-0.0453 

EASD 

0.071 
0.067 
0.073 
0.0075 

Approximate 95 percent 
confidence interval 

Lower bound 

-0.835 
0.376 

-0.197 
-0.0600 

Upper bound 

-0.558 
0.637 
0.091 

-0.0306 



6.1 MULTINOMIAL RESPONSE MODELS FOR TWO-WAY TABLES 387 

adjusted residuals and by the Pearson chi-square of 9.73 and the likelihood-
ratio chi-square of 9.90. Since there are rs cells in the table, s parameters 
a?, and r parameters ßk, there are rs — r — s = 24 — 4 — 6 = 14 degrees of 
freedom. Thus the chi-square statistics are quite small. The difference in 
likelihood-ratio chi-square statistics between the simultaneous linear logit 
model and the linear-by-linear model is 3.61, while the difference in degrees of 
freedom is 2. Thus the change in likelihood-ratio chi-square is not large 
enough to indicate inadequacy in the linear-by-linear model. 

The parameter estimate of greatest interest is ξ, for 2ξ estimates the change 
in the log odds τ^ + lyj associated with a change of parental socioeconomic 
statusj of 1. It is estimated that the corresponding odds qf{i+ iyj = exp τ^'+ lyj 
is decreased by 100(1 — e2<-°·0453)) = 8.66 percent when j is increased by 1. 
This change in odds between adjacent categories is modest; however, the 
estimate ξ corresponds to quite substantial contrasts between subjects with 
parental socioeconomic status stratum A and those with parental socio-
economic status stratum F. For example, given the model, the maximum like­
lihood estimate q*'fA = ml xlmAl is 1.55. In contrast, q*'/6 = rhl6/fh46 is 0.40. 
The first ratio provides an estimate that given parental socioeconomic status 
stratum A, a subject is 1.55 times as likely to have mental health category well 
as the subject is likely to have mental health category impaired. The second 
ratio provides an estimate that given parental socioeconomic status stratum 
F, a subject is 0.40 times as likely to have mental health category well as the 
subject is likely to have mental health category impaired. 

The contrast chosen is the most extreme available; nevertheless, it does 
serve to point out an apparent strong relationship between mental health and 
parental socioeconomic status. As noted earlier, the reality of the relationship 
depends on methodological questions that cannot be inferred from the table. 

A Model for Known Row Scores and Unknown Column Scores 

So far, the scores t} for the categories^' of the independent variable have been 
assumed known, and the interaction term Xff has been equal to i?f i,· for some 
unknown scores vh 1 < i < r, for the dependent variable such that £ vt = 0. 
In the simultaneous linear logit model, 

/ - 1 

ξ.., = v. - υ., = £ £ k ( k + 1 ) , i < i\ 
k = i 

so that ξ/(Ι·+ D provides a measure of distance vi+l — vt between categories i 
and i + 1. In the linear-by-linear log-linear model, 

vi - VÏ = ζ(ϊ - i\ i < i\ 

so that the distance vi+l — vt between categories i and i + 1 is a constant ξ. 
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Cases can arise in which scores uh 1 < i <r are given for the categories of 
the independent variable, but scores Wj for the categories of the dependent 
variable are unknown. It is assumed that 

λ*Β = UiWj, 

where 

If Cjf = wf — Wj, then 
/ - i 

C/7 = L Ck(*+i)> J < / > 

so that ζ,χ,+ ΐ) provides a measure of distance between adjacent categories; 
and j + 1 of the independent variable. If the linear-by-linear model 

λϊΒ = ξη^ 

of this section holds, then 

Cjy = (tr - tj) = 2ξ(/ - j). 

To estimate the ζ]υ+ υ , observe that 

J 

u 1 Σ ^ 
f=i 

Therefore, 

5 L k = l k=j J 

log m0· = λ + Aj1 + λ? + Λ£β 

1 i - 1 1 r 

= a f - - Σ Hfc(k + 1) + - Σ (Γ - ^ ( * + 1) 

l- Σ Ĉjlc(k+1) + ~ Σ ^ ~~ Όί*(*+Ό 
S fc=l S k = j 

= x° + r+tßkxijk. (6.52) 



6.1 MULTINOMIAL RESPONSE MODELS FOR TWO-WAY TABLES 389 

For 1 < k < r - 1, 

Pk — tfkik + 1 ) ■> 

xijk = ~k/r, > K 
(r - k)/r, i < k. 

For 1 < k < s - 1, 

and 
Pr + k - 1 — Cfc(/c -I- 1 ) 

Xij(r + k-\) = -Wj/C/S, J > /C, 

= Ui(s — k)/s, j < k. 

The xijk, 1 < k < 8, for Table 6.1 are shown in Table 6.9. 

Table 6.9 

Coefficients in the Model of Unknown Column Scores for Table 6.1 

Xij4 Xijl Kij8 

1 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 

1 
1 
1 
1 
2 
2 
2 
2 
3 
3 
3 
3 
4 
4 
4 
4 
5 
5 
5 
5 
6 
6 
6 
6 

3 
4 
1 
4 
1 
4 
1 
4 
3 
4 
1 
4 
1 — 4 
1 

~"4 
3 
4 
1 
4 
1 — 4 
1 
4 
3 
4 
1 
4 
1 
4 
1 
4 
3 
4 
1 
4 
1 
4 
1 
4 
3 
4 
1 
4 
1 
4 
1 
4 

' 12 

12 

" 12 
1 

12 

" 12 
JL 
12 

3 
4 
1 
4 1 
4 

1 
2 
1 
6 
1 

~ 6 

1 
4 
1 

12 
1 — 12 
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The Newton-Raphson algorithm for this model is very similar to the 
Newton-Raphson algorithm for the other models in this section. Using this 
algorithm, the maximum likelihood estimates and adjusted residuals in 
Tables 6.10 and 6.11 are found. As should be expected given the good fit pro­
vided by the linear-by-linear model, the new model fits the data quite well. 
Adjusted residuals are modest, and the chi-square statistics are relatively 

Observed Counts, 

Table 6.10 

Estimated Expected Counts, and Adjusted Residuals for 
Model of Unknown Column Scores for Table 6.1" 

Mental health 
category 

Well 

Mild symptom 
formation 

Moderate symptom 
formation 

Impaired 

A 

64 
60.15 
0.89 

94 
102.54 
-1.23 
58 
52.54 
0.98 

46 
46.84 

-0.23 

Parental socioeconomic status stratum 

B 

57 
57.36 

-0.06 
94 
96.31 

-0.34 
54 
48.61 

0.98 
40 
42.82 

-0.79 

C 

57 
56.44 
0.13 

105 
107.58 
-0.37 
65 
61.54 
0.57 

60 
61.45 

-0.37 

D 

72 
69.86 
0.44 

141 
140.38 

0.08 
77 
84.65 

-1.11 
94 
89.10 

1.11 

E 

36 
38.52 

-0.63 
97 
89.22 

1.22 
54 
62.02 

-1.30 
78 
75.25 
0.71 

the 

F 

21 
24.78 

-1.10 
71 
65.98 
0.92 

54 
52.72 
0.22 

71 
73.53 

-0.70 

a First line is observed count, second line is estimated expected count, and third line 
is adjusted residual. 

Table 6.11 

Estimated Parameters for the Model of 
Unknown Column Scores for Table 6.1 

Coefficient Estimate EASD 

ßi = nu 
ßi = ni3 
ßi = >734 
ß* = Cil 
ßs = C23 
ßt = C34 
ßl = C45 

ßs = CS6 

-0.703 
0.501 

-0.056 
-0.013 

0.125 
0.053 
0.142 
0.139 

0.071 
0.069 
0.074 
0.087 
0.085 
0.075 
0.077 
0.088 
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small. The Pearson chi-square is 6.78, the likelihood ratio chi-square is 6.83, 
and there are 

rs - s - (r + s; - 2) = (r - 2)(s - 1) = 10 

degrees of freedom. Since the decrease in L2 from the linear-by-linear model is 
only 3.07, and the decrease in degrees of freedom is s — 2 = 4, the new 
model does not represent a clear improvement over the old one. This con­
clusion is supported by the limited variation observed in the estimates £i(f + 1}. 

If neither row nor column scores are assigned in advance, then these scores 
can be estimated simultaneously. The analysis is somewhat more complex 
than others considered in this paper since the model used is not a log-linear 
model. Andersen (1979) has considered this problem. 

Scoring Systems 

Each model considered in this section is based on assignment of one or 
more scores to each category of each variable. In each model, category i of 
variable Ah receives r < r — 1 scores g^ , l < f < r', and category^' of variable 
Bh receives s' < s — 1 scores qB

jy, 1 < / < s'. The scores are chosen so that 
the sums 

Σ ?«', 1 < ί < r\ and £ qff9 1 < ; < s\ 
i J 

are all 0. Scores for each variable are independent. Thus no constants 
cf, 1 < Ï < r', exist such that some c* is not 0 and such that 

Σ cUu> =0 , 1 < i < r. 
i' 

Similarly, no cf>, 1 < / < 5', exist such that some cf> is not 0 and such that 

Σ44' = 0> i<j<s. 
f 

In (6.19) and (6.51) one may let the dependent variable have r' = r — 1 
scores 

qfv = 1 - i/r, i < i\ 

= —i/r, i > Ï. 

while the independent variable has the s' = 1 score 

<# = tj. 

Then (6.19) can be written as 

log my = «? + Σ yf-qfv + Σ V r f « « ' ^ (6·53) 



392 6 MULTINOMIAL RESPONSE MODELS 

where yf> = ^ I ( I + 1 ) and y^f = £ r ( r + 1 ) . In (6.51), each y^f has a common 
value yAf = ξ, so that 

log m,j = CLJ + Σ Ίΐ<& + ri'fc A i r ■ (6-54) 

On the other hand, in (6.52), one may set 

qfv = 1 _ i/ri i < i\ 

= —i/r, i > Γ, 

for 1 < ΐ < r — 1 and 

qfr = 1 -7 /5 , j<f, 

= -j/s, j > h 
for 1 < / < s - 1. If γ$ = ην{ν+ί) and γή? = ζίσ + 1), then (6.51) can be 
written as 

log m,j = af + Σ yftó + Σ yf(l ró)<& · (6-55) 

Orthogonal-polynomial scores Many other choices of scores can be used 
to obtain the same models. For example, orthogonal-polynomial scores may 
be applied to each variable to describe nonlinear effects associated with 
variables Ah and Bh. For variable Ah, there scores are chosen so that for 
1 < Ϊ < r — 1, qfi is a polynomial of degree Ϊ in ui9 and so that for i < Ϊ < 
i" < r — 1, the orthogonality condition 

i 

is satisfied. Similarly, for 1 < / < s — 1, qB
jr is a polynomial of degree j in tj9 

and for 1 < / < / ' < s - 1, 

Σ<?Μ< = ο. 

One choice of orthogonal-polynomial scores for Table 6.1 is listed in 
Table 6.12. 

To illustrate the nature of these scores, consider qfx and qf2 · The ortho­
gonality condition holds since 

Σΐηΐ* = ( - 3 ) 0 ) + ( - 1 X - 1 ) + ( D ( - l ) + (3)(1) = 0. 

The score qfx is a polynomial of degree 1 in the uh for 
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Table 6.12 

Orthogonal- Polynomial Scores for Table 6.1 

«fi!· 
I /" 

1 2 3 

1 - 3 1 - 1 
2 - 1 - 1 3 
3 1 - 1 - 1 
4 3 1 3 

J f 

1 2 3 4 5 

1 - 5 5 - 5 1 - 1 
2 - 3 1 7 - 3 5 
3 - 1 - 4 4 2 - 1 0 
4 1 - 4 - 4 2 10 
5 3 - 1 - 7 - 3 - 5 
6 5 5 5 1 1 

The score qf2 is a polynomial of degree 2 in the i/,, since 

Hi! — ui 4 · 

For tables of orthogonal-polynomial scores, see Fisher and Yates (1963, 
pp. 98-108), DeLury (1960), and Pearson and Hartley (1966, pp. 236-245). 
These tables apply if w, - ui+i is constant for 1 < i < r — 1 or if r̂  — tj+l is 
constant for 1 <j < s — 1. For a general procedure for calculation of 
orthogonal-polynomial scores, see Wishart and Metakides (1953). For some 
applications of these scores to statistical data, see Fisher (1921) and Bock 
(1975), among many others. 

As noted by Haberman (1974b), among others, the ^-parameters can be 
described in terms of orthogonal-polynomial scores in a simple manner. The 
A-parameters Xf can be written as 

v 

where 

7ίί = Σ#9ίί·Μ4 and ^ = Ztó)2· 
i i 

Similarly, 

ï y 
where 

A = Σ Σ tfAii ̂ -/(w>?) and Wf = Σ (ti-)2. 
« J J 
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If orthogonal-polynomial scores are used, then (6.19) is equivalent to the 
log-linear model 

log « y = of + X riqtv + Σ yfiqtvft. (6.56) 
l" l" 

Here 

Thus 

and 

V = Σ #tfii'/Wf = - Σ ( Γ - 0» / i ( i + l ) ^ - Σ "?£<i+l)4ii' 
ί ' Li = 1 i = i + 1 J 

yi = -(l/20)(3»f12 + 4f,23 + 3»f34), 

yi = Urii2- fi34% 

Similarly, 

and 

yA
3 = - ( 1 / 2 0 ) ( I J 1 2 - 2»/23 + η34). 

yii = -(1/20)(3ξ12 + 4ξ23 + 3ξ34), 

VÌI = Κίΐ2 - «34λ 

yit = -(1/20)(£12 - 2£23 + ξ34). 

In the case of (6.51), an equivalent model is 

log mu = of + Σ yfr«· + rffan«?!· (6-57) 
Γ 

Here the γ$ are defined as in (6.56), and 

yff = -(1/20)(3ί1 2 + 4£23 + 3£34) = - 0 / 2 ) ξ . 

In the case of (6.52), the equivalent model is 

log my = af + Σ Tr ̂  + Σ ? « < & · (6-58) ( , /4Β„Λ ^ β 

ι" y 

The saturated model has the form 

log mu = a? + Σ lv ti + Σ Σ Vr/ «ir Qjf ■ (6-59) 
ι" /' y 

Maximum likelihood estimates under these parametrizations are shown in 
Table 6.13. Computations require no special comment, except for the 
saturated model. 
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Table 6.13 

Maximum Likelihood Estimates for Or thogonaT Polynomial Parameters 
for Models for Table 6.1 

Param­
eter 

yl 
yi 
yi 
5-if 
7 2 1 
VAB 

VAB 
7 l2 
VAB 
y 22 
VAB 
732 
VAB 
7 l 3 
VAB 
72 3 
VAB 
>33 
VAB 
7 l 4 
VAB 
724 
734 

7l 5 

> 2 5 
VAB 
735 

Saturated 

Estimate 

0.0158 
-0.1728 

0.0881 
0.0249 

-0.0032 
0.0063 
0.0059 

-0.0051 
-0.0014 
-0.0004 
-0.0052 
-0.0018 

0.0023 
0.0034 

-0.0022 
-0.0013 

0.0010 
0.0001 

EASD 

0.0127 
0.0265 
0.0109 
0.0040 
0.0083 
0.0034 
0.0035 
0.0072 
0.0029 
0.0024 
0.0049 
0.0020 
0.0058 
0.0121 
0.0050 
0.0018 
0.0037 
0.0016 

Model 

Simultaneous 
linear 

Estimate 

0.0118 
-0.1654 

0.0886 
0.0235 

-0.0002 
0.0063 
— 
-
— 
— 
-

_._ 
— 

— 
— 

logit 

EASD 

0.0123 
0.0258 
0.0107 
0.0038 
0.0080 
0.0033 

— 
— 
— 
— 
— 

— 
-
— 
— 
— 
_ 

Linear-by-linear 

Estimate 

0.0110 
-0.1609 

0.0881 
0.0227 
— 
— 
— 
— 
— 
— 
— 
— 
— 
— 
— 
— 
— 
— 

EASD 

0.0121 
0.0255 
0.0107 
0.0038 

— 
— 
— 
— 
— 
— 
— 

— 
— 
— 
— 
— 
— 
— 

Unknown column 
scores 

Estimate 

0.0136 
-0.1620 

0.0880 
0.0232 
— 
— 

0.0050 
— 
— 

-0.0006 
— 
— 

0.0021 
— 
— 

-0.0012 
— 
— 

EASD 

0.0123 
0.0256 
0.0107 
0.0038 

— 
— 

0.0032 
— 
— 

0.0022 
— 
— 

0.0056 
— 
— 

0.0017 
— 
— 

As Haberman (1974b) notes, 

Τ Γ = Σ Σ <é log mjisw?) 

and 

yvf = Σ Σ 1Û-tff log ml7/(w>·«), 

so that the estimates yf. and yff> satisfy the equations 

s2(tf) [ΣΣ(4.Τ)Χ·1 
L ' J J 

'(sw/î)2, 

7 ^ = Σ Σ 4,1 4?/log n0/(vv>*), 

(6.60) 

(6.61) 

(6.62) 

(6.63) 

(6.64) 
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and 

s2(7?f) = h Σ (^02(^ )2/nJ Aw>«)2. (6.65) 

In each model, yi,yi, and yff are the only estimates which differ from 0 by 
at least twice their EASD, and each of the corresponding standardized values 
yï/s(yt\ 73M73), and yff/s(yif) is at least 6 in absolute value. Thus no 
indication exists that a model is needed that is more complex than the model 
of linear-by-linear interaction, and no useful simplification of this model 
appears possible. 

Regression Coefficients, Correlation Coefficients, and the Model 
of Linear-by-Linear Interaction 

The model of linear-by-linear interaction leads to maximum likelihood 
equations that may be interpreted in terms of linear prediction. For subject h 
let Xh = tj if Bh = 7, and let Yh = ui if Ah = i. The sum of squares 

h 

for linear prediction of Yh from Xh is minimized if 

and 

where 

b^Yj{xh~x)YhYj{xh-xy 
h / h 

a= Y - bX, 

Χ = ^Σ*> and r=4zn . 
In terms of the counts nu, 

b = llu&j-x>nijfe(tJ-X)2rì, 

* = ^Σ*Κ and Υ = ±Σ*< 

Given the Xh, 1 < h < N,b has expected value 

ß = Σ Σ «fa - * Κ 7 Σ (fj - *)2«; 
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and a has expected value 

^ = ~ltjmf-ßX. 

Under the parametrization of the linear-by-linear model in terms of or­
thogonal polynomials, it follows that 

ΣΣ^Λ] = ΣΣΜ«·θηο·' 
i J i J 

and 

Σ ui™î = Σ Σ ui™u = Σ Σ uinu = Σ uint-
i i j i j i 

Therefore, the maximum likelihood estimate 

ß = Σ Σ »fa - *)™ij ΙΣ (tj - x)2n? 
i j I j 

of the expected value β is equal to the regression coefficient b, and the 
maximum likelihood estimate 

& = ^Σ^-βχ 
of the expected value a is equal to the intercept a of the estimated regression 
line. 

The estimate b also appears in residual analysis for the model of column 
homogeneity as 

b = Σ Σ Μ/"υ· - nfnf/N) Y (t, - X)2nf. 
t j I j 

The corresponding adjusted residual is 

b Νιΐ2Σ,ΣιΗ,Φυ-ηϊη!/Ν) 
ê"2 iL^-YYnf^itj-XYnfV12' 

where 

£ = ^Σ(«<-w/z('j-*)2"?· 
Thus t/N112 is the sample correlation coefficient for the pairs (Xh, Yh), 
1 < h < N. As noted by Yates (1948) and Armitage (1955), among others, t 
has an approximate standard normal distribution if the column homogeneity 
model holds. 
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Other Techniques 

Alternative approaches to ordered tables exist which do not involve 
log-linear models. Interested readers may consult Grizzle and Williams 
(1972), Simon (1974), and Bock (1975, pp. 541-559) for some recent treat­
ments of the subject. Older discussions of interest include Kendall and Stuart 
(1967, pp. 562-578), Mantel (1963), and Williams (1952). The subject has 
been treated by methods involving correlation analyses since Yule (1900) and 
Pearson and Lee (1901). Thus the general problem of ordered classifications 
has a long history in the statistical literature. 

6.2 Multinomial Response Models for Multi-Way Tables 

Multinomial response models for three or more dichotomous or poly-
tomous variables are direct generalizations of multinomial response models 
for one polytomous dependent variable and one polytomous independent 
variable. Since the number of models and the number of parameters to 
consider increases as the number of variables increases, analysis is more 
complex in the multi-way case than in the two-way case; however, the basic 
principles involved are unchanged. Possible multinomial response models 
will be illustrated in this section by a reanalysis of Table 6.14 (Table 4.6 of 
Volume 1) using models based on orthogonal scoring systems. The models 
considered here are of the same kind previously considered in Bock and Yates 
(1973), Bock (1970, 1975, pp. 528-538), and Haberman (1974a, pp. 213-214). 
As in Section 6.1, they include hierarchical log-linear models and logit 
models as special cases. The Newton-Raphson algorithm used in this section 
is very similar to the algorithm of Section 6.1. A special case has already been 
used in Section 3.4 of Volume 1. The program in the appendix can be used to 
implement this algorithm, although it lacks Bock and Yates' (1973) so­
phisticated procedures for automatic generation of models. 

Scoring Systems and ^-Parameters 

In hierarchical models, a set of/l-parameters with a common superscript is 
either set to 0 or completely unrestricted. Such a procedure does not permit 
any consideration of ordering of categories. Scoring systems for categories 
can eliminate this difficulty since they may be used to decompose all λ-
parameters with a common superscript into components based on scores. 
Models can then be considered in which only selected components of these 
A-parameters are set to 0. 
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Table 6.14 

Attitudes toward Nontherapeutic Abortions among White, Christian Subjects 
in the 1972-1974 General Social Surveys" 

Year 

1972 

1973 

1974 

Religion'' 

North. Prot. 

South. Prot. 

Catholic 

North. Prot. 

South. Prot. 

Catholic 

North. Prot. 

South. Prot. 

Catholic 

Education 
in years 

<8 
9-12 
>13 
<8 
9-12 
>13 
<8 
9-12 
>13 
<8 
9-12 
>13 
<8 
9-12 
>13 
<8 
9-12 
>13 
<8 
9-12 
>13 
<8 
9-12 
>13 
<8 
9-12 
>13 

Positive 

9 
85 
77 

8 
35 
37 
11 
47 
25 
17 

102 
88 
14 
61 
49 

6 
60 
31 
23 

106 
79 

5 
38 
52 

8 
65 
37 

Attitudes1 

Mixed 

16 
52 
30 

8 
29 
15 
14 
35 
21 
17 
38 
15 
11 
30 
11 
16 
29 
18 
13 
50 
21 
15 
39 
12 
10 
39 
18 

Negative 

41 
105 
38 
46 
54 
22 
38 

115 
42 
42 
84 
31 
34 
59 
19 
26 

108 
50 
32 
88 
31 
37 
54 
32 
24 
89 
43 

Total 

66 
242 
145 
62 

118 
74 
63 

197 
88 
76 

224 
134 
59 

150 
79 
48 

197 
99 
68 

244 
131 
57 

131 
96 
42 

193 
98 

" Data tapes from 1972, 1973, and 1974 General Social Surveys, National Opinion 
Research Center, University of Chicago. 

h Southern Protestants are Protestant respondents living in Alabama, Arkansas, 
Delaware, Florida, Georgia, Kentucky, Louisiana, Maryland, Mississippi, North 
Carolina, Oklahoma, South Carolina, Tennessee, Texas, Virginia, Washington, D.C., 
or West Virginia. 

' Responses to three questions are used to determine this variable. Subjects are 
asked, "Please tell me whether or not you think it should be possible for a pregnant 
woman to obtain a legal abortion if. . .," and six conditions are given. The following 
three are used in the table: 

"B. If she is married and does not want any more children. 
D. If the family has a very low income and cannot afford any more children. 
F. If she is not married and does not want to marry the man." 

Further details on these questions may be found in National Opinion Research Center 
(1974, p. 53). The attitude toward abortion is said to be positive if the subject answers 
"yes" to all three questions, the attitude is judged negative if the subject answers 
"no" to all three questions, and the attitude is said to be mixed if the subject answers 
"yes" to at least one question and "no" to at least one question. Subjects are excluded 
from tabulation if they do not answer "yes" or "no" to all three questions. 
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Table 6.15 

Scores for Table 6.14 

Variable 

Year 

Religion 

Education 
in years 

Attitudes 

Category 

1972 
1973 
1974 
North. Prot. 
South. Prot. 
Cath. 
<8 
9-12 
>13 
Positive 
Mixed 
Negative 

First 

Name 

</?, 
«ίι 
9Î. 
9Î. 
?5. 
flfl 
</<■■ 

«S. 
«s. y?, 
9?. 
<??, 

score 

Value 

- 1 
0 
1 
1 
1 

- 2 
- 1 

0 
1 
1 
0 

- 1 

Second 

Name 

ili 
lii 
til 
«?2 
9Î2 
9Î2 
4Î2 
9Ï2 
4S2 
fl?2 
fl?2 
4?2 

score 

Value 

1 
- 2 

1 
1 

- 1 
0 
1 

- 2 
1 
1 

- 2 
1 

As an illustration, consider the scores shown in Table 6.15. All four pairs of 
scores are orthogonal because 

Σ <tfz = Σ «Uli = Σ <&<& = Σ tf.rö = 0. 
i j k l 

The scores for year, education, and attitudes are orthogonal-polynomial 
scores. For example, if if = — 1, if = 0, and if = 1, then 

nA 

Hi! 
and 

qfi = 3(if)2 - 2. 

In each case, the first score measures linear effects of the variable, and the 
second score measures quadratic effects. The scores for the remaining variable 
religion are termed Helmert contrasts by Bock (1975, pp. 258-260,466). The 
scores qB

n compare all Protestants to Catholics, while the qj2 compare Nor­
thern and Southern Protestants without regard to Catholics. For a more 
complete discussion of scoring systems, see Bock and Yates (1973). 

Use of these scores depends on the expression of A-parameters for multi-
way tables in terms of scores. A As-parameter can be expressed in terms of a 
sum of products of scores for variables represented by S. For example, for 
some unique yf and y2, 

}D _ D D , D D 
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and for some unique yc
x
D, yf D, 7??, and yc

2
D, 

}CD _ CD C D , CD C D , CD C D , . . C D / „D 

Similar results apply to other A-parameters. The key feature is that a y-
parameter exists for each possible product of scores. The scores are helpful 
if Λ,-parameters can be expressed in terms of a limited number of y-parameters, 
for fewer independent parameters need to estimated and interpretation of 
results may be simplified. The following examples illustrate some possible 
models for Table 4.6. 

Model 1. The Additive Simultaneous Logit Model with Ordering 
Ignored 

In this model, the conditional log odds xf{.*f£ is assumed additive in terms 
of the year Ah = i, the religion Bh = j of the respondent, and the education 
Ch = k of the respondent, where / and /' are possible values of the attitude 
variable Dh. Thus for some parameters ηιν, η^Ί, η*Ί, and rç£k, 

τ?ΓΑ£€ = ηχν + lin + *ΐίΊ + ^ (6-66) 

where 
Σιΰ-ι = ΣιΒΗΊ = ΣιίνΗ = ο. 

• j k 

In terms of A-parameters, the log odds tf,^fk
c satisfies the equation 

THWJF = l o 8 miju - '°g mUkf 
= (Af - A?) + (ΑΓ - λ&Ρ) + (Xf - Xf) 

, (\CD -iCD\ , c\ACD iACD\ , / lABD )ACD\ 
T \Akl ~ AkV ) ■ \Aijl ~ Aijï ) "Γ \Aikl ~ AikV ) 

+ (λ%Τ - λ%?) + (λβΤ - Xf$D). (6.67) 
Thus for (6.66) to hold, it must be the case that 

n — )D _ ID A _ -\AD _ ^AD 
ηιν — At ΛΓ, ηιΙΊ — AÜ Air , 

M ß _ iBD ißD „C _ )CD iCD 

and 
}ABD _ τ/lCD _ ißCD _ -\ABCD _ (\ Aijl — Aikl — Ajkl — Aijkl — u · 

The equivalent log-linear model to (6.66) is the hierarchical model 

log mijkl = X + Xf + X» + % + Xf + Xf» + Xf 
_L 1AD _i_ 1BC _L lBD _ L 2CD , i / l ßC - f AiZ -h Aj7c -h A j 7 - h A k / -h A I j f c 

= <B C + *? + 4!" + ^ ° + 4 D . (6-68) 

file://-/ABCD
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In terms of y-parameters, (6.68) becomes 

log mim = < c + Σ iïiïv + Σ Σ y « < $ 
r /' 

+ λ λ yri'Rjj'^ii' + L L 7k'i'<lkk'<lii' 
y i' k' v 

14 

— a/jfc + 2^ PcXijklc (6.69) 

Where 0, = yf, £2 = y?, £3 = yff, /J4 = ytf, β5 = y?2
D, j86 = y#, β7 = y??, 

J58 = yf?, ^9 = v??, 0,0 = yf?, i»n = y??, £12 = y™, ßi3 = f& ß^ = ill 
Xijkl2 — 4/2 > Xijkl3 ~ QilQn-* xijkl4 — QilQlli etc. xijkii —tin-

To use the Newton-Raphson algorithm of Section 6.1, the table of counts 
nijkl may be transformed into a 3 x 27 table of counts η%}^ where 

ni*J* n ijkl ·> i* = Z, 7* = i + 30 - 1) + 9(/c + 1). 

Table 6.16 

Parameter Estimates for Simultaneous Logit Models for Table 6.14 

Parameter 

/ 1 

y 2 
..AD 
7\ l „-4D 
/ 21 

/ l 2 
.,AD 
y 22 
t,BD 
n l 
> 2 1 

/ 1 2 

y 22 
VCD 
>1 1 
vc D 

y 2i .,CD 
} 12 

7 2 2 
..BCD 
/ 1 1 1 
,.BC7) 
/ 2 1 1 
„BCD 
7l 2 1 
..BCD 
7 2 2 1 

1 1 12 

> 2 1 2 

} 122 
v B CD 

/ 2 2 2 

Model 1 

Estimate 

-0.184 
0.209 
0.090 

-0.033 
0.008 

-0.026 
0.109 
0.083 
0.004 
0.018 
0.404 

-0.025 
0.077 

-0.005 
— 
— 
— 
— 
_ 
— 
— 
— 

EASD 

0.025 
0.017 
0.026 
0.014 
0.018 
0.011 
0.015 
0.026 
0.011 
0.019 
0.034 
0.015 
0.023 
0.010 

— 
— 
— 
— 
— 
— 
— 
— 

Model 2 

Estimate 

-0.179 
0.207 
0.093 

-0.034 
0.007 

-0.027 
0.096 
0.098 
0.012 
0.010 
0.393 

-0.024 
0.076 

-0.004 
0.090 

-0.041 
0.006 
0.012 

-0.004 
-0.007 

0.0198 
-0.0204 

EASD 

0.025 
0.017 
0.026 
0.015 
0.017 
0.011 
0.019 
0.030 
0.012 
0.021 
0.035 
0.015 
0.024 
0.010 
0.026 
0.042 
0.011 
0.018 
0.017 
0.029 
0.0074 
0.013 

Model 3 

Estimate 

-0.178 
0.207 
0.093 

-0.034 
0.007 

-0.026 
0.097 
0.083 
0.012 
0.020 
0.389 

-0.023 
0.073 

-0.006 
0.088 
— 
0.006 
— 

-0.006 
— 
0.0186 
— 

EASD 

0.025 
0.017 
0.026 
0.014 
0.018 
0.011 
0.018 
0.026 
0.012 
0.019 
0.035 
0.015 
0.023 
0.010 
0.026 

— 
0.011 

— 
0.017 

— 
0.0074 

— 
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Thus n*n = 9, n\, = 16, n j , = 41, n*i2 = 85, nf4 = 8, etc. If for i* = I and 
./* = i + 3(y - 1) + 9(/c - 1), 

aj* = aijk ' mi * J * = mijkl> a n c * -Xi*/**· = xijklc> 

then the mean m-S,·* of η%}* satisfies the log-linear model 

logm*,.* = aß*+ Σ β ^ · (6.70) 
c= 1 

Using (6.70), the parameter estimates and estimated asymptotic standard 
deviations in Table 6.16 are found. The Pearson chi-square statistic X2 is 
57.6, while the likelihood-ratio chi-square L2 is 57.7. There are (3 — 1) 
x 27 — 14 = 40 degrees of freedom, so both chi-square statistics are signi­
ficant at the 5 percent level. This lack of fit is not surprising since the XBCD-
parameters have been assumed 0, even though they have been shown in 
Section 4.2 of Volume 1 not to be 0. Thus a model is needed which does not set 
the X%D to 0. 

Model 2. The Simultaneous Logit Model with an Interaction 
between Religion and Education 

Here (6.66) is generalized to include an interaction of religion and educa­
tion, so that 

4 ' ^ C - ηιν + ntvi + nh + riwk + riwjk, (6.71) 
where the constraints on the i]fri, η?ΙΊ, and r\c

lvk still apply and where 

j k 

The equivalent log-linear model is the hierarchical model 

log mijkl = X + Xf + Xf + Xc
k + kf + Xf* + Xf + Xf» 

_L 1BC _i_ 1BD i :CD i lABC , iBCD 
~r Ajk "Γ Aß -h Akl -h Aijk -h Ajkl 

— „ABC , I D , j A D , i ß D , ïCD , i B C D 
— α,·7·Λ -h Λζ -h A t / -h Aß -h Afc/ - h A j k / 

= < < > Σ « + ΣΣ^</^ 
Γ Γ /' 

i V V *ßD „B „D , V V *£D „C „D , V V V „BCD „B <C „D 
+ L L yj'i'<ljj'<!ii' + LL· 7kT<lkk'<lu' + ΣΣΣ yj'k'i'^jj'Qkk'Qii" 

j ' V k' V y k' V 

(6.72) 

Maximum likelihood estimates may be computed in the same way as in 
Model 1 through a transformation of the counts nijkl into a 3 x 27 table of 
counts n%j*. Maximum likelihood estimates are shown in Table 6.16. Since 
22 y-parameters appear in the model, there are (3 — 1) x 27 — 22 = 32 
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degrees of freedom. The chi-square statistics are X2 = 29.2 and L2 = 29.5, 
so the fit is quite satisfactory. This result is quite predictable since this model 
is less restrictive than the model 

login* = λ + kt + λ) + Xc
k + λ? + λ$> + Xf + AJP + ^ + A#D 

(6.73) 

considered in Section 4.2 of Volume 1. This latter model fits the data quite 
well, for X2 here is 45.9, L2 is 45.7, and there are 48 degrees of freedom. The 
difference in L2 between the models specified by (6.72) and (6.73) is only 16.2, 
while the difference in degrees of freedom is 16. Thus (6.72) does not provide 
any obvious improvement over (6.73). 

Model 3. A Simultaneous Logit Model without Interactions of 
Education with Type of Protestant 

The interactions η^Η of religion and education observed in the simultan­
eous logit model (6.71) appear to involve contrasts between Protestants and 
Catholics rather than between Northern and Southern Protestants. Under 
(6.72), the log cross-product ratio 

^BDAC _ -D-ABC -D-ABC 
T(l2)(ll')ik — Tll'iik ~~ Tll'i2k 

= log mnkl - log mnkV - log mi2kl + log mi2kr 

= 2yB
2?(q° - «?,) + 2y5?(tf2 - q?2) 

= infix - nfvi) + Offrì* - riïvik) 

= 2yS?(«fì - q?x) + 2yf J(rf2 - «?2) 

+ 2 y f ? ? t f M - rfi) + 2y°c
2

D
lqc

k2(ql>i - &) 

+ 2yB
2
c^qUq?2 ~ tf2) + 2yf2

D
2qc

k2{q?2 - q?2). 

Controlling for year i and education k, this log cross-product ratio measures 
the difference between Northern and Southern Protestant respondents in 
the log odds that the attitude is / rather than /'. This cross-product ratio is 
independent of year i and education j if yfî? = yff? = yfii = 7?22 = 0· 
The estimates of yfï?» 7*2?» ?fî?> a n d 7222 fr°m Model 2 are relatively small 
compared to their respective estimated asymptotic standard deviations. 
Consequently, it is plausible that η^1Η = Y\fv

c
2k and 

log mm = <$* + Σ « + Σ Σ ytPtiti + ΣΣ yfvûC 
v v v y v 

+ Σ Σ fiï&ti· + Σ Σ rôMiM- (6.74) 
k' V k' V 
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Under (6.74), one obtains the parameter estimates in the last two columns of 
Table 6.16. The new value of X2 is 33.5, L2 is now 34.0, and there are 36 
degrees of freedom. Thus the fit remains satisfactory. This change in L2 from 
Model 2 is 45.1, and the change in degrees of freedom is 4, so Model 3 appears 
to fit the data quite well relative to Model 2. 

Model4. Both (6.73) and(6.74) Hold 

Since both (6.73) and (6.74) specify models which fit Table 6.14, it is 
plausible that the log-linear model in which both (6.73) and (6.74) hold may 
fit the table. Since (6.73) implies that 

log miJkl = af + Z ïUfr + Σ tf<<& + Σ « 
r k' v 

+ ΣΣ yiïriiï + Σ Σ ■&■<&& + ΣΣ ■&<&<& 
ï l' f k' y v 

+ ΣΣ r™44 + ΣΣΣylWrt^rt, <6·75) 
k' v y k' v 

where <xf = λ -h Xf, and (6.74) assumes that yf£# = 0, 1 < k' < 2, 1 < 
/' < 2, the desired log-linear model has the form 

log mijkl = CC? + £ yB
yqB

jr + ^ yc
k,qc

kk, + ^ yfo» 
y k' v 

+ ΣΣ«·^ + ΣΣ^?/^ 
v v y k' 

+ ΣΣ tiWrtiv + ΣΣ yïï<Liïv + Σ Σ y^iUUfv 
y v k' v k' v 

(6.76) 

Equation (6.76) differs from similar equations for Models 1, 2, and 3 in the 
α-parameter. Earlier models have a term a^fc which corresponds to the 
independent variables Ah, Bh, and Ch. The y-parameters in these earlier 
models always include a superscript D corresponding to the dependent 
variable Dh. The term ocf in (6.76) corresponds to the single independent 
variable Ah. The variables Bh9Ch, and Dh can be regarded as dependent vari­
ables, i.e., the observed religion Bh, education Ch9 and attitudes Dh of respon­
dent depend on the year Ah of the survey. In keeping with this new division 
into independent and dependent variables, all y-parameters in (6.76) include 
a superscript B, C, or D. 

On way to use the Newton-Raphson algorithm of Section 6.1 with (6.76) 
involves transformation of the counts nijkl into a 27 x 3 table of counts 
nf*j*, where 

n%y = nijkl, i* = 90 - 1) + 3(/c - 1) + /, j * = i. 
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Thus nìi = 9, n\x = 16, η%γ = 85, n*X2 = 17, n\2 = 17, etc. In terms of the 
mean m%}* of nf*r, the model may be written 

26 
log m%f = (ή* + £ ßk*xf*j*k*, (6.77) 

k*= 1 

where the ßk* and x*j*k* are defined as in Table 6.17. Using this model, the 
parameter estimates in Table 6.18 are found. The Pearson chi-square is 
50.4, the likelihood-ratio chi-square is 50.2, and there are (27 — 1)(3) — 
26 = 52 degrees of freedom, so that the fit is quite good. 

The reduction in L2 from the conditional independence model of (6.73) 
is 4.53, while the change in degrees of freedom is 4. The reduction in L2 from 

Table 6.17 

Coefficients and Parameters for Model 4 for Table 6.14a 

y-parameter 
k* equal to ft* xfu* x$lk. xfu* x%lk* xfu* x£lfc* 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 

tf 
lì 
ti 
yc2 
y? 
y? 
yif 
VAD 
/ 2 1 

7 l 2 
VAD 

VBC _ 
) 1 1 
VBC _ 
7 2 1 

7 1 2 

Hi 
7 i î 

7 2 1 

) 1 2 

/ 2 2 

7 i î 

7 2 1 

7 1 2 

7 2 2 

7 n î 
..BCD 
7 l 2 1 
VBCD _ i 
7 l l 2 

7 l 2 2 

1 1 
1 1 
l - 1 
l 1 
l 0 
l - 2 

0 
0 
2 

- 2 
- 1 
- 1 

1 
1 
0 
0 

- 2 
- 2 

0 
0 - 1 
2 - 1 

- 2 1 
0 1 
0 - 1 
2 - 1 

- 2 1 

l 1 
1 1 
l 0 
l - 2 
l 1 
l 1 

- 1 
1 

- 1 
l 1 

0 
0 

- 2 
- 2 

1 
1 
1 
1 
0 

- 2 
0 

- 2 
0 

- 2 
0 

- 2 

1 
1 
0 

- 2 
0 

- 2 
0 
0 
2 

- 2 
0 
0 

- 2 
- 2 

0 
0 

- 2 
- 2 

0 
0 
0 
4 
0 
0 
0 
4 

1 
1 
0 

- 2 
- 1 

1 
1 

- 1 
- 1 

1 
0 
0 

- 2 
- 2 
- 1 
- 1 

1 
1 
0 
2 
0 

- 2 
0 
2 
0 

- 2 

a Space requirements limit presentation of the x*j*k* to x*ik*, x*u*' x*ik*> 
X41fc*, Xsifc*, * 6 U * · 
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Table 6.IH 

Estimated y-Parameter s for Model 4 for Table 6.14 

Parameter 

>'? 
Ϊ2 

/ 1 

ή 
y? 
y? 
vif 
..AD 
Ï2\ 
..AD 
t 12 
„AD 
i 22 

BC 
>1 1 
VBC 
>21 
vBC 

y i2 BC 
> 2 2 
.,BD 
) l 1 
.,BD 
y 2i 
.,BD 
> 1 2 

/ 2 2 
..CD 
/ I l 

721 

> 1 2 

i 22 
v ß CD 

J i l l 
/ 121 

M 12 
BCD 

7 l22 

Maximum likelihood 
estimate 

0.025 
0.203 
0.287 

-0.307 
-0.179 

0.207 
0.091 

-0.028 
0.007 

-0.025 
-0.031 

0.054 
0.018 

-0.041 
0.098 
0.079 
0.012 
0.018 
0.389 

-0.024 
0.072 

-0.007 
0.084 
0.006 

-0.007 
0.086 

Estimated asymptotic 
standard deviation 

0.016 
0.025 
0.031 
0.014 
0.025 
0.017 
0.025 
0.014 
0.018 
0.011 
0.022 
0.034 
0.010 
0.015 
0.018 
0.026 
0.012 
0.019 
0.035 
0.015 
0.023 
0.010 
0.026 
0.011 
0.017 
0.0074 

Standardiz 
value 

1.54 
8.02 
9.30 

-22.69 
-7.02 
12.13 
3.70 

-1.99 
0.40 

-2.32 
-1.40 

1.60 
1.89 
2.71 
5.30 
3.07 
1.01 
0.98 

11.21 
-1.61 

3.11 
-0.64 

3.26 
0.60 

-0.42 
2.52 

the model of (6.74) is 16.3, while there is a decrease of 16 in degrees of freedom. 
Thus no evidence exists that (6.76) fits the data worse than (6.73) or (6.74). 

Other Models 

Inspection of Table 6.18 shows that yf, yc
u yc

2, yf, yD
2, y if, y?f, yf?, yÇf, 

y™, and yf ™ all have corresponding standardized values at least 3 in magni­
tude. The standardized values for λ2?, λ22, Af f, a n c · ^22 n a v e magnitudes of 
at least 1.99. 

Thus a substantial fraction of the y-parameters in Table 6.7 are clearly not 
0. Nonetheless, modest simplifications appear possible. For example, one 
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can consider a model in which 
2 2 2 

log mijkl = ai+ Σ fiû· + Σ yUw + Σ y?<fi 
y = l k' = l /' = l 

+ Σ Σ rtWviS- + ν Μ ώ + ^ Μ ώ 
Γ = 1 /' = 1 

, BD B D , CD C D , CD C „D , BCD B C „D 
+ ïlxHjlHki T- y\\Hk\Hl\ + ÏXlHklHll T- ÏWlHjlHklHlV 

This model leads to a Pearson chi-square statistic X2 = 73.1 and a likeli­
hood-ratio chi-square statistic L2 = 73.5. There are 3(27 — 1)— 16 = 62 
degrees of freedom, so that these statistics have significance levels of about 
15 percent. Thus this model does not provide a bad overall fit, although it is 
noticeably less successful than Model 4. A decrease in L2 of 23.3 has been 
accompanied by a decrease in 10 in the degrees of freedom. This decrease is 
significant at approximately the 0.01 level. An alternate model which fares 
better assumes that 

2 2 2 

log mijkl = ocf + Σ yf'Qjr + Σ ΐ ί ' ώ ' + Σ Vvtfv 
j'=l k'=l V = 1 

+ Σ Σ yftti-tiv + « ώ + ν Μ ώ + rî?<M 
Γ = 1 /' = 1 

+ y!?4M + y ? ? « + Σ Σνίτώ·«?· 
fc' = 1 / ' = 1 

, „BCD„B <C „D ■ „BCD„B <C „D 
+ y i l l i j l ^ l ^ l + 7l22<ljl<lk2<ll2' 

Here X2 = 60.2, L2 = 60.1, and the degrees of freedom are 57. The change in 
L2 from Model 4 is now 9.92, while the change in degrees of freedom is 5. 
This change in L2 is now only significant at the 0.08 level. 

Interpretation of y-Parameters 

To illustrate interpretation of y-parameters, consider the parameters 
yff and yB({D in Model 4. Since the scores qfr, 1 < /' < 2, and the scores 
q%>, 1 < /' < 2, are orthogonal, one may write 

if - ( 2 ^ 3 ) Σ Σ Σ Σ «iirö log mijkl. yAD 

Formulas of this type may be found in Good (1958), among others. Here the 
product 2 · 2 · 3 · 3 arises since variables Bh and Ch each have three categories 
and since 

Σ0?π)2 = ( - ΐ ) 2 + ο2 + ι2 = 2 
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and 

X ( ^ ) 2 = l2 + 02 + ( - l ) 2 = 2. 

Note that for fixed; and /c, 

Σ Σ tfiitfii l og mijki = - l o g mllkl + log m3lkl + log m13kl - log m33kl 
i l 

_ -AD BC 
— T ( 3 1 ) ( 1 3 ) - j k · 

Thus 4yff is the average log cross-product ratio 
TADBC 
T ( 3 1 ) ( 1 3 ) j k 

for 1 < j < 3,1 < k < 3. Under the model under study, ̂ f3
D^3yjk is constant 

for each j and k. This statement holds since τ ^ ^ ^ is constant under the 
hierarchical model with generating class AD and BCD. The present model is 
more restrictive than this hierarchical model, so T^^f3)jk is surely inde­
pendent of j and k. Given that orthogonal scores are present, the result will 
hold if yifD = 0, 1 < / < 2, y^D = 0, 1 < k! < 2, and y*ffi = 0, 1 < k! 
< 2, 1 < / < 2, even if other y-parameters are not 0. 

The maximum likelihood estimate 

yff = 0.091 and s(yff) = 0.025. 

It can be shown that 

tf? = \ ^ ( " ^ l ) and s\tf?) = 1 f 4 ö + 4 D + 4z> + 4 Λ 4 \nîïni%) 4\n$% uff nff n£?/ 

so that yff corresponds to - i ^ ^ . ^ in Table 4.11. Consequently, 4yff 
measures the change in the relative log odds of favorable and unfavorable 
attitudes toward nontherapeutic abortions from 1972 to 1974. The estimated 
percentage increase in the odds is 

100(exp4yf? - 1) = 44.1 percent. 

This increase is the same under the model for all religious and educational 
groups. 

In the case of yf^> one may write 

7ιί? = 6 . 2 . 2 - 3 Σ Σ Σ Σ qU^n log mijkl. 

Here, the 6 in the denominator corresponds to 

X ( ^ ) 2 = l 2 + l2 + (-2)2 = 6, 
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the next two 2's correspond to 

Σ tó'.)2 = ( - l)2 + 02 + l2 = 2 and £ {qftf = 2, 
k I 

and the 3 corresponds to the number of categories in variable Ah. A relatively 
straightforward argument shows that 

..BCD _ 1 V JL (-BCD-A , -BCD A \ 
/111 — ^ L 24 ^τ(13)(31)(13)·ί: "Ί" τ(2 3)(31)(13)ι7· 

Since t*\z)(iwsyi and τ(^('31)(13).ι· are independent of /, yB({D is 24 times the 
constant sum 

-BCD A , -BCD A 
T(13)(31)(13)-i T τ(23)(31)(13Η· 

Since yf^f is assumed 0, it also follows that 

0 = Ί Ί Ί^Ι Σ Σ Σ Σ 4j2<lkl<lh '°g mûfc/ 

_ 1 v T
ßcD ·̂  

~~ 3 Z- τ(12)(31)(13)ή 
where Tf1

c
2^(31)(13).i is independent of 1. Since 

-BCD A 
T ( 1 2 ) ( 3 1 ) ( l 

the log cross-product ratios 

BCD A _ -CD AB -CD AB 
( 1 2 ) ( 3 1 ) ( 1 3 ) i — τ ( 3 1 ) ( 1 3 ) · Π τ ( 3 1 )( 1 3) · ί2 » 

( nD ABC -D ABC 
Plij3 P3iji 
„D-ABC nD ABC 
/ ; 3 i j 3 P\ij3 

for education and attitudes given year and religion are constant for all years 
i and for both Protestant groups (j = 1 or 2). In addition, yB(\D is ̂  times the 
constant difference 

-BCD A _ -CD AB -CD AB 
τ Ο · 3 ) ( 3 1 ) ( 1 3 ) ΐ — τ ( 3 1 ) ( 1 3 ) · 0 ' Τ( 3 1 ) ( 1 3 ) · / 3 

in log cross-product ratios of education and attitudes given year and religion 
between Protestant groups (J = 1 or 2) and Catholics. Since yBC

x
D = 0.084 

and s(yB({D) = 0.026, the difference in log cross-product ratios appears to be 
substantial, because 

T ( j 3 ) ( 3 1 ) ( 1 3 W — i Z 7 l l l - l . U l 

and 
^ c 3 ^ 1 , « 1 3 , , ) = 1 2 ^ ? î ? ) = 0.31. 

Thus whether a respondent is Protestant or Catholic has a substantial effect 
on the interaction between education and attitudes when the comparison 
involves the lowest and highest educational groups and the least and most 
favorable attitudes toward abortion. The proposed model claims that this 
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interaction is not affected by whether the respondent is a Northern or South­
ern Protestant. 

For other examples of relationships between y-parameters and τ-param-
eters, see Exercise 6.6. 

This section illustrates use of orthogonal scores with contingency tables 
involving at least three variables. Such scores may be used in hierarchical 
log-linear models such as Models 1 and 2 where the model itself does not 
exploit the structure of the categories of variables under study, in simul­
taneous logit models such as Model 3 in which the structure of the categories 
of the independent variables is used to simplify the model, or in models such 
as Model 4, in which the structure of the categories of the dependent variables 
is used to simplify the model. There may be three independent variables, as 
in Models 1, 2, and 3, or one independent variable, as in Model 4. As in 
Models 1, 2, and 3, there may be one dependent variable, however, as in 
Model 4, there may be three dependent variables. Thus orthogonal scores 
may be employed in a very large variety of circumstances. 

6.3 Multinomial Response Models for One or More Continuous 
Independent Variables 

If one or more independent variables are continuous, then multinomial 
response models may still be employed ; however, chi-square approximations 
for test statistics and normal approximations for residuals only apply in 
limited circumstances. The problems here are very similar to those in logit 
analysis. The limited literature concerning this case includes Haberman 
(1974a, pp. 352-373) and Nerlove and Press (1973), among other references. 
This section provides two methods of analysis to illustrate procedures 
appropriate for the sparse tables which result from the presence of at least one 
continuous independent variable. Both examples explore the relationship of 
attitudes toward women's roles to the sex and education of the respondent. 
One example describes attitudes by a scale with values from — 2 to 2, while 
the other example describes attitudes in terms of four dichotomous dependent 
variables. Both analyses apply to Table 6.19. In this six-way table, 1330 
subjects in the 1975 General Social Survey are classified by sex, education, 
and responses to four questions concerning women's roles. Responses are 
arranged so that a label of" + " corresponds to response more favorable to a 
public role for women. 

This table is difficult to analyze due to its size and its sparseness, for there 
are 672 cells for only 1330 observations. Two approaches to this problem are 
considered in this section. In the first approach, a summary statistic is con­
structed for the four dichotomous responses, and a multinomial response 
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model is constructed for the summary statistic. This approach reduces the 
size of the table to be examined ; however, some information may be lost 
concerning the relationship between the independent and dependent vari­
ables. Residual analysis may be used to detect such losses of information. 

In the second approach, models based on orthogonal scores are developed 
as in Section 6.2. Standardized parameter estimates are used to simplify 
models. Results of model simplification are judged in terms of the reduction 
achieved in the likelihood-ratio chi-square statistic. This method of analysis 
is expensive in terms of computer time; however, this approach does have the 
virtue of great generality. 

Analysis by Number of Positive Responses 

A simple summary statistic for the responses in Table 6.19 is the number of 
positive responses. Using this statistic, Table 6.20 is obtained. Observe that 

Table 6.20 

Responses of Subjects in 1975 General Social Survey to Four Ques­
tions on Women s Roles—Classification by Number of Positive 
Responses, Education, and Sex" 

Sex 

Male 

Years of education 
completed 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

Nurr 

0 

1 
0 
0 
0 
0 
1 
3 
5 
9 
3 
3 
5 

12 
2 
1 
0 
2 
0 
0 
0 
0 

iber of 

1 

0 
1 
2 
1 
0 
2 
5 
4 

11 
5 
5 
4 

17 
5 
6 
1 
0 
0 
0 
0 
0 

positive 

2 

0 
0 
1 
0 
0 
5 
2 
1 

12 
6 
7 
9 

36 
7 
5 
5 
9 
1 
0 
0 
1 

responses 

3 

2 
0 
0 
1 
0 
5 
3 
4 
7 
2 
6 

13 
52 
18 
13 
4 

12 
2 
2 
4 
2 

4 

0 
0 
0 
1 
3 
0 
3 
2 
5 
7 

11 
16 
60 
17 
20 

8 
42 
4 
9 
3 
4 
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Table 6.20 (continued) 

Years of education 
Sex completed 

Female 0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

Number of positive 

0 

3 
0 
0 
1 
2 
2 
4 
7 

13 
5 
7 
3 

13 
3 
4 
0 
1 
0 
0 
0 
0 

1 

1 
1 
0 
1 
0 
1 
2 
6 

16 
2 

12 
11 
45 
4 
3 
0 
4 
1 
0 
0 
1 

2 

0 
0 
0 
1 
1 
3 
1 
2 

12 
8 
7 

12 
47 

1 
3 
2 
5 
4 
0 
0 
0 

responses 

3 

0 
0 
0 
0 
0 
0 
0 
3 
8 
7 

13 
17 
70 
15 
17 
2 
7 
0 
2 
0 
1 

4 

0 
0 
0 
0 
0 
4 
0 
5 
9 

11 
19 
17 
97 
30 
23 
10 
42 
11 
8 
2 
2 

" Computed from Table 6.19. 

four positive responses in Table 6.20 correspond to the classification 
" + + + + " in Table 6.19, while three positive responses correspond to the 
classifications " + + + - / ' " + + - + / ' " + - + + ," and " - + + + " in 
Table 6.19. 

To construct a multinomial response model for Table 6.19, let subject /z, 
1 < h < N = 1330 have Yh years of education, sex Sh (1 for male and 2 for 
female), and Kh — 1 positive responses. Thus 1 < Sh < 2, 0 < Yh < 20, and 
1 < Kh < 5. 

Assume that the probability P*.h > 0 that Kh = k depends only on sex Sh 
and the education Yh of subject h. One simple multinomial response model for 
these data is a generalization of the linear-by-linear model of Section 6.1. Let 
Thl = 3 — 2Sh be a sex score for subject h, and let Th2 = Yh — 10 be an educa­
tion score. These scores are chosen so that their range is symmetric about 0. 
In the case of TM, Thi = 1 for males and Thl = — 1 for females. In the case of 
Th2> Th2 ranges from — 10 in the case of no completed years of schooling to 
10 in the case of 20 years of schooling. Assume that the log odds 
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for Kh = k rather than Kh = k! is a linear function 

Qkk-h = tlkk' + £kk'l^ii + Ç>kk'iTh2 (6.78) 

of the sex score TM and the education score Th2. As in Section 6.1, assume that 
for some ξί and £2, 

<^i = (*' - *)ίι (6.79) 

and 
&Τ2 = ( * ' - * ) Ε 2 . (6.80) 

To describe this model in the terms generally considered with log-linear 
models, form a 5 x N table of counts N*h, 1 < /c < 5, 1 < h < N, so that 

Λ& = 1, Kh = K 

= 0, ΧΛ Φ L 

Then each column Ν£Λ, 1 < /c < 5, corresponding to an individual subject h 
has an independent multinomial distribution with sample size 1 and prob­
abilities Ρ£Λ, 1 < k < 5. The mean of N%h is P£.h. As in Section 6.1, an equiv­
alent version of (6.78), (6.79), and (6.80) is the log-linear model 

{k-l { 4 

log P*h = af - - X fyl(/ + i) + - Σ (5 - Oli<i+1) 
·> / = 1 ·> l = k 

+ ξ,(3 - fc)TM + £2(3 - fc)TA2 

= 4+lßiXkm- (6.81) 
/ = i 

Here/f, = >/,„+,„ 1 < I < 4, β5 = ξχ,β6 = £2,and 

X«, = 1 - /c/5, /e < / < 4, 

= -fc/5, / < k < 5, 

= (3 - /c)Tftl, / = 5, 

= (3-k)Th2, 1 = 6. 

