Computer Science and Applied Mathematics
A SERIES OF MONOGRAPHS AND TEXTBOOKS

Editor
Werner Rheinboldt
University of Maryland

Hans P. Kiinzi, H. G. Tzschach, and C. A. Zehnder
NUMERICAL METHODS OF MATHEMATICAL OPTIMIZATION: WITH ALGOL
AND FORTRAN PROGRAMS, 1968

Azriel Rosenfeld
Pi1cTURE PROCESSING BY COMPUTER, 1969

James Ortega and Werner Rheinboldt
ITERATIVE SOLUTION OF NONLINEAR EQUATIONS IN
SEVERAL VARIABLES, 1970

A. T. Berztiss
DATA STRUCTURES: THEORY AND PRACTICE, 1971

Azaria Paz
INTRODUCTION TO PROBABILISTIC AUTOMATA, 1971

In preparation

David Young
ITERATIVE SOLUTION OF LARGE LINEAR SYSTEMS

Ann Yasuhara
RECURSIVE FUNCTION THEORY AND LoOGIC



DATA STRUCTURES

Theory and Practice

A. 1. Bertiss

University of Pittsburgh

Academic Press New York and London



CorPYRIGHT © 1971, BY ACADEMIC PRESS, INC.
ALL RIGHTS RESERVED
NO PART OF THIS BOOK MAY BE REPRODUCED IN ANY FORM,
BY PHOTOSTAT, MICROFILM, RETRIEVAL SYSTEM, OR ANY
OTHER MEANS, WITHOUT WRITTEN PERMISSION FROM
THE PUBLISHERS.

ACADEMIC PRESS, INC.
111 Fifth Avenue, New York, New York 10003

United Kingdom Edition published by
ACADEMIC PRESS, INC. (LONDON) LTD.
Berkeley Square House, London W1X 6BA

LIBRARY OF CONGRESS CATALOG CARD NUMBER: 75-137603

AMS (MOS) 1970 Subject Classifications: 00-01; 04-01, 04-04,
04A0S5, 05-01; 05-04, 05A10, OSC20; 68-01, 68A15;90-01,
90-04, 90B10, 90B35

Third Printing, 1972
PRINTED IN THE UNITED STATES OF AMERICA



Preface

A man looking at a road map wishes to go from place X to place Y. His
problem: Which of the numerous possible routes should he follow? Let us
interpret the road map as the picture of a mathematical object, namely of a
graph. Then the choosing of the shortest route translates into the well-known
shortest path problem of graph theory, and an algorithm for solving this
problem exists. The remaining task is the computer implementation of the
algorithm, and this requires a suitable computer representation of the graph.
Here we can identify three distinct phases in the complete solution process.
First, a mathematical model has to be found. Second, an algorithm has to be
developed within the mathematical model (we hope, however, that somebody
has already done this for us). Third, a computer representation has to be
selected for the data on which the algorithm is to operate.

The three parts of this book correspond more or less to the three phases.
The selection of a mathematical model requires knowledge of the basic
properties of some mathematical systems. These fundamentals form the
subject matter of Part 1, Discrete Structures in Mathematics. Part 11, Applica-
tions of Structures, deals mainly with algorithms, but, in addition, the
examples should help one gain experience in the selection of mathematical
models for real life problems. Part 11l is precisely described by its title,
Computer Representation of Structures.

In broad terms, this book aims at developing a productive attitude to the

ix



x Preface

solution of problems. Of course, the main purpose is sometimes obscured by
the details.

Part 1, taken as a whole, is a selection of mathematical topics that are
essential background knowledge for anyone who wishes to study data struc-
tures in depth. Despite appearances, the selection is highly pragmatic. Some
of the topics may be irrelevant to an understanding of later parts of this
book, but they have direct relevance to the proper understanding of journal
articles dealing with mathematical models of computer data structures. The
order of courses in a computer science curriculum varies so much from place
to place that 1 could not take any specific item of background knowledge
for granted. This practical consideration has prevented inclusion of more
examples from computer science, which would have made the general
relevance of discrete mathematics more apparent. The instructor, being
familiar with the background of his students, can, and should, enliven the
presentation with appropriate examples.

The first two chapters deal with topics in set theory, and most readers
will find them familiar. I feel, however, that a student having just a knowledge
of set theory is inadequately prepared. One must be able to think in abstract
terms. That is why these chapters belabor set theory in great detail. They
aim at dispelling false conceptions that a student may have and at improving
his intuitive understanding of the nature of a mathematical proof. By the
end of Chapter 2 the student should be able to digest an abstract argument
fairly rapidly.

Chapter 3, which introduces graph theory, is the core of the book in that
nearly all of Part I1 is based on this chapter and the various list structures of
Chapter 10 are merely computer representations of directed graphs. Chapter 4
is needed for background to the applications discussed in Part II.

Part 11 establishes links with a number of disciplines in which mathe-
matical structures can be put to good use. This way the mathematical struc-
tures are transformed into data structures, but the actual computer repre-
sentation is understated. The object here is to unify various disciplines by the
use of similar data structures.

In Part I1I efficiency is considered. There, for example, it is shown that
the designer of a representation of a data structure must consider the peculi-
arities of his computer and of the operations that are to be performed on
the data structure. Because of the rapid changes in computer science, one of
the hardest tasks in writing a text is to decide which parts of the subject are
basic. 1 hope to have avoided much that is ephemeral, but this means that
the study of Part 111 should be supplemented with other material. Detailed
suggestions are given below.

The material in this book covers much of what the ACM Curriculum
Committee on Computer Science recommends for course B3 (Introduction
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to Discrete Structures) and 11 (Data Structures) [see CACM 11,151-197
(1968)]. The book is intended for the following classes of readers.

(a) Students taking a single course that combines the study of mathe-
matical structures and data structures. Many colleges still oppose an under-
graduate degree program in Computer Science for a variety of philosophical
and practical reasons. At many of these schools just one combined course
might be offered. The course may have Modern Algebra as taught by the
Mathematics Department as a prerequisite. If it does, then Part I can be
covered in two weeks by means of reading assignments, and the other parts
can be dealt with almost in their entirety in the remaining time. If the course
has no such prerequisite, Chapter 1 is still a reading assignment, but the
instructor may have to set aside four weeks or so for a pruned down version
of Chapters 2-4. He would have to be very selective in Part 11, and perhaps
half the available time would be spent on Part III.

(b) Students taking a course on discrete mathematical structures (at the
sophomore level) and a course on data structures (at junior level). Here
Parts I and II are envisaged as the material for the first course and Part II1
as the basis of the second course. I have tried to avoid Part Il becoming a
technological handbook. Therefore, this part of the book does not contain
enough material for it to stand on its own as a text for a whole course. The
course could be supplemented with the study of a programming language
for nonnumerical computation, the manual for this language serving as a
supporting text. Alternatively, the students can themselves extend an existing
general purpose programming language to enable it to deal with some class
of nonnumerical problems. If the course is taught to seniors, reading assign-
ments covering journal articles can be set as well. Bibliographical notes are
appended to each chapter; in Part III they are sufficiently detailed for this
purpose. The very detailed development in Chapters 1 and 2 is not to be taken
as a suggestion that the instructor should spend much time on these chapters.
On the contrary, the detail is there to enable the instructor to adopt a much
more rapid pace than he could if he himself had to supply the detail in class.

(c) Practicing programmers and systems analysts. They will find the book
a balanced mixture of background mathematics and matter having immediate
relevance. The very detailed presentation in the initial chapters should make
the book an adequate self-study text.

Although the relation between mathematical structures and computing
is not stressed in the earlier chapters, nearly all chapters contain some al-
gorithms put in the form of computer programs and some programming
exercises. Algol and Fortran are the only general purpose languages for which
standards have been published. Because Fortran is the more primitive of the
two, translation of Fortran into Algol is easier than the reverse. Moreover,
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Fortran is better known. Therefore, Fortran is the general purpose language
used here. Algorithms that cannot be implemented in Fortran could be
presented as assembler language programs, but, since there is no standard
assembler language, one would then have to play at being a computer manu-
facturer and design one’s own computer with its assembler languge. Alter-
natively, the algorithms could be left in the form of flowcharts or English
sentences. Since translation of an algorithm from one assembler language
into another is at least as difficult as translation of a flowchart, the latter
course is followed here.

Most of the material consists of reasonably well-established results and
procedures. Exceptions are to be found in Chapter 7 and in the development
of a theory of linear formulas for the representation of directed graphs (the
K-formulas of Section 3e and later sections). In the discussion of program
segmentation and automatic flowcharting in Chapter 7 I have tried to give
a few pointers to possible lines of research in a very difficult area that has
been little explored, and I hope that the more adventurous students will be
stimulated into giving some thought to these problems. Similarly, the theory
of K-formulas has been included in the hope that it may lead to the develop-
ment of new algorithms.
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CHAPTER

set Theory

1a. Basic Definitions

Mathematics investigates relations between abstract objects. The objects
might be natural numbers, or real numbers, or points in the plane, or letters
in some alphabet. Some objects, such as points on the real line, cannot be
counted. These objects form the basis of continuum mathematics. Other
objects are countable; they are the basis of discrete mathematics. We use
natural numbers in counting, and it is well known that there is no largest
natural number. In other words, there is no limit at which counting has to
stop. Thus we have a further subdivision of sets of countable objects into
infinite sets and finite sets. Since our ultimate interest is in the application of
finite discrete devices, digital computers, we shall be primarily concerned with
finite sets of objects.

As the concept of a set is basic to mathematics and the theory of sets close
to its foundations, we had to refer to sets rather freely in the paragraph
above. We should therefore define a set, but this we cannot do. The closest
we can come to a definition is to say that a set is a collection of distinguishable
objects sharing some common feature that qualifies them for membership
in the set. The objects comprising a set are called members of the set or ele-
ments of the set. Just as in geometry the terms point and line cannot be defined,
so in set theory the terms set and member are undefined terms. Membership is
an undefined relation. A way of specifying a particular set is to enclose its
elements in braces: {---}.
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Examples of finite sets

Decimal digits: {0, 1,2, ..., 9}.
Binary digits: {0, 1}.

Letters of an alphabet: {a, b, ¢, ..., z}.
Solutions of x* — x = 0: {0, 1}.

Examples of infinite sets

Natural numbers: {1, 2, 3, ...}.
Even natural numbers: {2, 4,6, ...}.
Integers: {0, —1,1, —2,2,...}.

DerFmviTioN 1.1 Two sets are equal if and only if they have the same
members.

Example

{1,2,3} ={3, 1,2} ={1,2,3,3} # {1, 3,4}. The first equality holds
because elements of a set may be written down in any order. The second
equality holds because the two 3s in {1, 2, 3, 3} are indistinguishable. Since
set {1, 2, 3, 3} is the set {1, 2, 3}, one would not normally list an element more
than once. Sets {1, 2, 3} and {I, 3, 4} have the same number of elements, but
the elements are not the same.

An alternative notation for specifying the elements of a set uses a formula
P (x). If the formular notation is used, a set is defined by {x|P(x)}, read as
*“ the set of all objects x such that P (x) is true.” Either notation can be used to
represent the same set, e.g.,

{0,1,2,...,9} = {i]iis a decimal digit},
{1,2,3, ...} = {n|nis a natural number},
{0, 1} = {x|x* —x =0}

Formular notation specifies the feature common to elements of a set. There-
fore, there is more information in {x|x? — x = 0}, say, than in {0, 1}. The
increase in the information content is due to the fact that a set of elements
can be specified by more than one formula. Thus {0, 1} is also equal to
{b|b is a binary digit} and to {¢]c =0 or ¢ = 1}. Note, however, that sets
{x|x* —x =0}, {b|b is a binary digit}, and {c¢|c =0 or ¢ = 1} are exactly
equal (by D.1.1). The increase of information relates entirely to the context
in which the sets are being studied.

We shall use lower case Latin letters for elements of sets and Latin capitals
for sets, e.g., I={i|i is a decimal digit}, E={x[x<1 and x> 2},
L={a,b, ...,z}. Note that E contains no elements. Membership will be
indicated by the symbol g, e.g., ke L, 9el. If an object does not belong to a
set, we shall use the symbol ¢, e.g., coffee¢ L, S¢L, 5¢ E, 15¢ 1, —5¢ I
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DerINITION 1.2 A null (empty, zero) set has no elements. It is denoted by

{}, or by &.

Examples

l. {x]x<1land x >2} = .

2. {xjx£x} = (.

3. {0} # (7, since the set {0} contains an element, namely the digit 0.
4. ¥ # 0, since (J is a set and O is not a set.

5. {J} # &, since set {{J} contains an element, the null set (.

DerFINITION 1.3 A family (class, collection) of sets is a set whose elements
are themselves sets. Families of sets will be denoted by script letters.

Examples

1. o = {{0}, {1, 2}, {3, 4, 5}, {6, 7, 8, 9}}.

2. #=1{{0,9}, {1, 8}, {2, 7}, {3, 6}, {4, 5}}.

3.9 ={{1,2,3}, {1,2}, {2, 3}, {3, 1}, {1}, {2}, (3}, &}

4. P ={A|A={x|x is a letter in a particular word}} = {{g, u, m},
{a, c, t}, {a,c, t,i,0,n},...}. Note that {x, y, w}¢ &, that the words mug
and gum both give rise to the same set {g, u, m}, and that act, cat, tact give
rise to the set {a, c, t}.

DEerFINITION 1.4 If 4 and B are sets, then 4 is included in B, written A = B,
if and only if each member of 4 is a member of B. Note that B includes A,
written B2 A, is synonymous with 4 € B. If 4 € B, then 4 is a subset of
B, and B is a superset of A. If A = B, and there exists an object x such that
xeB, x¢ A, then A 1s a proper subset of B, written 4 < B. If A = B does
not hold, we write 4 € B.

Examples

1. Let I, = {d|d is a digit}, I, = {i|i is an integer}. Then I, = I, and
I, <1,

2. The family of sets € in Example 3 of D.1.3 is the family of all subsets of
set {1, 2, 3}. In particular, ¢J = {I, 2, 3}. The subset relation may not be
obvious here because we have difficulty associating the phrase each member
of D.1.4 with something that has no members; see, therefore, Th.1.1 below.

3. {1,2,3} ={1,2,3,3}, and also {1, 2,3} =2 {1, 2, 3, 3},

THeOREM 1.1 For any set 4, J < A.

Proof. Assume ¢ & A. Then there exists at least one object x such that
xe, x¢ A. But J has no members (D.1.2). Hence x ¢ . Since the assump-
tion leads to a contradiction, the assumption must be wrong.
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THEOREM 1.2 Sets A and B are equal if and only if 4 € B and B c A.

Proof. We note first that the if part of the theorem tells that conditions
A © Band B c A are sufficient for A = B. The only if part tells that the con-
ditions are also necessary. We shall prove sufficiency and necessity separately.

Sufficiency. Let A < Band B < A. Assume A # B. Then by D.1.1 there is
at least one member in one of the sets but not in the other. Let this member
be x, and assume xe€ A. Then x¢ B. But, if xe 4 and 4 < B, then x € B by
D.1.4. This is a contradiction. Similarly, assuming x € B leads to the contra-
diction x¢ A and xe A. Hence A = Bif A < Band B < A.

Necessity. Assume that one or other of conditions A < B, B < 4 does not
hold. Then there is an element in one of the sets and not in the other. But
then A # B (by D.1.1). Hence A = Bonly if A < Band B < A.

DerINITION 1.5 The family of all subsets of a set A is the power set of A,
symbolized 2(4) or 24,

Example
Let C={1,2,3}. Then 2° = {C, {1, 2}, {1, 3}, {2, 3}, {1}, {2}, {3}, &}.

TueoreM 1.3 If a finite set A has n members, then #(A4) has 2" members.

Proof. () n = 0. Then, by Th.1.1, ¢ < A. Since 4 has no members, this is
the only subset of 4, i.e., Z(A4) has | member. But 1 = 2°, as required.

(i) 7 > 0. Write the n elements of A as the sequence a,a,---a,. Then
describe a subset B of A by a sequence of binary digits d,d, - -d, in which
d;,=1if a,eBand d; = 0if a;¢ B. To each subset there corresponds just one
sequence of digits, and each such sequence uniquely identifies a particular
subset. The sequences range from 00 --- 0 (for the null set) to 11 --- 1 (for 4
itself). We interpret the sequences as binary numbers. The decimal equivalent
of a binary number composed of n 1s is 2" — 1, and the total number of
sequences is 2". Consequently A has 2" distinct subsets.

Example

Let A = {1, 2}. Then 2(A) has four members. The binary notation associ-
ates four binary sequences with these four subsets of 4:

2 U Lz
00 o1 10 11

If the sequences are interpreted as binary numbers, the leading zeros may be
removed.
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DErFINITION 1.6  The union (set sum) of sets 4 and B is defined by
AuB={x|xed or xeB},

where or has the inclusive meaning, i.e., x€ 4 or x € B means that one of
the following three statements holds: xe 4 and x¢ B; x¢4 and xeB;
x€ A and x e B. The intersection (set product) of sets 4 and B is defined by

AnB={x|xedA and xeB}.
If An B = (J, sets A and B are said to be disjoint.

Examples

1. 4=1{1,3,5..,B={2,4,6,..}.A0B={1,2,3,4,..},AnB= (.
2. X={1,2,3), Y=1{2,3,4,5}. XU Y={1,2,3,4,5}, Xn Y = {2, 3}.

1b. Indexed Sets

Here we shall study families of sets. Consider the power set of some set 4.
In formular notation the family can be defined #(4) = {B| B = A}. Alter-
natively, if the elements of 4 are known, the power set can be written out in
full, e.g., 2(4) = {4, {1}, {2}, &} when 4 = {1, 2}. Assume now that we
are primarily interested in the number of sets in a family. Formular notation,
as we have it, does not give this number. Explicit listing, while enabling us to
count the number of sets in the family, is too detailed for our purposes here.
The superfluous detail makes the notation cumbersome; imagine listing the
256 elements of the power set of a set having eight elements. (Counting
commas, opening braces, and closing braces, there are at least 2,545 symbols
in the list.)

A notation that gives the number of elements without requiring the ele-
ments to be written out in full is suggested by the binary sequences of Th.1.3.
Write the four subsets of 4 = {1, 2} as Byo, By, Bio, Biy, and collect the
subscripts into a set /; we have I = {00, 01, 10, 11}. We can then write

P(A) = {B;|iel}, (1.1
where
I'={i|iis a binary integer and 00<i<11}. (1.2)

If next we want to describe the power set of a set consisting of eight elements,
(1.1) does not have to be changed. We simply redefine I:

I={i]iis a binary integer and 00000000 < i< 11111111}. (1.3)

In (1.2) and (1.3) the binary sequences are interpreted as binary numbers.
We can even change to decimal numbers and express (1.3), say, as

I={n|nis a decimal integer and 0= n <255},
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Sometimes it is more convenient not to interpret the binary sequences as
numbers. Let A4 be a set of eight elements. Suppose that we have to define a
family o/, comprised of subsets of 4 having less than three elements. For an
arbitrary binary sequence s we let A(s) be the length of the sequence, and x(s)
be the number of 1s in it. Then

o = {B,|B;eP(4) and «(i) <3},

where 2(A) is defined by (1.1) and (1.3). Alternatively, without direct
reference to the power set:

o ={B;|iel},
I'={i|iis a binary sequence with A(i) =8 and (i) < 3}.

DerINITION 1.7 Let o/ be the family of sets {4;,, 4,,, 4;,, ...}, where
A, = A, if s;=s;. Then the elements of &/ are identified by elements of
the set

I={s,8,,585, ...}
We can therefore write
o ={A;liel}.

An element of I is called an index, set I itself is the index set, and &/ is an
indexed set.

Examples

1. The power set of a set of n elements A is the family 2#(4) = {4;]iel},
where the index set Iis defined by I = {i|iis a binary sequence and A(i) = n}.

2. I={a,b,c}. B={A4,|iel}={A4,, 4, A.}.

3.1=1{2,4,4,6,6}. ¥ ={X;liel}={X,, X4, Xs}.

4. Consider set 4 = {1,2, 3,4} and the family of sets o = {4;|ie I}, where
each 4, is a set of two elements, selected from A at random. Let ten selections
be made, i.e., let 7=1{1,2,3,...,10}. But only six distinct selections are
possible: {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}. This means that some sets
in o7 will have the same elements. By D.1.1 such sets are indistinguishable.
Yet we may need to distinguish among them. Indexing gets around the
difficulty in a rather subtle way. Let m and n be members of I. Normally
m # n means that 4,, and 4, do not have the same elements, but note that
there is no such requirement in D.1.7. This means that 4,, and 4, may have
the same elements when m # n. The symbols A4,, and A, are certainly not
equal, and this suggests two interpretations of 4;. When appropriate, 4; is
interpreted as standing for a set of clements. An alternative interpretation
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takes A4; as a symbol, and the indexed set as a set of symbols. Under the first
interpretation o/ can have at most six elements; if the second interpretation
is taken, having ten elements is in order.

DerINITION 1.8 Let 7 be an index set. We generalize the operations of
union and intersection:

\Jic;A4;={alacA; foratleast one iel},
ﬂiE,Ai ={alaeA; foralliel}.

Examples

1. Let I={1,2,3,4}, and A,={1,2}, A,={1,3}, A;=1{1, 4},
Ay ={1,2,4,5}. Then {J;.,4;=1{1,2,3,4,5}, and {),.,;4;={1}. Note
that  J;.; 4, can be written also as | J{4,|ie I}, or as | J; 4, (if the index set
need not be emphasized). In this example we can also have [ JiZt A4, for
the union. Similar notational variants can be used for intersection, e.g.,
N 4.

2. {Jic 5 4; = &. Since there is no 4;, the set of objects belonging to
at least one A; is empty.

3. ()ic 4 4; is more difficult to interpret. Let us consider objects that do
not satisfy the formula of D.1.8. If, for some object g, it is not true that
acA; for all iel, then there must exist at least one A;, with iel, such that
a¢ A;. But if I = F, no A, exists. This is a contradiction. Hence there are no
objects that do not satisfy the formula, i.e., all objects satisfy the formula.
We shall discuss the meaning of al/ objects in Section Ic.

4. Uie{l}Ai:ﬂie(l)Ai:Al'
DEFINITION 1.9 A partition & of a set A, of = {A;|iel}, is a family of

nonempty and distinct subsetsof A suchthat | J,., 4, = 4,and4,n 4, =
for all i, je I (i # J). Sets A, are blocks of the partition.

Examples

1. Some partitions of 4 = {1, 2, 3, 4}: o7, = {{1, 2}, {3, 4}}, &7, = {{1},
{2’ 4}7 {3}}’ ‘MS = {{]’ 2a 3’ 4}}

2. Families & and # in Examples [ and 2 of D.1.3 are partitions of
{d|d is a decimal digit}.

1c. Complement of a Set

DeriNtTION 1.10  If all sets under consideration in a certain discussion are
subsets of a set U, then U is the universal set or the universe of discourse for
that discussion.
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Examples

1. In elementary number theory U is the set of integers.

2. In plane analytic geometry U is the set of coordinate pairs.

3. If we consider sets of students taking particular courses at a university,
U is the set of all students of that university.

4. (Vie » A; = U identifies the set of all objects, which arose in Example 3
of D.1.8, with the universal set (or, more precisely, a universal set).

The definition of the universal set is rather vague. If I is the set of integers,
and S is the set of all students of Example 3, we could use the set {x|xe Ior
x €S} as the universal set for both Examples 1 and 3. Indeed, we might
consider the set of all objects in the universe (everything we can conceive) as
the universal set for any discussion. Let us see what consequences this has.
Define the set R = {x|x ¢ x}. The defining formula seems reasonable. Con-
sider, for example, the integer 5. We know that 5 is not a set. Hence 5
cannot have any members, S ¢ S is true, and 5 € R. For a further example,
we know that ({1, 2}) is not a member of itself (Example of Th.1.3), and
hence Z({1, 2}) € R. But if the universal set is the set of all objects, then R
itself belongs to it, and the defining formula has to be applied to R. If R¢ R
Is true, then R qualifies for membership of R, i.e., R € R. On the other hand,
if R¢ R is false, which is equivalent to R € R being true (a possibility that
cannot be dismissed, however unlikely it may appear), then R does not
qualify for membership of R, i.e., R¢ R. Thus we have the contradiction
Re R if and only if R¢ R. Unrestricted application of the defining formula
x ¢ x is the basis of this contradiction, which is one of several possible formu-
lations of what is known as the Russell paradox.

The Russell paradox is just one of a number of contradictions that arose
in early formulations of set theory. These formulations permitted one to talk
about the set of all sets, which means that one could consider a set as a mem-
ber of itself. The contradictions can be traced back to this particular mem-
bership. They disappear if the manner of introducing the objects that set
theory can talk about is such that a set can no longer be considered as a
member of itself. This is done by making sure that the axioms of set theory
can produce the theorem

For any set a, a ¢ a.

One axiomatic theory in which this is a theorem is known as Zermelo-
Fraenkel sct theory.

We still have to find out how one should select the universal set for a
particular discussion. D.1.10 is very permissive in this respect. We have found,
however, that the permissiveness lets us make a selection that leads to con-
tradictions. The proper way is to take an axiomatic set theory that is free of
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contradictions and to select from the objects this theory can talk about the
smallest set that contains as subsets all sets used in the discussion. In practice
we let the context in which the sets are used determine the universal set, and
we will find that a universal set so selected is an acceptable set in terms of the
axiomatic theory. Unless stated otherwise, the universal sets that we shall
select will not have sets as members.

DEerINITION 1.11  The relative complement of a set A with respect to a set
X, written X — A (and sometimes called set difference), is the set

X—-A={x|xeX and x¢A}.

The absolute complement of a set A, written A, is the set U — 4. In terms
of the absolute complement we have X — 4 = X n A4,

Example

Let A={1,2,3,4} and B= {3, 4,5}. Then4 — B={1,2},B— A = {5}.
In this discussion we can take the set of natural numbers for U. This choice
gives A =1{5,6,7,...}, and Bn A=1{3,4,5}n{56,7,...} = {5}. Note
that 4 depends on the choice for the universal set, but that B n A4 is indepen-
dent of the choice. In the context here we can equally well select the set of
decimal digits for the universal set. Then 4 = {0, 5,6,7,8,9}, but Bn A4
= {5} again.

THeOREM 1.4 Let A be a set and let U be the universal set. Then A U 4 = U
and An A=(.

Proof. ByD.1.6 AuA={x|xedorxeA}and An 4 ={x|xedand
xeA}. But (by D.1.11) A=U—-A={x|xeU and x¢ A} = {x|x ¢ A},
since it is understood that all elements belong to the universal set. Then we
can put AuAd={x|xed or x¢ A} and A" A= {x|xed and x ¢ A}.
The defining formulas are satisfied by all elements and by no elements,
respectively. Hence Au A=U, AN A4 =(.

CoROLLARY If A # J and A # U, ie., if <= A< U, then the family
{A, A} is a partition of U.

Examples

1. Prove that A € B if and only if 4 2 B. Assume A 2 B. Then there
exists an element x € B such that x ¢ 4, and (by Th. 1.4) x € A. But if x € B,
then x ¢ B (Th.1.4). Thus there exists an element x such that xe 4 and
x¢B, ie, A¢ B. Hence A B only if A2 B. The sufficiency proof is
similar.
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2. ProveAmB A U B. We have to show (1)AmBCAuB and

(i) AuBc< AnB (Th.1.2). To show that (i) holds, let xe A n B. Then
x¢ AN B, ie., xeAand x € B cannot both be true. Consequently x € 4 or
x € B, and, by the defining formula of D.1.6, x € A U B. But x is any element
of A n B. This means that every element of A N Bis an element of 4 U B,
or AnBcAuUB. To prove inclusion (ii) assert that A < AN B and
BcAn B,andletxeA uB. ThenxeAorxeB. 1fxe A, thenxe A N B;
and also if x € B, then xedn B (on the basis of the assertion). Hence

A U B < A n B. 1t remains to prove the assertion. We show that 4 < 4 n B.
Let ye A n B. Then y € A and y € B, in particular y € 4. Hence A 2 4 N B,

and consequently, by Example 1, 4 € A n B. The proof of B = AN Bis
similar.

DEFRINITION 1.12  The symmetric difference of sets A and B, written A + B,
is the set defined by

A+ B=(4—B)uU (B - A).

Example

In terms of defining formulas 4 — B={x|xeA and x¢ B}, and
B—A={x|xeB and x¢ A}. Then 4+ B={x|xe 4 or xe B}, where
or has the exclusive meaning, i.e., x € 4 or x € B here means xe 4 or x€ B
but not x € A and x € B (cf. definition of 4 U Bin D.1.6). Let 4 = {1, 2, 3, 4}
and B={2,3,4,5,6}.Then4d v B={1,2,3,4,5,6},but4 + B = {1, 5, 6}.
Defining formulas of 4 + Band 4 U B are identical except for the interpreta-
tion of the word or, and there is nothing in the word itself to indicate the
intended meaning. All natural languages (e.g., English, French) contain
ambiguities. But ambiguities have no place in mathematics. This has led to
the use of unambiguous symbolic languages in formal developments. In such
languages there are different symbols for or (inclusive) and or (exclusive).

1d. Algebra of Sets

The properties of the complement of a set discussed in Th.1.4 and in the
examples following the theorem are results in an algebra of sets. The results
were obtained without a plan: The complement has been discussed, but we
still have no knowledge of the basic properties of union and intersection. A
consequence of the unplanned approach was the need for separate proofs of
AcAnBandB< AN Bin Example 2 of Th.1.4. We know, of course, that

B < B n A follows from 4 < AN B (simply change every 4 to B, and every
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B to A4), but we have as yet no theorem that would enable us to deduce

B< A n B from B<= B~ A; our intuitive belief that 4 ~ B should equal
B n A is, of course, no proof. There is a need then for a systematic develop-
ment of an algebra of sets.

Operators U, N, , —, -+ have been defined. Expressions in — or + can
be changed to equivalent expressions in which the only operators to appear
are U, n, and ~, i.e., any expression in — or + can be interpreted as a
shorthand version of the equivalent expression in U, n, and ~, e.g., 4 + B
as an abbreviation for (4 n B) U (B n A4). Properties of the relative comple-
ment and symmetric difference are, therefore, only of secondary interest.
Operators U and N take two operands—union and intersection are binary
operations; ~ takes a single operand—complementation is a unary operation.

We need commutative laws for the binary operations. Interpretation of
generalizations | J; 4; and [); 4; of D.1.8 as repeated applications of binary
operators U and N, respectively, points out the need for associative laws.
Since U and M can both occur in the one expression, e.g., (4 N B) U (B n A),
we also need distributive laws. Finally, a set needs to be related to the two
special sets U and ¢J, and to the complemented set. The laws are listed in the
form of equalities in Th.1.5.

THEOREM 1.5 Let A, B, C be any subsets of the universal set U. Then the
following equalities hold.

1A, AUB=BuU A.

IB. AnB=Bn A

2A. Au(BuC)y=(AuB)uC

2B. An(BnC)=(AnB)n C.

3A. AuBNnC)y=(AuB)n(4uCC).
3B. An(BuC)y=AnBu(dnC).
4A. Au g =A.

4B. AnU=A.

5A. AuAdA=U.

5B. AnAd=(.

Proof. Parts SA and 5B are Th.1.4. Proofs of the other equalities can be
based on interpretation of defining formulas or on the two-sided inclusion
procedure suggested by Th.1.2 and followed in the proof of Example 2 of
Th. 1.4.

Union, intersection, and complementation are operations, and they
define new sets. Set inclusion is not an operation. It describes a condition.
While 4 n B is the set whose elements belong to both 4 and B, 4 < Bis not
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a set—it states that every member of set 4 belongs also to set B. We know
thatconditions A < Band B < A areequivalent to theequality 4 = B(Th.1.2).
We shall now show that A = B on its own is equivalent to certain equalities.

THEOREM 1.6 Let A and B be any subsets of the universal set U. The fol-
lowing statements about 4 and B are equivalent to each other:

(a) A< B.
(b) AuB=B.
(c) AnB=A.

Proof. We have to show that statement (b) is true if (a) is true, and that
(c)is true if (b) is true. Then it has to be shown that (a)is true if (¢)is true. The
last part enables us to say for any two of the statements that one is true if
and only if the other is true, and this is what is meant by equivalence of the
statements.

(a) implies (b). Assume 4 < B. The defining formula for set union gives
Au B={x|xe A or xe B}. But every member of 4 is a member of B by
assumption. Hence the x € 4 part in the defining formula is superfluous, and
the definition reduces to A u B = {x|xe B} here. Also B={x|xe B}.
Hence 4 U B=B.

(b) implies (¢). Assume 4 U B = B. We shall use parts of Th.1.5 in the
proof.

AnB=A4An (A v B) (Assumption)
=(AuB)n A (1B)
=(AuBn(4du Q) (4A)
=Au(Bn Q) (BA)
=AuBnHud (4A)
—AUBAZ)U(BAB) (5B
=AU (Bn(Z v B) (3B)
=Au(Bn(BuQ)) (1A)
=AU (BnB) (4A)
=AU (5B)
= A. (4A)

(c) implies (a). Assume 4 N B = A. Let ye A n B. Then ye 4 and
y € B, in particular y € B. Hence 4 N B < B, and, by the assumption, 4 < B.

It must be understood that the equalities of Th.1.6 are essentially different
from those of Th.1.5, although we have used the same symbol (=) in both
theorems. The statements of Th.1.5 hold for all subsets of a universal set.
They are therefore identities. In Th.1.6 particular sets have been singled out
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from the family of all subsets of a universal set, and the equalities hold only
for those sets. Thus in A n B= B n A the symbols A and B stand for any
subsets of the universal set, but in 4 N B = 4 the equality holds only if 4 is
a subset of B. Some writers emphasize the difference by using a special
symbol (=) for identity.

We have been talking about algebra of sets without making clear what is
meant by it. Consider a nonempty set U with power set 2(U). For any sets
A, Be ?(U)wehave 4 U Be Z(U), A n Be (U), A e #(U). If an opera-
tion on any members of a set produces an object that is also a member of the
set, then the set is said to be closed under this operation. The power set (U)
is closed under union, intersection, and complementation. For some U one
can find proper nonempty subsets of #(U) that are also closed under the
three operations. Since A U A= U and A n A = J for any set A, these
subsets of 2(U), in order to be closed, necessarily contain J and U. A non-
empty subset of Z(U), closed under union, intersection, and complemen-
tation, in which elements ¢ and U are distinguished, is a closed system
known as an algebra of sets. We summarize: The power set 2(U) of a
nonempty set U is an algebra of sets based on U (but the #(U) are not
the only algebras of sets).

The use of the plural, algebras of sets, may be somewhat confusing. Set
U can be any nonempty set (within the limits discussed in Section 1c) and we
have a different algebra for each U. But the form of the theorems is the
same in all algebras of sets. Therefore, it is customary to call the theorems,
rather loosely, the algebra of sets.

The concept of membership of an element in a set is essential for proof of
Th.1.5. This concept belongs to the general theory of sets, and the proof of
Th.1.5 places the algebra of sets within the framework of that theory. We
assert now that every theorem in the algebra of sets can be deduced from
Th.1.5. Note that the statement of Th.1.5 makes no mention of membership
and, if we consider the algebra of sets by itself, the question of membership
does not arise in it. But then we cannot prove Th.1.5 and have to consider the
algebra of sets as an axiomatic theory based on the statement of Th.1.5 as a
set of axioms.

le. Algebra of Sets as an Axiomatic Theory

Most students approach abstract theories with trepidation. The adjective
abstract has come to acquire a forbidding sound; commonly it denotes some-
thing that the mind finds hard to grasp. Contrary to popular belief abstract
does not have this meaning in mathematics. Abstraction in mathematics is the
process of eliminating anything that is inessential to a particular discussion;
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the aim is clarity and generality. Abstraction is so important that one might
even say that mathematics is abstraction: A child first experiences mathe-
matics in realizing that putting two blue blocks and three blue blocks together
is an operation that in its essence has nothing to do with the color of the blocks
or the fact that the toys are blocks rather than beads. Despite appearances,
the process that will take us from the algebra of sets to an abstract theory does
not differ in kind from that through which a child goes in arriving at an
understanding of the nature of addition.

The essentials of an algebra of sets are in the first place symbols represent-
ing sets and operations. The interpretation given to the symbols is necessary
for proof of Th.1.5. New theorems, however, can be derived from Th.1.5
with no knowledge of the meaning of the symbols. Thus, in proving that
A U B = B implies A n B = A4 (Th.1.6), symbols are manipulated according
to rules supplied by Th.1.5 in a purely mechanical manner. The set of rela-
tions given in Th.1.5 is, therefore, another essential feature of the theory, but
the meaning the symbols have in Th.1.5 is not. Here then the abstraction
process consists of stripping symbols of their meaning. The result is a base
for a generalized theory, comprising a system of undefined symbols and
Th.1.5 as a set of axioms, expressing relations between symbols in this
abstract system.

The idea that a mathematician builds an abstract theory out of nothing
by taking a system of symbols, declaring axioms arbitrarily, and hoping for
the best is a misconception. Axiomatic theories are abstractions of something
already existing. For the purpose of introducing the terminology of axio-
matic theories we shall, however, assume that there is nothing to start with.
Then the first task is to create a base consisting of certain symbols and
properties of the symbols. The symbols in the base cannot be defined; a
definition gives meaning to a symbol in terms of other symbols, and there are
no other symbols at the time the basic symbols are introduced. The basic
symbols are called primitives. All other symbols, called defined symbols, must
be defined in terms of primitives or other defined symbols. If nonprimitives
are used in the definition of a new symbol, one must make sure that circular
definitions are avoided, i.c., that all nonprimitives in the definition have in
fact been defined.

Statements expressing relations between symbols are admitted to a theory
only if they are provable. A proof is a sequence of statements in which each
statement follows from one or more preceding statements by rules of logic.
All statements in the sequence that are so derived by the system of logic
employed are called theorems. A small set of statements expressing basic
relations between primitives (and thus establishing their basic properties) is
accorded special status. These statements, called axioms, are admitted to the
theory without proof. (Alternatively, to be consistent with the principle that
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only provable statements are admitted to a theory, axioms can be considered
as theorems that prove themselves.) It must be emphasized that every state-
ment provable in a theory is a theorem in that theory. Since most provable
statements in a theory are uninteresting, we tend to reserve the term theorem
for those provable statements that we find particularly significant. For ex-
ample, in Th.1.6 (assuming for the time being that we are dealing with an
axiomatic theory), the fact that 4 n B= A follows from AU B =28 is
significant, and we would call “if A U B= B, then A » B= A" a theorem
under any interpretation of the term. Looking at the proof of this theorem
we see that the statement “if 4 U B= B, then AnB=A v (Bn (g u B)”
is also a theorem in the technical sense. But we are not impressed by this
theorem.

Most axiomatic theories are informal, by which is meant that the formu-
lation presupposes and draws on rules of inference and general set theory. If
rules of inference are assumed, one can, for example, infer equality of two
things from the observation that the two things are equal to a third. A formal
theory makes no presuppositions; consequently this rule of inference must be
established as a theorem of the formal theory before it may be used in a
proof. A formal theory will also contain a general set theory (e.g., the
Zermelo-Fraenkel axiomatic set theory). Two clarifying remarks should be
made. First, axiomatic set theory is not to be confused with axiomatized
algebra of sets. While set theory investigates the relation of a member to a
set, the algebra is concerned with relations between sets. Second, an infor-
mal theory is informal only in comparison with a formal theory. Even in an
informal theory great attention is paid to the form of presentation.

In selecting a set of primitives and constructing the axioms of our theory
we shall be guided by Th.1.5. An abstract algebra that results from an
axiomatization based on Th.1.5 is known as a Boolean algebra. Subsequently
the primitives of the general theory can be interpreted in set-theoretical
terms, in which case the theory gives an algebra of sets, or they can be given
some other interpretation.

Boolean algebra B

Primitives
Set B.
Binary operations @ and * under which B is closed.
Unary operation ’ under which B is closed.
Distinct elements 0 and 1 of B. (By distinct we mean here that while
symbols a, b, ¢, and the like stand for any elements of B, symbols 0
and | represent themselves.)
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Axioms
For all a, b, c € B:

I1A. a®b=>bDa.
I1B. axb=b=*a.
2A. a®PbPDc)=(a®b)Dec.
2B. ax(bxc)=(axb)xc.
3A. a®bxc)y=(a@®b)x(a®c).
3B. ax(b®c)=(a*xb)D(axc).

4A. aP0=a.
4B. ax*1 =a.

SA. a®a =1.
5B. axa =0.

Some symbols appear in the set of axioms that are not listed as primitives.
Certain symbols, such as (, ), €, for each, there exists, are symbols in the
theories presupposed by the informal Boolean algebra (general set theory
and the theory of inference), and as such can be admitted to the theory.
General set theory also gives meaning to the terms binary operation and
unary operation. The symbol = is somewhat special in that different meanings
are assigned to it in different interpretations of the abstract theory. We shall
discuss this symbol in Section 2h.

A set of axioms is independent if no axioms can be removed without loss
of a theorem in the theory; otherwise the set contains at least one redundant
axiom. In our set of axioms 2A and 2B are redundant. They can be deduced
from the other axioms (Exercise 1.21). As long as the set of axioms remains
reasonably small, there is no harm in having redundant axioms. They may
in fact help one get a better understanding of the structure of a theory.

Axioms of our algebra come in pairs and axioms in the one pair are simi-
lar. This similarity can be precisely defined, and a powerful result can then be
deduced from it.

DerINITION 1.13  Let S be a statement in Boolean algebra B, and replace
in S symbols @, *, 1, 0 according to the following scheme:
@ becomes *, * becomes @);
1 becomes 0, 0 becomes 1.

The resulting statement is the dual of S.

Example

The dual of a@b=bDaisaxb=>5b+a, and the dual of axb=b=*a
is a@®b=b@®a. Each axiom in each of the five pairs of axioms of the
Boolean algebra is in fact the dual of the other.
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THEOREM 1.7 (Principle of duality) 1f S is a theorem in Boolean algebra B,
then its dual is also a theorem in B.

Statements of Boolean algebra express relations between objects in the
algebra. They certainly do not belong to the algebra as objects that the
algebra relates. Therefore, statements about theorems are in a different
system from that of the theorems. Theorems about theorems are known as
metatheorems; Th.1.7 is an example of a metatheorem. It functions in the
Boolean algebra as a rule of inference. A proper proof of Th.1.7 is difficult,
but one might be convinced of its truth by the following argument. A state-
ment S is established as a theorem by means of a proof. Since the dual of
every axiom is also an axiom, the sequence of duals of statements in the
proof of S should be a proof of the dual of S.

THEOREM 1.8 In Boolean algebra B:

1. If, for all a, a@®b = a, then b =0.
2. If, foralla, a* b =a, then b =1.

Proof. 1. Assuming a ®b = a, take in particular
(1) a @bl =a,
(i) a®b, =a.
Then, putting b, for a in (i) and b, for a in (ii) (which we can do, since, by
assumption, the relations hold for all a),
(iil) b, ®b, = by,
(iv) b, ®b, =b,.
From (iv),
v) b,®b, =5, (by Axiom 1A).
From (iii) and (v), b, = b; (two things equal to third). Thus the element 5 in
a@®b = ais unique. But a ©0 = a (Axiom 4A). Hence the unique element
is O.
2. This follows from Part 1 by principle of duality.

Axioms 4A and 4B give properties of 0 and 1, but they do not say that
0 and 1 are the only elements having these properties. Thus 4A states that
a @0 = a holds, but the question of whether a @b = a can hold for some b
other than 0 is left open. Part 1 of Th.1.8 excludes this possibility. Th.1.8 in
fact states that 0 and 1 are unique elements of B in the sense that in forms
a@®b=aandax*c=aelement b can be only 0 and ¢ can be only 1. A much
shorter proof of Th.1.8 can be found (Exercise 1.19), but it does not point out
the uniqueness of the distinct elements 0 and 1 as clearly. The next theorem
is similar to Th.1.8 in that it establishes the uniqueness of a’ for a given ele-
ment a (an a’ exists for every a since B is closed under *).
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THEOREM 1.9 In Boolean algebra B: Forevery a,ifa@®b=1anda* b =0,
then b = a'.
Proof. Exercise 1.20.

In defining Boolean algebra B we defined @ and * as binary operations
and ' as a unary operation in this algebra. Use of the term operation implies
that the application of @, *, or ' gives unique elements (see D.2.1), e.g., if
a®b=c; and a®b = c,, then ¢; = ¢, by definition. Our ability to prove
the uniqueness of a’ for a given a shows that ' may be defined as something
more general than operation (namely, as a relation—see Chapter 2).

THEOREM 1.10 In Boolean algebra B:

1. Forallg,a®a=a.
2. Foralla,a®l=1.
3. Forallaand b, a@®(a*b)=a.

Proof. 1. a@a=(@®a)*1 (4B)
=(a®a) *x(aDa’) (54)
=a®(ax*d) (34)
=a®0 (5B)
=d. (4A)
2. a®l=adDa@®a) (5A)
=(a®a)Dd’ (2A)
=a®d (Part 1)
=1. (5A)

3. Exercise 1.20.

THEOREM 1.11 In Boolean algebra B:

1. Foralla,axa=a.
2. Foralla,ax0=0.
3. Forallaand b,a*(a@®b)=a.

Proof. From Th.1.10 by principle of duality.

THeEOREM 1.12 In Boolean algebra B:

1. Foralla, (¢) =a.
2. 0O'=1land 1" =0.
3. Forallaand b, (@a®b) =a’*b" and (a*b) =a Db’

Proof. 1. Axioms 5A and 5B give the following pairs of theorems:

() d®@)=1  da=*@)=0;
(ii) a®a =1, axa =0.
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From (i1), by Axioms 1A and 1B,
(i) @ ®a=1, a xa=0.

Then, by Theorem 1.9, from (1) and (iii), (¢') = a.

2. Exercise 1.20.

3. Ifitcan beshown that(a ®b) ®(a’ *b')=land (@@ b) * (a’ * b') =0,
then, by Th.1.9, (a ®b) =a’ = b’.

(a®b) D@+ ) =(a®b)Da) « (aDb)Db)  (3A)
=(b@a)BDa)«((aDb)yDL)  (1A)
=b@D@Da) x(a®BDL))  (2A)

=0b®D*@®l) (5A)
=1x1 (Th.1.10, Part 2)
= 1. (Th.1.11, Part 1)

Similarly one shows that (a ®b) * (@’ *»') =0, and (a @ b) = a’ * b’ then
follows. Then (a * b)’ = a’ @b’ by principle of duality. These two theorems
are known as de Morgan’s laws.

The theory has as yet no equivalent of the subset relation for sets. We
introduce such a relation by definition, taking Th.1.6 for a guide.

DerINITION 1.14  In Boolean algebra B, for two elements @ and b, the rela-
tiona < b holdsifand only ifa ®©b = b. Relation = b is synonymous with
b=a.

Examples

1. Show that a* b =a if and only if a@b = b. Then the statements
asb,a®@b=0>~,and a x b= a are all equivalent to each other. First assume
a®b = b, and show that a * b = g follows:

a=ax(a@a®b) (Th.1.11, Part 3)
=qxb. (Assumption)

Next assume @ * b = a. Then

b=b®(b*a) (Th.1.10, Part 3)
=b@®(a*b) (B1)
=b®a (Assumption)
=a®b. (A1)

2. Statement a < b is equivalent to a b = b and to a * b = a, but they
are not duals of each other. Hence, if the dual of a statement containing < or
2 has to be found, one must replace relations in these symbols by their
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equivalents prior to making the replacements. Alternatively, since az= b is
equivalent to a * b = b, which is the dual of a @b = b, one can extend the
replacement scheme of D.1.13 by adding to it

< becomes =, > becomes <.

3. Forallain B, 1z a=0.

Nothing has been said about the truth of axioms. In order to tell whether
a statement is true one must know what it means. The meaning of a state-
ment is determined by the meaning of the symbols in it. In an abstract
system the only meaning that a symbol has is its relation to other symbols in
the system, expressed in the first place by axioms. Theorems other than axioms
are of course true within the abstract theory, in the sense that they are logical
consequences of the axioms, with the axioms having assigned meaning to the
symbols in them. But the axioms themselves do not follow from anything.
Hence axioms have no meaning, and one cannot talk about their truth. The
lack of preconceived notions about the symbols is in fact the strength of an
abstract theory. On the other hand, proving theorems in a theory that exists
in complete isolation is a sterile game. We emphasize again that in setting up
an abstract theory, interpretation of the theory in terms of objects from a
world external to the theory is anticipated.

The process of interpretation consists in taking objects that have definite
meaning in some theory external to the abstract theory and of interpreting
the abstract system as these concrete objects. Meaning is thus assigned to the
primitives, and the axioms become meaningful statements. One can then ask
whether they are true for the concrete objects. If they are, the system of the
concrete objects is a model of the abstract theory. All theorems of an abstract
theory are true statements about objects in a model of the theory,

In using Th.1.5 as a guide for setting up the abstract Boolean algebra B
we provided ourselves with a ready-made model—the algebraic system
P2(U), u, n, 7, &, U. All objects in this system have been defined earlier.
Hence they have a meaning. Th.1.5 establishes the system as a model of
algebra B, and all theorems in B are automatically theorems in the Boolean
algebra of subsets of U [members of 2(U)]. The symbol = is interpreted as
set equality. To exemplify this process, we reformulate Th.1.11 and Th.1.12
as theorems about sets.

TueoreM 1.13  For all members of 2(U):

1. AnA=A.
2. Ang=¢.
3. An(4du B)=A.
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THEOREM 1.14 For all members of 2(U):

Our approach still has the appearance of a game. Obviously Th.1.13 and
Th.1.14 could have been deduced directly from Th.1.5. Instead, we axio-
matized the algebra of sets, found theorems in the axiomatic theory, switched
back to the original system, and restated the theorems in this system. The
algebra of subsets of U is not, however, the only model of the abstract theory.
This has considerable practical significance. The theorems of an abstract
theory are true for all systems that can be shown to be models of the theory,
and to establish a system as a model one merely has to show that the axioms
of the abstract theory are true for the system. Without an abstract theory
every theorem has to be proven separately in each of the systems.

1f. Venn Diagrams

It is much easier to prove something when we know precisely what we
have to prove. Thus it is not as easy to “simplify” 4 U (4 ~ B) as it is to
prove A U (4 n B) = A. A graphical device known as a Venn diagram (or
Venn-Euler diagram) can help one find a precise formulation of a theorem in
the algebra of sets before one sets out to prove it. A Venn diagram represents
sets by sets of points in plane regions. First, one draws a fairly large rectangle:
Points within the rectangle represent the universal set. A subset of the uni-
versal set is represented by points in some region, usually the interior of a
circle, within the rectangle.

In Figure 1.1 the interiors of the two circles represent sets 4 and B, the en-
tire shaded region represents 4 U B, and the crosshatched region 4 n B.
Since the entire rectangle and the shaded region represent U and 4 U B,

respectively, the unshaded region within the rectangle represents 4 U B. In

Figure 1.1
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Figure 1.2 horizontal shading indicates the region representing 4 and vertical
shading the region representing B. The crosshatched region represents

A A B, and the unshaded region 4 U B. The crosshatched region in Figure
1.2 corresponds to the unshaded region in Figure 1.1, and the unshaded region
in Figure 1.2 to the crosshatched region in Figure 1.1. These correspondences

suggest An B=A U Band 4 U B=A4 n B as possible identities.

e ©

Figure 1.2 Figure 1.3

Figure 1.3 depicts set inclusion and disjoint sets. The region representing
an included set lies entirely within the region representing the including set
(circles 4 and B, for A = B). Disjoint sets, such as Band C, are represented by
nonoverlapping regions. Looking again at Figure 1.2, regions shaded by
vertical or horizontal lines alone represent the relative complements 4 — B
and B — A, respectively. They are two of the four nonoverlapping regions
into which the rectangle has been partitioned by circles 4 and B. Provided
each of the four regions contains at least one point, i.e., does not represent a
null set, the sets represented by these regions constitute a partition of the
universal set, {4 " B, A~ B, B— A, A U B}.

Although we have shown that arguments based on Venn diagrams are
useful for the appreciation of relations between sets, such arguments do not
function well as proofs. Assume that we have to prove A U B=4 N B.
In an algebraic proof 4 and B are variables throughout the proof, including
the last line. It is clear that the result is an identity. In a Venn diagram A and
B have to be represented by particular regions, and generality is lost at once.

We can show that 4 U B = 4 n B is consistent with Figure 1.3, but so too is
A U B =A. There is no way of telling from Figure 1.3 alone that one of the
equations is an identity while the other is a.consequence of the relation
A < B in which 4 and B happen to stand as represented by Figure 1.3. To

prove that A U B = A n B is an identity we have to demonstrate consistency
with diagrams depicting all the different ways in which 4 may be related to
B. An algebraic proof is much more direct.
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1g. The Ordered Pair and Related Concepts

It should be clearly understood that the order in which elements of a set
are written down is unimportant. But often we have to deal with composite
objects in which the order of components is important. One such object is the
coordinate pair of analytic geometry: Points represented by coordinate
pairs (2, 3> and {3, 2) are different; sets {2, 3} and {3, 2} are equal. Another
example is a sequence of statements .S, S,, S5, S, of a proof. Extending the
notation for coordinate pairs, we can write the sequence as {S;, S,, S5, Si).
The sequence {S;,S,,S4,S;y Is probably not a proof, but, as sets,
{Sn S2, 53, Sat =1{53,52, 54, 51}-

We must find a definition of order in terms of sets. For generality we will
no longer refer to <{a, by as a coordinate pair; we shall call the object an
ordered pair. The main property of an ordered pair, which must be deducible
from its definition, is uniqueness: If <{a, b and <{x, y) are ordered pairs, and
{a, by = {x, yy, then @ = x and b = y. We shall see that this property is
deducible from D.1.15.

DerINITION 1.15 The ordered pair of a and b, written {(a, b, is the set
{{a}, {a, b}}. We call a the first coordinate and b the second coordinate of
<a, b).

Examples

1. {{a}, {a, b}} = {{b, a}, {a}}, but, unless a = b, {{a}, {a, b}} # {{b},
{a, b}}. Indeed {{b}, {a, b}} = (b, a).

2. La,ay = {{a}, {a,a}} = {{a}, {a}} = {{a}}. Note that the unordered
pair {a, b} reduces to {a} when a = b, and that {{a}} # {a}.

THeoreM 1.15  If <{a, b) = {(x, y>, then a = x and b = y.
Proof. Write out the ordered pairs in full:

(i) {{a}, {a, b}},
() {{x}, {x, yih

For convenience we shall call sets with two distinct elements pairs and sets
with single elements singletons. We shall consider two cases.

(a) x = y. Then (ii) reduces to {{x}}. Since {x, y> = {a, b> by hypothesis,
and (x, y) is a singleton, {a, b> must also be a singleton. This means that
{a, b} must equal {a}, giving a = b. Hence (i) reduces to {{a}}, and, since
(i) and (ii) are equal by hypothesis, {{a}} = {{x}}, giving a = x. 1t follows
that all a, b, x, and y are equal, in particular @ = x and b = y.

(b) x # y. Then (ii) contains exactly one singleton and exactly one pair.
Since <{a, by = {x, y), (i) must contain one singleton and one pair. Hence we
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can equate: {a} = {x}, {a, b} = {x, ¥}. {a} = {x} gives a = x, and this in
turn gives {x, b} = {x, y}. Since {x, b} is a pair, b # x. Hence b = y.

DEFINITION 1.16 The product set (Cartesian product), A x B, of sets A and
B is the set of ordered pairs such that the first coordinate of each pair is a
member of 4, and the second coordinate belongs to B:

AxB={{a,bp|lae A4 and beB}.

Examples
1. 4={1,2}, B={a, b, c}.

A x B={{1,a,<1,b3,<1,¢,<2,a,42,b), <2, c)},
B x A= {{a,1),<b, 13, {c, 1}, <a, 25, <b, 25, {c, 23},
AxA={{,1) 1,25 2,15, 2,2>}.

If set 4 has m (distinct) elements and set B has n elements, then the product
sets A x B and B x A both have mn elements.
2. X={1}, Y={1, 2, 3}.

X x Y={1,15 (1,25 {1, 3D}
(X x Y)n (Y x X)= {1, 1.

33.X=,Y={1,2,3}. X xY=YxX=(.
4. If A, B, C are sets, then A x B and B x C are also sets, and extended
product sets such as A x (B x C) and (4 x B) x C have meaning:

Ax(BxC)={<a,<{b,c)>lae A and <b,c)>e B x C},
(Ax Byx C={{a, by, c>|<a,bpe A x B and ceC).

5. Note that sets 4 and B of D.1.16 can be considered as the two members
of the family {A4;|ie I}, with I ={1,2}. We can then write the product
set A; x A, as X, ;4;.

According to D.1.16 the product set A x Bis constructed by going through
all elements of the sets, taking element a from A, element » from B, and
writing the elements in the order @, . We are not at all dependent on the set-
theoretical definition of (a, ). Similarly we want to look upon the generalized
product set 4; x 4, x --+ x A, as a set of ordered objects {a,, a,, ..., a,),
with a, € A{, a, e A,,...,a,€ A,. Intuitively we feel that there should be
no essential difference between, say,

<a1’ <02,...,a">> and <<a1""9an—1>’ an>’

ie, A, X (4, X -+ x A,) should equal (4, x ---x A4,_1) x 4,. All that
really matters is that a; comes from A; and is written down between a;_,
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and a; ., . Quite clearly, however, productsets 4 x (B x C)and (4 x B) x C
of Example 4 are not equal; i.e., the operation x is not associative. This is
a consequence of D.1.15, indicating a certain amount of artificiality in the
set-theoretical definition of the ordered pair. The reason for persisting with
this definition is conceptual economy, which outweighs the possible incon-
venience of not being able to consider

<a19 <a2""9an>> and <<ala '~-,an—1>’ an>

as identical objects. We have to develop a completely new theory of ordered
objects if D.1.15 is rejected. The way out of our difficulty is to define a pro-
duct set in which the order of parentheses is unambiguously prescribed, to
adhere to the definition consistently, and to interpret 4, x 4, X+ X A,
as the product set so defined. The mechanism for this approach is suggested
by Example 5.

DerINITION 1.17  Let 7, be the index set {1, 2, ..., n}. Define:

(@) XiellAi:Ap
(D) Xiopdi=Kicp 4) x4 (k>1).

Examples

1. D.1.17 is a recursive definition. Another example of a recursive
definition is the well known definition of n factorial:

ol=1,
nl=m—-1Dln (n > 0).

2. Ay x A, x -++ X A, is interpreted as X;.; 4;. Under this interpre-
tation A, x A; X Ay =((4,) x A)) x A3 =(A4, x A,) x A5, but A, x 4,
x A, cannotequal 4, x (4, x A3) since D.1.17 does not assign a meaning
to 4, x A;.

3. Generalization of the ordered pair derives from D.1.17 and D.1.16.
The general product set X;., A4; is defined as the product set of two sets
Xicr. ,A;and 4,, and D.1.16 defines the product set of two sets as a set of
ordered pairs. Hence, provided n > 1, an element of X;., 4; is an ordered
pair. The first coordinate of this ordered pair is in turn an ordered pair
(provided n>2), and so on. An element of X, ., 4; then has the form
(- (Lay, ayy,as), ..., a,y, which we shall write simply as {a,, a,, ..., a,».
The element {a;,a,,...,a,y is called an ordered n-tuple, Some n-tuples
have special names: A 3-tuple is called a triple, a 4-tuple a quadruple, and so
forth.
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4. ay, ayy, a3y = {{{ay, ay»}, {£ay, ay), a3}} = {{{a}, {ay, a}}},
{{{a,}, {ay, a;}}, a;3}}. By interpretation {{ay, a,), a3y € A; x A, x As, but
{ay, {az,a3p) ¢ Ay x Ay x As.

5. The Boolean algebra of Section le is the 6-tuple (B, @, *, , 0, 1).
The 6-tuple (P(U), U, n, , &, U is a model of the abstract algebra.
Writing the systems as 6-tuples makes the interpretation unambiguous;
here it is quite clear what the correspondence between the objects is.

6. We write A" for the product set A x 4 x -++ x A taken to n terms,
eg,Ax Ax A=A

1h. Permutations and Combinations

In counting permutations and combinations we shall frequently refer to
the number of elements in a set (the size of the set). Therefore, strictly for the
sake of convenience, we first define a symbol designating the number of
elements in a finite set. In what then follows we shall deal exclusively with
finite nonempty sets.

DeFNITION 1.18 Let 4 be a finite set. Then |4| denotes the number of
elements in A.

Example
A=1{1,2,2,5}. Here |A] = 3.

DEeFINITION 1.19  Let 4 be a set with |4} = n. If {ay, a,, ..., a,y € A", then
this ordered m-tuple is an m-sample of A. If all 4; in an m-sample are
distinct, the m-sample is an m-permutation of A. In particular, an n-permu-
tation is called simply a permutation of A. We shall denote the set of all
m-samples of a set 4 by S,(A4), the set of all m-permutations by P,(4),
and the set of all permutations by P(4).

Examples

1. A={a, b, c}. Then S,(A) = {a,a), <a, b}, <a,c), {b,a), <b,b),
(b, ¢, {c, a), {c, b, {c, >}, Py(A) = {{a, b}, <a, ¢, <b, a), <b, c), {c, ay,
(e, b>}, and P(4) = {{a, b, c), (a,c, by, <(b,a,cy, <b,c,ay, {ca, b>,
{e, b, a)}. Note that S, (4) = A*. In keeping with normal practice we shall
abbreviate our notation, writing {ab, ac, ba, bc, ca, cb} for P,(A), {abc, acb,
bac, bca, cab, cba} for P(A4), etc.

2. Forall k, P,(A) = Si(A). Specifically, P,(A4) = S,(4), and Pi(A) = Si(4)
for k > 1. If k exceeds the size of A4, then P,(4) = . Samples whose size
exceeds |4| do not contradict the definition. Thus, for 4 = {a, b, c},
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baabba € S4(4). An m-sample is sometimes called an m-permutation with
repetition, the terminology being suggested by the subset relation in which
permutations stand to samples.

Set 4 of D.1.19 can be given various interpretations. Consider, for exam-
ple, the set {l, 2, ..., 6}, interpreted as the set of possible outcomes for the
throw of a die. If one throws the die repeatedly and scores the outcomes, the
score might be 3 after the first throw, 56 after the second, 561 after the third,
and so on to 5612263123 after the tenth throw. The abbreviated notation of
Example | is very suggestive: In this notation S,,(4) is in fact the list of all
possible scores for ten throws. Alternatively, set A might represent a deck of
52 cards from which one draws five cards, one after the other. Repetition is
not possible; all cards in the hand are distinct. Here P5(A4) lists all possible
hands of five cards that may be drawn from the deck. But a straight flush is a
straight flush, irrespective of the order in which the cards have been drawn.
Therefore we might not want to distinguish between hands that differ only
in the order of draw. Similarly we might not be interested in the order of
throws of the die, and consider scores 5612263123 and 1122233566 equiva-
lent. There is thus a need to define unordered counterparts of samples and
permutations.

Since elements of a permutation are all distinct, the natural unordered
counterpart of the ordered m-tuple defining an m-permutation would seem
to be the set of its elements. Unfortunately we cannot define the unordered
object corresponding to a sample quite this way: the set of elements in
abab, ab, aaab is the same, namely {a, b}. The unordered samples should,
however, be all different. One possibility is to take a set in which elements are
paired with counts of their occurrences. Then abab and aabb both correspond
to {{a, 2>, {(b, 2>}, while ab corresponds to {{a, 1>, <b, 1>}, aaab to {<a, 3>,
{b, 13}, and aabbbc to {{a, 2>, <b, 3}, {c, 1)}. We do in fact use this scheme
in our definition.

DEerFINITION 1.20 Let A be a set. Then an m-selection of 4 is the set
{Kag, k>, {az, ky), ..., La,, k. >} such that all a; e 4, all k; are integers
(k;>0), and ) [ | k;=m. In particular, if all k; = 1, the m-selection is
called an m-combination of 4. The k; in <{a;, k;> is the multiplicity of a;.
We denote the set of all m-selections of a set 4 by Q,,(4), and the set of all
m-combinations by C,(4).

Examples

l. A={a,b,c}. Then Qy(4)={{{a, 2>}, {a, 1}, <b, 17}, {{a, 1),
e, 153, {<b, 25}, {<b, 1), e, 13}, {<e, 253}, and Cy(4) = {{<a, 1), <{b, 1)},
{<a, 1>, {c, 1>}, {{b, 1>, {c¢, 1>}}. Again we shall abbreviate our notation,



30 1 Set Theory

writing {(ab), (ac), (bc)} for C,(A), {(aaa), (aab), (aac), (abb), (abc), (acc),
(bbb), (bbc), (bee), (cec)} for Q5(A4), and so forth.

2. In a combination all multiplicities are equal to 1. Explicit specification
of the multiplicities is, therefore, superfluous, and a definition of combina-
tions of A as subsets of 4 would seem more natural than the definition we
have given. Then, however, combinations would differ in ¢ype from selections.
Since P (A) < Si(4) we also want C(A) < Q.(4). With our definition
C(4) € Q(A) for all k. For example, with 4 = {a, b, ¢}, C,(4) n Q,(A) =
{{<as 1>9 <b’ 1>}a {<as 1>’ <C, 1>}’ {<ba 1>’ <C, 1>}} N QZ(A) = CZ(A)
Hence, by Th.1.6, C,(4) € Q,(A4). By contrast, because of the difference in
type, {{a, b}, {a, c}, {b, c}} N Q,(4) = . An m-selection is sometimes called
an m-combination with repetition.

It may be essential, e.g., for determination of probabilities, to know the
total number of different m-combinations of a given set (with or without
repetition). As preliminaries we define binomial coefficients and find the
number of elements in a subset of a product set.

DEFINITION 1.21 Let n and r be nonnegative integers. Define

Pu,ry=nn—1)---(n—r+1),
C(n,r)y=P(n, r)rl.

Numbers C(n, r) are called binomial coefficients. (The symbol <Z> is often

used to denote a binomial coefficient. The reflex-like action, which may
n

automatically ““complete” <r;> to < > makes it a dangerous symbol for

r
the occasional user.)

Examples

1. Note that 0!=1, P(n,n)=n!, and P(n,r)=0 if n <r. Hence
C(n,0)=1landC(m,n)=1(n =0),and C(n,r) =0if n <r. If n=r we can
write

n!
¢l = rt(n—r)!
but not if n < r, since then (n — r)! is undefined.
2. C(n,r)=C(n,n—r).
Cn,n=Cn—-1,rn+Cr-1r-1), (n,rz1).

3. Computation of #! is difficult for large n, on account of the size of the

numbers involved. Thus 10! is already 3,628,800, and 50!~ 3-04 x 10°*,

An approximation (Stirling’s formula), n! = J2nn (n/e)", where e is the base
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of the natural logarithms, is widely used in computations involving fac-
torials. The relative error introduced by the approximation is about 1/(12n).

ALGORITHM 1.1 Recurrence relation
Cn,n=Cin—-1L,n+Cn—-1,r-1)
is the basis of the following algorithm for the calculation of binomial

coefficients for all » up to some maximum value »'.

Set C(0,0) =1, Set n =0.

Setn=n+ 1. If n > n’, stop.

Set C(n,0) = 1. Set r =0.

Setr=r+ 1.Ifr=n,set C(n,r) =1 and go to Step 2.
Set C(n,r)=Cn—1,r)+ C(n~ 1, r — 1). Go to Step 4.

Al S

TABLE 1.1

BinoMiAL CoEerrICIENTS C(n, r)

\ r
n\ 0 1 2 3 4 5

0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10

Table 1.1 illustrates Algorithm 1.1. The algorithm generates a triangular
array of numbers, known as Pascal’s triangle. All entries in the array, except
the 1s that border the array, are generated by the recurrence relation. With
row n — 1 generated, an element in row n is found by adding two successive
elements of row n — 1. The sum is inserted in row n immediately below the
second (rightmost) of the two successive elements.

Our next theorem is difficult to understand. One should not worry about
the meaning of this theorem until one has seen how the theorem is put to use
in the proof of Th.1.17.

THEOREM 1.16 (Rule of product) Consider finite families of sets {4;]|ie I}
and {M,]ie I}. With each M, associate the number n; (n; £ |4,]). Sets M;
are defined as follows:

(i) i=1—M < A, with |M ] =n;
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(i) i>1—M, M, | x A;, where M, is constructed by pairing
each element of M;_; with exactly n; elements of A; (not necessarily the
same #; elements of 4,).

Then [M,| =[] 7.

Proof. The proof is by induction on r.

(i) By definition, |M | =n, = [[L, n;.

(ii) Assume that the rule of product holds for r — 1 and prove it for »
on basis of the assumption. The elements of M,(r > 1) are formed by pairing
each element of M,_, with exactly n, elements of 4, ,i.e., |M,| = |M,_,| x n,.
By assumption, |M,_,| = [[iZ{ n;. Hence M, =[]/ n,.

Example
If n; = |4, foralli <r, then M, = X, A;and |M,| = [/, {4,].

THEOREM 1.17 Let A4 be a set with [4| = n. Then
W) S =n";
(i) [PA)] =P (n,1);
(i) [ (D] = C(n,r);
) (0] =Cltr—1,1.
Proof. (i) In Th.1.16 make

A =A,=-=4,=4 and n,=n,=-=n=n.
Then |M,| =n". But M, = A" = 5,(4).
(ii) In Th.1.16 make A, = A, = -+ = A, and n; = n. Since all elements

of a permutation must be distinct, only n — 1 elements of 4 can be paired
with an element of M, in the construction of M,, only n — 2 elements of A4
remain to be paired with an element of M,, and so on. Hence n, =n — 1,
ny=n—2,...,n,=n—r+ 1. Thus [P(A)] = |M,} =P(n, r).

(iti) The number of r-combinations of A4 is equal to the number of subsets
of A with r elements (see Example 2 of D.1.20). We shall find the number of
subsets by investigating their r-permutations. Each subset gives rise to a
different set of r-permutations, these sets are disjoint, and each member of
P.(A) belongs to some set. Therefore the family of these sets is a partition of
P,(A4). By Part (ii), P,(4) has P(n, r) elements, and the number of r-permu-
tations of a subset of r elements, i.e., the number of elements in each set be-
longing to the partition, is P(r, r). Hence the number of sets in the partition
is P(n, r)/P(r,r) = P(n, r)/rt = C(n, r). This is also the number of subsets
of A with r elements, and hence the number of r-combinations of A4.

(iv) Consider sets S={1,2,...,n} and T={1,2,...,n+r~1}
Clearly |Q,(S)| =|Q,(4)]. Also, by Part (iii), |[CAT)|=Cn+r—1,r).
Therefore, if 0,(S) and C(T) can be shown to have the same number of
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elements, the theorem is proven. Every member of Q,(S) can be written in the
form (s;s,--°s,), with s, <5, < --- <5, Construct the r-combination
{{s1+0, 1>, (s, + 1,15, ...,<s, +1r—1, 1>}, which is a member of C(T).
It i1s now easy to see that Q,(S) and C(T) have the same number of elements:
Elements of Q,(S) run through the sequence (1---11), (1---12), (1---22),
oo, (n--nn), with a different element of C,(T') corresponding to each ele-
ment in the sequence, and every element of C,(T') corresponds to some
element in the sequence.

Examples

1. The English alphabet has 26 letters. The number of 5-letter ““ words™
that can be constructed from letters of this alphabet is 26> = 11,881,376. If
repetition of symbols is not permitted, the total reduces to P(26,5)
= 7,893,600. Of course, most of the “words,” such as caabb or abxzy, will
not be found in any dictionary.

2. A poker hand is a 5-combination of a deck of 52 cards. The number of
different hands is C (52, 5) = 2,598,960. The number of different bridge hands
is C(52, 13) = 635,013,559,600. In the language of probability theory, each
hand is an event, and there is a probability associated with the event. By
convention the sum of the probabilities for all possible events is 1. Here each
event can be assumed to have equal probability of occurrence. Hence the
probability of receiving a particular poker hand is 1/2,598,960, and that of
receiving a particular bridge hand 1-57 x 1072,

3. The score for 10 throws of a die, with order disregarded, is a 10-selec-
tion of a set of six elements. Hence the total number of unordered scores is
C(15, 10) = 3003. Here we cannot assume that all selections have an cqual
probability of occurrence; the events with equal probability are the ordered
samples. There is only one sample that results in score 6666666666, but 10
samples result in score 5666666666.

We shall now consider some computational algorithms for generation of
combinations and permutations. In some applications it is necessary to
generate successive members of a sequence of combinations or permutations
in some well-defined order. Normally this order is lexicographic order. It is
therefore necessary to have at least an intuitive understanding of what is
meant by lexicographic order. With m-combinations (a,a, --a,) and
m-permutations a,a,--a, of the alphabet {a,b,....,z} lexicographic
order is the normal alphabetic order. If the combinations (or permutations)
are of a sct of digits, a sequence of them is in lexicographic order if and only
if, for any two members of the sequence, (a,a,...a,) and (b;b, --b,), or
aay --a, and biby---b,, (aja, --a,) precedes (b b, +b,) in the sequence,
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or a,a, --a, precedes b,b, --b,, if and only if the number a,a, - a, is
smaller than the number b,b, --b,,. A rigorous definition of lexicographic
order is given in Section 2f.

ALGORITEM 1.2 Two algorithms for finding all m-samples of the set {0, 1}.
(a) The procedure represented by the flowchart of Figure 1.4 generates
the next sample from a given sample {d,, d,, ..., d,». The sequence of
samples is in no special order. Therefore, the first entry to the procedure
can be with any m-sample of {0, 1}. The first 2™ entries generate all 2™
samples. The sequence of samples then starts repeating itself.
(b) The procedure of Figure 1.4 is modified in subroutine NEXTS,
which generates m-samples in lexicographic order. First entry must be
with (1, 1,..., 1> in array SAMPLE.

SUBROUTINE NEXTS (SAMPLE, M)
INTEGER SAMPLE (M)
K =M
1 IF (SAMPLE(K).EQ.0) GO TO 2
SAMPLE (K) = O
K = K-1
IF (K) 1,3,1
2 SAMPLE(K) = 1
3 RETURN
END

/AN

Figure 1.4
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ALGORITHM 1.3 Subroutine NEWSAM finds all m-samples corresponding to
a particular m-selection of {1, 2}, i.e., it finds all orderings of this selection.
If an m-selection of {0, 1} contains n, zeros, there are C(m, n,) such
samples. Prior to the first call to NEWSAM array SAM must be set to
0,0,...,0)>. The m-selection is specified by NZ, the value of which
determines the number of zeros in the selection. With M and NZ having
the values 5 and 3, respectively, successive calls to NEWSAM generate
samples 00011, 00101, 00110, 01001, 01010, 01100, 10001, 10010, 10100,
11000. The samples are in lexicographic order. The next call generates
00011 again, i.e., the sequence starts to repeat itself. A given sample can
be represented as the pattern: m — n — z — 1 digits, zero, # ones, z zeros.
The next sample is obtained by rearranging this pattern to m —n — z — 1
digits, one, z + 1 zeros, n — 1 ones. In the case of a 7-sample 1011100 the
rearrangement gives 1100011. Exceptions arise in the first call (the given
sample is 00---0) and after the generation of the final sample (when
11---10---0 has to be changed to 0---011---1).

SUBROUTINE NEWSAM (SAM, M, NZ)
INTEGER SAM(M)
J =M
C COUNT ZEROS (JNIL = NUMBER OF ZEROS + 1)
1 IF (SAM(J).EQ.1) GO TO 2
J=J-1
C TEST FOR SAM = 0,0,...,0
IF (J) 1,102,1
2 JINIL = M-J+1
C COUNT ONES (JONE = NUMBER OF ONES - 1)
JONE = 0
3 J=J-1
C TEST FOR FINAL SAMPLE (1,1,...,1,0,...,0)
IF (J.EQ.0) GO TO 100
IF (SAM(J).EQ.0) GO TO 4
JONE = JONE+1

GO TO 3
C INSERT A ONE
4 SAM(J) =1
C INSERT ZEROS (AT LEAST ONE ZERO)
DO 5 K = 1,JNIL
J = J+1

5 SAM(J) = O
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C INSERT ONES (PERHAPS NONE)
IF (JONE.EQ.O) RETURN
DO 6 K = 1,JONE
J o= J41
6 SAM(J) = 1
RETURN
C INITIATE OR REINITIATE
100 DO 101 K = 1,NZ
101 SAM(K) = O
102 KA = NZ+1
DO 103 K = KA,M
103 SAM(K) = 1
RETURN
END

1 Set Theory

ALGORITHM 1.4 Subroutine NEWCOM generates mi-combinations of n
integers {I,2,...,n} in array COM. Initially COM must be set to
{n,m,...,ny. C(n, m) successive calls generate the sequence of combina-
tions in lexicographic order. Further calls cause the sequence to be

repeated.

SUBROUTINE NEWCOM (COM,M,N)
INTEGER COM(M)

C LOCATE REGION TO BE CHANGED
DO1K-=1,M

KA = M-K+1
KB = N-K+1
1 IF (COM(KA).LT.KB) GO TO 3
C INITIATE -- GENERATE FIRST COMBINATION

DO 2 K = 1,M
2 COM(K) = K
RETURN

C MAKE CHANGES
3 KB = COM(KA)
DO 4 K = KA, M
KB = KB+l
4 COM(K) = KB
RETURN
END
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There are many algorithms for the generation of permutations. If | 4| = m,
then [P(A)| = m!. Hence m! is the minimum number of interchanges of
elements necessary for the generation of all permutations of the elements of
A. Algorithm 1.5 generates all permutations in just this number of inter-
changes. It is based on the following principle. Given the set

A = {al’ 02’ ceey am}’
For n=1,2,...,m— 1, if P, is the set of permutations of elements of
A,={a,,a,,...,a,}, then P,,; can be generated from P, by inserting

element a,, ; in every position of every permutation belonging to P,. Finally
P, = P(A). For example, with 4 = {a, b, ¢}, we let 4, = {c}, A, = {b, ¢},
A; ={a, b, c}. Then P, = {c} and P, = {bc, c¢b}. Elements of P are generated
from those of P, : From bc of P,, by sending a forward, we obtain permuta-
tions abc, bac, bea; from cb, by sending a backward, we obtain cba, cab, ach.
Given the initial permutation abc¢, 3! — 1 successive calls to subroutine
PERMER would in fact generate bac, bca, cba, cab, and acb, with the (3!)th
call generating abc. The conceptual simplicity of the principle is obscured by
programming detail. A program based on the flowchart of A.1.6 would be
much simpler, but it would be rather inefficient if written in a higher-level
language such as Fortran. An assembler language program for a computer
that has an instruction for moving blocks of storage could, however, com-
pare favorably with A.1.5. The storage movements would take more time
than the interchanges of A.l1.5, but the extreme simplicity of organization of
A.1.6 might make total execution times comparable.

ALGORITHM 1.5 Subroutine PERMER generates the m! permutations of m
objects in sequence. The initial call is made with FIRST having the value
.FALSE. and array PERM containing some permutation of M objects.
FIRST is made .TRUE. and remains . TRUE. until the (M!)th call. Then
PERM returns the original permutation and FIRST returns the value
.FALSE.. Subsequent calls would cause the sequence to repeat itself.
The value of M may not exceed 10.

SUBROUTINE PERMER (PERM,M,FIRST)
DIMENSION PERM(M), NP(10), ND(10)
LOGICAL FIRST
IF (FIRST) GO TO 2

C INITIATE REFERENCE ARRAYS FOR SUBSCRIPTING
DO 1 K = 2,M
NP(K) = O
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FIRST = .TRUE.

3 NP(N) = NP(N) + ND(N)
NQ = NP(N)
IF (NQ.NE.N) GO TO 4
ND(N) = -1
GO TO 5
4 IF (NQ.NE.O) GO TO 7
ND(N) = 1
K = K+l
5 IF (N.LE.2) GO TO 6
N = N-1
GO TO 3
C ALL PERMUTATIONS HAVE BEEN FOUND
6 NQ =1
FIRST = .FALSE.
¢ INTERCHANGE ELEMENTS
7 NQ = NQ+K
TEMP = PERM(NQ)
PERM(NQ) = PERM(NQ+1)
PERM(NQ+1) = TEMP
RETURN
END

(Note that locations NP(1) and ND (1) are never in use.)

ALGORITHM 1.6 Figure 1.5 represents a procedure for generating all
permutations of the set of numbers {I,2,...,m}. A new permutation
results when all or part of a given permutation is rotated. The meaning of,
rotate the n lowest numbers, is best explained by means of an example.
Suppose we have the permutation 12345. Rotation of the three lowest
numbers produces 23145. Schematically, one first transforms

(1]2]314!5|t0]112)3] [4]5

and then to

23145
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Rotate n lowest
numbers of
did, -+ d,

Figure 1.5
Notes

The best way of finding a text to one’s liking is to go into a library and
browse. Books are like acquaintances: some become friends, others don’t.
Since the author’s style, a subjective manifestation judged according to one’s
own subjective likes and dislikes, determines to a great extent the regard one
has for a book, it is somewhat presumptuous to make recommendations.
Nevertheless, I cannot let this opportunity pass without acknowledging my
high regard for [St61], which I found a most enjoyable intermediate text
covering approximately the same ground as our Chapters 1 and 2. The larger
[St63] does not expand on the material covered by [St61]; the increase in
size is due to the greater number of topics dealt with. In particular, it derives
the basic properties of arithmetic in the sets of natural numbers and real
numbers. [Ha60] is another good intermediate text; however, it may be too
concise for collateral reading. A huge collection of worked examples and
exercises can be found in [Li64]. This is a beginner’s book, but Chapters
9 and 11-13 deal with material, which, while of little relevance to practical
computing, is an important part of set theory when it is studied for its own
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sake. [Ko66] is specifically addressed to students of computer science; the
first four chapters correspond to our Chapters 1 and 2. The exercises are easy
without being trivial, but the bibliography refers to some rather advanced
texts. For really solid axiomatic developments of set theory one can consult
[Fr66, Su60, Fr58]. Boolean algebras are studied in a highly theoretical
manner in [Si64].

Set theory is a well-established discipline, and nearly all the current
research is of a very advanced nature. The study of fuzzy sets is an exception.
Normally an object either is a member of a set or is not a member. There are,
however, sets in which the question of membership cannot be precisely
established, i.e., the range of the characteristic function associated with such
a set (see Example 4 of D.2.2) is the interval [0, 1] rather than {0, 1}, and
such sets are called fuzzy. Fuzzy sets and extensions of the concept of fuzzi-
ness are studied in [Za65a, Za65b, Be66, Go67a, Zab8].

For general information on combinatorial mathematics one can consult
[Ri58, Ry63, Ha67a]. For properties of binomial coefficients see [Ab64] and
[Kn68]. The Algorithms section of CACM contains many algorithms
written in Algol for genérating permutations and combinations, and most of
our algorithms derive from this source: A.1.3 from [Ho63a], A.1.4 from
[Ku62], A.1.5 from [Tr62]. (If one intends to use an ACM algorithm, it is
advisable to consult a recent subject index to the Algorithms section—
generally published in the December issue of CACM-—for references to
remarks on the algorithm contributed after its publication.) The rotation
algorithm A.1.6 derives from [La67a].

Exercises

The letter in parentheses identifies the section to which the exercise has
greatest relevance.

1.1 (a) In which instances are the sets 4 and B equal?
(i) A4={1,2,3}, B={i|iis an integer}.
() A4={1,2,3,4,5}, B=/{l, 10,11, 100, 101}.
(i) A={«pB, v}, B={a,b,c}.
(iv) A = {a}, B= {x|x is the first letter of the Greek alphabet}.
(v) A={a, b,ab,ba,b,a}, B=1{a,b,ab}.

1.2 (a) Prove Th.1.3 by induction. (Consider a statement P(n) about some
nonnegative integer n. The principle of induction states: If P (k) is true and
P(m) implies P(m + 1), then P(n) is true for all nsuch thatk <n <m + 1.
Proving P (k) provides a basis for the proof; normally one takes k =0 or
k = 1. Showing that P(m) implies P (m + 1) is the induction step.)
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1.3 (a) Find A U B and 4 n B in the following cases:

(i) A=1{1,2,3}, B= {i|iisan integer};

(i) 4=1{1,2,3},B=1{4,5,6,7,...};

(iii) A ={a, b, ab, ba, b, a}, B= {a, b, ab};

(iv)y A={J}, B=y;

(v) Any A, B={x|x¢ A}.
1.4 (a) Showthatif 4 <« Band C< D,then A nC < Bn D.
1.5 (a) Find 2(4) and #(B), where A = {(J} and B = {a, b, ¢c,d}. How
many members does the power set of C = {a, b, ¢, ..., z} have?
1.6 (a) Let M be a set of Jintegers and N a set of K integers (J, K < 1,000).
Assume that elements of M and N are stored in ascending order in locations
M(1), M(2),...,M(J), and N(1), N(2), ..., N(K), respectively. Write a
subroutine for finding M N and M n N.
1.7 (b) For {4,;liel}, where I={1, 2, ..., n}, show Bn (| J;4) =
JBnA)and BU ([}, 4) =B U 4)).
1.8 (b) Let ' ={X,,X,,...,X,} and & ={Y,, Y,,..., Y,} be parti-
tions of a set 4. Show that Z ={X;, N Y;| X, €%, Y;e¥, X, Y, # &}
is a partition of A (known as the cross-partition of & and %).
1.9 (b) Let U be the set of students at a university and define the fol-
lowing subsets of U: A—males, B—females, C—undergraduates, D—gradu-
ates. o/ = {4, B} and # = {C, D} are partitions of U. Use formular notation
to specify the elements of the sets comprising the cross-partition of .« and 4.

1.10 (¢) For {4;|iel}, where1={1,2,...,n},showmi:UiZi and
DT;L = ﬂi Zi'
111 (¢) For {X;|iel}, where I={1,2,...,n}, show U—(J;X)
:ﬂi(U - Xi)-
1.12 (c) 1severy family {4, A} a partition of the universal set?
1.13 (¢) Prove: (i) A+B=(AuB)n(AuUB)),

(i) A+B=(4u B)—(4n B).
1.14 (¢) Prove: (i) A+ A=, () A+ =4,

(iiy A+ B=A4 +B, (iv) (A+B)+ B=A.
1.15 (d) Show that XnAd=YnAdand XnA=YnA4dimply X=7.
1.16 (d) Prove again that A= Band Cc D imply A n C<= Bn D.
1.17 (d) Prove: (i) An(B+C)=(AnB)+ (4 n C),

(i) A=Bifandonlyif 4 + B= .
1.18 (d) Modify your subroutine of Exercise 1.6 so that it finds M — N as
well. If, in addition, M + N is required, is there a need to design a special
routine or to modify the present subroutine for this purpose ?
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1.19 (e) Give a shorter proof of Th.1.8.

1.20 (e) Prove: (i) Th.1.9, (ii) Part 3 of Th.1.10, (iii) Part 2 of Th.1.12.

1.21 (e) In Boolean algebra B show that a (B PDc) =(a@®b)PDc and

ax(bxc)=(ax*b)yxc can be deduced from the other axioms. (Hint:

Prove first that x * z =y *xz and x*z' =y * 2/ imply x = y.)

1.22 (f) Isittruethat AU B+ C)=(AUB)+(4uC(C)?

1.23 (f) Use Venn diagrams to find the relation between
WuX)+(YuZ) and (IW+ Y)u(X+2Z).

Then prove the relation (the proof is tedious and lengthy).

1.24 (g) Find the sets equal to <a, {a, ay) and {{a, a), a).

1.25 (g) It may appear that the definition <{ay, a,) = {{ay}, {ay, a>}}

could be generalized to {ay, a,, az> = {{a,}, {ay, a,}, {ay, a;, a;}}. Why is

this definition of an ordered triple inadequate?

1.26 (g) Referring to Example 5 of D.1.17, show that {({Z, U}, v,

N, , &, U is a Boolean algebra.

127 (g) If (2U), v, n, , F, U is a Boolean algebra, is (2(U), n,

v, , U, &> also a Boolean algebra?

1.28 (h) In Fortran the name of a variable may be 1-6 characters long,

where the first character must be a letter from the set {A, B, ..., Z}, and the

other characters (if any) may be taken from the set of letters or from the set

of digits {0, 1, ..., 9}. How many different names are possible ?

1.29 (h) Show that)r_, C(n, k) =2" (Hint: Use Th.1.3.)

1.30 (h) Given a set of integers {a,, a,, ..., a,}. Write a subroutine that

generates m-samples of this set of integers (cf. A.1.2).

1.31 (h) Modify A.1.4 so that it finds an m-combination of » arbitrary

distinct integers {a;, a5, ..., a,}.

1.32 (h) Subroutine NEWSAM (A.1.3) is not completely ““safe.” What

happens when NZ = 0 and when M =NZ? Make appropriate improvements

in the subroutine.

1.33 (h) In the paragraph preceding A.1.5 we state that the algorithm

is based on an insertion principle. Convince yourself of the essential correct-

ness of this observation by a study of the pattern of interchanges giving the
next permutation in the printout of all permutations of {1, 2, 3, 4, 5}.



CHAPTER 2

Functions and Relations

2a. Functions

Throughout Chapter 1 we were relating objects: The proof of Th.1.3
depends on a correspondence between sequences of elements of a set and
sequences of binary digits; D.1.20 pairs elements of a general set with
elements of the set of natural numbers. Intuitive understanding of the
correspondences was adequate, but only barely so when the correspondences
became complicated, as in the proof of Part (iv) of Th.1.17. We shall now
make our intuitive notions precise.

DEFINITION 2.1 The set fis a function from set A into set B if and only if
it is a subset of a set of ordered pairs 4 x B, and <{a, b> e fand {a,c)>ef
imply b = c. (There are many synonyms for function, such as transform-
ation, or operation, or mapping from set 4 into set B.) If {a, b) €/, then
b is an image of the argument a under f, denoted f(a). We also call f(a)
the ralue of f for a. When the function is from a set of n-tuples we shall
abbreviate f({a,, a5, ..., a,») to fla;,a,, ..., a,).

Examples

1. The set f= {<{beer, 4, is, 2>, {food, 4>, {for, 3>, {some, 4>} is a
function; the set {{4, five>, {4, aces), {5, spell>, {7, tragedy>} is not. The
first coordinates must be distinct. Second coordinates need not be distinct.

43
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We have the images f(is) = 2, f(for) = 3, f(beer) = f(food) = f(some) = 4.
The reason why first coordinates must be distinct is that normally we identify
a function with a computation process: Given an argument, we compute its
image. The process has to be deterministic, which it would not be if an
argument could have more than one image.

2. Consider sets = {{x, x*>|x e R} and g = {{(x?, x>|x e R}, with R
the set of real numbers. Although f'is a function, g is not a function (since, for
example, both {1, —1> egand <1, 1) eg). Here f(1) = 1, f(1.1) = 1.21, and,
in general, f(x) = x?.

3. Selections and combinations are functions. An m-selection of 4 is a
mapping from A into the set of natural numbers, and an m-combination is
a mapping from A4 into the set {1}.

4. The binary set operations of union and intersection are mappings from
PU)x 2(U)into 2(U), and the unary operation of complementation is a
mapping from £(U) into itself. Consider sets 4, B, C. If A U B= C, the
ordered triple {{A4, B>, C> (or (A, B, C}) is a member of the operation of
set union. Unary operations are sets of ordered pairs; binary operations
are sets of ordered triples.

5. 2-combinations {<a, 1), (b, 1>} and {<(b, 1>, <a, 1>} are, of course,
equal. Since functions are sets, equality of functions is defined by D.1.1.

DermNITION 2.2 Let f< A x B be a function. The domain D, and range R,
of the function are defined as follows:

D; = {a|for some b, <{a,b)ef},
R, = {b|for some a, <{a,b)ef}.

If D, = A, function f is said to be on the set 4 or a total function with
respect to this set. If R, = B, the function is onto the set B. A total function

from A into B is denoted by the symbol f: A — B, or by the symbol A A B.

Examples

1. The domain of {{beer, 4>, {is, 2>, { food, 4>, { for, 3>, {some, 4>} is the
set A = {beer, is, food, for, some}. The range is {2, 3, 4}. The function is on
A, but not on the set of all words in the English language, i.e., it is total with
respect to A, but not with respect to the set of all words. The function is both
into and onto set {2, 3, 4}, but only into the set of natural numbers.

2. Let function f be an m-selection of set A, with m < |[4|. Then D, < 4
and R, < {1,2,...,m}. In general, with fc 4 x B, D, < A4 and R, < B.
The notation f: 4 — Bis used only if D, = A4, i.e., if fis a total function with
respect to A.

3. Consider f: A — B, with |4| =m and |B| =n. Since fis on A4, the
function has m elements, and no other function from any subset of A4 can
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have a greater number of elements. Hence at most 1/n of the mn elements of
A x B can belong to a function from A.

4, The function /= U — {0, 1}, where U is a universal set, is known as the
characteristic function of aset A if f(a) =0 when ae 4 and f(a) = 1 when
a¢ A

DerFiNnITION 2.3 If /1 A - B and C < A4, then the function f » (C % B) is the
restriction of fto C, written /| C. A function fis an extension of a function g
if and only if g =f. The composite of functions g and A, symbolized
hog, is the set {(x,z)>| there exists a y such that {(x, y>eg and
{y,z) €h.

Examples

1. Consider the English alphabet 4 = {a, b, ..., z}. Let W be the set
of all five-letter ““words” constructed out of the letters of 4 (in the sense
of Example 1 of Th.1.17), W’ the set of five-letter English words, and S(4)
the set of five-samples of A. Then f: W — Sy(4) with f(a,a,a;5a,a5) =
{ay,a;,as,a4,asyand g: W'—>Ss(4) withgla,a,a3a,a5)=<a,,a;,a;,a4,as)
are functions, and g = /| W' is the restriction of fto W’.

2. Let N be the set of nonnegative integers {0, 1, 2, ...}. Subtraction as a
function into N is defined on the set {<a,b)|a,be N and az b}. The
function is S = {{a,b,a — b> | a, be N and a= b}. We define proper sub-
traction P: N x N— N as {{a, b,a = b)> | a, be N}. Then

Saby=a-»5b (az b);
Pla,by=a—»b (az b),
=0 (a < b).

Since P = §, proper subtraction is an extension of subtraction. Whereas P is
a total function, S is not total (with respect to N x N).

3. Let R be the set of real numbers, 7 the set of integers, and N the set of
natural numbers {1, 2, 3, ...}. Consider the function f: N - N with f(n) =
(m — 1)L A well-known extension of this factorial function is the gamma
functionI': R — (/ — N) > R with '(n) = (n — 1)! for n € N (in fact I" can be
defined on C — (I — N), where C is the set of complex numbers). The set
R — (I — N)is the set of all real numbers with the set {0, —1, —2,...}
excluded.

4. The composite hog of functions g and A is also a function. If
Dy~ Ry # Dy, then ho g is a restriction of hto D, " R,. If g: X > Y and
h: Y—Z, thenhog: X - Z.

DeriNITION 2.4 A total function f: A — B is one 1o one if it maps distinct
elements of A4 onto distinct elements of B; i.e., the function is one to one
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if and only if f(a,) = f(a,) implies a, = a, [alternatively, the function is
one to one if and only if a; # a, implies f(a,) # f(a,;)]- A total function
that is not one to one is a many-to-one function.

Examples

1. Function f of Example 1 of D.2.3 is one to one. Consider Qs(A4), the
set of 5-selections of A = {a, b, ..., z}. The function h: W’ — Qs(A4), with W’
the set of five-letter English words and h(aia,asasas) = (aa,aza.as), is
many to one, since h(heaps) = h(phase) = h(shape) = (aehps).

2. Let 7 be the set of integers and N the set of natural numbers. Define
f(n) = n®. Then f: I - N is many to one, but the restriction f | N is one to one.

3. Consider the alphabet 4 = {a, b, ¢, ..., z} and the set of odd numbers
B=1{3,57,...,53}. Let /1 4 > B be a one-to-one function that assigns the
number 2n + 1 to the nth letter of the alphabet, e.g., {a, 3) €f, (g, 15) € f.
Let W be the set of all “words’ constructed out of the letters of 4 and let
D1, P2, P3» - - - be the primes in ascending order. Products of powers of the
primes belong to N, the set of natural numbers. A number-theoretical argu-
ment shows that the function g: W — N with g(a,a, --- a) = p1'p3* - pis,
where n; = f(a,) is one to one. Some examples: g(aabca) = 2*-3°-5%-77-11° =
739,891,619,775,000, g(sapphire) = 23°:33-533.733.1117-1319.1737-19*. This
technique of mapping sequences of symbols into the set of natural numbers is
known as Gédel numbering. It is very important in the study of the founda-
tions of mathematics, but the size of the numbers makes the technique useless
for representation of symbols in a computer.

THEOREM 2.1 Let f2 A » B be a function and consider the onfo function
g: f—f with g(a, b) = (b, a). The set f” is a function if and only if f is
one o one. Moreover, f” is on B if and only if f'is onto B.

Proof. Exercise 2.3.

