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CHAPTER 1

Introduction to graphs

We begin our study of graphs by introducing m‘ény of the basic concepts
that we shall encounter throughout our investigations. The related topic
of digraphs is introduced as well. .

1.1 GRAPHS

A graph G is a finite nonempty set of objects called vertices (the singular is
vertex) together with a (possibly empty) set of unordered pairs of distinct
vertices of G called edges. The vertex set of G is denoted by V(G), while the
edge set is denoted by E(G).

The edge e = {u, v} is said to join the vertices # and v. If e = {u,v} is
an edge of a graph G, then u and v are adjacent vertices, while u and e
are incident, as are v and e. Furthermore, if ; and e, are distinct edges
of G incident with a common vertex, then e; and e, are adjacent edges. It
is convenient to henceforth denote an edge by uv or v rather than by
{u,v}.

The cardinality of the vertex set of a graph G is called the order of G
and is commonly denoted by n(G), or more simply by n when the
graph under consideration is clear; while the cardinality of its edge set
is the size of G and is often denoted by m(G) or m. An (n,m) graph has
order n and size m.

It is customary to define or describe a graph by means of a diagram in

" which each vertex is represented by a point (which we draw as a small

circle) and each edge ¢ = uv is represented by a line segment or curve
joining the points corresponding to # and v.

A graph G with vertex set V(G)= {v1,vs,...,0,} and edge set
E(G) = {e1,€,...,e,} can also be described by means of matrices. One
such matrix is the n x n adjacency matrix A(G) = |ag], where

1 if v € E(G)
= {o if vv; ¢ E(G).

Thus, the adjacency matrix of a graph G is a symmetric (0,1) matrix
having zero entries along the main diagonal.- Another matrix is the
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Figure 1.1 A graph and its adjacency and incidence matrices.

n x m incidence matrix B(G) = [by], where

b { 1 if v; and ¢ are incident
7710 otherwise.

For example, a graph G is defined by the sets
V(G) = {01,02,7)3,04} and E(G) = {31,62,63,64,65},

where e; = v11;, ) = U103, €5 = VU3, €4 = ;04 and e = v304. A diagram
of this graph and its adjacency and incidence matrices is shown in
Figure 1.1.

With the exception of the order and the size, the parameter that one
encounters most frequently in the study of graphs is the degree of a
vertex. The degree of a vertex v in a graph G is the number of edges of G
incident with v, which is denoted by deggv or simply by degv if G is clear
from the context. A vertex is called even or odd according to whether its
degree is even or odd. A vertex of degree 0 in G is called an isolated vertex
and a vertex of degree 1 is an end-vertex of G. The minimum degree of G is
the minimum degree among the vertices of G and is denoted by 6(G). The
maximum degree is defined similarly and is denoted by A(G). In Figure 1.2,
a graph G is shown together with the degrees of its vertices. In this case,
8(G) =1 and A(G) =5.

For the graph G of Figure 1.2, n = 9 and m = 11, while the sum of the
degrees of its nine vertices is 22. That this last number equals 2m
illustrates a basic relationship involving the size of a graph and the
degrees of its vertices. Every edge is incident with two vertices; hence,
when the degrees of the vertices are summed, each edge is counted

1 1 3

m®;
5

Figure 1.2 The degree of the vertices of a graph.
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twice. We state this as our first theorem, which, not so coincidentally, is
sometimes called The First Theorem of Graph Theory.

Theorem 1.1 *
Let G be an (n,m) graph where V(G) = {v1,0y,. .., 0a}. Then

43

Z deg v; = 2m.

i=1

This result has an interesting consequence.

Corollary 1.2

In any graph, there is an even number of odd vertices.

Proof

Let G be a graph of size m. Also, let W be the set of odd vertices of G and
let U be the set of even vertices of G. By Theorem 1.1,

Z degv = Z degv—l—z degv = 2m.

- veV(G) veW vel

Certainly, 3, ey degv is even; hence Y 1, deguv is even, implying that
W] is even and thereby proving the corollary. [

Two graphs often have the same structure, differing only in the way
their vertices and edges are labeled or in the way they are drawn. To
make this idea more precise, we introduce the concept of isomorphism.
A graph G is isomorphic to a graph G, if there exists a one-to-one mapping
¢, called an isomorphism, from V(G;) onto V(G;) such that ¢ preserves
adjacency; that is, uv € E(G;) if and only if gu¢v € E(G,). It is. easy to
see that ‘is isomorphic to’ is an equivalence relation on graphs; hence,
this relation divides the collection of all graphs into equivalence classes,
two graphs being nonisomorphic if they belong to different equivalence
classes. -

If G, is isomorphic to G, then we say G; and G, are isomorphic or equal
and write G; = G,. If G; = G,, then, by definition, there exists an iso-
morphism ¢: V(G;) — V(G,). Since ¢ is a one-to-one mapping, G; and
G; have the same order. Since adjacent vertices in G; are mapped into
adjacent vertices in G, and nonadjacent vertices of G; are mapped into
nonadjacent vertices in G,, the graphs G; and G, have the same size.
Since each vertex v in G; and its image vertex ¢v in G, must have the
same degree in their respective graphs, the degrees of the vertices of G;
are exactly the degrees of the vertices of G, (eounting multiplicities).
Although these conditions are necessary for G; and G, to be isomorphic,
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Figure 1.3 Isomorphic and nonisomorphic graphs.

they are not sufficient. For example, consider the graphs G;, i =1,2,3, of
Figure 1.3. Each is a (6,9) graph and the degree of every vertex of each
graph is 3. Here, Gy = G,. For example, the mapping ¢: V(G{) — V(G,)
defined by

$vy = g, GV = V3, $U3 = Us, QU4 = Vg, QU5 = Uy, ¢V = Vs

is an isomorphism, although there are many other isomorphisms. On the
other hand, G; contains three pairwise adjacent vertices whereas G; does
not; so there is no isomorphism from Gy to Gz and therefore G; # G;. Of
course, G, # G;.

If G is an (n,m) graph, then n > 1 and 0 < m < (3) = n(n — 1)/2. There
is only one (1,0) graph (up to isomorphism), and this is referred to as
the trivial graph. A nontrivial graph then has n > 2. The distinct (non-
isomorphic) graphs of order 4 or less are shown in Figure 1.4.

Frequently, a graph under study is contained within some larger graph
also being investigated. We consider several instances of this now. A
graph H is a subgraph of a graph G if V(H) C V(G) and E(H) € E(G); in
such a case, we also say that G is a supergraph of H. If H is isomorphic to a
subgraph of G, we also say that H is a subgraph of G. In Figure 1.5, His a
subgraph of G but H is not a subgraph of F. If H is a subgraph of G, then
we write H C G.

The simplest type of subgraph of a graph G is that obtained by deleting
a vertex or edge. If v € V(G) and |V(G)| = 2, then G — v denotes the
subgraph with vertex set V(G) — {v} and whose edges are all those of G
not incident with v; if e € E(G), then G — e is the subgraph having vertex

Y

H: G:

e

TN D R 7 7 I ¢

Figure 1.4 All graphs of order 4 or less.

Figure 1.5 Subgraphs.

set V(G) and edge set E(G) ~ {e}. The deletion of a set of vertices or set of
edges is defined analogously. These concepts are illustrated in Figure 1.6.

If u and v are nonadjacent vertices of a graph G, then G +f, where
f = uv, denotes the graph with vertex set V(G) and edge set E(G) U{f},
Clearly, G C G +f. '

We have seen that G — ¢ has the same vertex set as G and that G has the
same vertex set as G 4 f. Whenever a subgraph H of a graph G has the
same order as G, then H is called a spanning subgraph of G.

Among the most important subgraphs°we shall encounter are the
‘induced subgraphs’. If U is a nonempty subset of the vertex set V(G)
of a graph G, then the subgraph (U) of G induced by U is the graph
having vertex set U and whose edge set consists of those edges of G
incident with two elements of U. A subgraph H of G is called vertex-
induced or simply induced if H = (U) for some subset U of V(G). Similarly,

v

o
Figure 1.6 The deletion of a vertex or edge of a graph.
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Figure 1.7 Induced and edge-induced subgraphs.

if X is a nonempty subset of E(G), then the subgraph (X) induced by X is
the graph whose vertex set consists of those vertices of G incident with at
least.one edge of X and whose edge set is X. A subgraph H of G is edge-
induced if H = (X) for some subset X of E(G). It is a simple consequence of
the definitions that every induced subgraph of a graph G can be obtained
by removing vertices from G while every subgraph of G can be obtained
by deleting vertices and edges. These concepts are illustrated in Figure 1.7
for the graph G, where

V(G) = {v1,02,03,04,05,06}, U={01,v,v5} and X= {0104, 0205}

There are certain classes of graphs that occur so often that they deserve
special mention and in some cases, special notation. We describe the most
prominent of these now.

A graph G is regular of degree r if degv = r for each vertex v of G. Such
graphs are called r-regular. A graph is complete if every two of its vertices
are adjacent. A complete (n,m) graph is therefore a regular graph of
degree n —1 having m = n(n — 1)/2; we denote this graph by K,. In
Figure 1.8 are shown all (nonisomorphic) regular graphs with n =4,
including the complete graph G; = Ky.

A 3-regular graph is also called a cubic graph. The graphs of Figure 1.3
are cubic as is the complete graph K. However, the best known cubic
: graph is probably the Petersen graph, shown in Figure 1.9. We will have
i many occasions to encounter this graph.

- In 1936 Dénes Konig [K10] wrote the first book on graph theory. In it he
proved that if G is a graph with A(G) = d, there exists a d-regular graph H
containing G as an induced subgraph. Kénig's result actually first appeared
in 1916 (see [K8]). His technique proves a somewhat stronger result.

o (o)

i Figure 1.8 The regular graphs of order 4.
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Figure 1.9 The Petersen graph.

Theorem 1.3

For every graph G and every integer r = A(G), there exists an r-regular graph H
containing G as an induced subgraph.

Proof

If G is r-regular, then we may take H = G. Otherwise, let G’ be another
copy of G and join corresponding vertices whose degrees are less than 7,
calling the resulting graph G;. If G, is r-regular, then let H = G;.If not, we
continue this procedure until arriving at an r-regular graph G; where
k =r — 6(G). (The proof of Theorem-1.3 is illustrated for the graph G of
Figure 1.10 where r = A(G) =3.) [J

G: . , Gyt

Figure 1.10 A 3-regular graph H containing G as an induced subgraph.
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Of course, there is no pretense that the graph H constructed in the proof
of Theorem 1.3 is one of the smallest order with the desired property.
Indeed, for the graph G of Figure 1.10, the graph H has order 16, while
the minimum order of a 3-regular graph containing G as an induced
subgraph is actually 6. In fact, in 1963 Erdds and Kelly [EK1] produced
a method for determining the minimum order of an r-regular graph H
containing a given graph G as an induced subgraph.

The complement G of a graph G is that graph with vertex set V(G) such
that two vertices are adjacent in G if and only if these vertices are not
adjacent in G. Hence, if G is an (1,m) graph, then G is an (n,7) graph,
where m -+ = (3). In Figure 1.8, the graphs Gy and G; are complemen-
tary, as are G; and G,. The complement K, of the complete graph K, has n
vertices and no edges and is referred to as the empty graph of order n. A
graph G is self-complementary if G = G. Certainly, if G is a self-complemen-
tary graph of order #, then its size is m = n(n — 1)/4. Since only one of n
and n — 1 is even, either 4 | nor 4 | n — 1; that is, if G is a self-complemen-
tary graph of order #, then either n = 0(mod 4) or n = 1 (mod 4).

A graph G is k-partite, k > 1, if it is possible to partition V(G) into k
subsets V,V,,...,V, (called partite sets) such that every element of
E(G) joins a vertex of V; to a vertex of V}, i # j. If G is a 1-partite graph
of order 1, then G = K,,. For k = 2, such graphs are called bipartite graphs;
this class of graphs is particularly important and will be encountered
many times. In Figure 1.11(a), a bipartite graph G is given. Then G is
redrawn in Figure 1.11(b) to emphasize its bipartite character. If G is
an r-regular bipartite graph, r = 1, with partite sets V; and V;, then
[V1| = [V3]. This follows since its size m = r|V;] = r|V,|.

A complete k-partite graph G is a k-partite graph with partite sets
V1, Va, ..., Vi having the added property that if u € V;and v € V}, i #,
then uv € E(G). If |V;| = n;, then this graph is denoted by K(ny,n,,...,1)
or K, ,...n- (The order in which the numbers ny,#,, ..., 7 are written is
not important.) Note that a complete k-partite graph is complete if and
only if n; =1 for all i, in which case it is K. If n; = for all i, then the

" complete k-partite graph is regular and is also denoted by Ky). Thus,
Kipy = Ki. A complete bipartite graph with partite sets V; and V,, where
[Vil = r and |V,| =35, is then denoted by K(r,s) or more commonly K, ;.

v vy Vs vy v 12 Vs vy
G:’ G
v, Vs Vg v, v, \7
(@) ()

Figure 1.11 A bipartite graph.
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Figure 1.12 The union of graphs.
The graph K , is called a star. A graph is a complete multipartite graph if it is
a complete k-partite graph for some k > 2.

There are many ways of combining graphs to produce new graphs. We
next describe some binary operations defined on graphs. This discussion
introduces notation that will prove useful in giving examples. In the
following definitions, we assume that G; and G, are two graphs with
disjoint vertex sets. '

The wunion G=G UG, has V(G)=V(G)UV(G,) and E(G)=
E(G;) UE(G,). If a graph G consists of k(>2) disjoint copies of a graph
H, then we write G=kH. The graph 2K;U3K,UK;3 is shown in

Figure 1.12. .
The join G = G; + G, has V(G) = V(G;) U V(G,) and
E(G) = E(G;) UE(G;) U {uv|u € V(Gy)and v € V(G,)}.
Using the join operation, we see that K, ; = K, -+ K;. Another illustration is
given in Figure 1.13.
The cartesian product G = Gy X G, has V(G) = V(G;) x V(G,), and two
vertices (u;,4;) and (vy,v,) of G are adjacent if and only if either

ur=v; and v, € E(Gy)
or

Mé =71, and uyv; € E(Gl)
A convenient way of drawing G, x G, is first to place a copy of G; at each
vertex of G; (Figure 1.14(b)) and then to join corresponding vertices of G,
in those copies of G, placed at adjacent vertices of G; (Figure 1.14(c)).
Equivalently, Gy x G, can be constructed by placing a copy of G; at
each vertex of G, and adding the appropriate edges. As expected,
Gy X Gy = Gy X Gy for all graphs G; and G,.

An important class of graphs is defined in terms of cartesian products.

The n-cube Q, is the graph K; if n =1, while for n > 2,Q, is defined

Gy I -Gy | G+Gy

Figure 1.13 The join of two graphs.
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G 0—0—0

4440@%

@ ) ©
Figure 1.14 The cartesian product of two graphs.

0,1,0 (1,1,0
(. ) 5
0 1
g; o—mmmm—0
©, 1) (1,1)
Q3:
QZ:
— >
©,0 (1,0) 0,0,0) 1,0,0)

Figure 1.15 Cubes.

recursively as Q,_; x K;. The n-cube (J, can also be considered as that
graph whose vertices are labeled by the binary n-tuples (a,,45,-..,4,)
(that is, 4; is 0 or 1 for 1 < i < n) and such that two vertices are adjacent
if and only if their corresponding n-tuples differ at precisely one coordi-
nate. It is easily observed that Q, is an n-regular graph of order 2". The n-
cubes, n = 1,2 and 3, are shown in Figure 1.15 with appropriate labelings.
The graphs Q, are often called hypercubes.

EXERCISES 1.1

1.1 - Determine all nonisomorphic graphs of order 5.

12 Let n be a given positive integer, and let 7 and s be nonnegative
integers suich that 7 +s = n and s is even. Show that there exists a
graph G of order n having r even vertices and s odd vertices.

1.3 Figure 1.3 shows two regular nonisomorphic (6,9) graphs. Give
another example of two nonisomorphic regular graphs of the same
order and same size.

- Degree sequences 11

1.4 For each integer k > 2, give an example of k nonisomorphic regular
graphs, all of the same order and same size.

1.5 A nontrivial graph G is called irregular if no two vertices of G have
the same degrees. Prove that no graph is irregular.

1.6 Let G be a graph of order n containing vertices of degree r, where r is
a positive mteger, and exactly one vertex of each of the degrees
r—1,r-2,. —j, where 1 < j < r. By Konig’s proof of Theorem
13, there is'an r-regular graph of order 2/n containing G as an
induced subgraph. Show, in fact, that there exists an r-regular
graph of order 2n containing G as an induced subgraph.

1.7 IfH is an induced subgraph of G, does it follow that H is an induced
subgraph of G?

1.8 Prove that there exists a self-complementary graph of order n for
every positive integer n with n = 0 (mod 4) or n = 1{(mod 4).

1.9° Determine all self-complementary graphs of order 5 or less.

110 Let G be a self-complementary graph of order n, where
n = 1(mod 4). Prove that G contains at least one vertex of degree
(n —1)/2. (Hint: Prove the stronger result that G contains an odd
number of vertices of degree (n —1)/2.)

1.11 Let G be a nonempty graph with the property that whenever
uv ¢ E(G) and vw € E(G), then uw ¢ E(G). Prove that G has this
property if and only if G is a complete k-partite graph for some k > 2.

12 DEGREE SEQUENCES

In this section, we investigate the concept of degree in more detail. A
sequence dy,dy, . ..,d, of nonnegative integers is called a degree sequence
of a graph G if the vertices of G can be labeled v,15,...,v, so that
degv; =d; for all i. For example, a degree sequence of the graph of
Figure 1.16is4,3,2,2,1(0or1,2,2,3,4,0r 2,1, 4, 2, 3, etc).

4,3,2,2,1

Figure 1.16 A degree sequence of a graph.
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Given a graph G, a degree sequence of G can be easily determined, of
course. On the other hand, if a sequence s:d;,d,, ... ,d, of nonnegative
integers is given, then under what conditions is s a degree sequence of
some graph? If such a graph exists, then s is called a graphical sequence.
Certainly the conditions d; <n—1 for all i and } /.1 d; is even are
necessary for a sequence to be graphical and should be checked first,
but these conditions are not sufficient. The sequence 3,3,3,1 is not
graphical, for example. A necessary and sufficient condition for a
sequence to be graphical was found by Havel [H8} and later rediscovered
by Hakimi [H3].

Theorem 1.4

A sequence s:dy,d,, ... d, of nonnegative integers with dy > dp >.-+- = dy,
n>2,dy > 1, is graphical if and only if the sequence s;:dy —1,d3—1,...,
dg 41 — 1,d4,42, - - -, 4y is graphical.

Proof

Assume that s; is a graphical sequence. Then there exists a graph G; of
order n — 1 such that s, is a degree sequence of G;. Thus, the vertices of
G, can be labeled as v,,vs,...,7, so that

di-1 2<i<d+1

degvi={
d,’ d1+2<z<n

A new graph G can now be constructed by adding a new vertex v; and the
dy edges ;9,2 i< d;+1. Then in G, degv; =d; for 1 i< n, and so
s:dq,d,,. .. ,d, is graphical.

Conversely, let s be a graphical sequence. Hence there exist graphs
of order n with degree sequence 5. Among all such graphs let G be
one such that V(G) = {v,7,,... vn} degv; =d; for i=1,2,...,n, and
the sum of the degrees of the vertlces ad;acent with v; is maximum.
We show first that v; is adjacent with vertices having degrees
dZ? d37 dd] +1- ) )

Suppose, to the contrary, that v; is not adjacent with vertices having
degrees d,,d3,. .., ds +1. Then there exist vertices v, and v, with d, > d;
such that v; is adjacent to v, but not to v,. Since the degree of v, exceeds
that of v,, there exists a vertex 7, such that v, is adjacent to v, but not to
vs. Removing the edges v;v; and v,v; and adding the edges v,v, and v,v,
results in a graph G having the same degree sequence as G. However, in
G the sum of the degrees of the vertices adjacenit with vy is larger than that
in G, contradicting the choice of G.

Thus, v, is adjacent with vertices having degrees dy,ds, ...,dy 1, and
the graph G — v; has degree sequence s;, 50 s; is graphical. [
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Theorem 1.4 actually provides an algorithm for determining whether a
given finite sequence of nonnegative integers is graphical. If, upon
repeated application of Theorem 1.4, we arrive at a sequence every
term of which is 0, then the original sequence is graphical. On the other
hand, if we arrive at a sequence containing a negative integer, then the
given sequence is not graphical.

We now illustrate Theorem 1.4 with the sequence

$:5,3,3,3,3,2,2,2,1,1,1.
After one application of Theorem 1.4, we get
§:2,2,2,2,1,2,2,1,1,1.
Reordering this.sequence, we obtain
$1:2,2,2,2,2,2,1,1,1,1.
Continuing, we have ‘ |
$:1,1,2,2,2,1,1,1,1
$:2,2,2,1,1,1,1,1,1
s3=53:1,1,1,1,1,1,1,1
5:0,1,1,1,1,1,1
54 1,1,1,1,1,1,0
$5:0,1,1,1,1,0
s5:1,1,1,1,0,0
%:0,1,1,0,0
s6:1,1,0,0,0
sh =87:0,0,0,0.

Therefore, s is graphical. Of course, if we observe that some sequence
prior to s; is graphical, then we can conclude by Theorem 1.4 that s is
graphical. For example, the sequence s; is easily seen to be graphical
since it is the degree sequence of the graph G; of Figure 1.17. By Theorem
1.4, each of the sequences s,,5;, and s is in turn graphical. To construct
a graph with degree sequence s,, we proceed in reverse from s3 to s,
observing that a vertex should be added to G; so that it is adjacent to
two vertices of degree 1. We thus obtain a graph G, with degree sequence
s, (orsh). Proceeding from s to s;, we again add a new vertex joining it to
two vertices of degree 1 in G,. This gives a graph G; with degree sequence
s, (or s7). Fmally, we obtain a gtaph G with degree sequence s by con-
sidering s1; that is, a new vertex is added to Gy, joining it to vertices of
degrees 2,2,2,2, 1.
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Figure 1.17 Construction of a graph G with given degree sequence.

It should be pointed out that the graph G in Figure 1.17 is not the only
graph with degree sequence s. Indeed, there are graphs that cannot be
produced by the method used to construct graph G of Figure 1.17. For
example, the graph H of Figure 1.18 is such a graph.

Another result that determines which sequences are graphical is due to
Erdds and Gallai [EG3]. We give a proof of the necessity only since the
proof of the sufficiency is lengthy and not useful for our purposes.

Theorem 1.5

A sequence dl,dz, LA, (n22) of nonnegatzbe integers with d; =
dyz - 2d,is gmphzcal if and only if Y. d; is even and for each integer
k1<k<n—1

n

. ;
dodi<k(k-1)+ > min{k,d;}.

[ i=k+1

Proof (of the necessity)

Let G be a graph of order n with V(G) = {v;,v,,...,v,} such that
degv;=d; for 1<i<n. By Theorem 1.1, 37, d; is even. For
1<k<n~1, let Vi={v,vy,...,5} and V, =V(G)=V;. The sum
S¥_1d; counts every edge in (Vl) twice and every edge ]ommg a
vertex of V; and a vertex of V, once. The number of edges in (V;) is at

e, O O
H:

o o —0

fi;gure 1.18 A graph that cannot be constructed by the method following Theorem
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most (§) = k(k — 1)/2. Every vertex v; of V (so k+1<i<n) is clearly
joined to at most d; vertices of V7. Also, every vertex v; of V; is joined
to at most k vertices of V1. Hence each vertex v; of V; is adjacent to at
most min{k,d;} vertices of V1. The desired result now follows. []

A proof of the sufficiency of Theorem 1.5 was given in a paper by
Sierksma and Hoogeveen [SH1], where several other characterizations
of graphical sequences are also presented.

When considering degree sequences, we are interested not only in
degrees but also in their frequencies. We now delete this last requirement.
Denote the degree set of a graph G (that is, the set of degrees of the vertices
of G) by D(G). For example, if G = Kj 54, then D(G) = {3, 5, 6}. We now
investigate the question of which sets of positive integers are the degree
sets of graphs. This question is completely answered by a result of
Kapoor, Polimeni and Wall {KPW1].

Theorem 1.6

For every set S={ay,a,...,4},k=1, of positive integers, with
4y <fy < -+ < @, there exists a graph G such that D(G) = S. Furthermore,
the minimum order p(S) = p(aq,dy, - . ., a) of such a graph G is u(S) = ap + 1.

Proof

If G is a graph such that D(G) = S, then G has order at least a + 1. Thus
we must show that such a graph G having order a; + 1 exists. We proceed
by induction on k. For k = 1, we observe that every vertex of the complete
graph K, 1 has degree a;, so u(a;) = a; + 1. For k = 2, the vertices of the
graph F = K, + (K, _4 1) have degrees a; and 4,, and since F has order
a, +1, we conclude that wlay, o) =a,+ 1.

Let k = 2. Assume, for every set S containing i positive integers, where
1 <i<k that u(S) =4a; 41, where a; is the largest element of S. Let
Sy = {by,bs,...,beiy1} be a set of k+1 positive integers such that
by < by < --- < bgyq. By the inductive hypothesis,

plby — by, b3 — by,... 0 —by) = (b — by) + 1.
Hence, there exists a graph H of order (b — b;) + 1 such that
D(H) = {b, — by, b3 —by,..., by = by}
The graph , |
G =Ky, + (Ky,,, -1, UH)

has order b1 +1,and D(G) = {by, by, ..., b1 }; hence p(by, by, .. brgn) =
by, 1 + 1, which completes the proof. [
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EXERCISES 1.2

1.12 Determine whether the following sequences are graphical. If so,
construct a graph with the appropriate degree sequence.
(@) 4,4,3,2,1
®) 3,3,22221,1
€} 7,7,6,5,4,4,3,2
76,654,321
(€ 7,4,3,3,2,2,2,1,1,1

1.13 Show that the sequence dy,dy, .. .,d, is graphical if and only if the
sequence n —d; —1,n—~d, —1,...,n—d, — 1is graphical.

1.14 (a) Using Theorem 1.4, show thats: 7, 6, 5, 4, 4, 3, 2, 1 is graphical.
(b) Prove that there exists exactly one graph with degree sequences.

1.15 Show that for every finite set S of positive integers, there exists a
positive integer k such that the sequence obtained by listing each

element of S a total k times is graphical. Find the minimum such k
for 5= {2, 6, 7}.

116 Two finite sequences s; and s, of nonnegative integers are called
bigraphical if there exists a bipartite graph G with partite sets V;
and V; such that s; and s; are the degrees in G of the vertices in
Vy and V,, respectively. Prove that the sequences s;: ay,4;,...,4,
and sy: by, bp,...,b; of nonnegative integers with r>=2,
Mzaz 24, b2z 2b,0<a;<tand 0< b; <rare
bigraphical if and only if the sequences s):a;,as,...,4, and
$:b1 —1,bp —1,...,b, — 1, b, 41,..., b are bigraphical.

1.17 Find a graph G of order 8 having D(G) = {3,4,5,7}.

1.3 DISTANCE IN GRAPHS

Let # and v be (not necessarily distinct) vertices of a graph G. A u~v walk
of G is a finite, alternating sequence

U= Uy, 81, U ,€25 oy Up_15 €, U =T

of vertices and edges, beginning with vertex # and ending with vertex v,
such that ¢; =u;_qu; for i=1, 2,...,k. The number k (the number of
occurrences of edges) is called the length of the walk. A trivial walk
contains no edges, that is, k = 0. We note that there may be repetition of
vertices and edges in a walk. Often only the vertices of a walk are indi-
cated since the edges present are then evident. Two u—v walks u = uy,

Uy, ..U =0 and U = vy, vy,...,0, = v are considered to be equal if and
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Figure 1.19 Walks, trails and paths.

onlyifk=¢and u; = v;for0 <i<k otherwise, they are different. Observe
that the edges of two different u—v walks of G may very well induce the
same subgraph of G.

A u—v walk is closed or open depending on whether u = voru # v. Au-v
trail is a u~v walk in which no edge is repeated, while a u-v path. is a u-v
walk in which no vertex is repeated. A vertex u forms the .ﬂtrwzal u-u
path. Every path is therefore a trail.- In the. graph G _of Figure 1.19,
Wi: vy, 02, U3, U2, Vs, V3, Vg 1S @ D104 walk that is not a trail, Wy: v1,7,;7s,

vy, Vs, Uy IS @ U1V, trail that is not a path and Wj: v1, 03,04 is a v;~vy path. -

By definition, every path is a walk.. Although'the converse of this
statement is not true in general, we do have the following theorem. A
walk W is said to contain a walk W' if W' is a subsequence of W.

Theorem 1.7

Every u~v walk in a graph contains a u~v path.

Proof

Let W be a u—v walk in a graph G. If W is closed, the result is trivial. Let
W: U = ug, Uy, Uz, - -, Uy = U be an open u—v walk of a graph G. (A vgrtex
may have received more than one label.) If no vertex of G occurs in W
more than once, then W is‘a u~v path. Otherwise, there are vertices of G
that occur in W twice or more. Let i and j be distinct positive integers, with
i < j say, such that #; = u;. If the terms u;, 1y, .., #j—1 are deleted fror'n
W, a u—v walk W is obtained having fewer terms than that of W. If there is
no repetition of vertices in Wy, then W, is a u~v path. If this is not the case,
we continue the above procedure until finally arriving ata t-v walk that is
au-v path. [0 ’ "

As the next thedrem indicates, the kth power of the adjacgncy matrix gf
a graph can be used to compute the number of walks of various lengths in

the graph.
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Theorem 1.8

If A is the adjacency matrix of a graph G with V(G) = {v1,02, ..., 0,}, then
the (i, j) entry of A¥, k > 1, is the number of different v;~v; walks of length k

in G

Proof

The proof is by induction on k. The result is obvious for k = 1 since there
exists a v~v; walk of length 1 if and only if v,0; € E(G). Let AT = [ag-‘—l) ]
and assume that a,gc”l) is the number of different v;—v; walks of length

k—1 in G; furthermore, let A" = [ag()}. Since A¥ = A*~1. 4, we have

n
k k-1 .
ay =3 g ag (1.1)
/=1

Every v~v; walk of length k in G consists of a v;~v, walk of length k — 1,
where v, is adjacent to v;, followed by the edge v,v; and the vertex v;. Thus
by the inductive hypothesis and (1.1), we have the desired result. - [J

A nontrivial closed trail of a graph G is referred to as a circuit of G,and a
circuit vy,vg,...,0, 01 (1 = 3) whose n vertices v; are distinct is called
a cycle. An acyeclic graph has no cycles. The subgraph of a graph G induced
by the edges of a trail, path, circuit or cycle is also referred to as a trail,
path, circiit or cycle of G. A cycle is even if its length is even; otherwise it
is odd. A cycle of length n is an n-cycle; a 3-cycle is also called a triangle.
A graph of order n that is a path or a cycle is denoted by P, or C,,
respectively.

We now consider a very basic concept in graph theory, namely con-
nected and disconnected graphs. A vertex u is said to be connected to a
vertex v in a graph G if there exists a u—v path in G. A graph G is
connected if every two of its vertices are connected. A graph that is not
connected is disconnected. The relation ‘is connected to’ is an equivalence
relation on the vertex set of every graph G. Each subgraph induced by the
vertices in-a resulting equivalence class is called a connected component or
simply a component of G. Equivalently, a component of a graph G is a
connected subgraph of G not properly contained in any other connected
subgraph of G; that is, a component of G is a subgraph that is maximal
with respect to the property of being connected. Hence, a connected sub-
graph F of a graph G is a component of G if for each connected graph H
with F € H € G where .V(F) C V(H) and E(F) C E(H), it follows that
F = H. The number of components of G is denoted by k(G); of course,
K(G) =1 if and only if G is connected. For the graph G of Figure 1.20,
kKG) =6. :

We are now prepared to present a useful characterization of bipartite
graphs.
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Figure 1.20 A graph with six components.

Theorem 1.9
A nontrivial graph is bipartite if and only if it contains no odd cycles.

Proof
Let G be a bipartite graph with partite sets V; and V,. Suppose that
C:vq,0p,.--,U, 0 Is a cycle of G. Without loss of generality, we may

assume that v; € V;. However, then v, € V3,03 € V1,74 € V,, and so on.
This implies k = 2s for some positive integer s; hence, C has even length.

For the converse, it suffices to prove that every nontrivial connected
graph G without odd cycles is bipartite, since a nontrivicjﬂ gr‘aph is
bipartite if and only if each of its nontrivial components is bipartite. Let
v € V(G) and denote by V; the subset of V(G) consisting of v and all
vertices u of G with the property that any shortest u-v path of G has
even length. Let Vo= V(G) — Vi. We now prove that the p'artiti‘on
V; UV, of V(G) has the appropriate properties to show that G is bipartite.

Let 1 and w be elements of Vy, and suppose that uw € E(G).N ecessarily,
then, neither # nor w is the vertex v. Let v = uy, uy, ..., Uss = 4,5 >1,and
v =Wy, Wy, - ., Wy = W, > 1, be a shortest v-u path and a shortest v~w‘f)f
G, respectively, and suppose that w' is a vertex that the two paths hav? in
common such that the w'-u subpath and.w'-w subpath have only w in
common. (Note that w' may be v.) The two v—w' subpaths so determined
are then shortest v—w' paths. Thus, there exists an i such that W= u =w.
However, u;, U1, -,Uzs Wat, Wapys- - - Wi = Uj is an odd cycle of G,
‘which is a contradiction to our hypothesis. Similarly, no two vertices of
V, are adjacent. []

For a connected graph G, we define the distance d(u, v) between two
vertices 1 and v as the minimum of the lengths of the u~v paths of G.
Under this distance function, the set V(G) is a metric space, that is, the
following properties hold: ‘

1. d(u, v) > 0 for all pairs u, v of vertices of G, and d(u, v) = 0if and only
ifu=v; - )

2. (symmetric property)
d(u,v) = d(v, u) for all pairs u, v of vertices of G;

3. (triangle inequality)
d(u,v) +d(v, w) > d(u,w) for all triples u,v,w of vertices of G.
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Figure 1.21 The distance levels from the vertex .

Each vertex of the graph G of Figure 1.21 is labeled with its distance
from r. The graph G is then redrawn to illustrate these distances better.
The vertices of G are thus partitioned into levels, according to their
distance from r. There are a number of instances when it is useful to
draw a graph in this manner.

If G is a disconnected graph, then we can define distance as above
between vertices in the same component of G. If u and v are vertices in
distinct components of G, then d(u, v) is undefined (or we could define
d(u, v) = 00). ‘

The eccentricity e(v) of a vertex v of a connected graph G is the number
maXyev(g) (1, v). That is, e(v) is the distance between v and a vertex
furthest from v. The radius rad G of G is the minimum eccentricity
among the vertices of G, while the diameter diam G of G is the maximum
eccentricity. Consequently, diam G is the greatest distance between any
two vertices of G. Also, a graph G has radius 1 if and only if G contains
a vertex adjacent to all other vertices of G. A vertex v is a central vertex if
e(v) =rad G and the center Cen(G) is the subgraph of G induced by its
central vertices. »

For the graph G of Figure 1.22, radG=3 and diamG = 5. Here,
Cen(G) = K3. A vertex v is a peripheral vertex if e(v) = diam G, while the
periphery Per(G) is the subgraph of G induced by its peripheral vertices.

Cen(G): w

Figure 1.22 A graph with radius 3 and diameter 5.
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For the graph G of Figure 1.22, the vertices x and y are peripheral vertices
and Per(G) = 2K;.
The radius and diameter are related by the following inequalities.

Theorem 1.10

For every connected graph G,
rad G < diam G < 2radG.

Proof

The inequality rad G < diam G is a direct consequence of the definitions.
In order to verify the second inequality, select vertices # and v in G such
that d(u, v) = diam G. Furthermore, let w be a central vertex of G. Since d
is a metric on V(G),

d(u,v) < d(u,w) + d(w,v) < 2e(w) =2rad G. O

Theorem 1.10 gives a lower bound (namely, rad G) for the diameter of
a connected graph G as well as an upper bound (namely, 2rad G). This
is the. first of many results we shall encounter for which a question of
‘sharpness’ is involved. In other words, just how good is this result?
Ordinarily, there are many interpretations of such a question. We
shall consider some possible interpretations in the case of the upper
bound. ’

Certainly, the upper bound in Theorem 1.10 would not be considered
sharp if diamG < 2radG for every graph G; however, it would be
considered sharp indeed if diam G = 2rad G for every graph G. In the
latter case, we would have a formula, not just a bound. Actually, there
are graphs G for which diamG <2radG and graphs H for which
diamH = 2rad H. This alone may be a satisfactory definition of
‘sharpness’.- A more likely interpretation is the existence of an infinite
class H of graphs H such that diam H = 2rad H for each H € H. Such a

_class exists; for example, let H consist of the graphs of the type K; + K.

One disadvantage of this example is that for each H € H, diamH =2
and rad H = 1. Perhaps a more satisfactory class (which fills a more
satisfactory requirement for sharpness) is the class of paths Py, k> 1.
In this case, diam Py ;1 = 2k and rad Py 3 = k; that is, for each positive
integer k, there exists a graph G such that diam G = 2rad G = 2k (Exercise
1.30). ' :

In the graph G of Figure 1.22, we saw that Cen(G) = K;. Itis not difficult
to ‘see that Cen(Py, ) =K; and Cen(Py) =K, for all k>1. Also,
Cen(C,)) = C, for all n > 3. Hence there are many graphs that are centers
of graphs. Hedetniemi (see Buckley, Miller and Slater [BMS1]) showed
that there is no restriction on which graphs are centers.
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Figure 1.23 A graph with given center.

Theorem 1.11

Every graph is the center of some connected graph.

Proof

Let G be a given graph. We construct a graph H from G by adding four
new vertices uy, vy, 4y, v, and fori =1, 2, every vertex of G is joined to v;,
and ; is joined to v;. (This construction is illustrated in Figure 1.23.) Since
e(u;) = 4 and e(v;) = 3 for i = 1, 2, while ey(x) = 2 for every vertex x of G,
it follows that Cen(H) =G. O

The center of a connected graph G was introduced as one means of
describing the “middle’ of a graph. Since this concept is vague and is
open to interpretation, other attempts have been made to identify the
middle of a graph. We describe another of these. The total distance td(u)
of a vertex u in a connected graph G is defined by

)= du,0).

veV(G)

A vertex vin G is called a median vertex if v has the minimum total distance
among the vertices of G. Equivalently, v is a median vertex if v has the
minimum average distance to all vertices of G. The median Med(G) of G is
then the subgraph of G induced by its median vertices. In the graph G of
Figure 1.24, each vertex is labeled with its total distance. The median of G
is also shown.

Figure 1.24 The median of a graph.
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There is also no restriction on which graphs can be medians. Slater [S7}
showed that every graph is the median of some connected graph. Indeed,
Hendry [H11] showed that for every two graphs G; and G,, there exists a
connected graph H such that Cen(H) = G; and Med(H) = G,.

Not every graph is the periphery of some graph, as Bielak and Systo
[BS2] verified.

Theorem 1.12

A graph G is the periphery of some connected graph if and only if every vertex of
G has eccentricity 1 or no vertex of G has eccentricity 1.

Proof

Suppose first that every vertex of G has eccentricity 1. Then Per(G) =G
and G is the periphery of itself. Next, suppose that no vertex of G has
eccentricity 1. Define H to be the graph obtained from G by adding a
new vertex v to G and joining v to every vertex of G. Then e(v) = 1. Let
x € V(G). Since eg(x) # 1, there is some vertex y in G such that xy & E(G).
However, dy(x, y) =2 since x,v,y is a path of length 2 in H. Thus
ey(x) = 2. Indeed, then, every vertex of G has eccentricity 2 in H. There-
fore Per(H) = G.

For the converse, assume that G is a graph for which some but not
all vertices have eccentricity 1, and suppose, to the contrary, that G
is the periphery of a connected graph H. Certainly G is a proper
subgraph of H. Therefore, for each vertex x of G, it follows that
ey(x) = diamH > 2. Let u be a vertex of G having eccentricity 1 in G.
Thus, u is adjacent to all other vertices of G. Let v be a vertex of H
such that dy(u,v) = ey(u) = diam H = 2. Therefore ey(v) = diam H and
v is a peripheral vertex of H. On the other hand, since dy(u, v) > 2,
the vertex v is not adjacent to # and so v is not in G, which produces a
contradiction. [ .

EXERCISES 1.3

1.18 Let u and v be arbitrary vertices of a connected graph G. Show that
there exists a #~v walk containing all vertices of G.

1.19 Prove that ‘is connected to’ is an equivalence relation on the vertex
set of a graph. ’

1.20 (a) Let G be a graph of order n such that degv > (n — 1)/2 for every
v € V(G). Prove that G is connected. :
(b) Examine the sharpness of the bound in (a).
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1.21 Let n > 2 be an integer. Determine the minimum positive integer m
such that every graph of order n and size m is connected.

1.22 Prove that a graph G is connected if and only if for every partition
V(G) = V; U V,, there exists an edge of G joining a vertex of Vi and a
vertex of V.

1.23 Prove that if G is a graph with 6(G) > 2, then G contains a cycle.

1.24 Show that if G is a graph of order 7 and size n*/4, then either G
contains an odd cycle or G = K3 /9.

1.25 (a) Show that there are exactly two 4-regular graphs G of order 7.
" (Hint: Consider G.)
(b) How many 6-regular graphs of order 9 are there?

1.26 Characterize those graphs G having the property that every induced
subgraph of G is a connected subgraph of G.

1.27 Define a connected graph G to be degree linear if G contains a path P
with the property that for each d € D(G) (the degree set of G), there
exists a vertex of degree d on P.

(a) Let G be a connected graph with D(G) = {dy,d,},d; < d,. Prove
that G is degree linear by proving that G contains a path of length
1 containing vertices of degrees d; and d,.

(b) Determine the maximum value of k such that every connected
graph having a k-element degree set is degree linear.

1.28 Let G be a nontrivial connected subgraph that is not bipartite. Show
that G contains adjacent vertices # and v such that degu + degv is
even.

1.29 Prove that if G is a disconnected graph, then G is connected and, in
fact, diam G < 2.

1.30 Let ¢ and b be positive integers with a < b < 2a. Show that there
exists a graph G with rad G = 2 and diam G = b.

1.31 Define the central appendage number of a graph G to be the minimum
number of vertices that must be added to G to produce a connected
graph H with Cen(H) = G. Show that the central appendage number
of a graph (a) can be 0, (b) can never be 1, and (c) is at most 4.

1.32 Let G be a connected graph. .
(@ Xf u and-v are adjacent vertices of G, then show that
le(w) —e(o)] < 1.
(b) If k is an integer such that rad G < k < diam G, then show that
there is a vertex w such that e{(w) =
(¢) If k is an integer such that rad G < k < diam G, then show that

there are at least two vertices of G with eccentricity k. (Hint:
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Let w be a vertex with e(w) =k, and let u be a vertex with
d(w, u) = e(w) = k. For a central vertex v of G, let P be a v-u
path of length d(v, u). Show that e(v) < k < e(u). Then show
that there is a vertex x (distinct from w) on P such that e(x) = k.)

1.33 Show that for every pair r,s of positive integers, there exists a
positive integer n such that for every connected graph G of order
n, either A(G) = r or diamG = s.

1.34 Let F and H be two subgraphs in a connected graph G. Define the
distance d(F, H) between F.and H as

d(F,H) = min{d(u,v) |u € V(F),v € V(H)}.

Show that for every positive integer k, there exists a connected graph
G such that d(Cen(G),Med(G)) = k.

1.35 Every complete graph is the periphery of itself. Can a complete
graph be the periphery of a connected graph G with diam G > 2?

14 DIGRAPHS AND MULTIGRAPHS

There are occasions when the standard definition of graph does not serve
our purposes. This remark leads us to our next topics. When the
symmetric nature of graphs does not satisfy our requirements, we are
led to directed graphs. A directed graph or digraph D is a finite nonempty
set of objects called vertices together with a (possibly empty) set of ordered
pairs of distinct vertices of D called arcs or directed edges As with graphs,
the vertex set of D is denoted by V(D) and the ar¢ set is denoted by E(D).
A digraph D with V(D) = {u, v; w} and E(D) ={(4, w), (w, ), (4, v)} is
illustrated in Figure 1.25. Observe that when a digraph is described by
means of a diagram, the ‘direction’ of each arc is indicated by an arrow-
head.

The terminology used in discussing digraphs is quite similar to that
used for graphs. The cardinality’ of the vertex set of a digraph D is

Figure 1.25 A digraph.
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called the order of D and is denoted by n(D), or simply 7. The sizem(D) (or
m) of D is-the cardinality of its arc set. An (n, m) digraph is a digraph of
order n and size m.

If 2 = (u, v) is an arc of a digraph D, then 4 is said to join u and v. We
further say that a is incident from u and incident to v, while u is incident to a
and v is incident from a. Moreover, u is said to be adjacent to v and v is
adjacent from u. In the digraph D of Figure 1.25, vertex u is adjacent to
vertex v, but v is not adjacent to u. Two vertices # and v of a digraph D
are nonadjacent if u is neither adjacent to nor adjacent from v in D.

The outdegree od v of a vertex v of a digraph D is the number of vertices
of D that are adjacent from v. The indegree idv of v is the number of

vertices of D adjacent to v. The degree deg v of a vertex v of D is defined by

degv=odv +ido.

In the digraph D of Figure 125, odu =2, idu = idv=idw=odw =1,
while od v = 0. For the same digraph, degu = 3, degw =2 and degv = 1.
We now present The First Theorem of Digraph Theory.

Theorem 1.13
If D is a digraph of order n and size m with V(D) = {v1,v,,...,0,}, then
n n
Z odv; = Z ido; = m.
i=1 i=1

Proof

When the outdegrees of the vertices are summed, each arc is counted ,

once, since every arc is incident from exactly one vertex. Similarly, when
the indegrees are summed, an arc is counted just once since every arc is
incident fo a single vertex. [ .

A digraph D, is isomorphic to a digraph D, if there exists a one-to-one
mapping ¢, called an isomorphism, from V(D;) onto V(D,) such that
{u, v) € E(Dy) if and only if (¢u, ¢v) € E(D,). The relation ‘is isomorphic
to’ is an equivalence relation on digraphs. Thus, this relation partitions
the set of all digraphs into equivalence classes; two digraphs are
‘nonisomorphic if they belong to different equivalence classes. If D is iso-
morphic to D,, then we say D; and D, are isomorphic and write D; = D,.

There is only one (1,0) digraph (up to-isomorphismy); this is the trivial
digraph. Also, there is only one (2,0), (2,1) and (2,2) digraph (up to
isomorphism). There are four (3,3) digraphs, and they are shown in
Figure 1.26.

A digraph D; is a subdigraph of a digraph D if V(D;) € V(D) and
E(D;) € E(D). If D, is isomorphic to a subdigraph of D, then we also
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Figure 1.26 The (3,3) digraphs.

say that D, is a subdigraph of D. We write D; C D to indicate that Dyisa
subdigraph of D. A subdigraph D; of D is a spanning subdigraph if D,
has the same order as D. Vertex-deleted, arc-deleted, induced and arc-
induced subdigraphs are defined in the expected manner. These last
two concepts are illustrated for the digraph D of Figure 1.27, where

V(D) = {v1,05,03,04}, U= {v1,02,v3}, and
F= {(01’?72)»(v2,04)}~

We now consider certain types of digraphs that occur regularly in our
discussions. A digraph D is called symmetric if, whenever (4, v) isan arc of
D, then (v, u) is also. There is a natural one-to-one correspondence
between the set of symmetric digraphs and the set of graphs. A digraph
D is called an asymmetric digraph or an oriented graph if whenever (u, v) is
an arc of D, then (v, u) is not an arc of D. Thus, an oriented graph D can be
obtained from a graph G by assigning a direction to (or by ‘orienting’)

Vl ’ . ) 1
V2 V3 v2
V4
D (U) {F)

Figure 1.27 Induced and arc-induced subdigraphs.
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Dl: D2:

Figure 1.28 Symmetric and asymmetric digraphs.

each edge of G, thereby transforming each edge of G into.an arc and trans-
forming G itself into an asymmetric digraph; D is also called an orientation
of G. The digraph D; of Figure 1.28 is symmetric while D, is asymmetric;
the digraph Dj has neither property.

A digraph D s called completeif for every two distinct vertices u and v of
D, at least one of the arcs (4, v) and (v, u) is present in D. The complete
symmetric digraph of order n has both arcs (u, v) and (v, u) for every two
distinct vertices « and v and is denoted by Kj;. Indeed, if G is a graph, then
G denotes the symmetric digraph obtained by replacmg each edge of G
by & symmetric pair of arcs. The digraph K has size n(n—1) and
odv =idv = n — 1 for every vertex v of K}. The digraphs K}, K3, K} and
K; are shown in Figure 1.29. The underlying graph of a digraph D is that
graph obtained by replacing each arc (i, v) or symmetric pairs (u, v),
(v, u) of arcs by the edge of uv. Certamly the underlying graph of G* is G.

A complete asymmetric digraph is called a tournament and will be
studied in some detail in Chapter 5.

A digraph D is called regular of degree r or r-regular if od v = id v = r for
every vertex v of D. The digraph K, is (1 — 1)-regular. A 1-regular digraph
Dy and 2-regular digraph D, are shown in Figure 1.30. The digraph D, is a
tournament.

Unlike the situation for graphs, there are several types of connectedness
for digraphs. The terms walk, open and closed walk, trail, path, circuit
and cycle for graphs have natural counterparts in digraph theory, the

Kf K K3
Figure 1.29 Complete symmetric digraphs.
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Figure 1.30 Regular digraphs.

important difference being that the directions of the arcs must be followed
in each of these walks. In particular, when referring to digraphs, the terms
directed path and directed cycle are synonymous with path and cycle More
formally, for vertices # and v in a digraph D, a u~v walk in D is a finite,
alternating sequence

U = Uy, d1,U1,82,- -y Ug—1, K, U =T

of vertices and arcs, beginning with # and ending with v, such that
a; = (u;_y, ;) for i=1, 2,...,k. The number k is the length of the walk.
A term that is unique to digraph theory is that of a sémiwalk. A u-v semi-
walk in D is a finite, alternating sequence

U = Uy, a1, U1,00, ..., U 1,05, U =T

of vertices and arcs, beginning with # and ending with v, such that either
a;= (g, ;) or a;=(u,u;_y) for i=1,2,....,k If the vertices

“Ug, Uq, - .., Uy are distinct, then the u—v semiwalk is a u—v semipath. If

g = U, where k = 3, and the vertices uy,u,, . .., u; are distinct, then the
semiwalk is called a semicycle. - '

A digraph D is connected (or weakly-connected) if for every pair u, v of
vertices, D contains a u-v semipath. (Of course, if D contains a 1~ semi-
path, then D contains a v—u semipath.) Equivalently, D is connected if the
underlying graph of D is connected. A digraph D is strong (or strongly
connected) if for every pair u, v of vertices, D contains both a u~v path
and a v~u path.

A digraph D is unilateral if for every pair u, v of vertices, D contains
either a u—v path or a v-u path; while D is anticonnected if for every pair
u, v of vertices, D contains a #~v semipath that contains no subpath of
length 2. Such a semipath is referred to as an antidirected semipath or-an
antipath. Certainly, if D contains a u~v antipath, then D contains a v-u
antipath. In"Figure 1.31, the digraph D, is strong, D, is unilateral, D; is
anticonnected and D, is connected but has none of the other connected-
ness properties.

Distance can be defined in dlgraphs as well. For vertices u and vin a
digraph D containing a 4~ path, the (directed) distance d(u, v) fromutovis
the length of a shortest u~v path in D. Thus the distances d(u, v) and

d(v, u) are defined for all pairs u, v of vertices in a strong digraph. This
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Figure 1.31 Connectedness properties of digraphs.

distance is not a metric, in general. Although the distance satisfies the
triangle inequality, it is not symmetric — unless D is symmetric, in
which case D is, in actuality, a graph. Eccentricity can be defined as
before, as well as radius and diameter. The ecceniricity e(u) of a vertex u
in D is the distance from u to a vertex furthest from u. The minimum
eccentricity of the vertices of D is the radius rad D of D, while the
diameter diam D is the greatest eccentricity.

The vertices of the strong digraph D of Figure 1.32 are labeled with their
eccentricities. Observe that rad D = 2 and diam D = 5, so it is not true, in
general, that diam D < 2rad D, as is the case with graphs.

In the definition of a graph G, either one edge or no edge joins a pair of
distinct vertices of G. For a digraph D, two (directed) edges can join dis-
tinct vertices of D - if they are directed oppositely. There are occasions
when we will want to permit more than one edge to join distinct vertices
(and in the same direction in the case of digraphs).

If one allows more than one edge (but yet a finite number) between the
same pair of vertices in a graph, the resulting structure is a multigraph.
Such edges are called parallel edges. If more than one arc in the same
direction is permitted to join two vertices in a digraph, a multidigraph
results. A loap is an edge (or arc) that joins a vertex to itself. Graphs that

3 2
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Figure 1.33 Multigraphs, multidigraphs, pseudographs and pseudodigraphs.

allow parallel edges and loops are called pseudographs, while digraphs
that permit parallel arcs and loops are called pseudodigraphs. Although
these concepts are useful at times, they will be encountered rarely in
our study. Figure 1.33 (a)-(d) shows a multigraph, multidigraph, pseudo-
graph and pseudodigraph, respectively.

EXERCISES 1.4

1.36 Determine all (pairwise nonisomorphic) digraphs of order 4 and
size 4.

1.37 Prove or disprove: For every integer n > 2, there exists a digraph D
of order n such that for every two distinct vertices u and v of D,
odu # odvand idu # idv.

1.38 Prove or disprove: No digraph contains an odd number of vertices of
odd outdegree or an odd number of vertices of odd indegree.

1.39 Prove or disprove: If D; and D, are two digraphs with
V(D;) = {uy, up,..., 4, and V(D,) ={vy, vs,...,v,} such that
idp, ; =idp,v; and odp, u;=odp,v; for i=1,2,...,n, then
Dy =D,. V

1.40 Prove that if every proper induced subdigraph of a digraph D of
order n > 4 is regular, then E(D) = & or D = Kj,.

1.41 Prove that there exist regular tournaments of every odd order but
there are no regular tournaments of even order.
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1.42 The adjacency matrix A(D) of a digraph D with V(D)= {vq, v,...,0,}
is the 7 x 7 matrix [a;] defined by a; = 11if (v;, v;) € E(D) and a--’="0
otherwise. ‘ ’

(@) What information do the row sums and column sums of the
adjacency matrix of a digraph provide?
(b) Characterize matrices that are adjacency matrices of digraphs.

143 Prove that if D is a digraph with odv > 1 and ido 2 1 for every
vertex v of D, then D contains a cycle.

144 Prpve that for every two positive integers a and b with a < b, there
exists a strong digraph D with rad D = 4 and diam D = b,

1.45 The center CerﬂD) of a strong digraph D is the subdigraph induced
by those vertices v with e(0) = rad D. Prove that for every asym-

metric digraph Dj, there exists a strong as tric di
such that Cen(D) = D;. g asymmetric digraph D

CHAPTER 2

Structure and symmetry
of graphs

Although being connected is the most basic structural property that a
graph may possess, more information about its structure is provided by
special vertices, edges and subgraphs it contains and the symmetry it

" possesses. This is the theme of the current chapter.

2.1 CUT-VERTICES, BRIDGES AND BLOCKS

Some graphs are connected so slightly that they can be disconnected by
the removal of a single vertex or single edge. Such vertices and edges play
a special role in graph theory, and we discuss these next. _

A vertex v of a graph G is called a cut-vertex of G if k(G — v) > K(G).
Thus, a vertex of a connected graph is a cut-vertex if its removal produces
a disconnected graph. In general, a vertex v of a graph G is a cut-vertex of
G if its removal disconnects a component of G. The following theorem
characterizes cut-vertices. o

Theorem 2.1

A vertex v of a connected graph G is a cut-vertex of G if and only if there exist
vertices w and w (u, w # v) such that v is on every u-w path of G.

Proof

Let v be a cut-vertex of G; so the graph G — v is disconnected. If # and w
are vertices in different components of G — v, then there are no u-w
paths in G ~ v. However, since G is connected, there are u—w paths in G.
Therefore, every u-w path of G contains v.

Conversely, assume that there exist vertices ¥ and w'in G such that the
vertex v lies on every u—w path of G. Then there are no u—w paths in G — v,
implying that G — v is disconnected and that v is a cut-vertex of G. [1

The complete graphs have no cut-vertices while, at the other extreme,
each nontrivial path contains only two vertices that are not cut-vertices.
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In order to see that this is the other extreme, we prove the following
theorem.

Theorem 2.2

Every nontrivial connected graph contains at least two vertices that are not cut-
vertices. '

Proof

Assume that the theorem is false. Then there exists a nontrivial connected
graph G containing at most one vertex that is not a cut-vertex; that is,
every vertex of G, with at most one exception, is a cut-vertex. Let u and
v be vertices of G such that d(u, v) = diam G.

At least one of u and v is a cut-vertex, say v. Let w be a vertex belonging
to a component of G — v not containing u. Since évery u—w path in G
contains v, we conclude that ’

d(u,w) > d(u,v) = diamG,

which is impossible. The desired result now follows. [J

Analogogs to the cut-vertex is the concept of a bridge. A bridge of
a graPh‘ G is an edge e such that k(G —¢) > k(G). If e 'is a bridge of G,
then it is immediately evident that k(G — ) = k(G) + 1. Furthérmore, if
¢ =uv, then u is a cut-vertex of G if and only if degu > 1. Indeed, the
complete gr‘aph K, is the only connected graph containing a bridge but
no cut-vertices. Bridges are characterized in a manner similar to that

of cut-vertices; the proof too is similar to that of Theorem 2.1 and is
omitted.

Theorem 2.3

An edge e of a connected graph G is a bridge of G if and only if there exist vertices
u and w such that e is on every u-w path of G.

For bridges, there is another useful characterization.
Theorem 2.4
An edge e of a graph G is a-bridge of G if and only if e lies on no cycle of G.

Proof

Assume, withouit loss of generality, that G is connected. Let e = uv be an
edge of G, and suppose that ¢ lies on a cycle C of G. Furthermore, let w;
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and w, be arbitrary distinct vertices of G. If e does not lie on a-wy—w, path P
of G, then P is also a wy—w; path of G — e. If, however, ¢ lies on a w—w,
path Q of G, then replacing ¢ by the u~v path (or v-u path) on C not
containing e produces a w;-w, walk in G —e. By Theorem 1.7, thereis a
wy~w, path in G — e. Thus, w; and w, are connected in G — ¢ and so eis not
a bridge. ,

Conversely, suppose that ¢ is not a bridge of G. Thus G — ¢ is connected.
Hence there exists a u—v path P in G —¢; however, P together with e
produce a cycle in G containinge. []

A cycle edge is an edge that lies on a cycle. From Theorem 2.4, a cycle
edge of a graph G is an edge that is not a bridge of G. A bridge incident
with an end-vertex is called a pendant edge.

Many of the graphs we encounter do not contain cut-vertices; we
discuss these next. A nontrivial connected graph with no cut-vertices is
called a nonseparable graph. Nontrivial graphs with cut-vertices contain
special subgraphs in which we are also interested. A block of a graph G
is a maximal nonseparable subgraph of G. A block is necessarily an
induced subgraph, and, moreover, the blocks of a graph partition its
edge set. If a connected graph G contains a single block, then G is non-
separable. For this reason, a nonseparable graph is also referred to as a
block itself. Every two blocks have at most one vertex in common, namely
a cut-vertex. The graph of Figure 2.1 has five blocks B;, 1<i<5, as
indicated. The vertices v5,vs and vg are cut-vertices, while 9305 and v405
are bridges; moreover, v,s is a pendant edge. -

Two useful criteria for a graph to be nonseparable are now presented.

vy Vs ) v[ v2
B,:
1 V3
BZ'
V3 Vs
By v4O0—O7s , vs
B4:
v v
By
Vg
vg Y10 Vg Y10

Figure 2.1 A graph and its five blocks.



36 Structure and symmetry of graphs
Theorem 2.5

A graph G of order at least 3 is nonseparable if and only if every two vertices of
G lie on a common cycle of G.

Proof

Let G be a graph such that each two of its vertices lie on a cycle. Thus G is
connected. Suppose that G is not nonseparable. Hence G contains a cut-
vertex v. By Theorem 2.1, there exist vertices # and w such that v is on
every u—w path in G. Let C be a cycle of G containing # and w. The
cycle C determines two distinct u—w paths, one of which does not contain
v, contradicting the fact that every u—w path contains v. Therefore, G is
nonseparable.

Conversely, let G be a nonseparable graph with n > 3 vertices. We show
that every two vertices of G lie on a common cycle of G. Let u be an arbi-
trary vertex of G, and denote by U the set of all vertices that lie on a cycle
containing u. We now show that U = V = V(G). Assume that U # V;
so there exists a vertex v ¢ V — U. Since G is nonseparable, it contains
no cut-vertices, and furthermore, since n > 3, the graph G contains no
bridge. By Theorem 2.4, every edge of G lies on a cycle of G; hence,
every vertex adjacent to u is an element of U. Since G is connected,
there exists a u-v path W: u = ug, uq,1y,..., 4, =v in G. Let i be the
smallest integer, 2 <i <k, such that u; ¢ U; thus u;_; € U. Let C be a
cycle containing # and #;_;. Because u;_; is not a cut-vertex of G, there
exists a #;—u path P: u; = vy,04,0,,...,0;, = u not containing u;_;. If the
only vertex common to P and C is u, then a cycle containing # and
exists, which produces a contradiction. Hence P and C have a vertex in
common different from u. Let jbe the smallest integer, 1 < j < ¢, such that
v; belongs to both P and C. A cycle containing # and u; can now be con-
structed by beginning with the u,~v; subpath of P, proceeding along C
from v; to u and then to ;_y, and finally taking the edge u;_,u; back to
u;- Thus, a contradiction arises again, implying that the vertex v does not
exist and that every two vertices lie on a cycle. [

An internal vertex of a u—v path P is any vertex of P different from  or v.
A collection {Py, Py, ..., Py} of paths is called internally disjoint if each
internal vertex of P; (i =1,2,.. ., k) lies on no path P; (j # i). In particular,
two u-v paths are internally disjoint if they have no vertices in common,
other than u and v. Edge-disjoint u-v paths have no edges in common. A
second characterization of nonseparable graphs is now apparent.

Corollary 2.6

A graph G of order at least 3 is nonseparable if and only if there exist two
internally disjoint u-v paths for every two distinct vertices u and v of G.
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Theorem 2.5 suggests the following definitions: A block of order at least
3 is called a cyclic block, while the block K, is called the acyclic block.
We now state a theorem of which Theorem 2.2 is a corollary.

Theorem 2.7

Let G be a connected graph with one or more cut-vertices. Then among the blocks
of G, there are at least two which contain exactly one cut-vertex of G.

In view of Theorem 2.7, we define an end-block of a graph G as a block
containing exactly one cut-vertex of G. Hence every connected graph with
at least one cut-vertex contains at least two end-blocks. In this context,
another result that is often useful is presented. Its proof will become
evident in the next chapter.

Theorem 2.8

Let G be a graph with at least one cut-vertex. Then G contains a cut-vertex v
with the property that, with at most one exception, all blocks of G containing v
are end-blocks. ‘

Another interesting property of blocks of graphs was pointed out by
Harary and Norman [HN2].

Theorem 2.9
The center of every connected graph G lies in a single block of G.

Proof

Suppose that G is a connected graph whose center Cen(G) does not lie
within a single block of G. Then G has a cut-vertex v such that G — v con-
tains components G; and G,, each of which contains vertices of Cen(G).
Let u be a vertex such that d(u, v) = e(v), and let P; be a v~u path of G
having length ¢(v). At least one of G; and G, say G,, contains no vertices
of P;. Let w be a vertex of Cen(G) belonging to G,, and-let P, be a w-v path
of minimum length. The paths P; and P, together form a u—w path Ps,
which is necessarily -a u-w path of length d(u, w). However, then
e(w) > e(v), which contradicts the fact that w is a central vertex. Thus
Cen(G) lies in a single block of G. [

A graph G is a critical block if G is a block and for every vertex v, the
graph G — v is not a block. Hence a block G is noncritical if and only if
there exists a vertex v:of G such that G — v is also a block. There is an
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Gl: Gz:

Figure 2.2 Minimal and critical blocks.

analogous concept concerning edges. A graph G is a minimal blockif Gis a
block and for every edge e, the graph G — ¢ is not a block..

The block G; of Figure 2.2 is minimal and noncritical, while the block G,
is critical but nonminimal.

In each of the graphs of Figure 2.2, there are vertices of degree 2. All
minimal and critical blocks have this property, as we shall see.

Theorem 2.10

If G is a critical block of order at least 4, then G contains a vertex of degree 2.

Proof

For each vertex x of G, there exists a vertex y of G — x such that G —x —y
is disconnected. Among all such pairs x, y of vertices of G, let u, v be a
pair such that G — u — v is disconnected and contains a component G
of minimum order k. If k= 1, then the vertex of G; has degree 2 in G.
Thus we may assume that k > 2. Let G, denote the union of the com-
ponents of G—u—v that are different from G;. Further, let H=
(V(Gy) U{u, v}). .

Let w; € V(G;). There exists a vertex w, in G—w; such that
G ~ wy — w, is disconnected. We now consider two cases.

Case 1. Assume that w, e V(H). Since both (V(Gy)U{u}) and
(V(G,) U {v}) are connected, some component of G — w; — w; has order
less than k, producing a contradiction.

Case 2. Assume that w, € V(G,). Since G —wy —w, is disconnected,
H —w; must contain exactly two components, namely a component
H, containing u and a component H, containing v. If either H, or H,
is trivial, then G has a vertex (namely u or v) of degree 2; so we may
assume that H, and H, are nontrivial. However, G—w; —u is then
disconnected and has.a component of order less than k, again producing
a contradiction. [

Corollary 2.11

If G is a minimal-block of order at least 4, then G contains a vertex of degree 2.
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Proof

Suppose that G is a minimal block of order at least 4, but that G contains
no vertices of degree 2. By Theorem 2.10, G is not a critical block. Thus,
G contains a vertex w such that G — w is a block. Let ¢ be an edge of G
incident with w. Since G is a minimal block, G — e is not a block, and there-
fore G — e contains a cut-vertex u (£w). Hence G —e—u (= G—u —¢) is
disconnected, so ¢ is a bridge of G — u. On the other hand, since G — u — w
(= G — w — u) is connected, ¢ is a pendant edge of G — 1 and w is an end-
vertex of G — u. Therefore, w has degree 1 in G — u and degree 2 in G. This
is a contradiction. [

EXERCISES 2.1

2.1 Prove that if v is a cut-vertex of a connected graph G, then v is not a
cut-vertex of G.

2.2 Prove Theorem 2.3.

2.3 Prove that every graph containing only even vertices is bridgeless.
24 Prove Corollary 2.6.

2.5 Let u and v be distinct vertices of a nonseparable graph G of order
n > 3.If P is a given u—v path of G, does there always exist a u—v path
Q such that P and Q are internally disjoint u~v paths?

2.6 Let G and H be graphs with V(G) = {vy, v3,...,0,} and V(H) =
{Ll1, uZ;"'aun}/ n ?3 .
(a) Vertices u; and u; are adjacent in H if and only if v; and v; belong
to a common cycle in G. Characterize those graphs G for which
H is complete.
(b) Vertices u; and u; are adjacent in H if and only if deg; v; + degg v;
is odd. Prove that H is bipartite.

2.7 Anelement of a graph G is a vertex or an edge of G. Prove that a graph
G of order at least 3 is nonseparable if and only if every pair of
elements of G lie on a common cycle of G.

28 Let G be a graph of order n>3 with the property that
degu 4 degv > n for every pair u, v of nonadjacent vertices of G.
Show that G is nonseparable.

2.9 Does there exist a noncritical block G containing an edge ¢ = uv such
that G — ¢ is a block, but neither G — u nor G — v is a block?

2.10 Does there exist a graph other than K; and the n-cycles, n > 4, that is
a critical block as well as a minimal block?
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2.2 THE AUTOMORPHISM GROUP OF A GRATPH

We have already described one way of studying the structure of graphs,
namely, by determining the number and location of special vertices,
edges and subgraphs. Another natural way of studying the structure of
graphs is by investigating their symmetries. A common method of doing
this is by means of groups.

An automorphism of a graph G is an isomorphism between G and itself.
Thus an automorphism of G is a permutation of V(G) that preserves
adjacency (and nonadjacency). Of course, the identity function on V(G)
is an automorphism of G. The inverse of an automorphism of G is also an
automorphism of G, as is the composition of two automorphisms of G.
These observations lead us to the fact that the set of all automorphisms
of a graph G form a group (under the operation of composition), called the
automorphism group or simply the group of G and denoted by Aut(G).

The automorphism group of the graph G, of Figure 2.3 is cyclic of order
2, which we write as Aut(G;) = Z,. In addition to the identity permuta-
tion € on V(G;), the group Aut(G;) contains the ‘reflection’ a = (uy)(v x),
where a is expressed as ‘permutation cycles’. The graph G; of Figure 2.3
has only the identity automorphism, so Aut(G,) = Z;.

Every permutation of the vertex set of K, is an automorphism and so
Aut(K,) is the symmetric group S, of order n! On the other hand, the
automorphism group of C,, n > 3, is the dihedral group D,, of order 2#,
consisting of n rotations and n reflections. The 4-cycle C; and its auto-
morphism group are illustrated in Figure 2.4.

Next we present a few basic facts concerning automorphism groups of
graphs. We have already noted that every automorphism of a graph
preserves both adjacency and nonadjacency. This observation leads to
the following result.

w w
G l: Gz:

u v X y u 4 X y F4

Figure 2.3 Graphs with cyclic automorphism groups of orders 2 and 1.

u v
Automorphisms:e, o, = (u vwzx)
,(x2=(uw) (vx),a3=(ux w v ),
0= w) 0= x),
Ga=u v)(wx)o=zx)(vw)
. v .

Figure 2.4 The 4-cycle and its automorphism group.
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Theorem 2.12
For every graph G, Aut(G) = Aut(G).

We mentioned previously that Aut(K,) & S, for every positive integer
n. Certainly, if G is a graph of order n containing adjacent vertices as well
as nonadjacent vertices, then Aut(G) is isomorphic to a proper subgroup
of the symmetric group S,. Combining this observation with Theorem
2.12 and Lagrange’s Theorem on the order of a subgroup of a finite
group, we arrive at the following. ‘

Theorem 2.13

The order | Aut(G)| of the automorphism group of a graph G of order n is a divisor
of n! and equals n! if and only if G = K, or G = K,,.

Two labelings of a graph G of order n from the same set of # labels are
considered distinct if they do not produce the same edge set. With the aid
of the automorphism group of a graph G of order n, it is possible to
determine the number of distinct labelings of G.

Theorem 2.14

The number of distinct labelings of a graph G of order n from a set of n labels is
nl/|Aut(G)|. ‘

Proof

Let S be a set of n labels. Certainly, there exist n! labelings of G using the
elements of S without regard to which labelings are distinct. For a given
labeling of G, each automorphism of G gives rise to an identical labeling
of G; that is, each labeling of G from S determines |Aut(G)| identical
labelings of G. Hence there are n!/|Aut(G)| distinct labelings of G. []

As an illustration of Theorem 2.14, consider the graph G = P; of Figure
2.5 and the set S = {1, 2, 3}. Since Aut(G) & Z,, the number of distinct

labelings of G is 3!/2 = 3. The three distinct labelings of Theorem 2.14
are shown in Figure 2.5.

G: " O O——O S =1{1,2,3}
1 2 3 1 3 2 2 1 3
0—0—o0 0—0—0 0—0—0

Figure 2.5 Distinct labelings of graphs.
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orbits:
{1},1{2,3,4)
{5 7,9}, {6, 8, 10}

Figure 2.6 The orbit of a graph.

If a relation R is defined on the vertex set of a graph G by uRv if ¢pu = v
for some automorphism ¢ of G, then R is an equivalence relation. The
equivalence classes of R are referred to as orbits, and two vertices belong-
ing to the same orbit are called similar vertices. Of course, two similar
vertices have the same degree. The automorphism group of the graph G
of Figure 2.6 is cyclic of order 3 and G has four orbits.

In Chapter 1 we defined the total distance fd(u) of a vertex u in a con-
nected graph G as the sum of the distances between u and all vertices of G.
For the graph G of Figure 1.24 we computed the total distance of each
vertex. This graph is shown again in Figure 2.7. The orbits of this graph
are {1’1, ”2}, {S}a {th tZ}a {u}’ {’0}, {wla wz}, {x}7 {y} and {Z} Since (41 and "
are similar vertices, they necessarily have the same total distances. The
same can be said of ¢, 'and t,, as well as of w; and w,. Of course, it is possible
for vertices that are not similar to have the same total distances, as is the
case with u and v. For the graph G of Figure 2.7, Aut(G) 2 Z, x Z; X Z,.

A graph that contains a single orbit is called vertex-transitive. Thus a
graph G is vertex-transitive if and only if for every two vertices u and v
of G, there exists an automorphism ¢ of G such that ¢u = v. Necessarily,
every vertex-transitive graph is regular. The graphs K, (n > 1), C,, (n > 3)
and K,, (r = 1) are vertex-transitive. The Petersen graph (Figure 1.9) is
vertex-transitive. Also the regular graphs G; = Cs X K; and G, = Ky3,
of Figure 2.8 are vertex-transitive, while the regular graphs G; and G,
are not vertex-transitive.

The automorphism group of a graph

Figure 2.8 Vertex-transitive graphs and regular graphs that are not vertex-
transitive.

Two edges e; = u1v; and e; = u,v; of a graph G are similar if there exists
an automorphism ¢ of G such that ¢(e;} = e,, that is, either ¢(u;) = u, and
#(v1) = vy, or ¢(u;) = v, and ¢(v;) = uy. A graph G is edge-transitive if
every two edges of G are similar. The graph H; = K; x K; of Figure 2.9
is vertex-transitive but not edge-transitive, while H, =P; is edge-
transitive but not vertex-transitive.

The following result is due to E. Dauber (see Harary [H7, p. 172]).

Theorem 2.15
Every edge-transitive graph without isolated vertices is either vertex-transitive or
bipartite.

Proof

Let G be an edge-transitive graph without isolated vertices such that
E(G) ={e1, e2,...,en}. Suppose that e; =vjv,. For each integer i

Hpy: Hy:
o—o0—0

Figure 2.9 A vertex-transitive graph that is not edge-transitive and an edge-
transitive graph that is not vertex-transitive.
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Dy: DZ:

Figure 2.10 Digraphs with cyclic automorphism groups.

(1 < i< m), there exists an automorphism ¢; of G such that. diler) =e;.
Let V1 = {¢i(v;)|1 <i< n} and V; = {¢;(v,)|1 <i < m}. Since G has no
isolated vertices, V; UV, = V(G). We now consider two cases.

Case 1. Assume that V. and V, are disjoint. We show that G is a bipartite
graph with partite sets V; and V,. Suppose, to the contrary, that one of
V; and V, contains adjacent vertices; say V; contains adjacent vertices x
and y, with xy = ¢;. Thus ¢;(e;) = ¢;. By definition, one of x andyisinV,,
contrary to the hypothesis.

Case 2. Assume that V| and V, are not disjoint. We show that G is vertex-
transitive. Let u and w be any two vertices of G. Suppose, first, that both
vertices belong to V; or both belong to V5, say the former. Then there exist
automorphisms ¢ and ¢, such that ¢v; = u and ¢,v; = w. Then dobp ! is
an automorphism and ¢+¢7 (1) = w; so u and w are similar. Suppose,
next, that u € V; and w € V,. Let v € V; NV,. From what we have just
shown, # and v are similar, as are v and w. Thus, 4 and w are similar. [

Every digraph also has an automorphism group. An automorphism of a
digraph D is an isomorphism of D with itself, that is, an gutomorphism of
D is a permutation  on V(D) such that (u, v) is an arc of D if and only if
(au, aw) is an arc of D. The set of all automorphisms under composition
forms a group, called the automorphism group of D and denoted by Aut(D).
While we have seen (the graph G of Figure 2.6) that it is not necessarily
easy to find a graph G with Aut(G) 2 Z, this is actually quite easy for
digraphs. For digraphs D; and D, of Figure 2.10, Aut(D;) = Z; and
Aut(Dz) = Zs.

EXERCISES 2.2

2.11 For the graphs G; and G, below, describe the automorphisms of G;
and of G, in terms of permutation cycles.

t 1 6
G l: Y Gz: . 3 4 5

:: v w X i ; :I

u 2 2 7

[
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2.12 Describe the elements of Aut(Cs).
2.13 Determine the number of distinct labelings of K, ,.

2.14 For which pairs k, n of positive integers with k < n does there exist a
graph G of order n having k orbits?

2.15 For which pairs k, n of positive integers does there exist a graph G
of order n and a vertex v of G such that there are exactly k vertices
similar to v? '

2.16 Describe the automorphism groups of the digraphs below.

u u v u v
Dy: Dy Dj:

2.3 CAYLEY COLOR GRAPHS

We have seen that we can associate a group with every graph or digraph.
We now consider the reverse question of associating a graph and a
digraph with a given group. We consider only finite groups in this con-
text. A nontrivial group I' is said to be generated by nonidentity elements
hi, hp, ..., (and these elements are called generators) of T if every
element of I" can be expressed as a (finite) product of generators. Every
nontrivial finite group has a finite generating set (often several such
sets) since the set of all nonidentity elements of the group is always a
generating set forI.

Let T be a given nontrivial finite group with A = {hy,h,..., 4} a
generating set for I'. We associate a digraph with I' and A called the
Cayley color graph of T' with respect to A and denoted by DA(I"). The
vertex set of D, (T') is the set of group elements of I'; therefore, DA (T)
has order |['|. Each generator k; is now regarded as a color. For g,

& €T, there exists an arc (gy, §,) colored k; in DA(I") if and only if

$2 = g1h;. If I; is a group element of order 2 (and is therefore self-inverse)
and g, = gih;, then necessarily g; = g,/;. When a Cayley color graph
D4(T') contains each of the arcs (g, ¢,) and (g, g1), both colored h;,
then it is customary to represent this symmetric pair of arcs by the
single edge $147. '

- We now illustrate the concepts just introduced. Let I' denote the sym-
metric group 55 of all permutations on the set {1, 2, 3}, and let A = {a, b},
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Figure 2,11 A Cayley color graph.

where g = (123) and b = (12). The Cayley color graph D, (I') in this case is
shown in Figure 2.11.

If the generating set A of a given nontrivial finite group I' with n
elements is chosen to be the set of all nonidentity group elements, then
for every two vertices g5, g» of Da(I'), both (g1, 82) and (g», §1) are arcs
(although not necessarily of the same color) and Da(I") is the complete
symmetric digraph K}, in this case.

Let T' be a nontrivial finite group with generating set A. An element
a € Aut(DA(T)) is said to be color-preserving if for every arc (g1, ;) of
DA (L), the arcs (g1, 2) and (ag, agp) have the same color. For a given
nontrivial finite group I' with generating set A, it is a routine exercise to
prove that the set of all color-preserving automorphisms of D (I'}) forms a
subgroup of Aut(Da(T")). A useful characterization of color-preserving
automorphisms is given in the next result.

Theorem 2.16

Let I be a nontrivial finite group with generating set A and let o be a permutation
of V(DA(T)). Then « is a color-preserving automorphism of DA(T') if and only if

a(gh) = (ag)h
foreverygeT'and h € A,

The major significance of the group of color-preserving automorphisms
of a Cayley color graph is contained in the following theorem.

Theorem 2.17

Let T be a nontrivial group with generating set . Then the group of color-
preserving automorphisms of D (T') is isomorphic to T.
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Proof

Let I'={g,8,...,8.;. For i=1,2,...,n, define a;V(D,(I))—
V(Da(T)) by a;gs = gi8s for 1 <s < n. Since I' is a group, the mapping
a; is one-to-one and onto. Let h € A. Then for each 4, 1 <i< n, and for
eachs, 1 <s<n,

a;(gsh) = gi(gsh) = (8igs)h = (cgs)h.
Hence, by Theorem 2.16, ¢; is a color-preserving automorphism of D (T).

Next, we verify that the mapping ¢, defined by ¢g; = «;, is an iso-
morphism from T to the group of color-preserving automorphisms of
DA(T'). The mapping ¢ is clearly one-to-one since o; # o; for i # j.

To show that ¢ is operation-preserving, let g;, g; € " be given, and sup-
pose that 8i8j = &k Then ¢(g,g]) = ¢gk = oy and (¢g,)(¢g]) = oiqy. Now,
for each s, 1 <5 < n, 48 = g4gs- Furthermore, gigs = (8:87)8s = £i(8j8s) =
@i(gi8s) = ai(jgs) = (40y)gs. Hence, for each 5,1 <'s < 1,48, = (05)g;
so that oy = oyoy; that is, ¢(gig;) = (¢:)(¢g;).

Finally, we show that the mapping ¢ is onto. Let o be a color-preserving
automorphism of D (T). We show that a = o; for some i (1 <i< n).
Suppose that ag; = g,, where g, is the identity of T'. Let g, € . Then g,
can be expressed as a product of generators, say

& =hihy .. . hy,
where by € A, 1 <j < t. Hence,

ags = Ci(glgs) = a(g1h1h2 P ht)
By successive applications of Theorem 2.16, it follows that

og; = (ag)mhy. .. b = (0181)85 =88 = afgs-
Therefore, o = ¢, and the proof is complete. [

For more information on Cayley color graphs, see White [W5].

In 1936 the first book on graph theory was published. In this book the
author Konig [K10, p.5] proposed the problem of determining all finite
groups I' for which there exists a graph G such that Aut(G) = T. The
problem was solved in 1938 by Frucht [F11] who proved that every
finite group has this property. We are now in a position to present a
proof of this result.

If T is the trivial group, then Aut(G) =T for G = K;. Therefore, let
I'= {81, 8,--,8:}, n=2, be a given finite group, and let A=
{hy, hy, ..., s}, 1 <t <n, be a generating set for I'. We first construct
the Cayley color graph DA(T') of T with respect to 4; the Cayley color
graph is actually a digraph, of course. By Theorem 2.17, the group of
color-preserving automorphisms of DA (T") is isomorphic to I'. We now
transform the digraph Da(T') into a graph G by the following technique.
Let (g;, g;) be an arc of D(T') colored k. Delete this arc and replace it by
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h
o—+¥—0 —_— o—i—%—o

e »—i—g—c
o—¥—0o -

h
o—+%—0 —_——r WE—E—%

D,(T) G

Figure 2,12 Constructing a graph G from a given group I.

the ‘graphical’ path g;, wij, uﬁi, gj- At the vertex u;; we construct a new path
P;j of length 2k —1 and at the vertex uj a path P} of length 2k. This
construction is now performed with every arc of DA (T"), and is illustrated
in Figure 2.12 for k=1, 2 and 3.

The addition of the paths Py and Pﬁl- in the formation of G is, in a sense,
equivalent to the direction and the color of the arcs in the construction
of D A (F)

It now remains to observe that every color-preserving automorphism of
DA(T) induces an automorphism of G, and conversely. Thus we have a
proof of Frucht’s theorem.

Theorem 2.18
For every finite group T, there exists a graph G such that Aut(G) =T.

The condition of having a given group prescribed is not a particularly
stringent one for graphs. For example, Izbicki [12] showed that for every
finite group I' and integer r > 3, there exists an r-regular graph G with
Aut(G) =T.

We have now seen that for every finite group I and generating set A
there is an associated digraph, namely the Cayley color graph D (T"). The
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underlying graph of a Cayley color graph D (T') is called a Cayley graph
and is denoted by G (T"). Thus a graph G is a Cayley graph if and only if
there exists a finite group I' and a generating set A for I’ such that
G = GA(T"), that is, the vertices of G are the elements of I" and two vertices
g1 and g, of G are adjacent if and only if either g; = g or g, = g;h for
some h € A.

As observed earlier, K}, is a Cayley color graph; consequently, every
complete graph is a Cayley graph. Since K; X K; is the underlying graph
of the Cayley color graph of Figure 2.11, K, x K; is a Cayley graph. Every
Cayley graph is regular. In fact, if A’ denotes those elements of A of order
at least 3 whose inverse also belongs to A, then degv = |A| —1{A| for
every vertex v in GA(T). Indeed every Cayley graph is vertex-transitive.
The converse is not true, however. For example, the Petersen graph
(Figure 1.9) is vertex-transitive but it is not a Cayley graph.

EXERCISES 2.3

2.17 Construct the Cayley color graph of the cyclic group of order 4 when
the generating set A has (a) one element and {b) three elements.

2.18 Prove Theorem 2.16.

2.19 Determine the group of color-preserving automorphisms for the
Cayley color graph D, (I") below.

Dy(D):

2.20 Determine the smallest integer n > 1 such that there exists a con-
nected graph G of order n such that |Aut(G)| = 1.

2.21 Find a nonseparable graph G whose automorphism group is iso-
morphic to the cyclic group of order 4. ‘

2.22 For a given finite group I', determine an infinite number of mutually
nonisomorphic graphs whose groups are isomorphic to I".

2.23 Show that every n-cycle is a Cayley graph.
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2.24 Show that the cube (s is a Cayley graph.

2.25 Let I be a finite group generated by A.

(a) Show that the group of color-preserving automorphisms of
DA(T) is a subgroup of Aut(GA(I")).

(b) If the group of color-preserving automorphisms of D, (T") is
isomorphic to Aut(GA(T')) and Ga(T') = K,,, then find T.

(c) Prove or disprove: If the group of color-preserving automorph-
isms of Dy, (I'y) is isomorphic to the group of color-preserving
automorphisms of Dy, (T';), then T'y & T',.

(d) Prove or disprove: If Aut(Ga,(T1)) = Aut(Ga,(T2)), then
=1,

2.4 THE RECONSTRUCTION PROBLEM

If ¢ is an automorphism of a nontrivial graph G and u is a vertex of G, then
G — u = G — ¢u, that is, if 4 and v are similar vertices, thenG —u =G — v.
The converse of this statement is not true, however. Indeed, for the
vertices u and v of the graph G of Figure 2.13, G — u = G — v, but 4 and
v are not similar vertices of G.

These observations suggest the problem of determining how much
structure of a graph G is discernible from its vertex-deleted subgraphs.
This, in fact, brings us to a famous problem in graph theory.

Probably the foremost unsolved problem in graph theory is the Recon-
struction Problem. This problem is due to P. J. Kelly and S. M. Ulam and its
origin dates back to 1941. We discuss it briefly in this section.

A graph G with V(G) = {vy, va,...,0,}, n = 2, is said to be reconstruc-
tible if for every graph H having V(H) = {uy, 4y, ..., 4,}, G—v;=H — u;
for i=1,2,...,n implies that G = H. Hence, if G is a reconstructible
graph, then the subgraphs G — v, v € V(G), determine G uniquely.

We now state a conjecture of Kelly and Ulam, the following formulation
of which is due to F. Harary.

The Reconstruction Conjecture

Every graph of order at least 3 is reconstructible.

ANIVAN

u v

Figure 2.13 A graph with nonsimilar vertices whose vertex-deleted subgraphs are
isomorphic.
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The Reconstruction Problem is thus to determine the truth or falsity of
the Reconstruction Conjecture.

The condition on the order in the Reconstruction Conjecture is needed
since if G; = K,, then G is not reconstructible. If G, = 2K, then the sub-
graphs G; — v, where v € V(G;), and the subgraphs G; — v, for v € V(G,),
are precisely the same. Thus G; is not uniquely determined by its sub-
graphs G; — v, v € V(Gy). By the same reasoning, G, = 2K; is also non-
reconstructible. The Reconstruction Conjecture claims that K; and 2K;
are the only nonreconstructible graphs.

Before proceeding further, we note that there is a related problem that
we shall not consider. Given graphs G,, G;,...,G,, does there exist a
graph G with V(G) = {v1, 0p,...,0,} such that G;=G~v; for i=1,
2,...,n? The answer to this question is not known in general. Although
there is a similarity between this question and the Reconstruction
Problem, the question is quite distinct from the problem in which we
are interested.

If there is a counterexample to the Reconstruction Conjecture, then it
must have order at least 10, for, with the aid of computers, McKay [M4]
and Nijenhuis [N5] have shown that all graphs of order less than 10 (and
greater than 2) are reconstructible. The graph G of Figure 2.14 is therefore
reconstructible since its order is less than 10. Hence the graphs G —v;
(1 € i < 6) uniquely determine G. However, there exists a graph H with
V(H) = {vy, v3,...,06} such that G-v;=H-v; for 1<i<5, but
G — vg # H — vg. Therefore, the graphs G — v; (1 < i < 5) do not uniquely
determine G. On the other hand, the graphs G — v; (4 < i < 6) do uniquely
determine G.

‘Digraphs are not reconstructible, however. The vertex-deleted sub-
digraphs of the digraphs D; and D, of Figure 2.15 are the same; yet

Vs Vs
G: Vs 1
V3 V2
o)
; I ﬁ ' ‘ o
G-v, N G-y, G-v, G-v, G-vg G-

Figure 2.14 A reconstructible graph.
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Figure 2.15 Two nonreconstructible digraphs.