Computation of Maximum Likelihood Estimates 

Maximum likelihood estimates may be obtained by the same Newton-
Raphson algorithm used in the rest of this chapter. The algorithm may be 
applied to the counts N%h9 just as for any two-way table; however, two 
complications do arise. The first difficulty involves cost of computations. 
There are 6950 probabilities P£fc, 6950 counts N£h, and 41,700 variables 
X*M. Consequently, computation is expensive, both in terms of computer 
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time and in terms of computer storage requirements. The second difficulty 
involves starting the algorithm with an initial approximation Pk.h0 for 
Pk.h. The usual procedure for selection of starting values leads to 

' k h O = It Kh — K 

= h, Κ„Φ k. 

A starting value of this sort is acceptable, however, convergence is slower than 
when the algorithm is applied to tables in which cell counts are large. 

In this example, computations are much less expensive if based on the table 
of counts nsyk. Here there are nsyk subjects h with sex Sh = s, education 
Yh = y, and response Kh = k. The probability is p*fy

Y that Kh = k if Sh = s 
,SYK is and Yh = y. Thus p£fy

Y = P£„ if Sh = s and Yh = y. The mean of ns
sy

Y
k
l 

nly* = n^Pk?yYi where n^y subjects have sex Sh = s and education Yh = y. If 
ηξ? > 0, then 

log < / = < + X βιΧξ*ΐ9 (6.82) 
/ = i 

where the ßt are defined as in (6.81) and 

<™ = 1 - k/5, k < I < 4, 
= -k/5, I < k < 5, 
= (3 - /c)(3 - 2s), / = 5, 

= (3 - k)(y - 10), / = 6. 

Using (6.82), we obtain the results shown in Tables 6.21 and 6.22. 

Table 6.21 

Parameter Estimates for Linear-by-
Linear Log-Linear Model 

for Table 6.20. 

Parameter 

ßi = nu 
ßl = >/23 
03 = ^34 
K = >?45 
05 = «1 
ße = ^i 

Estimate 

-0.472 
-0.101 
-0.203 
-0.221 
-0.010 
-0.1031 

EASD 

0.121 
0.101 
0.090 
0.076 
0.023 
0.0082 
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Table 6.22 

Observed and Estimated Expected Average Number of Responses for Linear-by-Linear Model 
for Table 6.20 

Education 
in years 

0-8 
9 

10 
11 
12 
13 
14 
15 
16 

17-20 

Observed 
average 

1.90 
2.48 
2.53 
2.66 
2.74 
2.88 
3.00 
3.06 
3.42 
3.56 

Male 

Estimated 
expected 
average 

1.80 
2.36 
2.45 
2.63 
2.80 
2.95 
3.09 
3.21 
3.31 
3.51 

Adjusted 
residual 

0.96 
0.41 
0.36 
0.16 

-0.77 
-0.46 
-0.56 
-0.64 

0.91 
0.39 

Observed 
average 

1.45 
2.55 
2.43 
2.57 
2.71 
3.23 
3.04 
3.57 
3.44 
3.47 

Female 

Estimated 
expected 
average 

1.65 
2.31 
2.41 
2.60 
2.77 
2.92 
3.06 
3.19 
3.29 
3.45 

Adjusted 
residual 

-2.11 
0.99 
0.12 

-0.18 
-0.96 

1.92 
-0.15 

1.38 
1.22 
0.14 

Parameter Estimates 
If the model holds, then the parameter estimates /?, are approximately 

normally distributed with respective asymptotic variances Su, where the 
Sll\ 1 < / < 6, 1 < Ï < 6, are the elements of the inverse S~1 of the matrix S 
with coordinates 

$11' — }_j 2 J (Xkkl ~ ®hl)(Xkhl ~ ®hl)Pk k-h 

where 

and 

<L L·; L· (Xsykl ~ Vsyi )(xsykl ~ ^syl' )mijki 
s y k 

^hl — Lé Akhlrkh 
k 

nSYK _ y 
Usyl — L X-

SYK SYK/SY 
sykl msyk lnsy · 

(6.83) 

(6.84) 

(6.85) 

(The definition of 0^* can be arbitrary if nf/ = 0.) The estimated asymptotic 
co variance matrix S~1 is the inverse of S, where 

$11' — 2 J L yXkhl ~ ®hl)(Xkhl' ~ ®kl')^k kh 
k h 

SYK = ΣΣΣ(*: 
s y k 

£)Κ _ V χΚ pK 
^kl — L· Λ khir khi 

e*)«** - ffîn SYK (6.86) 

(6.87) 
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and 

0?7 = Σ <*«*/<· (6.88) 
k 

(Again, the definition of θ^κ can be arbitrary if nf/ = 0). As shown in 
Haberman (1974a, pp. 358-367), these large-sample approximations should 
become increasingly accurate as the total sample size N becomes large. The 
essential condition required is that the S11 all become small as N becomes 
large. 

The major observation in Table 6.21 is that a strong education effect is 
present, but effects of sex are not evident. Were response independent of sex 
and education, the model would hold with ξγ = ξ2 = 0. Since.I2MI2) = 
12.50, the presence of an education effect is clear. A relationship of response 
to sex has not been shown since li/s(£i) = 0.46. 

To interpret | 2 , observe that the log odds of response Kh = k rather than 
k + 1 is estimated to increase by 0.1031 if education Yh increases by one year 
and sex Sh remains the same. The corresponding odds ratio is increased by 

100^o.io3i _ i) = 10.86 

percent. 
The effects of education are also quite clear if Table 6.22 is examined. This 

table considers the average number 

Σ(*-ΐ)Ό»; SY 
sy 

of the positive responses for subjects of sex 5 with y years of education, 
1 < s < 2, 9 < y < 16. 

Since sample sizes are modest for the lowest and highest educational levels, 
the table also includes the average number 

Σ Σ(*-W/ΣΧ; 
y = 0 k I y=0 

of positive responses of subjects of sex s and with no more than eight years 
of education and the average number 

Σ Σ ( ^ - « Κ / Σ \ 5 ; 
y=ll k I y= 17 

of positive responses of subjects of sex s with at least 17 years of education. To 
find estimated expected averages, n^k

K is replaced by rhsyk. For males, ob­
served averages rise steadily from 1.90 to 3.56, while estimated expected 
averages rise from 1.80 to 3.51. For females, the observed patterns is more 
irregular, but a rise from 1.45 to a high of 3.57 is observed. The estimated 
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averages rise from 1.65 to 3.45. Effects of sex are much smaller, as can be seen 
by comparison of observed or estimated expected averages for males and 
females for the same educational level. 

Adjusted Residuals 
As in logit analysis with ungrouped data, adjusted residuals for multi­

nomial response models for ungrouped data must be based on selected linear 
combinations of the data. For example, in Table 6.22, the observed average 
for males with nine years of education is 

s y k k h 

where 

and 

dsyk = (k- l)/n?S, 5 = 1 , y = 9, 
= 0, otherwise, 

Dkh = (k - 1)/ηΙΙ, S „ = l , Yh = % 
= 0, otherwise. 

The estimated expected average is 

Σ Σ Σ ^ Α Κ = ΣΣ£*/ΛΚ,, 
s y k k h 

and the adjusted residual is 

*syk tnsyk 
SYK - 1 / 2 

where 

and 

t = ( Σ Σ Σ dsykns
sy

Y
k
K - Σ Σ Σ da] 

\ s y k s y k 

= (ΣΣ D»N» -ΣΣ DuPÙIê1'2, (6.89) 
\k h k h } \ 

c = Σ Σ Σ < Ä * - Σ Σ (ZdsykmsjA2lnsJ - ΣΣ ÎJvS"' 
s y k s y \k // II' 

= ΣΣ»IH* -Σ(ΣDkhPÙ2 - Σ Σ/./i'S"' (6.90) 
k h h \k I II' 

Jl — L· L·, L· "syk(xsykl ~ "syl )msyk 
s y k 

= Σ Σ »»(XL· - ®ïi)PL- (6-91) 
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Here c is the variance of the linear combination 

Σ Σ DkhPkhRkh 
k h 

of the residuals 

Rkh = \ h ~ ah~ L· "l^khl 
I 

from a weighted regression model in which hypothetical dependent variables 
Ykh satisfy the equation 

Ykh = *h + YsbiXkhi + hh 
i 

for independent errors skh with respective means 0 and variances (Ρ£Λ)_1. 
The ah and bt are the weighted-least-squares estimates of cch and ßl9 respec­
tively. The adjusted residual t has an approximate standard normal distribu­
tion if the model holds and if each Dkh is small relative to c1/2. 

The adjusted residuals in Table 6.22 are quite small for males, although 
the signs do exhibit some pattern. On the other hand, one adjusted residual 
for females exceeds 2 in magnitude and another is 1.92. As in Section 6.3, 
there is some suggestion that larger than usual changes occur between years 
8 and 9 and between years 12 and 13. Nonetheless, the number of large resi­
duals is certainly not unusual in Table 6.22. 

Chi-square statistics The usual chi-square statistics 

XÎVK = Σ Σ Σ (»&* - O2A*W (6.92) 
s y k 

and 

Lh* = 2 Σ Σ Σ «S? log(4W<*) (6-93) 
s y k 

are difficult to use in Table 6.20 since the large number of cells with small 
counts make the chi-square approximation too inaccurate to be useful. 
Problems are even more severe when the ungrouped statistics 

xL = Σ Σ Wu - Plnf/PL· (6.94) 
k h 

and 
LL= -2ZZtf**log/*fc (6.95) 

k k 

are used. Nonetheless, the statistics LlYK and L\u are useful for comparison 
of models. As in the case of logit models, differences in likelihood-ratio chi-
square statistics have approximate chi-square distributions under quite 
general conditions. For a proof, see Haberman (1974a, pp. 372-373). 
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To illustrate behavior of chi-square statistics, Table 6.2 lists chi-square 
statistics XjYK and LjYK for the following five models based on (6.81): 

4 

(1) log PL 

(2) log P ^ 

(3) log PL 

(4) log PL 

(5) log PL 

Here 

= 4+ Σ/*«*&/> 
/ = 1 

1= 1 

= «? + Σ ß'XL + ßsXL· + ß6xL. 
1=1 

= af + Σ β,Χ&, + ß5Xth5 + hXL· + 07***7, 

= af + Σ ß * L + 06*&6 + Α Α · 
/ = 1 

^&7 = (3-fc)TMTÄ 

and 

Α-&8 = [(3 - k)2 - Î]Th2. 

Model 1 assumes that response is independent of sex and education. Model 3 
is just (6.81), while Model 2 sets the sex-effect parameter ß5 to 0 in Model 3. 
Model 4 includes an interaction of sex and education. Under this model, 

Q-kk'h — tfkk' + Sfcfe'l^jl + ikk'lThl + Sfcfc'3 ^ 3 

— i^kk' + £fcfc'l) + (̂ fcfe'2 + £kk'3)Th2i $h = U 

— (^kk' ~ Îfcfc'l) + (£kfc'2 ~" Sfck'3)^Ji2» ^Λ = 2' 

where ^ = (fc - fc)j85, £kk,2 = (/c' - fc)j86, and ξ^3 = (kf - k)ß7. Thus 
for each sex, there is a distinct linear relationship between the logits Qkk,.h and 
the education scores Th2 · In Model 5, the logit Qk(k+l).h is a linear function 

**k(k+l)-h = Vkik+l) + £k(k+1)2^2 

of the education score Th2 ; however, in contrast to Model 2, 

^ + i , 2 = (/?6 + 5/?8)-2j?8/c 

is a linear function of k. This model provides a test of the claim in Model 2 
that £k(k+i)2 is constant for 1 < fe < 4. 

The values of X$YK and L|yA: are quite different in Table 6.22, so that 
individual Pearson or likelihood-ratio chi-square statistics are not very 
useful. A further problem with the Pearson statistic XSYK is the possibility, as 



6.3 MULTINOMIAL RESPONSE MODELS—INDEPENDENT VARIABLES 423 

Model 

1 
2 
3 
4 
5 

X2 

ΛΞΥΚ 

392.92 
222.94 
220.72 
214.90 
223.28 

Table 6.23 

Chi-Square Statistics for 

I 2 

395.15 
198.32 
198.10 
192.92 
197.72 

Degrees of 
freedom 

of A'2 and L2 

160 
159 
158 
157 
158 

Models for Table 6.20 

Model 
compared 

— 
1 
2 
3 
2 

Decrease in 
/ 2 

L-SYK compared 
to reference 

model 

— 
1 
1 
1 
1 

Decrease in 
degrees of 
freedom 

compared 
to reference 

model 

196.84 
0.22 
5.18 
0.60 

in Models 2 and 5, that XSYK m a y increase as the model becomes more 
restrictive. 

To find the degrees of freedom in Table 6.23, observe that there are 41 
rigy which are positive. If there are q ß-parameters in the model, then there are 
(5 — 1)(41) — q = 164 — q degrees of freedom. 

Comparison of likelihood-ratio chi-square statistics for Models 1 and 2 
provides overwhelming evidence that ß6 is not 0, so that response is not 
independent of education. Some indication of a relationship of response to 
sex also exists. Although the comparison between Models 2 and 3 provides no 
indication that ß5 is not 0, the comparison of Models 3 and 4 yields a change 
in LjYK significant at the 3 percent level. Thus there is an indication that the 
strength of the relationship between education and response is influenced by 
the sex of the respondent. Comparison of Models 2 and 5 provides no evidence 
that ß8 is not 0, so that the assumption that all £k(fc+1)2 parameters are equal 
has not been disproven. In summary, residual paralysis, examination of 
parameter estimates, and chi-square statistics provide overwhelming evi­
dence that response is related to education and provide ambiguous evidence 
that sex may affect the relationship of education and response. 

Sufficiency of the Summary Statistic 

The summary statistic Kh may be regarded as providing all information 
concerning the relationship of responses to sex and education if the condi­
tional distribution of responses given in Kh is independent of the sex and 
education of the respondent. Otherwise, some information is lost by confining 
attention to the summary statistic rather than to the individual responses. 

To describe the problem of information loss more formally, let Eh be 
defined as in Table 6.24. Observe that any possible combination of responses 



424 6 MULTINOMIAL RESPONSE MODELS 

Table 6.24 

Definition of Eh in Table 6.19 

Response 

+ + + + 
+ + + -
+ + - + 
+ + - -
+ - + + 
+ - + -
+ - - + 
+ 

Kh 

5 
4 
4 
3 
4 
3 
3 
2 

Eh 

1 
1 
2 
1 
3 
2 
3 
1 

Response 

- + + + 
- + + -
- + - + 
- + 
- - + + 
- - + -

+ 

Kh 

4 
3 
3 
2 
3 
2 
2 
1 

Eh 

4 
4 
5 
2 
6 
3 
4 
1 

to questions A, B, C, and D correspond to a unique pair (Eh, Kh). Let P^k
K

h > 
0 be the probability that Eh = e and ΧΛ = /c, let f(/c), 1 < k < 5, be the num­
ber of possible values of Eh if Kh = k, and let 

Pfkh = PekJPih, l<e< v(kl 1 < k < 5, 

be the conditional probability that Eh = e given that Kh = /c. If responses 
are conditionally independent of sex and education given the summary 
statistic, then for some pf.f, 1 < e < v{k\ 1 < k < 5, 

n£X _ nEK 
rekh — Pek > 

so that 

nEK _ nEKnK rehh — Pek rkh-

Thus the distribution of responses (Eh, Kh) depends on sex Sh and education 
Yh only to the extent that the distribution of the summary statistic Kh depends 
on Sh and Yh. 

Since Table 6.19 has so many small counts, conditional independence is 
best tested by use of conditional log-linear models such as the simultaneous 
conditional logit model 

Off» = log(Pf.*VPfl) = r&k + £ * ι Λ ι + &2kTh2, Kh = k. (6.96) 

Equivalently, 

3q(fc) 

log P£5 = ofi* + Σ β*Χ**ι, (6.97) 
1=1 
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where q(k) = v(k) - 1, 

aM = l ° ë Pvikykhi 

ßik = *l*v(ky e = l, 1 < / < q(k), 

= ^(fc)i*, e = l - q(k\ q(k) + 1 < / < 2q(k\ 1 < / < 2<#), 

= &(*)2Jk, * = / - 2g(fc), 2<?(/c) + 1 < / < 3$(fc), 1 < / < 3g(fc), 

* * « = & , e' = l9 1 < / < « ( * ) , 

= £ , ΤΛ1, e' = / - q(k\ q(k) + 1 < / < 2<#), 

= & Th2, e' = l - 2q(k\ 2q(k) + 1 < / < 3<?(/e), 

and 

ί£ , = 1 e = e' 

= 0, e # e'. 

If /c is 1 or 5, then (6.97) is just the trivial model 
log PE:£ = α£*. 

Under conditional independence, ^e^k = £fe'2k = 0. Thus conditional 
independence can be tested by comparing the likelihood-ratio chi-square 
statistic for (6.96) to the likelihood-ratio chi-square statistic for the model 

log P f £ = of? + Σ ßitXeua, Kh = k. (6.98) 

An alternate model also examined in this section ignores the sex effects 
Zee'ik but not the education effects i£e>lk. Thus 

Q(k) 3q(k) 

logP££ = 4 , K + ZßlkXekhl+ Σ ßtk X em, Kh = k. (6.99) 
/ - l l = 2q(k)+l 

Computation of maximum likelihood estimates. Maximum likelihood esti­
mates for (6.67)-(6.99) may be computed separately for each /c, 1 < k < 5, 
from the 2 x 21 x v(k) table of counts n^e

E
k
K, 1 < s < 2, 0 < y < 20, 

1 < e < v(k\ where ns
SyE

k
K subjects h have sex Sh = 5, education 7Λ = y, and 

response pair (Eh, Kh) = (e, k). For example, ηψ0\\ = 0 and η\γ
0

Ε
2* = 2. 

Let pE:?ylK > 0 be the conditional probability PE:k
K

h that £,, = e if Sh = e, 
Yh = y, and Kh = k. Then given n™k

K, rcf £f£ has conditional expected value 
nSsye\K = nSsykKpfsykK a n d (6.97) is equivalent to the log-linear model 

3q(k) 

log <J* = «&* + Σ Α**Ϊ£*. < / > 0, (6.100) 
1=1 
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where 
*?$* = & , *' = ', 1 <l<q{k\ 

= *?&, e' = 1- q(k\ q(k) + 1 < / < 2<?(/c), 
= i j & , e' = l-2q(k\ 2q(k)+ 1 <l<3q(k\ (6.101) 

if = — if = 1, and iy = >; — 10. Equation (6.98) is equivalent to 

log ms
s/ef - cts

sJk
K + X )8llkxs

sifx, <£* > 0, (6.102) 
/ = i 

while (6.99) is equivalent to 
q(k) 3q(k) 

log m?,™* = < * + Σ β**%£κ + Σ ß**%AK, < * > 0. (6.103) 
/ = 1 l = 2q(k)+l 

Computations are routine, except that iterative calculations are unnecessary 
whenever k is 1 or 5. In such cases, m^yik

K = n^Jlk
K. Parameter estimates and 

estimated symptotic standard deviations are summarized in Table 6.25. 

Likelihood-ratio chi-squares The likelihood-ratio chi-square statistics 
for (6.100)-(6.103) may be found from the equations 

ί-2 = Σ ^ 2 (6·104) 
k 

and 
Lì = 2 Σ Σ Σ < i K l o g ( < J K Ä f )· (6.105) 

s y e 

Since for A: equal 1 or 5, msJe
E

k
K = ns

sJe
E

k
K, L\ = L\ = 0, so that 

L2 = L2
2 + Ll + Ll 

Given the n^k
K, the L\ statistics are independently distributed. There are 

[d{k) — f~\q(k) degrees of freedom associated with each L\, where d(k) is the 
number of positive nf//, 1 < 5 < 2, 0 < y < 20, and / is 1 in (6.103), 2 in 
(6.102), and 3 in (6.100). In this expression for degrees of freedom, fq(k) is 
the number of ßlk parameters that are not assumed 0. From the formula for 
degrees of freedom of the L2, it follows that L2 has 

Σ Wk) - fMk) = 3[d(2) - / ] + 5[d(3) - / ] + 3[d(4) - / ] 
k 

associated degrees of freedom. The difference in degrees of freedom between 
the L2 statistics for (6.103) and (6.100) is then 22, while the difference for 
(6.103) and (6.102) is 11. Under conditional independence, both differences 
have approximate chi-square distributions. As is evident from Table 6.26, the 
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(6.100) 

Parameter Estimate EASD 

0.736 
3.076 
3.262 
0.367 
0.341 
0.32R 
0.477 
0.403 
0.302 

-0.255 
0.305 

- 0.900 
1.41 1 

- 1.337 
- 0.366 
- 0.326 

0.096 
- 0. I78 
-0.318 

0.373 
0.157 
0.173 
0. I90 

- 0.1 36 
1.710 

- 1.494 
I413 

- 0.639 
0.1 20 
0.054 
0.207 
0.302 

- 0.126 

0.716 
0.604 
0.601 
0.595 
0.479 
0.472 
0. I80 
0.126 
0.120 
0.337 
0.277 
0.399 
0.234 
0.469 
0.287 
0.271 
0.378 
0.232 
0.437 
0.105 
0.094 
0.130 
0.080 
0. I I I 
0.262 
0.523 
0.254 
0.204 
0.35 I 
0.216 
0.090 
0.145 
0.088 

Defining equation 

(6.102) (6.103) 

