


Bayesian Missing 
Data Problems

EM, Data Augmentation and  
Noniterative Computation

C7749_FM.indd   1 7/17/09   8:37:52 AM

© 2010 by Taylor and Francis Group, LLC



Editor-in-Chief

Shein-Chung Chow, Ph.D.
Professor

Department of Biostatistics and Bioinformatics
Duke University School of Medicine

Durham, North Carolina, U.S.A.

Series Editors

Byron Jones
Senior Director

Statistical Research and Consulting Centre 
(IPC 193)

Pfizer Global Research and Development
Sandwich, Kent, U. K.

Jen-pei Liu
Professor

Division of Biometry
Department of Agronomy

National Taiwan University
Taipei, Taiwan

Karl E. Peace
Georgia Cancer Coalition  

Distinguished Cancer Scholar
Senior Research Scientist and  

Professor of Biostatistics
Jiann-Ping Hsu College of Public Health

Georgia Southern University 
Statesboro, Georgia 

Bruce W. Turnbull
Professor

School of Operations Research  
and Industrial Engineering

Cornell University
Ithaca, New York

C7749_FM.indd   2 7/17/09   8:37:52 AM

© 2010 by Taylor and Francis Group, LLC



Published Titles

 1. Design and Analysis of Animal Studies in Pharmaceutical Development,  
Shein-Chung Chow and Jen-pei Liu

 2. Basic Statistics and Pharmaceutical Statistical Applications, James E. De Muth
 3. Design and Analysis of Bioavailability and Bioequivalence Studies,  

Second Edition, Revised and Expanded, Shein-Chung Chow and Jen-pei Liu
 4. Meta-Analysis in Medicine and Health Policy, Dalene K. Stangl and Donald A. Berry
 5. Generalized Linear Models: A Bayesian Perspective, Dipak K. Dey,  

Sujit K. Ghosh, and Bani K. Mallick
 6. Difference Equations with Public Health Applications, Lemuel A. Moyé  

and Asha Seth Kapadia
 7. Medical Biostatistics, Abhaya Indrayan and Sanjeev B. Sarmukaddam
 8. Statistical Methods for Clinical Trials, Mark X. Norleans
 9. Causal Analysis in Biomedicine and Epidemiology: Based on Minimal  

Sufficient Causation, Mikel Aickin
 10. Statistics in Drug Research: Methodologies and Recent Developments,  

Shein-Chung Chow and Jun Shao
 11. Sample Size Calculations in Clinical Research, Shein-Chung Chow, Jun Shao, and Hansheng Wang
 12. Applied Statistical Design for the Researcher, Daryl S. Paulson
 13. Advances in Clinical Trial Biostatistics, Nancy L. Geller
 14. Statistics in the Pharmaceutical Industry, Third Edition, Ralph Buncher  

and Jia-Yeong Tsay
 15. DNA Microarrays and Related Genomics Techniques: Design, Analysis, and Interpretation of Experiments, 

David B. Allsion, Grier P. Page, T. Mark Beasley, and Jode W. Edwards
 16. Basic Statistics and Pharmaceutical Statistical Applications, Second Edition,  

James E. De Muth
 17. Adaptive Design Methods in Clinical Trials, Shein-Chung Chow and Mark Chang
 18. Handbook of Regression and Modeling: Applications for the Clinical and Pharmaceutical Industries, Daryl 

S. Paulson
 19. Statistical Design and Analysis of Stability Studies, Shein-Chung Chow
 20. Sample Size Calculations in Clinical Research, Second Edition, Shein-Chung Chow,  

Jun Shao, and Hansheng Wang
 21. Elementary Bayesian Biostatistics, Lemuel A. Moyé
 22. Adaptive Design Theory and Implementation Using SAS and R, Mark Chang
 23. Computational Pharmacokinetics, Anders Källén
 24. Computational Methods in Biomedical Research, Ravindra Khattree and  

Dayanand N. Naik
 25. Medical Biostatistics, Second Edition, A. Indrayan
 26. DNA Methylation Microarrays: Experimental Design and Statistical Analysis,  

Sun-Chong Wang and Arturas Petronis
 27. Design and Analysis of Bioavailability and Bioequivalence Studies, Third Edition,  

Shein-Chung Chow and Jen-pei Liu
 28. Translational Medicine: Strategies and Statistical Methods, Dennis Cosmatos and  

Shein-Chung Chow
 29. Bayesian Methods for Measures of Agreement, Lyle D. Broemeling
 30. Data and Safety Monitoring Committees in Clinical Trials, Jay Herson
 31. Design and Analysis of Clinical Trials with Time-to-Event Endpoints, Karl E. Peace 
 32. Bayesian Missing Data Problems: EM, Data Augmentation and Noniterative Computation,  

Ming T. Tan, Guo-Liang Tian, and Kai Wang Ng

C7749_FM.indd   3 7/17/09   8:37:52 AM

© 2010 by Taylor and Francis Group, LLC



Ming T. Tan
University of Maryland School of Medicine

Baltimore, Maryland, U.S.A.

Guo-Liang Tian
The University of Hong Kong

Hong Kong, China

Kai Wang Ng
The University of Hong Kong

Hong Kong, China

Bayesian Missing 
Data Problems

EM, Data Augmentation and  
Noniterative Computation

C7749_FM.indd   5 7/17/09   8:37:52 AM

© 2010 by Taylor and Francis Group, LLC



Chapman & Hall/CRC
Taylor & Francis Group
6000 Broken Sound Parkway NW, Suite 300
Boca Raton, FL 33487-2742

© 2010 by Taylor and Francis Group, LLC
Chapman & Hall/CRC is an imprint of Taylor & Francis Group, an Informa business

No claim to original U.S. Government works

Printed in the United States of America on acid-free paper
10 9 8 7 6 5 4 3 2 1

International Standard Book Number: 978-1-4200-7749-0 (Hardback)

This book contains information obtained from authentic and highly regarded sources. Reasonable 
efforts have been made to publish reliable data and information, but the author and publisher cannot 
assume responsibility for the validity of all materials or the consequences of their use. The authors and 
publishers have attempted to trace the copyright holders of all material reproduced in this publication 
and apologize to copyright holders if permission to publish in this form has not been obtained. If any 
copyright material has not been acknowledged please write and let us know so we may rectify in any 
future reprint.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced, 
transmitted, or utilized in any form by any electronic, mechanical, or other means, now known or 
hereafter invented, including photocopying, microfilming, and recording, or in any information stor-
age or retrieval system, without written permission from the publishers.

For permission to photocopy or use material electronically from this work, please access www.copy-
right.com (http://www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC), 222 
Rosewood Drive, Danvers, MA 01923, 978-750-8400. CCC is a not-for-profit organization that pro-
vides licenses and registration for a variety of users. For organizations that have been granted a pho-
tocopy license by the CCC, a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are 
used only for identification and explanation without intent to infringe.

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

and the CRC Press Web site at
http://www.crcpress.com 

C7749_FM.indd   6 7/17/09   8:37:52 AM

© 2010 by Taylor and Francis Group, LLC

http://www.copyright.com
http://www.copyright.com
http://www.copyright.com
http://www.taylorandfrancis.com
http://www.crcpress.com


To Donna, Kenny, Calvin and Chloe

To Yanli, Margaret and Adam

To May, Jeanne and Jason

© 2010 by Taylor and Francis Group, LLC



Contents

Preface xv

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Scope, Aim and Outline . . . . . . . . . . . . . . . . . 6
1.3 Inverse Bayes Formulae (IBF) . . . . . . . . . . . . . . 9

1.3.1 The point-wise, function-wise and sampling IBF 10
1.3.2 Monte Carlo versions of the IBF . . . . . . . . 12
1.3.3 Generalization to the case of three vectors . . . 14

1.4 The Bayesian Methodology . . . . . . . . . . . . . . . 15
1.4.1 The posterior distribution . . . . . . . . . . . . 15
1.4.2 Nuisance parameters . . . . . . . . . . . . . . . 17
1.4.3 Posterior predictive distribution . . . . . . . . 18
1.4.4 Bayes factor . . . . . . . . . . . . . . . . . . . . 20
1.4.5 Marginal likelihood . . . . . . . . . . . . . . . . 21

1.5 The Missing Data Problems . . . . . . . . . . . . . . . 22
1.5.1 Missing data mechanism . . . . . . . . . . . . . 23
1.5.2 Data augmentation (DA) . . . . . . . . . . . . 23
1.5.3 The original DA algorithm . . . . . . . . . . . 24
1.5.4 Connection with the Gibbs sampler . . . . . . 26
1.5.5 Connection with the IBF . . . . . . . . . . . . 28

1.6 Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . 29
1.6.1 Shannon entropy . . . . . . . . . . . . . . . . . 29
1.6.2 Kullback–Leibler divergence . . . . . . . . . . . 30
Problems . . . . . . . . . . . . . . . . . . . . . . . . . 31

2 Optimization, Monte Carlo Simulation and
Numerical Integration 35
2.1 Optimization . . . . . . . . . . . . . . . . . . . . . . . 36

2.1.1 The Newton–Raphson (NR) algorithm . . . . . 36
2.1.2 The expectation–maximization (EM) algorithm 40
2.1.3 The ECM algorithm . . . . . . . . . . . . . . . 47
2.1.4 Minorization–maximization (MM) algorithms . 49

2.2 Monte Carlo Simulation . . . . . . . . . . . . . . . . . 56

© 2010 by Taylor and Francis Group, LLC



x CONTENTS

2.2.1 The inversion method . . . . . . . . . . . . . . 56
2.2.2 The rejection method . . . . . . . . . . . . . . 58
2.2.3 The sampling/importance resampling method . 62
2.2.4 The stochastic representation method . . . . . 66
2.2.5 The conditional sampling method . . . . . . . . 70
2.2.6 The vertical density representation method . . 72

2.3 Numerical Integration . . . . . . . . . . . . . . . . . . 75
2.3.1 Laplace approximations . . . . . . . . . . . . . 75
2.3.2 Riemannian simulation . . . . . . . . . . . . . . 77
2.3.3 The importance sampling method . . . . . . . 80
2.3.4 The cross–entropy method . . . . . . . . . . . . 84
Problems . . . . . . . . . . . . . . . . . . . . . . . . . 89

3 Exact Solutions 93
3.1 Sample Surveys with Nonresponse . . . . . . . . . . . 93
3.2 Misclassified Multinomial Model . . . . . . . . . . . . 95
3.3 Genetic Linkage Model . . . . . . . . . . . . . . . . . . 97
3.4 Weibull Process with Missing Data . . . . . . . . . . . 99
3.5 Prediction Problem with Missing Data . . . . . . . . . 101
3.6 Binormal Model with Missing Data . . . . . . . . . . . 103
3.7 The 2× 2 Crossover Trial with Missing Data . . . . . 105
3.8 Hierarchical Models . . . . . . . . . . . . . . . . . . . 108
3.9 Nonproduct Measurable Space (NPMS) . . . . . . . . 109

Problems . . . . . . . . . . . . . . . . . . . . . . . . . 112

4 Discrete Missing Data Problems 117
4.1 The Exact IBF Sampling . . . . . . . . . . . . . . . . 118
4.2 Genetic Linkage Model . . . . . . . . . . . . . . . . . . 119
4.3 Contingency Tables with One Supplemental Margin . 121
4.4 Contingency Tables with Two Supplemental Margins . 123

4.4.1 Neurological complication data . . . . . . . . . 123
4.4.2 MLEs via the EM algorithm . . . . . . . . . . 123
4.4.3 Generation of i.i.d. posterior samples . . . . . . 125

4.5 The Hidden Sensitivity (HS) Model for Surveys with
Two Sensitive Questions . . . . . . . . . . . . . . . . . 126
4.5.1 Randomized response models . . . . . . . . . . 126
4.5.2 Nonrandomized response models . . . . . . . . 127
4.5.3 The nonrandomized hidden sensitivity model . 128

4.6 Zero–Inflated Poisson Model . . . . . . . . . . . . . . . 132
4.7 Changepoint Problems . . . . . . . . . . . . . . . . . . 133

4.7.1 Bayesian formulation . . . . . . . . . . . . . . . 134
4.7.2 Binomial changepoint models . . . . . . . . . . 137

© 2010 by Taylor and Francis Group, LLC



CONTENTS xi

4.7.3 Poisson changepoint models . . . . . . . . . . . 139
4.8 Capture–Recapture Model . . . . . . . . . . . . . . . . 145

Problems . . . . . . . . . . . . . . . . . . . . . . . . . 148

5 Computing Posteriors in the EM-Type Structures 155
5.1 The IBF Method . . . . . . . . . . . . . . . . . . . . . 156

5.1.1 The IBF sampling in the EM structure . . . . 156
5.1.2 The IBF sampling in the ECM structure . . . . 163
5.1.3 The IBF sampling in the MCEM structure . . 164

5.2 Incomplete Pro-Post Test Problems . . . . . . . . . . . 165
5.2.1 Motivating example: Sickle cell disease study . 166
5.2.2 Binormal model with missing data and known

variance . . . . . . . . . . . . . . . . . . . . . . 167
5.2.3 Binormal model with missing data and

unknown mean and variance . . . . . . . . . . 168
5.3 Right Censored Regression Model . . . . . . . . . . . . 173
5.4 Linear Mixed Models for Longitudinal Data . . . . . . 176
5.5 Probit Regression Models for Independent

Binary Data . . . . . . . . . . . . . . . . . . . . . . . . 181
5.6 A Probit-Normal GLMM for Repeated Binary Data . 185

5.6.1 Model formulation . . . . . . . . . . . . . . . . 186
5.6.2 An MCEM algorithm without using

the Gibbs sampler at E-step . . . . . . . . . . . 187
5.7 Hierarchical Models for Correlated Binary Data . . . . 195
5.8 Hybrid Algorithms: Combining the IBF Sampler

with the Gibbs Sampler . . . . . . . . . . . . . . . . . 197
5.8.1 Nonlinear regression models . . . . . . . . . . . 198
5.8.2 Binary regression models with t link . . . . . . 199

5.9 Assessing Convergence of MCMC Methods . . . . . . 201
5.9.1 Gelman and Rubin’s PSR statistic . . . . . . . 202
5.9.2 The difference and ratio criteria . . . . . . . . . 203
5.9.3 The Kullback–Leibler divergence criterion . . . 204

5.10 Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . 204
Problems . . . . . . . . . . . . . . . . . . . . . . . . . 206

6 Constrained Parameter Problems 211
6.1 Linear Inequality Constraints . . . . . . . . . . . . . . 211

6.1.1 Motivating examples . . . . . . . . . . . . . . . 211
6.1.2 Linear transformation . . . . . . . . . . . . . . 212

6.2 Constrained Normal Models . . . . . . . . . . . . . . . 214
6.2.1 Estimation when variances are known . . . . . 214
6.2.2 Estimation when variances are unknown . . . . 219

© 2010 by Taylor and Francis Group, LLC



xii CONTENTS

6.2.3 Two examples . . . . . . . . . . . . . . . . . . 222
6.2.4 Discussion . . . . . . . . . . . . . . . . . . . . . 227

6.3 Constrained Poisson Models . . . . . . . . . . . . . . . 228
6.3.1 Simplex restrictions on Poisson rates . . . . . . 228
6.3.2 Data augmentation . . . . . . . . . . . . . . . . 228
6.3.3 MLE via the EM algorithm . . . . . . . . . . . 229
6.3.4 Bayes estimation via the DA algorithm . . . . 230
6.3.5 Life insurance data analysis . . . . . . . . . . . 231

6.4 Constrained Binomial Models . . . . . . . . . . . . . . 233
6.4.1 Statistical model . . . . . . . . . . . . . . . . . 233
6.4.2 A physical particle model . . . . . . . . . . . . 234
6.4.3 MLE via the EM algorithm . . . . . . . . . . . 236
6.4.4 Bayes estimation via the DA algorithm . . . . 239
Problems . . . . . . . . . . . . . . . . . . . . . . . . . 240

7 Checking Compatibility and Uniqueness 241
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 241
7.2 Two Continuous Conditional Distributions:

Product Measurable Space (PMS) . . . . . . . . . . . 243
7.2.1 Several basic notions . . . . . . . . . . . . . . . 243
7.2.2 A review on existing methods . . . . . . . . . . 244
7.2.3 Two examples . . . . . . . . . . . . . . . . . . 246

7.3 Finite Discrete Conditional Distributions: PMS . . . . 247
7.3.1 The formulation of the problems . . . . . . . . 248
7.3.2 The connection with quadratic optimization

under box constraints . . . . . . . . . . . . . . 248
7.3.3 Numerical examples . . . . . . . . . . . . . . . 250
7.3.4 Extension to more than two dimensions . . . . 253
7.3.5 The compatibility of regression function and

conditional distribution . . . . . . . . . . . . . 255
7.3.6 Appendix: S-plus function (lseb) . . . . . . . . 258
7.3.7 Discussion . . . . . . . . . . . . . . . . . . . . . 258

7.4 Two Conditional Distributions: NPMS . . . . . . . . . 259
7.5 One Marginal and Another Conditional Distribution . 262

7.5.1 A sufficient condition for uniqueness . . . . . . 262
7.5.2 The continuous case . . . . . . . . . . . . . . . 265
7.5.3 The finite discrete case . . . . . . . . . . . . . . 266
7.5.4 The connection with quadratic optimization

under box constraints . . . . . . . . . . . . . . 269
Problems . . . . . . . . . . . . . . . . . . . . . . . . . 271

© 2010 by Taylor and Francis Group, LLC



CONTENTS xiii

A Basic Statistical Distributions and Stochastic
Processes 273
A.1 Discrete Distributions . . . . . . . . . . . . . . . . . . 273
A.2 Continuous Distributions . . . . . . . . . . . . . . . . 275
A.3 Mixture Distributions . . . . . . . . . . . . . . . . . . 283
A.4 Stochastic Processes . . . . . . . . . . . . . . . . . . . 285

List of Figures 287

List of Tables 290

List of Acronyms 292

List of Symbols 294

References 298

© 2010 by Taylor and Francis Group, LLC



Preface

The expectation-maximization (EM) method, the data augmentation
(DA) method, together with their improved versions are well-known
techniques for handling missing data problems (MDPs). The DA
method consists of two parts: (a) the DA structure of three con-
stituents, namely a set of parameters, a set of observable data and a
set of latent variables whose values are not available, and (b) the DA
algorithm(s) for finding the observed posterior density of parame-
ter or for sampling from observed posterior distribution. With regard
to practical posterior computation in Bayesian analysis of MDPs, in-
cluding the calculation of posterior densities or intervals, the last 20
years or so have seen the proliferation of methods based on iterative
sampling until convergence, such as Gibbs and other Markov chain
Monte Carlo (MCMC) sampling.

There are, however, two vital issues regarding such iterative sam-
plers, which are all too easily overlooked by many users in applica-
tions. First, the values of the variate generated in the same iterative
process are hardly ever independent. Second, although in theory
an iterative sampler will generate the target variate in the limit, we
still need to find a water-tight procedure that can check convincingly
whether the stage of convergence has been reached upon termination
of iteration. Otherwise, the generated variate may have a distribu-
tion other than the desired, which may be one that is unknown to
the user. Obviously, formulating criteria for judging convergence of
iterative sampling is hugely more difficult than is the case with iter-
ative approximations of constants or functions in mathematics. So
“in general, convergence can never be assessed,” as pointed out by
Gelfand (2002).

These issues have prompted some researchers to take the view
that the MCMC methods are to be used only when there is no bet-
ter alternative; see, e.g., discussions in Evans & Swartz (1995, 2000)
and Hobert & Casella (1996). In fact, strenuous efforts have been
expended to find alternatives, even though MCMC methods for pos-
terior computation in Bayesian analysis have become overwhelmingly
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xvi PREFACE

popular among methodologists and general users. For example, the
so-called perfect sampler (Casella, Lavine & Robert, 2001) is an
ideal alternative. However, it is unfortunately limited to rather sim-
ple statistical models.

It is natural to find other alternatives between the two extremes
and this book aims to fill that void. We shall introduce noniterative
methods in dealing with DA structures that allow us either to obtain
the posterior density analytically, or to generate independent values
of a variate following the posterior distribution through non-iterative
sampling so that there is no issue with convergence, and to demon-
strate their wide range of applications, especially in biostatistics. We
shall also illustrate the roles of EM-type algorithms in such methods.

The non-iterative approach described in this book was discovered
by one of us (KWN) in 1994. On re-examining the seminal paper of
Tanner & Wong (1987), especially their process of solving an integral
equation, which was the key to the “successive substitution” algo-
rithm of the DA method proposed in the paper, Ng found a simple
explicit solution (Ng, 1995a, 1995b). The solution had the inter-
pretation of an inversion of the Bayes formula under the positivity
condition, so he coined it the Inverse Bayes Formula (IBF).

The results were delivered in April 1996 and published in (Ng,
1997a). Non-iterative sampling and avenues for applications were
discussed in a presentation (Ng, 1997b). With the intention of pro-
moting joint research, Ng briefed Tian, a co-author of this book,
the results and progress of IBF up to then and gave him reading
materials during Tian’s frequent visits to Hong Kong, initially from
mainland China and later from the USA where he worked with Tan
(the first author) in biostatistics and biomedical research.

While developing the MCMC solution for the hierarchical mod-
els of multi-level ordinal data (Tan et al., 1999; Qiu et al., 2002),
Tan realized the advantages of having a non-iterative sampling pro-
cedure in Bayesian computation from a practical point of view, e.g.,
elimination of lengthy convergence diagnostics which do not nec-
essarily ensure getting the stationary distribution when iteration is
terminated and, equally importantly, the ease of presentation to non-
statisticians. Tian thus presented the results about IBF to Tan who
then decided to replace the MCMC approach by the non-iterative
sampling approach as facilitated by the function-wise formula. A so-
lution was found next day by Tian in the normal linear model setting
(Tan et al., 2001).

That was a big boost to the first two authors’ confidence in IBF
methods. Since then, they persistently pursued applications of IBF
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PREFACE xvii

methods to all kinds of problems wherever possible, and contributed
many new ideas to facilitate IBF application and methodological de-
velopments, such as combining Rubin’s sampling/importance resam-
pling (SIR) procedure with IBF in cases where the envelope function
in acceptance-rejection method is not easy to find, fine-tuning the
noniterative sampling approach and developing methods for partic-
ular problems, etc. In recent years, the joint research of the three
authors showed that the IBF-based methods, coupled with EM-type
algorithms in certain situations, have a wide range of applications in
Bayesian analysis of MDP such as the mixed-effects models and in
constrained parameter problems for DA structures.

Our aim is to provide a systematic introduction to IBF-based
methods, which combine the strengths of existing approaches via
DA. We hope the systematic introduction may stimulate interest
in the direct leading to solutions of both applied and theoretical
problems. In particular, we anticipate that the more straightforward
posterior computation would also be useful in Bayesian clinical trial
design and analysis, where the final results have to be presented to
a diverse audience including government agencies (such as the Food
and Drug Administration), academia (e.g., scientific journals) and
pharmaceutical companies.

The book is intended as a graduate text for a one- or two-semester
course at the advanced Master or Ph.D. level, and as a reference
book for researchers, teachers, applied statisticians and biostatisti-
cians. The book is also useful to undergraduates in statistics and to
practitioners (especially in drug development and biostatistics) who
need a good understanding of Monte Carlo simulation and Bayesian
approaches to MDPs. Knowledge of basic probability, statistics and
Bayesian method is a prerequisite for this book, although reviews
of these basic materials in Chapters 1 and 2, along with the Ap-
pendix on distributions and implementation, make the book quite
self-contained. All R or S-plus codes for examples in this book are
available at the following URLs:

http://medschool.umaryland.edu/facultyresearchprofile/
viewprofile.aspx?id=6775

http://www.hku.hk/statistics/staff/gltian/
http://www.hku.hk/statistics/staff/kaing/

A book such as this cannot be completed without substantial
assistance from outside the team. Much of the original research
findings presented is supported in part by U.S. National Cancer In-
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University, and especially the Department of Statistics & Actuarial
Science of The University of Hong Kong where the final version was
done. We are grateful to Prof. Z. Geng of Peking University, Dr.
X.P. Xiong of St. Jude Children’s Research Hospital, Dr. M.L. Tang
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CHAPTER 1

Introduction

1.1 Background

A missing data problem (MDP) refers to one where certain data
are really missing, or where the problem itself has no data that are
actually missing but can be re-formulated as a problem of this type,
say by augmenting latent variables whose values are not available. In
fact, many statistical problems can be formulated as MDPs (Little
& Rubin, 2002).

The expectation-maximization (EM) algorithm (Dempster et al.,
1977; Meng & van Dyk, 1997; McLachlan & Krishnan, 1997) is an
iterative deterministic method for finding maximum likelihood esti-
mates (MLEs) of the parameters of interest. The EM procedure is
a powerful tool for likelihood-based inference, especially for miss-
ing (or incomplete) data problems. There are difficult challenges
for likelihood-based inference, such as finding their standard errors
in multi-parameter problems (Meng & Rubin, 1991), dealing with
nuisance parameters (cf. §1.4.2), and having samples of small to
moderate size where the asymptotic theory of MLE may not apply.
It is appealing therefore to use the Bayesian approach, especially
when the sample size is small. In the latter case, the question is how
to carry out the posterior computation.

As a Bayesian counter-part to the EM algorithm for incomplete
data analysis, the data augmentation (DA) method was proposed
in the seminal paper of Tanner & Wong (1987). To be specific,
the DA method in the paper consisted of two parts: (a) the DA
structure of three density functions, π(θ|y), f(z|y, θ) and p(θ|y, z),
where θ is the parameter (vector), y represents the observable data
and z represents the augmented latent variables (whose values are
not available); and (b) the DA algorithm to find the observed
posterior density π(θ|y) given the other two density functions using
the “successive substitution method” of functional analysis, to be
implemented with Monte-Carlo approximation in each substitution
step.

The later trend of posterior computation in Bayesian analysis
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2 1. INTRODUCTION

emphasizes sampling from the posterior distribution, like sampling
from π(θ|y) instead of directly calculating π(θ|y) in the context of
DA structure. The Gibbs sampler was first introduced by Geman
& Geman (1984) as an application of Markov chain Monte Carlo
(MCMC) sampling, and made popular in the Bayesian computation
literature by Gelfand & Smith (1990). Hence for the DA structure
in this new trend, a two-block Gibbs sampling based on f(z|y, θ)
and p(θ|y, z) became a new DA algorithm. Literature on Gibbs and
MCMC methods prior to 1993, and interesting discussions on the
subject in a Royal Statistical Society meeting can be found in JRSSB,
vol 55, 3–102.

All iterative sampling methods face two issues: (i) the depen-
dence nature of generated values in the same iterative process and (ii)
the difficulty of certifying convergence. As pointed out by Gelfand
(2002), “in general, convergence can never be assessed, as compar-
ison can be made only between different iterations of one chain or
between different observed chains, but never with the true stationary
distribution.” A nuanced opinion is that the MCMC methods are to
be used only when there is no better alternative; see discussions in
Evans & Swartz (1995, 2000) and Hobert & Casella (1996).

In 1994, a co-author of this book (KWN) was attracted to the pa-
per of Tanner & Wong (1987), as Professor W. H. Wong was the new
Head of Statistics in the Chinese University of Hong Kong around
that time and the monograph (Tanner, 1993) expanding details of
the paper in its third printing. Later the popular monograph was in
its Third Edition (Tanner, 1996; Chapter 5). That paper was invited
with discussions by prominent statisticians like A.P. Dempster, C.N.
Morris, Donald B. Rubin, Shelby J. Haberman, and A. O’Hagan.
The successive substitution algorithm in the paper is to solve a key
integral equation which, in the present notation, is as follows:

π(θ|y) =
∫
p(θ|y, z)

{∫
f(z|y, φ)π(φ|y)dφ

}
dz. (∗)

The authors provided sufficient conditions (see §1.5.3 below) for con-
vergence of successive substitution, which was further studied by
Schervish & Carlin (1992).

Since some of the sufficient conditions were not easy to check in
practice, Ng intended to study the integral equation with his past
experience in fixed-point theorems in functional analysis (Ng, 1969,
1970). But when he tried to formulate plainer sufficient conditions
to ensure convergence, certain thoughts struck him. In the whole
functional equation (∗) that connects π(θ|y), f(z|y, θ) and p(θ|y, z),
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1.1 BACKGROUND 3

y was constant throughout. So dropping y, it was equivalent to
finding π(θ) in terms of f(z|θ) and p(θ|z). That required going in
the opposite direction to the Bayes formula: from posterior to
prior! So he realized that the real question was finding the Inverse
Bayes Formula (IBF) and thus he coined the solution as such.

In the basic version of Bayes formula concerning probabilities of
non-void events, one has no obstacle at all in expressing the uncon-
ditional probability of an event in terms of conditional probabilities.
The same is true for densities under the positivity condition as in
the paper, replacing summation by integral. Thus the solution to
the equation (∗) has the following dual forms:

π(θ|y) =
{∫

f(z|y, θ)
p(θ|y, z) dz

}−1

(∗∗)

=
{∫

p(θ|y, z0)
f(z0|y, θ) dθ

}−1 p(θ|y, z0)
f(z0|y, θ) , (∗ ∗ ∗)

where in the second form (∗ ∗ ∗), z0 is arbitrary and the normalizing
constant equals the predictive density g(z|y) of Z given Y, by virtue
of mathematical symmetry of z and θ in the first identity. When
we substitute the second equality into (∗), the inside integral gives
g(z|y) and hence the outside integral returns π(θ|y). The dual forms
are respectively called the point-wise formula and the function-
wise formula. The degree of simplicity of either form is on a par
with the Bayes formula, which is good since simplicity is a virtue as
argued in Lindley (1995).

Once said, it becomes obvious that we should have taught the
IBF in any first course of probability and statistics in tandem with
the Bayes formula as a two-way street. Given this simplicity, it is
even possible that in areas other than statistics, the IBF has already
appeared without our noticing it. For example, if there is a publica-
tion in medical research that can evaluate the prevalence of a certain
disease in a population based on both the conditional probabilities of
symptoms given the disease status and the conditional probabilities
of disease status given the symptoms, then it is the IBF at work;
and if, however, there is no such publication, this would be a very
useful new application of IBF in medicine.

The basic results on IBF were summarized in a paper delivered in
April 1996 to the Editors of a volume in honor of Professor Samuel
Kotz, which was published in (Ng, 1997a). For inversion of the
Bayes formula without positivity condition, explicit or neat formulae
may not be available. Algorithms instead of formulae to deal with
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4 1. INTRODUCTION

such situations, for example in a projection-connected support space,
were reported in the Sydney International Statistical Congress 1996,
July 1996 (Ng, 1996). More details of applications of IBF and non-
iterative sampling as alternative to MCMC methods were discussed
in a conference presentation (Ng, 1997b).

With hindsight, Ng (1997a) has commented on the sudden emer-
gence of IBF in unexpected circumstances:

“However, the relative probability formula (2.2) of Besag (1974),
the consistency condition (4.3) of Arnold and Press (1989), and
the introductory discussion of Gelman and Speed (1993) were very
close, but the authors did not turn the corner to get the Inverse
Bayes formulae given here. Indeed, it is fair to say that all of
us statisticians have been very close to the solution, since the
identities (37.3) and (37.4) in Section 37.2 are well known.”

Apparently without the opportunity of reading Ng’s writings on IBF,
Meng (1996) once raised an interesting enquiry in respect of the
point-wise formula as follows [his equation (1) is equivalent to (∗∗)
after dropping the y, and his reference Ng (1995) is Ng (1995b) in
this book]:

“I learned the expression (1) from a presentation by Ng (1995).
My immediate reaction was that it must be my ignorance that I
had not seen (1) in this explicit form. However, Ng assured me
that he had checked with several leading experts in this area (e.g.,
J. Besag, W. H. Wong), and it seemed that the identity (1) was
‘mysteriously’ missing from the general literature. An apparent
explanation for this ‘mystery’ is that (1) is not useful in general
for calculating fX(x) and thus f(X,Y )(x, y) since a main reason
we use the Gibbs sampler is our inability to perform analytical
integration, which is required by (1).”

Explanation for this “mystery” based on usefulness is not particu-
larly convincing, however. It overlooks the duality that one form
implies the other; indeed, we need the dual forms of the solution
to satisfy the integral equation (∗). More importantly, it overlooks
the fact that the point-wise formula (∗∗) reveals a fundamental
property of the prior density in terms of the posterior density:
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1.1 BACKGROUND 5

With respect to repeated sampling of data conditional on a fixed
parameter value, the harmonic mean of the posterior density at
that parameter value equals the prior density at the same para-
meter value.

Its philosophical interpretation is too dramatic to miss: One
can fix the prior distribution to get the desired posterior distribu-
tion. With such an important implication for Bayesian inference,
how could we statisticians have missed it for so many years simply
because it was not useful, if any one of us had come across it?

In those continuous cases where the point-wise form (∗∗) is not
useful for calculating the whole prior density, its dual form (∗ ∗ ∗)
reduces that calculation to numerical approximation of a single con-
stant corresponding to an arbitrary set of data, which we can choose
for the purpose of easier approximation of the constant in question.

For purpose of sampling, the function-wise formula (∗∗∗) can fa-
cilitate non-iterative sampling, say through using acceptance-rejection
method. In the case of DA structure, we shall choose a conve-
nient z0 to find an envelope function covering the target function
p(θ|y, z0)/f(z0|y, θ).

Around the year 2000, the first two authors joined research in
this direction. Since then, application and development of the IBF-
based methods to MDPs have progressed more quickly than before,
including:

• Incomplete pre-post test problems (Tan et al., 2001);

• Incomplete longitudinal data in tumor xenograft models (Tan
et al., 2002; Tan, Fang & Tian, 2005);

• Incomplete contingency tables (Tian et al., 2003);

• Normal linear mixed-effects models (Tan, Tian & Ng, 2003);

• Multivariate normality test with incomplete data (Tan, Fang,
Tian & Wei, 2005);

• Hierarchical models for repeated binary data (Tan, Tian & Ng,
2006);

• Discrete missing data problems (Tian, Tan & Ng, 2007);

• Generalized linear mixed models for correlated binary data
(Tan, Tian & Fang, 2007);
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6 1. INTRODUCTION

• Changepoint problems (Tian, Ng, Li & Tan, 2009);

• Constrained parameter problems (Tan, Tian & Fang, 2003;
Fang et al., 2004, 2006; Tan, Fang, Tian & Houghton, 2005;
Tan, Tian, Fang & Ng, 2007; Tian, Ng & Tan, 2008); and

• Checking compatibility and uniqueness for two given condi-
tional distributions (Tian, Tan, Ng & Tang, 2009; Tang et al.,
2009).

1.2 Scope, Aim and Outline

With the aforementioned background, we have restricted the scope
of this book to

1◦ Bayesian MDPs,

2◦ constrained parameter problems, and

3◦ compatibility and uniqueness problems (arisen in distribution
theory and the convergence diagnosis of the Gibbs sampler).

Although the models we present in this book can be used in many
disciplines (e.g., medicine, public health, epidemiology, biology, en-
gineering, reliability, economics, and social science), the applications
will focus on bio-medical studies and health services research, espe-
cially, in cancer and HIV. There have been several textbooks (e.g.,
Gelman et al., 1995; Gamerman, 1997; Robert & Casella, 1999; Car-
lin & Louis, 2000) and monographs (e.g., Tanner, 1996; Gilks et al.,
1996; Schafer, 1997; Chen et al., 2000; Liu, 2001; Little & Rubin,
2002) that address to some extent MDPs and constrained parameter
problems from a frequentist or Bayesian (say, MCMC) perspective.
All these books have covered a broad range of topics and all use the
MCMC method that produces dependent posterior samples. How-
ever, explicit (including closed-form) solutions to statistical problems
and i.i.d. posterior samples are prefered in statistical theory and
practice for obvious reasons. For example, they are theoretically sim-
ple, eliminating a harder convergence assessment problem, and can
facilitate the communication of statistical analysis to a wider audi-
ence. One significant feature of the IBF-based methods presented
in this book is their simplicity (e.g., explicit or exact solutions) and
that the IBF sampling is non-iterative, thus yielding i.i.d. posterior
samples.
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1.2 SCOPE, AIM AND OUTLINE 7

Our aim is to provide a systematic introduction of the IBF-
based methods for missing data problems (MDPs) which combine
the strengths of the existing approaches via DA. Practically, the
IBF sampler is a method to quickly generate i.i.d. samples approxi-
mately from the posterior once the posterior mode is identified. On
the other hand, it combines the strengths of the SIR and EM-type
algorithms. SIR generates i.i.d. samples but does not provide an effi-
cient built-in importance sampling function directly from the model
specification of a practical problem. It is easy to check if the EM
has converged to the posterior mode or not, but it is difficult to
find its standard error. The EM/DA and the sampling IBF share
the structure of augmented posterior/conditional predictive distri-
butions, thus no extra derivations are needed for the IBF sampler.
This implies that the IBF sampler is applicable to problems where
any EM-type algorithms apply.

In the remaining part of this chapter, we first introduce the dual
forms of IBF and the derived versions, including Monte Carlo, and
the generalization to the case of three components. Next, we present
the Bayesian methodology from a new perspective based on the IBF
through a concise formulation of the posterior distribution, nuisance
parameter problem, posterior predictive distribution, Bayes factor
and estimation of marginal likelihood. We then address missing data
problems by describing missing data mechanism, the notion of DA,
the original DA algorithm of Tanner & Wong (1987), and its connec-
tions with both the Gibbs sampler and the IBF. Finally, we briefly in-
troduce two useful concepts: Shannon entropy and Kullback-Leibler
divergence, which have important applications in multivariate analy-
sis and Bayesian statistics.

Chapter 2 covers basic statistical optimization techniques (e.g.,
the famous Newton-Raphson algorithm, Fisher scoring algorithm,
EM-type and more general MM algorithms), useful Monte Carlo
simulation tools (e.g., the inversion method, rejection, SIR, stochas-
tic representation, conditional sampling and the vertical density rep-
resentation method), and major numerical integration approaches
including Laplace approximations, Riemannian simulation, impor-
tance sampling and the cross-entropy (CE) method. The CE method
is usually not covered by standard statistics textbooks but is be-
coming increasingly important in modern Monte Carlo integration,
especially in rare-event simulation (Rubinstein & Kroese, 2004).

In Chapter 3, we first show that the IBF can be used to derive
closed-form solutions to several Bayesian missing data problems in-
cluding sample surveys with nonresponse, misclassified multinomial
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8 1. INTRODUCTION

model, genetic linkage model, Weibull process, prediction problem,
binormal model, 2× 2 crossover trial with missing data, and hierar-
chical models. Then we extend the IBF in product measurable space
to non-product measurable space and focus on their applications in
obtaining exact solutions.

Since many statistical problems can be formulated as discrete
MDPs, Chapter 4 introduces an exact IBF sampling to obtain i.i.d.
samples from posterior distribution in discrete MDPs. The algorithm
is essentially a conditional sampling method, thus completely avoid-
ing the issues with convergence in iterative algorithms such as Gibbs
and MCMC. Examples such as genetic linkage model, contingency
tables with one (or two) supplemental margin(s), hidden sensitivity
model for surveys with two sensitive questions, zero-inflated Pois-
son model, changepoint problems, and capture-recapture model are
analyzed to illustrate the algorithm.

Chapter 5 provides a non-iterative IBF sampling by combining
the SIR with posterior mode estimates from EM-type algorithms to
obtain an i.i.d. sample approximately from the posterior distribution
for problems where the EM-type algorithms apply. First, incomplete
pre-post test problems, right censored regression model, linear mixed
models for longitudinal data, probit regression model for indepen-
dent binary data, a probit-normal GLMM for repeated binary data,
hierarchical models for correlated binary data, and several related
real data sets are used to illustrate the method. Next, a hybrid al-
gorithm by combining the IBF sampler with the Gibbs sampler is
presented. Finally, three new monitoring approaches based on the
IBF for assessing convergence of MCMC are introduced.

Chapter 6 illustrates how the EM, DA and IBF algorithms can
be used for maximum likelihood and Bayesian estimation in normal
distribution subject to linear inequality constraints, Poisson distrib-
ution and binomial distribution with a class of simplex constraints.

Checking compatibility for two given conditional distributions
and identifying the corresponding unique compatible marginal dis-
tributions are important problems in mathematical statistics forming
the theoretical underpinning of applications, especially in Bayesian
statistical inferences. Chapter 7 gives a comprehensive review on
the existing methods including the IBF for this topic. Product mea-
surable space and non-product measurable space are distinguished,
and the continuous case and the finite discrete case are considered
individually. Extension from two given conditionals to the case of
given one marginal and another conditional are also presented.
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1.3 INVERSE BAYES FORMULA 9

In Appendix A, we outline some useful distributions including ab-
breviation, support, density, mean, variance, covariance, properties,
relationship with other distributions, and the random variable gen-
eration method or the existing S-plus function. In addition, we also
provide a summary of the Poisson process and the non-homogeneous
Poisson process.

1.3 Inverse Bayes Formulae

The Bayes formula, Bayes rule, or Bayes theorem, was published
posthumously and named after Reverend Thomas Bayes (1763) and
has been the foundation of Bayesian inference. Historically, the
Bayesian inference is the first default paradigm of statistical inference
and was referred to the “classical procedure” by earlier European lit-
erature in contrast to the “modern formulation” of R.A. Fisher; see
the later English translation of Gnedenko (1962, p.409, p.419). Many
modern writings seem to ignore this historical fact and call the latter
approach “classical” while referring to the older one as “modern.”

The Bayesian paradigm starts with a prior distribution of the
parameter that reflects our information about, or subjective evalua-
tion of, competing values of the parameter before collecting data and
then revise the prior distribution to the posterior distribution with
available data according to Bayes formula. It is therefore unimag-
inable for people to even ponder the question of inverting the Bayes
formula, because that question would be equivalent to asking the
following questions which might sound too sensitive:

Can I find a prior distribution to get the posterior distrib-
ution I want? If yes, how?

That subconscious taboo might be the reason why the IBF has es-
caped the attention of so many statisticians for so long, until it arises
unexpectedly in a problem (cf. §1.1) supposed to find a posterior dis-
tribution given available data. In the grand play of academic history,
this act has both elements of drama and absurdity.

There have been some guesses on why Reverend Bayes did not
send his finished fine Essay to the Royal Society; e.g., cf. Press
(1989). One new guess now is that perhaps he realized the two-
way feature of the a-priori-to-a-posteriori argument, only after he
completed the Essay.
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10 1. INTRODUCTION

1.3.1 The point-wise, function-wise & sampling IBF

Since deriving the three IBF from the Bayes formula with rigor in-
volving integration in the support of a r.v., we first need to distin-
guish two important notions: The product measurable space and the
non-product measurable space . Let two random variables/vectors
(X,Y ) taking values in the space (X ,Y) be absolutely continuous
with respect to some measure μ on the joint support

S(X,Y ) = {(x, y) : f(X,Y )(x, y) > 0, (x, y) ∈ (X ,Y)},

where f(X,Y )(x, y) denotes the joint probability density function (pdf)
of (X,Y ). We denote the marginal and conditional pdfs of X and Y
by fX(x), fY (y), f(X|Y )(x|y) and f(Y |X)(y|x), respectively. Let SX =
{x : fX(x) > 0, x ∈ X} and SY = {y : fY (y) > 0, y ∈ Y} denote
the supports of X and Y , respectively. If S(X,Y ) = SX × SY , then
the measure μ is said to be product measurable and μ can be written
as μX × μY ; otherwise, it is said to be non-product measurable. The
absolute continuous assumption allows discussion of a continuous
variable (i.e., its density is Lebesgue measurable) with a discrete
variable (i.e., its probability mass function gives rise to a counting
measure). To fix the idea, we denote the conditional supports of
X|(Y=y) and Y |(X=x) by

S(X|Y )(y) = {x : f(X|Y )(x|y) > 0, x ∈ X} ∀ y ∈ SY and
S(Y |X)(x) = {y : f(Y |X)(y|x) > 0, y ∈ Y} ∀ x ∈ SX .

In practice, we usually have: S(Y |X)(x) ⊆ SY for all x ∈ SX , and
S(X|Y )(y) ⊆ SX for all y ∈ SY . The joint pdf then is

f(X|Y )(x|y)fY (y) = f(Y |X)(y|x)fX(x), (x, y) ∈ S(X,Y ). (1.1)

In product-measurable case, we have S(Y |X)(x) = SY for all x ∈
SX , and S(X|Y )(y) = SX for all y ∈ SY . Hence from (1.1) we get by
division

fY (y) =
f(Y |X)(y|x)
f(X|Y )(x|y)

· fX(x), x ∈ SX , y ∈ SY . (1.2)

Integrating this identity with respect to y on support SY , we imme-
diately have the point-wise formula (1.3) as shown below. Now
substitute (1.3) into (1.2), we obtain the dual form of IBF for fY (y)
and hence by symmetry we obtain the function-wise formula of
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1.3 INVERSE BAYES FORMULA 11

fX(y) as shown in (1.4), or the sampling formula in (1.5) when
the normalizing constant is omitted.

fX(x) =
{∫

SY

f(Y |X)(y|x)
f(X|Y )(x|y)

dy

}−1

, for any x ∈ SX . (1.3)

fX(x) =
{∫

SX

f(X|Y )(x|y0)
f(Y |X)(y0|x) dx

}−1 f(X|Y )(x|y0)
f(Y |X)(y0|x) (1.4)

∝ f(X|Y )(x|y0)
f(Y |X)(y0|x) , (1.5)

for all x ∈ SX and an arbitrarily fixed y0 ∈ SY .

Often in practice, we know f(X|Y )(x|y) only up to a normalizing
constant. In other words, f(X|Y )(x|y) = c(y) · g(x|y), where g(x|y)
is completely known, then the and function-wise IBF (1.4) and sam-
pling IBF (1.5) still hold if we replace f(X|Y )(x|y0) by g(x|y0).

The following three examples show that the IBF can be used to
obtain exact joint distribution if two conditionals are given. It is
worth noting that even in these simple examples, the Gibbs sampler
does not reduce to such simple form (see Chen et al., 2000, p.20-22).

Example 1.1 (Bivariate normal distribution). Assume that

X|(Y = y) ∼ N(μ1 + ρ(y − μ2), 1 − ρ2) and
Y |(X = x) ∼ N(μ2 + ρ(x− μ1), 1 − ρ2).

Since S(X,Y ) = SX × SY = R
2, from (1.3), we obtain

{fX(x)}−1 =
√

2π exp{(x− μ1)2/2},

which means X ∼ N(μ1, 1). Therefore, the joint distribution of
(X,Y ) exists and is bivariate normal with means μ1 and μ2, unit
variances and correlation coefficient ρ. When using (1.3), we need
to evaluate an integral. In contrast, using (1.5), the integration can
be avoided. In fact, let the arbitrary y0 be μ2, then

fX(x) ∝ exp{−(x− μ1)2/2}. ‖

Example 1.2 (Bivariate exponential distribution). Let δ ≥ 0,

f(X|Y )(x|y) = (α+ δy)e−(α+δy)x, x ∈ R+, α > 0, and

f(Y |X)(y|x) = (β + δx)e−(β+δx)y , y ∈ R+, β > 0.

© 2010 by Taylor and Francis Group, LLC



12 1. INTRODUCTION

Note that S(X,Y ) = SX × SY = R
2
+. Setting y0 = 0 in the sampling

IBF (1.5), we obtain fX(x) ∝ (β + δx)−1 exp(−αx). This is a uni-
variate distribution, from which it is easy to generate i.i.d. samples
by using the rejection method (see, e.g., §2.2.2) since

(β + δx)−1e−αx ≤ (αβ)−1 · αe−αx.
Then, (X,Y ) follows a bivariate exponential distribution with

f(X,Y )(x, y) ∝ exp{−(αx+ βy + δxy)}.

Arnold & Strauss (1988) give more details on this joint pdf. ‖

Example 1.3 (Dimension reduction). By utilizing the structure of
the low-dimensional conditional densities, both the point-wise and
function-wise IBF can effectively reduce the dimensionality that re-
stricts the applications of direct Monte Carlo sampling. For exam-
ple, given a joint density f(X,Y )(x, y1, . . . , yn), where X is a random
variable and Y = (Y1, . . . , Yn)� an n-dimensional random vector.
Suppose we are interested in obtaining the marginal density

fX(x) =
∫

· · ·
∫
f(X,Y )(x, y1, . . . , yn) dy1 · · · dyn.

There are many cases where the above n-fold integration is extremely
difficult to perform, either analytically or numerically. In such cases
the function-wise IBF (1.4) provides an alternative method to ob-
tain fX(x). Noting that both the conditional pdfs f(X|Y )(x|y) and
f(Y |X)(y|x) are easy to obtain and are usually available, we only need
to perform a one-dimension integration to calculate the normalizing
constant with formula (1.4) in order to obtain fX(x). On the other
hand, if Y is univariate while X an n-dimensional vector, then the
point-wise IBF (1.3) can be used to obtain fX(x). Therefore, we can
choose between the point-wise and function-wise IBF depending on
the practical problem at hand. ‖

1.3.2 Monte Carlo versions of the IBF

(a) Harmonic mean formula

In some applications, the integrals in the right-hand side of Eqs.(1.4)
and (1.3) may be difficult to evaluate analytically. However, since
the IBF already reduces the dimensionality by the conditional pdfs,
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we may use Monte Carlo methods to numerically calculate the nor-
malizing constant in (1.4) or to numerically evaluate the integral in
(1.3). For any given x ∈ SX , we have

fX(x) .= f̂1,X(x) =

{
1
n

n∑
i=1

1
f(X|Y )(x|y(i))

}−1

, (1.6)

where {y(i)}ni=1
iid∼ f(Y |X)(y|x).

(b) Weighted point-wise IBF

Similar to the importance function in importance sampling method
(cf. §2.3.3), we first derive a weighted version of the point-wise IBF
(1.3). Let the weight w(y) be a density function with the same
support as fY (y). From the identity (1.2), we have

w(y) =
f(Y |X)(x|y)w(y)
f(X|Y )(x|y)fY (y)

· fX(x), ∀ x ∈ SX , y ∈ SY . (1.7)

Integrating (1.7) with respect to y on the support SY gives

fX(x) =
{∫

SY

f(Y |X)(y|x)w(y)
f(X|Y )(x|y)fY (y)

dy

}−1

,
for any given
x ∈ SX , (1.8)

which is called weighted point-wise IBF.
The first Monte Carlo version of (1.8) is given by

fX(x) .= f̂2,X(x) =

{
1
n

n∑
i=1

w(y(i))
f(X|Y )(x|y(i))fY (y(i))

}−1

, (1.9)

where x is a given point in SX , {y(i)}n1 iid∼ f(Y |X)(y|x), and fY (·)
is calculated by the point-wise IBF (1.3) via interchanging x and
y. In particular, (1.8) and (1.9) will be reduced to (1.3) and (1.6),
respectively, if we let w(y) = fY (y) for all y ∈ SY .

If the simulation from f(Y |X)(y|x) is very difficult but the evalu-
ations of both f(X|Y )(x|y) and f(Y |X)(y|x) is relatively simple, then
we may use the following Monte Carlo version of (1.8),

fX(x) .= f̂3,X(x) =

⎧⎨
⎩

1
m

m∑
j=1

f(Y |X)(y(j)|x)
f(X|Y )(x|y(j))fY (y(j))

⎫⎬
⎭

−1

, (1.10)
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where x ∈ SX is fixed, {y(j)}m1 iid∼ w(y), and fY (·) is computed by
the point-wise IBF (1.3) via interchanging x and y.