DEFINITION 2.5 If f: A — B is a one-to-one function, then the inverse function
of f, symbolized !, is the range of the function g: f— f” with g(a, b) =
(b, a). (If f is not one to one, f~' does not exist.)

Examples

1. Consider functions f: W — Ss(4) and g: W' — Ss(A) of Example 1 of
D.2.3. Both functions are one to one. Hence f ~* and g~ exist, and f " is the
function f~!: Ss(4) »W with f~'(ay, a5, as, a4, as) =a,a,a3a,as. The
function g ! from Ss(4) onto W’ is not total. The abbreviation for a sample,
which we introduced in Example 1 of D.1.19, is actually the image of the
sample under 7.
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2. Consider function f: I = N of Example 2 of D.2.4. Here /~* does not
exist. The restriction f/ | N has an inverse, but the inverse is not total with
respect to N (the range of f | N consists of squared numbers alone).

THeoreM 2.2 Consider sets 4 and B with |4| = a and |B| = b. The number
of functions on A4 into B is b

Proof. Exercise 2.4.

2b. Boolean Functions and Forms

In this section we shall deal in general terms with functions of a special
kind, the Boolean functions. The importance of some models of Boolean
algebras is more a consequence of the part played in them by Boolean func-
tions than of anything else. These interesting models will be discussed in
Section 2c.

Although our definitions will be quite general, examples will be based on
the simple system <{0, 1}, ®, *,”, 0, 1). As a preliminary we will have to
show that this system is a Boolean algebra.

THEOREM 2.3 The system <{0, 1}, @, *,’, 0, 1) is a Boolean algebra.
Proof. The given system is precisely the Boolean algebra (B, @, %, ,0, 1)
of Section le, with set B having just two elements, the distinct elements 0 and
1. To prove that the system is a Boolean algebra it suffices to show that
{0, 1} is closed under @, *, and ". By Axioms 4A and 4B, Parts 1 and 2 of
Th.1.10, Parts 1 and 2 of Th.1.11, and Part 2 of Th.1.12 (all of Section le)
we have the following definitions of operations @, *, ' for members of {0, 1}:

00=0, 01=100=101=1;
0x0=0x1=1x0=0, 1x1=1;
0 =1, 1'=0.

Operations are functions (@®: {0, 1} - {0, 1} is the function {<0,0, 0),
<0, 1,1>,<1,0,1),<I1, 1, 1>}), and the three functions are all into (and onto)
the set {0, 1}. The set is therefore closed under the operations.

DerINITION 2.6 Consider the Boolean algebra (B, ®, *,’, 0, 1). A function
f(xs, x5, ..., x,) on B*into B, f: B"— B, is a Boolean function of n vari-
ables.

Example

Let B = {0, 1}. There are 2 elements in B and 2" elements in B" (Th.1.16).
By Th.2.2, the number of functions on B" into B is, therefore, 2%". In the
case of n =1 the four functions are {{0, 0>, {1, 0>}, {0, 0>, <1, 1>},
{0, 15, <1, 03}, {€0, 1}, <1, 1>}
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DeriNiTION 2.7 Let (B, @, *,’,0, 1> be a Boolean algebra and let f, g, A
denote functions on B” into B, i.e., Boolean functions of n variables. We
define the following functional equalities:

(i) f@g =h if and only if, for every element of the set of samples
S,(B), the result of combining the images under fand g in accordance with
the interpretation of @ in B is equal to the image of the element under #4;

(ii) f#* g = h is defined analogously;

(iii) f" = h if and only if, for every element of .S,(8B), the complement
(image under ') of the image of this element under fis equal to the image of
the element under 4.

Example

Let B={0, 1} and consider functions from B? into B. For this system
operations @), *, and " are defined in the proof of Th.2.3. Take functions
fand g such that £(0,0) = 1,£(0, 1) = f(1,0) = f(1,1) = 0;4(0, 0) = g(0, 1) =
g(1,0)=1, ¢g(1,1)=0. Take also functions s(x;, x,)=x®x, and
plxy, x,) = x; * x,. Table 2.1 represents f, ¢, s, p, f@ g, f*g, f', and g’ in
tabular form, one row for each member of S,(B). Since |.S,(B)| = 4, we have
four rows. Consider the first row. The entries for fand g are given by the
definitions above. The other entries are generated using definitions of @, #,
and ' for the set {0, 1} given in the proof of Th.2.3. From the table it is seen

that fDg =g, f*g=/ff =59 =p.
TABLE 2.1

FUNCTIONAL EQUALITIES

{Xp, X2 ! g s p  Sf®g frg f g’
{0, 0> 1 1 0 0 1 1 0 0
€0, 1> 0 1 I 0 1 0 1 0
1, 0) 0 1 1 0 1 0 1 0
<1, 1y 0 0 1 1 0 0 1 1

In D.2.7 we have defined functional equality. We now have to show that
f@g, f*g, and f” as defined in D.2.7 are in fact functions. For example, we
have to show that if f@g = h, and f@g = h, then h; = h,.

THEOREM 2.4 Let (B, @, *, ', 0, 1> be a Boolean algebra. Let fand g denote
Boolean functions on B" into B. Then
(i) f®g,
(i) fxg,
(iiiy f”

are also functions.



2b. Boolean Functions and Forms 49

Proof. (i) Consider an n-tuple a € S,(B), and assume that (f@g)(a) = ¢,
and (f@9)(@) = ¢;. By D.2.7,(f @ g)(a) = f(a) D g(a). Hence f(a) Dgla) = ¢,
and f(a) ®g(a) = c,. But, by definition of a function, f{a) and g(a) are unique
elements of B. Also, by definition of the Boolean algebra, P is an operation
in B (ie., a function from B?). Hence ¢; = c,, implying that f®g is a
function.

(i) The proof is similar.
(ii1) By Th.1.9 (uniqueness of the complement).

Our next theorem asserts that the set of all functions on B" into B is a
Boolean algebra as well.

THEOREM 2.5 Let (B, @, *, ", 0, 1> be a Boolean algebra. Then (F,, @, *,’
fos f1>, where F, is the set of all functions on B” into B and the operations
are defined by D.2.7, is a Boolean algebra.

Proof. We shall not prove the theorem because the proof is rather
lengthy. It consists of showing that F, is closed under the operations and that
its elements satisfy the axioms of Section le.

Example

Let B = {0, 1} and consider F,. We have |F,| = 16, with each member of
F, consisting of four triples. We take f, and f; as the functions with ranges
{0} and {13}, respectively, e.g., fo = {<0,0,0), €0, 1,0, <1,0, 0, <1, 1, 0>}.
Here it is easy to convince oneself that F, is closed under the operations and
that its elements satisfy the axioms.

Consider the expression (x; ®x,) @ (x; * x,), where x, and x, are
variables denoting elements of B. Although we tend to call such an expression
a function, it is certainly not a set of ordered pairs and hence not a function.
The expression is a formula or form. The reason why we sometimes improperly
describe forms as functions is that a form of » variables has a function on B"
into B associated with it. We shall investigate this association further on.

DeriNiTION 2.8 Let (B, @, *,",0, 1> be a Boolean algebra, and let vari-
ables xy, x,, ..., x, denote elements of B. A Boolean form (Boolean for-
mula) is defined recursively as follows:

1. 0 and 1 are Boolean forms.

A variable x; (i=1,2, ..., n) is a Boolean form.

If o is a Boolean form, then so is («).

If « is a Boolean form, then so is «’.

If x and § are Boolean forms, then so is « @ f.

If « and f are Boolean forms, then so is « * B.

Only expressions given by Statements 1-6 are Boolean forms.

A Al o
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Example

Consider the expression (x; ® x,)’ @ (x| * x,). Let us determine whether
or not it is a Boolean form. This is a recognition problem. We find successively
that x,, x5, x; ®x,, (x; ®x,), (x; Dxy)’, X1, X1 * X, , (X% x,) are Boolean
forms. Finally, by Statement 5, we recognize the entire expression as a
Boolean form. It is easy to see that (x;@®x,) @ #*(x;"*x,), say, is not a
Boolean form. In the model <2(U), u, n, , &, U>, with variables 4 and

B, expression AUBuU (A4 n B) is a Boolean form, but not A U Bu N (4N B).

D.2.8 is not a workable algorithm for recognizing Boolean forms.
Although every reader should be able to recognize a Boolean form, most
readers will be hard put to give a precise formal description of the recognition
procedure they used. A detailed algorithm is, however, necessary if recogni-
tion is to be by computer. The algorithm will be an exercise in Section 10b.
For the time being we shall assume a recognition algorithm and investigate
equivalence of Boolean forms.

Let (B, ®, *, ', 0, 1> be a Boolean algebra, and consider a Boolean form
in which » variables x,, x,, ..., x, denote elements of B. In this context we
shall give a special name to elements of the set of n-samples of B; we shall
call the elements of S,(B) value assignments. For example, with B= {0, 1}
and three variables x,, x,, and x5, we have S,(B) = {0, 0,0}, <0,0, 1>,
€0, 1,05, <0,1,1>, <1,0,0>, <1,0,1>, {1,1,0), <1, 1, 1>}, a set of eight
assignments. We shall associate the ith coordinate of an assignment with
the variable x;. Take, for example, the Boolean form x; * (x; @ (x; * X3))
and the assignment <1, 0, 1). With this assignment the form becomes
1%(1 @ (0% 1)), which can be evaluated using the definitions of the opera-
tions for members of {0, 1} as given in the proof of Th.2.3: 1 % (1 ®(0 1)) = 1.
The association between coordinates of an assignment and the variables thus
enables us to reduce the form to a value. The reduction, which we call a
valuation, gives a link between forms and functions. Here one member of the
function on B2 into B associated with the form x; * (x; ® (x, * x5)) is seen to
be <<1,0, 1% 1> or (1,0, 1, 1>. Valuations for all assignments give all
elements of the functions. Table 2.2 displays valuations of x, * (x; @ (x, * x3)).
The principles of construction are as for Table 2.1.

We call two Boolean forms equivalent if their valuations are equal for every
value assignment. Table 2.2 shows that forms x; and x; * (x; @ (x; * x3)) are
equivalent in Boolean algebra ({0, 1}, ®, *, ', 0, 1. The equivalence lets us
write x, *(x; (B (x, * x3)) = x,. Note, however, that this is no new result; the
equivalence is only a special case of Part 3 of Th.1.11. Since the forms are
equivalent, the functions associated with them are equal. Although x, is a
form in a single variable, the function associated with it must be taken as
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TABLE 2.2

VALUATION OF BOOLEAN FORM x; * (x; @ (x; * x3))

Xy, X2, X3D o= X2%X3 ,8=X1®<1 xl*:B

<0,0,0>
€0,0,1>
<0, 1, 0>
0,1, 1>
<1,0,0>
1,0, 1>
1,1,0>
4, 1,15

—_— oo O =000
[ ey = Y )

— e OO OO

being on {0, 1} if we are to talk of equality of this function and that associated
with x; * (x; @ (x; * x3)).

It is feasible to determine equality of Boolean functions by means of
valuations only if there are few elements in set B. Consider, for example, the
model {(P(U), v, n, , &, U, with |U| = 3. As algebras of sets go, the
number of elements in U is very small. But, since |2(U)| = 8, the number of
2-samples of (U) is 64 and the number of 3-samples 512. Clearly valuations
are impracticable here. Thus it would seem that valuations are in general a poor
substitute for the more formal techniques of Section le. The study of canoni-
cal forms, to which we now turn, does, however, provide us with a powerful
decision procedure for establishing equality of functions despite its de-
pendence on a particular type of valuations.

DErINITION 2.9 Let (B, ®, *, ', 0, 1> be a Boolean algebra and a(x,, ..., x,)
a Boolean form in the variables x,, ..., x,, which stand for elements of B.
Denote elements of the set of n-samples S,({0, 1}), which we call binary
value assignments, by ¢, (im =0, 1, ..., 2" — 1). The sample {(m,, ..., m,>
is denoted by ¢, when the binary number m, - -- m, is equal to the (decimal)
number m. Let F be the set of forms a(m,, ..., m,), and define a function
g: S, — Fsuch that g(t;)) = a(m,, ..., m,) if and only if 1}, = (my, ..., m,D.
Next define the binary valuation function v: F— {0,1} such that
v(a(my, ..., m,)) =0 if and only if a(m,, ..., m,) has the value 0 when
evaluated according to the definitions of operations for members of
{0, 1} derived in the proof of Th.2.3.

Examples

1. Consider alx;, x;, Xx3) =x;*(x; D(x,*x3)). Members of S, are
given by the first column of Table 2.2, e.g., 2 = {1, 0, 1>. Theng(£3) = «(1,0, 1)
= 1%(1 ®(0*1)), and v(g(s3)) = 1. Images of g(¢3) under v are given by the



52 2 Functions and Relations

last column of the table. If B = {0, 1}, then the set {13, v(g(t2))>|m =0,
..., 7} is the function associated with the form x, * (x; @ (x, * x3)).
2. The form (x; @ x,)*(x; @ x3) is processed in Table 2.3.
TABLE 2.3

BINARY VALUATION OF (x; @ x2) * (x; @ x3)

m I q(r3) v(g(t3))
0 <0,0,0> VR0 0) 0
1 <0,0,1> VR0 1) 0
2 <0,1,0> VR0 1
3 <0,1,1> OEDH*xOP1) 0
4 <1,0,0> A1e0+x1p0) 1
5 <1,0,1> 10«1 1) 1
6 <1,1,0> AeDH*xU0) 1
7 <1,1,1> aenx1aer) 1

DEerFINITION 2.10 Let (B, &, *, , 0, 1) be a Boolean algebra, let variables
Xi, X3, ..., X, stand for elements of B, and let a; denote either x; or x;.
The form a, *a, *- - - *a, is called a minterm (minimal polynomial, complete
product, fundamental product), and the form a; ®a, @+ Pa, is called
a maxterm (maximal polynomial, complete sum, fundamental sum) of the n
variables. We shall write x! for x; and x? for x; in these forms. Under this
convention we shall denote the minterm X7 # x5 % - - *x/" by min}, and
the maxterm x7 @x7* @+ @x™ by max”, when the binary number
mym, -+ -m, is equal to m.

Example

With » variables there are 2" minterms and 2" maxterms. Thus, if n = 3,
there are 8 minterms and 8 maxterms. The minterms are x*x3*x3,
Aaxdexl, xxxlxxd, xVxxlexl, xpxxQxxd, xjxxdxl, xjxxlxx},
xlxxi*x}, denoted by mind, min}, ..., minj, respectively; max3 =
x] @ x§ DS
THEOREM 2.6 Let (B, @D, *, ', 0, 1> be a Boolean algebra, and let variables

X{, X3, ..., X, denote elements of B. Every Boolean form «(x,, x,, ..., x,)
of n variables is equivalent to an expansion in minterms:
m=2n-1
a(xlaXZa e xn) = @ U(‘I(t;.))*mm;
m=0
(where we have used an obvious abbreviation for representing a repeated
@ operation).
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Proof. We shall prove the theorem by induction on ».
(i) n = 1. Since

7 !
x1@Pl=x®l=xPOx, =1,
1 1
x; * 0=x*0=x;*x, =0,
x 1 * 1 =x,@0=x;%x; =x;, Dxy = x4,
1 ! ! ’ ! 14 ’
xpx 1l=x@0=x1*x =x Dx; =x,

every o(x,) ultimately reduces to 1, 0, x,, or x;. The images of the two binary
value assignments ¢} = 0 and ¢} = 1 under g are g(#}) = «(0) and g(}) = a(1).
We have to consider the images v(«(0)) and v(a(1)). Clearly v(a(0)) = v(a(1)) =
1 when a(x;) = 1, and v(2(0)) = v(a(1)) = 0 when a(x;) = 0. When a(x,) = x,
we have 2(0) = 0 and «(1) = 1. Consequently v(«(0)) = 0 and v(x(1)) = 1. The
images are reversed when o(x;) =x;: a2(0)=1 and a(l) =0, giving
v((0)) = 1 and v(x(1)) = 0. Evaluation of (v(x(0)) * x;) @ (v(x(1)) * x,) com-
pletes the proof for n = 1:

a(xl):L (1 *x;)®(1*x1)=1,
alx;) =0, (0*xll)®(0*x1)=0,
a(x) =xp,  Oxx) O *x,) = x,,
a(xy) = xy, (1 *x) DO *xy) = x.
(ii)y Assume the theorem true for #. This enables us to write
m=2r—1
a(xl,'-'9xn+1): @0 a(mla--~,mnaxn+1)*min;|' (A)
Also
a(mls ey mny xn+1) = (v(ot(ml, L) mn’ 0)) * xtll+1)
@(v(a(ml’ eres mn, 1)) * xn+1)>

and it should be reasonably easy to see that use of this expression in (A) gives
the theorem for n + 1:

m=2"n—1
; 1
axy, ooy Xpp1) = @ vla(xy, ..., Xupq)) * muntt
m=0
THeoreM 2.7 For a given Boolean form o(x,, ..., x,) the equivalent ex-

pansion in minterms defined by Th. 2.6 is unique.

Proof. Assume that two different expanded forms are equivalent to
a(xy, ..., X,). Since the forms are different, there exists at least one
t,, = <my, ..., m,y such that v(g(s})) is 0 in one of the forms and 1 in the
other, but then, by D.2.9, we have the contradiction a(m,, ..., m,) =0 and
a(my, ...,m,) = 1.



54 2 Functions and Relations

THEOREM 2.8 Let (B, @, *,’, 0, 1> be a Boolean algebra, and let variables

X1, X2, ..., X, denote elements of B. Every Boolean form a(x,, x,, ..., x,)
of n variables has a unique equivalent expansion in maxterms:
m=2"—1
(X1, Xg, e, X)) = Xk . v(q(t})) D maxy,
m=

(where an obvious abbreviation is used for a repeated * operation).
Proof. By principle of duality from Th.2.6 and Th.2.7.

Since the expanded forms are unique, we call them canonical forms
or normal forms. The canonical expansion of Th.2.6 is known as the dis-
Junctive normal form, and that of Th.2.8 as the conjunctive normal form. An
obvious consequence of the uniqueness of normal forms is that two forms
are equivalent if they have the same normal form. Then the associated
functions are, of course, equal. Inspection of the canonical expansions
shows that two Boolean forms a(x, ..., x,) and B(x,, ..., x,) have the same
normal form, i.e., have equal associated functions, if v{a(m,, ..., m,))
= v(B(my, ..., my,)) for all n-samples {my, ..., m,» of set {0, 1}.

Examples

1. Clearly a term min), for which the corresponding v(g(t},)) is O does not
have to be included in a disjunctive normal form. Similarly, one does not
have to include a term maxh, for which v(¢g(¢})) is 1 in a conjunctive normal
form. From Table 2.3, the disjunctive and conjunctive normal forms equiva-
lent to (x, @ x,) * (x; @x3) are, respectively, (x| * x, * x3) D (x; * x3 * x3)
D, * Xy % x3) Dy * X, % x) D (¥, * x;%x3) and  (x, @ x, Dx)) *
(x; D x; D x3) * (xg @ x, D x3).

2. Sometimes we may be given a function and asked to find a formula
describing it. Let function f: {0, 1}* — {0, 1} be the set {<0, 0, 0), <0, 1, 1},
{1,0,1>, <1,1,0)}. The disjunctive normal form of the function is
(x} * x,) @(x, * x;). The conjunctive normal form is (x, @x,) * (x; D x).
Since the normal forms represent the same function, they are equivalent.
Hence, in model <2(U), u, n, , &, U,

(AnB)u(AnB)y=(4 U B)n(4UB).

Since the left-hand side of the equation defines the symmetric difference, we
can write A + B=(4 v B) n (AU B).

3. Tables 2.4 and 2.5 show that the two forms o = ((x; * x3) D (x, * x3))’
and B = (x] * x3) @ (x; * x3) are equivalent. The disjunctive normal form
of a and f is (x] x xj % x3) D (x] * X3 % x3) D(X; * X, * X3) D(x * x5 * x3).
The conjunctive form is (x; @ x; D x3) * (x; D x, Dx3) * (x; Dx; D x3)
* (x] @ x; Dx3).
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TABLE 2.4
oo ={((xy*x3) ®(x2 *x3)) = (2, @ o)

m t v(oey) vleez) vl @ o) (o)
0 <0, 0, 0> 0 0 0 1
1 0,0, 1> 0 0 0 1
2 €0, 1,0> 0 1 1 0
3 0,1,1> 0 0 0 1
4 <1,0,0> 0 0 0 1
5 <1,0,1> 1 0 1 0
6 <1,1,0> 0 1 1 0
7 <1,1,1> 1 0 1 0
TABLE 2.5

B = (x1*x3) @ (x5 x3)

m £ v(xixxs)  o(xiexi)  o(f)
0 €0,0,0> 0 1 1
1 0,0, 1> 1 0 1
2 <0, 1,05 0 0 0
3 0. 1,15 1 0 1
4 <1,0,05 0 1 1
5 <1,0,1> 0 0 0
6 1,1,0> 0 0 0
7 1,15 0 0 0

4. There is a fundamental difference between the valuations of Table 2.2
and the binary valuations here. In Table 2.2 variables x,, x,, x5 stand for
elements of the very special algebra ({0, 1}, @, *, ’, 0, 1>, and the valuations
define the elements of a function. In Tables 2.4 and 2.5 the x,, x,, x, repre-
sent elements of the general Boolean algebra (B, @, *, ’, 0, 1>. The binary
valuations of these tables let us make decisions about the equivalence of forms
(and thus about equality of functions), but they do not define the elements of
functions. Consider the model (?(U), u, n, ~, @&, U and functions
9: (PU))’ > 2(U), h: (P(U))® - P(U), defined by the forms

g4, B,Cy=(Au BYyn(Bu C)n(Cu A),
hA, B, C)y=(AnB)u(Bn C)u(Cn A),

where 4, B, C represent elements of 2(U). The equality of g and 4 can be
demonstrated by standard procedures of the algebra of sets applied to the
formulas (4 U B)n(BUC)n(Cu A)and (A nB)u (Bn C)u (C n A).



56 2 Functions and Relations

Alternatively, the forms can be shown to be equivalent by showing that they
have the same normal forms. This we do in Table 2.6. The disjunctive normal
form of (AUBNBUCN(CUA) is ANBNAC)u(AnNnBnCu
(AnBnC)u(dn Bn C). (Clearly, we have not been defining elements
of the function here. Let U = {1, 2, 3, 4, 5}, say. Then |2(U)| = 32, and the
number of 3-samples of 2(U) is 32,768. Since this is the number of elements
in the function g—and in any other function on (#(U))® when U has five
elements—listing the elements would be a rather meaningless exercise.)

TABLE 2.6

EQUALITY OF FUNCTIONS g AND £

m 3 v(g(4, B, C)) v(h(A, B, C))
0 D, D, B> %] %]
1 B, 3, U> %] %]
2 @, U, &> %] %]
3 @G, U,U> U U
4 U, 3, B> 1] 1]
5 VU, 3, U> U U
6 <0, U, &> U U
7 <U,U0,U0> U U

5. Consider a = (x; * x; * X3) ®(x] * x, * x3) Dx; Dx;. Here v(x) =1
for all {m,, m,, m3>. Hence the disjunctive normal form has eight terms. In
the conjunctive normal form each term appears as 1 @ max),. Since, by
convention, such terms are not included in the normal form, the conjunctive
normal form would be written as | here.

2¢. Applications of Boolean Functions

The system {{0, 1}, @, *,’, 0, 1>, which by Th.2.3 is a Boolean algebra, is
sometimes called switching algebra. Functions s: {0, 1}" — {0, 1} are known
as switching functions. The terminology reflects an important application of
the functions s. Wherever information passes along wires, as in a computer,
telephone switching system, or some other such system, the simplest informa-
tion processing is performed by switches. A switch is a two-state device. It is
either closed and passes information through, or it is open and stops the
information flow. Switching functions have been found useful for describing
circuits that contain switches and in the design of such circuits.

A circuit that links two terminal points ¢; and ¢,, and consists of inter-
connected switches is known as a combinatorial two-terminal switching
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circuit. Depending on the states of the switches, information passes or does
not pass from one terminal to the other. If information does pass, the circuit
is closed. Otherwise it is open. Figure 2.1 shows two very simple circuits
containing two switches x; and x,. In the series connection the circuit is
closed only if both switches are closed. In the parallel connection it is suffi-
cient to have just one switch closed for the circuit to be closed.

1 o Xy X3 -0 Iy

(a) Series connection of two switches.

X1
t 5

X2

(b) Parallel connection of two switches.

Figure 2.1

We associate the element O of {0, 1} with an open switch and the element 1
with a closed switch. The n switches in a circuit are associated with circuit
variables x(, x,, ..., x,, and the circuit itself with a function of these vari-
ables, s(x;, x5, ..., x,). We associate elements of {0, 1} with the circuit as
well: 0 with an open circuit and 1 with a closed circuit. States of the circuits of
Figure 2.1 are investigated in Table 2.7. The four rows of the table correspond
to the four possible states of the two switches (both open, x, alone open, x,

TABLE 2.7

STATES OF SERIES AND PARALLEL CONNECTIONS OF TWO SWITCHES

oy, x2S Series Parallel . .
122 connection  connection Xi*x2 X @x;
<0,0> 0 0 0 0
<0, 1> 0 1 0 1
<1,0> 0 1 0 1
4,1 1 1 1 1
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alone open, both closed). The table shows the states of the circuits corre-
sponding to the states of the switches, and x, * x, and x; @ x, (functions p
and s of Table 2.1). We see that a series connection of x, and x, can be repre-
sented by x, * x,, and a parallel connection by x; @x,.

Consider now the circuit of Figure 2.2. It can be represented by the
switching function s(x,, x,, X3, X4, Xs) = Xy * (X, @ (x5 * (x4 Dxs))). This
form is equivalent to the form (x; * x,) B (x; * x5 * x4) P (x; * x3 * X5).
The question arises: Can one represent a form containing more than one
occurrence of a variable by a switching circuit? The answer is affirmative,
with an understanding that in the physical realization of the circuit there is
a mechanism to ensure that switches bearing the same label are simultaneously
all open or all closed. In practice, however, one is not interested in designing
an equivalent circuit more complicated than the original one. Rather, the
practical problem is one of simplification.

X3
O Xy —{7 —<
X4
"’ {
Xs

Figure 2.2

The important application of switching functions is in the design of
circuits. Assume that we are given some switching function and are required
to design a switching circuit corresponding to this function. The circuit is to
be open for those combinations of switches x;, x,, ..., x, for which 5(x,, x,,

.., x,) =0 and closed for combinations giving s(x;, x,, ..., x,) = L. The
theory of normal forms of Section 2b permits us to write down formulas of
the function. If combinations with s(x,, x,, ..., X,) = 0 predominate in the
specification of the function, we choose the disjunctive normal form. Other-
wise we select the conjunctive normal form. Probably there will be terms in
x; as well as in x; in the normal form. The state of switch x; is completely
determined by that of x;: If x; is closed, x} is open; if x; is open, x; is closed.
In what follows we shall abbreviate x; * x, %+« % X, t0 X;x, """ X,.

Example

Suppose we require a combinatorial two-terminal switching circuit of
four switches to be closed whenever exactly two of the switches are closed and
to be open otherwise. First, in Table 2.8, we specify the switching function.
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TABLE 2.8

A SwITCHING FUNCTION

X1y X2, X3, Xa) s(x1, X2, X3, Xa)

-

-
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There are 6 nonzero images against 10 zero images. Therefore, the disjunctive
normal form of the function is the simpler form:

’ 1 7 7 7 !
S(xy, Xz, X3, Xg) = XXX 3%, DX XX3%, DX XX3%4

B x,25X3%4 DX X5X3x4 DX XXXy .
Figure 2.3 shows the circuit corresponding to this function.

’

— X1 x5 X3 X4 —
- X3 X, X)) X4 ]
, ,
— xi X X3 Xy —
O —C
I x; X x3 x4 —
, ,

—_ X X3 X3 Xy et
, .

x X3 x4 Xy —

Figure 2.3
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The circuit of Figure 2.3 contains 24 switches. This number seems ex-
cessive. Let us therefore try to simplify the formula. Using the theorems of
Section le, we find

5(X1, X3, X3, X4) = X1X3X3X, @xxxzx;x; @(x;xz @ x1x3) (x;x4 @xg,x;).

The simpler circuit (16 switches) corresponding to this form is shown in
Figure 2.4.

x4 x5 X3 X4
, /
X3 X, X3 b
, ,

X — X, Xy — X,

, ' l .

X — X} Xy — X}

Figure 2.4

Next we consider gating circuits. In a gating circuit there are n inputs
Xi, X35 .-+, X, , and each input is either O (signal absent) or 1 (signal present).
There is a single output, also 0 or 1. The simplest gating circuits consist of
just two inputs, x; and x,, and of a gate, either an OR-gate or an AND-gate.
If the gate is an OR-gate, the output signal is 0 when x; =x, =0 and 1
otherwise. If the gate is an AND-gate, the signal is 1 when x; = x, =1 and
0 otherwise. In addition to gates we may have an inverter, which has a single
input x. The output of the inverter is 1 when x = 0 and 0 when x = 1.

A gating circuit with n inputs corresponds to a gating functiong: {0, 1}" —
{0, 1}. The OR-gate corresponds to the @-operation in {0, 1}, the AND-gate
to the %-operation, and the inverter to complementation. There is a great
similarity between gating circuits and switching circuits. In fact, there is a
one-to-one correspondence between gating circuits with # inputs and switching
circuits with »n switches. Switches x; and x; in parallel correspond to an OR-
gate with inputs x; and x;, and switches in series correspond to an AND-gate.
Wherever there is an x; in the switching circuit, signal x; is passed through an
inverter in the gating circuit. To avoid confusion between switching and
gating problems, and to adhere to generally accepted notation we shall use the
symbol v for the ®-operation and the symbol A for the *-operation; i.e.,
here our Boolean algebra, sometimes called gating algebra, is {{0, 1}, v, A,
’, 0, 1>. Again we shall abbreviate x; A x; to x;x;.

Figure 2.5 shows the three fundamental gating circuits. In Figure 2.6 we
show the gating circuit corresponding to the switching circuit of Figure 2.2,
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VX,

k] bl
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(a) OR-gate

AN X
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(b) AND-gate

i

(c) Inverter

Figure 2.5

and in Figure 2.7 the gating circuit corresponding to the switching circuit of
Figure 2.4.

The complexity of Figure 2.7 is best evidence that it would be difficult to
construct a gating circuit corresponding to the function of Table 2.8 if we did
not have the techniques based on canonical forms. These techniques enable
us to find a formula involving functions @, #, and * for any Boolean function
f: B"—> B. The question arises whether it is still possible to find formulas for
all functions if the basic set of operations is other than {@®, *, '}. This is the
problem of functional completeness.

DEerINITION 2.11 A set of operations {p,, ..., p,} In set B is functionally
complete if and only if every Boolean function f: B" — Bcan be represented
by a form a(x,, ..., x,) in variables x;, x,, ..., x, and operations
Pis ooy Pr

Figure 2.6
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> A
X N
v A v
‘ g
A
X, N
A
A A A
v
A A A
N A
X3
v
N A
X4

.
g =X X3 x5x5 v xxyx3x, V(xxy v XIXNXy X, VX X,)

Figure 2.7

Examples

1. The set of functions {@®, *} on {0, 1}? is not functionally complete.
Since 0 P00 =00 =0, there is no way of constructing a formula corre-
sponding to a function that contains {0, 0, 1). Also, since | @1 =1=*1=1,
there is no way of constructing a formula of a function with {1, 1, 0> as a
member. Hence only 4 of the 16 functions on {0, 1}* into {0, 1} can be re-
presented by forms in @ and * alone. These forms are x,, x,, x; ®Xx,,
x, * x, (or forms equivalent to them). In the context of gating circuits this
means that very few functions can be represented by gating circuits containing
no inverters.

2. In Boolean algebra {(B, @, *, ', 0, 1> we have, for any elements q,
be B,

a®b=(a «b"); axb=(@ ®bY.

Hence sets of functions {x, '} and {@®, '} are functionally complete in B.
3. In Table 2.1 we define function g on set {0, 1}. Since g’ = p, where p is
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defined by the form x; *x,, we have g(x;, x,) =(x; * x,)’. Function
g(xy, x,) is written x, | x, and called stroke function. We have

Xy =2y |xy,
X1 @xp = xy| x5 = (x1 ] x1) [ (2] x2),
Xp# Xy = (X1 [ X2) = (xy [ x2) [ (31 [ x7).
Hence { | } is functionally complete. The gating circuit corresponding to the
stroke function is known as a NAND-gate (NAND for Not AND). Any

Boolean function can be represented by a circuit consisting of nothing but
NAND-gates.

Our final application deals with statements. By a statement or proposition
we mean a sentence that is either true or false. It is possible to determine the
truth or falsity of the sentences

There are 23 lines of print on this page (p)
10 + 10 =100 (9
Jack and Jill went up the hill Q)

They are therefore statements. The sentence
What time is it?

is not a statement.

One can modify a statement by the word not or connect statements with
words and, or, if-then, if and only if. The five words or combinations of words
(or their synonyms, e.g., implies for if~then) are called connectives. Statements
built up from simpler statements by means of the connectives are called com-
posite statements. The different types of composite statements have been
given special names. A statement modified by the connective not is the
negation of the original statement. The statement that results when two
statements are joined by and is the conjunction of the two statements. When
two statements are joined by or the resulting statement is the disjunction of the
two statements. The statement if p then q is a conditional statement having
statement p as its antecedent and statement g as its consequent. The connective
if and only if generates a biconditional statement.

Statements p and g are not composite. Such statements are called prime
statements or atomic statements. Statement r, on the other hand, is composite
if it is regarded as the conjunction of statements

Jack went up the hill (s)
Jill went up the hill (3]

(The presence of and in a statement does not necessarily make the statement
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composite. If Jill’s actions always match Jack’s actions, then r can be re-
garded as an atomic statement.) The following statements are composite:

10 + 10 # 100 )
10+10=100 or 10 + 10 # 100 v
10 + 10 = 100 if and only if 10 + 10 % 100 w)

If 3<5 and 4<5 then 4<3 or 3<5 (%)

Statement u is the negation of g. It is true if ¢ is false, and false if ¢ is true.
Hence v is true irrespective of the truth or falsity of g. Indeed, the disjunction
of any statement and its negation is necessarily true. The biconditional of a
statement and its negation, of which w is an example, is always false. The fact
that the truth or falsity of certain statements is a consequence of their form
alone suggests that statements can be studied in the framework of an abstract
theory.

We shall denote statements by letters p, ¢, r, ..., and use the following
symbols for the connectives:

for or,

for and,

for not,

for if~then,

for if and only if.

I 1 1> <

With this symbolism we can write statement r as s A ¢, statement u as —g,
statement v as g v —1q and statement w as g <>—1¢g. We shall indicate the truth
or falsity of a statement by assigning a truth value to it: T if the statement is
true, F if it is false.

Ordinary (natural) language is ambiguous. Consider the phrase visitors
or guests. Here the or may indicate guest as a synonym of visitor; i.e., visitors
or guests may refer to just the one class of people. Under a different inter-
pretation visitors and guests may be considered to belong to disjoint classes.
Then or has the exclusive meaning. Under yet another interpretation a visitor
may, but need not, be a guest, and or has the inclusive meaning. Usually the
context enables one to decide which meaning is intended. But a process of
abstraction isolates statements from context. Hence there is no way of deter-
mining the intended meaning of or in the statement pvg of the abstract
theory unless the connective is precisely defined. In Table 2.9 we define con-
nectives by giving the truth value of the composite statement resulting from
prime statements p and g for all assignments of truth values to p and g.

If every F in Table 2.9 is replaced by 0 and every T by 1, the table becomes
familiar. Then the columns for —1p, p V¢, p Aq represent binary valuations of
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TABLE 2.9

DEFINITIONS OF CONNECTIVES

<P, —p pVq PAg p—~>q peyq
F,F> T F F T T
<F, T> T T F T F
T, F> F T F F F
(T, T) F T T T T

Boolean forms p’, p @®q, p * g, respectively. Hence the system <{{F, T}, v,
A, 71, F, T is a Boolean algebra. 1t is called the algebra of truth values. Just
as a switch may be open or closed, a statement may be false or true, and just
as a switching circuit may be open or closed depending on the states of the
switches, a composite statement may be false or true depending on the assign-
ment of truth values to its prime statements. In analogy with switching theory
we denote the prime statements of a composite statement by variables
Pi» P2s ---s Du» and associate the composite statement with a function
f(pi; P2 -, Dy of these variables, f: {F, T}" - {F, T}.

Clearly, the set of operations {Vv, A, 71} is functionally complete on
{F, T}". Although {v, 71} and {A, 71} are also functionally complete (see
Example 2 of D.2.11), by tradition the set of connectives { Vv, A, 71} is con-
sidered basic to the theory, and its members are called primary connectives.
Connectives — and < are called secondary connectives. Functional equality
(in the sense of D.2.7) of p > g and —1 pV ¢ is demonstrated in Table 2.10.
The table shows also that p«>gq is equivalent to (p —>¢) A (g —p), i.e., to
(mpVv g A (TgV p). (A valuation table, such as Table 2.10, has a special
name in the statement calculus; it is called truth table.)

We can show also that p — ¢ is functionally equal to p v g «<»g (Exercise
2.19). Comparing this result with D.1.14 we see that the p — g of our model
represents p < g of the abstract Boolean algebra (B, &, *,’, 0, 1>. Note
further that the statement (p —¢g)—(pV g«¢q) is true for every value

TABLE 2.10

FUNCTIONAL EQUALITIES

<p,q> —p —pVg (P> Ag—p)
_ ) ISR
¢F, F> T T T!TIT
(F, T> T T T{F|F
(T, F> F F FIF!T
(T, T F T T!T!T
' ]
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assignment { p, ¢>. Statements that are true for all value assignments are
called rautologies. The symbol «> has special significance in the context of a
biconditional tautology. In the tautology p «»¢q it symbolizes equivalence of
formulas p and g¢. In the model {{F, T}, v, A, 71, F, T) it replaces the
symbol = of the general Boolean algebra of Section le.

Examples

1. Statement If 3 < S and 4 < 5 then 4 < 3 or 3 < 5 has the form if p and
q then r or p, i.e., (pA q)— (rvp). This form represents a function on
{F, T} into {F, T}. Table 2.11 is the truth table of this function. It shows that
the statement (pAg)— (rvp) is a tautology. Some readers may find the
definition of the conditional of Table 2.9 hard to accept. Somehow it seems
wrong that a conditional having a false antecedent and a true consequent
should be true. The definition may be easier to accept if we rephrase if p then
q to p is a sufficient condition for q. Then we see that a false antecedent is
immaterial to the truth of p — ¢ and that p — ¢ can only be false if a false
consequent results when a sufficient condition is satisfied, i.e., when the
antecedent is true.

TABLE 2.11

A TAUTOLOGY

<p,q>r> (pAQ)—>(rVvp

(F,F, F)
KF,F, T)
KF, T, F)
F, T, T>
(T, F,F>
KT,F, T>
(T, T,F)
(T, T, T>

o iy Me s lie o Bie o Bieo Ml o Mo
o e B e B B B B
o B B e B B o B B

2. Table 2.12 shows that the statement (p = q)A(g—=r) > (p—r) is
a tautology. This tautology, known as the law of syllogism, is very important
in logic. (The statement calculus is part of symbolic logic.)

Most higher level programming languages, such as Fortran and Algol,
provide facilities for representation and evaluation of logical expressions. In
Fortran operations .OR., . AND., .NOT. represent, respectively, v, A, and
—. Truth values, or logical constants, T and F are written .TRUE. and
.FALSE.. Secondary connectives are not provided (Algol does provide
them). For example, p — p v ¢ has to be reformulated to —1pVv (pVq) before
it can be written as a Fortran expression, namely .NOT.P.OR. (P.OR.Q).
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TABLE 2.12

THE LAW OF SYLLOGISM

{p,g,r> (p=DA@Gg>r)—>(p—>r)

<F,F,F>
<F,F,T)
F, T,F>
<F, T, T>
(T,F,F>
(T,F, T>
T, T,F>
T, T, T>
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ALGORITHM 2.1 This is. an algorithm, expressed as a Fortran function, for
testing whether a given statement is a tautology. Logical function
TAUT returns the value . TRUE. if the statement specified by the function
FORM is a tautology and . FALSE. if it is not. Subroutine NEXT must be
provided. Given an n-sample of {.FALSE., .TRUE.} in array SAMPLE,
NEXT generates in SAMPLE the next a-sample (in lexicographic order,
say). This subroutine would be very similar to that of A.1.2.

LOGICAL FUNCTION TAUT (FORM, SAMPLE, N)

LOGICAL SAMPLE(N), FORM

DO 1 K=1,N
1 SAMPLE(K) = .FALSE.

NN = 2#xN

TAUT = .FALSE.

DO 2 K= 1,NN

IF (.NOT.FORM(SAMPLE,N)) RETURN
2 CALL NEXT (SAMPLE,N)

TAUT = .TRUE.

RETURN

END

Example

Let us test whether (p »q) > ({(g—>r)—>(p—>r)) is a tautology. We
rewrite the statement as —1(—1pVvg) v (1 (gvr)v(—pVvr)), which can be
simplified to (pA—"g)v(ga—r)v(1pvr) by means of the theorems of
Section le. (The advisability of making the simplification is debatable. It may
be argued that it defeats the purpose of mechanization.) Function FORM is
now written as follows:
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LOGICAL FUNCTION FORM (S, N)

LOGICAL S(N)

FORM = (S(1).AND..NOT.S(2
X S(3)).0R. (.NOT.S(

RETURN

END

)).OR. (S(2).AND..NOT.
1).0R.S(3))

Symbolic logic reduces the determination of the validity of an argument
to a mechanical procedure, which may employ the following laws.

Law of detachment: If p does imply ¢, and if p is true, then g is true.

Law of substitution: If p « g, then the substitution of p for g, or of ¢ for p,
in an argument does not affect the validity of the argument.

Law of excluded middle: p A 7 p is always false, i.e., a statement may not
be simultaneously true and false.

Law of syllogism: ((p = g) A(g - r)) = (p — r) is a tautology.

From the conditional p —»¢ we can construct derived conditionals by
negating or interchanging statements p and g in various combinations. The
more important of the derived conditionals are the converse (¢ — p), the
inverse (M p »1¢), and the contrapositive (71g — 71 p). It can be shown that
(11g -~ p)+ (p — g) (Exercise 2.20).

An argument is expressed as follows: Given that statements py, Pz, .-, Pu
are true, statement p, ., is also true. Statements p,, ..., p, are called premises
and statement p,, ; conclusion of the argument. The proof of the validity of an
argument consists in showing that the truth of the conclusion does in fact
derive from the premises by the laws of logic. In what follows we shall
abbreviate the phrase p is true to p; i.e., we shall assume that the act of writing
down p is in itself an assertion of the truth of p.

Examples

1. Given that p, p —¢, and —ir > g, prove r. The forms —1r - 7g,
—1(—1g) —» 1(r) (its contrapositive), and g — r (the contrapositive simplified)
are equivalent. Hence the argument may be rewritten as p, p > ¢, q — r, r (by
the law of substitution). Since p — ¢ and g — r, then also p — r (by the laws of
detachment and syllogism). But if p and p — r, then r (by the law of detach-
ment). The following statements provide a specific example of the general
argument,

Premises: Prices are high.

If prices are high, one should sell stocks.
If productivity is not low, one should not sell stocks.

Conclusion: Productivity is low.
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2. In Example 1 a direct proof is employed. In a direct proof one derives
the conclusion from the premises. Now we shall set up an indirect proof (also
called proof by contradiction, or reductio ad absurdum proof) in which the
premises and the negation of the conclusion are assumed, and an attempt is
made to derive a contradiction pA —1p in which p is any statement. If a
contradiction can be derived, one of the assumed statements must be false.
Since the premises are true, the false statement is the negated conclusion.
Hence the conclusion is true. Consider the following argument.

Premises: There is unemployment, or productivity is high.
Prices are high if and only if there is an inflation.
If there is an inflation, there is no unemployment.
If prices are low, productivity is high.
Conclusion: Productivity is high.

We write the proof as a column of statements. The first five statements are the
four premises and the negation of the conclusion. We interpret low as not
high.

(1) wuvp
2) hei
3 i-"u
@ h-p
(5) 7p
6) "p—oh (contrapositive of 4)
(7 h (from 5 and 6, law of detachment)
8 i (from 7 and 2, substitution)
9) u (from 8 and 3, detachment)
(10) p (from 1 and 9, see Exercise 2.20)
(1) 1pAp (from 5 and 10)
Let py, ..., Py, Pp+y De an argument in which p,, ..., p, are premises and
Pn+1 1 the conclusion. The argument is valid if (p, A -+ Ap,) = p,,, is a

tautology. This observation provides an alternative method for proving the
validity of an argument. The proof is an examination of the Boolean function
f: B"*' - B, where B = {F, T}, corresponding to the form (piA = Ap)—
Dn+1- The argument is valid if the range of fis {T}.

Example
The forms corresponding to the arguments in Examples 1 and 2 above are

(PA(p=>PA(ir->1g) >r,
(v p)Ah = i)AI>u)A(Th - p)) - p.
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2d. Relations

Correspondences between elements of sets 4 and B are defined by subsets
of the set of ordered pairs 4 x B. Correspondences may be one-one, many-
one, one-many, and many-many. Only one-one and many-one corre-
spondences have distinct first coordinates; they alone are functions from A
into B. By a subterfuge we may also represent one-many correspondences by
functions. While the subsets of 4 x B that define such correspondences are
not functions, interchange of coordinates produces sets of ordered pairs in
which first coordinates are all distinct. These sets are therefore functions from
Binto 4. In Example 1 of D.2.1 we had the nonfunction {{4, five), {4, aces)
{5, spelly, {7, tragedy}. The set { five, 4>, {aces, 4>,{spell, 5>,{tragedy,T)},
however, is a function. This expedient clearly does not work for many-many
correspondences. Therefore, we need a theory more general than that of
functions.

Let us assume that the four children of some family are called Thomas,
Mary, Richard, and Henry. Abbreviating their names to initials, we have the
set C={T, M, R, H}. Consider now a subset of Cx C, the set of ordered
pairs {KT,M>, (T, R), {T,H>, {R,T>, {R,M)», {(R,H), {H,T),
{H, M, {H, R)>}. The correspondence defined by this set is expressed by the
formula x is the brother of y. Here x and y are variables, and is the brother
of is a relation. If, on substituting constants for the variables, the formula
becomes a true statement, the ordered pair of the constants belongs to the
relation. Order is important: T is the brother of M is true, but M is the
brother of T is not. Consequently <7, M ) is a member of the relation, but not
(M, T>. All members of the set of ordered pairs given above belong to the
relation is the brother of, and no other member of Cx C belongs to this
relation. The relation with formula x and y are brothers is the set {T, R},
T,H> (R, T), {R,H),{H,T), {H, R)}.

DEFINITION 2.12 A binary relation from set A to set B is a subset of 4 X B.
If R is a relation, we write {x, y)> € R and xRy interchangeably. If {x, y)
€ R, we say that x is R-related to y. (If {x, y> ¢ R, we may write xRy.)

Examples

1. Let A =1{a,b,c}, and let C,(4) be the set of n-combinations and
P,(A) the set of n-permutations of 4. Let R, be a relation from C, to P, such
that gR,s if and only if the n elements of 4 in s are the same as in g. Here
C, = {(ab), (ac), (bc)} and C; = {(abc)}. Relation R, is {{(ab), ab),
{(ab), bay, {(ac), acy, {(ac), ca), {(bc), be), {(bc), cby}. All six members of
R, have the same first coordinate. Some of them are {(abc), abc), {(abc),
bac), {(abc), caby. Note that Ry =C; x P, but that R, < C, x P,

({(ab), ca) ¢ R;).
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2. Every function is, of course, a relation. Recall our note following
Th.1.9 to the effect that * does not have to be introduced in Boolean algebra
B as a function. It is sufficient to introduce it more generally as a relation; the
fact that it is also a function is derived in the theory as Th.1.9.

3. Let I be the set of integers. The formula ¢ < b, where variables a and b
stand for members of  and < has the conventional meaning, defines a binary
relation from 7to I. Thus 2 < Sor (2, 5> € <, but {5, 2> ¢ <. We can, how-
ever, have a relation < as well: then {5,2)> e &, and {2, 5)> ¢ <.

DEFINITION 2.13 A subset of 4 x 4 is a binary relation in the set 4. In
particular, the set 4 x A is the universal relation in A.

Examples

1. Any relation in a set is a subset of the universal relation in this set. The
relations < and < of Example 3 of D.2.12 are relations in /. Their union,
< U <, 1s the universal relation in I, and < n € = .

2. The set of 2-samples S,(A4) is a universal relation in 4.

3. Let R be the set of real numbers. The square root relation can be defined
by {{(x'/% x)>|x € R} or by {{x, x}%>|x € R}. Both sets are relations in R.
Only one of the sets is a function (cf. Example 2 of D.2.1).

4. We shall see that the theory of relations is almost exclusively con-
cerned with relations in a set. This has led some writers to define relations in
a set as the only relations. Since 4 x B is a subset of (4 U B) x (4 U B),
a relation from A to B is also a relation in 4 U B; i.e., every relation is in fact
a relation in some set. The alternative definition is, therefore, not unduly
restrictive.

DEFINITION 2.14 Let R be a relation and let 4 be a set. Then
R[A4] = {y| for some x in 4, xRy}

is called the set of R-relatives of the elements of A.

Examples

1. For relation R, of Example 1 of D.2.12, R,[{(ab)}] = {ab, ba} and
R,[C,(A)] = {ab, ba, ac, ca, be, cb}. R,[C5(4)] = &.

2. Let U be a universal relation in a set A. Then U[4] = 4.

3. Let 1,={1,2, ..., n}. For relation > in /,5, >[/;]= & and
>U]l=1.,(mn=2,...,100).

DEFINITION 2.15  The domain D, and range R, of a relation p are defined as
follows:

D, = {x | for some y, <x,y)ep},
R, ={y|for some x. <(x,y)e€p}.
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Examples

1. The domain of a relation is the set of all first coordinates and the
range is the set of all second coordinates of the relation. Let p be a relation.
Then p[D,] = R, and, for any set 4, p[4] = R,.

2. Dy p=A provided B# g, and R,«z=B provided 4 # @. If
B=(f or A=, then A x B= (. Clearly a null relation cannot have a
nonnull domain or range.

3. Consider the set C = {T, M, R, H} defined at the beginning of this
section. The domain of the relation x is the brother of y in Cis {T, R, H}. The
rangeis {7, M, R, H}. The relation x and y are brothers has the same domain,
but the range contracts to {7, R, H }, i.e., the relation has the same set for its
domain and range.

DerINITION 2.16 If R is a relation, the converse (reversed) relation of R,
written R, is a relation such that yR™ *x if and only if xRy.

Examples

1. Let R be the relation {{(n'/?, n)|n eI} in the set of integers. The con-
verse R ! is the relation {{n, n'/?*y|nel}.

2. The converse of relation R, of Example 1 of D.2.12 is {{ab, (ab)},
<ba, (ab)y, <ac, (ac)), {ca, (ac)y, <be, (bc)}, {cb, (bc))}.

3. The set {x | for some y in set B, xpy} is the set of p~ *-relatives of B.
Thus,p™*[R,] = D,, and p~ '[{b}] is the set of first coordinates of all ordered
pairs belonging to p that have b as the second coordinate; e.g., for R, of
Example 1 of D.2.12, R,! [(ac)] = {ac, ca}.

4. The relation x and y are brothers is its own converse.

DEFINITION 2.17 A relation R in a set A4 is

(i) reflexive if xRx for all x e A;
(ii) irreflexive if xRx for no x e A4;
(iii) symmetric if xRy implies yRx for all x, ye 4;
(iv) antisymmetric if xRy and yRx imply x = y forall x, y e 4;
(v) transitive if xRy and yRz imply xRz for all x, y,z € A.

Examples

1. The relation x is the brother of y in a set of males is irreflexive (no one
is his own brother) and symmetric. At first sight the relation appears to be
transitive: Henry is the brother of Thomas and Thomas is the brother of
Richard do imply Henry is the brother of Richard. But Henry is the brother of
Thomas implies Thomas is the brother of Henry, and, if the relation were
transitive, the unacceptable Henry is the brother of Henry would be implied.
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2. Let R be the relation course a is a prerequisite for course b in the set of
courses offered by a university. Relation R is irreflexive and transitive. It is not
symmetric.

3. The relation < in a set of numbers is reflexive, antisymmetric, and
transitive. The relation < is irreflexive, antisymmetric, and transitive.

If a proper substitution is made in the ordered pair {{ father, mother,
their childy for the variables, the resulting ordered pair is a member of the
parenthood relation. Since here the ordered pair can be considered also an
ordered triple, the parenthood relation may be called a ternary relation.
Generalizing, a binary relation from a set of (n — 1)-tuples to a set of simple
elements can be considered a set of n-tuples. It may be called, therefore, an
n-ary relation. This is simply a matter of terminology: An n-ary relation is not
a new concept; it is still essentially a set of ordered pairs of ordered (n — 1)-
tuples and simple elements.

2¢. The Equivalence Relation

DEerFINITION 2.18 A relation in a set is an equivalence relation if it is reflexive,
symmetric, and transitive.

Examples

1. Equality in a set of numbers is an equivalence relation. In the set of
integers the relation = is an identity relation, and this relation is a rather
trivial equivalence relation (it makes little sense to speak of symmetry and
transitivity when x = y if and only if x and y are identical; in fact the relation
= is both symmetric and antisymmetric in a trivial sense here). In the set of
rational numbers we can have, for example, 2/3 = 4/6 and 4/6 = 200/300.
Therefore, equality in the set of rational numbers is a nontrivial equivalence
relation. Equality of moduli in a set of complex numbers is another non-
trivial equivalence relation: {2 + 5i, 5 + 2i ) belongs to the relation.

2. Let (B, @, *,’, 0, 1> be a Boolean algebra. The relation = in the set
of forms in variables standing for elements of B, the distinct elements 0 and 1,
and the operations &, *, and ' is an equivalence relation.

3. The relation « in a set of statements (prime or composite) is an
equivalence relation. Note that the symbol <> has two interpretations in the
statement calculus: p«>q can denote a statement, which may be false for
certain truth values of p and g, or it can represent a biconditional tautology.
We have the second interpretation in mind when we speak of the relation <.
(The tautology p «>¢ is sometimes denoted Fp«>q.)
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4. The relation x has the same image as y in the domain of a many-one
function is an equivalence relation. The domain of the function is both do-
main and range of the relation. It is clear that the domain of any equivalence
relation is the set in which the relation is defined. One can therefore speak of
an equivalence relation on a set. The equivalence relation x has the same image
as y is on the domain of a function.

DerINITION 2.19  Let R be an equivalence relation on a set 4. Consider an
element a of A. The set of R-relatives of a in A, R[{a}], is called the
R-equivalence class generated by a. Where there is no danger of confusion,
the symbol R[{a}] can be abbreviated to [a].

THEOREM 2.9 Let R be an equivalence relation on 4 and let a, b € A. Then

() aelal,
(ii) if aRb, then [a] = [b].

Proof. The first part is a direct consequence of reflexivity of an equivalence
relation. To prove the second part, assume aRb and let x be any element such
that x €[b]. Then bRx, and, by transitivity, aRx. Hence x € [b] implies
x € [da], i.e., [b] < [a]. By symmetry, bRa. A similar argument gives [a] < [5].

Part (i) of Th.2.9 implies that every element of a set on which an equiva-
lence relation R is defined belongs to some R-equivalence class, i.e., that the
union of all R-equivalence classes generated by elements of this set is the set
itself. Part (ii) means that any element of an equivalence class can be used to
represent the equivalence class. Looking at the examples of D.2.18 in the
light of these results one begins to suspect that the R-equivalence classes
constitute a partition of the set on which R is defined. In our next theorem
we turn suspicion into fact.

THEOREM 2.10 Let X be the set of equivalence relations on a set 4 and Y the
set of partitions of 4. Let p be any member of X. There exists a one-to-one
onto function f: X — Y such that f(p) is the set of p-equivalence classes
generated by elements of 4.

Proof. The proof can be broken down into four parts.

(i) The set of p-equivalence classes is a partition of 4. Part (i) of Th.2.9
implies that the union of the p-equivalence classes is A. Let a, b € 4. These
elements generate [a] and [b]. Now let x €[a] and x € [b]. By part (ii) of
Th.2.9 we have [x] = [a] and [x] = [b]. Hence [a] = [}], i.e., equivalence classes
generated by members of A are either disjoint or equal.

(ii) The set of p-equivalence classes is unique, i.e., f exists. Assume that
p defines two different partitions. Then there exists some a € 4 such that the
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equivalence classes generated by « are different in the two partitions. This, in
turn, means that there exists some element » that belongs to one of the
classes but not to the other, i.e., {a, > €p and {a, b) ¢ p. This is a contra-
diction.

(iii) Function f is one to one. Let p, and p, be equivalence relations on
A. By D.2.4, function f is one to one if and only if p, # p, implies f(p,) #
f(p,). Assume p, # p,. Then we may assume that there exist elements a and
b such that {a, b) belongs to one of the relations but not to the other. Let the
equivalence classes generated by a be denoted by [a]; in f(p,) and by [a], in
f(p,). Then bela], and b¢lal,, or b¢[al, and be[a],. In either case
[a,] # [a], . But [a], and [a], are the only sets in the respective partitions con-
taining element a. Hence f(p,) # f(p,)-

(iv) Function fis onto. Consider any partition &/ = {4, 4,, ..., A,} of
A and a relation « such that <{a, > € « if and only if both a and b belong to
one and the same 4; for some i € {1, 2, ..., n}. If « is an equivalence relation,
then members of &/ are the a-equivalence classes, and—since &/ is any
partition— f is onto. We show that « is an equivalence relation. Let a € 4.
Since &/ is a partition, ae 4; for some ie{l,2,...,n} and a ¢ 4; when
j#i. Hence {a,a)ea; ie., a is reflexive. Relation « is symmetric: If
{a,b)ea, then a,be A; for some i; hence {(b,a)ea. If {(a,b)ea and
(b, c>€a, then a,be 4; and b, c € 4; for some i and j. But if b € 4;, then
bed; only if i =j. Hence a, ce A;, giving {a, c) € a; i.e., the relation is
transitive.

Examples

1. It is easy to make errors in defining the equivalence relation that
corresponds to a given partition. A population of males can be partitioned
into sets of brothers. The relation of brotherhood, however, is not reflexive.
Hence it is not an equivalence relation. The relation that corresponds to this
partition might be formulated as x is y or the brother of y or as x has the same
parents as y. The set {1, 2, ..., 100} can be partitioned as {{I, 100},
{2,99}, ..., {50, 51}}. The relation 101 — @ = b has nothing to do with the
partition.

2. Let a, b, m be integers (m # 0). The relation congruence modulo m in
the set of integers is defined as follows: a is congruent to b, modulo m, if and
only if @ — b is divisible by m. We write @ = b(mod m), e.g., 15 = 5(mod 5),
but 15 # 5(mod 4). Congruence modulo m is an equivalence relation with the
number of equivalence classes in the partition defined by this relation being
equal to m. Thus, when m = 4, the set of all integers is partitioned into the
four equivalence classes [0} = {..., —4,0,4,8,...},[1]={..., =3,1,5,...},
Ri=¢{..,-2,2,6,..[3]1=4{.., —1,3,7,...}.
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2f. Ordering Relations

DEFINITION 2.20 A reflexive, antisymmetric, and transitive relation in a set
is a partial order relation or a partial ordering in that set. If R is a partial
ordering in A, the ordered pair {d4, R) is a partially ordered set.

Examples

1. The relation less than or equal, symbolized <, in any subset of the set
of real numbers is a partial ordering. The relation Jess than is irreflexive, and,
hence, not a partial ordering.

2. The subset relation in a collection of sets is a partial ordering, but the
proper subset relation is not.

3. The relations is an integral multiple of and divides in the natural
numbers are partial orderings. Note that the relations are converses of each
other. Generalizing, if a relation is a partial ordering, then so is its converse
(Exercise 2.38).

4. Let R and R* denote the relation divides in the set of natural numbers
and in the set {3, 5, 15}, respectively. Then R* = {(3, 3D, <3, 15), <{5,5),
{5, 15>, (15,15}, This is a partial ordering. Now let 4 = {5, 15} and
B =1{3,30}. Then R* n (4 x 4) = {5, 5), <5,15), 15,15}, a partial
ordering in A. But R* n (B x B) is not a partial ordering in B; since
{30, 30> ¢ R* N (B x B), the relation is not reflexive. Relation R n (B x B),
however, is a partial ordering. If A and B are any sets, and R is a partial
ordering in A, we say that R partially orders B if and only if R n (B x B) is
a partial ordering in B. In particular, R partially orders B if B < A4.

It is customary to use the symbols < and = for the designation of partial
order relations. Although the symbols derive from the natural ordering of
numbers, here they need not have anything to do with the comparison of
numerical values. Thus, one may denote the partial ordering is an integral
multiple of by <. We have then, for example, (30,5) € < or 30 < 5. (It would
be more suggestive, however, to use the symbol = here.)

DErFINITION 2.21  Define relation < inaset A asfollows: Fora,be 4,a <b

ifand only ifa < band a # b. If a < b we say that a precedes (is less than) b,
or that b follows (is greater than) a.

Example
Consider the set R* of Example 4 of D.2.20. It is a partial ordering, which
we denote by <. Here relation < is {3, 15), {5, 15)}. The set R* — < is
the identity relation {3, 3>, <5, 5), {15, 15)}.
DEFINITION 2.22 A partial order relation = in a set 4 is a simple (or linear)
ordering if and only if a <b or b<a for all a,be A. If £ is a simple
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ordering in A, the ordered pair {4, <) is a simply ordered set or chain. (If,
for some a, b € A, neither a £ b nor b £ a, then a and b are said to be
incomparable.)

Examples

1. The partial ordering less than or equal in the set of natural numbers
{1, 2, 3,...} is a simple ordering. For any two numbers in the set, one is less
than or equal to the other.

2. Consider 4 = {1, 2, 3,5, 6, 10, 15, 30}, the set of numbers that divide
30. Set A4 is partially ordered by relation less than or equal, which we denote
by =, or by the relation divides, denoted by <’. Then (4, <) and (4, £’
are different partially ordered sets. Only {4, <) is a chain.

3. The subset relation in any family of sets is a partial ordering. Only
rarely is it a simple ordering. Let 4 = {1, 2, 3}. Then 2(4) = {, {1}, {2},
{3}, {1, 2}, {1, 3}, {2, 3}, 4}. The pair (#(A4), <> is not a simply ordered set:
Since, for example, {1, 2} & {2, 3} and {2, 3} & {1, 2}, sets {1, 2} and {2, 3}
are incomparable. The pair (&, <), where & = {(J, {1}, {1, 3}, 4}, is a
simply ordered set.

DEFINITION 2.23 Let p be a simple ordering in a set A.
We define a lexicographic ordering p' in set B, where B is A" or
Un4"(n=1,2,3,...). Let <ay,...,a,, <{by,...,b,y€eB and assume
p =4q.Then <ay, ..., a,yp'<by,..., b, if one of the following holds:

(1) <ay,...,a,) =<by,...,b);
(i) a, #b, and a,pb, in 4;
(iii) a; = b, i=1, 2,..., k (k<p); and Ay #bryq
and py 1 pbryss in A.

Otherwise {by, ..., byp'<ay, ..., a,).

Examples

1. Let A ={0,1,...,9} and B = A>. Then, for example, using our
abbreviated notation for samples, 12304, 00012, 12302 € B. Let p be the rela-
tion £ (less than or equal) in 4. By Condition (i), 12304p'12304. Consider
12304 and 00012. Since the first digits differ, and 0 < 1, we have 00012p'12304.
Similarly, also by Condition (ii), 00012p'12302. With 12304 and 12302, since
the first four digits agree, and the fifth digits are different, we consider Condi-
tion (iii). Since 2< 4, 12302p’12304. A natural interpretation of the samples
is to consider them as numbers. The relation p’ is then the numerical relation
less than or equal.

2. Let A ={a,b,c,...,z} and B = (Ji=34’; Bis the set of all “words” of
six letters or less on the alphabet 4. We let p be a relation < in 4 such that
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afb=gcg - £z By Condition (i), tablep’tablet. By Condition (ii)
sablep’table and sablep’tablet. By Condition (iii), tabletp’taboo. Relation p’
defines the normal alphabetic order of words.

DErFINITION 2.24 A Jeast member of a set A relative to a partial ordering <
in A is an element b € 4 such that, for all a € 4, b < a. Similarly, a greatest
member of A4 relative to £ is a b € 4 such that, forallae 4, a £ 5.

Examples

1. The least and greatest members of the set B of Example 1 of D.2.23
are 00000 and 99999, respectively. For set B of Example 2 of D.2.23 they are,
respectively, a and zzzzzz.

2. Consider the family of sets o = {{1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}}.
Relative to partial ordering < in &/ there is neither a least nor a greatest
member of o/. Now consider o/ u{F}. There is still no greatest member, but
& is the least member. With & u{F}U{{l, 2, 3}} we have both a greatest and
a least member relative to =. The greatest member is {1, 2, 3}. Relative to
some partial ordering, a set can have at most one least member and one
greatest member (Exercise 2.41).

DEFINITION 2.25 A minimal member of set A4 relative to a partial ordering
< in A4 is an element b € A4 such that, for no ae 4, a < b (where < is
defined by D.2.21). Similarly, a maximal member is an element b such that
b < afornoaceA.

Examples

1. If a set has a least (greatest) element, then the least (greatest) element is
also a minimal (maximal) element (Exercise 2.41). If A4 is finite and {4, £}
is a chain, then A has a least and a greatest element. (B, p’>, where p’ is a
lexicographic ordering in B, is a chain, and the least (greatest) elements of
sets B in the examples of D.2.24 are unique minimal {maximal) elements of
the respective sets. The infinite set of integers / = {..., =2, —1,0,1,2, ...},
together with the less than or equal relation <, constitutes the chain {J, £).
Set 7 has neither a least nor a greatest element, and there are no minimal or
maximal elements.

2. The fact that a set has a least (greatest) element implies that the set has
exactly one minimal (maximal) element. The converse need not be true: The
union of the infinite set of odd integers and the set {2, 4} has exactly one
maximal element, namely 4, with respect to the partial ordering divides. There
is no greatest element.

3. Consider family &/ of Example 2 of D.2.24. Relative to partial ordering
< the family has three minimal elements {1}, {2}, {3}, and three maximal
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elements {1, 2}, {1, 3}, {2, 3}. The family Lu{@F}u{{l, 2, 3}} has unique
minimal and maximal elements.

DEFINITION 2.26 Let £ be a partial ordering in set 4, and let < be the rela-
tion defined by D.2.21. Then b€ 4 is a cover of a€ A if and only if a < b
and there exists no u € 4 such that a <u < b.

Examples

1. The family {{1}, {2}, {1, 2}, {1, 2, 3}} is partially ordered by <.
Here {1, 2, 3} is the cover of {l, 2}, and {l, 2} covers both {1} and {2}.
But {1, 2,3} covers neither {1} nor {2} ({1}<{1,2}={1,2,3} and
{2} = {1,2}<= {1, 2, 3}). Members {1} and {2} are incomparable. Hence
neither can cover the other.

2. Consider the partially ordered sets {4, <> and {4, £’) of Example
2 of D.2.22. We have 6 covering 5 with respect to < but not with respect to
<’ (6 covers 2 and 3 with respect to <).

DerFiNITION 2.27 Let set 4 be partially ordered by < and let < B < 4.
Then an element a@ € A is an upper bound (lower bound) of B if and only if,
for all be B, b < a (a £ b). The least (greatest) element of the set of all
upper (lower) bounds of B is the least upper bound (greatest lower bound) or
supremum (infimum) of B, symbolized lub B (glb B) or sup B (inf B).

Examples

1. Let the power set 2({1, 2, 3}) be partially ordered by <. Let B, =
{{13, {2}} and B, = {{1},{1,2}}. The set of upper bounds of By is
{{1, 2}, {1, 2, 3}}. There is only one lower bound, the null set ¢J. Then
sup B, = {1, 2} and inf B, = ¢. Neither belongs to B,. The set of upper
bounds of B, is also {{l, 2}, {1, 2, 3}}, but the set of lower bounds is
{&, {1}}. Then sup B, ={1,2} and inf B, = {1}. Both supremum and
infimum belong to B,.

2. Let set A = {a, b, ¢} be partially ordered by the identity relation =.
The only subsets of 4 with upper or lower bounds are {a}, {b}, {c}. In each
case the upper and lower bound is the single element belonging to the set.
Each upper bound is a supremum and each lower bound an infimum, e.g.,
sup {a} = inf {a} = a.

Algorithm 2.2 is a procedure for the construction of diagrams that
represent partially ordered sets. The diagrams help identify least and greatest
elements, minimal and maximal elements, and the various bounds of subsets.
The basis of the algorithm is the observation that if {4, <) is a finite par-
tially ordered set, then a, <a, in A if and only if there exists a chain
a; <a, <+ <a,in whicha;,, coversa, fori=1,2,...,n—1.
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ALGORITHM 2.2 Consider the partially ordered set (4, £>. Represent each
element a; € 4 by a node «; in the plane, and consider all ordered pairs
{a;, a;) belonging to 4 x A. Draw node «; above node «; if and only if
a; < a;, and join nodes «; and «; by a line if a; covers a;. The result is a
diagram for {4, <) in which there is a sequence of joined lines ascending
from node «, to node «,, if a, < a,,.

Example

Diagrams (a) and (b) of Figure 2.8 represent, respectively, the partially
ordered sets {4, £> and {4, £’) of Example 2 of D.2.22. Diagram (c)
represents the partially ordered set (2({l, 2, 3}), < ). Diagram (d) represents
(s, <) of Example 2 of D.2.24, and Diagram (e) the partially ordered set
{4, =) of Example 2 of D.2.27. Diagrams (b) and (c) are equal.

30

—_ W o O

(a) (b) ©

(1,2} adl,3} #{2,3}
M ea ehH ec
U} 2} e {3}
(&) (e)
Figure 2.8

Any node from which there is no ascending line represents a maximal
element, and, if there is only one such node, it also represents the greatest
element. Nodes from which there are no descending lines represent minimal
elements. If there is only one node with no descending lines, this node repre-
sents also the least element. We can have 4 = B in the context of D.2.27.
Therefore, the node representing the greatest (least) element of a partially
ordered set also represents the supremum (infimum) of this set.
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THEOREM 2.11 Every nonempty finite partially ordered set can be repre-
sented by a diagram.

Proof (by induction on n, the number of elements in the set).

(i) Basis. The only ordering of a set {a,} can be a; < a,. This is repre-
sented by a single node.

(ii) Induction step. Assume the theorem for a partially ordered set on
n — 1 elements. Let 4 be a set of n elements, partially ordered by <. Since 4
is finite, it has at least one maximal element, say a,, (see Exercise 2.42). If a,,
is omitted, the set 4 — {a,,} is still partially ordered by <, and it has n — 1
elements. But this set has a diagram (induction hypothesis). Therefore, take
this diagram and place a node a,, above it. Then, for all g; that are covered by
a,,, join a; and «,, in the diagram. The result is a diagram for A4.

DerFINITION 2.28 A function f: A — A4’ is order preserving relative to an
ordering < for 4 and an ordering <’ for A’ if and only if a < b in 4
implies f(@) <’ f(b) in A’. If there exist order preserving functions f: 4 — A’
and f~': 4’ — A, then the partially ordered sets {4, <> and (4’, <') are
said to be order-isomorphic.

Examples

1. Consider the sets {1, 2, 3, 5, 6, 10, 15, 30}, partially ordered by divides,
and 2({1, 2, 3}), partially ordered by the subset relation. Let f be the function
{1, @5, <2, {1}), (3, {2}, <5, (3}), <6, {1, 2}), <10, {1, 3}), <15, {2, 3},
{30, {1, 2, 3}>}. It is easy to see that both fand f~! are order preserving.
This is particularly easy to see by reference to the diagrams of the partially
ordered sets, Diagrams (b) and (c) of Figure 2.8.

2. Let 4 =1{ay,a,,a;,a,} and B={by, b,, b;, b,}. Define a partial
ordering in A: a, £a,, a,<as, a; <a,, a;<a,. Define also a
partial ordering in B: by <" b, <’ by £’ b,. Then f: A — B, defined by
{<a;, b;>|1 £ i <4}, is order preserving. Clearly f is one to one. Hence
f7!:B— A exists. But ™! is not order preserving; we have b, <’ b,, but

f7Hby) =a, and f7'(b;) =a; are incomparable. Figure 2.9 represents
{4, £) and (B, £>.

THEOREM 2.12 Two partially ordered sets can be represented by the same
diagram if and only if they are order-isomorphic.

Proof. Denote two partially ordered sets by (4, <> and {4’, £’>, and
assume that both sets are represented by the one diagram. In the coincident
diagram each node a; represents an a; € 4 and an a] € A". Therefore, there
exist functions f:4—»A4" and f7': 4" > A such that {a, a)>ef and
{al,a;» €. Since we have the same diagram, clearly a; < a; if and only if
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by

a, by

a, a, b,
a b,

Figure 2.9

a; < aj. Hence having the same diagram implies order-isomorphism. Con-
versely, assume that {4, <> and {4’, £') are order-isomorphic, and con-
struct a diagram of 4. There exists an order preserving function f: 4 - 4’,
and, since f ™! also exists, f is one to one. Hence we can let node a;, which
represents a; € A, also represent the image of a; under f. Clearly, since order-
isomorphism means that f(a;) <’ f(a;) if and only if a; £ a;, the diagram
represents 4’ as well.

2g. Lattices

DEeFINITION 2.29 Let {4, <) be a partially ordered set. The system (4, <>
is a lattice if and only if each pair of elements a;and a; of 4 has a supremum
and an infimum in 4. We denote sup {a;, a;} by a; ®a; and inf {a;, a;} by
a; xaj.

Examples

1. Let X=1{1,2,3,5,6,10, 15,30} be partially ordered by relation
divides, which we denote by D here. Every pair of elements of X has a
supremum and an infimum. (X, D) is therefore a lattice. Since no subset of a
set has more than one supremum and one infimum (relative to a given partial
ordering <), @ and = are well-defined operations (see Exercise 2.43). For a
finite lattice (A4, <) we can therefore draw up a table of images for all ele-
ments of 4 x A under @ and . Table 2.13 is such an “‘addition” and “‘multi-
plication” table for (X, D). Since x; ®x; = x; Dx;, X; * x; = x; * x;, and
x; ®x; = x; * x;, both operations can be defined by a single array in which
the diagonal is shared. Entries above the diagonal constitute the rest of the
“multiplication” table, and entries below the diagonal complete the “addi-
tion” table. We can denote a lattice (A4, <> by {4, @, *)>. This notation
emphasizes the operations in the lattice rather than its structure as a partially
ordered set.
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TABLE 2.13
OPERATIONS @® AND * IN {X, D)
xs x| 1 2 3 5 6 10 15 30
1 [1T]1 1 1 11 1 1
2 2 | 2 1 2 2 1 2
3 3 6 [ 3] 1 3 1 3 3
5 5 10 15 {51 S5 5 5
6 ''6 6 6 30 | 6]l2 3 6 °V
10 10 10 30 10 30 {10} 5 10
15 15 30 15 15 30 30 [ 15] 15
30 30 30 30 30 30 30 30| 30 |

! xi @D x;

2. Any partially ordered set {4’, <) that is order-isomorphic to a lattice
(A, £) is also a lattice. Let f: 4 > A" be the order preserving function
associated with the isomorphism. Then, if g, is the supremum (infimum) of
{a;, a;} relative to <, f(a,) is the supremum (infimum) of {f(a,), f(ay}
relative to <’. The partially ordered set (2({1, 2, 3}), € ) is order-isomorphic
to the lattice <X, D) of Example 1; it is therefore also a lattice; i.e., the
lattice may be denoted by <2({1, 2, 3}), u, n). The two lattices are repre-
sented by Diagrams (b) and (c) in Figure 2.8,

3. A partially ordered set need not be a lattice. Let 4 = {a, b, c} be
partially ordered by the identity relation =. Then {4, =) is a partially
ordered set, but subsets {a, b}, {a, ¢}, {b, ¢} of 4 have neither suprema nor
infima (see Diagram (e) of Figure 2.8).

4. Consider lattice {4, @, * .. A lattice (B, @Dy, *p), where B< 4,isa
sublattice of (4, @4, *,> if @©p and *p are restrictions of @, and *, to
Bx B. Let (X, D) be the lattice of Example 1. Define the following subsets
of X:X,=1{2}, X,={1,2,3}, X;={2,3,6}, X,=1{1,2,3,6}, Xs=
{1, 2,5, 6, 15, 30}. Now consider partially ordered sets {X;, D n (X; x X;)).
They are lattices when i = 1, 4, 5, but not when i = 2, 3. The lattices are sub-
lattices of (X, DY wheni=1,4.But2®5=10in (X, D>and 2@ 5 =30in
(X5, Dn(Xs x X5)>. Hence @ is not a restriction in this instance (neither
is *), and the lattice of X is not a sublattice of (X, D).

5. Define a relation R in the family 2 = {&/,| o/, is a partition of set 4}
as follows: .o/, RsZ, if and only if every block of &, is the subset of some
block of «7,. Relation R is expressed in words as is a refinement of (since
o/, Rsf, implies that &, has more blocks than o, when m # n). Relation R
is a partial ordering in & and the system (£, R) is a lattice.
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DEerINITION 2.30 A lattice <4, ®, =) is distributive if, for all a, b, c € A,
a@bxrxc)=@db)*@do),
a*x(b®c)=(ax*b)D(ax*c).

Examples

1. Diagrams (a), (b), and (c) of Figure 2.8 represent distributive lattices.

2. The lattice represented by Diagram (a) of Figure 2.10 is not distribu-
tive. We have x, @ (x3 * x4) = x, ®xs5 = Xx,, but (x, Px;3) * (x, Dxy) =
x4 * x4 = x,. Diagram (b) of Figure 2.10 represents the lattice

A, {13 {2}, {33, {1, 2, 3}}, <),
Lattices represented by these diagrams are clearly order-isomorphic. Note
here that lattice operations @ and * cannot be interpreted as set operations
v and N in the lattice of the sets. We have, for example, {1} D {2} =
{1,2,3} # {1} U {2}.

X1 {1,2,3}

Figure 2.10

THEOREM 2.13 Let {4, £)> be a lattice. Then A4 has exactly one minimal
(maximal) element relative to < if and only if it has a least (greatest)
element relative to <.

Proof. For any partially ordered set (4, <>, if 4 has a least element,
then A has a unique minimal element (Exercise 2.41). The converse is true
only for some partially ordered sets. To prove it for a lattice, let @ and b be
arbitrary elements of 4. Since a * b = inf {a, b}, it follows from D.2.27 that
a * b < a. Now, in particular, if @ is a minimal element of 4, then a * b <a
does not hold, and we have a * b = a. Since a * b = a implies a < b (Exercise
2.52), and b is completely arbitrary, a is a least element. Analogously we can
prove identity of maximal and greatest elements.

Example

Since finiteness of A guarantees existence of minimal and maximal ele-
ments (Exercise 2.42), we have a corollary: If (4, <) is a finite lattice, 4 has
unique minimal and maximal elements. In the lattices of Figure 2.10 elements
xs and (J are minimal, and elements x; and {1, 2, 3} maximal.
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DeriNiTION 2.31 If (A4, £ is a lattice, and A4 has maximal and minimal
elements relative to <, the (unique) maximal and minimal elements are
called bounds of the lattice and the lattice is called a bounded lattice. The
bounds are distinguished by special names: The maximal and minimal
elements are given names 1 and O, respectively.

DeriniTION 2.32 Let {4, <) be a bounded lattice. Then {4, £> (or
{4, @, *>) is a complemented lattice if, for every a € A, there exists an
element a’ € A such that a®a’ =1 and a *a’ = 0. An element a’ satis-
fying these conditions is a complement of a.

Examples

1. If a lattice is not bounded, then it cannot be complemented. Even a
bounded lattice need not be complemented. Lattice {2/, <) of Figure 2.11
has bounds ¢ and {I, 2, 3}. The only elements b that satisfy the equation
{1,3} ®b=1{1,2, 3} are {1, 2}, {2, 3}, and {l, 2, 3}. But for these elements
{1, 3} * b # ¢&. On the other hand, in the lattice of Diagram (c) of Figure
2.8, {1,3} ®{2} ={1,2,3} and {1, 3} * {2} = .

{1,2,3}

(2,3}

3

j%3

Figure 2,11

2. The lattices of Figure 2.10 are complemented, but only elements 1 and
0 have unique complements: 1’ = 0 and 0’ = 1. In the lattice of Diagram (a)
we have that x; is a complement of x, (x, ®x; =1 and x, * x; = 0), and
also that x, is a complement of x, (x,®x, =1 and x, * x, = 0). Similarly,
X3 has complements x, and x,, and x, has complements x, and x;.

DErFINITION 2.33  Let {4, <) be a complemented lattice. If each a € 4 has
a unique complement in A4, then {A, <) is uniquely complemented.
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Example

Lattice (2({l, 2, 3}), =) is uniquely complemented. We have already
seen that the complemented lattices of Example 2 of D.2.32 are not uniquely
complemented.

Let us now summarize our knowledge about lattices. Let {4, <) be a
lattice and let @, b, ¢ be any elements of 4. The following results hold for all
lattices (see Exercise 2.53):

a®b=>bPa, axb=bxa;
aDbDc)=(@Db)yDc, axbxrc)=(axb)xc.
If {4, £) is distributive, we have, in addition,

a@brc)=@Db)*(@Do),
ax(bDc)=(axb)D(axo).

If (4, £) is bounded, then 0 < a and a £ 1 for all a € 4. But this implies
(see Exercise 2.52)

a®0=a, axl=a.

Finally, if {4, <) is complemented, then, for each a € 4, there exists some
a’ such that

a®a =1, axa =0.

The properties of distributive complemented lattices are precisely the
axioms of Boolean algebra. Boolean algebras are therefore lattices of a
special type. Since lattices are more general algebraic systems than Boolean
algebras, all theorems that hold for lattices hold for Boolean algebras. Since
Boolean algebras are in fact distributive complemented lattices, every
theorem that has been proven for Boolean algebras holds for such lattices,
but not necessarily for lattices in general.

THEOREM 2.14 A complemented distributive lattice is uniquely comple-
mented.

Proof. Th. 2.14is Th. 1.9.

2h. Abstract Algebras

We have seen (in Section 2¢) that some algebraic systems deriving from
different application areas, such as switching algebra and the algebra of
truth values, are so similar in most respects that they can be taken to be
essentially the same system. The notion of similarity and sameness were,
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however, left vague. A formal discussion of these concepts has been deliber-
ately postponed because their proper understanding requires reasonable
familiarity with the abstract approach. This, we hope, has now been gained.

In quite general terms an algebra consists of a set 4 with some dis-
tinguished elements and functions from 4" into 4. Since the partial ordering
< is not a function, a lattice written as (L, <) is not an algebra; written in
the form (L, @, =) is it an algebra.

DErINITION 2.34 Let A be a nonempty set. Every function f: A" — A4
(n=0,1,2,...)is an n-argument operation in A. By a O-argument operation
x in A we understand a constant (distinguished) element x € A.

Example

In the complemented distributive lattice or Boolean algebra (L, ®, *, ’,
0, 1> we have the set of operations {@®, *, ', 0, 1}. Operations @ and * are
functions from L? into L, operation ' is a function from L into L, and 0 and 1
are zero-argument operations.

DEerFINITION 2.35 Let f be an n-argument operation in 4. Then a set B, such
that B < 4, is said to be closed under f if f(x, x;,..., x,) € B for all
Xy Xgyeeey Xyy €B"

Example

Consider algebra <X, @®, *> of Example 1 of D.2.29 and subsets X; of X
as defined in Example 4 of D.2.29. Inspection of Table 2.13 shows that sets
X, and X, are closed under both operations, set X, under *,set X; under @,
but that set X is not closed under either operation.

DEFINITION 2.36 Let A be a nonempty set. The system (A4, f1, f2, s fur>
where each f; is an n;-argument operation in A, is an abstract algebra. (The
set of operations of an abstract algebra does not have to be finite. We have
made it finite purely for convenience.)

Example

(L, @, *), where ® and * are two-argument operations in L, and
(B, ®, %', 0, 1), where @ and * are two-argument operations in B, ' is a
one-argument operation, and 0 and 1 are zero-argument operations, are
abstract algebras. It is customary to denote an algebra by its set; here we may
speak of the abstract algebras L and B. We cannot call L a lattice or B a
a Boolean algebra unless we also specify the appropriate sets of axioms that
the systems have to satisfy. But if we do so, then L and B cease to be abstract
algebras.
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DEFINITION 2.37 Let A be the abstract algebra {4, f}, f5, ..., f,.» and con-
sider a subset B of A. An abstract algebra {B, h,, h,, ..., h, >, where each
h; is a restriction f;| B" and B is closed under f;, is a subalgebra of A.

Examples

1. It is customary to denote an operation and its restriction by the same
symbol. The algebra <{0, 1}, @, *, ", 0, 1) is a subalgebra of (B, ®, *,", 0, 1.
If B> {0, 1}, the @ in algebra {0, 1} is not the same as the @ in algebra B.
We use the same symbol because @ in {0, 1} is a restriction of the @ in B to
{0, 1}%.

2. Consider algebra (X, @®, *)> of Example 1 of D.2.29 and subsets X
defined in Example 4 of D.2.29. The systems { Xy, ®, #> and {X,, ®, %) are
subalgebras of (X, @, *). Although {Xs, P, *) is an abstract algebra, it is
not a subalgebra of { X, @, *>. Systems {X,, D, %) and {X;, @, * are not
even algebras (2@3 is not defined in X, and 2 % 3 is not defined in Xj3).
Note that <X, @, =, ', 1, 30> is also an abstract algebra. Then
(X;, @, *, ', 1, 30> can be an algebra only if 1 and 30 are members of X;.
Element 30 is not a member of X, X,, X5, or X,,. Both 1 and 30 are mem-
bers of X5, but ’ is not an operation in X (for example, 6 has both 5 and 15
for complements). The system {X,,®, %, ', 1, 6} is an algebra, but, since an
algebra and its subalgebras must have the same constant elements, this
algebra cannot be a subalgebra of X.

DEFINITION 2.38  Abstract algebras <4, f1, /2, .- > fwy and (B, A, hy, ..., A
are similar if m = n and each h; has as many arguments as the corresponding
f;. Consider similar algebras 4 and B. A function ¢: A — B is a homo-
morphism of A into B (or onto B if ¢ is an onto function) if and only if
A(filxy, X35 o oes X)) = B(P(xy), P(x2), ..., P(x,)) foralli=1,2, ..., m
and for every nysample of 4. A homomorphism that is one to one and
onto is an isomorphism. In particular, if sets 4 and B are equal, a homo-
morphism is called an endomorphism and an isomorphism is called an
automorphism.

Examples

1. An algebra of sets <4, U, n, 7, &, U and the algebra of truth values
(F, T}, v, A, 71, F, T) are similar. Let 4 = Z({a, b}) and define functions
a: {F, T} = A4, B: {F, T} —> A4, y: A—{F, T} such that «(F) = {a, b} and
«T) =@, B(F)=& and H(T)={a, b}, and y({a,b}) =y({a}) =T and
y({b}) = (&) = F. Since, for example, «(F AT) = {a, b} and «(F) n o(T) =
&S, a is not 2 homomorphism. Function f is a homomorphism into 4 (but not
onto A). Function y is a homomorphism onto {F, T}. Since, however, it is
many to one, the function is not an isomorphism.
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2. Let A={, U} and B={F, T}, and consider the algebras
A, u,n, ~, #, U>and (B, v, n, 1, F, T). The function¢: 4 — B such
that ¢(F) = F, $(U) = T is an isomorphism. If ¢: A — Bis an isomorphism,
then ¢~ ': B— A is also an isomorphism. We say then that algebras 4 and B
are isomorphic to each other and that each algebra is an isomorphic image of
the other.

3. Consider algebras of sets

<9(A1)7 U, N, —’ @9 U>
and

<W(A2), n, U, _’ Ua ®>3

and let A, = A,. Then the function ¢: P(4,) - P(A4,) such that p(X) = X
for all X € #(A4,) is an automorphism.

THEOREM 2.15 Two lattices, considered as algebras, are isomorphic if and
only if they are order-isomorphic when considered as partially ordered
sets.

Proof. The proof is not particularly difficult. It does, however, depend
on several theorems in the theory of lattices that we consider irrelevant to the
purposes of this book.

Example

The partially ordered sets represented by Diagrams (b) and (c) of Figure
2.8 are order-isomorphic. They are lattices. The lattice of Diagram (b) can be
considered as the algebra {L,, p, ), where the two-argument operations u
and ¢ have as their respective images the least common multiple and the
greatest common divisor of the arguments. The lattice of Diagram (c) can be
considered as the algebra <L, , U, n), where U and ~ have their usual set-
algebraic meaning. The function {{1, &>, <2, {1}>, {3, {2}>, <5, {3},
6, {1,2}>, <10, {1, 3}>, <15, {2, 3}>, <30, {1, 2, 3}>} is an isomorphism.
Hence L, and L, are isomorphic.

With the introduction of the concept of isomorphism we hope to have
clarified the notion of essential sameness. If two abstract algebras are iso-
morphic, then, with respect to their structure, they can be regarded as one and
the same algebra. We shall now link the concepts of isomorphism and
equivalence classes and find that a number of results of great practical
importance arise. Isomorphism is of particular importance in the study of
Boolean algebras. Since a distributive complemented lattice is a Boolean
algebra, we know already that finite Boolean algebras are isomorphic if and
only if they have the same diagram when considered as partially ordered sets
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(Th.2.12 and Th.2.15). But we are interested in infinite (not necessarily
Boolean) algebras as well. For example, turning to statement calculi, we find
that no bound can be put on a sequence of statements in just p and Vv alone:
p, pPVDp, PVpVp, ... . We shall, therefore, discuss isomorphism in rather
general terms.

DeriniTION 2.39 If R is an equivalence relation on a set A4, the partition of
A induced by R is the quotient set of A by R, denoted A/R (and read
A modulo R).

DerINITION 2.40 An equivalence relation R on A4 is a congruence with
respect to an operation f: A™ — A if, for all m-samples {x, x5, ..., X,.»
and {y;, ¥z, ..., Vm» Of A, the conditions x; Ry, x,Ry,, ..., xRy, imply
{fxy, X200 oevs X)s S (V15 Y2y +-+s Ym)> € R. If relation R is a congruence
with respect to every operation in an abstract algebra 4, we call it a
congruence in A.

Examples

1. The universal relation is a congruence. Then A4/R has exactly one
member. This member is the set A4 itself. If a congruence R is not a universal
relation on A (i.e., if the quotient set has more than one member), relation R
is called a proper congruence.

2. Consider a set of statements S and operations v, A, —1 in S. The
biconditional <, interpreted as a relation, is clearly an equivalence. We can
show that p<s and g« for p,s,q,teS imply (pvg)e(svi),
(pAg)—(sAt), and T1p<<>—1s by means of truth tables (we do so for the
operation Vv in Table 2.14, where we need only consider truth value assign-
ments to p, s, g, ¢ for which the conditions p <> s and g < ¢ hold). Hence « is
a congruence with respect to v, A, and . Since, for any p€ S, p and —1p
belong to different equivalence classes, it is a proper congruence. Relation <
is a congruence in the algebra {S, v, A, 7).

TABLE 2.14

CONGRUENCE OF <> WITH RESPECT TO V

p q s ¢ pers qgert (pvg)e(sVvi)
T T T T T T T T T
T F T F T T T T T
F T F T T T T T T
F F F F T T F T F
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TaeOREM 2.16 Let R be a congruence in an algebra {4, f1, /5, ..., fm>- Then,
corresponding to every f; on A™, there exists an operation f; on (4/R)™
such that f7([x,], [x,], ..., [x,]) =[filxy, x5, o0y X)), i€,

CAIR f1s fasvos fa
is an algebra similar to algebra 4. (4/R is called the quotient algebra of A
by R.)

Proof. Since xRy, x,Ry,, ..., x,Ry,, imply { filx,, x5, ..., X,),
Si{»1, ¥2, -5 Yu )0 € R, we have that [ f(x,, x,, ..., x,,)] is independent of
the choice of elements x;, x,, ..., x, from the equivalence classes
[x], [x2], ..., [x,]. Therefore, the definition of f; does in fact define an
operation, {A/R, fi, fs, ..., f,» is an algebra, and clearly this algebra is
similar to algebra {4, fi, f2, -+, [y

TBEOREM 2.17 If R is a congruence in an abstract algebra 4, then f: 4 — A/R
such that f(x) = [x] is an onto homomorphism (called the natural homo-
morphism from 4 onto A/R). Conversely, if g: A — B is a homomorphism,
there exists a congruence Q in A4, and the algebra 4/Q is isomorphic to B.

Proof. That fis a homomorphism follows at once from the definition of
homomorphism and the definition of the operations in A/R. The homo-
morphism must be onto: If [x] € A/R, then clearly x € 4 and f(x) = [x]. Next
consider an n-argument operation k in algebra 4 and the corresponding
operation k£’ in the similar algebra B. Define a relation Q in 4 such that xQy
if and only if g(x) =g(y), and assume that conditions x,Qy,, ..., x,0y,
hold for some x4, ..., x,, ¥1, .-, ¥ € A. By definition of homomorphism and
the equalities g(x() =g(yy); - .., g(x,) =g(yn)s

glk(xy, ooy x)) =K' (g(xy), ..., g(x,)
=k'(@(y1), ..., 9(¥))
=gk( Y1, oo, Yu))-

But this means that <k(xy, ..., x,), k(¥y, ..., y,)> € Q. Hence Q is a con-
gruence in 4. Now define relation # as follows: & = {{[x], g(x)) |[x] € 4/ Q}.
Clearly, by the definition of Q, /4 is a one-to-one function. Therefore, if 4 is
a homomorphism, it is also an isomorphism. By Th.2.16, algebras 4 and
AJQ are similar. Since g is a homomorphism, 4 and B are also similar, and,
since similarity of algebras is clearly a transitive relation, algebras 4, B, and
A/ Q are all similar. We introduce an n-argument operation ¢ in 4/Q corre-
sponding to operations k in 4 and k" in B. Then

Mp(xy), - .o [x,]) = A(k(xy, . .., x,)D
=g(k(xy, - .-, X))
=k'(g(xy), ..., g(x,)
=k'(h([x1]), - - -, A(x.D),



92 2 Functions and Relations

and we have shown 4 to be a homomorphism and hence an isomorphism.
(Since ¢ is an operation in a quotient algebra, Line 1 follows from Th.2.16.
Lines 2 and 4 are given by the definition of 4, and Line 3 is a consequence of
the assumption that g is a homomorphism.)

By Th.2.17, the existence of a homomorphism g: 4 — B implies existence
of a congruence R in 4, and of an isomorphism from A4/R onto B. Further, if
homomorphism g': A — C also determines congruence R, then A/R, B, and
C are all isomorphic, i.e., they are essentially the same algebra, namely
A/R. Since the algebras are isomorphic, homomorphisms g and g’ are not
essentially different from the natural homomorphism f: 4 —» A/R. Discussion
of onto homomorphisms of an algebra and the images under the homo-
morphisms can therefore be reduced to a consideration of natural homo-
morphisms and quotient algebras. It should be clear that natural
homomorphisms on an algebra are in one-to-one correspondence with
congruences in the algebra.

In the discussion of Boolean algebra B in Section le we could not explain
the significance of the relation =. We are now in a position to assign a precise
meaning to it. From an examination of the axioms and theorems we note that
this relation must be an equivalence relation, and that if a(x,, ..., x,) and
oy, ..., ¥, are Boolean forms in variables xy, ..., x,, ¥;, ..., ¥,, which
stand for elements of B, then x, = yy, ..., x, = y, should imply a(x, ..., x,)
=a(y, ...,y,). We assert that these conditions constitute an adequate de-
finition of the relation. Comparison of the definition with D.2.40 shows
that = is a congruence in B. In a model of an algebra the congruence =
should be precisely defined. The congruence is then called the natural con-
gruence for the model. In an algebra of sets the natural congruence is
equality of sets, and the symbol = denotes it nicely. Sometimes, however,
it is more suggestive to use a symbol other than = for a natural congru-
ence. Thus, the symbol for the natural congruence in the algebra of truth
values is <.

In Example 2 of D.2.40 we found that relation < is a congruence in an
algebra of statements {S, v, A, 7). Perhaps we could find zero-argument
operations that would make .S a Boolean algebra. The algebra of truth values
suggests that we should look for some statement that is always true and some
statement that is always false. But (p v —1p) is always true and {p A 71 p)
always false for every p € S. Consequently there is nothing unique about the
constants. Indeed we can find no unique pair of constants that would make .S
a Boolean algebra. But S/ is a Boolean algebra. Clearly (pv 71 p)«>
(gv 1g) and (p A—1p)—(g A1q) for any p,ge S. We can therefore
define equivalence classes T =[pv —ip] and F=[p A71pl. Then the
quotient algebra {S/,. v, A, 71, F, T) is a Boolean algebra. Operations
v, A, and 1 are analogs of the operations in S; they are defined by Th.2.16.
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Notes

The general references of Chapter 1 cover the material of this chapter as
well. To those we add [Ho66], which deals with applications of Boolean
algebras, and [Ru65], which is a clear introduction to lattice theory.