Estimate 

0.620 
2.964 
3.153 

~~ 

~~ 

0.459 
0.387 
0.287 

- 0.241 
0.304 

1.397 
- 0.883 

- 1.338 
~ 

~~~ 

~ ~~ 

~ 

0.366 
0.154 
0.179 
0.190 

-0.135 
1.924 

- 1.570 
1.447 

0.176 
0.335 

-0.149 

EASD Estimate 

0.68 I 0.228 
0.566 2.551 
0.564 2.697 

0. I77 .- 

0.123 
0.1 17 . .  

0.331 0.223 
0.274 0.337 
0.391 -0.780 
0.23 1 1.513 
0.463 - 1.232 

~ - 

~ - 

0.105 - 

0.094 - 

0.132 ~ 

0.080 
0.140 - 

0.522 -0.767 
0 260 1263 

~ 

0.258 2.28 I 

0.094 
0.147 ~ 

0.096 

EASD 

0.540 
0.424 
0.422 

__ 

~ 

~ 

_ _  

0.274 
0.265 
0.364 
0.225 
0.430 

~ 

~ 

~ 

- 

~ 

~ 

- 

- 

0.198 
0.336 
0.214 

~ 

- 

- 

- 

~ 
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Table 6.26 

Likelihood-Ratio Chi-Square Statistics for the Conditional 
Log-Linear Models of (6.100), (6.102), and (6.103) 

Defining 
equation 

(6.103) 
(6.102) 
(6.100) 

L2 

415.93 
344.19 
305.92 

Degrees of 
freedom 

319 
308 
297 

Decrease 
inL2 

from (6.103) 

71.74 
110.01 

Decrease 
in degrees 
of freedom 

from (6.103) 

11 
22 

large differences between the L2 statistics for the models specified by (6.103) 
and the other two L2 statistics provides clear evidence that conditional inde­
pendence does not hold. Therefore, the relationship between the response 
variables and the predictors sex and education cannot be entirely described 
if the number of positive responses is used as a summary statistic. 

Models for Multiple Responses 

Instead of seeking a summary statistic to describe the relationship of responses 
to sex and education, the relationship of all responses to the predictors may 
be simultaneously considered. Analyses of this type for ungrouped data have 
been explored by Nerlove and Press (1973). They are based on a decompo­
sition of individual response probabilities analogous to the decomposition 
of log means into Λ,-parameters. 

For example, in Table 6.19, let Pabcd.h > 0 be the probability that Ah = a, 
Bh = ft, Ch = c, and Dh = d, where Ah, Bh, Ch, and Dh are the respective 
responses to items A, B, C, and D. The indexes a, ft, c, and d can each be 1 or 2, 
with 1 corresponding to the responses scored as positive in Table 6.19. One 
can write 

log Patcdh = Λ„ + A^h + Λ* + \c
ch + Λ& + Afb

B
h 

+ Aach + Aadh + Abch + Abdh + Acdh + Aabch 

+ Mia + ΚΪ? + A S + Λ Α (6.106) 
where 

a b e d 

Σ \ΑΒ _ V \AB — — V \ABCD _ V \ABCD 
lXabh — L 1Xabh ~ ' ' ' ~ L· lXabcdh ~ L /Vabcdh 

a b a b 
_ V \ABCD _ V \ABCD _ r\ 
— L /Xabcdh — L lXabcdh — υ · 

file:///ABCD
file:///ABCD
file:///ABCD
file:///ABCD


6.3 MULTINOMIAL RESPONSE MODELS—INDEPENDENT VARIABLES 429 

Λί 

Λ! 

Models based on (6.106) assume that some of the Λ-parameters are linear 
functions of the predicting variables, some of the Λ-parameters are indepen­
dent of the predictors, and some of the Λ-parameters are 0. 

For example, consider a model in which all two-factor and three-factor 
interactions are constant, all four-factor interactions are 0, and all main 
effects are linear functions of the sex score Thl, the education score Th2, and 
the sex-by-education interaction score Th3 = ThlTh2. Thus for all /z, 

A AB _ îAB \ AC _ TAC \AD_'\AD 
JXabh — Aab -> /xach ~ Aac -> Ixadh ~ Aad ·> 

\BC _ }BC KBD _ }BD \CD _ -\CD \ABC _ }ABC 
/xbch — Abc > /xbdh ~ Abd > /xcdh ~ Acd » 1Xabch ~ Aabc ·> 

A i = λΑ
α + pA

a,Thl + pA
a2 Th2 + ρΛ

α3 ΓΛ3, 

vbh = Ab + PblThl + Pbl^hl + ^ 3 ^ 3 > 

& = ACC + ΡΪιΆι + pc
c2 Th2 + pc

c3 ΓΛ3, 

" ä = Ad + PdiThl + pD
d2 Th2 + p?3 Th3, 

where the A-parameters satisfy the usual constraints and the p-parameters 
satisfy constraints corresponding to the A-parameters with the same super­
scripts. For example, 

a a a a 

and 

d d d d 

Thus 

log Pabcd.h = Λ„ + λΛ
α + λξ + XC

C+ λ° + λ$ + λ£ + λ$ + A»c + Α£Ρ 
1 3 CD 1 1 ABC , -\ABD , iACD . ïBCD 

~> Acd "+" Aabc ' Aabd "+" Aa c d " · " Abcd 

3 

+ Σ (Pag + Pbg + p £ + Pd,)Tfc, 
g=i 

26 

= αΛ+ Yß/Xabcdhf, (6.107) 
/=ι 

where the j8y and Xabcdhf are defined as in Table 6.27. 
This model can be interpreted in terms of a collection of four simultaneous 

logit models. Let P^dDh denote the marginal probability that Bh = b,Ch = c, 
and Dh = d, and let 
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Table 6.27 

Coefficients and Parameters in the Model Defined by (6.107)a 

./' 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 

« 

Corresponding 
A-parameter 

or /9-parameter 

λΐ 
A? 
tf 
A? 
Λ1 1 
; / l C 

T.4D 

Λ1 1 
1BD 

2 ABC 
Λ1 1 1 
TABI) 

Λ1 1 1 
1/1CD 

Λ1 1 1 
Λ1 1 1 

Ρί. 
PÌ2 
PÌ3 
ΡΪ, 
Λ 
Λ 
PVI 
PÏJ 
ΡΪ3 
Ρ?. 
Λ 
Ρ?3 

Note that <y, = 1 and q2 

Xabcdhf 

üa 

"b 

i/c 

Hd 

(ia4b 

Va" e 

"aid 

"bUc 

Ibid 

1c<ld 
qaVbHc 

qaUbad 

1a<ic<ld 
abacüd 

qaThX 

VbThi 

QaThlTh2 

IbThi 

(IbThi 
übTh\ Th2 

<lcTh\ 
1c Th2 
acThlTh2 

4dThl 
adTh2 
adThlTh2 

= - 1 . 

Λ 

<la 
lb 

<ic 
üd 

<la<lb 

laHc 

qa(\d 

lb Ve 

Ibid 
He (Id 

Iambic 

"alb Id 

<la<lc<ld 
ab<ic<id 

1aO -
Qa(y -

daO-
(ibO-
<iÀy -
<ibO -
^ c ( 3 -

<iXy -
4c(3 -
ddO-
Qd(y -

qdO-

syabcdf 

Is) 
10) 
2s)(v -
2s) 
10) 
2s)(v -
2s) 
10) 
2s)(y -
2s) 
10) 
2s)(y -

10) 

10) 

10) 

10) 

denote the conditional probability that Ah = a, given that Bh = b, Ch = c, 
and Dh = d. Let 

/r>ABCD\ / p 
« ί ί & = log ^ = log ^ 

2-bcdh/ \ r 2bcd-h, 

denote the log odds that Ah is 1 rather than 2 given that Bh = b,Ch = c, and 
Dh = d. Let 

lll2acdh — l°& 

QCABD _ | n ( y 
*ll2abdh — 1 0 5 

Pglcdh 

Pa2cdhl 

Pgbidh 
Dab2dhi 
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and 

Ü?Ä = logf^), 
V abcl-hj 

be defined in an analogous manner. Then (6.107) holds if and only if the 
following logit models are all satisfied : 

Ω Α-BCD _ ^(\A i lAB . \AC x -\AD , \ABC . \ΑΒΌ . I^CJK 12-bcdh — Α Λ 1 "Γ ^ l b -T A l c -+■ A l d -f- Albc -h A 1 W -f- A l c d ; 

ΩΛ-BCD _ ~>C\B , jAB , TßC , }BD ■ jAßC , )ABD , ;BCD\ 
12-flcd/i — Α Λ 1 ~Γ Λα1 "+" Λ1ο "·" A\d " ·" A a l c " ·" A a l d ~r A l cd / 

+ 2ΣΡΪ β ^ . 
9 

Q C ABD _ v i C i ]/lC i TBC . 1CD . 2ABC , I/ICD , lßCD\ 
12-a/>d — Α Λ 1 "Γ * l c "T" Ab\ "+" A l d "+" ΛαΜ "+" A a l d T A

M d ) 

9 

and 
12abc — Α Λ 1 "Γ ^αΐ "h H\ + A c l "+" ΛαΜ "·" A acl "+" A b d J 

+ 2 Z P ? , V 

Computation of maximum likelihood estimates Computation of maximum 
likelihood estimates for (6.107) is unusually tedious. If grouping is completely 
ignored, computations may be based on the 2 x 2 x 2 x 2 x N tables of 
counts Nabcdh in which 

Nabcdh = 1, Λ = fl, ß* = &, Q, = C Dh = d, 
= 0, otherwise. 

Each table Nabcdh, 1 < a < 2, 1 < b < 2, 1 < c < 2, 1 < d < 2, has an 
independent multinomial distribution with means Pabcd.h, 1 < a < 2, 
1 < b < 2, 1 < c < 2, 1 < d < 2. The usual Newton-Raphson algorithm 
can be applied to (6.107). 

In practice, it is more efficient to use the 2 x 2 1 x 2 x 2 x 2 x 2 table 
of counts nsyabcd, 1 < s < 2, 0 < y < 2 0 , 1 < a < 2, 1 < i> < 2, 1 < c < 2, 
1 < d < 2, in which nsyabcd is the number of subjects h with Sh = s, Yh = y, 
Ah = a, Bh = b, Ch = c, and Dh = d. Let pibc

c
d
n
sy

SY be the conditional proba­
bility that Ah = a, Bh = b, Ch = c, and Dh = d given that Sh = s and 7Λ = y. 
Then given the nf/, nsyabcd has conditional mean ms^fccd - n™p$£.%SY 

and the log-linear model 
26 

l u g m s y a b c d = θ £ / + X ßfXsyabcdf, " s / > ^ ( 6 . 1 0 8 ) 
/ = 1 

holds, where the xsyabcdf are defined as in Table 6.25. Results are summarized 
in Table 6.27. For some further details on derivation of Table 6.27, see 
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Exercise 6.7. The computational technique is essentially the same as in 
Section 6.2. 

Large-Sample Properties of Estimates 

As is the case with the marginal multinomial response models and the con­
ditional logit-linear models of this section, maximum likelihood estimates of 
^-parameters are approximately normally distributed. If the model holds, then 
ßf has asymptotic mean ßf and asymptotic variance o2(ßf) = Sff, where the 
Sff\ 1 < / < 26, 1 < / ' < 26, are the elements of the inverse of the matrix S 
with elements 

~ Λ Γ = 2 J LU 2^ L 2 J 2 J \Xsyabcdf ~~ "syf)\Xsyabcdf ~ ^syf')msyabcd 
s y a b c d 

= Σ Σ Σ Σ Σ WabcäHf - ehf)(xabcdhr - ehf,)pabcd.h. (6.109) 
h a b c d 

®syf = Σ Σ Σ L· Xsyabcdfmsyabcd/nsy ( 6 . 1 1 0 ) 
a b e d 

and 

Ohf = Σ Σ Σ Σ Xabcdhf Pabcdh · ( 6 . 1 1 1 ) 
a b e d 

In the analogous weighted regression model, 

Yabcdh = αΛ + L ßf Xabcdhf + £abcdh » / 

where the ^abedh are independent ./V(0, Pabcdh) variables and the Tabcdh are 
hypothetical dependent variables, the weighted-least-squares estimate ßf of 
ßf has an N(ßfi σ2(/?/)) distribution. If the model holds and ßf = 0, then the 
standardized value ßf/s(ßf) has an approximate N(0, 1) distribution. Such 
standardized values are found in Table 6.28. 

Table 6.28 suggests that quite a few parameters can be eliminated from the 
model without much effect. The only standardized values greater than 2 in 
magnitude correspond to A?, AC, Af, Äff, Äff, Äff, Äff, AC?, pf2, and p?2. 
Thus one might consider the model 

l°g Pabcdh = Af, + Afl + Ab + Ac + Ad + Aflb H- Aac 

+ AiD + Aff + AS» + p?2 ΓΛ2 + pf2 TM. (6.112) 

Here Af has been added due to the hierarchy principle for multi-way tables. 
This model can also be written as 

8 

l ° g Wsyabcd = a sy + L· PfXsyabcdf + ß 10 Xsyabcd(10) 
/=1 

+ P16 Xsyabcd(16) 9-xsyabcd(19)' 
(6.113) 
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Table 6.28 

Estimated Parameters in the Model Defined by (6.107) 

Parameter 

A? 
A? 
Ai 
A? 
ΛΑΒ 

Λ1 1 
; AC 
Λ1 1 
IAD 

Λ1 1 
Λ1 1 
Λ1 1 
Λ1 1 
i / l ß C 

Λ1 1 1 
1/lßD 

Λ1 1 1 
Λ1 1 1 
2 BCD 

Λ1 1 1 

Pi , 
Ρ?2 
PÌ3 
/»ϊ. 
Λ 
Ρ?3 
pi , 
PÌ2 
PÌ3 
Pf, 
P?2 
P?3 

Estimate 

-0.004 
0.155 
0.717 

-0.414 
0.250 
0.360 
0.597 
0.174 

-0.031 
0.353 
0.025 

-0.032 
0.012 
0.045 

-0.004 
0.091 

-0.019 
-0.040 

0.104 
-0.007 

0.027 
0.026 
0.006 
0.075 
0.000 

-0.015 

EASD 

0.059 
0.057 
0.058 
0.057 
0.053 
0.057 
0.057 
0.052 
0.057 
0.054 
0.049 
0.043 
0.056 
0.056 
0.044 
0.014 
0.014 
0.036 
0.012 
0.012 
0.041 
0.013 
0.012 
0.041 
0.012 
0.011 

Standardized 
value 

-0.06 
2.70 

12.35 
-7.32 

4.68 
6.33 

10.43 
3.32 

-0.55 
6.49 
0.50 

-0.73 
0.22 
0.81 

-0.09 
6.55 

-1.39 
-1.09 

8.49 
-0.58 

0.65 
1.93 
0.46 
1.84 
0.02 

-1.32 

Under this model, the maximum likelihood estimates in Table 6.29 are ob­
tained. The reduction in the number of parameters estimated both simplifies 
computations and reduces estimated asymptotic standard deviations. The 
latter effect is evident in a comparison of Tables 6.28 and 6.29. 

Comparison of (6.107) and (6.112) The likelihood-ratio chi-square 
statistic for grouped data for Table 6.19 is 

L2 = 2 Σ Σ Σ Σ Σ Σ nsyabcd ^og(nsyabJmsyabcd\ (6.114) 
s y a b c d 

while the Pearson chi-square is 

* 2 = Σ Σ Σ Σ Σ Σ nsyabcd - ^syabcdYKyabcd' (6.115) 
s y a b c d 
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As usual with sparse tables, these statistics by themselves are of little use. A 
clear indication of the problem is provided by the discrepancy between L2 

and X2 in (6.107) and (6.112). If (6.107) is used with Table 6.19, then L2 = 
514.5 and X2 = 799.6. The nominal degrees of freedom are 41 x 15 — 26 
= 589. (Since no woman surveyed has 2 years of education, only 41 combina­
tions of sex and years of education are present.) The corresponding values of 
L2 and X2 for (6.112) are 532.8 and 847.3, respectively. There are now 604 
degrees of freedom. Thus the two chi-square statistics are dissimilar in value, 
and X2 appears to be quite unstable. 

On the other hand, the difference in L2 statistics does have an approximate 
chi-square distribution on 26 — 11 = 604 — 589 = 15 degrees of freedom 
if (6.112) holds. Since the observed difference in L2 is 18.32, little evidence 
exists that the more complete model of (6.107) provides a better fit than does 
(6.112). 

Comparison of (6.112) to simultaneous conditional loqit models If (6.112) 
holds, then the simultaneous conditional logit model (6.96) holds with 

tevwik = °> 1 < e < q(k\ 2 < k < 4, 

S1422 — S2623 = S3623 = S1424 = S2434 = 2 p 1 2 , 

#424 = 2(pf2 - p?2), 

#623 = 2(pf2 + P?2), 

S2422 — S>5623 — ZP12> 

and 
#422 = 0. 

For example, 

Ω?4
Κ2* = l o g f ^ ^ ì = 2λί - 2λ\ - 2Aff - 2Χη + 2λ™ + 2ρ*2 Th2, 

V 2221-Λ / 
so that #422 = 2pf2- This comparison of models suggests that (6.112) is not 
fully satisfactory as (6.112) implies (6.102). As can be seen from Table 6.26, 
the difference in L2 statistics between (6.102) and (6.100) is 38.27 while the 
difference in degrees of freedom is 11. Thus the difference in L2 statistics is 
highly significant. Consequently, a fully satisfactory model for the data must 
take some account of the effects of sex of respondent. Unfortunately, it is not 
very clear from Table 6.28 how best to accomplish this task. Consequently, 
attention will be given now to interpretation of (6.112). 

Interpretation of parameter estimates for (6.112) Use of (6.112) to obtain 
a relatively satisfactory model for Table 6.19 suggests that the influence of 
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sex on response has not been demonstrated in these data but that a relation­
ship between education and responses to A and B is clearly present. This 
latter relationship is suggested by the significant deviations from 0 of p\2 
and pB2. 

To assess the importance of the relationship of education Yh to responses 
Ah and Bh, consider the logit equations 

Ω Α BCD _ if)A , 2AB , )AC , )AD , A T x 
12-bcdh — Α Λ 1 "+" A l b ■+" Λΐ£. -h Ald -h p 1 2 i ^ 2 J 

and 

Ω ? Α = 2(A? + Ai» + A« + pf 2 Th2). 

Given the same responses to questions B, C, and D, a change of one year in 
education corresponds to a change in 2pf 2 in the log odds of disagreement 
rather than agreement with a statement that women should take care of 
running their homes rather than the country. The estimate of 2pf 2 is 2ßi i 
= 0.196. As can be seen in Table 6.29, the estimate is moderately well deter­
mined. Its value is about eight times as large as its EASD. The estimate 0.196 
corresponds to multiplication of the odds ratio for disagreement rather than 
agreement by e0196 — 1.22 if education is increased by a year and multipli­
cation of the ratio by e1'96 = 7.10 if education is increased by 10 years. 
Results for the second question, which deals with married women working, 
are similar. Here pB

l2 has an estimate of 0.212, e0212 = 1.24, and e2A2 = 8.33. 
A link between education and the other responses has not been demonstrated. 

The responses themselves are related, even given education. This result is 
shown by the large ratios between estimates for λ\f, λ\f, λ\f, XBC

X, and λ^0 

Table 6.29 

Estimated Parameters in the Model 
Defined by (6.112) 

Parameter 

Af 
A? 
$ 
A? 
■\AB 

A\ 1 
■\AD A\ 1 
}BC 

Ai? 
Pli 
Pli 

Estimate 

-0.016 
0.172 
0.761 

-0.428 
0.260 
0.380 
0.593 
0.158 
0.364 
0.098 
0.106 

EASD 

0.053 
0.041 
0.049 
0.054 
0.037 
0.047 
0.040 
0.040 
0.053 
0.012 
0.012 
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and the corresponding estimated asymptotic standard deviations. The log 
odds Qf 2

B£d/, is dependent on the responses to B, C, and D, with the log odds 
increasing whenever a response to B, C, or D is scored " + " rather than " —." 
The strongest relationship appears to be between items A and D. The log 
cross-product ratio 

Q ADBC _ r\ABCD r\ABCD _ Aï AD 
(12)(12)bdi — "12- lcd / i ~~ **l2-2cdh — Η > Λ 1 1 

has an estimate of 2.37, which corresponds to a cross-product ratio of 10.7. 
Note that A refers to women's role in the home and D refers to women's 
relative emotion suitability for politics. The log odds Ω?2

A™ah appears to have 
links with responses A and C, as can be seen from the estimates Iff and l\c

v 
Other relationships can be observed between C and D. 

In summary, the model suggests that the four responses to questions 
concerning women are related, even taking into account education and sex. 
The model implies that given education, sex and the four responses are 
unrelated and that education is related to responses to A and B. These 
detailed conclusions can be reached with models for multiple responses. 
They are not available with marginal models. 

The various models of this section illustrate some of the available methods 
for the analysis of one or more polytomous responses when at least one pre­
dictor is continuous or has many categories. The methods used are similar to 
those used with multi-way contingency tables in which cell counts are not 
large, except that special caution is required in residual analysis and in use of 
chi-square tests. Some difficulty also arises since computations are relatively 
expensive due to the large tables involved and due to the lack of accurate 
initial estimates of maximum likelihood estimates. 

EXERCISES 

6.1 Derive Tables 6.7 and 6.8. 

Solution 
Details are omitted due to the length of the computations. Calculations of 

estimates are similar to those in Table 6.4. The program in the appendix may 
be used to obtain Tables 6.7 and 6.8. 

6.2 Derive Tables 6.10 and 6.11. 

Solution 
The approach here is similar to that in Exercise 6.1. Table 6.9 is helpful in 

using the program in the appendix. 
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6.3 Compare the linear-by-linear model, the model of unknown column 
scores, and the model of unknown row scores using Table 6.30 (Table 2.7 of 
Volume 1). Let ul = 1, u2 = — 1, u3 = 0, u4 = 0, u5 = 0, tl = 3, t2 = 1, 
i3 = — 1, and i4 = —3 in the linear-by-linear model. 

Table 6.30 

Cross-Classification of Respondents in 1972-1975 General 
Social Surveys by Attitude to Treatment of Criminals by 

Courts and by Year of Survey" b 

Year of survey 

Response 

Too harshly 
Not harshly enough 
About right 
Don't know 
No answer 

Total 

1972 

105 
1066 
265 
173 

4 

1613 

1973 

68 
1092 

196 
138 

10 

1504 

1974 

42 
580 
72 
51 
8 

753 

1975 

61 
1174 
144 
104 

7 

1490 

Total 

276 
3912 
677 
466 

29 

5360 

a National Opinion Research Center (1972, p. 29; 1973, p. 58; 
1974, p. 55; 1975, p. 58). 

b The question asked is, "In general, do you think the courts in 
this area deal too harshly or not harshly enough with criminals?" 
The reduced 1974 sample results from an experimental change in 
the question used with half the sample. 

Solution 
Results are summarized in Tables 6.31-6.33. The chi-square statistics for 

the linear-by-linear model are X2 = 31.0 and L2 = 30.1. The degrees of 
freedom are 11, so that the model does not appear to fit the data. The signi­
ficance level is about 0.001. The model of unknown column scores yields an 
X2 of 28.6 and an L2 of 28.3 on 9 degrees of freedom, so this model is not 
satisfactory. The model of unknown row scores yields X2 = 14.0 and L2 

= 13.9. The degrees of freedom are 8, so these chi-square statistics have 
significance levels of about 8 percent. Thus there is reason to question this 
model, although it is far more successful than the other two. Examination of 
residuals suggest some difficulty with the response "no answer." 

6.4 In the memory example of Chapter 1 of Volume 1, subjects may be 
divided into those that remember exactly one event and those that remember 
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Table 6.31 

Coefficients for Models for Table 6.30a 

i 

1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 

j 

2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 

x&i 

1 
0 
0 
0 

- 1 
1 
0 
0 
0 

- 1 
1 
0 
0 
0 

- 1 
1 
0 
0 
0 

- 1 

Xij2 

0 
1 
0 
0 

- 1 
0 
1 
0 
0 

- 1 
0 
1 
0 
0 

- 1 
0 
1 
0 
0 

- 1 

Λ 0 3 

0 
0 
1 
0 

- 1 
0 
0 
1 
0 

- 1 
0 
0 
1 
0 

- 1 
0 
0 
1 
0 

- 1 

Xij4 

0 
0 
0 
1 

- 1 
0 
0 
0 
1 

- 1 
0 
0 
0 
1 

- 1 
0 
0 
0 
1 

- 1 

Linear-
by-

linear 
Xij5 

3 
3 
0 
0 
0 
1 

- 1 
0 
0 
0 

- 1 
1 
0 
0 
0 

- 3 
3 
0 
0 
0 

u nknown 
column scores 

xus 

1 
- 1 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

- 1 
1 
0 
0 
0 

Xij6 

0 
0 
0 
0 
0 
1 

- 1 
0 
0 
0 
0 
0 
0 
0 
0 

- 1 
1 
0 
0 
0 

XiP 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 

- 1 
0 
0 
0 

- 1 
1 
0 
0 
0 

Xij5 

3 
0 
0 
0 

- 3 
1 
0 
0 
0 

- 1 
- 1 

0 
0 
0 
1 

- 3 
0 
0 
0 
3 

Unk nown 
row scores 

Xij6 

0 
3 
0 
0 

- 3 
0 
1 
0 
0 

- 1 
0 

- 1 
0 
0 
1 
0 

- 3 
0 
0 
3 

Xijl 

0 
0 
3 
0 

- 3 
0 
0 
1 
0 

- 1 
0 
0 

- 1 
0 
1 
0 
0 

- 3 
0 
3 

XijS 

0 
0 
0 
3 

- 3 
0 
0 
0 
1 

- 1 
0 
0 
0 

- 1 
1 
0 
0 
0 

- 3 
3 

a Note that xui, xij2, and xij3 are the same for all three models. 

more than one event. The data used in Table 1.14 may then be reclassified to 
produce Table 6.34. Test the hypothesis that 

log mi} = οή + ßi. 

In your analysis, consider the alternate model 

logm0 = ccf + ßji. 

Solution 

In the first model, one has 

log rriij = (ή + βχχίη, 

where 

*« , Ί = U 
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Table 6.33 
Estimated Parameters for Models for Table 6.30 

Parameter 

r i 

ß-> 
Ih 
Γ4 

Ih 
Pb 
In 
Γ8 

Linear-by-

Estimate 

-0.413 
2.317 
0.540 
0.166 
0.078 

linear 

EASD 

0.063 
0.043 
0.051 
0.054 
0.011 

Model 

Unknown column 
scores 

Estimate 

-0.415 
2.318 
0.540 
0.167 
0.267 
0.025 

-0.086 

EASD 

0.064 
0.044 
0.051 
0.055 
0.059 
0.042 
0.055 

Unknown row 
scores 

Estimate 

-0.370 
2.311 
0.509 
0.147 
0.041 

-0.055 
0.069 
0.052 

EASD 

0.063 
0.043 
0.052 
0.056 
0.027 
0.018 
0.022 
0.023 

Table 6.34 
Distribution by Number of Events Recalled and Months Prior to 

Interview of Stressful Events Reported by Subjects" 

Months i 
before interview 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 

Total 

Number of 
subjects reporting 

one event 

15 
11 
14 
17 
5 

11 
10 
4 
8 

10 
7 
9 

11 
3 
6 
1 
1 
4 

147 

Number of 
subjects reporting 

more than one event 

34 
44 
28 
26 
30 
24 
32 
27 
29 
11 
28 
31 
18 
19 
23 
11 
14 
11 

440 

" One event randomly selected for each subject reporting events 
from one of 18 months prior to interview. 
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while in the second model 
log mu = a* + ßxxijx + β2Χυ2, 

where xijk = i, j = fc, xijk = 0, j φ L Neither model is very successful. For 
the first model, X2 = 49.3, L2 = 53.0, and there are 33 degrees of freedom, 
while in the second model, X2 = 48.0, L2 = 50.5, and there are 32 degrees of 
freedom. 

It is difficult to find in Table 6.35 much pattern to departures from the two 
models by examining adjusted residuals, although much of the problem 
involves the interval from 10 to 13 months ago. This result is not inconsistent 
with difficulties noted in Table 1.14. 

6.5 Derive Table 6.29 by means of the computer program in the Appendix. 
Solution 
The work is straightforward given Table 6.17, although the tedium in­

volved in construction of the xvyk, can be greatly reduced by some relatively 
simple programming. 

Table 6.35 

Estimated Cell Means and Adjusted Residuals for Table 6.34a 

Subjects reporting Subjects reporting 
one event more than one event 

mths i 
interview 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 

First 
model 

13.1(0.57) 
12.3( —0.39) 
11.6(0.75) 
10.9(1.94) 
10.2(—1.70) 
9.6(0.46) 
9.1(0.32) 
8.5(-1.59) 
8.0(-0.00) 
7.5(0.92) 
7.1(-0.03) 
6.7(0.93) 
6.3(1.94) 
5.9(—1.22) 
5.6(0.20) 
5.2(-1.90) 
4.9(-1.82) 
4.6(-0.30) 

Second 
model 

15.2(-0.05) 
14.0(-0.89) 
12.8(0.36) 
11.8(1.61) 
10.9(—1.86) 
10.0(0.34) 
9.2(0.28) 
8.4(- 1.58) 
7.8(0.09) 
7.1(1.11) 
6.6(0.18) 
6.0(1.26) 
5.6(2.42) 
5.K-0.98) 
4.7(0.64) 
4.3(-1.70) 
4.0(-1.60) 
3.7(0.20) 

First 
model 

39.1(-0.92) 
36.8(1.30) 
34.6( —1.21) 
32.6C-1.22) 
30.6(-0.12) 
28.8(-0.93) 
27.1(0.97) 
25.5(0.31) 
24.0(1.06) 
22.6(-2.51) 
21.2(1.52) 
20.0(2.56) 
18.8C-0.19) 
17.7(0.33) 
16.6(1.65) 
15.6C-1.24) 
14.7C-0.19) 
13.8C-0.81) 

Second 
model 

37.2C-0.60) 
35.2(1.65) 
33.4C-1.01) 
31.6C-1.06) 
30.0(0.01) 
28.4C-0.86) 
26.9(1.02) 
25.5(0.31) 
24.2(1.01) 
22.9C-2.56) 
21.7(1.40) 
20.6(2.40) 
19.5C-0.35) 
18.5(0.13) 
17.5(1.40) 
16.6C-1.47) 
15.7C-0.46) 
14.9C-1.10) 

" Adjusted residuals are in parentheses. 
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A virtue of the Bock and Yates (1973) program is its ability to perform the 
tedious construction of the xr/fc, automatically. 

6.6 Interpret the parameters yA? and y™ of Table 6.18 in terms of log odds 
or cross-product ratios. 

Solution 
In the case of yjf, 

72? = 6 3 3 2 Σ Σ Σ Σ rófln log mijkl 
1 j * 

— V V _ _ (TAD BC -U TAD-BC \ 
— g L L 12 ^ τ ( 1 2 Η 1 3 ) ^ ~*~ T(32)(l3)jk) 

— J - (rAD _L rAD \ 
— 12 Ι τ ( 1 2 ) ( 1 3 ) ~Γ τ ( 3 2 ) ( 1 3 ) / 

for 4̂h and (2?Λ, Ch) are conditionally independent given Dh. 
In the case of yf?» 

y2? = ? o A o Σ Σ Σ Σ < ? M log mijkl 

- _ V V - L („CO AB « _CD vlß \ 
— 9 Z J L | 2 ντ(12)(13)·0· -Γ T(32)(13)-ij/ 

- - Y —- (TCBB + TC D β ì 
— 3 - 1 2 ( 1 2 ) ( 1 3 )' · ' T(31)(13)-j7-

6.7 Derive Table 6.28 and Table 6.29. 

Solution 
The MULTIQUAL program of Bock and Yates (1973) or the program in 

the Appendix can be used. Both programs require expanded storage capacity 
for this problem. Given Table 6.27, implementation is straightforward. The 
key observation is that the counts nsyabcd can be transformed to a 16 by 42 array 
of counts nf*j*, with the 16 corresponding to all values of a, b, c, and d and the 42 
corresponding to all values of s and y. For example, one can let nf*r = nsyabcd 
if y* = 21(5 - 1) + y and /* = 8(a - 1) + 4(b - 1) + 2(c - 1) + d. In Table 
6.29, only 11 of the xsyabcdf in Table 6.27 are required, while in Table 6.28, all 
the xsyabcdf are needed. 

6.8 Show that (6.20) and (6.21) hold. 
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Solution 
Observe that in (6.19), 

s - l 2 ( r - l ) 

log rriij = λ + X λ*χ«, + X ßkxijk, 
f=l k=ì 

where x?< is 1 for j = / , 0 for j Φ f,j < s, and — 1 for j = s. Thus 

™* - ™? = Σ Σ xjrtiij = ΣΣ xfrftij = "j ~ "f 
i j i j 

and (6.21) holds. Since 

Σ Λ Τ = ΛΓ = Σ « ? . 

it follows that (6.20) must hold. 



I Incomplete Tables 

Incomplete contingency tables are those in which some cells are ignored. 
The cells may be ignored because they are unobserved, because they pertain 
to events that cannot occur, or because they are unusual in other respects. 

A large fraction of current literature on incomplete tables has been devoted 
to two-way tables with excluded cells. In this literature, an additive log-
linear model has been used which is based on the one used in Chapter 2 of 
Volume 1 with complete tables. The resulting models, called quasi-inde-
pendence models, have been discussed by Caussinus (1965), Goodman 
(1968), Bishop and Fienberg (1969), and Bishop, Fienberg, and Holland 
(1975, pp. 177-210), among many others. Two examples of use of these 
models are provided in Sections 7.1 and 7.2. 

A limited literature exists concerning incomplete three-way or higher-way 
tables. In this literature, models are based on the hierarchical log-linear 
models of Chapters 3 and 4. Fienberg (1972a, b), Haberman (1974a, pp. 228-
302), and Bishop, Fienberg, and Holland (1975, pp. 210-228) have examined 
such models. Section 7.3 illustrates use of these models. 

Incomplete tables can also arise in multinomial response problems. Bock 
(1975, pp. 538-541) and Bock and Yates (1973) consider this possibility. 
Section 7.4 provides an example involving an ordered classification. 

7.1 Incomplete Two-Way Tables and Migration 

Table 7.1 provides a simple example of an r x s contingency table in 
which log-linear models for incomplete tables can aid in analysis. The 
observations compare current residence and residence at age 16 for subjects 
444 
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in the 1974 General Social Survey who were residing in the United States at 
age 16. Variables such as age or sex which may affect responses in this table 
will be investigated in Section 7.4. 

The row and column variables are obviously dependent, but much of this 
dependence follows from the fact that 82 percent of the subjects interviewed 
still live in the region in which they were living at age 16. A more subtle issue 
to investigate is the relationship between residence at age 16 and current 
residence, given that the two are different. For assessment of this relationship, 
a table of migrants may be formed, as in Table 7.2. 

To construct a model for Table 7.2 to express lack of relationship between 
former and current residence, given that they differ, let Ah denote the region 
of residence of subject h,\ <h < N = 1430, at age 16 and let Bh denote the 
current region of residence. Let Ah = 1 if the former residence is the Northeast, 
let Ah = 2 if the former residence is the South, etc. Let Bh be defined in a 
similar manner, so that Bh = 1 if the current residence is the Northeast, 
Bh = 2 if the current residence is the South, etc. For i Φ j , let ni} be the 

Table 7.1 

Subjects in 1974 General Social Survey Cross-Classified by Residence at Age 
16 and Current Residence, Excluding Subjects Resident in Foreign Countries 

at Age 16a<b 

Residence 
at age 16 

Northeast 
South 
North 

Central 
West 

Total 

Northeast 

263 
26 

10 
1 

300 

Current residence 

South 

22 
399 

41 
8 

470 

North Central 

14 
36 

368 
5 

423 

West 

13 
30 

46 
148 

237 

Total 

312 
491 

465 
162 

1430 

a Data tape from the 1974 General Social Survey of the National Opinion 
Research Center, University of Chicago. 

b Regions are defined so that the Northeast includes New England and the 
Middle Atlantic States, New York, New Jersey, and Pennsylvania. The South 
includes the District of Columbia, the South Atlantic states Delaware, 
Maryland, West Virginia, Virginia, North and South Carolina, Georgia, and 
Florida, and the South Central states Kentucky, Tennessee, Alabama, 
Mississippi, Arkansas, Oklahoma, Louisiana, and Texas. The North Central 
region includes Wisconsin, Illinois, Indiana, Michigan, Ohio, Minnesota, 
Iowa, Missouri, North and South Dakota, Nebraska, and Kansas. The West 
includes the Mountain states Montana, Idaho, Wyoming, Nevada, Utah, 
Colorado, Arizona, and New Mexico and the Pacific states Washington, 
Oregon, California, Alaska, and Hawaii. 
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Table 7.2 

Subjects in 1974 General Social Survey Resident in the United States at Age 
16 in a Different Region Than Their Current Residence 

Residence 
at age 16 

Northeast 
South 
North 

Central 
West 

Total 

Northeast 

26 

10 
1 

37 

Current Residence 

South 

22 
— 

41 
8 

71 

North Central 

14 
36 

— 
5 

55 

West 

13 
30 

46 
— 

89 

Total 

49 
92 

97 
14 

252 

number of subjects h with Ah = i and Bh = j . Let nu = 0. Assume that given 
the Bh, 1 < h < N = 1430, the Ah are independently distributed with 
probability pf.)B that Ah = i if Bh = j . For i φ j , assume pf.'f > 0. 

Independence of residence at age 16 and current residence implies that 
pf.'f* is independent of j . Although independence does not hold, one con­
sequence of independence should be noted. Let mtJ be the expected value of 
nij9 given that νή subjects have current residence Bh = j different from former 
residence Ah. Then 

mij = nfrff/d - pif), ίΦί, 
= 0, , ·=; . 

Note in this formula that given that Bh = 7, 1 — pf.'f is the probability that 
Ah Φ j and for i Φ j , ρ?.)Β/(1 — pf.'f) is the conditional probability that 
Ah — i given that Ah Φ j . Under independence, 

pt-TliX - Pff) = ΡΪΐ/V - pf\B\ 
so that 

\ogmij = λ + λt + λB, ΪΦ^ (7.1) 

for some A, Àf, and λΒ such that 
Σ Af = X A« = 0. (7.2) 

Indeed, one may let 

λ = i Σ log pi4:? + 1 Σ \og[nf/(\ - p}:*)i 

λ* = ΡΪ\Β-ϊΣ^ρί*, 
i' 

A« = log[n«/(l - pf:*)] - ίΣ·οΐ[«//(! - ^i")] 
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Equations (7.1) and (7.2) may hold without independence holding. All 
that is implied is that 

PÎÎ = <■■■/( 1 - cj), ίΦ), 

where the c{ are positive numbers such that 

Under independence, cf = pf.\B. More generally, it is easily shown that 

Cf = exp(AfyXexp(Aii) 

(see Exercise 7.1). The model defined by (7.1) and (7.2) has been used by 
Savage and Deutsch (1960) and Goodman (1963, 1964) in analysis of trans­
action flows and by Goodman (1965, 1968, 1969) in analysis of social-
mobility tables. 

The model is an example of a quasi-independence model for a n r x s 
contingency table. In such a model, counts nij9 1 < i < r, 1 <j < s, are 
observed. The counts ni} are 0 for (J, j) not in / and have respective means 
rriij for (ij) in /. It is assumed that 

log mu = λ + λ+ + λ), (ij) in /, (7.3) 

for some A, kf, and À*f such that 

Σ # = Σ*? = ο. (7-4) 
The counts nu may be independent Poisson variables, they may form a table 
with a multinomial distribution, each row of counts nij9 1 < j < s, may have 
an independent multinomial distribution, or each column of counts nij9 
\ < i < r, may have an independent multinomial distribution. If / includes 
all pairs (i, j \ 1 < i < r, 1 < j < s, then the quasi-independence model 
reduces to the independence model of Chapter 2. If r = s = 4 and / contains 
the pairs (/,/), 1 < i < 4, 1 < j < 4, i Φ j , then one obtains the model of (7.1) 
and (7.2). 

Maximum Likelihood Equations 

In a quasi-independence model, the row marginal totals mf for the table of 
estimated means mtJ are equal to the observed row marginal totals nf of the 
table and the column marginal totals mf for the table of estimated means are 
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equal to the observed column marginal totals νή. More formally, 

mf = nf, 1 < i < r, (7.5) 

A? = wf, 1 < j < 5, (7.6) 

m^ = 0, (/,/) not in /, (7.7) 

log mi} = λ + If + If, (1,7) in /, (7.8) 

Σ# = Σ# = 0· (7.9) 
The arguments used in Section 2.6 of Volume 1 to derive maximum likelihood 
equations for the independence model require only minor changes to lead to 
these maximum likelihood equations. In the case of (7.1) and (7.2), one finds 
that 

mf = nf, 1 < i < 4, 

ηή = nf, 1 < j < 4, 

rhu = 0, 1 < i < 4, 

log mt,· = X + If + If, i *;; Σ ^ = Σ ^ = 0. 
i j 

These formulas are equivalent to formulas derived by Savage and Deutsch 
(1960) and Goodman (1963, 1964) in connection with transaction flow 
analysis. Equivalent formulas are obtained by Watson (1956) in the case in 
which / consists of all (i,j) such that i > \orj> 1. 

Kastenbaum (1958) obtains an equivalent formula in the case in which 
r Φ 2, c is 4, and / contains all pairs (ij), 1 < i < 2, 1 < j < 4, except (1,1) 
and (2, 2). Detailed discussion of these formulas for general quasi-indepen-
dence models appear in Caussinus (1965) and Goodman (1968), both of 
whom provide further references to earlier literature. 

Iterative Proportional Fitting 

Unlike the independence model, the quasi-independence model generally 
does not have maximum likelihood estimates expressed in closed form. In 
particular, maximum likelihood estimates for the proposed model for Table 
7.2 cannot be found without iterative computations. Two general approaches 
are commonly used. The simplest is a version of iterative proportional 
fitting first applied to quasi-independence models by Goodman (1964). As 
in Chapters 3 and 4 of Volume 1, iterative proportional fitting does not help 
in computation of asymptotic variances, but it is easily implemented with 
common computer packages such as those described by Haberman (1972, 
1973b) and Fay and Goodman (1975). Brown (1977) is also of interest. 
Convergence proofs may be found in Darroch and Ratclitf (1972) and 
Haberman (1974a, pp. 65-66). 
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Table 7.3 

Use of Iterative Proportional Fitting to Obtain Maximum Likelihood Estimates 
for the Quasi-Independence Model for Table 7.2 

l 

1 
2 
3 
4 

Ή , Ί Ο 

0 
1 
1 
1 

Total: 3 
Corresponding 

»? 
/ 

1 
2 
3 
4 

Total: 
Corresponding 

»? 
/ 

1 
2 
3 
4 

Total: 
Corresponding 

»? 
i 

1 
2 
3 
4 

Total: 
Corresponding 

"f 

37 

» ' i l l 

0 
30.667 
32.333 
4.667 

67.667 

37 

W i 22 

0 
16.768 
17.68C 
2.552 

37.00C 

37 

Wi l < 1 0 ) 

0 
17.929 
16.616 
2.456 

37.004 

37 

Ή / 2 0 

1 
0 
1 
1 

3 

71 

Ή,·2 1 

16.333 
0 

32.333 
4.667 

53.333 

71 

"*,·22 

21.744 
1 0 
I 43.044 
: 6.212 
ι 71.000 

71 

W/ 2 ( 1 0 ) 

19.397 
0 

44.959 
6.644 

70.952 

71 

W.-30 

1 
1 
0 
1 

3 

55 

Ή,·3 2 

16.333 
30.667 

0 
4.667 

51.667 

55 

™ , 3 2 

17.387 
32.645 

0 
4.968 

55.000 

55 

m / 3 ( 1 0 ) 

14.310 
35.789 

0 
4.902 

55.037 

55 

W / 4 0 

1 
1 
1 
0 

3 

89 

miAl 

16.333 
30.667 
32.333 

0 

79.333 

89 

m/42 

18.324 
34.403 
36.273 

0 
89.000 

89 

Wi 4 ( 1 0 ) 

15.295 
38.253 
35.451 

0 

89.007 

89 

mfo 

3 
3 
3 
3 

12 

«in 

49.000 
92.000 
97.000 
14.000 

252.000 

mf2 

57.454 
83.817 
96.997 
13.732 

252.000 

Wiî lO) 

49.000 
92.000 
97.000 
14.000 

0 

nf 

49 
92 
97 
14 

252 

nf 

49 
92 
97 
14 

252 

nf 

49 
92 
97 
14 

252 

nf 

49 
92 
97 
14 

252 
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For a review of earlier proofs, which are either less general or less rigorous, 
see Fienberg (1970). Various algebraically equivalent approaches are found 
in the literature. A reasonable approach found in Caussinus (1965) lets 

mij0 = 1, (ij) in /, rnm+X) = mijtnf/mft, t even, 

= 0, (ij) not in /, = mijtn*/mjt, t odd. 

A summary of computations for Table 7.2 is provided in Table 7.3. 

The Newton-Raphson Algorithm 

The Newton-Raphson algorithm is easily adapted for use with quasi-
independence models. For 1 < k < r, let 

xijk — 1> 

= 0, 

= - 1 , 

Note that 

Φ fc, i < r, 

= r. 

log mij = otj + ZßhXijh, 
h= 1 

where a,f = A + λ] and /?fc = λ£, 1 < k < r - 1. Let 

yij0 = log(wl7 + i), 0",7*)in/, 
= 0, (ij) not in /, 

m ■ijo = ni} + i (i, 7) in /, 
= 0, (1,7) not in /. 

zu = 1, (i,7) in / 

= 0, (i, /) not in /. 

Consider the regression model 
r - 1 

yijo = α , + Σ Äxüfc + β«ν ( ' ' Λ i n 7' 
Λ = 1 

= 0, (/, y) not in /, 

where the efJ· are independent and have respective means 0 and variances 
m[jQ. The estimates ßk0 of ßk, 1 < /c < r — 1, obtained from the model are 
given by the equations 

ΣΞνοβιο = wfc0, 1 < fc < r - 1, 
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where 

w/co = Σ Σ tew - °iko)yijo^ijo^ 
i J 

ShlO = Σ Σ (XUk ~ Ojko)(xijl ~~ 0jlo)mijO> 
' J 

and , 
*'jkO — Σ XijkmijO Σ mijO-

Given ßk0, 1 < k < r — 1, one may let 

r - 1 

= - Σ Α θ , i = >*, 
fc= 1 

0/o = η1/Σί ζΰ e x P ϋοΌ» a n d Wiji = zijQjo e x P ^ijo· Similarly to the Newton-
Raphson algorithm of Chapter 6, the next iteration produces new approxi­
mations ßkl of j8fc, 1 < k < r — 1, where j8kl = ßfc0 + <5fcl, 

Σ 5 * Α ι = α*> 1 < fe < r - 1, 
/ 

α*ι = Σ Σ Χ Ά " m<7i)> 

Sfc/i = £^Xj(Xijk ~ Vjkl)(Xijl ~~ Vjll)mijli 

and 

°jki = Σχυ^υι Σ™υι = ( " T V Σχυ^υν 

Given /?fcl, 1 < k < r - 1, 

"/,Ί = ΣΛΐΧ«7* = Äl, « < ̂  
r - 1 

= - Σ &ι> i = r ' 
Jc = 1 

0;i = nf Σ zu e xP ü«vi' a n d mü2 = Z Ü ^ I e x P ^ui-
As is evident from Table 7.4, further iterations are unnecessary. Thus con­

vergence is much more rapid than in the case of iterative proportional 
fitting. 

The algorithm described here may be implemented by use of the program 
in the appendix or by use of Bock and Yates (1973). Thus a large number of 
programs are available for computation of maximum likelihood estimates 
under quasi-independence. 
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Tests of Fit 

The Pearson and likelihood-ratio chi-square statistics are readily applied 
to quasi-independence models. The only complication that may sometimes 
arise involves degrees of freedom. If 

ΣΣ' 
i J 

is used to denote summation over pairs (ij) in /, then 

χ2 = ΣΣ(η11-^ι and L, = 2 I I , B y I o g Ky 
i J mij i J \mij/ 

Normally, if/ has q elements, then the degrees of freedom are q — r — s + l. 
For example, in Table 7.2, / has 12 elements and r = s = 4, so that the 
degrees of freedom are 12 — 4 — 4 + 1 = 5. In Table 7.2, X2 = 13.4 and 
L2 = 13.5, so that the observed significance level is about 2 percent under 
either chi-square statistic. Thus the quasi-independence model does not 
appear adequate. 

Unfortunately, this normal formula for degrees of freedom is not always 
correct. The formula only holds if the following conditions hold: 

(a) Each row i contains some cell (1,7) in /. 
(b) Each column 7 contains some cell (i,j) in /. 
(c) The table is inseparable [see Goodman (1968)]. That is, for each 

distinct (1,7) and (fc, /) in /, a series of elements (itJt), 1 < t < M, of / exist such 
that ix = iji = 7, iu = kju = /, and for 1 < t < u - 1, it = it+ x or7, = j t + i . 

If these conditions are satisfied, one may then say that (i, 7) and (fe, /) are 
connected [See Fienberg (1972b) or Bishop, Fienberg, and Holland (1975, 
p. 182) for discussion of origins of this term]. 

All these conditions are satisfied in Table 7.2. Conditions (a) and (b) are 
obvious. It is easily shown that condition (c) may be verified by choosing a 
fixed (/, 7) in / and showing that for any other (/c, /) in /, (i, 7) and (/c, /) are 
connected. For instance, in Table 7.2, one may let (1,7) = (2,1). If(/c,/) = (2,3), 
then 0Ί,7ι) = (2, 1), (i2,ji) = (2, 3) is a suitable sequence connecting (2, 1) 
and (2, 3), while if (/c, /) = (4, 3), then ( i , , ^ ) = (2, 1), (i2J2) = (2, 3), (/3,;3) 
= (4, 3) is suitable. The diagram in Table 7.5 may be helpful. Note that if 
the table is viewed as part of a chessboard, then inseparability holds if a rook 
can move from (/, 7) to (/c, /) by always stopping at spaces in /. For further 
examples and discussion of degrees of freedom in incomplete two-way 
tables, see Goodman (1968), Haberman (1974a, pp. 245-264), and Bishop, 
Fienberg, and Holland (1975, pp. 182-185, 187-188) and Exercises 7.2 to 7.4. 
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Table 7.5 

Verification That Table 7.2 Is Inseparable0 

j 

/ 1 2 3 4 

\ Y 

3 

4 

> ' \ * s ( Π 

Γ -, 1 
Λ · 

' * w Λ 

a If one can travel from one dot at (/,/') to another at (/c, /) 
along a connected sequence of lines, then (/,/') and (k, I) are 
connected. Note that a move from one line to another can 
only occur at a dot. Thus one may travel from (2, 1) to (3, 3) 
but not from (2, 1) to (3, 2) by way of (2, 2). The table is 
inseparable if one can go from any dot to any other dot along 
a sequence of lines. 

Use of Adjusted Residuals and Linear Contrasts 

Adjusted residuals for Table 7.2 are shown in Table 7.6. They are obtained 
from the formula 

where 

Ci 

r.j = (riij - m^/ci]2, i Φ j , 

ij = Λ J l - * i X - Σ Σ (tifi - 0jk)(xul - OjdS"] 
L k I J 

Ojk = (nf)~l ΣΧ&ΑΨ 
i 

Su = ΣΣ(ΧΦ - ôjkXxiji - ôjùihij, 

and Skl, \ < k < r — 1, 1 < / < r — 1, are the elements of the inverse of the 
matrix S with elements Skh \ <k < r — 1, Ì < I < r — 1. 

Four adjusted residuals are large. They are associated with a residence 
at age 16 in the South or North Central region and a current residence in 
the Northeast or West. The suggestion from the pattern of signs of r21, r31, 
r24, and r34 is that residents of the Northeast are relatively more likely to 
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Table 7.6 

Adjusted Residuals for the Quasi-Independence Model for Table 7.2 

Residence 
at age 16 

Northeast 
South 
North Central 
West 

Northeast 

3.07 
-2.51 
-1.06 

Current residence 

South 

0.93 
— 

-1.35 
0.77 

North Central 

-0.12 
0.07 

— 
0.06 

West 

-0.80 
-2.57 

3.22 
— 

come from the South rather than the North Central region than are residents 
of the West. Consider the log cross-product ratio 

log(n2i + i) - log(«3i + i) - log(n24 + i) + log(tt34 + i), 
which estimates 

/m21 lm2A _ 
l0g W mZ) - T231 - T2-

This estimate is 1.35, and the corresponding EASD 

«21 + 1 «31 + Ï "24 + Ï «34 + 1/ 

is 0.43. Thus the standardized value of the cross-product ratio is 1.35/0.43 = 
3.11. Even given the problem of post hoc examination of data, this contrast 
appears important. Thus failure of the quasi-independence model appears 
to largely involve this interaction between origin in the South or North 
Central region and current residence in the Northeast or West. Exercise 7.7 
may be instructive in this regard. 

7.2 Quasi-Independence, Age at First Marriage and Current 
Age 

The 1974 General Social Survey asked ever-married respondents for age 
at first marriage and current age. Obviously, these variables are not in­
dependent, for age at first marriage cannot exceed current age. Nonetheless, 
the question still remains whether age at first marriage has any further 
relationship to current age. To help investigate this situation, consider 
Table 7.7, in which responses of ever-married women are tabulated. A similar 
analysis for men is developed in Exercise 7.8. 
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Table 7.7 

Ever-Married Women in 1974 General Social Survey, Cross-Classified by Age at First 
Marriage and Current Age 

Age at 
first 

marriage 

<20 
21-25 
26-30 
>31 

Total: 

<20 

9 
— 
— 
— 

9 

21-25 

43 
20 
— 
— 

63 

26-30 

51 
40 

3 
-

94 

Current age 

31-40 

103 
53 
4 
1 

161 

41-50 

68 
45 

5 
3 

121 

51-60 

65 
43 

7 
9 

124 

61-70 

39 
24 
12 
4 

79 

>71 

22 
26 

7 
4 

59 

Total 

400 
251 

38 
21 

710 

Let Ah denote the age group at marriage of ever-married woman /z, 
1 < h < 710, and let Bh denote the current age group of woman /z, so that if 
her age at marriage is between 21 and 25 and she is currently between 41 and 
50, then Ah = 2 and Bh = 5. Let pf.)B denote the conditional probability 
that Ah = i given that Bh = j . Let η^ be the number of women with age group 
at marriage Ah = i and current age group Bh = j , so that n24 = 45. Assume 
that the pairs (Ah, Bh) are independent and identically distributed, so that the 
table of counts η^ has a multinomial distribution. Let mi} be the expected 
value oîriij. 

A simple quasi-independence model for these data assumes that 

log rriij = λ + Xf + λ], i < j , 

so that for i and j less than or equal to /c, the log odds 

4 ? = \og(pt:k
B/pfk

B) = \og(mik/mJk) = Xf- kf 

does not depend on k. 
For example, it is assumed that for each group k of women who are at 

least 26, the relative log odds if 2
Bk of marriage by 20 rather than marriage 

between 21 and 25 is constant. This assumption might in principle lead to 
problems for women who married when more than 30 since the older the 
respondent the more years exist after age 30 in which a first marriage is 
conceivable. Nonetheless, the practical problem is actually negligible; only 
two women in the sample married for the first time after they were 40. 

Closed-Form Estimation 

As in Section 7.1, one can use the Newton-Raphson or iterative pro­
portional fitting algorithm with Table 7.7; but, it is possible to obtain exact 
maximum likelihood estimates for the quasi-independence model of Table 
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7.7 in a finite number of steps. This table is one of many incomplete tables such 
that maximum likelihood estimates under quasi-independence can be 
expressed in closed form. Among the many authors who have developed 
such closed-form expressions are Waite (1915), Watson (1956), Kastenbaum 
(1958), Caussinus (1965), Asano (1965), Goodman (1968), Bishop and 
Fienberg (1969), Haberman (1974a, pp. 266-282), and Bishop, Fienberg, 
and Holland (1975, pp. 192-206). Exercises 7.9, 7.10, and 7.11 provide some 
examples of such closed-form expressions of maximum-likelihood estimates. 

To obtain maximum likelihood estimates for Table 7.7, it is only necessary 
to consider the nu for i < j . For such i and 7, let 

nij2 = ( Σ min) ( Σ mw) Σ Σ %i-i, 
V/" = 3 / V'=l / / f =1 j' = 3 

mij2 = ( Σ mwi j( Σ mi'ji I/ Σ Σ mr/1> ï ^ 3> j ^2> 

= miju otherwise, 
/ 8 \ / 3 \ / 3 8 

/ Σ Σ % 2 , i>4 , 7<3 , 
/ / Γ=1 j ' = 4 

) / Σ Σ^·Υ3, / > 5 , 

= mij3, otherwise. 

Then the maximum likelihood estimate mtJ of m0 is mijAr. Results are sum­
marized in Table 7.8. The chi-square statistics for testing goodness of fit are 

8 m i n ( j - l , 4 ) 

* 2 = Σ Σ («u - ^U)2/Äy = 29.3 
j = 2 i = l 

m ü 3 

mij4 

= 

= 

V' = 4 

^ i j 2 , 

i£ 

w0·. 

"».·/ 

■2AÀm''ja 

otherwise, 

•sii Σ % 

and 
8 m i n ( j - l , 4 ) 

L2 = 2 Σ Σ *u iog(v*ü) =27·9· 
7 = 2 

As noted by Caussinus (1965), among others, the general formula for degrees 
of freedom is q — a — b + 5, where q is the number of elements in the index 
set /, a is the number of rows i such that some (i, j) is in /, b is the number 
of columns j such that some (i, j) is in /, and s is the largest number of cells 
(itJtX 1 < ί < 5, such that (itJt) and (it>Jt>) are not connected for ί Φ t!. 

The set / in this example includes the pairs (i, j), 1 < i < j < 8 and 
1 < i < 4, so that g is 22, a is 4, fc is 7, and 5 is 1. Thus there are 12 degrees 
of freedom. Note that s = 1 if the table is inseparable. The chi-square 
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Table 7.8 

Computation of Maximum Likelihood Estimates for Table 7.7 under Quasi-Independence0 

Age at 
first 

marriage 

<20 

21-25 

26-30 

>31 

" Entries 

Iteration 

1 
2 
3 
4 

1 
2 
3 
4 

1 
2 
3 
4 

1 
2 
3 
4 

are values mijt. 

<20 21-25 

43.00 
43.00 
43.00 
43.00 

— — 
__ __ 
— — 
- -
— 
— 
— — 
_ _ 
__ _ 
_ _ 
— 
_ _ 

26-30 

51.00 
54.69 
54.69 
54.69 

40.00 
36.31 
36.31 
36.31 

— 
— 
— 
-
— 
— 

— 

Current age 

31-40 

103.00 
93.76 
89.73 
89.73 

53.00 
62.24 
59.56 
59.56 

. 4.00 
4.00 

10.71 
10.71 

— 
— 
— 
— 

41-50 

68.00 
67.92 
66.18 
64.31 

45.00 
45.08 
43.93 
42.69 

5.00 
5.00 
7.90 
7.67 

3.00 
3.00 
3.00 
6.32 

51-60 

65.00 
64.91 
64.49 
65.91 

43.00 
43.09 
42.81 
43.75 

7.00 
7.00 
7.70 
7.86 

9.00 
9.00 
9.00 
6.48 

61-70 

39.00 
37.87 
42.06 
41.99 

24.00 
25.13 
27.92 
27.87 

12.00 
12.00 
5.02 
5.01 

4.00 
4.00 
4.00 
4.13 

>71 

22.00 
28.85 
30.84 
31.36 

26.00 
19.15 
20.47 
20.82 

7.00 
7.00 
3.68 
3.74 

4.00 
4.00 
4.00 
3.08 

statistics are significant at about the 0.005 level, so there appears to be sub­
stantial evidence against the quasi-independence model. 

To examine the model failure more closely, consider the adjusted residuals 
in Table 7.9. These adjusted residuals can be obtained through an adaptation 
of a formula in Haberman (1973a) for triangular tables or by use of general 