D; # D,. Indeed, for digraphs, there are infinite pairs of counterexamples
(Stockmeyer [S9)). ‘

There are several properties of a graph G that can be found by consid-
ering the subgraphs G — v, v € V(G). We begin with the most elementary
of these.

Theorem 2.19

If G is an (n, m) graph with n > 3, then n and m as well as the degrees of the
vertices of G are determined from the n subgraphs G — v, v € V(G).

Proof

It is trivial to determine the number #, which is necessarily one greater
than the order of any subgraph G — v. Also, n is equal to the number of
subgraphs G — v.

To determine m, label these subgraphsby G;,i = 1,2,...,n,and suppose
thatG; = G — v;, where v; € V(G). Let m; denote the size of G;. Consider an
arbitrary edge e of G, say e = v;v;. Thene belongs ton — 2 of the subgraphs
G;, namely all except G; and G;. Hence, Y°i_;m; counts each edge n — 2
times; that is, E; 1 m; = (n — 2)m. Therefore,

i1

n—2 "'
The degrees of the vertices of G can be determined by simply noting that
degv;=m—m;,i=1,2,.. O

m =

We illustrate Theorem 2.19 with the six subgraphs G — v shown in
Figure 2.16 of some unspecified graph G. From these subgraphs we deter-
mine n, m and degv; fori=1, 2,...,6. Clearly, n = 6. By calculating the
integers m;, i =1, 2,...,6, we find that m = 9. Thus, degv; = degv, =2,
degv; = degv, =3, and degv; = degv; =4

We say that a graphical parameter or graphical property is recognizable
if, for each graph G of order at least 3, it is possible to determine the value
of the parameter for G or whether G has the property from the subgraphs
G —v,v € V(G). Theorem 2.19 thus states that for a graph of order at least
3, the order, the size, and the degrees of its vertices are recognizable
parameters. From Theorem 2.19, it also follows that the property. of

The Reconstruction Problem 53

G 1 Gz:
G 3 » G4:
Gq: Gg:

Figure 2.16 The subgraphs G — v of a graph G.

graph regularity is recognizable; indeed, the degree of regularity is a
recognizable parameter. For regular graphs, much more can be said.

Theorem 2.20
Every regular graph of order at least 3 is reconstructible.

Proof

As we have already mentioned, regularity and the degree of regularity are
recognizable. Thus, without loss of generality, we may assume that G is an
r-regular graph with V(G) = {vy, v,,...,0,}, n > 3. It remains to show
that G is uniquely determined by its subgraphs G—v;, i=1,2,.
Consider G — v;, say. Add vertex v; to G — vy together with a11 those
edges v;v where degg_,, v =r — 1. This produces G. [J

If G has order 1 > 3, then it is discernible whether G is connected from
the n subgraphs G — v, v € V(G).

Theorem 2.21

For graphs of order at least 3, connectedness is a recognizable property. In parti-
cular,if Gisa graph with V(G) = {0y, vy,...,0,}, n > 3, then G is connected if
and only if at least two of the subgraphs G — v; are connected.
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Proof

Let G be a connected graph. By Theorem 22, G contains at least two
vertices that are not cut-vertices, implying the result.

Conversely, assume that there exist vertices v;,0; € V(G) such that both
G — v and G — v, are connected. Thus, in G — v; and also in G, vertex v, is
connected to v;, i 3. Moreover, in G — v; (and thus in G),v; is connected

to each v;,7 > 3. Hence every pair of vertices of G are connected and so G is

connected. [

Since connectedness is a recognizable property, it is possible to deter-
mine from the subgraphs G — v, v € V(G), whether a graph G of order at
least 3 is disconnected. We now show that disconnected graphs are
reconstructible. There have been several proofs of this fact. The proof
given here is due to Manvel [M1].

Theorem 2.22

Disconnected graphs of order at least 3 are reconstructible.

Proof

We have already noted that disconnectedness in graphs of order at least 3
is a recognizable property. Thus, we assume without loss of generality
that G is a disconnected graph with V(G)={vy, vz,...,0s}, > 3.
Further, let G; = G — v; fori =1, 2,...,n. From Theorem 2.19, the degrees
of the vertices v;, i = 1, 2,.. .. n, can be determined from the graphs G — v;.
Hence, if G contains an isolated vertex, then G is reconstructible. Assume
then that G has no isolated vertices.

Since every component of G is nontrivial, it follows that k(G;) > k(G) for
i=1,2,...,nand that k(G;) = k(G) for some integer j satisfying 1 < j < n.
Hence the number of components of G is min{k(G)li=1,2,...,n}.
Suppose that F is a component of G of maximum order. Necessarily, F
is a component of maximum order among the components of the
graphs G;; that is, F is recognizable. Delete a vertex that is not a cut-
vertex from F, obtaining F'. '

Assume that there are r (>1) components of G isomorphic to F. The
number 7 is recognizable, as we shall see. Let

and let S’ be the subset of S consisting of all those graphs G; having a
minimum number ¢ of components isomorphic to F. (Observe that if
r =1, then there exist graphs G; in S containing no components iso-

morphic to F; that is, # =0.) In general, then, 7 =¢+1. Next let §"
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denote the set of those graphs G; in S’ having a maximum number of
components isomorphic to F'.

Assume that G, G,,...,G; (t = 1) are the elements of S”. Each graph G;
in §” has k(G) components. Since each graph G; (1 < 7 < f) has a minimum
number of components isomorphic to F, each vertex v; (1 < i < t) belongs
to a component F; of G isomorphic to F, where the components F; of G
(1 <i<t) are not necessarily distinct. Further, since each graph G;
(1 <i<t) has a maximum number of components isomorphic to F/, it
follows that F; — v; = F' for each i =1, 2,...,t. Hence, every two of the
graphs Gy, Gy, ...,G; are isomorphic, and G can be produced from G,
say, by replacing a component of G; isomorphic to F' by a component
isomorphicto F. [J

It can be shown that (connected) graphs of order at least 3 whose com-
plements are disconnected are reconstructible (Exercise 2.30). However,
it remains to be shown that all connected graphs of order at least 3 are
reconstructible.

EXERCISES 24
2.26 Reconstruct the graph G whose subgraphs G — v, v € V(G), are given
in Figure 2.13.

2.27 Reconstruct the graph G whose subgraphs G — v, v € V(G), are given
in the accompanying figure.

Gl: G2= G3: G4= GS:

2.28 LetGbea graph with V(G) = {0y, 03, ...,07} such that G — 7 = Koy
for i=1,2,3 and G—v;=Kj3 for i =4,5,6,7. Show that G is
reconstructible.

2.29 Show that the digraphs of Figure 2.15 are not isomorphic.

2.30 (a) Prove that if G is reconstructible, then G is reconstructible.

(b) Prove that every graph of order n(>3) whose complement is
disconnected is reconstructible.

2.31 Prove that bipartiteness is a recognizable property.

2.32 Reconstruct the graph G whose subgraphs G — v, v € V(G), are given
in the accompanying figure.
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Gi(i=1,2,...,8): G9=Glo:o O I
o]
Gl].:
o]

2.33 Show that no graph of order at least 3 can be reconstructed from
exactly two of the subgraphs G —v, v € V(G).

CHAPTER 3

Trees and connectivity

Connectedness of graphs is explored more fully in this chapter.-Among
the connected graphs, the simplest yet most important are the trees.
Several results and concepts involving trees are presented. Connectivity
and edge-connectivity are described and related theorems by Menger are
stated. Other measures of connectedness are also given.

3.1 ELEMENTARY PROPERTIES OF TREES

A treeis an acyclic connected graph, while a forest is an acyclic graph. Thus
every component of a forest is a tree. There are several observations that
can be made regarding trees. First, by Theorem 2.4, it follows that every
edge of a tree T is a bridge; that is, every block of T is acyclic. Conversely,
if every edge of a connected graph G is a bridge, then G is a tree.

There is one tree of each of the orders 1, 2 and 3; while there are two
trees of order 4, three trees of order 5, and six trees of order 6. Figure 3.1
shows all trees of order 6.

-If u and v are any. two nonadjacent vertices of a tree T, then T + uv
contains precisely one cycle C. If, in turn, e is any edge of C in T + uv,.
then the graph T + uv — e.is once again a tree.

In a nontrivial tree T, it is immediate that the number of blocks to which
a vertex v of T belongs equals degv. So T — v is a forest with degv com-
ponents. If degv =1, then T — v is a tree. Thus, every vertex of T that is
not an end-vertex belongs to at least two blocks and is necessarily a cut-
vertex. The next result is a basic property of trees and very useful when
using mathematical induction for proving theorems dealing with trees.

- Theorem 3.1 v

Every nontrivial tree has at least two end-vertices.

Proof

Let T be a nontrivial tree and let P be a maximal path (a path not properly
contained in any other path of T). Suppose that P is a u—v path. Since Pis a
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K+
Y

Figure 3.1 The trees of order 6.

maximal path, neither u nor v is adjacent to any vertex not on P. Certainly,
u is adjacent to the vertex following it on P, and v is adjacent to the vertex
preceding it on P; however, neither u nor v is adjacent to any other vertex
of P since T contains no cycles. Therefore, degu =degv=1. J

There are a number of ways to characterize trees (for example, see Berge
[B7, p. 152] and Harary [H7, p.32]). Three of these are particularly useful.

Theorem 3.2
An (n,m) graph G is a tree if and only if G is acyclicand n = m + 1.

Proof

If G is a tree, then it is acyclic by definition. To verify the equality
n =m+ 1, we employ induction on n. For nn = 1, the result (and graph)
is trivial. Assume, then, that the equality n =m + 1 holds for all (n,m)
trees with n(>1) vertices, and let T be a tree with n+1 vertices. Let v
be an end-vertex of T. The graph T' =T — v is a tree of order #, and so
T' has m=n—1 edges by the inductive hypothesis. Since T has one
more edge than T, it follows that T has m+1=mn edges. Since
n+1= (m+1) +1, the desired result follows.

Conversely, let G be an acyclic (n,m) graph with n =m + 1. To show
that G is a tree, we need only verify that G is connected. Denote by G;,
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Gy, ..., Gy the components of G, where k>1. Furthermore, let G; be an
(n;,m;) graph. Since each graph G; is a tree, n; = m; + 1. Hence,
k k
n—l:mzZmi=Z(n,~—-1):n—k
i=1 i=1
so that k = 1 and G is connected. [J

The proof of Theorem 3.2 provides us with another-result.

Corollary 3.3
A forest F of order n has n — k(F) edges.

A spanning tree of a graph G is a spanning subgraph of G that is a tree.
Every connected graph G contains a spanning tree. If G is itself a tree,
then this observation is trivial. If G is not a tree, then a spanning tree T
of G can be obtained by removing cycle edges from G one at a time until
only bridges remain. If G has order n and size m, then since T has size
n — 1, it is necessary to delete a total of m — (n ~ 1) =m —n+1 edges to
produce T. This, of course, implies that m > n — 1, that is, every connected
graph of order 7 has at least n — 1 edges.

Another characterization of trees is presented next.

Theorem 3.4
An (n,m) graph G is a tree if and only if G is connected and n =m + 1.

Proof

Let T be an (n,m) tree. By definition, T is connected and by Theorem 3.2,
n = m + 1. For the converse, we assume that G is a connected (n, m) graph
with n = m 4+ 1. It suffices to show that G is acyclic. If G contains a cycle C
and ¢ is an edge of C, then G — e is a connected graph of order n having
n — 2 edges, which is impossible as we have observed. Therefore, G is
acyclic and is a tree. [

Hence, if G is an (n,m) graph, then any two of the properties (i) G is
connected, (ii) G is acyclic and (iii) # = m + 1 characterize G as a tree.

There is yet another interesting characterization of trees that deserves
mention. :

. Theorem 3.5

A graph G is a tree if and only if every two distinct vertices of G are connected by a
unique path of G.
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Proof

If G is a tree, then certainly every two vertices u and v are connected by at
least one path. If ¥ and v are connected by two different paths, thena cycle
of G is determined, producing a contradiction.

On the other hand, suppose that G is a graph for which every two
distinct vertices are connected by a unique path. This implies that G is
connected. If G has a cycle C containing vertices # and v, then u and v
are connected by at least two paths. This contradicts our hypothesis.
Thus, G is acyclic and so G is a tree. [

We now discuss some other properties of trees, particularly related to
the degrees of its vertices. It is very easy to determine whether a sequence
of positive integers is the degree sequence of a tree.

Theorem 3.6

Asequenced,,dy,. .., d, of n > 2 positive integers is the degree sequence of a tree
of order n if and only if 3_;_, d; = 2n — 2.

Proof

First, let T be a tree of order n and size m with degree sequence 4,
dy,...,d,. Then 31, d; = 2m = 2(n — 1) = 2n — 2. We verify the converse
by induction. For n = 2, the only sequence of two positive integers with
sum equal to 2is 1, 1, and this is the degree sequence of the tree K;. Assume
now that whenever a sequence of n — 1 = 2 positive integers has the sum
2(n — 2) = 2n — 4, then it is the degree sequence of a tree of order n — 1.

Let dy,dy,...,d, be a sequence of n positive integers with
Yoi14d; = 2n — 2. We show that this is the degree sequence of a tree. Sup-
pose that d; > d, > --- > d,. Since each term d; is a positive integer and
S idi=2n-2,itfollows that2 <d; <n—1landd,_; =d, = 1. Hence
dy —1,dy,dy,...,d,_ is a sequence of n — 1 positive integers whose sum
is 2n — 4. By the inductive hypothesis, then, there exists a tree T’ of order
n—1 with V(T') = {v;,v5,...,v,_1} such that degv;=d; —1 and
degv;=d; for 2<i<n-—1. Let T be the tree obtained from T’ by
adding a new vertex v, and joining it to v;. The tree T then has the
degree sequence dy,ds, ..., d,. [

"There is a simple connection between the number-of end-vertices in a

tree and the number of vertices of the various degrees exceeding 2.

Theorem 3.7

¢

Let T be a nontrivial tree with A(T) = k, and let n; be the number of vertices of
degreeifori=1,2,...,k. Then

ny =n3+2n4+3n5+---+(k—2)nk+2.
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X i

Figure 3.2 Paths, stars, double stars and caterpillars.

Proof

Suppose that T has order » and size m. Then Z’f:l n; =n and

k
Zini:2m=2n—2=2ini—2
i=1 i=1

or
k
> (i—-2)m+2=0. (3.1)
i=1

Solving (3.1) for n; gives the desired result. [

There are some classes of trees with which we should be familiar. Of
course, the paths P, and stars K, ; are trees. A tree T is a double star if it
contains exactly two vertices that are not end-vertices; necessarily, these
vertices are adjacent. A caterpillar is a tree T with the property that the
removal of the end-vertices of T results in a path. This path is referred
to as the spine of the caterpillar. If the spine is trivial, the caterpillar is a
star; if the spine is K, then the caterpillar is a double star. Examples of a
path, star, double star and caterpillar are shown in Figure 3.2.

Knowledge of the properties of trees is often useful when attempting to
prove certain results about graphs in general. Because of the simplicity of
the structure of trees, every graph ordinarily contains a number of trees as
subgraphs. Of course, every tree of order = or less is a subgraph of K,,.
A more general result is given next.

Theorem 3.8 , .

Let T be a tree of order k, and let G be a graph with §(G) > k—1. Then T is a
subgraph of G. :

Proof

The proof is by induction on k. The result is obvious for k = 1 since Kiisa
subgraph of every graph and for k = 2 since K; is a subgraph of every
nonempty graph.
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Assume for each tree T of order k — 1, k > 3, and every graph H with
§(H) > k — 2 that T' is a subgraph of H. Let T be a tree of order k and let G
be a graph with §(G) = k— 1. We show that T C G.

Let v be an end-vertex of T and let u be the vertex of T adjacent with v.
The graph T — v is necessarily a tree of order k —1. The graph G has
8(G) = k—1>k—2; thus by the inductive hypothesis, T — v is a sub-
graph of G. Let ' denote the vertex of G that corresponds to u. Since
degcu' > k—1and T — v has order k — 1, the vertex 1’ is adjacent to a
vertex w that corresponds to no vertex of T — v. Therefore, T C G. [

Theorem 3.8 can be restated to read that if G is a graph with 6(G) >k,
then G contains every tree of size k as a subgraph. This was extended to
forests by Brandt [B14].

Theorem 3.9

Let n and k be positive integers with n = 2k. Then every graph G of order n
with §(G) = k contains every forest of size k without isolated vertices as a
subgraph.

Although no convenient closed formula is known for the number of
nonisomorphic trees of order #, a formula does exist for the number
of distinct labeled trees (whose vertices are labeled from a fixed set of
cardinality n). For n =3 and n =4, the answer is sufficiently simple
that we can actually draw all three distinct trees of order 3 whose vertices
are labeled with elements of the set {1,2,3} and all 16 distinct trees of
order 4 whose vertices are labeled with elements of the set {1,2,3,4}.
These are shown in Figure 3.3,

In general, the number of distinct trees of order n whose vertices are
labeled with the same set of n labels is n"~2. This result is due to
Cayley [C4]. There have been a number of proofs of Cayley’s theorem.
The one that we describe here is due to Priifer [P6]. The proof consists
of showing the existence of a one-to-one correspondence between the
trees of order n whose vertices are labeled with elements of the set
{1,2,...,n} and the sequences (called Priifer sequences) of length n -2
whose entries are from the set {1,2,...,n}. Since the number of such
sequences is 7”2, once the one-to-one correspondence has been estab-
lished, the proof is complete.

Before stating Cayley’s theorem formally, we illustrate the technique
with an example. Consider the tree T of Figure 3.4 of order n = 8 whose
vertices are labeled with elements of {1,2,...,8}. Theend-vertexof Ty = T
having the smallest label is found, its neighbor is the first term of the
Priifer sequence for T, and this end-vertex is deleted, producing a new
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Figure 3.3 The labeled trees of orders 3 and 4.

Ty 0—0—0—0 Ts5: 0—O0—0
7 2 5 8 2 5 8

Prisfer sequence for T: (1,8, 1,5,2,5)
Figure 3.4 Determining the Priifer sequence of a tree.

tree T;. The neighbor of the end-vertex of T; having the smallest label is
the second term of the Priifer sequence for T; this end-vertex is deleted,
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producing the tree T;. We continue this until we arriveat T, _, = K,. The
resulting sequence of length # — 2 is the Priifer sequence for T.

In the example just described, observe that every vertex v of T appears
in its Priifer sequence degv — 1 times. This is true in general. Therefore,
no end-vertex of T appears in the Priifer sequence for T So, if T is a tree of
order # and size m, then the number of terms in its Priifer sequence is

Z (degv~1)=2m-n=2n—1)-n=n-2.
eV (T)

We now consider the converse question, that is, if (a;,ay,...,4,-7) is a
sequence of length n — 2 such thateachs; € {1,2,...,n}, then we construct
a labeled tree T of order n such that the given sequence is the Priifer
sequence for T. Suppose that we are given the sequence (1,8,1,5,2,5).
We determine the smallest element of the set {1,2,...,8} not appearing
in this sequence. This element is 3. In T, we join 3 to 1 {the first element
of the sequence). The first term is deleted and the reduced sequence
(8,1,5,2,5) is now considered. Also, the element 3 is deleted from the
set {1,2,...,8}, and the smallest element of this set not appearing in
8,1,5,2,5) is found, which is 4, and is joined to 8. This procedure is
continued until two elements of the set remain. These two vertices are
joined and T is constructed. This is illustrated in Figure 3.5.

Since a step in the second procedure is simply the reverse of a step in
the first procedure, we have the desired one-to-one correspondence. We
have now described a proof of Cayley’s theorem.

Theorem 3.10

There are n"~? distinct labeled trees of order n.

Theorem 3.10 might be considered as a formula for determining the
number of distinct spanning trees in the labeled graph K,. We now
consider the same question for graphs in general.

The next result, namely Theorem 3.11, is due to Kirchhoff [K4] and is
often referred to as the Matrix-Tree Theorem. The proof given here is based
on that given in Harary [H6].

This proof will employ a useful result of matrix theory. Let M and M’ be
¥ X sand s x r matrices, respectively, with 7 < 5. An 7 x r submatrix M; of
M is said to correspond to the r X r submatrix M; of M’ if the column
numbers of M determining M; are the same as the row numbers of M’
determining M;. Then

det(M-M') =) (det M;)(det Mj),

where the sum is taken over all r x r submatrices M; of M, and where Miis
the r x r submatrix of M’ corresponding to M;. The numbers detM; and
det M; are called the major determinants of M and M/, respectively.
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Figure 35 Constructing a tree with a given Priifer sequence.

As an illustration, we have

2 -1
[1 -2 3} 3 1| = [’—4 3]
Sl 4 6]
2 0 4 0 2 v
which has a determmant of —36. Writing |A| = det A, we see that
-2 -1} |1 3 ‘ —1‘ -2 3‘ }
2 12

~Let G be a graph with V(G) = {v1,v5,...,04}. The degree matrix
D(G) = [dy] is the n x n matrix with d; = degv, and d;; = 0 for i # j. We
now state the Matrix-Tree Theorem.

Theorem 3.11

If G is a nontrivial labeled graph with adjacency matrix A and degree matrix D,
then the number of distinct spanning trees of G is the value of any cofactor of the
mattix D — A.
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Proof

We note first that the sum of the entries of row i (column i) of A is degv;,

so every row (column) sum of D — A is 0. It is a result of matrix theory that.

all cofactors of D — A have the same value.

Assume first that G is a disconnected graph of order n, and that G,
is a component of G with V(G;) = {v1,05,...,%,}. Let D' be the
(n—1) x (n— 1) submatrix obtained by deleting from D — A the last
row and last column. Since the sum of the first r rows of D' is the zero
vector with # — 1 entries, the rows of D’ are linearly dependent, implying
that det D’ = 0. Hence one cofactor of D — A has value 0. This is, of course,
the number of spanning trees of G.

We henceforth assume that G is a connected (n, m) graph;so,m>n —1.
Let B denote the incidence matrix of G and in each column of B, replace
one of the two nonzero entries by —1. Denote the resulting matrix by
C = [¢;]. We now show that the product of C and its transpose C'is
D — A. The (i,j) entry of CC' is

L
Z CiCiks
k=1

which has the value deg v; if i = j, the value ~1 if v,v; € E(G), and 0 other-
wise. Therefore, CC' = D — A.

Consider a spanning subgraph H of G containing n — 1 edges. Let C' be
the (n — 1) x (n — 1) submatrix of C determined by the columns associated
with the edges of H and by all rows of C with one exception, say row k.

We now determine |det C'|. If H is not connected, then H has a compo-
nent H; not containing v;. The sum of the row vectors of C’ corresponding
to the vertices of H; is the zero vector with n — 1 entries; hence detC' = 0.

Assume now that H is connected so that H is (by Theorem 3.4) a span-
ning tree of G. Let u; (#v¢) be an end-vertex of H, and ¢; the edge incident
with it. Next, let u,(#v,) be an end-vertex of the tree H — u; and ¢, the
edge of H — u; incident with u,. We continue this procedure until finally
only v; remains. A matrix C" = [c}] can now be obtained by a permutation
of the rows and columns of C’ such that |cjj| = 1 if and only if u; and ¢; are
incident. From the manner in which C” was defined, any vertex u, is
incident only with edges ¢;, where j<i. This, however, implies that C" is
lower triangular, and since |c; { = 1 for all i, we conclude that |[detC"| = 1.
However, the permutation of rows and columns of a matrix affects only
the sign of its determinant, implying that |detC'| = |detC"| = 1.

Since every cofactor of D — A has the same value, we evaluate only the
ith principal cofactor; that is, the determinant of the matrix obtained by
deleting from D — A both row i and column i. Denote by C; the matrix
obtained from C by removing row i; so the aforementioned cofactor
equals det(C,C}), which, by the remark preceding the statement of this
theorem, implies that this number is the sum of the products of the
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corresponding major determinants of C; and C}. However, correspondmg
major determinants have the same value and their product is 1 if the
defining columns correspond to a spanning tree of G and is 0 otherwise.
This completes the proof. [

EXERCISES 3.1

3.1 Draw all forests of order 6.

3.2 Provethata graph G is a forest if and only if every induced subgraph
of G contains a vertex of degree at most 1.

3.3 Characterize those graphs with the property that every connected
subgraph is an induced subgraph.

34 A treeis called central if its cénter is Ky and bicentral if its center is K.
Show that every tree is central or bicentral.

3.5 Let T bea tree of order 3 or more, and let T be the tree obtained from
T by deleting its end-vertices.
(a) Show that diamT =diamT +2, radT =radT +1, and
Cen(T) = Cen(T").
(b) Show that a tree T is central or bicentral (see Exercise 3.4) accord-
ing to whether diam T =2rad T or diamT =2radT — 1.

3.6 Let G be a nontrivial connected graph. Define the block-cut-vertex
graph BC(G) of G as that graph whose vertices are the blocks and
cut-vertices of G and such that two vertices are adjacent if and
only if one vertex is a block and the other is‘a cut-vertex belonging
to the block.

(a) Show that BC(G) is a tree for every graph G.
(b) Show that BC(G) is a central tree.
(c) Prove Theorem 2.7.

3.7 (a) Show that every tree of order at least 3 contains a cut-vertex v
such that every vertex adjacent to v, with at most one exception,
is an end-vertex.

(b) Prove Theorem 2.8. (Hint: Consider the block-cut-vertex graph
(Exercise 3.6).)

3.8 Let T be a tree of order 7 such that T # K;,_;. Prove that T C T.
3.9 Determine the Priifer sequences of the trees in Figure 3.3.

3.10 (a) Which trees have constant Priifer sequences?
(b) Which trees have Priifer sequences each term of which is one of
two numbers?
(c) Which trees have Priifer sequences with distinct terms?
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3.11 Determine the labeled tree having Priifer sequence (4,5,7,2,1,
1,6,6,7).

3.12 Let G be the labeled graph below.

Vl V4

Va V3
(@) Use the Matrix-Tree Theorem to compute the number of distinct
labeled spanning trees of G.
(b) Draw all the distinct labeled spanning trees of G.

3.13 (a) Let G = K, with V(G) = {v,v,,7v3,7;}. Draw all spanning trees
of G in which vy is an end-vertex.
(b) Let v be a fixed vertex of G = K,. Determine the number of
spanning trees of G in which v is an end-vertex.

3.14 Prove Theorem 3.10 as a corollary to Theorem 3.11.

3.15 A graph G of order n with degree sequence dy,d,,...,d,, where
dyzdy > --- =d,, is defined to be degree dominated if d; <
[(n—1)/i] for each integer i (1 < i< n). Prove that every tree is
degree dominated.

3.2 ARBORICITY AND VERTEX-ARBORICITY

One of the most common problems in graph theory deals with
decomposition of a graph into various subgraphs possessing some
prescribed property. There are ordinarily two problems of this type,
one dealing with a decomposition of the vertex set and the other with
a decomposition of the edge set. One such property that has been the
subject of investigation is that of being acyclic, which we now
consider.

or a graph G, it is always possible to partition V(G) into subsets V,,
1< i k, such that each induced subgraph (V) is acyclic, that is, is a
forest. One way to accomplish this is by selecting each subset V; so that
Vil < 2; however, the major problem is to partition V(G) so that as few
subsets as possible are involved. This suggests our next concept. The
vertex-arboricity a(G) of a graph G is the minimum number of subsets
into which V(G) can be partitioned so that each subset induces an acyclic
subgraph. It is obvious that 4(G) = 1if and only if G is acyclic. For a few
classes of graphs, the vertex-arboricity is easily determined: For example,
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a(C,) = 2.Ifnis even, a(K,) = n/2; while if n is odd, a(K,;) = (n +1)/2. So,
in general, a(K,,) = [n/2]. Also, a(K,s) =1ifr =1ors =1, and a(K,;) =2
otherwise. No formula is known in general, however, for the vertex-
arboricity of a graph although some bounds for this number exist. First,
it is clear that for every graph G of order n,

a(G) < [g] . (32)

The bound (3.2) is not a particularly good one in general. In order to
present a better bound, a new concept is introduced at this point.

A graph G is called critical with respect to wvertex-arboricity if
a(G — v) < a(G) for all vertices v of G. This is the first of several occasions
when a graph will be defined as critical with respect to a certain
parameter. In order to avoid cumbersome phrases, we will simply use
the term ‘critical’ when the parameter involved is clear by context. In
particular, a graph G that is critical with respect to vertex-arboricity
will be referred to in this section as a critical graph and, further, as a
k-critical graph if a(G) = k. A k-critical graph necessarily has k > 2. The
complete graph Ky _; is k-critical while each cycle is 2-critical. It is
not difficult to give examples of critical graphs; indeed, every graph G
with a(G) =k> 2 contains an induced k-critical subgraph. In fact,
every induced subgraph G’ of G of minimum order with a(G) =k is
k-critical.

Before presenting the aforementioned bound for a(G), we give another
result.

Theorem 3.12

If G is-a graph having a(G) =k = 2 that is critical with respect to vertex-
arboricity, then 6(G) = 2k — 2.

Proof

Let G be a k-critical graph, k > 2, and suppose that G contains a vertex v of
degree 2k — 3 or less. Since G is k-critical, 2(G — v) =k — 1 and there is a
partition VyV5,...,Vi_q of the vertex set of G — v such that each sub-
graph (V;) is acyclic. Because degv < 2k — 3, at least one of these subsets,
say V;, contains at most one vertex adjacent with v in G. The subgraph
(V;U{v}) is necessarity acyclic. Hence V3, V,...,V;U{v},...,Vi_qisa
partition of the vertex set of G into k — 1 subsets, each of which induces an
acyclic subgraph. This contradicts the fact that 2(G) =k. [

We are now in a position to present the desired upper bound [CK1].
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Theorem 3.13
For each graph G,

2(G) <1

N [max;(G') J,

where the maximum is taken over all induced subgraphs G' of G.

Proof

The result is obvious for acyclic graphs; thus, let G be a graph with
a(G) = k > 2. Now let H be an induced k-critical subgraph of G. Since H

itself is an induced subgraph of G,
8(H) < max 8(G'), (3.3)

where the maximum is taken over all induced subgraphs G’ of G. By
Theorem 3.12, §(H) > 2k — 2, so by (3.3),

max §(G') = 2k — 2 = 2a(G) ~

This inequality now produces the desired result. O

Since §(G') < A(G) for each induced subgraph G' of G, we note the
following consequence of the preceding result.

Corollary 3.14
For every graph G,

a(Gy <1+ lA—(z(:J-)—J

We now turn to the second decomposition problem. The edge-arboricity,
or simply the arboricity a;(G) of a nonempty graph G is the minimum
number of subsets into which E(G) can be partitioned so that each
subset induces an acyclic subgraph. As with vertex-arboricity, a non-
empty graph has arboricity 1 if and only if it is a forest. The following
lower bound for the arboricity of a graph was established by Burr [B16].

Theorem 3.15
For every graph G,

& (G) = Pj—?-\%?@-l,

where the maximum is taken over all induced subgraphs G' of G.
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Proof

Let G; be an induced subgraph of G having order n, and size m;. Thus G;
can be decomposed into 4;(G) or fewer acyclic subgraphs, each of which
has size at most #; — 1. Then

21111 < 2("1 - 1)”1 (G) < 2L11 (G)

(G
<5 -

Hence max §(G') < 24;(G), where the maximum is taken over all induced
subgraphs G’ of G. Therefore, 24;(G) > 1+ max §(G’) which yields the
desired result. [

We now have a result that relates a(G) and 41 (G), also due to Burr [B16].

Corollary 3.16
For every graph G, a(G) < a1(G).

Proof
By Theorems 3.13 and 3.15, we have
24(G) -2 < max §(G') < 24;(G) - 1,
where the maximum is taken over all inducea subgraphs G’ of G. So

a(G)<a1(G) +2. Since a(G) and 4,(G) are integers, the result follows. [J

Unlike vertex-arboricity there is a formula for the arboricity of a graph,
which was discovered by Nash-Williams [N'1]. The proof we give is due to
Hakimi, Mitchem and Schmeichel [HMS1]1.

Theorem 3.17
For every nonempty graph G,

= [E(H)]
@ =g |

where the maximum is taken over all nontrivial induced subgraphs H of G.

Proof

The statement of the theorem is equivalent to the following, and it is in
this form that we prove the result: The arboricity of a graph G is at most k
if and only if

[E(H)| < K(IV(H)| - 1)
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for all induced subgraphs H of G. Assume first that 4;(G) < k. Then there

is a partition of E(G) into subsets Eq, E,, ..., E,, where ¢ < k and such that
(E;) is acyclic forall i (1 < i< ¢).

Let H be an induced subgraph of G, and define X; = E;NE(H) for
i=1,2,...,¢. Hence E(H) is partitioned into the nonempty subsets
among Xy, X,,...,X,. Since each such subset X; induces an acyclic sub-
graph of H, it follows that |[E((X;))] < |V({X;))] ~ 1. Hence

EE)| < (VH) -1) <k(V(H)|-1).

We now verify the sufficiency. Suppose, to the contrary, that there exist
graphs G’ for which (a) |[E(H')| < k(JV(H')| — 1) for all induced subgraphs
H' of G' and (b) ;(G) > k. Let G be such a graph of minimum size. Let
€y be an edge of G. Because of the defining property of G, there exists a
partition Eq,E,,...,Ex of E(G —ey) such that F; = (E;) is a forest for
i=1,2,...,k

For each edge ¢ of G — ¢y, we define the index idx(e) of e as the integer i
(1 <i<k) such that e € E;. In this context, an edge e of G is said to be
reachable (from ep) if either (a) e = ¢, or (b) there exists a sequence ¢,
e1,...,e = e of edges of G such that for each i (1 < i < r), the two vertices
incident with ¢;...; are connected by a path containing ¢; all of whose edges
belong to Figy,). An edge e of G is forest-connected (with respect to the
partition Ey, E, ..., E;) if the two vertices incident with e are connected
by a path in F; for every i (1 € i < k). Equivalently, e is forest-connected
if ¢ lies on a cycle in (E; U {e}) for every i (1 < i < k) with i # idx(e).

First, we claim that every reachable edge of G is forest-connected. By
definition, e is reachable. The edge ¢; is certainly forest-connected; for
otherwise there is some j (1 <j <k) such that (E;U{e}) has no cyde
containing ey, which implies that 4,(G) <k, contrary to assumption.
Suppose, to the contrary, that there exists a reachable edge e of G — ¢,
that is not forest-connected. Since e is reachable, there exists a sequence
€y,€1,---,¢ =e of minimum length r(>1) such that the two vertices
incident with ¢;_; are connected by a path P; in Figy, that contains e;.
Since ¢ is not forest-connected, there exists an-integer s (1 < s.< k) with
s # idx(e) such that (E; U {e}) is acydlic.

From the given partition Ey, E,, ..., E¢ of E(G — ¢)), we now recursively
construct a partition of E(G) into k subsets, which we will also refer to as
Ey,E;,...,E. Foranedge f of G — g, the integer idx(f ) refers to the index
(subscrlpt) of the set to which f orlgmally belongs, regardless of what
subsets f may belong as the sets E;, E,, ..., E; are redefined. As the first
of r +1 sequential steps, we relocate the edge e =¢, to E;, denoting the
resulting set by E;. Of course, the set E;gx(,) 1o longer contains ¢,, but the
resulting set is still denoted by Eiqx(e,)- All other sets E; (1.<i<k) are
unchanged and are denoted as before.

For the second step, the edge ¢, _; is relocated to the set Eigx(c,), and the
sets Ey,Ey,...,Ey are redefined. For the third step, we relocate ¢,_, to
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Eidx(,.,) and so on, until, finally, in the last and (r+ 1)st step, ¢ is
relocated to Eigy(,). After the completion of these r + 1 steps, we now
have a partition Eq, E,, ..., E, of E(G).

Initially, each of the subsets E; (1 € i< k) induces an acyclic subgraph,
namely the forest F;. We show now that after each of the r 4 1steps, each
of the resulting sets E; induces an acyclic graph. We verify this by finite
induction. The desired result is certainly true after the first step. Assume,
after the completion of the jth step (1 < <r), that each of the resulting
subsets E;, Ey,. . ., Ey induces an acyclic subgraph. In the (j + 1)st step, the
edgee,_;is added to the set Ejgy(, _,,,)- By the minimality of 7, the original
(unique) path P, _; 1 in Fige, i) that connects the two incident vertices
of e,_; and contains the edge e,_ j+1 does not contain any edge ¢; with
i > r—j+ 1. Therefore, this path is not affected by the relocation of the
edges e,,¢,_1,-..,€ 4. However, when ¢, ;.1 is relocated, there is no
longera path in Fldx(e ) connecting the two incident vertices of er—j and
after the (j+ 1)st step, idx(e, .,,,) induces an acyclic subgraph, as does
each set E; (1 <i<k). This completes the proof of the inductive step
and, consequently, after the (r -+ 1)st step, each of the sets E;, Es,...,Ex
in the partition of E(G) induces an acyclic subgraph. However, then,
a1(G) <k, contrary to assumption. Thus, as claimed, every reachable
edge of G is forest-connected.

Let ] be the subgraph of G induced by the set of reachable edges of G.
Necessarily, ] is connected. Fori = 1,2,...,k, define F; as that forest with
vertex set V(] } and edge set E(F;) N E(]). Next we show that every forest
Fi (1<i<k)is, in fact, a tree. Let j (1 < j < k) be a fixed integer, and let v
and w be distinct vertices of F}. Since J is connected, there exists a v—w path
Pv~—vo,vl, Uy =win J. Let & =v;_qv; for i =1,2,...,¢. Thus each
edge ¢! (1 <i<¢) is reachable and so is forest—connected as well. Since
each edge ¢; (1 < i< /) is forest-connected, the two incident vertices of
¢; are connected by a path P; in F;. Since each edge e, (1 €i<?)isreach-
able, so is every edge of P;. Thus, P; is a path of F;. The walk consisting
of the path P, followed by P, P3,...,P,is a v-w Walk Thus, F contains a
v-w path and so F; is connected. Therefore, Fj is a spanning tree of J; so
[E(F)I = [V(J)] — 1 for each j (1 <j<k). Let H be the subgraph of G
induced by V(J). Then

k
[EE)ZED| =1+ |[EF)] =1+k(V(EH)] - 1),
j=1

which produces a contradiction. []

As a consequence of Theorem 3.17, it follows that

0(K,) = E] and a(K,;) = [—-—-”5—]

r+s5-1
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It is interesting to note that when n is even, K, can be decomposed into 1/2
spanning paths, as shown by Beineke [B2], and when 7 is odd, K, can be
decomposed into (n + 1)/2 subgraphs, (n — 1)/2 of which are isomorphic

to P,_, UK; and the other isomorphic to K; ,_1. Decomposing a graph.

into pairwise edge-disjoint acyclic subgraphs is a special case of the
more general subject of decomposition, which will be considered in
Chapter 9.

EXERCISES 3.2

3.16 Are there graphs of order n other than K, with a(K,) = [n/2]?

3.17 For all pairs k, n of positive integers with k < [1/2], give an example
of a graph G of order n with a(G) =

3.18 What upper bounds for a(K;;) are given by Theorem 3.13 and
Corollary 3.14?

3.19 Let G be a k-critical graph with respect to vertex-arboricity (k > 3).
Prove that for each vertex v of G, the graph G — v is not (k — 1)-critical
with respect to vertex-arboricity.

3.20 Show that the formula given for ;(G) for a nonempty graph G in
Theorem 3.17 is, in fact, equivalent to the statement: The arboricity
of G is at most k if and only if |[E(H)| < k(|]V(H)| — 1) for all induced
subgraphs H of G.

3.21 Give an example of a graph G that has a nonempty induced sub-
graph H such that

IE(G)| [E(H)|
| [W(G)l —1]< [IV(H)I ~ J’
thereby proving that, in general, a;(G) # [|[E(G)|/(IV(G)| — 1)].
Determine a,(G) for this graph.

3.3 CONNECTIVITY AND EDGE-CONNECTIVITY

A vertex-cut in a graph G is a set U of vertices of G such that G- U is
disconnected. Every graph that is not complete has a vertex-cut.
Indeed, the set of all vertices distinct from two nonadjacent vertices is a
vertex-cut. Of course, the removal of any proper subset of vertices from a
complete graph leaves another complete graph. The verlex-connectivity or
simply the connectivity (G) of a graph G is the minimum cardinality of a
vertex-cut of G if G is not complete, and k(G) =n — 1if G = K,, for some
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positive integer n. Hence «(G) is the minimum number of vertices whose
removal results in a disconnected or trivial graph. It is an immediate con-
sequence of the definition that a nontrivial graph has connectivity 0 if and
only if G is disconnected. Furthermore, a graph G has connectivity 1 if
and only if G = K; or G is a connected graph with cut-vertices; k(G) > 2
if and only if G is nonseparable of order 3 or more.

Connectivity has an edge analogue. An edge-cut in a graph G is a set X of
edges of G such that G — X is disconnected. If X is a minimal edge-cut of a
connected graph G, then, necessarily, G — X contains exactly two compo-
nents. Every nontrivial graph has an edge-cut. The edge-connectivity x;(G)
of a graph G is the minimum cardinality of an edge-cut of G if G is non-
trivial, and & (K;) = 0. So x{{G) is the minimum number of edges whose
removal from G results in a disconnected or trivial graph. Thus £;(G) =0
if and only if G is disconnected or trivial; while %1 (G) = 1 if and only if G
is connected and contains a bridge.

We now describe a basic relationship between vertex-cuts and edge-
cuts in graphs. The following result is due to Brualdi and Csima [BC41.

Theorem 3.‘18

Let G be a connected graph of order n > 3 that is not complete. For each edge-cut
X of G, there is a vertex-cut U of G such that |U| < {X].

Proof

Assume, without loss of generality, that X is a minimal edge-cut of G.
Then G — X is a disconnected graph containing exactly two components
G, and G,. We consider two cases.

Case 1. Every vertex of Gy is adjacent to every vertex of G;. Then |X| 2 n — 1.
Since G is not complete, either G; or G, contains two nonadjacent vertices.
Say G; has nonadjacent vertices u and v. Then U = V(G) — {u, v}, which
has cardinality # — 2, has the desired property.

Case 2. There.are vertices u in Gy and v in G, that are not adjacent in G. For
each edge e in X, we select a vertex for U in the following way. If u is
incident with e, then choose the other vertex (in G,) incident with e for
U; otherwise, select for U the vertex that is incident with ¢ and belongs
to G;. Now |U] < |X]. Furthermore, u, v € V(G — U), but G — U contains
no u—v path, so U is a vertex-cut. [

We are now in a position to present a result due to Whitney.[W6].

Theorem 3.19
For every graph G,
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< 4

Figure 3.6 A graph G with £(G) = 2, £(G) = 3 and §(G) = 4.

Proof

Let v be a vertex of G such that degv = 6(G). The removal of the §(G)
edges of G incident with v results in a graph G’ in which v is isolated,
so G is either disconnected or trivial. Therefore, x,(G) < 6(G).

We now verify the other inequality. If G = K, for some positive integer
n, then k(K,,) = r;(K,) = n — 1. Suppose next that G is not complete, and
let X be an edge-cut such that |X| = x;(G). By Theorem 3.18, there exists a
vertex-cut U such that |U] < [X]. Thus

G Ul X = (G). O

Figure 3.6 shows a graph G with «(G) =2, £1(G) =3, and 6§(G) =4. It
can be shown (Exercise 3.31) that if 4,b and c are positive integers with
a < b < ¢, then there is a graph G with x(G) = 4, £(G) = b and §(G) = c.

A graph G is said to be k-connected, k=1, if &(G) >k Thus G is
1-connected if and only if G is nontrivial and connected; while G is 2-
connected if and only if G is nonseparable and has order at least 3. In
general, G isk-connected if and only if the removal of fewer than k vertices
results in neither a disconnected nor trivial graph.

It is often the case that knowing that a graph is k-connected for some
specified positive integer k is as valuable as knowing the actual connec-
tivity of the graph. As would be expected, the higher the degrees of the
vertices of a graph, the more likely it is that the graph has large connec-
tivity. There are several sufficient conditions of this type. We present one
of the simplest of these, originally presented in [CH1].

Theorem 3.20
Let G bea graph of order n 2 2, and let k be an integersuchthat 1 <k <n—1.If
degv > Irl‘t_’z(_.:__z..l

for every vertex v of G, then G is k-connected.

Proof

Suppose that the theorem is false. Then there is a graph G satisfying the

hypothesis of the theorem such that G is not k<connected. Certainly, then,
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G is not a complete graph. Hence there exists a vertex-cut LI of G such that
|U| = ¢ < k — 1. The graph G — U is therefore disconnected of ordern — ¢.

Let G; be a component of G— U of smallest order, say n;. Thus
n < [(n—¢)/2). Let v be a vertex of G;. Necessarily, v is adjacent in G
only to vertices of U or other vertices of G;. Hence

degv</+(m—-1)<t+|{(n—7)/2] -1
=|(n+¢-2)/2] < [(n+k-3)/2],
contrary to the hypothesis. [J

A graph G is k-edge-connected, k = 1, if x{(G) = k. Equivalently, G is k-
edge-connected if the removal of fewer than k edges from G results in
neither a disconnected graph nor a trivial graph. The class of k-edge-
connected graphs is characterized in the following simple but useful
theorem.

Theorem 3.21

A nontrivial graph G is k-edge-connected if and only if there exists no nonempty

proper subset W of V(G) such that the number of edges joining W and
V(G) — W is less than k.

Proof

First, assume that there exists no nonempty proper subset W of V(G) for
which the number of edges joining W and V(G) — W is less than kbut that
G is not k-edge-connected. Since G is nontrivial, this implies that there
exist £ edges, 0 < £ < k, such that their deletion from G results in a dis-
connected graph H. Let H; be a component of H. Since the number of
edges joining V(H,) and V(G) — V(H,) is at most ¢, where ¢ < k, this is
a contradiction.

Conversely, suppose that G is a k-edge-connected graph. If there should
exist a subset W of V(G) such that j edges, j <k, join W and V(G) — W,
then the deletion of these j edges produces a disconnected graph - again a
contradiction. The characterization now follows. []

According to Theorem 3.19, £;(G) < 6(G) for every graph G. The
following theorem of Plesnik [P5] gives a sufficient condition for equality
to hold. :

Theorem 3.22
If G is a graph of diameter 2, then k,(G) = §(G).
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Proof

Let S be a set of k;(G) edges of G whose removal disconnects G, and let H;
and H, denote the components of G — S, with orders n; and n,, respec-
tively. Without loss of generality, assume that n; < n,.

Suppose that some vertex u of H; is adjacent in G to no vertex of H,.
Then d¢(u,v) = 2 for each vertex v of H;, and each vertex v of Hj is adja-
cent to some vertex of Hj. Thus, either each vertex of H, is adjacent to
some vertex of H, or each vertex of H, is adjacent to some vertex of H;.
In either case,

£1(G) = |S] = min{n, ny} = n,.

For each vertex u € V(Hy), let-d;(1) denote the number of vertices of
H; (i =1,2) adjacent to u in G. Then

8(G) < degu = dy(u) +do(u) Sy — 1+d,(u)
< k1(G) — 1+ dy() < 8(C) — 1+ dy(10). (3.4)

Since 8(G) = «1(G), it follows from (3.4) that d,(u) > 1 for each vertex u of
Hy. Let V(H;) = {uy,4s,. .., 4}, where k = ny. Then
k k-1
k1(G) =181 =Y da(w) = Y +eda() > (k— 1) + ()
i=1 i=1
= Hq -~ 1 4= d2(uk). (35)
Again since §(G) = «,(G), it follows from (3.4) and (3.5) that
ny —1+dy(ue) > 8(G) 2 r1(G) = my — 1+ da ().
Thus, k1(G) = 6(G). [I

Corollary 3.23
If G is a graph of order n = 2 such that for all distinct nonadjacent vertices u
and v, :
degu +degv =zn—1,
then k1 (G) = §(G).

EXERCISES 3.3

3.22 Determine the connectivity and edge-connectivity of each complete
k-partite graph.

3.23 Letvy,v,,...,u be k distinct vertices of a k-connected graph G. Let H
be the graph formed from G by adding a new vertex of degree k that
is adjacent to each of v;,7,...,v;. Show that k(H) = k.
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3.24 Let H = G +K;, where G is k-connected. Prove that H is (k+ 1)-
connected.

3.25 Let G be a graph with degree sequence dy,d,...,d,, where
dy 2dy = --- 2d,. Define H = G; + K;. Determine «; (H).

3.26 Show that every k-connected graph contains every tree of orderk + 1
as a subgraph.

3.27 Let G be a noncomplete graph of order n and connectivity k such that
degv > (n +2k —2)/3 for every vertex v of G. Show that if S is a
vertex-cut of cardinality x(G), then G — § has exactly two components.

3.28 For a graph G of order n = 2, define the k-connectivity x.(G) of G,
2<k<n as the minimum number of vertices whose removal
from G results in a graph with at least k components or a graph of
order less than k. (Note that x,(G) = &(G).) A graph G is defined to
be (¢, k)-connected if £, (G) > ¢. Let G be a graph of order n contain-
ing a set of at least k pairwise nonadjacent vertices. Show that if

degsv = [ﬁﬂ%ﬂiﬁ]

for every v € V(G), then G is (¢, k)-connected.
3.29 Prove Corollary 3.23.

3.30 Let G be a graph of diameter 2. Show that if S is a set of &;(G) edges
whose removal disconnects G, then at least one of the components of
G — § is isomorphic to K; or Kyg).

3.31 Let a,b and c be positive integers with a < b < c. Prove that there
exists a. graph G with &(G) =4, k;(G) = b and §(G) = c.

3.32 Verify that Theorem 3.20 is best possible by showing that for each
positive integer k, there exists a graph G of order n{(>k + 1) such that
8(G) = [(n+k—3)/2] and k(G) < k.

3.33 Verify that Theorem 3.22 is best possible by finding an infinite class
of graphs G of diameter 3 for which k;(G) # 6(G).

3.34 The connection number c(G) of a connected graph G of order n > 2 is
the smallest integer k with 2 < k < such that every induced sub-
graph of order k in G is connected. State and prove a theorem that
gives a relation between x(G) and ¢(G) for a graph G of order n.

3.4 MENGER’'S THEOREM

A nontrivial graph G is connected (or, equivalently, 1-connected) if
between every two distinct vertices of G there exists at least one path.
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Figure 3.7 A graph illustrating Menger's theorem.

This fact can be generalized in many ways, most of which involve, either
directly or indirectly, a theorem due to Menger [M6]. In this section, we
discuss the major ones of these, beginning with Dirac’s proof [D8] of
Menger’s theorem itself.

A set S of vertices (or edges) of a graph G is said to separate two vertices
u and v of G if the removal of the elements of S from G produces a dis-
connected graph in which 4 and v lie in different components. Certainly,
then, S is a vertex-cut (edge-cut) of G.

In the graph G of Figure 3.7, there is a set S = {wy, w,, w3} of vertices of
G that separate the vertices u and v. No set with fewer than three vertices
separates u and v. As is guaranteed by Menger's theorem [M6], stated
next, there are three internally disjoint u-v paths in G.

Theorem 3.24

Let u and v be nonadjacent vertices in a graph G. Then the minimum number of

vertices that separate u and v is equal to the maximum number of internally
disjoint u—v paths in G.

Proof

First, if u and v lie in different components of G, then the result is true; so
we may assume that the graphs under consideration are connected. If the
minimum number of vertices that separate 4 and v is k(>1), then the max-
imum number of internally disjoint #—v paths in G is at most k. Thus, if
k=1, the result is true (since we are assuming that G is connected).
Denote by Si(u,v) the statement that the minimum number of vertices
that separate 1 and v is k.

Suppose that the theorem is false. Then there exists a smallest positive
integer £(>2) such that 5;(u, v) is true in some graph G but the maximum
number of internally disjoint u-v paths is less than £. Among all such
graphs G of smallest order, let H be one of minimum size.

We now establish three properties of the graph H.
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1. For every two adjacent vertices vy and v, of H, where neither vy nor vy is u
or v, there exists a set U of t — 1 vertices of H such that UU {v;},i= 1,2,
separates u and v.

To see this, let ¢ = v,v, and observe that S;(u,v) is false for H —e.
However, we claim that S, _; (1, v) is true for H — e. If not, there exists
a set W of vertices that separates 4 and v in H — e, where |W| < ¢ — 2.
Then W separates u and v in both H — vy and H — v;; s0 WU {v;},
i = 1,2, separates u and v in H, which is impossible. Thus, as claimed,
S;_1(u,v) is true in H —e. So there exists a set U that separates u
and v in H — ¢, where |U| =t — 1. However, then UU{v;}, i=1,2,
separates # and v in H.

2. For each vertex w(#u,v) in H, not both uw and vw are edges of H.

Suppose that this is not true. Then S;_;(%,v) is true for H —w.
However, then, H—w contains t-1 internally disjoint u-v
paths. So H contains ¢ internally disjoint v paths, which is a
contradiction.

3. If W = {wy,w,,...,w;} is a set of vertices that separates u and v in H,
then either uw; € E(H) for all i(1<i<t) or vw; € E(H) for all i
(1<igt).

Define H, as the subgraph induced by the edges on all u-w; paths
in H that contain only one vertex of W. Define H, similarly. Observe
that V(H,) N V(H,) = W. Suppose that the above statement is not
true. Then both H, and H, have order at least ¢ + 2. Define H;, to
consist of H,, a new vertex v* together with all edges v*w;. Also,
define H to consist of H,, a new vertex u* together with all edges
w*w;. Observe that H and H, have smaller order than H. So
Si(u,v*) is true in H, and S,(u*,v) is true in Hj. Therefore,
there exist t internally disjoint u—v* paths in H, and ¢ internally
disjoint u*~v paths in H;. These 2t paths produce ¢ internally disjoint
u—v paths in H, a contradiction. '

Let P be a u-v path of length d(u,v). Then d(u,v) > 3 by (2). Thus we
may write P: u, 4y, Uy, . .., v where uy, u; # v. By (1), there exists a set U of
t — 1 vertices such that both U U {u;} and UU {u,} separate u and v. In
particular, U U {u,} separates u and v. So every vertex of U is adjacent to
u. Consider U U {u}. No vertex of U is adjacent to v, and so # is adjacent
to u,, which is impossible. [0

With the aid of Menger’s theorem,‘ it is now possible to present
Whitney’s characterization [W6] of k-connected graphs.

Theorem 3.25

A nontrivial graph G is k-connected if and only if for each pair u,v of distinct
vertices there are at least k internally disjoint u—v paths in G.
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Proof

Assume that G is a k-connected graph. Suppose, to the contrary, that there
are two vertices # and v such that the maximum number of internally
disjoint v paths in G is ¢, where ¢ < k. If uv ¢ E(G) then, by Theorem
3.24, (G) < ¢ <k, which is contrary to hypothesis. If uv € E(G), then
the maximum number of internally disjoint u-v paths in G—uv is
¢ ~ 1< k—1; hence &(G — uv) < k- 1. Therefore, there exists a set U of
fewer than k — 1 vertices such that G —uv — U is a disconnected graph.
Therefore, at least one of G~ (U U {u}) and G — (UU {v}) is discon-
nected, implying that «(G) < k. This also produces a contradiction.

Conversely, suppose that G is a nontrivial graph that is not k-connected
but in which every pair of distinct vertices are connected by at least k
internally disjoint paths. Certainly, G is not complete.

Since G is not k-connected, £(G) < k. Let W be a set of k(G) vertices of G
such that G — W is disconnected, and let u and v be in different com-
ponents of G = W. The vertices u and v are necessarily nonadjacent; how-
ever, by hypothesis, there are at least k internally disjoint u~v paths. By
Theorem 3.24, u and v cannot be separated by fewer than k vertices, so a
contradiction arises. [J

With the aid of Theorem 3.25, the following result can now be estab-
lished rather easily.

Theorem 3.26

If G is a k-connected graph and v,vy,v,, ..., v are k+ 1 distinct vertzces of G,
then there exist internally disjoint v~v; paths (1 < i< k).

Proof

Construct a new graph H from G by adding a new vertex u to G together
with the edges uv;, 1 =1,2,...,k. Since G is k-connected, H is k~connected
(Exercise 3.23). By Theorem 3.25, there exist k internally disjoint u~v paths
in H. The restriction of these paths to G yields the desired internally dis-
joint v—v; paths. [

One of the interesting properties of 2-connected graphs is that every
two vertices of such graphs lie on a common cycle. (This is a direct
consequence of Theorem 2.5.) There is a generahzatlon of this fact to k-
connected graphs by Dirac [D5].

Theorem 3.27

Let G be a k-connected graph, k > 2. Then every k vertices of G lie on a common
cycle of G.
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Proof

For k =2, the result follows from Theorem 2.5; hence, we assume that
k = 3. Let W be a set of k vertices of G. Among all cycles of G, let Cbe a
cycle containing a maximum number, say ¢, of vertices of W. We observe
that ¢ = 2. We wish to show that £/ = k. Assume, to the contrary, that
¢ < k. Let w be a vertex of W such that w does not lie on C.

Necessarily, C contains at least £+ 1 vertices; for if this were not the
case, then the vertices of C could be labeled so that C: wy,w,, ..., w,, wy,
where w; € W for 1 <i</¢. By Theorem 3.26, there exist internally
disjoint w-w; paths Q;, 1 <i < 7. Replacing the edge wyw, on C by the
wy—w, path determined by (; and Q,, we obtain a cycle containing at
least ¢ + 1 vertices of W, which is a contradiction. Therefore, C contains
at least £ + 1 vertices.

Thus we may assume that C contains vertices wy,wy,..., Wy, Weyq,
w; €W for 1€i<¢ and w,.; ¢ W. Since k> ¢+ 1, we may apply
Theorem 3.26 again to conclude that there exist £ + 1 internally disjoint
w-w; paths P; (1 €i<¢+1). Foreachi=1,2,...,£ 41, let v; be the first
vertex on P; that belongs to C (possibly v; = w;) and let P} denote the w—v;
subpath of P;. Since C contains exactly £ vertices of W, there are distinct
integers sand f, 1 <5, t < ¢ + 1, such that one of the two v,~v; paths, say
P, determined by C contains no interior vertex belonging to W. Replacing
P by the v,~v, path determined by P, and P}, we obtain a cycle of G
containing at least £+ 1 vertices of W. This contradiction gives the
desired result that £/ =k. [

Both Theorems 3.24 and 3.25 have ‘edge’ analogues; the analogue to
Theorem 3.24 was proved in Elias, Feinstein and Shannon [EFS1] and
Ford and Fulkerson [FF1]. It is not surprising that the edge analogue of
Theorem 3.24 can be proved in a manner that bears a striking similarity to
the proof of Theorem 3.24.

Theorem 3.28

If u and v are distinct vertices of a graph G, then the maximum number of edge-
disjoint u—v paths in G equals the minimum number of edges of G that separate u
and v.

Proof

We actually prove a stronger result here by allowing G to be a multi-
graph.

If 1 and v are vertices in different components of a multigraph G, then
the theorem is true. Thus, without loss of generality, we may assume that
the multigraphs under consideration are connected. If the minimum
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number of edges that separate u and v is k, where k =1, then the
maximum number of edge-disjoint u~v paths is at most k. Thus, the
result is true if k = 1.

For vertices u and v of a multigraph G, let S; (1, v) denote the statement
that the minimum number of edges that separate u and v is k.

If the theorem is not true, then there exists a positive integer ¢(>2) for
which there are multigraphs G containing vertices u and v such that
S(u,v) is true, but there is no set of ¢ edge-disjoint u~v paths. Among
all such multigraphs G, let F denote one of minimum size.

If every u—v path of F has length 1 or 2, then since the minimum
number of edges of F that separate u and v is 7/, it follows that there
are ¢ edge-disjoirit u~v paths in F, producing a contradiction. Thus F
contains at least one u—v path P of length 3 or more. Let e; be an
edge of P incident with neither u nor v. Then for F — ¢;, the statement
S¢(u,v) is false but S, _1(u,v) is true. This implies that e; belongs to a set
of £ edges of F that separate u and v, say {ey,e,...,e,}. We now sub-
divide each of the edges ¢;, 1 < i < ¢, that is, let ¢; = u;v;, replace each ¢
by a new vertex w;, and add the 2/ edges w;w; and w;v;. The vertices w;
are now identified, producing a new vertex w and a new multigraph H.
The vertex w in H is a cut-vertex, and every u—v path of H contains w.

Denote by H,, the submultigraph of H determined by all u~w paths of H;
the submultigraph H, is defined similarly. Each of the multigraphs H,
and H, has fewer edges than.does F (since ¢; was chosen to be an edge
of a u—v path in F incident with neither u nor v). Also, the minimum
number of edges separating # and w in H, is 7, and the minimum
number of edges separating v and w in H, is ¢. Thus, the multigraph H,
satisfies S, (1, w) and the multigraph H, satisfies S,(w, v). This implies that
H, contains a set of ¢/ edge-disjoint u—w paths and H, coritains a set of £
edge-disjoint w-v paths. For each i=1,2,...,¢, a u-w path and w-v
path can be paired off to produce a u-v path in H containing the two
edges ww and wv;. These ¢ u—v paths of H are edge-disjoint. The process
of subdividing the edges ¢; = u;v; of F and identifying the vertices w; to
obtain w can now be reversed to produce ¢ edge-disjoint #—v paths in F.
This, however, produces a contradiction.

Since the theorem has been proved for multigraphs G, its validity
follows in the case where G is a graph. [

With the aid of Theorem 3.28, it is now possible to present an edge
analogue of Theorem 3.25.

Theorem 3.29

A nontrivial graph G is k-edge-connected if and only if for every two distinct
vertices u and v of G, there exist at least k edge-disjoint u—v paths in G.
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EXERCISES 3.4

3.35 Prove thata graph G of ordern > k+ 1 > 3 is k-connected if and only
if for each set S of k distinct vertices of G and for each two-vertex
subset T of S, there is a cycle of G that contains the vertices of T
and avoids the vertices of S — T.

3.36 Prove that a graph G of order n > 2k is k-connected if and only if for
every two disjoint sets V; and V, of k vertices each, there exist k
disjoint paths connecting V{ and V5.

3.37 LetG beak-connected graph and let v be a vertex of G. For a positive
integer t, define G; to be the graph obtained from G by adding t new
vertices uy, U, ..., u; and all edges of the form w;w, where 1 <i<t
and for which vw € E(G). Show that G, is k-connected.

3.38 Show that if G is a k-connected graph with nonempty disjoint subsets
S and S, of V(G), then there exist k internally disjoint paths
Py, P,,..., Py such that P; is a u;~v; path, where u; € S; and v; € 5,,
fori= 1,2, .. .,k, and [S1 N V(Pl)l = ‘52 n V(P,)l =1.

3.39 Let G be a k-connected graph, k > 3, and let v,v5,v;,...,7_1 be k
vertices of G. Show that G has a cycle C containing all of
V1,02, - - -, Vg1 but not v and k — 1 internally disjoint v — v; paths P;
(1 < i<k~ 1) such that for each i, the vertex v; is the only vertex of
P;on C.

3.40 Prove Theorem 3.29.

3.41 Prove or disprove: If G is a k-edge-connected graph and
V,04,Up,-.-,7 are k+1 distinct vertices of G, then for
i=1,2,...,k there exist v—v; paths P; such that each path P; contains
exactly one vertex of {vy, vy, ..., v}, namely v;, and for i # j, P;and P;
are edge-disjoint.

3.42 Prove or disprove: If G is a k-edge-connected graph with nonempty
disjoint subsets S; and S, of V(G), then there exist k edge-disjoint
paths Py, P,,..., Py such that P; is a u;—v; path, where u; € §; and
v; €5y fori=1,2,...,kand [S;NV(P)| =S NV(P)| =1

3.43 Show that x(Q,) = k1(Q,) =1 forall positive integers 7.

3.44 Assume thatGisa graph in the proof of Theorem 3.28. Does the proof
go through? If not, where does it fail?

3.45 Let G be a graph of order n with (G) > 1. Prove that
n 2 k(G)[diam G — 1] + 2.
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3.5 VULNERABILITY OF GRAPHS

The connectivity of a graph is one measure of how strongly connected the
graph is, that is, the smaller the connectivity the more vulnerable a graph
is. There are other measures of vulnerability. We will discuss some of
these in the current section.

If G is a noncomplete graph and f is a nonnegative real number such
that ¢ < [S|/k(G — S) for every vertex-cut S of G, then G is defined to be
t-tough. If G is a t-tough graph and s is a nonnegative real number such
that s < ¢, then G is also s-tough. The maximum real number ¢ for which a
graph G is t-tough is called the toughness of G and is denoted by £(G). Since
complete graphs do not contain vertex-cuts, this definition does not apply
to such graphs. Consequently, we define {(K,) = +o0 for every positive
integer n. Certainly, the toughness of a noncomplete graph is a rational
number. Also t(G) = 0 if and-only if G is disconnected. Indeed, it follows
that if G is a noncomplete graph, then

HG) = min]S|/k(G — S), (3.6)

where the minimum is taken over all vertex-cuts S of G.

For the graph G of Figure 3.8, $; = {u,v,w}, S, = {w}, and S3 = {u,v}
are three (of many) vertex-cuts. Observe that |Si|/k(G—S;) =3
1S21/k(G — S;) =1 and |S;3|/k(G — S3) =2. There is no vertex-cut S of G
with |S]/k(G — 5) < & thus £(G) = 2.

The toughness of a graph G is then a measure of how tightly the sub-
graphs of G are held together. Thus the smaller the toughness the more
vulnerable the graph is. A 1-tough graph, for example, has the property
that breaking the graph into k components (if this is possible) requires the
removal of at least k vertices; while breaking a 2-tough graph into k
components requires the removal of at least 2k vertices.

A parameter that plays an important role in the study of toughness is
the independence number. Two vertices that are not adjacent in a graph G
are said to be independent. A set S of vertices is independent if every two
vertices of S are independent. The vertex independence number or simply the
independence number B(G) of a graph G is the maximum cardinality among
the independent sets of vertices of G. For example, 3(K,;) = max{r,s},
B(C,) = |n/2] and B(K,) = 1. |

Figure 3.8 A graph of toughness % .
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The independence number is related to toughness in the sense that
among all the vertex-cuts S of a noncomplete graph G, the maximum
value of k(G — ) is B(G), so for every vertex-cut S of G, we have that
#(G) < |S]and k(G — S) < B(G). This leads us to bounds for the toughness
of a graph, a result due to Chvatal [C7].

Theorem 3.30
For every noncomplete graph G,

#(G) ~(G)
= t G X -
aG) <" =72
Proof
According to (3.6),
HG) = min 1 5 HC)

KG-9) "~ BG)
Let S be a vertex-cut with |§'| = &(G). Thus k(G — §') > 2, so

IS| '] +(G)
KG9 S¥G=95) < 2

#G) = min ]

Let F be a graph. A graph G is F-free if G contains no induced subgraph
isomorphic to F. Thus a Kp-free graph is empty. In this context, a graph of
particular interest is K; 3. A Ky 3-free graph is also referred to as a claw-free
graph. The following result by Matthews and Sumner [MS1] provides a
class of graphs for which the upper bound given in Theorem 3.30 becomes
an equality.

Theorem 3.31
If G is a noncomplete claw-free graph, then +(G) = 1x(G).

Proof

If G is disconnected, then #(G) = x(G) = 0 and the result follows. So we
assume that* k(G) =7>1. Let S be a vertex-cut such that t(G) =
|S|/k(G — S). Suppose that k(G —S) =k and that G1,Gy,...,Gy are the
components of G — §. :

Let u; € V(G;) and u; € V(G;), where i # j. Since G is r-connected, it
follows by Theorem 3.25 that G contains at least r internally disjoint
u;~u; paths. Each of these paths contains a vertex of 5. Consequently,
there are at least r edges joining the vertices of S and tkie vertices of G;
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for each i (1 < i < k) such that no two of these edges are incident with the
same vertex of 5.

Hence there is a set X containing at least kr edges between Sand G ~ S
such that any two edges incident with a vertex of S are incident with
vertices in distinct components of G — S. However, since G is claw-free,
no vertex of S is joined to vertices in three components of G~ S.
Therefore,

kr = |X] < 2|S| = 2Kt(G),

so kr < 2kt(G). Thus #G)>r/2=1x(G). By Theorem 3.30, t(G)=
1
3x(G). O

In defining the toughness of a graph we were in some sense fine-tuning
the idea of connectivity. For example, if a graph G is 2-connected, then the
removal of one vertex from G does not result in a disconnected graph. The
removal of two vertices, however, may not only result in a disconnected
graph but in fact may result in a graph with many components. If,
however, we know that G is 1-tough, then not only is G 2-connected but
also the removal of any two vertices of G can result in a graph with at most
two components. Another measure of vulnerability that reflects overall
vulnerability rather than local weaknesses in a graph is the integrity of
a graph.

The integrity I{G) of a nontrivial graph G is defined as
I(G) = jmin {IS] + N(G — )},
where N(G — S) is the maximum order of a component of G — S.

Each of G; = Ky 4,1 and G, = K; + (K; UK}, ;) has order 7 and con-
nectivity 1; however, I(G;) = 2 while I(G,) = n — 1. The high integrity
of G, reflects the fact that although the removal of a single vertex may
disconnect G, in doing so all but one of the remaining vertices lie in
the same component.

Figure 3.9 gives the values of «(G), {(G) and I(G) for three classes of
graphs.

G £(G) HG) I(G)
K, n-1 e n
Kook ‘ k - f % k+1
(k<n/2)

Ky + (Ke UKy po1) 1 1 n—k

(k< (n-1)/2)

. Figure 3.9 Connectivity, toughness and integrity.
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In Theorem 3.30 we saw a relationship between the toughness of a
graph, the connectivity and the independence number. Theorem 3.32
and Corollary 3.33 relate integrity to various graphical parameters. The
following result is due to Goddard and Swart [GS11.

Theorem 3.32

Let G be a graph of order n = 2 with degree sequence dy,dy,...,d,, where
d1 >d2> >dn' The?l

(a) IG) = 1r<nti1<1n {max{t, d; + 1} };
n—x(G)

() IG) = {——ﬂ(—GT—-Iﬁ-/-c(G);

(¢) I(G) = [2¢/nt(G) — t(G)1,if G # K,

Proof
(a) Let S be a proper subset of V(G) with |S| = s. Then N(G — S) > 1and
N(G=-5) > AG-S)+1

ver‘r}(aG))(_S deggv—s+1

N

\%

Zdgy1—s+1
Therefore,
[S|+N(G—S) = max{s +1,d,.1 +1}.
Thus

KG) min, {51+ N(G - 5)}

s

> 0 tign {max{t,d; +1}}.

(b) If G is complete, then I(G)=1n=[(n—&(G))/B(G)] + &(G).
Assume, then, that G is not complete, and let S be a proper subset of
V(G) for which I(G) = |S|+ N(G —S). Then S is a vertex-cut and so
|S| = &(G) (Exercise 3.56).

Now, k(G —- S) < B(G - S) < B(G), so

n—ls| _ n—|s|
A ON

Therefore,
S| + N(G ~ S) > [(n - &(G))/B(G)] + (G), 3.7)
and the desired result follows.
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(c) If {(G) = 0, then clearly I(G) > [24/n(G) — t(G)]. Assume, then, that
t(G) > 0, thatis, G is connected. Let S be a proper subset of V(G) for which
s=|S} and I(G) = |S}| + N(G — S). Then S is a vertex-cut of G and so

S|
HG) < KG-9)
Therefore,
n—|9| n—s n_
NC=92 e3> 10 = t(G)<s 1)'
Hence

16)> min {s—{—t(G) (1;-_ 1)}

Setting f(s) = s + (G)(n/s — 1), we observe that f is minimized at s =
/nt(G), and the result follows. [

Corollary 3.33
If G is a graph, then I{G) = 1 + 6(G).

- Other measures of graph vulnerability include the binding number and

the edge integrity of a graph. Excellent sources for more information in
this area are found in the surveys by Barefoot, Entringer and Swart
[BES1], Bagga, Beineke, Goddard, Lipman and Pippert [BBGLP], and
Bagga, Beineke, Lipman and Pippert [BBLP1].

EXERCISES 3.5

3.46 Determine the toughness and the integrity of the complete tripartite
graph K, ., (r > 2).

3.47 Show that if H is a spanning subgraph of a noncomplete graph G,
then t(H) < #(G) and I(H) < I(G).

3.48 Show that if G is a noncomplete graph of order n, then
- HG) < (n - B(G))/B(G).

3.49 Show that the order of every noncomplete connected graph G is at
least B(G)(1 + #G)).

3.50 Show that for positive integers r and s with 7 +5 23, H{K,;) =
min{r,s}/max{r,s}.

3.51 Show that every 1-tough graph is 2-connected.
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3.52 Show that for every nonnegative rational number 7, there exists a
graph G with ¢(G) =r.

3.53 Let G be a noncomplete graph of order n. Show that if S is a vertex-
cut of cardinality £(G), then G — 5 contains a component of order at

Least [(n — #(G))/B(G)].

3.54 We have seen that the vertex-arboricity a(G) < [n/2] for every graph
G of order n. Show that a(G) < [(n — B8(G) + 1)/2] for every graph G
of order n.

3.55 Characterize the Ky ,-free graphs.

3.56 Show that if G is a noncomplete graph of order n and S is a proper
subset of V(G) for which I(G) = |S] + N(G — S), then S is a vertex-cut
of G.

3.57 Justify inequality (3.7).
3.58 Prove Corollary 3.33.
3.59 Show that for positive integers r and s, I(K.;} = 1 + min{r, s}.

3.60 (a) Show that if r vertices are removed from the path P,, one of the
resulting components contains at least (n — 1) /(r + 1) vertices.
(b) Show that I{P,) = [2(n+ 1)} — 2.




CHAPTER 4

Eulerian and hamiltonian
graphs and digraphs

In this chapter we investigate graphs and digraphs with special circuits
and cycles. In particular, we will be concerned with circuits containing
every edge of a graph and cycles containing every vertex.

4.1 EULERIAN GRAPHS AND DIGRAPHS

In this section we discuss those trails and circuits in graphs and digraphs
which are historically the most famous.

It is difficult to say just when and where graphs originated, but there is
justification to the belief that graphs and graph theory may have begun in
Switzerland in the early 18th century. In any case, it is evident that the
great Swiss mathematician Leonhard Euler [E6] was thinking in graphical
terms when he considered the problem of the seven Konigsberg bridges.

Figure 4.1 shows a map of Konigsberg as it appeared in the 18th
century. The river Pregel was crossed by seven bridges, which connected
two islands in the river with each other and with the opposite banks. We
denote the land regions by the letters A, B, C and D (as Euler himself did).
It is said that the townsfolk of Konigsberg amused themselves by trying
to devise a route that crossed each bridge just once. (For a more detailed
account of the Konigsberg Bridge Problem, see Biggs, Lloyd and Wilson
[BLW1, p.11)

Euler proved that such a route over the bridges of Kénigsberg is impos-
sible - a fact of which many of the people of Konigsberg had already
convinced themselves. However, it is probable that Euler's approach to
the problem was considerably more sophisticated.

Euler observed that if such a route were possible it could be represented
by a sequence of eight letters, each chosen from A, B, C and D. A term of
the sequence would indicate the particular land area to which the route
had progressed while two consecutive terms would denote a bridge

traversed while proceeding from one land area to another. Since each

bridge was to be crossed only once, the letters A and B would necessarily
appear in the sequence as consecutive terms twice, as would A and C.
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Figure 41 The bridges of Konigsberg.

Also, since five bridges lead to region A, Euler saw that the letter A must
appear in the sequence a total of three times — twice to indicate an
entrance to and exit from land area A, and once to denote either an
entrance to A or exit from A. Similarly, each of the letters B, C and D
must appear in the sequence twice. However, this implies that nine
terms are needed in the sequence, an impossibility; hence the desired
route through Konigsberg is also impossible.

The Kénigsberg Bridge Problem has graphical overtones in many ways;
indeed, even Euler’s representation of a route through Konigsberg is
essentially that of a walk in a graph. If each land region of Konigsberg
is represented by a vertex and two vertices are joined by a number of
edges equal to the number of bridges joining corresponding land areas,
then the resulting structure (Figure4.2) is a multigraph.

The Konigsberg Bridge Problem is then equivalent to the problem of
determining whether the multigraph of Figure 4.2 has a trail containing
all of its edges.

The Konigsberg Bridge Problem suggests the following two concepts.
An eulerian trail of a graph G is an open trail of G containing all of the
edges and vertices of G, while an eulerian circuit of G is a circuit containing
all of the edges and vertices of G. A graph possessing an eulerian circuit
is called an eulerian graph. Necessarily, then, graphs containing eulerian
trails and eulerian circuits are nontrivial connected graphs. The graph G;
of Figure 4.3 contains an eulerian trail while G, is an eulerian graph.

C

B
Figure 4.2 The multigraph of Konigsberg.
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Figure 4.3 Graphs with eulerian trails and eulerian circuits.

Simple but useful characterizations of both eulerian graphs and graphs
with eulerian trails exist; in fact, in each case the characterization was
known to Euler [E6]. Complete proofs of these results were not given
until 1873, however, in a paper by Hierholzer [H13].

Theorem 4.1

Let G be a nontrivial connected graph. Then G is eulerian if and only if every
vertex of G is even.

Proof

Let G be an eulerian graph with eulerian circuit C, and let v be an arbitrary
vertex of G. If v is not the initial vertex of C (and therefore not the final
vertex either), then each time v is encountered on C, it is entered and left
by means of distinct edges. Thus each occurrence of v in C represents a
contribution of 2 to the degree of v so that v has even degree. If v is the
initial vertex of C, then C begins and ends with v, each term representing a
contribution of 1 to its degree while every other occurrence of v indicates
an addition of 2 to its degree. This gives an even degree to v. In either case,

"v-is even.

Conversely, let G be a nontrivial connected graph in which every vertex
is even. We employ induction on the number m of edges of G. For m = 3,
the smallest possible value, there is only one such graph, namely K3, and
this graph is eulerian. Assume then that all nontrivial connected graphs
having only even vertices and with fewer than m edges, m > 4, are
eulerian, and let G be such a graph with m edges.

Select some vertex # in G, and let W be a u~u circuit of G. Such a circuit
exists in G since if W' is any u-v trail of G, where u # v, then necessarily an
odd number of edges of G incident with v are present in W', implying that
W' can be extended to a trail W” containing more edges than that of W'.
Hence W' can be extended to a u-u circuit W of G.

If the circuit W contains every edge of G, then W is an eulerian circuit of
G and G is eulerian. Otherwise, there are edges.of G that are not in W.
Remove from G all those edges that are in W together with any resulting
isolated vertices, obtaining the graph G'. Since each vertex of W is incident

with an even number of edges of W, every vertex of G is even. Every
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component of G is a nontrivial graph with fewer than m edges and is
eulerian by hypothesis. Since G is connected, every component of G
has a vertex that also belongs to W. Hence an eulerian circuit of G can
be constructed by inserting an eulerian circuit of each component H' of
G’ at a vertex of H' also belonging to W. []

A graph G is defined to be an even graph (odd graph) if all of its vertices
have even (odd) degree. Thus, by Theorem 4.1, the nontrivial connected
even graphs are precisely the eulerian graphs. A characterization of
graphs containing eulerian trails can now be presented.

Theorem 4.2

Let G be a nontrivial connected graph. Then G contains an eulerian trail if and
only if G has exactly two odd vertices. Furthermore, the trail begins at one of these
odd vertices and terminates at the other.

Proof

If G contains an eulerian u-v trail, then, as in the proof of Theorem 4.1,
every vertex of G different from u and v is even. It is likewise immediate
that each of u and v is odd.

Conversely, let G be a connected graph having exactly two odd vertices
u and v. If G does not contain the edge e = uv, then the graph G + e is
eulerian. If the edge e is deleted from an eulerian circuit of G +¢, then
an eulerian trail of G results. In any case, however, a new vertex w can
be added to G together with the edges uw and vw, producing a connected
graph H in which every vertex is even. Therefore, H is eulerian and
contains an eulerian circuit C. The circuit C necessarily contains uw and
vw as consecutive edges so that the deletion of w from C yields an eulerian
trail of G. Moreover, this trail begins at u or v and terminates at the
other. [J

If G is a connected graph with 2k odd vertices (k = 1), then the edge set
of G can be partitioned into k subsets, each of which induces a trail
connecting odd vertices (Exercise 4.2). However, even more can be said.
This result was extended in [CPS1]. (See Exercise 4.3 for a special case of
the next theorem.)

Theorem 4.3

If G is a connected graph with 2k odd vertices (k = 1), then E(G) can be parti-
tioned into subsets E1, Ej, ..., Ey so that for each i, (E;) is a trail connecting odd
vertices and such that at most one of thest trails has odd length.
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We note that analogues to Theorems 4.1 and 4.2 exist for multigraphs.
It therefore follows that the multigraph of Figure 4.2 contains neither an
eulerian trail nor an eulerian circuit. Eulerian graphs have several useful
characterizations. The following result, due to Veblen [V2], characterizes
eulerian graphs in terms of their cycle structure. ‘

Theorem 4.4

A nontrivial connected graph G is eulerian if and only if E(G) can be partitioned
into subsets E;, 1 < 1 < 'k, where each subgraph (E;) is a cycle.

Proof

Let G be an eulerian graph. We employ induction on the number m of
edges of G. If m=3, then G=K; and G has the desired property.
Assume, then, that the edge set of every eulerian graph with fewer than
m edges, m > 4, can be partitioned into subsets each of which induces a
cycle, and let G be an eulerian graph with m edges. Since G is eulerian, G is
an even graph and G has at least one cycle C. If E(G) = E(C), then we
have the desired (trivial) partition of E(G). Otherwise, there are edges
of G not in C. Remove the edges of C to obtain the graph G'. As in the
proof of Theorem 4.1, every nontrivial component of G’ is a nontrivial
connected even graph and so, by Theorem 4.1, is an eulerian graph
with fewer than m edges. Thus, by the inductive hypothesis, the edge
set of each nontrivial component of G’ can be partitioned into subsets,
each inducing a cycle. These subsets, together with E(C), give the desired
partition of E(G).

For the converse, suppose that the edge set of a nontrivial connected -

graph G can be partitioned into subsets E;, 1 < i < k, where each subgraph
(E;) is a cycle. This implies that G is a nontrivial connected even graph and
50, by Theorem 4.1, G is eulerian. []

We next present a characterization of eulerian graphs involving parity
and cycle structure. The necessity is due to Toida [T7] and the sufficiency

to McKee [M5]. '

Theorem 4.5

A nontrivial connected graph G is eulerian if and only if every edge of G lies on an
odd number of cycles.

Proof

First, let G be an eulerian graph and let e = uv be an edge of G. Then G — ¢
is connected. Consider the set of all u~v trails in G — e for which v appears
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only once, namely as the terminal vertex. There is an 0odd number of edges
possible for the initial edge of such a trail. Once the initial edge has been
chosen and the trail has then proceeded to the next vertex, say w, then
again there is an odd number of choices for edges that are incident with
w but different from uw. We continue this process until we arrive at vertex
v. At each vertex different from v in such a trail, there is an odd number of
edges available for a continuation of the trail. Hence there is an odd
number of these trails.

Suppose that Ty is a u—v trail that is not a #~v path and T; contains v only
once. Then some vertex v (7#v) occurs at least twice on T, implying that
T, contains a v, circuit, say C: vy, 0y, .. ., U, v;. Hence, there exists a u—v
trail T, identical to Ty except that C is replaced by the ‘reverse’ circuit
C': 01, Uk, Vgts - - -, U2, 01. This implies that the u—v trails that are not u-v
paths occur in pairs. Therefore, there is an even number of such 4-v trails
that are not u—v paths and, consequently, there is an odd number of u-v
paths in G — e. This, in turn, implies that there is an odd number of cycles
containing e.

For the converse, suppose that G is a nontrivial connected graph that is
not eulerian. Then G contains a vertex v of odd degree. For each edge e
incident with v, denote by c¢(e) the number of cycles of G containing e.
Since each such cycle contains two edges incident with v, it follows that
3" ¢(e) equals twice the number of cycles containing v. Because there is an
odd number of terms in this sum, some c(e) is even. []

We now briefly consider the directed analogue of eulerian graphs. An
eulerian trail of a digraph D is an open trail of D containing all of the arcs
and vertices of D, and an eulerian circuit is a circuit containing every arc
and vertex of D. A digraph that contains an eulerian circuit is: called an
eulerian digraph. The digraph D; of Figure 4.4 is eulerian while D, has an
eulerian trail. . :

We now present a characterization of eulerian digraphs whose state-
ment and proof are very similar to Theorem 4.1. Recall that a digraph D
is connected if D contains a #~v semipath for every pair u,v of vertices
of D.

Figure 4.4 Digraphs with eulerian circuits and eulerian trails.
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Theorem 4.6.

Let D be a nontrivial connected digraph. Then D is eulerian if and only if
od v = id v for every vertex v of D.

With the aid of Theorem 4.6, it is easy to give a characterization of
digraphs containing eulerian trails.

Theorem 4.7

Let D be a nontrivial connected digraph. Then D has an eulerian trail if and only if
D contains vertices u and v such that '

odu=idu+1 and idv=odv+1

and od w = id w for all other vertices w of D. Furthermore, the trail begins at u
and ends at v. :

We now return to graphs. Neither of the graphs G; and G, of Figure 4.5
is eulerian. However, we can obtain an eulerian graph from G; by adding
the edges ad,bt’ and cc’. On the other hand, as we shall see, there are
no edges that can be added to G, to produce an eulerian graph. These
observations lead to our next topic.

A graph G is called subeulerian if it is possible to add edges to G to obtain
an eulerian graph, that is, if G is a spanning subgraph of an eulerian
graph. Thus the graph G; of Figure 4.5 is subeulerian while the graph
G, of Figure 4.5 is not subeulerian. So graphs of even order may or may
not be subeulerian. However, every graph of odd order at least 3 is sub-
eulerian since it is a spanning subgraph of a complete graph of odd order,
which is necessarily eulerian. :

Theorem 4.8 will provide us with a tool to characterize connected sub-
eulerian graphs. Before presenting this result, we introduce some useful
terminology.

Let S be a set of 2k vertices of a graph-G. We say there is a pairing of S on
G if the vertices of S can be labeled as uy, 1y, ..., U, 01,s,...,0 so that G
contains a set P = {P;,P,,..., P} of k paths, where P, is a u;-v; path for

Figure 4.5 Subeulerian graphs.
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i=1,2,... k The set Pis called a pairing of S in G. A minimum pairing of S
in G is one for which

k
> EE)

is minimum. Certainly if G is connected, then G contains a pairing of S.
Indeed, G contains a pairing of S if and only if every component of G
contains an even number of vertices of S.

Another useful observation is that the paths in a minimum pairing P
are necessarily pairwise edge-disjoint; for, otherwise, suppose that
P: x1,%p,.:.,% and Q: wy,w,,...,w, are paths in P with x;x;1 = ww;,4
for some i and j. Then P and Q can be replaced by the paths

PixgyXgy . en s Xi = W), Wiy - W1
and
/ —_—
Q:xhxt—lr":xi-}-l - wj+1;wj+21'-~’wr9

contradicting the minimality of P.
The next theorem is due to Jaeger [J31.

Theorem 4.8

Let G be a connected graph with X C E(G). Then G contains an even subgraph H
with X C E(H) if and only if X contains no minimal edge-cut of G having odd
cardinality.

Proof

Suppose first that H is a subgraph of G containing a minimal edge-cut Y of
G having odd cardinality. We show that H is not an even graph, which
will in turn show that every subgraph of G that contains a set X of edges of
G with Y C X is not even. Since Y is a minimal edge-cut of G, the set Y is
certainly an edge-cut of H as well (although not necessarily a minimal
edge-cut). Consequently, there is a partition of V(H) into subsets 'V;
and 'V, such that the edges of H between V; and V, are precisely those
of Y. Thus,

S~ degyv = 2[E((V)| + 1YI-

eV,

Since |Y| is odd, H contains a vertex of odd degree and so H is not even.

For the converse, assume that X is a set of edges of G that contains no
minimal edge-cut of G of odd cardinality. We show that there is an even
subgraph H of G containing X. If (X) itself is an even graph, then H = (X)
is the desired subgraph of G. Suppose then that (X) contains odd vertices,
and let O be the set of odd vertices of (X). We show that there is a pairing
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of the set O in the graph G — X. It suffices to show that every component
of G — X contains an even number of vertices of O. This is certainly true if
G — X is connected.

Suppose, then, that G — X is disconnected and that G is a component of
G — X. We show that Gy contains an even number of vertices of O. Let
G1,Gy...,Gx (k21) be the components of G—V(Gy) and for
i=1,2,...,k let X; denote the edges between G, and G;. Hence each set
X (1<i < k) isa mxmmal edge-cut of G and X; € X. By hypothesis then,
|X;|is even foreachi (1 < i< k). Let X' = |Jf.; X;. Thus |X'| is even and X’
consists of all those edges of X that are incident with exactly one vertex
of Gy.

