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Preface

The purpose of this book is to introduce the concept of the Multiple Input Multiple Output
(MIMO) radio channel, which is an intelligent communication method based upon using
multiple antennas. The book opens by explaining MIMO in layman’s terms to help stu-
dents and people in industry working in related areas become easily familiarised with the
concept. Therefore the structure of the book will be carefully arranged to allow a user to
progress steadily through the chapters and understand the fundamental and mathematical
principles behind MIMO through the visual and explanatory way in which they will be
written. It is the intention that several references will also be provided, leading to further
reading in this highly researched technology.

MIMO emerged in the mid 1990s from work by engineers at Bell Labs as a natural
evolution of long existing beamforming and diversity techniques that use multiple antennas
to improve the communication link. MIMO is able to ascertain different paths over the
air interface by using multiple antennas at both ends, thus creating sub-channels within
one radio channel and increasing the data transmission (or capacity) of a radio link. This
is a promising and important technology to meet the growing demands of high data rate
wireless communications. Research has broken out worldwide, for which there is still a
great need for further research and innovation in the future. Many questions have been
raised over the viability of MIMO against cost and complexity though it has already been
deployed in wireless local area networks and is coming back into the third generation
(3G) standards for mobile cellular communications. Many people working in several
related areas such as developing low cost antennas and radio transceivers need to gain
understanding of and appreciation for the concept for which they will be used.

At present there is no book written in a down-to-earth manner which explains MIMO
from the perspective of the antennas and the radio channel; the vast majority of books
look at it from a system encoding perspective. Therefore, in the interests of those who
are concerned with the way in which MIMO uses the propagation channel, this book will
be valuable to any university library and also people in industry seeking to be informed
about MIMO from a more visual rather than mathematical perspective. Though the reader
may be new to MIMO, they would be expected to have some competence in mathematics
(mainly linear algebra), foundational aspects of antennas, radio propagation and digital
communications (such as modulation and coding) as well as signal processing.

Within this book is also contained, where appropriate, some MATLAB® examples that
will be invaluable in helping to implement the MIMO channel models described in the
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xii Preface

book. Illustrations are also used widely within the book, especially where describing
MIMO antennas and the propagation channel is concerned. It is hoped that this will give
the reader an instant opportunity to begin experimenting with MIMO channel models, as
well as consideration to the most appropriate channel model for their application.

We would like to acknowledge everyone who has allowed images to be used in this
publication as well as the advice they have provided on certain aspects of the book.

An accompanying website containing MATLAB® code relating to this book is available
at www.tim.brown76.name/MIMObook.

Tim Brown, University of Surrey, UK
Elisabeth De Carvalho, Aalborg University, Denmark

Persefoni Kyritsi, Aalborg University, Denmark
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1
Introduction

Tim Brown and Persefoni Kyritsi

People in the modern day are on the move, either just within a home or office building or
traveling from place to place. In previous years, having to go to a fixed location in order to
make a telephone call was an inconvenience. Nowadays this inconvenience is minimised
because the facility of a mobile phone allows someone to carry out this mundane task
almost whenever or whenever they please.

As mobile communications have grown exponentially in recent years and, in parallel,
the World Wide Web and its applications have spread widely, the possibility to have access
to Internet, entertainment and multimedia communications wirelessly has accelerated a
similar trend: people want to avoid further inconveniences of having to go to a fixed
location and establish the necessary communication link to get access to the Internet.
Moreover, it is desirable to avoid having to install the corresponding cables into a building
or home and to avoid incurring the related costs.

Speech communication for mobile telephones was at the time a tremendous task to
achieve wirelessly, and internet and multimedia applications which by nature demand a
significantly higher volume of data to be transmitted both ways through the communication
link pose today an equally, if not more, challenging problem.

Multiple input multiple output (MIMO) systems have emerged as an enabling technol-
ogy to achieve the design goals of contemporary communication systems and has given
rise to a proliferation of research activity worldwide. The technology itself has hit the
public domain and it is possible for someone today to buy a state of the art wireless access
point and modem with MIMO written on the box. If the wireless communications industry
will be producing more and more products with this technology then there is a need for
engineers to have a comprehensive guide to learning the concept. Therefore, MIMO has

Practical Guide to the MIMO Radio Channel with MATLAB® Examples, First Edition.
Tim Brown, Elisabeth De Carvalho and Persefoni Kyritsi.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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2 Practical Guide to the MIMO Radio Channel with MATLAB® Examples

become a widespread research topic and is a major component on the teaching agenda in
many universities delivering courses on modern-day mobile communication systems.

As an aid to the telecommunications engineer of the future, this book aims to approach
the subject in a way that is both intuitive and technical. The goal is to show how MIMO
systems have emerged from conventional systems, and what special technical features
enable MIMO systems to transmit data through a radio environment more rapidly. To the
extent possible, visual means will be used to develop understanding and intuition.

This chapter will explain where MIMO came from, what it is for and how it is used.
The purpose is to help the reader establish on an abstract level the right frame of mind to
read the remainder of the book. The final section of this chapter will explain the structure
of the book and how it will take the reader through the different stages of learning about
the subject. The same structure characterises the rest of the book: every chapter contains
a summary at the end, which will provide bullet points of the fundamental facts that the
reader should grasp in order to progress through the book effectively.

1.1 From SISO to MISO/ SIMO to MIMO

1.1.1 Single Input Single Output SISO

SISO stands for Single Input Single Output and has conventionally been the structure
used in communications systems: in general, an ‘input’ is the signal transmitted from
a single antenna, whereas an output is the signal received on a single antenna. Indeed,
conventional wisdom tells us that cellular phones have one single antenna (e.g. visible
antenna extending on one end of the phone, or patch antenna embedded on its back) and
communicate with a single antenna at the base station. In any radio environment there
is going to be more than one user and all the users need to have access to the cellular
services at the same time. The signals to the users are then separated in time (time division
multiple access, TDMA), in frequency (frequency division multiple access, FDMA), or
code (code division multiple access, CDMA). In TDMA systems, all users use the same
set of frequencies to communicate, but not simultaneously. For example, two users can
use the same frequency but they will have allocated time slots as illustrated in Figure 1.1.
In this case, the communication link switches alternately between the two users so that

User 1

User 2

Time

Switching
between

users

Figure 1.1 Illustration of a simple time slot allocation scheme for two users.
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Introduction 3

they can take turns to use the spectrum for equal time periods. Therefore each user’s link
will effectively get switched on and off for equal time periods. During the period that each
user is receiving data, the data are conveyed in digital form in packets which are then
re-assembled at the receiver.

In FDMA systems, all users have access to the system at the same time, but they
use different parts of the spectrum to communicate. As long as the users use different
frequencies, their signals do not interfere with each other.

In CDMA systems, all users use the same spectrum at the same time, but their signals
are separated in the code domain, that is, each user’s signal uses a code that is specific to
this user and orthogonal to other users.

1.1.2 Single Input Multiple Output, SIMO, and Multiple Input Single
Output, MISO

In any of the above cases, the link between the transmit and the receive antenna is impaired
by the features of the radio environment. As the user moves, the signal strength varies over
the small and large scale, and at times, the quality of the link is too low to deliver data
successfully. This leads to unacceptable error rates or radio link failure. In order to combat
this problem, a technique known as ‘diversity’ has been developed. Diversity relies on the
use of multiple copies of the same signal, which the receiver can combine or select from.
The idea behind it is that, even if one copy of the signal is of poor quality, it is unlikely that
all the copies will be so, and therefore this redundancy allows the communication quality
to be maintained.

There are different flavours of diversity techniques, and they can be employed either in
the downlink or in the uplink.

Depending on how the multiple copies are generated, one can distinguish different types
of diversity domains. For example, one can generate multiple copies of the same signal
by transmitting it multiple times, which gives rise to time diversity, or one can generate
multiple copies of the same signal at different parts of the spectrum, which gives rise
to frequency diversity. Moreover, one can exploit the space domain, for example when
the same signal is transmitted from several base station antennas and received at a single
mobile terminal (this is known as large-scale or site diversity), or a receiver has several
spatially separated antennas each of which receives a different copy of the signal (this is
known as small-scale diversity).

Depending on the end of the communication link which employs multiple antennas,
one can distinguish between transmit diversity techniques, where multiple copies of the
signal are transmitted from several antennas and their superposition is received at a single
receive antenna, and receive diversity techniques, where the signal is transmitted from a
single antenna and multiple copies of the signal are received at several antennas. These
combinations gave rise to Multiple Input Single Output techniques (multiple transmit-
ters, a single receiver), and Single Output Multiple Input techniques (single transmitter,
multiple receivers).
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4 Practical Guide to the MIMO Radio Channel with MATLAB® Examples

Another way to classify diversity techniques is according to the way the multiple copies
of the signals are exploited. In this respect, one can distinguish, in ascending order of
performance, selection diversity, wherein the ‘best’ copy of the signal is selected; equal
gain combining, wherein the multiple copies of the signal are added; and maximum ratio
combining, wherein the multiple copies of the signal are weighted by appropriately selected
scaling factors such that the quality of the resulting signal is optimised.

As an example, let us consider the scenario in Figure 1.4 and imagine that there is one
transmitting mobile M1 and one receiving base station that has two antennas. The signal
transmitted from the mobile station is denoted as x and the signals received at the two base
station antennas are indicated as y1 and y2. The relationship between them is

y1 = h1x + n1

y2 = h2x + n2
(1.1)

where h1, h2 are the channel coefficients between the mobile station and the two receive
antennas respectively, and n1, n2 are the noise signals at the two receive antennas, which
for simplicity will be assumed to be independent and of the same statistics. The base
station can combine the signals from its two receive antennas to improve the quality of
the signal.

Selection diversity would select the best of the two signals, that is, the one with
the largest channel coefficient, and therefore the output of a selection diversity receiver
would be

ysel = max(|h11|, |h12|)x1 + ni (1.2)

where the index i is the one of the maximum channel coefficient.
Equal gain combining would simply add the two signals, after aligning their phases so

that they add coherently. Therefore the base station apply the phase weights, u1 and u2, to
output yequal:

yequal = u1y1 + u2y2 = (u1h11 + u2h12)x + (u1n1 + u2n2)

= (|h11| + |h12|)x + (u1n1 + u2n2)
(1.3)

If the antenna elements are within close proximity to each other, and one assumes that
the magnitudes of the channel coefficients |h11| and |h12| are the same, only their phase is
different, thus the equation simplifies to yequal = 2|h1|x. Therefore the signal received is
twice that of the signal that would be received if there had been only one single antenna
at the receiver. Therefore due to using an array antenna, there is a signal gain, which is
known as an array gain or beamforming gain.

Maximum ratio combining would not simply add the two signals, after aligning their
phases so that they add coherently, but it would scale them suitably so that stronger signals
have more weight. We denote the scaling weights as u1 and u2 and it can be mathematically
shown that, in the case of equal average noise power, the optimal weights are proportional

www.FreeEngineeringBooksPdf.com



Introduction 5

u1

u2
y2

y1

∑
yout

M1

Antenna beam 
pointing to M1

Max signal
received from M1

Figure 1.2 Simple illustration of beamforming gain.

to the channel coefficients u1 = h∗
1 and u2 = h∗

2.1 Therefore the base station apply the
scaling weights, to output ymrc :

ymrc = u1y1 + u2y2 = (u1h1 + u2h12)x + (u1n1 + u2n2)

= (|h11|2 + |h12|2)x + (h∗
1n1 + h∗

2n2)
(1.4)

In general, the application of gains to the signals transmitted or received from multiple
antennas is called beamforming. The easiest way to understand it in this context is shown in
Figure 1.2, where the phase weights are optimised so as to receive the maximum signal from
mobile station at a specific location. If the position of the mobile was moved to any point
on the dotted semi-circle such that it was the same distance away from the array antenna,
only at a different angle, the output signal received would certainly decrease because the
phase factors would not correspond to the actual phases of the channel coefficients, and the
signals to be added would no longer be phase-aligned. At some point, the phases might be
so misaligned that the signals to be added would have opposite phases and would cancel
each other. Since there is therefore only one angle at which the array antenna will receive
the maximum signal from the mobile station, it is effectively forming a beam in a single
direction, which is determined by the phase weights, u1 and u2.

The example shown is a case of a single input and multiple output (SIMO) system since
there is one antenna at the input (i.e. the transmitter) and more than one antenna combined
at the output (i.e. receiver). Given that a SIMO channel is reciprocal, we can make the
array antenna the transmitter and the single mobile antenna the receiver. The beamforming
gain is still valid if the phase weights are still optimised, which means we now have a

1In the case of unequal noise powers, the optimal gains are proportional to signal to noise ratio on each branch,
which simplifies to the expression shown for equal noise powers.
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multiple input single output (MISO) system as it is the receiver that now has only one
antenna.

In the general case, the application of weights at multiple antennas, for example at the
transmitter, allows the transmitter to point the energy in specific directions. Moreover,
appropriate choice of weights can allow the transmitter to null the energy transmitted in
others. The principle of beamforming can be used to enhance the system performance to
one user, or to accommodate more that one user.

In the examples shown earlier, the benefit of diversity has been attributed to the dif-
ference in the channel coefficient using the multiple antennas. Although separating the
antennas in space is an obvious way to achieve this, even co-located antennas can per-
ceive different channel coefficients as long as they have different patterns, which would
be referred to as pattern diversity. Moreover, antennas can also perceive two differently
oriented electromagnetic field radiations, known as polarisations, which allow for polari-
sation diversity. Finally, it is possible to achieve circuit-based decoupling of antennas that
are located close to each other and this is exactly the enabling factor for the use of multiple
antennas on small terminals where spatial separation is not possible.

As a summary, diversity techniques have several benefits: the link quality is more
stable, the average performance is improved, and we in general refer to these benefits as
diversity gain. However, such techniques come at a price, namely they require more system
resources. This is perhaps easier to understand on the basis of time diversity techniques,
where more system time is required to transmit the same data. That extra time expenditure
could have been used to transmit new data, thereby improving the system efficiency. The
cost associated with the use of multiple antennas relates to space considerations (a terminal
should be large enough), hardware concerns (a more complicated receiver or transmitter is
required) and price issues (the additional complexity increases the device price). Another
disadvantage is that diversity is a process of diminishing returns. This means that the benefit
of adding for example a third antenna over having only two antennas is smaller than the
benefit from going to two antennas from a single antenna. Moreover, the condition for
diversity techniques to be effective is that the copies of the signal have to be independent, so
as to minimise the probability that they all face simultaneously bad propagation conditions.

1.1.3 Multiple Input Multiple Output, MIMO

Diversity, and specifically space diversity, relies on the use of multiple antennas at one end
of the communication link, either at the transmitter or at the receiver side. The evolution
of the diversity ideas has been the use of multiple antennas at both ends of the communi-
cations link.

The additional benefit that can be drawn from the use of multiple antennas on both
sides of the communications link is so-called spatial multiplexing, that is, the ability to
send several data streams simultaneously. Indeed in the examples shown in the previous
section, the same data stream exploits the benefit of diversity. Let us take the example
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Figure 1.3 Illustration of the principle of a simple 2x2 MIMO link.

of a system with two transmitters and two receivers, each transmitter sending a separate
data stream. As shown before, we can perform beamforming to each of the transmitters.
If we beamform to both transmitters simultaneously, and the two beams are sufficiently
separated, it would be possible to obtain the two streams without them interfering with
each other. Indeed, for MIMO to work, it has to be possible for the beams formed at both
ends to be able to distinguish different angles from which the antenna can transmit or
receive. A simple example is shown in Figure 1.3 where effectively two paths have been
created due to reflections of buildings at two different locations and the beams have been
formed to transmit and receive down the two orthogonal paths.

Even though MIMO has been in the public domain for several years, it has only recently
come into the production line for wireless communication devices. There are two main
reasons why this has taken so long. First of all the practical aspects of implementing MIMO
have been difficult in terms of building suitable antennas and also the implementation of
the complex radio device has eased. Secondly, despite the fact that the cost of such a
technology is still not economic, users are now prepared to pay the price if it delivers the
desired services over the restricted bandwidth and is a cost-effective option.

1.2 What Do We Need MIMO For?

There are two perspectives from which we can answer this question. The first is from the
perspective of a single user, wishing to increase the data rate of the wireless link between
their mobile device and an access point or base station. The second is from the perspective
that there are normally several users in a wireless system, communicating wirelessly at
the same time and using the same frequency. We will therefore address these two points
separately.
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1.2.1 The Single User Perspective

The most obvious way to increase the rate at which data can be transmitted would be
to increase the transmitted power so that the received signal is much stronger. However,
transmitting high power signals from a mobile device has safety issues, as well as bat-
tery issues: the battery will be depleted extremely fast and the time between charges
(which is a common factor in user satisfaction) will be shortened. Therefore this is not a
good option.

Another way of enabling a higher data rate to be transmitted through a wireless link
is to increase the radio frequency bandwidth. However, at the frequencies suitable for
communication links, namely the parts of the spectrum where there are no other conflict-
ing uses and where the propagation losses are not prohibitively high, the bandwidth is
extremely precious. There are major financial and legal obstacles involved and it is simply
not possible to increase the allocated bandwidth infinitely.

It turns out that MIMO systems have the ability to increase the data rate of the transmitted
data without increasing the transmit power and by using the same amount of frequency
resources.

1.2.2 The Multiple User Perspective

In any radio environment there is going to be more than one user and all of them need
to support simultaneous links. As indicated earlier, the users have conventionally been
separated in the time, frequency or code dimensions in order to avoid interference among
them.

We therefore need to find methods of accommodating multiple users simultaneously
within the constraints of limited frequency bandwidth, and multiple antennas come to
the rescue. As explained earlier, MISO and SIMO techniques allow the formation of
beams that point the energy in specific directions. By forming two beams pointing in two
directions, one can effectively send different signals to two users.

As an example, let us consider one of the simplest forms of antenna array at a receiving
base station, while there are two mobile devices at different locations, each transmitting a
signal at the same frequency to the receiver illustrated in Figure 1.4. The mobile users, M1

u1 h21

u2

M1

M2

h22

h12

h11

x2

x1

y2

y1

∑
yout

Figure 1.4 Illustration of a basic two element array antenna used to mitigate co-channel
interference.
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and M2, are simultaneously transmitting signals x1 and x2 respectively. The superposition
of the two signals at each of the two receiving the two antennas, y1 and y2, can be derived
by the following equations:

y1 = h11x1 + h21x2

y2 = h12x1 + h22x2
(1.5)

In reality, there is also receiver noise added to the signals y1 and y2, which has for simplicity
been omitted.

In the above equation, h11 is the complex channel coefficient between mobile M1 and
the receiving antenna 1. Likewise h21 is the complex channel coefficient between mobile
M2 and the receiving antenna 1. This works the same way for mobile M2 with channel
coefficients h21 and h22.

The receiver can apply weights u1 and u2 on the two received signals, y1 and y2 and then
combine them before reaching the output as shown in Figure 1.4. The resulting signal,
yout would be:

yout = u1y1 + u2y2 = (u1h11 + u2h12)x1 + (u1h21 + u2h22)x2 (1.6)

The weights can be set appropriately so that the signal contains only terms with x1 and
not x2, which means only the signal from mobile M1 is received, while the signal from
M2 is suppressed. For this to be possible, the following criteria therefore has to be met
(assuming the channel coefficients are appropriately normalised):

u1h11 + u2h12 = 1

u1h21 + u2h22 = 0
(1.7)

This a simple system of linear equations which can easily be solved to derive the weights
u1 and u2 that will help isolate signal x1.

A further step to consider applying also a second set of weights that can help isolate
signal x2 in a simlar fashion as shown in Figure 1.5. By the application of two sets of
weights, the receiver has essentially formed two beams, such that yout1 only receives from
M1 and yout2 only receives from M2. For simplicity, this technique is referred to as Space
Division Multiple Access (SDMA). Therefore MIMO can be seen as an evolution of MISO
and SIMO that includes the ability to handle multiple users as well as providing a higher
data rate communication link.

Although the selection of the weights shown above to eliminate the interference from
the other data streams is not the only, and possibly not the best, way to isolate the data
transmitted by the two users, the example is a good illustration of the potential that MIMO
systems have to accommodate more than one user simultaneously.
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u11 h21

u12

M1

M2

h22

h12

h11

x2

x1

y2

y1

∑
yout1

u21

u22
∑

yout2

Figure 1.5 Illustration of a basic two element array antenna used for space division multiple
access.

1.3 How Does MIMO Work? Two Analogies

Before considering how a MIMO radio channel works using antennas intelligently, we
will take two analogies that help to understand the concept in a more visual way. These
two ways are going to be analogous to the single and multiple user perspectives presented
in the previous section.

1.3.1 The Single User Perspective

Let us first consider the football match problem. Supporters on their way to a football
match arrive on a bus, train or tram where they exit the station. In the ideal case, they take
a wide, direct path to move directly over to the stadium entrance in an orderly queue, thus
all walking there as quickly as possible as illustrated in Figure 1.6.

Station

Stadium Entrance

Figure 1.6 Illustration of a perfect scenario of supporters entering a football stadium.
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Station

Stadium Entrance

Figure 1.7 Illustration of a real scenario of football supporters entering a stadium without
crowd control.

In practice, however, such wide direct maths between the station and the stadium might
not exist. Instead, the station may be some distance away and supporters can take several
possible routes down different streets to arrive at the same destination as the illustration
in Figure 1.7 shows. The picture shows that there are several points where the separate
paths that supporters take begin cross, and the traffic can collide. This will slow down the
rate at which supporters will enter the building and some will inevitably be stuck for quite
some time.

So that a crowd of supporters can walk to and from a station to a stadium quickly and
efficiently, it is necessary to enforce crowd control, which will determine which routes the
supporters take and which entrances or exits they use. One such example of crowd control
is shown in Figure 1.8, where two entrances are opened at the stadium and two exits are
opened at the station. Furthermore barriers have been implemented using the dotted lines
shown so that the paths between the station exits and the stadium entrances do not collide.

Station

Stadium Entrance

Figure 1.8 Illustration of a real scenario of football supporters entering a stadium with crowd
control.
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Even though each route individually might only be able to accommodate a portion of the
traffic, the collisions that were in Figure 1.7 have now been prevented, and cumulatively
the rate at which supporters will enter the stadium will be more efficient.

For wireless radio systems, the transmitted radio signal will encounter many objects
that will cause the signal to reflect, refract and diffract causing the signal to arrive at the
receiver from many directions. Thus the signal has taken many paths and this is known
as multipath, which like the case of many football supporters taking several paths to the
same destination will cause the resulting signal to fade, which will at the same time limit
the rate of data that can be sent to the receiver. MIMO on the other hand uses multiple
antennas at the transmitter and receiver to take advantage of the multipath and transmit
more data by arterially introducing an isolation of the paths, just like in the case of crowd
control at a football match.

1.3.2 The Multiple User Perspective

We will now consider the multiple user perspective by taking the example of the cocktail
party effect shown in Figure 1.9. There are three groups of people in the picture amongst
several other groups in a large hall and everyone is enjoying themselves talking loudly
and laughing. Anyone who has lived through such a situation can attest that, despite the
ambient noise, one can concentrate on the conversation within one’s group. With a bit of
effort, one can isolate what the other person is saying, and sometimes, one can even do
so for people that are farther away and whose voice is almost lost in the noise. This is
because, although the human ear is capable of listening to everything around it no matter
what direction the sound is coming from, it can also concentrate on a specific source

Figure 1.9 A cocktail party example of the multiple user perspective.
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in a manner very similar to a camera focussing on a single point. In a sense our ears
are an array of two elements that can concentrate on the person we are talking to and
suppress the noise from others conversing near to us. Therefore the group in the middle of
Figure 1.9 can communicate with each other while suppressing the acoustic interference
of the two groups either side.

In MIMO, arrays of antennas rather than arrays of ears are used to suppress radio
interference at the same frequency. The antenna arrays at both ends of a MIMO link will
also concentrate radio signals into different directions to concentrate data into different
paths and allow more data to be transmitted.

1.4 Conditions for MIMO to Work

As shown earlier, the derivation of suitable weights that can help isolate the data streams
(either from multiple users or from a single user equipped with multiple antennas) relies
on the solution of a system of linear equations that involve the channel coefficients. Basic
algebra indicates that there cases where the solution is feasible and others where it is not.
These conditions translate into requirements for the channel coefficients

To analyse more closely how the channel coefficients should be in order for MIMO to
work, the three scenarios can be considered in Figure 1.10. First of all in Figure 1.10 (a),
there are are no objects in the vicinity of the transmitting antennas on the left and receiving

(a)

(b)

(c)

Figure 1.10 Illustration of the scattering scenarios with which MIMO will operate.
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antennas on the right, just free space. Therefore if the transmit antennas are close together,
and the receive antennas are also close together, then it is difficult to make two beams to
isolate the two signals. In this case MIMO communication would not be possible.

If an object is introduced to create some reflected paths as illustrated in Figure 1.10 (b),
different paths can be created. The object is known as a scatterer, and beams can be formed
so that one channel is created that exploits the reflected paths, while the other channel will
use the direct link from the transmitter to the receiver. It can now be seen how MIMO
will exploit the multipath to create more channels through which it is able to transmit data
more rapidly. If there were more scatterers present and more antennas at each end, this
would mean there is more multipath available to exploit and also more separate channels
could be created to enhance the separation of the signals.

A final point to note regarding the exploitation of multipath by MIMO is that it must
also meet certain conditions. Taking Figure 1.10 (c), for example: the scatterer is now very
close to the direct path between the transmitter and receiver. Because the paths are then
much closer and therefore much more similar to each other (i.e. they are highly correlated)
then it becomes too difficult to form unique beams at both ends from which orthogonal
channels can be created. Therefore the position of the scatterers as well as their density are
very important. This is often quantified by what is known as scattering richness, which
therefore will be of great benefit to MIMO.

1.5 How Long Has MIMO Been Around?

Although MIMO has had a long history, dating back to 1987 when the first paper was
published showing the benefit of using such a technique (Winters 1987). Some of the first
related patents were published in the 1990s (Paulraj et al. 2003) and then later on some
widely cited journals that emerged such as Foschini and Gans (1998) and Telatar and
Tse (2000).

In the international research arena, there has been research carried out in MIMO and
the research topics considered can be classified into the following categories:

• Radio – Channel measurements in terms of how the radio signal propagates through
the environment. the goal has been to characterise the channel and derive models of its
behaviour. Another important factor in this regard is the design of the array antennas
used in MIMO and the study of how they impact the performance.

• Signal processing – The MIMO signals will need to be processed such that they have
algorithms to detect the incoming MIMO signals and successfully decode them. A
variety of algorithms have been developed to achieve that.

• Coding – Techniques such as space–time codes, Blast mechanisms and eigen tracking
aim at achieving a balance between increasing the data rate and introducing redundancy.

• Networking – Linking several mobiles and access points using MIMO simultaneously.
• Hardware – Building the actual MIMO systems onto demonstrators, radio frequency

(RF) chips and digital signal processing (DSP) chips etc.
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The main focus of this book will be the radio and the signal processing involved in
MIMO digital communications, including the theoretical limits imposed by information
theory.

1.6 Where is MIMO Being Used?

Currently, MIMO is being used in some of the latest wireless routers to enhance the capacity
of the wireless local area network (WLAN). This is shown in Figure 1.11 with the multiple
antennas spatially separated. Many wireless routers such as this are normally defined under
the Institute of Electrical and Electronic Engineers (IEEE) 802.11 standards (IEEE802.11).
In the future MIMO will be used in cellular standards such as IEEE 802.16 (known as
WiMAX) and Third Generation Partnership Long Term Evolution (3GPP LTE) (3GPP),
which will be used in mobile communication devices that have MIMO capabilities. Such a
technology will be essential in delivering the wireless broadband and multimedia services
that these standards demand.

Figure 1.11 Illustration of a wireless router using MIMO. Reproduced by permission of
Belkin Ltd.
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1.7 Purpose of the Book

This book has opened up with a brief introduction to MIMO, stating both its function and
its purpose. The theory behind MIMO will be explained in greater mathematical detail in
the next chapter, paying particular attention to the information theory capacity limits. The
book will then consider algorithms with which one can actually allow MIMO to work in
practice and measure its performance in the third chapter. As MIMO performance depends
on the propagation conditions, Chapters 4 and 5 will respectively address the radio channel
and the design of the suitable antennas. Finally the book will conclude by giving specific
examples of how MIMO is being used today, future trends and further research still to be
carried out.
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2
Capacity of MIMO Channels

Elisabeth De Carvalho

This chapter is dedicated to the capacity of MIMO channels. Capacity is a performance
measure for digital communication systems. It is the maximal transmission rate for which
a reliable communication can be achieved. If the transmission rate gets larger than the
capacity, the system ‘breaks down’ and the receiver makes decoding errors with a non
negligible probability. Capacity is the primary tool to characterise the performance of
MIMO systems and it also serves in practical system as a guide to properly design the
transmitted signals as well as the processing of the received signals.

Wireless communications exhibit different characteristics and performance according
to the propagation environment. Those characteristics have to be carefully taken into
account when defining capacity. In this chapter, capacity is described according to two
factors impacting the performance:

1. The knowledge of the channel at the transmitter and receiver. A common assump-
tion, adopted throughout the chapter, is that the channel is perfectly known at the
receiver. At the transmitter, two different types of channel knowledge are consid-
ered: either the instantaneous value of the channel is known or only its distribution
is known.

2. The nature of the wireless channel. We treat three kinds of channels: the time invariant
channel, the fast fading channel (the codewords spread over many channel variations)
and the slow fading channel (the channel is constant across a given codeword).

We present capacity results for the following three scenarios which are the most common
and practical ones.

Practical Guide to the MIMO Radio Channel with MATLAB® Examples, First Edition.
Tim Brown, Elisabeth De Carvalho and Persefoni Kyritsi.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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Distribution of CSIT Instantaneous CSIT
Instantaneous CSIR Instantaneous CSIR

Time Invariant Channel Case I (section 2.5)

Fast Fading Channel Case II (section 2.6)

Slow Fading Channel Case III (section 2.7)

The channel state information at the transmitter (CSIT) is the information about the
channel available at the transmitter while the channel state information at the receiver
(CSIR) is the information about the channel available at the receiver. For each scenario,
we build on the single input single output (SISO) and single input multiple output (SIMO)
or multiple input single output (MISO) channels to present the multiple input multiple
output (MIMO) channel. In particular we highlight the performance boost brought on by
the multiplexing capabilities of systems with multiple antennas at both the transmitter and
the receiver.

2.1 Some Background on Digital Communication Systems

Digital communications consist of the transfer of bits (0 or 1) from a transmitter to a
receiver. The bits carry the information to be communicated, so the first important question
is how the information is converted into bits and how bits can be transported through the
communication medium.

2.1.1 Generation of Digital Signals

Some signals are in digital form: files in a computer or digital photographs. No further
processing is needed in general before converting the signals for transmission. However,
most signals are analogue, like voice or sound.

The conversion of analogue signals into digital signals is based on sampling and quanti-
sation. The analogue signal is first sampled. The sampling rate should be sufficiently high,
so that the sampling does not entail any loss of information, meaning that the original
continuous time signal can be recovered from the sampled signal (Nyquist theorem). In
the quantisation step, the samples are quantised to a finite number of levels. The sampled
signal takes only a finite number of values. The set of possible values forms a finite al-
phabet. The number of elements in the finite alphabet is generally a power of 2 and hence
can easily be represented by a sequence of bits.

To reduce the amount of information to be transmitted, the sampled data goes through
a source coding or data compression step. The purpose is to remove the redundancy in the
data and to minimise the number of bits used to represent the data without changing the
perceived quality of the initial signal.
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2.1.2 Conversion/Formatting for Transmission

The purpose of this conversion is to adapt the signal to the communication medium by:
(1) providing protection against channel impairments, (2) converting the digital signal into
a signal that can be physically sent through the medium.

When travelling from the transmitter to the receiver, the signals are affected by various
impairments (e.g. thermal noise at the receiver, channel fades in wireless communications).
To provide protection against those communication impairments, redundancy is introduced
in the data by means of a code. This process is called channel coding. The code maps
the data into a new finite alphabet: the input of the code consists of a set of bits and its
output is a larger size set of redundant bits. Each possible output of the code is a codeword.
The idea is that if a part of a codeword is affected by the channel impairments, then the
redundant part might not be.

Next, the coded signal is converted to be physically transported through the medium: it
is converted back to an analogue form. This conversion operation is called the modulation.
The modulation uses its own finite alphabet: for example, in a 4-QAM (or QPSK) con-
stellation, the finite alphabet comprises 4 elements. Those elements are called symbols. In
some advanced schemes, channel coding and modulation are performed jointly.

2.1.3 Complex Baseband Representation

In wireless communications, during the modulation process, the signal is shifted to some
carrier frequency to better fit the medium properties. The spectrum of the modulated signal
is centered around the carrier frequency, for example, 2 GHz for current wireless systems.
The modulated signal is a bandpass signal. In the demodulation process, the signal is
brought back to low frequencies around 0 (baseband signal) and sampled. For a linear
modulation, this baseband signal is conveniently represented using an equivalent complex
baseband signal. This representation is used throughout Chapters 2 and 3. For a simple
SISO narrowband channel model, the signal can be simply written as:

y(k) = h(k)x(k) + n(k) (2.1)

All the quantities are complex: x(k) is the symbol transmitted at sampling time kT (T is
the sampling period). h(k) is the channel and n(k) is the noise at the receiver.

2.1.4 Decoder

Assuming that the channel is known at the receiver, the optimal decoder is based on
the maximum likelihood (ML) criterion. ML lays in finding the codeword that fits the
received signal the best. Based on the complex baseband representation of the signal, the
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ML criterion for a SISO narrowband channel is:

min
{c(1), c(2),..., c(N)}

N∑
k=1

|y(k) − h(k)c(k)|2

The ML cost function should be evaluated at each possible codeword of the alphabet
denoted as {c(1), c(2), . . . , c(N)}. A successful decoding is based on the ability of the
receiver to distinguish the transmitted codewords from each other and hence on the minimal
distance between codewords. Continuing with the SISO example, if the additive noise
introduces too large a perturbation, then one codeword could be mistaken for another
and decoding errors occur. The minimal distance between codewords depends on the
transmit power, the bit rate and the length of the codeword. For a fixed transmit power and
codeword length, increasing the bit rate means decreasing the distance between symbols
(it is similar to squeezing more points in a confined space). In such a case, the error
probability increases.

2.2 Notion of Capacity

2.2.1 Abstract Communication System

To introduce the notion of capacity, we consider a simple abstract communication system,
where a sequence of bits b = {b(1), b(2), . . . , b(Nb)} is communicated to a receiver. The
case of a SISO channel is depicted in Figure 2.1. At the transmitter side of the SISO
system, an encoder maps the bits into a codeword {x(1), x(2), . . . , x(N)}. The symbols
x(k) are selected from a finite alphabet set and are sent one after another through the
wireless channel. A codeword contains N symbols. At the receiver, a decoder demaps
the received codeword {y(1), y(2), . . . , y(N)} to recover the transmitted message. The
decoded bit sequence is denoted as b̂.

In the MIMO case (Figure 2.2), a space dimension is added due to the presence of
multiple antennas. The encoding is done across time, like for SISO, but additionally
across space. Such a codeword spanning two dimensions can be represented as a matrix

Figure 2.1 General communication system: SISO case.
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Figure 2.2 General communication system: MIMO case.

as follows:

time−→

sp
ac

e
←

−

⎡
⎢⎢⎢⎢⎢⎣

x1(1) x1(2) · · · x1(N)

x2(1) x2(2) · · · x2(N)
...

...
...

...

xMT
(1) xMT

(2) · · · xMT
(N)

⎤
⎥⎥⎥⎥⎥⎦

(2.2)

Line i in this matrix, {xi(1), xi(2), . . . , xi(N)}, represents the symbols sent from antenna
i at time instant 1, . . . , N. Column j,

{
x1(j), x2(j) . . . xMR (j)

}
, represents the symbols sent

at time j from all antennas.
To the transmitted codeword corresponds a received codeword spanning over time and

space. It is represented in matrix form as:

⎡
⎢⎢⎢⎢⎢⎣

y1(1) y1(2) · · · y1(N)

y2(1) y2(2) · · · y2(N)
...

...
...

...

yMR (1) yMR (2) · · · yMR (N)

⎤
⎥⎥⎥⎥⎥⎦ (2.3)

Line i in the matrix, {yi(1), yi(2), . . . , yi(N)}, represents the symbols received at antenna
i at time instant 1, . . . , N. Column j,

{
y1(j), y2(j) . . . yMR (j)

}
, represents the symbols

received at time j at all antennas.
The system bit rate is the transmission rate before encoding, that is, the number of bits in

the message b transmitted per time unit. Consider the example of a simple repetition code
replicating each bit of b twice. If the bit rate after the encoder is R bits per transmission,
then the system bit rate is R/2 bits per transmission.
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2.2.2 Definition of Capacity

In this section, the topic of capacity is introduced based on the concepts presented in the
previous sections, namely those of a digital communications system where the transmitted
symbols are selected from a known alphabet, travel through the channel and are received
at the receiver impaired by noise. The receiver tries to recover the transmitted signal stream
based on the received symbols.

Decoding error: An error in the decoding occurs when the decoder output b̂ differs from
b. Errors are caused by impairments in the communication such as additive noise at the
receiver or an unexpected deep fade for a wireless channel. As the channel impairments
are random, so is the event of a decoding error. Hence, we define the probability of error,
where the probability is taken over the channel impairments. The error probability cannot
be exactly equal to zero in general. Indeed, the channel impairments cannot be exactly
predicted and can be arbitrarily large; for example, at a given time, the additive noise at
the receiver can be very large, thus making the receiver unable to decode the data impaired
by this large noise sample.

Error probability brought arbitrarily closed to zero: If the error probability cannot be
made equal to zero, it can however be brought arbitrarily close to zero by adjusting certain
parameters. Such a parameter is the transmit power, where provided that the power in
the impairments remain the same, the error probability gets decreased by increasing the
transmit power. An asymptotically large transmit power results in an error probability
asymptotically close to zero.

Due to system constraints or regulations, the transmit power is limited in general.
Therefore, the error probability cannot be brought down close to zero by increasing the
transmit power. However, if the transmission rate is smaller than a certain limit, known
as the system capacity, it is still possible to bring the error probability arbitrarily close
to zero, even if the transmit power is limited. When coding over a very large block of
data where many realisations of the impairments occur, the channel impairments become
averaged out, thus decreasing their randomness or unpredictability. Because the impair-
ments become quasi-deterministic, a code can be constructed resulting in a very low
error probability.

However, when the bit rate is higher than the system capacity, no code can be constructed
that can compensate for the channel impairments. Even if the impairments are averaged
out, they are still detrimental to the communication. When the bit rate exceeds the system
capacity, the distance between codewords becomes too small for the received codewords
to be distinguishable. Whatever the efficiency or length of the code, the error probability
cannot be brought down close to zero.

Next, we give a summary of the main points from the previous discussion:
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Capacity definition and key properties.

Definition: The capacity of a communication system is the maximum transmission rate
for which the decoding error probability can be brought arbitrarily close to zero.

Capacity is also defined based on the notion of reliability. A communication at rate R
is said to be reliable if one can design a code at rate R that makes the error probability
arbitrarily small. Capacity can be defined as the maximum transmission rate for which
a reliable communication can be achieved.

Key properties:

� A reliable communication can be achieved for any transmission rate smaller than or
equal to the capacity.

� Conversely, if the transmission rate is strictly larger than the capacity, then there
exists no code which brings the error probability arbitrarily close to zero (the error
probability is lower bounded by a nonzero value).

� Capacity is achieved by coding over an arbitrarily long block of data. Furthermore,
no constraint is assumed on the complexity of the coder or the decoder. But, in
reality, such codes require complex coding/decoding procedures. At last, in practical
digital communication systems, the input symbols belong to a constellation with a
finite number of possible values. In the information theory framework, the input
symbols belong to a continuous distribution. Thus, capacity achieving codes cannot
be implemented in practical systems in general. The capacity is in fact a performance
limit for reliable communications which is achieved under asymptotic conditions.

� Capacity is given under a transmit power constraint. Indeed, if the transmit power is
not limited, and no matter what the transmit rate is, the error probability can always
be made small by increasing the transmit power: this means that the capacity is
infinite.

2.2.3 Capacity Achieving Transceivers

Although we have defined the channel capacity as an upper limit to the system perfor-
mance, the most interesting question for the system designer is how this limit can be
achieved. Therefore, the study on capacity includes not only the maximal transmission
rate for reliable communications, but also an optimal transmitter and receiver structure
able to achieve capacity. For an optimal reliable MIMO communication, the following
transmission parameters should be set across time but also across space:

• Power allocation in time and across space: The transmit power is constrained in space
such that usually the sum of transmit powers from each transmit antenna is limited to
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a maximal value. The transmit power is also constrained in time such that the transmit
power averaged over time is also limited to a maximal value. To maximise performance,
the power has to be properly jointly distributed in space and in time.

• Transmission rate across time and space: Capacity gives the sum of the rates from all
transmit antennas. When an optimal transmitter structure is known, it is also possible
to determine individual rates across space as well as their evolution in time.

• Coding across time and space: Depending on the channel characteristics, the optimal
coding is done across many channel fades or only across one channel fade. Furthermore,
coding might also be done across space.

• Data correlation across time and space: The symbols composing the codes achieving
capacity might exhibit correlations in time and also in space. This correlation matches
the channel: it matches either the realisation of the channel when it is known at the
transmitter or the channel distribution.

The optimal decoding at the receiver is the Maximum Likelihood (ML) decoder, which can
be computationally complex, especially when it involves a joint decoding of signals from
multiple antennas. In some cases, the decoding can be simplified. For time invariant MIMO
channels, we describe a capacity achieving scheme where ML decoding per codeword is
optimal. For fading channels, a joint processing between streams is necessary; however,
ML decoding can be replaced by a less complex decoding technique based on successive
interference cancellation.

2.3 Channel State Information and Fading

Capacity was first derived by Shannon for time-invariant SISO channels where the chan-
nel is constant in time and the transmitter knows its value. For wireless channels, the
hypotheses are different. First of all, the channel varies in time and frequency. Secondly,
the channel variations imply a different level of knowledge about the channel at the trans-
mitter and receiver. For example, if the channel varies very quickly, it is not always possible
to acquire a good estimate of the channel. Capacity varies according to the nature of the
wireless channel and the channel knowledge.

• A wireless channel varying in time is said to be fading, and two distinct cases can
be distinguished depending on the duration of the codeword relative to the channel
variations: the fast fading and the slow fading channel.

• The information available about the channel is called Channel State information (CSI)
and can take different forms: for example, the channel coefficients, the modulus of the
channel, the statistics of the channel or the noise variance at the receiver.

2.3.1 Fast and Slow Fading

The channel variations or fades are due to movements of the transmitter or receiver as well
as movements of objects along the propagation paths (see Chapter 4). The performance
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Figure 2.3 Behaviour of a fast fading and slow fading channel (single link).

of a wireless system depends on the type of fading affecting the communication. In some
cases, the channel varies very fast so that the coding horizon spans many channel fades. In
other cases, the channel varies very slowly and coding spans over a single channel fade.
The coherence time is a useful measure to characterise the behaviour of fading channels.
In short, the coherence time is the time duration before a channel varies significantly.

For the purposes of the capacity analysis, within the coherence time, the channel is
considered as constant. In a point to point MIMO communication, the channels between
each antenna pair, or subchannels, have the same statistics. So the coherence time of each
subchannel is also the coherence time of the MIMO channel. The distinction between fast
fading and slow fading is based on the channel coherence time, as described below and in
Figure 2.3 for the SISO case.

Fast fading channel. In a fast fading channel, the coding delay is much larger than the
coherence time. Capacity characterises performance over a time period that includes an
infinite number of fading states and represents a long-term average over the channel fades.
Capacity achieving coding schemes are spread over a large number of fading states in
general.

Slow fading channel. In a slow fading channel, the coding delay is much smaller than the
coherence time. Therefore, the channel is assumed to remain constant over the duration
of a codeword.

It is important to understand the difference between a slow fading channel and a time
invariant channel for which the notion of capacity was originally explored. In the latter
case, the channel is always constant and capacity is given for this constant channel value.
In the slow fading case, the channel can vary randomly. Capacity characterises the optimal
performance of a coding scheme experiencing only one channel fade but where the channel
is a random variable. Capacity of a slow fading channel does not depend on the value of
channel fades but on the distribution of the fading.

www.FreeEngineeringBooksPdf.com



26 Practical Guide to the MIMO Radio Channel with MATLAB® Examples

2.3.2 Channel State Information

The information available about the channel is called Channel State Information (CSI).
Performance depends on the knowledge that the transmitter and the receiver have about
the channel. Throughout this chapter, the receiver is assumed to track perfectly the channel
variations. At the transmitter, the acquisition of the channel is not as easy. It depends on
the method used to separate the communication from point A to point B and the inverse
direction communication from point B to point A. In some cases, the channel information
is updated regularly at the transmitter which knows the instantaneous value of the channel.
In other cases, the transmitter is not updated with sufficient regularity, but has access to
the distribution of the channel.

CSI at the receiver (CSIR). The CSI at the receiver includes all the channel coefficients
of the links going from the transmitter to the receiver. This information is necessary so
that the optimal ML decoding can be performed. In some case, a simpler but still optimal
receiver such as the minimum mean square error (MMSE) receiver can be used requiring
additionally the knowledge of the noise variance. The receiver is assumed to perfectly
track the CSI. In practical systems, the channel and noise variance are typically estimated
by using pilot symbols embedded in the signal sent from the transmitter.

CSI at transmitter (CSIT). The CSI at the transmitter is more difficult to obtain in
general. Its acquisition depends on the duplexing mode, that is, the method used to separate
the communication from point A to point B and the inverse direction from B to A. In time
division duplex (TDD), the direct and inverse communications use different time slots
while in frequency division duplex (FDD) they use different frequency bands.

In wireless systems, the mechanisms for CSIT acquisition rely mainly on feedback or
channel reciprocity. Let us call A the transmitter and B the receiver. The goal is for A to
get an estimate of the channel going from A to B. The following two methods could be
used to achieve this:

• Feedback: The channel is estimated at B using pilot symbols embedded in the signal
sent from A to B. The CSI is then fed back from B to A.

• Channel Reciprocity: The channel reciprocity principle states that the channel from
point A to point B is identical to the channel from B to A if the channel is measured at
the same time and same frequency.

A feedback reporting mechanism can be used for both TDD and FDD. For FDD, only
feedback can be used and not channel reciprocity as the direct link and inverse link do not
use the same frequencies. Channel reciprocity can be used in TDD. The channel from A
to B can be estimated at A using pilot symbols embedded in the signal sent from B. Using
the reciprocity principle, this estimate is also an estimate for the channel from A to B. In
some systems, only B is able to estimate the channel from A to B: for example, due to
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system constraints, B cannot send pilots but A can. Then, the estimate of the channel from
A to B is fed back from B.

In this chapter, capacity is given for the following two cases.

1. The receiver knows the instantaneous value of the CSIR. The transmitter knows the
instantaneous value of the CSIT.

2. The receiver knows the instantaneous value of the CSIR. The transmitter does not know
the instantaneous value of the CSIT but knows its distribution.

The coding scheme can be adjusted according to the available knowledge at the transmitter
about the channel to achieve a reliable communication.

2.4 Narrowband MIMO Model

Although an exact definition of a narrowband channel will be provided in Chapter 4, for
the purposes of this chapter it suffices to define a narrowband channel a channel where
the channel coefficient between each transmitter and each receiver is a complex scalar. A
multiple antenna system with MT transmit antennas and MR receive antennas is depicted
in Figure 2.4. The channel between each transmit and receive antenna pair is assumed to
be narrowband. The channel coefficient at time k between transmit antenna i and receive
antenna j is denoted hji(k).

At time k, the signal xi(k) is transmitted from antenna i. At receive antenna j, the
received signal is denoted as yj(k) and the additive noise as nj(k). xi(k), yj(k) and nj(k)
are all assumed to be complex quantities. MT signals are transmitted forming the vector
input signal x(k) and MR signals are received forming the vector output signal y(k). The

Figure 2.4 MIMO model with MT transmit antennas and MR receive antennas.
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MR additive noise signals are grouped in the vector n(k). Those quantities are defined as:

x(k) =

⎡
⎢⎢⎣

x1(k)
...

xMT
(k)

⎤
⎥⎥⎦ y(k) =

⎡
⎢⎢⎣

y1(k)
...

yMR (k)

⎤
⎥⎥⎦ n(k) =

⎡
⎢⎢⎣

n1(k)
...

nMR (k)

⎤
⎥⎥⎦ (2.4)

The notations {y(k), k ∈ N}, {x(k), k ∈ N} and {n(k), k ∈ N} denote random processes,
that is, a collection of random variables in time.

The noise at antenna j, nj(k) = Re(nj(k)) + jIm(nj(k)), is a complex zero mean Gaus-
sian random variable with variance σ2

n . It is additionally assumed to be circularly symmet-
ric. nj(k) will be referred to as a zero mean complex circularly symmetric (ZMCCS) Gaus-
sian random variable denoted as nj(k) ∼ CN(0, σ2

n). Moreover, the noise at each receive
antenna has the same variance σ2

n . The noise process is i.i.d. and is white temporally (inde-
pendence across time) and spatially (independence across antennas): n(k) ∼ CN(0, σ2

nI).
The noise process {n(k)} is independent from the symbol process {x(k)}, meaning that,
for all values (k, k′), x(k) and n(k′) are independent.

The MIMO channel at time k is defined as a matrix H(k) of dimension MR×MT:

H(k) =

⎡
⎢⎢⎣

h11(k) · · · h1MT
(k)

...
. . .

...

hMR1(k) · · · hMRMT (k)

⎤
⎥⎥⎦ (2.5)

Finally, the discrete-time MIMO input-output relationship is:

y(k) = H(k)x(k) + n(k) (2.6)

The main assumptions applicable to all channels in the chapter

� The noise nj(k) at antenna j is a ZMCCS Gaussian random variable with
variance σ2

n .
� The noise process {n(k)} is i.i.d., temporally and spatially white: n(k) ∼ CN(0, σ2

nI).
� The processes {x(k)} and {n(k)} are assumed to be independent from each other.
� CSIR is known at the receiver.

2.5 Capacity of the Time-Invariant Channel

In this section, the channel is assumed time invariant (TI) and known at the transmitter and
the receiver. First, we examine the fundamental case of a time-invariant SISO channel, also
called Additive White Gaussian Noise (AWGN), followed by the case of multiple antennas
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at the receiver only (SIMO) or multiple antennas at the transmitter only (MISO). Then,
we treat the case of MIMO where multiple antennas are present both at the transmitter
and the receiver. For each case, we give the capacity as well as the optimal transceiver.

The main assumptions valid throughout this section are as follows.

Main assumptions for the time-invariant MIMO channel

� A codeword spans over an asymptotic long data block, thus averaging out the noise.
� The channel is time-invariant.
� CSIT and CSIR are known.

The average total transmit power is constrained to be smaller than a set value P̄ . As the
channel remains constant and the noise is stationary, there is no reason to have a variable
power within a codeword in the optimal transmission strategy. The transmit power from
antenna i is E|xi|2. The sum of transmit powers

∑MT
i=1 E|xi|2 is constrained to be smaller

than P̄ . As
∑MT

i=1 E|xi|2 = tr(Rxx), the transmit power constraint can be written as:

tr(Rxx) ≤ P̄ (2.7)

To maximise the transmission rate, the transmit power is set constant to its maximal
value P̄ .

2.5.1 Capacity of the Time-Invariant SISO Channel

The discrete-time time-invariant SISO channel (see Figure 2.5) is defined by the input to
output relationship:

y(k) = hx(k) + n(k) (2.8)

h is the value of the channel, independent of time. The signal power, which is the power
in h x(k), is equal to P̄ |h|2. The power in the noise n(k) is σ2

n . The signal to noise ratio
(SNR) is defined as the ratio between the signal power and the noise power:

SNRAWGN = P̄ |h|2
σ2

n

(2.9)

Figure 2.5 Time-invariant SISO channel.
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For an AWGN channel, the SNR is essential as it determines the performance of
the system. For MIMO systems, the correlation between SISO links plays also an
important role.

The capacity for an AWGN channel is equal to:

CAWGN(SNRAWGN) = log2(1 + SNRAWGN) (bits per transmission) (2.10)

Capacity is achieved when the channel input process {x(k)} is a i.i.d. ZMCCS Gaussian
process: x(k) ∼ CN(0, P̄).

Here, we state some properties of capacity. Note that they are actually not specific to
the AWGN channel.

� The unit of capacity is bits per transmission: it is the number of bits that are
transmitted per symbol transmission time TS.

� The capacity can also be defined as CAWGN(SNRAWGN)/TS with unit bits per second.
� Spectral efficiency: an alternative performance measure to capacity is the spectral

efficiency expressed in bit per second per Hz (bits/s/Hz). It is equal to the capacity
per second normalised by the system bandwidth W :

SAWGN(SNRAWGN) = CAWGN(SNRAWGN)

TSW
(bits/s/Hz) (2.11)

If TSW = 1, CAWGN(SNRAWGN) is also equal to the spectral efficiency.
� We recall that the quantities involved are all complex: the capacity by real di-

mension is 1
2 log2(1 + SNRAWGN).

2.5.2 Time-Invariant SIMO Channel

In a SIMO system, one input symbol x(k) is sent at time k from a single antenna and
received at MR antennas: see Figure 2.6. To better understand the capacity results and
how they relate to the SISO channel, we describe the structure of the optimal receiver
achieving capacity. This receiver involves a coherent combining of the signals from the
multiple antennas based on the CSIR. When including this post-processing, the system
becomes equivalent to a time-invariant SISO channel, for which capacity results have been
presented in Section 2.5.1. Note that this optimal receive processing is described with
more details in Section 3.1.4.

System Model: The SIMO channel is assumed to be time-invariant. The channel coeffi-
cients are denoted as hj, j, . . . , MR and are known at the transmitter. At antenna j, the
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Figure 2.6 SIMO system model with receive beamforming.

received signal yj(k) is:

yj(k) = hj x(k) + nj(k) (2.12)

Equivalent SISO Channel: Multiple (distorted) copies of the transmitted symbol are avail-
able at the receiver. Each copy carries some information about the transmitted symbol. In
order to extract a maximal amount of information from the multiple received signals, a
proper processing is necessary. The optimal processing is simple: it is a linear processing
called receive spatial matched filtering (MF) or receive maximum ratio combining (MRC),
as shown in Figure 2.6. This processing is information lossless. In receive MF, the received
signals are aligned in phase so that they can add constructively and a larger weight (scaling
coefficient) is assigned to stronger channels. As detailed in Section 3.1.4, MF is the linear
processing which maximises the post-processing SNR. The received signal at antenna j is
first multiplied by a scalar coefficient h∗

j matched to the channel: the signal is then equal
to |hj|2x(k) + h∗

jnj(k). The processed signals from all antennas are added up, resulting in
the processed signal:

ỹ(k) = ‖h‖2x(k) + ñ(k) (2.13)

where h = [
h1 · · · hMR

]T and ñ(k) = ∑MR
i=1 h∗

jni(k). The SIMO system becomes equivalent
to a scalar AWGN channel for which the results of the previous section can be applied.

Capacity: The system with input x(k) and output ỹ(k) is a scalar AWGN channel with
SNR equal to

SNRSIMO = P̄‖h‖2

σ2
n

(2.14)
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The capacity of a time-invariant SIMO system is equal to:

CTI

SIMO
= log2

(
1 + P̄‖h‖2

σ2
n

)
(bits per transmission) (2.15)

The optimal post-processing is matched filtering which transforms the SIMO channel
into an equivalent SISO channel. Capacity is achieved when the channel input process
{x(k)} is a i.i.d. ZMCCS Gaussian process.

Array Gain: From the SNR expression (2.14), one can see the benefit provided by multiple
antennas at the receiver. Consider the example of two antennas. The post-processing SNR
when only the first antenna is active at the receiver is: P̄ |h1|2/σ2

n . When both antennas
are active, the SNR is P̄ |h1|2/σ2

n + P̄ |h2|2/σ2
n . The postprocessing SNR increases by

P̄ |h2|2/σ2
n , representing an array gain.