formulas in Section 7.1. The only new point if the formulas in Section 7.1 
are used is that only indices j between 2 and 8 need ever be considered in 
computations, for there is no index (i, 1) in /. Note that the adjusted residual 

Table 7.9 
Adjusted Residuals for the Quasi-independence Model for Table 7.7 

Age at Current age 
first 

marriage 

<20 
21-25 
26-30 
>31 

<20 21-25 26-30 31-40 41-50 51-60 61-70 >71 

0.86 
0.86 
— 
— 

2.46 
-1.25 
-2.55 

— 

0.75 
0.49 

-1.13 
-1.64 

-0.18 
-0.16 
-0.36 

1.24 

-0.72 
-0.97 

3.49 
-0.07 

-2.57 
1.48 
1.84 
0.58 
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ri2 is undefined since mi2 is always equal to ni2. Several of the adjusted 
residuals are rather large in magnitude. The overall pattern provides some 
suggestion that age at marriage tends to decrease as respondents become 
younger. This possibility is considered in more detail in Section 7.4. 

The two examples of quasi-independence models presented in this section 
and in Section 7.1 should be regarded as only a limited introduction. In these 
sections, a plausible quasi-independence model is given in advance. Other 
problems can arise in which quasi-independence is thought to be helpful 
but the choice of the set / is unclear. Such problems have been treated in 
various ways by Goodman (1965, 1969, 1971) and Fienberg (1969), among 
many others. 

7.3 Hierarchical Models for Incomplete Multi-Way Tables 

Analysis of incomplete multi-way tables by hierarchical models is quite 
similar to analysis of complete multi-way tables by hierarchical models. 
Occasional new complications involves difficulties in determination of 
degrees of freedom for chi-square statistics and in estimation of A-parameters. 

The literature to date is somewhat less extensive than is the literature for 
quasi-independence models for incomplete two-way tables. Available 
references include Fienberg (1972a,b), Bishop, Fienberg, and Holland (1975, 
pp. 210-256), Goodman (1975), Haberman (1974a, pp. 228-302), and 
Duncan (1975). All these references consider the iterative proportional 
fitting algorithm used in this section. Very little literature appears to deal 
with the Newton-Raphson algorithm for incomplete tables explored in this 
section, although the algorithm of Bock and Yates (1973) can be used with 
incomplete tables. 

As an example of a hierarchical model for an incomplete table, consider 
the log-linear model 

log miJk = λ + λ* + λ° + λξ + λ? + Xfk
s + X%s, i < j , 

Σ*? = Σ^ = Σ$ = ΣΨ = ΣΨ 
ι j ■ k i j 

= L ^ik = ZJ ^ik = L ^jk = Σ ^jk = 0, 
i k j k 

for Table 7.10. 
Here mijk is the expected value of nijk9 and nijk is the observed number of 

ever-married subjects h with age group Ah = 1 at first marriage, current 
age group Bh = j , and sex Sh = k. Note that ni22 = 24 and that nijk = 0 
for i > j . 
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Table 7.10 

Ever-Married Subjects in 1974 General Social Survey, Cross-Classified by Age at First 
Marriage, Current Age, and by Sex 

Sex 

Female 

Male 

Total 

Age at 
first 

marriage 

<20 
21 25 
26-30 
>31 

Total: 

<20 
21-25 
26-30 
>31 

Total: 

<20 
21-25 
26-30 
>31 

Total: 

<20 

9 
— 
— 
— 

9 

2 
— 
— 
— 

2 

11 
— 
— 
— 

11 

21-25 

43 
20 
-
-

63 

24 
23 
— 
-

47 

67 
43 
— 

110 

26-30 

51 
40 

3 
-

94 

21 
34 

3 
— 

58 

72 
74 
6 

— 

152 

Current age 

31-40 

103 
53 
4 
1 

161 

30 
62 
10 
4 

106 

133 
115 

14 
5 

267 

41-50 

68 
45 

5 
3 

121 

22 
49 
20 
10 

101 

90 
94 
25 
13 

222 

51-60 

65 
43 

7 
9 

124 

19 
50 
27 
15 

111 

84 
93 
34 
24 

235 

61-70 

39 
24 
12 
4 

79 

16 
38 
23 
17 

94 

55 
62 
35 
21 

173 

>71 

22 
26 
7 
4 

59 

11 
19 
19 
11 

60 

33 
45 
26 
15 

119 

Total 

400 
251 

38 
21 

710 

145 
275 
102 
57 

579 

545 
526 
140 
78 

1289 

To help interpret this model, consider age groups at first marriage i and Ï. 
Let j be a current age group such that / < j and Ï < j . Let pf.jks be the con­
ditional probability that subject h was first married at age Ah = i given 
that the current age is Bh = j and that the subject is of sex Sh = k. The log 
odds of first marriage at age i rather than ï is 

τ$™ = log(pî$sIPv'™) = log(miJk/mVjk) = log mijk - log mVjk. 

The variation in this log odds resulting from a change from sex Sh = 1 
to sex Sh = 2 is 

TAS B _ rA BS _ TABS 
x ( i i ' ) ( 1 2 ) j — Lii'-jl Lii'-j2 

= log min - log mrjl - log mij2 + log mVj2, 

which is equal to Àf? - kfx - kff + Xf2. Thus for / < ; and f < y, T^l2yj 
is independent of current age j . Thus the interaction between sex and age 
at first marriage is independent of current age. 
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Maximum Likelihood Estimation 

As usual, the first step in examination of the proposed log-linear model is 
computation of maximum likelihood estimates mijk. Two possible methods, 
iterative proportional fitting and the Newton-Raphson algorithm, are 
available. 

Iterative Proportional Fitting 

Except for the choice of starting value, iterative proportional fitting 
proceeds just as in a model for a complete three-way table in which there is 
no three-factor interaction. One may let 

mijk0 = 1, i<j, 
= 0, i> 7, 

mijk\ — mijkOnij / m 0 '0 ' 

Wijki = ™ijkin?k
s/miï, 

™ijk3 = Wuklrff/rfkl, 

w,jfc4 = ^ijk3^B/m^, 
etc. 

Results are summarized in Table 7.11. Standard computer algorithms for 
iterative proportional fitting can perform these calculations with little 
difficulty. The general rule is that iterative proportional fitting for a hierar­
chical model for an incomplete multi-way table is the same as iterative 
proportional fitting for a complete table, except that the initial values for 
cell means are 1 if the cell mean is not assumed 0 and 0 if the cell mean is 
assumed 0. 

Unfortunately, currently available algorithms using iterative propor­
tional fitting do not provide parameter estimates and do not necessarily 
yield the correct degrees of freedom for chi-square tests. Thus these algorithms 
are less useful than in the case of complete factorial tables. 

The Newton-Raphson Algorithm 

Due to problems of identifiability of parameters, use of the Newton-
Raphson algorithm requires care. The simplest approach involves use of 
sex Sh as a response variable and ages Ah and Bh as predictor variables. Thus 

log mijk = GC^B + X ßixijkl, i < j . 



Table 7.11 

Results of Iterative Proportional Fitting with the Quasi-Independence Model of Table 7.10a 

Age at 
first 

Sex marriage 

Female <20 

21-25 

26-30 

>31 

Male <20 

21-25 

26-30 

>31 

Iteration 

0 
1 
2 
3 
9 

0 
1 
2 
3 
9 

0 
1 
2 
3 
9 

0 
1 
2 
3 
9 

0 
1 
2 
3 
9 

0 
1 
2 
3 
9 

0 
1 
2 
3 
9 

0 
1 
2 
3 
9 

<20 

1.00 
5.50 
8.07 
9.00 
9.00 

0.00 
0.00 
0.00 
0.00 
0.00 

0.00 
0.00 
0.00 
0.00 
0.00 

0.00 
0.00 
0.00 
0.00 
0.00 

1.00 
5.50 
2.93 
2.00 
2.00 

0.00 
0.00 
0.00 
0.00 
0.00 

0.00 
0.00 
0.00 
0.00 
0.00 

0.00 
0.00 
0.00 
0.00 
0.00 

21-25 

1.00 
33.50 
49.17 
44.45 
45.41 

1.00 
21.50 
20.52 
18.55 
17.59 

0.00 
0.00 
0.00 
0.00 
0.00 

0.00 
0.00 
0.00 
0.00 
0.00 

1.00 
33.50 
17.83 
20.79 
21.58 

1.00 
21.50 
22.48 
26.21 
25.42 

0.00 
0.00 
0.00 
0.00 
0.00 

0.00 
0.00 
0.00 
0.00 
0.00 

Current age 

26-30 

1.00 
36.00 
52.84 
55.33 
54.62 

1.00 
37.00 
35.31 
36.97 
37.59 

1.00 
3.00 
1.63 
1.71 
1.79 

0.00 
0.00 
0.00 
0.00 
0.00 

1.00 
36.00 
19.16 
17.86 
17.39 

1.00 
37.00 
38.69 
36.07 
36.40 

1.00 
3.00 
4.37 
4.08 
4.21 

0.00 
0.00 
0.00 
0.00 
0.00 

31-40 

1.00 
66.50 
97.61 
99.70 
99.18 

1.00 
57.50 
54.88 
56.05 
56.44 

1.00 
7.00 
3.80 
3.88 
3.97 

1.00 
2.50 
1.35 
1.37 
1.41 

1.00 
66.50 
35.39 
34.30 
33.83 

1.00 
57.50 
60.12 
58.27 
58.55 

1.00 
7.00 

10.20 
9.89 

10.03 

1.00 
2.50 
3.65 
3.54 
3.59 

41-50 

1.00 
45.00 
66.06 
65.95 
66.03 

1.00 
47.00 
44.86 
44.78 
44.68 

1.00 
12.50 
6.79 
6.77 
6.77 

1.00 
6.50 
3.50 
3.49 
3.51 

1.00 
45.00 
23.94 
23.99 
23.97 

1.00 
47.00 
49.14 
49.24 
49.32 

1.00 
12.50 
18.21 
18.25 
18.23 

1.00 
6.50 
9.50 
9.52 
9.49 

51-60 

1.00 
42.00 
61.65 
62.80 
62.42 

1.00 
46.50 
44.38 
45.21 
45.32 

1.00 
17.00 
9.23 
9.40 
9.54 

1.00 
12.00 
6.46 
6.58 
6.71 

1.00 
42.00 
22.35 
21.90 
21.59 

1.00 
46.50 
48.62 
47.64 
47.68 

1.00 
17.00 
24.77 
24.27 
24.46 

1.00 
12.00 
17.54 
17.19 
17.28 

61-70 

1.00 
27.50 
40.37 
37.47 
38.54 

1.00 
31.00 
29.59 
27.46 
27.00 

1.00 
17.50 
9.50 
8.82 
8.42 

1.00 
10.50 
5.65 
5.25 
5.04 

1.00 
27.50 
14.63 
15.65 
16.42 

1.00 
31.00 
32.41 
34.67 
35.00 

1.00 
17.50 
25.50 
27.27 
26.60 

1.00 
10.50 
15.35 
16.41 
15.97 

>71 

1.00 
16.50 
24.22 
25.16 
24.78 

1.00 
22.50 
21.47 
22.31 
22.39 

1.00 
13.00 
7.06 
7.33 
7.51 

1.00 
7.50 
4.04 
4.20 
4.32 

1.00 
16.50 
8.78 
8.47 
8.23 

1.00 
22.50 
23.53 
22.69 
22.61 

1.00 
13.00 
18.94 
18.27 
18.48 

1.00 
7.50 

10.96 
10.57 
10.68 

' Entries are values of miJkt. 

462 
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Here 

For / = 1, 

= λ + Xf + λ» + λ*», 
ßi = & 

_ TAS 
- Λ ( ( _ ΐ ) ΐ , 
_ TBS 
— Λ( | -4Π< 

*ijkl = 1, 
= - 1 , 

/ = 1, 
2 < / < 4, 
5 < / < 11. 

k=l, 
k = 2. 

For 2 < / < 4, 
xijkl = 1' 

= o, 
= - 1 , 

For 5 < l< 11, 
xijkl = 1' 

= o, 
= - i , 

i = l - 1 and k = 1 
i / / - 1, ( < 3, 
i = 4 and k = 1 or 

j = l — 4 and /c = 1 
y # / - 4 , i < 7 , 
j = 8 and /c = 1 or 

or i = 4 and /c = 2, 

i = / — 1 and k = 2. 

or 7 and /c = 2, 

= / - 4 and k = 2. 

Results are summarized in Table 7.12 and in Table 7.13. Computations may 
be accomplished by use of the program in the Appendix or by use of Bock 
and Yates (1973). As described in Exercise 7.12, some rearrangement of 
subscripts is required for these programs. Since sex has only two values, 
algorithms for logit analysis may also be employed. 

Goodness of Fit 

The Pearson chi-square statistic X2 and the likelihood-ratio chi-square 
statistic L2 are readily calculated given approximations for mijk. One finds 
that X2 = 13.6 and L2 = 13.3. 

There are 52 cells of the table in which mijk is not necessarily 0. These are 
26 coefficients α^β and 11 coefficients /?,, so there are 52 — 26 — 11 = 15 
degrees of freedom. Thus the observed fit is quite satisfactory. This appear­
ance is also supported by the adjusted residuals in Table 7.12. These residuals 
are all modest in size, and no obvious patterns are present other than the 
algebraic identities rijl = —rij2 ^nd r22i = —r12i = —7*222 = ri22· 

Inspection of the standardized values in Table 7.13 suggests that it may 
be possible to obtain a model consistent with the data in which the XBS-
parameters are assumed 0. On the other hand, the standardized values for 
Af ? and λ$\ are so large that removal of all A^-parameters is not feasible. 
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Observed Counts, Estimated 

Age at 
first 

Sex marriage 

Male <20 

21 25 

26-30 

>31 

Female <20 

21-25 

26-30 

Table 7.12 

Expected Counts, ι 
Three-Factor 

<20 

9.00 
9.00 
-
— 
— 
-
— 
— 
-
— 
— 
— 

2.00 
2.00 
-
— 
— 
-
— 
— 
— 

21-25 

43.00 
45.42 

-1.04 

20.00 
17.58 
1.04 

— 
— 
-
— 
— 
— 

24.00 
21.58 

1.04 

23.00 
25.42 

-1.04 

— 
— 
— 

ind Adjusted Residuals for the Model of No 
■ Interaction for Table 7.10a 

26-30 

51.00 
54.62 

-1.38 

40.00 
37.60 
0.90 

3.00 
1.79 
1.14 

— 
— 
— 

21.00 
17.38 
1.38 

34.00 
36.40 

-0.90 

3.00 
4.21 

-1.14 

Current age 

31-40 

103.00 
99.18 

1.16 

53.00 
56.44 

-1.03 

4.00 
3.97 
0.02 

1.00 
1.41 

-0.43 

30.00 
33.82 

-1.16 

62.00 
58.56 

1.03 

10.00 
10.03 

-0.02 

41-50 

68.00 
66.04 
0.65 

45.00 
44.68 
0.10 

5.00 
6.78 

-0.94 

3.00 
3.51 

-0.36 

22.00 
23.97 

-0.65 

49.00 
49.32 

-0.10 

20.00 
18.22 
0.94 

51-60 

65.00 
62.42 
0.86 

43.00 
45.32 

-0.73 

7.00 
9.54 

-1.20 

9.00 
6.72 
1.32 

19.00 
21.58 

-0.86 

50.00 
47.68 
0.73 

27.00 
24.46 

1.20 

61-70 

39.00 
38.56 
0.17 

24.00 
26.99 

-1.08 

12.00 
8.41 
1.77 

4.00 
5.03 

-0.64 

16.00 
16.44 

-0.17 

38.00 
35.01 

1.08 

23.00 
26.59 

-1.77 

>71 

22.00 
24.78 

-1.34 

26.00 
22.39 

1.52 

7.00 
7.51 

-0.28 

4.00 
4.32 

-0.22 

11.00 
8.22 
1.34 

19.00 
22.61 

-1.52 

19.00 
18.49 
0.28 

>31 4.00 10.00 15.00 17.00 11.00 
3.59 9.49 17.28 15.97 10.68 
0.43 0.36 -1.32 0.64 0.22 

a First line is observed count, second line is estimated expected counts, and third line is 
adjusted residual. 

Lack of estimates of λΑ-, Αβ-, and A^-parameters may appear to result 
from the particular implementation of the Newton-Raphson algorithm 
that was employed; however, a much deeper problem is actually involved. 
These parameters are not uniquely defined by the log means log mijk, i < j . 
The basic problem is that the 26 parameters otff = A + Af + λΒ + XfB 

cannot simultaneously determine the 32 independent parameters A, Af, 
1 < ί < 3, A*, 1 < j < 7, and A;f, 1 < i < 3, 1 < j < 7. 
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Table 7.13 

Estimated Parameters for the Model of No 
Three-Factor Interaction for Table 7.10 

Parameter 

$ 
ft 
2 AS 

1 AS 
Λ3 1 
TBS Λ1 1 

λ<% 
IBS 
Λ31 IBS 
Λ4 1 
IBS 
Λ51 }BS 
Λ6 1 
TBS 
Λ 7 1 

Estimate 

-0.109 
0.640 
0.084 

-0.361 
0.221 

-0.159 
0.041 
0.007 

-0.024 
-0.000 
-0.105 

EASD 

0.065 
0.057 
0.054 
0.081 
.0.345 
0.104 
0.095 
0.080 
0.084 
0.083 
0.092 

Standardized 
value 

-1.67 
11.14 
1.55 

-4.48 
0.64 

-1.53 
0.44 
0.08 

-0.29 
0.00 

-1.15 

Despite the difficulty in estimating A^-parameters, it is not difficult to 
use results of Section 7.2 and Exercise 7.8 to show that the λ^Β parameters 
and the Xf£s parameters cannot all be 0. If all such parameters were 0, 
then one would have 

log mijk = (A + Xs
k) + (λ? + Af ) + (A* + λ%5), i < j . 

The results of Section 7.2 imply that 

log min = (A + A?) + (Xf + Af,s) + (A? + Xff), i < j , 

is not a viable model for the observations nijU i < j . Similarly, Exercise 7.8 
implies that 

log mij2 = (A + λ\) + (Xf + λ?ϊ) + (AJ + Af|), i < j , 

is not a viable model for the observations nij2, i < j . Therefore, the more 
general model proposed for the nijk, i <j, 1 < k < 2, cannot be used. 
Thus no hierarchical log-linear model can be expected to hold in which the 
A^-parameters are set to 0. 

A Simpler Hierarchical Model 

The only possibly viable hierarchical model simpler than the model of no 
three-factor interaction assumes that 

log mijk = X + Xf + X» + λΐ + Af + Af, i < j . 
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This model implies that given age Ah at marriage, current age Bh and sex 
Sh are independent. It is easily verified that the maximum likelihood estimates 
mijk for this model satisfy the equation 

% = nffntf/nf. 
(Note that nfB = 0 for i > j , so that mijk = 0 for i > /.) 

As with hierarchical models for complete tables, it suffices to show that 
for some I If, If, XI XfB, and Xfk\ 

log mijk = X + If + XB -f XI + 2·}* + lfk
s, 

w£* = nfB, mfks = 4 s , 

Σ ί̂4 - Σ^β - Σ « = Σ ^ Β = Σ^ = Σ ^ = I*âs - ο. 
i J fc i j i k 

To show that mijk has the required form, note that 

and 

where 

log 
WS-*"».**'/ 

= 4 > Λ i > ;. 
As in Chapter 3 of Volume 1, it follows that for all i, 7, and k, unique 1, 
If, XB, ls

k, XfB, and Xfk
s exist such that the required constraints on I-parameters 

hold and 
log mfjk = X +If+ Xf + Xf + Xff + l,f. 

Restriction to the case i < j leads to the conclusion that rhijk satisfies all 
maximum likelihood equations. Note, however, that the choice of parameters 
X, If, If, and XfB remains somewhat arbitrary. Many choices of mfjk are 
possible. 

Results for this model are summarized in Table 7.14 and Table 7.15. In 
Table 7.14, it is helpful to note that the adjusted residual 

„AB„AS /„A 
r = "m - "u »a K i < j 
Uk [ «« . f /« f t l - <>f ) ( l - nfk

s/nf)V'2' - h 

just as in the corresponding model for a complete three-way table. In Table 
7.15, note that parameter estimates may be computed by use of the equation 

log(^i81/mi82) = 2{X\ + lf,s) = l o g « « ) . 



Table 7.14 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the Model of No 
Interaction of Sex and Current Age for Table 7.10 

Age at 
first 

Sex marriage 

Female <20 

21-25 

26-30 

>31 

Male <20 

21-25 

26-30 

<20 

9.00 
8.07 
0.64 

— 

_ 
— 

— 
— 
— 

2.00 
2.93 

-0.64 

— 
— 
-
— 

— 

21-25 

43.00 
49.17 

-1.82 

20.00 
20.52 

-0.16 

— 
— 

— 
— 
--

24.00 
17.83 

1.82 

23.00 
22.48 
0.16 

__ 
— 
— 

26-30 

51.00 
52.84 

-0.53 

40.00 
35.31 

1.18 

3.00 
1.63 
1.29 

— 
— 
— 

21.00 
19.16 
0.53 

34.00 
38.69 

-1.18 

3.00 
4.37 

-1.29 

Current age 

31 40 

103.00 
97.62 

1.22 

53.00 
54.88 

-0.40 

4.00 
3.80 
0.13 

1.00 
1.35 

-0.36 

30.00 
35.38 

-1.22 

62.00 
60.12 
0.40 

10.00 
10.20 

-0.13 

41-50 

68.00 
66.06 
0.51 

45.00 
44.86 

0.03 

5.00 
6.79 

-0.89 

3.00 
3.50 

-0.34 

22.00 
23.94 

-0.51 

49.00 
49.14 

-0.03 

20.00 
18.21 
0.89 

51-60 

65.00 
61.65 
0.90 

43.00 
44.38 

-0.32 

7.00 
9.23 

-0.99 

9.00 
6.46 
1.40 

19.00 
22.35 

-0.90 

50.00 
48.62 
0.32 

27.00 
24.77 
0.99 

61-70 

39.00 
40.37 

-0.44 

24.00 
29.59 

-1.51 

12.00 
9.50 
1.10 

4.00 
5.65 

-0.95 

16.00 
14.63 
0.44 

38.00 
32.41 

1.51 

23.00 
25.50 

-1.10 

>71 

22.00 
24.22 

-0.90 

26.00 
21.47 

1.41 

7.00 
7.06 

-0.03 

4.00 
4.04 

-0.02 

11.00 
8.78 
0.90 

19.00 
23.53 

-1.41 

19.00 
18.94 
0.03 

>31 - - - 4.00 10.00 15.00 17.00 11.00 
- 3.65 9.50 17.54 15.35 10.96 
- - 0.36 0.34 -1.40 0.95 0.02 

Table 7.15 

Estimated Parameters for the Model 
of No Interaction of Sex and Current 

Age for Table 7.10 

Parameter 

λϊ 
Ai? 
A2\ 
)AS 

Λ4 1 

Estimate 

-0.133 
0.640 
0.087 

-0.361 
-0.366 

EASD 

0.043 
0.055 
0.053 
0.080 
0.100 
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Since the sum £f Iff = 0, it follows that 

Since \og(nfi/nfi) has estimated asymptotic variance (l /n^ 4- l/nff), ^î 
has estimated asymptotic variance 

.Wj-Jjt^^} 
Given the formula for >q, it follows that 

3H'°<îHH,f,^(S)-
where cir is 3 if i = Ï and c/r is — 1 otherwise. Thus 

Since X2 = 17.9, L2 = 17.6, and there are 22 degrees of freedom, the fit 
remains quite satisfactory. Note that removal of the 7 independent param­
eters λ%ι, 1 < j < 7, has resulted in an increase of L2 of only 4.30. It also 
should be noted that the Iff decrease in a fairly regular fashion as i increases. 
Possible exploitation of this fact is considered in the next section. 

To interpret the estimates Iff, note that the log cross-product ratio 
-AS-B _ TABS _ r 
L(ii')(12) j — Lii'Jl Lii'-j2 

= log min - log mvn - log mij2 + log mVj2 
_ 2 AS lAS lAS , lAS 
— Ail ~ Ai'\ ~~ Ai2 "Γ AV2 

measures the difference between the relative log odds of first marriage of 
females at age i rather Ϊ given current age j and the corresponding log odds 
for males of current age j . This difference is independent of/ and is estimated 
to be rather substantial. Note that in the most extreme case, for j > 4, 

« 1 2 , . ; = ΆλΐΙ - HI) = 2.013. 
This estimate corresponds to multiplication of the odds ratio by e2 °13 = 
7.49. The overall pattern suggested by the decreasing values of Xff is that 
for all current ages, men tend to have their first marriage later than women. 
Some check on the regularity of this phenomenon is made in the next section 
where the hypothesis is tested that the Àff are linear in i. 



7.3 HIERARCHICAL MODELS FOR INCOMPLETE MULTI-WAT TABLES 469 

Degrees of Freedom for Hierarchical Models for Incomplete 
Multi-Way Tables 

The reader should note that the correct degrees of freedom for chi-square 
statistics are often far from obvious when hierarchical models for multi-way 
tables are employed. Haberman (1974a, pp. 235-244) considers this problem 
in detail. If all A-parameters in a hierarchical model are uniquely defined 
by those cell means which are positive, then the degrees of freedom are the 
degrees of freedom for the corresponding hierarchical model for a complete 
table minus the number of cells with means of 0. For example, the complete 
4 x 4 table corresponding to Table 7.2 has (4— 1) x (4— 1) = 9 degrees 
of freedom under the additive model 

log mu = λ + kf + Af, 

There are 4 means set to 0, so there are 9 — 4 = 5 degrees of freedom. The 
rule used here is essentially the only rule used in Haberman (1973b) to 
compute degrees of freedom. Unfortunately, it is not uncommon for this 
rule to be inadequate. Indeed, there are failures encountered in Sections 7.2 
and 7.3. For example, in Section 7.3, the model of no three-factor interaction 
has (4 — 1)(8 — 1)(2 — 1) = 21 degrees of freedom when applied to a 
complete table. There are 12 cells with means of 0, so the degrees of freedom 
should be 21 — 12 = 9. However, the correct figure is 15. 

Simple improvements on the procedure* of subtracting the number of 
empty cells can be made. For example, one can infer the 15 degrees of 
freedom in the model of no three-factor interaction by adding 6, the number 
of mfjB equal 0, to the difference 21 — 12 = 9. Goodman (1968) and Bishop, 
Fienberg, and Holland (1975, pp. 115-116, 218-219) provide some rules for 
computation of degrees of freedom. Unfortunately, no simple rules for 
degrees of freedom appear to be entirely adequate when the generating class 
of the hierarchical model has at least three members. The only procedures 
that will always work are based on algorithms for efficient solution of 
simultaneous linear equations. They are far beyond the scope of this book. 
Haberman (1974a) does describe a numerical technique that will always 
work. The program in the Appendix does have provisions to provide correct 
degrees of freedom; however, it is not completely immune from rounding 
errors. 

It should also be noted that if the A-parameters are not uniquely determined 
by the cell means which are positive, then interpretation of parameters 
may become quite complex. Treatments such as in Haberman (1974a, 
pp. 296-302) are far beyond the level of this book. Thus more caution should 
be exercised in treatment of incomplete tables by hierarchical models than 
is needed with complete tables. 



470 7 INCOMPLETE TABLES 

7.4 Models for Incomplete Tables with Ordered Categories 

Models for complete tables with ordered categories are readily adapted 
for use with incomplete tables with ordered categories. As an example, 
consider a model for Table 7.10 of the form 

log mijk = λ + λ* + λΒ + λΐ + ψ + yf.qfql i < h 

where qf = 2i — 5 and qf = 2/c - 3 are scores for the categories of Ah 
and Sh. Thus the categories corresponding to age at first marriage have 
respective scores —3, — 1, 1, and 3. Thus the scoring is linear. In the case of 
sex, males receive a score of 1 and females a score of — 1. The model proposed 
simplifies the /(/^-parameters in the hierarchical model 

log mijk = λ + λ? + λΒ + λ\ + λ*Β + λ£, 

for 
US _ AS A S 

Aik — y q-i qk> 

so that 2XAS(qf - qf) is the difference 
-AS B _ 'ABS _ -ABS 

L(iï)(l2)j — Liïjl Lii'-j2 

= log mijl - log mrjl - log mij2 + log mVj2 
in the log odds of first marriage at age i rather than Ï for females of current 
age 7, j > i, j > Ï, and the corresponding log odds for males of age j . Thus 
this difference is a linear function of the difference / — ï between ranks of 
age groups. The Newton-Raphson algorithm is readily applied, especially 
if one writes 

log mijk = otfjB + X\qs
k + yftffql i < j , 

so that a;f = λ + kf + Af + λ£Β. The MULTIQUAL program of Bock 
and Yates (1973) has provisions for ordered classifications in incomplete 
multi-way tables. The program in the Appendix can also be used, although 
more effort is perhaps involved. 

Results are summarized in Tables 7.16 and 7.17. Considered without 
respect to previous models, this model fits fairly well, for the Pearson chi-
square statistic is 30.3, and the likelihood-ratio chi-square is 28.5, and there 
are 24 degrees of freedom. However, the model is not fully satisfactory. 
Note the large adjusted residuals for the combination of age of at least 31 
at first marriage and current age of 51 to 60. Also note that a substantial 
increase in the likelihood ratio chi-square has resulted from the restriction 
made on the A/4S-parameters. Without this restriction, the likelihood-ratio 
chi-square was 17.6 and there were 22 degrees of freedom. The change of 
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Table 7.16 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for Table 7.10 under the 
Model of Section 7.4 

Age of 
first 

Sex marriage 

Female <20 

21-25 

26-30 

>31 

Male <20 

21-25 

26-30 

<20 

9.00 
7.81 
0.80 

— 
— 
-
_ 
— 
-
_ 
— 
— 

2.00 
3.19 

-0.80 

— 
— 
-
_. 
._ 
— 

21-25 

43.00 
47.60 

-1.30 

20.00 
21.90 

-0.59 

— 
— 
-
— 
— 
— 

24.00 
19.40 
1.30 

23.00 
21.10 
0.59 

— 
— 
— 

26-30 

51.00 
57.15 

-0.04 

40.00 
37.69 
0.56 

3.00 
1.83 
1.04 

_ 
— 
— 

21.00 
20.85 
0.04 

34.00 
36.31 

-0.56 

3.00 
4.17 

-1.04 

Current 

31-40 

103.00 
94.48 

1.82 

53.00 
58.57 

-1.10 

4.00 
4.27 

-0.16 

1.00 
0.78 
0.27 

30.00 
38.52 

-1.82 

62.00 
56.43 

1.10 

10.00 
9.73 
0.16 

age 

41-50 

68.00 
63.94 

1.01 

45.00 
47.87 

-0.62 

5.00 
7.63 

-1.18 

3.00 
2.04 
0.76 

22.00 
26.06 

-1.01 

49.00 
46.13 
0.62 

20.00 
17.37 

1.18 

51-60 

65.00 
59.67 

1.37 

43.00 
47.36 

-0.95 

7.00 
10.38 

-1.32 

9.00 
3.76 
3.11 

19.00 
24.33 

-1.37 

50.00 
45.64 

0.95 

27.00 
23.62 

1.32 

61-70 

39.00 
39.07 

-0.02 

24.00 
31.58 

-1.98 

12.00 
10.68 
0.51 

4.00 
3.29 
0.45 

16.00 
15.93 
0.02 

38.00 
30.42 

1.98 

23.00 
24.32 

-0.51 

>71 

22.00 
23.44 

-0.57 

26.00 
22.92 
0.94 

7.00 
7.93 

-0.41 

4.00 
2.35 
1.21 

11.00 
9.56 
0.57 

19.00 
22.08 

-0.94 

19.00 
18.07 
0.41 

>31 4.00 10.00 15.00 17.00 11.00 
4.22 10.96 20.24 17.71 12.65 

-0.27 -0.76 -3.11 -0.45 -1.21 

Table 7.17 

Estimated Parameters for the Model 
of Section 7.4 

Parameter Estimate EASD 

Af -0.196 0.041 
yf? 0.215 0.019 
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28.5 - 17.6 = 10.9 in the likelihood-ratio chi-square involves 24 — 22 = 2 
degrees of freedom, so it is significant at about the 0.004 level. Thus τ $ ^ 1 2 ) ν 
does not appear to be a linear function of i — Ϊ. Nonetheless, results of 
Section 7.3 yield no indication that T$?jf12).j depends on j , provided j is as 
great as the maximum of i and Ϊ. 

EXERCISES 

7.1. In Section 7.1, show that (7.1) and (7.2) imply that 

PÎÎ/VO - PfjB) = cj(\ - cjl i*j, 
where 

c,. = e x p ( W ç e x p ( ^ ) . 

Solution 
Let 

bt = exp(^) 
and 

dj = exp(A + λ? ), 

so that 

ci = bi Σ bi' 

and 

mij = cidj, ϊφ'), 

= 0, i=j. 

Since 

n* = X mVJ = dj\^btj9 

it follows that 

mu = n*!bi Σ0Ϊ> [φϊ·> 
I ï*j 

and 

pf.f/(i - pfjB) = m ,X = bt I Σ b,-, i Φ j-
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Since 

it follows that 

PtfVO - ^ / ) = <V0 - cj) 
7.2. Verify that a n r x s table is connected if for some (ij) in /, (ij) is 
connected to every other (/c, /) in /. 

Solution 
Consider (ku /j) in / and (/c2, /2) in /. There exist (itJt\ 1 < ί < w, in / 

such that 0Ί, j i ) = (1,7), (iuJu) = (fcl9 / J , and for 1 < ί < u - 1, either 
/f = it+ìovjt = j t + l . There also exist O'iJi), 1 < ί < M\in/such that(i 'iJi) = 
(UX ('ί,-Χ) = (fc2, '2), and for 1 < t < u' - 1, ζ = ζ + 1 or j't =ft+1. Let 

07, A*) = (/„-,+i,/H-f+1), 1 < ί < w, 

Then (i,*,/?), 1 < ί < w + w*, is a suitable sequence for connection of (fcl9 /j) 
and (/c2, /2). Note that each (i*JT) is in /, (i*,;*) = (fcl5 / J , (i*+u>J*+U') = 
(/c2, /2), and either if = i*+ λ or jf = jf+1 for 1 < t < u + u'. 

7.3. Show that Table 7.18 is separable (not inseparable). Here an X indicates 
that (ij) is not in /. 

Table 7.18 

A Separable Table 

i 

1 
2 
3 
4 

1 

X 
« 2 1 

X 
« 4 1 

2 

« 1 2 

X 
n32 
X 

j 

3 

X 
« 2 3 

ΛΓ 
" 4 3 

4 

« 1 4 

A: 
« 3 4 

A: 

Solution 
Consider the following diagram of cells connected to (2, 1) (Table 7.19). 

Note that (1, 2), (1, 4), (3, 2), and (3, 4) are not connected to (2, 1). 
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Table 7.19 

Cells in Table 7.18 Connected to (2, If 

i 1 

1 X 

2 

3 

4 

» 

K 

1 

Γ~^Ί 
' λ 

1 y > Λ 

j 

3 4 

X 

Ä 

X 

^ A 

a Note: a similar separable table is described in Harris 
(1910) and later in Goodman (1968). 

7.4. Show that Table 7.20 is inseparable. As in Exercise 7.3, an X indicates 
that (i, j) is not in /. 

Table 7.20 

An Inseparable Table 

i 

1 
2 
3 
4 

1 

X 
«2 1 
X 

n4l 

2 

« 1 2 

«2 2 
« 3 2 

X 

i 

3 

X 
« 2 3 

X 
« 4 3 

4 

« 1 4 

X 
« 3 4 

X 

Consider Table 7.21. Note that all cells are connected to (2, 1). 

7.5. Find the degrees of freedom in a quasi-independence model for Table 
7.21. 

Solution 
Here q = 8, a = 4, b = 4, and s = 2. Note that the table has two parts. 

The cells (2,1), (2, 3), (4, 1), and (4, 3) are mutually connected, as are the cells 
(1, 2), (1, 4), (3, 2), and (3, 4). No cell in the first part is connected to a cell 
in the second part. Thus there are 8 — 4 — 4 + 2 = 2 degrees of freedom. 
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Table 7.21 

Cells in Table 7.20 Connected to (2, 1) 

3 \X 

^Ύ^ 

s~vn 

7.6. Show that under a quasi-independence model, Table 7.22 has one 
degree of freedom. 

Table 7.22 

A Table with Empty Rows 
and Columns 

i 

1 
2 
3 
4 
5 

1 

X 
X 
X 

j 

2 

X 
X 

3 

X 
X 
X 

4 

X 
X 
X 
X 
X 

Solution 
Here q · = 7, a = 4, b = 3, and s = 1. Note that (5, 1) is connected to 

(5, 2), (2, 2), (1, 2), (4, 1), (2, 3), and (3, 3). Thus there is 7 - 4 - 3 + 1 = 1 
degree of freedom. 

7.7. Consider a model for Table 7.2 in which 

log niij = otj + βίχυι + β2χυ2 + ß3Xij3 + 04*/;4> 

where the xijk, 1 < /c < 3, are defined as in Table 7.4 and 

xij4. = 1, i = 2 and j = 1 or i = 3 and 7 = 4, 
= - 1, i = 2 and7 = 4 or 1 = 3 and; = 1, 
= 0, otherwise. 
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In this model 
-AB 
T(23)(14) 

ΤΑΒ 
τ 2 3 · 1 

τΑΒ 

Γ 23 ·4 
= 4&, 

so that the apparently nonzero interaction noted in Section 7.1 can be 
accounted for. Find the Pearson chi-square, likelihood-ratio chi-square, 
degrees of freedom, maximum-likelihood estimates m0, and adjusted 
residuals ru for this model. 

Solution. 
Results are summarized in Table 7.23. One has X2 = 1.44 and L2 = 1.61, 

and there are 4 degrees of freedom. Thus the fit is rather satisfactory. 

Table 7.23 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for 
the Model of Exercise 7.7a 

Residence at 
age 16 

Northeast 

South 

North Central 

West 

Northeast 

— 

26 
25.62 
0.28 

10 
9.17 
0.64 
1 
2.20 

-0.92 

Current residence 

South 

22 
20.75 
0.45 
— 

41 
43.06 

-0.72 
8 
7.20 
0.46 

North Central 

14 
13.25 
0.30 

36 
37.15 

-0.43 
— 

5 
4.60 
0.24 

West 

13 
15.00 

-0.70 
30 
29.23 
0.44 

46 
44.77 
0.64 
— 

a First line is observed value, second line is fitted value, and third line is 
adjusted residual. 

7.8. Test the quasi-independence model 
log mu = λ + kf + λ*, i < 7, 

using the data in Table 7.24. 
Solution 
Results are summarized in Table 7.25. Since X2 = 24.9, L2 = 27.0, and 

there are 12 degrees of freedom, substantial evidence exists that quasi-
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Ever-Married Men 

Age at 
first 

marriage 

<20 
21-25 
26-30 
>31 

Total: 

<20 

2 
— 
— 
-
2 

Tiifcte 7.24 

in 1974 General Social Survey, Cross 

21-25 

24 
23 
— 
-
47 

26-30 

21 
34 

3 
-
58 

Current 

31-40 

30 
62 
10 
4 

106 

Age 

Current ί 

41-50 

22 
49 
20 
10 

101 

Table 7.25 

-Classified by Age of Marriage 

ige 

51-60 

19 
50 
27 
15 

111 

61-70 

16 
38 
23 
17 

94 

>71 

11 
19 
19 
11 

60 

and 

Total 

145 
275 
102 
57 

579 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the 
Quasi-Independence Model of Table 7.24a 

Age at Current age 
first 

marriage <20 21-25 26-30 31-40 41-50 51-60 61-70 >71 

<20 

21-25 

26-30 

>31 

24 
24.00 
— 
— 
— 
— 
— 
-~ 
— 
— 
— 
— 

21 
17.64 

1.05 
34 
37.36 

-1.05 
— 
— 
_. 
_.. 
— 
-

30 
24.91 

1.32 
62 
52.76 
2.08 

10 
24.33 

-3.83 
— 
— 
— 

32 
21.10 
0.24 

49 
44.67 

0.97 
20 
20.60 

-0.17 
10 
14.63 

-1.54 

19 
23.18 

-1.09 
50 
49.10 
0.20 

27 
22.64 

1.17 
15 
16.07 

-0.35 

16 
19.63 

-1.01 
31 
41.58 

-0.82 
23 
19.18 

1.09 
17 
13.61 
1.15 

11 
12.53 

-0.52 
19 
26.54 

-2.09 
19 
12.24 
2.32 

11 
8.69 
0.93 

a First line is observed count, second line is estimated expected counts, and third line is 
adjusted residual. 

independence does not hold. Much of the lack of fit appears to result from 
the unexpected small number of men currently 31-40 who were married 
between ages 26 and 30. If the quasi-independence model is 

log mu = λ + Xf + A?, / < j , (ij) Φ (3, 4), 
then X2 = 10.0, L2 = 10.1, and there are 11 degrees of freedom. 
7.9. Use the iterative proportional fitting algorithm to find the maximum 
likelihood estimates listed in Table 7.8. Note that the mij2 need not equal the 



478 7 INCOMPLETE TABLES 

Table 7.26 

Results of Iterative Proportional Fitting in the Quasi-Independence Model for Table 7.7a 

Age at 
marriage 

<20 

21-25 

26-30 

>31 

Total mf 

Total nj 

Iter­
ation 

1 
2 
3 
1 
2 
3 
1 
2 
3 
1 
2 
3 
1 
2 
3 

<20 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 

21-25 

1 
55.86 
43.00 

0 
0 
0 
0 
0 
0 
0 
0 
0 
1 

55.86 
43.00 

43 

26-30 

1 
55.86 
53.87 

1 
38.50 
37.13 
0 
0 
0 
0 
0 
0 
2 

94.36 
91.00 

91 

Current age 

31-40 

1 
55.86 
58.17 

1 
38.50 
60.78 

1 
7 

11.05 
0 
0 
0 
3 

101.36 
160.00 

160 

41-50 

1 
55.86 
63.55 

1 
38.50 
43.80 

1 
7 
7.96 
1 
5.00 
5.69 
4 

106.36 
121.00 

121 

51-60 

1 
55.86 
65.12 

1 
38.50 
44.89 

1 
7 
8.16 
1 
5.00 
5.83 
4 

106.34 
124.00 

124 

61-70 

1 
55.86 
41.49 

1 
38.50 
28.60 

1 
7 
5.20 
1 
5.00 
3.71 
4 

106.36 
79.00 

79 

>71 

1 
55.86 
30.99 

1 
38.50 
21.36 

1 
7 
3.88 
1 
5.00 
2.77 
4 

106.36 
59.00 

59 

Total 
mf, 

1 
391.00 
386.19 

6 
231.00 
236.55 

5 
35.00 
36.20 
4 

20.00 
18.01 
22.00 

677.0 
677.00 

Total 
nf 

391 

231 

35 

20 

677 

maximum likelihood estimates rhi} (see Haberman (1974a, pp. 295-296) 
for a similar result). 

Solution 
The three results mij0,miju and mij2 are listed in Table 7.26. Note that one 

may let 
Wijo = 1, i<h 

= 0, i>j, 

mu l = rnij0 nf/mf0, mij2 = mi} x nf/m^, etc. 
Here η^ has been set to 0 if i < j . 
7.10. Let a contingency table be defined as in Table 7.27. Consider the 
quasi-independence model 

log rriij = λ + Xf + Af, i < 2 or ; < 2. 
Show that if nf > 0, 1 < i < 4, n) > 0, 1 < j < 4, and E > 0, then 

mu = Enfnf/(CDl 1 < / < 2, 1 < j < 2, 
= nfnf/C, 1 < i < 2, 3 < j < 4, 
= nfrf/D, 3 < Ϊ < 4, 1 < j < 2, 
= 0, 3 < i < 4, 3 < j < 4, 
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Table 7.27 

The Contingency Table of 
Exercise 7.10 

i 1 

1 nn nl2 w13. n 1 4 

2 n2X n22 w 2 , η2Λ r'2 1 " 2 2 

3 » 3 1 «32 
4 W41 rt42 

where 

and 

C = nf + ni, D = n* + wf, 

E = n n + n1 2 + «2i + ^22-

Solution 
Note that 

rftf - (E/C)nf + [(C - £ ) /CK = ni4, 1 < i < 2, 
= n^(D/D) = ŵ , 3 < i < 4, 

m* = (E/D)n* + [(D - E)/D>? = wf, 1 < 7 < 2, 
= (C/C)nf = nf, 3 < 7 < 4 . 

Let 

Ì = ì Σ logitf + i X l o g ^ - i l o g C - i l o g D , 

# = log nf - i Σ log nf + fl(i)(ì log £ - i log C), 
i ' = 1 

Â* = log n« - i Σ log n£ + a(/)(i log E - i log D), 

where a(i) = 1 for 1 < i < 2 and a(i) = -1 for 3 < / < 4. Note that 

i j 

and 
log A.. = X + # + If, ΐ < 2 or j < 2. 
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Thus rhij satisfies all requirements of a maximum likelihood estimate. Note 
that similar examples are fairly common in the literature. For instance, see 
Goodman (1968). 

7.11. Consider the contingency table defined in Table 7.28. Show that under 
the quasi-independence model 

log mi} = λ + λ* + λ?, i < 1 and j < 2 
or i > 3 and j > 2, 

m0. = nfnf/C, i <Xj< 1, 
= "f("i2 + w22)/(nf + ni\ i < 2, j = 2, 
= nf(n32 + H42)/(wi + ni\ i > 3, ; = 2, 
= ni*nf/D, i > 3, j> 3, 
= 0, otherwise, 

where 

C = ni + ni, D = nj + ni. 

Table 7.28 

The Contingency Table of 
Exercise 7.11 

i 

1 
2 
3 
4 

1 

« 1 1 

" 2 1 

— 
— 

2 

« 1 2 

" 2 2 

« 3 2 

" 4 2 

7 

3 

— 
— 

« 3 3 

« 4 3 

4 

— 
— 

« 3 4 

« 4 4 

The argument is very similar to that in Exercise 7.11. 

7.12. Derive Table 7.12 and Table 7.13 by use of the Newton-Raphson 
algorithm. 

Solution 
Details require too much space to be described here. One may use the 

logit model 

ω ij = T$'2*j = 2ßl + t2ßlXUU> i^h 
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as in Chapter 5 or the multinomial response form 

log m'vr = a> + £ ßix'vyi, 1 < *' < 2, 1 < / < 26. 
/ = l 

Here the observed table n'vy is defined so that 

rivy = nijk9 Ï = K f = a(ij\ 
fl(l, 1) = i + 1, 1 < i < 2, 
a(i, 3) = i + 3, 1 < i < 3, 
fl(i,7) = ,· + 6 + 40 - 1), 1 < ί < 4, 4 < j < 8. 

The expected value m'vy is mok and x'vy is xljk/ if Γ = fc a n d / = αθ',7). 

7.13. White Christian subjects in the 1972, 1973, and 1974 General Social 
Surveys are classified in Table 7.29 by their responses to three questions on 
abortion. Let nijkl be the number of subjects h who in year Yh = I give 
responses Bh = j to question B, Dh = j to question D, and Fh = k to question 
F, so that null = 334, nll2\ = 34, etc. Consider the following quasi-
independence model for subjects with mixed responses: 

log mijkl = λ + Af + Af + Af + Af, ί # 7 or i # fc, 

What does this model imply? Does it fit the data? Find approximate 95 
percent confidence limits for Af, Af, and Af. Interpret these limits. 

Solution 
Either the Newton-Raphson algorithm or iterative proportional fitting 

may be used to obtain maximum likelihood estimates wiijki- In the case of 
iterative proportional fitting, set nijkl to 0 if i = j = /c, let mijkl0 = 0 if i = 
j = k, and let m

ijkl0

 = 1, otherwise. Let 

• Μφΐι = nfwijkio/mfo, Wijhii = rf™imlm% 
Wijkii = nF

kmijkl2lmF
k2, mijkl4r = njmijkl3/mj3, etc. 

In the case of the Newton-Raphson algorithm, consider the model 

log mijkl = a, + Afo + Afg,· + XFqh, i φ j or i # /e, 

where qx = 1 and q2 = — 1. The Newton-Raphson algorithm has the 
advantage that it can be used to obtain adjusted residuals, estimates Af, 
Af, and Af, and estimated asymptotic standard deviations. 

Results are summarized in Table 7.30 and Table 7.31. Since X2 = 6.91, 
L2 = 6.84, and there are 12 degrees of freedom, the model fits quite well. 
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Table 7.29 

White Christian Subjects in the 1972 to 1974 General Social Surveys, 
Cross-Classified by Year of Survey and Responses to Three Questions 

on Abortion Attitudesa'h 

Year 

1972 

1973 

1974 

Response 
to B 

Yes 
Yes 
Yes 
Yes 
No 
No 
No 
No 

Yes 
Yes 
Yes 
Yes 
No 
No 
No 
No 

Yes 
Yes 
Yes 
Yes 
No 
No 
No 
No 

Response 
to D 

Yes 
Yes 
No 
No 
Yes 
Yes 
No 
No 

Yes 
Yes 
No 
No 
Yes 
Yes 
No 
No 

Yes 
Yes 
No 
No 
Yes 
Yes 
No 
No 

Response 
to F 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Observed count 

334 
34 
12 
15 
53 
63 
43 

501 

428 
29 
13 
17 
42 
53 
31 

453 

413 
29 
16 
18 
60 
57 
37 

430 

a Data tapes for 1972,1973, and 1974 General Social Surveys, National 
Opinion Research Center, University of Chicago. 

b For questions used, see Table 6.14. Subjects are only included here if 
included in that table. 

The model implies first that, given that not all responses are the same, 
responses are independent of year of survey. The model also implies that 
the log odds 

τί£# = iog(p?:£™:jT) = 2A? 
of response Bh = 1 rather than Bh = 2 given Dh = j , Fh = /c, and Yh = / 
is independent of year / and is the same for 7 = 1 and k = 2 as for j = 2 
and k = 1. Similar conclusions apply to τ^2

Βυα = 2λ? and τ ϊ ^ Γ · 
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Table 7.30 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for Table 7.29 under 
Quasi-Independence 

Estimated 
Response Response Response Observed expected Adjusted 

Year to B to D to F count count residual 

1972 

1973 

1974 

Yes 
Yes 
Yes 
Yes 
No 
No 
No 
No 

Yes 
Yes 
Yes 
Yes 
No 
No 
No 
No 

Yes 
Yes 
Yes 
Yes 
No 
No 
No 
No 

Yes 
Yes 
No 
No 
Yes 
Yes 
No 
No 

Yes 
Yes 
No 
No 
Yes 
Yes 
No 
No 

Yes 
Yes 
No 
No 
Yes 
Yes 
No 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

34 
12 
15 
53 
63 
43 
.._ 
— 
29 
13 
17 
42 
53 
31 
-
_... 
29 
16 
18 
60 
57 
37 
— 

29.27 
16.64 
18.82 
55.96 
63.32 
35.99 

— 
24.61 
13.99 
15.83 
47.06 
53.25 
30.26 
-
— 

28.77 
16.41 
18.57 
55.20 
62.46 
35.49 

— 

1.06 
-1.28 
-1.00 
-0.54 
-0.06 

1.46 
-
— 
1.05 

-0.29 
0.33 

-0.97 
-0.05 

0.16 
-
— 
0.03 

-0.11 
-0.15 

0.88 
-0.96 

0.31 
— 

Table 7.31 

Estimated Parameters under the Quasi-Independence Model for Table 7.29 

Parameter 

tf 
tf 
λ\ 

Estimate 

-0.386 
0.221 

-0.062 

EASD 

0.052 
0.051 
0.048 

Lower limit 
of 95 percent 

confidence 
interval 

-0.488 
0.184 

-0.156 

Upper limit 
of 95 percent 

confidence 
interval 

-0.284 
0.321 
0.032 
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To aid in interpretation of confidence limits for Af, Af, and ÀF
U note that 

corresponding confidence limits for the odds ratios 
nBDFY _ nB DFY 
HHjkl — Pljkl 

'/„B'DFY ίΦΚ 
are 

exp[2(-0.488)] = 0.377 and exp[2(-0.284)] = 0.567. 

Similar confidence limits for <π2
β£ί, i Φ K are 1.445 and 1.900. Limits for 

^ίίοί ' * Φ )·> a r e 0.732 and 1.04. Thus the odds ratio for B, which involves a 
married woman who does not want more children, is somewhat less than 
1, so that respondents are likely to oppose abortion for this grounds, given 
that they are divided on the other two questions. On the other hand, re­
spondents tend to favor abortion due to economic hardships (D) given 
that responses to B and F differ. No preponderance in one direction or the 
other has been established in the case of F, which deals with an unmarried 
woman who does not want to marry the man. 
7.14. An alternate analysis of Table 7.29 may be based on redefinition of 
variables. For related examples, see Bishop, Fienberg, and Holland (1975, 
pp. 225-228, 281-309), Bloomfield (1974), and Duncan (1975). 

Let Wh be 7 - Bh - Dh - Fh, and let Xh be Bh - Dh + 2. One then obtains 
the incomplete table shown in Table 7.32. Note that Wh provides an overall 

Year 

1972 

1973 

1974 

Number of 
positive 

responses 
to items 

B, D, and F 
{Wh- 1) 

0 
1 
2 
3 

0 
1 
2 
3 

0 
1 
2 
3 

Table 7.32 

Table 7.29 Rearranged 

Relationship 

Response to B 
positive and 
response to 

D negative (Xh = 1) 

15 
12 
~ 
_ 
17 
13 

— 
18 
16 

of responses to items B and D 

Responses 
the same 
(Xh = 2) 

501 
43 
34 

334 

453 
31 
29 

482 

430 
37 
29 

413 

Response to B 
negative and 
response to D 

positive (Xh = 3) 

63 
53 
-
— 
53 
42 
-
— 
57 
60 
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measure of favorable attitudes toward legalized abortion and Xh reflects 
relative preference for abortions due to a desire of a married woman not to 
have more children rather than abortions due to economic hardship. Let 
nijk be the number of subjects with Wh = i, Xh = 7, and Yh = k. 

Test the following quasi-independence models : 

Model 1: log mijk = λ + X? + λ? + λΐ 2<i<3 or j = 2, 
Model 2: log mijk = λ + λ? + λ) + λ\ + λ^\ 

2 < ι < 3 or 7 = 2, 
Model 3: log mijk = λ + λ? + λ* + λ\ + λ%\ 

2 < i < 3 or 7 = 2, 
Model 4: log mlVJk = /I + X? + A? + λγ, + AJJX, 

2 < ί < 3 or 7 = 2. 

Based on results from these models, construct models with fewer independent 
parameters using scores 

qJt = gfi = / - 2 , 
qJi = & = 3(j -
«JÏ = 2/ - 5, 

« S = 1, 
= - 1 , 

/J1*' - - 1 
<7i3 — 1» 

= 3, 
= - 3 , 
= 1, 

2)-
1 < i < 3, 

2 - 2, 1 < i < 3, 
1 < i < 4, 

i ' = l or 4, 
2 < i < 3, 
/ = i, 
» = 2, 
/ = 3, 
( = 4. 

7i/fc/e 7.33 

Cfii-Square Statistics for Models for Table 732 

Model 
number 

Degrees of 
L2 freedom d L2/d 

1 
2 
3 
4 
5 
6 

26.48 
3.42 

22.21 
26.16 
12.81 
17.33 

26.71 
3.48 

22.39 
26.45 
12.80 
17.18 

16 
10 
12 
12 
15 
17 

1.67 
0.35 
1.87 
2.20 
0.85 
1.01 
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Table 7.34 

Parameter Estimates for Model 6 for Table 7.32 

Parameter 

i f 
>f 
VÏ 
i 1 1 

Estimate 

-0.0287 
1.313 
0.606 
0.0299 

EASD 

0.0065 
0.025 
0.054 
0.0080 

Standardized 
value 

-4.39 
53.38 
11.30 
3.72 

Solution 
Some results are summarized in Tables 7.33 and 7.34. Note that iterative 

proportional fitting or the Newton-Raphson algorithm may be used in 
computations for the four hierarchical models presented. As an example of 
models which use ordering of categories, consider 

Model 5: log mijk = λ + λ? + Λ* + λ\ + y^q^rtli 
3 2 

- αΥ 4- V vwnw 4- V νχηχ -I- vWYnwnY 

2 < i < 3 or ; = 2, 

and 

Model 6: log mijk = «l + Ì « + « + iVqUL· 
ï = l 

2 < i < 3 or 7 = 2. 

Note that the only relationship between variables which is clearly present is 
between year of survey Yh and number of positive responses Wh — 1, as is 
evident by comparison of likelihood-ratio chi-square statistics for Model 1 
and Model 2. Although Model 5 and Model 6 both fit the data rather well, 
they do not yield the remarkably low chi-square statistic of Model 2. 

Examination of parameter estimates from Model 6 shows that further 
simplification is not practical. 



?< Symmetrical Tables 

Multi-way contingency tables often arise in which two or more of the 
cross-classified variables have the same categories. In such cases, it may be 
helpful to consider models that assume various kinds of symmetrical 
relationships between variables. An assortment of such models are examined 
in this chapter. Section 8.1 considers symmetry, quasi-symmetry and 
marginal-homogeneity models for two-way tables, and Section 8.2 considers 
distance models for two-way tables. In Section 8.3, applications to higher-way 
tables are explored. 

8.1 Symmetry, Quasi-Symmetry, and Marginal Homogeneity 
for Two-Way Tables 

To illustrate use of symmetry models in two-way tables, consider Table 
8.1. For subject /z, 1 <h<N= 1055, let Ah denote husband's highest degree, 
let Bh denote wife's highest degree, and let ni} denote the number of subjects 
h with Ah = i and Bh = j , so that nll = 259, n2i = 82, etc. Assume that the 
N = 1055 pairs (Ah, Bh) are independently distributed with probability 
Pij > 0 that Ah = i and Bh = j . This assumption is approximate given the 
complex sampling method used, but it is probably adequate for most analysis. 

Even a casual inspection of Table 8.1 indicates that degrees of husbands 
and wives are related. Formal tests of independence yield X2 = 505.3 and 
L2 = 473.4. Since there are 9 degrees of freedom, the evidence of dependence 
is overwhelmingly strong. 

487 
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Table 8.1 

Married Respondents in 1974 General Social Survey, Cross-Classified by Highest Degrees 
Attained"'b 

Husband's 
highest 
degree 

Less than 
high school 
diploma 

High school 
diploma or 
junior college 
degree 

Bachelor's 
degree 

Graduate 
degree 

Less than 
high school 

diploma 

259 

82 

5 

2 

Total: 348 

Wife's 

High school 
diploma or 

junior college 
degree 

123 

370 

59 

41 

593 

> highest degree 

Bachelor's 
degree 

2 

30 

34 

29 

95 

Graduate 
degree 

0 

7 

4 

8 

19 

Total 

384 

489 

102 

80 

1055 

a Data tape from 1974 General Social Survey of the National Opinion Research Center, 
University of Chicago. 

b No cross-classification available on 10 respondents, and 419 respondents in survey not 
married. 

Further casual inspection also shows that the table is not symmetric, in 
other words, it is not true that the cell means mi} = Npu satisfy the equations 

for all i and j . The hypothesis of symmetry corresponds to the general log-
linear model for r x r tables in which it is assumed that the cell means mi} 
satisfy the equation 

logm,, = logm,·; = <xij9 i <j. 

In terms of the parametrization 

log mu = λ + kf + λ] + XfjB
9 

where 

ΣΧ-Σν-ΣΦ-ΣΦ. 
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the symmetry model assumes that 

and 

Such a model can be used if the table of counts nfJ·, 1 < i < r, 1 < j < r has 
a multinomial distribution or if the counts have independent Poisson 
distributions. 

Under this symmetry model, the maximum likelihood estimates m^ of 
rriij satisfy the equations 

log mu = log mß = ay, i < j , 

mu + Mji = nu + nji9 i <j, 

as is readily verified given results of Section 2.6. Thus 

nu = ϊ Κ · + nji)-
After some manipulation, the statistics X2 and L2 can be written 

= Σ Σ 
i = 2 j=ì (« i j + «j«) 

and 

L2 --^jM^ùi 
r i -Ì 

= 2 Σ Σ KV l 0 ê W.J + Wji '°g nji - (nU + nji) l0g[2(Wy + W î)]}· 
i = 2 ; = 1 

Since there are r2 cells in the table and r(r + l)/2 parameters afJ·, the number 
of degrees of freedom for these statistics is r2 — r(r + l)/2 = r(r — l)/2. 
Since r in this example is 4, this number is 6. In the example under study, 
X2 = 64.0 and L2 = 70.0. Thus the symmetry hypothesis is not tenable. 

The material presented here concerning symmetry models is rather old. 
McNemar (1947) obtained the formula for X2 in the case in which r is 2. 
For general r, the formulas for m0 and X2 are due to Bowker (1948). Keats 
(1957) obtained the formula for L2 in the case in which r is 2. The general 
formula for L2 is found in Kullback (1968[1959], pp. 177-180). For some 
further details concerning the symmetry model, see Exercises 8.1 and 8.2. 

The most obvious area in which the symmetry hypothesis fails is that of 
graduate degrees. Far more husbands than wives have graduate degrees. 
The adjusted residual ru for i Φ j is readily shown to satisfy the equation 

ru = (nu - nji)/("ij + nji)1/2· 



490 8 SYMMETRICAL TABLES 

In this example, r42 = 4.91 and r43 = 4.35. The symmetry model also has 
failings when neither husband nor wife has a graduate degree. Note that 
r21 = —2.86 and r32 = 3.7. 

Quasi-Symmetry 

A more limited hypothesis can still be tried. In this model, it is only assumed 
that in the decomposition 

log m0. = λ + kf + Xf + λί}*, 

Σ ^ = Σ ^ = Σ ^ = Σ^Τ = ο, 
i J ' j 

one has 

Aij - Aji 

for all ϊ and j . This model is termed a quasi-symmetry model by Caussinus 
(1965). It contrasts with the symmetry model in that the symmetry model 
assumes both that 

lAB _ -\AB 
Aij - Aji 

and that 

Xf = If. 