(c) Rao-Blackwellized formula

Starting with two low-dimensional conditional densities f(X|Y )(x|y)
and f(Y |X)(y|x), we can obtain i.i.d. joint samples of (X,Y ) through
the following two steps: First to draw x from the marginal fX(x)
based on the sampling IBF (1.5), then to draw y from the conditional
f(Y |X)(y|x). Any procedures such as the grid method (e.g., Gelman
et al., 1995, p.302), the rejection method (von Neumann, 1951), and
the adaptive rejection method (Gilks & Wild, 1992) can be employed
to the key first step.

For instance, with the grid method (cf. Example 2.13), we se-
lect an appropriate grid of values {x(i)}ni=1 that cover the support
SX , and compute fX(x) by (1.3) at each point on the grid. Then
the density fX(x) can be approximated by the discrete density at
{x(i)}ni=1 with probabilities fX(x(i))/

∑n
j=1 fX(x(j)), i = 1, . . . , n. A

random draw from fX(x) is obtained by drawing a sample from the
uniform distribution on [0, 1], and then transformed by the inversion
method (Ross, 1991) to obtain a sample from the discrete approx-
imate. Obviously, this method will also work for an unnormalized
density function.

Let the joint samples {x(i), y(i)}ni=1 be available, then the Rao-
Blackwellized estimator is given by (Arnold, 1993)

fX(x) .= f̂4,X(x) =
1
n

n∑
i=1

f(X|Y )(x|y(i)), ∀ x ∈ SX . (1.11)

1.3.3 Generalization to the case of three vectors

We now extend the IBF from two vectors to the case of three vectors.
Consider three random vectors X1, X2 and X3 and let S(X1,X2,X3) =
SX1 × SX2 × SX3 . Assume that three conditionals f1(x1|x2, x3),
f2(x2|x1, x3) and f3(x3|x1, x2) are given and are positive. The goal
is to find the joint density. As

f(X1,X2,X3)(x1, x2, x3) = fX1(x1)f(X2|X1)(x2|x1)f3(x3|x1, x2),

we need only to derive fX1(·) and f(X2|X1)(·|·). By (1.3), we have

f(X2|X1)(x2|x1) =
{∫

f3(x3|x1, x2)
f2(x2|x1, x3)

dx3

}−1

and
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1.4 THE BAYESIAN METHODOLOGY 15

f(X1|X2)(x1|x2) =
{∫

f3(x3|x1, x2)
f1(x1|x2, x3)

dx3

}−1

.

Hence, by using (1.3) again, we obtain

fX1(x1) =
{∫

f(X2|X1)(x2|x1)
f(X1|X2)(x1|x2)

dx2

}−1

.

1.4 The Bayesian Methodology

Bayesian inference is the process of fitting a probability model to a
set of data with a prior distribution of the model parameters and
summarizing the result by a probability distribution on the parame-
ters of interest and on unobserved quantities such as predictions for
new observations (Gelman et al., 1995). Obtaining marginal (poste-
rior) distributions or their summary statistics such as mean, modes
and quantiles is key to Bayesian inference. The fundamentals of
the Bayesian analysis is to combine the prior distribution and the
observed-data likelihood to yield the posterior distribution.

Bayesian approach to data analysis consists of the following three
main steps (Gelman et al., 1995, p.3):

(i) Constructing a full probability model summarized by a joint
distribution for all observable and unobservable quantities
(e.g., observed data, missing data, unknown parameters);

(ii) Summarizing the findings (e.g., mean, median, mode(s), pos-
terior quantiles and intervals) for the unobserved quantities of
interest based on the derived conditional distributions of these
quantities given the observed data;

(iii) Assessing the appropriateness of the model (i.e., model check-
ing) and suggesting improvements (e.g., model selection).

In this section, we only consider the complete data problem. Let
Ycom denote the completely observed data and θ is the parameter
vector of interest. Instead of treating θ as an unknown constant
as in the classical (or frequentist) approach, the Bayesian approach
treats θ as a realized value of a random variable that has a prior
distribution π(θ).
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16 1. INTRODUCTION

1.4.1 The posterior distribution

In order to carry out Step (i), we must provide the joint distribution
of Ycom and θ:

f(Ycom, θ) = f(Ycom|θ)π(θ),

where f(Ycom|θ) is the sampling distribution. When f(Ycom|θ) is
regarded as a function of θ with fixed Ycom, it is called the likelihood
function, denoted by L(θ|Ycom).

Step (ii) is completed by the Bayes theorem (see, e.g., (1.1)) to
obtain the posterior distribution:

f(θ|Ycom) =
f(Ycom|θ)π(θ)

f(Ycom)
∝ f(Ycom|θ)π(θ), (1.12)

where

f(Ycom) =
∫
f(Ycom, θ) dθ =

∫
f(Ycom|θ)π(θ) dθ (1.13)

is the normalizing constant of f(θ|Ycom).

Example 1.4 (The multinomial model). Let N items be classified
into n categories, Ycom = y = (y1, . . . , yn)� denote the observed
counts of the n cells, and θ = (θ1, . . . , θn)� the cell probabilities.
The multinomial sampling distribution (cf. Appendix A.1.5) is

f(y|θ) = Multinomialn(y|N, θ) =
(

N
y1, . . . , yn

) n∏
i=1

θyi
i ,

where y ∈ Tn(N). If the prior of θ is a conjugate Dirichlet (cf.
Appendix A.2.3)

π(θ) = Dirichletn(θ|a) =
∏n
i=1 θ

ai−1
i

Bn(a)
, θ ∈ Tn ≡ Tn(1),

then, the posterior of θ and its normalizing constant are given by

f(θ|y) = Dirichletn(θ|y + a), θ ∈ Tn, and

f(y) =
(

N
y1, . . . , yn

)
Bn(y + a)
Bn(a)

, y ∈ Tn(N), (1.14)

respectively. The density (1.14) is called the Dirichlet multinomial
density (cf. Appendix A.3.4):

y ∼ DMultinomialn(N, a), y ∈ Tn(N).
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From (1.13), it is easy to see that (1.14) is a mixture of multinomial
distribution with rates, θ, and it follows a Dirichlet distribution .
Therefore, the Dirichlet multinomial distribution is a robust alter-
native to the multinomial distribution. ‖

1.4.2 Nuisance parameters

A major difficulty with the classical likelihood approach is with nui-
sance parameters. Let θ = (θ1, θ−1), where θ1 is the parameter of
interest and θ−1 denotes all but the first component. Then θ−1 be-
comes a nuisance parameter vector. A common approach to deal
with the nuisance parameter is by the profile likelihood method, in
which θ−1 is treated as known and is fixed usually at its MLE. How-
ever, this method underestimates the uncertainty in the estimation of
θ−1, often leading to biased estimate of θ1 and incorrect conclusion,
especially, when the dimension of θ−1 is high (Liu, 2001, p.304).

In Bayesian framework, θ−1 can be removed by integration:

f(θ1|Ycom) =
∫
f(Ycom|θ1, θ−1)π(θ1, θ−1) dθ−1∫ ∫
f(Ycom|θ1, θ−1)π(θ1, θ−1) dθ−1dθ1

. (1.15)

If we could obtain both f(θ1|Ycom, θ−1) and f(θ−1|Ycom, θ1) in closed
form, according to the sampling IBF (1.5), we would have

f(θ1|Ycom) ∝ f(θ1|Ycom, θ
∗−1)

f(θ∗−1|Ycom, θ1)
, (1.16)

where θ∗−1 is some arbitrary value in Sθ−1 . Therefore, the IBF pro-
vides a way to obtain the marginal distribution of interest and it
does not require integration. Otherwise, sampling-based methods
such as MCMC (e.g., the Gibbs sampler) or the IBF sampler de-
tailed in Chapters 4 and 5 of this book can be utilized to evaluate
such integrals.

Example 1.5 (The normal model). Let y1, . . . , yn
iid∼ N(μ, σ2) and

Ycom = {yi}ni=1. The likelihood function is

f(Ycom|μ, σ2) ∝ (σ2)−n/2 exp
{
−
∑n

i=1(yi − μ)2

2σ2

}
.

Consider a non-informative prior distribution π(μ, σ2) ∝ 1/σ2, then,
the joint posterior density is

f(μ, σ2|Ycom) ∝ σ−n−2 exp
{
− (n− 1)s2 + n(ȳ − μ)2

2σ2

}
, (1.17)
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where

ȳ =
n∑
i=1

yi and s2 =
1

n− 1

n∑
i=1

(yi − ȳ)2

are sufficient statistics for (μ, σ2). We often are interested in μ, so σ2

may be considered as a nuisance parameter. From (1.17), we readily
have (cf. Appendix A.2.8)

σ2|(Ycom, μ) ∼ IGamma
(
n

2
,

(n− 1)s2 + n(ȳ − μ)2

2

)
,

μ|(Ycom, σ
2) ∼ N(ȳ, σ2/n).

Using (1.16) and letting the arbitrary value of nuisance parameter
σ2 = 1, we have (cf. Appendix A.3.5) the posterior of interest:

μ|Ycom ∼ t(ȳ, s2/n, n− 1). ‖

1.4.3 Posterior predictive distribution

Model checking is crucial to Bayesian data analysis and is a ma-
jor aspect of implementing Step (iii) presented in the beginning of
Section 1.4. One popular technique for model checking is to draw
samples from the posterior predictive distribution of replicated data
and compare these samples to the observed data. Any systematic
discrepancies between the simulations and the data imply potential
lack of fit of the model.

Let ỹ denote a future observation or an unknown observable
quantity. Predictive inference is to make inference on ỹ or its func-
tion. Before Ycom are observed, the distribution of the unknown but
observable Ycom is f(Ycom) specified by (1.13). It is sometimes called
the prior predictive distribution .

After Ycom is observed, we can predict or forecast ỹ. The posterior
predictive distribution of ỹ given the data Ycom is defined as (see, e.g.,
Aitchison & Dunsmore, 1975, p.24)

f(ỹ|Ycom) =
∫
f(ỹ, θ|Ycom) dθ

=
∫
f(ỹ|Ycom, θ)f(θ|Ycom) dθ.

Most frequently, the future observation ỹ and Ycom are conditionally
independent given θ. In this case, we have

f(ỹ|Ycom, θ) = f(ỹ|θ). (1.18)

© 2010 by Taylor and Francis Group, LLC



1.4 THE BAYESIAN METHODOLOGY 19

On the other hand, the function-wise IBF (1.4) can be used to
derive the following alternative formula:

f(ỹ|Ycom) = f(ỹ|Ycom, θ0) × f(θ0|Ycom)
f(θ0|Ycom, ỹ)

, (1.19)

where θ0 is an arbitrary value of θ in its support Sθ and f(θ|Ycom, ỹ)
is the posterior density of θ, with Ycom augmented by an additional
observation ỹ. Note that (1.19) gives f(ỹ|Ycom) directly without
integration. Eq. (1.19) appeared without explanation in a Durham
University undergraduate final examination script of 1984 and was
reported by Besag (1989). However, the writings of Besag (1989)
indicates that they seem to be unaware that Eq. (1.19) could come
from an exact formula, i.e., the function-wise IBF.

Example 1.6 (Bernoulli experiments). Let {yi}ni=1 are results (0
or 1) of n i.i.d. Bernoulli trials with success probability p. Define
Ycom = {yi}ni=1 and y =

∑n
i=1 yi. Since y is the sufficient statistic for

p, we could write Ycom = y. The sampling distribution is

f(y|p) =
(
n
y

)
py(1 − p)n−y, y = 0, 1, . . . , n.

Suppose that the prior of p is the beta distribution Beta(a, b), then
the posterior of p is

f(p|y) = Beta(p|y + a, n − y + b), 0 ≤ p ≤ 1.

From (1.13), it is easy to see that the prior predictive distribution is
a beta-binomial distribution (cf. Appendix A.3.3):

f(Ycom) = BBinomial(y|n, a, b) =
(
n
y

)
B(y + a, n− y + b)

B(a, b)
.

Let ỹ denote the result of a new trial, from (1.18), we obtain

f(ỹ|Ycom, p) = f(ỹ|p) = pỹ(1 − p)1−ỹ and
f(p|Ycom, ỹ) = Beta(p|y + ỹ + a, n + 1 − y − ỹ + b).

In (1.19) letting p0 = 0.5, then the posterior predictive density is

f(ỹ|Ycom) = BBinomial(ỹ|1, y + a, n− y + b),

which is also a beta-binomial density. In particular, we have

Pr(ỹ = 1|Ycom) =
y + a

n+ a+ b
, Pr(ỹ = 0|Ycom) =

n− y + b

n+ a+ b
. ‖
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The next example shows that sometimes the assumption of con-
ditional independence (1.18) is not valid.

Example 1.7 (Homogeneous Poisson process). Let {Yi, i ≥ 1} ∼
HPP(λ) (cf. Appendix A.4.1) and Ycom = {Yi}ni=1. According to
Property 3 in Appendix A.4.1, the joint pdf of the successive event
times Y1, . . . , Yn is

f(Ycom|λ) = λne−λyn , 0 < y1 < · · · < yn.

Let the prior of the rate λ is Gamma(a, b), then the posterior is

f(λ|Ycom) = Gamma(λ|n + a, yn + b).

From (1.13), the prior predictive distribution is given by

f(Ycom) =
ba

Γ(a)
· Γ(n+ a)
(yn + b)n+a

, 0 < y1 < · · · < yn.

Let ỹ = Yn+1, we obtain

f(yn+1|Ycom, λ) = λe−λ(yn+1−yn), yn+1 > yn, (1.20)
f(λ|Ycom, yn+1) = Gamma(λ|n+ 1 + a, yn+1 + b).

In (1.19) letting λ0 = 1, then the posterior predictive density is

f(yn+1|Ycom) = f(yn+1|yn) =
(n + a)(yn + b)n+a

(yn+1 + b)n+a+1
, yn+1 > yn. ‖

1.4.4 Bayes factor

The normalizing constant f(Ycom) defined by (1.13) is sometimes
called the marginal likelihood of the data and is often denoted by
m(Ycom) in the statistical literature. The marginal likelihood is
closely related to Bayes factor, which can be used for model selection
(Kass & Raftery, 1995).

The Bayes factor is defined as the ratio of posterior odds versus
prior odds, which is simply a ratio of two marginal likelihoods. To
compare two models, say M1 and M2, the Bayes factor for model M1

vs. model M2 is

B12 =
m(Ycom|M1)
m(Ycom|M2)

. (1.21)

Jeffreys (1961) suggested interpreting B12 in half-units on the log10

scale, i.e., when B12 falls in intervals (1, 3.2), (3.2, 10), (10, 100) and
(100,+∞), the evidence against M2 is considered not worth more
than a bare mention, substantial, strong and decisive, respectively.
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1.4.5 Marginal likelihood

Estimating the marginal likelihood m(Ycom) is crucial to the cal-
culation of Bayes factor. If we replace X and Y in (1.6) by Ycom

and θ, respectively, then from (1.6) we immediately obtain the first
estimator of m(Ycom):

m̂1(Ycom) =

{
1
n

n∑
i=1

1
f(Ycom|θ(i))

}−1

, (1.22)

where Ycom is a given point in its support, and {θ(i)}n1 iid∼ f(θ|Ycom).
The Monte Carlo version of the point-wise IBF, (1.22), coincides with
the simulated harmonic mean formula of Newton & Raftery (1994,
p.21) which is derived empirically in choosing an appropriate impor-
tance function. As explained again in Kass & Raftery (1995, p.779)
that this simulated harmonic mean formula was obtained using the
idea of choosing importance sampling in approximating the integral
for the ‘marginal likelihood’ via a ‘well-suited’ choice of the impor-
tance function, which is justified empirically. Newton & Raftery
(1994) further showed that m̂1(Ycom) converges almost surely to the
correct value m(Ycom) for a given point Ycom as n → ∞. However,
m̂1(Ycom) does not generally satisfy the Gaussian central limit the-
orem. This manifests itself by the occasional occurrence of a value
of θ(i) with a small f(Ycom|θ(i)) and hence a large effect on the final
result (Chib, 1995).

Similarly, from (1.9), the second estimator of m(Ycom) is

m̂2(Ycom) =

{
1
n

n∑
i=1

w(θ(i))
f(Ycom|θ(i))π(θ(i))

}−1

, (1.23)

where Ycom is a given point in its support, {θ(i)}n1 iid∼ f(θ|Ycom). In
particular, (1.23) will be reduced to (1.22) if we let w(θ) = π(θ). Eq.
(1.23) was mentioned by Gelfand & Dey (1994) in the context of
importance sampling. Kass & Raftery (1995) showed that m̂2(Ycom)
is an unbiased and consistent estimator of m(Ycom), and satisfies a
Gaussian central limit theorem if the tails of w(·) are thin enough.
Therefore, m̂2(Ycom) does not have the instability of m̂1(Ycom). Chib
(1995) found that the somewhat obvious choices of w(·) — a normal
density or t density if Sθ = R — do not necessarily satisfy the thin-
ness requirement. Using the importance-weighted marginal density
estimation method of Chen (1994), Chen & Shao (1997, p.1570) also
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obtained (1.23). Therefore we may use the empirical procedure pro-
vided by Chen (1994) to achieve a fairly good w(·).

Alternatively, if generating samples from f(θ|Ycom) is very diffi-
cult but evaluating both f(Ycom|θ) and f(θ|Ycom) is relatively simple,
from (1.10), then we can obtain the third estimator of m(Ycom):

m̂3(Ycom) =

⎧⎨
⎩

1
m

m∑
j=1

f(θ(j)|Ycom)
f(Ycom|θ(j))π(θ(j))

⎫⎬
⎭

−1

, (1.24)

where Ycom is fixed, {θ(j)}m1 iid∼ w(θ).

Finally, let {θ(i)}n1 iid∼ π(θ), from (1.11), then the fourth estimator
of m(Ycom) is the Rao-Blackwellized estimator given by

m̂4(Ycom) =
1
n

n∑
i=1

f(Ycom|θ(i)). (1.25)

As mentioned by Gelfand et al. (1992), m̂4(Ycom) is better than the
kernel density estimator under a wide range of loss functions. The
disadvantages of the Rao-Blackwellized estimator are that (i) the
closed form of f(Ycom|θ) must be known, and (ii) m̂4(Ycom) is a
mixture density, which is relatively difficult to treat when n is large
enough.

1.5 The Missing Data Problems

In the previous section, we assumed that the desired dataset is com-
pletely observed. However, incomplete observations arise in many
applications. For example, a survey with multiple questions may
include nonresponses to some personal questions. In an industrial
experiment some results are missing because of mechanical break-
downs unrelated to the experimental process. A pharmaceutical ex-
periment on the after-effects of a toxic product may skip some doses
for a given patient. In cancer drug development, a mouse may die
before the end of study or may be sacrificed when its tumor volume
quadruples and its tumor may be suppressed for some time and may
regrow. The incompleteness or missingness may also be caused by
drastic tumor shrinkage (e.g., < 0.01 cm3) or random truncation.
In addition, many other problems can be treated as a missing data
problem (e.g, latent-class model, mixture model, some constrained
parameter models, etc). The missing data formulation is an impor-
tant tool for modeling to address a specific scientific question. In this
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section, let Yobs denote the observed values, Ymis the missing values,
θ the parameter vector of interest, and write Y = (Yobs, Ymis).

1.5.1 Missing data mechanism

We define a missing-data indicator M whose element taking value
1 if the corresponding component of Y is observed and 0 if the cor-
responding component of Y is missing. The joint distribution of
(Y,M) is

f(Y,M |θ, ψ) = f(Y |θ) × f(M |Y, ψ).

The missing-data mechanism is characterized by the conditional dis-
tribution of M given Y , which is indexed by an unknown parameter
ψ. The distribution of observed data is obtained by integrating over
the distribution of Ymis:

f(Yobs,M |θ, ψ) =
∫
f(Yobs, Ymis|θ) × f(M |Yobs, Ymis, ψ) dYmis.

Missing data are said to be missing at random (MAR) if

f(M |Yobs, Ymis, ψ) = f(M |Yobs, ψ). (1.26)

i.e., the distribution of the missing-data mechanism does not depend
on the missing values, but depend on the observed values (including
fully observed covariates) and the parameter ψ. Under the assump-
tion of MAR, we have

f(Yobs,M |θ, ψ) = f(M |Yobs, ψ) × f(Yobs|θ).
If the joint prior distribution π(θ, ψ) = π(θ)π(ψ), then Bayesian

inferences on θ can be obtained by considering only the observed-data
likelihood f(Yobs|θ). In this case, the missing-data mechanism is said
to be ignorable. Missing data are said to be missing completely at
random (MCAR) if the distribution of the missing-data mechanism
is completely independent of Y :

f(M |Yobs, Ymis, ψ) = f(M |ψ). (1.27)

1.5.2 Data augmentation

Let θ be the parameter we want to make statistical inference for
based on the observed posterior distribution f(θ|Yobs). The EM al-
gorithm (Dempster et al., 1977; cf. §2.1.2 for more detailed discus-
sions) and the DA algorithm are designed for obtaining the mode of
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f(θ|Yobs) and for simulating from f(θ|Yobs), respectively. The EM
and the DA share a simple idea that rather than performing a com-
plicated optimization or simulation, the observed data is augmented
with latent data so that a series of simple optimizations or simula-
tions can be performed.

As a stochastic version of the EM algorithm, the DA algorithm
was originally proposed by Tanner & Wong (1987). The basic idea is
to introduce latent data Z so that the complete-data posterior dis-
tribution f(θ|Yobs,Z)(θ|Yobs, z) and the conditional predictive distrib-
ution f(Z|Yobs,θ)(z|Yobs, θ) are available, where by available it means
either the samples can be easily generated from both, or each can be
easily evaluated at any given point.

1.5.3 The original DA algorithm

(a) The fixed point iteration

The DA algorithm is motivated by two simple integral identities:

f(θ|Yobs) =
∫
S(Z|Yobs)

f(θ|Yobs,Z)(θ|Yobs, z)f(z|Yobs) dz,

f(z|Yobs) =
∫
S(θ|Yobs)

f(Z|Yobs,θ)(z|Yobs, φ)f(φ|Yobs) dφ,

where S(Z|Yobs) and S(θ|Yobs) denote the corresponding supports of Z
and θ conditional on Yobs. By substitution, we have

f(θ|Yobs) =
∫
K(θ, φ)f(φ|Yobs) dφ,

where the kernel function is

K(θ, φ) =
∫
f(θ|Yobs,Z)(θ|Yobs, z)f(Z|Yobs,θ)(z|Yobs, φ) dz. (1.28)

The fixed point iteration in functional analysis is thus

fk+1(θ|Yobs) =
∫
K(θ, φ)fk(φ|Yobs) dφ, k ∈ N. (1.29)

(b) Sufficient conditions for convergence
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Tanner & Wong (1987) established the following sufficient conditions
for the convergence of fk+1 to f in �1-norm, i.e.

∫
|fk(θ|Yobs) − f(θ|Yobs)| dθ → 0

as k → ∞:

1) K(θ, φ) is uniformly bounded;

2) K(θ, φ) is equicontinuous in θ;

3) For any θ0 ∈ S(θ|Yobs), there is an open neighborhood N of θ0
such that K(θ, φ) > 0 for all θ and φ in N ;

4) The starting function f0 is such that sup
θ

f0(θ|Yobs)
f(θ|Yobs)

<∞.

Note that, in addition to the integral (1.28) for obtaining the kernel
function, an integral (1.29) is to be evaluated for each update from
fk to fk+1. Tanner & Wong (1987) adopt the method of Monte Carlo
to perform the integration in (1.28).

(c) The original DA algorithm

The DA algorithm consists of iteratings between the imputation step
(I-step) and the posterior step (P-step), which is summarized as fol-
lows.

I-step: Draw {θ(j)}mj=1 from the current fk(θ|Yobs); For each θ(j),
draw z(j) from f(Z|Yobs,θ)(z|Yobs, θ

(j));

P-step: Update the posterior as

fk+1(θ|Yobs) =
1
m

m∑
j=1

f(θ|Yobs,Z)(θ|Yobs, z
(j)). (1.30)

The {z(j)}mj=1 so produced are often called multiple imputation
(Rubin, 1987a). The convergence rate and other aspects of the aug-
mentation scheme (1.30) were further considered by Schervish & Car-
lin (1992) and Liu et al. (1994, 1995). It was stated without substan-
tiation by Gelfand & Smith (1990) that the fixed point iteration can
be extended to conditionals for more than two components. Since
conditions 1)-4) and the proof involve considerable mathematics, the
extension is not that obvious.
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1.5.4 Connection with the Gibbs sampler

The Gibbs sampler is one of the best known MCMC sampling al-
gorithms in the Bayesian computation literature. It was developed
originally by Geman & Geman (1984) for simulating posterior dis-
tributions in image reconstruction. The seminal paper of Gelfand
& Smith (1990) introduces the Gibbs sampler to the main stream
statistical literature and has had far-reaching impact on the applica-
tion of Bayesian method. The enormous potential of Gibbs sampling
in complex statistical modeling is now being realized although there
are still issues regarding convergence and the speed of computation.
Various aspects of Gibbs sampler and MCMC methods are summa-
rized by Smith & Roberts (1993), Besag & Green (1993), Gilks et
al. (1993), and the discussions on all these papers.

Casella & George (1992) and Arnold (1993) provide excellent tu-
torial on the Gibbs sampler. Suppose we want to simulate a random
vector X = (X1, . . . ,Xd)� with a joint cdf F (·). Suppose that F (·)
is either unknown or very complicated, but that for each i, the full
univariate conditional distribution f(Xi|X1, . . . ,Xi−1,Xi+1, . . . ,Xd)
is known and relatively easy to simulate. Choose a starting point
X(0) = (X(0)

1 , . . . ,X
(0)
d )� and set t = 0, the Gibbs sampling iterates

the following loop:

• Draw X
(t+1)
1 ∼ f(X1|X(t)

2 , . . . ,X
(t)
d );

• Draw X
(t+1)
2 ∼ f(X2|X(t+1)

1 ,X
(t)
3 , . . . ,X

(t)
d );

· · · · · · · · ·
• Draw X

(t+1)
d ∼ f(Xd|X(t+1)

1 , . . . ,X
(t+1)
d−1 ).

Gelfand & Smith (1990) show that under mild conditions, the vector
sequence {X(t)}∞t=1 has a stationary distribution F (·). Schervish &
Carlin (1992) provide a sufficient condition that guarantees geomet-
ric convergence. Roberts & Polson (1994) discuss other properties
regarding geometric convergence.

Example 1.8 (Sampling from Dirichlet distribution). To simulate
(X1,X2,X3, 1 − ∑3

i=1Xi)� ∼ Dirichlet(5, 4, 3, 2) using the Gibbs
sampler, we first derive the full conditional distributions:

X1|(X2,X3)
d= (1 −X2 −X3)Y1, Y1 ∼ Beta(5, 2),

X2|(X1,X3)
d= (1 −X1 −X3)Y2, Y2 ∼ Beta(4, 2),

X3|(X1,X2)
d= (1 −X1 −X2)Y3, Y3 ∼ Beta(3, 2),
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where Y1 is independent of (X2,X3), Y2 is independent of (X1,X3),
and Y3 is independent of (X1,X2). Hence, first we need to choose
a starting vector (X(0)

1 ,X
(0)
2 ,X

(0)
3 ) such that X(0)

i > 0, i = 1, 2, 3,∑3
i=1X

(0)
i < 1. Then we independently simulate Y (1)

1 ∼ Beta(5, 2),
Y

(1)
2 ∼ Beta(4, 2) and Y (1)

3 ∼ Beta(3, 2). Let

X
(1)
1 = (1 −X

(0)
2 −X

(0)
3 )Y (1)

1 ,

X
(1)
2 = (1 −X

(1)
1 −X

(0)
3 )Y (1)

2 ,

X
(1)
3 = (1 −X

(1)
1 −X

(1)
2 )Y (1)

3 ,

then (X(1)
1 ,X

(1)
2 ,X

(1)
3 ) is the first iteration of the Gibbs sampler. We

can compute the second, third and higher iterations in a similar fash-
ion. As t→ +∞, the distribution of (X(t)

1 ,X
(t)
2 ,X

(t)
3 , 1−∑3

i=1X
(t)
i )�

converges to the desired Dirichlet distribution. ‖
Since the rate of convergence of the Gibbs sampler is controlled

by the maximal correlation between the states of two consecutive
Gibbs iterations, Liu et al. (1994) and Liu (1994) argued that group-
ing (or blocking) highly correlated components together in the Gibbs
sampler can greatly improve its efficiency. For example, we can
split (X1, . . . ,Xd)� into two blocks: Y1 = (X1, . . . ,Xd′)� and Y2 =
(Xd′+1, . . . ,Xd)�, resulting in the following two-block Gibbs sampler:

• Draw Y
(t+1)
1 ∼ f(Y1|Y (t)

2 );

• Draw Y
(t+1)
2 ∼ f(Y2|Y (t+1)

1 ).

Particularly, in the original DA algorithm letting m = 1 and treating
Z as the first block and θ the second block, we obtain

The da algorithm:

P-step : Draw θ(t+1) ∼ f(θ|Yobs,Z)(θ|Yobs, z
(t+1)).

I-step : Draw z(t+1) ∼ f(Z|Yobs,θ)(z|Yobs, θ
(t));

(1.31)

Example 1.9 (Two-parameter multinomial model). To illustrate
the performance of the Gibbs sampler, Gelfand & Smith (1990) ex-
tended the genetic-linkage model (Tanner & Wong, 1987) to a two-
parameter multinomial model: Yobs = (Y1, . . . , Y5)�,

Yobs ∼ Multinomial(n; a1θ1 + b1, a2θ1 + b2, a3θ2 + b3, a4θ2 + b4, cθ3)
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where ai, bi ≥ 0 are known, 0 ≤ c = 1−∑4
i=1 bi = a1+a2 = a3+a4 ≤

1 and θ = (θ1, θ2, θ3)�∈ T3. To split the first four cells, we introduce
latent variables Z = (Z1, . . . , Z4)� so that the augmented sampling
distribution is

(Yobs, Z) ∼ Multinomial(n; a1θ1, b1, a2θ1, b2, a3θ2, b3, a4θ2, b4, cθ3).

Equivalently, the complete-data likelihood is

L(θ|Yobs, Z) ∝ θz1+z21 θz3+z42 θy53 . (1.32)

A natural prior on θ is the Dirichlet distribution Dirichlet(α1, α2, α3)
so that the augmented posterior is given by

f(θ|Yobs, Z) = Dirichlet(θ|z1 + z2 +α1, z3 + z4 +α2, y5 +α3). (1.33)

In addition, the conditional predictive density is

f(Z|Yobs, θ) =
4∏
i=1

Binomial(zi|yi, pi), (1.34)

where

pi =̂
aiθ1I(1≤i≤2)

aiθ1 + bi
+
aiθ2I(3≤i≤4)

aiθ2 + bi
. (1.35)

Hence, the DA algorithm specified by (1.31) can be applied to (1.33)
and (1.34). ‖

1.5.5 Connection with the IBF

In the DA scheme, we assumed that the complete-data posterior dis-
tribution f(θ|Yobs,Z)(θ|Yobs, z) and the conditional predictive distribu-
tion f(Z|Yobs,θ)(z|Yobs, θ) are available. Typically, in practice, we have
S(θ,Z|Yobs) = S(θ|Yobs)×S(Z|Yobs). Corresponding to the point-wise IBF
(1.3), for any given θ ∈ S(θ|Yobs), we obtain

f(θ|Yobs) =

{∫
S(Z|Yobs)

f(Z|Yobs,θ)(z|Yobs, θ)
f(θ|Yobs,Z)(θ|Yobs, z)

dz

}−1

. (1.36)

Similarly, corresponding to the sampling IBF (1.5) and the function-
wise IBF (1.4), for some arbitrary z0 ∈ S(Z|Yobs) and all θ ∈ S(θ|Yobs),
we have

f(θ|Yobs) ∝ f(θ|Yobs,Z)(θ|Yobs, z0)
f(Z|Yobs,θ)(z0|Yobs, θ)

and (1.37)

f(θ|Yobs) = c(z0) ×
f(θ|Yobs,Z)(θ|Yobs, z0)
f(Z|Yobs,θ)(z0|Yobs, θ)

, (1.38)
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where the normalizing constant of f(θ|Yobs) is given by

c(z0) = f(Z|Yobs)(z0|Yobs)

=

{∫
S(θ|Yobs)

f(θ|Yobs,Z)(θ|Yobs, z0)
f(Z|Yobs,θ)(z0|Yobs, θ)

dθ

}−1

.

Therefore, the IBF gives explicit solutions to the fixed point iteration
of the original DA algorithm in §1.5.3.

1.6 Entropy

One of the most important concepts in information theory is entropy
that measures the uncertainty of a random variable. It has many
applications in multivariate analysis and Bayesian statistics. In cod-
ing and communication theory, Shannon entropy (SE) measures the
average amount of bits needed to transmit a message over a binary
communication channel. In statistics, the amount of information
contained in a random experiment can be quantified via a ‘distance’
notion including the famous Kullback-Leibler (KL) divergence (or
cross-entropy). This will be used to derive the ascent property of
the EM algorithm (see §2.1.2(b)), to find an optimal reference pa-
rameter in the cross-entropy method (see §2.3.4(b)), and to develop
(in conjunction with IBF) new criterion for checking convergence of
the Gibbs sampler (see §5.9.3).

1.6.1 Shannon entropy

(a) Discrete distribution

Entropy is easily understood for discrete distribution. Let X be a
discrete random variable taking values in X with probability mass
function p(·). The Shannon entropy of X is defined as

SE(X) = −E log2 p(X) = −
∑
X
p(x) log2 p(x),

where 0 log2 0 =̂ 0 and X is interpreted as a random character from
X such that Pr(X = x) = p(x). It has been shown that the most
efficient way to transmit characters sampled from p(·) over a binary
channel is to encode them such that the number of bits required to
transmit x is equal to log2(1/p(x)) (Cover & Thomas, 1991).
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Example 1.10 (Maximum entropy distribution). Let X = {x1, . . .,
xd} and X ∼ p(·), where p(xk) = 1 and p(xi) = 0 for i �= k. Then
clearly the probability distribution p(·) describes exactly and the
‘uncertainty’ of X is zero, i.e., SE(X) = −∑d

i=1 p(xi) log2 p(xi) = 0.
At the other extreme, let U ∼ q(·), where q(xi) = 1/d for all i. Then
the ‘uncertainty’ of U is maximized, i.e., SE(U) = log2 d because
SE(X) ≤ log2 d for any discrete random variable X defined in X
(cf. Problem 1.7). Therefore, the q(·) is called the ‘most uncertain’
or maximum entropy probability distribution. Note that this maxi-
mum entropy distribution is the same as the non-informative prior
distribution in Bayesian statistics (Berger, 1980, p.75). ‖

(b) Continuous distribution

Let X be a random vector with pdf f (with respect to the Lebesgue
measure). The Shannon entropy of X is defined as

SE(X) = −E log f(X) = −
∫
X
f(x) log f(x) dx. (1.39)

It can be shown that SE(X) is maximal if and only if f is the uniform
distribution on X (Rubinstein & Kroese, 2004; cf. Problem 1.8).

For two random vectors X and Y , the conditional entropy of Y
given X is defined by

SE(Y |X) = SE(X,Y ) − SE(X). (1.40)

It follows that SE(X,Y ) = SE(Y )+SE(X|Y ). The mutual informa-
tion of X and Y is defined as

M(X,Y ) = SE(X) + SE(Y ) − SE(X,Y ). (1.41)

1.6.2 Kullback-Leibler divergence

Let g and h be two pdfs with the same support, i.e., {x : g(x) >
0} = {x : h(x) > 0}. The Kullback-Leibler (KL) divergence between
g and h is defined as

KL(g, h) = Eg log
g(X)
h(X)

=
∫
g(x) log

g(x)
h(x)

dx. (1.42)

KL(g, h) is also called the KL cross-entropy or the cross-entropy or
the relative entropy. Note that KL(g, h) is not a ‘distance’ between
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g and f since KL(g, h) �= KL(h, g). From Jensen’s inequality (cf.
Problem 1.10), we have

KL(g, h) ≥ 0 and KL(g, h) = 0 iff g(x) = h(x) (1.43)

almost surely. In fact,

KL(g, h) = Eg

[
− log

h(X)
g(X)

]
≥ − log

[
Eg
h(X)
g(X)

]
= − log 1 = 0.

Example 1.11 (Normal distribution). Let Z ∼ N(μ, σ2), then

SE(Z) = −
∫
N(z|μ, σ2)

[
log

1√
2πσ

− (z − μ)2

2σ2

]
dz

= log(
√

2πσ) + 0.5.

Furthermore, define R(μ, σ2) = {X : E(X) = μ,Var(X) = σ2}, then
we can prove the following assertion:

SE(Z) = max
X∈R(μ,σ2)

SE(X).

In fact, let g denote the pdf of X and set h(·) = N(·|μ, σ2). From
(1.43), we have∫

g(x) log g(x) dx ≥
∫
g(x) logN(x|μ, σ2) dx.

Hence, SE(X) ≤ log(
√

2πσ) + 0.5 = SE(Z), where equality holds iff
g(·) = N(·|μ, σ2). ‖

Problems

1.1 Truncated normal distribution. An n-dimensional random
vector W is said to follow a multivariate normal distribution
truncated to the rectangle [a, b] =

∏n
i=1[ai, bi] if its density is

proportional to exp{−(w−μ)�Σ−1(w−μ)/2} · I(a≤w≤b), where
μ = (μ1, . . . , μn)� is location parameter vector, Σ is an n × n
positive definite matrix, I(·) denotes the indicator function, and
a ≤ w ≤ b means that ai ≤ wi ≤ bi for all i = 1, . . . , n. We
write W ∼ TNn(μ,Σ; a, b) or W ∼ TNn(μ,Σ; [a, b]) (Robert,
1995). Let both the conditionals are truncated uninormal, i.e.,

X|(Y = y) ∼ TN(μ1 + ρσ1σ
−1
2 (y − μ2), σ2

1(1 − ρ2); a1, b1),
Y |(X = x) ∼ TN(μ2 + ρσ2σ

−1
1 (x− μ1), σ2

2(1 − ρ2); a2, b2).

Verify the following facts:
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(a) The marginal density of X is proportional to

e−(x−μ1)2/(2σ2
1) ×

{
Φ
(
b2 − μ2 − ρσ2σ

−1
1 (x− μ1)

σ2

√
1 − ρ2

)

−Φ
(
a2 − μ2 − ρσ2σ

−1
1 (x− μ1)

σ2

√
1 − ρ2

)}
· I(a1≤x≤b1).

(b) (X,Y ) ∼ TN2(μ,Σ; a, b), where μ = (μ1, μ2)�, and

Σ =
(

σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

)
, a =

(
a1

a2

)
, b =

(
b1
b2

)
.

1.2 Derivation of prior from likelihood and a specified pos-
terior (Ng, 1997). Let Y follow a shifted standard exponential
distribution with new origin at unknown θ > 0. Suppose we
wish the posterior distribution of θ given Y = y to be a trun-
cated standard exponential distribution in the interval (0, y).
That is, we want

f(Y |θ)(y|θ) = e−(y−θ), y > θ, and

f(θ|Y )(θ|y) = e−θ/(1 − e−y), θ < y.

Prove that the prior π(θ) is an exponential distribution with
mean 0.5.

1.3 (Ng, 1997) Let the conditional pdf of Y given θ be

f(Y |θ)(y|θ) =
e|θ|√
2πy

exp
{
−1

2

(
θ2

y
+ y

)}
, y > 0, θ ∈ R.

If one wishes the posterior distribution of θ to be very simple,
say N(0, y), then the prior could be computed by using (1.3)
as π(θ) = e−|θ|/2, which is the standard Laplace distribution.
Show that the marginal distribution of Y is an exponential
distribution with mean 2. This also leads to an interesting
result that a Laplace distribution is the mixture of normal dis-
tribution with the variance being exponentially distributed. It
contrasts with the Student’s t distribution where the inverse of
variance is being mixed with a gamma distribution.

1.4 (Hammersley & Clifford, 1970) Denote the full conditional den-
sity for n random variables as

fi = f(xi|x1, . . . , xi−1, xi+1, . . . , xn).
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(i) Under the positivity conditions, show that the joint pdf of
(x2, . . . , xn) is given by

h2···n(x2, . . . , xn) =
{

I1

{
f1

f2
I2

[
f2

f3
· · · In−1

(
fn−1

fn

)]}}−1

,

where Ij denotes integration with respect to xj.
(ii) Suppose h2···n(x∗2, . . . , x∗n) has been calculated at a partic-
ular point x∗, prove that
h1···n−1(x1, . . . , xn−1)

= h2···n(x∗2, . . . , x
∗
n)
∏n−1
i=1 fi(xi|x1, . . . , xi−1, x

∗
i+1, . . . , x

∗
n)∏n

i=2 fi(x
∗
i |x1, . . . , xi−1, x

∗
i+1, . . . , x

∗
n)
.

1.5 Multivariate normal model. Let y1, . . . , yn
iid∼ Nd(μ,Σ) and

Ycom = {yi}ni=1. If the joint prior for (μ,Σ) is specified by
Σ ∼ IWishartd(Λ−1

0 , ν0) and μ|Σ ∼ Nd(μ0,Σ/κ0), then, the
joint posterior f(μ,Σ|Ycom) is proportional to

|Σ|−(
n+ν0+d

2
+1) exp

{
− 0.5 tr (Σ−1[S0 + Λ0 + T0])

}
,

where S0 =̂ Σn
i=1(yi − μ)(yi − μ)�, T0 =̂κ0(μ − μ0)(μ − μ0)�.

Verify the following facts:

Σ|(Ycom, μ) ∼ IWishartd([S0 + Λ0 + T0]−1, νn + 1),
μ|(Ycom,Σ) ∼ Nn(μn, Σ/κn),

μ|Ycom ∼ td

(
μn, Λn/[κn(νn − d+ 1)], νn − d+ 1

)
,

where ȳ = (1/n)
∑n

i=1 yi, μn = (nȳ + κ0μ0)/κn, κn = n + κ0,
νn = n+ ν0, and

Λn =
n∑
i=1

(yi − ȳ)(yi − ȳ)�+ Λ0 +
nκ0

κn
(ȳ − μ0)(ȳ − μ0)�.

1.6 Prove (1.20).

1.7 Let xi > 0, pi > 0, i = 1, . . . , d, and
∑d

i=1 pi = 1, then
a)
∑d

i=1 pi log2 xi ≤ log2(
∑d

i=1 pixi);
b)
∑d

i=1 pi log2 p
−1
i ≤ log2 d.

(Hint: Let X be a discrete r.v. with Pr(X = xi) = pi and use
Jensen’s inequality.)

© 2010 by Taylor and Francis Group, LLC



34 1. INTRODUCTION

1.8 Let r.v. X defined on X have pdf f(x), show that SE(X) is
maximal iff f is the uniform distribution on X .
(Hint: Use (1.43).)

1.9 Let X,Y and Z be r.v.’s. Prove the following statements:

a) SE(X|Y ) ≤ SE(X);

b) SE(X,Y |Z) = SE(X|Z) + SE(Y |X,Z);

c) The mutual information of X and Y satisfies

M(X,Y ) = SE(X) − SE(X|Y ) = SE(Y ) − SE(Y |X).

1.10 Convexity and Jensen’s inequality. Let ψ be a twice dif-
ferentiable function defined on a convex set S and ∇ denote the
derivative operator. The following statements are equivalent:

a) ψ is convex;

b) ∇2ψ(x) ≥ 0 for all x ∈ S;

c) ψ(x) ≥ ψ(y0) + ∇ψ(y0)(x− y0) for all x, y0 ∈ S;

d) ψ(αx + (1 − α)y) ≤ αψ(x) + (1 − α)ψ(y) for all x, y ∈ S

and α ∈ [0, 1];

e) ψ(
∑

i αixi) ≤ ∑
i αiψ(xi) for any convex combination of

points from S.

Let X is a r.v. and ψ is a convex function (e.g., − log), then
ψ(EX) ≤ Eψ(X), provided both expectations exist. In addi-
tion, For a strictly convex function ψ, equality holds in Jensen’s
inequality iff X = E(X) almost surely. (Hint: Set v0 = E(X).
The convexity yields ψ(u) ≥ ψ(v0)+∇ψ(v0)(u−v0). Substitute
X for u and take expectations.)

1.11 Extend the conclusions in Example 1.11 from uni-normal to
multi-normal.

1.12 Let f(X,Y ), fX and fY denote the joint, marginal pdfs of X
and Y . Prove that

M(X,Y ) = KL(f(X,Y ), fXfY ).
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CHAPTER 2

Optimization, Monte Carlo Simulation

and Numerical Integration

Again, let Yobs denote the observed (or observable) data and θ the
parameter vector of interest. A central subject of statistics is to make
inference on θ based on Yobs. Frequentist/classical method arrives its
inferential statements by combining point estimators of parameters
with their standard errors. In a parametric inference problem, the
observed vector Yobs is viewed as a realized value of a random vector
whose distribution is f(Yobs|θ), which is the likelihood (function),
usually denoted by L(θ|Yobs). Among all the estimation approaches,
the maximum likelihood estimation (MLE) is the most popular one,
where θ is estimated by θ̂ that maximizes f(Yobs|θ). When sample
sizes are small to moderate, a useful alternative to MLE is to uti-
lize prior knowledge on the parameter and thus incorporate a prior
distribution for the parameter into the likelihood and then compute
the observed posterior distribution f(θ|Yobs). The posterior mode is
defined as an argument θ̃ that maximizes f(θ|Yobs) or equivalently
maximizes its logarithm log f(θ|Yobs). Computationally, finding the
MLE or the mode becomes an optimization problem.

In addition, Bayesian computation of posterior mean, quantiles,
and marginal likelihood involves high-dimensional integration
that usually does not have a closed-form solution. The ‘curse of di-
mensionality’ coupled with rapid advances of computer technology
has led to an enormous literature of sampling-based Bayesian meth-
ods. A variety of MCMC methods have been proposed to sample
from posterior distributions. Essentially, they extend the univari-
ate simulation method to multivariate situations. In this chapter,
we focus on the introduction of some important and useful tools for
optimization, Monte Carlo simulation and numerical integration.
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2.1 Optimization

2.1.1 The Newton-Raphson (NR) algorithm

When the log-likelihood function �(θ|Yobs) is well-behaved, a nat-
ural candidate for finding the MLE is the Newton-Raphson (NR)
algorithm or the Fisher scoring algorithm because they converge
quadratically (Tanner, 1996, p.26-27; Little & Rubin, 2002, Ch.8).
The main objective of this subsection is to find the MLE of the pa-
rameter vector:

θ̂ = arg max
θ∈Θ

�(θ|Yobs). (2.1)

Let � be a twice continuously differentiable and concave function and
∇ the derivative operator. Mathematically, ∇� is called the gradient
vector and ∇2� the Hessian matrix. Statistically, ∇� is called the
score vector,

I(θ|Yobs) = −∇2�(θ|Yobs) (2.2)

is called the observed information matrix and

J(θ) = E{I(θ|Yobs)|θ}
= −

∫
∂2�(θ|Yobs)
∂θ∂θ�

f(Yobs|θ) dYobs (2.3)

is called the Fisher/expected information matrix.

(a) The formulation of the NR algorithm

Consider a second-order Taylor expansion of � about θ(t):

�(θ|Yobs)
.= �(θ(t)|Yobs) + (θ − θ(t))�∇�(θ(t)|Yobs)

+
1
2
(θ − θ(t))�∇2�(θ(t)|Yobs)(θ − θ(t)).

Any stationary points of � will satisfy (cf. Problem 2.1)

∇�(θ|Yobs)
.= ∇�(θ(t)|Yobs) + ∇2�(θ(t)|Yobs)(θ − θ(t)) = 00.

Let θ(0) be an initial guess of θ̂ and θ(t) the guess at the t-th iteration,
the NR algorithm is defined by

θ(t+1) = θ(t) + I−1(θ(t)|Yobs)∇�(θ(t)|Yobs). (2.4)

Let Se(θ̂) and Cov(θ̂) denote the standard error and the asymp-
totic covariance matrix of θ̂, respectively. Under certain regularity
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conditions (Rao, 1973, p.364; Little & Rubin, 2002, p.105-108), it
can be shown by the Central Limit Theorem that

θ̂ − θ
.∼ N(00, J−1(θ))

so that Cov(θ̂) = J−1(θ). It is important to note that J−1(θ) is the
covariance of the asymptotic distribution, not the limit of the exact
covariance. The standard errors are the square roots of the diagonal
elements of the inverse information matrix. We estimate Cov(θ̂) by

Ĉov(θ̂) = J−1(θ̂). (2.5)

In addition, the delta method can be used to derive the asymptotic
distribution of h(θ̂), where h is differentiable (cf. Problem 2.2).

There are three potential problems with the NR algorithm. First,
for complicated incomplete data or when the dimension of θ is large,
it requires tedious calculations of the Hessian at each iteration. Sec-
ondly, when the observed information evaluated at θ(t) is apparently
singular owing to collinearities among covariates, the NR does not
work (cf. Example 2.2). Thirdly, the � does not necessarily increase
at each iteration for the NR algorithm, which may sometimes be
divergent (Cox & Oakes, 1984, p.172). Böhning & Lindsay (1988,
p.645-646) provided an example of a concave function for which the
NR algorithm does not converge if a poor initial value is chosen.

(b) The Fisher scoring algorithm

A variant of the NR algorithm is the (Fisher) scoring algorithm,
where the observed information in (2.4) is replaced by the expected
information:

θ(t+1) = θ(t) + J−1(θ(t))∇�(θ(t)|Yobs).

An extra benefit of the scoring algorithm is that J−1(θ̂) provides an
estimated asymptotic covariance of the θ̂ (Lange, 1999, Ch.11).

(c) Application to logistic regression

Let Yobs = {yi}mi=1 and consider the following logistic regression

yi
ind∼ Binomial(ni, pi),

logit(pi) =̂ log
pi

1 − pi
= x�(i)θ, 1 ≤ i ≤ m, (2.6)
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where yi denotes the number of subjects with positive response in
the i-th group with ni trials, pi the probability of a subject in the
i-th group with positive response, x(i) covariates vector, and θq×1

unknown parameters. The log-likelihood of θ is

�(θ|Yobs) =
m∑
i=1

{
yi(x�(i)θ) − ni log[1 + exp(x�(i)θ)]

}
.

Hence, the score and the observed information are given by

∇�(θ|Yobs) =
m∑
i=1

(yi − nipi)x(i) = X�(y −Np) and

−∇2�(θ|Yobs) =
m∑
i=1

nipi(1 − pi)x(i)x
�
(i) = X�NPX, (2.7)

respectively, where

X = (x(1), . . . , x(m))
�, y = (y1, . . . , ym)�,

N = diag(n1, . . . , nm),
p = (p1, . . . , pm)�, pi = exp[x�(i)θ]/(1 + exp[x�(i)θ]),

P = diag
(
p1(1 − p1), . . . , pm(1 − pm)

)
.

From (2.4), we obtain

θ(t+1) = θ(t) + [X�NP (t)X]−1X�(y −Np(t)). (2.8)

Note that the observed information does not depend on the observed
data Yobs, then J(θ) = I(θ|Yobs). From (2.5), we have

Ĉov(θ̂) = [X�NP̂X]−1, (2.9)

which is a by-product of the NR iteration (2.8).