Although not considered here at all, minimization of Boolean forms is an
important topic of great practical significance. [Ha65a] contains a thorough
discussion of minimization techniques. Besides parallel and series arrange-
ments, there are bridge switching circuits (for an example see Exercise 2.14),
which may need fewer switches than their equivalents in series and parallel
form. They, too, are studied in [Ha65a]. The algebra of two-state switches
can be generalized to a system in which switches have more than two states.
A ternary switching algebra is studied in [He68].

The CODASYL Development Committee has published a report on an
Algebra of Information based on the theory of functions. [Zz62a]—[Cl162] is
a shortened version of the report; [Mc63a] contains an example of the use of
the algebra of information in the formulation of data processing problems.
[Me67] is a more recent paper taking the same approach.

A proof of Th.2.15 is found on p. 41 of [Sz63]. Stirling numbers of the
second kind of Exercise 2.35 are tabulated in [Ab64].

Exercises

2.1 (a) Which of the following sets are functions?

@) {1, 15,<2,4>, (3,9), (4,16), ...}
(i) {<a, b,c), <a,c, by, (b,a,d)}.
(iii) {<a, <b, 3D, <a, (¢, b)), <b, (a, d})}.
(iv) {{a, b}, >, {{a, c}, b), {{b, a}, d)}.
2.2 (a) Consider the Cartesian product 4 x B, with |4] =m and |B| = n.
(i) What is the greatest number of elements that a set C = 4 x B may
have if it is to be a function?
(ii) If f: A > B and m < n, can f be onto B?
2.3 (a) Prove Th.2.1.
2.4 (a) Prove Th.2.2.

2.5 (a) A function on a set S into the same set is said to be in S. How
many one-to-one functions are there in a set of # elements ? How many onto
functions are there in this set? How many into functions?

2.6 (a) Show that the elements of the Cartesian product 4 x B are in
one-to-one correspondence with the elements of B x A.
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2.7 (b) Let B={0,1} and consider functions from B? into B. Let
f0,0)=/(0,1)=0, f(1,O)=/(1,1=1; (0,0 =¢0,1)=1, ¢(1,0) =
g(1, 1) = 0. Define f@g, f*g, f*f, g xf by a table similar to Table 2.1,
2.8 (b) Withreference to D.2.8, which of the following are Boolean forms?

(1) Xy DXy * X3 DXy * X5 D X635

() () * ()3

(i) (((Ccp) * (¥ Dx3)) * X4);

i) ((x)))).
29 (b) What is the Boolean function corresponding to Boolean form
(x; ®x3) * (x; Dx;) of Table 2.3 when B = {0, 1}?
2.10 (b) Simplify the conjunctive normal form of Tables 2.4 and 2.5.
2.11 (b) Repeat the proof of Exercise 1.23.

2.12 (c) Write down the switching function corresponding to the circuit of
Figure 2.12. Simplify the circuit.

.
Xy

’

X3
Figure 2.12

2.13 (c) Draw a circuit corresponding to the switching function
(g * x3) D (xy * x;))'.

2.14 (c) In all switching circuits considered in the text connections have
been in series or in parallel. It is possible to reduce the number of switches
necessary for the implementation of a switching function by means of bridge
circuits. Figure 2.13 shows the bridge circuit corresponding to the series-
parallel circuit of Figure 2.3. Show that the circuits are in fact equivalent.

—xx—‘[—xz—x's_‘[—xl—\
:
X3 X3

oo l——' o
.
X3 X3
_x’l_l_x’z_x3_l_x4_A

Figure 2.13
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2.15 (c) Function f of Table 2.1 defines a NOR-gate. Using NOR-gates
alone, design circuits that function as (i) inverter, (i) OR-gate, (iii)) AND-gate,
(iv) NAND-gate.

2.16 (c) Design gating circuits with three inputs and a single output that
give an output signal when

(1) exactly one of the inputs carries a signal,
(i) at least two inputs carry signals,
(iii) exactly two inputs carry signals,
(iv) at least one and at most two inputs carry signals.

2.17 (c) A binary half-adder is a circuit having two inputs and two outputs,
where the outputs are defined by Table 2.15. A full adder has three inputs
(p, g, k) and two outputs (s, ¢), defined by Table 2.16. Design a half-adder,
and, hence, using two half-adders and an OR-gate, the full adder.

TABLE 2.15
Input Output
p q 5 c
0 0 0 0
0 1 1 0
1 0 1 0
1 1 0 1
TABLE 2.16
Input Output
p q k s c
0 0 0 0 0
0 0 1 1 0
0 1 0 1 0
0 1 1 0 1
1 0 0 1 0
1 0 1 0 1
1 1 0 0 1
1 1 1 1 1

2.18 (c) Define a (Boolean) statement form in the algebra of truth values.
2.19 (c) Show that p — g is functionally equal to p Vv g<»gq.
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2.20 (c¢) Show that the following composite statements are tautologies.

(i) g Agvp)—p;
(i) (mg->"1p)e(p—9);
(i) ((p—9q) Alg—p)=(p9);
(i) (p= A p—->719) (P9
2.21 (¢) By means of a computer program show that the following are
tautologies:

N alp=g) A(r="19)—r;

(i) (peo@ Alg—n) ACIFV ) A(TIp—s)—s.
2.22 (c) Show that (p —q) A(g—r) A(r— p) implies (i) p—r, (i) pegq,
(iii) g —r. (Note that these implications justify the form of the proof of
Th.1.6.)

2.23 (c) Are the operations — and « associative?

2.24 (c) Giventhata < bifand onlyif botha < b and a # b, show that the
statement, “if @ £ b then a < b or a = b is true.

2.25 (c) Examine the validity of the following argument, in which the last
sentence is the conclusion.

If the balance of payments situation deteriorates, imports are high and
exports are low. A surtax has been imposed. A surtax causes money to
become scarce. If money is scarce, both imports and exports are low. The
balance of payments situation does not deteriorate.

2.26 (c) Instead of using truth tables to arrive at the truth value of a
composite statement, one may use an arithmetic procedure with the following
representations

p — 1 +p,
prnqg — pt+qg+pg
pvqg — pq.

When the value T (F) is assigned to a prime statement, the value 0 (1) is
assigned to the corresponding variable in the arithmetic expression. Addition
is performed modulo 2, i.e., we have

0+0=0, 0+1=1+0=1, 1+1=0.

A tautology is identically equal to 0. The representation of T1sA(svt), for
example, is (1 + ) + st + (1 +s)st =1 + 5 + st + st + sst = | + 5 + st (since
p+ p=0and pp = p). We have then, corresponding to assignments F to s
and Ttot, | + 1 + 10 = 0. Find arithmetic representations of p — g, p«<¢q
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and p Ag aAr. Demonstrate the validity of the argument of Exercise 2.25 by
arithmetic means.
227 (d) If |4] = mand |B] = n, how many binary relations are there from
set 4 to set B? How many binary relations are there from 4 to Bif 4 = B?
228 (d) Let I={1,2,3,4,5}. List members of the following relations
in I:

W IxI

(i) {<x, p>|x,yel and x<y};

(i) {<x, »>|x,yel and x=y}.
Which of the relations is a function?
229 (d) Can {£a, b),<a, b, c>, (b, c), b, c,d>} be a relation in a set?
230 (d) Give examples of relations p in I={1,2,3,4,5} such that
R,=D,and (Dp=p~ ", (i) p #p~".
2.31 (d) Characterize the following relations according to D.2.17:

(i) A4 x A considered as a relation in A4;
(i) x > yin a set of integers;
(iii) x and y are brothers;
(iv) identity relation;
(v) square root relation in the set of integers.

2.32 (d) Show that a nonempty transitive and symmetric relation cannot
be irreflexive but need not be reflexive.

2.33 (e) Which of the following are equivalence relations?

(i) x and y take the same course in the set of students of a university.
(D) {<xg, X200, KXy, XD | X1 + x4 = X5 + X3}
(i) {<<Coxys X205 (X3, X4DD [ X1 + X3 = x5 + X4},
2.34 (e) Find the equivalence classes corresponding to the following
equivalence relations:

(i) Ax4d;
(ii) identity relation in a set {x,, X5, ..., X,};
(iii) the relation of Part (ii) of Exercise 2.33 in the set N = {1, 2},
{3,4>,{56),...}.
(iv) the relation of part (ii) of Exercise 2.33 in the set {0, 2, <1, 2>,
(2,4, (3,4),<4,6), {5 6),...}.
2.35 (e) Define the numbers S(n, m):
SO,n) =Sn,0=0 (n>0),
S,m=1 (nz0),
Sn,m)y=mS(n—-1,my+Sn~1,m—-1) (n>0).
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These numbers are called Stirling numbers of the second kind. Show that
Y m=% S(n, m) is the number of equivalence relations in a set of n elements.

236 (f) Let X be the set {1, 4, 9, 16, ...}. Suggest one or more partial
ordering relations on X,

2.37 (f) Show that the identity relation in a set is the only relation in this
set that is both an equivalence relation and a partial ordering.

2.38 (f) Show that if relation R is a partial ordering, then R™! is also a
partial ordering.

239 (f) A reflexive and transitive relation is a preordering. Every partial
ordering is, of course, a preordering. Give an example of a preordering that
is not a partial ordering.

240 (f) Consider set 4 = {2, 6, 10}, partially ordered by the relation
divides. Find all subsets of 4 that are simply ordered by divides.

241 (f) Show that, relative to a partial ordering, a set can have at most
one least member and one greatest member, and that existence of a least
(greatest) member implies existence of a unique minimal (maximal) member,
which coincides with the least (greatest) member.

2.42 (f) Show that, relative to a partial ordering, a finite set has at least
one minimal (maximal) element.

243 (f) Let <4, £ be a partially ordered set. Show that each subset of
A has at most one supremum (infimum).

2.44 (f)=Represent the following sets, partially ordered by the relation
divides, by diagrams:

@ {2,3,5 7,210}, () {2,3,4,5,9,1080}, (i) {2,3,5, 10, 15, 300}.
245 (f) Find least and greatest elements, and minimal and maximal
elements of the partially ordered sets of Exercise 2.44.

2.46 (f) Find subsets of the partially ordered sets of Exercise 2.44 that
have three elements and are linearly ordered by the relation divides.

2.47 (f) Find all upper bounds and the supremum for subset {2,5} of each
of the partially ordered sets of Exercise 2.44.

2.48 (f) Represent the partially ordered set (#({a,b,c,d}), &) by a
diagram and find a subset of the natural numbers, which, when partially
ordered by the relation divides, is order-isomorphic to this partially ordered
set. What does the diagram turned through 180° represent? What does the
diagram turned through 90° represent ?

2.49 (f) Define sets X ={2,4,8,16,32}, Y=1{2,4,8,16,96}, and Z =
{2, 4, 8, 12, 96}, and denote relation divides by D, relation less than or equal
by < and relation greater than or equal by =. Which of the partially ordered
sets of {X, Y, Z} x {D, £, =} are order-isomorphic to each other?
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2.50 (g) Are any of the partially ordered sets of Exercise 2.44 lattices? Is
any of the partially ordered sets of Exercise 2.49 not a lattice?

2.51 (g) Draw the operation table for lattice (Z, D) of Exercise 2.49.

2.52 (g) Let (4, £) be a lattice. Show that statements axb =a, a £ b,
a @b = b are equivalent for any a, be 4.

2.53 (g) Let {4, £) be a lattice. Show that, for any a, b, c € 4,

a®@b=>bPa, axb=>bx*a;
a@bD)=@@b)Dc, axbrc)=(axb)xc

2.54 (g) Let {4, £ bea lattice. Show that, foranya, be A,a®(a* b) =
a=ax(a®b).

2.55 (g) Show that either of the distributive laws of D.2.30 implies the
other.

2.56 (g) (i) Let {4, £) be a lattice and let x, y, z€ 4. Show that x < y
implies x ®z<y®z and x*z<y*z butthat x@z<y@Dzorx* z <
y * z need not imply x < y.

(ii) Let <4, £) be a distributive lattice with x, y, ze 4. Show that
x@z=y®@zand x *xz =y *zimply x = y.

2.57 (g) Show that lattice (A4, £ is distributive if and only if, for any
abced, (@a@®b)*cZa®@bx*c).

2.58 (g) Let < be a partial ordering and let = be the converse of <. Show
that if (4, <) is a lattice, then there exists a lattice {4, =), and that if
{4, £ is distributive, then so is {4, =).

2.59 (g) Develop the theory of lattices as an axiomatic theory.

2.60 (g) Given a lattice (X, <), where X = {x, x,, ..., X,} is a set of
integers. A convenient representation of the lattice in a computer is by means
of its addition—-multiplication table. A program for computing this table
might consist of a logical function TEST, which returns . TRUE. if x; < x;
and . FALSE. otherwise, subroutine SETUP, which generates an N-by-N array
LESS in which LESS(I,J) =1if x; £ x; and LESS (I, J) = 0 otherwise,
and subroutine TABLE, which computes the addition-multiplication table
(SETUP and TABLE are independent of the particular partial ordering).

(i) Write the program and test it on the lattice of Example 1 of D.2.29.
For ease of programming assume that for elements x,, x,, ..., x,, which are
stored as LAT(1), LAT(2), ..., LAT(N), x; £ x; does not hold if / is
greater than j (this means that all LESS(I,J) with I greater than J are
Zero).

(ii) Indicate how the program could be used to determine whether or
not the lattice is a chain and to compute an element such as (x; ®x,)
* (x; @ (x4 * Xxg)), say.
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2.61 (g) Rewrite the program of Exercise 2.60 for the general case in
which x; < x; may hold if i is greater than j. Test the modified program onthe
lattice of Example 1 of D.2.29 with LAT containing the elements of X in the
order 2, 5, 15, 30, 10, 6, 1, 3.

2.62 (h) (i) Consider algebra {B, @, *,’, 0, 1> and define operation +
by x 4+ y = (x* y) D" * p). Is B closed under + ?

(i) LetN=1{0,1,2,3,...}. Give examples of operations under which ¥
is closed.

2.63 (h) Let @ and * be two-argument operations, let ' be a one-argument
operation, and let 0 and 1 be zero-argument operations in B = {0, 1, 2}.
Which of the following algebras are similar?

i) B, D, "0 1>
(i) <B, @, *, 0, 1).
(iii) <B, *, B, ", 0, 1.
(iv) <B,’, %, @, 0, 1.
v) <{0,1}, &b, *, ', 0, 1.

2.64 (h) Show that every sublattice and every homomorphic image of a
distributive lattice is a distributive lattice. (Sublattices are subalgebras of
lattices.)

2.65 (h) Consider an algebra (X, *)», where X = {x,, x,, x5, x,} and the
operation is defined by Table 2.17. How many automorphisms f,: X —» X are
there such that the image algebra is also (X, %> ?

TABLE 2.17
Xi ¥ X;
xJ

X X X X.

X; 1 2 3 4
X3 X1 X2 X3 X4
X2 X2 Xy X4 X3
X3 X3 X4 X X2
Xa Xa X3 X2 X3

2.66 (h) Show that, for Boolean algebras B and C, if /2 B— C is an
isomorphism, then f~1: C — B is also an isomorphism.

2.67 (h) Show that a sublattice of a Boolean algebra need not be a Boolean
algebra.
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2.68 (h) Develop an algorithm for the construction of the diagram of a
lattice from its addition table. Use the algorithm to show that lattices (4, R;>
and {4, R,), where A = {a, b, ¢, d, e} and Table 2.18 defines addition in the
two lattices, are isomorphic.

TABLE 2.18
a b c d e a b c d e
a a a a
b a b b b b
c a a c c a b c
d a b c d d a b c d
e a b c d e e b b e e e

<4, Ri> <A, R2>




CHAPTER 3

Graph Theory

3a. Diagrams and Graphs

Consider again the diagrams of Figure 2.8. Assume that we have to store
enough information in a computer for reconstruction of a diagram at some
later date. First, we should store a list of the nodes. Secondly, we will need to
know which pairs of nodes are joined by lines, and, for each line, which node
covers the other. For example, we should store Diagram (b) as

Nodes  {1,2,3,5,6, 10, 15, 30};
Lines {<1,2), <1, 3>, <1, 55, {2, 65, {2, 10, (3, 6>, <3, 15D,
(5,103, <5, 155, <6, 30), <10, 303, <15, 30>},

where it is understood that the node represented by the second coordinate of
an ordered pair covers the node represented by the first coordinate. This pair,
a set of nodes and a set of lines, is precisely a directed graph.

DerINITION 3.1 A directed graph (digraph, oriented graph) is the ordered
pair D = {A4, R), where A is a set of nodes (points, vertices) and R is a
relation in A, i.e., R is a set of ordered pairs, which are called ares (lines,
pointers).

Set 4 may be infinite. We, however, shall deal only with finite digraphs,
and the unqualified term digraph will always mean a finite digraph. Elements
of A can then be represented by drawing points in the plane. An arc {a, b)

103
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is represented by joining @ and b with a line, and providing the line with an
arrowhead pointing from a to b. Note that if @ € A, and there exists no b € 4
such that {a, b)> € R, then a point is still drawn for a4 in the plane. The nota-
tional device of arrowheads is much more explicit than the positional con-
vention we adopted for diagrams of partially ordered sets. If our familiar
diagram for {1, 2, 3, 5, 6, 10, 15, 30}, partially ordered by divides, is turned
upside down, then the diagram represents partial ordering by the relation,
is a multiple of. No such misunderstanding can arise with the arrowhead
notation; every arrowhead has to be reversed before a picture of digraph
(A, R) becomes a picture of digraph (4, R™1).

A picture of a digraph can give very useful insight into the structure of the
relation associated with the digraph, and we sometimes refer to pictures of
digraphs as digraphs or even as graphs. We must clearly understand, how-
ever, that a digraph is the object defined by D.3.1; it is not a picture. Draw-
ings of the same digraph can, in fact, be greatly different. The three drawings
of Figure 3.1 represent the same digraph; it is Diagram (b) of Figure 2.8 inter-
preted as the digraph {4, R), where 4 = {1, 2, 3, 5, 6, 10, 15, 30} and R is
the relation is covered by. The picture of Figure 3.2, on the other hand, repre-
sents a different digraph, despite its agreement in appearance with one of the

30

Figure 3.1



3a. Diagrams and Graphs 105

{1.3} {3}
{1} %)
vilL,2} {2}
Y Y
{1, 2,3} {2,3}
Figure 3.2

drawings of Figure 3.1. Figure 3.2 represents the digraph (2({l, 2, 3}), R,
where R is again the relation is covered by.

What has come to be known as the theory of graphs really comprises two
distinct theories: the theory of digraphs and the theory of (nonoriented)
graphs. D.3.1 makes digraph a synonym for a relation and the set in which the
relation is defined. The theory of digraphs can, therefore, be considered an
extension of the theory of relations. One should not, however, put too great
an emphasis on the relations as relations. An empirical structure, which may
not easily submit itself to characterization by a single meaningful relation,
can still be profitably studied as a digraph. One such structure is a system of
routesalong which something or other moves, be it information, or control, or
automobiles, or some commodity such as water or electricity. We might be
interested in the accessibility of certain points in the system, or in the elimina-
tion of circular routes. The theory of digraphs provides algorithms for the
solution of such problems for a general digraph {4, R), which are inde-
pendent of any external interpretation given to relation R.

The theory of graphs proper has more of a combinatorial flavor. For
example, the theory of graphs might address itself to the following problem:
Given a crystal lattice, how many figures of some type can be formed from
points of the lattice and lines between the points? Direction of lines has no
importance here.

DEFINITION 3.2 A graph is the ordered pair G = {4, P ), where 4 is a set of
nodes ( points, vertices) and P is a set of (unordered) pairs of elements of 4.
Elements of P are called edges.

One can convert any graph to a digraph by replacing every {a, b} € P by
two ordered pairs {a, b) and (b, a). It would seem, then, that the theory of
digraphs is more general and includes the theory of graphs. This is not so.
The two theories deal with different classes of problems and employ different
techniques. One is as important as the other. We shall be considering the
theory of digraphs almost exclusively here for no other reason but that it has
more links with computer science.
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It should be noted that there is no standard terminology in graph theory.
Not only do synonyms abound, but the same word is sometimes used for
different concepts. We shall try not to be too original in our choice of termi-
nology. Nevertheless, one somewhat unorthodox term will be used. Normally
an arc {a, a, is called a loop. To avoid confusion with the meaning of /oop in
programming, we shall call arcs of the form {(a, a) slings. Moreover, we have
included the term pointer in D.3.1 to emphasize the fact that certain data
structures in which this term has become standard are in fact digraphs.

3b. Basic Definitions in the Theory of Digraphs

DerFiniTION 3.3 If G = (4, R) is a digraph and Y is a subset of 4, then
digraph G’ =Y, (Y x Y) n R) is a subdigraph of G; it is a proper sub-
digraph if G # G'. If Q is a subset of R, a digraph G”" = {4, Q) is a partial
digraph of G. The concept of a partial subdigraph is an obvious extension.

Example

Consider a digraph {4, R) representing a chart of the system of streets in
a city. Intersections and ends of streets are represented by nodes. If a street
is two way, the segment between two adjacent intersections ¢ and b is repre-
sented by arcs <{a, b) and (b, a). If a street is one way in the direction from
intersection ¢ to an adjacent intersection d, we represent this segment by
{¢, d>. The charts of all two-way streets and of all one-way streets are partial
digraphs of (4, R>. A chart showing only intersections provided with
traffic lights and the arcs between such intersections when they adjoin is a
subdigraph of (4, R>. Other subdigraphs are the charts for sections of the
city. A chart showing only the one-way streets in some section of the city is a
partial subdigraph. Figure 3.3 shows digraph {4, R) and a subdigraph repre-
senting the system of streets in the eastern end of the city. Figure 3.4 shows the
digraph of all one-way streets for the entire city (a partial digraph of (4, R))
and for the eastern end (a partial subdigraph). Figure 3.5 shows the sub-
digraph of intersections with traffic lights.

DEerINITION 3.4 A digraph in which some or all nodes have labels associated
with them (in addition to the identifying names of the nodes) is called a
labeled digraph. A digraph in which arcs have weights associated with them
is called a weighted digraph or network. A digraph that is both labeled and
weighted is a labeled network.

Examples

1. In the digraph of Figure 3.3 let nodes representing intersections pro-
vided with traffic lights receive the label T. The resulting object is a labeled
digraph (with nodes 11, 14, 16, 17, 18, 23, 27, 29 labeled). Further, let the arcs
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have street names attached to them: the name South Lane to arcs {25, 24,
{24, 23>, etc.; the name Main Street to arcs {14, 15), {15, 14>, (15, 16>,
{16, 15), etc.; and so on. These street names are weights and the digraph is
now a labeled network.

2. The term weight is given a more general meaning here than is generally
the case. Originally only numbers were used as weights, perhaps expressing
the capacity of the arcs for the flow of some commodity along them. As
Example 1 shows, we permit a weight to be any piece of information one
wishes to associate with an arc. In Figure 3.6 we show a network in which the
weights are capacities for flow. The network might represent a system of
pipelines.

Figure 3.6

3. Ann x n matrix X can be represented by a weighted digraph (4, R)
in which (i, j) € R if and only if element x;; of matrix X is nonzero. The
weight of arc (i, ) is the value of x;;. Figure 3.7 shows a matrix and the net-
work that represents it. The weighted digraph can be represented by
an ordered pair {4, @), where Q is a set of ordered triples <i,j, x;;>.
0={1,1,4),<1,2,3>,{2,1,25,42,3,4),¢3,5,—1),<4,1,8>,<{4,4, =25,
{5,3,15,45,5,2>}.

DerFINITION 3.5 Let {4, R) be a digraph with arc {a, b) € R. Then a is the
initial node and b the terminal node of {a, b>. Arc <a, b) is said to originate
from node a and to terminate at node b. Extending these concepts, consider
X < A. Then {a, b) originates from set X if a € X and b ¢ X, and the arc
terminates in X if @ ¢ X and b € X. Arcs that originate from or terminate
in a set are said to be incident with the set.

DEFINITION 3.6 Let {4, R) be a digraph and let X = A. We define the
following subsets of R:
Rf={a,bylac X, b¢ X},
Ry ={<a,by|a¢ X, beX}.
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4 3 0 0 0
2 0 4 0 0
0 0 0 0 i
8 0 0 -2 0
0 0 1 0 2
Figure 3.7

Then [R}] is the outdegree of X, written od(X), and |Rx]| is the indegree of
X, written id(X). The total degree of X, written td(X), is defined by
td(X) = od(X) + id(X). When X consists of a single node, say a, we write
od(a), id(a), td(a), and speak of the outdegree, indegree, and total degree of
node a.

Example

In the digraph of Figure 3.7 let X = {I,3,5}. Then R} = {{1,2)},
Ry ={{2,15,<4,1),<2,3)>}, and 0d(X) = 1, id(X) = 3, td(X) = 4. For node
1 we have od(1) = 1, id(1) = 2. Sling {1, 1) cannot contribute to the indegree
or outdegree of node 1. The sum of the indegrees over all nodes of a digraph
(or the sum of the outdegrees over all nodes) is the number of those arcs in
the digraph that are not slings. The result would be aesthetically more satis-
factory if we did not have the qualifier concerning slings. There are many
other results in the theory of digraphs that would be simpler to express were
it not for slings. This has led some authors to go as far as to completely ex-
clude digraphs containing slings from their developments of the theory of
digraphs.

DEFINITION 3.7 Let D ={A4, R) be a digraph. If certain members of R can
be placed in a sequence of the form {a,, a,>, {a,, a3, ..., {a,_1, a,>,
then the set P = {{ay, a,), {a3, a3, ..., {a,_» a,>} is a path from a, to
a, in D. The path is a cycle if a, = a,. A sequence of n — 1 arcs can be
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replaced by an equivalent sequence of n nodes (ay, a,, a3, ..., a,). If all
nodes in this sequence are distinct, the corresponding path is simple
(elementary). If the node sequence corresponds to a cycle, and nodes
a,,a,,...,a,_, are distinct, then the cycle is simple (elementary). If the
node sequence corresponds to a simple path (cycle), and it contains every
node of A, then the path (cycle) is Hamiltonian. The length of a simple path
(cycle) is [P].

Example

In the digraph of Figure 3.7 we have an arc sequence <4, 1>, (1,2,
{2, 3>, {3, 5>, and the equivalent node sequence (4, 1, 2, 3, 5). Hence there
exists a path {{4, 1>, {1, 2>, <2, 3>, (3, 5>}. The path is simple and Hamil-
tonian. Its length is 4. We also have a sequence <4, 1}, (1,25, (2, 1>, {1, 2>,
{2, 1>,<1,2>, (2,3, (3,5, and the path corresponding to this sequence is
{4, 15, <1,2>,42, 1,42, 3>, {3, 5>}. This path is not simple. Let us add the
arc {5, 4) to the digraph, and to the two arc sequences. The equivalent node
sequences are then (4, 1,2, 3,5,4)and (4, 1,2, 1, 2, 1, 2, 3, 5, 4). The former
corresponds to a cycle that is simple and Hamiltonian; the cycle correspond-
ing to the latter is not simple and, therefore, cannot be Hamiltonian. The
digraph of Figure 3.7 contains simple cycles corresponding to node sequences
(1, ), (1,2, 1), (3,5,3), (4,4), and (5, 5). None of these is Hamiltonian.

D.3.7 warrants several remarks. First, cycles are also paths, but a simple
cycle cannot be a simple path. Second, the length of a path or cycle that is not
simple is not defined. Sequences of different lengths can correspond to a
single path. This prevents us from using the length of a sequence as a measure
of the length of the corresponding path. Consider the path {{4, 1), (1, 2,
{2, 1>, <2, 3>} in the digraph of Figure 3.7. The path has only four members,
but tracing of this path in the drawing involves traversal of at least five lines.
Hence the number of arcs in a nonsimple path is not a satisfactory measure
of its length either. Third, there is no fundamental reason why sequences
should not define paths and cycles. Thus, in the digraph of Figure 3.7,
sequences (3, 5, 3) and (5, 3, 5) could define two distinct cycles. But our in-
tuitive feeling is that there should be only one cycle here. This intuitive feeling
is recognized in our definition of paths and cycles in terms of sets rather than
sequences. For reasons of economy we shall at times speak of a *‘cycle”
(3, 5, 3), or of a “cycle” (5, 3, 5), say, but it will be understood that the two
sequences are equivalent, both standing for the set {(3, 5), (5, 3)}.
DEeFINITION 3.8 A digraph is cyclic if it contains at least one cycle; otherwise

it is acyclic.
THEOREM 3.1 A path in a digraph D is not simple if and only if some subset
of the path defines a cycle.
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Proof. Assume that P is a nonsimple path in D. Then any node sequence
corresponding to P contains a subsequence of the form (a,, ..., @;), and this
subsequence corresponds to a cycle. Next assume that subset Q of a path P in
D defines a cycle. Any node sequence corresponding to @ has the form
(a;, ..., a;), and the sequence corresponding to any superset of Q will, there-
fore, contain a subsequence of this form. Consequently neither Q nor any
superset of Q can define a simple path.

DerinNiTION 3.9 1In a digraph node b is reachable from node a if there exists
a path from a to b. We assume that every node is reachable from itself along
a path of zero length.

DEerNITION 3.10  If node a in digraph D is reachable from no other node in
D, and no other node is reachable from a, then ¢ is an isolated node.
(Alternatively, a is isolated if id(a) = od(a) = 0.)

Example

In the digraph of Figure 3.8 every node in the set N = {a,, a,, a3, as, ag}
is reachable from any other node in N. Node «, is reachable from any node in
N, but no node in N is reachable from it. Node a is reachable also from ag,
but ag is reachable only from itself. Node 4, is isolated, and so is node aq.

a; a, a, a,
e .
y ) S 3
as ae a, ag a,
Figure 3.8

DErINITION 3.11 Let D = {4, R} be a digraph and let Y be a subset of A.
If every node in A is reachable from some node in ¥, and no proper subset
of Y has this property, then Y is a node base of D.

Example

The node base of the digraph of Figure 3.8 comprises the nodes a, , ag, a4,
and any one member of {a,, a,, a3, as, a¢}. This digraph, therefore, has five
distinct node bases, one of which is {a;, a,, a5, as}.

THEOREM 3.2 A node belonging to a node base is not reachable from any
other node in the base.
Proof. Let nodes a and b belong to a node base, and assume that there
exists a path (g, ..., b). Then every node reachable from 4 is reachable from a



112 3 Graph Theory

as well, i.e., removal of b from the node base produces a proper subset of the
node base such that all nodes of the digraph are still reachable from its mem-
bers. Therefore, a path (q, ..., b) cannot exist.

THEOREM 3.3 A node that does not have zero indegree and does not lie on a
cycle cannot belong to a node base.

Proof. Let N be a node base of a digraph. Consider a node a that has non-
zero indegree and does not lie on a cycle. Then there exists an arc that ter-
minates at a, say <b, a). Node b belongs to N or is reachable from some node
¢ that belongs to N. Neither b nor c is identical with a (@ does not lie on a
cycle). Hence a is reachable from some node other than itself in N, and, by
Th.3.2, cannot belong to N.

THEOREM 3.4 The node base of an acyclic digraph (or a digraph in which all
cycles are slings) D = {4, R) is defined by N = {a,|q; € 4, id(a;) = 0}.
Proof. We note first that the presence of a sling affects the reachability of
a node from itself alone. Since a node is reachable from itself in any case, the
proof can be confined to acyclic digraphs. In the case of an acyclic digraph
Th.3.3 states that a node that does not have zero indegree cannot belong to a
node base. Hence all nodes belonging to the node base must have zero
indegree. Moreover, every such node must belong to the node base. Other-
wise, since a node having zero indegree can only be reached from itself, some
node would not be reachable from any node belonging to the node base.

THeoOREM 3.5 All node bases of a digraph have the same number of elements.

Proof. Consider node bases N; and N,. We shall prove |N,| = |N,| by
showing that reachability, considered as a relation from N, to N,, is a total
one-to-one function. Clearly any member of N, must be reachable from some
member of N,, and vice versa. Assume that nodes @ and b in N, are both
reachable from node ¢ in N,. But ¢ is in turn reachable from some node ¢ in
N,, and both @ and b are then reachable from c. By Th. 3.2 this can be only if
a = b = ¢. Similarly we can show that a node in N, is reachable from at most
one node in N;. Next assume that there exists a member of N, from which
no member of N, is reachable. Then there exists a proper subset of Ny from
which all nodes of N,, and hence of the digraph, are reachable; i.e., ¥, is then
not a node base.

3c. Digraphs, Matrices, and Relations

A digraph having » nodes ay, a,, ..., a, can be completely specified by
a square matrix of order a.
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DerFINITION 3.12 Let D = (A4, R) be a digraph, with 4 = {a;,a,,...,a,}.
The adjacency matrix X of D is defined as follows:

xij= 1 if <ai9 aj>eR’
xij =0 if <ai’ al>¢R'

If D is weighted and w;; is the weight associated with arc {a,, a;), then,
assuming that w;; is zero if and only if <a;, a;> is not an arc, the w;; define
a matrix W. This is the variable adjacency matrix of the weighted digraph.

Examples

1. The adjacency matrix of the digraph of Figure 3.8 is

01 0000000
00000T1O0GO00O
0100007100
00000O0TOO0O
X=|1000000 0O
011010000
000000O0OTO OO
000000100
|0 00000O0O0GO 1

2. The matrix shown in Figure 3.7 is the variable adjacency matrix
associated with the weighted digraph of that figure. Our definition of the
variable adjacency matrix is very general, but the main need for the matrix
arises in the rather special situation in which arcs are given distinct identifying
labels and one wants to derive new results from the pattern of the arcs (see
A.6.3).

Another matrix of importance, which does not, however, completely
specify a digraph, is the path matrix of the digraph.

DerINTION 3.13  Let D = <A, R) be a digraph, with 4 = {a,, a,, ..., a,}.
The path matrix P of D is defined as follows:

pi; =1 if there exists a path of nonzero length from a; to a;,
pij =0 otherwise.
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Example
The path matrix of the digraph of Figure 3.8 is

1 11 011100
111011100
111011100
0 000O0OO0OOTOTPO

P=}1 11011100
111011100
000 O0O0OOOTG OO
000O0O0OO0OT1O0O0

|0 0 0OOO OO0 O 1]

The path matrix remains unchanged when arc {a¢, a,) is removed from the
digraph.

THEOREM 3.6 Let X be the adjacency matrix of digraph D, and let ¥ = X"
Then y;; is the total number of distinct sequences {a;,...>, ..., {..., a;>
that (i) have length A, and (ii) correspond to paths in D.

Proof. We prove the theorem by induction. The base is provided by
D.3.12: With A =1 the theorem is in fact D.3.12. For the induction step
assume that the theorem is true for 4 =A'. Let P = X*'. Then, by assumption,
Di 1s the number of sequences of length 4" having the form {a;,...), ...,
{...,a),and this is also the number of sequences of length 4" + 1 having the
form <{a;, ...>, ..., (oo, {@w a;), e, puxy; = py if {a, a;) is an arc,
and p;x,; =0 if {a, a;)> is not an arc. The total number of sequences of
length /' + 1 having the form {a;, ... >, ..., {..., a;) is therefore equal to the
sum Y X=7 pux,;, where n is the order of X. But this is the (i, j)th element of
Xh'+1.

CorROLLARY 1 If X" =0 for some 4 < n, then D is acyclic.

COROLLARY 2 If P is the path matrix of D and Q@ = X + X* + --- + X",
then p;; = 1 if and only if g;; is nonzero.

By Corollary 2, the path matrix can be found by generating powers of the
adjacency matrix, but this brute force approach produces a very slow pro-
cedure. A faster method for generating the path matrix will be discussed in
Section 6a.
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Example
For the digraph of Figure 3.8 we have

0 1 1 01000 0
110001100
011010000
00000O0GO0O0O
X*=]000001000
021011000
000000O0O0O
00000O0OOO
[0 0000000 1]

There are two sequences of length 3 corresponding to paths from ag to a,:
{ag, asy, as, a,y, {ay, a,y and {ag, a,5, <a,, as), {as, a,. The clements of
X? are quite large:

™2 8 404 5200
411 505 8 400
2 8404 5200
0 0000 0O OO
X°=]2 5202 4200
517 8 0 8 11 50 0
0 0000 0O OO
0 0000 0O0O00O
o 0000 00 0 1]

A digraph is a set and a relation in the set, but the theory of digraphs is
not the theory of relations. Although there is no distinct demarcation be-
tween the two theories, they do pursue different ends and use different tech-
niques to achieve their ends. The theory of digraphs emphasizes explicit listing
of the members of a relation; the theory of relations is more concerned with
relations as defined by formulas. Selecting the proper approach to a problem
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involving a relation is a matter of utility. The pattern of flow of some com-
modity, say, is best represented by a digraph, and, if we were interested in
accessibility of one point from another, or in some related problem, we would
not try to express the relation in words or attempt to determine its type.
Conversely, given a relation defined by some simple formula (e.g., the less
than relation in a set of numbers), considering the relation as a digraph, i.e.,
listing all its elements, will rarely serve a useful purpose. Nevertheless, there
are times when it may be profitable to apply the techniques of one theory to
the problems of the other. We shall see that operations on the adjacency
matrix, which belong to the theory of digraphs rather than the theory of
relations, can give useful information about relations.

DermNviTION 3.14  Let D = (A4, R). Digraph D is reflexive (irreflexive, sym-
metric, antisymmetric, transitive) if and only if R is a reflexive (irreflexive,
symmetric, antisymmetric, transitive) relation.

In a reflexive digraph there is a sling on every node; in an irreflexive
digraph there are no slings. In a symmetric digraph <a, b> € R implies
{b,a) e R, and in an antisymmetric digraph {a, 6> € R implies (b, a)> ¢ R
when a # b. By definition, the existence of a simple path of length 2,
{<i, k>, <k, >}, in a transitive digraph implies existence of an arc (i, ).
Equivalently, if {i,j> is not an arc, then there cannot exist a path {{i, k>,
<k, j>} for any k € A. The following algorithm makes use of this property of a
transitive digraph in determining whether or not a relation is a partial
ordering.

ALGORITHM 3.1 Function ISPORD returns . TRUE. if the relation defined
by the adjacency matrix MX is a partial ordering.

LOGICAL FUNCTION ISPORD (MX,N)
DIMENSION MX(N,N)
ISPORD = .FALSE.

C1 TEST FOR REFLEXIVITY
DO 10 K = 1,N

10 IF (MX(K,K).EQ.0) RETURN

C2 TEST FOR ANTISYMMETRY AND TRANSITIVITY
DO 20 I = 2,N
JTOP =1 - 1
DO 20 J = 1,JTOP

C3 ANTISYMMETRY TEST
IF (MX(I,J) = MX(J,I).EQ.1) RETURN

C4 TRANSITIVITY TEST - TEST FOR PATHS (I,K,J) IF
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C4 MX(I,J) = 0 AND FOR PATHS (J,K,I) IF MX(J,I) = O
IF (MX(I,J).EQ.1) GO TO 14
DO 12 K = 1,N
12 IF (MX(I,K) * MX(K,J).EQ.1) RETURN
IF (MX(J,I).EQ.1) GO TO 20
14 DO 16 K = 1,N
16 IF (MX(J,K) x MX(K,I).EQ.1) RETURN
20 CONTINUE
C5 EXIT FROM LOOP IMPLIES THAT THE RELATION IS A
C5 PARTIAL ORDERING
ISPORD = .TRUE.
RETURN
END

A relation can be shown to be an equivalence by a procedure similar to
A.3.1 (Exercise 3.13), but a faster procedure is one based on the fact that an
equivalence relation is uniquely determined by a partition of the nodes in
which each element belonging to a block is related to every element in that
block, but to no element outside the block. Therefore, a relation is an
equivalence if there exists a permutation of rows and corresponding columns
of the adjacency matrix that transforms it to a block diagonal form exempli-
fied by Figure 3.9 in which the shaded blocks consist of elements that are
all 1, and all elements in the unshaded regions are 0. In our algorithm we
shall not interchange the actual rows and columns. Instead, a reference vector
will be used to keep track of the interchanges.

7

%
Figure 3.9
ALGORITHM 3.2 Function ISEQUI returns . TRUE. if the relation defined

by the adjacency matrix MX is an equivalence. Vector IREF returns a per-
mutation that would take MX to block diagonal form.
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LOGICAL FUNCTION ISEQUI (MX,IREF,N)
DIMENSION MX(N,N), IREF(N)
Cl INITIALIZE THE REFERENCE VECTOR
DO S5 I =1,N
5 IREF(I) =1
C2 1IN (N-M) INTERCHANGES, WHERE M IS THE NUMBER OF
C2 BLOCKS, GENERATE A FORM THAT IS BLOCK DIAGONAL IF
C2 AND ONLY IF THE RELATION IS AN EQUIVALENCE
IR =1
10 II IREF(IR)
IR=IR+ 1
IF (IR.GE.N) GO TO 25
J = IR
15 JJ = IREF(J)
IF (MX(II,JJ).EQ.0) GO TO 20
IREF(J) = IREF(IR)
IREF(IR) = JJ

Il

20 J=1J+1
IF (N-J) 10,15,15
C3 TEST THAT FORM IS BLOCK DIAGONAL
25 ISEQUI = .FALSE.
ILOW = 1
C4 FIND UPPER LIMIT OF BLOCK
30 II = IREF(ILOW)
DO 35 J = ILOW,N
JJ = IREF(J)
35 IF (MX(II,JJ).EQ.0) GO TO 40
C5 THIS IS THE LAST BLOCK — SKIP ZERO TESTS
IM = N
GO TO 50
C6 TEST DIAGONAL ELEMENT
40 IF (J.EQ.ILOW) RETURN
C? TEST THAT ALL ELEMENTS TO THE RIGHT AND BENEATH
C7 THE BLOCK ARE ZERO
M=1J -1
DO 45 IROW = ILOW,JM
II = IREF(IROW)
DO 45 ICOL = J,N
JJ = IREF(ICOL)
45 IF (MX(II,JJ) + MX(JJ,II).GT.0) RETURN
¢8 TEST THAT ALL ELEMENTS IN BLOCK ARE ONE (FIRST ROW
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C8 OF BLOCK HAS ALREADY BEEN DONE)
50 IF (ILOW.EQ.JM) GO TO 60
ILOWP = ILOW + 1
DO 55 IROW = ILOWP,JM
II = IREF(IROW)
DO 55 ICOL = ILOW,JM
JJ = IREF(ICOL)
55 IF (MX(II,JJ).EQ.O) RETURN
C9 TEST NEXT BLOCK
60 ILOW = JM + 1
IF (ILOW.LE.N) GO TO 30
ISEQUI = .TRUE.
RETURN
END

Example
Given

—
- O
S =

0 0

00 0
MX =
0 0 0
1 00 011
1 00 011
B -
ISEQUI returns .TRUE., and IREF returns (1,5, 6,4, 2, 3). To see how
IREF is used, assume that we have to generate the block diagonal matrix
explicitly, and that we are generating row 2 of this matrix. Since IREF (2) = 5,
we go to the fifth row in MX: (1,0, 0, 0, 1, 1). IREF now tells us to take ele-
ments of this row in the sequence 1, 5, 6, 4, 2, 3. By doing so we obtain
(1, 1, 1, 0, 0, 0). The complete block diagonal matrix is

-

111000
11100

0
111000
ol
0

[ I ]
[T T

0 0 1
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DerINITION 3.15 A digraph {4, R) is complete if, for every pair of nodes a
and b in 4, {a, b) ¢ R implies {b, a) € R.

By D.2.22, if R is a partial ordering in 4, and digraph {4, R) is complete,
the relation is a simple ordering.

3d. Comnectedness in a Digraph

DepiNITION 3.16 Let D = {4, R) be a digraph. If, for every nonempty
proper subset X of 4 one or both of od(X) # 0 and id(X) # 0 holds, then
D is connected. Otherwise D is disconnected.

DerFmITION 3.17 A connected subdigraph D’ = (X, (Xx X) n R) of D,
such that id(X) = od(X) = 0, is a (connected) component of D.

Examples

1. Let D =<4, R)> be a connected digraph, and let X < 4. Condition
id(X) = 0d(X) = 0 holds if and only if X = A. Therefore, a connected digraph
has a single connected component, which is the digraph itself.

2. Every block of the partition induced by an equivalence relation defines
a component. The only equivalence whose digraph is connected is the univer-
sal relation. In the digraph of the identity relation every node is isolated;
consequently there are as many components as there are nodes.

In D.3.7 the node sequence (ay, a,, ..., a,) stands for the arc sequence
{a;, ayy, {ay, asyy, ..., {a,_1, a,y. We require the first coordinate of an arc
to be the same as the second coordinate of its predecessor. Let us drop this
requirement; i.e., let (@, a,, ..., a,) stand for an arc sequence of which no
more is required than that ¢, and a,, a; and a,, ..., a,_, and a, be coordinates
of successive arcs. For example, our node sequence could stand for {ay, a,),
{as, ay), ..., {a,, a,_,y. Although we can no longer say that g, is reachable
from a,, the relation between a, and g, is similar to reachability, and we
speak of a semipath between a, and q,, or say that a, and a, are connected,
where we assume that a node is always connected with itself. An alternative
definition of a connected digraph can now be given: A digraph is connected
if all of its nodes lie on one semipath. In Figure 3.10 all five nodes lie on the
semipath (a, b, ¢, e, d). The corresponding sequence of arcs is (b, a), (b, c),
{c, &>, {d, e>. In Figure 3.11 the semipath is (a, ¢, b, ¢, ¢, e, d), and the arc
sequence is {a, e), (b, e>, (b, &), {e, c), {e, c), {d, e).

THEOREM 3.7 Let {C;, (C; x C;) n R) be the connected components of
{4, R). Sets C; form a partition of 4.
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Figure 3.10 Figure 3.11

Proof. We use the terminology of the paragraph above. By definition,
connectedness in a set of nodes is reflexive. It is also symmetric and transitive.
Therefore it is an equivalence relation. It is easy to see that the partition
induced by this equivalence relation consists of the C;.

It is important to realize that the equivalences discussed in Example 2 of
D.3.17 differ from that of the proof of Th.3.7. The latter is not the relation R.
Therefore, although the adjacency matrix of {4, R) can be transformed to
block diagonal form, elements of a block need no longer be all ones. But, if Q
denotes the relation a and b are connected, elements of blocks of the block
diagonalized adjacency matrix of {4, Q) are all ones, and these blocks define
the C; of Th.3.7. Exercise 3.18 asks for the adjacency matrix of (4, Q) to be
generated from the adjacency matrix of (4, R). Application of A.3.2 to
{4, Q) produces the block diagonal form. It is then an easy matter to find
the connected components of (A4, R).

DerINITION 3.18 A digraph is strongly connected if every node in the digraph
is reachable from every other node.

DerINITION 3.19 Subdigraph D' = (X, (X x X) n R) of D is a strongly
connected component (strong component) of D if it is strongly connected

and there exists no pair of nodes a € X, b ¢ X such that ¢ and b lie on
the same cycle in D.

Example

The strong components of the digraph of Figure 3.8 are {a,,a, , a3, a5, a¢},
{as}, {as}, {ag}, {as}. Those of the digraph of Figure 3.10 are {a}, {b}, {c},
{d}, {e}.

DeriniTiON 3.20 A partial digraph D" of D is the cycle digraph of D if
it contains all arcs belonging to cycles in D and only such arcs.

THEOREM 3.8 Digraph D = (A4, R) is strongly connected if and only if R is
a cycle.

Proof. Exercise 3.19.
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CorOLLARY The strong components of a digraph are precisely the connected
components of its cycle digraph.

ALGORITHM 3.3 Given the adjacency matrix X of digraph D.

1. Find path matrix P of D.
2. Compute matrix C, defined by ¢;; = x;; X pj;.

Matrix C is the adjacency matrix of the cycle digraph of D.

Example

The adjacency and path matrices of the digraph of Figure 3.8 are given by
Example 1 of D.3.12 and the example of D.3.13, respectively. Then

]

0 1 0000000 O
000001000
01 00000TO00O
00000O0GOOO
c=]100000000
011010000
00000O0GO0TO00O
000000O0O0T 0O
o 00000O0TO0 1]

DEerFINITION 3.21 Let D = (A4, R) be a digraph and define the following sets:
& = {S,;| S, is a strong component of D},
Q=1{S;,S;>]s:€8;, s5;€8;, {85,850 €R]}.
Digraph (¥, Q) is the condensation of D.

Example

Figure 3.12 shows a digraph D and its condensation D*. A condensed
digraph is acyclic. This implies that, if <A, i) in D were replaced by <i, 4), the
condensation of the new digraph would consist of a single node.

THEOREM 3.9 Let D = {4, R) and D* = (¥, Q) be a digraph and its con-
densation, respectively. Define a subset of & :&’ = {S;|id(S;) = 0}. A node
base of D is generated by taking exactly one element from each S;in %",

Proof. Exercise 3.21.
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a b
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k !
Digraph D
{a,c, d} {he f}
P R Y. . n
{g. K {1

Condensation D*

Figure 3.12
3e. Linear Formulas of Digraphs

Instead of representing a digraph by its adjacency matrix, we can represent
it by a set of linear formulas. Let us first discuss the notation informally. It is
based on the representation of an arc by an operator = applied to the node
symbols: Arc {a, b) is represented by *xab. We shall call operator * the
K-operator. If more than one arc originates from a node, a formula repre-
senting all these arcs consists of as many K-operators as there are arcs,
followed by the symbol of the node from which the arcs originate, followed
in turn by symbols of the nodes in which the arcs terminate. Referring to
Figure 3.13, we have, for arcs originating from nodes a, b, and ¢, formulas

Figure 3.13
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A xx*abce

'0 O o O

© ©
B:xxxbbcd C: xxxchde

Figure 3.14

xxxqbce, *xxbbcd, xxxcbde, respectively. The three formulas represent the
three digraphs shown in Figure 3.14. Note that the symbols of the terminal
nodes can be written in any order. Thus we can rewrite formula **xabce as
*x*xqebc, or as sx*gech, and so forth.

The formulas may be combined. We replace the b in the formula for 4 by
the formula for B to get s*xxaxxxbbcdce, a formula representing the digraph
of Figure 3.15. If next we substitute **xcbde for one of the occurrences of ¢
in this formula, we obtain sxxaxxxbbxxxchdedce or xxxaxxxbbcdx**cbdee,
depending on which occurrence of ¢ we substitute for. Either of these final
formulas represents the digraph of Figure 3.13. We call the formulas K-
formulas.

DEerFINITION 3.22 We define a K-formula recursively:

(a) A node symbol is a K-formula.

(b) If « and p are K-formulas, then *aff is a K-formula.
[To be quite expticit, we should add (c): K-formulas are only those entities
that are constructed under (a) and (b).]

Figure 3.15
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DEerFINITION 3.23 A K-formula is a K-formula of the node whose symbol is
the leftmost node symbol in the K-formula, and this node is the leading
node of the K-formula.

Example

xxxcxsxbbedde is a K-formula of leading node c.

Since D.3.22 is a recursive definition, we can consider subformulas of
K-formulas as K-formulas in their own right, provided they are consistent
with the definition. The definition enables us to tell whether or not a given
formula is “well formed,” but it does not relate a K-formula to a particular
digraph. Hence we require an algorithm for generating K-formulas of given
digraphs. In what follows we shall always assume that K-formulas are con-
sidered in the context of particular digraphs rather than as abstract objects.

ALGORITHM 3.4 Let D = (A4, R)> be a digraph.

1. For every isolated node a € A that has no sling on it write the
K-formula a.

2. For every arc {a, b> € R write the K-formula *ab.

3. Combine the K-formulas according to the following substitution rule:
If there exists a K-formula of a node and there exists another
K-formula in which a symbol of the node appears, substitute the
K-formula of the node for this symbol.

Apply the substitution rule until it can no longer be applied, taking care
that the K-formula resulting from the substitution is always the longest that
can be generated at the time.

4. (Check step) Denote the K-formulas produced in Step 3 by
ki, k,, ..., k,, and the leading node of a k; by a,. If some k; contains
as a subformula a K-formula of node b in which a; appears, and the b
occurs in one of ky, ..., k;_1, k;y 15 ..., k,, extract the K-formula of b
from k;, inserting b in its place, substitute what now remains of k; into this
K-formula, and return to Step 3.

Examples

1. Consider the digraph of Figure 3.16. There are no isolated nodes, so,
in applying A.3.4, we start in Step 2, and obtain the set

0. {xad, xbc, xcd, *db, xde, *ea}.
Successive applications of the substitution rule produce

1. {*axde, *bc, xcd, *db, xea},
2. {xaxdxea, xbc, xcd, »db},
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Figure 3.16 Figure 3.17

3. {xaxxdbxea, *bc, *cd },
4, {xaxxdxbcxea, xcd},
5. {*axxdxbxcdxea}.

2. With the digraph of Figure 3.17 we proceed from {*ab, *bc, *cb} to
{*ab, *cxbc}, but find then that the substitution rule cannot be applied any
further. Therefore we go to Step 4 of the algorithm and find that subformula
xbc of *cxbc contains ¢, and that *ab contains b. We extract the *bc, and
substitute into it what is left after the extraction, namely *ch. The resulting
K-formula *b*cb is substituted into *ab to produce xaxbxch.

DeriNiTION 3.24  For a digraph D, a set of K-formulas produced by A.3.4
is a minimal set of K-formulas of D.

Although in practice one is mostly interested in minimal sets of K-
formulas, for theoretical reasons we must be able to associate more general
sets of K-formulas with a particular digraph. D.3.25 enables us to do so.

DEerINITION 3.25 A set of K-formulas represents a digraph D if and only if it
can be obtained by applying the substitution rule of A.3.4 to the K-formulas
generated from D in Steps 1 and 2 of A.3.4, where the number of applica-
tions of the rule may vary from zero to as many as are required to take
A.3.4 to completion.

In D.3.25 we do not make the stipulation of Step 3 of A.3.4 as to how
the substitution rule is to be applied. To see what happens when the stipu-
lation is disregarded let us take the set produced by the second substitution in
Example 1 of D.3.23, and proceed as follows:

3a. {xaxdxea, xbxcd, *db},
d4a. {saxdxea, xbxcxdb}.

Although the substitution rule can be applied no further, the final set is not
minimal. Still, the two K-formulas in this set can be combined by Step 4 of
A.3.4; the stipulation has been included in Step 3 merely to reduce the number
of calls on Step 4.
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The following remarks apply to any set of K-formulas representing a
digraph D. Since the substitution rule neither creates nor destroys any K-
operators, all representative sets of D contain the same number of K-operators,
and this number is equalto the number of arcs in D. Furthermore, the number
of K-operators preceding occurrences of a particular node symbol a is equal
to the number of arcs originating from a. For example, in a representation
{*xaxxxaxbcxxdchbef, xxbfsxexxbadxac}, symbol a occurs four times, preceded
by 2, 3, 0, and 1 K-operators, respectively. Therefore, the total number of
arcs originating from a is 6. Let us see where these arcs terminate. If a is
preceded by n K-operators, then it is the leading node of a K-formula
*¥ v kg0, - O, , Where the ay, a5, ..., &, are again K-formulas. The lead-
ing nodes of these K-formulas are terminal nodes of arcs originating from a.
Continuing with our example, we have the following relevant K-formulas of
a: xxa(xxxaxbexxdebe)( f), ¥¥xa(xbc)(x+dcb)(e), *a(c), where the o, have been
enclosed in parentheses for clarity. The set of arcs originating from a is,
therefore, {<a, @), <a, >, {(a, b>, <a, d>, a, e>, <{a, ¢>}. Applying the pro-
cedure to occurrences of b we get the set {(b, ¢, (b, >, {b, e>, (b, a>,
{b, d>}. There are no arcs originating from nodes ¢ and f, and arcs originat-
ing from d and e constitute the sets {{d, ¢), {d, b>} and {{e, b), {e, a)>},
respectively. The union of these four sets is precisely the set of arcs of the
digraph.

The recursive definition of a K-formula is not particularly well suited to
identification of the «;. Therefore, we give an equivalent iterative definition.

DermuTION 3.22a  Consider a formula sys, - - - §;--- 5,,. Let k; and n; denote
numbers of K-operators and node symbols, respectively, in the sub-
formula 5, - - - s;. The formula is a K-formula if and only if the following
conditions are satisfied:

niéki, i=1,2,...,m—1;
n, =k, + 1.

Example

Consider the formula *xaxsxaxbcxxdcbef. Set n = 0 and k = 0. Scan the
formula from the left, setting n =r + 1 when a scanned symbol represents a
node, or k = k + 1 when it is a K-operator. Throughout the scan we have
n = k, except when the symbol f'is reached, and then n = k + 1. Therefore the
formula is a K-formula. Writing the formula as xxao,a,, we can determine
o, by repeating the procedure on the subformula s*xaxbcs*dcbef. Again
n £k while we are scanning #xxasbcsxdch, and n = k + 1 when the e is
reached. Therefore a is *xxxaxbck+dchbe. The rest of the subformula, namely
J, must be «, . In a similar fashion, expressing **xaxbcxxdche as ***ao 0,05 ,
we find that a;, = *bc, o, = **dch, a3 = e.
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THEOREM 3.10 The leading nodes of K-formulas in a minimal set of a
digraph constitute a base of the digraph.

Proof. 1t is easy to show that every node whose symbol appears in a
K-formula of a node is reachable from this node. Also, K-formulas of a
minimal set (indeed, of any representative set) contain symbols of all nodes.
Hence all nodes of the digraph are reachable from the leading nodes of the
K-formulas of a minimal set. We shall show that no proper subset of the
leading nodes has this property. Let k; and k; be any two K-formulas in
the minimal set, with leading nodes a and b, respectively, and assume that a
is reachable from b. Then there exists a finite path (b, n,, n,, ..., n,, a).
The original *n,a could not have been substituted into any formula other
than k; (otherwise k; could now be substituted into this formula). Therefore
n, appears in k;. Moreover, n, is the leading node of a K-formula that contains
a. Therefore, if *n,_n, had been substituted into a formula other than &,
the check step of A.3.4 would be applicable. In a like manner we show that
*M,_,M,_4, ..., ¥ N, , *bn,; have been substituted into k;. But *bn; could
not have been so substituted (otherwise k; could now be substituted into k).
This contradiction establishes that the leading nodes are not reachable one
from another, i.e., that there exists no proper subset of the leading nodes
from which every node of the digraph could be reached.

DerINITION 3.26 Let F be a set of K-formulas.

(a) If a member of F or a subformula of a member has the form
*% =+ koA, **° o,, where node symbol a is preceded by n K-operators
(n=2),and ay, ..., o, are K-formulas, a reordering of the a,, ..., &, is
an application of the switch rule.

(b) The interchange of two K-formulas of a node a, occurring as
members or subformulas of members of F, provided the interchange does
not produce a new member of F consisting of a single node symbol, is an
application of the interchange rule.

n

D.3.25 does not specify the order in which the substitution rule is to be
applied. Application of switch and interchange rules merely converts a given
representative set to the set that would have resulted had a different sequence
of substitutions been followed. Consider K-formula sx*gss+bbcd**xcbdee
in which a; = #+xbbcd, a, = **xcbde, a3 = e. One possible reordering pro-
duces ##*aexxxcbdex+xbbcd. Interchange of *xchd and ¢ in this formula
produces #**aexcexxxbbixcbdd. For another example, consider the set
{*xxaxxxbbcdce, »xxcbde}. Interchange of xxxbbcd and b to produce
{*xxabce, ¥xxcxxxbbcdde} is valid, and so is the interchange of ¢ and *xcbd,
but we may not interchange the ¢ with #x#cbde. In the last instance
{*xxqs++bbcdxxxcbdee, ¢} would be produced, which is not a representative
set according to D.3.25.
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The set of leading nodes of a minimal set of K-formulasisinvariantunder
applications of switch and interchange rules. If a digraph has more than one
node base, the leading nodes of the minimal set produced by A.3.4 can be
made to constitute any one of the bases. Therefore, if a digraph has more
than one node base, it is impossible to generate every minimal set of K-
formulas of the digraph, starting from a given set, by means of switch and
interchange rules alone. In order to generate all minimal sets we have to
apply the procedure of Step 4 of A.3.4 as well.

3f. Trees

DEerFINITION 3.27  An acyclic digraph in which exactly one node has indegree
0 and every other node has indegree 1 is a directed tree. The node with
indegree 0 is the root of the tree. Nodes with zero outdegree are terminal
nodes. The length of the path from the root to a node is the level of the
node.

Examples

1. Usually a directed tree is depicted with the root placed at the top of the
drawing, nodes reachable from the root along a path of length 1 immediately
below the root, nodes on level 2 immediately below these, etc. Figure 3.18
shows a directed tree with root a and terminal nodes d, e, f, h, i. Node a is on
0 level; nodes b and ¢ are on level 1; nodes d, e, f, and g on level 2; nodes A
and i on level 3.

2. A single node is a directed tree.

The left-to-right order in which one draws arcs originating from a node of
a directed tree is significant in most applications, so that usually the picture
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of a directed tree does not really correspond to a digraph. For reasons of con-
ceptual economy we do, however, wish to consider directed trees as a species of
digraphs. This can be done if the arcs are labeled according to some scheme
that expresses the order they would have in a drawing. A canonical labeling
scheme results if arcs originating from the one node are simply labeled O, 1,
2, ..., reading from left to right. An alternative canonical scheme can be
devised that labels nodes. This, however, may prove confusing when the
nodes already carry information connected with the application, as they do
in most applications.

DEerFINITION 3.28 A directed tree in which every node has outdegree 0 or 2 is
a binary tree.

Example
The directed trees of Figure 3.19 are binary.

(@

®

©
Figure 3.19

TueEOREM 3.11 Let n be any positive nonzero integer. A binary tree T, with
n terminal nodes exists.

Proof. Assume that T, = (A4, , R, exists. Let a € 4, be any terminal node

in T,. Introduce nodes b, ¢ ¢ A, and draw arcs <{qa, b), {a, ¢). Now id(b) =
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id(c) = 1, od(b) = 0d(c) = 0, od(a) = 2, and indegrees and outdegrees of all
other members of 4, remain unchanged. Clearly the new structure is again
a binary tree. Node a is no longer terminal, but two new terminal nodes have
been created; i.e., the number of terminal nodes has increased to n + 1.
Hence T, , , exists if T, exists. But T exists; it is a single isolated node. (If you
are not happy with basing the proof on the degenerate tree 7,, construct T,
as well.)

THEOREM 3.12 Let 7= (A4, R) be a binary tree. Then r = [R| = 2(n, — 1),
where n, is the number of terminal nodes in 7.

Proof. Exercise 3.29.

DEerFINITION 3.29  Let n be the number of terminal nodes in a binary tree, and
let m be a nonnegative integer; let d be the length of a path from the root to
a terminal node. A binary tree is balanced if
(a) n=2" implies d=m,
(b) 2" <n<2™' implies d=m or d=m+ 1.

Example

Binary trees (a) and (b) of Figure 3.19 are balanced. Tree (a) has four
terminal nodes, and the length of every path from the root to a terminal node
is 2. Tree (b) has five terminal nodes. Three of the paths have length 2, the
other two have length 3. Binary tree (c) is not balanced.

3g. Isomorphism of Digraphs

DEeriNtTION 3.30 Two digraphs are isomorphic if some permutation of the
rows and corresponding columns in the adjacency matrix of one of the
digraphs produces the adjacency matrix of the other; i.e., isomorphic
digraphs are identical except for the identifying names carried by their
nodes.

Example

The digraphs of Figure 3.20 are isomorphic. Their adjacency matrices are
equal when we make elements of {1, 2, 3, 4, 5} and {a, b, ¢, d, €} correspond
to the a,, ..., as of D.3.12 as follows:

a, a, a3 a, 4as
1 2 3 4 5
¢c d a e b
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Figure 3.20
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The isomorphism problem is very difficult. An algorithm for testing pairs
of digraphs for isomorphism certainly exists: Permute the rows and corre-
sponding columns of one of the adjacency matrices until it matches the other,
or——in case the digraphs are not isomorphic—stop after »n! permutations. The
algorithm fails on practical grounds: even with a digraph of only 16 nodes,
a hypothetical computer that generates a new permutation and checks the
two matrices for equality once every microsecond could take close to 40
years for the job. It is for this reason that heuristic procedures that examine
the fine structure of the digraphs have been developed. Let us illustrate two
such procedures with reference to the digraphs of Figure 3.20.

First, let us list the indegrees and outdegrees of the nodes.

n

1

2
3
4
5

id(n)

4

2
4
4
3

od(n)

W W

3

n
a
b
c

d

e

id(n)

4

3
4
2
4

od(n)

3

3
4
4
3

The list shows at once that nodes 1, 2, and 5 can correspond only to nodes
¢, d, and b, respectively, and that nodes in the set {3, 4} can correspond only
to nodes in {a, e}. This is how far the first procedure takes us here.

Next let us list the arcs originating from 3 and 4, and from a and e.

{a, ¢, <a,d>, <a, &)
e, ay, e, by, e, c

(3,13,(3,2), 3,4
4,13, {(4,3),<4,5)
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Assume the correspondences ¢, 2-d, 5-b, and assume that node 3 corre-
sponds to node e. Existence of (3, 1) implies existence of (e, ¢, and existence
of (3, 2) implies existence of (e, d). But <{e, d) does not exist. Therefore 3
cannot correspond to e, and can correspond only to a. The only node to
which 4 can then correspond is e. All that remains is to set up the two
adjacency matrices according to the scheme

1 2 3 4 5
¢c d a e b

The digraphs are isomorphic if and only if the two matrices are equal. Here
they are.

DEerINITION 3.31 Let D =<4, R) be a digraph. Then D' =<4, R’ is the
complement of D if the following condition is satisfied: For all ¢, be 4,
{a, by € R if and only if {a, b)> ¢ R.

Example
Figure 3.21 shows the complements of the two digraphs of Figure 3.20.

THEOREM 3.13 Let 4 and B be two digraphs, and let 4" and B’ be their
complements. 4 and B are isomorphic if and only if 4’ and B’ are.

Proof. Consider adjacency matrices of 4 and 4’. An element in the ad-
jacency matrix of A4 is 1 just when the corresponding element in the adjacency
matrix of A’ is 0, and vice versa. The two matrices are therefore identical in
Jorm, and the permutation of rows and corresponding columns of the
adjacency matrix of B that makes it equal to the adjacency matrix of A4 is
precisely the permutation that has to be applied to the adjacency matrix of
B’ to make it equal to the adjacency matrix of A’

Figure 3.21
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Quite often it is easier to establish isomorphism of complements than of
the digraphs themselves. The digraphs of Figures 3.20 and 3.21 provide a
good example. Let D' = {4, R’) be the complement of D = {4, R). Then

[R U R'| = |A4]*. Complement D’ has fewer arcs than D when |R| >1|A4|?,
and there may then be an advantage in using complements in tests for
isomorphism.

Isomorphism of digraphs can be defined also in terms of functions. Con-
sider digraphs {4, R> and {B, S). They are isomorphic if and only if there
exists a one-to-one onto function f: A —» B such that {a, b> € R implies
{fa), f(B)>eS and {c,dd>eS implies {f Yc), f"d)>eR for all
members of R and S. There may be more than one function on 4 onto B that
satisfies the conditions. Functions f: 4 — A4 satisfying these conditions also
exist, e.g., the identity function. In the extreme case, letting 4 be a set of n
nodes, there are n! such functions associated with, for example, the digraph

(A, A x 4.
The formalism of D.2.38 is not applicable here. Taking a digraph <4, R),
with A = {a,, ..., a,}, we can denote the set of arcs terminating at ¢; by f;. The

(n + 1)-tuple {A, f;, ..., f,> defines the digraph just as well as {4, R}, but,
although the f; are functions, they need not be operations.

In the heuristic approach to the isomorphism problem sets of arcs are the
data. One develops a number of procedures, each designed to extract from
a set of arcs information relating to a particular aspect of the structure of a
digraph. The procedures are finally combined and a very complicated pro-
gram results. Although a set of arcs contains all the information required,
the information is not directly accessible; it must be computed. Moreover,
the computation takes a different form ineach of the procedures. Hence the
complexity. For example, in setting up a table of outdegrees, a list of first
coordinates of the arcs has to be examined. The indegrees, on the other hand,
are computed from a list of second coordinates. The procedure for extracting
the arcs that originate from the same node is again different in form, and so
on.

The linear formulas introduced in the preceding section contain structural
information in a more readily accessible form. As a consequence, instead of
having to test digraphs for isomorphism by a sequence of dissimilar tests, one
can perform the task by letting a relatively simple unified procedure operate
on minimal sets of K-formulas. We shall give only a very sketchy outline of
the procedure.

DEerINITION 3.32 Consider a K-formula containing ¢ node symbols (not
necessarily distinct), denoted sy, 5,, ..., s5,. Let n; be the roral number of
K-operators to the left of s; in the K-formula, and denote by 3¢ the sum of
the n; over all ¢ node symbols. A K-formula has standard structural form
(ssf) when Y has been maximized by means of switches and interchanges.
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Example

Consider the K-formula saxbsxdasxcae. Here >y =1+2+4+4+6
+ 6+ 6 =29. Let us apply the switch rule to change the distribution of
the K-operators: *axbx*dxxcaea results, and now Y y = 31, a maximum.

Although an ssfof a given K-formula need not be unique, there is generally
only a small number of possible ssfs. This suggests that digraphs can be tested
for isomorphism by comparing the ssfs of the K-formulas representing them.
There is, however, the difficulty that it is impossible to transform a minimal
set of K-formulas having one base of a digraph for their leading nodes to a
set of K-formulas whose leading nodes belong to a different base by switches
and interchanges alone. The procedure that tests digraphs for isomorphism
must therefore have the transformation technique of Step 4 of A.3.4 incor-
porated in it. In Figure 3.22 each node has two names to imply that the
picture represents two digraphs. Any member of {a, b, c} constitutes a node
base in one digraph; any member of {1, 2, 3} does so in the other. Two
possible ssfs representing the digraphs are *axb*xcad and *2+%3x124. We
have to transform the second K-formula into {12, +2*x314}, and this set into
*1%2%%314,

a, 1

b2 o3 d 4

Figure 3.22

3h. Planar Graphs

Planarity is a property studied in the theory of undirected graphs. Our
problem: Given a graph, can it be drawn on a sheet of paper in such a way
that no two edges cut each other ? As usual with problems of some complexity,
the solution is found in stages. In advancing to the solution we shall be
developing a terminology, and a number of interesting results will be ob-
tained, not always properly relevant to the problem at hand. This section,
then, while motivated by the specific problem of planarity, serves as a more
general introduction to the theory of graphs.

DErINITION 3.33 Let G = (A4, P) be a graph. Then G’ = (B, Q), where
B < A, is a subgraph of G if Q contains every edge of P whose elements are
both in B. It is a proper subgraph if G’ # G. The graph G”’ = (4, R), with
R € P, is a partial graph of G.
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DermNITION 3.34  If certain edges of a graph can be placed in a sequence of
the form {a,, a,}, {a,, a3}, ..., {a,_, a,}, where all edges are distinct, the
set of these edges is a chain. It is a circuit if, moreover, a, = a,. If all nodes
in the corresponding sequence of nodes (a,, a5, as, ..., a,) are distinct,
the chain is simple. If ay, ..., a,_, are distinct, but g, = a,, then the set of
edges is a simple circuit.

THEOREM 3.14 A chain is simple if and only if it has no circuit for a subset.
Proof. Exercise 3.32.

DEerFINITION 3.35 A graph G is connected if every two distinct nodes of the
graph are joined by a chain. Let G’ be a connected subgraph of G. G" is a
connected component of G if there exists no further connected subgraph of
which G’ is a proper subgraph. A disconnected graph is not connected.

In studying a disconnected graph one can treat each of its connected
components as a graph in its own right. Therefore, we can limit the dis-
cussion that follows to connected graphs with no loss of generality.

DEerINITION 3.36 A tree is a connected graph that contains no circuits.
Considering the tree T = (B, Q) as a partial subgraph of a connected
graph G = {4, P>, members of P — Q are chords of T. If B = A, then T is
a spanning tree of G.

Example

In Figure 3.23 trees 7, and T, span G, and they are not the only spanning
trees of G. With respect to T; we have the set of chords {{a, b}, {a, ¢}, {a, d},
{b, c}, {b,d}, {c,d}}. With respect to T, the set of chords is {{a, b}, {a, c},
{b, c}, {b, e}, {c, e}, {d, e}}. One aspect of the theory of graphs is its concern
with enumeration. Finding all trees on a given number of nodes would be a
typical problem.

THEOREM 3.15 Let (4, P) be a tree with » nodes. Then [P|=n — 1.

Proof. Consider some a; € A. Since a tree is connected and has no cir-
cuits, there is one and only one chain between @, and a member of
{a,, a;, ..., a,}. The final edges in the n — 1 sequences defining the chains
are, of course, distinct. To show that the set of final edges is in fact P assume
that there exists a final edge {a;, 4,} and some other edge {a;, 4;}. But then
there exists a chain (ay, ..., a;, a, a;); i.e., {4, a;} is a final edge.

THeOREM 3.16 Let T = (A4, Q) be a spanning tree of G = {4, P>, and let
edge e be a chord of T. The graph (4, Q U {e}) contains exactly one cir-
cuit.

Proof. Exercise 3.35.
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Figure 3.23

DeriNiTION 3.37 Let T'= {4, Q) be a spanning tree of G =<4, P>, and
write P — Q = {e, e,, ..., €}. The k circuits contained in the k graphs
{4, Q u {e;}> form a fundamental set of circuits (not necessarily unique)
of G. The quantity |P — Q| is the cyclomatic number of G.

Let T=<{A4, Q) be a spanning tree of G = {4, P}, and let |[4] =n and
|P| = m. Then, by Th.3.15, [P — Q| = m — n + 1. This is the number of funda-
mental circuits of G. It is obvious that a graph contains no circuits when its
cyclomatic number is zero. It contains a single circuit when m —n +1 =1,
1.e.,whenm = n. When m > n, a graph may contain simple circuits additional
to those in a fundamental set. Algorithms have been found for deriving the
fundamental set and, from it, the set of all simple circuits of a graph.

DerFmutioN 3.38 Represent a connected graph in the geometric plane by
drawing nodes as distinct points, and edges as simple curves. The graph is
planar if it possesses a geometric representation in which edges intersect
only at points representing nodes. In this representation a region of the
plane that is bounded by a circuit, and that encloses no other circuit
sharing a common edge with it, is a face. The unbounded infinite region
exterior to the finite faces is also considered a face. (A finite face may

enclose another face, provided that the circuits defining the two faces are
disjoint.)
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Example

Graph G, of Figure 3.24 is planar, as shown by the construction. Its
faces are z,, 24, z,, z3 (2, is infinite, the others are finite). Graph G, is non-
planar.

THEOREM 3.17 The circuits defining the finite faces of a planar connected
graph form a fundamental set of circuits.

Proof. Consider a planar graph G,,, with £+ 1 finite faces. The graph
is constructed from a planar graph G, with ffinite faces by drawing a simple
chain between two nodes @ and b in G, (a, n,, ..., n, b), where ny, ..., n
do not belong to G,. (If some n; belonged to G, the resulting structure
would have at least f + 2 finite faces.) The construction increases the number
of nodes by k and the number of edges by k + 1; i.e., the cyclomatic number,
in going from G, to G, , is increased by (k + 1) — k = 1. Therefore, by
D.3.37, the theorem is true for G, if it is true for G,. But the theorem is
true for G, a graph with one finite face—G, contains a single circuit, and this
circuit must be the fundamental set.

Gy :

Gy :

Gyt
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We have shown that the cyclomatic number of a planar connected graph
is equal to the number of finite faces in the graph. Therefore, putting » for
the number of nodes, m for the number of edges, and f for the tota/ number
of faces (including the infinite face), we can express Th.3.17 as a formula:
n—m + f=2. This expression is known as Euler’s formula. A connected
graph is planar if and only if it satisfies Euler’s formula.

DerFINITION 3.39 A graph G =<4, P)> is complete if P contains every
2-element subset of 4. A complete graph on n nodes is denoted by X,.

Example

Graph G of Figure 3.23 is a complete graph on 5 nodes. A complete graph
{A, P) having n nodes contains the greatest possible number of edges on n
nodes. This number is equal to the number of 2-combinations of 4, and, by
Th.1.17, C,(4) = C(n, 2) = 4n(n — 1). Note that a set {a, a} has only one
element and cannot be an edge; i.e., we have no counterpart of slings in the
theory of graphs.

DerFNITION 3.40 A graph (B v C, P) is bipartite if B n C = ¢ and every
member of P has one element in B and the other in C. A bipartite graph
in which every member of B is joined by an edge to every member of C
is known as a wutility graph. The utility graph in which the disjoint sets
of nodes have s and ¢ members, respectively, is denoted by K ,.

Example

Graphs G; and G, of Figure 3.24 are bipartite. In the case of G; we have
B={a,b,c}and C={d,e,f, g}. In the case of G, the sets are B = {q, b, ¢}
and C = {d, e, f}. G, is a utility graph. The term has arisen from the use of
this species of graphs to represent situations in which each of s consumers is
to be supplied with each of ¢ public utilities (e.g. water, gas, electricity) from
their supply stations.

THEOREM 3.18 Graphs K (graph G of Figure 3.23) and K; ; (graph G, of
Figure 3.24) are nonplanar.

Proof. Assume that K is planar. Then Euler’s formula gives f=2 —n
+m=2—5+4+10=7. A circuit defining a face must contain at least three
edges, and each edge lies on a boundary of two faces. Hence m/3> f/2 or
2mz 3f, leading to the contradiction 20 = 21. Next assume that K; ; is
planar. Circuits in a bipartite graph must contain at least four edges. (If a
circuit had only three edges, one edge would have to have both members in
one of the disjoint sets.) Hence we must have m/4 = f/2 or m = 2f. But here
f=2—6+9 =25, again implying an absurdity, namely 9 > 10.
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DermNiTION 3.41 A simple chain (a, ny, ..., n, b) in a graph is free if all
edges of the graph that contain nodes n, ..., n; belong to this chain. Re-
placement of a free chain (a, ny, . .., g, b) by the edge {a, b} and removal

of nodes n, ..., n, is a reduction of the free chain.

Example

Graph G, of Figure 3.25 contains free chains (a, z, b) and (e, x, y, d).
Reduction of these chains produces G,. Chain (a, z, b) reduces to edge
{a, b}, and, since this edge is already in G, reduction does not add a new edge
to the graph. The other free chain reduces to the edge {e, d}. In this instance
the free chain is replaced by a new edge.

Gy G,

Figure 3.25

The property of planarity or the lack of it is invariant under the operation
of reduction. This is recognized in the formulation of the next theorem.

THEOREM 3.19 (Kuratowski’s theorem). A graph is planar if and only if it
does not contain as a subgraph the graph K, or the graph K 5, or a graph
that can be reduced to K5 or K ; by the operation of reduction.

Proof. We have already demonstrated necessity. The sufficiency proof
is very difficult. We shall not give it here.

Notes

The most useful general text for this chapter appears to be [Bu65]; this
book gives the basic theory of directed and undirected graphs, and contains
numerous examples of applications. [Ha65b] is a specific text on digraphs.
It is primarily addressed to social scientists, and is rather easy to read. The
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theory of undirected graphs is covered by [Ha69]. The present interest in
applications of graph theory has been to a large extent due to Berge’s Theory
of Graphs and its Applications, [Be58], which puts a strong stress on the use of
graphs in operations research. A more recent work, [Be62], continues on the
same lines. [Ka64] has an interesting structure; the first part introduces
graphs informally as a tool in operations research, the more formal develop-
ment being held over to the later sections of the book.

A.3.3 has been published in [Be68a]. The K-operator and K-formulas of
Section 3e were introduced by Krider in [Kr64] as an aid to automatic flow-
charting of computer programs, but most of the material in this section is
new. Th.3.10 has been stated without proof in [Be69a]. A different linear
notation is described in [Ba67a)]. The heuristic procedures for testing pairs of
digraphs (or graphs) for isomorphism were independently developed by
Sussenguth [Sa64] and Unger [Un64]. A somewhat different heuristic pro-
cedure, based on the matrix representation of a graph, is to be found in
[Bo64a]. This paper contains an Algol program of the procedure. Some
attempts have been made to find a function from the set of graphs under
which two graphs would have the same image if and only if they were iso-
morphic. To date all conjectures in this area have come to nothing—see
[Tu68]. A canonical scheme for labeling the nodes of a tree is described in
[Go63]. Solutions to the problem of finding circuits in graphs are to be found
in [Web6a, Go67b, Pa69a]. The algorithm for generating all cycles from the
fundamental set in [We66a] has been found faulty and is corrected in [Gi69].
[Mc69] is an algorithm for finding all spanning trees of a graph. A proof of
Th.3.19 can be found in [BeS8, Bu65]. Because of the difficulty of telling
whether or not K5 or K, _; is the subgraph of a graph, Kuratowski’s theorem
has little practical use. An algorithm for deriving a planar geometric repre-
sentation of a planar graph can be found in [De64]; this paper contains also
a discussion of the reduction of the number of intersections of edges in a
nonplanar graph.

Exercises

3.1 (a) Draw pictures of the following digraphs:

(1) (A, AxA), where A = {a, b, ¢, d};

(i) ({1, 2, 3, 4, 5}, greater than);

(i) (A4, R}, where A = {a, b, ¢, d} and R is the identity relation;

(iv) <(2({], 2, 3}), R>, where R is the subset relation;

(v) <2({1,2,3}), Q), where Q is the relation covers with respect to
the subset relation in 2({1, 2, 3});

(vi) (S u C, R), where S is a set of five students of your acquaintance,
C is the set of courses attended by these students, and R = {<a, b) | student
a takes course b};
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(vii) (S U L, R), where S is the set of students of Part (vi) and L is the
set of localities where they live, and R = {<a, b) | student a lives in b};
(viii) the structure of Figure 2.7,

3.2 (a) The digraphs of Parts (vi) and (vii) of Exercise 3.1 are bipartite
digraphs. Try to abstract their distinguishing feature and hence devise a
definition of bipartite digraphs.

3.3 (a) Using the information you collected for Part (vi) of Exercise 3.1,
draw an undirected graph (S, P), where P = {{a, b} |a, b€ S, a and b have
at least one course in common}.

34 (b) Find indegrees and outdegrees of all nodes in the digraphs of
Figures 3.7 and 3.8.

3.5 (b) Find all cycles in the digraph of Figure 3.8.

3.6 (b) Show that if a digraph contains paths (a, ..., b) and (b, ..., a),
then the digraph contains a cycle, but that there need not exist a simple cycle
(a,...,b,...,a).

3.7 (b) Show that if 4 and B are cycles, and the node sequences that
define them have at least one node in common, then 4 U B is also a cycle.

3.8 (b) Consider a digraph that has a node base of n elements. Show that
at least n — 1 arcs have to be added to the digraph to convert it to a digraph
whose node base consists of a single node.

39 (c) Write a Fortran subroutine that computes the path matrix of a
digraph from its adjacency matrix. Would it matter if the input to the sub-
routine were a variable adjacency matrix ?

3.10 (c) Write a Fortran subroutine that computes from the adjacency
matrix of a digraph (4, R} a matrix S such that s;; is the length of the
shortest path from a; to a; and s;; = 101° (or some other very large number)
if there is no path from g; to a;. Can S be computed from the path matrix of
the digraph?

3.11 (c¢) Characterize the digraphs of Exercise 3.1 according to D.3.14.

3.12 (¢) In A.3.1 make MX a logical array in which an element is . TRUE.
if the corresponding element of the adjacency matrix is 1, and . FALSE. if
it is 0. Modify ISPORD accordingly.

3.13 (c) What is to be changed in ISPORD to make it into a function sub-
program that determines whether or not a relation is an equivalence ?

3.14 (c) Write a Fortran logical function that, given the path matrix of a
digraph, returns . TRUE. if the digraph is cyclic, and . FALSE. if it is not.

3.15 (c) Attempt to get an understanding of ISEQUI of A.3.2 by following
through the actions of the procedure on the matrix of the example of A.3.2.
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Then modify ISEQUI so that it also prints the equivalence classes generated
by the equivalence relation defined by the adjacency matrix MX (as sets of
row numbers).

3.16 (c¢) Write a Fortran function subprogram that determines whether or
not a digraph is complete.

3.17 (d) What is the form of the path matrix of a strongly connected
digraph?

3.18 (d) Write a Fortran subroutine that computes from the adjacency
matrix of a digraph {4, R) a matrix C such that ¢;; = 1 if g; and g; are con-
nected and ¢;; = 0 if they are not connected.

3.19 (d) Prove Th.3.8.

3.20 (d) Devise an algorithm for finding the strong components of a
digraph.

3.21 (d) Prove Th.3.9, and devise an algorithm for finding all node bases
of a digraph.

3.22 (e) Find minimal sets of K-formulas for the digraphs of Figures 3.7
and 3.8 (disregard weights in Figure 3.7).

3.23 (e) Implement A.3.4 as a Fortran program.
3.24 (e) Which of the following are K-formulas?

(i) #*xxabaxdc. (i) *xxabaxdcd.
(iii) **abaxxdc. (iv) xaxbxaxdc.

Draw the digraphs corresponding to the K-formulas.

3.25 (e) Implement a recognition algorithm for K-formulas based on
D.3.22a as a Fortran program.

3.26 (e) Show that the interchange rule of D.3.26 does not lose any of its
power if it is defined in the following, more restricted, fashion: The inter-
change of a K-formula of node a, occurring as a (proper) subformula of a
member of F, and a node symbol a, occurring in any member of F, is an
application of the interchange rule.

3.27 (f) Produce an example of a digraph in which exactly one node
has indegree 0 and every other node has indegree 1 that is not a directed
tree.

3.28 (f) Show that D.3.27 defines the same objects when the condition
that the digraph must be acyclic is replaced by the condition that the digraph
must be connected and without slings.

329 (f) Prove Th.3.12.
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3.30 (g) Let Dy =<{X;, Ry, D, =<X,, Ry, where X ={a,b,c,d, e, f}
and X2 = {1> 2’ 39 45 5> 6}’ Rl = {<C5 a>, <b’ C>, <€, b>’ <€,f>, <f> a>s <b9f>5
e, [, <b, &), Ka, ¢, {d, a, {d, [, {e,d), {d, b, {f, b), {f, e, K¢, e),
<b,dy, Ka, [y, a,d), d, ey, Ka, &), {f, ), {f, d), {d, ¢}, R, = {K1,2),
(5,45, <6, 4>, (4,15, <2,4), <1, 35, <6, 1), {5,6), <3,25, <2, 5), (1, 6),
(3,4, <2,3), (3,15, 4,2}, <3, 5), {6, 5), <2, 6), <1,4), <2, 1), (4, 3),
(5, 1>, (1,5, (6,2>}. Are the digraphs D, and D, isomorphic?

331 (g) Let D=<X, R> be a complete symmetric digraph on n nodes
Xy Xa,y ey X Let D" = (X, R"> be a digraph that results when the sub-
scripts of the nodes are permuted. Discuss the isomorphism of D and D’.

3.32 (h) Prove Th.3.14.
3.33 (h) Find all spanning trees for graph G of Figure 3.23.

3.34 (h) Show that the definition of a tree in D.3.36 is consistent with the
following definition: A tree is a connected graph that becomes disconnected
when any one of its edges is removed.

3.35 (h) Prove Th.3.16.



CHAPTER I

Strings

4a. Algebraic Structures

As we have pointed out before, abstraction is the process of eliminating
everything that is inessential to a particular investigation. Thus, when we had
to define concepts such as similarity, homomorphism, and the like, we found
the truly abstract algebras of Section 2h most effective, precisely because
they are devoid of structure. On the other hand, when we look for a useful
mathematical model of a real system, we want a model with as much structure
as possible. The more structure an algebra possesses, the richer its stock of
theorems. Consequently, the more features of the system are reflected in
the model, the more information about the system is the model capable of
providing.

Structure is imposed on an abstract algebra by means of rules that must
be satisfied by operations in the algebra. We might require an operation to be
associative, or commutative. For a pair of operations, we might have an
axiom defining the way one operation distributes over the other. The simplest
nontrivial abstract algebra is the system <{A4, *>, where * denotes a binary
operation in 4. D.4.1 is a set of statements, subsets of which define specific
algebras 4. These statements are then the axioms of 4.

DerFNITION 4.1  Let (A, *) be an algebra. We say that algebra A satisfies
the associative law if statement A | is true. Similarly for statements A,, A,
and A,.

145
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A,. Associative law: a* (bxc) = (a*b)*cforalla, b, ce A.

A,. Commutative law: a*b=>b=*aforalla,be A.

A,. Identity law: There exists an element e € 4 such that exa =
axe=aforeveryae A.

A, . Inverse law: For every a € A there exists an element a’ € 4 such
thata'*a=axa =e.

Statement A, actually comprises two identity laws: a left identity law,
expressed by e *a =a, and a right identity law, expressed by a*e =a.
Similarly A, comprises left inverse and right inverse laws.

DEFINITION 4.2 An algebra (A, =) that satisfies A; of D.4.1 is a semigroup.
If, in addition, the algebra satisfies A, it is a semigroup with identity or a
monoid. (It is easy to show that the identity element of a monoid is
unique.)

Examples

1. If 4 is a nonempty set, then algebras (#(4), u) and (#(4), n) are
semigroups with identity, the identity elements being the null set and the set
A, respectively.

2. If N is the sef of nonnegative integers, then (N, + ) and (N, -) are
semigroups with identity elements 0 and 1, respectively.

In keeping with D.2.34 we should consider the identity element a O-
argument operation, and write the algebras of the examples above as
(P(A), U, B>, (P(4), N, A), (N, +,0), and {N, -, 1.

Semigroups without identity elements are not particularly interesting.
Therefore, it is quite normal to find the term semigroup with identity abbre-
viated to semigroup. This usage is based on the assumption that no confusion
would arise because semigroups without identity elements are not worth
talking about. When one goes as far as to speak of a semigroup <A, *, ey, of
course no confusion can arise.

DEFINITION 4.3 A semigroup with identity that satisfies A, is a group. If, in
addition, it satisfies A,, it is an Abelian group.

Examples

1. The set of all integers under addition is a group. Addition is clearly
associative. There exists an identity element, namely e = 0, and the inverse
law is satisfied if we take @’ = — a. The group is Abelian.

2. The set of all integers is not a group under multiplication (A does not
hold), but the set of all rational numbers is an Abelian group. The inverse of
an element of this group is defined by x" = 1/x.
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Y

Figure 4.1

3. Consider the square ABCD shown in Figure 4.1. The square can be
rotated (clockwise) through 90°, 180°, 270°, and 360° with no change to its
appearance. It can be rotated also about axes XX, YY, AC, and BD. We
denote these eight rotations by a, b, ¢, d, e, f, g, and A, respectively, and let
x * y stand for rotation x followed by rotation y. It is easy to see that = is an
operation in {a, ..., #}. For example, a * e = h and e * a =g. Table 4.1 is a
“multiplication” table for this operation. The operation is associative, but
not commutative. Rotation 4 is a (unique) identity element, and each element
possesses an inverse. Algebra ({a, ..., h}, *, d> is, therefore, a group (known
as the dihedral group D,).

TABLE 4.1

OPERATION x * y IN {a, ..., h}

*®
=
2
Sl
o
2
o
~
Q
>~

QM A0 O
B3 R R0 o
Q@ >0 o o an
N ae@ 3o o0 R,
>Q w0 a0 o0
(SIS TR~ TR SN N
Q0 Qo3>0 Qg
AU D@ NI
QTR O 0 Q S

DeriNiTION 4.4 If a group G has n elements, it is called a group of order n.
If G is infinite, it is called a group of infinite order or an infinite group.
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Example

The dihedral group D, is a finite group of order 8. The groups of the other
examples of D.4.3 are infinite.

We shall now study permutations in the context of the theory of groups.
In Section 1h a permutation of n objects was defined as something static, an
n-tuple with distinct elements. Here we take a dynamic approach; we identify
a permutation with the action taken to transform one n-tuple into another by
defining a permutation of a set 4 having n elements as a one-to-one transfor-
mation (function) p: 4 - A. There are n! such transformations. Since an
algorithm generates permutations by a sequence of transformations, and
algorithms are of greater relevance in computer science than static definitions,
the definition given here should hold a greater appeal for us.

We write a permutation as

<a1 a, a, -°*° a,,)

p= s

by by b3 - b,

where {a;, b;> € p. The order in which the a; are written is immaterial, but
if {a;, b;) € p, the b; must be written below the a, :

<a1 a, - a") <a2 a, - a1>
p = = 8
b1 b2 cee b" b2 bn e b1
The product of permutations p and g, written pq, is obtained by carrying
out transformations p and ¢ in sequence. For example, if

(1 2 3) 4 (1 2 3)
= an q = s
P 2 1 3 31 2
then

1 2 31 2 3 1 2 3y2 1 3 1 23
pq:(z 1 3)(3 i 2)=<2 1 3)(1 3 2)=<1 3 2>'
Note that pg # gp here:
1 2 3yl 2 3 12 3\/3 1 2 1 2 3
qp=(3 1 2)(2 1 3>=<3 1 2)(3 2 1>=<3 2 1)'

Let us consider P(A), the set of all permutations of a set A. Obviously the
product function is an operation in P(4). It is easy to prove that this operation
obeys the associative law. The identity function provides an identity element;

we write
a a -~ a,
l'l = b
a, a, - a,
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and each p € P(4) has a unique inverse p~* € P(4) such that if

a a g by by - b,
p= , then pl= )
by b, - b, a, a, - a,
Clearly pp~' =p~'p=1i,. P(4) is therefore a group under the product
operation. It is called the symmetric permutation group or symmetric group
of order n! (when A4 has n elements).
Let C={cy,¢3,...,Cp} be a subset of 4 = {a,,a,,...,a,}. A cycle of
length m is a permutation p such that

P(c) = Civy i=12,....m-1),

p(cm) = cl’
pa) =a; (a;e 4 - C).

<1 2 3456 7)

1 43 6 2 57

is a cycle of length 4 (¢; =2, ¢; =4, ¢c3 =6, ¢, =5). It is customary to
abbreviate a cycle to just those elements changed in the transformation, e.g.,
to (2 4 6 5) here. Two or more cycles that have no elements in common in the
abbreviated notation are called disjoint, and every permutation can be ex-
pressed as a product of disjoint cycles. The disjoint cycles are very easily

detected when a permutation is represented by a digraph. Figure 4.2 is the
digraph representing the permutation

(123456)
p= :
563 1 42

-
O

For example,

Figure 4.2
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We see at once that p = (1 54)(2 6)(3). A cycle of length 1 is the identity
function. Therefore, it is shorter to write p = (1 5 4)(2 6), but a notation that
includes every element in the domain of the permutation is preferable.

A cycle of length 2 is called a transposition, and every permutation can be
expressed as the product of transpositions. If it is the product of an even
number of transpositions, the permutation is called even; otherwise it is called
odd. A permutation cannot be both even and odd. Half the permutations in
P(A) are even, half are odd. The permutation (1 5 4)(2 6) becomes, in terms of
transpositions, (1 5)(1 4)(2 6); it is odd.

We shall now consider algebras with two binary operations: (R, +, ).
It is common practice to call operations + and - “‘addition” and “multi-
plication,” respectively, and to abbreviate expressions of the form a- b to ab.

DeriNiTION 4.5 The algebra (R, +,-,0,1)> is a ring if (R, +,0) is an
Abelian group, <R, -, 1> is a semigroup, and the following additive dis-
tribution laws hold for all a, b, c € R:

alb + ¢) =ab + ac, (b + ¢)a = ba + ca.

Examples

I. The algebra <{I, +,-,0, 1>, where I is the set of integers, and the
operations are the normal arithmetic operations, is a ring.

2. The Boolean algebra (B, @, %,,0, 1> is not a ring (¢’ @a # 0 in B),
but if we define a new operation in B, a+b=(axb)D(b *a’), then
{B, +,*,0, 1) is a ring.

Strictly speaking the structures defined in D.4.5 are rings with multipli-
cative identity. The more precise definition of a *“‘bare” ring would not be as
restrictive as D.4.5 because it would not require the semigroup to have an
identity element, but, as we have pointed out before, semigroups without
identity elements excite little interest.

DEerINITION 4.6 The algebra {Q, +,-,0, 1) is a Q-semiring if {Q, +,0)
and {Q, -, 1) are semigroups, and the following laws hold for alla, b, c € Q:

a+b=>b+a;

alb+c)y=ab+ ac, (b + ¢)a = ba + ca;
a+1=1;
a-0=0-a=0.

Examples

1. The Boolean algebra (B, @, %, 0, 1> is a Q-semiring.
2. {R%, min, +, o, 0>, where RY is the set of nonnegative real numbers,
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together with positive infinity, min is an operation that takes the smaller of
two numbers, and + is normal addition, is a Q-semiring, and (RS, max, min,
0, o), where max is the operation of taking the larger of two numbers, is
also a Q-semiring.