2.5.3 Time-Invariant MISO Channel

A MISO system consists of several antennas at the transmitter and a single antenna at
the receiver. When the channel is known at the transmitter, an optimal pre-processing
performed on the transmitted signals transforms the MISO system into an equivalent
SISO channel. This pre-processing is information lossless and achieves capacity. In this
scheme, a single symbol is sent at each transmission time. As there are several antennas
at the transmitter available to send this single symbol, the question is how to optimally
use this multiplicity of antennas to get optimal performance. From each antenna, a signal
is sent that is a simple scaled version of the transmitted symbol. At the receiver, all the
signals are added up. The pre-processing accounts for the value of the MISO channel to
insure that the signals are added up constructively at the receiver.

System Model: In the time-invariant MISO system, the signal xi(k) is sent from antenna
i and received through the time-invariant channel hi (see Figure 2.7). The channel coef-
ficients are denoted as hi, i = 1, . . . , MT and are known at the transmitter. The received
signal y(k) is:

y(k) =
MT∑
i=1

hixi(k) + n(k) = hTx(k) + n(k) (2.16)

where h = [
h1 · · · hMT

]T and x(k) = [
x1(k) · · · xMT (k)

]T.

Equivalent SISO Channel: The signals xi(k) achieving capacity have a special structure
resulting from a preprocessing called transmit spatial matched filtering or transmit MRC,
which is further detailed in Section 3.2.1. In transmit MF, only one symbol x̃(k) is actually
sent at time k. It goes through a linear pre-processing which depends on the channel: see
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Figure 2.7 MISO system model with transmit beamforming.

Figure 2.7. The transmitted symbol xi(k) is scaled by the coefficient h∗
i matched to the

channel hi, before being sent from antenna i. We observe that, due to the perfect knowledge
of the channel on the transmit side, the weights applied in transmit MF are exactly those
that would have been applied in receive MF if the roles of transmitter and receiver had
been reversed.

The output of the pre-processing is normalised to comply with the transmit power
constraint:

∑MT
i=1 E|xi(k)|2 ≤ P̄ . Assuming that the transmit power for the signal x̃(k) is

P̄ , the signal sent from antenna i complying with the power constraint is:

xi(k) = h∗
i

‖h‖ x̃(k) (2.17)

At the receive antenna, all the signals are phase aligned and are added constructively,
as for receive MF, and more power is allocated to the stronger channels. Transmit MF
maximises the post-processing. The system with input x̃(k) and output y(k) is a scalar
AWGN channel:

y(k) = ‖h‖x̃(k) + n(k) (2.18)

Capacity: The SNR at the receive antenna is equal to:

SNRTI

MISO
= P̄‖h‖2

σ2
n

(2.19)
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The capacity of a time-invariant MISO channel is equal to:

CTI

MISO
= log2

(
1 + P̄‖h‖2

σ2
n

)
(bits per transmission) (2.20)

The optimal pre-processing is matched filtering which transforms the MISO channel
into an equivalent SISO channel. Capacity is achieved when the signal input to transmit
MF {x̃(k)} is an i.i.d. ZMCCS Gaussian process.

For time-invariant channels with CSIT, the capacity of SIMO and MISO systems is
identical. So the benefit of having multiple antennas at the transmitter or the receiver is
the same. However, this is not true for fading channels when the CSIT is not known at the
transmitter as the lack of CSIT knowledge results in a performance degradation.

2.5.4 Time-Invariant MIMO Channel: A Set of Parallel Independent AWGN
Channels

For the time-invariant SIMO and MISO channels, a single symbol is sent per transmission
period. The optimal transceiver involves a transmission or reception relying on a weighting
at each transmit or receive antenna. This pre- and post-processing is directly matched to
the channel.

When multiple antennas are present simultaneously at both the transmitter and receiver,
the capacity achieving scheme consists of sending multiple symbols per transmission
period. The transmission and reception of each symbol relies on pre- and post-processing
that is matched to the underlying structure of the channel based on its singular value
decomposition (SVD). This pre- and post-processing allows for the extraction of a spatial
route for communication (simply a SISO channel) for each transmitted symbol. Multiple
pairs of pre- and post-processing create multiple spatial routes. Those multiple spatial
routes are independent and the MIMO system becomes equivalent to a set of independent
SISO channels. Hence the capacity becomes the sum of the capacity of each SISO channel.
In Section 3.2.1, we interpret the aforementioned pre- and post-processing as transmit and
receive beamforming.

In summary, when both CSIT and CSIR are available, a SIMO and MISO channel can
be made equivalent to a SISO channel. When multiple antennas are present at both the
transmitter and the receiver, a MIMO channel can be made equivalent to multiple SISO
channels.

2.5.4.1 Singular Value Decomposition of H

The SVD decomposition of the channel matrix is fundamental in understanding MIMO
systems: (a) it extracts the equivalent independent AWGN channel structure, (b) it gives
the maximum number of streams that can be multiplexed simultaneously, (c) it provides
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Figure 2.8 Singular value decomposition of the channel matrix H for the case MT ≤ MR
(left) and MT ≥ MR (right).

a very simple way to compute the capacity which becomes the sum of AWGN channel
capacity. The SVD of the channel matrix H is:

H = U�V H (2.21)

The SVD is illustrated in Figure 2.8 for the case MT ≤ MR and the case MT ≥ MR.
Both MR×MR matrix U and MT×MT matrix V are unitary matrices. � is a MR×MT

diagonal matrix with nonnegative singular values λk, k = 1, . . . , Mmin, where Mmin =
min(MT, MR). For convenience, the singular values are ordered decreasingly: λ1 ≥ λ2

≥ · · · ≥ λMmin . The λk’s are called the eigenmodes of the channel.

A 2×2 system as an example. To illustrate the SVD, we give the example of a 2×2 MIMO
system. The channel matrix is written as:

H =
[

h11 h12

h21 h22

]
(2.22)

Its singular value decomposition is:

H =
[

h11 h12

h21 h22

]
= U�V H = [

u1 u2
] [λ1 0

0 λ2

][
v1

H

v2
H

]
(2.23)

where

v1 =
[

v11

v12

]
, v2 =

[
v21

v22

]
, u1 =

[
u11

u12

]
, u2 =

[
v21

u22

]
. (2.24)

Moreover, the orthogonality constraint for the eigenvectors implies that:

UHU =
[

1 0

0 1

]
⇔ u1

Hu1 = 1, u2
Hu2 = 1, u1

Hu2 = 0 (2.25)

⇔ |u11|2 + |u12|2 = 1, |u21|2 + |u22|2 = 1, (2.26)

u∗
11u21 + u∗

21u22 = 0. (2.27)

A similar constraint applies for the matrix V .
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Channel Matrix Rank: We denote as rH the rank of H defined as the number of nonzero
singular values of H . Equivalently, the rank is the minimal value between the number of in-
dependent rows and the number of independent columns of H , so that rH ≤ min(MT, MR).
The rank of the channel matrix H is an important quantity as it determines the maxi-
mum number of independent streams that can be multiplexed simultaneously, as will be
explained later.

Singular Values and Channel Energy: The following relationship between channel energy
and singular values will be useful. Indeed, the energy in the channel

∑MT
i=1

∑MR
j=1 |hji|2

can be rewritten as tr
(
HHH). Using the relationships HHH = U�2UH and tr

(
HHH) =

tr
(
HHH

)
, the following result is obtained: tr

(
HHH) = ∑rH

k=1 λ2
k . To summarise:

tr
(
HHH) =

MT∑
i=1

MR∑
j=1

|hji|2 =
rH∑

k=1

λ2
i (2.28)

2.5.4.2 Equivalent MIMO System

We proceed to the following change of variable:{
x̃ = V Hx

ỹ = UHy
⇐⇒

{
x = V x̃

y = Uỹ
(2.29)

Note that, for clarity reasons, we give up the time indices in all quantities. As U and V

are invertible, x and y can be recovered uniquely from x̃ and ỹ. Hence, the new system
with input x̃ and outputs ỹ is an equivalent representation of the original system. This
equivalent system is the result of a linear pre-processing at the transmitter and a linear
post-processing at the receiver: see Figure 2.9. Let us now examine the details of this
processing.

2.5.4.3 Multi Pre and Post Processing

Going back to the 2×2 MIMO example, the 2×1 transmitted vector x can be rewritten as:

x = v1x̃1 + v2x̃2 (2.30)

Figure 2.9 Equivalent MIMO model with pre-processing V and post-processing UH.
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The vectors vi are transmit pre-processing vectors and are matched to the conjugate of
the right singular vectors of H . After being transferred through the channel, the signal is
transformed as Hx = U�V HV x̃ = U�x̃. The received signal is:

y = λ1u1x̃1 + λ2u2x̃2 + n. (2.31)

Each element ỹk of ỹ is obtained by post-processing the received signal y by uH
k . Using

the orthogonality property of the singular vectors:

ỹk = λkx̃k + uH
k n (2.32)

Finally, the vectorial input–output relationship of the equivalent system is:

ỹ = �x̃ + ñ, (2.33)

where ñ = UHn. Because matrices U and V are unitary, E(x̃x̃H) = E(xxH) and E(ññH) =
E(nnH). So, the original power constraint on x still applies to x̃: E‖x̃‖2 ≤ P̄ . Furthermore,
the noise ñ = UHn, as a linear combination of Gaussian variables, keeps the same statis-
tics as n: ñ ∼ CN(0, σ2

nI), namely independent Gaussian random variables of the same
variance.

2.5.4.4 Independent AWGN Channels

Each output k, k = 1, . . . , MR of the equivalent system (2.33) can be written as:

ỹk = λkx̃k + ñk, for k = 1, . . . , rH

ỹk = ñk, for k = rH + 1, . . . , MR, when rH < MR.
(2.34)

Each independent channel is also called an eigenchannel as the associated channel coef-
ficient is an eigenvalue of the channel matrix. Alternatively it is sometimes referred to as
a subchannel. The entire MIMO channel is equivalent to the set of all the eigenchannels,
each of which has a different SNR.

When the rank of the matrix is strictly smaller than MT, data x̃k, k > rH gets transmitted
through an equivalent channel λk = 0: no information about x̃k is contained at the receiver.
So the maximum number of codewords that can be successfully decoded at the receiver
is equal to the rank of the channel matrix. Furthermore, only the first rH signals ỹk should
be considered for decoding.

Looking at Equation (2.34), each input–output relationship ỹk = λkx̃k + ñk describes
an AWGN channel as described in Section 2.5.1: see Figure 2.10. Furthermore, as the
additive noises ñk are all independent from each other, those AWGN subchannels are
all independent from each other, forming a set of parallel AWGN channels. This means
that an optimal coding can be done independently for each AWGN subchannel. Thus, the
capacity of the MIMO system is the sum of the individual capacities.

The change of variable in Equation (2.29) brings out a structure with parallel eigen-
channels. This structure allows for a simple derivation of the MIMO capacity as the sum
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Figure 2.10 Equivalent MIMO model consisting of rH AWGN independent channels.

of the capacity of each eigenchannel. One element is still missing to completely determine
the capacity, namely the transmit power allocated to each eigenchannel. This is what is
determined next.

2.5.4.5 Waterfilling and Capacity

Let us introduce the following quantities defined for each eigenchannel as:

γk = λ2
k

σ2
n

, k = 1, . . . , rH (2.35)

Let Pk be the transmit power of eigenchannel k (the power in x̃k). Pkγk can be seen as the
SNR of the kth eigenchannel. The capacity of each eigenchannel with transmit power Pk

is the capacity of an AWGN channel with SNR = Pkγk: it is equal to log2(1 + Pkγk). Pk is
adjusted to maximise the capacity of the MIMO system while complying with the overall
transmit power constraint:

∑rH
i=1 Pk ≤ P̄ . In general, Pk depends on all nonzero singular

values, through the power constraint.
The capacity of the MIMO system is the sum of the individual capacities with optimised

transmit power per eigenchannel:

CTI

MIMO
= max

Pk s.t.
∑rH

k=1
Pk≤P̄

rH∑
i=1

log2 (1 + Pkγk) . (2.36)

Note that MIMO capacity only depends on the γk’s and hence the singular values of the
channel matrix.
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The optimisation problem in (2.36) can be solved using the method of Lagrangian
multipliers. The results on capacity can be summarised as follows.

The capacity of the time-invariant MIMO channel is:

CTI

MIMO
=

rH∑
k=1

log2

(
1 + Po

k γk

)
(2.37)

where the transmit power is allocated across antennas as:

Po
k =

(
1

γ0
− 1

γk

)+
(2.38)

γ0 is the cut-off value and is determined using the power constraint :

rH∑
k=1

Po
k =

rH∑
k=1

(
1

γ0
− 1

γk

)+
= P̄ (2.39)

An optimal transceiver, called eigenmode transmission, is depicted in Figure 2.11 where:

• rH independently coded AWGN codewords are assigned power Po
k ;

• they are subject to a linear processing by matrix V and sent through the MT transmit
antennas;

• MR received signals are subject to a linear processing by matrix UH; the rH resulting
signals are decoded using an AWGN decoder;

• the optimal input vector x̃ is a i.i.d. ZMCCS Gaussian random variable.

This transceiver structure is not unique and there exist other structures achieving capac-
ity.

Figure 2.11 General structure of eigenmode transmission, achieving capacity.
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2.5.4.6 Waterfilling: a Numerical Example

Consider a 4×4 MIMO system with singular values: λ2
1 = 3.2, λ2

2 = 1.2, λ2
3 = 0.44, λ2

4 =
0.24. The SNR ρ defined as ρ = P̄/σ2

n is fixed at 5 dB. P̄ is fixed to 1 so that σ2
n ≈ 0.3162.

In the table below, the different steps leading to the optimal waterfilling solution are
described.

Eigenchannel number 1 2 3 4

Singular values λ2
k 3.2 1.2 0.44 0.24

1/γk = σ2
n/λ2

k 0.0988 0.2635 0.7187 1.3176

1/γ0 = (P̄+∑4
k=1 1/γk)/4 = 0.8497

Test if 1/γ0 − 1/γk > 0 Yes Yes Yes No ⇒ Po
4 = 0

1/γ0 = P̄ +∑3
k=1 1/γi = 0.6937

Test if 1/γ0 − 1/γi > 0 Yes Yes No × ⇒ Po
3 = 0

1/γ0 = P̄ +∑2
k=1 1/γk =0.6812

Test if 1/γ0 − 1/γk > 0 Yes Yes × ×
Final power allocation Po

k 0.5824 0.4176 0 0

Figure 2.12 shows the values 1/γk of each eigenchannel (light grey zone) as well as the
cut-off value 1/γo. No power is assigned in eigenchannel k if 1/γk > 1/γo. The darker
grey zone shows the power level. This power allocation is called waterfilling: considering
the light grey zones as a container, power allocation is similar to pouring water into this
container until the total power is assigned. Power is first allocated to the first eigenchannel,
until the water reaches the level 1/γ2 at which point power starts to be allocated to
eigenchannel 2 as well. In our example, the maximal power is allocated (Po

1 + Po
2 = P̄)

before reaching the level 1/γ3, so eigenchannel 3 and 4 are not assigned any power.

Po
1 Po

2

1/γ 3

1/γ 2

1/γ 0

1/γ 1

1/γ 4

No power assigned if
1/γ 0 − 1/γ k ≤ 0

0

1

0.5

Po
3 = 0

Po
4 = 0

Figure 2.12 Waterfilling: numerical example. Water is poured until the available power is
fully assigned.
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2.5.4.7 Performance of Eigenmode Transmission

Capacity is used to characterise the performance of a time-invariant MIMO system. Per-
formance is presented according to the following SNR, defined as the ratio between the
total transmit power and the noise variance at each receive antenna:

ρ = P̄

σ2
n

(2.40)

We describe the capacity behaviour at high and low SNR, ρ where performance is linked
to the behaviour of the waterfilling power allocation.

Waterfilling at low and high SNR: Figure 2.13 presents an example of waterfilling in the
high and low SNR regime. The channel has four nonzero eigenvalues (from the numerical
example in Section 2.5.4.6). We recall the optimal power allocation:

Po
k =

(
1

γ0
− 1

γk

)+
(2.41)

• At high SNR, the values 1/γk are small compared to 1/γ0. So the power allocated to
each eigenchannel is approximately constant and equal to P̄/rH.

• At low SNR, the values 1/γk are large compared to 1/γ0. Only the eigenchannel with
highest eigenvalue is allocated with the whole available power.

Performance at high SNR: At high SNR, the optimal waterfilling policy allocates the same
power P̄/rH to the nonzero eigenmodes. Hence, capacity becomes:

CTI

MIMO
≈

rH∑
k=1

log2

(
1 + P̄

σ2
n

λ2
k

rH

)
(2.42)

At high SNR, performance is mostly determined by the rank of the channel matrix and
the MIMO channel conditioning.

Figure 2.13 Waterfilling example at high and low SNR. At high SNR (left), all the eigenchan-
nels are assigned approximately the same power. At low SNR (right), only the eigenchannel
with highest SNR is assigned power.

www.FreeEngineeringBooksPdf.com



42 Practical Guide to the MIMO Radio Channel with MATLAB® Examples

• Channel matrix rank: From the high SNR approximation of capacity (2.42), we obtain:

CTI

MIMO
≈ rH log2 (ρ) (2.43)

At high SNR, capacity scales linearly with rH and is about rH times larger than the
capacity of an AWGN channel.

• MIMO channel conditioning: Consider all the MIMO channels with same energy, that
is, same value of

∑rH
i=1 λ2

i . For such channels and at high SNR, one can show that
capacity (2.42) is maximised when all eigenvalues are equal. This result is important
as it reveals a property of MIMO channel crucial to support multiplexing and reach
high data rates at high SNR. A useful measure to quantify the performance of a MIMO
channel is the condition number defined as: maxk(|λk|)/mink(|λk|). When the condition
number is close to 1, the MIMO channel is said to be well-conditioned and supports a
high multiplexed data rate.

Performance at low SNR: At low SNR, the optimal waterfilling policy allocates all the
power to the strongest eigenmode. Hence, capacity becomes:

CTI

MIMO
≈ log2

(
1 + ρλ2

max

)
(2.44)

At low SNR, the optimal strategy does not rely on multiplexing. It consists in sending
a single stream through a channel with highest possible energy, which is guaranteed by
proper preprocessing and postprocessing. An appropriate combination of transmit signals
and receive signals based on CSI is necessary, resulting in a maximal array gain both at
the transmitter and the receiver.

2.5.4.8 Definition of Multiplexing Gain

The multiplexing gain has been defined as the number of independent streams that can
be transmitted simultaneously. The multiplexing gain can also be defined mathematically.
This mathematical definition can be advantageously used for complex MIMO system
when determining the number of transmitted independent streams is not easy.

The multiplexing gain of a MIMO system with capacity C(ρ) is defined as:

lim
ρ→∞

C(ρ)

log2 ρ
(2.45)

This definition makes sense as multiplexing occurs at high SNR only. Looking at the high
SNR capacity approximation in (2.43) and applying this definition, we observe that the
multiplexing gain is indeed equal to the number of independent multiplexed streams rH.
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Figure 2.14 MIMO System with fixed input covariance matrix Rxx = GGH.

2.5.5 Maximal Achievable Rate for Fixed Input Covariance Matrix

Let us examine the MIMO architecture in Figure 2.14, with assumptions:

• The inputs x̃i are independent across antennas.
• The vector input x̃ is pre-processed by a matrix G as x = Gx̃. The covariance matrix

of the input vector is ExxH = Rxx = GGH.

This architecture corresponds to eigenmode transmission when the pre-processing matrix
G is equal to Vdiag(Po

1 , . . . , Po
MT

)1/2, where V comes from the SVD of the channel matrix
(2.21) and Po

i comes from the waterfilling power allocation (2.41).
There are situations where such a pre-processing is not possible. When the computa-

tional complexity at the transmitter is limited, it is simpler to send independent codewords
directly from each antenna, in which case G = I. It is also simpler to pre-process the
data by a matrix that does not depend on the channel, so that the pre-processing does not
change each time the channel changes.

Such an architecture is actually common and the question is how to characterise its
performance. This section treats the case where the channel coefficients are known at the
transmitter and yet the optimal capacity achieving pre-processing is not performed.

2.5.5.1 System Performance

The performance of the system is based on the following result.

Consider a MIMO system y = Hx + n under the following assumptions: (1) the chan-
nel is time invariant and known at the transmitter, (2) the input x has a fixed covariance
matrix Rxx. For such a system with a fixed input covariance matrix, the maximal rate
for reliable communication is:

Rmax = log2 det
[
I + 1

σ2
n

HRxxH
H
]

(2.46)

This maximal rate is achieved when the input vector has a ZMCCS Gaussian
distribution.
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(2.46) can be interpreted as the capacity of the system when the CSI is known at the
transmitter and the covariance matrix of the input signals is fixed. However, it is not labelled
as a capacity in general but rather a maximal achievable rate for reliable communication.

In general, as the preprocessing matrix G does not match the channel realisation, a
simple linear processing is not optimal while it is for eigenmode transmission. A ML joint
decoding of the streams is necessary. In Chapter 3, a simpler receiver structure is presented
based on successive interference cancellation.

2.5.5.2 Reformulating the Capacity for the Time-Invariant MIMO Channel

Let us now revisit the time-invariant MIMO channel of Section 2.5.4. For a fixed covariance
matrix, the maximal achievable rate for reliable communication is (2.46). To find the
capacity, one needs to find the optimal covariance matrix that maximises (2.46). The
capacity is then also defined as:

CTI

MIMO
= max

Rxx,tr(Rxx)≤P̄
log2 det

[
I + 1

σ2
n

HRxxH
H
]

(2.47)

The optimal correlation matrix has the expression Rxx
o = Vdiag(Po

1 , . . . , Po
MT

)V H for
which capacity can be written as (2.37).

Capacity for time-invariant channels

For time-invariant channels, the channel coefficients are assumed to be known at both
the transmitter and the receiver. The noise variance is also known at the transmitter.
The total transmit power is limited to P̄ .

� AWGN channel y = hx + n.
The capacity is:

CAWGN = log2

(
1 + P̄ |h|2

σ2
n

)
(2.48)

The capacity achieving code has a constant power P̄ and constant rate (equal to the
capacity). The optimal input signal has a zero mean Gaussian circular symmetric
complex distribution.

� SIMO channel y = hx + n and MISO channel y = hTx + n

Both channels are equivalent to an AWGN channel. The capacity achieving structure
involves a linear processing matched to the channel.

– SIMO: the received signals are processed as: ỹ = hHy

– MISO: symbol x̃ is pre-processed as x = h∗/‖h‖x̃ before being transmitted.
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Capacity for time-invariant channels (Continued)

For both SIMO and MISO channels, the equivalent SISO channel has an SNR equal
to P̄‖h‖2/σ2

n . The SIMO and MISO channel have the same capacity expression:

CTI

SIMO/MISO
= log2

(
1 + P̄‖h‖2

σ2
n

)
(2.49)

If MT = MR, both SIMO and MISO have the same capacity. Compared to a SISO
channel, a SIMO or MISO channel exhibit an array gain (MR for SIMO and MT for
MISO) due to the presence of multiple antennas at one end of communication link.

� MIMO channel y = Hx + n.

The major advantage of a MIMO system over a SIMO/MISO system is a throughput
boost thanks to its ability to create multiple independent spatial AWGN channels.
SIMO and MISO systems create a single spatial channel.

Those multiple independent spatial channels are created by a linear processing at
the transmitter and receiver, based on the SVD of the channel H = U�V H.

The transmit and receive processing depend on the singular eigenvectors of the
channel matrix. The transmit processing is matched to V H: the transmitted signal x
is pre-processed as x = V x̃. The receive processing is matched to U: the received
signal y is processed as ỹ = UHy.

The transmit power (power in x̃) is distributed optimally among the spatial channels.
The power allocation is based on the singular values of H and follows the waterfilling
policy.

The capacity is the sum of capacities of the individual independent spatial channels:

CTI

MIMO
=

rH∑
i=1

log2

(
1 + Po

i |λi|2
σ2

n

)
(2.50)

The number of independent channels is limited by the rank of the channel matrix
H . Depending on the total amount of available power, some eigenchannels might
not be allocated any power, resulting in a number of active streams smaller than rH.

Encoding: the active eigenchannels are encoded independently by an AWGN en-
coder before linear pre-processing. No data is sent on the remaining eigenmodes.

Decoding: after linear post-processing, an independent decoding of the active eigen-
channels is performed.

Performance: the main properties of MIMO systems at low and high SNR regimes
are as follows.
– At high SNR: MIMO systems exhibit a spatial multiplexing gain equal to rH.

Capacity scales linearly with rH and is about rH times larger than the capacity of
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Capacity for time-invariant channels (Continued)

an AWGN channel. Performance is influenced by the energy distribution among
the eigenvalues. For a fixed channel energy, channels with equal eigenvalues
maximise capacity.

– At low SNR: MIMO systems lose their spatial multiplexing capability and can
transmit successfully only a single data stream. MIMO systems benefit from
array gain at the receiver and/or at the transmitter due to the presence of multiple
antennas.

� When the covariance matrix Rxx of the input signals is fixed, the maximal achievable
rate for a reliable communication is:

Rmax = log2 det
[
I + 1

σ2
n

HRxxH
H
]

(2.51)

This rate is achieved when the input vector has a zero-mean complex circular-
symmetric Gaussian distribution.

2.6 Fast Fading Channels with CSIT Distribution: Ergodic Capacity

We consider a narrowband MIMO channel as described in Section (2.4) with vectorial
output at time k:

y(k) = H(k)x(k) + n(k). (2.52)

The channel is a random variable following a certain distribution. H(k) is the channel
realisation at time k. {H(k), k ∈ N} is the fading channel process assumed stationary and
ergodic. The fading and noise processes are assumed to be independent. The CSIT com-
prises the channel and the noise variance at the receive antennas. The coding delay is
assumed to be large compared to the channel coherence time: codewords span an asymp-
totically large number of channel fades and noise samples. Hence, both impairments are
averaged out allowing for a reliable communication (see Section 2.2.2).

To summarise, the main assumptions valid throughout this section are as follows.

Main assumptions for the MIMO fast fading channel with distribution of CSIT.

� Coding delay is large compared to the channel coherence time. A codeword spans
over many fades.

� The channel random process is stationary and ergodic. The fading process and noise
process are assumed to be independent.

� Distribution of CSIT is known at transmitter. Instantaneous CSIT not known. CSIR
is known.
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The transmit power is constrained to be smaller, in average, than P̄ , where the average
is taken over time and hence over the channel fades. The transmit power constraint is (see
Section 2.5):

MT∑
i=1

E
[
|xi|2

]
= tr(Rxx) ≤ P̄ (2.53)

2.6.1 Ergodic Capacity: Basic Principles

Even if the instantaneous value of the CSIT is not known, a reliable communication can
be achieved by coding over an asymptotically large number of channel coherence periods,
thus averaging out the channel fades. Based on the CSIT distribution, a maximal rate for
reliable communication can be determined. This rate is constant over the channel fades
and is the ergodic capacity.

Transmission cannot be adapted to the channel variations as the instantaneous CSIT is
not known. However, transmission can be adapted to the distribution of the channel. As
the fading process is stationary, the channel distribution characteristics remain the same in
time, so the transmit parameters remain constant in time. Therefore, it is optimal to keep
the transmit power constant in time and equal to its maximal value P̄ . For a transmitter
with multiple antennas, to get optimal performance, the transmitter should adapt to the
spatial distribution of the channel coefficients across antennas. This is done by optimising
the spatial distribution of the transmitted signals to the spatial distribution of the channel.
In particular, the covariance matrix of the input signals should fit the channel distribution.

Next, we present the ergodic capacity starting from the SISO fading channel, then the
SIMO and MISO channels and at last the MIMO channel.

2.6.2 Fast Fading SISO Channel with CSIT Distribution

The input–output relationship of a narrowband SISO channel at time k is:

y(k) = h(k)x(k) + n(k) (2.54)

The system is subject to the average transmit power constraint E|x(k)|2 ≤ P̄ . To obtain
optimal performance, the transmit power is set to its maximal value P̄ . Thus, the instan-
taneous SNR at time k is equal to:

SNR(k) = P̄ |h(k)|2
σ2

n

(2.55)
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The ergodic capacity for a fast fading SISO channel with CSIT distribution is
defined as:

CFF

SISO
= E

[
log2

(
1 + P̄ |h|2

σ2
n

)]
(bits per transmission) (2.56)

The capacity achieving coding scheme has a fixed rate and the codewords spread over
an asymptotically large number of coherence periods. Note that log2

(
1 + P̄ |h(k)|2/σ2

n

)
is

the capacity of the channel at time k when the instantaneous value of the CSIT is available.
The ergodic capacity is the average of the capacity with CSIT over the channel fades.

2.6.3 Fast Fading SIMO Channel with CSIT Distribution

The input-output relationship of a flat SIMO channel at time k is:

y(k) = h(k)x(k) + n(k) (2.57)

The main idea to determine the capacity of this system is as follows: the optimal receiver
transforms the SIMO system into an equivalent SISO system for which the result from
previous section can be used.

From Section 2.5.2 where the channel is assumed to be known at the transmitter, we
have seen that the optimal receiver is the receive matched filter. This receiver transforms
the SIMO channel into an equivalent SISO channel without loss of information. A key
observation is that receive matched filtering necessitates the knowledge of the channel at
the receiver only, not at the transmitter. Hence, it is also the optimal receiver when the
channel is not known at the transmitter.

By applying receive matched filtering, the SIMO channel can be made equivalent to
the fast fading SISO channel h(k)Hy(k) = ‖h(k)‖2x(k) + h(k)Hn(k). The capacity results
for the SISO fast fading channel can be applied here for an SNR at time k equal to
SNR(k) = P̄‖h(k)‖2/σ2

n .

The ergodic capacity of a fast fading SIMO channel with CSIT distribution is
equal to:

CFF

SIMO
= E

[
log2

(
1 + P̄‖h‖2

σ2
n

)]
(bits per transmission) (2.58)

As was observed for a time-invariant channel, a fast fading SIMO channel exhibits an
array gain thanks to the coherent combining of the MR received signals.
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2.6.4 Fast Fading MISO Channel with CSIT Distribution

In this section, we will just state the capacity expression for an i.i.d. Rayleigh fading
channel. The MISO channel can be viewed as a special case of the MIMO channel: more
details on MISO channels can be found in Section 2.6.5.

The ergodic capacity of a fast fading MISO i.i.d. Rayleigh channel y(k) = h(k)Tx(k) +
n(k) with CSIT distribution is equal to:

CFF

MISO
= E

[
log2

(
1 + 1

MT

P̄‖h‖2

σ2
n

)]
(bits per transmission) (2.59)

The MISO channel exhibits a performance loss of 1/MT compared to the case where
the instantaneous value of the CSIT is known.

2.6.5 Fast Fading MIMO Channel with CSIT Distribution

The input–output relationship for the fast fading narrowband MIMO channel is:

y(k) = H(k)x(k) + n(k) (2.60)

2.6.5.1 Capacity for a General MIMO Channel Distribution

For an optimal transmission, the covariance of the input signalsRxx should be adapted to the
channel distribution. When the covariance matrix of the input signal is fixed, we have seen
that the maximal achievable rate over a given channel fade H is log2 det[I + HRxxH

H/σ2
n].

It is achieved when the channel is known at the transmitter. The ergodic capacity is the
average of the maximal achievable rate over the channel fades.

The capacity of a fast fading MIMO channel with CSIT distribution is:

CFF

MIMO
= max

Rxx s.t. tr(Rxx)≤P̄
E

[
log2 det

[
I + 1

σ2
n

HRxxHH
]]

(bits per transmission)

(2.61)
A capacity achieving code has a constant rate equal to the capacity and spreads over
many channel fades.

The optimal coefficients of the correlation matrix have to be determined to compute
the ergodic capacity. A closed-form expression of the correlation matrix is not always
possible to find except for some simple cases as the case of an i.i.d. Rayleigh fading
channel described in the following paragraph.
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2.6.5.2 Capacity for a Rayleigh i.i.d. MIMO Channel

The transmit covariance matrix is easily optimised in the particular case of an i.i.d. Rayleigh
MIMO channel. For such a channel, the best strategy is an i.i.d. transmission where the
symbols transmitted from different antennas are uncorrelated and are assigned the same
transmit power, that is, Rxx = P̄

MT
I.

For an i.i.d. Rayleigh fast fading MIMO channel, the optimal input correlation matrix
is Rxx = P̄

MT
I and capacity is:

CFF,Rayleigh

MIMO
= E

[
log2 det

[
I + P̄

MTσ2
n

HHH
]]

(2.62)

A Rayleigh channel model assumes a rich scattering environment where the rank of the
channel matrix is equal to Mmin with probability 1. Therefore, the channel matrix possesses
Mmin nonzero singular values {λk, k = 1, . . . , Mmin} with probability 1. Based on the SVD
of the channel, capacity can be rewritten as:

CFF,Rayleigh

MIMO
=

Mmin∑
k=1

Eλ1,...,λMmin
log2

[
1 + P̄

MT

λ2
k

σ2
n

]
(2.63)

The expected value is taken with respect to the joint distribution of the singular values
{λk}. This alternative capacity expression is useful for analysis purposes as seen in the
next section.

2.6.5.3 Performance of Fast Fading i.i.d. Rayleigh MIMO Channels

For fast fading channels, we consider only the case of an i.i.d. Rayleigh channel distribution
as the capacity has a closed form expression making the analysis straightforward. For
performance analysis, we assume for each SISO link hji that E

[|hji|2
] = 1. When only

transmit antenna i is active, the instantaneous receive SNR at receive antenna j at time
k is P̄ |hij(k)|2/σ2

n . Hence, ρ = P̄/σ2
n can be seen as the average SNR per SISO link.

Performance is described below mostly as a function of ρ.

Channel Conditioning: The first question is: what are the key properties of Rayleigh
fading channels resulting in a high value of the capacity? In general, it is difficult to
completely characterise the distribution of a MIMO channel maximising the channel ca-

pacity
∑Mmin

k=1 E
[
log2

[
1 + P̄

MT

λ2
k

σ2
n

]]
. However, it is possible to give some ideas about the

behaviour of such channels. As we have seen for time invariant MIMO channels, for a
fixed channel energy,

∑Mmin
k=1 log2

[
1 + P̄

MT

λ2
k

σ2
n

]
is maximised when all the eigenvalues are

equal. This gives an indication on how well conditioned fading channels should be: the
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channel energy should be statistically well balanced among singular values. This type of
channel is encountered in a rich scattering environment.

Number of Transmit and Receive Antennas: When MT = MR = M, the asymptotic
behaviour of capacity is as follows:

CFF,Rayleigh

MIMO
∼ Mg(ρ) (2.64)

where g(ρ) is a function of ρ that depends on the asymptotic behaviour of HHH/M. We
conclude that capacity grows linearly as a function of the number of antennas. Equation
(2.64) has to be compared to the asymptotic value (large MR) of the capacity of a SIMO
channel C ∼ log2 (MRρ) which grows linearly with log2 MR. This linear growth in M (and
not a logarithm growth) has sparkled the huge interest in MIMO systems and their spatial
multiplexing ability.

Looking at Figure 2.15, we observe:

• MIMO capacity grows linearly with respect to the number of antennas.
• MIMO capacity is approximately M times larger than SISO capacity.
• For MISO, the performance gain is negligible when the number of transmit antennas

increases.

High SNR: Even if the channel realisations are not known at the transmitter, fast fading
channels have the same properties at high SNR as time-invariant channels. At high SNR,
capacity is approximated as:

CFF,Rayleigh

MIMO
∼ Mmin log2 ρ (2.65)

Figure 2.15 Capacity vs number of antennas for a M × M MIMO system, a 1 × M SIMO
system, a M × 1 MISO system and a SISO system.
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Figure 2.16 Capacity vs SNR ρ.

From the definition in Equation (2.65), we conclude that the multiplexing gain is equal to
Mmin. Capacity grows linearly with Mmin, logarithmically with the SNR (see Figure 2.16)
and is Mmin times larger than the AWGN capacity.

Figure 2.17 shows the capacity of a 4×M and M×4 MIMO system as the number of
antennas M increases at high SNR. As M increases from 1 to 4, the multiplexing gain
increases as well from 1 to its maximal value 4. When M becomes larger than 4, the
multiplexing gain cannot be increased and performance gains become small. Indeed, at
high SNR, performance gains are mostly due to multiplexing gain. Array gain is negligible
compared to multiplexing gain. Another illustration of this fact is the MISO case in Fig-
ure 2.15, where the capacity increase is negligible when the number of transmit antennas
increases.

Figure 2.17 Capacity vs number of antenna M for a 4 × M and a M × 4 MIMO system.
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Low SNR: Using the relation log2(1 + x) ≈ x/ log(2) for small x and Equation (2.63),

capacity can be approximated as E
[∑Mmin

i=1 λ2
i

]
/ log(2). The quantity E

[∑Mmin
i=1 λ2

i

]
is

the average energy of the channel which is equal to MTMR (as E|hij|2 = 1). Finally, the
asymptotic capacity expression is:

CFF,Rayleigh

MIMO
∼ MRρ/log 2 (2.66)

(2.66) is also the asymptotic expression for the capacity of a SIMO channel. So, at low
SNR, the MIMO system becomes equivalent to a SIMO system (see also Figure 2.16).
As for time invariant channels, at high SNR, the best transmission strategy does not
rely on stream multiplexing but rather on single stream transmission with array gain at
the receiver.

Summary for fast fading channels with CSIR, distribution of CSIT

Even if the CSIT is not available at the transmitter, a reliable communication is possible
over fast fading channels with CSIT distribution. Indeed, coding spreads over a very
large number of fades, thus averaging out the effects of the channel variations. The
performance measure for fast fading channels is the ergodic capacity. The capacity
achieving codes have a rate that remains constant over the channel fades and equal to
the capacity. The transmit power is kept constant over time and equal to its maximum
value P̄ .

� SISO/SIMO channel y(k) = h(k)x(k) + n(k).

The optimal receiver is the receive matched filter and capacity is:

CFF

SIMO
= E

[
log2

(
1 + P̄‖h‖2

σ2
n

)]
(bits per transmission) (2.67)

� MISO channel y(k) = h(k)Tx(k) + n(k).

The MISO fast fading channel is a special case of the MIMO channel. The ergodic
capacity is:

CFF

MISO
= E

[
log2

(
1 + 1

MT

P̄‖h‖2

σ2
n

)]
(bits per transmission) (2.68)

The MISO channel exhibits a performance loss of 1/MT compared to the case where
the CSIT is known.
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Summary for fast fading channels with CSIR, distribution of CSIT (Continued)

� MIMO channel y(k) = H(k)x(k) + n(k).

The covariance matrix of the input signal Rxx is adapted to the MIMO channel
distribution. For a general MIMO channel distribution, capacity is:

CFF

MIMO
= max

Rxx s.t. tr(Rxx)≤P̄
E

[
log2 det

[
I + 1

σ2
n

HRxxHH
]]

(bits per transmission)

(2.69)
For an i.i.d. Rayleigh MIMO channel, the optimal covariance matrix is Rxx =
P̄/MTI: power is equally distributed among the MT transmit antennas and the sig-
nals sent from each antenna are independent from each other. Capacity is:

CFF

MIMO
= E

[
log2 det

[
I + P̄

MTσ2
n

HHH
]]

(bits per transmission) (2.70)

The capacity achieving architecture is V-Blast and is described in Chapter 3.
Performance at high and low SNR regime:

– At high SNR: The fast fading MIMO channel exhibits a multiplexing gain
of min(MT, MR). Capacity scales linearly with min(MT, MR) and is about
min(MT, MR) times larger than the capacity of an AWGN channel.

– At low SNR: MIMO systems lose their spatial multiplexing capability and can
transmit successfully only a single data stream. MIMO systems benefit from
array gain at the receiver.

2.7 Slow Fading Channel with CSIT Distribution: Outage Probability
and Capacity with Outage

In a slow fading channel, coding spreads over a block of data that is much smaller than
the coherence time of the channel. Hence, the channel can be approximated as constant
over each coding block. The input–output relationship of the slow fading MIMO channel
at time k is:

y(k) = Hx(k) + n(k) (2.71)

The channel is a random variable denoted as H. The MIMO channel realisation during
the current block is denoted as H. The value of the channel changes from block to block
following the fading distribution. The CSIT groups the variance of the noise at the receive
antennas and the channel matrix.
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Hence, the general assumptions in this section are as follows.

Main assumptions for the MIMO slow fading channel

� The coding delay is small compared to the channel coherence time. The channel
has a constant value during the duration of a codeword.

� The channel random process is stationary and ergodic. The fading process and noise
process are assumed to be independent.

� Distribution of CSIT is known at transmitter. Instantaneous CSIT is not known.
CSIR is known.

As was described for the fast fading channel, the transmit power constraint is:
MT∑
i=1

E
[
|xi|2

]
= tr(Rxx) ≤ P̄ (2.72)

Likewise, because the fading process is stationary, the transmit power is kept constant in
time and equal to its maximal value P̄ to maximise performance.

We first outline the principles applied when communicating over slow fading channels.
The notion of outage is defined. We also define the notion of antenna diversity which is
the main tool to increase performance for slow fading channels with multiple antennas.

2.7.1 Outage: Basic Principles

For a fast fading channel, coding spans over many channel fades, thus averaging out the
effect of channel variations. A reliable communication is possible even if the instantaneous
value of the channel is not known at the transmitter but only its distribution. For a slow fad-
ing channel, the channel remains constant across the codewords. The channel fades cannot
be averaged out and it is not possible to guarantee a reliable communication in general.

SISO Example: Let us consider first a SISO channel over a fixed channel fade h. For such a
system, the maximal achievable rate for a reliable communication is log2

(
1 + P̄ |h|2/σ2

n

)
.

This maximal rate is the capacity of the system and is achieved when the channel is known
at the transmitter. Although we do not make the assumption that the CSIT is known in
this section, we use the fact that, if the transmission rate is above capacity, a reliable
communication is not possible, whether the CSI is known at the transmitter or not.

When the CSIT is available, the transmitter is able to adjust the transmission rate to be
below log2

(
1 + P̄ |h|2/σ2

n

)
in order to achieve a reliable communication. In our case, the

transmitter cannot rely on the instantaneous value of the CSIT and adjusts the transmission
rate based on the CSIT statistics. Assume the transmitter selects a transmission rate R. If
R is smaller than log2

(
1 + P̄ |h|2/σ2

n

)
, then a reliable communication can be achieved.

However, in wireless communications, the channel h can take values that are very close
to zero (deep fade) and the selected rate R could be larger than the maximal achievable
rate log2

(
1 + P̄ |h|2/σ2

n

)
.
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For usual wireless channel distributions, the probability that the selected rate is larger
than the capacity log2

(
1 + P̄ |h|2/σ2

n

)
is nonzero and could be nonnegligible. Whatever

the rate selected by the transmitter, this rate cannot be guaranteed to be smaller than the
capacity. Strictly speaking, the capacity for slow fading channels is zero.

MIMO Example: Let us first determine the maximal rate for a reliable communication
of a MIMO slow fading channel, over a fixed channel fade H . For simplicity reasons,
we assume that the transmission is constrained to be i.i.d., meaning that the input covari-
ance matrix is constrained to be equal to P̄/MTI. In fact, the input covariance matrix should
be adapted to the channel distribution as explained in Section 2.7.6. When the input
covariance matrix is fixed, we know that the maximal transmission rate for reliable
communication is equal to:

Rmax = log2 det
[
I + P̄

MTσ2
n

HHH
]

(bits per transmission) (2.73)

This rate is achieved when the instantaneous value of the CSI is known at the receiver.
Again, although we do not make this assumption, we use the fact that, if the transmission
rate is aboveRmax, a reliable communication is not possible. A transmission rate is selected,
based on the distribution of the CSI. Because the channel could be in a deep fade, the
probability that the selected rate is larger than Rmax is nonzero.

From those examples, we can conclude that a reliable communication cannot be guar-
anteed in slow fading conditions without CSIT. Therefore, capacity is not a relevant per-
formance measure, and other measures are adopted as described now.

Outage: When the selected transmission rate R is larger than the maximal rate for reliable
communication Rmax for the given block, the system is said to be in outage. While the
outage probability is defined for a targeted transmission rate, the capacity with outage is
defined for a targeted outage probability po. It is the maximum transmission rate for which
the outage probability is smaller than po.

For slow fading channels with CSIT distribution, performance is assessed by the
probability of outage or alternatively the capacity with outage.

• For a selected transmit rate R, the outage probability is the probability that R is
larger than the maximal achievable rate for reliable communication.

• For a targeted outage probability po, the capacity with outage is the maximal rate
for which is the outage probability is smaller than po.

In a slow fading channel, a transceiver reaches optimal performance when it minimises
the outage probability.
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Maximal achievable rate as a function of time for 4x4 MIMO at 10 dB
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Figure 2.18 Example of a 4×4 MIMO Rayleigh fading channel at ρ = 10 dB. Left figure:
realisation of the maximal achievable rate Rmax for a block fading process. An outage occurs
when the selected rate is above the maximal achievable rate. Right figure: probability density
function of the maximal achievable rate: outage probability is the probability that the selected
rate is above the maximal achievable rate.

This last sentence simply states that if the maximal achievable rate for reliable commu-
nication of a given transceiver is smaller than Rmax, then it will not minimise the outage
probability.

Figure 2.18 (left) shows the evolution in time of the maximal achievable rate Rmax for
a 4×4 MIMO i.i.d. Rayleigh fading channel. According to the channel realisation during
the current block, Rmax can be large or small. But the transmitter does not know when
a favourable or nonfavourable channel realisation happens. For a selected rate of 9 bits
per transmission, over the observed period shown in the figure, we observe two outage
events. Figure 2.18 (right) shows the probability density function (PDF) of the maximal
achievable rate. The outage probability for a transmission rate of 9 bits per transmission
is the probability that Rmax is smaller than 9: it is the tail of the PDF.

2.7.2 Diversity to Improve Communication Reliability

In multiple antenna communications under slow fading conditions, one of the mechanisms
to minimise the outage probability is antenna diversity. In a SISO communication, if the
channel is in deep fade, the receiver is not able to decode the signal in general. In a SIMO
system, MR SISO channels are available for communication. The same transmitted signal
is sent through the MR channels. To obtain a gain from diversity, those channels should
be independent or have a low correlation factor. Then, when one of the MR channels is
in deep fade, the probability that the other channels are also in a deep fade is low. As
the number of independent channels grows, the probability that all the channels are in
deep fade decreases. Hence a signal that cannot be decoded in a SISO channel in deep
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fade is likely to be decoded when it is also sent through other independent channels. A
communication with diversity is more reliable. Note that diversity can be also in time and
in frequency.

In a communication relying on diversity, multiple copies of the same signal are sent
through multiple independent channels. The diversity gain is the number of indepen-
dent channels carrying the same signal.

In a MIMO channel, MTMR links are available for communication, so the maximal
diversity gain is MTMR. The transmitted signals and the receiver have to be properly
designed to extract the full diversity gain. The corresponding transceivers are described in
Chapter 3.

Diversity is relied upon specifically in communications over slow fading channels with
no CSIT. In time-invariant channels, the transmitter knows the CSIT and adapts to the
channel fades by spending less energy in channels in a deep fade. In fast fading channels,
codewords span over many channel fades, hence the communication benefits from an
asymptotically high (time) diversity gain.

Next, we present the outage results for the SISO/SIMO slow fading channel, then the
MISO channel and at last the MIMO channel.

2.7.3 Slow Fading SISO Channels with CSIT Distribution

The input-output relationship of the slow fading SISO channel at time k is:

y(k) = h x(k) + n(k) (2.74)

h is the channel realisation during the current coding block. The SNR is constant over a
block and equal to:

SNR = P̄
|h|2
σ2

n

(2.75)

The maximal rate of this system is the capacity:

CTI

SISO
= log2

(
1 + P̄

|h|2
σ2

n

)
(2.76)
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Outage Probability:

For a slow fading SISO channel with CSIT distribution, the outage probability for
transmission rate R is defined as the probability that the selected transmission rate R
is larger than the capacity:

pout(R) = Pr

{
log2

(
1 + P̄ |h|2

σ2
n

)
< R

}
(2.77)

Capacity with Outage: The system decides on a targeted outage probability po. Based
on the distribution of the CSIT, a transmission rate can be computed such that the as-
sociated outage probability is equal to po. This transmission rate is the capacity with
outage po.

For a slow fading SISO channel, the capacity with outage po denoted as Cout(po) is the
transmission rate such that

Pr

{
log2

(
1 + P̄ |h|2

σ2
n

)
< Cout(po)

}
= po (2.78)

The codes achieving the capacity with outage po are the codes designed for an AWGN
channel.

In general, it is difficult to obtain a closed form expression of the capacity with outage. It
is possible when a closed form expression for the cumulative distribution function (CDF)
of |h|2 exists, or equivalently of γ = |h|2/σ2

n . Let us define γo such that log2(1 + P̄γo) =
Cout(po). Then, the outage probability can be written as:

Pr
{

log2(1 + P̄γ) < log2(1 + P̄γo)
} = po ⇔ Pr(γ < γo) = po (2.79)

The right hand side of the equation comes from the fact that log2 is a strictly monotonic
function. Pr(γ < γo) = po can be expressed based on the CDF of γ denoted as F (γ):

po = Pr(γ < γo) = 1 − F (γo) (2.80)

γo can be found by inverting F . Once γo is known, Cout(po) is determined as Cout(po) =
log2(1 + P̄γo).
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2.7.4 Slow Fading SIMO Channel with CSIT Distribution:
Receive Diversity

As the CSIR is assumed to be known, receive MF remains the optimal receiver. It trans-
forms the SIMO channel into an equivalent SISO channel with SNR equal to P̄‖h‖2/σ2

n .
Capacity results for the slow fading SISO channel become applicable.

The outage probability of a slow fading SIMO channel for transmission rate R is
defined as:

pout(R) = Pr

{
log2

(
1 + P̄‖h‖2

σ2
n

)
< R

}
(2.81)

A very important difference with the SISO case is that a slow fading SIMO system benefits
from receive diversity due to the presence of multiple antennas at the receiver. When
all channels hj are independent, the input signal is received through MR independent
paths, thus exhibiting a full diversity gain of MR. Note that the extraction of full diversity
necessitates the optimal processing at the receiver matched to the SIMO channel. When
the channels hj are correlated, the diversity gain decreases.

2.7.5 Slow Fading MISO Channel with CSIT Distribution:
Transmit Diversity

To minimise the outage probability, a MISO system relies on transmit diversity: multiple
copies of the same signal are sent from the multiple antennas. The system should achieve a
high level of redundancy at the transmitter while still delivering a high throughput (capacity
with outage). The optimal codes for a MISO channel belong to the category of space–time
codes, codes spanning across time and space. The design of those codes relies solely on
the statistics of the CSIT. Further details on space-time codes are given in Chapter 3.

Next, we give the expression of the capacity of a MISO slow fading channel when
transmission is constrained to be i.i.d. (Rxx = P̄/MTI). This particular case is important
as it provides an upper bound for the performance of space–time block codes (described
in Chapter 3). The general case of a transmission that is not constrained to be i.i.d. is a
special case of the slow fading MIMO channel treated in Section 2.7.6.

2.7.5.1 Outage Probability for an i.i.d. transmission

For a 2×1 MISO system and when the transmission is constrained to be i.i.d., capacity
is achieved using a well-known transmission technique called Alamouti space time block
code (STBC). This STBC is described in detail in Chapter 3, Section 3.3. In this section,
we state the main results.

By cleverly designing the redundant transmission of two symbols in two transmission
periods, the Alamouti STBC extracts the maximal diversity gain while minimising the
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outage probability. Using the proper post-processing, the MISO system is made equivalent
to a SISO channel with SNR:

SNRAla = 1

2

P̄‖h‖2

σ2
n

(2.82)

An important observation comes from the comparison with the MISO channel with CSIT.
When the CSIT is available, a transmit matched filter can be applied resulting in the
following SNR:

SNRTMF = P̄‖h‖2

σ2
n

(2.83)

Hence, the penalty for not knowing the instantaneous value of the CSIT is a decrease of
the SNR by half.

Based on the SNR (2.82), the maximal achievable rate for reliable communication is
log2

(
1 + P̄

2
‖h‖2

σ2
n

)
. Hence, the outage probability of the Alamouti scheme for a transmis-

sion rate R is:

pout(R) = Pr

{
log2

(
1 + P̄

2

‖h‖2

σ2
n

)
< R

}
(2.84)

This result can be extended to an arbitrary number of transmit antennas MT as follows.

When transmission is constrained to be i.i.d., the outage probability of a slow fading
MISO channel for a transmission rate R is:

pout(R) = Pr

{
log2

(
1 + P̄

MT

‖h‖2

σ2
n

)
< R

}
(2.85)

Optimal space time codes achieving the outage probability for a number of transmit antenna
larger than 2 are difficult to design. Suboptimal designs are described in Chapter 3.

We close this section with the following remarks.

� Compared to the case when the CSIT is known at the transmitter, there is a
performance loss of 1/MT in the SNR.

� Optimal codes extract a full diversity gain of MT.
� When the channel has an i.i.d. Rayleigh fading distribution, an i.i.d. transmission

with correlation matrix Rxx = P̄/MTI is not optimal in general. However, it
becomes optimal asymptotically at high SNR, so that the outage probability can
be approximated as (2.85).
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2.7.6 Slow Fading MIMO Channel with CSIT Distribution

A slow fading MIMO channel benefits from both diversity and multiplexing gain in or-
der to minimise the outage probability. The optimal transmitter is D-Blast (described in
Chapter 3). D-Blast extracts the maximum diversity gain of MTMR, for an i.i.d Rayleigh
fading channel. Although it still benefits from a full multiplexing gain, it has to trade some
throughput for diversity gain to improve communication reliability. On the opposite side,
V-Blast, which is optimal for a fast fading MIMO channel, does not need to exploit space
diversity because a reliable communication is possible by coding over many channel fades.
Hence it targets a high throughput.

2.7.6.1 Outage Probability for a General MIMO Channel Distribution

When only the CSIT distribution is known, the covariance of the input signals should
be adapted to the channel distribution for optimal performance. Let us assume that the
covariance matrix of the input signal is fixed. For a fixed input covariance matrix, the
maximal achievable rate for a reliable communication over a given channel fade H is
equal to Rmax = log2 det[I + 1

σ2
n
HRxxH

H ]. Assume that a rate R is selected at the trans-
mitter according to the channel distribution. Over a channel fade, the system is in outage
when the selected transmission rate is larger than Rmax. Hence, the outage probability for
transmission rate R and a given correlation matrix Rxx is:

pout(R,Rxx) = Pr
{

log2 det
[
I + 1

σ2
n

HRxxH
H

]
< R

}
(2.86)

Now, to minimise outage probability, the covariance matrix Rxx should also be optimised.

The outage probability of a slow fading MIMO channels with CSIT distribution for a
transmission rate R is defined as:

pout(R) = min
Rxx s.t. tr(Rxx)≤P̄

Pr
{

log2 det
[
I + 1

σ2
n

HRxxH
H
]

< R
}

(2.87)

For a fixed input covariance matrix, the capacity with outage po is the value Cout(po,Rxx)
such that:

Pr
{

log2 det
[
I + 1

σ2
n

HRxxH
H
]

< Cout(po, Rxx)
}

= po (2.88)
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Hence, the capacity with outage is:

max
Rxx s.t. tr(Rxx)≤P̄

Cout(po, Rxx) (2.89)

The optimal correlation matrix depends on the statistics of the channel and is not easy to
find in general for an arbitrary channel distribution. However, when the transmission is
constrained to be i.i.d, the computation of the outage probability becomes simplified.