Example 2.1 (Mice exposure data). For illustration, we consider
the mice exposure data in Table 2.1 reported by Larsen et al. (1979)
and previously analyzed by Hasselblad et al. (1980). Here m = 17, yi
denotes the number of dead mice among ni mice in the i-th group,
and pi is the probability of death for any mouse exposured to nitrous
dioxide (NO2) in the i-th group. We wish to investigate whether
or not the probability of death depends on two further variables di
(degree of exposure to NO2), ti (exposure time) and their interaction.
We first take logarithms, xi1 = log(di) and xi2 = log(ti), and then
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Table 2.1 Mice exposure data

i di ti yi ni i di ti yi ni

1 1.5 96.0 44 120 10 3.5 7.0 152 280
2 1.5 168.0 37 80 11 3.5 14.0 55 80
3 1.5 336.0 43 80 12 3.5 24.0 98 140
4 1.5 504.0 35 60 13 3.5 48.0 121 160
5 3.5 0.5 29 100 14 7.0 0.5 52 120
6 3.5 1.0 53 200 15 7.0 1.0 62 120
7 3.5 2.0 13 40 16 7.0 1.5 61 120
8 3.5 3.0 75 200 17 7.0 2.0 86 120
9 3.5 5.0 23 40

Source: Leonard (2000).

standardize xi1 and xi2 by subtracting the sample mean and then
dividing by the sample standard deviation (Leonard, 2000, p.147).
The considered model is as follows:

logit(pi) = θ0 + θ1xi1 + θ2xi2 + θ3xi1 × xi2.

Using θ(0) = 114 as the starting values, the NR algorithm defined
by (2.8) converged in 4 iterations. The MLEs associated with the
intercept and three slopes are given by

θ̂ = (0.1852, 1.0384, 1.2374, 0.2287)�.

The estimated covariance matrix of θ̂ is

Ĉov(θ̂) =

⎛
⎜⎜⎝

0.00391 0.00017 0.00136 0.00249
0.00017 0.00827 0.00725 0.00047
0.00136 0.00725 0.00964 0.00175
0.00249 0.00047 0.00175 0.00356

⎞
⎟⎟⎠ ,

and estimated standard errors are 0.0624, 0.0909, 0.0981 and 0.0597,
respectively. ‖

The next example shows that the NR algorithm does not work
because of the problem of collinearity.

Example 2.2 (Cancer remission data). We consider the cancer
remission data (Lee, 1974) listed in Table 2.2. The binary out-
come yi = 1 implies that the i-th patient’s remission is occured
and yi = 0 otherwise. There are six explanatory variables, where
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Table 2.2 Cancer remission data

i x1 x2 x3 x4 x5 x6 yi i x1 x2 x3 x4 x5 x6 yi

1 0.80 0.88 0.70 0.8 0.176 0.982 0 15 1.00 0.33 0.33 0.4 0.176 1.010 0
2 1.00 0.87 0.87 0.7 1.053 0.986 0 16 0.90 0.93 0.84 0.6 1.591 1.020 0
3 1.00 0.65 0.65 0.6 0.519 0.982 0 17 0.95 0.32 0.30 1.6 0.886 0.988 0
4 0.95 0.87 0.83 1.9 1.354 1.020 0 18 1.00 0.73 0.73 0.7 0.398 0.986 0
5 1.00 0.45 0.45 0.8 0.322 0.999 0 19 0.80 0.83 0.66 1.9 1.100 0.996 1
6 0.95 0.36 0.34 0.5 0.000 1.038 0 20 0.90 0.36 0.32 1.4 0.740 0.992 1
7 0.85 0.39 0.33 0.7 0.279 0.988 0 21 0.90 0.75 0.68 1.3 0.519 0.980 1
8 0.70 0.76 0.53 1.2 0.146 0.982 0 22 0.95 0.97 0.92 1.0 1.230 0.992 1
9 0.80 0.46 0.37 0.4 0.380 1.006 0 23 1.00 0.84 0.84 1.9 2.064 1.020 1
10 0.20 0.39 0.08 0.8 0.114 0.990 0 24 1.00 0.63 0.63 1.1 1.072 0.986 1
11 1.00 0.90 0.90 1.1 1.037 0.990 0 25 1.00 0.58 0.58 1.0 0.531 1.002 1
12 0.65 0.42 0.27 0.5 0.114 1.014 0 26 1.00 0.60 0.60 1.7 0.964 0.990 1
13 1.00 0.75 0.75 1.0 1.322 1.004 0 27 1.00 0.69 0.69 0.9 0.398 0.986 1
14 0.50 0.44 0.22 0.6 0.114 0.990 0

Source: Lee (1974).

x1 = CELL/100, x2 = SMEAR/100, x3 = ABS.INFIL/100, x4 =
LI/20, x5 = log(ABS.BLAST+1), and x6 = Temperature/100. The
logistic regression model is

logit(pi) = θ0 + xi1θ1 + · · · + xi6θ6.

Using θ(0) = 117 as the initial values, the NR algorithm (2.8) does not
work because the observed information matrix evaluated at θ(0) is
apparently singular. The problem persists with other initial values.
In fact, this is not surprising since the correlation coefficients for (x1,
x2), (x1, x3), (x2, x3) are 0.98, −0.97, and −0.998, respectively. ‖

2.1.2 The EM algorithm

For incomplete data problems, an alternative to the NR algorithm
is the EM algorithm (Dempster et al., 1977) which does not require
second derivatives to be calculated. The EM algorithm is an iterative
deterministic method for finding the MLE or the posterior mode, and
is remarkably simple both conceptually and computationally in many
important cases. The basic principle behind the EM is that instead of
performing a complicated optimization, one augments the observed
data with latent data to perform a series of simple optimizations.
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(a) The formulation of the EM algorithm

Let �(θ|Yobs) =̂ logL(θ|Yobs) denote the log-likelihood function. Usu-
ally, directly solving the MLE θ̂ defined by (2.1) is extremely diffi-
cult. We augment the observed data Yobs with latent variables Z
so that both the complete-data log-likelihood �(θ|Yobs, Z) and the
conditional predictive distribution f(Z|Yobs, θ) are available. Each
iteration of the EM algorithm consists of an expectation step (E-step)
and a maximization step (M-step).

Specifically, let θ(t) be the current best guess at the MLE θ̂. The
E-step is to compute the Q function defined by

Q(θ|θ(t)) = E
{
�(θ|Yobs, Z)

∣∣∣Yobs, θ
(t)
}

=
∫
Z
�(θ|Yobs, z) × f(z|Yobs, θ

(t)) dz, (2.10)

and the M-step is to maximize Q with respect to θ to obtain

θ(t+1) = arg max
θ∈Θ

Q(θ|θ(t)). (2.11)

The two-step process is repeated until convergence occurs.

Example 2.3 (Two-parameter multinomial model revisited). In Ex-
ample 1.9, we worked out a DA algorithm to simulate posterior draws
of θ for the two-parameter multinomial model. Now suppose we are
interested in finding the MLEs of θ. From (1.32), the complete-data
MLEs are given by

θ̂1 =
z1 + z2

Δ
, θ̂2 =

z3 + z4
Δ

, θ̂3 =
y5

Δ
, (2.12)

where Δ =
∑4

i=1 zi + y5. Thus, the E-step of the EM algorithm
computes

E(Zi|Yobs, θ) = yipi

with pi being defined by (1.35), and the M-step updates (2.12) by
replacing {zi}4

i=1 with E(Zi|Yobs, θ).
For illustrative purpose, we consider the same dataset as that of

Gelfand & Smith (1990):

(y1, . . . , y5)� = (14, 1, 1, 1, 5)�, a1 = · · · = a4 = 0.25,
b1 = 1/8, b2 = b3 = 0, b4 = 3/8. (2.13)

Using θ(0) = 113/3 as initial values, the EM algorithm converged in
8 iterations. The obtained MLE is

θ̂ = (0.585900, 0.0716178, 0.342482)�. ‖
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Example 2.4 (Right censored regression model). Consider the lin-
ear regression model (Wei & Tanner, 1990; Chib, 1992):

y = Xβ + σ ε, ε ∼ N(00, Im),

where y = (y1, . . . , ym)� is the response vector, X = (x(1), . . . , x(m))�

the covariate matrix, β and σ2 the unknown parameters. Suppose
that the first r components of y are uncensored and the remaining
m− r are right censored (ci denotes a censored time). We augment
the observed data Yobs = {y1, . . . , yr; cr+1, . . . , cm} with the unob-
served failure times Z = (Zr+1, . . . , Zm)�. If we had observed the
value of Z, say z = (zr+1, . . . , zm)� ≡ (yr+1, . . . , ym)� with zi > ci
(i = r + 1, . . . ,m), we could have the complete-data likelihood

L(β, σ2|Yobs, Z) = N(y|Xβ, σ2Im). (2.14)

The conditional predictive density is the product of (m−r) indepen-
dent truncated normal densities:

f(Z|Yobs, β, σ
2) =

m∏
i=r+1

TN(zi|x�(i)β, σ2; ci,+∞). (2.15)

The E-step requires to calculate (cf. Problem 2.3)

E{Zi|Yobs, β, σ
2} = x�(i)β + σΨ

(ci − x�(i)β

σ

)
and

E{Z2
i |Yobs, β, σ

2} = (x�(i)β)2 + σ2 + σ(ci + x�(i)β)Ψ
(ci − x�(i)β

σ

)
,

for i = r + 1, . . . ,m, where

Ψ(x) =̂φ(x)/{1 − Φ(x)} (2.16)

and φ(x) and Φ(x) denote the pdf and cdf of N(0, 1), respectively.
The M-step is to find the complete-data MLEs:

β = (X�X)−1X�y, σ2 =
(y −Xβ)�(y −Xβ)

m
.

where y = (y1, . . . , yr; zr+1, . . . , zm)�.
We consider the dataset of accelerated life tests on electrical in-

sulation in 40 motorettes (Schmee & Hahn, 1979). Ten motorettes
were tested at each of the four temperatures: 150◦C, 170◦C, 190◦C
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Table 2.3 Insulation life data with censoring times

i yi Ti i yi Ti i ci Ti i ci Ti

1 3.2464 2.2563 13 2.6107 2.0276 18 3.9066 2.3629 30 3.7362 2.2563
2 3.4428 2.2563 14 2.6107 2.0276 19 3.9066 2.3629 31 3.2253 2.1589
3 3.5371 2.2563 15 2.7024 2.0276 20 3.9066 2.3629 32 3.2253 2.1589
4 3.5492 2.2563 16 2.7024 2.0276 21 3.9066 2.3629 33 3.2253 2.1589
5 3.5775 2.2563 17 2.7024 2.0276 22 3.9066 2.3629 34 3.2253 2.1589
6 3.6866 2.2563 23 3.9066 2.3629 35 3.2253 2.1589
7 3.7157 2.2563 24 3.9066 2.3629 36 2.7226 2.0276
8 2.6107 2.1589 25 3.9066 2.3629 37 2.7226 2.0276
9 2.6107 2.1589 26 3.9066 2.3629 38 2.7226 2.0276
10 3.1284 2.1589 27 3.9066 2.3629 39 2.7226 2.0276
11 3.1284 2.1589 28 3.7362 2.2563 40 2.7226 2.0276
12 3.1584 2.1589 29 3.7362 2.2563

and 220◦C. Testing was terminated at different times at each tem-
perature level. The linear model is

yi = β0 + β1Ti + σεi, εi ∼ N(0, 1),

where yi = log10(failuretime) and Ti = 1000/(Temperature + 273.2).
With this transformation, we summarize the new data in Table 2.3,
where the first r = 17 units are uncensored and the remainingm−r =
40−17 = 23 are censored. Using (β(0)

0 , β
(0)
1 , σ(0)) = (1, 1, 1) as initial

values, the EM algorithm converged to

β̂0 = −6.019, β̂1 = 4.311 and σ̂ = 0.2592

after 40 iterations with precision 10−5. ‖

(b) The ascent property of the EM algorithm

The Bayes’ theorem gives

f(Yobs, Z|θ)
f(Yobs|θ) = f(Z|Yobs, θ)

so that the log-likelihood satisfies the following identity

�(θ|Yobs) − �(θ|Yobs, Z) = − log f(Z|Yobs, θ). (2.17)
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Integrating both sides of this equation with respect to f(Z|Yobs, θ
(t)),

we obtain
�(θ|Yobs) −Q(θ|θ(t)) = −H(θ|θ(t)), (2.18)

where Q is defined by (2.10) and

H(θ|θ(t)) = E{log f(Z|Yobs, θ)|Yobs, θ
(t)}. (2.19)

By using (1.42) and (1.43), it follows that

H(θ(t)|θ(t)) −H(θ|θ(t)) = KL
(
f(Z|Yobs, θ

(t)), f(Z|Yobs, θ)
)
≥ 0,

and the equality holds iff θ = θ(t). Thus, for all θ and θ(t), we have

�(θ|Yobs) −Q(θ|θ(t)) = −H(θ|θ(t))

≥ −H(θ(t)|θ(t))

= �(θ(t)|Yobs) −Q(θ(t)|θ(t)). (2.20)

In other words, �(θ|Yobs)−Q(θ|θ(t)) attains its minimum at θ = θ(t) ∈
Θ. Inequality (2.20) is the essence of the EM algorithm because if
we choose θ(t+1) to maximize Q(θ|θ(t)), then it follows that

�(θ(t+1)|Yobs) − �(θ(t)|Yobs)

≥ Q(θ(t+1)|θ(t)) −Q(θ(t)|θ(t)) ≥ 0. (2.21)

Namely, the EM algorithm holds the ascent property that increas-
ing Q(θ|θ(t)) causes an increase in �(θ|Yobs).

Generally, a GEM (generalized EM) algorithm chooses θ(t+1) so
that

Q(θ(t+1)|θ(t)) ≥ Q(θ(t)|θ(t)).

From (2.21), a GEM algorithm also has the ascent property.

(c) Missing information principle and standard errors

Integrating both sides of (2.17) with respect to f(Z|Yobs, θ), similar
to (2.18), we have

�(θ|Yobs) = Q(θ|θ)−H(θ|θ), (2.22)

where Q and H is defined by (2.10) and (2.19). Differentiating Eq.
(2.22) twice with respect to the left argument θ yields

−∇2�(θ|Yobs) = −∇20Q(θ|θ) + ∇20H(θ|θ), (2.23)
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where ∇ijQ(x|y) means ∂i+jQ(x|y)/∂xi∂yj. If we evaluate the func-
tions in Eq. (2.23) at the converged value θ̂, and call

Iobs = −∇2�(θ̂|Yobs) = I(θ|Yobs)|θ=θ̂, (2.24)

Icom = −∇20Q(θ̂|θ̂)
= E{−∇2�(θ|Yobs, Z)|Yobs, θ}|θ=θ̂, (2.25)

Imis = −∇20H(θ̂|θ̂)
= E{−∇2 log f(Z|Yobs, θ)|Yobs, θ}|θ=θ̂, (2.26)

the observed information, the complete information and the
missing information, then Eq. (2.23) becomes

Iobs = Icom − Imis. (2.27)

Namely, the observed information equals the complete information
minus the missing information.

Louis (1982) shows that

−∇20H(θ|θ) = E{[∇�(θ|Yobs, Z)]⊗2|Yobs, θ}− [∇�(θ|Yobs)]⊗2, (2.28)

where a⊗2 =̂ aa�. Since ∇�(θ̂|Yobs) = 0, Eq. (2.27) becomes

I(θ̂|Yobs) = −∇20Q(θ̂|θ̂) − E{[∇�(θ|Yobs, Z)]⊗2|Yobs, θ}|θ=θ̂. (2.29)

The estimated standard errors are the square roots of the diagonal
elements for the inverse information matrix, i.e., I−1(θ̂|Yobs).

Example 2.5 (Two-parameter multinomial model revisited). In Ex-
ample 2.3, we derived the MLEs of θ = (θ1, θ2, θ3)� by using an EM
algorithm. From (1.32), the complete-data log-likelihood is

�(θ|Yobs, Z) = (Z1 + Z2) log θ1 + (Z3 + Z4) log θ2 + y5 log θ3.

It is easy to obtain

∇�(θ|Yobs, Z) =

⎛
⎜⎝
Z1 + Z2

θ1
Z3 + Z4

θ2

⎞
⎟⎠− y5

θ3
112,

−∇2�(θ|Yobs, Z) =

⎛
⎜⎜⎝
Z1 + Z2

θ2
1

0

0
Z3 + Z4

θ2
2

⎞
⎟⎟⎠+

y5

θ2
3

11211�2.
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From (2.25), we have

−∇20Q(θ|θ) = E{−∇2�(θ|Yobs, Z)|Yobs, θ}

=

⎛
⎜⎜⎝
z∗1 + z∗2
θ2
1

0

0
z∗3 + z∗4
θ2
2

⎞
⎟⎟⎠+

y5

θ2
3

11211�2,

where z∗i = E(Zi|Yobs, θ) = yipi with pi being defined by (1.35).
Substituting the dataset given by (2.13) and

θ̂ = (0.585900, 0.0716178, 0.342482)�

in these expressions yields

−∇20Q(θ̂|θ̂) =
(

67.5457 42.628
42.6280 246.478

)
.

Similarly, we have

E{[∇�(θ|Yobs, Z)]⊗2|Yobs, θ} =
y2
5

θ2
3

11211�2

+

⎛
⎝

z∗12
θ21

− 2y5
z∗1+z∗2
θ1θ3

,
(z∗1+z∗2 )(z∗3+z∗4 )

θ1θ2
− y5

θ3

[
z∗1+z∗2
θ1

+ z∗3+z∗4
θ2

]

∗ z∗34
θ22

− 2y5
z∗3+z∗4
θ2θ3

⎞
⎠ ,

where z∗12 =̂E{(Z1 + Z2)2|Yobs, θ}, z∗34 =̂E{(Z3 + Z4)2|Yobs, θ}, and
E(Z2

i |Yobs, θ) = yipi(1 − pi + yipi). Numerically, we obtain

E{[∇�(θ|Yobs, Z)]⊗2|Yobs, θ}|θ=θ̂ =
(

10.1320 0
0 8.47962

)
.

Hence, from (2.29), the observed information matrix is

I(θ̂|Yobs) =
(

57.4137 42.628
42.6280 237.998

)
,

and the estimated standard errors are Ŝe(θ̂1) = 0.1417 and Ŝe(θ̂2) =
0.0696. Using the delta method (cf. Problem 2.2), we obtain Ŝe(θ̂3)
= 0.1332. ‖
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2.1.3 The ECM algorithm

One limitation of the EM algorithm is that the M-step may be dif-
ficult to achieve (e.g., has no closed form) in some problems. Meng
& Rubin (1993) proposed an expectation/conditional maximization
(ECM) algorithm to replace a complicated M-step with several com-
putationally simpler conditional maximization steps. As a conse-
quence, it typically converges more slowly than the EM algorithm in
terms of number of iterations, but can be faster in total computer
time. Importantly, the ECM algorithm preserves the monotone con-
vergence property of the EM algorithm.

More precisely, the ECM replaces each M-step of the EM by a
sequence of K conditional maximization steps, i.e., CM-steps, each
of which maximizes the Q function defined in (2.10) over θ but with
some vector function of θ, gk(θ) (k = 1, . . . ,K) fixed at its previous
value. Example 2.6 illustrates ECM in a simple but rather general
model in which, partitioning the parameter into a location parameter
and a scale parameter, leads to a simple ECM with two CM-steps,
each involving closed-form solution while holding the other fixed.

Example 2.6 (A multinormal regression model with missing data).
Suppose that we have n independent observations from the following
m-variate normal model

yj ∼ Nm(Xjβ,Σ), j = 1, . . . , n, (2.30)

and Xj is a known m× p design matrix for the j-th observation, β
is a p× 1 vector of unknown coefficients, and Σ is a unknown m×m
covariance matrix. Let θ = (β,Σ). If Σ were given, say Σ = Σ(t), the
conditional MLE of β would be simply the weighted least-squares
estimate:

β(t+1) =
{ n∑
j=1

X�
j (Σ

(t))−1Xj

}−1{ n∑
j=1

X�
j (Σ

(t))−1yj

}
. (2.31)

On the other hand, given β = β(t+1), the conditional MLE of Σ is

Σ(t+1) =
1
n

n∑
j=1

(yj −Xjβ
(t+1))(yj −Xjβ

(t+1))�. (2.32)

The E-step of the ECM algorithm computes

E(yj |Yobs, θ
(t)) and E(yjy�j |Yobs, θ

(t)), j = 1, . . . , n,
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where θ(t) = (β(t),Σ(t)). The first CM-step is to calculate β(t+1)

using (2.31) with yj being replaced by E(yj |Yobs, θ
(t)). The second

CM-step calculates Σ(t+1) using (2.32) where yj and yjy�j being re-
placed by E(yj |Yobs, θ

(t)) and E(yjy�j |Yobs, θ
(t)), respectively. ‖

Example 2.7 below illustrates that even if some CM-steps do not
have analytical solutions, ECM may still be computationally simpler
and more stable because it involves lower-dimensional maximizations
than EM.

Example 2.7 (A gamma model with incomplete data). Let

y1, . . . , ym
iid∼ Gamma(α, β)

(cf. Appendix A.2.7) and we are interested in finding the MLEs of
α and β based on the observed data Yobs, which, for example, are
the result of censoring the complete data Y = {yi}mi=1. The E-step
of the ECM computes

E(yi|Yobs, α
(t), β(t)) and E(log yi|Yobs, α

(t), β(t))

for some i. The complete-data log-likelihood is

�(α, β|Y ) = (α− 1)
m∑
i=1

log yi −mȳβ +m[α log β − log Γ(α)],

where ȳ = 1
m

∑m
i=1 yi. For given α = α(t), the first CM-step is to

calculate the conditional MLE of β as

β(t+1) = α(t)/ȳ.

On the other hand, for given β = β(t+1), the second CM-step is to
find the conditional MLE of α, α(t+1), which satisfies the following
equation

∂Γ(α)/∂α
Γ(α)

=
1
m

m∑
i=1

log yi + log β(t+1). (2.33)

Although (2.33) does not provide an analytic solution for α(t+1), a
value can be easily obtained by a one-dimensional Newton-Raphson
algorithm. ‖
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2.1.4 MM algorithms

Although EM-type algorithms (Dempster et al., 1977; Meng & Ru-
bin, 1993) possess the ascent property that ensures monotone conver-
gence, they may not apply to generalized linear models (e.g., logistic
regression, log-linear models) and Cox proportional models due to
the absence of a missing-data structure in these models. Therefore,
for problems in which the missing-data structure does not exist or is
not readily available, minorization-maximization (MM) algorithms
(Lange et al., 2000; Hunter & Lange, 2004) are often useful alterna-
tives. In the sequel, MM refers to a class of algorithms.

(a) A brief review of MM algorithms

According to Hunter & Lange (2004), the general principle behind
MM algorithms is first enunciated by numerical analysts Ortega &
Rheinboldt (1970, p.253-255) in the context of linear search methods.
De Leeuw & Heiser (1977) presented an MM algorithm for multidi-
mensional scaling in parallel to the classic Dempster et al. (1977)
article on EM algorithms. Although the work of de Leeuw & Heiser
did not draw the same degree of attention from the statistical com-
munity as did the Dempster et al. (1977) article, development of MM
algorithms has continued. The MM principle reappears, among other
places, in robust regression (Huber, 1981), in correspondence analy-
sis (Heiser, 1987), in the quadratic lower-bound principle of Böhning
& Lindsay (1988), in the psychometrics literature on least squares
(Bijleveld & De Leeuw, 1991; Kiers & Ten Berge, 1992), and in
medical imaging (De Pierro, 1995; Lange & Fessler, 1995). The re-
cent survey articles of De Leeuw (1994), Heiser (1995), Becker et
al. (1997), and Lange et al. (2000) deal with the general principle,
but it is not until the rejoinder of Hunter & Lange (2000) that the
acronym MM first appears. This acronym pays homage to the earlier
names ‘majorization’ and ‘iterative majorization’ of the MM princi-
ple, emphasizes its crucial link to the well-known EM principle, and
diminishes the possibility of confusion with the distinct subject in
mathematics known as majorization (Marshall & Olkin 1979).

(b) The MM idea

Let �(θ|Yobs) denote the log-likelihood function and we want to find
the MLE θ̂ defined by (2.1). Let θ(t) represent the current guess at θ̂
and Q(θ|θ(t)) a real-value function of θ whose form depends on θ(t).
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The function Q(θ|θ(t)) is said to minorize �(θ|Yobs) at θ(t) if

Q(θ|θ(t)) ≤ �(θ|Yobs) ∀ θ ∈ Θ, (2.34)

Q(θ(t)|θ(t)) = �(θ(t)|Yobs). (2.35)

In an MM algorithm, we maximize the minorizing function Q(θ|θ(t))
instead of the target function �(θ|Yobs). If θ(t+1) is the maximizer of
Q(θ|θ(t)), i.e.,

θ(t+1) = arg max
θ∈Θ

Q(θ|θ(t)), (2.36)

then from (2.34) and (2.35), we have

�(θ(t+1)|Yobs) ≥ Q(θ(t+1)|θ(t)) ≥ Q(θ(t)|θ(t)) = �(θ(t)|Yobs). (2.37)

Consequently, an increase in Q(θ|θ(t)) forces �(θ|Yobs) uphill. Under
appropriate additional compactness and continuity conditions, the
ascent property (2.37) guarantees convergence of the MM algorithm,
and lends the algorithm monotone convergence. From (2.37) it is
clear that it is not necessary to actually maximize the minorizing
function, it suffices to find θ(t+1) such that

Q(θ(t+1)|θ(t)) ≥ Q(θ(t)|θ(t)).

(c) The quadratic lower-bound (QLB) algorithm

Let �(θ|Yobs) denote the log-likelihood function and we want to find
the MLE θ̂ defined by (2.1). The quadratic lower-bound (QLB) al-
gorithm developed by Böhning & Lindsay (1988) is a special MM
algorithm. The key idea is to transfer the optimization from the
intractable �(θ|Yobs) to a quadratic surrogate function Q(θ|θ(t)). A
key for the QLB is to find a positive definite matrix B > 0 such that

∇2�(θ|Yobs) +B ≥ 0 ∀ θ ∈ Θ. (2.38)

Then, for a given θ(t) ∈ Θ, we can construct a quadratic function

Q(θ|θ(t)) = �(θ(t)|Yobs) + (θ − θ(t))�∇�(θ(t)|Yobs)

−1
2
(θ − θ(t))�B(θ − θ(t)), θ ∈ Θ. (2.39)

It is easy to see that this Q minorizes �(θ|Yobs) at θ(t) (cf. Problem
2.4). The QLB algorithm is defined by (2.36), i.e.,

θ(t+1) = θ(t) +B−1∇�(θ(t)|Yobs). (2.40)
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Just like an EM algorithm, the QLB algorithm also holds the ascent
property (2.37), leading to monotone convergence. The algorithm
has the advantage of requiring a single matrix inversion instead of
repeated matrix inversions.

Example 2.8 (Logistic regression models). In §2.1.1, we applied the
NR algorithm to logistic regression. The key to the application of
the QLB algorithm is to find a positive definite matrix B satisfying
the condition (2.38). Since pi(1 − pi) ≤ 1/4, from (2.7), we have

B =̂
1
4
X�NX ≥ −∇2�(θ|Yobs). (2.41)

From (2.40), we obtain

θ(t+1) = θ(t) + 4[X�NX]−1X�(y −Np(t)), (2.42)

where

p
(t)
i =

exp{x�(i)θ(t)}
1 + exp{x�(i)θ(t)}

is the i-th component of p(t). Applying the QLB algorithm (2.42) to
the cancer remission data (cf. Example 2.2), where the NR algorithm
does not work, we arrived at

θ̂ = (58.039, 24.661, 19.293,−19.601, 3.896, 0.151,−87.434)�.

after 1500 iterations starting from θ(0) = 117. ‖

Example 2.9 (Cox’s proportional hazards models). Cox’s regres-
sion (Cox, 1972) is a semi-parametric approach to survival analysis
in which the hazard function

h(t) = h0(t) exp(x�θ)

is modeled, where h0(t) is the baseline hazard function and can be
viewed as nuisance parameters, x a vector of covariates and θq×1

regression parameters. Suppose that among a total of N subjects
there are m ordered distinct survival times {y(i)}mi=1 (i.e., there
are no ties in the data) and N − m right censored survival times.
We also assume that censoring is non-informative in the sense that
inferences do not depend on the censoring process. Let IRi denote
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the risk set at y(i) so that IRi is the set of individuals who are event-
free and uncensored at a time just prior to y(i). The parameters θ
are estimated by maximizing the partial log-likelihood

�(θ|Yobs) =
m∑
i=1

log

{
exp(x�(i)θ)∑
j∈IRi

exp(x�jθ)

}
, (2.43)

where x(i) denotes the vector of covariates for individual who has an
event at y(i). The score and the observed information are given by

∇�(θ|Yobs) =
m∑
i=1

{
x(i) −

∑
j∈IRi

xjpij

}
,

−∇2�(θ|Yobs) =
m∑
i=1

{ ∑
j∈IRi

xjx
�
jpij −

( ∑
j∈IRi

xjpij

)⊗2}
,

where

pij =
exp(x�jθ)∑

k∈IRi
exp(x�kθ)

, j ∈ IRi. (2.44)

Note that, for given i, {pij} is a probability distribution with support
points in the set {xj : j ∈ IRi}. Let Ui denote a random vector taking
the value xj with probability pij, then we have

E(Ui) =
∑
j∈IRi

xjpij and

Var(Ui) =
∑
j∈IRi

[xj − E(Ui)][xj − E(Ui)]�pij.

Thus, −∇2�(θ|Yobs) =
∑

iVar(Ui) is positive definite for all θ, which
implies the concavity of the log-likelihood �(θ|Yobs). Utilizing the
result in Problem 2.5, we have

−∇2�(θ|Yobs) ≤
m∑
i=1

1
2

{ ∑
j∈IRi

xjx
�
j −

1
ni

( ∑
j∈IRi

xj

)⊗2}

=̂ B, for any θ ∈ Θ,

where ni denotes the number of individuals in IRi. Thus, the QLB
algorithm can be applied to find the MLE of θ. ‖

Another important application of MM algorithm is in Problem
2.6.
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(d) The De Pierro’s algorithm

Although the QLB algorithm is elegant, its applicability depends
on the existence of a positive definite B satisfying (2.38). However,
in examples such as Poisson regression, this algorithm fails because
of the absence of such a matrix B. The De Pierro’s algorithm
originally proposed by De Pierro (1995) is also a special member
of the family of MM algorithms. The main idea is to transfer the
optimization of a high-dimensional function �(θ|Yobs) to the opti-
mization of a low dimensional surrogate function Q(θ|θ(t)) in the
sense that Q(θ|θ(t)) is a sum of convex combinations of a series of
one-dimensional concave functions. Maximizing Q(θ|θ(t)) can be im-
plemented via the Newton-Raphson method.

Let the log-likelihood function be of the form

�(θ|Yobs) =
m∑
i=1

fi(x�(i)θ), (2.45)

where Xm×q = (x(1), . . . , x(m))� is the design matrix, x(i) = (xi1, . . .,
xiq)� denotes the i-th row vector of X, θ the parameters of inter-
est, {fi}mi=1 are twice continuously differentiable and strictly concave
functions defined in one-dimensional real space R. From (2.45), the
score and the observed information are given by

∇�(θ|Yobs) =
m∑
i=1

∇fi(x�(i)θ)x(i), and

−∇2�(θ|Yobs) =
m∑
i=1

{
−∇2fi(x�(i)θ)

}
x(i)x

�
(i).

Thus, �(θ|Yobs) is strictly concave provided that each ∇2fi < 0.
To construct a surrogate function, we first define two index sets:

Ji = {j : xij �= 0}, 1 ≤ i ≤ m, (2.46)
Ij = {i : xij �= 0}, 1 ≤ j ≤ q. (2.47)

Furthermore, for a fixed r ∈ R+ = {r : r ≥ 0} and a fixed i, we
define weights

λij =
|xij |r∑

j′∈Ji
|xij′ |r , j ∈ Ji. (2.48)

Obviously,
λij > 0 and

∑
j∈Ji

λij = 1.
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It can be shown that when r = 1, the algorithm converges most
quickly. Note that when r = 0, λij = 1/ni, where ni denotes the
number of elements in Ji. Now, we can construct a surrogate function
for a given θ(t) ∈ Θ as follows:

Q(θ|θ(t)) =
m∑
i=1

∑
j∈Ji

λijfi

(
λ−1
ij xij(θj − θ

(t)
j ) + x�(i)θ

(t)
)
, (2.49)

for θ ∈ Θ. It can be shown that this Q minorizes �(θ|Yobs) at θ(t)

(cf. Problem 2.7). The De Pierro’s algorithm is defined by

θ(t+1) = arg max
θ∈Θ

Q(θ|θ(t)). (2.50)

Note that Q defined in (2.49) is a sum of convex combinations of
a series of one-dimensional concave functions since all parameters are
separated. In this sense, Q is essentially a one-dimensional function,
which is much easier to optimize. The (t + 1)-th iterate θ(t+1) can
be obtained as the solution to the system of equations

∑
i∈Ij

∇fi
(
λ−1
ij xij(θj − θ

(t)
j ) + x�(i)θ

(t)
)
xij = 0, (2.51)

for 1 ≤ j ≤ q. When (2.51) can not be solved explicitly, one step of
NR algorithm provides the approximate solution

θ
(t+1)
j = θ

(t)
j + τ2

j (θ
(t), r)

∑
i∈Ij

∇fi(x�(i)θ(t))xij , (2.52)

where 1 ≤ j ≤ q and

τ2
j (θ, r) =

{∑
i∈Ij

{−∇2fi(x�(i)θ)}x2
ij/λij

}−1

. (2.53)

Example 2.10 (Generalized linear models). Consider GLM with
canonical link function. Let {yi}mi=1 be m independent observations
from a underlying exponential family (McCullagh & Nelder, 1989):

fe(y|ψ) = exp{[yψ − b(ψ)]/a(γ) + c(y, γ)}, (2.54)

where ψ denotes the canonical or natural parameter, a(·), b(·) and
c(·, ·) are known real-valued functions, γ is the dispersion parameter
and we assume that γ is known. Let Yi ∼ fe(yi|ψi), then

E(Yi) = ∇b(ψi) and
Var(Yi) = ∇2b(ψi)a(γ),
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respectively. For index i, let ψi = x�(i)θ, then the log-likelihood
function for θ is given by (2.45) with fi(ψ) = yiψ − b(ψ). Noting
that

∇fi(ψ) = yi −∇b(ψ) and
−∇2fi(ψ) = ∇2b(ψ),

from (2.52), we have

θ
(t+1)
j = θ

(t)
j +

∑
i∈Ij [yi −∇b(x�(i)θ(t))]xij∑
i∈Ij ∇2b(x�(i)θ

(t))x2
ij/λij

(2.55)

for 1 ≤ j ≤ q. ‖

Example 2.11 (Log-linear models for lymphocyte data). Let Yobs =
{yi}mi=1 and consider the following Poisson regression

yi
ind∼ Poisson(μi),

log(μi) = x�(i)θ, 1 ≤ i ≤ m,

then the log-likelihood function for θ is

�(θ|Yobs) =
m∑
i=1

{yi(x�(i)θ)− exp(x�(i)θ)}.

Setting b(ψ) = eψ in (2.55), then the algorithm (2.55) reduces to

θ
(t+1)
j = θ

(t)
j +

∑
i∈Ij [yi − exp(x�(i)θ

(t))]xij∑
i∈Ij exp(x�(i)θ

(t))x2
ij/λij

(2.56)

for 1 ≤ j ≤ q. When r = 1, we can re-express the algorithm (2.56)
in matrix form (cf. Problem 2.8). We consider the lymphocyte data

Table 2.4 Lymphocyte data

i 1 2 3 4 5 6 7
ci 269 78 115 90 84 59 37
di 0.50 0.75 1.00 1.50 2.00 2.50 3.00
yi 109 47 94 114 138 125 97
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as summarized in Table 2.4, whose medical background is reported
by Groer & Pereira (1987). Here m = 7, yi denotes the number of
dicentrics for individual i, ci is the number of cells (in thousands),
and di the dose level. It is required to relate the expectation μi
with the explanatory variables ci and di. The considered model is as
follows:

log(μi) = θ0 + θ1 log(ci) + θ2 log(di).

Applying the algorithm (2.56), we have

θ̂ = (−0.125, 0.985, 1.022)�

after 12,000 iterations starting from θ(0) = 113. The estimated stan-
dard errors are 0.751, 0.156 and 0.148, respectively. ‖

2.2 Monte Carlo Simulation

In this section, we describe basic Monte Carlo simulation techniques
for generating random samples from univariate and multivariate dis-
tributions. These techniques also play a critical role in Monte Carlo
integration. We assume that random numbers or r.v.’s uniformly
distributed in (0, 1) can be satisfactorily produced on the computer.
Our focus here is on fast methods for generating non-uniform r.v.’s.

2.2.1 The inversion method

Let X be a r.v. with cdf F . Since F is a non-decreasing function,
the inverse function F−1 may be defined by

F−1(u) = inf{x : F (x) ≥ u}, u ∈ (0, 1).

If U ∼ U(0, 1), then F (X) ∼ U(0, 1) or equivalently

X = F−1(U)

has cdf F . Hence, in order to generate one sample, say x, from r.v.
X ∼ F , we first draw u from U ∼ U(0, 1), then compute F−1(u) and
set it equal to x. Figure 2.1 illustrates the inversion method. We
summarize the algorithm as follows.

The inversion method:

Step 1. Draw U from U(0, 1);

Step 2. Return X = F−1(U).
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u

1

0 x

F^{-1}(u)

F(x)

Figure 2.1 The inversion method.

Example 2.12 (Generation of standard Laplace). Let X follow the
standard Laplace distribution, then its pdf and cdf are given by
f(x) = 0.5e−|x|, x ∈ R, and F (x) = 0.5exI(x<0) + (1− 0.5e−x)I(x≥0),
respectively. It is easy to obtain

F−1(u) = log[2u] · I(0<u<0.5) − log[2(1 − u)] · I(0.5≤u<1).

An S-plus code for simulating N i.i.d. draws of X is given in the
Appendix A.2.5. ‖

Distributions that have analytical F−1 include the exponential,
Weibull, logistic, and Cauchy distributions (Johnson, 1987). If F−1

is not available analytically, the inversion method may not be effi-
cient.

Example 2.13 (Generation of marginal distribution of truncated
bi-normal via the grid method). Let X ∼ fX(x) and SX denote
its support. To generate X, we first select an appropriate grid of
values {xi}di=1, that cover the support SX , and then approximate
the pdf fX(x) by a discrete density at {xi}di=1 with probabilities
pi = fX(xi)/

∑d
j=1 fX(xj), i = 1, . . . , d. In other words, we have

X
.∼ FDiscreted({xi}, {pi}).

To generate this finite discrete distribution, we may use the built-in
S-plus function “sample” (cf. Appendix A.1.1). Obviously, the grid
method will also work for an unnormalized density function (Gelman
et al., 1995, p.302).
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Figure 2.2 The histogram of the marginal density of X based on 200, 000
i.i.d. samples generated via the grid method with sample(x, 200000, prob
= p, replace = T), where (X,Y ) ∼ TN2(μ,Σ; a, b), μ1 = μ2 = 0, ρ = 0.5,
σ1 = σ2 = 1, a = (−1,−1)�, b = (2, 2)�.

For illustration, let (X,Y ) follow a truncated bi-normal dis-
tribution with known parameters (μ,Σ; a, b), then the marginal
density of X is (cf. Problem 1.1)

fX(x) ∝ e−(x−μ1)2/(2σ2
1) ×

{
Φ
(
b2 − μ2 − ρσ2σ

−1
1 (x− μ1)

σ2

√
1 − ρ2

)

−Φ
(
a2 − μ2 − ρσ2σ

−1
1 (x− μ1)

σ2

√
1 − ρ2

)}
, (2.57)

where x ∈ SX = [a1, b1]. When −∞ < a1 < b1 < +∞, we may select
xi = a1 + (b1 − a1)i/d for i = 1, . . . , d, and d = 300, say. Figure 2.2
shows the histogram based on 200, 000 i.i.d. samples generated via
the grid method with sample(x, 200000, prob = p, replace = T). ‖

2.2.2 The rejection method

Suppose that we want to draw random samples from a target density
f(x), x ∈ SX ⊆ R

d. If we can find some envelope constant c (≥ 1)
and an envelope density g(x) having the same support SX so that
f(x) minorizes cg(x), i.e.,

f(x) ≤ cg(x), ∀x ∈ SX ,
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Figure 2.3 The rejection method.

see Figure 2.3, then we can apply the following procedure suggested
by von Neumann (1951).

The rejection method:

Step 1. Draw U ∼ U(0, 1) and independently draw Y ∼ g(·);

Step 2. If U ≤ f(Y )
cg(Y ) , return X = Y ; otherwise, go to Step 1.

(a) Theoretical justification

Let h(Y ) = f(Y )/[cg(Y )]. The theoretical justification of the rejec-
tion method follows from the Bayes’ theorem (Rubinstein & Kroese,
2004, p.23):

fY (x|U ≤ h(Y )) =
Pr{U ≤ h(Y )|Y = x}g(x)

Pr{U ≤ h(Y )} . (2.58)

Since Y is independent of U , we have

Pr{U ≤ h(Y )|Y = x} = h(x)

and

Pr{U ≤ h(Y )} =
∫
SX

Pr{U ≤ h(Y )|Y = x}g(x) dx

=
∫
SX

h(x)g(x) dx = 1/c. (2.59)
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Therefore, (2.58) becomes fY (x|U ≤ h(Y )) = f(x). In other words,
the generated r.v. (or random vector) X has density f(x).

(b) The efficiency of the rejection method

From (2.59), the efficiency of the rejection method is determined by
the acceptance probability 1/c. Thus a smaller c will result in a
better rejection method. We determine c via maximizing the ratio
of f over g:

c = max
x∈SX

f(x)
g(x)

. (2.60)

In practice, we usually consider a family of densities indexed by θ,
say {gθ(x) : θ ∈ Θ}, as the candidate envelopes. Define

cθ = max
x∈SX

f(x)
gθ(x)

, (2.61)

then, the optimal θ is that for which cθ is minimal.

Example 2.14 (Normal generation from Laplace). To generate an
N(0, 1), we consider the Laplace envelope family, Laplace(x|0, σ2) =
1
2σe

−|x|/σ indexed by σ ∈ R+. From (2.61), it is easy to obtain

cσ = max
x∈SX

N(x|0, 1)
Laplace(x|0, σ2)

=

√
2
π
σ exp

(
1

2σ2

)
.

The optimal σ = 1 so that the optimal envelope constant is

copt = min
σ∈R+

cσ =
√

2e/π = 1.3155.

Thus, the acceptance probability is 1/copt = 0.76. ‖
The representation of (2.60) implies that the rejection method

is also available if we replace the normalizing pdf f with its un-
normalizing density f∗, that is, the normalizing constant of f need
not be known (see Example 2.15). This property is particularly
important in Bayesian calculations.

Let N be the number of iterations in the algorithm, i.e., the num-
ber of pairs (U, Y ) required before a successful pair (U,X) occurs,
then N has a geometric distribution

Pr{N = n} = p(1 − p)n−1, n = 1, 2, . . . ,
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where
p = Pr{U ≤ h(Y )} = 1/c.

Thus, the expected number of iterations until one variable is accepted
is E(N) = 1/p = c.

(c) Log-concave densities

We say a density function f(x) is log-concave if its logarithm is
concave, i.e., ∇2 log f(x) ≤ 0. On a log scale, an exponential pdf is
a straight line. If a pdf f(x) is log-concave, then any line tangent
to log f(x) will lie above log f(x). Thus, log-concave pdfs are ideally
suited to the rejection method with piece-wise exponential envelopes
(Lange, 1999, p.273). Table 2.5 gives some log-concave densities.

Table 2.5 Some log-concave densities

Distribution Kernel of f(x) ∇2 log f(x) Condition

Normal exp{− (x−μ)2

2σ2 } − 1
σ2 σ ∈ R+

Gamma xα−1e−βx −α−1
x2 α ≥ 1, β > 0

Beta xa−1(1 − x)b−1 −α−1
x2 − β−1

(1−x)2 α ≥ 1, β ≥ 1

Logistic e−
x−μ

σ /(1+e−
x−μ

σ )2 −2
σ2 e

− x−μ
σ /(1+e−

x−μ
σ )2 σ ∈ R+

Gumbel e−
x−μ

σ exp(−e−x−μ
σ ) − 1

σ2 e
−x−μ

σ σ ∈ R+

Weibull xα−1e−βxα −(α−1)[ 1
x2 +βαxα−2] α ≥ 1, β > 0

A strictly log-concave pdf f(x) defined on an interval is unimodal.
The model x̃ of f(x) may occur at either endpoint or on the interior
of the interval. In the former case, we suggest using a truncated
exponential envelope (see Example 2.15 and Figure 2.4). In the
latter case, we suggest using two truncated exponential envelopes
oriented in opposite directions from the mode x̃ (see Figure 2.3).

Example 2.15 (Generation of truncated uni-normal). Suppose we
want to draw random samples from X ∼ TN(μ, σ2; a,∞). The pdf
of X is

f(x) ∝ exp
{
− (x− μ)2

2σ2

}
I(x>a).

When a < μ, we continuously generate i.i.d. samples from N(μ, σ2)
until a sample satisfying X > a occurs. In the worst case, the
efficiency of this method is 50%.
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Figure 2.4 A truncated exponential envelope for the truncated normal
distribution TN(0, 1; 1,+∞).

When a > μ, especially when a � μ, the above strategy is
very inefficient. Without loss of generality, let μ = 0 and σ = 1.
We consider a truncated exponential envelope family with density
be−b(x−a)I(x>a) indexed by b (Robert, 1995). From (2.61), it is easy
to obtain

cb = max
x>a

f(x)
be−b(x−a)

=

{
(bc)−1 exp(0.5b2 − ba), if b > a,

(bc)−1 exp(−0.5b2), if b ≤ a,

where c =
√

2π(1 − Φ(a)). The first bound is minimized at

b∗ = (a+
√
a2 + 4 )/2,

whereas b̂ = a minimizes the second bound. The optimal choice of b
is therefore b∗. ‖

2.2.3 The sampling/importance resampling method

Finding a good or optimal envelope constant c is a vital step for the
use of rejection methods. In general, this is not an easy task, espe-
cially, for high-dimensional cases. Another criticism on the rejection
method is that it generates ‘useless’ samples when rejecting. As a
non-iterative sampling procedure, the sampling/importance resam-
pling (SIR) method proposed by Rubin (1987b, 1988) can bypass the
two problems.
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(a) The SIR without replacement

The SIR method generates an approximate i.i.d. sample of size m
from the target density f(x), x ∈ SX ⊆ R

d. It consists of two steps:
a sampling step and an importance resampling step. Specifically, it
starts by simulating J i.i.d. samples {X(j)}Jj=1 from an importance
sampling density or proposal density g(x) with the same support
SX and constructing weights

w(X(j)) =
f(X(j))
g(X(j))

(2.62)

and probabilities

ωj =
w(X(j))∑J
j′=1 w(X(j′))

, j = 1, . . . , J. (2.63)

Then, a second sample of size m (m ≤ J) is drawn from the discrete
distribution on {X(j)} with probabilities {ωj}. Figure 2.5(a) depicts
the relationship between f and g. We summerize it as follows.

The sir without replacement:

Step 1. Generate X(1), . . . ,X(J) iid∼ g(·);
Step 2. Select a subset {X(ki)}mi=1 from {X(j)}Jj=1 via resampling

without replacement from the discrete distribution on
{X(j)} with probabilities {ωj}.

As expected, the output of the SIR algorithm is good if g is
close to f or if J/m is large. A good choice of J should depend on
how close g to f . If g = f , we can set J = m. The poorer is g
as an approximation of f , the larger is J compared to m. Rubin
(1988) showed that the SIR algorithm is exact when J/m → ∞. In
practice, Rubin (1987b) suggested J/m = 20 and Smith & Gelfand
(1992) recommended J/m ≥ 10 in their examples.

Example 2.16 (Simulation from a density defined in the unit in-
terval). Let r be a known positive integer and X ∼ f(x), where

f(x) =
π sinr(πx)
B(1

2 ,
r+1
2 )

, 0 < x < 1. (2.64)

For example, when r = 6, we consider a skew beta density, say
Beta(x|2, 4), as the importance sampling density g(x), see Figure
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2.5(a). Thus, the importance weight w(x) = f(x)/Beta(x|2, 4). We
run the SIR algorithm by setting J = 200, 000 and m = 20, 000.
Figure 2.5(b) shows that the histogram entirely recovers the target
density function f(x).
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Figure 2.5 The SIR method. (a) The target density f(x) is defined by
(2.64) with r = 6 and the importance sampling density g(x) = Beta(x|2, 4);
(b) The histogram of f(x) is obtained by using the SIR method with J =
200, 000 and m = 20, 000. ‖

An important feature of the SIR method is that it is non-iterative
(Rubin, 1988, p.396). Another advantage is its simplicity. In addi-
tion, the SIR method allows f to be known only up to a normalizing
constant since the weights {ωj} do not alter. The SIR method can be
easily understood and used as a general tool for full Bayesian analy-
sis (Albert, 1993). Besides Bayesian computation, the SIR method
has been successfully applied in many statistical problems, including
weighted likelihood bootstrap (Newton & Raftery, 1994), population
dynamics model (Raftery et al., 1995), stock assessment (McAllister
et al., 1994; McAllister & Ianelli, 1997). Givens & Raftery (1996)
considered adaptive versions of the SIR. Skare et al. (2003) proposed
an improved SIR algorithm.

(b) Theoretical justification

To verify that the SIR method generates samples having approximate
density f , let X∗ denote a draw from the discrete distribution over
{X(j)} placing mass ωj on X(j). The cdf of X∗ is

Pr(X∗ ≤ x∗) =
J∑
j=1

ωjI(X(j)≤x∗) =

∑J
j=1 w(X(j))I(X(j)≤x∗)∑J

j=1 w(X(j))
.
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When J → ∞, a large quantity of X(j) are available with frequencies
according to g and sums become integrals weighted by g, i.e.,

Pr(X∗ ≤ x∗) →
∫

w(x)I(x≤x∗)g(x) dx∫
w(x)g(x) dx

=
∫ x∗

−∞
f(x) dx,

which is the cdf associated with the density f .

(c) Determination of J and m for the SIR with replacement

If g is a poor approximation to f , resampling with replacement is
preferable (Rubin, 1988). Li (2007) stated the SIR algorithm with
replacement as follows.

The sir with replacement:

Step 1. Generate X(1), . . . ,X(J) iid∼ g(·);
Step 2. Draw m values {Y (i)}mi=1 from {X(j)}Jj=1 in such a way

that E(qj |X(1), . . . ,X(J)) = mωj, where qj is the number
of copies of X(j) in {Y (i)}mi=1.

Li (2007) called {X(j)}Jj=1 a pool of inputs, {Y (i)}mi=1 a resample, J
the pool size, m the resample size, and w(X) defined in (2.62) the
importance weight/ratio of X. Smith & Gelfand (1992) used simple
weighted random sampling with replacement in Step 2 and called
their method the weighted bootstrap.

A difficulty with the SIR is the determination of J . A theoret-
ical determination of J requires a concrete objective function. Lee
(1997) suggested using J to control the mean squared error of the
probability estimate. McAllister & Ianelli (1997) required that the
maximum w(X) be less than 0.04 of the total importance weight. As
some inputs may be selected more than once in the unequal probabil-
ity sampling step, we encounter a duplication problem. Many copies
of a value in the output will lead to significant underestimation of
standard error in the subsequent analysis when the outputs are used
as if they are i.i.d.. For this reason, Li (2004) proposed using J to
keep the maximum number of duplicates in the output at a tolerably
low level. Li (2007) gave a general relation between J and m and
showed that

• J = O(m) iff the importance weight w(X) is bounded above.