Our interest in Q-semirings will be justified in Section 6a.

4b. Algebra of Strings

Dermumion 4.7  An alphabet is a finite set of symbols. An alphabet will
always be denoted by the letter V.

Example

The set {a, b, c, ..., z} can be an alphabet, and so can the set {apple, pear,
banana, carrot}, but, if the second set is used for an alphabet, every element
in the set must be considered a single indivisible object.

DEFINITION 4.8 A string over V of length m(m= 0) is an m-sample of V.
The string of length O is distinguished as the empty string ; we write A for it.
A string {xy, x5,...,x,» will be written x,x, -+ x,, for convenience,
possibly enclosed in quotes, “x,;x, - x,,””. The set of all strings over V is
denoted by V*. Members of V* will be denoted by Greek letters: a, j,

Example

Let V' = {a, b}. We have V* = (), .y Si(V),where N is the set of non-
negative integers, and So(V) = {A}, S(V) = {a, b}, S,(V) = {aaq, ab, ba, bb},
and so on. It is meaningless to talk of strings of infinite length, but obviously
no bound can be set on the length of a string.

In linguistics the term vocabulary is sometimes used as a synonym for our
alphabet, and its members are called words. In logic, on the other hand, word
is sometimes used to denote our string.

DerFINITION 4.9 Let a be the string x,x, *** x,, and f the string y,y, -+ y,.
The concatenation (complex product) of o and B, written a« - or simply
aff, is the string x;X, =" X, V1 V5 *** Yy

Example

Let o = ter, f = ra. Then aff = terra, fo = rater.

Sometimes one has to consider samples of V* as strings. Let V =
{e,g,i,m, n, r,s, t}. Then semi € V* and string € V*, and one 2-sample of V'*
is {semi, stringy. We shall call the taking of a 2-sample and the 2-sample
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itself juxtaposition, and use the symbol + for it (making sure that + ¢ V).
Then {semi, string) becomes the string semi + string. Juxtaposition must not
be confused with concatenation. Since + ¢ V, juxtaposition cannot be an
operation in V.

THEOREM 4.1 The algebra of strings (V'*, -, A) is a semigroup (with identity).
Proof. Obvious.

DeFINITION 4.10 If 4 = V* and B = V*, then the complex product of A and
B is the set of strings A-B=AB ={af|a € 4, e B}.

DEFINITION 4.11  Let 4 < V*. Then the powers of A4 are defined by 4° = {A},
A"=A""'4 (n=1). We put A* = [ ),y A’, where N is the set of non-
negative integers, and call A* the star of 4. If A = {a}, where ae V, we

write a° = A, @" = a" " 'a.

Examples

1. {a}* = {A, a, aqa, aaa, ...}.
2. If A2 V holds, then A* = V'*,

If {4, *) is a semigroup, then the smallest subset of 4 from which every
element of 4 can be generated by repeated application of the operation * is
called the set of generators of A. In the case of {¥'*, -, A) the set of generators
is V. The algebra {V*, -, A is sometimes referred to as a free semigroup. It is
very difficult to explain the difference between a free algebra and one that is
not free. The definition itself is straightforward. Let A be a semigroup with
generators B, and let F be the set of functions ¢: B— M, where M denotes
any semigroup. Then A4 is a free semigroup if and only if every member of F
possesses an extension f: A — M that is a homomorphism. Other free al-
gebras are defined analogously. The definition suggests that the elements of a
free algebra are as unrestricted as they can possibly be, and still have the
structure of this algebra; i.e., only properties that follow from the axioms can
be of any consequence in a free algebra. Consider a semigroup V* with
generators {a, ..., z}, say. If ¥"* is to be free, we can accept only the following
definition of equality in V: a,a, *--a, = b.b, -+ b, if and only if n =m and
a;=b, for 1 <i < n. This is simply the definition of equality of samples. If
we were to extend the meaning of equality by rules such as two - tens = twenty,
say, which cannot be derived from the axioms, ¥'* would cease to be a free
semigroup.

DEFINITION 4.12  String f8 is a substring of string o if there are strings « and y
(possibly empty) such that ¢ = afy. If at least one of « and y is nonempty,
then B is a proper substring of o.
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Examples

1. Let 6 = »**as*xbbcdx*xcbdee. Then *xxbbcd is a substring of o, and
so is **xa*, and so forth.

2. The string aabb has nine substrings. They are A, a, b, aa, ab, bb, aab,
abb, aabb.

3. Consider strings semi and tone. Their concatenation is semiftone, their
juxtaposition semi + tone. The concatenation has emit for a substring, but
not the juxtaposition. The string one is a substring of both semitone and
semi + tone.

Concatenation is the only operation in a semigroup of strings. If two
strings are concatenated, the length of the resulting string cannot be smaller
than the length of the longer of the two arguments. Obviously concatenation
can operate on strings only as indivisible entities. In most practical situations,
however, substrings have to be extracted, or deleted, or rearranged into new
patterns. We need, therefore, to define a process of substitution.

DEerFINITION 4.13 If o = affy and ¢’ = aff’y are strings, then ¢’ is the result of
a substitution of B’ for B in o. If, moreover, af cannot be expressed as
o’By’, where y' is nonempty, the substitution is canonical. Substitution is a
function in a given V*. We use the notation f(o, o, 8, §'). In the case of
canonical substitution only three arguments are needed, and we write
f.(o, B, B). (The functions are defined only when f is a substring of ¢.)

Examples

. f(ararat, ar, ara, A) = art and f(ararat, ar, ara, den) = ardent, but
fAararat, ara, A) = rat.

2. f(tun, A, 5) = stun. This is an example of a canonical substitution for
the null string. We can say that ¢’ is the result of a canonical substitution for
the null string if and only if 6" = §'g. If ¢ = A, this becomes ¢’ = f'.

4c. Markov Algorithms

Any manipulation of a string can be formulated as a sequence of canonical
substitutions. In this section we define a notation for specifying sequences of
canonical substitutions for particular tasks, give examples of such sequences,
and discuss general properties of the formalism.

DEFINITION 4.14 Let V be an alphabet {a, b, ¢, ...} and V' an auxiliary
alphabet {a’, b’, ¢’, ...} such that V n V' = ¢F. Let -» and . be symbols
that are not members of Vu V. If B,8, (VLU V)*, then the string
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B — By is a simple (Markov) production and the string § —. B, is a terminal
(Markov) production. In these productions f is the antecedent and f, the
consequent.

DEerINITION 4.15 A production with antecedent § and consequent f; is
applicable to a string ¢ if and only if the canonical substitution f,(c, f, 1)
is defined (i.e., if and only if § is a substring of ¢). The image of (g, 8, >
is then the resu/t of the production.

Example

Productions ara — A and ara — den are both applicable to the string
ararat. The results are rat and denrat, respectively. Neither production is
applicable to either of strings rat and denrat. Production A — s is applicable
to the string tun. The result is stun.

DEFINITION 4.16 A Markov algorithm (normal algorithm) is a finite sequence

of productions P, P,, ..., P, applied to a string g, € V* or to a string
g, e(Vu V), i>0, according to the following procedure.

I. Seti=0.

2. Setj=1.

3. If P; is applicable to ¢;, go to 5.

4. Setj=j+ 1. Ifj<n, go to 3. Else algorithm is blocked.

5. Apply P;tog; and obtain g,,,. Set i = i + 1. If P; was simple, go

to 2. Otherwise algorithm terminates.

DEerFINITION 4.17 A Markov algorithm is applicable to a string g, if and only
if it stops (by termination or blocking) after a finite number of steps.

Examples

1. The algorithm A —. A is applicable to every string. It corresponds to
the identity function. The algorithm A — A, since it never stops, is not applic-
able to any string.

2. Let ¥V = {a, b, ¢, d}. The following Markov algorithm removes the
first d and every symbol following it from any string over V.

da—d
db—d
de > d
dd—d
d—. A

Applied to the string aabdcbdda, the algorithm produces in turn aabdcbdd,
aabdbdd, aabddd, aabdd, aabd, aab. If the first four productions were written
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in some other order, then the strings produced at intermediate stages could
differ from the ones above, but the final string would still be aab. We shall
abbreviate the algorithm by writing a single expression for the first four pro-
ductions. In this notation the algorithm becomes

dx—>d (xeV)
d-. A

Although the composite production dx — d represents the four separate pro-
ductions in some definite order, one can, for convenience, give a different
interpretation: Take da for the antecedent if the first  in the string is followed
by a, take db if it is followed by b, take dc if it is followed by ¢, and take dd
if it is followed by another ¢. Under this interpretation the abbreviated
algorithm changes aabdcbdda to aabdbdda (instead of to aabdcbdd). If the
production d —».A were changed to d—» A the algorithm would stop by
blocking.

Some authors consider a Markov algorithm inapplicable if it stops by
blocking. Whether or not one agrees with this view is largely a matter of
aesthetics. On the one hand, a formalism that permits only one type of stop
has greater simplicity. On the other hand, it is sometimes possible to shorten
an algorithm (by one line) if blocking is a legitimate mode of stopping.

We should distinguish two types of applicability. That of D.4.17 is
concerned only with stopping. The other type, external to the formalism, is
concerned with the proper completion of a specified task, and in this sense a
particular Markov algorithm is applicable only if it produces the string that
we expect it to produce. Applicability in the sense of D.4.17 is, of course, a
pre-condition for applicability in the narrower sense. The distinction is ana-
logous to that between a computer program that is free of syntactic errors,
but may still contain ““logical bugs,” and a completely debugged program.

We have not used an auxiliary alphabet this far. Let us therefore take as
our next example an algorithm for duplicating strings. Auxiliary symbols
have to be used. In the first stage of the algorithm a copy is made of every
symbol in the string; an auxiliary symbol a” moves along the string pointing
to the symbol that is to be copied next. In the second stage all copies are
moved to one end of the string. To make sure that only the copies are moved,
they must be suitably marked; auxiliary symbol 4’ is the marker.

ax— xb'xa (xeV)

b'xy > yb'x (x,yeV)
b'—> A
a—. A

A- d
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The pointer is introduced by the last production to ensure that it will not be
produced more than once. Let us apply the algorithm to a string over
V ={a, b, c}, say acbcc. We have

achce — a'acbec
— ab’aa’cbece

—'> ab’ach’cbb’beb’ceb’ca’
— acb’ab’cbb’beb’cchb’ca’

—.v acbeeb’ab’ch’'bb’cb’ca’
— acbccab’cb'bb’'ch’ca’

— acbccacbeea’
— acbecachee

Our examples of Markov algorithms have corresponded to mappings
from V* into V*, but this is not an essential feature of Markov algorithms.
The string produced by an applicable algorithm may belong to (V U V')*
without belonging to V*. The following algorithm, which counts occurrences
of a specified substring, is a case in point. The symbol + (+ € V") is appended
to the string for every occurrence of the substring. We shall write the specified
substring « as fy, where § stands for the first symbol in a. The general form of
the algorithm is

apy—-p+ay

ax—xa (xeV)
+x-ox+ (xeV)
a—-. A
A-d

If « = ara, say, then the first production is
dara—a+ a'ra.
Apply the algorithm to the string ararat:

ararat — a'ararat
—a+a'rarat
—a + rd'arat
—a+ra+arat

—a+ra+ rata’
—ar +a+rata

—ararat + +a’
— ararat + +
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The next algorithm converts a string of tallies, + + -+ 4+, to a decimal
count.
b0+ - b1
b1+ - b2
b2+ - b3

b8+ — b9
594 - +b0
+b' > b+
b'+ - b0+
b'—>. A
A-b'0

Let the counting algorithm and the tally converter be denoted by M, and
M,, respectively. The two algorithms can be combined into an algorithm M,
which carries out the process of M, until M| would terminate and then car-
ries out the process of M, on the result. M is constructed as follows:

1. Change M to M; by substituting
+a' - a'+
a - b0
for the production
a —-. A
2. Change M, to M, by deleting the last production (A — 5°0).
3. The combined algorithm is
M;
M;
A general algorithm for combining two algorithms is much more com-
plicated. The segment that carries out the process of the second algorithm has

to come first in the combined algorithm, and a string has to be “ protected
from its productions while the first process is being applied to the string.

ALGORITHM 4.1  Algorithm for combining two Markov algorithms M, and
M, into a single algorithm M. Alphabet V5 of M, is (V, U V) u
(Vy u V3), where V| and V, are the alphabets of M, and M, , respectively,
and V{ and V, are the auxiliary alphabets. V; = {a’, ¥, ¢, d’, ¢'}.

1. Convert M, to M| by changing every terminal production a —.
to o —> a’'B, and adding A — a’ as the last production of M| (to take care
of a stop by blocking).
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2. Change the antecedent and the consequent of every production of
M, as follows:

change A to ¢,
change s;5,°-*5, to ¢'s;¢'s,¢ - c's,
(e.g., A—ab becomes ¢ —c'ac’bc’). The modified productions are
inapplicable to a string while the process of M, is carried out on it.
3. Convert the modified M, to M, by changing every terminal pro-
ductiona —. f to « — d’f,and adding ¢’ — d’ as the last production of M.
4. Introduce productions that change the string produced by M, to a
form suitable for M, and do the final cleaning up. The complete M is

xa - a'x (xeViu V)
a—- b
b'x— c'xb  (xeV, U V)
b — ¢
cxd' - d'c’x  (xeV,u V)
d — ¢
e'c’x » xe (xeVyuVy)
ec—. A
M,
M;

Our final example is a Markov algorithm that appends either 7 or Fto a
string depending on whether or not the string is a K-formula. Symbol F is
appended to the string at the start, and a pointer is moved along the string.
The difference between the number of K-operators and the number of node
symbols in the substring to the left of the pointer is given by tallies. If the
number of tallies becomes zero before the pointer reaches the last symbol, or
the number is nonzero when the last symbol is reached, then the string is not
a K-formula. Otherwise the string is a K-formula, and the F is then changed
to T. Here V' = N u {+}, where N is the set of node symbols.

Fx— xF (xeV)
+x—- x4+ (xeV)
ax— x+a
+a'x— xa (xeN)
a'xF—.xT (xe N)
+ - A
a —. A
A— a'F

At this point we digress, and try to come to an understanding of what is
meant by a recursively solvable (or decidable) problem. We definea problem as
a function, and we say that a problem is recursively solvable if and only if the
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function is computable, i.e., if and only if there exists a mechanical procedure,
which, applied to any member of the domain of the function, computes its
image within a finite length of time. Take, for example, the problem of de-
ciding whether or not a string is a K-formula. This is a function on the set of
all strings into a set of two elements, say {7, F}. All K-formulas have the
image 7, all strings other than K-formulas map onto the element F. The
Markov algorithm given above is the required mechanical procedure. The
problem is therefore decidable.

A well-known abstract device for specifying mechanical procedures is the
Turing machine, and it can be shown that a problem is recursively solvable if
and only if there exists a Turing machine that computes the function. A
mechanical device more powerful than the Turing machine, i.e., one that
would compute a function that cannot be computed by a Turing machine, is
not known and does not appear to exist. It can be shown also that the Turing
machine for computing a function exists only if a Markov algorithm for
computing the function exists. The two formalisms are therefore equivalent.
Turing machines, important though they are in theoretical studies, are quite
impracticable when it comes to describing procedures for solving practical
problems. The usefulness of Markov algorithms, on the other hand, extends
beyond the theory of decidability. They can provide reasonably efficient
characterizations of operations on strings. We shall see in Section 12b that
programs written in Comit, a programming language for processing strings,
are very similar to Markov algorithms.

There are unsolvable problems relating to Turing machines and Markov
algorithms themselves. For example, the problem of whether or not a Markov
algorithm is applicable to a string is recursively unsolvable. It must be stressed
that particular solutions can be found. Only the general procedure, which
would work for any Markov algorithm and any string, cannot be devised.

4d. Languages and Grammars

There is very little that is interesting about a set V' * itself. We shall now
look at subsets of ¥ * that we find interesting for some reason or other, and at
ways of specifying rules for generating precisely those strings that are mem-
bers of such subsets. Collections of rules that define subsets of ¥* are known
as grammars.

Traditionally we think of a grammar of a language as a set of rules a
speaker of the language is supposed to obey. A grammar in the traditional
sense defines “‘correct” usage. The modern approach is different. Instead of
attempting to prescribe usage, the linguist accepts a language as used, and
seeks a description of the language. He looks for a theory that specifies or
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predicts all sentences in the language, excluding strings that are not sen-
tences. In other words, instead of defining a particular subset of the set of all
strings over a vocabulary as the language, he takes a particular subset as
given, and looks for rules that will generate precisely the members of this
subset.

Natural languages, because of their complexity, have defied attempts at
their complete specification. This is understandable. The use of a rich language
is what makes us human beings, and a description of our linguistic competence
would come close to a description of our existence. The methodology has,
nevertheless, made significant contributions to important advances in other
fields, particularly in computer science. One important source of our im-
proved knowledge of programming languages has been the classification of
subsets of V* according to the fornr of the rules used in their generation. The
classificatory approach has contributed also to a better understanding of the
relation between languages and automata. Increased familiarity with lin-
guistic techniques in the computing community has led to the investigation of
a variety of structures by linguistic means. Analysis of pictures is an example;
it no longer seems strange to speak of picture languages.

DEFINITION 4.18 Let V be an alphabet. Subsets of V* are languages over V
(generally denoted by L, possibly with subscripts). If a € L, then o is a
sentence of L.

Definitions D.4.10 and D.4.11 are, of course, still applicable when sets A4
and B are interpreted as languages. In particular, if L = V'*, then L* = c/(L),
the closure of language L.

DErFINITION 4.19 A grammar is a finite system of rules determining a
language. The language determined by a grammar G will be denoted by
L(G). If L(G,) = L(G,), then G, and G, are equivalent.

In D.4.19 the term grammar is left too vague to be of much use. We
strengthen the term in the next definition, which introduces a specific class of
grammars.

DErRINITION 4.20 A constituent structure grammar (or phrase structure
grammar) is a quadruple G =<V, V', P, S,», where V and V' are an
alphabet and an auxiliary alphabet, respectively, Se V’,and P < (V v V' )*2
is a finite relation.

Members of P are called production rules. A rule (a, ) is usually written as
a — . Members of V are called terminal symbols. Members of V'’ are called
nonterminals, or syntactic categories, or metalinguistic variables, or simply
variables. The term constituent structure grammars implies that these gram-
mars, by means of variables, impose structure on constituents of sentences
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in their languages. We use constituent structure in preference to phrase
structure, despite the wider acceptance of the latter term. Our reason is that
phrase, because of its traditional place of importance in the terminology of
linguistics as a study of natural languages, would evoke the false impres-
sion that natural languages will be our concern here. We will be concerned
with formal languages or—to use a picturesque quote-—chunks carved out
of the free monoid V' *.

DEFINITION 4.21 Let G = {V, V', P, S be a constituent structure grammar.
We write 6,= 7, , if there exist g; = affy and ¢, , , = af’y in (V U V")* and
B —p’ is a member of P, and we write 0,2 g, if either 0, =0, or there
exists a sequence o, 0y, ..., o, such that ;= 0;,, for all 0 <i <t The
sequence is called the o-derivation of o,; we denote it also by cp=>0,=>---
=g,.

DerINITION 422 If G = (V, V', P, S) is a constituent structure grammar,
then

LG)={ajaeV* and SEHa}

is the constituent structure language generated by G. (The distinguished
metalinguistic variable S represents the class of sentences.)

Examples

1. Let N be a set of node symbols {a, b, c, ..., k}. Then G; = {{*} U N,
{S}, Py, S, where P, is the set of rules {S—on|neN} U {S—>*SS}, is a
grammar of K-formulas. We have, for example, S= *SS=>*xS*SS=
+S+bS = **xSS*bS = *xbSxbS = *+baxbS = xxbaxbc, and S L sxbarbc is
an S-derivation of the K-formula *xbaxbc.

2. Let N be the set of Example 1. Then G, = {{*} U N, {K, node},
P,, K), where P, is the set of productions {K —node, K— *xKK} u
{node > n|ne N}, is another grammar of K-formulas. G, and G, are
equivalent: L,(G,) = L,(G,). Obviously G, is the simpler grammar, but G,
hasthe advantage thatit differentiates explicitly between node symbols and the
K-operator by assigning the node symbols to their own syntactic category.

3. Let V = {a, apple, ate, bought, child, green, man, pear, the}, V' =
{S,4, NNP, T, V,VP},and let G = (V, V', P, § be a grammar in which
P contains the following rules:

S — NP.VP N > apple T—a
NP - TN N — child T — the
VP>V N - man V - ate
VP — V.NP N - pear V — bought
N> AN A > green
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Let us derive a sentence of L(G).

S = NP.VP
=T.N.VP
= the.N.VP
= the.child.VP
=the.child. V.NP
= the.child. V.T.N
= the.child.V.a.N
= the.child.V.a. A.N
= the.child.V.a.green.N
= the.child.ate.a.green.N
= the.child.ate.a.green.pear

It is only an accident that this sentence “makes sense.”” The string a.apple.
bought.the.green.green.green.pear is also a sentence in L(G). The symbol . indi-
cates concatenation.

4. G is a grammar that generates all permutations of {a, b, c}: G =
{{a, b, ¢}, {n, A, B, C}, P, n>, where P consists of the productions n — ABC,
AB—> BA, AC— CA, BC—> CB, A—a, B—b, C—c. Then, for example,
cba may be derived as follows: n=> ABC=- BAC => BCA = CBA = cBA =
chA = cha. Alternatively, we can define the simpler G' = ({a, b, ¢}, {n},
P’, 7>, where now the productions are nm — abc, ab — ba, ac — ca, bc — cb.

S. We can have a grammar G = (V, V', P, ) that contains no produc-
tion of the form S — «, but the grammar is of little interest; L(G) is vacuous.
Likewise, there is no point in having a production rule whose consequent
contains a nonterminal that does not appear in the antecedent of any other
production of the grammar.

Production rules can be written in a compressed form, which has become
known as the Backus normal form (Bnf). All productions with the same
antecedent are ‘written in a single line, the consequents being separated by
vertical slashes. The sign ::= separates an antecedent from its consequents.
To avoid ambiguity, members of V' are enclosed in angular brackets. In
Bnf the productions of the grammar of Example 3 are written

(8> ::=(NPYVP
(NP ::=<THY{N>
(VP = (V[ (VNP
(N ::= A XN Y |apple | child| man | pear
{A) ::=green
KT ::=a|the
(V> i= ate| bought

I
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The grammars defined by D.4.20 are known as unrestricted grammars.
The definition is sufficiently general in a sense that we shall now clarify. It can
be shown that any Turing machine can be represented directly as an un-
restricted grammar, and conversely. Therefore, since the Turing machine is
the most powerful mechanical device we know, any grammar that can be
specified must be equivalent to some unrestricted grammar.

In order to facilitate the proof of equivalence of Turing machines and
unrestricted grammars, definitions of the latter are usually tighter than our
D.4.20. As an example of the constraints imposed, a definition might require
that, for every {a, 8> € P, some substring of a be a member of ¥'. Under this
constraint G’ of Example 4 above is not a constituent structure grammar.
Other constraints would exclude the grammars discussed in Example 5. The
set of languages generated by the grammars of D.4.20 is, however, equal to the
set generated by grammars subjected to the more usual constraints, and this
is our justification for having opted for the simplest possible formulation in
D.4.20.

Unrestricted grammars are too general to be of any practical use. All the
more important questions about these grammars are undecidable. We shall
now introduce restrictions on the production rules, which are not to be con-
fused with the constraints of the paragraph above, that will define grammars
of greater interest. These grammars are known as being of Type 1, Type 2,
and Type 3; unrestricted grammars are of Type 0 under this classification.
The languages generated by grammars of Type i are known as Type i lan-
guages. Every grammar of Type i + 1 is also of Type i, but the set of gram-
mars of Type i + 1 is a proper subset of the set of grammars of Type i. Sets
of the corresponding languages, too, obey the proper subset relation. It is
reasonable to hold the opinion that Type 0 grammars are too amorphous to
be called grammars. It is, indeed, preferable to call them unrestricted re-
writing systems, and to reserve the term grammar for the restricted systems.

DerFINITION 4.23 A constituent structure grammar is of Type [ if the
consequent of every production of the grammar contains at least as many
symbols as the antecedent.

Example

G, of Example 2 of 1D.4.22 contains the production node — 1, but node is
a single symbol, and G, is a Type 1 grammar. On the other hand, a system
that contains the rule {n) + (n) ::= {addition), say, isnot a Type | grammar:
the antecedent contains three symbols, the consequent only one.

DerFiNITION 4.24 A Type 1 grammar is of Type I’ only if each production
of the grammar has the form adf — ayfB, where a, Be (VU V')*, A e V',
ye(VuV)* — {A}
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Example

If we want to generate all permutations of » objects, it is, of course,
possible to do so by means of a grammar that contains as many rules as there
are permutations. The G of Example 4 of D.4.22 is an example of how one
constructs a grammar with 4n(n + 1) + 1 rules (i.e., fewer than n! when
n > 3). It is not a Type 1’ grammar, but a Type 1’ grammar can be con-
structed that generates all permutation and still contains fewer than n! rules
(except for small ). In this grammar every rule that has the form 4B —BA
in G is replaced by a set of four rules {AB— AB’', AB'—» A’B’, A'B’ - BB/,
BB’ - BA}. The number of auxiliary symbols increases from n to n; each of
the 1n(n — 1) sets of four rules requires two additional auxiliaries.

Grammars of Type 1’ are called context-sensitive (or context-dependent)
grammars. Although there exist Type 1 grammars that are not Type 1’, in one
sense the two types are equivalent: If G is a Type 1 grammar, then there exists
a Type 1’ grammar equivalent to G. Far too many problems in the theory of
context-sensitive grammars are undecidable. Therefore these grammars are
only slightly more interesting than the unrestricted rewriting systems.

DEFINITION 4.25 A grammar is of Type 2 only if all of its rules take the form
Aoy, where Ade V' and ye (VU V')* — {A}.

Examples

1. The grammars of Examples 1, 2, and 3 of D.4.22 are of Type 2.

2. The major part of a definition of Algol or Fortran can be expressed in
the form of Type 2 production rules. The following Type 2 grammar defines
Fortran integers and real numbers. The definition is rather abstract in that
there are no limits on the sizes of the numbers, and rightly so. Limits should
only be imposed when the language is related to a particular computer; they
would be determined by the size of the computer word.

(digit) ::=0]1]2]3]415]6]7]8]9
{signd) 1= + | —
(unsigned integer) ::= {digit) | Cunsigned integer){digit)
{integer) ::= <{unsigned integer) | {sign){unsigned integer)
(unsigned F-number) ::= . (unsigned integer) | (unsigned integer) .|
{unsigned integer) . Cunsigned integer)
(F-number) :: = {unsigned F-number) |
{signd<unsigned F-number)
{exponent) ::= E(integer)
(real) ::= (F-number) | (F-number){exponent} |
{integer)»{exponent)
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Type 2 grammars are known as context-free grammars. They have been
widely studied, and a lot is known about them. For example, the problem
whether the language generated by a grammar is empty, finite, or infinite is
decidable for Type 2 grammars, but not for Type 1 grammars. However, the
important problem of whether two Type 2 grammars are equivalent is un-
decidable.

DErFINITION 4.26 A grammar is of Type 3 only if all of its productions are of
the forms 4 - o or A - aB, where 4, Be V' and o e V* — {A}, or, alter-
natively, they are all of the forms 4 — o or 4 — Ba.

Example
G ={{a, b, ¢}, {S, A}, P, S, where P consists of the productions

(S 1= ab{S)|c{4)
{A)::=bal{d)|a

is a Type 3 grammar. L(G) is the complex product (ab)*c(ba)*a. Type 3
grammars are called also one-sided linear, or finite state, or regular grammars.
G is a right-linear grammar because the nonterminal is written to the right of
terminals in every consequent containing a nonterminal. Every right-linear
grammar has an equivalent left-linear grammar. In the case of G, an equiva-
lent left-linear grammar has the following productions:

{8 :={A)a
{A) ::={Adba|{(B)c|c
(B> ::=<{B)ab|ab

(B is an additional nonterminal symbol). The language {(ab)‘c(ba)*a|kz 0},
which is a proper subset of L(G), cannot be produced by a Type 3 grammar.

4e. Languages and Automata

Type 3 grammars are called finite state grammars because they are
related to finite state automata. Let us consider a finite state acceptor. Thisis a
device that can be in one of a finite number of distinct internal states at any
one time. It is equipped with a reading head, and under the reading head we
pass a tape on which a string has been written. Depending on the state the
automaton is in, and the symbol that it reads, it can remain in the same state
or switch to a different state. In more formal terms, we have a set of states Q
and a set of symbols S. The machine is described by a function ffrom @ x §
into Q. One of the states is distinguished: g, € Q is the state in which the
machine starts the scan of the tape and to which it should return after it has
read the entire string presented to it. We then say that the automaton has
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accepted or recognized the string. Assume that the string contains a substring
s;-15;. If, on reading s;_;, the machine goes into state ¢; and (g, 5;> is
not in the domain of f, the machine has to stop for lack of further instruc-
tions. We interpret this stop as nonacceptance of the string. The significant
link between Type 3 languages and finite state acceptors is that for every
Type 3 language there exists a finite state acceptor that will accept all sentences
of the language and fail to accept strings that are not sentences. Moreover, if
a language cannot be described by a Type 3 grammar, there exists no finite
state acceptor for the language.

For every unrestricted rewriting system we can produce a Turing machine
that will accept strings generated by this system, and no others. A Turing
acceptor also has a finite number of internal states. It also reads from a tape,
and the next action of the machine is a function from the Cartesian product of
states and symbols. How then does it differ from a finite state acceptor? The
difference is that a Turing machine has a tape of unbounded length on which
it can write as much as it wants to, and that it can read what it has previously
written. Therefore, in contrast to a finite state acceptor, a Turing acceptor has
an infinite memory, i.¢., the finite refers to memory capacity rather than to the
number of internal states.

An automaton is very conveniently represented by a weighted digraph:
Nodes represent internal states; arcs represent transitions from state to state.
The digraph has an arc {g;, g;>, with weight s,, if and only if {g;, 5, ¢;> is a
member of the function describing the automaton. These digraphs are called
state graphs. Figure 4.3 shows the digraph of a finite state automaton that

Figure 4.3

accepts the language (ab)*c(ba)*a. The symbol # is a delimiter. When a
string is presented to an automaton, we use the # as special end markers.
Thus, the string ababcbaa is written #ababcbaa# on the tape.
Instantaneous descriptions of an automaton help one understand the pro-
cess by which an automaton accepts or rejects a string. An instantaneous
description consists of the string and, in addition, a pointer to the symbol
that is currently under the reading head. The description is not complete
unless the current state of the automaton is indicated as well, and this is done
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by making the state symbol the pointer; it is placed on the left of the symbol
being scanned. An initial instantaneous description is, for example,
qi#ababcbaa#. For the automaton of Figure 4.3 f(q,, #) =¢,, and the
transition to state g, is accompanied by a shift of the tape to the left. The
next instantaneous description is therefore #g,ababcbaa#. The complete
sequence of instantaneous descriptions depicting acceptance of ababcbaa by
the automaton of Figure 4.3 is

q, #*ababcbaa# — #q,ababcbaa#
— #aqsbabcbaa #
— #abq,abcbaa #
— #abagibchaa#
— $¥ababg,cbaa#
— #ababcq baa #
— #ababchq saa#
— #ababcbaq a4
— $ gbabcbaaq,, #
— s ababcbaa#q,.

The automaton halts in state g, ; i.e., the string is accepted. The next sequence
of instantaneous descriptions illustrates nonacceptance of a string:

gy #acabab¥ — #q,acabab#
— $#aqycabab .

Since there is no {gs, ¢ in the domain of £, the automaton stops.
Figure 4.4, our second example, shows an automaton that accepts the
language a*bc*.

Figure 4.4

An alternative description of an automaton is in terms of a variable
adjacency matrix. However, a more convenient way of representing an
acceptor is by a state-symbol matrix. Let Q = {q,,4q>, ..., q,} be the set of
states of an automaton, and let S = {5, 5,, ..., 5,,} be its set of symbols (S
includes the string end marker). The state-symbol matrix M is an nx m
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matrix in which the (i, j)th element is g, if f(q;, 5;) = ¢4, or zero if f(g;, 5;) is
undefined. A.4.2, a program that simulates finite state acceptors, is based on
the use of the state-symbol matrix.

ALGORITHM 4.2 Finite state acceptor simulation program.

INTEGER M(..,..),TAPE(..),STATE, SYMBOL, $,Q1, Q2
¢l SET UP MATRIX M - IN TRIPLES (Ql,S,Q2)INTEGERS
1 1,2,3,... REPRESENT SYMBOLS

D010 I=1,...

DO 10 J =1,.

10 M(I,J) =0

READ (5,100) N
DO 156 J = 1,N
READ (5,100) Q1, S, Q2
15 M(Ql,S) = Q2
C2 READ TAPE AND PRINT IT FOR REFERENCE — PROGRAM
C2 STOPS WHEN THERE ARE NO MORE TAPES TO BE READ (A
C2 TFEATURE PROVIDED BY MOST OPERATING SYSTEMS)
20 READ (5,101) LENGTH, (TAPE(K), K = 1,LENGTH)

WRITE (6,102) (TAPE(K), K = 1,LENGTH)
C3 ACCEPTANCE TEST
STATE = 1

DO 25 NOW = 1,LENGTH
SYMBOL = TAPE (NOW)
STATE = M(STATE, SYMBOL)
25 IF (STATE.EQ.0) GO TO 30
C4 BY CONVENTION AUTOMATON MUST STOP IN STATE 1
IF (STATE.NE.1) GO TO 30
WRITE (6,103)

GO TO 20
30 WRITE (6,104)
GO TO 20
100 FORMAT (314)
101 TFORMAT (I4/(40I2))

103 FORMAT (1HO, 15HSTRING ACCEPTED)
104 FORMAT (1HO, 15HSTRING REJECTED)
END

(
(
102 FORMAT (1HO, 50I2/(1H ,50I2))
(
(
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Accepting power intermediate to those of Turing machines and finite state
automata is provided by a pushdown store automaton. There is a very close
relation between the abstract pushdown store automaton and a pushdown
store. The latter has great practical importance in programming, and we shall
discuss it in Section 10a. Discussion of the abstract pushdown store is outside
the scope of this book.

Notes

The many worked examples and exercises of [Fa63] make it an excellent
supplementary text for pursuing the subject of algebraic structures further.
In our context the classic [Bi41] may be too thorough a text, but should be
consulted for reference. For a basic introduction to the theory of groups see
[Led9]. [Ca69], a very valuable survey of the use of computers in group theory,
will mean little without extensive preliminary study of the theory. [Gré64], a
very elementary work, connects group theory and the theory of graphs in a
spirited fashion.

Introductions to the theory of Markov algorithms can be found in
[Cu63, Gl64, Ko66]—[Cu63] is the more advanced. Our A.4.1 is adapted
from [Cué63]; another composition algorithm can be found in [Caé63a).
[Ma51] and [Ma54] are primary sources. [Gu62] is a short, but highly inform-
ative, introduction to decidability. The solid [Da58] is a classic work on the
theory of Turing machines and decidability problems, but [Mi67a] would
serve better for an introductory text.

[Ba64a] is a good basic introduction to grammars in general; it is addressed
to linguists and deals mainly with natural languages. [Gi66] is an advanced
text on context-free languages. Our classification of grammars follows that of
[Ch59], a slight modification having been suggested by the finer classification
of [Ché63]. Decision problems associated with grammars are surveyed in
[La64]. The Bnf notation is introduced in [Ba59a}l; it has become widely
known because of its use in the specification of Algol, see, e.g., [Na63). The
study of finite automata is best started by reading [Mc61], an extremely well
written introductory survey, or the relevant sections of [Mi67a]. Then one
can turn to the advanced texts, such as [Ne68a, Bo67a] ([Bo67a] stresses the
state graph representation of automata).

Exercises

4.1 (a) Let R be the set of real numbers, and consider M,: the set of all
2 x 2 matrices whose elements belong to R. Show that {(M,, ->, where - is
matrix multiplication, is a semigroup with identity.
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4.2 (a) Show that {(2(A), +, &>, where A is a nonempty set and + is the
symmetric difference operation, is a semigroup. Is this algebra a group? Is it
Abelian?

4.3 (a) Perform an analysis analogous to that of Example 3 of D.4.3 for an
equilateral triangle and a regular pentagon. Find the *“ multiplication” tables
of the two groups (they are the dihedral groups D5 and Dy).

4.4 (a) The rigid motions of a regular polygon of n sides form the dihedral
group D,. Investigate the feasibility of writing a computer program that
generates the “ multiplication” table of D, for any given n.

4.5 (a) Prove that every permutation can be expressed as a product of
disjoint cycles.

4.6 (a) What are the 8-tuples that result when the permutation p =
(237 1)(458)is applied to 8-tuples 1, 2, 3,4, 5,6,7,8>and (8,7, 6, 5, 4, 3,
2, 1>7 Express p as a product of transpositions. Is p even or odd?

4.7 (a) What pattern do the even and odd permutations follow in A.1.6?

4.8 (a) Prove that the algebras (I, +,-,0,1> and <{B, +,%*,0,1)> in
Examples 1 and 2 of D.4.5 are rings.

49 (a) Show that ([0, 1], max, -, 0, 1>, where [0, 1] is the closed unit
interval on the set of real numbers and - is arithmetic multiplication, is a
Q-semiring.

4.10 (b) Let fand f, be the functions of D.4.13. Find

(1) f(America, A, me, f), (ii)  f(average, A, a, 0),

(iii) fLaverage, vera, A), (iv) fAaverage, Vera, A),

(v) f.assassin, n, nation), (vi) fA{fassassin, sass, A), as, moccas).
4.11 (b) Let V be an alphabet, 4 = (V*)*, and B= V*x {A} x V*. Let
f.:A—>V* be a canonical substitution function (see D.4.13). Why is
{V*, f.] B> not a semigroup?

4.12 (¢) Given V = {u, v} and the two composite Markov productions:
a'x - xb'xa’ (xeV),
b'xy — yb'x (x,yeV).
Write the composite productions out in full.

4.13 (¢) Give an example of a Markov algorithm that can never be
blocked.

414 (c) Let V= {a, b} and let S be any string on V. Let a, 8, 7 be given
strings on V. Depending on whether S = « or S # «, the following Markov
algorithm gives a different result. What are the two results?



Exercises 171

am —
bm —
ma —
mb —
m—.
oa —
oab —
ao —
bo —
o -,

A—

I3 I II2II I
&8

(Here, m is a marker.)

4.15 (¢) Design a Markov algorithm that removes all occurrences of a
specified substring from a given string. Test it on the string ararat for sub-
string ara.

4.16 (c) Design Markov algorithms that change a string a,a,---a, on
V={u, v} to

(1) Ay, 1Ay,

(i) aya, - a,a,a,_, " a,.
4.17 (c) Combine the two algorithms of Exercise 4.16 by means of the
technique of A .4.1.
4.18 (c¢) Given two binary integers a,a,---a, and b,b,---b,, as the string
aa, - -a, + bb, - b,. Design a Markov algorithm that finds the sum of the
two integers as a binary integer.
4.19 (c¢) Design a Markov algorithm that converts a Boolean form to its
arithmetic representation (see Exercise 2.26).
4.20 (c¢) What facilities should be added to the formalism of Markov
algorithms to convert the formalism into a programming language ?
4.21 (d) Which of the following strings are sentences in L(G) of Example
30of D.4.227

(1) the.child.ate
(i1) The.child.ate.the.apple
(iil)  the.child.bought.an.apple
(iv) the.green.pear.ate.a.apple
4.22 (d) Rewrite the production rules of G; of Example 1 of D.4.22 in Bnf.
4.23 (d) Write grammars for the following languages:
(i) a*bee*,
(i) {a*ba*|k z 0},
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(iii) {»|n is a Fortran variable name},
(v) {a'b*d*|k =1},
(v) {n|nis a Boolean form}.

What are the types of these grammars?

424 (d) Describe the languages generated by grammars that have the
following production rules:

() S u=BX4Hb (i) (S):i={4)<4)

{Ay::=a {AY ::=A){B)|a
(B ::=<KOXSH (By::=b
{Cyiui=c¢

(iv) (8D ::=ad{Adda|al{S)a]aca
(i) (SY::=ald)c|b {A) 1:= b{ADb|bd{S)db
{AY ii=alSHc|b
425 (d) Find right- and left-linear grammars equivalent to the Type 2
grammar {{a, b, c}, {4, S}, P, S, where P consists of the productions

(S i=ald)c

{AY ii= (ADbb|b
426 (d) Consider a Type 1 grammar (¥, V;, P;, S) that generates all
permutations of a set of i symbols (i = 2), and in which the antecedent of
every production belongs to the star of ¥;. Show that P; need contain at most
4i(i + 1) + 1 production rules. (See Example 4 of D.4.22.)

427 (e) Draw state graphs of acceptors for the following languages:
(i) a*bcc*;
(i) {ab**'cinzO};
(iii) (ab)* U {bc, a}*b.
428 (¢) Implement A.4.2 and test the acceptor for the language of Part
(iii) of Exercise 4.27 on the following strings:

(i) 4k ababab (v) #bcbcaaabeb

(i) ## (vi) #abb#
(i) #b# (vii) 4 bcababb ¥
(iv) #abch# (viii) 3 bcabab#

Strings (i)-(v) alone belong to the language.



CHAPTER 5

Trees

S5a. Trees as Grammatic Markers

Let us turn back to Example 3 of D.4.22 and look at the derivation of
the.child.ate.a.green.pear. If, instead of the derivation

S=NP.VP=T.N.VP=the NVP=---,
we followed the sequence
S=NP.VP=>NP.VN=TNV.N=---,

we could still arrive at the same sentence. There are in fact 32 different
S-derivations of this sentence in the given grammar G, but the derivations are
not essentially different. Equivalence of derivations is brought out very
clearly when derivations are represented by directed trees. Figure 5.1 shows
the derivation tree for our sentence. Each node carries a label—the label is a
terminal symbol if the node is terminal; otherwise it is an auxiliary symbol.
Here order is important. The labels on the terminal nodes, taken in a left-to-
right sequence, must give the.child.ate.a.green.pear and not, for example,
ate.green.pear.a.the.child.

In constructing a derivation tree we start with an isolated node labeled S.
Application of § — NP.VP corresponds in the construction process to two
arcs being dropped from the isolated node, the terminal nodes of these arcs

175
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the child

green pear

Figure 5.1

receiving labels NP and VP. If next we apply NP — T.N, then arcs are sus-
pended from the node labeled NP. If, on the other hand, rule VP — V. NP is
used next, arcs are suspended from the node labeled VP and nothing happens
at the node labeled NP. In general, if a derivation has produced at some point
a string ¢,¢,*--a---¢,, then in the construction of the tree we have at this
stage a structure in which the terminal nodes carry labels ¢,, ¢,, ..., a, .., ¢,
reading from left to right. If the derivation now proceeds with application of
a production a — b;b,--b,, then the corresponding action in the con-
struction of the tree consists of suspending m arcs from the terminal node
labeled a, and labeling the terminal nodes of these arcs (from left to right)
by, by, ..., b,. The important thing is that all 32 derivations of our example
ultimately result in the same tree; i.e., a derivation tree displays the structure
of a sentence without reflecting minor details of the derivation process. Note,
however, that the representation of structure by derivation trees is effective
only with context-free grammars (Types 2 and 3).

It is possible that a sentence has two or more essentially different deriva-
tions. We say then that the grammar (and language) is ambiguous. A context-
free grammar is ambiguous if and only if at least one sentence generated by
the grammar has more than one derivation tree. Consider grammar G =
a, b}, {S, 4, B} P, S,», where P is the set of rules,

(S 1i=C(AX{B)
(A 1= a4 [{4)bla
(B ::=<{BYb|b.
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Figure 5.2

Figure 5.2 shows that the sentence abb has two derivation trees. Grammar G
is therefore ambiguous.

Can one tell whether a grammar is ambiguous ? Unfortunately, as regards
the grammars we defined in Section 4d, the ambiguity problem is recursively
solvable only for Type 3 grammars. This means that even in the case of Type
2 grammars there exists no algorithm that will decide for every grammar of
this type whether it is ambiguous.

Undecidability of the ambiguity problem has very important effects on
the design of programming languages. Type 3 grammars are too primitive for
programming languages, and grammars of most programming languages
approximate to Type 2 grammars. The best known example is Algol. The
major part of the document defining Algol consists of production rules; they
are productions of a Type 2 grammar. Examples of essentially different
derivations have been found in Algol, and the set of derivations has been
changed to remove essential ambiguities (with no absolute guarantee, how-
ever, that the grammar is unambiguous as it now stands). We have a very
good reason for a preoccupation with ambiguity. In some contexts it is
sufficient merely to recognize a string as a sentence in the language defined by
the grammar. Not so with programming languages. A compiler is not only a
recognizer; it also generates code. The code generated depends on the
derivation tree, and two different structural interpretations of a sentence
could give rise to two different sequences of instructions. A programmer who
wants one of the sequences is not happy when the compiler inserts the other
in his object program.

Undecidability of the ambiguity problem in general does not exclude the
possibility of being able to find procedures that could test particular grammars
for ambiguity, but search for the particular is bad scientific practice. It is easy
to prove that a given language has an infinite number of grammars generat-
ing it. Frequently only some of the grammars are ambiguous, and then the
language is said to be essentially unambiguous. A language is essentially
ambiguous if and only if every grammar that generates it is ambiguous. The
designer of a programming language should design an essentially unambiguous
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language and an unambiguous grammar to go with it. In the past languages
have been specified first, and grammars fitted to the languages afterward in a
manner that has been ad hoc to a greater or lesser extent. Instead, we should
look for classes of grammars of sufficient power (subclasses of Type 2
grammars, but not as restrictive as Type 3) for which algorithmic tests for
ambiguity exist. If we have such tests, then the design of a language can pro-
ceed side by side with the specification of its grammar in an iterative manner,
until the language satisfies the requirements put on it, and its grammar is
unambiguous.

Unfortunately the difficulty of finding algorithms for anything that has to
do with grammars increases very rapidly as the power of the grammar
increases. Consider a very simple class of grammars known as parenthesis
grammars. A parenthesis grammar is a context-free grammar in which all
productions have the form A4 — (x), where « contains no occurrences of
( or of ). If no two productions in a parenthesis grammar have the same
consequent, the grammar is said to be backward-deterministic. A backward-
deterministic parenthesis grammar is unambiguous. Let G’ = {{a, b, (, )},
{S, 4, B}, P, S be a parenthesis grammar with production rules,

(8D 1= (KAX(BY),
{4y 1= (aA4)) | ({4>b) [ (a),
(B ::=((BXD)[(b).

Under G’ derivations analogous to those of Figure 5.2 produce two distinct
sentences: (((@)b)(b)) and ((@)((b)b)). This is so because the sentences carry the
structure of their derivation trees with them as patterns of parentheses. A
decision procedure for telling whether two parenthesis grammars are equiva-
lent exists, but, although parenthesis grammars are rather simple, derivation
of this procedure is very involved.

The strings produced by parenthesis grammars suggest a linear representa-
tion for derivation trees. Let us write (A4, a,>, (4, a,>, ..., {4, a,» for the
arcs originating at a node labeled 4, and terminating at nodes labeled a,,
a,, ..., a,. This sequence of arcs is represented by A(a,a, - -a,). The linear
string that represents the derivation tree of Figure 5.1 is

S(NP(T(the)N(child))VP(V(ate) NP(T(a) N(A(green)N( pear))))).

A syntactic chart displays the entire set of productions of a grammar. This
is a structure resembling a directed tree in that the order of arcs is sometimes
important. Nonterminal nodes are labeled either & or OR; terminal nodes
have terminal symbols for labels. Some arcs are labeled with auxiliary
symbols; others carry no labels. To see how the chart is constructed, con-
sider the productions

VP =V [V NP
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bought

Figure 5.3

a the apple

green

Figure 5.4

of Example 3 of D.4.22. They are represented by the structure shown in
Figure 5.3. The arc labeled (VP ) terminates at a node that carries the label
OR. This label indicates choice: (VP> can be rewritten in as many ways as
there are arcs originating from this node. Here their number is 2. The first of
the arcs carries the label ('), and the path through the node and down this
arc represents the production VP — V. The other arc carries no label. Its sole
purpose is to lead to the node labeled &. The label & symbolizes necessity:
If the second production is chosen, then all symbols carried by the arcs
originating from the & node must be used in the rewriting of VP. This is
where the need for order comes in. The left-to-right order of the arcs specifies
the order that the labels carried by the arcs have in the production rule. Here
the left-to-right order is (V' )>{NP). This branch therefore represents the
production VP — V.NP.

Figure 5.4 shows the complete syntactic chart of the grammar of Example
3 of D.4.22. Let us see how the chart is used. On entering the chart, we
come at once to an & node, and we are told that {S > must be rewritten as
{NP» {VP ). No choice is given in the rewriting of (NP ) either, and the
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string becomes (T Y{N Y{VP ). With the rewriting of {(VP) we are given a
choice: It can be rewritten as (V> or as (V' >{NP) but, if the second alter-
native is taken, there is no choice in the rewriting of {NP). We take the
second alternative, and the complete string to this stage becomes

CTHCN XKV T XN .

Every auxiliary in this string can be rewritten in more than one way. For the
first {N ) we choose {A>{N ), and rewrite the (N in this string as a further
{AYN ), giving {AY{AY{N ). The complete string is now

KT HCAAYN YKV XXT )N >,

We can replace every auxiliary in this string by a terminal symbol: For the
{T» we can choose a or the, the {4) must be rewritten as green, as must
the second {A4)>; the (N can be rewritten as apple, or child, or man, or
pear; and so on. One sentence in the language specified by the grammar is
a.green.green.apple.bought.the.child. If a chart contains a cycle, as it does
in our example (N — 4.N), no bound can be put on the longest sentence.
Here we can make the substring green.green.green. --- as long as we wish.

For a second example we take the right-linear grammar of the example of
D.4.26. Its syntactic chart is shown in Figure 5.5.
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Sb. Representation of Prefix Formulas

The order of evaluation of an arithmetic expression such as
a+bc+dle—f 5.1

is determined by convention. Evaluation proceeds from left to right, but
multiplication or division is performed before addition or subtraction. The
precedence imposed by the hierarchy of operations can be overruled by
means of parentheses: The whole expression enclosed in a pair of paren-
theses is considered a single operand. For example, we can use parentheses to
enforce strict left-to-right evaluation:

(@ + b)c + d)fe — f. (5.2)

If every expression of the form operand-operator-operand is enclosed in
parentheses, and we stipulate that evaluation proceeds outward from the
innermost parentheses, then the hierarchy of operations does not have to be
specified—it is implicit in the structure. An example of a completely paren-
thesized expression:

(((@ + b)(c + d))/(e — /). (.3)

In completely parenthesized form expressions (5.1) and (5.2) become
(((@ + (be)) + (dfe)) — f) and (((a@ + b)c) + d)/e) — f), respectively.

Arithmetic expressions can be represented by trees. Every operation
corresponds to a labeled nonterminal node. The label specifies the operation,
and arcs originating from the node lead to the operands. Figure 5.6 shows the
trees corresponding to the three expressions (5.1), (5.2), and (5.3).

Now, starting from the top and keeping to the left, we trace round a tree,
stringing together the symbols as they are encountered, see Figure 5.7. This
procedure generates the expression,

— + +ax bc/def. (5.1a)
From the other trees of Figure 5.6 we obtain

— [+ x +abcdef, (5.2a)

[ x +ab+cd—ef. (5.3a)

These expressions are prefix forms of (5.1), (5.2), and (5.3). Each operator
precedes its two operands. Take the multiplication operator in (5.2a). It
needs two operands. The + cannot be an operand; it is itself an operator.
Therefore, in order to obtain the first operand for the multiplication, we have
to evaluate +ab before we can perform the multiplication. The second
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(5.1 a b (5.2)

(5.3)

Figure 5.6

Figure 5.7

5 Trees
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operand of x is ¢. Prefix expressions have the same advantage that com-
pletely parenthesized expressions have; one does not have to specify a
hierarchy of operations. Their further advantage over the completely
parenthesized expressions is that they are shorter; their disadvantage is that
we are not as used to the prefix form operator—operand-operand as to the
infix sequence operand-operator-operand.

The hierarchy of operations in arithmetic is so well established that there
is no real danger that the intentions of the writer of an arithmetic expression
will be misinterpreted by the reader. When we turn to expressions in the
statement calculus the situation is not as satisfactory. The functionally com-
plete set of operations {Vv, A, T} comprises all the logical operations
available in Fortran (as . OR., .AND., and .NOT.). In logic the usual con-
vention requires evaluation of A before v, with parentheses again being used
to override the precedence imposed by this convention. The unary operator
1 takes precedence over both A and v, but parentheses are important: The
forms 1 pA g and —(p A g) require different evaluation sequences. In the
first case 1 p is evaluated first, and then =1 p A ¢. In the second case p A g is
evaluated first; the truth value of the whole expression is then the complement
of the truth value of p A ¢. In Standard Fortran the expression

.NOT. Al .AND. A2.0R. A3 .AND. A4

is interpreted to correspond to the tree of Figure 5.8, but the Fortran compiler
supplied with the CDC 3200 computer interprets the formula as having the
structure in Figure 5.9; i.e., the conventions of logic are not universally

Figure 5.8 Figure 5.9
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accepted. This emphasizes the need for an unambiguous representation, such
as the one provided by prefix notation. The prefix formulas corresponding to
the two trees are distinct. Using conventional symbols for the logical opera-
tions, they are

v A 71 ALA2 A A3 A4, (5.4)

AV A 1AL A2 A3 A4, (5.5

In the interpretation of formulas (5.4) and (5.5) it is still necessary to know
that — is a unary operation, and that v and A are binary operations. If the
same symbol can stand for a unary and a binary operation, as, for example,
+ and — do in arithmetic, prefix formulas can be ambiguous. Both of the

trees in Figure 5.10 correspond to the prefix formula — —ab, but the first
b
a b a
Figure 5.10
tree represents —(a — b) = —a + b, while the second stands for (—a) — b =

—a — b. We had similar difficulty with the tree of Figure 5.1. In writing
down the linear string corresponding to the tree (and this linear string is
a prefix formula) we had to use parentheses to avoid ambiguity.

Sometimes a tree can be simplified. For example, tree (a) of Figure 5.11,

(a) (b)
Figure 5.11
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which corresponds to + x +ab+abc, can be drawn in the simpler form (b).
Labels on arcs of tree (b) specify left-to-right order of the operands; this tree
is therefore a true labeled weighted digraph.

We shall discuss conversion algorithms for prefix formulas in Section
10b. If a data structure can be represented as a tree, then the choice between
leaving it in this form and converting it to a prefix formula is a matter of
convenience, largely determined by the programming language that is to be
used in implementing the processing algorithms.

Sc¢. Sort Trees and Dictionaries

Quite often a computer program has to generate a list of all distinct words
in a text. This can be accomplished by reading in the entire text, and producing
the list by normal sorting procedures. There are, however, serious objections
to this approach. First, if the number of distinct words (types) is small
compared with the number of all words (tokens), memory space is wasted in
storing redundant information. Sometimes, particularly when the length of
the input text is unknown, this results in an unnecessarily complicated pro-
gram; provision has to be made for transfer of data to and from auxiliary
storage when, if some other approach were taken, all relevant data could be
accommodated in core storage. Second, total processing time improves when
input operations are made to overlap with straight computing. It is therefore
desirable to generate the list of types while the text is being read. This be-
comes essential rather than just desirable when reduction of processing time
is a major concern of the programmer, e.g., in writing nonexperimental
compilers. In many assemblers, compilers, and interpreters the creation of
tables of variable names (symbol tables) is one of the most important activi-
ties. Third, the table may have to go into full use before it is completed. This
is the case with symbol tables in incremental compilers.

The simplest table of types is an unordered list. A word is simply ad-
joined to the end of the list if it is not already in the list. In the worst case, i.e.,
when a word is not in the list, the word has to be compared against every listed
word. Alternatively, the list can be kept in alphabetic order. Then the time
required to establish whether or not a word is already in the list is greatly
reduced (see Section 11a), but insertion of a new word requires shifting of all
words that come after it. The simplest arrangements are therefore the least
economical. We need a structure that can be searched through in less time
than an unordered list, but one that also permits new words to be readily
added to it. A sort tree is one such structure.

ALGORITHM 5.1 Algorithm for creating a sort tree. A sort tree is a labeled
binary tree. The labels make up a table of types. If a node is labeled, it is
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called filled; if not, it is called free. Let w; stand for the ith word in the text,
and assume that the text contains n words.

1.

had

w

Example

Initiate the tree as a single free node (this remains the root of the
tree throughout), and set i = 0.

Seti=1i+ 1.If i > n, stop.

Enter the tree at the root.

If the node reached is free, make w; the label of this node, drop

two arcs from the node, thus creating two new free nodes, and
go to 2.

A filled node has been reached. If w; is equal to the label, go to 2.
If w; is “smaller”” than the label, proceed to the next node by
taking the left arc down; if “larger”, take the right arc down.

Go to 4.

Figure 5.12 shows the tree generated from the text,

Friends, Romans, countrymen, lend me your ears;
I come to bury Caesar, not to praise him.

Sfriends

Romans

countrymen

Figure 5.12
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(The tree contains many arcs that terminate at free nodes, and are, therefore,
superfluous. This is a minor technical detail. The algorithm can be made to
suppress creation of redundant arcs, but the reformulated algorithm would
not show the salient features of the procedure quite as clearly as A.5.1.)

An alphabetized list of the labels of nodes in a sort tree is produced by
tracing round the tree. The procedure is similar to that of Figure 5.7, but here
a label is added to the list when it is first reached in upward motion. Figure
5.13 illustrates the procedure. The labels are added to the list in the order of
the dots on the line traced around the tree. The alphabetized list is bury,
Caesar, come, countrymen, ears, friends, him, I, lend, me, not, praise, Romans,
to, your.

For simplicity we have made the labels single items of data. In most
practical applications of sort trees labels are ordered pairs {s,, a;>, but only
the first coordinates (the symbols s;) enter the comparisons of A.5.1. The set
of labels is then a function j, with a, = f(s,). Assume that the tree is used to
generate frequency counts of words in a text. Then, at Step 4 of A.5.1,
{w;, 1 instead of just w; is made the label, and at Step 5, if w; is equal to the
first coordinate of the label, the second coordinate is incremented by 1. After
the algorithm has stopped, the g, of each {s,, g, is the number of occurrences
of the type s, in the text. For example, with the short text of the example of
A.5.1, all 1abels, except the label {to, 2>, would have the form {s,, 1>. If the
tree is a symbol table of an incremental compiler, then the second coordinates
of labels might be addresses assigned to the variables (first coordinates).

The trees of Figures 5.12 and 5.13 are equivalent in the sense that the
alphabetization algorithm produces the same list when applied to them. The

{

praise

countrynen

Caesar

Sriends

Figure 5.13
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tree of Figure 5.13 is balanced, that of Figure 5.12 is not. Assume that we
continue processing more text, and that the words in the text have an equal
probability of occurrence. Then the expected number of comparisons that
the next word of input has to undergois (1 x 1 +2 x2+4x3 +4 x4+
3 x5+ 1 x 6)/15 = 3.6 for the unbalanced treeand (1 x 1 +2x2+4 x 3
+ 8 x 4)/15=3.27 for the balanced tree. Processing efficiency can be
improved if a sort tree is converted to the equivalent balanced tree after 15 or
31 nodes have been filled. However, if the text is short, the subsequent gains
in processing time may be too small to justify the time spent on rearranging
the tree. An input text that is already in alphabetic order is a calamity.

Sort trees can be easily implemented using Fortran or a similar language.
In our example the input will be a string of N integers. For simplicity it will be
assumed that the integers are already in store, in array D. An array of pointers
P will be generated by A.5.2. Element P(J,1) is a pointer to the node
reached by following the left arc originating from J, and element P(J,2) is

Set
all elements

of P to zero

S/\\>
- K:N —»{ RETURN }

Figure 5.14
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a pointer to the node reached by taking the right arc. If a pointer is zero, the
corresponding arc would lead to a free node, i.e., would be redundant.
Duplication will be permitted. In terms of A.5.1 this means deletion of Step 5
and change of smaller in Step 6 to less than or equal.

ALGoriTEM 5.2 Figure 5.14 is an algorithm for implementation of a sort
tree.
Example
Let the input string (array D) be
26 23 26 27 22 25 28 26 21 28 23 24.

Then array P of Figure 5.15 is the array generated by A.5.2. The sort tree is an
exact representation of the arrays D and P, and vice versa. The nodes have
been given identifying numbers 1, 2, ..., 12, which correspond to subscripts
in D. The numbers in parentheses are the labels; the label of node Jis D(J).

1
2
3
4
5
6 25
7
8
9
10

—
(3
w

o
[\
S

Figure 5.15
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The alphabetization algorithm applied to the tree of Figure 5.15 produces the
sorted string,

21 22 23 23 24 25 26 26 26 27 28 28.

As the example shows, A.5.2 can be used as the first stage of a sorting
procedure. The second stage, conversion of array D to a sorted array, will be
discussed in Chapter 10 as an example of application of pushdown stores.
Some gain is to be had in going through the second stage if the sort tree is to
be used extensively after its construction. Search efficiency is improved in the
case of an unbalanced tree, and array P is made available for storing other
data. The extravagant storage requirements do, however, dctract from the
usefulness of the algorithm as a sorting technique. Therefore, unless there is
a special reason for constructing a sort tree to begin with, other sorting pro-
cedures can be found that are more practicable. One such procedure follows.

ALGORITHM 5.3 Subroutine TREEUP sorts an array of N elements. In the
worst case approximately 2N(Jog, N — 1) comparisons and N(log,N — 1)
interchanges have to be made. The algorithm is most easily followed if
array A is pictured as a directed tree rooted at A(1) with imaginary arcs
joining elements. An arc terminating at A(J) originates from A ( JHALF),
where JHALF =J /2, and the operation is Fortran integer division; e.g.,
arcs terminating at A(4) and A(5) originate from A(2). Figure 5.16
shows the structure of an array with six elements.

A(4) A(5) A(8)

Figure 5,16

The segment starting with statement 20 (the shift procedure) is the
mainstay of the program. The first loop (ending with statement 5) uses it
to rearrange the elements so that the relation A(JHALF) = A(J) holds
for JHALF = 2,3, ...,N/2. When the shift procedure is entered with
the elements so ordered, the largest element of a subtree specified by I and
L is shifted to the root node of the subtree. In the loop ending with state-
ment 15 the shift procedure is used to shift the largest of the N elements into
A(1). This element is then interchanged with A (N). Then the largest of the
remaining N-1 elements is shifted into A(1) and interchanged with
A(N-1), and so on. After N-1 iterations the array is sorted.
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SUBROUTINE TREEUP (A,N)

DIMENSION A(N)
ITOP = N/2
ASSIGN 5 TO NN
L=N
DO 5 K = 2,ITOP
I =ITOP + 2 - K
GO TO 20
5 CONTINUE
ASSIGN 10 TO NN
L=N
DO 15 K = 2,N
I =1
GO TO 20
10 COPY = A(1)
A(1l) = A(L)
A(L) = COPY
15 L=1L -1
RETURN
C THE SHIFT PROCEDURE THAT FOLLOWS CAN BE WRITTEN
C AS A SEPARATE SUBROUTINE
20 COPY = A(I)
25 J=2+*1
IF (J - L) 28, 30, 35

28 IF (A(J+1).GT.A(J)) J =7 + 1
30 IF (A(J).LE.COPY) GO TO 35

A(I)

I=1J

GO TO
35 A(I)

= A(J)

25
= COPY

C ©SOME COMPILERS MAY OBJECT TO THE FOLLOWING TRANSFER
C ALTHOUGH ASA STANDARD FORTRAN PERMITS IT

GO TO
END

NN, (5,10)

A sort tree can function as a dictionary. Then the s, of a label (g, s>
may be an English word, and the g, its equivalent in some other language,
e.g., { friends, amis) in an English-French dictionary, or {Freunde, friends)

in a German-E

nglish dictionary. Another way in which trees can be used in

the construction of dictionaries is exemplified by the following scheme. For
simplicity we shall assume that the entries are single words rather than pairs.

We construct a

tree with 27 arcs originating from the root, the first 26 arcs
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leading to nodes labeled a, b, c, . .., z. From each of these 26 nodes we suspend
another tree having exactly the same structure; i.e., we have a tree with
27 + 26 x 27 arcs. Each terminal node has a list attached to it, which con-
sists of words whose first two letters are the labels of the nodes in the path
from the root to the list. For example, by going from the root to the node
labeled ¢, and then to the node labeled o, we reach a list of words that begin
with co: come, countrymen, ... (see Figure 5.17). Since this list is reached by
a unique path, the first two letters of every word are superfluous, and can be
chopped off to give me, untrymen, ... . The loss of the first letters presents
difficulties with short words, such as a, an, me. This is where the 27th arc
(the w-arc) comes in. Words only one letter long are stored at the node
reached by taking the w-arc from the root. In the case of a word that consists
of two letters we go from the root to the node indicated by the first letter of
the word, and take the w-arc from there, e.g., me is stored as e at the node
reached by first taking the m-arc from the root, and then the w-arc.

come

countrymen

Figure 5.17

A similar application arises with arrays. A multidimensional array can be
stored as a linear sequence of elements, and the position of an element in the
array computed from the declared bounds of the array (Section 9b). Alter-
natively, the array can be set up as a tree in which the number of arcs originat-
ing from a node on level i is equal to the (i + 1)th bound. For example, if a
3-dimensional array has bounds (5, 4, 10}, the array is represented by a tree
with 5 arcs originating from the root, and 4 arcs originating from each of the
5 nodes on level 1. The 20 nodes on level 2 are terminal nodes, and a vector
of 10 elements is attached to each of them. Let us see now how a particular
element in this array is reached, say {2, 3, 5). The second of the arcs from the
root leads to the appropriate node on level 1, and the third arc originating
from this node terminates at a node that has the vector containing element
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{2, 3, 5) attached to it. The required element is the fifth element in the
vector; it is accessed by the machine language technique of indexing.

5d. Decision Trees and Decision Tables

Flowcharts have undeniable merits as devices fo. displaying the logic of
computer programs. Sometimes, however, a situation can become too com-
plex for flowcharts. The greater the number of conditional statements in a
program, the more confusing the corresponding flowchart. Finally, it can
become so abstruse that the tracing of a particular execution sequence is no
better than running a maze. This is where decision tables can restore clarity.
Note, however, that only a very limited class of programs, arising mainly in
business applications, and only parts of programs in this class, can be repre-
sented by decision tables.

Let us take a simple example based on a check being presented to a bank.
The bank asks a number of questions:

q—Is the check covered?
q,—Is the account blocked?
qs—Is the balance greater than $300?

Answers to the questions form triples of yeses and noes. The triple <Y, N, Y )
causes the bank to take an action different from that elicited by <N, N, N ).
The possible actions are:

Al—Do not accept the check.
A2— Accept unconditionally.
A3—Accept, but charge a handling fee.

There are eight possible triples. If the triples are tabulated, together with the
appropriate actions, the result is an extended-entry decision table. The decision
table for our example is Table 5.1. Each triple and the corresponding action,
i.e., each column in the table, is a decision rule.

TABLE 5.1

EXTENDED-ENTRY DECISION TABLE

Rule 1 2 3 4 5 6 7 8
Condition ¢, Y Y Y Y N N N N
q2 Y Y N N Y Y N N
qs Y N Y N Y N Y N

Action Al Al A2 A3 Al Al Al Al
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Here we selected a very simple example to keep explanation of techniques
simple. It is not unknown to have situations involving as many as 100 con-
ditions. The extended-entry table for 100 conditions has 2'°° rules! Fortun-
ately we can combine rules to arrive at a limited-entry decision table. The
conversion of an extended-entry table to a limited-entry table is best followed
in a sequential decision tree. This is a binary tree in which arcs carry labels Y
and N, nonterminal nodes have the conditions for labels, and the terminal
nodes are labeled with the appropriate actions. Figure 5.18 shows the
sequential decision tree corresponding to Table S5.1. The tree is, of course, a
flowchart in an unfamiliar guise.

Al Al A2 A3 Al Al Al At

Figure 5.18

From the tree we can see at once that if ¢, and g, have both brought the
response Y, then g, does not have to be asked; the outcome is independent of
the response to this question. If the answer to ¢, is N, then the action is inde-
pendent of the other conditions. We can therefore prune the tree down to that
of Figure 5.19. The latter can be converted back to a decision table. This
table, Table 5.2, is of the limited-entry variety. There are only four rules. The
absence of an entry in a limited-entry table signifies a “don’t care” condition.

TABLE 5.2

LiMITED-ENTRY DECISION TABLE

Rule 1 2 3 4
Check covered? Y Y Y N
Account blocked? Y N N -
Balance > $3007? - Y N -

Action Al A2 A3 Al
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A2 A3

Figure 5.19

When there are 100 conditions one cannot very well construct the com-
plete sequential decision tree. Pruning away of redundant branches hasto take
place while the tree is being constructed. For instance, in our rather over-
simplified situation (we have not allowed for overdrafts for one thing) we
know from the start that an uncovered check must evoke action Al.

In a computer a decision table is set up as a matrix of bits and a vector of
addresses, called table matrix and transfer vector. In the table matrix 1
stands for Y, and O for N or a ““don’t care” condition. Decision rule # is
represented by the nth column of this matrix and the nth element of the
transfer vector. Table 5.1 becomes

1 1 1 1 0 0 0 0

[Al Al A2 A3 Al Al Al Al]

In processing a particular check we first set up a data vector of three elements
(or, in general, as many elements as there are conditions). If, for this parti-
cular check, ¢; is answered with a yes, the first element of the data vectoris 1;
otherwise it is 0. The second element is 1 if g, is answered with yes, and 0
otherwise; and so forth. The data vector is compared with successive columns
of the table matrix. If the vector matches a column, then the corresponding
address in the transfer vector is used to transfer control to the program seg-
ment that performs the required action. Assume that a check has given rise to
the data vector
0

L]
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It matches the sixth column of the table matrix, and the sixth element of the
transfer vector is therefore used to transfer control to the program segment
that prints a message “Check cannot be accepted” or performs some similar
action.

The limited-entry decision table of our example becomes

[A1 A2 A3 Al]
but

0
1
0

does not match any column in this table matrix. The way out of the impasse
is to suppress a 1 in the data vector whenever the 1 would be compared with
a 0 that stands for a ““don’t care.” The masking out is done by means of a
mask matrix in which every Y or N entry of the decision table is represented
by 1, and a “don’t care” by 0. In our case the mask matrix is

I 1 11
1 110
0110

Now, before the data vector is compared with column # in the table matrix, it
is modified by use of the nth column of the mask matrix. If an element in the
data vector is 1, but the corresponding element in the nth column of the mask
matrix is 0, the entry in the data vector is made 0. This modification is
achieved by taking the A of each element of the data vector and the corre-
sponding element of the mask matrix 1A 1 =1,1A0=0A1=0A 0=0).
In our case this means that
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remains unchanged for the first three comparisons (in the first three columns
of the mask matrix the second element is 1), but that it is changed to

0
0
0

for the comparison with the fourth column. This procedure is called the rule
mask technique.

If the cost of setting up the data vector is high, then an inrerrupted rule
mask technique should be used. Let us rearrange the mask matrix and the
table matrix with its associated transfer vector so that the numbers of zeros in
columns of the mask matrix are in descending order. The result is Table 5.3.
Applicability of the first rule in the rearranged table (Rule 4) is determined
by condition g,, and applicability of the second rule (Rule 1) by conditions
q, and g, alone. Evaluation of the data vector can therefore be interrupted
after its first element is computed (and the remaining elements set to zero).
No more is needed for comparison with the first rule. If a match results,
action Al is performed. If not, evaluation of the data vector resumes, and the
second element is computed. This partial data vector is then compared with
the second column of the table matrix. The third element is computed only if
there is still no match.

TABLE 5.3

REPRESENTATION OF A DECISION TABLE

Mask matrix Table matrix
q1 1 1 1 1 0 1 1 1
g 10 1 1 1 0o 1 0 0
g5 (0 0 1 1 0O 0 1 o

[Al Al A2 A3] Transfer vector
4 1 2 3 Rulenumber

A concise representation of the sequence of interruptions is provided by a
2 x (¢ + r) sequencing matrix, where c is the number of conditions and r the
number of rules. The top row contains numbers representing conditions; the
bottom row numbers of rules. The conditions follow the order of their
evaluation. One element in each column is the number of either a condition
or a rule; the other is zero. In our example the matrix is

1 0203 00
0401023
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A sequencing matrix is interpreted as follows: Starting with element {1, 1),
one moves along the top row evaluating conditions until a zero is reached;
then one switches to the bottom row and tests rules until a zero is encountered
in this row; then switches back to the top row and resumes evaluation of
conditions until a further zero is encountered; and so on. The sequencing
matrix of the original limited-entry table is

1 230000

0001 23 4]
In practice there is no need to rearrange the mask and table matrices bodily.
The arrangement of columns in the sequencing matrix gives enough informa-

tion for the process to be performed as if the matrices were rearranged.
If the mask matrix is, for example,

1 011111
110111

111011
1 001 111

o O

the order of evaluation of the first three conditions can be ¢, and g, followed
by g, , or g, and g, followed by ¢5, or g, and g, followed by ¢,. If the cost of
evaluation is the same for all conditions, then it would not seem to matter
which order of evaluations is adopted. If, however, the costs differ, they
should be taken into account.

Evaluation costs are not alone in affecting the efficiency of a program
derived from a decision table. One must also consider the probabilities
associated with the conditions. Returning to the example of Table 5.3, let us
associate with each g; a cost ¢; and a probability of success (yes answer) p;.
To make the probabilities realistic we shall leave undefined the context in
which the table is used. A set of values is given in Table 5.4. The interrupted
rule mask procedure illustrated by Table 5.3 is exactly equivalent to the

TABLE 5.4

CosTs AND PROBABILITIES OF CONDITIONS

Condition g, Cost ¢; Probability p;
q1 40 0.85
q2 15 0.25

s 25 0.60
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sequential decision tree of Figure 5.19. We have redrawn the tree as Figure
5.20, adding costs and probabilities. The expected cost of interrupted process-
ing of a data vector can be easily computed by reference to the tree. It is
40 + 0.85(15 + 0.75 x 25) = 68.6875. By contrast, if the interrupting pro-
cedure were not followed, the cost would be 40 + 15 + 25 = 80.

41(40) ¢,(15)

A2 A3
Figure 5.20 Figure 5.21

In the tree of Figure 5.20 we see that if ¢, is answered with a yes, and g, is
answered with a yes, action Al is taken. If ¢, is answered no, Al is again
taken, irrespective of what the answer to the unasked ¢, might be. In other
words, Al is taken if g, is answered with a yes, no matter how g, is answered.
This means that we can rearrange the tree, putting g, at the root. Figure 5.21
shows the rearranged tree. Here the expected costis 15 + 0.75(40 + 0.85 x 25)
= 60.9375, which is a further reduction.

In a practical application one would rarely be able to assume that the
probabilities associated with the conditions g; are independent of each other.
For example, if our conditions were

q—Older than 40 years?
q,—Older than 50 years?

then the probability that an individual is older than 50 is greater for people
over 40 than for the total population, and it is zero for people whose age does
not exceed 40. Therefore, the optimization of decision tables should be based
on the probabilities of applicability of the rules rather than on the probabili-
ties associated with conditions.

Decision tables have some definite advantages as a form of documentation
over sequential decision trees. Unless conditions are reduced to simple
symbols, a tree is in danger of being overcluttered. Just the opposite holds for
a table; spelling out the conditions actually enhances the readability of the
table. Moreover, on account of the geometry, the information content of a
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rectangular table inscribed in the rectangle of a page of a document is greater
than the information carried by a triangular tree inscribed in a page of the
same size. If the document is generated by a computer, then the printer is
adequate for producing tables. The program for generating trees is more
complex, and has to use a plotter for output. Nevertheless, as some of our
examples have shown, trees can sometimes be very useful for gaining insight
in the structure of decision tables.

A further advantage of decision tables is that a small extended-entry table
can be directly coded in Fortran or some other higher-level language. Con-
version of a tree to a Fortran program would be a much more devious pro-
cess. Assume that every Y in an extended-entry table and the data vectors is
coded as 1, and every N as 0. In every row of the table substitute 2™~ ! for
every 1, where m is the number of the row. Then compute the column totals.
In the case of Table 5.1 they are 7, 6, ..., 1, 0, i.e., column totals identify
rules uniquely. Now, given a data vector of n elements, perform the same
valuation, and obtain a value between 0 and 2" — 1, which is equal to the
column total of the column that the data vector matches. This value (increased
by 1) can therefore be used in a computed GO TO to effect a transfer of
control to the program segment in which the appropriate action is performed.
The program for Table 5.1 is simply

INDEX = 1 + D(1) + 2*D(2) + 4*D(3)
GO TO (NI,NI,N2,N3,N1,NI,N1,N1), INDEX

where D is the data vector and NI, N2, N3 stand for statement numbers
associated with program segments in which actions Al, A2, A3, respectively,
are performed.

Notes

In practice one is not interested in generating all sentences of a language.
Rather, one wants to know whether a given sentence belongs to a particular
language. This requires a parser. In [In66], which deals with the writing of
compilers for programming languages, the syntactic chart of a grammar is
used in the construction of a parser. Parsing of programming languages is
surveyed in [Fe68]. Of the 226 items in the bibliography of this survey [Gr65]
may be singled out; its distinguishing feature is the comparison of the efficien-
cies of a number of parsing strategies for context-free languages on the basis
of the performance of Turing machine recognizers equivalent to the parsing
strategies. Parsing of natural languages is surveyed in [Bo63a, Sa67]. [Ha67b]
is a text on computational linguistics; it contains parsing algorithms. Auto-
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mated natural language processing in general is surveyed in [Si66a, Bo67b],
McNaughton has shown that a backward-deterministic parenthesis grammar
is unambiguous, see [Mc67], and Knuth proves in [Kn67a] that the problem
of whether a Type 2 language has a parenthesis grammar can be decided.

The sort tree of Figure 5.12 is adapted from [Bo60], which contains a
thorough analysis of search efficiency in the sort tree. A more recent analysis
can be found in [Ar69a)]. Similar techniques are described in [Br59, Fr60,
Wi60, Sc63, Ka65, Su63, Cl64, Pa69b]. Alogrithm 5.3 derives from [F164].
It is of interest to note that trees have been used in the analysis of sorting
procedures on a number of occasions, see [Oe57, Bu58, Hi62a.] For the repre-
sentation of arrays by trees see Section 2.3 of [Kn68]. Our Exercise 5.13, in
which a tree is used to depict the inclusion relation, was suggested by the
practical applications described in [Bo63b, Bo67c].

The literature on decision tables is surveyed in [Ki67] to the end of 1966.
Of the numerous articles on the techniques we single out [Fi66], a description
of a large problem made interesting by the inclusion of a quiz to test the
reader’s attentiveness. [Mc68] is an expository monograph; unfortunately it
tends to gloss over the subtler difficulties. One such difficulty is ambiguity in
limited-entry tables, discussed in the very important [Ki68]. A very thorough
analysis of the conversion of limited-entry decision tables to computer
programs so as to minimize processing time and storage requirements is
carried out in [Re66, Re67]. Compression of decision tables by means of a
parsing technique is described in [Ch67]. The technique of the computed
GO TO described in the final paragraph of Section 5d is taken from [Ve66].

Exercises

5.1 (a) Write a program that determines, given the adjacency matrix of
a digraph D, whether or not D is a directed tree, and, if it is, finds its root.

5.2 (a) Sentence a.green.man.bought.the.green.apple has been generated
by the grammar of Example 3 of D.4.22. Draw the derivation tree of this
sentence and represent the tree by a linear string.

5.3 (a) Show that G = {{qa, b}, {S, 4}, P, S, where P consists of
(SY:i=ab{S)blalddb|a
(A> :=b{(S>

is an ambiguous grammar. What is L(G)? Find an unambiguous grammar G,
such that L(G) = L(G,).

5.4 (a) Draw syntactic charts of the grammars of Exercises 4.24 and 4.25.
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5.5 (a) Find a Type 3 grammar that generates the language of Part (iii)
of Exercise 4.27 and draw the syntactic chart of the grammar. Would you find
the syntactic chart of assistance in the design of an acceptor for the language ?

5.6 (b) Given infix formula R = ( (A+B)*(A+C))/X 4 Y. Draw the
tree corresponding to this formula and use the tree to write down the corre-
sponding prefix formula.

5.7 (b) Define a parenthesis grammar that generates completely paren-
thesized arithmetic expressions in variables a, b, ..., z, and binary operators
+, =,/ %, =.

5.8 (b) Although multiplication in the set of real numbers is an associative
operation, it is not associative in the set of computer representations of real
numbers. For example, A= (B+C) and (A*B)+C may have very different
values if floating point underflow occurs. Therefore, it may be quite realistic
to have to write an extended product as ( (A#(B=C))*(D*E) )*F. Draw
the tree of this expression, and find its prefix form. Then draw the tree of the
K-formula #*xaxbcxdef, and rewrite the K-formula in infix form. Find infix
forms of the following K-formulas:

(1) *xaxxxaxbcxxdcbef;
(il) *xxax*xxbbcd***xcbdee;
(iii) *a*xxdxbxcdxea.

Does the prefix or the infix form afford a better insight in the structure of the
digraphs represented by the formulas ? What effect does change in the left-to-
right order of arcs in the tree of a K-formula have?

5.9 (c) Construct tree dictionaries for the following passages:

(i) The only problem to be faced in using the foregoing algorithm to
obtain a solution to the traveling salesman problem for an arbitrarily large
number of cities is a storage problem.

(ii) Assuming that subsequent text will be composed entirely of words
from this dictionary and that all words will occur with equal probability,
compute the average number of comparisons for this dictionary and for an
equivalent balanced tree dictionary.

Apply Part (ii) to both trees.

5.10 (c) Setup array P (see the example of A.5.2) for the sort tree of
Part (i) of Exercise 5.9.

5.11 (c) Assume that we have a procedure A for converting a sort tree
stored as arrays D and P (see Figure 5.15) to an array of numbers sorted in
ascending order. Modify A.5.2 so that it produces array P in such a form that
procedure A now puts the numbers into descending order. Test your al-
gorithm on the data of the example of A.5.2.
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5.12 (¢) The two trees of Exercise 5.9 are to be combined into a single sort
tree. One way would be to send the first passage down the second tree. Since
a considerable effort has gone into the construction of the first tree, it may be
possible to find a more efficient procedure that utilizes the structure of this
tree. Investigate.

5.13 (¢) Figure 5.22 is a Venn diagram showing 11 elements, which belong
to five sets. Devise a tree representation of the situation depicted by the
diagram. What structure would you need to represent the situation if a sixth
set F = {b, ¢, k, m} were introduced?

Figure 5.22

5.14 (d) In Exercise 2.16 consider the inputs as conditions, and the presence
or absence of an output signal as actions A and B, respectively. Set up ex-
tended-entry decision tables corresponding to Parts (ii) and (iv) of Exercise
2.16, and find limited-entry tables equivalent to the extended-entry tables.

5.15 (d) In processing driving license applications of drivers who hold
licenses from other states all applicants are given a quiz on road rules. In
addition, a driving test is given to applicants under the age of 21, or over the
age of 65, and to applicants who have had licenses suspended. Moreover,
applicants over 65 have to undergo a medical examination, and applicants
under 21 who have had licenses suspended have to attend a course on road
safety. Tabulate the data as an extended-entry table, and convert this to a
limited-entry table.

5.16 (d) Table 5.5 is an extended-entry decision table in which the top
row gives the probability of a data vector matching the corresponding de-
cision rule. Draw a sequential decision tree that corresponds to the table and
reduce it to two different trees of four terminal nodes each (rooted at ¢, and
g5, respectively). Assuming that the data vector is passed across the table
matrix from the left, arrange the columns in the table matrices of the corre-
sponding limited-entry tables in such a way that the expected number of
comparisons is minimized. Which arrangement is the more efficient?



204 5 Trees

TABLE 5.5

0-10 0-25 0-15 0-20 0-05 0-05 0-05 0-15

a: Y Y Y Y N N N N
4 Y Y N N Y Y N N
a Y N Y N Y N Y N
Action Al A3 Al A2 Al Al Al Al

5.17 (d) Set up interrupted rule mask procedures to correspond to the two
reduced decision trees of Exercise 5.16. If the evaluation costs of conditions
4., 9., and g5 are, respectively, 1.5, 4, and 2 units, what is the cost of pro-
ducing a data vector when the interrupted rule mask technique is not used?
Which of the interrupted rule mask procedures is more efficient ?

5.18 (d) Assume that each probability in Table 5.5 is 4 (this assumption
would have to be made if actual probabilities were not known). Which of the
interrupted rule mask procedures of Exercise 5.17 is now the more efficient ?

5.19 (d) Consider the procedure that you selected as the more efficient in
Exercise 5.18. With each of the three conditions there is associated an estimate
of the probability that the condition will have to be evaluated. If for a suffici-
ently long time counts are kept of the number of times each condition is in
fact evaluated, one might find that the assumption of Exercise 5.18 is wrong.
It is even possible that the other interrupted rule mask procedure is more
efficient. Can any conclusion be made about the relative efficiencies of the
two procedures from the counts?



CHAPTER 6

Paths and Cycles in Digraphs

6a. Shortest Path Problems

A road map is a labeled graph. Towns are nodes and roads between towns
edges (or, if we want to interpret the map as a digraph, pairs of arcs); mileages
are weights. If two towns in a densely populated area are three or four
hundred miles apart, very many routes lead from one to the other. The one
with the least total mileage is the shortest path. To a motorist setting out
from town A, and wishing to reach town B as early as possible, finding the
shortest path is a very real practical problem.

Still keeping to the example of roads, the path that is shortest in the sense
of least traveling time is not always the path of shortest distance; it may take
twice as long to cover 10 miles on a country lane as to go 20 miles on a free-
way. Traveling times can therefore be more suitable weights than distances.
Costs can also function as weights. In fact, we can take any nonnegative
number (under certain conditions even a negative number) for a weight, and
define the shortest path problem as the problem of finding a path for which the
sum of weights is a minimum. Solutions of the problem are independent of
physical interpretation of the weights. The unweighted digraph is merely a
special case, interpreted as a weighted digraph with every weight equal to 1.

The shortest path given by the general algorithm must then be the path of
fewest arcs.

205
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We shall first give an algorithm for the more fundamental problem of the
existence of paths. By Corollary 2 of Th.3.6, if Q= X 4+ X? +--- 4 X",
where X is the adjacency matrix of a digraph with n nodes, then an element in
the path matrix P of the digraph is 1 if and only if the corresponding element
of Q is nonzero. Use of Boolean operations A and Vv gives P more directly
(Ial=1, 1A0=0A1=0A0=0; Ov0=0, Ovli=1v0=1vi=1).
We define Boolean matrix operations C = AA B and D = AV B in a set of
square matrices of order n by

n
Cij :kV1 (@u A bkj)>

dij = a,-ij,-j.

Then P=XVv X?Vv---v X" where X*=X*"1AX. A very efficient al-
gorithm for computing P follows.

ALGORITHM 6.1 Given a square matrix X of order n with elements in {0, 1}.

Set X* =X,
Set j = 1.
Seti=1.

If x}; = 1, then set x}, = x}; v x}; for all k from 1 to n.
Seti=i+1.1fi<n, goto4.
Set j=j+ 1. If j < n, go to 3; else stop.

SNk

THeoREM 6.1 (Warshall’s theorem) If X is the adjacency matrix of a
digraph, then the X * generated by A.6.1 is the path matrix.

Proof. We show first that x}; = 1 implies pa = 1. If x; =1, then cer-
tainly x%, = 1, and py, = 1. If x;, ;é 1, then x}, is set to 1 in Step 4. This means
that at some stage of the process x = x3 “x = 1. Each of these, 51m11arly, comes
from X itself or from a previous appllcatlon of Step 4; i.e., x}; was set to 1
because x;; = 1 or by virtue of x};, = x}'; = 1 having held, and similarly for
x¥. Since the process is finite, the sequence of applications of Step 4 that
finally leads to x}, = 1 must have started out with X containing a finite set of

elements x;;, = X;,;, = X;,;; = *** = X; , = |, but this means that p; = 1. Next
prove that p,k =1 implies x5 = 1. If py = 1, then an expression of the form
Xy =X, =" =X, =1 must hold; i.e., x}, = x;;, ="+ =x}, =1 holds
initially. Treatlng this expressmn asa strmg, our purpose is to justify a series
of replacements of substrings x = ,b by xX that finally leaves the string
,k = 1. The 1terat10n w1th] 1 1n A.6.1 produces in Step 4 x}, =1 for all
i and k' such that x}, = xlk =1, and this justifies substitution of substring
 for every substrmg x¥, = xf . The 1terat10n with j = 2 similarly justifies

substltutlon of x%,. for every substring x, = xJ, . The substitutions are con-
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tinued with increased j until j = ¢, where ¢ is the largest of the subscripts
i1, i3, ...,In. Clearly, atthe end of the iteration, the string has been reduced to
x}, = 1. Consequently p;, = 1 implies x} = 1.

ALGORITHM 6.2 (generalized Warshall algorithm) Let {Q, +, -, 0, 1) be
a Q-semiring, and define operations in the set of square matrices of order n
whose elements are members of Q, C = AB and D = 4 + B, as follows:

Cij=auby;+apbyy+ -+ ayby;
dij = a,-j + bU

Define also X*= X*"'X. Then X + X? + -+ + X" is equal to the X*
produced by A.6.1 with Step 4 replaced by
4. Set xj = x}, + (x};- x}) for all k from 1 to n.

Examples
1. Consider (RZ, min, +, o, 0), the Q-semiring of Example 2 of D.4.6.

In this case the algorithm can be expressed as the following program:

SUBROUTINE PATHLS (X, N, RINF)
DIMENSION X(N,N)
DO 10 J = 1,N

DO 10 I = 1,N
IF (X(I1,J).EQ.RINF) GO TO 10
DO 5 K=1,N

5 X(I,K) = AMIN1(X(I,K), X(I,J)+X(J,K))
10 CONTINUE

RETURN

END

The subroutine is entered with a matrix of weights (for example, mileages)
associated with the arcs. If no arc joins nodes i and j, then the element
X(1,J) is set to RINF, which is a very large number, say 10!°, RINF is our
“infinity.”” On return X (I, J) is still equal to RINF if there is no path from
i to j; otherwise X( I, J) contains the length of the shortest path from i to j.

2. In the case of the Q-semiring (Boolean algebra) ({0, 1}, v, A, 0, 1D
A.6.2 becomes A.6.1.

Knowledge of the length alone of a shortest path is rarely sufficient; one
has to know the path explicitly. A.6.3 specifies all simple paths and cycles in
a digraph. It is then an easy matter to find the shortest paths. The algorithm
is based on a matrix operation which we shall call symbolic multiplication.
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Let a square matrix of order n have strings for its elements. The symbolic

product C = 4B in a set of such matrices is defined by ¢;; = a;,b,; + a;,b,;

+ -+ + a;,b,;, where + denotes juxtaposition and a,b,; denotes concatena-

tion if neither ay nor by; is null, butayb,; = A if ay = A or by; = A. Juxta-

position is associative and commutative; it distributes over concatenation as
follows: a(ff + y) = af + ay, (B + y)a = fo + ya. The null string is neutral in
juxtaposition: A+ a=a+ A =a.

ALGORITHM 6.3 Let the arcs of a digraph with n nodes be identified by
symbols a, b, ¢, ..., and let the symbols be assembled into a variable
adjacency matrix ¥, in which nonexistence of an arc is indicated by the null
string A.

1. Define the matrix V,: for i, j=1, 2, ..., n set (v;); = A and, if

i #j, set (Ui_,)l = Uij.
2. Define the vector D, by (d)); =v;,i=1,2, ..., n

3. Setg=1.
4. 1If g = n, stop; else form the symbolic matrix products V;, = V,V,
and Vg =V, V.

5. Define V .y fori, j=1,2, ..., nset (v;;),+, = A and, if i #j,
make (v;;),+; the juxtaposition of the terms that occur in both
(vip)r and (v;))g -

6. Define D,,; by (d)g1 =Wy = @i, i=1,2,...,n

7. Setg=g+1;goto4.

Element (v;;),, i # j represents all simple paths of length ¢ from node i to
node j, and (d,), represents all simple cycles of length ¢ through ;.

Example

Figure 6.1 shows a digraph and the matrix V associated with the digraph.
The sequence of matrices and vectors that follows illustrates application of
A.6.3 to this digraph.

A a A Db A
A A ¢ A A
V= D, =
A A e d
f g h A A
bf bg ac+ bh A
A A A ce
(VL)Z =(Vr)2 = ef eg eh A
A fa gc Jb + he
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Q@ > > 8
= A0 >
>0 >
| ES—)

A bg ac+bh A bf
A A A ce A
V, = D, =

ef eg A A eh

A fa gc A fb+ he
A bfa bgc ace
cef ceg A A

(Vp)s =

A efa egc A

hef fbg + heg fac + fbh gce

A A bgc ace+ bhe
cef ceg ceh A

V =
(Vi) A efa egc efb
A A fac gce
A A bgc ace A
cef A A A ce
V3 = f D3 = g
A efa A A egc

A A fac A gce
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acef A bfac A acef aceg aceh bgce
A cefa A A A cefa A cefb
(VL)4 = (VR)4 =
A A efac A A A efac A
gecef hefa fbgc face A A A face
A A A A acef
A A A A cefa
A A A A efac
A A A A face

Since there can be no simple paths of length n, the purpose of the final
iteration is merely to detect Hamiltonian cycles. For this it is sufficient to
evaluate just the diagonal elements of (V), or (Vg),. Since (V1), = (Vr)2,
the first iteration can be treated as a special case also. In all other iterations it
is necessary to compute both products in order to eliminate nonsimple paths.

Two undesirable features of A.6.3 should be noted. First, the algorithm
has to be programmed in a language with string processing capabilities.
Second, if one is interested in shortest paths alone, the algorithm takes an
unnecessarily long time. A modified Warshall algorithm that uses a matrix of
paths finds explicit shortest paths much faster than A.6.3.

ALGORITHM 6.4 Modified Warshall algorithm for finding shortest paths in
a digraph with # nodes. Let X be the matrix of weights defined in Example
1 of A.6.2, and let V be a variable adjacency matrix as in A.6.3. The opera-
tion on elements of ¥* in Step 6 is concatenation,

1. Set X*=Xand V*="1.
2. Setj=1.
3. Seti=1.
4. If xf; =00, goto 8.
5. Setk=1.
6. If (x} + xj) < x}, then
a. set x}, = x}; + X3
b. set vf = v}, .
7. Setk=k+1.Ifk<n gotob6.
8. Seti=i+1.Ifi<n, goto4

9. Setj=j+ 1.If j < n, go to 3; else stop.
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Example

Let the arcs of the digraph of Figure 6.1 be assigned weights according to
the following scheme:

a b ¢ d e f g h
1.0 0.2 04 0.2 0.6 03 0.7 1.5

Then
o 1.0 o 0.2 A a A Db
o o 04 A A ¢ A
X= V=
v o 02 0.6 A A d e
03 07 15 f g9 h A
and A.6.4. stops with
0.5 09 1.3 02 bf bg bgc b
Y* = 1.3 1.7 04 1.0 — cef ceg ¢ ce '
09 1.3 0.2 0.6 ef eg d e
03 07 1.1 0.5 f g gc fb

There may be more than one shortest path (i, .. ., k) from node i to node &.
Element v, specifies just one of the paths, but the algorithm can be modified to
find all shortest paths (Exercise 6.5). Whereas A.6.4 still depends on manipu-
lation of strings, the algorithm that follows is purely numerical.

ALGORITHM 6.5 Let X be a matrix of weights as in A.6.4. A matrix M is
constructed as follows:

mik:k, ifx‘k?éw;
=0, ifxik:OO.

Element m,, is replaced by m;; whenever, in the course of computation of
X*, x}; is set equal to x}; + xJ},. At the end of the computation m;, contains
the name (identifying number) of the first intermediate node on a shortest
path from i to k, e.g., if this path is (i, ¢, ..., k), then m;, = t. Moreover,
my, contains the first intermediate node on a shortest path from ¢ to k, and
so on. Hence a shortest path from i to k is defined in a reasonably explicit

fashion. The RINF of our subroutine has the same purpose as in Example 1
of A.6.2.
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SUBROUTINE SHORTP (X,XSTAR,NODES,N,RINF)
DIMENSION X(N,N), XSTAR(N,N), NODES(N,N)
DO 5 I =1,N

DO 5 J =1,N

XSTAR(I,J) = X(I,J)

NODES(I,J) = 0

5 IF (X(I,J).NE.RINF) NODES(I,J) = J

DO 15 J = 1,N

DO 15 I = 1,N
IF (XSTAR(I,J).EQ.RINF) GO TO 15
DO 10 K = 1,N

T = XSTAR(I,J) + XSTAR(J,K)
IF (T.GE.XSTAR(I,K)) GO TO 10
XSTAR(I,K) = T
NODES (I,K) = NODES(I,J)

10 CONTINUE

15 CONTINUE
RETURN
END

Example

Take the digraph of Figure 6.1, with matrix X as in the example of A.6.4.
Then XSTAR is the X* of that example, and

4 4

NODES =

—_
N

NOW oW A
e NN

on exit from SHORTP.