We now construct a graph G’ consisting of the vertices and edges of (X)
that belong to G plus |X’| new vertices, one for each edge of X’ and joined
to the vertex of Gy that is incident with the correspondmg edge of
X'. Hence each newly added vertex has degree 1 in G, and
degy v = degx, v for each vertex v in G,. The number of odd vertices of
G'is|on V(Go)[ + |X'|. Since G’ has an even number of odd vertices and
|X'| is even, the number of elements of @ in G is even. :

Thus, as claimed, there is a pairing of O in G ~ X; so there is a minimum
pairing of P = {P1, P, ...,P;} of O in G — X. Therefore, the paths in P are
pairwise edge-disjoint. Hence the graph H with

V(H) = V(X)) U (U V(P,-))
i=1
and
E(H)=XU (U E(P,-))
i=1
contains X and is even. [

Corollary 4.9, first discovered by Boesch, Suffel and Tindell {BST1],
characterizes connected subeulerian graphs.

Corollary 4.9

A connected graph G is subeulerian if and only if G contains no spanning odd
complete bipartite graph.

Proof

Let G be a connected graph of order n. Now G is subeulerian if and only if
there is an even subgraph H of K, with E(G) C E(H). By Theorem 4.8,
such a subgraph H exists if and only if E(G) contains no minimal edge-
cut of K, of odd cardinality. Since the minimal edge-cuts of K, of odd
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Figure 4.6 A supereuleridn graph.

cardinality are precisely the sets of edges inducing a spanning odd
complete bipartite graph, the result follows. [

The graph G; of Figure 4.6 is, of course, not eulerian. It is not sub-
eulerian either. Since G; = K33, this foilows from Corollary 4.9.

We now -turn to a concept that is, in a certain sense, opposite. to sub-
eulerian graphs. We have just observed that we cannot produce an
eulerian graph by adding edges to Gs. However, the removal of the
edges ad’,bb' and cc’ results in an eulerian graph.

A graph G is supereulerian if it is possible to remove edges from G to
obtain an eulerian graph, i.e. if G has a spanning eulerian subgraph.
Therefore, the graph G; of Figure 4.6 is supereulerian. The graph
Gy = Ky3 is not supereulenan

No characterization is known for supereulenan graphs although there
are many sufficient conditions for a graph to be supereulerian (see Catlin
[C2]). Corollary 4.10, due to Jaeger [J3], gives one such condition.

Corollary 4.10

If a graph G contains two edge-disjoint spanning trees, then G is supereulerian.

Proof

Let Ty and T be edge-disjoint spanning trees of G. Since T, C G — E(T}),
the graph G — E(T}) is connected and so E(T}) contains no minimal edge-
cut (of odd cardinality). Thus there is an even subgraph H of G with
E(Ty) C E(H). Since T; C H, it follows that H is a spanning connected

even subgraph of G; so G is supereulerian. []

According to Theorem 4.4, the edge set of an eulerian graph G can be
partitioned into subsets Ej,E,,...,E;, where G;= (E;) is a cycle for
i=1,2,...,k. Thus the collection C={Gj,Gy,G;,Gy,...,G, G} of
cycles of G (where multiplicities are allowed) has the property that
every edge of G is in exactly two cycles of C. Such a collection of cycles
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is called a cycle double cover of G. Many graphs that are not eulerian also
have cycle double covers. For example, the Petersen graph has a cycle
double cover, consisting of five cycles. Szekeres [S11] in 1973 and
Seymour [S3] in 1979 independently made the following conjecture.

The Cycle Double Cover Conjecture
Every 2-edge-connected graph has a cycle double cover.

A related conjecture, due to Bondy [B13], bounds the number of cycles
in a cycle double cover.

The Small Cycle Double Cover Conjecture

Every 2-edge-connected graph of order n > 3 has a cycle double cover consisting
of fewer than n cycles.

We close this section with suggestions for further reading. Survey
articles on eulerian graphs and related topics can be found in Fleischner
[F6] and in [LO1], and a book by Fleischner [F7] is another useful resource.
Readers interested in more information on supereulerian graphs should
consult the survey by Catlin [C2], which also includes information on the
cycle double cover conjecture.

EXERCISES 4.1

4.1 In present-day Konigsberg (Kaliningrad), there are two additional
bridges, one between regions B and C, and one between regions
B and D. Is it now possible to devise a route over all bridges of
Konigsberg without recrossing any of them?

4.2 Let G be a connected graph with 2k odd vertices, k > 1. Show that
E(G) can be partitioned into subsets E;, 1 <i <k, so that (E;) is an
open trail for each i. Then show that for t < k, E(G) cannot be parti-
tioned into subsets E;, 1 < i < ¢, sothat {E;) is an open trail for each i.

4.3 Show that every nontrivial connected graph G of even size having
. exactly four odd vertices contains two trails T; and T, of even length
such that {E(T}),E(T,)} is a partition of E(G).

4.4 Prove Theorem 4.6.
4,5 Prove Theorem 4.7.

4.6 Prove that a nontrivial connected digraph D is eulerian if and only if
E(D) can be partitioned into subsets E;, 1 <1 <k, where (E;) is a
cycle for each i.
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47 Show that if D is a connected digraph such that
> wev(p) lodv —idv| = 2t, where ¢ > 1, then E(D) can be partitioned
into subsets E;, 1 < i < ¢, so that (E}) is an open trail for each i.

48 For each integer k > 2, give an example of a connected graph Gy of
order 2k that is neither subeulerian nor supereulerian. -

4.9 Characterize disconnected subeulerian graphs.

4.10 Show that the Petersen graph has a cycle double cover consisting of
five cycles.

42 HAMILTONIAN GRAPHS AND DIGRAPHS

A graph G is defined to be hamiltonian if it has a cycle containing all the
vertices of G. The name ‘hamiltonian’ is derived from Sir William Rowan
Hamilton, the well-known Irish mathematician. Surprisingly, though,
Hamilton's relationship with the graphs bearing his name is not strictly
mathematical (see Biggs, Lloyd and Wilson [BLW1, p.31]). In 1857,
Hamilton introduced a game consisting of a solid regular dodecahedron
made of wood, twenty pegs (one inserted at each corner of the dodeca-
hedron), and a supply of string. Each corner was marked with an
important city of the time. The aim of the game was to find a route
along the edges of the dodecahedron that passed through each city
exactly once and that ended at the city where the route began. In order
for the player to recall which cities in a route had already been visited, the
string was used to connect the appropriate pegs in the appropriate order.
There is no indication that the game was ever successful.

The object of Hamilton's game may be described in graphical terms,
namely, to determine whether the graph of the dodecahedron has a
cycle containing each of its. vertices (Figure4.7). It is from this that we
get the term ‘hamiltonian’.

It is interesting to note that in 1855 (two years before Hamilton intro-
duced his game) the English mathematician Thomas P. Kirkman posed
the following question in a paper submitted to the Royal Society: Given
the graph of a polyhedron, can one always find a circuit that passes
through each vertex once and only once? Thus, Kirkman apparently intro-
duced the general study of ‘hamiltonian graphs’ although Hamilton's
game generated interest in the problem.

A cycle of a graph G containing every vertex of G is called a hamiltonian
cycle of G; thus, a hamiltonian graph is one that possesses a hamiltonian
cycle. Because of the similarity in the definitions of eulerian graphs and
hamiltonian graphs, and because a particularly useful characterization of
eulerian graphs exists, one might well expect an analogous criterion for
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Figure 4.7 The graph of the dodecahedron.

hamiltonian graphs. However, such is not the case; indeed it must be
considered one of the major unsolved problems of graph theory to
develop an applicable characterization of hamiltonian graphs.

If G is a hamiltonian graph, then certainly G is connected, G contains a
hamiltonian cycle and so G has no cut-vertices, and, of course, G has order
atleast 3; so G is 2-connected. Therefore, a necessary condition for Gtobe
hamiltonian is that G be 2-connected; that is, if G is not 2-connected, then

G is not hamiltonian. A less obvious necessary condition is presented
next. '

Theorem 4.11

If G is a hamiltonian graph, then for every proper nonempty set S of vertices of G,
KG-S5) <is|

Proof

Let S be a proper nonempty subset of V(G), and suppose that
k(G —8)=k =1, where G;G,,...,Gy are the Components of G- 5. Let
Cbe a hanultoman cydle of G. When C leaves G; (1 <j < k), the next
vertex of C belongs to S. Thus k(G — S) =k < |§). []

Consequently, for every vertex-cut S of a hamiltonian graph G, it fol-
lows that |S|/k(G - S) = 1.
Corollary 4.12
Every hamiltonian graph is 1-tough.

We now turn our attention fo sufficient conditions for a graph to.be

hamiltonian. Although every hamiltonian graph is 2-connected, the
converse is not true. Indeed, no connectivity guarantees that a graph is
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hamiltonian. For example, let k > 2 be a positive integer and - consider
G = Ky 41, which is k-connected. Let S denote the partite set of cardinality
k. Then k(G —S) = k+ 1 > |S|, which implies by Theorem 4.11 that G is
not hamiltonian. ‘

We have also seen in Corollary 4.12 that every hamiltonian graph is
1-tough. Although the converse is not true here either, it has been conjec-
tured by Chvatal [C7] that there is a constant k such that every k-tough
graph is hamiltonian. Indeed, Chvital has conjectured that every 2-tough
graph is hamiltonian.

There have been several sufficient conditions established for a graph to
be hamiltonian. We consider some of these in this section. The following
result is due to Ore [O1].

Theorem 4.13

If G is a graph of order n > 3 such that for all distinct nonadjacent vertices u
and v,

degu+degv>n, -

then G is hamiltonian.

Proof

Assume that the theorem is not true. Hence there exists a maximal non-
hamiltonian graph G of order n > 3 that satisfies the hypothesis of the
theorem; that is, G is nonhamiltonian and for every two nonadjacent
vertices wy and w, of G, the graph G + w;w; is hamiltonian. Since G is
nonhamiltonian, G is not complete.

Let u and v be two nonadjacent vertices of G. Thus, G + uv is hamilto-
nian, and, furthermore, every hamiltonian cycle of G + uv contains the
edge uv. Thus there is a u—v path P: u = uy,1y,. .., 4, = v in G containing
every vertex of G.

If uyu; € E(G),2 < i < n, then u;_qu, ¢ E(G); for otherwise,

U Uiy Uig 1y ooy Uy Uiy Uiy 0o

" is a hamiltonian cycle of G. Hence for each vertex of {uy,us,...,u,} adja-

cent to u; there is a vertex of {uy,uy, . . ., #,..1} not adjacent with u,,. Thus,
degu, < (n—1) — degu, so that

degu+degv<n—1.
This presents a contradiction; so G is hamiltonian. [
. Ifa graph G is hamiltonian, then certainly so is the graph G + uv, where

u and v are distinct nonadjacent vertices of G. Conversely, suppose that G
is a graph of order n with nonadjacent vertices u and v such that G + uv is
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G C@)

Figure 4.8 The closure function.

hamiltonian; furthermore, suppose that degg u +deggv > n. If G is not
hamiltonian, then, as in the proof of Theorem 4.13, we arrive at the contra-
diction that degg u + degg v < n — 1. Hence we have the following result,
which was first observed by Bondy and Chvatal [BC3].

Theorem 4.14

Let u and v be distinct nonadjacent vertices of a graph G of order n such that
degu + degv = n. Then G + v is hamiltonian if and only if G is hamiltonian.

Theorem 4.14 motivates our next definition. The closure of a graph G of
order n, denoted by C(G), is the graph obtained from G by recursively
joining pairs of nonadjacent vertices whose degree sum is at least n (in
the resulting graph at each stage) until no such pair remains. Figure 4.8
illustrates the closure function. That C(G) is well-defined is established
next. .

Theorem 4.15

If G; and G, are two graphs obtained from a graph G of order n by recursively
joining pairs of momadjacent vertices whose degree sum is at least n, then

Proof

Let ¢y,€,,...,¢ and fi,f, ..., fc be the sequences of edges added to G to

obtain G; and G,, respectively. It suffices to show that each ¢; (1 <i<j)
is an edge of G, and thateach f; (1 < i < k) is an-edge of G;. Assume, to the
contrary, that this is not the case. Thus we may assume, without loss of
generality, that for some ¢ satisfying 0 < t < j — 1, the edge e;,; = uv does
not belong to G,; furthermore, ¢; € E(G,) for i < t. Let G3 be the graph
obtained from G by adding the edges ¢1,e,,...,¢. It follows from the
definition of Gy that degg, u + degg, v > n. This is a contradiction, how-
ever, since 1 and v are nonadjacent vertices of G;. Thus each edge ¢
belongs to G, and each edge f; belongs to Gy; thatis, Gy = G;. O
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Our next theorem is a simple consequence of the definition of closure
and Theorem 4.14.

Theorem 4.16

A graph is hamiltonian if and only if its closure is hamiltonian.

Since each complete graph with at least three vertices is hamiltonian,
we obtain Bondy and Chvatal’s [BC3] sufficient condition for a graph to
be hamiltonian.

Theorem 4.17

Let G be a graph with at least three vertices. If C(G) is complete, then G is
hamiltonian,

If a graph G satisfies the conditions of Theorem 4.13, then C(G) is
complete and so, by Theorem 4.17, G is hamiltonian. Thus, Ore’s theorem .
is an immediate corollary of Theorem 4.17 (although chronologically it
preceded the theorem of Bondy and Chvétal by several years). Perhaps
surprisingly, many well-known sufficient conditions for a graph to be
hamiltonian based on vertex degrees can be deduced from Theorem
4.17. Thgorem 4.18, due to Chvatal [C6], is an example of one of the
strongest of these.

Theorem 4.18

Let G be a graph of order n >3, the degrees d; of whose vertices satisfy
dy <dy < --- <d,. If there is no value of k < n/2 for which d <k and
dy_x < n—k~1, then G is hamiltonian.

Proof

We show that C(G) is complete which, by Theorem 4.17, implies that G is
hamiltonian. Assume, to the contrary, that C(G) is not complete. Let u and
w be nonadjacent vertices of C(G) for which degc) u + deggy w is as
large as possible. Since u and w are nonadjacent vertices of C(G), it follows
that degc(g) u + degeyw < n — 1. Assume, without loss of generality,
that degc)u < degeyw. Thus if k= degcc)u, we have that k<
(n—1)/2<n/2 and degcgw<n—1—k Let W denote the vertices
other than w that are not adjacent to w in C(G). Then |W|=
n—1—degc w > k. Also, by the choice of u and w, every vertexv € W
satisfies degg v < degc(g) v < deg(q) # = k. Thus, G has at least k vertices
of degree at most k and so d; < k. Similarly, let U denote the vertices other
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than u that are not adjacent to u in C(G). Then |U| =n —1 — degcg) 4 =
n—k—1. Every vertex v € U satisfies deggv < degc(g) v < degeigyw <
n—1-k implying that d,_y_;<n-—k—1 However, deggu<
dege(gy # < degegyw <n—1-k so d,_y <n—k=—1. This, however,
contradicts the hypothesis of the theorem. Thus, C(G) is complete. []

Perhaps the simplest sufficient condition for a graph to be hamiltonian
is due to Dirac [D4]. It is a simple consequence of each of Theorems 4.13,
4.17 and 4.18.

Corollary 4.19

If G is a graph of order n > 3 such that deg v = n/2 for every vertex v of G, then
G is hamiltonian.

Each of the sufficient conditions presented so far requires that the graph
under consideration contains some vertices of degree at least n/2. In the
case of regular graphs, however, this situation can be improved. Jackson
[J1] has shown that every 2-connected r-regular graph of order at most 3r
is hamiltonian. The Petersen graph, for example, shows that 3r cannot be
replaced by 37 +1. Define the class F to be the set of all 2-connected
graphs that are spanning subgraphs of one of the graphs Gy, G; and G;
of Figure 4.9. Since none of these three graphs is hamiltonian, no graph
in F is hamiltonian. In particular, the regular graphs in F are non-
hamiltonian. However, in [BJVV1] the following generalization of
Jackson’s result was conjectured. Let G be a 2-connected r-regular
graph of order at most 4r. Then for r > 4, G is hamiltonian or G is a
member of the class F. It is known that this conjecture is true for
graphs with at most (77 — 14)/2 vertices. :

Other approaches have been used to determine sufficient conditions for
hamiltonicity that are satisfied by graphs G with minimum degree less
than n/2. For these results, as in the case of the previously mentioned

Dpg 521

s ds 2 N
p+q+s=n-2 p.a.523

ptg+s=n

Figure 49 Members of the class F. -
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results for r-regular graphs, the condition that G be 2-connected -is
included. Certainly, this is a necessary condition for G to be hamiltonian.
However, unlike the situation in Theorems 4.13, 4.17 and 4.18, 2-connect-
edness is not guaranteed by the degree condition. For example, there are
(n/3)-regular graphs of order n that are not 2-connected and hence not
hamiltonian. The neighborhood N(v) of a vertex v in a graph G is the set
of all vertices of G that are adjacent to v. The following result of Faudree,
Gould, Jacobson and Schelp [FGJS1] gives a sufficient condition for
hamiltonicity based on the cardinality of the union of the neighborhoods
of nonadjacent vertices. The proof given here is due to Fraisse [F10].

Theorem 4.20

If G is a 2-connected graph of order n such that for all distinct nonadjacent
vertices u and v,
2n—1

ING@) UN@)| > =,

then G is hamiltonian.

Proof

Since G is 2-connected, G contains at least one cycle. Among all cycles of
G, let C be one of maximum length. We show that C is a hamiltonian cycle.
Assume, to the contrary, that there is a vertex wy of G thatis not on C. Thus
we may apply Theorem 3.26 to obtain two paths P; and P, having initial
vertex wy that are pairwise disjoint, except for wy, and that share with C
only their terminal vertices x; and x,. For i = 1,2, let w; be the vertex
following x; in some fixed cyclic orientation of C. '

No vertex w; (i = 1,2) is adjacent to wy; for otherwise we could replace
the edge x;w; in C by the x;~w; path determined by the path P; and the
edge wow; to obtain a cycle having length at least |V(C)| + 1, which is
impossible. Similarly, w,w, & E(G); otherwise we could replace the
edges x,w; and x,w, in C by the paths P; and P, together with the edge
wiw, and obtain a cycle longer than C. Thus {wg,w;,w,} is an
independent set. Finally, no vertex not on C is adjacent to two of
Wo, W1, Wa OF again a cycle longer that C would be produced. We show
that [N(wi) UN(w,)| < (2n—1)/3 for some integers k and ¢ with
0 <k # ¢ <2, producing a contradiction and completing the proof.

Let R denote the vertices of G adjacent to none of wy, w;, w,; let S denote
the vertices of G adjacent to exactly one of wy, wq, wy; and let T denote the
vertices of G adjacent to at least two of wg,w;,w,. Furthermore, let
Rc=RNV(C) and let Ro =R — V(C). Then {wp, wy,w,} CR and, in

* particular, wy € R so that

IRo| = 1. “.1)
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Also, as observed,
VG -vie)nT=¢. (4.2)
We next show that there are at most two elements of T between con-
secutive elements (with respect to the fixed cyclic ordering of C) of Ron C.
In the remainder of the proof we assume that the discussion is always
with respect to this ordering of C. Let 4; and a, be consecutive vertices
of R on C. Since {wy, w;,w,} C R, it follows that ; and a, belong either
to the wy—w, subpath or w,~w; subpath of C. Without loss of generality,
asstume that 4; and a,, in this order, belong to the w;-w, subpath. Let P be
the a;—4, subpath of C. Then every internal vertex of P is adjacent to at
least one of wy,w;,w,. Suppose that v and v’ denote a vertex and its
successor on P with the property that v € N(w;) and v’ € N(w;) for some
integers i and j with 0 < i # j < 2. First, i # 0; for otherwise, j =1 orj =2,
and in either case we obtain a cycle longer than C. Thus i =1 or i = 2. If
i =2, then j = 0; otherwise j =1 and we obtain a cycle longer than C.
Finally, if i=1, then j=0 or j=2 since i #j. It follows that if
Ng = V(P) ﬂN(wO), Nl == V(P) ﬂN(w1) and N2 = V(P) nN('CU2), then

(i) each N; consists of a (possibly empty) sequence of consecutive
internal vertices of P;

(i) each element of N; precedes or equals each element of N, and each
element of N, precedes each element of Ny; and

(i) |Ny NNyl <1, [N, NNyl < 1and [N; NNl is 0 or at most 1 depending
on whether N, # ¢ or Ny = . B

Since each element of T between 4; and 4, must lie in the intersection of

two of the sets N; (0 <i<?2), it follows that there are at most two
elements of T between a; and a,.

To complete the proof, let j (0 <j < 2) be chosen so that w; has the '

maximum number s of neighbors in S. Then s > |S5|/3. Since, by (4.2), no
vertex not on C is adjacent to two of wp, wy, w, the number of vertices of S
not on C is # — [V(C)| — |Rer|- From the preceding discussion we see that
the number of vertices of S on C is at least |V(C)| — 3|R¢|. Thus,
18] =[S = V(O +1SnV(C)] = (n — [V(C)| = [Re']) + (IV(C)] - 3IRc])
= n—|Re| = 3|Rcl,
and so '
ISl .7 _IRel _
However, then, w; and w, (0</#k<2; £,k+#]) are nonadjacent
vertices of G such that '
IN(wi) UN(we)l =n — R} =5
== — ‘RCII - chl -8

2n 2[Ry
< .__._I___C_i.

3 3
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From (4.1) we know that |Re|=1 Thus |[N(w)UN(w,) <
(2n —2)/3 < (2n —1)/3, and the proof is complete. [

In [FGJL2], another neighborhood result shows that if G is a 2-con-
nected graph of sufficiently large order n such that [N(u) UN(v)| = n/2
for all pairs u,v of vertices of G, then G is hamiltonian. Clearly, this
theorem generalizes Dirac’s result for graphs of sufficiently large order.
Theorem 4.21, presented without proof because of the length and
difficulty of the proof, has the preceding resuit, Dirac’s theorem, Ore’s
theorem, and Theorem 4.18 as corollaries. This result is due to Broersma,
van den Heuvel and Veldman [BVV1]. Recall that F is the class of all 2-
connected spanning subgraphs of one of the graphs of Figure 4.9.

Theorem 4.21

If G is a 2-connected graph of order n such that for all distinct nonadjacent
vertices u and v,

IN@) UN()| > 3,
then G is hamiltonian, G is thevPetersen graph,or G € F.

The sufficient conditions for hamiltonicity that we have presented so
far all involve the number of adjacencies of the vertices of the graph.
Our next result, however, involves the cardinality of independent sets
of vertices and the connectivity of the graph. The next result is due to
Chvatal and Erd6s [CE1]. The proof technique has become a standard
tool (see, for example, the proof of Theorem 4.20).

Theorem 4.22

Let G be a graph with at least three vertices. If 6(G) 2 B(G), then G is
hamiltonian.

Proof

If B(G) = 1, then the result follows since G is complete. Hence we assume
that B(G) > 2. Let s(G) =*. Since k> 2, G contains at least one cycle.
Among all cycles of G, let C be one of maximum length. By Theorem
3.27, there are at least k vertices on C. We show that C is a hamiltonian
cycle of G. Assume, to the contrary, that there is a vertex w of G that does
not lie on C. Since |V(C)| > k, we may-apply Theorem 3.26 to conclude
that there are k paths Py, P,, ..., P, having initial vertex w that are pairwise
disjoint, except for w, and that share with C only their terminal vertices
01,72, ., U, respectively. For each i = 1,2,.. .k, let u; be the vertex fol-
lowing v; in some fixed cyclic ordering of C. No vertex u; is adjacent to w
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in G; for otherwise we could replace the edge v;u; in C by the v;—u; path
determined by the path P; and the edge u;w to obtain a cycle having length
at least |V(C)| + 1, which is impossible. Let § = {w,uq, 1, .- ., U} Since
S| = k+1> B(G) and wy; ¢ E(G) for i=1,2,...,k, there are integers j
and ¢ such that u;u, € E(G). Thus by deleting the edges vju; and v,
from C and adding the edge u;u, together with the paths P; and P;, we
obtain a cycle of G that is longer than C. This produces a contradiction,
so that C is a hamiltonian cycle of G. [0

Our next result, due to Bondy [B11], shows, perhaps somewhat sur-
prisingly, that Ore’s theorem (Theorem4.13) follows as a corollary to
Theorem 4.22. ‘

Theorem 4.23

Let G be a graph of order n > 3 such that for all distinct nonadjacent vertices u
and v,

degu +degv > n.
Then x(G) = B(G).

Proof

If G is complete, then clearly x(G) = B(G). Thus we may assume that G is
not complete. Let S be a set of vertices of G such that G — § is disconnected
and |S| = «(G). Let R be the vertex set of one of the components of G — 5
and define T = V(G) — (S UR). Let U be an independent set of vertices of
G with U] = 8(G), and let

R'=RnU, §=snU, T=TnU.
Finally, set
r=|R|, s= IS, t= [Tl = IR,I’ s = |S,|:»' t= IT’I"
We proceed by cases.
Case 1. Assume that R =T = . Then U= 5 C S; so |U]| < ||, that is,
B(G) < &(G).

Case 2. Assume that R = and T'= . Let uc R and v € T. Then
uv ¢ E(G); so degu + degv > n. Furthermore, N(u) C (R—R)U (S - §)
and N(@) CSU(T —{v}); so degu<(r—r)+(s—s) and degv<
s 4t — 1. Therefore '

n<degu+degv < (r—7)+(s—)+s+t—1
=(r+s+t)—(+s)+(s—1)
=n - B(G) + &(G) - 1.
It follows that B(G) < x(G) — 1 < (G).
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Case 3. Assume that R = @ and T' = . Letu ¢ Rand v € T'. Then, in a
manner similar to Case 2, we have

n<degu+degv<r+s—1+(@E—t)+(s—5)
=(r+s+t)~@E+)+(s-1)
=n-B(G)+&(G) —1;
50 3(G) < k(G) — 1 < k(G).
Case 4. Assume that R' + @5 and T' #+ 5. Letu € R and v € T'. Then
n<degu+degv<(r—r)+(s—5)+{t—t)+(s—-5)
=(r+s+t)— (" +5+)+(~5)
=n-B(G) +(G) —5.
Thus 8(G) € k(G) —s' < x(G). O

Theorem 4.13 has been extended in other ways. The next result, due to
Bondy [B12], illustrates this.

Theorem 4.24
If G is a 2-connected graph of order n such that

degu + degv+degw = 3?11

for every set {u,v,w} of three independent vertices of G, then G is hamiltonian.

As we have already remarked, obtaining an applicable characterization
of hamiltonian graphs remains an unsolved problem in graph theory. In
view of the lack of success in developing such a characterization, it is not
surprising that special subclasses of hamiltonian graphs have been
singled out for investigation as well as certain classes of nonhamiltonian-
graphs. We now discuss several types of ‘highly hamiltonian’ graphs and
then briefly consider graphs that are ‘nearly hamiltonian’.

A path in a graph G containing every vertex of G is called a hamiltonian
path. ‘A graph G is hamiltonian-connected if for every pair u,v of distinct
vertices of ‘G, there exists a hamiltonian u~v path. It is immediate that a
hamiltonian-connected graph with at least three vertices is hamiltonian.
We define the (1 + 1)-closure C, . 1(G) of a graph G of order n to be the
graph obtained from G by recursively joining pairs of nonadjacent
vertices whose degree sum is at least n + 1 until no such pair remains.
We then have the following analogue to Theorem 4.17, also due to
Bondy and Chvatal [BC3].
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Theorem 4.25

Let G be a graph of order n. If C,,.1(G) is complete, then G is hamiltonian- |

connected.

Proof

If n =1, then the result is obvious; so we assume that n > 2. Let G be a
graph of order n whose (n + 1)-closure is complete, and let # and v be any
two vertices of G. We show that G contains a hamiltonian u~v path, which
will then give us the desired result.

Define the graph H to consist of G together with a new vertex w and the
edges uw and vw. Then H has order n+ 1. Since C,.1(G) is complete,
(V(G))cwy = Ky Thus degepy x = n— 1 for x € V(G); so

degC(H) X+ degC(H) w=n+ 1.

Therefore, C(H) = K,;;.; and by Theorem 4.17, H is hamiltonian. Any
hamiltonian cycle of H necessarily contains the edges uw and vw, imply-
" ing that G has a hamiltonian u~v path. [

Two immediate corollaries now follow, the first of which is due to
Ore [O3].

Corollary 4.26
If G is a graph of order n such that for all distinct nonadjacent vertices u and v,
degu+degv =z n+1,

then G is hamiltonian-connected.

Corollary 4.27

IfGis a graph of order n such that degv > (n + 1)/2 for every vertex of G, then
G is hamiltonian-connected.

A number of other sufficient conditions for a graph to be hamiltonian-
connected can be deduced from Theorem 4.25. One of these is the
analogue to Theorem 4.18 (see [BS8, p.218]).

Corollary 4.28

Let G be a graph of order n > >3, the degrees d; of whose vertices satisfy
di<dy < - <dy. If there is no value of k < n/2 for which dy <k and
dyx<n-k, then G is hamiltonian-connected.
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A connected graph G of order n is said to be panconnected if for each pair
u,v of distinct vertices of G, there exists a u—v path of length ¢ for each
¢ satisfying d(u,v) </ <n—1. If a graph is panconnected, then it is
hamiltonian-connected; the next example indicates that these concepts
are not equivalent.

For k = 3, let G; be that graph such that V(Gy) = {7y, vz, .,Ux} and

E(G) = {‘U,“Ui+1 |l = 1,2, - ,Zk} U {’U,‘U,'_,_gll' = 2,4, . ,2’( - 4}
U {0103, k- 202}

where all subscripts are expressed modulo 2k. Although for each pair u,v
of distinct vertices and for each integer ¢ satisfying k < ¢ < 2k—1, the
graph G; contains a u-v path of length #, there is no v;-vy path of
length ¢ if 1 < ¢ < k. Since d(v;,vx) = 1, it follows that Gy is not pan-
connected.

A sufficient condition for a graph G to be panconnected, due to
Williamson [W7], can be given in terms of the minimum degree of G.,

Theorem 4.29

If G is a graph of order n > 4 such that degv > (n + 2)/2 for every vertex v of
G, then G is panconnected.

Proof

If n = 4, then G = K, and the statement is true.

Suppose that the theorem is not true. Thus there exists a graph G of
order n>5 with §(G)> (n+2)/2 that is not panconnected; that is,
there are vertices # and v of G that are connected by no path of length
¢ for some ¢ satisfying du,v) < £ <n-1. Let G =G~ {u,v}. Then
G* has order n* =n —2 2 3 and §(G*) = (n+2)/2 — 2= n"/2. Therefore
by Corollary 4.19, the graph G* contains a ham).ltoman cycle
& U1y 025+ 5 Uy g

Ifuv; € E (G),1 i< n*, then vv;,,_, & E(G), where the subscnpts are
expressed modulo #n*; for otherw1se,

Uy Uiy Ui 1se e 03 Vit =2,V

is a u~v path of length ¢ in G. Thus for each vertex of C that is adjacent
with u in G; there is a vertex of C that is not adjacent with v in G. Since
degcu = (n+2)/2, we conclude that u is adjacent with at least n/2
vertices of C, so

n n
d l1+n —n=z—1.
egov < 1+n' —5=>

This, however, produces a contradiction. []
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The result presented in Theorem 4.29 cannot be improved in general.
Let n = 2k +1 > 7, and consider the graph Ky ;, ; with partite sets V; and
Vy, where {Vi| =k on [V,| =k + 1. The.graph G is obtained from K1
by constructing a path P,_; and k — 1 vertices of V,. Join the remaining
two vertices x and y of V, by an edge. Then degv > (n + 1)/2 for every
vertex v but G is not panconnected since G contains no x-y path of
length 3.

A graph G of order n > 3 is called pancyclic if G contains a cycle of
length ¢ for each # satisfying 3 < ¢ < n. We say that G is vertex-pancyclic
if for each vertex v of G and for every integer ¢ satisfying 3 </ <n,
there is a cycle of G of length £ that contains v. Certainly every pancyclic
graph is hamiltonian, as is every vertex-pancyclic graph, although the
converse is not true. The next theorem, due to Bondy [B10], gives a
sufficient condition for a hamiltonian graph to be pancyclic. In order
to present a proof due to C. Thomassen, a preliminary definition is
useful. .

Let G be a hamiltonian graph and C:vy,7,,...,7,,7; a hamiltonian
cycle of G. With respect to this cycle, every edge of G either lies on C or
joins two nonconsecutive vertices of C and is referred to as a chord. Any
cycle of G containing precisely one chord is an outer cycle of G (with
respect to the fixed hamiltonian cycle C).

Theorem 4.30

If G is a hamiltonian (n,m) graph where m > n? /4, then either G is pancyclic or n
is even and G = Ky 3 2.

Proof

We first show that if G is a hamiltonian (n,m) graph, where n >4
and m > n*/4, and G contains no (n— 1)-cycle, then n is even and
G = K2 "

Let C: vy,vy,...,0,,v; be a hamiltonian cycle of G and let vjand vj, be
any two consecutive vertices of C (where all subscripts are expressed
modulo n). f 1<k<nbutk#j—1and k#j, then at most one of vjv;
and v;,10x42 is an edge of G; otherwise,

CUie U2y U Uy Ve 1, U225« - - Uy 25 Ujpt

is an (n—1)-cycle of G. Thus for each of the degv;—1 vertices in
V(G) ~{vj-1,9;} that is adjacent to v, there is a vertex in
V(G) = {vj41,9+2} that is not adjacent to vjy1. Thus degvj, <
(n—2)— (degv;— 1)+ 1, so

degv; +deguj,1 < 1. (4.3)
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Suppose that 7 is odd. Then by (4.3) there is some vertex, say v,, such
that deg v, < (n — 1)/2. But then

n—-1

2m = E degv; + degv,

i=1
nn-1) (-1 n
5 T <7
which contradicts the fact that m > n°/4. Thus n is even and 2m =
"y degv; < n?/2, so that m < n*/4. Since m > n?/4, we have that
m = n* /4. This implies that equality is attained in (4.3) for each j. Therefore,

vog € E(G) ifand onlyif vj.1v40 € E(G), k#j-1,]. (4.4)

<

Suppose that G # K, /5 /. Since m = n/4, by Exercise 1.24, G has an
odd cycle. This implies that G contains .an outer cycle of gdd length. Let
Uj,Vjt15--+»Vj4s, U be a shortest outer cycle of G of odd length £ +1
where, then, £ is even and 4 < ¢ <7 —4 since G contains no {n —1)-
cycle. Since vv;,, € E(G), by (4.4), v;_1v;,,_» & E(G). Then, again by
(4.4), vj_20j ¢4 € E(G). Therefore v;_»,v;_1,...,0j1s—4,Vj_2 is an outer
cycle of (odd) length £ — 1, which is a contradiction. Thus G = Ky n/2-

We now show by induction on n that if G is a hamiltonian (n, m) graph,
where m > 1%/4, then either G is pancyclic ornis even and G = K3 /2. If
n = 3, then G = C; and G is pancyclic. Assume for all hamiltonian graphs
H of order n — 1(>3) with at least (n — 1)*/4 edges that either H is pan-
cyclic or n —1 is even and H = K,_1y2,(x-1)/2- Let G be a hamiltonian
(n,m) graph with m > n’/4. Assume that either (i) n is even and
G # Kyjopn2 o1 (i) n is odd. We show that G is pancyclic. Under these
assumptions, it follows from the first part of the proof that G contains
an (n — 1)-cycle C*: wy,w,, ..., W,_1,W;. Let w be the single vertex of G
not on C*.

If degw > n/2, then for each integer ¢ satisfying 3 < ¢ < n, the vertex w
lies on an Z-cycle of G; otherwise, whenever ww; € E(G), 1<i<n—1,it
follows that ww, ¢ E(G), where t =i+ ¢ — 2 (mod n — 1). This, however,
implies that degw < (n —1)/2, which is a contradiction. Thus G is
pancyclic if degw > n/2. c

If deg w < n/2, then G — w is a hamiltonian graph of order n — 1 with at
least n2/4 — (n—1)/2 edges. Since n*/4 — (n —1)/2 > (n — 1)*/4, it fol-
lows that G —w # K(,_1y/2,s-1)/2- Applying the inductive hypothesis,
we conclude that G — w is pancyclic. Thus G is pancyclic and the proof
is complete. [

If the sum of the degrees of each pair of nonadjacent vertices of a
graph G is at least n, where n = [V(G)| > 3, then by Theorem 4.13, G is
hamiltonian. Our next result shows that the condition of Theorem 4.13
actually implies much more about the cycle structure of G.
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Corollary 4.31

Let G be a graph of order n = 3 such that for all distinct nonadjacent vertices u
and v,

degu +degv = n.

Then either G is pancyclic or n is even and G = Ky p /2.

Proof

Let G have size m. We need only show that m > n?/4, since G is hamilto-
nian by Theorem 4.13. Let k be the minimum degree among the vertices of
G.If k > n/2, then clearly m > n*/4. Thus we may assume that k < n/2.

Let ¢ denote the number of vertices of G of degree k. These ¢ vertices
induce a subgraph H that is complete; for if any two vertices of H were
not adjacent, then there would exist two nonadjacent vertices the sum of
whose degrees would be less than n. This implies that £ < k4 1. How-
ever, ¢ # k+ 1; for otherwise, each vertex of H is adjacent only to vertices
of H, which is impossible since G is connected.

Let u be a vertex of degree k. Since £ < k, one of the k vertices adjacent to
u has degree at least k + 1, while each of the other k — 1 vertices adjacent
tou has degree at least k. If w 5 wis one of the n — k — 1 vertices of G that is
not adjacent to u, then degw + degu > n, so that degw > n — k. Hence,

1 1
m=z Z degv = -i[(n—k—l)(n—k)+k2+k+1]
veV(G)

n*+1

4 1

the last inequality holding since for k< (n—1)/2, the expression
12K + (2 —2n)k+ (”* ~n+1)] takes on its minimum value when
k=m~-1)/2. O

=%{2k2+(2—2n)k+(n2—n+1)]2

It is interesting to note that many other conditions that imply that a
graph is hamiltonian have been shown to imply that either the graph is
pancyclic or else belongs to a simple family of exceptional graphs.

We next briefly consider graphs that are, in certain senses, mearly
hamiltonian’. Of course, if G is hamiltonian, then G has a hamiltonian
path. Sufficient conditions for a graph to possess a hamiltonian path
can be obtained from the sufficient conditions for a graph to be hamilto-
nian. For example, suppose that G is a graph of order n > 2 such that for
all distinct nonadjacent vertices u and v, we have degu + degv zn— 1.
Then the graph G + K satisfies the hypothesis of Theorem 4.13 and so0 is
hamiltonian. This, of course, implies that G contains a hamiltonian path.

We close this section with a brief discussion of hamiltonian digraphs. A
digraph D is called hamiltonian if it contains a spanning cycle; such a
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cycle is called a hamiltonian cycle. As with hamiltonian graphs, no
characterization of hamiltonian digraphs exists. Indeed, if anything, the
situation for hamiltonian digraphs is even more complex than it is for
hamiltonian graphs. While there are sufficient conditions for a digraph
to be hamiltonian, they are analogues of the simpler sufficient conditions
for hamiltonian graphs.

Recall that a digraph D is strong if for every two distinct vertices u and v
of D, there is both a u-v (directed) path and a v-u path. Clearly, every.
hamiltonian digraph is strong (though not conversely).

Because of the difficulty of the proof, we state without proof the
following theorem of Meyniel [M7] that gives a sufficient condition for
a digraph to be hamiltonian. It should remind the reader of Ore’s theorem
(Theorem 4.13).

Theorem 4.32

If D is a strong nontrivial digraph of order n such that for every pair u, v of
distinct nonadjacent vertices,

degu +degv = 2n ~ 1,

then D is hamiltonian.

Theorem 4.32 has a large number of consequences. We consider these
now, beginning with a result originally discovered by Woodall [W10].

Corollary 4.33

If D is a nontrivial digraph of order n such that whenever u and v are distinct
vertices and (u,v) € E(D),

odu+idvzmn, (4.5)

then D is hamiltonian.

Proof

First we show that condition (4.5) implies that D is strong. Let # and v be
any two vertices of D. We show that there is a u-v path in D. If
(u,v) € E(D), then this is obvious. If (4,v) € E(D), then by (4.5), there
must exist a vertex w in D, with w # u, v, such that (u,w), (w,v) € E(D).
However, then, u,w, v is the desired u—v -path.

To complete the proof we apply Meyniel’s theorem. Let u and v be any
two nonadjacent vertices of D. Then by (4.5), odu+idv>n and
odv+idu > n so that degu + degv > 2n. Thus; by Theorem 4.32, D is
hamiltonian. []
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The following well-known theorem is due to Ghouila-Houri [G3]. The
proof is an immediate consequence of Theorem 4.32.

Corollary 4.34

If D is a strong digraph such that degv > n for every vertex v of D, then D is
hamiltonian.

This result also has a rather immediate corollary.

Corollary 4.35
If D is a digraph such that
odv>n/2 and idv>n/2

for every vertex v of D, then D is hamiltonian.

A spanning path in a digraph D is called a hamiltonian path of D. As in
the case of graphs, sufficient conditions for hamiltonian cycles in digraphs
often have easily obtainable analogues for hamiltonian paths (Exercise
4.33). Readers interested in more information on hamiltonian graphs

and digraphs should consult the surveys in Faudree [F2], Gould [G7]
and Lesniak {L2].

EXERCISES 4.2

4.11 Show that the graph of the dodecahedron is hamiltonian.

4.12 (a) Show that if G is a 2-connected graph containing a vertex that
is adjacent to at least three vertices of degree 2, then G is not
hamiltonian.

(b) The subdivision graph S(G) of a graph G is that graph obtained
from G by replacing each edge uv of G by a vertex w and

edges uw and vw. Determine, with proof, all graphs G for -

which 5(G) is hamiltonian.
4.13 Give an example of a 1-tough graph that is not hamiltonian.

4.14 (a) Prove that K, 5, 5, is hamiltonian for every positive integer r.
(b) Prove that K, 5, 3,..1 is hamiltonian for no positive integer r.

4.15 (a) Prove that if G and H are hamiltonian graphs, then G x H is
hamiltonian.
(b) Prove that the n-cube Q,,n > 2, is hamiltonian.

4.16 Give a direct proof of Corollary 4.19 (without using Theorems 4.13
or 4.18).
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4.17 Show that Theorem 4.13 is sharp, that is, show that for infinitely
many # 3 3 there are nonhamiltonian graphs G of order n such
that degu +degv >n—1 for all distinct nonadjacent vertices u
and v.

4,18 Show that Theorem 4.20 is sharp, that is, show that for infinitely
many 7 >3 there are 2-connected nonhamiltonian graphs G of
order n such that [N(1) UN(v)| = [(2n — 1)/3] — 1 for all distinct non-
adjacent vertices u and v.

4.19 Show that Theorem 4.22 is sharp, that is, show that for infinitely
many # > 3 there are nonhamiltonian graphs G of order n such
that «(G) > 8(G) — 1.

4.20 Let G be an (n,m) graph, where n > 3and m > (" ') + 2. Prove that
G is hamiltonian.
4.21 Let G be a bipartite graph with partite sets U and W such that

[U| = |W| = k > 2. Prove that if degv > k/2 for every vertex vof G,
then G is hamiltonian.

4.22 Let G be a graph of order n > 2, the degrees d; of whose vertices
satisfy dy <dp < --- <d,. Show that if there is no value of
k< (n+1)/2 for which dy <k—1and dy_4 1 <n—k~1, then G
has a hamiltonian path.

4.23 Show that if G is a graph‘with at least two vertices for which
#(G) = B(G) — 1, then G has a hamiltonian path.

4.24 Show that if G is a connected graph of order n > 2 such that for all

distinct nonadjacent vertices u and v
2n—2
@ uNE)| > Z2,

then G has a hamiltonian path.

4.25 Show that if G is a k-connected graph (k > 2) of order n = 3 such that
for every independent set {u,u,, .. uk} of k vertices,

-1
NG UNGg) U+ UN G > S,
then G is hamiltonian.
4.26 Show that there exists a function f with f(n) < 3n/2 such that the
~ following result is true: If G is a connected graph of order n such

that degu + degv + degw > f(n) for every set {u,v,w} of three
independent vertices of G, then G has a hamiltonian path.

4.27 Show that if G is an (n,m) graph, where n > 4 and m > (*;') +3,
then G is hamiltonian-connected.
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4.28 Prove that every hamiltonian-connected graph of order 4 or more is

3-connected.
4.29 Give an example of a graph G that is pancyclic but not panconnected.

4.30 Prove or disprove: If G is any graph of order n > 4 such that for all
distinct nonadjacent vertices # and v,

degu +degv>n+2,
then G is panconnected.

4.31 Let G be a connected graph of order n and let k be an integer such
that 2 < k < n — 1. Show that if degu + deg v > k for-every pair u,v
of nonadjacent vertices of G, then G contains a path of length k.

4.32 Prove Corollaries 4.33 and 4.34.

4.33 State and prove an analogue to Theorem 4.32 which gives a sufficient
condition for a digraph to have a hamiltonian path. Show that the
bound in this result is sharp.

4.3 LINE GRAPHS AND POWERS OF GRAPHS

The kth power G* of a graph G, where k=1, is that graph with
V(G*) = V(G) for which uv € E(G") if and only if 1 <dg(s,v) <k The
graphs G? and G are also referred to as the square and cube, respectively,
of G. A graph with its square and cube are shown in Figure 4.10.

Since the kth power G* (k > 2) ofa graph G contains G as a subgraph (as
a proper subgraph if G is not complete), it follows that G is hamiltonian if
G is hamiltonian. Whether or not G is hamiltonian, for a connected graph
G of order at least 3 and for a sufficiently large integer k, the graph G is
hamiltonian since G is complete if G has diameter d. It is therefore natural
to ask for the minimum k for which G* is hamiltonian. Certainly, for
connected graphs in general, k=2 will not suffice since if G is the
graph of Figure 4.10, then G? is not hamiltonian. We see, however, that

Figure 410 A graph whose square is not hamiltonian.
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G? is hamiltonian. It is true, in fact, that the cube of every connected graph
of order at least 3 is hamiltonian. Indeed, a stronger result exists, discov-
ered independently by Karaganis [K1] and Sekanina [S1].

Theorem 4.36

If G is a connected graph, then G® is hamiltonian-connected.

Proof

If H is a spanning tree of G and H® is hamiltonian-connected, then G is
hamiltonian-connected. Hence it is sufficient to prove that the cube of
every tree is hamiltonian-connected. To show this we proceed by induc-
tion on n, the order of the tree. For small values of n the result is obvious.

Assume for all trees H of order less than n that H® is hamiltonian-
connected, and let T be a tree of order n. Let u and v be any two vertices -
of T. We consider two cases.

Case 1. Suppose that u and v are adjacent in T. Let e = uv, and consider the
forest T — e. This forest has two components, one tree Ty containing u and
the other tree T, containing v. By hypothesis, T2 and T5 are hamiltonian-
connected. Let 1, be any vertex of T, adjacent to 4, and let v; be any vertex
of T, adjacent to v. If T, or T, is trivial, we define u; =u or v; =0,
respectively. Note that u; and v; are adjacent in T2 since dr(uy,01) < 3.
Let P, be a hamiltonian u-u; path (which may be trivial) of T, and let
P, be a hamiltonian v,-v path of T3, The path formed by beginning
with P, and then following with the edge u;v; and the path P, is a
hamiltonian u-v path of T°.

Case2. Suppose that u and v are not adjacent in T. Since T is a tree, there exists
a unique path between every two of its vertices. Let P be the unique u-v
path of T, and let f = uw be the edge of P incident with u. The graph
T — f consists of two trees, one tree T, containing u and the other tree T,
containing w. By hypothesis, there exists a hamiltonian w-v path P, in T5.
Let u; be a vertex of T, adjacent to u, or let u; = u if T, is trivial, and let P,
be a hamiltonian u-u; path in T5. Because dr(u;,w) < 2, the edge u;w is
present in T°. Hence the path formed by starting with P, and then follow-
ing with u;w and P, is a hamiltonian u~v path of . O

It is, of course, an immediate corollary that for any connected graph G
of order at least 3, G® is hamiltonian.

Although it is not true that the squarés of all connected graphs of order
at least 3 are hamiltonian, it was conjectured independently by C. Nash-
Williams and M. D. Plummer that for 2-connected graphs this is the case.
In 1974, Fleischner [F5] proved the conjecture to be correct. Its lengthy
proof is not included.
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Theorem 4.37

If G is a 2-connected graph, then G* is hamiltonian.

A variety of results strengthening (but employing) Fleischner’s work
have since been obtained; for example, it has been verified [CHJKN1]
that the square of a 2-connected graph is hamiltonian-connected.

Theorem 4.38

If G is a 2-connected graph, then G* is hamiltonian-connected.

Proof

Since G is 2-connected, G has order at least 3. Let 4 and v be any two
vertices of G. Let Gy,G,,...,Gs be five distinct copies of G and let u;
and v; (i =1,2,...,5) be the vertices in G; corresponding to # and v in
G. Form a new graph F by adding to G; UG, U - - - U G5 two new vertices
w; and w, and ten new edges wiu; and w,v; (i=1,2,...,5). Clearly,
neither w; nor w; is a cut-vertex of F. Furthermore, since each graph G;
is 2-connected and contains two vertices adjacent to vertices in
V(F) — V{(G;), no vertex of G; is a cut-vertex of F. Hence F is a 2-connected
graph with at least three vertices and so, by the aforementioned result of
Fleischner, F? has a hamiltonian cycle C.

Since each of w; and w, has degree 2 in C, one of the subgraphs G; of F,
say Gy, contains no vertex adjacent to either w; or w, in C. Suppose that
w € V(Gy) — {u, %} and w' € V(F) — V(Gy). If ww' € E(F?), then necessa-
rily w' =w; or W = w,. Therefore, since no vertex of Gy is adjacent to
either wy or w, in C, it must be the case that #; and v, are the only vertices
of Gy that are adjacent in C to vertices in V(F) — V(Gy). This implies that
one of the v, paths P determined by C contains exactly the vertices of
Gy. The proof will be complete once we have shown that E(P) C E(GZ).
Let x,y € V(Gy) such that xy € E(P). Hence dr(x,y) < 2. From the way
in which F was constructed, we conclude that dg,(x,y) < 2. Therefore
xy € E(G}) and P is a hamiltonian u, — v; path of GZ. [

Our next result, due to Nebesky [N4], gives another condition under
which G? is hamiltonian-connected. Recall that K, — e denotes the graph
obtained by deleting an edge from the complete graph of order n. .

Theorem 4.39
Let G be.a graph of order n. If (G’ #K, and (G # Ky —e, then G* is

hamiltonian-connected.
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Proof

Since (G)2#K,, either G is disconnected or G is connected with
diam G > 3. If G is disconnected, then G is connected and diamG <2
(Exercise 1.29). Thus G? is complete and therefore hamiltonian-connected.
Thus we may assume that G is connected with diam G > 3. This implies
that n>4 and that there are vertices u;, #; € V(G) such that
dg(uy,1p) = 3. _ _

For i = 1,2, define V; = {v € V(G)|u;v € E(G)}. Since dg(u1,uy) =3, it
follows that V; # & (i=1,2) and V;NV, = . Furthermore, u; ¢ V;
and u, € V;. We consider two cases.

Case 1. Assume that V; UV, = V(G) — {uy,4p}. If every vertex of V1 is
adjacent in G to every vertex of V, then (G)2 = K, — e, which is a contra-
diction. Thus there are vertices v; € V; and v, € V, such that v;v, ¢ E(G).
Let F; denote the graph with V(F;) = V(G) and

E(Fy) = {11,102} U {sywolw, € Vo} U {upwswy € Vi}.

Then F; € G and (F;)? is hamiltonian-connected. Since V(F;) = V(G), it
follows that G? is hamiltonian-connected.

Case 2. Assume that V; U Vy # V(G) — {uy, u}. Select an arbitrary vertex
vy € V(G) — {uy, 2} ~ V1 = V>
Let F, denote the graph with V(F,) = V(G) and
E(F;).= {voy, g1z, a0} U {own|w; € V1}
U{mwalw, € V(G) ~ {u1, 4z} — V1}-

Then F, C G and (132)2 is hamiltonian-connected. Thus, since V(F;) =
V(G), we see that G is also hamiltonian-connected. [

Corollary 4.40
Let G be a graph with G # P4. Then either G? or (G)? is hamiltonian-connected.

Corollary 4.41
Let G be a graph of order at least 3. Then either G* or (G)? is hamiltonian.

There is an interesting relationship between Fleischner’s result
(Theorem 4.37) and Chvétal’s conjecture that every 2-tough graph is
hamiltonian. It is not difficult to show (Exercise 4.39) that t(G?) > &(G)
for every graph G. Thus a proof of Chvétal’s conjecture would imply
Fleischner’s result.

We have seen that for every graph G and positive integer k we can
determine a new graph, the kth power G of G. There are other associated




126 Eulerian and hamiltonian graphs and digraphs
u U,
G: LG
Uy u5
Ug

Figure 4.11 A graph and its line graph.

graphs of interest. The line graph L(G) of a graph G is that graph whose
vertices can be put in one-to-one correspondence with the edges of G
in such a way that two vertices of L(G) are adjacent if and only if the
corresponding edges of G are adjacent. A graph and its line graph are
shown in Figure 4.11.

Itis relatively easy to determine the number of vertices and the number
of edges of the line graph L{G) of a graph G in terms of easily computed
quantities in G. Indeed, if G is an (n,m) graph with degree sequence
dy,dy,...,d, and L(G) is an (n',m’) graph, then n' = m and

ml _ Xn: di
_" i=1 2 ’
since each edge of L(G) corresponds to a pair of adjacent edges of G.

A graph H is called a line graph if there exists a graph G such that
H = L{G). A natural questioni to ask is whether a given graph H is a
line graph. Several characterizations of line graphs have been obtained,
perhaps the best known of which is a ‘forbidden subgraph’ characteri-

zation due to Beineke [B4]. We present this result without its lengthy
proof.

Theorem 4.42

A graph H is a line graph if and only if none of the graphs of Figure 4.12 is an
induced subgraph of H.

We turn to the problem of determining the relationships between a
graph and hamiltonian properties of its line graph. Theorem 4.43, due
to Harary and Nash-Williams [HN1], provides a characterization of
those graphs having hamiltonian line graphs. A set X of edges in a
graph is called a dominating set if every edge of G either belongs to X or
is adjacent to an edge of X. If (X) is a circuit C, then Cis called a dominating
circuit of G. Equivalently, a circuit C in a graph G is a dominating circuit if
every edge of G is incident with a vertex of C.
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Figure 4.12 The induced subgraphs not contained in any line graph.

Theorem 4.43

Let G be a graph without isolated vertices. Then L(G) is hamiltonian if and only if
G =Ky, for some ¢ > 3, or G contains a dominating circuit.

Proof - .

If G=K;, for some ¢ >3, then L(G) is hamiltonian since L(G) = K,.
Suppose, then, that G contains a dominating circuit

C:91,02,...,0501.

It suffices to show that there exists an ordeéring S: €;,€2,.-.,m of the m
edges of G such that ¢ and ¢, are adjacent edges of G, for
1<i<m~1,as are ¢ and e, since such an ordering S corresponds to a
hamiltonian cycle of L(G). Begin the ordering S by selecting, in any order,
all edges of G incident with v; that are not edges of C, follqwed by the edge
v17,. At each successive vertex v, 2 <i<t—1, select, in any ord.er, all
edges of G incident with v; that are neither edges of C nor prev1.ously
selected edges, followed by the edge vivj41- This process terminates
with the edge v;_1v;. The ordering S is completed by adding the edge
vyv;. Since C is a dominating circuit of G, every edge of G appears exactly
once in §. Furthermore, consecutive edges of S as well as the first and last

edges of S are adjacent in G.
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Conversely, suppose that G is not a star but L(G) is hamiltonian. We
show that G contains a dominating circuit. Since L(G) is hamiltonian,
there is an ordering S: e1,e,,. ..,y of the m edges of G such that ¢; and
;41 are adjacent edges of G, for 1<i<m-—1, as are ¢; and e¢,,. For
1<i<m—1, let v; be the vertex of G incident with both ¢; and e,+1
(Note that 1< k#g<m—1 does not necessarlly imply that vy # v,.
Since G is not a star, there is a smallest integer j; exceedmg 1 such that
v;, # v1. The vertex v}, ., is incident with ¢; , the vertex v;, is incident with
¢,, and vj, _1 = v5. Thus, g, = v10;,. Next, let j, (if it exists) be the smallest

integer exceedmg jisuch thato ;A - The vertex v}, _1 is incident withe;,, |

the vertex vj, is incident with e and Vi, -1 =Tj,. Thus, €j, = Vj,0j,. Contin-
uing in this fashion, we fmally arrive at a vertex v;, such that ¢, =v; _ ..
where v;, = v,,_;. Since every edge of G appears exactly once in$ and
since 1 <j; <jp, <--- <j; <m—1, this construction yields a trail
T: '01781'] ,U,’I,Ejz,vjz, e U}(l 1 EJ', 'Uh =Up_1

in G with the properties that (i) every edge of G is incident with a vertex of
T, and (ii) neither ¢; nor ¢, is an edge of T.

Let w be the vertex of G incident with both ¢; and e,,. We consider four
possible cases.

Case 1. Suppose that w = vy = v,,_1. Then T itself is a dominating circuit
of G.

Case 2. Suppose that w = vy and w # v,,_1. Since e, is incident with both
w and v,,_q, it follows that e, = v, _yw = v,,_19;. Thus C: T,e,,v, is a
dominating circuit of G.

Case 3. Suppose that w = vy, _1 and w # v;. Since e; is incident with both w
and vy, we have that e; = wv; = v,,_1v;. Thus C: T,e;,v; is a dominating
circuit of G.

Case 4. Suppose that w # v,,_1 and w # v;. Since e,, is incident with both
w and vy,_1, it follows that e,, = v, _.qw. Since ¢; is incident with both w
and v;, we have that e; = wv,. Thus v; # v,,_;, and C: T, e, w,e;,v, is a
dominating circuit of G. [

It follows from Theorem 4.43 that if G is either eulerian or hamiltonian,
then L(G) is hamiltonian. More generally, we have the following corollary.

Corollary 4.44

If G is supereulerian, then L(G) is hamiltonian. .

The strong interest in supereulerian graphs can, at least in part be
attributed to Corollary 4.4.
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Earlier in this section we saw that for any graph G # Py, either G* or
(G)? is hamiltonian-connected (Corollary 4. 40) Consequently, for every
graph G of order at least 5 either G* or (G)* is hamiltonian (Corollary
4.41). 1t is perhaps surprising that there is a line graph analogue of
Corollary 4.40 but no such analogue of Corollary 4.41. In particular,
Nebesky [N2] showed that if G is a graph of order at least 5, then either
L(G) or L(G) is hamiltonian. Furthermore, Nebesky [N3} showed that for
every positive integer r there is a graph G of order 7 such that neither L(G)
nor L(G) is hamiltonian-connected.

In [T6] Thomassen conjectured that every 4-connected line graph is
hamiltonian. This conjecture is related to Chvatal’s conjecture that
every 2-tough graph is hamiltonian as follows. As we saw in Chapter 3,
for every graph G we have #(G) <'x(G)/2 and equality holds if G is claw-
free.-Since a line graph does not contain Kj ; as an induced subgraph, it
follows that every 4-connected line graph is 2-tough. Thus the truth of
Chvatal’s results would also imply the conjecture made independently
by Matthews and Sumner [MS1] that every 4-connected claw-free graph
is hamiltonian.

EXERCISES 4.3

4.34 Show that the graph G? of Figure 4.10 is not hamiltonian.

4.35 Prove that if v is any vertex of a connected graph G of order at least 4,
then G® — v is hamiltonian.

4.36 Give an infinite family G of graphs such that for each G € G, neither G
nor G is 2-connected. (Thus, Corollaries 4.40 and 4.41 do not follow
from Theorems 4.37 and 4.38.)

4.37 Prove Corollary 4.40.

4.38 Prove that if G is a self-complementary graph of order at least 5, then
G? is hamiltonian-connected.

4.39 (a) Let G be a graph, and let S be a vertex-cut of G2. Further, let

V1, Vy, ..., Vi be the vertex sets of the components of G?-8.
For each i=1,2,...,k let

-Si={ue S|u is adjacent to a vertex of v; in G}.

Show that |S | > (G) foreachi=1,2,...,kand that ;N S; =
fori<i#j<k
(b) Use (a) to show that (G?) > x(G) for every graph G.

4.40 Determine a formula for the number of triangles in the line graph
L(G) in terms of quantities in G.
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4.41 Prove that L(G) is eulerian if G is eulerian.

4.42 Find a necessaty and sufficient condition for a graph G to have the
property G = L(G).

443 (a) Show that if G is a connected graph with §(G) > 3, then L(G) is
supereulerian. (Hint: Each vertex v in G corresponds to a com-

plete subgraph K(v) in L(G). Select a hamiltonian cycle from each
K(v) and use this to build a spanning eulerian subgraph of L(G).)

(b) Show that if G is a connected graph with 6(G) >3, then

L*(G) = L(L(G)) is hamiltonian.

(c) For integers k = 2, the kth iterated line graph Lk(G) of a graph G
is defined as L(L*~1(G)), where L' (G) denotes L(G) and L*~}(G)
is assumed to be nonempty. Show that for a connected graph G,

some iterated line graph of G is hamiltonian if and only if G is not
a path,

4.44 ‘For each of the following, prove or disprove.
(a) If G is hamiltonian, then G? is hamiltonian-connected.
(b) If G is supereulerian, then G is supereulerian.
(c) If G is connected and L(G) is eulerian, then G is eulerian.
(d) If G is hamiltonian, then L(G) is hamiltonian-connected.
(e) If G has a dominating circuit, then L(G) has a dominating circuit.

CHAPTER 5

Directed graphs

We return to digraphs, first considering graphs for which some or all
orientations have a certain connectedness type. The main emphasis
here, however, is the study of tournaments.

51 CONNECTEDNESS OF DIGRAPHS

In Chapter 1 we described various types of connectedness that a digraph
may possess. In this section we explore these in more detail. Recall that a
digraph D is strong if for every pair u, v of vertices of D, there is both a u-v
path and a v-u path. Strong digraphs are characterized in the following
theorem.

Theorem 5.1
A digraph D is strong if and only if D contains a closed spanning walk.

Proof

Assume that W: uy,uy,. .., U, 4 is a closed spanning walk in D. Let u,
v € V(D). Then u = u; and v = u; for some i,j with 1 <i, j<kand i #}].
Without loss of generality, we assume that i < j. Then Wy: u;,4;,q,. .., 3
is a u~u; walk in D and Wy: 1,141, .. ., U, Uy, - - -, U; iS5 @ u~u; walkin D.
Consequently, D contains both a u;~1; path and a u-u; path in D.

Conversely, assume that D is a nontrivial strong digraph. We show that
D contains a closed spanning walk. Suppose that this is not the case, and let
W be a closed walk containing a maximurit number of vertices of D. Let x
be a vertex of D that is not on W, and let v be a vertex on W. Since D is
strong, D contains a v—x path P; and an x—v path P,. When v is encountered
on W, we insert P; followed by P,. This results in a closed walk W’ contain-
ing more vertices of D than W, which produces a contradiction.Thus D is
strong. O

Recall that a digraph D is unilateral if for every pair u, v of vertices of D,
there is either a u-v path or a v-u path. Unilateral digraphs can be
characterized in much the same way as strong digraphs.
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Theorem 5.2

A digraph D is unilateral if and only if D contains a spanning walk.

Proof

Suppose first that D contains a spanning walk W: v4,7,,..., 0. Letuand v
be distinct vertices of D. Then u = v; and v = v; for some integers i and
j with 1 <i,j <k Assume, without loss of generality, that i < j. Then
Wiiu= Ui, Vig1s---,0; =0 is a u-v walk. Thus D contains a u—v path
and so D is unilateral.

For the converse, assume that D is a unilateral digraph and suppose, to
the contrary, that D does not have a spanning walk. Let W: uy,u,,...,u,
be a walk containing a maximum number of vertices of D. Let x be a
vertex of D that is not on W. If D contains an x~u; path P or a u,x path
Q, then either P followed by W or W followed by Q is a walk containing
more vertices than W, which produces a contradiction. Hence we may
assume that D does not contain these paths. Consequently, D contains a
uy—x path and an x-u, path. Hence there exists an integer i (1 <i<¢)
such that D contains a u—x path Py and an x-u;,, path P,. Denote the
u1—u; subwalk of W by W; and the u; -1, subwalk of Wby W,. Then
W followed by Py, P, and W, produces a walk containing more vertices
than W, which is-a contradiction. []

Recall that an asymmetric digraph D can be obtained from a graph G
by assigning a direction to each edge of G and that D is also called an
orientation of G. We are now interested in those graphs having a strong
orientation. Certainly, if G has a strong orientation, then G must be con-
nected. Also, if G has a bridge, then it is impossible to produce a strong
orientation of G. On the other hand, if G is a bridgeless connected graph,

then G always has a strong orientation. This observation was first made by
Robbins [RI].

Theorem 5.3

A nontrivial graph G has a strong orientation if and only if G is 2-edge-connected.

Proo_f

We have already observed that if a graph G has a strong orientation, then
G is 2-edge-connected. Suppose that the converse is false. Then there
exists a 2-edge-connected graph G that has no strong orientation.
Among the subgraphs of G, let H be one of maximum order that has a
strong orientation; such a subgraph exists since for each v € V(G), the
subgraph ({v}) trivially has a strong orientation. Thus V(H)| < |V(G)]
since, by assumption, G has no strong orientation.

s
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Assign directions to the edges of H so that the resulting digraph D is
strong, but assign no directions to the edges of G — E(H). Let u € V(H)
and let v € V(G) — V(H). Since G is 2-edge-connected, there exist two
edge-disjoint (graphical) u~v paths in G. Let P be one of these u-v paths
and let Q be the v-u path that results from the other u—v path. Further, let
1y be the last vertex of P that belongs to H, and let v, be the first vertex of
belonging to H. Next, let P; be the u;~v subpath of P and let Q; be t'he V-1,
subpath of Q. Direct the edges of P; from u; toward v, producing 'the
directed path P}, and direct the edges of Q; from v toward vy, producing
the directed path Q. , ’

Define the digraph D' by V(D') = V(D) U V(P}) U V(Q}) and E(D) =
E(D) UE(P}) UE(Q}). Since D is strong, so is D', which contradicts the
choice of H. [J . :

Not every connected graph has a unilateral orientation. For example,
the only trees that have unilateral orientations are paths.

Theorem 5.4

A tree T has a unilateral orientation if and only if T is a path.

Proof

Clearly every path has a unilateral orientation. Next, assume that T is
a tree that is not a path. Then T has a vertex v with degv > 3. Now
suppose that we assign directions to the edges of T producing a digraph
D. Then there are at least two edges of T directed toward or away from v
in D; say e; = vu; and e, = vu, are edges of T incident with v such that
g; = (v,u4;) in D for i=1,2 or ¢; = (u;,v) in D for i = 1,2. In either. case,
D contains neither a wy—u, path nor a u,-u; path. Hence D is not
unilateral. [}

Indeed, only those graphs G with the property that all of their
bridges lie on a single path of G have a unilateral orientation. In the
following proof, we use graphs that are obtained by identifying sets of
vertices in a graph G. Let G be a graph and let §,,5,,...,5; be non-
empty, pairwise disjoint subsets of V(G). The graph G’ is obtained by
identifying the vertices of S; for each i if V(G :V(G—UL%S,-)U
{s1,52,--.,5¢}-and the edges of G' consist of the edges of G —Ji~1 S;
together with the edges of the type xs; {1 <i<k) whenever
x € V(G- S) is adjacent to some vertex of S; and edges of the
type sis; (1 <1i,j <k; i #j) whenever some vertex of §; is adjacent' to
some vertex of S]-. This is illustrated in Figure 5.1, where the vertices
of §;={v,1,04,v5} are identified, as are the vertices of 5=
{’067 Up,Vg, Vg, Ulo}‘
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v
12
Figure 5.1 Identification of vertices.

Theorem 5.5

A connected graph G has a unilateral orientation if and only if all of the bridges of
G lie on a common path.

Proof

By Theorem 5.4, the result holds if G is a tree. So let G be a connected
graph that is not a tree. Denote the bridges (if any) of G by e;,¢e,...,¢,
and the maximal 2-edge-connected subgraphs of G by Gy,G,,...,G;.
Let G be the graph obtained from G by identifying the vertices of G; for
eachi=1,2,...,k Then E(G') = {ey, e,..., ¢}, the set of bridges of G. By
this construction, G’ is a tree, and if G has no bridges, then G =K. It
follows that G’ is a path if and only if every bridge ¢; of G lies on a
common path P of G. Thus, by Theorem 5.4, it remains to show that G
has a unilateral orientation if and only if G’ does.

Clearly, a unilateral orientation of G induces a unilateral orientation of
G'. For the converse, suppose that G' has a unilateral orientation D. By
Theorern 54, G' is a path and D is a directed path. Assign the same
directions to the edges ej,¢,...,¢, in G as they have in D. Further, by
Theorem 5.3, we may orient the edges of each subgraph G; (1 <i < k)

so that a strong subdigraph is obtained. This gives a unilateral orientation
of G. O

Recall that for vertices u and v in a digraph D, a u~v antipath is a u—v
semipath that contains no subpath of length 2, and that D is anticonnected
if D contains a u~v antipath for every pair u, v of vertices of D. Every con-
nected graph has an anticonnected orientation. In order to see this, let G
be a connected graph and let T’ be a spanning tree of G and r a vertex of T".
Let T be that directed tree obtained by orienting the edges of T’ such that
all arcs of T are directed away from r. Now let T, be that digraph obtained
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r

Figure 52 An anticonnected orientation of a graph.

by reversing the directions of all those arcs directed toward a vertex v for
which the (directed) distance d(r, v) is even (see Figure 5.2 for an illustra-
tion). Then any orientation of G containing T is anticonnected.

Although there exists an anticonnected orientation of every connected
graph, it is certainly not the case that every orientation of every graph is
anticonnected. The following result due to L. Eroh (see [CGSW1]) provides
a necessary condition for a graph to have this property.

Theorem 5.6

If every orientation of a graph G of order at least 4 is anticonnected, then G is 2-
connected and §(G) = 3.

Proof

Suppose that G contains a cut-vertex w, and let B; and B, be distinct blocks
containing w. Furthermore, let u(#w) be a vertex of By and v(#w) be a
vertex of B,. An orientation of G in which all edges of B; incident with
w are directed toward w and all edges of B, incident with w are directed
away from w contains no —v antipath. Consequently, such an orientation
is not anticonnected. Thus G is 2-connected.

Suppose that there is a vertex v of G such that deg v = 2, with v adjacent
to u and w. Orient the edges vu and vw as (v, u) and (w, v). For each vertex
x(#v) that is adjacent to u, orient ux as (u, x). Also, for every vertex y(#v)
that is adjacent to w, orient yw as (y, w). All other edges are oriented arbi-
trarily. Let z be a vertex such that d(v, z) = 2. Then, there is no v—z antipath
in this orientation of G, contrary to assumption. [

Since every orientation of a complete graph is anticonnected, it follows
that if the degrees of the vertices of a graph G are sufficiently large, then
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every orientation of G is anticonnected. The precise bound on the degrees
is described next [CGSW1].

Theorem 5.7

If G is a graph of order n = 3 such that degv = (3n — 1)/4 for every vertex v of
G, then every orientation of G is anticonnected.

Proof

Suppose, tn the contrary, that there exists a graph G satisfying the hypoth-
esis of the theorem but having an orientation D that is not anticonnected.
Then D contains two nonadjacent vertices x and y for which there is no x—y
antipath. Since each of x and y is adjacent to at least (3n — 1)/4 vertices,
they are mutually adjacent to at least (n + 3)/2 vertices. Of these, x is
directed toward or away from at least (n + 3)/4 vertices, say the former.
Let S denote this set of vertices. Since D contains no x-y antipath, every
vertex of S is directed toward y. Let w € S. Since degw = (3n — 1)/4, w is
adjacent to at least one vertex z of S. Assume, without loss of generality,
that (w,z) is an arc of D. Then x,z,w,y is an antipath, producing a
contradiction. O

Theorem 5.7 is best possible in the sense that for every integer n > 3,
“ there exists a graph G of order n such that degv > [(3n — 1)/4] — 1 for
every vertex v of G and there exists an orientation of G that is not
anticonnected. The vertex set of such a graph G consists of mutually
disjoint sets {x,y},A, B,C and D, where {x,y}, A and B are independent
and the subgraphs of G induced by both C and D are complete. The
vertex x is joined to every vertex of A,B and C; while y is joined to
each vertex in A, B and D. Furthermore, each vertex of A is adjacent
to every vertex of B, C and D; while every vertex of B is adjacent to
every vertex of C and D. The orientation of G is described in Figure
5.3. For example, x is directed toward every vertex of A and away
from every vertex of B, while x is adjacent to every vertex of C with
the directions of the arcs between x and the vertices of C chosen arbitra-
rily. Also, every vertex of C is directed toward every vertex of A and
away from every vertex of B. Since there is no x~y antipath, this orienta-
tion is not anticonnected.
Now, for a given integer n > 3, the cardinalities of A, B,C and D are
selected as follows:

1. n =0 (mod 4): |A| = |B| = n/4,|C| =|D| = (n — 4)/4;. :

2 n=1(mod4): |[A| = (n+3)/4,|B| = (n—1)/4,|C| = |D| = (n — 5)/4;
3. n=2(mod 4): |A| = |B| = (n +2)/4,|C| = |D| = (n — 6)/4;

4. n=3 (mod 4): |A| = (n+1)/4,|B| = |C| = |D| = (n - 3)/4.
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Flgure 5.3 An orientation of a graph that is not anticonnected.

In each case, the minimum degree of the graph is [(3n —1)/4] — 1 and
there exists an orientation that is not anticonnected.

EXERCISES 5.1

51 Lete=uvbean edge of a graph G. Show that if G has a strong orien-
tation, then G has a strong orientation in which u is adjacent to v and
a strong orientation in which v is adjacent to u.

52 Determine all graphs for which every orientation is unilateral.

5.3 Let G be a connected graph with cut-vertices. Show that an orienta-
tion D of G is strong if and only if the subdigraph of D induced by the
vertices of each block of G is strong,.

54 Prove thata graph G has an eulerian orientation if and only if G is
eulerian.

5.5 Prove or disprove: If D isan anticonnected digraph and v is a vertex
that is added to D together with some edges joining v and some
vertices of D, then these edges may be oriented in such a way that
the resulting digraph is anticonnected.

5.6 Prove or disprove: If every orientation of a graph G of order atleast 5
is anticonnected, then §(G) > 4.

5.7 Show thatif Gisa graph of order n = 3 such that degu + degv>
(8n —1)/2 for every pair u,v of nonadjacent vertices of G, then
every orientation of G is anticonnected.
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52 TOURNAMENTS

The class of oriented graphs that has received the greatest attention are
the tournaments; that is, those digraphs obtained by orienting the edges
of complete graphs.

The number of nonisomorphic tournaments increases sharply with
order. For example, there is only one tournament of order 1 and one of
order 2. There are two tournaments of order 3, namely the tournaments T,
and T, shown in Figure 5.4. There are four tournaments of order 4, 12 of
order 5, 56 of order 6, and over 154 billion of order 12.

If T is a tournament of order n, then it follows since T is complete that its
size is (3) and that, consequently,

Z odv = Z idv:(;).
veV(T)

veV(T)

A tournament T is transitive if whenever (4, v) and (v, w) are arcs of T, then
(u,w) is also an arc of T. The tournament T, of Figure 5.4 is transitive
while Ty is not. The following result gives an elementary property of
transitive tournaments.

Theorem 5.8

A tournament is transitive if and only if it is acyclic.

Proof

Let T be an acyclic tournament and suppose that (u,7) and (v, w) are arcs
of T. Since T is acyclic, (w,u) ¢ E(T). Therefore, (u,w) € E(T) and T is
transitive.

Conversely, suppose that T is a transitive tournament and assume that
T contains a cycle, say C:vy,vs,...,0,7; {where k>3 since T is
asymmetric). Since (v1,v,) and (v,v3) are arcs of the transitive tourna-
ment T, (v1,7v3) is an arc of T. Similarly, (v;,74), (01,%5),. .., (v, 7;) are
arcs of T. However, this contradicts the fact that (v, v;) is an arc of T.
Thus, T is acydic. [J

.Every tournament of order n can be thought of as representing or
modeling a round robin tournament involving competition among n

T . T,:

Figure 5.4 The tournaments of order 3.
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teams. In a round robin tournament, each team plays every other team
exactly once and ties are not permitted. Let vy,v,,...,0, represent the
teams as well as the vertices of the corresponding tournament T. If, in
the competition between v; and v;,i# j, team v; defeats team v;, then
(v1,v;) is an arc of T. The number of victories by team v; is the outdegree
of v;. For this reason, the outdegree of the vertex v; in a tournament is also
referred to as the score of v;.

A sequence 51,5, .. .,5, of nonnegative integers is called a score sequence
(of a tournament) if there exists a tournament T of order n whose vertices
can be labeled vy,7,,...,0, such that odv;=s; for i=1,2,...,n. The
following result describes precisely which sequences are score sequences
of transitive tournaments. '

Theorem 5.9

A nondecreasing sequence S of n(=1) nonnegative integers is a score sequence
of a transitive tournament of order n if and only if S is the sequence
0,1,...,n-1L

Proof

First we show that S:0,1,...,n—1 is a score sequence of a transitive
tournament. Let T be the transitive tournament defined by V(T) =
{v1,v2,..-,0} and E(T) = {(v;,v5)|1 <j <i<n}. Then odv; =i—1 for
i=1,2,...,n;50 S is a score sequence of a transitive tournament.

Conversely, assume that T is a transitive tournament of order n. We
show that 8§:0,1,...,n— 1 is a score sequence of T. It suffices to show
that no two vertices of T have the same score (outdegree). Let
u,v € V(T') and assume, without loss of generality, that (4,v) € E(T). If
W denotes the set of vertices of T adjacent from v, then odv = |W|.
Since (v,w) € E(T) for each we W and (u,v) € E(T), it follows that
(u,w) € E(T) for each we W, since T is transitive. Thus, odu >
1+|W|=1+o0dv. [J

The proof of Theorem 5.9 shows that the structure of a transitive tour-

nament is uniquely determined.

Corollary 510
For every positive integer n, there is exactly one transitive tournament of
order n. .

Combining this corollary with Theorem 5.8, we arrive at Vyet another
corollary.
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Corollary 5.11

For every positive integer n, there is exactly one acyclic tournament of order n.

Although there is only one transitive tournament of each order n, in a
certain sense that we now explore, every tournament has the structure ofa
transitive tournament. Let T be a tournament. We define a relation on
V(T) by u is related to v if there is both a u~v path and a v-u path in T.
This relation is an equivalence relation and, as such, this relation parti-
tions V(T) into equivalence classes Vi, V,,..., Vi (k2 1). Let S; = (V)
fori=1,2,...,k Then each S; is a strong subdigraph and, indeed, is max-
imal with respect to the property of being strong. The subdigraphs
51,5,..., 5 are called the strong components of T. So the vertex sets of
the strong components of T produce a partition of V(T).

Let T be a tournament with strong components 5¢,5,,...,5, and let
T denote that digraph whose vertices uq,uy,...,14; are in one-to-one
correspondence with the strong components (u,- corresponds to S,
i=1,2,...,k) such that (u;,1;) is an arc of T, i # j, if and only if some
vertex of S; is adjacent to at least one vertex of S;. Since S; and §; are dis-
tinct strong components of T, it follows that every vertex of S; is ad]acent to
every vertex of S;. Hence, T is obtained by identifying the vertices of S; for
i=1,2,...,k A tournament T and associated digraph T are shown in
Figure 5. 5

Observe that for the tournament T of Figure 5.5, T is necessarily a
tournament and, in fact, a transitive tournament. That this always
occurs follows from Theorem 5.12 (Exercise 5.7).

Theorem 5.12

If T is a tournament with (exactly) k strong components, then T is the transitive
tournament of order k.

Since for every tournament T, the tournament T is transitive, it follows
that if T is a tournament that is not strong, then V(T') can be partitioned as
ViuVyoU-- UV (k> 2) such that (V;) is a strong tournament for each i,

Figure 5.5 A tournament T and T.
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and if v; € V; and v; € V}, where i > j, then (v;,v;) € E(T). This decompo-
sition is often useful when studying the properties of tournaments that
are not strong.

We already noted that there are four tournaments of order 4. Of course,
one of these is transitive, which consists of four trivial strong components
51, 52, S3, S4, where the vertex of S; is adjacent to the vertex of S; if and only
if j > 1. There are two tournaments of order 4 containing two strong
components 51 and S, depending on whether 5; or 5, is the strong com-
ponent of order 3. (No strong component has order 2.) Since there are four
tournaments of order 4, there is eactly one strong tournament of order 4.
These tournaments are depicted in Figure 5.6. The arcs not drawnin Ty, T,
and T; are all directed downward, as indicated by the ‘double arrow’.

We also stated that there are 12 tournaments of order 5. There are six
tournaments of order 5 that are not strong, shown in Figure 5.7. Again all
arcs that are not drawn are directed downward. Thus there are six strong
tournaments of order 5.

Theorem 5.9 characterizes score sequences of transitive tournaments.
We next investigate score sequences in more generality. We begin with
a theorem similar to Theorem 1.4.

0S8, .
s v o s,

0S5, sz
bos, 1 \ ‘v’sl

osl e . sl

n T, Ty T,
Figure 5.6 The four tournaments of order 4.
Theorem 5.13
A nondecreasing sequence S:51,5,...,5, (1 =2) of nonnegative integers
is a score sequence if and only if the sequence 8y:s1,Sy,...,Ss,

Ss,+1 — 1,...,8,.1 — 1 is a score sequence.

o
o ; ° i E 3
T, T, T, T, T, Tg

Figure 5.7 The six tournaments of order 5 that are not strong.
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Proof

Assume that S; is a score sequence. Then there exists a tournament T; of
order n — 1 such that 8; is a score sequence of T;. Hence the vertices of Ty

can be labeled as v{,vy,. .., 0,1 such that
S; for1<i<s,
odv; = .
s;—1 fori>s,.

We construct a tournament T by adding a vertex v, to T;. Furthermore,
for 1 <i<n, v, is adjacent to v; if 1 <i<s,, and v, is adjacent from v;
otherwise. The tournamient T then has S as a score sequence.

For the converse, we assume that S is a score sequence. Hence there
exist tournaments of order n whose score sequence is S. Among all
such tournaments, let T be one such that V(T)= {vy,v,...,v,},
odv; =s;fori=1,2,...,n, and the sum of the scores of the vertices adja-
cent from v,, is minimum. We claim that v, is adjacent to vertices having
scores $1,5y,...,5;, . Suppose to the contrary that v, is not adjacent to
vertices having scores s, 5,,. .., 5, Necessarily, then, there exist vertices
v; and v with j <k and s; < s such that v, is adjacent to v, and v, is
adjacent from v;. Since the score of v, exceeds the score of vj, there
exists a vertex v; such that v is adjacent to v, and v; is adjacent to v
(Figure 5.8(a)). Thus, a 4-cycle C: v,, vy, v, v}, 0, is produced. If we reverse
the directions of the arcs of C, a tournament T’ is obtained also having § as
a score sequence (Figure 5.8(b)). However, in T', the vertex v, is adjacent
to v; rather than v;. Hence the sum of the scores of the vertices adjacent
from v,, is smaller in T’ than in T, which is impossible. Thus, as claimed,
v, is adjacent to vertices having scores s;,5;,...,5;,. Then T ~u is a
tournament having score sequence S. [

As an illustration of Theorem 5.13, we consider the sequence
S$:1,2,2,3,3,4.

In this case, s, (actually s) has the value 4; thus, we delete the last term,
repeat the first s, =4 terms, and subtract 1 from the remaining terms,
obtaining

8:1,2,2,3,2.
Y
v; v
() i

Figure 5.8 A step in the proof of Theorem 5.13.

Tournaments 143
1 1
) ' 1 2
1 1
2
2
1 2
T1 : T:
2 3

Figure 5.9 Construction of a tournament with a given score sequence.

Rearranging, we have
84:1,2,2,2,3.
Repeating this process twice more, we have
85:1,2,2,1
8:1,1,2,2
S3:1,1,1.

The sequence S; is clearly a score sequence. We can use this information
to construct a tournament with score sequence S. The sequence S; is
the score sequence of the tournament T; of Figure 5.9. Proceeding
from S; to S,, we add a new vertex to T; and join it o two vertices
of T3 and from the other, producing a tournament T, with score
sequence S,. To proceed from S, to S;, we add a new vertex to T,
and join it to vertices having scores 1, 2 and 2, and from the remaining
vertex of T, producing a tournament T; with score sequence S;.
Continuing in the same fashion, we finally produce a desired tourna-

“ment T with score sequence S by adding a new vertex to Ty and joining

it to vertices having scores 1, 2, 2 and 3, and joining it from the other
vertex.

The following theorem by Landau [L1] gives a nonconstructive criter-
ion for a sequence to be a score sequence. There are many proofs of this
result; the one we give is due to Thomassen [T4].
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Theorem 5.14

A nondecreasing sequence S: s1,s,,...,s, 0f nonnegative integers is a score
sequence if and only if for each k (1 < k < n),

zk: 5; = (’;) (5.1)

i=1

with equality holding when k = n.

Proof

Assume that S:s;,5,...,5, is a score sequence, Then ‘there exists a
tournament T of order n with V(T)= {vy,v,,...,v,} such that
odrv;=s; for i=1,2,...,n. Let k be an integer with 1 <k < n. Then
Ti = ({v1,v3,...,0}) is a tournament of order k and size (%). Since
odrv; > ody,v; for 1 < i<k, it follows that

k k k k
; §; = Z odr v; = Z odr,v; = (2),

i=1 i=1

with equality holding when k = n.
We prove the converse by contradiction. Assume that S: s;,s,,...,s, is
a counterexample to the theorem, chosen so that # is as small as possible
and so that s; is as small as possible among all these counterexamples..
Suppose first that there exists an integer k with 1 < k < n — 1 such that

g‘ §; = (IZC) (5.2)

Thus the sequence Sy: 81,5, .- -, 5 satisfies (5.1) and so, by the minimality
of n, there exists a tournament T; of order k having score sequence S;.

Consider the sequence T:ty,ty,...,t,_x, where # = Sppi—k for
i=1,2,...,n—k Since ' ’

k+1

k+1

i 2
Fan (1),
it follows from (5.2) that
: k+1 k
k+1 k
Sk+1 =Zsi_zsi = ( 5 )—'(2)=k~
T i=1

Thus, since S is a nondecreasing sequence,

ti=Spi—k285,.,-k=20

fori=1,2,...,n—kandso T isa nondecreasing sequence of nonnega-
tive integers. We show that T satisfies (5.1).
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For each r satisfying 1 < r < n —k, we have
r+k k

r r r
Zti=2(sk+,~—k)=Zsk+i~rk=25i—25i~rk.
i=1 i=1 i=1

=1 i=1

r+k k
5> (r + )
; 2
i=1

2= (;)

! r+k k T
>ux(37)-()+= ()

with equality holding for r = n — k. Thus, 7 satisfies (5.1) and so; by the
minimality of n, there exists a tournament T, of order n — k having score

sequence 7.
Let T be a tournament with V(T) = V(T;) U V(T,) and

E(T) = E(T;) UE(Ty) U {(1,v)|u € V(Ty),v € V(Ty)}.
Then § is a score sequence for T, contrary to assumption. Thus for
k=1,2,...,n-1,
i s5; > (k>
= 2
In particular, s; > 0.

Consider the sequence $':s; —1,5,,53,...,5,-1,5, + 1. Clearly &' is a
nondecreasing sequence of nonnegative integers that satisfy (5.1). By
the minimality of s;, then, there exists a tournament T' of order n
having score sequence S'. Let x and y be vertices of T' such that
odpx=s,+1 and odpy =s; — 1. Since odp x = odry +2, there is a
vertex w#x,y such that (x,w)€ E(T") and (y,w) ¢ E(T'). Thus,
P:x,w,yisapathin T '

Let T be the tournament obtained from T’ by reversing the directions of

the arcs of P. Then S is a score sequence for T, again producing a contra-
diction and completing the proof. []] '

Since

and

it follows that

With a slight alteration in the hypothesis of the preceding theorem,
we obtain a necessary and sufficient condition for a score sequence of a
strong tournament. This result is due to L. Moser (see Harary and Moser
[FIM1]).
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Theorem 5.15
A nondecreasing sequence S: sy,5,,...,5, Of nonnegative integers is a score

sequence of a strong tournament if and only if

gsi> (3)

25 (3)
i=1 1 2

Furthermore, if S is a score sequence of a strong tournament, then every tourna-
ment with S as a score sequence is strong.

for1<k<n-—1and

Proof

Let T be a strong tournament with V(T) = {vy,v,,...,v,} and suppose
that the nondecreasing sequence S: 51,55, . ., 5, is a score sequence of T,
where s; = od v; fori=1,2,...,n. Since T is a tournament of order #,

Let 1 <k <n-—1 and define T; = ({v},vy,...,%}). Since T; is a tourna-
ment of order k,

k
k
odTv-z( )

Since T is a strong tournament, some vertex v in Ty (1 <j < k) must be
adjacent in T to a vertex not in T; so that ody v; > odr,v;. Since
odrv; > ody,v; for all i (1 < i < k), we obtain

k
Sas

k
) ody v; > Z ody,v; = (IZC)

k
i=1 i=1 i=1

For the converse, we assume that S:sy,s,,...,s, is a nondecreasing
sequence of nonnegative integers such that

gsi>(§>

forl<k<n-—1and

;si=(2).
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By Theorem 5.14, S is the score sequence of a tournament. Let T be a
tournament with V(T) = {vy,0,,...,0,} such that s; =odv; (1 <i<n).
We show that T is strong.