2.7.6.2 Outage Probability for an i.i.d Transmission

When the transmission is constrained to be i.i.d (Rxx = P̄/MTI), the outage probability
of a slow fading MIMO channel with CSIT distribution for transmission rate R is:

pout(R) = Pr
{

log2 det
[

1 + P̄

MTσ2
n

HHH
]

< R
}

(2.90)

2.7.6.3 Outage Probability for Rayleigh i.i.d MIMO Channel

An i.i.d transmission is optimal for a fast fading Rayleigh channel. It is not for a slow
fading channel in general. For MISO channels, Rxx = P̄/MTI is the optimal correlation
matrix at high SNR. When the receiver possesses multiple antennas, this is not true any-
more. However, (2.90) is considered as a good upper bound on the outage probability at
high SNR.

2.7.6.4 Performance: Outage Probability for a Rayleigh i.i.d Slow Fading MIMO
Channel

A common way to illustrate the capacity benefits of MIMO slow fading systems is through
the use of CDFs. Figure 2.19 shows the CDF of the maximal achievable gain for: a) a SISO
channel, b) a 2×2 MIMO channel and c) a 4×4 MIMO channel. All the channels have
Rayleigh statistics with E

[|hij|2
] = 1 and the average SNR per link, ρ = P̄/σ2

n , is equal
to 10 dB.

Looking at the CDF curves, the corresponding outage probability for a fixed selected
rate can be easily found. We can observe that the outage probability decreases quite
dramatically as the MIMO dimensions increase. For example, for a selected rate R = 5
bits/transmission, the outage probability is 0.95 for a SISO system, 0.35 for a 2×2 MIMO
system, while it is much smaller for a 4×4 MIMO system.

The capacity with outage can also be determined as shown in the figure where a fixed
outage probability of 10% is considered. The capacity with 10% outage is equal to 1 bit
per transmission for the SISO system, 3.9 bits per transmission for the 2×2 MIMO system
and 9.3 bits per transmission for the 4×4 MIMO system.

Figure 2.20 shows the capacity with 10% outage as a function of the SNR ρ. With this
level of outage, the curves look very similar to the fast fading curve in Figure 2.16. The
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Pr
{

log2 det ( )1 + P̄
MTσ2

n
HHHH

H
< R

}
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Figure 2.19 Cumulative distribution functions of the maximal achievable rate at 10 dB for
a SISO channel, a 2×2 MIMO channel and a 4×4 MIMO channel. The capacity with 10%
outage can easily be determined from the CDF.
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Figure 2.20 Capacity with outage at 10 dB.

capacity with outage does not offer as much information as the outage probability. The
performance measure of choice is actually the outage probability as shown in Figure 2.21,
where we can observe that, at high SNR, the slope of the probability curves is equal to the
diversity gain.
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Figure 2.21 Outage probability: the diversity gain can be determined from the curve slopes.

2.7.6.5 Mathematical Definition of Diversity Gain

In many systems, the diversity gain can be easily determined by examining the number of
independent channels carrying each codeword. However, for more complex systems, the
following mathematical definition becomes easier to manipulate. Diversity gain is defined
at high SNR only, although the notion of diversity is meaningful at low SNR as well.

The diversity gain (DG) of a slow fading channel MIMO channel with outage proba-
bility pout(ρ) is:

lim
ρ→∞

log2 pout(ρ)

log2 ρ
= −DG (2.91)

The outage probability depends on the selected transmission rate, however, the diversity
gain does not.

Summary for slow fading channels with CSIR, distribution of CSIT

For slow fading channels, coding spreads over a block of data where the channel remains
constant. As the CSIT is not available, a reliable communication is not possible. The
performance measures for slow fading channels are:

� The outage probability. For a selected transmit rate R, it is the probability that R is
larger than the maximal achievable rate for reliable communication.
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Summary for slow fading channels with CSIR, distribution of CSIT (Continued)

� The capacity with outage. A targeted outage probability po is set by the system. The
capacity with outage po is the maximal rate for which is the outage probability is
smaller than po.

Both quantities can be determined at the transmitter using the distribution of the CSIT
allowing the transmitter to select its transmission rate matching a targeted outage prob-
ability.

� SISO/SIMO channel y(k) = h x(k) + n(k).
The outage capacity of a slow fading SISO/SIMO channel for target rate R is:

pout(R) = Pr

{
log2

(
1 + P̄‖h‖2

σ2
n

)
< R

}
(2.92)

In the capacity achieving strategy, the transmit power is kept constant over time and
equal to its maximum P̄ . The code minimising the outage probability is the AWGN
code.

� MISO channel y(k) = hT x(k) + n(k).
For an i.i.d transmission (i.e. Rxx = P̄/MTI), the outage probability is:

pout(R) = Pr

{
log2

(
1 + P̄

MT

‖h‖2

σ2
n

)
< R

}
. (2.93)

For a 2 × 1 system, the Alamouti space–time code minimises the outage probability.
� MIMO channel y(k) = Hx(k) + n(k).

For a general MIMO channel distribution, the outage probability is:

pout(R) = min
Rxx s.t. tr(Rxx)≤P̄

Pr
{

log2 det
[
I + 1

σ2
n

HRxxH
H
]

< R
}

(2.94)

For an i.i.d transmission, the outage probability is:

pout(R) = Pr
{

log2 det
[
I + P̄

MTσ2
n

HHH
]

< R
}

(2.95)

For a i.i.d Rayleigh fading channel, (2.95) is a good upper bound on the outage
probability at high SNR.

D-Blast (described in Chapter 3) is a MIMO optimal transceiver architecture.
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2.8 Chapter Summary Tables

The main results on capacity contained in this chapter are presented in the form of tables
for easy reference, according to three types of systems, three types of channel fading and
two types of CSIT as described below.

� Three types of systems:

1. SISO/SIMO: y(k) = h(k)x(k) + n(k).
SISO and SIMO are treated together because the SIMO channel can be made
equivalent to a SISO channel when the CSI is known at the receiver (by perform-
ing spatial matched filtering which is information lossless).

2. MISO: y(k) = h(k)T x(k) + n(k).
3. MIMO: y(k) = H(k)x(k) + n(k).

For a fading channel, the channel matrix is a random variable denoted as h(k)
(MISO/SIMO) and H(k) (MIMO), while the channel realisation is denoted as h(k)
and H(k).

� Three types of channel fading:

1. Time-invariant channel.
2. Fast fading channel: code spans over many channel coherence periods.
3. Slow fading channel: code spans over a single channel coherence period.

� Two types of CSIT:

1. Instantaneous value of CSIT.
2. Distribution of CSIT.

In general, the CSIT groups the channel coefficients as well as the noise
variance σ2

n . The CSIR (channel coefficients) is assumed perfectly known at
the receiver.

� Important quantities:
� Singular value decomposition: H = U�VH , eigenvalues are denoted as λk.
� SNR per eigenchannel: γk = λk/σ

2
n .

� Rank of channel matrix H : rH, which determines the multiplexing gain for a time-
invariant channel.

� Mmin = min(MT, MR) determines the multiplexing gain for a fading channel. MT

and MR are the number of transmit and receive antennas.
� ρ = P̄/σ2

n , where P̄ is the maximal transmit power.
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General results on SISO/SIMO capacity

Performance measure

Distribution of CSIT, CSIR CSIT and CSIR

Time Shannon capacity

CTI
SIMO = log2

(
1 + P̄‖h‖2

σ2
n

)
invariant
(AWGN)

Fast
fading

Ergodic capacity

CFF
SIMO = E

[
log2

(
1 + P̄‖h‖2

σ2
n

)]

Slow
fading

Outage probability for rate R

pout(R)=Pr

{
log2

(
1+ P̄‖h‖2

σ2
n

)
<R

}
Capacity with outagepo

CSF
SIMO(po) verifying pout(C

SF
SIMO(po)) = po

Properties of capacity achieving transceiver

Distribution of CSIT, CSIR CSIT and CSIR
Rate optimally adjusted according Rate (and power) optimally adjusted

to CSIT distribution based on instantaneous value of CSIT

Time
invariant
(AWGN)

Receiver: spatial matched filter
AWGN code: input stream with fixed

rate equal to capacity, fixed power
equal to P̄ , coding across noise

Fast
fading

Receiver: spatial matched filter
Input stream with fixed rate equal
to capacity, fixed power equal to

P̄ , coding across noise and
channel fades

Slow
fading same as TI channel
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General results on MISO capacity

Performance measure

Distribution of CSIT, CSIR CSIT and CSIR

Time
invariant

capacity

CTI
SIMO = log2

(
1 + P̄‖h‖2

σ2
n

)

Fast
fading

Ergodic capacity

CFF
SIMO = E

[
log2

(
1 + 1

MT

P̄‖h‖2

σ2
n

)]

Slow
fading

Outage probability for rate R

pout(R)=Pr

{
log2

(
1+ 1

MT

P̄‖h‖2

σ2
n

)
<R

}
Capacity with outagepo

CSF
SIMO(po) verifying pout(C

SF
SIMO(po)) = po

Properties of capacity achieving transceiver

Distribution of CSIT, CSIR CSIT and CSIR
Rate and input covariance matrix Rate, power and input covariance
optimally adjusted according to matrix optimally adjusted based on

CSIT distribution instantaneous value of CSIT

Time
invariant

Transmitter: spatial matched filter
Input stream: AWGN code

Fast
fading

Special case of V-Blast with 1
receive antenna (see Chapter 3)

Slow
fading

For 2 × 1 MISO and i.i.d.
transmission: Alamouti STBC

(see Chapter 3)
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General results on MIMO capacity

Performance measure

Distribution of CSIT, CSIR CSIT and CSIR

Time
invariant

Capacity

CTI
MIMO =

rH∑
k=1

log2

(
1+Po

k γk

)

Po
k =

(
1

γ0
− 1

γk

)+

γk = λk/σ
2
n and

γ0 verifies
∑rH

k=1 Po
k = P̄

Fast
fading

Ergodic Capacity
General channel distribution:

CFF
MIMO = max

Rxx,tr(Rxx)≤P̄
E

[
log2 det

[
I+ 1

σ2
n

HRxxHH
]]

i.i.d. Rayleigh Fading:

CFF
MIMO = E

[
log2 det

[
I + P̄

MTσ2
n

HHH
]]

Slow
fading

Outage probability for rate R
General channel distribution:

min
Rxx,tr(Rxx)≤P̄

Pr

{
log2 det

[
I + 1

σ2
n

HRxxHH
]
<R

}
Isotropic transmission:

Pr

{
log2 det

[
I + P̄

MTσ2
n

HHH
]

< R

}

Properties of capacity achieving transceiver

Distribution of CSIT, CSIR CSIT and CSIR
Rate per stream and input covariance Rate and power per stream, input

matrix optimally adjusted according to covariance matrix optimally adjusted
CSIT distribution according to instantaneous CSIT

Time
invariant

Eigenmode transmission: rH inde-
pendent AWGN coded input streams

Fast
fading

V-Blast (see Chapter 3)
Independent AWGN coded input

streams. SIC at receiver

Slow
fading

D-Blast (see Chapter 3)
Diagonal encoding and decoding
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MIMO performance gains

Performance of MIMO systems are assessed by three types of gains. The gains are
defined when comparing to a single link communication.

� Multiplexing gain. The multiplexing gain is the number of independent streams that
can be transmitted simultaneously. The multiplexing gain of a MIMO system with
capacity C(ρ) is defined as:

lim
ρ→∞

C(ρ)

log2 ρ
(2.96)

where ρ = P̄/σ2
n . For a time-invariant channel, the maximal multiplexing gain is equal

to the rank of the channel matrix. For a fading channel, the maximal multiplexing gain
is equal to min(MT, MR), provided a rich scattering environment.

� Array gain. The array gain is usually defined for a MIMO system transmitting a single
stream (using beamforming techniques as described in Chapter 3). It is defined as
the increase of the post-processing SNR obtained from using multiple antennas at the
transmitter or receiver side. This gain can be extracted when the CSI is known by an
appropriate combining of the transmitted or received signals. The maximal array gain is
λ2

max where λmax is the maximal singular value of the channel matrix: it is extracted when
the CSI is known at both the transmitter and the receiver using maximal eigenmode
transmission (described in Chapter 3).

For a multiple stream MIMO communication, it is uneasy to define an array gain
compared to a single link communication, because multiple post-processing SNRs
associated to each stream exist. An array gain per stream could be defined that is useful
when comparing systems with the same number of multiplexed streams.

� Diversity gain. The diversity gain is defined for slow fading channels with no CSIT
where diversity is used to increase the communication reliability (decrease of the out-
age probability). It is defined as the number of independent channels carrying the same
information. The maximal diversity gain is equal to MRMT. The diversity gain d of a
slow fading channel MIMO channel with outage probability pout(ρ) is defined mathe-
matically at high SNR as:

lim
ρ→∞

log2 pout(ρ)

log2 ρ
= −DG (2.97)
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Asymptotic MIMO performance gains

Time-invariant channel

Low SNR High SNR

Asymptotic C ∼ λ2
maxρ/log 2 C ∼ rH log2 ρ

value of Dominant gain = tx and Dominant gain = multiplexing
capacity and rx array gain C scales linearly with rH

SM gain None Channel rank rH

Array gain λ2
max Negligible w.r.t. to multiplexing gain

Channel No requirement Well conditioned
conditioning (for high performance)

Fast fading channel

Low SNR High SNR

Asymptotic C ∼ MRρ/log 2 C ∼ min(MT, MR) log2 ρ

value of Dominant gain = rx Dominant gain = multiplexing
capacity array gain C scales linearly with

Equivalent to SIMO min(MT, MR)

SM gain None min(MT, MR)

MR Negligible w.r.t. to multiplexing gain
Array gain Negligible gain when

MT increases

Channel
No requirement

Statistically well conditioned
conditioning (for high performance)

Slow fading channel

Low SNR High SNR

Outage Dominant gains = array Dominant gains = multiplexing
probability and diversity gains and diversity gain

SM gain None MR

Array gain MR Negligible w.r.t. to multiplexing gain

Div. gain MR MRMT

Channel
No requirement

Statistically well conditioned
conditioning (for high performance)
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2.9 Further Reading

The capacity of a fixed channel with additive white Gaussian noise was first derived by
Shannon in his seminal paper. It has been known to be the upper limit of the achievable
communication rate over a fixed channel and has been used as a a benchmark for the
performance of various coding and modulation schemes (Shannon 1948). However, as
wireless communications came into place and it became apparent that the channel was
not a constant quantity, the effects of a time-varying, that is, fading, channel became the
object of theoretical and practical study (Goldsmith (1997), Goldsmith and Chua (1997,
1998), Goldsmith and Varaiya (1997)).

The topic of multiple antenna communications emerged in the mid 1990s as a promising
technique to increase the capacity (Foschini and Gans (1998), Telatar and Tse (2000)),
although multiple antenna techniques in the context of diversity systems had been known
for years. The initial theoretical results motivated a series of research projects that focused
on different aspects of initially single link communications, that is, D-Blast and V-Blast
(Foschini (1996), Foschini et al. (1998), Golden et al. (1999), Wolniansky et al. (1998)).

The idea of eigenmode transmission was investigated for example, in Bach Andersen
2000a,b, while the idea of applying waterfilling techniques (taking into account the cross-
correlation of the interference) was investigated in Chizhik, Farrokhi et al. (2000) and
Farrokhi et al. (2001).

The topic of transmit antenna diversity was studied, among others, in Tarrokh et al.
(1999), while the trade-off between diversity and multiplexing was analysed in Tse et al.
(2004).
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3
MIMO Transceivers

Elisabeth De Carvalho

In the previous chapter, we have presented performance aspects of MIMO communications
based on information theoretic tools, such as capacity or outage probability. Those tools
are simple and yet very powerful as they allow for a performance characterisation without
the need to design the transmitted signals and the receiver. However, information theoretic
tools are also somewhat limited as they make abstraction of the constraints involved in the
design of a practical system. This chapter takes a closer look at the transmitter and receiver
design. The primary focus is on transceiver structures that allow for data multiplexing. A
secondary focus is on MIMO diversity techniques improving communication reliability
in a slow fading environment.

1. Receivers.
We first examine the receiver side and describe some of the most practical MIMO
receivers:
• Linear receivers: each of the transmitted multiplexed data streams are estimated at

the receiver as a linear combination of the received signals. We describe the matched
filter, the zero-forcing and the minimum mean square error (MMSE) linear receivers.

• Receivers based on successive interference cancellation: in particular, we describe
V-Blast, an optimal transceiver for fast fading channels aiming at high throughput.

2. Joint transmitter and receiver design with CSI. Assuming the knowledge of the CSI
at both ends of the communication link, transmission and reception can be adapted
to the channel. Those techniques are called beamforming in this chapter. We describe
several beamforming schemes. In particular, we describe the eigenmode transmission
scheme which is a MIMO multiplexing architecture based on multiple transmit and
receive beams where each beam at the transmitter is matched to a beam at the receiver.

Practical Guide to the MIMO Radio Channel with MATLAB® Examples, First Edition.
Tim Brown, Elisabeth De Carvalho and Persefoni Kyritsi.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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3. Space–time architectures for slow fading channels. Coding across time but also
across antennas improves the communication reliability, which is needed in a slow
fading environment. We describe simple space–time codes called space–time block
codes. Those codes are designed for MISO systems and do not exploit multiplexing
capabilities. At last, we present a space–time architecture called D-Blast where coding is
done across time and space and which exploits multiplexing: it provides high throughput
but also targets a high diversity gain.

3.1 MIMO Receivers

3.1.1 General MIMO Architecture

To describe the structure of MIMO receivers, we consider a generic MIMO system depicted
in Figure 3.1. The MT transmitted packets (or codewords) are denoted as Xi, i = 0, . . . , MT

and also referred to as streams of data. They are encoded independently. The packets are
subjected to the adverse effects of the propagation channel and the additive noise at the
receiver. The received packets are denoted as Yj , j = 0, . . . , MR. The role of the MIMO
receiver is to recover the MT transmitted packets from the MR received packets.

During the whole chapter, the processing at the receiver is mostly described on a symbol
by symbol basis. A symbol of packet Xi is generically denoted as xi. Likewise a symbol
from the received packet Yj is denoted as yj and the corresponding additive noise sample
is nj . Each stream of data is allocated to same power Px:

Px = P̄/MT (3.1)

where P̄ is the total transmit power over all transmit antennas. Corresponding to the
transmission and reception via multiple antennas, we define the MT×1 complex valued
vector of input symbols as x, the MR×1 complex valued vector of received signals as y

Figure 3.1 General spatial multiplexing structure. MT packets are sent from MT transmitting
antennas and received at MR antennas.
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and the MR×1 complex valued vector of received noise samples as n:

x =

⎡
⎢⎢⎣

x1

...

xMT

⎤
⎥⎥⎦ , y =

⎡
⎢⎢⎣

y1

...

yMR

⎤
⎥⎥⎦ , n =

⎡
⎢⎢⎣

n1

...

nMR

⎤
⎥⎥⎦ (3.2)

The received signal vector y contains contributions from all transmitted symbols. The
contribution of symbol xi is hixi where the MR×1 complex valued vector hi groups the
channel coefficients from transmit antenna i to all receive antennas. The received signal
vector can be written as:

y =
MT∑
i=1

hixi + n, hi =

⎡
⎢⎢⎣

h1i

...

hMRi.

⎤
⎥⎥⎦ . (3.3)

Denoting the MR×MT channel matrix as H , Equation (3.3) can be rewritten as a system
with vectorial input x and vectorial output y:

y = Hx + n, H = [
h1 h2 · · · hMT

]
. (3.4)

The main assumptions in the whole section are summarised as follows:

Main assumptions for MIMO receivers

� MIMO channel coefficients are known at the receiver.
� Input symbols are independent temporally and spatially: E

[
xxH

] = PxI.
� Noise at receiver is zero mean complex circularly symmetric (ZMCCS), independent

temporally and spatially: n ∼ CN(0, σ2
nI).

How to extend the theory to an unequal transmit power allocation.
This chapter treats the case of equal transmit power allocation between packets, but
only not to overload of the mathematical expressions involved. The results can be eas-
ily extended to an unequal power assignment. Assume transmit antenna i is assigned
power Pi. For simplicity, we set the symbol power to 1, that is, E‖xi‖2 = Px = 1.
Hence, the contribution of symbol xi in the received signal is

√
Pihixi. The idea is

to integrate the transmit power parameter into the channel. We define the following
notations:

h′
i =

√
Pihi H ′ =

[√
P1h1 . . .

√
PMT hMT

]
(3.5)

Then, the input–output relationship is the same as in Equation (3.3): y = ∑MT
i=1 h′

ixi +
n = H ′x + n. In the formulas given in this section, H can be replaced by H ′ and Px
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by 1. Notice that the channel matrix H ′ can be rewritten as H ′ = HProot where Proot

is a MT×MT diagonal matrix with ith diagonal element equal to
√

Pi.

3.1.2 Maximum Likelihood Receiver

The optimal receiver is the maximum likelihood (ML) receiver. In the most general case,
the input symbols belong to a codeword spanning space and time. The number of possible
codewords is finite: we denoteCW as the set of all possible codewords. In the ML approach,
all possible codewords are tested and the one that best fits the received signal according to
the ML criterion is selected as an estimate of the codeword that was actually transmitted.

The codeword transmitted is a matrix denoted asXwith dimensionMT×N. The columns
of this matrix are the vectorial inputs of the MIMO system at time instant k to N and are
denoted in this section as xk, k = 1, . . . , N. The corresponding matrix output is denoted
as Y: the columns of Y are denoted as yk, k = 1, . . . , N where yk is the received signal
corresponding to the transmission of xk.

X is the actual transmitted codeword. When testing all the possible input codewords, a
candidate codeword is Z where zk, k = 1, . . . , N are the columns of X. The ML optimi-
sation criterion finds the codeword with the minimal distance to the received signal:

min
Z ∈ CW

‖Y − HZ‖2
F ⇔ min

{z1, . . . , zN} ∈ CW

N∑
k=1

‖yk − Hzk‖2 (3.6)

The ML receiver can be simplified if the receiver proceeds first to estimating the input
symbols and then to decoding. Then, ML exploits the fact that a symbol belongs to a
constellation (e.g. QPSK) and takes a finite number of values. As symbol xi takes a finite
number of values, so does the transmitted vectorial input x = [

x1 . . . xMT

]T (we give up
the index k for simplicity). We denote as C the set of all possible vectorial inputs. Calling
z a candidate vectorial input in the set C, the ML criterion finds the value of z that best fits
the received signal as:

min
z ∈ C

‖y − Hz‖2 (3.7)

The decoder is error free if the value of z found through the ML optimisation is the
actual transmit input x. ML receivers are computationally complex in general because one
needs to test all the possible input vectorial values. Their number can become quite large
especially as the number of antennas and constellation order increase. Hence, simpler
receivers are considered as more practical in general.

3.1.3 Classes of Receivers Considered in the Chapter

In this chapter, we consider the most popular and simple MIMO receivers. Suppose
we want to decode packet k. The received signal can be decomposed to isolate the
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contribution of packet k as:

y = hkxk +
∑
i /= k

hixi

︸ ︷︷ ︸
Inter-stream interference

+ n (3.8)

The term
∑

i /= k hixi is an undesired signal and act as interference: we call it inter-symbol
interference (ISI).

Suppose the ISI is not present. Then, we have a SIMO channel with input xk, channel
hk and additive white Gaussian noise. The optimal receiver is the spatial matched filter
(described in Chapter 2), consisting in coherently combining the MR received signals. Due
to the interference, MF is not optimal and leads to poor decoding performance in general.
The purpose of the MIMO receivers is to suppress the ISI in order to have estimates of
the input symbols with a small estimation error. Following the ISI suppression phase, the
input packets are decoded. This section describes two classes of receivers described as
follows.

Linear Receivers: A MIMO system can be seen as a linear system of MR equations (the
MR received signals) with MT unknowns (the MT input symbols). When there is no noise,
this linear system is simply:

y = Hx (3.9)

If there are more equations than unknowns and if the channel has full column rank, this
system can be inverted to determine the unknowns: this corresponds to the Zero-Forcing
approach. Because of the additive noise, this inversion cannot give perfect estimates of the
input symbols. In particular, when the channel matrix is ill-conditioned (the column space
of H is close to be rank deficient), estimation performance becomes poor because the
channel inversion also enhances the noise. To remedy this problem, the MMSE approach
relies on a compromise between system inversion and noise enhancement.

The derivation of linear receivers is based on the theory of linear estimation, where the
estimates are formed as a linear combination of the observations (the received signals).
In our case, each received signal yj , j = 1, . . . , MR contains some information about the
transmitted signals. This information is not perfect as the transmitted signals are affected
by the channel and corrupted by the additive noise at the receiver. We would like to
combine the information from each received signal in the best way possible to extract an
estimate of transmitted symbols. A simple way is to perform a linear combination of the
received signals. The coefficients of this linear combination are optimised to minimise,
in some sense, the error between the estimate of the transmitted symbols and their actual
value. They take into account the distortion caused by the MIMO channel but also the
noise. Suppose we want to estimate xk as a linear combination of the received signals yj ,
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j = 1, . . . , MR. The estimate of xk is of the form:

x̂k =
MR∑
j=1

fkjyj (3.10)

The fkj’s are the complex coefficients of the linear combination. We will refer to x̂k as a
soft estimate of xk as opposed to an hard estimate which is the constellation point that is
the closest to x̂k.

In this section, the following linear receivers are described:

• Spatial matched filtering (MF) (Section 3.1.4).
• Zero forcing (ZF) (Section 3.1.5).
• MMSE (Section 3.1.6).

Successive Interference Cancellation Receiver: Successive interference cancellation
(SIC) is intended for a transmitter structure where each input packet is encoded inde-
pendently. SIC is an iterative receiver and its principle is as follows: (1) one given packet
is decoded using a linear receiver, (2) its contribution in the received signal is reconstructed
and removed from the received signal. The next packet is decoded in the same way but
with one less interferer. We give the example of V-Blast, a MIMO transceiver architecture
whose receiver is based on SIC.

3.1.4 Spatial Matched Filtering

We first describe spatial MF. Although it is intended for a single stream system and not a
system with spatial multiplexing, MF is important for two reasons:

1. The linear receivers adapted to spatial multiplexing consists of several processing steps.
The first step is the spatial MF.

2. MF is optimal when MIMO channel is orthogonal, i.e the columns of the channel
matrix H are orthogonal. This is an important special case as it comprises eigenmode
transmission as described in Section 3.2.6.

MF is optimal for a SIMO system provided that the additive noise is white (Sec-
tion 3.1.4.1). When applied to a MIMO system, spatial MF becomes suboptimal because
it does not account for the ISI, treating it as white noise, thus it is optimal only when the
MIMO channel is orthogonal.

3.1.4.1 Spatial Matched Filtering for SIMO Systems (with Additive White Noise)

We consider a SIMO system with a single transmit antenna and multiple receive antennas.
The received signal at antenna j is yj = hjx + nj . We recall that the noise is white:
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Figure 3.2 Linear receiver for a 1×2 SIMO system. The spatial matched filter maximises
the post-processing SNR and corresponds to w∗

1 = h∗
1 and w∗

2 = h∗
2.

n ∼ CN(0, σ2
nI). Matched filtering consists of a linear combination of the multiple received

signals as depicted in Figure 3.2. The received signals yj are weighted by a complex

scalar weight w∗
j and summed up. The resulting signal is:

∑MR
j=1 w∗

jyj =
(∑MR

j=1 w∗
jhj

)
x +∑MR

j=1 w∗
jnj. MF is the receiver maximising the post-processing SNR as seen below.

Post-processing SNR: The new system encompassing the spatial filtering at the receiver
is a SISO system with channel equal to

∑MR
j=1 w∗

jhj . For convenience, we rewrite this
equivalent channel as the inner product: wHh where wH = [

w∗
1 w∗

2 . . . w∗
MR

]
is a row

vector. The noise part is written as wHn. With those notations, the processed received
signal has the following expression:

wHy = wH (hx + n) = wHh x + wHn (3.11)

The signal power in (3.11) is Px|wHh|2, while the noise power is σ2
n‖w‖2. Hence, the

post-processing SNR after spatial filtering is:

SNR = Px|wHh|2
σ2

n‖w‖2
(3.12)

3.1.4.2 Geometric Interpretation of Maximisation of SNR

The post-processing SNR remains unchanged whatever the value of ‖w‖2. Therefore,
we can impose the constraint ‖w‖2 = 1 such that the result of the SNR maximisation
remains the same. With this constraint, maximising the post-processing SNR is equivalent
to maximising the norm of the inner product |wHh|.

Figure 3.3 illustrates a simple case that can be drawn in the 2D plan: two transmit
antennas with real channels. The channel vector h and the weights of the spatial filtering
w are drawn as 2D vectors. From this representation, it can easily be seen that the am-
plitude of the scalar product wHh is maximised when h and w are aligned. The optimal
(normalised) weight vector is wH

MF = e−jφhH/‖h‖. As the phase factor does not impact
the post-processing SNR, we set the phase φ to zero. This result can be extended to the
general case.
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Figure 3.3 SIMO case with two receive antennas and a real channel. The amplitude of the
inner product wHh (with ‖w‖2 = 1) is maximised when h and w are aligned.

The received filter after the matched filter wH
MF = hH/‖h‖ is:

ỹMF = ‖h‖x + hH

‖h‖n (3.13)

To get an estimate of the transmitted symbol x, an additional scaling is needed to obtain:

x̂MF = x + hH

‖h‖2
n (3.14)

This last equation describes a channel with an SNR defined as the ratio between the signal
power and the noise power and is equal to Px‖h‖2/σ2

n . The SNR can equivalently be
defined in terms of estimation quantities as the ratio between the signal power and the
mean squared estimation error as:

SNRMF = Px

E|x − x̂MF|2 = Px‖h‖2

σ2
n

(3.15)

We next summarise the main results about receive matched filtering.

The spatial filter matched to the SIMO channel h is wH
MF = hH/‖h‖. The spatial MF

maximises the post-processing SNR. The soft estimate of x obtained by the spatial MF
is:

x̂MF = x + hH

‖h‖2
n SNRMF = Px‖h‖2

σ2
n

(3.16)

Matched filtering combines the received signals as follows:

1. Phase alignment: The phase of the weights w∗
j is adjusted so that the signals w∗

jhj add
constructively. The phase of the signals is set to zero.
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2. Power distribution: The amplitude of the weights plays also a role in maximising
the post-processing SNR. The optimal allocation assigns more power to the stronger
channels.

Some remarks:

� Spatial MF is information lossless and achieves the SIMO capacity.
� The matched filter is frequently defined up to a scale factor as a scaling operation

does not change the post-processing SNR. Previously, we have introduced the
normalised version of the matched filter. In the rest of the section, the receive
matched filter will often be defined as the conjugate transpose of the channel
hH. Then, the received signal after the matched filter hH is ‖h‖2x + hHn. After
matched filtering, the signal is sent to a decoder. It is common for decoders to
require an entry of the form x + n′, where n′ is a noise term independent from
x. Hence, a proper scaling by 1/‖h‖2 is necessary at the output of the matched
filter. Notice that we have applied such a scaling at the output at the normalised
matched filter in Equation (3.13) to get a soft estimate of the input symbol.

� Spatial matched filtering is also commonly called receive Maximal Ratio Com-
bining (MRC).

3.1.4.3 SIMO Systems with Coloured Noise: n ∼ CN (0, Rnn)

We assume now that the noise is a coloured ZMCSC Gaussian random variable. We qualify
a random variable as being coloured if it is not white, that is, if its correlation matrix is
not a multiple of the identity matrix. This is an important practical case corresponding
to a system with interference where the interference is modelled as a coloured Gaussian
random variable (see e.g. the MMSE receiver in Section 3.1.6).

A simple matched filtering is suboptimal because there is information in the structure
of the noise given by its correlation matrix. A matched filter treats the noise as white and
ignores this information. The optimal processing is actually quite intuitive. It consists first
of whitening the noise. Once the noise is whitened, the spatial MF as seen previously
is applied. Denoting the correlation matrix of the noise as Rnn, those two operations are
described as follows.

1. Noise whitening. The noise is whitened by multiplying the received signal by R−1/2
nn :

ỹ = R−1/2
nn y = R−1/2

nn h x + R−1/2
nn n (3.17)

R−1/2
nn comes from the following factorisation of the noise covariance matrix:

Rnn = R1/2
nn RH/2

nn (3.18)
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One way to obtain such a factorisation is by using the Cholesky decomposition. One
can verify that the correlation of the random variable R−1/2

nn n is equal to the identity
matrix.

2. Matched filtering. The new system in Equation (3.17) corresponds to a SIMO system
with channel R−1/2

nn h and white noise for which we know the optimal receiver: it is the
filter matched to the channel R−1/2

nn h, that is, hHR−H/2
nn .

Noting that R−H/2
nn R−1/2

nn = R−1
nn , the signal after noise whitening and matched filtering is:

yWMF = hHR−1
nn h x + hHR−1

nn n (3.19)

The spatial whitening MF (WMF) of a SIMO channel with coloured noise n ∼
CN(0, Rnn) and corresponding post-processing SNR are:

wH
WMF = hHR−1

nn SNRWMF = PxhHR−1
nn h (3.20)

3.1.4.4 Spatial Matched Filtering for MIMO Channels

Orthogonal Channel: Consider the particular case of an orthogonal MIMO channel where
the channels of the different streams are orthogonal, that is hH

i hi′ = 0 for i /= i′. Eigenmode
transmission (Section 3.2.6) provides an example of an orthogonal MIMO channel where
a pre-processing performed at the transmitter makes the channel orthogonal (seen at the
input of the preprocessor). The resulting optimal receiver is very simple: it is the spatial
matched filter. Indeed, the matched filter associated with stream k is hH

k . Applying this
matched filtering to the received signal y eliminates the ISI, because the channels of
the interfering streams are orthogonal to hk. Furthermore, in the absence of inter-stream
interference, we know that matched filtering is the optimal receiver.

General Channel: For a nonorthogonal channel, the filter matched to stream k is subopti-
mal because it does not account for the ISI. The ISI is simply treated as white noise. The
output of the matched filter is:

ỹk = hH
k y = ‖hk‖2xk︸ ︷︷ ︸

Signal of

interest

+
∑
i /= k

hH
k hixi

︸ ︷︷ ︸
Inter-stream

interference

+ hH
k n. (3.21)

The power in the interference term might be significantly high, resulting in poor decoding
performance.

llustrative Example: We illustrate spatial matched filtering for a 2×2 system with real
channels in Figure 3.4. This example will be particularly useful when comparing with the
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Figure 3.4 Spatial MF for a 2×2 system: to estimate stream 1 with channel h1, the received
signal is projected into the direction of h1.

ZF and MMSE receivers. We want to perform MF to stream 1 with channel h1. We define
h̄1 = h1/‖h1‖, a normalised vector in the direction of h1. The matched filtering operation
can be written as h̄H

1 y (we recall that a scaling does not change the post-processing SNR).
MF can be seen as the projection of the received signal into the direction of h1. The
interference term h̄H

1 h2x2 is the component of h2x2 in the direction of h1.

Spatial matched filtering

� In a SIMO system with channel h and additive white Gaussian noise, the optimal
receiver is the matched filter hH. It maximises the post-processing SNR and achieves
capacity.

� When the noise is a coloured Gaussian random variable with correlation matrix Rnn,
the optimal processing is the whitening matched filtering hHR−1

nn which proceeds
to first whitening the noise and then applying the matched filter to the sytem with
whitened noise.

� For a MIMO system, matched filtering is suboptimal unless the columns of the
MIMO channel matrix are orthogonal.

Spatial MF Post-processing SNR

SIMO white noise hH SNR = Px

σ2
n

‖h‖2

SIMO colored noise hHR−1
nn SNR = PxhHR−1

nn h

MIMO hH
k SNR(k) = Px‖hk‖2∑

i /= k |hH
k hi|2/‖hk‖2 + σ2

n
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3.1.5 Zero Forcing Receiver

Matched filtering processes the received signals to focus as much energy as possible in the
stream of interest, but performs no control over the ISI. A ZF receiver adopts the opposite
view. It completely eliminates the ISI, while no control is performed over the energy in
the stream of interest.

3.1.5.1 How is the ISI Eliminated?

Let us consider the noise-free MIMO system. It can be interpreted as a linear system of
MR equations (the MR received signals) with MT unknowns (the MT input symbols):

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ỹ1 = h11x1 + h12x2 + · · · + h1MTxMT

ỹ2 = h21x1 + h22x2 + · · · + h2MTxMT

...

ỹMR = hMR1x1 + hMR2x2 + · · · + hMRMTxMT

⇐⇒ ỹ = Hx. (3.22)

In the ZF approach, this system is inverted to find the unknown input symbols. The ZF
receiver is a MT×MR matrix denoted as F , such that:

F ỹ = x or FH = I (3.23)

The ZF receiver inverses the MIMO channel matrix. The existence of this channel inversion
is subject to some conditions on the channel. Three cases can be distinguished:

1. H does not have full column rank (e.g. when MT > MR). There are no unique solutions
for the input symbols. A zero-forcing receiver cannot be defined.

2. H is square and invertible. There exists a single ZF receiver: FZF = H−1.
3. H is tall (MT ≤ MR) and has full column rank. The system is overdetermined. This

means that several receivers exist verifying FH = I. Those receivers can be written
as

(
CHH

)−1
CH, where C is a MT×MR matrix with full column rank. When there is

no additive noise, any of those receivers can be applied to recover the input symbols.
However, when there is noise, an error will be made on the estimation of the symbols.
The estimation error depends on the coefficients of the receiver. Therefore, an appropri-
ate selection of the ZF receiver is important to get good performance. Next, we describe
the ZF receiver that minimises the mean squared estimation error (averaged over the
noise) on the symbols.

3.1.5.2 (MMSE-)ZF Receiver

Expression of the Receiver: Let us assume that the channel has full column rank. As just
seen, many receivers can eliminate the ISI. A ZF receiver F verifies FH = I, hence the
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output of F is:

x̂ = Fy = x + Fn (3.24)

The estimation error is x̂ − x = Fn. The MSE is the expected value of the norm squared
of the error, where the expected value is taken with respect to the noise:

En‖x̂ − x‖2 = En
[
nHFHFn

] = σ2
ntrFHF (3.25)

This last expression is obtained using the relationship

E
[
nHFHFn

] = E
[
trFnnHFH] = tr

[
F E(nnH)FH] (3.26)

The ZF receiver minimising the MSE is unique. We denote it as (MMSE-)ZF receiver or,
in the remainder of the chapter, simply as ZF equaliser. It is equal to F ZF = (

HHH
)−1

HH.
This last expression is the Moore-Penrose pseudo-inverse of H .

SNR per Stream: We now determine the SNR per data stream at the output of the ZF
receiver. The kth output of the ZF receiver is of the form:

x̂k = xk + FZF,kn (3.27)

where FZF,k is the kth line of FZF,k. (3.27) defines a SISO channel for which an SNR can
be determined. As pointed out in Section 3.1.4, the SNR can also be defined in terms of
estimation quantities. In the explanation below, we give up temporarily the ZF subscript
as the results are not specific to the ZF receiver and will be applied in the following section
treating of the MMSE receiver.

The SNR of stream k is defined as:

SNR(k) = Px

E
[|x̂k − xk|2

] (3.28)

To obtain a simple expression for E
[|x̂k − xk|2

]
, we first compute the MT×MT ma-

trix E = E
[
(x̂ − x) (x̂ − x)H] and use the relationship E

[|x̂k − xk|2
] = Ekk, that is,

E
[|x̂k − xk|2

]
is the kth diagonal element of E.

A simple computation results in the following expression for EZF:

EZF = σ2
n

(
HHH

)−1
(3.29)
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When the channel matrix is full column rank, ZF receivers F can be determined
verifying FH = I. The (MMSE-)ZF equaliser is the unique ZF receiver minimising
the output MSE. Its expression is:

F ZF = (
HHH

)−1
HH (3.30)

The post-processing SNR of the kth output is:

SNRZF(k) = Px

σ2
n

[
K−1

ZF

]
kk

with KZF = HHH (3.31)

3.1.5.3 Geometric Interpretation

To give further insights, we provide a geometric interpretation of the ZF operation. While
the ZF receiver has been previously presented as a block operation (i.e. operating on the
vectorial output), it is now described on a symbol basis. The ZF receiver can be interpreted
as a 2-step operation: (1) first it projects the received signal in the direction orthogonal
to the interference, thus eliminating the interference, (2) after the projection, the system
becomes equivalent to a SIMO system with additive white Gaussian noise for which the
optimal processing is matched filtering.

Step 1–Orthogonal Projection to Eliminate the Inter-stream Interference: Assume we
want to estimate xk. Writing the received signal to separate the contribution of xk and the
interference, we get:

y = hkxk +
∑
i /= k

hixi + n (3.32)

The interference
∑

i /= k hixi lies in the subspace spanned by the channel vectors {hi, i /= k}.
Let us denote as H̄k a matrix with MT − 1 columns equal to {hi, i /= k}:

H̄k = [
h1 . . . hk−1hk+1 . . . hMT

]
(3.33)

The dimension of the interference space is MT − 1. Its orthogonal space has dimension
MR − MT + 1, for which one can find an orthonormal basis, that is, a set of MR − MT + 1
vectors that have unit norm, are orthogonal and span the entire space. We denote as H̄

⊥
k a

matrix with columns consists of this orthonormal basis.
As a simple example, let us consider a 2×2 system and the estimation of the first stream

with channel h1. The interference space is spanned by h2 and has dimension equal to 1.
The space orthogonal to h2 has dimension 1 and is spanned by the vector:

H̄
⊥
1 = h⊥

2 = 1

‖h2‖

[
−h∗

21

h∗
22

]
(3.34)
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Two properties of H̄
⊥
k are used in what follows:

{
H̄

⊥H

k hi = 0 ∀i /= k (orthogonality)

H̄
⊥H

k H̄
⊥
k = I (orthonormality)

(3.35)

Multiplying the received signal by H̄
⊥H

k , we get:

H̄
⊥H

k y = H̄
⊥H

k hkxk + H̄
⊥H

k n (3.36)

Hence, the interference is completely eliminated.

Step 2–Matched Filtering: The new system corresponding to Equation (3.36) is equivalent
to a SIMO system with:

• equivalent channel: H̄
⊥H

k hk.
• noise vector: H̄

⊥H

k n. As H̄
⊥H

k is orthonormal, it correlation matrix is equal to σ2
nI and

H̄
⊥H

k n ∼ CN(0, σ2
nI).

When MT = MR, this new system is actually a SISO system, so no additional processing
is necessary. Otherwise, we need to further process the multiple outputs in Equation (3.36)
to get an estimate of xk. For such a SIMO system with additive white noise, the optimal
receiver is the filter matched to H̄

⊥H

k hk, that is, hH
k H̄

⊥
k (see Section 3.1.4). The output of

the matched filtering is:

hH
k H̄

⊥
k H̄

⊥H

k y = hH
k H̄

⊥
k H̄

⊥H

k hkxk + hH
k H̄

⊥
k H̄

⊥H

k n (3.37)

The product P
H̄

⊥
k

= H̄
⊥
k H̄

⊥H

k is the orthogonal projection into the columns of H̄
⊥H

k (see
Appendix (Some Useful Definitions)). P

H̄
⊥
k

can be expressed in terms of the channel matrix
directly:

• Firstly, the orthogonal projection into the columns of H̄k is: PH̄k
=H̄k

(
H̄

H
k H̄k

)−1
H̄

H
k .

• The orthogonal projection into the space orthogonal to the columns of H̄k is:

P ⊥̄
Hk

= I − PH̄k
= I − H̄k

(
H̄

H
k H̄k

)−1
H̄

H
k (3.38)

Continuing with the simple example of a 2×2 system, PH̄1
= Ph2 = h2hH

2 /‖h2‖2 and
P ⊥̄

H1
= P⊥

h2
= I − h2hH

2 /‖h2‖2.
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Using the relationship H̄
⊥
k H̄

⊥H
k = P ⊥̄

Hk
, the output of the matched filtering is:

hH
k P ⊥̄

Hk
y = hH

k P ⊥̄
Hk

hkxk + hH
k P ⊥̄

Hk
n (3.39)

We need to divide by hH
k P ⊥̄

Hk
hk, a soft estimate of the kth stream is:

x̂ZF,k = xk + hH
k P ⊥̄

Hk

hH
k P ⊥̄

Hk
hk

n (3.40)

The ZF receiver used to estimate the kth stream is:

FZF(k) = hH
k P ⊥̄

Hk

hH
k P ⊥̄

Hk
hk

(3.41)

The post-processing SNR of the kth stream is:

SNRZF(k) = Px

σ2
n

hH
k P ⊥̄

Hk
hk (3.42)

Expressions (3.41) and (3.42) are equivalent to (3.30) and (3.31): (3.41) is the kth line of
FZF in (3.30) and hH

k P ⊥̄
Hk

hk in (3.42) is a closed form expression of the kth diagonal element

of K−1
ZF

= (
HHH

)−1
.

Illustrative Example: We illustrate the ZF operation for a 2×2 system with real channels
in Figure 3.5. The received signal is h1x1 + h2x2 + n. The purpose is to detect stream 1
with channel h1. Stream 2 with channel h2 is an interferer. The component of h2 into the
space orthogonal to the interferer is null. Notice that the norm of component of h1 gets
reduced compared to matched filtering (Section 3.1.4).

Figure 3.5 ZF operation for a 2×2 system: to estimate stream 1 with channel h1, the received
signal is projected into the space orthogonal to the interference.
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Figure 3.6 ZF receiver and noise enhancement (left): when the direction of h1 is close to the
direction of the interferer, the projection of h1 into the space orthogonal to the interference is
very small. The MMSE receiver (right) offers a compromise between noise enhancement and
interference suppression.

3.1.5.4 Noise Enhancement

The major drawback of the ZF receiver is what is called noise enhancement. Although
the ZF receiver eliminates the interference, performance becomes poor when the channel
of the signal of interest is almost colinear to the interference subspace, or in other words
when the channel matrix is almost rank deficient, as illustrated in Figure 3.6.

In this figure, the stream of interest is stream 1 while stream 2 interferes. The direction of
the stream to decode and the direction of the interference are very close. As a consequence,
the component of the stream to decode into the space orthogonal to the interference is small
(see figure on the left). After projection, the signal is: h⊥H

2 h1x1 + h⊥H
2 n. After proper

scaling, the received signal is:

ỹ1 = x1 + h⊥H
2

h⊥H
2 h1

n (3.43)

When the term h⊥H
2 h1 is very small, the noise term becomes very large and the post-

processing SNR very low.

The receiver that is described now, the MMSE receiver, remedies to the noise enhance-
ment problem by offering a compromise between noise enhancement and interference
suppression. The MMSE receiver is usually the receiver of choice (especially when cou-
pled with successive interference cancellation). The ZF receiver is, however, useful for
analysis purposes: it allows for closed form expressions of useful performance measures.

ZF receiver

The ZF receiver is only defined when the channel matrix H has full column rank.
It minimises the output MSE under the constraint of complete elimination of the
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ZF receiver (Continued)

interference, that is,FZFH = I. The formulas of interest are summarised in the following
table.

Receiver Post-processing SNR

Block-wise FZF = H
(
HHH

)−1
HH SNRZF(k) = Px

σ2
n

[(
HHH

)−1
]
kk

Stream-wise FZF(k) =
hH

k P ⊥̄
Hk

hH
k P ⊥̄

Hk
hk

SNRZF(k) = Px

σ2
n

hH
k P ⊥̄

Hk
hk

3.1.6 MMSE Receiver

The purpose of the MMSE receiver is to minimise the average estimation error on the
transmitted symbols. The average is taken over the transmitted symbols and the noise:
the MSE is Ex, n‖x̂ − x‖2. We recall that the ZF receiver also minimises the output MSE
but under the constraint of complete ISI elimination. Thus, it is different from the MMSE
receiver.

MMSE Approach: The output of a receiver F is of the form Fy and the vector of errors is

x̂ − x = (FH − I)x + Fn (3.44)

Using the relationship nHFHFn = trFnnHFH, the MMSE cost function (i.e the MSE) is:

Ex, n

[
‖x̂ − x‖2

]
= Px(FH − I)H(FH − I) + σ2

ntrFHF (3.45)

Minimising (3.45) w.r.t. F leads to the following expression for the MMSE receiver:

FMMSE = PxH
HR−1

yy where Ryy = E
[
yyH] = PxHHH + σ2

nI (3.46)

Ryy is the covariance matrix of the received signal. Using the matrix inversion lemma (see
Appendix (Some Useful Definitions)), an equivalent expression of the MMSE receiver is:

FMMSE =
(

HHH + σ2
n

Px

I

)−1

HH (3.47)

The advantage of this modified expression is the complexity involved in the inversion:
when MT < MR, the dimension of the matrix to be inverted is smaller than the one
in equation (3.46). Strictly speaking, the MMSE receiver does not require the channel
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matrix to have full column rank. However, performance becomes poor when the channel
does not have full column rank.

Bias of the MMSE Receiver: Based on the expression (3.46), the kth line of FMMSE is
PxhH

k R−1
yy . Hence, the kth output of the MMSE receiver is:

x̂MMSE,k = hH
k R−1

yy hkxk +
∑
i /= k

hkR
−1
yy hixi + hkR

−1
yy n (3.48)

The MMSE estimate is biased: this means that E
[
x̂MMSE,k|xk

]
is not equal to xk. In general,

a decoder expects a signal of the form xk + ñk, where ñk contains the interference plus
noise term and is independent from xk. If we were to make hard decisions on the MMSE
estimates, the bias would have a negative impact on performance (except for constant
modulus constellations, because a scaling of the decoder input signal does not change the
decision regions). However, the impact of the bias can somehow be suppressed as decoders
rely on soft and not hard decisions in general.

A more critical aspect is for analysis purposes when using the output of the MMSE
receiver because the associated SNR does not predict the performance. Let us rewrite
expression (3.48) in the form xk + ñMMSE,k, where ñMMSE,k is the interference plus noise term
as written in the following equation :

x̂MMSE,k = xk + (hH
k R−1

yy hk − 1)xk +
∑
i /= k

hkR
−1
yy hixi + hkR

−1
yy n

︸ ︷︷ ︸
ñMMSE,k : Interference plus noise

(3.49)

The decoder sees ñMMSE,k as the noise in the communication. Therefore, the associated SNR
is equal to:

SNRMMSE(k) = Px

E
[‖ñMMSE,k‖2

] = Px

E
[‖x̂MMSE,k − xk‖2

] (3.50)

SNRMMSE(k) cannot be used to assess the system performance because the signal of interest
xk and the noise term ñk are not independent. For example, the maximal achievable rate
for data stream k does not have the usual expression log2(1 + SNRMMSE(k)).

Unbiased MMSE: The bias of the MMSE receiver gives the motivation behind the design
of the unbiased MMSE receiver. An unbiased receiver is defined as giving an output for
stream k of the form:

x̂k = xk + ñk (3.51)

where ñk is independent from xk. The ZF receiver is an example of an unbiased receiver.
Among all the unbiased receivers, the unbiased MMSE receiver is the one with the

lowest MSE though the MSE is higher than the one of the MMSE receivers but the bias
is removed. It turns out that this receiver has a very simple form: x̂UMMSE,k is obtained by
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dividing x̂MMSE,k by the bias hH
k R−1

yy hk:

x̂UMMSE,k = xk +
∑
i /= k

hkR
−1
yy hixi

/
hH

k R−1
yy hk + hkR

−1
yy n

/
hH

k R−1
yy hk

︸ ︷︷ ︸
ñUMMSE,k : Interference plus noise

(3.52)

We can verify that the interference plus noise term ñUMMSE,k is independent from xk. Hence,
the unbiased MMSE receiver is:

FUMMSE(k) = hH
k R−1

yy

hH
k R−1

yy hk

(3.53)

Furthermore, the post-processing SNR associated with stream k is defined as:

SNRUMMSE(k) = Px

E
[‖ñUMMSE,k‖2

] = Px

E
[‖x̂UMMSE,k − xk‖2

] (3.54)

Some algebraic manipulations allow for an alternative expression of the receiver and a
simple expression for the post-processing SNR.

The expression of the unbiased MMSE receiver associated with stream k is:

FUMMSE(k) = hH
k R̄

−1
k

hH
k R̄

−1
k hk

where R̄k =
MT∑

i=1,i /= k

PxhihH
i + σ2

nI (3.55)

The post-processing SNR is:

SNRUMMSE(k) = hH
k R̄

−1
k hk (3.56)

A block-wise expression of the unbiased MMSE receiver can be conveniently used as
well, based on the expression of the MMSE receiver (3.47). The vectorial output of the
MMSE receiver is:

x̂UMMSE = FMMSEy = FMMSEHx + FMMSEn (3.57)

Instead of an individual bias per stream, we determine the block-wise bias which is made
of the diagonal elements of the matrix FMMSEH . Removing the bias is equivalent to inverting
the diagonal elements of FMMSEH .
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A block-wise expression of the unbiased MMSE receiver is:

FUMMSE = D−1

(
HHH + σ2

n

Px

I

)−1

HH (3.58)

The matrix D is a diagonal matrix whose diagonal is equal to the diagonal of(
HHH + σ2

n

Px

I

)−1

HHH . The post-processing SNR for stream k is:

SNRUMMSE(k) = Px

σ2
n

[
K−1

MMSE

]
k,k

− 1, with KMMSE = HHH + σ2
n

Px

I (3.59)

Based on the expression (3.59), the asymptotic behaviour of the MMSE receiver can
be extracted at low and high SNR ρ = P̄/σ2

n for a fixed value of the channel matrix:
(a) at high SNR, the MMSE becomes equivalent to the ZF receiver and (b) at low SNR,
the MMSE becomes equivalent to the MF receiver.

3.1.6.1 Geometric Interpretation

In the ZF framework, the interfering data is treated as an unknown deterministic quantity.
In the MMSE context, the interfering data is modelled as a random Gaussian variable.
Considering the estimation of symbol xk, we write the received signal as:

y = hkxk +
∑
i /= k

hixi + n (3.60)

The interference plus noise term is
∑

i /= k hixi + n is modelled as a coloured Gaussian
noise with covariance matrix:

R̄k = Px

∑
i /= k

hihH
i + σ2

nI (3.61)

(3.60) defines a SIMO channel with coloured noise for which we have described the
optimal receiver in Section 3.17. Hence, the MMSE receiver is interpreted as a 2-step
operation: (1) whitening of the interference plus noise term and (2) matched filtering as
follows:

Whitening: The interference plus noise term is whitened by multiplying the received signal
by R̄

−1/2
k as:

R̄
−1/2
k y = R̄

−1/2
k hkxk + R̄

−1/2
k

⎛
⎝∑

i /= k

hixi + ñ

⎞
⎠ (3.62)

This new system is equivalent to a SIMO system with channel R̄−1/2
k hk and white Gaussian

noise. Then, we know that the optimal processing is spatial matched filtering.
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Figure 3.7 MMSE operation for a 2×2 system to estimate stream 1 with channel h1 the
received signal is projected into a direction that is in-between the MF and the ZF projection
direction.

Matched Filtering: The filter matched to R̄
−1/2
k hk is hH

k R̄
−H/2
k . Noting that R̄−H/2

k R̄
−1/2
k =

R̄
−1
k , the signal after MF is:

x̂ MMSE,k = (hH
k R̄

−1
k hk) xk + hH

k R̄
−1
k n (3.63)

Illustrative Example: We illustrate the MMSE operation for a 2×2 system with real chan-
nels in Figure 3.7. The received signal is h1x1 + h2x2 + n. The purpose is to detect stream 1
with channel h1. Stream 2 with channel h2 is an interferer. The received signal is projected
into a direction that is in-between the MF and the ZF projection direction. As a result,
the output of the MMSE receiver contains a interference component which does not exist
in the ZF output, and the signal gets distorted, which does not happen in the MF output.

Unbiased MMSE receiver

The MMSE receiver is the receiver minimising the MSE, that is, Ex, n‖x̂ − x‖2. Because
the MMSE receiver is biased, we defined the unbiased MMSE receiver among all the

unbiased receivers as one with the highest MSE. Denoting KMMSE = HHH + σ2
n

Px
I and

D = diag(K−1
MMSE

HHH), the formulas of interest are summarised in the following table.