A traveler wishing to go from place a to place & is not interested in the
shortest path from ¢ to d, unless ¢ and d happen to lie on his shortest route
from a to b. A.6.5 is an uneconomical procedure for solving the traveler’s
problem, and we now give two procedures that are more efficient than the
general algorithm. The first finds shortest paths from a given node to every
other node that is reachable from this node; the second finds just the one
shortest path from the given node to another given node.

ALGORITHM 6.6 (Dantzig’s algorithm) Given a node g, in a digraph {4, R).
Let A4, be the set of all nodes reachable from a,. For each a; € 4, the
algorithm finds the shortest path (ay, ..., a;) by iteration. Let c(a;) be the
length of this shortest path. We denote by A; the set of all nodes g, for
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which c(a,) is known at the start of the ithiteration. The process starts with
A,y ={a,} and finds in turn 4,, ..., 4,. Note that 4, c 4, c--- < 4,.

1.

2.

4.

Set A, = {a,}, ¢(a;) =0, i = 1. Construct a digraph T consisting
of a single node a;.
For every arc {(a, a,» such that a, e A; and a, ¢ A; compute
dy, = c(ay) + wy,, where wy, is the (positive) weight of the arc.
Set A;,, = A; and determine d = min d,,. For every arc <{q,, a,)
for which dy, = d (there may be more than one such arc):

a. Set ¢(aq,) =d.

b. Set 4;,, =4,,, v {a}.

¢. In T draw the arc {ay, a,). (T already contains node a;
node a, may also be already in T.)
If 0d(4;,,) =0, stop; else set i =i + 1 and go to 2.

DigraphT of A.6.6 is acyclic. If all shortest paths (a,, ..., a;)are unique,
it is, moreover, a directed tree. Every path in 7 corresponds to a shortest path
in the digraph {4, R).

Example

We apply the algorithm to the digraph of Figure 6.2.

i=1. A, ={1}, c(1)=0.0.
d,=0.0+0.1=0.1,
d,s=0.0+0.7=0.7.
d=0.1,c2) =0.1, 4, = {1, 2}.
i=2. dy;=07,
dyy =0.1+02=03,
dys =0.1 +0.2=0.3.
d=03,c(4)=c(5) =03, A4, ={1,2, 4, 5}.
i=3. d5=07,
dye =03 +0.8=1.1,
dy7 =03 +04=0.7,
dsy =0.3 4+ 0.5=0.8,
ds; =0.3+0.5=0.28.
d=0.7,c3)=c(7) =07, Ay ={1,2,3,4,5,7}.

i=4. dyg=1.1,

dre = 0.7+ 0.3 = 1.0,

drg =0.7+0.1=0.38.

d=08,c(8) =08, 4, ={1,2,3,4,5,7, 8}
i=5 dg=11,

dqg = 1.0.

d=1.0, c(6) = 1.0, 4, = A.
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0.8

«1) =00
«(2)=0.1
«(3) =07
«(4) =03
«(5) =03
«(6) = 1.0
o7y =0.7
«(8) =0.8

Figure 6.3

The results are displayed in Figure 6.3. The tree is a partial subdigraph of the
digraph of Figure 6.2.

If a digraph contains # nodes, then, in the ith iteration of A.6.6, at most
i(n — i) values of d,, have to be searched through for a minimum; i.e., there
are at most i(n — i) — 1 comparisons. The greatest total number of com-
parisons that can arise (for a complete symmetric digraph) is therefore
Y=t [i(n — i) — 1], and it can be shown that this is approximately equal to
n®/6. By contrast, the number of comparisons in A.6.5 is n* in the worst case.

One application of A.6.6 is in the design of a distribution network for
some utility (gas, water, etc.). If node a, stands for a supply station, and
nodes a,, a;, ... represent localities to which the utility is to be supplied,
then A.6.6 can be used to produce the most economical layout of supply
lines. In this application digraph T must be a tree. The algorithm should
therefore be slightly modified so that it finds only one shortest path from a,
to a node a; when more than one shortest path to a; exists.
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ALGORITHM 6.7 Given nodes a, and a,, the following algorithm finds a
shortest path (ay, ..., a,): Apply Dantzig’s algorithm in the forward
direction from a,, but simultaneously apply a similar procedure in a back-
ward direction from a,, computing lengths of shortest paths ¢’(a;) from
nodes a; to node a,. When ¢(a,,) and c’(a,,) have both been found for some
node a,,, then we have a “forward” set of nodes 4, and a ““backward”
set A’. The shortest path is the path (a,, ..., a;, @;, ..., a,), where g;e 4
and a;e A" (possibly @, =a;=a,), for which c(a)+ c'(a) + d;; is a
minimum.

Example

Use A.6.7 to find the shortest path from node 1 to node 8 in the digraph
of Figure 6.2. The algorithm proceeds as follows.

i =1. Forward computations as in the example of A.6.6.
Ay = {8}, ¢'(8) = 0.0.
dgg = 0.2+ 0.0=0.2,
dyg=0.1+0.0=0.1.
d =0.1,c'(7)=0.1, A, = {7, 8}.
i =2. Forward computations as in the example of A.6.6.
deg = 0.2,
dy; =0.4 +0.1 =0.5,
ds; =0.5+0.1=0.6.
d'=02,c(6)=0.2, 45 = {6, 7, 8}.
i=3. Forward computations as in the example of A.6.6 give ¢(7), and
¢'(7) is already known. We have 4 ={1, 2, 3,4,5,7}, A" ={6,7, 8}.
The shortest path is (1, 2,4, 7, 8), of length ¢(7) + ¢'(7) = 0.8.

Another interesting problem is that of finding a longest simple path from
one node to another. Although the problem appears to be related to the
shortest path problem, Warshall’s algorithm cannot be used to solve it in the
general case. The minimization process of the algorithm for shortest paths
necessarily produces simple paths. Suppose now that a try is being made
to derive a longest path by maximation. If there exists a simple path
(a, .., ¢, ..., b), but there is a cycle through c, then the “length” of the path
(a, ..., b) can be made arbitrarily large by going round and round the cycle
(this is the reason why we have not formally defined the length of a nonsimple
path, see D.3.7). Another difficulty is this: In the shortest path problem, if
(a, c, ..., b) is a shortest path from a to b, then the subpath (¢, ..., b) is a
shortest path from ¢ to b, a property on which Warshall’s algorithm is based;
if, on the other hand, (q, ¢, ..., b) is a longest simple path from a to b, there
may well exist a simple path (c, a, ..., b) that is longer than the subpath
(¢, ..., D) of (a, ¢, ..., b).
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Acyclic digraphs provide an exception. In matrix X of A.6.5 make all
weights greater than zero, letting x;; = 0 indicate nonexistence of arc (i, /.
Define semigroups (R , max, 0> and (R, , x>, where R, is the set of non-
negative real numbers and operation * is defined as follows: asb=a + b
if neither a nor b is zero, but a* 0 =0+a =0. We can find no identity
element for (R, , %>, l.e., R, cannot be a semiring. This is a consequence of
the difficulties mentioned in the paragraph above. But, if the digraph with
adjacency matrix X is acyclic, then, with operations + and - interpreted as
max and *, respectively, A.6.2 gives lengths of longest paths, and a program
similar to A.6.5 can be used to find these paths (Exercise 6.9).

6b. Cycles

A.6.1 is an algorithm for detecting the presence of cycles in a digraph:
Node i lies on a cycle if x = | in the path matrix. Computation of an n x n
path matrix by A.6.1 may take as many as n* operations. A method can be
derived from A.6.7 that may take somewhat less time than A.6.1 to decide
for just one node a; whether or not this node lies on a cycle. The forward and
backward procedures of A.6.7 are both applied to a;. If a node g, can be found
for which both ¢(e,) and c¢’(q,) exist, then a; lies on a cycle. Moreover, the
procedure defines explicitly an elementary cycle of least distance through a;.
Now, if every arc on the cycle is loaded with a very large weight, and the
process is repeated, a different elementary cycle through a; is found (unless
there is just the one cycle). The process can be repeated until it generates a
cycle that has been generated before. At this stage all elementary cycles
through g; have been found.

One application of the set of cycles through a given node arises with
K-formulas. Let {k;, k,, ..., k,} be a minimal set of K-formulas of a
digraph. The leading nodes of these K-formulas define a node base of the
digraph. Let g; be the leadingnode of k;,and let 4; be the set of nodes that lie
on cycles through a; (we assume that a; lies on a cycle of zero length in any
case, i.e., that A; contains at least ;). Set A; can be generated by taking the
subdigraph defined by k;, and applying the procedure based on A.6.7 to
leading node a;. Let us generate Ay, 4,, ..., 4,. These sets define all node
bases of the digraph. The number of different node bases is T/L, |4,/, and
a node base is found by taking exactly one node from each 4;.

We shall now show that cycles can be found by operations on K-formulas
themselves. First we discuss how they are related to K-formulas.

THeOREM 6.2 If Cis a cycle in a digraph D, and K is a minimal set of K-
formulas of D, then the K-formulas xb;b; for all arcs <b;, b;) in C have
been absorbed in just the one member of K.
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Proof. The theorem follows from the requirement of Step 3 in A.3.4 that
every substitution must give rise to the longest possible K-formula. One of
the *bh; must be, of course, the first to be absorbed. If it is absorbed by
K-formula k;, then k; continues to be this longest possible K-formula for at
least as long as there remain K-formulas of arcs in C still to be absorbed.

THEOREM 6.3 Let k; be a member of a minimal set of K-formulas of digraph
D. Let C be a cycle in D, and assume that k; has absorbed the K-formulas
of all members of C. Then k, contains at least two occurrences of the
symbol of some node through which C passes.

Proof. Of all K-formulas of arcs in C, some K-formula *ab is absorbed
last. Since {a, b} lies on a cycle, there are also arcs ..., a)> and (b, ...>in C,
and their K-formulas have already been absorbed. This means that k; con-
tains symbols @ and b. Now, the absorption of *ab is achieved in one of two
ways. If b is the leading node of &; at this moment, then the current k; can be
absorbed into *ab, and k; contains at least two occurrences of a thereafter.
Alternatively, *ab can be substituted for an occurrence of ¢ in k;. Then k;
contains at least two occurrences of b.

For what follows we introduce the notion of levels of K-formulas. A
minimal set of K-formulas consists of K-formulas on level 0. If a K-formula
k; in this set can be written as **---*a0 o, " a,, where the «; are again
K-formulas, then the «; are K-formulas on level 1. They are said to derive
from k;. If an «; can in turn be expressed in terms of K-formulas, then these
K-formulas are on level 2, and so forth. Consider the K-formula

xxxacxbrxxcxdbxedae,

which represents the digraph of Figure 6.4. Here the K-formulas on level 1
are a, = ¢, «, = xbxxxcxdbxeda, a3 = e. The second level K-formula that
derives from «a, is ***cxdbseda, and from this K-formula we can derive third
level K-formulas, db, xed, a. The first two of these give rise to fourth level
K-formulas b and 4, respectively. The level structure is illustrated by the level
tree of Figure 6.4.

THEOREM 6.4 If within a K-formula of a node a the symbol g occurs again,
and the distance between the symbols cannot be reduced by applications of
the switch rule, then the node symbols between the inclusive bounds of the
two occurrences of a define a cycle.

Proof. Leading nodes of K-formulas on level i + 1 are all reachable from
the leading node of the ith level K-formula from which the (i + )th level
K-formulas derive. It follows that any path in a level tree represents a path in
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Level

b
Figure 6.4

the corresponding digraph, and any path in the digraph that is composed of
leading nodes of K-formulas on levels i, i + 1, i + 2, ..., where each of these
K-formulas derives from its predecessor, is represented by a path in the level
tree. In particular, if a K-formula of a contains another occurrence of a, then
there is a path (a, ..., a) in the level tree and, hence, in the digraph. This path
is, of course, a cycle. An application of the switch rule to the K-formula
corresponds in the level tree merely to a rearrangement of the arcs originating
from a particular node. Paths in the tree are, however, independent of the
order of arcs. This completes the proof. By way of explication we note that
applications of the switch rule that bring the second a as close as possible to
the first correspond in the level tree to a rearrangement of the subtree rooted
at the node representing the first a in such a way that the path (a, ..., a)
becomes the leftmost path from the root of this subtree.

Examples

1. Consider *xxacxbxxxcxdbxedae. Substring *bixxcxdbxeda is a K-
formula of b in which thereis a second occurrence of b. The second bcannot be
switched any nearer to the first. Therefore (b, ¢, d, b) is a cycle in the digraph
of Figure 6.4. The proof of Th.6.4 makes it obvious that there is a cycle
through the leading node of a K-formula if the symbol of the node occurs
again somewhere in the K-formula. This is the case with the a here. Two
applications of the switch rule produce in turn sxxasbxx*xcxdbxedace and
xxxaxbxrrcaxdbredce. The latter tells us that (a, b, ¢, a) is a cycle.

2. Only one application of the switch rule is possible in *cxxdbxexdc. It
produces xcxxdxexdch, and (c, d, e, d, c) is therefore a cycle. This cycle is not
elementary, but it is easy to see that it is the union of elementary cycles
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(c, d, ¢) and (d, e, d). Substrings *sdxexdch and *dxexdc are K-formulas, and
cycle (d, e, d) can be derived directly from either of them.

No amount of switching in the K-formula of Example 1 of Th.6.4 can
produce additional cycles. By inspection of the digraph we see, however, that
it contains cycles (a, ¢, a), (a, e, d, b, ¢, a), and (b, c, e, d, b) as well. The
more radical interchange rule has to be used to find these cycles. An applica-
tion of the interchange rule corresponds in the level tree to the interchange of
subtrees whose roots carry the same labels (i.e., the tree is transformed into
a truly different tree). For example, in the tree of Figure 6.4, we can detach
the subtree rooted at ¢, and reattach it to the terminal node labeled ¢. Existence
of the cycle (a, ¢, a) can be deduced from the new tree (interchange trans-
forms the K-formula to ***a*xxcxdbxedaxbce, and the switch rule then gives
*xxxaxsxca*rdbredxbce). Cycle (a, e, d, b, ¢, a) is more difficult to detect. First
one has to detach the arc originating from the node labeled e, and attach it
to the terminal node that carries the label e. Then the arc originating from
the node labeled d is transferred to the terminal node labeled 4. Finally the
subtree suspended from the node labeled b is attached to the terminal node
labeled b. The order in which the three interchanges are carried out does not
matter; in any case the result is a transformed tree containing a path through
nodes labeled a, e, d, b, c, a.

THEOREM 6.5 Given a minimal set of K-formulas representing a digraph.
For any elementary cycle in the digraph, application of switch and inter-
change rules to some K-formula belonging to the minimal set produces a
sequence of node symbols that defines the cycle in accordance with
Th.6.4.

Proof. By Th.6.2 only one K-formula of the minimal set has to be con-
sidered. Denote it by k. Th.6.3 tells us that the symbol of some node on the
cycle occurs at least twice in k. Assume that this symbol is a, and write the
cycle as (a, by, b,, ..., a). The K-formula *ab, has been absorbed in k. Node
a is still the leading node of some K-formula in k, and so is b,. If the K-
formula of a is on level 7, the one of b, is on level i + 1 and must derive from
that of a. Therefore there is certainly a path corresponding to (a, b,) in the
level tree. Now assume that there is a path corresponding to (q, b4, ..., b,)
and show that this path can be made into one corresponding to (a, b, ..., b,,
b, 1). K-formula #b,b6, ., , of arc (b,, b,, > has also been absorbed in k, and
the same argument that establishes the existence of a path corresponding to
(a, b,) tells us that there is a path corresponding to (b,, b,. ;) in the level tree.
Now, if this path is not already a continuation of that corresponding to
(a, by, ..., b,), it can be made such. At least two nodes then have labels b,;
one is the terminal node of the path corresponding to (a, by, ..., b,), another
is the node from which the path corresponding to (b,, b, ) originates. We
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interchange the subtrees suspended from these two nodes. Since an elementary
cycle in a finite digraph has finite length, the process that builds up the path
corresponding to (a, by, ..., a) is finite. Each interchange in the level tree is
accompanied by the appropriate interchange in k. Finally, after the path
corresponding to the cycle has been built up, it is possible to transform the
appropriate K-formula of a in k to the form required by Th.6.4 by a finite
number of applications of the switch rule.

Th.6.5 tells us that a sequence of applications of switch and interchange
rules is an algorithm for finding all cycles in a digraph, but does not specify
the sequence. Construction of the algorithm is a rather difficult research topic.
Recall that all simple paths can be found also by A.6.3. More research is
needed even to decide whether an algorithm based on Th.6.5 would be super-
ior to A.6.3.

The algorithm discussed next can definitely be superior to A.6.3 (as long
as A.6.3 is used for the sole purpose of finding cycles). Assume that we are
given the adjacency matrix 4 and the path matrix P of a digraph with n
nodes. Now, if a;, p,; = 1, then there exist paths (i, k) and (k, ..., i); i.e., there
exists a cycle (i, k, ..., i). If, however, a, p,; =0forallk =1, 2, ..., n, then
node i does not lie on any cycle. In principle the algorithm makes use of the
products a;; p;; to construct something similar to the level trees of K-formulas.
The process is initiated by drawing a node and labeling it 1. Then an arc is
drawn for every i such thata,;p;; =1 (= 1,2, ..., n), and the terminal node
of the arc is labeled i. For the purposes of the argument assume that
a,;p; = 1 for some i; i.e., assume that we have a nontrivial tree. Take any
terminal node labeled k, say, where k # 1. Draw an arc from this node for
every jsuch thata,;p;; =1(j=1,2,...,n),and assign label ; to the terminal
node of the arc. Note, however, that the arc is not drawn if j # 1 and j is
already the label of some node on the path from the root of the tree to the
node labeled k. Continue this process until all terminal nodes carry the label
1. There is now a path from the root of the tree to a terminal node for every
elementary cycle through node 1 in the digraph. The cycles are defined by
labels on nodes in the paths. Next generate submatrices 4, and P, by de-
leting the first row and column of 4 and of P. An analogous procedure now
finds cycles that go through node 2, but not through node 1. In the third
stage delete the first two rows and columns of 4 and P, and use the resulting
submatrices 45 and P, to find cycles through node 3, etc. In effect, this is
what A.6.8 does.

ALGORITHM 6.8 Algorithm for finding all cycles in a digraph, given the
adjacency and path matrices of the digraph. The program, as written, can
cope with a digraph having at most 50 nodes.
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SUBROUTINE CYCLES (A,P,N)
LOGICAL A(N,N), P(N,N)
LOGICAL USED(50)
INTEGER ROOT, REACHJ(50), PATH(51)
DO 35 ROOT = 1,N
C INITIATE TREE
DO 5 K = ROOT,N

REACHJ (K) = ROOT
5 USED(K) = .FALSE.
LEVEL = 1
PATH(1) = ROOT
I = ROOT

C TEST WHETHER PATH CAN BE EXTENDED
10 JMIN = REACHJ(I)
IF (JMIN.GT.N) GO TO 20
DO 15 J = JMIN,N
15 IF (A(I,J).AND.P(J,ROOT).AND..NOT.USED(J))
X GO TO 30
C BACKTRACK IN TREE, RESETTING REACHJ AND USED
20 REACHJ(I) = ROOT
25 USED(I) = .FALSE.
LEVEL = LEVEL - 1
IF (LEVEL.EQ.O0) GO TO 35
I = PATH(LEVEL)

GO TO 10
¢ 'EXTEND PATH
30 USED(J) = .TRUE.
REACHJ(I) = J + 1
LEVEL = LEVEL + 1
PATH(LEVEL) = J
1 =17

IF (J.NE.ROOT) GO TO 10
C PRINT PATH
WRITE (6,100) (PATH(NODES), NODES = 1,LEVEL)
100 FORMAT (1H , 40I3 / 1H , 15X, 11I3)
GO TO 25
C END OF MAIN LOOP - REACHED WHEN LEVEL=0
35 CONTINUE
RETURN
END
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Example

Figure 6.5 shows a digraph, its adjacency matrix, and the trees constructed
by the algorithm for nodes 1, 3, and 4. Since the first rows in 4, and 4 are
zero, there are no trees for nodes 2 and 5. The trees for nodes 3 and 4 illus-
trate a phenomenon that we shall discuss in detail further on; it suffices to
note here that the constructions do not represent cycles. Since the digraph
contains a Hamiltonian cycle, p;; =1 for all i, j =1, 2, ..., n. The program
outputs the cycles in lexicographic order:

1 3 4 51
1 345 21
1 3 51

1 35 21
1 4 51

1 4 5 2 1
1 51

1 52 1

Note that in the tree for node 1 the four subtrees rooted at the nodes labeled
5 are identical. So are the two subtrees rooted at the nodes labeled 4. Process-
ing speed can be greatly improved if the program takes identity of subtrees
into account. The improved program would be more complicated, and
would require much additional storage.

One can become sidetracked in the second and subsequent stages of
A.6.8. Assume that in the second stage of the process some ay py, is equal to 1,
but that p,, = 1 by virtue of the existence of a path (k, ..., , 1, ..., 2) alone.
In the tree this means that time is wasted on the construction of a path, with
nodes labeled 2, ..., i, k, ..., j, which, because it cannot be extended any
further, does not give rise to a cycle. The trees for nodes 3 and 4 in Figure
6.5 illustrate this phenomenon.

The sidetracking is avoided if the process is carried out in reverse. If there
has been no reason for computing path matrix P in advance, the backward
process should be faster. Here 4, is the same submatrix as before, but P, is the
path matrix for the subdigraph on nodes k, k + 1, ..., n alone. We start with
A, and P, and find the cycle through » in the subdigraph on the single node
n; if it exists, it is the sling (n, n). Next take 4,_,, compute P,_, from 4,_;
and P,, and find cycles through node n — 1. In general, having found cycles
through node k + 1, take A4, compute P, from A4, and P, (see Exercise
6.10), and find cycles through node k.
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Figure 6.5

We end this section by noting that an algorithm for finding cycles can be
used to find the longest elementary path from node a to node b. If the digraph
does not contain arc (b, a) already, we add it to the digraph. Elementary
cycles (a, ..., b, a) then define elementary paths (a, ..., b), and the longest of
the cycles defines the longest elementary path from a to b.

6¢. A Scheduling Problem

All but the most trivial production processes are composed of a number
of separate activities. The activities are not independent, and in most practical
cases their interdependence can be very complicated indeed. Perhaps the most
effective visual aid to the understanding of a schedule of activities is a display
of the activities and their relations in the form of a network. But the network
of a complicated process can itself be very complicated. Mechanical pro-
cedures have therefore been developed for highlighting certain critical
sections of the network. Proper managerial supervision of the project is then
much easier to achieve. The information derived from the network by the
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analysis program enables management to allocate resources to a better
effect.

The analysis techniques have become very important tools in operations
research. Some very sophisticated systems have been developed: PERT
(Program Evaluation Review Technique), CPA or CPM (Critical Path
Analysis or Critical Path Method), RAMPS (Resource Allocation and
Multi-Project Scheduling), and so forth. Here we can only introduce the
basic terminology and some of the more fundamental principles.

Instead of choosing an impressive example and showing how to save a
few million dollars, we shall consider a very simple task, the writing and
mailing of a letter. The decomposition of this “production process™ might be
as follows:

Get paper and envelopes.

Get pen.

Write letter.

Address envelope.

Put letter into envelope and seal envelope.
Get stamp.

Affix stamp.

Mail letter.

mOmmYOw>

Let us assume that three members of a family are involved in these
activities. Mrs. S. is the instigator of the project, she has a letter to write. Since
her writing is not as legible as her husband’s, she has Mr. S. addressing the
envelope. Mrs. S. also has trouble remembering where she last put her pen.
Mrs. S. then assigns activities B and D to her husband, keeping activities A,
C, and E for herself. Junior is called in for the more strenuous activities; he is
made responsible for F, G, and H. Figure 6.6 shows the sequence of activities
for the three persons involved.

Figure 6.6 shows some of the relations between activities, but it does not

A C E
Mrs. S. O——» 00— P O0——>0
B D
Mr. S log > -0
F G H
Junior O————O—————— OO

Figure 6.6
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describe the process completely. The following relations are not made
explicit :

(a) Activities A, B, and F can be concurrent.

(b) One of C or D must be completed before the other is started (assuming
that there is only one pen). Assume that D precedes C.

(¢) Activities A and B must both be completed before D can be started.

(d) Activity G should not be started before D is completed (if writing of
the address is not successful at first try, and G has been completed, then a
stamp is lost); activities E and G cannot be concurrent, but C and G can.

(e) Activity E must precede activity H.

The five drawings of Figure 6.7 show successive stages in the construction
of the network. For example, Drawing (c) represents the network after Con-
ditions (a), (b), and (c¢) have been incorporated. Dependence of the start of D
on completion of A is indicated by a dummy activity, represented by the
broken line. Another dummy activity is introduced in Stage (d); it indicates
that G cannot start before D is finished. The convention adopted throughout

(a) A
B
F
(b A
B D C
¢y A i
B D C

Figure 6.7
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is that an activity represented by an arc originating from a node a cannot
start before all activities represented by arcs terminating at @ have been
completed.

Let us now identify the nodes. Then we can dispense with activity symbols
in the network itself (as long as we keep a reference list of arcs and the
corresponding activities). Finally let us estimate durations of activities. The
duration of an activity is an estimated time difference between the finish and
the start of the activity. Dummy activities have zero durations. The duration
of an activity is assigned as a weight to the arc representing the activity. In
Figure 6.8, which shows the complete network, durations are given in
minutes.

6d. Critical Path Scheduling

Let us now give a rigorous definition of what we mean by a scheduling
network.

DEFINITION 6.1 A scheduling network is a 6-tuple <{E, e,, e,, A, D, W),
where

E is a set of numbered nodes—E={1,2, ..., n},
e, is the only node with zero indegree,

e, is the only node with zero outdegree,

A is a subset of E x E,

D is a set of values (weights),

W is a function W: 4 - D,

and the digraph defined by {E, A4) is acyclic. Members of E, 4, and D are
called, respectively, events, activities, and durations. If W(i, j) = 0, then
i, j > is a dummy activity. Events e, and e, are called start and termination,
respectively. If, for every (i, j> € 4, the relation i <j holds, then the
activities are said to be in topological order.

The network of Figure 6.8 is in topological order; a network constructed
from the digraph of Figure 6.2 by removing arcs {5, 3) and <6, 4) is not.
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The requirement that the node with zero indegree or zero outdegree be
unique is not unduly restrictive. If there is more than one node having zero
indegree to begin with, one simply selects one of these nodes for the start and
joins the others to it by dummy activities. Multiple terminations are dealt with
similarly. If a network is in topological order, then ¢, = 1 and ¢, = n.

Scheduling networks cannot contain cycles because of the interpretation
of activities incident with an event; an activity originating from a node cannot
start before all activities terminating at the node are completed. This is best
seen in the case of a sling. Then we have the absurd situation that an activity
cannot start before it is completed! In a small network cycles can be detected
by visual inspection, but in a practical problem involving hundreds or even
thousands of events and activities the network has to be checked for absence
of cycles mechanically. Note that a scheduling network is acyclic if all
activities are in topological order; i.e., an algorithm that orders the activities
also detects cycles.

TABLE 6.1

PRECEDENCE TABLE FOR CONSTRUCTION OF
FIGURE 6.7(e)

Activity Immediate successors

TQTUEHOgaw >
0N Holelv i)
Q

Normally construction of the network proceeds from a precedence table
of activities. Table 6.1 is a precedence table for the example of Section 6c.
Generation of precedence tables is a highly skilled operation requiring
intimate knowledge of the production process. In our example the choice of
C as a successor of D is determined by knowledge of availability of machinery
(only one pen) and manpower (overall performance is made more efficient
if the addresser of the envelope is released to some other project as early as
possible). The scheduling network itself does not contain all the information
that has gone into its construction. Therefore, if a preliminary analysis of the
network suggests that it should be rearranged, the rearrangements that are
made are only partly determined by the results of the analysis. Whether or
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not one hasto rearrange depends greatly on the skill with which the original
table was constructed.

Construction of precedence tables and their possible rearrangement will
remain a manual activity for some time to come. The data that have to be
taken into account are often qualitative rather than quantitative, and they
vary greatly in type. Our techniques for dealing with such data in a computer
are as yet too crude to justify mechanization of this stage. The next stage, the
drawing of the network with dummy activities included and events numbered,
or, what is equivalent to actually drawing it, numbering of events and setting
up of a table of arcs, can be programmed, but is still most often done manu-
ally. Assume that we have constructed a network as far as Stage (e¢) in the
particular example of Figure 6.7. The manual algorithm A.6.9 numbers events
in such a way that activities are in topological order.

ALGORITHM 6.9 (Fulkerson’s rule) X is the set of nodes numbered at any
particular stage in the application of the algorithm to an acyclic digraph.

Seti=1.

If there is no unnumbered node with zero indegree, then go to 5.
Assign number i to an unnumbered node with zero indegree.
Seti=1i+1; goto?2.

If all nodes are numbered, restore all removed arcs and stop.

If 0d(X) # 0, remove all arcs originating from X and go to 2.
Error condition: Existence of an unnumbered node and od(X) = 0
imply existence of a cycle in the network.

Nk w =

DEeFINITION 6.2 Let (E, 1,n, A, D, W) be a topologically ordered scheduling
network. With each node i e E there are associated two times, the earliest
event time t~ (i) and the latest event time t* (i), defined as follows:

(@) t=(1)=0.
(b) t7(k)=max; glt=() +W(, k), k#1
© t*(n) =t (n).

) t*() = min, . JtT(k) — WG, k)],  i#n

Example

Table 6.2 is a list of earliest and latest event times for the network of
Figure 6.8. Let us look at the computations for £=(5) and ¢*(1). W(1, 5) and
W(4, 5) are defined in the case of ¢ 7(5). The maximum of ¢~ (1) + W(1, 5) =
0 + 20.0 and = (4) + W(4, 5) = 7.0 + 0 is 20.0. In the case of ¢¥(1) we have
w(, 2), W(1, 3), and W(1, 5) defined. The values of ¢*(k) —W(l, k) are,
respectively, 2.0 —2.0=0, 2.0 - 0.5=1.5, and 36.5 - 20.0 =16.5. The
minimum is 0.
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TABLE 6.2

EARLIEST AND LATEST EVENT TIMES FOR THE

NETWORK OF FIGURE 6.8

Earliest Latest
Event . X
event time event time
1 0 0
2 2.0 2.0
3 2.0 2.0
4 7.0 7.0
S 20.0 36.5
6 37.0 37.0
7 38.0 38.0
8 43.0 43.0
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DeriNiTION 6.3 Let (E, 1,n, A, D, W be a topologically ordered scheduling
network. With each activity {i, j > € A we associate a time, called the float

of the activity, defined

foat(i, j) = t7(j) — t~() = WG, j).

An activity with zero float is called a critical activity, and a path (1, ..., n)

consisting entirely of critical activities is a critical path.

Example

Table 6.3 lists the floats of all activities in the network of Figure 6.8. The
path (1, 2, 3, 4, 6, 7, 8) is critical. Every scheduling network contains at least
one critical path; there may be more than one.

TABLE 6.3

FLOATS OF ACTIVITIES IN THE
NETWORK OF FIGURE 6.8

Activity Float
<1,2> 0
<1,3> 1.5
1,5 16.5
2,3> 0
3,4> 0
“4,5 29.5
4, 6> 0
(5, 6> 16.5
<6, 7> 0
1,8 0
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THEOREM 6.6 A critical path in a scheduling network is a longest path from
start to termination.

Proof. Exercise 6.25.

We shall now examine the significance of critical path analysis. First we
note that the total time to complete the project is 43.0 min in our example. Let
us look at Event 5, the only event for which #— # ¢*. The earliest event time,
20.0 min, is the earliest time by which we can reach the event. The latest
event time is the time by which we may reach the event without upsetting the
schedule. There is, therefore, nothing gained by urging Junior to hurry up in
getting to and from the post office. Indeed, Junior may as well have an ice
cream on his way, and he may spend up to 16.5 minutes at the drug store. If,
however, he stays there for 18 minutes, say, then the duration of activity
{1, 5> becomes 38 minutes, the new critical path is (1, 5, 6, 7, 8), and the
project completion time jumps to 44.5 minutes. (Activities {1, 2>, {2, 3>,
{3, 4), {4, 6 are then no longer on the critical path. If the duration of
1, 5> is exactly 36.5 minutes, then both (1, 2, 3, 4,6, 7,8) and (1, 5, 6, 7, 8)
are critical.)

But the purpose of critical path analysis is not to give Junior a reason for
indulging. Ratheritisto reduce the task completion time. If the letter has to be
in the mailbox in less than 43 minutes, then critical path analysis tells us not to
worry about activities <1, 3>, <1, 5>, and {5, 6). The efficiency of the critical
activities must be improved. In our example most activities are critical, so an
attempt to improve the efficiency of every activity would not be too costly.
But in practice, in a realistic large-scale network with perhaps 5000 activities,
only 10%, perhaps, of the activities would be found on critical paths. By
concentrating on these 500 activities, rather than all 5000, and reallocating
resources so that the critical activities are completed in shorter time, the
project completion time can be greatly reduced.

We must always remember that the initial durations are only estimates,
and that the network has to be periodically reviewed. A drastic difference
between an actual duration and its estimate may significantly change the
pattern of critical paths.

The method is fairly new, dating from about 1957, but its success has been
spectacular. It is thought that the Polaris missile program, which took five
years to complete, would have taken seven years without critical path
analysis.

Notes

A.6.1 was discovered independently by Roy [Ro59], and by Warshall
[Wa62]. An Algol implementation can be found in [In 62]. Our proof of
Th.6.1 is based on the proof in [Wa62]. More than one digraph may have
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the same path matrix: The inverse problem of finding the digraph of fewest
arcs correspending to a given path matrix is solved in [Si65, Ba69a,
Mo69]. The generalization of Warshall’s algorithm to Q-semirings is due
to Robert and Ferland [Ro68], but Floyd discovered the particular appli-
cation described in Example 1 of A.6.2 much earlier—[F162] is an Algol
procedure for finding lengths of shortest paths. Floyd’s algorithm remained
unknown in operations research circles, and too many papers have since
been devoted to the description and justification of less efficient methods. A
decomposition strategy for finding shortest paths in very large digraphs is
described in [Hu68].

A.6.3 is due to Ponstein [Po66). A similar procedure, based on prime
number coding, can be found in [Gi60]. A.6.5 is suggested by [Ro68]. A.6.6
is described in [Be62, Bu65]. The technique of A.6.7 is suggested in [Be62].
A similar procedure is described in [Ni66]; [Bo67d] is a corresponding Algol
program. One procedure for finding longest paths in an acyclic digraph is
described in [Ch66]. The longest path problem is closely related to the travel-
ing salesman’s problem, see [Ha62a, Pa64]. The traveling salesman’s problem
is surveyed in [Be68b]; we add [Ro66] to the bibliography of the survey.

A proof of Th.6.4 can be found in [Kr64], but our proof is new. A.6.8 is
adapted from Figure 7 of [F167].

A nonannotated bibliography of the extensive literature on critical path
methods can be found in [Bi62], supplemented by [Le66]. To a computer
scientist publications that deal specifically with computers in critical path
scheduling have greater relevance than the more general works. Of the latter
we mention only a few: [Lo64] is an elementary introduction; its companion
volume [Lo66] contains exercises; [Ba67b] is a more advanced work (its
bibliography contains 197 items), our A.6.9 is adapted from it; Chapter 2 of
[El66], a solid work on systems analysis, deals with scheduling networks.
[Ka63] is a somewhat dated survey of the organization of computer programs
used for analyzing activity networks. Algorithms for topological ordering are
given in [La61, Ka62]. The RAMPS system is described in [M063], and the
critical path algorithm built into RAMPS in [K167] (the program of [K167]
accepts input that is not topologically ordered; another example of this is the
program of [La65a]). [Mo67] contains a detailed description of internal
representation of data in a program for very large problems. In [Ki66] a very
interesting application of PERT to the design of a magnetic core memory is
described. Automatic plotting of networks is described in [Ho67], and
[Fi68] contains an algorithm for the automatic construction of the network
from precedence relations in the set of activities. [Sc68] is another paper deal-
ing with construction of networks. [Ho63b] deals with the somewhat similar
problem of assembly line balancing (a Fortran program is included; the
procedure is based on the adjacency matrix of a digraph representation of the
assembly line).
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Exercises

6.1 (a) Denote the digraph of Figure 6.9 by D. Write a program that
finds the adjacency matrix of the cycle digraph of D. How many strong
components does D have?

Figure 6.9

6.2 (a) The input to subroutine PATHLS of Example 1 of A.6.2 is

10%3 0.1 1013
X=|10"" 10'° 0.1
0.1 1015 103

What is the output? Is the output consistent with D.3.9? If it is not, what
changes should be made to the input to make the output consistent with
D.3.9?

6.3 (a) In A.6.1 interchange iteration indices j and k so that Steps 2, 4,
and 6 become

2. Setk=1.

4. If x}; = 1, then set x}, = x}, v x}; for all j from I to n.

6. Set k =k + 1. If kK £ n, go to 3; else stop.
What effect does the interchange have on the algorithm ? What effect would
interchange of j and i have?
6.4 (a) Define a variable adjacency matrix for the digraph of Figure 6.9
and apply A.6.3 to it. (If you are familiar with a programming language that
has string processing capabilities, then you should use a computer for this.
If not, then the drudgery of this exercise should provide incentive to learn
such a language.)

6.5 (a) Modify A.6.4 so that it finds all shortest paths.
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6.6 (a) Given matrix NODES, as generated by A.6.5, write a subroutine that
returns the shortest path (I, ..., J) for specified I and J as a vector of node
numbers.

6.7 (a) Express A.6.6 as a Fortran subroutine. Test the subroutine on the
digraph of Figure 6.2.

6.8 (a) Dantzig’s algorithm does not in general give the shortest paths
from a given node when some of the weights are negative. Try to find a
reason for this. One would expect that a maximization procedure analogous
to Dantzig’s algorithm would find longest paths from a given node in an
acyclic digraph. This same reason makes it impossible to do so. Investigate
in the acyclic digraph that results when arcs {5, 3> and {6, 4) are removed
from the digraph of Figure 6.2.

6.9 (a) Write a program similar to A.6.5 to define longest paths in an
acyclic digraph. Use this program and the program of Exercise 6.6 to find the
longest path from node 1 to node 8 in the digraph of Figure 6.2 with arcs
{5, 3> and {6, 4> removed.

6.10 (a) Let D=<A,,R>,where A, ={a,,a,, ..., a,}, be a digraph with
adjacency matrix X, and let 4, = {a, a,, ..., a} (4, < 4,). Given X, and
the path matrix of the subdigraph {(4,, R n (4, x A,)), find the path matrix
of {Ayr1, R (Apsy X Api1))-

6.11 (a) Construct a weighted digraph that represents the maze of Figure
6.10 and use A.6.7 to find the shortest path from A to B.

(The distance between adjacent dots is 1 unit)

Figure 6.10
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6.12 (b) The number of cycles in a digraph can be quite large. Evaluate

i—

n n 1
> (1 G= o
i=2j=1 k=1

for n =5, and show that this expression gives the number of elementary
cycles (excluding slings) in a complete symmetric digraph on n nodes.

6.13 (b) Draw level trees of the following K-formulas:

(i) *xxaxbxcxdxxxeabdcd,
(i) #1%#2%64+3%%425,
(iii) **xaxxxbbxxxebdedce.

Is there a simple way of determining the number of levels in a level tree from
the form of its K-formula?

6.14 (b) Draw the digraph corresponding to the K-formula of Part (i) of
Exercise 6.13. Find all cycles in the digraph by inspection, and then, for every
cycle, transform the K-formula by means of switch and interchange rules
until a sequerice of node symbols in the K-formula defines the cycle in
accordance with Th.6.4.

6.15 (b) Write a program for finding cycles in a digraph by the “backward”
variant of the procedure of A.6.8.

6.16 (b) Use A.6.8 to find the longest elementary. path from node 1 to
node 8 in the digraph of Figure 6.2 (disregard weights, i.e., take all weights
to be equal to 1).

6.17 (¢) A production process comprises activities a, b, ¢, and d. Activity ¢
cannot start before a is completed, and d cannot start before a and b are both
completed. Give a graphical representation of the process.

6.18 (c) Smith, Jones, and Brown are gathering information separately at
three production plants; it takes them 8, 6, and 7 days, respectively, to com-
plete this task. Smith and Brown pass their data to Jones, who then proceeds
to work out a feasible production schedule for all three plants. It takes Jones
6 days to draw up the schedule. Meanwhile Brown is contacting suppliers and
collating data on availability of supplies; this takes 10 days. Both the pro-
duction schedule and the report on supplies are needed by Jones to work out
delivery dates, and by Brown to advise suppliers of the dates on which supplies
should reach the production plants. These activities take 2 and 3 days, re-
spectively. Jones hands his schedule of deliveries to Smith, who then organizes
transport, taking 3 days to do so. The planning is completed when Smith and
Brown have completed their respective tasks. Give a graphical representation
of this planning process.
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6.19 (d) Write a program that checks, given the adjacency matrix of a
digraph, that there is exactly one node with zero indegree and exactly one
node with zero outdegree in the digraph. (In CPA parlance the program
checks for “holes” in the activity network.)

6.20 (d) Find the critical path or paths in the network of Figure 6.11.

Figure 6.11

6.21 (d) In what respects does the network of Figure 6.11 change when
durations of activities (4, 6> and {5, 6) are halved?

6.22 (d) Find the critical path or paths in the network of Exercise 6.18.

6.23 (d) Itis discovered that Smith is supposed to take a holiday after he
finishes gathering information at his plant and before he starts organizing
transport. Amend the network of Exercise 6.18 so that it contains Smith’s
holiday as a new activity. What is the greatest number of days that Smith
can be away without affecting the completion time of the planning process ?

6.24 (d) Assign the n numbers 1, 2, ..., n to nodes in a network. Write
a program based on A.6.9 that takes the set of arcs in the network for its
input and renumbers the nodes in such a way that the arcs are topologically
ordered.

6.25 (d) Prove Th.6.6.

6.26 (d) A network has been checked and found to contain no holes (see
Exercise 6.19) and no cycles. The program of Exercise 6.9 is used to find a
longest path (1, ..., n). How can one tell whether this longest path is a unique
longest path from 1 to n?

6.27 (d) Use the matrix of lengths and the matrix of nodes generated when
the procedure of Exercise 6.9 is applied to an activity network to find all
critical paths in the network.

6.28 (d) In what respects is A.3.3 superior to A.6.9 for detecting cycles in
a network ?



CHAPTER ;

Digraphs of Programs

7a. Flowchart Digraphs

Normally an algorithm comprises a preamble, which defines the objects
that are to be operated on, and a list of operations, presented in such a man-
ner that the order of their execution is unambiguously prescribed. A com-
puter program that performs the way one wants it to perform is, of course, an
algorithm. In a program one finds three types of statements. Declarations
are statements of the first type. They are the preamble. Statements of the
second type have to do with the actual computation, and statements of the
third type effect transfers of control.

Every statement, regardless of type, is just a sequence of symbols, and
normally one defines a computer program as a string or a sequence of strings,
well formed according to a set of rules, which constitute the syntax of the
language in which the program is written. Syntax alone, however, leaves a
language unintelligible, and semantic rules must be added to turn a language
into an effective medium of communication. In the case of a programming
language some of the semantic rules deal with the sequence in which execution
of the program is to proceed. They give an interpretation to statements of
Type 3, but, since these statements look very much like statements of the
other types, it is not easy to visualize the flow of control in a program by just
looking at its listing.

237
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If a grid of transfers of control specifying the execution sequence is
superimposed on a program, our understanding of the program is greatly
aided. Flowcharting provides the grid, but a flowchart is both a digraph of
flowlines and a specification of the statements of the program (except Type 1
statements). In the next two sections we shall be interested in the digraph
alone. Therefore we want a definition of a program in which the digraph is
considered part of the program, but abstraction of the digraph is made easy.

DEeFINITION 7.1 A computer program is a quintuple (S, 4, E, T, N),
where S = {5, 5,,...,8,} 15 a nonempty set of executable statements, N
is a set of declarative statements (possibly empty), £ < S is a nonempty
set of entry points, 7< S is a nonempty set of terminal statements, and 4
is a square matrix of order » satisfying the following conditions:

(@) a;; =1 if control may pass from s; to s;;
a;; =0 otherwise.

(b) Column i of 4 is zero if and only if s; € E; row j of 4 is zero if
and only if 5; € T.

(c) For every element s; in (S — E) there exists a sequence of non-
zero elements of A, a1, Gigks> -+ +» Thus,» SUch that s, e E,
S, €T, andone of kp, ks, ..., kyyq is i

At first sight this looks like a case of excessive formalization for its own
sake, but the appearance changes when we interpret the s; as nodes in a
digraph having A for its adjacency matrix. By taking 4 on its own we have
abstracted the digraph of possible transfers of control. We call this the
Slowchart digraph of the program. In terms of the flowchart digraph, Condi-
tion (b) of D.7.1 becomes E = {s;|id(s;) = 0} and T = {s;| od(s;) = 0}, and
Condition (c) states that every executable statement in the program must be
reachable from an entry point and that a terminal statement must in turn be
reachable from this statement.

Let us now look at the forms particular Fortran statements take in a
flowchart digraph. Formats, dimension statements, and other nonexecutable
statements are ignored in the construction of a flowchart digraph. Every
executable statement must be given an identification number. We shall find
it necessary to introduce auxiliary nodes; i.e., a flow chart digraph will con-
tain more nodes than there are statements in the corresponding program.
Figure 7.1 shows subdigraphs of the program segments that follow. The
5, 6, 5a, SUBS, etc. in Figure 7.1 are unique identifying names of nodes.
They are not labels in the sense of labels in labeled digraphs.

(a) 5 X=T
6) T =Y
(b) (5 IF (X.NE.Y) X =Y

Q)
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O 7 S
su

O
SUBS . SQRT
SUBT ()siN
SUBG ()

Figure 7.1

Here an auxiliary node 5a has to be introduced. It corresponds to the
statement X = Y.

(c) (5 IF (X.NE.Y) GO TO 15
6)

The GO TO 15 is an executable statement. Therefore, for the sake of
consistency, we have introduced the auxiliary node 5a, although here we
could have drawn the direct pointer {5, 15) instead.

(d) (55 DO 6 K = 1,N
6 A(K) =
M

Two auxiliary nodes are required. It does not matter whether they are named
5a and 5b, or 6a and 6b, or something else altogether. The first stands for the
incrementation of K, the second for the test of K against N.

(e) (5 6o TO (7,7,8,9), J
6
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Node 6 is isolated only as far as our subdigraph is concerned. There must be
some statement transferring control into 6, and some way out of 6 as well.

58 (5) CALL SUB (A,B)
(6) CALL SUB (C,D)
@)

A decision has to be made whether to consider every routine as a separate
program or to draw a single program flowchart for the entire program
comprising a main routine and its subprograms. Since one is not normally
interested in the structure of library routines, the former approach appears
to be more sensible. We introduce an auxiliary node carrying the name of
the subprogram. Then, if the structure of the subprogram is of interest, its
flowchart digraph is produced, but separately, and we assume that this digraph
can be substituted in place of the auxiliary node.
(g) Assume that in subroutine SUB we have the program segment

(5 RETURN
(6) RETURN

Note now that there are only single arcs (SUB, 6> and {(SUB, 7> in digraph
(f). Therefore, to permit substitution of digraph SUB for the node SUB in
digraph (f), we must have a single terminal node in SUB, and we introduce
the auxiliary collective return node SUBr. Then, if we make the substitution,
{SUB, 6> and (SUB, 7) are replaced by {SUBr, 6> and {SUBr, 7>, respec-
tively.

(h) 5 X = SIN(SQRT(X)) + Y
(6)

A node named 5 has to precede nodes that stand for function subprograms in
case some GO TO statement in the program transfers control to 5. Node 5a
represents the computation steps that remain to be done after the function
calls.

7b. Detection of Programming Errors

Some programming errors and irregularities can be detected in the
flowchart digraph on its own. Others require the flowchart digraph to be used
in conjunction with the program or, at least, to have a naming convention
for the nodes that assigns particular significance to certain nodes in the
flowchart digraph.
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Discontinuities can be detected with great ease. Consider the program
segment

GO TO 15
20

where the program contains no Type 3 statement giving access to statement
20. By D.7.1 we require that every executable statement be reachable from
some entry node. Let us first find the path matrix P of the program digraph
(as a logical array). Then, assuming that £ = {1} and that the digraph con-
tains N nodes,

I=1
DO 50 K = 2 N
NOPATH (K-1
IF (P(1,K)
NOPATH (I
I=14+1
50 CONTINUE

i~

-1)
K)) GO TO 50
) =

assembles in vector NOPATH numbers of nodes that are not reachable from
the entry node. If, on exit from the loop, NOPATH(1) is zero, then every
node is reachable from the entry node. An analogous procedure detects
nodes from which no terminal statement can be reached.

A less frequent error condition arises when a Type 3 statement transfers
control to a nonexecutable statement, e.g., a format statement. This type of
error can be detected during construction of the flowchart digraph. If, for
example, the Type 3 statement is

64 GO TO (69,69,70,71), J

where 70 is the number of a format statement, and a list of numbers of
executable statements has already been generated, then the setting up of arc
{64, 70> is prevented by 70 not being in the list. If, on the other hand, nodes
are numbered while the flowchart digraph is being set up, then the arc is
generated, but there is no arc originating from 70, and the error is detected
in the search for nodes from which there is no path to a terminal node.

Next let us consider DO-loops. If node numbers corresponding to the
incrementation step and the exit test are distinguished in some manner (e.g.,
nodes representing exit tests, and only those nodes, have numbers from a
given range, say 100-199, assigned to them), then cycles corresponding
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to DO-loops can be distinguished from other cycles. Assume that cycle
(as,a,, ..., a,) represents a DO-loop, that b, is the DO-statement and a, the
statement following it, and that there exists an arc <b;, a;> (# (b, a;)) such
that g; is on the cycle, but b; is not. The DO-loop is then entered from outside.
Unless there exists another cycle (a4, ..., b;, a;, ..., a;), in which case b;
represents a statement belonging to a legitimate extension of the DO-loop,
this is an error condition.
Superfluous transfers, such as

GO TO 43

43 GO TO 47

can be detected if names of nodes corresponding to Type 3 statements are
distinguished. Then, if nodes @ and 5 on a path (g, b, ¢) represent Type 3
statements, the program is simplified if arcs {a, > and <{b, ¢} are replaced
by <a, ¢)>. The greatest significance of this example is that it shows the limited
practical utility of simplification schemes. Transfers of control during execu-
tion of a program take very little time; search for the paths (a, b, ¢) uses a
lot of it. The net result of this ““simplification” is an increase in total pro-
cessing time.

Detection of programming errors is an essential part of compilation.
Although techniques that are not explicitly based on the digraph representa-
tion may in general be faster and use less storage than the digraph techniques,
the latter would be the faster if a flowchart of the program were to be con-
structed as well. Then the flowchart digraph and a list of its cycles would
have to be generated in any case, and the error detection techniques de-
scribed above could be implemented at little additional cost.

7c. Segmentation of Programs

At times a computer program cannot be accommodated in its entirety in
the main store of the computer. The program has to be segmented, and there
arises the problem of selecting cutting points to minimize the number of
segment interchanges between different levels of storage.

The segmentation problem is extremely difficult. Let the executable
statements (and auxiliary statements) in a program be numbered consecu-
tively 1,2, ..., n If a cut is made between statemnets i/ and i + 1, the cut
produces two segments, comprising, respectively, statements 1, 2,...,7 and
i+ 1,...,n In the simplest approach to the problem cuts are made at points
in the program that are spanned by the least number of program loops.
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Let us call the two segments 4 and B. In the flowchart digraph there may
be more than one arc {7, j) such that the statements associated with i and 7
are in A and B, or in B and 4. The natural representation of a segment is a
subdigraph of the flowchart digraph defined on the set of nodes representing
statements in the segment and nodes that do not belong to this set, but lie
at the other end of arcs originating or terminating in the set. If the subdigraph
is looked upon as a flowchart digraph in its own right, then these latter nodes
are entry or terminal nodes of the digraph. Figure 7.2 illustrates segmentation
of the following skeleton program, with the cut having been made between
statements 9 and 10.

1 IF (...) GO TO 15
3 ...o= ..

4 .= ...

5 IF (...) GO TO 19
7 DO 10 ...

8 DO 10 ...

9 ... = ...

10 ... = ...

15 ... = ...

16 ... = ...

17 IF (...) GO TO 4
19 STOP

A few terms have to be defined now. If two paths (g, ..., b) in a flowchart
digraph have only nodes @ and b in common, then the two paths are parallel.
If P and Q are paths from an entry node to a terminal node, P is simple and
P < Q, and @ does not contain a path that is parallel to a subpath of P, then
(Q — P) is a return path. By Th.3.1 every cycle in a flowchart digraph con-
tains a return path. The return path of a cycle corresponding to a DO-loop
contains just one arc. Return paths of other cycles may contain more than one
arc. Paths (5, 7, ..., 19) and (5, 6, 19) are parallel in the complete flowchart
digraph of our example; return paths are (12, 9), (14, 8), and (17, 18, 4). If
(a, ..., b, ¢) represents a return path, then (b, ¢) is the final arc of the
return path.

The criterion that a cut should be made at a point spanned by the least
number of loops becomes, in terms of the flowchart digraph, that the seg-
mentation process should sever the least number of return paths. Let us take
adjacency matrix C of the cycle digraph of a program (A.3.3). Then

n

L= Zl Y Gy
=

k=i+1

seems to define the number of return paths severed by a cut after statement i.
This is not strictly true, as the following skeleton program shows.
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DO &

GO TO 4
GO TO &
GO TO 3

OO

STOP

31[ H:

sll—i——@ 034

Segment A Segment B

Figure 7.2

Here L; = 2, although there is only the one cycle (2,4, 3, 5, 6, 7, 2). The L;
become reliable counts if the flowchart digraph is made acyclic by removing
the final arc of every return path, the remaining arcs are put into topological
order, and the removed arcs restored.

Even when the L; give the true number of severed return paths there is
the difficulty that one must have a knowledge of the iteration counts of the
loops for optimal segmentation. These will rarely be available. Segment
interchanges depend also on the location of data. Flow of data across a cut
has as much importance as the flow of control. Significant work on this
aspect of segmentation has barely started. Summarizing, we are quite far
from having sound procedures for optimizing segmentation. It would appear
that the selection of cutting points will have to be a dynamic process, the cuts
being selected during execution of the program on the basis of information
gathered while the program is being executed.
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7d. Automatic Flowcharting

In trying to understand a program one is primarily interested in the flow
of control. We have already seen that a listing of the program is of little help
because one string of symbols looks to us very much like any other. In a
flowchart sequencing of statements for execution is indicated by flowlines,
and the statements themselves by boxes. A line is one dimensional, a box
two dimensional, and this difference we can discern at a glance. The use of
flowcharts as aids to the design of programs and for documentation has been
with us since the very earliest days of electronic computing. Here we shall
consider the use of the theory of digraphs in the automatic preparation of
flowcharts from programs. The utility of automated documentation should
be obvious. Flowcharts prepared while a program is still being debugged can
be equally important—for drawing attention to unintended irregularities in
the flow of control.

It is easy enough to write a procedure that encloses statements of a pro-
gram in boxes, superimposes a grid of arbitrarily intersecting flowlines on the
column of boxes, and writes flowchart at the bottom. To deserve this name,
however, the drawing must enable one to trace the flow of control readily,
and identify with ease points at which decisions are made. Therefore a
flowchart must be two dimensional, with the order of statements of the
original program rearranged where rearrangement simplifies the pattern of
flowlines. In quite a normal program we may well find a hundred statements
interposed between statements x and y, where statement x tells that control
may next go to y. A two-dimensional disposition of the boxes allows boxes
for statements that are executed one after the other to be placed near each
other. For the sake of clarity the number of intersections of flowlines should
be kept as low as possible.

Moreover, particularly if the flowchart is being generated as a documen-
tation record to be filed, it must be separated into pages of standard size by
making cuts at fixed intervals of 10.5 or 12.5 in., say. The product will hardly
be acceptable unless the flowchart generator has already segmented the
flowchart into pages of the required size. The paging requirement imposes a
limit on the width of the flowchart as well {generally the width is limited in
any case by the nature of the output device).

The quality of output of existing automatic flowchart generators varies
greatly, and is far from perfect even with the better generators. This is prob-
ably due to the approaches to the problem having been largely ad hoc, the
inherent lack of generality of such approaches preventing a continuous
growth of knowledge. If a problem is formulated in sound mathematical
terms, then an existing store of knowledge can be put to use, and partial
solutions, instead of being isolated achievements, add to this store. The
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appropriate mathematical formulation of the flowcharting problem should
proceed from some definition similar to our D.7.1.

The paging problem in flowchart generation is related to the segmentation
problem for programs, but the two problems are distinct. In both cases one
operates on a flowchart digraph. Ideally segments should be generated by
cutting arcs that do not lie on cycles. Unfortunately this solution is inadequate
when the segments turn out too large. A cut across a loop can have a very
serious effect on the execution time of the program, and it is therefore neces-
sary to exercise great care in selecting cuts.

In the preparation of a flowchart one’s main concern is that the logical
pattern of the program should be easy to follow, and it is as important to
draw parallel paths originating from a decision node side by side on the same
page as it is to avoid cutting loops. In the first instance the flowchart digraph
has to be segmented in such a way that all arcs belonging to a cycle are
confined to a single segment, and also all paths that are parallel to each other.
Segments that are too small can be reassembled into page-sized segments
without difficulty. Unfortunately, compared to an admissible program
segment in most multilevel storage systems, a page of a flowchart, which
cannot take more than 25 or so flowchart symbols (nodes), is quite small;
and, too frequently for one’s liking, flowchart segments have to be subdivided
further. We have no adequate theory to guide us in this process, but cutting
of loops is not as critical as in the case of program segmentation, and the lack
of a theory is not much of a handicap. Despite this, a list of all cycles in the
flowchart digraph is still needed, for guidance in the subdivision of segments
that are too large and for designing the layout of a page.

We call an arc of a digraph a separator of the digraph if it does not lie on
a cycle or on a path that is parallel to some other path. It is easy to see that
deletion of separators produces a partial digraph whose connected compo-
nents are the segments of the flowchart digraph. Exercise 7.8 requires one to
find the separators in a flowchart digraph that has a single entry node and a
single terminal node. The solution to this exercise suggests the approach that
can be taken in designing an algorithm for the much more difficult case of
multiple entry and terminal nodes (Exercise 7.9).

Assume now that the nodes to go on a page have been selected. The next
problem relates to layout. An axis has to be selected within a page of the
flowchart. This will be called the main flowpath. Other paths are drawn either
side of the main flowpath. An automatic flowchart generator cannot be
expected to identify the main flowpath with the path having greatest logical
significance (often even the writer of the program would find this a difficult
task), and some other criterion has to be used. In the program segment
corresponding to the subdigraph that is being fitted to the page there will be
one or more points at which control passes into the segment or out of it.



Notes 247

The corresponding nodes are entry nodes and terminal nodes, respectively.
An empirical main flowpath is obtained by finding the longest elementary
path originating at an entry node. Preferably the path should originate at an
entry node that is the last node of the main flowpath relative to the page
immediately preceding this page, and it should end at a terminal node, but
there is little loss of clarity if the flowpath originates at some other entry
node and ends at a node that is not terminal. The reason is that an automatic
flowcharter should produce flowcharts on at least two levels of detail. On the
lower level the output is a conventional flowchart, separated into pages. On
the higher level a chart is generated that represents the logical sequence and
interrelation of the pages.

If A.6.3 was used to find the cycles, then we have now also a list of all
simple paths in the flowchart digraph, and one of these paths is the longest
simple path in the subdigraph that we are fitting to the page. If, on the other
hand, the cycles were found by the more accessible A.6.8, then the longest
simple path still remains to be found. We break all cycles by removing final
arcs of return paths. Then the longest simple path in the page can be found by
the procedure of Exercise 6.9, and the removed arcs restored.

Finally there remains the problem of minimizing the number of inter-
sections of flowlines in the drawing. One could analyze the undirected graph
corresponding to the flowchart digraph; the layout problem then becomes
the planarity problem (Section 3h). A practical algorithm for finding how
near a graph is to being planar does not appear to have been discovered.
This certainly means that we do not have a good general algorithm that will
rearrange edges in the geometrical representation of the graph until the
number of intersections is a minimum, but, since paging reduces the number
of flowlines (explicit flowlines are replaced by connectors), the problem
becomes tractable when a page is considered on its own. As the longest
elementary path is the axis of the page and all cycles are known, a trial-and-
error procedure is then probably as efficient as any other that could be dis-
covered.

Notes

A survey of applications of graph theoretical models of programs made
prior to 1960 can be found in [Ma60]. [Ka60] is an early paper describing the
use of properties of digraphs in the detection of programming errors and
elimination of redundancies. Later work on optimization of programs is
reported in [Cl66a, Al69, Lo69a, Ba69b]. The procedures are explicitly based
on or at least influenced by graph theory (except [Cl66a]); [Al69] contains the
most extensive treatment.
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Ramamoorthy applies graph theory to analysis of programs in a number
of papers: [Ra66a] establishes the terminology and gives some basic algor-
ithms (a variant of the algorithm of Exercise 7.3 is an example), [Ra66b] deals
with segmentation of programs for a multiprogrammed computer, and
[Ra67] extends the work to maintenance of hardware. The indices L; were
introduced by Schurmann [Sc64]. Estimation of running times for specific
sections of a program is an important precondition for effectiveness of seg-
mentation. Because of its difficult nature, little work has been done on this
problem, but some results may be found on pp. 364-369 of [Kn68], and in
[Ha66, Ma67a, Kr68]. Efficiency of program segmentation depends also on
data flow across segment boundaries; [Ku67] deals with optimization of
programs with respect to data flow.

Analysis of time sharing and multiprogramming by means of graph
theoretical models is carried out in a number of papers; we recommend, in
rough order of increasing difficulty, [Lo69b, Re68, Ka66].

Automatic flowcharting is considered in [Sc58, Ha39, Kn63, Kr64,
An65, Sh66, Be69a]. Automatic construction of flowcharts specifically for
debugging is discussed in [St63].

Exercises

7.1 (a) Draw flowchart digraphs of the programs of A.1.5 and A.5.3.

7.2 (b) Write a program that detects in a flowchart digraph nodes from
which no terminal statement can be reached. Assume that there may be more
than one terminal statement. (The algorithm should be similar to that given
in Section 7b for finding nodes that are not reachable from an entry node.)

7.3 (b) Assume that nodes n, n — 1, ..., n — k represent terminal state-
ments in a flowchart digraph. The following algorithm detects nodes from
which no terminal statement can be reached:

1. Transfer column » of adjacency matrix 4 of the flowchart digraph to
vector 7.

2.Forj=n-1,...,n—kandfori=1,2, ..., nsett;=1va;; (for
definition of operation Vv see A.6.1).

3.Forj=1,...,n—k—1landfori=1,2, ..., n:if a;; = 1, then set
L=1va.

4. Repeat Step 3 until no more changes take place in 7.
If now a ¢; is zero (1 £i < n — k), then no terminal statement can be reached
from node i. Discuss the relative efficiencies of this algorithm and that of
Exercise 7.2.
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7.4 (¢} Use A.3.3 to find the cycle digraph of the program of A.5.3 and
compute the loop indices L; defined in Section 7c.

7.5 (c) Consider the following definition of a return path in a flowchart
digraph: ““ Every arc that lies on a simple path from an entry node to a ter-
minal node (a forward path) is a forward arc; an arc that is not forward is a
return arc. The return arcs define return paths: A path (b, ..., @) made up
entirely of return arcs, such that nodes a and b lie on a forward path, is a
return path.” Show by an example that this definition is not equivalent to our
definition in Section 7c.

7.6 (c) Is the number of return paths in a flowchart digraph necessarily
equal to the number of cycles? Is the number of final arcs of return paths
necessarily equal to the number of cycles ?

7.7 (c) Identify return paths in the flowchart digraph of the program of
A.5.3 by visual inspection and remove the final arcs of these paths. Write a
program (or use a program that you may have already written) to find the
longest path in the resulting structure.

7.8 (d) If aflowchart digraph has a single entry node and a single terminal
node, then the finding of separators is a relatively easy matter. Develop an
algorithm that finds the separators in this special case.

7.9 (-) (major project) Write a subroutine that finds the separators in a
flowchart digraph.

7.10 (-) (major project) Given an adjacency matrix of order 25 or less
that defines a subdigraph of a flowchart digraph. Develop an algorithm that
places nodes of the subdigraph in such a way relative to each other that the
flowchart boxes corresponding to the nodes would be properly laid out on a
page of the flowchart. The output might be a matrix D, defined as follows:

dj=ax3%+bx3

where a= —1 if node i is below node j,
= 0 if the nodes are on the same vertical level,
= 1 ifiisabovej,
and b= —1 ifnodeiis to the left of node j,
= 0 if the nodes are on the same horizontal level,
= 1 ifiis to the right of ;.

7.11 (-) (research project) Computer programs are nearly always such
that the procedure of Exercise 7.9 gives segments that are much too large to
fit on a page. Develop (in outline) a complete solution of the paging problem.

7.12 (-) (research project) Write an algorithm that finds final arcs of all
return paths in a flowchart digraph. (The definition of a return path given in
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Section 7c will be of little use in this endeavor. However, the purpose of
Exercises 7.5 and 7.7 has been to give an intuitive understanding of what a
return path is, and the constructive definition of Exercise 7.5 is, in fact,
equivalent to the definition of Section 7c in most cases. One approach to the
solution of the problem would be to find a constructive definition that is
equivalent to our definition in all cases, but the possibility that a useful
definition of final arcs could be found without having to define return paths
should not be ignored.)



CHAPTER 8

Other Applications of Graphs

8a. Flow Problems

DerNITION 8.1 A capacitated network (capacitated transportation network) is
a quadruple (4, Q, ¢, R, >, where {4, @) is a digraph, R, is the set of
nonnegative real numbers, and ¢: Q —» R, is a function. We denote
(i, j) by ¢;;, and call it the capacity of arc (i, j).

Example

The weighted network of Figure 8.1 is a capacitated network. Only the
interpretation given to weights ¢;; distinguishes the capacitated network of
Figure 8.1 from other weighted digraphs. A capacity ¢;; can be thought of as
the greatest amount of some commodity that can be moved along {7, /> in a
unit of time. A fundamental problem in the theory of networks is to find the
greatest amount of a commodity that can be conveyed from one given
node to some other given node in the network. This is the maximal flow
problem.

DEerINITION 8.2 Let (A4, Q,c R, ) be a capacitated network. A flow f of
value v from node s to node ¢ is a function f: @ — R, such that

@@ 0=fGj)=c¢y foral <G je0,

251
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Figure 8.1

(0) Yot f(P 1) =Y or f,p)=v for p=s,
=—v for p=1,
=0 for ped—{s,t}.

Nodes s and ¢ are called, respectively, source and sink of the network
with respect to flow f. (Q% and Q — are defined by D.3.6.)

Conditions (a) ef D.8.2 state that nowhere can the flow along an arc
exceed the capacity of the arc. Conditions (b) are conservation equations.
A commodity is pumped into the network by way of the source at some
set rate. At ¢ as much of the commodity must come out as goes in at s. At all
intermediate points the inflow is equal to the outflow. The problem is to find
the greatest value of v that is consistent with the conditions.

DerINITION 8.3 Let {4, O, ¢, R, > be a capacitated network with source s
and sink ¢. Let X be a subset of 4 such that s € X, t¢ X. Then the set of
arcs Q% is a cut in the network, and the sum of capacities of all arcs in Q%
is the capacity of the cut, denoted C(X).

Example

In the capacitated network of Figure 8.1 let node ! be the source and node
8 the sink. The cut corresponding to X = {1, 2,4, 7} is the set of arcs
{1, 25,42, 3>, K2,5, <4, 3>, <7, 8>}. The cut corresponding to {l, 2, 3, 4}
is {{2,5), (3, 6), {4, 7)}. Capacities of the two cutsare 2 +2 +2 + 3 + 2
=11 and 2 +4 + 1 =7, respectively.

THeEOREM 8.1 If X defines a cut in a capacitated network {4, Q, ¢, R, D,
and v is the value of a flow in the network, then v £ C(X).
Proof. Let f’ be an extension of f to the domain 4 x A, defined by
f'G)=/G7) for (,j)eQ,
=0 for (,j>¢ 0.
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From Conditions (b) of D.8.2, in terms of the extension /', we obtain

=vp for p=s,

i;Af (p5 l) _l;Af (lyp) =0 fOf p ced— {S, t}
Hence, summing over all members of X,

Y flpi)— fo'(i,p)=v.

peEX,ied iced, pe

But, by symmetry,

> f'iy—~ Y f'Gp=0.

peX,ieX ieX,peX

Hence

X fi- Y fGp=v

reEX,ied—X ied—X,pe X

and, dropping the zero terms,

v=1Y f(p,i)=Y fG p)
0% %

Hence

v=Y f(p,i)E Y ¢, = C(X).
Ox o%

THEOREM 8.2 (Ford and Fulkerson’s max-flow min-cut theorem) Let
{4, Q,¢c, R, > be a capacitated network with v,,,, the greatest possible
flow from source s to sink ¢. Let C,,;, be the smallest capacity of a cut in the
network. Then v,,,, = C,;,, -

Proof. Let the maximal flow v,,,, from s to ¢ be defined by function .
Define a set X’ recursively as follows:

(i) seX’;
(i) ifpe X’,and f'(p,q) <c,, orf'(g, p) >0 (or both), thenge X"

We show that making ¢ a member of X’ leads to the contradiction that the
flow can be improved. From the definition of X, if re X, then there exists
a semipath S = (s, ..., £). Now, if {p, ¢> € S'is in the direction from s to ¢,
define f,,=f'(p,q) —c,q- If {p,g> is in the reverse direction, put
Joa =S"(p, g). Finally set v = ming f,,. Now the flow in each * forward” arc
can be increased by v’ and the flow in each “backward ™ arc decreased by v’
without affecting the conditions of D.8.2. But then the maximal flow becomes
Umax + U, and this is an obvious contradiction. Hence f¢ X', i.e., set X’
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defines a cut. An arc with only one node in X’ cannot have satisfied Part (ii)
of the definition of X, and we must have

(@) =c,y forevery {p,q>eQy,
S'(g,p)=0  forevery (g,p)eQy.

But then, from the proof of Th.8.1, putting v,,,, for the v there,

max

Upax = Z f,(p> q) - Z fl(q9p)
0% Ok
= Z Cpg — 0
%
=C(X).

Since v,,,, < C(X) in general, C(X)=C,,,.
Direct use of the theorem is not feasible. Let |4] = n. Then the number of
candidates for the subset of 4 that would define a min-cut set is

n—2

Y Cn—2,k)y=2"""2

k=0
Even for a relatively small network with 30 nodes 2% still amounts to
268,435,456. But the proof of Th.8.2 is constructive in that it defines a min-
cut set, and this definition is the basis for the following algorithm.

ALGORITEM 8.1 (Ford-Fulkerson algorithm) Given a capacitated network
{A, Q, c, N, >, where N is the set of nonnegative integers and c is now a
function into N, . Flow function f is integer valued also. The following
algorithm finds a set X’ < A that defines a minimal cut. Labels are attached
to the nodes as part of the procedure.

1. Assign arbitrary flows f(p, g) that are consistent with D.8.2 to all
arcs; e.g., make the flows all zero.

2. Make A(s) = oo and attach label {—, A(s)) to s. Select node s for
the p of Steps 3 and 4.

3. For every arc {p,qy such that g is not labeled compute
d(p,q) = c,q ~ f(p,9), and, if d(p, q) > 0, attach to g the label
{p*, h(q)), where h(g) = minl[h(p), d(p, 9)].

4. For every arc {g, py such that g is still not labeled and f(gq, p) > 0
attach to g the label <{p-, A(q)>, where h(q) = minlh(p), f(g, p)].
Node p is now processed.

5. 1If ¢ is labeled, then go to 7.

6. Select a labeled node p that has not been processed and go to 3.
If none remain to be processed, stop. Then the labeled nodes
constitute set X' and the f(p, g) define the greatest flow.
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7. The algorithm has produced a semipath on labeled nodes
(s, ..., t), where the first coordinate of the label on a node names
the node that precedes it in the semipath. Adjust the flow: Work-
ing backward from ¢, until s is reached, for every labeled node ¢
on semipath (s,...,t) set f(p,q) =f(p,q) + h(t) or set f(q,q)
= f(q, p) — h(t), depending on whether the label of g is {p™, h(p))

or {p~, k(q)), respectively.
8. Discard all labels and go to 2.

Example

Tables 8.1 and 8.2 summarize computation of the greatest flow from node
1 to node 8 in the capacitated network of Figure 8.1. Initially all flows are
assumed zero; final flows are as shown in Figure 8.2 (where arcs in which the
flow is zero have been omitted). Here X' = {1, 3, 4}, but note that this is not
the only set defining a minimal cut.

Figure 8.2

TABLE 8.1

NODE LABELS

[teration
Node
1 2 3 4 5 6

1 {—, > {(—, ©> {—, o) {—, ) {—, > {(—, 0>
2 a1

3 1+, 2> 1%,2> 4*,3> 4%, 2> 4+, 2> “4* 1>
4 a+, 4> A%, 4> A+, 4> a+, 3 A+ 2> a+ 1
5 AR D) 6%, 2> 6, 1> 6%, 1>

6 3%,2> <3*,2> 32D 31D Q31D

7 &4 1D 4+, 1> A4t 1> 4+ 1> 6, 1>

8 S 1D {6%,2> 51> KT+, 1> 71+, 1>
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TABLE 8.2

ArJusTtED FLOWS

Iteration
Arc
1 2 3 4 6

1,25 1 1 1 1 1

{1, 3> 2 2 2 2

<1,4> 1 2 3

2,3

2,5 1 1 1 1 1

G, 1

3,65 2 3 3 4

<4,3> 1 1

4,7 1 1

5,35

<5,6>

<5, 8> 1 1 2 2 2

<6,5> 1 1 1

<6, 7> 1

<6, 8> 2 2 2 2

7, 8> 1 2

A network that contains multiple sources s, 55, ..., § can be converted

to a network with a single source by adding a collective source node s’ and
augmenting the network with arcs of infinite capacity from s’ to each of the
s;. The problem becomes one of finding the maximal flow from s’ to ¢.
Multiple sinks can be dealt with in a similar fashion. Another generalization
involves capacities. So far we have assumed that the lower bound on the
flow in any arc is zero. In the general case two explicit flow bounds ¢, and
Chigh (Clow < Chig) are assigned to each arc, and a flow in the arc is required
to lie in the interval [c,,, , Chgn)- The bounds can be negative, a negative
f(p, q) being interpreted as a flow from ¢ to p of magnitude | f(p, ¢)|. In the
most common situation c¢,,, = — Cygy for every arc; flow in an arc can be in
both directions, a common bound restricting its magnitude in either direction.
One way of dealing with this special case is to add arc {gq, p) for every
{p, ¢> in the network. Both pairs of bounds can then be set to [0, ¢y;], and
we have again the capacitated network of D.8.1. If both {p, ¢ and <{q, p>
are already in the network, having bounds [—¢,, ¢,] and [-¢;,, ¢,}], respec-
tively, simply assign capacity ¢; + ¢, to each of the two arcs. (In the general
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case it is possible to construct a network that supports no flow, e.g., a net-
work with Q = {{s, 2>, <2, t)>}, where the bounds are [1, 2] and [3, 4].)

A maximal flow need not be unique, and one may be required to select
a particular maximal flow that satisfies some additional criterion. Consider
a function m: Q — R, that assigns to each arc {(p, g> € Q a value m(p, q),
which we interpret as the cost of sending one unit of a commodity through
{p,q>. The total cost associated with a flow fis Y, o <o #(p.9) f(p.q) and
the problem is to find a maximal flow for which the total cost is a minimum.
This is known as the minimal cost problem. Investigation of the general
bounded network and minimal cost problems is beyond the scope of this
book.

The max-flow min-cut theorem is related, rather unexpectedly, to a very
important result of combinatorial mathematics concerning the existence of
distinct representatives of subsets of a set.

DerFNITION 8.4 Let S be a set, and let & = {S,, S,, ..., S,,} be a family of
subsets of S (not necessarily disjoint). A set of distinct elements
{a;,a;,...,a,} such thata; € S;and a; ¢ S, (j # i) is a system of distinct
representatives for &.

THEOREM 8.3  (P. Hall’s theorem) Let
& ={S;liel}, where [1=1{1,2,...,mj},

be a family of subsets of a set S. A system of distinct representatives for &
exists if and only if |Uierk S| = k for every I, where [, is a subset of I
having k elements, and for every k= 1,2, ..., m.

Proof. Necessity is obvious. To prove sufficiency construct a network
with nodes s and ¢, and a node for each element x; € S and each subset
S;e ¥, ie.,atotal of 2 + |S| + m nodes. Draw arc {s, ;> for every node S;,
arc {x;, t) for every node x;, and arc {S;, x; > whenever x; € ;. Complete
the construction by assigning capacity 1 to each arc. Now construct a flow f.
If (s, S;, x;, t) is a path, then x;€8;, and x; can be a representative of S;.
Now, if this path carries a nonzero flow, we interpret the flow in the path as
making x; the representative of subset S;. Since the inflow at S; cannot
exceed 1, only one of the arcs originating from S, can carry the flow out.
Moreover, the outflow from x; cannot exceed 1 either. Therefore, the only
flow into x, must come from S;. Every f selects representatives of some of the
subsets, and a maximal flow selects representatives of the greatest possible
number of subsets. Therefore, & has a system of distinct representatives if
and only if the value of the maximal flow from s to ¢ is m. Suppose now that
& has no system of distinct representatives. Then the value of the maximal
flow from s to ¢ must be less than m, and by Th.8.2 the capacity of a minimal
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cut is less than m. Now assume that the cut contains k, arcs that originate
at 5. Therefore, the set X’ of Th.8.2 contains exactly m — k; nodes of type
S;. Denote the set of these nodes by S’, and let X be the set of elements in the
union of all the members of & that belong to S’. Partition X into
X, ={x;|x,e X’} and X, ={x;|x;¢ X'}, and assume that |X,|=k,.
Then the cut contains k, arcs that terminate at z. Consequently, arcs ori-
ginating from S’ and terminating in X, , which make up the rest of the cut,
must be fewer than m —k, — k, in number. This means that [X,| <
m—k; —k,. But then |X|=|X,|+ |X,|<m—k,, and, since |S'|=
m — k,, we have shown that the nonexistence of a system of distinct repre-
sentatives implies the existence of a collection of k subsets the union of which
has fewer than k elements, i.e., the theorem has been proven by proving its
contrapositive.

Example

An association has a number of committees; a member of the association
may serve on any number of them. At the end of the year each committee
selects one of its members to report on its activities. The problem is to choose
the reporters in such a way that no individual reports on more than one com-
mittee. This problem can be solved by setting up a network as in the proof of
Th.8.3. The S; stand for committees, the x; for members of committees. If
there are k committees, and the maximal flow in the network has the value
k, then the problem has a solution, and the flow defines the solution. If more
than one flow is maximal, there is more than one solution.

8b. Graphs in Chemistry

There is probably no science in greater need of mechanized information
retrieval than chemistry. Millions of chemical compounds are known; new
ones are produced at an ever faster rate. The chemist has two main problems:
First, he wants to find out whether the substance in his test tube is already
known; second, given a substance, he wants to know the properties of similar
substances. Both problems reduce to a matching process; a description of the
given substance has to be matched against descriptions of substances that
make up the data base of the retrieval system. A precondition for a satis-
factory retrieval system is a standard representation of chemical compounds.
The representation must be unambiguous, amenable to classification so as to
facilitate search, and reasonably compact. Quite a number of systems of
representation are in use. The great diversity of possible search requests
ensures that almost any system has some feature that makes it superior to
others for dealing with some particular aspect of the retrieval problem.
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Chemical formulas are very compact, but they are ambiguous. Consider
the hydrocarbons of the paraffin series. Their general formula is C,H,,
(e.g., CH,, C,Hy). Each carbon atom is linked to four other atoms; a
hydrogen atom can be linked to only one other atom, which has to be carbon.
The total number of links in C,H,, ., is 3(4k + 2k + 2) = 3k + 1. Let us
interpret the links as edges in a graph having the atoms for nodes. Then the
theory of Section 3h tells us that the graph contains no circuits (m —r + 1 =
3k+1—-3k—2+1=0), ie., that the graph is a tree. The subgraph of
carbon atoms must be a connected tree, and more than one tree of the carbon
atoms can be constructed for every k= 4. Each distinct tree on the k& carbon
atoms represents an isomer of C;H,,,,. Since isomers have different prop-
erties, the formular representation is inadequate. For example, when k = 6,
there are 5 isomers, all corresponding to the single formula C¢H, 4 . Enumera-
tion of isomers is an important problem. Cayley (1875) interpreted the
isomerism problem for the paraffin series as an enumeration problem for trees,
and solved it in this form; his solution is one of the classics of graph theory.

In a diagrammatic representation each isomer has a different structural
diagram. Figure 8.3 shows the structural diagrams of isomers of H,C,,.

H

| H
H— C —H |

| H— C—H H
H— C —H \ l

| H— C—C —H
H— C —H / |

] H— C —H H
H~— C —H I

| H

H

Butane Isobutane

Figure 8.3

Structural diagrams are very often drawn with the hydrogen atoms stripped
off. Then, if, for example, there are b edges incident with a carbon atom, we
know that 4 — b is the number of hydrogen atoms bonded to the carbon
atom. Sometimes two atoms are linked by more than one bond. Either
diagram of Figure 8.4 is an example. (In these diagrams, knowing that oxy-
gen has 2 bonds and nitrogen 3, we can easily work out that the molecules
contain three hydrogen atoms.) Structural diagrams are labeled graphs with
parallel edges; such graphs are known as multigraphs. Labeled multigraphs
give a reasonably adequate description of chemical substances. It must be
remembered, however, that the graphs are projections of three-dimensional
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structures into the plane. For stereochemistry, which distinguishes different
arrangements of the atoms of a molecule in space as stereoisomers, the planar
representation is still inadequate.

The matching problem can be dealt with very well in terms of chemical
structures. It becomes the graph isomorphism problem, considerably sim-
plified by the labels carried by the nodes. The procedure that we are going to
describe, Sussenguth’s algorithm, is based on two principles. First, if graphs
G and G * are isomorphic, then the subset of nodes of G that exhibit some
property must correspond to the subset of nodes of G * that exhibit this same
property. Second, if the subsets of nodes of G and G * that are characterized
by some property do not have the same number of elements, then the two
graphs cannot be isomorphic.

Consider the structural diagrams of Figure 8.4 in which subscripts are
node identifiers. The matching procedure starts with generation of subsets
of nodes that represent the same type of atom; nodes that represent oxygen

O
I
Oyy— €y — Gy = Ny, Cpy = Oy

I l

Oy Cu
[
N

Graph G Graph G*

Figure 8.4

atoms, say, in graph G must correspond to nodes representing oxygen atoms
in G *. These correspondences are shown by lines 1 to 3 in Table 8.3. Next the
subsets of nodes that are joined by the same type of bond are made to cor-
respond (lines 4 and 5). At this point a partitioning procedure takes over.
The purpose of partitioning is to reduce the number of nodes of G * to which
a node of G can correspond. The purpose is achieved by taking intersections.
For example, from the correspondence of {1, 5} and {a, ¢} (line 3), we know
merely that node 1 of G corresponds to one of @ or ¢ in G *, but

{1,5} n{1,2,3} ={1} and {a,c} n{b,c,d} ={c},

implying that 1 corresponds to c. Partitioning gives lines 6 and 7 in the table.
Three of the nodes are now matched, but correspondence of elements in sets
{2, 3} and {b, d} is still unresolved. We define the degree of a node as the
number of edges incident with it (counting sets of parallel edges linking two
nodes as a single edge), and generate subsets of nodes that have the same
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degree (lines 8 to 10). There is no need to resume the partitioning procedure;
all nodes are matched. The correspondence of nodes in the two graphs is

Graph G: 1 2 3 45
Graph G*: ¢c b d e a

TABLE 8.3

MATCHING OF CHEMICAL STRUCTURES

Basis for subset

. Subset of G Subset of G* Line
generation

Node label: C {2, 3} {b,d} 1
N {4} {e} 2
O {1,5} {a, c} 3
Bond: single {1, 2, 3} {b,c,d} 4
double {2,3,4,5} {a, b,d, e} 5
Partition: lines 3, 4 {1} {c} 6
lines 3, 5 {5} {a} 7
Degree: 1 {1,4,5} {a,c e} 8
{3} {d} 9
3 {2} {b} 10
Neighbors: line 2 {3} {d} 8a
line 6 {2} {b} 9a

If some nodes were still not matched, new subsets would have to be
generated. Let us define the order of a node as the number of edges in the
smallest circuit through this node. Subsets of nodes having the same order
would be put in correspondence. (All nodes in the graphs of Figure 8.4 have
the same order, namely 0, and the concept of order is of no value here.)
Another concept that can be used is one of neighborhood. If a node of G is
already matched to a node of G'¥, then nodes that are the immediate neigh-
bors of the identified nodes form corresponding subsets. If, instead of using
the degrees of nodes to generate subsets, we had made use of neighborhoods,
the matching procedure would have continued as shown in Table 8.3 below
the dividing line.

In general, the algorithm terminates when every node in G has been
paired off with a node in G *, or when two corresponding subsets of nodes of
G and G* are found to differ in the number of nodes they contain. If the
former is the case, graphs G and G * are isomorphic; if the latter, isomorphism
is impossible. Occasionally, however, the algorithm exhausts all subset
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generating properties before either of the two conditions is satisfied. This
happens when more than one isomorphism is possible between the two
graphs, or when the subset generating properties are incomplete in the sense
that some property that would establish isomorphism or the lack of it has
been neglected in the design of the algorithm.

For the sake of the argument assume that the algorithm cannot take us
beyond line 7 of Table 8.3. Nodes in subset {2, 3} have remained unmatched,
but we know that their possible correspondents must belong to {b, d}.
Therefore we postulate the two correspondences

1 2 3 4°5 1 2 3 45
A(l) = and AQ2) =
¢c b d e a c d b e a

and carry out a node-by-node comparison of the two graphs. If both assign-
ments are valid, there are two isomorphisms; if only one is valid, there is a
single isomorphism; if both assignments result in contradictions, then the
graphs are not isomorphic.

After the nodes have been partitioned according to their labels (lines 1 to 3
of Table 8.3), only the structure of the graphs determines validity of the
arrangements. The structure can be represented by a connectivity matrix C
in which ¢;; = n, where n is the number of times edge {i, j} is drawn in the
multigraph. We have

[0 I 0 0 O] 0 2 0 0 0]
1 01 0 2 20110
Ce=]0 1 0 2 0 and Ce+=}0 1 0 0 0]
0 0200 01 00 2
|02 0 0 0] |0 0 0 2 0]
(In Cg. subscripts 1, ..., 5 refer to nodes q, ..., e, respectively.) From Cg.

generate the connectivity matrices corresponding to the two assignments.
They are

01000 00100
1 01 0 2 001 20
Cuyn=]0 10 2 0] and Cup=]1 10 0 2|
00200 02000
02 00 0] 0 0 2 0 0]

Since Cg = Cy(yy # Cu(2y, there exists a single isomorphism.
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A structure diagram is completely specified by its connectivity matrix
and a vector of labels E. In our example the vectors are

E;=[0 C C N O] and E;=[0 C O C NIL

For the input of chemical structures one can use a special chemical typewriter.
The typewriter produces a paper tape, and a conversion program uses the
information on the tape to set up the connectivity matrix and label vector.

An analogous procedure can be used to identify a given graph G as a
subgraph of another graph G *. Defining properties are again used to generate
corresponding subsets. Denote by S and S * the subsets of nodes of G and G*,
respectively, that are generated by the same defining property. The two prin-
ciples on which the matching algorithm is based now become: If G is a
subgraph of G*, then § < §*; if |S| > |S*|, then G cannot be a subgraph
of G*.

8c. Graphs in Information Retrieval

Information retrieval consists of two disciplines: document retrieval and
fact retrieval. A scientist, before he sets out to perform some piece of re-
search, wants a list of references to all work in his chosen problem area.
The literature search is done by a document retrieval system. If his examina-
tion of the retrieved publications shows that what he wants to do is unlikely
to have been done before, then the scientist starts on his project. Soon he
finds that he needs answers to highly specific questions; e.g., he may want
to know the number of isomers of C;,H,, . For this information he turns to a
fact retrieval system. If the system cannot supply the answer (Answer:
C,oH;, has 75 isomers), then he has to appeal again to the document re-
trieval system for a list of references on enumeration of isomers.

A retrieval system can mean many things. It may mean the scientist and
his personal file of index cards, or the scientist and a few bibliographies, or
the scientist and a roomful of handbooks, or a little request card and a
computer with a huge data base and a battery of complex document and fact
retrieval procedures. The fully automatic system of the last example does not
exist. Semiautomatic document retrieval systems, which require the scientist
to do some work himself, are, however, in existence. Automatic fact retrieval
systems also exist, and in some narrow areas, e.g., retrieval of stock market
quotations and chemical retrieval, they are fully automatic; but these systems
do rarely more than search through a few lists of data. A system with a wide
data base, capable of making complex inferences, is still only a hope for the
future. This is due partly to the sheer size of the required data base, partly to
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linguistic problems. We shall discuss only the simpler, but still very difficult,
problem of document retrieval.

With a primitive semiautomatic system the user supplies a set of key words,
e.g. {graph, network, tree}, and the system retrieves documents that have one
or other of these words or some derivative of it in the title. The semi refers to
the work that is likely to go on afterwards. First, the set of titles retrieved
may contain “ Programming graphic devices,” *“ Handbook of mathematical
functions with formulas, graphs, and mathematical tables,”” *“ The place of a
small library in the national network,” etc. These references have to be weeded
out manually, but one has to be careful not to assume offhand, for example,
that ““ The enumeration of trees by weight and diameter”” deals with forestry.
Second, the system will fail to retrieve documents that are relevant, but do
not have one of the given key words in their titles, e.g., *“The four-color
problem.”

Both types of shortcomings can be dealt with reasonably effectively. One
takes a dictionary of concepts, known as a thesaurus, and selects terms from
this dictionary that will describe a particular document. They become the
index terms associated with the document; their selection is the process of
indexing. The user of the system selects words or phrases from the same
thesaurus to define the categories of documents that he wants retrieved.
These we shall call search terms. The number of elements in the intersection
of the sets of index and search terms determines the relevance of a document.
Both index and search terms can be weighted, and the system can use the
weights to evaluate a finer measure of relevance of a document with respect
to the search request. The retrieved documents are graded in order of rele-
vance. Under this scheme * The four-color problem”” and * The enumeration
of trees by weight and diameter” are assigned high relevance; the other titles
quoted above sink to the bottom of the list. The system is still semiautomatic
in that the selection of index terms has to be done manually, or, at best,
semiautomatically.

This has been an exceedingly naive account of the retrieval problem.
Continuing in the same naive vein, let us take a superficial look at the struc-
ture of a thesaurus. The semantic value of a word is unknown unless we
have some idea how this word is related to other words. A concept is not a
single word (or phrase), but a word and other words related to it, words that
are, in turn, related to the words to which the first word is related, and so on,
to any suitable distance. A thesaurus is a dictionary in which related words
are grouped into clusters. Consider Rogetr’s Thesaurus, which contains
1000 clusters, each cluster defining a particular concept. For example,
cluster No. 792 defines the concept thief; 65 terms are listed in this cluster.
A conventional thesaurus does not, however, indicate the strength of the
relation between two words in a cluster. The cluster of our example contains
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the terms fence and viking. It is hard to see any relation between the terms,
let alone define its strength, until other terms of the cluster are used to set up
a relational chain fence —receiver of stolen goods—thief - robber—pirate—
viking. The length of the chain between two terms can be used as a measure
of the relatedness between the terms. This suggests that a graph gives a
more effective representation of a concept than an unstructured list. The
concept graphs can be combined into a single graph representing the entire
thesaurus; it is connected because each term that belongs to more than one
cluster is still represented by a single node. The term fence alone, because it
occurs in 6 of the 1000 clusters, connects 6 concept graphs.

Let us now take a new approach to the retrieval problem. With an effec-
tively constructed thesaurus it is possible to permit the user to supply only a
few search terms. The system then uses the thesaurus to generate a larger
internal set for the comparisons with index sets of documents. The internal
set could be the union of clusters in which more than one or two, say, of the
supplied terms have been found. If the thesaurus defines few concepts, as is
the case with Roget’s Thesaurus, the concepts are very broad, and the internal
set is much too large. Moreover, to conserve storage, redundancy should
be eliminated by making the entire thesaurus a single graph, but then the
individual concepts lose their identity. In this single thesaurus graph a pro-
cedure for constructing the internal set could be based on the following, or
some similar, definition: The internal set contains all the search terms sup-
plied, and every term that is joined by an edge to at least four other terms in
the set, of which at least two must belong to the initial search set. Figure 8.5
shows a subgraph in which the term arc is represented in three conceptual
senses (as in arc light, arc in a network, arc of a circle). In terms of the search
set {arc, path} and this graph, the only internal set consistent with the
definition is {arc, graph, network, circuit, path}. The probability that all

light globe atlas map

circle arc graph chart road

electricity

Figure 8.5
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relevant documents will be retrieved is much greater with this set than with
the original set {arc, path}.

Another graph that can be of interest in the retrieval of documents is the
citation digraph {D, R), where D is a set of documents and R is the set
{{d;, d;>|d;citesd;}. If we have already selected a subset X of D that
consists of relevant documents, and we have a document d, ¢ X, then the
number of arcs in the intersection Ry N Ry, (see D.3.6) is the number of
documents in X that cite the document 4, . This number can be used in the
evaluation of the relevance of d, to the search request.

A further use of the citation digraph is in establishing the absolute impor-
tance of a document. Libraries are becoming very short of space. It is, there-
fore, important to determine the importance of documentsin their collections.
Documents that are in little demand can be cleared from the open shelves to
give readier access to those for which a strong demand exists. One measure
of the importance of a document d; is the number of other documents that
cite it, directly or indirectly. In terms of the citation digraph this is the num-
ber of nodes from which node &, is reachable.

Notes

For further study of flow problems one can turn to Chapter 7 of [Bu65],
Part II of [Be62], and the classic [Fo62]. Our formulation of the Ford-
Fulkerson algorithm (A.8.1) follows closely the exposition given in [Be64a].
Our proof of Th.8.3 derives from that given in [Ha65b].

Sussenguth’s matching procedure for chemical structures is described in
[Sa64] and, in greater detail, in [Su65]. References to chemical notations,
and to the part they play in the retrieval of chemical information can be
found in [Ta67]. One should consult current volumes of the Annual Review of
Information Science and Technology for up-to-date surveys of various aspects
of mechanized information retrieval. Salton’s SMART system is perhaps the
most advanced operational system for experimentation with automated
information retrieval procedures. Salton’s textbook on information retrieval
[Sa68a] describes retrieval principles in relation to this existing system. For
this reason it has a sustained vitality that warrants a very warm recommenda-
tion of the book. The graph of our Figure 8.5 relates words in the simplest
possible way. For an indication of further possibilities inherent in this
approach one should study the sophisticated relational scheme devised by
Quillian, see [Qu67]. Quillian’s work has influenced Simmons and his co-
workers in the design of their question answering system Synthex —see
[Si66b, Si66¢], and [Ca67] for an amusing illustration of the lack of perfection
that systems of this type still tend to exhibit.
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Exercises

8.1 (a) Interpret the networks of Figures 3.6 and 6.8 as capacitated trans-
portation networks and find, respectively, the value of maximal flow from
node ¢ to node fand from node 1 to node 8.

8.2 (a) If all capacities in the network of Figure 8.1 are (i) doubled, and
(ii) halved, what is the value of the maximal flow from node 1 to node 8?

8.3 (a) Ifinthe network of Figure 8.1 we change csg to 3, then the value of
the maximal flow can be increased to 7 by altering the capacity of any one of
two other arcs. Identify these arcs.

8.4 (a) In the network of Figure 8.1 let nodes 1 and 2 be two sources and
node 8 the sink. Find the maximal fiow from the sources to the sink.

8.5 (a) One generalization of the capacitated network is a network in
which (some or all) nodes are capacitated as well. For example, although the
sum of capacities of arcs terminating at a node may be 15, say, and the sum of
capacities of arcs originating from this node may also be 15, the total flow
through the node may be restricted to values not exceeding 12, say. A node-
capacitated network may be converted to an equivalent network in which
arcs alone are capacitated by the addition of dummy nodes and arcs. De-
scribe the conversion process.