The quasi-symmetry model has been used by Berger and Snell (1957) in 
a study of the theory of social mobility, but they do not consider formal 
estimation and testing procedures. The treatment here is derived from 
Caussinus (1965). 

Under the quasi-symmetry model, maximum likelihood estimates m^ 
are determined by the equations 

log mu = X + Xf + lf + Iff, 

Σ ^ = 1 ^ = 1 ^ = 1 ^ = 0, 
' j I j 

If* = If, fhf = nt mB = n», 

and 
™u + Aji = nu + nji· 

The last equation implies that 

mü = na. 
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As usual, nf is the observed number of subjects with Ah = i, and n* is the 
observed number of subjects with Bh = j . Corresponding definitions apply 
to mf and πή. Verification of these equations is a bit tricky. For some details, 
see Exercise 8.3 or Caussinus (1965). 

Iterative Proportional Fitting 

A simple iterative algorithm due to Caussinus (1965) may be used to find 
the ihij. In this algorithm, which corresponds to the iterative proportional 
fitting algorithm of Chapters 3 and 4 of Volume 1 and Chapter 7 of this 
volume, 

miit = nü 

for each cycle t > 0, at the start of cycle 0, 

mij0 = 1, i Φ], 

and for v > 0 and i φ /, cycles 3v to 3v + 2 are defined by 
mij(3v+2) = mij(3v+l)(nj — njj)/(mj(3v+l) — njjX 

mij(3v+2) — mij(3v+l)\nj ~ njj)/\mj(3v+ 1) ~" njjX 

m i j (3 t ;+3) = mij(3v+2)(nij " ·" nji)/\mij(3v+ 2) + m j i (3 i ;+2) ) · 

It follows from general results of Darroch and Ratcliff(1972) or Haberman 
(1974a, pp. 65-68) that mijt converges to m0 whenever mu exists. If the algo­
rithm is used with Table 8.1, the results of Table 8.2 are obtained. The esti­
mates mij{12) a r e Quite adequate approximation to the ml7. 

As Bishop, Fienberg, and Holland (1975, p. 290) note, standard computer 
packages for iterative proportional fitting can be applied to the Caussinus 
algorithm by rewriting the table under study as an incomplete table. In one 
approach, a table of counts n'ijkl, 1 < i < r, 1 < j < r, 1 < k < r, 1 < / < r, 
is defined so that 

Kjki = nij9 k = mm(ij\ I = max(ij\ i φ j , 

= 0, otherwise. 

Thus n'nn = 259, ri2i 12 = 82, n\2i2 — 123, etc. The quasi-symmetry model 
holds if and only if the mean m'ijkl of n'ijkl satisfies the model 

log m'ijkl = λ' + λ\Λ + λ)Β 4- Xk
c + λ\° + λ£°, k = min(/,7), 

/ = max(i,7*), i Φ j , 
where 

Σ ^ = ΣΨ = ΣΧ = Σ4" = Σ^" = Σ^β = ο. 
k ι 
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Table 8.2 

Computation of Maximum Likelihood Estimates of 
Expected Cell Counts under the Quasi-Symmetry 

Model for Table 8.1 

i 

1 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 

W.-i, 

259 
1 
1 
1 

259 
39.67 
22.67 
24.00 
259 
40.98 
23.37 
24.74 
259 
57.38 
3.44 
1.70 

259 
84.06 
3.90 
1.70 

259 
83.33 
3.95 
1.72 

™,2, 

1 
370 
1 
1 

41.67 
370 
22.67 
24.00 
105.19 
370 
57.22 
60.59 
147.61 
370 
63.51 
44.89 
120.94 
370 
57.30 
42.83 
121.67 
370 
58.20 
43.11 

™,3, 

1 
1 
34 
1 

41.67 
39.67 
34 
24.00 
24.13 
22.97 
34 
13.90 
3.56 

25.49 
34 
28.15 
3.10 

31.70 
34 
27.09 
3.05 

30.80 
34 
27.17 

mi4f 

1 
1 
1 
8 

41.67 
39.67 
22.67 
8 
4.41 
4.20 
2.40 
8 
0.30 
3.11 
4.85 
8 
0.30 
5.17 
5.91 
8 
0.28 
4.89 
5.83 
8 

The iterative proportional fitting algorithm for this incomplete table cor­
responds to the Caussinus algorithm if 

m'ijkio = U k = min(i,j), / = max(y), i Φ j , 

= 0, otherwise, 

mijkll = mijklOni /miO> 

m'ijki* = Kjknn'k^lm'^ etc. 
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As usual, 0/0 is taken to be 0. Note that n\A = nf, nf = nB
}, and nft

D = 
nu + riji if k < /. One has 

mijklt = mijt 

if k = min(i, j), I = max(i, j), and i φ j . 
The chi-square statistics X2 and L2 have respective values 2.75 and 3.02. 

To find degrees of freedom, note as in Exercise 8.3 that in an r x r table, 
there are r2 cells, a parameter A, r — 1 independent parameters A·4, 
1 < i < r — 1, r — 1 independent parameters A*, 1 < 7 < r — 1, and 
r(r — l)/2 independent parameters A0, 1 < i < j < r — 1. Thus there are 

r2 - 1 - (r - 1) - (r - 1) - r(r - l)/2 = (r - l)(r - 2)/2 

degrees of freedom. If r = 4, there are 3 degrees of freedom. Thus the quasi-
symmetry model does fit Table 8.1 quite well. 

The Newton-Raphson Algorithm 

A number of possible implementations are available for the Newton-
Raphson algorithm. The choice depends somewhat on the parameters of 
interest. If all A-parameters except A are to be considered, then one may let 

r - l r - 1 r - 1 V 

log mu = A + X XUiv + Σ tfljr + Σ Σ tiriqivqjr + <la·^ 
1" = 1 7" = 1 1" = 1 y = 1 

where for 1 < 1 < r, 1 < 1 = r — 1, 

qw = h i = i', 
= 0, \Φ i\ i < r, 

= — 1, 1 = r. 

This parametrization also appears in Exercise 8.3. Implementation of the 
Newton-Raphson algorithm for Table 8.1 is straightforward. 

In the usual fashion, adjusted residuals and estimated asymptotic standard 
deviations are obtained, just as in Tables 8.3 and 8.4. Note that since mH = nu, 
the adjusted residual ru is undefined. Also note that ri} = —rn for i φ j . 
Details are left as an exercise for the reader (Exercise 8.4). The reader should 
note that the method presented here for derivation of Table 8.3 is not the most 
efficient one for this purpose since 12 simultaneous equations must be solved. 
An alternate parametrization presented in Exercise 8.5 involves only 3 
simultaneous equations but does not lead immediately to the parameter 
estimates of Table 8.4. As is evident from the relatively small values of X2 

and L2, and from the lack of large adjusted residuals, the quasi-symmetry 
model appears quite adequate. The sample size for women with graduate 
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Table 8.3 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the 
Quasi-Symmetry Model for Table 8.Γ 

Husband's 
highest 
degree 

Less than 
high school 
diploma 

High school 
diploma or 
junior 
college 
degree 

Bachelor's 
degree 

Graduate 
degree 

Less than 
high school 

diploma 

259 
259.00 

— 
82 
83.33 

-1.01 

5 
3.95 

-0.84 
2 
1.72 
0.58 

Wife's highest degree 

High school 
diploma or 

junior college 
degree 

123 
121.67 

1.01 
370 
370.00 

-

59 
58.22 
0.43 

41 
43.11 

-1.44 

Bachelor's 
degree 

2 
3.05 

-0.84 
30 
30.78 

-0.43 

34 
34.00 
— 

29 
27.17 

1.25 

Graduate 
degree 

0 
0.28 

-0.59 
7 
4.89 
1.44 

4 
5.83 

-1.25 
8 
8.00 
-

a First line is observed count, second line is estimated expected count, and third 
line is adjusted residual. 

Table 8.4 

Parameter Estimates for the 
Quasi-Symmetry Model for 

Table 8.1 

Parameter 

A? 
Ai 
K 
A? 
Af 
A? 
■\AB 

Λ1 1 
\AB 

A2\ 
■\AB 

Λ2 2 
1/4B 

Λ3 1 
\AB 

Λ3 2 
■\AB 

Λ3 3 

Estimate 

-0.320 
0.964 

-0.192 
0.100 
1.762 

-0.310 
1.452 
0.486 
0.157 

-1.408 
-0.380 

0.438 

EASD 

0.131 
0.125 
0.136 
0.135 
0.125 
0.139 
0.154 
0.121 
0.068 
0.258 
0.133 
0.105 
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degrees is rather small, so that some questions can be raised about accuracy 
of asymptotic approximations. Nonetheless, there seems no reason to believe 
the model does not fit the data. 

The Meaning of Quasi-Symmetry 
Interpretation of the quasi-symmetry model requires some care. The key 

observation to keep in mind is that quasi-symmetry holds if and only if for 
all integers i, 7, /c, and / between 1 and r, 

„AB _ tWnjl _ mki™lj _ nAB 
milmjk mlimkj 

The necessity of the condition follows since under quasi-symmetry, 

_ \AB \AB -\AB , ΛΑΒ 
— Aki — Au — Akj -h Atj 

=log^y 
Sufficiency follows since if 

ΛΑΒ _ )AB _ ΛΑΒ . ΛΑΒ _ ΛΑΒ ΛΑΒ ΛΑΒ , >\ΑΒ 
Aik Ail Ajk "Γ Ajl — Aki ~ Ali ~ Akj "Γ Alj 5 

then 

r~2 Σ Σ MS - W - W + W = W = *&'■ 
1=1 j=i 

Observe that qkhf = mik/mu is the odds that a husband with degree i has 
a wife with degree /c, given that the wife has degree k or /. The corresponding 
odds ratio for a husband with degree j is qk'f = mjk/mn. The cross-product 
ratio 

nAB _ WjkWjl 
mümjk 

is the ratio of these two sets of odds. The ratio qkl? = mkijmu is the odds 
that a wife with degree i has a husband with degree /c, given that the husband 
has degree k or /. The corresponding odds ratio for a wife with degree j is 
Qki Bj = mkj/mij- The cross-product ratio 

nAB _mkinhi 
WOdj) — ™ ™ 

mlimkj 
is the ratio of these two sets of odds. 

For example, the maximum likelihood estimate of 

AB i 2 =
m 2 i m 3 2 

(23)(12) m22m3l 
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is 3.32. Thus given that a wife has less than a bachelor's degree, it is estimated 
that the odds that she has less than a high school diploma are 3.32 times as 
great given that her husband has a high school diploma or junior college 
degree as they are given that her husband has a bachelor's degree. 

Given that a husband has less than a bachelor's degree, it is also estimated 
that the odds that he has less than a high school diploma are 3.32 times as 
great given that his wife has a high school diploma or junior college degree 
as they are given that his wife has a bachelor's degree. Thus the model implies 
a type of symmetry in the relationship between degrees of husbands and 
wives. 

To use the parameter estimates ifB, note that XfB = XfB is both the average 

3 Σ Σ T(ik)UD 
' k I 

of all log cross-product ratios 

T(ik)(jl) = 1°8 %k)(jl)> 

and the average 

r 
2 Σ Σ T(jiw) 

k I 

of all log cross-product ratios ^B
(iky 

Since zfB
ul) = xfB

)Uj) = 0, Ι φ - 1)]2^J* is the average 

( ; π Σ Σ T(ikHji) 
V — V kïi ΙΦ] 

of the nontrivial log cross-product ratios T(̂ f)0/), k Φ i,l Φ j . Thus 

is the geometric mean of the cross-product ratios 

4(jl)(ik) = ^(ifc)07)» k φ U l Φ l· 

For example, consider λ\Β. The estimated value of λ*Β is 1.452, and an 
approximate 95 percent confidence interval for A f̂ has bounds 

1.452 - 1.96(0.154) =1.150 

and 

1.452 + 1.96(0.154) = 1.763. 

The corresponding estimate 

expKf)2^?] 
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is 13.21, and 95 percent confidence bounds for exp[(f)2/lff] are approxi­
mately 

exp[(f)21.150] = 7.72 

and 

exp[(f)21.753] = 22.57. 

Thus there is a very clear tendency for coefficients qfik){u) = 4ι'Λ/4Β'ιΑ = 

qi'kBi/qÎkBii fc > 1, / > 1, to exceed 1. This coefficient corresponds to a strong 
tendency for individuals with less than a high school diploma to have spouses 
with less than a high school diploma. The positive coefficients estimates 
ί22 a n d ^33 have similar meanings. 

Quasi-Symmetry and Quasi-Independence 

The quasi-independence model in which diagonal cells are ignored 
implies the quasi-symmetry model. If 

log mu = K + K? + κΒ, \Φ j , 

then 

log mtJ = X + Xf + Xf + Xf)B, 

* J i J 
-\AB _ lAB 

Aij ~ Aji ' 

where 

λ = /?—_W + - | ; i ogw r j , 

kf = \—~ W + 7 log mn - -μ Σ 1οβ m«"i'> 

λυΒ = - (* + Kf4 + *?) - - log m,, - - log mjj + ^ £ log mi T, i # ;, 

= - \T~YK + *«* + *?* + I1 ~ r) l0g mii + ^ ? l0g m,'r' ' = j' 
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In Table 8.1, the quasi-independence model does not apply, for the Pearson 
chi-square X2 = 122.5, the likelihood-ratio chi-square L2 = 91.2, and there 
are 5 degrees of freedom. Thus quasi-symmetry provides a far better model 
than quasi-independence. 

Quasi-Symmetry and Ordered Categories 

In Section 6.1, models for tables such as Table 8.1 are considered in which 

^ Β = Λ · 0 , where £ u, = £ (, = 0. 

If ui = th then this model implies the quasi-symmetry model. Unfortunately, 
this model for ordered categories is not promising in Table 8.1. With ux = tx 
= 3, u2 = t2 = 1, u3 = t3 = — 1, and u4 = t4 = —3, one finds a Pearson 
chi-square of 104.0, a likelihood-ratio chi-square of 70.3, and 8 degrees of 
freedom. Thus the previously introduced method to exploit ordered categories 
is not very helpful here. Other methods for ordered categories with symmetric 
tables are considered in Section 8.2. 

Quasi-independence, Symmetry, and Marginal Homogeneity 

This section has emphasized symmetry and quasi-symmetry models. Other 
treatments of square contingency tables also deal with the hypothesis of 
marginal homogeneity. Under this hypothesis, 

mf = mf, or equivalently, pf = pf. 

In Table 8.1, this model says that the marginal distribution of degrees attained » 
by husbands is the same as the marginal distribution of degrees attained by 
wives. If r is 2, marginal homogeneity and symmetry are equivalent, for 

mf = ra12 + ml2 = mXi + m21 = m\ 

if and only if m 12 = ^21· McNemar's ( 1947) chi-square test uses this observa­
tion for 2 x 2 tables. The case in which r is 2 is also unusual in that an exact 
test of marginal homogeneity or symmetry is available. The essential observa­
tion is that conditional on nl2 + H21 , nl2 has a binomial distribution with 
sample size nl2 + n2l and probability m12/(m12 + rn2X). This observation 
can be found in Mosteller (1947). The conditional significance level of X2 = 
(n12 — n2l)2/(nl2 + n2l) is then the probability that Y < min(n12, n21), 
where Y has a binomial distribution with probability \ and sample size 
ni2 + n2l. 

Cochran (1950) notes that a continuity correction for X2 is available in 
the form 

X2= (1*12 - « 2 1 I " l ) 2 / ( " l 2 + " 2 l ) . 
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This continuity correction generally improves the normal approximation to 
the significance level of the exact test. The approximation is satisfactory for 
ni2 + "21 greater than 30. 

If r exceeds 2, then quasi-symmetry and marginal homogeneity are distinct 
hypotheses. As Caussinus (1965) notes, symmetry holds if and only if both 
quasi-symmetry and marginal homogeneity hold. To test for marginal 
homogeneity, one may then compute the likelihood ratio chi-square statistic 
L\ for the hypothesis that quasi-symmetry holds and compute the likelihood-
ratio chi-square statistic L\ for the hypothesis that symmetry holds. The 
difference L\ — L\ has an approximate chi-square distribution with r — 1 
degrees of freedom if the marginal homogeneity hypothesis holds and if the 
quasi-independence model is approximately true. In the specific example 
under study, r — 1 is 3 and L\ — L\ = 70.0 — 3.0 = 67.0. Thus the evidence 
against marginal homogeneity is very strong. 

The preceding test for marginal homogeneity is most attractive if the 
quasi-symmetry model is true or is nearly true. If the quasi-symmetry model 
provides a poor fit to the observed data, then other testing procedures are 
more attractive. The simplest alternative test procedure is discussed by 
Stuart (1955). To implement the Stuart test, let 

f. = nf - nf, 1 < 1 < r - 1, 

and for 1 < i < r - 1, 1 < j < r - 1, let 

v.. = nf + nf - 2nu, i =7, 

Let the inverse of V = {vi}} be denoted by V~ 1 = {vij}. If the ml7 become 
large and if marginal homogeneity holds, the distribution of 

1 = 1 j=l 

is approximated by a chi-square distribution with r — 1 degrees of freedom. 
The statistic Q may appear to depend on the way in which categories are 
numbered, but such is not the case. In the example under study, Q is 60.6 
(see Exercise 8.8), so that the same conclusions may be drawn from this test 
as from the use of L\ — L\. A slight variation on the statistic Q is proposed 
by Bhapkar (1966). Ireland, Ku, and Kullback (1969) note that Bhapkar's 
statistic is equal to Q/(\ — Q/n). Whether the chi-square approximation for 
Q is better than the chi-square approximation for g/(l - Q/n) appears to 
be unknown. Madansky (1963) considers likelihood ratio tests for marginal 
homogeneity. Kullback (1968[1959], pp. 177-180) and Ireland, Ku, and 
Kullback (1969) treat square contingency tables from the point of view of 
information theory. The approach in Ireland, Ku, and Kullback (1969) is 
closely related to the methods for survey adjustment of Chapter 9. 
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8.2 Distance Models 

Distance models are a class of models which are appropriate in square 
contingency tables in which the categories of the row and column variables 
are ordered. They have been used with social-mobility tables by Goodman 
(1972) and Haberman (1974a, pp. 215-227). In this section, a few examples 
of such models are applied to Table 8.1. 

A very simple distance model assumes that 

logml7 = A' + ^ + i ; * - r ç | / - 7 | , 
where 

The primes are used to distinguish the A'-parameters from the A-parameters 
in the usual parametrization 

log m,j = X + Xf + Xj + Xf?, 

i J 

The A-parameters are related to the /(/-parameters and η by the equations 

* = * - -i Σ Σ I '' - J\ = * - \ (r - l)(r + 1) 
v i j DT 

Xf = X'* - η- £ \i - j \ = X\A-^ [i(i - 1) + (r - i + l)(r - 0] 

Xf = Xf -Ί £ \i -j\ = Xf~y W -l) + (r-j+ l)(r - / ) ] r j zr 

*ff = -ril\i-j\ +YrU(i - 1) +Λ/ - 1) + (r - i + l)(r - 0 

+ ( r - 7 + l ) ( r - 7 ) ] + ^ ( r - l ) ( r + l ) | . 

Thus as in the quasi-symmetry model, XfB= Àff. 
To use the Newton-Raphson algorithm, let ocB = λ' + Xf, let 

and for 1 < k < r - 1, let 
xijk — 1> 

= 0, 

= - 1 , 

= K 

Φ K i < r, 
— r. 
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Thus the models under study assume that 
r - 1 

log mu = α? + Σ Xk
Axijk + η\νυ. 

k= 1 

In the fixed-distance model for off-diagonals, the equation is assumed for 
i Φ j . Otherwise, the equation is assumed for all i and j . 

Results are summarized in Tables 8.5, 8.6, and 8.7. If diagonal cells are 
ignored, then X2 = 3.19, L2 = 3.48, and there are 4 degrees of freedom. 
Thus the fit is quite satisfactory. If all cells are considered, X2 = 38.26, 
L2 = 35.97, and there are 8 degrees of freedom, so that the fit is quite un­
satisfactory. 

Numerous variations on these two fixed-distance models are explored 
by Goodman (1972) and Haberman (1974a). For example, in a variable-
distance model, for some rçk, 1 < k < r — 1, 

log ntij = λ' +' λ\Λ + Xf - £ ηίι, g = min(ij) <h = max(U) 
k = g 

= λ'+ λ'* + λ)\ i=j. 

As usual, this model may be applied only to off-diagonal cells or it may be 
applied to the entire table. Note that in the fixed-distance case, each r\k = η. 

Table 8.5 

Definitions of Variables in 

* j 

1 1 
2 1 
3 1 
4 1 
1 2 
2 2 
3 2 
4 2 
1 3 
2 3 
3 3 
4 3 
1 4 
2 4 
3 4 
4 4 

Models for 

Xijl 

1 
0 
0 

- 1 
1 
0 
0 

- 1 
1 
0 
0 

- 1 
1 
0 
0 

- 1 

Fixed-Distance 
Table 8.1 

Xij2 

0 
1 
0 

- 1 
0 
1 
0 

- 1 
0 
1 
0 

- 1 
0 
1 
0 

- 1 

Xij3 

0 
0 
1 

- 1 
0 
0 
1 

- 1 
0 
0 
1 

- 1 
0 
0 
1 

- 1 

Wy 

0 
- 1 
- 2 
- 3 
- 1 

0 
- 1 
- 2 
- 2 
- 1 

0 
- 1 
- 2 
- 2 
- 1 

0 



502 8 SYMMETRICAL TABLES 

Table 8.6 

Estimated Expected Cell Counts and Adjusted Residuals for Fixed-Distance 
Models for Table 8.1a 

Husband's 
highest 
degree 

Less than 
high school 
diploma 

High school 
diploma or 
junior college 
degree 

Bachelor's 
degree 

Graduate 
degree 

Less than 
high school 

diploma 

— 
-

250.96 
2.10 

83.08 
-0.80 
78.96 
0.60 
3.44 
1.10 

10.92 
-2.04 

2.48 
-0.37 

7.16 
-2.15 

Wife's highest 

High school 
diploma or 

junior college 
degree 

121.92 
0.80 

123.86 
-0.17 

— 

381.73 
-2.62 
58.76 
0.12 

52.77 
1.41 

42.33 
-0.70 
34.64 

1.68 

degree 

Bachelor's 
degree 

2.67 
-0.52 

8.64 
-2.58 
31.13 

-0.60 
26.63 
0.89 
— 
— 

36.08 
-0.56 
27.20 

1.24 
23.67 

1.56 

Graduate 
degree 

0.41 
-0.67 

0.54 
-0.76 

4.78 
1.50 
1.67 
4.48 
5.80 

-1.24 
2.26 
1.27 
— 
— 

14.53 
-3.82 

a First line is estimated expected count for fixed-distance model ignoring 
diagonal cells, second line is corresponding adjusted residual, third line is estimated 
expected count for fixed-distance model for all cells, and fourth line is adjusted 
residual for the latter model. 

Table 8.7 

Parameter Estimates for Fixed-Distance Models for Table 8.1 

Parameter 

λ'2Α 

Ignoring off-diagonals 

Estimate 

-0.167 
0.160 

-0.897 
1.689 

EASD 

0.124 
0.130 
0.130 
0.204 

Complete 

Estimate 

0.250 
0.235 

-0.603 
1.141 

table 

EASD 

0.069 
0.065 
0.084 
0.059 
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A special complication which arises when only off-diagonal cells are 
considered involves degrees of freedom. If each ηίί and each A, Xf, and λ? 
had a uniquely defined maximum likelihood estimate, then the degrees of 
freedom would be 

r(r - 1) - 1 - (r - 1) - (r - 1) - (r - 1) = (r - l)(r - 3) - 1 

= r2 - Ar + 2, 

for there are r(r — 1) off-diagonal cells, 1 parameter A, r — 1 independent 
parameters Af, 1 < i < r — 1, r — 1 independent parameters λ?, 1 <j < 
r — 1, and r — 1 parameters rçfc, 1 < k < r — 1. However, the actual degrees 
of freedom are 

(r - 2)2 = r2 - 4r + 4, 

as noted in Haberman (1974a, p. 217). If r = 4, then there are 4 degrees of 
freedom, just as in the fixed-distance model. In other words, if r = 4 and if 
off-diagonal cells are ignored, then the fixed-distance and variable-distance 
models coincide. If r > 4, then the models do differ. In use of the variable-
distance model, it is helpful to resolve the lack of identifiability of parameters 
by the arbitrary choice ηχ = η2 and rçr_2 = rçr-i· Note that in the case of 
r = 4, r\x = η2 = rç3, just as for a fixed-distance model. 

If all cells are considered, then the variable-distance model does differ 
from the fixed-distance model and the parameters are all uniquely defined. 
Use of this model is an exercise for the reader (Exercise 8.9). 

8.3 Symmetry Models for Multi-Way Tables 

Generalization of symmetry models from two-way to higher-way tables is 
straightforward, although the choice of models does increase rapidly. For 
some discussion and some helpful references, see Bishop, Fienberg, and 
Holland (1975, pp. 303-309). Here, attention will be restricted to some models 
for Table 7.29. 

To begin consideration of symmetry models for this table, it is helpful to 
examine a saturated model and to estimate all interaction terms for this 
model. This task is accomplished in the usual fashion discussed in Chapter 
4 of Volume 1. Results are summarized in Table 8.8. Note that the saturated 
model has the form 

log mijkl = λ + λΐ + λΐ + λ{ + λ] + XfjD + If/ + λ? 
, IDF , iDV , iFY , iflDF , ^BDY , iBFY , iDFF , ïBDFY 

~r Ajk ~r λμ -h Akl -h Aijk -\- Ai}l -\- Aikl -f- Ajkl -\- Aijkl 
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Table 8.8 

Parameter Estimates for the Saturated Model for Table 7.29 

Parameter 

Af 
A? 
tf 
Λ1 1 
iBF 

Λ1 1 
2BY 

λΒΥ 

Λ1 3 
iDF 

i D y 
Λ1 1 
Λ1 2 
Λ1 3 
Λ1 1 

Λ , 2 

Λ1 3 
iBDF 

Λ1 1 1 
iBDy 

Λ1 1 1 
ïBDY 

Λ1 1 2 
i ß o y 

Λ1 1 3 
2 H F Y 
Λ1 1 1 
i B F y 

Λ1 1 2 
i B F y 

Λ1 1 3 
i D F y 

Λ1 1 1 
i D F y Λ1 12 
i D F y Λ1 1 3 
iBDFy 

Λ1 1 1 1 
iBDFy 

Λ1 1 1 2 
iBDFy 

Λ1 1 1 3 

Estimate 

-0.365 
0.277 

-0.038 
0.714 
0.624 

-0.080 
0.060 
0.020 
0.645 
0.008 

-0.004 
-0.004 
-0.032 
-0.023 

0.056 
0.042 
0.037 
0.019 

-0.056 
-0.037 

0.044 
-0.006 
-0.046 

0.031 
0.015 

-0.014 
0.022 

-0.008 

EASD 

0.035 
0.035 
0.035 
0.035 
0.035 
0.050 
0.050 
0.049 
0.035 
0.050 
0.050 
0.049 
0.050 
0.050 
0.049 
0.035 
0.050 
0.050 
0.049 
0.050 
0.050 
0.049 
0.050 
0.050 
0.049 
0.050 
0.050 
0.049 

Standardized value 

-10.39 
7.90 
1.09 

20.35 
17.77 

-1.61 
1.20 
0.41 

18.37 
0.15 

-0.08 
0.07 

-0.65 
-0.46 

1.14 
1.19 
0.74 
0.39 

-1.15 
-0.75 

0.87 
-0.13 
-0.92 

0.62 
0.30 

-0.27 
0.44 

-0.17 

and tiiat λ.^ — —Λ-ι» λ.2 — —^\\ ^2 — ι̂? 2̂2 — ^ΐ2 — ^2ΐ — 'ΜΙ» 
etc. Note that estimates of λ and λ] are excluded since the number of subjects 
in a sample in a given year is regarded as fixed. 

The only large standardized values observed in Table 8.8 correspond to 
λΒ

χ, A?, λ™, Aff, and λ™. Thus one may consider the hierarchical model 

log mijkl = A + Af + Af + Af + Xj + ψ + λ? + λ%ρ. 

Using this model, X2 = 27.6, L2 = 27.9, and there are 15 degrees of freedom. 
Since the significance level for both chi-square statistics is about 0.02, the 
model is somewhat questionable. On the other hand, the model 

log my« = λ + A? + Xf + λζ + λ] + λ^ + A£F + λ{Γ + λ%* + λψ + λ\ 
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including all two-factor interactions has X2 = 6.83, L2 = 6.83, and 9 degrees 
of freedom. Thus the fit is quite satisfactory. The improvement over the pre­
vious model is quite substantial. The decrease of L2 of 21.0 corresponds to a 
decrease of freedom of 6. The significance level is only 0.002. 

To proceed further, consider Table 8.9. The estimated interactions 
Aff, Iff, and Iff are rather similar in value, especially in the case of Iff and 
Iff. Thus one may consider models in which Aff = Aff = Aff. To start, 
consider the model (Model 1) 

logmijkl = λ + λ° + λΐ + λζ + λ] + ψ + λ™ + Af + λ™ + λψ + λ% 
= ocj + Affc + Affl,· + Afflfc + Äff ten + qiqk + qjqk) 

+ Aîïftiii + λ ? Μ + λ ? Μ + Α ? ^ 

where af = A + λ£ ,? ι = l ,g2 = -l,qYu = l,qY
22 = 0><?3i = -Uq\i = °> 

g£2 = 1, and </32 = —1. This model is implemented by the Newton-Raphson 
algorithm. The resulting value of X2 and L2 are 10.12 and 9.98, respectively. 
The degrees of freedom are 11, so that the fit appears to be rather satisfactory. 
Thus the data are consistent with the symmetry hypothesis that the inter­
actions between questions are equal, so that Aff = Aff = Aff = Af\ = Aff 
_ ïDF _ lBD _ iBD _ iBF _ iBF _ )DF _ _ iDF 
— Λ22 — ~~Λ12 ~~ ~~ Λ21 — — Λ 1 2 — Λ21 — Λ 12 ~~ Λ21· 

7Vi6te 8.9 

Parameter Estimates for the Model of Two-F actor 
Interactions for Table 7.29 

Parameter 

A? 
A? 
tf 
IB/) Λ1 1 

Λ1 1 
Λ1 1 

Λ 1 2 
Λ1 3 
ï D F 

Λ1 1 

λ ι 2 

Λ1 3 
Λ1 1 
} F Y 
Λ1 2 
Λ1 3 

Estimate 

-0.356 
0.286 

-0.017 
0.714 
0.639 

-0.084 
0.092 

-0.008 
0.626 
0.000 

-0.020 
0.020 

-0.033 
-0.020 

0.053 

EASD 

0.034 
0.034 
0.031 
0.035 
0.032 
0.042 
0.042 
0.042 
0.032 
0.041 
0.042 
0.041 
0.041 
0.042 
0.041 

Standardized value 

-10.50 
8.47 

-0.55 
20.45 
19.90 

-1.98 
2.18 

-0.20 
19.89 
0.01 

-0.48 
0.47 

-0.80 
-0.49 

1.29 
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Given the pattern of A-parameters involving year of survey which is 
encountered in Table 8.9, one may consider the still simpler model (Model 2) 

\ogmijkl = λ + λ* + Xf + λΐ + λ?Ρ + λ%> + λ°γ + λ%° 

= GCJ + Afa. + Afy- + Afo + λ??(<^. + qtqk + ^ ^ ) 

One finds that X2 = 13.1 and L2 = 12.9, and there are 15 degrees of freedom. 
Thus this last model also provides a satisfactory fit. For detailed results, see 
Table 8.10 and Table 8.11. At this point, attractive simplifications are not 
available. 

The last model suggests that there is some change over time in the distribu­
tion of responses to question B, which concerns a married woman who does 

Table 8.10 

Observed Counts, Estimated Expeeted Counts, and Adjusted Residuals for Model 2 for Table 7.29 

Year 
of Response Response 

survey to B to D 

1972 

1973 

1974 

Yes 
Yes 
Yes 
Yes 
No 
No 
No 
No 

Yes 
Yes 
Yes 
Yes 
No 
No 
No 
No 

Yes 
Y«s 
Yes 
Yes 
No 
No 
No 
No 

Yes 
Yes 
No 
No 
Yes 
Yes 
No 
No 

Yes 
Yes 
No 
No 
Yes 
Yes 
No 
No 

Yes 
Yes 
No 
No 
Yes 
Yes 
No 
No 

Response 
to F 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Observed 
count 

334 
34 
12 
15 
53 
63 
43 

501 

428 
29 
13 
17 
42 
53 
31 

453 

413 
29 
16 
18 
60 
57 
37 

430 

Estimated 
expected 

count 

340.36 
25.44 
14.34 
14.85 
60.00 
62.14 
35.04 

502.82 

419.64 
31.36 
17.68 
18.31 
52.64 
54.52 
30.74 

441.11 

410.16 
30.65 
17.28 
17.90 
53.10 
54.98 
31.00 

444.92 

Adjusted 
residual 

-1.08 
1.88 

-0.67 
0.04 

-1.06 
0.13 
1.52 

-0.20 

1.33 
-0.48 
-1.22 
-0.34 
-1.70 
-0.24 

0.05 
1.39 

0.46 
-0.34 
-0.34 

0.03 
1.10 
0.32 
1.21 

-1 .74 
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Table HAI 

Parameter Estimates for Model 2 
for Table 7.29 

Parameter 

A? 
A? 
tf 
Λ1 1 
1BY 

Λ 1 2 

Λ1 3 

Estimate 

-0.338 
0.269 

-0.017 
0.657 

-0.108 
0.062 
0.046 

EASD 

0.031 
0.031 
0.030 
0.012 
0.026 
0.025 
0.025 

not want more children. This effect is evident from the marginal totals for 
this question. In 1972, 395 of 1055 subjects, or 37.4 percent answered "yes." 
In 1973, the fraction increased to 487 of 1066, or 45.7 percent, while in 1974 
the fraction was 476 of 1060 or 44.9 percent. Since the model implies that 
given the response to B, year of survey is independent of responses to the 
other two questions (no /l-parameters include Y and D or F\ the estimated 
log cross-product ratio tf^wvjk f° r interaction of year / and /' of survey and 
response to "yes" or "no" to B given responses j to D and k to F satisfies the 
relationships 

2BY DF _ iBY 
A(12)(Z/')jk — A(\2){ll) 

= ΐο8[(«?/Ίι!?)/(»ι!Μΐ'·)] 
_ iBY ΛΒΥ iBY , iBY 
— A\l — A2l ~ *u' -h Λ2/' 

= 2(lfr - ;??). 
For example, consider subjects who answer "yes" to questions D and F. 
Note that for years 1972 and 1974, 

isr-DF _ i 0 > n i i ^ 2 i i 3 \ = /340.36 x 53.10\ 
*(i2)(i3).ii - l 0 ^ m 2 1 1 i m i l l 3 ; 1Og\60.00 x 410.16; ' 

so that for such subjects, the odds of a positive response to B are 0.734 = 
e-0-309 t j m e s a s g r e a t in 1972 as they are in 1974. Note that 

log[Kiwfî)/(wfM$)] = log[(395 x 584)/(660 x 476)] = -0.309 
and 

2(2?ï - X*l) = 2(-0.108 - 0.046) = -0.309. 

(Rounding of numbers for purposes of presentation accounts for the slight 
discrepancy in the last equation.) 
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According to the model under study, the responses to different questions 
are strongly related, and the relationship is symmetrical. This relationship 
does not depend on the year of survey. Note that the log odds ratio τ*'?.™ 
of a response "yes" rather than "no" to B given response i to D, response 
j to F, and year of survey / is 

2(λΒ + λ™ + λΙ°\ 
which is independent of year of survey. Similarly, 

t?£f,r = 2(A? + ΛΓ + k\j>) 
and 

^FBDY 1/"ìF , ] i D , 1BD\ τ 12-07 = 2 U l + *>li + *ljl· 

The estimates τ*'?.™, τ?2
Βί/[, anc* ^'*5ί a r e strongly dependent on i and 7. 

For the case, i = j = 1 which corresponds to two positive responses, 

îîîïu = 2(1? + 2l??) = 1.95, 
tfïïï, = 2(1? + 21??) = 3.17, 

* ï ï % = 2(1? + 21??) = 2.59. 
With mixed responses (i Φ j) on other questions, one has 

ïBDFY _ *BDFY _ Λ 2 B _ Π Α 7 7 
τ\2Λ21 — τ\2·2\1 — L A \ — U . O / / , 

*DBFY _ zDBFY _ Λ î D _ n ^ Ί « 
τ 1 2 · 1 2 / — τ12·2ίΙ — Ζ Λ 1 — U . J J Ö , 

ïFBDY _ *F BDY _ Λ Î F _ Λ f ^ Ç 
τ 1 2 · 1 2 / — τ 2 1 · 1 2 / — Ζ Λ 1 — U . U J J . 

With negative responses (i = j = 2), 

i?2Df21 = 2(1? - 21??) = -3.31, 
ΪΪ2Ύ21 = 2(1? - 21??) = -2.09, 
«ÎÎSL = 2(1? - 21??) = -2.66. 

The odds of a positive response to B are estimated to be 
exp(8l??) = 192 

times as large if the other responses are positive than if the other responses 
are negative. This same ratio applies to questions D and F. 

The size of the relationship is fairly well determined. Note that a 95 percent 
confidence interval for A?? has bounds 

0.657 - 1.96(0.012) = 0.633 
and 

0.657 + 1.96(0.012) = 0.681. 
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Corresponding bounds for exp(8Aff) are 
e 8 ( 0 . 6 3 3 ) = 1 5 8 a n d ^ ( 0 . 6 8 1 ) ^ 2 3 3 

Thus the model of symmetrical interaction has resulted in a simple description 
of the relationship of the parameters and in a relatively accurate assessment 
of the magnitude of the relationship. This model is no more parsimonious 
than Model 6 of Exercise 7.29; however, its symmetry and greater ease of 
interpretation are attractive. 

EXERCISES 

8.1 Show that in the symmetry model of Section 8.1, 

χ2= Σ Σ Κ - ^ / Κ + ^ 
and 

r i- 1 

Ll = 2 Σ Σ foj loS nu + nn 1οβ nß - ("ij + nji) log[i(nlV + nj.·)]}· 

Since m0· = %(ηί} + ηβ\ 

x2 = Σ Σ Κ - ±(*u + **)]2/[±Κ + *„)] 
» = 1 j = l 

r r 

= Σ Σ (nij - njd2/(nij + ^i)· 
ΐ = 1 j = l 

Note that 
(«0- - njd2/("ij + Wj,·) = (nji - "ij)2/(nji + «ij) 

and 

(n» - %)2/("» + nu) = 0. 
Thus X2 has the desired form. 

In the case of L2, 

ί 2 = 2 Σ Σ »u logC^y/i/iy + n,,)] 
»' = 1 7 = 1 

r r r r 

= 2 Σ Σ "y lo8 "y - 2 Σ Σ "y log[i(«u + ";.)]· 
i= i j = l ;= l j = l 
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Since 
"a log[i(nfi + "««)] = nu log nii9 

it follows that L2 has the desired form. 

8.2 Show that in the symmetry model of Section 8.1, 

r.j = (nu - njii/iriij + ηβ)ι/2, i Φ j . 

Solution 
Note that the estimated variance of nu — m0 = | ( n 0 — ηβ) is 

tu = ™oD - WijKwij + %·)] = i(nu + njil i Φ h 
Thus 

'ij = Ì K - ",·/)/[*(".·; + "jdV12 = ("u - "M"*] + ";;)1/2· 
8.3 Verify that under the quasi-symmetry model of Section 8.1, 

mf = nt m* = nf, 
and 

Solution 
For 1 < Ϊ < r -

ntij + mn 

- 1, let 

Qw = U i 
= 0, 

= - 1 , 

= "ij + Λ,·,·. 

= /', 

' Φ Γ, i < r, 
' = r. 

One now proceeds much as in Section 2.6. Note that it is assumed that 

log m,j = λ + 'Σ A^„. + "Σ Afo, + ? 'itifcwqjr 
ϊ =1 j ' = 1 i' = 1 / = 1 

= * + Σ1^««' + Σ 1 ^ · / + 'Σ Σ 4τ(««^ + «ι/^)· 
/ = ι i' = 1 / 

Thus 

ΣΣ™υ = Ν = ΣΣηυ> 
* j i j 

ΣΣqu'élu = ΣΣin"*!' i < ί' < r - i, 
* J i J 

Σ Σ Ijj'àij = ΣΣ %η'ηΦ 1 < / < r - 1, 
* J » J 

Σ Σ (lain' + lirljiWij = ΣΣ tiiïVjj' + 1ν'1β')ηφ 1 < / < ï <r- 1. 
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As in Section 2.6, the first three equations are equivalent to the equations 

mf = n?, 1 < i < r, 

m] = nB
r 1 < j < r. 

The last equation reduces to 

mvy - mry - mir + mrr + myv - mfr - mrj> + mrr 

= nvr - nrr - nVr + nrr + nyv - nfr - nrf + nrr, 

1 < ί < r - 1, 1 < / < r - 1. 

This new equation is implied by the equation 

fhij + mn = π0· + ηβ. 
On the other hand, summation over Ϊ and / shows that 

mrr = nrr. 

Summation over / for a fixed Ϊ shows that 

mVr + mri·' = nf> + nr r , 1 < Ϊ < r — 1. 

It then follows that 

rhvy + myr = nvy + nyv, 1 < Ϊ < r — 1, 1 < / < r — 1. 

Thus the general equation 

Ûij + ™ji = nij + "jï 

must hold. 

8.4 Derive Tables 8.3 and 8.4. 

Solution 
The programm in the Appendix can be used. Note that 

12 

log ntij = α + Σ ßkxijk, 
k=l 

where a = A and the jSk and xijk are defined as in Table 8.12. 

8.5 Derive Table 8.3 with the Newton-Raphson algorithm, using the 
parametrization 

log mtJ = «y + i(A? - Af) - &Xf - λ?\ i < j , 

= *ji + i(A<* - Xf) - i(Aj· - A?), / > y , 
where 

«y = λ + Kt f + Xf) + |(Af + A«) + A,f, i < ;. 
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Table 8.12 

Coefficients for the Quasi-Symmetry Model for Table 8.1 

k 

ft 
Xllk 
X2lk 
X3lk 

* 4 U 
Xl2k 
X22k 
X32k 
x42k 
X13k 
x23k 
X33k 

*43fc 
X14fc 
X24k 
X34k 

■X44fc 

1 

λΐ 

1 
0 
0 

- 1 
1 
0 
0 

- 1 
1 
0 
0 

- 1 
1 
0 
0 

- 1 

2 

λί 

0 
1 
0 

- 1 
0 
1 
0 

- 1 
0 
1 
0 

- 1 
0 
1 
0 

- 1 

3 

λ\ 

0 
0 
1 

- 1 
0 
0 
1 

- 1 
0 
0 
1 

- 1 
0 
0 
1 

- 1 

4 

Ai 

1 
1 
1 
1 
0 
0 
0 
0 
0 
0 
0 
0 

- 1 
- 1 
- 1 
- 1 

5 

Af 

0 
0 
0 
0 
1 
1 
1 
1 
0 
0 
0 
0 

- 1 
- 1 
- 1 
- 1 

6 

λΐ 

0 
0 
0 
0 
0 
0 
0 
0 

- 1 
- 1 
- 1 
- 1 

7 

-\AB 
Λ1 1 

2 
0 
0 

- 2 
0 
0 
0 
0 
0 
0 
0 
0 

- 2 
0 
0 
2 

8 

2 AB 
λ ι 2 

0 
1 
0 

- 1 
1 
0 
0 

- 1 
0 
0 
0 
0 

- 1 
- 1 

0 
2 

9 

■\AB 
Λ2 2 

0 
0 
0 
0 
2 
0 

- 2 
0 
0 
0 
0 
0 
0 

- 2 
0 
2 

10 

■\AB 
Λ1 3 

0 
0 
1 

- 1 
0 
0 
0 
0 
1 
0 
0 

- 1 
- 1 

0 
- 1 

2 

11 

■\AB 
Λ2 3 

0 
0 
0 
0 
0 
0 
1 

- 1 
0 
1 
0 

- 1 
0 

- 1 
- 1 

2 

12 

■\AB 
Λ3 3 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
2 

- 2 
0 
0 

- 2 
2 

Solution 
Convert Table 8.1 into a two-way table of counts w|v, 1 < ϊ < 2, 

1 < / < 6, as shown in Table 8.13. Let m'vy be the expected value of rivj., 
and note that the proposed parametrization is equivalent to the model 

logmiT = a> + £ ßkxvfk9 
fc= 1 

where oc'r = al7 for / corresponding to i andy, 

Ä = (tf - ti), 1 < * < 3, 
and the xvyk are defined as in Table 8.13. Given this parametrization, the 
program in the Appendix or other related programs are readily used. The 
coefficient estimates ßk and the corresponding EASD's s(ßk) listed in Table 
8.14 also provide a measure of the degree of asymmetry found in the table. 
Note the very large standardized value {li — 3f)/s(^2 — Af). 

8.6 Verify that the quasi-symmetry model of Section 8.1 holds if and only if 

^ij^jk^ki/^nji^kj^ik) = I-
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Table 8.13 

Reparametrization of Table 8.1 

xïj' i 

1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 

1 
1 
2 
2 
3 
3 
4 
4 
5 
5 
6 
6 

1 
2 
1 
3 
1 
4 
2 
3 
2 
4 
3 
4 

2 
1 
3 
1 
4 
1 
3 
2 
4 
2 
4 
3 

123 
82 

2 
5 
0 
2 

30 
59 
7 

41 
4 

29 

1 
- 1 

1 
- 1 

2 
- 2 

0 
0 
1 

- 1 
1 

- 1 

- 1 
1 
0 
0 
1 

- 1 
1 

- 1 
2 

- 2 
1 

- 1 

0 
0 

- 1 

- 1 
- 1 

- 1 
2 

- 2 

Table 8.14 

Estimates of{{kf - Xf) in Table 8.1 

Parameter Estimate EASD Standardized value 

i(Ai - A?) 
iWÎ - Af) 
iWÎ - Af) 

-0.210 0.075 
-0.399 0.059 
-0.080 0.077 

-2.80 
-6.72 
-1.05 

Solution 
The observation here is verified in Caussinus (1965). See also Bishop, 

Fienberg, and Holland (1975, p. 290). The necessity of the condition follows 
since 

AB _ AB 
HdMki) — 4(fci)(fj) 

under quasi-symmetry. Thus 

On the other hand, 

and 

W« mkj) I \tnjk mj mn mkj mik 

AB __ AB I AB 
H(ij)(kl) — H(ij)(ki)/H(ij)(li) 

nAB _ AB I AB 

file:///tnjk
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If 

for all i, /', and /c, then 

Thus 

and quasi-symmetry holds. 

^ij^jkmjim^m^m^) = 1 

nAB _ AB 

nAB _ AB 
H{ij)(kl) — H(kl){ij) 

8.7 Determine whether a quasi-symmetry model provides a satisfactory fit 
for Table 7.1. 

Solution 
Results are summarized in Table 8.15 and Table 8.16. Since X2 = 3.86, 

L2 = 3.84, and there are 3 degrees of freedom, the fit is quite satisfactory. 

8.8 Verify that the Stuart Q = 60.6 in Table 8.1. 

Table 8.15 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for 
Table 7.1 under the Quasi-Symmetry Model" 

Residence 
at age 16 

Northeast 

South 

North Central 

West 

Northeast 

263 
263 
— 
26 
23.00 

1.52 

10 
12.14 

-1.13 

1 
1.87 

-0.76 

Current residence 

South 

22 
25.00 

-1.52 

399 
399 

41 
40.54 

0.21 

8 
5.45 
1.58 

North Central 

14 
11.86 
1.13 

36 
36.46 

-0.21 

368 
368 

._. 
5 
6.68 

-1.02 

West 

13 
12.13 
0.76 

30 
32.55 

-1.58 

46 
44.32 

1.02 

148 
148 

" The first entry is the observed frequency, the second entry is the 
maximum likelihood estimate of the expected frequency, and the third 
entry is the adjusted residual. 
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Table 8.16 

Definitions of Variables in Variable-Distance Model for 
Table 8.1 

i 

1 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 

./ 

1 
1 
1 
1 
1 
2 
2 
2 
2 
3 
3 
3 
3 
4 
4 
4 
4 

Xij\ 

1 
0 
0 
1 

— 1 
1 
0 
0 

- 1 
1 
0 
0 

- 1 
1 
0 
0 

- 1 

*,V2 

0 
1 
0 
1 

— 1 
0 
1 
0 

- 1 
0 
1 
0 

- 1 
0 
1 
0 

- 1 

Xij3 

0 
0 
1 
1 

— 1 
0 
0 
1 

- 1 
0 
0 
1 

- 1 
0 
0 
1 

- 1 

Wijl 

0 
- 1 
- 1 

1 
— 1 
- 1 

0 
0 
0 

- 1 
0 
0 
0 

- 1 
0 
0 
0 

WU2 

0 
0 

- 1 
1 

— 1 
0 
0 

- 1 
- 1 
- 1 
- 1 

0 
0 

- 1 
- 1 

0 
0 

W.V3 

0 
0 
0 
1 

— 1 
0 
0 
0 

- 1 
0 
0 
0 

- 1 
- 1 
- 1 
- 1 

0 

Solution 
Note that f{ = 36, f2 = -104, / 3 = 7, vn = 214, v2i = vl2 = -205 , 

v22 = 342, v3i = vi3 = —7, v32 = v23 = —89, z;33 = 129. Thus v11 = 
0.0176, v2i = v12 = 0.0132, v32 = 0.0134, irM = i>13 = 0.0101, v32 = v23 

- 0.0100, v33 = 0.0152, and Q = 60.60. 

8.9 Using the variable-distance model for a complete table with Table 8.1, 
obtain parameter estimates and estimated asymptotic standard deviations 
for Xf, 1 < i < 3, and nk, 1 < k < 3, find estimated expected counts and 
adjusted residuals, and compute X2, L2 and the corresponding degrees of 
freedom. Does the model fit the data? 

Solution 
One may write 

3 3 

log my = ctj+ £ Xk
Axijk + £ ^vvljk, 

fc=l k=l 

where οή = λ' + λ)Β, xijk is defined as in Section 8.2, and 

wijk = — 1, i < k < j or j < k < i, 

= 0, otherwise. 
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Table 8.17 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for 
Variable-Distance Model for Table 8.1 

Husband's 
highest 
degree 

Less than 
high school 
diploma 

High school 
diploma 
junior college 
degree 

Bachelor's 
degree 

Graduate 
degree 

Less than 
high school 

diploma 

259 
259.00 

— 
82 
72.18 

2.90 

5 
9.63 

-1.09 
2 
7.20 

-2.15 

Wife's highest degree 

High school 
diploma or 

junior college 
degree 

123 
116.00 

2.76 
370 
386.82 
-4.02 

59 
51.62 

1.96 
41 
38.56 
0.69 

Bachelor's 
degree 

2 
7.76 

-2.40 
30 
25.86 

1.56 

34 
35.13 

-0.34 
29 
26.25 
0.88 

Graduate 
degree 

0 
1.24 

-1.20 
7 
4.14 
1.86 

4 
5.62 

-1.04 
8 
8.00 
— 

Thus xijk and wijk are defined as in Table 8.16. Using the Newton-Raphson 
algorithm, one obtains results shown in Table 8.17 and Table 8.18. Since 
X2 = 18.6, L2 = 23.2, and there are 6 degrees of freedom, the fit is not 
unsatisfactory. 

8.10 Derive Table 8.10 and Table 8.11. 

Solution 
The Newton-Raphson algorithm is easily used. Note that 

6 

where the definitions in Table 8.19 are used and where ßx = λΒ, β2 = Λ?, 
ß3 = XF

U ß4 = χ™, ß5 = λΒ\, and β6 = λΒ
χ\. The coefficient XB

X\ = -λΒ\ -
λΒ\. The value of 5(^3) may be obtained by noting that 

n\ = Uog(n°l/nB
21) - 1 Σ log(nf ,VO 

Z Ό / = 1 

= I log(»?S/»!S) - l logOtfï/nfï) - l- l o g O i f M ) . 
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Table 8.18 

Parameter Estimates for 
Variable-Distance Model for 

Table 8.1 

Parameter 

λΐ 
λΐ 
λΐ 
ni 
Άι 
ΆΪ 

Estimate 

0.447 
0.410 

-0.444 
1.241 
1.160 
0.322 

EASD 

0.091 
0.081 
0.105 
0.079 
0.114 
0.246 

Table 8.19 

Coefficients for Model 2 for Table 7.29 

Kijkl4-

1 
1 
1 
1 
2 
2 
2 
2 
1 
1 
1 
1 
2 
2 
2 
2 
1 
1 
1 
1 
2 
2 
2 
2 

1 
1 
2 
2 
1 
1 
2 
2 
1 
1 
2 
2 
1 
1 
2 
2 
1 
1 
2 
2 
1 
1 
2 
2 

1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 

2 
2 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
3 

3 
- 1 
- 1 
- 1 
- 1 
- 1 
- 1 

3 
3 

- 1 
- 1 
- 1 
- 1 
- 1 
- 1 

3 
3 

- 1 
- 1 
- 1 
- 1 
- 1 
— 1 

3 

- 1 
- 1 
- 1 
- 1 

0 
0 
0 
0 
0 
0 
0 
0 

- 1 

0 
0 
0 
0 
0 
0 
0 
0 

- 1 
- 1 
- 1 
- 1 

- 1 
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n / j _ J_\ J_/J_ J_ J_ ì_\\ìl2 

L'WS + if 5 j + 36WÏ + nl\ + fifï + nV2)\ 

[9\476 + 584/ + 36^395 + 660 + 487 + 579/J 

0.025. 

8.11 Consider an r x r x r contingency table with counts nijk9 1 < i < r, 
1 < j < r, 1 < /c < r. Find maximum likelihood estimates mijk for the 
symmetry model mijk = mikj = mkij. Find degrees of freedom for chi-square 
tests. Note that by Feller (1968, p. 38), there are (r + 2)(r + l)r/6 integers 
i, j , and k such that 1 < i < j < k < r. 

Solution 
As noted by Bishop, Fienberg, and Holland (1975, p. 302), 

tiijk = ï(nijk + "jik + nikj + nkji + nklV + njki). 

Note that the corresponding log-linear model is 

log mijk = a.vrk., 

where Ï is the minimum of ij, and /c, fc' is the maximum of i,y, and /c, a n d / 
is the second smallest (or second largest) of i,j, and k. Thus 

log m123 = log m213 = log m132 = log m321 - log m312 = log m231 = a123 

and 

logm112 = logm121 = logm211 = oe112. 

It follows that 

Uijk = ™jik = ™ikj = ™kji = ™kij = ™jki 

and 

™ijk + ™jik + ™ikj + ™kji + ™kij + ™,fci 

= "«./* + ĵifc + nikj + nk</i + wk0· + n,kl·. 

Thus m,^ has the desired form. 
To find degrees of freedom, note that there are (r + 2)r(r — l)/6 param­

eters <xijk,l < i <j < k < r and r3 cells. Thus there are r3 — (r + l)r(r — l)/6 
degrees of freedom. Note that the formula in Bishop, Fienberg, and Holland 
(1975, p. 302) appears to be in error. 

Thus 

san) 



Survey data can be used to estimate the joint distribution of several 
polytomous variables in the population under study. If the survey data are 
supplemented by some information from population censuses concerning 
the distribution of these variables, then the joint distribution can be estimated 
with increased precision. Section 9.1 examines the approach to this problem 
developed by Deming and Stephan (1940) and discussed by Deming (1964 
[1943]) and Ireland and Kullback (1968). Section 9.2 considers extensions of 
the method of Deming and Stephan (1940) discussed in Haberman (1974a, 
pp. 376-386). Section 9.3 provides a brief survey of related applications that 
appear in the literature. 

Methods developed in this chapter will be illustrated through use of 
data on educations of husbands and wives that come from two sources, 
the 1972 General Social Survey and the 1970 United States Census. The 
object of methods in this chapter is simultaneous use of information from 
both sources of data to obtain a better description of the joint distribution 
of educations of husbands and wives than can be obtained from either source 
separately. 

9.1 Adjustment of Marginal Tables 

The method of adjustment developed by Deming and Stephan (1940) 
applies if a table providing the joint distribution of two or more polytomous 
variables has been obtained from a population sample and some tables 
of marginal distributions of these variables have been obtained from a popula­
tion census. The joint population distribution of the variables is obtained 
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through an iterative proportional fitting algorithm. The Deming-Stephan 
procedure produces consistent estimates of joint population probabilities 
if the sample is a simple random sample. In this case, relatively simple 
formulas are also available for estimation of asymptotic standard deviations 
of the probability estimates. The Deming-Stephan algorithm also yields 
consistent probability estimates if the sample is not random, provided the 
interaction structure associated with the sample distribution is the same as 
the interaction structure associated with the population distribution. Un­
fortunately, formulas for asymptotic variances are much more complicated 
in this case. 

The basic operation of the Deming-Stephan method may be seen by an 
examination of the two-variable case. Two sources of data are present in 
this case. In one case, N independently distributed pairs (Ah, Bh\ 1 < h < iV, 
are observed, where each Ah can assume integral values i from 1 to r and each 
Bh can assume integral values j from 1 to s. The frequency count ni} is the 
number of pairs in which Ah = i and Bh = j , and mi} is the expected value 
of riij. As in Chapter 2, the r x s table of counts ni} may be distributed as in a 
Poisson sampling model, a simple multinomial sampling model, a row-
multinomial sampling model, or a column-multinomial sampling model. 

In the second source of data, ΛΓ other pairs {A'h, B'h\ 1 < h < N\ are 
present, each A'h can assume integral values i from 1 to r, and each B'h can 
assume integral values j from 1 to s. However, the pairs (A'h, B'h) are not 
directly observed, and the number riu of pairs such that A'h = i and B'h = j 
is not known. Instead, marginal totals are available. Thus the number 
n\A of variables A'h equal to i may be known, the number ri* of variables Bh 
equal to j may be known, or both riA, 1 < i < r, and rif, 1 < j < s, may be 
known. The table of rii} may represent a complete population or it may be 
derived from Poisson sampling, simple multinomial sampling, row-multi­
nomial sampling, or column-multinomial sampling. The expected value 
of riu is m'ij. (Here m\j = ri^ if a complete population is observed.) The 
available data are used to estimate the m'^ or to estimate functions of the 
m'y such as the expected proportion p-7 = myN' of observations with A'h = i 
and B'h = j . 

Information from the two separate sources of data can be combined if 
the interaction structures of the table of n^ and the table of n\} are sufficiently 
similar. As in Chapter 2, the ml7 and mf

u may be parametrized so that 

\ogmu = X + Àf + Λ* + ^ β , (9.1) 

Σ ^ = Σ ^ = Σ ^ / = Σ # / = 0, (9.2) 
i J 

log m'u = X + λ\Α + λ)Β + X\f, (9.3) 
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and 

Σ λ\Α = ΣϊΒ = Σ Ψ = Σ W = ο. (9.4) 
i J 

Deming and Stephan's (1940) approach applies under the following con­
ditions: 

(A) The row totals n\A, 1 < i < r, are known, λΒ = λ'Β, 1 < j < s, and 
λΑΒ = λί*Β,1 <i<r,l<j<s. 

(B) The column totals n'B, 1 <j<s, are known, Xf = λ\Λ, 1 < i < r, 
and XfB = X'ifB, 1 < i < r, 1 < j < s. 

(C) The row totals n\A, 1 < i < r, and the column totals n}B, 1 < j < s, 
are both known and Α^β = λ#Β, 1 < ί < r, 1 < 7 < s. 

In other words, Λ5 and À's parameters must be equal if S-marginal totals 
for the n\j are unknown. 

To illustrate use of the Deming-Stephan algorithm in Cases (A), (B), 
and (C), consider Tables 9.1 and 9.2. Both tables have r = 4 rows and 5 = 4 
columns, and both tables measure the joint distribution of years of education 
of married couples in the United States. In Table 9.1, which is derived from 
the 1972 General Social Survey, Ah denotes the educational group of the 
husband and Bh denotes the educational group of the wife, so that Ah = 2 
and Bh = 3 if the husband has 12 years of education and the wife has 13 to 
15 years of education. The observed count nij9 1 < i < 4, 1 < j < 4, is the 
number of subjects h with Ah = i and Bh = j . It is assumed that the pairs 
(Ah, By) are independent and identically distributed with probability pu > 0 
that Ah ·= i and Bh = j . In Table 9.2, which is obtained from the 1970 United 
States Census, A'h denotes the educational group of the husband and B'h 

Table 9.1 

Distribution of Years of Education of Married Couples in 
1972 General Social Survey" 

Years of 
education 
of husband 

0-11 
12 
13-15 
16 + 

Total: 

Years of education of wife 

0-11 

283 
82 
20 
4 

389 

12 

141 
180 
104 
52 

477 

13-15 

25 
43 
43 
41 

152 

16 + 

4 
14 
20 
69 

107 

Total 

453 
319 
187 
166 

1125 

a Data tape from the 1972 General Social Survey, National 
Opinion Research Center, University of Chicago. 
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Table 9.2 

Distribution of Years of Education of Married Couples in the 1970 United States Census ,a.b 

Years of 
education 

of husband 

0-11 
12 
13-15 
16 + 

Total: 

0-11 

13,501,277 
3,399,824 

802,064 
348,900 

18,052,065 

Years of education of wife 

12 

5,289,985 
8,157,086 
2,547,540 
1,865,294 

17,859,905 

13-15 

838,513 
1,258,299 
1,319,579 
1,685,198 

5,101,589 

16 + 

304,007 
460,704 
517,813 

2,301,491 

3,584,015 

Total 

19,933,782 
13,275,913 
5,186,966 
6,200,883 

44,597,774 

a U.S. Bureau of the Census ( 1972, p. 269). 
h Respondents with 1 year of high school have 9 years of education, respondents with 

1 year of college have 13 years of education, etc. 

denotes the educational group of the wife. The number of husbands with 