If T is not strong, it follows from Theorem 5.12 (and the discussion pre-
ceding it) that V(T) can be partitioned as U U W such that (u,w) € E(T)
for every uel and we W. Suppose that |W|=k Then W=
{v1,72,...,0}. Let Ty = (W). Then odr v; = odr,v; for 1 < i < k. Since Ty
is a tournament of order k, we have

k k
Zsi= Z odrw = Z odr,w = (2>,

i=1 weW weW

contradicting the hypothesis. O

We close this section with a brief discussion involving distance in a
tournament. Recall that if 4 and v are vertices of a digraph D, and D con-
tains at least one (directed) u—v path, then the length of a shortest v path
is called the directed distance from u to v and is denoted by d(u,v).

Theorem 5.16

Let v be a vertex of maximum score in a nontrivial tournament T. If u is a vertex of
T different from v, then d(v,u) < 2.

Proof

Assume that odv = k. Necessarily, k> 1. Let v;,0;,...,7¢ denote the
vertices of T adjacent from v. Then d(v,v;) =1 for i=1,2,...,k If
V(T) = {v,v1,0,, .. -,7}, then the proof is complete.

Assume, then, that V(T) — {v,v1,75,...,%} is nonempty, and let
ueV(T) - {v,v1,05,...,0}. If u is adjacent from some vertex v;
1< i< n, then d{v,u) = 2, producing the desired result. Suppose that
this is not the case. Then u is adjacent to all of the vertices vy,v,,...,v,
as well as to v, so odu > 1+ k =1 4+ od v. However, this contradicts the
fact that v is a vertex of maximum score. [

Theorem 5.16 was first discovered by the sociologist Landau [L1]
during a study of pecking orders and domination among chickens. In
the case of chickens, the theorem says that if chicken ¢ pecks the largest
number of chickens, then for every other chicken 4, either ¢ pecks d, or ¢
pecks some chicken that pecks d. Thus ¢ dominates every other chicken
either directly or indirectly in two steps. A

Let D be a strong digraph. Recall that the eccentricity e(v) of a vertex v of
D is defined as e(v) = maxy¢y(p) 4(v,w). The radius of D is radD =
min,ey(p) e(v) and the center Cen(D) of D is defined as ({v|e(v) = rad D}).
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Theorem.5.16 provides an immediate result dealing with the radius of a
strong tournament.

Corollary 5.17

Every nontrivial strong tournament has radius 2.

We conclude this section with a result on the center of a strong tourna-
ment.

Theorem 5.18

The center of every nontrivial strong tournament contains at least three vertices.

Proof

Let T be a nontrivial strong tournament. By Corollary 5.17, rad T = 2. Let
w be a vertex having eccentricity 2. Since T is strong, there are vertices
adjacent to w; let v be one of these having maximum score. Among the
vertices adjacent to v, let u be one of maximum score. We show that both u
and v have eccentricity 2, which will complete the proof.

Assume, to the contrary, that one of the vertices # and v does not have
eccentricity 2. Suppose, then, that x € {u,v} and e(x) > 3. Hence, ther¢

~ exists a vertex y in T such that d(x,y) > 3. Thus, v is adjacent to x. More-
over, y is adjacent to every vertex adjacent from x. These observations
imply that ody > od x.

Suppose that x = v. Since x is adjacent to w, it follows that y is adjacent
to w. However, od y > od v, which contradicts the defining property of v.
Therefore, x = u. Here x is adjacent to v so that y is adjacent to v, but
ody > odu. Hence, x # u and the proof is complete. []

EXERCISES 5.2

5.8 Draw all four (nonisomorphic) tournaments of order 4.

5.9 Give an example of two nonisomorphic regular tournaments of the
same order.

5.10 Prove Theorem 5.12.

5.11 Determine those positive integers n for which there exist regular
tournaments of order #.

5.12 Show that if two vertices u and v have the same score in a tourna-
ment T, then u and v belong to the same strong component of T.
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5.13 Which of the following sequences are score sequences? Which are
score sequences of strong tournaments? For each sequence that is
a score sequence, construct a tournament having the given sequence
as a score sequence.
@ 0,1,1,4,4

(b) 1,1,1,444
(0 1,33,33,35
(d) 23344444

5.4 What can be said about a tournament T with score sequence
81,89, -« . , 5, such that equality holds in (5.1) for every k,1 < k < n?

5.15 Show thatif S: s;,5,, ..., 5, is a score sequence of a tournament, then
S:n—-1-s,n—1-5,...,n—1-—35, is a score sequence of a
tournament.

5.16 Give two different proofs that every regular tournament is strong.

5.17 Prove that every two vertices in a nontrivial regular tournament lie
on a 3-cycle.

5.18 Prove that if T is a nontrivial regular tournament, then diam T = 2.

5.19 Prove that every vertex of a nontrivial strong tournament lies on a
3-cycle.

5.20 Prove Corollary 5.17.

521 (a) A vertex v of a tournament T is called a winner if d(v, u) <2 for
every u € V(T). Show that no tournament has exactly two
winners. :

(b) Show that if n is a positive integer, n # 2,4, then there is a
tournament of order n in which every vertex is a winner.

53 HAMILTONIAN TOURNAMENTS

The large number of arcs that a tournament has often produces a
variety of paths and cycles. In this section we investigate these types
of subdigraphs in tournaments. We begin with perhaps the most basic

result of this type, a property of tournaments first observed by Rédei
[R2].

Theorem 5.19

Every tournament contains a hamiltonian path.
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Proof

Let T be a tournament of order 7, and let P: v,v,,...,0, be a longest path
inT.If Pis not a hamiltonian path of T, then 1 < k < n and there is a vertex

v of T not on P. Since P is a longest path, (v,v;), (vr,v) € E(T), and so

(v1,9), (v, ) € E(T). This implies that there is an integer i (1 <i< k)
such that (v;,v) € E(T) and (v,v;,) € E(T). But then

V1,024« 3 Uiy Uy Vi gy e v -y U

is a path whose length exceeds that of P, producing a contradiction. []

A simple but useful consequence of Theorem 5.19 concerns transitive
tournaments. :

Corollary 5.20

Every transitive tournament contains exactly one hamiltonian path.

The preceding corollary is a special case of a result by Szele [S13], who
showed that every tournament contains an odd number of hamiltonian
paths. ’

While not every tournament is hamiltonian, such is the case for strong
tournaments, a fact discovered by Camion [C1]. It is perhaps surprising
that if a tournament is hamiltonian, then it must possess significantly
stronger properties. A digraph D of order n > 3 is pancyclic if it contains
a cycle of length ¢ for each £ = 3,4,...,n and is vertex-pancyclic if each
vertex v of D lies on a cycle of length # for each £ = 3,4,...,n. Harary
and Moser [HM1] showed that every nontrivial strong tournament is
pancyclic. The following result was discovered by Moon [M9]. The
proof here is due to C. Thomassen. .

Theorem 5.21

Every nontrivial strong tournament is vertex-pancyclic.

Proof

Let T be a strong tournament of order # >3, and let v; be a vertex of T.
We show that v; lies on an #-cycle for each £ = 3,4, ...,n. We proceed by
induction on ¢.

Since T is strong, it follows from Exercise 5.19 that v, lies on a 3-cycle.
Assume that v lies on an £-cycle v;,vs,. .., v,, v, where3 < £ <n—1.We
prove that v; lies on an (£ + 1)-cycle.

Case 1. Suppose that there is a vertex v not on C that is adjacent to at least
one vertex of C and is adjacent from at least one vertex of C. This implies
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that for some i (1 < i< ¢), both (v;,v) and (v, v;,1) are arcs of T {(where all
subscripts are expressed modulo #). Thus, v; lies on the (¢ + 1)-cycle

V1,025« 5 Ui Uy Ujg 1y -+« Uy Upe

Case 2. Suppose that no vertex v exists as in Case 1. Let A denote the set of
all vertices in V(T) — V(C) that are adjacent to every vertex of C, and let B
be the set of all vertices in V(T) — V(C) that are adjacent from every vertex
of C. Then AUB = V(T) — V(C). Since T is strong, neither A nor B is
empty. Furthermore, there is a vertex b in B and a vertex 4 in A such
that (b,a) € E(T). Thus, v, lies on the (¢ + 1)-cycle

a,01,02;-: 'avt—l?baa' O

Corollary 5.22

Every nontrivial strong tournament is pancyclic.

We consider next a class of oriented graphs that properly includes
tournaments, and see an extension of Theorem 5.21 within this class.

For k > 2, a k-partite tournament is a digraph obtained by orienting
the edges of a complete k-partite graph. Thus a tournament of order n
is an n-partite tournament with exactly n vertices. The partite sets of the
underlying k-partite graphs are also referred to as the partite sets of the k-
partite tournament.

Bondy [B9] proved that every strong k-partite tournament (k > 3) con-
tains an /-cycle for £ = 3,4, ...,k This is a generalization of Corollary
5.22. Our next result, due to Guo and Volkmann [GV2], is the analogous
generalization of Theorem 5.21. ’ :

Theorem 5.23

Let D be a strong k-partite (k = 3) tournament. Then every partite set of D has at
least one vertex-that lies on an £-cycle for £ = 3,4,.. .,k

Proof

Let Vi,V,,...,V; be the partite sets of D. We show, without loss of
generality, that V; has a vertex contained in an /-cycle for £ = 3,4,...,k.
We proceed by induction on 7, first showing that V; has a vertex that
belongs to a 3-cycle. Let v € V. Since D is strong, v is. contained in at
least one cycle. Let C: v = v1,v,,...,v;,v; be a shortest cycle containing
v =1y If v3 € V3, then, because of the minimality of C, it follows that .

. (v3,v1) € E(D) and so vy is on a 3-cycle. Assume then that v3 € Vy; so

t>4 and v, ¢ V;. Since C is a smallest cycle containing v, it follows
that (v4,v;) € E(D) and ¢ = 4. If v, and v, belong to distinct partite sets,
then either (a) (vy,v,) € E(D) and vy, 05,74, is a 3-cycle containing v
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or (b) (vs,v,) € E(D) and v,,v3,74,0, is a 3-cycle containing v3. Thus we
may assume that v,,74 € V5. Ifthereisa vertexx € V;fori = 3suchthatxis
adjacent to at least one vertex of C and also adjacent from at least one
vertex of C, then at least one of v; and v3 is on a 3-cycle.

Therefore, we can assume that V(D) — V; — V, can be partitioned into
two sets S; and S, such that every vertex of 5; is adjacent from every
vertex of C and every vertex of 5, is adjacent to every vertex of C. Since
k = 3, at least one of S; and S, is nonempty; say 5; # . Since D is strong,
there is a path from every vertex in $; to every vertex of C. Let
P:x,%,...,%;, be a shortest such path, where necessarily g > 3. If
V(P)N S, = &, then one of x, and x; belongs to V1 and the other belongs
to V,. But then x5,x%,x3;,% is a 3-cycle. Therefore, suppose that
V(P) NS, # . Since P is a shortest path from the vertices in 5; to those
in C and since every vertex of S, is adjacent to every vertex of C, it follows
thatx, 1 € S;.1f g = 3, then vy, X1, %2, 74 is a 3-cycle. So, assume that g > 4.
Then x,_, € Vi orx,_, €V, In the first case, X,_2,%;_1,02, %32 is a 3-
cycle; in the second case, vy,%;-2,%;-1,V1 is @ 3~cycle. Thus V; has at
least one vertex that lies on a 3-cycle. ,

Suppose now that u is a vertex of V; that lies on an ¢-cycle for
¢=234,...,t where t < k. We show that either u is on a (t + 1)-cycle or
V; contains another vertex that lies on an /-cycle for £ =3,4,...,t,t + 1.
Let C: uy, 4y, ...,U;,4; be a t-cycle with u=u; and let S be the set of
vertices that belong to partite sets not represented on C. If there is a
wvertex x of S adjacent to and from vertices of C, then x can be inserted
in C to form a (¢ + 1)-cycle containing . Otherwise, S can be decomposed
into two sets §; and S, such that every vertex of 5; is adjacent from every
vertex of C and every vertex of S, is adjacent to every vertex of C. Without
loss of generality, assume that S; # . Since D is strong, there is a path
from S, to C. Let P: yy, ¥, - - . , i, be a shortest such path, where necessarily
q=3.

Suppose first that V(P) NS, = &. Then (y;, 1) € E(D) for i > 3 since P
is a shortest path from S; to C. If P includes at least one vertex of Vi, then
choose the minimum value of £ for which y, € V(P) N V;. We claim that y,
liesonaj-cycleforj=3,4,...,t+g—-12>t+2. If£ =2o0r¢ =3, thenitis
straightforward to verify this claim. If # > 4, then by the choice of y,, we
see that (y,,y;) € E(D) for i </ —2. But then clearly y, is contained in
cycles of lengths 3,4,...,t +q — 1. If, on the other hand, VPNV, =,
then (u,,y;) € E(D) for i < g — 1. Since y, € V(C) and y, # u;, we have
that y, = u, for some 7 > 2. Then for every i with 1 <i<q—1, the cycle

ul’yq——iayq—i+11 .o 7yq”ur+l7ur+27 <o U

is of length i + t — 7 + 2. Furthermore, for every j with 1 <j <r -1, the
cycle :

u17u27'--1uj7y1,y27-' -ayq——hunur+1a"'7utau1
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is of length j+g-+t—r. Thus, u; lies on an ¢-cycle for =3,
4,...,t+q~1

It remains to consider the case that V(P) N S; # . Since every vertex of
S, is adjacent to every vertex of C, the vertex y, 1 € 5. If u; and y,_, are
in distinct partite sets, then (u,y,-,) € E(D) and 50 u1,Y,_2,Y;-1,
Us Uy, ..., U, Uy is @ (E4 1)-cydle. If y,_ is in Vy, then (uy,y,_,) € E(D)
and then Uy, Ups Yg2) Yg~15Has Uss - -« s Uy, Ug OF (if t=3) u, Uy Yg-25
Yq-1,41 is a (# + 1)-cycle and the proof is complete. [J

EXERCISES 5.3

5.22 Prove that if T is a tournament that is not transitive, then T has at
least three hamiltonian paths. '

5.23 Use Corollary 5.20 to give an alternative proof of Theorem 5.9.

5.24 Prove or disprove: Every arc of a nontrivial strong tournament T lies
on a hamiltonian cycle of T.

5.25 Prove or disprove: Every vertex-pancyclic tournament is hamiltonian-
connected.

5.26 Show that if a tournament T has an /-cycle, then T has an s-cycle for
5§=23,4,...,¢.

5.27 A digraph D has a hamiltonian antipath if D has an antipath contain-
ing all vertices of D. There are only three tournaments that do not
‘contain hamiltonian antipaths, one of order 3, one of order 5, and one
of order 7. Find the two smallest of these.

5.28 A hamiltonign anticycle in a digraph D is a spanning semicycle of
D containing no subpath of length 2. A digraph D is antihamiltonian
if D contains a hamiltonian anticycle. Show that a graph G has an
antihamiltonian orientation if and only if G is a hamiltonian graph
of even order.

5.29 A digraph D is antihamiltonian-connected if for every pair u, v of
vertices, D contains a hamiltonian u~v antipath. Prove that no
cubic graph has an antihamiltonjan-connected orientation.




CHAPTER 6

Planar graphs

We now consider graphs that can be drawn in the plane without their

‘edges crossing. A formula developed by Euler plays a central role in

the study of these ‘planar’ graphs. We describe two characterizations of
planar graphs. A necessary condition for a planar graph to be hamiltonian
is discussed. Two parameters associated with nonplanar graphs are then
considered.

6.1 EULER’'S FORMULA

An (n,m) graph G is said to be realizable or embeddable on a surface S if it is
possible to distinguish a collection of n distinct points of 5 that correspond
to the vertices of G and a collection of m curves, pairwise disjoint except
possibly for endpoints, on S that correspond to the edges of G such that if
a curve A corresponds to the edge e = uv, then only the endpoints of A
correspond to vertices of G, namely u and v. Intuitively, G is embeddable
on S if G can be drawn on S so that edges (more precisely, the curves
corresponding to edges) intersect only at a vertex (that is, a point corre-
sponding to a vertex) mutually incident with them. In this chapter we are
concerned exclusively with the case in which § is a plane or sphere.

A graph is planar if it can be embedded in the plane. Embedding a graph
in the plane is equivalent to embedding it on the sphere. In order to see
this, we perform a stereographic projection. Let S be a sphere tangent to a
plane ©, where P is the point of S diametrically opposite to the point of
tangency. If a graph G is embedded on S in such a way that no vertex of G
is P and no edge of G passes through P, then G may be projected onto r to
produce an embedding of G onn. The inverse of this projection shows that
any graph that can be embedded in the plane can also be embedded on
the sphere.

If a planar graph is embedded in the plane, then it is called a plane graph.

The graph G; = K, 3 of Figure 6.1 is planar, although, as drawn, it is not .

plane; however, G, = K, 3 is both planar and plane. The graph G; = K; 3 is
nonplanar. This last statement will be proved presently. !

Given a plane graph G, a region of G is a maximal portion of the plane

for which any two points may be joined by a curve A such that each point
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Figure 6.1 Planar, plane and nonplanar graphs.

of A neither corresponds to a vertex of G nor lies on any curve correspond-
ing to an edge of G. Intuitively, the regions of G are connected portions of
the plane remaining after all curves and points corresponding, respec-
tively, to edges and vertices of G have been deleted. For a plane graph
G, the boundary of a region R consists of all those points x corresponding
to vertices and edges of G having the property that x can be joined to a
point of R by a curve, all of whose points different from x belong to R.
Every plane graph G contains an unbounded region called the exterior
region of G. If G is embedded on the sphere, then no region of G can be
regarded as being exterior. On the other hand, it is equally clear that a
plane graph G can always be embedded in the plane so that a given
region of G becomes the exterior region. Hence a plane graph G can
always be realized in the plane so that any vertex or edge lies on the
boundary of its exterior region. The plane graph G, of Figure 6.1 has
three regions, and the boundary of each is a 4-cycle.

The order, size and number of regions of any connected plane graph are
related by a well-known formula discovered by Euler [E7]. .

Theorem 6.1 (Euler's Formula)

If G is a connected plane graph with n vertices, m edges and r regions, then

n—m-+r=2

Proof

We employ induction on m, the result being obvious for m = 0 since in this
casen = landr = 1. Assume that the result is true for all connected plane
graphs with fewer than m edges, where m > 1, and suppose that G has m
edges. If G is a tree, then n =m+1 and r =1 s0 the desired formula
follows. On the other hand, if G is not a tree, let ¢ be a cycle edge of G
and consider G —e. The connected plane graph G —e has n vertices,
m—1 edges, and r—1 regions so that by the inductive hypothesis,
n~(m—1)+ (r—1) =2, which implies thatn —m+r=2. [

From the preceding theorem, it follows that every two embeddings of a
connected planar graph in the plane result in plane graphs having the
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same number of regions; thus one can speak of the number of regions of
a connected planar graph. For planar graphs in general, we have the
following result.

Corollary 6.2

If G is a plane graph with n vertices, m edges and v regions, then
n—m+r=1+k(G).

A planar graph G is called maximal planar if, for every pair u, v of non-
adjacent vertices of G, the graph G + uv is nonplanar. Thus in any embed- .
ding of a maximal planar graph G having order 7 > 3, the boundary of
every region of G is a triangle. For this reason, maximal planar graphs are
also referred to as triangulated planar graphs; triangulated plane graphs are
often called simply triangulations. ’

“On a given number n of vertices, a planar graph is quite limited as to
how large its size m can be. A bound on m follows from our next result.

Theorem 6.3
If G is a maximal planar (n,m) graph with n > 3, then
m=23n—6.

Proof

Denote by r the number of regions of G. In G the boundary of every region
is a triangle, and each edge is on the boundary of two regions. Therefore,
if the number of edges on the boundary of a region is summed over all
regions, the result is 3. On the other hand, such a sum counts each edge
twice, so 3r = 2m. Applying Theorem 6.1, we obtain m =31 —6. [

Corollary 6.4
If G is a planar (n,m) graph with n > 3, then

m<3n—6.

Proof

Add to G sufficiently many edges so that the resulting (', ') graph G'is
maximal planar. Clearly, n = n’ and m < m'. By Theorem 6.3, m=3n—6
andsom<3n—-6. [ :

An immediate but important consequence of Corollary 6.4 is given

next.
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Corollary 6.5

Every planar graph contains a vertex of degree at most 5.

Proof

Let G be a planar (1, m) graph with V(G) = {v1,v,,...,0,}. lf n < 6, then
the result is obvious. Otherwise, m < 31 — 6 implies that

n
Z degv; =2m < 6n —12.

i=1

Not all vertices of -G have degree 6 or more, for then 2m > 6n. Thus G
contains a vertex of degree 5 or less. .[J

We next consider another corollary involving degrees. In it we make
use of the fact that the minimum degree is at least 3 in a maximal
planar graph of order at least 4.

Corollary 6.6

Let G be a maximal planar graph of order n > 4, and let n; denote the number of
vertices of degree i in G, for i =3,4,...,k= A(G). Then

3n3+2n4+n5 =n7+2ng+-~+(k—6)nk+12.

Proof

Let G have size m. Then, by Theorem 6.3, m = 3n — 6. Since

©k K
n= Z"i and 2m= Zini,
i=3 i=3

it follows that

and, consequently,
3n3+2n4+n5=n7+2n8+---+(k—6)nk+12. O

An interesting feature of planar graphs is that they can be embedded in
the plane so that every edge is a straight line segment. This result was
proved independently by Fary [F1] and Wagner [W1].

The theory of planar graphs is very closely allied with the study of poly-
hedra; in fact, with every polyhedron P is associated a connected planar
graph G(P) whose vertices and edges are the vertices and edges of P.
Necessarily, then, every vertex of G(P) has degree at least 3. Moreover,
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Figure 6.2 A polyhedron and its associated graph.

if G(P) is a plane graph, then the faces of P are the regions of G(P) and
every edge of G(P) is on the boundary of two.regions. A polyhedron and
its associated plane graph are shown in Figure 6.2.

It is customary to denote the number of vertices, edges and faces of a
polyhedron P by V, E and F, respectively. However, these are the number
of vertices, number of edges, and number of regions of a connected planar
graph, namely G(P). According to Theorem 6.1, V, E and F are related. In
this form, the statement of this result is known as the Euler Polyhedron
Formula.

Theorem 6.7 (Euler Polyhedron Formula)

If V, E and F are the number of vertices, edges and faces of a polyhedron, then
V-E+F=2

When dealing with a polyhedron P (as well as the graph G(P)), it is
customary to represent the number of vertices of degree k by V; and
number of faces (regions) bounded by a k-cycle by F;. It follows then that

2= kV, =) KkF. (61)

k>3 . ]

By Corollary 6.5, every polyhedron has at least one vertex of degree 3, 4
or 5. As an analogue to this result, we have the following.
Theorem 6.8
At least one face of every polyhedron is bounded by a k-cycle for some k = 3, 4,5.

Proof
Assume that F; = F; = F5 = 0, so by equation (6.1),

2= KR > Y 6F=6) F=6F.

k=6 k>6 k26
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Hence E > 3F. Also,

is a contradiction. [J

A regular polyhedron is a polyhedron whose faces are bounded by
congruent regular polygons and whose polyhedral angles are congruent.
In particular, for a regular polyhedron, F = F; for some s and V =V,
for some t. For example, a cube is a regular polyhedron with V = V;
and F = F,. There are only four other regular polyhedra. These five
regular polyhedra are also called platonic solids. The Greeks were
aware, over two thousand years ago, that there are only five such
polyhedra.

Theorem 6.9
There are exactly five regular polyhedra.

Proof

Let P be a regular polyhedron and let G(P) be an associated planar graph.
Then V —E+F =2, where V, E and F denote the number of vertices,
edges and faces of P and G(P). Therefore,

—8 =4FE — 4V — 4F
=2E+2E -4V —4F

=D KF+ Y kKVi—4) Vi—4> F

k=3 k23 k>3 k>3
=3 (k=4F+ ) (k- 4V¢.
k>3 k>3

Since P is regular, there exist integers s(>3) and #(>3) such that F = F;
and V =V, Hence —8 = (s — 4)F; + (t — 4)V,. Moreover, we note that
3<s<5, 3<t<5, and sF, =2E=tV,. This gives us nine cases to
consider.

Case 1. Assume that s = 3 and t = 3. Here we have
. 8=-F;—V; and 3F; =3V,

80 F3 = V3 =4. Thus P is the tetrahedron. (That the tetrahedron is the
only regular polyhedron with V3 = F; = 4 follows from geometric con-
sideratjons.) '
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Case 2. Assume that s = 3 and t = 4. Therefore
—8=—F; and 3F; =4V,

Hence F; = 8 and V,; = 6, implying that P is the octahedron.

Case 3. Assume that s = 3 and t = 5. In this case,

—8=-F3;+Vs and 3F; =5V,

so F3 = 20, V5 = 12 and P is the icosahedron.

Case 4. Assume that s = 4 and t = 3. We find here that
~8=-V; and 4F,=3V;.

Thus V3 = 8, F4, = 6 and P is the cube.

Case 5. Assume that s = 4 and t = 4. This is impossible since —8 # 0.

Case 6. Assume that s =4 and t = 5. This case, too, cannot occur, for
otherwise —8 = V5.

Case 7. Assume that s = 5 and t = 3. For these values,
-8 = F5 - V3 and 5F5 = 3V3

Solving for Fs and Vj, we find that F5 =12 and V3 =20, so P is the
dodecahedron.

A H A

tetrahedron cube octahedron

dodecahedron icosahedron
Figure 6.3 The graphs of the regular polyhedra.
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Case 8. Assume that s =5 and t = 4. Here —8 = F5, which is impossible.
Case 9. Assume that s=5 and t=>5. This, too, is impossible since,

—8 # F5 + V5. This completes the proof. []

The graphs of the five regular polyhedra are shown in Figure 6.3.

EXERCISES 6.1

6.1 Give an example of a planar graph that contains no vertex of degree
less than 5.

6.2 Show that every planar graph of order nn > 4 has at least four vertices
of degree less than or equal to 5.

6.3 Prove Corollary 6.2.

6.4 Prove that a planar (n,m) graph with n > 3 is maximal planar if and
only if m =3n —6.

6.5 Prove that there exists only one 4-regular maximal planar graph.

6.6 Let k> 3 be an integer, and let G be an (n,m) plane graph of order
n(z=k).
(@) If the length of every cycle is at least k, then determine an upper
bound B for m in terms of n and k.
(b) Show that the bound B obtained in (a) is sharp by determining,
for arbitrary k > 3, an (n, B) plane graph G, every cycle of which
has length at least k.

6.7 Show that every 2-edge-connected planar graph has a cycle double
cover.

6.2 CHARACTERIZATIONS OF PLANAR GRAPHS

There are two graphs, namely K5 and Kj; (Figure 6.4), that play an
important role in the study of planar graphs.

Figure 6.4 The nonplanar graphs K; and'K3'3.
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Theorem 6.10

The graphs Ks and Ky 5 are nonplanar.

Proof

Suppose, to the contrary, that K5 is a planar graph. Since K5 has n =5
vertices and m = 10 edges,

0=m>3n-6=09,

which contradicts Corollary 6.4. Thus K5 is nonplanar.

Suppose next that K 3 is a planar graph, and consider any plane embed-
ding of it. Since K3 5 is bipartite, it has no triangles; thus each of its regions
is bounded by at least four edges. Let the number of edges bounding a
region be summed over all r regions of K33, denoting the result by N.
Thus, N = 4r. Since the.sum N counts each edge twice and K;; contains
m =9 edges, N = 18 so that r < % However, by Theorem 6.1, r = 5, and
this is a contradiction. Hence K; 3 is nonplanar. [J

For the purpose of presenting two useful, interesting criteria for graphs
to be planar, we describe two relations on graphs in this section.

An elementary subdivision of a nonempty graph G is a graph obtained
from G by removing some edge e = uv and adding a new vertex w and
edges uw and vw. A subdivision of G is a graph obtained from G by a
succession of elementary subdivisions (including the possibility of
none). In Figure 6.5 the graphs G; and G, are subdivisions of G,.

It should be clear that any subdivision of a graph G is planar or
nonplanar according to whether G is planar or nonplanar. Also it is an
elementary observation that if a graph G contains a nonplanar subgraph,
then G is nonplanar. Combining these facts with our preceding results, we
obtain the following. ‘

Theorem 6.11

If a graph G contains a subgraph that is a subdivision of either K5 or K3 3, then G is
nonplanar.

The remarkable property of Theorem 6.11 is that its converse is also
true. These two results provide a characterization of planar graphs that

GI: GZ: G3:

Figure 6.5 Subdivision.
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is undoubtedly one of the best known theorems in the theory of graphs.
Before presenting a proof of this result, first discovered by Kuratowski
[K11], we need one additional fact about planar graphs.

Theorem 6.12
A graph is planar if and only if each of its blocks is planar.

Proof

Certainly, a graph G is planar if and only if each of its components is
planar, so we may assume G to be connected. It is equally clear that if
G is planar, then each block of G is planar. For the converse, we employ
induction on the number of blocks of G. If G has only one block and this
block is planar, then, of course, G is planar. Assume that every graph with
fewer than k > 2 blocks, each of which is planar, is a planar graph, and
suppose that G has k blocks, all of which are planar. Let B be an end-block
of G, and denote by v the cut-vertex of G common to B. Delete from G all
vertices of B different from v, calling the resulting graph G'. By the
inductive hypothesis, G’ is a planar graph. Since the block B is planar, it
may be embedded in the plane so that v lies on the exterior region. In any
region of a plane embedding of G’ containing v, the plane block B may
now be suitably placed so that the two vertices of G’ and B labeled v
are ‘identified’. The result is a plane graph of G; hence G is planar. O

We can now give a characterization of planar graphs. The proof of the
following result, known as Kuratowski's theorem [K11], is based on a
proof by Dirac and Schuster [DS1].

Theorem 6.13

A graph is planar if and only if it contains no subgraph that is a subdivision of
either Ks or Kz 3.

Proof

The necessity is precisely the statement of Theorem 6.11; thus we need
only consider the sufficiency. In view of Theorem 6.12, it is sufficient to
show that if a block contains no subgraph that is a subdivision of K5 or
K33, then it is planar. Assume, to the contrary, that such is not the case.
Hence among all nonplanar blocks containing no subgraphs that are
subdivisions of either K5 or K3 5, let G be one of minimum size.

First we verify that 6(G) > 3. Since G is a block, it contains no end-
vertices. Assume, then, that G contains a vertex v with degv = 2, such
that v is adjacent with u and w. We consider two possibilities. Suppose
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that uw € E(G). Then G — v is also a block. Since G — v is a subgraph of G,
it follows that G — v also contains no subgraph that is a subdivision of K
or Ks3; however, G is a nonplanar block of minimum size having this
property, so G—v is planar. However, in any plane embedding of
G — v, the vertex v and edges uv and vw may be inserted so that the
resulting graph G is plane, which contradicts the fact that G is nonplanar.
Next, suppose that uw ¢ E(G). The graph G =G — v+ uw is a block
having smaller size than G. Furthermore, G" contains no subgraph that
is a subdivision of either K5 or K3 3; for suppose it contained such a sub-
graph F. If F failed to contain the edge uw, then G would also contain F,
which is impossible; thus F contains uw. If to F — uw we add the vertex v
and edges uv and wv, the resulting graph F' is a subdivision of F.
However, F' is a subgraph of G, which is impossible. Thus G’ is a block
having size less than G that contains no subgraph that is a subdivision of
either K5 or K33, so G’ is planar. However, since G is a subdivision of G/,
this implies that G too is planar, which is a contradiction. Thus, G cannot
contain a vertex of degree 2; so §(G) = 3, as claimed.

By Corollary 2.11, G is not a minimal block, so there exists an edge
e=1uv such that H= G —e is also a block. Since H has no subgraph
that is a subdivision of either Ks or K33 and H has fewer edges than
does G, the graph H is planar. Since H is a cyclic block, it follows by
Theorem 2.5 that H possesses cycles containing both u and 2. We hence-
forth assume H to be a plane graph having a cycle, say C, containing u and
v such that the number of regions interior to C is maximum. Assume that
C is given by

U=Tp, V1500 Ui =0y..., 0 =1U,

where 1 <i<k—1.

Several observations regarding the plane graph H can now be made. In
order to do this, it is convenient to define two special subgraphs of H. By
the exterior subgraph (interior subgraph) of H, we mean the subgraph of G
induced by those edges lying exterior (interior) to the cycle C. First, since
the graph G is nonplanar, both the exterior and interior subgraphs exist,
for otherwise, the edge e could be added to H (either exterior to C or
interior to C) so that the resulting graph, namely G, is planar.

We note further that no two distinct vertices of the set {vy, vy, ...,v;} are
connected by a path in the exterior subgraph of H, for otherwise this would
contradict the choice of C as being a cycle containing # and v having the
maximum number of regions interior to it. A similar statement can be
made regarding the set {v;,v;.1,...,7}. These remarks in connection
with the fact that H + e is nonplanar imply the existence of a v,~v; path
P, 0 <s<i<t<k, in the exterior subgraph of H such that no vertex of
P different from v; and v; belongs to C. This structure is illustrated in
Figure 6.6. We further note that no vertex of P different from v; and v,
is-adjacent to a vertex of C other than v, or v;, and, moreover, any path
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Figure 6.6 Structure of the graph H of Theorem 6.13.

connecting a vertex of P with a vertex of C must contain at least one of
v, and v,.

Let H; be the component of H— {v, | 0 <7 < k,7 #5,t} containing P.
By the choice of C, the subgraph H; cannot be inserted in the interior of
C in a plane manner. This, together with the assumption that G is non-
planar, implies that the interior subgraph of H must contain one of the
following:

1. A v, path Q, 0 <a<s, i<b<t (or, equivalently, s <a <i and
t <b <k), none of whose vertices different from v, and v, belong
to C.

2. A vertex w not on C that is connected to C by three internally disjoint
paths such that the end-vertex of one such path P’ is one of vy, v, v; and
v. If P/ ends at vy, the end-vertices of the other paths are v, and vy,
where s <a<iand i<b<tbut not botha =5 and b =t hold. If P/
ends at any of v, v; or v;, there are three analogous cases.

3. A vertex w not on C that is connected to C by three internally disjoint
paths Py, Py, P; such that the end-vertices of the path (different from w)
are three of the four vertices vy, v, v;, v}, say vy, v;, vs, respectively,
together with a v~v, path P, (v, # vy,7;,w) where v, is on P; or P,,
and P, is disjoint from Py, P, and C except for v, and v,. The remaining
choices for Py, P, and P; produce three analogous cases.

4. A vertex wnot on C that is connected to the vertices vy, v5, v;, v; by four
internally disjoint paths.

These four cases exhaust the possibilities. In each of the first three cases,
the graph G has a subgraph that is.a subdivision of K33 while in the fourth
case, G has a subgraph that is a subdivision of Ks. However, in any case,
this is contrary to assumption. Thus no such graph G exists, and the proof
is complete. [

Thus the Petersen graph (Figure 6.7(a)) is nonplanar since it contains
the subgraph of Figure 6.7(b) that is a subdivision of Kj3. Despite its
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Figure 6.7 The Petersen graph and a subgraph that is a subdivision of K3 3.

resemblance to the complete graph Kjs, the Petersen graph does not
contain a subgraph that is a subdivision of Ks.

For graphs G; and G,, a mapping ¢ from V(G,) onto V(G,) is called an
elementary contraction if there exist adjacent vertices # and v of G; such that

() ou=¢v, and {uy,v4} # {u,v} implies that ¢u; # ¢vy;

(i) {u,2,}N{u,v} =F implies that w9, € E(G;) if and only if
U9, € E(Gz) and

(iii) forw € V(G;), w # u, v, then uw € E(G;) or vw € E(G,) if and only if
pudw € E(G,).

We say here that G, is obtained from G; by the identification of the adjacent
vertices u and v. A contraction is then a mapping from V(G;) onto V(G;)
that is either an isomorphism or a composition of finitely many elemen-
tary contractions. '

If there exists a contraction from V(G) onto V(G,), then G, is a contrac-
tion of Gy, and G contracts to or is contractible to G,. A subcontraction of a
graph G is a contraction of a subgraph of G.

There is an alternative and more intuitive manner in which to define
‘contraction’. A graph G, may be defined as a contraction of a graph Gy if
there exists a one-to-one correspondence between V(G,) and the elements
of a partition of V(G;) such that each element of the partition induces a
connected subgraph of Gy, and two vertices of G, are adjacent if and only
if the subgraph induced by the union of the corresponding subsets is
-connected.

In Figure 6.8, the graph G is a contraction of H, obtained by the
identification of v, and vs. It might also be considered as the contraction
resulting from the partition

V(H) = {v1} U {v2,v5} U {v3} U {vs}.

A relationship between contraction and subdivision is given in the =

following theorem.
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1§

Vs vy

Figure 6.8 Contraction.

Theorem 6.14
If a graph H is a subdivision of a graph G, then G is a contraction of H.

Proof

If G =H, then clearly G is a contraction of H. Hence we may assume
that H is obtained from G by a sequence of elementary subdivisions.

‘Suppose that G is an elementary subdivision of G; then G is obtained

from G by removing some edge uv and adding a vertex w together with
the edges uw and vw. However, then, G’ is contractible to G by an
elementary contraction ¢, which fixes every element of V(G) and
¢w = ¢u. Hence G can be obtained from H by a mapping that is a com-
position of finitely many elementary contractions so that G is a contraction
of H [

Corollary 6.15 will actually prove to be of more use than the theorem
itself.

Corollary 6.15
If a graph H contains a subgraph that is a subdivision of a connected nontrivigl
graph G, then G is a subcontraction of H.

We can now present our second characterization of planar graphs
(Halin [H4], Wagner [W2] and Harary and Tutte [HT1]), which is often
referred to as Wagner’s theorem.

Theorem 6.16

A graph G is planar if and only if neither K5 nor Ky3 is a subcontraction

of G.
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Proof
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Let G be a nonplanar graph. By Theorem 6.14, G contains a subgraph that
is a subdivision of K5 or K33. Thus by Corollary 6.15, K5 or Ky3 is a
subcontraction of G.

In order to verify the converse, we first suppose that G is a graph such
that H = K33 is a subcontraction of G. We show, in this case, that G
contains a subgraph that is a subdivision of K33, implying that G is non-
planar. Denote the vertices of H by u; and uj, 1 < i< 3, such that every
edge of H is of the type u;u;. Taking the alternate definition of contraction,
we let G;, 1 < i < 3, be the connected subgraph of G corresponding to #;
and let G| correspond to . Since uiu]’- €E(H)for1<i<3,1<j<3,inthe
graph G there exists a vertex vy of G; adjacent with a vertex v} of G.
Among the vertices v;;, v, v of G;, two or possibly all three may actually
represent the same vertex. If v;; = v, = vj3, we set each vj = v;; otherwise,
we define v; to be a vertex of G; connected to the distinct elements of
{vi1,02,v3} with internally disjoint paths in G;. (It is possible that
v; = vy for some j.) We now proceed as above with the subgraphs G,
thereby obtaining vertices ;. The subgraph of G induced by the nine
edges v;vj; together with the edge sets of any necessary aforementioned
paths from a vertex v; or v} is a subdivision of Ks 3.

Assume now that H =Ks is a subcontraction of G. Let V(H) =
{u;| <i< 5}, and suppose that G; is the connected subgraph of G that
corresponds to u;. As before, there exists a vertex v; of G; adjacent with
a vertex vj; of Gj,i#j,1<i,j<5 Forafixedi 1 <i< 5, we consider the
vertices yjs j # i. If the vertices v;; represent the same vertex, we denote
this vertex by v;. If the vertices v; are distinct and there exists a vertex
(possibly some v;) from which there are internally disjoint paths (one of
which may be trivial) to the v;;, then denote this vertex by ;. If three of the
vertices v; are the same vertex, call this vertex v;. If two vertices v; are the
same while the other two are distinct, then denote the two coinciding ver-
tices by v; if there exist internally disjoint paths to the other two vertices.
Hence in several instances we have defined a vertex v;, for 1<ig5.
Should v; exist for each i = 1,2,...,5, then G contains a subgraph that is
a subdivision of K;.

Otherwise, for some i, there exist distinct vertices w; and w} of G;, each of
which is connected to two of the v;; by internally disjoint (possibly trivial)

_paths of G; while w; and w} are connected by a path of G;, none of whose
internal vertices are the vertices v;. If two vertices v;; coincide, then this
vertex is w;. If the other two vertices v;; should also coincide, then this
vertex is wj. Without loss of generality, we assume that i =1 and that
wy is connected to vy, and vy;, while w) is.connected to v, and v;5 as
described above. ;

Denote the edge set of these five paths of G; by E;. We riow turn to G,. If

Ua1 = Uy = U5, We set By = (Ff; otherwise, there is a vertex w, of G, (which
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may coincide with vy, vy or Ups) connected by internally disjoint
(possibly trivial) paths in G, to the distirict elements of {vy1, V4, Vas}. We
then let E, denote the edge sets of these paths. In an analogous manner,
we define accordingly the sets E;, E; and Es with the aid of the sgts
{031,934, Uss}, {041, Vaz, Vg3 } and {051, 05, 053}, respectively. The subgraph
induced by the union of the sets E; and the edges v;v;; contains a subgraph
F that is a subdivision of K3 3 such that the vertices of degree 3 of F are wy,
w and the vertices w;, i = 2,3, 4,5. In either case, G is nonplanar. [J

Hamiltonian planar graphs

As an application of this theorem, we again note the nonplanarity of
the Petersen graph of Figure 6.7(a). The Petersen graph contains K; as a
‘subcontraction, which follows by considering the partition Vi, V5, V3, Vy,
Vs of its vertex set, where V; = {v;,7;,5}.

EXERCISES 6.2

6.8 Show that the converse of Theorem 6.14 is not, in general, true.

6.9 Show that the Petersen graph of Figure 6.7(a) is nonplanar by
' (a) showing that it has K3 5 as a subcontraction, and
(b) using Exercise 6.6(a).

6.10 Let T be a tree of order at least 4, and let e, e, €3 € E(T). Prove that
T + ey + ey + ¢ is planar.

6:11 A graph G is outerplanar if it can be embedded in the plane so that

every vertex of G lies on the boundary of the exterior region. Prove

the following:

(a) A graph G is outerplanar if and only if G + K is planar.

(b) A graph is outerplanar if and only if it contains no subgraph that
is a subdivision of either K; or K; 3.

(c) If Gis an (n,m) outerplanar graph with n > 2, then m < 212 - 3.

;’).3 HAMILTONIAN PLANAR GRAPHS

We have encountered many sufficient conditions for a graph to be
hamiltonian but only two necessary conditions. In this section we reverse
our point of view and consider a necessary condition for a planar graph to
be hamiltonian. :

‘Let G be a hamiltonian plane graph of order # and let C be a fixed
hamiltonian cycle in G. With respect to this cycle, a chord is, as before,
an edge of G that does not lie on C. Let ; (i =3,4,...,n) denote the
number of regions of G in the interior of C whose boundary contains
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Figure 6.9 A hamiltonian plane graph.

exactly i edges. Similarly, let ! denote the number of regions of G in
the exterior of C whose boundary contains i edges. To illustrate these
definitions, let G be the plane graph of Figure 6.9 with hamiltonian
cycle C:vq,0¢, 0y, Ug, U, V19, Us, Vs, V3, V2, U1. Then 1;=0 if i#4 and
rg=4. Also, ¥ =0ifi# 4,5 whilery =T and r§ = 2.

Using the notation of the previous paragraph, we have the following "

necessary condition, due to Grinberg [G8], for a plane graph to be
hamiltonian.

" Theorem 6.17

Let G be a plane graph of order n with hamiltonian cycle C. Then with respect to
this cycle C,

3 (-2 —r) =0.
i=3

Proof

We first consider the interior of C. If d denotes the number of chords of G
in the interior of C, then exactly d + 1 regions of G lie inside C. Therefore,

ir,- =d+1,
i=3

implying that

d= (Z":r,.)-L (6.2) B

i=3

Let the number of edges bounding a region interior to C be summed
overalld 4 1 such regions, denoting the results by N. Hence N = ¥ _, ir;.
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However, N counts each interior chord twice and each edge of C once,
so that N = 24 -+ n. Thus,

n
> irp=2d+n. (6.3)
i=3

Substituting (6.2) into (6.3), we obfain

iiri=2zn:r,-——2+n,
i=3 =3

SO
i (i-2)ri=n-2. (6.4)
i=3

By considering the exterior of C, we conclude in a similar fashion that
n

Z (i—-2ti=n—-2 (6.5)

i=3
It follows from (6.4) and (6.5) that

i (i—2)(r—7)=0. O
i=3

The following observations often prove quite useful in applying
Theorem 6.17. Let G be a plane graph with hamiltonian cycle C. Further-
more, suppose that the edge e of G is on the boundary of two regions R;
and R, of G. If e is an edge of C, then one of R; and R; is in the interjor of C
and the other is in the exterior of C. If, on the other hand, eis not an edge of
C, then R, and R; are either both in the interior of C or both in the exterior
of C.

In 1880, the English mathematician P. G. Tait conjectured that every
3-connected cubic planar graph is hamiltonian. This conjecture was dis-
proved in 1946 by Tutte [T11], who produced the graph G in Figure 6.10 as
a counterexample. In addition to disproving Tait’s conjecture, Tutte [T14]
proved that every 4-connected planar graph is hamiltonian. This result
was later extended by Thomassen [T5].

Theorem 6.18

Every 4-connected planar graph is hamiltonian-connected.

As an illustration of Grinberg’s theorem, we now verify that the Tutte

. graph (Figure 6.10) is not hamiltonian. Assume, to the contrary, that the

Tutte graph G, which has-order 46, contains a hamiltonian cycle C.
Observe that C must contain exactly two of the edges ¢, f; and f.
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Figure 6.10 The Tutte graph.

Consider the regions Ry, R; and R; of G. Suppose that two of them, say
Ry and R,, lie in the exterior of C. Then the edges f; and f, do not belong to
C since the unbounded region of G also lies in the exterior of C. This,
however, is impossible; thus at most one of the regions R;, R, and R,
lies in the exterior of C. We conclude that at least two of these regions,
say R; and R,, lie in the interior of C. This, of course, implies that their
common boundary edge e does not belong to C. Therefore, f; and f, are
edges of C. Now let G; denote the component of G — {g, fi, f>} containing
w. Then the cycle C contains a v,-v, subpath P that is a hamiltonian path
of G;. Consider the graph G, = Gy + 0. Then G; has a hamiltonian cycle
C, consisting of P together with the edge v;v,.

An application of Theorem 6.17 to G, and C; yields

1(rs —13) +2(ry —74) +3(rs — 15) +6(rs — 1) = 0. (6.6)

Since 119, is an edge of C, and since the unbounded region of G, lies in the
exterior of C,, we have that

f3—t3=1-0=1 and rg—r5=0—1=-1.
Therefore, from (6.6) we obtain
2(ry —14) +3(rs — 15) = 5.

Since degg, w = 2, both ww; and ww, are edges of C,. This implies that

ry 21,50
ty—ry=1-1=0 or r,—1r3=2-0=2

If ry — 73 =0, then 3(rs — r5) = 5, which is impossible. If, on the other
hand, 7, — 7} =2, then 3(r; —75) = 1, again impossible. We conclude
that Tutte’s graph is not hamiltonian.
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For many years, Tutte’s graph was the only known example of a 3-
connected cubic planar graph that was not hamiltonian. Much later, how-
ever, other such graphs have been found; for example, Grinberg himself

- provided the graph in Exercise 6.12 as another counterexample to Tait's

conjecture.

EXERCISES 6.3

6.12 Show, by applying Theorem 6.17, that the Grinberg graph (below) is
non-hamiltonian. "

The Grinberg graph.

6.13 Show, by applying Theorem 6.17, that the Herschel graph (below) is
non-hamiltonian.

The Herschel graph.
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6.14 Show, by applying Theorem 6.17, that no hamiltonian cycle in the °
graph of Figure 6.9 contains both the edges ¢ and f.

6.4 CROSSING NUMBER AND THICKNESS

There are several ways of measuring how nonplanar a graph is. In this
section, we discuss two of these measures.

Nonplanar graphs cannot, of course, be embedded in the plane. Hence,
whenever a nonplanar graph is ‘drawn’ in the plane, some of its edges
must cross. This rather simple observation suggests our next concept.

The crossing number v(G) of a graph G is the minimum number of
crossings (of its edges) among the drawings of G in the plane. Before
proceeding further, we comment on the assumptions we are making
regarding the idea of ‘drawings’. In all drawings under consideration,
we assume that

» adjacent edges never cross

» two nonadjacent edges cross at most once

» no edge crosses itself ,

* no more than two edges cross at a point of the plane and

* the (open) arc in the plane corresponding to an edge of the graph
contains no vertex of the graph.

A few observations will prove useful. Clearly a graph G is planar if
and only if ¥(G) = 0. Further, if G C H, then v(G) < v(H), while if H is
a subdivision of G, then v(G) = v(H). For very few classes of graphs i3
the crossing number known. It has been shown by BlaZek and Koman
[BK1] and Guy [G10], among others, that for complete graphs,

w PR @

and Guy has conjectured that equality holds in (6.7) for all n. As far

as exact results are concerned, the best obtained is the following (Guy
[G11)).

Theorem 6.19

For1<n<10,

b, e

Since K|, is planar for 1 < n <4, Theorem 6.19 is obvious for 1 <n<4.

Further, K; is nonplanar; thus, ¥(Ks) > 1. On the other hand, there exists
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Figure 6.11 A drawing of K5 with one crossing.

a drawing (Figure 6.11) of K5 in the plane with one crossing so that
14 K5) = 1.

(The inequality ¥(K¢) < 3 follows from Figure 6.12, where a drawing of
K, with three crossings is shown. We now verify that »(Ky) > 3, complet-
ing the proof that »#(K;) = 3. Let there be given a drawing of K; in the
plane with ¢ = ¥(K,) crossings, where, of course, ¢ > 1. At each crossing
we introduce a new vertex, producing a connected plane graph G of order
6 -+ ¢ and size 15 + 2¢. By Corollary 6.4,

15+2c < 3(6+¢) — 6,

so that ¢ > 3 and, consequently, »(Kg) = 3.

Considerably more specialized techniques are required to verify
Theorem 6.19 for 7 < n < 10.

It was mentioned in section 6.1 that every planar graph can be
embedded in the plane so that each edge is a straight line segment.
Thus, if a graph G has crossing number 0, this fact can be realized by

Figure 6.12 A drawing of K, with three crossings.
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considering only drawings in the plane in which the edges are straight :

line segments. One may very well ask if, in general, it is sufficient to con-
sider only drawings of graphs in which edges are straight line segments in
determining crossing numbers. With this question in mind, we introduce
a variation of the crossing number.

The rectilinear crossing number #(G) of a graph G is the minimum
number of crossings among all those drawings of G in the plane in
which each edge is a straight line segment. Since the crossing number
v(G) considers all drawings of G in the plane (not just those for which
edges are straight line segments), we have the obvious inequality

v(G) < 5(G). (6.9)

As previously stated, v(G) = 7(G) for every planar graph G. It has also
been verified that v(K,;) = #(K,,) for 1 < n <7 and n = 9; however,

v(Kg) =18 and 5(Kgz) =19 \
(Guy [G11]), so strict inequality in (6.9) is indeed a possibility.

We return to our chief-interest, namely the crossing number, and
consider the complete bipartite graphs, The problem of determining
v(K;;) has a rather curious history. It is sometimes referred to as Turin’s
Brick-Factory Problem (named for Paul Turdn). We quote from Turan [T10]:

We worked near Budapest, in a brick factory. There were some kilns
where the bricks were made and some open storage yards where the
bricks were stored. All the kilns were connected by rail with all
the storage yards. The bricks were carried on small wheeled trucks
to the storage yards. All we had to do was to put the bricks on the
trucks at the kilns, push the trucks to the storage yards, and unload
them there. We had a reasonable piece rate for the trucks, and the
work itself was not difficult; the trouble was only at the crossings.
The trucks generally jumped the rails there, and the bricks fell out
of them; in short this caused a lot of trouble and loss of time which
was precious to all of us. We were all sweating and cursing at such
occasions, I too; but nolens volens the idea occurred to me that this loss
of time could have been minimized if the number of crossings of the
rails had been minimized. But what is the minimum number of cross-
ings? I realized after several days that the actual situation could have
been improved, but the exact solution of the general problem with s
kilns and ¢ storage yards seemed to be very difficult ... the problem
occurred to me again ... at my first visit to Poland where I met
Zarankiewicz. I mentioned to him my ‘brick-factory’-problem...
and Zarankiewicz thought to have solved (it). But Ringel found a
gap in his published proof, which nobody has been able to fill so
far - in spite of much effort. This problem has also become a
notoriously difficult unsolved problem. ...
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Zarankiewicz [Z2] thus thought that he had proved

T

but, in actuality, he only verified that the right hand expression of (6.10)
is an upper bound for v(K,;). As it turned out, both P. C. Kainen and
G. Ringel found flaws in Zarankiewicz’s proof. Hence, (6.10) remains

‘only a conjecture. It is further conjectured that v(K;) = 7(K,;). The best

general result on crossing number of complete bipartite graphs is the
following, due to the combined work of Kleitman [K7] and Woodall
[wi1l.

Theorem 6.20

If s and t are integers (s < t) and either s <6 ors =7 and t < 10, then

o= 5] [77 1)

It follows, therefore, from Theorem 6.20 that

R e R
v(Ks,) —_—4EJ [-t—%lJ and V(Kﬁ,t)=eéj [f__;_lJ

for all . For example, v(Ka3) = 1, (Ksy) =4, v(Kss) = 16, v(Keg) = 36
and »(Ky7) = 81. A drawing of K4 with four crossings is shown in
Figure 6.13. ' '

As would be expected, the situation regarding crossing numbers of
complete k-partite graphs, k >3, is even more complicated. For the
most part, only bounds and highly specific results have been obtained
in these casés. On the other hand, some of the proof techniques employed

Figure 6.13 A drawing of Ky4 with four crossings.
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have been enlightening. As an example, we establish the crossing number
of K35 3 (see White [W5], p. 77).

Theorem 6.21

The crossing number of K; 53 is v(Kp23) = 2.

Proof

Let v(K;,3) = c. Since Kj 3 is nonplanar and K33 € Ky 3, it follows that
Kj 5 is nonplanar so that ¢ > 1. Let there be given a drawing of K33 in
the plane with ¢ crossings. At each crossing we introduce a new vertex,
producing a connected plane graph G of order n=7+c and size
m =16 + 2c. By Corollary 6.4, m < 3n — 6.

Let u;u, and v,v, be two (nonadjacent) edges of K;, 5 that cross in the
given drawing, giving rise to a new vertex. If G is a triangulation, then
C: uy,v1,43,02,1y, is a cycle of G, implying that the induced subgraph
{({u1,u2,v1,0,}) in Ky, 5 is isomorphic to Ky. However, K; ; 3 contains no
such subgraph; thus, G is not a triangulation so that m < 3n'— 6. We have

16 +2¢ < 3(7 +c) — 6,

from which it follows that ¢ > 2. The inequality ¢ < 2 follows from the fact
that there exists a drawing of K, ;3 with two crossings (Figure 6.14). [

Other graphs whose crossing numbers have been investigated with
little success are the n-cubes Q,. Since Q, is planar for n =1,2,3, of
course, ¥(Q,) = 0 for such n. Eggleton and Guy [EG1] have shown that
v(Qy) = 8 but »(Q,) is unknown for n > 5. One might observe that

Q4==K2XK2XK2XK2=C4XC4,

so that ¥(C, x C4) = 8. This raises the problem of determining v(C, x C,)
for s, t = 3. For the case s = ¢ = 3, Harary, Kainen and Schwenk [HKS1]

Figure 6.14 A drawing of K, 3 with two crossings.
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showed that ¥(Cz x C3) = 3. Their proof consisted of the following three
steps:

Step 1. Exhibiting a drawing of C3 x C3 with three crossings so that
l/(C3 X C3) < 3.

Step 2. Showing that C x C; ~ e is nonplanar for every edge e of C3 X 3
so that v(C; x G3) = 2.

Step 3. Showing, by case exhaustion, that it is impossible to have a draw-
ing of C3 x C3 with exactly two crossings so that 1(C3 x C3) 2 3
(Exercise 6.19).

Ringeisen and Beineke [RB1] then extended this result significantly by
determining #(Cs x C;) for all integers ¢ > 3.

Theorem 6.22
Forallt = 3,

V(C3 X Ct) =t
Proof
We label the vertices of C3 x C; by the 3t ordered pairs (0,7), (1,j) and
(2,]), wherej = 0,1,...,t — 1, and, for convenience, we let

u,-=(0,]'),vj=(l,j) and wj= (2,f).

First, we note that ¥(C3 x C;) < £. This observation follows from the fact
that there exists a dtawing of C; x C; with ¢ crossings. A drawing of
C; x C; with four crossings is shown in Figure 6.15. Drawings of
C3 x C; with ¢ crossings for other values of ¢ can be given similarly.

To complete the proof, we show that #(C; x C,) = t. We verify this by
induction on ¢ > 3. For t = 3, we recall the previously mentioned result
l/(C3 X C3) =3.

Assume that (Cs x C¢) >k, where k>3, and consider the graph
Cs x Cypq- We show that v(C3 x Cyq) 2 k+1. Let there be given a
drawing of Cs X Cyyq with v(Cs X Cy41) crossings. We consider two
cases.

Case 1. Suppose that no edge of any triangle T; = {{u;, v, w;}),j = 0,1,... kK,
is crossed. For j = 0,1,.. .,k define

H; = ({4, v}, W), 4j 11, V41, Wj+1})s

where the subscripts are expressed modulo k + 1. We show that for each
j=0,1,...,k the number of times edges of H; are crossed totals at least
two. Since, by assumption, no triangle T; has an edge crossed and since
every edge not in any T; belongs to exactly one subgraph H, it will follow
that there are at least k + 1 crossings in the drawing because then every
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Figure 6.15 A drawing of C; x C, with four crossings.

crossing of an edge in H; involves either two edges of H; or an edge of H;
and an edge of H; for some iij.

If two of the edges wju;, 1, v;v;,1 and w jW; 4.1 cross each other, then two
edges of H; are crossed Assume then that no two edges of H; cross each
other. Thus, H; is a plane subgraph in the drawing of C; x Ck+1 (Figure
6.16). The tnangle j+2 must lie within some region of H;. If T, , lies in
a region of H; bounded by a triangle, say T;, then at least one edge of the
cycle ug, uy, . . ., uy, ty, for example, must cross an edge of T;, contradicting
our assumption. Thus, T; , , must lie in a region of H; bounded by a 4-cycle,
say uj, Uj 1, Wi 1, W, W, u;, without loss of generality. However, then edges of
the cycle vy, vy,.. ., 0%, vp Must cross edges of the cycle u;, Uiy 1, Wigq, Wi, 4
at least twice and hence edges of H; at least twice, as asserted

Case 2. Assume that some triangle, say Ty, has at least one of its edges crossed.
Suppose that v(Cs X Cyy1) < k+ 1. Then the graph Cz x Gy q — E(Th),
which is a subdivision of C3 x Cy, is drawn with fewer than k crossings,
contradicting the inductive hypothesis. []

J+1

: , Jj+1
Figure 6.16 The subgraph H; in the proof of Theorem 4.15.
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The only other result giving the crossing number of graphs Cs x C; is
the following formula by Beineke and Ringeisen [BR1]. This theorem and
the succeeding theorems in this chapter are stated only to illustrate the
types of results obtained in this area.

Theorem 6.23

Forallt = 4,
Z/(C4 X Cg) = 2t

Beineke and Ringeisen [BR1] have also found a formula for (K, x Cy).

Theorem 6.24

Forallt =3,
V(K4 X Ct) == 3t

In addition to the crossing number, another parameter that is interesting
for nonplanar graphs only is the thickness. The edge-thickness or simply the
thickness 6;(G) of a nonempty graph G is the minimum number of pairwise
edge-disjoint planar spanning subgraphs of G whose edge sets is a
partition of E(G). This provides another measure of the nonplanarity of
a graph. Once again, it is the complete graphs, complete bipartite graphs
and n-cubes that have received the most attention.

A formula for the thickness of the complete graphs was established
primarily due to the efforts of Beineke [B3], Beineke and Harary {BH2],
Vasak [V1] and Alekseev and Gonchakov [AGI].

Theorem 6.25
The thickness of K, is given by

J n+£9,10
3 n=29,10.
Although only partial results exist for the thickness of complete bipar-

tite graphs (Beineke, Harary and Moon [BHM1)), a formula is known for
the thickness of the n-cubes, due to Kleinert [K6].

Theorem 6.26

The thickness of Q, is given by
n+1
600 =[5
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EXERCISES 6.4

6.15 Draw Ky in the plane with nine crossings.

6.16 Determine v(Kj3) without using Theorem 6.20.
6.17 Show that ¥(K;,) < 81.

6.18 Determine v(K; ;).

6.19 Determine v(Kj ;).

6.20 Show that2 < v(C; x C3) < 3.

6.21 Prove that #(C3 x C;) =t for t = 3.

6.22 (a) It is known that »(W, x K;) = 2, where W, is the wheel C, + K;
of order 5. Draw W x K; in the plane with two crossings.
(b) Prove or disprove: If G is a nonplanar graph containing an edge e
such that G — e is planar, then v(G) = 1.

6.23 Prove that 6;(K,) > |(n +7)/6] for all positive integers .
6.24 Verify that 6,(K,) = |(n+7)/6| forn =4,5,6,7, 8.

CHAPTER 7

Graph embeddings

In Chapter 6 the emphasis was on embeddings of graphs in the plane.
Here this notion is extended to embeddings of graphs on other surfaces.

71 THE GENUS OF A GRAPH

We now introduce the best known parameter involving nonplanar
graphs. A compact orientable 2-manifold is a surface that may be thought
of as a sphere on which has been placed a number of ‘handles’ or,
equivalently, a sphere in which has been inserted a number of ‘holes’.
The number of handles (or holes) is referred to as the genus of the
surface. By the genus gen(G) of a graph G is meant the smallest genus of
all surfaces (compact orientable 2-manifolds) on which G can be
embedded. Every graph has a genus; in fact, it is a relatively simple
observation that a graph of size m can be embedded on a surface of
genus m.

Since the embedding of graphs on spheres and planes is equivalent, the
graphs of genus 0 are precisely the planar graphs. The graphs with genus
1 are therefore the nonplanar graphs that are embeddable on the torus.
The (nonplanar) graphs K5 and Kj;; have genus 1. Embeddings of K33 on
the torus and on the surface of genus 2 are shown in Figure 7.1(a) and (b).

Not only is Ks embeddable on the torus, but so are K4 and K. (The
graph Kj is not embeddable on the torus.) Figure 7.2 gives an embedding
of K; on the torus. The torus is obtained by identifying opposite sides of
the square. The vertices of K; are labeled vy, v3,. . ., V6. Thus note that the
‘vertices’ located at the corners of the square actually represent the same
vertex of Ky, namely the one labeled vs.

For graphs embedded on surfaces of positive genus, the regions and the
boundaries of the regions are defined in entirely the same manner as for
embeddings in the plane. Thus, if G is embedded on a surface S, then the
components of S — G are the regions of the embedding. In Figure 7.1(a)
there are three regions, in Figure 7.1(b) there are two regions and in Figure
7.2 there are 14 regions. ’

A region is called a 2-cell if any simple closed curve in that region can
be continuously deformed or contracted in that region to a single point.
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@

Figure 7.1 Embeddings of K;; on surfaces of genus 1 and 2.

Equivalently, a region is a 2-cell if it is topologically homeomorphic to 2-
dimensional Euclidean space. Although every region of a connected
graph embedded on the sphere is necessarily a 2-cell, this need not be
the case for connected graphs embedded on surfaces of positive genus.
Of the two regions determined by the embedding of K33 on the ‘double
torus’ in Figure 7.1(b), one is a 2-cell and the other is not. The boundary of
the 2-cell is a 4-cycle while the boundary of the other region consists of all
vertices and edges of K3 3. Indeed, in the closed walk bounding the second
region, five of the edges are ‘encountered twice.

vs(‘ : Vs
‘ ?

vs CF
Figure 7.2 An embedding of K; on the torus.

Vs
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An embedding of a graph G on a surface S is called a 2-cell embedding
of G on S if all the regions so determined are 2-cells. The embeddings in

-Figure 7.1(a) and Figure 7.2 are both 2-cell embeddings.

Theorem 7.1

Let G be a connected (n, m) pseudograph with a 2-cell embedding on the surface of
genus g and having r regions. Then

n—m+r=2-2g (7.1)

Proof

The proof is by induction on g. For g = 0, the formula holds for connected
graphs by Theorem 6.1. If G is a connected (n,m) pseudograph (which is
not a graph) embedded in the plane and having r regions, then a plane
graph H is obtained by deleting from G all loops and all but one edge in
any set of multiple edges joining the same two vertices. If H has order ny,

-size my and r regions, then n; — m; + ry = 2by Theorem 6.1. We now add

back the deleted edges to form the originally embedded pseudograph G.
Note that the addition of each such edge increases the number of regions
by 1. If G has k more edges than does H, then n =ny, m =m; +k and
r =7y + k so that

n—m+r=mn—(m+k)+{r+k=mn-m+rn=2,

producing the desired result for g = 0.

Assume the theorem to be true for all connected pseudographs that are
2-cell embedded on the surface of genus ¢ — 1, where g > 0, and let G be a
connected (1, m) pseudograph that is 2-cell embedded on the surface S of
genus g and having r regions. We verify that (7.1) holds. '

Since the surface S has genus g and g > 0, S has handles. Draw a
curve C around a handle of S such that C contains no vertices of G.
Necessarily, C will cross edges of G; for otherwise C lies in a region of
G and cannot be contracted in that region to a single point, contradicting
the fact that the embedding on S is a 2-cell embedding. By re-embedding
G on S, if necessary, we may assume that the total number of intersections
of C with edges of G is finite, say k, where k> 0. If &;,¢),...,¢; are
the edges of G that are crossed by C, then 1<t <k (Figure 7.3).
M?reover, if edge ¢;, 1 < i<, is crossed by C a total of ¢; times, then
D=1 fi=k

At each of the k intersections of C with the edges of G we add a new
vertex; further, each subset of C lying between consecutive new vertices
is specified as a new edge. Moreover, each edge of G that is crossed by C,
say a total of # times, is subdivided into £ + 1 new edges.

Let the new pseudograph so formed be denoted by G'; further, suppose
G has order 7, size m’ and 1’ regions. Since k new vertices have been
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Figure 7.3 A curve C drawn on a handle of the surface 5.

introduced in forming G, it follows that n' =n+k The curve C has
resulted in an increase of k in the number of edges. Also,’ each edge e,
1<i<t has given rise to an increase of Z; edges and since Zl 1 6=k
the total increase in size from G to G’ is 2k; that is, m' = m + 2k.

Each portion of C that became an edge of G’ is in a region of G. Thus, the
addition of such an edge divides that region into two regions. Since there
exist k such edges, ¥ = r +k. Because every region of G is a 2-cell, it
follows that every region of G’ is a 2-cell.

We now make a ‘cut’ in the handle along C, separating the handle into
two pieces (as shown in Figure 7.4). The two resulting holes are ‘patched’
or ‘capped’, producing a new (2-cell) region in each case. (This is called a
‘capping’ operation.)

In the process of performing this capping operation, several changes
have occurred. First, the surface S has been transformed into a new sur-
face S”. The two capped pieces of the handle of S are now part of the
sphere of S”. Hence S” has one less handle than S so that S” has genus
g — 1. Furthermore, the pseudograph G’ itself has been altered. The
vertices and edges resulting from the curve C have been divided into
two copies, one copy on each of the two pieces of the capped handle. If
G” denotes thlS new pseudograph, then G” has order n'=n+k=n+2k
and sxze m" =m' +k = m+ 3k. Also, the number 7" of regions satisfies

=7 +2=r+k+2. Since each of these 7’ regions in the connected
pseudograph G” is a 2-cell, the inductive hypothesis applies so that
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" em' 41" =2-2(g—1) or
(n+2k) — (m+3k)+ (r+k+2)=2-2(g—1);
thus,
n—m-+r=2-2g,
giving the desired result. []

Restating Theorem 7.1 for graphs, we have the following.

Corollary 7.2

Let G be a connected (n,m) graph with a 2-cell embedding on the surface of genus
g and having r regions. Then

n—m4r=2-2g
In connection with Corollary 7.2 is the following result. Proofs of this

theorem (e.g. Youngs [Y1]) are strictly topological in nature; we present
no proof.

Theorem 7.3
If G is a connected gm;ﬁh embedded on the surface of genus gen(G), then every
region of G is a 2-cell.

Corollary 7.2 and Theorem 7.3 now immediately imply the following.

Theorem 7.4

If G is a connected (n,m) graph embedded on the surface of genus gen(G) and
having r regions, then

n —m-{-r:Z —2 gen(G).
An important conclusion, Which can be reached with the aid of
Theorem 7.4, is that every two embeddings of a connected graph G on
the surface of genus gen(G) result in the same number of regions. With

the theorems obtained thus far, we can now provide a lower bound for the
genus of a connected graph in terms of its order and size.

Theorem 7.5
If G is a connected (n,m) graph (n > 3) then

gen(G) > — ~ —-I- 1.
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Proof

The result is immediate for n = 3, so we assume that n > 4. Let G be
embedded on the surface of genus gen(G). By Theorem 7.4, n —m 4 r =
2 — 2 gen(G), where 7 is the number of regions of G. (Necessarily, each of
these regions is a 2-cell by Theorem 7.3.) Since the boundary of every
region contains at least three edges and every edge is on the boundary
of at most two regions, 3r < 2m. Thus,

2m
2—2gen(G):n—m+r<n——m+?,

and the desired result follows. [

The lower bound for gen(G) presented in Theorem 7.5 can be improved
when more information on cycle lengths in G is available. The proof of the
next theorem is entirely analogous to that of the preceding one.

Theorem 7.6
If G is a connected (n, m) graph with smallest cycle of length k, then

m 2 n

A special case of Theorem 7.6 that includes bipartite graphs is of special
interest. Recall that a graph is called triangle-free if it contains no triangles.

| Corollary 7.7
If G is a connected, triangle-free (n, m) graph (n = 3), then
gen(G) = —— 5 + 1.

As one might have deduced by now, no general formula for the genus
of an arbitrary graph is known. Indeed, it is unlikely that such a formula
will ever be developed in terms of quantities that are easily calculable. On
the other hand, the following result by Battle, Harary, Kodama and

Youngs [BHKY1] implies that, as far as genus formulas are concerned,
one need only investigate blocks. We omit the proof.

Theorem 7.8
If G is a graph having blocks By, Bo, ..., By, then

gen(G Z gen(B
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The following corollary is a consequence of-the preceding result.

Corollary 7.9
If G is a graph with components Gy, Gy, ..., Gy, then

k
gen(G) = Z gen(G;).
i=1

As is often the case, when no general formula exists for the value of a
parameter for an arbitrary graph, formulas (or partial formulas) are
established for certain families of graphs. Ordinarily the first classes to
be considered are the complete graphs, the complete bipartite graphs,
and the n-cubes. The genus offers no exception to this rule.

In 1968, Ringel and Youngs [RY1] completed a proof of a result that has
a remarkable history. They solved a problem that became known as the
Heawood Map Coloring Problem; this problem will be discussed in Chapter
8. The solution involved the verification of a conjectured formula for the
genus of a complete graph; the proof can be found in (and, in fact, is) the
book by Ringel [R8].

Theorem 7.10
The genus of the complete graph is given by

gen(K,) = [@i%gf—ﬁ], nz3.

A formula for the genus of the complete bipartite graph was dlscovered
by Ringel [R7]. We shall also omit the proof of this result.
Theorem 7.11
The genus of the complete bipartite graph is given by

gen(Kr,s) = [(_r"'_Z)Z(fﬁ‘l’ r,s =2

A formula for the genus of the n-cube was found by Ringel [R5] and by
Beineke and Harary [BH1]. We prove this result to illustrate some of the
techniques involved. We omit the obvious equality gen(Q;) = 0.
Theorem 7.12

Forn =2, the genus of the n-cube is given by
gen(Q,) = (n—4).2" "3+ 1.
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Proof 7.3 Prove Theorem 7.6.
7.4 Use Theorem 7.8 to prove Corollary 7.9.

7.5 Show that

The n-cube is a triangle-free (2",7-2" ") graph; thus, by Corollary 7.7,

n-3
gen(Q,,)Z(n——4)-2 +1 K > (n‘3)(n—4)-lf0rn>3
To verify the inequality in the other direction, we employ induction on gen(Ky) > { 12 .

n. For n > 2, define the statement A(n) as follows: The graph Q, can be
embedded on the surface of genus (n—4)-2""%+1 such that the
boundary of every region is a 4-cycle and such that there exist 27~2
regions with pairwise disjoint boundaries. That the statements A(2) and
A(3) are true is trivial. Assume A(k—1)tobe true, k = 4, and, accordingly,
let S be the surface of genus (k—5)-2"* + 1 on which Or_1 is embedded
such that the boundary of each region is a 4-cycle and such that there exist
2k-3 regions with pairwise disjoint boundaries. We note that since Qs
has order 2°~, each vertex of (k-1 belongs to the boundary of precisely
one of the aforementioned 2¢~3 regions. Now let Q;_; be embedded on
another copy S’ of the surface of genus (k —5) 25~ + 1 such that the
embedding of Q_, on § is a ‘mirror image’ of the embedding of Q,_,
on S (that is, if vy, v,, v3,, are the vertices of the boundary of a region of
Qc-1 on S, where the vertices are listed clockwise about the 4-cycle, then
there is a region on §', with the vertices 01,73, U3, U4 ON its boundary listed
counterclockwise). We now consider the 23 distinguished regions of S
together with the corresponding regions of S/, and join each pair of
associated regions by a handle. The addition of the first handle produces
the surface of genus 2[(k — 5) - 2*~* + 1] while the addition of each of the
other 26~% _ 1 handles results in an increase of one to the genus. Thus, the
surface just constructed has genus (k — 4) - 23 -+ 1. Now each set of four
vertices on the boundary of a distinguished region can be joined to the
corresponding four vertices on the boundary of the associated region so
that the four edges are embedded on the handle joining the regions. It is
now immediate that the resulting graph is isomorphic to . and that
every region is bounded by a 4-cycle. Furthermore, each added handle
gives rise to four regions, ‘opposite’ ones of which have disjoint bound-
aries, so there exist 282 regions of Q, that are pairwise disjoint.

Thus, A(n) is true for all n > 2, proving the result. [

7.6 Show that

forr,s > 2.

gen(K, () > [(L—‘—Z)Z(*s—ﬁ]

7.7 (a) Find a lower bound for gen(Kz3 + K,,)-
(b) Determine gen(K; 3 + K,,) exactly for n =1,2 and 3.

7.8 Determine gen(K; x Cy x Cg).

7.9 Prove, for every positive integer g, that there exists a connected
graph G of genus g.

7.10 Prove, for each positive integer k, that there exists a planar graph G
such that gen(G x Kp) = k.

7.2 2-CELL EMBEDDINGS OF GRAPHS

In the preceding section we saw that every graph G has a genus; t%lat is,
there exists a surface {(a compact orientable 2-manifold) of minimum
genus on which G can be embedded. Indeed, by Theorem 7.3 if G is a
connected graph that is embedded on the surface of genus gen(G), then
the embedding is necessarily a 2-cell embedding. On the other hand, if G
is disconnected, then no embedding of G is a 2-cell embedding,.

Our primary interest lies with embeddings of (connected) graphs that
are 2-cell embeddings. In this section, we investigate graphs and the
surfaces on which they can be 2-cell embedded. It is convenient to
denote the surface of genus k by 5. Thus, Sy represents the sphere (or
plane), 5; represents the torus, and S, represents the double torus (or
sphere with two handles). _

We have already mentioned that the torus can be represented as a
square with opposite sides identified. More generally, t.he surface
Sy (k> 0) can be represented as a regular 4k-gon whose 4k sides can be
listed in clockwise order as

aybar b7 aybaas 1051 L b b, (7.2)

where, for example, 4, is a side directed clockwise and u,‘l is a side also
labeled 4; but directed counterclockwise. These two sides are then
identified in a manner consistent with their directions. Thus, the double

EXERCISES 7.1

7.1 Determine g = gen(K, 4) without using Theorem 7.11 and label the
regions in a 2-cell embedding of Ky4 on the surface of genus g.
7.2 (a) Show that gen(G) < 1(G) for every graph G. -
(b) Prove that for every positive integer k, there exists a graph G
such that gen(G) = 1 and ¥(G) = .
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Y a Y

Y a Y
Figure 7.5 A representation of the double torus.

torus can be represented as shown in Figure 7.5. The ‘two’ points labeled
X are actually the same point on S, while the ‘eight’ points labeled Y are,
in fact, a single point.

Although it is probably obvious that there exist a variety of graphs that
can be embedded on the surface S, for a given nonnegative integer k,
it may not be entirely obvious that there always exist graphs for which
a 2-cell embedding on 5y exists.

. Theorem 7.13

For every nonnegative integer k, there exists a connected graph that has a 2-cell
embedding on S.

Proof

For k =0, every connected planar graph has the desired property; thus,
we assume that k > 0.

We represent S; as a regular 4k-gon whose 4k sides are described and
identified as in (7.2). First, we define a pseudograph H as follows. At each
vertex of the 4k-gon, let there be a vertex of H. Actually, the identification
process associated with the 4k-gon implies that there is only one vertex of
H. Let each side of the 4k-gon represent an edge of H. The identification
produces 2k distinct edges, each of which is a loop. This completes the
construction of H. Hence, the pseudograph H has order 1 and size 2k.
Furthermore, there is only one region, namely the interior of the polygon;

this region is clearly a 2-cell. Therefore, there exists a 2-cell embedding of =

Hon Sk-

To convert the pseudograph H into a graph, we subdivide each loop
twice, producing a graph G having order 4k 4-1, size 6k, and again a
single 2-cell region. [J
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@ ©)
Figure 7.6 A graph 2-cell embedded on the torus.

Figure 7.6 illustrates the construction given in the proof of Theorem
7.13 in the case of the torus 5. The graph G so constructed is shown in
Figure 7.6(a). In Figures 7.6(b)-(e) we see a variety of ways of visualizing
the embedding. In Figure 7.6(b), a 3-dimensional embedding is
described. In Figures 7.6(c) and (d), the torus is represented as a
rectangle with opposite sides ideéntified. (Figure 7.6(c) is the actual
drawing described in the proof of the theorem.) In Figure 7.6(e), a
portion of G is drawn in the plane, then two circular holes are made
in the plane and a tube (or handle) is placed over the plane -joining
the two holes. The edge uv is then drawn over the handle, completing
the 2-cell embedding.
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Y

Y

Figure 7.7 A 2-cell embedding of K5 on the torus.

The graphs G constructed in the proof of Theorem 7.13 are planar.
Hence, for every nonnegative integer k, there exist planar graphs that
can be 2-cell embedded on S;. It is also true that for every planar graph
G and positive integer k, there exists an embedding of G on S that is not a
2-cell embedding. In general, for a given graph G and positive integer k
with k > gen(G), there always exists an embedding of G on Sy that is not a
2-cell embedding, which can be obtained from an embedding of G on
Sgen(c) by adding k — gen(G) handles to the interior of some region of G.
If k = gen(G) and G is connected, then by Theorem 7.3 every embedding
of G on S is a 2-cell embedding while, of course, if k < gen(G), there is no
embedding whatsoever of G on §;.

Thus far, whenever we have described a 2-cell embedding (or, in fact,
any embedding) of a graph G on a surface 5, we have resorted to a
geometric description, such as the ones shown in Figure 7.6. There is a
far more useful method, algebraic in nature, which we shall now discuss.

Consider the 2-cell embedding of K5 on §; shown in Figure 7.7, with the
vertices of K5 labeled as indicated. Observe that in this embedding the
edges incident with v; are arranged cyclically counterclockwise about
vy in the order v,v,, v173, V104, 1105 (or, equivalently, v,vs, V104, V1Us,
9192, and so on). This induces a cyclic permutation 7; of the subscripts
of the vertices adjacent with v;, namely = = (234 5), expressed as a
permutation cycle. Similarly, this embedding induces a cyclic permuta-
tion 7, of the subscripts of the vertices adjacent with v,; in particular,
7y = (154 3). In fact, for each vertex v; (1 <i <5), one can assoc1ate a
cyclic permutation ; with v;. In this case, we have

m=(2345),
my, = (154 3),
5= (125 4),
mg=(1325),
75 =(1432).
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Figure 7.8 Tracing out a region.

In the 2-cell embedding of K5 on S; shown in Figure 7.7, there are
five regions, labeled Ry, Ry,...,Rs. Each region R;(1<i<5) is, of
course, a 2-cell. The boundary of the region R; consists of the vertices
v1,7, and vs and the edges v;vy, 1,05 and vsv;. If we trace out the edges
of the boundary in a clockwise direction, that is, keeping the boundary at
our left and the region to our right (Figure 7.8), beginning with the edge
1104, we have v,7,, followed by v,0s, and finally v5v;. This information can
also be obtained from the cyclic permutations my,my,. .., ns; indeed, the
edge following v,v, = v,v; as we trace the boundary edges of R, in a
clockwise direction is precisely the edge incident with v, that follows
7,0y if one proceeds counterclockwise about vy; that is, the edge following
710, in the boundary of R; is v;0,,(1) = v,0s. Similarly, the edge following
U5 = Us0, as we trace out the edges of the boundary of Ry in a clockwise
direction is U5V, () = v5v1. Hence with the aid of the cyclic permutations
4,3, - -, W5, We can trace out the edges of the boundary of R;. In a like
manner, the boundary of every region of the embedding can be so
described.

Since the direction (namely, clockwise) in which the edges of the
boundary of a region are traced in the above description is of utmost
importance, it is convenient to regard each edge of K5 as a symmetric
pair of arcs and, thus, to interpret K; itself as a digraph D. With this
interpretation, the boundary of the region R; and thus R; itself can be
described, starting at v;, as

(v1,02), (v2, Uwz(l)), (vs, Uns(z))
or

(71,92), (v2,05), (s, 1) (7.3)

We now define a mapping m: E(D) — E(D) as follows. Let 2 € E(D),
where a = (v;,7;). Then

’Il'( ) = ’IT((Z),,U])) - 72'(2),,’0,) (Z) U ())
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The mapping = is one-to-one and so is a permutation of E(D). Thus, T can
be expressed as a product of disjoint permutation cycles. In this context,
each permutation cycle of 7 is referred to as an ‘orbit’ of 7. Hence (7.3)
corresponds to an orbit of # and is often denoted more compactly as
vy — v — U5 — v;. (Although this orbit corresponds to a cycle in the
graph, this is not always the case for an arbitrary orbit in a graph that is
2-cell embedded.) For the embedding of K5 on S; shown in Figure 7.7, the
list of all five orbits (one for each region) is given below:

Graph embeddings

Riz vy — vy — 05 — 0y,
Ry: vy — U3 — Uy — Uy,
Rsy:vy — vy —v3 — vy,
Ry:vy — 05 — vy — 0,
Rs: 0y — U3 — U5 — Uy — Uy — U5 — U3 — Vg — p.

The orbits of 7 form a partition of E(D) and, as such, each arc of D
appears in exactly one orbit of w. Since D is the digraph obtained by
replacing each edge of K5 by a symmetric pair of arcs, each edge of K;
appears twice among the orbits of 7, once for each of the two possible
directions that are assigned to the edge.

The 2-cell embedding of K5 on S; shown in Figure 7.7 uniquely deter-
mines the collection {my,m,,...,n5} of permutations of the subscripts of
the vertices adjacent to the vertices of K;. This set of permutations, in turn,
completely describes the embedding of Ks on S, shown in Figure 7.7.

This method of describing an embedding is referred to as the Rotational
Embedding Scheme. Such a scheme was observed and used by Dyck [D10]
in 1888 and by Heffter [H10] in 1891. It was formalized by Edmonds [E1]
in 1960 and discussed in more detail by Youngs [Y1] in 1963.

We now describe the Rotational Embedding Scheme in a more general
setting. Let G be a nontrivial connected graph with V(G) = {v1,v,,...,9,}.
Let .

V() = {jlv; € N(v)}-

For each i (1 <i<n), let m: V(i) —» V(i) be a cyclic permutation (or
rotation) of V(i). Thus, each permutation #; can be represented by a
(permutation) cycle of length |V(i)] = [N(v;)| = degv;. The Rotational

Embedding Scheme states that there is a one-to-one correspondence:::

between the 2-cell embeddings of G (on all possible surfaces) and the #-
tuples (my,ms,...,7,) of cyclic permutations.

Theorem 7.14 (The Rotational Embedding Scheme)

Let G be a nontrivial connected graph with V(G) = {vy,vy,...,v,}. For each 2-
cell embedding of G on a surface, there exists a unique n-tuple (71,7, ...,m,),
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 where fori=1,2,...,n, mz V(i) — V(i) is a cyclic permutation that describes
~ the subscripts of the vertices adjacent to v; in counterclockwise order about v;.
Conversely, for each such n-tuple (my,m,, . .., m,), there exists a 2-cell embedding
- of G on some sutface such that for i =1,2,...,n, the subscripts of the vertices
adjacent to v; and in counterclockwise order about v; are given by ;.

Proof

Let there be given a 2-cell embedding of G on some surface. For each
vertex v; of G, define =;: V(i) — V(i) as follows: If v;v; € E(G) and v;v;
(possibly ¢ =]) is the next edge encountered after v;v ; as we proceed
counterclockwise about v;, then we define m;(j) = t. Each n; so defined
is a cyclic permutation.

Conversely, assume that we are given an n-tuple (7y,7,...,m,) such
that for each i (1 <i<n), m: V(i) — V(i) is a cydlic permutatlon We
show that this determines a 2-cell embedding of G on some surface. (By
. necessity, this proof requires the use of properties of compact orientable
2-manifolds.)

Let D denote the digraph obtained from G by réplacing each edge of G
by a symmetric pair of arcs. We define a mapping n: E(D) — E(D) by

W((U;‘,Uj)) = 7((1){,?),‘) = (Uf?vﬂ‘,'(i))’

The mapping = is one-to-one and, thus, is a permutation of E(D). Hence, 7
can be expressed as a product of disjoint permutation cycles. Each of these
permutation cycles is called an orbit of . Thus, the orbits partition the set
E(D). Assume that

R: ((vi,vi)(vj,v,) o {o,1))
is an orbit of 7, which we also write as
R:v; — v

Hence, this implies that in the desired embedding, if we begin at v; and
proceed along (v;,9;) to v;, then the next arc we must encounter after
(vi,7j) in a counterclockw1se direction about 9 is (v, vnm) = (v},vt)
Continuing in this manner, we must finally arrive at the arc (v;,v;) and

return to v;, in the process describing the boundary of a (2-cell) region
(considered as a subset of the plane) corresponding to the orbit R.
Therefore, each orbit of = gives rise to a 2-cell region in the desired
embedding.

To obtain the surface S on which G is 2~cell embedded, palrs of regions,
with their boundaries, are ‘pasted’ along certain arcs; in particular, if
(vi,v;) is an arc on the boundary of R; and (v, v;) is an arc on the boundary
of Ry, then (v;,1;) is identified with (v;,7;) as shown in Figure 7.9. The
properties of compact orientable 2-manifolds imply that S is indeed an
appropriate surface.

— Uy — U — Uy
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Figure 7.9 A step in the proof of Theorem 7.14.

In order to determine the genus of S, one needs only to observe that the
number 7 of regions equals the number of orbits. Thus, if G has order n
and size m, then by Corollary 7.2, § =S, where k is the nonnegative
integer satisfying the equation'n ~m+r=2—-2k. [J

Asan i]lustratidn of the Rotational Embedding Scheme, we once again
consider the complete graph Ks, with V(Ks) = {v1,v,,v3,74,0s}. Let there
be given the 5-tuple (m, mp, 73, T4, T5), Where

7= (2345),
my = (1345),
m=(1245),
7= (1235),
w5 =(1234).

Thus, by Theorem 7.14, this 5-tuple describes a 2-cell embedding of K5 on
some surface Sy. To evaluate k, we consider the digraph D obtained by
replacing each edge of K5 by a symmetric pair of arcs and determine
the orbits of the permutation m: E(D) — E(D) defined in the proof of
Theorem 7.14. The orbits are ’

Ry: 0y — 0y — 03 — 0y — V5 — 7y,
R2201—03—02~U4"U3“-U5—*U4*'01-“05""(72'“01,
R3:v1 -0y —0 — 05— 03— 045

and each orbit corresponds to a 2-cell region. Thus, the number of regions
in the embedding is r = 3. Since K5 has order n =5 and size m = 10,
and since n —m+r=—2 =2 =2k, it follows that k=2, so that the

- given 5-tuple describes an embedding of Ks on S,.