8.6 (a) Committees of an association are composed as follows:
A={a,b,d}y, B=1{b,d eg}, C={c,d}, D=1{ab,c}, E={a,lfg},
F=1{cd g}, G={a, b, c,f}. Show that it is possible to choose reporters
from all committees in such a way that no individual reports on more than
one committee.

8.7 (a) A Department of Computer Science wants to give the following
courses in Spring Term: CS1, CS12, CS13, CS248, C5293, CS31, CS328.
Faculty members are qualified to teach the courses as follows:

Brown CS1, CS13, CS248;
Douglas CS1, CS831;

Evans CS1, CS8248, CS31;
Harris CS12, CS8293;

Jones CS1, CS13;

Kelly CS12, CS293, CS328;
Smith CSl1, CS13, CS31.

Show that the department cannot give all seven courses if each faculty mem-
ber is to teach only one course.
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8.8 (b) Graph S of Figure 8.6 is a subgraph of Graph G. Use the matching
procedures described in Section 8b to prove this. (The leftmost line in the
drawing of S, which is not an edge, serves to indicate the degree of the node
to the right of it.)

O
C
I - C—C—C—N—C—C
—C—N\ |
C C O
Subgraph § Graph G

Figure 8.6

8.9 (b) (nontrivial project) Implement Sussenguth’s algorithm for match-
ing chemical structures as a computer program.



CHAPTER 9

Arrays

9a. Storage Media and Their Properties

In this section, which serves for an introduction to the remainder of the
book, we shall endeavor to come to a limited understanding of some storage
media used in modern computers. It is not our purpose to delve into the
physical principles underlying the different storage mechanisms; we shall
consider only those properties that may have direct relevance to programming.

The most important storage unit in a modern computer is its magnetic
core store. The cores, each of which stores one bit, are arranged in planes
with 32, or 64, or 128, or 256 cores in both directions (the numbers are
powers of 2 to enable full use to be made of the bits assigned to specification
of addresses in machine language commands), and the planes are stacked
one on top of the other. Usually the number of cores in a plane determines
the number of words in the memory unit, and the number of planes deter-
mines the length of a word. For example, a 128 by 128 unit 36 planes deep
stores 16 384 (or 16 K for short) 36-bit words. The time of access to a word,
called the cycle time, is the time required to enter an address in the
address register, read the information from the selected location, and, if
the reading operation is destructive, write the information back into the same
location. The IBM 360/50 is a typical modern computer of average size.
Depending on the model, the number of 32-bit words in its core memory
can vary from 16K to 131K; the cycle time is 2 usec. The important
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feature of core memory is that access time is independent of the location of
a word. The time to access 100 words stored sequentially is the same as the
time to access 100 words that have their addresses selected at random. For
this reason core memory is called a random access memory.

Sometimes core storage is arranged on two levels. There is a main store
and a slower mass or bulk store. The fast main store of the IBM 360/50 can
be supplemented with a bulk store having a cycle time of 8 usec and a capacity
of 262K or 524K 32-bit words. Access is still fully random, and a word in the
mass core store functions exactly like a word in the main store. Therefore,
the mass store is simply an extension of the main store. A different approach
is taken by CDC with their 6000 series machines, which have a cycle time of
1 usec and main core memory ranging in size from 32K to 131K 60-bit words.
Here information has to be transferred from the bulk store into the main
store before it can be operated on, but transfer is very fast. Most efficient
transfer is in blocks of 8 60-bit words, and transfer rates of 0.1 to 0.8 usec
for a word can be achieved (these figures depend on the sizes of the main
store and the bulk store—the latter can vary in size from 126K to 2015K
words).

The accessing mechanism of a magnetic core store is electronic. This
means that the storage unit and the components that give access to it remain
stationary during reading and writing. In the other storage devices that we
shall consider the storage medium is a thin surface layer of magnetic material.
Information passes between the computer proper and the storage device
through a read-write head. Access to a particular region of the surface is
gained by bringing the head in near contact with the region by mechanical
means. Consequently access times for magnetic surface storage are longer
than for core storage.

A magnetic disk store consists of a number of disks, their flat surfaces
coated with magnetic material, in continuous rotation about an axis through
their centers. The surfaces are divided into annular regions, called tracks.
Access to a location in a disk store involves selection of disk, track, and the
bit position at which the location starts. Some early disk stores had a single
head, which could be a long distance from where it was needed. Nowadays
there is at least one head for every disk; there may even be several heads
permanently assigned to the one disk to reduce the amount of mechanical
motion. The head nearest to the selected track is positioned over the track,
and data transfer occurs when the motion of the disk carries the appropriate
section of the track past the head. For our example we take the CDC 808
disk store, designed for use in CDC 6000 series computer systems. It provides
storage for 13 x 10° 60-bit words on 128 disk surfaces. The head positioning
time varies from 20 to 110 msec. There is also a latency time to consider.
This is the time one has to wait for the storage location to move up to the
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head after the head is in position. The maximum latency time is the time for
one revolution of the disk. For the 808 this is 50.8 msec. In our example a
head gives access to six adjacent tracks at once, and the maximal transfer
rate of 168K words per sec is achieved when four heads transfer information
at once.

Both access times and costs of magnetic drums are intermediate to those of
bulk core and disk stores. The magnetic material is carried by the curved
surface of a rigid rotating cylinder. The geometry permits more reading
heads to be attached to a drum than to a disk of equivalent capacity, and
more heads can be made to transmit information simultaneously. Hence
waiting times and transfer rates are better than for disk stores. A typical
drum (CDC 863) has a capacity of 4 x 10° 6-bit characters; the average
waiting time is 17 msec, and a maximal transfer rate of 2 x 10° characters
per sec can be achieved. Some early computers, e.g., the IBM 650, had drums
for their main stores, and were called “drum computers.” Those drums,
however, were very slow by modern standards. Because disks and drums are
provided with addressing mechanisms they are sometimes called random
access devices, but they are not as “random” as core memory.

The storage medium of a magnetic tape is supported by a flexible ribbon,
up to about 2400 ft long. A typical tape unit, the IBM 729VI, moves tape at
112.5 in. per sec, and a 1 in. strip of tape can accommodate 800 rows of infor-
mation, each row storing a 6-bit character. A maximum of 10 x 10° characters
could be stored on a reel 2400 ft long, and the entire reel could be read in
about 4 min. However, the maximal capacity cannot be achieved because
information is stored in blocks, and gaps some 2 inches long must be left
between blocks to allow for stopping and starting between blocks. The com-
bined stopping and starting time may be of the order of 5 msec. With large
blocks, comprising, for example, 2000 36-bit words, the effect of the gaps on
either capacity or transfer rate is barely noticeable (5%, decrease in capacity,
and a similar decrease in the maximal transfer rate of 15K words per sec).

In contrast to disks and drums, magnetic tape devices have no addressing
mechanism. One simply sets the tape in motion and identifies a required
block by counting the blocks that pass the reading head, or by reading
identifying data stored within the blocks themselves. In either case this is a
matter of programming, and the access time is determined by the sequence in
which the blocks were originally stored on the tape. For this reason magnetic
tape storage is called sequential storage. If data have to be accessed in more
or less random manner, latency times of the order of minutes make tapes
completely useless, but they serve very well as an inexpensive medium for
permanent storage of bulky records and for some types of temporary storage.

A multiprogramming system processes several programs at the same time,
and each of these programs may individually require more storage space than
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the main core store can provide. The users of the system certainly cannot be
expected to cope with the intricate details of transfers between the main
store and auxiliary storage devices in this environment, and the transfers must
be scheduled and carried out by the system. There is, therefore, no obstacle
to improving the well-being of the user by letting him assume that he has the
computer all to himself, and that the main store at his disposal is nearly
unlimited in size. Multiprogramming systems support this illusion by some
variant of the paging concept. The entire memory of the computer is divided
into pages of, say, 512 words, and the programmer can use a large number of
these pages. The pages go in and out of core memory as required, but there
cannot be too much of a delay between the request for a page and its arrival
in core storage. The illusion would soon be shattered if magnetic tapes were
used for the auxiliary memory.

9b. Storage of Arrays

Consider a function f with domain 4, x A, x -+ x 4,. Let [4,| =n,,
and denote the members of A4, by a1, 442, ..., a4,,. The 1,2,...,n, are
subscripts or indices, and we denote f(ay;, a5, ..., a,,) in terms of indices
by f;.... Take a very simple case, a function f defined on 4 x B, where
|A| =n and |B| = m. This function can be represented by an n x m matrix
of its values, i.e., by an array of nm ““ boxes” arranged in the plane:

fll f12 flm
f21 f22 f2m
Jao Soz oo Som

The indices determine the position of the box that stores f;;; we find it at the
intersection of the ith row and the jth column. The function with values
fij.w has nyn, --+n, members, and it is represented by a f-dimensional
array in t-space. The box that contains f;;...,, in this space is found at the
intersection of vectors defined by subscripts i, j, ..., w parallel to the axes of
the space.

Fortran does permit us to refer to f;; by the name F(I,J), but all con-
ventional computers still require a multidimensional array to be stored as a
linear sequence of elements. The compiler must, therefore, contain a pro-
cedure that computes the actual address of an element in an array from its
specification in terms of indices. The mapping from the multidimensional
array to the linear array is not unique; here we shall quite arbitrarily assume
that elements of the multidimensional array are stored in lexicographic
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order of their indices, e.g., fi11> 1125 -+ -s Sitnss J1215 -+ o> Sainans - W€ Want a
storage mapping function, loc, defined on the indices as follows:

loc(i, j, ..., wy=loc(1,1, ..., )+ co+cii+cyj+ - +cw,

where the ¢,, ¢y, ..., ¢, are constants. The problem is to find the constants.
To see how it is done let us consider an array A, dimensioned (10, 15, 7),
where we want the address of element A(5,7,4). This element comes
fourth in the seventh row of the fifth plane of the array; i.e., it is preceded
by 4 planes, 6 rows, and 3 elements. But a plane contains 15 x 7 elements,
and a row 7 elements. Hence

loc(5,7,4) =loc(1,1,1) + 4(15 x 7) + 6(7) + 3,
and for three-dimensional arrays in general we have

loc(i, j, k) =loc(1, 1, 1) + nony(i — D+ 0, G- 1)+ k= 1)
=loc(1, 1, 1) — (nyny + ny + 1) + nynzi + ny j + k.

It is now easy to see that in the general case of a t-dimensional array

Co ==l ),
Cy =Ny v Ny,

C2 =hz:-ny,

Coy = Ny,

¢, =1.

The part played by array bounds n, n,, ..., n, in storage mapping is one
reason why most programming languages that provide subscripted variables
require the actual dimensions of arrays to be declared. Fortran permits up to
three dimensions; in Algol the number of dimensions is unlimited, but imple-
menters of the language must, of course, set some limit on this number. Some
compilers, e.g., the Watfor Fortran compiler, generate a code that tests
during execution of a program whether a reference to a subscripted variable
lies outside the declared array bounds. If it does, and were to remain un-
detected, information might get written into locations that house other data
or even the program itself, and the result would be a rather erratic behavior
of the program. The increase in execution time due to these tests is well
worth it in a compiler that is used mainly for program testing.

The standard higher-level languages (Fortran, Algol, PL/I) require all
arrays to have a rectangular structure. Very often this results in considerable
waste of storage space. For example, if a matrix A is upper triangular, i.e.,
if a;; = 0 whenever j < i, then only elements with j = i need to be stored.
Similarly, nearly half the information contained in a symmetric matrix A is
redundant because a;; = a;;, and again only the upper (or lower) triangle of
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the values has to be stored. Another example is the tridiagonal matrix in
which only the elements a;; such that j = i or j = i+ I are nonzero:

all alz 0 0 0
ay; G, a;; 0 0

0 a3, a3 az O

Nonzero elements of an upper triangular matrix A, dimensioned (N, N),
can be stored in vector UPT of dimension M = N*(N+1) /2 as follows:

UPT(1) UPT(2) UPT(3) UPT(4) ... UPT(M)
A(1,1) A(1,2) A(2,2) A(1,3) ... A(N,N)
Element A(I,J) is in location UPT(K), where K = J*(J-1)/2 + I. A
tridiagonal matrix T, dimensioned (N,N), can be stored in vector TRD of

dimension M = 3*N - 2 as follows:

TRD(1) TRD(2) TRD(3) TRD(4) TRD(5) ... TRD(M)
T(1,1) T(2,1) T(1,2) T(2,2) T(2,3) ... T(N,N)
Element T(I,J) is in location TRD(K), where K = 2«J + I - 2.

Alternatively, a tridiagonal matrix can be stored in three vectors:
[T(1,2) T(2,3) T(3,4) ... T(N-1,N)]
[T(1,1) T(2,2) T(3,3) T(4,4) ... T(N,N)]
[T(2,1) T(3,2) T(4,3) ... T(N,N-1)]
Two upper triangular matrices A and B, both dimensioned (4, 4), say, can
be stored as a single matrix AWITHB, dimensioned (5, 4), as follows:

CA(1,1) A(1,2) A(1,3) A(1,4)]
B(1,1) A(2,2) A(2,3) A(2,4)
AWITHB =|B(1,2) B(2,2) A(3,3) A(3,4)
B(1,3) B(2,3) B(3,3) A(4,4)
| B(1,4) B(2,4) B(3,4) B(4,4)J
Then A(I,J) = AWITHB(I,J), muBu,n AWITHB(J+1,1).

9¢. Sparse Matrices

In Example 3 of D.3.4 we represented a matrix X by a network. The net-
work can be represented, in turn, by a different matrix, which we call g (to
make the example more interesting we have added elements x5, = 7 and

Xsq = 3):
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11 2 2 3 4 4 5555
Q=1 2 1 3 51 4 1 3 4 5.
4 324 -1 8 -2 7132

The first two elements of a column in Q define an arc, the third is the weight
associated with the arc, or, in the terminology of arrays, a column stores the
indices and the value of a nonzero element of X. Generalizing, let a matrix X
have n rows and m columns, and let k be the number of nonzero elements in
X. Normally the matrix would be stored in nm locations, but when 3k <nm,
a matrix such as Q gives a more economical representation. We call a matrix
with many zero elements a sparse matrix. Unfortunately, if we had to multiply
two sparse matrices stored in this fashion, the representation would prove
rather awkward. It is reasonably easy to find all elements belonging to a
given row of X because they occupy contiguous columns in Q, but the ele-
ments belonging to a given column are scattered throughout Q.

Therefore, instead of the representation of Figure 3.7, we shall consider
a digraph in which there is a node for every nonzero element of the sparse
matrix, and triples {row number, column number, value) are assigned as
labels to the nodes. All nonzero elements belonging to the same row or
column in the matrix are represented by adjoining nodes on a path in the
digraph. Figure 9.1 shows the matrix of our example under this repre-
sentation.

A, 1,4 1,2,3>

2,1,2> 2,3,4>
-0
3,5 1>
4,1,8) 4,4, 2>
\
(G )Y (5,3, ) {(5,4,3) {5,5,2>
& > b 3
Figure 9.1

Now we can represent matrix X (or the digraph of Figure 9.1) by a
4 x 11 matrix QQ in which the first three rows are a copy of , but a fourth
row contains pointers linking elements that belong to the same column in X:
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1 1 2 2 3 4 4 55 55

1 213 51 4 1 3 45
QQ = .

4 324 -1 8 -2 71 3 2

306 9 11 8 10 0 0 0 0O

We shall call this the four-row representation of the matrix. Let us look at
column 1 of X. Elements that belong to this column are identified by a 1 in
the second row of QQ. They are stored in columns 1, 3, 6, and 8 of QQ, and the
entries in the fourth row of QQ do send us from the first column to the third,
then to the sixth, and finally to the eighth column. The zero in QQ (4, 8)
indicates that the element stored in QQ(3, 8) is the last nonzero element
belonging to column 1 of X. We supplement QQ with two “entry” vectors
NC and NR:

3]

NC=[1 2 4 7
356 8 12].

NR =1
The value in NC(J) points to the column of QQ that contains the first non-
zero element of column J in X; if NC(J) = O, then all elements of column J
are zero. NR(I) contains the number of the column in QQ that stores the
first nonzero element of row I in X and, since NR({I+1) contains a pointer
to the first nonzero element of row I+1, there are NR(I+1l) - NR(I)
contiguous columns storing elements of row I. If all elements of row I are
zero, then NR(I) = NR(I+1). This convention makes it necessary for
NR to contain one more element than there are rows in X; this last element
contains a number that is 1 greater than the number of columns in QQ.

The normal procedure for forming a matrix product ¢ = AB is
DIMENSION A(N,K), B(K,M), C(N,M)

DO &

I =1,N
DO 5 J =1,M
C(I,J) = 0.
DO 5 L =1,K
5 C(I,J) =C(I,J) + A(I,L)*B(L,J)

We shall now give a program for finding ¢ = AB when matrices A and B
have four-row representation.

ALGORITHM 9.1 Formation of the matrix product C = A4B. The N x K
matrix A with KA nonzero elements is specified by arrays QA, NCA, NRA.
The K x M matrix B with KB nonzero elements is specified by B, NCB,
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NRB. Matrix C has the normal representation. Values of NP and KP are
greater by 1 than those of N and K, respectively. For convenience elements
of the matrices are assumed integers.

SUBROUTINE ABYB (QA,NCA,NRA,QB,NCB,NRB,C,KA,KB,
1 N,NP,K,KP,M)
INTEGER QA(4,KA), QB(4,KB), C(N,M)
DIMENSION NCA(K), NCB(M), NRA(NP), NRB(KP)
DO 50 I = 1,N
DO 10 J = 1,M
10 C(I,J) =0
C TEST FOR EMPTY ROW IN A
IF (NRA(I).EQ.NRA(I+1)) GO TO 50
DO 40 J = 1,M
KANOW = NRA(I)
KBNOW = NCB(J)
C TEST FOR EXHAUSTED COLUMN IN B OR ROW IN A
15 IF (KBNOW.EQ.O.OR.KANOW.EQ.NRA(I+1)) GO TO 40
C FIND K SUCH THAT A(I,K), B(K,J) BOTH NONZERO
IF (QA(2,KANOW)—-QB(1,KBNOW)) 20,25,30
20 KANOW = KANOW + 1
GO TO 15
25 C(I,J) = C(I,J) + QA(3,KANOW)*QB(3,KBNOW)
KANOW = KANOW + 1
30 KBNOW = QB(4,KBNOW)
GO TO 15
40 CONTINUE
50 CONTINUE
RETURN
END

The four-row representation of matrices cannot be implemented by
normal means when we lack a prior knowledge of the number of nonzero
elements in a matrix. In the next section we shall develop techniques that will
enable us to store arrays without dimensioning them.

9d. Storage Allocation at Execution Time

Fortran requires constant array bounds to be specified before execution
of a program. Adjustable dimensions are permitted in subprograms, but the
actual arrays that take the place of the dummy “place holders” during
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execution of a subprogram must have been given constant dimensions. For
example, if the program contains the statement

CALL SUB (X,5)
and the definition of SUB starts with

SUBROUTINE SUB (ARRAY,N)
DIMENSION ARRAY(N,N)

then somewhere X must have been given constant bounds X(5,5) In
A.9.1 matrix C was stored in the conventional form because we did not have
the information that would have enabled us to declare a four-row array to
take this matrix. In Algol and PL/I programs array bounds can be specified
and storage allocated to the arrays during execution of a program, but this
facility still does not solve our problem. We want to avoid declaring some
arrays altogether.

One way of solving the problem is to store all arrays of unknown dimen-
sions in a large vector, and to use a second array for bookkeeping. For ex-
ample, if we declare the arrays by

DIMENSION STORE(10000), INFO(100,2)

then we have 10,000 locations reserved for storing arrays, and the 100 rows
of INFO can be used to store information about 100 arrays at a time. We do
not refer to an array by a name, but by the number K of the row in INFO that
contains information pertaining to it. INFO (K, 1) contains the subscript of
the element of STORE at which the stored array begins, and INFO (K, 2)
contains its size. Further, there is a location INDEX, which contains a pointer
to the first element in STORE that has not been used up.

To see how the scheme works assume that two arrays are to be read from
cards and put into STORE in the conventional representation of matrices,
that their product is to be formed, also in STORE, and that finally the product
is to be converted to the four-row representation. We assume that the first
card of the input contains two numbers, which specify the number of rows
and columns, respectively, of the first matrix, and that this card is followed
by cards containing the elements of the matrix punched in lexicographic order
of the indices. This set of cards is followed by a second set that defines the
second matrix. We have to assume that the number of columns in the first
matrix is equal to the number of rows in the second (otherwise the product
would be undefined). The program that follows reads the two matrices and
forms their product, but the conversion to the four-row representation is left
as an exercise (Exercise 9.9).
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COMMON INDEX, STORE(10000), INFO(100,2)

DIMENSION NSTORE(10000)

EQUIVALENCE (STORE(1), NSTORE(1))
THE EQUIVALENCE PERMITS US TO REFER TO THE STORAGE
ARRAY BY TWO NAMES. THIS GETS AROUND THE
DIFFICULTY CREATED BY THE FORTRAN NAMING
CONVENTION FOR INTEGERS AND REALS.

INDEX = 1

CALL READER (N,K,1)

CALL READER (K,M,2)

Qoo

INFO(3,1) = INDEX
INFO(3,2) = NxM
DO 10 I =1,N
DO 10 J = 1,M
INOW = INFO(1,1) + (I-1)4K
JNOW = INFO(2,1) + (J-1)
STORE (INDEX) = O.
DO 5 L =1,K

)

STORE ( INDEX STORE ( INDEX)
X + STORE( INOW)*STORE (JNOW)
INOW = INOW + 1
5 JNOW = JNOW + M
10 INDEX = INDEX + 1

(Conversion to four-row representation)

SUBROUTINE READER (I,J,K)
COMMON INDEX, STORE(10000), INF0(100,2)
READ (5 100) I,J

INFO(K,1) = INDEX
INFO(K,2) = IxJ
IHI — INDEX + INFO(K,2) - 1

READ (5,101) (STORE(II), II = INDEX, IHI)
INDEX = IHI + 1
RETURN
100 FORMAT (2I5)
101 FORMAT (8F10.0)
END

Assume that N=10, K=5, M=20, and that there are 15 nonzero ele-
ments in the product matrix. Then, after the four-row representation has been
found, STORE and INFO appear as shown in Figure 9.2.
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STORE

Ist matrix

2nd matrix

Product
©

NCC
NRC

QC

Figure 9.2

Assume now that we no longer require the first three matrices in STORE.
The storage space occupied by these arrays can be used again. We leave as an
exercise (Exercise 9.10) the writing of the program that deletes the three
arrays and shifts the remaining arrays to the beginning of STORE, Figure 9.3
shows the appearance of the storage regions after the deletions.

The dynamic storage allocation scheme described above is too specific.
We would prefer to relegate much of the processing to general subprograms.
For example, we would like to have a subroutine that compacts STORE by
deleting all arrays that are no longer required. This subroutine could be
called by other routines whenever the storage capacity of STORE is exceeded.
A second unsatisfactory feature of the present scheme is that arrays are
specified by row numbers of INFO instead of mnemonic names.

STORE INFO INDEX

Figure 9.3
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Let us analyze the compaction problem. Assume that a third column is
added to INFO, and that INFO(k, 3) contains | if array k is still required, —1
if it is no longer in use, and O if there is no such array. The programmer has
the responsibility of putting — 1 in the appropriate location in INFO when
he has finished with an array. The compaction subroutine, which we shall call
GRBAGE, can then compact STORE by deleting arrays marked — 1, moving
all arrays marked 1 to the head of the store, and making appropriate changes
in INFO. Looking again at the situation depicted in Figure 9.3, assume that a
new array has been read into STORE. The first row of INFO was empty, and
we assume that the information pertaining to the new array has been stored
there. The first row of INFO then corresponds to the fourth array in STORE.
But, if the order of arrays in STORE differs from the order in which informa-
tion about them is stored in INFO, we are in serious difficulties with the design
of GRBAGE; the compacting procedure cannot then simply go down INFO,
compacting as it moves from row to row. The easiest solution is to require
that each row of INFO be used only once, and that one cannot use row I+1
before row I has been used. Under this scheme information about the new
array would be put into row 7 -of INFO. Another solution is for GRBAGE
to shift rows of INFO as well, so that the position of an array in STORE
always agrees with the number of the row in INFO that contains informa-
tion about it. But how will the main program and the other routines know
what changes have been made to INFO?

We take the second alternative. However, instead of worrying how to pass
information about changes made to INFO out of the subroutine, we change
the whole scheme so that the main program is no longer concerned with INFO.
This is done by introducing mnemonic names for the dynamically stored
arrays, and specifying all operations on these arrays by means of subpro-
grams. The main program then becomes just a sequence of calls to the sub-
programs. We shall use integer variables for naming arrays in STORE. If
variable NN refers to an array, then it is made to contain the number of the
row in INFO that contains information about this array. INFO is augmented
with yet another column; this column contains references to the names of
arrays. Assume that array NN is the 27th array in STORE. Then the location
NN contains the value 27, and INFO (27, 4) contains a reference to location
NN. Now assume that the markers in INFO(25,3) and INFO(26,3) are
both —1, and that GRBAGE is called. If all the other 24 arrays preceding NN
are still in use, then GRBAGE makes NN the 25th array in STORE, transfers
contents of the 27th row of INFO to the 25th row, and changes the value in
location NN to 25. Establishing access to variable NN is the trickiest part in
the design of the scheme because Fortran does not provide the address of NN.
This part of the problem is solved by asking the programmer to put names
of all arrays that at some time will occupy STORE into COMMON, as in the
following example:
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INTEGER A, B, C, XA, XB, ......
COMMON A, B, C, N1, N2, N3, XA, XB, ..... .

Let us now write an initiating routine START, which is to be called by the
main program before anything else is done:

SUBROUTINE START

COMMON NAMES (250)

COMMON /INTERN/INDEX, INFROW, STORE (10000),
X INFO(100,4)
1,250

INFROW = 1
RETURN
END

Variable N3 has the same location as NAMES ( 6), and, after return from
START, this location contains the value 6. Straight after the call to START
we may decide to make a call to a subroutine that reads in an array from
cards. Assume that the array has size 50, and that we have decided to call it
N3. Then the input routine puts (1, 50, 1, 6) into the first row of INFO and
changes the 6 in NAMES (6) to 1. After N3 has been stored INDEX contains
the value 51, and INFROW, which points to the row of INFO that is to be used
next, contains 2. If next we read matrix N1 (size 64) from cards, the second
row of INFO is made (51, 64, 1, 4), and NAMES (4) receives the value 2.
INDEX and INFROW become 115 and 3, respectively. Taking this example
still further, indicate that array N3 is not to be saved by making INFO (N3, 3)
equal to —1, and then call GRBAGE. This subroutine takes the 6 from
INFO(1,4) and restores it to NAMES (6); after this the name N3 may be
used to refer to another array. Then it shifts array N1 to locations STORE (1)
to STORE(64), sets INDEX equal to 65 and INFROW equal to 2, puts
(51, 64, 1, 4) into the first row of INFO, clears the second row to zero, and
changes the 2 in NAMES (4) to 1.

An important consideration in the design of the system is what to do with
dimensions of arrays. They could be stored with the arrays themselves—
the block occupied by an array in STORE then contains several locations
additional to those that store the elements of the array; these locations con-
tain the dimensions of the array. In what follows we shall assume that this
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course has been taken. Of course, some implementers may prefer to transmit
dimensions in argument lists of calls. The processing routines are then sim-
pler, and this may outweigh the inconvenience of having to clutter up argu-
ment lists with dimension data.

For our final example we assume that the calls

CALL CONVRT (C,C4)
NUMBER = KOUNT (C4)
CALL DELETE (C)

convert a matrix C to its four-row representation C4, determine the number of
nonzero elements in the matrix, and indicate that C need not be saved after
this. Function KOUNT and subroutine DELETE are simply

FUNCTION KOUNT(NNN)
COMMON/INTERN/INDEX, INFROW, STORE(10000),

X INFO (100, 4)
KOUNT = INFO(NNN,2)/4
RETURN
END

SUBROUTINE DELETE (NNN)
COMMON/INTERN/INDEX, INFROW, STORE(10000),

X INFO (100, 4)
INFO(NNN,3) = -1

RETURN

END

GRBAGE has to be called whenever the value in INDEX exceeds 10,000, or
the value in INFROW exceeds 100. Therefore, before a start is made on the
actual conversion, subroutine CONVRT calls GRBAGE if INFROW exceeds 100:

IF (INFROW.GT.100) CALL GRBAGE
IF (INFROW.GT.100) GO TO 111

111 WRITE (6,100)
CALL EXIT
100 FORMAT(30H TOO MANY ARRAYS — EXIT CALLED)

Assume that we build up the final value of INDEX by adding 4 whenever a non-
zero element is transferred from C to C4. If the value exceeds 10,000, then
one calls GRBAGE, tests INDEX again and terminates if it still exceeds 10,000,
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adjusts some parameters (C4 has certainly been shifted to a new region in
STORE, and C may also have been shifted), and resumes the conversion pro-
cess. It is probably more convenient to have the error exits in GRBAGE itself.

This sketchy introduction to the implementation of dynamic storage
allocation facilities in Fortran has taken us from a relatively simple technique
to a complex system of subprograms. We have given only a few examples of
the subprograms that a complete system would contain. Although the system
can be written entirely in Fortran, and the calls to the subprograms are
Fortran statements, we have, in effect, a new programming language. The
system extends the power of Fortran by giving a non-Fortran interpretation
to the variables that refer to arrays in STORE. In Fortran I, J, and K are
integer variables, and K = I + J is a meaningful statement. If, however,
we use I, J, and K to represent dynamically stored arrays, then the variables
are no longer integer variables in the usual sense (K = I + J is then
meaningless). The powerful technique for creating new programming lan-
guages by assigning new interpretations to certain constituents of an existing
language is known as embedding; we shall discuss the technique further in
Section 12c.

Calls to subprograms are the statements of our new language; the lan-
guage is, in fact, defined by the subprograms. Once the representation of data
and the mechanism for access to the data have been decided on, and a few
basic routines that implement the access mechanism have been written, one
is at liberty to write as few or as many additional subprograms as one wishes.
Even a fairly complex system of some 30 subprograms should not take an
experienced programmer more than a few days to write. It is a simple matter
to add new facilities; one simply writes a few new subprograms.

Notes

Apart from the highly technical [Ri67] (with a bibliography of some 1000
entries), I know of no book that I would be prepared to recommend for
reference on storage media and their properties. This is so because in the
rapidly advancing science and technology of computing the fastest changes
take place in the technology of storage devices. Consequently periodic
literature alone is capable of keeping up with the changes. Scientific American
carries an occasional survey article. Information on particular devices can be
found in Datamation, Computers and Automation, and in the “Products”
section of CACM.

Addressing of elements in multidimensional arrays is discussed in [He62,
Hi62b]. A compaction method for sparse arrays is given in [Ba63]. [Ga64]
contains an Algol procedure for the control of a system that changes array
sizes dynamically. A Fortran-embedded programming system that consti-
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tutes one solution of the dynamic storage allocation problem is described
in [Sa68b].

Exercises

9.1 (b) A Fortran array X is dimensioned (10, 10, 10). Assuming that
elements of arrays are stored in lexicographic order of their indices, find
displacements of the locations of X(5,6,7), X(10,9,8),and X(1,5,9)
relative to the location of X(1,1,1).

9.2 (b) In the definition of the storage mapping function we assumed that
every subscript has 1 for its lower bound. In Algol the lower bound of a
subscript can be any integer. Define the storage mapping function for this
general case.

9.3 (b) Assume that we have a computer in which the word size is 36 bits,
and that an array A of dimensions (L, M, N), which has all of its elements
belonging to {0, 1} is stored in a compact form, 36 elements to a word, in a
linear array LOGIC. LOGIC (1), LOGIC(2), LOGIC(3) contain the dimen-
sions, and the remaining words of LOGIC contain the elements of A. Assem-
bler language subprograms for storing and fetching elements of 4 can be
written, and these subprograms can be referenced by a Fortran program:

CALL STORE (NUMBER,LOGIC,I,J,K)
causes NUMBER to be stored as g;;,, and the function reference
NFETCH (LOGIC,I,J,K)

supplies the value of a4;;. Both these subprograms require a subroutine
PLACE, which, given arguments LOGIC, LDIM, I, J, K, where LDIMis
the dimension of LOGIC, returns the subscript of the element of LOGIC in
which g, is to be found, and its bit position. Write this subroutine in Fortran.
What should be stored in the first three words of LOGIC in preference to the
dimensions for more efficient performance of PLACE ?

9.4 (b) Given matrices

2

and B=
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write a program that reads the two matrices into a compact 5 x 4 array and
finds the matrix products AB and BA, which are also upper triangular
matrices, in two vectors (each of dimension 10).

9.5 (b) Apply the principle illustrated by Figure 5.17 to the design of a
storage scheme for arrays. Describe your scheme fully, and give a detailed
analysis, with reference to a particular computer with which you are familiar,
of its advantages and disadvantages as compared to a scheme based on the
storage mapping function.

9.6 (c) Give four-row representations, including the entry vectors, for
matrix X of Example 1 of D.3.12 and for matrix X* (see the example of
Th.3.6).

9.7 (c) Given four-row representations of matrices 4 and B, subroutine
ABYB of A.9.1 finds the product of the two matrices. Write similar routines
for finding

() the sum A4 + B,

(i) the transpose A’, where (a);; = aj;.
9.8 (¢) Given an N x M matrix MAT with K nonzero elements. Write a
subroutine that converts MAT to its four-row representation. The subroutine
starts as follows:

SUBROUTINE FORROW (MAT,N,M,MATFOR,K,NC,NR,NP)
DIMENSION MAT(N,M), MATFOR(4,K), NC(M), NR(NP)
/
9.9 (d) Incorporate the conversion procedure of Exercise 9.8 in the matrix
multiplication program of Section 9d.

9.10 (d) With reference to the storage scheme depicted in Figure 9.2,
write a subroutine that deletes the first K arrays stored in STORE, shifts all
remaining arrays to the head of STORE, and adjusts INFO and INDEX
accordingly.

9.11 (d) (major project) Write a set of subprograms to provide Fortran
with dynamic storage allocation facilities. (The proper design of the system
is more important than the coding of the routines.)
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Pushdown Stores, Lists and List Structures

10a. Pushdown Stores

Basically a pushdown store is a set of storage locations, which are initially
empty. As data are stored in the pushdown store, the store ““ remembers” the
order in which they were stored. When a datum is to be fetched from a con-
ventional store, a copy of the datum is actually moved. The datum itself
remains in the store and can be fetched again and again. In the case of a
pushdown store a fetch instruction moves a datum right out of the store. Only
one datum is accessible in a pushdown store at any one time; in the case of
a last in—first out (LIFO) store this is the most recently stored item.

We can picture a LIFO store as a stack of buttons on which information
is inscribed. LIFO stores are in fact very often called stacks. Putting a button
on an empty table constitutes the first storing operation in our illustration.
The next storing operation places a second button on top of the one already
on the table. Each subsequent storing operation increases the height of the
stack of buttons. To get a datum from the stack we must take the topmost
button, i.e., the one that was stored last. There is no direct access to the first
button stored; pulling it out would collapse the stack. The only way of getting
at this button is by removal of the buttons above it, one by one, until the last
button is exposed. Its removal leaves the stack empty. The term pushdown
store originates from a similar illustration. In some parts of the world bus

289
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conductors are provided with coin dispensers that operate as follows. The
dispenser is a hollow tube closed at the bottom and partly closed by a semi-
circular rim at the top. In an empty dispenser a disk is held against the rim
by a spiral spring occupying the entire tube. The dispenser is filled by pushing
coins in under the rim, thus pushing down the disk. The pressure of the spring
behind the disk holds the stack of coinsin place between therim at the top and
the disk at its bottom. A coin being pushed into the dispenser pushes down
the coins already there and becomes the topmost coin. In dispensing the top-
most coin is slid out from under the rim. Since it is at the top, the coin that
went in last comes out first. The remaining coins are pushed upward by the
spring and the coin that was immediately below the dispensed coin pops into
the topmost position.

One advantage that a stack has over a conventional store is that its user
does not have to worry about addresses. Only two instructions are needed:
a storing instruction, which we shall designate PUSH, and a fetching instruc-
tion to which we give the name IPOP. When stacks are considered in the
context of the theory of automata they have unlimited depth, but in practice
we must decide on a workable limit. Let us take 100 for the limit here.
Then an array, say N(1) --- N(100), can be set up as a stack simply
by providing a pointer, which we shall call IP, and by making sure that IP
points at all times to the topmost datum in the stack. Initially IP is given the
value zero. Instruction PUSH increments the value of IP and inserts a datum
in the location to which IP then points. Instruction IPOP fetches the item
to which IP points and then decrements IP. Figure 10.1 gives a trace of the
changes in the appearance of the array N during execution of a sequence of
PUSH and IPOP instructions. The appearance of the array and the value of
IP after execution of an instruction are given in the same row as the instruc-
tion. The contents of the stack are indicated by shading.

2
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Program | [N{1)[N(2)[N(3) ....N{100)
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It is very easy to set up a Fortran array as a working stack. All that is
needed is an initiating routine that sets IP to zero, and two routines that take
the functions of PUSH and IPOP, respectively.

999

100

C

999

100

SUBROUTINE SKOPEN
COMMON N(100), IP

IP =0
RETURN
END

SUBROUTINE PUSH (IN)
COMMON N(100), IP

IF (IP.EQ.100) GO TO 999

IP = IP + 1

N(IP) = IN

RETURN

WRITE (6,100)

CALL EXIT

FORMAT (1H1,28HSTACK OVERFLOW — EXIT CALLED)
END

FUNCTION IPOP (IT)

BOTH IPOP AND IT RETURN THE DATUM

COMMON N(100), IP
IF (IP.EQ.0) GO TO 999

IT = N(IP)

IPOP = IT

IP = IP - 1

RETURN

WRITE (6,100)

CALL EXIT

FORMAT (1H1, 29HSTACK UNDERFLOW — EXIT CALLED)
END

Note that the main program must have access to IP to enable it to test
the stack for emptiness. Access is through COMMON. Therefore, initiation can
be performed in the main program itself; i.e., we can make do without a
separate initiating routine.

Perhaps the simplest example of the use of the stack is the inversion of
the order of elements in a vector. Suppose that we are given an unknown non-
zero number of nonzero elements (< 100) in the low end of an array LOT,
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delimited by a zero value. The elements are to be stored in reverse order inthe
same array. The following sequence of Fortran statements will do the job:

DO 20 K = 1,100
IF (LOT(K).EQ.0) GO TO 25
20 CALL PUSH (LOT(K))
25 K=K -1
DO 30 J = 1,K
30 LOT(J) = IPOP (IT)

The order in which data go into the stack determines the order in which they
will come out, and this is the reverse of the input order. Therefore, the ease
with which the stack can be made to deal with the reversal problem should
cause no surprise. Indeed, all applications that involve the use of stacks are
concerned with change of order.

In another type of restricted access device, which can still be called a
pushdown store, data are pushed down at one end, but access to the stored
data is only from the other end of the store. This type of store has come to be
known as a queue. It is called also a first in—first out (FIFO) store. A Fortran
implementation of a queue is more difficult than the implementation of a
stack. Still more difficult to implement is a scheme in which storage and
access is at either end of the data area.

10b. Prefix, Postfix, and Infix Formulas

In Section 5b we showed how arithmetic expressions could be represented
by trees. We shall now deal with the compilation of arithmetic expressions.
The use of stacks in this context has achieved the distinction of a classic in
computer science. In Section 5b we described what is meant by a completely
parenthesized expression. For example, the Fortran statement

A = B*C + D#*(E-F)
becomes
(A=((B*C)+(D*(E-F))))

when completely parenthesized. The purpose of the parentheses is to avoid
having to specify a hierarchy of operations. At the other extreme we have
parenthesis-free notations. The above statement becomes

=A++BC+*D-EF
in preﬁx\natation (see Segtion 5b), or

ABC#DEF-#4=
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in postfix notation. Again the hierarchy of operations does not have to be
specified.

Let us now see how a postfix formula would be compiled. A.10.1 sets up
a table of entries n; # n,, where n; and n, stand for variable names (or
locations) and # stands for an operator. The result of the operation of row i
is stored in an auxiliary location T....

ALGORITHM 10.1 Write the statement to be converted to an operand-
operator—operand table as s;s5, - - 5.

1. Seti=1;setJ=1.

2. Set S =s;. If Sis an operator, go to 4.
3. Pushdown S;seti=i+1;goto?2.
4. Pop up n,; pop up n,; enter n Sn, in row J of table.
5. If stack is empty, stop.
6. SetS=TJ;setJ=J+1;goto3.
Example

Applied to ABC*DEF - »+4= the algorithm produces Table 10.1. It is then
easy to compile the statement: Simply replace each line of the table by an
appropriate ““chunk” of machine code. There is really no need to generate
the table as such. In Step 4, instead of entering n,Sh, into a table, the ap-
propriate machine commands can be generated and put out directly.

TABLE 10.1

OPERAND-OPERATOR-OPERAND TABLE

Row Operand-operator-operand
1 B * C
2 E — F
3 D * T.2
4 T.1 + T.3
5 A = T.4

There still remains the question: How does one get the statements into
postfix form? We observe that the order of the variable names is the same
in all notations. Only the order of the operators and their locations change.
We shall see that the reordering of the operators can be performed by a stack
with the aid of a table of priorities.

ALGORITHM 10.2 The following algorithm for converting an infixed arith-
metic statement to postfix form uses a priority table:

Operator— () = 4+ or — % or [ %
Priority— 0 1 2 3 4 5
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The priority of a symbol s will be denoted by p(s), e.g., p(+) = 3. Write
the statement as s,s, - - - 5,. We assume that the statement does not contain
+ or - as unary operators.

1.
2.

et

[

Example

SRR

Seti=1.

Set § = ;. If S'is (, then go to 9.

If S is a variable name, transfer it to the output string and go to
10.

If stack is empty, go to 9.

Pop up symbol n from the stack.

If p(n)= p(S), transfer n to output string and go to 5.
If Sis ) and n is (, then go to 10.

Stack n.

Stack S.

Seti=1i+ 1. Ifi £k, then go to 2.

Empty stack into output string and stop.

Table 10.2 illustrates the conversion of the statement
A = BxC + Dx(E - F)

to postfix form. In the table the stack status and the additions to the output
string refer to the state of affairs on reaching Step 10.

TABLE 10.2

GENERATION OF PosTFIX FORMULA

Stack status  Addition to output string

=2

A A
B = B
* %

C =x* C
+ =+ *
D =+ D
* =4

( = +x%(

E = +x( E
— =+*(,_

F =+x(—

) =+ -

Emptying of stack

b+ *
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Finally we consider again the representation of a sort tree created by
A.5.2. By putting arrays D and P of Figure 5.15 through a procedure that
uses a stack we can print elements of D in ascending order.

ALGORITHM 10.3 Figure 10.2 is a flowchart of a program for the output of
elements in a sort tree in ascending order. D is the array of data, and P is
the array of pointers (see Figure 5.15).

Yes

#
——!K = P(K, 2), G{ETURN

Figure 10.2

10c. Storage Levels for a Pushdown Store

In the theory of automata the concept of a stack calls for unlimited depth.
Although we cannot achieve this ideal, a finite stack looks to the user just
like an infinite one until it overflows. The deeper we make our finite stack,
the smaller the probability that overflow will occur. For the practical applica-
tions discussed in the preceding section we certainly do not need deep stacks.
However, we might find a stack of very great depth useful for experiments on
automata. Therefore, we may have to set ourselves the design criterion that
our stack should be deep. But if we try to satisfy this criterion by assigning,
say, 10,000 fixed locations to the stack, and the number of symbols in the
stack does not exceed 10, say, throughout a particular run, storage space is
tied up unnecessarily.
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Storage space is conserved if the stack is made extensible by changing
from static to dynamic storage allocation. In effect, we provide two stacks,
a fixed foreground stack and a dynamic background stack. The foreground
stack consists of, say, 200 fixed contiguous locations. If a PUSH instruction
would cause overflow of the fixed stack, the 100 symbols at the bottom of this
storage area are moved out and stacked as a block in the dynamic stack.
Then the top 100 symbols are moved to the bottom of the fixed stack and the
pointer adjusted accordingly. Alternatively, they may be left physically in
place, but made to look to the system as if they had been shifted. To achieve
this effect one needs to divide the 200 locations into two blocks of 100 loca-
tions and provide a rather elaborate switching scheme for pointers.

If now an IPOP instruction finds the fixed stack empty, the topmost block
of 100 symbols is popped into it from the background stack. Since the
dynamic stack is so organized that no space is tied up that is not in actual
use, this at once releases the 100 locations for other use. The background
stack is then simply an extension of the fixed stack, and a user need not even
know of its existence. We have suggested a block size of 100 rather than 200
to avoid extensive shifting of blocks.

The blocks of the background stack can be left in core storage, or they
can be transferred to disk or drum. If the operating system under which the
program is run provides file management capabilities, then the transfers of
blocks can be effected by calling the file management system into action. The
details of the organization of the background stack will be discussed in
Section 10i.

10d. Lists—Introductory Concepts

Very often the storage needs of a program cannot be predicted in advance.
One solution of the problem was given in Section 9d. For example, instead
of basing the design of a stack on a foreground stack and a background stack
of overflow blocks, as we did in the preceding section, we would place the
entire stack in an array storage area of the type described in Section 9d.
However, implicit in the design of the system of Section 9d is the assumption
that only one array is ““active’” at any one time. If, then, we wished to make
use of more than one stack simultaneously, this dynamic storage arrangement
would be inapplicable. The system discussed in the preceding section would
not be very satisfactory either. Assume that we are going to have at most
n stacks in use at any one time. Then we could set aside a matrix of 200 rows
and n columns for the stack storage area, and, instead of having a single
pointer, provide a vector of n pointers for the n stacks. The permanent assign-
ment of 200 x » locations to the stacks is rather wasteful of space. Our
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purpose now is to look at more economical schemes for organizing an area
of store in such a way that on demand more storage space can be assigned to
any one of a number of sets of data at any stage of execution of a program.

For inspiration we look to the IBM 650, a rather antique computer. In
most present day computers instructions have in general the format

(Operation code)(Address of operand),

and normally instructions are executed in the order in which they are stored
unless explicit transfer instructions override the normal sequence. The IBM
650 format of instructions was

(Op. code)(Addr. of operand)(Addr. of next instruction).

The storage medium was a rotating magnetic drum. Since the address of the
next instruction was always given explicitly, the instructions could be dis-
tributed over the drum in any order. The purpose was optimization: The
instructions were to be so placed that, by the time the current instruction had
been executed, the drum would have brought up the next instruction.

To give another illustration of the concept let us look at the Fortran
program segment

IT = N(IP)
IPOP = IT
IP = IP - 1

Here the results depend on the order of the instructions. If, however, we
rewrite the segment as in Figure 10.3, i.e., if we provide statement labels and
pointers (the GO TO statements), then the boxed statement pairs can be
shuffled at will without affecting the results of the program.

It does not take long to realize that if a program can be stored in non-
consecutive locations, the same can be done with data, i.e., that a scheme of

GO TO &

5 IT =N(IP)
GO TO 6

6 IPOP=1T
GO TO 7

7 IP=1IP-1
GO TO 8

Figure 10.3
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pointers can represent the logical ordering of data just as well as the con-
ventional interpretation that consecutive memory locations contain consecu-
tive items of data. A data storage scheme in which the logical order of data
is determined by pointers is known as a /ist storage scheme, and a vector of
data stored under such a scheme is called a list.

To see how a list storage scheme works let us take an array of dimensions
100 x 2, say. We shall call the first cell in a row the data cell, and the second
the pointer cell. Let us now link up the rows by inserting in the pointer cell
of each row the number of the row that follows it. The last row, of course,
has nothing following it. Here a zero is inserted in the pointer cell. This
structure is a list (Figure 10.4). At the start all data cells are empty; i.e., the
list is a list of available space (LAVS list) or free list. We also have a list name
(here it is LAVS), which contains the number of the first row occupied by the
list (here this number is 1).

2 LAVS
3
4
s 21 | (17321)
~ T 7| (17322
5| (17323)
/99 20 | (17324
99 | 100 84 | (17325)
100 0 K| 89| (17326)
Figure 10.4 Figure 10.5

Consider now a set of data I =21, J =[73, 5, 29, 84], K = 89. Under a
conventional static storage scheme these data might be stored as shown in
Figure 10.5. Throughout the program every instruction referring to the datum
I then contains the address 17321 in its address field. Similarly XK is referred
to by the address 17326, and J(3) by a base address 17322 and an increment
of 2.

Let us now set up /ists I, J, and K. Lists in isolation are useless; the whole
purpose is to have them operated on by programs, which must know where
to find them. Therefore, each list must have a name, which will contain the
number of the first row occupied by the list.

ALGORITHM 10.4 The following algorithm stores a vector of values
d;, ds, ..., d),where n need not be known in advance, as list L. The list
storage area is the 2-column matrix LIST.

1. SetL =LAVS.
2. Seti=1.
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Set LIST(LAVS,1) =d,.

Set ITEMP = LAVS.

Set LAVS = LIST(LAVS,2).

If d; is the last element of a vector, set LIST(ITEMP,2) = ©O
and stop.

7. Seti=i+1,goto3.

Sk W

In Step 1 of A.10.4 lists L and LAVS are made to coincide. This is the only
place where L is explicitly referred to. In Step 3 a datum is inserted in the list.
Note that the sequence of pointers is not changed except at the very end. In
Step 6 the end of list L is marked by placing 0 in the last pointer cell. This
breaks the sequence of pointers; i.e., list L is separated from LAVS.

Figure 10.6 shows the list store after lists I, J, and K have been stored in
it by A.10.4. At first sight there does not seem to be any advantage to this

1 21 0 LAVS 7
2 73 3 I 1
3 5 4 J 2
4 29 5 K 6
5 84 0
6 89 0
7 8
e~
99 /1;)\
100 0
Figure 10.6

scheme. The first six elements of the first column of LIST look exactly like
Figure 10.5. What, then, is the purpose of the pointers ? To show their purpose
assume that I does not contain a conventional piece of data, but, instead,
that I is a stack. Assume now that a datum IDATUM is to be pushed down.
The following Fortran subroutine will do the job.

SUBROUTINE PUSH (STACK,IN)
COMMON LIST(100,2), LAVS
INTEGER STACK

C CHECK FOR LIST STORE OVERFLOW
IF (LAVS.EQ.0) GO TO 999
LIST(LAVS,1) = IN
ITEMP = LAVS
LAVS = LIST(LAVS,2)
LIST(ITEMP,2) = STACK
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STACK = ITEMP

RETURN
999 WRITE (6,100)
CALL EXIT
100 FORMAT (1H1,28HLAVS EXHAUSTED - EXIT CALLED)
END

Assume that IDATUM contains the value 58. Figure 10.7 gives a schematic
representation of the list (stack) I after execution of

CALL PUSH (I, IDATUM)

Row 7 now contains the topmost element of the stack in its data cell.

r[y]
(o8] «f—21] 0|
7 1
Figure 10.7

Next, assume that I, J, and K are all made to function as stacks, and that
the following sequence of calls is executed

CALL PUSH (J,38)
CALL PUSH (I,17)
CALL PUSH (K, 46)

The schematic configuration of the three stacks and the appearance of the
list store are shown in Figure 10.8.
Under this arrangement for stacks function IPOP becomes

FUNCTION IPOP (STACK)
COMMON LIST(100,2), LAVS
INTEGER STACK
C  CHECK FOR STACK UNDERFLOW

IF (STACK.EQ.O0) GO TO 999
IPOP = LIST(STACK,1)
ITEMP = STACK
STACK = LIST(STACK,2)
LIST(ITEMP,2) = LAVS
LAVS = ITEMP
RETURN

999 WRITE (6,100)
CALL EXIT

100 FORMAT (1H1, 29HSTACK UNDERFLOW — EXIT CALLED)
END



10d. Lists—Introductory Concepts 301

LAVS 1)21] o
1] 9] 2 (73| 3
5| 8] 3| 5| 4
K [10] 4|20] 5
5|84| o
6|89 0
7[s8] 1
8|z8] 2
9f17] »
10 |46] 6
11 12
12 13
: -
17 58 21 0 100 EEY

9 7 1
J
38 73 5 29 8410
8 2 3 4 5

[ | x
[46] o4—{89] 0]
10 6
Figure 10.8

Note that each row of LIST is returned to LAVS when it is released by
the IPOP operation. When the last datum is removed from the stack, the
pointer in its name (e.g., location I for stack I)is made 0. A list with O in its
name is an empty or undefined list.

List storage schemes have their disadvantages as well as advantages. One
of the disadvantages is that access to a specified datum is slow. Since the
kth datum is found by tracing through a sequence of k pointers, the average
access time increases with k. In an array the access time is independent of k.
Another disadvantage is that a list store can accommodate much less data
than a conventional store of the same size. We shall look at list storage schemes
that have better storage utilization characteristics in the next section, but
there is no list storage scheme as efficient as a conventional store in this respect.
Conventional storage arrangements have, however, the disadvantage of being
static.

Operators can be grouped into two classes according to the type of data
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they operate on. The operators of arithmetic operate on numbers and belong
to the first class. Rearrangement operators operate on symbolic data and
belong to the second class. There is some overlap of the two classes; com-
parison operators can belong to either class. It is important to realize that
numerals can function as numbers and as symbols. Thus, when we add two
numerals, we are adding numbers, but when we sort a set of numerals, or
insert a numeral in a sequence of numerals, or push a numeral into a stack,
then we operate on the numerals as symbols. We speak of two branches of
computation: numerical and symbolic. For numerical computation con-
ventional static storage is normally more efficient. Symbolic computation,
which involves extensive rearrangement of data, is often performed more
effectively if the data are stored as lists.

10e. Formats of List Elements

A list element is composed of a datum field, one or more pointer fields,
and, possibly, one or more marker fields, the purpose of which will be dis-
cussed further on. Under the scheme developed in the preceding section an
element occupies one row in a two-column matrix. The first cell of a row is
the datum field, and the single pointer field occupies the second cell of the
row. We shall now see how we can save some space by compacting the fields
of a list element. These schemes have to be implemented at assembler language
level. Therefore, in what follows, pointer fields will be assumed to contain
actual machine addresses rather than row numbers of an array.

A word in the IBM 7090 and related machines is 36 bits long, but only
15 bits are needed for a pointer. This leaves 21 bits for other uses, of which
3 bits might be assigned to a marker field, and the remaining 18 bits for
storage of symbols. The 7090 character code uses 6 bits for the representation
of a character. These 18 bits can then be used to store a string of three
characters or a numerical symbol in the range 0-262,143 (262,143 = 2'8 — 1),
This “‘packed” representation can be used with any machine that has a
similar word structure, but the details will be determined by the instruction
set of the particular machine considered. For example, IBM 7090 and 7040
are very similar computers, but, while the 7040 has instructions giving direct
access to character fields, access to individual characters in the 7090 is by
the shifting operations. In the 7090 best efficiency may result if a word in the
list store is formatted as shown in drawings (a) or (b) of Figure 10.9. In the
7040, on the other hand, formats (c) or (d) may lead to better execution times.
Of course, these formats show only a few of the possible designs.

Basic storage units of IBM System/360 computers are individually address-
able 8-bit bytes. The design allows for extension of core storage to as many as
16,777,216 bytes. Since 16,777,215 = 2** — 1, an address has to be 24 bits
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()
[M] C, [ C

0123 89 14 15 20 2t 35

M
O
w
-

] 56 11 12 17 18 20 2t 35

Figure 10.9 M, marker; C, character; P, pointer. In
(d) bits 18-20 are not used; they may be used for a
second marker field.

long. Some economy is achieved by regarding an address as the sum of a
base address and a displacement from the base. The base address is loaded
into a general purpose register, which then becomes a base register. In an
instruction a storage location is completely specified by the displacement,
which may range from 0 to 4095, and the address of the appropriate base
register, which can range from 1 to 15 (a sixteenth register, register 0, cannot
be used as a base register). When the instruction is decoded, the actual address
is computed by adding the displacement to the contents of the designated
base register. The displacement is specified by 12 bits and the base register
by 4 bits; i.e., an effective address requires only 16 bits, a considerable im-
provement on 24 bits. Four consecutive bytes form a 32-bit word. The store
can then be pictured as consisting of 1024-word blocks, a block being
accessed by its base address, and a word within the block by the displacement
from the base.

We shall restrict list elements to single words, using two bytes for the
pointer field and the remaining two bytes for the datum field. Since the
System/360 character code requires one byte for each character, this design
provides for the storage of two characters in each list element. There is more
than one form that the pointers can take. The most obvious choice is to use
the form by which an effective address is specified in an instruction. Format
(a) of Figure 10.10 shows this arrangement. The B-field specifies the base
register, and the D-field the displacement. Unfortunately there are only
the 16 general purpose registers. In addition to being used as base registers,
they serve as index registers and accumulators. If more than 8§ registers, say,
were assigned to the list store as base registers, the reduction of overall effi-
ciency due to a shortage of registers for other purposes might well become
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intolerable. But, if we use only 8 base registers, then the largest store that
we can have has only 8192 words. For most practical purposes a somewhat
larger store is needed.

Another possibility is to use the actual address of the next element. Prior
to the execution of an instruction that refers to this element the address of
the element is loaded from the pointer field into the base register to which
the instruction refers. The displacement field of the instruction is zero. This
scheme has the disadvantage that three bytes are now used by the pointer,
leaving only one byte of a word for data. Its good feature is that only one
base register need be used for all operations on elements of the list store.

Our next scheme combines the advantages of the two preceding schemes.
In common with the first scheme a list element contains a 2-byte datum field,
a B-field, and the displacement field. The B-field, however, has a different
interpretation. It contains a pointer to an entry in a 16-word directory. The
entries of the directory are base addresses. Under the first scheme, before an
instruction that refers to the next element in the list is executed, the B-field
and the displacement are both inserted in the instruction. Under the present
scheme the instruction already contains the address of a base register, and
the one base register can, of course, be used for all operations on the lists.
Only the displacement field is now inserted in the instruction itself, and the
base register is loaded from the directory. This scheme is slower than the
first two, but it represents a considerable improvement on the storage efficiency
of the second scheme and permits a list store that is twice as large as that
permitted by the first scheme.

If we were to accept still slower access to elements in a list, then the
maximum size of the list store can be increased to 65,536 words. Since the
address in the displacement field refers to only one byte in every four;
i.e., words rather than bytes are addressed, the lowest two bits of the dis-
placement field are redundant. This means that the D-field can be shortened
by two bits, and these two bits used to extend the B-field; a list element then
has format (b) of Figure 10.10. The B-field can now contain values up to 63,
permitting a directory of 64 entries. The displacement is reconstructed by two
left shifts of the D-field.
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Our designs have not provided for a marker field, but, if such a field is
necessary, one can modify the last scheme. Instead of using the two bits
saved by the design to extend the B-field, one or both of the bits can be used
‘as a marker field.

10f. List Structures

In Section Sa we saw that derivation trees can be represented by paren-
thesized linear strings. For example, the tree of Figure 5.1 can be represented
by

S (NP (T (the)N (child))VP (V(ate)NP (T (a)N (A(green) N (pear))))).
Similarly, the tree of Figure 10.11 can be represented by a(bc( fg(;))d (hi)e).

Figure 10.11

However, often it is more convenient to have a representation that cor-
responds more directly to the way we picture a tree. A tree structure can be
represented in this more explicit fashion by a set of linear lists if the lists are
provided with a mechanism for branching from one list to another. Since
anything at all can be put in the data field of a list element, the datum can be
a pointer to another list, designated as such by the setting of a marker. A set
of lists can then be linked by inserting pointers in the data fields and setting
markers. If we have lists X and Y, and there exists a link from list X fo list Y,
then Y is a sublist of X. Unless sublists have to be independently referenced
they need not have their own names.

The tree of Figure 10.11 can be represented by linked lists as in Figure
10.12. We have assumed format (a) of Figure 10.9, with the convention that
the first bit of the marker field, which is the sign bit of a 7090 word, is 1
(minus) if the data field contains a pointer and 0 (plus) if it contains a symbol.
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Bits 1 and 2 are not used. If the datum is a pointer, i.e., an address, it is
stored in bit positions 3-17. This field, called the decrement field in the 7090
terminology, is directly accessible to some machine instructions.

Lists can be used to represent more complicated structures than trees.
Figure 10.13 shows two digraphs and their representation by lists. Conversely,
a set of linked lists can be represented by a digraph in which each list is
represented by a node and each element that contains a pointer in its data
field by an arc. A set of linked lists is a list structure if its digraph is connected.
It is a reentrant list structure if its digraph contains cycles. In particular, a
list that is a sublist of itself, i.e., that contains a pointer to itself, is a reentrant
list. The digraph of a reentrant list is a sling. If two lists have the same list as a
sublist, then they are said to share the sublist. In the digraph the indegree
of a node representing a shared list is equal to at least 2.

Let us now suppose that we have stored a tree as a list structure and that
we want to produce a parenthesized string from it. As we traverse the list
structure we may come to a pointer to a sublist. We have to go down the
sublist, but we have to mark in some way how far down the main list we have

Switch =1
i=LN IN

Switch =1

Output
symbol
from E;

Push A(E))
i =D(E)

Stack
enipty
i

IPOP i
Switch =0

Figure 10.14
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come; in other words, we have to remember the address of the next element
in the main list. The remembering is done by a stack.

ALGORITHM 10.5 Figure 10.14 shows an algorithm for generating a paren-
thesized expression from a tree stored as a list structure. E refers to a list
element, and E; has location i. The list name (LN) contains the address of
the first element of the list. The format has been chosen with the IBM 7090
in mind; S(E) is the sign bit of element E, D(E) is the decrement field
(bits 3-17), A(E) is the address field (bits 21-35).

Let us now turn again to the sort tree of Figure 5.15 and consider the
implementation of the sort tree as a list structure on the IBM 7090, say.
Arrays D and P are implicitly a list structure, but, since they are fixed arrays,
we cannot extend the structure. By using a pair of words for each list element
we can create an extensible list structure as shown in Figure 10.15 that uses
only 25 words of store (including the list name) as against the 36 words used
by the arrays. This particular representation is possible only because 2 is
the greatest number of arcs that originate from any node of the tree.

26 27 28

| L o] [ o

23 26 28

1 > ]0 10

22 23 25 26
S e I | of
4

21 24
of o 0] 0

Possible format of list element:

Data Word 1
Pointer N Pointer Word 2

Figure 10.15

10g. Threaded and Symmetric Lists

If, instead of putting a zero in the pointer field of the last element of a
list, we point back from this element to where the list starts, then we have a
threaded list (also called a circular list). We shall call the pointers in the last
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elements return addresses. Figure 10.16 shows a threaded list structure, which
represents the tree of Figure 10.11. To avoid making Figure 10.16 incompre-
hensible by too many lines, return lines have not been drawn, but are implied
by return addresses in the appropriate pointer fields. In the case of the main
list the return address is still zero, and this zero indicates the end of the
structure; the return address of a sublist refers to the element that establishes
a link to this sublist in the list of which it is a sublist. Because of the return
addresses a threaded list structure can be traversed without the aid of a stack.
Marker fields are essential: Not only do we have to differentiate between data
elements and elements that represent structural features of the list structure;
now the last element of a list has to be distinguished as well.

ALGORITHM 10.5a Figure 10.17 shows an algorithm for generating a paren-
thesized expression from a tree stored as a threaded list structure. The
notation convention is the same as in A.10.5. However, since now the
marker field occupies two bit positions, the first bit is called S; (E), and

13

CAEACnErCNERCOENINE

40 41 4
00| d 10 J_j—ﬂ [13
60 | 70

o] # ] 41| Joi] i [«
CAEATNESINE
!f)(l)] ;[ 31| I(g)gl ; I -—{-»{?Ili [37]

100
atbel fatdhire)

Format of marker: Bit 1 —  Oindicates a data element;
I indicates a pointer element.

Bit 2 — 0 indicates that the element is not
last in the hst;
I indicates the last element.

Figure 10.16
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Switch = |
[ i= LN l‘—_( IN )

Switch = 0
i = D(E))

Output
symbol
from E;

L

1
Figure 10.17
a
b/\c

Figure 10.18
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the second S,(E). The switch indicates whether a particular pointer
element is reached for the first or second time.

The convention adopted in Figure 10.16 does not allow for sharing of
sublists. Although it is quite easy to make sharing possible by a change in the
format of the marker fields to permit more than one “last” element, and,
consequently, more than one return address, nothing is gained. The one good
feature of threaded list structures is that they can be traversed without having
to use a stack. Multiple return addresses would make it again necessary to
keep a record of the history of a traversal; i.e., a stack would have to be
used.

Both conventional and threaded lists can be traversed in one direction
only. This is not always convenient. For example, in order to append a new
element to the end of a list, the entire list has to be traversed to get to its end.
The particular problem can be solved by providing the first element of a list
with a pointer to the end of the list, as in Figure 10.18, but a more general
solution is obtained when every element in a list is provided with two pointers:
a forward pointer and a backward pointer. The list is then a symmetric
list.

In most computers an element of a symmetric list has to occupy at least
two words. One of the words is used for storing a symbol or a pointer to a
sublist. The other contains the forward and backward pointers, and a marker
field. Examples of symmetric list structures are shown in Figures 10.19 to
10.21. Since any one of a number of feasible designs is as good as another,
the format of marker fields and, in Figure 10.20, the contents of the pointer
fields of elements representing terminal nodes of the tree have been left
unspecified.

Figure 10.19
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10b. Representation of Digraphs as List Structures

We have already seen digraphs represented as list structures; notably in
Figure 10.13. A feature of this representation is that lists are shared, and this
means that threaded list structures cannot in general represent digraphs.

An alternative representation to that of Figure 10.13 keeps symbols and
structure separate, and the digraph is represented by a set of lists. In this
representation some lists consist entirely of pointers, others entirely of sym-
bols. A marker in the list name indicates the type of the list, and—since all
elements in the one list are of the same type—it is not necessary to provide
individual elements with markers. A set of lists that represents the labeled
digraph of Figure 10.22 is shown in Figure 10.23. SYMBOL is the list of all

Figure 10.22

node labels. Each node is represented by a list of addresses of the names of
lists representing other nodes. These lists indicate the nodes to which there
are arcs from the given node; i.e., the list associated with a node is, in effect,
a list of arcs originating from this node. Since each of the lists has its own
name, we have a set of independent lists rather than a list structure.
Changes that affect structure alone or symbols alone are somewhat easier
to make when there is separation of symbols and structure than when the two
are intermingled. This advantage, however, is insignificant compared to that
brought about by elimination of markers. At the end of Section 5S¢ (Figure
5.17) we considered dictionaries arranged as trees. The important data in this
design are the lists of dictionary entries suspended from terminal nodes, and
the success of the system depends on the speed with which an entry can be
retrieved. Unless structure is separated from data, too much time would be
spent examining markers. In general, one should try to keep symbols and
structure separate whenever one of these types of information dominates the
other. Also, elimination of markers is very much a necessity in list processing
on an IBM System/360 computer. In an IBM 7090 word a marker can be
accommodated in a 3-bit field for which it would be difficult to find any other
use (Figure 10.9). There is no such field to spare in the System/360 word
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Names of lists:

SYMBOL 11

N(1) 26

N(2) 38

N(3) 16

N(4) 19

N(5) 44
11
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Figure 10.23

(Figure 10.10). Consequently, use of markers can become very costly in terms
of storage space.

Referring back to Figure 10.23, one may object to this representation on
the grounds that in contrast to a list structure, which may be specified by a
single external name, the set of lists requires as many external names as there
are lists in the set. If the number of nodes of the digraph is large, a consider-
able block of static storage has to be set aside for list names. This becomes
awkward when the representation of a digraph is being generated with-
out prior knowledge of the number of nodes (we then have precisely the
situation that made us investigate list storage schemes in the first place). The
only solution is to do away with the block of static storage and store the
names themselves as a list, with a single external name referring to this list.
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The implementation of such an indirect addressing scheme presents a number
of technical problems, but they are fairly easy to solve.

10i. Multiword List Elements

In processing symbols the main operations are insertion, deletion, and
rearrangement. Each of these operations calls for changes in structure, and
these changes are best made when each symbol is linked into a list as a
separate entity, i.e., wholly occupies a single list element. For such applications
the schemes that we have been discussing are very good. But there are other
application areas requiring dynamic storage in which these schemes do not
function as well. In Section 10c we discussed a stack in which the active part
is in a static storage region and inactive deeper sections have been transferred
to a dynamic store in blocks of 100. The blocks can be stored in a list store
that has pairs of words for its elements, but this arrangement is very in-
efficient, in terms of both time and space. Since each of the 100 symbols has
to be transferred separately, the transfer rate is low. On the other hand, while
the block is in the list store, no changes are made to it. This means that the
pointer words paired to the data words have no functional use.

Efficiency is improved by use of multiword elements. Presume that the list
store is divided into 101-word elements. As in the 2-word element, one of the
words contains pointers, but now a single pointer word services 100 words of
data. However, the list store will probably be used for a variety of purposes,
and it would not be good policy to divide the entire list store into elements of
the same size. One possibility is to use elements whose size may be one of a
restricted set of possible sizes, say {2, 4, §, 16, ..., 256}. Then the 100 symbols
of a background block can be stored in a 128-word element, with 27 words go-
ing to waste, or they may be distributed over a set of linked smaller elements:
a 64-word element, a 32-word element, and an 8-word element, reducing the
number of words wasted. Under this scheme the size of the block must be
stored in the pointer word of the block (external directories holding the sizes
of blocks have been used as well, but they reduce the flexibility of the
scheme). Available space can be arranged as a set of lists, one for each size,
or as a single list. Greater efficiency is achieved with a set of lists. If no
element of a required size is available, it is created by splitting a larger
element; this is the reason for making each size half the next larger size.
Periodically all unused elements are shifted to one end of the list store and
restructured into larger elements.

An alternative is a scheme in which the sizes of elements are completely
unrestricted. Initially the entire list store is a single element of available space.
If a stack block has to be stored, 101 cells are taken from this element, reducing
its size by this amount. Again, if a list structure representation of the tree
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a(be( fg(j))d(hi)e) is to be created, then 19 elements of size 2 are taken from
the element of available space. As lists are erased, they are returned to
available space, and the available space region now becomes a multielement
list. If at some later stage a stack block is to be stored, and a search through
the list of available space fails to produce an element of size 101 or larger, all
unused elements are shifted to one end of the list store and merged to form a
single element of available space from which the 101-word element can then
be sliced off.

10j. Management of List Stores

In several places we have written in passing that lists and list structures
are erased and then returned to the list of available space (LAVS). Let us
now discuss mechanisms for their return. Consider the tree of Figure 10.11
and its representation in Figure 10.12. The tree, as a list structure, has an
external name containing a pointer to the first element of the structure (the
element containing the symbol a). The complete tree is erased by setting the
pointer in its name to zero. If this is done, then all list elements that make
up the tree become inaccessible. One might, on the other hand, merely delete
the subtree rooted at d. This would be done by shifting the second pointer
from the fourth element in the first row of Figure 10.12 to the second pointer
field of the third element in this row, and then the six elements that represent
the subtree would become inaccessible.

Return of elements to LAVS after each erasure is difficult because of the
possible interference between the return operation and the operation in
progress at that time. Instead, most list processing systems postpone the
retrieval of inaccessible elements until LAVS is nearly or completely exhausted.
A procedure that retrieves all inaccessible elements, called the garbage col-
lector, is then brought into action. Garbage collection proceeds in two stages.
First, the external names are examined. Whenever a name contains a pointer,
all paths that have their origin defined by this pointer are traced through, and
every element encountered in tracing the paths is marked. After this has been
done for every name all accessible elements are marked and all inaccessible
elements remain unmarked. The marked elements define lists that are active
at this time. In the second stage the unmarked elements are strung together
to form a new list of available space, and the markers removed from the
accessible elements.

Sharing of sublists presents no difficulty. If two structures have shared a
sublist, and the sublist has been deleted from one of the structures, the elements
of the sublist are still accessible in the other structure. The requirement that
at least one bit in the marker field of every element has to be set aside for
exclusive use in garbage collection is generally of minor consequence. There
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is, however, one major difficulty. We have seen that the traversal of list
structures requires one to use a stack (except in the case of threaded list
structures). Unfortunately, there is no available space for the stack in the
list store when garbage collection takes place. One solution is to provide the
system with a stack external to the list store and inaccessible to the program-
mer. A more attractive solution is to use a reversal-of-pointers technique,
which enables one to retrace paths to their origins. The following marking
algorithm makes use of this technique.

ALGORITHM 10.6 Markingalgorithm for a garbage collector. The algorithm
marks all elements that belong to a list structure defined by a nonzero
pointer in its name (LN). NPLACE is the address of LN. In each element we
assume a marker field comprising locations S, S,, and S;—S; is 0 if the
list element contains data and 1 if it contains a pointer to a sublist; S, is
used to keep track of the reversal of pointers; the algorithm sets S; = 1in
all elements accessible from LN. The pointers A(E ) and D (E ) have the same
interpretation as in A.10.5. Note that the algorithm works for reentrant
list structures, and that the lists may consist of multiword elements.

Set I = LN, J = NPLACE.

If S;(E;)=1,g0t009.

Set K=A(E;),A(E) =J,8:(E)=1,T =1I,1I =K
IfI # 0, goto3.

If S;(E;) =0, go to 8.

If S,(Ey) =1, goto9.

SetK = D(E;), D(Ey) = A(E)), A(E)) = L, S,(E) =1,
I = K;goto?2.

8. SetK = A(E;), A(E;) =1I;gotol0.

9. SetK = D(E,), D(E;) = I.

10. Set I J,J = K;ifK # NPLACE, go to 5.

11. Stop.

Nown kWD~

Comments. If a list is already marked—it may be a sublist of another
structure that has already been processed, or it may belong to a reentrant
structure—then the processing of the list is bypassed (Step 2). In Steps 3 and 4
one moves down the list, marking elements and reversing pointers, until the
end of the list is reached. Then the path along the list is retraced backwards,
pointers being restored to their original settings (Steps 8 to 10). Sublists are
dealt with in this stage. An element containing a pointer to a sublist is visited
twice during the backward traversal. Step 6 distinguishes between the two
instances. The first time §, (E) is 0, and one interrupts the restoring of pointers
to move into the sublist. The action shifts to Step 2 via Step 7, but Step 6 is
reached again after processing of the sublist, all of its sublists, and so forth
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has been completed. This time S, (E) is 1, and restoring of pointers in the
list is resumed.

If all list elements have the same size, the creation of the new list of avail-
able space in the second stage of the garbage collection process is very simple.
Complications arise when multiword elements of various sizes have to be
compacted into a single element of available space. Active list structures must
be relocated, and this involves updating of pointers. As part of the process
one may wish to do some compacting of the active lists as well. This is an
extremely difficult task, and an intermediate transfer of the list structures to
auxiliary storage (disk, drum, tape) appears to give the only feasible solution.
The mere transfer of the active structures to one end of the list store is still
fairly difficult, particularly when sublists are shared.

An alternative to garbage collection is the reference counter approach. We
recommend it for systems that keep structure and symbols separate (see
Section 10h). In this approach an empty list has a reference count of 0 to start
with. A nonempty list starts with a count of 1. Whenever the list is made a
sublist of another list the reference count is increased by 1; when the list
ceases to be the sublist of a list the count is decreased by 1. In terms of
Figure 10.23, the reference counts of N(1), N(2), ..., N(5) are,
respectively, 2, 4, 3, 2, 4; that of SYMBOL is 1. A field can be set aside in the
list name for the reference counter. Whenever an erasure is called for, or
a list is removed from a structure, the appropriate reference count is adjusted.
A list is returned to available space when its count drops to zero. Looking at
Figures 10.22 and 10.23, let us remove arc {5, 4). This means removing the
second element of N(5) (it becomes part of the available space list), and
decreasing the reference count in N(4) by 1. Next, let node 4 be removed;
i.e., let N(4) be erased. Since the reference count in N(4) now becomes 0,
list N(4) is returned to available space. At the same time counts in N(1) and
N(2) are decreased. Next consider what happens when the two operations
are performed in reverse order. Now the erasure of N(4) results merely in
a decrease of the reference count. Next, when {5, 4) is removed, the reference
count in N(4) becomes 0, return of N(4) to available space takes place, and
the reference counts of N(1) and N(2) are decremented at this stage.

In our example the reference counter approach seems to lead to an
unnatural situation: Why should the removal of a node result in the removal
of arcs originating from the node when the indegree of the node is zero, but
not when it is nonzero? This perplexing state of affairs has nothing to do
with reference counters, but is a consequence of the peculiar interpretation
we have given to “removal of a node.” When a node is removed we must
remove all arcs incident with it. Therefore, node 4 is not properly removed
before the removal of arc {5, 4>, and it is meaningless to comment on the
situation before this has taken place.
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The problem of reentrant structures is much more serious. One should be
able to return the whole digraph to available space by erasing N(1), N(2),

., N(5) in turn. Actually what happens is that the counts in the list
names decrease by 1 in each instance, without any one decreasing to zero!
Consider the erasure of N(1). Since the reference count in N(1) decreases
only to 1, the list is not returned to available space. We can, however, revise
our approach, and decrease the reference counts in N(2) and N(3) at this
point, instead of waiting until the return of N(1) to available space. Then all
five counts ultimately reduce to zero, but they do so at rather awkward times.
The count in N(1) becomes zero while N(4) is being erased: We move along
list N(4), see the reference to N(1) in the first element, and decrement the
counter of N(1). Since the count is now zero, processing of N(4) has to be
interrupted so that list N(1) can be returned to available space. This type of
interrupt is fairly easy to deal with, but things become rather chaotic when a
list refers to itself, as N(5) does. When we come to the processing of N(5) its
counter holds the value 2. This is reduced to 1, and processing of the list
begins. The first element of N(5) contains a reference to N(5), and the
count is decreased again. Now it becomes 0, and N(5) should be returned
to available space, but if we do so at once, then N(2) and N(4) are left up
in the air. The solution of the problem requires some delicate programming.

One of our aims in separating data and structural information was to
eliminate markers. Since garbage collection depends on the use of markers,
we recommend the reference counter technique for *“separated” lists, even
when they form reentrant structures, despite the greater complexity of this
scheme. An exception is provided by lists in which the elements are all of the
same size, but they rarely are in systems of the type considered here. Then
markers for a garbage collector can be arranged in external tables of bits, the
nth bit in a table being associated with the nth element in the list store.

10k. PL/I-Type Data Structures
The structures of Cobol and PL/I are more complicated than arrays. The
PL/I declaration
DECLARE 1U(2), 2V, 2W, 3Y, 3Z(2,23), 2X%;

generates a data structure that has the form

u(l) fv U(2) v
w oY w o[y
Z(1,1) Z(1,1)
2(1 2) Z(1,2)
zZ(2,1) Z(2,1)
Z(2,2) Z(2,2)
| X | X
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A prefix in the declaration indicates the Jevel of the variable in the structure;
numbers in parentheses indicate that the variable represents an array of the
given dimensions. The first V is referenced by writing U(1).V, or, if no
ambiguity can arise, simply V(1). The second Z(1,2) is referenced by
U(2).W.Z(1,2), or by U(2).2(1,2), or by W(2).2Z(1,2), or by
Z2(2,1,2), and this list does not exhaust all the possible forms. Structure U
contains 14 simple data elements: V(1), Y(1), 2(1,1,1), 2(1,1,2),
z(1,2,1), Z(1,2,2), X(1), V(2), Y(2), Z(2,1,1), 3(2,1,2),
Z2(2,2,1), Z(2,2,2), X(2). Names U and W refer to the data col-
lectively: U names the main structure, W a substructure of U,
Let us now generate a second structure of identical form by

DECLARE 1UU(2), 2VV, 2Ww, 3Y, 32Z(2,2), R2XX;

Since Y now appears in two declarations, every reference to it must be
qualified; i.e., we must specify the structure in which the particular ¥ we want
resides.

The “simple”” PL/I statement,

U=0U + UU,
is equivalent to

U(1l) = U(1) + UU(1),
U(2) = TU(2) + UU(2),

The second of these is, in turn, equivalent to the three statements

V(2) = V(2) + VV(2),;

W(2) = W(R2) + WW(2),

X(2) = X(2) + XX(2),;

and W(2) = W(2) + WW(2) is equivalent to

U.Y(2) =U.Y(2) + UU.Y(2) ;
z(2,1,1) = 2(2,1,1) + 22(2,1,1);
z(2,1,2) = 2(2,1,2) + 2%(2,1,2);
7(2,2,1) = %(2,2,1) + 2Z(2,2,1);
Z2(2,2,2) = 2(2,2,2) + 22(2,2,2);

The collective assignment statement U = U + UU is equivalent to 14 normal
assignment statements in all.

These structures differ from list structures in that their structural features
cannot be altered once they have been declared. Nevertheless, a compiler has
to use a system of pointers in setting up the structures so as to achieve
efficiency in the compilation of statements that refer to the structures. Rep-
resentation of structures by trees can greatly assist one in coming to an
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Figure 10.24

understanding of the concepts involved. The labeled tree of Figure 10.24
represents structure U.

Let us consider how a compiler would deal with the two declarations of
our example. We need two tables: a symbol table and a structure table. An
entry in the symbol table consists of a symbol and a pointer to an entry
in the structure table. In compiling the declaration of U an entry is generated
in the symbol table for every node of the tree corresponding to U. When the
declaration of UU is compiled, entries are generated for symbols that are
not already in the symbol table, i.e., for UU, VV, WW, ZZ, and XX, but not
for Y.

The structure table contains an entry for every node. In our example there
are 11 entries in the symbol table, but 12 in the structure table. This means
that all entries in the structure table corresponding to the one entry in the
symbol table must be chained by means of pointers. Another set of pointers
is needed to conserve the structural features established by the declarations.
Moreover, in the case of terminal nodes, the structure table must contain
information relating to the memory locations reserved for storage of the data
elements associated with these nodes. If a single data element is associated
with a node, then the information is simply the address of the location assigned
to this datum. If the data elements form an array (in our example they do so
at every terminal node), dimensions of the array may have to be stored in
addition to the address of its first element. Storage assignment does not
interest us here, and we shall ignore all parts of the structure table that relate
to this aspect of the problem.

For our example the tables are as shown in Figure 10.25. The first column
in STRUCT contains pointers linking entries that correspond to the same
symbol. For a given node the second column contains a pointer to the right-
most terminal node in the structure that can be reached from this node. In
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Symbol table SYMBOL Structure table STRUCT
1 u 1 0 6
2 v 2 0 2
3 w 3 3 0 5
4 Y 10 4 0 4
5 Z 5 5 0 5 | Information
6 X 6 6 0 6 | relating to
7 uu 7 7 0 12 storage
8 | VV 8 8 0 8 | assignment
9 wW 9 9 o] 11

10 22 11 10 4 10

11 XX 12 11 o] 11

12 0 12

Figure 10.25

the case of a terminal node this is a reference to itself. We shall now see that
this information is sufficient for the location of a given terminal node.

ALGORITHM 10.7 Given specification E;.E,.--~.Ey, the algorithm finds
the entry in the structure table STRUCT corresponding to this specification.
If the specification is ambiguous or improperly written, then an error return
is taken (Step 17). An auxiliary array NREF of size N is used to store row
numbers of STRUCT.

1.

™~

11.
12.
13.
14.
15.

® 3 ovA W

Set J = 1, FIRST = .TRUE..

Look up E; in SYMBOL—assuming that E; = SYMBOL(K, 1),
set NREF(J) = SYMBOL(K,2).

SetJ = J + 1.

SetJ =1
Set K = NREF(J).IfK = 0, go to 14.
IfJ N, goto 12.

IfK = NREF(J+l),set NREF(J) = STRUCT(K,1) and go
to 5.

Set KK = NREF(J+1).IfKK = 0, go to 18.

If STRUCT(KK,2) > STRUCT(K,2), set NREF(J+1) =
STRUCT (KK, 1) and go to 5.

Set J = J + 1 and go to 6.

If FIRST = .FALSE., go to 17.

SetJ = 1, FIRST = .FALSE., INDEX = NREF(N).
Set K = NREF(J).

If STRUCT(XK,1) = O, go to 19.
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16. Set NREF(J) = STRUCT(K,1),J = J + 1.IfJ N, go to
14; else go to S.

17. Return—error condition.

18. If FIRST = .TRUE., goto 17.

19. Return—INDEX contains the number of the required row of
STRUCT.

Comments. Array NREF is initiated in Steps 1 to 4. Steps 5 to 11 locate
a region of STRUCT that the given specification refers to. Changes are made
to NREF if the row numbers stored in NREF are not in strictly ascending
order (Step 8), or if two row numbers in NREF refer to two different structures
(Step 10). If the given specification does not refer to any declared structure,
then K or KK becomes zero, and an error return is taken. If no inconsistency
is detected, a check is carried out in Steps 13 to 16, and if the check indicates
a possibility that there might be a second structure that could be described
by the given specification, then Steps 5 to 11 are executed again. This time
an inconsistency indicates-that the given specification is unambiguous; if J
attains the value N (Step 7), then there are at least two structures to which the
given specification might refer, and the error return is taken.

Next let us consider how we would locate all the simple data elements
denoted by U. W, say. A.10.7 would be used to find the entry corresponding
to U. W in STRUCT. In terms of Figure 10.25, the relevant entry would be in
row 3. Note that STRUCT (3, 2) = 5. This value is used to delimit the relevant
section of STRUGCT; we look for a row K farther down the table such that
STRUCT (K, 2) is 5, and use the information relating to storage assignments
in rows 3 to K to gain access to the data. Here K = 5, and, since only rows
4 and 5 refer to terminal nodes, the information contained in these rows
would be used.

Notes

[Kn68] is a good general reference that covers the material of this chapter
in greater detail. A general work to consult on lists and their processing is
[Fo67]. [Imé69] describes list storage schemes employed for internal repre-
sentation of data in a number of list and string processing systems. [Gr67]
surveys representations for graphic data. [Wi64, Wi65] contain examples of
applications of list structures; further references to examples can be easily
extracted from [Sa66a), an excellent annotated and indexed bibliography of
297 items on the use of computers for nonnumerical mathematics.

An assembler language implementation of a stack is described in [Ba62a];
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also [R063, Ay63] deal with implementation of a stack by means of program-
ming. Hardware implementation of stacks in the KDF9 and B5000 com-
puters is described in [Ha62b] and [Ca63b)], respectively (see also [Sa62] for the
drawing of a stack machine that was patented as early as 1957). More recent
hardware implementations of stacks are reported in [Sp67, Ha68]. Abstract
automata based on the stack have an extensive literature; [Ev63, Gi67, Sc67a,
Kn67b] constitute a small sample.

The use of a stack in the compilation of arithmetic expressions is described
in the classic [Ba59b]. Algol permits recursive procedure calls, i.e., a procedure
may call itself, and the structure of the language is such that recursive pro-
gramming can be used extensively in the compilation of an Algol program.
The storage problems associated with recursive programming are elegantly
solved by the use of a stack (see [Di60]), and the main reason for the stacks
in the KDF9 and B5000 is that the designers envisaged Algol as the major
programming language to be used on these computers. [Go67¢c] is a good
introduction to recursive methods for the solution of problems in general.
For a more detailed presentation of applications of recursive programming
see [Ba68a]. Backtrack programming, which is a close relative of recursive
programming, is described in [Go65, Fl67] (see also [Pe66] for a specific
example). [Ha62c] is a reference for Section 10b.

List processing begins with the work of Newell, Shaw, and Simon on their
“logic theory machine,” see [Ne57]. Threaded lists were introduced by Perlis
and Thornton [Pe60], and symmetric lists by Weizenbaum [We63]. [Co64]
is a survey of the organization and use of list structures with multiword
elements. Storage allocation when list elements are restricted in size to 2"
(n=0, 1, 2, 3) words is described in [Kné65]. For a list storage scheme with
multiword elements of arbitrarily variable size see [Ro67b]. Formats of multi-
word list elements composed of IBM System/360 32-bit words are described
in [Ma67b, Th67]. Under these formats pointers occupy 3 or 4 bytes (24 or
32 bits). The suggestion of Section 10e that a directory of base addresses
could be used in System/360 list processing may be new. In string processing
it is sometimes advantageous to make a distinction between a logical element
(a string) and a list element, where it is permissible to have a logical element
distributed over several list elements. In [Wo065] a formula is derived for the
optimal number of words in multiword list elements of constant size in terms
of the average number of words in a logical element. A string storage scheme
with list elements of variable size is described in [Be65].

Garbage collection based on the marking of the accessible list elements
was first described by McCarthy [Mc60]; the reversal-of-pointers technique
of A.10.6 is taken from [Sc67b]. A garbage collection scheme for the case
when lists occupy two levels of storage is described in [Co67a]. Reference
counters were introduced by Collins [Co60]. The inadequacy of the basic
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technique when it comes to recovery of erased reentrant list structures was
pointed out in [Mc63b]. Nevertheless, the technique has been used quite
effectively in two Fortran-embedded list processing languages, see [We63,
Co66]. A hybrid scheme that uses a marking procedure in addition to the
counter technique to get around the difficulty of reentrant list structures is
described in [We69]. Alternatively, one can use the recursive scheme outlined
at the end of Section 10j; note that the effectiveness of this scheme does not
depend on the separation of structural information from symbolic data.
Compaction of storage blocks of variable size is discussed in [Ha67c].

Facilities for structuring data along the lines of Section 10k are provided
in Cobol and PL/I (see [Sa68c], pp. 330-381 for a description of Cobol and
pp. 540-582 for PL/I). The storage mapping function of Section 9b is
generalized to these data structures in [Ho62, De66]. [Kn68] contains a very
useful section on them (pp. 423-434, see in particular p. 432 where the system
of tables of Figure 10.25 is ascribed to Dahm).

Exercises

10.1 (a) Consider the Fortran implementation of a stack as described in
Section 10a. What does the stack contain after execution of the following
program segment ?

CALL SKOPEN
DO 5 K=1,10
5 CALL PUSH (K)
DO 6 K=1,5
6 NEX(K) = IPOP (IT)
CALL PUSH (IT)
DO 7 K=1,5
7 CALL PUSH (NEX(K))

10.2 (a) Consider the Fortran implementation of a stack as described in
Section 10a. Assuming that 20 numbers have been stored in the stack, write
a program that removes the element that is just below the topmost element
in the stack, and every second element thereafter. (This leaves 10 elements in
the stack at the end of the operation.)

10.3 (a) Write PUSH and IPOP routines for a first in—first out store. (An
IPOP routine that shifts every item that remains in the store to an adjacent
location after an item has been extracted is not acceptable.)

10.4 (b) Implement A.10.3 as a Fortran program and apply it to the
tables of Figure 5.15.
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10.5 (b) Develop an algorithm that converts an infixed arithmetic state-
ment to prefix form.

10.6 (b) Combine A.10.1 and A.10.2 into a single algorithm that uses two
stacks (an operator stack and an operand stack) concurrently.

10.7 (b) Develop an algorithm that converts a representative set of K-
formulas (see Section 3e) to a list of arcs and a list of isolated nodes. Imple-
ment the algorithm as a Fortran program and apply it to the set

{*xaxxxaxbexxdcbef, *xbfxxexxbadrac}.
Use the program to show that
*xqxaxbcrxxxxdcbef

is not a K-formula.

10.8 (b) Develop an algorithm that tests a Boolean form for well-formed-
ness (see D.2.8 and its example).

10.9 (d) Elements in the first 5 rows of a 250 x 2 array LIST (and only
these locations) are to be used for list names, and the remaining elements of
LIST are to function as a list store. Taking LIST (1, 1) for the name of the
list of available space, write a routine INITIO that initializes LIST.

10.10 (d) Assuming that a list store is arranged as described in Exercise
10.9, write the following subprograms:

(i) KOUNT—to find the number of elements in a given list.

(ii) LAST—to find the value of the last element in a given list.

(iii) NTHOFF—to delete the last element in a given list.

(iv) KTHOFF—to delete the kth element in a given list.

(v) KTHADD—to introduce a given datum into a given list so that the new
element becomes the kth element of the list, the old kth element becomes the
(k + D)th element, etc.

(vi) ALLOFF—to delete an entire given list.

(vil) MCHOFF—to delete every element in a given list that matches a given
value.

10.11 (d) Assuming that a list store is arranged as described in Exercise
10.9, make appropriate changes to subprograms PUSH and IPOP of Section
10d so that they will function for this arrangement. What is the appearance
of the array LIST after execution of the following program segment ?

CALL INITIO
po 5 K=1,10
Do 5 J =1,2
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5 CALL PUSH (LIST(J,2),K+J)
DO 6 K=1,5
DO 6 J=1,2

6 NEX(J,K) = IPOP (LIST(J,2))
CALL PUSH (LIST(1,2),NEX(1,5))
CALL PUSH (LIST(2,2),NEX(2,5))
DO 7 J =1,2
DO 7 K=1,5

7 CALL PUSH (LIST(J,2),NEX(J,K))

10.12 (d) Assuming that a list store is arranged as described in Exercise
10.9, write PUSH and IPOP routines for the implementation of first in—first out
stores as lists. (You may make calls to the routines of Exercise 10.10.) The
efficiency of the FIFO stores can be greatly improved by making each *“list
name”’ a pair of pointers. To where should the two pointers point ?

10.13 (f) Develop an algorithm that generates a list structure from a
parenthesized string.

10.14 (f) Represent the tree of Figure 3.18 and the digraph of Figure 3.1
by list structures.

10.15 (f) Develop an algorithm for the output in sorted form of the in-
formation contained in a sort tree that has the representation of Figure 10.15.

10.16 (f) Design list representations of the following structures: (i) binary
trees in which only terminal nodes are labeled, (ii) weighted digraphs,
(ii1) weighted labeled digraphs, (iv) trees that have the form shown in Figure
6.5, allowing for the sharing of sublists.

10.17 (g) Redraw the list structures of Exercise 10.14 using (i) threaded list
representation, (ii) symmetric list representation.

10.18 (g) In the structure of Figure 10.21 only terminal nodes carry labels.
Redraw the structure of Figure 10.20 to make it conform to this convention,
and generate the corresponding symmetric list representation. Find general
formulas for the numbers of list elements required for symmetric list repre-
sentation of parenthesized strings under the two conventions. Find also a
general formula for the number of list elements required for threaded list
representation of a parenthesized string.

10.19 (g) Design algorithms for processing of symmetric lists that cor-
respond to subprograms KOUNT, LAST, NTHOFF, KTHOFF, and MCHOFF
of Exercise 10.10.

10.20 (g) Let a FIFO store be represented by a symmetric list. Develop
PUSH and IPOP procedures for this representation.
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10.21 (j) Repeat Exercise 10.15 using now the reversal-of-pointers tech-
nique to keep track of the traversal.

10.22 (j) A reference counter technique for recovering reentrant list
structures is outlined at the end of Section 10j. Expand the outline to an
explicit detailed algorithm.

10.23 (k) Draw a tree that represents the data structure declared by the
PL/I statement

DECLARE 1X, 2Y, 3Z(3), 3YY(2), 2X, 3Y;

10.24 (k) Develop an algorithm for the creation of table SYMBOL and the
first two columns of table STRUCT (see Figure 10.25) from declarations of
data structures.



CHAPTER I I

Organization of Files

11a. Records and Files

Let us start with a quote: “Data management problems are what the
Internal Revenue Service has when it receives 65 million income tax returns
every April 15.” The returns are records in an extremely large file. Another
example of a file is a telephone directory in which the triples {name, address,
telephone number} are the records. The information kept by a computer
installation on the jobs it has run, which may be a set of quintuples of the
form {job number, name, department, phone, cumulative total of money spent
on computer use}, is another example. The bibliography at the end of this
book is a file of modest size; its records are the quintuples {code, author(s),
title, publishing data, reference data}. A file, then, is a set of n-tuples, the
n-tuples are records in the file, and we shall call the coordinates of an n-tuple
the fields of a record. Large or small, files have to be organized and managed,
and the purpose of this chapter is to provide some insight in the problems
associated with these activities.

A considerable effort has gone into the formalization of file processing
concepts, but, although we must be ready to recognize the benefits that can
derive from a formal approach, we should be cautious not to become too
pedantic. The formal theories of files propounded so far do not appear
to satisfy significantly the requirement set down in another quote: “The

329
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mathematical system serving as a model must yield theorems whose interpreta-
tion affords some deeper insight or knowledge.”” For this reason, apart from
giving a sound definition of the objects that we shall talk about, we shall adopt
an informal approach.

DerINITION 11.1 A file is a collection of data, each datum consisting of three
elements:

(a) a unit—an entity (object, person, concept, etc.) that may be
considered, for data processing purposes, in terms of a finite
number of properties;

(b) a property—a characteristic to which measures can be assigned;

(¢) ameasure—a value capable of being expressed in a finite number
of information units (bits, characters, etc.).

The set of data in a file associated with the one unit is a unit record or
simply a record.