• If the importance weight w(X) has a moment generating func-
tion, the suggested J is of order O(m log(m)).
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• J may need to be as large as O(mr/(r−1)) if the importance
weight w(X) has finite r-th moment for an r > 1.

2.2.4 The stochastic representation method

(a) The ‘ d=’ operator

Let X and {Yj}nj=1 be r.v.’s and g a function. If X and g(Y1, . . . , Yn)
have the same distribution, denoted by

X
d= g(Y1, . . . , Yn), (2.65)

we say (2.65) is a one-to-many stochastic representation (SR) of X.
The operator ‘ d=’ has the following basic properties.

• If the cdf X is symmetric about the origin, i.e., F (x) = 1 −
F (−x) for every x ∈ X , then X d= −X.

• Let X and Y be two r.v.’s, then X|Y d= X iff X and Y are
independent.

• The fact X = Y implies X d= Y , but the inverse is not true.

For instance, if X ∼ N(0, 1), then X d= −X, but X �= −X in general.
Another example is U d= 1 − U , where U ∼ U [0, 1].

(b) One-to-many SR for uni-variate

The one-to-many SR (2.65) implies that there is a simple approach
to generate the r.v. X provided that the distributions of {Yj}nj=1 are
easy to generate. SR methods are sometimes called transformation
methods. In fact, the inversion method in §2.2.1 can be viewed as a
special case of the SR methods. For example, let U ∼ U(0, 1), then

X
d= − logU/β ∼ Exponential(β).

Another example is on gamma variate. Let {Yj} iid∼ Exponential(β),
then

X
d= Y1 + · · · + Yn ∼ Gamma(n, β).

Other examples include: beta distribution can be generated via in-
dependent gamma distributions; inverse gamma via gamma; chi-
squared and log-normal via normal; Student’s t- and F -distribution
via normal and chi-squared (cf. Appendix A.2).
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(c) Many-to-one SR for uni-variate

Let X have a difficult-sampling density fX(x), but Y have an easy-
sampling density fY (y), and they have the following relationship

G(X) d= Y.

When G is a one-to-one map, X can then be generated via X
d=

G−1(Y ). However, there are important examples in which the map G
is many-to-one so that the inverse is not uniquely defined. Without
loss of generality, we assume that G(X) = Y has two solutions Xi =
hi(Y ), i = 1, 2. Hence, G(X) has density

fY (y) =
2∑
i=1

fX(hi(y))|∇hi(y)|.

Michael et al. (1976) suggested the following algorithm: given an r.v.
Y with density fY , we can obtain an r.v. X with density fX by
choosing X = h1(Y ) with probability

fX(h1(Y ))|∇h1(Y )|
fY (Y )

=
{

1 +
fX(X2)
fX(X1)

∣∣∣∣∇G(X1)
∇G(X2)

∣∣∣∣
}−1

and choosingX = h2(Y ) otherwise. This method can be summarized
as follows.

Many-to-one transformation method:

Step 1. Draw U ∼ U(0, 1) and independently draw Y ∼ fY (·);
Step 2. Set X1 = h1(Y ) and X2 = h2(Y );

Step 3. If U ≤
{
1+ fX(X2)

fX(X1)

∣∣∣∇G(X1)
∇G(X2)

∣∣∣
}−1

, return X = X1, else return
X = X2.

Example 2.17 (Generation of inverse Gaussian distribution). Let
X ∼ IGaussian(μ, λ), see Appendix A.2.13, then (Shuster, 1968)

G(X) =̂
λ(X − μ)2

μ2X
∼ χ2(1).

Note that G(X) = Y has tow solutions

X1 = μ+
μ2Y

2λ
− μ

2λ

√
4μλY + μ2Y 2, X2 =

μ2

X1
.
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One can verify that

fX(X2)
fX(X1)

=
(
X1

μ

)3

and
∇G(X1)
∇G(X2)

= −
(
μ

X1

)2

.

Thus, X1 is chosen with probability μ/(μ+X1). The corresponding
S-plus code for generating X is given in Appendix A.2.13. ‖

(d) SR for multivariate

Suppose we want to simulate a random vector X = (X1, . . . ,Xd)�,
but it meets complexity of the computation or difficulty of theoretic
aspect. If we can find an SR of X as follows:

Xi
d= gi(Y1, . . . , Yn), i = 1, . . . , d,

where {Yj}nj=1 are independent and are easily generated by a routine
approach, then, this SR can be used to generate X. For example,
Dirichlet distribution can be generated via independent gamma dis-
tributions; multinormal via uni-normal, multivariate t-distribution
via multinormal and chi-squared; Wishart via multinormal (cf. Ap-
pendix A.2).

Example 2.18 (Uniform distribution in d-dimensional ball). Let
X = (X1, . . . ,Xd)� ∼ U(Bd(r)), where Bd(r) is the d-dimensional
ball with radius r defined by

Bd(r) = {(x1, . . . , xd)� : x2
1 + · · · + x2

d ≤ r2}. (2.66)

It can be verified that X has the following SR (see, Problem 2.12)

X1
d= rY1 cos(πY2),

X2
d= rY1 sin(πY2) cos(πY3),
...

Xd−2
d= rY1 sin(πY2) · · · sin(πYd−2) cos(πYd−1),

Xd−1
d= rY1 sin(πY2) · · · sin(πYd−1) cos(2πYd),

Xd
d= rY1 sin(πY2) · · · sin(πYd−1) sin(2πYd),

where Y1, . . . , Yd are mutually independent, and Yi ∈ (0, 1) has pdf

fi(y) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dyd−1, when i = 1,

π sind−i(πy)

B( 1
2
, d−i+1

2
)
, when i = 2, . . . , d− 1,

1, when i = d.
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In Example 2.16, we apply the SIR method to draw samples from
fi(y). ‖

(e) Mixture representation

Sometimes, it is quite difficult if we directly generate a random vec-
tor X ∼ fX(x), but the augmented vector (X,Z) ∼ f(X,Z)(x, z) is
relatively easy to generate. In this situation, we may first gener-
ate the augmented vector and then pick up the desired components
(Bulter, 1958). Statistically, we can represent fX as the marginal
distribution of f(X,Z) in the form

fX(x) =
∫
Z
f(X,Z)(x, z) dz. (2.67)

Alternatively, we can re-write (2.67) in mixture form

fX(x) =
∫
Z
f(X|Z)(x|z)fZ(z)dz, or fX(x) =

∑
k∈Z

pkfk(x),

depending on if Z is continuous or discrete (cf. Appendix A.3).

Example 2.19 (Standard normal distribution). Let X ∼ N(0, 1).
Since the inverse of cdf for X does not have an explicit expression,
the inversion method is not a good strategy to simulate X. A well-
known approach for generating X is (Box & Muller, 1958):

X
d=
√

−2 logU1 cos(2πU2), (2.68)

Z
d=
√

−2 logU1 sin(2πU2),

where U1, U2
iid∼ U(0, 1), and X,Z

iid∼ N(0, 1). Essentially, this ap-
proach is first to augment X with an independent standard Gaussian
r.v. Z, and then to generate the joint distribution (X,Z) ∼ N2(00, I2)
via the SR (2.68). ‖
Example 2.20 (From mixture representation to SR). Suppose that
we want to generate a positive r.v. X with density given by

fX(x) =
∫ ∞

x
z−1fZ(z) dz, x > 0. (2.69)

This mixture can be represented equivalently by

Z ∼ fZ(z), z > 0, and X|(Z = z) ∼ U(0, z).
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Hence, X
Z |(Z = z) ∼ U(0, 1), not depending on z, so that X

Z
d=

U ∼ U(0, 1). Therefore,
X

d= UZ (2.70)

and U and Z are mutually independent. In addition, if ∇fX(·) exists
and fX(∞) → 0, then

fX(x) = −
∫ ∞

x
∇fX(z) dz. (2.71)

By comparing (2.69) with (2.71), we obtain

fZ(z) = −z∇fX(z). (2.72)

This is the well-known Khintchine’s (1938) theorem.
The SR (2.70) provides a very simple way to simulate X. For

instance, if Z ∼ Gamma(a, 1), then X follows gamma-integral
distribution (Devroye, 1986, p.191). If X ∼ Exponential(β), from
(2.72), then Z must be Gamma(2, β). ‖
Example 2.21 (Multivariate t-distribution). If Z ∼ Gamma(ν2 ,

ν
2 )

and X|(Z = z) ∼ Nd(μ, z−1Σ), then X ∼ td(μ,Σ, ν). Hence,
√
Z(X − μ)|(Z = z) ∼ Nd(00,Σ),

not depending on z, so that
√
Z(X−μ) d= W ∼ Nd(00,Σ). Therefore,

we have the following SR:

X
d= μ+

W√
Z

d= μ+
Nd(00,Σ)√
χ2(ν)/ν

,

where W and Z are mutually independent. ‖

2.2.5 The conditional sampling method

The conditional sampling method due to the prominent Rosen-
blatt transformation is particularly available when the joint distri-
bution of a d-vector is very difficult to generate but one marginal
distribution and d − 1 univariate conditional distributions are easy
to simulate.

Let X = (X1, . . . ,Xd)� and its density f(x) can be factorized as

f(x) =

{
d−1∏
k=1

fk(xk|xk+1, xk+2, . . . , xd)

}
× fd(xd). (2.73)

© 2010 by Taylor and Francis Group, LLC



2.2.5 THE CONDITIONAL SAMPLING METHOD 71

To generate X from f(x), we only need to generate xd from the
marginal density fd(xd), then to generate xk sequentially from the
conditional density fk(xk|xk+1, xk+2, . . . , xd).

Rosenblatt (1952) further suggested that the above steps can be
accomplished by using the inversion method. Let Fd(xd) be the
cdf of Xd, and Fk(xk|xk+1, . . . , xd) the conditional cdf of Xk given
Xk+1 = xk+1, . . . ,Xd = xd, we have

Xd
d= F−1

d (Ud), (2.74)

(Xk|Xk+1, . . . ,Xd)
d= F−1

k (Uk|Xk+1, . . . ,Xd),

for k = d − 1, . . . , 1, where U1, . . . , Ud
iid∼ U(0, 1). Note that the

decomposition of (2.73) is not unique. In fact, there are d! different
representations. A better representation will result in a more efficient
sampling scheme. As an illustration, consider the following example.

Example 2.22 (Dirichlet distribution). Let bivariate random vec-
tor X = (X1,X2)�∼ Dirichlet(2, 1; 1), its pdf is

f(x1, x2) =

{
6x1, if x1, x2 ≥ 0, x1 + x2 ≤ 1,

0, otherwise.

First, we factorize f(x1, x2) into f2(x2)f1(x1|x2). It is easy to show
that X2 ∼ Beta(1, 3) and X1

1−X2
|X2 ∼ Beta(2, 1). Therefore the cor-

responding cdfs are given by

F2(x2) = 1 − (1 − x2)3, 0 ≤ x2 ≤ 1,
F1(x1|x2) = (1 − x2)−2x2

1, 0 ≤ x1 ≤ 1 − x2.

By (2.74), it follows that

X2
d= 1 − U

1/3
2 , X1

d= U
1/3
2 U

1/2
1 . (2.75)

Second, we factorize f(x1, x2) into f1(x1)f2(x2|x1). Similarly,
X1 ∼ Beta(2, 2) and X2

1−X1
|X1 ∼ Beta(1, 1). Their cdfs are given by

F1(x1) = 3x2
1 − 2x3

1, 0 ≤ x1 ≤ 1,
F2(x2|x1) = (1 − x1)−1x2, 0 ≤ x2 ≤ 1 − x1,

respectively. Hence

3X2
1 − 2X3

1
d= U1, (1 −X1)−1X2

d= U2. (2.76)

Comparing (2.75) with (2.76), we know that (2.75) is more conve-
nient than (2.76) for generating X = (X1,X2)�. ‖
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Example 2.23 (Truncated bi-normal distribution). Let (X,Y )� ∼
TN2(μ,Σ; a, b), then the marginal density of X is given by (2.57)
and the conditional distribution of Y |(X = x) follows truncated uni-
normal distribution

TN(μ2 + ρσ2σ
−1
1 (x− μ1), σ2

2(1 − ρ2); a2, b2).

Thus, we first use the grid method presented in Example 2.13 to
simulate X, and then use the rejection method described in Example
2.15 to simulate Y for given X = x. ‖

2.2.6 The vertical density representation method

Troutt (1991, 1993) and Kotz & Troutt (1996) proposed a so-called
vertical density representation (VDR) method to generate a univari-
ate distribution. Kotz et al. (1997) studied systematically the multi-
variate VDR method.

LetX have a joint density f(x) and V = f(X) have a density g(·),
then the conditional distribution of X given V = v is the uniform
distribution, U(S(v)), over the set

S(v) = {x : x ∈ R
d, f(x) ≥ v}. (2.77)

Troutt (1991) showed that the density of V is given by

g(v) = −v∇A(v), (2.78)

where A(v) is the Lebesgue measure of the set S(v) and ∇A(v) de-
notes the derivative of A(v) whose existence is postulated. To gen-
erate X, we only need to generate V = v according to g and then
to generate X|(V = v) according to U(S(v)). Therefore, essentially,
the VDR method is a conditional sampling method, see Figure 2.6
for illustration. We summarize it as follows.

The vdr method:

Step 1. Generate V ∼ g(·);
Step 2. Generate X|(V = v) ∼ U(S(v)).

Example 2.24 (Spherical and multivariate t-distributions). Fang
et al. (1990, Ch.2) described several ways to define spherical distrib-
ution. Here we assume that X follows a spherical distribution with
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v

f(x)

S(v)={x: f(x)>v}

Figure 2.6 The VDR method.

density f(x) = h(x�x), x ∈ R
d, where h is strictly decreasing and

differentiable. Let h−1 denote the inverse function of h, then from
(2.77) we have

S(v) = {x : x ∈ R
d, x�x ≤ h−1(v)}.

Note that the Lebesgue measure of S(v) is the volume of the d-
dimensional ball with radius

√
h−1(v). From Problem 2.13, we have

A(v) =
2πd/2

Γ(d/2)d

(
h−1(v)

)d/2
.

By (2.78), the density of V = f(X) is given by

g(v) = − vπd/2

Γ(d/2)

(
h−1(v)

)d/2−1∇h−1(v).

Now, let X ∼ td(0, Id,m) (cf. Appendix A.3.6), the density of X
is

f(x) = c
(
1 +

x�x
m

)−m+d
2
, x ∈ R

d,

where c = Γ(m+d
2 )/{(mπ)d/2Γ(m2 )}. In this case, we have

h−1(v) = m
(( c
v

) 2
m+d − 1

)
, (2.79)

g(v) =
2(mπ)d/2

(m+ d)Γ(d/2)

( c
v

) 2
m+d
(( c
v

) 2
m+d − 1

) d
2
−1
.
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It is easy to verify the following SR,

V
d= cW

m+d
2 ,

where W ∼ Beta(m/2, d/2). Therefore, we have an alternative algo-
rithm for generating multivariate t-distribution as follows: (i) gen-
erate W = w according to Beta(m/2, d/2); (ii) calculate V = v =
cw

m+d
2 ; (iii) generate X according to the uniform distribution in the

d-dimensional ball with radius
√
h−1(v), where h−1(v) is given by

(2.79), see Example 2.18. ‖

Example 2.25 (�1-norm and Dirichlet distributions). Assume that
X has an �1-norm distribution with density f(x) = h(‖x‖1), where
x ∈ R

d
+, ‖x‖1 =

∑d
i=1 xi, and h(·) is a strictly decreasing and differ-

entiable function (Fang et al., 1990, Ch.5). Let

S(v) = {x : x ∈ R
d
+, ‖x‖1 ≤ h−1(v)}.

The Lebesgue measure of the S(v) equals its volume (see Problem
2.14), i.e., A(v) = (h−1(v))d/d!. Hence V = f(X) has a density

g(v) = − v

(d− 1)!

(
h−1(v)

)d−1∇h−1(v).

If (X1, . . . ,Xd)�∼ Dirichlet(1, . . . , 1; a), a > 0, the joint pdf is

f(x1, . . . , xd) = c

(
1 −

d∑
i=1

xi

)a−1

, c =
Γ(d+ a)

Γ(a)
.

Obviously, it is an �1-norm distribution. Now we have

h−1(v) = 1 −
(v
c

) 1
a−1

, (2.80)

g(v) =
1

(a− 1)(d − 1)!

(v
c

) 1
a−1
(
1 −
(v
c

) 1
a−1
)d−1

.

Therefore, we obtain V
d= cW a−1 and W ∼ Beta(a, d). The algo-

rithm for generating Dirichlet(1, . . . , 1; a) is as follows: (i) generate
W = w from Beta(a, d); (ii) set V = v = cwa−1; (iii) generate X
from the uniform distribution in the d-dimensional simplex S(v) with
h−1(v) given by (2.80). ‖
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2.3 Numerical Integration

In this section, we introduce four basic tools for evaluating integrals
often encountered in Bayesian inferences.a Tay The Laplace approxi-
mation is an analytic approach to approximate integral based on the
Taylor expansion around the mode of the log-integrand. Thus algo-
rithms for finding mode of a unimodal function presented in §2.1 will
be helpful here. Riemannian simulation, importance sampling and
entropy approximations are three simulation-based approaches to
approximate integral based on i.i.d. samples from the target den-
sity or the proposal density. The previous section has illustrated a
number of methods for the generation of r.v.’s with any given dis-
tribution and, hence, provides a basis for the three simulation-based
approaches.

2.3.1 Laplace approximations

Suppose that we are interested in evaluating the integral

I(f) =
∫
X
f(x) dx,

where the f is nonnegative and integrable (Robert & Casella, 1999).
Let n be the sample size or a parameter which can go to infinity. We
define h(x) =̂ 1

n log f(x) that has a mode denoted by x̃. A third-order
Taylor expansion of h(x) around its mode x̃ gives

h(x) = h(x̃) + (x− x̃)∇h(x̃) +
(x− x̃)2

2!
∇2h(x̃)

+
(x− x̃)3

3!
∇3h(x̃) +Rn(x).

Note that

∇2h(x̃) = 0, lim
x→x̃

Rn(x)/(x − x̃)3 = 0,

and ey = 1 + y + y2/2! +R′
n, we have

I(f) .= enh(x̃)

∫
X
e0.5n(x−x̃)2∇2h(x̃)en

(x−x̃)3

3!
∇3h(x̃) dx

= enh(x̃)

∫
X
e0.5n(x−x̃)2∇2h(x̃)

[
1 +

n(x− x̃)3

6
∇3h(x̃)

+
n2(x− x̃)6

72
[∇3h(x̃)]2 +R′

n

]
dx.
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Therefore, the first- and second-order approximations of I(f) are

I1(f) = enh(x̃)

∫
X
e0.5n(x−x̃)2∇2h(x̃) dx, and

I2(f) = enh(x̃)

∫
X
e0.5n(x−x̃)2∇2h(x̃)

[
1 +

n(x− x̃)3

6
∇3h(x̃)

]
dx,

respectively. Tierney & Kadane (1986) further considered the exten-
sion to the case of vector.

We note that the integrand in the first-order approximation is
the kernel of a normal density with mean x̃ and variance σ2 =
−1/n∇2h(x̃). Let X = [a, b], then

∫ b

a
f(x) dx .= f(x̃)

√
2πσ
{

Φ
(b− x̃

σ

)
− Φ
(a− x̃

σ

)}
. (2.81)

Example 2.26 (1-order Laplace approximation to incomplete beta
integral). To illustrate the Laplace approximation, we consider eval-
uating the following incomplete beta integral

∫ b

a

xα−1(1 − x)β−1

B(α, β)
dx.

The mode of f(x) = Beta(x|α, β) is given by x̃ = α−1
α+β−2 and

σ = 1

/√
α− 1
x̃2

+
β − 1

(1 − x̃)2
.

Table 2.6 The first-order Laplace approximation to
incomplete beta integral for α = β = 3

Interval [a, b] Exact Approximation
[0.50, 0.55] 0.09312 0.09313
[0.45, 0.65] 0.35795 0.35837
[0.30, 0.70] 0.67384 0.67712
[0.20, 0.80] 0.88416 0.90457
[0.10, 0.90] 0.98288 1.04621

For α = β = 3, we obtain x̃ = 0.5 and σ = 0.25. In Table 2.6, we
see that the first-order Laplace approximation (2.81) works better in
the central interval of the density, but the accuracy is not very high
when the interval is enlarged. ‖
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2.3.2 Riemannian simulation

The Laplace method has at least two limitations. First, the integrand
f must be unimodal or nearly so. Second, although the 2- or 3-order
approximation provides better accuracy than the 1-order approxi-
mation, numerical computation of the associated Hessian matrices
will be prohibitively difficult anyway, especially, for x of moderate-
to high-dimension (e.g., greater than 10). For these reasons, practi-
tioners often turn to Monte Carlo methods.

(a) Classical Monte Carlo integration

Suppose we are interested in evaluating

μ = Ef{h(X)} =
∫
X
h(x)f(x) dx, (2.82)

where the support of the random vector X is denoted by X and
h(x) ≥ 0. If we can draw i.i.d. random samples X(1), . . . ,X(m)

from the density f , an approximation to μ can be obtained as the
empirical average

μ̄m =
1
m

m∑
i=1

h(X(i)). (2.83)

This estimator is often referred to as the Monte Carlo integration,1

following Metropolis & Ulam (1949). The strong law of large
numbers states that μ̄m converges almost surely (a.s.) to μ. Its
convergence rate can be assessed by the Central Limit Theorem:

μ̄m − μ

σ/
√
m

→ N(0, 1) in distribution,

or equivalently,

Pr{|μ̄m − μ| ≤ 1.96σm−1/2} = 0.95,

where

σ2 = Varf{h(X)}
=
∫
X

(h(x) − μ)2f(x) dx.

1Sometimes, this Monte Carlo integration is also called classical, crude,
standard, native, regular, or näıve Monte Carlo integration in order to dis-
tinguish it from Monte Carlo integrations via importance sampling presented
in §2.3.3.
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Hence, the theoretical rate of convergence2 is O(m−1/2), regard-
less of the dimensionality of x. Note that the variance of μ̄m can be
estimated by

V̂ar(μ̄m) =
σ̂2

m
=

1
m2

m∑
i=1

[h(X(i)) − μ̄m]2,

we say the speed of convergence of μ̄m is of order O(m−1).

(b) Motivation for Riemannian simulation

Although (2.83) is rather attractive for practical user because of
its simplicity, the speed of convergence is very low. The approach
of Riemannian simulation or simulation by Rieman sums
(Yakowitz et al., 1978; Philippe, 1997a, 1997b) shares the same sim-
plicity as the classical Monte Carlo integration, while speeding up the
convergence from O(m−1) to O(m−2) for the one-dimensional set-
ting. To motivate the approach, we first consider the one-dimensional
case of (2.82). Let X = [a, b] and a = a1 < · · · < am+1 = b, then
when m→ ∞, the Rieman sum

m∑
i=1

h(ai)f(ai)[ai+1 − ai] →
∫ b

a
h(x)f(x) dx.

By replacing the deterministic points {ai}m+1
i=1 by stochastic points

{X(i)}m+1
i=1 , the ordered statistics of i.i.d. samples X(1), . . . ,X(m+1)

from f(x), the approach of Riemannian simulation approximates the
integral (2.82) by

μ̂R =
m∑
i=1

h(X(i))f(X(i))[X(i+1) −X(i)]. (2.84)

We call μ̂R the Riemannian sum estimator of μ. When f is
known only up to a normalizing constant, that is, f(x) = c−1f∗(x)

2The theoretical rate of convergence of the Monte Carlo integration is
O(m−1/2) in the sense of probability and not the usual sense of absolute error.
The law of the iterated logarithm shows that with probability one,

lim
m→∞

sup

√
m

2 log(log m)
|μ̄m − μ| = σ2.

Therefore, the theoretical rate of convergence of the Monte Carlo integration is
in no case worse than O(

√
log(log m)/m ).
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with c being unknown, (2.84) can be replaced by∑m
i=1 h(X(i))f∗(X(i))[X(i+1) −X(i)]∑m

i=1 f
∗(X(i))[X(i+1) −X(i)]

.

(c) Variance of the Riemannian sum estimator

Let F denote the cdf of r.v. X ∼ f(x) and F−1 the inverse function
of F . The integral (2.82) can be rewritten as

μ =
∫
h(x)dF (x) =

∫ 1

0
H(u) du,

where H(u) = h(F−1(u)). Further, let U(1), . . . , U(m+1) be an or-
dered sample from U [0, 1], then we have

X(i+1) −X(i) = F−1(U(i+1)) − F−1(U(i))

= (U(i+1) − U(i))∇F−1(U(i)) + Remainder.

As the remainder is negligible and ∇F−1(x) = 1/f(F−1(x)), from
(2.84), we obtain

μ̂R =
m∑
i=1

h(F−1(U(i)))f(F−1(U(i)))[X(i+1) −X(i)]

.=
m∑
i=1

H(U(i))[U(i+1) − U(i)]

= δ(U) −H(0)U(1) −H(U(m+1))[1 − U(m+1)],

where δ(U) is defined by (2.97). Problem 2.15 shows that

Var{δ(U)} = O(m−2).

Similarly, we can verify that (See Philippe, 1987a, b for more details)

Var{H(0)U(1)} = O(m−2) and

Var{H(U(m+1))[1 − U(m+1)]} = O(m−2)

so that Var{μ̂R} = O(m−2).

When compared with the classical Monte Carlo estimator μ̄m,
the Riemannian sum estimator μ̂R improves the approximation by
reducing the variance from O(m−1) to O(m−2). Unfortunately, this
improvement fails to extend to the case of multidimensional integrals
due to the ‘curse of dimensionality’.
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Example 2.27 (Comparison of empirical average with Riemannian
sum estimator). Let X ∼ Beta(a, b) with a = 3, b = 7 and

h(x) = x2 + log(x+ 1)

1000 2000 3000 4000
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Figure 2.7 Comparison between the convergence of the empirical average
μ̄m (solid line) and the Riemannian sum estimator μ̂R (dotted line) for
a = 3 and b = 7. The final values are 0.363785 and 0.366862, respectively,
for a true value of 0.366 (dashed line).

be the function of interest. We generate m = 4, 000 i.i.d. samples
X(1), . . . ,X(m) from Beta(a, b) and compare the empirical average
μ̄m defined by (2.83) with the Riemannian sum estimator given by

μ̂R =
m−1∑
i=1

h(X(i))
X2

(i)(1 −X(i))6

B(3, 7)
[X(i+1) −X(i)].

Figure 2.7 illustrates that μ̂R has much greater stability and faster
speed of convergence than μ̄m. ‖

2.3.3 The importance sampling method

The main reason for low efficiency associated with the classical
Monte Carlo integration is that it wastes a lot of effort in eval-
uating random samples located in regions where the function values
is almost zero. The importance sampling idea (Marshall, 1956)
suggests that one should focus on the regions of ‘importance’ so as
to save computational resources. The importance sampling method
has a close relationship with the SIR method in §2.2.3.

© 2010 by Taylor and Francis Group, LLC



2.3.3 THE IMPORTANCE SAMPLING METHOD 81

(a) The formulation of the importance sampling method

Suppose that we want to evaluate the integral (2.82), the procedure
can be summarized as follows.

The importance sampling method:

Step 1. Generate i.i.d. samples {X(i)}mi=1 from a proposal density3

g(·) with the same support of f(·);
Step 2. Construct importance weights

w(X(i)) = f(X(i))/g(X(i))

for i = 1, . . . ,m and approximate μ by

μ̃m =
1
m

m∑
i=1

w(X(i))h(X(i)). (2.85)

We call (2.85) the importance sampling estimator. It enjoys
good frequentist properties such as (Gamerman, 1997):

• It is an unbiased estimator, i.e., Eg(μ̃m) = μ;

• Var(μ̃m) = σ2/m with σ2 = Varg{w(X)h(X)};
• The strong law of large numbers states μ̃m → μ a.s.;

• The central limit theorem states
√
m(μ̃m − μ)/σ → N(0, 1) in

distribution.

By properly choosing g, one can reduce the variance of the esti-
mator μ̃m substantially. A good candidate for g is the one that is
close to the shape of h(x)f(x).

Example 2.28 (Comparison of classical Monte Carlo integration
with importance sampling estimator). Consider to evaluate the inte-
gral μ =

∫
X f(x) dx, where x = (x1, x2)�, X = [−1, 1]2 and

f(x) = e−90(x1−0.5)2−10(x2+0.1)4 .

3The proposal density g(·) has various names such as importance (sam-
pling) density, trial density, instrumental density, generating density,
etc.
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We first generate m = 6, 000 i.i.d. random samples {X(i)}mi=1 from
uniform distribution U(X ) and estimate μ by the empirical mean

μ̄m =
4
m

m∑
i=1

f(X(i)).

Then, we choose g(x) proportional to

e−90(x1−0.5)2−10(x2+0.1)2I(x∈X )

as a proposal density. In fact, g(x) is a product of two independent
truncated normal distributions (cf. Problem 1.1):

g(x) = TN

(
x1

∣∣∣∣0.5, 1
180

;−1, 1
)
· TN

(
x2

∣∣∣∣− 0.1,
1
20

;−1, 1
)
.

We also generate m = 6, 000 i.i.d. random samples {(X(i)}mi=1 from
g(x) and estimate μ by importance sampling estimator

μ̃m =
1
m

m∑
i=1

f(X(i))
g(X(i))

.

Figure 2.8 illustrates that μ̃m has much greater stability and faster
speed of convergence than μ̄m.

1000 2000 3000 4000 5000 6000

0.
16

0.
17

0.
18

0.
19

Figure 2.8 Comparison between the convergence of the empirical mean
μ̄m (solid line) and the importance sampling estimator μ̃m (dotted line).
The final values are 0.1739 and 0.1898, respectively, for a true value of
0.1906 (dashed line). ‖
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(b) The weighted estimator

A practical alternative to the importance sampling estimator μ̃m is
to use the weighted estimator

μ̂m =
m∑
i=1

ωih(X(i)), (2.86)

where

ωi =
w(X(i))∑m
j=1 w(X(j))

=
f(X(i))/g(X(i))∑m
j=1 f(X(j))/g(X(j))

.

A major advantage of using μ̂m instead of the unbiased estimator
μ̃m is that we need only to know the weight function w(x) =
f(x)/g(x), i.e., both f and g could be known up to constants. The
weighted estimator μ̂m is only asymptotically unbiased (cf. Eq.
(2.87)) but it often has a smaller mean squared error (MSE) than
the unbiased estimator μ̃m (Casella & Robert, 1998).

To verify above facts, let Y = w(X)h(X) and W = w(X), and
let Ȳ and W̄ be the corresponding sample means. We rewrite μ̂m as

μ̂m =
μ̃m
W̄

= μ̃m[1 − (W̄ − 1) + (W̄ − 1)2 − · · ·].

Hence, we obtain (Liu, 2001, p.35-36)

Eg(μ̂m) .= μ− Covg(W,Y )
m

+
μVarg(W )

m
, (2.87)

Varg(μ̂m) .=
1
m

[
μ2Varg(W ) − 2μCovg(W,Y ) + Varg(Y )

]
.

Note that the MSE of μ̃m is

MSE(μ̃m) = Eg(μ̃m − μ)2 = Varg(Y )/m,

so that we have

MSE(μ̂m) = Varg(μ̂m) + [Eg(μ̂m) − μ]2

= MSE(μ̃m) +
1
m

[
μ2Varg(W ) − 2μCovg(W,Y )

]

+ O(m−2).

Without loss of generality, we assume that μ > 0, then MSE(μ̂m) <
MSE(μ̃m) when μ < 2Covg(W,Y )/Varg(W ).
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2.3.4 The cross-entropy method

A major drawback for the importance sampling method is that
the optimal proposal density (or the optimal reference parame-
ter in the family of proposal densities) is usually very difficult to ob-
tain. Deriving the name from cross-entropy distance (or Kullback-
Leibler divergence), the CE method is a valuable tool for Monte
Carlo integration. The method was motivated by an adaptive al-
gorithm for estimating probabilities of rare event in complex sto-
chastic networks (Rubinstein, 1997), which involves variance mini-
mization. The advantage of the CE method is that it provides a
simple and fast adaptive procedure for estimating the optimal ref-
erence parameters. Moreover, under mild regularity conditions, the
CE method terminates with probability 1 in a finite number of itera-
tions and delivers a consistent and asymptotically normal estimator
for the optimal reference parameters.

(a) Efficiency of classical Monte Carlo estimator

Consider estimation of the tail probability

p = Pr(X > γ) =
∫
I(x>γ)f(x) dx

for a large number γ, where the random variable X has pdf f(x). If
p is very small, we call {X > γ} the rare event, and p the rare-
event probability. Let X(1), . . . ,X(m) be a random sample from
the pdf of X, then the classical Monte Carlo estimator of p is given
by

p̂ =
1
m

m∑
i=1

I(X(i)>γ)

If we define a new r.v. Y = I(X>γ), then E(Y ) = E(Y 2) = p and
Var(Y ) = p(1 − p). Obviously, E(p̂) = p and Var(p̂) = p(1 − p)/m.
The coefficient of variation (CV) of p̂ defined by

CV(p̂) =

√
Var(p̂)
E(p̂)

=
√

1 − p

mp

is often used in the simulation literature as an accuracy measure
for the estimator p̂ (Rubinstein & Kroese, 2004, p.9). When p is
very small, we have CV(p̂) .= 1/

√
mp. As an illustration, suppose

p = 10−6 and CV(p̂) = 0.01, then the sample size N .= 1010, im-
plying that estimating small probabilities via classical Monte Carlo
simulation is computationally prohibitive.
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(b) Basic idea of the CE algorithm for rare-event simulation

Let X be a d-dimensional random vector taking values in some space
X and f(x; θ0) be the pdf of X, where θ0 ∈ Θ is a given parameter
vector. Let T (·) be some real function on X and we are interested
in the calculation of

q = Prθ0{T (X) > γ} = Eθ0 [I{T (X)>γ}] =
∫
I{T (x)>γ}f(x; θ0) dx.

Since the classical Monte Carlo method is not applicable for rare-
event simulations, we consider importance sampling method pre-
sented in §2.3.3. We first generate i.i.d. samples {X(i)

g }mi=1 from
a proposal density g(·) and then estimate q using the importance
sampling estimator

q̂ =
1
m

m∑
i=1

I{T (X
(i)
g )>γ}

f(X(i)
g ; θ0)

g(X(i)
g )

.

The best choice of g that minimizes the variance of the estimator q̂
is (Geweke, 1989; Robert & Casella, 1999, p.84)

g∗(x) =
I{T (x)>γ}f(x; θ0)

q
. (2.88)

Note that g∗ depends on the unknown quantity q. Moreover, it is
often convenient to select a g in the family of pdfs {f(x; θ) : θ ∈ Θ}.
The idea now is to choose an optimal reference parameter θopt

such that the ‘distance’ between the g∗ and f(x; θopt) is minimal.
Considering the Kullback-Leibler divergence as the measure of the
‘distance’ (cf. §1.6.2), we obtain

θopt = arg min
θ∈Θ

KL(g∗, f(x; θ))

= arg max
θ∈Θ

∫
g∗(x) log f(x; θ) dx

(2.88)
= arg max

θ∈Θ
Eθ0 [I{T (X)>γ} log f(X; θ)]

= arg max
θ∈Θ

Eθ′ [I{T (X)>γ}R(X; θ0, θ′) log f(X; θ)], (2.89)

for any reference parameter θ′, where R(x; θ0, θ′) = f(x; θ0)/f(x; θ′)
is the likelihood ratio at x between f(·; θ0) and f(·; θ′). Note that θ0
is a known constant, we define two new functions

Qγ,x(θ|θ′) = I{T (x)>γ}R(x; θ0, θ′) log f(x; θ),

Qγ(θ|θ′) = Eθ′ [Qγ,X(θ|θ′)].
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Therefore, (2.89) can be rewritten as

θopt = arg max
θ∈Θ

Qγ(θ|θ′), (2.90)

.= arg max
θ∈Θ

1
m

m∑
i=1

Qγ,X(i)(θ|θ′),

where {X(i)}mi=1
iid∼ f(x; θ′). In other words, θopt can be obtained by

solving (with respect to θ) the following system of equations

m∑
i=1

∇10Qγ,X(i)(θ|θ′) = 0. (2.91)

The advantage of this approach is that the solution to (2.91) can
often be calculated analytically, at least for the case that f belongs
to the exponential family.

(c) The CE algorithm

The idea of the CE algorithm is to construct a sequence of levels
{γ(t), t ≥ 1} and a sequence of reference parameters {θ(t), t ≥ 0}
and iterate in both γ(t) and θ(t). Specifically, by selecting a not very
small δ (say δ = 0.01) and by setting θ(0) = θ0, we let γ(1) (< γ) be
the level such that the probability

q(1) = Eθ(0)
[
I{T (X)>γ(1)}

]
=
∫
I{T (x)>γ(1)}f(x; θ(0)) dx

is at least δ. Then we let θ(1) be the optimal CE reference parameter
for estimating q(1), and repeat the two steps iteratively with the goal
of estimating the pair (q, θopt). Each iteration of the CE algorithm
consists of a quantile step (or Q-step) and a maximization step (or
M-step)4.

• Q-step: estimate the quantile γ(t) by (2.92). Given θ(t−1), let
γ(t) be a (1 − δ)-quantile of T (X) in the sense that

Prθ(t−1){T (X) > γ(t)} ≥ δ, Prθ(t−1){T (X) ≤ γ(t)} ≥ 1 − δ,

where X ∼ f(·; θ(t−1)). An estimator γ̂(t) of γ(t) can be ob-
tained as

γ̂(t) = T(
(1−δ)m�), (2.92)

4One alternative name to the CE algorithm is maybe the QM algorithm,
mimicking the acronym of the EM/MM algorithm.
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where �x� denotes the smallest integer larger than x, T(1) ≤
· · · ≤ T(m) represent the order statistics of {T (X(i))}mi=1, and

X(1), . . . ,X(m) iid∼ f(·; θ(t−1)). (2.93)

• M-step: update θ(t). Given γ(t) and θ(t−1), using (2.90), we find

θ(t) = arg max
θ∈Θ

Qγ(t)(θ|θ(t−1)).

Based on γ̂(t) and θ̂(t−1), using the same samples specified by
(2.93), we estimate θ(t) with θ̂(t), which can be obtained by
solving (with respect to θ) the following system of equations:

m∑
i=1

∇10Qγ̂(t),X(i)(θ|θ̂(t−1)) = 0. (2.94)

The two-step process is repeated until γ̂(t) = γ. The corresponding
θ̂(t) = θopt. Finally, let {X(i)}Mi=1

iid∼ f(x; θopt), we estimate the rare-
event probability q by

q̂ =
1
M

M∑
i=1

I{T (X(i))>γ}R(X(i); θ0, θopt). (2.95)

Example 2.29 (A rare-event simulation associated with exponen-
tial distributions). Consider the weighted graph of Figure 2.9 with
random weights X1, . . . ,X5. Let {Xj}5

j=1 are independent and ex-
ponentially distributed with means θ10, . . . , θ50, respectively. Let

θ0 = (θ10, . . . , θ50)� = (0.25, 0.4, 0.1, 0.3, 0.2)�,

the joint pdf of X = (X1, . . . ,X5)� is

f(x; θ0) =
( 5∏
j=1

θ−1
j0

)
exp
(
−

5∑
j=1

xj
θj0

)
.

Let

T (X) = min{X1 +X4,X2 +X5,X1 +X3 +X5,X2 +X3 +X4}
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denote the length of the shortest path from node A to node B. We
wish to estimate q = Prθ0{T (X) > γ} with γ = 2. Note that the
likelihood ratio is given by

R(x; θ0, θ′) =
f(x; θ0)
f(x; θ′)

=
( 5∏
j=1

θ′j
θj0

)
exp

⎛
⎝−

5∑
j=1

xj

(
1
θj0

− 1
θ′j

)⎞
⎠ .

It is easy to obtain

∂ log f(x; θ)
∂θj

= xjθ
−2
j − θ−1

j

so that the j-th equation of (2.91) becomes

m∑
i=1

I{T (X(i))>γ}R(X(i); θ0, θ′)(X
(i)
j θ−2

j − θ−1
j ) = 0, 1 ≤ j ≤ 5.

Therefore, the j-th component of θopt is

θj =

∑m
i=1 I{T (X(i))>γ}R(X(i); θ0, θ′)X

(i)
j∑m

i=1 I{T (X(i))>γ}R(X(i); θ0, θ′)
.

A B

X1

X2

X3

X4

X5

Figure 2.9 Shortest path from node A to node B (Source: Rubinstein &
Kroese, 2004, p.31).

Rubinstein & Kroese (2004, p.33) reported the following results. The
classical Monte Carlo with 107 samples gave an estimate 1.65×10−5

with an estimated coefficient of variation (CV) of 0.165 and the
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CPU time is 630 seconds5. With 108 samples they got the estimate
1.30 × 10−5 with CV 0.03 and the CPU time is 6350 seconds. Table
2.7 displays the results of the CE algorithm, using m = 1000 and
δ = 0.1. This table was computed in less than half a second.

Table 2.7 Evolution of the sequence {(γ̂(t), θ̂(t))}
t γ̂(t) θ̂(t)

0 0.250 0.400 0.100 0.300 0.200
1 0.575 0.513 0.718 0.122 0.474 0.335
2 1.032 0.873 1.057 0.120 0.550 0.436
3 1.502 1.221 1.419 0.121 0.707 0.533
4 1.917 1.681 1.803 0.132 0.638 0.523
5 2.000 1.692 1.901 0.129 0.712 0.564

Source: Rubinstein & Kroese (2004, p.33).

Using the estimated optimal reference parameter vector θopt =
θ̂(5) = (1.692, 1.901, 0.129, 0.712, 0.564)�, the final step of (2.95) with
M = 105 gave an estimate of 1.34 × 10−5 with an estimated CV of
0.03 and the CPU time was only 3 seconds. ‖

Problems

2.1 Derivative of a vector. Let x and a be two n × 1 vectors, b
an m× 1 vector, A an m× n matrix, and B an n× n matrix.
Define

∂b�

∂x
=
(
∂b1
∂x

, . . . ,
∂bm
∂x

)
.

Show that

∂(a�x)
∂x

= a,

∂(Ax)
∂x�

= A,
∂(Ax)�

∂x
= A�,

∂(x�Bx)
∂x

= (B +B�)x,
∂2(x�Bx)
∂x∂x�

= B +B�.

5Rubinstein & Kroese implemented the calculation by using a Matlab on a
Pentium III 500 MHz processor
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2.2 The delta method. Let θ̂ − θ
.∼ Nd(00, C) and h(·) be a

differentiable function. Prove that

h(θ̂) − h(θ) .∼ N(0, (∇h(θ̂))�C∇h(θ̂)).

2.3 Truncated normal distribution (Johnson & Kotz, 1970).
Let X ∼ TN(μ, σ2; a, b) (cf. Problem 1.1), show that

E(X) = μ+ σ
φ(a−μσ ) − φ( b−μσ )

Φ( b−μσ ) − Φ(a−μσ )
,

Var(X) = σ2

[
1 +

a−μ
σ φ(a−μσ ) − b−μ

σ φ( b−μσ )

Φ( b−μσ ) − Φ(a−μσ )

]
− [EX − μ]2.

2.4 Prove that the function Q(θ|θ(t)) defined in (2.39) minorizes
�(θ|Yobs) at θ(t).

2.5 (Böhning & Lindsay, 1988) Let p = (p1, . . . , pn)� ∈ {p : pj ≥
0,
∑n

j=1 pj = 1}, then

diag(p) − pp�≤ 1
2

(
In − 1

n
11n11�n

)
.

2.6 Multinomial logistic regression (Böhning, 1992). Consider
baseline-category logit model for nominal responses. Let Y be
a categorical response with K categories and pk(x) = Pr{Y =
k|x} the response probability at a fixed vector xn×1 of covari-
ates so that

∑K
k=1 pk(x) = 1. A baseline-category logit model

often assumes log[pk(x)/pK(x)] = x�θk for k = 1, . . . ,K−1, or
equivalently,

pk(x) =
exp(x�θk)

1 +
∑K−1

h=1 exp(x�θh)
, k = 1, . . . ,K

where θK = 00 and θk = (θk1, . . . , θkn)� denote parameters
for the k-th category. Consider m independent observations
and let yi = (yi1, . . . , yiK)� denote the observation for sub-
ject i (i = 1, . . . ,m), where yik = 1 when the response is
in category k and yik = 0 otherwise so that

∑K
k=1 yik = 1.

Let xi = (xi1, . . . , xin)� denote covariates for subject i and
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θ = (θ�1, . . . , θ�K−1)
� the n(K − 1)-vector of parameters, then

the log-likelihood is

�(θ|Yobs) =
m∑
i=1

{K−1∑
k=1

yik(x�iθk)) − log
[
1 +

K−1∑
k=1

ex
�
iθk

]}
.

Prove that (a) the score vector is

∇�(θ|Yobs) =
m∑
i=1

{[
y

(−K)
i − p(−K)(xi)

]
⊗ xi

}
,

and the observed information −∇2�(θ|Yobs) is given by
m∑
i=1

{[
diag

(
p(−K)(xi)

)
−
(
p(−K)(xi)

)⊗2]⊗ xix
�
i

}
,

where y(−K)
i = (yi1, . . . , yi,K−1)� and

p(−K)(xi) = (p1(xi), . . . , pK−1(xi))�.

(b) −∇2�(θ|Yobs) ≤ 1
2(IK−1 − 1

K1111�) ⊗∑m
i=1 xix

�
i ≡ B and

B−1 = 2(IK−1 + 1111�) ⊗ (
∑m

i=1 xix
�
i )

−1. (c) Devise a QLB
algorithm to find the MLEs of θ.

2.7 Prove that the function Q(θ|θ(t)) defined in (2.49) minorizes
�(θ|Yobs) at θ(t). (Hint: Note that

x�(i)θ =
∑
j∈Ji

λij [λ−1
ij xij(θj − θ

(t)
j ) + x�(i)θ

(t)]

and using the concavity inequality, i.e., the reverse of inequality
e) in Problem 1.10.)

2.8 Let r = 1, show that (2.56) can be rewritten in matrix form as

θ(t+1) = θ(t) +X�(y − eXθ
(t)

)/Z�eXθ
(t)
,

where X = (xij) = (x(1), . . . , x(m))�, Y = (|xij |) = abs(X),
Z = diag(Y 11q)Y .

2.9 Let r.v. X have the following pdf

f(x) =
a

2 sinh(a)
sin(x) exp{a cos(x)},

where 0 < x < π, a > 0, sinh(a) = (ea − e−a)/2. Prove that

X
d= arccos

{
a−1 log

[
(1 − U)ea + Ue−a

]}
, U ∼ U(0, 1).
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2.10 Generation of truncated distribution. Let X ∼ F (·) and
Y ∼ G(·), where

G(y) = 0I(y<a) +
F (y) − F (a)
F (b) − F (a)

I(a≤y≤b) + 1I(y>b),

−∞ ≤ a < b ≤ +∞. Show that

Y
d= F−1(F (a) + U [F (b) − F (a)]), U ∼ U(0, 1).

2.11 Positively correlated bivariate beta distribution (Al-
bert & Gupta, 1983, 1985). A 2-dimensional random vector
(X1,X2)� is said to have a positively correlated bivariate
beta distribution, if the joint density is

∫ 1

0

za−1(1 − z)b−1

B(a, b)

2∏
i=1

xγiz−1
i (1 − xi)γi(1−z)−1

B(γiz, γi(1 − z))
dz.

Show how to use the mixture method to simulate (X1,X2)�.
(Hint: consider the augmented vector (X1,X2, Z)� with Z ∼
Beta(a, b) and Xi|(Z = z) ∼ Beta(γiz, γi(1 − z)) for i = 1, 2)

2.12 Verify the fact on the SR of X stated in Example 2.18.

2.13 Let Bd(r) denote the d-dimensional ball with radius r, see
(2.66). Verify that the volume of Bd(r) is 2πd/2rd/[Γ(d/2)d].

2.14 Let Vd(r) denote the d-dimensional �1-ball,

Vd(r) = {(x1, . . . , xd)� : xi ≥ 0, x1 + · · · + xd ≤ r}. (2.96)

Verify that the volume of Vd(r) is rd/d!.

2.15 (Yakowitz et al., 1978). Let U = (U(1), . . . , U(m+1)) be an or-
dered sample from U [0, 1]. If the derivative ∇H(x) is bounded
on [0, 1], the estimator

δ(U) =
m+1∑
i=0

H(U(i))(U(i+1) − U(i)) (2.97)

has a variance of order O(m−2), where U(0) =̂ 0 and U(m+2) =̂ 1.
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CHAPTER 3

Exact Solutions

Exact or closed-form solutions, if available, to statistical problems
are favored in statistical theory and practice for obvious reasons. For
example, its simplicity facilitates the communication of statistical
analysis to a wider audience and thus make the contribution of sta-
tistics visible. Unfortunately, it may not be possible to obtain exact
solutions in many practical statistical models. However, surprisingly
the IBF approach allows such solutions in a variety of non-trivial
statistical problems (Ng, 1997a; Tian, 2000; Tian & Tan, 2003). In
this chapter, we first demonstrate that the IBF can be used to derive
closed-form solutions to various Bayesian missing data problems in-
cluding sample surveys with non-response, misclassified multinomial
model, genetic linkage model, Weibull process with missing data, pre-
diction problem, bivariate normal model, the 2×2 crossover trial with
missing data and hierarchical models. We will show how to derive
the explicit posterior density of the parameter of interest given the
observed data. With this, subsequent statistical inference is straight-
forward. Then we extend the IBF in product measurable space (PMS)
to non-product measurable space (NPMS) and focus on their appli-
cations in obtaining exact solutions in multivariate distributions.

3.1 Sample Surveys with Non-response

Suppose that a mail survey is conducted to determine the attitudes
of individuals in a certain population towards a particular proposal
(Tian et al., 2003). Let n denote the sample size of the questionnaire.
Assume that n1 individuals respond but n2 = n−n1 do not. Of these
n1 respondents, there are yi individuals whose answers are classified
into category Ai, i = 1, . . . , k. Denote the respondents and non-
respondents by R and NR, respectively. The observed counts and
the cell probabilities are summarized in Table 3.1 with {θi·}ki=1 being
the parameters of interest.

The observed data are Yobs = {y1, . . . , yk, n2} with n2 = n −∑k
i=1 yi and the parameter vector is θ = (θ11, . . . , θk1, θ12, . . . , θk2)�,

while Z = (Z1, . . . , Zk)� denote the missing data with n2 =
∑k

i=1 Zi.
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Table 3.1 k × 2 observed frequencies and cell probabilities

Categories R NR Total Categories R NR Total
A1 y1 Z1 A1 θ11 θ12 θ1·
...

...
...

...
...

...
...

Ak yk Zk Ak θk1 θk2 θk·
Total n1 n2 n Total θ·1 θ·2 1

Source: Tian et al. (2003).

Then, we have

Z|(Yobs, θ) ∼ Multinomial
(
n2;

θ12
θ·2

, . . . ,
θk2
θ·2

)

and

S(Z|Yobs) =
{

(z1, . . . , zk)� :
k∑
i=1

zi = n2, 0 ≤ zi ≤ n2, 1 ≤ i ≤ k

}
.

The likelihood for the complete-data {Yobs, Z} is proportional to

k∏
i=1

θyi
i1θ

zi
i2.