Given an n-tuple of cyclic permutations as we have described, it is not
necessarily an easy problem to present a geometric description of the
embedding, particularly on surfaces of high genus. For the example just

presented, however, we give two geometric descriptions in Figure 7.10.In :
Figure 7.10(a), a portion of K; is drawn in the plane. Two handles are then

inserted over the plane, as indicated, and the remainder of K5 is drawn
along these handles. The edge ) = v,v5 is drawn along the handle H;, the
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®
Figure 7.10 A 2-cell embedding of Ks on the doubje torus.

edge e, = v305 is drawn along H, while e3 = v1U3 Is drawn along both H;
and H,. The three 2-cell regions produced are denoted by Ry, R; and R;.

In Figure 7.10(b), this 2-cell embedding of K5 on 5, is shom{n on the
regular octagon. The labeling of the eight sides (as in (7.2) indicates the
identification used in producing S,.
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As a more general illustration of Theorem 7.14 we determine the genus
of the complete bipartite graph Ky,,,. According to Theorem 7.11,
gen(Ky ) = (@ —1)(b —1). That (a—1)(b—1) is a lower bound for
gen(Ky, 5) follows from Exercise 7.6. We use Theorem 7.14 to show
that Ky, is 2-cell embeddable on Sg_1yp-1), thereby proving that
gen(Ky, 2;,) (a —1)(b — 1) and completing the argument.

Denote the partite sets of Ky, by U and W, where |U| =24 and
|W| = 2b. Further, label the vertices so that

U={v1,0,05,...,0g-1} and W ={v3,04,7,...,00}.
Let there be given the (22 + 2b)-tuple (assuming that a < b)

(172, oo, M0 1, Taar W42, Thadt - - 5 Tab)s
where

M=M= =Tg_3=246...4b),

Ty = My == - v == Mggq = (40 ... 642),

Ty =mg=---=mg_,=(135...4a-1),

my=mg=--=Tgp=(4—1...531).

By Theorem 7.14, then, this (24 + 2b)-tuple describes a 2-cell embedding
of Ky, 5, on some surface S;,. In order to evaluate h, we let D denote the
digraph obtained by replacing each edge of Ky, 5 by a symmetric pair of
arcs and determine the orbits of the permutation m: E(D) — E(D) defined
in the proof of Theorem 7.14.

Every orbit of 7 contains an arc of the type (vs,v;), where v, € U and
v eW. If s=1(mod4) and =2 (mod4), then the resulting orbit R
containing (vs,v;) is

R:0g ~ 0 — Uy — Vp g — s,

with s 4 2 expressed modulo4a and t — 2 expressed modulo 4b. Note that
R also contains the arc (v;,2,%;_3), where, then, s +2 = 3 (mod 4) and
t—2=0(mod4). If s=1 (mod4) and { =0 (mod4), then the orbit R’
containing (vs,v;) is

R,: Ug =Vt —Usg = Vg2 — Vg,
where, again, s —2 is expressed modulo4a and f—2 is expressed
modulo 4b. The orbit R’ also contains the arc (v,_j,7:_p), where

5—2=3{mod4) and ¢~ 2 =2 (mod 4). Thus every orbit of = is elther_,,
of the type R (where s =1 (mod4) and t =2 (mod4)) or the type R *

(where s =1 (mod 4) and t = 0 (mod 4)). Since there are a choices for s
and b choices for ¢ in each case, the total number of orbits is 2ab; therefore,
the number of regions in this embedding is r = 2ab.

Since Ky 2y has order n=24+42b and size m =4ab and because
n—m+r=2-2h wehave

(24 + 2b) — 4ab +2ab = 2 — 2A,
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so that b = (a — 1)(b — 1). Hence there is a 2-cell embedding of Kj,3, on
Sa—1)(6—1), as we wished to show.

As a theoretical application of Theorem 7.14, we present a result that is
referred to as the Ringeisen-White Edge-Adding Lemma (see Ringeisen
[R4D).

Theorem 7.15

Let G be a connected graph with V(G) = {v1,0;,...,v,} such that v; and v; are

distinct nonadjacent vertices. Suppose that there exists a 2-cell embedding of G on

.some surface Sy, with r regions such that v; is on the boundary of region R; and v;
is on the boundary of region R;. Let H = G + v;v;. Then

() if R; # R;, there exists a 2-cell embedding of H on Sy 1 with r — 1 regions in
which v; and v; are on the boundary of the same region;

(i) if R; = R;, there exists a 2-cell embedding of H on Sy, with r + 1 regions in
which each of v; and v; belongs to the boundaries of (the same) two distinct
regions.

Proof

By hypothesis, there exists a 2-cell embedding of the (1, m) graph Gon S,
with r regions such that v; is on the boundary of region R; and v; is on the
boundary of region R;. By Theorem 7.14, an n-tuple (my,7,...,7,) of
cyclic permutations corresponds to this embedding, namely for
t=1,2,...,n, 7 V(t) — V(t) is a cyclic permutation of the subscripts of
the vertices of N(7,) in counterclockwise order about ;.

Let D denote the symmetric digraph obtained from G by replacing each
edge by a symmetric pair of arcs and let 7: E(D) — E(D) be defined by
T(Va, Vg) = (Up, Uny(a))- Since the given embedding has r regions, 7 has 7
orbits. Denote each region and its corresponding orbit by the same
symbol; in particular, R; and R; are orbits of .

Suppose that R; # R;. We can therefore represent orbits R; and R; as

Rivi—vp—---—vp -
and
Rivj—vp— - —vp —v;.
1t therefore follows that
m(K)=k and m(¢) =
We now consider the graph H = G + v,7; and define
V'(t) = {r | v,v; € E(H)}

for t=1,2,...,n. Thus V'(t) = V(#) for t#4,j, and V'(i) = V(i) U{j}
while V'(j)=V(j)u{i}. For the graph H, we define an n-tuple

AT R
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(n},m,...,my) of cyclic’ permutations, where m: V'(f) — V'(¢) for
t=1,2,...,n such that m = m, for t # i,j. Furthermore,
r(a) ifa#¥
@) =1 j ifa=k
k ifa=jf
and

ma) ifa#s
m(a) =1 i ifa=¢
z ifa=1i
Let D' be the digraph obtained from H by replacing each edge of H by
a symmetric pair of arcs. Define the permutatlon n': E(D') — E(D') by

7 (Vg 0g) = (v, Uny(y): The orbits of n’ then consist of all orbits of
different from R; and R; together with the orbit

Rivj=0j—0p~ - ~0p —0j =0~ O~ - — O — V;.
Thus, 7’ has 7 — 1 orbits and the corresponding 2-cell embedding of H has
r—1 regions. Moreover, v; and v; lie on the boundary of R. Since
n—m+r=2-2h, it follows that n— (m+1)+(r—1)=2-2(h+1)
and H is 2-cell embedded on S, . This completes the proof of (i).
Suppose that R; = R;. We can represent the orbit R,(=R;) as

Rivj =t — o =0y —0j~0p— -~y — ;.

(Note that v; and v; cannot be consecutive in R; since vv; ¢ E(G).) It
follows that

(k) = k and m(£') ="¢.
We again consider the graph H = G + v;v; and once more define
VI(t) = {r | v,v; € E(H)}

fort=1,2,. 1. We define an n-tuple (7r1, ;... ,7y) of cyclic permuta-
tions, where m: V() — V'(t) for t=1,2,. ,n such that 7} =, for
t#1, j. Also,

mi(a) fa#k
mia) = { § ifa=K
k ifa=j

and
mi(a) ifatd
HOERE: ifa=¢
{ ifa=1i

2-cell embeddings of graphs 203

Again we denote by D' the digraph obtained from H by replacing each
edge of H by a symmetric pair of arcs and define the permutatlon
7't E(D') — E(D') by #'(vq,95) = (vg,Vrya))- The orbits of «' consist of
all orbits of = different from R; together with the orbits

R:Ui—~v]-—v/——-~—vkl—vi
and
R":0j =0, = Vg — - — Oy = 0.

Therefore, ' has r + 1 orbits and the resulting 2-cell embedding of H
has r + 1 regions. Furthermore, each of v; and v; belongs to the boundaries
of both R' and R". Here n—m +* = 2 — 2h implies that n— (m+1)+
(r +1) = 2 — 2k, and H is 2-cell embedded on S;, which verifies (il). []

A consequence of Theorem 7.15 will prove to be useful.

Corollary 7.16

Let e and f be adjacent edges of a connected graph G. If there exists a 2-cell embed-
ding of G = G — e — f with one region, then there exists a 2-cell embedding of G
with one region.

Proof

Let e =uv and. f = vw, where then u # w. Let there be given a 2-cell
embedding of G’ with one region R. Thus all vertices of G’ belong to the
boundary of R, including u and v. By Theorem 7.15(ii), there exists a 2-cell
embedding of G’ + e with two regions where u and v lie on the boundary
of both regions. Therefore, v is on the boundary of one region and w is on
the boundary of the other region in the 2-cell embedding of G’ + e. Apply-
ing Theorem 7.15(i), we conclude that there exists a 2-cell embedding of
G +e+f = G with one region. [J

We now turn our attention for the remainder of the section to the
following question: Given a (connected) graph G, on which surfaces S
do there exist 2-cell embeddings of G? As a major step towards answer-

ing this question, we present the following ‘interpolation theorem’ of
Duke [D9].

Theorem 7.17

-If there exist 2-cell embeddings of a connected graph G on the surfaces S, and S,,
where p < g, and k is any integer such that p <k < q, then there exists a 2-cell

embedding of G on the surface Sy.
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Proof
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Observe that there exist 2-cell embeddings of K; only on the sphere; thus,
we assume that G is nontrivial.

Assume that there exists a 2-cell embedding of G on some surface S,. Let
V(G) = {v,v5,...,0,}, n > 2. By Theorem 7.14, there exists an n-tuple
(11,72, .- .,m,) of cyclic permutations associated with this- embedding
such that for i =1,2,...,n, m; V(i) — V(i) is a cyclic permutation of the
subscripts of the vertices of N(v;) in counterclockwise order about v;.

Let D be the symmetric digraph obtained from G by replacing each
edge by a symmetric pair of arcs. Let m: E(D) — E(D) be the permutation
defined by 7(v;,vj) = (v;, v,r].(,-)). Denote the number of orbits in = by r;
that is, assume that there are r 2-cell regions in the given embedding of
G on S/.

Assume there exists some vertex of G, say v, such that degv; = 3. Then
m = (abc ...), where a,b and ¢ are distinct. Let v, be any vertex adjacent
with v; other than v, and v, and suppose that m; (x) = y. Thus

m={abc...xy..),

where, possibly, x = ¢ or i = a. Let E; be the subset of E(D) consisting of
the three pairs of arcs

(Ua,‘()]), (vlvvb); (Ubavl)s (UI,UC); (stvl)a (vlavy)' (74)

Note that the six arcs listed in (7.4) are all distinct. By the definition of the
permutation 7, we have

(00, 01) = (01,),  7(p,0y) = (v1,7.) and  w(vy,01) = (v1,0y).

This implies that the arc (v,,v,) is followed by the arc (v;, v) in some orbit
of m, and that the edge v,v; of Gis followed by the edge v;v, as we proceed
clockwise around the boundary of the corresponding region in the given
embedding of G in S,. Also, (vy, v;) is followed by (vq, v.) in some orbit of
7 and (vx,v,) is followed by (v,7,) in some orbit. ’

We now define a new permutation #': E(D) — E(D) with the aid of the
n-tuple (7}, 7}, ..., ), where fori = 1,2,...,n, w}: V(i) — V(i) is a cyclic
permutation defined by

, {(ac...xby...) ifi=1
T = . .
ut 1f2<1<1’l

We then define #'(v;, vj) = (vj, vp(y). By Theorem 7.14, the n-tuple
(n},m,...,m,) determines a 2-cell embedding of G on some surface,
where fori=1,2,...,n, 7 is a cyclic permutation of the subscripts of the
vertices adjacent to v; in counterclockwise order about v;. v

Three cases are now considered, depending on the possible distribution
of the pairs (7.4) of arcs in E; among the orbits of .
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Case 1. Assume that all arcs of Eq belong to a single orbit R of . Suppose, first,

y = U=V = U — =W =V — Uy — e — Dy — Uy

re the orbits of 7’ are the orbits of w except that the orbit R is replaced by
' the three orbits

!
R‘l:vl_‘vy_"""vb"‘vl,
’:
Ryvy—v,—--—v,— 0y,
!
R3yivy —vp— - — v, — 1y,

Hence, 7’ describes a 2-cell embedding of G with r + 2 regions on a surface
". Necessarily, then, §' = S,_j.

The other possible form that the orbit R may take is

Rivy—0y— e =0 =0 = Uy =+ =0y — 0] ~ 0, — -~ — Uy — 0.

n this situation, the orbits of 7’ are the orbits of , except for R, which is
eplaced by the orbit

R:v -
Hence, 7’ has r orbits.

ase 2. Assume that « has two orbits, say Ry and Ry, with R, containing two
f the pairs of arcs in Ey, and R, containing the remaining pair of arcs. In this
ase, the orbits of 7’ are those of m, except for R; and R,, which are
eplaced by two orbits R} and Rj, where one of R} and R} contains two

fcis of E; and the other contains the remaining four arcs of E;. In this case,
" has r orbits. ‘

_ase 3. Assume that m has three orbits Ry, R, and R, such that (v,,v;) is
ollowed by (vy,v,) in Ry, (vy,0;) is followed by (vq,v,) in Ry, and (vy, 1) is
ollowed by (vq,v,) in Ry. In this case, the orbits of n’ aré the orbits of m,
~except for Ry, R; and R3, which are replaced by a single orbit R’ of the form

!
Rivp =0y — o~ 0 =0 =0y = =0y =0 = V= -+ — Uy — V1.

In this case, 7’ has 7 — 2 orbits so that 7’ describes a 2-cell embedding of G
on S{-i-l .

Thus, we can now conclude that the shifting of a single term in
“(producing 1) changes the genus of the resulting surface on which G is
-2-cell embedded by at most 1. Having made this observation, we can now
omplete the proof.

Let (p1, k2, - . ., i) be the n-tuple of cyclic permutations associated with
~a 2-cell embedding of G on S, and let (14,14, ... ,1,) be the n-tuple of cyclic
- permutations associated with a 2-cell embedding of G on S;- If degu;is 1
12 for each i, 1 < i < n, then y; = y; so that p = g and: the desired result
ollows. Hence, we may assume that for some i, 1 < i < n, degv; = 3. For
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each such 7, y; can be transformed into »; by a finite number of single
term shifts, as described above. Each such single term shift describes ati
embedding of G on a surface whose genus differs by at most 1 from
the genus of the surface on which G is embedded prior to the shift,
Therefore, by performing sequences of single term shifts on those y;
for which degv; > 3, the n-tuple (1, o, . - ., ) can be transformed into
(n,v2,...,v,). Since p<k<g there must be at least one term
(m1,m2,...,m,) in the aforementioned sequence beginning with
(1, M2y .. s ty) and ending with (v1,14,...,v,) that describes a 2-cell
embedding of Gon 5. [
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73 THE MAXIMUM GENUS OF A GRAPH

If G is a connected graph with gen(G) = p, and 4 is the largest positive
integer such that G is 2-cell embeddable on S;. then it follows from
Theorem 7.17 that G can be 2-cell embedded on S; if and only if
p < k < g- This suggests the following concept.

Let G be a connected graph. The maximum genus geny(G) of G is the
maximum among the genera of all surfaces on which G can be 2-cell
embedded. At the outset, it may not even be clear that every graph has
amaximum genus since, perhaps, some graphs may be 2-cell embeddable
on infinitely many surfaces. However, there are no graphs that can be 2-
cell embedded on infinitely many surfaces, for suppose that G is a non-
trivial connected graph with V(G) = {vy,vy,...,7,}. By Theorem 7.14,
there exists a one-to-one correspondence between the set of all 2-cell
embeddings of G and the n-tuples (my,m,...,m,), where for
i=1,2,...,n, 73 V(i) — V(i) is a cyclic permutation. Since the number
of such n-tuples is finite, and in fact is equal to

H (degv; — 1),

i=1
it follows that there are only finitely many 2-cell embeddings of G and
therefore that there exists a surface of maximum genus on which G can
be 2-cell embedded. We can now state an immediate consequence of
Theorem 7.17.

EXERCISES 7.2

7.11 (a)- For the 2-cell embedding of K33 shown in Figure 7.1(a), deter-
mine the 6-tuple of cyclic permutations =; associated with
this embedding. Determine the orbits of the resulting permu-
tation .

(b) For the 2-cell embedding of K, on S; shown in Figure 7.2,
determine the 7-tuple of cyclic permutations =; associated with
this embedding. Determine the orbits of the resulting permu-
tation .

7.12 Let G = K4 x K.
(a) Show that G is nonplanar.
(b) Show, in fact, that gen(G) =1 by finding an 8-tuple of cyclic
permutations that describes a 2-cell embedding of G on §;.
Determine the orbits of the resulting permutation .

713 Let G be a graph with V(G) = {v,,0;,05,04,75,06} and let
(1, M2, T3, Ty, s, W) describe a 2-cell embedding of G on the surface
Si, where
m=(2563), m=(3614), m=(4125),
=(5236), m5=(6341), m=(1452).
(a) What is this familiar graph G?

(b) What is k?
(©) Is k= gen(G)?

7.14 How many of the 2-cell embeddings of K, are embeddings in the’
plane? On the torus? On the double torus?

Corollary 7.18

A connected graph G has a 2-cell embedding on the surface Sy if and only if
gen(G) <k < geny(G).

We now present an upper bound for the maximum genus of any con-
nected graph. This bound employs a new but very useful concept.

The Betti number B(G) of an (n,m) graph G having k components is
defined as

‘ B(G)=m—-n+k
Thus, if G is connected, then
B(G)=m—n+1.
The following result is due to Nordhaus, Stewart and White [NSW1].

Theorem 7.19
7.15 (a) Describe an embedding of K33 on S, by means of a 6-tuple of

cyclic permutations.
(b) Show that there exists no 2-cell embedding of K33 on S;.

If G is a connected graph, then

genul©) < |22,
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Furthermore, equality holds if and only if there exists a 2-cell embeddihg of G v, v,
on the surface of genus geny(G) with exactly one or two regions according to
whether B(G) is even or odd, respectively. Ty:
Proof "1 V2 2 A
Let G be a connected (n, m) graph that is 2-cell embedded on the surface of G:
genus geny(G), producing r (2-cell) regions. By Theorem 7.1, v, v,
n—m-+r=2-—2geny(G). V3 A ry

Thus,

B(G)=m—n+1=2geny(G)+r—1, vy vy
so that Figure 7.11 Splitting trees of graphs.

B(G)+1-r _ B(G)
2 =2

geny(G) = Theorem 7.21

Let T be a splitting tree of an (n,m) graph G. Then every component of G — E(T)

producing the desired bound. Pl ‘ ) 8
has even size if and only if B(G) is even.

Moreover, we have

B(G)-;-l —-r_ {B(ZG)J’

if and only if r =1 (which can only occur when B(G) is even) or r =2
“(which is only possible when B(G) is odd). [

geny(G) = Proof

Suppose that every component of G — E(T) has even size. Then G — E(T)
has even size. Since every tree of order n has size n—1, the graph
G — E(T) has size m — (n — 1) = m — n + 1. Therefore, B(G) =m—n-+1
is even.

Conversely, suppose that B(G) is even. The graph G — E(T) has size
m—n+1=B(G). Since T is a splitting tree of G, at most one component
of G — E(T) has odd size. Since the sum of the sizes of the components of
G — E(T) is even, it is impossible for exactly one such component to have
odd size, producing the desired result. [

A (connected) graph G is called upper embeddable if the maximum genus
of G attains the upper bound given in Theorem 7.19; that is, if
geny(G) = | B(G)/2]. The graph G is said to be upper embeddable on a
surface S if S = Sgen,,(c)- We can now state an immediate consequence of
Theorem 7.19.

Corollary 7.20 We now state a characterization of upper embeddable graphs, which

Let G be a graph with even (odd) Betti number. Then G is upper embeddable on a was discovered independently by Jungerman [J4] and Xuong [X11.

sutface S if and only if there exists a 2-cell embedding of G on S with one (two)
region(s). | Theorem 7.22

In order to present a characterization of upper embeddable graphs, it is
necessary to introduce a new concept.

A spanning tree T of a connected graph G is a splitting tree of G if at most
one component of G — E(T) has odd size. It follows therefore that if
G —E(T) is connected, then T is a splitting tree. For the graph G of
Figure 7.11, the tree T; is a splitting tree. On the other hand, T; is not a,
splitting tree of G.

The following observation that relates splitting trees and Betti numbers
is elementary, but useful.

A graph G is upper embeddable if and only if G has a splitting tree.

Returning to the graph G of Figure 7.11, we now see that G is
upper embeddable since G contains T; as a splitting tree. On the other
hand, neither the graph Gy nor the graph G, of Figure 7.12 has a single
splitting tree, so, by Theorem 7.22, neither of these graphs is upper
embeddable.

We mentioned earlier that no formula is known for the genus of an
arbitrary graph: However, such is not the case with maximum genus.
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Figure 7.12 Graphs that are not upper embeddable.

With the aid of Theorem 7.22, Xuong [X1] developed a formula for the
maximum genus of any connected graph.

For a graph H we denote by &(H) the number of components of H
of odd size. For a connected graph G, we define the number £(G) as
follows:

&(G) = min §(G — E(T)),

where the minimum is taken over all spanning trees T of G.

Theorem 7.23

The maximum genus of a connected graph G is given by
geny(G) =3(B(G) ~ £(G)).-

Proof

Assume that G has order 7 and size m. Let G be 2-cell embedded on the
surface of genus geny,(G) such that r regions are produced. First we show
thatr = 1 + £(G). Note that if {(G) = 0, then G contains a splitting tree and
B(G) is even. Thus, G is upper embeddable on Sy, ) with one region;
thatis, 7 = 14 §(G) if £(G) = 0. Similarly, if r = 1, then B(G) is even and G
is upper embeddable. Thus G has a splitting tree and £(G) =0, so
r =1+ £(G) if r = 1. Therefore, we assume that &(G) > 0 and r = 2.
Let T; be a spanning tree of G such that

&(G ~ E(Th)) = &(G).
Let G;, i=1,2,...,£(G), be the components of odd size in G — E(T;). For
i=12,. ,f(G) let ¢; be a pendant edge of G; if G; is a tree and let ¢; be a
cycle edge of G; if G; is not a tree. Define H = G — {e;,e,, .. -1 €¢c)}- Since
T, is a spanning tree of H, the graph H is connected. Since every compo-

nent of H ~ E(T,) has even size, T; is a splitting tree of H. Therefore, by
Theorem 7.22, H is upper embeddable. Also, by Theorem 7.21, B(H) is
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- even. Hence, by Corollary 7.20, H can be 2-cell embedded on Sgeny (k) With
~‘one region. Adding the edges €3, e, .. ., e to H produces the graph G.
y Theorem 7.15, there exists a 2-cell embedding of H +¢; on some
~ surface (namely on S geny(H) i this case) with two regions. By {(G) appli-
~‘cations of Theorem 7. 15 it follows that there exists a 2-cell embedding of
G=H+e +e+- +eg((;) on some surface S with at most 1+ £(G)
regions. Therefore, if G is 2-cell embedded on S with s reglons then
necessarily s € 1+ £(G). Since the minimum number of regions of any
- 2-cell embedding of G occurs when G is 2-cell embedded on S, (s

¢ and since such an embedding produces r regions, by assumption, we
. conclude that r < s so that r < 1+ ¢(G).

To verify that 7 > 1 + £(G), we again assume that G is 2-cell embedded
on the surface of genus geny(G) with r(>2) regions. Let f; be an edge
- belonging to the boundary of two regions of G. (Necessarily, f; is not a
- bridge of G.) Then G — f; is 2-cell embeddable on the surface of genus
geny(G) with r—1 regions. Furthermore, if r>2, then for
k=23,...,r—1, let f, be an edge belonging to the boundary of two
regions of G — {fl,fz,...,fk_l}. Then for k=1,2,...,r—1, the graph
G—{fi,fr---fc} is 2-cell embeddable on the surface of genus geny(G)
with r —k regions; in particular, the graph G' =G — {f1,f,.-,fr_1} is
2-cell embeddable on the surface on genus geny(G) with one region.

- Therefore, B(G) is even and, by Corollary 7.18, the graph G’ is upper
embeddable on the surface of genus geny(G). By Theorem 7.22, G’ con-
tains a splitting tree T', and all components of G’ — E(T") have even size.

Thus, &(G — E(T")) < r — 1. Consequently, &(G) < &(G—E(T') <r—1
so that r = 1+ £(G). Therefore, r = 1+ ¢(G).

By Theorem 7.1,

The maximum genus of a graph

n;m+r= 2 —2geny(G).
Since r = 14 ¢(G), it follows that
2geny(G)y=m—n+1—-£(G)
or

geny(G) =3(B(G)

Returning to the graph G, of Figure 7.12, we see that B(G,)
that £(G,
so that

—-¢(G). O

=6 and
~ E(T)) = 6 for every spanning tree T. Therefore, £(G;) =

geny(G1) =3 (B(G1) — &(G1)) = 0

and G; is 2-cell embeddable only on the sphere.

With the aid of Theorem 7.23 (or Theorem 7.22), it is possible to show
that a wide variety of graphs are upper embeddable. The following result
is due to Kronk, Ringeisen and White [KRW1].
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Corollary 7.24
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Every complete k-partite graph, k > 2, is upper embeddable.

From Corollary 7.24, it follows at once that every complete graph is
upper embeddable, a result due to Nordhaus, Stewart and White
[NSW1].. We present a proof using Theorem 7.22.

Corollary 7.25

The maximum genus of K, is given by

o) = 27002

Proof

If T is a spanning path of K, then K,, — E(T) contains at most one nontri-
vial component. Therefore, T is a splitting tree of K, and, by Theorem 7.22,
K, is upper embeddable. Since B(K,) = (n — 1)(n — 2)/2, the result fol-
lows. [

—>—

Figure 7.13 An embedding of K5 on the Mobius strip.

A formula for the maximum genus of complete bipartite graphs was

EXERCISES 7.3
discovered by Ringeisen [R4].

7.16 Describe an embedding of Ks on Sgen,(k,) by means of a 5-tuple of
Corollary 7.26 cyclic permutations.

i i i 7.12.
The maximum genus of K, is given by 7.17 Determine the maximum genus of the graph G; of Fxgure

genu(ic) = | ===

Zaks [Z1] discovered a formula for the maximum genus of the n-cube.

7.18 Determine the maximum genus of the Petersen graph.

7.19 (a) Let G be a connected graph with blocks By, B,, ..., By. Prove that

k

geny(G) > ) geny(B).
=1

Corollary 7.27 (b) Show that the inequality in (a) may be strict.
7.20 Prove Theorem 7.22 as a corollary to Theorem 7.23.
7.21. Prove Corollary 7.24. ’

7.22 Prove Corollary 7.26.

7.22 Prove Corollary 7.27.

The maximum genus of Q,, n > 2, is given by
geny(Qn) = (n—2)2" 2

Finally, we also note that it is possible to speak of embedding graphs on
nonorientable surfaces such as the Mdbius strip, projective plane and
Klein bottle. As might be expected, every planar graph (as well as some :
nonplanar graphs) can be embedded on such surfaces. Figure 7.13 shows
Ks embedded on the Mbius strip. These topics shall not be the subject of
further discussion, however.

7.24 Prove or disprove: For every positive integer k, there exists a con-
nected graph Gy such that | B(G)/2]| — geny(Gy) = k.

7.25 Prove or disprove: If H is a connected spanning subgraph of an
upper embeddable graph G, then H is upper embeddable,
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7.26 For G = C, x C; (s,t > 3), determine gen(G) and geny (G).

7.27 Prove that if each vertex of a connected graph G lies on at most one
cycle, then G is only 2-cell embeddable on the sphere.

7.28 Prove, for positive integers p and g with p < g, that there exists a
graph G of genus p that can be 2-cell embedded on S,.

7.29 Prove that if G is upper embeddable, then G x K; is upper embed-
dable.

74 VOLTAGE GRAPHS

We have already seen that describing an embedding of a given graph on a
given surface is potentially complicated. However, if the graph is suffi-
ciently symmetric, then there may be another approach available to us.
In Figure 7.2 we described an embedding of K7 on the torus S;. Since
gen(K;) =1, this embedding is, of course, a 2-cell embedding. By
Theorem 7.1, it follows that n —m +r =0 for this embedding. Indeed,
in this case, n =7, m =21 and r = 14, that is, 7 — 21 + 14 = 0. Notice
that 7 is a factor of each of these numbers; so we can write this expression
as 7(1 — 3 + 2) = 0, which might suggest considering a 2-cell embedding
of a ‘graph’ of order 1 and size 3 on S, that results in two regions. Of
course, there is no graph of order 1 and size 3, but there is a pseudograph
with these properties, namely the pseudograph G shown in Figure 7.14(a),
where the single vertex of G is labeled 0. A 2-cell embedding of G on S;
that has two regions (one of which is shaded) is shown in Figure 7.14(b).
We now return to K;. The graph K; is a Cayley graph. Indeed,
K; = Ga(Z7), where Z7 denotes the group of integers modulo7 (under
addition) and A consists of the three generators 1,2,3 of Z;. We now
assign a direction to each edge (loop) of the pseudograph G of Figure
7.14(a) and label each arc so produced with an element of A. The resulting
pseudodigraph H is referred to as a voltage graph (the formal definition of
which will be given shortly) and is shown in Figure 7.15(a). The particular

G:

@ ®
Figure 7.14 A 2-cell embedding of a pseudograph on S;.
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@ ®
Figure 7.15 A voltage graph (with an embedding of it on 5).

embedding of H on S; in which we are interested is shown in Figure
7.15(b). Notice that when we embed a pseudodigraph on 5; we do not
show the usual identification arrows for the torus; it is understood that
this embedding is on 5;. We will show that this embedding of H contains
the necessary information to reproduce the original embedding of K7 on
Sy shown in Figure 7.2. To see how this is accomplished, we begin by
finding the cyclic permutation associated with the arcs incident with
vertex 0 in the embedding of H given in Figure 7.15(b).

Starting with the arc labeled 1, where it is directed away from vertex 0,
we proceed counterclockwise about the vertex 0 and record either the
element of Z; on each arc encountered or its inverse depending on
whether the arc is directed away from or toward 0, respectively. Thus
7o begins with the element 1 and is followed by 5 (the inverse of 2 since
the arc labeled 2 is encountered next and is directed toward 0). Continu-
ing in this manner, we obtain 7y == (15462 3).

The cyclic permutation .z just calculated now determines all seven
cyclic permutations that comprise the rotational embedding scheme
that produces the embedding of K; on 5; shown in Figure 7.2. Here we
use the fact that K; is the Cayley graph G, (Z;), where A = {1,2,3}. Hence
the vertex set of Ky is Z; = {0,1,2,...,6}. The rotational embedding
scheme contains g = (1 54 6 2 3). The remaining six cyclic permutations
m; (1 i< 6) are obtained from mp by adding i (addition modulo 7) to
every entry of mp. Thus, the rotational embedding scheme for Ky is the
7-tuple (mg, 7y, ..., 7¢), where

mo=(154623),
m = (265034),
m=(306145),
m3=(410256),
i =(521360),
m=(632401),

me=(043512).
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This is precisely the rotational embedding scheme for the embedding of
K7 shown in Figure 7.2. If we had not recognized this as the embedding of
Figure 7.2, then, of course, we could use the methods described in section
7.2 to compute the number of regions of this embedding and show that it
does, in fact, describe an embedding of K; on S; with 14 triangular
regions. Doing so, however, would not be using the power of the voltage
graph H.

More generally, let I be a finite group with identity elemente, and let A
be a generating set for T, where e ¢ A, such that if h € A, then k™' ¢ A,
unless, of course, k2 = ¢. Then a pseudodigraph H of order 1 is called a
voltage graph of index 1 corresponding to I and A if H has size |A] and the
arcs of H are labeled with the distinct elements of A. The general theory of
voltage graphs allows for voltage graphs of order greater than 1; however,
it is advantageous here to consider only those of order 1.

Let H be a voltage graph of index 1 corresponding to a finite group I’
and a generating set A for I', and suppose that H is 2-cell embedded on
some surface. Then this embedding of H determines a 2-cell embeddmg of
the Cayley graph G (I') on some surface. We say that H lifts to the covering
graph Ga(I'). Also, the voltage graph is referred to as being below the
covering graph and the covering graph as being above the voltage
graph. Let R be a region of the embedding of H, and let hy, by, ... Iy
denote the sequence of arcs (elements of A) encountered as the boundary
of R is traversed in the clockwise direction. Then we say that R is bounded
by an orbit of length k, and the boundary element of R is defined as the
product (or sum, if the group operation is addition)

k

m;
I | K,
i=1

where m; = 1 if h; is oriented in the same direction as the boundary of R is
traversed and m; = —1 if }; is oriented in the opposite direction. For exam-
ple, the boundary element of each region of the voltage graph embedding
shown in Figure 7.15(b) is O since 1+2+4=0and 3+6+5=0in Z;.
Since a voltage graph is a pseudodigraph, a region of an embedding of a
voltage graph may be founded by an orbit of length 1 or 2.

The next result, which is a special case of a theorem of Gross and Alpert
[GA1], describes the relationship between regions of a voltage graph

. embedding and regions of its covering graph embedding.

Theorem 7.28

For a finite group T with generating set A, let H be a voltage graph of index T

corresponding to T" and A that is 2-cell embedded on some surface. Furthermore,
let R be a region of the embedding of H that is bounded by an orbit of length
k(k > 1), and let s denote the order of the boundary element of R in T. Then R
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lifts (or corresponds) to |T'|/s regions in the covering graph embedding, where
each such region is bounded by an orbit of length ks. Moreover, two distinct
regions of H correspond to distinct sets of regions in the covering graph.

Theorem 7.28 gives us amethod of computing the number of regions in
a covering graph embedding directly from the voltage graph. To illustrate
this, consider once again the voltage graph H and its embedding in Figure
7.15(b). Since the order of the boundary element of each of the two regions
is s = 1, it follows that each region lifts to |I'|/s = 7/1 = 7 regions in the
embedding of G5 (T") = K;. Hence the voltage graph H lifts to an embed-
ding of K; that has 14 regions. Also, since each region of H is bounded by
an orbit of length 3, all 14 regions of the embedding of K; are friangular
regions. Thus, we have shown that the embedding of H in Figure 7.15(b)
lifts to the embedding of K; on S; shown in Figure 7.2.

In the previous example, the boundary element of every region of the
voltage graph embedding is the identity element of the group. When this
occurs, we say that the embedding satisfies the Kirchhoff Voltage Law (or,
more simply, the KVL). It is also possible to have a voltage graph embed-
ding in which some but not all regions have the identity for its boundary
element. In this case, we say that the particular region satisfies the KVL;
that is, if R is a region whose boundary element is the identity, then R
satisfies the KVL. For example, an embedding of the voltage graph H of
Figure 7.15(a) corresponding to Z; and A = {1,2,3} on S is shown in
Figure 7.16. Here, only the exterior region R satisfies the KVL.

Next, we state an important special case of Theorem 7.28.

Figure 7.16 A region of an embedding of a voitage gréph that satisfies the KVL.

Corollary 7.29

For a finite group T" with generating set A, let H be a voltage graph of index 1
corresponding to T' and A that is 2-cell embedded on a surface. If R is a region of
this embedding that is bounded by an orbit of length k( > 1) and has the identity of

. T as its boundary element, then R lifts to |T'| regions, each of which is bounded by

an orbit of length k.

LetT = Zsand A = {1,2}. A voltage graph, denoted by H', correspond-
ing to I and A is shown in Figure 7.17(a) embedded on S;"and resulting in
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Figure 7.17 A voltage graph and its covering graph. ' @ ®)
one region R. Since 1+ 3 4+ 4+ 2 = 0 in Zs, it follows that R satisfies the Figure 7.19 A voltage graph and its covering graph.
KVL and is bounded by an orbit of length 4. This embedding of H lifts toa

2-cell embedding of GA(T') = K5 that has five regions, each of which is
bounded by an orbit of length 4. Thus K; is embedded on S; (Figure
7.17(b)).

Next, consider the voltage graph H” corresponding to Zs and A = {1,2}
shown in Figure 7.18. Here, H” is embedded on Sy. The boundary element
of each of the regions R; and R; is 4 and the boundary element of R is 2.
All of these elements have order 5 in Z5 so that each of the regions Ry and
R; lifts to a region bounded by an orbit of length 5, and R; (being bounded
by an orbit of length 2) lifts to a region bounded by an orbit of length 10.
Thus the embedding above has three regions; so H" lifts to an embedding

EXERCISES 7.4

7.30 Consider the embedding of the voltage graph shown below for the
given group I', where A = {h;,h,}. Determine the covering graph
embedding; that is, find the covering graph, the surface on which
it is embedded, and describe the regions.

(a) P=Zg}h1 =1,h2=2,

) T =Zs X Zy; 1y = (1,0), hy = (0, 1).

of K5 on 52. ha

As a final example, consider the voltage graph of Figure 7.19(a) corre- +hy
sponding to T' = Z3 x Zs and A = {(1,0),(0,1)}. Then GA(T) = C; x C; !
and, by Corollary 7.29, the embedding of C; x C; has nine regions, each h

of which is bounded by a 4-cycle. Figure 7.19(b) shows the covering graph
embedding. .

This section provides only a brief introduction to voltage graphs.
Indeed, we have restricted the discussion to voltage graphs of index 1.
For such voltage graphs, the covering graphs are always Cayley graphs.
However, the theory of voltage graphs is often used to describe embed-
dings of graphs that are not Cayley graphs. We refer the reader to Gross
.and Tucker [GT1] and to White [W5].

_ R3
Figure 7.18 Another voltage graph embedded on .

7.31 Find a voltage graph embedding that lifts to an embedding of
C3 x C3 x C3 x C; that contains 81 regions, each of which is bounded
by an 8-cycle. On what surface does this embedding take place?
(Hint: Recall the representation of the double torus shown in
Figure 7.5.)




CHAPTER 8

Graph colorings

The graph-theoretic parameter that has received the most attention over
the years is the chromatic number. Its prominence in graph theory is
undoubtedly due to its involvement with the Four Color Problem,
which is discussed in this chapter. The main goal of this chapter, however,
is to describe the many ways in which a graph can be colored and to
present results on these topics.

8.1 VERTEX COLORINGS

A coloring of a graph G is an assignment of colors (which are actually con-
sidered as elements of some set) to the vertices of G, one color to each

- vertex, so that adjacent vertices are assigned different colors. A coloring
in which k colors are used is a k-coloring. A graph G is k-colorable if there
exists an s-coloring of G for some s < k. Itis obvious that if G has order ,
then G can be n-colored, so that G is n-colorable.

The minimum integer k for which a graph G is k-colorable is called the
vertex chromatic number, or simply the chromatic number of G, and is
denoted by x(G). If G is a graph for which x(G) =k, then G is k-chromuatic.
Certainly, if H C G, then x(H) < x(G).

In a given coloring of a graph G, a set consisting of all those vertices
assigned the same color is referred to as a color class. The chromatic
numiber of G may be defined alternatively as the minimum number of
‘independent subsets into which V(G) can be partitioned. Each such
independent set is then a color class in the x(G)-coloring of G so defined.

For some graphs, the chromatic number is quite easy to determine. For
example,

X(CZk) = 27 X(C2k+1) - 3, X(Kn) =n,
and, in general,
x(K(my,my,. .. 1)) = k.

The graph G of Figure 8.1 is 3-colorable; a 3-coloring of G is indicated with

the colors denoted by the integers 1, 2, 3. Therefore, G is k-colorable for
F> 2 and v < 3 Ginre (- ic a aithoranh of G and v(C:) = 3. it follows
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Figure 8.1 A 3-chromatic graph.

that x(G) > 3. These two inequalities imply that x(G) = 3, that is, G is
3-chromatic.

If G is a k-partite graph, then x(G) <k since the partite sets of G
determine the color classes in a k-coloring of G. Conversely, every
graph G with x(G) < k is necessarily k-partite. Similarly, x(G) = k if and
only if G is k-partite but G is not £-partite for £ < k. Consequently, the 1-
chromatic graphs are precisely the empty graphs and the 2-chromatic
graphs are the nonempty bipartite graphs. However, for no value of k
greater than 2 is such an applicable characterization known.

We need only be concerned with determining the chromatic numbers of
nonseparable graphs since the chromatic number of a disconnected graph
is the maximum of the chromatic numbers of its components and the
chromatic number of a connected graph with cut-vertices is the maximum
of the chromatic numbers of its blocks.

Although the chromatic number is one of the most studied parameters
in graph theory, no formula exists for the chromatic number of an arbi-

- trary graph. Thus, for the most part, one must be content with supplying

bounds for the chromatic number of graphs. In order to present such
bounds, we now discuss graphs that are critical or minimal with respect
to chromatic number.

For an integer k > 2, we say that a graph G is critically k-chromatic if
x(G) =k and x(G - v) =k — 1 for all v € V(G); G is minimally k-chromatic
if x(G) =kand x(G —¢e) =k — 1 for all e € E(G). There are several results
dealing with critically k-chromatic graphs and minimally k-chromatic
graphs, many of which are due to Dirac [D3]. We shall consider here
only one of the more elementary, yet very useful, of these.

Every critically k-chromatic graph is nonseparable, while every mini-
mally k-chromatic graph without isolated vertices is nonseparable. Further-
more, every minimally k-chromatic- graph (without isolated vertices) is
critically k-chromatic. The converse is not true in general, however; for
example, the graph of Figure 8.2 is critically 4-chromatic but not minimally
4-chromatic. For k = 2 and k = 3, the converse is true. In fact, K; is the only
critically 2-chromatic graph as well as the only minimally 2-chromatic
graph without isolated vertices; while the odd cycles are the only critically
3-chromatic graphs and the only minimally 3-chromatic graphs having no
isolated vertices. For k 2 4, neither the critically k-chromiatic graphs nor
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Figure 8.2 A critically 4-chromatic graph that is not minimally 4-chromatic.

the minimally k-chromatic graphs have been characterized. Although it is
quite difficult, in general, to determine whether a given k-chromatic graph
G is critical or minimal, G contains both critically k-chromatic subgraphs
and minimally k-chromatic subgraphs. A k-chromatic subgraph of G of
minimum order is critically k-chromatic, while a k-chromatic subgraph of
G of minimum size is minimally k-chromatic.

The first theorem of this chapter concerns the structure of critically (and
minimally) k-chromatic graphs.

Theorem 8.1
Every critically k-chromatic graph, k > 2, is (k — 1)-edge-connected.

Proof
Let G be critically k-chromatic, k > 2. Ifk=2ork=3,then G=K, or G is

an odd cycle, respectively; therefore, G is 1-edge-connected or 2-edge-

connected.

Assume that k > 4 and suppose, to the contrary, that G is not (k — 1)-
edge-connected. Hence by Theorem 3.20, there exists a partition of V(G)
into subsets V; and V, such that the set E' of edges V; and V, contains
fewer than k — 1 elements. Since G is critically k-chromatic, the subgraphs

= (V1) and G, = (V,) are (k — 1)-colorable. Let each of G; and G, be
colored with at most k — 1 colors, using the same set of k — 1 colors. If each
edge in E' is incident with vertices of different colors, then G is (k — 1)-
colorable. This contradicts the fact that x(G) = k. Hence we may assume
~ that there are edges of E' incident with vertices assigned the same color.
We show that the colors assigned to the elements of V; may be permuted
so that each edge in E' joins vertices assigned different colors. Again this
will imply that x(G) < k— 1, produce a contradiction, and complete the
proof.

In the coloring of Gy, let Uy, U, ..., Uy be those color classes of G such
that for each 7, 1 <i < t <k~ 2, there is at least one edge joining U; and
G,. Fori=1,2,...,t, assume that there are k; edges j }ommg U; and G,.
Hence, for each i, 1 < i< ¢, it follows that k; > 0 and Z, 1k <k—2.
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If for each u; in U, the vertex u is adjacent only with vertices assigned
colors different from that assigned to u;, then the assignment of colors to
the vertices of G is not altered. On the other hand, if some vertex u; of U is
adjacent with a vertex of G, that is assigned the same color as that of u;,
then in G; we may permute the k — 1 colors so that in the new assignment .
of colors to the vertices of G, no vertex of U is adjacent to a vertex of G,
having the same color. This is possible since the vertices of U; may be
assigned any one of at least k — 1 —k; colors and k — 1~k > 0.

If, in this new assignment of colors to the vertices of G, each vertex u, of
UL, is adjacent only with vertices assigned colors different from that
assigned to u,, then no (additional) permutation of colors of G; occurs.
However, if some vertex u, of U, is adjacent with a vertex of G, that is
assigned the same color as that of 1, then in G; we may permute the k — 1
colors, leaving the color assigned to U fixed, so that no vertex of U; U U

. is adjacent to a vertex of G, having the same color. This can be done since

the vertices of U, can be assigned any of (k—1) — (k, + 1) colors, and
(k—1)—(ky+1) = (k1) — (ki + k) > 0. Continuing this process, we
arrive at a (k — 1)-coloring of G, producing the desired contradiction. []

Sinceevery connected, minimally k-chromatic graph is critically k-
chromatic, the preceding result has an immediate consequence.

Corollary 8.2
If G is a connected, minimally k-chromatic graph, k = 2, then G is (k — 1)-edge-
connected.

Theorem 8.1 and Corollary 8.2 imply that #;(G) = k~1 for every
critically k-chromatic. graph G or connected, minimally k-chromatic
graph G. The next corollary now follows directly from Theorem 3.18.

Corollary 8.3
If G is critically k-chromatic or connected and minimally k-chromatic, then
6(G) = k-1

We are now prepared to present bounds for the chromatic number of a
graph. We give here several upper bounds, beginning with the best
known and. most applicable. The theorem is due to Brooks [B15] but the
proof here is due to Lovasz [L5].

Theorem 8.4

If G is a connected graph that is neither an odd cycle nor a complete gmph then
X(G) <A(G).
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Proof

Let G be a connected graph that is neither an odd cycle nor a complete
graph, and suppose that x(G) = k, where, necessarily, k > 2. Let H be a
critically k-chromatic subgraph of G. Then H is nonseparable and
A(H) < A(G).

Suppose that H = K; or that H is an odd cycle. Then G # H. Since G is
connected, A(G) > A(H). If H = K, then A(H) =k—1and A(G) = k; so

x(G) =k < A(G).
If H is an odd cycle, then
A(G) =3 =k = x(G).

Hence, we may assume that H is critically k-chromatic and is neither an
odd cycle nor a complete graph; this implies that k > 4.
Let H have order n. Since x(H) = k = 4 and H is not complete, it follows

that n > 5. We now consider two cases, depending on the connectivity
of H.

Case 1. Suppose that H is 3-connected. Let x and y be vertices of H such
that dy(x,y) =2, and suppose that x,w,y is a path in H. The graph
H-x-y is connected. Let x; =w,x;,...,x,_, be the vertices of
H —x —y, listed so that each vertex x; (2 < i< n~—2) is adjacent to at
least one vertex preceding it. By letting x,_; = x and x, =y, we have
the sequence

X =W, X000 Xy25 X1 =X, X = Y-

Assign the color 1 to the vertices x,_; and x,. We successively color
Xy _2,Xn_3,-..,X, With one of the colors 1,2,...,A(H) that was not
used in coloring adjacent vertices following it in the sequence. Such a
color is available since each x; (2<i< n-—2) is adjacent to at most
A(H) — 1 vertices following it in the sequence. Since x; = w is' adjacent
to two vertices colored 1 (namely, x,.; and x,), a color is available for
x1. Therefore,

x(G) = x(H) < A(H) < A(G).

Case 2. Suppose that k(FH) = 2. We begin with an observation in this case;
namely, H does not contain only vertices of degrees 2 and n'— 1. Since

x(H) 2 4, H cannot contain only vertices of degree 2. Since H is not com-
plete, H cannot contain only vertices of degree n — 1. If H contains vertices®’

of both degrees (and no others), then H must contain two vertices of
degreen — 1 and n — 2 vertices of degree 2; thatis, H = K 1 ,_». However,
then, x(H) = 3, which is impossible.

Let u € V(H) such that 2 < degy u <n—1. If H—u is 2-connected,
then let v be a vertex with dy(u,v) =2. We may let x=u and y =1,
and proceed as in Case 1.
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If x(H — u) = 1, then we consider two end-blocks By and B, containing
cut-vertices w; and w,, respectively, of H — u. Since H is 2-connected,
there exist vertices #; in B; —w; and u, in B, — w, that are adjacent to
u. Let x = u; and y = u,, and proceed as in Case 1.

This completes the proof. [

The bound for the chromatic number given in Theorem 8.4 is not
particularly good for certain classes of graphs. For example, the bound
provided for the star graph Ky ,_; of order n differs from its chromatic
number by n — 3. We shall see in section 8.3 that 4 serves as an upper
bound for the chromatic number of all planar graphs; however, Theorem
8.4 gives no bound for the entire class. Thus, there are several important
classes of graphs for which the bound A(G) for x(G) is poor indeed. From
the next result, due to Szekeres and Wilf [SW1], a number of other bounds
for x(G) follow as corollaries.

Theorem 8.5

Let f be a real-valued function defined on the class of all graphs that satisfies the
following two properties:

(i) If H is an induced subgraph of G, then f(H) < f(G).
(i f(G) = 6(G) for every graph G.

Then x(G) < 1+ £(G).

Proof

Let G be a k-chromatic graph, where k > 2, and let H be an induced k-
critical subgraph of G. By Corollary 8.3, §(H) > k — 1. Therefore,

£G) > fH) = 6(H) > k-1,
so that

x(G)=k<1+f(G). O

As corollaries of Theorem 8.5 we have the results of Brooks [B15],
Welsh and Powell [WP1], Gallai [G2], and Szekeres and Wilf [SW1],
which are stated in chronological order.

Corollary 8.6
For every graph G,

x(G) <1+ A(G).
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Corollary 8.7

Let G be a graph with V(G) = {v1,va,...,0,}. Then
x(G) < e {min{i, deg v; + 1}}.

Corollary 8.8
For every graph G,

x(G) < 1+4(G),
where £(G) denotes the length of a longest path in G.

Corollary 8.9
For every graph G,
x(G) < 1+ max §(H),

where the maximum is taken over all induced subgraphs H of G.

The proof of each of Corollaries 8.6, 8.7, 8.8 and 8.9 consists of deter-
mining an appropriate function f and then applying Theorem 8.5. For
example, in Corollary 8.9 we define the function f by f(G) = max §(H),
where the maximum is taken over all induced subgraphs H of G. Then

- clearly f satisfies the properties required to apply Theorem 8.5. For

proofs of the other corollaries, see Exercise 8.8.
It is not difficult to show that among the corollaries stated above,
Corollary 8.9 is the strongest application of Theorem 8.5.

Theorem 8.10

If a real-valued function f defined on the class of all graphs satisfies properties (i)
and (ii) of Theorem 8.5, then for each graph G,

f(G) > max6(H),

where the maximum is taken over all induced subgraphs H of G.

Pmof

Let G be a graph, and let k = max §(H), where the maximum is taken over
all induced subgraphs H of G. If f(G) <k, then G contains an induced
subgraph H; with f(G) < k = §(H,). By (i), then, f(H;) < f(G) < 6(H,).
This, however, contradicts (ii). [

Corollary 8.9 gives an upper bound of 2 for the chromatic number of |

K21, which, of course, is exact. Since every planar graph has minimum
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Vi Y2
S,=1{1,2,3}
SZ= {1,2,3} G:
S3= {2’ 3, 41 51 6}
S,=(4,5)
V3 V4

Figure 8.3 An intersection graph.

~ degree at most 5 (by Corollary 6.5) and since every subgraph of a planar
. graph is planar, a bound of 6 is provided for the chromatic number of
planar graphs by Corollary 8.9. In each of these cases a marked improve-
ment is shown over the result offered by Theorem 8.4. If G is a regular
- graph of degree r, then both Theorem 8.4 and Corollary 89 give r +1
- as an upper bound for x(G); however, this bound is poor for many -
regular graphs, such as K,,.
_ - 'We now direct our attention briefly to lower bounds for the chromatic
number. The cligue. number w(G) of a graph G is the maximum order
~ among the complete subgraphs of G. Clearly, w(G) = B(G) for every
graph G. If K; C G for some k, then x(G) > x(Kx) = k. It follows that
x(G) = w(G). Although this lower bound for x(G) is not particularly
- good in general, x(G) actually equals w(G) for some special but important
classes of graphs. For example, if G is bipartite, then either G is empty and
x(G) =1 =w(G), or else x(G)=2=w(G). In order to give another
example where equality holds, we introduce the notions of intersection
graphs and interval graphs.
Let F be a finite family of not necessarily distinct nonempty sets. The
intersection.graph of F is obtained by representing each set in 7 by a vertex
and then adding an edge between two vertices whose corresponding sets
have a nonempty intersection. A graph G is called an intersection graph if
it is the intersection graph of some family F. A family F = {51, S5, 53, 54}
and its intersection graph is shown in Figure 8.3. Here, vertex v;
corresponds to set S;.
When F is allowed to be an arbitrary family of sets, the class of graphs
obtained as intersection graphs is simply all graphs (see Marczewski
[M2]). By restricting the sets in F, many interesting classes of graphs
are obtained. For example, the intersection graph of a family of closed
intervals of real numbers is called an interval graph. The graph G of
Figure 8.3 is seen to be an interval graph by considering the intervals
L=03, L=[1,3], I, =[2,6] and I; =:{4,5]. However, not all graphs
are interval graphs. For example, C, is not an interval graph.
. If G is an interval graph, then the vertices of G correspond to closed
intervals; say v; corresponds to I; = [¢;,7;]. We show that‘G has an w(G)-
coloring. Assume that the vertices of G have been labeled so that £; < 7
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3 1
Figure 8.4 A greedy 3-coloring.

if i <j. Color vy,vy,...,v, in order, assigning to v; the smallest color
(positive integer) j that has not been assigned to a neighbor of v;. (Such
a coloring is called a greedy coloring.) For example, using this procedure
on the graph G of Figure 8.3, we obtain the 3-coloring of G given in
Figure 8.4. Note that w(G) = 3.

In general, suppose that we have given a greedy coloring to an interval
graph G and that vertex v; has been assigned color k. This implies that v; is
adjacent to v;,,v;,,...,7;,_, (i <f < - <if_y <i)colored 1,2,...,k -1,
respectively. We show that these vertices, together with v;, induce
a complete graph. The left endpoints of the corresponding intervals satisfy

4, <ty < - <ty <

By TS

¢, =¢,=-=¢, =7, then certainly ({v;,v;,...,7;,_,,7;}) is com-
plete. Otherwise there is an integer t with 1 <t <k —1 for which £; < ¢;
for 1<j<t and ¢ =¢ for each j with t+1<j<k-1. Clearly,
Uiy, 11Vi 00+ -1 Vi, 0; induce a complete graph. Now, since £; < ¢; for
1<j<t and v and v; are adjacent, it follows that 2 Zi. Thus
Diy Vgyyeeny Vy_,» U induce a complete graph. We conclude that- the
greedy coloring so produced is an w(G)-coloring.

As we have seen, if G is-a bipartite graph or an interval graph, then
x(G) = w(G). Furthermore, since every induced subgraph of a bipartite
(interval) graph is also a bipartite (interval) graph, we see that
X(H) = w(H) for every induced subgraph H of a bipartite or interval
graph. A graph G is called perfect if x(H) = w(H) for each induced sub-
graph H of G. Thus bipartite graphs and interval graphs are examples of
perfect graphs.

Interval graphs form a subset of a larger class of perfect graphs called
chordal graphs. A graph G is called chordal if every cycle of G of length
greater than 3 has a chord, that is, an edge joining two nonconsecutive
vertices of the cycle. In the literature, chordal graphs have also been

called triangulated, rigid circuit and perfect elimination graphs. - S

Since every induced subgraph of a chordal graph is also chordal, to
show that chordal graphs are perfect we need only show that
X(G) = w(G) for every chordal graph G. This follows from the following
characterization of chordal graphs due to Hajnal and Surdnyi [HS1] and
Dirac [D6]. v
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. Theorem 8.11

A graph G is a chordal graph if and only if either G is complete or G can be
obtained from two chordal graphs Gy and G, (having orders less than that of
G) by identifying two complete subgraphs of the same order in Gy and Gj.

Proof

If G can be obtained as described, then clearly G is chordal. Conversely,
since every complete graph is chordal, let G be a noncomplete chordal

‘graph and let S be any minimal vertex-cut of G. Let A be the vertex set

of one component of G — Sand let B = V(G) — 5 — A. Define the {(chordal)
subgraphs G; and G, of Gby G; = {AU §) and G, = {BUS). Then G canbe
obtained from G, and G, by identifying the vertices of S. We show that (S)
is complete. This is certainly true if |S| = 1,50 we may assume that [S| = 2.

Since S is minimal, each x € § is adjacent to some vertex of each com-
ponent of G — S. Therefore, for each pair x,y €5, there exist paths x,
41,8y, - - a5,y and x,by,b,,.. ., by, where each g € A and b; € B, such
that these paths are chosen to be of minimum length. Thus,
C: x,d1,82 -+ 85, Yy by b1, .. -, b1, x is a cycle of G of length at least 4,
implying that C has a chord. However, a;b; ¢ E(G) since S is a vertex-
cut and a4; ¢ E(G) and bb; ¢ E(G) by the minimality of r and ¢. Thus
xy € E(G). O

Corollary 8.12
If G is a chordal graph, then x(G) = w(G).

Proof

We proceed by induction on the order 7 of G. If n =1, then G = K; and
x(G) = w(G) = 1. Assume that the clique and chromatic numbers are
equal for chordal graphs of order less than n and let G be a chordal
graph of order n > 2. ‘

If G is complete, then x(G) = w(G). If G is not complete, then G can be
obtained from two chordal graphs G; and G, of order less than that of G
by identifying two complete subgraphs of the same order in G, and G,.
Since there are no edges between V(G;) — Sand V(G,) — §, it follows that

w(G) = max{w(G1),w(G2)}-

Clearly, x(G) > max{x(G1), x(Gz)}. However, since a x(G;)-coloring of
G; assigns distinct colors to the vertices of S (i = 1,2), it follows that we
can make the colorings agree on S to obtain a max{x(G), x(G,)}-coloring
of G. Thus,

x(G) = max{x(G), x(Gz)}-
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By the inductive hypothesis, x(G;) = w(G;) and x(G;) = w(G,). Thus,
x(G)=w(G). O '

Corollary 8.13
Every chordal graph is perfect.

Perfect graphs were introduced by Berge [B6], who conjectured that a
graph G is perfect if and only if G is perfect. This conjecture (sometimes
referred to as the Perfect Graph Conjecture) was verified by Lovasz [L4]. Its
rather lengthy proof is omitted.

Theorem 8.14
A graph G is perfect if and only if G is perfect.

Since x(Coryq) = 3 # w(Coraq), k = 2, it follows that if an induced sub-
graph of a graph G is an odd cycle of length at least 5, then G is not perfect.
Similarly, if G contains an induced odd cycle of length at least 5, then G
and, by Theorem 8.14, G are not perfect. Berge conjectured ([B8, p. 3611)
that every graph that is not perfect contains either an induced odd cycle of
length at least 5 or its complement contains such a cycle.

'Strong Perfect Graph Conjecture

A graph G is perfect if and only if no induced subgraph of G or G is an odd cycle
of length at least 5.

This conjecture remains open, although it has been verified for several
classes of graphs including planar graphs (Tucker [T8]) and claw-free
graphs (Parthasarathy and Ravindra [PR1]).

As we have noted, x(G) > w(G) for every graph G. Hence if G contains
triangles, then x(G) > 3. However, there exist graphs G that are triangle-
free such that x(G) > 3. For example, the odd cycles Cy,{, with k > 2,
have chromatic number 3 and are, of course, triangle-free. The graph of
Figure 8.5, called the Grotzsch graph, is 4-chromatic and triangle-free and
is, in fact, the smallest such graph (in terms of order).

Tt may be surprising that there exist triangle-free graphs with arbitrarily
large chromatic number. This fact has been established by a number
of mathematicians, including Descartes [D2], Kelly and Kelly [KK1] and
Zykov [Z3]. The following construction is due to Mycielski [M11], however.

Theorem 8.15

For every positive integer k, there exists a k-chromatic triangle-free graph.
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Figure 8.5 The Grétzsch graph: a 4-chromatic triangle-free graph.

Proof

The proof is by induction on k. If kis 1, 2 or 3, then the graphs K;, K; and
Cs, respectively, have the required properties. Assume that H is a triangle-
free graph with x(H) =k, where k > 3. We show that there exists a
triangle-free graph with chromatic number k+1. Let V(H)=
{v1,v,...,04}. We construct a graph G from H by adding n+1 new
vertices U, Uy, Uy, ..., U, The vertex u is joined to each vertex u; and, in
addition, u; is joined to each neighbor of v;.

To see that G is triangle-free, first observe that u belongs to no triangle.
Since no two vertices u; are adjacent, any triangle would consist of a
vertex u; and vertices v; and v,, i #j, £, but by the construction, this
would imply that ({v;,7;,0,}) is a triangle in H, which is impossible.

Let a k-coloring of H be given. Now assign to ; the same color assigned
to v; and assign a (k+ 1)st color to u. This produces a (k + 1)-coloring of
G. Hence x(G) € k+ 1. Suppose that x(G) <k, and let there be given a
k-coloring of G, with colors 1,2,...,k, say. Necessarily the vertex u is
colored differently from each u;. Suppose that u is assigned color k.
Since x(H) =k, the color k is assigned to some vertices of H. Recolor
each v; that is colored k with the color assigned to ;. This produces a
{(k — 1)-coloring of H and a contradiction. Thus, x(G) =k+1, and the
proof is complete. [7]

This result has been extended significantly by Erdos [E3] and Lovész
[L3]. We postpone the proof of Theorem 8.16 until Chapter 13 (Theorem
13.5). The girth of a graph is the length of its shortest cycle.

Theorem 8.16

For every two integers k = 2 and ¢ > 3 there exists a k-chromatic graph whose
girth exceeds ¢.
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According to Theorem 8.15, a k-chromatic graph may contain no
triangles and, therefore, no large complete subgraphs. In particular, a
k-chromatic graph need not contain K;. There are two well-known
conjectures related to this observation.

For k <3, it is trivial to see that every k-chromatic graph contains a
subdivision of K;. Dirac [D3] showed that this is also true for k = 4 and
Hajos [H2] conjectured that for each positive integer k, every k-chromatic
graph contains a subdivision of K. This conjecture, however, was shown

to be false for k > 7. A weaker conjecture was proposed by Hadwiger
[H1l. :

Graph colorings

Hadwiger’s Conjecture

If G is a k-chromatic graph, where k is a positive integer, then Ky is a subcon-
traction of G.

This conjecture was verified for k = 4 by Dirac [D3]. The proofs fork = 5
and k = 6 depend on results of Wagner [W2] and of Robertson, Seymour
and Thomas [RST1] and on the proof of the famous Four Color Theorem
which we will encounter in section 8.3. For k > 7, this conjecture remains
open.

Our next result, due to Nordhaus and Gaddum [NG1], is the best
known result on chromatic numbers and complementary graphs. The

- proof is based on one by H. V. Kronk.

Theorem 8.17 .
If G is a graph of order n, then

M 212 < x(G) +x(@) <n+1,
() n<x(G)-x(G) < ((n+1)/2).

Proof

Leta x(G)-coloring for G and a x(G)-coloring for G be given. Using these
colorings, we obtain a coloring of K,. Assign a vertex v of K, the color
(€1,¢2), ‘where ¢, is the color assigned to v in G and ¢; is the color assigned
to v in G. Since every two vertices of K,, are adjacent either in G or in G,
they are assigned different colors in that subgraph of K,,. Thus, this is a
coloring of K,, using at most x(G) - x(G) colors,s0

n = x{Ks) < x(G) - x(G).

Thig establishes the lower bound in (ii). Since the arithmetic mean of two
positive numbers is always at least as large as their geometric mean,

Vertex colorings 233

Vi < 4/x(G)-x(G) <

This verifies the lower bound of (i).

To verify the upper bound in (ii), we make use of Corollary 8.9. Suppose
that k = max8(H), where the maximum is taken over all induced sub-
graphs H of G. Hence every induced subgraph of G has minimum
degree at most k and, by Corollary 8.9, it follows that x(G) <1+k
Next we show that every induced subgraph of G has minimum degree
at most # — k — 1. Assume, to the contrary, that there is an induced sub-
graph H of G so that §(H) > n — k. Thus the vertices of H have degree at
most k— 1 in G.

Let F be an induced subgraph of G with §(F) = k! Thus no vertex of F
belongs to H. Since the order of F is at least k+ 1, the order of H is at most
n—k—1, contradicting the fact that §(H) > n —k. We may therefore
conclude that every induced subgraph of G has minimum degree at
. most n~k—1and, by Corollary 89, that x(G) <1+ (n—k—1)=n—k

Thus,

x(G) + x(G)
o

x(é)%—x(é)<(1+k)+(n——k)=n+l,

completing the proof of the upper bound in (i). The upper bound in (ii)
now follows by consideration of geometric and arithmetic means. [

We close this section with some examples of variations of graph color-
~ ing. We observed that the chromatic number of a graph G can be defined
as the minimum number of independent sets into which V(G) can be
partitioned. More generally, let P denote a family of graphs. The P
chromatic number xp(G) is the minimum number of sets into which V(G)
can be partitioned so that each set induces a graph that belongs to P.
This parameter is well-defined whenever K; € P. If P is the family of
empty: graphs, then xp(G) = x(G). If P is the family of forests, then
xp(G) = a(G), the vertex-arboricity of G. If P is the family of empty
graphs and complete graphs, then xp(G) is the cochromatic number of G,
first introduced in [LS1]. Alternatively, the cochromatic number of G is
the minimum number of subsets in a partition of V(G) so that each
subset is independent in G or in G. Certainly for each family P described
above; xp(G) < x(G) for every graph G in P. .

We now deseribe another coloring number. Suppose that for each vertex
v of a graph G there is associated a list L(v) of allowable colors for v. The
list chromatic number x,(G) is the smallest positive integer k such that for
each assignment of a list L(v) of cardinality at least k to every vertex v of
G, it is possible to color G so that every vertex is assigned a color from its
list. Thus x(G) < x,(G) for every graph G. That this inequality may be
strict is illustrated by the bipartite graph G of Figure 8.6 for which
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(1,3)
{1,2} (2,3}
G: (1,2}
{1,2} 1,3}
{2,3)

Figure 8.6 A 2-chromatic graph with list-chromatic number 3.

x¢(G) = 3. A 2-coloring of G cannot be given from the indicated lists.
A graph G is k-choosable if x,(G) < k. '

The book by Jensen and Toft [JT1] on graph coloring problems is an
excellent source of additional information. More information on perfect
graphs can be found in the book by Golumbic [G6].

8.1

8.2

8.3
8.4

8.5

8.6

8.7

8.8

EXERCISES 8.1

Prove, for every graph G of order n, that n/B(G) <x(G) <
n+1-p6(G).

Determine and prove a result analogous to Exercise 8.1 for vertex:
arboricity.

Prove a result analogous to Theorem 8.4 for disconnected graphs.

What bound is given for x(G) by Corollary 8.9 in the case that G is

(a) a tree? (b) an outerplanar graph (Exercise 6.11)?

Let G be a k-chromatic graph, where k > 2, and let r be a positive
integer such that r > A(G). Prove that there exists an r-regular k-
chromatic graph H such that G is an induced subgraph of H.

Determine (and prove) a necessary and sufficient condition for a
graph to have a 2-colorable line graph.

Let G be a connected, cubic graph of order n > 4 having girth 3.
Determine x(G).

{a) Prove Corollary' 8.6 without using Theorem 8.4.
(b) Prove Corollary 8.7.
(c) Prove Corollary 8.8. , '

8.9

- 8.10

8.11

8.12
8.13

8.14

8.15
8.16

8.17
8.18
8.19

8.20
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Let Gy,Gs,...,Gy be pairwise disjoint graphs, and define G =
Gi + Gy + - - - + Gy. Prove that

k k
X(G) =) x(G) and w(G) =1 w(Gy.
i=1 i=1

(a) Show that every graph is an intersection graph.
(b) Let G be a nonempty graph. Show that a set  can be associated
with G so that the intersection graph of F is the line graph of G.

Show that every induced subgraph of an interval graph is an interval

graph.

Show that every interval graph is a chordal graph.

(a) Show that if Gis a chordal graph, then for every proper complete
subgraph H of G there is a vertex v € V(G) — V(H) for which the
neighbors of v in G induce a complete subgraph in G.

(b) Show, without using Theorem 8.14, that the complement of a
chordal graph is perfect.

For each integer nn 2 7, give an example of a graph G,, of order n such
that no induced subgraph of G, is an odd cycle of length at least 5 but
G, is not perfect.

Determine G if, in the proof of Theorem 8.15,

@ H=K,; () H=G;.

Prove that for every two integers k > 3 and £ > 3, with k > ¢, there-
exists a graph G such that x(G) = k and w(G) =¢.

Show that the conjectures of Hajos and Hadwiger are true for k < 3.
Show that all the bounds given in Theorem 8.17 are sharp.

Determine and prove a theorem analogous to Theorem 8.17 for
vertex-arboricity.

Define a graph G to be k-degenerate, k = 0, if for every induced sub-
graph H of G, §(H) < k. Then the 0-degenerate graphs are the empty
graphs, and by Exercise 3.2, the 1-degenerate graphs are precisely
the forests. By Corollary 6.5, every planar graph is 5-degenerate. A
k-degenerate graph is maximal k-degenerate if, for every two non-
adjacent vertices u and v of G, the graph G + uv is not k-degenerate.
“For k >0, let P, denote the family of k-degenerate graphs. Then
x»,(G) is the minimum number of subsets into which V(G) can be
partitioned so that each subset induces a k-degenerate subgraph of
G. A graph is said to be /-critical with respect to xp, ¢ >2, if
x7,(G) = ¢ and xp (G —v) = £ — 1 for every v € V(G).
(a) Prove thatif G is a maximal k-degenerate graph of order n, where
nzk+1 then §(G)=k
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set of vertices of degree d in G is empty or independent. We show that G is
d-edge colorable.

Let u be a vertex of G such that degu = A(G). Furthermore, let y; be a
vertex adjacent to u and let ey = uy,. Since d = A(G) = A(G — ¢y) and the
set of vertices of G — ¢, of degree d is empty or independent, it follows by
the inductive hypothesis that G — ¢; is d-edge colorable.

Let there be given a d-edge coloring of G — e;; that is, every edge of G
except ey is assigned one of d colors so that adjacent edges are colored
differently. For each edge e = uy of G incident with u, we define its dual
color as any one of the d colors that is not used to color edges incident with
y. Since y is adjacent to u, it follows that degy < d regardless of whether
d = A(G) ord > A(G), and so there is at least one color available for a dual
color. Let ¢y have dual color ;. (The color ¢ is not the color of any edge of
G incident with y,.) We may assume that some edge e; = uy; incident
with u has been assigned the color &4; for otherwise the edge ¢, could
be colored oy, thereby producing a d-edge coloring of G and completing
the proof.

Let o, be the dual color of €. If a; # a; and there is an edge e, = uy,
incident with u that has been assigned the color oy, then let a; be the dual
color of e;. If a3 # o4, a and there is an edge ey = uy; incident with u that
has been assigned the color as, then let a4 be the dual color of e;. We
continue in this manner until we have constructed a sequence ey = uyj,
e; = uyy, e =Uuy,,...,e_1 = uy;_1 of distinct edges with dual colors
ay, 0y, ...,0p such that o; # o; for i <j<k and either (i) o =q; for
some j < k or (ii) there is no edge incident with u that has been assigned
the color o If (ii) holds then we may assign each of the edges
€p,€1,---,6-1 its dual color and obtain a d-edge coloring of .G. Hence
we may assume that oy = a; for some j < k.

Let a be a color that has not been assigned to any edge incident with u.
Such a color exists since degg..,, # < A(G) <d. If no edge incident with
Yx_1 is colored a, then we redefine the dual color of ¢, _; to be a. Then (ii)
holds and we can obtain a d-edge coloring of G as before. Hence we may
assume that some edge incident with y;_; is colored a.

Define G’ to be that spanning subgraph of G whose edge set consists of
those edges of G — ¢; colored « or o. Since some edge incident with y;_;
is colored o:but no edge incident with y; - 1 is colored ay, the component of
G contammg Yk—115 aYx_1 — z path P for some vertex z. If u lies on P, then
z ="u since no edge incident with u is colored a. Furthermore, since
o = ay, it follows that if z = u, then the final edge of P is ¢; = wj. Also,
if u is on P, then y;_1 is not on P since no edge incident with y;_ is colored
; = oy. Therefore, at most one of # and y;_, is on P, and so at most one of
these vertices is z.

We now obtain a new d-edge coloring of G — ¢; by interchanging the
colors a-and o for the edges of P. We con51der three cases according to
the possibilities for the vertex z.

(b) Determine xp, (K,).
(c) Prove thatif G is a graph that is /-critical with respect to xp,, then
§G) =z (k+1)(2~1).

8.21 (a) Give an example of a graph H for which the cochromatic number
is 3.
(b) Give an example of a graph H that is not the union of (disjoint)
complete graphs for which the cochromatic number equals x(H).
(¢) Give an example of a graph H that is not a union of complete
graphs for which the cochromatic number is less than x(H).

8.22 Show that Kj 3 has list-chromatic number 3.

8.2 EDGE COLORINGS

We now switch our attention from coloring the vertices of a graph to
coloring its edges. An assignment of colors to the edges of a nonempty
graph G so that adjacent edges are colored differently is an edge coloring of
G (a k-edge coloring if k colors are used). The graph G is k-edge colorable if
there exists an £-edge coloring of G for some ¢ < k. The minimum k for
which a graph G is k-edge colorable is its edge chromatic number (or
chromatic index) and is denoted by x4(G).

The determination of x;(G) can be transformed into a problem dealing
with chromatic numbers; namely, from the definitions it is immediate that

x1(G) = x(L(G)),

where L(G) is the line graph of G. This observation appears to be of little
value in computing edge chromatic numbers, however, since chromatic
numbers are extremely difficult to evaluate in general.

It is obvious that A(G) is lower bound for x;(G). In what must be
considered the fundamental result on edge colorings, Vizing [V3]
proved that x;(G) equals A(G) or 1+ A(G). We prove a more general
result due to Berge and Fournier [BF1].

Theorem 8.18

"Let G be a nonempty graph and let d be a positive integer such that d > A(G).
If the set of vertices of G of degree d is empty or independent, then x1(G) < d.

Proof

We proceed by induction on the size m 0f G. When m = 1, the result is-»
obvious. Assume, then, that the result holds for graphs of size m -1,
where m > 2. Let G be a graph of size m for which d > A(G) and the
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Case 1. Suppose that z=u. Then y;_; is not on P and no edge incident
with u or y;_1 has been assigned the color a; = o;. Thus we may assign
each of the edges ¢y, ¢, . . . ,¢j_1 its dual color and obtain a d-edge coloring
of G.

Case 2. Suppose that z = y;_1. Then u is not on P and no edge incident
with u or y;_; has been assigned the color a. Thus we may assign the
edge ¢;_; the color @ and each of the edges ¢y, e, ...,¢_5 its dual color
and obtain a d-edge coloring of G.

Case 3. Suppose that z # u and z # y;_,. Then neither u nor y;_, is on P.
Thus, in particular, no edge incident with u or y_; is assigned the
color o. Thus we may assign the edge ¢;_; the color a and each of the
edges eg, €1, . . ., its dual color to obtain a d-edge coloring of G. [

If we take d = A(G) + 1 in Theorem 8.18, then we obtain the afore- -

mentioned result of Vizing [V3].

Coroliary 8.19
If G is a nonempty graph, then x,(G) <1+ A(G).

By setting d = A(G) in Theorem 8.18, we obtain a result due to Fournier
[F9].

Corollary 8.20

If G is a nonempty graph in which the vertices of maximum degree are indepen-
dent, then x{(G) = A(G). ;

With the aid of Corollary 8.19, the set of all nonempty graphs can be
divided naturally into two classes. A nonempty graph G is said to be of
class one if x1(G) = A(G) and of class two if x;(G) = 1+ A(G). The main
problem, then, is to determine whether a given graph is of class one or of
class two.

The set of all edges of a graph G receiving the same color in an
edge coloring of G is called an edge color class. By Vizing's theorem, the
edge chromatic number of an r-regular graph G is either r or r + 1. For
example, C, (n > 3) is of class one if n.is even and of class two if  is
odd. If x;1(G) =r for an r-regular graph, then necessarily each color
class in a x;(G)-edge coloring of G induces a spanning, 1-regular sub-
graph of G. Thus, as we shall see in Chapter 9, K, is of class one if n is
even and of class two if n is odd. More generally, every regular graph
of odd order is of class two. It .is not true, however, that every regular
graph of even order is of class one; the Petersen graph, for example, is
of class two. '
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Although it is probably not obvious, there are considerably more class
one graphs than class two graphs, relatively speaking. Indeed, Exdds and
Wilson [EW1] have proved that the probability that a graph of order  is
of class one approaches 1 as n approaches infinity. However, the problem
of determining which graphs belong to which class is unsolved.

Corollary 8.20 gives a sufficient condition for a graph to be of class one.
The following result, due to Beineke and Wilson [BW1], gives a sufficient
condition for'a graph to be of class two. An independent set of edges in a
graph G is a set of edges, each two of which are independent (non-
adjacent). The edge independence number B,(G) of G is the maximum
cardinality among the independent sets of edges of G.

Theorem 8.21
Let G be a graph of size m. If

m > A(G)- Bi(G),
then G is of class two.

Proof

Assume that G is of class one. Then x;(G) = A(G). Let a x;(G)-edge
coloring of G be given. Each edge color class of G has at most 3;(G)
edges. Therefore, m < A(G)-5:(G). O

Since 3;(G) < |1n] for every graph G of order 1, we have an immediate
consequence of the preceding result. An (1, m) graph G is called overfull if
m> A(G) - |in]. ’

Corollary 8.22
Every overfull graph is of class two.

It should be emphasized that Theorem 8.21 and its corollary provide
strictly sufficient conditions for a graph to be of class two. There exist
graphs with relatively few edges that are of class two. Of course, the
odd cycles are of class two, but, then, they are regular of odd order.
The Petersen graph is of class two. A cubic graph of class two whose
girth is at least 5 is called a snark. Thus the Petersen graph is a snark.
Isaacs [I1] has shown that there exist infinitely many snarks. For example,
the graph of Figure 8.7 is called the double-star snark.

Hilton [H14] and Chetwynd and Hilton [CH3] conjectured that a graph
G of order n with A(G) > 1n is of class two if and only if G contains an
everfull subgraph H with A(G) = A(H). Certainly if G contains an over-
full subgraph H with A(G) = A(H), then G is of class two. The converse
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Theorem 8.23

Let G be a connected graph of class two that is minimal with respect to edge
chromatic number. Then every vertex of G is adjacent to at least two vertices of
degree A(G). In particular, G contains at least three vertices of degree A(G).

Theorem 8.24

Let G be a connected graph of class two that is minimal with respect to edge
chromatic number. If u and v are adjacent vertices with degu =k, then v is
adjacent to at least A(G) — k + 1 vertices of degree A(G).

We next examine to which class a graph belongs if it is minimal with
respect to edge chromatic number.

Theorem 8.25

Let G be a connected graph with A(G) = d > 2. Then G is minimal with respect
to edge chromatic number if and only if either:

() Gisof class one and G = Ky 4 or
(i) G is of class two and G — e is of class one for every edge e of G.

Figure 8.7 The double-star snark. Proof
Assume first that G = K;4. Then x31(G) = A(G) > 2 while x;(G —¢) =
A(G) ~1 for every edge e of G. Next, suppose that G is of class two and

that G — e is of class one for every edge e of G. Then, for an arbitrary edge
e of G, we have

x1(G—e) =A(G—¢e) <1+ A(G) = x;(G).

Conversely, assume that x1(G — e) < x;(G) for every edge e of G. If G is
of class one, then

A AG) < AG-e)+1<x1(G—€) +1=x(G) = A(G).
Therefore, A(G — e) = A(G) — 1 for every edge e of G, which implies that

G - K‘l’d.
If G is of class two, then

x1(G—e)+1=x1(G) = A(G) +1

so that x;(G — ¢) = A(G) for every edgeé e of G. Suppose that G contains an
. edge ey such that G — ¢, is of class two. Then x1(G —¢;) = A(G —¢;) + 1.
- Hence, A(G —e;) < A(G), implying that G has at most two vertices of
degree A(G). This, however, contradicts Theorem 8.23 and completes
the proof. [J

has been established for several classes of graphs: For example, if G is
a complete. s-partite graph for some s, then G is of class two only if G
contains an overfull subgraph H with A(G) = A(H).

When discussing vertex colorings, we found it useful to consider
graphs that are critical with respect to chromatic number. Now that we
are investigating edge colorings, it proves valuable to consider certain
minimal graphs. ' ..

A graph G with at least two edges is minimal with respect to edge
chromatic number (or simply minimal if the parameter is clear from
context) if x;(G —e) = x;(G) — 1 for every edge e of G. Since isolated
vertices have no effect on edge colorings, it is natural to rule out isolated
vertices when considering such minimal graphs. Also, since the edge
chromatic number of a disconnected graph G having only nontrivial
components is the maximum of the edge chromatic' numbers of the
components of G, every minimal graph without isolated vertices is
connected. Therefore, the added hypothesis that a minimal graph G
is connected is equivalent to the assumption that G has no isolated ..
vertices.

Two of the most useful results dealing with these minimal graphs are
also results of Vizing [V4], which are presented without proof. -
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A graph G with at least two edges is called class minimal if G is of class
two and G ~ ¢ is of class one for every edge ¢ of G. It follows that a class
minimal graph without isolated vertices is necessarily connected. On the
basis of Theorem 8.25, we conclude that except for star graphs, class
minimal graphs are connected graphs that are minimal with respect to
edge chromatic number, and conversely.

A lower bound on the size of class minimal graphs is given next in yet
another result by Vizing [V4].

Theorem 8.26
If G is a class minimal graph of size m with A(G) = d, then
m > 33d” +6d - 1).

Proof

Without loss of generality, we assume that G is connected. Suppose that
8(G) = kand that deg u = k. By Theorem 8.23, the vertex u is adjacent to at
least two vertices of degree d. Let v be such a vertex. By Theorem 8.24, v is
adjacent to at least d — k + 1 vertices of degree d. Since the order of G is at
least d + 1, we arrive at the following lower bound on the sum of the
degrees of G:

2m 2 [dd—k+2) +k(k—1)] = [~ (d+ Dk + (@ +24).  (8.1)
However, expression (8.1) is minimized when k = {d +- 1) /2 so that

2 2
2m > (d;’-»l) -(d“;” +d+2d

or
m>l3P+6d-1). O

In the next section we shall be discussing various colorings of planar
graphs, primarily vertex colorings and region colorings. We briefly con-
sider edge colorings of planar graphs here. In this context, our chief
problem remains to determine which planar graphs are of class one and
which are of class two. It is easy to find planar graphs G of class one for
“which A(G) = d for each d > 2 since all star graphs are planar and of class
one. There exist planar graphs G of class two with A(G) =d ford = 2,3, 4,
5. For d = 2, the graph K; has the desired properties. For d = 3, 4, 5, the
graphs of Figure 8.8 satisfy the required conditions.

It is not known whether there exist planar graphs of class two having

maximum degree 6 or 7; however, Vizing [V4] proved that if G is planar : -
and A(G) 2 8, then G must be of class one. We prove the following,

somewhat weaker, result.
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Figure 8.8 Planar graphs of class two.

Theorem 8.27
If G is a planar graph with A(G) > 10, then G is of class one.

Proof

Suppose that the theorem is not true. Then among the graphs for which the
theorem is false, let G be a connected graph of minimum size. Thus, G is
planar, A(G) = d > 10,and x1(G) = d + 1. Furthermore, G is minimal with
respect to edge chromatic number. By Corollary 6.5, G contains vertices of
degree 5 or less. Let S denote the set of all such vertices. Define H = G — S.
Since H is planar, H contains a vertex w such that degy w < 5. Because
degs w > 5, the vertex w is adjacent to vertices of S. Let v € § such that
wv € E(G), and let degg v = k < 5. Then, by Theorem 8.24, w is adjacent
to at least d — k + 1 vertices of degree 4, but d ~ k-1 > 6 so that w is
adjacent to at least six vertices of degree d. Since d > 10, w is adjacent to
at least six vertices of H, contradicting the fact that degy w <5. O

Seymour [S2] conjectured that a planar graph is of class two if and only
if G contains an overfull subgraph H with A(G) = A(H). If true, this
conjecture would imply that every planar graph G with A(G) > 6 is of
class one.

More on edge colorings can be found in Fiorini and Wilson [FW1],
which is devoted to that subject.

There is a coloring that assigns colors to both the vertices and the edges
of a graph. A total coloring of a graph G is an assignment of colors to the
elements (vertices and edges) of G so that adjacent elements and incident
elements of G are colored differently. A k-fotal coloring is a total coloring
that uses k colors. The minimum k for which a graph G admits a k-total
coloring is called the total chromatic number of G and is denoted by x,(G).
Certainly, x»(G) = 1+ A(G). The total chromatic number was introduced
by Behzad [B1] who made the following conjecture.

Total Coloring Conjecture
For every graph G,
x2(G) €2+ A(G).
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Strong evidence for the truth of the Total Coloring Conjecture was pro-
vided by McDiarmid and Reed [MR1]. They showed that the probability
that a graph G of order n satisfies x2(G) < 2+ A(G) approaches 1 as n
approaches infinity. Our next result, and its proof, indicate the types of
known bounds on the total chromatic number. A slightly stronger version
of this result was obtained independently by Chetwynd and Haggkvist
[CH2] and McDiarmid and Reed [MR1].

Theorem 8.28 .
If G is a nonempty graph of order n and t is an integer for which t! > n, then

x2(G) € x1(G) +t+2.

Proof

Let A(G) = d. By Corollary 8.6, x(G) <d +1. Since d+1 < x; (G)+1,it
follows that G is (x;(G) 4 1)-colorable and (x1(G) + 1)-edge colorable. Let
a (x1(G) + 1)-coloring of G and a (x1(G) + 1)-edge coloring of G be given
using the same set of colors. We now consider permutations of the colors
assigned to the edges of G. Such a permutation is good if at each vertex v of
G, there are at most ¢ — 1 edges vu for which vu and ‘1 are colored the
same. We first show that there is a good permutation of colors assigned
to the edges of G (with the vertex colors remaining unchanged). For a
fixed vertex v and a set T of t incident edges, a permutation of the
colors assigned to the edges of G is called bad for T if every edge in T is
assigned the color of its incident vertex u # v. Clearly, there are at most
(x1(G) +1 — £)! such permutations. Since at each vertex v there are at
most (‘f) sets of t edges incident with v, the total number of permutations
of the colors assigned to the edges of G that are bad for some t-element set
T is at most E

n<f> (x1(G)+1-1)L
If n()((x1(G)+1~1)! is less than (x1(G)+1)!, the total number of

permutations of the colors assigned to the edges of G, then the desired
good permutation exists. Since n < #, it follows that

n(i)(d—t)!<d!.

Thus, since x1(G) + 1 > d, we conclude that .

() (@191 < (@) + 1
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and so there is a good permutation of the colors assigned.to the edges of
G. Now permute the edge colors according to this good permutation. Let
G’ be the subgraph of G induced by the edges of G that have the same
color as one of their incident vertices. Then A(G') < tand so, by Corollary
8.19, the edges of G' can be colored with f+ 1 new colors. This gives a
(x1(G) + t 4 2)-total coloring of G. [J

Since x;(G) < 1+ A(G), Theorem 8.28 has an immediate corollary.

Corollary 8.29

If G is a nonempty graph of order n and t is an integer satisfying t! >n, then
x2(G) < A(G) +t +3.

EXERCISES 8.2

8.23 Show that every nonempty regular graph of odd order is of class
two.

8.24 Let H be a nonempty regular graph of odd order, and let G be a
graph obtained from H by deleting 1 (A(H) — 1) or fewer edges.
Show that G is of class two.

8.25 Prove or disprove: If G, and G, are class one graphs and H is a graph
with G; € H C G, then H is of class one.

8.26 Show that the Petersen graph is of class two.
8.27 Prove that every hamiltonian cubic graph is of class one.

8.28 (a) Show that each gfaph in Figure 8.8 is of class two.
(b) Show that the two graphs of order 5 in-Figure 8.8 are class

minimal. :
8.29 Determine the class of each of the five regular polyhedra.
8.30 Determine the class of K, ,. '
8.31 Show thata cubic graph with a bridge has edge chromatic number 4.