Filter Post-processing SNR

Block-wise FUMMSE = D−1K−1
MMSEH

H SNRUMMSE(k) = Px

σ2
n[K−1

MMSE]kk
− 1

Stream-wise FUMMSE(k) = hH
k R̄

−1
k

hH
k R̄

−1
k hk

SNRUMMSE(k) = PxhH
k R̄

−1
k hk
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3.1.7 SIC Receiver and V-Blast

The SIC receiver is an iterative receiver. The principle of SIC is to decode one stream of
data at a time and remove its contribution from the received signal:

• At each iteration, 1 stream of data is decoded considering the other streams as interfer-
ence.

• The decoded stream is then removed from the list of interfering streams.
• At the following iteration, the selected stream is decoded with one less interferer. Each

iteration reduces the number of interfering stream by one.

3.1.7.1 SIC Receiver

Following the notations defined in Section 3.1.1, the received signal at a given time is:

y = h1x1 + h2x2 + · · · + hMTxMT + n (3.64)

The received signal is made out of contributions from all transmitted data streams that can
be viewed as layers. The word of layers is frequently used for SIC receivers to designate
the transmitted data streams. This terminology was introduced in the context of V-Blast
whose receiver relies on successive interference cancellation. The received signal consists
of the addition of MT layers. The top layer is first decoded considering the other layers
as interference. Once a layer is decoded, its contribution is removed and the next layer is
decoded.

The different steps of the SIC receivers are now described. To simplify the presentation,
we describe the operations on a symbol basis.

Step 1

...

+hMT
xMT

+n

+hkxk

...
+h2x2

h1x1

︸
︷︷

︸
In

te
rf

er
en

ce

• Layer decoding: Using a linear receiver, layer 1 (codeword
containing x1) is decoded based on the received signal yL1

= y
considering streams 2 to ML as interferers:

yL1
= h1x1 +

MT∑
i=2

hixi︸ ︷︷ ︸
Interference

+ n.

• Layer removal: The contribution of layer 1, that is, h1x1, in
the signal yL1

is reconstructed and removed from the signal
yL1

. Layer 2 is decoded based on the new signal yL2
= yL1

−
h1x1.

www.FreeEngineeringBooksPdf.com



98 Practical Guide to the MIMO Radio Channel with MATLAB® Examples

Step k

...

+hMT
xMT

+n

+hk+1xk+1

hkxk

In
te

rf
er

en
ce

• Layer decoding: Using a linear receiver, layer k is decoded
based on the signal yLk

:

yLk
= y −

k−1∑
i=1

hixi︸ ︷︷ ︸
Interference removed
at previous iterations

= hkxk +
MT∑

i=k+1

hixi

︸ ︷︷ ︸
Interference

at current iteration

+ n.

In yLk
, streams 1 to k − 1 have been removed during previous

iterations. In the decoding of layer k, layers k + 1 to MT are
interferers.

• Layer removal: The contribution of layer k, that is, hkxk, in
the signal yLk

is reconstructed and removed from yLk
. The new

signal from which layer k + 1 is decoded is yLk+1
= yLk

−
hkxk.

Step MT

+n

hMT
xMT

• Layer decoding: All interfering layers have been removed.
Decoding of streamMT is based on the interference free signal:

yLMT
= hMTxMT + n.

This is a SIMO system for which the optimal receiver is the
spatial matched filter.

At step k, a linear receiver is used to get a soft estimate of all the symbols of codeword
k. Based on all the soft estimates, the codeword is decoded after which hard estimates of
all the symbols are obtained. When a ZF receiver is used, the receiver is called ZF-SIC.
When an unbiased MMSE receiver is used, it is called MMSE-SIC.

3.1.7.2 V-Blast

The V-Blast architecture is depicted in Figure 3.8. It relies on the following features:

1. The input streams transmitted from each antenna are coded independently.
2. The receiver is based on SIC.

When the decoding of each layer relies on the unbiased MMSE (UMMSE) receiver, V-Blast
achieves the maximal rate for a reliable communication. Under fast fading conditions, the
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Figure 3.8 V-Blast architecture.

V-Blast architecture is optimal and achieves the capacity. Those points are detailed in the
next section.

3.1.7.3 Capacity Achieving Structure for the Fast Fading MIMO Channel

Without loss of generality, we consider the first step of the SIC receiver, with a two-stage
operation: (1) apply the UMMSE receiver to recover the first layer and (2) remove the
reconstructed layer from the MIMO system: the new MIMO system has a reduced number
of MT − 1 unknown input symbols. This two-stage operation is information lossless.
More precisely, the maximal achievable rate for reliable communication of the initial
MT×MR MIMO system is equal to the sum of (a) the maximal achievable rate at the
output of the UMMSE for stream 1 and (b) the maximal achievable rate of the reduced
sized (MT − 1)×MR MIMO system.

Let us look more closely at the maximal achievable rate for the two stages previously
mentioned:

1. From Section 3.1.6, the SNR for stream 1 at the output of the UMMSE is

SNR(L1) = PxhH
1 R̄

−1
1 h1. (3.65)

where R̄1 = Px

∑
i>1 hihH

i + σ2
nI. We consider a scenario where the transmission pa-

rameters for layer 1 are based on the first UMMSE output or in other words on SNR(L1).
Then, the maximal achievable rate for layer 1 is:

Rmax(L1) = log2 det [1 + SNR(L1)] (3.66)

2. Once stream 1 is removed, the system becomes equivalent to a new MIMO system
with MT − 1 unknown input symbols and MR outputs. This system has a maximal
achievable rate for reliable communication equal to:

R̄max(L1) = log2 det

(
I + Px

σ2
n

∑
i>1

hihH
i

)
= log2 det

(
R̄1/σ

2
n

)
. (3.67)
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We recall that the maximal achievable rate for reliable communication of an MT×MR

MIMO system when the input distribution is fixed with covariance matrix Rxx = PxI is
equal to:

Rmax = log2 det
(

I + Px

σ2
n

HHH
)

= log2 det

(
I + Px

σ2
n

MR∑
i=1

hihH
i

)
(3.68)

We conveniently rewrite Rmax as log2 det(Ryy/σ
2
n), where Ryy = σ2

nI + Px

∑MR
i=1 hihH

i is
the covariance matrix of the received signal y. Using some algebraic manipulations, we
can prove the following:

log2 det(Ryy/σ
2
n) = log2 det(1 + SNR(L1)) + log2 det(R̄1/σ

2
n)

= Rmax(L1) + R̄max(L1)
(3.69)

This result is also valid for any step of the SIC receiver as described below.

Each step of the MMSE-SIC is information lossless: the maximal achievable rate of
the system with k interfering layers is equal to the sum of the maximal achievable
rate of the kth stream after the UMMSE receiver and the maximal achievable rate of
the reduced size (MT − k)×MR MIMO system after removal of the kth stream. This
equality is expressed in mathematical terms as:

log2 det(R̄k/σ
2
n) = log2 det(1 + SNR(Lk)) + log2 det(R̄k+1/σ

2
n)

= Rmax(Lk) + R̄max(Lk)
(3.70)

SNR(Lk) = PxhH
k R̄

−1
k hk, R̄k = Px

∑
i>k hihH

i + σ2
nI. This relationship leads to the

following result:

Rmax =
MT∑
i=1

Rmax(Li) =
ML∑
i=1

log2 [1 + SNR(Li)] . (3.71)

The maximal achievable rate for reliable communication is the sum of the maximal
achievable rates for each layer of the MMSE-SIC receiver.

Expression (3.71) leads to the optimality of V-Blast in fast fading channels, as:

E
[
log2 det(Ryy/σ

2
n)
]

=
MT∑
i=1

E
[
log2 det [1 + SNR(Li)]

]
(3.72)

The capacity of a fast fading channel is E
[
log2 det(Ryy/σ

2
n)
]

while the capacity of
each step of V-Blast is E

[
log2 det [1 + SNR(Li)]

]
.
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3.1.7.4 Ordered SIC Receiver

When operating under asymptotic conditions such as very long codewords, the error
probability can be brought very close to zero as long as the transmission rate is below
capacity. As a result, the layers in SIC can be decoded in any order. However, in practice
those conditions are not met: errors will happen at each stage of the SIC receiver and
might propagate within layers. To minimise the risk of error propagation, the decoding
of layers can be ordered. If the same rate is selected for each stream, a good strategy is
to order the stream based on the post-processing SNR, beginning with the stream with
higher SNR. Step k of the ordered MMSE-SIC based on SNR ordering is as follows.

Step k

• Stream ordering: The post-processing SNR is computed for each stream i =
k, . . . , MT as:

SNR(k)(Li) = Px

σ2
nR

(k)
ii

− 1

where R
(k)
ii is the ith diagonal element of matrix R(k) =

(
H̄

(k)H
H̄

(k) + σ2
n/PxI

)−1
. R(k)

is a square matrix of dimension MT − k + 1, that is, the number of remaining streams
to be estimated at step k.

H̄
(k) = [

hk hk+1 . . . hMT

]
is the equivalent channel corresponding to the transmis-

sion of streams i = k, . . . , MT.
• Stream re-indexing: The post-processing SNRs {SNR(k)

Li
, i = k · · · MT} are sorted in

descending order. Input streams and all related quantities are re-indexed from k to MT.
• Stream decoding: The stream with highest SNR value (re-indexed as k) is decoded

based on the signal yLk
:

yLk
= hkxk +

MT∑
i=k+1

hixi + n.

• Stream removal: The contribution of stream k, that is, hkxk, in the signal yLk
is recon-

structed and removed from yLk
. The new signal from which stream k + 1 is estimated

is yLk+1
= yLk

− hkxk.

For performance optimisation, the rate for each input layer should be adapted to the cor-
responding post-processing SNR to maximise the total throughput. Hence, the layers with
higher post-processing SNR use a higher rate. In a practical system, the error probability
might not be negligible even when operating below capacity. Thus, the error probability
might become too low when using a rate that is too high, Therefore, the selected rates
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should also result in a low probability of error. In summary, a proper design should have
two steps: (1) ordering of the layers according to the post-processing SNR and (2) selec-
tion of an appropriate rate for each layer with a low error probability in order to minimise
the risk of error propagation.

Ordered SIC: Numerical Example: Consider the following 3×3 channel matrix carrying
3 streams of data of SNR ρ = P̄/σ2

n= 10 dB:

H =

⎡
⎢⎣

0.67 − j0.64 0.22 − j0.29 −0.46 + j0.43

0.07 − j0.20 −0.83 − j0.36 −0.87 + j0.04

−0.79 − j0.33 −0.68 + j0.87 −0.19 − j1.04

⎤
⎥⎦ . (3.73)

In the table below, we describe the different steps of ordered MMSE-SIC. The SNR in the
table is the SNR at the output of the UMMSE for each stream to be estimated.

Step 1 Step 2 Step 3

Original SNR per New Stream SNR per New Stream Stream
ordering stream index decoded stream index decoded decoded

1 2.89 3 × 3.17 3 × 3

2 4.08 2 × 4.32 2 2 ×
3 6.59 1 1 × 1 × ×

Successive interference cancellation

The SIC receiver is an iterative receiver where each stream is decoded successively and
its contribution removed from the received signal:

� Stream 1 is decoded considering streams 2 to MT as interferers. Once decoded, its
contribution is removed from the received signal

� When decoding stream k, the interference from streams 1 to k − 1 has been removed
during previous iterations. Decoding is done considering streams k + 1 to MT as
interferers. The corresponding post processing SNR for stream k is:

SNR(Lk) = PxhH
k R̄

−1
k hk, with: R̄k = Px

∑
i>k

hH
i hH

i + σ2
nI (3.74)

The V-Blast architecture is based on the following features:

� The input streams are coded independently.
� The receiver is based on SIC.
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Successive interference cancellation (Continued)

The maximal achievable rate of the architecture in Figure 3.1 is achieved by V-Blast: a
ML receiver is not necessary for optimality as the MMSE-SIC receiver brings optimal
performance. The maximal achievable rate can be written as a function of SNR(Lk) as:

Rmax = log2 det
[
I + Px

σ2
n

HHH
]

=
MT∑
k=1

log2 det [1 + SNR(Lk)] (3.75)

V-Blast achieves capacity for fast fading channels.

3.1.8 Performance

3.1.8.1 Performance Measures

We want to assess the performance of a MIMO system where both the distribution of
the input symbols (i.i.d.) and the receiver is fixed. We assume an optimisation strategy
of the input parameters where the rate and coding of each input stream are adjusted
independently: the rate and coding of stream k is based on the corresponding SNR obtained
after the receiver SNR(k) (or kth layer for SIC).

3.1.8.2 Time-invariant and Fast Fading Channel: Maximal Achievable Rate

For each stream, the maximal achievable rate for reliable communication is
log2 [1 + SNR(k)]. This rate is achieved when input stream k has a Gaussian distribution
and the CSI is known at the transmission. Hence, the total achievable rate for communi-
cation is the sum of maximal achievable rates over all the streams:

Rmax =
MT∑
k=1

log2 [1 + SNR(k)] (3.76)

When the channel is fast fading, the maximal achievable rate is E [Rmax]. As stated in
Section 3.1.7, the maximal achievable rate evaluated for the SIC receiver is also equal to
the capacity of a fast fading i.i.d. Rayleigh channel.

Slow Fading Channels: Outage Probability per Stream: The relevant outage measure is
the outage probability per stream. Indeed, computing the overall outage probability, as
defined in Chapter 2, based on the sum rate in (3.76) is not adequate: the transmission
structure minimising the corresponding outage probability involves coding across anten-
nas, while we assume that the input streams are independent from each other. Hence, such
a global outage probability does not measure the performance of the actual structure of
the transceivers studied in this section. The outage probability for stream k for selected
rate R is computed as:

pout(k) = Pr
{

log2 [1 + SNR(k)] < R
}

(3.77)
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The outputs of the linear receivers have the same statistics. Therefore, we do not distinguish
them. However, the outage probability of each output of a SIC receiver is different and
needs to be computed individually.

3.1.8.3 Multiplexing Gain

To determine the multiplexing gain of the receivers, we examine their behaviour at high
SNR ρ = P̄/σ2

n . The maximal achievable rate of the receivers (except MF) behaves asymp-
totically as:

Rmax ∼ rH log2 ρ (3.78)

E [Rmax] ∼ min(MT, MR) log2 ρ. (3.79)

Hence, for the ZF, MMSE, and SIC receivers, using definition (2.97), the multiplexing
gain is equal to the rank of the channel matrix rH when transmission is done over a fixed
channel realisation. For a fading channel, the multiplexing gain is equal to min(MT, MR).
Even if ZF and MMSE receivers are not optimal (SIC is optimal), they still exhibit the
maximal multiplexing gain.

3.1.8.4 Diversity Gain

Consider the ZF receiver in the noise free case. In order to estimate a given stream of
data, the inter-stream interference is cancelled by projecting the received signal into the
space orthogonal to the interference space. The multi-stream signal Hx lies in a space
of dimension equal to MT, that is, the dimension of the column space of H . After the
projection, each stream lies in a space of reduced dimension due to the projection operation.
The dimension of this space gives the degrees of freedom still available after the projection
for the estimation of each stream. Intuitively speaking, those degrees of freedom can also
be interpreted as the diversity gain.

Considering the estimation of a given stream, the dimension of the interference space is
equal to MT − 1. Hence the dimension of the space orthogonal to the interference is equal
to MR − MT + 1. After the projection, one given output stream lies in a space of dimension
MR − MT + 1. This dimension limits the diversity gain which is equal to MR − MT + 1.
As the MMSE receiver is equivalent to the ZF receiver at high SNR, it exhibits the same
diversity gain per stream MR − MT + 1.

Consider now the SIC receiver. Although we are in the context of slow fading channels,
we assume that there is no error propagation, that is, streams are perfectly removed at each
stage of the SIC receiver. In reality, this is not true. However, this assumption allows for a
simple analysis which gives some insight into the mechanisms behind of the SIC receiver.
At each stage of SIC, one stream of data is removed. Hence, at each stage, the diversity
gain is increased. It is equal to MR − MT + k for layer k.
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Figure 3.9 Achievable rate of MIMO receivers for a fast fading channel. SIC achieves capac-
ity. At high SNR, ZF and MMSE receivers become equivalent. At low SNR, the ZF receiver
performs the worse.

3.1.8.5 Numerical Evaluations

We present some performance aspects of the receivers according to ρ = P̄/σ2
n , for fast

and slow fading channels. The channel is assumed to be i.i.d. Rayleigh fading with
E
[|hij|2

] = 1. The MIMO systems considered have 4 transmit and 4 receive antennas. The
MISO/SIMO systems 4 transmit/receive antennas and the power per stream is Px = P̄/4.

Fast Fading Channel: Figure 3.9 shows the maximal achievable rate for reliable communi-
cation of the different receivers. From the figure, we can make the following observations:

• At high SNR: The ZF and MMSE receivers become equivalent. The performance of MF,
limited by the inter-stream interference, is poor. The SIC receiver performs the best: it
achieves capacity as expression (3.76) is the capacity for an i.i.d. Rayleigh fast fading
channel.

• At low SNR: The performance of the different receivers appears close, except for the ZF
receiver which performs the worse.

Slow Fading Channel: The ZF and MMSE receivers exhibit a dissimilar asymptotic be-
haviour when the channel is slowly fading. For both receivers, the outage probability
of an individual stream (the outage probability is the same for each stream) is plotted
in Figure 3.10 with respect to ρ. The selected rates per stream are R = 2, 4, 6 bits per
transmission.
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Figure 3.10 Outage probability of ZF and MMSE receivers for a slow fading channel for rate
per stream equal to 2, 4 and 6 bits per transmission. ZF and MMSE receivers are not equivalent.

Next, in Figure 3.11, we compare the outage probability for each layer of the nonordered
MMSE-SIC (which does not account for error propagation). Recalling that the diversity
gain per layer is MR − MT + k where k is the layer number, we observe in the figure that
the diversity gain increases from 1 for the first layer to 4 for the last layer.
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Figure 3.11 Outage probability of nonordered SIC. Slope at high SNR indicates the
diversity gain.
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Figure 3.12 Outage probability of nonordered and ordered SIC. First layers of ordered SIC
have a lower outage probability.

At last, in Figure 3.12, we compare the outage probability per layer of nonordered
MMSE-SIC and ordered MMSE-SIC where the ordering is based on the post-processing
SNR. Layer ordering significantly improves the outage performance of the first layers,
which are the most critical layers in terms of error propagation. The outage probability
of the last ordered layers might actually be higher than that of nonordered SIC, but those
layers are less critical for error propagation. Note that nonordered and ordered MMSE-SIC
exhibit the same diversity gain.

Receivers: performance

Consider the transceiver structure in Figure 3.1 where i.i.d. streams are sent where ZF,
MMSE and SIC receivers are used.

� The multiplexing gain is equal to rH for a fixed channel realisation. For a fading
channel, the multiplexing gain is equal to min(MT, MR). Hence, the maximal mul-
tiplexing gain can be achieved even if the optimal receiver is not used.

www.FreeEngineeringBooksPdf.com



108 Practical Guide to the MIMO Radio Channel with MATLAB® Examples

Receivers: performance (Continued)

� While MMSE-SIC is optimal, ZF and MMSE receivers results in a loss of perfor-
mance due to loss in array gain.

� When operating in a slow fading channel, the diversity gain of each output stream
of the ZF or MMSE is equal to MT − MR + 1. For the SIC receiver, the diversity
gain of layer k is equal to MT − MR + k.

3.2 Transceivers with CSI at Transmitter and Receiver: Transmit and
Receive Beamforming

3.2.1 Principle of Beamforming

Beamforming is traditionally defined as a technique used to focus the signal transmission or
reception in a certain direction. It relies on an array of antennas as well as the knowledge of
the channel (e.g. its phase). More generally, beamforming can be defined as a technique to
match the transmission or reception of signals to the channel through which they propagate.
In a typical beamforming design, a pre-or post-processing is performed at the antenna array
so that the post-processing SNR corresponding to the link of interest is maximised. This
pre- or post-processing depends on the channel of the link.

Let us take the example of the transmission of a same signal x̃ from two antennas to a
receiver with a single antenna as shown in Figure 3.13. The channel from the first antenna
is a complex number that we write as h1 = |h1|ejφ1 . The channel from the second antenna
is h2 = |h2|ejφ2 . The signals from both transmit antennas get added up at the receiver as(|h1|ejφ1 + |h2|ejφ2

)
x̃. Depending on the values of the phases φ1 and φ2, the signals might

add up destructively or constructively, as depicted in Figure 3.14:

• If φ2 = −φ1, the addition of the signals results in (|h1| − |h2|) x̃. The addition is de-
structive.

• If φ2 = φ1, the addition of the signals results in (|h1| + |h2|) x̃. The addition is construc-
tive.

Figure 3.13 Left figure: signal x̃ is sent from two antennas; the corresponding signals might
add up destructively at the receiver. Right figure: the signals sent from each antenna are pre-
conditioned to match the channel to add constructively at the receiver.
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Figure 3.14 Addition of signals sent from two transmit antennas at the receive antenna of
a 2×1 MISO system. Depending on the phase of the signals, the addition is constructive or
destructive.

If the transmitter knows the phase of the channel, the signals can be preconditioned
before being transmitted so that they add up constructively at the receiver. An additional
pre-processing can be performed if the transmitter knows the amplitude of the channel
as well: if the channels coefficients are known at the transmitter, the signal can be pre-
processed so that the received SNR is maximised as follows.

1. Phase alignment: Using the phase information about the channels, the transmitted
signals are pre-processed so that they add constructively at the receiver. The first antenna
transmits e−jφ1 x̃ while the second antenna transmits e−jφ2 x̃. The received signals from
antenna 1 and antenna 2 have the same phase (equal to zero). The corresponding
received signals are |h1|x̃ and |h2|x̃ and add constructively as (|h1| + |h2|) x̃.

2. Power distribution: When the amplitude of the channel is additionally known, the
transmit power can be distributed across both antennas to maximise the SNR at the
receiver. This is done by allocating more power to the antenna with the stronger channel.

The linear receivers described in Section 3.1 belong to the class of receive beamform-
ing. The kind of beamforming performed is more complex than the one presented in the
example above because of the presence of multiple streams: multiple beamforming has to
be performed to match each transmitted stream.

3.2.2 Multiple Transmit and Receive Beams

An array of M antennas can form up to M different beams matched to M different com-
munication links. Each beam can carry one stream of data. A traditional configuration
enabling such a multi-beam communication consists of an antenna array with antennas
that are sufficiently apart communicating with devices that are spatially distinguishable.
Such an antenna array can point beams towards different directions. Different beams can
be formed that point to the direction of multiple users. Data can be sent to or received from
those users provided that the users are sufficiently spatially separated. This configuration
assumes a line of sight communication in general.
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For a MIMO link communication, one could believe that only a single beam can be suc-
cessfully transmitted or received because the multiple antennas at a receiver are co-located
and are not spatially distinguishable from a transmitter in general. However, as described
in Chapter 1, it is possible to transmit and receive successfully multiple beams, provided
that (a) the scattering environment is rich enough (existence of multiple paths), (b) the an-
tennas are sufficiently “diverse” meaning for example that they are sufficiently separated
or have a distinct pattern. Under such assumptions, the appropriate transmit and receive
beamforming can extract distinct spatial routes by matching transmit and receive beams.

In this section, we will go step by step, as summarised in the following table, starting
by the description of different forms of single beam communications to end with multiple
beam communications where multiple beams are formed at the transmitter and receiver.

beam

Transmit

forming

Transmit beamforming (MISO):
A transmit beamforming technique is used match-
ing the channel from the multiple transmit anten-
nas to the receiver.

beam

Receive

forming

Receive beamforming (SIMO):
A receive beamforming technique is used match-
ing the channel from the transmit antenna to the
multiple receive antennas.

beam

Transmit

forming

beam

Receive

forming

Max eigenmode beamforming (MIMO):
Both transmitter and receiver form a beam
matched to the underlying structure of the channel
(given by the SVD of the channel matrix). Trans-
mit and receive beams are jointly designed and
match each other. They form a channel equal to
the maximum singular value of the channel.

Multiple
Transmit

Beam
Processing

Multiple
Receive
Beam

Processing

Eigenmode transmission (MIMO):
For a MIMO system, both transmitter and receiver
form multiple beams matched to the underlying
structure of the channel (giving by the SVD of the
channel matrix). Each transmit beam is matched
to a receive beam. Multiple equivalent indepen-
dent channels are created equal to the singular
eigenvalues of the channel. The power has to be
split optimally among the channels. Eigenmode
transmission requires a rich scattering environ-
ment.

www.FreeEngineeringBooksPdf.com



MIMO Transceivers 111

Main assumptions for MIMO transmit/receive beamforming

� MIMO channel coefficients are known at the transmitter and receiver.
� Input symbols x̃i sent through each beam are independent temporally and spatially.
� Noise at receiver is ZMCCS, independent temporally and spatially.

3.2.3 Transmit Beamforming (MISO System)

We consider a system with MT transmit antennas and a single receive antenna: see
Figure 3.15. We denote as x̃ the symbol to be sent to the receiver. Each antenna transmits
a processed version of x̃ where its phase and amplitude are modified to match the channel
to the receiver. w∗

i x̃ is sent from antenna i: w∗
i is a complex valued scalar weight (we use

the conjugate operation for notation convenience as seen later). The weights are selected
to maximise the post-processing SNR at the receiver described as follows.

3.2.3.1 Post-processing SNR

The signal w∗
i x̃ is sent from antenna i through channel hi. At the receiver, the transmitted

signals from all transmit antennas are added up as:

y =
(

MT∑
i=1

hiw
∗
i

)
x̃ + n (3.80)

At the receiver, the signal is seen as been transmitted from the channel
∑MT

i=1 hiw
∗
i . For

convenience, we rewrite this equivalent channel as the scalar product: wHh where w =[
w1 w2 . . . wMT

]T is a MT×1 row vector and h = [
h1 h2 . . . hMT

]T is a column vector.
The expression for the received signal becomes:

y = wHh x̃ + n (3.81)

The transmit power is ‖w‖2E|x̃|2 and is set to the maximal allowed transmit power denoted
as P̄ : without loss of generality, we set ‖w‖2 = 1 and E|x̃|2 = P̄ . The power in the

Figure 3.15 MISO System model with transmit beamforming.
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signal part of (3.81) is P̄ |wHh|2, while the noise power is σ2
n . Hence, the post-processing

SNR is:

SNR = P̄ |wHh|2
σ2

n

(3.82)

3.2.3.2 Transmit Matched Filtering

Maximising the post-processing SNR is equivalent to maximising |wHh|, the amplitude
of the inner product. As seen in Section 3.1.4, the scalar product is maximised when w
and h are aligned.

The transmit filter matched to the MISO channel h is wTMF = h∗/‖h‖. The Transmit MF
(TMF) maximises the post-processing SNR. The received signal is yTMF = ‖h‖x̃ + n

and the post-processing SNR is:

SNRTMF = P̄‖h‖2

σ2
n

(3.83)

Transmit spatial matched filtering is also commonly called transmit Maximal Ratio
Combining (MRC).

Transmit MF has a very simple structure as it involves only linear operations. It transforms
a MISO system into a SISO system. This transformation does not result in any loss of
information. Transmit MF is a structure achieving the capacity of a MISO system when
the CSIT and CSIR are known.

3.2.4 Receive Beamforming (SIMO)

The optimal receive beamforming (Figure 3.16) is basically the symmetrical image of
transmit beamforming for a MISO system. It is the spatial matched filtering already treated
in Section 3.1.4.

receive beamforming

n2

n1

y1

y2

w∗
2

w∗
1

y˜x

Figure 3.16 SIMO sytem with receive beamforming.
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Figure 3.17 Single beam MIMO system with transmit and receive beamforming.

3.2.5 Single Beam MIMO: Maximal Eigenmode Beamforming

Multiple antennas are present at both the transmitter and receiver and both ends know
the MIMO channel matrix. Then, transmit and receive beamforming can be performed
jointly. We examine how to design a single transmit and receive beam carrying a single
stream of data (see Figure 3.17 for 2×2 MIMO). The design criterion is the maximisa-
tion of the post-processing SNR. We denote the MR×MT MIMO channel matrix as H ,
the MT×1 transmit weight vector as wtx and the MR×1 receive weight vector as wrx. x̃

is the transmitted symbol, x = [
x1 x2 . . . xMT

]T is the vectorial input containing the signals

sent from each antenna, y = [
y1 y2 . . . yMR

]T is the vectorial output containing the signals
received at each antenna. The transmit power is set to P̄ . The quantities of interest are
as follows.
MT×1 transmitted signal: x = wtxx̃.

where ‖wtx‖2 = 1 and E|x̃|2 = P̄

MR×1 receive signal: y = Hwtxx̃ + n

After receive beamforming: ỹ = wT
rxHwtxx̃ + wT

rx n

where ‖wrx‖2 = 1

After receive beamforming, the power in the signal part is P̄ |wT
rx
Hwtx|2 and the power

in the noise part is σ2
n‖wrx‖2 = σ2

n . Hence, the SNR after receive beamforming is:

SNR = P̄ |wT
rx
Hwtx|2
σ2

n

(3.84)

Maximising the post-processing SNR is equivalent to maximising the receive power
P̄ |wT

rx
Hwtx|2. The solution to this maximisation is based on the singular value decompo-

sition of the channel matrix (see Section 2.5.3):

H = U�V H =
rH∑

k=1

λkukvH
k (3.85)
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uk and Vk are the kth columns of U and V respectively. λk is the kth singular value. In
addition, we conveniently denote as λmax the maximal singular value of H , and umax and
vmax the corresponding left and right singular vectors. We can rewrite the term |wT

rx
Hwtx|2

as |wT
rx U�V Hwtx|2 and further decompose it as:

∣∣wT
rx
Hwtx

∣∣2 =
∣∣∣(wT

rx
U�1/2)(�H/2V Hwtx)

∣∣∣2 (3.86)

The beamforming vectors wtx and wrx should extract a spatial path with the highest pos-
sible energy. This is done by matching wtx to the right singular vector of H with highest
singular value and by matching wrx to the corresponding left singular vector. The transmit
beamforming vector wtx is vmax. Hence, the product �H/2V Hwtx in Equation (3.86) is equal
to λ1/2

max. The receive beamforming vector wrx is u∗
max and wT

rx
U�1/2 = λ1/2

max.

In maximal eigenbeam transmission, both transmitter and receiver form a single beam.
The transmit beamforming vector is vmax and receive beamforming vector is u∗

max. the
signal after receive beamforming is:

ỹ = λmaxx̃ + ñ (3.87)

ñ = vH
maxn ∼ CN(0, σ2

n). With this transmit and receive beamforming, the system is

equivalent to a SISO system with SNR equal to
P̄λ2

max

σ2
n

.

We have imposed a single beam communication. However, when the channel possesses
more than one nonzero singular value, it is possible to form multiple beams and send
independent data using those beams. Instead of communicating only over the channel with
the maximum eigenvalue, we communicate over all the eigenchannels: such a transmission
is called eigenmode transmission. We can form as many beams as non zero singular
values. This approach focuses on maximising the total system throughput, while maximal
eigenmode transmission focuses on a single stream communication and on maximising
the post-processing SNR and hence the throughput of this single stream.

3.2.6 Eigenmode Transmission

Eigenmode transmission has already been described in Chapter 2 as a structure achieving
capacity for a time-invariant channel. We give here another interpretation of this structure
in beamforming terms mainly for a 2×2 MIMO system, (see Figure 3.18).

3.2.6.1 Example of the 2×2 MIMO

Let us first examine the case of two transmit and two receive antennas. Let us recall the
notations linked to the singular value decomposition of H :

H = U�V H (3.88)
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Figure 3.18 Eigenmode transmission: multiple beams are formed at the transmitter and
receiver that match the eigenmodes of the channels.

• � = diag(λ1, λ2) is a diagonal matrix with diagonal elements equal to λ1 and λ2, and
λ1 ≥ λ2.

• U = [u1 u2] and V = [v1 v2] are unitary matrices. u1 and u2 are the first and second
column of U and the left singular vectors of H . v1 and v2 are the first and second column
of V and the right singular vectors of H .

• ui =
⎡
⎣u1i

u2i

⎤
⎦ and vi =

⎡
⎣v1i

v2i

⎤
⎦.

• The SVD of H can alternatively be written as:

H = λ1u1v1
H + λ2u2v2

H (3.89)

Transmitter: If we want to reach optimal performance, the power should be distributed
optimally among the beams. This is a significant difference with the single beamforming
MIMO case of Section (3.2.5). Power allocation becomes part of the optimisation problem.
We denote as Pi the power assigned to beam i. The maximal overall transmit power is P̄ .
Hence, the transmit power constraint is P1 + P2 ≤ P̄ .

The first transmit beamforming vector is v1 and is used to send symbol x̃1 (E|x̃1|2 = P1).
The second transmit beamforming vector is v2 and is used to send symbol x̃2 (E|x̃2|2 =
P2). The transmit vector corresponding to the first beam is v1x̃1 while the transmitted
vector corresponding to the second beam is v2x̃2. The beams are added up and the MT×1
transmitted signal is:

x = v1x̃1 + v2x̃2 (3.90)

Receiver: Using (3.89), the received signal is:

y = H (v1x̃1 + v2x̃2) + n (3.91)

= λ1u1x̃1 + λ2u2x̃2 + n. (3.92)

At the receiver, the task is to separate both streams to recover x̃1 and x̃2. This task
is made easy because of the orthogonality properties of the received streams. From
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Equation (3.92), the 2×2 equivalent channel corresponding to the transmission of x̃1

and x̃2 is:

[λ1u1 λ2u2] (3.93)

This matrix is orthogonal because its columns are orthogonal. The optimal receiver is the
spatial matched filter as explained in Section 3.1.4. To recover stream 1, the optimal re-
ceiver is the spatial filter matched to u1, that is, u1

H, which also eliminates the contribution
of the second beam. The output of the receiver is ỹ1 = λ1x̃1 + u1

Hn. Likewise, to recover
stream 2, the optimal receiver is the spatial filter matched to u2, that is, u2

H. The output is
ỹ2 = λ2x̃2 + u2

Hn.

Equivalent System: The system including the transmit and receive beamforming filters
becomes:

ỹ1 = λ1x̃1 + ñ1 (3.94)

ỹ2 = λ2x̃2 + ñ2 (3.95)

where ñ1 = u1
Hn and ñ2 = u2

Hn. ñ1 and ñ2 are independent and ñj ∼ CN(0, σ2
nI). Hence,

we have created two independent spatial channels or parallel channels with respective
SNRs:

SNR(1) = P1λ
2
1

σ2
n

and SNR(2) = P2λ
2
2

σ2
n

(3.96)

Now we still need to find the optimal power allocation.

Power Allocation through Achievable Rate Maximisation: Maximal eigenbeam transmis-
sion involves a single beam and hence a single SNR. Selecting the beamforming vectors
that maximise the SNR makes perfect sense as it is equivalent to maximising the achiev-
able rate for a reliable communication for a time invariant channel. The situation is now
different because we have several parallel channels and hence more than one SNR. Both
SNRs cannot be maximised at the same time: when SNR(1) increases, SNR(2) decreases.
An optimisation based directly on the SNRs is not straightforward to design in general. A
more relevant optimisation design relies on the achievable rate, where the optimal power
allocation is the one maximising the system capacity.

Because the channels in (3.95) are independent, the achievable rate of the whole system
is the sum of the capacity of the parallel channels:

Rmax = log2 [1 + SNR(1))] + log2 [1 + SNR(2)] (3.97)

As P̄ = P1 + P2, we replace P2 by P̄ − P1 to obtain:

Rmax = log2

[
1 + P1

λ2
1

σ2
n

]
+ log2

[
1 + (P̄ − P1)

λ2
2

σ2
n

]
(3.98)
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This expression can easily be optimised with respect to P1. The solution is as follows:

Po
i =

(
1

γ0
− 1

γi

)+
(3.99)

where x+ = x if x ≥ 0 and x+ = 0 if x < 0. γ0 is a value derived from the constraint
Po

1 + Po
2 = P̄ . Computation of the transmit powers is done as follows:

1. First, we compute the constant γ0 assuming that both channels are allocated power,
that is, Po

1 and Po
2 are positive. We find 1/γ0 = (

P̄ + 1/γ1 + 1/γ2
)
/2.

2. Next, we need to check that Po
1 and Po

2 computed thanks to this value of 1/γ0 are
positive. We assume that λ1 ≥ λ2, hence 1/γ2 ≥ 1/γ1 and Po

2 ≤ Po
1 . So, we first need

to check if Po
2 is positive (as it is most likely to be negative).

• If Po
2 = 1/γ0 − 1/γ2 ≥ 0, then both eigenchannels are allocated. The power allo-

cation is as in Equation (3.99).
• If Po

2 = 1/γ0 − 1/γ2 < 0, then Po
2 = 0 and Po

1 = P̄ . All the power is allocated to
the first beam. In such a scenario, it is better to allocate all the power to the beam
with stronger SNR.

This power allocation is called waterfilling. Waterfilling is described in further details in
Section 2.5.4. Eigenmode transmission with waterfilling is a scheme achieving capacity
for time invariant channels.

3.2.6.2 General MIMO Channel

The previous derivations can be generalised to a MT×MR MIMO system as follows.

Eigenmode transmission with waterfilling is a multiple transmit and receive beam
technique where the beams are matched to the underlying structure of the channel
given by the SVD of the channel matrix H = U�V H:

• rH transmit beams: v1, . . . , vrH .
• rH receive beams: u1

∗, . . . , u∗
rH

.
• The transmit power is allocated across eigenmodes as:

Po
i =

(
1

γ0
− 1

γi

)+
(3.100)

γ0 is the cut-off value and is determined using the power constraint :

rH∑
i=1

Po
i =

rH∑
i=1

(
1

γ0
− 1

γi

)+
= P̄ (3.101)

Eigenmode transmission with waterfilling is an optimal structure for MIMO systems
when the channel is time-invariant and is known (along with the noise variance) at the
transmitter.
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3.2.7 Performance of Beamforming Schemes

Performance is described according to the SNR ρ = P̄/σ2
n . The MIMO systems consid-

ered have 4 transmit and 4 receive antennas. The MISO/SIMO systems possess 4 transmit/
receive antennas. The channel realisations are drawn from an i.i.d. Rayleigh fading dis-
tribution verifying E

[|hij|2
] = 1. For MISO or SIMO systems, we plot the performance

when transmit/receive spatial matched filtering is used.

3.2.7.1 Achievable Rates

In Figure 3.19, we show the achievable rates of the different beamforming schemes for a
time invariant channel. The achievable rates are averaged over channel realisations drawn
from an i.i.d. Rayleigh distribution. In particular, we compare eigenmode transmission
with two transmit power allocations: waterfilling and uniform power allocation (equal
power per beam).

• At high SNR, the curve slopes indicate the multiplexing gain for each scheme, showing
a clear distinction between the schemes using MIMO capabilities and the schemes us-
ing a single stream of communication. Furthermore, as waterfilling becomes equivalent
to a uniform power allocation at high SNR, eigenmode transmission with waterfill-
ing and with uniform allocation become equivalent. Maximal eigenmode transmission
outperforms MISO or SIMO transmission thanks to a larger array gain.
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Figure 3.19 Achievable rate of beamforming schemes averaged over channel realisations
drawn from an i.i.d. Rayleigh distribution.
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Figure 3.20 Achievable rate per stream of beamforming schemes averaged over realisations
drawn from an i.i.d. Rayleigh distribution.

• At low SNR, the multiplexing capabilities are lost so eigenmode transmission becomes
equivalent to maximal eigenmode transmission, while eigenmode transmission with
uniform power distribution becomes equivalent to SIMO.

In Figure 3.20, the achievable rate per stream is shown. The following observations can
be made: (1) at high SNR, waterfilling tends to a uniform power allocation, (2) at low to
mid SNR, the stronger streams are assigned with more power and (3) at low SNR, only
the strongest stream is assigned power when waterfilling is applied.

3.2.7.2 Eigenmode Transmission: Simple Example of a Practical Implementation

In the information theory framework, the codewords are assumed to be asymptotically
long and the error probability asymptotically small. In practice, this assumption cannot
be fulfilled and the error probability will not be negligible. Figure 3.21 shows a simple
example where an uncoded QPSK constellation is used for transmission in each stream
of eigenmode transmission with waterfilling. The corresponding bit error rate (BER) is
shown. The slope of the uncoded BER curves indicates the diversity gain achieved by each
stream.

Furthermore, capacity can take any positive value. For example, in Figure 3.19, at 5 dB
the capacity of eigenmode transmission with WF is around 7.3 at 5 dB, 11.5 at 10 dB or 16.2
at 13 dB. In practice, communication systems select among a finite number of encoders and
transmission rates. Hence, the curve in Figure 3.19 cannot be achieved. However, to ap-
proach capacity results, adaptive modulation and coding (AMC). is implemented. In AMC,
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Figure 3.21 BER per stream for an uncoded QPSK constellation.

a finite number of transmission rates are available. In the present example, the system can
choose between uncoded QPSK, 16-QAM, 64-QAM, hence rates of 2, 4 and 6 bits per
transmission. The more AMC levels are available, the closer we can get to the optimal ca-
pacity curve. In this example, for the sake of simplicity, we assume an uncoded system, but
it is of course highly desirable to have an efficient coding to achieve a low error probability.

In our example, the AMC level is selected to maximise the transmission rate under a BER
constraint. The BER constraint specifies that the BER should be below 10−3. In Figure 3.22,
the BER curves with respect to the SNR is drawn for QPSK, 16-QAM and 64-QAM,
as well as the SNR region where each constellation should be selected. In the region
below 9.8 dB, the BER constraint cannot be satisfied, so the system does not transmit.
In the region between 9.8 dB and 16.5 dB, the higher constellation can be transmitted
verifying the BER constraint is QPSK, and similarly for the other decision regions.

After waterfilling, the post-processing SNR is computed for each stream and the ap-
propriate AMC level is selected accordingly. The same is done for maximal eigenmode
transmission and SIMO/MISO. The throughput is defined as the average number of sym-
bols correctly decoded per transmission and is show in Figure 3.23. At high SNR, the
multiplexing effect is visible: the maximal transmission rate per stream is six bits per trans-
mission, hence, for four parallel streams, the maximal rate is 24 bits per transmission. For
the single stream systems, the transmission rate cannot exceed six bits per transmission. At
lower SNR, we see that maximal eigenmode transmission outperforms eigenmode trans-
mission. Indeed, waterfilling is adapted to the maximisation of capacity and not to a trans-
mission where only three transmission rates can be selected. To remedy this problem, two
simple solutions can be implemented: (a) the number of AMC levels can be increased so
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that performance gets closer to capacity or (b) a test can be conducted where the theoretical
throughputs for maximal eigenmode and eigenmode transmission are compared and the
transmission technique with highest throughput is selected.

Transmit and receive beamforming

When a transmitter or receiver possesses multiple antennas, a beam can be formed to
match the transmission or reception to the channel.

� For a SIMO or a MISO system, a single data stream can be transmitted and hence
a single beam is formed. The beamforming vector optimising the post-processing
SNR is the matched filter.
When MT = MR, the same post-processing SNR is achieved by both SIMO and
MISO when matched filtering is performed, provided that the channel is known at
both ends of the communication.
The post-processing SNR is P̄‖h‖2/σ2

n . Beamforming exhibits an array gain equal
to MT (MISO) and MR (SIMO).

� For a MIMO system, when targeting a maximal array gain, a single data stream
is transmitted using a single matching transmit and receive beam. The transmit
beamforming vector is vmax and the receive beamforming vector is u∗

max. With those
beamforming operations, the system becomes equivalent to an AWGN channel:

ỹ = λmaxx̃ + ñ, ñ ∼ CN(0, σ2
n), E

[
|x̃|2

]
= P̄, SNR = P̄λ2

max

σ2
n

(3.102)

� When targeting a maximal multiplexing gain (equal to rH), multiple streams are
simultaneously transmitted using multiple matching transmit and receive pairs of
beams. The maximal number of data streams/beams is equal to the rank of the
channel matrix rH. After beamforming, the system becomes equivalent to multiple
independent AWGN channels:

ỹk = λkx̃k + ñk, ñk ∼ N(0, σ2
n), E

[
|x̃|2

]
= P̄, SNRk = Pkλ

2
k

σ2
n

(3.103)

Water filling in Equation (3.100) provides the power allocation P1 . . . PrH maximis-
ing the system achievable rate. Eigenmode transmission with waterfilling achieves
the capacity for time-invariant channels.

3.3 Space–Time Block Codes

Space–time codes are codes that spread over time and over space (transmit antennas). They
are used to improve the reliability of a wireless communication link by using transmit
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Figure 3.24 Example of an STBC based on repetition coding compared to the Alamouti
STBC. The Alamouti STBC achieves twice the data rate with the same diversity gain.

diversity, that is, redundant information is sent across time and space. Space–time codes
target slow fading channels where the instantaneous CSI is not known at the transmitter.
For such a channel, we have seen in Chapter 2 that a reliable communication cannot
be guaranteed. Space–time codes are useful because they reduce the outage probability
compared to single antenna systems.

This section is dedicated to a special category of space–time codes called space–time
block codes. In space–time block codes, the data is divided into blocks consisting of
independent codewords. The same blocks are sent in time and space, insuring transmit
diversity. Space–time block codes are advantageous because they are very simple codes
requiring a low complexity encoding and decoding procedure. STBC are designed for
MISO systems. They do not require multiple antennas at the receiver. In case multiple
receive antennas are present, STBCs benefit from additional diversity gain as well as array
gain. However, they are suboptimal for MIMO systems. Other schemes (e.g. D-Blast)
achieve a higher throughput while exhibiting the same diversity gain. STBC redundancy
across antennas brings diversity gain only and not coding gain. Coding gain comes from
coding across each codeword (coding in time).

A very simple STBC is based on repetition coding where the same codeword is suc-
cessively transmitted from a different antenna while the other antennas remain idle. It is
illustrated in Figure 3.24. Repetition coding achieves the maximal diversity gain because
each codeword is transmitted through all available channels. However, it is very inefficient
when it comes to throughput because some antennas remain idle at each transmission time.
We want STBCs that have a maximal diversity gain while still achieving a high throughput.
In other words, a desired property is the minimisation of the system outage probability.
Such a property cannot always be fulfilled except for the Alamouti STBC designed for a
two transmit antenna system and that is first described.

3.3.1 Orthogonal Design for a 2 × 1 MISO System: Alamouti STBC

3.3.1.1 Code Description

The first space–time block code was invented by Alamouti. The Alamouti STBC transmits
two symbols x1 and x2 in two transmission periods as shown in Figure 3.25:
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Transmitted signals

x∗1x2

t 1= t 2=

y1 y2

Received signals

x1 −x∗2

t 2=t 1=

Figure 3.25 Alamouti STBC: transmitted and received signals.

• During the first transmission period, symbol x1 is transmitted from antenna 1 and symbol
x2 is transmitted from antenna 2.

• During the second transmission period, symbol −x∗
2 is transmitted from antenna 1 and

symbol x∗
1 is transmitted from antenna 2.

Symbols x1 and x2 belong to two different codewords (hence are uncorrelated). An equal
transmit power P̄/2 is assigned to each transmit antenna. Such a transmission has been
defined as i.i.d. For a MISO slow fading channel, i.i.d. transmission is only optimal at high
SNR, but we have seen in Chapter 2 that it is a reasonable assumption at lower SNRs as
well.

The same encoder is used to encode both codewords, but they are encoded independently
as becomes apparent below, this is justified because both symbols transmitted through the
same channel. The rate of the encoder is determined by the statistics of the channel. The
codewords contain the same number of symbols. Pairs of symbols, one symbol from each
codeword, are transmitted one after another during two transmission periods.

Another important assumption is that the channel is constant during the two transmission
periods over which two STBC symbols are transmitted. This property is essential for the
STBC to extract the maximum diversity from the channel.

It is customary to represent a space–time code by a matrix. The Alamouti STBC code
matrix is:

time
−−−−−−→

T
x

an
te

nn
a

←−
−−

⎡
⎣x1 −x∗

2

x2 x∗
1

⎤
⎦ .

(3.104)

The element (i, j) of a code matrix is the symbol transmitted in time slot i from antenna
j. The rate of an STBC is the average number of transmitted symbols per transmission
period. The Alamouti STBC transmits two symbols in two transmission periods so the
rate of the Alamouti STBC is one. It is said to have full rate. Indeed, having a rate higher
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than one would mean that the same symbol is transmitted more than once from the same
antenna, which is useless to obtain full diversity.

We notice that the lines of the STBC matrix in Equation (3.104) are orthogonal. This or-
thogonality feature gives the Alamouti STBC its full diversity property. We now elaborate
further on this point.

3.3.1.2 Orthogonal Transmission

We denote hi the channel from transmit antenna i to the receive antenna and hT = [h1 h2]
the 1×2 channel vector; y1 and y2 are the received signals during the first and second
symbol transmission periods and n1 and n2 the corresponding additive noise samples. As
usual, the noise is assumed Gaussian and i.i.d. The input–output relationship is:

[
y1 y2

]
= hT

⎡
⎣x1 −x∗

2

x2 x∗
1

⎤
⎦ +

[
n1 n2

]
(3.105)

To understand how the Alamouti STBC exhibits a full diversity gain, we consider first
the noiseless case. The noiseless received signals are:

⎧⎨
⎩ z1 = h1x1 + h2x2

z2 = h2x
∗
1 − h1x

∗
2

(3.106)

In order to easily find the optimal receiver, we determine the equivalent channel corre-
sponding to the transmission of x1 and x2. The data content sent during the first and second
transmission time is the same (conjugation does not change the information content). A
quick trick to make this obvious is to take the conjugate of z2:

⎧⎨
⎩ z1 = h1x1 + h2x2

z∗
2 = h∗

2x1 − h∗
1x2

(3.107)

It becomes easy to find the equivalent channel corresponding to the transmission of x1 and
x2. The system becomes equivalent to 2×2 MIMO channel:

⎡
⎣ z1

z∗
2

⎤
⎦ =

⎡
⎣h1 h2

h∗
2 −h∗

1

⎤
⎦
⎡
⎣x1

x2

⎤
⎦ (3.108)

A remarkable property is that the equivalent channel matrix is orthogonal. This orthogo-
nality is a direct consequence of the orthogonality the Alamouti STBC.
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3.3.1.3 Receiver

Let us now come back to the received signals with additive noise, taking the complex
conjugate of y2: ⎡

⎣ y1

y∗
2

⎤
⎦ =

⎡
⎣h1 h2

h∗
2 −h∗

1

⎤
⎦
⎡
⎣x1

x2

⎤
⎦ +

⎡
⎣n1

n∗
2

⎤
⎦ (3.109)

When the MIMO channel matrix is orthogonal, we have seen that the optimal receiver is
the matched filter. The two outputs of the matched filter are:⎧⎨

⎩ ỹ1,MF = (|h1|2 + |h2|2) x1 + ñ1

ỹ2,MF = (|h1|2 + |h2|2) x2 + ñ2

(3.110)

where ñ1 = h∗
1n1 − h2n

∗
2 and ñ2 = h∗

2n1 + h1n
∗
2. ñ1 and ñ2 are independent and equally

distributed as CN (
0, σ2

n[|h1|2 + |h2|2]
)
. In the resulting system (3.110), both symbols x1

and x2 see the same channel. Hence, STBC transmission is equivalent to the generic SISO
channel:

ỹ = (|h1|2 + |h2|2) x + ñ, with SNR = P̄

2

(|h1|2 + |h2|2
)

σ2
n

(3.111)

3.3.1.4 Diversity Gain

To easily determine the diversity gain of the Alamouti STBC, we make a parallel with
a 1×2 SIMO system. For such a system, the maximal number of independent channels
carrying the same symbol is clearly equal to two. The SISO system in Equation (3.111)
can also be seen as a two receive antenna SIMO system with channels h1 and h2 where
the transmit power is reduced to P̄/2. We recall that the optimal receiver for this system
is the spatial matched filter which leads to the post-processing SNR value in Equation
(3.111). We conclude that the maximal diversity gain of the Alamouti STBC is equal to
two. Hence the Alamouti STBC achieves a full diversity gain. Another way to determine
the diversity gain is to use the definition in Equation 2.82.

Similarly, the system in Equation (3.111) can be seen as a two transmit antenna MISO
system where the CSI is known at the transmitter and the transmit power is reduced to P̄/2.
The optimal transmission technique is transmit spatial matched filtering. Again, for such
a system, the maximal diversity gain is equal to two. Compared to this system, Alamouti
STBC loses by a factor of two in array gain for not knowing the CSI at the transmitter.

3.3.1.5 Alamouti STBC: Minimises the Outage Probability for i.i.d. transmission

STBC transmission is equivalent to the SISO channel in (3.111). Hence, the maximal rate

for a reliable communication is equal to log2

(
1 + P̄

2

‖h‖2

σ2
n

)
. It is achieved when the CSI
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is known at the transmitter. Because the instantaneous value of the CSIT is not known,
when transmitting at rate R, the system will be in outage with probability:

pAla
out (R) = Pr

{
log2

(
1 + P̄

2

‖h‖2

σ2
n

)
< R

}
(3.112)

The Alamouti STBC has the same outage probability as the MISO channel described in
Section 2.7.5. Therefore, when the transmission is constrained to be i.i.d., the Alamouti
STBC is the optimal code, that is, it minimises the outage probability of the system.

The Alamouti STBC has full rate and full diversity. Only for two transmit antenna can
a space–time block code achieve both properties (except for real valued constellations).
STBC designs for more than two transmit antennas can achieve (a) full rate but not
full diversity or (b) full diversity but not full rate.
Alamouti STBC transmission is equivalent to a SISO channel with SNR equal to:

SNR = P̄

2

(|h1|2 + |h2|2
)

σ2
n

(3.113)

Alamouti STBC is optimal in slow fading channels and minimises the outage proba-
bility of a 2×1 MISO with CSIT distribution.

3.3.1.6 Multiple Receive Antennas

Alamouti STBC can be used in MIMO communications. It benefits from additional di-
versity and array gain due to the presence of multiple receive antennas. However, it does
not use MIMO multiplexing capabilities. Hence it is suboptimal as it does not achieve the
highest possible throughput.

The treatment with multiple receive antennas is very similar to the treatment with a single
receive antenna except that we now manipulate vectors. The received signals during the
two transmission periods are:⎡

⎣ y1

y∗
2

⎤
⎦ =

⎡
⎣h1 h2

h∗
2 −h∗

1

⎤
⎦
⎡
⎣x1

x2

⎤
⎦ +

⎡
⎣n1

n∗
2

⎤
⎦ (3.114)

yk is the MR×1 vector of received signals at time k, k = 1, 2. hi is the MR×1 vectorial
channel from transmit antenna i, i = 1, . . . , MR, to the receive antennas. nk is the MR×1
vector of additive noise samples at time k. The equivalent channel matrix has dimension
MR×2 and has orthogonal columns.

The optimal receiver for each stream is the matched filter. The equivalent SISO channel
for each stream is: ⎧⎨

⎩ ỹ1,MF = (|h1|2 + |h2|2) x1 + ñ1

ỹ2,MF = (|h1|2 + |h2|2) x2 + ñ2

(3.115)
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Figure 3.26 Outage probability of the Alamouti STBC for a 2×1 MISO and 2×2 MIMO
system and an i.i.d. Rayleigh slow fading channel model (with E|hij|2 = 1).

ñ1 = hH
1 n1 − hT

2 n∗
2 and ñ2 = hH

2 n1 + hT
1 n∗

2. Finally, the post processing SNR is:

SNR = P̄

2

(|h1|2 + |h2|2
)

σ2
n

(3.116)

In Figure 3.26, we show the outage probability of the Alamouti STBC for a 2×1 MISO
and 2×2 MIMO system as a function of the SNR ρ = P̄/σ2

n . The transmission rate is
equal to four bits per transmission. From the slopes of the curves at high SNR, we can
observe that the diversity gain of the Alamouti STBC for a 2×1 MISO is equal to two while
the diversity gain of the Alamouti STBC for a 2×2 MIMO system is equal to four. The
outage probability is lower for the 2×2 MIMO system thanks to the higher diversity gain
and the array gain.