Using Dirichlet(α1, α2) as the prior distribution of θ, where α1 =
(α11, . . . , αk1)� and α2 = (α12, . . . , αk2)�, we have

θ|(Yobs, Z = z) ∼ Dirichlet(y + α1, z + α2),

where y = (y1, . . . , yk)� and z = (z1, . . . , zk)�. From (1.36), we obtain

f(θ|Yobs) = c−1(α1, α2) ×
{∏k

i=1 θ
yi+αi1−1
i1 θαi2−1

i2

}
× θn2

·2 ,

where

c(α1, α2) =
∑

z∈S(Z|Yobs)

( n2

z1, . . . , zk

)
B(y + α1, z + α2).

From the property of beta function and Dirichlet-multinomial den-
sity, we have

B(y+α1, z+α2) = B(y+α1)B(z+α2)B
(
11�k(y+α1), 11�k(z+α2)

)
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and (cf. Problem 3.1)

∑
z∈S(Z|Yobs)

( n2

z1, . . . , zk

)
B(z + α2) = B(α2). (3.1)

Hence,

c(α1, α2) = B(y + α1) ×B(n1 + α·1, n2 + α·2) ×B(α2),

where α·1 =
∑k

i=1 αi1 and α·2 =
∑k

i=1 αi2. The posterior mean of
θ11 is equal to the ratio of c(α1 + (1, 0, . . . , 0)�, α2) to c(α1, α2), i.e.,

E(θ11|Yobs) =
y1 + α11

n+ α··
,

where α·· = α·1 + α·2. Similarly,

E(θ12|Yobs) =
(n2 + α·2)α12

(n+ α··)α·2
.

Thus, the Bayes estimator of θ1· = θ11 + θ12 is given by

E(θ1·|Yobs) =
y1 + α11 + α12 + n2α12/α·2

n+ α··
.

Therefore, the IBF provides a simple and exact solution for such a
rather complicated missing data problem.

3.2 Misclassified Multinomial Model

Geng & Asano (1989) and Tian et al. (2003) considered a contin-
gency table with dichotomous error-free variables A and B, and the
corresponding error-prone variables a and b. For resource limitation,
the complete 24 table is available for a subsample only, as shown in
Table 3.2 with corresponding cell probabilities. The objective is to
find posterior means of cell probabilities of error-free variables, i.e.,

Pr(A = 1, B = 1) = θ1 + θ5 + θ9 + θ13,

Pr(A = 2, B = 1) = θ2 + θ6 + θ10 + θ14,

Pr(A = 1, B = 2) = θ3 + θ7 + θ11 + θ15, and
Pr(A = 2, B = 2) = θ4 + θ8 + θ12 + θ16.
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Table 3.2 Counts and probabilities for main- and sub-sample

Main-sample Sub-sample

a = 1 a = 2 a = 1 a = 2

b B A=1 A=2 A=1 A=2 b B A = 1 A = 2 A = 1 A = 2

1 1 m1 m2 1 1 y1 (θ1) y2 (θ2) y5 (θ5) y6 (θ6)
2 2 y3 (θ3) y4 (θ4) y7 (θ7) y8 (θ8)

2 1 m3 m4 2 1 y9 (θ9) y10(θ10) y13(θ13) y14(θ14)
2 2 y11(θ11) y12(θ12) y15(θ15) y16(θ16)

Source: Tian et al. (2003).

Let θ = (θ1, . . . , θ16)� and Yobs = {m1,m2,m3,m4; y}, where
y = (y1, . . . , y16)�. In the main sample, we introduce a latent vector
Z = (Z1, . . . , Z16)� such that

∑4
k=1 Z4(j−1)+k = mj, j = 1, . . . , 4.

Partition Z into (Z�
(1), Z

�
(2), Z

�
(3), Z

�
(4))

�, where Z(j) = (Z4(j−1)+1, . . .,
Z4(j−1)+4)�. Let θ, y, z and α have the same partition as Z. The
conditional predictive density is

f(Z|Yobs,θ)(z|Yobs, θ) =
4∏
j=1

Multinomial
(
z(j)

∣∣∣∣mj;
θ(j)

11�4θ(j)

)
,

and

S(Z(j)|Yobs) =
{
z(j) : 11�4z(j) = mj, 0 ≤ z4(j−1)+k ≤ mj, 1 ≤ k ≤ 4

}
.

The likelihood function for the complete-data is proportional to

16∏
i=1

θyi+zi
i .

Using Dirichlet(α) with α = (α1, . . . , α16)� as the prior distribution
of θ, we have

f(θ|Yobs,Z)(θ|Yobs, z) = Dirichlet(θ|y + z + α).

From (1.36), the observed posterior is

f(θ|Yobs) = c−1(α) ×
16∏
i=1

θyi+αi−1
i ×

4∏
j=1

(11�4θ(j))
mj ,
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where

c(α) =
∑

{z(j)∈S(Z(j)|Yobs)
,1≤j≤4}

(m1

z(1)

)(m2

z(2)

)(m3

z(3)

)(m4

z(4)

)
B(y + z + α).

By identity (3.1), we obtain

c(α) = B
(
m1 + 11�4α(1),m2 + 11�4α(2),m3 + 11�4α(3),m4 + 11�4α(4)

)

×
4∏
j=1

B(y(j) + α(j)).

Let ai = yi + αi, a· =
∑16

i=1(yi + αi) and m· =
∑4

j=1mj , then the
posterior means of {θi} are given by

E(θi|Yobs) =
ai

a· +m·

(
1 +

m1∑4
j=1 aj

)
, i = 1, · · · , 4,

E(θi|Yobs) =
ai

a· +m·

(
1 +

m2∑8
j=5 aj

)
, i = 5, · · · , 8,

E(θi|Yobs) =
ai

a· +m·

(
1 +

m3∑12
j=9 aj

)
, i = 9, · · · , 12,

E(θi|Yobs) =
ai

a· +m·

(
1 +

m4∑16
j=13 aj

)
, i = 13, · · · , 16.

3.3 Genetic Linkage Model

In this study (Rao, 1973; Tanner, 1996, p.66 & p.113; Lange, 2002),
AB/ab animals are crossed to measure the recombination fraction (r)
between loci with alleles A and a at the first locus and alleles B and b
at the second locus. Then the offspring of an AB/ab×AB/ab mating
fall into the four categories AB,Ab, aB and ab with cell probabilities

θ + 2
4

,
1 − θ

4
,

1 − θ

4
,
θ

4
, 0 ≤ θ ≤ 1,

where θ = (1− r)2. Observed frequencies Yobs = (y1, y2, y3, y4)� then
follow a multinomial distribution with above cell probabilities. This
data set has become a classic proof-of-principle example for several
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computation methods and algorithm. Augmenting the observed data
Yobs with a latent variable Z by splitting y1 = Z+(y1 −Z), we have

Z|(Yobs, θ) ∼ Binomial(y1, θ/(θ + 2)). (3.2)

Using the usual Beta(a, b) as the prior distribution of θ, we have

θ|(Yobs, Z = z) ∼ Beta(a+ y4 + z, b+ y2 + y3). (3.3)

Obviously, S(θ,Z|Yobs) = S(θ|Yobs) × S(Z|Yobs). Therefore, with the dis-
crete version of the IBF (1.36), the observed posterior density of θ
is given exactly by

f(θ|Yobs) =
(θ + 2)y1θa+y4−1(1 − θ)b+y2+y3−1

∑y1
z=0

(y1

z

)
B(a+ y4 + z, b+ y2 + y3)2y1−z

. (3.4)

Example 3.1 (Genetic linkage data). To obtain i.i.d. posterior
samples from (3.4), we adopt the rejection method (cf. §2.2.2). With
the observed frequencies (y1, y2, y3, y4) = (125, 18, 20, 34) and the
uniform prior (i.e., a = b = 1), (3.4) becomes

f(θ|Yobs) = c−1
G

(θ + 2)125θ34(1 − θ)38

where c
G

≈ 2.3577 × 1028 is the normalizing constant. The mode
of f(θ|Yobs) is θ̃ ≈ 0.62682. Naturally we wish to select a member
from Beta(α, β) as an envelope distribution for the rejection method.
The Beta(θ|α, β) that matches the mode of f(θ|Yobs) should satisfy
(α − 1)/(α + β − 2) = 0.62682. This is a clue for finding α and β.
According to (2.61), let

cα,β = max
θ∈[0,1]

f(θ|Yobs)/Beta(θ|α, β),

then, the optimal α and β are such that cα,β is minimized. The
following are choices for α and β:

α 35 35 35 35 34 33 30 20 10
β 19 20 21 23 20.6 20 18.3 12.3 6.36
cα,β 1.55 1.35 1.27 1.43 1.29 1.30 1.37 1.68 2.38

So Beta(θ|35, 21) is the most efficient envelope density. With this
envelope density, the rejection method can be implemented readily.
The corresponding acceptance probability is 1/cα,β = 0.7830. ‖
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3.4 Weibull Process with Missing Data

A model widely used in industrial testing is the Weibull process, i.e.,
a non-homogeneous Poisson process with mean function

m(t) = (t/α)β , α > 0, β > 0.

Suppose that the reliability growth testing for a repairable system is
performed during time interval (0, t], then, the number of failures in
(0, t], denoted by N(t), is a Poisson random variable with

Pr{N(t) = n} =
{m(t)}n

n!
e−m(t).

The testing is called a failure-truncated testing if it is observed
until the first n (n is predetermined) failure times, 0 < x1 < x2 <
· · · < xn, have occurred. A time-truncated testing refers to the
situation where observations are truncated after a pre-fixed time t,
and the corresponding failure times are 0 < x1 < x2 < · · · < xn < t.
The likelihood function for both cases can be written as (Crowder et
al., 1991)

L(α, β|data) = βnα−nβ
n∏
i=1

xβ−1
i · e−(T/α)β

, α > 0, β > 0, (3.5)

where T = xn if the testing is the failure-truncated testing, and
T = t if the time-truncated testing. Bayesian inference on α and β
has been studied by Kuo & Yang (1996).

This section concerns the model where missing data may occur.
Suppose the first r−1 failures Z = {x1, . . . , xr−1} are missing, and we
only observed Yobs = {xr, . . . , xn} for the failure-truncated testing or
Yobs = {xr, . . . , xn, t} for the time-truncated testing, where 1 < r <
n. The purpose is to obtain the observed posterior f(α, β|Yobs). The
complete-data likelihood L(α, β|Yobs, Z) is given by (3.5). Based on
arguments in Box & Tiao (1973), Guida et al. (1989) suggested

f(α, β) ∝ (αβ)−1, α > 0, β > 0,

as the non-informative prior for (α, β). The joint posterior for the
complete-data is then given by

f(α, β|Yobs, Z) ∝ βn−1α−nβ−1
n∏
i=1

xβ−1
i · e−(T/α)β

.
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It is well known that given N(t) = r, the first r failure times
x1, . . . , xr have the same distribution as the order statistics corre-
sponding to r independent r.v.’s with pdf βxβ−1/tβ , 0 ≤ x ≤ t.
That is,

f(x1, . . . , xr|N(t) = r) = r!βr
r∏
i=1

(xβ−1
i /tβ).

Consequently, the conditional predictive density is

f(Z|Yobs, α, β) = f(x1, . . . , xr−1|xr, α, β)

= (r − 1)!βr−1
r−1∏
i=1

(xβ−1
i /xβr ).

From (1.38), we have the following exact expression

f(α, β|Yobs) =
(w0β)n−rα−nβ−1

Γ(n)Γ(n− r)

(
xr−1
r

n∏
i=r

xi

)β
· e−(T/α)β

,

where w0 ≡∑n
i=r+1 ln(T/xi) + r ln(T/xr). For purpose of sampling,

we note that the conditional pdf is

f(α|Yobs, β) ∝ f(α, β|Yobs) ∝ α−nβ−1e−(T/α)β

and f(β|Yobs) = f(α, β|Yobs)/f(α|Yobs, β), and hence we obtain

αβ|(Yobs, β) ∼ IGamma(n, T β), and (3.6)
β|Yobs ∼ Gamma(n− r,w0). (3.7)

This provides a conditional sampling method (cf. §2.2.5) to obtain
i.i.d. posterior samples of α and β.

Example 3.2 (Engine failure data). A total of 40 failure times (in
(0, 8063]) for some engine undergoing development testing was re-
ported (Zhou & Weng, 1992, p.51-52) as follows: ∗, ∗, ∗, 171, 234,
274, 377, 530, 533, 941, 1074, 1188, 1248, 2298, 2347, 2347, 2381,
2456, 2456, 2500, 2913, 3022, 3038, 3728, 3873, 4724, 5147, 5179,
5587, 5626, 6824, 6983, 7106, 7106, 7568, 7568, 7593, 7642, 7928,
8063 hours. Here, the exact failure times for the first three fail-
ures are unknown and are denoted by ∗. Because these data are
failure-truncated, we have n = 40, T = x40 = 8063 and r = 4.
Yu et al. (2008a) showed that the data are coming from a Weibull
process with 95% confidence level. They further obtained the MLEs
α̂ = 0.0914, β̂ = 0.6761, and a 95% CI of β given by [0.4607, 0.8894].
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(b) Posterior density for beta

Figure 3.1 The posterior densities of α and β generated by the conditional
sampling method with sample size 20,000 based on (3.6) and (3.7) for the
engine failure data.

It is easy to obtain w0 = 54.73. We generate 20,000 i.i.d. samples
{βj} of β from (3.7), and the Bayes estimate of β is 0.6585. The
95% Bayes CI of β is then [0.4609, 0.8922]. Figure 3.1(b) shows
that the posterior distribution of β is quite symmetric and can be
approximated by a normal distribution. For a given βj, we first
generate

γj ∼ Gamma(n, T βj),

then
γ−1
j ∼ IGamma(n, T βj).

By (3.6), we have
αj = (γ−1

j )1/βj .

Hence, {αj} are i.i.d. posterior samples of α. Figure 3.1(a) shows
that the posterior density of α is very skew. ‖

3.5 Prediction Problem with Missing Data

Prediction is the earliest form of statistical inference (e.g., Aitchi-
son & Dunsmore, 1975; Geisser, 1993; West & Harrison, 1989). In
this section, let 0 < x(1) < · · · < x(n) denote the order statistics
of non-negative random variables from n i.i.d. samples from pdf
f(·;λ) and continuous cdf F (·;λ), where λ is the parameter vector.
Furthermore, we assume that only part of the data

0 < x(n1) < · · · < x(nk), 1 ≤ n1 < · · · < nk ≤ n, 1 ≤ k ≤ n
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are observed. The goal is to construct a prediction interval for the
mean of a future sample, which is independent of the first sample and
has the same pdf f . We denote this mean by Ȳ = (1/m)

∑m
�=1 Y�.

From a Bayesian point of view, the prediction interval of Ȳ can be
constructed via its prediction density:

f(Ȳ |data) =
∫
f(Ȳ |λ) × f(λ|data) dλ.

Since f(Ȳ |λ) is relatively easy to get, it suffices to derive the posterior
density f(λ|data), which is proportional to the product of the prior
density π(λ) and the likelihood function (David, 1981, p.10)

n!
k∏
j=1

f(x(nj);λ) ×
k∏
j=0

{F (x(nj+1);λ) − F (x(nj);λ)}nj+1−nj−1

(nj+1 − nj − 1)!
,

where x(n0) = −∞, x(nk+1) = +∞, n0 = 0, nk+1 = n+ 1.
We can also derive f(λ|data) by the IBF. Without loss of gen-

erality, suppose Yobs = (x(1), . . . , x(r), x(s+1), . . . , x(n))� denote the
observed data and Z = (x(r+1), . . . , x(s))� consists of missing data,
where x(1) < · · · < x(r) < x(r+1) < · · · < x(s) < x(s+1) < · · · < x(n).
Further, if let

f(x;λ) = Exponential(x|λ) and π(λ) = Gamma(λ|α0, β0),

then the likelihood is

n!λn exp

{
−λ

n∑
i=1

x(i)

}

and

f(λ|Yobs, Z) = Gamma
(
λ

∣∣∣∣n+ α0,

n∑
i=1

x(i) + β0

)
.

On the other hand, given Yobs, Z has the same distribution as the
order statistics corresponding to s−r independent random variables
with pdf f(·;λ)/{F (x(s+1);λ) − F (x(r);λ)} (Lehmann, 1983, p.65),
namely,

f(Z|Yobs, λ) = f(x(r+1), . . . , x(s)|x(r), x(s+1), λ)

=
(s− r)!λs−r exp{−λ∑s

i=r+1 x(i)}
[exp(−λx(r)) − exp(−λx(s+1))]s−r

.
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By the IBF (1.36), we obtain

f(λ|Yobs) = c−1
P

× λN−1e−λX+ × {e−λx(r) − e−λx(s+1)}s−r,
where N =̂n+ α0 + r − s, X+ =̂

∑r
i=1 x(i) +

∑n
i=s+1 x(i) + β0 and

c
P

=
s−r∑
j=0

(s− r
j

)
(−1)j

Γ(N)
{X+ + (s− r)x(r) + j(x(s+1) − x(r))}N

.

Finally, it is easy to show that Ȳ |λ ∼ Gamma(m, mλ).

3.6 Binormal Model with Missing Data

A bivariate normal sample with missing values on both variables is
a classical missing data problem (Wilks, 1932). However, a closed-
form solution cannot be obtained by either the EM (Dempster et
al., 1977; McLachlan & Krishnan, 1997, p.45-49, p.91-94), the DA
(Tanner & Wong, 1987), or the Gibbs sampling (Gelfand & Smith,
1990, p.404-405). In this section, we obtain a closed-form solution
to this problem by means of the IBF.

Table 3.3 Data from a bivariate normal distribution

Variate 1: 1 1 -1 -1 2 2 -2 -2 ∗ ∗ ∗ ∗
Variate 2: 1 -1 1 -1 ∗ ∗ ∗ ∗ 2 2 -2 -2

Source: Murray (1977). ∗ Value not observed (missing at random).

Motivated by the 12 observations in Table 3.3 (Murray, 1977),
let xi = (x1i, x2i)�, i = 1, . . . , n, be a random sample of size n from
N2(μ0,Σ) with known mean μ0 and unknown covariance matrix

Σ =
(

σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

)
.

Without loss of generality, let μ0 = 002. Denote the observed data
and the missing data by

Yobs = {xi}n1
i=1 ∪ {x1i}n1+n2

i=n1+1 ∪ {x2i}ni=n1+n2+1 and

Z = {x2i}n1+n2
i=n1+1 ∪ {x1i}ni=n1+n2+1,

respectively. A standard prior of Σ originated in Box & Tiao (1973,
p.426) is given by

π(Σ) ∝ |Σ|−(p+1)/2 = (σ1σ2

√
1 − ρ2 )−(p+1) (3.8)
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where p denotes the dimension of the multivariate normal distribu-
tion (for the current case, p = 2). Hence, the complete-data posterior
f(Σ|Yobs, Z) is proportional to

1

(σ1σ2

√
1 − ρ2)n+p+1

exp
{
−σ

2
2s

2
1(n) − 2ρσ1σ2s12(n) + σ2

1s
2
2(n)

2σ2
1σ

2
2(1 − ρ2)

}
,

where s2k(n) =̂
∑n

i=1 x
2
ki, k = 1, 2, and s12(n) =

∑n
i=1 x1ix2i. On the

other hand, the conditional prediction distribution is

f(Z|Yobs,Σ) =
n1+n2∏
i=n1+1

1√
2πσ2

√
1 − ρ2

exp
{
−(x2i − ρσ2x1i/σ1)2

2σ2
2(1 − ρ2)

}

×
n∏

i=n1+n2+1

1√
2πσ1

√
1 − ρ2

exp
{
−(x1i − ρσ1x2i/σ2)2

2σ2
1(1 − ρ2)

}
.

By the point-wise IBF (1.36), we obtain

f(Σ|Yobs) ∝ 1
σn−n3+1+p

1 σn−n2+1+p
2 (1 − ρ2)(n1+1+p)/2

× exp
{
−σ

2
2s

2
1(n1) − 2ρσ1σ2s12(n1) + σ2

1s
2
2(n1)

2σ2
1σ

2
2(1 − ρ2)

}

× exp

{
−
∑n1+n2

i=n1+1 x
2
1i

2σ2
1

−
∑n

i=n1+n2+1 x
2
2i

2σ2
2

}
. (3.9)

Substituting the data in Table 3.3 into (3.9), we obtain

f(σ2
1 , σ

2
2 , ρ|Yobs) ∝ (σ1σ2)−(9+p)(1 − ρ2)−(5+p)/2

× exp
{
− 2σ2

1 + 2σ2
2

σ2
1σ

2
2(1 − ρ2)

− 8
σ2

1

− 8
σ2

2

}
. (3.10)

Integrating (3.10) with respect to σ2
1 and σ2

2 , we obtain

f(ρ|Yobs) ∝ (1 − ρ2)4.5+0.5p

(1.25 − ρ2)7+p
.

Let p = 2, we have

f(ρ|Yobs) ∝ (1 − ρ2)5.5

(1.25 − ρ2)9
,
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Figure 3.2 Posterior distribution of ρ defined in (3.11).

which is slightly different from the result in Tanner (1996, p.96). By
numerical integration, the normalizing constant is∫ 1

−1

(1 − ρ2)5.5

(1.25 − ρ2)9
dρ = 0.3798.

Thus, the posterior distribution of ρ is (see Figure 3.1)

f(ρ|Yobs) =
(1 − ρ2)5.5

0.3798(1.25 − ρ2)9
. (3.11)

3.7 The 2 × 2 Crossover Trial with Missing
Data

In a typical 2 × 2 crossover trial each subject receives two different
treatments (e.g., a new drug A and a standard drug B). Half of the
subjects receive A first and then, after a suitably chosen period of
time1, receive (cross over to) B. The remaining subjects receive B
first and then cross over to A. An example of such a trial is given
by Maas et al. (1987). The data structure is listed in Table 3.4.

The standard random effects model for the 2 × 2 crossover trial
is

yijk = μ+ (−1)j−1φ

2
+ (−1)k−1 θ

2
+ δi + εijk, (3.12)

1It means a wash-out period.

© 2010 by Taylor and Francis Group, LLC



106 3. EXACT SOLUTIONS

Table 3.4 Data from a 2 × 2 crossover trial

Subject Sequence Period 1 Period 2
1 AB ∗ y112

2 AB y211 y212

3 AB y311 ∗
4 AB y411 y412

5 AB y511 y512

6 BA y621 ∗
7 BA y721 y722

8 BA y821 y822

9 BA y921 y922

10 BA y10,21 y10,22

NOTE: A and B are new and standard tablet formulations of Carba-
mazepine. The observations are logs of the maxima of concentration-
time curves. The ∗ denotes a missing value.

where yijk is the response to the i-th subject (i = 1, . . . , n) receiving
the j-th treatment (j = 1, 2, corresponding treatments A and B) in
period k (k = 1, 2); μ is the grand mean; φ is the treatment effect;
θ is the period effect; δi is the random effect of the i-th subject; εijk
is the random error. The δi and εijk are assumed to be independent
for all i, j, k with δi ∼ N(0, σ2

2) and εijk ∼ N(0, σ2
1).

The interest is to estimate all parameters. Using the Gibbs sam-
pler, Gelfand et al. (1990) implemented a full Bayesian analysis of
the data. Here we derive a closed-form solution using the IBF. Sup-
pose that the first m subjects have observations missing at random
from one of the two periods, and that the subjects i = m+ 1, . . . , n
have complete observations. Define

yi =
(
zi
vi

)
, Xi =

(
xiu
xiv

)
, i = 1, . . . ,m,

where zi is missing, vi is the observed data, and Xi denotes the
corresponding 2× 3 design matrix. For subjects i = m+ 1, . . . , n, yi
denotes all the observed data. Hence, Z = (z1, . . . , zm)� is missing
and Yobs = (v1, . . . , vm,y�m+1, . . . ,y

�
n)� is the observed data. The

complete-data likelihood function is given by

L(ψ, σ2
1 , σ

2
3 |y) = N2n(y|Xψ,S), (3.13)
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where

y2n×1 = (y�1, . . . ,y
�
n)

�,
ψ = (μ, φ, θ)�,
σ2

3 = σ2
1 + 2σ2

2 ,

X2n×3 = (X�
1 , . . . ,X

�
n)

�,
S2n×2n = diag(Σ,Σ, . . . ,Σ),

Σ =
(
σ2

1 + σ2
2 σ2

2

σ2
2 σ2

1 + σ2
2

)
,

and |Σ| = σ2
1 × σ2

3 .
When both σ2

1 and σ2
2 are known, the likelihood function L(ψ|y)

is given by (3.13). If the prior of ψ is N3(η0, C0), then the complete-
data posterior is

f(ψ|Yobs, Z) = N3(ψ|D(X�S−1y + C−1
0 η0), D), (3.14)

where

D = (X�S−1X + C−1
0 )−1,

X�S−1X =
n∑
i=1

X�
iΣ

−1Xi, and

X�S−1y =
n∑
i=1

X�
iΣ

−1yi.

Define

Xz =

⎛
⎜⎝
x1z
...

xmz

⎞
⎟⎠ , Xv =

⎛
⎜⎝
x1v
...

xmv

⎞
⎟⎠ , v =

⎛
⎜⎝
v1
...
vm

⎞
⎟⎠ .

Since (zi, vi)� is distributed as bivariate normal with mean Xiψ and
variance Σ for i = 1, . . . ,m, we obtain

f(Z|Yobs, ψ) = f(Z|v, ψ) =
m∏
i=1

f(zi|vi, ψ) (3.15)

= Nm

(
Z

∣∣∣∣Xzψ +
σ2

2

σ2
12

(v −Xvψ),
(
σ2

12 −
σ4

2

σ2
12

)
Im

)
,

where σ2
12 = σ2

1 + σ2
2 . By the function-wise IBF (1.37), the posterior

density of the parameter vector ψ = (μ, φ, θ)� is exactly given by

f(ψ|Yobs) = N3(ψ|τ, P ), (3.16)
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where

τ = P (C−1
0 η0 +

∑n
i=m+1X

�
iΣ

−1yi + σ−2
12 X

�
vv) and

P =

(
D−1 − σ2

12

σ4
12 − σ4

2

(
Xz − σ2

2

σ2
12

Xv

)�(
Xz − σ2

2

σ2
12

Xv

))−1

.

3.8 Hierarchical Models

Hierarchical models are widely used in practice for data analysis. In
this section, for simplicity, we analyze a simple hierarchical model
(Ex.3.3) by the IBF. Another example is presented in Problem 3.6.
More complicated generalized linear mixed effects model can be im-
plemented by the IBF sampling (see Chapter 5 or Tan, Tian & Ng,
2003, 2006; and Tan, Tian & Fang, 2007). Consider a Bayesian hier-
archical model with three stages: f(Yobs|θ), f(θ|α) and f(α), where
Yobs denotes the observed data, θ unknown parameter vector and α
unknown hyperparameter. The joint density is

f(Yobs, θ, α) = f(Yobs|θ) × f(θ|α) × f(α).

The primary interest here is on the observed posterior f(θ|Yobs).
Treating α as the missing data, the explicit expressions can be ob-
tained by the IBF via the following two conditional distributions:

f(α|Yobs, θ) ∝ f(θ|α) × f(α), (3.17)
f(θ|Yobs, α) ∝ f(Yobs|θ) × f(θ|α). (3.18)

Example 3.3 (Normal means model). Let Yobs = (y1, . . . , yn)� and
θ = (θ1, . . . , θn)�. Suppose that

yi|θi ∼ N(θi, σ2
i0)

with known variances σ2
i0, i = 1, . . . , n. The conjugate prior of θi|α

for i = 1, . . . , n are assumed to be i.i.d. N(0, α). Furthermore, we
assume that α has a conjugate inverse gamma prior IGamma( q02 ,

λ0
2 )

with known q0 > 0 and λ0 ≥ 0. Now, we obtain

f(Yobs|θ) =
n∏
i=1

N(yi|θi, σ2
i0),

f(θ|α) =
n∏
i=1

N(θi|0, α),

f(α) = IGamma(α|q0/2, λ0/2).
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Formulae (3.17) and (3.18) yield

f(α|Yobs, θ) = IGamma
(
α

∣∣∣∣n+ q0
2

,
θ�θ + λ0

2

)
,

f(θ|Yobs, α) =
n∏
i=1

N

(
θi

∣∣∣∣ αyi
α+ σ2

i0

,
ασ2

i0

α+ σ2
i0

)
.

Using (1.36), we obtain

f(θ|Yobs) = c−1
N

×
(
θ�θ + λ0

2

)−n+q0
2

exp

{
−

n∑
i=1

(θi − yi)2

2σ2
i0

}
, (3.19)

where the normalizing constant c
N

only involves a one-dimensional
integral, i.e.,

cN =
(2π)

n
2
∏n
i=1 σi0

Γ(n+q0
2 )

∫ ∞

0
α−1− q0

2

exp{−λ0
2α − 1

2

∑n
i=1

y2i
α+σ2

i0
}∏n

i=1(α+ σ2
i0)1/2

dα.

Had (1.38) been used , we would have to encounter an n-fold integral.
This shows the advantage of the point-wise IBF (1.36) where the
conditional densities are used to reduce the dimensionality of the
involved integral (cf. Ex.1.3). To generate i.i.d. samples from (3.19)
is then relatively easy and is left to Problem 3.5. ‖

3.9 Non-product Measurable Space

So far we have only dealt with product measurable space (PMS) and
have shown many statistical models involve only PMS. In §1.3.1, we
especially distinguished the PMS from NPMS which is a difficult
issue. We will present some theoretically interesting results in this
section. This will also raise awareness of the problem of NPMS in
practice.

In the case of PMS, we derived three IBF (1.3), (1.4) and (1.5).
Following the identity (1.1), we now consider the case of NPMS, i.e.,
SY �= S(Y |X)(x). For any given x ∈ SX , we have y ∈ S(Y |X)(x) and

∫
S(Y |X)(x)

fY (y)dy �= 1.

Therefore, a counterpart of the point-wise IBF can not be achieved.
However, we can obtain a similar function-wise IBF and a similar
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sampling IBF. For an arbitrary y0 ∈ SY and all x ∈ S(X|Y )(y0), we
have

fy0X (x) ∝ f(X|Y )(x|y0)
f(Y |X)(y0|x) , (3.20)

fy0X (x) =

{∫
S(X|Y )(y0)

f(X|Y )(x|y0)
f(Y |X)(y0|x) dx

}−1
f(X|Y )(x|y0)
f(Y |X)(y0|x) . (3.21)

We call fy0X (x) specified by (3.20) or (3.21) a transition marginal
density of X with transition point y0 ∈ SY . Note the arbitrariness
of the transition point y0, we may find a point, y∗, which may not
belong to SY , such that

S(X|Y )(y0) = S(X|Y )(y
∗) = SX (3.22)

when y0 = y∗ or y0 → y∗. Hence the marginal density fX(x) =
fy

∗
X (x), x ∈ SX .

In multivariate distribution theory, we usually know the joint pdf
and want to find the marginals and conditionals. It is quite easy to
obtain the conditionals since the conditional pdf is proportional to
the joint pdf, however, one must face an integration in order to obtain
the marginals. The following Ex.3.4 shows that such integration can
be avoided by using the IBF. Different from Ex.3.4, both Ex.3.5 and
Problem 3.8 show that the joint pdf can be derived by IBF from two
known conditionals.

Example 3.4 (Uniform distribution on an ordered domain). Let
(X,Y ) be uniformly distributed on

S(X,Y ) = {(x, y) : 0 < x < y < 1}.

Noting that S(X,Y ) �= SX × SY = (0, 1)2, S(Y |X)(x) = (x, 1) ⊂ SY
and S(X|Y )(y) = (0, y) ⊂ SX , we have

X|(Y = y) ∼ U(0, y), and
Y |(X = x) ∼ U(x, 1),

where U(a, b) denotes the uniform distribution on interval (a, b). It
is easy to verify that

fX(x) = 2(1 − x), 0 < x < 1, and
fY (y) = 2y, 0 < y < 1.
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Figure 3.3 The joint support S(X,Y ) = {(x, y) : 0 < x < y < 1}.

For some transition point y0 ∈ (0, 1) = SY , from (3.21) we have

f(X|Y )(x|y0)
f(Y |X)(y0|x) =

1 − x

y0
, 0 < x < y0

and {∫ y0

0

f(X|Y )(x|y0)
f(Y |X)(y0|x) dx

}−1

=
2

2 − y0
.

Therefore, the transition marginal density of X with transition point
y0 ∈ (0, 1) is

fy0X (x) =
2(1 − x)
y0(2 − y0)

, 0 < x < y0.

Set y∗ = 1 (y∗ /∈ SY ). When y0 → y∗ = 1, we have fX(x) = f1
X(x) =

2(1 − x), x ∈ (0, 1) = SX . ‖
Example 3.5 (Distribution in the unit ball). Let (X1, . . . ,Xd)� be
a random vector with support S(X1,...,Xd) = Bd, where Bd ≡ Bd(1)
and Bd(r) denotes the d-dimensional ball with radius r defined in
(2.66). Partition (X1, . . . ,Xd)� into two parts: X = (X1, . . . ,Xk)�
and Y = (Xk+1, . . . ,Xd)�, 1 ≤ k < d. The supports of X and Y are
SX = Bk and SY = Bd−k, respectively. Let

X|(Y = y) ∼ U
(
Bk(
√

1 − y�y )
)
,

Y |(X = x) ∼ U
(
Bd−k(

√
1 − x�x )

)
.

Our objective is to find the joint distribution of (X,Y ). Note that
S(X|Y )(y) = Bk(

√
1 − y�y) and S(Y |X)(x) = Bd−k(

√
1 − x�x), thus
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S(X,Y ) �= SX ×SY . For some arbitrary transition point y0 ∈ Bd−k =
SY , from (3.20), the transition marginal density of X is

fy0X (x) ∝ (1 − x�x)(d−k)/2

(1 − y�0y0)k/2
, x ∈ S(X|Y )(y0).

Set y∗ = (0, . . . , 0)� (y∗ ∈ SY ). When taking y0 = y∗, the marginal
pdf of X is

fX(x) = fy
∗

X (x) ∝ (1 − x�x)(d−k)/2, x ∈ Bk = SX .
Therefore the joint distribution of (X,Y ) is equal to

fX(x) · f(Y |X)(y|x) ∝ 1,

i.e., (X,Y ) is uniformly distributed in the unit ball Bd. ‖

Problems

3.1 Prove the identity (3.1) by using the property of Dirichlet
multinomial distribution (cf. Appendix A.3.4).

3.2 Compare the true curve f(θ|Yobs) exactly given by (3.4) with
the estimated curve by a kernel density smoother based on i.i.d.
samples generated via the rejection method (cf. Ex.3.1).

3.3 Consider a more general missing pattern for the Weibull process
presented in §3.4. Suppose that we only observed Yobs =
{xi1 , . . . , xis , t} for the failure-truncated testing and the other
failure times are missing. (a) Derive the observed posterior
f(α, β|Yobs) by using the IBF. (b) Try to give a conditional
sampling method similar to (3.6) and (3.7).

3.4 Bivariate normal model with known covariance matrix
(Tian, 2000). Let (u1i, u2i)�, i = 1, . . . , n1, (v1j , v2j)�, j =
1, . . . , n2, and (w1k, w2k)�, k = 1, . . . , n3 be i.i.d. from a com-
mon bivariate normal N2(θ,Δ) with θ = (θ1, θ2)� ∼ N2(μ,Σ),
where θ is not observable but Δ, μ = (μ1, μ2)�, and Σ are
assumed to be known. Define

u =
(
u1

u2

)
=
(
u11, . . . , u1n1

u21, . . . , u2n1

)
,

ū =
(
ū1

ū2

)
=

1
n1
u11n1 =

(
u111n1/n1

u211n1/n1

)
,
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with similar notations for v and w. Let y = (w2, u1, u2, v1)�
be the known data and z = (v2, w1)� be unobserved so that
x2×n = (u, v,w) = {y, z}, where n =

∑3
�=1 n�. Prove that

(a) f(θ|ȳ, z̄) = N2(θ|η,Ω), where ȳ = (w̄2, ū1, ū2, v̄1)�, z̄ =
(v̄2, w̄1)�, x̄ = x11n/n, Ω = (nΔ−1 + Σ−1)−1, and η =
Ω(nΔ−1x̄+ Σ−1μ).

(b) The conditional pdf of z̄|(ȳ, θ) is

N2

((
θ2 + Δ21Δ−1

11 (v̄1 − θ1)
θ1 + Δ12Δ−1

22 (w̄2 − θ2)

)
,

( Δ22·1
n2

0
0 Δ11·2

n3

))
,

where Δ11·2 = Δ11 − Δ12Δ−1
22 Δ21,

Δ22·1 = Δ22 − Δ21Δ−1
11 Δ12, Δ =

(
Δ11 Δ12

Δ21 Δ22

)
.

(c) f(θ|y) = N2(θ|δ,Q), where

Q =
(

Ω−1 − (n2 + n3)Δ−1 +
(
n2Δ−1

11 0
0 n3Δ−1

22

))−1

,

δ = Q

{
Δ−1

(
n1ū1 + n2v̄1 + Δ12Δ−1

22 · n3w̄2

n1ū2 + Δ21Δ−1
11 · n2v̄1 + n3w̄2

)
+ Σ−1μ

}
.

3.5 Generate i.i.d. samples from (3.19) by the rejection method
with (a) the multivariate normal distribution with mean vector
(y1, . . . , yn)� and covariance matrix diag(σ2

10, . . . , σ
2
n0), and (b)

the multivariate t-distribution tn(0, λ0In, q0) as the envelope
function.

3.6 Hierarchical Poisson model. Let yi|θi ind∼ Poisson(θiti),
where {ti} are known constants, i = 1, . . . , n. Let θi|α iid∼
Gamma(β0, α

−1) with known β0, and α ∼ IGamma(q0, λ0)
with known q0 > 0 and λ0 ≥ 0. Prove that

f(α|Yobs, θ) = IGamma(α|nβ0 + q0,
∑n

i=1 θi + λ0),
f(θ|Yobs, α) =

∏n
i=1 Gamma(θi|yi + β0, ti + α−1),

f(θ|Yobs) =
1

c
P
(
∑n

i=1 θi + λ0)nβ0+q0

n∏
i=1

θyi+β0−1
i e−θiti

Γ(yi + β0)
,

where

c
P

=
1

Γ(nβ0 + q0)

∫ ∞

0

e−λ0/α

α1+nβ0+q0

n∏
i=1

(ti + 1/α)−yi−β0 dα.
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3.7 Finite-mixture models. Using the EM algorithm, Mclach-
lan & Krishnan (1997) discussed the estimation of the pro-
portions and parameters in finite-mixture models. By using
the Gibbs sampler, Gelman & King (1990), Smith & Roberts
(1993), Diebolt & Robert (1994), Chib (1995), Escobar & West
(1995), and Robert (1996) considered the same problem. Sup-
pose the underlying population consists of d distinct subpop-
ulations with unknown proportions θ1, . . . , θd such that 0 ≤
θi ≤ 1,

∑d
i=1 θi = 1, and its pdf is f(x; θ) =

∑d
i=1 θifi(x),

x : m × 1, where θ = (θ1, . . . , θd−1)�. Let {yj}nj=1
iid∼ f(x; θ)

and y = (y�1, . . . , y
�
n)

� denote the observed data. In Table 3.5,
we introduce an nd-dimensional latent vector z = (z�1, . . . , z

�
n)

�
with zj = (z1j , . . ., zdj)� and for 1 ≤ i ≤ d, 1 ≤ j ≤ n, zij = 1
if yj draws from the i-th component and = 0 otherwise. If the
prior f(θ) = Dirichlet(θ|α1, . . . , αd), verify the following facts:

(a) The complete-data posterior is f(θ|y, z) = Dirichlet(θ|α1

+n1, . . . , αd + nd), where ni =
∑n

j=1 zij represents the
number of {yj}nj=1 drawing from the i-th component.
(Hint: zij ∼ Binomial(1, θifi(yj)), and the complete-data
likelihood is n!Πd

i=1Π
n
j=1(θifi(yj))

zij/zij !)

(b) The conditional prediction distribution is

f(z|y, θ) =

⎧⎨
⎩

n∏
j=1

f−1(yj; θ)

⎫⎬
⎭ ·

d∏
i=1

⎧⎨
⎩θni

i

n∏
j=1

(fi(yj))zij

zij !

⎫⎬
⎭ .

(Hint: zij |(yj , θ) ∼ Binomial(1, θifi(yj)
f(yj ;θ) ) and

∑d
i=1 zij = 1)

(c) The observed posterior is

f(θ|y) = c−1
F

· Γ(α+ + n)θα1−1
1 · · · θαd−1

d

n∏
j=1

f(yj; θ),

where α+ =̂
∑d

i=1 αi,

c
F

=
∑
z1

· · ·
∑
zn

{
d∏
i=1

Γ(αi + ni)

}
d∏
i=1

n∏
j=1

(fi(yj))zij

zij !
,

and
∑

z1
denotes the summation over all values of z11, . . .,

zd1 such that z11 + · · · + zd1 = 1.
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Table 3.5 Latent variables array

1 · · · n Freq. MP CD
1 z11 · · · z1n Σjz1j = n1 θ1 f1
...

...
...

...
...

...
...

i zi1 · · · zin Σjzij = ni θi fi
...

...
...

...
...

...
...

d zd1 · · · zdn Σjzdj = nd θd fd
Freq. Σizi1 = 1 · · · Σizin = 1 Σini = n

Marg. Prob. f(y1; θ) · · · f(yn; θ) 1
Obse. Data y1 · · · yn
Miss. Data z1 · · · zn

MP: marginal probability. CD: component density.

3.8 Distribution in the unit �1-ball (Tian & Tan, 2003). Let
(X1, . . . ,Xd)� be a random vector with support S(X1,...,Xd) =
Vd, where Vd ≡ Vd(1) and Vd(r) denotes the d-dimensional
�1-ball defined in (2.96). Partition it into two parts: X =
(X1, . . . ,Xk)� and Y = (Xk+1, . . . ,Xd)�, 1 ≤ k < d. The
supports of X and Y are SX = Vk and SY = Vd−k. Let

X|(Y = y) ∼ U
(
Vk(
√

1 − 11�n−ky )
)
,

Y |(X = x) ∼ U
(
Vd−k(

√
1 − 11�kx )

)
.

Prove that (a) for some arbitrary transition point y0 ∈ Vd−k,
the transition marginal density of X is

fy0X (x) ∝ (1 − 11�kx)
(d−k)/2

(1 − 11�d−ky0)k/2
, x ∈ S(X|Y )(y0).

(b) The marginal pdf of X is proportional to (1− 11�kx)
(d−k)/2.

(c) (X,Y )�∼ U(Vd).
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CHAPTER 4

Discrete Missing Data Problems

Many statistical problems can be formulated as discrete missing data
problems (MDPs), e.g., Dawid & Skene (1979) may be the first to
apply the EM algorithm to find MLEs of observed error rates in the
absence of a golden/well-accepted standard by treating the disease
status as the missing data. Other examples include change-point
problems (Carlin et al., 1992; Pievatolo & Rotondi, 2000), capture
and recapture models (George & Robert, 1992; Robert & Casella,
1999, p.307), finite mixture models (McLachlan, 1997), normal mix-
ture model with left censoring (Lyles et al., 2001), sample survey
with non-response (Albert & Gupta, 1985; Chiu & Sedransk, 1986),
crime survey (Kadane, 1985), misclassified multinomial models (Tian
et al., 2003), inference from non-randomly missing categorical data
(Nordheim, 1984), zero-inflated Poisson models (Lambert, 1992; Ro-
drigues, 2003), medical screening/diagnostic tests (Johnson & Gast-
wirth, 1991; Joseph et al., 1995; Zhou et al., 2002) and bioassay (Qu
et al., 1996).

In this chapter, we focus on discrete MDPs where the latent
variable (or missing data) is a discrete random variable/vector. In
§4.1, we introduce a non-iterative sampling procedure, called exact
IBF sampling, to obtain i.i.d. samples exactly from the observed
posterior distribution for discrete MDPs (Tian, Tan & Ng, 2007).
The exact IBF sampling is essentially a conditional sampling, thus
completely avoiding convergence and slow convergence problems in
iterative algorithms such as MCMC. Different from the general IBF
sampler of Tan, Tian & Ng (2003), the implementation of this al-
gorithm does not involve the EM nor the SIR methods. The key
idea is to first utilize the sampling IBF to derive the conditional dis-
tribution of the missing data given the observed data, and then to
draw i.i.d. samples from the complete-data posterior distribution.
In §4.2-§4.8, we illustrate the non-iterative algorithm with the ge-
netic linkage model, contingency tables with one/two supplemental
margin(s), the hidden sensitivity model for surveys with two sensi-
tive questions, a zero-inflated Poisson model, changepoint problems,
a capture-recapture model, and several related real data.
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118 4. DISCRETE MISSING DATA PROBLEMS

4.1 The Exact IBF Sampling

Let Yobs denote the observed data, Z the missing or latent data
and θ the parameter vector of interest. Consider a DA structure
with complete-data posterior distribution f(θ|Yobs, Z) and condi-
tional predictive distribution f(Z|Yobs, θ). The goal is to obtain i.i.d.
samples from the observed posterior distribution f(θ|Yobs).

The conditional sampling method (cf. §2.2.5) states that: If
we could obtain independent samples {Z(�)}L�=1 from f(Z|Yobs) and
generate θ(�) ∼ f(θ|Yobs, Z

(�)) for � = 1, . . . , L, then {θ(�)}L1 are i.i.d.
samples from f(θ|Yobs). Therefore, the key is to be able to generate
independent samples from f(Z|Yobs).

Let S(θ|Yobs) and S(Z|Yobs) denote conditional supports of θ|Yobs

and Z|Yobs, respectively. By exchanging the role of θ and Z, the
sampling IBF (1.37) becomes

f(Z|Yobs) ∝ f(Z|Yobs, θ0)
f(θ0|Yobs, Z)

, (4.1)

for an arbitrary θ0 ∈ S(θ|Yobs) and all Z ∈ S(Z|Yobs). When Z is a dis-
crete r.v. or random vector taking finite values on the domain, with-
out loss of generality, we denote the conditional support of Z|(Yobs, θ)
by

S(Z|Yobs,θ) = {z1, . . . , zK}1.

Since the f(Z|Yobs, θ) is available, firstly, we can directly identify
{zk}K1 from the model specification and thus all {zk}K1 are known.
Secondly, we assume that {zk}K1 does not depend on the value of θ,
therefore we have

S(Z|Yobs) = S(Z|Yobs,θ) = {z1, . . . , zK}.
Because of the discreteness of Z, the notation f(zk|Yobs) will be used
to denote the pmf, i.e., f(zk|Yobs) = Pr{Z = zk|Yobs}. Therefore,
the key is to find pk = f(zk|Yobs) for k = 1, . . . ,K. For some θ0 ∈
S(θ|Yobs), let

qk = qk(θ0) =
Pr{Z = zk|Yobs, θ0}

f(θ0|Yobs, zk)
, k = 1, . . . ,K. (4.2)

As both f(Z|Yobs, θ) and f(θ|Yobs, Z) are available, the computation
of (4.2) is straightforward. Observing that all {qk}Kk=1 depend on

1In §4.8, we will discuss the case that Z is a discrete, but not finite (e.g., a
Poisson or negative binomial) random variable.
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4.2 GENETIC LINKAGE MODEL 119

θ0, we then denote qk by qk(θ0) to emphasize its dependency on θ0.
From the sampling IBF (4.1), we immediately obtain

pk =
qk(θ0)∑K

k′=1 qk′(θ0)
, k = 1, . . . ,K, (4.3)

where {pk}K1 do not depend on θ0. Thus, it is easy to draw from
f(Z|Yobs) since it is a discrete distribution with probability pk on zk
for k = 1, . . . ,K (cf. Appendix A.1.1). The sampling procedure is
summarized as follows.

The exact ibf sampling:

Given both the complete-data posterior distribution
f(θ|Yobs, Z) and the conditional predictive distribution
f(Z|Yobs, θ),

Step 1. Identify S(Z|Yobs) = {z1, . . . , zK} from f(Z|Yobs, θ) and
calculate {pk}K1 according to (4.3) and (4.2);

Step 2. Generate i.i.d. samples {Z(�)}L�=1 of Z from the pmf
f(Z|Yobs) with probabilities {pk}K1 on {zk}K1 ;

Step 3. Generate θ(�) ∼ f(θ|Yobs, Z
(�)) for � = 1, . . . , L, then

{θ(�)}L1 are i.i.d. samples from the observed posterior
distribution f(θ|Yobs).

4.2 Genetic Linkage Model

To illustrate the exact IBF sampler, we consider the following small
sample data set for the genetic linkage model (see §3.3): Yobs =
(y1, y2, y3, y4)� = (14, 0, 1, 5)�. From (3.2), obviously Z is discrete
and takes values on

S(Z|Yobs,θ) = S(Z|Yobs) = {0, 1, . . . , y1}.
Let a = b = 1 (i.e., the uniform prior) and θ0 = 0.5, then qk(θ0) and
pk can be calculated according to (4.2) and (4.3). These results are
listed in Table 4.1.

If we choose θ0 = 0.8, then {qk(θ0)}Kk=1 will vary but {pk}Kk=1 re-
main the same. Hence, the exact IBF sampling is as follows: (i) Draw
L = 30, 000 independent samples {Z(�)}L1 of Z from the discrete dis-
tribution f(Z|Yobs) with pk = Pr{Z = zk|Yobs} given in Table 4.1;
(ii) Generate θ(�) ∼ f(θ|Yobs, Z

(�)) defined in (3.3) for � = 1, . . . , L,
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120 4. DISCRETE MISSING DATA PROBLEMS

Table 4.1 The values of {qk(θ0)} with θ0 = 0.5 and {pk}
k zk qk(θ0) pk k zk qk pk

1 0 0.0670 0.0094 9 8 1.572 × 10−1 2.200 × 10−2

2 1 0.3518 0.0493 10 9 4.580 × 10−2 6.400 × 10−3

3 2 0.8894 0.1245 11 10 1.012 × 10−2 1.416 × 10−3

4 3 1.4230 0.1992 12 11 1.635 × 10−3 2.289 × 10−4

5 4 1.6010 0.2241 13 12 1.829 × 10−4 2.560 × 10−5

6 5 1.3340 0.1868 14 13 1.266 × 10−5 1.772 × 10−6

7 6 0.8466 0.1185 15 14 4.090 × 10−7 5.727 × 10−8

8 7 0.4147 0.0581

Source: Tian, Tan & Ng (2007).

then {θ(�)}L1 are i.i.d. samples from the observed posterior distribu-
tion f(θ|Yobs).