A'h = i and B'h = j is n'ij. Table 9.2 actually provides an estimate of n\j based 
on a very large sample; however, exposition will be simplified and the analysis 
will hardly be affected if the numbers in the table are regarded as the observed 
counts n'ij. 

The Census does provide a cross-classification of educations of husbands 
and wives. If such a cross-classification were not available but marginal 
totals such as n'A were available, the cross-classification for the 1970 Census 
could be estimated by use of the available marginal totals, together with the 
cross-classification from the 1972 General Social Survey. Estimation will be 
considered in this section under Cases (A), (B), and (C). 

Case (A) 

In this case, it is assumed that the only data available from the 1970 
Census are the marginal totals n'A which specify the distribution of education 
among husbands, and it is assumed that λΒ = λ)Β and XfB = λ\ΑΒ. Thus the 
conditional logit 

λϊΒ) τΒ:,Α 

Ito 

i = logiPij/Pij.) 

the logit 

τ'/iï = log(n 

= \og(m 

'■Jriir) = 

ij/mif) 

(rf -

= (Af -

tf) + 

-If) 

(X\f 

+ (W 

~ Aij' ) 

Equivalently, the conditional probability pB.]A = p-Jpf that Bh = j given 
that Ah = i is equal to the fraction p'B-A = nyriA of husbands in the Census 
in educational group i with wives in educational group j . 
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The assumption that pfA = pf-A is actually a questionable one given the 
complete version of Table 9.2. The chi-square statistics for this model are 

χ2 = ΣΣ K - ™ϋ)2Μ7 = 2 5 · 3 
i J 

and 
Ll = 2 Σ Σ nu l°g(nu/™ij) = 2 5 6> 

i J 

where m{J = nfp'ß-A. Since the corresponding multinomial response model 
has the form 

logimij/pfi) = otf, 

where af = log nf, there are (4 — 1)4 = 12 degrees of freedom. Thus X2 

and L2 have significance levels between 1 and 2 percent. In practice, no 
way would normally exist to test the assumption that pf]A = p'B'iA, for the 
adjustment procedure would normally be used when p'*{A is unknown. 
This test of the hypothesis pfA = p'y[A serves to indicate that the assumptions 
commonly made in adjustment procedures may well fail to hold. Despite 
the questionable nature of the assumption that pf.A = ρ)Β-Α, this case can 
still be studied to illustrate procedures appropriate when the assumption is 
valid. This case will also be useful as an indication of how the distribution 
of education of wives in the 1970 Census would change if the p'y[A were the 
pf]A in the 1972 General Social Survey. 

Estimation Equations 

The estimate m'u of m^ = n'i} is defined in the Deming and Stephan method 
by the following equations: 

m'A - n'A, (9.5) 

ihij = nip (9.6) 

nyu = mijexp(K + kA\ (9.7) 

and 

Σ ^ = °· (9·8) 
Equation (9.5) restrains w!A so that it is equal to the known marginal total 
n'A. Equation (9.6) provides the maximum likelihood estimate of mtJ under 
the saturated model used in this section for the log miy Equations (9.7) 
and (9.8) reflect the relationship 

log m;, - log m,,- = (λ' - λ) + {λ\Λ - λΑ) + (λ'* - λ») + (λ\ΛΒ - λΑ») 
= κ + κΑ (9.9) 

which results if λ)Β = λΒ, λ\ΑΒ = λΑΒ, κ = λ' - λ, and κΑ = λ,Α - λΑ. 
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Equations (9.5) to (9.8) define maximum likelihood estimates of the 
m'ij if nf and nB are not fixed by the sampling procedure. In the case under 
study, the n\} are all fixed, so that these equations provide an approximation 
to the maximum likelihood estimates. 

These equations are satisfied if 

* = -Σΐο8(π;>ί*), (9.10) 
S i 

kf = \og(n'A/nA) - £, (9.11) 

and 
K = (nf/nfWtj = (η'Α/ηΑ)ηί}. (9.12) 

Thus m'u is found by a proportionate adjustment of each row of Table 9.1. 

Confidence Intervals 

Since n'iA is fixed, m-7 has an EASD of 

s(m'ij) = n'Mriij/nf) = n^n^nf - n0)/(nf)3]1/2. (9.13) 

The formula for sinjnf) may be found in Section 2.1 of Volume 1. An 
approximate 95 percent confidence interval for m\j has lower bound 

m'ij — \.96s(m'ij) 

and upper bound 
m'ij + 1.96s(m;,). 

The approximation improves as the mu become large. Results are summarized 
in Table 9.3. The most notable feature of the table is a tendency for the fitted 
educational levels of wives to be higher than the levels found in Table 9.2. 

Case (B) 

This case is very similar to Case (A), except that now the only data available 
from the 1970 Census are the marginal totals nf which specify the distribution 
of education among wives. It is now assumed that λΑ = λ'Α and Xf}

B = λ\ΑΒ, 
so that the conditional probability pf.)B = Pij/pf that a wife in the 1972 
General Social Survey with education Bh = j has a husband with education 
Ah = i is equal to the corresponding fraction ρ'Λ'Β = η'ί}Ιη'Β of wives in the 
Census in education group j with husbands in educational group i. 

The assumption that pf.)B = ρ\Α·Β is even more doubtful than the as­
sumption pBA = p'jBiA, for 

χ2 = Σ Σ Κ · - *ij)2/*ij = 36.0 
i J 
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Table 9.3 

Estimated Distribution of Education of Husbands and Wives in 1970 
Based on Table 9.1 and on the Marginal Distribution of Education of 

Husbands in Table 9.2a 

Education 
in years of 
husband 

0-11 

12 

13-15 

16 + 

0-11 

12,453,000 
453,000 

11,564,000 
13,342,000 
3,413,000 
325,000 

2,776,000 
4,049,000 
555,000 
117,000 
325,000 
785,000 
149,000 
74,000 
5,000 

294,000 

Education in } 

12 

6,205,000 
434,000 

5,355,000 
7,054,000 
7,491,000 
369,000 

6,769,000 
8,214,000 
2,885,000 
188,000 

2,515,000 
3,254,000 
1,942,000 
223,000 

1,505,000 
2,380,000 

/ears of wife 

13-15 

1,100,000 
214,000 
681,000 

1,519,000 
1,790,000 
254,000 

1,292,000 
2,287,000 
1,193,000 
160,000 
879,000 

1,506,000 
1,532,000 
208,000 

1,125,000 
1,938,000 

16 + 

176,000 
88,000 
4,000 

348,000 
583,000 
152,000 
284,000 
881,000 
535,000 
117,000 
325,000 
785,000 

2,577,000 
237,000 

2,113,000 
3,042,000 

a First line is estimated cell counts, second line is EASD, and third 
and fourth lines are respective approximate lower and upper 95 
percent confidence bounds for cell count. 

and 
Ll = 2 Σ Σ ",v logK/ml7) = 34.8, 

where mtJ = nfp^'8. As in Case (A), there are 12 degrees of freedom, so the 
significance levels are less than 0.001. Nonetheless, this case will also be 
examined for illustrative purposes. 

Estimation Equations 

In this case, the Deming-Stephan approach yields the equations 

< = «Ί, (9.14) 

(9.15) 

(9.16) 

(9.17) 
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Their motivation is similar to motivation of (9.5) to (9.8). They are satisfied if 

fa'.. = n'firiij/nj). 

The EASD is 

sWj) = η)Β\η^νή - ηί3)Ι{τήΫΤ12 = nf^Jn^ 

and an approximate 95 percent confidence interval has lower bound 

rh'ij — XSesifh'ij) 

and upper bound 

m'ij + 1.96s(m;7). 

Results for this case are summarized in Table 9.4. Note a tendency for the 
estimated educational levels of husbands to be lower than the observed 
levels in Table 9.2. 

Table 9.4 

Estimated Distribution of Educations of Husbands and Wives in 1970 
Based on Table 9.1 and on the Marginal Distributions of Educations 

of Wives in Table 9.2" 

Education 
in years of 
husband 

Oil 

12 

13-15 

16 + 

0-11 

13,133,000 
408,000 

12,334,000 
13,932,000 
3,805,000 
373,000 

3,074,000 
4,537,000 
928,000 
202,000 
532,000 

1,324,000 
186,000 
92,000 
5,000 

367,000 

Education in 

12 

5,279,000 
373,000 

4,548,000 
6,011,000 
6,740,000 
396,000 

5,963,000 
7,516,000 
3,894,000 
338,000 

3,232,000 
4,556,000 
1,947,000 
255,000 

1,447,000 
2,447,000 

years of wife 

13-15 

839,000 
153,000 
538,000 

1,140,000 
1,443,000 
186,000 

1,078,000 
1,809,000 
1,443,000 
186,000 

1,078,000 
1,809,000 
1,376,000 
184,000 

1,016,000 
1,736,000 

16 + 

134,000 
65,700 
5,000 

253,000 
469,000 
117,000 
240,000 
698,000 
670,000 
135,000 
405,000 
935,000 

2,311,000 
166,000 

1,986,000 
2,636,000 

a The format is the same as in Table 9.4. 
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Case (C) 

Here the marginal distributions of educations are known from the Census 
for both husbands and wives but the joint distribution is unknown. The 
assumption is also made that λΑΒ = λ'ΑΒ, so that the log cross-product 
ratios 

.AB _ loJmumrr\ a n d TM*.. _1 ο>!ΛΛ 
τ,,τ,οτ, - lo&[mij,mrj) a n d T<»w> - ÌO%'ìyn'n) 

are equal for all i, /', /, a n d / . As noted in Exercise 9.1, this assumption is 
questionable, just as were the assumptions in Cases (A) and (B). As in these 
cases, analysis will still proceed to illustrate procedures and to indicate the 
effects on the Census of changing the log cross-product ratios τ[ΑΒ

ωΊ 
observed in the Census to the corresponding cross-product ratios encountered 
in the 1972 General Social Survey. As in the other cases, the assumption that 
XfB = λ\ΑΒ cannot be checked in most real examples since the individual 
n'ij are not known. This example is exceptional in the respect. 

Estimation Equations 

Here the estimation equations are 

m'A = n'A, (9.18) 

mf = rif, (9.19) 
mij = ηφ (9.20) 

m'ij = fhij exp(/c + κ f? + kB) (9.21) 

Σ ^ = Σ ^ = 0. (9.22) 
Equations (9.18) and (9.19) reflect the fact that n\A and rif are known, 
(9.20) reflects the lack of any restriction on mir and (9.21) and (9.22) are based 
on the fact that 

log m\j - log mi} = {λ' - λ) + {λ\Α - λΑ) + {λ'Β - λΒ) 
= κ + κΑ + κΒ (9.23) 

whenever λΑΒ = ΧΑΒ. 

Iterative Proportional Fitting 

These equations cannot generally be solved in closed form ; however, the 
iterative proportional fitting algorithm of Deming and Stephan (1940) 
can be used to solve these equations. As in Section 2.5 of Volume 1, one may 
let the starting values m'ij0 be equal to the observed counts ni} from the General 
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Table 9.5 

Estimated Distribution of Educations of Husbands and Wives in the 
1970 Census Based on Table 9.1 and on Marginal Totals from 

Table 9.2a 

Education 
in years of 
husband 

0-11 

12 

13-15 

16 + 

0-11 

13,285,000 
288,000 

12,720,000 
13,850,000 
3,915,000 
281,000 

3,364,000 
4,466,000 
664,000 
156,000 
358,000 
970,000 
188,000 
91,000 
11,000 

366,000 

Education in 

12 

5,598,000 
290,000 

5,031,000 
6,166,000 
7,269,000 
299,000 

6,687,000 
7,856,000 
2,919,000 
133,000 

2,658,000 
3,181,000 
2,073,000 
290,000 

1,701,000 
2,445,000 

years of wife 

13-15 

909,000 
156,000 
603,000 

1,215,000 
1,590,000 
183,000 

1,231,000 
1,950,000 
1,105,000 
140,000 
830,000 

1,380,000 
1,497,000 
167,000 

1,170,000 
1,824,000 

16 + 

141,000 
68,000 
7,000 

275,000 
501,000 
118,000 
271,000 
733,000 
498,000 
101,000 
301,000 
695,000 

2,442,000 
144,000 

2,160,000 
2,725,000 

a Format is the same as in Table 9.3 and 9.4. 

Social Survey. Proportional adjustments are then made so that for odd v, the 
row total γη\Α is equal to the observed row total riA and for even v, the 
column total m'? is equal to the observed column total nf. Thus 

m'ijo = ™u = nir 
m'iji = W - X K o , 

etc. As v becomes large, m'ijv approaches m^. Results are shown in Table 9.5. 
Standard computer programs for iterative proportional fitting can perform 

the necessary calculations with little difficulty. The only complication is that 
most programs do not use marginal totals such as riA and rif as input. 
Instead, a complete table with these marginal totals must be read. For 
example, one may set rii} = rifnf/N' for use in programs such as Fay and 
Goodman (1975) or Haberman (1972, 1973b). 

Estimated Asymptotic Variances 
In Case (C), estimation of asymptotic variances is far more complicated 

than in Cases (A) and (B). The problem has been studied by Haberman 
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(1974a, pp. 381-382). Unlike other formulas for asymptotic variances which 
have previously been considered, the formula for s2(m;7) does not have any 
simple analog in weighted regression analysis. Given known weights 
Cij, 1 < i < r, 1 <j < s, the asymptotic variance s2(â) of the estimate 

à = Σ Σ CÌAJ of d = Σ Σ cijmu 
i j i j 

may be found in a two-stage process. 
In the first stage, d is decomposed into a constant term and the variable 

term in the following manner. Let y, yf, yf, ei}, and fu be defined so that 

cu = etJ + fu, (9.24) 

Σ/ο< = Σ^ό = 0, (9.25) 

and 

Let 

and 

so that 

etJ = y + yf + yf, (9.26) 

E t f = Z t f = <>· (9-27) 

â = Σ Σ eiAi 
i j 

b = ΣΣ^Α;> 

J = a + b. 

Then â has a constant value a equal to 

Σ Σ (y + yf + yfWu = ΎΣΣ *ύ + Σ yt*,A + Σ tf< 
i J i J 

= γΝ' + Σ yf< + Σ yfn'f. 
i j 

If b has asymptotic mean 

and asymptotic variance σ2(β), then d has asymptotic mean 

d = b + a 
and asymptotic variance a2(d) = σ2(Β). Thus computation of σ2(ά) is 
equivalent to computation of σ2(Β). 
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The second stage involves computation of o2{b). This step is simple since 
Haberman's (1974a) results show that b has the same asymptotic variance 
as 

Σ Σ < / ϋ 1 ο 8 " ϋ · 
i j 

Therefore 

a\d) = a\b) = ΣΣ /yK)>u· (9·28) 
i j 

If a2(b) > 0, then the distribution of (b - b)/a(b) = (d - d)/o{d) is approx­
imately iV(0, 1), with the approximation increasingly accurate as the m^ 
become large. 

To estimate o2(d), the quantities eir /·_,·, y, y·4, and /)·_,· are defined in an 
analogous manner to (9.24) through (9.27). Thus 

Cij = en + fir (9.29) 

lfiAj = lfiAj = o> (9·3°) 

éf. = y + yf + yf, (9.31) 

and 

I t f = I t f = <>· (9-32) 
The estimated asymptotic variance is then 

s2(d) = ΣΣ fU^j)2/^ = Σ Σ / i H ) X - (9·33> 
i j i j 

Solution of (9.25) to (9.28) corresponds to minimization of the weighted 
sum of squares 

Σ Σ Mifaj - eij)2 

i j 

subject to the constraint that for some y, yf, and y*, 

eij = y + yf + yf and Stf = I t f = ° 
A solution can be found by letting a? = y + y*, ßk = y^, 1 < k < r — 1, and 

= - 1 , 
= o, 

so that 

= k 
= r, 
/ /c, i / r, 

k 
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As in Section 6.1, the weighted sum of squares is minimized if ei} = êij9 
where 

k 

and the ßk, 1 < k < r — 1, satisfy the simultaneous equations 

' l S«A = Σ Σ *υ*<Λ 1 < k < r - 1. (9.36) 
/ = 1 i j 

Here 

Sk( = Σ Σ (χΦ - θ*)(χ>β - ÔjMj (9-37) 
i j 

and 

δ* = Σχ-Φ*\Μ· <9·38) 
i 

To find 52(m;
;

), observe that d = m'
vr

 if 

CVy = 1, I = Γ, j = / , 
= 0, ï ^ i ' or ]Φ]'. (9.39) 

Thus (9.34) to (9.39) may be used to obtain the values of s{m\^ shown in 
Table 9.5. The approximate 95 percent confidence intervals have bounds 

m'ij - \.96s{m\j) 

and 
m'ij + 1.965(^;7). 

One indication in Table 9.5 of problems with the assumption that XfB = λ[*Β 

can be seen by comparing the actual value of n'22 in Table 9.2 of 8,157,086 
to the upper limit 7,856,000 of the corresponding confidence interval in Table 
9.5. The standardized deviate (n22 — m'22)/s(m22) has an approximate 
N(0, 1) distribution if λ^Β = λ$". Since this deviate is 

(8,157,086 - 7,269,000)/299,000 = 3.30, 

it has an approximate significance level of 2[1 — Φ(3.30)] = 0.00096. Even 
adjusting for the presence of 16 estimates mj7·, this deviate is still larger than 
can be expected under the assumption that Tables 9.1 and 9.2 have the same 
two-factor interactions. 
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In this section, the basic procedures for adjustment of data using saturated 
models have been explored. The Deming-Stephan procedure for estimation 
of unobserved counts has been provided, and a procedure has been given 
for estimation of EASD's. Generalizations to higher-way tables are straight­
forward. For examples, see Exercises 9.4 and 9.5. In this next section, a 
generalization to unsaturated models is provided. 

9.2 Adjustment of Marginal Totals Using Unsaturated Models 

The adjustment procedures of the preceding section may also be applied 
if an unsaturated model is used with the table of nfJ·. The only requirement is 
that the only A-parameters to be restricted must be those assumed equal in 
Tables 9.1 and 9.2 to the corresponding Λ'-parameters. For example, in 
Cases (A), (B), and (C) of Section 9.1, one may assume quasi-symmetry, 
in which case, XfB = XfB. This restriction is permitted since in Cases (A), 
(B), and (C), ψ = ψ. 

The estimation procedure for the unsaturated case is very similar to the 
estimation procedure in the saturated case, except that mtJ is now the maxi­
mum likelihood estimate of mu under the unsaturated model for the η^. 
Computation of estimated asymptotic variances is more complex than in the 
cases explored in Section 9.1 since the estimated asymptotic variance of a 
linear combination of the log m0 in an unsaturated model has a relatively 
complicated expression compared to the estimated asymptotic variance 
of a linear combination of the log η^. 

Computation of rhi} 

Procedures will be illustrated in the section by an application of quasi-
symmetry to Table 9.1 when the assumptions in Case (C) are made. To begin 
analysis, estimates m0 are computed as in Section 8.1 under the quasi-
symmetry model 

log mij = λ + λ? + λΒ + λϊΒ, 

i J 

-\AB _ \AB 
Aij ~ Aji ' 

Results are shown in Table 9.6. Since there are 3 degrees of freedom, X2 = 
3.50, and L2 = 3.44, the quasi-symmetry model is consistent with Table 9.1. 
Thus the thy do provide acceptable estimates of the means m^. 
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Table 9.6 

Estimated Cell Means in Table 9.1 under the 
Quasi-Symmetry Model 

Education 
in years of 
husband 

0-11 
12 
13-15 
16 + 

Education in 

0-11 

283.00 
77.18 
23.48 

5.33 

12 

145.82 
180.00 
98.99 
52.19 

years of wife 

13-15 

21.52 
48.01 
43.00 
39.47 

16 + 

2.67 
13.81 
21.53 
69.00 

Computation of /»,', 

Given the niu, the estimates m'^ for Table 9.2 satisfy 

m'f = n\A, (9.40) 

m'f = n'f, (9.41) 
m'u = ihij exp(K- + kf + kj), (9.42) 

Σ*ί* = Σ * ' = <>· (9-43) 

These equations may be solved by iterative proportional fitting as in Section 
9.1. The only change is in the starting value m'ij0, which is now mijm At sub­
sequent steps, 

m'in = (n'f/mfym'ijo, (9.44) 

m'ij2 = (n'f/m'fM», (9.45) 

etc. Results are summarized in Table 9.7. 

Estimation of Asymptotic Variances 

As in Case (C) of Section 9.1, estimation of the asymptotic variance of a 
linear combination of the estimated means m^ is a two-stage process. The 
first stage is the same as in Section 9.1. The second stage is more complicated 
than in Section 9.1 due to the use of an unsaturated model. 

As in Section 9.1, it is helpful to begin by considering the asymptotic 
variance o2(d) of a linear combination 

' j 
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Table 9.7 

Estimated Distribution of Educations of Husbands and Wives in the 
1970 Census Based on the Quasi-Symmetry Model for Table 9.1 and on 

the Marginal Totals in Table 9.2" 

Years of 
education 
of husband 

0-11 

12 

13-15 

16 + 

0-11 

13,304,000 
288,000 

12,740,000 
13,869,000 
3,716,000 
300,000 

3,218,000 
4,214,000 
781,000 
107,000 
571,000 
991,000 
251,000 
85,000 
85,000 

418,000 

Years of education of wife 

12 

5,760,000 
274,000 

5,218,000 
6,292,000 
7,276,000 
141,000 

6,689,000 
7,863,000 
2,764,000 
108,000 

2,552,000 
2,975,000 
2,065,000 
170,000 

1,731,000 
2,399,000 

13-15 

780,000 
107,000 
570,000 
990,000 

1,783,000 
79,000 

1,508,000 
2,059,000 
1,103,000 
140,000 
828,000 

1,378,000 
1,435,000 
136,000 

1,168,000 
1,701,000 

16 + 

94,000 
35,000 
26,000 
163,000 
501,000 
85,000 

334,000 
667,000 
539,000 
79,000 

384,000 
695,000 

2,449,000 
143,000 

2,169,000 
2,730,000 

a The format is the same as in Tables 9.3, 9.4, and 9.5 

of the estimated means m^. As in Section 9.1, if o2(d) > 0 and 

* = ΣΣ€υηιΨ 
i j 

then (d — d)/a(d) is approximately a standard normal deviate and a2(d) 
is the asymptotic variance of 

9 = ΣΣ(4<)1οβ™ϋ> 
i J 

where fi} is defined as in (9.24) to (9.27). The only change is in the formula 
for the asymptotic variance of g. 

Since 

where 

log mu = X + Xf + X» + Iff, 
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and If» = Iff, (9.25) implies that 

e = * Σ Σ ft A) + Σ V Σ /u«u + Σ f̂ Σ « + Σ Σ ^ Η ^ 
i j i j J i i J 

= Σ 'Σ'Μ^ 
i=27=1 

where 
uu = m'ijfu + m7//ji - < A · - ^774 · (9.46) 

Thus g has asymptotic variance 

o\d)= t ' Σ t ï " o " r / f o r r , (9-47) 
i = 2 7 = 1 i' = 2 7 ' = 1 

where z;l7lT is the asymptotic co variance of If? and 1 ^ . 
To find the vijvr for Table 9.1, observe that 

9 

log Mi j = a? + ^ßkxijk, 
fc= 1 

where the af = /I + Λ? and the ßk and x0k are defined as in Table 9.8. The 
asymptotic co variance matrix of the ßk, 1 < k < 9, has elements Skl, 1 < k 
< 9, 1 < / < 9, where the Sfci are elements of the inverse S~ 1 of the matrix 
5 with elements 

s u = Σ Σ (*,,* - 0*)(*y< - 0j,K· . (9·48) 
i J 

and where 

0* = Z* . -W< (9·49) 
i 

Thus r2121 = S44, i;3121 = S54, etc. 
To compute estimated asymptotic variances s2(d), let fi} be defined as in 

Section 9.1 and let 

û«j = ^ 7 / 7 + Mjifji - unfa - m'jjfjj. (9.50) 
Then 

s20)= Σ "Z Σ 'iWrAjrj- (9·51) 
i = 2 7 = 1 i' = 2 / = 1 

H e r e ß 2 1 2 1 = S 4 4 , 0 3 1 2 1 = S 5 4 , #4ΐ2ΐ = S64> etc> where S - 1 is the inverse 
of the matrix S with elements 

S« = Σ Σ (Xijk - 0jk)(xiß - θη)ήιί} (9.52) 
*' 7 



536 9 ADJUSTMENT OF DATA 

Table 9.8 

Coefficients for the Quasi-Symmetry Model of Table 9.1 

k 

A 

Xl U 
X2lk 
X31k 
X41k 
Xl2k 
X2 2k 
X32k 
X42k 
Xl3k 
X23k 
X 3 3A 
X43k 
X14k 
X24k 
X34k 
X44k 

1 

Ai 

1 
0 
0 

- 1 
1 
0 
0 

- 1 
1 
0 
0 

- 1 
1 
0 
0 

- 1 

2 

λί 

0 
1 
0 

- 1 
0 
1 
0 

- 1 
0 
1 
0 

- 1 
0 
1 
0 

- 1 

3 

λί 

0 
0 
1 

- 1 
0 
0 
1 

- 1 
0 
0 
1 

- 1 
0 
0 
1 

- 1 

4 

} A 
A2\ 

- 1 
1 
0 
0 
1 

- 1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

5 

Λ3 1 

- 1 
0 
1 
0 
0 
0 
0 
0 
1 
0 

- 1 
0 
0 
0 
0 
0 

6 

Λ4 1 

- 1 
0 
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
1 
0 
0 

- 1 

7 

} A 
Λ32 

0 
0 
0 
0 
0 

- 1 
1 
0 
0 
1 

- 1 
0 
0 
0 
0 
0 

8 

A42 

0 
0 
0 
0 
0 

- 1 
0 
1 
0 
0 
0 
0 
0 
1 
0 

- 1 

9 

)A 
Λ 43 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

- 1 
1 
0 
0 
1 

- 1 

and 

h = Σ χ*ά,j/rf. (9.53) 

Estimates vijrj> are shown in Table 9.9. Estimates s2(m-j) are shown in 
Table 9.7, together with corresponding approximate 95 percent confidence 
intervals. Some modest gain is generally achieved compared to Table 9.5 
in terms of width of the confidence intervals. This gain is the basic motivation 
for use of unsaturated models in the adjustment process. 

Table 9.9 

Estimates vijrj. for Table 9.1 

1000J)„2I 

5.426 
-0.701 

-10.024 
-2.677 
-0.259 

3.834 

1000003, 

-0.701 
12.327 

-11.792 
-3.339 

4.750 
-0.661 

1000D,/41 

-10.024 
-11.792 

50.935 
10.753 

-10.269 
-10.517 

1000%,, 

-2.677 
-3.339 
10.753 
6.875 

-3.395 
-2.912 

1000t),/42 

-0.259 
4.750 

-10.269 
-3.953 
10.344 

-0.586 

1ΟΟΟ0ι:/43 

3.834 
- 0 . 6 6 1 

- 1 0 . 5 1 7 
- 2 . 9 1 2 
- 0 . 5 8 6 
10.725 
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9.3 Related Applications 

The adjustment methods described in this chapter have been used 
extensively to describe relationships between discrete variables. An early 
example appears in Yule (1912). He considers a 2 x 2 table with counts 
riij, 1 < i < 2, 1 <j < 2. The relationship between the two cross-classified 
dichotomous variables can be described by the cross-product ratio 

q = n11w22/(w12n21). 

Yule notes that a 2 x 2 table of probabilities P u , P 1 2 , P2 1 , and P 2 2 exists 
with marginal probabilities 

P? = Pn + Pa = Pf = Pi} + Pij = i 
and 

P„P22l(Pi2P2Ò = q. 
In this table, 

P22 = PM = 1/[2(1 + qm)i 
and 

i>i2 = i > 2 i = 9 / [ 2 ( l + 4 1 / 2 ) ] · 
Yule's coefficient of colligation, which was mentioned in Chapter 2, is 

pf:f-Pi:? = p11/p?-p12/pf 
= (1 - ql/2)/(\ + qil2\ 

Mosteller (1968) considers a more general standardization in which a 
5 x 5 table nij9 1 < i < 5, 1 <j < 5, is adjusted to yield a new table of 
estimates Mij9 1 < i < 5, 1 < j < 5, where for some JC, fcf, and κ^, 

Mt = Σ Mo = 100> 1 < î < 5, 
J 

i 

log(n;yM;j.) = ic + te? + *cf. 

and 

Computations use the iterative proportional fitting algorithm described in 
Section 9.1. The only change is replacement of the n\A and nf ofthat section 
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by the Mf and Mf. Similar analyses of a 3 x 3 and an 8 x 3 table appear 
in Fienberg (1971). 

The material of this chapter is also closely related to a literature on 
standardization of rates that dates back at least to Registrar General of 
Birth, Deaths, and Marriages in England (1883). Let subjects /i, 1 < h < N, 
be observed on polytomous variables Ah = i and Bh = j . For example, 
Ah might be an age group and Bh might be 1 if the subject dies in a given year 
and 2 otherwise. Let pi} > 0 be the probability that Ah = i and Bh = j , 
let pf be the marginal probability that Ah = i, and let pf)A be the conditional 
probability that Bh = j given that Ah = i. Thus the pf might determine the 
age distribution in the population, and the pE

x.f would be age-specific death 
rates. Let pf be an estimate of pf, and let pfA be an estimate oipf\A. Consider 
a reference population with probabilities Pi} corresponding to pu. Let the 
marginal totals Pf be known, and assume that Pf)A = pf)A. Then the marginal 
total P? has the estimate 

i 

For example, the estimates Pf might be an age-adjusted death rate. The 
standard population would have an age distribution defined by the Pf. 

EXERCISES 

9.1 Use Tables 9.1 and 9.2 to test the hypothesis 

logintij/n'ij) = K + Kf + KJ, 
where 

Solution 
The Newton-Raphson algorithm or Deming-Stephan algorithm may be 

used. In the latter case, 

Wiji = mijonf/mfo, 

etc. The chi-square statistics X2 = 16.6 and L2 = 17.3 have (4 - 1)(4 - 1) 
= 9 degrees of freedom, so they have approximate significance levels of 
5 percent. Thus the model is doubtful. Much of the difficulty appears to 
involve diagonal cells, as can be seen in Table 9.10. 
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Table 9.10 

Observed Counts and Estimated Expected Counts for the 
Model of Exercise 9.1 " 

Years of 
education 
of husband 

O i l 

12 

13-15 

16 + 

0-11 

283 
286.95 

82 
70.49 
20 
24.12 
4 
7.45 

Vears of education of wife 

12 

Ml 
134.75 
180 
202.69 
104 
91.82 
52 
47.73 

13-15 

25 
22.65 
43 
33.16 
43 
50.44 
41 
45.74 

16 + 

4 
8.56 

14 
12.66 
20 
20.64 
69 
65.13 

" First line is observed count and second line is 
estimated expected count. 

The model 
logimij/n'ij) = κ + κ* + κ?, i φ j , 

leads to an X2 of 2.96 and an L2 of 3.14. The degrees of freedom are 6, so the 
fit is quite satisfactory. 

9.2 Use the Newton-Raphson algorithm to compute the estimate niVj 
in Table 9.5. 

Solution 
The estimates mi} are found from use of the Newton-Raphson algorithm 

for the log-linear model 

log(w;v/z0.) = a? + £ ßkxijk, 

where 
Kijk = 1, 

= o, 
= - 1 , = 4. 

The ztj are set equal to nu. The counts rii} corresponding to the ηϊί} are chosen 
so that they have the observed marginal totals. For example, one may let 
m'ij = rifnf/N'. One may cheat a bit since the rii} are actually known and 
use the actual observed values. 
9.3 Verify Table 9.5. 
9.4 Let polytomous variables Ahi Bh, and Ch be observed, 1 < h < N. 
Assume that the triples (Ah, Bh, Ch) are independently distributed with 
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probability pijk > 0 that Ah = i, Bh = y, and Ch = /c, 1 < i < r, 1 < j < s, 
and 1 < k < t. Let nijk be the observed number of h such that Ah = i, £Λ = j , 
and Ch = /c, so that nijk has mean mIjk = Npijk. Assume that in a population 
under study, variables A'h, B'h, and CJ,, 1 < /i < iV, are distributed so that 
/?;■# > 0 is the probability that A'h = i, BJ, = 7, and C'h = k, I < i < r, I < j 
< s, and 1 < fc < i. Let nIjfc be the number of h such that A'h = i, θ^ = j , 
and CJ, = /c, and let m'ijk = N'p'ijk denote the mean of n'ijk. Let 

log mijk = X + Xf + X) + Xc
k + Xf* + Xf + Xf + X$c 

and 
log m'Uk = X + X\A + Xf + X'kc + X\f + X\ic + ψ + Xffc. 

Assume that Xfjk
c = X'f£c, where the usual constraints on X- and A'-param-

eters apply. Let the marginal totals n'tfB, riik
c\ and nf

jk
c be observed. Describe 

an iterative proportional fitting procedure for use in estimation of the mean 
mW = N'p'ijko{n'ijk. 

Solution 

One may let 

„'ABl^AB 
lijkOnij /mijO> 
1 t AC 1 1 AC 

ylijk\nik /mikO> 
mijk2> — mijk2njk /mjkOi 

etc. The limit m'ijk of the m'ijkv is the maximum likelihood estimate of m'ijk. 

9.5 Let Ah,Bh,Ch, nijk, JV, pijk, mijk, A'h, B'h, Ch9 riijk, N\ p'ijk9 and m'ijk be 
defined as in Exercise 9.4. Assume that the X- and Λ,'-parameters in Exercise 
9.4 satisfy Xf* = X[fB, Xf = X\tc, and X^c = A^ßc, and assume that the 
observed marginal totals are the n[A and rijk

c. Find an iterative proportional 
fitting algorithm for estimation of m'ijk. 

Solution 
Here 

mijkO — nijk-> 
1 ,A 1 1 rA 

mijkl — ni mijkO/mijkOi 
m'ijk2 = rijk mijk\lnijkU 

etc. The m'ijkv approach a limit m'ijk which is the maximum likelihood estimate 
o(m'ijk. 

9.6 Derive Table 9.7. 



Latent-Class Models 

The latent-class models of this chapter assume that the relationships 
between several observed (manifest) discrete variables can be explained by 
use of a log-linear model involving both these variables and one or more 
unobserved (latent) discrete variables. The usual assumption made in these 
models is that the manifest variables are conditionally independent given 
the latent variable or variables, so that for any given manifest variable, the 
other observed variables provide no information on that given variable 
beyond information provided by the latent variable or variables. In this 
sense, the latent variables or variables fully account for the observed relation­
ships among the manifest variables. Readers familiar with factor analysis 
may find parallels between factor analysis models for continuous data 
and latent-class models for discrete data. 

The treatment of latent-class analysis in this chapter is most closely related 
to work of Goodman (1974a,b) and Haberman (1974c, 1976b, 1977). This 
work builds on a substantial earlier literature. The most extensive treatment 
of latent-class analysis is in Lazarsfeld and Henry (1968). Important earlier 
papers include Lazarsfeld (1950a,b), Green (1951, 1952), Anderson (1954, 
1959), Gibson (1955), McHugh (1956), and Madansky (1960). Except for 
McHugh (1956), this earlier literature emphasizes estimation by deter-
minantal equations. This method is generally cumbersome and inefficient. 
The approach of Goodman and Haberman has roots in the gene-counting 
method for estimation of gene frequencies. For early discussion of this 
algorithm, see Ceppellini, Siniscalco, and Smith (1955) and Smith (1956). 
The models of this chapter are related to an extensive literature on 
incomplete data. For a very helpful review, see Dempster, Laird, and Rubin 
(1977). 

541 
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Sections 10.1-10.3 of this chapter consider computation of maximum 
likelihood estimates, chi-square statistics, and adjusted residuals for the basic 
latent-class model in which a single latent variable is present and the only 
assumption made is that the manifest variables are conditionally inde­
pendent given the latent variable. Techniques used in these sections parallel 
techniques previously used with log-linear models. Maximum likelihood 
equations are similar in form, an iterative proportional fitting algorithm is 
available, and a variant of the Newton-Raphson algorithm called the 
scoring algorithm reduces to a series of weighted regression problems. 
As with log-linear models, asymptotic variances can be computed through 
analogies to weighted regression problems. Despite these similarities, 
analysis is more difficult than in the case of log-linear models. Starting values 
for iterative computations are not easily chosen, multiple solutions to the 
maximum likelihood equations exist, and iterative computations proceed 
more slowly than in the case of comparable log-linear models. 

In Sections 10.4 and 10.5, a variety of less traditional latent-structure 
models are considered. The general estimation and testing procedures for 
these models are quite similar to those for the more traditional model. 
Section 10.6 summarizes the general theory of latent-class models used in 
this chapter. 

10.1 Maximum Likelihood Equations for the Traditional Latent-
Class Model 

In the traditional latent-class model, one dichotomous or polytomous 
latent variable and more than one dichotomous or polytomous manifest 
variables are present. The only assumption made is the local independence 
assumption that the manifest variables are conditionally independent given 
the latent variable. 

To illustrate the traditional model, it will be applied to Table 7.29 under 
the condition that the latent variable is dichotomous. For subject h, let Xh 
denote the latent variable. As in Chapter 7, let Bh, Dh, and Fh denote the 
responses to questions B, D, and F, and let Yh denote the year of survey. 
Thus Bh, Dh, Fh, and Yh are the manifest variables. In the traditional latent-
class model, Bh,Dh,Fh, and Yh are conditionally independent given Xh. Thus 
if Xh were known, knowledge of the attitude Bh toward legal abortions for 
married women not desiring more children provides no added information 
concerning the attitude Dh toward legal abortions for women in families 
with low incomes or the attitude Fh toward legal abortions for unmarried 
women not wishing to marry the father. To describe the appropriate 
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log-linear model, assume that given the Yh, 1 < h < N, the responses 
(Xh, Bh,Dh, FhX 1 < h < N, are independently distributed, with p™k

D( Y > 0 
the probability that Xh = x, Bh = i, Dh = j , and Fh = k given that Yh = I 
Let nxijkl be the number of subjects with Xh = x, Bh = i, Ζ)Λ = j , Fh = /c, and 
Yh = /, and let mxijkl = nJp™k

DJ'Y denote the conditional expected value of 
nxijki given the number n] of subjects responding in year /. Then it is assumed 
that 

log mxijkl = λ + λχ
χ + Af + Af + Af + ΑΓ 

+ A5B + k*f + Aîf + ΑΪΛ (10.1) 

where 

x i I x i 

= ··· = Σ ^ = Σ4Υ = ο. (10.2) 

Since the Xh are not observed, the frequencies nxijkl are not known. 
Therefore, ordinary methods for analysis of log-linear models cannot be 
employed. However, it is still possible to estimate the means mxijki and the 
A-parameters from the observed marginal totals nf^FY. These totals are 
known since nfjkfY is the number of subjects h in year Yh = I with the ob­
served responses Bh = i, Dh = j , and Fh = k. Given the observed marginal 
totals nfjkl

FY, the following general rule for derivation of maximum likelihood 
estimates in latent-structure models may be used. The same maximum 
likelihood equations apply as in the ordinary case in which all frequency 
counts are directly observed, except that the unobserved counts are replaced 
by their estimated conditional expected values given the observed marginal 
totals. This rule can be derived from Haberman (1974c). 

To illustrate the rule, consider the model defined by (10.1) and (10.2). 
Since the model is of hierarchical form and the generating class consists of 
XB, XD, XF, and AT, the maximum likelihood equations under direct 
observation would be 

rttx* = nXB mxP = nx? 
"lxi nxi ·> "lxj nxj ·> 
faXF _ XF ^XY _ XY 
mxk — nxk ·> mxl — nxl -> 

log mxijki = ì + ìf + A? + Âf + · · · + A£y, 

Σ ^ = Σ^ = ··· = Σ ^ - Σ 4 Υ = ο. 
x i x i 

Since n™, n*f, nxk
F, and nx

Y are not observed, these equations cannot be 
used in practice. However, given the n?jkl

FY, the conditional expected value 
of 

nxijki n a s a n estimate 
nxijkl — \mxijkl/mijkl )nijkl -
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The maximum likelihood equations can then be written as 

"lxi nxi > "lxj nxj "> 

mil = Kl, ml: = n xk > rnxl — nxl > 

log mxijki = X + If + If + Χζ + - -. + XXJ, 

x i x i 

Despite the general resemblance between maximum likelihood equations 
for latent-class models and maximum likelihood equations for ordinary 
log-linear models, many difficulties arise in the latent-class case that are not 
encountered in the ordinary case. These problems primarily reflect the lack of 
a unique solution to the maximum likelihood equations for latent-class 
models. An added problem arises since solutions exist that are not maximum 
likelihood estimates. For example the maximum likelihood equations are 
satisfied if ax + a2 = 1, a1 > 0, a2 > 0, and 

tixijki = axn?nfrinJ/N3; 

however, in general, this estimate for mxijk is a maximum likelihood estimate 
not for the latent-class model of interest but for the independence model in 
which ax = Πχ/Ν, the proportion of Xh equal x, and 

log mxijkl = λ + λχ
χ + Af 4- λ? + λζ + λ]. 

In addition, if mxijkl satisfies the maximum likelihood equations, then so 
does the estimate 

mxijkl = m(3-x)ijkl 

in which the indexes x = 1 and x = 2 are interchanged. In other words, the 
data cannot be used to determine which latent class is which. Consequently, 
maximum likelihood estimates are not uniquely defined. Given these 
problems, some care must be taken to ensure that a solution of the maximum 
likelihood equations is indeed a maximum likelihood estimate. The next 
two sections consider this issue in terms of two computational procedures 
for derivation of the estimates mxijkl. 

10.2 Iterative Proportional Fitting and Latent-Class Models 

Iterative proportional fitting has been adapted by Goodman (1974a,b) 
and Haberman (1976b) for use with latent-class models. The basic concept 
used goes back at least to Ceppellini, Siniscalco, and Smith (1955). The 
iterative proportional fitting algorithm discussed in this section can be 
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applied to any latent-class model based on a hierarchical log-linear model. 
The algorithm normally converges to a solution of the maximum likelihood 
equations; however, convergence is much slower generally than with directly 
observed frequency counts. A precise statement concerning convergence 
conditions may be found in Haberman (1976b). 

Ordinary routines for iterative proportional fitting of hierarchical log- 
linear models can readily be adapted for use with latent-class models. 
Computations in this section are performed through the iterative pro- 
portional fitting algorithm available in the SNAP system at the University of 
Chicago. Several variations of the same basic algorithm are possible. The 
version presented here corresponds to that of Goodman (1974a,b), although 
the equivalence may not be immediately apparent to many readers. 

To begin the algorithm, an initial approximation mxijk10 for Axijkl is 
required. This approximation must satisfy the log-linear model under 
study. Thus if (10.1) and (10.2) specify the model, some A o ,  A:o, AFo, Aye, 
Are, A:$, A:;, A:[o, and A:& must exist such that 

log r n x i j k 1 0  = A0 + A:o + A;( + A70 + A:o + A;, + A:$ + 1:; 
+ A:[o + n:1: 

and the usual constraints on A-parameters hold. The choice of mxijk10 is much 
more important than in ordinary iterative proportional fitting. It is especially 
important to observe that it is not appropriate to set all mxijk10 to 1. Deter- 
minantal estimates of mxijkl may be used for mxijklO, although they are rather 
tedious to compute. For details, see Lazarsfeld and Henry (1968). In this 
section, the rather crude and arbitrary approach is adopted in which 

A X E  - AXD AXF - AXY AXY - 

- AX - AfJ = AD = go = A;o = 

110 - 110 = 110 - 130 = - 110 - 
and 

A = 0. 0 - x0 - i0 JO 

The remaining A-parameters are determined from these equations and the 
given constraints. Thus 

log mlijkl  = -log mZijkl = 1 - 2i - 2j - 2k + 7. 

This condition links X h  = 1 with positive responses to questions concerning 
abortion. 

Given mxijklO, one defines 
- 

%ijk lO  = mxijk10 nzry/mzz, 
mxijk12 = mxijklln:;/m::iS, 

mxijkll  - mxijk10 n%/m:$ 9 

mxijk13 = mxijk12 n::0/m::2 9 
XY XY 

mxl jk i4  = mxijk13 nXioImxi3 9 nxijk14 = mxijki4 nzYyImz&y, 
mxijkl5 = mxijki4 n,XiS,lm,XiB,, etc. 
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Table 10.1 

Results of Iterative Proportional Fitting with the Simple Latent-Class Model for Table 7.29 

I i j 

1 1 1 

2 

2 1 

2 

2 1 1 

2 

2 1 

2 

3 1 1 

2 

2 1 

2 

k 

1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 

nijkl 

334 
34 
12 
15 
53 
63 
43 

501 
428 

29 
13 
17 
42 
53 
31 

453 
413 

29 
16 
18 
60 
57 
37 

430 

mlijklO 

7.399 
1.000 
1.000 
0.135 
1.000 
0.135 
0.135 
0.018 

20.086 
2.718 
2.718 
0.368 
2.718 
0.368 
0.368 
0.050 

54.598 
7.389 
7.389 
1.000 
7.389 
1.000 
1.000 
0.135 

m2ijklO 

0.135 
1.000 
1.000 
7.389 
1.000 
7.389 
7.389 

54.598 
0.050 
0.368 
0.368 
2.718 
0.050 
2.718 
2.718 

20.086 
0.018 
0.135 
0.135 
1.000 
0.135 
1.000 
1.000 
7.389 

m 1 ijkl A 

286.52 
27.09 
15.68 

1.48 
42.50 
4.02 
2.33 
0.22 

387.79 
36.66 
21.22 

2.01 
57.52 

5.44 
3.15 
0.30 

437.29 
41.34 
23.93 
2.26 

64.87 
6.13 
3.55 
0.34 

m2ijkl4 

0.27 
3.15 
2.08 

24.05 
5.94 

68.86 
45.35 

525.46 
0.22 
2.58 
1.70 

19.66 
4.86 

56.29 
37.07 

429.54 
0.19 
2.24 
1.48 

17.11 
4.23 

48.98 
32.26 

373.80 

mlijkl(24) 

345.58 
25.44 
11.03 
0.81 

41.91 
3.09 
1.34 
0.10 

412.26 
30.35 
13.16 
0.97 

50.00 
3.68 
1.60 
0.12 

416.63 
30.67 
13.30 
0.98 

50.53 
3.72 
1.61 
0.12 

m2ijkl(2Ar) 

0.16 
2.02 
1.32 

17.15 
4.55 

59.10 
38.69 

502.72 
0.14 
1.78 
1.17 

15.18 
4.03 

52.32 
34.25 

445.01 
0.13 
1.75 
1.14 

14.87 
3.94 

51.24 
33.54 

435.82 

mBDFY 
mijkl(24) 

345.74 
27.46 
12.35 
17.96 
46.46 
62.19 
40.03 

502.81 
412.39 

32.14 
14.33 
16.15 
54.02 
56.00 
35.84 

445.01 
416.76 

32.42 
14.45 
15.85 
54.47 
54.96 
35.16 

435.94 

Convergence is leisurely; one finds that after 24 iterations, results in Table 
10.1 are obtained. 

To test the model, the chi-square tests statistics 

*2 = ΣΣΣΣ(« 
i j k l 

BDFY 
ijkl m 

BDFY\2 I^BDFY 
ijkl T/m; ijkl 

or 
L·2 = 2 Σ Σ Σ Σ «5S" l o g W W ) 

i j k l 

may be used. Since there are 24 counts nf^fY and 

1 + (2 - 1) + (2 - 1) + (2 - 1) + (2 - 1) + (3 - 1) + (2 - 1)(2 - 1) 
+ (2 - 1)(2 - 1) + (2 - 1)(2 - 1) + (2 - 1)(3 - 1) = 12 

independent A-parameters, there are 12 degrees of freedom. The observed 
test statistics X2 = 9.97 and L2 = 10.07 suggest that the fit is quite satis­
factory. A more detailed examination of the model is considered in the next 
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section, in which the scoring algorithm is used to estimate asymptotic 
variances of parameter estimates. 

10.3 The Scoring Algorithm 

A variant of the Newton-Raphson algorithm called the scoring algorithm 
provides an attractive method for computation of mxijkl0 in the model 
defined by (10.1) and (10.2). Versions of this procedure can be found in Smith 
(1956), McHugh (1956), and Haberman (1977). The algorithm applies to 
any latent-class model based on a log-linear model. 

Just as in the case of the Newton-Raphson algorithm for directly observed 
data, computations resemble those in a weighted regression analysis. The 
model can be expressed as in Section 6.2 in terms of the independent variable 
Yh and the dependent variables Xh, Bh, Dh, a d Fh. Thus 

log mxijkl = ccj + X\qX
x + Afaf + À^qf + ÀFqF

k 
, }XBnXnB , )XDnX„D , }XFnXnF 

+ AnHxHi + AnHxHj + AuHxHk 
+ AiiHxHn + AuHxHii> 

where 

OLJ = λ + λ], 

πχ — —nx — nB — -nB — nD — — rP — nF — — nF — 1 Hi — Hi — Hi — Hi — Hi — Hi — Hi — Hi — l> 

and for 1 < /' < 2, 

HÌv = 1, / = /', 
= 0, / Φ /', / Φ 3, 
= - 1 , / = 3. 

Thus one may write 

log mxijkl = otj + X ßhUxijm, 
h=l 

where 

Pi = Ali Pi = AU Uxijkll — Hxi uxijkll — i i î e t c · 

The corresponding weighted regression model has the form 

9 

Σ 
h=l 

Zijkl — 0tt + 2^ Ph Uijklh + Sijkl ' 
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where 

and the & i j k [  are independently distributed errors with means of 0 and 
variances of l / m z F ' .  Unlike the case of ordinary log-linear models, this 
regression model has independent variables dependent on the unknown means 
r n x i j k l .  This dependence will cause special complications in selection of 
starting values. Nonetheless, the regression model is otherwise plausible, for 

has asymptotic mean 

and asymptotic variance l / m z y Y .  
To begin the algorithm, an initial approximation mxijk,O for m x j j k [  must 

be given. Determination of good initial approximations appears tedious. 
One possible choice is the value of m x i j k l 4  in Table 10.1. This approximation 
has the useful feature that m z L Y  is equal to nzrY,  which in turn is an estimate 
of " Z y .  

At iteration t 2 0, a working value 

Z i j k l r  = 1 (log m x i j k [ r ) m x i j k l f / m Z L Y  + (fig:' - m ~ ~ ~ Y ) / m ~ [ Y ,  t > 0, 
X 

= 1 (log m x i j k l r ) m x i j k / t / m ~ ~ : Y ,  t = 0, 
X 

is computed, and estimates of P h  are found as in the regression model 

Z i j k l t  = x: + 1 P h U i j k f h r  + '%jk f t>  

where the cijk,[ have respective means 0 and variances l/mtfLY. Thus the 
satisfy the simultaneous equations 

1 Sght  P h r  = wgt 3 
h 

where 

W g t  = 1 c C 1 ( U i j k l g r  - e l g r ) ( Z i j k l r  - zt)mz:Y, 
i j k l  

S g h t  = c c c ( U i j k l g t  - H l g t ) ( n i j k l h t  - e l h t ) m Z L Y ,  
i j k l  

and 
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For t > 0, 
ßht — Pfi(i-l) + <5fir> 

where the ôht satisfy the simultaneous equations 

L Sght°ht = Qgt 
h 

and 

i j k l 

Given the ßht, a new estimate mxijkl{t+ i)OÎmxijkl is found from the equations 
Vxi jklt = 2^ ßht Uxijklh > 

9lt = nï ΣΣΣΣ eXP ü̂fclf ' 
/ x i! j fc 

and 
mxijkl(t + 1 ) = 0/i e X P ĵcijfc/r · 

Normally, the mxijklt approach mxijkl and the ßht approach ßh as t becomes 
large. 

Calculations are summarized in Tables 10.2 and 10.3. Note that con­
vergence is much more rapid than with iterative proportional fitting. As 
an added dividend, the asymptotic covariance matrix of the vector ß of ßh 
has an estimate S~ *, where S has elements 

s* = Σ Σ Σ Σ ew - elemjklh - Ο,ΧΓ, 
i j k i 

Uijklh — 2^ Uxijklmxijkl/mijkl -> 

Table 10.2 

Results of the Scoring Algorithms as Applied to the Simple Latent-Class 
Model of Table 7.29 

Parameter h ßh0 ßhl ßh2 ßh3 s(ßh) 

x* ■ 

*? 
λ'ί 
tf 
A\ 1 
2XD 

A\ 1 
A\ 1 
)XY 
A l 2 

1 
2 
3 
4 
5 
6 
7 
8 
9 

-0.042 
-0.312 

0.274 
-0.006 

1.249 
1.239 
1.178 

-0.068 
0.048 

-0.095 
-0.314 

0.316 
0.010 
1.362 
1.379 
1.285 

-0.105 
0.044 

-0.105 
-0.316 

0.327 
0.012 
1.372 
1.396 
1.293 

-0.105 
0.045 

-0.106 
-0.316 

0.327 
0.012 
1.372 
1.397 
1.293 

-0.105 
0.045 

0.086 
0.045 
0.049 
0.039 
0.045 
0.049 
0.039 
0.026 
0.026 
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Observed Counts 

Response 
Year to B 

1972 Yes 

No 

1973 Yes 

No 

1974 Yes 

No 

Estimated Exp 

Table 10.3 

ected Counts 
Latent-Class Model 

Response 
to D 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Response 
to F 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

and Adjusted Residuals for the 
of Table 7.29 

Observed 
count 

334 
34 
12 
15 
53 
63 
43 

501 

428 
29 
13 
17 
42 
53 
31 

453 

413 
29 
16 
18 
60 
57 
37 

430 

Estimated 
expected 

count 

345.76 
27.42 
12.32 
18.00 
46.41 
62.25 
40.08 

502.75 

412.46 
32.09 
14.29 
16.19 
53.96 
56.05 
35.89 

445.07 

416.81 
32.37 
14.41 
15.88 
54.40 
55.01 
35.20 

435.91 

Simple 

Adjusted 
residual 

-1.82 
1.54 

-0.11 
-0.90 

1.20 
0.12 
0.60 

-0.23 

2.28 
-0.70 
-0.43 

0.25 
-2.13 
-0.52 
-1.02 

1.08 

-0.56 
-0.76 

0.53 
0.65 
0.99 
0.34 
0.38 

-0.81 

and 

i j k 

Adjusted residuals shown in Table 10.3 are based on the formula rijkl 

(n%fr - fifjm/eiß, where 

cijkl — mijkl 1 - rhf»r/mï - *?jT Σ Σ (ÛW, " WIM* ~ W " 
g h 

This formula corresponds to those used in Sections 6.1 and 6.2. The modified 
program presented at the end of the Appendix may be used to perform the 
necessary computations. 
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Given that 24 adjusted residuals are present, none of the observed adjusted 
residuals is unusually large. Thus Table 10.3 confirms the satisfactory nature 
of the fit. 

Table 10.2 suggests a very strong relationship between the latent variable 
and each response to an abortion question. Note that an estimate Iff of 
1.372 corresponds to an estimated log cross-product ratio 

fXB _ ApB _ c 4 0 Q 
τ(12)(12) — ^ Λ 1 1 — 3-to? 

and an estimated cross-product ratio 
fiXB _ T5.49 _ 2 4 ? 
4(12)(12) — J — Z H Z · 

Thus the odds are estimated to be 242 times as great that subject h with a 
latent attitude Xh = 1 has a favorable attitude toward legal abortions for 
married women not wishing more children than are the corresponding odds 
if xh = 2. The coefficient λχf is also fairly well determined, for an approxi­
mate 95 percent confidence interval for λχf has bounds 

1.372 - 1.96(0.045) = 1.284 and 1.372 + 1.96(0.945) = 1.460. 

Similar results apply with the other two questions. 
By contrast, the relationship of the latent variable Xh to the year Yh of the 

survey is much weaker, although Xh and Yh are not independent. Note that 
lx\ differs from 0 by about 4 times s(lx[). Nonetheless, the coefficients 
lx\, IfJ, and If3 = —lx\ — lxl a r e aU °f relatively modest size. This 
observation is quite consistent with the earlier findings that changes in 
abortion attitudes from 1972 to 1974 appear quite modest in size, although 
not nonexistant. 

As can be seen from the variations in the coefficient estimates 1B, i? , and 1F
U 

substantial variations exist within each latent class in probabilities of ap­
proval of legal abortions for differing reasons. Given that Xh = 1, the 
conditional probability of a favorable response to item B is estimated to be 

«Ptfï + *ίί> = α 8 9 1 
exp(I? + 2if) + e x p ( - I ? - t f f ) 

Corresponding estimated conditional probabilities for Xh = 1 and items 
D and F are 0.969 and 0.932, respectively. In the case of the latent class of 
subjects with Xh = 2, the estimated conditional probabilities of favorable 
responses to items B, D, and F are 0.033, 0.105, and 0.072, respectively. For 
example, 

exp(Âf-iff) _ „ 