3.3.2 STBC for More than Two Transmit Antennas

We first generalise definitions introduced during the description of the Alamouti STBC:

• A space–time code is represented using the following matricial form:

time
−−−−−−−−−→

T
x

an
te

nn
a

←−
−−

−−

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

x11 x12 · · · x1T

x21 x22 · · · x2T

...
...

...
...

xMT1 x22 · · · x2T

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(3.117)
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xij is the symbol transmitted in time slot i from antenna j. Row i describes the trans-
mission from transmit antenna i at all symbol transmission time. Column j describes
the transmission from all transmit antenna at symbol transmission time j.

• The code rate of an STBC is the number of symbols transmitted on average over a block.
• If the rate is equal to 1, then the STBC has full rate.
• With MT transmit antennas (and 1 receive antenna), the maximal diversity gain is MT.

A STBC is said to have full diversity gain if its diversity gain is equal to MT.

The data to be transmitted is encoded, using the same encoder, into multiple codewords,
or blocks, of same duration. Multiple copies of the same block are transmitted in space
and in time. The STBC spreads over a number of T block transmissions and over all
transmit antennas. Hence, decoding is based jointly on T blocks at the receiver. The main
assumptions associated with STBC transmission are as follows.

Main assumptions for STBC

� MISO channel coefficients are known at the receiver.
� Slow fading channel: instantaneous CSIT not known at the transmitter, but its statis-

tics are known.
� Channel is constant over the duration of the STBC (transmission of symbol block).
� Unlike Alamouti STBC, the power is not always equally distributed across the trans-

mit antennas (unequal power allocation might be necessary to guarantee orthogo-
nality of the STBC).

� Noise at receiver is ZMCCS, temporally and spatially white: n ∼ CN(0, σ2
n).

3.3.2.1 Orthogonal and Quasi-orthogonal Designs

For more than two transmit antennas, two classes of STBC codes can be distinguished:
the class of orthogonal STBC and the class of quasi-orthogonal STBC.

• Orthogonal STBC: The lines of the STBC matrix are orthogonal. The advantage of
orthogonal STBC is twofold: (a) they have full diversity and (b) the optimal receiver is
very simple as it is a simple matched filtering. The disadvantage is that those codes do
not achieve full rate, with noticeable exception of the Alamouti STBC for two transmit
antennas (as well as real valued constellations).

• Quasi-orthogonal STBC: The lines of the STBC matrix are not orthogonal. The orthog-
onality is sacrificed for rates that are higher than the orthogonal counterpart. However,
the optimal receiver is more complex (ML receiver in general).

Designs for orthogonal and quasi orthogonal codes can easily be found in the literature.
In the following paragraph, we give the example of STBC designed for a four-transmit
antenna system.
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3.3.2.2 Orthogonal Design: Number of tx Antennas Larger than Two

For a real valued constellations, full rate and full diversity STBC can be designed. For a
four-transmit antenna system, such a STBC is:

Cr
1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

x1 −x2 −x3 −x4

x2 x1 x4 −x3

x3 −x4 x1 x2

x4 x3 −x2 x1

⎤
⎥⎥⎥⎥⎥⎥⎦ (3.118)

When the constellation is complex, an orthogonal STBC cannot have full rate. For a
four-transmit antenna system, an STBC with rate 1/2 is:

C1/2 =

⎡
⎢⎢⎢⎢⎢⎢⎣

x1 −x2 −x3 −x4 x∗
1 −x∗

2 −x∗
3 −x∗

4

x2 x1 x4 −x3 x∗
2 x∗

1 x∗
4 −x∗

3

x3 −x4 x1 x2 x∗
3 −x∗

4 x∗
1 x∗

2

x4 x3 −x2 x1 x∗
4 x∗

3 −x∗
2 x∗

1

⎤
⎥⎥⎥⎥⎥⎥⎦ (3.119)

Orthogonal codes with higher rates can be designed. For example, the following orthogonal
code has rate 3/4. For this code, the transmit power is not constant across antennas, which
is required to have orthogonality.

C3/4 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

x1 −x∗
2

x∗
3√
2

x∗
3√
2

x2 x∗
1

x∗
3√
2

− x∗
3√
2

x3√
2

x3√
2

−x1−x∗
1+x2−x∗

2
2 − (x1−x∗

1−x2−x∗
2)

∗

2

x3√
2

− x3√
2

x1−x∗
1−x2−x∗

2
2

(−x1−x∗
1+x2−x∗

2)
∗

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(3.120)

3.3.2.3 Quasi-Orthogonal Design: Number of tx Antennas Larger than Two

A quasi-orthogonal STBC (QOSTBC) for four-transmit antennas is as follows:

C
QOSTBC

1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

x1 −x∗
2 −x∗

3 x4

x2 x∗
1 −x∗

4 −x3

x3 −x∗
4 x∗

1 −x2

x4 x∗
3 x∗

2 x1

⎤
⎥⎥⎥⎥⎥⎥⎦ (3.121)

This STBC has full rate but only partial orthogonality and hence does not achieve full
diversity.
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This partial orthogonality is confirmed by observing the equivalent channel correspond-
ing to the transmission ofx1,x2,x3 andx4. Based on the same trick we used for the Alamouti
STBC (see Equation (3.106)), this equivalent channel is:

H =

⎡
⎢⎢⎢⎢⎢⎢⎣

h1 h2 h3 h4

h∗
2 −h∗

1 h∗
4 −h∗

3

h∗
3 h∗

4 −h∗
1 −h∗

2

h4 −h3 −h2 h1

⎤
⎥⎥⎥⎥⎥⎥⎦ (3.122)

We can observe that not all column pairs are orthogonal.

3.3.2.4 Comparison between Orthogonal STBC and Quasi-orthogonal STBC

Figure 3.27 shows the symbol error rate (SER) at the output of the ZF receiver as a function
of the SNR ρ = P̄/σ2

n for the orthogonal STBC of Equation (3.119) and that of the quasi-
orthogonal STBC of Equation (3.121), assuming that a QPSK constellation is transmitted
over an i.i.d. complex Gaussian (Rayleigh) fading channels with E|hij|2 = 1. The SER
for a SISO channel is shown as a reference. Two main observations can be drawn from
the figure:

• We have defined the diversity gain as the slope of the outage probability curves at high
SNR. For an uncoded signal, the diversity gain is also the slope of the SER (or BER)
curve at high SNR. Note that this last statement is not always true for a coded input.
While OSTBC achieves a full diversity gain, QOSTBC does not.
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Figure 3.27 SER of OSTBC and QOSTBC.
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Figure 3.28 Outage probability of OSTBC and QOSTBC for a selected rate R=2 bits per
transmission and an i.i.d. Rayleigh slow fading channel.

• QOSTBC has a worse SER than OSTBC. For a fixed input constellation, the SER of
QOSTBC is degraded due to the inter-stream interference (or nonorthogonality of the
QOSTBC). However, the OSTBC shown has half the rate of the QOSTBC.

In practice, for enhanced performance, the transmission rate should be adapted to the
channel quality, for which the outage probability becomes relevant. Figure 3.28 shows the
outage probability of a given output of the ZF or MMSE receiver (all the outputs have
the same statistics). In the low SNR range, the schemes with lowest diversity perform
better. However, at the higher SNR range, when the diversity effect kicks in, the designs
benefiting from a higher diversity gain become better.

Space–Time Block Codes

� The most popular STBC is the Alamouti STBC. It is designed for a two-transmit
antenna system. It is the only STBC code that achieves both full rate and full diversity
(except for real constellation based STBC). Alamouti STBC minimises the outage
probability for an i.i.d. transmission.

� For complex constellations and more than two transmit antennas, no STBC can be
designed that achieve both full diversity and full rate.
• Orthogonal STBCs achieve full diversity, however, they do not achieve full rate:

thanks to the orthogonality property, the optimal receiver is very simple (i.e.
matched filter).

• Quasi-orthogonal STBCs achieve full rate but not full diversity: the optimal
receiver is more complex.
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3.4 D-Blast

The Diagonal Bell Labs Layered Space Time (D-Blast) transceiver is a spatial multiplexing
architecture aiming at the highest possible diversity gain, while still achieving a high rate.
Like STBC, it is targeted for slow fading channels with knowledge of the statistics of the
CSIT, but not its instantaneous value. However, unlike the STBCs described in Section 3.3,
it exhibits spatial multiplexing capabilities. It is the optimal transceiver when the channel
is slow fading and under asymptotic conditions (large number of transmitted codewords)
that are detailed later on.

Main assumptions for D-Blast

� MIMO channel coefficients are known at the receiver.
� Slow fading channel: instantaneous CSIT not known at the transmitter, but its statis-

tics are known.
� Channel is constant over the duration of a transmission (see Figure 3.29).
� Same power is allocated to all streams.
� Noise at receiver is ZMCCS, temporally and spatially white: n ∼ CN(0, σ2

nI).

D-Blast is based on the following two features:

1. Diagonal Encoding: Codewords or layers are spread diagonally across antennas.
2. Diagonal Decoding: Layers are decoded diagonally and removed one by one.

Below, D-Blast is mostly described for a two transmit antenna system. The generalisation
to larger systems is straightforward.

3.4.1 Diagonal Encoding

The encoding is illustrated in Figure 3.29. Each codeword is divided into MT parts of same
length. Each codeword forms a diagonal layer. For the 2×2 example, the ith transmitted
codeword is divided into two parts as:

Xi = {X(Part 1)
i , X

(Part 2)
i }. (3.123)

Each codeword has the same constant rate determined to comply with a targeted outage
probability. The different parts of each codeword are transmitted successively from a
different antenna:

• First transmission time: X
(Part 1)
1 is transmitted from the first antenna while the other

antenna remains idle.
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• Second transmission time: X
(Part 2)
1 is transmitted from antenna 2 and the first part of the

second codeword X
(Part 1)
2 is transmitted from antenna 2.

• Encoding is done similarly for the subsequent codewords until the last transmission
time where the second part of the last codeword is transmitted from antenna 2 while the
other antenna remains idle.

3.4.2 Diagonal Decoding

The general principle of the decoding follows the principle of successive interference
cancellation as follows:

• A receiver is applied to get a soft estimate of each part of the same codeword.
• The information about each part of a codeword is combined to perform decoding.
• Once the decoding is achieved, the contribution of the codeword is reconstructed and

removed. Decoding of the next codeword proceeds similarly.

In Figure 3.29, we detail how we get a soft estimate of each part of a codeword using a
MMSE receiver.

Antenna 2

Codeword 2 Codeword 3Codeword 1

Antenna 1 X (Part 1)
1 X (Part 1)

2 X (Part 1)
3

X (Part 2)
1 X (Part 2)

3X (Part 2)
2

First transmission time

A receiver is applied to
recover X(Part 1)

1 . The optimal
receiver is the matched filter.
This situation corresponds
to the last layer of the SIC
receiver in Section 3.1.7,
where all the interfering
streams have been cancelled.
Following the definition
in Section 3.1.7, the post-
processing is SNR(L2) (SNR
of the second layer). No
decoding is done at this stage.

Second transmission time

A receiver is applied to recoverX(Part 2)
1 .

X
(Part 1)
2 is treated as a Gaussian in-

terferer. This situation corresponds to
the first layer of the SIC receiver in
Section 3.1.7, the first layer is recov-
ered while the other layers are treated
as Gaussian interference. MMSE lin-
ear processing is performed. The corre-
sponding SNR is denoted as SNR(L1)
(SNR of the first layer).

Figure 3.29 D-Blast for a two-transmit antenna system. Steps to get soft estimates of each
part of a codeword.
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3.4.3 D-Blast: Outage Optimal

For a given channel realisation, each part of a codeword sees a channel with SNR equal
to SNR(Lk). The key observation is that SNR(Lk) is also the SNR of each layer of
the MMSE-SIC receiver as described in Section 3.1.7. For each part of a codeword, the
maximal achievable rate for reliable communication is log2 [1 + SNR(Lk)]. Hence, the
highest rate achievable for a whole codeword is

∑MT
k=1 log2 [1 + SNR(Lk)].

In Section 3.1.7, we have seen that it is equal to maximal achievable rate for an i.i.d.
transmission

Rmax = log2 det
(

1 + P̄

MTσ2
n

HHH

)
(3.124)

D-Blast achieves this rate only asymptotically because D-Blast suffers from a rate loss
at the beginning of the transmission to initialise the decoder as well as at the end of
transmission. However, we will assume that the number of codewords to transmit is large
so that this loss becomes negligible.

If the channel were known at the transmitter, we know that there exist a code achieving
this rate. As the transmitter does not know the channel but its statistics, it can adjust
its transmission rate to comply with a targeted outage probability based on the channel
distribution. The outage probability of D-Blast for selected transmit rate R is:

Pout = Pr
{

log2 det
(

1 + P̄

MTσ2
n

HHH

)
< R

}
(3.125)

This is also the outage probability of the MIMO slow fading channel (with i.i.d. transmis-
sion). So we conclude that D-Blast asymptotically minimises the outage probability for a
MIMO slow fading channel with i.i.d. transmission.

3.4.4 Performance Gains

• Multiplexing gain. D-Blast exploits up to min(MT, MR) spatial degrees of freedom (in
the soft estimation of the last part of a codeword.)

• Antenna/power gain. D-Blast benefits from an array gain that has a maximal value of
MR when the first part of the codeword is estimated.

• Diversity gain. D-Blast achieves the maximal diversity gain MTMR. The maximal
diversity gain is reached with MMSE-SIC at the receiver. One has to be careful when
considering the performance of MMSE-SIC applied to D-BLAST at high SNR ρ. They
are not equal to the performance of ZF-MMSE, although the post-processing SNR(Lk)
of each individual layer of MMSE-SIC tends to the SNR obtained by the ZF-SIC. The
reason is that the layers of MMSE-SIC are correlated. Coding is done across layers
and manages to favourably exploit this correlation, bringing the diversity gain that goes
missing in ZF-SIC.
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3.4.5 Error Propagation

D-Blast looks advantageous especially for its full diversity gain. However, it suffers
from a significant flaw: error propagation. For a slow fading channel, we can only
guarantee a fixed value for the outage probability. Errors might occur and might propagate
to the next layers when, after decoding, a diagonal codeword is removed from the
received signal. The outage probability given in Equation (3.125) does not account for
error propagation. Note that in V-Blast also uses successive interference cancellation.
However, for fast fading channels, coding is done over many channel fades thus guar-
anteeing a negligible error probability for each layer and hence avoiding error propagation.

3.4.6 Numerical Evaluations: Comparison of D-Blast with STBC

Figure 3.30 shows the performance of D-Blast compared to some of the STBC schemes
seen in Section 3.3, for a 4x4 i.i.d. Rayleigh fading MIMO channel. We recall that the
STBC schemes seen in section 3.3 are designed for a MISO channel and benefit from
transmit diversity. STBC schemes are suboptimal for a MIMO system as they do not
exploit MIMO multiplexing capabilities, rather they benefit from receive antenna gain
and diversity but not from multiplexing. Figure 3.30 shows the outage probability of the
following schemes for an input rate of 2 bits per transmission:

• D-Blast: Asymptotic performance when neglecting the loss due to transmission initial-
isation and termination as well as error propagation.
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Figure 3.30 Outage probability of OSTBC and QOSTBC for a selected rate R=2 bits per
transmission and an i.i.d. Rayleigh slow fading channel.
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• Orthogonal STBC as in (3.119).
• Quasi-orthogonal STBC as in (3.121) where a MMSE receiver is applied.
• Alamouti STBC, where two of the transmit antennas are selected for transmission.
• SISO channel.

We observe that the performance of D-Blast is indeed much better than the STBC schemes.
Furthermore, for a targeted outage probability above 10−8, QOSTBC outperforms OSTBC
as well as Alamouti STBC.

D-Blast

� D-Blast is a spatial multiplexing structure providing both a high throughput and
high diversity gain. It targets slow fading MIMO channels with CSIT distribution.
It minimises the outage probability (asymptotically in the number of transmitted
codewords) of a MIMO slow fading channel when the transmission is constrained
to be i.i.d.

� D-Blast is based on a diagonal encoding where codewords are divided into MT

parts and transmitted diagonally from each antenna (see Figure 3.29). Likewise, the
decoding is performed diagonally based on the principle of successive interference
cancellation.
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3.5 Chapter Summary Tables

The main results on MIMO transceivers contained in this chapter are presented in the form
of tables for easy reference. Three classes of transceivers are described.

� Receivers for spatial multiplexing architectures
− Matched filter
− Zero-forcing receiver
− MMSE receiver
− Successive interference cancellation: MMSE-SIC and V-Blast

� Transmit and receive beamforming with CSIT and CSIR
− Single beam techniques:

∗ Transmit matched filter
∗ Receive matched filter
∗ Maximal eigenmode transmission

− Multiple beam technique (spatial multiplexing architecture):
∗ Eigenmode transmission with waterfilling power allocation

� Space–time architectures for slow fading channels
− Single stream (MISO):

* Space–time block codes
− Multiple streams (spatial multiplexing architecture):

* D-Blast
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MIMO receivers: expressions and post-processing SNRs

...
...

...

xMT

n1

nMR

yMR

y1x1

xi ∼ CN (0,Px)

Receiver

FFF

x̂1

x̂MT

estimates
Input symbol

Receiver Post-processing SNR

MF Block FMF = D−1
MF HH ×

ISI modelled
as white noise

Stream FZF(k) = hH
k

‖hk‖2
SNRMF(k) =

Px‖hk‖2∑
i /= k

|hH
k hi|2/‖hk‖2 + σ2

n

ZF Block FZF = K−1
ZF HH SNRZF(k) = Px

σ2
n[K−1

ZF ]kk
ISI modelled as
deterministic

ISI elimination
Stream FZF(k) =

hH
k P⊥

H̄k

hH
k P⊥

H̄k
hk

SNRZF(k) = Px

σ2
n

hH
k P⊥

H̄k
hk

UMMSE Block FUMMSE =D−1
MMSEK

−1
MMSEH

H SNRUMMSE(k) = Px

σ2
n[K−1

MMSE]kk
ISI modelled as
coloured noise Stream FUMMSE(k) = hH

k R̄
−1
k

hH
k R̄

−1
k hk

SNRUMMSE(k) = PxhH
k R̄

−1
k hk

MMSE-SIC

ISI modelled as
coloured noise

Stream FUMMSE(k) = hH
k R̄

−1
Lk

hH
k R̄

−1
Lk

hk

SNRUMMSE(k) = PxhH
k R̄

−1
Lk

hk

MF: DMF = diag
[
HHH

]ZF:Notations

KZF = HHH P⊥
H̄k

= I − H̄ k

(
H̄

H
k H̄ k

)−1

H̄
H
k ,

H̄ k = H without its kth column

UMMSE: KMMSE = HHH + σ2
n

Px

I R̄k = Px

∑
i /= k

hihH
i + σ2

nI

DMMSE = diag
[
K−1

MMSEH
HH

]
MMSE-SIC: R̄Lk

= Px

∑
i>k

hihH
i + σ2

nI
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MIMO receivers: performance at low and high SNR
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Transmit and receive beamforming with CSIT and CSIR
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Transmit/receive filter Post-processing SNR

Tx MF Single GTMF = hH/‖h‖
stream (FTMF = 1/‖h‖)

SNRTMF/RMF = P̄‖h‖2

σ2
nRx MF Single FRMF = hH/‖h‖2

stream (GRMF = 1)

Max Single
eigenmode stream GMEig = P̄vmax SNRMEig = P̄λ2

max

σ2
n

Eigenmode Multi-
stream

GEig = VPo 1/2
root SNREig(k) = Po

k λ2
k

σ2
nFEig = UH

SVD of H H = U�V H

ZF:Notations

eigenvalue k of H

Vmax right eigenvector associated with the largest eigenvalue λmax

Proot
o diag[Po

1 . . . Po
rH

0 . . . 0], MT×MT diagonal matrix with waterfilling power

allocation, P1/2
rooto = diag[Po 1/2

1 . . . Po 1/2
rH

0 . . . 0]
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Transceivers under slow fading conditions
Distribution of CSIT
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Space–time block codes
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3.6 Further Reading

The topics treated in this chapter require basic knowledge of linear algebra (e.g. as in
(Strang 2009)) and probability (e.g. Papoulis (1965)).

The D-Blast and V-Blast algorithms have been presented and evaluated in Foschini
(1996), Foschini and Gans (1998), Golden et al. (1999), Wolniansky et al. (1998).

Several books present space–time codes in detail such as Larsson and Stoica (2003) and
Paulraj et al. (2003). The trade-off between diversity and multiplexing was analysed in
Tse et al. (2004) and several codes have been developed at different operational points of
the trade-off curve. The topic of transmit antenna diversity was studied, among others, in
Tarrokh et al. (1999), where the determinant criterion was analysed. The delay-diversity
scheme was introduced in Seshadri et al. (1997). The Alamouti scheme was introduced in
Alamouti (1998) and generalised to orthogonal designs in Tarrokh et al. (1999).
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4
MIMO Channel Models

Tim Brown and Persefoni Kyritsi

SISO systems deal with the link between a single transmit antenna and a single receive
antenna. In the channel models for the first generation wireless systems, the parameter of
interest was the received signal power: its average value, how it varies as a mobile station
moves within a small area, how it changes when the mobile station is at different distances
from the base station. Therefore these systems concentrated on the characterisation of the
distance dependence of the received power, as well as its first and second order statistical
properties over small and wide areas.

As wireless systems evolved to accommodate higher data rates, the bandwidth of mobile
systems increased and the temporal dispersion of the received signal became noticeable:
the shorter pulse duration1 made it easier to distinguish between individual paths (or
rays) of different lengths in a radio environment that the signal had followed between the
transmitter and the receiver. Therefore it became important to also include the temporal
dispersion among the features necessary to describe the wireless channels. In this chapter,
the key aspects of SISO channels and the corresponding models, for both narrow and wide
system bandwidths, are shown.

MIMO channels deal with the links between several transmit antennas and several re-
ceive antennas. Therefore they include several SISO channels which, depending on the
environment, will have different interdependence relations with each other. Modelling
MIMO channels is not simply a case of creating multiple SISO channels independent of
each other, but rather of finding ways to capture and model their individual and joint vari-
ation. As shown in Chapters 2 and 3, the interdependence of the MIMO channels impacts

1Bandwidth is inversely proportional to symbol time, thus short pulse duration has high bandwidth.
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the performance of the communication system in terms of diversity gain, beamforming,
multiplexing gain and capacity.

In light of this, the best known and most widely used MIMO channel models are
presented in this chapter. The models considered are classified as deterministic (e.g. ray-
tracing) or stochastic (e.g. correlation) based, and differ in complexity and accuracy, which
makes them therefore more suitable or less suitable for different applications.

4.1 SISO Models and Channel Fundamentals

In Chapter 2 we saw how the received signal y(t) is related to the transmitted signal x(t):

y(t) = h(t)x(t) + n(t) (4.1)

h(t) determines the channel coefficient, that is, the multiplicative term that decreases or
increases the input x(t). The additive term n(t) incorporates background thermal noise as
well as other potential sources of noise and also radio interference from other users of
the same frequency that are in the vicinity. Channel modelling focuses on h(t), and first
we will look at how we model h(t) for a SISO wireless channel . At this stage we will
consider single frequency situations, that is, narrowband channels.

4.1.1 Models for the Prediction of the Power

We consider h(t) as a random quantity because it has different values for different points in
space, or equivalently it is a random quantity over time as a receiver is moving in space or
when the objects in the environment between the transmitter and the receiver are moving.
It is then interesting to characterise the statistics of this variation.

From Equation (4.1), the ratio of the power of the signal y(t) received by an antenna
(under the idealised assumption of no noise), PRx compared to the power of the signal x(t)
transmitted by an antenna, PTx defines the channel coefficient as a function of the channel
coefficient:2

PRx

PTx
= |h(t)|2 (4.2)

To determine the channel coefficient at a given distance r from the transmitter while the
receiver is moving at a given velocity, we distinguish three scales of variation or fading:
the small scale fading, hsmall otherwise known as multipath fading, the large scale fading,
hLARGE, which is also known as shadowing, and the path loss, hpl.

2 The minimum value of PRx defines the receiver sensitivity, that is, a receiver has a lower limit as to how much
power it can receive.
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Tx

r

Local scatterers 
with small scale 

fading

Figure 4.1 Fading components of a mobile radio channel.

The path loss is a deterministic effect and depends on the distance between the trans-
mitter and the receiver, whereas large and small scale fading are random. The observed
channel coefficient is the composite result of the superposition of these three different
factors:

h(t) = hplhLARGEhsmall(t) (4.3)

The role of these three components is explained in detail with reference to Figure 4.1:

1. Small scale fading: Let us assume that we take a point that is at a distance r from the
transmitter (Tx) and we take local measurements of the channel coefficient around this
point. These would correspond to measurements in the small area of a shaded circle in
Figure 4.1. All the points in this circle are at approximately the same distance r from
the transmitter, Tx. Within this small area, the channel coefficient varies according to
what is known as small scale fading. The details of the statistical behaviour will be
discussed later, but for now the parameter of interest is the mean of the channel gain
σ2

m. A different mean value can be calculated for each one of the small circles. Since we
are only considering movement of a receiver within one of these circles, only hsmall(t)
is considered to be time variant.

2. Large scale fading (shadowing): Clearly, although all the shaded circles in Figure 4.1
are at the same distance from the transmitter, not all the shaded circles will have the
same mean signal power. This phenomenon is called large scale fading or shadowing.
For example, if there are obstacles (e.g. large buildings) between the transmitter and
some shaded circles, these shaded circles would be expected to have a lower average
channel coefficient.

Therefore σ2
m is a random quantity and the distribution of all the σ2

m becomes relevant.
It has been experimentally observed that the distribution of the σ2

m can be very well
approximated by a log-normal distribution. Again the details will be presented later,
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and let the mean and the standard deviation of this log-normal distribution be μs and
σs respectively.

3. Path loss: If the process in step 2 is repeated for several distances r, then the dependence
of μs on the distance r can be derived (this is called the path loss law), and that will
help calculate the average path-loss as a function of distance from the transmitter.

Let us now look at how we can model these three components of the channel coefficient
mathematically. The simplest modelling scenario is that where the transmitter and the
receiver are in free space. Free space propagation is governed by the Friis equation which
relates the received and the transmitted powers as follows (Saunders and Aragon-Zavala
2007):

PRx

PTx
= |hpl,fs(r)|2 = GTxGRx

(
λ

4πr

)2

(4.4)

λ = c
f

is the wavelength f is the frequency and c stands for the speed of light. GTx and
GRx are the antenna gains at the transmit and the receive end and r is the distance between
transmitter and receiver. This equation is only suitable when there is free space and no
ground or other major reflective objects between the transmitter and receiver.

A more appropriate model for typical circumstances is to assume that the transmitter
and receiver antennas are placed above a perfectly conducting ground plane at heights lTx

and lRx respectively. At large enough distances, the channel coefficient becomes indepen-
dent of wavelength at suitably low frequencies if lTx, lRx << r and is given as a rough
approximation by the following equation (Saunders and Aragon-Zavala 2007):

|hpl,pg(r)|2 = GTxGRx

(
l2Txl

2
Rx

r4

)
(4.5)

It is interesting to observe that in Equation (4.4) the gain decays as 1/r2, whereas in
Equation (4.5) the power decays proportionally to 1/r4, that is, the reflection from the
ground causes an increase in path loss exponent.3

In actual environments, neither the free-space model nor the perfect ground plane model
reflect the true picture. In such cases, the channel is assumed to follow the free space
model up to a distance rbreak and then decay with a different path loss exponent γ (i.e.
proportionally to r−γ ) for distances greater than rbreak. The path loss is then calculated by
an equation of the form (Jakes 1974):

|hpl(r)|2 =
⎧⎨
⎩GTxGRx

(
λ

4πrbreak

)2 ( rbreak

r

)γ
, r ≥ rbreak

GTxGRx
(

λ
4πr

)2
, r ≤ rbreak

(4.6)

3 The path loss exponent is the exponent to which 1/r is raised. In the free space case, the path loss exponent
is 2, whereas in the situation above perfect ground, the path loss exponent is 4.
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The path loss exponent γ has been derived from fits to actual measured data and typically
has values between 2 and 4. Clearly, if the path loss exponent is 2, then the condition of
free space is met and the equation simplifies to Friis equation.

hpl(r) describes the channel coefficient’s deterministic dependence on distance, aver-
aged over several locations. When there are large objects such as buildings between the
transmitter and receiver, they introduce a shadowing loss, which is captured by the term
hLARGE in Equation (4.3). It depends on the size, design and materials that the objects
are made of, and the resultant losses are modelled statistically by a log-normal distribu-
tion, that is, the shadowing taken in logarithmic scale (dB) follows a normal (Gaussian)
distribution.

Let hLARGE,dB be the large scale fading hLARGE expressed in decibels (dB), that is,
hLARGE,dB = 10log10(|hLARGE|2).4 It follows the normal (Gaussian) distribution the prob-
ability density function is:

Pr{hLARGE,dB} = 1√
2πσ2

s

e

−|hLARGE,dB |2
2σ2

s (4.7)

σs is a standard deviation in decibels and it typically 4–8 dB (again the value has been
experimentally determined by fits to measured channels).

Path loss (hpl) is a deterministic quantity (i.e. it is determined by physical input pa-
rameters like the distance r, the path loss exponent γ etc.). Large scale fading (hLARGE)
instead is a random quantity. Their combination (|hpl|2|hLARGE|2) is a log-normal dis-
tributed random variable with mean 10log10(|hpl|2), because 10log10(|hpl|2|hLARGE|2) =
10log10(|hpl|2) + hLARGE,dB. The combination of the deterministic path loss component
and the random large scale fading determine the mean power observed over a local area.

Let us now concentrate on the reasons behind the fluctuations of the signal over a small
area. The transmitting antenna in a wireless system sends out an electromagnetic signal
around a carrier frequency fc. The signal can follow many different routes to reach the
intended receiver. Along these routes, it can be reflected off various surfaces (buildings
etc.), diffracted around corners or scattered off various objects (e.g. foliage). The signal
components that follow these different paths are called multipath components and have
different amplitudes and phases, and arrive at the receiver from different angles. At the
receiver side, they add coherently (in phase) at some locations or incoherently (out of
phase) at others, leading to a variation of the received power over space. This phenomenon
is known as ’small scale’ fading because these variations occur over a local area where
they are due to the same actual multipath components.5 The random change in multipath

4 It is easy to convert hLARGE,dB back to linear scale to obtain the shadowing.
5 Keep in mind that the phase variation of a plane wave over [0, 2π] occurs over distances of one wavelength.
Thinking of current systems that operate around 2 GHz, this would correspond to a distance of merely 15 cm,
which is indeed small compared to the distances between for example base stations and mobile terminals that
are in the order of 100 m.
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has been modelled by various statistical distributions. The most common of these are the
Rayleigh and Rice models as follows:

� Rayleigh distribution
The channel hsmall is defined in baseband notation in the form of a complex random
variable as follows:

hsmall = hre + jhim. (4.8)

When the signal arrives at the receiver through many different paths of approximately
the same power, the real and the imaginary components of the resulting sum field, hre and
jhim respectively, are essentially sums of identically distributed random quantities. By
the central limit theorem, the distribution of the sum of identically distributed random
variables, follows a Gaussian distribution, and therefore the total received signal has
Gaussian distributed real and imaginary components hre(t) and him(t). Each one of them
is a random variable with mean zero and variance σ2

m/2, that is,

E[hre] = 0, E[h2
re] = σ2

m
2

E[him] = 0, E[h2
im] = σ2

m
2

. (4.9)

The complex form of the channel coefficient can be found by

hsmall = |hsmall|ejφsmall (4.10)

By transformation of variables, one can easily find that the magnitude of hsmall,

|hsmall| =
√

h2
re + h2

im follows the Rayleigh distribution, and that the phase φsmall =
tan−1(him

hre
) follows the uniform distribution. The corresponding probability density func-

tions are:

Pr{|hsmall|} =
( |hsmall|

σ2
m

)
e
− |hsmall |2

σ2
m (4.11)

Pr{arg(hsmall)} = 1

2π
, −π ≤ arg(hsmall) ≤ π. (4.12)

The average power of the channel is E[|hsmall|2] = E[h2
re] + E[h2

im] = σ2
m. It is pre-

dicted from the path loss and the shadowing, that is, σ2
m = hplhLARGE (note that the

shadowing is taken in linear form).

� Ricean distribution
Let us now assume that the signal is received through many scattered paths as before
and one path from a single angle that is significantly stronger than the rest.

Commonly, this significant component will be the line of sight (LOS) component,
that is, the one that travels along the direct path between the transmitter and the receiver.
The real and imaginary components of the line of sight part now have nonzero mean real
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and imaginary values, hLOS,re and hLOS,im respectively, added to the zero mean Gaussian
part calculated from the rest of the paths. Tthe equation for hsmall now becomes

hsmall = (hre + hLOS,re) + j(him + hLOS,im). (4.13)

The magnitude is therefore: |hsmall| =√(hre + hLOS,re)2 + (him + hLOS,im)2. The
dominance of the significant path is usually measured by the Ricean K-factor Kf ,
which is is defined as the ratio of the power of the constant part of the signal over the
average power of the random part of the signal.

Kf = |hLOS,re|2 + |hLOS,im|2
σ2

m

(4.14)

σ2
m is the variance for a Ricean distribution. Thus the higher the Rice factor, the lower the

power in the random part. A Rice factor of zero corresponds to Rayleigh distribution,
while an infinite rice factor corresponds to no scattering and only a single LOS path. The
resulting distribution for the envelope (magnitude), |hsmall| is the Ricean distribution
which is given by:

Pr{|hsmall|} =
( |hsmall|

σ2
m/2

)
e
− |hsmall |2

σ2
rice e−Kf I0

(
|hsmall|

√
2Kf

σm/2

)
(4.15)

I0(·) is the zero order Bessel function. In the case where the Ricean K-factor is zero
(Kf = 0), then the equation reduces to the Rayleigh distribution.

Path loss modelling

In a channel, the large scale fading components need to be considered in terms of path
loss and shadowing, while the small scale components need to be expressed as fading
quantities as follows:

� Before considering any obstructions on the ground as well as the ground itself, the
path loss between a transmitter and receiver depends on the distance spaced apart
between the transmitter and receiver, r, the wavelength λ and the antenna gains at
both ends, GTx and GRx, using the following derivation:

GTxGRx

(
λ

4πr

)2

(4.16)

If the ground is present, over suitably large distances, the path loss is then no longer
dependent on wavelength but only on the heights of the transmitter and receiver, l2Tx
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Path loss modelling (Continued)

and l2Rx as well as the distance r:

GTxGRx

(
l2Txl

2
Rx

r4

)
(4.17)

However, with shadowing objects present, a more general path loss model approach
needs to be applied where a reference distance, rbreak, will have a given loss value
and then it will decay over at a greater distance r due to a path loss exponent, γ:

GTxGRx

(
λ

4πrbreak

)2 (rbreak

r

)γ

(4.18)

� In the case of a nonline of sight, there will be small scale fading, hsmall that follows
the Rayleigh distribution, which will have a magnitude determined by the following
probability density function and standard deviation, σm:

( |hsmall|
σ2

m

)
e
− |hsmall |2

σ2
m (4.19)

while the phase has a uniform distribution.
� In the case of a line of sight, there will in general be small scale fading that fol-

lows a Rice distribution and it will have the following probability density function
dependent on Rice factor, Kf and zero order Bessel function I0():

( |hsmall|
σ2

m/2

)
e
− |hsmall |2

σ2
rice e−Kf I0

(
|hsmall|

√
2Kf

σm/2

)
(4.20)

The Rice factor is a ratio of the power in the constant part to the power in the random
part of the channel, when Rice factor is zero, there is a Rayleigh channel, while when
it is infinite, there is perfect line of sight or free space conditions.

4.1.2 Models for the Prediction of the Temporal Variation of the Channel

Let us look at Figure 4.2. A mobile terminal is moving along the direction of the velocity
vector −→

v m. An incoming plane wave of carrier frequency fc = c/λ and unit amplitude
is impinging on the terminal from an angle α relative to the direction of motion (c is the
speed of light, λ is the wavelength). Let’s assume that at time t, the mobile terminal is
at the point A in the figure and the received signal is cos(2πfct + φ0), where φ0 is some
initial phase. At time �t later, the mobile terminal has moved by vm�t to the point B in
the figure. The corresponding difference �l in the direction of the wave propagation is
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mvtvmΔ

lΔ

Tx

Rx

A B

α

Figure 4.2 Explanation of the Doppler shift.

�l = vm�tcos(α). The received signal is now cos(2πfc(t + �t) + φ0 + �φ), where the
change difference �φ can be calculated by:

�φ = 2π

λ
vm�tcos(α). (4.21)

So the mobile terminal perceives the incident wave as a wave of frequency:

f = �φ

2π�t
= 1

2π

2πfc�t + 2π
λ

vm�tcos(α)

�t
= fc + fc

vm

c
cos(α). (4.22)

Therefore the incident wave appears to have undergone a frequency shift by fc
vm

c
cos(α).

This phenomenon is called the Doppler phenomenon, and the frequency shift is called the
Doppler shift fd = fc

vm

c
cos(α). The maximum Doppler shift is achieved when cos(α) = 1,

or equivalently when α = 0 and the receiver is moving towards the signal source, and is
given by:

fd,MAX = vm

c
(4.23)

Assuming that the incident multipath components all have the same frequency fc (i.e.
they have resulted from reflection/scattering etc., from static objects and therefore have
not undergone any additional Doppler shifts), the observed Doppler components are con-
strained to the frequency interval fc ± fd,MAX.6

Clearly, as the different incoming paths have different incidence angles, they have dif-
ferent Doppler shifts. The effect of the shift of all the multipath components is described
by the Doppler spectrum, S(f ), which describes the power density of the multipath com-
ponents that have Doppler shifts around the frequency f .

6 In reality, moving objects between the transmitter and receiver can cause components to appear outside of
this range.
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In order to derive the Doppler spectrum, the following auxiliary quantities are defined:

� The incident power p(α) is the incident power in the direction α, that is, the fraction of
the total power that arrives in the direction α.

� The total power P is the integral that would be received by an isotropic antenna,
summed over all directions of arrival of the impinging waves α ∈ [−π, π], that is,
P = Giso

∫
p(α)dα, where Giso is the gain of an isotropic antenna,

� The normalised incident power density p′(α) is the incident power density in the direc-
tion α (p′(α) = p(α)

P
is referred to as the power azimuth spectrum).7

� G(α) is the antenna gain in the direction α.8

Let fd(α) denote the Doppler shift that is caused by an incident wave from the direc-
tion α:

= fc

v

c
cos(α), (dfd = −fc

v

c
sin(α)dα) (4.24)

Clearly fd(α) = fd(−α) and the waves incident from the angles in the ranges[
α − dα

2 , α + dα
2

]
and

[−α − dα
2 ,−α + dα

2

]
have the same range of absolute values of

Doppler shifts |dfd |.
Therefore the incident waves received from the angles in these two ranges contribute

to the Doppler spectrum at the same value of the Doppler frequency fd :

S(fd)|dfd | = [p(α)G(α) + p(−α)G(−α)
] |dα|. (4.25)

Additionally, it can be derived from (4.24) that:

|dfd | =
√

f 2
d,MAX − f 2

d |dα|. (4.26)

Therefore the Doppler spectrum is:

S(fd) = 1√
f 2

d,d,MAX − f 2

[
p(α)G(α) + p(−α)G(−α)

]
(4.27)

where α = cos−1
(

fd

fd,d,MAX

)
and S(fd) = 0 for |fd | > fd,d,MAX.

7 This means that the power arriving from the direction α is P p′(α) = p(α).
8 This means that the power that the not necessarily isotropic receiving antenna receives from the direction α

is Pp′(α)G(α).
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Specifically for the case where the gain is a constant for all angles G(α) = G and
the same amount of power arrives from all directions f (α) = 1

2π
(omni-directional

antenna and uniformly distributed angle of arrival for the incoming power), the
Doppler spectrum from Equation (4.27) is the well-known bathtub spectrum and can be
written as:

S(fd) = PG

π
√

f 2
d,d,MAX − f 2

d

(4.28)

The Doppler spectrum bath tub model for a Rayleigh environment is shown in Fig-
ure 4.3. The curve is compared with a histogram of power of a simulated narrowband
Rayleigh fading signal and it can be seen clearly that when assuming no scatterers are
moving, there is negligible power both above maximum Doppler shift or below the mini-
mum Doppler shift. In reality we would not see infinite power at the maximum or minimum
Doppler shift so the bathtub curve is therefore valid within the Doppler bounds. Outside
of these bounds we would in the case of measured data see a thermal noise floor.

One should note that in the case of a Ricean distribution, we would see a delta func-
tion spike at a frequency corresponding to the angle of the line of sight. The higher the
Rice factor, the higher the magnitude of the delta function would be because it is di-
rectly proportional to the square root of the Rice factor (Saunders and Aragon-Zavala
2007). In different environments, different Doppler spreads are found. For example in

Figure 4.3 Diagram illustrating the bath tub Doppler spread model, compared with the
Doppler spread of a simulated narrowband channel.
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Figure 4.4 Diagram showing experimental results of the Doppler spread of a static laptop
computer with the user interaction and the increase in Doppler spread. Source: Bach Andersen
et al. (2009). Reproduced by permission of © IEEE 2009.

Figure 4.4, the Doppler spread of a measured channel where the mobiles are stationary
laptop computers and there are people are moving around them. Thus there are moving
scatterers causing a small Doppler shift, with a mean of zero.

The Doppler spectrum is useful because it is related to the autocorrelation function of
the channel impulse response h(t) by a Fourier transform. The autocorrelation function of
h(t) is defined by first deriving h(t) and h(t + �t) from the power azimuth spectrum:

h(t) =
∫ π

−π

√
p(α)ejψ(α)dα (4.29)

ψ(α) is the random phase term for a wave arrival from a given arrival angle α. Consequently
we also have:

h(t + �t) =
∫ π

−π

√
p(α)ej(φ(α))+ 2π

λ
vm�tcosα)dα. (4.30)

Therefore the autocorrelation, Rh(�t) is defined as:

Rh(�t) = E[h(t)h∗(t + �t)] =
E[
∫ π

−π

∫ π

−π

√
p(α)

√
p(α′)ejφ(α)e−j(φ(α′))+ 2π

λ
vm�tcosα′)dαdα′]

(4.31)

www.FreeEngineeringBooksPdf.com



MIMO Channel Models 157

which simplifies to:

Rh(�t) =
∫ π

−π

p(α)e−j 2π
λ

vm�tcos(α)dα (4.32)

Since the Doppler shift is given by fd = vm

λ
cosα, by introducing a change of variables

and taking into account equation 4.27 (for simplicity we are assuming that the gain is the
same for all directions) the autocorrelation can be written as:

Rh(�t) =
∫ π

−π

p(α)e−j2πfd�tdα =
∫ fd,max

−fd,max

S(fd)e−j2πfd�tdfd (4.33)

Thus autocorrelation, Rh(), depends on the degree of angular spread, such that wider
angular spread will result in more rapid decrease in autocorrelation and the channel is more
time variant. Alternatively, autocorrelation depends on the degree of Doppler spread, such
that wider Doppler spread will result in more rapid decrease in autocorrelation and the
channel is more time variant.

It should be noted that a time variant channel is equivalent to a space variant channel,
if the mobile is moving at velocity vm. The channel would change within the time �t over
the equivalent spatial displacement �r = vm�t.

The autocorrelation determines the rate of change of the channel. If for small �t, we
have Rh(�t), then the channel has gone between two statistically independent realisations
within this small time interval �t. A channel without memory is a channel where the
channel state at a particular point in time is independent of the channel at a previous
state or next state, assuming that the states are spaced by delay �t. In a real channel
scenario, the change in environment will always mean that the channel state at a particular
point has a relation to the previous or next channel state and therefore there will be a
finite autocorrelation between the two channel states. In this scenario the channel will be
with memory. The channel without memory would not have a defined Doppler spectrum
and angle of arrival. In some applications it is enough to just model the channel without
memory, which is known as a Monte Carlo simulation, where as in the case where we
want to include the channel with memory, we must use a correlated samples simulation.
We will now look at these two cases with appropriate MATLAB examples.

� Monte Carlo simulations

In some cases, it is sufficient to perform Monte Carlo simulations, that is, to generate
several independent realisations of the channel with these known statistics. For example,
if the goal were to generate N = 1000 independent realisations of a Rayleigh fading
channel with unit average power, the following MATLAB command would suffice:

h = (randn(N, 1) + j*randn(N, 1))/ sqrt(2);

� Correlated samples
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In several cases, it is necessary to simulate the temporal evolution of the channel so
that it reflects not only the distribution but also the actual autocorrelation properties.
Let us again assume that the goal is to generate N = 1000 independent realisations
of a Rayleigh fading channel with unit average power so that they correspond to the
wireless channel sampled every �t and they have a known autocorrelation function
Rh(�t) = E [h(u)h∗(u + �t)]. As a first step we generate N independent realisations
of a Rayleigh fading channel with unit average power using the command as with a
Monte Carlo simulation:

h = (randn(N, 1) + j*randn(N, 1))/ sqrt(2);

Then we can pursue a time based or a frequency based filtering approach:

4.1.2.1 Time Based Filtering

Let us create the N × N autocorrelation matrix R

R =

⎡
⎢⎢⎢⎢⎣

R(0) R(�t) R(2�t) .. R((N − 1)�t)

R(−�t) R(0) R(�t) .. R((N − 2)�t)

.. .. .. .. ..

R((1 − N)�t) R((2 − N)�t) R((3 − N)�t) .. R(0)

⎤
⎥⎥⎥⎥⎦
(4.34)

Notice that the matrix R is a matrix that is complex conjugate symmetric, and has a
Toeplitz structure. Therefore it can be easily constructed in MATLAB using the com-
mand (assuming the autocorrelation function R(x) and �t are already implemented):

t = (0:(N-1))*Delta_t;
row1= R(t);
column1 = row1’;
matrixR = toeplitz(row1, column1);

Let us now define the matrix W = R1/2, that is, a matrix such that WWH = R. Let us
now create the vector w = Wh.

W = sqrtm(matrixR);
w=W*h;

It can easily be shown that the elements of w are Gaussian circularly symmetric
distributed (and therefore have Rayleigh distributed envelope), and have the desired
correlation properties.
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4.1.2.2 Frequency Based Filtering

We can also apply filtering in the Doppler frequency domain as follows. Let us first
set a time step �t that determines the maximum frequency (equal to the inverse of �t)
in a fast Fourier transform. Although the range of frequencies is determined by �t,
the number of time steps determines the fineness of the Fourier transform. Next we
generate the Doppler spectrum s sampled at n�f (i.e. N points for N samples), where
n ranges from −N/2 to N/2 and �f = 1/(N�t). For simplicity we take the example
of the bathtub spectrum:

freq = [div(N,2):1:div(N,2)]./(N*Delta_t);
s = P .* G ./ (pi .* sqrt((f_d_maxˆ2) - (freq.ˆ2)));

As the input channel, we generate N white complex Gaussian samples in the frequency
domain in a vector h just as we would do for Monte Carlo though note that they are
frequency samples and not time samples in this instance:

H = (randn(N, 1) + j*randn(N, 1))/ sqrt(2);

Finally we multiply h element wise with s and convert h to the time domain by using
an inverse fast Fourier transform, hence the upper case notation H:

H = H.*s;
h = ifft(H);

Channels with and without memory

The small scale components of a channel can be modelled in the simplest way by a ran-
dom noise signal, which has a defined statistical distribution such as a Rice distribution
or Rayleigh distribution. The instantaneous value of this small scale fading (which can
be considered as the channel state) will have some dependency on the channel state in
previous time instances. Furthermore the next channel state will have some dependency
on the current channel state and those before it. Therefore a channel that maintains this
dependency is known as a channel with memory. If a channel does not have memory,
then the current channel state is completely random and has no relation to the previous
channel states.

In order for the small scale fading in a channel to have memory, it will require a
defined Doppler spread, thus meaning that a channel with memory will be composed
as follows:

� The noise signal representing the small scale fading will consist of a set of com-
ponents that have their individual Doppler frequency, fd, which is determined by
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Channels with and without memory (Continued)

(vm/c)fccosα, where vm is the mobile velocity, c is the speed of light and α is the
angle at which that particular component is arriving at the mobile at frequency fc

relative to its direction.
� The combination of the separate components at their respective Doppler frequencies

will form a Doppler spectrum.
� The temporal (or spatial) variation of the channel is described by the Doppler spec-

trum, which therefore depends on the angular spread of the multipath components.
� The Doppler spectrum is the Fourier transform of the channel autocorrelation that

captures the similarity of channel realisations at neighbouring points in time (or
space).

Therefore another means by which a channel without memory can be described is one
with independent identically distributed realisations. A channel with memory is one
with correlated realisations. Regardless of whether the channel has memory or not, it
still holds a Rayleigh or Ricean distribution.

4.1.3 Narrowband and Wideband Channels

So far we have considered the input x(t) and the output y(t) to be at a single frequency,
which means that the channel, h(t) = h.δ(t), is a scalar. If the bandwidth of x(t) were
larger but the channel coefficient were constant over it, then the same description would
apply. However, in the general case, we will need to caption the dependence on frequency,
that is, characterise the channel over a wide band. This section will therefore look in more
detail into how to determine whether a channel is considered narrowband or wideband, as
well as how a wideband channel is analysed.

First of all, we will need to express h(t) in more detail than we have done so far. In the
general case, multiple delayed copies of the signal are received at different delays τ and
the channel itself is different at different observation times t as the user is moving. The
simplest case of this is seen in the top of Figure 4.5, where there is a direct path at a given
instant, which arrives at delay τ0 and there is a single scatterer that causes another path
to arrive later at delay τ1. There could be up to N scatterers, where of course there would
result in being τ1 up to τN delays though τ0 would only exist if there was a line of sight.
Therefore, the effect of the channel can be considered as that of a linear filter response
h(t, τ) of which varies according to the observation time t (i.e. the channel is a time variant
filter) and on the delay τ. The received signal y(t) is determined as a convolution of x(t)
and h(t, τ) as follows:

y(t) = h(t, τ) ∗ x(t) + n(t) =
∫ ∞

−∞
x(t − τ)h(t, τ)dτ + n(t) (4.35)
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Figure 4.5 Illustration of creating a wideband channel by increasing the signal bandwidth,
or reducing the symbol time.

where ∗ denotes the convolution operation and n(t) is a noise component as used earlier
in the chapter. The channel impulse response h(t, τ) is expressed in the baseband and is
therefore a complex function.

Multipath components arriving at different delay times τ correspond to various routes
between the transmitter and the receiver. These different routes have different lengths and
therefore the signal components are expected to arrive at the receiver with different delays.
Moreover they have undergone different attenuations depending on the materials that the
wave interacted with between the transmitter and the receiver. What the receiver observes is
the superposition of these delayed and scaled components (i.e. the superposition of delayed
and scaled versions of the transmitted data stream, which is composed of a sequence of
symbols).

Up to this point, it has been assumed that all the multipath components arrive with
delays τ1 to τN that are very close to each other relative to the duration of a single sym-
bol and therefore we only need to consider the addition of the signal components. Fig-
ure 4.5 illustrates this for the case of just one scatterer where the difference τ1 − τ0 is
small compared to the symbol length represented as blocks in the first instance. When
these conditions have been met, then it is considered a narrowband channel.

As the symbol time of the transmitted signal decreases (or equivalently the signal
bandwidth increases), the effect of the multipath component causes symbol n from the
delayed path to almost overlap symbol (n + 1) of the direct path. In this instance, the
delay is significant enough compared to a symbol length that the channel is considered
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wideband. The same effect could also happen if the symbol length was kept constant
(i.e. the bandwidth was constant) but the scatterer was placed such that its delay increased
far enough to cause symbol n of the delayed path to again almost overlap with symbol n + 1
of the direct path. Therefore a wideband system does not only depend on the bandwidth
of the radio link but also the channel conditions for that particular radio link.

Let us now consider these two situations in more detail using equations. We start by
considering the channel impulse response for a fixed value of t, so we now only need to
define h(τ) as follows which is a summation of delay paths:

h(τ) =
Nt−1∑
n=0

ane
jφnδ(τ − τn), (4.36)

where

� Nt is the number of channel paths,
� an is the amplitude of the nth path,
� φn is its phase, and
� τn is its delay. The delay of the first path is commonly taken to be equal to zero and the

delay of each of the following paths is frequently referred to as excess delay.

We distinguish two cases:

1. Narrowband channels
When the symbol time is very large relative to the temporal extent of the channel, then
the effect of the delayed taps is confined within the duration of a single transmitted
symbol and the equivalent channel impulse response is a single delta function:

hNB(τ) ≈
(

Nt−1∑
n=0

ane
jφn

)
δ(τ) (4.37)

In the frequency domain, the Fourier transform of such a function would be constant
over all frequencies. Such a channel is referred to as a narrowband or a frequency flat
channel.

2. Wideband channels
When the symbol time is smaller than the temporal extent of the channel, then the effect
of the delayed components extends over several transmitted symbols.9

hWB(τ) =
Nt−1∑
n=0

ane
jφnδ(τ − τn), (4.38)

9 The effect of previously transmitted symbols that are superimposed on the current symbol because of delayed
copies received is known as intersymbol interference (ISI).
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Figure 4.6 Comparison of the narrowband and wideband fading channel.

In the frequency domain, the Fourier transform of such a function would be variable
over frequency. Such a channel is referred to as a wideband or a frequency selective
channel.

The difference between narrowband and wideband channels is roughly illustrated in
Figure 4.6, where if an impulse is transmitted through a radio channel, several copies are
received with different attenuations. The later impulses arrive due to the different longer
paths along which the signal has travelled. When the narrowband and wideband signals
are looked at in the frequency domain (by applying a Fourier transform) the channel does
not change significantly with frequency, where as in the wideband case, there is a great
change, thus there is frequency selectivity.

At this point it is useful to introduce the notion of the power delay profile (pdp(τ)).
The power delay profile is calculated as the expected value of the power of the channel
impulse response over the local area statistics and is a function of the delay τ.

pdp(τ) = Et

[
|h(t, τ)|2

]
(4.39)

It can be considered as a discrete function of the delay τ (when the channel impulse
response is given as a sum of delayed components as in Equation (4.38)) or as a continuous
function of the delay τ. The frequency selectivity of the channel is characterised by different
metrics. In this section, we discuss two commonly used metrics, namely the delay spread
and the coherence bandwidth.
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� Delay spread (DS)
A common measure for the temporal extent of the channel impulse response is the
delay spread (DS), which is defined as:

DS2 = 1∫ +∞
−∞ pdp(τ)dτ

∫ +∞

−∞
(τ − τ̄)2 pdp(τ)dτ (4.40)

where

τ̄ = 1∫ +∞
−∞ pdp(τ)dτ

∫ +∞

−∞
τpdp(τ)dτ (4.41)

One can think of it as follows:
The integral

∫ +∞
−∞ pdp(τ)dτ corresponds to the total received energy. By normalising

(dividing) the power delay profile pdp(τ) by this integral, we are effectively converting
into a probability density function (a function that is positive and integrates to unity).
The quantity τ̄ corresponds to the mean value of a random variable that would have
this probability density function, while DS is the second central moment of the same
random variable.

� b. Coherence bandwidth Bc

Qualitatively speaking, the coherence bandwidth Bc of the channel is the bandwidth
over which the channel transfer function is approximately constant. Quantitatively, in
order to find the coherence bandwidth we need to look at the frequency coherence
function and define a certain level.