The accuracy of the exact IBF sampling is shown in Figure 4.1(a),
where the hardly visible dotted curve is estimated by a kernel density
smoother based on the i.i.d. IBF samples and the solid line is exactly
given by (3.4). In addition, the histogram based on these samples is
plotted in Figure 4.1(b), which shows that the exact IBF sampling
has recovered the density completely as expected.
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Figure 4.1 (a) The comparison between the observed posterior density
of θ (solid curve) exactly given by (3.4) with the dotted curve estimated
by a kernel density smoother based on L = 30, 000 i.i.d. samples generated
via the exact IBF sampling. (b) The histogram of θ based on L = 30, 000
i.i.d. samples generated via the exact IBF sampling.
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4.3 Contingency Tables with One
Supplemental Margin

Strauss et al. (2001) reported an HIV data set which examines the re-
lationship between self-reported HIV status and history of exchang-
ing sex for drugs and money. All participants were drug-dependent
women offenders mandated to treatment through the criminal jus-
tice system of New York City. The data were collected as part of an
evaluation study of prison-based, jailed-based, community-based res-
idential and community-based outpatient drug treatment programs.
The data reflect baseline responses from 325 clients interviewed at
the four treatment programs from May, 1995 to December, 1996.
Table 4.2 gives the cross-classification of history of sex exchange (no
or yes, denoted by X = 0 or X = 1) and HIV status (negative or
positive, denoted by Y = 0 or Y = 1) as reported by the women.
Generally, a sizable proportion of the data would be missing (i.e., a
quarter in this example) in AIDS studies that measure HIV status
from self-report or biological data. For this example, it is assumed to
be MAR, which allows missingness in HIV status to depend on the
observed sex exchange history (Rubin, 1976; Little & Rubin, 2002,
p.12). The objective was to examine if HIV status is associated with
exchanging sex for drugs and money.

Let Yobs = {(n1, . . . , n4); (n12, n34)} denote the observed fre-
quencies, θ = (θ1, . . . , θ4)� ∈ T4 the cell probability vector and
ψ = θ1θ4/(θ2θ3) the odds ratio. Under the assumption of MAR,
the observed-data likelihood function of θ is given by2

L(θ|Yobs) ∝
(

4∏
i=1

θni
i

)
× (θ1 + θ2)n12(θ3 + θ4)n34 . (4.4)

By writing n12 = Z1 + Z2 with Z2 ≡ n12 − Z1 and n34 = Z3 +
Z4 with Z4 ≡ n34 − Z3, a natural latent vector Z = (Z1, Z3)� can
be introduced so that the likelihood function for the complete-data
{Yobs, Z} is proportional to

4∏
i=1

θni+Zi
i .

2Note that (4.4) has the same functional form as a GDD (cf. Problem 4.1).
If the conjugate prior (4.11) is chosen, then the posterior of θ is a GDD. The SR
(4.43) provides a straightforward procedure for generating i.i.d. samples from a
GDD. Therefore, the data augmentation for this example is not necessary (see
Problems 4.2).
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Table 4.2 Human immunodeficiency virus (HIV) data

Sex exchange Y = 0 (HIV−) Y = 1 (HIV+) Supplement on X

X = 0 (no) 108 (n1, θ1) 18 (n2, θ2) 44 (n12, θ1 + θ2)
X = 1 (yes) 93 (n3, θ3) 23 (n4, θ4) 39 (n34, θ3 + θ4)

NOTE: X denotes women’s history of sex exchange and Y denotes
woman’s HIV status, ‘supplement on X ’ means that women only
reported their history of sex exchange but didn’t report their HIV
status. The observed frequencies and the corresponding probabilities
are in parentheses.

The prior for θ is assumed to be of the Dirichlet(α1, . . . , α4), a con-
jugate prior for θ. Thus, the complete-data posterior is

θ|(Yobs, Z) ∼ Dirichlet(n1 + Z1 + α1, . . . , n4 + Z4 + α4). (4.5)

Note that given Yobs and θ, Z1 and Z3 are independent binomially
distributed. Thus, the conditional predictive distribution is

f(Z|Yobs, θ) = Binomial(Z1|n12, θ1/(θ1 + θ2))
× Binomial(Z3|n34, θ3/(θ3 + θ4)). (4.6)

To apply the exact IBF sampling, we first need to identify the
conditional support of Z|(Yobs, θ). From (4.6), we have

S(Z|Yobs) = S(Z|Yobs,θ) = {z1, . . . , zK}

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(0, 0) (0, 1) · · · (0, n34)
(1, 0) (1, 1) · · · (1, n34)

...
...

. . .
...

(n12, 0) (n12, 1) · · · (n12, n34)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
,

where K = (n12 + 1)(n34 + 1). We then calculate {pk}Kk=1 according
to (4.3) and (4.2) with θ0 = (0.25, . . . , 0.25)�. Thirdly, we draw L =
100, 000 i.i.d. samples {Z(�)}L�=1 of Z from the pmf f(Z|Yobs) with
probabilities {pk}K1 on {zk}K1 . Finally, we draw θ(�) ∼ f(θ|Yobs, Z

(�))
via (4.5) for � = 1, . . . , L, then {θ(�)}L1 are i.i.d. samples from the
observed posterior distribution f(θ|Yobs).

For the HIV data, we adopt the uniform prior, i.e., α1 = · · · =
α4 = 1. The Bayes estimates of θ and the odds ratio ψ are given
in Table 4.3. Since the Bayes CIs include the value of 1, there is no
association between sex exchange and HIV status.
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Table 4.3 Bayesian estimates of parameters for the HIV data

Parameters Bayesian mean Bayesian std 95% Bayesian CI

θ1 0.4453 0.0286 [0.3893, 0.5012]
θ2 0.0776 0.0168 [0.0478, 0.1136]
θ3 0.3800 0.0281 [0.3253, 0.4360]
θ4 0.0969 0.0185 [0.0636, 0.1361]
ψ = θ1θ2

θ3θ4
1.5610 0.5549 [0.7593, 2.8959]

Source: Tian, Tan & Ng (2007).

4.4 Contingency Tables with Two

Supplemental Margins

4.4.1 Neurological complication data

Choi & Stablein (1982) reported a neurological study in which 33
young meningitis patients at the St. Louis Children’s Hospital were
given neurological tests at the beginning and the end of a standard
treatment on neurological complication. The response to each test
is the absence (denoted by 0) or the presence (denoted by 1) of
any neurological complications. The data are reported in Table 4.4.
The primary objective of this study is to assess if the proportion of
patients having neurological complications would be different before
and after the treatment.

Table 4.4 Neurological complication data

Y = 0 Y = 1 Supplement on X

X = 0 6 (n1, θ1) 3 (n2, θ2) 2 (n12, θ1 + θ2)
X = 1 8 (n3, θ3) 8 (n4, θ4) 4 (n34, θ3 + θ4)

Supplement on Y 2 (n13, θ1+θ3) 0 (n24, θ2+θ4)

NOTE: ‘X = 1(0)’ means that a patient does (not) have any com-
plications at the beginning of the treatment, ‘Y = 1(0)’ means that
a patient does (not) have any complications at the end of the treat-
ment. The observed frequencies and probabilities are in parenthe-
ses.

4.4.2 MLEs via the EM algorithm

Let Yobs = {(n1, . . . , n4); (n12, n34); (n13, n24)} denote the observed
frequencies and θ = (θ1, . . . , θ4)� ∈ T4 the cell probability vector.
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The parameter of interest is

θ23 = Pr(Y = 1) − Pr(X = 1) = θ2 − θ3,

the difference between the proportions of patients with neurological
complication before and after the treatment. Under the assumption
of MAR, the observed-data likelihood function is

L(θ|Yobs) ∝
{

4∏
i=1

θni
i × (θ1 + θ2)n12(θ3 + θ4)n34

}

× (θ1 + θ3)n13(θ2 + θ4)n24 , θ ∈ T4.

Writing n13 = Z1+(n13−Z1) and n24 = Z2+(n24−Z2), we introduce
a latent vector Z = (Z1, Z2)�, and obtain the following augmented-
likelihood function

L(θ|Yobs, Z) ∝
(

4∏
i=1

θni+Zi
i

)
× (θ1 + θ2)n12(θ3 + θ4)n34 , (4.7)

where Z3 =̂n13 − Z1 and Z4 =̂n24 − Z2. Note that this augmented-
likelihood has the same functional form of (4.42) and thus from Prob-
lem 4.1(b), we obtain the following MLEs of θ:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

θi =
ni + Zi
N

(
1 +

n12

n1 + Z1 + n2 + Z2

)
, i = 1, 2,

θi =
ni + Zi
N

(
1 +

n34

n3 + Z3 + n4 + Z4

)
, i = 3, 4,

(4.8)

where N =̂ Σ4
i=1ni + n12 + n34 + n13 + n24. Similar to (4.6), the

conditional predictive distribution is

f(Z|Yobs, θ) = Binomial(Z1|n13, θ1/(θ1 + θ3)),
× Binomial(Z2|n24, θ2/(θ2 + θ4)). (4.9)

Hence, the E-step of the EM is to compute

E(Z1|Yobs, θ) =
n13θ1
θ1 + θ3

, and E(Z2|Yobs, θ) =
n24θ2
θ2 + θ4

. (4.10)

The M-step updates (4.8) by replacing {Z�}2
�=1 with their conditional

expectations. The MLE of θ23 is then given by θ̂23 = θ̂2 − θ̂3. The
95% asymptotic CI for θ23 is given by

[θ̂23 − 1.96 × se (θ̂23), θ̂23 + 1.96 × se (θ̂23)],
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where

se (θ̂23) = {Var(θ̂2) + Var(θ̂3) − 2Cov(θ̂2, θ̂3)}1/2.

For the data in Table 4.4, using θ(0) = 114/4 as initial values,
the EM algorithm based on (4.8) and (4.10) converged at the 6-th
iteration. The resultant MLEs are

(θ̂1, θ̂2, θ̂3, θ̂4) = (0.2495, 0.1094, 0.3422, 0.2989),

and θ̂23 = −0.2328. The corresponding standard errors are given
by (0.0819, 0.0585, 0.0925, 0.0865) and 0.1191. Therefore, the 95%
asymptotic CI of θ23 is [−0.4663, 0.0007]. Since the asymptotic CI
includes the value of 0, we conclude that the incidence rates of neuro-
logical complication before and after the standard treatment are es-
sentially the same. However, such a CI depends on the large-sample
theory and the sample size in this case is not that large.

4.4.3 Generation of i.i.d. posterior samples

For Bayesian analysis, the grouped Dirichlet distribution (GDD)

θ ∼ GD4,2,2

(
(n∗1, . . . , n

∗
4)
�, (n∗12, n

∗
34)

�
)

(4.11)

is a natural conjugate prior distribution of θ. Hence, the complete-
data posterior of θ is still a GDD:

θ|(Yobs, Z) ∼ GD4,2,2

(
(n1 + n∗1 + Z1, . . . , n4 + n∗4 + Z4)�,

(n12 + n∗12, n34 + n∗34)
�
)
. (4.12)

The SR (4.43) provides a straightforward procedure for generating
i.i.d. samples from a GDD. To apply the exact IBF sampling, we
first need to identify the support of Z|Yobs. From (4.9), we have
S(Z|Yobs) = {z1, . . . , zK} with K = (n13 + 1)(n24 + 1). For the pur-
pose of illustration, in Table 4.4, let n24 = 3 instead. Thus, the
corresponding {zk}Kk=1 are listed in the second column of Table 4.5.
The last column of Table 4.5 displays {pk}Kk=1 based on (4.3) and
(4.2). Next, we draw L = 10, 000 i.i.d. samples {Z(�)}L�=1 of Z from
the pmf f(Z|Yobs) with probabilities {pk}K1 on {zk}K1 . Finally, we
draw θ(�) ∼ f(θ|Yobs, Z

(�)) via (4.12) for � = 1, . . . , L, then {θ(�)}L1
are i.i.d. samples from f(θ|Yobs).
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Table 4.5 The values of {qk(θ0)} with various θ0 and {pk}
k zk qk(θ0) qk(θ′0) pk
1 (0,0) 0.003350222 0.2648067 0.12314502
2 (1,0) 0.004690310 0.3707294 0.17240303
3 (2,0) 0.002042891 0.1614732 0.07509110
4 (0,1) 0.003654787 0.2888800 0.13434002
5 (1,1) 0.005014368 0.3963434 0.18431451
6 (2,1) 0.002142892 0.1693775 0.07876689
7 (0,2) 0.001790846 0.1415512 0.06582661
8 (1,2) 0.002410754 0.1905497 0.08861275
9 (2,2) 0.001011552 0.0799546 0.03718188
10 (0,3) 0.000382659 0.0302460 0.01406552
11 (1,3) 0.000505776 0.0399773 0.01859094
12 (2,3) 0.000208441 0.0164755 0.00766172

Note: θ0 = (0.25, 0.25, 0.25, 0.25)� and θ′0 = (0.2, 0.2, 0.5, 0.1)�.

Again, we assume no prior information and adopt the uniform
prior, i.e., n∗1 = · · · = n∗4 = 1 and n∗12 = n∗34 = 0. The Bayes
estimates of θ and θ23 are given by (0.2280, 0.1411, 0.3007, 0.3302)
and -0.1594. Their corresponding standard deviations are (0.0691,
0.0614, 0.0783, 0.0804) and 0.1087. The 95% Bayes CI of θ23 is
[−0.3664, 0.0538], which includes the value of 0. This lends support
to the belief that neurological complication rates are essentially the
same before and after the standard treatment.

4.5 The Hidden Sensitivity Model for
Surveys with Two Sensitive Questions

4.5.1 Randomized response models

In questionnaires for political and sociological surveys, respondents
sometimes encounter sensitive questions about, e.g., their norma-
tive charges to a certain service and their involvement in potentially
embarrassing behaviors such as visiting pornographic web sites, or
illegal activities such as tax evasion (Elffers et al., 1992). Similarly,
individuals may be asked if they have had abortion experience, drug
abuse history, homosexual activities and AIDS in some medical and
epidemiological questionnaires. The individuals may choose not to
answer or may intentionally provide wrong answers, according to
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whether the choice is to their advantage. Many techniques have
been proposed to encourage greater cooperation from the respon-
dents and randomized response (RR) sampling is amongst the most
popular method to overcome such a nonresponse issue (Fox & Tracy,
1986; Chaudhuri & Mukerjee, 1988; Lee, 1993).

Warner (1965) introduced the RR model as a survey method-
ology for sensitive questions to reduce response error, protect the
privacy of respondents, and increase response rates. Under Warner’s
model, respondents are drawn using simple random sampling with
replacement from the population. It requires the respondent to give
a “Yes” or “No” reply either to the sensitive question or to the com-
plement of the question depending on the outcome of a randomizing
device (RD) not reported to the interviewer. Horvitz et al. (1967) and
Greenberg et al. (1969) developed an unrelated question RR model
by introducing a non-sensitive and unrelated question. Since then,
other investigators proposed various alternatives to the RR strategy.

Fox & Tracy (1984) considered the estimation of correlation be-
tween two sensitive questions. Lakshmi & Raghavarao (1992) also
discussed 2 × 2 contingency table based on binary randomized re-
sponses. Christofides (2005) presented an RR technique for two sen-
sitive characteristics at the same time and his procedure requires
two RDs. Kim & Warde (2005) considered a multinomial RR model
which can handle untruthful responses. However, all these RR tech-
niques rely on various RDs. As a result, they are usually criticized
by their 1) inefficiency; 2) lack of reproductivity; 3) lack of confi-
dence/trust from the respondents; and 4) dependence on the RD.

4.5.2 Non-randomized response models

To overcome some of the aforementioned inadequacies of RR models,
two non-randomized response (NRR) models, namely the triangular
and crosswise models, were developed recently by Yu et al. (2008b)
for a single sensitive dichotomous question. Tian et al. (2007) pro-
posed a non-randomized hidden sensitivity (HS) model for analyzing
the association between two sensitive dichotomous questions. Unlike
traditional RR models, the NRR models utilize an independent (or
unrelated) non-sensitive question (e.g., season of birth) in the survey
to indirectly obtain a respondent’s answer to a sensitive question. In
general, the triangular design (which is NRR) is more efficient than
the Warner’s randomized design.
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4.5.3 The non-randomized hidden sensitivity model

Consider two binary sensitive variates X and Y . Let X = 1 denote
the sensitive answer (or outcome) that a respondent may not want
to reveal (e.g., taking drug), and X = 0 the non-sensitive answer
(e.g., not taking drug). Similarly, let Y = 1 be the sensitive answer
(e.g., HIV+) and Y = 0 the non-sensitive one (e.g., HIV-). Let
θx = Pr(X = 1), θy = Pr(Y = 1),

θ1 = Pr(X = 0, Y = 0),
θ2 = Pr(X = 0, Y = 1),
θ3 = Pr(X = 1, Y = 0), and
θ4 = Pr(X = 1, Y = 1).

Hence, θx = θ3 + θ4 and θy = θ2 + θ4. A commonly used measure
of association is the odds ratio defined by ψ = θ1θ4/(θ2θ3). The
objective is to estimate θx, θy, θis and ψ.

(a) Survey design for two sensitive questions

To obtain reliable responses from respondents, Tian et al. (2007) in-
troduce a non-sensitive variate W , which is independent of (X,Y ).
Let ωi = Pr(W = i) for i = 1, . . . , 4. Like the triangular and cross-
wise models, the variate W should be chosen in such a way that all
ωis are known or can be estimated easily. Therefore, we assume that
ωis are given. For example, let {W = i} denote that a respondent
was born in the i-th quarter and we can thus assume that ωis are
approximately all equal to 1/4.

Instead of directly answering the sensitive question, each respon-
dent is asked to answer a new question as shown in Table 4.6. Since
{X = 0, Y = 0} represents an non-sensitive subclass, we have reason
to believe that a respondent will put a tick in Block i (i = 1, . . . , 4)
according to his/her truthful status if (s)he belongs to this category.
The other categories (i.e., Blocks II to IV), however, are sensitive
to the respondent. If the respondent belongs to Block II (III or IV),
(s)he is asked to put a tick in Block 2 (3 or 4), where the sensitive
answers are mixed with non-sensitive ones so that his/her privacy is
protected. This technique is simply called the HS model in the sense
that the sensitive attribute of a respondent is being hidden. Table
4.7 shows the cell probabilities θis and the observed frequencies nis.
Let n1 denote the observed frequency of respondents putting a tick
in Block 1. Note that n2 represents the sum of the frequencies of
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respondents belonging to Block 2 and Block II. We can interpret n3

and n4 similarly.

Table 4.6 Questionnaire for the HS model

Categories W = 1 W = 2 W = 3 W = 4

I: {X = 0, Y = 0} Block 1: Block 2: Block 3: Block 4:

II: {X = 0, Y = 1} Category II: please put a tick in Block 2

III: {X = 1, Y = 0} Category III: please put a tick in Block 3

IV: {X = 1, Y = 1} Category IV: please put a tick in Block 4

Source: Tian et al. (2007).

Table 4.7 Cell probabilities, observed and unobservable
frequencies for the HS model

Categories W = 1 W = 2 W = 3 W = 4 Total
I: {X = 0, Y = 0} ω1θ1 ω2θ1 ω3θ1 ω4θ1 θ1 (Z1)

II: {X = 0, Y = 1} θ2 (Z2)

III: {X = 1, Y = 0} θ3 (Z3)

IV: {X = 1, Y = 1} θ4 (Z4)

Total ω1 (n1) ω2 (n2) ω3 (n3) ω4 (n4) 1 (n.)

Source: Tian et al. (2007). NOTE: n. =
∑4

i=1 ni, Z1 = n. − (Z2 +
Z3 + Z4), where (Z2, Z3, Z4) are unobservable.

Unlike the classic RR models, it is noteworthy that all the afore-
mentioned NRR models have the following advantages: (i) they do
not require any RDs and the study is thus less costly; (ii) the re-
sults can be reproducible; (iii) they can be easily operated for both
interviewers and interviewees; and (iv) they can be applied to both
face-to-face personal interviews and mail questionnaires.

(b) Posterior moments in closed-form

Assume that there are a total of n. = Σ4
i=1ni respondents with ni

ticks put in Block i for i = 1, . . . , 4 (see Table 4.7). Let Yobs =
{n1, . . . , n4} denote the observed frequencies and θ = (θ1, . . . , θ4)�.
The observed-data likelihood function for θ is then

L(θ|Yobs) = θn1
1

4∏
i=2

(ωiθ1 + θi)ni , θ ∈ T4,
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where ωi = Pr(W = i), i = 1, . . . , 4, are assumed to be known con-
stants. A natural prior for θ is the Dirichlet(a) with a = (a1, . . . , a4)�.
Thus, the posterior of θ has the following explicit expression:

f(θ|Yobs) = c−1(a, n) ×
4∏
i=1

θai−1
k × L(θ|Yobs), θ ∈ T4,

where n =̂ (n1, . . . , n4)�, c(a, n) = c∗(a, n)/Γ(
∑4

i=1 ai + n) and

c∗(a, n) =
n2∑
j2=0

n3∑
j3=0

n4∑
j4=0

{
Γ(a1 + n1 + j2 + j3 + j4)

×
4∏
�=2

(n�
j�

)
Γ(a� + n� − j�)p

j�
�

}
.

Let t = (t1, . . . , t4)�, then the posterior moment of θ is given by

E
(
θt11 θ

t2
2 θ

t3
3 θ

t4
4

∣∣∣Yobs

)
=
c∗(a+ t, n)
c∗(a, n)

× Γ(
∑4

i=1 ai + n)
Γ(
∑4

i=1(ai + ti) + n)
.

Hence, the posterior moments of θx, θy and ψ can be expressed as

E(θx|Yobs) = E(θ3|Yobs) + E(θ4|Yobs),
E(θ2

x|Yobs) = E(θ2
3|Yobs) + 2E(θ3θ4|Yobs) + E(θ2

4|Yobs),
E(θy|Yobs) = E(θ2|Yobs) + E(θ4|Yobs),
E(θ2

y|Yobs) = E(θ2
2|Yobs) + 2E(θ2θ4|Yobs) + E(θ2

4|Yobs),

E(ψ|Yobs) = E(θ1θ−1
2 θ−1

3 θ4|Yobs),
E(ψ2|Yobs) = E(θ2

1θ
−2
2 θ−2

3 θ2
4|Yobs).

(c) The posterior mode via the EM algorithm

To derive the posterior mode of θ, we treat the observed frequencies
n2, n3 and n4 as incomplete data and the frequencies Z2, Z3 and Z4

as missing data (see Table 4.7). Let Z = (Z2, Z3, Z4)� with Z1 =
n. − Z2 − Z3 − Z4. Thus, the complete-data posterior distribution
and the conditional predictive distribution are given by

f(θ|Yobs, Z) = Dirichlet(θ|a1 + Z1, . . . , a4 + Z4), (4.13)

f(Z|Yobs, θ) =
4∏
i=2

Binomial(Zi|ni, θi/(ωiθ1 + θi)). (4.14)
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The M-step of the EM algorithm calculates the complete-data pos-
terior mode

θ̃i =
ai + Zi − 1

Σ4
�=1a� + n− 4

, i = 2, 3, 4, θ̃1 = 1 −
4∑
i=2

θ̃i, (4.15)

and the E-step is to replace {Zi} by their conditional expectations

E(Zi|Yobs, θ) =
niθi

ωiθ1 + θi
, i = 2, 3, 4. (4.16)

(d) Generation of i.i.d. posterior samples

To apply the exact IBF sampling to the current model, we sim-
ply need to identify the support of Z|Yobs. From (4.14), we have
S(Z|Yobs) = {z1, . . . , zK} with K = (n2 + 1)(n3 + 1)(n4 + 1). For the

Table 4.8 The values of {qk(θ0)} and {pk}
k zk qk(θ0) pk k zk qk(θ0) pk
1 (0,0,0) 0.0008473 0.0125290 19 (0,0,2) 0.0014525 0.0214784
2 (1,0,0) 0.0008473 0.0125290 20 (1,0,2) 0.0019367 0.0286379
3 (2,0,0) 0.0004841 0.0071594 21 (2,0,2) 0.0015494 0.0229103
4 (0,1,0) 0.0008473 0.0125290 22 (0,1,2) 0.0019367 0.0286379
5 (1,1,0) 0.0009683 0.0143189 23 (1,1,2) 0.0030988 0.0458206
6 (2,1,0) 0.0006455 0.0095459 24 (2,1,2) 0.0030988 0.0458206
7 (0,2,0) 0.0004841 0.0071594 25 (0,2,2) 0.0015494 0.0229103
8 (1,2,0) 0.0006455 0.0095459 26 (1,2,2) 0.0030988 0.0458206
9 (2,2,0) 0.0005164 0.0076367 27 (2,2,2) 0.0041317 0.0610942
10 (0,0,1) 0.0012710 0.0187936 28 (0,0,3) 0.0009683 0.0143189
11 (1,0,1) 0.0014525 0.0214784 29 (1,0,3) 0.0015494 0.0229103
12 (2,0,1) 0.0009683 0.0143189 30 (2,0,3) 0.0015494 0.0229103
13 (0,1,1) 0.0014525 0.0214784 31 (0,1,3) 0.0015494 0.0229103
14 (1,1,1) 0.0019367 0.0286379 32 (1,1,3) 0.0030988 0.0458206
15 (2,1,1) 0.0015494 0.0229103 33 (2,1,3) 0.0041317 0.0610942
16 (0,2,1) 0.0009683 0.0143189 34 (0,2,3) 0.0015494 0.0229103
17 (1,2,1) 0.0015494 0.0229103 35 (1,2,3) 0.0041317 0.0610942
18 (2,2,1) 0.0015494 0.0229103 36 (2,2,3) 0.0082635 0.1221884

Note: θ0 = (0.25, 0.25, 0.25, 0.25)�.
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purpose of illustration, in Table 4.7 we let Yobs = {n1, . . . , n4} =
{1, 2, 2, 3}, and ω1 = · · · = ω4 = 0.25. Then, the corresponding
{zk}Kk=1 are given in the 2-nd and 6-th columns of Table 4.8. Fur-
thermore, in (4.13) let a1 = · · · = a4 = 1. With θ0 = 114/4, qk(θ0)
and {pk}Kk=1 are calculated by (4.2) and (4.3). The results are shown
in Table 4.8.

4.6 Zero-Inflated Poisson Model

Count data with excessive zeros relative to a Poisson distribution are
common in applications of public health, biomedicine, epidemiology,
sociology, psychology and engineering. Failure to account for the
extra zeros in the modeling process may result in biased estimates
and misleading inferences (Lambert, 1992). A variety of examples
of count data (e.g., number of heart attacks, number of epileptic
seizures, length of stay in a hospital, number of defects in a manu-
facturing process and so on) from different disciplines are available
(Böhning, 1998; Ridout et al., 1998). Such count data are often over-
dispersed and exhibit greater variability than predicted by a Poisson
model.

To model the over-dispersion of such non-Poisson data, one of the
useful approaches is by a zero-inflated Poisson (ZIP) model (Hinde &
Demetrio, 1998). From a likelihood-based point of view, Yip (1988)
used the ZIP distribution to model the number of insect per leaf.
Heilbron (1989) proposed ZIP and negative binomial regression mod-
els and applied them to study high-risk human behavior. Lambert
(1992) used the ZIP to model covariate effects in an experiment
on soldering defects on printed wiring boards. Gupta et al. (1996)
proposed zero-adjusted discrete models including the zero-inflated
modified power series distributions. From a Bayesian perspective,
Rodrigues (2003), Ghosh et al. (2006) and Angers & Biswas (2003)
analyzed the ZIP data by using MCMC methods or/and Monte Carlo
integration to obtain the posterior distributions, respectively.

A discrete r.v. Y is said to follow a ZIP distribution if its pmf is

f(y|φ, λ) = [φ+ (1 − φ)e−λ]I(y=0) +
[
(1 − φ)

e−λλy

y!

]
I(y>0), (4.17)

where 0 ≤ φ < 1. The ZIP distribution may be viewed as a mixture
of a degenerate distribution with all mass at zero and a Poisson(λ)
distribution. Note that φ is used to incorporate more zeros than
those permitted by the original Poisson model (φ = 0). From (4.17),
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it is easy to verify that

E(Y |φ, λ) = (1 − φ)λ,
Var(Y |φ, λ) = E(Y |λ, φ) + E(Y |λ, φ){λ − E(Y |λ, φ)}.

Clearly, Var(Y |φ, λ) suggests that the ZIP distribution incorporates
extra variation that is unaccounted for by the Poisson distribution.

Let Yobs = {yi}ni=1 denote n independent observations from the
ZIP model (4.17), O =̂ {yi : yi = 0, i = 1, . . . , n}, and m denote the
number of elements in O. Then the likelihood for (φ, λ) is

L(φ, λ|Yobs) = [φ+ (1 − φ)e−λ]m × (1 − φ)n−m
∏
yi /∈O

e−λλyi

yi!
.

We augment Yobs with a latent r.v. Z by splitting the observed m
into Z and (m−Z) so that the conditional predictive distribution is

f(Z|Yobs, φ, λ) = Binomial(Z|m, φ/[φ + (1 − φ)e−λ]). (4.18)

Note that the complete-data likelihood for (φ, λ) is given by

L(φ, λ|Yobs, Z) ∝ φZ [(1 − φ)e−λ]m−z × (1 − φ)n−m
∏
yi /∈O

e−λλyi

yi!

∝ φZ(1 − φ)n−Ze−(n−Z)λλ
∑

yi /∈O yi .

Suppose that φ ∼ Beta(a, b), λ ∼ Gamma(c, d) and they are inde-
pendent, then, the complete-data posterior distribution is

f(φ, λ|Yobs, Z) = f(φ|Yobs, Z) × f(λ|Yobs, Z), (4.19)

where

f(φ|Yobs, Z) = Beta(φ|Z + a, n− Z + b),

f(λ|Yobs, Z) = Gamma
(
λ
∣∣∣∑yi /∈O yi + c, n− Z + d

)
.

The exact IBF sampling in §4.1 then applies.

4.7 Changepoint Problems

Changepoint problems (CPs) are often encountered in medicine and
other fields, e.g., economics, finance, psychology, signal processing,
industrial system control and geology. Typically, a sequence of data
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is collected over a period of time, we wish to make inference about
the location of one or more points of the sequence at which there
is a change in the model. The literature on CPs is extensive. For
binomial CPs, Smith (1975) presented a conventional Bayesian ap-
proach for a finite sequence of independent observations with details
on binomial single-changepoint model. Smith (1980) studied bino-
mial multiple-changepoint model which is investigated further by
Stephens (1994) using the Gibbs sampler. For Poisson process CPs,
a well-known example concerns British coal-mining disasters from
1851-19623 . Frequentist investigations appear in Worsley (1986) and
Siegmund (1988), while traditional Bayesian analysis and MCMC
hierarchical Bayesian analysis are presented in Raftery & Akman
(1986) and Carlin et al. (1992), respectively. Arnold (1993) consid-
ered the application of the Gibbs sampler to a Poisson distribution
with a changepoint. For binary CPs, Halpern (1999) applied a novel
changepoint statistic based on the minimum value, over possible
changepoint locations of Fisher’s exact test to assessing recombi-
nation in genetic sequences of HIV. Three comprehensive reviews on
CPs are provided by Brodsky & Darkhovsky (1993), Chen & Gupta
(2000) and more recently by Wu (2005). This section is adapted
partly based on Tian et al. (2009).

4.7.1 Bayesian formulation

(a) The single-changepoint problem

Let Yobs = {yi}ni=1 denote a realization of the sequence of indepen-
dent r.v.’s {Yi}ni=1 of length n. The r.v.’s {Yi}ni=1 are said to have a
changepoint at r (1 ≤ r ≤ n) if

Yi ∼ f(y|θ1), i = 1, . . . , r, and
Yi ∼ f(y|θ2), i = r + 1, . . . , n,

where θ1 and θ2 could be vector-valued and θ1 �= θ2. In particular,
the point r = n represents ‘no change’. Thus, the likelihood function
becomes

L(r, θ1, θ2|Yobs) =
r∏
i=1

f(yi|θ1) ×
n∏

i=r+1

f(yi|θ2). (4.20)

3The original data were gathered by Maguire et al. (1952) and then the data
were corrected by Jarrett (1979).
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Using π(r, θ1, θ2) as a joint prior distribution for r, θ1, and θ2, the
joint posterior distribution is then given by

f(r, θ1, θ2|Yobs) ∝ L(r, θ1, θ2|Yobs) × π(r, θ1, θ2). (4.21)

(b) The multiple-changepoint problem

The above method for single-changepoint can be easily generalized
to multiple changepoints in the sequence. The Bayesian formulation
for the multiple-changepoint problem is almost identical with that
for the single-changepoint problem. Let Ms represent a model with
s changepoints denoted by r = (r1, . . . , rs)�. Similar to (4.21), under
Ms (s is given), we have

f(r, θ|Yobs) ∝ L(r, θ|Yobs) · π(r, θ)

=
{∏s+1

j=1

∏rj
i=rj−1+1 f(yi|θj)

}
× π(r, θ), (4.22)

where θ = (θ1, . . . , θs+1)�, r0 ≡ 0, rs+1 ≡ n, and the changepoints r
take values in the domain

S(r|Yobs) = {r : 1 ≤ r1 < · · · < rs ≤ n, rj is an integer}. (4.23)

(c) Bayesian analysis via noniterative computation

The primary objective is to make inferences on the unknown change-
points r and the associated parameters θ. We present an exact sam-
pling approach that is more straightforward than the MCMC. We
first treat the changepoint r (or the changepoints r) as a latent vari-
able Z, and then derive both the complete-data posterior distribution
f(θ|Yobs, Z) and the conditional predictive distribution f(Z|Yobs, θ).
Finally, we apply the exact IBF sampling to obtain i.i.d. posterior
samples {Z(�), θ(�)}L�=1.

(d) Exact calculation of marginal likelihood

In practice, the number of changepoints is generally uncertain. Thus,
model determination is the first task in changepoint analysis. Let
Ms represent a model with s changepoints. A classical approach
of selecting the most appropriate model is the likelihood ratio test
by comparing Ms with Ms+1 (e.g., Henderson & Matthews, 1993).
Gelfand & Dey (1994) reviewed the behavior of the likelihood ra-
tio statistic and some well-known adjustments to it. In Bayesian
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analysis, Bayes factor is a useful tool for model choice (cf. §1.4.4).
However, the calculation of Bayes factor itself has proved extremely
challenging (Kass & Raftery, 1995). Approximate computation of
Bayes factor can be implemented by using the Gibbs output (Chib,
1995) or the more general MCMC output (Chen, 2005). In this sub-
section, two alternative formulae are developed to exactly calculate
marginal likelihood (or Bayes factor) by using the exact IBF output
and the point-wise IBF, respectively.

Denote the marginal density of Yobs bym(Yobs)4. Let {Z(�), θ(�)}L1
be the output of the exact IBF sampling. From the Bayes formula:

m(Yobs) = L(θ|Yobs)π(θ)/f(θ|Yobs),

which holds for any θ, we obtain

logm(Yobs) = logL(θ0|Yobs) + log π(θ0) − log f(θ0|Yobs), (4.24)

for an arbitrary θ0 ∈ S(θ|Yobs). For estimation efficiency, θ0 is gener-
ally taken to be a high-density point in the support of the posterior
(e.g., the posterior mode/mean as suggested by Chib, 1995). Since
the observed posterior density can be written as

f(θ|Yobs) =
∫
S(Z|Yobs)

f(θ|Yobs, z)f(z|Yobs) dz,

we obtain a Monte Carlo estimate of f(θ|Yobs) at θ0:5

f̂(θ0|Yobs) =
1
L

L∑
�=1

f(θ0|Yobs, Z
(�)), (4.25)

where {Z(�)} are i.i.d. samples from f(Z|Yobs). Note that this esti-
mate is consistent, i.e., f̂(θ0|Yobs) → f(θ0|Yobs) as L→ ∞. Combin-
ing (4.24) with (4.25), we have an approximate formula to calculate
m(Yobs).

On the other hand, when Z is a discrete r.v. taking values on
{zk}K1 , using the point-wise IBF (1.36), we explicitly obtain

f(θ0|Yobs) =
{∑K

k=1 qk(θ0)
}−1

= p1/q1(θ0), (4.26)

where pk and qk(θ0) are defined in (4.3) and (4.2), respectively.
Substituting (4.26) into (4.24) yields an exact formula to calculate
m(Yobs).

4Usually, it is called marginal likelihood, cf. §1.4.5 for more details.
5Comparing (1.30) with (4.25).
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4.7.2 Binomial changepoint models

Consider binomial model with two changepoints. Suppose that

Yi
ind∼ Binomial(Ni, θ1), i = 1, . . . , r1,

Yi
ind∼ Binomial(Ni, θ2), i = r1 + 1, . . . , r2,

Yi
ind∼ Binomial(Ni, θ3), i = r2 + 1, . . . , n,

where (r1, r2) denote two changepoints taking integer values on

S(r1,r2|Yobs) = {(r1, r2) : 1 ≤ r1 < r2 < n}.
If independent priors are chosen, where (r1, r2) ∼ U(S(r1,r2|Yobs)) and
θj ∼ Beta(aj , bj) for j = 1, 2, 3, then the joint posterior distribution
is given by

f(r1, r2, θ|Yobs) ∝
3∏
j=1

θ
aj+Sj(rj−1,rj)−1
j (1− θj)bj+Tj(rj−1,rj)−1, (4.27)

where θ = (θ1, θ2, θ3)�, Sj(rj−1, rj) =
∑rj

i=rj−1+1 yi, Tj(rj−1, rj) =∑rj
i=rj−1+1(Ni − yi), r0 ≡ 0 and r3 ≡ n. From (4.27), we obtain the

following conditional distributions

f(θ|Yobs, r1, r2) =
∏3
j=1 Beta

(
θj|aj + Sj(rj−1, rj),

bj + Tj(rj−1, rj)
)
, (4.28)

f(r1, r2|Yobs, θ) ∝ ∏3
j=1 θ

Sj(rj−1,rj)
j (1 − θj)Tj(rj−1,rj).

Treating changepoints (r1, r2) as latent variable Z, from (4.1), we
have

f(r1, r2|Yobs) ∝
3∏
j=1

Γ(aj + Sj(rj−1, rj))Γ(bj + Tj(rj−1, rj))
Γ(aj + bj + Sj(rj−1, rj) + Tj(rj−1, rj))

, (4.29)

where 1 ≤ r1 < r2 < n. Therefore, we can obtain i.i.d. posterior
samples of (r1, r2) and θ from (4.29) and (4.28), respectively.

Example 4.1 (Lindisfarne scribe data). Table 1 of Stephens (1994)
gives the number of occurrences of two types of pronoun ending ob-
served in 13 chronologically ordered mediaeval manuscripts (Smith,
1980). Since the proportion of each ending in individual documents
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Table 9 Exact joint pmf f(r1, r2|Yobs) defined in (4.29)

r1
r2 1 2 3 4 5
2 5.20×10−4 - - - -
3 6.09×10−4 2.52×10−4 - - -
4 3.62×10−4 1.35×10−4 2.05×10−4 - -
5 6.52×10−2 2.93×10−2 3.47×10−2 0.3279 -
6 6.11×10−2 2.26×10−2 1.91×10−2 3.63×10−2 4.76×10−2

7 1.37×10−2 4.53×10−3 3.49×10−3 2.97×10−3 2.95×10−2

8 5.57×10−3 1.80×10−3 1.47×10−3 8.86×10−4 2.94×10−2

9 1.08×10−3 3.66×10−4 3.51×10−4 1.70×10−4 2.15×10−2

10 5.93×10−4 2.08×10−4 2.18×10−4 9.96×10−5 2.18×10−2

11 4.66×10−4 1.68×10−4 1.89×10−4 8.33×10−5 2.62×10−2

12 5.57×10−4 2.05×10−4 2.39×10−4 1.03×10−4 3.59×10−2

r1
r2 6 7 8 9 10 11
2 - - - - - -
3 - - - - - -
4 - - - - - -
5 - - - - - -
6 - - - - - -
7 0.0199 - - - - -
8 0.0184 0.0037 - - - -
9 0.0159 0.0029 1.13×10−3 - - -
10 0.0176 0.0032 1.24×10−3 2.33×10−4 - -
11 0.0222 0.0040 1.52×10−3 2.36×10−4 1.25×10−4 -
12 0.0294 0.0052 1.75×10−3 2.57×10−4 1.25×10−4 9.92×10−5

appears to change over the sequence, it is believed that the 13 doc-
uments are work of more than one author. Thus, assuming that the
documents can be categorized into temporally contiguous phases,
with each phase having a distinctive underlying proportion of end-
ing one, say, and corresponding to a different author, it is clear that
a binomial model with multiple changepoints is appropriate for these
data.

Smith found evidence for the presence of at least two change-
points by using traditional Bayesian approach. Thus we focus our
attention on model M2. Table 9 contains the joint posterior proba-
bilities f(r1, r2|Yobs) defined in (4.29) for all possible pairs of change-
points for this data set using the uniform priors (i.e., aj = bj = 1).
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The maximum joint posterior probability occurs at r1 = 4 and
r2 = 5. ‖

4.7.3 Poisson changepoint models

(a) The single-changepoint model

By setting fj(y|θj) = Poisson(y|θj) in (4.20), j = 1, 2, we first con-
sider the Poisson single-changepoint model M1. We use independent
prior distributions: r is assumed to follow a discrete uniform prior
distribution on {1, . . . , n}, θj ∼ Gamma(aj , bj), j = 1, 2. Then, the
joint posterior distribution (4.21) becomes

f(r, θ1, θ2|Yobs) ∝ θa1+Sr−1
1 e−(b1+r)θ1 × θa2+Sn−Sr−1

2 e−(b2+n−r)θ2,

where Sr =̂
∑r

i=1 yi. Direct calculation yields

f(θ1, θ2|Yobs, r) = Gamma(θ1|a1 + Sr, b1 + r) (4.30)
× Gamma(θ2|a2 + Sn − Sr, b2 + n− r),

f(r|Yobs, θ1, θ2) =
(θ1/θ2)Sr exp{(θ2 − θ1)r}∑n
i=1(θ1/θ2)Si exp{(θ2 − θ1)i} .

If the changepoint r is viewed as a latent variable Z, by (4.1), then

f(r|Yobs) ∝ Γ(a1 + Sr)Γ(a2 + Sn − Sr)
(b1 + r)a1+Sr(b2 + n− r)a2+Sn−Sr

, (4.31)

where 1 ≤ r ≤ n. Therefore, i.i.d. posterior samples of r and (θ1, θ2)
from (4.31) and (4.30), respectively, can be obtained readily.

(b) The multiple-changepoint model

Now we consider the multiple-changepoints model Ms. In (4.22), let
fj(y|θj) = Poisson(y|θj) for j = 1, . . . , s+1, where θ = (θ1, . . . , θs+1)�
is the mean vector and r = (r1, . . . , rs)� denote the s changepoints
taking integer values on the domain S(r|Yobs) defined in (4.23). We
use independent priors: r ∼ U(S(r|Yobs)) and

θj ∼ Gamma(aj , bj), j = 1, . . . , s+ 1. (4.32)

Hence, the joint posterior (4.22) becomes

f(r, θ|Yobs) ∝
s+1∏
j=1

θ
aj+Srj

−Srj−1
−1

j e−(bj+rj−rj−1)θj ,
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where Sr =̂ Σr
i=1yi, r0 ≡ 0 and rs+1 ≡ n. It is easy to obtain

f(θ|Yobs, r) =
s+1∏
j=1

Gamma(θj |aj + Srj − Srj−1 ,

bj + rj − rj−1), (4.33)

f(r|Yobs, θ) ∝
s∏
j=1

(θj/θj+1)
Srj e(θj+1−θj)rj .

By using (4.1), we have

f(r|Yobs) ∝
s+1∏
j=1

Γ(aj + Srj − Srj−1)

(bj + rj − rj−1)
aj+Srj−Srj−1

, (4.34)

where r ∈ S(r|Yobs). Therefore, we can obtain i.i.d. posterior samples
of r and θ from (4.34) and (4.33), respectively.

(c) Determining the number of changepoints via Bayes factor

Let Ms represent a Poisson model with s changepoints denoted by
r = (r1, . . . , rs)�, and θ = (θ1, . . . , θs+1)� be its mean vector. Fur-
thermore, let Θ = (r, θ) and Θ̂ = (r̂, θ̂) denote the posterior means
obtained via the exact IBF output. Under model Ms, from (4.24),
the log-marginal likelihood is given by

logm(Yobs|Ms) = logL(Θ̂|Yobs,Ms) + log π(Θ̂|Ms)

− log f(Θ̂|Yobs,Ms), (4.35)

where

f(Θ̂|Yobs,Ms) = f(r̂|Yobs,Ms) × f(θ̂|Yobs, r̂,Ms).

We choose the model with the largest log-marginal likelihood. Es-
sentially, the marginal likelihood approach is the same as the Bayes
factor approach (cf. §1.4.4). The Bayes factor for model Ms versus
model Ms+1 is defined by

Bs,s+1 =
m(Yobs|Ms)
m(Yobs|Ms+1)

. (4.36)

Example 4.2 (The HUS data). Diarrhoea-associated haemolytic
uraemic syndrome (HUS) is a disease that affects the kidneys and
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Figure 4.2 Mean-corrected cumulative sum plot for the number of cases
at Birmingham and Newcastle.

other organs. It poses a substantial threat to infants and young chil-
dren as one of the leading causes of both acute and chronic kidney
failures. HUS is most common in the warmer months of the year,
following a gastrointestinal illness caused primarily by a particular
strain of bacterium, Escherichia Coli O157:H7 (Milford et al., 1990).
These bacteria (E. Coli O157:H7) produce extremely potent toxins
which are the main cause of the symptoms related to the gastroin-
testinal illness. Table 1 of Henderson & Matthews (1993) displays
the annual number of cases of HUS collected in Birmingham and
Newcastle of England, respectively, from 1970 to 1989 (Tarr et al.,
1989). The primary concern is the incidence of HUS and when the
frequency of cases increases sharply.

Figure 4.2 plots the mean-corrected cumulative sum. The annual
totals appear to increase abruptly at about 1980 for the Birmingham
series and 1976, 1984 for the Newcastle series. Therefore, a change-
point analysis with Poisson models seems to be appropriate.

The number of cases of HUS at Birmingham in Year i is de-
noted by yi (i = 1, . . . , n with n = 20, and i = 1 denotes Year
1970). To determine the number of changepoints via Bayes factor,
non-informative priors are not used because they are improper. We
investigate models M0, M1 and M2 and choose standard exponen-
tial priors, specified by setting all aj = bj = 1 in (4.32). Based on
(4.35), we calculate log-marginal likelihoods for the three models,
and we obtain logm(Yobs|M0) = −86.14, logm(Yobs|M1) = −57.56
and logm(Yobs|M2) = −57.00. Therefore, M2 seems to be the most
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Table 4.10 Exact posterior probabilities of the changepoint r
for Birmingham data under Model M1

r 1 2 3 4
f(r|Yobs) 2.249 × 10−13 1.499 × 10−14 2.651 × 10−14 1.365 × 10−13

r 5 6 7 8
f(r|Yobs) 8.493 × 10−13 1.994 × 10−11 2.669 × 10−09 7.541 × 10−07

r 9 10 11 12
f(r|Yobs) 1.656 × 10−05 2.899 × 10−03 9.795 × 10−01 1.753 × 10−02

r 13 14 15 16
f(r|Yobs) 3.628 × 10−06 3.020 × 10−05 7.756 × 10−06 8.459 × 10−08

r 17 18 19 20
f(r|Yobs) 4.596 × 10−12 4.673 × 10−15 1.404 × 10−15 1.952 × 10−14

appropriate choice. From (4.36), the Bayes factor for M1 versus M0

is 2.583 × 1012, while the Bayes factor for M2 versus M1 is 1.751.
That is, the difference between M2 and M1 is not worth to men-
tion. Therefore, we select M1, which is consistent with the pattern
indicated in Figure 4.2.

Under M1, we assume that

y1, . . . , yr
iid∼ Poisson(θ1) and yr+1, . . . , yn

iid∼ Poisson(θ2),

where r is the unknown changepoint and θ1 �= θ2. Table 4.10 contains
the exact posterior probabilities for the changepoint r using (4.31).
The changepoint occurs at r = 11 (i.e., Year 1980) with posterior
probability 0.9795. Based on (4.31) and (4.30), we generate 20, 000
i.i.d. posterior samples by using the exact IBF sampling, and the
Bayes estimates of r, θ1 and θ2 are given by 11.013, 1.593 and 9.609,
respectively. The corresponding standard deviations are 0.143, 0.370
and 0.985. The 95% Bayes CIs for θ1 and θ2 are [0.952, 2.393] and
[7.800, 11.621], respectively. Figures 4.3(a) and 4.3(b) show the his-
togram of the changepoint r and the posterior densities of θ1 and
θ2, which are estimated by a kernel density smoother based on i.i.d.
posterior samples. Figure 4.3(c) depicts the annual numbers of HUS
for Birmingham series, the identified changepoint position, and the
average number of cases before and after the changepoint.

Next, we analyze the Newcastle data set. Similarly, we obtain

logm(Yobs|M0) = −85.24,

© 2010 by Taylor and Francis Group, LLC



4.7 CHANGEPOINT PROBLEMS 143

10 11 12 13 14 15

0
50

00
10

00
0

15
00

0
20

00
0

Changepoint r

(a)

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

 

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1

po
st

er
io

r 
de

ns
iti

es

theta1

theta2

(b)

1970 1975 1980 1985

Year

0
5

10
15

A
nn

ua
l n

um
be

r 
of

 c
as

es
 o

f H
U

S

(c)

Figure 4.3 Birmingham data set. (a) Histogram of the changepoint r. (b)
The posterior densities of θ1 and θ2 estimated by a kernel density smoother
based on 20, 000 i.i.d. samples generated via the exact IBF sampling. (c)
The annual numbers of cases of HUS from 1970 to 1989. The dotted ver-
tical line denotes the identified changepoint position, the lower horizontal
line the average number (1.593) of cases during 1970-1980, and the upper
horizontal line the average number (9.609) of cases during 1980-1989.

Table 4.11 Posterior estimates of parameters for
Birmingham data under Model M2

Parameters Bayesian mean Bayesian std 95% Bayesian CI
r1 7.638 3.6637 [1.0000, 15.00]
r2 15.47 1.5449 [14.000, 20.00]
θ1 1.805 0.7723 [0.7461, 3.620]
θ2 3.591 2.4996 [1.5085, 11.50]
θ3 9.643 3.1975 [0.2806, 13.32]

logm(Yobs|M1) = −64.13, and
logm(Yobs|M2) = −64.10.

From (4.36), the Bayes factor for M2 versus M0 is 1.5169× 109, and
the Bayes factor for M2 versus M1 is 1.03. Therefore, we select M2,
which is also consistent with the pattern indicated in Figure 4.2.
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Figure 4.4 Newcastle data set. (a) Histogram of the changepoint r1. (b)
Histogram of the changepoint r2. (c) The posterior densities of θ1, θ2 and
θ3 estimated by a kernel density smoother based on 20, 000 i.i.d. samples
generated via the exact IBF sampling. (d) The annual numbers of cases
of HUS at Newcastle from 1970 to 1989. The two vertical lines denote two
identified changepoint positions (1976, 1984), the three horizontal lines the
average numbers (1.805, 3.591, 9.643) of cases during 1970-1976, 1976-1984
and 1984-1989, respectively.

Under M2, we assume that

y1, . . . , yr1
iid∼ Poisson(θ1),

yr1+1, . . . , yr2
iid∼ Poisson(θ2), and

yr2+1, . . . , yn
iid∼ Poisson(θ3),

where (r1, r2) are two changepoints and θ1 �= θ2 �= θ3. Using the stan-
dard exponential prior distributions, specified by letting aj = bj = 1
(j = 1, 2, 3) in (4.32), we obtained exact joint posterior probabilities
for the changepoint pair (r1, r2) from (4.34). Two changepoints oc-
cur at r1 = 7 and r2 = 15 (i.e., Year 1976 and Year 1984) with the
joint posterior probability being 0.3589. Based on (4.34) and (4.33),
we generated 20, 000 i.i.d. posterior samples. The resulting Bayes
estimates of parameters are given in Table 4.11. Figures 4.4(a) and
4.4(b) display the histograms of r1 and r2. Figures 4.4(c) shows the
posterior densities of θj (j = 1, 2, 3). Figure 4.4(d) depicts the an-
nual numbers of HUS, two identified changepoints, and the average
number of cases before and after the two changepoints. ‖
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4.8 Capture-Recapture Model

The capture-recapture models are widely used in the estimation of
population sizes and related parameters such as survival rates, birth
rates, and migration rates (George & Robert, 1992). The models are
generally classified as either closed or open (Chao, 1998). In a closed
model, the size of a population is assumed to be constant during the
time of the investigation. Thus, the closed model can be applied to
epidemiology and health science such as birth defects, cancers, drug
use, infectious diseases, injures, and diabetes.