= 0.033. expOl? - λΧΒ) + e x p ( - Ì ? + Iff) 
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Similar formulas apply for the other estimates. The variations in estimated 
conditional probabilities depend much more strongly on the latent class than 
on the item answered. In addition, it should be noted that for both latent 
classes, the estimates suggest that favorable attitudes are most likely for 
item D, next most likely for item F, and least likely for item B. 

Given year Yh = /, the estimated conditional probability that the latent 
variable Xh is 1 is rh\J/m\. From Table 10.1, one finds estimates for 1972, 
1973, and 1974 are 0.407, 0.480, and 0.488. Thus a fairly even division into 
latent classes exists, although in each year the latent class corresponding to 
unfavorable attitudes toward abortion does predominate. It should be 
emphasized, however, that the specific abortion situations considered do 
affect responses. For an example, see Exercise 10.3. 

The last three sections illustrate procedures appropriate for the most 
conventional conventional latent-class model. A number of alternate 
models can also be used with few changes in technique. Some of these 
models based on a single latent variable are discussed in Section 10.4. 
Section 10.5 considers models based on several latent variables. 

10.4 Alternative Latent-Class Models for Table 7.29 

Numerous latent-class models based on one latent variable can be applied 
to Table 7.29. A few such examples are presented in this section. 

The Model of Constant Interaction 

A symmetry model with 

is suggested by Table 10.2. To examine this model, note that it is assumed that 
log mxijkl = ocj + Aft? + Xlqf + X?qf + λ\<£ 

+ Affd(«? + <fj + qF
k) + X*\qWn + A f t « · 

The term k\\ql(qf + qf + qF
k) arises since the condition λ^ = Af? = λ\\ 

implies that 

The scoring algorithm is readily applied using for mxijkl0 the estimates 
mxijkl in Table 10.1. 

Results for this model are summarized in Table 10.4 and 10.5. Since 
X2 = 13.22, L2 = 13.17, and there are 14 degrees of freedom, the fit remains 
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Table 10.4 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the Latent-Class 
Model of Constant Interaction, as Applied to Table 7.29 

Year 

1972 

1973 

1974 

Response 
t o ß 

Yes 

No 

Yes 

No 

Yes 

No 

Response 
toD 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Response 
to F 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Observed 
count 

334 
34 
12 
15 
53 
63 
43 

501 

428 
29 
13 
17 
42 
53 
31 

453 

413 
29 
16 
18 
60 
57 
37 

430 

Table 10.5 

Estimated 
expected 

Parameter Estimates Corresponding to 
Table 10.4 

Parameter 

*f 
Λ? 
A? 
tf τΧΒ I X D 
Λ1 1 — Λ1 1 
Λ1 1 
λχγ 

— Λιι 

Estimate 

-0.093 
-0.037 

0.300 
0.018 
1.349 

-0.105 
0.044 

EASD 

0.076 
0.040 
0.040 
0.041 
0.023 
0.026 
0.026 

count 

345.74 
24.74 
14.07 
19.18 
47.31 
64.50 
36.68 

502.77 

412.40 
28.82 
16.39 
17.24 
55.11 
57.96 
32.96 

445.12 

416.90 
29.07 
16.53 
16.91 
55.59 
56.86 
32.33 

435.81 

Adjusted 
residual 

-1.81 
2.12 

-0.60 
-1.07 

1.00 
-0.24 

1.24 
-0.23 

2.29 
0.04 

-0.92 
-0.06 
-2.20 
-0.80 
-0.40 

1.07 

-0.57 
-0.02 
-0.14 

0.29 
0.74 
0.02 
0.96 

-0.80 
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quite satisfactory. The increase in L2 from the traditional model is 3.07, 
and the corresponding increase in degrees of freedom is 2. Thus the chi-
square statistics do not indicate any problems with the model. The adjusted 
residuals exhibit a similar pattern to that seen m Table 10.3. As should be 
expected, Table 10.5 and Table 10.2 are quite similar, except that s(lff) is 
somewhat smaller in Table 10.5. This latter result is quite expected given the 
simplifying assumption that Af f = /Iff = λχf. 

The model of constant interaction has the important property that the 
log odds T̂ 2*JC °f a positive response to question G( — B, D, or F) given latent 
class x has the form 

2(A? + Ajf), 

so that each log cross-product ratio τ£*)(12) is 4/lff. Thus the conditional 
odds of a positive response reflect λ^, a measure of the general favorability 
in the population of abortions for reason G, and /Iff, a measure of the general 
attitude of a subject in latent class x toward legal abortions. 

Incomplete Latent-Class Models 

So far, the models considered permit all possible combinations of the latent 
variable Xh and the manifest variables Bh, Dh, Fh, and Yh. Since Guttman's 
(1950) early work on scaling models, many latent-class models have been 
proposed in which given certain values of Xh9 only a limited number of 
combinations {Bh, Dh, Fh, Yh) are possible. Goodman (1975) provides a 
thorough discussion of many such latent-class models. One such model 
appropriate for Table 7.29 assumes that the latent variable Xh has three 
possible classes. Given Xh = 1, the subject favors a legal abortion for all of 
the reasons B, D, or F. Thus Xh = 1 implies Bh = Dh = Fh = 1. Similarly, 
given Xh = 3, the subject always opposes a legal abortion for any of the 
reasons B, D, or F. Thus Xh = 3 implies Bh = Dh = Fh = 2. The inter­
mediate latent class Xh corresponds to subjects who do not necessarily 
favor or oppose legal abortions for reasons B, D, or F. Given Xh = 2, it is 
assumed that Bh, Dh, Fh, and Yh are conditionally independent. Thus one 
obtains the log-linear model 

log mxijkl = λ + λϊ + λ? + λ? + λζ + λ] + λχ
χ?, zxijkl > 0, 

mxijkl = 0, Zxijkl = 0, 

where zxijkl is 1 if x = 2, if i = j = k = I = x = 1, or if i = j = k = I = 
x — 1 = 2 and zxijk{ is 0 otherwise. The terms /If*, kx

xf, and λχ[ disappear 
since only one value of Xh exists under which Bh, Dh, and Fh are not fixed. 
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The maximum likelihood equations correspond to those for a hierarchical 
model with generating class consisting of XY, B, D, and F. Were the counts 
nxijki observed, the maximum likelihood equations would be 

log mxijkl = λ + λχ + If + If + 11 + 1} + 1XJ, zxijkl > 0, 
mxijkl — 0, Zxijkl — 0, 

™XJ = nxJ, m? = nf, 
mf = nf, ηζ = η[. 

Since not all the nxijkl are known, the maximum likelihood equations 
become 

log mxijkl = X + lx
x + If + If + If + # + XXJ, zxijkl > 0, 

^ = n?,y, mf = nf = nf, 

Α Π - n n * F ~F F 
mj = nf = nj' mk = nk = Ki where 

^xijkl — Ö, zxijkl — U, 
/*BDFY\„BDFY 

— \mxijkl/mijkl )nijkl -> zxijkl 

The expression for nxijkl simplifies if x is 2 and i, j , and k are not all equal, 
for then nfjifY = nxijkh mxijkl = mf™\ and nxijkl = nf?J\ 

For an alternate form of these equations which is helpful in computations, 
define the counts 

nfjki = nijkh i φ j , i φ k, or j Φ /c, 
= 0, i=j = k, 

and let mfjkl denote the expected value of nfjkl. Then 

"ijki = niijki = n^k\n\ i φ j , i φ k, o r j # k. 

Observe that 
rfjXY — fa _ ρ,ΧΥ _ e, _ „BDFY* /tùBDFY 

m\i — mimi — nu — niiiii — ^111/ m i i i i / / ^ i n / , 
so that 

Similarly, 

fòBDFY _ „BDFY 

ùBDFY _ B 

Subtraction of the equation mf?fzy = nBf{J from the equation m\H = nB 

yields the equation mfB = nXB. Similar arguments show that 

mfB = nfB, mfD = nfD, 
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Furthermore, the estimates mfjkl satisfy the log-linear model 

log mfjki = log m2ijkl 

= X* + i f + X? + Χζ + Xf\ i Φ j , i Φ k, or ; φ k9 

mfjki = 0, i = 7 = k, 

where X* = X + X* and XfY = X] + Af/y. Thus the m?*/ are the maximum 
likelihood estimates from the quasi-independence model considered in 
Exercise 7.13 and Xf, Xf, and Χζ have the same values as in Exercise 7.13. Chi-
square statistics, estimated asymptotic standard diviations of the If, Xf, and 
X{, and adjusted residuals are also the same as in Exercise 7.13. 

The only new features involve estimation of the parameters λχ* and of the 
means m1 1 1 H, m 2 ui / , m1211l, and ra3222/· One approach to this problem 
is considered in Exercised0.5. An alternate approach can be based on the 
scoring algorithm for latent-class models for incomplete tables. 

The Scoring Algorithm for Incomplete Tables 

To apply the scoring algorithm to the three-latent-class model under 
study, let 

log mxijkl = aj + XUx
xl + %& + tfif + X?qf + XF

xql + tf UWn 
, }XYnX nY . ixynx ηΎ 4- }χγπχ πγ 

where qf, ^ , g£, and g^ are defined as in Section 10.3 and for 1 < x' < 2, 

= 0, x φ χ', x φ 3, 
= - 1 , x = 3. 

For starting values, let 

— nijkl » 

= 0, 

_ „BDFY„BDFY/„BDFY 
— n211l n121l ln22U J 
_ „BDFY„BDFY/„BDFY 
— " 2 1 2 / " 2 2 2 / / " 1 1 2 / ·> 
_ „ B D F y _ 
— H 1 1 U " Î 2 1 U / 0 > 
_ „BDFY _ 
— "222 / "*2222/05 
= 0, 
= 0, 

i*h 
i*h 

i=j = 
i=j = 
x = i = 
x = 3, 
i=j = 
i=j = 

ϊΦΚ 
ίφίί, 

k= 1, 
/c = 2, 

= J = * 
i = y = 

fc = 2, 
* = 2, 

or 
or 
or 

X 

X 

= l· 
= fc 

X 

X 

Ì * 

X = 

= 2, 
= 2, 
> 
= 2, 
= 3, 
= 1, 
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These estimates are based on the following considerations. If i φ j , i Φ fc, 
and j φ /c, then nf£fY may be used to estimate m2ijki = ιη?£ιΡγ. Since the 
log cross-product ratio 

τ*\2*\1γι\ι = l o ê m 2iu / - logm2211/ - logm2121i + logm222W 

= log m2111I - log m2™r - log m™{] + log m%[\ 
= 0, 

it follows that 
m _ mBDFYmBDFY lmBDFY 
m2\\U — m2iilml2ll /m22ll 

has an estimate η^ηϊη^ϊί/^ιιϊϊ' A similar argument applies to m2222l. 
Finally, since 

m^U = mum + w2111I and mB
2Y2J = m2222l + m3222h 

the remaining nonzero estimates follow. Given these initial values, the scoring 
algorithm presented in Section 10.3 applies with only two changes. If zxijkl 
is 0, then the term log mxijklt in the formula for Zijklt is set to 0. In addition, 
the formulas for glt and mxijklt are now 

9u = ηϊ Σ Σ Σ Σ zxijki e x P ^xijkit 
I x i j k 

and 
mxijklt = 9ltzxijkl e X P Vxijklt-

Results of computations are summarized in Table 10.6. The principal 
gain from the analysis is the information provided on the interactions 
λχιΥ between latent response Xh and year Yh of survey. The estimates V[\, 1\\, 

Table 10.6 

Parameter Estimates for the 
Three-Latent-Class Model for 

Parameter 

Ai 
ti 
Ί? 
A' 
i-i 
ill 
Λ2 1 
Λ1 2 

Λ22 

Table 7.29 

Estimate 

1.005 
-1.702 
-0.386 

0.221 
-0.062 
-0.162 

0.069 
0.111 

-0.107 

EASD 

0.134 
0.036 
0.052 
0.051 
0.048 
0.039 
0.045 
0.038 
0.046 
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and lx I are also large relative to their estimated asymptotic standard 
deviations. Thus a relationship between response and year has been de­
monstrated. 

10.5 Models with Several Latent Variables 

Goodman (1974a,b) has studied latent-class models with several latent 
variables. Such models are also discussed in Haberman (1977). The same 
general procedures discussed earlier in this chapter apply to these models; 
however, computational procedures for such models often converge quite 
slowly and care must be taken to ensure that parameters are identifiable. 
The number of possible models employing several latent variables is very 
large. This section will consider only a few cases involving two latent 
variables. 

One model considered by Goodman for tables such as Table 7.29 assumes 
that two dichotomous latent variables Wh and Xh are associated with each 
subject. Given the pair (Wh, Xh\ Bh, Dh, Fh, and Yh are independent. It is 
assumed that given Wh, Bh and Yh are independent of Xh, and given Xh, Dh 
and Fh are independent of Wh. It is also assumed that given the Yh, the 
vectors (Wh, Xh, Bh, Dh, Fh) are independently distributed with probability 
P^x

XifkTY > 0 that Wh = w, Xh = x, Bh = i, Dh = j , and Fh = k given that 
Yh = I. If nwxijki is the number of subjects h such that Wh = w, Xh = x, 
Bh = i, Dh = 7, Fh = /c, and Yh = /, then nwxijkl has a mean mwxijkl that satisfies 
the log-linear model 

log mwxijkl = λ + λΖ + λχ
χ + λΒ + λ? + λΐ + λ] 

-f- Awx + Awf H- Aw / ■+■ ΛΧ7· -h Axfc . 

This model is a hierarchical log-linear model with generating class consisting 
of WX, WB, WY, XD, and XF. Thus the maximum likelihood equations are 

mwl — nwl ·> 

M? = ηχΡ mXF = nXF 

and 

log Kxijki = λ + λ* + λχ
χ+λ» + λ° + λζ + XJ 

where 

"wxijkl — \nijkl /mijkl )mwxijkl-
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Maximum likelihood estimates can be computed using the scoring 
algorithm or using the iterative proportional fitting algorithm. In the iterative 
proportional fitting algorithm, an initial estimate mwxi jk [O is used such that 
log mwxijk10 satisfies the log-linear model. At subsequent iterations, 

BDFY/mB,DFY)m wx wx  
nwxijk10 = (ni jkl  IJklO wxijklO mwxi jk l l  = (nwxO/mwxO)mwxijk10 > 

W B  W E  
m w x i j k l 2  = ( I t w i 0 / m n . i 1 ) ~ w x i j k l l ,  

mn,xijk14 = (n:$/m:s)mwxijk13 7 

mwxijk13 = (n,”l;/m,”l;>mwxijklZ 3 

mn,xijk15 = ( ~ x k O / m x k 4 ) m w x i j k l 4  9 
XF XF 

BDF YImBDF Y ) m  w x  wx 
nwxijk15 = (ni jkl  rjkl5 wxijkl5 3 mwxijk16 = (nwx5 /mwx5)mwxi jk15  3 etc. 

This algorithm converges unusually slowly in the case of Table 7.29 and 
the scoring algorithm is also difficult to apply, apparently due to very poorly 
determined parameters. Goodman’s applications of this model also lead 

Table 10.7 

.Observed Counts. Estimated Expected Counts, and Adjusted Residualsfor the Asymmetric 
Mode1,for Table 7.29 

Estimated 
Response Response Response Observed expected Adjusted 

Year to B to D to F count count residual 

1972 Yes Yes 

N o  

Yes 

No 

No 

1973 Yes 

No 

1974 Yes 

N o  

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

N o  

Yes 
N o  
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
N o  
Yes 
No 
Yes 
No 

334 
34 
12 
15 
53 
63 
43 

50 1 

428 
29 
13 
17 
42 
53 
31 

453 

413 
29 
16 
18 
60 
57 
37 

430 

341.77 - 1.36 
26.76 1.72 
11.93 0.03 
14.54 0.14 

62.63 0.06 
40.19 0.57 

50 1.06 -0.01 

421.37 1.10 
32.99 - 0.90 
14.70 -0.56 
17.93 - 0.28 
49.23 - 1.30 
54.95 -0.33 
35.25 - 0.90 

56.12 - 0.54 

439.57 1.58 

41 1.86 0.19 

14.37 0.54 
17.53 0.14 
49.65 1.86 
55.42 0.27 
35.56 0.30 

32.25 -0.74 

443.37 - 1.57 
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to slow convergence, but the scoring algorithm is relatively successful in 
his examples. 

A model which is more successful assumes that Wh = Bh, so that ρΖχ*£ί'Υ 

is only positive if w = i. lfnxijkl is again used to denote the number of observa­
tions such that Xh = x, Bh = i, Dh = j , Fh = /c, and Yh = /, then the mean 
mxijki of nxijkl satisfies the log-linear model 

log mxlJU = λ + λχ
χ + λ» + Xf + λζ + λ™ + Xlf + XU + Xf 

= a* + XWX + Af«f + X°q° + XWk + X™qx
xqf 

+ Aifrîtf + XÏWA + λ?Μ + Af2V^· 
This model differs from the traditional model only in substitution of λ%γ 

for A^y. Thus it will be called an asymmetric model. One obtains results 
shown in Tables 10.7 and 10.8. The values of X2 = 8.60 and L2 = 8.42 are 
a little smaller than those for the simple latent-class model, and both models 
have 12 degrees of freedom. Coefficient estimates are quite similar, provided 
λ„γ is regarded as comparable to λψ. Furthermore, the adjusted residuals 
in Table 10.8 are never greater in magnitude than 1.86, an improvement over 
Table 10.2. 

Table 10.8 

Parameter Estimates for the 
Asymmetric Model for Table 7.29 

Parameter 

Af 
A? 
λΐ 
λ[ 
1XB 

:XD 

Λ1 1 
Λ1 1 

} Η Υ 
Λ 1 2 

Estimate 

-0.103 
-0.318 

0.327 
0.011 
1.372 
1.397 
1.293 

-0.108 
0.062 

EASD 

0.086 
0.045 
0.049 
0.039 
0.045 
0.049 
0.039 
0.026 
0.025 

Model Selection 
As is apparent from results of this chapter and Chapter 7, a variety of 

log-linear and latent-class models fit Table 7.29 about equally well. As is 
often the case in the analysis of observational data, many models, not all 
of which are mutually consistent, can be used to approximate the observed 
joint distribution of variables. One should not assume when a plausible model 
fits the data that it is the only model that fits. 
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10.6 General Latent-Class Models 

In general, any latent-class model can be described in terms of a three-
dimensional array representing a cross-classification of N polytomous 
variables (Xh, Ah, Bh), 1 < h < N. For example, in most cases in this chapter 
Xh is dichotomous, Ah in this representation corresponds to the three 
responses (Bh, Dh, Fh), and Bh corresponds to year Yh of survey. Given the 
Bh, the pairs (Xh, Ah\ 1 < h < JV, are assumed independently distributed 
with probability pxi

AjB > 0 that Xh = x and Ah = i given that Bh = j , where 
1 < x < q, 1 < i < r, and 1 < j < s. If nxij is the number of observations 
h with Xh = x, Ah = i, and Bh = /, then the conditional mean mxij of nxij 
given the Bh is nfpxl^B. It is assumed that the marginal table n^B is observed, 
and that 

p 

log(mxij/zxij) = ccj + X ßkUxijk* zxij > 0 

for some unknown a, and ßk, some known zxij > 0, and some known uxijli. 
The maximum likelihood estimate mxij satisfies the equations 

mf = nB, 
p 

log mxij = &j + Σ Α Μ Χ 0 · Λ , 
/ c = l 

and 

Σ Σ Σ uxijkWXij = Σ Σ Σ uxijk"xij> 
x i j x i j 

where 

w*.·; = nffmxijlmt^. 

Unlike regular log-linear models, these equations need not uniquely specify 
the rhxij when they exist and may even lead to solutions rhxij that are not 
maximum likelihood estimates. In practice, it appears unusual to obtain 
a solution mxij such that mxij is not a maximum likelihood estimate but S 
has an inverse, where 

sk, = Σ Σ to* - ^Xûy, - W . 

i 

and 

liijk = Lu Uxijkmxij/mij · 
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Chi-Square Tests 
If S has an inverse, where 

5Η = Σ Σ . ( ο υ * - θ Λ ) ( Η υ , - θ ^ Κ Λ 

i J 

i 

and 
^i/* = 2^ Uxijkmxij/mij -> 

X 

then one may test the latent-class model by means of the chi-square statistics 

^2 = Σ Σ « - < ) 2 / < 
i J 

and 

^2 = 2ZI«Ü ß log (n u
ß / 0 . 

i j 

These statistics have approximate chi-square distributions with (r — l)s — 
p — fc degrees of freedom if the model holds, if the nf are all large, and if k 
of the mfB are 0. 

Large-sample properties of the ßk are complicated often by lack of unique­
ness of the estimates. For example, in the model of Section 10.1, if If is a 
maximum likelihood estimate of Af, then — Af is also a possible maximum 
likelihood estimate of Af. Thus some convention must generally be adopted 
to ensure uniqueness. For example, in Section 10.1, all maximum likelihood 
estimates are uniquely determined subject to the condition that 1\f > 0. 
Given that S is invertible, it is possible to define the ßk, 1 < k < p, so that ß 
has an approximate multivariate normal distribution with asymptotic mean 
ß and asymptotic co variance matrix S~1. The asymptotic co variance matrix 
can be estimated by S~1. 

The adjusted residual (nfjB — rhtf)lc}j2, where 

ci} = mtiBil - < / n ? - fitf Σ Σ («y* - ^ ( « y , - ^)S"'], 
k I 

has an approximate standard normal distribution if the model holds and the 
nB are large. More generally, 

ΣΣ^Κ/-0/^1/2. 
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has an approximate standard normal distribution, where 

c = ll(du-^2^uB-llfJ>sk', 
i j k I 

dj = Σ dijm^/nj, 
i 

and 

Λ = ΣΣ4(^-^Κβ 
i j 

The scoring algorithm for computation of maximum likelihood estimates 
can always be implemented by beginning with an initial approximation 
mxijo > 0 to mxij. Given mxij0, an approximation ßk0 is defined so that 

L SklOHIO — Wk0> 

where 

Skio — Z^ La (uijko ~~ Ujko)(uijlo — Ojlo)mij0, 
i j 

wfco = Σ L· (üijko ~~ Ö]jko)Zijomijo» 
i j 

Vjko = L üijk0 rHijo/rrijo, 

i 

UijkO — L· UxijkO mxijO/mijO » 

and 

Zijo = Σ 0 ° g mxijo - l o 8 Zxij)mxijo/m't 
AB 
ijO · 

The usual conventions 0 log 0 = 0 and 0/0 = 0 are used in these formulas. 
Then one continues iterations by letting 

VxijO = Σ ßk0Uxijk, gjO = « ? / Σ Σ Zxij e X P vxijO> 
k I x i 

mxij\ = zxijGjO e x P VxijO-

For t > 0, 

Σ Su At = ^ = ΣΣ (ntiB - muf)üijkt, 
l i j 

where 

Üijkt — Ζ^ Uxijkmxijt/mijt > 0/fct = 2^ ^ijktmijt lmjti 
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and 

Skit = Σ Σ @ijkt - ^ijkt){üijlt - eijlt)mfjf. 
i j 

Then 

Pu = Pk(t -1 ) + vkt, vxijt = 2_j Pkt uxijk ·> 
k 

G it = n*i Σ Σ zxij e x P *w> 
/ x i 

and 

m jc i j ( i+ l ) = ZxijQjt e X P ^jciji-

The scoring algorithm generally leads to relatively rapid convergence 
whenever S has an inverse. Complications can arise if mxij0 is sufficiently 
badly chosen or if some estimated asymptotic variances s2(ßk) are very large. 

For further details concerning results in this section, see Haberman (1974c, 
1977) and Sundberg (1972, 1974). 

EXERCISES 

10.1 Derive Table 10.1 using the algorithm presented. Show that 
™ _ „XB „XD „XF „XT j(nX \3 
mxijkl4 — nxiOnxjOnxkOnxlO/KnxO) · 

Solution 
Note that mxijkl0 can be written as a product axibxjcxkdxi. Thus 

m™ = aXiiΣ bxj) ( Σ cxkj ( Σ dxi) 

and 
mxijkii = bXjiCxkldxllnxi0i 

for some bxju cxkU and dxll. Similarly, 
mxi}\2 = Gxk\dxi\nxi0nXj0/nx0, 

mxijki3 = dxiinxi0nXj0nxk0/(nx0) , 
and 

m _ „XB „XD XF „XY i(yiX \ 3 
mxijkl4 — nxiOnxjOnxkOnxlO/\nxO) · 

This last formula is more similar to those of Goodman (1974a). 
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Table 10.9 

Responses of White Christian Subjects in the 1972 to 1974 General Social 
Surveys to Three Questions Concerning Therapeutic Abortions0,0 

Year Response to A Response to C Response to E Count 

1972 Yes 

No 

1973 Yes 

No 

1974 Yes 

No 

a Data tapes from the 1972 to 1974 General Social Surveys, National 
Opinion Research Center, University of Chicago. 

h For a list of questions, see Table 4.8 in Volume 1. Only subjects cross-
classified in that Table are included here. 

10.2 Verify Tables 10.2 and 10.3. 

10.3 Apply the model of Section 10.1 to Table 10.9 

Solution 
Results are summarized in Table 10.10 and Table 10.11. Note that the fit 

is quite satisfactory, with X2 = 12.5, L2 = 12.3, and 12 degrees of freedom. 
In addition, there is only one adjusted residual greater in magnitude than 2. 
The interactions between Xh and the responses Ah9 Ch, and Eh are comparable 
to the corresponding interactions in Table 7.29 between Xh and Bh, Dh and 
Fh and the parameter I f is not much changed. However, lc

l9 which involves 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 

806 
55 
7 

11 
45 
43 
17 
82 

859 
72 

5 
4 

49 
38 
11 
50 

869 
52 
13 

3 
47 
34 
11 
58 



Table 10.10 

Observed Counts, Estimated Expected Counts, and Adjusted Residuals for the Simple 
Latent-Class Model for Table 10.9 

Year 

1972 

1973 

1974 

Response 
to ,4 

Yes 

No 

Yes 

No 

Yes 

No 

Response 
t o C 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Response 
t o £ 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Observed 
count 

806 
55 
7 

11 
45 
43 
17 
82 

859 
72 
5 
4 

49 
38 
11 
50 

869 
52 
13 
3 

47 
34 
11 
58 

Estimated 
expected 

count 

800.93 
57.62 
8.23 
7.47 

46.96 
47.73 
16.34 
80.72 

868.57 
60.86 

8.35 
5.18 

47.20 
32.92 
11.04 
53.88 

864.43 
60.67 

8.35 
5.33 

47.20 
33.92 
11.40 
55.69 

Adjusted 
residual 

0.69 
-0.43 
-0.52 

1.76 
-0.35 
-1.08 

0.23 
0.28 

-1.27 
1.82 

-1.45 
-0.62 

0.33 
1.23 

-0.02 
-0.93 

0.61 
-1.42 

2.00 
-1.22 
-0.04 

0.02 
-0.15 

0.55 

Table 10.11 

Parameter Estimates for the Simple 
Latent-Class Model for Table 10.9 

Parameter 

Af 
Ai 
Ai 
*f 
Λ1 1 

2ΧΥ 

Α\2 

Estimate 

-0.165 
0.151 
1.045 
0.271 
1.373 
1.335 
1.080 

-0.156 
0.087 

EASD 

0.130 
0.074 
0.069 
0.050 
0.072 
0.067 
0.049 
0.039 
0.043 
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abortions for reasons of serious danger to the health of the mother, is much 
larger than the corresponding estimated parameters for questions A and E in 
Table 10.9 or questions B, D, and F in Table 7.29. 

10.4 Apply the model of constant interaction to Table 10.9. 

Solution 
Results are summarized in Tables 10.12 and 10.13. The chi-square 

statistics are X2 = 21.0 and L2 = 27.1, and there are 14 degrees of freedom, 
so the fit is not very satisfactory. Note that the decrease in L2 from the model 
of the preceding exercise is 14.8 on 2 degrees of freedom, which is significant 
at the 0.001 level. The problem appears to involve question E, which deals 

Observed Counts, 

Response 
Year to A 

1972 Yes 

No 

1973 Yes 

No 

1974 Yes 

Table 10.12 

Estimated Expected Counts, and 
Constant Interaction for 

Response 
t o C 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

Yes 

No 

No 

No 

Response 
to E 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

Yes 
No 
Yes 
No 
Yes 
No 
Yes 
No 

' Adjusted Residuals for the Model of 
Table 10.9 

Observed 
count 

806 
55 
7 

11 
45 
43 
17 
82 

859 
72 

5 
4 

49 
38 
11 
50 

869 
52 
13 
3 

47 
34 
11 
58 

Estimated 
expected 

count 

801.10 
53.43 
10.42 
10.88 
48.65 
50.80 
9.90 

80.81 

868.04 
55.35 
10.79 
7.50 

50.40 
35.03 
6.83 

54.06 

864.79 
55.26 
10.77 
7.67 

50.32 
35.82 
6.98 

55.39 

Adjusted 
residual 

0.66 
0.26 

-1.16 
0.04 

-0.63 
-1.63 

2.52 
0.26 

-1.19 
2.77 

-1.94 
-1.40 
-0.24 

0.69 
1.74 

-0.98 

0.56 
-0.54 

0.75 
-1.85 
-0.58 
-0.42 

1.66 
0.62 
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Table 10.13 

Parameter Estimates for the Model of 
Constant Interaction for Table 10.9 

Parameter 

A? 
*i 
tf 
A? 
ιΧΛ -\XC 

Λ ι i - Λι î — 
Λ1 1 

Λ 1 2 

Estimate 

-0.071 
0.217 
0.987 
0.170 
1.245 

-0.156 
0.085 

EASD 

0.096 
0.053 
0.051 
0.052 
0.033 
0.039 
0.043 

with rape. Note that the estimated interaction Iff in Table 10.11 is somewhat 
smaller than If ^ or Iff. 

10.5 Determine the estimated probabilities pf./ for the three-class latent-
variable model of Table 7.29. 

Solution 
Note that 

iùXY m m — nY „BDFY _ „BDFY 
m2l ~ m 2 1 1 1 / — m 2 2 2 2 f ~ nl ~ nllll n222l > 

^ _ ^BDFY^BDFY/^BDFY 
m 2 1 U / — m2lllmi21l /m22ll > 

and 
_ ^BDFY^BDFY /^BDFY 
— m22ll m212l lm2\\l · 

Table 10.14 

Estimated Latent-Class Probabilities 

Year 

1972 

1973 

1974 

for Table 7.29 

Class 

1 
2 
3 

1 
2 
3 

1 
2 
3 

Probability 

0.292 
0.272 
0.436 

0.381 
0.226 
0.393 

0.366 
0.267 
0.368 
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Thus 
Λ,ΧΥ _ „Y ι ^ . ^ _ „BDFY _ „BDFY 
m2\ — nl + m 2 1 1 1 / + m 2222/ n\\\l n222l > 

- * y _ „ßDFy _ ^ ^ * y _ „BDFY _ ^ ^ y _ UJXY/„Y 
mU — n\l\l m 2 1 1 1 h m3l — n222l m3222i> Pxl ~ mxl 1^1-

Results are summarized in Table 10.14. 

10.6 Use an iterative proportional fitting algorithm to derive estimates 
mxijki for Table 7.29 under the asymmetric model. 

Solution 
Results are summarized in Table 10.15. One possible algorithm has the form 

„ _ m „BDFY I BDFY _ XB ι ΧΒ 
nxijklO — mxijklOnijkl /mijklO > mxijkll ~ mxijklOnxiO/mxiOi 

mxijkl2 — mxijkl\nxj0lmxj\-> mxijkl3 = mxijkl2nxk0/mxk2i 
mxijkl4 = mxijkl3njlo/mjl3> nxijkl4 = mxijklAnijkl /mijkl4· > e^C-

Table 10.15 

Estimated Means for Table 7.29 under the 
Asvmmetric Latent-Variable Model 

I i j 

1 1 1 

2 

2 1 

2 

2 1 1 

2 

2 1 

2 

3 1 1 

2 

2 1 

2 

k 

1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 
1 
2 

m 11./JU 

341.65 
25.15 
10.87 
0.80 

51.59 
3.80 
1.64 
0.12 

421.22 
31.00 
13.40 
0.99 

45.26 
3.33 
1.44 
0.11 

411.71 
30.30 
13.10 
0.96 

45.65 
3.36 
1.45 
0.11 

m2ijkl 

0.12 
1.61 
1.06 

13.74 
4.53 

58.84 
38.55 

500.94 
0.15 
1.99 
1.30 

16.94 
3.97 

51.62 
33.81 

439.46 
0.15 
1.95 
1.27 

16.56 
4.01 

52.06 
34.11 

443.26 



Appendix Computer Programs for 
Computation of Maximum 
Likelihood Estimates 

The program FREQ presented in this appendix can be used to compute 
maximum likelihood estimates for any log-linear model. A modest modifi­
cation of FREQ called LAT may be used for the latent-class models of 
Chapter 10. This Appendix provides program descriptions, listings, and a 
few examples of input and output. Both programs are written in ASA 
Standard Fortran. Output is arranged to facilitate terminal use. 

A.l FREQ 

FREQ is a program for analysis of log-linear models. Observations consist 
of counts riij, 1 < i < r, 1 < j < s. For known constants zu > 0, 1 < i < r, 
1 <j < sandxI / k , 1 < i < r, 1 < j < s, 1 < k < p, and unknown parameters 
a,·, 1 < j < 5, and ßk, 1 < k < p, it is assumed that the expected values mI;· 
of riij satisfy the log-linear model 

P 

logirriij/Zij) = 0Cj + £ ßkxiJk, zu > 0. 
fc=l 

It is also assumed that conditional on the observed counts 
r 

»" = Σ nir 
i = 1 

the subtables {η^: 1 < i < r} have independent multinomial distributions 
for 1 < j < s. 

The program uses the method of maximum likelihood to obtain estimates 
ßk of the parameters ßk and estimated asymptotic standard deviations s(ßk) 

571 
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of the ßk. Likelihood-ratio and Pearson chi-square statistics are computed, 
and residual analyses are performed. 

Control Cards 

Cards must appear in the following order. 

Card 1. Run description This card contains 9 entries in the following 
format : 

Column Format Entry 

1-4 I The number r of rows. If the entry is not positive, r = 1. 
5-8 I The number s of columns. If the entry is not positive, s = 1. 
9-12 I The number p of independent variables xi/k, 1 < k < p, for each row / 

and column /. If the entry is not positive, p = 0. 
13-16 I If positive, the zi} are supplied by the user. If not positive, each zu = 1. 
17-20 I If positive, initial approximations for the ßk, 1 < k < p, are supplied 

by the user. Otherwise, the program generates its own initial value. 
21-24 I If positive, observed values nu, estimated expected values mu, and 

adjusted residuals («,·_,· - mlV)/.s(«0 - mij) are printed, where 
s{nu - ififj) is the estimated asymptotic standard deviation of ni} — m(j. 

25-28 I The number of generalized contrasts to be computed. For each 
contrast array e/,,, 1 < ; < r, 1 </ ' < s, 

ο=ΣΣ<Ό·"ο. E = I I « W 
and (O - £)/.s(0 - E) is computed, where s(0 - E) is the estimated 
asymptotic standard deviation of O - E. 

29-32 I The maximum number of iterations used in computing the ßk. If 
blank, 10 is the maximum. 

33-36 I The stopping criterion g. The tolerance is 10- 9 if g φ 0 and IO- 3 if 
g — 0. If no successive approximations for £ Â x l j k , 1 < ! < ' " , 
1 < j < s, differ in magnitude by more than the tolerance, then 
iterations stop. 

Card 2. Format of data This card is a variable format card describing 
the format in which the data are to be read. The card is a FORMAT statement 
in which the work FORMAT has been removed and in which the initial 
parenthesis is in the first column. The data should be read in F format. 

Card 3. Title Up to 80 columns of alphanumeric title information. 

Label Cards 

Each 8 columns of each card contains the name of a variable. Thus columns 
1-8 of the first label card contains the same of the first variable xijl columns 
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9-16 contain the name of the second variable xij29 etc. Note that if p < 10, 
one label card is needed, if 11 < p < 20, two label cards are needed, etc. 

Data Cards 

The data are read in standard FORTRAN order according to the format 
of card 2. For example, in a 2 x 3 table with nlx = 10, n2l = 11, n12 = 20, 
n22 = 25, nl3 = 37, n23 = 31, one might have a single data card 

101120253731 
The corresponding Card 2 is 

(6F2.0) 

Z Cards 

If the entry in columns 13-16 of Card 1 is positive, then the coefficients 
Zij are read in the same format used for the data. Observations are read in 
standard FORTRAN order so that if r = 2, c = 3, zi} = j , and if Card 2 is 

(6F2.0) 

then one Z card is required. The card is 

010102020303 

X Cards 

For each /c, 1 < k < p, a card or series of cards lists the xijk, 1 < i < r, 
1 < j < s, in the same format used for the data. If p = 2, 

Xij2 — J-> 

= 0, 
and if Card 2 is 

(6F2.0) 

then the two X cards are 

= 2, 
= 1, 
= 2. 

010001000100 
010002000300 
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Initial Valve Cards 

If the entry in columns 17-20 of card 1 is positive, then initial approxima­
tions of the ßk are read in F 10.5 format. The approximation for βί is in 
columns 1-10 of the first initial value card, the approximation for β2 is in 
columns 11-20 of this card, etc. If p < 8, one initial value card is needed. 
If 9 < p < 16, two such cards are needed, etc. 

Contrast Label Cards 

For each contrast requested in columns 25-28 of card 1, a contrast label 
card and contrast specification cards are required. The contrast label card 
contains a contrast label in columns 1-8. 

The contrast specification cards specify a contrast array 

dij9 1 < / < r , 1 <j < s, 

using the same format used for the data cards. If card 2 is 

(6F2.0) 

and if 

dij = 1, i = 1, j = 1 or 3, 
= 0, i = 2, 
= - 2 , i = l , 7 = 2, 

then a contrast label name and contrast name card might be 

QUADRAT 
0100-2000100 

Example 1 

Consider the log-linear time trend model of Chapter 1. The expected 
number mn of events nn reported in month i satisfies a model of the form 

log mn = a + ßi. 

The following control cards may be used with this model. Note that r is 18, 
while s and p may be taken to be 1. Note that x f l l is i and that the three 
contrasts requested involve the sums 

6 12 18 

Σηϋ> Σηί1> a n d Σ "il> 
i = l i = 7 i=13 

where nn is the number of events reported in month i. 

Following the control cards, some output from a terminal is included. 
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Control Cards 
i s i i o 1 3 

(18F2.0) 
STRESS EVENTS RECALLED 
DECAY 
4 9 5 5 4 2 4 3 3 5 3 5 4 2 3 1 3 7 2 1 3 5 4 0 2 9 2 2 2 9 1 2 1 5 1 5 

1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5 1 6 1 7 1 8 
EARLY 

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 
MIDDLE 

0 0 0 0 0 0 1 1 1 1 1 1 0 0 0 0 0 0 
LATE 

1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 

Output 

STRESS EVENTS RECALLED 
COEFFICIENTS AND STANDARD ERRORS 
DECAY 
0,06117 
0,00820 

IKELIHOOD RATIO 
PEARSON 

MBER OF DEGREES 

CHI SQUARE 
CHI SQUARE 
OF FREEDOM 

1 J OBSERVED COUNT 
1 1 
2 1 
3 1 
4 1 
5 1 
6 1 
7 1 
8 1 
9 1 

10 1 
11 1 
12 1 
13 1 
14 1 
15 1 
16 1 
17 1 
18 1 

49,000 
55,000 
42,000 
43,000 
35.000 
35,000 
42.000 
31,000 
37.000 
21.000 
35.000 
40,000 
29,000 
22,000 
29.000 
12.000 
15.000 
15,000 

CONTRAST OBSERVED VALUE 
EARLY 
MIDDLE 
LATE 

122.000 
206.000 
259,000 

23,68111 
23,79869 
16 

EXPECTED COUNT 
52,183 
49,087 
46,174 
43,434 
40,857 
38,432 
36,152 
34,006 
31,989 
30,090 
28.305 
26.625 
25.045 
23.559 
22.161 
20.846 
19.609 
18.445 

EXPECTED VALUE 
129,666 
187,167 
270,167 

ADJUSTED RESIDUAL 
• 0.511 
0,942 
0,667 
0,070 

• 0,962 
-0,576 
1.005 

-0,531 
0.913 
1.710 
1.303 
2,696 
0.827 

-0.338 
1.543 

-2.074 
-1.124 
-0.874 

ADJUSTED RESIDUAL 
■1,235 
1,701 

--1,690 

Example 2 
In the fixed-distance model for Table 8.1, the following control cards and 

output may be used if diagonal cells are ignored. 

Control Cards 
4 4 4 1 0 1 

(16F3.0) 
FIXED DISTANCE MODEL FOR TABLE 8,1, NO DIAGONALS 

0 
1 
0 
0 
6 

82 
1 
0 
1 
0 

-1 

5 
1 
0 
0 
1 

— 2 

2123 
1 1 
1 1 

-1 0 
-1 0 
3 -1 

0 
0 
1 
0 
4 

59 
1 
0 
0 
1 

-1 

41 
1 

-1 
-1 
-1 
..„2 

2 
1 
1 
0 
0 
-2 

30 
1 
0 
1 
0 

-1 

0 
0 
0 
1 
4 

29 
1 

-1 
.... χ -1 
-1 

0 
1 
1 
0 
0 

-3 

7 
1 
0 
1 
0 
-2 

4 
1 
0 
0 
1 

-1 

0 
-1 
-1 
-1 
6 
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Output 

FIXED DISTANCE MODEL FOR TABLE 8*1» NO DIAGONALS 
COEFFICIENTS AND STANDARD ERRORS 

Al 
0.16670 
0,1 2358 

IKELIIIOOD 

M BER 

I 
1 
o 

3 
4 
1 
2 
3 
4 
1 
2 
3 
4 
1 
2 
3 
4 

A2 
0, 
0< 

A3 
>59926 -0.89667 
►16048 0.12991 

RATIO 
PEARSON 

OF DEGREES 

J 
1 
1 
1 
1 
2 
2 
2 
2 
3 
3 
3 
3 
4 
4 
4 
4 

CHI SQUARE = 
CHI SQUARE = 
OF FREEDOM = 

ETA 
1.68884 
0.20413 

3.47776 
3.19373 
4 

OBSERVED COUNT EXPECTED COUNT 
0.0 

82.000 
5.000 
2.000 

123.000 
0.0 

59.000 
41.000 
2.000 

30.000 
0.0 

29.000 
0.0 
7.000 
4.000 
0.0 

0.0 
83.084 
3.439 
2.477 

121.916 
0.0 

58.758 
42.327 
2.673 

31.130 
0.0 

27.196 
0.411 
4.785 
5.804 
0.0 

ADJUSTED RESIDUAL 
0.0 

-0.805 
1.110 

-0.368 
0.805 
0.0 
0.123 

-0.701 
-0.516 
-0.604 
0.0 
1.236 

-0.672 
1.505 

-1.236 
0.0 

Error Conditions 

An error is reported and execution terminates if some ζι;· is negative or if 
space requirements are too large. Space may be adjusted by changing the 
region size of the array work in the main program and giving the constant 
NW the same value. The space in words needed in WORK is (3 + p)rs + 
sp + 4p + p2 if all Zij are assumed 1. Otherwise, rs more words is needed. 
The appropriate changes are made in lines 31 and 33 of the listing. The current 
value of NW is 10,000. 

If the independent variables xijk, 1 < k < p, are linearly dependent, the 
program ignores the redundant variables. The output will contain estimates 
and standard errors of 0 for the corresponding coefficients. 

Program Listing 

The following listing includes a main program, together with subroutines 
CONTIN, CHOL, SOLVE, INVERT, CHISQ, RESID, and GENRES. 

c 
C THIS PROGRAM PERFORMS MAXIMUM-LIKELIHOOD ESTIMATION 
C FOR THE LOG-LINEAR MODEL 
C LOG<M<I»J)/Z<I»J>> = A(J)+U(IrJ>» WHERE 
C U(IrJ) = B(l)*X<I>JrlH . . .-f-B(NV)*X<Ir J»NV) . 
C HERE A TABLE N(IrJ) IS GIVEN WITH NR ROWS AND 
C NC COLUMNS. THE EXPECTED VALUE OF N(I>J) IS M(IrJ). 
C NORMALLY Z(IrJ) IS POSITIVE. IF UlrJ) IS NOT POSITIVE» 
C THEN CELL N(IrJ) IS IGNORED DURING ANALYSIS. THIS 
C PROVISION IS USEFUL IN ANALYSIS OF INCOMPLETE 
C TABLES. 
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e 
C FOR A DESCRIPTION OF CONTROL CARDS» SEE THE PROGRAM 
C DESCRIPTION. 
C 
C IN THIS PROGRAM» 11 IS 0 IF Z(I»J) IS 1 AND POSITIVE 
C IF ANY OTHER CHOICE OF Z(I»J) IS TO BE MADE. 
C THE PARAMETER IS EQUALS 0 IF INITIAL APPROXIMATIONS 
C B(K»0)» l O K O N V » ARE TO BE FOUND BY THE PROGRAM. 
C IF THE USER WISHES TO SUPPLY INITIAL 
C ESTIMATES» THEN IS SHOULD BE POSITIVE. 
C ADJUSTED RESIDUALS ARE SUPPLIED IF IR IS POSITIVE. 
C GENERALIZED RESIDUALS ARE SUPPLIED IF IC IS POSITIVE. 
C MAX ITERATIONS MAY BE PERFORMED IF NEEDED. IF 
C THE USER DEFINES MX TO BE POSITIVE» THEN MAX IS MX. 
C IF MX IS NOT POSITIVE» MAX IS 10. 
C ITERATIONS STOP IF NO CHANGE U(I »J»T)-U(I »J»T-1) 
C EXCEEDS 10**IT IN MAGNITUDE. NORMALLY IT IS -3» 
C BUT THE USER MAY CHANGE THIS CHOICE. 
C 

REAL WORK(10000)»FMT(20)»TITLE(20) 
LOGICAL ONE»INIT 
DATA MXS»T0LS»NW/10»0.001»10000/ 

C 
C READ PARAMETERS. 
C 

READ(5 » 1> NR » NC » NV » 11 » IS » IR » IC » MX » IT 
1 FORMAT(914) 

IF(NR.LE.O) NR = 1 
IF(NC.LE.O) NC = 1 
ONE = .TRUE. 
INIT = .TRUE. 
IF(Il.GT.O) ONE - .FALSE. 
IF(IS.GT.O) INIT = .FALSE. 
IF(MX.LE.O) MX = MXS 
IF(IT.NE.O) TOL = 10.0**IT 
IF(IT.EQ.O) TOL = TOLS 

C 
C READ A VARIABLE FORMAT FOR THE DATA. 
C 

READ(5»2) FMT 
C 
C READ A TITLE FOR THE RUN. NOTE THAT UP TO 00 CHARACTERS 
C ARE AVAILABLE. 
C 

READ(5»2) TITLE 
2 FORMAT(20A4) 

WRITE(6»11) TITLE 
11 F0RMAT(1H1»20A4) 

C 
C TO SET UP WORK AREAS» FIRST FIND THE SIZE OF THE TABLE. C 

NSIZE = NR*NC 
C 
C NF IS THE LOCATION IN THE WORK AREA OF THE FITTED 
C TABLE M OF EXPECTED VALUES. 
C NZ IS THE LOCATION OF THE TABLE Z IF I1>0. 
C 

NF = NSIZE+1 
IF(ONE) NZ = NF 
IF(.NOT.ONE) NZ = NFfNSIZE 

C 
C NX IS THE LOCATION OF THE TABLE X. 
C NT IS THE LOCATION OF THE TABLE THETA OF AVERAGES. 
C 

NX = NZ+NSIZE 
NX1 = NX-1 
NT = NX+NSIZE*NV 

C 
C PROVIDE SPACE FOR COVARIANCE MATRIX AT NS. 
C 

NS = NT+NC*NV 
C 
C PROVIDE SPACE FOR VARIABLE NAMES AT NL. 
C 

NL = NS+NV*NV 



READ INITIAL VALUES OF B IF DESIRED. 

IF(INIT) GO TO 8 
KK - NB 
LL - KK17 
ΙΓ(LL.GE.ND) LL ?■■■ ND1 
READ<5»7) (UORK(I),I-KK>LL) 
FORMAT < 31" 10.5) 
KK - LLM 
IF(L.L.LT.NDl) GO TO 6 

COMPUTE ESTIMATES. 
CALL CONTIN<NRrNCrNV»MX»TOLrUORK<l)»WORK(NF)rWORK(NZ)r 
* WORK(NX),WORK < NT)» WORK(NB)» WORK(ND)rWORK(NRS)rWORK < NS)» 
* NDF»INIT»ONEfIFAULT) 

PRINT RESULTS. 
IF<IFAULT.EO.1) URITE<6r9> 
FORMAT-(ÌÓHOINPUT IS FAULTY) 
IFCtFAULT.GT.O) RETURN 
IF(NV.LE.O) GO TO 27 
DO 12 J:*1»NV 
KK =··= NSHJ 1)*<NVM) 
LL - ND1J 1 
UORK(LL) = SORT(WORK(KK)) 
CONTINUE 
WRITE(Ó»13) 
FORMAT(33H0C0EFFICIENTS AND STANDARD ERRORS) 

578 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
c 
C 

C 
C 
C 

10 
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PLACE RESI I IUALS A T  NR. 

NRS = NL.I.NVtNV 
NR2 = N R S - 1  
NEN = N R 2 t N S I Z E  

PLACE PARAMETER ESTIMATES A'T NB. 

NH = N R S t N S I Z E  
ND = NHi.NV 
ND1 = "1-1 
NE = N I l t N V - 1  

CHECK FOR EXCESSIVE SPACE IIEMANIIS, 

IF(NE.GT.NW) W R I T E ( 6 . 3 )  

IF(NE.GT.NW) RETURN 
3 FORMAT( 38HOT00 MUCH SPACE KECILIESTEII FOR A N A L Y S I S )  

REAII I N  V A R I A H L E  NAMES. 

I F ( N V . L E . 0 )  GO TO 1 0  
Kk = NL. 

FF(LL.CT.NR2) LL = NR2 
REAIl (592) ( W O R K ( I ) r I = K K v L L )  
KK = LLt1 
I F ( L L . L T . N R 2 )  GO TO 4 

1 LL .- K K t 1 9  

R E A ~  IN TABLE 

R E A D ( 5 r F M T )  (WORK ( I) I I=l r N S I Z E )  

SEE I F  Z I S  TO HE READ. REAL1 X +  

IF( .NOT. f lNE)  R E A I l ( 5 r F M T )  ( W O R K ( I ) r I = N Z v N X l )  
I F ( N V . L E . 0 )  GO TO 8 
KK = NX 
LL = K K t N S I Z E - 1  
DO 5 J = l . N V  
R E A I l ( 5 r F M T )  ( W O R K ( I ) ~ I = K K P L L )  
K l i  = K K i N S I Z E  
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ΚΚ = 1 
14 LI. = ΚΚ + 6 

IF(LL.GÎ.NV) LL = NV 
KK1 = NL+KK+KK-2 
LL1 = NL+LL+LL-1 
KK2 = NB+KK-1 
LL2 '= NB+LL—1 
KK3 = ND1KK 1 
LL3 = NDfLLl 
WRITE(6»15) (WORK(I)»I=KK1»LL1> 

15 FORMAT(/1X»7(2X»2A4)) 
WRITE < 6»16) (WORK(I)»I=KK2»LL2) 

16 FORMAT<1X»7F10.5) 
WRITE(6»16) (WORK(I)»I=KK3»LL3> 
KK = KK+7 
IF(LL.LT.NV) GO TO 14 

C 
C PRINT INFORMATION ON GOODNESS OF FIT» 
C 

27 CALL CHISQ(RATIO»CHI»NSIZE»WORK(l)»WORK(NF)) 
WRI TE(6 » 17) RAT10 »CHI »NDF 

17 F0RMATC/32H LIKELIHOOD RATIO CHI SQUARE = »FIO.5/ 
* 32H PEARSON CHI SQUARE = »FIO.5/ 
* 32H NUMBER OF DEGREES OF FREEDOM = »14) 

C 
C OBTAIN ADJUSTED RESIDUALS IF DESIRED. 
C 

IF(IR.LE.O) GO TO 22 
CALL RESID(NR » NC » NV » WORK <1)» WORK(NF)» WORK(NS)» WORK(NX)» 
* WORK(NT)»WORK(NRS)) 
WRITE(6»18) 

18 FORMAT</11Η I J»16H OBSERVED COUNT» 
* 16H EXPECTED C0UNT»19H ADJUSTED RESIDUAL) 
KK1 = 1 
KK2 = NF 
KK3 = NRS 
DO 20 J=1»NC 
DO 19 1=1»NR 
WRITE(6»21) I»J»W0RK<KK1)»W0RK(KK2)»W0RK(KK3) 

21 FORMAT(IX»2I5»2F16.3»F19.3> 
KK1 = KKlfl 
KK2 = KK2+1 
KK3 = KK3+1 

19 CONTINUE 
20 CONTINUE 

C 
C FIND GENERALIZED RESIDUALS IF DESIRED. 
C 

22 IF(IC.LE.O) RETURN 
WRITE<6»23) 

23 FORMAT (/UH CONTRAST »16H OBSERVED VALUE» 
* 16H EXPECTED VALUE»19H ADJUSTED RESIDUAL) 
DO 30 K=1»IC 
READ<5»2) NAME1»NAME2 
READ(5 » FMT) (WORK(I)» I=NRS» NEN) 
CALL GENRES(NR » NC » NV » WORK(1)» WORK(NF)» WORK(NX)» 
* WORK(NT)» WORK(NS)» WORK(NRS)» WORK(ND)» OBS » EXP » RES) 
WRITE(6 »24) NAME1» NAME2 » OBS » EXP » RES 

24 F0RMAT(3X»2A4»2F16.3»F19.3) 
30 CONTINUE 

RETURN 
END 

C 
C 

SUBROUTINE CONTIN(NR»NC»NV» MX »TOL» TABLE » FIT »Z» X » THETA»B»D»U»S » 
* NDF»INIT»ONE»IFAULT) 

C 
C THIS SUBROUTINE COMPUTES MAXIMUM-LIKELIHOOD ESTIMATES 
C FOR THE PARAMETERS IN A LOG-LINEAR MODEL. THE 
C MULTINOMIAL VERSION OF THE NEWTON-RAPHSON ALGORITHM IS 
C USED. IT IS ASSUMED THAT THE FREQUENCY TABLE; UNDER STUDY 
C IS AN NR BY NC ARRAY. TO EACH CELL OF TABLE(I»J) CORRESPOND 
C NV OBSERVATIONS X(I»J»K) AND AN OBSERVATION Z(I»J). 
C THE ESTIMATED EXPECTED VALUE FIT(I»J) SATISFIES THE MODEL 
C FIT(I»J) = Z(I»J)*EXP(A(J)+U(I»J)) 
C AND U(I»J) = B(1)*X(I»J»1) + ..♦+B<NV)*X(I »J»NV), 
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C THE ASYMPTOTIC COVARIANCE MATRIX OF B IS S. 
C ITERATIONS CONTINUE UNTIL NO CHANGE IN COORDINATES OF 
C U IS GREATER THAN TOL OR UNTIL MAX ITERATIONS HAVE BEEN 
C COMPLETED♦ 
C THE CHANGE IN B IN THE LAST ITERATION IS D. 
C IF INIT IS .TRUE»» THE INITIAL VALUES OF B ARE FOUND BY 
C A WEIGHTED REGRESSION BASED ON THE LOGS OF 0.5+TABLE<I rJ) 
C FOR I BETWEEN 1 AND NR AND J BETWEEN 1 AND NC. 
C IF INIT IS .FALSE»F THEN THE USER SETS INITIAL VALUES. 
C IFAULT IS RETURNED 0 UNDER NORMAL OPERATION. 
C IF NEGATIVE ELEMENTS OF TABLE OR Z ARE FOUNDr IFAULT IS 1. 
C IF ONE IS .TRUE.* ALL Z ( I F J ) ARE ASSUMED 1. 
C T H E T A ( J F K ) IS THE WEIGHTED AVERAGE 
C < X < 1 F J F K ) * F I T < 1 F J ) + . . . + X < N R F J F K ) * F I T ( N R F J ) ) / < F I T < 1 F J ) + . . . 
C fFIT(NRrJ)). 
C NDF IS THE NUMBER OF DEGREES OF FREEDOM FOR CHI-SQUARE 
C TESTS. 
C 

REAL TABLE(NR F NC)F FIT < NR tNC)F Z < NR F NC)F U(NR F NC)F X < NR F NC F NV)F 
* THETA(NC F NV)F B(NV)F D(NV)F S(NV F NV) 
LOGICAL I N I T F I N I T I F O N E 
DOUBLE PRECISION S U M F S U M I 

C 
C INITIALIZE ALGORITHM. 
C 

F = 1.0E30 
IFAULT = 0 
NR1 = NR 
NCI = NC 
NV1 = NV 
NDF = <NR1-1)*NC1 
INIT1 = INIT 
IF(NVl.LE.O) INIT1 « .FALSE. 
IF(.NOT.INITl.AND.ONE) GO TO 5 
DO 2 J = 1 F N C 1 
SUM = O.ODO 
SUM1 = O.ODO 
K = 0 
IF(ONE) K = 1 
DO 1 I = 1 F N R 1 
I F < T A B L E ( I F J ) . L T . O . O ) IFAULT = 1 
IF(IFAULT.GT.O) RETURN 
IF(INITl) F I T ( I F J ) = TABLEiItJ)+0.5 
IF(INITl) U ( I F J ) = A L O G ( F I T ( I F J > ) 
IF(ONE) GO TO 1 
I F ( Z ( I F J ) . L T . O . O ) IFAULT = 1 
IF(IFAULT.GT.O) RETURN 
I F ( Z ( I F J ) . E Q . O . O ) F I T ( I F J ) = 0.0 
I F ( Z ( I F J ) . E Q . O . O ) NDF = NDF-1 
I F ( I N I T 1 . A N D . Z ( I F J ) . G T . 0 . 0 ) U ( I F J ) = U < I F J ) - A L O G ( Z ( I F J ) ) 
I F < Z < I F J ) . G T . O . O ) K = 1 

1 CONTINUE 
NDF = NDF+l-K 
DO 101 I = 1 F N R 1 
SUM = S U M + F I T ( I F J ) 
SUM1 = S U M 1 + F I T < I F J ) * U ( I F J ) 

101 CONTINUE 
IF(SUM.LE.O.ODO) GO TO 2 
W = SUM1/SUM 
DO 102 I = 1 F N R 1 

102 U < I F J ) = U ( I F J ) - W 
2 CONTINUE 

IF(.NOT.INITl) GO TO 5 
DO 4 K = 1 F N V 1 
B<K) = 0.0 
SUM = O.ODO 
DO 3 J = 1 F N C 1 
DO 3 I = 1 F N R 1 

3 SUM = S U M + F I T ( I F J ) * U ( I F J ) * X ( I F J F K ) 
D<K) = SUM 

4 CONTINUE 
C 
C PERFORM AN ITERATION. 
C 

5 DO 36 I T = 1 F M X 
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IFdT.EG.l.AND. .NOT.INITl) GO TO 20 
DO 10 J=1>NC1 
SUM = O.ODO 
DO 7 I=1>NR1 

7 SUM = SUM+FIT(IfJ) 
W = SUM 
DO 9 K=1>NV1 
SUM = O.ODO 
DO 8 1=1»NR1 

8 SUM = SUM+FIT(IrJ)*X<I,J,K> 
IF(W.GT.O.O) THETA(JrK) = SUM/W 
IF(W.LE.O.O) THETA(JfK) = 0.0 

9 CONTINUE 
10 CONTINUE 

C 
C OBTAIN WEIGHTED SUMS OF CROSS-PRODUCTS. 
C 

DO 15 K=lrNVl 
DO 14 L=1»K 
SUM = O.ODO 
DO 13 J=lfNCl 
DO 12 1=1»NR1 

12 SUM = SUM+(X(IfJfK)-THETA(JrK))*(X(IrJrL)-THETA(JfL))*FIT(IfJ) 
13 CONTINUE 

S<K>L> * SUM 
14 CONTINUE 
15 CONTINUE 

C 
C OBTAIN CHOLESKY DECOMPOSITION OF S. 
C 

CALL CHOL(NVlrSrSrlRANK) 
C 
C SEE IF FURTHER STEPS ARE NEEDED. 
C 

IF(F.LT.TOL) GO TO 37 
C 
C OBTAIN NEW VALUE OF B. 
C 

CALL SOLVE<NV1»S,D,D> 
DO 16 K=1»NV1 

16 B(K) = B(K)+D(K) 
C 
C UPDATE U AND FIT AND CHECK FOR CONVERGENCE. 
C 

IF(IT.GT.l) F = 0.0 
20 DO 33 J=1»NC1 

DO 30 I=lrNRl 
SUM = O.ODO 
IF(NVl.LE.O) GO TO 22 
DO 21 K=lfNVl 

21 SUM = SUM+B(K)*X<IfJrK) 
IF(IT.EQ.l) GO TO 22 
E = SUM 
E = ABS(E-UdrJ)) 
IF(E.GT.F) F=E 

22 U<I»J> = SUM 
FIT<I»J) = EXP<U(I,J>> 
IF<ONE) GO TO 30 
IF(Z(I»J).LT.O.O) IFAULT = 1 
IF(IFAULT.GT.O) RETURN 
FIT(IrJ) = Z ( I » J ) * F I T ( I F J ) 

30 CONTINUE 
SUM = O.ODO 
W = 0.0 
DO 31 I=1>NR1 
I F < . N O T . O N E . A N D . Z ( I F J ) . L E . O . O ) GO TO 31 
W = W+TABLE<IfJ) 
SUM = SUM+FIT(IfJ) 

31 CONTINUE 
IF(SUM.GT.O.ODO) W = W/SUM 
IF(SUM.LE.O.ODO) W = 0.0 
DO 32 I=lrNRl 

32 FIT(IfJ) = W * F I T ( I F J ) 
33 CONTINUE 

IF(NVl.LE.O) RETURN 
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C c F'REFARE IIIFFERENCES NETWEEN FITTEII AN11 OBSERVCII LINEAR 
c COMNINATIONSt 
C 

IIU 35 K=irNWl 
SUM = 0.000 
110 34  J=lrNCl 
DO 34  I=IvNf<l 
IF(FIT(IIJ)~GT~O,O) SUH = S U n . 1 ( T A H L E ( I , J ) - - f ' I T ( I r J ) ) * X ( I , J r K )  

D ( K )  = sun 34  CON'TINLIE 
35  CONTINUE 
3 6  CONTINUE 
37 CALL INVERT(NV1rSrS) 

NDF = NIIF Ilir?Nh 
RETURN 
CNll 

C c 
C 
C SOLVE LUX = B GIVEN U(I,I) NONZERO F O R  I = Ir,ttttrN. 
C 

SUXROUTINE SOLVE(N,LUtHrX) 

REAL X(N),LU(N,N)vH(N) 
DOUBLt FRECISION SUM 
NN = N 

C 
C SOLVE LOWER TRIANGLE. 
C 

X(1) = B ( 1 )  
IF(LU(lrl)+LE.O+O) X ( 1 )  = 0.0 
IF(NN.EO.1) GO T O  3 
110 2 I=2rNN 
SUM = 0.0110 
I1 = 1-1 
I10 1 J=l,If 
X ( 1 )  = B(I)-SUH 
IF(LU(lvI).LE+O.O) X ( I )  = 0.0 

1 SUM = SUMtLU(I,J)*X(J) 

2 CONTINUE 
C 
C SOLVE UPPER TRIANGLE. 
C 

3 1 = N N  
IF(LU(III).GT.O.O) X(1) = X(I)/LU(IvI) 
IF(LU(III)+LE.O.O) X(I) = 0.0 
IF(NN.EO.1) RETURN 
DO 5 K=2rNN 
SUM = 0.0DO 
I1 = I 
I = 1-1 
IF(LU(IvI).LE+O+O) X ( I )  = 0.0 
IF(LU(I,I)+LE1O.O) GO TO 5 
DO 4 J=Ii,NN 

4 SUM = SUMtLU(IvJ)*X(J) 
X(1) = (X(I)-SUM)/LU(IrI) 

5 CONTINUE 
RETURN 
END 

C 
C 
C 
C COMPUTE LIKELIHOOD RATIO(RATI0) AN11 PEARSON(CH1) 
C CHI SQUARE STATISTICS. NOTE THAT THE TABLE OF 
C OHSERVATIONS HAS NSIZE ELEMENTS9 AS IIOES THE TABLE OF 
C FITTEIl CELL HEANS. 
C 

SUBROUTINE C H I S O ( R A T I O I C H I I N S I Z E I T A B L E I F I T )  

INTEGER NSIZE 
F<EAL TABLE (NSIZE) ,FIT (NSIZE) 
DOUBLE PRECISION SUMiSUHl 
SUM .- O + O I l O  
SUM1 = O + O I l O  
DO 1 IrlrNSIZE 

C 
C NOTE THAT FIT(1) = 0 IMPLIES TABLE(1) = 0. 
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IF(FIT(I).LE.0.0) GO TO 1 
S.UM1 = SUM1+<TABLE<I)-FIT<I))**2/FIT(I> 
IF(TABLE*I),LE.0.0) GO TO 1 
GUM = SUM+TABLE(I)*ALOG(TABLE(I)/FIT(I ) ) 

1 CONTINUE 
CHI = GUM.1 
RATIO = 2.0*GUM 
RETURN 
END 

C 
C 

GUBROUTINE REGID(NR,NC yNV yTABLE y FIT y G yX tTHETA rR) 
C 
C REGID COMPUTES ADJUSTED RESIDUALS R FOR THE FITTED 
C TABLE FITy THE ARRAYS X AND THETAr AND THE ASYMPTOTIC 
C COVARIANCE MATRIX S OF THE SUBROUTINE CONTIN. 
C PARAMETERS ARE DEFINED AS IN CONTIN. 
C 

REAL TABLE(NR y NC),FIT(NR rNC)yS(NV yNV)rX(NR y NC,NV)τR(NR yNC)y 
* THETA(NC»NU) 
DO 8 J=lvNC 
SUM1 = 0,0 
DO 10 1=1»NR 

10 SUM1 = SUMl+FITCIrJ) 
11 DO 7 1=1»NR 

SUM = 0,0 
IF(NV.LE.l) GO TO 3 
DO 2 K=2»NV 
LL = K-l 
DO 1 L=1»LL 
SUM = SUM* S (K»L)*(X(I,J»K) THETA <J»K))*<X(I»J»L)-THETA ( J yL)) 

1 CONTINUE 
2 CONTINUE 
SUM = 2.0*SUM 

3 IF(NV.LE.O) GO TO 5 
DO 4 K=lyNV 
SUM = SUM+S(KyK)*(X(IyJrK)-THETA(JrK))**2 

4 CONTINUE 
5 SUM = FIT(IyJ)*(1.0~FIT(IyJ)*SUM> 

IF(SUMl.GT.O.O) SUM = SUM-FIT(I »J)*FIT(I yJ)/SUM1 
R(IyJ) = 0.0 
IF(SUM.LE.O.O) GO TO 7 
R ( I y J ) = (TABLEdyJ ) -F IT< I r J )> /SCJRT(SUM) 

7 CONTINUE 
8 CONTINUE 
RETURN 
END 

C 
C 

SUBROUTINE INVERT(Ny TRI yXINV) 
C 
C COMPUTE THE INVERSE OF A MATRIX WITH MODIFIED CHOLESKY 
C DECOMPOSITION TRI. OUTPUT IS XINV. 
C 

REAL TRI(N>N)»XINV(NyN) 
DOUBLE PRECISION SUM 
NN =·■ N 

c; 
C INVERT DIAGONAL ELEMENTS. 
C 

DO 1 1=1»NN 
I F ( T R K I y l ) . G T . O . O ) X I N V ( I r l ) = 1 . 0 / T R K I y I ) 
IF(TRI(I y I)♦LE.0.0) XINV(I » I ) = 0.0 

1 CONTINUE 
C 
C IF N IS 1» ALL IS FINISHED. 
C 

IF(NN.LE.l) RETURN 
C 