8.32 Show that there are no connected class minimal graphs of order 4
or 6. '

8.33 Let G be a graph of class two. Prove that G contains a class minimal
subgraph H such that A(H) = A(G).

8.34 (a) Prove that x2(G) = 1+ A(G) for every graph G.
(b) Verify the Total Coloring Conjecture for graphs G with A(G) < 2.
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(¢) Determine x(G), x1(G) and x;(G) for the (5,7) graph G in
Figure 8.8. .

83 MAP COLORINGS AND FLOWS

It has been said that the mapmakers of many centuries past were aware of
the ‘fact’ that any map on the plane (or sphere) could be colored with four

or fewer colors so that no two adjacent countries were colored alike. Two -

countries are considered to be adjacent if they share a common boundary
line (not simply a single point). As was pointed out by May [M3],
however, there has been no indication in ancient atlases, books on cartog-
raphy, or books on the history of mapmaking that people were familiar
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them (and who is now professor of mathematics at the South African
University, Cape Town), showed me the fact that the greatest
necessary number of colours o be used in colouring a map so as to

_ avoid identity of colour in lineally contiguous districts is four. I

should not be justified, after this lapse of time, in frying to give his
proof. ...

With my brother’s permission I submitted the theorem to Professor
De Morgan, who expressed himself very pleased with it; accepted it
as new; and, as I am informed by those who subsequently attended
his classes, was in the habit of acknowledging whence he got his
information. _

If I remember rightly, the proof which my brother gave did not
seem altogether satisfactory to himself; but I must refer to him
those interested in the subject.

with this so-called fact. Indeed, it is probable that the Four Color Problem,
that is, the problem of determining whether the countries of any map on
the plane (or sphere) can be colored with four or fewer colors such that
adjacent countries are colored differently, originated and grew in the
minds of mathematicians.

What, then, is the origin of the Four Color Problem? The first written
reference to the problem appears to be in a letter, dated October 23, 1852,
by Augustus De Morgan, mathematics professor at University College,
London, to Sir William Rowan Hamilton (after whom ‘hamiltonian
graphs’ are named) of Trinity College, Dublin. The letter by De Morgan
reads in part: :

~ On the basis of this note, we seem to be justified in proclaiming that the
Four Color Problem was the creation of one Francis Guthrie.
* Returning to the letter of De Morgan to Hamilton, we note the very

prompt reply of disinterest by Hamilton to De Morgan on October 26,
1852

‘1 am not likely to attempt your ‘quaternion of colours’ very soon.

Before proceeding further with this brief historical encounter with the
Four Color Problem, we pause in order to give a more precise mathema-
tical statement of the problem. '

A plane graph G is said to be n-region colorable if the regions of G can be
colored with n or fewer colors so that adjacent regions are colored differ-

ently. The Four Color Problem is thus the problem of settling the following
conjecture. ‘

A student of mine asked me today to give him a reason for a fact
which I did not know was a fact — and do not yet. He says that if
a figure be anyhow divided and the compartments differently
coloured so that figures with any portion of common boundary
line are differently coloured — four colours may be wanted, but no
more. . .. Query cannot a necessity for five or more be invented. ...
But it is tricky work... what do you say? And has it, if true, been
noticed? My pupil says he guessed it in colouring a map of England.
The more [ think of it, the more evident it seems. If you retort with
some very simple case which makes me out a stupid animal, I think I
must do as the Sphynx did....

The Four Color Conjecture
Every map (plane graph) is 4-region colorable.

In dealing with the Four Color Conjecture, one need not consider al]
plane graphs, as we shall now see. )
The region chromatic number x*(G) of a plane graph G is the minimum n
for which G is n-region colorable. Since x*(G) is the maximum regibii
chromatic number among its blocks, the Four Color Problem,can"b',e
restated as determining whether every plane nonseparable graph is 4-
region colorable. bj
In graph theory the Four Color Problem is more often stated in terms of
coloring the vertices of a graph; that is, coloring the graph. In this form,
the Four Color Conjecture is stated as follows.

The student referred to by De Morgan was Frederick Guthrie. By 1880
the problem had become quite well-known. During that year, Frederick
Guthrie published a note in which he stated that the originator of the
question asked of De Morgan was his brother, Francis Guthrie. We
quote from Frederick Guthrie’s note [G9]:

Some thirty years ago, when I was attending Professor De Morgan’é N
class, my brother, Francis Guthrie, who had recently ceased to attend
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The Four Color Conjecture Proof

Every planar graph is 4-colorable. Without loss of generality, we may assume that the graphs under consid-
eration are connected.

Suppose that every planar graph is 4-colorable. Let G be an arbitrary
connected plane graph and consider G, the underlying graph of its
dual G4. Two regions of G are adjacent if and only if the corresponding
vertices of Gy are adjacent. Since G, is planar, it follows, by hypothesis,
that G, is 4-colorable; thus, G is 4-region colorable.

For the converse, assume that every plane graph is 4-region colorable,
and let G be an arbitrary connected plane graph. As we have noted, the
dual G, of G can be embedded in the plane so that each region of G, con-
tains exactly one vertex of G. If G, is not a graph, then it can be converted
into a graph G’ by inserting two vertices into each loop of G; and by
placing a vertex in all but one edge in each set of parallel edges joining:
the same two vertices. Two vertices of G are adjacent if and only if the
corresponding regions of G’ are adjacent. Since G' is 4-region colorable,
G is 4-colorable. []

It is in terms of this second statement that the Four Color Problem will
be primarily considered. We now verify that these two formulations of the
Four Color Conjecture are indeed equivalent. Before doing this, however,
we require the concept of the dual of a plane graph

Recall that a pseudograph G is a multigraph in which loops are per-
mitted. For a given connected plane graph G we construct a pseudograph
G, as follows. A vertex is placed in each region of G, and these vertices
constitute the vertex set of G,. Two distinct vertices of G, are then joined
by an edge for each edge common to the boundaries of the two corre-
sponding regions of G. In addition, a loop is added at a vertex v of G,
for each bridge of G that belongs to the boundary of the corresponding
region. Each edge of G, is drawn so that it crosses its associated edge of
G but no other edge of G or G; (which is always possible); hence, G, is
planar. The pseudograph G, is referred to as the dual of G. In addition to
being planar, G, has the property that it has the same size as G and can be
drawn so that each region of G; contains a smgle vertex of G; indeed,
(G4)s = G. If each set of parallel edges of G, joining the same two vertices
is replaced by a single edge and all loops are deleted, the result is a graph,
referred to as the underlying graph G, of G. These concepts are illustrated in
Figure 8.9, with the vertices of G, represented by solid circles.

With these concepts at hand, we now return to our historical account
of the Four Color Problem. We indicated that this problem was
evidently invented in 1852 by Francis Guthrie. The growing awareness
of the problem was quite probably aided by De Morgan, who often spoke
of it to other mathematicians. The first known published reference to the
Four Color Problem is attributed to De Morgan in an anonymous-article
in the April 14, 1860 issue of the journal Athenaeum. By the 1860s
the problem was becoming rather widely known. The Four Color
Problem received addeéed attention when on June 13, 1878, Arthur
Cayley asked, during a meeting of the London Mathematical Society,
whether the problem had been solved. Soon afterwards, Cayley [C3]
published a paper in which he presented his views on why the problem
appeared ‘to be so difficult. From his discussion, one might very well infer
the existence of planar graphs with an arbltranly Iarge chromatic
number.

One of the most important events related to the Four Color Problem
occurred on July 17, 1879, when the magazine Nature carried an
announcement that the Four Color Conjecture had been verified by
Alfred Bray Kempe. His proof of the conjecture appeared in a paper
[K2] published in 1879 and was also described in a paper [K3] published
in .1880. For approximately ten years, the Four Color Conjécture was
considered to be settled. Then in 1890, Percy John Heawood [H9]
discovered an error in Kempe’s proof. However, using Kempe’s tech-
nique, Heawood was able to prove that every planar graph is 5-
colorable. This result was referred to, quite naturally, as the Five Color
Theorem.

Figure 8.9 The dual (and its underlying graph) of a plane graph.

Theorem 8.30

Every planar graph is 4-colorable if and only if every plane graph is 4-regzon
colorable.
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Theorem 8.31
Every planar graph is 5-colorable.

Proof

The proof is by induction on the order n of the graph. For n < 5, the result
is obvious.

Assume that all planar graphs with n — 1 vertices, n > 5, are 5-color-
able, and let G be a plane graph of order n. By Corollary 6.5, G contains
a vertex v of degree 5 or less. By deleting v from G, we obtain the plane
graph G — v. Since G — v has order # — 1, it is 5-colorable by the inductive
hypothesis. Let there be given a 5-coloring of G — v, denoting the colors by
1,2, 3, 4 and 5. If some color is not used in coloring the vertices adjacent
with o, then v may be assigned that color, producing a 5-coloring of G
itself. Otherwise, degv =5 and all five colors are used for the vertices
adjacent with v. :

Without loss of generality, we assume that v;,v,,73,74, 5 are the five
vertices adjacent with and arranged cyclically about v and that v; is
assigned the color i, 1 € i < 5. Now consider any two colors assigned to
nonconsecutive vertices v;, say 1 and 3, and let H be the subgraph of G — v
induced by all those vertices colored 1 or 3. If v; and v; belong to different
components of H, then by interchanging the colors assigned to vertices in
the component of H containing vy, for example, a 5-coloring of G — v is
produced in which no vertex adjacent with v is assigned the color 1. Thus
if we color v with 1, a 5-coloring of G results.

Suppose then that v; and v; belong to the same component of H.
Consequently, there exists a v;-v; path P, all of whose vertices are colored
1 or 3. The path P, together with the path v;,.v, v, produces a cycle Cin G
that encloses v,, or v; and vs. Hence there exists no v,~v,4 path in G, all of
whose vertices are colored 2 or 4. Denote by F the subgraph of G induced
by all those vertices colored 2 or 4. Interchanging the colors of the vertices
in the component of F containihg v, we arrive at a 5-coloring of G — v in
which no vertex adjacent with v is assigned the color 2. If we color v with
2, a 5-coloring of G results. [

In the 86 years that followed the appearance of Heawood’s paper,

- numerous attempts were made to unlock the mystery of the Four Color

Problem. Then on June 21, 1976, Kenneth Appel and Wolfgang Haken

announced that they, with the aid of John Koch, had verified the Four
Color Conjecture.

Appel and Haken'’s proof [AHKI1] was logically quite simple; in fact,

many of the essential ideas were the same as those used (unsuccessfully)

by Kempe and, then, by Heawood. However, their proof was combinato-

rially complicated by the extremely large number of necessary case
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distinctions, and nearly 1200 hours of computer time were required to
perform extensive computations. A simpler, and more easily checked,
proof of the Four Color Theorem was obtained much later by Robertson,
Sanders, Seymour and Thomas [RSST1]. Even their proof, however,
required extensive computer calculations.

Theorem 8.32
Every planar graph is 4-colorable.

Although the Four Color Theorem has been established, other
approaches have been suggested that might eliminate the heavy depen-
dence on the computer. Here, the idea is to solve an equivalent problem.
In section 8.1, for example, we saw the conjecture of Hadwiger that K, is a
subcontraction of every k-chromatic graph. For k = 5, this conjecture is
equivalent to the Four Color Theorem. We sketch the proof below. The
details can be found in Wagner [W2].

Theorem 8.33

Every planar graph is 4-colorable if and only if K5 is a subcontraction of every 5-
chromatic graph.

Proof

Suppose that K is a subcontraction of every 5-chromatic graph. Let G
be a planar graph. Then, by Theorem 6.16, neither Ks nor K35 is a sub-
contraction of G. It follows that x(G) < 4.

For the converse, assume that every planar graph is 4-colorable, but that
there are 5-chromatic graphs for which K; is not a subcontraction. Let G
be a counterexample of minimum order. It is straightforward to show that
G is 4-connected. But then G is a 4-connected graph for which K; is not a
subcontraction, implying that G is planar (Wagner [W2]). Since x(G) =5,
this produces a contradiction to the Four Color Theorem. []

Another approach, due to Tait [T1], involves coloring the edges of
bridgeless cubic planar graphs. In establishing this result it is convenient
to make use of the group Z; X Z,, denoting its elements by (0,0), (0, 1),

(1,0) and (1,1).
Theorem 8.34

Every planar graph is 4-colorable if and only if every bridgeless cubic planar graph
is 3-edge colorable. ’
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Proof

By Theorem 8.30, it suffices to show that every plane graph is 4-region
colorable if and only if every bridgeless cubic planar graph is 3-edge
colorable. -

Assume that every plane graph is 4-region colorable and let G be a
bridgeless cubic plane graph. Let the regions of G be colored with the

elements of Z, x Z,. Since G contains no bridges, each edge of G belongs - :

to the boundary of two (adjacent) regions. Define the color of an edge to be
the sum of the colors of those two regions bounded, in part, by the edge.

Since every element of Z, x Z, is self-inverse, no edge of G is assigned the

color (0,0). However, since Z, x Z, is a group, it follows that the three
edges incident with a vertex are assigned the colors (0,1), (1,0) and
(1,1). Hence G is 3-edge colorable.

Conversely, assume that every bridgeless cubic planar graph is 3-edge '

colorable. We show that every plane graph is 4-region colorable.
Certainly, every plane graph is 4-region colorable if and only if every
bridgeless plane graph is 4-region colorable. Furthermore, suppose that
every cubic bridgeless plane graph is 4-region colorable. Let H be a
bridgeless plane graph. We now construct a cubic plane block H' from
H as follows. If H contains a vertex v of degree 2 that is incident with
edges ¢ and f, we subdivide e-and. f by introducing vertices v; and v,
into e and f, respectively, remove v, and then identify v, and v, respec-
tively, with the vertices of degree 2 in a copy of the graph K; ; , (Figure
8.10(a)). If H contains a vertex u of degree t = 4, incident with the con-
secutive edges ej,e;,...,6, then we subdivide each ¢; by inserting a
vertex u; in each ¢;, i = 1,2, ...,t, removing the vertex u, and identifying
each u; with the corresponding vertex of the t-cycle uy,uy,...,u:, Uy
(Figure 8.10(b)). By hypothesis, x*(H') < 4, for the resulting cubic plane
block H'; hence there exists a k-region coloring, k < 4, of H'. However, by
identifying all vertices of the graph K ; ; for each vertex of degree 2 and
by identifying the vertices of the t-cycle for each vertex of degree t 2 4, the
graph H is reproduced and a k-region coloring of H is induced. Hence H is
4-region colorable.

Thus the proof will be complete once we have shown that if every
bridgeless cubic planar graph is 3-edge colorable, then every bridgeless
cubic plane graph is 4-region colorable.

Let G be a bridgeless cubic plane graph. Then G is 3-edge colorable. Let~
the edges of G be colored with the nonzero elements of Z, X Z,. Let R be

some region of ‘G and assign the color (0,0) to it. Let S be some other
region of G. We now assign a color (an element of Z, x Z,) according
to the following rule. Let A be a continuous curve joining a point of
region R with a point of region S such that A passes through no vertex
of G. We now define the color of 5 to be the sum of the colors of those
edges crossed by A, where the color of an edge e is counted as many times
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Figure 8.10 Constructing a cubic graph H' from a graph H.

as e is crossed. In order to show that the color of S is well-defined, we
verify that the color assigned to S is independent of the curve A;
however, this will be accomplished once it has been shown that if C is
any simple closed curve not passing through vertices of G, then the
sum of the colors of the edges crossed by C is (0,0). Let C be such a
curve. If no vertex of G lies interior to C, then each edge crossed by C
is crossed an even number of times; and since each element of Z, x Z,
is self-inverse, it follows that the sum of the colors of the edges crossed
by Cis (0,0). If C encloses vertices, then, without loss of generality, we
may assume that any edge crossed by C is crossed exactly once. We
proceed as follows. Let ¢;,e,,...,¢ be those edges crossed by or lying
interior to C, and suppose that the first r of these edges are crossed by
C. Observe that the sum of the colors of the three edges incident with any
vertex is (0, 0); hence, if we were to total these sums for all vertices lying

interior to C we, of course, arrive at (0,0) also. However, this sum also
equals

cler) +eleg) +-- - +e(er) +2[c(ers1) + cler2) + -+ +cles)]s

where c(¢;) - indicates the color of the edge e¢;. Therefore, c(e;)+
c(ey) + -+ - + c(e,) = (0,0), that is, the sum of the color of the edges crossed
by C is (0,0). .

It now remains to show that this procedure yields a 4-region coloring
of G. However, if Ry and R; are two adjacent regions, sharing the edge ¢
in their boundaries, then. the colors assigned to R; and R, differ by
c(e) # (0,0). This completes the proof. [J
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It follows from Theorems 832 and 8.34 that every bridgeless cubic
planar graph is 3-edge colorable.

Corollary 8.35
Every bridgeless cubic planar graph is 3-edge colorable.

Several conjectured extensions of the Four Color Theorem remain open.
For example, Hadwiger's Conjecture, equivalent to the Four Color
Theorem for k = 5, is unsettled for k > 7. In another direction, Corollary
8.35 states that every bridgeless cubic planar graph is 3-edge colorable.
The condition that the cubic graph is bridgeless is certainly necessary
here since no cubic graph with a bridge is 3-edge colorable (Exercise
8.31). Furthermore, since the Petersen graph is bridgeless and has edge-
chromatic number 4, we cannot drop the requirement of planarity in
Corollary 8.35. Tutte [T15], however, made the following conjecture.

Tutte’s First Conjecture

If G is a bridgeless cubic graph with x1(G) =4, then the Petersen graph is a
subcontraction of G.

Since the Petersen graph is a subcontraction of no planar graph, Tutte’s
First Conjecture, if true, together with Theorem 8.34, implies the Four
Color Theorem.

Tutte’s First Conjecture about the edge-chromatic number of bridgeless
cubic graphs is a special case of yet another conjecture of Tutte concerning
nowhere-zero flows. ‘

Let D be an oriented graph and let k > 2 be an integer. A nowhere-zero
k-flow in D is a function ¢ defined on E(D) so that

@) ofe) € {£1,%2,...,£(k — 1)} for each arc e of D, and
(ii) for each vertex v of D, .

S gewy= > ¢uo)

(o) €E(D) (u) €E(D)

If an orientation D of a graph G has a nowhere-zero k-flow ¢ and D/
is the orientation of G obtained by replacing some arc (u,v) with the
arc (v,u), then D’ has the nowhere-zero k-flow ¢py defined by

ple),. if e # (u,0)
oo (e) = { —qS(e),‘ if e = (u,v).

Thus if some orientation of G has a nowhere-zero k-flow, then so does
every orientation of G. Consequently, when we say that a graph G has a

nowhere-zero k-flow, then we mean, in fact, that every orientation of G~

has a nowhere-zero k-flow.
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Figure 8.11 Flow construction.

Nowhere-zero flows in planar graphs are of particular interest because
of their relationship to region colorings. Let G be a bridgeless plane graph,
with the edges of G oriented arbitrarily, and let ¢ be a k-region coloring
of G. Thus for each region R of G, the region R is colored ¢(R), where
c(R) €{1,2,...,k}. For each oriented edge e = (1,v) of G, define ¢(e) to
be ¢(R;) — ¢(Ry), where R; is the region to the right of e = (u,7) as we
travel along e from u to v and R; is the region to the left of e. An example
of this construction is given in Figure 8.11.

It is straightforward to verify that the integer-valued function ¢ defined
above on the bridgeless plane graph G is a nowheté-zero k-flow. Thus if a
bridgeless plane graph G is k-region colorable, then G has a nowhere-zero
k-flow. Conversely, Tutte [T12] showed that if a bridgeless plane graph G
has a nowhere-zero k-flow, then G is k-region colorable. Consequently,
another equivalent form of the Four Color Theorem ‘can be given.

. Theorem 8.36

Every planar graph is 4-colorable if and only if every bridgeless planar graph has a
nowhere-zero 4-flow.

Applying Theorems 8.32 and 8.36, we obtain Corollary 8.37, the ‘“flow
analogue’ of Corollary 8.35.
Corollary 8.37
Every bridgeless planar graph has a nowhere-zero 4-flow.

As with Corollary 8.35, the condition ‘bridgeless’ is necessary in

Corollary 8.37 since no graph with a bridge has a nowhere-zero k-flow
for any k>2 (Exercise 8.37). Perhaps not surprisingly, the Petersen
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graph has no nowhere-zero 4-flow and so the planarity condition in

For cubic graphs, the two Tutte conjecfures are equivalent. Tutte also
Corollary 8.37 cannot be deleted.

conjectured that every bridgeless graph has a nowhere-zero 5-flow.
Although this conjecture was made in 1954, it was not even known
until 1975 whether 5 could be replaced by some larger number k. Jaeger
{121 showed that every bridgeless graph has a nowhere-zero 8-flow; this
was improved by Seymour [S4] who showed that every bridgeless graph
has a nowhere-zero 6-flow. Tutte’s 5-flow conjecture remains open.
More information on the history of the Four Color Problem can be
found in Biggs, Lloyd and Wilson [BLW1] and in Jensen and Toft [JT1].
 Additional material on flows and their relationship to graph colorings can
~ be found in Seymour [S5, S6].

The Four Color Theorem deals with the maximum chromatic number
' among all graphs that can be embedded in the plane. The chromatic number
of a surface (where, as always, a surface is a compact orientable 2-manifold)
Sy of genus k, denoted x(Sx), is the maximum chromatic number among
all graphs that can be embedded on S;. The surface S is the sphere and
the Four Color Theorem states that x(5;) = 4. Heawood [H9] showed that
x(51) = 7; that is, the chromatic number of the torus is 7. Moreover,
Heawood was under the impression that he had proved

(s = [

Theorem 8.38

The Petersen graph has no nowhere-zero 4-flow.

Proof

Suppose, to the contrary, that the Petersen graph P has a nowhere-zero 4-
flow ¢ corresponding to some orientation P of P. If ¢(u,v) < 0 for some
arc (u,v), then we can reverse the direction of the arc(u,v) to produce
(v,u) and assign the value ¢(v,u) =—¢(u,v), obtaining another
nowhere-zero 4-flow in P'. By repeating this procedure, we obtain a
nowhere-zero 4-flow ¢ in P’ with 0 < ¢(e) < 4 for every arc e of P.
Since P is cubic, it follows that for each vertex v of P the three arcs incident
with v have flow values 1,1,20r 1, 2,3. .

Now, those arcs e with ¢(e) = 2 produce a 1-regular spanning subgraph
of P. Thus, the corresponding edges can be assigned a single color in an
edge coloring of P. Therefore, those arcs e for which ¢(e) =1 or ¢(e) =
produces a 2-regular spanning subgraph H of P.

A vertex v of H is said to be of type I if there is an arc e of P’ with ¢(e) = 1
that is incident to v; while v is of type I if there is an arc e of P with ¢(e) =1
that is incident from v. Consequently, every vertex of H is of type I or of
type I, but not both. Moreover, in any cycle of H the vertices alternate
between type I and type II. Thus every component.of H is an even
cycle. It follows that H is 2-edge colorable, so P is 3-edge colorable,
which produces a contradiction. [

for all k > 0. However, Heffter [H10] pointed out that Heawood had only
established the upper bound:

x(Sk) <

The statement that x(Sx) = (7 + V1 +48k/2)] for all k> 0 eventually
became known as the Heawood Map Coloring Conjecture. In 1968, Ringel
and Youngs [RY1] completed a remarkable proof of the conjecture,
which has involved a number of people over a period of many decades.
This result is now known as the Heawood Map Coloring Theorem. The proof
we present assumes inequality (8.2).

[——_7 + WJ . (82)

The technique used in the proof of Theorem 8.38 can be used to show
that if a bridgeless cubic graph G has a nowhere-zero 4-flow, then G is 3-
edge colorable. In fact, the converse is also true.

Theorem 8.39 Theorem 8.40 -

Let G be a bridgeless cubic graph. Then G has a nowhere-zero 4-flow if and only if

For every positive integer k,
G is 3-edge colorable. i 8

(5 = [7+\/1 +48kJ
k) = | |.
In view of Corollary 8.37 and Theorem 8.38, Tutte [T15] proposed a 2

second conjecture.
Proof

Tutte’s Second Conjecture Because of inequality (8.2), it remains only to verify that

x(S) > [Z%@J

If G is a bridgeless graph with no nowhere-zero 4-flow, then the Petersen graph
is a subcontraction of G.
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for all k > 0. Define

2

so that #n<(7++v1+48k/2). From this, it follows that k=
{(n —3)(n —4)/12. Therefore, :

Glezdey

Since the right-hand expression of (8.3) equals the genus of K, (by
Theorem 7.10), gen(K,,) < k so that

X(Sgen(K,,)) < x(5¢)-

Clearly K, is embeddable on Sgek,); consequently, X(Sgenix,)) =1,
implying that x(S;) 2 n. [

o [7+\/1+48kJ

As a consequence of the Four Color Theorem, Theorem 8.40 also holds
for k = 0. A thorough discussion of the Heawood Map Coloring Problem
can be found in Ringel [R8] and White [W4].

EXERCISES 8.3
8.35 Use a proof similar to that of Theorem 8.31 to show thata(G) < 3 for
every planar graph G.

8.36 Show that if a bridgeless plane graph is k-region colorable, then G
has a nowhere-zero k-flow.

8.37 Show that if G has a nowhere-zero k-flow, k > 2, then G is bridgeless.

8.38 Give an example of a graph G for which gen(G) =2 and x(G) =
x(S2). Verify that your example has these properties.

8.39 Use the result given in Corollary 8.9 to establish an upper bound for
the chromatic numbers of graphs embeddable on the torus. Discuss
the sharpness of your bound.

CHAPTER 9

Matchings, factors and
decompositions

We now consider special subgraphs that a graph may contain or into
which a graph may be decomposed. In particular, we emphasize iso-
morphic decompositions. This leads us to a consideration of graph
labelings. :

9.1 MATCHINGS AND INDEPENDENCE IN GRAPHS

Recall that two edges in a graph G are independent if they are not adjacent
in G. A set of pairwise independent edges of G is called a matching in G,
while a matching of maximum cardinality is a maximum matching in G.
Thus the number of edges in a maximum matching of G is the edge
independence number 3;(G) of G. In the graph G of Figure 9.1, the set
M; = {e1,e,} is a matching that is not a maximum matching, while
M; = {ey,e3, 65} and M; = {ey,€3,6¢} are maximum matchings in G.

If M is a matching in a graph G with the property that every vertex of G
is incident with an edge of M, then M is a perfect matching in G. Clearly, if G
has a perfect matching M, then G has even order and (M) is a 1-regular
spanning subgraph of G. Thus, the graph G of Figure 9.1 cannot have a
perfect matching.

If M is a specified matching in a graph G, then every vertex of G is
incident with at most one edge of M. A vertex that is incident with no
edges of M is called an M-vertex. The following theorem will prove to
be useful.

Theorem 9.1

Let My and M, be matchings in a graph G. Then each component of the spanning
subgraph H of G with E(H) = (M; — M,) U (M, — M;) is one of the following
types:

() an isolated vertex,

(ii) an even cycle whose edges are alternately in M; and in M,,
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(it1) a nontrivial path whose edges are alternately in My and in M and such that
each end-vertex of the path is either an My-vertex or an Mp-vertex but not
both.

Proof

First we note that A(H) <2, for if H contains a vertex v such that
degy v = 3, then v is incident with at least two edges in the same 'match—
ing. Since A(H) < 2, every component of His a path (possibly trivial) ora
cycle. Since no two edges in a matching are adjacent, the edges o.f eac.h
cycle and path in H are alternately in My and in M,. Thus each cyclein His
even.

Suppose that e = uv is an edge of H and u is the end-vertex of a path P
that is a component of H. The proof will be complete once we have showp
that u is an Mj-vertex or an M,-vertex but not both. Since ¢ € E(H), it
follows that e M; — M, oree M, —M;. If e € M; — M,, then u is not
an M;-vertex. We show that u is an Mp-vertex. If this is not the case,
then there is an edge f in M, (thus f # €) such that f is incident to u.
Since ¢ and f are adjacent, f ¢ M;. Thus, f € My — M; CE(H). TMS,
however, is impossible since u is the end-vertex _(E P. Therefore, u is an
M,-vertex; similarly, if e € M, — M, then u is an M-vertex. O

€s

e, e e e
1 2 3 4
G: O O O O

Figure 9.1 Matchings and maximum matchings.

In order to present a characterization of maximum matchings, we intfo-
duce two new terms. Let M be a matching in a graph G. An M-alternating
path of G is a path whose edges are alternately in M and not in M. An M-
augmenting path is an M-alternating path both of whose end-vertices are
M-vertices. The following characterization of maximum matchings is due
to Berge [B5].

Theorem 9.2

A matching M in a graph G is a maximum matching if and only if there exists no
M-augmenting path in G.

Proof

Assume that M is a maximum matching in G and that there exists an M-
augmenting path P of G. Necessarily, P has odd length, Let M’ denote the
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edges of P belonging to M, and let M" = E(P) — M'. Since |M"| = |M'| +1,
the set (M — M') UM" is a matching having cardinality exceeding that of
M, producing a contradiction.

Conversely, let M; be a matching in a graph G, and suppose that there
exists no M;-augmenting path in G. We verify that M; is a maximum
matching. Let M, be a maximum matching in G. By the first part of the
proof, there exists no M,-augmenting path in G. Let H be the spanning
subgraph of G with E(H) = (M; — M;) U (M, — M;). Suppose that H; is a
component of H that is neither an isolated vertex nor an even cycle. Then
it follows from Theorem 9.1 that H; is a path of even length whose edges
are alternately in M; and in M,, for otherwise, there would exist a path in
G that is either M;-augmenting or M,-augmenting, which is impossible. It
now follows by Theorem 9.1 that |My — M,| = |M, — M;|, which, in turn,
implies that [M;| = [M,|. Hence, M, is a - maximum matching. []

According to Theorem 9.2, if a matching M is given, it is possible to
decide whether M is a maximum matching by determining whether G
has an M-augmenting path. ~

In applications, maximum matchings in bipartite graphs have proved
to be most useful. The next result, namely Theorem 9.3, attributed to
Konig [K9] and Hall [H5], is of interest in its own right.

In a graph G, a nonempty subset U of V(G) is said to be matched to a
subset U, of V(G) disjoint from Uy if there exists a matching M in G such
that each edge of M is incident with a vertex of U; and a vertex of LI, and
every vertex of U is incident with an edge of M, as is every vertex of U,. If
M C M”, where M* is also a matching in G, we also say that U is matched
under M* to U,.

Let U be a nonempty set of vertices of a graph G and let its neighborhood
N(U) denote the set of all vertices of G adjacent with at least one element
of U. Then the set U is said to be nondeficient if [IN(S)| = |5| for every non-
empty subset S of U. . ,

Theorem 9.3

Let G be a bipartite graph with partite sets Vy and V. The set V; can be matched
to a subset of V; if and only if V1 is nondeficient.

Proof

Suppose that V; can be matched to a subset of V, under a matching M*.
Then every nonempty subset S of V; can be matched under M* to some
subset of V,, implying that [N(S)| = |S|; so V7 is nondeficient.

To verify the converse, let G be a bipartite graph for which V; is non-
deficient and suppose that V; cannot be matched to a subset of V,. Let M
be a maximum matching in G. By assumption, there is a vertex v in V; that
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is an M-vertex. Let S be the set of all vertices of G that are connected to v
by an M-alternating path. Since M is a maximum matching, an application
of Theorem 9.2 yields v as the only M-vertex in S.

Let Wy = SNV, and let W, = SN V,. Using the definition of the set §,
together with the fact that no vertex of §—{v} is an M-vertex, we
conclude that W; —{v} is matched under M to W,. Therefore,
| Wy = |W;| =1 and W, € N(W;). Furthermore, for every w € N(Wy),
the graph G contains an M-alternating v-w path so that N(W;) € W,.
Thus, N(W;) = W, and

IN(W)[ = [Wy| = [Wi| = 1 < [Wq].

This, however, contradicts the fact that V7 is nondeficient. [

Matchings, factors and decompositions

We are now in a position to present a well-known theorem due to Hall
[H5]. A collection 5;,5,,...,Sk k= 1, of finite nonempty sets is said to
have a system of distinct representatives or a transversal if there exists a set
{s1,83,.-.,8¢} of distinct elements such that 5; € S; for 1 €i< k. (For-a
thorough treatment of transversals, see Mirsky [M8].)

Theorem 9.4

A collection Sy, S5, .. ., S, k > 1, of finite nonempty sets has a system of distinct
representatives if and only if the union of any j of these sets contains at least j
elements, for each j such that 1 <j < k.

Proof

From the collection 51, 5,, ..., S, k= 1, of finite, nonempty sets we con-
struct a bipartite graph G with partite sets V4 and V; in the following
manner. Let V; be the set {v1,7;,...,v} of distinct vertices, where v;
corresponds to the set §;, and let V, be a set of vertices disjoint from V;
such that |V,] = IUf=1 Si|, where there is a one-to-one correspondence

between the elements of V, and those of U{;l S;. The construction of G
is completed by joining a vertex v of V; with a vertex w of V, if and

only if v corresponds to a set S; and w corresponds to an element of 5;.

From the manner in which G is defined, it follows that V; is nondeficient if
and only if the union of any j of the sets S; contains at least j elements.
Now obviously, the sets S; have a system of distinct representatives if and
only if V; can be matched to a subset of V,. Theorem 9.3 now produces the

desired result. ' ]

The preceding discussion is directly related to a well-known combina-
torial problem called the Marriage Problem: Given a set of boys and a set of
girls where each girl knows some of the boys, under what conditions can
all girls get married, each to a boy she knows? In this context, Theorem 9.4
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may be reformulated to produce what is often referred to as Hall’s
Marriage Theorem: If there are k girls, then the Marriage Problem has a
solution if and only if every subset of j girls (1 <j<k) collectively
know at least j boys.

We have already noted that if M is a perfect matching in a graph G, then
(M) is a 1-regular spanning subgraph of G. Any spanning subgraph of a
graph G is referred to as a factor of G. A k-regular factor is called a k-factor.
Thus F is a 1-factor of a giaph G if and only if E(F) is a perfect matching in
G. The determination of whether a given graph contains a 1-factor is a
problem that has received much attention in the literature. Of course, if
a graph G has a 1-factor, then G has even order. A characterization of
graphs that contain 1-factors has been obtained by Tutte [T13]. The
following proof of Tutte's theorem is due to Anderson [All. An odd
component of a graph is a component of odd order.

Matchings and independence in graphs

Theorem 9.5

A nontrivial graph G has a 1-factor if and only if for every proper subset S of
V(G), the number of odd components of G — S does not exceed |S|.

Proof

Let F be a 1-factor of G. Assume, to the contrary, that there exists a proper
subset W of V(G) such that the number of odd components of G — W
exceeds {W|. For each odd component H of G — W, there is necessarily
an edge of F joining a vertex of H with a vertex of W. This implies,
however, that at least one vertex of W is incident with at least two
edges of F, which is impossible. This establishes the necessity.

Next we consider the sufficiency. For a subset S of V(G), denote the
number of odd components of G — S by k(G — S). Hence, the hypothesis
of G may now be restated as k(G — S) < |S| for every proper subset S of
V(G). In particular, k(G — &) < || = 0, implying that G has only even
components and therefore has even order n. Furthermore, we note that for
each proper subset S of V(G), the numbers k(G — S) and |S] are of the
same parity, since 7 is even.

We proceed by induction on even positive integers n. If G is a graph of
order n = 2 such that ko(G — S) < |S] for every proper subset S of V(G),
then G = K, and G has a 1-factor.

Assume for all graphs H of even order less than n (where 7 > 4 is an
even integer) that if ko (H — W) < |W]| for every proper subset W of V{H),
then H has a 1-factor. Let G be a graph of order n and assume that
k(G — S) < || for each proper subset S of V(G). We consider two cases.

Case 1. Suppose that ko(G —S) <|S| for all subsets S of V(G) with
2 < |5| < n. Since ky(G — S) and. |S| are of the same parity, ko(G — S) <
|S| — 2 for all subsets S of V(G) with 2 < |S| < n. Let e = uv be an edge
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of G and consider G — u — v. Let T be a proper subset of V(G —u —v). It
follows that ky(G — 4 — v —T) < |T|, for suppose, to the contrary, that
k(G —u—~v —T) > |T|. Then

ko(G—tu—~v—T)>|T|=|TU{u,v} -2,

so that k(G — (T U {u,v})) > |T U {u,v}|, contradicting our supposition.
Thus, by the inductive hypothesis, G —u —v has a 1-factor and, hence,
so does G.

Case 2. Suppose that there exists a subset R of V(G) such that ko(G — R) = [R|,
where 2 < |R| < n. Among all such sets R, let S be one of maximum
cardinality, where ko(G — S) = |S| = k. Further, let Gy, G, ..., Gy denote
the odd components of G —S. These are the only components of
G- S, for if Gy were an even component of G—§ and uy € V(Gy),
then k(G — (SU{uo})) = k+1=|SU {uo}|, implying necessarily that
ko(G — (SU {ue})) = |S U {up}|, which contradicts the maximum property
of 5.

Fori=1,2,...,k let S; denote the set of those vertices of S adjacent to
one or more vertices of G;. Each set S; is nonempty; otherwise some G;
would be an odd component of G. The union of any j of the sets
$1,5,,...,5; contains at least j vertices for each j with 1 < j < k; for other-
wise, there exists j (1 < j < k) such that the union T of some j sets contains
less than j vertices. This would imply, however, that k(G —T) > [T],
which is impossible. Thus, we may employ Theorem 9.4 to produce a
system of distinct representatives for Sq,S;,...,5. This implies that S
contains vertices vy,7;,...,7, and each G; contains a vertex u;
(1 €i<k)such thatuw; € E(G) fori=1,2,...,k

Let W be a proper subset of V(G;~u;), 1<i<k We show that
ko(G; — u; — W) < |W|, for suppose that ko(G; —u; — W) > |W|. Since
G; — u; has even order, ky(G; — u; — W) and |W] are of the same parity
and so ky(G; — u; — W) = |W| + 2. Thus,

k(G — (SUW U {]) = ko(Gi — ui — W) + k(G — S) — 1
> S|+ W] +1
= [SUWU {u;}.

This, however, contradicts the maximum property of S. Therefore,

ko(G; — u; — W) < |W)| as claimed, implying by the inductive hypothesis

that, for i = 1,2,...,k, the subgraph G; — u; has a 1-factor. This 1-factor,
together with the.existence of the edges u;v; (1 <i<k), produces a 1-
factorin G. J

By Tutte’s theorem, it follows, of course, that if G is a graph of order*

n 2 2 such that for each proper subset S of V(G), the number of odd
components of G— S does not exceed |S|, then §;(G) =n/2. Using a
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similar proof technique to that used in the proof of Theorem 9.5, Berge
[B5] obtained the following extension of Tutte’s theorem.

Theorem 9.6

Let G be a graph of order n. If k is the smallest nonnegative integer such that for
each proper subset S of V{(G), the number of odd components of G — S does not
exceed |S| + 2k, then

Ai(G) = tn —22k} .

Again, by Tutte’s theorem, if G is a graph such that for every proper
subset S of V(G), the number of odd components of G — 5 does not exceed
|S|, then G has a 1-factor. Of course, if G is a graph of even order such that
for every vertex-cut S of V(G), the number of components (odd or even) of
G — S does not exceed [S|, then G has a 1-factor. Hence every I-tough
graph of even order contains a 1-factor. Enomoto, Jackson, Katernis and
Saito [EJKS1] extended this resuit.

Theorem 9.7
If G is a k-tough graph of order n > k + 1, where kn is even, then G has a k-factor.

By definition, every l-regular graph contains a 1-factor. A 2-regular
graph G contains a 1-factor if and only if every component of G is an
even cycle. This brings us to the 3-regular or cubic graphs. Petersen
[P3] provided a sufficient condition for a cubic graph to contain a 1-factor.

Theorem 9.8
Every bridgeless cubic graph contains a 1-factor.

Proof

Let G be a bridgeless cubic graph and assume that V(G) has a proper
subset S such that the number of odd components of G — 5 exceeds |5|.
Let j = |S| and let Gy, G;,..., Gy (k> ) be the odd components of G — S.
There must be at least one edge joining a vertex of G; to a vertex of S, for
eachi=1,2,...,k for otherwise, G; is a cubic graph of odd order. On the
other hand, since G contains no bridges, there cannot be exactly one such
edge; that is, there are at least two edges joining G; and S, for each
i=1,2,... k :

Suppose that forsomei=1,2,...,k, there are exactly two edges joining
G; and S. Then there are an odd number of odd vertices in the component
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Figure 9.2 A cubic graph containing no 1-factors.

G; of G — S, which cannot happen. Hence, foreachi = 1,2,...,k, there are
at least three edges joining G; and S. Therefore, the total number of edges
joining U{( 1 V(G;) and § is at least 3k. However, smce each of the j vertices
of S has degree 3, the number of edges joining Ut_, V(G)) and Siis at most
3j. Therefore, 3j > 3k, which is a contradiction since 3k > 3j. Hence, no
such set S exists. By Theorem 9.5, then, we conclude that G has a 1-
factor. [J

Indeed, Petersen [P3] showed that if a cubic graph G contains at most
two bridges, then G has a 1-factor (Exercise 9.5). On the other hand, this
result cannot be extended further since the cubic graph of Figure 9.2 has
three bridges but contains no 1-factor. In fact, it is the unique cubic graph
of minimum order with this property.

From Petersen’s work, we know that if G is a cubic graph of order n
containing at most two bridges, then $;(G) = n/2. The following result
[CKLS1] provides a sharp bound on the edge independence number of
a cubic graph in terms of the number of bridges it possesses.

Theorem 9.9

If G is a connected cubic graph of order n containing fewer than 3(k + 1) bridges,
then

n— 2k

£i(G) =

Errera [E5] showed, however, that if all the bridges of' a cubic graph,
regardless of how many there might be, lie on a single path, then G has a
1-factor.
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Theorem 9.10

Ifall the bridges of a connected cubic graph G lieon a single path of G, then G has a
1-factor.

The three bridges of the cubic graph G of Figure 9.2 do not lie on a single
path of G, of course, and G does not have a 1-factor. It is a direct con-
sequence of Errera’s theorem that if the bridges of a cubic graph G of
order n lie on a single path, then §;(G) = n/2. If the bridges of a cubic
graph G do not lie on a single path, then it may very well occur that
B81(G) < n/2. But more (see [CKOR1]) can be said about this.

Theorem 9.11

IfG is a connected cubic graph of order n all of whose bridges lie on r edge-disjoint

paths of G, then
n 2r
Bi(G) = 5~ [‘gj

Recall that an independent set of vertices in a graph G is one whose
elements are pairwise independent (nonadjacent) and that the vertex
independence number 8(G) of G is the maximum cardinality among the
independent sets of vertices in G. For example, if s < f, then ﬁ(KS () = tand
ﬂ] (Ks t) =8,

A vertex and an edge are said to cover each other in a graph G if they are
incident in G. A vertex cover in G is a set of vertices that covers all the edges
of G. An edge cover in a graph G without isolated vertices is a set of edges
that covers all vertices of G.

The minimum cardinality of a vertex cover in a graph G is called the
vertex covering number of G and is denoted by a(G). As expected, the edge
covering number oy (G) of a graph G (without isolated vertices) is the mini-
mum cardinality of an edge cover in G. For s < ¢, we have o(K,;) = s and
a;(K,;) = t. As another illustration of these four parameters, we note that
for n>2, B(K,) =1, 5i(K,) = |n/2), a(K,) =n~1 and (K,) = [n/2].
Observe that for the two graphs G of order n considered above, namely
K, withn =5+ ¢, and K,,, we have

a(G) + B(G) = o4(G) + 4, (G) = n.
These two examples serve to illustrate the next theorem, due to Gallai
[G1].
Theorem 9.12
If G is a graph of order n having rio isolated vertices, then
a(G) +B(G) = n 9.1)
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and
a1 (G) + 61 (G) =n. (9-2)

Proof

We begin with (9.1). Let U be an independent set of vertices of G with
{U] = B(G). Clearly, the set V(G) — U is a vertex cover in G. Therefore,
a(G) € n— B(G). If, however, W is a set of a(G) vertices that covers all
edges of G, then V(G) — W-is independent; thus 3(G) > n — a(G). This
proves (9.1).

To verify (9.2), let E; be an independent set of edges of G with
|E1] = 81(G). Obviously, E; covers 203,(G) vertices of G. For each vertex
of G not covered by E;, select an incident edge and define E; to be the
union of this set of edges and E;. Necessarily, E, is an edge cover in
G so that |E;| = a;(G). Also we note that |Ej|+|E;| =n; hence
a1(G) + B1(G) < n. Now suppose that E' is an edge cover in G with
|E'] = a;(G). The minimality of E' implies that each component of (E') is
a tree. Select from each component of (E') one edge, denoting the resulting
set of edges by E”. We observe that |E”| < 8;(G) and that |E'| + |[E"| = n.
These two facts imply that oq(G) + ;(G) > n, completing the proof of
(9.2) and the theorem. [

If C is a vertex cover in a graph G and E is an independent set of edges,
then for each edge e of E there is a vertex v, in C that is incident with e.
Furthermore, if ¢, f € E, then v, # v;. Thus for any independent set E of
edges and any vertex cover C in G, we have |C} > |E|. This, of course,
implies that o(G) > 8;(G). In general, equality does not hold here. If,
however, G is bipartite, then we do have «(G) = 5;(G), as was shown
by Koénig [K9].

Theorem 9.13

If G is a bipartite graph, then
o(G) = A (G).

Proof

Since a(G) > £;(G), it suffices to show that 0(G) < ;(G). Let V; and V,
be the partite sets of G and let M be a maximum matching in G.
Then B;(G) = |M|. Denote by U the set of all M-vertices in V;. (If
U=, then the proof is, of course, complete) Observe that

|M| = |V;| —|U]. Let S be the set of all vertices of G that are connected *

to some vertex in U by an M-alternating path. Define W; = SNV, and
W, =S8NV, »

Matchings and independence in graphs 269

As in the proof of Theorem 9.3, we have that W, — U is matched to W,
and that N(W;) = W,. Since W; — U is matched to W,, it follows that

W] = Wy = (U

Observe that C = (V; — W;) U W, is a vertex cover in G; for otherwise,
there is an edge vw in G such that v € W; and w ¢ W,. Furthermore,

ICl = [Va] = [Wi] + [Wo| = |Vy| - U] = |M].
Therefore, o(G) < |C| = M| = ;(G) and the proof is complete. [

Next we present upper and lower bounds for the edge independence

. number, due to Weinstein [W3].

Theorem 9.14
Let G be a graph-of order n without isolated vertices. Then

[ﬂ—%@] <BI(G) < EJ

Furthermore, these bounds are sharp.

Proof

It suffices to prove the theorem for connected graphs. The upper bound
for $,(G) is immediate and clearly sharp.

In order to Verify the lower bound, we employ induction on the size m
of a connected graph. If m = 1 or m = 2, then the lower bound follows.
Assume that the lower bound holds for all connected graphs of positive
size not exceeding k, where k > 2, and let G be a connected graph of order
nhaving size k+ 1. If G has a cycle edge e, then

n S n
1+AG-¢) 7 1+AG) "

Otherwise, G is a tree. If G = Kip-1, then Bi(G) =n/(1+AG)) =1
(which also shows the sharpness of the lower bound). If G #Kin 1,
then G contains an edge e such that G — e has two nontrivial compon’ents
G; and G,. Let ; denote the order of Gy, i=1,2. Applying the inductive
hypothesis to Gy and G,, we obtain

Bi(G) = Bi(G~e) >

G) > . 7
B1(G) = B1(Gr) + Bi(Gy) > 1+AGH 1 + A(Gy)

> Ny + ny _ n
1+AG) " 1+AG)  1+AQ)

0O

Combining Theorems 9.12 and 9.14, we have our next result.
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Corollary 9.15

Let G be a graph of order n without isolated vertices. Then-

n n-A(G)
3| <e©@<fiag)
Furthermore, these bounds are sharp.

It is easy to see for a graph G of order n without isolated vertices that
1< B(G)<n-1 and that these bounds are sharp. This implies that
1 < a(G) € n —1 are sharp bounds for o(G).

A set S of vertices or edges in a graph G is said to be maximal with respect
to a property P if S has property P but no proper superset of S has property
P; while S is minimal with respect to P if S has property P but no proper
subset of S has property P. Although isolated instances of these concepts
have been discussed earlier, we will be encountering such ideas in a more
systematic manner in this chapter and the next. In particular, for certain
properties P, we will be interested in the maximum and/or minimum
cardinality of a maximal or minimal set with property P.

For example, a maximal independent set of vertices of maximum
cardinality in a graph G is called a maximum independent set of vertices.
The number of vertices in a maximum independent set has been called
the independence number of G, which we have denoted by 3(G). We
define the lower independence number i(G) of G as the minimum cardinality
of a maximal independent set of vertices of G. Thus, for K4, wheres < t,
there are only two maximal independent sets of vertices, namely, the
partite sets of K; ;. Hence, B(K;;) = t, while i(K,;) = s..

Likewise, a maximal matchmg or a maximal mdependent set of edges
of maximum cardinality in a graph G is a maximum matching. The
number of edges in a maximum matching is the edge independence
number $;(G) of G. The minimum cardinality of a maximal matching is
the lower edge independence number of G and is denoted by #,(G). For
example, for the path Ps;, B;(Ps) =3 and i;(Ps) =2. Two results of
[JRS1] dealing with maximal independent sets of edges are stated next
(Exercises 9.10 and 9.11).

Theorem 9.16

For every nonempty graph G,
1(G) < £1(G) < 2i1(G).

Theorem 9.17

Let G bea nonempty graph. If k is an integer such that i (G) < k < 61(G), then G
contains a maximal matching with k edges.
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EXERCISES 9.1

9.1
9.2

9.3
9.4

~9.5

9.6

9.7

9.8

9.9

9.10
9.11
9.12

9.13

9.14

Show that every tree has at most one pérfect matching.

Determine the maximum size of a graph of order n having a
maximum matching of k edges if (a) n = 2k, (b) n = 2k + 2.

Use Menger’s theorem to prove Theorem 9.3.

Let G be a bipartite graph with partite sets V; and V,, where
[Vi| < |V,|. The deficiency def(U) of a set U C Vy is defined as
max{|S| — [N(S)|}, where the maximum is taken over all nonempty
subsets S of U. Show that 5, (G) = min{|Vy},|Vi| — def(V1)}.

Prove that every cubic graph with at most two bridges contains a 1-
factor.

(a) Let G be an odd graph and let V; UV, be a partition of V(G),
where E' is the set of edges joining V; and V. Prove that |V;|
and |E'| are of the same parity.

(b) Prove that every (2k+ 1)-regular, 2k-edge-connected graph,
k =1, contains a 1-factor.

Prove that if G is an r-regular, (r — 2)-edge-connected graph (r = 3)
of even order containing at most » — 1 distinct edge-cuts of cardin-
ality r — 2, then G has a 1-factor.

Show that a. graph G is bipartite if and only if S(H) > 1|V (H)| for
every subgraph H of G.

Let Gbeagraphand let U C V(G). Use Tutte's theorem to prove that
G has a matching that covers U if and only if for every proper subset
S of V(G), the number of odd components of G — S containing only
vertices of U does not exceed |S|.

Prove Theorem 9.16.
Prove Theorem 9.17.

Show that Theorems 9.16 and 9.17 have no analogues to maximal
independent sets of vertices.

Characterize those nonempty graphs with the property that every
pair of distinct maximal independent sets of vertices is disjoint.

The matching graph M(G) of a nonempty graph G has the maximum
matchings of G as its vertices, and two vertices M; and M, of M(G)
are adjacent if M; and M, differ in only one edge. Show that each
cycle C,, n = 3,4,5,6, is the matching graph of some graph.
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9.15 Prove or disprove: A graph G without isolated vertices has a perfect
matching if and only if a;(G) = 5 (G).

9.16 Show that if G is a bipartite graph without isolated vertices, then
a1(G) = B(G). ~

9.2 FACTORIZATIONS AND DECOMPOSITIONS

A graph G is said to be factorable into the factors Gy,Gy,...,G; if these
factors are pairwise edge-disjoint and Ui 1E(G) =E(G). If G is factored
into Gy,Gy,...,G;, then we represent this by G=G,9G, B @G,
which is called a factorization of G.

If there-exists a factorization of a graph G such that each factor is a k-
factor (for a fixed k), then G is k-factorable. If G is a k-factorable graph, then
necessarily G is r-regular for some integer r that is a multiple of k.

If a graph G is factorable into Gq,Gs,...,G;, where G; = H for some
graph H and each integer i (1 < i < f), then we say that G is H-factorable
and that G has an isomorphic factorization into the factor H. Certainly, if a
graph G is H-factorable, then the size of H divides the size of G. A graph G
of order n = 2k is 1-factorable if and only if G is kK,-factorable.

The problem in this area that has received the most attention is the
determination of which graphs are 1-factorable. Of course, only regular
graphs of even order can be 1-factorable. Trivially, every 1-regular graph
is 1-factorable. Since a 2-regular graph contains a 1-factor if and only if
every component is an even cycle, it is precisely these 2-regular graphs
that are 1-factorable. The situation for r-regular graphs, r = 3, in general,
or even only 3-regular graphs in particular, is considerably more com-
plicated. By Petersen’s theorem, every bridgeless cubic graph contains a

1-factor. Consequently, every bridgeless cubic graph can be factored into
a 1-factor and a 2-factor. Not every bridgeless cubic graph is 1-factorable,
however. Indeed, as Petersen himself observed [P4], the Petersen graph
(Figure 9.3) is not 1-factorable; for otherwise, it would have edge
chromatic number 3, which is not the case (Exercise 8.26).

We now describe two classes of 1-factorable graphs. The first of these is
due to Konig [K8].

Theorem 9.18
Every regular bzpartlte graph of degree v = 1 is 1-factorable.

Proof

We proceed by induction on r, the result being obvious for r=1.
Assume, then, that every regular bipartite graph of degree r — 1, r > 2,
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Figure 9.3 The Petersen graph: a bridgeless cubic graph that is not 1-factorable.

is 1-factorable, and let G be a regular bipartite graph of degree r, where V;
and V; are the partite sets of G.

We now show that V is nondeficient. Let S be a nonempty subset of V.
The number of edges of G incident with the vertices of S is 7|S|. These
edges are, of course, also incident with the vertices of N(S). Since G is
r-regular, the number of edges joining S and N(S) cannot exceed
#IN(S)|. Hence, #|N(S)| = r|5| so that |N(S)| > |S]. Therefore, V; is non-
deficient, implying by Theorem 9.3 that V) can be matched to a subset
of V. Since G is regular of positive degree, |V;| = |V,|; thus, G has a
1-factor F. The removal of the edges of F from G results in a bxpartlte
graph G that is regular of degree r — 1. By the inductive hypothesis, G
is 1-factorable, implying that G is 1-factorable as well. [

The following result is part of mathematical folklore.

Theorem 9.19
The complete graph Ky is 1-factorable.

Proof

The result is obvious for k = 1, so we assume that k > 2. Denote the vertex

set of Ky by {vg, 71, ..., 02,1} and arrange the vertices vy, 75, .. .,0%_1 in

a regular (2k — 1)-gon, placing v, in the center. Now join every two ver-

tices by a straight line segment, producing Ky. For i =1,2,...,2k—1,

define the 1-factor F; to consist of the edge v,v; together w1th all those

edges perpendicular to vv;. Then Ky =F; @& F, & -+ @ Fy _ 1, S0 Ky is
1-factorable. [

The construction described in the proof of Theorem 9.19 is illustrated in
Figure 9.4 for the graph Kj.

We return briefly to the 1-factorization of Ky described in the proof of
Theorem 9.19. Recall that the 1-factor F; consists of the edge vyv; and all
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Y1
Fl . FZ:
Vs O——I—C V2
Vo (\
V4 [0 e @) vy

Figure 9.4 A 1-factorization of Ks.

edges perpendicular to vyv;, namely, 2051, 03052, - - -, UkVk+1- If the k
edges of F; are rotated clockwise through an angle of 27/(2k — 1) radians,
then the 1-factor F, is obtained. In general, if the edges of F; are rotated
clockwise through an angle of 2#j/(2k — 1) radians, where 0 < j <2k -2,
then the 1-factor F; ., is produced. A factorization of a graph obtained in
this manner is referred to as a cyclic factorization.

Such a factorization can be viewed in another way. Let Ky be drawn as
described in the proof of Theorem 9.19. We now label each edge of Ky
with one of the integers 0,1,...,k— 1. Indeed, we will assign 2k —1
edges of Ky the label i for i =0, 1,...,k— 1. Every edge of the type vyv;
(1<i<g2k-1) is labeled 0. Now let C denote the «cydle
V1,V2y. .., Ugk1,01. For 1 <5 <t <2k -1, the edge v,v; is assigned the
distance label de(v;,v;). Observe that 1 <d¢(vs,v) <k — 1. Thus, the
2k — 1 edges of C are labeled 1; in generefi, then, 2k — 1 edges of Ky are
labeled the integer i for 0 < i < k — 1. Observe, further, that F; contains k
edges, one of which is labeled i for 0 < i < k — 1. Moreover, when an edge
of Fy labeled i (0 <i<k—1) is rotated clockwise through an angle of
2mj/(2k — 1) radians, 0 <j <2k —2, and edge of F;;; also labeled i is
obtained. Hence a 1-factorization of Ky is produced.

~ We now turn to 2-factorable graphs. Of course, for a graph to be 2-

factorable, it is necessary that it be 2k-regular for some integer k > 1.
Petersen [P3] showed that this obvious necessary condition is sufficient
as well.

Theorem 9.20 v
A graph G is 2-factorable if and only if G is 2k-regular for some integer k > 1.
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Proof

We have already noted that if G is a 2-factorable graph, then G is regular
of positive even degree. Conversely, suppose that G is 2k-regular for some
integer k > 1. Assume, without loss of generality, that G is connected.
Hence, G is eulerian and so contains an eulerian circuit C.

Let V(G) = {v1,v,,...,0,}. We define a bipartite graph H with partite
sets U= {uy,uy,...,u,} and W = {wy,w,...,w,}, where

EH) = {uiw}- I v; immediately follows v; on C}.

The graph H is k-regular and so, by Theorem 9.18, is 1-factorable. Hence,
H=F &F, @---®F;is a l-factorization of H.

Corresponding to each 1-factor F, (1 < # < k) of His a permutation oy on
theset{1,2,...,n}, defined by o, (i) = j if ww; € E(F,). Let o, be expressed
as a product of disjoint permutation cycles. There is no permutation cycle
of length 1 in this product; for if (i) were a permutation cycle, then
this would imply that o,(i) =i. However, this further implies that
uw; € E(F,) and that vu; € E(C), which is impossible. Also there is no
permutation cycle of length 2 in this product; for if (i j) were a permutation
cycle, then a,(i)=j and a(j) =i This would indicate that ww;
u;w; € E(F,) and that v; both immediately follows and precedes v; on C,
contradicting the fact that no edge is repeated on a circuit. Thus, the
length of every permutation cycle in o, is at least 3.

Each permutation cycle in «, therefore gives rise to a cycle in G, and
the product of disjoint permutation cycles in a, produces a collection of
mutually disjoint cycles in G containing all vertices of G; that is, a 2-
factor in G. Since the l-factors F, in H are mutually edge-disjoint,

.the resulting 2-factors in G are mutually edge-disjoint. Hence, G is 2-

factorable. [

By Theorem 9.20, then, there exists a factorization of every regular
graph G of positive even degree in which every factor is a union of
cycles. We next consider the problem of whether there exists a
factorization of G such that every factor is a single cycle. A hamiltonian
factorization of a graph G is a factorization of G such that every factor is
a hamiltonian cycle of G. Certainly, if a graph G has a hamiltonian factor-
ization, then G is a 2-connected regular graph of positive even degree. The
converse of this statement is not true, however, as the graph of Figure 9.5
shows.

For complete graphs, 2-factorable and hamiltonian factorable are
equivalent concepts. :

Theorem 9.21

For every positive integer k, the graph Ky, . 1 is hamiltonian factorable.
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Figure 9.5 A 2-factorable graph that is not hamiltonian factorable.

Proof .
Since the result is clear for k=1, we may assume that k>2. Let
V(Kayes1) = {00,015 - ., U} Arrange the vertices vy, vy, ..., Uy ina regular

2k-gon and place vy in some convenient position. Join every two vertices
by a straight line segment, thereby producing Ko 1- We define the edge
set of F; to consist of vyv;, gk 1, all edges parallel to v;v, and all edges
‘parallel to vyv, (see F; in Figure 9.6 for the case k = 3). In general, for
i=1,2,...,k we define the edge set of the factor F; to consist of vyv;,
VoUk+i all edges parallel to v;0;.; and all edges parallel to v;_10i,1,
where the subscripts are expressed modulo 2k. Then Koy =
Fi®F, & - & Fy, where F; is the hamiltonian cycle

V0 Uis Ui 15 Vi1 Vit 2 Uiy -+ + y Vkbim 1 Ukbit 1, Uk is Voo 0

This result is illustrated in Figure 9.6 for K.

v 1 . Vl v 1
v v Yo v
6 Va 6 Va 6 vy 1)
. Vo .
¥s V3 Vs V3 Vs V3
V4 Y4 V4
F F, Fy

Figure 9.6 A hamiltonian factorization of K.
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The factorization described in the proof of Theorem 9.21 is again a
cydlic factorization. If we place the vertex v, in the center of the regular
2k-gon and rotate the edges. of the hamiltonian cycle F; clockwise through
an angle of 2r/2k = x/k radians, then the hamiltonian cycle F, is pro-
duced. Indeed, if we rotate the edges of F; clockwise through an angle
of #j/k radians for any integer j with 1 < j < k— 1, then the hamiltonian
cycle F;,; is produced and the desired hamiltonian factorization of Ky .1
is obtained (Exercise 9.21).

Another factorization result now follows readily from Theorem 9.21.

Corollary 9.22

The complete graph Ky, can be factored into k hamiltonian paths.

Theorems 9.19 and 9.21 have an interesting consequence of a different
nature. If G is an r-regular graph of order , then, of course, 0 <7 <n—1.
On the other hand, if r and n are odd positive integers (with
0 <r <n-1), then there can be no r-regular graph of order n. With
this lone exception, every other type of regular graph is possible.

Corollary 9.23

Let r and n be integers with 0 < r < n — 1. Then there exists an r-regular graph
of order n if and only if r and n are not both odd.

Proof

It suffices to show that there exists an r-regular graph of order n if at least
one of ¥ and 7 is even (and 0 <7 < n — 1). Suppose first that # is even.
Then n = 2k for some positive integer k. By Theorem 9.19, Ky can be
factored into 1-factors Fq,Fy,...,Fo_1. The union of r of these 1-factors
produces an r-regular graph of order .

Next, suppose that # is odd. Then 7 is necessarily even. The graph K is
O-regular of order 1, so we may assume that # = 2k + 1 > 3. By Theorem
9.21, Ky4q can be factored into hamiltonian cycles Fy,F,,...,F;. The
union of r/2 of these hamiltonian cycles gives an r-regular graph of
order n. [J

Using the construction employed in the proof of Theorem 9.21, we can
obtain another factorization result.

Theorem 9.24

The graph Ky, can be factored into k — 1 hamiltonian cycles and a 1-factor.
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Very similar to the concept of factorization is decomposition. A decom-
position of a graph G is a collection {H;} of nonempty subgraphs such‘tbat
H; = (E;) for some (nonempty) subset E; of E (G), where {E;} isa Rartltlon
of E(G). Thus no subgraph H; in a decomposition of G contains .1solgted
vertices. If {H;} is a decomposition of ' G, then we Wnte G=
HioH, o - &H, as we do with factorizations, and say G is decom-
posed into the subgraphs Hy,H,,...,H;, where then {H;}| =t. Indeed,
if G=H,0H,®---®H, is a decomposition of a graph G of order
n and we define F;=H;U[n—|[VH)|]K; for 1<i<t then
F, @ F, & -- ®F, is a factorization of G. On the other hand, every factor-
ization of a nonempty graph G also gives rise to a c'lecomposmon of G.
Suppose that G=F, ®F,@®---&® F, is a factorization of a nonempty
graph G, so written that Fy,Fp,... ,F; are nonempty (t<s). . .Let
H; = (E(F)) fori =1,2,.:.,t Then H, ® H, ® - - - @ H, is a decomposition

fG.

° If {H;} is a decomposition of a graph G such that,Hi = H for some graph
H for each i, then G is said to be H-decomposable. If G is an H—decompf)sab}e
graph, then we also write H|G and say that H divides G. Also H is said
to be a divisor of G, and G is a multiple of H. For G = K; 5 (the graph of
the octahedron) and for the graph H shown in Figure 9.7, we have thfit
G is H-decomposable. An H-decomposition of G is also shown in
Figure 9.7.

Hy Hy Hy
Figure 9.7 An H-decomposable graph.
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The decomposition shown in Figure 9.7 is a cyclic decomposition. In
general, a cyclic decomposition of a graph G into k copies of a subgraph H
is obtained by (a) drawing G in an appropriate manner, (b} selecting a
suitable subgraph H; of G that is isomorphic to H, and (c) rotating the
vertices and edges of H; through an appropriate angle k — 1 times to
produce the k copies of H in the decomposition.

If G is an H-decomposable graph for some graph H, then certainly Hisa
subgraph of G and the size of H divides the size of G. Although this last
condition is necessary, it is not sufficient. For example, the graph K 4 is a
subgraph of the graph G of Figure 9.7 and the size 4 of K; 4 divides the size
12 of G, but G is not K; y-decomposable (Exercise 9.26).

The basic problem in this context is whether, for a graph G and a
subgraph H of G whose size divides that of G, the graph G is H-
decomposable. First, we consider H-decomposable graphs for graphs H
of small size. Of course, every (nonempty) graph is Kp-decomposable.
Every component of a P3-decomposable graph must have even size. In

fact, this condition is sufficient for a graph to be P;-decomposable (see
[CPS1)).

Theorem 9.25

A nontrivial connected graph G is Py-decomposable if and only if G has even size.

Proof

We have already noted that if G is P;-decomposable, then G has even size.
For the converse, assume that G has even size. Suppose, first, that G is
eulerian, where the edges of G are encountered in the order
€1,€,...,6,. Then each of the sets {ej,e,},{e3,€1},...,{€m—1,en} induce
a copy of P, so G is P;-decomposable. Otherwise, G has 2k odd vertices
for some k > 1. By Theorem 4.3, E(G) can be partitioned into subsets
Ey,Ey,...,E, where for each i, (E;) is an open trail T; of even length
connecting odd vertices of G. Then, as with the eulerian circuit above,
the edges of each trail T; can be paired off so that each pair of edges
induces a copy of P;. Thus G is P;-decomposable. [

The only other graph of size 2 without isolated vertices is 2K,. The class
of 2K,-decomposable graphs was discovered by Y. Caro (unpublished)

and Ruiz [R12]. Since the proof of the next result is quite lengthy, we
omit it.

Theorem 9.26

A nontrivial connected graph is 2K2-decomposable if and only if G has even size
m, A(G) < %m, and G 75 K3 (@] Kz.
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Most of the interest in Ks-decompositions has involved complete
graphs. A Kj-decomposable complete graph is called a Steiner- triple
system. Kirkman [K5] characterized Steiner triple systems.

Theorem 9.27
The complete graph K,, is Ks-decomposable if and only if nis odd and 3| (3).

For K, to be K,,;-decomposable, the coyditions pln - 1.) an_d
(°3") | (3) are certainly necessary. These conditions are not sufficient in
general, however. For n = PF+p+l, Ryser.[R13] shqwefi that K, is
K, 1-decomposable if and only if there exists a projective plane of
order p; and in order for a projective plane of order p to exist, p must
satisfy the Bruck-Ryser conditions [BR2] that p=0(mod4) or
p=1(mod4), and p = x* +y* for some integers x and . The smalle§t
value of p for which the existence of a projective plane of order p is
unknown is p = 10. ‘

Whenever K, is KPH—decomposable, we have an example of a combi-
natorial structure referred to as a balanced incomplete block design. Thus
graph decompositions may be viewed as generalizec} block designs.

There is another important interpretation of a special type of decompo-
sition. In particular, the minimum number of 1-regular subgraphs into

which a nonempty graph G can be decomposed is the edge chromatic .

number x;(G) of G. By Corollary 8.19, the edge chromatic number of
an rregular graph G (r > 1) is r or r + 1. If x1(G) =, then each edge
color class in a x;(G)-edge coloring of G induces a 1-factor of 'G.‘ Thus,
an r-regular graph has edge chromatic number r if and only if it is 1-
factorable. 3 ‘ ‘

The vast majority of factorization and decomposition resu:ﬂts deal with
factoring or decomposing complete graphs into a spegﬁc gr'aph or
graphs. R. M. Wilson [W8] proved that for every graph H without 1s01.ated
vertices, there exist infinitely many positive integers 7 such that K, is H-
decomposabie.

Theorem 9.28

For every graph H without isolated vertices and having size m, there exists
a positive integer N such that if () n>N, (). m| (§) and (i) d|(n—1),
where

d = ged{degv|v € V(H)},
then K, is H-decomposable.

As an immediate consequence of Theorem 9.28; there exist regular H-

decomposable graphs for every graph H without isolated vertices. This
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Figure 9.8 Graceful graphs.

result also appears in Fink [F4], where specific H-decomposable (not
necessarily complete) graphs are described. We give a proof of this
result, but prior to doing this, it is convenient to introduce some addi-
tional terminology, which will be explored further in section 9.3.

A graph G of size m is called graceful if it is possible to label the vertices
of G with distinct elements from the set {0, 1, . ..,m} in such a way that the
induced edge labeling, which prescribes the integer |i —j} to the edge
joining vertices labeled i and j, assignis the labels 1,2,...,m to the edges
of G. Such a labeling is called a graceful labeling. Thus, a graceful graphis a
graph that admits a graceful labeling.

The graphs K3, Ky, Ky — e and C, are graceful as is illustrated in Figure
9.8. Here the vertex labels are placed within the vertices and the induced
edge labels are placed near the relevant edges.

Not every graph is graceful, however. For example, the graphs Ks, Cs
and Kj + 2Kj; are not graceful.

The gracefulness grac(G) of a graph G with V(G) = {vy,0,,...,0,} and
without isolated vertices is the smallest positive integer k for which it is
possible to label the vertices of G with distinct elements from the set
{0,1,...,k} in such a way that distinct edges receive distinct labels. Such
vertex labelings always exist, one of which is to label v; by 2'~!. Hence for
every (n,m) graph G without isolated vertices, m < grac(G) < 2"~ . If G
is a graph of size m with grac(G) =m, then G is graceful. Thus the
gracefulness of a graph G is a measure of how close G is to being
graceful. By definition, it is possible to label the vertices of a graph G
with distinct elements of the set {0,1,...,grac(G)} so that the edges of
G receive distinct labels. Of course, some vertex of G must be labeled
grac(G), but it is not known whether an edge of G must then be labeled
grac(G).

All graphs of order at most 4 are graceful. There are exactly three non-
graceful graphs of order 5. In each case the gracefulness is one more than
the size. These three graphs with an appropriate labeling are shown in
Figure 9.9. ' o

We now return to our discussion of decompositions and give a con-
structive proof that for every graph H without isolated vertices, there
exists a regular H-decomposable graph. The proof is due to Fink and
Ruiz [FR1] and was inspired by a proof technique of Rosa [R10].
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Figure 9.9 The three graphs of order 5 that are not graceful.

Theorem 9.29

For every graph H without isolated vertices, there exists a regular H-decomposable
graph.

Proof

Let H be an (n,m) graph without isolated vertices and suppose that
grac(H) = k. Hence there exists a labeling ¢:V(H) — {0,1,...,k} of
vertices of H so that distinct edges of H are labeled differently and
max{¢(x) |x € V(H)} =k

We now construct a regular H-decomposable graph G of order
p=2k+1. Let V(G) = {vg,v1,...,0,-1} and arrange these vertices cycli-
cally in clockwise order about a regular p-gon. Next we define a graph H;
by

V(Hy) = {vgn) | x € V(H)}

and
E(H1) = {v4(x)Vs(y | 2y € E(H)}.

Fori=2,3,...,p, define H; by cyclically rotating H; through a clockwise
angle of 2 (i — 1)/p radians. Therefore, for 1 <i<p,

V(H;) = {vyq)+i-1 | x € V(H)}
and
E(H)) = {0g(0+i-19)+i-1 | xy € E(H)}.

The definition of G is completed by defining E(G) = I, E(H;). (See
- Figure 9.10 for a given graph H, a possible labeling of the vertices of H,
the induced edge labels of H, the vertices of G, and the subgraphs H; and
H, of G, where the edges of H, are drawn with dashed lines.)
The graph G is therefore decomposable into the graphs Hy, Hy, ..., H),
each of which is isomorphic to H, and G is 2m-regular. [] :

If, in the proof of Theorem 9.29, the graph H is graceful, then

grac(H)=m and G is a 2m-regular graph of order 2m 41, that is,
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Vo

Figure 9.10 Construction of a regular H-decomposable graph.v

G = Ky +1 and, consequently, K, is H-decomposable. Indeed, then,
for any graceful graph H of size m, the complete graph K, is H-
decomposable; in fact, there is a cyclic decomposition of Ky, into H.
This observation is due to Rosa [R10]. Because of its importance, we
give a direct proof due to Rosa of this result.

Theorem 9.30

If H is a graceful graph of size m, then Ky, 11 is H-decomposable. Indeed, Ky 1q
can be cyclically decomposed into copies of H.

Proof

Since H is graceful, there is a graceful labeling of H, that is, the vertices of
H can be labeled from a subset of {0,1,...,m} so that the induced edge
labels are 1,2,...,m. Let V(Kopp1) = {V0,71,. .-, Vo Where the vertices
of K41 are arranged cyclically in a regular (2m + 1)-gon, denoting the
resulting (2m + 1)-cycle by C. A vertex labeled i (0 < i < m) in H is placed
at v; in Ky, 1 and this is done for each vertex of H. Every edge of H is
drawn as a straight line segment in Ky, .1, denoting the resulting copy of
H in Ky, 11 as Hy. Hence V(H;) C {vg, V1, Um}-

Each edge 0,7 of Kyiq (0 <5, < 2m) is labeled d¢(vs, v;), where then
1< de(vs,v:) < m. Consequently, Kyn41 contains exactly 2m + 1 edges
labeled i for each i (1 <i < m) and H; contains exactly one edge labeled
1 (1 < i< m). Whenever an edge of H, is rotated through an angle (clock-
wise, say) of 2rk/(2m + 1) radians, where 1 < k < m, an edge of the same
label is obtained. Denote the subgraph obtained by rotating H; through a
clockwise angle of 2zk/(2m + 1) radians by H;, ;. Then Hy,; = Hand a
cyclic decomposition of Ky, into 2m + 1 copies of H results. []

As an illustration of Theorem 9.30, we consider the graceful graph
H = P;. A graceful labeling of H is shown in Figure 9.11 as well as the
resulting cyclic H-decomposition of Ks.
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Figure 9.11 A cyclic decomposition of Ks into the graceful graph P3.

Although Ky, 4 1 has a cyclic decomposition into every graceful graph H
of size m, it is not necessary for H to be graceful in order for Ky +1 tq have
.a cyclic H-decomposition. For example, we have seen that C5' is ngt
graceful; yet Ky; has cyclic Cs-decomposition. Such a decomposition 1s
depicted in Figure 9.12. .
It has been conjectured by Kotzig (see Rosa [R10]) that every nontrivial
tree is graceful.

Kotzig's Conjecture

Every nontrivial tree is graceful.
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Furthermore, the following conjecture concerning decompositions of
complete graphs into trees has been made by Ringel [R6].

Ringel’s Conjecture

For every tree T of size m, the complete graph Ky, 1 is T-decomposable.

Of course, if Kotzig's conjecture is true, so is Ringel’s. Indeed, the truth
of Kotzig’'s conjecture implies the truth of the following conjecture, due
jointly to G. Ringel and A. Kotzig.

The Ringel—Kotzig Conjecture

For every tree T of size m, Ky 4.1 can be cyclically decomposed into T.

We close this section by presenting another result involving cyclic
decompositions. A linear forest is a forest of which each component is a
path. Since every 1-factor is a linear forest, the following result, due to
Ruiz [R11], is a generalization of Theorem 9.19.

Theorem 9.31

If F is a linear forest of size k having no isolated vertices, then Ky is F-
decomposable.

Proof

Since the result is obvious for k = 1, we assume that k > 2. Let the vertex
set of Ky be denoted by {vg,vq,V2,...,U.1}. Arrange the vertices
V1,02,...,U%-1 Cyclically in clockwise order about a regular (2k — 1)-
gon, calling the resulting cycle C, and place v, in the center of the

{2k — 1)-gon. Join every two vertices by a straight line segment to obtain

the edges of Ky. We label each edge that joins vg to a vertex of C by 0.
There are 2k— 1 such edges. Every other edge of Ky joins two vertices
of C. If uv is an edge joining two vertices of C, then label uv by i if
dc(u,v) =i. Note that 1 <i< k-1 and that for each i =1,2,...,k—1,
the graph Ky contains 2k — 1 edges labeled i.

We now describe two paths P and Q of length k in Ky. If k is even, then

P: 09,01, U2k 1, V2, Vak -2, U3, - - » Vk/2, Uskj2
and
Q2 V0, Vks Uk 15 Uk =15 Uk 2, Uk—25 - - - » Dik-2)/2, Usk/2;
while if k is odd, then

P:0g,01, U2k 1,72, U2k =2, U35 - - - s V(3k+1)/2: Ok +1)/2
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and
Q1 U0y Uiy Uk 15 V=15 Uk 25 Uk =25+« +» D3k = 1)/2> V(k+1)/2¢
Observe that, in either case, for i = 1,2,...,k, the ith edge of P and the ith
edge of () are labeled i.

Assume that the linear forest
F=Py1UPy41 U UPguy,

where then Y7i_1k; = k. We define a subgraph H of Ky as follows. The
edge set E of H consists of the first k; edges of P, edges k; + 1 through
ki +k, of Q, edges k; +k;, + 1 through k; +k; +k; of P, and so on until
finally the last k; edges of Q if ¢ is even or the last k; edges of P if t is
odd. Define H = (E). Note that H = F and that H contains exactly one
edge labeled i for each i =0,1,...,k— 1. '

-Now forj =1,2,...,2k — 1, define H; to be the subgraph of Ky obtained
by revolving H about the (2k—1)-gon in a clockwise angle of
2n(j —1)/(2k — 1) radians. Observe that for each i =0,1,...,k—1 and
eachj=1,2,...,2k — 1, the subgraph H; contains exactly one edge labeled
i.Since H; = F foreachj=1,2,...,2k — 1 and Ky is decomposed into the
subgraphs Hy,Hy, ..., Hy 1, it follows that Ky is F-decomposable. [

Vi
Vi (o) v
v
Vi0 3
Yo
Vg O V4
Vso )/ : Vs
V7 ‘ Ve ' .

Figure 9.13 A step in the construction of an F-decomposition of Kj; for
F = P 2 U P 3 UP, 4+

The preceding theorem and its proof are illustrated in Figure 9.13 for
2k = 12 and F = P, U P; U P;. The labeling of the vertices of K, is shown
along with the subgraph H (or Hy).

EXERCISES 9.2

9.17 (a) Show that every bipartite graph G is a subgraph of a A(G)-
regular bipartite graph.

9.18

9.19
9.20
9.21
9.22
9.23
9.24
9.25

9.26
9.27

9.28
9.29
9.30

9.31
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(b) Show that every bipartite graph G is of class one, that is,
x1(G) = A(G).

Give an example of a connected graph G of composite size having

the property that whenever F is a factor of G and the size of F divides

the size of G, then G is F-factorable.

(a) Prove that , is 1-factorable for all n > 1.
(b) Prove that Q, is k-factorable if and only if k| n.

Use the proof of Theorem 9.20 to give a 2-factorization of the graph
of the octahedron (namely. K; 5 »).

~ Factorizations and decompositions

Use the proof of Theorem 9.21 to produce a hamiltonian factoriza-
tion of K. '

Let k be a nonnegative even integer and #n > 5 an odd integer with
k < n— 3. Prove that there exists a graph G of order n with degree
set {k,k+2}.

Prove Corollary 9.22.

Prove that Ky ;1 cannot be factored into hamiltonian paths.
Give a constructive proof of Theorem 9.24.

Show that the graph of the octahedron is not K; 4~-decomposable.

(a) Use the fact that Kj is graceful to find a K3-decomposition of K.
(b} Find a noncomplete regular Ks-decomposable graph.

Find an F-decomposition of K;, where F = 2P, U 2P;.
Find a Ps-decomposition of Kyg.

For each intéger k = 1, show that
@) K1 is Kyg-decomposable.
(b) Ky is K; g-decomposable.

Use the drawing of the Petersen graph shown below to find cyclic
decompositions into Fy, F, and Fj.
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9.32 Find all graphs F of size 3 that are subgraphs of the Petersen graph
P for which P is F-decomposable. (Hint: Use the drawing of the
Petersen graph shown in Exercise 9.31.)

9.3 LABELINGS OF GRAPHS

In the previous section we discussed graceful labelings of graphs for the
purpose of describing cyclic H-decompositions of certain complete
graphs. In this section we discuss graceful labelings in more detail as
well as describe two other well-known labelings of graphs.

Recall that a graceful labeling of a graph G of size m is an assignment of
distinct elements of the set {0,1,...,m} to the vertices of G so that the
edge labeling, which prescribes |i — j| to the edge joining vertices labeled
iand j, assigns the labels 1,2, ..., m to the edges of G. A graph possessing a
graceful labeling is a graceful graph.

The topic of graceful labelings of graphs has a distinctive number
theoretic flavor to it. Indeed, in number theory, a restricted difference
basis (with respect to a positive integer m) is a set {a,ay,...,4,} C
{0,1,...,m} such that every integer k with 1 < k < m can be represented
in the form k = 4; — a;. Hence a graph G of size m has a graceful labeling if
the vertices of G can be labeled with the elements of a restricted difference
basis in such a way that for each integer k with 1 < k < m, there is a unique
pair of adjacent vertices, labeled 4; and 4; say, so that k = 4; — ;. A related
problem is the Ruler Problem: For a given positive integer m, construct a
ruler m units in length so that all integral distances from 1 to m can be
measured and the ruler is marked at a minimum number of places.
Rulers for m = 6 and m = 9 are shown in Figure 9.14.

Although there are no general sufficient conditions for a graph to be
graceful, there are necessary conditions.

Theorem 9.32

If G is a graceful graph of size m, then there exists a partition of V(G) into
two subsets V, and V, such that the number of edges joining V, and V, is

[m/2].

Proof

Let a graceful labeling of G be given. Denote the set of vertices labeled
with an even integer by V, and the set of vertices labeled with an odd
integer by V,. All edges labeled with an odd integer must then join a
vertex of V, and a vertex of V,. Since there are [m/2] such edges, the
result follows. [J
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m=6 m=9
Figure 9.14 The Ruler Problem for 6 and 9 unit rulers.

A necessary condition for an eulerian graph to be graceful was discov-
ered by Rosa [R10].

Theorem 9.33
If G is a graceful eulerian graph of sizem, thenm = 0 (mod 4) orm = 3 (mod 4).

Proof

Let C: U9, 01, - - - > Um—1, Um = 0 be an eulerian circuit of G, and let a graceful
labeling of G be given that assigns the integer 4; (0 <a; <m) to v; for
0 < i < m, where, of course, 2; = 4; if v; = v;. Thus the label of the edge
v;_19; is |a; — a;_1|. Observe that

la; — a;_1| = (@ — ai—1) (mod2)

for 1 < i < m. Thus the sum of the labels of the edges of G is
m : m
Z lai—ai_1| = Z (a; — a;—1) = 0 (mod 2),
i=1 o1

that is, the sum of the edge labels of G is even. However, the sum of the
edge labels is Y721 i = m(m +1)/2; som(m + 1)/2 is even. Consequently,
4|m(m + 1), which implies that 4|m or 4|m + 1 so thatm = 0 (mod 4) or
m=3 (mod4). O

We now determine which graphs in some well-known classes of graphs

are graceful. Rosa [R10] determined the graceful cycles.

Theorem 9.34 -
The cycle C, is graceful if and only if n = 0 (mod 4) or n = 3 (mod 4).

Proof

Since C, is an eulerian graph, it follows by Theorem 9.33 that if
n=1(mod4) or n=2(mod4), then C, is not graceful; so it remains
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Figure 9.15 A graceful labeling of Cy,.

only to show thatif n = 0 (mod 4) or n = 3 (mod 4), then C,, i.s graceful. Let
C,: U1,0a,.. ., Uy, 01. Assume first that 7 = 0 (nod 4). We assign v; the label
a;, where

(i—1)/2 ifiisodd
g =4 n+1—i/2 ifiisevenandi<n/2
n—1i/2 if iis even and i > n/2.

It remains to observe that this labeling is graceful. This labeling is
illustrated in Figure 9.15 for 7 = 12.

Next, assume that n = 3 (mod 4). In this case we assign v; the label b;,
where

n+1-—i/2 ifiiseven
bi={ (i—1)/2 ifiisoddandi< (n—1)/2
(i+1)/2 ifiisoddandi> (n—1)/2.

This is a graceful labeling of C,. An illustration is given in Figure 9.16 for
n=11. O

If G is a graceful graph of order n and size m, then, of course, the
vertices of G can be labeled with the elements of a set {ay,a,,...,4,} C
{0,1,...,m} so that the induced edge labels are precisely 1,2,...,m.
This means one vertex in some pairs of adjacent vertices is labeled 0
and the other vertex in the pair is labeled m. Also, if we were to replace
each vertex label g; by m — 4;, then we have a new graceful labeling, called
the complementary labeling.

We saw in Figure 9.8 that the complete graphs K; and K, are graceful It

is very easy to show that Kj is graceful. The following result of Golomb
[G5] shows that there are no other graceful complete graphs.
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Figure 9.16 A graceful labeling of Cy;.

Theorem 9.35
The complete graph K, (n > 2) is graceful if and only if n < 4.

Proof

We have already observed that K,, is graceful if 2 < n < 4. Assume then
that n > 5 and suppose, to the contrary, that K, is graceful. Hence there
exists a graceful labeling of the vertices of K, from an n-element subset of
{0,1,...,m}, where m = (3).

We have already seen that every graceful labeling of a graph of size m
requires 0 and m to be vertex labels. Since some edge of K, must be labeled
m — 1, some vertex of K, must be labeled 1 or m —1. We may assume,
without loss of generality, that a vertex of K, is labeled 1; otherwise, we
may use the complementary labeling.

To produce an edge labeled m — 2, we must have adjacent vertices
labeled 0,m — 2 or 1,m — 1 or 2, m. If a vertex is labeled 2 or m — 1, then
we have two edges labeled 1, which is impossible. Thus, some vertex of K,
must be labeled m — 2.

Since we now have vertices labeled 0,1, m— 2 and m, we have edges
labeled 1,2, m — 3, m — 2, m — 1 and m. To have an edge labeled m — 4, we
must have a vertex labeled 4 for all other choices result in two edges with
the same label.

Now we have vertices labeled 0, 1, 4, m — 2 and m, which results in
edgeslabeled 1,2,3,4, m—6,m—4,m — 3, m — 2, m — 1 and m. However,
it is quickly seen that there is no vertex label that will produce the edge
label m — 5 without also producing a duplicate edge label. Hence no
graceful labeling of K, exists. []

Theorem 9.35 adds credence to the'following conjecture [CHO11.
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Figure 9.17 A graceful labeling of K.

Conjecture
Graceful graphs with arbitrarily large chromatic numbers do not exist.

Unlike the classes of graphs we have considered, every complete
bipartite graph is graceful.

Theorem 9.36
Every complete bipartite graph is graceful.

Proof

Let K;; have partite sets V; and V3, where |V1| = s and |V,| = t. Label the
vertices of V; with 0,1,...,s—1 and label the vertices of V, by
5,25,...,(t — 1)s, ts (see Figure 9.17). This is a graceful labeling. O

There is no result on graceful graphs as well-known as Kotzig's conjec-
ture, which we recall. :

Kotzig's Conjecture
Every nontrivial tree is graceful.

Many classes of trees have been shown to be graceful. One of the most
familiar of these is the class of paths.

. Theorem 9.37
Every nontrivial path is graceful.

Proof

Let P: vy, 01, - ., 0, be a path of size m. For i even, assign v; the label
If i is odd, then v; is labeled m — (i — 1)/2. It remains only to observe that
this labeling is graceful (see Figure 9.18 form =5and m =8). [
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Figure 9.18 Graceful labelings of paths.

Other familiar classes of graceful trees include stars, double stars and
caterpillars (Exercise 9.35). Recall that a caterpillar is a tree the removal
of whose end-vertices produces a path. A lobster is a tree the removal of
whose end-vertices produces a caterpillar. It is not known whether every
lobster is graceful but, of course, it is conjectured that this is the case.

We now consider a graph labeling that is similar in nature to graceful
labeling. A connected (n,m) graph G with m > n is harmonious if there
exists a labeling ¢: V(G) — Z,, of the vertices of G with distinct elements
0,1,...,m—1 of Z, such that each edge uv of G is labeled ¢(u) + ¢(v)
(addition in Z,,) and the resulting edge labels are distinct. Such a labeling
is called a harmonious labeling. If G is a tree (so that m = n — 1) exactly two
vertices are labeled the same; otherwise, the definition is the same. Four
harmonious graphs of order 5 (with harmonious labelings) are shown in
Figure 9.19.