Let N be the unknown size of the population of interest and s be
the number of samples taken. The probability that an individual an-
imal is captured in sample i is θi (i = 1, . . . , s) and θ = (θ1, . . . , θs)�.
We denote ni for the number of animals in sample i, mi for the
number of marked animals in sample i and Mi for the number of
marked animals in the population just before the i-th sample. Then,
Mi+1 = Mi + ni −mi. Suppose that

(i) the population remains constant throughout the experiment;

(ii) there are initially no marked animals, M1 = 0 and m1 = n1;

(iii) in a given sample, all animals have the same probability for be-
ing caught, regardless of their previous history of being caught.

Let Yobs = {ni,mi}si=1 denote the observed data, then, the like-
lihood function is (Castledine, 1981)

L(N, θ|Yobs) = f(m1, . . . ,ms|n1, . . . , ns, N, θ)f(n1, . . . , ns|N, θ)

=
s∏
i=1

(N −Mi

ni −mi

)(Mi

mi

)
θni
i (1 − θi)N−ni

∝ N !
(N − r)!

s∏
i=1

θni
i (1 − θi)N−ni ,

where

r =
s∑
i=1

(ni −mi) = n.−m.

is the total number of different captured animals. We note that
sufficient statistics for the problem are {n1, . . . , ns,m.}.
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146 4. DISCRETE MISSING DATA PROBLEMS

The independent priors of the form π(N) × π(θ) lead to the fol-
lowing full conditional distributions:

f(N |Yobs, θ) ∝ π(N) × N !
(N − r)!

s∏
i=1

(1 − θi)N , (4.37)

f(θ|Yobs, N) ∝ π(θ) ×
s∏
i=1

θni
i (1 − θi)N−ni . (4.38)

In the special case where the θi’s are a priori independent,

π(θ) =
s∏
i=1

Beta(θi|a, b),

it is easy to see that (4.38) becomes

f(θ|Yobs, N) =
s∏
i=1

Beta(θi|ni + a,N − ni + b). (4.39)

By using (4.1) with θ0 = (0.5, . . . , 0.5)�, we have

f(N |Yobs) = c−1 × π(N)
N !

(N − r)!

s∏
i=1

Γ(N − ni + b)
Γ(N + a+ b)

, (4.40)

where N = r, r + 1, . . . and the normalizing constant c does not de-
pend on N . Thus, (4.40) can be computed by the following recursion:

f(N + 1|Yobs)
f(N |Yobs)

=
π(N + 1)
π(N)

× N + 1
N + 1 − r

s∏
i=1

N − ni + b

N + a+ b
.

Using Jeffreys’ prior: π(N) ∝ 1/N , we obtain

f(N = r|Yobs) = c−1 × (r − 1)!
∏s
i=1 Γ(r − ni + b)
[Γ(r + a+ b)]s

,

f(N + 1|Yobs)
f(N |Yobs)

=
N

N + 1 − r
×
∏s
i=1(N − ni + b)
(N + a+ b)s

. (4.41)

Therefore, based on (4.41) and (4.39), the implementation of the
exact IBF sampling is straightforward.

Example 4.3 (Gordy Lake sunfish data). Table 4.12 consists of
s = 14 capture occasions from a population of sunfish. At the i-th
capture, ni fish are captured out of which mi have been previously
captured. Therefore, r = Σ(ni −mi) = 138 is the total number of
different fish captured.
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4.8 CAPTURE-RECAPTURE MODEL 147

Table 4.12 Capture-recapture counts of Gordy Lake sunfish data

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14
ni 10 27 17 7 1 5 6 15 9 18 16 5 7 19
mi 0 0 0 0 0 0 2 1 5 5 4 2 2 3

Source: Castledine (1981).

We analyze this data by using the prior formulation

π(N) ×∏s
i=1 π(θi|a, b)

with Jeffreys’s prior

π(N) ∝ 1/N and π(θi|a, b) = Beta(θi|a, b)
for four different pairs (a, b). Note that (a, b) = (1, 1) is correspond-
ing to the uniform prior, (a, b) = (0, 0) is the non-informative prior,
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(a) Beta(1, 1) prior
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(b) Beta(0, 0) prior
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(c) Beta(3, 100) prior
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Figure 4.5 Histograms of the population size N for the Gordy Lake sun-
fish data using the prior formulation π(N) × Π14

i=1π(θi|a, b) with Jeffreys’s
prior π(N) ∝ 1/N and π(θi|a, b) = Beta(θi|a, b) for four different (a, b).
(a) Uniform prior a = b = 1; (b) Noninformative prior a = b = 0; (c)
Informative prior a = 3 and b = 100; (d) Empirical Bayes prior a = 1.79
and b = 56.6.
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148 4. DISCRETE MISSING DATA PROBLEMS

(a, b) = (3, 100) can be viewed as an informative prior, and (a, b) =
(1.79, 56.6), which maximizes the likelihood, is motivated as the em-
pirical Bayes prior.

Table 4.13 Posterior estimates of N for various a and b

a b Bayesian mean Bayesian std 95% Bayesian CI
1 1 330.879 45.247 [256, 433]
0 0 462.159 86.175 [328, 663]
3 100 428.007 52.900 [337, 544]
1.79 56.6 426.407 58.264 [329, 556]

For each prior, we first compute f(N |Yobs) based on (4.41) for
N = r, r + 1, . . . , Nmax (say, Nmax = 1000). Then we generate L =
50, 000 i.i.d. posterior samples of N from f(N |Yobs). Table 4.13 lists
posterior mean, standard deviation, and a 95% credible interval for
N obtained from the 2.5% and 97.5% quantiles. Figure 4.5 shows
the four corresponding histograms of N . ‖

Problems

4.1 Grouped Dirichlet distribution (Tang et al., 2007; Ng et
al., 2008). An n-vector x ∈ Tn is said to follow a grouped
Dirichlet distribution (GDD) with two partitions, if the density
of x−n =̂ (x1, . . . , xn−1)�∈ Vn−1 is

GDn,2,s(x−n|a, b) = c−1
GD

× (
∑n

i=1 x
ai−1
i )

× (
∑s

i=1 xi)
b1(
∑n

i=s+1 xi)
b2 , (4.42)

where a = (a1, . . . , an)� and b = (b1, b2)� are two non-negative
parameter vectors, s is a known positive integer less than n,
and the normalizing constant is given by

c
GD

= B(a1, . . . , as) ×B(as+1, . . . , an)
× B(

∑s
i=1 ai + b1,

∑n
i=s+1 ai + b2).

We write x ∼ GDn,2,s(a, b) on Tn or x−n ∼ GDn,2,s(a, b) on
Vn−1 accordingly. Especially, when b1 = b2 = 0 the GDD
(4.42) reduces to Dirichletn(a). Show that
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(a) Let x(1) = (x1, . . . , xs)�. An n-vector x = (x(1)�, x(2)�)�∼
GDn,2,s(a, b) on Tn iff

x =
(
x(1)

x(2)

)
d=
(

R · y(1)

(1 −R) · y(2)

)
(4.43)

where y(1), y(2) and R are mutually independent,

y(1) ∼ Dirichlet(a1, . . . , as) on Ts,

y(2) ∼ Dirichlet(as+1, . . . , an) on Tn−s,
R ∼ Beta(

∑s
i=1 ai + b1,

∑n
i=s+1 ai + b2).

(b) The mode of the grouped Dirichlet density (4.42) is
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x̂i =
ai − 1

Δ
· Δ1

Σs
i=1ai − s

, 1 ≤ i ≤ s,

x̂i =
ai − 1

Δ
· Δ − Δ1

Σn
i=s+1ai − (n− s)

, s+ 1 ≤ i ≤ n,

where Δ =
∑n

i=1 ai+b1+b2−n and Δ1 =
∑s

i=1 ai+b1−s.

4.2 Multiplying the likelihood (4.4) by the prior (4.11) results in a
grouped Dirichlet posterior distribution. Using (4.43) to gen-
erate this posterior and to calculate the corresponding Bayes
estimates. Comparing them with the results in Table 4.3.

4.3 Nested Dirichlet distribution (Tian et al., 2003; Ng et al.,
2009). An n-vector x ∈ Tn is said to follow a nested Dirichlet
distribution (NDD), if the density of x−n =̂ (x1, . . . , xn−1)� ∈
Vn−1 is

NDn,n−1(x−n|a, b) = c−1
ND

×∏n
i=1 x

ai−1
i

∏n−1
j=1 (

∑j
k=1 xk)

bj ,
(4.44)

where a = (a1, . . . , an)� are positive parameters, b = (b1, . . .,
bn−1)� are non-negative parameters, and

c
ND

=
∏n−1
j=1 B(dj , aj+1), dj =̂

∑j
k=1(ak + bk).

We will write x ∼ NDn,n−1(a, b) on Tn or x−n ∼ NDn,n−1(a, b)
on Vn−1 accordingly. In particular, when all bj = 0 the NDD
(4.44) reduces to Dirichletn(a). Verify the following facts:
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150 4. DISCRETE MISSING DATA PROBLEMS

(a) An n-vector x ∼ NDn,n−1(a, b) on Tn if and only if 6

⎧⎨
⎩

xi
d= (1 − yi−1)

∏n−1
j=i yj, 1 ≤ i ≤ n− 1,

xn
d= 1 − yn−1,

(4.45)

where y0 ≡ 0, yj ∼ Beta(dj , aj+1) and y1, . . . , yn−1 are
mutually independent.

(b) The mode of the nested Dirichlet density (4.44) is7

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x̂n = (an−1)/(dn−1 + an − n),

x̂i =
(ai−1)(1−Σn

j=i+1x̂j)
di−1 + ai − i

, 2 ≤ i ≤ n− 1,

x̂1 = 1 − x̂2 − · · · − x̂n.

(4.46)

4.4 Dental caries data (Paulino & Pereira, 1995). To determine
the degree of sensitivity to dental caries, dentists often consider
three risk levels: low, medium and high. Each subject will be
assigned a risk level based on the spittle color obtained using
a coloration technique. However, some subjects may not be
fully categorized due to the inability to distinguish adjacent
categories. Of 97 subjects, only 51 were fully categorized with
n1 = 14, n2 = 17, and n3 = 20 subjects being classified as low,
medium and high, respectively. A total of n12 = 28 subjects
were only classified as low or medium risk, and n23 = 18 as
medium or high risk. The primary objective of this study is
to estimate the cell probability vector θ = (θ1, θ2, θ3)� ∈ T3.
Let Yobs = {(n1, n2, n3); (n12, n23)} denote the observed counts.
Under MAR assumption, the observed-data likelihood is

L(θ|Yobs) ∝
{
(
∏3
i=1 θ

ni
i )θ0

1(θ1 + θ2)n12

}
× (θ2 + θ3)n23 .

Note that the first term in L(θ|Yobs) follows the ND3,2(a, b)
with a = (n1, n2, n3)� and b = (0, n12)� up to a normalizing

6The SR (4.45) provides a simple procedure for generating i.i.d. samples from
NDD, which in turn plays a crucial role in Bayesian analysis for incomplete cate-
gorical data. The result indicates that the NDD can be stochastically represented
by a sequence of mutually independent beta variates.

7(4.46) gives a closed-form expression for the mode of an NDD density, imply-
ing that explicit MLEs of cell probabilities are available in the frequentist analysis
of incomplete categorical data.
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constant. The problem is to (i) develop an EM algorithm to
estimate θ; (ii) use the exact IBF sampling in §4.1 to generate
i.i.d. posterior samples of θ. (Hint: Introduce a latent r.v. Z
to split (θ2 + θ3)n23 and utilize (4.46) to obtain complete-data
MLEs.)

4.5 The triangular model for sensitive surveys (Yu et al.,
2008b). Let Y = 1 denote the class of people with a sensitive
characteristic (e.g., drug-taking) and Y = 0 the complemen-
tary class. Let W be a binary and non-sensitive r.v. and be
independent of Y . For example, W = 1 may represent the class
of people who were born between July and December. With-
out loss of generality, let p be known. The aim is to estimate
the proportion π = Pr(Y = 1).

For a face-to-face personal interview, the designer may re-
place the sensitive question by the tabular form presented in
Table 4.14 and ask the respondent to put a tick in the circle or
in the triangle formed by the three dots according to his/her
truthful status. It is noteworthy that {Y = 0,W = 0} rep-
resents a non-sensitive subclass. On the other hand, a tick in
the triangle indicates the respondent can be either a drug user
or a non-drug user born between July and December. Thus,
{Y = 1} ∪ {Y = 0,W = 1} can be regarded as a non-sensitive
subclass as well. Such mix of sensitive and non-sensitive classes
would presumably encourage respondents to not only partici-
pate in the survey but also provide truthful responses. This is
called triangular model by Yu et al. (2008b).

Table 4.14 The triangular model

Categories W = 0 W = 1
Y = 0 © •
Y = 1 • •

Let Yobs = {n, s} denote the observed data for n respondents
with s ticks in the triangle. Prove that

(a) The likelihood function is given by

L(π|Yobs) ∝ [π + (1 − π)p]s[(1 − π)(1 − p)]n−s.

(b) If Beta(a, b) is chosen to be the prior, then the posterior
of π takes the following closed-form expression:

f(π|Yobs) = c−1
T

·πa−1(1−π)b+n−s−1[π+(1−π)p]s, (4.47)
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where cT =
∑s

j=0(
s
j )ps−jB(a+ j, b+ n− j).

(c) Let Z be the number of respondents with the sensitive
attribute, then

π|(Yobs, Z) ∼ Beta(a+ Z, b + n− Z), (4.48)
Z|(Yobs, π) ∼ Binomial(s, π/[π + (1 − π)p]). (4.49)

(d) Based on (4.48) and (4.49), develop an EM algorithm to
compute the posterior mode of π. In addition, compare
the exact posterior curve given by (4.47) with the curve
estimated by a kernel density smoother based on i.i.d.
posterior samples of π generated via the exact IBF sam-
pling.

4.6 Pancreas disorder data (Lee et al., 2004). Table 4.15 reports
counts of pancreas disorder length of stay (LOS) for a group of
261 patients hospitalized from 1998 to 1999 in Western Aus-
tralia. The LOS is recorded as discrete count representing the
duration between admission and discharge from the hospital.
The excess zeros in the data may lead to over-dispersion and
hence a Poisson modeling would not suffice. Fit the data with
the ZIP model presented in §4.6 and estimate posterior by gen-
erating i.i.d. posterior samples for parameters of interest via
the exact IBF sampling and the DA algorithm.

Table 4.15 Observed counts of pancreas disorder data

LOS in days 0 1 2 3 4 5 6 7 8 9 10 11-14
Frequency 45 35 35 47 40 20 13 8 4 5 3 6

4.7 Continuous changepoint problems (Stephens, 1994). In
many applications, the response Yt is a measurement of some
substance of interest at time t so that Yt is a continuous r.v.. A
sequence {Yt : t ≥ 0} is said to have a continuous changepoint
γ if Yt ∼ f1(·|θ1) for t ≤ γ and Yt ∼ f2(·|θ2) for t > γ. For
example, consider the switching straight line regression model:

Yt ∼ N(α1 + β1t, σ
2), t ≤ γ and

Yt ∼ N(α2 + β2t, σ
2), t > γ, (4.50)

where the constraint β2 = β1 + (α1 −α2)/γ ensures continuity
of two straight lines intersecting at the changepoint γ. Thus,
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the model (4.50) has five unknown parameters, denoted by
(γ,Θ) =̂ (γ, α1, β1, α2, σ

2). Let Yobs = {yt : 1 ≤ t ≤ n} denote
a realization of the sequence {Yt : t ≥ 0} with length n, then
the likelihood L(γ,Θ|Yobs) is proportional to

σ−n exp
{
− Σt≤γ(yt − α1 − β1t)2 + Σt>γ(yt − α2 − β2t)2

2σ2

}
.

Obviously, this likelihood is non-linear in γ so that the analytic
approximation might be inappropriate. In Bayesian settings,
using π(γ,Θ) as the prior will result in the following posterior

f(γ,Θ|Yobs) ∝ L(γ,Θ|Yobs) × π(γ,Θ). (4.51)

Interest centers on the derivation of the marginal posterior dis-
tribution of γ as well as that of other parameters.

In general, from (4.51) we can easily obtain f(γ|Yobs,Θ)
known up to a normalizing constant and f(Θ|Yobs, γ) in closed-
form. By applying (4.1), we have an unnormalized density
f(γ|Yobs). Note that the changepoint γ varys on the interval

[
min{y1, . . . , yn}, max{y1, . . . , yn}

]
. (4.52)

The most straightforward procedure for drawing from the con-
tinuous pdf f(γ|Yobs) is to approximate it with a discrete dis-
tribution on a grid of points (cf. Ex.2.13). Specifically, let
{γ1, . . . , γK} denote a set of uniformly spaced values on the
interval (4.52). When these points are closely spaced enough
(theoretically speaking, K → ∞) and nothing important be-
yond their boundaries, this method is expected to work well.
Implement the procedure and evaluate its performance in gen-
eral and in conjunction with the next exercise Problem 4.8.

4.8 Renal transplant data (Smith & Cook, 1980). Table 4.16
contains data from two patients who have each undergone a
failed kidney transplant, where the observed response Yt is the
level of a substance reflecting the healthy or otherwise function-
ing of the transplanted kidney. The changepoint denotes the
point in time at which the kidney is rejected. The data model
is presumed to be that in Eq.(4.50), the model is assumed to be
continuous in time and all the parameters are unknown. Use
the method introduced in Problem 4.7 to generate posterior
densities for the changepoint positions and other parameters
for both patients.
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Table 4.16 Renal transplant data

t 1 2 3 4 5 6 7 8 9 10
Patient A 48.6 58.0 62.3 71.9 80.6 54.8 49.3 43.4 - -
Patient B 36.8 46.5 50.8 66.2 75.0 71.5 68.5 60.5 31.5 19

4.9 Capture-recapture model with complex priors (George
& Robert, 1992). Recall (4.37) and (4.38). In some situations,
more complicated priors such as a truncated Poisson prior on
N and a logit prior on the θi’s may be more appropriate, i.e.,

π(N) ∝ λN0 e
−λ0/N !, N = r, r + 1, . . . ,

αi = logit(θi) ∼ N(μi, σ2
0), i = 1, . . . , s,

where λ0 and σ2
0 are known. Let α = (α1, . . . , αs)�. Prove that

(4.37) and (4.38) become

N − r|(Yobs, α) ∼ Poisson(λ0
∏s
i=1(1 + eαi)−1), (4.53)

f(α|Yobs, N) =
s∏
i=1

f(αi|Yobs, N), (4.54)

f(αi|Yobs, N) ∝ exp[αini − (αi − μi)2/(2σ2
0)]

(1 + eαi)N
. (4.55)

Note that (4.55) is log concave in αi, then these αi’s can be
simulated by the rejection method (cf. §2.2.2(c)). Therefore,
the Gibbs sampler applies to (4.53) and (4.54). Since (4.55) is
known up to a normalizing constant, the exact IBF sampling
is not available for the current situation. However, the IBF
sampler to be introduced next chapter is a possibility.
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CHAPTER 5

Computing Posteriors in the

EM-Type Structures

In the previous chapter, we introduced a non-iterative sampling pro-
cedure (i.e., the exact IBF sampling) to obtain i.i.d. samples exactly
from an observed posterior distribution for discrete MDPs. Gener-
ally, the exact IBF sampling is feasible only when the discrete latent
vector (or missing data) Z is of low dimension. For more general
cases, (e.g., Problem 4.9, or when Z is discrete but of high dimen-
sion, or when Z is continuous and so on), the non-iterative sampling
method may need to be modified.

The purpose of this chapter is to develop such a non-iterative
sampling method (called IBF sampler), as opposed to the iterative
sampling in an MCMC, for computing posteriors based on IBF and
SIR to obtain i.i.d. samples approximately from the observed pos-
terior distribution while utilizing the posterior mode and structure
from an EM-type algorithm. The idea of the IBF sampler in the EM
framework is to use EM algorithm to obtain an optimal importance
sampling density and the sampling IBF to get i.i.d. samples from
the posterior. Specifically,

• First, we augment the observed data with latent data and ob-
tain the structure of augmented posterior/conditional predic-
tive distributions as in the EM or the DA algorithm;

• Then, in the class of built-in importance sampling densities
(ISDs) provided by the sampling IBF, we choose the best ISD
by using preliminary estimates from the EM algorithm so that
the overlap area under the target density and the ISD is large;

• Finally the sampling IBF and SIR are combined to generate
i.i.d. samples approximately from the observed posterior dis-
tribution.

The synergy of IBF, EM and SIR creates an attractive sampling
approach for Bayesian computation. Since the sampling IBF and
the EM share the DA structure, the IBF sampler via the EM does
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not require extra derivations, and can be applied to problems where
the EM is applicable while obtaining the whole posterior.

In §5.1, we present the IBF sampler in the DA-type structure
and theoretically justify an optimal choice of ISD. In §5.2-§5.7, we
illustrate the non-iterative algorithm with incomplete pre-post test
problems, the right censored regression model, linear mixed models
for longitudinal data, the probit regression model, the probit-normal
GLMM, hierarchical models for correlated binary data, and several
related real data sets. In §5.8, we propose a hybrid algorithm by
combining the IBF sampler with the Gibbs sampler. As another
application of the IBF sampler, two monitoring approaches for as-
sessing the convergence of an MCMC are introduced in §5.9 after
the introduction of the well-known Gelman-Rubin statistic. Some
remarks are presented in §5.10.

5.1 The IBF Method

In this section, we first develop an IBF sampling approach in the
EM structure. Then, we extend it to more complicated situations -
the ECM structure and the Monte Carlo EM structure.

5.1.1 The IBF sampling in the EM structure

Again let Yobs denote the observed data and θ the parameter vector of
interest. The observed data Yobs are augmented with latent variables
(or missing data) Z to build augmented (or complete-data) poste-
rior distribution f(θ|Yobs, Z) and conditional predictive distribution
f(Z|Yobs, θ). Let θ̃ denote the mode of the observed posterior density
f(θ|Yobs) and S(θ,Z|Yobs), S(θ|Yobs) and S(Z|Yobs) denote the supports
of (θ, Z)|Yobs, θ|Yobs and Z|Yobs, respectively. In this subsection, we
make the following three basic assumptions:

• Both f(θ|Yobs, Z) and f(Z|Yobs, θ) are available;1

• The posterior mode θ̃ is already obtained via an EM algorithm;

• The joint support is a product space, i.e.,

S(θ,Z|Yobs) = S(θ|Yobs) × S(Z|Yobs).

1With “available”, we mean that both densities have closed-form expressions
or they can easily be evaluated or sampled.
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The goal is to obtain i.i.d. posterior samples from f(θ|Yobs).

(a) Formulation of the IBF sampler

According to the discussion in the second paragraph of §4.1, the key
is to be able to generate independent samples from f(Z|Yobs). This
can be achieved by using the sampling IBF (4.1). For convenience,
we rewrite (4.1) as follows:

f(Z|Yobs) ∝ f(Z|Yobs, θ0)
f(θ0|Yobs, Z)

, (5.1)

for some arbitrary θ0 ∈ S(θ|Yobs) and all Z ∈ S(Z|Yobs). In general,
S(θ|Yobs) = Sθ, but S(Z|Yobs) �= SZ .2 Considering the conditional
predictive density as an approximation to the marginal predictive
density f(Z|Yobs), the IBF sampling is realized via SIR3 as follows.

The ibf sampler:

Calculate the posterior mode θ̃ via an EM algorithm
based on f(θ|Yobs, Z) and f(Z|Yobs, θ), and set θ0 = θ̃;4

Step 1. Draw J i.i.d. samples {Z(j)}Jj=1 of Z from f(Z|Yobs, θ0);

Step 2. Calculate the reciprocals of the augmented posterior den-
sities to obtain the weights

ωj =
f−1(θ0|Yobs, Z

(j))∑J
�=1 f

−1(θ0|Yobs, Z(�))
, j = 1, . . . , J ; (5.2)

Step 3. Choose a subset from {Z(j)}J1 via resampling without
replacement from the discrete distribution on {Z(j)}
with probabilities {ωj} to obtain an i.i.d. sample of
size I (< J) approximately from f(Z|Yobs), denoted by
{Z(ki)}I1;

Step 4. Generate θ(i) ∼ f(θ|Yobs, Z
(ki)) for i = 1, . . . , I, then

{θ(i)}I1 are i.i.d. samples from f(θ|Yobs).

2For example, in §5.3, we have S(Z|Yobs) =
∏m

i=r+1(ci, +∞) �= R
m−r = SZ .

3cf. §2.2.3 for more details on Rubin’s sampling/importance resampling (SIR)
method.

4A theoretical justification is given in Theorem 5.1 below.

© 2010 by Taylor and Francis Group, LLC



158 5. COMPUTING POSTERIORS IN EM STRUCTURES

Remark 5.1 Since a subset of independent r.v.’s is still indepen-
dent, in the IBF sampler, {Z(ki)}I1 is an independent sample. How-
ever, resampling with replacement would result in dependent sam-
ples. The second part of Step 3, i.e., “resampling from the discrete
distribution on {Z(j)} with probabilities {ωj}”, implies {Z(ki)}I1 are
approximately from f(Z|Yobs) with the approximation “improving”
as J increases (Smith & Gelfand, 1992). ¶

Remark 5.2 The weights {ωj} defined in (5.2) differ fundamentally
from those associated with the harmonic mean estimate of Newton
& Raftery (1994) which, as pointed out by Gelfand & Dey (1994),
is likely to suffer from numeric instability since the reciprocals of
augmented posterior densities may approach infinity. However, in
the IBF sampler, the weights {ωj} are ratios that are free from
this kind of numeric instability. In fact, for any j0 (1 ≤ j0 ≤ J), if
f−1(θ0|Yobs, Z

(j0)) → ∞, we have

ωj0 =

⎧⎨
⎩1 +

J∑
�=1, � �=j0

f−1(θ0|Yobs, Z
(�))

f−1(θ0|Yobs, Z(j0))

⎫⎬
⎭

−1

→ 1.

When J is very large, say J = 105, some weights will be extremely
small. Empirically, the use of the exponent of the logarithm of the
ratio in calculating weights {ωj} increases numeric accuracy. ¶

(b) Theoretical justification for choosing θ0 = θ̃

It is worth noting that only one pre-specified θ0 is needed for the
whole IBF sampling process although the sampling IBF (5.1) holds
for any θ0 in the support of θ|Yobs. Clearly, the sampling IBF (5.1)
provides a natural class of ISDs:

{
f(Z|Yobs, θ) : θ ∈ S(θ|Yobs)

}
,

which are available from the model specification. However, the ef-
ficiency of the IBF sampler depends on how well the ISD approxi-
mates the target function f(Z|Yobs). Since (5.1) holds for any given
θ0 ∈ S(θ|Yobs), it suffices to select a θ0 such that f(Z|Yobs, θ0) best
approximates f(Z|Yobs). Heuristically, if θ0 is chosen to be the ob-
served posterior mode θ̃, the overlap area under the two functions
would be substantial since the approximation is accurate to the order
of O(1/n), as shown in the following theorem.
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Theorem 5.1 (Tan, Tian & Ng, 2003). Let the observed posterior
density f(θ|Yobs) be unimodal with mode θ̃ and n be the sample size
of the observed data Yobs. Then

f(Z|Yobs) = f(Z|Yobs, θ̃){1 +O(1/n)}. ¶ (5.3)

Proof. Let g(θ) be an arbitrarily smooth, positive function for
θ ∈ S(θ|Yobs) ⊆ R

d, L(θ|Yobs) be the likelihood function and π(θ) be
the prior. The posterior mean of g(θ) is given by

E{g(θ)|Yobs} =
∫
S(θ|Yobs)

g(θ)f(θ|Yobs) dθ

=
∫
g(θ) exp{n �(θ)} dθ∫

exp{n �(θ)} dθ , (5.4)

where
n �(θ) = log{L(θ|Yobs)π(θ)} ∝ log{f(θ|Yobs)}.

Thus �(θ) has the same mode as f(θ|Yobs), i.e., �′(θ̃) = 0. Applying
Laplace’s method to the numerator in (5.4) gives

∫
g(θ) exp{n �(θ)} dθ .= g(θ̃) exp{n �(θ̃)}

(2π
n

)d/2
|Σ|1/2,

where

Σd×d = −
(
∂2�(θ̃)
∂θ ∂θ�

)−1

.

Similarly, for the denominator in (5.4), we have
∫

exp{n �(θ)} dθ .= exp{n �(θ̃)}
(2π
n

)d/2
|Σ|1/2.

The resulting ratio is g(θ̃) up to error O(1/n) as shown in Tierney
& Kadane (1986). Thus,

E{g(θ)|Yobs} = g(θ̃){1 +O(1/n)}.
Since f(Z|Yobs) =

∫
f(Z|Yobs, θ)f(θ|Yobs) dθ = E{f(Z|Yobs, θ)|Yobs},

(5.3) follows immediately. ‖End‖

Example 5.1 (The genetic linkage model revisited). To illustrate
the IBF sampler, we revisit the genetic linkage model introduced
in §3.3 with observed data specified by Yobs = (y1, y2, y3, y4)� =
(125, 18, 20, 34)�. We first use the EM algorithm to compute the
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posterior mode θ̃. Based on (3.2) and (3.3), both E-step and M-step
have following closed-form expressions:

z(t) =
y1θ

(t)

θ(t) + 2
, θ(t+1) =

a+ y4 + z(t) − 1
(a+ y4 + z(t) − 1) + (b+ y2 + y3 − 1)

.

Setting θ(0) = 0.5 and a = b = 1 corresponding to the uniform prior,
the EM converged to θ̃ = 0.6268 after four iterations.

We implement the IBF sampler based on (5.1) by generating

Z(j) iid∼ Binomial(y1, θ̃/(θ̃ + 2)), j = 1, . . . , J,

with J = 30, 000 and computing the weights {ωj} according to (5.2).
Then resample without replacement from the discrete distribution
on {Z(j)} with probabilities {ωj} to obtain an i.i.d. sample of size
I = 10, 000 approximately from f(Z|Yobs), denoted by {Z(ki)}Ii=1.
Finally, we generate

θ(i) ind∼ Beta(1 + y4 + Z(ki), 1 + y2 + y3), i = 1, . . . , I,

then {θ(i)}I1 are i.i.d. posterior samples from f(θ|Yobs).
The accuracy of the IBF sampler is remarkable as shown in Figure

5.1(a), where the solid curve is given exactly by (3.4) while the
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Figure 5.1 (a) The comparison between the observed posterior density
of θ (solid curve) given exactly by (3.4) with the dotted curve estimated
by a kernel density smoother based on i.i.d. samples obtained via the
IBF sampler (J = 30, 000, I = 10, 000, without replacement). (b) The
histogram of θ based on I = 10, 000 i.i.d. samples generated via the IBF
sampler.
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dotted curve is estimated by a kernel density smoother based on these
i.i.d. IBF output. In addition, the histogram based on these samples
is plotted in Figure 5.1(b), which shows that the IBF sampler has
recovered the density completely. ‖

(c) IBF sampling: An alternative

An alternative sampling method can be derived by exchanging the
role of θ and Z in sampling IBF (5.1). The observed posterior is
then given by

f(θ|Yobs) ∝ f(θ|Yobs, Z0)
f(Z0|Yobs, θ)

, (5.5)

for some arbitrary Z0 ∈ S(Z|Yobs) and all θ ∈ S(θ|Yobs). Similarly,
the sampling IBF (5.5) can always be combined with SIR using
f(θ|Yobs, Z0) as the ISD to generate i.i.d. samples approximately
from the observed posterior.

Now the key is to be able to find a Z0 such that f(θ|Yobs, Z0)
approximates f(θ|Yobs) well. The idea is to simply take the Z0 at
which the EM algorithm for finding the observed mode θ̃ converges.
When Z is a continuous random variable (or vector), we choose

Z0 = E(Z|Yobs, θ̃), Z0 ∈ S(Z|Yobs). (5.6)

A real example based on right censored regression model will be
presented in §5.3 to illustrate this approach.

When Z is discrete, Z0 obtained from (5.6) may not belong to
S(Z|Yobs). Let θ̃aug(Z) denote the mode of the augmented posterior
density f(θ|Yobs, Z), then, we choose the Z0 ∈ S(Z|Yobs) such that the
distance between θ̃aug(Z) and θ̃ is minimized, i.e.,

Z0 = arg min
z∈S(Z|Yobs)

||θ̃aug(Z) − θ̃||. (5.7)

Note that both f(θ|Yobs) and f(θ|Yobs, Z0) with Z0 given by (5.6) or
(5.7) share the mode θ̃, thus there is substantial overlap in the areas
under the target density curve and the ISD.

Example 5.2 (The triangular model revisited). To illustrate this
alternative IBF sampler with discrete latent variable Z, we revisit
the triangular model introduced in Problem 4.5 with observed data
Yobs = {n, s} = {346, 258}. We first use the EM algorithm to find
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the best Z0. Based on (4.49) and (4.48), both E-step and M-step
have following explicit expressions:

z(t) =
sπ(t)

π(t) + (1 − π(t))p
, π(t+1) =

a+ z(t) − 1
a+ b+ n− 2

.

Setting π(0) = 0.5, p = 0.5, and a = b = 1 corresponding to the
uniform prior, the EM algorithm converges in 28 iterations. The
resultant posterior mode of π is π̃ = 0.49133. Therefore, from (5.6),
we have

Z0 =
sπ̃

π̃ + (1 − π̃)p
= 170.01.

Since Z is a discrete variable, Z0 should be an integer belonging to
S(Z|Yobs) = {0, 1, . . . , s}. From (5.7), we have

π̃aug(Z) − π̃ =
a+ Z − 1

a+ b+ n− 2
− 0.49133.

Note that ||π̃aug(170)−π̃|| = 5.3×10−6 ≤ 0.00289 = ||π̃aug(171)−π̃||,
we choose Z0 = 170.
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Figure 5.2 (a) The observed posterior density f(π|Yobs) (solid curve)
given exactly by (4.47) and the augmented posterior density f(π|Yobs, Z0) =
Beta(π|a+Z0, b+n−Z0) with Z0 = 170 (dotted curve) share the mode π̃ =
0.49133. (b) The histogram of π based on i.i.d. samples obtained via the
alternative IBF sampler (J = 30, 000, I = 10, 000, without replacement)
entirely recovers the f(π|Yobs) (solid curve) given exactly by (4.47).

Figure 5.2(a) shows that as the best ISD, the augmented poste-
rior f(π|Yobs, 170) = Beta(π|a + 170, b + n − 170) and the observed
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posterior f(π|Yobs) given exactly by (4.47) have the maximum over-
lap among the class of ISDs

{
Beta(π|a+ Z, b+ n− Z) : Z = 0, 1, . . . , s

}

since both curves share the mode π̃ = 0.49133.
We implement the alternative IBF sampling based on (5.5) by

first drawing J = 30, 000 i.i.d samples {π(j)}Jj=1 from f(π|Yobs, 170)
so that the weights are given by

ωj ∝ f−1(170|Yobs, π
(j)), j = 1, . . . , J.

Then, we resample without replacement from the discrete distribu-
tion on {π(j)} with probabilities {ωj} to obtain an i.i.d. sample of
size I = 10, 000 from f(π|Yobs). Based on these samples, the his-
togram is plotted in Figure 5.2(b), which shows that this alternative
IBF sampling entirely recovers the f(π|Yobs) (solid curve in Figure
5.2(b)) given exactly by (4.47). ‖

5.1.2 The IBF sampling in the ECM structure

In the beginning of §5.1.1, we assumed that the complete-data poste-
rior f(θ|Yobs, Z) and the conditional predictive density f(Z|Yobs, θ)
have closed-form expressions so that the EM algorithm can be ap-
plied. However, we often encounter the situation where only one
has explicit expression while the other does not. In this subsection,
we present an IBF sampling in ECM (Meng & Rubin, 1993) struc-
ture where the E-step is simple while the M-step is complicated.
This means that there are closed-form expectations with respect
to f(Z|Yobs, θ) and the complete-data posterior mode associated to
f(θ|Yobs, Z) does not have closed-form expression. In such cases,
one may partition θ into θ1 and θ2 so that both f(θ1|Yobs, Z, θ2)
and f(θ2|Yobs, Z, θ1) are available. Therefore, we can first use ECM
algorithm to obtain the posterior mode θ̃ = (θ̃1, θ̃2) and the corre-
sponding Z0 = E(Z|Yobs, θ̃), then apply (5.5) twice, namely,

f(θ2|Yobs, Z0) ∝ f(θ2|Yobs, Z0, θ̃1)
f(θ̃1|Yobs, Z0, θ2)

, (5.8)

f(θ1, θ2|Yobs, Z0) = f(θ1|Yobs, Z0, θ2) · f(θ2|Yobs, Z0), (5.9)

f(θ1, θ2|Yobs) ∝ f(θ1, θ2|Yobs, Z0)
f(Z0|Yobs, θ1, θ2)

, (5.10)
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to obtain i.i.d. samples approximately from f(θ|Yobs), where we still
need the assumption of the product measurable space that

S(θ1,θ2,Z|Yobs) = S(θ1|Yobs) × S(θ2|Yobs) × S(Z|Yobs).

In §6.2, we present a real study in tumor xenograft experiments by
using the ECM algorithm and the IBF sampling.

5.1.3 The IBF sampling in the MCEM structure

Now, we develop an IBF sampler in the structure of the Monte
Carlo EM algorithm (Wei & Tanner, 1990) where sampling from
f(θ|Yobs, Z) is straightforward and the complete-data posterior mode
has closed-form expression, while there are no closed-form expecta-
tions with respect to the conditional predictive density f(Z|Yobs, θ).
We further augment the latent vector Z by another latent vector
b such that all f(θ|Yobs, Z, b), f(Z|Yobs, b, θ) and f(b|Yobs, Z, θ) are
available. Let the joint support be a product measurable space, i.e.,

S(θ,Z,b|Yobs) = S(θ|Yobs) × S(Z|Yobs) × S(b|Yobs).

Applying (5.1) twice, we have,

f(Z|Yobs, θ̃) ∝ f(Z|Yobs, b0, θ̃)
f(b0|Yobs, Z, θ̃)

, (5.11)

f(Z, b|Yobs, θ̃) = f(b|Yobs, Z, θ̃) · f(Z|Yobs, θ̃), (5.12)

f(Z, b|Yobs) ∝ f(Z, b|Yobs, θ̃)
f(θ̃|Yobs, Z, b)

, (5.13)

where b0 = E{b|Yobs, θ̃} and θ̃ is the observed posterior mode. We
have the following non-iterative algorithm.

The ibf sampler in the mcem structure:

Step 1. Based on (5.11), independently generate {Z(j)}J1 approx-
imately from f(Z|Yobs, θ̃) with the IBF sampler;

Step 2. Based on (5.12), generate J independent samples b(j) ∼
f(b|Yobs, Z

(j), θ̃), then {Z(j), b(j)}J1 iid∼ f(Z, b|Yobs, θ̃);

Step 3. Based on (5.13), generate I (< J) independent samples
{Z(ki), b(ki)}Ii=1 approximately from f(Z, b|Yobs) with the
IBF sampler;
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Step 4. Generate θ(i) ∼ f(θ|Yobs, Z
(ki), b(ki)) for i = 1, . . . , I.

Then {θ(i)}I1 iid∼ f(θ|Yobs).

Therefore, the key for this non-iterative algorithm is to find the
θ̃ and b0 = E{b|Yobs, θ̃}. On one hand, the posterior mode can be
determined using any methods such as the NR algorithm, the scoring
algorithm, the Laplace method and so on. On the other hand, the
posterior mode can be determined using the MCEM algorithm. For
more details, see §5.6 and §5.7.

5.2 Incomplete Pre-Post Test Problems

Pre-post test design is one of the commonly used designs in clini-
cal trials where patients serve as their own control and the differ-
ential effect of a treatment is assessed. Because this design avoids
within patient variability and reduces sample size, it is often used
in drug development and clinical studies (Bonate, 1998). The same
scenario also arises in comparing pre-post changes in either physi-
ological variables or molecular or genetic targets in more complex
design or observational studies. Statistically, this is an incomplete
data problem with underlying binormal distribution. In the grow-
ing literature on dealing with incomplete data problems, three main
approaches emerge:

• The likelihood-based approach using EM algorithm (Dempster
et al., 1977; Liu, 1999);

• The Bayesian approach using DA algorithm (Tanner & Wong,
1987); and

• The Gibbs sampler (Gelfand & Smith, 1990).

No closed-form solutions have been obtained with these approaches
and most recent solutions focus on the MCMC or iterative sampling.
In §3.6, we obtained an explicit Bayesian solution to the covariance
matrix Σ when the mean vector μ is known for a binormal model
with missing data. In this section, for two cases that Σ is known
and unknown (Tan et al., 2001), we further show that closed-form
solutions can be derived by the function-wise IBF or i.i.d. posterior
samples can be generated by the IBF sampler.

© 2010 by Taylor and Francis Group, LLC



166 5. COMPUTING POSTERIORS IN EM STRUCTURES

5.2.1 Motivating example: Sickle cell disease study

Sickle cell disease (SCD) is the most common hemoglobinopathy seen
in the United States, affecting approximately 30,000 children. Chil-
dren with SCD have decreased height and weight when compared to
their healthy peers. Patients with SCD had resting energy expen-
diture (REE) measurements that were 18-22% higher than healthy
controls (Singhal et al., 1993). It is believed that REE ratios (the
ratio of actual REE to predicted REE) may decrease after a gluta-
mine supplementation (Williams et al., 2002). St. Jude Children’s
Research Hospital conducted such a study, where the SCD patients
were treated by glutamine. To demonstrate such a decrease, patients
receive glutamine supplementation for 24 weeks. REE is measured
at Day 1 and the end of Week 24 using a breath by breath analyzer
while the patient is in a supine position for 15-20 minutes after a
steady state has been achieved. The predicted REE is defined by
the Harris-Benedict equations. The ratio of actual REE to predicted
REE is obtained for each patient. REE is considered to be fairly
normally distributed based on previous data. The REE ratios of
patients at Day 1 and Week 24 are listed in Table 5.1.

Table 5.1 REE ratios of patients at Day 1 and Week 24

i 1 2 3 4 5 6 7 8 9 10 11
x1i 1.092 1.213 1.021 1.304 1.003 1.504 1.463 1.082 1.280 1.333 1.131
x2i 0.985 1.219 1.123 1.165 1.108 1.393 1.283 1.180 1.194 1.160 1.143
i 12 13 14 15 16 17 18 19 20 21 22
x1i 1.178 1.249 1.457 1.023 1.150 1.065 1.414 1.043 1.214 ∗ ∗
x2i 1.288 1.052 1.177 ∗ ∗ ∗ ∗ ∗ ∗ 0.982 1.273

Source: Tan et al. (2001). NOTE: x1i and x2i denote the correspond-
ing REE ratio at Day 1 and Week 24 for patient i. ∗ Value not
observed (missing at random).

Let x1i and x2i denote the corresponding REE ratio at Day 1 and
Week 24 for patient i. A total of n = 22 patients are enrolled in the
SCD study. There are n1 = 14 patients with complete observed data,
n2 = 6 patients with the observations of the REE ratios at Week 24
missing, and n3 = n− n1 − n2 = 2 patients with the observations of
the REE ratios at Day 1 missing. Suppose that

xi = (x1i, x2i)�
iid∼ N2(μ,Σ), i = 1, . . . , n,

where

μ =
(μ1

μ2

)
and Σ =

(
σ2

1 ρσ1σ2

ρσ1σ2 σ2
2

)
.
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The observed data and the missing data are denoted by

Yobs = {xi}n1
i=1 ∪ {x1i}n1+n2

n1+1 ∪ {x2i}nn1+n2+1 and

Z = {x2i}n1+n2
n1+1 ∪ {x1i}nn1+n2+1,

respectively.

5.2.2 Binormal model with missing data and known
variance

When the covariance matrix Σ is known, we adopt N2(μ0,Σ0) as the
prior of μ, where μ0 and Σ0 are assumed to be known. This prior
becomes the noninformative or flat prior if Σ−1

0 → 0. It is easy to
show that (Gelman et al., 1995, p.79)

f(μ|Yobs, Z) = N2(μ|ω,Ω), (5.14)

where Ω−1 = nΣ−1 + Σ−1
0 ,

ω = Ω
{

Σ−1
(n1x̄1 + n2x̄3 + n3x̄

∗
4

n1x̄2 + n2x̄
∗
3 + n3x̄4

)
+ Σ−1

0 μ0

}
, (5.15)

x̄1 =
1
n1

n1∑
i=1

x1i, x̄2 =
1
n1

n1∑
i=1

x2i, (5.16)

x̄3 =
1
n2

n1+n2∑
i=n1+1

x1i, x̄∗3 =
1
n2

n1+n2∑
i=n1+1

x2i,

x̄∗4 =
1
n3

n∑
i=n1+n2+1

x1i, x̄4 =
1
n3

n∑
i=n1+n2+1

x2i,

On the other hand, the conditional predictive distribution is

f(Z|Yobs, μ) =
n1+n2∏
i=n1+1

N
(
x2i

∣∣∣μ2 + (x1i − μ1)
ρσ2

σ1
, σ2

2(1 − ρ2)
)

×
n∏

i=n1+n2+1

N
(
x1i

∣∣∣μ1 + (x2i − μ2)
ρσ1

σ2
, σ2

1(1 − ρ2)
)
, (5.17)

With the sampling IBF (1.37), from (5.14) and (5.17), we have

f(μ|Yobs) = N2(μ|q,Q), (5.18)
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where

Q−1 = n1Σ−1 + n2

(
σ−2

1 0
0 0

)
+ n3

(
0 0
0 σ−2

2

)
+ Σ−1

0

= n1Σ−1 + diag(n2/σ
2
1 , n3/σ

2
2) + Σ−1

0 (5.19)

q = Q

{
n1Σ−1

( x̄1

x̄2

)
+ n2

(
σ−2

1 0
0 0

)( x̄3

0

)

+ n3

(
0 0
0 σ−2

2

)( 0
x̄4

)
+ Σ−1

0 μ0

}

= Q

{
Σ−1

(n1x̄1 + n2x̄3 + ρσ1σ
−1
2 n3x̄4

n1x̄2 + ρσ2σ
−1
1 n2x̄3 + n3x̄4

)
+Σ−1

0 μ0

}
. (5.20)

Thus, routine Bayesian inferences such as the Bayesian point and
interval estimates, hypothesis testing and predictive inference can
be carried out based upon (5.18), (5.19) and (5.20).

Interestingly, the above explicit results also give a clear picture
of the relative effect of observed and missing data on inference. For
example, Q−1 consists of four parts which are the corresponding in-
verse covariance matrices of (x̄1, x̄2)�, (x̄3, 0)�, (0, x̄4)� and μ0. On
the other hand, the q specified by (5.20) has a quite similar struc-
ture to ω given by (5.15). Filling the missing parts of ω with their
conditional expectations evaluating at μ = (0, 0)� yields the value of
q.

5.2.3 Binormal model with missing data and
unknown mean and variance

When both μ and Σ are unknown, the likelihood function for the
complete data (Yobs, Z) = {xi}n1 is given by

L(μ,Σ|Yobs, Z) ∝ |Σ|−n/2 exp
(
− 1

2

n∑
i=1

(xi − μ)�Σ−1(xi − μ)
)
.

We again use a noninformative prior for (μ,Σ), which is the multi-
variate Jeffreys’ prior density (Box & Tiao, 1973, p.426),

π(μ,Σ) ∝ |Σ|−(d+1)/2 = (σ1σ2

√
1 − ρ2 )−(d+1), (5.21)

where d is the dimension of the multivariate normal distribution (for
the current situation, d = 2). Here we chose Jeffreys’ prior is for its
scale invariant property. The prior (5.21) indicates that π(μ) ∝ 1
and π(Σ) ∝ |Σ|−(d+1)/2.
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(a) Sampling via the IBF sampler

The complete-data posterior distribution can be written as

f(μ,Σ|Yobs, Z) = f(μ|Yobs, Z,Σ) · f(Σ|Yobs, Z) (5.22)
= N2(μ|x̄,Σ/n) · IWishartd(Σ|S−1, n− 1),

where

x̄ =
1
n

n∑
i=1

xi and S =
n∑
i=1

(xi − x̄)(xi − x̄)�. (5.23)

The conditional predictive distribution f(Z|Yobs, μ,Σ) is the same as
(5.17).

To implement the IBF sampler presented in §5.2, we first need
to find the observed posterior mode (μ̃, Σ̃) using the EM algorithm.
Based on (5.17), the E-step calculates the following 1- and 2-order
conditional moments:

E(x2i|Yobs, μ,Σ), E(x2ix2i′ |Yobs, μ,Σ), i, i′ = n1 + 1, . . . , n1 + n2,

E(x1i|Yobs, μ,Σ), E(x1ix1i′ |Yobs, μ,Σ), i, i′ = n1 + n2 + 1, . . . , n.

The M-step is to find the complete-data posterior mode:

μ̃ = x̄ and Σ̃ = S/(n + d+ 1).

(b) An alternative strategy without using posterior mode

All inferences on (μ,Σ) is based on the observed posterior distribu-
tion f(μ,Σ|Yobs), from which an i.i.d. sample can be obtained by a
two-step sampling process. By using the SIR technique in the first
step, we can draw an i.i.d. sample from f(Σ|Yobs), which is given
by (5.26). The second step draws an independent sample from the
conditional density f(μ|Yobs,Σ) (cf. (5.24)), which is rather straight-
forward. A main advantage for this strategy over the IBF sampler is
that it avoids computing the posterior mode (μ̃, Σ̃). In the follows,
we first derive f(μ|Yobs,Σ) and f(μ,Σ|Yobs), and then present an
SIR algorithm.

Theorem 5.2 (Tan et al., 2001). The conditional pdf of μ|(Yobs,Σ)
is given by

f(μ|Yobs,Σ) = N2(μ|δ,Δ), (5.24)
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where

Δ−1 = n1Σ−1 + diag(n2/σ
2
1 , n3/σ

2
2),

δ = Δ
(
n1Σ1

( x̄1

x̄2

)
+ diag(n2/σ

2
1 , n3/σ

2
2)
( x̄3

x̄4

))
, (5.25)

and {x̄i}4
i=1 are specified by (5.16). In addition, we have

f(Σ|Yobs) ∝ c−1
1 (Σ) · |Δ|1/2 exp{δ�Δ−1δ/2}
× exp

{
− 1

2
tr Σ−1((1 − ρ2)diag(t3, t4) + T )

}
, (5.26)

f(Σ−1|Yobs) ∝ c−1
2 (Σ−1) · |Δ|1/2 exp{δ�Δ−1δ/2}

× exp
{
− 1

2
tr Σ−1((1 − ρ2)diag(t3, t4) + T )

}
, (5.27)

where

c1(Σ) = σn+d+1−n3
1 σn+d+1−n2

2 (1 − ρ2)(n1+d+1)/2,

c2(Σ−1) = σn−d−1−n3
1 σn−d−1−n2

2 (1 − ρ2)(n1−d−1)/2,

t3 =
n1+n2∑
i=n1+1

x2
1i, t4 =

n∑
i=n1+n2+1

x2
2i, (5.28)

and T =
∑n1

i=1 xix
�
i . ¶

Proof. Applying the point-wise IBF (1.36) to (5.17) and (5.22), we
obtain

f(μ,Σ|Yobs) ∝
exp{−1

2 tr Σ−1((1 − ρ2)diag(a3, a4) +A)}
c1(Σ)

, (5.29)

where

A =
n1∑
i=1

(xi − μ)(xi − μ)�,

a3 =
n1+n2∑
i=n1+1

(x1i − μ1)2 and a4 =
n∑

i=n1+n2+1

(x2i − μ2)2.