C NOW FOR OFF-DIAGONALS. 
C 

DO 5 I=2»NN 
II = 1-1 
DO 4 K=1,I1 
SUM = -TRI(I»K) 
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I F ( K . G E . I l ) GO TO 3 
K l = K+ l 
DO 2 J = K 1 F I 1 

2 SUM = S U M - T R I < I F J ) * X I N V < J F K > 
3 X I N V ( I F K ) = SUM 

X I N V ( K F I ) = X I N V < I F K ) * X I N V ( I F I > 
4 CONTINUE 
5 CONTINUE 

C 
C GET FULL INVERSE. 
C 

DO 9 1=1»NN 
II = 1 + 1 
DO 8 J = 1 F I 
SUM = X I N V ( J F I ) 
IF(I.EG.NN) GO TO 7 
DO 6 K = I 1 F N N 

6 SUM = S U M + X I N V < K F I ) * X I N V ( J F K ) 
7 X I N V ( I F J ) = SUM 
8 CONTINUE 
9 CONTINUE 

DO 10 I = 2 F N N 
II = 1-1 
DO 10 J = 1 F I 1 

10 X I N V ( J F I ) = X I N V ( I F J ) 
RETURN 
END 

C 
C 

SUBROUTINE CHOL<NFSYMFTRI tIRANK) 
C 
C COMPUTE THE MODIFIED CHOLESKY DECOMPOSITION OF THE 
C N X N MATRIX SYM» WHERE SYM IS NONNEGATIVE DEFINITE. 
C OUTPUT IS TRI. IRANK IS THE RANK OF SYM. 
C 

DATA T0L/1.0E-4/ 
REAL S Y M ( N F N ) F T R K N F N ) 
DOUBLE PRECISION SUM 
NN = N 
IRANK = 0 
DO 6 I = 1 F N N 
X = T O L * S Y M ( I f I ) 
T R K I F I ) = S Y M ( I F I ) 
I F ( I . E Q . l ) GO TO 4 
I F < T R K 1 F 1 ) . G T . 0 . 0 ) T R K I F I ) = T R I ( 1 t I ) / T R I ( 1 r 1 ) 
DO 3 J = 2 r l 
I F ( T R I < J F J ) . L E . O . O > GO TO 3 
SUM = 0.0D0 
K = J - l 
DO 2 L = 1FK 

2 SUM = S U M + T R I ( I F L ) * T R I ( L » J ) 
T R K J F I ) = S Y M < I F J ) - S U M 
I F ( J . L T . I ) T R K I F J ) = T R K J F D / T R K J F J ) 

3 CONTINUE 
4 I F ( T R K I F I ) . G T . X ) IRANK = IRANK+1 

I F ( T R I ( I » I ) . G T . X ) GO TO 6 
DO 5 J = 1 F N N 
T R K I r J ) = 0 . 0 
T R K J F I ) = 0 . 0 

5 CONTINUE 
* CONTINUE 

RETURN 
END 

C 
C 

SUBROUTINE GENRES < NR FNC ?NV rTABLE τFIT rX tTHETA tS tCFD rOBS rEXP tRES) 
C 
C GENRES COMPUTES GENERALIZED RESIDUALS. N R F N C F N V F TABLE» 
C FITF XF THETAF AND S ARE DEFINED AS IN CONTIN. 
C C IS THE ARRAY OF WEIGHTS USED AND D IS A WORK ARRAY 
C OF LENGTH NV. OUTPUT CONSISTS OF THE OBSERVED LINEAR 
C COMBINATION OB S F THE ESTIMATED EXPECTED VALUE EXPF AND 
C THE ADJUSTED RESIDUAL RES. 
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e 
REAL TABLE(NR » NC)> FIT(NR yNC)» X(NR rNC tNV)? THETA(NC rNV)r S(NV r NV) t 

* C(NR,NC)>D(NV> 
DOUBLE PRECISION SUMrSUM1τSUM2 

C 
C INITIALIZE. 
C 

NV1 = NV 
NR1 = NR 
NC1 = NC 

C 
C OBTAIN ASYMPTOTIC VARIANCE ESTIMATE. 
C 

SUM2 = O.ODO 
DO 2 J=1,NC1 
SUM = O.ODO 
SUM1 = O.ODO 
DO 1 I=lrNRl 
SUM1 = SUMl+FIT(IrJ)*C<I>J) 

1 SUM = SUM+FIT<I,J) 
SUM2 = SUM2+SUM1*SUM1/SUM 

2 CONTINUE 
IF(NVl.LE.O) GO TO 14 
DO 9 K=1»NV1 
SUM = O.ODO 
DO 8 J=1,NC1 
DO 7 1=1»NR1 
SUM = SUM+<X<I»J»K)-THETA(JfK))*FIT(I»J)*C<I»J) 

7 CONTINUE 
8 CONTINUE 

D(K) = SUM 
9 CONTINUE 

SUM = O.ODO 
IF(NVl.LE.l) GO TO 12 
DO 11 K=2»NV1 
LL = K-l 
DO 10 L=1>LL 

10 SUM = SUM+S<K»L)*D(K)*D(L) 
11 CONTINUE 

SUM = SUM+SUM 
12 DO 13 K=lfNVl 
13. SUM = SUM+S(KfK)*D(K)*D(K) 
14 SUM1 = O.ODO 

DO 16 J=lrNCl 
DO 15 I = 1 F N R 1 
SUM1 = SUM1+FIT<I,J)*C<I»J)**2 

15 CONTINUE 
16 CONTINUE 

ST = SUM1-SUM-SUM2 
C 
C OBTAIN OBSERVED AND ESTIMATED VALUES. 
C 

RES = 0 . 0 
SUM = O.ODO 
SUM1 = O.ODO 
DO 18 J=lfNCl 
DO 17 I=lrNRl 
SUM = SUM+TABLE<IrJ)*C(I»J) 
SUM1 = SUMl+FIT(I,J)*C(IrJ> 

17 CONTINUE 
18 CONTINUE 

OBS = SUM 
EXP = SUM1 

C 
C OBTAIN ADJUSTED RESIDUAL. 
C 

IF(ST.LE.0.0) RETURN 
ST = SQRT(ST) 
REST = (OBS-EXP)/ST 
RETURN 
END 
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A.2 LAT 

The program LAT is written in much the same style as FREQ, except that 
LAT is used with latent-class models. The program can be used with a table 
of counts nijk, \ < i < r, Ì < j < s, 1 < k < t, with corresponding expected 
values mijk. The observations are the marginal totals 

r 

f = l 

For known constants zijk > 0, 1 < i < r, 1 <j < s, 1 < k < r, and xijkh 
1 < i < r, 1 < j < s, 1 < fc < i, 1 < / < /?, and unknown parameters afc, 
1 < fc < i, and j?i? 1 < / < p, it is assumed that the expected values mijk 
satisfy the log-linear model 

p 

^og(mijk/zijk) = ock + Y,ßixijk, zijk > 0. 
1=1 

It is also assumed that conditional on the observed counts 
r s 

nk = Σ Σ ^ 

the subtables {nIj7c: 1 < i < r, 1 < j < s} have independent multinomial 
distributions for 1 < k < t. 

The program uses the method of maximum likelihood to obtain estimates 
/Jz of the parameters ßl and estimated asymptotic standard deviations s(ßi) 
of the j3z. Likelihood-ratio and Pearson chi-square statistics are computed, 
and residual analyses are performed. 

Control Cards 

Cards must appear in the following order. 

Card 1. Run description This card contains 10 entries in the following 
format at the top of page 587. 

Card 2. Format of data This card is a variable format card describing 
the format in which the data are to be read. The card is a FORMAT statement 
in which the work FORMAT has been removed and in which the initial 
parenthesis is in the first column. The data should be read in F format. 

Card 3. Format of independent variables This card is a variable format 
card describing the format in which the independent variables xijkl are to be 
read. The card has the same structure as card 2. 

Card 4. Title Up to 80 columns of alphanumeric title information. 
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Column Format Entry 

The number r of rows. If the entry is not positive, r = 1. 
The number s of columns. If the entry is not positive, s = 1 
The number t of blocks. If the entry is not positive, t = 1. 
The number p of independent variables xijkl, 1 < / < p, for each row i, 

column /, and block t. If the entry is not positive, p = 0. 
If positive, the zijk are supplied by the user. If not positive, each zijk = 1. 
If positive, initial approximations for the /}, 1 < / < p, are supplied by 

the user. Otherwise, the program generates its own initial values 
from estimates of mijk supplied by the user. 

25 28 1 If positive, observed values wjf, estimated expected values mB
ik, and 

adjusted residuals (n?k
c - mfk)/s(nfk - mfk

c) are printed, where 
s(fltjk — mfk) is the estimated asymptotic standard deviation of 

1-
5-
9 
13 

14 
21 

4 I 
8 I 
12 I 
-16 I 

20 I 
-24 I 

m", "jk - "ljk ■ 

29 32 I The number of generalized contrasts to be computed. For each contrast 
array djk, 1 < j < s, 1 < k < i, 

and (O - E)/s(0 - E) is computed, where .v(0 — E) is the estimated 
asymptotic standard deviation of O — E. 

33-36 I The maximum number of iterations used in computing the ßt. If 
blank, 10 is the maximum. 

37-40 I The stopping criterion g. The tolerance is \0~9 is g φ 0 and IO"3 if 
g = 0. If no successive approximations for £ ftx(jk/, 1 < i < r, 
1 < / < s, 1 < k < r, differ in magnitude by more than the tolerance, 
then iterations stop. 

Label Cards 

Each 8 columns of each card contains the name of a variable. Thus columns 
1-8 of the first label card contains the name of the first variable, xijkU columns 
9-16 contain the name of the second variable xijk2, etc. Note that if p < 10, 
one label card is needed, if 11 < p < 20, two label cards are needed, etc. 

Data Cards 

The data are read in standard FORTRAN order according to the format 
of card 2. For example, in a 2 x 3 x 2 table with n^ = 10, ηψχ = 11, 
ηψ[ = 20, n\c

2 = 25, ηψ2 = 37, ηψ2 = 31, one might have a single data card 

101120253731 

The corresponding card 2 is 

(6F2.0) 
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Z Cards 
If the entry in columns 17-20 of card 1 is positive, then the coefficients 

zijk are read in the same format used for the independent variables. Observa­
tions are read in standard FORTRAN order so that if r = 2, s = 3, t = 2, 
zijk = h a n d if cai*d 3 is 

(12F2.0) 
then one Z card is required. The card is 

010102020303010102020303 

X Cards 
For each /, 1 < / < p, a card or series of cards lists the xijkh 1 < i < r, 

1 < j < s, 1 < k < t. If p = 2, 
Xijkl = 1 > Ï = 1» ^tj7c2 ~ 7? Ï = 1 9 

= 0, i = 2, = 0, / = 2, 
and if card 3 is 

(12F2.0) 
then the two X cards are 

010001000100010001000100 
010002000300010002000300 

Initial Value Cards 
If the entry in columns 21-24 of card 1 is positive, then initial approxima­

tions of the ßi are read in F 10.5 format. The approximation for ß1 is in 
columns 1-10 of the first initial value card, the approximation for ß2 is in 
columns 11-20 of this card, etc. If p < 8, one initial value card is needed. 
If 9 < p < 16, two such cards are needed, etc. 

Initial Approximation Means Cards 
If the entry in columns 21-24 of card 1 is not positive, initial values of 

mijk0 are read in the same format used for the independent variables. 

Contrast Label Cards 
For each contrast requested in columns 29-32 of card 1, a contrast label 

card and contrast specification cards are required. The contrast label card 
contains a contrast label in columns 1-8. 

The following listing contains a main program and a subroutine LATENT. 
1 < k < t using the same format used for the data cards. If card 2 is 

(6F2.0) 
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and if 

djk = 1> j = 1 or 3, k = 1, 
= 0, fc = 2, 
= - 2 , ; = 2, k= 1, 

then a contrast label name and contrast card might be 
QUADRAT. 
01-201000000 

Example 3. 77ie simple latent-class model for Table 7.29 
Control cards and output for a run with this model are shown below. The 

*FY contrasts used are wf [ — mfî, n?f — nq\, and τη [ mJi 

Control Cards 
2 0 3 9 0 1 3 

( 2 4 F 3 . 0 ) 
( 3 U 2 F 6 . 2 / ) » 1 2 F 6 . 2 ) 
SIMPLE: LATENT-CLASS MODEL FOR TA: 
XI 
334 

:l. , 
34 

Bl. 
12 15 

1. 
1. 
1. 
1 . 
1 . 
1. 
1, 
• 1 . 
1 . 
1 . 
1 . 
1 . 
1 . 
1 . 
1 . 

- 1 . 
- 1 . 

1 « 
1 . 

- 1 . 
1 « 
• 1 . 
1. 
1. 
1. 
1. 
1. 
1. 
0. 

- 1 ♦ 
0. 
0. 
1. 

-1. 
327.99 6 

0.77 42 
36.99 5 
15.71 0 

BY 11 
1 1 1 

DY11 
1 1 0 

FY11 
1 0 1 

ni 
53 63 4 
1. 
1 . 
1 . 
1 . 
1. 
1 . 
■ 1. 
1. 
1. 
.... 11 
1. 
... i , 
--1 . 

... 11 
- .1. . 

... 11 
1. 

-1. 
• 1 ♦ 
1 . 
1. 

-1. 
1. 
1 . 
-1. 
-1 . 
-1. 
-1. 
1. 
1. 
0. 

--1. 
0. 
0. 
1. 

.... 1, 
17.00 1 
0.17500 
6.32 46 
9.00 9 

Fl 
01428 29 1 

LE 7.29 
XB11 XD11 

17 42 53 3 

00 6, 
83426, 
68 3, 
00 58, 

,00 
06 
30 1, 
08 28, 

XF11 
453413 

XY 
29 16 

11 
18 60 

XY12 
57 37430 

27 1 
54 3 
12451 
50 28 

73 26, 
46 11 
88412, 
50 18, 

50 26« 
45 1, 
86 0, 
50 18, 

14 28 
50 7 

13 6ί 
,03 1' 
48 0, 
73422, 
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Output 

SIMPLE LATENT-CLASS MODEL FÜR TABLE 7.29 
COEFFICIENTS AND STANDARD ERRORS 

XI 
•0.10575 
0.08644 

XYll 
0,10471 
0.02605 

Dl 
-0.31598 
0.04523 

XY12 
0.04453 
0.02575 

Dl 
0. 
0, 

32711 
,04933 

Fl 
0.01201 
0.03909 

XB11 
1.37164 
0.04484 

XD11 XFU 
1.39679 1.29334 
0.04893 0.03876 

IKELIHOOD 

IMDER 

J 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 

RATIO 
PEARSON 

OF DEGREES 

K 
1 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
3 

CONTRAST 
BY11 
DY11 
FY11 

CHI SQUARE 
CHI SQUARE 
OF FREEDOM 

OBSERVED COUNT 1 
334.000 
34.000 
12.000 
15.000 
53.000 
63.000 
43.000 

501.000 
428.000 
29.000 
13.000 
17.000 
42.000 
53.000 
31.000 

453.000 
413.000 
29.000 
16.000 
18.000 
60.000 
57.000 
37.000 

430.000 

OBSERVED VALUE 1 
395.000 
484.000 
442.000 

10.09669 
9.98288 

12 

EXPECTED COUNT 
345.757 
27.420 
12.321 
18.004 
46.407 
62.252 
40.085 

502.753 
412.459 
32.091 
14.292 
16.186 
53.961 
56.052 
35.893 

445.066 
416.809 
32.374 
14.406 
15.882 
54.405 
55.013 
35.204 

435.907 

EXPECTED VALUE 
403.501 
481.836 
444.570 

ADJUSTED RESIDUAL 
- 1 . 815 
1.535 
0.110 
0.903 
1.203 
0.125 
0.597 

-0.232 
2.281 

• 0.699 
0.430 
0.249 

-2.126 
-0.518 
•••1.022 
1.081 
0.558 
•0.762 
0.531 
0.649 
0.994 
0.339 
0.377 
0.810 

ADJUSTED RESIDUAL 
--1.428 
0.342 

--0.410 

Error Conditions 

An error is reported and execution terminates if some zijk is negative or if 
space requirements are too large. Space may be adjusted by changing the 
region size of the array work in the main program and giving the constant 
NW the same value. The space in words needed in WORK is pi(l + s + rs) 
+ st(2 + 3r) + 4p + p2 if all zijk are assumed 1. Otherwise, rst more words 
is needed. The appropriate changes are made in lines 35 and 37 of the program. 
Currently NW is 10,000. 

Program Listing 

The following listing contains a main program and a subroutine LATENT. 
The subroutines CHOL, SOLVE, INVERT, CHISQ, RESID, and GENRES 
listed earlier are also required. 
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C THIS PROGRAM PERFORMS MAXIMUM-LIKELIHOOD ESTIMATION 
C FOR THE LATENT-CLASS MODEL 
C LOG(M(I»J»K)/Z(I»J»K)) == A(KHU(I»J»K) » WHERE 
C U<I»J»K) -= B(1)*X(I»J»K»1>+...+B(NV)*X(I»J»K»NV). 
C HERE A TABLE N<J»K) IS GIVEN WITH NR ROWS AND 
C NC COLUMNS. THIS TABLE IS A MARGINAL TABLE FOR AN 
C UNOBSERVED NL BY NR BY NC TABLE WITH EXPECTED VALUE 
C M<I»J»K) IN CELL <I»J»K). 
C NORMALLY Z(I»J»K) IS POSITIVE. IF Z(I»J»K> IS NOT POSITIVE» 
C THEN CELL <I»J»K> IS IGNORED DURING ANALYSIS. THIS 
C PROVISION IS USEFUL IN ANALYSIS OF INCOMPLETE 
C TABLES. 
C 
C FOR A DESCRIPTION OF CONTROL CARDSr SEE THE PROGRAM 
C DESCRIPTION. 
C 
C IN THIS PROGRAMr II IS 0 IF Z<I»J»K) IS 1 AND POSITIVE 
C IF ANY OTHER CHOICE OF Z(I»J»K) IS TO BE MADE. 
C THE PARAMETER IS EQUALS 0 IF INITIAL APPROXIMATIONS 
C B<L»0)» l O L O N V » ARE TO BE FOUND BY THE PROGRAM 
C FROM AN INITIAL APPROXIMATION OF M(IrJ»K) SUPPLIED 
C BY THE USER. 
C IF THE USER WISHES . TO SUPPLY INITIAL 
C ESTIMATES OF THE B<D» THEN IS SHOULD BE POSITIVE. 
C ADJUSTED RESIDUALS ARE SUPPLIED IF IR IS POSITIVE. 
C GENERALIZED RESIDUALS ARE SUPPLIED IF IC IS POSITIVE. 
C MAX ITERATIONS MAY BE PERFORMED IF NEEDED. IF 
C THE USER DEFINES MX TO BE POSITIVE» THEN MAX IS MX. 
C IF MX IS NOT POSITIVE» MAX IS 10. 
C ITERATIONS STOP IF NO CHANGE U(I »J»K»T)-U<I »J»K»T-1) 
C EXCEEDS 10**IT IN MAGNITUDE. NORMALLY IT IS -3» 
C BUT THE USER MAY CHANGE THIS CHOICE. 
C 

REAL WORK <10000)» FMT < 20)» FMT1(20)» TITLE < 20) 
LOGICAL ONE»INIT 
DATA MXS»T0LS»NW/10»0.001»10000/ 

C 
C READ PARAMETERS. 
C 

READ(5 » 1) NL » NR » NC » NV » 11 » IS » IR » IC » MX » IT 
1 F0RMATÎ10I4) 

IF(NL.LE.O) NL = 1 
IF(NR.LE.O) NR = 1 
IF(NC.LE.O) HC = 1 
ONE = .TRUE. 
INIT = .TRUE. 
IF(Il.GT.O) ONE = .FALSE. 
IF.CIS.GT.O) INIT = .FALSE. 
IF(MX.LE.O) MX = MXS 
IF(IT.NE.O) TOL = 10.0**IT 
IF(IT.EQ.O) TOL = TOLS 

C 
C READ A VARIABLE FORMAT FOR THE DATA. 
C 

READ(5»2) FMT 
C 
C READ A VARIABLE FORMAT FOR THE MEANS AND INDEPENDENT 
C VARIABLES. 
C 

READ(5»2) FMT1 
C READ A TITLE FOR THE RUN. NOTE THAT UP TO 80 CHARACTERS 
C ARE AVAILABLE. 
C 

READ(5»2) TITLE 
2 FORMAT(20A4) 

WRITE<6»11) TITLE 
11 FORMAT(1H1»20A4) 

C 
C TO SET UP WORK AREAS» FIRST FIND THE SIZE OF THE TABLE. 
C 

NSIZEM = NR*NC 
NSIZE = NL*NSIZEM 

C 
C NF IS THE LOCATION IN THE WORK AREA OF THE FITTED 
C TABLE M OF EXPECTED VALUES. 
C NZ IS THE LOCATION OF THE TABLE Z IF I1>0. 
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C 

C 
C 
C 
C 
C 

NF = NSIZEMtl 
NFE = NFtNSIZE-1 
IFCONE) NZ = NF 
IF(.NOT.ONE) NZ = NFtNSIZE 

NMAR IS THE LOCATION OF THE TABLE MP OF EXPECTED VALUES 
OF THE MARGINAL TABLE N. 
NX IS THE LOCATION OF THE TARLE X. 
NT IS THE LOCATION OF THE TARLE THETA OF AVERAGES. 
NXP IS THE LOCATION OF THE TARLE XP. 

NMAR = NZtNSIZE 
NX = NMARtNSIZEM 
NXl = NMAR-1 
NXB = NXtNSIZESNV 
NT = NXPtNSIZEM*NV 

PROVIDE SPACE FOR COVARIANCE MATRIX AT NS. 
NS =_ NTtNCSNV 

PROVIDE SPACE FOR VARIARLE NAMES AT NLB. 
NLP = NStNVSNV 

PLACE RESIDUALS AT NRS. 
NUS = NLBtNVtNV 
NR2 = NRS-1 
NEN = NRZtNSIZEM 

C 
C FLACE PARAMETER ESTIMATES AT NR. 
C 

NP = NRStNSIZE 
ND = NRtNV 
ND1 = ND-1 
NE = NDtNV-1 

C 
C CHECK FOR EXCESSIVE SPACE DEMANDS. 
C 

IF(NC+GT.NW) WRITE(6r3) 
IF(NE.GT.NW) RETURN 

3 FORMAT(30H0TOO MUCH SPACE REQUESTED FOR ANALYSIS) 
C 
C REAIt IN VARIAPLE NAMES. 
C 

IF(NV.LE.0) GO TO 10 
KK I- NLB 

1 LL == liht19 
IF(LL.GT.NR3) LL = NRI 
READ ( 5 ~ 2 )  (WORK(I)rI=hhrLL) 
hh = LLt1 
IF (I.L..L~.NRZ) GO ro 4 

1: 
1: HLAD DATI?. 
c: 

c 
C !;EL 1F 2 IS TO BE REAP. fiEALl X. 
C 

10 K E A U (  5 ,  F M T )  (WORK( I) 7 I=l I NSIZEM) 

If (.NOT.ONE) REA!J(~PFMT~) (WOHK(I)rI=NZ~NXl) 
Ir(NV.LE.0) ti0 TO 8 .  
hh = NX 
LL - KhtNSIlE -1 
1lCI 5 .I=lrNV 
I < L A D ( Z  . l M T l )  
hl\ - hhtNS1ZE 
LL ~- LLtNS17E 

L WORh( I ) v IYKh r LL) 

5 CONlINUE 
c 
1 1iE:AU IN1 TIAL. VALUES OF B IF DESIRED.. 
c 

IF(IN1T) READ(SrFMT1) (WORK(I)~I=NFINFE) 
IFCINIT) GO 1 0  D 
lih NLI 
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6 LL == KK17 
IF(LL.GE.ND) LL = ND1 
READ < 5 »7) (WORK(I> » I=KK » LL ) 

7 FORMAT(8F10.5) 
KK ·-■= LLfl 
IF(LL.LT.NDl) GO TO 6 

C 
C COMPUTE ESTIMATES» 
C 

8 CALL LATENT(NL »NR » NC » NV »MX »TOL»WORK( 1 ) » WORK(NF)»WORK(NZ)» 
* WORK(NMAR)»WORK(NX)» WORK(NXB)»WORK(NT)»WORK < NB)»WORK(ND)» 
* WORK(NRS)» WORK < NS)»NDF »INIT »ONE » IFAULT) 

C 
C PRINT RESULTS. 
C 

IF(IFAULT.EQ.l) WRITE(6»9) 
9 FORMAT(16H0INPUT IS FAULTY) 
IF(IFAULT.GT.O) RETURN 
IF(NV.LE.O) GO TO 27 
DO 12 J=1»NV 
KK = NS+(J-1)*(NV+1) 
LL = ND+J-1 
WORK(LL) = SORT(WORK(KK)) 

12 CONTINUE 
WRITE(6»13) 

13 FORMAT(33H0C0EFFICIENTS AND STANDARD ERRORS) 
KK = 1 

14 LL = KK+6 
IF(LL.GT.NV) LL = NV 
KK1 « NLB+KK+KK-2 
LL1 = NLB+LL+LL-1 
KK2 = NB+KK-1 
LL2 = NBfLL-1 
KK3 = ND+KK-1 
LL3 = ND+LL-1 
WRITE(6>15) (WORK(I)rI=KKlfLLl) 

15 F0RMAT(/lXr7(2X»2A4)) 
WRITE(6»16) (W0RK(I)fI=KK2fLL2) 

16 F0RMAT(1X»7F10.5) 
WRITE(6 ? 16) (WORK(I)»I=KK3 rLL3) 
KK = KK+7 
IF(LL.LT.NV) GO TO 14 

C 
C PRINT INFORMATION ON GOODNESS OF FIT. 
C 

27 CALL CHISQ(RATIQrCHI>NSIZEM»WORK(l)fWORK(NMAR>) 
WRITE(6fl7) RATIOrCHIfNDF 

17 F0RMAT(/32H LIKELIHOOD RATIO CHI SQUARE ~ rFlO.5/ 
* 32H PEARSON CHI SQUARE = »FIO.5/ 
* 32H NUMBER OF DEGREES OF FREEDOM = »14) 

C 
C OBTAIN ADJUSTED RESIDUALS IF DESIRED. 
C 

IF(IR.LE.O) GO TO 22 
CALL RESID(NR » NC » NV » WORK(1)» WORK(NMAR)» WORK(NS)» WORK(NXB)» 
* WORK(NT)»WORK(NRS)) 
WRITE(6»18) 

18 FORMAT(/11H · J K»16H OBSERVED COUNT» 
* 16H EXPECTED COUNT»19H ADJUSTED RESIDUAL) 
KK1 = 1 
KK2 = NMAR 

"'" KK3 = NRS 
DO 20 K=1»NC 
DO 19 J---1»NR 
WRITE(6»21) J»K»W0RK(KK1)»WORK(KK2)»WORK(KK3) 

21 F0RMAT(1X»2I5»2F16.3»F19.3) 
KK1 = KK1+1 
KK2 = KK2+1 
KK3 - KK3+1 

19 CONTINUE 
20 CONTINUE 

C 
C FIND GENERALIZED RESIDUALS IF DESIRED. 
C 

22 IF(IC.LE.O) RETURN 
WRITE(6»23) 



FORMAT (/UH CONTRAST*16H OBSERVED VALUE r 
* 16H EXPECTED VALUE,19H ADJUSTED RESIDUAL) 
DO 30 K=lrIC 
READ<5»2) NAMElyNAME2 
READ<5»FMT> (WORM I)y I==NRS y NEN) 
CALL GENRES(NR rNC rNV y WORK(1)yWORK(NMAR)tWORK(ΝΧΒ)y 

* WORK(NT)? WORK(NS)tWORK(NRS)y WORK(ND)y OBS yEXPyRES) 
WRITE(-6r24) NAME1 y NAME2yOBS yEXP yRES 
F0RMAT(3Xy2A4y2F16.3yF19.3) 
CONTINUE 
RETURN 
END 

SUBROUTINE LATENT<NLyNR?NCrNVyMXtTOLy TABLErFITrZrFITMrX »XB, 
* THETA ŷ B f D r U y S y NDF y INI T y ONE y I FAULT ) 

THIS SUBROUTINE COMPUTES MAXIMUM-LIKELIHOOD ESTIMATES 
FOR THE PARAMETERS IN A LATENT CLASS MODEL. THE 
MULTINOMIAL VERSION OF THE SCORING ALGORITHM IS 
USED. IT IS ASSUMED THAT THE OBSERVED FREQUENCY TABLE 
IS AN NR BY NC ARRAY AND THE LATENT TABLE IS AN NL BY NR 
BY NC ARRAY. TO CELL (IyJyK) OF THE LATENT TABLE 
CORRESPOND NV OBSERVATIONS X(I»J»KyD» AN OBSERVATION 
Z(IyJyK)y AND AN ESTIMATED MEAN FIT<I>J»K>. 
THE ESTIMATED EXPECTED VALUE FIT(IrJyK) SATISFIES THE MODEL 
FIT(IyJyK) = Z(IyJ»K)*EXP(A(K)+U(IyJyK)) 
AND U(IyJyK) = B(l)*X<I»J»Krl> + . . .+B(NV)*X<I yJrKyNV) ♦ 
THE ASYMPTOTIC COVARIANCE MATRIX OF B IS S. 
ITERATIONS CONTINUE UNTIL NO CHANGE IN COORDINATES OF 
U IS GREATER THAN TOL OR UNTIL MAX ITERATIONS HAVE BEEN 
COMPLETED. 
THE CHANGE IN B IN THE LAST ITERATION IS D. 
IF INIT IS .TRUE.y THE INITIAL VALUES OF B ARE FOUND BY 
A WEIGHTED REGRESSION BASED ON A WEIGHTED AVERAGE OF THE 
LOGS OF THE INITIAL M(IyJyK) FOR I FROM 1 TO NL. 
IF INIT IS ♦FALSE.y THEN THE USER SETS INITIAL VALUES. 
I FAULT IS RETURNED 0 UNDER NORMAL OPERATION. 
IF NEGATIVE ELEMENTS OF TABLE OR Z ARE FOUND» IFAULT IS 1. 
II ONE IS ♦TRUE.y ALL Z(I y Jy K) ARE A S S U M E D 1. 
THETA(K»L) IS THE WEIGHTED AVERAGE 
( X ( 1 y 1 y K y L ) *F IT(1 y 1 y K M . . . iX(NL y NR y K , L ) *F IT ( NL » NR » K ) ) / 
( F I T ( l v l y K ) l . . ♦■fFIT(NL»NR»K>). 
NDF IS THE NUMBER OF DEGREES OF FREEDOM FOR CHI-· SQUARE 
TESTS. 

REAL TABLE(NR y NC)y FIT(NL y NR tNC)y Z(NL y NR y NC)y FI TM <NR y NC)y 
* U ( N L y N R y N C ) v X ( N L y N R y N C y N V ) y X B ( N R y N C y N V ) y T H E T A ( N C y N V ) t 
* B(NV)yD(NV)yS(NVyNV) 
LOGICAL INITyINIT1 y ONE 
DOUBLE PRECISION SUM y SUM1y SUM2 y SUM3 

INITIALIZE ALGORITHM. 

F ^ 1.0E30 
IFAULT - 0 
NL1 :: NL 
NR1 = NR 
N C I ■■■■■■■■ N C 
NV1 ~ NV 
NDF = <NR1-1)*NC1 
INIT1 = INIT 
IF(NVl.LE.O) INIT1 - .FALSE. 
IF(.N0T.INIT1.AND.0NE) GO TO 5 
DO 2 K~1»NC1 
L - 0 
DO 1 J=1»NR1 
IF(TABLE(JyK).LT.O.O) IFAULT = 1 
IF<IFAULT.GT.O) RETURN 
M = 0 
IF (ONE) M' - 1 
DO 103 I^lyNLl 
I F d N I T l . A N D . F I T d y J y K ) . G T . O . O ) U ( I y J y K ) = ALOG ( F I T ( I y J y K ) ) 
IF(ONE) GO TO 103 
IF(ZdyJyK).LT.O.O) IFAULT = 1 
IF(IFAULT.GT.O) RETURN 
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I F ( Z ( I r J r K ) . E C J . O . O ) F I T ( I r J r K ) = 0 . 0 
I F ( I N I T 2 , A N D . F I T ( I r J r K ) . L T . O . O ) IFAU'LT -- 1 
I F < I FAULT.GT.O) RETURN 
I F ( Z ( I r J r K ) . G T , 0 . 0 ) M = 1 
I F ( I N I T l . A N D . Z ( I r J r K ) . G T . O . O ) U ( I r J r K ) = U ( I r J r K > - A L O G ( Z ( I r J r K ) ) 

103 CONTINUE 
IF(M.EQ.l) L = 1 
IF(M.EQ.O) NDF - NDF-1 

1 CONTINUE 
NDF = NDFfl-L 
SUM2 = O.ODO 
SUM3 = O.ODO 
DO 104 J=1,NR1 
SUM - O.ODO 
SUM1 = O.ODO 
DO 101 I-lrNLl 
SUM =·-· SUMfF"IT(Ir J r K ) 
SUM1 == S U M l f ' F I T ( I v J r N ) * U ( I r J r K ) 

101 CONTINUE 
SUM2 := SUM2+SUM 
SUM3 = SUM3+SUM1 
IF(SUM.GT.O.ODO) U(lrJrK) = SUM1/SUM 
FITM(JrK) = SUM 

104 CONTINUE 
IF(SUM2.LE.0.0D0) GO TO 2 
U = SUM3/SUM2 
DO 102 J=lrNRl 

102 U(lrJrK) = U(lrJrK) W 
2 CONTINUE 

IF(.NÜT.INIT1) GO TO 5 
DO 4 L=1»NV1 
B<L) = 0.0 
SUM = O.ODO 
DO 3 K=1»NC1 
DO 3 J=1»NR1 
SUM1 = O.ODO 
DO 113 I=lrNLl 

113 SUM1 = SUM1+FIT<IFJrK)*X(I yJrKrL) 
XB(JrKrL) = SUMl/FITM(JrK) 

3 SUM = SUM+U(lrJrK)*SUMl 
D(L) = SUM 

4 CONTINUE 
C 
C PERFORM AN ITERATION. 
C 

5 DO 36 IT=lrMX 
IFdT.EÖ.l.AND. .N0T.INIT1) GO TO 20 
DO 10 K=lrNCl 
SUM = O.ODO 
DO 7 J=lrNRl 

7 SUM = SUM+FITM(JyK) 
U = SUM 
DO 9 L^lrNVl 
SUM = O.ODO 
DO 8 J=1,NR1 

8 SUM = 3UM+FITM<JrK)*XB(JrKrL) 
IF(W.GT.O.O) THETA(KrL) = SUM/W 
IF(U.LE.0.0) THETA(KrL) =0.0 

? CONTINUE 
10 CONTINUE 

C 
C OBTAIN WEIGHTED SUMS OF CROSS-PRODUCTS. 
C 

DO 15 L=1»NV1 
DO 14 M=1»L 
SUM *= O.ODO 
DO 13 K=lrNCl 
DO 12 J=lrNRl 

12 SUM = SUM+(XB(JrKrL)-THETA(KrL))*(XB(JrKrM) THETA(KrM))*FITM(JrK> 
13 CONTINUE 

S(LrM) = SUM 
14 CONTINUE 
15 CONTINUE 

C 
C OBTAIN CHOLESKY DECOMPOSITION OF S. 
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e 
CALL CHOL(NVlrSrSrIRANK) 

C 
C SEE IF FURTHER STEPS ARE NEEDED, 
C 

IF(F.LT.TOL) GO TO 37 
C 
C OBTAIi! NEW VALUE OF B. 
C 

CALL SOLVE(NVlrSfDrD) 
DO 16 L=1»NV1 

16 B(L) = B(L)+D(L) C 
C UPDATE U AND FIT AND CHECK FOR CONVERGENCE. 
C 

IF(IT.GT.l) F = 0.0 
20 DO 33 K=1,NC1 

DÜ 30 J^1>NR1 
DC) 30 1 = 1 »NL1 
SUM ■■■■■■ O.ODO 
IF(NVl.LE.O) GO TO 22 
DO 21 L=1,NV1 

21 SUM ·== SUM+B(L)*X<I»J,K»L> 
IF(IT.EQ.l) Li'j TO 22 
E - SUM 
E ■-■■ ABS<E-U<I»J,K>> 
IF(EiGT.F) F=E 

22 U(IyJ,K) " SUM 
FIT<IrJ»K) = EXP(U(I>J>K)) 
IF(ONE) GO TO 30 
Π (Z(IrJ,K).LT.O.O) IFAULT = 1 
IF(IFAULT.GT.O) RETURN 
FIT(I»J»K) = Z<IrJFK)*FIT<I»J»K) 

30 CONTINUE 
SUM - O.ODO 
W - 0.0 
DO 31 J=1>NR1 
W = W + TABLE(J»K> 
SUM1 = O.ODO 
DO 131 1=1»NL1 
IF< .NOT.ONE.AND.Z(I»J>K) .LE, 0.0) GO TO 131 
SUM1 = SUMl+FITdrJrK) 

131 CONTINUE 
FITM(-J»K) = SUM1 
SUM = SUMfSUM1 

31 CONTINUE 
IF (SUM.GT.O.ODO) W = W/SUM 
IF(SUM.LE.O.ODO) W = 0.0 
DO 32 J=lrNRl 
FMTM(JiK) = W*FITM(JrK) 
DO 32 1=1»NL1 

32 F I T d f J r K ) = W * F I T ( I r J r K ) 
33 CONTINUE 

I F ( N V l . L E . O ) RETURN 
C 
C PREPARE DIFFERENCES BETWEEN FITTED AND OBSERVED LINEAR 
C COMBINATIONS. 
C 

DO 35 L=1,NV1 
SUM = O.ODO 
DO 34 K=l»NCi 
DO 34 J=1,NR1 
XB<J»K»L) = 0.0 
SUM1 = O.ODO 
DO 134 1=1»NL1 

134 SUM1 = SUMl+FIT(IrJrK)*X(I,J.KfL) 
IF(FITM(JfK).GT.O.O) XB(JrKrL) = SUM1/FITM<J»K) 
IF(FITM(J,K).GT.O.O) SUM = SUM+(TABLE(J»K)-FITM(JrK))*XB<J»K»L) 

34 CONTINUE 
IKL) = SUM 

35 CONTINUE 
36 CONTINUE 
37 CALL INVERT(NVlfSrS) 

NDF = NDF-1 RANK-
RETURN 
END 
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Example Index 

Abortion attitudes, by religion, education, 
and year 

Source: Data tapes from 1972, 1973, 
and 1974 General Social Surveys, 
National Opinion Research Center, 
University of Chicago, 262-264, 
272-276, 278-284, 290-291, 399-402, 
409-411 

Abortion attitudes by year 
Source: Data tapes from 1972, 1973, 
and 1974 General Social Surveys, 
National Opinion Research Center, 
University of Chicago, 481-486, 
504-508, 542, 550-554, 557-559, 
565-568 

Age at first marriage and current age 
Source: Data tape from 1974 General 
Social Survey, National Opinion 
Research Center, University of 
Chicago, 455-456, 458, 478 

Age at first marriage, current age, and sex 
Source: Data tape from 1974 General 
Social Survey, National Opinion 
Research Center, University of 
Chicago, 459-460, 462, 464, 466-468, 
470-471,477 

Attitudes toward courts' treatment of 
criminals, by year of survey 

Source: National Opinion Research 

Center (1972, p. 29; 1973, p. 57; 1974, p. 
55; 1975, p. 58), 120-123,437,439 

Attitudes toward women in politics, by sex 
and education 

Source: Data tape from 1975 General 
Social Survey, National Opinion 
Research Center, University of 
Chicago, 351-352 

Attitudes toward women's roles, by sex and 
education 

Source: Data tapes from 1974 and 1975 
General Social Surveys, National 
Opinion Research Center, University of 
Chicago, 352-353,411-415, 418-425, 
428,434-436 

Attitudes toward women staying at home, 
by sex and education 

Source: Data tapes from 1974 and 1975 
General Social Surveys, National 
Opinion Research Center, University of 
Chicago, 183-193, 239-240, 247-248, 
259-261, 302-303, 310-312, 330-331 

Education of husbands and wives in terms 
of highest attained degrees 

Source: Data tape from 1974 General 
Social Survey, National Opinion 
Research Center, University of 
Chicago, 226-230,487-490,493-
498 

♦Index for Volumes 1 and 2. 603 
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Education of husbands and wives by years 
of schooling 

Source: Data tape from 1972 General 
Social Survey, National Opinion 
Research Center, University of 
Chicago, and U.S. Bureau of the 
Census (1972, p. 269) 519, 521-528, 
533-534,539 

Ethnicity and women's role attitudes 
Source: Dowdall (1974), 109, 111-
112 

Homicides in U.S. in 1970, by race and sex 
of victim and by type of assault 

Source: National Center for Health 
Statistics (1970, pp. 1-183,6-17), 
162-168,179,224-226,236 

Homicides: monthly distribution in U.S. in 
1970 

Source: National Center for Health 
Statistics (1970, pp. 1-174, 1-175), 
82-83 

Life stress and memory 
Source: Data file used in Uhlenhuth et 
al. (1974, 1977), 2-4, 7-8, 23,79-80, 
437-438,440-441 

Mental health status and parental socio-
economic status 

Source: Srole, Langner, Opler, and 
Rennie (1962, p. 31), 374-375, 384, 386, 
390 

Migration 
Source: Data tape from 1974 General 
Social Survey, National Opinion 

Research Center, University of 
Chicago, 444-446, 454-455, 476, 514 

Neurosis and treatment 
Source: Hollingshead and Redlich (1967 
[1958], p. 260), 154-156 

Political views 
Source: National Opinion Research 
Center (1975, p. 36), 84-85 

Psychoses and treatment 
Source: Hollingshead and Redlich (1967 
[1958], p. 288), 112-117, 153-154 

Social class, by year of survey 
Source: National Opinion Research 
Center (1972, p. 45; 1973, p. 29; 1974, p. 
29; 1975, p. 41), 155-156 

Social class, self-classification by 
Source: National Opinion Research 
Center (1975, p. 70), 23-25 

Suicide distribution, by day of week 
Source: Durkheim (1951 [1897], p. 118), 87 

Suicide distribution, by region 
Source: National Center for Health 
Statistics (1970, pp. 1-49, 1-65,6-28), 
53-60 

Suicide, monthly distribution in U.S. in 
1968, 1969, and 1970 

Source: National Center for Health 
Statistics (1968, p. 1-132; 1969, p. 
1-132; 1970, pp. 1-174, 1-175), 43-52, 
125, 128 

Traits desired in parents, by sex of child 
Source: Lynd and Lynd (1956 [1929], p. 
524), 93, 95, 99, 106, 151-152 



Subject Index * 

A 

Additive logit model, 293-295, 301 
Newton-Raphson algorithm, 295, 299 

Additive log-linear model, 102, 133-136, 
157,469 

adjusted residuals, 150 
chi-square statistics, 148 
equivalence to homogeneity model, 

141-142 
equivalence to independence model, 

139-141 
maximum likelihood equations, 

136-138 
and multinomial response model, 373 
and quasi-independence, 444 
use with Poisson data, 124, 126, 131-132 

Additive simultaneous logit model, 401 
Additivity condition, 101,225 
Adjusted residuals, 78-79, 82-83, 441, 463, 

466-467, 470-471, 476, 506, 556, 559, 
565, 567, 572,587 

in additive log-linear model, 130- 131, 
150-151 

in equiprobability model, 5-6 
in fixed distance model, 502 
in hierarchical model, 231, 236, 254, 272, 

275 
in homogeneity model, 121-122, 155, 157, 

397 

in independence model, 104, 111, 
114-115, 156,228-229 

in latent-class model, 542, 550-551, 553, 
560, 562, 566 

in logit model, 328-330, 342, 351-352 
in log-linear time-trend model, 17-20, 81 
for model of conditional independence, 

188, 242 
in model of constant rates, 46-48 
in model of linear-by-linear interaction, 

386-387,439 
in model of no three-factor interaction for 

incomplete table, 464 
in model of unknown column scores, 390, 

437 
in model of unknown row scores, 439 
in multinomial response model with 

ungrouped data, 420 
in quadratic log-linear model, 39 
in quasi-independence model, 454-455, 

458-459,477,481,483 
in quasi-symmetry model, 493-494, 515 
rankit plot, 20-21 
in simultaneous logit model, 381, 383-384 
in symmetry model, 27-28, 489 
in variable-distance model, 515-516 

Adjustment, 499, 519, 523-524, 532, 536, 
537 

Analysis of co variance, 215, 379 
Analysis of variance, 101, 169,294 
Asymmetry, measure of, 41, 512 
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Asymptotic covariance, 535, 562 
Asymptotic covariance matrix, 40, 70, 143 

estimate of, 40, 132, 143,217,301,340, 
418,549,562 

Asymptotic mean, 22, 40, 70-71, 164, 
167-168,177,230,529,548,562 

Asymptotic standard deviation, 221 
estimate of, 22,41,71,89, 100, 106, 164, 

212-213, 231-232, 234, 249, 252, 254, 
266-267,284,309,324, 385, 403, 404, 
406,426, 433, 436, 493-494,515, 520, 
556,558,571,572,586,587 

estimate for log cross-product ratio, 
116-117,262 

estimate for log odds ratio, 96 
estimate for odds ratio, 96 

Asymptotic variance, 22, 57, 70-71, 164, 
168, 212, 221, 230, 242-243,418,432, 
448, 520, 529, 533-535,542,548 

estimate of, 22, 57, 71, 144, 148, 164, 169, 
218,220, 295, 342-343,345, 376, 383, 
468, 481, 528, 530, 532, 533, 535, 547, 
564 

of estimated log cross-product ratio, 105, 
147, 165-167, 176-177, 180,222 

of maximum likelihood estimate in 
saturated model, 72-74 

B 

Binomial distribution, 498 
Bonferroni simultaneous confidence 

intervals, see Simultaneous confidence 
intervals. 

Chi-square approximation, 75, 149, 188, 
411,421,426,434,499,562 

in additive log-linear model, 149 
in equiprobability model, 5 
in independence model, 104, 107, 

110-111, 115 
in logit model, 325-327, 341, 349 
in log-linear time-trend model, 15 
for model of no three-factor interaction, 

223 
in symmetry model, 27 

Chi-square statistic, chi-square test, 46, 
50-52, 75, 82, 88, 113, 121, 126, 176, 
190, 223-224, 228, 239, 256, 258, 
269-270, 308, 325, 381, 387, 390, 403, 

404, 421-422, 434, 436, 437, 457-458, 
409, 461, 469, 485-486, 493, 498, 504, 
518,523,538,542,546,554,556,562, 
567, see also Chi-square approxima­
tion; Degrees of freedom; Likeli­
hood-ratio chi-square statistic; Pear­
son chi-square statistic 

Closed-form estimate, 254, 259, 275, 286, 
456-457 

Coefficient of association, 105 
Coefficient of colligation, 105, 537 
Column-multinomial model, 134-136, 138, 

144, 146,332,520 
Conditional independence, 161, 185-187, 

190, 199-201, 218-219, 221, 226, 243, 
245-246, 254, 258-260, 285, 287-288, 
406, 423-426, 428, 442, 541, 542, 554 

adjusted residual, 188, 242 
chi-square statistics, 187, 190 
maximum likelihood estimates, 187, 190, 

194, 200 
Conditional log-linear model, 424, 427-428 
Conditional probability, 98, 100, 106-107, 

184, 199, 248, 263, 276-277, 302, 424, 
430,446,456,460,522,524,538, 
551-552 

estimation, 99, 101 
Confidence interval, approximate, 71, 

82-83, 89, 144, 310, 483-484, 496-497, 
508,524-526,531,536 

for cross-product ratio, 106, 117-118, 
151-154, 178-180, 189 

for differences in log rates, 57-58 
in latent-class model, 551 
for log cross-product ratio, 106, 117-118, 

152-154, 165-167, 177, 179-180, 189 
in logit model, 324, 351 
in log-linear time-trend model, 22, 80-81 
for marginal probability, 97 
in multinomial response model, 384-385 
in quadratic log-linear model, 41-42 

Connected cells, 453, 473-475 
Continuity correction, 107- 108, 498-499 
Cross-classification, 247, 285, 487, 522, 537, 

561 
of three variables, 160, 163, 223, 261 
of two variables, 91-92, 109, 112, 119 

Cross-product ratio, 104, 107, 114, 117, 
151-152, 178-179, 184-185, 198,278, 
280-281, 373, 404, 436, 442, 455, 495, 
496,527,551 
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D 

Degrees of freedom, 46, 149, 228, 406, 408, 
441,463, 468, 470, 476, 485, 493, 498, 
501,503,504,505, 506,514, 525, 532, 
538-539,546,552,565,567 

for additive logit model, 301 
for additive log-linear model, 126, 149 
in additive simultaneous logit model, 403 
for comparison of likelihood-ratio 

chi-square statistics, 18, 133, 
257-258, 269, 271, 327, 341, 353, 387, 
404, 405, 406, 407, 408, 434, 472,505, 
554 

for conditional log-linear model, 426, 428 
for hierarchical model, 223-225, 257-258, 

286, 289 
for hierarchical model for incomplete 

multi-way table, 451, 461, 469 
for homogeneity model, 121, 123, 155 
for independence model, 104, 110, 114, 

155,487 
for latent-class model, 560, 562 
for logit model, 308, 325-326, 341, 351 
for log-linear time-trend model, 15-16 
for marginal independence model, 186 
for model of conditional independence, 

187, 191 
for model of constant rates, 50, 54, 56-57, 

88-89 
for model of linear-by-linear interaction, 

387, 437 
for model of no three-factor interaction, 

176,239 
for model of unknown column scores, 

391,437 
for model of unknown row scores, 437 
for multinomial response model, 423, 434, 

523 
for quadratic log-linear model, 38 
for quasi-independence model, 453, 457, 

474-475,476,477,481,498 
for simultaneous linear logit model, 

381 
for simultaneous logit model, 404, 405 
for symmetry model, 26-27, 489, 518 
for testing marginal homogeneity, 499 
for variable-distance model, 515-516 
for variance test, 86-87 

Delta (δ) method, 95 
Deming-Stephan algorithm, 125, 127, 157, 

192, 258,269,286,520,521,532,538, 
see also Iterative proportional fitting 

Determinantal equations, determinantal 
estimates, 541, 545 

Discriminant analysis, 337 
Distance models, 487, 500 

E 

Empirical logarithm, 32, 128, 173, 379 
Empirical logit, 305, 314, 334 
Empirical weight, 305, 314, 334 
Equiprobability model, 3-4, 7, 16, 61, 65, 

161,205-206,254,259,287 
chi-square test, 4 -5 
comparison with log-linear time-trend 

model, 16-17 
residual analysis, 5-7 

Exponential decay model, 7-9 
Exponential function, basic properties, 9 

F 

Factor analysis, 541 
Fisher exact test, 107-108 
Fisher variance test, see Variance test 
Fixed-distance model, 501-503, 575 
Four-way table, 247, 259, 262 
F statistics, 16-17, 50, 56, 75-76, 88-89, 

223, 225, 269 

G 

Gene-counting algorithm, 541 
Generating class, 193, 198-199, 201, 203, 

205-207, 218, 221, 224-225, 227, 231, 
254-255, 258-259, 269-270, 272, 
285-286, 409, 469, 543, 555, 558 

H 

Helmert contrast, 400 
Hierarchical model, 160-161, 181, 187, 

197- 198, 217, 225, 231-233, 247-249, 
252, 259-260, 268, 271, 293, 370, 398, 
403, 409, 411, 444, 459, 461, 465-466, 
469, 470, 486, 504, 543, 545, 555, 558 

adjusted residual, 231, 273, 275 
chi-square statistics, 223-225 
iterative proportional fitting, 217-218, 259 
maximum likelihood estimation for, 

192- 193, 254-255, 270, 285-286 
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Higher-way table, 247, 487, 503, 532 
Homogeneity model, 119-123, 141-142, 

155,157,397 
as multinomial response model, 372, 375 

I 

Incomplete multi-way table, 459, 461, 469, 
470 

Incomplete table, 444, 457, 470, 491-492, 
558 

Incomplete three-way table, 444 
Incomplete two-way table, 453, 459 
Independence model, 101-103, 110, 113, 

139, 141-142, 152, 161,201-203,205, 
254, 259-260, 287-288, 446-447, 448 

adjusted residual, 104, 111 
chi-square tests, 103- 104, 110- 111, 

113-114,228,487 
compared to homogeneity model, 

119-120 
maximum likelihood estimate for, 544 
maximum likelihood estimation, 103, 110, 

113-114 
Information theory, 499 
Inseparable table, 453-454, 457,473-474 
Interaction, 103, 160, 170, 192, 199-200, 

203, 233, 265, 268-270, 276, 279, 
282-284, 309-310, 386-387, 403-404, 
410, 422, 460, 467, 476, 503, 505, 507, 
509, 520, 531, 552, 554, 557, 565, 568 

Iterative proportional fitting, 126, 139, 
192-193,196, 217-218,239,241, 254, 
259, 268-269, 286, 448-449, 451, 459, 
461-462, 477-478, 481, 486, 491-492, 
520, 527-528, 533, 537, 540, 542, 
544-546, 549, 559, 569, see also 
Deming-Stephan algorithm 

L 

Latent class, latent variable, 541, 542, 544, 
551-552,554,558 

Latent-class model, latent-structure model, 
541-542, 552, 554, 557-558, 560, 561, 
566,568-569,571,586 

adjusted residuals for, 550, 553, 566 
chi-square statistics for, .562 
iterative proportional fitting for, 544-545 
maximum likelihood equations for, 

543-544 

maximum likelihood estimate for, 544 
scoring algorithm for, 547, 549, 556 

Likelihood-ratio chi-square statistic, 86, 
149,406,408,414, 463, 470, 476, 486, 
498 

in additive logit model, 301 
in additive simultaneous logit model, 403 
comparison with likelihood-ratio 

chi-square statistic from a different 
model, 16, 76, 79, 221, 257-258, 260, 
270-271, 326-327, 341-342, 353, 
421,425,470,472,499 

in conditional independence, 187 
in conditional log-linear model, 426, 428 
in equiprobability model, 5, 79-80 
for hierarchical model, 224-225, 260 
in homogeneity model, 123 
in independence model, 104, 110 
in latent-class model, 586 
in logit model, 326-327, 341, 350 
in log-linear model, 572 
in log-linear time-trend model, 15-17, 

79-80 
in marginal independence model, 186 
in model of constant rates, 50-51, 54, 57 
in model of linear-by-linear interaction, 

387 
in model of unknown column scores, 391 
in multinomial response model, 422, 433 
in quadratic log-linear model, 38 
in quasi-independence model, 453, 498 
in symmetry model, 26 

Likelihood ratio test, 499 
Linear-by-linear log-linear model, 417-418 
Linear combination of residuals, analysis of, 

6,420-421 
Linear contrast, 454 
Local independence, 542 
Logarithm, basic properties of, 8 
Log cross-product ratio, 101, 105, 107, 115, 

117, 142, 145-147, 151-152, 165, 176, 
178-180, 187, 189, 199,243,260-261, 
276, 278-281, 404, 409-410, 436, 455, 
468, 496, 507, 527, 551, 554, 557 

Logit, log odds, 292, 318, 321-322, 401, 404, 
409, 415, 419, 430, 435-436, 442, 456, 
460, 470, 482, 508, 522, 554 

estimate, 96, 182, 235-236, 277, 279, 
310-311,324,330-331 

estimated asymptotic standard deviation, 
96 
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in four-way table, 276-277 
in three-way table, 179, 181, 225, 294, 302, 

310-311,313,318 
in two-way table, 95, 100, 103 

Logit model, 292-293, 295, 303-305, 
309-313, 316, 331-332, 344-347, 350, 
352,411,420,463,480 

adjusted residual for, 328, 330 
chi-square statistic for, 325-327, 350, 421 
as multinomial response model, 369, 

371-372 
normal approximation for maximum 

likelihood estimate, 323-324 
Newton-Raphson algorithm for, 305, 317, 

319 
Log-linear model, 25, 60-61, 69, 75, 89, 

143, 149-150, 160, 181,213,295,405, 
416, 431, 459, 461, 488, 518, 539, 556, 
558, 559, 560,586 

applicability to Poisson data, 43, 61 
for conditional independence, 186 
for independence, 101, 110, 113 
maximum likelihood estimate for, 571 
relationship to latent-class model, 541, 

542-545,547-548,554,561 
relationship to logit model, 292, 313, 316, 

332,346-347 
relationship to multinomial response 

model, 369-370 
representation of model of constant rates 

as, 48,54 
for two-way table, 133, 136, 144 

Log-linear time-trend model, 7-8, 61, 79, 
574 

comparison to equiprobability model, 
16-17 

large-sample distribution of maximum 
likelihood estimate, 22 

maximum likelihood estimation, 9, 11 
residual analysis, 17, 20-21 

Log odds, see Logit, log odds 

M 

Main effects, 102-103, 160 
Manifest variable, 541, 542, 554 
Marginal association, 184- 185, 201, 203 
Marginal-homogeneity model, 487,498-

499 
Marginal independence, 185, 226 

chi-square test, 185-186 

609 

Marginal probability, 94-95, 140-141, 184, 
199,243,537-538 

estimation of, 95, 97, 103 
Marginal table, marginal total, 185, 

192-193, 218-219, 230, 248, 251, 270, 
447-448, 507, 519-520, 522, 523, 524, 
528, 532,534,538,539,540,543,561, 
586 

Maximum likelihood equations, 48, 62-63, 
85, 136*-138, 141, 145, 193, 202, 333, 
396, 447-448, 466, 542, 543-545, 555, 
558 

solution of, 64, 125-126 
Maximum likelihood estimate, 63, 69, 74, 

86, 127, 205-207,407, 409, 416, 431, 
466,476, 477, 480,495, 503, 524, 532, 
540,559, 563 

in additive logit model, 295, 297-299 
in additive log-linear model, 124-125, 

130 
calculation by iterative proportional 

fitting, 218-219 
with closed-form expression, 254, 269 
for conditional independence, 187, 190, 

194-200 
in conditional log-linear model, 425, 427 
in hierarchical log-linear model, 270, 

285-286 
in homogeneity model, 121, 123, 142 
in independence model, 103, 110, 113-114 
large-sample properties, 69, 143, 323-324, 

339,383-384,562 
in latent-class model, 542, 561, 586 
in logit model, 306, 314, 317, 319, 351-352 
in log-linear model, 571 
in log-linear time-trend model, 9-11 
in model of complete independence, 204 
in model of constant rates, 45,49-50, 

54-56 
in model of linear-by-linear interaction, 

386-387,397 
in model of no three-factor interaction, 

169, 172, 179, 192, 195, 213, 225, 234, 
236, 271 

for model of no three-factor interaction 
for incomplete table, 461 

in model of unknown column scores, 390 
in multinomial response model, 431-433, 

436 
in quadratic log-linear model, 30-34 
in quantal-response model, 345 
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Maximum likelihood estimate (coni) 
in quasi-independence model, 451, 

456-458,478,556 
in quasi-symmetry model, 490, 492, 514 
in saturated model, 73, 249, 375, 394-395, 

523 
in simultaneous linear logit model, 

377-378,382 
in simultaneous logit model, 403 
in symmetry model, 25, 489, 518 

Measure of association, 104-105, 118-119 
Model of constant rates, 45-48, 50, 54-56 
Model of linear-by-linear interaction, 386, 

396-397,437,439-440 
Model of no three-factor interaction, 161, 

181-182, 192-193, 198,208-209,213, 
225,233,239-240,293-295 

asymptotic variances for, 212, 220, 222, 
243-244 

chi-square statistics for, 176, 223, 270 
estimates of log cross-product ratios, 176 
estimation of log odds, 234-235 
for incomplete table, 464-465, 469 
iterative proportional fitting, 192, 194, 

217-219 
maximum likelihood estimate, 192, 195, 

271 
Newton-Raphson algorithm, 169-171, 

236-237 
standardized residual, 230 

Model of two-factor interactions, 505 
Model of unknown column scores, 389-390, 

437,439-440 
Model of unknown row scores, 437, 

439-440, see Simultaneous logit model 
Multinomial logit models, see Multinomial 

response model 
Multinomial model, multinomial 

distribution, 61-63, 124, 134-135, 138, 
143, 145, 184, 197,263,346,416,431, 
447,456,489,520,571,586 

Multinomial response model, 369-370, 385, 
481,523 

adjusted residuals for, 420 
for continuous independent variables, 

411,414-415 
for multi-way table, 398 
Newton-Raphson algorithm for, 379, 386 
for ordered classification, 444 
for two-way tables, 371-372 

Multi-way table, 398, 436, 487, 503 

N 

Newton-Raphson algorithm, 346, 480, 486, 
505, 511, 516, 538-539, 542, 547 

for additive logit model, 295, 297 
for additi ve log-linear model, 128, 130 
for additive simultaneous logit model, 402 
for distance model, 500 
for incomplete multi-way tables, 459,470 
for logit model, 305, 314, 316, 322, 334 
for log-linear model, 65, 68-69, 72, 139 
for log-linear time-trend model, 10-11 
for model of no three-factor interaction, 

169-170, 173,207-208,210-211, 
215-217,236,239 

for model of no three-factor interaction 
for incomplete table, 461, 464 

for model of unknown column scores, 390 
for multinomial response model, 369-371, 

379,382,405,416,431 
for quadratic log-linear model, 31-32 
for quasi-independence model, 450-452, 

481 
for quasi-symmetry model, 493 

Normal approximation, 168, 242-243, 342, 
411,499,530,534 

for distribution of adjusted residual, 5-7, 
17-18,48,78, 104, 111, 121, 130-131, 
150, 188,328-329,342-343,421, 
562-563 

for distribution of estimated log 
cross-product ratio, 165-167 

for distribution of estimated log relative 
risk, 164 

for distribution of maximum likelihood 
estimate, 22, 40, 57, 70, 143-144, 
322-324, 339-340, 418, 432, 562 

for distribution of standardized residual, 
230,275 

for distribution of standardized value, 28, 
123,252,265 

Normal equations, 32-33, 128- 129 

O 

Odds, 41, 94, 98, 100, 102, 178-179, 
190- 191, 279, 310, 409, 419, 435, 468, 
484, 495-496, 507, 508, 551, 554 

estimated asymptotic standard deviation 
of, 96 

estimate of, 96, 282,324 
One-way table, 1 
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Ordered categories, 470, 486,498, 500 
Ordinal variable, 302-303 
Orthogonal-polynomial scores, 29, 

392-395,397,400 
Orthogonal scores, 400, 408,409, 411,414 

P 

Paired comparisons, 293 
Parameter estimate, 131, 142-143,213, 

218-219, 231-232, 249, 253, 261, 
266-267, 375-376, 383, 385, 386-387, 
390, 395, 402-403,405,406, 407, 
417-418, 423, 426, 433, 434-435, 440, 
459, 461, 465, 467, 471, 483, 486, 494, 
496, 502, 504, 505, 507, 515, 517, 547, 
553,557,560,566-567,586 

Partial association, partial-association 
coefficient, 184-187, 190-192, 196, 
201,203,262,282,284 

Partition of chi-square statistics, 224, 226 
Pearson chi-square statistic, 149, 406,408, 

463,470,476,498 
in additive logit model, 301 
in additive simultaneous logit model, 403 
for conditional independence, 187 
in equiprobability model, 4, 79-80 
in homogeneity model, 122 
in independence model, 103- 104, 110 
in latent-class model, 586 
in logit model, 326, 341,348 
in log-linear model, 572 
in log-linear time-trend model, 25, 79-80 
in marginal independence model, 186 
in model of constant rates, 50- 51, 54, 

56-57 
in model of linear-by-linear interaction, 387 
in model of unknown column scores, 391 
in multinomial response model, 422,433 
in quadratic log-linear model, 38 
in quasi-independence model, 453, 498 
relationship to variance test, 86 
in symmetry model, 26 

Poisson distribution, 43-47, 50, 53-54, 62, 
64, 86, 124, 134, 138, 143, 145, 163, 197, 
293,447,489,520 

Probit model, 293, 344-345 

Q 

Quadratic log-linear model, 29-30 
Quantal-response model, 344-346 

Quasi-independence model, 444, 447, 
455-456, 459,476-477,478,480,481, 
483,485,497-498 

adjusted residuals for, 455, 483 
chi-square statistics for, 453, 457-458, 498 
degrees of freedom for, 453, 474-475,498 
iterative proportional fitting for, 448-449, 

462,477-478,481 
maximum likelihood equations for, 

447-448 
maximum likelihood estimate for, 

456-458, 556 
Newton-Raphson algorithm for, 450, 452, 

481 
Quasi-symmetry model, 487, 490,493-495, 

497-499, 500, 510, 512-514, 532-534, 
536 

iterative proportional fitting for, 491 
maximum likelihood estimate for, 490 
Newton-Raphson algorithm for, 493 

R 

Rankit plot, 20-21 
Regression, 10, 13, 17, 21-22, 32, 36, 39, 

65-67, 70, 272, 292, 296, 309, 337, 342, 
344-345, 396-397, 450, 548, see also 
Weighted least squares, weighted 
regression 

Relative risk, 163-165, 168 
Residual analysis, 77, 397, 414, 423, 436, 

572,586 
Row-multinomial model, 134- 138, 143- 144, 

146,520 
R2 statistic, 17, 50, 56, 76-77, 88-89, 133, 

225 

S 

Saturated model, 72, 75, 144, 148, 161, 198, 
218, 232-233, 234-235, 248-249, 
252-253, 256, 263, 266-267, 373, 375, 
503-504,523,532 

Scaling model, 554 
Scores, scoring system, 391, 398, 400, 408, 

415,470,485 
Scoring algorithm, 346, 542, 547, 549, 552, 

556-557, 559-560, 563-564 
Selection of models, 223, 272 
Separable table, 473-474 
Simultaneous conditional logit model, 424, 

434 
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Simultaneous confidence intervals 
for cross-product ratio, 152- 153 
for differences in log rates, 58-60 
for log cross-product ratios, 118, 152-153 

Simultaneous linear logit model, 376, 378, 
382,384-385 

Simultaneous logit model, 371, 402, 403, 429 
Social mobility, 447, 490, 500 
Standard deviation, of estimated marginal 

probability, 95-96 
Standardization, 537-538 
Standardized parameter estimate, 231, 414 
Standardized residual, 78, 230, 272, 275 
Standardized value, 165-167, 169, 181,232, 

252-253, 265-268, 282-283, 309, 407, 
432-433, 455, 463, 465, 486, 504, 505, 
512,513 

for sample mean in symmetry model, 
28-29 

for testing linear trend in proportions, 
123 

for testing model of no three-factor 
interaction, 180 

Stuart test, 499 
Sufficient configuration, 193 
Symmetry model, 23-25, 27-29, 84, 487, 

488-490, 498-499, 503, 505, 509-510, 
518,552 

T 

Three-way table, 160, 217, 224, 226, 231, 247 
Transaction flow analysis, 447-448 
Two-way table, 91, 134, 151,294,371,444, 

487,503,512 

V 

Variable-distance model, 501, 503, 515, 517 
Variance test, 86 

W 

Weighted least squares, weighted 
regression, 11,32,39-40,65,69, 128, 
143, 173-174, 209, 214-215, 295-297, 
305-306, 308, 314-316, 318, 321-323, 
328, 329, 334-335, 339, 342-343, 371, 
377, 379-380, 383,421, 432, 529, 542, 
547, see also Regression 

Working logarithm, 12, 14, 33, 128, 174, 216, 
380 

Working logit, 297, 315, 321, 335, 338 
Working weight, 321, 335 

Y 

Yates algorithm, 220, 232-233 