Let us consider the two-dimensional expression of the channel impulse response
h(t, τ), and its corresponding Fourier transform with respect to τ, H(t, f ). The wireless
channel is commonly assumed to be a wide sense stationary process. Also if the chan-
nel taps are zero mean random variables (like they would be in the case of Rayleigh
distributed taps), then Et[H(t, f )] = 0, where again Et[·] indicates averaging over
time, that is, over the local statistics. The frequency autocorrelation function R(�f ) is
defined as:

R(�f ) = Et[H(t, f )H∗(t, f + �f )]. (4.42)

The frequency autocovariance function Rf (�f ) is the same as the frequency autocor-
relation function because Et[H(t, f )] = 0, with zero mean,10 and takes its maximum
at �f = 0:

Rf (�f ) = Rf (�f ), |Rf (�f )| ≤ R(0) (4.43)

Clearly both the autocorrelation and the autocovariance functions are complex con-
jugate symmetric. The normalised autocovariance function is derived by dividing

10 This is why people frequently refer to the autocorrelation, when they really mean the autocovariance
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(normalising) the autocovariance function by its maximum value and therefore it is
given by:

Rfnorm(�f ) = Rf (�f )

Rf (0)
(4.44)

The coherence bandwidth at level Rcoh, defined as Bcoh(Rcoh) is calculated as the
bandwidth beyond which the normalised frequency autocovariance function falls below
the level Rcoh. Common values for Rcoh are 0.99, 0.95 and 0.9, which are high values
that indicate a coherence bandwidth within which the channel stays highly correlated.

The delay spread and the coherence bandwidth are related to each other. Intuitively, the
larger the delay spread, the longer the significant temporal extent of the channel and the
more frequency selective the channel will be (faster variation in frequency), which would
mean that the coherence bandwidth is low. The mathematical connection between the two
metrics arises from the fact that the autocorrelation function is the Fourier transform of
the power delay profile. Although no exact relationship exists between the delay spread
and the coherence bandwidth a good rule of thumb is to take Bc ≥ 1

10DS where the chosen
correlation threshold is 0.8 (Fleury 1996).

Another good rule of thumb relates the coherence bandwidth of the channel Bc to the
system bandwidth B in order to determine whether the channel is frequency selective
or not. If B � Bc or equivalently if Ts � DS (which in practice means if B > 10Bc or
equivalently Ts < DS

10 ), then the channel is considered frequency selective (i.e. wideband).
If B � Bc or equivalently if Ts � DS (which in practice means if B < Bc

10 or equivalently
if Ts > 10DS), then the channel is considered frequency flat (i.e. narrowband). If a channel
has a coherence bandwidth (or equivalently delay spread) between these two boundaries
then it is on the borderline between narrowband and wideband.

Narrowband and wideband channels

Channels are described as either wideband or narrowband, which will be dependent
both on the system bandwidth and the radio environment that consists of paths with
different multipath delays through which the same set of data symbols (each with the
same symbol time) are transmitted and received. The following steps will explain their
differences:

� A narrowband system is one where all the multipath components arrive within delays
that are negligible with respect to the symbol time. In order for the symbol time to be
long enough in this instance, then the bandwidth will be low. Therefore the system
is narrowband.

www.FreeEngineeringBooksPdf.com



166 Practical Guide to the MIMO Radio Channel with MATLAB® Examples

Narrowband and wideband channels (Continued)

� A wideband system is one where the multipath components arrive with delays that
are comparable to the symbol time. In order for the symbol time to be short enough
in this instance, then the bandwidth will be high. Therefore the system is wideband.

Any narrowband or wideband system will have a power delay profile, which defines
how much power is received at each delay, forming a delay tap. Each individual delay
tap can be Rayleigh or Ricean distributed. The change in time between the delay taps
and the magnitude of the maximum time delay will enable the delay spread to be
derived, which is the root mean square of the delays present. This is a useful quantity
to measure the temporal extent of the channel. Therefore there are two more points to
note about the difference between narrowband and wideband channels:

� A small delay spread will mean the system is narrowband because it is receiving small
delays compared to the symbol rate. Therefore in the frequency domain the channel
will change little, thus a narrowband system has a high coherence bandwidth.

� A high delay spread in the system will mean that the system is wideband because
the system will receive large multipath delays within the symbol time. Therefore in
the frequency domain the channel will change rapidly, thus a wideband system has
a low coherence bandwidth.

The coherence bandwidth defines the stability of the channel in the frequency domain.
The larger the delay spread, the smaller the coherence bandwidth. If the coherence
bandwidth is small, the channel is therefore frequency selective.

4.1.4 Polarisation

The electromagnetic waves transmitted by the transmitting antennas have certain polarisa-
tion characteristics depending on the type of antenna used and its orientation. Commonly,
antennas are vertically polarised: think of a vertically oriented dipole as the transmitting
antenna. As the signal gets reflected, diffracted and scattered, part of its energy stays in
the original (e.g. vertical) polarisation, and part of it gets coupled into the other (e.g. hor-
izontal). The receive antenna also has certain polarisation characteristics and can pick up
one or the other or both polarisations (to different degrees).

For the purposes of considering polarisation in this book, the cross polarisation patio,
XPR, is used, which is the ratio of the time averaged power received in the vertical
polarisation PV to the time averaged power received in the horizontal polarisation PH.

Therefore:

XPR = PV

PH
(4.45)
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4.1.5 Summary of Parameters Required for SISO Channel Modelling

For the SISO case, channel modelling has focused on the following attributes of the
channel:

� Power distribution: The path loss models predict how the received power decays with
distance between the transmitter and the receiver. The shadowing models describe the
statistical distribution around the path loss for locations that are at the same distance
from the transmitter for example Rayleigh or Rice fading distributions characterise the
statistical properties of the narrowband fading on the channel over local areas.

� The power delay profile: It is applicable for wideband channels and describes how
much the signal arrives at different delays. The power delay profile models have been
made consistent with the experimental results derived through extensive channel mea-
surements in different environments and at different frequencies.

� Angular properties: The angular properties of the channel determine the Doppler
spectrum of the signal for a moving receiver/ transmitter and therefore are important
for the description of time varying signals

4.2 Challenges in MIMO Channel Modelling

In the MIMO case, channel modelling should describe the links between all transmitting
and receiving branches at one instant. Each link is in itself a SISO link.

In most MIMO systems, the multiple antennas at the receive (or transmit) end are
assumed to be arranged in an array of some geometric configuration. Therefore all of
them are assumed to be in the same local area, and therefore experience the same path
loss and shadowing. The large scale dependencies which describe the average received
power follow the same power loss and fading laws as for SISO communications, and hence
they also apply in MIMO. Moreover, the signals on all the array antennas are assumed to
have the same statistics, i.e., the same distribution, the same mean and the same variance.
However, since they are at different spatial locations, they are assumed to experience
different realisations of the small-scale fading, yet not independent of each other. The
challenge in MIMO lies in the characterisation of the detailed co-dependence of the links.

A simple approach to MIMO modelling was to assume that all the links are indepen-
dent identically distributed (i.i.d.) Rayleigh fading SISO channels. However this simple
approach does not reflect reality and more evolved channel models had to be developed
and validated through measurements and simulations. There is no one particular model
that is the ‘best’ model. Different models have been developed for different purposes and
vary in their complexity and the level of detail. Let us consider an example of a system
where the goal is to evaluate a demodulation algorithm. In this case the channel model will
need to reflect the details of the physical (PHY) layer so that it is then possible to predict
for example the bit error rate of coding schemes that result from interdependence between
symbols from different antennas. We may on the other hand be interested in a throughput
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metric, where the channel model would need to consider details of the physical layer that
cause complexities in the medium access control (MAC) layer. The relevant metric in this
instance would be the packet error rate that summarises the rate of successful transmis-
sions over several realisations of the channel. Moreover, two channel models might have
been created for the same purpose but they trade off computation versus accuracy.

Channel models are classified as deterministic or stochastic, depending on how they
are constructed:

Deterministic Models
This class of channel models stems from the efforts to develop models that precisely
reflect the propagation in the actual environment where the system is to be deployed.
Within deterministic channel, we can further distinguish:

� Recorded channel responses
� Ray tracing based approaches

The derivation of deterministic models is time consuming and complex and they are
often only used to cover small indoor environments.

Stochastic Models Stochastic models are based on purely statistical (random) gen-
eration of a channel for which certain parameters are known. A simple example is the
i.i.d. Rayleigh channel whereby each of the paths within the MIMO link are generated
as independent Rayleigh distributed random variables with such input parameters as the
average power of the links (as the previous analysis showed, the Rayleigh distribution
is a single parameter distribution and knowing the mean is enough to determine the
variance etc.). However, stochastic models incorporate other factors to determine
the small scale interdependencies between the MIMO paths. Within stochastic based
models we can distinguish:

1. Geometrically based models: This approach tries to create a channel model based
on the geometric layout of the physical surroundings and as such can allow the model
to better reflect the effect of the environment.
2. Parametric models: This modelling method abstracts from the detailed interac-
tions with objects in the environment, and approximates the complex interactions
as waves with statistically known direction of arrival/departure (angular proper-
ties). It then adds them together to create a multipath channel. This approach of-
ten increases the complexity for suitable accuracy though its application can be
powerful.
3. Correlation based models: The additional input parameter that is used for gen-
erating the random realisations of the channel is a known value of the channel
correlations, to introduce an interdependence. This is a typical example of a stochas-
tic model where the known parameters include the distributions of the individual
channel gains, their mean and variance, as well as their correlation.
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4. Eigenmode driven models: By considering the eigenmodes of the channel and
how they behave (rate of variation, co-dependence), the channel behaviour can be
assembled in terms of its constituent equivalent spatial subchannels.

The following sections will give some examples of well known channel models and
will move progressively from the very intuitive deterministic channel models to the more
abstract stochastic based models.

4.2.1 Deterministic Models

We start with deterministic models because they are the easiest to understand. Two of the
main kinds of deterministic based models are summarised here.

1. Recorded impulse responses

This type of model uses channel measurement recordings. Extensive measurements
of MIMO channels are undertaken in different environments, from which actual data is
recorded. The data reflect the recorded impulse responses for every measurement location
and for each link, that is, for each combination of transmit-receive antennas. This method is
not used frequently because the data collected are not necessarily representative of several
locations or several environments, despite the fact that they are extremely accurate for
the locations where the measurements were taken. Moreover this approach is very data-
intensive, in the sense that large amounts of information need to be stored and processed.

2. Ray tracing

The other main form of deterministic modelling is that of ray tracing, which is based on
geometrical ray optics (Ling et al. 2001).

Ray tracing tools require that the following be described:

1. The environment, that is, the geometry and the composition of all the boundaries (e.g.
walls) and objects (e.g. furniture).

2. The electromagnetic properties of the materials used for the boundaries and objects at
the frequency of operation

3. The location and orientation of the Tx and the Rx antennas in this environment.
4. The antenna gain pattern for each Tx and Rx antenna.

For each link, all the paths that the signal can follow from the Tx to the Rx are calculated.
Each one of them is considered a ray. The properties used are the following:

� Line of sight propagation,
� Rays reflected off objects in the environment one or several times. According to Snell’s

law, the incidence and reflection angles are equal and each reflected ray is attenuated
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Figure 4.7 Simple example of a ray tracing model.

by the corresponding reflection coefficient which depends on the incidence angle and
the properties of the material that the ray is reflected from. Paths that correspond
to more than a prescribed maximum number of reflections are assumed to not have
significant contributions and are ignored. The surviving paths have different magnitudes
and different delays because of the different path lengths.

� Rays scattered off objects in the environment. In contrast to reflection scattering is what
is commonly happens when a ray hits an object with a rough surface and therefore the
rays that bounce off do not follow directions specified by Snell’s law.

� Rays diffracted around objects in the environment.

The contribution from all the paths constitutes the wideband impulse response of the
channel between the Tx and the Rx. The method has its roots in SISO channels. In order to
produce the MIMO channel, the operation is repeated for all links, that is, for the calculation
of the paths between each transmit antenna and each receive antenna. A simple example of
how ray tracing operates is shown in Figure 4.7. The line of sight is not shown for clarity.
If the Tx and Rx positions with the darkest spot are considered first, there are four different
ray paths illustrated using different style lines. If we then focus on the neighbouring spots
at both the Tx and Rx, we can see that the corresponding four rays and how they have
slightly changed are also illustrated. Thus due to the proximity of the two spots at both
ends, the rays are changing only slightly in characteristics. Because of the minor change,
it creates an interdependence between all the possible Tx to Rx branches.

Ray tracing can provide highly accurate MIMO models and precisely capture the in-
terdependencies between all the links. An example of such a tool is WiSE developed by
Alcatel-Lucent.11 However, ray tracing is one of the most complex and data intensive meth-
ods of modelling requiring specific information for a given location about the geometry,

11 www.alcatel-lucent.com
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materials and the system dynamic range. Therefore such techniques are limited to indoor
radio environments.

Deterministic models

Deterministic models are environment specific instances of a channel, calculated us-
ing physical input parameters or they measured directly. Such models will accurately
determine the interdependence between different MIMO branches by considering the
relationship that one MIMO branch has to the other due to them being spatially sep-
arated for example. For the environment in question such models have very precise
accuracy and enable point to point comparisons to be made as a mobile moves from
one position to another. However, at the same time they do not provide a model that
is representative of other environments, which does not result in a generalised model
to test the general performance of a MIMO system, only its performance in a small
number of environments.

4.2.2 Stochastic Models

4.2.2.1 Geometrically Based Models

As we saw earlier, ray-tracing calculates all the paths that a signal can follow from the
transmitter to the receiver as it is reflected from objects in the environment. Geometric
stochastic models try to build an abstraction of the objects in the environment by con-
sidering them as scatterers with a certain geometric layout around the transmitter, around
the receiver or both. The difference between a scatterer and a reflecting object is that a
reflection uniquely and precisely specifies the direction into which the wave goes after
interacting with the reflecting object, whereas scattering does not. Instead, the waves are
assumed to scatter in all directions, possibly with a different gain in each direction. The
random (stochastic) aspect is introduced by assuming that the location of the scatterers
is not strictly specified as in the case of deterministic models. Instead it is assumed to be
random, but with known statistical properties.

In order to understand how geometrically built models are constructed, geometrically
based stochastic SISO models will first be explained. Let us first concentrate on the case of
a SISO channel where a base station (Tx) equipped with a single antenna is communicating
with a mobile station (Rx), also equipped with a single antenna. There are several scattering
objects around the Rx as shown in Figure 4.8.

For clarity, we start by considering just one of the scatterers: the signal from the Tx
travels along the line of length r1 between the transmit antenna and the scattering object,
hits the object and the signal gets scattered. The part of it that gets scattered in the direction
of the receiver travels a distance r2 and reaches the Rx. The contribution to the channel
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Figure 4.8 Diagram of the geometric arrangements of single scatterers.

impulse response from this scattering event is:

h(τ) = LSCATδ(τ − τSCAT1) (4.46)

where τSCAT is equal to (r1 + r2)/c and is the propagation time along the two paths, and
LSCAT is found by calculating the path attenuation in the two-step process. Assuming that
the paths r1 and r2 are in free space, their path loss can be derived by a modification of
the free space path loss equation:

LSCAT =√GTx(φTx)GRx(φRx)kr

(
λ

4π

)(
1

r1 + r2

)
e−jβ(r1+r2) (4.47)

GTx(φTx), GRx(φRx) are the antenna gains of the Tx and the Rx in the directions φTx and φRx

respectively, the angles φTx and φRx are calculated from the geometry, kr is the scattering
coefficient (it depends on the scatterer material, its geometric properties and the scattering
cross-section), β = 2π

λ
where λ is the wavelength. Note that LSCAT incorporates the phase

change.
Now let us include the other scatterers surrounding the mobile. Each one has a con-

tribution of the previous form, and the complete channel is made up of the contributions
from all the scatterers.

Given the different locations of the scatterers, the distances r1 and r2 will be different
resulting in different loss coefficients LSCATl

and delays τSCATl
for the lth scatterer. If Ns is

the total number of scatterers, the complete SISO impulse response can then be found by:

h(τ) =
Ns∑
l=1

LSCATl
δ(τ − τSCATl

) (4.48)

As either end of the communication link moves, the contributions from the scatterers
change in amplitude and phase and therefore the model becomes time variant. Let us
assume that the Rx is moving. The impulse response at any given time instant, t, h(t, τ),
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or equivalent at the spatial location where the Rx is found at time t, can be written as:

h(t, τ) =
Ns∑
l=1

LSCATl
(t)δ(τ − τSCATl

) (4.49)

where

LSCAT1rl(t) =√GTx(φTx)GRx(φRx)kr

(
λ

4π

)(
1

r1l + r2l

)
e−jβ(r1l+r2l)e−jβvmtcosϕinc,l .

(4.50)
vm is the velocity of the Rx motion.

The added phasor term can also be explained in terms of the plane wave approximation.
When a plane wave is incident with an angle φinc on the line defined by two points A and
B, the two points experience a phase difference that is equal to 2π

λ
dAB cos φinc, where dAB

is the distance between the two points.12

The assumption underlaying Equation (4.50) is that the scatterers are some distance
away from the Rx compared to the distance it has travelled in a given time window, so
that the angle φRx (angle of incidence of the ray relative to the direction of motion of the
Rx) can be considered approximately constant.13 This approximation is generally a good
one when the distances to and from the scatterer, r1 and r2 respectively, are much larger
than the distance travelled by the receiver antenna (vmt).

Starting from the expression above for a SISO spatially-dependent channel impulse
response, one can easily extend from the SISO to the MIMO case, by explicitly calculating
the channel from each transmitter antenna to each receiver antenna as above. However,
the calculation can be further simplified by assuming that the scatterers are sufficiently far
from the Tx or Rx antennas so that the scattered waves appear like plane waves. Then the
plane wave approximation can be used and the phase difference among the array elements
at each end of the communication link can easily be calculated on the basis of the incidence
angle relative to the element orientation.

For example let us consider the case of a system with two antennas at the Tx and two
antennas at the Rx, separated by ds,Tx and ds,Rx respectively. For simplicity, we will also
assume that the arrays are oriented along the y-axis although any orientation is easy to
calculate as long as the incidence angle is correctly calculated. The geometry is shown in
Figure 4.9.

Let hij(t, τ) denote the channel impulse response between transmit antenna j and receive
antenna i. If Equation (4.49) is used to generate the channel gain h11(t, τ) between transmit
antenna 1 and receive antenna 1, using the plane wave approximation, the other channel

12 The approach was explained in the context of the Doppler phenomenon.
13 If the receiver moves a significant distance, the distances, angles and reflection coefficients will all change

so the model parameters would therefore have to be updated.
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Figure 4.9 2 × 2 system in a single scattering situation.

coefficients can be found as:

h21(t, τ) = h11(t, τ)e−jβds,RxsinϕRx (4.51)

h12(t, τ) = h11(t, τ)e−jβds,TxsinϕTx (4.52)

h22(t, τ) = h11(t, τ)e−jβ(ds,RxsinϕRx+ds,TxsinϕTx) (4.53)

By using these equations it can be seen how there is an interdependence between the
transmit-receive antenna combinations. This model assumes that the spacing between
the antennas is negligible compared to the distance between the array and the scatterers.
In the cases where the scatterers may be near, the model would have to be constructed
with more complexity by considering each link independently. The stochastic nature of
such channels is achieved by assuming that each realisation of the channel corresponds
to a random placement of the scattering objects. Further realisations are generated by
placing the scattering objects at different random locations which are chosen from known
distributions (e.g. uniform over a disk, over a ring, over an ellipse etc.). In order to construct
a geometric stochastic model, we need to parameterise by the following parameters:

� distance between the Tx and the Rx;14

� spacing between the antennas;
� terminal mobility;
� distribution of scatterers around the Tx and the Rx (distance, angle, density etc.);
� reflection coefficients (typical angles of incidence on each scatterer, typical materials);

14 Only azimuth angles around the Tx and Rx have been considered. It is also possible that the Tx and Rx have
different heights, which means that an elevation angle needs to be considered as well.
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Tx

Rx

Cluster

Figure 4.10 Illustration an example case of clusters.

� the center frequency of operation, which affects the wavelength λ and the wave-
number β.

The reliability of such a channel model depends on the accuracy of the parameters
involved. Extensive measurements and ray tracing simulations can be used to determine
the values of the parameters. However, with appropriate parameter setting, geometrically
built stochastic models can be applied to a wide variety of different environments.

There are further points we would need to add to the model to consider some necessary
refinements being that of clustering, polarisation and diffuse scattering as follows:

1. Clustering of scattering objects
A major aspect of geometric based modelling is the characterisation of channel clusters
as illustrated in Figure 4.10. Clusters are considered as groups of scattering objects that
are at a distance away from the Tx and Rx but still contribute a significant part to the
channel impulse response. The underlaying assumption behind the inclusion of clusters
is that scattering objects tend not to be uniformly distributed in space. This to a large
extent reflects the physical picture observed when we look at our surroundings. Objects
appear concentrated in some distinct locations (e.g. building blocks), and these areas
are separated by empty space between them (e.g. parks, roads). In order to realistically
include scattering clusters in simulated channels, the model input data would there-
fore consider the location of such clusters and their characteristics. Additionally, the
perceived clusters are time variant either because the mobile moves or the scattering
objects themselves move. To reflect this phenomenon, cluster based models such as
the COST 259 also specify the rate of appearance/disappearance of clusters as well
(Correia et al. 2001).
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2. Polarisation effects
Geometrically built stochastic models have the advantage that they can account for
several physical phenomena in a mathematically simple way, like for example polar-
isation. Let us first consider the impulse response of a SISO channel represented in a
way that both polarisations are included. To include polarisations, the link between the
transmitter and the receiver, L, can be represented as a 2x2 matrix with 4 polarisation
states using Equation (4.54) assuming isotropic antennas.

L =
[

TVV TVH

THV THH

](
λ

4πr

)
e−jβr (4.54)

The coefficients TVV, TVH, THV, THH describe how signals of each polarisation stay
in the original polarisation state (TVV, THH) or couple into the other polarisation
(THV, TVH). For example, in a line of sight case in free space, there is no polarisa-
tion coupling so the equation can be simplified to:

LLOS =
[

1 0

0 1

](
λ

4πr

)
e−jβr (4.55)

In reality, the antennas used at each end will transmit/ receive on a combination of
vertical and horizontal polarisations. The tap response h(τ) in this case would be a
delta pulse at delay τLOS, which is determined by the length of the line of sight path,
and it would make up the entire channel impulse response.

h(τ) = LLOSδ(τ − τLOS) (4.56)

(τLOS = r/c and c is the speed of light).
3. Diffuse scattering

So far, the assumption has been that the scatterers cause only specular reflections. In
some cases there can be instances of diffuse reflections, which are due to irregularities
and roughness of the scattering objects as illustrated in Figure 4.11. If the surface of
the reflecting object is flat and smooth (or has negligible roughness) then there will be
just one reflection which is known as a single specular reflection. However, if there is
a large degree of roughness, there will be lots of reflections that come from one single
source and all arrive at the same time.

Based on a principle known as a Lambertian case (Degli-Esposti 2001), we can
account for both the specular reflections and the diffuse scattering by defining the
total scattering LSCAT1dl(t) and breaking it into two components: one for the specular
reflection as given earlier, and one for the diffuse scattering. The diffuse scattering can
be calculated from:

LSCAT1dl(t) =
[

kdVVl kdVHl

kdHVl kdHHl

](
λ

(4π)3/2

)(
1

r1lr2l

)
e−jβ(r1l+r2l)e−jβvmtcosϕRx (4.57)
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Specular reflection

Diffuse scattering

Figure 4.11 Comparison of a single specular reflection and diffuse scattering.

In this instance, there are different polarised reflections, kdVVl, kdVHl, kdHVl and kdHHl.
It is interesting to point out that the power loss law is calculated differently for the two
types of scattering. In the general case, the resultant impulse response is a summation
of the Nrs specular and Nds diffuse scatterers. If there is a LOS component also then
Equation (4.56) needs to be added as well, which is assumed not to be time variant if
the distance the mobile is moving is small.

h(t, τ) =
Nrs∑
l=1

LSCAT1rl(t)δ(τ − τSCAT1rl) +
Nds∑
l=1

LSCAT1dl(t)δ(τ − τSCAT1dl) (4.58)

4. Double scattering
The original geometrically-based stochastic models assumed that the base station was
placed high above the surrounding buildings and therefore there were no scatterers in
its vicinity. On the contrary, there were scatterers around the mobile station. As the
models evolved to address situations where the base station was also placed at lower
heights, it became obvious to assume that there were also scatterers around that end of
the link too. This gives rise to the double scattering case shown in Figure 4.12.

Double scattering has a significant impact on the radio system performance because
it changes the statistical characteristics of the channel relative to the single scattering
scenario. Figure 4.13 compares the cumulative distribution of a single Rayleigh and
double Rayleigh channel. A double Rayleigh case is defined as the product of two
Rayleigh channels and it can be seen that the double case is worse in the sense that
for the same mean value, the outage value is lower in the double Rayleigh case for the
same value of the outage probability.
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Figure 4.12 Illustration of a double scattering case.

Figure 4.13 Comparison of a Rayleigh and Double Rayleigh SISO channel distribution.

5. The keyhole effect
Another very important situation that arises in the double scattering scenario is the
‘keyhole effect’ (also known as the ‘pinhole effect’) (Chizhik, Foschini and Valenzuela,
2000; Chizhiz et al., 2002; Gesbert et al., 2002). This is illustrated in Figure 4.14. There
are a lot of scatterers around the transmitting end, and a lot of scatterers around the
receiving end. However all the waves from the scatterers at one one end have to pass
through a common point to reach the other end, that is, a keyhole. This introduces a
co-dependence of the links, although locally at one end or the other they might appear
independent. The resulting channel capacity is low.

Strictly speaking, there are certain propagation mechanisms that can give rise to
a keyhole phenomenon, for example diffraction over building edges. However, the
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Figure 4.14 Illustration of the keyhole effect in a MIMO channel.

keyhole effect is more of a theoretical construct than an actually observed propaga-
tion scenario. In most situations, there is a richness of ways for the signal from the
Tx to reach the Rx and it is unlikely that all of them have to go through the same
keyhole point.

4.2.2.2 Parametric Stochastic Models

The second type of stochastic based models that we will discuss is that of parametric
stochastic models, and we will illustrate it through the dual directional channel model
(Steinbauer et al. 2001, Xu et al., 2004). The description of time invariant SISO channels
was a function of the delay τ, that is, it reflected how much power arrives at different
delays. Clearly this power is arriving at the receiver from a certain angle that is referred to
as Angle of Arrival (AoA) ϕRx and is associated with a certain Angle of Departure (AoD)
ϕTx at the transmitter side as in Figure 4.15. Therefore a more detailed description of a
SISO channel impulse response with Np taps at delays τl would be a function of the form:

h(τ, ϕTx, ϕRx) =
Np∑
l=1

alδ(τ − τl)
√

p′(ϕTx,l, ϕRx,l)e
−jϑr (4.59)

The function p′(ϕTx,l, ϕRx,l) is called the normalised power azimuth spectrum and in-
corporates both the angle of departure and the angle of arrival (in the earlier section we
defined it only as a function of one of them). The average tap power E[|al|2] is specified by
the power delay profile, and the taps are assumed to follow known statistics (e.g. Rayleigh).
The random phase ϑr is uniformly distributed for Rayleigh distributed channel taps.

RxTx

Txϕ Rxϕ vm

ds Tx ds Rx

Figure 4.15 Geometry for dual directional channel model.
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The model can now be extended to be used for the MIMO case by generating for the
channel between the mth Tx antenna and nth Rx antenna. Assuming uniform linear arrays
at both ends with element separation dTx and dRx respectively:

hmn(τ, ϕTx, ϕRx) =
Np∑
l=1

alδ(τ − τl)
√

p′(ϕTx,l, ϕRx,l)e
−jϑr

× e−jβ(m−1)dTxsinϕTxe−jβ(n−1)dRxsinϕRx (4.60)

The implicit assumption is again that the scatterers are a far distance away from the
antennas and that the AoAs and AoDs correspond to plane waves at either end of the
communication link, which in turn implies that the phase difference between elements
depends on the relative orientation of the elements with respect to the plane wave angle
in Figure 4.15.

Finally, consideration can be given to the fact that the mobile moves so the channel
changes over time t. This works in a similar way to the previous model if the direction of
motion at velocity vm is as specified in Figure 4.15.

hmn(τ, ϕTx, ϕRx, t) = hmn(τ, ϕTx, ϕRx)e−jβvmtcosϕRx (4.61)

Such a model has accuracy in terms of defining a wideband channel, although it requires
extensive amounts of data dependent on four variables, which creates high complexity and
also difficulty in generating the output of such data. If polarisation is incorporated also
into the model, it creates further demands on data storage. This has been one of the main
motives to produce more simplified models such as those described in earlier sections of
this chapter.

4.2.2.3 Correlation-based Models

The analysis in Section 4.1.2 showed that the channel gains at two neighbouring points A
and B within the same local area are two random variables that follow the same statistics
and have a certain correlation. Specifically, if their envelopes follow Rayleigh statistics
(i.e. the real and the imaginary parts of the complex channel gain are zero-mean, Gaussian
random variables of the same variance), then the two random variables are related by a
correlation coefficient ρ that depends on the angular spread of the received signal within
this local area. Therefore the channel coefficients that would have been observed by two
receive antennas placed at these two points A and B from a common transmit antenna
would be complex Gaussian random variables with a correlation coefficient that depends
on the power azimuth spectrum at the receiver, which is sometimes referred to as the power
azimuth spectrum of the direction (angle) of arrival (DoA or AoA respectively).

By reciprocity, the channel gains from two remote transmit antennas to the same receive
antenna would be related by a correlation coefficient that depends on the power azimuth
around the transmitter array location, which is sometimes referred to as power azimuth
spectrum of the direction (angle) of departure (DoD or AoD respectively). Correlation
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based models abstract from the actual power azimuth spectra at the receive and transmit
sides and the underlying distribution of scattering objects that caused them. They are based
solely on the correlations between channel coefficients.

We are interested in the channel transfer matrix H , which is constructed such that the
element hmn is the channel coefficient between transmitter m and receiver n. Let us define
the complex correlation ρij between two channel coefficients at the receive end, which
we can derive as hmi and hmj , thus Tx branch m is fixed. The channel coefficients are
derived in baseband and therefore they are complex quantities. Moreover we look at the
narrowband situation first:

ρRx
ij,Txm = E[hmih

∗
mj] − E[hmi]E[h∗

mj]√
var[hmi]var[hmj]

(4.62)

where the notation E[] is the expected or average of the discrete samples and var[] is their
variance. Assuming that the signals are zero-mean random variables, and that they have
unit variance, the above expression simplifies to:

ρRx
ij,Txm = E[hmih

∗
mj] (4.63)

The correlation between two transmit branches, hin and hjn, can be therefore defined
as follows for fixed receiver branch n:

ρTx
ij,Rxn = E[hinh

∗
jn] (4.64)

In order to simplify the notation, we introduce the vector Hvec which is constructed by
stacking the columns of H , one below the other. The channel matrix H for a system with
NTx transmit antennas and NRx receive antennas has dimensions NRx × NRx, and therefore
the vector Hvec has dimensions (NTxNRx) × 1. The correlation matrix R which captures
all the correlation coefficients ρRx

ij,Txm and ρTx
ij,Rxn is defined as:

RMIMO = E
[
HvecH

H
vec

]
(4.65)

R is a positive definite and complex conjugate symmetric. The superscript H is termed as
the hermitian transpose, that is, the matrix is first transposed then the conjugate function is
applied to each element. This is the quantity that correlation based models are interested in
because it captures the co-dependence for every combination of transmit-receive antennas.
If the correlation matrix is known and the channel statistics are complex Gaussian, then
one can easily generate the channel matrices.

The simplest case of a correlation based model is the following: the elements of the
channel transfer matrix are independent, identically, Rayleigh (complex Gaussian) dis-
tributed random variables. In MATLAB the relevant command to generate one realisation
of a matrix would be

H = (randn(nrx, ntx) + j * randn(nrx, ntx))/sqrt(2);
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Clearly, repeating the command would generate more realisations, independent of
each other.

Similarly to the approach we followed to generate samples of a channel that were
correlated in time, we can use the correlation matrix to generate samples that are corre-
lated in space. We generate a vector h of dimensions NTx × NRx with elements that are
independent, complex Gaussian, circularly symmetric random variables.

h = (randn(nrx * ntx, 1) + j * randn(nrx * ntx, 1))/sqrt(2);

We define the matrix W = R1/2, that is, a matrix such that WWH = R. The matrix W

can be created in MATLAB in different ways:

� Using the command sqrtm:

W = sqrtm(R)

This approach gives the principal square root, that is, the unique matrix that satisfies
WWH = R and whose eigenvalues has positive real parts.

� Using the command chol:

W = chol(R)

This approach gives the Cholesky factorisation of R, that is, a matrix that is triangu-
lar.15

We then create the vector w = Wh:

w = W * h;

15 There are two ways to perform that Cholesky factorisation of a matrix A that is assumed to be hermitian
(complex conjugate symmetric).

R = chol(A); or L = chol(A,’lower’);.
The first command produces an upper triangular matrix R such that

RH ∗ R = A. The second command produces a lower triangular matrix L such
that L ∗ LH = A. If the original matrix A is not positive definite, the
appropriate way to perform the Cholesky factorisation would be by call-
ing one of the following commands:

[R,p] = chol(A); or [L,p] = chol(A,’lower’);.
If A is positive definite, then p = 0 and R, L are the same as above.

But if A is not positive definite, then p is a positive integer and when
A is full, e.g. R is an upper triangular matrix of order q = p − 1 such
that that RH ∗ R = A(1 : q, 1 : q). When A is sparse, R is an upper triangular
matrix of size q × n so that the L-shaped region of the first q rows and
first q columns of RH ∗ R agree with those of A.
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It can easily be shown that the elements of w are Gaussian circularly symmetric
distributed (and therefore have Rayleigh distributed envelope), and have the desired corre-
lation properties. From w we can construct the channel transfer matrix, H by appropriate
reshaping:

H = reshape(w, nrx, ntx);

Given the general definition of correlation based models, we will look at more detail
into two special cases of correlation-based models, namely the Kronecker model and the
Weichselberger model. The contribution of these two models is that they introduce some
structure to the correlation matrix.

The Kronecker model as illustrated in Figure 4.16 derives its name from the Kronecker
matrix multiplication. As a reminder, let us assume that we have two matrices A and B of
dimensions N × M and K × L respectively. We denote as aij the item that us on the ith row
and jth column of the matrix A. The Kronecker product A ⊗ B of A and B is defined as:

A ⊗ B =

⎡
⎢⎢⎢⎢⎣

a11B a12B · · · a1MB

a21B a22B · · · a2MB

· · · · · · · · · · · ·
aN1B aN2B · · · aNMB

⎤
⎥⎥⎥⎥⎦ (4.66)

There are two fundamental assumptions underlaying the Kronecker model:

� The correlations are the same independently of where they are calculated. The cor-
relation of the links from two transmit antennas to a single receive antenna is the
same, independently of which receive antenna is used for the calculation. Similarly
for the links from any transmit antenna to two given receive antennas so it does not
matter which transmit antenna we use. For example in the case of a 2 × 2 MIMO
link, we can define our transmit correlation between the two transmit branches 1
and 2 in the following ways:

ρTx
12,Rx1 = ρTx

12,Rx2 = ρTx
21,Rx1 = ρTx

21,Rx2 (4.67)

Given that the independence of which Rx branch is used, the transmit correlation
can be simplified as follows:

ρTx
12 = ρTx

21 (4.68)

Likewise for the two receive branches 1 and 2, we can define the following receive
correlations:

ρRx
12,Tx1 = ρRx

12,Tx2 = ρRx
21,Tx1 = ρRx

21,Tx2 (4.69)
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There are two fundamental assumptions underlaying
the Kronecker model: (Continued)

Therefore:

ρRx
12 = ρRx

21 (4.70)

Having now made these simplifications, the correlation between two receive
branches i and j in any MIMO channel can therefore be defined as ρRx

ij and at
any two transmit branches as ρTx

ij . Therefore within any N × M MIMO matrix, the
transmit correlation matrix RTx and the receive correlation matrix RRx are defined
such that their elements ρTx

ij and ρRx
ij can therefore be defined for fixed arbitrary Tx

branch m and fixed arbitrary Rx branch n as follows:

ρRx
ij = E[hmih

∗
mj] (4.71)

ρTx
ij = E[hinh

∗
jn] (4.72)

Therefore rTx,ij is the element on the ith row and jth column of the matrix RTx

and corresponds to the correlation between the signals from transmit antenna i and
transmit antenna j. Note that the matrix RTx has dimensions NTx × NTx, where NTx

is the number of transmit antennas, so as to capture the correlation between any two
of them. Similarly rRx,ij is the element that is on the ith row and jth column of the
matrix RRx and corresponds to the correlation between the signals at receive antenna
i and receive antenna j. The matrix RTx has dimensions NRx × NRx, where NRx is
the number of receive antennas.

� The correlations are separable
The correlation between two links can be split into the product of two correlation
values: the correlation at the transmit side (which involves only the transmit anten-
nas of the two links), and the correlation at the receive side (which involves only
the receive antennas of the two links). Mathematically, this can be written for the
correlation between the coefficient for transmit branch i to receive branch j, hij and
the coefficient for transmit branch k to receive branch l, hkl so that the following
relation holds:

ρij,kl = E[hijh
∗
kl] = ρTx

ik ρRx
jl (4.73)

Implicitly, this means that the scattering situation around the transmitter and around
the receiver, and hence also the corresponding correlation values, are separable from
each other. From a physical standpoint, the Kronecker model describes a situation
where there are several scatterers between the transmitter and receiver and the be-
haviour around the transmitter has no relation to the behaviour around the receiver.
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( )T1/21/2
RTxHiidRRxHKron =

Figure 4.16 Illustration of the basis behind the Kronecker MIMO channel model.

The Kronecker model therefore introduces some structure to the correlation matrix and
states that:

RMIMO = RTx ⊗ RRx (4.74)

that is, the correlation matrix RMIMO is given as the Kronecker product of the correlation
matrices, RTx at the transmitter and RRx at the receiver (Kermoal et al. 2002).

Example: In the case of a 2 × 2 channel, the channel transfer matrix is of dimension
2 × 2, and therefore has 4 elements corresponding to each one of the transmit-receive links.
Therefore the correlation matrix R is a 4 × 4 matrix. The transmit correlation matrix RTx

is a 2 × 2 matrix. The receive correlation matrix RRx is a 2 × 2 matrix.

RTx =
[

ρTx
11 ρTx

21

ρTx
12 ρTx

22

]
RRx =

[
ρRx

11 ρRx
21

ρRx
12 ρRx

22

]
(4.75)

RMIMO =
[

ρTx
11 RRx ρTx

21 RRx

ρTx
12 RRx ρTx

22 RRx

]

=

⎡
⎢⎢⎢⎢⎣

ρTx
11 ρRx

11 ρTx
11 ρRx

21 ρTx
21 ρRx

11 ρTx
21 ρRx

21

ρTx
11 ρRx

12 ρTx
11 ρRx

22 ρTx
21 ρRx

12 ρTx
21 ρRx

22

ρTx
12 ρRx

11 ρTx
12 ρRx

21 ρTx
22 ρRx

11 ρTx
22 ρRx

21

ρTx
12 ρRx

12 ρTx
12 ρRx

22 ρTx
22 ρRx

12 ρTx
22 ρRx

22

⎤
⎥⎥⎥⎥⎦

(4.76)

Model validation

One of the ways to test the validity of a MIMO channel model is by comparing the
cumulative distribution functions of the eigenvalues of the measured channel matrices and
those of the eigenvalues of synthetic channel matrices that have been generated according
to the model in question.

Let us look for example at Figure 4.17, which takes actual measurements of a channel
measured in an indoor environment and compares with the Kronecker model to test its
validity. The parameters of the Kronecker model, that is, the transmit and receive correla-
tions, have been calculated based on measurements of the 4 × 4 system, synthetic channels

www.FreeEngineeringBooksPdf.com



186 Practical Guide to the MIMO Radio Channel with MATLAB® Examples

Figure 4.17 Comparison of the eigenvalue distributions of a channel using the Kronecker
model compared to an iid model and NLOS measurement data.

have been generated based on the Kronecker model and the distribution of the eigenvalues
of the resulting simulated channel transfer matrices are shown in the figure. Clearly, the
simulated eigenvalue distributions are close to the actual ones. Figure 4.17 also shows the
eigenvalue distributions for an i.i.d. case. The second, third and fourth eigenvalue CDFs
are significantly offset relative to those of the measurement and Kronecker model results.
Therefore, the lower values of the measured/ synthetic eigenvalues indicate that the capac-
ity of this system is lower than that of a channel with i.i.d terms. Moreover, the steepness
of the CDFs indicates that the diversity order is lower than that of an i.i.d. case. Therefore,
correlation limits both capacity and diversity order.

If we apply the Kronecker principle, the generation of correlated channel entries is
largely simplified. Instead of dealing with a large matrix of dimension (NTxNRx) ×
(NTxNRx), we can deal with a much smaller matrix of dimension (NTx × NRx)

HKron = R
1/2
Rx H iid

(
R

1/2
Tx

)T

(4.77)

It can easily be verified that the coefficients that are thus derived have the desired
correlation properties. Again R1/2 is the matrix such that R1/2

(
R1/2

)T = R and can
be found for example from the Cholesky factorisation of a correlation matrix.

The Kronecker model is therefore a simple correlation based stochastic model to im-
plement with few driving parameters, namely the signal correlations at each end.

The Weichselberger Model is an extended version of the Kronecker model, which is
not limited by the assumption of separability (Weichselberger et al. 2004). The first step is
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to decompose the correlation matrices at the transmitter and receiver ends by eigenvalue
decomposition as follows:16

RRx = URx�RxU
H
Rx (4.78)

RTx = UTx�TxU
H
Tx (4.79)

where �Tx and �Rx are eigenvalue matrices with corresponding orthonormal eigenvectors,
UTx and URx. The matrices R

1/2
Rx and R

1/2
Tx as mentioned earlier are not unique and therefore

we can choose:

R
1/2
Rx = URx

√
�Rx (4.80)

R
1/2T
Tx =

√
�TxU

H
Tx (4.81)

where

√
�Rx = diag(λRx,1, λRx,2, ....λRx,ñx), (4.82)

√
�Tx = diag(λTx,1, λTx,2, ....λTx,ñx). (4.83)

We substitute these into Equation (4.77) and we obtain

HWeich = URx

√
�RxH iid

√
�TxU

H
Tx (4.84)

Let us also define the auxiliary matrix �w:

�w =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λRx,1

λRx,2

.

.

.

λRx,Nñx

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(
λTx,1λTx,2....λTx,Nñx

)
(4.85)

16 Because correlation matrices are complex conjugate symmetric, they have the same left and right eigenvec-
tors.
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The contribution of the model comes from noticing that Equation (4.85) can be
written as:

HWeich = URx�w � H iidU
H
Tx (4.86)

where � represents an element-wise multiplication of the matrices. If the matrix �w

has the form of Equation (4.85), then the model reduces to the Kronecker model. In the
general case, the matrix �w can have an arbitrary structure and is the driving parameter
for the model.

Figure 4.18 gives example cases of how the matrix can be used to model different non
separable channel scenarios. In each of the four sub-figures (a) to (d), an asterisk (*) is
used to represent where the elements are more significant in value and the elements with
a zero are negligible in value.

In Figure 4.18 (a) the top row and left column are more significant. This case would
result in a scenario where there are many scatterers at each end and the channel will be
separable, so the result is close to that of the Kronecker model. If all the elements were
comparable to each other (i.e. a matrix full of asterisks) then the channel would be similar
to that of an i.i.d case which can be seen by inspection of Equation (4.86). In such a case
there would be scatterers everywhere.

In contrast, Figure 4.18 (b) shows a case where �w is like a diagonal matrix. This means
essentially that each output eigenvector (column of the matrix URx) is coupled to only one
of the input eigenvectors (column of the matrix UTx). The Tx and Rx are also clearly
linked so this channel is definitely not separable.

Figure 4.18 (c) shows an instance where the left column is more significant. This causes
there to be more scattering around the Rx so the Tx is a more correlated environment with

Figure 4.18 Illustration of the parameters applied in the Weichselberger model that can be
applied to define physical channel states.
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Table 4.1 Comparison of three stochastic model driving parmeters

Model name Number of parameters used to drive the model

Kronecker M2
Tx + N2

Rx
Weichselberger MTx (MTx − 1) + NRx (NRx − 1) + MTxNRx

less scattering. This will cause some coupling between the Tx and Rx as the angle of arrival
and angle of departure from one end to the other will depend on each other. If the matrix
had a more significant top row, it would cause the opposite effect where there would be
no scattering around the Rx but much around the Tx.

Finally Figure 4.18 (d) is a case where there is very little scattering and all the paths are
very similar to each other. In such a case there would not be much multiplexing potential.

The Kronecker model depends on two correlation matrices, which add slightly
more complexity than the simple i.i.d channel though they are easier to evaluate. The
Weichselberger model may improve accuracy significantly in some cases though at an
increased cost of forming driving vectors at each end. Thus computation is increased as
compared to Kroenecker in Table 4.1, though this model can allow for circumstances
where the channel is not suitably separable.

Stochastic modelling

Unlike deterministic models, stochastic models are based on random processes using
suitable input parameters. In this case they are not designed to match one specific
environment with precise accuracy but they can match several radio environments
with an acceptable accuracy, thus creating a more general model for several radio
environments. The greatest challenge with stochastic models is producing them in a
way in which they do provide acceptable accuracy while maintaining simplicity. If
there are too many input parameters, then the complexity will increase to that of an
equivalent deterministic model. Different forms of stochastic model are summarised as
follows by controlling different parameters:

� Geometrically based stochastic models rely on placing scattering objects around the
transmitter and the receiver at locations that are chosen randomly but follow known
distributions. Therefore the number of scatterers and their random positions are the
main parameters in such a model.

� Parametric stochastic models generate impulse responses with known power delay
profiles and random delay tap realisations, where both the tap amplitude and the
angular properties follow known distributions. Therefore the main input parameters
in this case are the random delay tap values, their magnitude and their angle of
arrival or departure.
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Stochastic modelling (Continued)

� Correlation based models generate channel impulse responses with known power
delay profiles and random tap amplitudes, such that the tap amplitudes follow known
distributions and have known autocorrelation properties. It is also the case that
narrowband fading channels can be generated directly from correlation based models
as well as a wideband impulse. Therefore in such models, the driving parameter is
the correlations between the branches and less attention is given to the physical
structure of the channel.

In the above three cases of stochastic models, they are generated as random processes
while going down the list, there is less and less information given about the physical
structure of the channel. This will reduce the complexity of the channel while also
beginning to compromise accuracy, though at the same time moving towards a more
general model.

4.3 Summary

The following table summarises the deterministic models that have been introduced in
this chapter, which will be of benefit with regard to detailed accuracy and point to point
comparisons where computation time is not an expense. These models have been used to
illustrate how the interdependence between MIMO branches is accounted for in fine detail.

Model Method Application

Recorded
impulses

Takes direct measurements of wide-
band impulse responses to be stored
and applied as a model.

Would normally be applied to a very
specific environment where a theo-
retically generated model is not suit-
ably accurate. Often a last resort due
to high cost of producing such re-
sults. More used to validate other
models.

Ray tracing Calculate the angles of arrival and
departure of the rays generated
within a channel and determine their
magnitude based on the electromag-
netic properties of the scattering
objects in the environment.

Large quantities of data about the
environment are required, which
are often frequency dependent. For
large environments the data can be
too overwhelming. Thus ray trac-
ing is often only suited to small
indoor environments or other loca-
tions where there are few scatterers.
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Finally the table on the next page summarises the stochastic models that have been
introduced in this chapter, which will be of benefit to applications requiring simplicity in
implementation, a more general model of several scenarios but a compromise in accuracy
when being used to test a system for a specific scenario. The interdependence between the
MIMO branches is still considered between the models, though some specific scenarios
that occur in MIMO channels may be omitted depending on the simplicity.

Model Method Application

Geometric Generation of random scatterers be-
tween a transmitter and receiver
from which the angles of departure
at the Tx and angles of departure at
the Rx are determined along with
the respective path delays, phase and
magnitudes.

In cases where scatterers are specif-
ically placed in locations that would
cause special cases such as a “key-
hole” effect or specific “clusters” for
wideband channels that will occur
in specific radio environments (e.g.
suburban, urban, indoor).

Parametric Direct generation of impulse re-
sponses with defined delay taps,
where the angles of departure at the
Tx and the angles of arrival at the
Rx are input to determine the corre-
sponding magnitudes and phases of
the delay taps.

For cases where little is known about
the structure of the scattering envi-
ronment so that angles of departure
and arrival as well as tap delays can
be used instead as the driving pa-
rameters.

Weichselberger Inputs a matrix that can be inter-
preted to define the rough position
of the scatterers in a radio environ-
ment, which will in turn affect the
interdependence of the first inde-
pendent MIMO branches. No other
physical information is considered.

For cases where very abstract in-
formation about the environment is
known and environment scenarios
can be easily changed so as to gain a
more general idea of how a MIMO
system will work in different envi-
ronments.

Kronecker Based on correlation at the Tx and
Rx to then cause the independent
MIMO branches to have some in-
terdependence.

For cases where it can be assumed
the scattering at the Tx and the Rx
are separable, that is, have no de-
pendence on each other, so that cor-
relations can be used as simple input
parameters.
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5
MIMO Antenna Design

Tim Brown

The antenna is important to any wireless communication system in order to enable the
transition from electromagnetic waves to an induced alternating current in the transmis-
sion line or the transition from alternating current to electromagnetic waves. In order for
this to happen, there are two fundamental factors to antenna design; the first is the fact
that antennas will radiate electromagnetic waves from different directions while a cor-
responding receive antenna will receive signals only from certain directions. This will
affect how much of the transmitted power is received as well as the fact that it will decay
due to path loss. The impact of the antennas is measured by what is known as antenna
gain in a given direction or directions. Secondly we have to consider how reliably current
(and likewise power) transfers from the transmission line to the antenna, or how power
output from an antenna transfers into the transmission line. This is optimised by what is
known as impedance matching. The biggest problem in antenna design is that it is difficult
to optimise the impedance matching while also optimising antenna gain. Furthermore, in
MIMO we have to build arrays of antenna elements, which means that for each element the
antenna gain and the impedance matching will be affected in the presence of its neighbour-
ing elements. For small MIMO antennas, there is a further problem in that when antenna
elements have to be so close to each other, power will couple from one antenna to the
other, which is due to what is known as mutual impedance. This mutual impedance can be
beneficial in terms of reducing correlation between antenna branches which is beneficial
to MIMO though at the same time gain can be reduced, which is not beneficial to MIMO.

This chapter will open up by summarising the fundamentals of antennas so that the
importance of antenna gain and impedance matching can be properly understood. A num-
ber of concepts are related to impedance matching or antenna gain such as directivity,
efficiency, polarisation, reciprocity and radiation resistance, which will be introduced in

Practical Guide to the MIMO Radio Channel with MATLAB® Examples, First Edition.
Tim Brown, Elisabeth De Carvalho and Persefoni Kyritsi.
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Figure 5.1 Illustration of a basic antenna structure.

this chapter. For more detailed explanation and analysis of these concepts, the reader is ad-
vised to consult other books such as Balanis (2005), Huang and Boyle (2008) and Saunders
and Aragon-Zavala (2007). The remainder of the chapter will then consider some of the
fundamental aspects affecting compact MIMO antenna design and the issues associated
with mutual impedance.

5.1 Antenna Element Fundamentals

Before coming to the fundamentals of antenna elements, the basic function of an an-
tenna needs to be understood. Its purpose is to make a transition from alternating current
in a transmission line (e.g. a cable) to electromagnetic fields in the air as illustrated in
Figure 5.1. Due to rules of Maxwell’s Equations (Saunders and Aragon-Zavala 2007), an
antenna will radiate an electromagnetic wave such that whenever it radiates an electric
field or E-field in one direction, it will always radiate a magnetic field or H-field that is
orthogonal to that E-field. Due to these orthogonal E-fields and H-fields there will be a re-
sultant power density, which will be high in some directions while low in others depending
on how strong the E-field is in that direction.

5.1.1 Isotropic Radiator

A perfect antenna could be considered as an isotropic radiator, which we could represent
as a point source. If it is radiating isotropically then it radiates its power uniformly in
all directions. Therefore, if a sphere has radius r, the surface area is 4πr2 so the power
density, Siso, (i.e. power per unit area) radiated at any point on the surface of the sphere
can be expressed in terms of the source power, Ps, as:

Siso = Ps

4πr2
(5.1)

which assumes that is r above a minimum value, which will be discussed later. Such an
antenna is not possible to construct. An isotropic antenna, however, is used as a reference
for quantifying other properties of a practical antenna.
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Figure 5.2 Illustration of two antennas with low and high directivity.

5.1.2 Directivity and Gain

Since practical antennas are never isotropic, the directivity is defined as the ratio of the
power density radiated at a point with a given angle and distance from an antenna compared
to what would be radiated at that point by an isotropic antenna. In Figure 5.2 a comparison
is shown between a low directivity or omnidirectional antenna known as a dipole and a high
directivity horn antenna. Both antennas are assumed to be oriented in the yz plane, where
directivity is represented as a polar plot which shows for different angles of θ (relative to
the z axis), the directivity is variable. A dipole antenna will radiate most where θ is ±90o

and the least when θ is 0o and 180o as shown in Figure 5.2.
The horn antenna in Figure 5.2 shows a case where power density is radiated the

strongest in the y direction so its directivity is plotted to be high in this direction, while at
the rear of the antenna there is very little or no power density radiated so it has little
directivity in this direction. The antenna is therefore considered to be directional because it
radiates mostly in one direction when θ = 90o. Clearly in both cases, the directivity can
be used to measure how the antenna structure radiates power density in a certain direction
or directions. The directivity, D, at angle, θ in this case can be defined when knowing the
corresponding power density, Sdir(θ) as:

D(θ) = Sdir(θ)

Siso
(5.2)

It can be seen from this equation that directivity is independent of r, because the ratio
of the radiated power density to isotropic power density will not change. When defining
the directivity, it is assumed that the materials used to build the antenna have no loss in
them, which in practice is never true and so the actual power radiated will be less than
Sdir(θ). This is because some of the power going into an antenna will turn into heat and be
lost, rather than making the transition from alternating voltage to electromagnetic fields.
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This therefore means the antenna has a defined efficiency, which is a ratio of total radiated
power (TRP) to what power is input to the antenna, Ps. Therefore:

Efficiency = TRP

Ps
(5.3)

Since antennas always have an inherent efficiency, the directivity is therefore rarely
talked about in practice and likewise the gain is a quantity that can be applied to a practical
situation. Gain is also related to the directivity by the following simple equation:

Gain = Efficiency × Directivity (5.4)

Gain and efficiency

Two important parameters which are talked about in antenna design are that of gain
and efficiency. In order to understand gain and efficiency, it is important to understand
the concept of an isotropic antenna, as well as a practical antenna design that has a
directivity. The four terms are explained as follows:

� No antenna radiates power density spherically in all directions, thus no antenna can
be perfectly isotropic. For an isotropic antenna, the power density radiated, Siso, is
defined as the source power, Ps divided by the area of a sphere at radius r as follows:

Siso = Ps

4πr2
(5.5)

� Directivity is defined as the ratio of the power density radiated or received by an
antenna in a certain direction compared to what would be radiated or received by
an isotropic antenna in the same direction.

� Any practical antenna will not radiate all the source power, Ps and some will be lost
as heat. Therefore the ratio of the total power radiated compared to the source power
is defined as the efficiency.