The values are the fields of a record, and in most files only values are
explicitly represented. Such files are called homogeneous. It is then essential to
have the values ordered so that they can be correlated with the appropriate
properties as and when required. Let P = {p, p», ..., p,} be a set of proper-
ties, and let V; be the set of values that property p; can take. A homogeneous
file on Pisasubset of V; x ¥V, x -+ x V,, and the members of the subset are
the records. A V; may have to include a special null value in case p; is in-
applicable to a given unit, or its measure is unknown. A case in point: In the
bibliography of this book references that carry a Zz code have anonymous
authors, and, if we consider the bibliography as a subset of V; x V, x V;
x V, x Vs, then V, must contain the special null value, which is assigned to
the Zz entries.

The decision of whether or not to make a file homogeneous is determined
by the characteristics of the unit records and by the purpose behind the
setting up of the file, i.e., by what is to be done with the file afterwards. In
many instances homogeneous design is natural. For example, the population
census of a country produces a unit record for each resident of the country.
Here P = {name, address, date of birth, place of birth, ...}. The file can be
stored on magnetic tapes. Since the properties for each unit record are the
same, there is no need to give an explicit representation of the properties in
any one record. The file is homogeneous, with each record occupying a block
of fixed size on a tape. The representation of the measures within a record
adheres to a fixed format, so that a particular measure, say date of birth,
occupies a well-defined field in each block.

Next consider a fact retrieval system based on a file of Nobel Prize winners,
with the records having the format Name/date of birth/date of death/Peace/



lla. Records and Files 331

Literature/Chemistry/Physics/Medicine/Economics. A record in the file might
be

Watson, James Dewey/1928/ & | & | B | & ] & ]1962] &

On the other hand, the record could be stored in a nonhomogeneous file as
Watson, James Dewey/B1928/M 1962

Although the homogeneous file would take up more space, retrieval of, say,
all winners of the Medicine Prize after 1950 would be faster, and this con-
sideration could lead one to the adoption of the homogeneous design.

A file may be designed so that every record in the file occupies the same
amount of storage space, or the size of individual records may be permitted
to vary. We speak then of fixed length records and variable length records,
respectively. A homogeneous file generally consists of fixed length records. In
a nonhomogeneous file the amount of information that makes up a record may
greatly vary from record to record, and the greater storage efficiency achieved
with variable length records may outweigh the benefits deriving from the
greater simplicity of a file in which all records have the same length.

A file must give reasonably fast access to a specified item of information
contained in it. This calls for organization. The most common organization
of records in a file is the sequential organization. Although there are excep-
tions (for example, the sequential order in a file of incoming messages in a
message-switching system may be determined by the order of arrival of the
messages), generally the records in a sequential file are in lexicographic
order of the values in some particular field or fields within the records. The
fields that determine the sequential order are called keys. In a telephone
directory the key is the property name. In our bibliography the key is the code
field ; since the names of the authors have been used in the construction of the
codes, the names are also very nearly in lexicographic order, but not quite.

When the key of a number of records has the same value, the use of a single
key may be inadequate, and a second key may have to be used to establish the
sequence of records for which the first key has the same value. In some
bibliographies the field name of author is the first key, and publication year the
second.

The records are put into sequential order by sorting on the key or keys.
Some sorting procedures will be given in Section 11d. When the values of a
key are in lexicographic order, logarithmic search (also called binary search)
can be used to gain access to a record specified by a given value of the key.
This value is called the search key.

Logarithmic search is based on the following observation. Assume that 4
is a vector of n elements, and that the elements are in lexicographic order, i.e.,
that @, £ a, 4, for k =1, 2, ..., n — 1. Further assume that a given datum d,
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if it is in A, is one of a@;, @44, ..., a;. Compute k =[ (i +;)/2], where [x]
denotes the largest integer not greater than x, and compare d with q,. If
d = a,, the search is over; if d < a,, then d can only be one of @;, ..., a,_,;
if d > a, it can only be one of @, .4, ..., a;. Logarithmic search starts with
i = 1andj = n, and the search region is successively reduced. The total num-
ber of comparisons is at most {log, n] + 1;itis [log, n] if one can assume that
dis in A. By contrast, if the elements of 4 were unordered, one would have to
go down A4, comparing d against each element in turn. If d were in A4, the
expected number of comparisons would be #/2; if it were not, then one would
have to go through all » elements before one could be sure.

ALGORITHM 11.1 A program for finding a given datum KEY in the first
column of a matrix M by logarithmic search. It is assumed that the first
column of M contains integers in ascending order. SEARCH returns the
number of the row in which KEY is found; it returns 0 if KEY is not in the
first column of M.

INTEGER FUNCTION SEARCH (KEY,M,N,K)
DIMENSION M(N,K)
INTEGER HI
L0 =1
HI = N
SEARCH = 0
5 IF (LO.EQ.HI .AND. KEY.NE.M(LO,1)) RETURN
MID = (LO+HI)/2
IF (KEY - M(MID,1)) 6,10,7
6 HI = MID
GO TO 5
7 L0 = MID + 1
GO TO 5
10 SEARCH = MID
RETURN
END

11b. Indexed Files

The registers kept by motor registration authorities are files. Assume that
records in the file of one such authority are divided into the fields name/
address|registration number|date of expiry|model of car. The file might serve
a variety of purposes. The primary purpose should be to provide information
for sending out renewal notices, but the file might be used in crime detection
as well. As far as the primary purpose is concerned, the appropriate sort key
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is date of expiry. However, sorted this way, the file is not properly ordered for
finding the name and address corresponding to a given registration number—
an application that could arise in crime detection.

One solution is to arrange the file in 12 blocks, one for each month of
expiry, and to have each block sorted on the registration number. The block
starting addresses are kept in an external directory of 12 entries. Then, given
a registration number, one applies logarithmic search to each block in turn.
Assuming that the blocks are approximately equal in size and that the total
number of records in the file is n, the expected number of comparisons for
locating a record is approximately 6 log, (n/12).

A more drastic solution would be to keep two complete files: one sorted
on date of expiry, the other on registration number. This design would squander
memory; the only information that we really need in the second file is the set
of registration numbers and pointers to records in the first file. Let us,
therefore, generate the second file as follows: (a) from each record in the first
file copy the registration number and attach to it the address of the record,
and (b) sort these ordered pairs on the registration numbers. The second file
is now an index of the first. An index can be prepared using any of the fields.
A file that has a set of indexes associated with it is known as an indexed file.

Let us turn again to document retrieval, which was introduced in Section
8c. Assume that we have a set of documents, and that the documents have
index terms associated with them. The index terms might be:

Document 1—memory protection, monitor, operating system, time-
sharing;

Document 2—integer programming, operations research, zero-one
variables;

Document 3—data structures, file handling, paging, storage allocation,
storage organization, time-sharing;

An indexed document file is set up by storing the bibliographic information in
order of document numbers (preferably with all entries made the same size),
and by creating a sorted list of index terms in which each term is followed by
identifying numbers of all documents with which it is associated. Let us call the
two components of the indexed file document register and index, respectively.
A user might make a request for documents that carry all of the following
index terms: memory protection, operating system, time-sharing. The three
terms would be looked up in the index, and the intersection of the three sets
of document numbers computed. The resulting set of document numbers
then identifies all documents satisfying the request, and the bibliographic
information relating to these documents is extracted from the document
register.
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The nature of the document file differs somewhat from that of the motor
registration file. The basis of the indexed motor registration file is a sequential
file containing all the information that is stored in the system, and this
sequential file remains intact throughout; the indexes are additions to it.
Searches are made in the sequential file and in the indexes. Sequential files to
which indexes are added are called indexed sequential files. Imagine that the
indexed document file, too, is generated from a sequential file, one in which
each record consists of bibliographic data and the index terms, i.e., of more
than one field. Now, however, each record is reduced to a single field, and a/l
other data are placed in the index; i.e., a separation of the data takes place.
Searches are made in the index alone. A file of this type is called inverted. The
distinction between indexed sequential and inverted files can become very
blurred. For instance, if it is considered worthwhile to supply the user of the
document retrieval system with additional information that would help him
come to a finer appreciation of the relevance of the retrieved documents, then
the full sets of index terms associated with the retrieved documents should be
incorporated in the output, and this means that the index terms should be
part of the register entries. Then the document register carries too much
information for the file to be a pure inverted file. On the other hand, since
there is no direct interrogation of the register, the file is not indexed sequential.

The process of making changes to a file is called updating of the file. The
document file has to be updated when new documents come to hand, and the
ease or difficulty of updating is determined by the original design of the file.
No complex system is perfect, and sooner or later an existing system ought to
be scrapped and replaced by a new system designed on the basis of operational
experience with the existing system. Therefore, one can decide on the greatest
number of documents that the file will be permitted to contain, taking the
view that when this number is in danger of being exceeded the time will have
come to redesign the system anyway. One may also be able to decide in
advance ona set of permissible index terms, and, having a bound on the num-
ber of documents, one would have a fair idea of how many locations should
be assigned to each index term for storing document numbers. We shall
call these locations the reference vector of the index term. With this design
updating of both the document file and the index is trivial. When a new docu-
ment is brought into the system, the bibliographic data are simply appended
to the existing document register. The index terms associated with the docu-
ment are looked up in the index, and, for each index term, the number of the
new document is inserted in the first free location of its reference vector.

If the set of index terms cannot be fixed in advance, then the document
register is still easy to update, but updating of the index becomes difficult.
Assume that an index term for which there is no entry in the index is associated
with the new document. One cannot just append the entry for the new index
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term to the end of the index, because then the index is no longer ordered and
logarithmic search becomes inapplicable. Therefore, storage has to be found
for the new entry at its rightful place within the index, and this involves shift-
ing of all entries that come after it. A file or a component of a file organized
sequentially in lexicographic order can be efficiently searched, but the
efficiency of updating is very poor.

Efficiency of updating improves when the index is set up as a list structure.
Consider the index of the document file arranged as a binary sort tree. The
tree is stored as a list structure (Figure 10.15 shows an example of a list
structure corresponding to a sort tree) in which an element consists of left and
right pointers, the index term, and locations for storing document numbers.
Search in a balanced binary sort tree is as efficient as binary search in the
corresponding sequentially organized sorted index, but, since the sort tree is
unlikely to be balanced, we can expect some loss of search efficiency. Because
of the left and right pointers there is some loss of storage efficiency as well.

A change in the design of the list structure eliminates the need to estimate
in advance the number of documents that will be indexed by a particular
index term. Instead of representing a node in the sort tree by an element, let
us represent it by a list. We now need two types of list elements. An element
of the first type carries left and right pointers and an index term as before, but,
in place of the locations for storing document numbers, there is a pointer to
a list of these numbers. Document numbers are stored in elements of the second
type. These elements consist of two fields: one for a document number, the
other for a pointer to the next element containing a document number. The
document numbers are stored in ascending order. Figure 11.1 shows the list
corresponding to a node of the sort tree.

DATA S
TRUCTU

G

VAR N Reference vector
left right
pointer pointer
Figure 11.1

11¢. Scatter Storage Techniques

Logarithmic search locates a record in a sorted sequential file fairly
rapidly, but even better search times are achieved when the design of a file is
based on scatter storage techniques. Moreover, updating efficiency matches
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the search efficiency. Although a scatter file occupies more storage than a
sequential file containing the same amount of information, the additional
locations required may be fewer than the locations taken up by pointers in a
sort tree.

Let us take the compilation of Fortran programs for the context of our
discussion. A compiler has to keep track of locations assigned to variables in
the program that is being compiled; i.e., a file with records of the form
{variable name, location) has to be maintained. If A is the set of permissible
Fortran variable names, then |A| is approximately equal to 1.6 x 10°
(Exercise 1.28), but in a particular program only a comparatively small
number of possible names will be encountered. Let T be a vector in which we
store names as they are encountered. (We also need a vector in which to
store the assigned locations, but this vector is irrelevant to our discussion.)
Consider a function f: A — I, where I is the set of subscripts of the elements
of T, and the restriction f'| N, where N is the set of variable names actually
appearing in the program. Now, f| N cannot be one to one, i.e., cannot
associate all names in N with unique subscripts (otherwise, for T of any
reasonable size, the computation of values of the function would take so long
that the purpose for having the function would be lost), but it is possible to
define functions f such that the number of elements in the range of | N is
not much smaller than | N|, i.e., the restriction is close to being one to one,
and the number of elements in the range of fis not much greater than |N |,
i.e., the storage requirements are modest. Moreover, the subscripts can be
computed very rapidly.

In general terms, we take a record, and apply a function f, called the
scatter function or hash function, to a key in the record to arrive at an address
in a scatter file storage area. Several different scatter functions have been
devised. We shall consider the three most commonly used. To simplify our
discussion we shall continue with the example of the Fortran compiler, and
describe the operations in terms of variable names and subscripts defining
locations in the table T (which is our scatter table or hash table).

a. Square the name and extract » bits from the middle of the result. The
value of this field (the hash address) defines a location in T. Since the middle
bits of the square of a word depend on every bit in the word, the probability
that different variable names will give rise to different addresses is nearly the
same for LOCA and LOCB, XARRAY and YARRAY, ABCDEF and ZYXWUV.
Unless one employs a scaling procedure, the size of T must be 2", where 7 is
the number of bits extracted. This can prove rather annoying: If a table of,
say, 2048 locations is too small, then the table having the next possible size of
4096 may be much too large.

b. Compute the hash address by separating the name into n-bit fields,
adding the fields, and taking the n lowest bits of the sum. Whether this method
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is preferable to squaring depends entirely on the speed with which the com-
puter performs the operations. A variant of this method is to split the name
in half, and to apply the fast logical exclusive or operation on the two halves,
e.g.,from GORSE (represented by the octal integer 2746516225604 in the IBM
7040 character code) and HORSE (3046516225605) derive 4563314 and
5263314, respectively. The n bits are extracted from this result. Unfortunately,
nearly equal names will tend to give the same hash address. Here the same
hash address is obtained if one takes the low bits. If the high bits were taken,
then the same hash address would be obtained for names differing only in the
last character. Splitting the name into three or more parts and applying the
exclusive or to all parts is no solution because the probability that the hash
address contains more zeros than ones grows with the number of parts.

¢. Divide the name by the size of the table and take the remainder for the
hash address. The method is more effective if the size of the table is an odd
number. Otherwise the datum and the hash address have the same lowest bit.
When a variable name does not occupy an entire word, the spare character
positions are normally filled with blanks. All short names will then give rise
to even hash addresses, and the result will be a heavier use of the even loca-
tions in the table. The division method has two advantages: One does not
have to go below the level of a computer word in the computation of the
hash address, and the size of the table is not restricted to powers of 2.

In nearly all practical situations one has to deal with multifield records.
Quite often the key is not as important as the other fields. For example, in
symbol tables of compilers and assemblers the addresses assigned to variables,
rather than the variable names, are the important data, and the names may
actually be discarded at some stage of the process. It would be to our advant-
age to discard the names as early as possible, and store in T the locations
assigned to variables instead of their names. However, if we discard keys
while the file is being added to, then we cannot deal with situations in which a
hash address refers to a location that is already occupied. If the computed
hash address refers to an empty location, or the location is found to be
occupied, but the key agrees with the stored key, the job is done. If, however,
the key and the stored key differ, then we have a collision. We shall now con-
sider a number of methods for dealing with collisions.

The simplest technique is to look for a free location (or for agreement of
the key with a stored key) in the neighborhood of the location to which the
hash address points. One examines location after location in the forward
direction until the job is done. If the end of the table is reached, the search
shifts to the head of the table. This linear search procedure leads to cluster-
ing of entries and is rather inefficient as a consequence.

The clustering effect is reduced by making the search procedure cover the
table in jumps of varying magnitude. With a table of size N, if collision
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occurs at the kth location, compute a pseudorandom integer r on the interval
[1, N — 1], and make a new try at the (k + r)th location, or at the location
given by the remainder of (k + #)/N in case k + r > N. The pseudorandom
number generator must produce every integer on [1, N — 1] exactly once. The
table is full when repetition sets in. The same sequence of integers r must be
produced for every new key; i.e., every insertion or look-up operation
involving collisions must start with a new initialization of the pseudorandom
number generator. The generator may, for example, generate the sequence
1, 6, 31, 13, ... . Then, if the hash address is 18, say, and a collision occurs,
one tries location 19. If this probe results in a collision as well, one tries 24,
then 49, and so on. If the table size is 161 and the hash address 153, say,
collisions would make one try in turn locations 154, 159, 23, and so forth.

The efficiency of the random search procedure depends only on the ratio
of occupied locations ¢ to total number of locations N. This ratio is known as
the load factor, and we write a =t/N. The expected number of probes
necessary to enter the (k + 1)th record is given by

A =1+ Zk:P(k, i)/P(N, i)
i=1

=1+k/(N—-k+1)
=1/(1 -k/N+1)
=~ 1/(1 — ).

The average number of probes E that must be made to look up an item is
equal to the average of 4,, 4,, ..., 4;_ ;, and this is (approximately)

* 1
E=l ax = —<—> In (1 — a).
oadyl —x o

Some representative values:

o: 0.5 0.75 0.9 0.95
E: 1.39 1.83 2:56 3.15

Compare these with the average number of probes in linear search: approxi-
mately 5.5 when « = 0.9 and 10.5 when « = 0.95.

A third approach is to set up all records having the same hash address as
a list. The hash address is computed, and, if the location indicated by this
address is empty, the new record is inserted there. If the hash address points
to the first element of a list, the sequence of pointers is followed until the
keys agree or the end of the list is reached. In the latter case a free location
is found by some means or other, the record is inserted in this location, and
the location joined to the list. A difficulty arises when the hash address points
to a location occupied by an element that is not the first element of a list, i.e.,
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belongs to the list corresponding to some other hash address. In this case the
old entry must be moved to a new location so that the record can become the
first element of a new list. The relocation involves changing the pointer in
the list element preceding the element that has to be moved, and there arises
the problem of finding this element (Exercise 11.8). The average number of
probes is significantly smaller than for the other schemes:

o 0.5 0.75 0.9 0.95
E: 1.25 1.38 1.45 1.48

but these values do not tell the whole story. Relocation of elements can be
quite costly in terms of time, the actual overheads depending greatly on the
skill of the programmer. Moreover, additional space is taken up by the pointers.

A modification of the method eliminates relocation. The total storage
region is divided into two segments. One is the scatter storage area itself; the
other is an overflow area, arranged as a list of available space. Only the first
element of a list is located in the scatter storage area. All other elements go
into the overflow area. Then a hash address must always point either to a
free location or to the first element of a list. Consider the second alternative,
and assume that the key of the new record does not agree with the stored key.
If the pointer is zero, then an element is taken from the list of available space,
the new record is inserted in this overflow element, and a pointer to the
element put in the pointer field of the element in the scatter storage area. If the
pointer is not zero, then one follows pointers until the end of the list is reached
(assuming that the keys do not agree anywhere along the way). Then the
record is stored in an element taken from the list of available space, and this
element is added to the list.

11d. Sorting

Although file organization is becoming more dependent on scatter storage
techniques, the importance of sorting is not diminishing. Files are main-
tained for the sake of providing us with information, and we expect to receive
the information that we request in what we call a “natural” order. Therefore,
irrespective of how files are organized inside a computer, records of an output
file must be in lexicographic order of the values of some key or another.

The algebra of sets provides another context in which we depend on
order. Set operations, such as union or intersection, take much longer when
the operations are carried out on sets with unordered elements than when the
elements are ordered. Assume that vector A contains the N elements of a set
A4, and that B contains the M elements of set B. A.11.2 is a procedure that
merges elements of A and B into C. It is easy to modify the procedure so that
it finds 4 U B, i.e., removes duplicates.
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ALGORITHM 11.2 A procedure for merging numbers stored in order of
magnitude in arrays A and B.

SUBROUTINE MERGE (A,N,B,M,NPLUSM)
DIMENSION A(N), B(M), C(NPLUSM)
=1

=1

) = A(I)
(

2 K=K+ 1
RETURN
3 C(K) = B(J)
IF (A(I).LT.C(K)) GO TO 1
J=J 41
K=K+ 1
IF (J.LE.M) GO TO 3
DO 4 II = I,N
C(K) = A(II)

4 K=K+ 1
RETURN
END

ALGORITHM 11.3 Let arrays A and B contain distinct elements of sets A
and B in order of magnitude. Subroutine DIFF finds in C the K elements of
A — B. Note that

CALL DIFF (A,N,B,M,A,K)

is permitted.

SUBROUTINE DIFF (A,N,B,M,C,K)
DIMENSION A(N), B(M), C(N)
J=1

K =0

DO 15 I = 1,N
3 IF (A(I) - B(J)) 10, 15, 5
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S5 I =J+1
IF (J - M) 3, 3, 17
10 K=K + 1

C(K) = A(I)

15 CONTINUE
RETURN

17 DO 20 J = I,N
K=K+ 1

20 C(K) = A(J)
RETURN
END

Perhaps selection sort is the sorting method that is easiest to understand.
Assume that an array [a,, a,, ..., a,] is to be sorted. One selects the largest
ofa,,a,,...,a,and interchanges this number with q,, then selects the second
largest number in a scan of elements a,, a,, ..., a,-; and interchanges it
with a,_;, and so on. This method requires (n — 1)+ (n—2)+---+ 1=
1(n* — n) comparisons. Next we consider exchange sort. In principle this
method does not greatly differ from selection sort. In the first pass of the
exchange sort one compares a; with a;,, fori=1,2, ..., n — 1, and ex-
changes the elements whenever a; > a;, ;. This shifts the largest element into
position a,, and a, is not involved in subsequent comparisons. The ex-
changes of the second pass shift the second largest element into «@,_,, and so
on. The process is stopped when no exchanges have been made in a pass.
This can reduce the number of comparisons below the maximal value of
4(n* — n) in certain cases.

ALGORITEM 11.4 Exchange sort.

SUBROUTINE EXSORT (A,N)
INTEGER A(N), TEMP
LOGICAL FINISH
DO 6 K =2,N
FINISH = .TRUE.

LP =N - K + 1
DO 5 L =1,LP
IF (A(L).LE.A(L+1)) GO TO 5
TEMP = A(L+1)
A(L+1) = A(L)
A(L) = TEMP
FINISH = .FALSE.
5 CONTINUE
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6 IF (FINISH) RETURN
RETURN
END

Array A has been declared INTEGER because the comparisons of A(L)
with A(L + 1) may take less time in integer than in real arithmetic.
Assume, however, that we make the call

CALL EXSORT (ARRAY, 100)

where ARRAY is REAL. Most systems do not check whether the actual
argument ARRAY agrees in type with the dummy argument A. Moreover,
representation of real numbers in many computers is such that, for real a
and b, a £ b if and only if @ £ b when a and b are interpreted as integers.
Such a representation permits the use of the one subroutine for sorting
both integer and real arrays.

Example

The array [3, 2, 1, 6, 4, 5] is sorted in three passes (no exchanges are made
in the third pass). On the other hand, sorting of [2, 3, 4, 5, 6, 1] requires the
maximal five passes to get the 1 into the first location.

We shall now describe a sorting procedure based on the merging operation
of A.11.2. There are fewer comparisons than with selection or exchange, but
2n locations are now needed to sort » numbers. The numbers are paired, and
placed into “arrays” of length 2, the smaller number of a pair becoming the
first element of the “array.” Next pairs of “arrays” of length 2 are merged to
produce “arrays” of length 4, pairs of these “arrays” are merged to produce
““arrays” of length 8, and so on. The method is most effective when n = 27,
but usually 7 is not an exact power of 2. For all n satisfying 2" ' <n < 2™
the number of passes is m, i.e., the number of passes is given by [log,n]
where [x] denotes the least integer not smaller than x. The method is illus-
trated by Figure 11.2. Actually one uses only the two arrays A and B, both
of size n, and the “arrays” of the discussion above correspond to sequences
of elements in A or B.

The procedure that we have described is known as a two-way merge be-
cause pairs of arrays are merged. If, instead of merging two arrays, we pro-
duced the new arrays by merging ¢ arrays at a time, then we would have a
g-way merge. The number of passes in a g-way merge is [log, n], and the total
number of comparisons is less than (¢ — D)n[log, n].

When n is about 1000, two-way merge makes about 10,000 comparisons.
Exchange sort makes about 50 times as many, but is minimal as far as storage
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19 1
19 .
1 19 1
26 26 19 1
>‘?‘6 43 26
43 43 17
26
19
43
92 87 26
oz 26 87 26
87 87 88
o8 34
9
88 26 2 43
92
26 88 69
87
17 17 88
17 17 oz
34
34 > 34 34
69 * .59 69 69
A B A B A Array in
which stored
Figure 11.2

requirements are concerned. Our objective is to find a sorting procedure that
combines the speed of two-way merge with minimal storage requirements.
One minimal storage procedure that makes the same number of comparisons
as the two-way merge is the merge—exchange sort (or Shell sort). Let
lai, a;, ..., a,] be the array to be sorted. Define the numbers

d1 =2llogsz_ 1;
dkzL%dk—l_]a k=2’--'am_1;
d,=1.

In the first stage of the process strings a; a;,4, (i=1, 2, ..., n —d;) are
sorted by exchange, and, in general, in the kth stage strings @; a; 4, @424, "
(i=1,2,...,d, — 1) are sorted by exchange. For the array of Figure 11.2,
since n =11, have d, =7 and m = 3. The first stage sorts strings a,ag,
a,daq, aza,q, a,a;,. We find, however, that in our example these strings are
already in order. In the second stage, since d, =[7/2] =3, exchange is
applied to strings a,a,a,a,,, @,asasa,, A3a¢a, . For example, string 19 43
88 34 becomes 19 34 43 88. At the end of the second stage the array is in
rather good order: [19, 1, 17, 34, 26, 26, 43, 69, 87, 88, 92]. Therefore, the
sort is completed with very few exchanges in the third stage.

ArcoriTHM 11.5 Merge-exchange sort. (For reasons of efficiency the
sequence of operations is not exactly as described above—there is some
overlap in the sorting of the strings in stages 2, 3, ..., m — 1.)
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SUBROUTINE SHELL (A,N)
INTEGER A(N), TEMP, D
D=1
1 D=2 =D
IF (D.LE.N) GO TO 1
2 D= (D-1)/2
IF (D.EQ.0) RETURN
ITOP = N - D
1

DO 4 I = 1,ITOP
I=1
8 L=2J+0D
IF (A(L).GE.A(J)) GO TO 4
TEMP = A(J)
A(J) = A(L)
A(L) = TEMP
J=J-0D

IF (J.GT.0) GO TO 3
4 CONTINUE

GO TO 2

END

Evaluation of the procedures has to be approached with great caution.
When the numbers of comparisons differ greatly, as they do with ordinary
exchange and merge-exchange, then it is obvious which of the two is the
better method. This is not at all obvious when one compares merge-exchange
with the tree sort (A.5.3), although in the worst case tree sort requires twice
as many comparisons as merge-exchange. In addition to the number of
comparisons, efficiency depends on the quality of coding and the complexity
of the programs; a much larger proportion of the total execution time is spent
sequencing the actual computation steps in a complicated program than in a
program having a simple structure. Efficiency depends also on the language in
which the program is written, on the compiler, and on the peculiarities of the
computer. A test on Algol versions of A.5.3 and A.11.5 run on the CDC
1604A has shown that with #» = 10,000 merge-exchange takes 1.33 times as
long as the tree sort for integer arrays, but 1.38 times as long for real arrays.
The difference in these ratios should be due to causes unrelated to the al-
gorithms themselves.

Throughout this book we are emphasizing that a high-level language, such
as Fortran, which was designed primarily for coding numerical algorithms,
can be applied to problems of a nonnumerical nature. We have seen that
Fortran can deal with such problems quite effectively, provided the data of
the problems can be translated to numbers. Difficulty begins when the data
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cannot be interpreted as numbers. Consider alphabetic data read into the
computer under A-conversion. In IBM 360 machines the trouble is minimal,
Characters are stored in 8-bit fields (bytes), and 4 such fields make up a word.
For example, we would have the representation,

BATE 11000010 11000001 11100011 11000101
ABET 11000001 11000010 11000101 11100011
BAT 11000010 11000001 11100011 01000000

where the code 01000000 in the last word represents a blank. Negative
integers are represented by a 1 in the leading bit position and the 2’s comple-
ment of the integer in the remaining 31 bit positions. Interpreted as integers
our data become

—111101 00111110 00011100 00111011
—111110 00111101 00111010 00011101
—111101 00111110 00011100 11000000

Clearly, when these data are sorted as integers, we get the proper order

ABET
BAT
BATE

But, if the words to be sorted contain both upper and lower case letters, then
the words beginning with lower case letters precede a/l words beginning with
upper case letters, and we would get, for example, a ““sorted” list

abet
bat
bate
Adam

The position is more difficult with some other codes. For example, the
code used for internal representation of alphabetic data in the IBM 7040 uses
6 bits (or 2 octal digits) to represent a character, and there are 6 characters to
a word. With this code, interpreting the representations as integers, we have

GORSE 274651622560,
HORSE 304651622560,
MORSE — 446516225604
MORSEL  —44651622543,

MORSES  —44651622562,
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and an impossible “sorted” list is obtained:

MORSES
MORSE
MORSEL
GORSE
HORSE

Other than going to assembler language, there is no solution. A Fortran
program interprets the 36-bit word (6 characters) as a number composed of
a sign bit and 35 other bits, and the sign bit causes part of the trouble.
Assembler language provides “logical” comparison, which, in effect, treats
all 36 bits as a positive integer, and this facility should be used whenever the
Fortran procedure would make an arithmetic comparison. Then the sorted
list is

GORSE
HORSE
MORSEL
MORSE
MORSES

Only MORSE is out of place in this list. If, moreover, blanks are translated to
zeros before sorting, and translated back to blanks afterward, the proper
order is obtained.

Some assembler languages give access to individual characters, and this
facility is used in radix sort, which is a popular sorting procedure for mechani-
cal card sorters, but is not widely used on computers because of very high
storage requirements. In this method, to sort words over an alphabet of k
characters, k + 1 “bins” are used. If d is the length of the longest word in the
set to be sorted, then every word in the set is assumed to be d characters long;
the extra characters are assumed to be blanks at the right-hand end of the
word. The dth character is examined first, and the word is assigned to the bin
associated with that character. Then the words are collected and distributed
again on the (d — 1)th character, and so on. Table 11.1 shows how the pro-
cedure works. Storage requirements come to (k + 2)n, but there are only nd
comparisons. The (k + 1)-way comparisons can be executed very rapidly by
making use of assembler language indexing techniques. Storage requirements
can be significantly reduced if the bins are set up as lists.

A refinement of the method, which requires only 2r storage locations,
can be implemented when individual bits are accessible. Examine the lowest
bit position: Going through the array from top to bottom first transfer all
items with a O in this position to an auxiliary array; then transfer all items
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TABLE 11.1

RADIX SORT

A B C D E G H blank

BEACH ADAGE BEACH CAB
CAB ACE
ACE BEAD
ADAGE

BEAD

ADAGE BEACH BEAD ADAGE CAB
BEACH ACE
CAB

ACE

BEAD

BEACH BEACH CAB ACE
BEAD BEAD

ADAGE ADAGE

CAB

ACE

BEACH CAB ACE ADAGE BEACH
BEAD BEAD
ADAGE

CAB

ACE

CAB ACE BEACH CAB
ACE ADAGE BEAD
ADAGE

BEACH

BEAD

with a 1 in this bit position. Next examine the second lowest bit position,
again transferring first all items with a O, then items with a 1 in this position
(these transfers are back to the original array), and so on. Figure 11.3 illus-
trates the procedure with 5-bit numbers. Although the method involves bn
transfers, where b is the number of bits in an item, and 2bn individual bits
are examined, the method, which we call birary radix sort, can be quite fast.

Another method that has greater than minimal storage requirements is
sorting by address calculation. In order to be able to apply this method one
has to know the range of the numbers to be sorted, and—for efficient per-
formance—something must be known about their distribution. To illustrate
the principle of the method assume that 90 distinct unordered integers in the
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17 10001 OI100 OI100 11000 10001 O0OIIO 6
9 01001 00110 11000 10001 10001 01001 9
12 01100 11000 1000f Of001 10011 01100 12
6 00110 10001 01001 10001 00110 10001 17
24 1{000 O0l00! 1000l 1001t [1OOO 10001 17
19 10011 100l1 00110 0100 01001 10011 19
17 10001 10001 10011 00110 01100 11000 24

Pass 1 2 3 4 5
Figure 11.3

range [1, 100] occupy array N, and that a second array M, of dimension 100,
is available. The numbers can be sorted by the following procedure:

DO 4 K = 1,100
4 M(K) =0
DO 5 K = 1,90
I = N(K)
5 M(I) =1
I=0
DO 10 K = 1,90

7 I=1+1
IF (M(I).EQ.0) GO TO 7
10 N(K) = M(I)

Of course, the sort is not nearly as neat in a practical situation. First, the
calculation of the address, i.e., of subscript I of the location in M that an
item having value ¢ is to occupy, can take considerable time. If » numbers
have uniform distribution and range in value from k; to k,, and M has
dimension D, then an estimate of I is given by (¢ — k)¢, where ¢ = D/(k, — ky).
The formula would be more complicated for nonuniformly distributed items.
Secondly, the same address may be computed for more than one item, e.g.,
when there is duplication. Then we may find M(I) already occupied, and
another location has to be found for the new item. All items in M at any
particular stage must be in their correct order. Therefore, insertion of the
new item may involve some shifts. To avoid having to shift too many items,
D has to be made greater than n. When D = 1.5n, then, assuming that the
formula for the address calculation reflects the distribution of the data
reasonably well, the method requires about 1.33n comparisons. One must, of
course, include address calculations in time estimates.

Let us describe sorting as follows: In sorting of a file we compare values
of a key and interchange records. This description applies equally well to a
file of multifield records and a file in which the key is the entire record.
Despite the identity of the processes in principle, sorting of multifield records
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may create its own particular problems. Consider matrix Q of Section 9c¢. It is
a very simple file; its columns are records. If the first element in a column is
taken for the key, then the file is already sorted. We may, however, decide to
sort on the second element of a column, and, to make things more difficult,
on the first element within each group of columns having the same second
element. But the file is already sorted on the first element, and this should be
taken into account in selecting the sorting procedure. We want a procedure
that keeps records having the same second element in their existing relative
order. Then, at the end of the sort on the second element, the records are in
order on the secondary key as well. A single pass radix sort, with five bins for
the five values of the key, is obviously one such method.

Shifting of records during a sort is inconvenient when the file consists of
long records. The situation is aggravated when the records are of varying
length, or the file is too large to fit in core memory. The usual procedure then
is to extract values of the key, and to have a record identifier associated with
each value (the identifier may be the address of the first location occupied by
a record). The ordered pairs {key, identifier are sorted, and after the sort the
sequence of record identifiers defines the ordered file; i.e., the sorted ordered
pairs constitute an index of the file. If we can afford the space for permanent
retention of the index, then we have now an indexed file, and there is no need
for physical rearrangement of the records. If the file is in core memory,
a vector of identifiers is all that we require. The identifiers are used to gain
access to values of the key in the file itself when a comparison has to be made,
and only the identifiers are ever exchanged. This variant is slower, and the
records have to be rearranged at the end of the sort.

11e. Files and Secondary Storage

The properties of the medium on which a file is stored affect the organiza-
tion of the file and the procedures used in its processing. If a sequential file is
stored in core memory, then logarithmic search is the proper procedure for
gaining access to a record, but imagine applying logarithmic search to a file
stored on magnetic tape! The tape is spun forward 1000 feet, say, back 500
feet, back 250 feet, again forward 125 feet, and so on. Certainly a fascinating
spectacle, but that is about all it would be.

When a file is not in core memory the page of a file becomes an important
concept. Records are regarded as grouped into a sequence of pages, the size
of a page depending on the characteristics of the storage medium. In the case
of a magnetic tape the pages are tape blocks. With this sequential storage
medium the only way of getting at the nth page is by going through the
preceding n — 1 pages, and one might as well have the search guided by data
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on these pages. Therefore, instead of performing logarithmic search on the
file, one reads the pages in sequence, inspecting the value of the key in the
last record of a page. If the search key exceeds this value, the next page is
read; if not, then logarithmic search is applied to the page currently in core
memory.

Magnetic disks (and drums) call for a different strategy. Let us interpret
the tracks as pages. Nearly all of the time required to access particular records
is spent in gaining access to the pages to which they belong, but each page
can be accessed independently. The best search time is achieved if one can
identify the page that holds the record indicated by a given search key without
direct reference to other pages of the file. Therefore, a directory, which holds
the value of the key of the first record of every page, is kept in core storage.
Then, given a search key, the appropriate page of the file is identified by
something similar to logarithmic search in the directory. This page is brought
into core memory, and logarithmic search takes over. If it is impracticable to
hold the directory in core storage at all times, then it can be made part of the
first page of the file. Now a record is accessed by bringing at most two pages
into core memory.

Next, let us investigate the effects of the use of secondary storage on the
design of the document retrieval system of Section 11b. We base our design
on core memory, a disk, and magnetic tape storage. Assume that the docu-
ment register is stored on tape, and the index distributed over core memory
and the disk: index terms in core memory (either as a sort tree or as a scatter
table), reference vectors on the disk. We shall see that the design illustrated
by Figure 11.1 can be retained only in part. The main requirement is that any
reference vector should be stored on just the one track, i.e., that each track be
associated with a fixed set of index terms. This prevents us from setting up
the tracks reserved for the reference vectors as a single list store. We can, of
course, arrange each track as a separate list store. Note that half the available
space in the list store is then taken up by pointers. This means that overflow
of atrack could occur earlier than under a scheme in which the track is divided
into blocks, each block assigned to a particular index term, and the reference
vector stored sequentially in this block. Assume that the latter scheme is
adopted. Then the pointer from the index term to the reference vector con-
sists of a track number and of the location of the head of the block within the
track. The blocks must contain back references to the index terms. If overflow
occurs, then one of the reference vectors has to be moved to a different
track, and the location of the index term must then be known so that the
pointer associated with the index term can be updated.

If the entire file is stored in core memory, then the system can respond to
a retrieval request with the output of bibliographic data as soon as the
relevant documents have been identified. If the document register is on
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magnetic tape, then output is best postponed until the relevant documents
have been identified for a number of requests. The output for all these requests
is then generated in a single tape pass.

Under time-sharing and multiprocessing the entire random access
memory (core, disks, drums) is sometimes divided into pages. Pages belonging
to the one program may be located anywhere. When a datum is referenced by
the program, and the datum is not already in core memory, the page that
contains the datum is brought into core memory by the operating system
(and a different page—not necessarily belonging to one’s program—is
transferred from core memory to disk or drum). This is the virtual memory
concept. Although the programmer is not concerned with the mechanism for
the transfer of pages between different levels of storage (all memory looks to
him as being on the one level), he should use programming techniques that
minimize the number of page interchanges. For example, if a scatter table
occupies more than one page, then the programmer should aim at resolving
collisions within a page; i.e., if the first probe leads to a particular page, then
subsequent probes should be confined to this same page. Linear search is then
more effective than either randomized search or the use of lists.

Clearly, then, organization of files, and search and updating techniques
must be made to suit the properties of the storage devices. Another factor to
be taken into consideration is frequency of use. It would be very poor policy
to devote a large amount of time to the optimization of search efficiency if the
file is not likely to be much looked at. In some applications the ease with
which items can be deleted is another important factor—this is one aspect of
updating that we have not considered at all.

Notes

File organization has a very extensive literature, and a representative
selection of sources for additional reading would take up a disproportionately
large part of our bibliography. Instead of extending the bibliography by too
many pages, we recommend the detailed surveys in the Annual Review of
Information Science and Technology [Cl66b, Mi67b, Sh68] as guides for
further study. However, a novice should first read [Ga66], which is a case
study describing the design of a file and the implementation of interrogation
facilities for users of the file, in order to gain some appreciation of what a file
designer has to consider in real life.

An alternative to binary search is Fibonacci search, described in [Fe60].
Fibonacci search avoids division (cf. the statement following statement in 5
A.11.1); it may, therefore, be more efficient than A.11.1. Scatter storage
techniques are surveyed in [Mo68a]; the division method for arriving at a
hash address is described in [Ma68].
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[Ba62b] contains algorithms in the form of flowcharts for set operations
on sets stored as lists. A survey of sorting procedures can be found in [Go67d].
[F169], a book on sorting, has a major fault that the author expresses the
algorithms in his own private assembler language. [Ba68b] is a veryinteresting
paper dealing with hardware solution of the sorting problem. The ratios of
times given near the end of the paragraph following A.11.5 have been cal-
culated using data taken from [BI66].

It is well known that natural language texts are highly redundant (an
indication of this is our ability to understand abbreviations). [Ba60] is a
classic paper giving a systematic abbreviation procedure. A survey of a
variety of text compression procedures can be found in Chapter 3 of [Bo63c].
[Ma67c, Sc67c] are more recent publications dealing with the compression
of data.

The two quotes in Section 11a are, respectively, due to Dodd [Computing
Surveys 1, p. 117 (1969)] and Lees [Language 35, p. 300 (1959)].

Exercises

11.1 (a) Is the structure defined by the following PL/I statement a file ?
DECLARE 1U(50), 2V, 2W, 3Y, 3%(2,2), 2X;

If you have decided that the structure is a file, how many records does it
contain? What are the properties (or fields)? How many measures does a
record in this file contain ?

11.2 (a) Why is statement 6 of A.11.1 HI = MID rather than
HI = MID - 1?
11.3 (a) Fibonacci search is based on the Fibonacci numbers ¢, , which are
defined as follows:

ce=0; ¢;,=1; cp=¢_y+c-2 (k = 2).

Assume that A is a vector of lexicographically ordered elements, and that a
value 4, if it is in A, belongs to an interval of ¢, elements beginning with a;.
Then one starts the Fibonacci search process by comparing 4 with a;4, _,.
If the values match, then the search is finished. If d < a;,, _,, then d can only
be in the interval of ¢,_, elements beginning with a;, and one repeats the
process with k set to k — 1. If d > a;,, _,, then d can only be in the interval
of ¢, — ¢4y (=cy_,) elements beginning with a;,,. _,, and the process is
repeated with k set to kK — 2 and i set to i + ¢;-,. Implement the Fibonacci
search algorithm as a Fortran program.

11.4 (b) What is the purpose of storing the document numbers in the
reference vector of Figure 11.1 in ascending order?



Exercises 353

11.5 (b) Describe the process of updating an entry in the index of a docu-
ment file with reference to the scheme illustrated by Figure 11.1. Assuming
that the number of a document that is being added to the file is always greater
than the number of a document already in the file, suggest improvements to
the design of the index entry.

11.6 (b) Assume that the index of a document file is arranged as a sort
tree with individual entries having the form shown in Figure 11.1. Give a full
description of the procedure for amending the index when a document is
deleted from the file.

11.7 (c) Write a Fortran implementation of a scatter table using the
division method (Method c) for computing hash addresses, and linear search
for resolving collisions. (You are free to select any format you wish for the
data that this table is to cater for.)

11.8 (c) Assume that collisions in a scatter table are resolved by storing
all records that have the same hash address as a list, and that one does not
use an “overflow area.” Then one must have a procedure for locating the
predecessor of a given element in the list (see the second-last paragraph of
Section 11c). What format would you choose for the lists that would give
access to predecessors? Justify your scheme. Describe an algorithm for
locating the predecessor of a given element in your scheme.

11.9 (c) Do Exercise 11.7 again, using now the scheme described in the
final paragraph of Section 11c to resolve collisions.

11.10 (c) Design a scatter table to cater for variable length records.

11.11 (c) Design a scheme for storing sparse matrices in a scatter table.
(Points to watch: What is to be the argument of the hash function? Is the
hash function going to produce reasonably random distribution of hash
addresses?)

11.12 (d) Modify A.11.2 so that it finds the set union of A and B.

11.13 (d) Consider a symmetric list of n elements in which the first m
elements, which are in lexicographic order, and the remaining # — m elements,
which are also in lexicographic order, represent two sets. Develop an algorithm
(as a flowchart) that replaces the list by a new list representing the intersection
of the two sets.

11.14 (d) Consider two symmetric lists A and B. The elements in each list
are distinct, and they are in lexicographic order. Design a procedure that
replaces list A with the set difference A - B and list B with the set difference
B ~ A,

11.15 (d) Assume that you are given a vector of integers in which the first
k elements (k is unknown) are in ascending order. Devise a strategy for sorting
the vector that makes use of this.
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11.16 (d) Consider A.5.3 andthe sorting algorithms of Section 11d. Which
of the sorting methods keep records that have the same key in their existing
relative order?

11.17 (e) The records of a file are so ordered that the values of a key,
which are integers, are in ascending order. The file is considered as a sequence
of pages, and each page occupies a track on a magnetic disk (the track
numbers are in no particular order). A directory is kept in core storage. This
is a two-column matrix in which the first element of row k contains the value
of the key of the first record on the kth page. The second element contains the
number of the track on which the kth page is located. Devise an algorithm
for identifying the track that contains the record corresponding to a given
search key.



CHAPTER IZ

Programming Languages for Information Structures

12a. List Processing Languages

In Section 10d we pointed out the difference between symbolic and
numerical computation. It may be more appropriate to speak of formatted
and unformatted computation. In formatted computation data are of known
size and structure, and do not undergo structural changes during processing.
Numerical computation and the processing of formatted files, i.e., files that
have fixed structure, belong to this type of computation. In unformatted
computation the size and structure of the data are unpredictable. List and
string processing languages are designed to facilitate the processing of such
data. The difference between these two types of languages is a matter of
emphasis. List processing languages are more concerned with structuring of
data into trees or digraphs, and the processing of such structures; string
processing languages stress facilities for manipulating unstructured lists, i.e.,
strings. The differences are not as important as the feature common to all list
and string processing languages: The data on which the languages operate
are stored dynamically as lists.

Although some languages will be described in detail, no language is going
to be specified to the level of detail required by a programmer in that lan-
guage. Our aim is to define list and string processing in general by describing
the facilities made available by a number of specific languages. This approach
istakenin the hope that two secondary objectives will be achieved: The reader

355
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will become sufficiently knowledgeable to select a language that fits a given
problem reasonably well, and our discursive descriptions will enable him
to approach the appropriate programming manuals with some feeling of
familiarity.

The best known examples of list processing languages are IPL-V (Infor-
mation Processing Language—version 5) and LISP (LISt Processor). IPL-V
is a low-level language. This means that the programmer is handicapped in
much the same way a machine language programmer is as compared to a
Fortran or Algol programmer. For example, return of erased lists to the
available space list is the programmer’s responsibility. In particular, he has to
make sure that a shared list is not returned too early. Further, transfer of
control to a subroutine involves the programmer in a considerable amount of
detailed housekeeping, but recursive definition and use of subroutines is then
no more difficult than their standard definition and use. A feature of IPL-V
that a programmer trained in the use of modern assembler languages finds
particularly irksome is the anachronistic avoidance of mnemonics. We should
recognize the historical importance of IPL (the earliest member of the IPL
family dates as far back as the earliest Fortran), but the language can now be
considered effectively obsolescent.

LISP is perhaps the most unusual programming language in existence. It
is a logician’s language. Therefore, while it is a delight to some, others find
its unconventionality harder to take. We shall first investigate the general
philosophy of computation on which LISP is based, in the hope that these
preliminaries will lead to a better understanding of the language and of its
significance. By necessity our exposition will be rather brief. At this point it
would be advisable to read again the part of Section 2b that deals with the
difference between a function and a form, and the part of Section 2¢ dealing
with statements.

Consider statements s;, 55, ..., S,, and define the form

(5,2 e, 8>€5,...,5,>6,).

This is a conditional form. The value of the form is the value of the e corres-
ponding to the first s that has the value T (is true). If all the statements have
value F (are false), then the value of the form is undefined. Furthermore, the
form is undefined if an undefined s is encountered before a true s, or if the s
corresponding to the first true s is undefined. Take

4<3-57,2>3-58,2<3-59,4<5->7).

Here the first true s is 2 < 3 and, therefore, the value of the form is 9. Pro-
positional forms containing connectives can be expressed as conditional
forms. Thus

PAg=(p—gq, T>F);
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i.e., the form takes the truth value of g if p is true, but if p is false, then the
next statement is examined. If this statement is reached at all, then we want
the conditional form to take the value F. To ensure this we want the state-
ment to be always true, and the simplest way of achieving this is to make it
the constant T. The two other primary connectives can be defined as follows:

pVvg=(p—>T,T—q),
“1p=(p—F,T-HT).

Then, for example, the propositional form =1 (p A ¢) can be written as the
composite form

(p>¢,T->F)->F, T-T).
Next we define the factorial function:
nl=m=0-1,T->n@xn-1.
This is a recursive definition; e.g., we have

20=(2=0-1,T—>2:(2— 1))

=21
=2:(1=0-1T—1-1~ 1))
=2-1-0!
=2-1-:0=0-1,T—0-(0 — 1))
=2-1-1

=2

This example shows that even though (0 — 1)! is undefined the form defining
0! has a value.

Let us see how the formalism works in practice. One starts with a few
undefined functions and predicates (i.e., functions having {F, T} for their
range), the basic functions appropriate to the problem area. Then, in order to
evaluate a particular function, a definition of the function has to be set up,
and the function applied to particular arguments. The function is defined by
means of functional composition, starting with some or all of the basic
functions. Unless the function that one wants computed is very simple, the
definition is a conditional form, which may itself contain conditional forms.
To compute a function one puts down the form def(arguments), where def
stands for the function. In the pure formalism this form is an independent
single expression; i.e., in building up the function from other functions all
these other functions except the basic functions have to be defined within
def. This creates a few difficulties.

Suppose a function is defined by an expression e, which is some form in
variables x,, x,, ..., x,. In particular, consider the function defined by the
form x> + y. Now, if one wants to apply the function to the arguments 2 and
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3, say, one cannot simply write (x* + y)(2, 3). This form is ambiguous; there
is nothing to indicate whether one wants 2% + 3 or 32 + 2 evaluated. The
ambiguity is resolved by use of Church’s lambda notation, which converts
the form x* + y to a function. We normally deal with this type of ambiguity
by having a separate definition f(x, y) = x? + y, and then, on encountering
f(2,3), we refer to the definition, which tells us that 2 is to take the place of
x and 3 the place of y. The A-notation is similar, but avoids the separation
of the definition and the arguments. If we want the interpretation 2% + 3,
the form x2 + y is converted to the function A((x, y), x> +y), and then
A(x, ), x* + p)(2, 3) = 7; if the other evaluation is intended, then the form
is converted to the A-expression A(( y, x), x* +), or to A((u, v), v + u); since
the variables are dummies, they can be replaced by others in a consistent
manner.

We say that A binds the variables. Binding of variables alone is, however,
insufficient in recursive definitions. Consider

Sfactorial(n) = (n = 0> 1, T - n-factorial(n — 1)).
The expression
M), (n=0-1, T - n-factorial(n — 1)))

is inadequate because we do not know whether the factorial here refers to the
function that is being defined or to some other function in the definition of
which the present definition might be contained. The name of the function
has to be bound as well, and this is done by the label notation as follows:

label(factorial, A((n), (n = 0 > 1, T - n- factorial(n — 1)))).
We could, of course, equally well write
label(h, A(x), (x =0 > 1, T -» x-h(x — 1)))).

This concludes our discussion of the pure formalism. It can be shown that
all number theoretical functions and predicates can be defined in the for-
malism by starting with just the predicate of equality and the successor
function sucec, where succ(n) = n + 1. This means that the formalism is as
powerful a basis for the theory of computability as that of Turing machines
(see Section 4¢). However, our purpose is not to discuss the theory of com-
putability. Rather, as far as we are concerned, the main appeal of the for-
malism is that it can be applied to any problem area simply by taking a new
set of basic functions. In the case of operations on structured symbolic data
the result is LISP, but pure LISP, i.e., a system in which every nonbasic
function has to be defined anew each time it is to be used, is impracticable.
Therefore, LISP as a programming language deviates from the pure for-
malism. For one thing, it has a DEFINE facility for separating definitions
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from applications of functions, i.e., there is a subroutine structure. For
another, the programming language provides arithmetic facilities that do not
derive from the basic functions. Pure LISP is a declarative language, and a
program written in pure LISP is simply a series of functional forms. Algol
and Fortran, on the other hand, are imperative languages; their programs
consist of commands. Although use of conditional forms obviates a real
need for sequential execution and branching, sometimes there is a greater
convenience in being able to define a computation by a sequence of commands.
This facility is also provided by the programming language. In what follows
we shall consider the IBM 7090 implementation of LISP.

LISP operates on data in the form of S-expressions (Symbolic expressions),
defined recursively as follows:

(a) Every atomic symbol or atom, i.e., an unstructured string, is an S-
expression. In particular, the null symbol, NIL or (), is an S-expression.

(b) If ¢, and a, are S-expressions, then («,.a,) is an S-expression.

S-expressions can be pictured as binary trees with labeled terminal nodes.
For example, the S-expression corresponding to the tree of Figure 5.21 (disre-
garding labels on arcs and nonterminal nodes) is (Al. ( (A2.A3).Al)).
An abbreviation for linear lists is permitted. If one has, say, a list of four
atoms A, B, C, D, the list can be written as (A B C D), which is an
abbreviation of the S-expression (A.(B.(C.(D.NIL)))). Expressions
A and (A) are different: A is an atom, (A) is a linear list whose expanded
formis (A.NIL). The abbreviated list notation and the dot notation can
be used within the same expression, e.g., (A B(C.D)) is equivalent to
(A.(B.((C.D).NIL))).

An atomic symbol is stored as a property list, which contains the external
representation of the symbol and other information, all of which is accessible
to the programmer. An S-expression (a;.,) is represented by a list element;
in the IBM 7090 this is one machine word. The list element has two pointer
flelds: The address field contains a pointer to the representation of «;, the
decrement field to the representation of «, . If, for example, «, is an atom,
then the pointer refers to the property list of this atom; if «; is not an atom,
then it is an S-expression of the form (f,.6,), which is represented by another
list element, and the pointer indicates this element. The representation of
(X.(Y.(Z2.NIL))) consists of three elements, representing (X.---),
(Y.---),and (Z.NIL). Assume that X, ¥, and 2 are atoms, Then the pointer
in the address field of each element indicates a property list, and the decre-
ment field points to the next element. In the case of (Z.NIL) the decrement
field contains an end of list marker standing for NIL. (X Y Z) has, of
course, exactly the same representation as (X. (Y. (Z.NIL))).

There are five basic functions: car, cdr, cons, eq, and atom. The value of
car((oy.a,)) 1s ay, that of edr((e;.2,)) is o,. These names derive from the
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machine representation; car stands for ““ Contents of Address field of Regis-
ter,” and cdr for ““ Contents of Decrement field of Register.” The value of
cons(ay, o) is (ay.05); i.e., given S-expressions oy and «,, cons constructs
the S-expression (x;.a;). The predicate eq(a,, a,) has the value T if the
atoms a; and a, are equal, and F if they differ. The value of the predicate
atom(a) 1s T if o is an atom, and F if it is not. In an IBM 7090 program
only uppercase letters can be used, and f(x;, x,, ..., X,) is actually written
(F X1 X2 --- XN). The conditional form is written

(COND (s €;)(s; €;) --~- (5, €,)).

Consider a function that extracts the final atom embedded in an S-
expression, e.g., Al in the case of (Al. ( (A2.A3).A1)). If we would not
wish to give a special name to the function and would have the definition
followed at once by a specific argument, then we would write

(LABEL LAST ( LAMBDA (X) (COND( (ATOM X)X) (T(LAST(CDRX))))))

In LISP anything in parentheses is a list, and the mass of parentheses that
annoy one looking at a LISP program is there to help the LISP system set up
the program itself in the form of list structures. Since the functions are then
S-expressions, they can be modified by the program. This flexibility can be a
great asset to an experienced programmer. On the other hand, the LISP
system has to be an interpreter rather than a compiler; the machine code to
compute a function cannot be put together prior to execution because then
the final form of the function is unknown. With some restrictions, however,
LISP can be compiled, and LISP compilers exist. Compiled programs are
much faster than interpreted programs.

Apart from the basic functions, which are written in machine code, all
other LISP functions can be defined in LISP. In principle all of these func-
tions could be left to the programmer to define, but in practice this would be
too great an imposition on the programmer, and the LISP system provides a
great number of predefined functions. Even the LISP interpreter can be
written in LISP. The interpreter is a universal function EVAL, universal in the
sense that, given a description of any function and a set of arguments, it
computes the value of the function for these arguments.

There is a difference between arguments used in the definition of functions
and the specific arguments for which the function is to be evaluated. In
familiar terms, the difference is exemplified by f(x, y) and f(2, 3)—the 2 and
3 do not represent anything further; they stand for themselves. The LISP
function QUOTE indicates that an expression stands for itself rather than for
something to be interpreted; e.g., to get the first atom of (A B C), we
would write

(CAR(QUOTE(A B C)))
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Let us now set up a definition of the function that extracts the final atom of
an S-expression by means of the DEFINE function:

(DEFINE(QUOTE ( (LAST ( LAMBDA (X) (COND( (ATOM X)X)
(T(LAST(CDR X)))))))))

DEFINE is supplied with the name of the function that is being defined—
here it is the atom LAST—and the A-expression that specifies the function.
The evaluation of DEFINE consists of storing the A-expression as a list
structure and setting up a property list for the name. The property list contains
an indicator saying that LAST is a function and a pointer to the place where
the list structure specifying the function is to be found. Since we are storing
the actual name LAST, and the actual definition of LAST, i.e., since there is
no interpreting to be done here, we have to use QUOTE. The DEFINE func-
tion, because it labels a function anyway, makes the explicit LABEL
notation superfluous.

Normally a LISP program consists of the definitions of functions by
means of the DEFINE function, followed by applications of the functions to
specific arguments. This is a sequence of S-expressions. EVAL looks at each
S-expression in turn and evaluates it. Assume that the interpreter has dealt
with all the definitions, and that it now receives as input the expression

(LAST (QUOTE (Al. ( (A2.A3).A1))))

Having access to the definition of LAST, EVAL uses the definition to evaluate
the function for the given argument. The result is the atom Al.

However, the extent to which QUOTE has to be used is unbearable;
QUOTE has to be applied to virtually everything in the program. In order to
eliminate most of the explicit references to QUOTE, EVAL is combined with
QUOTE; the actual IBM 7090 LISP interpreter is the function EVALQUOTE.
Then the form of the definitions and references to actual arguments changes.
Their changed form is shown in the following complete LISP program.

DEFINE( ( (NULL(LAMBDA(X)
(COND( (ATOM X)(EQ X NIL))(T F))))
(MEMBER (LAMBDA (A X)
(COND( (NULL X)F) ( (EQ
(T (MEMBER A(CDR X)))
(UNION(LAMBDA(X Y)
(COND( (NULL X)Y)( (MEMBER(CAR X)Y)
(UNION(CDR X)Y))
(T(CONS(CAR X) (UNION(CDR X)Y))))))

A(CAR X))T)
)))
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(SETPROD (LAMBDA (X Y)
(COND( (NULL X)NIL)((MEMBER(CAR X)Y)
(CONS (CAR X) (SETPROD(CDR X)Y)))
(T(SETPROD(CDR X)Y)))))

))
SETPROD( (Al A2 A3)(Al A3 A5))
UNION((X Y Z)(U V W X))
STOP

The one DEFINE is used to define four functions. The predicate NULL is
defined first. Its value is T if X is empty, i.e., if it is NIL. For example,
CDR((A)) is empty. MEMBER is another predicate. The value of
MEMBER(A X) is T if A is a member of the linear list X. True values result
with MEMBER(B(A B C)) and with MEMBER( (X.Y)(C.(X.Y))), but
the value of MEMBER(X((X))) is F. NULL is used in the definition of
MEMBER, and NULL and MEMBER are both used in definitions of UNION and
SETPROD, which are functions for finding, respectively, the set union and set
intersection of two sets represented by lists. The result of the evaluation of
SETPRODis (Al A3),theresultofevaluationof UNIONis (Y 2 U V W X).
Actually functions NULL and MEMBER did not have to be defined; they are
included in the set of predefined functions provided by the system.

Predefined function CSET can be used to provide a list structure with an
identifying name. Thus, after evaluation of CSET(XX(A B C)), the list
(A B C) can be referenced by the name XX. Functions RPLACA and RPLACD
can be used to make radical changes in list structures: (RPLACA X Y)
replaces the address field of the element representing X by Y; (RPLACD X Y)
performs a similar replacement in the decrement field. For example, if one
wants to convert (A B C) into (A(B C)), which is an abbreviation for
(A.((B.(C.NIL)).NIL)), one defines a function ALTER and uses it as
follows:

DEFINE ( ( (ALTER(LAMBDA (X)
(RPLACD (RPLACA(CDR X) (CONS (CAR(CDR X))
(CDR(CDR X))))NIL))
)))
CSET(XX(A B C))
ALTER (XX)

This is an interesting example of a function used for its side effects: Evaluated
for XX, ALTER has the value ( (B C)), possibly of no interest to the pro-
grammer, but RPLACA and RPLACD have changed the structure of XX to
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(A(B C)). It is also an example of a complicated definition that is not a
conditional form. The main use of RPLACD is to create circular lists. The
LISP system provides many other functions for operating on list structures.
They are used for the building up of list structures, extraction or replacement
of specified elements, pairwise association of elements of two linear lists
having the same number of elements, etc. For example, (SUBST X Y 2Z)
substitutes X for all occurrences of the S-expression Y in S-expression Z;
SUBST(X1 Al(Al.((A2.A3).A1))) produces (X1.((A2.A3).X1)),
and the result of SUBST(X1(A2.A3)(Al.((A2.A3).A1))) is
(Al.(X1.A1)).

The LISP arithmetic functions do not derive from the basic functions.
Nevertheless, they conform to the general format of LISP functions. They
are, therefore, rather unconventional; e.g., for (X +Y + Z)W one writes
(TIMES (PLUS X Y Z)W).

Storage reclamation is by means of garbage collection; the garbage col-
lector, which uses the technique of marking accessible elements, and return-
ing unmarked elements to the list of available space in a second pass, is
called into action when in the process of evaluating CONS all available space
is found to be used up.

The elegance and flexibility of LISP have made it a tool for many serious
investigations in the field of symbol manipulation. However, the basic format
of a list element is fixed, and this can lead to inefficiency; too much space
may be used up by pointers, and the mechanism for accessing data can be
very slow. Greater efficiency may be achieved if the programmer is given
facilities for specifying formats of list elements that correspond more closely
to the form of the data he has to deal with. The result is a lower level lan-
guage, and the improvements in storage efficiency and execution times are
achieved at the cost of increased programming time. Arguments in favor of
the use of high level languages in all circumstances concentrate on this aspect,
neglecting to point out that a high level language is not always as easy to use
as one is made to believe. Unless the processor for the language contains
elaborate optimizing procedures, gross inefficiencies can arise if programmers
neglect to familiarize themselves with the implementation in great detail,
and this familiarization process also takes time.

The language L°® has been selected for our example of a low level list
processing language because of its wide implementation. L stands for the six
occurrences of L in “ Bell Telephone Laboratories’ Low-Level Linked List
Language.” Because of the very precise control that the programmer has over
allocation of storage L® is a highly efficient language when used by an experi-
enced programmer. The main storage unit is a block of 2" words (in the IBM
7094 implementation » ranges from O to 7). The programmer imposes struc-
ture on blocks by defining fields within them. A field is defined by specifying
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its name, its word in a block (0-127 in the 7094 implementation), and the
leftmost and rightmost bits of the field (0-35). The name of a field is a single
digit or letter. This means that as many as 36 fields may be declared. Fields
may be overlapped, or nested one within another; they may be redefined
during execution. Entry into the system is through a set of 26 base fields or
bugs, identified by single letters. The bugs contain pointers to blocks. One
can imagine that a bug sits on the block to which it points, and hops to a
different block when the pointer is changed. The choice of the term is quite
apt; we can readily picture the 26 bugs hopping all over the place during
execution of a program.

Besides acting as pointers, bugs can perform other functions. Consider
two L® instructions, each made up of three operations:

THEN(O, DA, 3,17)(0,DB,21,35)(1,DC,0,35)
THEN(2,DD, 0,35) (3,DE, B,35)(0,DF,0,35)

The first two operations of the first instruction define the decrement and
address fields of the first word (word 0) of a block as fields A and B, respec-
tively. The next operation defines the second word (word 1) as C. The first
operation of the second instruction defines word 2 as D. The B in
(3,DE, B,35) refers to a bug, and the leftmost limit of field E is specified
by the current contents of bug B. The field definitions apply to every block in
the system. Now, in some blocks we might wish to use word O for storing
pointers; in others we might wish to store a symbolic datum in this word.
Therefore, in the final operation, word 0 is defined as field F as well. When
the word contains a symbolic datum, we refer to it by the name F; when it
contains pointers, we refer to the pointers by A and B. In a block of 2 words
fields D and E are, of course, undefined; in a block of one word A, B, and F
alone are defined.

If only 36 fields may be defined, and a field occupies at most one word,
what is the use of a block of 128 words? Consider first how a datum is
accessed. Assume that bug B sits on some block (block 1), that field A of the
block points to another block (block 2), that field B of this block points to yet
another block (block 3), and that field A of this block points to the block
(block 4) in which we wish to access field C. The “address” of this field is
BABAC. Normally the BABA points to word 0 of block 4. However, if we add
n to the contents of field A in block 3, then all fields in the block accessed by
pointer BABA are looked for n words away from their normal positions. By
successive incrementation of the pointer field A of block 3, the programmer
can scan through block 4, applying the same field name to different words in
the block.
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L® instructions are conditional or unconditional. There are four condi-
tional instructions

IFNONE
IFANY
IFALL
IFNALL

(t1)(t2) --- (tn) THEN (opl)(op2)--- (opm) LABEL

The test expressions (t1), (t2), ..., (tn) have logical values. If none is true,
then IFNONE is satisfied. If at least one is true, then IFANY is satisfied.
If all are true, then IFALL is satisfied. If not all are true, then IFNALL is
satisfied. Now, if the complete conditional is satisfied, then operations
(opl), (0p2), ..., (opm) are performed, and control passes to the instruction
labeled LABEL (if the list of operations is empty, then there is just the trans-
fer of control). Otherwise control passes to the next instruction in sequence.
Examples of test expressions: (BABA,P,XA) is true if BABA and XA point
to the same block; (XQ55, G, 89) is true if the decimal integer in the field
specified by XQ55 exceeds 89.
The unconditional instruction has the form

THEN (opl)(op2) - - - (opm)

The field definitions given above are examples of unconditional instructions.
The list of operations may be followed by a label, in which case control passes
to the instruction indicated by the label after the operations have been per-
formed. A simple transfer instruction is written

THEN PLACE

where PLACE is the label of the statement to which control is to pass.

Operations can be grouped into seven classes. The first class consists of
operations for setting up the list store, defining fields, getting a block, and
releasing a block to free storage. For example, operation (BABA,GT, 32)
gets a block of 32 words from free storage and inserts a pointer to this block
in the field indicated by BABA (in terms of our example above this would be
field A of block 3 of that example). Operation (BABA,GT, 32, X) performs
all the above and, in addition, saves the old pointer in the field indicated by
the last argument (in terms of our example bug X is placed on block 4, and
the field that we were wishing to access by writing BABAC can now be accessed
by writing XC). The second class of operations permits one to copy fields and
blocks, and interchange field contents.

Arithmetic operations belong to the third class. Assume that we wish to
access every second word in the block indicated by BABA, and that we start
with BABA pointing to word O of the block. Then incrementation of BABA is
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performed by (BABA, A, 2), an addition operation. If the original contents
of BABA had to be saved, we could have used operation (BABB, E, BABA) to
copy the pointer into the field specified by BABB. Afterwards the pointer
could be restored by means of (BABA,E,BABB). LS caters for addition,
subtraction, multiplication, and division of integers.

“Logical” operations, which belong to the fourth class, are applied
bitwise. For example, if fields XY2 and XY3 contain, respectively, 0110101
and 1100110, then the or-operation (XY2 O XY3) produces 1110111 in XY2,
and-operation (XY2 N XY3) produces 0100100, the exclusive or-operation
(X¥2 X XY3) produces 1010011, and complementation (XY2 C XY2)
changes the contents of the field specified by XY2 to 1001010. Operations of
the fifth class are also bit operations. This class comprises operations for left
and right shifts, counting of 0-bits and 1-bits in a field, and the determination
of the position of the rightmost 0-bit or 1-bit in a field.

The final two classes contain operations for input and output, and for
writing of subroutines. Subroutines may be used recursively. For this reason
a system stack is provided. Two other stacks are provided for the programmer
—one for saving definitions of fields, the other for saving contents of fields.
For example, the pointer BABA, which we were incrementing in an example
above, could have been saved prior to its incrementation by means of the
field contents pushdown operation (S, FC, BABA), and restored by means
of (R, FC,BABA).

In the implementation of L® the structure of the word in the computer on
which the language is implemented is taken into account. For example, the
fact that address and decrement fields are directly accessible on the IBM 7094
is used to give very rapid access to L° fields that coincide with these fields.
Therefore, the 7094 L® programmer should locate his pointers in these fields,
defining a pointer field A by (0,DA,3,17) or (0,DA,21,35), and not by
(0,DA,0,14) or (0,DA,10,24), say.

12b. String Processing Languages

The data on which a string processing program operates are commonly
stored as lists consisting of linked elements, and the lists may be built up into
structures, but the user of a string processing language need not concern
himself with the internal representation of his data. In contrast to list pro-
cessing, which consists mainly of building and traversal of structures, the
basic operation of string processing is the very simple substitution of D.4.13.
Deletion and replacement of substrings, rearrangement of substrings into
new patterns, and the concatenation of strings are all instances of sub-
stitution.
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A string processing program is similar to a Markov algorithm, but there
are many refinements. The proper context for the study of Markov algorithms
is the theory of computability; there one wants a simplest possible character-
ization of recursively solvable problems, and Markov algorithms provide one
such characterization. In the theory of computability, where it is sufficient to
know that an algorithm for solving a problem can be constructed, the sim-
plicity is an advantage. In practical computing, where one actually has to
produce the algorithm, this same simplicity becomes a handicap. Even the
pure Markov formalism could not function in a computer environment
without input and output facilities; other facilities, which are not strictly
essential in the sense that effective string processing routines could be written
without them, are superimposed on the Markov formalism to make a pro-
grammer’s life easier. It is important to realize that string processing lan-
guages derive from Markov algorithms, but lists of differences between the
Markov formalism and actual string processing languages would have little
relevance. Therefore, we shall make no further mention of Markov algorithms
here.

Comit is the oldest string processing language; it is as old as Fortran.
Despite its several faults, the numerous original concepts it embodies make
it an outstanding intellectual achievement. This is why Comit will be dis-
cussed here in rather great detail in preference to the more recent and more
widely used Snobol. Snobol is also a fine achievement, but its designers had
Comit to give them a starting point. The designers of Comit started from
nothing.

The operational area of Comit is the workspace, which contains a single
string. The string is regarded as a sequence of constituents, which may be
characters or groups of characters. In the external representation of a string
plus signs are used to separate consituents. The minus sign stands for a
Comit blank; this means that true blanks can be freely used to improve the
readability of a program. Some examples:

HIS - OR - HERS (12.1)
HIS + -OR + -HERS (12.2)
H+I+8+-4+40+R+-+H+E+R+S (12.3)

Here we have 1, 3, and 11 constituents, respectively.

Material in the workspace can be manipulated by means of the Comit
rule, which, for the time being, we take to be simply a device for effecting a
canonical substitution (see D.4.13). It contains a left half and a right half. The
left half of the rule specifies an existing pattern that is to be looked for in the
workspace; the right half specifies the desired change. In terms of the nota-
tion of D.4.13, the left and right halves of a rule are 8 and f’, respectively (the
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o is not specified because there is only one string on which one may operate,
the string in the workspace).

The specifiers that can be used in a left half are of four types: (i) an actual
symbol, e.g., ~-HERS; (ii) $n, to denote a specific number of contiguous con-
stituents, e.g., $3 for three constituents; (iii) §, to denote an indefinite number
of constituents; (iv) an integer m, which denotes the mth specifier in the left
half. For example, let us apply the left half

S +%2 +81+8%+3 (12.4)

to string (12.3). First a search is made in the string for the symbol S, which is
found. Then the two constituents that follow the S are counted off (they are
- and 0), then another constituent is counted off (it is R), then an indefinite
number of constituents is passed over in a search for a symbol that corresponds
to the third specifier, i.e., another R is looked for, and found. Let us call the
substring corresponding to the ith specifier the ith component of the pattern.
Here we have five components:

-+ H+E
R

Note that left half (12.4) does not match strings (12.1) and (12.2), but that it
would match

S+ P+A+R+R+0+VW (12.5)
and the five components corresponding to the five specifiers would now be
S
P+ A
R
nothing

R
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The complete substring specified by the left half of a rule is replaced by a
substring specified by the right half of this rule. Specifiers in the right half are
either actual symbols or integers denoting the components of the pattern
specified by the left half. Symbolic specifiers are used to effect insertion or
replacement of symbols; numerical specifiers to effect rearrangement of
the components. If the pattern established by the left half has n components,
but not all of the n component numbers appear in the right half, then the
components whose numbers do not appear in the right half are deleted. For
example, assume that (12.5) is to be changed to

R+0+ W
and that left half (12.4) has been applied to the string. Then any one of the
following right halves will do the job: R, or 5, or 3. If we wished to change
string (12.5) to

A+R+R+0+VW

then the following would be acceptable right halves:

A+5+3

A+ 3+ 3
The string cannot be changed into, say,

S+ P+A+R+R+I+N+G (12.6)
because this would require replacement of consituents 0 and W, which are not
part of the substring specified by left half (12.4). Left and right halves of a
rule are separated by an equal sign, e.g.,

$+R+2+8%5=14+2+3+04+W

which would change (12.6) into (12.5).

In addition to the two halves, a rule may carry an identifying name
(label). It may also contain one or more routing instruction and a branching
indicator. The routing instructions specify what is to be done with the work-
space or some constituents of it after the operation specified by the right half
has been completed; the branching indicator specifies the next rule that is to
be executed. The order of the parts of a complete rule is, rule name—left
half—right half—routing instructions—branching indicator.
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Comit provides for a maximum of 128 strings: the string in the workspace
and strings that are stored in 127 numbered auxiliary storage areas called
shelves. For an example of possible transfers, one may exchange the contents
of the workspace with those of a designated shelf. The shelves can be used
as fairly sophisticated pushdown stores. Although data can be transferred
componentwise into the workspace from only the left end of a shelf, data
from the workspace may be pushed down at either end of a shelf. This means
that a shelf can function as a stack or as a queue. These data transfers are
effected by routing instructions. Input and output is another function of rout-
ing instructions. In particular, since an input-output device can be a magnetic
tape unit, Comit has a backing store, but all transfers to and from the back-
ing store are the programmer’s responsibility. Another set of routing instruc-
tions expands or compresses designated constituents, e.g., converts words to
characters or characters to words.

Although some parts of a rule are optional (e.g., one may have a rule with
a left half and no right half), the rule name and the branching indicator are
obligatory. The rule name is a sequence of characters that serves to identify
the rule if a reference is made to the rule, or, if there is no explicit reference
to the rule, it may be an asterisk (). If no substring of the string in the work-
space matches the left half of a rule, then the rest of the rule is ignored, and
control passes to the next rule in sequence. If there is a match, then the rule
to which control next passes is determined by the branching indicator—if it
is an asterisk, then control still passes to the next rule in sequence; if it is an
explicit rule name, then the rule that is being pointed to is applied next.
The “next” rule may be the same rule that is being applied. Consider the
rules

CUT $ + -THE = 1 // Q17 1 CUT
* $ = // *Ql7 1, *X17 =«

The first rule has the name CUT. The left half of this rule searches the string
in the workspace for the word THE. The word is deleted, and all the text that
precedes it is shifted out of the workspace and pushed down at the right-
hand end of shelf 17 by means of the routing instruction *Q17 1, where *qQ
is the operation code and the 1 indicates that the first component is to be
pushed down. Since the branching indicator corresponds to the name of the
rule, control is not passed out of the rule until every THE has been deleted
from the string, i.e., until the left half fails. Control then passes to the next
rule in sequence. Shelf 17 now contains all of the original string up to the
final THE, but stripped of every THE, and the workspace contains the text
that follows the final THE. The first routing instruction of the second rule
now appends the contents of the workspace to what is already on shelf 17,
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and the second routing instruction exchanges the now empty contents of the
workspace with the contents of shelf 17, i.e., the modified string is shifted
back into the workspace.

One of the most interesting features of Comit is that a rule may consist of
a number of subrules. Assume that the workspace contains a coded message
(in the cryptographic sense) and that a dummy is to be inserted after every
fifth letter. Letters A, E, I, O, U are to be used for dummies, with E to have
twice the frequency of the other dummies. The following program segment
will do the job:

* // INSERT A x
INSERT A $6 = 1 + A // Q15 1 2, INSERT E1 INSERT
El 1 +E // Q15 1 2, INSERT I INSERT
I 1+ I // *Q15 1 2, INSERT O INSERT
0 1 +0 // Q15 1 2, INSERT U INSERT
U l +U // »Q15 1 2, INSERT E2 INSERT
E2 1+ E // Q15 1 2, INSERT A INSERT
* $ = // *Q15 1, xX15 *

Lines 2-7 constitute rule INSERT, which consists of subrules A, E1, I, O,
U, E2, and must have only one left half serving all subrules. The selection of
the subrule that is to be applied is the function of the Comit dispatcher. The
dispatcher is told by an appropriate routing instruction in the first rule (note
that this rule contains neither a left nor a right half) that subrule A is to be
applied when control passes to rule INSERT. Within INSERT each subrule
provides for a resetting of the dispatcher, so that the subrules are applied
cyclically in the order A, E1, I, O, U, E2, A, E1,.... If the dispatcher is not
set, i.e., if we omit the first rule and the dispatcher instructions in all subrules
of rule INSERT, then the choice of the subrule is made at random under the
control of a built-in pseudorandom number generator. In the present example
one might well wish to avoid cyclic repetition of the dummies. The random
selection process should then be used.

Now let us consider how one would encode the message in the first place.
Assume that we use a simple letter-for-letter substitution code. The code can
be set up as a list rule, which functions as a dictionary. A list rule consists of a
number of subrules, which have the general form

I.half =r.half // routing section branching indicator
The name of the list is carried by the first subrule; it must have a hyphen for

its first character to distinguish the rule as a list rule. Assume that the mes-
sage to be encoded has been stacked on shelf 15 (its final character is the
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leftmost symbol on the shelf). The following program segment will take
characters off shelf 15 one at a time, translate them, and stack the translated
characters on shelf 16 (i.e., put the characters of the encoded message in their
proper sequence).

ENCODE $ = // *N15 1, L1  CODE

~CODE A=TF // *s16 1 ENCODE
B=2X // *S16 1 ENCODE
C=D // »S16 1 ENCODE
Z=Q /] »S16 1 ENCODE

The left half of the first rule identifies all of the workspace as a single con-
stituent. The *N15 1 instruction fetches the leftmost constituent from shelf
15 and substitutes it for the first component of the pattern established by the
left half (here it is the entire workspace). The *L1 instruction prepares the
character for the dictionary lookup (actually, no preparation is needed here,
but a =L instruction must still be given—the precise specification of this
instruction need not concern us here), and control then passes into CODE.
The subrule whose left half corresponds to the given character is located, and
the right half of this subrule is pushed down on shelf (stack) 16 by means of
the *516 1 instruction. Control then passes back to ENCODE. Finally shelf
15 is empty: CODE is entered with a null string, which, of course, fails to
match any left half in the dictionary. When this happens, control automati-
cally passes to the rule that follows the list rule. The Comit system automa-
tically sorts all subrules belonging to a list rule into alphabetical order of left
halves; binary search is used in the lookup.

Although we have spoken of the workspace and the shelves as if they were
fixed regions in store, there are no actual transfers of data. Properly one
should speak of a string called workspace and strings called shelf 1, shelf 2,
and so on. Consider, for example, exchange of workspace with a shelf. The
data that constitute the two strings are nor shifted about; the exchange is
effected simply by interchange of pointers.

With some ingenuity one can create reentrant data structures, but the
basic structure of Comit is a three-level tree. Tree structures are created by the
Comit subscript facility. There are two types of subscripts, numerical and
logical. A single numerical subscript and any number of logical subscripts
may be attached to a constituent. A numerical subscript is an integer in the
range 0 to 32767. A logical subscript consists of a subscript name optionally
followed by as many as 36 subscript values. The same subscript name may be
assigned to more than one constituent, but the total number of elements in
the union of all the sets of values associated with the one subscript name may
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not exceed 36. A subscripted constituent is denoted by the constituent symbol,
then a slash, and then the subscripts. For example, if constituent OBJECT
carries the numerical subscript 54, and logical subscripts COLOR with value
RED, and SHAPE with values ROUND and HOLLOW, then one writes

OBJECT/.54, COLOR RED, SHAPE ROUND HOLLOW

for the constituent. One can picture a subscripted constituent as being the
root of a tree (level 0). The names of logical subscripts then occupy nodes on
level 1 of the tree, and their values are on level 2. Figure 12.1 shows the tree
structure corresponding to the constituent of our example. Note that the
order of writing down the subscripts and their values is immaterial, e.g.,

OBJECT/.54, SHAPE HOLLOW ROUND, COLOR RED

is an equivalent description of the constituent. This means that the tree is
unordered. A constituent is matched by a specifier in the left half of a rule
that gives a full description of the constituent or by one in which some or all
of the subscripts and some or all of the values of a logical subscript are
missing.

SHAPE

RED ROUND HOLLOW

Figure 12.1

The constituent to which a numerical subscript is attached functions more
or less as a variable name, with the subscript functioning as an integer value
of the variable. Numerical subscripts are used in loop control and for indirect
addressing, and arithmetic operations may be performed on them in a rudi-
mentary fashion—moreover, this is the only facility for arithmetic that
Comit provides. Let us look at an example. Assume that the first 127 con-
stituents of the workspace are to be provided with subscripts 1,2, ..., 127
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and then stored on the left of shelves 1, 2, ..., 127, respectively. The follow-
ing program segment will accomplish this:

* $1 = $1/.0 *
LOOP $1/.L127 + $1 = 1/.I1 + 2/.%1 // *S*1 1 LOOP
* 81 // *S%1 1 =«

The first rule provides the first constituent with the numerical subscript 0.
The left half of the second rule specifies two constituents. The first specifier
matches the first constituent of the workspace for as long as its numerical
subscript is less than 127 (Ln. stands for any subscript less than n). The . I1
in the right half causes the subscript to be increased by 1 (. In causes addition
of n to the subscript), and the 2/. #1 then assigns the incremented subscript
carried by the first constituent to- the second constituent as well (#n is an
indirect reference to the numerical subscript carried by the nth component of
the specified pattern). Finally the routing instruction moves the first consti-
tuent out to the shelf designated by the current numerical subscript of this
constituent (the *1 is another indirect reference). Control stays in rule LOOP
until the numerical subscript carried by the first constituent attains the value
127 (in terms of the original workspace contents we are then looking at the
127th constituent). Then the left half of the rule does not match the workspace,
and control passes to the third rule, which stacks the 127th constituent of the
original workspace contents on shelf 127.

The values of logical subscripts form sets, and set operations can be per-
formed on these sets. Only set union and complementation are provided, but,
since these operations constitute a functionally complete set (see Example 2
of D.2.11), they suffice. Complementation requires the universal set to be
explicitly defined, and, for complementation to be practicable, the universal
set must be kept reasonably small. In Comit this is achieved by having each
logical subscript name give rise to its own algebra. The universal set of this
algebra is the full set of all the values that are ever associated with the sub-
script in the entire program. The requirement that the universal set be of a
manageable size is the reason why the total number of subscript values may
not exceed 36. These values are collected into a list by the compiler. Inter-
action between different algebras, of which finding the union of a set of
values of one subscript and a set of values of a different subscript would
be an example, is not provided for. Otherwise the compiler would find the
generation of the universal sets too difficult a task.

In common with most existing programming languages Comit suffers from
the preoccupation with numbers in the early days of computing, which led
to the mistaken belief that a small character set would prove sufficient for all
applications. (Another reason for restricting character sets was the smallness
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of computer memories. This influenced the adoption of a 6-bit code, but the
6-bit code still provides for at least 63 characters, which the older card
punches do not; a 48-character set is standard for the punches.) In Comit the
shortage of characters was overcome by the introduction of a *“ second font
of double characters, which are normal characters preceded by asterisks.
Thus, *A counts as a single character, and it differs from A. Some characters,
because of their special significance in Comit rules, e.g., the digits, $, +,
and the * itself, cannot be used as data under their normal guise, and must be
converted to double characters: %0, *1,..., *9, »8, »+, *», When data are
read from cards the conversion is performed automatically. Moreover,
words may be expanded into single character constituents as part of the
reading operation. For example, a card with the string HASTINGS = 1066
in columns 1-15 can be made to arrive in the workspace as

H+A+S+T+I+N+G+S+ -+ *=+ -+
*1 4+ *0 + 6 + *6

In summary, the most interesting features of Comit are multiple subrules,
particularly when a subrule is selected in a random manner, logarithmic
search in a list rule, and the logical subscripts when they are interpreted as
set algebras. On the debit side there is the extreme awkwardness of arithmetic
facilities for integers and the complete absence of floating point arithmetic,
which may discriminate against the use of Comit in a situation for which the
language would be otherwise most suitable. Text analysis involving some
statistical computations is a case in point. The privileged status given to the
workspace is a source of inconvenience. One would prefer to have strings
identified by names, with no limit on the number of strings, and the ability to
operate on any string. However, a Comit programmer soon becomes so
proficient at using routing instructions for transfers to and from shelves that
the inability to name strings ceases to nettle him. More serious is the limita-
tion that the absence of named strings sets on further developments of the
language. One might wish, for example, to provide a greater variety of pat-
tern specifiers for left halves of rules. Assume that one wants to match any
vowel in the workspace. It would be convenient to set up the five vowels in a
named string, and use the string name in the left half of the rule with the
understanding that a match is established when a workspace constituent
matches any constituent of the named string. It is not that this ““set of alter-
natives”’ type of specifier could not be implemented under the existing for-
malism (a feasible solution would be to store the vowels on a shelf and permit
reference to be made to this shelf in the left half), but the solution of this
and related problems would introduce so much artifice that it would be
better to design a completely new language.
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Snobol is such a language. Several versions of the language exist, the
latest being Snobol 4. Each new version has been an improvement over its
predecessor. Some features of Comit find no counterpart in Snobol, the
more significant being the dictionary feature (list rule), explicit operations of
set algebra, and the notion of a constituent. In the case of Snobol 3 one can
still argue that the inconvenience due to the lack of these features balances
out the improvements of Snobol over Comit, but this argument is definitely
inapplicable to Snobol 4, which represents a significant advance with respect
to both Snobol 3 and Comit.

Consider the problem of matching any vowel. In Snobol 4 one may set
up a pattern of alternatives:

VOWEL = xAJ I {EJ l {IJ I {OJ [ :U:

If, then, one wishes to delete every vowel from a particular string TEXT, say,
one writes

VOwouT TEXT VOWEL = . S(VOWOUT)

The first symbol is a statement label. The two symbols that precede the equal
sign indicate a string and a pattern that is to be looked for in the string. Since
there is no “‘right half,”” the action is one of deletion. The field following the
colon contains branching indicators; here we want to stay in rule VOWOUT if
there has been a successful match, and have control transferred to the next
rule in sequence when the pattern fails to match a substring of TEXT, i.e.,
when there are no more vowels left in the string. The symbol § is to be read
“transfer on success” (a symbol F can be used as well—it means ““ transfer
on failure ™).

Patterns may be combined. Thus, if we were looking for a two-vowel
sequence, we could set up a pattern

DVOWEL = VOWEL VOWEL

DVOWEL would match any one of AA, AE, AL, ..., U0, UU. Alternatively, a
pattern can be set up by means of the Snobol built-in function SPAN:

VOW.STRING = SPAN( ‘AEIOU’)

Pattern VOW. STRING will match a sequence of vowels of any length. Snobol
has excellent facilities for setting up very complex patterns, but the ease
with which patterns can be set up may deceive the user; a pattern that takes
very little time to construct may give rise to prohibitively long search times.
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Other noteworthy features of Snobol 4 are facilities for real (floating
point) arithmetic and structuring of data. The simplest data structure above
the level of a string is an array. For example, in

OBJECT = ARRAY(100)

the Snobol function ARRAY is used to create a vector of size 100 and to assign
the name OBJECT to the vector. Very complicated reentrant list structures
can be created by means of the Snobol DATA function. There are no explicit
facilities for the traversal of these structures, but it should be noted that such
facilities are not provided by LS either. Since the Snobol programmer should
experience no difficulty in the writing of his own list processing routines,
Snobol 4 is potentially as effective for processing list structures as it is for
processing strings.

12c. Extension of General Purpose Languages

The addition of list processing routines to Snobol 4 would be an example
of embedding: a list processing ““ language > would be embedded in Snobol 4.
We have already discussed embedding in Section 9c, where an example of
embedding in Fortran was given. Embedding extends the power of a language,
and two types of extension can be recognized. In the first type the syntax of a
language is added to; in the second type the language is made semantically
richer. Syntactic extension is outside the scope of this book, and the meaning
of semantic extension has already been covered in Section 9c.

Here we shall restrict ourselves to embedding in Fortran. A particularly
simple example is the addition of a stack. We could consider the three stack
routines of Section 10a a stack ‘“language,” but somehow we feel that this is
too trivial an extension to justify being called a language. Indeed, if embedding
consists merely of the addition of subprograms, there is no hard and fast
rule that can tell us just how extensive the semantic enrichment must be
before we can speak of a new language. This is a matter of opinion, and we
would call a system of subprograms a new language if there is general agree-
ment that this system constitutes a language. A system that has achieved the
status of a language by virtue of general agreement is SLIP, a set of list
processing routines embedded in Fortran.

The basic data structure of SLIP is the symmetric list (for examples see
Figures 10.19 to 10.21). A SLIP run is started by a call of the form

CALL INITAS (SPACE,N)
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where INITAS is the SLIP initiating routine, SPACE is an array declared to
contain at least N elements, and N is the size of the storage area that INITAS is
to set up for SLIP use, e.g.,

DIMENSION LOCS(10000)
CALL INITAS (LOCS,10000)

causes the 10,000 elements of LOCS to be strung together into a list of avail-
able space of 5000 two-word list elements. Elements are taken off this list of
available space when required, and they are returned when there is no further
need for them by a variant of the reference counter technique discussed in
Section 10;j.

A list is created by taking elements from the list of available space. The
list normally has a Fortran name containing a pointer to the first list element.
This first element is a list header. The first word of every pair of words
making up a list element contains a marker field (the ID or identifier field)
and two pointers: the backward (or left) and forward (or right) pointers.
The second word contains a datum. The type of the datum is indicated by the
value of ID. If an element is a list header, then ID = 2, and the datum word
is divided into three fields: a two-bit marker field, which is available to the
user, a pointer field that may contain the address of a description list (to be
defined further on), and the reference counter, which indicates the number of
lists of which this list is a sublist. An empty list consists only of a header. If a
list is not empty, then it has elements additional to the header. The datum
words of such elements contain either “normal’ data or pointers to other
lists, these possibilities being distinguished by ID having value 0 or 1,
respectively.

The SLIP list structure corresponding to the structure of Figure 10.21
(it would differ from the structure of Figure 10.21 by having list headers)
could be created by the following program segment:

CALL LIST (TREE)
CALL LIST (SUBT)

CALL NEWTOP (1HA,TREE)
CALL NEWBOT (SUBT,TREE)
CALL NEWBOT (1HB,TREE)
CALL NEWBOT (1HC,TREE)
CALL NEWTOP (1HF,SUBT)
CALL NEWTOP (1HE, SUBT)
CALL NEWTOP (1HD,SUBT)

© OO e A

Subroutine LIST creates an empty list, i.e., generates a header. Note here that
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TREE and SUBT are Fortran variable names and that they receive the addresses
of the two headers as their values. Subroutine NEWTOP adds an element to
the head of a list, subroutine NEWBOT adds it to the bottom of the list. In
calls to these routines Hollerith data are used everywhere except in statement
4, which makes SUBT a sublist of TREE. The system automatically differ-
entiates between storing of “normal” data and creation of sublists; i.e., it
automatically provides the added list element with the appropriate identifier.

Some Fortran systems permit a subprogram to be used both as subroutine
and function. The original SLIP implementation was under such a system,
and in this implementation LIST can be used as a function. Then it creates
an empty list as before, but, being a function, it now has a value, namely the
address of the header. Statements 1 and 3 can then be combined into

51 CALL NEWTOP (1HA, LIST(TREE))

Moreover, it is then possible to set up list structures in which sublists do not
have explicit Fortran names, by using the literal 9 for the argument of LIST.
Here this means that statements 2 and 4 can be replaced by

52 CALL NEWTOP (LIST(S), TREE)

which creates a nameless sublist and sets up a pointer to this sublist in the main
list, but there is now some difficulty in the building up of the sublist. One
possible approach is to use the function BOT, which has the datum stored in
the last element of a list for its value (a companion function TOP has the
datum in the topmost element for its value). After execution of statements
51 and 52 in our new program the last element of TREE contains the pointer
to the sublist, and one can therefore write statements 7-9 in the form

CALL NEWTOP (datum, BOT(TREE))

Finally statements 5 and 6 are placed unchanged at the end of the new
program segment. NEWTOP and NEWBOT, when used as functions, have for
their values the addresses of the elements they have inserted in a list, and the
pair of routines NXTLFT(D,C) and NXTRGT(D,C) insert an element
containing D to the left or right, respectively, of the element indicated by C.
This means that statements 5 and 6 could be combined into

CALL NXTRGT (1HC, NEWBOT(1HB,TREE))

if Fortran functions could take Hollerith arguments, but this they do not.
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All facilities of Fortran are, of course, available to the SLIP programmer.
To give an example, we rewrite our program segment as follows:

DIMENSION DEF(3)
DATA A,B,C,DEF /1HA,1HB,1HC,1HD, 1HE, 1HF/
CALL NEWTOP (A, LIST(TREE))
CALL NEWTOP (LIST(9), TREE)
DO 3K=1,3
3 CALL NEWBOT (DEF(K), BOT(TREE))
CALL NXTRGT (C, NEWBOT(B,TREE))

In addition to the routines already mentioned, there are 12 other routines
for manipulating data on lists. For example, while BOT (or TOP) simply
returns a datum, a similar function POPBOT (or POPTOP) returns the datum,
but also removes the element in which the datum was stored from the list
and returns it to the list of available space.

Although the structures created by the two program segments given
above both correspond to Figure 10.21, they are different. The LIST(9)
form leaves the reference counter of the created list as zero, but LIST ( SUBT)
makes it one, Therefore, after this list has been made a sublist of TREE, the
reference counts of the sublist are 1 or 2, depending on how it was created.
Routine IRALST is used to decrease the value of a reference counter by one,
and to erase thelist if the new valueis zero. Therefore, CALL. IRALST (TREE)
would erase the entire structure in one instance, but would leave SUBT as an
independent active list in the other.

Traversal of a list, or of a list structure, is an important processing
activity, and SLIP provides a good set of routines for this activity. One uses
sequencers and readers. A sequencer is a Fortran variable to which the
function SEQRDR assigns the address of the header of a specified list, e.g.,

S = SEQRDR (TREE)

inserts in 8 the address of the header of list TREE. The function
SEQLR(S, IND) advances sequencer S so that it points to the next element
down the list (advances it to the right), sets indicator IND to +1 if the new
element is a header, to 0 if it is a pointer to a sublist, and to —1 otherwise.
The value of the function is the datum stored in the new element. A similar
advance to the left is made by the companion routine SEQLL. Note that
SEQLR advances the sequencer back to the header when it has reached the
last element of the list. This is a consequence of the symmetry of SLIP lists.
SEQLL initially moves the sequencer from the header to the last element, and
then advances it up the list back to the header. Therefore, if we were required
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to count the number of sublists that list TREE has, we could do it by means
of the following program segment in which SEQLL could be used equally well
in place of SEQLR.

STREE

N =0
5 DUMMY = SEQLR (STREE,J)

IF (J.EQ.0) N = N+1

IF (J.LE.O) GO TO &

SEQRDR (TREE)

Exit from the loop takes place when the sequencer has been advanced back
to the header of TREE.

The L in SEQLR stands for /inear. SEQSR (and its companion SEQSL) is
similar to SEQLR (SEQLL) except that the advance is structural. This means
that if we had the program segment

ST = SEQRDR (T)
5 DUMMY = SEQSR (ST,J)
GO TO 5

the sequencer would be advanced to the first sublist of T (call it T1), would
be moved down T1 until it encountered the first sublist of T1 (call it T11),
would be moved down T11 until it met a pointer to a sublist of T11, and so
on until, finally, it would find itself in a list without sublists. Then it would
keep on cycling round this list.

Sequencing routines contain no mechanism for returning the sequencer
to a list higher up in the structure, e.g., from T11 to T1 of the example above.
The programmer could, of course, keep a record of the points at which
descent into a sublist took place, and arrange for returns on the basis of this
record. Fortunately he does not have to do this: SLIP provides a second set
of traversal routines, which keep the record automatically. This record is
called a reader; it is a stack created and maintained by the SLIP system. The
programmer does, however, have access to readers and may modify them.
Eight routines are provided for this purpose, but they will not be discussed
here. Another difference between sequencer and reader controlled advance is
this: While a sequencer merely advances to an adjoining element, a reader
searches a list or a list structure until an element of a specified type (the
target) is found. The reader is then said to point to the target. There are three
types of targets: an E-target is an element with ID = 0, an N-target is an
element with ID = I, and a W-target is an element with ID = 0 or [.