Some examples of graphs that are not harmonious are shown in Figure
9.20. :

We have now seen that Cs is harmonious but C, is not. This serves asan
illustration of a theorem of Graham and Sloane [GS2].

Theorem 9.38

The cycle C,, is harmonious if and only if n is odd.

Figure 9.19 Harmonious graphs.
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Figure 9.20 Three graphs that are not harmonious.

Proof

Assume first that n is odd and let C: vy, vy, ...,7,_1, 9o be a cycle of length
n. The labeling that assigns v; (0 < i < n — 1) the label  is harmonious and
hence C, is harmonious if # is odd. (This labeling is illustrated for Cs in
Figure 9.19.)

Assume now that n = 2k > 4 is even and suppose, to the contrary, that
C, is harmonious. Let C,;: vy, vy, . .., U, 1, V. Suppose that the labeling that
assigns v; the label #; is harmonious. Consequently, the integers a,
aq,... 8,1 are distinct and, in fact, {ay,4;,-.. ,u,,_l} ={0,1,...,n -1}
Therefore, the edge labels are a9 + 44, 8; + a,...,0,_1 +dg and, further-
more, {ay + 81,8 + g, -,8,_1 +dg} = {0,1,...,n—1}. Let S = Y 7-d a;.
The sum of the edge labels of C, is

(o +a1) + (@ +a3) + -+ + (@1 + )
n—1
=) i=ay+a;+-- +a,_; (modn).
=0

Thus, 25 =n(n —1)/2 = S(modn); so S =0(modn) and' S = k(n -1)=
k {mod n). Hence k = 0 (mod 2k), which is impossible. []

Although there is some similarity between the results for graceful
cycles and harmonious cycles, there is no such similarity for complete
bipartite graphs. The following result is due to Graham and Sloane [GS2].
Theorem 9.39
The complete bipartite graph K, is harmionious if and only if s =lort=1.

Proof

The labeling that assigns the central vertex of Ki; the label 0 and assigns

the end-vertices the labels 0,1,...,t—1 is harmonious. Consequently,

every stat is harmonious.
It remains to show that no other complete bipartite graph is harmo-

nious. Suppose, to the contrary, that some complete bipartite graph K, ©

where s,t > 2, is harmonious. Let the partite sets of K, be Vi and V,,
where |V,} =5 and |V,| =t By assumption, there is a harmonious
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labeling of K, ;. Suppose that this labeling assigns the integers a,4s, ... ,4;
to the vertices of V; and by, by,...,b; to the vertices of V,. Thus,
A= {a,a5,...,4} and B={b;,b,,...,b} are disjoint subsets of
{0,1,...,st— 1} and

{ai+hl1<i<sand 1<j< £} ={0,1,...,st — 1}.

Since for (i,j) # (k,¢), we have & +bj#a +by, it follows that
a; — by # ax —b; or, equivalently,

Hai—bjl1<i<sand 1 <j< t} =5t

Hence, forsomei (1 <i<s)andj(1 <j<t), it follows thata; — b; = 0; so
a; = bj, which contradicts the fact that A and B are disjoint. []

We saw in Theorem 9.35 that the complete graph K, (n > 2) is graceful
if and only if n < 4. Harmonious complete graphs are characterized in
exactly the same way. Since the proof of this result, also due to Graham
and Sloane [GS2], requires considerable reliance on number theoretic
results, we omit its proof.

Theorem 9.40
The complete graph K,, (n > 2) is harmonious if and only if n < 4

We now turn our attention to trees. First, we show that every nontrivial
path is harmonious. In the proof it is convenient to label some vertices by
—n + a rather than a, where 0 < a2 < n — 1, which, of course, are equivalent
in Z,.

Theorem 9.41

Every nontrivial path is harmonious.

Proof

Let P,: v1,v3,...,0,, where n = 2. If n is even, write n = 2k + 2; while if n
is odd, write n = 2k + 3. For an integer t, label the vertex v; with 4;, where

_ {—t+ (i—1)/2 ifiisodd
T t+(-2)/2  ifiiseven
Regardless of the value of t, the edges of P, are labeled 0,1,...,n—1.
Now, if k is even, then let t=k/2; while if k is odd, then let
t = (k+1)/2. In either case, this is a harmonious labeling of P,, where if
k is even, then t is the repeated label of P,;; while if k is odd, then —t is the
repeated label. Thus P, is harmonious. (Harmonious labelings of P,,
5 < n < 8, are shown in Figure 921.) [



296 Matchings, factors and decompositions Labelings of graphs 297
bang(P3): 1 2 2 bandK3): 2
ban(P3) = 1 ban(K3) =2

Figure 9.21 Harmonious labelings of P,,, 5 <n <8.

As with graceful labelings, many classes of trees have been shown to be
harmonious, but whether all trees are harmonious is not known.

band(C4): 3 3
ban(C4) =2
Figure 9.23 The bandwidths of P, K5 and Cj.

Graham-Sloane Conjecture

Every nontrivial tree is harmonious.

We have seen that the only graceful and harmonious complete graphs
have order at most 4. Thus, the maximum size of a graceful or harmonious
graph of order n 2 5 is less than (). For 5 < n < 10, the maximum sizes of
a graceful graph of order n and a harmonious graph of order n are shown
in Figure 9.22. The similarities are obvious.

Another problem concerns labeling the vertices of a graph in terms of
its order rather than its size. A numbering f of a graph G of order n is a
labeling that assigns distinct elements of the set {1,2,...,n} to the vertices
of G, where each edge uv of G is labeled |f(u) —f(v)|. The bandwidth
bany(G) of a numbering f: V(G) — {1,2,...,n} of G is defined by

bany(G) = max{|f(u) — f(0)| |uv € E(G)},

that is, ban¢(G) is the maximum edge label of G, and the bandwidth ban(G)
of a graph G itself is

ban(G) = min{banf(G) | f is a numbering of G}.

Therefore, for every graph G of order n, it follows that 1 < ban(G) <
n— 1. A numbering f of a graph G for which bang(G) = ban(G) is called
a bandwidth labeling of G. All numberings of the graphs P3, K3 and C, are
shown in Figure 9.23 together with their bandwidths. Consequently,
ban(P;) = 1, ban(K;) = 2 and ban(C,) = 2.

These examples serve to illustrate parts of the following result.

Theorem 9.42

(i) Forn =2, ban(P,) = 1.

(i) Forn>2, ban(K,)=n—1.

(iii) For n > 3, ban(C,) = 2.

(v) For 1 <s <t ban(K;;) = [t/2] +s— 1.

Proof

n Maximum size of a graceful Maximum size of a : ) . . . .
graph of order n fu harmonious graph of order n @) LetP,:v4,vs,...,0, Ifthe labeling f assignsito v; fori =1,2,...,n,
the_n bany(P,) = 1. Consequently, ban(P,) = 1.
5 9 9 . '(1%) There is on.ly one numbering f of K, and the label of the edge
g g i; joining the wertices labeled 1 and 7 is n—1. Thus, ban;(K,) =
8 24 23 ban(K,) =n - 1.
9 " 30 29 (iii) First, we show that ban(C,) = 2. If ban(C,) = 1, then there exists a
- 10 36 36 numbering of C,, in which every edge label is 1. However, for this to occur,

every edge must join vertices labeled i and i + 1 for 1 <i < n — 1. But this
would imply that C, has at most n — 1 edges, which is not the case. Hence,
ban(C,) > 2, as claimed.

Figure 9.22 The maximum size of a graceful or harmonious graph of
order n (5 < n < 10).
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There is a possibly surprising connection between the bandwidth of a
graph G of order n and powers of the path P,.

Theorem 9.43

A graph G of order n has bandwidth k (1 <k <n—1) if and only if k is the
smallest positive integer for which G is a subgraph of P},

Proof

Suppose, first, that ban(G) =k. Let V(G) ={v,v,,...,v,}. We may
assume, without loss of generality, that there exists a bandwidth labeling
of G that assigns the label i to v; (1 < i < ). Since ban(G) = k, every two
vertices v; and v; for which |i —j| > k are not adjacent. Let P, denote the
path v;,0,,...,v,. Hence every edge of G joins vertices v; and v;, with
i —jl < k, that is, G is a subgraph of PX.

If G were a subgraph of Pf~1, then every edge of G joins vertices v; and
v; with |i - j| < k — 1. However, then, the labeling f that assigns i to v; for
1 < i< n has bany(G) < k — 1, which produces a contradiction.

The converse is now immediate. []

Figure 9.24 Bandwidth labelings of C¢ and Cy.

To show that ban(C,) =2, it suffices to show the existence of a
numbering f of C, for which ban(C,) = 2. Suppose first that n =2k is
even. Then the labeling f such that

2i—-1 fl<i<k
flo) = {2n+2—2i fk+1<ig<2%k=n

has the property that bans(C,) =2 (see Figure 9.24 for n = 6). Next
suppose that n = 2k + 1 is odd. Then the labeling f for which
2i—1 fi<i<k+1
fo) = {2n+2—2i Hk+2<ig2k+1=n
has bany(C,,) = 2 (see Figure 9.24 for n = 7). Thus ban(C,) = 2.

(iv) Let V; and V, be the partite sets of K, where |Vi| =s <t = ]VZI;‘
and let f be a bandwidth labeling of K; ;. Certainly, the vertices labeled 1

Several bounds for the bandwidth of a graph have been found in terms
of other parameters defined on graphs. We present some of these now.
The first three of these and Theorem 9.48 are due to Dewdney (see
Chvétalové, Dewdney, Gibbs and Korfhage [CDGK1]).

Theorem 9.44

and s+t must be in the same partite set since f minimizes the greatest For every graph G,

edge label. Also, vertices labeled 1 and s + ¢ — 1, as well as vertices labeled ban(G) > [{}__@l ] .
2 and s + t, must be in the same partite set. Continuing in this manner, we 2

see that the vertices of V, must be labeled with the [£/2] smallest (or

largest) integers of the set S = {1,2,...,s +t} and the [t/2] largest (or Proof

smallest, respectively) integers of S. Thus, we may assume that V, consists
of vertices labeled 1,2,...,|#/2] and s+ |t/2] + 1,5 + [t/2] +2,...,5+ &
Consequently, ban(K;;) = bany(K, ) = [t/2] + s — 1. (A bandwidth label-
ing of K5 is given in Figure 9.25. Only V; and V, are shown.) [

Let a bandwidth labeling of G be given and let v be a vertex of G for which
degv = A(G) = k. Furthermore, let N(v) = {v;,0,,...,7%}. Suppose that
the bandwidth labeling assigns 4; to v; for 1 <i < k and a9 to v. We may
assume that a; <a, <--- <a. Thus max{|a; — ap}, | — 0|} > k/2. So
ban(G) > [A(G)/2]. O

The next two lower bounds for the bandwidth of a graph follow from
Theorem 9.43.

® @6 © ® ® v

Ks59:
Theorem 9.45

OO0 600006 @

Figure 9.25 A bandwidth labeling of Kso.

For every graph G,
ban(G) > x(G) - 1.
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Proof

Let G be a graph of order n with V(G) = {v1,0,,. .. , Ut and x(G) = kand
suppose, to the contrary, that ban(G) <k—2. Let P denote the path
010g,-..,0y. Hence G is a subgraph of P72 Assign the color i
(1<i<k-1)to v if j=i(modk—1). Hence for eachi (1<i<k-1),
the set V; of all vertices colored i is independent in G, and thus- this is
a proper coloring of G. Therefore, x(G) < k—1, which is a contradic-
tion. 3

Theorem 9.46

For every graph G,
ban(G) = &(G).

Proof

Let G be a graph of order n with ban(G) =k (1 <k<n-1), and let
P,:v;,0s,...,v, denote a path of order n. By Theorem 943, G is a
subgraph of PX. If k=n—1, then certainly «(G) < n— 1. Otherwise,
{v9,73,....Ux11} is a vertex-cut of cardinality k in PX. Thus, &(G) €
K(Py) <k O

The next result provides lower and upper bounds in terms of the
independence number. The lower bound is due to Chviétal [C5] and the
upper bound to Chvétalova (see Chvéatalova, Dewdney, Gibbs and
Korfhage [CDGK1D.

Theorem 9.47
For every graph G of order n,
[n/B(G)] ~ 1 < ban(G) < n— [B(G)/2] - 1.

We conclude with an upper bound for the bandwidth of a graph in
terms of its diameter.

Theorem 9.48

For every connected graph.G of order u,
ban(G) € n — diamG.

EXERCISES 9.3

9.33 Determine graceful labelings of Ci5 and Cig.
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9.34 Determine graceful labelings of P, P;, Py and Py,

9.35 Show that the following classes of trees are graceful:
(a) stars, (b) double stars, (c) caterpillars.

9.36 Determine harmonious labelings of C; and C,.

9.37 Use the proof of Theorem 9.37 to give harmonious labelings of P,
and P 10+

9.38 Show that every double star is harmonious.

9.39 Use the proof of Theorem 9.38 to give bandwidth labelings of Cq
and Cg.

9.40 Give a bandwidth labeling of K, 1.

9.41 Show that if G is an (n,m) graph for which m > &) = ("7, then
ban(G) > k.

9.42 Show that if G is a nonplanar graph, then ban(G) > 4.
9.43 Prove Theorem 9.47.
9.44 Prove Theorem 9.48.




CHAPTER 10

Domination in graphs

Next we turn our attention to sets of vertices in a graph G that are close to
all vertices of G, in a variety of ways, and study minimum such sets and
their cardinality.

10.1 THE DOMINATION NUMBER OF A GRAPH

A vertex v in a graph G is said to dominate itself and each of its neighbors,
that is, v dominates the vertices in its closed neighborhood Nlv]. A set S
of vertices of G is a dominating set of G if every vertex of G is dominated
by at least one vertex of S. Equivalently, a set 5 of vertices of G is a
dominating set if every vertex in V(G) — § is adjacent to at least one
vertex in S. The minimum cardinality among the dominating sets of G
‘is called the domination number of G and is denoted by v(G).
A dominating set of cardinality 7(G) is then referred to as a minimum
dominating set.

The sets S; = {v1,72,¥1,¥2} and S, = {wq, Wy, x} are both dominating
sets in the graph G of Figure 10.1, indicated by solid circles. Since S, is
a dominating set of minimum cardinality, ¥(G) = 3.

Dominating sets appear to have their origins in the game of chess,
where the goal is to cover or dominate various squares of a chessboard
by certain chess pieces. In 1862 de Jaenisch [D1] considered the problem
of determining the minimum number of queens (which can move either
horizontally, vertically or diagonally over any number of unoccupied
squares) that can be placed on a chessboard such that every square is
either occupied by a queen or can be occupied by one of the queens in
a single move. The minimum number of such queens is 5 and one possible
placement of five such queens is shown in Figure 10.2.

Two queens on a chessboard are attacking if the square occupied by one

of the queens can be reached by the other queen in a single move; other- '

wise, they are nonattacking queens. Clearly, every pair of queens on the
chessboard of Figure 10.2 are attacking. The minimum number of non-
attacking queens such that every square of the chessboard can be reached

by one of the queens is seven. A possible placement of seven nonattacking -

queens is shown in Figure 10.3.
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Y1 1 I ¥y Sy={vp vou ¥p Y9}
Figure 10.1 Dominating sets.

So={wy, wy, x}

Figure 10.2 The minimum number of queens that dominate the squares of a
chessboard. :

Figure 10.3 The minimum number of nonattackihg queens that dominate the
squares of a chessboard.
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The connection between the chessboard problem described above and
dominating sets in graphs is immediate. The 64 squares of a chessboard
are the vertices of a graph G and two vertices (squares) are adjacent in Gif
each square can be reached by a queen on the other square by a tsmgle
move. The graph G is referred to as the queen’s graph. Then the minimum
number of queens that dominate all the squares of a chessboard is v(G).
The minimum number of nonattacking queens that dominate all the
squares of a chessboard is the minimum cardinality of an independent
dominating set in G. '

Domination as a theoretical area in graph theory was formalized by
Berge in 1958 {see B7, p. 40] and Ore [02, Chap. 13] in 1962. Sincse 1977,
when Cockayne and Hedetniemi [CH4] presented a survey of domination
results, domination theory has received considerable attention.

A minimal dominating set in a graph G is a dominating set that contains
no dominating set as a proper subset. A minimal dominating set of
minimum cardinality is, of course, a minimum dominating set and con-
sists of v(G) vertices. For the graph G of Figure 10.1, the s'et‘ Sy =
{v1,v5,¥1,y,} is a minimal dominating set that is not a minimum
dominating set. Minimal dominating sets were characterized by Ore
[O2, p. 206}

Theorem 10.1

A dominating set S of a graph G is a minimal dominating set of G if and only if
every vertex v in S satisfies at least one of the following two properties:

(i) there exists a vertex w in V(G) — S such that Nw) NS = {o};  (10.1)
(i) v is adjacent to no vertex of S. (10.2)

Proof

First, observe that if each vertex v in S has at least one of the properties
(10.1) and (10.2), then S — {v} is not a dominating set of G. Consequently,
S is a minimal dominating set of G.

Conversely, assume that S is a minimal dominating set of G. Then cer-
tainly for each v € S, the set S — {v} is not a dominating set of G. Hence
there is a vertex w in V(G) — (S — {v}) that is adjacent to no vertex of
S'— {v}. If w = v, then v is adjacent to no vertex of S. Suppose then that
w s v. Since S is a dominating set of G and w ¢ S, the vertex w is adjacent
to at least one vertex of 5. However, w is adjacent to no vertex of S — {v}.
Consequently, N(w)nS={v}. O

The following result of Ore [O2, p. 207] gives a property of the comple-
mentary set of a minimal dominating set in a graph without isolated
vertices.
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Theorem 10.2

If G is a graph without isolated vertices and S is a minimal dominating set of G,
then V(G) — S is a dominating set of G.

Proof

Let v € S. Then v has at least one of the two properties (10.1) and (10.2)
described in the statement of Theorem 10.1. Suppose first that there exists
a vertex w in V(G) — S such that N(w) N S = {v}. Hence v is adjacent to
some vertex in V(G) — S. Suppose next that v is adjacent to no vertex in S.
Then v is an isolated vertex of the subgraph (S). Since v is not isolated in
G, the vertex v is adjacent to some vertex of V(G) — 5. Thus V(G) — Sisa
dominating set of G. [] '

For graphs G without isolated vertices, we now have an upper bound
for v(G) in terms of the order of G.

Corollary 10.3
If G is a graph of order n without isolated vertices, then v(G) < n/2.

Proof

Let S be a minimal dominating set of G. By Theorem 10.2, V(G) — S is a
dominating set of G. Thus

~(6) < min{[S], [V(G) - S|} <n/2. O

Many graphs attaining the bound in Corollary 10.3 can be produced by
the following operation. The corona cor(H) of a graph H is that graph
obtained from H by adding a pendant edge to each vertex of H. Let
G = cor(H), where G has order n. Then G has no isolated vertices and
¥(G) =n/2. Indeed, Payan and Xuong [PX1] showed that every compo-
nent of a graph G of order n without isolated vertices having v(G) = n/2 is
either Cy4 or the corona of some (connected) graph.

Hence, if G is a graph of order #n, then ¥(G) < n; while, by Corollary
10.3, if 6(G) = 1, then v(G) < n/2. McCuaig and Shepherd [MS2] showed
that if 6(G) > 2, and G is not one of seven exceptional graphs, then
8(G) <2n/5. Reed [R3] showed that if 6(G) > 3, then §(G) <3n/8. A
more general result is due to Payan [P2]. We delay its proof until Chapter
13 (Theorem 13.4) when the probabilistic method of proof is described.

Theorem 10.4

Let G be a graph of order n with § = §(G) > 2. Then
n(1 + (6 + 1))

<
1G) 5+1
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Bollobas and Cockayne [BC2] showed that every graph without iso--

Jated vertices contains a minimum dominating set in which every
vertex satisfies (10.1).

Theorem 10.5

Every graph G without isolated vertices contains a minimum dominating set S
such that for every vertex v of S, there exists a vertex w of G — S such that
Nw)nS$ = {v}.

Proof

Among all minimum dominating sets of G, let S be one such that (S) has
maximum size. Suppose, to the contrary, that 5 contains a vertex v that
does not have the desired property. Then by Theorem 10.1, vis an isolated
vertex in (S). Moreover, every vertex of V(G) ~ 5 that is adjacent to v is
adjacent to some other vertex of S as well. Since G contains no isolated
vertices, v is adjacent to a vertex w in V(G)—S. Consequently,
(S — {v}) U{w} is a minimum dominating set of G whose induced sub-
graph contains at least one edge incident with w and hence has a greater
size than (S). This produces a contradiction. [

Bounds for the domination number of a graph can be given in terms of
- the order and the maximum degree of the graph. The lower bound in the
following theorem is due to Walikar, Acharya and Sampathkumar
[WAS1], while the upper bound is due to Berge [B8].

Theorem 10.6
If G is a graph of order n, then

n

Proof

We begin with the lower bound. Let S be a minimum dominating set of G.
Then

v(6)-sc N,
vES
implying that |V(G) — S| < 5| - A(G). Therefore, n — 7(G) < 7(G) - A(G)
and so v(G) = [n/(1+ A(G))].
Next we establish the upper bound. Let v be a vertex of G with
degv = A(G). Then V(G)—N(v) is a dominating set of cardinality
n—A(G); s0v(G) <n—A(G). O
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Since x(G) < A(G) for every graph G, we have the following conse-
quence of Theorem 10.6, due to Walikar, Acharya and Sampathkumar
[WASI1].

Corollary 10.7
If G is a graph of order n, then
7(G) €< n - &k(G).

The domination number of a graph without isolated vertices is also
bounded above by all of the covering and independence numbers.

Theorem 10.8

If G is a graph without isolated vertices, then
7(G) € min{a(G), v (G), B(G), 51(G)}.

Proof

Since every vertex cover of a graph without isolated vertices is a dominat-
ing set, as is every maximal independent set of vertices, 7{G) < o(G) and
v(G) € F(G). Let X be an edge cover of cardinality ¢;(G). Then every
vertex of G is incident with at least one edge in X.

Let S be a set of vertices, obtained by selecting an incident vertex with
each edge in X. Then S is a dominating set of vertices and ¥(G) < |5| <
1X] = (G).

Next, let M be a maximum matching in G. We construct a set S of vertices
consisting of one vertex incident with an edge of M for each edge of M.
Let uv € M. The vertices u and v cannot be adjacent to distinct M-vertices
x.and y, respectively; for otherwise, x,u,v,y is an M-augmenting path
in G, contradicting Theorem 9.2. If u is adjacent to an M-vertex, place u
in S; otherwise, place v in S. This is done for each edge of M. Thus, Sis a
dominating set of G, and v(G) < |S| = M| = 5(G). O

Vizing [V5] obtained an upper bound for the size of a graph in terms of
its order and domination number. We omit the proof of this result.

Theorem 10.9 .
If G is an (n,m) graph for which v = ¥(G) = 2, then

(1= 1)n=71+2)

ms
2

(10.3)
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With the aid of Theorem 10.9, we can now supply bounds for the domi-
nation number of a graph in terms of its order and size. The lower bound
is due to Berge [BS).

Theorem 10.10
If G is an (n,m) graph, then
n-m<y(G)<n+1-—-+v14+2m.

Furthermore, v(G) =n —m zf and only if each component of G is a star or an
isolated vertex. ‘

Proof
Rewriting the inequality (10.3) given in Theorem 10.9, we have ‘
(n— (G +2(n —¥(G)) — 2m > 0. (10.4)

Solving the inequality (104) for n—~(G) and using the fact that
n —~(G) = 0, we have that

—v(G) = =1+ Vi+2m,

which establishes the desired upper bound.

Since v(G) = 1, the lower bound is established when m > n — 1, which
includes all connected graphs. Assume then that m <7 —1. Then G is a
graph with at least # — m components. The domination number of each
component of G is at least 1; s0 v(G) > n — m, with equality if and only if G
has exactly n — m components, each with domination number 1. This can
occur only, however, if G is a forest with n — m components, each of which
is a star or an isolated vertex. [

The Nordhaus-Gaddum theorem (Theorem 8.17) provided sharp
bounds on the sum and product of the chromatic numbers of a graph
and its complement. We now present the corresponding result for the
domination number. The following result is due to Jaeger and Payan
[JP1], the proof of which is based on a proof by E. J. Cockayne.

Theorem 10.11

If G is a graph of order n = 2, then
® 3<~(G)+ 'y(G) n+1,
i 2<v(G) (G <

Proof

The lower bounds in (i) and (ii) follow immediately from the observation
that if ¥(G) =1 or ¥(G) = 1, then 4(G) > 2 or v(G) > 2, respectively.
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Next we verify the upper bound in (i). If G has an isolated vertex, then
~(G) € n and ¥(G) = 1; while if G has an isolated vertex, then y(G) <n
and 7(G) = 1. So, in these cases, 7(G) + ¥(G) < n + 1. If neither G nor G
has isolated vertices, then 4(G) < n/2 and ¥(G) < n/2 by Corollary 10.3
and so v(G) +v(G) < n. '

It remains then only to verify the upper bound in (ii). The upper bound
is immediate if y(G)=1, so we assume that ¥{(G)=k=2 Let
S = {vy,vy,-..,%} be a minimum dominating set of G and partition
V(G) into v{G) = k subsets V;,V,,...,V subject to the conditions that
@uv eV fori1<i<kandall vert1ces in V; are dominated by v; and
(b) the sum over all integers i (1 < i < k) of the number of vertices in V;
adjacent to all other vertices in V; is a maximum.

We now show that each set V; (1<i<k) is a dominating set of
G. Suppose that this is not the case. Then there exists a vertex x € V,
that is adjacent in G to no vertex of V, for distinct integers s and ¢t
with 1 <, t < k. Then x is adjacent in G to every vertex of V. If x = v,
then S —{v,} is a dominating set of G having cardinality less than
+(G), which is impossible. Consequently, x € V, — {v,}. If x is adjacent
in G to every other vertex of V}, then (S — {v;,v;}) U {x} is a dominating
set of G having cardinality less than (G), which is again impossible.
Therefore, x is adjacent in G to every vertex of V, but not to every
vertex of V.

Define Vi =V, — {x} and V; =V, U{x}. For r #s,t, define V, =V,.
Thus, we now have a partition of V(G) into subsets V1, V5, ...,V such
that v; € Vi for 1 <i<k and all vertices in V; are dominated by v;.
However, the sum over all subsets V/ (1 < i < k) of the number of vertices
in V] adjacent to all other vertices of V] exceeds the corresponding sum for
the partition V4, V5, ..., Vi, which is a contradiction.

Thus, as claimed, each subset V; (1 <i< k) is a dominating set in G;
so v(G) < |V;| for each i. Hence

k
n=3 [Vilz¥(G)-+G). O
i=1

The upper bound in (i) in Theorem 10.11 can be restated as: If K, (n > 2)
is factored into G; and G,, then y(G,) +¥(G,) < n + 1. Goddard, Henning -
and Swart [GHS1] obtained the corresponding upper bound for three
factors.

Corollary 10.12
If K,, is factored into Gy, G, and G, then

¥(G1) + Y(Gy) +4(Gs) € 2n + 1.
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Proof

Since G, ®G; =G, it follows from Theorem 10.11 that ~v(G;)+
Y(G, ®G3) <n+1. Now 'let § be a dominating set for G, ® G;. Thus
every vertex of G, ® G; is dominated by a vertex of 5. Consequently,
for each vertex v of G, @ G, the vertex v is not dominated by a vertex
of S in at most one of G, and G;. Thus, in extending S to dominating
sets S, and S, for G, and Gj, respectively, each vertex of G, ® G; need
be added at most once. So ¥(G,) + v(G3) < Y(Gs ® G3) + n. Therefore,

¥(G1) +’Y(Gz)+7(G3) YG) +Y(G®Gs)+n<2n+1. O

All of the bounds presegted in Theorem 10.11 are sharp (Exercise '10.8) ;
however, if neither G nor G has isolated vertices, then an improved upper
bound for v(G) + v(G), due to Joseph and Arumugam [JA1], can be given.

Theorem 10.13

If G is a graph of order n > 2 such that neither G nor G has isolated vertices, then

16) +(@) < “2%.

Proof

Since neither G nor G ha_§ isolated vertices, it follows from Corollary 10.3
that y(G) < n/2 and v(G) < n/2. Hence if either v(G) =2 or ¥(G) =
then the proof is complete. If 7(G) > 4 and 7(G) > 4, then by the upper
bound in (i) in Theorem 10.11, we have that v(G) < n/¥(G) < n/4 and
YG) < n/v(G) < n/4; so ¥(G) +~v(G) < n/2. Hence we may assume that
¥(G) =3 or ¥(G) = 3, say the former. Thus 3 = (G) < n/2, so n > 6. By
Theorem 10.11, v(G) < n/3. Therefore
1E)+1(@) <3+5 <243 O

For the bound stated in Theorem 10.13 to be attained, either G or G must
have domination number 7/2. In the discussion following Corollary 10.3,
graphs G of order n without isolated vertices and having §(G) = n/2 were
described.

If G is a graph containing nonadjacent vertices u and v, then either
VG + uv) = 4{G) or (G + uv) = v(G) — 1. A graph G is called domination
maximal if ¥(G + uv) = (G) — 1 for every two nonadjacent vertices u and v
of G. If G is a domination maximal graph with y(G) =k, then G is k-
domination maximal. The 1-domination maximal graphs are (vacuously)
the complete graphs. The 2-domination maximal graphs were character-
ized by Sumner and Blitch [SB1]. A galaxy is a forest, every component of
which is a (nontrivial) star.
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Theorem 10.14
A graph G is 2-domination maximal if and only if G is a galaxy.

Proof

Assume first that G is a graph of order n > 2 such that G is a galaxy. Then

A(G) =n—2; 50 7(G) 2 2. Let u and v be nonadjacent vertices of G. By
hypothesis, uv is an edge of a star in G, where, say, u is an end-vertex of
the star. Then in G+ uv, the vertex u has degree n—1. Thus,
~(G + uv) = 1. Hence v(G) = 2, and G is 2-domination maximal.

For the converse, assume that G is a 2-domination maximal graph.
Then, for every two nonadjacent vertices u and v of G, it follows that
(G +uv) = 1. Hence either u or v, say u, has degree n — 1 in G+ uv,
which implies that # has degree 1 in G. This implies that uv and, in fact,
every edge of G is a pendant edge. Thus G is a galaxy. [

Although 3-domination maximal graphs have not been characterized,
some properties of these graphs have been found. The following result is
due to Sumner and Blitch [SB1].

Theorem 10.15

Every connected 3-domination maximal graph of even order has a 1-factor.

Wojcicka [W9] showed that 3-domination maximal graphs possess
some hamiltonian properties.
Theorem 10.16

Every connected 3-domination maximal graph of order at least 7 contains a
hamiltonian path.

It is not known whether every connected 3-domination maximal graph
of order at least 7 is hamiltonian. We close this section with another
unsolved problem, namely, a conjecture due to V. G. Vizing.

Vizing’'s Conjecture
For every two graphs G and H,
AG x H) 2 ~(G) - v(H).-

EXERCISES 10.1

10.1 Determine the domination numbers of the 3-cube Q; and the 4-
cube Q4.
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10.2 (a) Determine (with proof) a formula for (C,).
(b) Determine (with proof) a formula for v(P,).

10.3 Obtain a sharp lower bound for the domination number of a con-
nected graph G of order n and diameter k.

10.4 State and prove a characterization of those graphs G with v(G) = 1.

10.5 Investigate the sharpness of the bounds given in Theorem 10.6.

10.6 (a) Does there exist a graph G such that v(G) = o(G) but v(G) is
strictly less than each of the numbers ¢;{G), 8(G) and 5;(G)?
(b) The question in (a) suggests three other questions. State and
answer these questions.

10.7 Show that equality is possible for the upper bound given in
Theorem 10.10.

10.8 Show that all bounds given in Theorem 10.11 are sharp.

10.2 THE INDEPENDENT DOMINATION NUMBER OF A GRAPH

It is not difficult to see that every maximal independent set of vertices in
a graph G is a dominating set of G. Thus, v(G) < i(G), where, recall, i{(G)
is the lower independence number of G. Not every dominating set is
independent, however. Indeed, not every minimum dominating set is
independent. For example in the graph G of Figure 104, the set S; =
{u1,42,v1,v5, w1, w, }is a maximal independent set (and consequently a
dominating set) of G; while S, = {x,y,z} is a minimum dominating set
of G and certainly S, is not independent. (These sets are indicated in
Figure 10.4 by solid circles.) However, G does contain a minimum
dominating set of G that is independent, namely, S3 = {u, v, w}.

Our attention now shifts in this section to dominating sets that are also
maximal independent sets. A set S of vertices in a graph G is called an
independent dominating set of G if § is both an independent and a dominat-
ing set of G. Thus the sets 5, and S; in Figure 10.4 are independent domi-
nating sets while S, and S4 = {uy,v;,w;} are not. The independent
domination number i(G) of G is the minimum cardinality among all
independent dominating sets of G. That this is precisely the notation
used for the lower independence number of a graph is justified by the
following observation of Berge [B8].

Theorem 10.17

A set S of vertices in a graph is an independent dominating set if and only if S is
maximal independent.
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81 = {u1, uz, v1, v2, w1, w2}

S2= {x,y, 2} S3 = {u, v, w}

Figure 10.4 Dominating sets and maximal independent sets.

Proof

We have already noted that every maximal independent set of vertices is a
dominating set. Conversely, suppose that S is an independent dominating
set. Then S is independent and every vertex not in S is adjacent to a vertex
of 5, that is, S is maximal independent. []

Another observation now follows.

Corollary 10.18

Every maximal independent set of vertices in a graph is a minimal dominating set.

Proof

Let S be a maximal independent set of vertices in a graph G. By Theorem
10.17, 5 is a dominating set. Since S is independent, certainly every vertex
of § is adjacent to no vertex of S. Thus, every vertex of S satisfies property
(ii) of Theorem 10.1. So, by Theorem 10.1, S is a minimal dominating
set. [

We have noted that 7(G) < i(G) for every graph G. That this inequality
can be strict is illustrated by the queen’s graph G for which 4(G) = 5 and
i(G) =7. Also, equality can hold since y(K;;) =i(K;;) =1 for every
positive integer £. For 1 <'s < ¢, let H be the graph obtained from K;, by
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adding a pendant edge to each vertex of the partite set of cardinality s.
Then v(H) = i(H) = s. That the difference between i(G) and v(G) can be
arbitrarily large can be seen in the double star T containing two vertices of
degree k > 2, where i(T) =k and (T) = 2.

For some special classes of graphs, Bollobas and Cockayne [BC1]
determined an upper bound for i(G) in terms of ¥(G).

Theorem 10.19
I G is a Ky y41-free graph, where k > 2, then
i(G) < (k—1)y(G) — (k—2).

Proof

Let S be a minimum dominating set of vertices of G and let S’ be a maxi-
mal independent set of vertices of S in G. Thus, |S| = 7(G) and 1= 1.
Now, let T denote the set of all vertices in V(G) — S that are adjacent in G
to no vertex of §', and let T' be a maximal independent set of vertices in T.
Certainly, then, S' U T’ is an independent set of vertices of G. Since every
vertex of V(G) — (S' UT) is adjacent to some vertex of §' and every vertex
of T — T’ is adjacent to some vertex of T', it follows that S'UT" is a max-
imal independent set of vertices. Thus, by Theorem 10.17, SuT is an
independent dominating set.

" Observe that every vertex of S — §' is adjacent to at most k — 1 vertices
of T'; for if this were not the case, then some vertex v of S — S’ is adjacent to
at least k vertices of T’ and also at least one vertex of §', which contradicts
the hypothesis that G contains no induced subgraph isomorphic to K y1-
Also, observe that every vertex of T' is adjacent to some vertex of 5 — s
Therefore,

T < (k= 1IS = 8| = (k= 1)(I8| — 1)) = (k= D(V(G) — IS']).
Consequently, 4
i(G) < IS'VT| =S| +IT'|
<18+ (k= 1)(2(G) - IS)
= (k= 1D¥(G) - (k- 2)IS'
< (k-1)yG)—(k—-2). O

The special case of Theorem 10.19 where k = 2 is of particular interest.

Corollary 10.20
If G is a claw-free graph, then v(G) = i(G).
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The converse of Corollary 10.20 is certainly not true, though, since
YKy3) = i(Kyg) = 1.

Since every line graph is claw-free (by Theorem 4.42), we have a
consequence of Corollary 10.20.

Corollary 10.21
For every graph G,

1L(G)) = i(L(G))-

No forbidden subgraph characterization of graphs G for which
¥(G) = i(G) is possible; for suppose that H is a given graph and we
define G = Ky + H. Then v(G) = i(G) = 1.

In Chapter 8, a graph G is defined to be perfect if x(H) = w(H) for every
induced subgraph H of G. A graph G is domination perfect if y(H) = i(H)
for every induced subgraph H of G. A class of domination perfect graphs
is provided by Corollary 10.20.

Corollary 10.22

Every claw-free graph is domination perfect.

Sumner and Moore [SM1] stated that it is not necessary to consider
every induced subgraph of a graph G in order to show that G is domina-
tion perfect.

Theorem 10.23

A graph G is domination perfect if and only if v(H) = i(H) for every induced
subgraph H of G with y(H) = 2.

Fulman [F12] obtained a characterization of domination perfect
graphs in terms of eight forbidden subgraphs; while Zverovich and
Zverovich [ZZ1] discovered such a characterization in terms of seventeen
forbidden induced subgraphs. A survey of domination perfect graphs
is given in Sumner [S10]. Allan, Laskar and Hedetniemi [ALH1]

presented an upper bound for ¥(G) + i(G) for a graph G without isolated
vertices.

Theorem 10.24
If G is a graph of order n without isolated vertices, then

1(G)+i(G) < n.
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Proof
By Theorem 10.8, v(G) < a(G) and by definition, i(G).S B(G). By Gallai’s
theorem (Theorem 9.12), 8(G) + a(G) = n; 50 ¥(G} +i(G) < n. [

The bound presented in Theorem 10.24 is sharp in the sense that there are
infinitely many graphs G for which v(G) + i(G) = |V(G)| (Exercise 10.12).

Gimbel and Vestergaard [GV1] discovered an upper bound for the
independent domination number of an arbitrary graph.

Theorem 10.25
If G is a connected graph of order n = 2, then
i(G) < n+2-2vn
The bound presented in Theorem 10.25 is sharp as well (Exercise 10.13).

For bipartite graphs, however, a simple improved upper bound for the
domination number exists. ]

Theorem 10.26
If G is a connected bipartite graph of order n, then i(G) < n/2.

Proof

Denote the partite sets of G by V; and V,, where |V} < |V,]. Since V4
is an independent dominating set and |Vj| <n/2, it follows that
iGy<sn/2. O

EXERCISES 10.2
109 Show that a graph need not have any minimum dominating set that
is independent.

10.10 Prove or disprove: If a graph G contains an independent minimum
dominating set of vertices, then v(G) = i(G).

10.11 For each integer k > 3, show that there exists a graph G such that
i(G) =k and 4(G) = 3.

10.12 Show that there are infinitely many graphs G for which
1(G) +i(G) = [V(G)|-

10.13 Show that the bound stated in Theorem 10.25 is sharp.
10.14 Show that the bound given in Theorem 10.26 is sharp.
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10.3 OTHER DOMINATION PARAMETERS

In the previous section we introduced a variant of the classical domina-
tion number, namely, the independent domination number. In this
section, we describe several other domination parameters that have
been the object of study.

For a set A of vertices in a graph G, the closed neighborhood N[A] of A is
defined by N[A] = {J,e4 N{v]. Equivalently, N[A] = N(A) U A. A set S of
vertices in G is called an irredundant set of G if for every vertex v € S, there
exists a vertex w € N[o] such that w ¢ N[S — {v}]. Equivalently, S is an
irredundant set of vertices of G if NS — {v}] # N[S] for every vertex
v € S. Every vertex v with this property is an irredundant vertex. Therefore,
every vertex in an irredundant set is an irredundant vertex. A set S of
vertices that is not irredundant is called redundant. Consequently, a set
S of vertices in a graph G is redundant if and only if .there exists a
vertex v in S for which N[S — {v}] = N[S]. Such a vertex v is called a
redundant vertex (with respect to S). ’

For the graph G of Figure 10.5, let S = {w, y,s}. Then S is an irredundant
set of G. For example, u€&N[S] but u¢NI[S—{w}|. Similarly
x & N[S — {y}] and s ¢ N[S — {s}].

A characterization of irredundant sets is presented next.

Theorem 10.27

A set S of vertices in a graph G is irredundant if and only if every vertex v in S
satisfies at least one of the following two properties:

(i) there exists a vertex w in V(G) — S such that N(w) NS = {v}. (10.5)
(i) v is adjacent to no vertex of S. 10.6)

Proof

First, let S be a set of vertices of G such that for every vertex v € S, at least
one of the properties (10.5) and (10.6) is satisfied. If (10.5) is satisfied, then

§={w,y,s}

Figure 10.5 Irredundant sets of vertices.
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there exists a vertex w € N[v] such that w & N[S — {v}]. If (10.6) is satisfied,
then v ¢ N[S — {v}]. In either case, § is irredundant.

Conversely, let S be an irredundant set of vertices in G, and . let v € S,
Since S is irredundant, there exists w € N[v] such that w ¢ NI[S — {v}]. If
w # v, then (10.5) is satisfied; while if w = v, then (10.6) is satisfied. []

By Theorem 10.1, then, a minimal dominating set of vertices in a graph
is an irredundant set. Hence, every graph has an irredundant dominating
set of vertices. »

If Sis an irredundant set of vertices in a graph G, then for each v € S, the
set N[o] — N[S — {v}] is nonempty. Each vertex in N[v] — N[S ~ {v}] is
referred to as a private neighbor of v. The vertex v may, in fact, be a private
neighbor of itself. Consequently, a nonempty set S of vertices in a graph G
is irredundant if and only if every vertex of S has a private neighbor.
Certainly every nonempty subset of an irredundant set of vertices in a
graph G is irredundant. Also, every independent set of vertices is an
irredundant set.

The irredundance number ir(G) of a graph G is the minimum cardinality
among the maximal irredundant sets of vertices of G. Since the set
S = {r,z} is a maximal irredundant set of vertices of minimum cardinality
for the graph G of Figure 10.5, it follows that for this graph, ir(G) = 2. To
see that § is irredundant, observe that y is a private neighbor of r, and wis
a private neighbor of z. To see that S is a maximal irredundant set, note that

(1) {s, 7, t} is not irredundant since s would have no private neighbor, (2)
{x,r,t} and {y,r,t} are not irredundant since r would have no private
neighbor, and (3) {u,7,z}, {v,r,t} and {w,r,z} are not irredundant since
zwould have no private neighbor. Hence a maximal irredundant set need
not be a dominating set and, strictly speaking, the irredundance number
is not a domination parameter.

The next result summarizes how the parameters discussed thus far in
this chapter are related.

Theorem 10.28

For every graph G,
ir(G) < ¥(G) <i(G).

Proof

We have already observed that 7(G) < i(G). The inequality ir(G) < v(G) is

a consequence of the fact that every minimal dominating set of vertices of -

G is an irredundant set. [

That the inequality ir(G) < v(G) may be strict is illustrated in the graph
G of Figure 10.5, where 4(G) = 3 and ir(G) = 2. Also, for the graph H of
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w x
u v
H: T
u2 va
u3 v3 y z

Figure 10.6 Graphs whose domination numbers exceed their irredundance
numbers.

Figure 10.6, we have y(H) = 3 and ir(H) = 2. The set {11, v;} is a maximal
irredundant set of minimum cardinality in H. In order to see that {u;,v;} is
a maximal irredundant set in H, observe that (1) ¢ has no private neighbor
in {t,u;,7,}, (2) u; has no private neighbor in {uy,v,u,} and {u1,v4,u3},
and (3) v; has no private neighbor in {uy,v,v,} and {14, v1,v}. Moreover,
for the tree T of Figure 10.6, ¥(T) = 5 and ir(T) = 4. The set {w, x,y,z} is a
maximal irredundant set of minimum cardinality in T.

Cockayne and Mynhardt [CMI1] provided a lower bound for the
irredundance number of a graph in terms of its order and maximum
degree.

Theorem 10.29

If G is a graph of order n and maximurm degree A(G) = 2, then

. 2n
Cir(G) = 3AG)

An inequality relating the irredundance number of a graph and its
domination number was discovered by both Allan and Laskar [AL1]
and Bollobds and Cockayne [BCI].

Theorem 10.30

For every graph G,
¥(G) £ 2ir(G) — 1.

A forbidden subgraph characterization of graphs G for which
ir(G) = 7(G) cannot exist. To see this, let G be a graph and define
H=K;+G. Then H contains G as an induced subgraph and
ir(H) = v(G) = 1. A sufficient condition in terms of forbidden subgraphs
for a graph to have equal irredundance number and domination number
was found by Laskar and Pfaff [LP1]. Recall that a graph G is chordal if
every cycle of order 4 or more contains a chord.
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Theorem 10.31

If G is a chordal graph that contains neither of the graphs H and T of Figure 10.6
as an induced subgraph, then ir(G) = v(G).

A graph G is then defined to be irredundance perfect if ir(H) = v(H)
for every induced subgraph H of G. We now have two immediate
corollaries.

Corollary 10.32

A chordal graph G is irredundance perfect if and only if G contains neither of the
graphs H and T of Figure 10.6 as an induced subgraph.

Corollary 10.33

A tree G is irredundance perfect if and only if G does not contain the tree T of
Figure 10.6 as a subgraph.

Favaron [F3] established a forbidden subgraph sufficient condition for a
graph G to have ir(G) = v(G) = i(G).
Theorem 10.34
If a graph G is both claw-free and H-free, for the graph H of Figure 10.6, then
ir(G) = ¥(G) = i(G).

Favaron [F3] also established a sufficient condition for a (not necessarily
chordal) graph to be irredundance perfect in terms of six forbidden

subgraphs.
Theorem 10.35

Ifa gmph G has no induced subgraph zsomorphzc to any of the six graphs G;
(1 < i< 6) shown in Figure 10.7, then G is irredundance perfect.

G G2 G3 Gy Gs Gg
Figure 10.7 Forbidden subgraphs for irredundance perfect graphs.
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O. Favaron conjectured, however, that not all six graphs of Figure 10.7
are needed as forbidden subgraphs for an irredundance perfect graph.

Favaron’s Conjecture

If a graph G has no induced subgraph isomorphic to any of the graphs Gy, G, and
G of Figure 10.7, then G is irredundance perfect.

In this connection, Henning [H12] obtained the following result.

Theorem 10.36

If a graph G has no'induced subgraph isomorphic to any of the graphs G, G, and
Gs of Figure 10.7, then v(H) = ir(H) for every induced subgraph H of G with
ir(H) < 4.

From Theorem 10.23, a graph G is domination perfect if and only if
v(H) = i(H) for every induced subgraph H of G with 4(H) = 2. Henning
[H12] conjectured that such a result exists for irredundance perfect graphs
as well.

Henning’s Conjecture

A graph G is irredundance perfect if and only if y(H) = ir(H) for every induced
subgraph H of G with ir(H) < 4.

It follows that if Henning’s Conjecture is true, then so too is Favaron’s.
We now introduce two other domination parameters — the so-called
upper domination parameters. The upper domination number T'(G) of a
graph G is the maximum cardinality of a minimal dominating set of G;
while the upper irredundance number IR(G) of G is the maximum cardinal-
ity of an irredundant set of G. We now summarize in Figure 10.8 the para-
meters we have introduced thus far in this chapter together with the
vertex independence parameters we introduced earlier.

The six parameters described in Figure 10.8 make up a string of inequal-
ities, which was first observed by Cockayne and Hedetniemi [CH4].

minimum cardinality maximum cardinality
maximal independent lower independence independence number
set of vertices in G number i(G) B(G)
minimal dominating domination number upper domination
set of vertices of G ¥(G) number I'(G)
maximal irredundant irredundance number upper irredundance
set of vertices of G ir(G) number IR(G)

Figure 10.8 Summary of definitions of parameters.
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Theorem 10.37

For every graph G,
ir(G) € v(G) € i(G) € B(G) < I'(G) < IR(G).

Proof

Since every minimal dominating set is an irredundant set, it follows
that I'(G) < IR(G). Moreover, every maximum independent set is a
dominating set; so 8(G) < I'(G). Also, since an independent dominating
set is independent, i(G) < B(G). The result now follows from Theorem
1028. O

Cockayne, Favaron, Payan and Thomason [CFPT1] have shown that
graphs exist having distinct values for all six parameters mentioned in
Theorem 10.37. For bipartite graphs, however, three of these parameters
must have the same value.

Theorem 10.38
For every bipartite graph G,
B(G) =T(G) = IR(G).

Proof

Let G be a bipartite graph with partite sets U and W. Let S be a maximum
irredundant set of vertices of G, and let T be the set of isolated vertices of
(S). Furthermore, let

Ly=TnU, W=6nU)-T, Wy=TnW, W,=(EnW)~T,
where one or more of these sets may be empty. Each vertex we W, is
irredundant in S. Since w is not isolated in (S), the vertex w is not its
own private neighbor. However, since S is an irredundant set, w is a pri-
vate neighbor of some vertex of V(G) — S. Hence forw € W,, there exists a
vertex w' € V(G) — S such that N(w') NS = {w}. Moreover, sincew € W,
it follows that w’ € U.

Let A= {w'|w e W,}. Then |A| > |W,| and A C U. Furthermore, no
vertex of A is adjacent to a vertex of Wj. Consequently, U; UlLU
Wi U A is independent in G. Hence

B(G) = |th| + |Ua| + |Wi| + |A] > |S] = IR(G).
The result now follows from Theorem 10.37. [
While a vertex v in a graph G dominates the vertices in its closed neigh-

borhood Nfv}, the vertex v is said to openly dominate the vertices in its
neighborhood N(v). Thus ordinary domination can be considered as

Other domination parameters 323

un u2 u3 U4

Vo vI V2 V3 v4 V5 Vve VI V8 V9 VIO
Figure 10.9 A graph with 2-domination number 3.

extended adjacency, while open domination is ordinary adjacency. These
two types of domination can be described in terms of distance. The vertex
v dominates all vertices w with d(v,w) <1 and openly dominates all
vertices w with d(v,w) = 1. For a positive integer k, the k-neighborhood
Ni(v) is defined by

Ni(V) = {w € V(G) |d(v,w) =k}

The vertex v k-dominates all vertices w with d(v, w) < k and k-step dominates
all vertices w with d(v,w) = k, that is, v k-step dominates all vertices in
its k-neighborhood. Consequently, 1-domination and domination are
equivalent, as are 1-step domination and open domination.

Fora graph G and a positive integer k, a set 5 is a k-dominating set if every
vertex of G is at distance at most k from some vertex of S. The k-domination
number v(G) of G is the minimum cardinality among the k-dominating
sets of G. Thus, %(G) =¥(G) and 4;,1(G) < v%(G) for every positive
integer i. For the graph G of Figure 10.9, the set {v,,v5, 3} is a minimum
2-dominating set; so 7,(G) = 3.

Minimal k-dominating sets were characterized by Henning, Oeller-
mann and Swart [HOS1] in a theorem that generalizes Theorem 10.1
(Exercise 10.20).

Theorem 10.39

A k-dominating set S (k = 1) of a graph G is a minimal k-dominating set of G if
and only if every vertex v in S satisfies at least one of the following two properties:

() there exists a vertex w in V(G) — S such that v is the unique vertex of S
whose distance from w is at most k; (10.7)
) forallxe S, x#v,dv,x)2k+1. (10.8)

The following result relates k-dominating sets with the kth power of a

graph (Exercise 10.21).

Theorem 10.40

For every connected graph G and positive integer k,

#(G) = 7(G).
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The following result is due to Henning, Oellermann and Swart [HOS2].

Theorem 10.41

If G is a connected graph of order at least k +1 = 2, then G has a minimum k-
dominating set S with the property that for each v € S, there exists a vertex
w € V(G) — S with d(v,w) =k such that v is the unique vertex of S whose
distance from w is at most k.

As a consequence of Theorem 10.41, we have an upper bound for the k-
domination number of a graph in terms of its order. This result is also'due
to Henning, Oellermann and Swart [HOS1].

Corollary 10.42

If G is a connected graph of order n 2 k+1 2 2, then
n

k
%(G) <

k+1°

-+

Proof

By Theorem 10.41, G contains a k-dominating set S of cardinality 1(G)
with the property that for each v € S, there exists a vertex w € V(G) — S
with d(v,w) = k such that v is the unique vertex of S whose distance from
w is at most k. Let 1(G) =¢ and S = {v1,v,,...,0,}. For 1 €i</, let
w; € V(G) — S such that d{v;, w;) = k such that 7; is the unique vertex of
S whose distance from w; is at most k. Hence G contains pairwise disjoint

vi-w; paths P; (1 <i<¢) of length k. Consequently, n > ¢(k+ 1), which

produces the desired bound. [J

For a graph G and a positive integer k, a set S is a k-step dominating set if
every vertex of G is at distance exactly k from some vertex of S. The k-step
domination number p(G) is the minimum cardinality of a k-step dominat-
ing set of G. For the graph G of Figure 10.9 (shown again in Figure 10.10),
p2{G) = 7. A minimum 2-step dominating set of G is indicated in Figure
10.10 by solid circles.

Hayes, Schultz and Yates [HSY1] determined those graphs G for which
the k-step domination number of G is well-defined (Exercise 10.22).

ui u u3 u4

S OO O

Yo vI vz V3 v4 V5 VY6 V7 Vg V9 Vio
Figure 10.10 A graph with 2-step domination number 7.
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Theorem 10.43

Let G be a connected graph. The k-step domination number of G is well-defined if
and only if rad G = k.

Let G be a connected graph with radius r and diameter 4. While the
sequence Y(G) = 1{G),1(G),...,7(G) = 1 is nonincreasing, such need
not be the case for p;(G), 92(G),...; p,(G). For positive integers i and j
with i<j, there exist graphs G and H such that p(G) — p;(G) and
pj(G) — pi(G) are arbitrarily large ([(CHS1]). Indeed, it may be more effi-
cient to step dominate the vertices of G using distinct distances.

Let G be an (n,m) graph with V(G) = {v;,v5,...,0,}. A sequence
$:¢1,¢3,...,¢y of positive integers is called a universal dominating sequence
for G if every vertex of G is ¢;-step dominated by v; for some i
{1 <i<n). The integer ¢; is referred to as the step of v; (1<i< n).
Every nontrivial connected graph has a universal dominating sequence;
indeed, the constant sequence 1,1,...,1 of length # is such a sequence.
The value val(s) of a universal dominating sequence s:£1,75,...,¢, is the
number of vertices of G that are ¢;-step dominated for some i (1 <i<n)
counting multiplicities, that is,

val(s) = 2": [N, (0:)]-
i=1

For the constant sequence s = {1} of length n, val(s) = 2m. Thus the First
Theorem of Graph Theory is a special instance of the value of a universal
dominating sequence.

A graph G is a constant universal graph if there exists a positive integer N
such that val(s) = N for every universal dominating sequence s of G. Every
complete graph and every odd cycle is a-constant universal graph. Hayes,
Schultz and Yates [HSY1] characterized constant universal graphs..

Theorem 10.44

A nontrivial connected graph G is a constant universal graph if and only if
[Nj(©)| = INk(0)| for every vertex v of G and every pair j, k of integers with
1<j,k<e(v).

Proof

If [N;(v})| = [Ne(0)] for every vertex v of G and every pair j, k of integers
with 1 < j,k < e(v), then certainly G is a constant universal graph.

For the converse, assume that G is a constant universal graph with
V(G) = {vy,1,,...,0,}, and suppose, to the contrary, that some vertex,
say vy, has the property that [N;(v;)| # [Ni(v1)| for some integers j and k
with1 €j<k<e(n).
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Suppose first that v; is not adjacent to an end-vertex of G. Then the
sequences {j;}{., and {k}/., defined by

___{j ifi=1
=11 if2<ign
and
ko ifi=1
{80t
1 if2<i<gn

are universal dominating sequences for G. However,

n

SN )l £ 3 Nk (@9,
i=1

i=
which is a contradiction.
Next, suppose that v; is adjacent to an end-vertex v, and j # 1. Then
: le+1(”2)| = le(’Ul)l # INe(v1)| = [Ngs1(v2)1-
Thus the sequences {j;}i.; and {k;}/., defined by
. { j+1 ifi=2
R ifi#£2 (1<ign)
and
o — { k41 ifi=2
R ! ifi#2 (1<ign)
are universal sequences for which 31_; [N, (v;)|# $°/_; [Ni,(v:)|, pro-
ducing a contradiction.

Finally, suppose that v; is adjacent to an end-vertex v, and j = 1. Let 03
bea vertex of G such that d(v,,v;) = e(v;) = £ > 2. Thus, v; is not adjacent
to an end-vertex of G. Moreover, d(v3,v;) = 7 + 1. Consider the sequences
{ji¥=1 and {k;}/; defined by

2 ifi=2 - =
ji={£+1 fi=3
1 fi£2,3 (1<i<n)

and
k ifi=1
2 fi=2
k= .
S} 4+1 ifi=3
(1 if4<ign

The sequence {j;} is certainly a universal sequence for G. We show that
{k;} is also a universal sequence for G. The vertex v, 2-step dominates all
neighbors of v; (except v, itself, of course); while v (¢ + 1)-step dominates
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bz. Since all other vertices of G are 1-step dominated by some vertex of G, it
follows that {k;} is a universal sequence for G. However, then,
1IN ()] # S INK,(0)l, which is a contradiction.  [J

@ piG)=3 ®) pG)=4 © p@=4
Figure 10.11 A graph with planetary domination number 3.

Corresponding to the notion of universal dominating sequences is
another domination parameter. Let G be a graph of order n. A sequence
5:£1,€2,- -+, 4% (k < n) of positive integers is called a planetary domination
sequence for G if G contains distinct vertices vy,,,...,7; such that every
vertex of G is £;-step dominated by v; for some i (1 <i < k). A planetary
dominating sequence s for G is minimal if no proper subsequence of sis a
planetary dominating sequence for G. The length of a minimum planetary
dominating sequence for G is called the planetary domination number pl(G)
of G. It is a direct consequence of the definitions that pl(G) < p;(G)
for every nontrivial connected graph G and every integer i with
1<i<radG. For the graph G of radius 2 shown in Figure 10.11,
pli(G) =3 and p1(G) = po(G) =4. A minimum planetary domination
sequence and minimum 1-step and 2-step dominating sets are indicated
in Figure 10.11(a), (b} and (c) respectively.

Thus for the graph G of Figure 10.11, pl(G) < p;(G) for 1 <i < rad G.
Indeed, it was shown in [CHS1] that for every integer k > 2, there exists
a graph G with rad G > k such that pl(G) < p;(G) for every integer i
(1<i<radG).

We note, in closing, that the domination number may be defined for
digraphs as well. Ina digraph D, a vertex v dominates itself and all vertices
adjacent from v. The domination number v(D) of D is the minimum cardin-
ality of a set S of vertices of D such that every vertex of D is dominated by
some vertex of S.

For a thorough study of domination in graphs, see Haynes, Hedetniemi
and Slater [HHS1].

EXERCISES 10.3

10.15 (a) Prove that a set S of two or more vertices of G is irredundant if
and only if it contains no redundant vertex.
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(b) Characterize those graphs G of order n > 2 such that évery set 5
of vertices of G with |S| > 2 contains a redundant vertex.

10.16 Verify that v(T) =5 and ir(T) = 4 for the tree T of Figure 10.6.

10.17 Let G be a graph for which ir(G) = (G). Prove that if 5 is a minimal
dominating set of G, then S is a maximal irredundant set.

10.18 Let G be a graph for which ir(G) = v(G). If S is a maximal ir.redun~
dant set of vertices of G of minimum cardinality, is S a dominating
set of G?

10.19 Give an example of an infinite class of graphs G for which
ir(G) < v(G).

10.20 Prove Theorem 10.39.
10.21 Prove Theorem 10.40.
10.22 Prove Theorem 10.43.

10.23 Prove that if G is a constant universal graph with rad G =1, then
G = pK, UH for some regular graph H and positive integer p.

10.24 For the tree T shown below, determine pl(T) and p;(T) for every
integer i with 1 <i<radT.

10.25 For a graph G, define
dom G = min{~(D) | D is an orientation of G}
and ‘
DOM G = max{y(D) | D is an orientation of G}.

(@) Determine dom K3 and DOM Kj.

(b) Show that dom G = +(G) for every graph G. »

(c) Show that if k is an integer such that dom G < k < DOMG, then
there exists an orientation D’ of G such that y(D') = k.

CHAPTER 11

Extremal graph theory

We have seen results which state that if a graph G of a fixed order n has at
least f(n) edges, then G contains a particular subgraph or G has some
specified property. If the bound f(n) on the number of edges is sharp,
then there exists a graph of order n and size f(n) — 1 that doesn't contain
the subgraph or doesn't possess the property involved, Such a graph is
called an extremal graph. The problems of determining such sharp
bounds f(n) and resulting extremal graphs constitute a major part of an
area of graph theory called extremal graph theory. Several problems of

_this type are considered in this chapter. There are also extremal problems

that deal with determining the minimum order of a graph possessing
some specified properties. Here this problem is discussed when a
degree of regularity and girth are prescribed.

11.1 TURAN’S THEOREM

We have seen that if a graph G of order n > 3 has at least n edges, then G
has a cycle. Indeed, if G has order nn > 3 and at least (";1) + 2 edges, then
G has a hamiltonian cycle (Exercise 4.20). Both bounds are sharp since
every tree of order n has size n —1 and certainly contains no cycles;
while the graph of order n obtained by adding a pendant edge to K,,_;
has (";") + 1 edges but is not hamiltonian. Furthermore, if a graph G of
ordern > 2 hasat least (") + 1 edges, then G is connected; indeed, G has
a hamiltonian path. Moreover, if 7 is even, then G contains a 1-factor. The
graph K,,_; UK, shows that all of these bounds are sharp. These observa-
tions lead us to the main topic of this section and the next.

For a graph F of order k and an integer n with n > k, the extremal number
ex(n; F) of F is the maximum number of edges in a graph of order # that
does not contain F as a subgraph. Consequently, every graph of order n
and size ex(n; F) + 1 contains F as a subgraph. The graphs of order n and
size ex(n; F) not containing F as a subgraph are the extremal graphs.
From the discussion above, ex(n; C,) = (*; ) + 1forn > 3. We now deter-
mine ex(n; F) for some ‘small’ graphs F. If F = Kj, then ex(n; F) =0 for
n > 2; while if F = P, then ex(n; F) = |n/2| for n > 3. Furthermore, if
F =2K,, then ex(n; F) = n — 1 for n > 4 (Exercises 11.1'and 11.2).
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Of all the extremal numbers ex(n; F) that have been investigated, the
best known ones have been when F is complete. We begin with the case
F = K;. The following result is due to Turan [T9].

Theorem 11.1

Every graph of order n > 3 and size at least |n*/4] + 1 contains a triangle.

Proof

We proceed by induction on #. For n = 3, the only graph of order n and
size at least |n?/4] + 1 is K, which, of course, is a triangle. For n =4,
the only graphs with the given conditions are K, —¢ and K, both of
which contain triangles. Thus the result is true for n = 3 and n = 4.
Assume that every graph of order k and size at least |K*/4] -+ 1 contains
a triangle for every integer k with 3 < k < n, where n 2 5. Now let G be a
graph of order n containing at least |n?/4] + 1 edges. Let u and v be
adjacent vertices of G and define H = G — u — v. If u and v are mutually
adjacent to a vertex of H, then G contains a triangle.. Otherwise, each
vertex of H is adjacent to at most one of u and v, and the size of H is at

least
["?J“ 1) [ﬁ;‘i_"iéJH _ L&;IEXJH.

By the inductive hypothesis, H contains a triangle and, consequently, so
does G. O

That the bound presented in Theorem 11.1 is best possible follows from
the fact that for n > 3, the graph K./} (»/2) has order n, has size n’/4)
and, of course, is triangle-free. This verifies that ex(n; K3) = |n?/4] for
n > 3. We shall soon see that K|/ (a/2] i5, in fact, the unique extremal
graph.

By Theorem 11.1, it follows, of course, that if G is a graph of ordern = 3
and size at least (n/4) + 1, then G contains Kj as a subgraph. This result is
now extended to complete graphs of any order r > 2.

Theorem 11.2

Let r and n be positive integers, where n > r > 2. Then every graph of order nand

size at least
r—2 2
(Zr — 2)11 +1

contains K, as a subgraph.
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Proof

First observe that the resultis true if r = 2. Hence it suffices to assume that
n 2z r 2 3. We now proceed by induction on . The result follows for r = 3
and all integers n > 3 by Theorem 11.1. Assume, for an integer r — 1 > 3
and all integers n > r — 1, that every graph of order # and size at least

r—3 2
<2T_4)n +1

It remains to show that every graph G of order n and size m, where

r—23\ 5
=
m (2r—2>” +1

contains K; as a subgraph. We verify this by induction on n. Forn = r, we

have
"> n-—2 Tl2+1> n
Z\on-2 Z\2)

Thus, G = K,, = K, and the result follows.
.Assume now that every graph H of order k, where r < k < 1, and sizeat

least
r—2
(———2r — 2)13 +1

contains K, as a subgraph. Let G be an (n,m) graph, where

r—=2\ .,
> .
m <2r~_2)n +1

We show that G contains K, as a subgraph. Since

r—-2 > r—3 2
r—2)" Z\or—a)" =™

it follows from the inductive hypothesis that G contains K,_; as a sub-
graph. Let U be the vertex set of a subgraph of G that is isomorphic to
K;_1, and define H = G — U. If some vertex of H is adjacent to all vertices
of U, then G contains K, as a subgraph. Otherwise, every vertex of H is
adjacent to at most r — 2 vertices of LI. Thus, the size of G is at most

(ﬁ;1)+(n—r+1)(r—2)+ (n~;+1)‘

If n-r+1<7r then n<2(r-1). However, the inequalities
r < n < 2(r — 1) are equivalent to the inequality

(r;1>+(n—r+1)(r—-2)+ (n—;+l> < (zrr__zz)n'z,

- contains K, _; as a subgraph.

n = rand
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which contradicts the fact that the size of G is at least

r~2 2

1.

(21’—2)” +

Thus # — 7 + 1 > r. Since H has order n — r + 1 > r and size at least
r—2 2 T"l)
- —mn—-r+1)(F-2
(zr_2>n+1 (2 ( )r —2)

T”“2 2
p— - 1 1,
(2r"2>(n r+1)°+

it follows by the inductive hypothesis that H contains K, as a subgraph.
Therefore, G contains K, as a subgraph. [

By Theorem 11.2, it follows that forn>rv,

r—2 2
ex(n; K,) (21’ — 2)n

Also, by Theorem 11.2, for 7 = 4 and 1 = 10, every graph of order 10 and
size at least 35 contains K, as a subgraph. However, every graph of order
10 and size 34 also contains K, as a subgraph. Hence the bound presented
in Theorem 11.2 is not sharp for 7 > 4. The exact value of ex(n; K,) for all
integers n and r with n > r > 2 is due to Turén [T9].

Prior to presenting this more general result, we introduce some
terminology and notation that will be useful in its proof. A near regular
complete multipartite graph is a complete multipartite graph, the
cardinalities of whose partite sets differ by at most 1. Thus the degree
set of a near regular complete multipartite graph has at most two
elements. A near regular complete k-partite graph of order # is unique
and we denote this graph by R(mk). If g= |n/k| is the quotient
obtained when n is divided by k, then, by the division algorithm,
n =gk +r, where 0 <r < k. Necessarily, then, r of the partite sets in
R(n, k) contain 4 + 1 vertices, while the remaining k — r partite sets contain
q vertices. Thus the size of R(n,k) is r(";l) + (k —r)(]) and the size of

R(n,k) is
(:)-r(3")-e=0)

We denote the size of R(n,k) by m(n, k). Consequently,

m(n, k) = (Z)——r(qzl)—(k—r)(g).

The following proof of Turdn’s theorem is based on one due to A. J.
Schwenk.
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Theorem 11.3

Let n and p be integers with 2 < n < p. Every graph of order p and size at least
m(p,n — 1) + 1 contains K, as a subgraph. Furthermore, the only K,-free graph
of order p and size m(p,n — 1) is R(p,n — 1).

Proof

~ We proceed by induction on n(>2). For n =2 and p > 2, the graph

R(p,n—1) =R(p,1) =K,; so m(p,1) = 0. Consequently, every graph of
order p and size at least m(p,1) + 1 contains K; as a subgraph. Certainly,
K, is the unique graph of order p containing no edges. Therefore, the
result is true for n = 2.

Assume, for n > 3, that every graph of order s(>n — 1) and size at least
m(s,n — 2) + 1 contains K,,_ as a subgraph and that R(s, n — 2) is the only
graph of order s and size m(s,n —2) that does not contain K,_; as a
subgraph. For p > n, let G be a K,-free graph of maximum size having
order p.

Let v be a vertex of G such that deggv = A(G) = A. Since G does not
contain K, as a subgraph, the subgraph (N(v)) induced by the neighbors
of v does not contain K,,_;.

Next we show that A >n—1; for suppose, to the contrary, that
A< n—2. Since G has order p and p > n, it follows that there is a
vertex u(#£ v) in G such that u is not adjacent to v. Since G is a K,-free
graph of maximum size having order p, the graph G + uv contains a
subgraph F isomorphic to K,. With the possible exception of # and v,
all of the vertices of G + uv have degree at most n — 2, However, F is
{(n — 1)-regular and has order at least 3. This produces a contradiction;
so A = n — 1, as claimed.

Since (N(v)) does not contain K,,_; as a subgraph, the size of (N(v)) does
not exceed the size m(A, n —~ 2) of the graph R(A,n — 2).

Let U = {u,uy,...,u4;} denote the vertex set of the graph G — N[v}.
Since each vertex u; (1 <i<t) has degree at most A in G, it follows
that ’

E(G)] < (£ + 1)A +m(A,n — 2).

If, in fact, |E(G)| = (t+1)A+m(A,n~2), then (N(v)) =R(A,n-2).
Define

G’ -'—-R(A,Tl —2) +Kf+l'

Thus, G' is a complete (n —1)-partite graph of order p and size
(t+1)A+m(A,n—2). Since G’ is (n — 1)-partite, it does not contain K,
as a subgraph. Therefore,

(t+1)A+m(A,n—2) = [EG)]| < |EG)| < (¢ + 1)A+m(A,n-2).
Consequently, G has size (t +1)A +m(A,n — 2).
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Next we show that G = G/, that is, G’ is the unique K,-free graph.of
order p and size (t + 1)A +m(A,n — 2). The degree in G of every vertex
of U is A; for otherwise |E(G)| < |E(G')|. Moreover, U is independent;
otherwise, |E(G)| < |E(G')|. Therefore, UU {v} is independent and
G = G, as claimed.

Since G = R(A, 1 —2) + K, 1, it follows that G = Ky 11,5, p,.....p,,» Where
we may assume that p; < pp < -+ < py—». It remains only to show that G
is near regular. By the induction hypothesis, R(A,n~2) =Ky pppy_, 18
near regular, so p,_» < p; + 1. Since v is a vertex of maximum degree in G,
it follows that £t + 1 < py.

Hence, it remains to show that p,_, < t 4 2. Suppose, to the contrary,
that Pr-2 >t+43. Let H= Kf“‘z,Pth,-n,Pn—axPn—-z_1' Thus

E@E| - E@)| = (pu-2—-D - (E+1) 21,

which contradicts the defining property of G. Therefore, p, _, <t+2and
G=R(p,n-1). O

EXERCISES 11.1
11.1 Show that every graph of order n > 3 and size |7/2] + 1 contains P;
as a subgraph. Describe the extremal graphs.

112 Show that évery graph of order n > 4 and size n contains 2K, as a
subgraph. Describe the extremal graphs.

11.3 For n = 4, determine ex(n; K; 3) and all extremal graphs.

112 EXTREMAL RESULTS ON GRAPHS

In this section, we consider a variety of other extremal results in graph
theory. By Turan’s theorem, ex(n; K;) = m(n,3). Dirac [D7] obtained a
related result. -

Theorem 11.4

Every graph of order n > 4 and size at least 2n — 2 contains a subdivision of Ky as
a subgraph. :

It has been conjectured by G. A. Dirac that every graph of order n = 5
and size at least 3n — 5 contains a subdivision of K5 as a subgraph;
however, it has only been verified, by Thomassen [T3], that every graph
of order n > 5 and size at least 4n — 10 contains such a subgraph.
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We have already seen that the minimum size which guarantees that
every graph of order 1 contains a cycle is n. Although barely a teenager
at the time, Pésa (see Erd6s [E4]) determined the minimum size of a graph
G of order n > 6 which guarantees that G contains two disjoint cycles.

Theorem 11.5

Every graph of order n > 6 and size at least 3n — 5 contains two disjoint cycles.

Proof

It suffices to show that every (n, 3n — 5) graph contains two disjoint cycles
for n = 6. We employ induction on n. There are only two (6,13) graphs,
one obtained by removing two nonadjacent edges from K; and the other
obtained by removing two adjacent edges from Ks. In both cases, the
graph has two disjoint triangles. Thus, the result is true for n = 6.
Assume for all k with 6 < k < n that every graph of order k and size
3k — 5 contains two disjoint cycles. Let G be an (n,3n — 5) graph. Since

Z degv = 6n — 10,
veV(G)

there exists a vertex vy of G such that degvy, < 5. Assume first that
degvy, =5, and N(vg) = {v1,72,...,vs}. If {(N[vg]) contains 13 or more
edges, then we have already noted that (N{vg]) has two disjoint cycles,
implying that G has two disjoint cycles. If, on the other hand, (N{zo]) con-
tains 12 or fewer edges, then, since deg vy = 5, some neighbor of vy, say v;,
is not adjacent with two other neighbors of vy, say v, and v;. Add to G the
edges 10, and v1v; and delete the vertex v;, obtaining the graph G'; that
is, G' = G + vy, + v;v3 — v. The graph G’ is an (n — 1,3n — 8) graph and,
by the inductive hypothesis, contains two disjoint cycles C; and C;. At
least one of these cycles, say C;, does not contain the vertex v; and thus
contains neither the edge v,v; nor the edge v;v;. Hence C; isacycle of G. If
C, contains neither v;v, nor v;v3, then C; and C, are disjoint cycles of G.
If C; contains v,v, but not v,v;, then by removing v,v, and adding vy, v5v;
and vyv,, we produce a cycle of G that is disjoint from C;. The procedure is
similar if C, contains vyvs but not v;v,. If C, contains both v;v, and v;v;,
then by removing v; from C, and adding vy, vyv; and vyvs, a cycle of G
disjoint from C; is produced.

Suppose next that deg vy = 4, where N(vg) = {v1,v3,73,v4}. If (N[vg}) is
not complete, then some two vertices of N(vg) are not adjacent, say vy and
v,. By adding v,9, to G and deleting vy, we obtain an (n — 1,3n — 8) graph
G, which by the inductive hypothesis contains two disjoint cycles. We
may proceed as before to show now that G has two disjoint cycles.
Assume then that (N{vg]) is a complete graph of order 5. If some vertex
of V(G) — N[v] is adjacent with two or more neighbors of v, then G
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contains two disjoint cycles. Hence we may assume that no vertex of
V(G) ~ N[vg] is adjacent to more than one vertex of N(7p). Remove the
vertices v, 01, ¥, from G, and note that the resulting graph G" has order
n—3 and contains at least (3n —5) — (n — 5) — 9 = 2n — 9 edges. How-
ever, n = 6 implies that 21 —9 > n —3; so G" contains at least one cycle
C. The cycles C and the cycle v, vy, v3, 9y are disjoint and belong to G.

Finally, we assume that degvy < 3. The graph G — v is an (n —1,m)
graph, where m > 3n — 8. Hence by the inductive hypothesis, G — vy
(and therefore G) contains two disjoint cycles. []

To see that the bound 3n —5 presented in Theorem 11.5 is sharp,
observe that the complete 4-partite graph Kj 11,3 has order n and size
3n — 6, and that every cycle contains at least two of the three vertices
having degree n — 1. Thus no two cycles of Kj ; 1 ,_3 are disjoint.

For a graph of order n to contain two edge-disjoint cycles, only 7+ 4
edges are required. This result is also due to Pésa (see Erdos [E4)).

Theorem 11.6

Every graph of order n 2 5 and size at least n +4 contains two edge-disjoint
cycles.

Theorem 11.1 could very well be interpreted as a result concerning
cycles rather than a result concerning complete graphs. From this point
of view, we know that if G is a graph of order n > 3 and size m, where
m = (n*/4) + 1, then G contains a 3-cycle. We now turn to 4-cycles.

In order to present a proof of the next result, it is convenient to be
acquainted with an inequality involving nonincreasing sequences of
integers. Let ay,a4,,...,4, and b;,b,,...,b, be nonincreasing sequences
of integers. Then

> (a—a)b;i—b) >0. (11.1)

1gigjsn

By rearranging the terms in (11.1), we arrive at
n
(n-1)> ab> > ab (11.2)
. i=1 1<i#j<n .
Adding ¥7_; a;b; to both sides of (11.2), we obtain
n Zaibi = Z [l,'b]' = (Zai) (Z bz)
i=1 igijgn i=1 i=1

or, equivalently,

Sl 520) (L 50). s
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That is, the inequality (11.3) states that the sum of the integers a;:b;
(1 < i< n)is at least n times the product of the averages of 44,45, ... ,4,
and of by,b,,...,b,.

Suppose then that G is an (n,m) graph with vertex set V(G)=
{v1,02,...,0,} such that degv; =d; (1 < i< n)and dy,dy,...,d, is a non-
increasing sequence. Then, of course, Y ;_, d; = 2m. From inequality
(11.3), it follows that

n

Z(ii):%édi(di—l) > g(%?) (zmn”"). (11.4)

i=1

We are now prepared to present the aforementioned result dealing with
4-cycles (see Lovasz [L6, p. 69)).

Theorem 11.7
If G is an (n,m) graph with n > 4 and
m> n+nx/4n—3+1,
. 4
then G contains a 4-cycle.

Proof

Suppose that G is an (n, m) graph with n > 4 that contains no 4-cycle. Fora
vertex v of G, the number of distinct pairs of vertices that are mutually
adjacent to v is (“%%?). However, since G contains no 4-cycles, each pair of
vertices that are mutually adjacent to another vertex is counted exactly
once in the sum 3, cv(c)(“%”). Hence

> (dezgv) < (;) (11.5)
vEV(G)
Dénote the degrees of the vertices of G by d;,4d,,...,d,. Then
n . —_—
R ()5 E)E).
o\ 2 £\2)” 2\ n

where the inequality follows from (11.4). Combining (11.4) and (11.5), we
have

m(2m — n) < nn—1)
4 S22
Solving inequality (11.6) for m gives us
n+nvén -3
m< g

(11.6)

which completes the proof. [
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Somewhat fewer edges guarantee that a graph contains either a 3-cycle
or a 4-cycle.

Theorem 11.8
If G is an (n,m) graph with n = 4 and

nvn-—1
2 —+1,
m 2 +

then G contains a 3-cycle or a 4-cycle.

Proof

Suppose that G is an (n,m) graph with n > 4 that contains no 3-cycle or
4-cycle. We proceed as in the proof of Theorem 11.7. Since G contains no
4-cycles, each pair of vertices that are mutually adjacent to another
vertex is counted exactly once in the sum 3, V(c)( 67). Since G contains
no 3-cycles, each pair of vertices that are mutually adjacent to another
vertex are themselves not adjacent. Hence

ve};(c) (dezgv) < (;)‘m (11.7)

Denote the degrees of the vertices of G by dy,d,,...,d,. Applying the
inequality (11.4), we obtain

25036 we

Combining (11.7) and (11.8), we have

2.
2 (n=1)
m° R
which yields the desired result. [J

Letting n = 5 in Theorem 11.8, we find that if the size of a graph G of
order 5 is at least 6, then G contains a 3-cycle or a 4-cycle. This cannot be
improved because of the 5-cycle. For n = 10 it follows that if a graph G of
order 10 has at least 16 edges, then G has a 3-cycle or a 4-cycle. This too
cannot be improved since the Petersen graph has order 10, size 15, and
contains no 3-cycles or 4-cycles.

We now turn to the problem of determining the number of edges that a
graph G of order n must have to guarantee that G contams a subgraph
with a specified minimum degree.
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Theorem 11.9
Let k and n be integers with 1 < k < n. Every graph of order n and size at

least
k
(k—1)n— (2)+1

contains a subgraph with minimum degree k.

Proof

We proceed by induction on # 2 k + 1. First, assume thatn =k+1.Let G
be a graph of order n and size at least

(k—1)n — (§)+1=(n——2)n— (";1)+1= (;)

Then G = K,, = K;; and so G itself is a graph with minimum degree k.
Assume that every graph of order n —~ 1 > k+ 1 and size at least

k—1)(n-1)— (’;)4-1

contains a subgraph with minimum degree k. Let G be a graph of order n

and size m, where
mz(k—1)n— (12()4—1.

We show that G contains a subgraph with minimum degree k. If G itself is
not such a graph, then G contains a vertex v with degv < k — 1. Then the
order of G —vis n—1 and its size is at least

m—deguv 2z (k— l)n—(12()+1—(k—-1)=(k——1)(n—1)~(I;)—i—l.

‘By the induction hypothesis, G — v, and therefore G as well, contains a

subgraph with minimum degree k. []

The bound given in Theorem 11.7 cannot be improved. If k =1, then
the graph K; contains no subgraph with minimum degree 1. More
generally, for 2 < k < n, the graph K, _;.1+ K1 has order n and size
(k—1)n— (%) but contains no subgraph with minimum degree k. For
n =9 and k = 4, the graph K, _x 41 + Ki_1 is shown in Figure 11.1.

" By Theorem 3.8, if G is a graph such that §(G) > k for some positive
integer k, then G contains every tree of size k as a subgraph. Combining
this result with Theorem 11.9 gives us the following corollary.
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Figure 11.1 A (9,21) graph containing no subgraph with minimum degree 4.

Corollary 11.10
Let k and n be integers with 1 < k < n. If G is a graph of order n and size at

least
k—1n— k +1
( ) 2 1

then G contains every tree of size k as a subgraph,

In 1959 Erdos and Gallai [EG2] determined the maximum number of
edges in a graph of order n > 2k that contains no matching of size k; that
is, for n > 2k, they determined ex(n; kK;). In 1968 Moon [M10] obtained a
more general result. It is Moon’s proof of the formula for ex(n; kK;) that
we present here.

Theorem 11.11

For positive integers n and k with n = 2k,

ex(n; kK,) =max{(k— )n— (:) (Zkz' 1)}

Let G be a graph of order n and size m containing a maximum matching
M of size k — 1, and let U denote the set of vertices of G that are incident
with no edge of M. Since M is a maximum matching, U is an independent
set of vertices. Moreover, U does not contain two vertices that are adjacent
to distinct vertices of V(G) — U that are joined by an edge of M; otherwise,
G contains an M-augmenting path, which is impossible since M is a
‘maximum matching (Theorem 9.2).

We now partition the edges of M into two subsets A and B. The set A
consists of those edges xy of M such that one of x and y, say y, is adjacent
to at least two vertices of U. The vertex x of each such edge xy of A is
therefore not adjacent to any vertex of U. The set B then consists of the
remaining edges of M. Hence if uv is an edge of B, then there is at most one

Proof

Extremal results on graphs 341

vertex of U that is adjacent to u or v (or both). Let a= |A| and b = |B|; so
at+b="k-1

Now observe that if x;y; and x,y, are edges of A, where each of y; and
Y» is adjacent to at least two vertices of LI, then x;x, & E(G); for otherwise
G contains an M-augmenting path. Note that for every two edges e; and e;
of A, at least one vertex incident with e, is not adjacent to a vertex incident
with e,; so the size of (A) is at most (¥) — (2). For each edge e of A, there is
a vertex incident with e that is adjacent to no vertex of U. Thus the number
of edges joining a vertex of {A) and a vertex of U is at most a{n — 2k + 2).
Therefore, the number of edges that are incident with two vertices of A or
with a vertex of A and a vertex of U is at most

(Zza)—(;>+a(n—-2k+2).

Next observe that if x;y; and x,y, are edges of A, where y; and y, are
adjacent to two or more vertices of U, then x; and x; are not adjacent to
distinct incident vertices of an edge uv of B; for otherwise G contains an
M-augmenting path. Moreover, if u is adjacent to x;, say, then v is not
adjacent to any vertex of U, for once again an M-augmenting path results.
This implies that the number of edges of G incident with at least one
vertex of B is at most

(22b ) +{(2b)a + ba + 2b.

Since every edge of G is one of the types described above, it follows that

2a a 2b
m< (2 )-<2>+(2 )+a(n—2k+2)+3ab+2b

B <2k~1)+d(2n—5k+2) _ab

2 2 2
< (2k2—1)+a(2n —25k+2) (11.9)
— (k1) — (’;)—————”(2" —Skt3), (11.10)

If 2n — 5k 4+ 2 = 0, then, of course, (2"2_1) = {k—1)— (’2‘).1on —5k+42 >0,
then (11.9) and (11.10) attain their maximum value when b = 0; while if
2n — 5k +2 < 0, then (11.9) and (11.10) attain their maximum values when

a=0. Thus .
m< max{(k—l)”“f(lzc)’(ﬂ(;l)}

gx(n;sz) < max{(k- n - (;), (2’(; 1)}

and so
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The graph Ky_1 UK, 241 has order n, size (Zkz“ 1L and a maximum
matching of size k — 1. Moreover, the graph Ki_q + K, _¢41 has order n,
size (k— 1)n — (g), and a maximum matching of size k — 1. Therefore,

ex(n; kKy) = max{(k— n — (;), (Zkz— 1)},

which yields the desired result. []

An equivalent statement of Theorem 11.11 is that for a positive integer
k, every graph of order n > 2k and size at least

max{1+(k_1)n_ (’;)JJF (2k2—1)}

contains a matching of size k. From Corollary 11.10, we know that if G is

i —Dn—()+1, then G
a graph of order n >k >1 and size at least (k Dn—(G) + 1, th
contains every tree of size k. Brandt [B14] obtained a generalization of
both Corollary 11.10 and Theorem 11.11.

Theorem 11.12
Let n and k be positive integers with n > 2k. Every graph of order n and size at

least
‘max{l +(k=1n— @)1 + (Zk-; 1)}

contains every forest of size k without isolated vertices as a subgraph.

EXERCISES 11.2

11.4 Prove Theorem 11.4.

115 For n > 9 determine the smallest positive integer m such that
every graph of order n and size m contains three pairwise disjoint
cycles.

116 Let 72and k be positive integers such that n > (5k — 2) /2. Prove that
if G is a graph of order n and size at least (k — 1)n — (t)+1, then G
contains every forest of size k and without isolated vertices as a
subgraph.

117 Let G be a graph containing a subgraph H of order at least 2k

such that 8(H) > k. Prove that G contains every forest of size k |

and without isolated vertices as a subgraph.
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11.3 CAGES

We close this chapter with a different type of extremal topic. Recall that the
length of asmallest cycle in a graph G that contains cycles is called the girth
of G which we denote by g(G). Therefore, g(K,,) = 3 forn > 3, g(K,;) =4
fors,t > 2,and g(C,) = n for n > 3. We are interested in the smallest order
of an r-regular graph of girth g for given integers r and g. Thus, for
positive integers r > 2 and g > 3, we define f (7, g) as the smallest positive
integer n for which there exists an r-regular graph of girth ¢ having order n.
The r-regular graphs of order f(r,g) with girth g have been the object of
many investigations; such graphs are called (r, g)-cages. The (3, g)-cages
are commonly referred to simply as g-cages. We introduce the notation
[, gl-graph to indicate an r-regular graph having girth g. Thus, an (r,g)-
cage is an [r, g]-graph; indeed, it is one of minimum order.

It is clear that f(r,g) > max{r+1,g}. Thus, f(2,g) =g since C; is a
2-regular graph with girth g. Likewise, f(r,3) = + 1 since K, is an r-
regular graph having girth 3. In fact, the complete graph K, is the
unique 3-cage. A lower bound for the order of any [r,g]-graph is

presented next (see Holton and Sheehan {HS3, p. 184]). For r,g > 3, we
define

I (Lot

- r—2
fo(T,g) = 2[(7‘ _ 1)g/2 _ 1]

r—2

if g is odd
if g is even.

Theorem 11.13
If G is an [r,g]-graph of order n, then n = f,(r,g).

Proof

First, suppose that g is odd. Then ¢ = 2k + 1 for some positive integer k.
Let v € V(G). For 1 < i < k, the number of vertices at distance i from v is
r(r — 1)I-1. Hence

nel+r+rr—1)+rr—12+-+r@r-1¢!
Ty — 1Y% —
B Gt ]
. r—2

Next, suppose that g is even. Then g = 2¢, where ¢ > 2. Lete = uv € E(G).

For 1<i<¢~—1, the number of vertices at distance i from u or v is
2(r — 1)'. Thus

n>2+2(r_1)+2(r-1)2+...+z(r_1y-1:z[_.__(’*rl_)’z“l_}_ 0
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Consequently, if for integers 7, g = 3, there exists an {r, g)—cage, then
f(r,8) = fo(r,g)- We now show that for every pair 7, g > 3 of 'mt‘eger-s,
there is at least one (r,g)-cage. The proof of the following result is due
to Erdds and Sachs [ES1].