� The gain is the same principle as directivity but efficiency is also taken into account.
Thus the two are related by the simple equation:

Gain = Directivity × Efficiency (5.6)

5.1.3 Far Field and Rayleigh Distance

In order for Equation (5.1) to be valid, it was stated that r is assumed to far enough away
from the antenna and in this case it is known to be in the far field. When the radiated power
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Figure 5.3 Illustration of antenna gain patterns in polar coordinates.

density is measured from any antenna in the far field, it will be proportional to 1/r2 and it
will not be the case at distances lower than this. The minimum distance required to be in
the far field, is defined by the Rayleigh distance, rd of an antenna, which can be found by
knowing the wavelength, λ and the maximum dimension of the antenna, Dm, as follows
(Balanis 2005):

rd = 2D2
m

λ
(5.7)

5.1.4 Three Dimensional Antenna Patterns

So far, the gain patterns of an antenna shown in Figure 5.2 are in two dimensions, requiring
only one angle θ, while patterns can also be considered in three dimensions as shown in
Figure 5.3. In this case, two spherical angles that rotate about the origin are shown, θ

and φ, where gain, G(θ, φ) is then defined for a fixed arbitrary value of distance r. It is
also equally valid to define the directivity at any point in the same way as gain by using
the notation D(θ, φ), though this is not commonly used. For an isotropic antenna, both
the gain and directivity always have a value of one no matter what the value of θ and φ.
However, it is often useful to express the gain and directivity of an antenna in decibels. In
this instance the gain and directivity of an isotropic antenna is 0 dBi. This means it is zero
decibels compared to an isotropic antenna. In the general form therefore, the gain at any
given value of θ and φ is defined as the power density received or transmitted at angles
θ and φ compared to what would be received or transmitted from an isotropic antenna at
the same arbitrary distance r as follows:

G(θ, φ) = S(θ, φ)

Siso
(5.8)

Two commonly expressed terms about an antenna are its azimuth pattern and elevation
pattern. If the angle θ in Figure 5.3 was set to 90o and measurements were taken for
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Figure 5.4 Illustration of antenna azimuth and elevation patterns.

φ = −180o to 180o then the gain values resolved versus φ will give the azimuth pattern.
For an elevation pattern, φ could be fixed at either 0o or 90o and measurements then
taken for θ = −180o to 180o, which will give an elevation pattern. For clarity, however,
it is usually appropriate to offset the elevation pattern by 90o since this would then mean
that the same gain occurs at 0o in both the azimuth and elevation plots. The azimuth and
φ = 90o elevation plots are therefore illustrated in Figure 5.4. It can be seen clearly that
the gain values in the middle point, intersecting the positive y axis and the start/end points
intersecting the negative y axis have the same gain values.

5.1.5 Impedance and Return Loss

As well as a good antenna having gain in a certain direction, its input must also have a suit-
able impedance that is matched to the source. Any antenna will have an input impedance,
which can be defined as Zin and this denotes the voltage to current ratio at a given frequency.
It is known from classical circuit theory that with a matched impedance, the maximum
amount of power can be transferred to the antenna. If there is a mismatch then some or all
power will be reflected back into the source feed (in the case of transmit mode) or not sent
from the antenna to the receiver (in the receive case). The standard formula to calculate
the reflection coefficient (which is a ratio of voltage reflected back down a transmission
line to that going into the antenna), �, is defined as:

� = Zin − Z0

Zin + Z0
(5.9)

where Z0 is the source impedance, normally 50�. Using the reflection coefficient, the
return loss is then normally defined in dB by −20log10|�|. Therefore, if the impedance is
close to 50�, the return loss will be high. For a good antenna, return loss is expected to be
at least 10 dB so that less than 10% of the power is reflected back down the transmission
line if the antenna is in transmit mode. The return loss is usually measured to determine
the antenna’s frequency of operation and its bandwidth since in such a bandwidth we
would normally see at least 10 dB return loss. Outside of this bandwidth, the return loss is
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usually small, close to 0 dB as would be the case for an open circuit when no antenna
is present.

5.1.6 Reciprocity

Whether an antenna is a transmit (Tx) antenna or a receive (Rx) antenna the gain,
impedance and field patterns all apply in the same way. Thus the antenna has a reciprocity
whether it is in Tx or Rx mode. If two antennas are communicating with each other over a
given distance, the resulting channel is the same whichever end a radio frequency is being
transmitted from.

Antenna radiation patterns and antenna impedance

Antennas typically will have three principal radiation patterns (though there are some
exceptions), where the most typical are defined as the azimuth and, φ = 0o elevation
and φ = 90o elevation radiation patterns.

� The angle of elevation is the angle up or down from the horizontal plane, where
an elevation pattern plots the antenna gain at a fixed azimuth angle φ as shown in
Figure 5.3 from −180o below the horizontal plane, up to 180o. It should be noted
that this is not the same as angle θ in Figure 5.3. which is relative to the vertical
plane, the two angles are 90o apart. The azimuth angle, φ can be fixed at 0o or 90o

to give the respective elevation patterns
� The azimuth pattern plots the gain versus azimuth angle φ around the antenna ranging

from −180o up to 180o, while angle θ illustrated in Figure 5.3 is fixed to 90o.

If an antenna is highly directional and radiating in the vertical z direction as illustrated
in Figure 5.3, then there is little value in characterising its azimuth pattern, since most
of the power is radiating vertically. However, if the antenna was radiating in the y

direction, then the azimuth and φ = 90o elevation patterns would be of interest; the φ =
0o elevation would be therefore negligible in comparison. Thus, in cases of directional
antennas, not all three principal patterns are of interest, though for omni-directional
antennas this is definitely the case.

Any antenna, no matter how high the gain is, must have a matched input impedance
in order that power will transfer from the source, or to the receiver.

5.1.7 Antenna Polarisation

Up to this point, the gain of an antenna has been defined by the power density radiated in
a given direction compared to an isotropic radiator but no consideration has been given to
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Figure 5.5 Illustration of the polarised E-field coming from an antenna.

the orientation of the E-field and consequently H-field defined by Maxwell’s equations. If
the E-field was vertical the H-field would be horizontal, though due to the way the antenna
is built, it cannot be assumed to be always vertical, it could be tilted. For the purposes
of this chapter, the E-fields radiated by an antenna will be represented as Eθ (θ, φ, r) and
Eφ (θ, φ, r) as illustrated in Figure 5.5. These are not common notations to use but later on
in this chapter they will help provide clarity in order to discern between E-fields radiated
by an an antenna and E-fields incident on an antenna.

When the antenna is tilted, we have to define its tilt by separating it into two separate
components, the vertical part, Aθ and the horizontal part, Aφ so that they add up by
Pythagoras’ rule where |A| = √|Aθ| + |Aφ|. If we consider an antenna radiating E-fields
with different magnitudes with these vertical and horizontal components in all directions,
then they can be represented in Figure 5.5 as fields dependent on φ, θ and r as shown.
If we made θ equal to 90o and φ equal to 0o, the antenna could be oriented completely
parallel to the z axis, in which case it would be completely vertically polarised in the x
direction and be defined as Aθ (θ, φ, r). On the other hand, the antenna could be oriented
parallel to the y axis in which case it would be horizontally polarised in the y direction
and would be defined by Aφ (θ, φ, r). In practice, whatever angles and distance the power
density is defined at, the E-fields radiated by the antenna will never be oriented perfectly
horizontally or perfectly vertical due to imperfections in the antenna so they will therefore
have a total radiated field, A defined by the following equation:

|A (θ, φ, r) | =
√

|Aθ (θ, φ, r) |2 + |Aφ (θ, φ, r) |2 (5.10)

Therefore the orientation of the total field at a fixed point defines its polarisation at that
angle, which will have a combination of two E-fields which can be considered the vertical
part and horizontal part, Aθ and Aφ, to define the polarisation. A high Aθ and low Aφ will
define a predominantly vertical polarisation while the opposite will define a predominantly
horizontal polarisation. These two separate fields also have subsequent power densities, Sθ

and Sφ, which also means that they have polarised antenna gains, Gθ and Gφ. Having now
established how polarisation is defined for the antenna, it should now be understood in
terms of the radio environment. Figure 5.6 also shows an isotropic antenna where E-fields
are incoming and they each have a polarisation at a given angle defined by Eiθ and Eiφ.
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Figure 5.6 Illustration of the linear polarisations of the antenna.

These incident electric fields have been radiated from another transmitting antenna and
they have propagated through the radio environment undergoing path loss, reflection,
scattering etc. as discussed in Chapter 4. The captured electric field is transformed into a
current on the receiving antenna itself according to the rules of reciprocity discussed in
the previous section. This is because the ratio of the incoming field to the induced current
when the antenna is acting as a receiver is equal to the ratio of the radiated electric field
to the exciting current when the antenna is acting as a transmitter.

We will assume that the receiving antenna in this instance is isotropic as shown in
Figure 5.6. We will assume that the transmitting antenna only radiates Aθ fields, though
when they have propagated through the radio environment, scattering causes them to
de-polarise so both Eiθ(θ, φ) and Eiφ(θ, φ) fields arrive at the receiving antenna.

If the two received fields are considered separately, a spherical integration can be per-
formed to integrate the power of the two separate E-fields, which results in a vertical
power, PV and a horizontal power, PH as follows:

PV =
∫ π

−π

∫ π

0
|Eiθ(θ, φ)|2sinθdθdφ (5.11)

PH =
∫ π

−π

∫ π

0
|Eiφ(θ, φ)|2sinθdθdφ (5.12)

The XPR is then defined as the ratio of the vertical to the horizontal power as follows:

XPR = PV

PH
(5.13)

We have also learned in previous sections that the antenna itself can have orthogonally
polarised gains Gθ(θ, φ) and Gφ(θ, φ). These gains are important to distinguish since if
the antenna has a Gθ pattern and no Gφ pattern then it is vertically polarised since it
will only receive Eiθ fields. If the antenna has only a Gφ pattern it will only receive Eiφ

fields. Antennas in practice have both Gθ and Gφ so they are never perfectly vertically or
horizontally polarised, they will have a mixture of both vertical and horizontal polarisation.
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Polarisation

The polarisation of the antenna and the polarisation of the radio environment are two
important aspects of polarisation that need to be distinguished. In the case of the antenna,
the polarisation can be defined as follows:

� The polarisation of the antenna concerns the electric fields radiated or received by an
antenna, which have been denoted by the notations, Aθ and Aφ as the two polarisation
components. These components occur at at a given point in space defined by angles
θ and φ for a fixed distance in the far field of the antenna.

� Where an antenna has Aφ that are either zero or negligible compared to the Aθ

components, it is considered as a vertically polarised antenna.
� Where an antenna has Aθ that are either zero or negligible compared to the Aφ

components, it is considered as a horizontally polarised antenna.

For the case of the radio environment, the polarisation can be defined as follows:

� The vertical polarisation of the environment is a complete spherical integration of
the power densities due to the incoming electric fields denoted as Eiθ, resulting in a
vertical received power, PV.

� The horizontal polarisation of the environment is a complete spherical integration
of the power densities due to the incoming electric fields denoted as Eiφ resulting
in the horizontal received power, PH.

� The cross polar ratio, XPR, is determined by the ratio of PV to PH.

5.1.8 Mean Effective Gain

The directivity and gain patterns applied so far are what would be found in a free space
scenario with a single polarisation. In reality there are going to be objects around the
antenna known as scatterers, which will result in the signals incoming to the receive
antenna or outgoing to the transmit antenna being reflected multiple times. Depending on
what angles these scatterers are at from the antenna, they will change the mean power
received by the antenna and thus it is useful to define the mean effective gain (MEG)
instead of free space gain that results from the antenna being in a real environment. By
definition, the mean effective gain is the ratio of total power received by an antenna in
a given radio environment and what power could be received by an isotropic antenna in
that same environment. The total isotropic power is therefore equal to the sum of the
total vertically polarised power, PV and horizontal power PH. The antenna itself will
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receive a proportion of PV and PH so that at a given angle the power received at angles θ

and φ will be:

Pθ (θ, φ) = PVGθ (θ, φ) (5.14)

Pφ (θ, φ) = PHGφ (θ, φ) (5.15)

Thus Pθ is the power received due to gain Gθ at angles θ and φ, which can only receive
vertically polarised power. Pφ is the power received due to gain Gφ at angles θ and φ, which
can only receive horizontally polarised power. These powers will vary at each angle and as
such the total vertically polarised power received by the antenna is a spherical integral of
Pθ powers and the total horizontally polarised power received by the antenna is a spherical
integral of Pφ powers as follows.

MEG =
∫ π

−π

∫ π

0

(
Pθ (θ, φ) pθ(θ, φ) + Pφ (θ, φ) pφ(θ, φ)

)
sinθdθdφ

PV + PH

(5.16)

Two new variables dependent on θ and φ have also been introduced, pθ(θ, φ) and
pφ(θ, φ). These represent the angle of arrival power density due to the incoming Eiθ and
Eiφ fields at any given angle. The power densities, pθ(θ, φ) and pφ(θ, φ), are due to the radio
environment, not the antenna and they are not necessarily equal. Therefore the distribution
of Eiθ and Eiφ fields are not necessarily the same. We can consider these functions to be
equivalent to a probability density function of a random variable so they will satisfy the
following equations: ∫ π

−π

∫ π

0
pθ(θ, φ)sinθdθdφ = 1 (5.17)

∫ π

−π

∫ π

0
pφ(θ, φ)sinθdθdφ = 1 (5.18)

Equation (5.16) can then be modified to the following general expression for MEG:

MEG =
∫ π

−π

∫ π

0

(
XPR

1 + XPR
Gθ(θ, φ)pθ(θ, φ) + 1

1 + XPR
Gφ(θ, φ)pφ(θ, φ)

)
sinθdθdφ

(5.19)

Observing Equation (5.19), there could be a scenarios at angles θ and φ, the value of
Gθ is high while pθ is low, or in vice versa. The same consideration could be made for Gφ

and pφ. If all angles of θ and φ are considered and there is a strong majority of cases where
Gθ and pθ, or Gφ and pφ are high, then the MEG will also be high. If neither case occurs
then the MEG will be low. Therefore MEG considers whether the antenna has high gain in
the directions where the E-fields are incident onto it. The polarisation of the antenna and
the incoming E-fields, however, must also be aligned. The result is then a mean gain that
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Figure 5.7 Illustration of the angle of arrival model used by Taga.

the antenna has when in an environment. Such a value is directly relevant to how much
the antenna will increase or reduce the received signal at a mobile.

In order to evaluate the MEG, it is necessary to have a model for the angle of arrival
functions, pθ(θ, φ) and pφ(θ, φ), which will depend on how scatterers are positioned. A
simple example is used by (Taga 1990), which considers that there is a uniform angle of
arrival in azimuth, but a Gaussian angle of arrival in elevation. We can visualise this in
Figure 5.7, where the signals will arrive uniformly around the antenna but in elevation
most of them will arrive above the horizontal xy plane where the mean of the Gaussian
arrival is, that is, θ ≈ 70o. It is therefore possible to easily define the Gaussian angle of
arrival as a function of θ independent of φ as follows where the mean angle of arrival in
elevation is defined as θ and its standard deviation, σθ and σφ for the two polarisations:

pθ(θ, φ) = Kθe

(θ−θ)2

2σ2
θ (5.20)

pφ(θ, φ) = Kφe

(θ−θ)2

2σ2
φ (5.21)

To make the equations valid for calculating MEG, the constants Kθ and Kφ are defined
to satisfy the criteria in Equations (5.17) and (5.18):

Kθ = 1

∫ π

−π

∫ π

0 e

(θ−θ)2

2σ2
θ sinθdθdφ

(5.22)

Kφ = 1

∫ π

−π

∫ π

0 e

(θ−θ)2

2σ2
φ sinθdθdφ

(5.23)

According to measurements by (Taga 1990), θ would often be the same, around 70o

in an urban environment. Standard deviations on the angle of arrival, σθ and σφ, would
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be between 20o and 40o in an urban environment. For purposes of ease of analysis in
this chapter, we will assume that pθ(θ, φ) and pφ(θ, φ) are equal even though there are
cases where this is not typical. The angle of arrival is not always uniformly distributed in
azimuth though for simplicity the rule will be adopted in this chapter.

5.2 Single Antenna Design

It is assumed by many that if an antenna has a matched impedance (i.e. Zin = Z0) giving
high return loss then the antenna will always radiate energy. An antenna with a good
impedance match may have a low efficiency, which means the antenna will not radiate
much power. If there is no efficiency there is no gain. In order to determine whether the
antenna is both impedance matched and efficient, it is best illustrated by the example in
Figure 5.8 used by Saunders and Aragon-Zavala (2007), where Zin is split into three
components: the radiation resistance, Rrad, the loss resistance Rloss and the input reactance,
Xin. If Zin is to be matched to Z0 then ideally Xin should be zero to give minimum reflection
coefficient in Equation 5.9. However, the resistive part of Zin, even if it is the same as Z0,
will consist of two resistances added together, the radiation resistance, Rrad and the loss
resistance, Rloss. If Rrad is negligible, then the antenna will have low efficiency because
power is lost through Rloss where as if Rloss is negligible then the antenna is highly efficient
so it will radiate or receive energy. In both cases, however, Zin still has the same value and
is still matched to Z0 so Zin alone cannot tell us how efficient the antenna is. The only
way to determine the efficiency in this regard is by knowing Rrad and Rloss (which can not
be directly measured) as:

Efficiency = Rrad

Rrad + Rloss
(5.24)

Clearly, it can be seen that an antenna with good impedance match is not necessarily
efficient since antenna impedance and efficiency are mutually exclusive. Antenna design
therefore requires constructing an antenna where radiation resistance is close to the input
impedance (if it is resistive), which can be difficult. The simplest example of how to design
an antenna in such a way is a half wavelength dipole. Theoretically it can be shown that
when it is half a wavelength it has a high radiation resistance of 73� and an input reactance

Z0 Rrad

Rloss

Xin

Zin

Figure 5.8 Diagram showing the radiation resistance and loss resistance of an antenna.
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of 42.5� giving an input impedance of 73 + 42.5j� (Balanis 2005). This impedance is
not close enough to a source impedance of 50�, so to remove the reactive component, the
dipole can be shortened at both ends by 5–10%. The input resistance then reduces to around
60�, which gives a suitable return loss of at least 10 dB but slightly higher loss resistance.
If the dipole was shortened any further, there may be chance that the impedance is closer
to the desired impedance of 50� but the loss resistance would increase and therefore
efficiency would reduce. It is therefore the case that the 5–10% shortening of the dipole
provides a compromise where the efficiency is slightly less than maximum so the input
impedance is close enough to the required value.

Mobile antennas often require re-designing dipole or monopole antennas so as to fit
the size requirements. Size can often be a limitation and when trying to consider both
impedance and efficiency, the antennas will often be far from ideal (Chen et al. 2007).
Furthermore, interaction with the user or surrounding immediate area (known as near
field effects) can impact the impedance and gain, which must also be considered when
designing antennas. Many antennas also have to operate over a suitable bandwidth. This
therefore means that antennas should be tested both for their return loss and gain over the
desired frequency range to determine what bandwidth they have.

Fundamentals of single antenna design

For any antenna to radiate or receive power, it will require a suitably matched impedance.
If the antenna’s impedance is matched it will not necessarily radiate or receive power,
because its efficiency is not dependent on impedance. Therefore if the efficiency is not
also maintained, the antenna will be of poor quality.

In a real environment, the antenna will be capable receiving electric fields in certain
directions and polarisations that may not be consistent with the polarisations and angles
of arrival of the electric fields. This will determine how high the antenna’s mean effective
gain (MEG) is. To determine cases where an antenna has high mean effective gain, the
following principles can be applied:

� Where the values of, Aθ(θ, φ) and Eiθ(θ, φ), while also the values of Aφ(θ, φ) and
Eiφ(θ, φ) are at a maximum for the same angles of θ and φ, then there will be a
high MEG. If they are opposite then the MEG will be low. Therefore high MEG is
determined by where an antenna will receive electric fields in the direction in which
they arrive but also with the same polarisation.

� A vertically polarised antenna within an environment that has a low XPR will have
a low MEG; however, for a high XPR, the MEG will be dependent on the antenna
pattern and the angles of arrival of the incoming fields.

� A horizontally polarised antenna within an environment that has a high XPR will
have a low MEG, however for a low XPR, the MEG will be dependent on the antenna
pattern and the angles of arrival of the incoming fields.
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5.3 Designing Array Antennas for MIMO

The correlation between the antenna elements of an array is of the key contributions to
the performance of MIMO antennas. Therefore, before using antennas for MIMO, they
need to be designed in a way that their elements will receive de-correlated signals, which
will be a summation of all the incoming E-fields as well as the antenna’s radiated E-field
pattern. It is possible to do this in different ways such as spatially separating the antennas or
changing their angular patterns or polarisations, which will be explained in the following
sub-sections.

5.3.1 Spatial Correlation

In the general case, the complex correlation between two antennas m and n, can be derived
using the radiated E-field patterns Aθm, Aφm, Aθn and Aφn. The terms Aθ and Aφ are the
same as those applied in the previous section, the only difference being that they have been
assigned to the antenna number. The magnitude of these, when considered as relative values
to a fixed angle, is equal to the square root of their corresponding gains, Gθm, Gφm, Gθn

and Gφn, though phase information would need to be added in to make them complex,
which can be found by antenna measurement or simulation. Using these amplitudes, the
complex correlation, ρmn is defined as follows (Brown et al. 2005):

ρmn =
∫ π

−π

∫ π

0

(
XPRAθm(θ, φ)A∗

θn(θ, φ)pθ(θ, φ) + Aφm(θ, φ)A∗
φn(θ, φ)pφ(θ, φ)

)
sinθdθdφ√

σ2
mσ2

n

(5.25)
where

σ2
n =

∫ π

−π

∫ π

0

(
XPR|Aθn(θ, φ)|2pθ(θ, φ) + |Aφn(θ, φ)|2pφ(θ, φ)

)
sinθdθdφ (5.26)

and the same equation is valid for antenna m. The correlation is therefore comparing
the radiated E-field patterns (which are reciprocal whether the antenna is in transmit or
receive mode) with the incident E-fields arriving at the antenna, which are defined by the
same probability equations, pθ(θ, φ) and pφ(θ, φ), used for MEG. The antennas may have
different spacing, different radiated E-field patterns or different polarisations. In all cases,
the radiated E-field patterns will be different as the phases between the two antennas will
be different even if their magnitudes are the same. First of all we will consider two spatially
separated omnidirectional antennas, where the radiated E-fields have horizontal spacing,
d and vertical spacing, l. In this instance if we assume the antennas are both purely
vertically polarised ideal antennas so all E-fields have the same magnitude, (Brown et al.
2005) has derived the spatial correlation for vertical and horizontally separated antennas:

ρmn =
∫ π

−π

∫ π

0
ejβ

√
d2+l2cosζpθ(θ, φ)sinθdθdφ (5.27)
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Figure 5.9 Graph showing the correlation between two adjacent antenna elements when
vertically and horizontally spaced.

where

cosζ = sin(θ + δθsgnφ)sinφ (5.28)

δθ = tan−1
(

l

d

)
(5.29)

This equation is plotted in two ways in Figure 5.9 where just vertical spacing l (i.e. d

stays zero) and horizontal spacing d (i.e. l stays zero) is considered. The angle of arrival
model used by Taga as described earlier is used here, where the mean angle θ is at 70o and
the standard deviation σθ is 20o. Due to the fact that there is a nonuniform angle of arrival
power density in elevation but not in azimuth, the spacing required to get low correlation
(as would be required for MIMO) is significantly greater for vertical spacing. For this
reason, array antennas for MIMO are generally spaced horizontally rather than vertically
so as to have more compact antenna designs.

It is also worth giving consideration as to why the antennas are spaced in a linear
topology as they could for example be spaced in other topologies as follows:

� Circular topology as in Figure 5.10 where the antennas are evenly spaced in a circle
with radius rc in the horizontal plane. We can derive the antenna spacing between two
adjacent elements, d, when we know the radius and angle α (derived by dividing 360o

by the number of elements) by using Pythagoras’ theorem:

d = rc

√
2(1 − cosα) (5.30)
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rc
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rcsinα

2(1− cosα)rc

α

Figure 5.10 Diagram of a circular array geometry in the horizontal plane.

This can then be inserted into Equation (5.27) to calculate the correlation between
adjacent elements as a function of radius rc in Figure 5.11. It can therefore be seen that
the more elements we require, the larger the radius is required to accommodate them
and result in suitable de-correlation. Therefore circular arrays are not as practical as
linear arrays for MIMO.

� Planar topology, which will make linear arrays even more compact using examples in
Figure 5.12. All antennas have minimum spacing d in this case, which if sufficiently
spaced apart (i.e. greater than half a wavelength) will allow low enough correlation
between all elements.

5.3.2 Angular and Polarised Correlation

As well as using spatial separation to obtain de-correlated antenna branches, it is also
possible to use angular or pattern differences and polarisation differences between the

Figure 5.11 Graph comparing the spatial correlation of adjacent antenna elements for a
circular array antenna with a different number of elements and varying radius.
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Figure 5.12 Diagram showing examples of linear arrays converted to planar arrays.

antenna elements. This is particularly important for MIMO antennas placed on small mo-
bile terminals because they do not have enough physical size to accommodate sufficiently
spaced antennas. First of all, it must be established by inspection of Equation (5.25) that
correlation is calculated as a comparison of two complex antenna patterns in the same
polarisation. This likewise applies to two antennas that may be located close to each other
(so they have little spatial de-correlation) and have different angular patterns, that can
result in a lower angular correlation (which is also known as pattern de-correlation). Take
a dipole antenna and a loop antenna like that shown in Figure 5.13. If the antennas are
perfectly polarisation pure, then the dipole will have only a Aθn pattern, while the loop
antenna will only have a Aφm pattern, thus Aφn and Aθm are always zero. Now the complex
patterns, Aθn and Aφm are nearly the same if the loop has a narrow enough diameter, yet
they are completely de-correlated if input into Equation (5.26) because they have opposite
polarisation.

No antenna is ideal like a dipole and loop antenna, yet two antennas at a mobile terminal
may have different complex antenna patterns with very differing polarisations because they

Aθ n

Aφ m

Figure 5.13 Example of a loop and dipole antenna with full polarisation de-correlation.
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will have a mixture of Aθ and Aφ. Therefore, polarisation correlation is inherent within
angular correlation (Brown, Saunders et al., 2007) if one antenna receives a greater number
of fields in one polarisation than the other. However, it should be noted that to exploit
polarisation to get better angular de-correlation, it depends on having a suitable XPR in
the channel. If the XPR is above 10 dB then there is negligible horizontal polarisation to
be able to exploit. Ideally the XPR should be around 6 dB or even lower. If there is a high
XPR and there is low angular correlation, it is the case because the antennas are in the
same polarisation but they have different patterns.

De-correlated MIMO antennas

For two or more antennas at the Tx or Rx, spatial separation is one of the simplest
ways to gain suitable de-correlation. If the antennas are at least half a wavelength apart
then theoretically they will be suitably de-correlated to support a MIMO system. It is
possible that the antennas could be spaced apart in a long line, though it is also possible
they can be arranged in several rows or columns, which results in a planar antenna
array.

At the mobile terminal, the spatial separations required are often too large to be
accommodated. Therefore it is necessary to find other means of creating to antennas
that have de-correlated outputs. One such example is to use different polarisations. The
ideal case where there is complete de-correlation between the two polarisations is to use
a vertically polarised antenna (which could be a dipole) and a horizontally polarised
antenna (which could be a loop). In this case, there would be complete polarisation
de-correlation, though also there would be angular de-correlation.

The angular patterns of two different antennas may have different patterns that result
in a de-correlation, which may also be due to their differences in polarisation. Therefore,
the angular correlation is defined as the difference between two antenna patterns in the
same polarisation. It may be the case that the antenna patterns are very similar (such as a
dipole and loop), but their polarisations are opposite, therefore their angular correlation
is low.

5.3.3 Impact of Nonuniform Angles of Arrival

The results presented for correlation in the previous sections have been computed using
a uniform azimuth and Gaussian elevation angle of arrival at the mobile, which is a
simple enough model to obtain results mathematically. It is not necessarily the case that a
uniform azimuth angle of arrival is a suitable model for the radio environment at a mobile
Rx (COST259 2001). For example, the location of the mobile may be within a corridor in
the indoor case or within a street canyon in the outdoor case. Though both instances are
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NLOS, the angle of arrival is not uniform since the most scatterers are at the sides of the
street/corridor, not along it. Therefore there are two main angles of arrival from the two
sides opposite each other.

In mobile radio environments generally, the elevation angle of arrival is also considered
sometimes to be a different distribution such as Laplacian rather than Gaussian (Ertel and
Reed 1999) and highly dependent on the height of the Tx antenna. If there is a line of
sight, this will inevitably create a point from which there is a single constant angle of
arrival, with some minor arrival angles near to it. The following factors will have a strong
influence on the AOA distribution in a given environment:

� The polarisation of the Tx source: Several measurements have verified that if the Tx
source is vertically polarised, the angle of arrival is significantly different to when it is
horizontally polarised. This is because incident waves on a scatterer will de-polarise
differently depending on what polarisation they had incident on the scatterer. Further-
more there will be different resultant angles of arrival if both vertical and horizontal
polarisations are transmitted at the same time.

� Frequency dependence: Angle of arrival is highly frequency dependent because the
scatterers will reflect signals differently over frequency. Therefore it is necessary to
have information about statistics of different radio environments for different frequency
bands of operation.

� The respective heights and distances between the antennas: The antenna height can
be particularly important, especially at the Tx and also the distance between the Tx and
Rx. Several measurements and models have been made to derive suitable models for
different applications

Correlation and MEG are not always evaluated just by mathematical models of AOA,
it is also the case that real data can be directly input to evaluate such information about
array antennas. In the case of Nonuniform AOA in azimuth, it means that correlation
and MEG are dependent on the orientation of the Rx and Tx, which could be highly
variable. Therefore it is not possible to simply take one value of correlation or MEG in
such cases, more often a range needs to be analysed and then averaged. As the MEG and
correlation are evaluated in discrete form, they require the antenna patterns and angle of
arrival models to have a suitable resolution. Research has shown that for mobile terminal
antennas, antenna pattern cuts should be taken in 10o steps, which is sufficient to give
accurate results (Sulonen et al. 2002). However if the antennas had high directivity, a
higher resolution would be required though this does not normally occur at the mobile.

5.4 Impact of Antenna Design on the MIMO Radio Channel

Up to this point, it has been assumed that the antennas have no mutual coupling effects.
When antennas are closely spaced together, some current (and likewise power) will cross
couple from one antenna element into neighbouring antenna elements. The closer the
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Figure 5.14 Diagram showing the principles of mutual coupling between two antennas.

antenna elements are, the more vulnerable they are to this. For multiple elements, the
coupling can be determined in terms of an N-port Z-parameter impedance matrix (Brown,
Saunders et al. 2007; Vaughan and Andersen 2002), where N is the number of antenna
ports, to represent the impedances between the antennas that are represented by complex
impedance matrices Z. The impedance of each antenna element is a combination of two
types of impedance, self and mutual impedance. The self impedance is the ratio of voltage
to current in the antenna at the antenna input port. The mutual impedance is the ratio of the
voltage at the antenna to the current at each of the other antennas, when the antenna at the
input port is excited. Therefore, each input port will have one self impedance and N − 1
mutual impedances, giving N × N impedances. These impedances for two antennas are
illustrated in Figure 5.14, where there are E-fields incident on the two antennas, A and B,
given as E1 and E2. These will then induce current on both antennas, i1 and i2, which create
voltages, VE1 and VE2. The antennas therefore have two self impedances, ZinA and ZinB

and two mutual impedances that have the same value Zm. Therefore the complete antenna
impedance matrix in the 2x2 case, ZANT and the load impedance, ZL, which represents
the load applied to the two antennas, are defined as follows:

ZANT =
(

ZinA + Zm Zm

Zm ZinB + Zm

)
(5.31)

ZL =
(

Z0 0

0 Z0

)
(5.32)
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Dependent on the impedances in ZANT and ZL, this will cause varying voltages VANT1,
VANT2, VL1 and VL2 so that they can be incorporated into vectors as follows:

vE =
(

VE1

VE2

)
(5.33)

vL =
(

VL1

VL2

)
(5.34)

vE and vL are related as follows (Vaughan and Bach Andersen 2002):

vL = vEZANT(ZANT + ZL)−1 (5.35)

The mutual coupling that takes place between closely spaced antennas can be both
an advantage and a disadvantage to MIMO. The mutual coupling if high will cause the
antenna elements in the array antenna to have different patterns compared to what the
patterns would be if the elements had no mutual coupling. The reason for this is that when
a current is flowing into one antenna, some of that current will also flow onto a nearby
antenna due to the mutual impedance. Such antenna is known as a parasitic element. As has
been realised from the beginning of this chapter, the current in the conducting element will
form an E-field and in this case, both the antenna connected to the source and the parasitic
antenna will radiate a resultant E-field together. Therefore, the radiated pattern would be
based on a superposition of the E-field generated by these two antennas. What would then
happen is that when one antenna is excited, a pattern in one direction would result, while
when the other antenna is excited, a different pattern in another direction would result. This
would therefore mean that the two antennas would have a certain angular correlation and if
the mutual coupling caused the antennas to have different enough patterns, this correlation
would be low. While mutual coupling may help reduce correlation, at the same time there
is less current in the driven antenna and the radiation resistance reduces, which reduces the
efficiency in the antennas. The impact of the mobile terminal array antenna, both due to its
inherent mutual coupling and interaction with the user, will impact the resultant channel
state arriving at the receiver, in a way that the maximum channel capacity possible will
be limited due to the antenna. The impact on the wireless channel due to the antenna is
summarised as follows:

� Degradation of antenna efficiency and MEG: If two monopoles are brought close
together, the mutual coupling will cause their efficiency to degrade which will likewise
degrade their MEG both due to the loss but also because they are less omnidirectional
(Brown 2004). This loss will have a direct degradation on received SNR, which will
likewise offset the capacity to a lower level.

� Antenna mismatch: As shown in Equation (5.31), the mutual coupling is added to
the self impedance of the antenna. Therefore, when one antenna is in the presence
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Figure 5.15 Comparison of the angular and spatial correlation of two spatially separated
monopoles based on the Taga angle of arrival model; Source: Brown, Saunders et al. (2007).
Reproduced by permission of © 2007 IET.

of another it will have a different impedance, which is possibly not comparable of
that of the source impedance. It is often therefore necessary to adjust the antennas
to improve their impedance match when they are in the presence of other antennas,
though as explained earlier, this can be at the expense of degrading the efficiency of
the antenna. This may require compromise if the MIMO array antenna has restrictive
size constraints.

� Correlation between two antennas: It can be seen in Figure 5.15 that for two
monopoles (which have the same characteristics as half wavelength dipoles), spac-
ing of less than 0.5 wavelengths allows angular de-correlation to predominate where as
the spatial de-correlation dominates beyond 0.5 wavelengths. Therefore, the correlation
overall is below 0.7 from only 0.1 wavelengths distance due to the mutual coupling.
This is desirable for MIMO so therefore effects of mutual coupling are beneficial in
this case. It is assumed in Figure 5.15 that the angle of arrival model is that used by
Taga (1990) explained earlier in this chapter.

� Branch Power Ratio (BPR): The mutual coupling may cause two antennas to radiate
in different directions but at the same time (depending on the angle of arrival) the MEG
of the two antennas may be considerably different. This will indicate that the branch
power ratio (BPR) of the two antennas will be high, which is defined as the ratio of
power in one antenna to the other. Antennas at the mobile in particular are subject to
user interaction, for example when the user is holding the mobile terminal to have a
telephone conversation or holding the handset in front of them to send a text message or
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Figure 5.16 Illustration of Rx BPR impact on iid MIMO channels for the (a) 2x2 case and
(b) 4x4 case.

observe what is on their screen. Such user interactions are different and they will cause
the mutual coupling between the antennas to be different. The MEG of each antenna
branch in such cases is likely to be very different, which will result in a high BPR.

Figure 5.16 (a) illustrates a 2x2 MIMO case, where the BPR at the mobile of two
independent Rayleigh channels will shift the capacity down to that of a 2x1 MISO
channel if the BPR goes beyond 10 dB. BPR beyond 6 dB has significant degradation
in capacity. An example of the same scenario with a 4x4 case is shown in Figure 5.16 (b),
where more branches help to reduce the impact on capacity if one of the branches is
weak. In this case there are three BPRs: from branch 1 to branch 2, from branch 1 to
branch 3 and branch 1 to branch 4. If more than two branches are weak then capacity
begins to drop significantly down to that of a 4x1 MISO channel though less than half
the capacity is lost when only two branches are weak.

From analysing the above four points, compact MIMO antennas may benefit from
mutual coupling by being able to decrease the correlation between branches, but at the
same time they are vulnerable to having high BPRs and degradation in efficiency and
MEG which will counteract the benefits. A limit on mutual coupling is therefore required
which will ensure the conflicting factors’ balance.

Compact antennas and mutual coupling

Mutual coupling between closely spaced antennas can improve de-correlation to reduce
it to be less than the theoretical spatial correlation. However, if the spacing is too
close, the antenna’s efficiency can be compromised, which will therefore reduce the
received SNR. This reduction in SNR will outweigh the benefit that a low correlation
between the antennas would bring to the MIMO system. Therefore a minimum spacing
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Compact antennas and mutual coupling (Continued)

would have to be maintained so that the benefits of mutual coupling between the an-
tennas could still be gained.

At the mobile, the impact of the user on mutual coupling when using the terminal
must also be considered as well as the fact that the body will absorb significant amounts
of radiated power if the antenna is designed badly. One common method to mitigate
these problems is to use antennas that will typically radiate away from the user when
in use. However, this can be difficult if the mobile terminal has more than one mode of
usage (e.g. as a mobile handset or a handheld multimedia device).

User impact will also have a bearing on the directions in which the mobile terminal
antennas can radiate and receive electric fields as well as their polarisation, which will
impact the MEG. The MEG may also not be consistent from one antenna to the next,
thus there will be a resulting branch power ratio, which should be as close to 0 dB as
possible.

5.5 Evaluating Antenna Impact on the MIMO Channel

This section first shows, by using a crude example, how antennas can impact capacity by
using just correlation, MEG and BPRs etc. from the antennas. This does not provide accu-
rate evaluation, however, of the antenna’s MIMO potential. The second part of this section
therefore provides an explanation of some advanced techniques to carry out analysis of
MIMO array antennas.

5.5.1 A Crude Evaluation of the Impact of Antennas on MIMO Channel
Capacity

It can be shown from (Loyka and Tsoulos 2002) that if the Tx is assumed to have de-
correlated branches, the correlation at the Rx can be used directly to give a crude estimate
on the maximum achievable capacity, C, where it is assumed that there is no BPR in this
case and the radio environment is independently identically distributed before antenna
effects are applied as follows:

C = log2|I + SNRRRx| (5.36)

where SNR is defined as the signal to noise ratio and I is the identity matrix. In the case
of 2x2 MIMO, the correlation matrix is as follows:

RRx =
(

1 ρ12

ρ∗
12 1

)
(5.37)
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so therefore Equation (5.36) resolves to be:

C = log2

∣∣∣∣∣
1 + SNR SNRρ12

SNRρ∗
12 1 + SNR

∣∣∣∣∣ = log2

[
(1 + SNR)2 − SNR2|ρ12|2

]
(5.38)

This equation can also be modified to include a loss factor, Lf , which is the ratio of
the MEG of any monopole when it is in the presence of the other to the MEG when the
other is not present. When the monopoles are close together, the MEG degrades and the
loss factor is as high as 10 dB so this needs to be incorporated as follows:

C = log2

[
(1 + SNR.Lf )2 − SNR2L2

f |ρ12|2
]

(5.39)

Taking the correlation values as plotted in Figure 5.15 as well as the and the degradation
values of Lf versus distance taken from Brown, Saunders et al. (2007) the resultant
capacity versus distance can be derived and its values are plotted in Figure 5.17. Though
there is suitably low correlation as low as 0.1 wavelengths apart in Figure 5.15, the value
of Lf is below −2 dB so it results in the capacity being only 50% more rather than near to
100% more than the SISO capacity. With the spacing at least 0.5 wavelengths, the value
of Lf increases towards 0 dB and the correlation is negligible so the capacity is roughly
constant and almost twice the SISO capacity as would be expected in the ideal case.

This sub-section illustrates how closely spaced compact MIMO antennas with mutual
coupling can both be a friend or foe to MIMO systems. Correlation may be reduced, but
at cost of reducing antenna efficiency. Other effects such as the BPR, which can result

0

1

2

3

4

5

6

7

10.80.60.40.20

d (Wavelengths)

C
 b

it
s/

s/
H

z)

MIMO 
SISO

Figure 5.17 Illustration of the capacity limits for two horizontally separated monopoles.
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from user interaction with mobile antennas will cause further degradation in capacity. It
is therefore not sufficient to use antenna correlation as the only figure of merit to evaluate
the antenna’s potential for MIMO. Other methods are therefore necessary to analyse the
inter-dependence between branches and also in cases where the channels are not separable,
the antenna designs at both link ends will matter to the overall output as had been seen
in the previous chapter. More detailed methods are therefore needed to determine how
different antenna designs impact the MIMO link.

5.5.2 Advanced Techniques to Evaluate MIMO Antenna Performance

To fully accommodate all these effects, it is possible to incorporate data from the antenna
field patterns (when the antennas are simulated/measured in the presence of each other)
into a ray tracing model or dual directional channel model. However, as was seen in
the previous chapter from the channel models themselves, the scale of data required and
length of computation is high and incorporation of antenna patterns will increase this
several times. Furthermore, these results would only evaluate the antenna performance in
a single channel scenario so several channel scenarios would be required in order to obtain
sufficient statistics to calculate an average performance.

There is therefore a need to have methods of evaluation that do not require a high
computational load and allow the antenna designer to make computationally efficient
evaluations of antennas in order to compare the MIMO potential of different prototypes.
A method recently developed to conduct such an evaluation is the experimental plane-
wave based method (EPWBM) (Suvikunnas et al. 2006). This method takes the incoming
E-fields and the complex antenna patterns as we have used in this chapter and then makes
them into vectors. For simplicity we will consider a 2x2 MIMO system, where in this case,
there will be radiating complex antenna patterns represented at the ath discrete sampled
angle. The vectors aθ(a) and aφ(a) are therefore used to represent the radiated E-field
patterns in both polarisations of two elements at the Rx below as follows:

aθ(a) =
(

Aθ1(θa, φa)

Aθ2(θa, φa)

)
aφ(a) =

(
Aφ1(θa, φa)

Aφ2(θa, φa)

)
(5.40)

The incoming E-fields can consequently be represented in the same way as before but
also incorporated into vectors, eiθ and eiφ , though this time we must consider the fact they
change as the mobile moves so they are not only a function of the ath discrete angle but
the nth discrete sample in time. The incoming E-fields are therefore shown as follows and
they are illustrated in Figure 5.18 for clarity.

eiθ(a, n) =
(

Eiθ1(θa, φa, n)

Eiθ2(θa, φa, n)

)
eiφ(a, n) =

(
Eiφ1(θa, φa, n)

Eiφ2(θa, φa, n)

)
(5.41)
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Figure 5.18 Illustration of the incident E-fields and antenna E-fields for a 2x2 MIMO case.

Therefore, the E-fields from the environment, eθ and eφ will then superimpose onto the
complex antenna patterns, aθ and aφ and they will create a resultant 2x2 MIMO channel
for every nth time/distance variant sample. When all the resultant superimposed fields for
every mth polar sample in the equation below are summed together they create H(n) which
is time/distance variant for every nth sample. This can be easily achieved using straight
forward matrix algebra and N3DA angular samples.

H(n) =
N3DA∑
a=1

eiθ(a, n)aH
θ (a) + eiφ(a, n)aH

φ (a) (5.42)

This channel output can then be used to calculate channel capacity and perform eigen
analysis to determine the MIMO potential of the antenna. The test could be repeated
on different antennas to make comparisons of MIMO capacity of the antennas that is
repeatable. The EPWBM method still requires significant chunks of data in eiθ(a, n) and
eiφ(a, n) though it is significantly less than using ray tracing or dual directional channels.
The method can also be used for MIMO systems with more antenna elements though of
course more antenna pattern data and channel matrices would be involved.

Impact of the antenna design on the MIMO channel and its capacity

The correlation, impedance, MEG and BPR are all useful factors to indicate the like-
lihood of the MIMO antenna’s reliability and gain some initial indications at design
stage. In the ideal case, the MEG needs to be high, the BPR close to 0 dB, the antenna
impedances need to be matched to the source or receiver and the correlation between
the antennas needs to be low. If any one of these criteria is not met, the MIMO capacity
will be degraded due to the antennas.

To make comparable and repeatable tests between antenna designs and prototypes
as well as gain some more reliable idea of their MIMO potential requires an eval-
uation such as the EPWBM method. Using this principle will fully accommodate
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Impact of the antenna design on the MIMO channel and its capacity (Continued)

the interdependence between the MIMO paths while also being able to determine the
impacts of the antenna design when superimposed onto the incoming electric fields of
a specific radio environment. This is highly useful in antenna design to determine how
a particular antenna is more advantageous over the other.

5.6 Challenges in Compact MIMO Antenna Design and Examples

The previous sections have identified ways in which MIMO channel capacity can be
impacted due to the design of the antenna as well as ways in which the level of impact can
be evaluated. These impacts are important to consider with regards to channel modelling
since in an ideal case it is assumed that the antennas are spaced apart either in linear or
planar form at least half a wavelength in the horizontal or azimuth plane at the frequency of
operation. Were this to be true then there would be a BPR of 0 dB, low correlation between
each antenna element and negligible mutual coupling. The antennas in this instance can
be considered near to ideal though at frequencies of 5 GHz or less (which are or will be
used for MIMO) then the spacing required to be half a wavelength apart is not practical
for a small mobile terminal or access point. Were four antennas crammed onto a mobile
terminal, they would more likely be as close as only one tenth of a wavelength, which has
shown to degrade MIMO capacity. At a mobile terminal, it is also going to be subject to
interaction with the user, which will cause the BPR, antenna efficiency and also correlation
to change as the user is moving or changing their handling of the mobile. In light of
these limitations, the different angular patterns and polarisations of the antennas discussed
earlier have to be considered as opposed to spatial separation of the antennas. The user
interaction will also impact these angular patterns though if the antennas are designed
appropriately, the user can be of benefit to the antenna by helping to produce a good
angular de-correlation between the antennas and not degrade their efficiency. Examples
of such antennas published in the literature are the dielectric loaded folded loop and a
modified planar inverted-F (PIFA) antenna in Figure 5.19. In both cases these antennas
are placed on a point in the mobile terminal that is generally not covered by the hand or
placed next to the head. This is true in two main scenarios, in talk position when the user is
holding the terminal next to their head to have a telephone conversation but also in texting
position as though the user was sending a text message or interacting with information
placed on the screen of their mobile. The different position or structure of each antenna
element will cause different angular patterns in the presence of the user and they will also
maintain an acceptable BPR and efficiency so that MIMO capacity is not degraded.

Another way of compacting the antennas is to use spiral designs such as trapeziods,
spiral antennas and an intelligent quadrifilar helix antenna (IQHA) as shown in Figures 5.20
and 5.21. Such antennas can be considered to have co-located array elements though
they have a radial shift from each other allowing them to be intertwined. The mutual
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Figure 5.19 Illustration of printed and dual element PIFA antennas. Sources: Chiau
et al. (2005) Reproduced with permission from John Wiley & Sons, Inc. and Gao et al. (2007)
Reproduced by permission of © 2007 IET.

Figure 5.20 Illustration of a trapezoid spiral compact MIMO antennas; Source: Klemp and
Eul (2005).

Figure 5.21 (a) Illustration of a printed helix antenna; Source: Waldschmidt and Wiesbeck
(2004); (b) an intelligent quadrifilar helix antenna. Reproduced by permission of © IEEE 2004.
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coupling behaves in such a way that when one element is radiating, the others act as
parasitic elements to help create a unique antenna for that element. Thus the antennas
have a good angular and also polarisation de-correlation that allow the antennas to be a
compact option at either the access point or mobile terminal. Since mutual coupling cannot
be completely avoided in the design of such antennas as these, it is the case that they will
have a capacity that is slightly lower than that of an ideal case such as the dipoles spaced
half a wavelength apart though given their size is reduced to something realistic, this is a
reasonable compromise.

5.7 Summary

5.7.1 Antenna Fundamentals

This chapter has provided an introduction to antenna design particularly in relation to
MIMO communications. We had first established that each antenna element will need to
have good impedance matching such that power will go into the antenna and not reflect
back to the source. Once the power is in the antenna, it will need to radiate power rather
than just convert it to heat or other forms of energy, thus the antenna also needs to be
efficient which is a mutually exclusive issue from the impedance matching. A number of
fundamentals about antennas were also covered in this chapter, where in particular it is
important that the antennas have a reciprocity such that they have the same gain, efficiency
and impedance matching whether they are in transmit (Tx) mode or receive (Rx) mode.

5.7.2 Designing Antenna Arrays

A MIMO antenna is required to consist of an array of several antenna elements. It was
found that this is achieved best by separating the elements in a linear or planar form
at least half a wavelength in the horizontal or azimuth plane. In such circumstances
these antennas would be suitably de-correlated and also have a branch power ratio (BPR)
of 0 dB. The mutual coupling would be negligible enough that it would not cause the
efficiency of the antennas to degrade. In this case, the impact of the antennas on MIMO
capacity would be negligible and they would not need to be taken into account in a
channel model.

5.7.3 Practical Antennas for MIMO

When designing compact MIMO antennas suitable for a mobile terminal or small access
point, the close proximity of the antenna elements will create a mutual coupling between
them, where the antennas cannot be de-correlated due to their spatial separation if less than
half a wavelength but the difference in their antenna angular patterns and polarisation. In
such circumstances, some mutual coupling will also be present, which will slightly degrade
the capacity though this cannot be completely avoided and as such is a compromise
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for reducing the antenna size to being physically practical for the application. The user
interacting with the mobile will cause the antenna to have non ideal branch power ratio
(BPR) and degradation in efficiency. Antenna design therefore is important to consider so
that these impacts are minimised and examples of such antenna designs have been shown.

The following key points that the reader should have learned with regards to antenna
design for MIMO are:

� Each antenna array element should have both impedance matching and efficiency
though this should be considered when each element is in the presence of other ar-
ray elements and the user where applicable since both these factors will impact the
antenna element’s own impedance due to a mutual impedance between the antennas.

� Array antennas are commonly designed as linear and planar arrays in the ideal case
though for more practical and compact antenna options, the angular pattern and
polarisation differences between antenna elements are used to enable the required
de-correlation.

� For compact antennas the mutual impedance can be beneficial in terms of helping to
create de-correlated antennas due to their angular patterns and polarisation but at the
same time it causes the efficiency (and likewise the mean effective gain (MEG)) to
degrade, which is a disadvantage.

� For any antenna to have potential to be used for MIMO, it is essential that there is good
de-correlation between the antenna branches, low branch power ratio (BPR) whereby
the MEG of the antennas should be comparable and that their efficiency is not degraded
by being in the presence of each other and a user where applicable. These three factors
are essential to maintain in the early stages of designing a MIMO antenna.

� For testing antenna prototypes for their MIMO potential, the experimental plane-wave
based method (EPWBM) was explained as means to carry out repeatable and low
complex evaluation of MIMO antennas. This works by modelling the incident E-fields
onto the antenna and then considering how they will be impacted by the antenna and
giving a resulting capacity.

www.FreeEngineeringBooksPdf.com



6
MIMO in Current and
Future Standards

Persefoni Kyritsi and Tim Brown

The purpose of channel models and the need to consider the effects of antennas, particularly
at the mobile terminal have been outlined in the preceding chapters, which are important
in testing MIMO communication systems to deliver the required capacity. As MIMO is
already being used in current and future standards for mobile communications including
third generation (3G) mobile, it is necessary to set standards for telecommunications
equipment, both at the base station and within the mobile terminal. This will mean that
when equipment is tested, appropriate channel models can be applied to ensure that they
will conform to minimum standards, which mobile operators can use to assure customers
that they will be delivered the service they are promised regardless of what mobile handset
or device they choose. Common standards are therefore important in this regard because
the handset manufacturer is normally a separate entity from the mobile operator. This
chapter will outline how channel models are being used in current mobile standards and
the end of the chapter will summarise applications other than mobile communications
where MIMO is beginning to be exploited and as such future standards will need to be set.

6.1 Wireless Channel Modelling in Standards

As explained in Chapter 1, channel models are an abstraction of the physical world used for
the computer or hardware-based simulation of physical phenomena. As such they need to
achieve a balance between simplicity and fidelity, and to enable the algorithm developers,
the device and equipment manufacturers to evaluate their techniques using a common
platform and thus ensure objective evaluation and assessment.

Practical Guide to the MIMO Radio Channel with MATLAB® Examples, First Edition.
Tim Brown, Elisabeth De Carvalho and Persefoni Kyritsi.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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The channel models that were discussed in Chapter 4 were mostly link-level models,
that is, they concentrated on the link between one transmitting side and one receiving side.
This constitutes the first step in modelling. The next step is provided by what is known
as system-level models. System level simulation is a tool widely used to understand and
assess the overall system performance, taking into account the fact that the wireless system
as a whole comprises several transmitting sites (e.g. base stations) dispersed over a wide
area, where several receivers (e.g. mobile terminals) require access to wireless services
(e.g. voice services, data services etc.). The most important considerations for system
simulations are the simulation run-time, the consistency with link-level models and the
statistical convergence of the results.

In a typical system level simulation, the geometry of a wireless deployment is the first to
be defined (e.g. density of base stations). Then, the long-term fading behaviours and large
scale parameters are derived, and then the short-term time-variant spatial fading channels
are generated.

Clearly the terminals encounter different channel conditions depending on where they
are: for example closer to the cell centres they might encounter stronger signal reception,
at the cell edge they might be able to connect to several sites simultaneously. There-
fore, system-level modelling requires that all possible link conditions along with their
occurrence probability be modelled. Additionally, system models include the large scale
location-dependent propagation parameters such as path loss and shadowing. Given that
terminals closer together should encounter similar channel conditions with respect to path
loss and shadowing, a system level model should be able to capture the relationship among
links to several mobile terminals. Following a similar train of thought, since a terminal
might be communicating with more than one base station simultaneously, models should
be able to capture the co-dependence of links from one terminal to several base station sites.

Once the large scale parameters have been defined, there are in general two types of
methodologies in the flow diagram illustrated in Figure 6.1 to generate short-term fading
channels, which both fall under the stochastic channel models introduced in Chapter 4.

� Ray-based modelling The channel is constructed from summing over multiple rays
which are defined geometrically. Note that this is not a ray tracing model as described
in Chapter 4. In this case, the incoming rays are modelled at the receiver as a wide-
band impulse response with each delay tap having a given amplitude, phase time delay
and angle of arrival or departure. Therefore a model is used to directly generate the im-
pulse response statistically, which is based on measurement data. This makes the model
ray-based rather than ray tracing, which will simulate the geometry to determine the
incoming rays at the receiver and then the resulting impulse response. Once the im-
pulse response data is generated for a single time instant, the amplitude and phase
of the impulse response for each Tx and Rx branch combination is then adjusted
based on the position of the array elements at both ends. This is very easy to do using
simple trigonometry and the impulse response for each Tx to Rx branch which will
change incrementally based on the incremental change in angle of arrival and departure.
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Ray-based Mathematical

Rays generated including amplitude,
phase, angle of arrival, departure

for each delay tap

Incrementally adjust the rays’ 
amplitude, phase and angle of 
arrival/departure for each Tx/Rx

branch.

Tx array
geometry

Rx array
geometry

Impulse responses for each
Tx-Rx branch output

Random independent generation of
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for each branch containing phase
and amplitude for each delay
tap

Apply correlation between the 
Impulse responses to generate 
interdependence between them

Correlation
matrices

Impulse responses for each
Tx-Rx branch output

Repeat for next time instant t Repeat for next time instant t

Figure 6.1 Illustration of the ray based and mathematical modelling approaches.

A receiver will perceive the channel differently depending on its array size and lay-
out, its direction and speed of travel so these factors must also be taken into account.
Once this has been carried out for a single time step, it must be repeated for every
time step as shown by the loop illustrated in Figure 6.1. The 3GPP SCM model is
such a system simulation model, as is explained later in this chapter. The ray-based
models are powerful as they are independent of any particular assumption regarding
the antenna configuration and can then be adapted to any defined linear or planar array
configuration.