The reader K of a list T is created by

K = LRDROV (T)
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and initially K points to the header of T. List traversal under reader control
is effected by advance routines, which all have ADV for the first three characters
in their names. The other characters in the name of an advance routine indi-
cate the type of advance that this routine is to bring about. The fourth
character is L or S, depending on whether the search is linear or structural.
The fifth character is E, N, or S; it indicates the type of target. The sixth
character, which is L or R, indicates direction: L for left, R for right. An ad-
vance routine is a function, and it has two arguments: It has to be supplied
with the name of a reader, and it sets an indicator. Its own value is the datum
stored in the target (or O if the search terminates without the target being
found).

For example, ADVSNR (K, IND) traces round the list structure served by
reader K in a rightward (clockwise) direction, searching for a pointer to a
sublist. The search terminates when the target has been found, or when the
header of the list associated with K is reached. In the first case IND is given
a nonzero value; in the second case IND is made zero. The other five struc-
tural advance routines are similar. The six linear advance routines do not
descend into sublists. In other respects they are identical with the corres-
ponding structural advance routines.

To see how an advance routine would be used in practice consider Figure
12.2. The figure represents a SLIP list structure corresponding to the sort
tree of Figure 5.15. The representation is very sketchy in that the symmetry
of the lists is not even hinted at. Let the structure have the name TREE. The
following program segment transfers numbers from TREE to an array N in
ascending order:

INTEGER ADVSEL
K = LRDROV (TREE)
DO 50 J = 1,12

50 N(J) = ADVSEL (K, IND)

On exit from the loop we have no further use for the reader. But, since it still
points to an element in a subtree, the stack is not empty. We should, there-
fore, erase the reader explicitly as follows:

CALL IRARDR (K)

With any SLIP list one may associate a description list. A description
list is not a sublist in that a pointer to the description list is found in the
header of the list and a list may have no more than one description list.
A description list consists of pairs of elements. The first element of a pair
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Figure 12.2

contains an attribute, the second contains a value of the attribute. Descrip-
tion lists can be used in similar fashion to Comit subscripts. Let us define two
of the seven SLIP routines for dealing with description lists, and then look at
an example of their use. Routine NEWVAL (A, V, L) searches the description
list of list L for the attribute A. If it is found, the existing value is replaced by
V; if not, then A and V are added to the description list. If L has no description
list, one is created of A and V. Function ITSVAL(A,L) returns the value
corresponding to attribute A in the description list of L (or zero, if there is no
attribute A).

Assume now that we have 100 objects, represented by lists with names
OBJ(1),0BJ(2),...,0BJ(100). The list OBJ(54) could have been
associated with a description list as follows:

CALL NEWVAL (5HSHAPE, 5HROUND, OBJ(54))
CALL NEWVAL (5HCOLOR, 3HRED, OBJ(54))

Assume that each list 0BJ (K) has a description list, and that we are to search
the description lists for the attribute SHAPE having value ROUND. All lists
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whose description lists do contain this attribute-value pair are to be made
sublists of a new list ROUNDS. We can proceed as follows:

DATA SH,IR /5HSHAPE, 5HROUND/
CALL LIST (ROUNDS)
DO 10 N = 1,100
10 IF (ITSVAL(SH,OBJ(N)).EQ.IR)
1 CALL NEWBOT(OBJ(N),ROUNDS)

Weizenbaum’s original paper on SLIP described more than a hundred
routines. Although some of these routines merely support other routines,
i.e., a user would not call on them directly, the majority are there for direct
use. We have discussed only a limited number of these routines. Of the
remaining routines the most interesting are VISIT and TERM, which permit
recursion in Fortran. Besides creating the list of available space, INITAS
creates 100 stacks W(1), W(2), ..., W(100). These stacks, called public
lists, may be used to store information for the purposes of recursion. We shall
explain recursion in SLIP by examining a particular program, a function for
computing the factorial of a number.

INTEGER FUNCTION FACT (N)
INTEGER TOP
C THE COMMON STATEMENT IS A SLIP TECHNICALITY
COMMON AVSL, W(100)
ASSIGN 10 TO NSTAT
FACT = VISIT(NSTAT,PARM1(N))
RETURN
10 IF (TOP(W(1)).EQ.1) GO TO 20
17 CALL VISIT(NSTAT,PARM1(TOP(W(1))-1))
18 NN = NN = TOP(W(1))
19 CALL TERM(NN,RESTOR(1))

© O 3

20 NN =1
21 CALL TERM(NN,RESTOR(1))
END

PARMI belongs to a class of functions of the general form
PARMm (P1,P2, ..., PM),

which push down parameters P1, P2, ..., PM in stacks W(1),W(2),...,
W(M), respectively. RESTOR(M) removes the top element from each of
stacks W(1), W(2),..., W(M), and discards it. The value of RESTOR is
immaterial. VISIT and TERM must be considered as a pair; in a sense
TERM actually sets the value of function VISIT. VISIT(J,PARMm
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(P1, P2, ..., PM)) pushes down the address of the location following
the command that effected the transfer to VISIT in a stack of return
addresses (to which only VISIT has access), transfers control to the state-
ment whose statement number has been assigned to J, and execution of
statements then proceeds in normal manner until a reference to TERM is
reached. Then TERM(K, RESTOR(M) ) transfers control back to VISIT, the
value of VISIT is made K, and normal execution is resumed from the loca-
tion indicated by the address popped up from the stack of return addresses.
The second argument of VISIT and TERM is ignored in these routines.
Since, for example, RESTOR(M) is executed before control passes into
TERM, it could have been possible to design SLIP in such a way that one
would have had to write the statement pair

CALL RESTOR (M)
CALL TERM (K)

instead of the single CALL TERM(K,RESTOR(M) ). The existing design was
adopted to reduce the number of statements in programs. In finding FACT ( 3)
the order of execution of the statements in FACT is 7, 8a (transfer to 10), 10,
17a (transfer to 10), 10, 17a (transfer to 10), 10, 20, 21, 17b (since VISIT
used as a subroutine nothing further done here), 18 (NN made 2), 17b, 18
(NN made 6), 19, 8b (current value of NN given to VISIT and this value
assigned to FACT), 9.

The entire SLIP system, with the exception of VISIT and TERM, can be
written in Fortran. This applies even to the primitive support routines for
accessing parts of a computer word. Consider the 36-bit IBM 7090 word. The
first word of a SLIP list element can have the following format in a 7090
implementation: bits 4-18 for the left link, bits 19-20 for ID, bits 21-35 for
the right link, with the sign bit and bits 1-3 remaining unused (and set to
zero). Let us call this word IW. Thenthe leftlink is given by IW/131072, the
right link by MOD(IW,32768), and ID by MOD(IW,131072)/32768,
where MOD is the Fortran remaindering function. However, while the loss of
efficiency due to Fortran coding can be tolerated for most SLIP routines, a
crippling increase in execution times would result if the primitives were coded
in Fortran rather than in assembler language.

To an Algol programmer SLIP recursion may look very clumsy. Never-
theless, it is a highly ingenious solution of a very difficult problem. It illus-
trates the wide range of extensions that embedding can give even to Fortran,
which, because of its rigid conventions, does not easily accept embedding. It
is actually possible to set up the equivalent of a Comit rule in the form

IF (FOUND(...)) CALL ALTER (...)
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where the arguments of the logical function FOUND are used to specify a
search pattern, and the arguments of subroutine ALTER indicate desired
changes to the pattern. As one would expect, FOUND and ALTER have to be
coded in assembler language.

Let us list the advantages of embedding over the use of independent
special purpose languages.

1. Efficiency. A special purpose language can be considered as made up
of two components: the facilities specific to the problem area in which the
language is used and general facilities, such as input and output, arithmetic
capability, and sequencing of the computational process. A general purpose
language provides all these facilities, and, since many people are involved in
the design and improvement of the language, these facilities are generally
excellent. Moreover, by being able to spread the cost over a large number of
users, the compiler can be optimized to produce highly efficient machine
code. The designers of an independent special purpose language have to
provide the general facilities and a compiler or interpreter, and they lack the
resources to do as good a job. With embedding the general facilities already
exist, and all available resources can be directed to the implementation of
just those facilities that relate to the special problem area.

2. Computing power. One way of looking at SLIP is to consider it as two
languages: a list processing language, and a language for recursion. If a
problem does not call for recursion, then there is no need to include the
VISIT and TERM routines in the program. On the other hand, if the problem
involves processing of strings as well as lists, then one may develop an em-
bedded string processing language and use it together with SLIP in one’s
program. It is possible to conceive a large set of embedded languages from
which a number of languages can be selected for use according to needs in
the one program. This highly flexible approach has not been given much
thought in the past because of storage limitations, but, with the advent of
large memories and the virtual memory concept, it has now become feasible.

3. Easeoflearning. Anexperienced Fortran programmer finds the Fortran
embedded SLIP much easier to learn than, say, LISP. However, users of
special purpose languages are often inexperienced in programming. Therefore,
the aim of designers of independent special purpose languages has been to
make their languages as “ natural” for their prospective users as possible.
For example, the form of the Comit rule reflects the notational convention of
linguists, and a linguist certainly has less difficulty understanding

* N = VP + NP *

than the equivalent of this rule in an embedded language, where it might take
the form
IF (logical function) subroutine call
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However, in a realistic Comit or Snobol program very few rules are as simple.
The programmer has input and output, data transfers, and sequencing
added to his purely linguistic concerns, and the rules he has to write become
very complex. It takes a considerable amount of study to learn to write

LOOP $1/.L127 + $1 = 1/.I1 + 2/.%1 // *S+1 1 LOOP

which is a fair example of a nontrivial Comit rule. This rule could hardly be
said to be “natural” for the linguist. Indeed, it takes no more of the lin-
guist’s time to become experienced in the use of a general purpose language
and an embedded language than it takes to learn the proper use of Comit
or Snobol.

Notes

List and string processing languages are surveyed in [Ab68] and in
[Bo64b, Ra68]. Chapter 6 (pp. 382-470) of [Sa68c] is devoted to list and
string processing languages; a very good feature of this book is the clear way
the significant contributions made to technology in the design and imple-
mentation of a language are pointed out. A description of the data structures
in a number of list and string languages and of their internal representation
can be found in [Im69].

IPL-V is described in [Ne60]; [Ne64] is the IPL-V manual. The LISP
philosophy is set out by McCarthy in [Mc60, Mc63c]. The latter paper deals
with LISP in the context of the theory of computability. [Mc62] is the manual.
The LISP literature is quite extensive: [Be64b] is a book that alone contains
20 papers on LISP, ranging from exposition to implementation and applica-
tions; [Ba65, Co65, Tr66] deal with the embedding of LISP in Algol; [Bo67e,
Bo68, Co67b] discuss the problems associated with the implementation of
LISP in two-level storage systems; [Fe69] deals with garbage collection when
LISP is implemented in a virtual memory system (in which the available
memory is practically infinite, and garbage collection is, therefore, a matter
more of efficiency than necessity). LISP has been extended to make it a
general purpose language; the result, LISP2, is described in [Ab66]. Addition
of Fortran-like features to LISP is the subject matter of [Kn69]. Modification
in a different direction, towards incremental computation, is dealt with in
[Sa68d]. In addition to the papers dealing with applications of LISP in
[Be64b] there is [Ra64]. L® is defined in [Kn66].

[Zz62b] introduces one to Comit programming; [Zz62c] is the manual. A
number of papers describe applications: [Yn62, Da65, Sa66b, Li67]. Perhaps
the most ambitious program written in Comit is an early version of the
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General Inquirer; the General Inquirer is described in [St62, Du65], and in
[St66), which is a book of 650 pages. The first version of Snobol is described
in [Fa64], and Snobol 3 is described in [Fa66]; the latter paper contains three
complete programs as examples. [Gr68] is the manual of Snobol 4; it contains
six complete Snobol programs in an appendix and there are several more
complete programs given in the text itself. See also [De67] for a good intro-
duction to Snobol 3.

The rationale of embedding is spelled out in [Bo64c]. For examples of
embedding see [Ba64b, Mo64, Co66, Sa68b]. The ingenious system of sub-
routines for semi-analytic differentiation described in [We64] constitutes a
particularly simple but effective example of embedding. FLPL, the first well-
known Fortran-embedded list processor, is described in [Ge60]. For applica-
tions of this language see [Da62, Ta62]. Weizenbaum’s SLIP is defined in
[We63]; [Sm67] is a good introduction. Applications of SLIP are described
in [La65b, Ra68b]. Weizenbaum’s own application papers, [We66b, We67],
do not give programming details, but they should be read for a discussion of
the type of problems SLIP was designed for and for Weizenbaum’s elegant
style. [Sv66] is the listing of an Algol-embedded list processor that is simpler
than the Algol-embedded LISP systems referred to above.

[Ax67, De67, Sm67] constitute a comparison study: They contain, respec-
tively, LISP, Snobol, and SLIP programs for an expression recognition
problem. Annotated sample programs can be found also in [Ra68a].

Embedding of the type that enriches the syntax of a programming lan-
guage is too specialized a topic for discussion in this book. Nevertheless, a
few bibliographic pointers are being provided. A very intelligent discussion
of the whole problem can be found in [Ne68b]; this paper should be read
thoroughly. A solution that is much more attractive to a user than doing his
own embedding is to persuade computer manufacturers to incorporate the
desired additional features in the language itself. Although there has been an
instance where this approach has been successful (see [La67b] for a descrip-
tion of the list processing facilities added to the original specifications of
PL/I), it is not a general solution; manufacturers do not have the resources
necessary to produce alanguage that would answer the needs of every user,
and, even if they did, no strong case has been made for the desirability of
such a language. The user generally has to fend for himself. One approach is to
put a program that is written in an extended language through a preprocessor
that converts statements of the embedded language to statements in the host
language; an example of this is described in [Do66]. A more general solution
is to provide the language with definition facilities (also called macro facili-
ties). The first implementation of a definition facility that enables the user to
extend the vocabulary of a higher-level language appears to have been made
in 1963; this is the MAD definition facility described in [Ar69b]. For
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a description of macro facilities in assembler languages see [Ke69] and
pp. 130-144 of [We68]. Macro processing in general is surveyed in [Br69j,
but the reader is advised to familiarize himself with the basic concepts in
Chapter 3 of [We68] (p. 145 to as far as can be managed) before tackling this
survey.

One of the hardest problems confronting the designer of a list or string
processing language is how to deal with null objects. A very valuable dis-
cussion of this problem can be found on pp. 185-186 of [Mo068b].

There are no exercises, due to two reasons. First, our description of the
languages has not been sufficiently detailed to justify the setting of program-
ming exercises based on the material provided in the text. The same reason
excludes exercises on comparison and evaluation of the languages. Second,
the material given in this chapter should be supplemented by detailed study
of a particular language, and by programming in that language; the pro-
gramming assignments will, of course, be determined by the language that is
selected. A few suggestions:

(a) An output routine that prints a given body of text, right adjusted by
insertion of blanks (cf. [Be69b}).

(b) As (a), but including a hyphenation procedure (see [Ri65]).

(c) A recognizer of Boolean forms (see Exercise 10.8).

(d) The procedure of A.6.8 for finding cycles in a digraph reformulated as
a list processing problem.

(e) Conversion routines for converting a tree in which only terminal nodes
are labeled to an equivalent tree in which every node carries a label, and vice
versa (cf. Figures 10.21 and 10.20).

(f) Conversion procedures for converting an unbalanced binary sort tree
to an equivalent balanced sort tree, and a procedure for setting up a sort tree
that generates the tree in balanced form by continuously rearranging it while
it is being built up.

(g) A radix sort procedure in which the bins are structured as lists.
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Chapter 1

1.1 Only (iv) presents a clear case of equality. In (ii) there is equality if members of B are
interpreted as binary numbers, and if it is assumed that there is no basic difference between
binary and decimal numbers. If, however, the elements are interpreted as symbols; i.e., if
the base of the number system is considered an important distinguishing feature, then A4
and B are not equal.

1.2 The basis of the inductive proof is the same as part (i) of the proof in the text. For the
induction step assume that #(4) has 2"~' members when 4 has » — 1 members, and
consider a set B= A4 U {x}. #(B) has all elements of #(4) and, in addition, each element
C of P(A) gives rise to a new element C U {x}. Hence #(B) has 2"—! + 2"~! = 2" elements.
14 Letae AN C. Then ac 4 and ae C. But a€ A implies a< B (since A = B) and,
similarly, a € Cimplies a € D. In other words,a€ BN D. Sinceac A n Cimpliesaes BN D,
ANCZ BN D.

1.6 See Section 11d for hints.

1.8 Let x€ A. Since 2" and % are partitions, there exist precisely one X; € € such that
x € X; and precisely one Y; € % such that x € Y,. Then x € X; n Y;; i.e., each member of
A is a member of some set in 2. Next assume x€ X; N Y;and x€ X, » Y,. Then x € X;
and x € X,,, implying i = m,and x € Y, and x € Y,,, implyingj = n. Hence the sets comprising
Z are disjoint.

391
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1.10 Example 2 of Th.1.4 gives proof of A; N A, = A_1 v ;i: The proof is completed by
induction. TakeJ = {1,2, ..., n — 1} and assume [} es4; = | jes4;. Then

(N1 O An= (Njesd)) U 4,
= (U/sJZ) 4 Z
= Ulslz

The proof of the other part is similar.

1.12 No.If A= U, then {4, A} = {U, &}. If A= (J, then J € {4, A}. By D.1.9, a parti-
tion may not have J for a member. (However, in some circumstances it may be convenient
to change D.1.9 to allow partitions having null sets for members.)

1.14 (i) By D.1.11 and D.1.12, A+ A=(4A N A) v (4 A and hence, by Th.1.4,
A+ A= v . But & & has no members. It is therefore identical with (.

(ii) Since ¥ has no members, x € A + J if and only if x € 4.

(iii) By Part (i) of Exercise 1.13,

A+B=AUBNAUB)and A+B=(Au B)n(Au B).

But xe S if and only if x¢ S, and x ¢ Sif and only if x S. Hence S=S. Consequently
A+ B=(Au B)yn (AU B), and it is an easy matter to prove (AU B)n (4 B)=
(AV BN (AyY B).
(iv) The defining formula of 4 + B (see the example of D.1.12) shows that we can write
(A+B)+BasA+(B+B).ButB+B=.Hence(A+B)+B=A+ J=A.
1.15 X=XnU (Th.1.5, Part 4B)
=XnAUA (5A)
=(XNnAVXNA (3B)
Similarly, Y= (Y n A) U (Y n A). Consequently,if Xn A=Y nAdand XnA= YN 4,
then X=Y.
1.16 By Th.1.6 this is equivalent to proving that A=A N B and C=C N D imply
ANC=UANC)N (BN D). Assuming A=ANBand C=CnN D, we have ANC=
(4 N B) N (C N D). Rearrangement gives A " C=(A N C)n (BN D).
1.18 See A.11.3 for hints regarding the modification. Since M + N=(M U N) — (M N N),
it is not necessary to have a routine that finds M + N directly. A first call to our routine
gives MU N and M n N. A second call, with MU N and M n N as arguments, gives
(MU N)—(M A N).
1.19 Assuming the principle of duality, we need only prove Part 1 of the theorem. Assume
a@ b = a for all a. Then, in particular, 0@ b = 0. But

0@b=b0D0 (1A)

=p. (4A)
Hence b = 0.
1.20 (i) a@D@xb)=(@*1)D(axb) (4B)
=ax(1@®b) (3B)
=ax1 (1A and Part 2 of Th.1.10)
=a. (4B)

1.21 For the proof that x * z=y* z and x * z/ =y * z’ imply x =y use the method of
Exercise 1.15. Then
@@@@c)*ra=a*x@ddD0) (1B)
=a; (Th.1.11, Part 3)
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(@@b)@cy*a=a*(a®bDc) (1B)
=(a*x@®b))@(@axc) (3B)
=a®(a+*c) (Th.1.11, Part 3)
=a; (Th.1.10, Part 3)

@POGPN*xa=@*a)D@ *bDo) (1B, 3B)
=a*bdo) (1B, 5B, 1A, 4A)
=(@ *b)D(a@ *c) (3B)
=@ *bPa)®@ *c) (4A, 5B, 1B, 3B)
={(a@b)Pc)*a. (1A, 3B, 1B)

a * (b * ¢) = (a * b) * ¢ is given by the principle of duality. At this point, however, the more
observant readers might have noticed that the “proof” is invalid. Our proof of Part 3 of
Th.1.10 (Exercise 1.20) makes use of Part 2 of Th.1.10, and this in turn uses Axiom 2A.
Hence we have to prove a @1 = 1 again without resorting to Axiom 2A:

a®Pl=(0@®1)x1 (4B)
=@@)*@®a) (SA)
=a®(lxa) (GA)
=a@a’ (1B, 4B)
=1. (5A)

1.23 The Venn diagrams should suggest that
WouX)+(YvzZ)ys(W+ YU (X+2Z).

Show that this condition is equivalent to

(WuX)+(YVUZNn(W+ TV X +2Z)=0.
The rest is tedious algebraic manipulation. (See also Exercise 2.11.)
1.25 Under this definition <a, a, a> = {{a}} = {a, a)>.

1.28 There are 26 letters from which to choose the first character. The rest of the name is
an n-sample of a set of 36 elements, where n€ {0, 1, ..., 5}. Hence the number of different
names is 26 > ; 2, 36' == 1,617,038,306.

1.30 Let us be given a set of integers stored as array N, say N= <2, 3,9, 11, 16>. We are
required to find M-samples of this set as array SAMPLE. Instead of dealing with N itself,
we can find—in array REF—M-samples of the set of subscripts {1, 2, 3, 4, 5}. Elements
of REF are used to extract those elements of N that make up SAMPLE. Thus, if we require
3-samples, we generate, in turn, <1, 1, 1>, <1, 1,2>,..., (2,5,3), ..., <5, 5, 5> in REF,
and in each instance find the corresponding 3-sample <2, 2, 2>, <2,2, 3>, ..., <3, 16,9,
..., <16,16, 16> in SAMPLE by means of the program segment

DO 222 K = 1,M
J = REF(K)
222 SAMPLE(K) = N(J)

There is no point in giving a complete solution here; you should test your subroutine by
running it on a computer.
1.32  The subroutine performs properly when N2 = O butnotwhen M = NZ. Imme-
diately after statement 102 insert

IF (M.LT.KA) RETURN

1.33  You are either convinced or not convinced.
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2.1 (i) and (ii).
2.5 The number of one-to-one functions is equal to n!, the number of n-permutations of

the elements of the set. This is also the number of onto functions. The number of into
functions is n” (by Th.2.2).

2.8 All except (ii). In (ii) the number of opening parentheses exceeds the number of
closing parentheses. Since, for example, (1 @ 1) * 0 % 1 @ (1 * 0), the function correspond-
ing to form (i) cannot be unambiguously defined without rules of precedence for the
operations. In arithmetic normal evaluation is from left to right with precedence (),
unary —, X and /, + and —. In Boolean evaluation the precedence is (), , *, @.

2.9 The Boolean function is {0, 0, 0, 0>, <0,0, 1, 0>,<0,1,0,1>,<0,1,1,0>,<1,0,0, 1>,
<1,0,1,1>, <1,1,0,1>,<1, 1,1, 1>},

211 Let A(W, X, Y,Z)=(WU XD+ (YVUZ)N(W+ Y)U (X+ Z). One can show
that v(h(my, m,, ms, ms)) = J for all 4-samples <my, m,, ms, ms)> of {J, U} by means of
a valuation table.

212 x;* (] @xz) * x5 =((x1 * x) D (xy % x2)) * x;
= (x; % X3) * X}
=0,

The simplified circuit is an open circuit without any switches.

2.14 In the bridge circuit a signal entering from the left can go along the arm bearing
switch xy, or along the arm bearing switch x7. If it passes through x,, it can next go through
x5, or through x, and x3. If it passes through x3, then it cannot continue along the arm
bearing switch x, because this switch is closed when x3 is open. Hence the signal continues
through x3 and x4, or through x3 and x,. If, on the other hand, the signal passed through
x1, x3, and x3, then it can only go through xi next. Thus we have the possible paths
X(—Xj—X3—Xh, Xj—X4—X5—X4, X;—X,—Xx3—x4. An open x; gives rise to the paths
X[ —Xp—X5—X4, X1—X—X3—X4, X1—Xxs—x3—X4. But these are the six parallel paths
of Figure 2.3.

2.15 We introduce the notation f(x,, x2) = x; | x,. Function f is known as the dagger
function. We have

(@) xi=2x1} xy;

() x1@x2=0x1 L x2Y =0(x; } x2) } (x1 § x2);

(i) xq*x, =x1 ) x2=0r; § X)) (x2 |} x2).
Hence any Boolean function can be represented by a circuit consisting entirely of NOR-
gates. Then, since x; | x; = (xq * X;)’, we have

(V) xylxa=((x1§ x1) | (2} x2)) | ((x1 ) x0) | (x2 ] x2)).
2.18 The definition can be derived from D.2.8 with obvious changes of symbols. It is
optional whether or not we permit symbols — and <. If we do, the definition ends with

(7) If « and B are statement forms, then « — f is a statement form.

(8) If « and B are statement forms, then 0“—’/3 is a statement form.

(9) Only expressions given by (1)-(8) are statement forms.
Although we have not been considering statements containing logical constants F and T
in the text (such as pv T or pA — p—F), any familiarity with logical expressions in
Fortran or Algol should convince one that provision for such statements must be made in
the definition.
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2.20 Statements (i), (ii), and (iii) are shown to be tautologies by means of truth tables.
Since (ii) is a biconditional tautology, one can substitute — p—>-—g for g —p in (iii):
Statement (iv) results.

2.22 Here one should not use truth tables or a computer program. Consider the first
implication. This is an argument with premises (1) p —gq, (2) ¢ — r, (3) r — p, and conclusion
p<>r. By laws of detachment and syllogism, (1) and (2) give (4) p — r. Statements (4) and
(3) can be combined into (5) (p —r) A (r = p). But (5) is the definition of p«>r. One proves
the other two implications in a similar fashion.

2.23 If — is to be associative, then (p —¢) —r must be equivalent to p — (g — r). Since,
for example, (F — F) - Freduces to F, but F - (F — F) to T, operation — is not associative.
By means of a truth table one can show that (p«»g) <> ris equivalent to p«>(g«>r), i.e., that
the biconditional is associative.

2.25 (1) b—ine, (Premise)
2) s, (Premise)
3) s—om, (Premise)
@) m-o—iAe, (Premise)
) m, (2 and 3)
(6) —iAe, (5 and 4)
T —i, (6—p A q—p is a tautology)
8) —iV —e, (7—p —p Vg is a tautology)
9 —(@Are), (8—De Morgan’s law)

(10) —(iAe)—>—b, (Contrapositive of 1)
1) —b. (9 and 10)

2.27 Including the null relation, there are | #(4 x B)|=2™" relations, irrespective of
whether 4 < B holds.

2.29 Yes, in some superset of {a, b, c, <a, b>, <b, c)>}.

2.32 Denote the relation by R. Since R is nonempty, there exists some <a, b> € R. But
then <(b, a> € R (by symmetry), and <a, 6> € R and <{b, a) € R imply <a, a)> € R (by transi-
tivity). Hence the relation cannot be irreflexive. Next assume that R is transitive, symmetric,
and reflexive in some set 4, and consider a set A U {x} where x ¢ 4. Then relation R is still
transitive and symmetric in 4 U {a}, but <{x, x> ¢ R.

2.33 (i) The relation is not transitive.

(i) Denote the relation by R. Clearly {x,x,> R {x;, x,». Nextlet {xy, x> R {x3, x4>.
Then x; + x4 =x;+ x5, giving x3 -+ x; =x4 + x; on rearrangement. But then
{x3,x4> R {xy, x,>. Finally assume <{x;, x> R {x3, x4)> and {x3, x4> R {xs, xsy. We
have

Xy + x4 =x2+ x3,

X3+ X6=Xa+ Xxs.
Add: X1+X4+X3+X6:X2+X3+X4+X5.
Subtract x3 + x4 from both sides:

X1+ x6=x3+ xs5.
Hence {x;, x;> R {xs, x¢>.

(iii) Again denote the relation by R and assume <{x;, x> R {(x;, x,>. Then, by definition,
X1+ x; = x5 + x;, which is only true if x; = x,. Hence R is not reflexive.

2.35 It is sufficient to show that S(n, m) is the number of ways a set of n elements can be
partitioned into m disjoint nonempty subsets. This we do by induction. Clearly, if n=1,
there is one partition for 7 = 1 and no partition for m > 1. But S(1, 1) =1, and it is easily
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shown that S (1, m) = 0 for m > 1. For the induction step assume that S(z — 1, m) is the
number of ways a set of n— 1 elements can be partitioned into m subsets. Since m is
arbitrary, the assumption also gives S(n— 1, m — 1) for the number of ways the n —1
elements can be partitioned into m — 1 subsets. Denote the set of n — 1 elements by 4,_,,
and let 4, = A,_; U {a,}. Partitions of 4,into m subsets are of two types: (i) theset {a,} and
a partition of A4,._, having m — 1 members; (ii) a partition of 4,_; having m members, but
with a, merged into one of the members. There are S(n — 1, m — 1) partitions of the first
type and mS (m — 1, m) of the second. But S(n— 1, m— 1)+ mS(n — 1, m)=S(n, m).

2.37 Let R be an equivalence relation that is not the identity relation. Then there exists
some <a, b> € R such that a # b. Since R is symmetric, also <b, a> € R. Now assume that
R is a partial ordering, i.e., that it is antisymmetric. Then <a, b> € R and (b, a)> € R imply
a= b, and we have a contradiction.

2.39 Any equivalence relation except the identity relation.

2.41 Denote the partial ordering by < and assume that there exist two least elements,
b and b’. Then b <a and b’ < a for any element a in the set. In particular b < b” and
b <bjie,b<b orb=>' and b’ < bor b’ =b. But b<< b’ and b’ < b imply b < b, which
is impossible. Hence b = b’ Similarly one shows that there is at most one greatest element.
Assume that there exists a least element b and that b is not minimal. Then there exists
some a such that a < b. But, by D.2.24, b < a;ie.,b<aor b=a.If b< a, then b < a and
a<<bimply b<b. If b=a, a < b becomes b < b. Hence a least element is minimal. Next
assume that there exists a least element b and an arbitrary minimal element ¢. Since b is
a least element, b < ¢. Since ¢ is minimal, b < ¢ does not hold. Hence & = ¢. The proof
for a-greatest element is similar.

2.45 None of the sets has a least element.
(i) Minimal elements: 2, 3, 5, 7. Greatest (and maximal) element: 210,
{ii) Minimal elements: 2, 3, 5. Greatest (and maximal) element: 1080.
(iii) Minimal elements: 2, 3, 5. Greatest (and maximal) element: 300.

2.48 One of the order-isomorphic sets is {1,2, 3,5, 6,7, 10, 14, 15, 21, 35, 900, 1764,
4900, 11,025, 85,766, 121,000,000}, The diagram turned through 180° represents the partially
ordered set <#({a, b, c,d}), 2>. In general, there is no definite relation between sets
represented by a diagram and the diagram turned through 90°.

2.50 (i) No. (ii) No.

2.52 Assume a * b= a. Then a = inf {a, b}; i.e., a is a lower bound of {a, b}. Hence, by
D.2.27, a £ b. Next assume a < b. Clearly b < b as well, and b is an upper bound of {a, b}.
Assume b # sup {a, b}; i.e., assume ¢ = sup {a, b} such that b # ¢. Then ¢ < b (c is the
supremum) and b < ¢ (¢ is an upper bound), and, since b # ¢, ¢ < b and b < ¢. But this is
impossible. Hence b = sup {a, b}. Finally assume a @ b = b. This means that b is an upper
bound of {a, b}, i.e., that a < b. Since a < a as well, a is a lower bound of {a, b}. Just as
the assumption b # sup {a, b} led to the impossible b < b above, assumptiona # inf {a, b}
leads to a < a. Hence a = inf {a, b} = a * b.

2.54 By D.2.27 and D.2.24, inf {a, b} <a<sup {a,b},or,byD.2.29, axbZa<a@b.
The equivalences of Exercise 2.52 then give
(axb)@a=a=ax*x@®Db).
2.59 Take a system <4, @, *> with
® ad@b=>6Da, a*xb=">xa;
(i) a@ED)=0a@®bDe, ax(bxcy=(@*b)*c;
(iii) a@(ax*b)=a, ax(@®b)=a
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as axioms, and define relation < such that a < b if andonlyif a@ b=»5 (or a*x b= a).
We can then prove theorems

a@a=a,

a<band b<aimplya=>5,

etc. Axioms (i) and (ii) form part of the set of axioms of Boolean algebra. In Boolean algebra
Statements (iii) can be derived as theorems, but Statements (i) and (ii) do not suffice for this
purpose (see Exercise 1.20). Hence Statements (iii) are axioms here. (Distributive comple-
mented lattices are Boolean algebras.)

2.60 (i) Let array LAT contain the elements of X. Then

SUBROUTINE SETUP (LAT, LESS, N)
LOGICAL TEST
DIMENSION LA
DO 5 I =1,
DO 5 J =1,
LESS(I,J) = O
5 IF (TEST(LAT(I),LAT(J))) LESS(I,J) =1
RETURN
END

T(N), LESS(N,N)
N
N

Because of the restriction on the order in which elements of the set may be stored in LAT
we need not define LESS (I, J)when J is less than I, and the DO 5 J =1, N can
be changed to DO 5 J =I,N. For the lattice of Example 1 of D.2.29 TEST can be
written as follows:

LOGICAL FUNCTION TEST (N,M)

TEST = .FALSE.

IF (MOD(M,N).EQ.0) TEST = .TRUE.
RETURN

END

Subroutine TABLE generates the addition-multiplication table in array LESS, and in so
doing overwrites its previous contents. Some attention must therefore be given to the order
in which the entries are computed. Entries of the addition table must be created first. The
computation is based on the observation that if x; < x; and x; < x;, then x; is an upper
bound of {x;, x,}. Hence the least valueof Ksuchthat LESS(I,K)=LESS(J,K) =1
gives the least upper bound.

SUBROUTINE TABLE (LAT,LESS,N)
DIMENSION LAT(N), LESS(N,N)
DO 10 I = 2,N
IT =1-1
DO 10 J = 1,1II
DO 5 K=1I,N
5 IF (LESS(I,K)*LESS(J,K).EQ.1) GO TO 10
10 LESS(I,J) = LAT(K)

DO 20 I = 1,N
II=N+1-1
DO 20 J =1,I

’



398 Solutions to Selected Exercises

DO 15 K = I,N
KK =N+ 1 - K

15 IF (LESS(KK,II)»LESS(KK,JJ).EQ.1) GO TO 20
20 LESS(II,JJ) = LAT(KK)

RETURN

END

2.62 (i) Set B is closed under @, *, and *. Hence x € B and y € B imply, in turn, y" € B,
x*yeB,x’eB,x"*yeB, x+ycB.

(ii) The most obvious examples are addition and multiplication. Set & is not closed
under subtraction (e.g., 5 — 12 ¢ N), but one can have an operation — (proper subtraction),
defined by

X=y=x—y, xzy,
=0, x <y,

under which N is closed. Out of the multitude of other operations under which N is closed
we select a one-argument operation S (successor function), defined by S(n) =n+ 1.

2.63 The similar algebras are (i), (iii), and (v). Since @ and * are both two-argument
operations, each operation in a corresponding pair from (i) and (iii) has the same number
of arguments. Two algebras need not have the same number of elements for similarity.
Hence, even though |B| # |{0, 1}|, (i) and (v) are similar. Algebra (ii) does not have as many
operations as the other algebras, and ‘ in (iv) does not have as many arguments as the
corresponding operation (@ or ») in any of the other algebras.

2.64 If X is a sublattice of a distributive lattice L, then, since the identities of D.2.30
hold for any a, b, ¢ € L, they hold, in particular, for any a, b, c€ X (X < L). Hence X is
distributive. If Y is a homomorphic image of L under some homomorphism 4: L — Y, and
X, y, z are arbitrary elements of Y, then, by definition of homomorphism, there may be
found in L elements a, b, ¢ such that h(a) = x, h(b) =y, h(c) = z. Consequently, if L is
distributive, we have

x % (y @ 2) = h(a) * (h(b) @ h(c)
= h(a) * h(b Dc)
=hla*x(bDo)
=h((a*b)D(a*c)
=hla*b)®hla*c)
= (h(a) * h(b)) @ (h(a) * h(c)
=(x*p)Dx*2),

and, by Exercise 2.55, the other distributive law holds as well. Hence Y is distributive.

Chapter 3

3.2 A digraph <4, R) is bipartite if there exists a partition { X, Y} of 4 such that, for all
da,b) e R,ac Xand be Y.

3.5 Simple cycles: (a1, a2, as, @s, a1), (a2, s, 62), (8, , g6, 3, az2), (@9, Go). Nonsimple
cycle: (ay, az, as , a3, a2, as , as, ay). Note that, for example, node sequences (a2, as, az,
as, az) and (az, as, az) correspond to the same cycle.
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3.6 The first part is obvious. The second part can be established by means of a counter-
example: Consider paths (q, ¢, d, b) and (b, d, a) in a digraph

{a, b, c,d}, {<a, c>, <b, ¢, {c,d>, {d,ay,{d, b}}>;
there exists no simple cycle (a, ..., b, ..., a).

3.9 The subroutine should be based on Corollary 2 of Th.3.6. At this point it does not
matter how efficient the subroutine is (A.6.1 is an efficient algorithm for finding the path
matrix). Whether or not the subroutine accepts a variable adjacency matrix for its input
depends, of course, on how it is written.

3.13 The antisymmetry test is changed to a symmetry test:

C3 SYMMETRY TEST
IF (MX(I,J).NE.MX(J,I)) RETURN

3.18 Let M be the adjacency matrix. ‘“Symmetrize™ it, possibly as follows:

DO 1 I =1,N
DO 1 J=1,N
1 IF (M(I,J).EQ.1) M(J,I)

Now find MP, the path matrix corresponding to the ‘“‘symmetrized” adjacency matrix
and in MP set all diagonal elements to 1:

DO 50 J = 1,N
50 MP(J,J)

MP is then the matrix C.

3.20 By the corollary of Th.3.8 the strong components of a digraph are the connected
components of its cycle digraph. But connectedness is an equivalence relation. Hence, if the
procedure of Exercise 3.18 is applied to the adjacency matrix of the cycle digraph, and the
resulting matrix made the input to ISEQUI as modified in Exercise 3.15, then the equiva-
lence classes printed by ISEQUI define the strong components of the digraph.

3.22 The minimal sets contain, respectively, one and four K-formulas.

325

LOGICAL FUNCTION ISKFOR (KFORM,M)

INTEGER KFORM(M)
C THE M SYMBOLS OF THE FORMULA ARE SUPPLIED IN ARRAY
C KFORM — THE K—OPERATOR IS REPRESENTED BY O.

ISKFOR = .FALSE.
K=20
N=0
J =0
5 J = J+1

IF (J.GT.M) RETURN

IF (KFORM(J).EQ.0) GO TO 10
N = N+l

GO TO 15
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10 K = K+l

15 IF (K.GE.N) GO TO 5
IF (J.EQ.M) ISKFOR = .TRUE.
RETURN
END

3.27 For example, a digraph <{1, 2, 3, 4, 5}, {<1,2)>, (3,4, {4,5>,<53P.

3.28 By Th.3.3, a node belonging to a node base must have zero indegree, or must lie
on a cycle. The node base of a disconnected digraph contains at least two nodes. Therefore,
an acyclic digraph with exactly one node having indegree 0 must be connected. Next we
show that a connected digraph without slings in which exactly one node has indegree 0
and every other node has indegree 1 is acyclic. (The requirement that there be no slings
excludes arcs that do not contribute to indegrees of nodes.) A connected digraph with no
arcs satisfies the conditions and is acyclic; a connected digraph with one arc also satisfies
the conditions and is acyclic. This is the base of an induction proof. Assume that a digraph
with n arcs that satisfies the conditions is acyclic. Since all nodes but one have indegree 1,
and the remaining node has indegree 0, there are n+ 1 nodes in the digraph. Add an
(n+ Dth arc. The arc originates at one of these n -+ 1 nodes (otherwise there are now two
nodes with indegree 0), and it does not terminate at any of them (otherwise now there is no
node with indegree 0, or there is a node with indegree 2). Alternatively, the arc does not
originate at any of the n+ 1 nodes, but then it terminates at the node having indegree 0
(otherwise there are now two nodes with indegree 0). In either case the new arc does not
close a cycle.

3.30 Work with complements of the digraph. Then it is easy to see that the digraphs are
isomorphic. The correspondence of the nodes is

a b ¢c de f

6 3 52 4 1
(For practice one should establish the isomorphism of D, and D, directly as well.)

3.31 The definition of a complete digraph (D.3.15) is of the form p—gq, where p is
“la, b> ¢ R” and ¢ is “*{b, @) € R, and statement p —g¢ is false if and only if p is true and
q is false. With respect to a node pair <a, a> this means that <a, a)> ¢ R makes p —q false,
i.e., that a complete digraph must have a sling on every node. Therefore, if D = {X, R) is
complete symmetric, then R is the universal relation in X, and the adjacency matrix of D is
invariant under permutations of rows and columns, i.e., for all D’, D and D’ are isomorphic.
(Actually, we have a much stronger result: D and D’ are identical.)

3.34 We have to show that a connected graph contains no circuits (p) if and only if it
becomes disconnected when any one of its edges is removed (g). Assume p, and prove q:
In a graph that contains no circuits an edge {a, b} is a unique chain between a and b, and
after removal of this edge there is no longer a chain between the nodes, i.e., the graph is
disconnected. Next assume g and prove p. If removal of an arbitrary edge {a, &} has dis-
connected the graph, then there are now nodes ¢ and 4 in the graph such that no chain

(c, ..., d) exists. A chain (c, ..., d) must have existed before the removal of the edge, and
the removed edge must have belonged to the chain. But, if there had existed a circuit con-
taining {a, b}, then a chain (c, ..., d) would still exist. Therefore, no circuit containing

{a, b} could have existed, and since {a, b} is arbitrary, no circuit at all could have existed.
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Chapter 4

4.1 Consider arbitrary matrices

T Ld el

asw + aty + buw + bvy asx + atz + bux + bvz]

Then

A(B.C)=(4.B).C= .
csw+ cty + duw + dvy  csx + ctz + dux + dvz

1l

4.3 An equilateral triangle 4BC can be rotated through 120°, 240°, and 360° in the plane.
Let the midpoints of sides 4B, BC, CA be denoted by X, Y, and Z, respectively. The triangle
can be rotated about axes AY, BZ, and CX. The six rotations form a group, where the
rotation through 360° is the identity. Setting up of the “multiplication’ table is rather
trivial. For the pentagon there are 5 rotations in the plane, and 5 rotations about axes
drawn from a vertex to the midpoint of the side opposite it.

<a L oa, a,,)
p = b

by b, -+ b,

construct a digraph D = {4, R) = {{ay, ..., a,}, {ay, b1>, ..., {an,b,>}>. We shall prove
that there exist strong components {A4;, R;> of D such that the R; constitute a partition of
R and each R; is a simple cycle. Then each digraph cycle defines a permutation cycle and
the product of the permutation cycles is p. Since {ay, ..., a,} = {b1, ..., b, }, €xactly one arc
originates from and exactly one arc terminates at each node. This means that every node a,
lies on a path (..., a;, ...). Consider the longest possible path through a;. If arc <a;, a;>
exists, then, since this arc can be the only one incident with node a;, the longest path is the
simple cycle (a;, a;) and <{{a;}, {<a;, a;>}) is a strong component. Otherwise denote the
longest path through a; by (¢4, ..., ¢_1, ¢). It must be a simple cycle: Since an arc <{cj, ¢;>
exists, but the path is not (¢j, ¢i, ..., ¢), the arc appears elsewhere in the path, and, since
¢i, ..., cx_1 are distinct (otherwise more than one arc would originate from a node), the
pathis (ci, ..., ¢j, ¢1). No arc that does not belong to the cycle can be incident with a node
on the cycle. Hence the nodes and arcs that define the cycle constitute a strong component
and a node that belongs to the strong component cannot belong to any other strong com-
ponent. Moreover, there is a one-to-one correspondence between nodes a; € A and arcs
{ay, ...7> € R, and, if a; € 4;, then <a;, ...> belongs to R; and to R; alone. But every a; € 4
belongs to some A;. Consequently the R; constitute a partition of R.

4.7 They alternate.

4.9 Obviously the set is closed under max; since 0 <ab<bfor0<a<1and 5=0, the
set is closed under multiplication. Multiplication and max are associative,anda-1 = 1-a=a
and max(b, 0) =max(0, b) = b when b= 0. Hence ([0, 11, max, 0> and <0, 1], -, 1> are
semigroups. Also, max(a, b) =max(b, a), max(a,1) =1 whena <1,and a:0=0-a= 0 for
all a. It remains to be shown that a- max(b, ¢) = max(ab, ac) and max(b, ¢)-a = max(ba, ca),
but, since multiplication and max are commutative, it suffices to show that a-max(b, ¢) =
max(ab, ac) when b = c. If b = ¢, then max(b, ¢) = b and ab > ac for a > 0. Consequently
a-max(b, ¢) = ab and max(ab, ac) = ab.

The identity element is

4.5 Give a permutation
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4.11 The domain of £, is not ¥*. Hence f. and f.| B cannot be operations in V'*.

4.13 Any Markov algorithm that contains a production having the null string for its
antecedent.

4.15 The problem is overlap: Removal of all occurrences of ara from ararat should leave
just the r. Write the specified substring as «f8, where « is the first character of the substring.
Markers s, u, v, w are used. The algorithm is

1. saf—ousp

2. sx—xs xeV)
3. au—va

4, vaf—>w

5. wvw—>A

6. vx—v (xeVouV)
7 w—>A

8 s—>.A

9. A-s

Consider, for example, the removal of af =abca from ababcaca. We are left with a new
abca, which we do not wish to delete. Marker s prevents deletions of this type. Production 1
marks all substrings «8; Production 3 makes a marker substitution and shifts each marker
to the start of its substring. Production 4 deletes nonoverlapped substrings, and, after their
deletion, markers v and w enclose parts of overlapped substrings that remain to be deleted.
This deletion is effected by Production 6.

4.20 Some discussion of this is to be found in Section 12b.
4.21 Strings (i) and (iv) are sentences. String (ii) is not because The ¢ V (only the € V),
and string (iii) is not because an ¢ V.
423 (i) G= {a, b}, {S}, P, S, where Pis <S>::=b|a{S>a. Gis Type 2.
(v) The grammar derives from D.2.8. It is Type 2. A possible set of production rules is

vary i=xg x|
{cons) ::=0}]1
{unop) 11 ="
<binop) :: = P|=*

{prim) : : = {var) | {cons)

form) : : = (prim) | ({form>) | form)><unop) | <form><{binop)>form)>
424 (i) {a"bc"|n= 0},

(iv) {xacaB|x€ {a,adb"d}*, n = 1;if a =55, ** 5i, then B =55 "+ 5,51}

4.26 Denote the symbols by a;, a2, ..., a;. Assume that 4n(n + 1) + 1 rules are sufficient
to produce all permutations of » symbols. There is an initiating rule S — 4,4, -+ A,, nrules
of the form A4, — a;, and the remaining tn(n — 1) rules, which have the form A;4, — A4.A4;,
transpose the metalinguistic variables. To get a particular permutation, say asa,a;a, when
i= 4, one first produces string 4;4.4:44 by means of transpositions, and then replaces
the variables with terminal symbols. When a,;, is added, the initiating rule becomes
S—A; - A,.., and, to generate a particular permutation, one permutes symbols
Ay, ..., A, and then sends A,,, to its required position in the string (see the discussion
preceding A.1.5). This requires » additional transposition rules

AtAni1—> Ane 1 A ¢ =1,...,n),

and we need the further rule A4, —>an+:; i.€., the total number of rules becomes
In(n+ 1D+ 1+ @+ 1)=%n+ )(@#+2)+ 1, as required. To establish the base of the
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induction proof consider P, ={S > 4142, AjAs > A2A;, A1 > a;, A2 —>a,}. These rules
produce the two permutations a;a, and a,a,, and |P,{=4=13i(i+ 1)+ 1 when i=2.

Chapter 5

5.1 There are two phases. (i) The check on indegrees is made by computing the sum of
elements for each column of the adjacency matrix. This should come to 0 for one column
(store its number in NROOT), and be 1 for every other column. (ii) The digraph can be
shown to be acyclic, or to be connected and without slings. It is easier to establish acyclicity:
Find the pach matrix and test its diagonal elements; they should all be 0. Digraph D is a
directed tree if both tests are passed, and then it has a root, which is identified by NROOT.

5.3 The string abab can be produced in two different ways:

S = abSh or S = adb
= abab = abSh
= gbab
L(G) ={(ab)"ab" | n = 0}. An unambiguous grammar is G, = <{a, b}, { S}, P, S >, where Pis
(SY::=ab{S>b|a.
5.5 One Type 3 grammar that generates the language has the productions
(8> 1i=<AY|<BOb|b

(4> ::=ab|<{ADab
(B> ::=bc|<B>bc|a|{B>a

A simple algorithm for converting a syntactic chart to a state graph does not appear to
exist. One might get some guidance in the design of the automaton from the syntactic
chart, but this would be a purely subjective matter.

5.7 The grammar might have the following productions:

(8> 1= ({var) = {expr)) | ({var) = {var))

<expr) : : = ({var)><{op)<var)) |(<expr><{op) {expr)) | ({var){op><{expr)) |
(<expr><op){var))

vard ::=albjec| "]z

op) i=+]—]/ x

Strictly speaking, the definitions of <{var) and <op) are invalid in a parenthesis grammar.
These productions could be corrected to

vard =@ |®) @] 1)
op) i= (RN

but since we prefer (@ = (b + ©)) to (@(=)((B)}(+)(c))), say, we would be reluctant to write
the productions this way. The alternative is to omit the last two definitions altogether.
Then, in the definition of <S>, we would have to replace ({var) = <{expr)) with the 26
alternatives (@ = {expr)) | (b = {expr>)|---|(z = (expr)), and make similar replacements
elsewhere. However, our grammar is equivalent to this parenthesis grammar, and this is our
justification for writing it the way we have written it. (A grammar that is not a parenthesis
grammar, but is equivalent to one, is called a concealed parenthesis grammar.)

5.9 The average number of comparisons for the next word coming into the dictionary is
(i) unbalanced—4-79, balanced—3-92; (ii) unbalanced—35-66, balanced—4.10.
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5.10 Array P
the 1 2 4
only 2 5 3
problem 3 0 13
to 4 0 8
be 5 10 6
faced 6 22 17
in 7 9 11
using 8 14 0
foregoing 9 16 0
algorithm 10 12 17
obtain 11 19 21
a 12 0 0
solution 13 15 24
traveling 14 0 0
salesman 15 0 0
for 16 0 0
an 17 0 18
arbitrarily 18 0 0
large 19 23 20
number 20 0 0
of 21 0 0
cities 22 0 0
is 23 0 0
storage 24 0 0

5.12 Call the two trees 4 and B, respectively, and assume that B is to be merged into A.
Their roots are the and assuming. All words that precede the and assuming in the two trees
are reached by taking the left arc out of the root of the appropriate tree, and, since assuming
precedes the, all such words in B (including assuming) can be sent into A through the left
arc. Moreover, in going down the leftmost path in A, we reach in succession only, be,
and algorithm. We find that assuming precedes the first two of these words, but that it
does not precede algorithm. Therefore, all words in B that are reached by the left arc out
of the root (i.e., all, an, and, and also assuming itself) can enter tree A at node algorithm.
This discussion should be enough of a hint as to how an efficient merging algorithm
can be designed.

5.14 Extended-entry decision tables:

Input 1 1 1 1 0 0
2 11 0 0 0
3 1 0 1 0
Action (Part ii) A AABABTB BB
(Part iv) B A A A A AAB
Limited-entry decision tables:
Input 1 1 1 1 0 O
2 1 0 01 1 0
3 -1 0 1 0 -
Action (Part ii) A AB ABB
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Input 1 1 1.1 0 0 O

2 1 1t 01 0O

3 1 0 - - 1 0

Action (Part iv) B A AAARB

Note, however, that if we rearrange the second limited-entry table as follows

Input 1 1 01 0 1 O

2 1 01 0 01

3 1 o0 1 - -

Action (Part iv) B B A A A A

then, in searching the table for a column that corresponds to a given data vector, only the
first two columns have to be examined. If the data vector does not match either of these
columns, then the action must be A.

5.16 The limited-entry tables are

0.30 0.25 0.25 0.20 0.35 025 0.20 0.20
g1 N Y Y Y g1 - Y N Y
q: - - Y N q: - Y - N
qs - Y N N s Y N N N

Al Al A3 A2 Al A3 Al A2

The average number of comparisons in the two cases is

0.304+2x0.254 3 x 0.254 4 x 0.20 = 2.35,
0.354+2x0.254 3 x0.204 4 x 0.20 = 2.25.

This analysis shows that the second table is more efficient. Note again that a further
simplification is possible (see solution to Exercise 5.14):

0.25 020 0.55
a Y Y -
9 Y N -
gs N N -
A3 A2 Al

Under this scheme the average number of comparisons is
0.25 +2 x (0.20 + 0.55) = 1.75.

5.18 The sequence of evaluation of conditions in the two trees is g, —g3—q; 0T ga—q1—42
respectively, and the average costs are, respectively,

1.54+050x2 +0.25 x4=3.50,
2 4+0.50 x 1.5+ 0.25 x4 =3.75.

The first procedure is more efficient.
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Chapter 6

6.1 See Exercise 3.20 and its solution. In finding the cycle digraph by A.3.3 one should
now use A.6.1 to compute the path matrix.

6.3 If indices j and k are interchanged, then the entire algorithm has to be iterated log, n
times. A study of the second part of the proof of Th.6.1 (p; = 1 implies xh = 1) will tell
you what happens if j and / are interchanged.

6.5 In Step 6 make a special case of the condition (x}'} + xfk) =xx. If this condition holds,
then set vy = v + v?jvfk, were + denotes juxtaposition. Note that either or both of v}'} and
vﬁc may be composed of juxtaposed strings; see the paragraph preceding A.6.3 for the dis-
tribution laws.

6.8 The algorithm depends on the triangle inequality for distances:
die Sdyy+ djs.

The triangle inequality does not hold for negative distances. Whereas a minimization
process can be based on the triangle inequality, there is no corresponding principle on
which to base a maximization process.

6.10 Take the path matrix of As, adjoin to it the (k + 1)th row and column of X, and call
this matrix M. First compute the (k + 1)th column:

KP = K + 1
DO 5 J=1,K
IF (M(J,KP).EQ.1) GO TO 5
DO & I =1,K

3 IF (M(J,I)*M(I,KP).EQ.1) GO TO 4
GO TO 5

4 M(J,KP) =1

5 CONTINUE

A possible alternative is

KP =K + 1
DO 5 J =1,K
IF (M(J,KP).EQ.0) GO TO 5
DO & I =1,K
3 IF (M(I,J).EQ.1l) M(I,KP) =1
5 CONTINUE

Next deal with the (k 4+ 1)th row in a similar fashion:

DO 10 J = 1,KP
IF (M(KP,J).EQ.1) GO TO 10
DO 8 I = 1,KP

8 IF (M(KP,I)xM(I,J).EQ.1) GO TO 9
GO TO 10

9 M(KP,J) =1

10 CONTINUE
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It is a very common mistake to omit the final part:

DO 15 I = 1,K
DO 15 J = 1,K
IF (M(I,J).EQ.1) GO TO 15
M(I,J) = M(I,KP)+M(KP,J)

15 CONTINUE

6.12 The ith term in the sum over 7 gives the number of cycles of length i. When n = 5 the
terms have values 10, 20, 30, and 24, respectively, and their sum is 84. Denote the formula
by N(n). The problem is to make the formula separable for an induction proof. Some rather
involved rearrangements finally result in

)

n j—1
Nw=Nu-D+Y [[@—h,

Jj=2 k=1

and then

to which an induction proof can be applied.

6.14 The simple cycles are (a, b, ¢, d, e, a), (a, ¢c,d, e,a), (a, d, e, a), (b,c,d, e, b), (d, e,d).
The K-formula as written defines cycle (a, b, ¢, d, e, a). Consider cycle (a, d, e, a). Switching
of the parenthesized substrings in

wirg(xbrcxdrrreabd)(c)(d)
produces
*x+q(d )xbxc(xdexxeabd)c
and interchange of the parenthesized substrings in this formula gives
wxxqxdexxeabdrbrcdc

6.16 With arc <8, 1> added to the digraph, A.6.8 finds that (1, 3, 2, 5, 4, 7, 6, 8, 1) is the
longest simple cycle through nodes 1 and 8. Hence the longest simple path is (1, 3, 2, 5, 4,
7, 6, 8).

6.19 In the adjacency matrix of the network show that the elements of exactly one column
and of exactly one row are all zero.

6.21 Of the five critical paths in the network of Figure 6.11 there are just two left:
1,3,5,7,8,9and (1,4,3,5,7,8,9).

6.23 Smith can be away for 11 days.

6.26 Let D be the matrix of path lengths and let P=(l, ..., n) be the longest path found
by the program of Exercise 6.9. There is more than one longest path from 1 to # if there
exists some k(k = 2, ..., n — 1) such that dy; + di» = d1» and k does not lie on P. Moreover,
the existence of such a k is a necessary condition for the existence of more than one longest
path. This requires some explanation. Referring to the network of Exercise 6.21, what if
the program had found (1, 4, 3, 5, 7, 8, 9) for the longest path? In general, if subpath
G...,J)ofP=(,...,4,...,J, ..., n)is equal in length to arc <i, j >, then the existence of
longest path (1, ..., 7, /, ..., n) is not detected. However, if the program of Exercise 6.9 is
written sensibly, then this situation does not arise; i.e., a properly written program selects
(,...,4,j,..., n)in preference to (1, ..., i, ..., j, ..., n) for the longest path.
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6.28 A.6.9 merely tells whether the network contains cycles. A.3.3 identifies all arcs that
belong to cycles; i.e., it enables the designer of the network to locate the cause of error
with much greater efficiency.

Chapter 7

7.3 Presume that A.6.1 is used to find the path matrix in the program of Exercise 7.2 and
take a hint from Exercise 6.3. A further note: Elements in the lowest £ + 1 rows of the
adjacency matrix are all zero; hence iteration on / in Steps 2 and 3 may be limited to
i=1,2,...,n—k—1 alone.

7.5 Consider the digraph {a, b, ¢, d, e, f, g}, {<a, b>, <a, d>, <b, ¢c), {c,d>, ¢, [>, {d,eD,
le, b>,<e, 9>, {f, 9>}, inwhich (a, d, e, b, ¢, f, g) is a forward path by our new definition.
Therefore, according to the new definition {{e, 6>} is not a return path. Now take
P=(ab,c,d e,g) and Q=(a, b,c,d,e, b, c,d, e, g). We have that P is a simple
path, P< Q, and Q does not contain a path that is parallel to a subpath of P. Hence
(Q — P) = {<e, b>} is a return path in terms of the definition of Section 7c.

7.6 No to both questions. Add arc <b, d)> to the digraph of the solution to Exercise 7.5.
The number of cycles increases from 1 to 2, but the number of return paths and final arcs
remains 1.

7.8 Consider a digraph D = <{A4, R)>. For every arc <{a,, a;> € R generate sets

B: = {b:]a; is reachable from 4,3},

B; = {b;| b, is reachable from a,}.
Arc <a;, a;) is a separator if and only if (1) {B,, B;} is a partition of 4, and (2) <a;, a,> is the
only arc in R such that a’ € B,, a; € B,. Sets B, and B, can be generated very rapidly from
column i and row j of the path matrix of D; note that every node a; is reachable from itself,
even though p;; in the path matrix may be zero. Condition (2) is tested in the adjacency
matrix. As an added exercise you should prove that the procedure works.

Chapter 8

8.1 9.7 and 1.0, respectively.
8.3 Arcs <1, 2> and <3, 6> (cy, increased to 2, or ¢3¢ increased to 5).
8.5 For every capacitated node a add a dummy node a’. Also add dummy arc <a, a’>, and

assign the capacity of node a to this arc. Arcs that terminated at a still terminate there, but
arcs that originated from a now originate from a’.

8.7 The union of the five sets {CS1, CS13, CS248}, {CS1, CS31}, {CS1, CS248, CS31},
{CS1, CS13}, and {CS1, CS13, CS31} has only four elements. Therefore, by Th.8.3, it is
impossible to set up a one-to-one correspondence between faculty members and courses.

Chapter 9

9.1 loc( 5,6, 7) = loc(1, 1, 1) + 456,
loc(10, 9, 8) = loc(1, 1, 1) + 987,
loc( 1,5,9) =loc(1, 1, 1)+ 48.



Chapter 10 409

9.3 Assume that bit positions are numbered 0, 1, 2, ..., 35. Then we write

SUBROUTINE PLACE (LOGIC,LDIM,I,J,K,LWD,LBIT)
DIMENSION LOGIC(LDIM)

LOC = LOGIC(2)*LOGIC(3)#(I-1) + LOGIC(3)x(J-1)
1 + (K-1)

LWD = LOC/36 + 1

LBIT = MOD(LOC,36)

RETURN

END

If MN is stored instead of M in LOGIC (2 ), then we can write
LOC = LOGIC(2)*(I-1) + LOGIC(3)#(J-1) + (K-1)

Note, however, that an identical improvement in efficiency (reduction of the number of
multiplications by one) can be achieved under the existing scheme by nesting:

LOC = LOGIC(3)#(LOGIC(2)x(I-1) + (J-1)) + (K-1)

The routine does not require dimension L. Therefore LOGIC (1) can be made to contain
(LMN — 1), and this quantity may then be used in a check as to whether the specified g,
is within array bounds:

IF (LOC.GT.LOGIC(1)) GO TO 999

where the transfer is to an error exit.
9.6 The representation of X3 is
1112

2 6
2351267233562
1111111111 1211T1:1
5 910 0 811 012131415 0

I

Qe

NC=[4 1 2 0 3 6 7 0 16]
NR=[1 4 8 11 11 12 16 16 16 17]

Chapter 10

10.1 The contents of the stack are
1 23 45 6 10 9 8 7 6

(6 is the topmost datum).
10.2  Use common sense: Treat the stack storage area as a normal Fortran array.

10.3 Let N be the array used for the FIFO store, and let its size be 100. Two pointers are
needed. Let us call them IH and IL. Pointer IH indicates the element that was last stored;
IL points to the element that is next to be extracted. In IPOP one should first evaluate
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(IL.GT.IH). If this expression is true, then there is underflow; otherwise N( IL) is
extracted, and IL incremented by 1. In PUSH one should first test TH. If (IH.EQ.100)
is true, then a further test has to be made. If ( IL. EQ. 1) is also true, then there is over-
flow; otherwise all elements in the FIFO store are shifted down, and IL and IH adjusted,
perhaps as follows:

IH = 101 - IL

DO 20 I = 1,IH

N(I)
20

Then IH is incremented by 1, and the datum placed in N( IH).

10.7 Each K-formula must be provided with an end-of-formula marker to avoid ambiguity;
otherwise a string #*abcd, for example, could be interpreted as a single (invalid) formula
*xabed or as a pair of K-formulas {##abc, d}. Let $ be the end-of-formula marker, and use &
to indicate the end of the string. The set on which the algorithm is to be tested is then written

xgeerqrborrdebef $exbferensrbadract &

Let A4 be the set of arcs, and NV the set of isolated nodes. A stack is used to process the string,

which we write as 515,53 -, in the following manner:
1. Seti=1.
2. If s, = =, then go to 8.
3. Add s; to N.
4, Seti=i+ 1.
5. If s, #8%, go to 17.
6. Seti=i+1.
7. If 5, = &, stop; else go to 2.
8. Push Si.
9. Seti=i+1.

10. If s;=§, go to 17.

11. If s, = =, push s; and go to 9.

12. Set u=s;.

13. If stack empty, go to 4.

14, Pop up v.

15. If v=+, push # and go to 9.

16. Add <v, u> to A, set u=v, go to 13.

17. Error exit; the string is not a representative set of K-formulas.

Steps 1-8 process the first symbol in a K-formula and the markers. A special case is made
here of a K-formula that consists of just one node symbol (the K-formula of an isolated
node). To gain an understanding of the rest of the algorithm take a specific K-formula
and look at how the algorithm processes it. In converting the algorithm to a program one
must first choose a representation for the string that is to be processed. The string can be
written into a linear array, one symbol to an element. The K-operator can be represented
by 0, node symbols by positive integers, and markers by negative integers.

10.9
SUBROUTINE INITIO
COMMON LIST(250,2)
DO 5 K = 6,249
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10.12 We assume that LIST (1, 1) is the name of the list of available space. Let both
elements in the Kth row of LI ST be the name of FIFO store K (K = 2, 3, 4, 5 in the scheme
of Exercise 10.9). Make LIST (K, 1) point to the last element and LIST (K, 2) to the
first element. Under this arrangement the routines may be written as follows:

SUBROUTINE PUSH (K, IN)
COMMON LIST(250,2)

IF (LIST(1,1).EQ.0) GO TO 999
IA = LIST(1,1)

IB = LIST(K,1)

IF (IB.EQ.0) IB = K
LIST( 1,1) = LIST(IA,2)
LIST(IA,1) = IN
LIST(IA z) =0
LIST( K,1) = IA
LIST(IB,2) = IA
RETURN

999 WRITE(6,100)
CALL EXIT

100 FORMAT(1H1,28HLAVS EXHAUSTED — EXIT CALLED)
END

FUNCTION IPOP (K)

COMMON LIST(250,2)

IB = LIST(K,2)

IF (IB.EQ.O0) GO TO 999

IPOP = LIST(IB,1)

LIST(K,2) = LIST(IB,2)

IF (LIST(K,2).EQ.0) LIST(K,1) = O
LIST(IB, 2) = LIST(1,1)

LIST( 1,1) = IB

RETURN

999 WRITE(6,100) K
CALL EXIT

100 FORMAT(1H1,18HUNDERFLOW IN STACK, I2)
END

10.15 The algorithm is as given in Figure 10.2. The K of Figure 10.2 is interpreted as the
address of a list element. Then D(K) is the datum field of this element, and P(K, 1) and
P (K, 2) are left and right pointers, respectively. There is just one change: Instead of setting
K to 1, the initial value of K should be picked up from the name of the list structure.
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10.18 To get our representations straight take it that the parenthesized strings correspond-
ing to Figures 10.20 and 10.21 are a(b(d)c(efg)) and a(def )bc, respectively. First consider
the representation in which the tree has all nodes labeled. Then both the threaded list (as in
Figure 10.16) and the symmetric list (as in Figure 10.20) have 2n — I elements, where 7 is
the number of alphabetic symbols in the string. Next consider the representation in which
only terminal nodes of the tree are labeled. Then the symmetric list (as in Figure 10.21)
contains n + m elements, where # is the number of alphabetic symbols and » is the number
of opening parentheses in the string.

Chapter 11

11.1  The structure is a file containing 50 records. The properties are V, ¥, Z(1,1)
Z(1,2),Z2(2,1),Z(2,2),andX. Arecord contains seven measures. Note, however,
that there are no hard and fast rules. For example, an interpretation under which Z is a
single property having a 2 x 2 matrix for its measure is just as consistent with D.11.1.

11.4 Descending order would do as well. The reason for order is that it takes less time to
find the set union or set intersection of reference vectors when their elements are ordered.
(Forexample, if we were searching for documents described by index terms, ‘“data structures’
and “‘operating systems,”” then we would require the documents defined by the intersection
of the reference vectors associated with these two terms.)

11.6  What follows is merely an analysis rather than a full solution. The procedure for
deleting a document is determined by the design of the file. The index terms associated with
documents were either retained in the document register, or the entries in the register were
stripped of index terms when the index was being constructed. In the former case one
searches for the appropriate index terms in the sort tree and deletes the document number
in the reference vector of each such index term; in the latter case a/l reference vectors must
be examined. If the number of the document that is being deleted is the only document
number in a reference vector, then we are left with an empty vector, and the entire node
should be removed from the sort tree. However, there is no great harm in leaving the index
entry in the tree; a zero in the field that would point to the reference vector tells that no
document has this particular index term associated with it. We can go even further and
confine the deletion procedure to the document register alone. Provide each entry in the
register with a marker. Normally the marker shows that the document is active. Deletion
is merely the process of changing the marker to the /nactive setting. The retrieval system
responds to a retrieval request by generating a set of document numbers, and printing
document register entries corresponding to these numbers, but output of inactive entries is
suppressed.

11.8 There are two solutions: (a) Use symmetric (two-way) lists, or (b) have the last
element of a simple (one-way) list pointing back to the first element. Under Scheme (b)
we have what are called circular lists. The sequence of pointers is followed right round the
list; the predecessor is the element that has an address equal to the hash address in its
pointer field. Under Scheme (a) the predecessor is located at once, but more pointers have
to be changed whenever a new element is added to a symmetric list. Hence, in view of the
fact that the lists contain very few elements (for a load factor as high as 0.95 the average
number of probes is still only 1.48), Scheme (b) has the better overall efficiency. Moreover,
Scheme (a) requires more storage space (but not always--consider records that are one
computer word long in an IBM 7090 implementation; one must use a second word for
pointers and markers, and here it makes no difference whether this word contains one or
two pointers).
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11.10 Have a scatter table HASH and a separate record table F ILE. Make FILE a list
store of the form described in the final paragraph of Section 10i. Initially it is a single block
of available space. As records are entered, blocks of the size required for their storage are
chopped off the block of available space and become multiword list elements. The first
word in each of these list elements indicates the size of the block and contains a pointer
field; the record occupies the rest of the block. All records associated with hash address
N are linked in a list, and HASH(N) is the name of the list. A record is processed as
follows: (a) Store the record in FILE; since there is no erasing, records are stored sequenti-
ally in order of input. (b} Compute the hash address. Let it be N. (c) f HASH(N) = O,
create a list by inserting in HASH(N) a pointer to the block that holds the record. If
HASH(N) # O, then a list already exists. Look for the last block in this list and insert
the pointer in its pointer field; i.e., add the block that is being processed to the list.

11.14 The procedure consists of tracing through the two lists, deleting elements that are
common to both. Assume that neither list is empty, and that locations 44 and BB contain
addresses of first elements of lists 4 and B. Denote the forward pointer in element N of
list X by Xy(F), and the datum stored in this element by Xy(D); e.g., A44(F) denotes the
forward pointer in the first element of list 4.

1. Set J= AA4 and K= BB.

2. If A;(D) < Bx(D), go to 5; if A;(D)> Bx(D), go to 6.

3. Set JTEMP = AyF) and KTEMP = Bx(F); delete elements 4, and Bg; set
J=JTEMP and K= KTEMP.

4, If J= AA, stop; else go to 7.

5. Set J= A,(F). If J= AA, stop; else go to 2.

6. Set K= Bg(F).

7. If K= BB, stop; else go to 2.

(Your solution should contain an explicit procedure for deletion of an element in a sym-
metric list.)

11.17 Use a variant of A.11.1. Let array M be the directory, and change the first five
executable statements of SEARCH to

LO = 1
HI = N
5 IF (LO.NE.HI) GO TO 51
SEARCH = LO
IF (KEY.LT.M(LO,1)) SEARCH = LO - 1
RETURN
51 MID = (LO + HI)/2

The value of SEARCH is the number of the row in the directory that contains the appropri-
ate track number. It is possible that the file does not contain a record corresponding to the
given key. In particular, SEARCH returns the value 0 if the given key is smaller than the
key of the first record on the first page of the file.
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A

Abstract algebra, see Algebra
Abstract theory, see Axiomatic theory
Acceptor, see Automaton
Adder, 95
Adjacency matrix, see Digraph
Algebra, 87
abstract, 87ff, 145
Boolean, 17ff, 28, 47, 49, 92, 150, 207
axioms of, 18, 86
free, 152
gating, 60ff,
isomorphic, 89, 92
quotient, 91f
of sets, 12ff, 17, 22f, 374
similar, 88
of statements, 641f, 90, 92, 183f
of strings, 151ff
switching, 56ff
ternary, 93
of truth values, 65, 92
Algol, 66, 164, 177, 275, 280, 287, 324, 359
Algorithm
for binary search, 332
for binomial coefficients, 31
for combinations, 36
for combining Markov algorithms, 157
for compilation of postfix formula, 293
for conversion of list structure to string,
308, 309
for creating list, 298
for creating sort tree, 185, 189
for cycle digraph, 122
for diagram of partially ordered set, 80
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for equivalence relation, 117
for generating K-formulas, 125
for graph isomorphism, 132, 260
for infix to postfix conversion, 293
for lengths of shortest paths, 207
for logarithmic search, 332
for longest paths in acyclic digraph, 216
for longest simple path between two
nodes, 223
for marking active lists, 317
for maximal flow in network, 254
for merging, 340
for multiplication of sparse matrices, 278
for partial ordering, 116
for path matrix, 114, 206
for permutations, 37f
for samples, 34f
for search in data structure, 322
for set difference, 340
for shortest paths, 210ff
from node, 212
between two nodes, 215
for simple cycles, 208, 216, 220ff
for simple paths, 208
for simulation of finite state automaton,
168
for sorted list from sort tree, 187, 295, 382
for sorting, 190, 341ff
for tautology, 67
for topological ordering of network, 228
Alphabet, 151, 160
auxiliary, 153, 155, 160
And, 63, 64
AND-gate, 60
Antecedent, 63, 154
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Arc, see Digraph
Argument, 68f
conclusion of, 68
premise of, 68
Arithmetic expression, 181ff
Array, 192, 274f%, see also Matrix
bounds of, 192, 275, 279, 284
dynamic storage of, 279ff

storage mapping function for, 275

Assembler, 185
Assembly line balancing, 231
Automaton, 165fF
acceptor, 165
finite state, 165
simulation of, 168
Type 3 language and, 166
instantaneous description of, 166
internal state of, 165
pushdown store, 169, 295
state graph of, 166
state-symbol matrix of, 167
Automorphism, 88
Axiom, 16, 22
independent set, 18
redundant, 18
“truth” of, 22
Axiomatic theory, 15ff, 22
formal, 17
informal, 17
interpretation of, 22
model of, 22
truth in, 22

B

B5000, 324

Backtrack programming, 324
Backus normal form, 162
Biconditional, see Statement
Binomial coefficients, 30f
Block, see Partition

Boolean algebra, see Algebra
Boolean function, see Function
Bridge circuit, 93, 94

C

Capacitated network, see Network
Cartesian product, 26ff
CDC 3200, 183

CDC 6000 series, 272

Chain (simply ordered set), 77
Characteristic function, see Set
Citation digraph, see Digraph
Class of sets, see Family of sets
Cobol, 319

Collection of sets, see Family of sets

Combination, 291f, 44
Comit, 159, 367ff, 386f

branching indicator, 369f

constituent, 367

dispatcher, 371

double character, 375

list rule, 371

routing instruction, 369f

rule, 367

shelf, 370

subrule, 371

subscript, 372ff

workspace, 367
Compiler, 177, 185, 187, 336, 360
Complement, 85, see also Set
Complete product, see Minterm
Complete sum, see Maxterm
Complex product, 151, 152
Compression of data, 352
Computer memory, see Store
Computer program, 193, 237ff
Concatenation, 151, 153, 208
Conclusion, see Argument
Conditional, see Statement
Conditional form, see LISP
Congruence, 75, 90

natural, 92

proper, 90
Conjunction, 63
Conjunctive normal form, 54
Connective, 63ff, 356f

primary, 65

secondary, 65
Connectivity matrix, see Multigraph
Consequent, 63, 154
Constant element, see Set
Continuum mathematics, 3
Contrapositive, 68
Converse, 68
Core, see Store
Cover, 79
CPA, see Critical path scheduling
CPM, see Critical path scheduling
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Critical path scheduling, 223ff

Cross-partition, 41

Cycle (permutation), 149
disjoint, 149

Cyclomatic number, see Graph

D

Danzig’s algorithm, 212ff
Data structure, 319ff
declaration of, 319
level in, 320
qualified reference in, 320
search in, 322f
structure table for, 321
symbol table for, 321
Decidable problem, see Recursively solv-
able problem
Decision rule, 193
Decision table, 193ff
data vector for, 195
““don’t care” condition in, 194
extended-entry, 193
Fortran implementation of, 200
limited-entry, 194
mask matrix of, 196
rule mask technique for, 197
interrupted, 197
sequencing matrix of, 197
table matrix of, 195
transfer vector of, 195
deMorgan’s laws, 21
Derivation tree, see Language
Detachment, law of, 68
Dictionary, 191f
of concepts, see Thesaurus
Digraph, 103fT, 205ff, see also Network
acyclic, 110
longest path in, 216, 230
node base of, 112
adjacency matrix of, 113, 116ff
variable, 113, 208
antisymmetric, 116
arc of, 103
capacity of, 108, 251
incident with, 108
initial node of, 108
terminal node of, 108
weight of, 106, 108
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arc sequence in, 109f, 114f, 120
bipartite, 142
citation, 266
complement of, 133
complete, 120
component of, 120
strong, 121
condensation of, 122
connected, 120
strongly, 121
cycle in, 109, 121, 216fF
elementary, 110
Hamiltonian, 110, 210
length of, 110
simple, 110, 208
cycle digraph of, 121f, 243
cyclic, 110
disconnected, 120
finite, 103
flowchart, see Flowchart digraph
irreflexive, 116
isomorphism, 131ff
K-formula of, see K-formula
labeled, 106
line of, 103
linear formula of, see K-formula
list structure and, 307, 313f
loop in, 106
node of, 103
indegree of, 109
isolated, 111
label of, 106
outdegree of, 109
total degree of, 109
node base of, 111f, 122, 128, 129, 216
node sequence in, 110, 120
partial, 106
path in, 109, 114f, 206
elementary, 110
Hamiltonian, 110
parallel, 243
return, 243
final arc of, 243
shortest, 205fT, 210ff
length of, 207
simple, 110, 208
length of, 110
longest, 215f, 223, 230, 247
path matrix of, 113f, 206, 216
permutation, 149
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picture of, 104

point of, 103

pointer of, 103, 106

reachability in, 111

reflexive, 116

semipath in, 120

separator of, 246

sling in, 106, 109

subdigraph of, 106

proper, 106

symmetric, 116

transitive, 116

vertex of, 103

weighted, see Network
Discrete mathematics, 3
Disjoint sets, 7, 24
Disjunction, 63
Disjunctive normal form, 54
Disk, see Store
Distinguished element, see Set
Document retrieval, 263ff, 333f

index term in, 264

key word in, 264

search term in, 264
Drum, see Store
Dual, see Statement
Duality, principle of, 19

Endomorphism, 88

Equivalence class, 74f

Equivalence relation, see Relation

Euler’s formula, 139

Exchange sort, see Sorting

Excluded middle, law of, 68

Exclusive or, see Or

Extended-entry decision table, see Decision
table

Extension, see Function

F

Fact retrieval, 263ff, 330f
Factorial, 27, 30, 45, 357, 358, 384
Stirling’s formula for, 30
Family of sets, 5, 7ff, 77
distinct representatives for, 257
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Fibonacci numbers, 352
FIFO store, see Queue
File, 3291t, see also Record
blocks in, 333
homogeneous, 330
indexed, 333, 349
indexed sequential, 334
inverted, 334
page of, 349
sequential, 331
updating of, 334f
Final arc, 243
Finite state automaton, see Automaton
Flowchart, 193, 238, 245
Flowchart digraph, 238ff, see also Digraph
automatic flowcharting and, 245ff
programming errors and, 240ff
program segmentation and, 242ff, 246
Follow, 76
Ford-Fulkerson’s algorithm, 254
Ford-Fulkerson’s theorem, 253
Form, see Formula
Formal theory, see Axiomatic theory
Formula, 49, 357f
Boolean, 49fF
canonical, 54
equivalence of, 50, 52ff, 73
minimization of, 93
normal, 54
conjunctive, 54
disjunctive, 54
valuation of, 50f
completely parenthesized, 181, 292
infix, 183
conversion to postfix, 293f
postfix, 293
compilation of, 293
prefix, 181, 184, 292
Fortran, 66, 164, 183, 238ff, 275, 279, 336,
359, 367, 379, 385
embedding in, 286, 377ff
Free algebra, see Algebra
Fulkerson’s rule, 228
Full adder, 95
Function, 43ff, 70, 274, see also Operation
argument of, 43
Boolean, 47ff, 69
equality of, 48, 50f, 54f
characteristic, see Set
composite, 45
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computable, 159

domain of, 44

equality of, 44

extension of, 45

gating, 60ff

image under, 43

into, 43, 44

inverse, 46, 89

many-to-one, 46

one-to-one, 45f

onto, 44

order preserving, 81

range of, 44

restriction of, 45, 88

in set, 93

on set, 44

successor, 358

switching, 56ff

total, 44

value of, 43
Functional completeness, 61fF, 183
Fundamental product, see Minterm
Fundamental sum, see Maxterm

G

Gamma function, 45
Garbage collector, see List of available
space
Gating algebra, see Algebra
Gating circuit, 60ff
Gating function, see Function
Godel numbering, 46
Grammar, 159fT, see also Language
ambiguous, 176f
constituent structure, 160
context-dependent, 164
context-free, 165, 176
context-sensitive, 164
equivalent, 160
finite state, 165
left-linear, 165
one-sided linear, 165
parenthesis, 178
phrase structure, 160
production rule of, 160
regular, 165
right-linear, 165
Type 0, 163

Type 1, 163f
Type 17, 163f
Type 2, 164f, 176, 177
Type 3, 165, 176, 177
unrestricted, 163
Graph, 105, 135ff, see also Multigraph

bipartite, 139
chain in, 136

free, 140

reduction of, 140

simple, 136
chemical structure and, 259fF
circuit in, 136

simple, 136
complete, 139
component of, 136
connected, 136
conversion to digraph, 105
cyclomatic number of, 137
directed, see Digraph
disconnected, 136
edge of, 105
edge sequence in, 136
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fundamental set of circuits in, 137, 138

information retrieval and, 265f
isomorphism, 260ff
node of, 105
degree of, 260
order of, 261
node sequence in, 136
oriented, see Digraph
partial, 135
planar, 135, 137, 247
Euler’s formula for, 139
face of, 137
point of, 105
state, see Automaton
subgraph of, 135, 263
proper, 135
utility, 139
vertex of, 105
Graph theory, 105
enumeration in, 136, 259
Greater than, see Follow
Greatest element, see Set
Greatest lower bound, see Infimum
Group, 146ff
Abelian, 146
dihedral, 147, 170
infinite, 147
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order of, 147
permutation, 149
symmetric, 149

Half-adder, 95
Hall’s theorem, 257
Hash address, see Scatter address
Hash function, see Scatter function
Hash storage, see Scatter storage
Hash table, see Scatter table
Homomorphism, 88

natural, 91f

IBM 650, 273, 297

IBM 7040/44, 302, 337, 345

IBM 7090/94, 302, 308, 313, 359f, 366,
385

IBM System/360, 272, 302, 313, 345

Identity, 14f, 24, 146

If and only if, 63, 64

If-then, 63, 64, 66

Implies, see If-then

Inclusive or, see Or

Incomparable, 77

Indegree, 109

Index set, see Set

Induction, principle of, 40

Infimum, 79, 82

Informal theory, see Axiomatic theory

Information retrieval, see Document re-
trieval, Fact retrieval

Interchange rule, see K-formula

Interpretation, see Axiomatic theory

Interpreter, 185, 360

Intersection, see Set intersection

Inverse, 68, 146

Inverter, 60

IPL-V, 356

Isomer, 259, 263

Isomorphism, 81, 83, 88fT, 131ff, 260fF

J
Juxtaposition, 152, 153, 208
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K

K-formula, 123ff, 158, 161, 216ff
cycles in digraph and, 217ff
digraph isomorphism and, 134f
interchange rule for, 128, 143, 219
iterative definition of, 127
leading node of, 125
level of, 217
minimal set, 126
of node, 125
representative set, 126
standard structural form of, 134
substitution rule for, 125
switch rule for, 128, 219
tree of, see Tree

K-operator, 123

KDF9, 324

Key, see Document retrieval, Record

Kuratowski’s theorem, 140

L

LS, 363ff, 377
base field, 364
block, 363
fields in, 363
bug, 364
instructions, 365
Label, see LISP
Lambda notation, see LISP
Language, 159ff, see also Grammar
ambiguous, 176
essentially, 177
closure of, 160
constituent structure, 161
natural, 12, 64, 160
programming, 160, 177f, 237, 355fF
embedding in, 286, 377ff
advantages of, 386f
semantics of, 237
sentence of, 160
derivation tree of, 175ff, 178
syntax of, 237
Lattice, 82fF
““addition” table for, 82
bounded, 85
complemented, 85
uniquely, 85
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distributive, 84
isomorphic, 83, 89
“ multiplication” table for, 82
operations in, 82, 84, 87
summary of properties, 86
Law(s)
of detachment, 68
of excluded middle, 68
of substitution, 68
of syllogism, 66, 68
Least element, see Set
Least upper bound, see Supremum
Less than, see Precede
Lexicographic order, see Ordering
LIFO store, see Stack
Limited-entry decision table, see Decision
table
Linear order, see Ordering
LISP, 356ff, 386
atom, 359
basic functions, 357, 358, 359f
conditional form, 356, 360
label, 358
lambda notation, 358
property list, 359
S-expression 359
List, 2971ff, 338f
active, 316
of available space (LAVS), 298, 315
garbage collector and, 316ff, 363
reference counters and, 318f, 378
circular, 308
data cell in, 298
element of, 302
datum field in, 302
inaccessible, 316
marker field in, 302, 305, 309, 313
multiword, 315f, 317
pointer field in, 302
representation of, 302ff, 311, 378, 385
empty, 301, 378
free, see List of available space
name of, 298, 313
pointer cell in, 298
reentrant, 307
reference counter of, 318, 378
sharing of, 307, 311, 316
sublist of, 305
symmetric, 311, 377
threaded, 308f, 311

undefined, 301
List processing, 355ff, 377f
List structure, 305ft, 335
digraph and, 307, 313f
reentrant, 307, 317, 319
threaded, 308f, 311
traversal of, 307ff, 380ff
by reversal of pointers, 317
tree and, 305, 307f, 309
Logic, see Symbolic logic
Lower bound, 79
greatest, see Infimum

M

Macro processing, 388f
Magnetic core, see Store
Magnetic disk, see Store
Magnetic drum, see Store
Magnetic tape, see Store
Mapping, see Function
Markov algorithm, 154ff, 367
applicable, 154, 155, 159
blocked, 154
combined, 157f
terminating, 154
Markov production, 154
applicable, 154
composite, 155
result of, 154
simple, 154
terminal, 154
Matrix, see also Array
adjacency, see Digraph
Boolean, 206
connectivity, see Multigraph
network and, 108
path, see Digraph
sparse, 276ff
“4-row representation” of, 278
multiplication and, 278f
state-symbol, see Automaton
symmetric, 275
triangular, 275
tridiagonal, 276
Maximal element, see Set
Maximal polynomial, see Maxterm
Maxterm, 52
Maze, 233

437



438 Index

Memory, see Store start in, 226

Merge-exchange sort, see Sorting termination in, 226

Merging, 339f, 342 topologically ordered, 226, 227
Metalinguistic variable, 160 transportation, 251

Metatheorem, 19 NOR-gate, 95

Minimal element, see Set Normal algorithm, see Markov algorithm
Minimal polynomial, see Minterm Not, 63, 64

Minterm, 52
Model, see Axiomatic theory

Monoid, 146 O
Multigraph, 259

connectivity matrix of, 262 Operation, 13, 20, 47, 87, 145f, 301f, see
Multiplicity, see Selection also Function

associative, 146
binary, 13, 18

N commutative, 146
precedence of, 181ff, 292, 293
NAND-gate, 63 unary, 13, 18
Natural language, see Language Operations research, 141, 224
Negation, see Statement Or, 12, 63, 64
Network, 106ff, see also Digraph exclusive, 12, 64, 337
capacitated, 251fF inclusive, 7, 12, 64
capacity of arc in, 251 OR-gate, 60
of node in, 267 Ordered n-tuple, 27, 43
cut in, 252 Ordered pair, 25ff
capacity of, 252 first coordinate of, 25
n-tuple, see Ordered n-tuple second coordinate of, 25
flow in, 251fF Ordering
conservation of, 252 lexicographic, 33, 77f
maximal, 253ff linear, 76
flow bounds in, 256 partial, see Relation, Set
minimal cost, 257 simple, 76, 120
with multiple sinks, 256 topological, see Network
with multiple sources, 256 Outdegree, 109
sink of, 252
source of, 252
labeled, 106 ) o
scheduling, 223ff
activity in, 224, 226 Paged memory, see Store
critical, 229, 230 Pair, 25, see also Ordered pair
dummy, 225, 226 Parallel connection, 57
float of, 229 Partial order, see Relation, Set
critical path in, 229, 230 Partition, 9, 11
duration in, 226 block of, 9, 83, 120
earliest event time in, 228 equivalence relation and, 74f, 90, 117,
event in, 226 120
hole in, 235 refinement of, 83
latest event time in, 228 Pascal’s triangle, 31
precedence table for, 227 Path, see Digraph

review of, 230 Path matrix, see Digraph
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Permutation, 28fT, 1481f, 162, 164

digraph of, see Digraph

even, 150

odd, 150
PERT, 224
PL/I, 280, 319
Polaris missile program, 230
Precede, 76
Predicate, 357
Premise, see Argument
Preordering, see Relation
Preprocessor, 388
Principle(s)

of duality, 19

of induction, 40
Production, see Markov production
Production rule, see Grammar
Product set , see Cartesian product
Program, see Computer program
Proof, 16, 24, 25

by contradiction, 69

indirect, 69

by induction, 40

reductio ad absurdum, 69
Proper subtraction, 45
Proposition, see Statement
Pushdown store, 289fF

first in—first out, see Queue

last in—first out, see Stack

Pushdown store automaton, see Automaton

Q

Q-semiring, 150, 207
Quadruple, 27

Queue, 292

Quotient algebra, see Algebra

R

Radix sort, see Sorting
RAMPS, 224
Record, 329ff
field of, 329, 330
fixed length, 331
key of, 331
unit, 330
variable length, 331

Recursion, 27, 49, 356, 357, 366, 384f
Recursively solvable problem, 158f,

367
Reference counter, see List
Refinement, see Partition
Relation, 70ff, 105, 115ff

antisymmetric, 72

binary, 70

converse, 72

domain of, 71

equivalence, 73ff, 90, 117ff

partition and, 74f, 90, 117, 120

identity, 73, 79, 120

irreflexive, 72

n-ary, 73

partial order, 76ff, 116f

preordering, 98

range of, 71

reflexive, 72

reversed, 72

in set, 71

on set, 74

symmetric, 72

ternary, 73

transitive, 72

universal, 71, 90, 120
Restriction, see Function
Rewriting system, see Grammar
Ring, 150
Russell paradox, 10

S

S-expression, see LISP
Sample, 28fF
Scatter address, 336
Scatter function, 336
Scatter storage, 335ff
Scatter table, 336
clustering in, 337
collision in, 337, 351
load factor of, 338
overflow and, 339
Scheduling network, see Network
Search, 185
binary, 331f
efficiency of, 332, 335, 338f
Fibonacci, 351
logarithmic, 331f
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Selection, 291f, 44
multiplicity in, 29
Selection sort, see Sorting
Semigroup, 146
free, 152
generators of, 152
with identity, 146
Sentence, see Language
Series connection, 57
Set, 3ff
characteristic function of, 40, 45
closed, 15, 47, 87
complement of, 11, 44
absolute, 11, 13, 374
relative, see Set difference
constant element of, 87
distinguished element of, 15, 17, 87
element of, 3
empty, 5
finite, 3, 4
formular notation for, 4
fuzzy, 40
greatest element of, 78, 84
index, 8
indexed, 8
infinite, 3, 4
least element of, 78, 84
lower bound of, 79
greatest, see Infimum
maximal element of, 78, 84
member of, 3
membership in, 3, 15
minimal element of, 78, 84
null, 5
partially ordered, 76ff, 83
diagram of, 79ff, 103f
order-isomorphic, 81, 89
partition of, see Partition
power, 6, 15
quotient, 90
simply ordered, 77
size of, 28
universal, 9f, 23, 374
upper bound of, 79
least, see Supremum
zero, 5
Set difference, 11, 13, 24, 340f
symmetric, 12, 13, 54
Set equality, 4, 6, 8f, 14f, 22

Set inclusion, 5, 13, 24

Set intersection, 7, 9, 13, 23, 44, 339, 362

Set product, see Set intersection
Set sum, see Set union
Set theory, 3, 15, 17
axioms of, 10
Zermelo-Fraenkel, 10, 17

Set union, 7, 9, 13, 23, 44, 339, 361, 374

Shelf, see Comit
Shell sort, see Sorting
Simple order, see Ordering
Singleton, 25
SLIP, 3771, 386
description list, 382
list, 378
empty, 378
header of, 378
public list, 384
reader, 381
recursion in, 384f
sequencer, 380
Snobol, 367, 376f, 387
Sort tree, see Sorting, Tree
Sorting
by address calculation, 347f
alphabetic data and, 345fF
efficiency of, 190, 342f, 344, 348
by exchange, 341f
importance of, 339
by merge-exchange, 343f
by merging, 342f
by radix sort, 346f
by selection, 341
by Shell sort, 343f
by sort tree, 187, 190, 295, 382
by tree shifts, 190f
Stack, 289ff
implementation of, 291, 299ff, 315
storage levels for, 295f
Star, 152
State graph, see Automaton
Statement, 63ff
atomic, 63
biconditional, 63, 73
composite, 63
conditional, 63
derived, 68
dual, 18, 22
meaning of, 22
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negation of, 63
prime, 63
provable, 16
truth value of, 64

Statement calculus, see Algebra of state-

ments

State-symbol matrix, see Automaton

Stereoisomer, 260
Stirling numbers, 93, 97
Stirling’s formula, see Factorial

Storage mapping function, see Array

Store, 271fF
bulk, 272
FIFO, see Queue
LIFO, see Stack
list, see List
magnetic core, 271f
cycle time of, 271
magnetic disk, 272f, 350
latency time of, 272
track of, 272
magnetic drum, 273, 350
magnetic tape, 273, 349
main, 272
mass, 272
paged, 274, 349, 351
pushdown, see Pushdown store
random access, 272, 273
scatter, see Scatter storage
sequential, 273
virtual, 351
String, 151
empty, 151, 208
substitution of, 153, 366
canonical, 153
String processing, 355, 366ff
Stroke function, 63
Structure, see Data structure
Subalgebra, 88
Sublattice, 83
Sublist, see List
Subset, S, 21, 23, 77
proper, S
Substitution, law of, 68
Substitution rule, see K-formula
Substring, 152
proper, 152
Superset, 5
Supremum, 79, 82
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Sussenguth’s algorithm, 260ff
Switch, 56
Switch rule, see K-formula
Switching algebra, see Algebra
Switching circuit, 56T
Switching function, see Function
Syllogism, law of, 66, 68
Symbol, 16, 22, 302, see also Alphabet
defined, 16
meaning of, 16, 22
nonterminal, 160
primitive, 16, 22
terminal, 160
Symbol table, 185, 187, see also Data struc-
ture
Symbolic logic, 66, 68f
Symmetric difference, see Set difference
Syntactic category, 160
Syntactic chart, 178fF
Syntax, see Grammar

T

Tape, 165, 166
magnetic, see Store
Tautology, 66, 67f, 69, 73
Theorem, 16f, 19, 22
Thesaurus, 264{F
Roget’s, 264, 265
Token, see Word
Total degree, 109
Total function, see Function
Transformation, see Function
Transportation network, see Network
Transposition, 150
Traveling salesman’s problem, 231
Tree, 129fT, 136f, 144
arithmetic expression and, 181f, 184
array and, 192f
binary, 130f, 359
balanced, 131
chord of, 136
derivation, see Language
dictionary, 191f
directed, 129, 143
canonical labeling for, 130
level in, 129
root of, 129
terminal node of, 129
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K-formula and, 217fF
list structure and, 305{f
logical expression and, 183f
sequential decision, 194f, 199f
sort, 185ff, 295, 308, 335, 382
balancing of, 187f

spanning, 136

Triple, 27

Truth table, 65

Turing machine, 159, 163, 166, 358

Type, see Word

U

Union, see Set union
Universe of discourse, 9
Upper bound, 79

least, see Supremum

v
Venn diagram, 23f

Index

Venn-Euler diagram, see Venn diagram
Virtual memory, see Store
Vocabulary, 151

w

Warshall’s algorithm, 206, 215
generalized, 207
Warshall’s theorem, 206
Word, 151
token, 185
type, 185
Workspace, see Comit

Z

Zermelo-Fraenkel set theory, see Set theory