Theorem 11.14

For every pair 1, g of integers at least 3, the number f(r,g) exists and, in fact,

i < (23 )=+ T =)

Proof

Since

So-1= (E%)[(r — 1t 1]

i=1

and

S (=5 -1 -1

i=1
it follows that

o
is an integer. Denote this integer by 7, and let S be the set of all graphs H
of order n such that g(H) = g and A(H) <r. Note thatn = g. Tl}e set S
is nonempty since the graph consisting of a g-cycle and n —g isolated
vertices belongs to S. For each H € S, define

M(H) = {v € V(H)|degv < r}.

If for some H € 8, M(H) = J, then we have the desired result; thus we
assume for all He S, M(H) # &. For H € S, we define d(H) to be !he
maximum distance betweén two vertices of M(H). (We define
d(uq,up) = +oo if uy and u, are not connected.) o

Let S, be those graphs in § containing the maximum ngmjber of edggs,
and denote by S, the set of all those graphs H of S; for which |M(H)]| is
maximum. Now among the graphs of S, let G be chosen so that d(G) is
maximum. , :

Let 4, v € M(G) such thatd(u,v) = d(G). Suppose tl}at iG)>g-122
By adding the edge uv to G, we obtain a graph G ?f order n having
g(G) =g and A(G') <. Hence G € S; however, G has more edges
than G, and this produces a contradiction. Theref.or‘e, d(G)<g—-2and
d(u,v) < g — 2. (The vertices u and v may not be distinct.)
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Denote by W the set of all those vertices w of G such that d(u,w) < g2
or d(v,w) < g— 1. From our earlier remark, it follows that u, v € W. The
number of vertices different from u at a distance at most g — 2 from u
cannot exceed

while the number of vertices different fromv v and at a distance at most
g — 1 from v cannot exceed

gi(f— )= (—:——:—%)[(r— 11— 1],

i=1

Hence the number of elements in W is at most

IC:;)KT— 182 1]+ (::;>[(r_1)g—1 _vl];

however,

e L e R R

Therefore, there is a vertex wy € V(G)— W, so d(u,w;) >g¢g~—1 and
d(v,wy) > g.

Since d(u,w;) >d(G) and u € M(G), it follows that w; € M(G) and
degw, =r = 3. Therefore, there exists an edge e incident with w; whose
removal from G results in a graph having girth g. Suppose that e = w;w,.
Clearly, d(v,w,) > g — 1, s0 wo ¢ M(G) and degw; =r. o

We now add the edge uw; to G and delete the edge w,w,, producing
the graph G;. The graph G, also belongs to S and, in fact, belongs to S;.
The set M(G;) contains all the members of M(G) except possibly u and,
in addition, contains w,. From the manner in which G was chosen,
IM(Gy)| < IM(G)|; so ug M(G;) and |M(G;)| = |[M(G)|. Therefore,
degu =r in G;, implying that, in G, degu =r — 1. Furthermore, G,
belongs to ;.

We now show that u is not the only vertex of M(G), for suppose that it
is. Since there is an even number of odd vertices, we must have r and n
odd; howevey, this cannot occur since n is even when r.is odd. We con-
clude that u and v are distinct vertices of M(G).

The vertices v and w, are distinct vertices of M(G;). If there exists no
v~w, path in Gy, then d(G;) = +00, and this is contrary to the fact that
d(Gy) < d(G). Thus v and w, are connected in G;. Let P be a shortest v-w,
path in G,. If P is also in G, then P has length at least dg(v,w;) in G, but

de(v,ws) > g —1>d(G),
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Vi

v4 v3

Figure 11.2 The Petersen graph: the unique 5-cage.

which is impossible. If P is not in G, then P contains the edge uw; and a
u~v path of length dc(u,v) as a subpath. Hence P has length exceeding
dg(u,v) = d(G), again a contradiction.

It follows for some H in S that M(H) = ¢, that is, H is an r-regular
graph of order n having girth g. [

We now determine the value of the number f(r, 4).

Theorem 11.15

Forr > 2, f(r,4) = 2r. Furthermore, there is only one (r,4)-cage; namely, K, ,.

Proof

By Theorem 11.13, f(r,4) > 2r. Obviously, the graph K, , is r-regular, has
girth 4, and has order 2r, thus implying that f(r,4) = 2r.

To show that K, , is the only (r,4)-cage, let G be an [r, 4]-graph of order
2r, and let u; € V(G). Denote by vy,7,,...,7, the vertices of G adjacent
with u;. Since g(G) = 4, v; is adjacent to none of the vertices v;, 2<i<r;
hence G contains r — 1 additional vertices u,, u3, . .. , #,. Since every vertex
has degree r and G contains no triangle, each vertex u; (1 <i<7r) is
adjacent to every vertex v; (1 <j < r); therefore, G=K,,. [

An [r, gl-graph of order n is called a Moore graph if n = f(r,g) = fo(r,8).
Hence, a Moore graph is an (r,g)-cage of order fy(r,g). Consequently,
the graphs K., for r >3 are Moore graphs. The best known Moore
graph is the Petersen graph (Figure 11.2). It is not difficult to verify
that the Petersen graph is a 5-cage. That it is the only 5-cage is verified next.

Theorem 11.16
The Petersen graph is the unique 5-cage.
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Proof '

As mentioned earlier, it is not difficult to show that the Petersen graph is a
5-cage. In order to see that it is unique, assume that G is a [3, 5]—graph of
order 10. We show that G is isomorphic to the Petersen graph.

Let vy € V(G), and suppose v,, v3 and v, are the vertices adjacent to v;.
Since g(G) = 5, each vertex v;, i = 2,3, 4, is adjacent to two new vertices of
G. Let v5 and vg be adjacent with v,; v; and vg with v3; and v and vy with
v4. Hence V(G) = {v;|i =1,2,...,10}. The fact that the girth of G is 5 and
that every vertex of G has degree 3 implies that v; is adjacent with one of
v7 and vg and one of vy and vy9. Without loss of generality, we assume vs to
be adjacent to v; and vg. We must now have v, adjacent to vg and vyg.
Therefore, the edges vy and gy are also present and no others.
Thus, G is isomorphic to the Petersen graph. [

Since fo(r,5) =7 + 1, a Moore graph of girth 5 has order r* +1. We
have seen that the Petersen graph is the only cubic Moore graph of
girth 5. However, the Petersen graph is one of only two (or possibly
three) Moore graphs of girth 5. This fact was established by Hoffman
and Singleton [HS2]. We omit this proof.

Theorem 11.17

If G isan r-regular Moore graph (r > 3) of girth 5, then r = 3, 7 = 7 or, possibly,
r =57, .
A graph referred to as the Hoffman-Singleton graph is the 7-regular

Moore graph of girth 5 (and of order 50). Its construction is described
in Holton and Sheehan [HS3, p. 202].

Figure 11.3 The 4-regular Moore graph of girth 6.
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Figure 114 The (4, 5)-cage and (5,5)-cage.

Moore graphs can be considered from a different Roint of view.
Consider integers r, g >3, where.g =2k +1 is odd. If G is an r-regula-r
graph of order n and diameter k, then by the proq_f of Theorem 11.13, it
follows that fy(r,g) > n. Hence a Moore graph of odd girth h’as the max-
imum order consistent with its degree and diameter constraints and the
minimum order consistent with its degree and girth constraints. Such a
statement also applies to Moore graphs with even girth.
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We now summarize the information concerning Moore graphs; namely,
r-regular Moore graphs of odd girth g exist when

® g§=3,r >3, and K, is the unique Moore graph;

® §=5,7=3, and the Petersen graph is the unique Moore graph;

® 9=5r=7, and the Hoffman-Singleton graph is the unique Moore
graph; and A

¢ ¢=>5and r = 57 is undecided.

Furthermore, r-regular Moore graphs of even girth ¢ exist when

® g=4,7 24, and K,, is the unique Moore graph; -

¢ g = 6and for all r for which there exists a projective plane of orderr — 1;

¢ g =8 and for all r for which there exists a certain projective geometry;
and o

¢ ¢ =12 and for all  for which there exists a certain projective geometry.

As an additional example of a Moore graph referred to above, there is a
unique 4-regular Moore graph of girth 6 and order fo(4,6) = 26. This
graph is shown in Figure 11.3.

Additional information on Moore graphs can be found in Holton and
Sheehan [HS3, Chap. 6]. We now return to cages that are not necessarily
Moore graphs. The (4, 5)-cage and (5, 5)-cage are shown in Figure 114.
The (6,5)-cage has order 40 while the (7,5)-cage, as mentioned earljer,
is known to have order 50. ,

There is only one 6-cage, referred to as the Heawood graph, and this is
shown in Figure 11.5. ‘

There are only a few known g-cages, & 2 7. The 7-cage (known as the
McGee graph) and the 8-cage (the so-called Tutte-Coxeter graph) are shown
in Figure 11.6. The 12-cage has order 126. o

Some other known values of f(r,g) are shown in Figure 11.7.

Figure 11.5 The Heawood graph: the unique 6-cage.
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r=3 4 6 10 14 24 30 58 70
r=4 5 8 19 26 ? 80 ? ?
r=>5 6 10 30 42 ? 170 ? ?
r=6 7 12 40 62 ? 312 ? ?
r=7 8 14 50 90 ? ? ? ?

Figure 11.7 Some known values of f(r,¢).

For those values of r and g for which f(r,g) is unknown, the known
bounds are not especially close. The closest known bounds for an
unknown value of f(r,g) is 53 < f(4,7) < 728. At the opposite extreme,
3110 < f(7,10) < 6°.-

EXERCISES 11.3

11.8 Let G be a connected graph with cycles. Show that
8(G) < 2diam (G) + 1.

11.9 (a) Prove that f(3,6) = 14.
(b) Prove that the Heawood graph is the only 6-cage.

11.10 Let G bean [r, g]-graph (r > 2, g = 3) of order f (r, g); that is, let G be
an (r,g)-cage. Prove that if H= G x K; is an [5,g|-graph, then H
cannot be an (s, g)-cage.

CHAPTER 12

Ramsey theory

Probably the best known and most studied area within extremal graph
theory is Ramsey theory. We begin this study with the classical Ramsey
numbers. : :

121 CLASSICAL RAMSEY NUMBERS

For positive integers s and ¢, the Ramsey number r(s,t) is the least
positive integer n such that for every graph G of order n, either G
contains K, as a subgraph or G contains K, as a subgraph; that is, G
contains either s mutually adjacent vertices or an independent set of ¢
vertices. The Ramsey number is named for Frank Ramsey [R1], who
studied this concept in a set theoretic framework and essentially verified
the existence of Ramsey numbers. Since (G) = G for every graph G, it
follows that the Ramsey number r(s,t) is symmetric in s and ¢ and
r(s,£) = r(t,s).

It is rather straightforward to show that r(s, t) exists if at least one of s
and ¢ does not exceed 2 and that

r(l,t) =1 and r(2,f) ="t

The degree of difficulty in determining the values of other Ramsey num-
bers increases sharply as s and ¢ increase, and no general values like the
above are known.

It is sometimes convenient to investigate Ramsey numbers from an
‘edge coloring’ point of view. For every graph G of order n, the edge
sets of G and G partition the edges of K,. Thus, r(s,t) can be thought of
as the least positive integer # such that if every edge of K, is arbitrarily
colored red or blue (where, of course, adjacent edges may receive the
same color), then there exists either a complete subgraph of order s, all
of whose edges are colored red, or a complete subgraph of order ¢, all
of whose edges are colored blue. In the first case, we say that there is a
red K;; in the second case, a blue K;. We call the coloring a red-blue coloring
of K. For example, for ¢t > 2, 7(2,t) > t — 1 since if all (';") edges of K; _,
are colored blue, then K; _; contains neither a red K, nor a blie K,. How-
ever, r(2, ) < t since in an arbitrary réd-blue coloring of K, either all the
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edges are blue and we have a blue K, or at least one edge is red and we
have a red K;. Thus, 7(2,t) = £.

Theorem 12.1 gives the value of the first nontrivial Ramsey number
r(3,3).

Theorem 12.1
The Ramsey number 1(3,3) = 6

Proof

Since neither Cs nor Cs contains K3 as a subgraph, 7(3,3) .2 6. Consider
any red-blue coloring of K, and let v be a vertex of K¢. Clearly, v is
incident with at least three edges of the same color. Without loss of
generality, we assume that vvy, vv, and vv; are red edges. If any of v1v,,
0103 and v, is a red edge, then there is a red Kj; otherwise, these three
edges are blue and we have a blue K3. Thus, r(3,3) < 6. Combining the
two inequalities, we have 7(3,3) = 6. [

Before proceeding further, we show that all Ramsey numbers exist and,
at the same time, establish an upper bound for (s, t), which was discov-
ered originally by ErdGs and Szekeres [ES2]. In the proof of Theorem 12.2
we use the definition of the Ramsey number directly, rather than the
equivalent edge coloring point of view.

Theorem 12.2

For every two positive integers s and t, the Ramsey number r(s,t) exists;
moreover,
s4+t—2
t) < .
o< (PT?)

Proof

We proceed by induction on k = s + t. Note that we have equality fors =1
or s = 2, and arbitrary £; and for t = 1 or f = 2, and arbitrary s. Hence the
result is true for k < 5. Furthermore, we may assume that s > 3andt > 3.

Assume that r(s',#) exists for all positive integers s’ and # with
s'+ 1 <k where k > 6, and that

s+t —2
) < ( g1 )

Let 5 and t be positive integers such that s+t=k s> 3 and ¢ > 3. By
the inductive hypothesis, it follows that r(s — 1,f) and (s, t — 1) exist,
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and that

s+t-3 5+t—3
—_ — < .
r(s—1,1) € ( s 9 ) and r(s,t—1) \< 1 )

s

s+t—3 n s+t-3\ S+t—2
s—2 s—1 )7\ s—1 )

Hs—1,0) +7(s,f - 1) < (SH”z). (12.1)

s—1

Since

we have that

Let G be a graph of order (s — 1,t) 4 r(s,t — 1). We show that either G
contains K; as a subgraph or -G contains K; as a subgraph. Let v € V(G).
We consider two cases.

Case 1. Assume that deggv > r(s — 1,t). Thus if S is the set of vertices adja-
cent to v in G, then either (S)¢ contains K;_, as a subgraph or (S); = (S)z
contains K; as a subgraph. If (5)z contains K, as a subgraph, then so does
G. If (S)¢ contains K;_; as a subgraph, then G contains K; as a subgraph
since in G, the vertex v is adjacent to each vertex in S. Hence in this case,
K,CGorK, CG.

Case 2. Assume that degcv < r(s —1,t). Then degzv > r(s,t — 1). Thus if
T denotes the set of vertices adjacent to v in G, then [TI >r(s,t—1) and

either (T); contains K; as a subgraph or (T contains K;_ as a subgraph.
It follows, as in Case 1, that either K; C Gor K; C G.

Since G was an arbitrary graph of order r(s—1,t) +r(s,t — 1), we
conclude that (s, t) exists and that

ris,t) <r(s—1,8) +r(s,t —1). (12.2)
Combining (12.1) and (12.2), we obtain the desired result. [

The proof of Theorem 12.2 gives a potentially improved upper bound
for r(s, t). This is stated next, together with another interesting fact.

Corollary 12.3
Forintegers s =2 and t > 2
r(s,t) <r(s—1,8) +r(s,t —1). . (123)

Moreover, if r(s — 1,t) and r(s,t — 1) are both even, then strict inequality holds
in (12.3).

Proof
The inequality in (12.3) follows from the proof of Theorem 12.2.
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In order to complete the proof of the corollary, assume that r(s — 1,£)
and r(s,t—~1) are both even, and let G be any graph of order
r{s—1,£) +r{s,t — 1) — 1. We show that either G contains K, as a sub-
graph or G contains K; as a subgraph. .

Since G has odd order, some vertex v of G has even degree. If
degs v > (s — 1,t), then, as in Case 1 of Theorem 12.2, either G contains
K; as a subgraph or G contains K; as a subgraph. If, on the other hand,
deg; < r(s—1,t), then degg v < r(s — 1,1) — 2 since degg v and r(s ~ l,‘t)
are both even. But then degzv > r(s,t — 1), and we may proceed as in
Case 2 of Theorem 12.2. []

As we have already noted, the bound given in Theorem 12.2 for r(s, t)
is exact if one of s and ¢ is 1 or 2. The bound is also exact for s =t = 3.
By Theorem 12.2, '

£+t
3,0 < =

An improved bound for r(3, t) is now presented.

Theorem 12.4
For every integer t = 3,
£ 43

3 (12.4)

r(3,t) <

Proof

We proceed by induction on t. For t = 3, 7(3,t) = 6 while (#* +23) /2=6,50
that (12.4) holds if ¢ = 3. Assume that r(3,¢ — 1) < ((t — 1)* + 3)/2, for
some t > 4, and consider r(3,t). By Corollary 12.3, :

r(3,£) < t+7(3,t—1). (12.5)

Moreover, strict inequality holds if # and (3, — 1) are both even.
Combining (12.5) and the inductive hypothesis, we have

(t—1"+3 £+4

2 27
To complete the proof, it suffices to show that the inequality given in
(12.6) is strict.

If t is odd, then r(3,t) < (¥ +4)/2 since t* +4 is odd. Thus we may
assume that t is even. If r(3,t ~ 1) < ((t — 1)> + 3)/2, then clearly the
inequality in (12.6) is strict. If, on the other hand, r(3,t—1)=
((t=1)*+3)/2=?/2 —t+2, then r(3,t—1) is even since ¢ is even.
Therefore the inequality in (12.5) is strict, which implies the desired
result. [

(3,8 < t+ (12.6)
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Figure 12.1 An extremal graph showing r(3,5) = 14.

According to Theorem 124, 7(3,4) <9 and r(3,5) < 14. Actually,
equality holds in both of these cases. The equality (3,5) = 14 follows
since there exists a graph G of order 13 containing neither a triangle nor
an independent set of five vertices; that is, K3 € Gand K5 € G. The graph
G is shown in Figure 12.1.

Theorem 12.2 gives an upper bound for the ‘diagonal’ Ramsey number
7(s,s), namely r(s,s) < (*~2). There are three ways in which lower
bounds for 7(s, s) have been obtained: the constructive method, a counting
method and the probabilistic method. In the constructive method, a lower
bound for (s, s) is established by explicitly constructing a graph G of an
appropriate order such that neither G nor G contains K, as a subgraph.
Better lower bounds, however, have been obtained using a counting
method, which we describe here briefly. (The probabilistic method will
be discussed in Chapter 13.) Suppose that we wish to prove the
existence of a graph G of order n having some given property P. If we
can estimate the number of graphs of order # that do not have property
P and we can show that this number is strictly less than the total number
of graphs of order 7, then there must exist a graph G of order n having
property P. Of course, this procedure offers no method for constructing G.
In 1947, in one of the first applications of a counting method, Erdés [E2]
established the following bound.

Theorem 12.5
For every integer t > 3,

r(t 1) > [272].

Proof

Letn= (22| We demonstrate the existence of a graph G of order 1 such
that neither G nor G contains X, as a subgraph.
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There are 2@ distinct labeled graphs of order n with the same vertex set
V. For each subset S of V with |S] = ¢, the number of these graphs in which
S induces a complete graph is 26)-06), Thus, if M denotes the number of
graphs with vertex set V that contain a subgraph isomorphic to K, then

t
M< (’: ) 20— < _':Tz(';)—@)_ (12.7)

By hypothesis, n < 22, Thus, #* <2t2/2. Since t > 3, we have 2t2/ 2 <
G126, and so

' < (l)t! 26), (12.8)
' 2
Combining (12.7) and (12.8), we conclude that

t
M < (1)2%.

If we list the M graphs with vertex set V that contain a subgraph iso-
morphic to K;, together with their complements, then there are at most
2M < 2 graphs in the list. Since there are 2@ graphs with vertex set
V, we conclude that there is a graph G with vertex set V such that neither
G nor G appears in the aforementioned list, that is, neither G nor G
contains a subgraph isomorphic to K;. [

By Theorems 122 and 12.5, we have 4 <r(4,4) <20. Actually
7(4,4) = 18 (Exercise 12.5); in fact, the only known Ramsey numbers
r(s,t) for 3< s < fare

r3,3) =6 r(3,6) =18  r(3,9) =36
rG,4)=9  r(3,7)=23 r(4,4)=18
r(3,5)=14 r(3,8)=28  r(4,5) =25.

EXERCISES 12.1

121 Show that r(s,t) = r(t,s) for all positive integers s and ¢.

122 Show that if G is a graph of order r(s,t) — 1, then
(@ K1 S GorK CG,
(b) K, CGorK,_y CG.

123 If2 <5’ <sand 2 < ¥ < ¢, then prove that r(s', ') < r(s, t). Further-
more, prove that equality holds if and only if ' =sand t' = ¢.

12.4 Show that 7(3,4) =9.

12.5 The accompanying graph has order 17 and contains neither four
mutually adjacent vertices nor an independent set of four vertices.
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Thus, r(4,4) > 17. Show that 7(4,4) = 18.

126 The value of the Ramsey number‘r(S, 5) is unknown. Establish

upper and lower bounds (with explanations) for this number.

122 GENERALIZED RAMSEY THEORY

For positive integers s; and s,, the classical Ramsey number 7(s;, s,), dis-
cussed in section 12.1, may be defined as the least positive integer 7 such
that for any factorization K,, = F; @ F, (therefore, F, = F,), either K, CF
orK;, C F;. Defining the Ramsey number in this manner suggests a variety
of interesting generalizations. In this section we consider a sample of the
many directions of investigation in the field of Ramsey theory. :

Let Gy1,Gy,- .., G (k= 2) be graphs. The (generalized) Ramsey number
r(Gy, Gy, - .-, Gy) is the least positive integer n such that for any factoriza-
tion

Kn=Fi0F & - &F,

the graph G; is a subgraph of F; for at least one i =1,2,...,k Hence,
r(K,,,Ks,) =1(51,5,). Furthermore, we denote r(K,,K,,...,K,) by
7(51,52, - -, 8)- The existence of such Ramsey numbers is guaranteed by
the existence of the classical Ramsey numbers, as we now see.

Theéorem 12.6

Let the graphs Gi,Gy,...,Gy (k>2) be given. Then the Ramsey number
(G, Gy, ..., Gy) exists.

Proof

It suffices to show that if s;,s,,...,s, are positive integers, then
7(s1,52,-.-,5) exists; for suppose that Gy,Gy,...,G; have orders s,
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S35+ .3 5ks respectively, and that 7(s1,5;, . .., 8) exists. If F; @ F, ® - - ® Fyis
any factorization of the complete graph of order (s, s;,.. .,5), then
K, CF; for some i, 1 <i<k Since G; C K, it follows that G; C F;. Thus
7(G1, Gy, -, Gy) exists and 7(Gy, G, .- 1 G) < (51,522 5%)-

We proceed by induction on k, where 7{s1,52) ex1sts for all positive
integers s; and s, by Theorem 12.2. Assume that (s, Sy, . .- ,Sk—1) exists
(k> 3) for any k — 1 positive integers s1,5,,...,51, and let 51,5,...,5
be k positive integers. We show that r(s1,5,,. . ., 5¢) exists. By the inductive

hypothesis, (sy,8,...;5¢.1) exists; say 7(51,825---,5¢-1) =M. Let

r(ng, sx) = n. We now verlfy that r(sy, 8, - - ., 5) < n, thereby establishing'
the required existence.

Let K, =F, ®F,®---®F; be an arbitrary factorization of K, into k
factors. We show that K, CF; for at least one i, 1<i< k. Let
H=F,&F,® - @F;_q; hence K, = H & F,. Since r(ny,5;) = #, it follows
that K,,, C Hor K,, C F;.

Suppose that Kn0 C H. Let V; be a set of ny mutually adjacent vertices
of H, and define Fi= (Vo) for i=1,2,...,k—1 Since H=
Fi0F® - - ®F_,, it follows that K,, = F; & F} @ - @ Fi._,. However,
7(S1,525 -+« s Sk 1) =1y; 50 K C F for some i, 1<i<k—1. Because
FiCF; for all i, 1 <i<k—1, the graph K, is a subgraph of F; for at
leastonei 1 <i<k-1.

Hence, we may conclude that K, C F; forsome i, 1<i<k O

. While it is known that 7(3,3,3) = 17, no other nontrivial numbers of the
type r(81, 8z, - - ., 5¢), k > 2, have been evaluated except those mentioned in
the preceding section. It may be surprising that there has been consider-
ably more success in evaluating the numbers 7(Gy, Gy, . -, Gy) when not
all the graphs G; are complete. One of the most interesting results in this
direction is due to Chvatal [C8], who determined the Ramsey number
(T, K;), where T, is an arbitrary tree of order s. This very general
result has a remarkably simple proof.

Theorem 12.7

Let T, be any tree of order s = 1 and let t be a positive integer. Then
r(Ts,Ke) =14 (s = 1)(t —1).

Proof

Fors=1lort=1,r(T,,K) =1=1+ (s — 1)(t — 1). Thus, we may assume
thats >2and ¢ = 2.

The graph F = (t — 1)K _; does not contain T as a subgraph since each
component of F has order s —1. The complete (f — 1)-partite graph
F=K(s-1,5—1,...,5~ 1) does not contain K; as a subgraph. Therefore,
r(TeK) 2 14 (s - 1)(t - 1).

Generalized Ramsey theory 359

Let F be any graph of order 1+ (s — 1)(t — 1). We show that T, C F or
K; CF, implying that 7(T,,K;) <1+ (s—1)(t —1) and completing the
proof. If K; is not a subgraph of F, then G(F) < t — 1. Therefore, since F
has order 1+ (s —1)(t —1) and B(F) <t—1, it follows that x(F)>s
(Exercise 8.1). Let H be a subgraph of F that is critically s-chromatic. By
Corollary 8.3, §(H) > s — 1. Now applying Theorem 3.8, we have that
T, CH,sothat T, CF. [

For k > 3, the determination of Ramsey numbers 7(Gy, Gy, ..,Gy) has
proved to be quite difficult, for the most part. For only a very few classes
of graphs has any real progress been made. One such example, however,
is where each G;, 1 €1 < k, is a star graph. The following result is by Burr
and Roberts [BR3].

Theorem 12.8

Let s4,55,...,8 (k = 2) be positive integers, t of which are even. Then
k
r(Kl,SﬂKl,Sz? cos aKl,sk) = Z(Si - 1) + oh
i=1
where 6; = 1 if t is positive and even and 6; = 2 otherwise.

Proof

Let 7(Kys,,Kigy,- -+, Ky,) = 1, and let E;;ls,- = N. First, we show that
n % N —k+6,. Since each vertex of Ky_g,, has degree N—k+1=
Yi_1(si — 1) + 1, any factorization

Ky-rp2=F0Fhe- - -0F

necessarily has K;;, C F; for at least one i, 1 < i< k. Thus, n < N~k +2.
To complete the proof of the inequality n < N — k + §,, it remains to show
that n <N —k+1 if ¢ is positive and even. Observe that, in this case,
N —k +1is odd. Suppose, to the contrary, that there exists a factorization

Kny-ky1=F6F,®---&F

such that K;,, is not a subgraph of F; for each i=1,2,...,k Since each
vertex of Ky _;.1 has degree N —k = E i=1(si — 1), this unplies that F; is
an (s; — 1)-factor of Ky _j,; foreachi=1,2,...,k. However, N —k+1is
odd and n; —1-is odd for some j (1 <j < k) thus, F; contains an odd
number of odd vertices, which is impossible.

.Next we show that#n > N — k+ 6,. If t = 0, then each mteger s;is odd as
is N ~ k + 1. By Theorem 9.21, the complete graph Ky ¢ 1 can be factored
into (N —k)/2 hamiltonian cycles. For each i = 1,2,...,k, let F; be the
union of (s5; —1)/2 of these cycles, so F; is an (s; — 1)-factor of Ky _j1.
Hence there exists a factorization Ky_y11 = F; ®F, @ --- @ F; such that
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Kis is not a subgraph of F;, for each i (1 <i<k). This implies that
nzN-k+2ift=0.

Assume that ¢ is odd. Then N — k+ 1is even. By Theorem 9.19, Ky 41
is 1-factorable and therefore factors into N — k 1-factors. Fori=1,2,... .k,
let F; be the union of s; ~ 1 of these 1-factors, so each F; is an (s; — 1)-factor
of Ky_y+1. Thus, there exists a factorization Ky wp1=FieFhe---oF
such that Ky , is not a subgraph of F; for each i. Thusn>N-—k+2iftis
odd.

Finally, assume that f is even and positive, and suppose that sy, say, is
even. Then there is an odd number of even integers among s —1,
$9, . - -»5¢, which implies by the previous remark that

nz r(K‘l,S]—l.’Kl,Sz’ vt ’K'l,sk) >N ~k+1.
Hence, in all cases 11 = N — k+ 6;, so that n = N-k+6. O

For k = 2 in Theorem 12.8, we have the following.

Corollary 12.9
Let s and t be positive integers. Then

r(Kl,saKl,t) = {

For graphs G;,Gy,...,Gr, where k> 2, we know (as a result of
Ramsey’s theorem) that if G is a complete graph of sufficiently large
order, then for every factorization G=F; & F, & - ® F, the graph G; is
a subgraph of F; for at least one 7, 1 <i < k. This suggests the following.
For graphs G,G1,Gy,...,Gx (k>2), we say G arrows Gy,Gs,...,Gp
written G — (Gq,Go, .., Gy), if it is the case that for every factorization
G=F,®&F®- -®F, we have G; CF; for at least one i, 1<i<k The
natural problem, then, is to determine those graphs G for which
G — (Gy,Gy, . -, Gy) for given graphs Gy, G, .. -, G-

In a few special cases of pairs of graphs G; and Gy, the aforementioned
problem has been solved. In general, however, the problem is extremely
difficult. Therefore most attention has been centered on the case k=2,
and, for given graphs G; and G,, on the properties a graph G can possess
if G — (Gi,G,). For example, if G — (K, K;) where s, t > 2, then clearly
w(G) = max(s, t). Folkman [F8] has shown that this is a sharp bound on
w(G); specifically, given integers s,t > 2, there is a graph G’ with clique
number max(s, £) for which G’ — (K;,K;). Neetfil and Rodl [NR1] have
extended this result by showing that for any graph H.and integer k > 2,
there exists a graph G with clique number w(H) for which
G — (Hy,Hy,...,Hy), where H;=H fori = 1,2,...,k.

If G — (K, K;), then it is easily seen that the order of G is at least r(s, t);
that is, if G — (K;, K;), then the n(G) > n(K,), wherer = r(s, ), Burr, Erdés

s+t—1 if sand t are both even
s+t otherwise.
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and Lovész [BEL1] have shown that a similar result holds in the case of
chromatic numbers.

Theorem 12.10

For all positive integers s and ¢, if G — (K, K}), then x(G) 2 x(K,), where
r=r(s,t}.

Proof

The result holds if s = 1 or if ¢ = 1. Thus we may assume that s > 2 and
t = 2, so that r(s,t) = 2.

Suppose that x(G) < r — 1. Since the order of G is at least 7, there is an
{r — 1)-coloring of G with resulting color classes Uy, Uy, - .., U 1.

By definition of r = #(s, t), there is a factorization K, _; = F; @ F, such
that K, ¢ F; and K; € F. Label the vertices of K,_1 as v4,03, . .., 0r_1-

We construct a factorization of G as follows. Let V(G;) = V(G,) = V(G).
Each edge e of G is of the form e= uju; where u; € U; and u € Uy
(1<j<k<r~1). Since vjvy is an edge of K,_y, either vjv; € E(F;) or
vog € E(F,) in the factorization K,_; =F; ®@F,. Let wu € E(G;) if
vjvk (S E(F,), i= 1,2 Then G = G1 () Gz. .

Suppose that K; € G;. Thus Gy contains s mutually adjacent vertices,
say wq,Ws,...,Ws, and there are distinct color classes U;,U,,,...,U;
such that w; € U;, for j=1,2,...,s. From the way in which G; was con’
structed, it follows that ({v;,v;,...,v;})r, = K;, which is impossible.
Therefore, K; € G;. Similarly, K; € G,, so G 4 (K, K;). This is a contra-
diction. Thus, x(G) = r, and the proof is complete. [J '

i

Corollary 12.11

. For all positive integers s and t, if G — (K, K;), then the size of G is at least (7),

where r = r(s,t).

For arbitrary graphs G, and G,, if G — (G;, G,), then the order of G is at
least 7, where r =r(G,G;). However, it is not true in general that
x(G) = x(K,) or that the size of G is at least (;), the size of K,.

We note in closing that Graham, Rothschild and Spencer [GRS1] have
written a book on Ramsey theory. _

EXERCISES 12.2

127 Show that (3,3,3) < 17.
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12.8 Show for graphs Gy, Gy, ..., Gy (k = 2) that
(G, Gy, -, G, Kp) = 7(Gq, Gy, - .-, Gy).
12.9 Show for positive integers t;,t,..., & (k > 2) that
(K, Kpyy oo Ky, Te) =14 (7 = 1)(s - 1),
where T is any tree of order s > 1 and r = r(t}, f5,..., k).

12.10 Let s and { be integers with s > 3 and t > 1. Show that

2t+1 ifsisoddands<2t+1
(G Kyy) = {s if s > 2f.

(Note that this does not cover the case where s is even and s < 2t.)

12.11 Let G; be a graph whose largest component has order s, and let G,
be a graph with x(G,) = t. Prove that 7(G;,G,) > 1+ (s — 1)(t —'1).

12.12 Show for positive integers £ and ¢, that r(K, + K; T;) < £(s — 1) + ¢,
where T is any tree of order s > 1.

12.13 Let s and t be positive integers, and recall that a(G) denotes the
vertex-arboricity of a graph G. Determine a formula for a(s,f),
where a(s, t) is the least positive integer n such that for any factor-
ization K, = Fy @ F,, either a(F;) = s or a(F,) > ¢.

12.14 Show that if G, G; and G, are graphs such that G — (G;,G;), then
.the order of G is at least 7, where r = #(G,G,).

12.15 Prove Corollary 12.11.

12.16 (a) Let s and ¢ be positive integers. Show that if G — (Ky4,K; ),
then the size of G is at least s +¢ — 1.
(b) Give an example of a graph G for which G — (K;,, Ky ;) and the
sizeof Giss+t—1.

12.17 (a) Give an example of graphs G, G;, G, such that G — (G4, G,) but
x(G) < x(Kyc,.0))-
(b) Give an example of graphs G, Gy, G, such that G — (G, G,) but
the size of G is less than the size of Kr6,6y)-

12.18 (a) Prove that there exists no triangle-free graph G of order 4k + 3
(k = 1) for which é(G) > 2k + 2.
(b) LetG;, Gy,...,Gyyq bek+ 1(>2) graphs such that G; = K; and
Gi = K]‘3 for 2<i<g k+ 1. Prove that T(Gl,Gz, .. ’7Gk+1) =
4 +3. -

1219 (@) Let s;,55,535(=>2) be integers. Prove that r(s1,5,,83) <
7(31,52,53 — 1) -+ T(S],Sz _ 1,53) -+ r(s1 — 1,52,53) —1. }
(b) Generalize the result in part (a).
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123 OTHER RAMSEY NUMBERS

In this section we consider three examples of Ramsey-like numbers.

For positive integers s and ¢ the classical Ramsey number r(s, t) can be
defined as the least positive integer 1 such that for every graph G of order
n, either B(G) > s or B(G) > t, thatis, either G contains K, as a subgraph or
G contains K, as a subgraph. Since every independent set is also an irre-
dundant set, this alternative formulation suggests a concept analogous to
Ramsey numbers for irredundance. :

The irredundant Ratnsey number ir(s, t) is the least positive integer n such
that for any graph G of order #, either IR(G) > s or IR(G) > *.

Since IR(G) > B(G) for every graph G, it follows that ir(s, t) exists for all
positive integers s and ¢ and, in fact, ir(s,t) < r(s,t). The irredundant
Ramsey number is symmetric in s and t, as is the classical Ramsey
number, and, as noted by Brewster, Cockayne and Mynhardt [BCM1],
recurrence relations analogous to (12.2) hold for irredundant Ramsey
numbers. The proof of this last fact is left as an exercise.

Theorem 12.12

For every two positive integers s > 2 and t > 2, the irredundant Ramsey number
ir(s, t) exists; moreover,

ir(s,t) <ir(s — 1,¢) +ir(s,t — 1).

Certainly, ir(1,£) =1 and ir(2,f) = ¢ (Exercise 12.21). Our next result
establishes the value of ir(3, 3).

Theorem 12.13
The irredundant Ramsey number ir(3,3) = 6.

Proof

Since ir(3,3) < 7(3,3) = 6, it suffices to exhibit a graph G of order 5 for
which IR(G) < 3 and IR(G) < 3. Consider G =G = Cs. Assume, to the
contrary, that IR(Cs) >.3. Since B(Cs) = 2, it follows that Cs contains an
irredundant set S of cardinality 3 that is not independent. Thus, (S) = Py
or (S) = P; U P,. In either case, however, this implies that .S is redundant,
and produces a-contradiction. Thus IR(Cs) =2 and, consequently,
ir3,3) 6. 0O o

Recall that for a graph G, the independent domination number i(G) is
the minimum cardinality among all independent dominating sets of G.
Equivalently, i(G) is the minimum cardinality among all maximal inde-
pendent sets of G. So i(G) and B(G) represent the smallest and largest
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cardinalities of maximal independent sets in G. The clique number w(G)
of a graph G is the largest cardinality among the complete subgraphs
(equivalently, among maximal complete subgraphs) of G and we let
u(G) denote the corresponding smallest cardinality among the maximal
complete subgraphs of G. The parameter u(G) is called the lower cligue
number. We have already referred to i(G) as the lower independence
number. The classical Ramsey number 7(s,t) can be defined as the least
positive integer n such that for every graph G of order 7, either w(G) > s or
B(G) = t. Analogously, we define the lower Ramsey number ¢1(s, t) as the
greatest positive integer n such that for every graph G of order #, either
u(G) <sori(G) <t

Clearly, lower Ramsey numbers are symmetric in s and f. Mynhardt
[M12] showed that if every graph G of order n has u(G) <s or i(G) < ¢,
then so has every graph of order less than n. Moreover, it was shown that
the lower Ramsey number ¢r(s,t) exists, and bounds on ¢7(s,t) were
obtained. .

Theorem 12.14

For every two positive integers s and t, the lower Ramsey number £7(s, t) exists;
moreover,

s+t+1<or(s,t) S2(s+1)—1.

Proof

Let M be the set of all positive integers n for which every graph G of order
n has u(G) < s or i(G) < t. Certainly 1 € M and so M # (. To show that
£r(s,t) < 2(s+ 1) — 1, we exhibit a graph H of order 2(s +¢) in which
u(G)=s+1 and i(G) >t+1. Let H have vertex set V; UV,, where
VinV, =@ and |Vy| = |V,| = s+ t. Furthermore, let (Vq) = K, and
(V,) = K. Finally, add s(s + £) edges between the vertices of V; and
the vertices of V, so that every vertex of V; UV, is adjacent to s of these
edges. Let T be a maximal independent set. f TNV; = &, then T =V,
and 50 |T| = s + t. Suppose, then, that TNV} # . Then [T NV;| =1, say
vy € TN V4. Then, since v; is adjacent to precisely s vertices of V,, it
follows that [T N Va| =t and so |T| =t + 1. Thus i(H) = ¢ -+ 1. Similarly,
u(H) =s+1, and so £r(s,t) < 2(s+¢t) — 1. ‘

To show that £7(s, ) > s + t + 1, suppose, to the contrary, that there is a
graph G of order s +¢+ 1 for which u(G) > s+ 1 and i(G) > £+ 1. Then,
in particular, G contains sets S and T such that (S) = K, ;1 and (T} = K; 4.
Since |V(G)} = s+t + 1, it follows that #(G) = s + 1 and {(G) = ¢ + 1; also,

[SNTj=1,say SNT = {v}. Letu € T — {v}. If degu = 0, then {({u})isa "

maximal complete subgraph, so that u(G) = 1 < s+ 1. Thus u is adjacent
to some vertex w where, necessarily, w € S.-But then T — {u,v} U {w}

" Other Ramsey numbers 365

contains a maximal independent set of cardinality at most ¢, contradicting
i(G) = t + 1. We conclude that no such Gexistsand £r(s,t) > s+t +1. []

Very few exact values of lower Ramsey numbers.are known. However,
Mynhardt [M13] obtained an improved upper bound for #r(s, £}, and this
bound was shown to be exact for s = 1 and all ¢ in [FGJL1]. We establish
the case when ¢ is a perfect square.

Theorem 12.15
For every positive integer k, the lower Ramsey number Ir(1,K*) = k* + 2k.

Proof

To show that ¢r(1,k%) < k> +2k+1, let G be the graph of order (k + 1)
obtained from k+1 disjoint copies of the star Ky of order k+1 by
adding all possible edges between the vertices of degree k in the stars.
Then the maximal independent sets of G have order E+1or B+k
and so i(G) =k +1. Furthermore, the maximal complete subgraphs
have order 2 or k+1 so that u(G) =2. Thus ¢r(1,K*) < K+ 2k since
there is a graph of order (k + 1)* with #(G) =2 and i(G) = ¥* + 1.

To show that ¢r(1, kz) > K + 2k, assume, to the contrary, that there is a
graph G of order k¥ + 2k for which #(G) > 2 and (G) > k* + 1. Since
i(G) =K +1, G has an independent set of cardinality at least & + 1.

“Partition V(G) into sets A and B, where A is an independent set of

K +1 vertices. The following observations will be useful. Since
i(G) > k¥ +1, any independent set of fewer than K>+ 1 vertices lies
within an independent set of k¥ + 1 vertices. In particular, if x € B is
adjacent to ¢ vertices of A, then B contains an independent set of ¢
vertices. Also since #(G) > 2, there are no isolated vertices in G. -

Let B’ C B be a maximum independent set in (B) of cardinality k — o
where 1 —k < a <k — 1. We show that for every such ¢, a contradiction
arises, which completes the proof.

As observed, we must be able to extend B to an independent set
of K +1 vertices. By our choice of B, then, there is a set A’ of
K +1 —k+ o vertices in A such that A’ UB' is an independent set in G.
Each vertex of A’ has degree at least 1, and consequently there are at least
K +1 — k+ o edges between the vertices in A’ and the k + « — 1 vertices
in B—B'. Thus some vertex x in B—B' is adjacent to at least
(F +1—k+a)/(k+a—1) vertices of A. But this implies that B.contains
an independent set of at least (K + 1 — k'+ a)/(k +a — 1) vertices and, by
the choice of B, that A

¥ +1-k+a)

e S Ty

(12.9)
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However, the inequality in (12.9) implies that o +1<0, which is
impossible. [

As a final example of another Ramsey-like number we turn our
attention to bipartite graphs. The classical Ramsey number (s, t) can be
defined as the least positive integer n such that any factorization of K, into
G; and G, has the property that either G; contains K; as a subgraph or G,
contains K; as a subgraph. By replacing the complete graphs involved in
this definition with complete bipartite graphs, we obtain bipartite Ramsey
numbers. Specifically, for positive integers s and t the bipartite Ramsey
number br(s, t) is the least positive integer n such that each factorization
of K,,,, into G; and G, has the property that either G, contains K;; as a
subgraph or G, contains K. Equivalently, the bipartite Ramsey
number br(s, t) is the least positive integer n such that if every edge of
K, is colored either red or blue, then there is a red K, (that is, a copy
of K, in Ky, all of whose edges are red) or a blue K} ;.

Given a red-blue coloring of the edges of K,, , and a vertex v in K,, ,,, let
R, denote the set of vertices in K,, , that are joined to v by red edges and let
B, be the set of vertices joined to v by blue edges. The red degree of v (with
respect to the given red-blue coloring) is degg v = |R,| and the blue degree
of vis deggv = |B,|. Finally, ég(K, ) denotes the minimum red degree of a
vertex in K, ,, and 63(K,, ;) denotes the minimum blue degree.

Obviously, the bipartite Ramsey numbers are symmetric in s and ¢, and
for every positive integer ¢, br(1,t) = t (Exercise 12.23). The existence of
the bipartite Ramsey number br(s, t) follows from the work of Erdos and
Rado [ER1]; while Hattingh and Henning [HH1] presented an upper
bound for br(s, ). :

Theorem 12.16

For every two positive integers s and t the bipartite Ramsey number br(s, t) exists;
moreover, : :

br(s,t) < (S :_ t> -1

Proof

We proceed by induction on k, where k = s + t. Note that we have equality
for s =1 and arbitrary ¢, and for t = 1 and arbitrary s. Hence the result is
true for k = 2 and k = 3. Furthermore, we may assume thats > 2and ¢ > 2.

Assume that br(s',#') exists for all positive integers s’ and  with
s’ +t < k, where k > 4, and that

7 !
br(s, ) < (S “s‘jt )-1.
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Let s and ¢ be positive integers such thats+t =k, s > 2 and t > 2. By the
inductive hypothesis, it follows that br(s — 1,#) and br(s,t — 1) exist, and
that

br(s — 1,8 < (S—;i:—t)—l and br(s,t —1) < (s+:——1)_1.

()00

br(s — 1,8) + br(s,t — 1) +1 < (Sjt)—l. (12.10)

Since

it follows that

Letn =br(s — 1,t) + br(s,t — 1) — 1 and consider any red-blue coloring
of K,,,, where V; and V, denote the partite sets of K, ..

The following observation will be useful. Suppose that v is a vertex
of K,, with degg v >br(s—1,t)+1 and that w € R, with deggr w >
br(s ~1,£) + 1. Thus the subgraph F = (R, UR,, — {v,w}) contains Ky,
where b = br(s — 1,t), so that F contains either a red K,_; s~1 Or a blue
Kis. If F contains a blue K;;, then so does Ky, If F contains a red
K;_15-1, then {R,UR,) contains a red K;;, as does K, ,,. Thus if v is a
vertex of K,, with degrv>br(s—1,)+1, and weR, with
degg w > br(s — 1,) + 1, then K,, ,, contains a red K; or a blue K; . Simi-
larly, if degg v > br(s,t — 1) + 1,and w € B, withdegp w > br(s,t — 1) + 1,
then K,, contains a red K,; or a blue K. In particular, if 6z =
6g(Knn) 2 br(s = 1,t) + 1 or 6 = 63(K,,,,) > br(s,t — 1) + 1, then K, con-
tains a red K;; or a blue K;;. Assume, then, that §g < br(s —1,f) and
(SB gbr(s,t-—l). ‘

If degg v > br(s — 1,t) + 1 for all vertices v in V;, then the number of red
edges between V; and V5 is at least

[br(s — 1,8) + br(s,t — 1) + 1] - [br(s — 1,4) + 1].

This implies that degz w > br(s - 1,t) +1 for some w € V,. Therefore for
some v in V; we have degrvzbr(s—1,t)+1, and weR, with

_degr w > br(s — 1,t) + 1, implying that G contains a red K;; or a blue

Ki¢. Thus we may assume that at least one vertex v; of V; (and, similarly,
one vertex v, of V) has red degree at most br(s — 1, ). Let y be a vertex of
minimum blie degree in K, ,. Without loss of generality, assume y € V.
Then v, and y are vertices of V; for which deggy=n— degp y =
n—68p=br(s—1,t)+1 and degyv; =n—degg v, = br(s,t — 1) + 1.
Since |V| =br(s—1,t) + br(s,t — 1) + 1, it follows that [RyNB, | # &.
Let x € RyNB,, . If degg x > br(s — 1,t) + 1, then K, , contains a red Ko
or a blue K;;. If, on the other hand, degy x < br(s —1,#), then degg x >
br(s,t — 1) + 1 and again K,,, contains a red K or a blue K, ;.



368 Ramsey theory
Thus
br(s,t) < br(s —1,8) + br(s,t —1) +1 (12:11)
and the desired result follows from (12.10).

Figure 12.2 An extremal graph showing that br(2,3) = 9.

Inequality (12.11) gives a potentially improved bound for br(s, t). We
state this as a corollary.

Corollary 12.17
For integers s > 2and t > 2,
br(s,t) < br(s — 1,8) + br(s,t — 1) + 1.

The bound given in Theorem 12.16 for br(s,t) is exactif s=1or t = 1.
The bound is also exact for s=2 and f =2, 3 or 4. Figures 12.2 and
12.3 indicate the extremal colorings showing that br(2,3) 29 and
br(2,4) > 14. Here the edges shown are the ‘red’ edges of Kgg and Kj3 13.

Figure 12.3 An extremal graph showing that br(2,4) 2 14. -
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The values br(2,2) = 5 and br(3,3) = 17 had earlier been determined by
Beineke and Schwenk [BS1]. Also, an improved upper bound for br(s, t)
when s = t was discovered by Thomason [T2].

Theorem 12.18 ~
For every positive integer {,
br(t,t) <2'(t—1)+ 1.

EXERCISES 12.3

12.20 Prove Theorem 12.12.

12.21 Show that ir(2,¢) =¢, forall £ > 2.
12.22 Show that £r(1,5) = 10.

12.23 Show that br(1,t) =¢, forall t = 1.

12.24 Show that br(2,2) = 5.




CHAPTER 13

The probabilistic method in
graph theory

In this chapter we investigate a powerful, nonconstructive proof tech-
nique known as the probabilistic method and then study properties of
random graphs.

13.1 THE PROBABILISTIC METHOD

In Chapter 12 we showed that for every integer ¢ > 3, the Ramsey number
r(t,£) > |2/%|. We did so by proving the existence of a graph G of order
n = [2/2] such that neither G nor G contains K; as a subgraph. More
specifically, we counted the number of different labeled graphs of order
n that contain a subgraph isomorphic to K, together with their comple-
ments, and showed that there were fewer than 2 of these graphs. Here
we revisit this proof from a probabilistic point of view. Recall that the
assignment of the colors red or blue to the edges of a graph G is called
a red-blue coloring of G.

Theorem 13.1
For every integer t > 3,
r(t,) > [22].

Proof

Let n = [2'/%]. We show that there exists a red-blue coloring of K, that
contains no monochromatic K;, that is, neither a red K; nor a blue K,.
Consider the probability space whose elements are red-blue colorings

of K,, where V(K,) = {v1,7,...,v,}. The probabilities are defined by
setting

Plvv; is red] = Py, is blue] =1

for each pair v;, v; of distinct vertices of K, (where P[E] denotes the prob-
ability of event E), and letting these events be mutually independent.
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Thus each of the 2@ red-blue colorings is equally likely with probability
27®,

Fora fixed t-element set S C {vy,vy,...,9,}, let Ag denote the event that
the subgraph induced by § in K,, is a red K, or a blue K;. Then

PlAg] = (2)(2) +{ )(2) =01

since the (;) edges joining the vertices of S must be all red or all blue.
Consider the event VAg, the disjunction over all t-element subsets S of
{v1,05,..., v,,}. Since there are (}) such subsets,

PlvVAs] < Y P[Ag] = ( )21 <z>)<( )(21 oy

Smce n <2, wehave ' Zt /2 Furthermore, since ¢ > 3, it follows that
202 < O 20, Thus :

< (12929
=1.

Since P[VAg] < 1, it follows that P[VAg] > 0, that is, P[AAg] > 0. Thus
AAj is not the null event and so there is a point in the probability space
for which AAg holds. Such a point, however, is a red-blue coloring of K,
with no monochromatic K; and the proof is complete. []

The proof of Theorem 13.1 illustrates the basic technique of the
probabilistic method. An  appropriate probability space is defined on a
set of objects (in our case, red-blue colorings of K,). An'event A 'is
then defined representing the desired structure. In the proof of Theorem
13.1, this event A = AAg. We then show that A has positive probability
so that an object with the desired characteristics or structure must
exist.

Before presenting another example of the probabilistic method we
introduce some standard terminology. In the proof of Theorem 13.1 we
defined a probability space whose objects consisted of all red-blue color-
ings of K, in which each such coloring was equally likely. In such a case
we refer to a random red-blue coloring of K,,.

Our second example of the probabilistic method involves tournaments.
A tournament T of order n 2 2 has property S (1 < k < n — 1) if for every
set S of k vertices of T there is a vertex w¢ S such that (w,v) € E(T) for
every vin S, that is, there is a vertex w¢ S that is adjacent to every vertex of
S. Using the probabilistic method, we show that for.every such integer k
there is a tournament T of order n having property S for all sufficiently
large n.
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Theorem 13.2

For every positive integer k and sufficiently large integer n, there is a tournament
T of order n with property Sy. :

Proof

For a fixed integer n, consider a random tournament T on # vertices. More
specifically, consider the probability space whose elements are the 2
different labeled tournaments T with vertex set {v;,vs,...,v,}. The
probabilities are defined by setting

Pl(v,v)) € E(T)] = P[(v;,v;) € E(T)] = %,

and then letting these events be mutually independent. Thus each of these
2@ different labeled tournaments is equally likely.

For a fixed k-element set S C {v;,,,...,v,}, let A5 denote the event that
there isnow € V(T) — S that is ad]acent to every vertex of S. Each vertex
w € V(T) — S has probability (})* of being adjacent to every vertex of S,
and there are n — k such vertices w, all of whose chances are mutually
independent. Thus,

PlAs] = (1 —27%)"~k
and so

P[VAs] € ) P[Ag] = () —okyn=k,

Thus, if we choose 7 so that (})(1— 'k)" —* <1, then P{VAg] < 1. For
such an integer n, it follows that P[VAg] > 0.= P[AAg] > 0. Thus there is
a point in the probability space for which AAg is true, that is, there exists
a tournament T with property S;. [

Observe that again we have defined an appropriate probability space
and event A. This is done so that A has positive probability and, conse-
quently, the desired object (in this case, a tournament of order n with
property S) exists.

For'a probability space S, a random variable X on S is a real-valued
function on 8. The expected value E[X] of X is the weighted average

E[X] =) "kPX =K,

where the sum is taken over all possible values k of X. It is easy to see that
expectation is linear, that is, if X;, X, and X are random variables on a
probability space S and X = X; +X,, then E[X] = E[X;] + E[X;]. Further-
more, if E[X] = ¢, then X(s,) > t and X(s,) < ¢ for some elements s; and s,
of 8. This second observation will prove to be very powerful, as indicated
in the proof of Theorem 13.3. This result of Szele [S12] is often considered
the first use of the probabilistic method.
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Theorem 13.3

For each positive integer n there is a tournament of order n with at least n!2" ™!
hamiltonian paths.

Proof

Consider a random tournament T of order #, and let X be the number of
hamiltonian paths in T. For each of the n! permutations o of V(T), let X, be
the indicator random variable for o giving a hamiltonian path, thatis; X, is 1

“or 0 depending on whether ¢ does or does not describe a hamiltonian path

inT. Then P[X, =1] = ()"~ ! (since each of the n — 1 arcs in the potential
hamiltonian path must be correct) and so E[X,] = )" . Let X =3 X,,,
where the summation is taken over all permutations ¢ of V(T) Then X
gives the number of ham11ton1an paths in T and

E[X] = E[T X,] = ni27D,

Hence there is a point in the probability space, namely a specific tourna-
ment T, for which X exceeds or equals its expectation. This T has at least
n12-#~) hamiltonian paths. O

‘In our fourth example of the probabilistic method in graph theory, the
objects in the sample space under consideration are the vertex subsets of a
fixed graph G. Here we obtain an upper bound on the domination
number-y(G) of G, due to Payan [P2] in terms of the minimum degree
of G (Theorem 10.4).

Theorem 13.4
Let G be a graph of order n with § = §(G) > 2. Then
n(1+In(6+1))
£ ——.
1(G) 51

Proof

Set p=(In(6+1))/(6 + 1) and consider a random set S C V(G) whose
vertices are chosen independently with probability p. That is, consider
the probability space whose elements are the 2" subsets of V(G)
{v1,92,...,05}. The probabilities are assigned by setting Plv; € §] =
and letting ‘these events be mutually independent. "Thus a subset
S C V(G) occurs with probability pi*l(1"= p)*-l. For a random set S, let
Y : Y be the set of vertices notin S havmg no nexghbors in'S. Then S UYs
is a dominating set of G. We show that

n(l +ln(6+ 1)).
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Certainly, the expected value of |S| is np. Now, for each v € V(G),
Plv € Y] = P[v and its neighbors are not in S
< (1 - p)5 +1

since v has degree at least § = §(G). Furthermore, since 1 —p < e™?, we
have that Pl € Y5 <eP¢*1. Since the expected value of a sum of
random variables is the sum of their expectations, and since |Y| can be
written as a sum of n indicator variables X,, where v e V(G), and
X,=1if veY and X, =0 otherwise, we conclude that the expected
value of |S| + |Y| is at most
ey _ 11+ In(@+1)
P ne . §+1 ’
Thus, for some set S, we have .
n{l+1In(6+1))
§+1 ’

that is, we have a dominating set SU Y5 of G whose cardinality is at most
(nA+IWmE+1)))/(6+1). O

ISI+1Y] <

One important new idea is involved in the previous proof. The random
choice did not give the required dominating set immediately; it gave us
the set S which then needed to be altered (in this case, by adding Y) to
obtain the desired dominating set. The proof of Theorem 13.5 employs the
same technique of alteration. This proof also uses Markov’s inequality,
which states that for a random variable X and positive number ¢,

P[X>t]<%x].

Theorem 13.5 was first stated as Theorem 8.16 without proof.

Theorem 13.5

For every two integers k > 2 and ¢ > 3 there exists a k-chromatic graph whose
girth exceeds £.

Proof

For k = 2, any even cycle of length greater than ¢ has the desired proper-
ties. Assume, then, that k = 3. Let 0 < 8 < 1/£ and, for a fixed positive
integer n, let p =n®"1. Consider a random graph G of order n whose
edges are chosen independently with probability p; that is, consider the
probability space whose elements are the 2@ different labeled graphs G
with vertex set {v;,vy,...,v,}. The probabilities are defined by setting
Plvv; is an edge of G] =p, and then letting these events be mutually
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independent. Thus each of the different labeled graphs of size m occurs
with probability p™(1 — p)@~".

Let X be the random variable that gives the number of cycles of length
at most ¢. For a fixed i, 3 <i</¢, there are (}) i-element subsets of
{v1,v3,...,9n}. For each such set S there are i!/(2i) = (i — 1)}/2 different
cyclic orderings of the vertices in S. Thus there are

n\Gi-1)! nn-1)...(n—i+1)
(i) 2 2i

potential eycles “ of length i, and so X is the sum of
S s (n(n—1)..:(n—i+1))/2i indicator variables. Furthermore, since a
cycle of length i occurs with probability p', the linearity of expectation
gives

4

E[X];Z: n(n—l)..z.i(n—iﬁ—l)p," (13.1)

Since p = 11, it follows from (13.1) that

Lof :
E[X] < Z > (13.2)
i=3

By the choice of , it follows that 6/ =1 — ¢ for some real number ¢ with

0 <e < 1. Thus :

E[X] 4 nﬂi £ naz K

ol 2 P4 —_< LAl
~ ; PR Z ni b}

n/2 I 7
where K = Y>¢_; 1/i, and so lim,_, , E[X]/(n/2) = 0.
By Markov’s inequality,
/ PX>=n/2] < —11—3;[/2(]2-—

Thus, for n sufficiently large, P[X > n/2] < 0.5. _

Let ¢ = [3(Inn)/p]. The probability that a given t-element subset of
{v1,vs,...,0,} is independent is (1 —p)®@. Since there are (}) such sets,
it follows that :

PG > 1< ()1 =),
However, 1 —p<e™?, and so
PBG) > 1] < (’:) O

Since ne P~V <1 for n sufficiently large, it follows that we can

choose n so that P[3(G) = t] < 0.5 and p[X = n/2] < 0.5. For such an n,
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then, P[5(G) < ¢t and X < n/2] > 0. Thus there is a specific graph G of
order n with fewer than n/2 cycles of length at most ¢ with 8(G) < z.
Since t = [3(Inn)/p] = [3(Inn)n'~9], we may assume that n is sufﬁciently
large to ensure that t < n/2k. -

Remove one vertex from each cycle of G of length at most Z, denotm
the resulting graph by G*. Then G" has girth greater than £ and 8(G%) <
B(G) < n/2k. Furthermore,
ws VG 12
&) > 56 > ™
Finally, we remove vertices fromi G, if necessary, to produce a graph G™
with girth greater than £ and x(G™) =k. O

EXERCISES 13.1

13.1 (a) Show that if (")2'~ @ <1, then r(t,£) > n.
(b) Stirling’s formula states that lim,_, t1/(t/e) = +/2xt. Use this
fact to prove that
pt/2

eV/2’

13.2 (a) Show, without probabilistic techniques, that every (n,m) graph
contains a bipartite subgraph with at least m/2 edges.

(b) Give a probabilistic proof that évery (n,m) graph G contains a
bipartite subgraph with at least m/2 edges. (Hint: Consider the
probability space whose elements are the 2" subsets of V(G) =
{v1,72,...,v,}. For a random set S C V(G), the probabilities are
assigned by setting Plv; € §] = 0.5 and letting these events be
mutually independent. Let X be the random variable defined
so that X(S) is the number of edges incident with exactly one
vertex of 5, and consider the expected value of X.)

r{tt) > —=

13.3 Givea probablhshc proof that there is a red-blue coloring of K,, with
at most (7) -2 =& monochromatic copies of K,.

13.4 Show that if (7).27@ + ) .27® < 1, then r(s, ) > n.

132 RANDOM GRAPHS

In section 13.1 we found it useful to define appropriate probability spaces
in order to prove the existence of graphs with desired properties. In this
section we give a formal model for a random graph and answer questions
about the probability that a random graph has certain propertles such, as
nonplanarity or k-connectedness.-
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For a positive integer n and positive real number p less than 1, the
random graph G(n,p) denotes the probability space whose elements are
the 2G! different labeled graphs with vertex set {vy,7, ...,9,}. The prob-
abilities are determined by setting P[v;0; € E(G)] =p, Wlth these events
mutually independent, so that the probablhty of any specific graph
with m edges is p™(1 — p)@ ™. Although we refer to the ‘random graph
G(n,p), itis important to remember that we are, in fact, referring to'an
element selected from the probability space G(n, p).

In this section we discuss properties shared by almost all graphs.
Specifically, given a graph theoretic property Q, we say that almost all
graphs (in G(n,p)) have property Q if lim,,_,, P|G € G(n,p) has property
Q] = 1. A useful technique to establish that almost all graphs have prop-
erty (J is to define a rionnegative integer-valued random variable X on
G(n,p) so that G'has property Q if X'=0. Then P[X = 0] < P[G € G(n,p)
has property Q); so that if lim,_, o, P[X =0] =1, then we also know
that lim,_, ., P|G € G(n,p)] = 1. Since X is an integer-valued function,
lim,_,, P[X =0]=1ifand only iflim,_, o, P[X > 1] = 0. Using Markov’s
1ne(1uahty we see that since PX >1]<E[X] it follows that. if
lim,_,o, E[X] =0, then lim, o, P[X>1] =0 and so almost all graphs
have property Q.

Our first result shows that for constant real number p (0 <p <1),
almost all graphs are connected with diameter 2. This strengthens the
original result of Gilbert [G4] that almost all graphs are connected.

Theorem 13.6

For any fixed positive real number p < 1, almost all graphs are connected with
diameter 2.

Proof

For each graph G in G(n, p), let the random variable X(G) be the number
of (unordered) pairs of distinct vertices:of G with no common adjacency.
Certainly, if X(G) =0 then G is connected ‘with diameter 2 (or G is the
single exception K,,). Thus (by Markov s mequahty) it suffices to show
that lim, ., , E[X] =0.

- List the (3) pairs of vertices of G. Then X can be written as the sum of (3)
indicator .variables X;, 1 <i< (3), where X; =1 if the ith pair has no
common adjacency and 0, otherwise. Then X X1+ X+ + X(z) and,
by the linearity of expectation, E{X] = Z E[X]. If the ith pair is 4,7,
then P[X; = 1] is the probability that no other vertex is adjacent to u and
v. For a fixed vertex z (# u,v), the probabxhty that z is not adjacent to both
u and v is 1 - p?. This probability is independent of the probability that
any other vertex is not adjacent to w and v. Thus the probablhty that none
of the n — 2 vertices z ( u, v) is adjacent to both u and vis (1 — p*)" " and .
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so E[X; = 1] = (1 — p*)" 2 It follows that

n —
= (5 )a-pr
and, clearly, lim, o, E{X] =0. O

The basic idea used to define the random variable X in the proof of
Theorem 13.6 was generalized by Blass and Harary [BH3] in order to
study other properties of almost all graphs.

Theorem 13.7

For fixed nonnegative integers k and £ anda positive real number p < 1, almost
all graphs have the property that if S and T are dzs]oznt k-element and ¢-element
subsets of vertices, then there is a vertex z¢ S U T that is adjacent to every vertex
of S and to no vertex of T.

Proof B

Definea pair S, T of disjoint k-element and /-element subsets of V(G) tobe
bad if no vertex z¢ S U T is adjacent to every vertex of S and to no vertex of
T. For each G in G(n, p), let X(G) be the number of such bad pairs 5, T. We
wish to show that almost all graphs have no bad pairs of sets and, as in
the proof of Theorem 13.6, we need only show that lim,_,,, E[X] = 0.
The variable X can be written as the sum of indicator variables X;,
where X = 1 if the ith pair S T is bad, and X; =0, otherwise. Then
P[X — (1 —p)")1""¥*. Since the number of pairs S, T is
= (N)(" k) =nl/(k(n —k)(n - k £)), it follows that
n!

E[X] = Z] E[Xl] = k‘(i’l — k)'(n —k— f)' (1 _pk(l - p)t)n_k’,'

As n tends to infinity, the first factor in the expression for E[X] tends to
infinity (as a polynomial in 7) and the second factor tends to 0 exponen-
tially. Thus, lim,,_, o, E[X] = 0, and the proof is complete. [

Inthecasek=2and / =0, Theorem 13.7 reduces to Theorem 13.6.

For fixed nonnegative integers k and ¢, let Q; ; denote the property that
if S and T are disjoint sets of vertices of a graph with |S| < kand |T| < ¢,
then there is a vertex z¢ SU T that is ad]acent to every vertex of S and to
no vertex of T.

Corollary 13.8

For fixed nonnegative integers k and fanda posztwe real number p < 1, almost
all graphs have property Q.

- Random graphs 379

If Q; and Q, are graphlcal properties such that almost all graphs (in
G(n,p)) have property Q; and almost all graphs have property (Q,, then
almost all graphs have both properties Q; and Q, (Exercise 13.5).

Corollary 13.9

For fixed nonnegative integers k and £ and a positive real number p <'1,let Qbea

graphical property deducible from finitely many applications of Corollary 13.8.
Then almost all graphs have property Q.

As an example of the use of Corollary 13.9 to show that almost all
graphs have property Q, we prove that for each graph H and fixed real

number p (0 <p < 1), almost all graphs (in G(n,p)) contain H as an
induced subgraph.

"Theorem 13.10

For each graph H and fixed positive real number p < 1, almost all graphs contain
H as an induced subgraph.

Proof

Let k = |[V(H)|. We proceed by induction on k. For all k =1, all graphs
contain H as an induced subgraph since H = K;. Assume that for every
graph H' of order k — 1 > 1, almost all graphs contain H' as an induced
subgraph, and consider a graph H of order k. Select a vertex v of H and let
H' = H - v. Then, by the inductive hypothesis, almost all graphs ‘contain
H' as an induced subgraph Furthermore, if v is adjacent to exdctly s
vertices of H' in H, then since almost all graphs have property Qy;, it
follows from Corollary 13.9 that almost all graphs contain H as an
induced subgraph |

If Q is a property like planarity that implies certain graphs (such as K;
and Kj33) do not exist as induced subgraphs, then Theorem 13.10 imme-
diately implies that for p fixed, almost no graph in G(n, p) has property Q.
Here, of course, we mean that lim,,_, , P[G € G(n, p) has property Q] =
Corollary 13.11

For any fixed positive real number p < 1, almost no graphs are planar.

Corollary 13.12

For any positive integer k and fixed positive real number p < 1, almost no graphs
are k-colorable. :
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Corollary 13.13

For any positive integer k and fixed positive real number p < 1, almost no graphs
have genus k.

Other results can be obtained in a manner similar to that used in the
proof of Theorem 13.10.

Theorem 13.14

For any fixed positive integer k and positive real number p < 1, almost all graphs
are k-connected.

It should be noted that for a fixed real number p (0 < p < 1), there are
interesting properties of almost all graphs that cannot be proved by apply-
ing Corollary 13.9. For example, Blass and Harary [BH3] showed that
almost all graphs are hamiltonian; however, Corollary 13.9 cannot be
used to establish this result.

If p is fixed and X is the random variable defined on G(n,p) by
X(G) = |E(G)|, then the expected value of X is p(z), and consequently we
are dealing with dense graphs. So, in some sense, the preceding results of
this section are not surprising. We next briefly consider G(n, p(n)), that is,
G{n,p) where p is not fixed and p = p(n) is a function of n. We begin with
an example involving complete subgraphs. '

Let Q be the property that a graph G has clique number w(G) < 4, and
let p(n) be a function of n. For each graph G in G(n, p(n)), let the random
variable X(G) denote the number of copies of K, in G. If X(G) =0, then
G has property Q. Thus, by Markov’s inequality, if lim,_,,, E[X] =0,
then almost every graph in G(n,p) has clique number less than 4. For
each 4-element subset S of V(G), let X be the indicator variable with
X =1 if (S) is complete and X = 0, otherwise. Then X = Y X, where
the sum is taken over all 4-element subsets of V(G). Furthermore,
E[Xs] = P[Xs] = (p(n))®. By the linearity of expectation, then,

= Yl = () ) <n'(pim).

If lim,_, o, E[X] =0, then almost all graphs in G(n,p(n)) have clique
number less than 4. Consequently, if lim,_, . p(n)/n %> =0, then
almost all graphs have clique number léss than 4. We can think of this
result as saying that if p(n) is ‘significantly smaller’ than 1n~%/3, then
almost all graphs in G(n, p) have clique number less than 4. The surprising
fact is that, using the second moment method of probability theory, it can
be shown that if lim,, _, p(nz /n7*” = oo, then almost no graph has clique
number less than 4. Thus n~%° can be thought of as a threshold for clique
number less than 4. Equivalently, if lim,_, o p(n)/n"%/> = 0, then almost
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Property . ~ Threshold
Contains a path of length k r(n) = n~ k11K
Is not planar ' r(n)=1/n
Contains a hamiltonian path r(f) = (Inn)/n
Is connected r(n) = (Inn)/n
Contains a copy of K r(n) = n~2/k-1)

Figure 13.1 Threshold functions.

no graph G has clique number w(G) > 4 while if lim,_, , p(n)/n~%* = oo,
then almost every graph G has w(G) > 4.

Generally, let Q be a graph theoretic propetty that is not destroyed by
the addition of edges to a graph. A function r(n) is called a threshold
function for Q if lim,_, p(n)/r(n) =0 implies that almost no graph
has property Q, that is, lim,_ P[G € G(n,p(n)) has Q]=0 and
lim, _, o, p(1)/r(n) = co implies that almost every graph has property Q,
that is, lim,,_, , P[G € G(n,p(n)) has Q] = 1.

Figure 13.1 indicates some of the properties Q for which a threshold
function r(n) exists and is known (see [S8, p. 17D.

The books by Palmer [P1], Alon and Spencer [AS1] and Spencer [S8]

are excellent sources of additional material on random graphs and the
probabilistic method.

EXERCISES 13.2

135 (2) Show that P[A and B] > 1 - (P[] -+ P[E]).
(b) Show that if almost all graphs (in G(n, p)) have property Q; and

almost all graphs have property Q,, then almost all graphs have
both properties Q) and Q,. ‘

13.6 Prove Corollary 13.13.
13.7 Prove Theorem 13.14.

13.8 Without using the results given in Figure 13.1, show that if
lim, _, o p(n)/n"2/# =1 = 0, then almost no graph in G(x, p(n)) con-
tains a copy of K;.

13.9 For p fixed, let T(n,3) denote the probability space consisting of the
2@different labeled tournaments T of order n with vertex set
{v1,v3,...,v,}, where the probabilities are defined by setting
Pl(v;,v) € E(T)] = P[(v,v;) € E(T)] = L. Show that for a fixed posi-
tive integer k, almost all tournaments have property S; (Theorem

13.2).
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Symbol

A(G)
Aut(G)
a(G)
#(G)
B(G)
ban(G)
bary(G)
BC(G)
br(s, )
Cn
CG)

Cn+1 (G)
Cen(G)

D

D(G)

Da(T)

D(G)

d(u,v)

degg v or degv
diam G

E(G)

E(D)

e(v)

EX]

ex(n; F)

f(r:8) -

G

3(G)
gen(G)
geny(G)
G(n,p)
grac(G)
ido

Meaning

adjacency matrix
automorphism group
vertex-arboricity
edge-arboricity
incidence matrix
bandwidth

bandwidth of a numbering
block-cut-vertex graph
bipartite Ramsey number
cycle of order n
closure

(n + 1)-closure

center

digraph

degree matrix

Cayley color graph
degree set

distance

degree

diameter

edge set of graph
edge set of digraph
eccentricity

expected value
extremal number
smallest order of an r-regular graph with
girth g

graph

girth

genus

maximum genus
random graph
gracefulness

indegree

“'Puge

40
68
70

296
296

67
366

18
106
113

372
329

343

231
183
207
377
281

26

I(G)
i(G)
i(G)
i1(G)
IR(G)
ir(G)
ir(s,t)
K,
K(r,s) or K,
K(n'h Hyy.o. 7nk)
Kn1 ety

Ky

k(G)

k(G)

£r(s,t)

M(G)

m or m{G)
Med(G)

n or n{G)

(n,m)

N(v), N(U)
N(G)

Ni(v)

Nfo], N[U]

odv

P,
Per(G)
pl(G)
P[X]
Qn
r

rad G

r(n)

R(n,k)
r(s,t)

T(G], GZ, ey Gk)
(T, g)—cage
[r,8]-graph
S5k

tHG)

td(v)

u(G)

V(G)

V(D)

o(G)

Glossary of symbols

integrity

lower independence number
independent domination number
lower edge independence number
upper irredundance number
irredundance number
irredundant Ramsey number
complete graph of order n
complete bipartite graph
complete k-partite graph
complete k-partite graph

regular complete k-partite graph
number of components

number of odd componerits

lower Ramsey number
matching graph

size

median

order

order n and size m
neighborhood

maximum order of a component
k-neighborhood

closed neighborhood

outdegree

path of order -

periphery

planetary domination number
probability

n-cube

number of regions

radius

threshold function

near regular complete multipartite graph

Ramsey number

(generalized) Ramsey number
smallest [r, g]-graph

r-regular graph with girth g
surface of genus k

toughness

total distance

lower clique number

vertex set of graph

vertex set of digraph

vertex covering number

109, 261
88
323
302, 317
26
18
20
327
370
9
155
20
381
332
351
357
343
343
191
86
22
364
1
20
267
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Q (G)
B(G)
5:(G)
I'G)

G UG,
G +G;
G1XGZ
G]@Gz
HCG

(X)

G-—v
G—e
G+f

G"’ (GI,G25~"
T

3 Gk)

Glossary of symbols

edge covering number
independence number

edge independence number
upper domination number
domination number
k-domination number
maximum degree
minimum degree
edge-thickness or thickness
vertex-connectivity
edge-connectivity

crossing number

rectilinear crossing number
number of components of odd size
minimum &)(G)

k-step domination number
chromatic number

edge chromatic number or chromatic index
total chromatic number

list chromatic number

P chromatic number
chromatic number of a surface
clique number

complement

kth power

symmetric digraph

dual

isomorphic

union

join

cartesian product

factorization, decomposition 272,

subgraph

subgraph induced by U
subgraph induced by X
deletion of a vertex
deletion of an edge
addition of an edge -
arrows

associated tournament

174
176
210
210
324
220
236
243
233
233
257
227
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Contracts to 166

Corona of a graph 305

Cover 267

edge 267
vertex 267

Covering graph 216
Covering number

edge 267
vertex 267

Critical block 37
Critical (with respect to vertex-

arboricity) 69
k-critical (with respect to vertex-
arboricity) 69

Critically k-chromatic 221
Crossing number 174

rectilinear 176

Cube 160

n-cube 9

Cube of a graph 122
Cubic graph 6
Cut-vertex 33

Cycle

n-18

even 18

in a digraph 28
in a graph 18
odd 18

Cycle double cover 102
Cycle Double Cover Conjecture 102

Small 102

Cycle edge 35
Cyclic block 37
Cyclic decomposition 279

H-

Decomposable 278

Decomposition 278

cyclic 279

Deficiency 271
k-Degenerate 235

maximal 235

Degree

of a regular digraph 28
of a regular graph.6 :
of a vertex in a digraph 26
of a vertex in a graph 2

Degree dominated graph 68
Degree linear graph 24

Degree matrix of a graph 65
Degree sequence 11
of a graph 11
Degree set 15
Diameter
of a digraph 30
of a graph 10
Different walks 17
Digraph 25
Directed cycle 29
Directed distance 29
Directed edge 25
Directed graph 25
Directed path 29
Disconnected graph 18
Distance
in a digraph 29
in a graph 19
total (of a vertex) 22
Distinct labelings of a graph 41
Divides 278
Divisor 278
Dodecahedron 160
Dominate
in a digraph 327
in a graph 302
k-dominate 323
Dominating circuit 126
Dominating set 302
independent 312
k-dominating set 323
k-step 324
minimal 304
minimuin 304
Dominating set of edges 126
Domination maximal 310
k-domination maximal 310
Domination number
independent 312
k-domination number 323
k-step 324
of a digraph 327
of a graph 302
planetary 327
upper 321
Domination perfect graph 315
Double cover
cycle 102
Double Cover Conjecture
Cycle 102
Small Cycle 102
Double star 61
Double-star snark 239
Dual of a graph 248

Index

Eccentricity of a vertex

in a digraph 30

in a graph 20
Edge 1

addition of 5

deletion of 4

directed 25
Edge chromatic number 236
Edge color class 238
Edge cover 267
Edge covering number 267
Edge independence number 239

lower 270
Edge set 1
Edge-arboricity 70
k-Edge-colorable 236
Edge-coloring 236

k-edge-coloring 236
k-Edge-connected graph 77
Edge-connectivity 75 -
Edge-cut 75
Edge-deleted subgraph 4
Edge-disjoint paths 36
Edge-induced subgraph 6
Edge-thickness 181
Edge-transitive graph 43
Element of a graph 39
Elementary contraction 166
Elementary subdivision 162
Embeddable

on a surface 154

upper 208
Empty graph 8
End-block 37
End-vertex 2
Equal graphs 3
Equal walks 16
Euler Polyhedron Formula 158
Euler’s Formula 155
Eulerian circuit

in a digraph 97

in a graph 93
Eulerian digraph 97
Eulerian graph 93
Eulerian trail

in a digrdph 97

in a graph 93
Even cycle 18 ‘
Even graph 95
Even vertex 2
Expected value of a random

variable 372 '

417

Exterior region of a plane graph 155

Exterior subgraph 164
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Extremal graphs 329
Extremal number 329

Factor 263
1-factor 263
k-factor 263
Factorable 272
1-factorable 272
H-factorable 272 -
k-factorable 272
Factorization 272
1-factorization 272
hamiltonian 275
isomorphic 272
Favaron’s Conjecture 321
First Theorem of Digraph Theory 26
First Theorem of Graph Theory 3
Forest 57
linear 285
Forest-connected 72
Four Color Conjecture 247
Four Color Problem 246
Four Color Theorem 251
F-Free graph 89
Frucht's theorem 48

Galaxy 310
Generated by elements (group) 45
Generator(s) of a group 45
Genus

maximum 207

of a graph 183

of a surface 183
Girth 231
Graceful graph 281
Graceful labeling 281
Gracefulness 281
Graham-Sloane Conjecture 296
Graph 1
Graphical sequence 12
Greedy coloring 228
Grinberg graph 173
Grétzsch graph 230
Group of a graph 40

Hadwiger's Conjecture 232
Hall’s Marriage Theorem 263
Hamiltonian anticycle 153
Hamiltonian antipath 153
Hamiltonian cycle

in a digraph 119

in a graph 103
Hamiltonian digraph 118
Hamiltonjan factorization 275

Index

Hamiltonian graph 103
Hamiltonian path

in a digraph 120

in a graph 113
Hamiltonian-connected graph 113
Harmonious

graph 293

labeling 293
Heawood graph 349
Heawood Map Coloring Conjecture

257

Heawood Map Coloring Problem 189
Heawood Map Coloring Theorem 257
Henning’s Conjecture 321
Herschel graph 193
Hoffman-Singleton graph 347
Hypercube 10

Icosahedron 160
Identification of adjacent vertices 166
Incidence matrix 2
Incident from (in digraphs) 26
Incident to (in digraphs) 26
Incident vertex and edge 1
Indegree 26
Independence number 86
edge 239
lower 270
lower edge 270
vertex 86
Independent dominating set 312
Independent domination number 312
Independent set of edges 239
Independent set of vertices 86
maximum 270
Independent vertices 86
Index (of an edge) 72
Indicator random variable 373
Induced subdigraph 27
arc- 27
Induced subgraph 5
edge- 6
vertex- 5
Integrity 88
Interior subgraph 164
Internal vertex of a path 36
Internally disjoint paths 36
Intersection graph 227
of a family of graphs 227
Interval graph 227
Irredundance number 318
upper 321
Irredundance perfect graph 320
Irredundant Ramsey number. 363

Index 419

Irredundant set of vertices 317
Irredundant vertex 317
Irregular graph 11
Isolated vertex 2
Isomorphic digraphs 26
Isomorphic factorization 272
Isomorphic graphs 3
Isomorphism

of digraphs 26

of graphs 3
kth Iterated line graph of a graph 130

Join of two graphs 9
Joining of two vertices
by an arc in a digraph 26
by an edge of a graph 1

Kirchhoff Voltage Law
for a region of a voltage graph 217
for an embedding of a voltage graph
217
Konigsberg Bridge Problem 92
Kotzig's Conjecture 284
Kuratowski's theorem 163

Labelings of a graph 41
Length of a walk
in a digraph 29
in a graph 16
Lift of a voltage graph 216
Line graph 126
Line graph of a graph 126
kth iterated 130
Linear expectation 372
Linear forest 285
List-chromatic number 233
Lobster 293
Loop 30
Lower clique number 364
Lower edge independence number 270
Lower independence number 270
Lower Ramsey number 364

Major determinants of matrices 64 -
Markov's inequality 374
Marriage Problem 262
Marriage Theorem
Hall's 263
Matched to 261
Matched under 261
Matching 259
maximum 259
perfect 259
Matching graph 271

Matrix (associated with a graph)
adjacency 1
incidence 2
Matrix-Tree Theorem 64
Maximal k-degenerate 235
Maximal planar graph 156
Maximal with respect to a property P
270
Maximum degree 2
Maximum genus 207
Maximum independent set of vertices
270
Maximum matching 259
McGee graph 349
Median of a graph 22
Median vertex 22
Menger’s theorem 80
Minimal
class 242
Minimal block 38
Minimal dominating set 304 .
Minimal with respect to a property P
270
Minimal with respect to edge
chromatic number 240
Minimally k-chromatic 221
Minimum degree 2
Minimum dominating set 302
Minimum pairing 99
Moore graph 346
Multidigraph 30
Multigraph 30
Multipartite graph
complete 9
Multiple 278

(n,m) digraph 26

(n,m) graph 1

Near tegular complete multipartite

aph 332

Neighborhood of a set of vertices 261
closed 317

Neighborhood of a vertex 109
closed 302
k-neighborhood 323

Nonadjacent vertices in a dlgraph 26

Nonattacking queens 302

Nondeficient 261

Nonisomorphic digraphs 26

Nonisomorphic graphs 3

Nonseparable graph 35

Nontrivial graph 4 -

Nowhere-zero k-flow 254

Numbering of a graph 296
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Octahedron 160
Odd component 263
0Odd cycle 18
Odd graph 95
Odd vertex 2
Open walk

in a digraph 28

in a graph 17
Openly dominate 322
Orbit

of a permutation 196

of a region in a voltage graph

216

of similar vertices. in a graph 42
Order

of a digraph 26

of a graph 1
Orientation of a graph 28
Oriented graph 27
Outdegree 26
Outer cycle 116
Outerplanar graph 169.
Overfull graph 239

Pairing 98
minimum 99
Panconnected graph 115
Pancyclic digraph 150
Pancyclic graph 116
vertex- 116
Parallel edges 30
k-Partite graph 8
complete 8
Partite set 8
k-Partite tournament 151
Path
in a digraph 28
in a graph 17
trivial 17

* Pendant edge 35

Perfect elimination graph 228
Perfect graph 228
Perfect Graph Conjecture 230
strong 230
Perfect matching 259
Peripheral vertex 20
Periphery
of a graph 20
Petersen graph 6
Planar graph 154
maximal 156
triangulated 156
Plane graph 154
Planetary domination number 327

Index

Planetary domination sequence 327
minimal 327

Platonic solid 159

kth Power of a graph 122

Private neighbor 318

Product of two graphs 9
cartesian 9

Priifer sequence 62

Pseudodigraph 31

Pseudograph 31

Queen’s graph 304

[r,q) graph 343
Radius
of a digraph 30
of a graph 20
Ramsey number 351
bipartite 366
generalized 357
irredundant 363
lower 364
Random graph 377
Random red-blue coloring of K,, 371
Random variable 372
indicator 373
Reachable edge 72
Realizable on a surface 154
Recognizable
parameter (of a.graph) 52
property (of a graph) 52
Reconstructible graph 50
Reconstruction Conjecture 50
Reconstruction Problem 50
Rectilinear crossing number 176
Red degree 366
Red-blue coloring (of K,) 351
random 371
Redundant set of vertices 317
Redundant vertex 317
Region chromatic number 247
n-Region colorable 247
Region of a plane graph 154
Regular digraph 28
r-28
Regular graph 6
r-6
Regular polyhedron 159
Restricted difference basis 288
Rigid circuit graph 228
Ringeisen-White Edge-Adding Lemma
201
Ringel’s Conjecture 285
Ringel-Kotzig Conjecture 285 -

Index 421

Rotational Embedding Scheme 196
Ruler Problem 288

Score of a vertex (in a tournament)
139
Score sequence of a tournament 139
Self-complementary graph 8
Semicycle 29
Semipath 29
antidirected 29
Semiwalk 29
Separation of two vertices 80
Similar edges 43
Similar vertices 43
Size
of a digraph 26
of a graph 1
Small Cycle Double Cover Conjecture
102
Snark 239
double-star 239
Spanning subdigraph 27
Spanning subgraph 5
Spanning tree 59
Spine of a caterpillar 61
Splitting tree 208
Square of a graph 122
Star 9
double 61
Steiner triple system 280
k-Step dominate 323
k-Step dominating set 324
k-Step domination number 324
Step of a vertex 325
Stereographic projection 154
Strong component 140
Strong digraph 29
Strong Perfect Graph Conjecture 230
Strongly connected digraph 29
Subcontraction 166
Subdigraph 26
Subdivision 162
elementary 162
Subdivision graph 120
Subeulerian graph 98
Subgraph 4
Supereulerian graph 101
Supergraph 4
Symmetric digraph 27
complete 28
Symmetric property of distance 19
System of distinct representatives 262

Tetrahedron 159

Thickness 181

edge- 181
Threshold function for a graph

theoretic property 381

Total chromatic number 243
Total coloring 243

k-total coloring 243
Total Coloring Conjecture 243
Total distance of a vertex 22
t-Tough graph 86
Toughness 86
Tournament 28

transitive 138
Trail :

in a digraph 28

in a graph 17
Transitive tournament 138
Transversal 262
Tree 57
Triangle 18
Triangle inequality involving distance

19

Triangle-free graph 188
Triangulated graph 228
Triangulated planar graph 156
Triangulation 156
Trivial digraph 26
Trivial graph 4
Trivial path 17
Trivial walk 16
Turan’s Brick-Factory Problem 176
Turan’s theorem 333
Tutte graph 172
Tutte-Coxeter graph 349
Tutte’s conjecture 254, 256
Tutte’s 1-factor theorem 263
Type I vertex 256
Type II vertex 256

Underlying graph
of a digraph 28
of a dual 248
Unilateral digraph 29
Union of two graphs 9
Universal dominating sequence 325
Upper domination number 321
Upper embeddable 208
on a surface 208
Upper irredundance number 321

Value of a universal dominating
sequence 325,
Vertex 1
deletion of 4
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M-Vertex 259
Vertex chromatic number 220
Vertex cover 267
Vertex covering number 267
Vertex independence number 86
Vertex set 1
Vertex-arboricity 68
Vertex-connectivity 74
Vertex-cut 74
Vertex-deleted subdigraph 27
Vertex-deleted subgraph 4
Vertex-induced subgraph 5
Vertex-pancyclic

digraph 150

graph 116
Vertex-transitive graph 42

Index

Vizing's conjecture 311
Voltage graph of index 1 216

Walk(s) 16
closed 17
contained. in a walk 17
different 17
equal 16
in a digraph 29
in a graph 16
length of 16
open 17
trivial 16
Weakly connected digraph 29
Winner in a tournament 149