� Mathematical modelling: The other modelling methodology is mathematical or an-
alytical modelling also illustrated in Figure 6.1 in which the space–time channel (i.e.
impulse response as a function of both delay and spatial position) as seen by the receiver
is constructed mathematically, assuming certain system and antenna parameters. In this
method each channel coefficient or impulse response for every Tx and Rx branch com-
bination is generated independently, but then correlated in both space and time delay
in a similar way to that of the Kronecker method described in Chapter 4 so as to model
their interdependence. Again, the process is repeated for each time step in a loop and the
correlation values used are taken from real-world measurements. Though this model is
less powerful and will inevitably compromise accuracy, its complexity is reduced.

Mathematical modelling tries to analytically model the statistical behaviour of a channel,
represented by probability distributions and power profiles of delays and angles. On the
other hand, in a ray-based modelling, the statistical behaviour is satisfied through the
summation of multiple rays with random parameters. The two approaches can be viewed
as two different simulation implementations, especially if they are based on the same
probability distributions and power profiles. The system performance results are expected
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to be very close with both models. Both approaches could be considered for system
simulation purposes and different approaches have dominated in the different standards
bodies as the description in the following sections will show.

6.2 Current Wireless Standards Employing MIMO and the
Corresponding Channel Models

The channel models have been developed within the standardisation bodies. Although pro-
posed largely by the industry involved in the standardisation efforts, they have also relied
heavily on research efforts performed at academic institutions and published by them. In
this context, it should be pointed out that the efforts within the COST 259 (Correia et al.
2001) and COST 273 (Correia et al. 2006) has been instrumental in the development of the
IEEE 802.11n (IEEE802.11), 3GPP (3GPP) and IEEE 802.16 (IEEE802.16 2009) channel
models. Moreover, the channel model developed within the WINNER European project
has formed the basis for the IEEE 802.16 channel model that is described in the following.

6.2.1 IEEE 802.11n

The IEEE 802.11n channel model was the first MIMO channel model to be accepted by
a standards body. This was facilitated by the fact that the first MIMO products to hit the
market were geared towards local area network applications, and therefore pushed the
development of a MIMO channel model.

The IEEE 802.11n channel model covers a range of environments and was based on pre-
existing single-input single-output channel models already developed for single antenna
wireless local area network scenarios, which were extended to the multiple antenna case.

The key feature was the concept of the cluster, that is, of a group of paths that have
similar angles of arrival/ departure as well as similar delays. The concept of a cluster in
the time domain had been introduced by Saleh and Valenzuela in (Saleh and Valenzuela
1987). Saleh-Valenzuela modelling contains channel delay taps arriving in clusters, where
a cluster is defined as several delay taps with similar delay characteristics. Additionally,
the Saleh-Valenzuela models specify that within each cluster the power falls off expo-
nentially and also the power falls off exponentially from cluster to cluster. An important
feature of the Saleh Valenzuela approach is that the number of clusters and the number
of taps within a cluster are Poisson distributed random variables. Within the clusters the
delays of the clusters (i.e. delay of the first tap of the cluster) as well as the delays of
the taps within a cluster are Poisson distributed random variables. Clearly a mathematical
modelling approach is being taken in this instance to generate the delay taps in the im-
pulse responses for each MIMO branch based on a Passion distributed random process.
The IEEE 802.11n channel models had as a starting point the single-input single-output
(SISO) WLAN channel models proposed by Medbo et. al., which covered a variety of
environments (e.g. typical office environment, large open space and office environments).
These measurement based, tap-delay line models involved no randomness in the number

www.FreeEngineeringBooksPdf.com



MIMO in Current and Future Standards 229

of clusters, the number of taps per cluster, the delays of the clusters and of the taps within
them, as the Saleh-Valenzuela approach would suggest. Instead these were deterministi-
cally defined. However they were consistent with the cluster model proposed by Saleh and
Valenzuela in the sense that they showed it was easy to even visually identify groups of
channels within each channel where power falls off exponentially and also from group to
group. For this reason, these models served as the starting point and distinct clusters were
identified. The number of clusters vary from 2 to 6, depending on the model.

Intuitively, each cluster corresponds to a spatial area where scattering objects are concen-
trated, hence reflections from these objects can be expected to arrive close to one another.
The contribution of the IEEE 802.11n channel model was to additionally associate each
such group of scattering objects with a set of angles, that is, an angle of arrival and an angle
of departure, that would conceptually identify the geometric coordinates of the group of
scattering objects. Angular spread, angle-of-arrival, and angle of departure values were
assigned to each tap and cluster so that they would agree with experimentally determined
values reported in the literature. Specifically, the AoA and AoD of the clusters was found
to be random with a uniform distribution. As an example, let us consider a situation where
there are 3 clusters. The 3 mean AoAs were set by randomly generating 3 values from the
0 to 2π uniform distribution. Similarly, the 3 mean cluster AoDs were set by randomly
generating 3 different values from the 0 to 2π uniform distribution, uncorrelated from the
three AoA values. These 6 mean values (3 AoAs and 3 AoDs) are then fixed and used
for all future channel realisations. An illustration of this in Figure 6.2 (a) where there is
a wide angular spread and delay spread due to wide spacing of scatterers and also in (b)
where the scatterers are close together the delay spread and angular spread are low. This
illustrates how experimental results have found that as far as the cluster angular spread is
concerned, it is within the 20o to 40o range and it was also observed that the cluster RMS
delay spread is highly correlated (0.7 correlation coefficient) with the azimuth spread. It
was also found that the cluster RMS delay spread and the azimuth spread were modelled as
correlated log-normal random variables. Based on these observations, the azimuth spreads
that were calculated and imposed on the models were such that models with lower RMS
delay spread also have lower angular spread and models with larger RMS delay spread
have larger angular spread.

Furthermore, common sense suggests that it is not necessary (and would even be un-
realistically restrictive) to assume that power necessarily has stopped arriving from one
group of scattering objects before power starts arriving from a new one. Instead, the sig-
nals coming from different groups of scattering objects can overlap and some taps might
include more than one component, each of which corresponds to a different group of
scattering objects and is coming from a different direction. In summary, although each
cluster is associated with one direction, each tap can be a superposition of contributions
from the current and from previous groups. The number of such components for each tap
was calculated and the power of each component was also calculated, such that the total
power of the tap fit the original single input–single output model, and the exponential
power roll-off within each cluster was preserved.
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Figure 6.2 Illustration of the relation between angular spread and RMS delay spread.

In order to augment its flexibility and allow for system level simulations, the model was
expanded to include:

� A line of sight component. The K factor was determined for the different environments.
� A suitable distance-dependent power roll-off law. The model that was assumed includes

free space loss up to a breakpoint distance and slope of 3.5 after the breakpoint distance–
for each environment a different break-point distance was determined.

� Considerations with respect to cross-polarisation. Experimentally, the XPR values were
found to be in the 7–15 dB range for LOS conditions and in the 3–5 dB range for NLOS
conditions. Based on these experimental results, XPR value of 10 dB was assigned to
the fixed LOS matrix, and 3 dB XPR value to the variable matrix.

� A Doppler profile in order to account for time variations. The fading characteristics
of the indoor wireless channels are very different from the ones we know from the

www.FreeEngineeringBooksPdf.com



MIMO in Current and Future Standards 231

mobile case. In indoor wireless systems transmitter and receiver are stationary and
people are moving in between, while in outdoor mobile systems the user terminal is
often moving through an environment. As a result, a new function was defined for
indoor environments in order to fit the Doppler power spectrum measurements and
indeed it is centred around the zero Doppler frequency to reflect the relative temporal
stability of the perceived channel.

Given the array geometry and the angular profile for each tap (number of components,
power of each component, angular properties for each component), the correlations of the
tap components can be analytically calculated. Indeed the IEEE 802.11n channel model is
a correlation based model. In more detail, the following steps need to be performed after
the calculation of the large scale parameters (path-loss, shadowing):

1. With the knowledge of each tap power, AS, and AoA (AoD), for a given antenna
configuration, the correlation matrix for each tap is based on the power angular spectrum
(PAS) with AS being the second moment of PAS. By using fixed values of the angles
of departure and arrival, and known azimuth spectra, transmit and receive correlation
matrices are computed only once.

2. We generate independent identically distributed random variables (zero-mean unit vari-
ance independent complex Gaussian random variables) and from them obtain correlated
random variables using the previously calculated correlations.

3. With suitable reshaping, we obtain the channel matrix that is due to the scattered
components HF.

4. If the tap includes a line of sight component, that is also calculated and gives rise to
the channel matrix HLOS.

5. The sum of these two matrices gives the total channel transfer matrix.
6. These steps are repeated for each channel tap.

The implementation of these steps are therefore for the system developer, whose task is
made lighter by the MATLAB code that was developed to accompany the standard model.

6.2.2 IEEE 802.16–WiMAX

This section focuses on the system-level simulation procedure and parameters for mod-
elling the long- and short-term behaviour of spatial channels between a MS and one or
more BSs in the context of IEEE 802.16 systems. Although such systems were origi-
nally conceived for fixed wireless applications, they have been extended to allow for user
mobility and for advanced features such as relaying stations.

The general modelling approach is based on the geometry of a network layout. Therefore
the parameters that are first specified relate to the network topology: cell radius, BS
transmission power, BS antenna pattern, orientation, height, gain, and front-to-back ratio,
MS transmission power, MS antenna pattern, height, and gain. A system level simulation
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typically involves the random realisation of the user placement and velocity. For system
level simulations, a mix of user speeds and channel types is evaluated. Then, the long-term
parameters of the link between a set of BS and a MS, such as path loss and shadowing
factor, are generated according to the geometric positions of the BS and MS.

The path loss law is determined by the terrain or radio environment. For the simulation
of IEEE 802.16m systems, the following scenarios are defined:

1. Urban Macrocell
2. Suburban Macrocell
3. Urban Microcell
4. Indoor Small Office
5. Outdoor to Indoor (Optional),
6. Indoor Hotspot
7. Open Rural Macrocell

The path loss models used in IEEE 802.16 channels have been based on earlier models
by introducing frequency correction terms to account for the higher frequencies (3.5 GHz
and above). Additionally, the path loss models employ different expressions for LOS and
NLOS, while also associating a probability of occurrence for LOS vs NLOS. Moreover,
the path loss models can be modified to account for situations where outdoor to indoor
communication takes place and for situations as for example in a city where the cumulative
distance along the city streets between the transmitter and the receiver is the distance to
be taken into account instead of their absolute geometric distance.

Additionally, a shadowing is imposed such that the shadowing factor (SF) has a log-
normal distribution. Its standard deviation has been derived from measurements for dif-
ferent scenarios. Typically, multiple links between an MS and multiple BSs are needed,
among which there are multiple desired links (at least one) and multiple interference links.
The shadowing factor of these links can be correlated. The site-to-site shadowing corre-
lation is assumed to be 0.5, while the SF of closely positioned MSs is typically observed
similar or correlated. Therefore, the SF can be obtained via interpolation once it has been
calculated for a few discrete points, for ease of the calculation complexity.

Once the long-term parameters have been defined for the users, the short-term time-
varying spatial fading channel coefficients are generated. In principle, the statistical chan-
nel behaviour is defined by some distribution functions of delay and angle and also by
the power delay and angular profiles. Typically, an exponential power delay profile and
Laplacian power angular profile are assumed with the function completely defined once
the RMS delay spread and angular spread (both Angle of Departure (AoD) and Angle
of Arrival (AoA)) are specified. The RMS delay and angular spread parameters can be
random variables themselves, with a known distribution, mean and deviation. The RMS
delay and angular spread can be mutually correlated, together with other large-scale pa-
rameters such as shadowing factors. Therefore there exist two approaches to the selection
of the parameters:
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� Selection according to the channels statistics

The RMS delay and angular spread parameters can be selected according to their corre-
sponding distributions and a finite number of channel taps can be generated randomly
with a per-tap delay, mean power, mean AoA and AoD, and RMS angular spread. They
are defined in a way such that the overall power profile and distribution function are
satisfied. Each tap is the contribution of a number of rays (plane waves) arriving at the
same time (or roughly the same time), with each ray having its own amplitude, AoA,
and AoD.

� Reduced complexity model

Clearly the above approach has higher complexity and therefore a simpler method has
been selected. A reduced-complexity model is similar to the IEEE802.11n channel
model described in the previous section because it specifies the delays, mean powers,
and angles of the channel taps in a pre-determined manner. In addition to the fixed
power delay, the spatial information such as per-tap mean AoA, AoD, and per-tap
angular spread (thus the power angular profile) are also defined. Such models are also
referred to as Cluster Delay Line or CDL models as each tap is modelled as the effect
of a cluster of rays arriving at about the same time. Each tap suffers from fading in
space and over time. The spatial fading process is chosen to satisfy a pre-determined
power angular profile.

For each propagation scenario, the corresponding CDL model has been tabulated.
It includes power delay profile (mean power of each tap and its delay) and the corre-
sponding per-tap power angular profile (AoA and AoD).1

After the specification of the tap parameters, the actual realisation of a time-varying
spatial channel can be performed in both ways mentioned earlier, namely using a ray-based
or a mathematical correlation based approach.

Specifically for the ray-based implementation of a CDL model, each tap may be simu-
lated via generating 20 equal-power rays, each with a known offset angles relative to the
nominal tap angle of arrival or departure. The offset angles are specified in a way such

1It is useful to note that the word “cluster” is used in “clustered delay lines” in a way that deviates from its
commonly accepted definition in the scientific literature, and different from the meaning it has in the context
of IEEE 802.11n channels. Clusters are either defined as (i) groups of multipath components (MPCs) whose
large-scale characteristics change in a similar way (e.g., as the MS moves over large distances, the relative
AoAs, AoDs, and delays of the MPCs within one cluster do not change), or (ii) as groups of MPCs with similar
delays, AoAs, and AoDs. For the latter definition, it is important to notice the difference between clusters and
multipath groups, that is, a number of MPCs that are indistinguishable to a RX because of limited resolution
are different from a cluster. A cluster consists usually of several multipath groups with similar delays and
angles, and is surrounded (in the delay-angle plane) by areas of no ‘significant’ power. For a receiver with very
low angular/delay resolution, it might happen that each cluster contains only a single multipath group, or even
that a multipath group contains several clusters. Consequently, the MPCs belonging to a cluster do not change,
even as the resolution of the measurement device becomes finer and finer; while the MPCs belonging to a
multipath group change as the resolution becomes finer.
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that by adjusting the interval between these equal-power rays a Laplacian power angular
profile can be approximated. In the case when a ray of dominant power exists (i.e. when a
significant Ricean component exists), the cluster has 20 + 1 rays. This dominant ray has
a zero angle offset. The departure and arrival rays are coupled randomly.

CDL models also allow for the generation of spatial correlation mathematically, which
can be used directly to generate the matrix channel coefficients. The spatial correlation for
each tap can be derived from the mean AoA/AoD and the Laplacian power angular profile
with the specified angular spread. Per-tap correlation can also be derived numerically based
on the 20 equal-power rays used to approximate the Laplacian power angular profile.

With respect to the effect of polarisation, two parameters are defined: the cross polarisa-
tion ratio XPRV is the power ratio of vertical-to-vertical polarised component to vertical-
to-horizontal polarised component, XPRH is the power ratio of horizontal-to-horizontal
polarised component to horizontal-to-vertical polarised component. It is assumed that
XPRV = XPRH = XPR, where XPR is defined in Chapter 5 and the cross polarisation
ratios are assumed the same for all clusters (i.e. taps). These parameters are also tabulated
and given in the standard. Their values are derived from measurements.

The final parameter needed for the simulation of time-varying channels is the Doppler
spectrum. If the Tx and the Rx are stationary, and the channel at time t is to be computed,
then each cluster is made of a number of coherent (fixed) rays Nc and a number of scattered
(variable) rays Ns (note Nc + Ns = the total number of rays per cluster). The variable rays
are ascribed a bell-shaped Doppler spectrum, whereas the fixed rays within a cluster share
the same amplitude and phase, and their Doppler spectrum is a Dirac impulse at f = 0Hz.

In summary, the following procedure describes the simulation procedure based on the
spatial TDL or CDL models. In the correlation based implementation, the spatial and
temporal correlation needs to be derived first before generating the channel coefficients. In
the ray-based approach, the time-variant matrix channels are constructed from all the rays.

� Step 1: Choose a propagation scenario (e.g. Urban Macro, Suburban Macro etc.). After
dropping a user, determine the various distance and orientation parameters.

� Step 2: Calculate the bulk path loss associated with the BS to MS distance.
� Step 3: Determine the Shadowing Factor (SF).

If a ray-based implementation is being used, skip steps 4, 6 and 7.
� Step 4: Calculate the per-tap spatial correlation matrix based on per-tap AS at the

BS and at the MS, as specified in the related reduced complexity models. The spatial
correlation also depends on the BS/MS antenna configurations (a random broadside
direction, number and spacing of antennas, polarisation, etc.)

� Step 5: Determine the antenna gains of the BS and MS paths as a function of their
respective AoDs and AoAs. Calculate the per-tap average power taking into account
the BS/MS antenna gain.

� Step 6: Determine the Doppler spectrum.
� Step 7: Generate time-variant MIMO channels with above-defined per-tap spatial cor-

relations.
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For each tap, generate N × M i.i.d. channels first that satisfy the specified Doppler
spectrum and then impose the calculated correlation values. The phases are therefore
uniformly distributed.

� Step 8 (Ray-based method only, skip for correlation-based implementation): Generate
time-variant MIMO channels as a sum of rays with the specified angular properties
(known offset angles with respect to the nominal AoA and AoD). The phases are again
uniformly distributed.

� Step 9: If a nonzero K-factor is to be enforced, the LOS path power is adjusted.
� Step 10: Introduce receive antenna gain imbalance or coupling, if needed.

Therefore the IEEE 802.16 channel model has several similarities with the IEEE 802.11n
channel model in the sense that it is basically derived from a tap-delay line model which
has been extended to include the angular properties of the taps.

6.2.3 3GPP-LTE

3GPP stands for 3rd Generation Partnership Project. The original scope of 3GPP was
to standardise a 3G Mobile System based on evolved Global System for Mobile (GSM)
core networks and the radio access technologies that they support (i.e. Universal Terrestrial
Radio Access (UTRA) both Frequency Division Duplex (FDD) and Time Division Duplex
(TDD) modes). The scope was augmented to include the maintenance and development
of GSM and its evolution (e.g. General Packet Radio Service (GPRS) and Enhanced Data
rates for GSM Evolution (EDGE)). Although the radio aspects of the different systems
covered under 3GPP vary, a common methodology can be applied for the simulation of the
physical layer and the propagation channel. Since several variants of the upcoming sys-
tems (e.g. Long Term Evolution) involve the implementation of MIMO technology, 3GPP
has adopted channel models so as to specify and evaluate the algorithms and techniques
proposed by the participating companies. There are two types of channel models: one that
is used for link level simulations and another that is used for system level simulations.

� Model for link level simulations

Link level simulations reflect only one snapshot of the channel behaviour, and cannot
be used to account for system-wide attributes such as scheduling applied to multiple
user scenarios where each user experiences a different realisation of the channel, or for
time-varying attributes such as the performance of ARQ or HARQ. However, they can
be used for calibration purposes to test different implementations of the same algorithm
(as opposed to implementations of different algorithms). For this reason, the model for
link level simulations specifies the types of antennas used at the base station and at the
mobile station, their geometric layout (linear arrays of known sizes with pre-specified
element separation), as well as their orientation relative to the terminal’s motion.

The model used for link level simulations in 3GPP is a tap delay line model, that
is, it is assumed that the channel impulse response consists of discrete taps that arrive
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at known delays and to/from known angular directions with a known distribution and
spread around the nominal directions. Therefore the channel can be implemented either
as a sum of rays or as a correlation based model, yet satisfying in both cases the imposed
statistical properties.

1. Correlation-based implementation
As was explained in Chapter 4, the correlation of the signal received on two antenna
elements can be analytically calculated from the power azimuth spectrum. Therefore
this approach relies on the calculation of the correlations among the transmit/receive
antenna elements based on the specified angular profiles and the generation of suit-
ably correlated random variables. Therefore this approach resembles the correlation
based modelling presented in Chapter 4.

2. Sum of rays- based implementation
This approach is more closely related to the Jakes model (Jakes 1974), that is, each
channel tap is broken into a number of rays. Each ray carries a fraction of the total
tap power. For simplicity, if M rays are assumed, each one has (1/M)th of the total
power. The directions of arrival/ departure of the rays are selected so that they satisfy
the angular properties of the power azimuth spectrum.

� Model for system level simulations

The model for system level simulations is geared towards system-wide scenarios, and
therefore implies that several base stations (cells/sectors) are transmitting to several
mobile terminals. Performance metrics are collected over several realisations of the
scenario, where each realisation corresponds to a simulation of a specified number of
frames. For each one, the channel undergoes fast fading according to the motion of
the terminals, channel state information is fed back to the base stations, then the base
stations schedule their transmissions etc. Typically the number and locations are kept
fixed, and what varies from one realisation to another is the initial placement of the
mobile terminals. Moreover, only some of the base stations have their transmissions
fully simulated including scheduling and power control, while the others are assumed
to transmit at full power.

In contrast to the model for link level simulations, where the channel taps have
known delays and angular properties, what is known in the system-wide model is
the number of channel taps, as well as the distribution (including all the necessary
parameters like mean or standard deviation where applicable), of the delay spread and
the angles of arrival/departure. However the exact delays at which each path arrives
and the corresponding angles for each mobile terminal are not known.

Let us illustrate this with an example.

1. Environment selection
The environment is specified: suburban macro, urban macro, or urban micro, and the
associated parameters are obtained. The environment-dependent parameters are:
– Path loss model
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– Lognormal shadowing standard deviation
– Mean total RMS Delay Spread (the delay spread is assumed to be log-normal

distributed with known variance and mean)
– Delay spread (assumed to be lognormally distributed)
– Distribution for path delays (for most models this is assumed to be exponential)
– Number of paths (N)
– Number of sub-paths (M) per-path
– Azimuth spread at BS (assumed to be lognormally distributed, mean and variance

provided)
– Per-path AS at BS (Fixed)
– BS per-path AoD (distribution assumed to be known)
– Mean AS at MS
– Per-path AS at MS (fixed)
– MS Per-path AoA Distribution (distribution assumed to be known)

2. Initialisation of user parameters:
The distance and orientation parameters are calculated based on the random initial
placement of the users.

3. Determine the delay spread (DS), azimuth spread (AS), and shadow fading (SF).
Each one is assumed to be a log-normal distributed random variable, and they
are generated so that they are correlated with known correlations. Specifically the
shadow fading is also correlated from site to site.

4. Determining the parameters for the channel taps:
– Determine random delays for each of the N multipath components. This is

achieved by generating exponentially distributed random variables, such that
the mean is the determined delay spread from the previous step.

– Determine random average powers for each of the N multipath components.
(Power delay profile assumed to be exponential and therefore the tap powers are
determined from the delays calculated before. The randomness is introduced by
imposing an additional random shadowing factor.)

– Determine AoDs for each of the N multipath components. The AoDs are as-
sumed to be Gaussian with a variance that depends on the azimuth spread cal-
culated in the previous step and an additional environment-dependent factor.

– Associate the multipath delays with AoDs.
– Determine the AoAs for each of the multipath components. The AoAs are as-

sumed to be Gaussian with a variance that depends on the tap power.
5. Determining the parameters for the sub-paths.

For each path:
– Determine the powers, phases and offset AoDs of the M = 20 sub-paths at the

BS. The power is split equally among the sub-paths, the phases are taken to be
uniformly distributed, and the offset AoDs are pre-calculated.

– Determine the offset AoAs at the UE of the M = 20 sub-paths at the MS, similarly
as for the offset AoDs.

www.FreeEngineeringBooksPdf.com



238 Practical Guide to the MIMO Radio Channel with MATLAB® Examples

– Associate the BS and MS sub-paths. These are paired randomly.
6. Relating to the geometry

Determine the antenna gains of the BS and MS sub-paths as a function of their
respective sub-path AoDs and AoAs

7. Relating small and large scale parameters
The path loss based on the BS to MS distance from Step 2 and the log normal
shadow fading determined in step 3 are applied as bulk parameters to each of the
sub-path powers of the channel model.

6.2.4 Comparison of the IEEE 802.11n, WiMAX and 3GPP Models

The three models described in the previous sections have several similarities with respect to
their structure and implementation. They differ in the kinds of environments they describe:
the IEEE 802.11n model is geared towards indoor and small cell scenarios, whereas the
other two also cover outdoor (macrocell) environments.

As explained in the previous sections, the IEEE 802.11n channel model is correlation-
based, and the WiMAX and 3GPP channel models can also be implemented in the same
way. The following table will be useful in highlighting the similarities and illustrating
the differences of the three models (clearly all the features depend on the environment
chosen):

Feature IEEE802.11n WiMAX 3GPP

Power delay profile Known Known Exponential
Number of taps Known Known Known
Delay spread From pdp From pdp Log-normal
Tap delay Known Known Uniform
Tap power Known Known From pdp and tap delays
Angular distr. at TX Laplacian Laplacian Laplacian

(per cluster) (per tap) (per tap)
Angular distr. at RX Laplacian Laplacian Laplacian

(per cluster) (per tap) (per tap)
Mean AoD at TX Known Known Uniform/ Gaussian

(per cluster) (per tap) (per tap)
AS at TX Known Known Known

(per cluster) (same for all taps) (per tap)
Mean AoA at RX Known Known Uniform/ Gaussian

(per cluster) (per tap) (per tap)
AS at RX Known Known Known

(per cluster) (same for all taps) (per tap)
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If we concentrate on the ray-based implementation of the WiMAX and 3GPP models,
the following comparison arises:

Feature WiMAX 3GPP

Number of sub-taps M 20 known
Power of each subtap 1/20 1/ M
Phase uniform uniform
Offset AoA or AoD precalculated precalculated

Summary of system level channel modelling

This chapter has outlined that channel models are set up at link-level to model the
propagation scenarios that are identified through measurements, from which system-
level models can be developed to determine the occurrence of both average and extreme
link-level channel conditions. Using the examples given, two methods of system-level
modelling have been identified:

� Mathematical modelling: In an example such as the IEEE 802.11n model, the mea-
surement results have informed the model developers that there is a link between
RMS delay spread and the AoA and AoD. This assumption has made it possible to
develop correlation matrices so that the delay taps on each snapshot can be interre-
lated, which happens in reality as a result of the AoAs and AoDs. A further point
to note is that the Doppler spread of the channel is considered which will enable
the channel model to have memory when considering the relationship between one
snapshot to the next.

� Ray-based modelling: This method of modelling (different to ray-tracing) is used
in the 3GPP LTE model where first of all a suitable environment is selected (e.g.
urban, suburban, rural). From this suitable delay spread, shadowing, path loss and
angular spread (including AoAs, AoDs and their relationship) can be used as input
parameters that resemble the given environment. The angles of arrival and departure
for the rays can then be superimposed on to the antenna patterns that are input into the
model and the respective magnitude and phase of each delay tap from each transmit
to receive antenna can be determined. Therefore the rays are modified based on the
antenna geometries at both ends. This is carried out for each snapshot and again
like the mathematical modelling, Doppler spread can be applied so as to include
memory in the channel.

The ray-based modelling method, though complex is powerful because it can be adapted
to any given antenna array geometry and setup for conformance testing mobile systems.
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Summary of system level channel modelling (Continued)

On the other hand, the mathematical based model makes more restricted assumptions
about the antennas used though it is simpler and can more easily be implemented, which
would be a suitable approach where users are not interacting with the antennas so much
and so some assumptions about the antennas at both ends can be deemed reasonable.

6.3 MIMO in Other Areas

Although the standards mentioned in the previous sections already use MIMO models
as MIMO transmission techniques are foreseen today for their operation, it is anticipated
that in the future several other areas will require the development of corresponding MIMO
channel models. So far, the inherent properties of the channel in these areas appear to be
the limiting factor to the application and proliferation of MIMO systems. A bibliography
has been provided at the end of this chapter where suitable references will be included for
further reading.

6.3.1 MIMO for DVB-T2

DVB stands for Digital Video Broadcast and has been developed to replace conventional
analog broadcasting with digital television broadcasting, and hence offer improved op-
erational flexibility, as well as a variety of new services. Indeed, since its inauguration
in 1993, digital video broadcast for terrestrial transmission (DVB-T) has responded to
the objectives of its designers. However, the larger capacity requirement for high defi-
nition television (HDTV) has prompted, since the spring of 2006, the development of a
future second generation of DVB-T, called DVB-T2, which is expected to include MIMO
techniques. At present, DVB-T2 is geared towards plugged TV terminals or unplugged
terminals in an indoor or low speed environment. It is expected that in the future, DVB-T2
and its evolution will also be geared towards highly efficient performance in environments
with high Doppler spread, that is to say terminals (unplugged or not) in high speed vehicles.

DVB-T2 operates on the basis of OFDM transmissions, and therefore uses several fre-
quency sub-carriers. The original Alamouti scheme uses transmissions from two antennas
over two time slots: in the first time slot, each antenna transmits a symbol of the data
stream, that is, antenna 1 transmits symbol x1 and antenna 2 transmits symbol x2. In the
second time slot, antenna 1 transmits −x∗

2 and antenna 2 transmits x∗
1. For DVB-T2, the

Alamouti scheme has been slightly modified, and uses transmissions from two antennas
on two subcarriers. Moreover, that is, on the first subcarrier, antenna 1 transmits symbol
x1 and antenna 2 transmits symbol −x∗

2, and on the second time slot, antenna 1 transmits
x2 and antenna 2 transmits x∗

1. We observe that this modified scheme allows antenna 1
to transmit symbols of the data stream along the sub-carriers, without introducing any
modification (conjugation, multiplication by −1) to them. This has been introduced to
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guarantee backwards compatibility for receivers that are not DVB-T2 enabled and do not
have MIMO decoding logic.

It is expected that in DVB-T2 systems, the channel diversity will result from the use
of two orthogonal polarisations. Therefore the important channel parameter is the cross-
polarisation discrimination. Initial measurements have shown the median value of the
XPR to be around 18 dB for the frequencies of interest, with minimum and maximum
values at 9 dB and 25 dB respectively. An additional parameter of interest is the kind of
statistics that the channels display (Ricean, known in the DVB-T2 context as F1 channels,
Rayleigh, known in the DVB-T2 context at P1 channels, etc.) as well as the fact that not
all links will necessarily follow the same statistics.

6.3.2 MIMO in the HF Band

The HF band has been used over the years for a variety of applications, including defense
broadcasting, air traffic control, radio location and over the horizon radio surveillance,
environmental monitoring and ionospheric research. Indeed HF radio is a cost effective
way to establish communications in regions where there is no infrastructure (e.g. over the
ocean) or where the infrastructure is limited (e.g. in the third world countries or in high
latitude regions).

Research on MIMO communications has concentrated mainly on communications
within the UHF band and above, because it is in these frequency regions that the enabling
phenomenon of multipath propagation becomes apparent. At HF, radio communications
most often rely on line of sight links between the transmitter and the receiver. The objects
in the environment are too small (much smaller than the wavelength) to act as reflectors
or scatterers.

However, it is well known that HF waves are capable of travelling well beyond line of
sight by means of reflections from the ionosphere. These paths may be either single hop
or multiple hop reflections from the different ionospheric regions (the E-region and/or the
F-region). Additionally, due to the presence of the earth’s magnetic field, each incident
radio wave splits into two electromagnetic components known as the ordinary (O) and the
extraordinary (X) modes. Each magneto-ionic component takes a different path through
the ionosphere and arrives at the receiver as elliptically polarised signals with opposite
rotational sense. The actual number of multipath components connecting a transmitter to
a receiver depends on the geometry of the radio link, the frequency of operation, the time
of day, season, electromagnetic activity and sunspot number. Indeed an HF propagation
path through the ionosphere is subject to fading because of multipath propagation.

Measurements of MIMO HF systems have shown that the main factor limiting the
potential of the use of multiple antenna techniques is the high correlation among the
links. Indeed the correlation coefficient drops to 0.5 at an effective antenna separation of
approximately 150 m. Other antenna solutions appear to be more suitable then, instead of
antenna spacing. Indeed, using polarisation or antenna pattern diversity appears to be the
way to apply MIMO techniques in the HF band.

www.FreeEngineeringBooksPdf.com



242 Practical Guide to the MIMO Radio Channel with MATLAB® Examples

6.3.3 MIMO for Satellite Communications

Satellite systems are characterised by the presence of strong line of sight links between
the transmitter and the receiver, and therefore are expected to provide limited advantages
in terms of spatial multiplexing gain.

Two scenarios can be considered as MIMO implementations that offer potential advan-
tages in satellite communications.

� The first scenario involves the use of both polarisations which can result in an increase
of the capacity by a factor of 2. Indeed this scenario is also appealing because satellites
are inherently space limited and therefore can only accommodate very compact antenna
designs.

� The second scenario involves the use of a single terrestrial station and more than one
satellite, also known as satellite (or orbital) diversity. This latter scenario has been
proposed a means to mitigate the fading induced by rainfall. The main issue in this
situation if that the links will have unequal powers: indeed the distances from a sin-
gle site on earth to various satellites in space can vary significantly, which results in
high power imbalance.2 The result is that the capacity benefit is no longer a multipli-
cative factor.

Practical measurements have illustrated an interesting trade-off in the use of multiple
antenna techniques that attempt to exploit the limited scattering that can only be expected
to occur locally around a terrestrial station. In order for the scattering to be significant
(and therefore have the benefit of multipath propagation), the terrestrial receiver should
be placed in a dense environment such as an urban area. However, in such a case, the
received signal to noise ratio suffers a detrimental effect and the resulting capacity is low.
In contract, open areas, such as highways, achieve higher capacities despite the lack of
scattering, exactly because the received signal power is high.

Beyond the question of suitability of MIMO techniques for satellite communications,
there are further practical issues that need to be addressed, the most important of which is
the lack of synchronisation among the received signals. The difference in path length is in
the order of several kilometers, which in turn makes it necessary for the receiver to have
additional circuitry in order to time-align the signals received from different satellites.

6.3.4 Ultrawideband MIMO

Ultrawideband (UWB) systems make use of huge frequency bands from 3.1 GHz to 10.6
GHz in the United States and Asia and at least 6 GHz to 8.5 GHz in Europe. However,
the Federal Communications Commission (FCC) in the United States and the European

2 This is analogous to the phenomenon of power imbalance in handheld devices when one antenna is obstructed
by the user’s body/hair/grip.
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Commission in Europe have imposed regulatory masks that limit the permitted power
spectral density of the UWB signals to be transmitted. This limitation restricts the achiev-
able data rates and MIMO systems have been proposed as an alternative solution that
would additionally facilitate the antenna and amplifier design.

The analysis of UWB systems is different from that of the systems discussed in for
example Chapter 2 because the channel statistics are not Gaussian. Indeed the Nakagami,
Weibull or lognormal distributions have been found to be more suitable for UWB chan-
nels, rather than the Rayleigh or Ricean distributions. Moreover, UWB channels have an
exponential power delay profile, and rarely distribute cluster-like behaviour. Finally, it has
been shown that in the range of 2.5 times the coherence distance, the antenna correlation
follows a pattern of the first kind zero-th order Bessel function of the distance (similar to
the uniform angle of arrival case), but a small (approximately 0.4) and constant correlation
coefficient is observed for antenna separations larger than that.

An additional difference in the approach used to study UWB channel derives from the
power limitations under which they operate. Given the power spectral mask regulations and
safety or health concerns, the commonly used assumption of uniform power distribution
over the available frequency range is no longer satisfied. Moreover UWB systems operate
commonly at very low signal to noise ratios. In these regimes, the behaviour of the capacity
expressions introduced in Chapter 2 changes. A basic conclusion in UWB systems is that,
if the available SNR is too low, it is better to concentrate the available power on a single
antenna or on a single symbol to transmit the information data, rather than to distribute the
power across multiple antennas or symbols gain diversity. The diversity gain can only be
realised if the available SNR is sufficiently high. Indeed in UWB systems, the prevailing
technique appears to be antenna selection that helps compensate for the difference in
received signal powers if the shadowing characteristics are different for the links. It is not
however necessary to perform antenna selection on a per-tap basis because the number of
taps is anyway so large that the small-scale statistics are averaged out even by considering
the taps measured at a single antenna.

6.3.5 MIMO for On-body Communications

Many communication systems now are focussing on the personal area network (PAN)
which concern the wireless channel around the human body and also on the body itself,
known as the body area network (BAN). There are numerous reasons why devices would
need to communicate around a body or to a device near to it, such as another BAN or access
point for applications including medicine (for monitoring a paitent’s medical condition),
context aware applications (where the mood of a collection of people or individual needs
to be monitored), some possible military applications and also entertainment in virtual
reality games. High amounts of data may be necessary to transmit in such circumstances
and UWB has indeed been one possibility for this though MIMO also could offer increase
in data capacity between two BANs while using less bandwidth. Likewise channel models
are required that consider the differing patterns, polarisation and also spatial effects that
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occur on the body. These would consider antennas that are both attached close to the body
onto sensors or inter-woven into textiles in the clothing that the person wears. Results
have typically shown there to be a Ricean fading between two bodies in close proximity,
though Doppler is highly influenced by the activity and movement of the two bodies. The
variable antenna patterns and their positions around the body provide significant MIMO
potential.

6.3.6 MIMO for Vehicular Communications

There is now growing interest in vehicle to vehicle communications, most notably the IEEE
802.11p standard for vehicular area networks. There are many reasons for the increased
need for communication of data between vehicles on the move as well as from the roadside
or other stationary object to a vehicle. Such reasons would include road safety, wireless
local area network access on the move to support a greater ubiquitous office environment
for people using public transport. With such interests in mind, several measurements have
been to date carried out mainly in the 5 GHz band as required by the standard where for
the frequency of interest, 5.9 GHz, there can be Doppler shifts therefore up to 710 Hz
due to the speed of a vehicle moving at 130 km/h. However, this is not the maximum
Doppler shift, since if the speed of two vehicles in opposite directions is concerned, the
relative velocity between them therefore increases to 260 km/h and then if a signal bounces
off another vehicle moving at 130 km/h, then the maximum Doppler shift is going to be
increased three times to as much as 2130 Hz. Clearly the Doppler spread will vary and
it will be highly dependent on the environment as well as how many vehicles and other
scatters are in the vicinity. This will inevitably change as the distance between vehicles,
or between a vehicle and a roadside access point changes.

For vehicle to vehicle MIMO, one setback is the predominantly strong line of sight,
which therefore indicates that beamforming is more optimum for delivery of maximum
capacity to a vehicle or between vehicles, particularly on rural highways. One important
factor, however, is the need to accommodate interference mitigation between two vehicle
to vehicle links in such environments which will have highly correlated channel states.
Preliminary analysis of vehicle to vehicle results has verified that two links can be made
near orthogonal if the antennas are spread over each vehicle. Given that different vehicles
will have differently spaced antennas and also different phase weights applied, they will
be able to de-correlate two separate vehicle to vehicle links.

6.3.7 MIMO in Small Cellular Environments

One area where MIMO has the potential to be useful is the ever expanding small cells that
are being developed, in particular the rapidly growing use of the femtocell. A femtocell
has initially gained interest with regards to the home environment, where a single home
would be considered as a femtocell. The “base station” for the femtocell would be formed
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by simply connecting a small access point to the ethernet connection already available in
the home. Currently femtocells are applied to current 3G mobile though for forthcoming
3G LTE and beyond, as has been clearly seen in this chapter, the requirement to include
MIMO will naturally extend to femtocells. It is not only a question of how MIMO will be
modelled to the home femtocell, but also to another evolution of femtocells in the outdoor
environment, which will operate in areas on the edge of a larger cell or in areas within
a larger cell that typically have an intense number of users present, such as an airport
concourse, railway station or busy shopping mall. In such areas, several femtocells can be
implemented to meet the capacity demands necessary in such areas, which will all need
to be MIMO enabled and require potentially suitable ray tracing models that can easily
be applied to small areas.

6.4 Concluding Remarks and Future Wireless Systems

This book has aimed to present MIMO communication systems from the perspective of
how the multipath in the air interface is exploited to enhance the data throughput of a wire-
less channel. For this reason the emphasis on channel models has moved away from single
independent models that have traditionally been used to determining the interdependence
that simultaneous channels have when the transmit antennas are in close proximity as
well as the antennas at the receive end. The book hopes to inform the reader about well
established MIMO channel modelling techniques as well as how to implement them and
allow them to decide on the most appropriate approaches to a specific model they may
need to use for a specific application, where they are well aware of the model’s advantages
as well as its shortcomings.

There are of course other channel models already existent and others that will come
into existence for different purposes, which are beyond the scope of this book to include.
It is worth noting a number of applications where more advanced channel models will
require development, or are under development that this book does not include, some of
which are listed below as follows:

� Multi-User MIMO Interference: In any given wireless system, there is not only one
user but many using the same frequency band and so there will be the problem of co-
channel interference (at the same frequency) as well as adjacent channel interference (at
neighbouring frequencies) (Rahman et al. 2007, Webb et al. 2004). Therefore in order
to test the system’s capability with regards to interference mitigation it is necessary to
have models that include the simultaneous channels both from the wanted base station
and an interfering base station or other user.

� Cooperative MIMO: In the case of two or more interfering MIMO channel links, they
can be seen in one context as interference that needs to be overcome, while on the other
hand, the links could work together to enable both users to gain more capacity through
doing so. This is known as cooperation (Brown, Eggers and Olesen 2007). Therefore
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the simultaneous channel models used for multi-user MIMO interference are likewise
just as valid.

� MIMO with irregular antenna conditions: There could be a case for example where
the antennas at both the transmit end and receive end are highly directional and as such
the scattering conditions between the transmitter and receiver may be fixed and also
some scattering objects surrounding the antennas will become irrelevant because the
directional antennas will reduce the opportunity for wideband fading.

� MIMO at high frequencies: There is a growing interest in using higher frequency
bands up to 60 GHz, because of the wide bandwidth that they offer and opportunity to
build smaller antennas that will fit into a compact system (Eden et al. 2006). However,
their disadvantage is that their free space path loss is too large at a short distance and
also the signal is vulnerable to absorption by moisture in the air. Therefore such models
have to include such factors into the total path loss when used in the context of MIMO.

� MIMO for radar: This book has been written with a focus on the wireless communica-
tion channel, though MIMO can equally be applied to enhance the returned information
from a radar system, particularly with regard to radar imaging applications where the
quality can be much improved.

Clearly this list is not exhaustive and it is clear that MIMO channel models will develop
as the applications for MIMO develop, which is still opening up several opportunities for
current and future research in MIMO channels.
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Appendix
Some Useful Definitions

Complex Gaussian random variable. A real valued random vector X = [x1, . . . , xn]T

has a Gaussian distribution if the random variables x1, . . . , xn have a joint Gaussian
distribution. Assuming that X has a zero mean and covariance matrix E[XXT] = RXX,
its probability density function can be written as:

f (X) = 1√
(2π)n det(RXX)

exp
[
−1

2
XTR−1

XX
X

]
. (A.1)

A complex random variable Z = Re(Z) + jIm(X) has a complex Gaussian distribution
if its real and imaginary parts are jointly Gaussian. Let us define the 2n×1 vector
Z = [

Re(X)T Im(X)T
]T as the real valued random vector containing the real and

imaginary parts of X. The probability density function if Z ∼ N(0, RZZ) can be written
as in Equation (A.1). When the complex Gaussian random vector Z is additionally
circularly symmetric, its distribution can be written in a conveniently compact way as
described in the following two items.

Complex circularly symmetric random variable. A complex vectorial random variable
Z is said to be circularly symmetric if Z and ejφZ have the same distribution for all real
values of the phase φ.
For a scalar complex random variable, circular symmetry means that its real and imag-
inary parts are independent and have the same distribution.
A complex circularly symmetric random vector has zero-mean, as E [Z] = ejφE [Z] ⇒
(1 − ejφ)E [Z] = 0 ⇒ E [Z] = 0.

Distribution of a complex circularly symmetric Gaussian random variable. Let the
vector Z = [z1, . . . , zn]T be a complex circularly symmetric Gaussian random vari-
able with mean equal to 0 and covariance matrix E[ZZH] = RZZ. Such a circularly
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symmetric Gaussian distribution is denoted as Z ∼ CN(0, RZZ). The probability den-
sity function of Z is:

f (Z) = 1

πn det(RZZ)
exp

[
−ZHR−1

ZZ
Z

]
. (A.2)

This last expression can be easily extended to a random variable with mean that
is non zero. Let us denote as m the mean of Z and its covariance matrix as
RZZ = E[(Z − m) (Z − m)H]. If Z − m is circularly symmetric Gaussian, that is,
Z − m ∼ CN(0, RZZ), (A.2) can be applied to the random variable Z − m using a
simple change of variable.

MIMO Rayleigh fading model. The MIMO Rayleigh fading model assumes that (a) each
subchannel fading hji has a ZMCCS Gaussian distribution: hji ∼ CN(0, σ2

h) and b) the
subchannel fading processes are independent from each other.

Random or stochastic process. A random or stochastic process is a sequence of random
variables {x(t), t ∈ T} indexed by time and where T is the set of time indices. It is used
to describe the evolution in time of a given process.
For example, a wireless channel can be viewed as a random variable with a certain
distribution which depends on the position of the wireless device, the propagation
environment, etc. . . . The value of the channel at a given time is a realisation of the
random variable. The evolution in time of the channel distribution is described using
a random process. At a given time instant, the wireless device might be in the line of
sight of a base station, while, at another time instant, obstacles prevent a line of sight
communication: in such a case, the channel distribution at different time instances might
change dramatically.

According to the complexity of the channel modelling, the distribution of the ran-
dom variables might change in time or remain the same. A correlation might also exist
between random variables at different time instances. Continuing with the channel pro-
cess example, a way to model the evolution in time of the channel when the wireless
device moves within a local area is as follows. Because the movement is local, the
distribution of the channel is assumed to be invariant in time. However, the random
variables representing the channel at different time instants are correlated. This corre-
lation factor depends on the mobility of the user. If the user moves slowly compared
to the coherence time of the channel, the correlation between two consecutive time
instants is high. If it moves fast, the correlation is low.

Two processes {x(t), t ∈ T} and {y(t), t ∈ T′} are said to be independent if, for all
values t ∈ T, t′ ∈ T′, the random variables x(t) and y(t′) are independent.

Stationary stochastic process. A stochastic process is said to be (strictly) stationary if its
distribution characteristics are invariant when shifted in time. Consider the stochastic
process {x(t), t ∈ T}. F (x(t1 + τ), . . . , x(tn + τ)) is the joint cumulative distribution
function of the stochastic process at time t1 + τ, . . . , tn + τ. Then, {x(t), t ∈ T} is said
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to be stationary if, for all t, τ and n

F (x(t1 + τ), . . . , x(tn + τ)) = F (x(t1), . . . , x(tn)). (A.3)

Hence, the joint cumulative distribution function is not a function of the time shift τ.

Ergodic stochastic process. Let the stochastic process {x(t), t ∈ T} and X(t1), . . . , X(tn)
be realisations of the stochastic process. Consider the time averaging of those realisa-
tions: 1

n

∑n
k=1 X(tk). The stochastic process is said to be ergodic if the time averaging

converges to the same limit when n grows to infinity for all realisations X(t1), . . . , X(tn)
of the stochastic process. This limit is the ensemble average E(x) and is independent
of time:

1

n

n∑
k=1

X(tk)
n→∞−→ E(x). (A.4)

Orthogonal projection matrix. Let us consider the simple geometric example in the fig-
ure below: u⊥ is the orthogonal projection of vector u into the direction of vector
U.

U
u⊥

u

This geometric orthogonal projection can be formalised for a vectorial space of higher
dimension with an Hermitian inner product. With this inner product, it is possible to
define orthogonality: two vectors u and v belonging to the vectorial space are orthogonal
is uHv = 0. Note that it is possible to define projections that are not orthogonal.

The orthogonal projection of a vectorial space fromCM (in the figure, vector u) into
the column space U (in the figure, line U) can be represented as a matrix operation using
an orthogonal projection matrix.

An orthogonal projection matrix, denoted as P , is a square matrix with the following
properties. Let P be of dimension M×M and let us define U as the space spanned by
the columns of P . Let u be a M×1 vector belonging to the column space of P . If P is
an orthogonal projection matrix, then Pu = u. If u belongs to the space orthogonal to
U, then Pu = 0.

A projection matrix is formally defined as a square matrix verifying P2 = P : this
relationship means that the column space of P remains intact after the projection. In
addition if PH = P , the projection is orthogonal.
P can be written as a function of U. If the columns of U form an orthonormal basis (i.e.
UHU = I), an expression for the orthogonal projection matrix into the column space of
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U is P = UUH. In general, an expression for the orthogonal projection matrix into the
column space of U is P = U (UHU)−1 UH.

Matrix inversion lemma (MIL). Let A, B, C, D be 4 matrices of size M×M, M×N,
N×N, N×M respectively. The matrix inversion lemma states:

(A + BCD)−1 = A−1 − A−1B
(
C−1 + DA−1B

)−1
DA−1. (A.5)

A simple application of the matrix inversion lemma is as follows. Suppose A is an
identity matrix (or a matrix easy to invert), B is a column vector and D is a row
vector. Then, C−1 + DA−1B is a scalar. Hence, using the matrix inversion lemma, the
computation of the inverse of A + BCD gets simplified.
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Weichselberger, W., Herdin, M., Özcelik, M. and Bonek, E. (2006) A stochastic MIMO channel model with
joint correlation of both link ends, IEEE Transactions on Wireless Communications 5(1), Jan.

Winters, J.H. (1987) On the capacity of radio communication systems with diversity in a Rayleigh fading
environment, IEEE Journal on Selected Areas in Communications 5(5) (June): 871–8.

Wolniansky, P.W., Foschini, G.J., Golden, G.D. and Vlenzuela, R.A. (1998) V-BLAST: an architecture for
realizing very high data rates over the ruch-scattering wireless channel, Proceedings of the URSI International
Symposium on Signals, Systems and Electronics Conference, pp. 295–300.

Xu, H., Chizhik, D. , Huang, H. and Valenzuela, R. (2004) A generalized space–time multiple-input multiple-
output (MIMO) channel model, IEEE Transactions on Wireless Communications 3(3) (May): 966–75.

Zhiyi, H. and.Wei, C (2008) A T-intersection street model of MIMO vehicle-to-vehicle fading channel, Inter-
national Conference on Communications, Circuits and Systems, 2008, May, pp. 75–

Websites

http://standards.ieee.org/getieee802/ – IEEE 802.16m-08/004r5, ‘IEEE 802.16m Evaluation Methodology Doc-
ument (EMD)’, IEEE 802.16 Broadband Wireless Access Working Group, Jan. 2009.

http://www.3gpp.org – 3rd Generation Partnership Project, Technical Specification Group Radio Access Net-
work, ‘Spatial channel model for Multiple Input Multiple Output (MIMO)Simulations’, 3GPP TR 25.996,
v8.0.0, 2008.1

www.FreeEngineeringBooksPdf.com



Index

3G LTE, 15
3GPP model, 235
802.11n models, 228
802.16 models, 231

access point, 15
accuracy, 175

of channel, 146, 168, 180, 189
adaptive modulation and coding, 119
Alamouti, 240
Alamouti STBC, 123, 142

diversity Gain, 126
full diversity Gain, 126
full rate, 124
in MIMO systems, array gain, 127
matrix code, 124
orthogonality, 125

angle in azimuth, 195
angle of arrival, 179, 180, 203–4,

208
nonuniform, 211

angle of departure, 179–80
angle of elevation, 195
angular patterns, 197
angular profile, 232
angular spread, 229
antenna, 145

design, 205
directional, 195
examples, 221

gain, 148
isotropic, 194
omnidirectional, 195

antenna patterns, 197
antennas

multiple, 167
array antenna

compact, 214
topologies, 207, 209

array gain, 32, 73
time-invariant SIMO channel, 32

autocorrelation, 156–7
correlated samples, 158
of frequency, 164
rate of change, 157
time based filtering, 158

autocorrelation and Doppler spread, 157
AWGN channel, 28, 29
azimuth

nonuniform AOA, 211
azimuth pattern, 197

bandwidth
antenna gain, 206
antenna impedance, 198

bandwidth and data rate, 145
beamforming, 108, 244

eigenmode beamforming, 110
eigenmode transmission, 114, 141
gain, 4

Practical Guide to the MIMO Radio Channel with MATLAB® Examples, First Edition.
Tim Brown, Elisabeth De Carvalho and Persefoni Kyritsi.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.

www.FreeEngineeringBooksPdf.com



258 Index

beamforming (Continued)
maximal eigenmode beamforming, 110,

113, 141
maximal ratio combining, 112
principle of, 108
receive beamforming, 110, 112, 141
receive matched filtering, 112, 141
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diversity, 3–4, 59
diversity gain, 67, 73
Doppler shift, 152
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multipath delay, 160
multipath propagation, 169
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noise enhancement, 91
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distribution, 64–5, 72
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distribution, 63, 71
slow fading SIMO channel with CSIT

distribution, 62, 69
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distribution, 61, 69
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Rayleigh distribution, 150
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receive diversity, 62
receive matched filter (MF), 31
receive matched filtering, 112

post-processing SNR, 141
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inter-stream interference, 79
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soft estimate, 80
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V-Blast, 98
zero forcing receiver, 86

reflection and scattering, 153
reflection from ground, 148
Ricean distribution, 150
RMS delay spread, 229
router, 15

Saleh-Valenzuela model, 228
satellite communications, 242
scattering, 149
shadowing, 147
shadowing loss, 149
signal to noise ratio, 214, 217
singular value decomposition, 34
slow fading, 25
slow fading channel with CSIT distribution,

56
capacity with outage, 57
outage probability, 57
outage, 58

slow fading MIMO channel
performance, 74

slow fading MIMO channel with CSIT
distribution

outage probability, 72
slow fading MIMO channel with CSIT

distribution, 64–5
capacity with outage, 65
performance, 65

slow fading MISO channel with CSIT
distribution, 62–3

outage probability, 71
transmit diversity, 62

slow fading SIMO channel with CSIT
distribution

outage probability, 62, 69
receive diversity, 62

slow fading SISO channel with CSIT
distribution, 60

outage probability, 61, 69
soft estimate, 80
source coding, 18
space–time block codes, 122, 142

Alamouti STBC, 142
code rate, 129
full diversity, 129
full rate, 129
matrix code, 128
orthogonal design, 129
quasi-orthogonal design, 129

space-time block codes, 122
Alamouti STBC, 123

stationary stochastic process, 248
stochastic, 146
stochastic models, 168
stream of data, 76
subchannel, 37
successive interference cancellation,

97
ordered SIC receiver, 101

symbol, 19
symbol time, 162
system-level models, 226

tap-delay lines, 228
temporal variation, 152
terminal antennas, 221
time based filtering, 158
time-invariant channel, 28

MISO channel, 32
SIMO channel, 30
SISO channel, 29

time-invariant MIMO channel, 34
as a set of parallel independent AWGN

channels, 36
eigenchannel, 37
eigenmode, 35
eigenmode transmission, 39
maximal achievable rate, 43
performance, 74
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waterfilling, 38
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equivalent SISO channel, 32

time-invariant SIMO channel, 30
equivalent SISO channel, 31

time-invariant SISO channel, 29
transmit beamforming, 110–111,

141
transmit diversity, 62
transmit matched filter (MF), 32
transmit matched filtering, 112, 141

post-processing SNR, 112, 141
transmit maximum ratio combining (MRC),

32
transmitted signal, 146

ultra wideband, 242
unbiased MMSE receiver, 93

post-processing SNR (block-wise
expression), 94–6

post-processing SNR (stream-wise
expression), 96

V-Blast, 98
Capacity achieving structure, 99

vehicle communications, 244

waterfilling, 38, 117
asymptotic behaviour, 41
numerical example, 39

Weibull distribution, 243
Weichselberger model, 186
wideband channels, 160
WiMaX, 15

Z-parameters, 213
zero forcing receiver, 86

expression (block-wise expression), 139
expression (stream-wise expression), 139
noise enhancement, 91
post-processing SNR (block-wise

expression), 88, 139
post-processing SNR (stream-wise

expression), 90, 139
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