Since f(μ|Yobs,Σ) ∝ (5.29), we have

f(μ|Yobs,Σ) ∝ exp
{
− 1

2
tr Σ−1

(
(1− ρ2)diag(a3, a4) +A

)}
. (5.30)
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Note that the matrix A, the vectors a3 and a4 can be rewritten as

A =
n1∑
i=1

(xi − x̄12)(xi − x̄12)�+ n1(x̄12 − μ)(x̄12 − μ)�,

a3 =
n1+n2∑
i=n1+1

(x1i − x̄3)2 + n2(μ1 − x̄3)2,

a4 =
n∑

i=n1+n2+1

(x2i − x̄4)2 + n3(μ2 − x̄4)2,

where x̄12 = (x̄1, x̄2)�, x̄34 = (x̄3, x̄4)� with {x̄k}4
k=1 being specified

by (5.16), we obtain

tr Σ−1A ∝ (μ− x̄12)�Λ−1
1 (μ− x̄12), (5.31)

tr
(
Σ−1(1 − ρ2)diag(a3, a4)

)
∝ (μ− x̄34)�Λ−1

2 (μ− x̄34). (5.32)

where Λ1 = Σ/n1 and Λ2 = diag(σ2
1/n2, σ

2
2/n3). Since both (5.31)

and (5.32) are of quadratic forms in μ, the summation is still of
quadratic form in μ. From the formula (3.18) of Gelman et al. (1995,
p.79) and combining (5.31) with (5.32), the right hand side of (5.30)
is proportional to

exp
{
− 1

2
(μ− δ)�Δ−1(μ− δ)

}

with δ given by (5.25). Hence, (5.24) follows immediately.
The definition of conditional probability indicates that

f(Σ|Yobs) =
f(μ,Σ|Yobs)
f(μ|Yobs,Σ)

for an arbitrary choice of μ. In particular, we may let μ = (0, 0)�.
The formula (5.26) follows immediately from (5.29) and (5.24). Since
the Jacobian determinant of the transformation from Σ to Σ−1 is |Σ|3
(cf. Box & Tiao, 1973, p.475), the posterior density of Σ−1 is

f(Σ−1|Yobs) = f(Σ|Yobs) · |Σ|3,
which gives (5.27). ‖End‖

Now, we present the SIR algorithm (cf. §2.2.3) to draw from
f(Σ|Yobs). A random matrix Σ from f(Σ|Yobs) can be obtained
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by drawing a matrix W from f(W |Yobs) and inverting it, where
W =̂ Σ−1. From (5.27), the posterior density of W can be written as
f(W |Yobs) = c · g(W ) · h(W ), where c is the normalizing constant,

g(W ) =
exp{δ�Δ−1δ/2} exp

{
− t3

2σ2
1
− t4

2σ2
2

}

σn2
1 σn3

2 (n1n+ n2n3(1 − ρ2))1/2
, (5.33)

and h(W ) = Wishart2(W |T−1, n1 − 1) denotes the pdf of a Wishart
pdf with n1 − 1 degrees of freedom and expectation (n1 − 1)T−1 and
takes the role of a proposal density. Assuming that {W (j)}J1 iid∼ h(W ),
we can construct the weights

ωj =
g(W (j))∑J
�=1 g(W (�))

, j = 1, . . . , J.

A second sample of size I is drawn from the discrete distribution on
{W (j)} with probabilities {ωj}. The resulting sample has approxi-
mate pdf f(W |Yobs).

(c) Bayesian inference via importance sampling

In certain applications, our interest centers on some function of μ,
say f(μ) = b�μ. For instance, to determine the posterior mean of
b�μ by (5.24), we know that the distribution of b�μ|(Yobs,Σ) is uni-
normal with mean b�δ. This allows us to obtain the posterior mean
of b�μ directly by importance sampling, which is much easier than to
draw from f(μ,Σ|Yobs) first, then make the inference. For example,
we have

E(b�μ|Yobs) = E{E(b�μ|Yobs,Σ)|Yobs} = E(b�δ|Yobs)

=
∫
b�δ · f(Σ−1|Yobs) dΣ−1

= c

∫
b�δ · g(W ) · h(W ) dW

=̇

∑J
j=1 b

�δ(j) · g(W (j))∑J
j=1 g(W (j))

, (5.34)

where g(W ) is given by (5.33) and {W (j)} iid∼ Wishart2(T−1, n1 − 1).
Furthermore, the posterior probability of the null hypothesis H0 :

a�μ ≤ a0 with specific constant vector a and scalar a0 is given by

Pr{H0|Yobs} = Pr{a�μ ≤ a0|Yobs}
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=
∫

Pr
{a�μ− a�δ√

a�Δa
≤ a0 − a�δ√

a�Δa

∣∣∣Yobs,Σ−1
}

×f(Σ−1|Yobs) dΣ−1

=̇

∑J
j=1 Φ

(
a0−a�δ(j)√
a�Δ(j)a

)
· g(W (j))

∑J
j=1 g(W (j))

, (5.35)

where Φ(·) denotes the cdf of N(0, 1).

Example 5.3 (The SCD data). To compute the posterior mean
of b�μ given by (5.34), we first calculate the values of t3, t4 and T .
Using the SCD data in Table 5.1, from (5.28), we obtain t3 = 8.0643,
t4 = 2.5849, and

T =
(

21.7508 20.4936
20.4936 19.5098

)
, T−1 =

(
4.4685 −4.6938
−4.6938 4.9817

)
.

In (5.34), let b = (1, 0)� and b = (0, 1)�, respectively. Then, the
Bayesian estimates of μ1 and μ2 are given by

E(μ1|Yobs) = 1.2086 and E(μ2|Yobs) = 1.1511.

Therefore, the reduction in REE is

E(μ1|Yobs) − E(μ2|Yobs) = 0.0575.

To obtain a 95% Bayesian CI for μ1−μ2, we first draw a sample of size
I = 10, 000 from f(Σ−1|Yobs) by using the SIR method described in
§5.2.3(b), then conditionally draw a sample of size I = 10, 000 from
f(μ|Yobs,Σ) according to (5.24). Therefore, we obtain a sample of
μ1 − μ2 with size I = 10, 000. A 95% Bayesian CI for μ1 − μ2 is

[−0.0102, 0.1206].

In addition, in (5.35), let a = (1,−1)� and a0 = 0.10, i.e., H0 :
μ1 − μ2 ≤ 10%, we obtain Pr{H0|Yobs} = 0.8501. That is, with 0.85
probability, the reduction in REE is less than 10%. ‖

5.3 Right Censored Regression Model

In Example 2.4, we considered a right censored regression model.
The complete-data likelihood function and the conditional predictive
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density are given by (2.14) and (2.15), respectively. Consider the
following independent prior distributions:

β ∼ Nd(a0, A
−1
0 ), A0 → 0, and

σ2 ∼ IGamma(σ2|q0/2, λ0/2), q0 = λ0 = 0.

Then, the augmented posterior is given by

f(β, σ2|Yobs, Z) ∝ exp{− 1
2σ2 (y −Xβ)�(y −Xβ)}

σm+2
(5.36)

= f(β|Yobs, Z, σ
2) × f(σ2|Yobs, Z)

= Nd(β|β̃, σ2(X�X)−1)

× IGamma
(
σ2
∣∣∣m− d

2
,

(m+ 2)σ̃2

2

)
, (5.37)

where

β̃ = (X�X)−1X�y and σ̃2 =
(y −Xβ̃)�(y −Xβ̃)

m+ 2
(5.38)

denote the complete-data posterior modes of β and σ2. The goal here
is to obtain an i.i.d. sample from f(β, σ2|Yobs). With the sampling
IBF (5.5), we have

f(β, σ2|Yobs) ∝ f(β, σ2|Yobs, Z0)
f(Z0|Yobs, β, σ2)

for some arbitrary Z0 ∈ S(Z|Yobs) =
∏m
i=r+1(ci,+∞). It is quite

important to distinguish S(Z|Yobs) from SZ = R
m−r.

The best Z0 can be obtained by using the EM algorithm. The
E-step requires to calculate

E{Zi|Yobs, β, σ
2} = x�(i)β + σΨ

(ci − x�(i)β

σ

)
and

E{Z2
i |Yobs, β, σ

2} = (x�(i)β)2 + σ2 + σ(ci + x�(i)β)Ψ
(ci − x�(i)β

σ

)
,

for i = r + 1, . . . ,m, where Ψ(·) was defined by (2.16). The M-step
is to update (5.38) by replacing Zi and Z2

i by E{Zi|Yobs, β, σ
2} and

E{Z2
i |Yobs, β, σ

2}, respectively. Let the EM converge at (β̃, σ̃), then
we choose

Z0 = (Z0,r+1, . . . , Z0,m)�, (5.39)

where

Z0,i = x�(i)β̃ + σ̃Ψ
(ci − x�(i)β̃

σ̃

)
, i = r + 1, . . . ,m.
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Example 5.4 (The insulation life data revisited). We revisit the
insulation life data with censoring time in Table 2.3. Starting from
(β(0)

0 , β
(0)
1 , σ(0)) = (1, 1, 1), the EM algorithm converged to β̃0 =

−5.9612, β̃1 = 4.2803 and σ̃ = 0.2433 after 40 iterations with preci-
sion 10−5. By (5.39), we obtain

Z0 = (Z0,18, . . . , Z0,40)� = (4.22, 4.22, 4.22, 4.22, 4.22,
4.22, 4.22, 4.22, 4.22, 4.22, 3.92, 3.92, 3.92, 3.44,
3.44, 3.44, 3.44, 3.44, 2.91, 2.91, 2.91, 2.91, 2.91)�. (5.40)
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Figure 5.3 The observed posterior density (solid curve) estimated by a
kernel density smoother based on i.i.d. samples obtained via the alternative
IBF sampler (J = 30, 000, I = 10, 000, without replacement) and the best
augmented posterior density (dotted curve) with Z0 given by (5.40). (a)
β0; (b) β1; (c) σ.

Table 5.2 Posterior estimates of β0, β1 and σ

Posterior Posterior Posterior 95% Posterior
Parameter mode† mean std CI
β0 −5.9612 −5.9520 0.7569 [−7.4010, −4.4780]
β1 4.2803 4.2744 0.3449 [ 3.6048, 4.9375]
σ 0.2433 0.2417 0.0278 [ 0.1901, 0.2994]
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The IBF sampler is implemented by first generating an i.i.d. sam-
ple of size J = 30, 000 of β = (β0, β1)� and σ2 from (5.37) with
Z = Z0. Then we resample without replacement from the discrete
distribution with corresponding weights to obtain the desired i.i.d.
posterior samples of (β, σ2) with size I = 10, 000. The observed and
augmented posterior densities of β0, β1 and σ are plotted in Fig-
ure 5.3. As shown in Figures 5.3(a) and 5.3(b), the modes of both
curves are the same. However, for the shape parameter σ, none of the
curves peaks at the same location because the EM finds the global
mode. In fact, from (5.36) and (5.37), the global mode of σ2 for
the augmented posterior f(β, σ2|Yobs, Z) is σ̃2 given by (5.38), but
the marginal mode of σ2 for the augmented posterior f(σ2|Yobs, Z)
is given by

σ̃2
marg =

(y −Xβ̃)�(y −Xβ̃)
m

.

When the EM converged, (y −Xβ̃)�(y −Xβ̃) = 2.4862, thereby,

σ̃2 = 0.24332 < 0.24932 = σ̃2
marg.

Corresponding Bayesian estimates of parameters are given in Table
5.2. ‖

5.4 Linear Mixed Models for Longitudinal
Data

This is perhaps one of most widely used statistical models and the
likelihood-based analysis is implemented in PROC MIXED of SAS.
Let Yij be the j-th response for subject i, where j = 1, . . . , ni and
i = 1, . . . , N . The normal linear mixed-effects model (Laird & Ware,
1982; Liu & Rubin, 1994) is

Yi = X�
i β +W�

i bi + εi, 1 ≤ i ≤ N, (5.41)
bi ∼ Nq(00, D),
εi ∼ Nni(00, σ

2Ri),

where Yi are ni × 1 vectors of responses for subject i, Xi (p × ni)
and Wi (q×ni) are known design matrices relating to the covariates,
β are the p × 1 fixed effects, bi are q × 1 random effects, D is an
unknown q × q positive definite matrix relating to the correlation
structure of Yi, σ2 is an unknown variance parameter, the Ri > 0
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are known ni × ni correlation matrices, and bi is independent of εi.
The model (5.41) can be rewritten in a hierarchical form:

Yi|bi ∼ Nni(X
�
i β +W�

i bi, σ
2Ri), 1 ≤ i ≤ N,

bi ∼ Nq(00, D).

Let Yobs = {Yi,Xi,Wi, Ri}Ni=1 denote the observed data. For
convenience, we define ξ =̂ (σ2,D) and θ =̂ (β, σ2,D). After treating
b = {b1, . . . , bN} as the missing data, the likelihood function for the
complete-data {Yobs, b} is

L(θ|Yobs, b) =
N∏
i=1

{
Nq(bi|00, D) ·Nni(Yi|X�

i β +W�
i bi, σ

2Ri)
}
.

Consider independent prior distributions:

β ∼ Np(μ0, Σ0) with Σ−1
0 → 0,

σ2 ∼ IGamma(q0/2, λ0/2), and
D ∼ IWishartq(Λ−1

0 , ν0).

Then the complete-data posterior distribution of θ is

f(θ|Yobs, b) = f(β|Yobs, b, σ
2) × f(σ2|Yobs, b) × f(D|Yobs, b)

= Np(β|β̂, σ2Σ̂)

× IGamma
(
σ2
∣∣∣q0 + n− p

2
,
λ0 + s

2

)

× IWishartq(D|Λ−1, ν0 +N), (5.42)

where

β̂ = Σ̂ · ΣN
i=1XiR

−1
i (Yi −W�

i bi),

Σ̂ = (ΣN
i=1XiR

−1
i X�

i )
−1,

n = ΣN
i=1ni,

s = ΣN
i=1(Yi −X�

i β̂ −W�
i bi)

�R−1
i (Yi −X�

i β̂ −W�
i bi),

Λ = Λ0 + ΣN
i=1bib

�
i .

The conditional predictive density is

f(b|Yobs, θ) =
N∏
i=1

Nq(bi|b̂i(θ), Ωi(ξ)), (5.43)
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where the mean vector b̂i(θ) and the covariance matrix Ωi(ξ) have
two alternative expressions:

b̂i(θ) = DWiΔi(ξ)(Yi −X�
i β)

= (σ2D−1 +WiR
−1
i W�

i )
−1WiR

−1
i (Yi −X�

i β),

Ωi(ξ) = D −DWiΔi(ξ)W�
i D

= σ2(σ2D−1 +WiR
−1
i W�

i )
−1

with Δi(ξ) =̂ (σ2Ri + W�
i DWi)−1. The objective is to obtain i.i.d.

samples from f(θ|Yobs). According to the IBF sampler, we only need
to obtain i.i.d. samples from f(b|Yobs).

To implement the IBF sampler, we need to find the observed
posterior mode θ̃ = (β̃, σ̃2, D̃). The MLE of θ was considered in Liu
& Rubin (1994). The posterior mode θ̃ can be derived similarly. In
fact, using the current estimates θ(t) = (β(t), ξ(t)) = (β(t), σ2(t),D(t)),
the E-step calculates

E(bi|Yobs, θ
(t)) = b̂i(θ(t)) and

E(bib�i |Yobs, θ
(t)) = Ωi(ξ(t)) + b̂i(θ(t))b̂i(θ(t))�

for i = 1, . . . , N . The M-step is to find the posterior modes based
on the complete-data. We have

β(t+1) = Σ̂ ·
N∑
i=1

XiR
−1
i {Yi −W�

i b̂i(θ
(t))},

σ2(t+1) =
1

q0 + 2 + n

{
λ0 +

N∑
i=1

[
r
(t+1)�
i R−1

i r
(t+1)
i

+ σ2(t) tr
(
Iq − σ2(t)Δi(ξ(t))Ri

)]}
,

D(t+1) =
1

ν0 + q + 1 +N

{
Λ0 +

N∑
i=1

E
(
bib

�
i |Yobs, θ

(t)
)}

,

where r(t+1)
i =̂Yi −X�

i β
(t+1) −W�

i b̂i(θ
(t)), i = 1, . . . , N .

Example 5.5 (The orthodontic growth data). Table 5.3 displays the
orthodontic growth data introduced by Pothoff & Roy (1964). These
data consist of growth measurements for 16 boys and 11 girls. For
each subject, the distance from the center of the pituitary to the
maxillary fissure was recored at ages 8, 10, 12 and 14. The data
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were used by Jennrich & Schluchter (1986) to illustrate estimation
methods for unbalanced longitudinal data. It is also used in SAS
PROC MIXED to illustrate the SAS procedure.

A regression model is fitted where the response is a linear function
of age, with separate regressions for boys and girls. If Y(s)ij is the
measurement for subject i in sex group s (s = 1 for boys and s = −1
for girls) at age xj , then

Y(s)ij = α∗
si + γ∗sixj + ε(s)ij , i = 1, . . . , 27, j = 1, . . . , 4,

where α∗
si and γ∗si are random intercept and slope for subject i in

group s, x = (x1, x2, x3, x4)� = (8, 10, 12, 14)�, and ε(s)ij are errors.
Furthermore, we assume that

(α∗
si, γ

∗
si)

�∼ N2((αs, γs)�, D).

Using matrix notation, we have two models:

Y(s)i = (114,x)
(αs
γs

)
+ (114,x)bi + ε(s)i, s = 1, −1.

The original goal is to estimate α1, γ1, α−1, γ−1, σ2 and D. A unified
model can be written as

Y(s)i = (114, s114,x, sx)β + (114,x)bi + ε(s)i,

bi ∼ N2(00,D), ε(s)i ∼ N4(00, σ2I4),

where β = (β1, β2, β3, β4)�. The relationship between (αs, γs) and β
is given by

α1 = β1 + β2, γ1 = β3 + β4,

α−1 = β1 − β2, γ−1 = β3 − β4.

Therefore, we only need to estimate β, σ2 and D. We take noninfor-
mative priors, i.e., q0 = λ0 = ν0 = 0 and Λ0 = 0. Using the MLEs
β̂ = (16.8566,−0.5160, 0.6319, 0.1524)�, σ̂2 = 1.7162 and

D̂ =
(

4.5569 −0.1983
−0.1983 0.0238

)

as the initial values (Verbeke & Molenberghs, 2000, p.253), the EM
algorithm converged to the posterior mode θ̃ = (β̃, σ̃2, D̃), where

β̃ = (16.8578,−0.5271, 0.6331, 0.1541)�,
σ̃2 = 1.3049, and

D̃ =
(

2.2012 −0.0091
−0.0091 0.0065

)
.
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Table 5.3 The orthodontic growth data for 16 boys and 11 girls

Age (in year) Age (in year)
Boy 8 10 12 14 Girl 8 10 12 14
1 26.0 25.0 29.0 31.0 1 21.0 20.0 21.5 23.0
2 21.5 22.5 23.0 26.5 2 21.0 21.5 24.0 25.5
3 23.0 22.5 24.0 27.5 3 20.5 24.0 24.5 26.0
4 25.5 27.5 26.5 27.0 4 23.5 24.5 25.0 26.5
5 20.0 23.5 22.5 26.0 5 21.5 23.0 22.5 23.5
6 24.5 25.5 27.0 28.5 6 20.0 21.0 21.0 22.5
7 22.0 22.0 24.5 26.5 7 21.5 22.5 23.0 25.0
8 24.0 21.5 24.5 25.5 8 23.0 23.0 23.5 24.0
9 23.0 20.5 31.0 26.0 9 20.0 21.0 22.0 21.5
10 27.5 28.0 31.0 31.5 10 16.5 19.0 19.0 19.5
11 23.0 23.0 23.5 25.0 11 24.5 25.0 28.0 28.0
12 21.5 23.5 24.0 28.0
13 17.0 24.5 26.0 29.5
14 22.5 25.5 25.5 26.0
15 23.0 24.5 26.0 30.0
16 22.0 21.5 23.5 25.0

Source: Pothoff & Roy (1964).

Table 5.4 Posterior estimates for parameters of
interest for the orthodontic growth data

Posterior Posterior Posterior 95% Posterior
MLEs mode mean std CI

β1 16.856 16.857 16.865 0.5800 [15.743, 18.017]
β2 −.516 −.5271 −.5315 0.5839 [−1.668, 0.6167]
β3 0.6319 0.6331 0.6315 0.0515 [0.5315, 0.7314]
β4 0.1524 0.1541 0.1537 0.0519 [0.0508, 0.2542]
σ2 1.7162 1.3049 1.3631 0.1744 [1.0748, 1.7742]
d11 4.5569 2.2012 2.4487 0.7398 [1.3438, 4.2482]
d22 0.0238 0.0065 0.0067 0.0020 [0.0037, 0.0113]
d12 −.198 −.0091 −.0087 0.0266 [−0.065, 0.0413]

Based on (5.42) and (5.43), we implement IBF sampling using
J = 30, 000 to obtain an i.i.d. sample of size I = 10, 000 ap-
proximately from f(b|Yobs), denoted by {b(i)}Ii=1. Generating θ(i) ∼
f(θ|Yobs, b

(i)) for i = 1, . . . , I, then {θ(i)}Ii=1
iid∼ f(θ|Yobs). The corre-

sponding posterior estimates are given in Table 5.4. ‖
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5.5 Probit Regression Models for
Independent Binary Data

A probit regression model (Albert & Chib, 1993) for analyzing inde-
pendent binary data assumes

Yi
ind∼ Bernoulli(pi), i = 1, . . . , n, (5.44)

pi = Pr(Yi = 1|β) = Φ(x�iβ),

where Yi is a binary response for subject i with success probability
pi, β is a r × 1 vector of unknown parameters, xi = (xi1, . . . , xir)�
is a r × 1 vector of known covariates associated with subject i, and
Φ(·) is the standard normal cdf. Albert & Chib (1993) augment the
observed data Yobs = {Yi}ni=1 with a latent vector Z = (Z1, . . . , Zn)�,

where {Zi} ind∼ N(x�iβ, 1). Let

Yi = I(Zi>0), i = 1, . . . , n.

In other words, if the latent variable crosses the threshold, then a
success is observed; otherwise a failure is observed. It can be shown
that

Z ∼ Nn(Xβ, In), where Xn×r =̂ (x1, . . . , xn)�.

With π(β) = Nr(β|a, A−1) as the prior of β, the joint posterior of β
and Z given the observed data Yobs is given by

f(β,Z|Yobs) ∝ π(β)
n∏
i=1

{
I(Zi>0)I(Yi=1)+I(Zi≤0)I(Yi=0)

}
N(Zi|x�iβ, 1).

Hence, the augmented posterior distribution is

f(β|Yobs, Z) = Nr(β|(X�X +A)−1(X�Z +Aa), (X�X +A)−1).
(5.45)

Note that the conditional predictive distribution of Zi given Yi and
β follows a truncated normal distribution5:

Zi|(Yi, β) ∼
{
TN(x�iβ, 1; R+), if Yi = 1,

TN(x�iβ, 1; R−), if Yi = 0.

5Truncated multivariate normal distribution is defined in Problem 1.1. Please
also see (2.15).
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If we sort the data so that the first m observations of Yi take value
1 and the others take value 0, then the conditional predictive distri-
bution is given by

f(Z|Yobs, β) =
m∏
i=1

TN(Zi|x�iβ, 1; R+) ·
n∏

i=m+1

TN(Zi|x�iβ, 1; R−). (5.46)

From the sampling IBF (5.5), the observed posterior is

f(β|Yobs) ∝ f(β|Yobs, Z0)
f(Z0|Yobs, β)

,

for some arbitrary Z0 ∈ R
m
+×R

n−m
− . The best Z0 can be obtained via

the EM algorithm. Given the current value β(t), the E-step computes
the following conditional expectations:

Z
(t)
i = E{Zi|Yobs, β

(t)} = x�iβ
(t) + Ψ(−x�iβ(t)), 1 ≤ i ≤ m,

Z
(t)
i = E{Zi|Yobs, β

(t)} = x�iβ
(t) − Ψ(x�iβ

(t)), m+ 1 ≤ i ≤ n,

where Ψ(x) is defined by (2.16). The M-step computes

β(t+1) = (X�X +A)−1(X�Z(t) +Aa),

where Z(t) = (Z(t)
1 , . . . , Z

(t)
m , Z

(t)
m+1, . . . , Z

(t)
n )�. If the EM algorithm

converged at β̃, then we choose

Z0 = (Z0,1, . . . , Z0,n)� (5.47)

where

Z0,i =

{
x�i β̃ + Ψ(−x�i β̃), i = 1, . . . ,m,

x�i β̃ − Ψ(x�i β̃), i = m+ 1, . . . , n.

Example 5.6 (The prostatic cancer data). Consider the prosta-
tic cancer data reported by Brown (1980) and re-analyzed by Chib
(1995). The outcome of interest is a binary variable Yi that takes the
value unity if the i-th patient’s cancer had spread to the surrounding
lymph nodes and value zero otherwise. The goal was to determine if
five common variables were prognostic to whether or not the cancer
has spread to the lymph nodes. The five variables were: the age of
patient at diagnosis (in years); the level of serum acid phosphatase
(in King-Armstrong units); the result of an X-ray examination (0 =
negative, 1 = positive); the size of the tumor (0 = small, 1 = large);
and the pathological grade of the tumor (0 = less serious, 1 = more
serious). The data in Table 5.5 are sorted so that the first m (= 20)
observations of Yi take value 1.
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Table 5.5 The prostatic cancer data

i Yi Age AL x3 x4 TG Z0 i Yi Age AL x3 x4 TG Z0

1 1 50 0.56 0 0 1 0.44 28 0 60 0.62 1 0 0 -0.83
2 1 67 0.67 1 0 1 0.79 29 0 49 0.55 1 0 0 -0.90
3 1 59 0.99 0 0 1 0.59 30 0 61 0.62 0 0 0 -1.51
4 1 61 1.36 1 0 0 1.28 31 0 58 0.71 0 0 0 -1.37
5 1 56 0.82 0 0 0 0.53 32 0 51 0.65 0 0 0 -1.46
6 1 58 0.48 1 1 0 1.02 33 0 67 0.47 0 0 1 -1.81
7 1 57 0.51 1 1 1 1.07 34 0 51 0.49 0 0 0 -1.76
8 1 65 0.49 0 1 0 0.60 35 0 56 0.50 0 0 1 -1.74
9 1 65 0.84 1 1 1 1.50 36 0 60 0.78 0 0 0 -1.29
10 1 50 0.81 1 1 1 1.46 37 0 52 0.83 0 0 0 -1.23
11 1 60 0.76 1 1 1 1.40 38 0 56 0.98 0 0 0 -1.10
12 1 45 0.70 0 1 1 0.74 39 0 67 0.52 0 0 0 -1.69
13 1 56 0.78 1 1 1 1.43 40 0 63 0.75 0 0 0 -1.32
14 1 46 0.70 0 1 0 0.74 41 0 64 1.87 0 0 0 -0.72
15 1 67 0.67 0 1 0 0.72 42 0 64 0.40 0 1 0 -1.24
16 1 63 0.82 0 1 0 0.82 43 0 61 0.50 0 1 0 -1.07
17 1 57 0.67 0 1 1 0.72 44 0 64 0.50 0 1 0 -1.07
18 1 51 0.72 1 1 0 1.35 45 0 63 0.40 0 1 0 -1.24
19 1 64 0.89 1 1 0 1.56 46 0 52 0.55 0 1 0 -1.00
20 1 68 1.26 1 1 1 1.95 47 0 66 0.59 0 1 0 -0.95
21 0 66 0.48 0 0 0 -1.78 48 0 65 0.48 0 1 1 -1.10
22 0 68 0.56 0 0 0 -1.61 49 0 59 0.63 1 1 1 -0.54
23 0 66 0.50 0 0 0 -1.74 50 0 61 1.02 0 1 0 -0.67
24 0 56 0.52 0 0 0 -1.69 51 0 53 0.76 0 1 0 -0.81
25 0 58 0.50 0 0 0 -1.74 52 0 67 0.95 0 1 0 -0.70
26 0 60 0.49 0 0 0 -1.76 53 0 53 0.66 0 1 1 -0.89
27 0 65 0.46 1 0 0 -1.02

Source: Chib (1995). NOTE: x1 = 1, x2 = log(Acid Level), x3 = X-
ray result, x4 = tumor size. AL = Acid Level, TG = Tumor Grade,
Z0 are the predictive values specified by (5.47).

Collett (1991) concludes that the logistic model with x1 = 1, x2
= log(acid level), x3 = X-ray result, and x4 = tumor size fits the
data the best among 32 possible models without interactions using
the classical deviance statistic. This is further supported by Chib
(1995) who identified the same set of prognostic variables using the
probit link. Hence, we adopt the probit regression model:

pi = Φ(β1 + β2xi2 + β3xi3 + β4xi4), i = 1, . . . , 53,

where β = (β1, . . . , β4)� and xi = (1, xi2, xi3, xi4)�. Take the normal
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prior β ∼ N4(a, A−1) with a = 0.75×114 and A−1 = diag(25, . . . , 25).
Using β(0) = 004 as the initial value, the EM algorithm converged at
the observed posterior mode β̃ (given in the 2-nd column of Table
5.6) after 20 iterations with precision 10−5. The best Z0 specified by
(5.47) is given in Table 5.5. We implement the IBF sampling using
J = 30, 000 and I = 10, 000. The posterior estimates of parame-
ters are given in Table 5.6. The observed and augmented posterior
densities of βj for j = 1, . . . , 4 are plotted in Figure 5.4.

Table 5.6 Posterior estimates of parameters for probit
regression model for the prostatic cancer data

Posterior Posterior Posterior 95% Posterior
Parameter mode† mean std CI
β1 −0.6619 −0.6680 0.3379 [−1.3246,−0.0005]
β2 1.3985 1.4000 0.5310 [ 0.3692, 2.4213]
β3 1.2205 1.2298 0.3676 [ 0.5136, 1.9401]
β4 1.0053 1.0074 0.3323 [ 0.3613, 1.6390]
†The observed posterior mode β̃ was calculated by an EM algo-
rithm converged at the 20-th iteration with precision 10−5.
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Figure 5.4 Observed posterior densities (solid curve) estimated by a ker-
nel density smoother based on i.i.d. samples obtained via the IBF sampler
(J = 30, 000, I = 10, 000, without replacement) and the corresponding
augmented posterior densities (dotted curve) with Z0 given in Table 5.5.
(a) β1; (b) β2; (c) β3; (d) β4. ‖
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5.6 A Probit-Normal GLMM for Repeated
Binary Data

Generalized linear mixed models (GLMMs) are widely used in bio-
medical research. Although likelihood-based methods for the GLMM
for Gaussian responses are well developed (Laird & Ware, 1982;
Meng & van Dyk, 1998), maximum likelihood fitting of the GLMM
for repeated/correlated/clustered binary data remains to be a chal-
lenge because of the complexity of the likelihood function. To tackle
the complicated likelihood, Breslow & Clayton (1993) proposed ap-
proximate MLE with penalized quasi-likelihood estimates for the
fixed effects parameters and restricted MLEs for the variance pa-
rameters in the random effects. However, the method is known to
yield biased estimates, in particular, to underestimate the variance
parameters (Jiang, 1998). To correct the bias, Lin & Breslow (1996)
used a 4-order Laplace approximation but it remains to be problem-
atic for correlated binary data. Higher order approximations have
been proposed but they are restricted to one random effect per clus-
ter with a large sample size (Raudenbush et al., 2000). In addition,
these approximate MLEs have been shown to be inconsistent under
standard (small domain) asymptotic assumptions and the asymp-
totic bias can be severe if the variance components are not small
(Kuk, 1995; Breslow & Lin, 1995; Lin & Breslow, 1996).

Another approach is to derive the exact MLE in GLMMs by
the MCEM algorithm (Wei & Tanner, 1990). While the M-step is
relatively straightforward, the Monte Carlo E-step involves an in-
tractable high-dimensional integral. To fit a probit-normal GLMM
for repeated binary data, McCulloch (1994) proposed an MCEM al-
gorithm with a Gibbs sampler at each E-step. Later, McCulloch
(1997) used a Hastings-Metropolis algorithm at each E-step in the
MCEM to fit more general models. Both of these two algorithms
lead to problems of convergence and slow convergence. Booth &
Hobert (1999) recognized that MCEM algorithms based on indepen-
dent samples can be computationally more efficient than MCMC EM
algorithms based on dependent samples.

In this section, an efficient MCEM algorithm is presented to find
MLEs of parameters in the probit-normal GLMM. Specifically, uti-
lizing the IBF at each E-step, an importance sampling (i.e., weighted
Monte Carlo integration) is developed to numerically evaluate the 1-
and 2-order moments of a truncated multinormal distribution, thus
eliminating problems of convergence and slow convergence associated
with the MCMC.
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5.6.1 Model formulation

Let Yij denote the binary outcome 0 or 1 of the j-th measurement
and Yi = (Yi1, . . . , Yini)

� be the collection of responses from subject
i. A probit-normal GLMM for repeated binary data (McCulloch,
1994) assumes

Pr{Yij = 1|bi, β} = Φ(μij), 1 ≤ i ≤ m, 1 ≤ j ≤ ni, (5.48)

μij = x�ijβ + w�ijbi,

bi|D iid∼ Nq(00, D),

where x�ij = (xij1, . . . , xijp) and w�ij = (wij1, . . . , wijq) are covariates,
β is the p × 1 fixed effect, {bi}mi=1 are the q × 1 random effects, D
is a q × q unknown matrix relating to the correlation structure of
Yi. Let Yobs = {Yi,Xi,Wi}m1 denote the observed data and Xi =
(xi1, . . . , xini) and Wi = (wi1, . . . , wini) be two p × ni and q × ni
matrices, then the observed-data likelihood for θ = (β,D) is

L(θ|Yobs) =
m∏
i=1

∫
Nq(bi|00,D)ψi(β, bi) dbi, (5.49)

where

ψi(β, bi) =̂
ni∏
j=1

[Φ(μij)]yij [1 − Φ(μij)]1−yij (5.50)

and yi =̂ (yi1, . . . , yini)
� denotes a realization of Yi.

Directly maximizing L(θ|Yobs) is often difficult and this is par-
ticularly true when m, ni and q are very large. Alternatively, we
augment the Yobs with the latent data {bi, Zi}m1 by defining

Yij = I(Zij>0), i = 1, . . . ,m, j = 1, . . . , ni,

where Zi|(bi, β) ind∼ Nni(μi, Ini) with Zi = (Zi1, . . . , Zini)
�,

μi = (μi1, . . . , μini)
� = X�

i β +W�
i bi. (5.51)

Thus, the model (5.48) can be rewritten as

Pr{Yi = yi|bi, β} =
∫
Bi

Nni(Zi|μi, Ini) dZi, (5.52)

bi|D iid∼ Nq(00, D),

where Bi = Bi1 × · · · × Bini and Bij is the interval (0,∞) if yij = 1
and the interval (−∞, 0] if yij = 0. Note that Bi depends only on the
value of yi and not on the parameters. It is important to distinguish
S(Z|Yobs) =

∏m
i=1Bi from SZ =

∏m
i=1 R

ni .
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5.6.2 An MCEM algorithm without using the
Gibbs sampler at E-step

(a) The derivation of M-step

We treat both b =̂ {bi}m1 and Z =̂ {Zi}m1 as missing data. From the
definition of the latent data Z, we have {Yobs, Z} = Z. Thus, the
joint density for the complete-data Ycom = {Yobs, b, Z} = {b, Z} is

f(Ycom|θ) =
m∏
i=1

f(bi|D)f(Zi|bi, β)

=
m∏
i=1

Nq(bi|00, D)Nni(Zi|μi, Ini), (5.53)

where {μi}m1 are defined in (5.51). The M-step of the MCEM algo-
rithm is to find the complete-data MLE of θ. We obtain the following
closed-form expressions:

β̂ =
( m∑
i=1

XiX
�
i

)−1 m∑
i=1

Xi(Zi −W�
i bi) and (5.54)

D̂ =
1
m

m∑
i=1

bib
�
i .

(b) The derivation of E-step

The E-step computes conditional expectations of the complete-data
sufficient statistics, i.e, E(Zi|Yi, θ), E(bi|Yi, θ) and E(bib�i |Yi, θ) for
i = 1, . . . ,m. To calculate them, we first derive the conditional
predictive distribution of the missing data, which is given by

f(b, Z|Yobs, θ) = f(b|Yobs, Z, θ) f(Z|Yobs, θ) (5.55)
= f(Z|Yobs, b, θ) f(b|Yobs, θ). (5.56)

Since f(b|Yobs, Z, θ) ∝ (5.53), we immediately obtain

f(b|Yobs, Z, θ) =
m∏
i=1

f(bi|Yi, Zi, θ) =
m∏
i=1

f(bi|Zi, θ)

=
m∏
i=1

Nq

(
bi

∣∣∣Δi(Zi −X�
i β), Λi

)
, (5.57)
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where Δi =̂DWiΩ−1
i , Λi =̂D − DWiΩ−1

i W�
i D, and Ωi =̂W�

i DWi +
Ini , i = 1, . . . ,m. To derive the second term on the right-hand side of
(5.55), we use the following result (Chib & Greenberg, 1998, p.350)

Pr{Yi = yi|bi, Zi, θ} = I(Zi∈Bi)

=
ni∏
j=1

{
I(Zij>0)I(Yij=1) + I(Zij≤0)I(Yij=0)

}
, (5.58)

which indicates that given Zi, the conditional probability of Yi is
independent of bi. Hence (5.58) implies Pr{Yi = yi|Zi, θ} = I(Zi∈Bi).
Since the joint density of (Zi, bi) is normally distributed, the marginal
distribution of Zi|θ follows Nni(X

�
i β, Ωi). Moreover, from

f(Zi|Yi, θ) ∝ f(Zi, Yi|θ)
= f(Zi|θ) · Pr{Yi = yi|Zi, θ}
= Nni(Zi|X�

i β, Ωi) · I(Zi∈Bi),

we obtain

f(Z|Yobs, θ) =
m∏
i=1

f(Zi|Yi, θ) =
m∏
i=1

TNni(Zi|X�
i β, Ωi; Bi). (5.59)

Below an importance sampling is provided to evaluate E(Zi|Yi, θ)
=̂M

(i)
1 and E(ZiZ�

i |Yi, θ) =̂M
(i)
2 based on (5.59). Once both M

(i)
1

and M (i)
2 are available, Eq.(5.57) gives the Rao-Blackwell estimates:

E(bi|Yi, θ) = E
{
E(bi|Yi, Zi, θ)

∣∣∣Yi, θ
}

= Δi

[
M

(i)
1 −X�

i β
]
, (5.60)

E(bib�i |Yi, θ) = E
{
E(bib�i |Yi, Zi, θ)

∣∣∣Yi, θ
}

(5.61)

= Λi + Δi

[
M

(i)
2 + γiγ

�
i −M

(i)
1 γ�i − (M (i)

1 γ�i )
�
]
Δ�
i ,

where γi =̂X�
i β.

(c) The use of importance sampling at each E-step

McCulloch (1994) suggested using a Gibbs sampler at each E-step
to estimate E(Zi|Yi, θ) and E(ZiZ�

i |Yi, θ) from the truncated multi-
normal distribution (5.59). In fact, utilizing the IBF, an importance
sampling procedure can be formed to evaluate the two expectations

© 2010 by Taylor and Francis Group, LLC



5.6 A PROBIT-NORMAL GLMM FOR REPEATED DATA 189

at each E-step. For this purpose, we first need to derive the 1-st
term on the right-hand side of (5.56). From (5.53) and (5.58), we
have

f(Zi|Yi, bi, θ) ∝ f(Yi, bi, Zi|θ)
= f(bi|θ) · f(Zi|bi, θ) · Pr{Yi = yi|bi, Zi, θ}
∝ Nni(Zi|μi, Ini) · I(Zi∈Bi),

so that

f(Z|Yobs, b, θ) =
m∏
i=1

f(Zi|Yi, bi, θ)

=
m∏
i=1

TNni(Zi|μi, Ini ; Bi), (5.62)

where {μi}m1 are defined in (5.51). Next, from (5.55) and (5.56),
we have f(Zi|Yi, θ) ∝ f(Zi|Yi, bi, θ)/f(bi|Yi, Zi, θ) for an arbitrary bi.
Let b0i be an arbitrary point in the support of bi, the function-wise
IBF gives

f(Zi|Yi, θ) =
{∫

f(Zi|Yi, b0i , θ)
f(b0i |Yi, Zi, θ)

dZi

}−1
f(Zi|Yi, b0i , θ)
f(b0i |Yi, Zi, θ)

, (5.63)

where the denominator and the numerator are given by (5.57) and
(5.62), respectively. Let {Z(k)

i }Kk=1
iid∼ f(Zi|Yi, b0i , θ), then the mo-

ments can be estimated by the weighted means

E(Zi|Yi, θ) .=
K∑
k=1

ω
(k)
i Z

(k)
i ,

E(ZiZ�
i |Yi, θ) .=

K∑
k=1

ω
(k)
i Z

(k)
i Z

(k)�
i , (5.64)

and the weights are given by

ω
(k)
i =

δ
(k)
i

δ
(1)
i + · · · + δ

(K)
i

, δ
(k)
i =̂ f−1(b0i |Yi, Z(k)

i , θ). (5.65)

A natural problem for efficiently computing (5.64) is how to
choose b0i in (5.63). It suffices to select a b0i such that f(Zi|Yi, b0i , θ)
best approximates f(Zi|Yi, θ). Theorem 5.1 has shown that the best
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choice of b0i is the mode of f(bi|Yi, Zi, θ). Since the mode and the
mean for a normal distribution is identical, from (5.57), theoreti-
cally, we can choose b0i = Δi(Zi −X�

i β). In practice, noting that Zi
is unknown, we may replace Zi by E(Zi|Yi, θ) (= M

(i)
1 ) and choose

b0i = b
(t)
i = E(bi|Yi, θ(t)) calculated according to (5.60) since the

function-wise IBF (5.63) holds for any possible values of b0i in the
support of bi.

(d) Monitoring the convergence of the MCEM algorithm

To monitor the convergence of the MCEM algorithm, we again em-
ploy importance sampling to directly calculate the log-likelihood val-
ues and then to plot logL(θ(t)|Yobs) against the MCEM iteration t.
Specifically, let

b
(�)
i

iid∼ Nq(00,D), i = 1, . . . ,m, � = 1, . . . ,M,

then, from (5.49), the log-likelihood can be approximated by

logL(θ|Yobs) =
m∑
i=1

logL(θ|Yi)

.=
m∑
i=1

log
[

1
M

M∑
�=1

ψi(β, b
(�)
i )
]
, (5.66)

where L(θ|Yi) is the observed likelihood of θ contributed from subject
i, and ψi(β, bi) is defined in (5.50). Given θ(t) and θ(t+1), we plot

log
[
L(θ(t+1)|Yobs)
L(θ(t)|Yobs)

]
=

m∑
i=1

log
[
L(θ(t+1)|Yi)
L(θ(t)|Yi)

]
(5.67)

against t. If the plot shows the differences vanish, stabilizing around
zero, we consider the algorithm achieves approximate convergence,
which is probably all we can do with the convergence of the MCEM.

(e) The calculation of standard errors

Denote the MLE from the MCEM algorithm by θ̂ = (β̂, D̂). Louis
(1982) showed that the observed information matrix is given by

−E
{
∂2�(θ|Yobs, b, Z)

∂θ∂θ�

}∣∣∣∣
θ=θ̂

− Var
{
∂�(θ|Yobs, b, Z)

∂θ

}∣∣∣∣
θ=θ̂

(5.68)
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where the expectation and variance are with respect to f(b,Z|Yobs,θ̂).
Based on (5.57) and (5.62), a DA algorithm can be used to obtain
dependent samples from f(b, Z|Yobs, θ̂) so that (5.68) can be esti-
mated by Monte Carlo methods. Standard errors are equal to the
square roots of the diagonal elements of the inverse of the estimated
information matrix.

Example 5.7 (Six cities children’s wheeze data). Consider the lon-
gitudinal study on health effects of air pollution in six cities (Chib
& Greenberg, 1998). The data in Table 5.7 consist of an annual bi-
nary response indicating the presence or absence of wheeze at age 7,
8, 9 and 10 years for each of 537 children from one city. Maternal
smoking was categorized as 1 if the mother smoked regularly and 0
otherwise. The objective of the study is to model the probability
of wheeze status as a function of the child’s age and the mother’s
smoking habit.

Table 5.7 Children’s wheeze data in six cities

No maternal smoking Maternal smoking
Age of child (year) Age of child (year)

7 8 9 10 Frequency 7 8 9 10 Frequency
0 0 0 0 237 0 0 0 0 118
0 0 0 1 10 0 0 0 1 6
0 0 1 0 15 0 0 1 0 8
0 0 1 1 4 0 0 1 1 2
0 1 0 0 16 0 1 0 0 11
0 1 0 1 2 0 1 0 1 1
0 1 1 0 7 0 1 1 0 6
0 1 1 1 3 0 1 1 1 4
1 0 0 0 24 1 0 0 0 7
1 0 0 1 3 1 0 0 1 3
1 0 1 0 3 1 0 1 0 3
1 0 1 1 2 1 0 1 1 1
1 1 0 0 6 1 1 0 0 4
1 1 0 1 2 1 1 0 1 2
1 1 1 0 5 1 1 1 0 4
1 1 1 1 11 1 1 1 1 7

Source: Chib & Greenberg (1998).
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The probability Pr{Yij = 1|bi, β} of wheeze status of the i-th
child at the j-th observation is assumed to be equal to

Φ
(
β1 + age β2 + smoking β3 + (age × smoking)β4 +w�ijbi

)
,

where ‘age’ is the age of the child centered at nine years, ‘smoking’
= 1 if mother smokes, 0 otherwise, w�ij = (1, age), implying that
both intercept and the age effects are children-specific, and bi|D ∼
N2(00, D), i = 1, . . . ,m (m = 537), j = 1, . . . , ni (ni = 4).

To find the MLEs β̂ and D̂, we use the importance sampling
described in §5.6.2(c) at each E-step. Specifically, for a fixed i, we
generate

{Z(k)
i }Kk=1

iid∼ f(Zi|Yi, b0i , θ)
(see (5.63) and (5.62)) and calculate {ω(k)

i } according to (5.65).
Thus, we can estimate E(Zi|Yi, θ) and E(ZiZ�

i |Yi, θ) by (5.64) and
compute E(bi|Yi, θ) and E(bib�i |Yi, θ) via (5.60) and (5.61). Because
of the iterative nature of the EM algorithm, we also use a K that
increases linearly with the number of iterations as does McCulloch
(1994). Specifically, we choose K = 50 for iteration 1 to 20, K = 100
for iteration 21 to 40, K = 200 for iteration 41 to 60, K = 500 for
iteration 61 to 80, and K = 1000 for iteration 81 and over. The
M-step is straightforward since (5.54) has closed-form expressions.
Using θ(0) = (β(0),D(0)) with β(0) = 004 and D(0) = I2 as initial val-
ues, the MCEM algorithm converged at the 100-th iteration to the
MLEs β̂ and D̂. Standard errors are calculated according to (5.68).
These results are listed in the 3rd and 4th-column of Table 5.8.

Table 5.8 MLEs and standard errors of β and D

Variable Parameter MLE∗ SE∗ MLE† SE†

Intercept β1 -1.8245 0.0289 -1.8145 0.0295
Age β2 -0.1006 0.0237 -0.1145 0.0239
Smoking β3 0.1925 0.0490 0.2742 0.0496
Age× Smoking β4 0.0368 0.0405 0.1032 0.0403
Covariance d11 1.7517 0.1080 1.6251 0.1005

d12 -0.0005 0.0070 0.0005 0.0127
d22 0.0148 0.0009 0.0525 0.0032

Source: Tan, Tian & Fang (2007). ∗Values obtained by the MCEM
algorithm with an importance sampling at each E-step, converged at
the 100-th iteration. †Values obtained by the MCEM algorithm with
a Gibbs sampling at each E-step (McCulloch, 1994), nearly converged
at 100-th iteration.
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Convergence of the MCEM was determined from Figures 5.5(a),
5.6 and 5.7(a). As Figure 5.5(a) shows, the logs of individual com-
ponents of θ(t) = (β(t),D(t)) appear to have stabilized after about
40 iterations. Similarly, the log-likelihood values logL(θ(t)|Yobs) es-
timated by (5.66) also appear to stabilize after 40 EM cycles (Figure
5.6). Figure 5.7(a) shows that the logs of the likelihood ratios esti-
mated from (5.67) decrease to zero after 40 iterations. The comput-
ing time for finding the MLEs is 40.82 minutes (0.68033 hour) for 40
iterations or 102.05 minutes (1.7008 hours) for 100 iterations.

(a) MCEM with importance sampling at each E-step
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(b) MCEM with Gibbs sampling at each E-step
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Figure 5.5 The comparison of convergence between two MCEM algo-
rithms by plotting the MLEs of β = (β1, . . . , β4)� andD against the MCEM
iteration t for the wheeze data in six cities.

To compare the new MCEM algorithm with the MCEM of Mc-
Culloch (1994), in the E-step, for a fixed i, we run a Gibbs sampler
with a single chain to obtain a dependent sample of size 2K from
the truncated multinormal distribution TNni(Zi|X�

i β, Ωi; Bi) (see
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MCEM iteration t

lo
g-

lik
el

ih
oo

d:
 lo

g 
L(

be
ta

, D
|Y

_o
bs

)

0 20 40 60 80 100

0
50

10
0

15
0

20
0

25
0

MCEM with importance sampling at each E-step
MCEM with Gibbs sampling at each E-step

Figure 5.6 The comparison of convergence between two MCEM algo-
rithms with importance/Gibbs sampling at each E-step by plotting the log-
likelihood values against the MCEM iteration t for the children’s wheeze
data in six cities.

(5.59)) and no assessment of convergence of the Markov chain to its
stationary distribution is made. Then, we use the second half of
the sequence to estimate E(Zi|Yi, θ) and E(ZiZ�

i |Yi, θ). Note that
E(bi|Yi, θ) and E(bib�i |Yi, θ) are still given by (5.60) and (5.61), re-
spectively, and the M-step is also the same as (5.54). We use the
same K and the same initial values (β(0),D(0)) as that of the pro-
posed MCEM above. We terminate the MCEM at the 100-th iter-
ation. The corresponding MLEs β̂ and D̂ and their standard errors
calculated according to (5.68) are listed in the fifth- and sixth-column
of Table 5.8. Convergence of the MCEM can be assessed based on
Figures 5.5(b), 5.6 and 5.7(b). Although Figure 5.7(b) shows that
the logs of the likelihood ratios estimated from (5.67) decrease to
zero after 80 iterations, Figure 5.5(b) shows that the logs of d11

seem to have not stabilized after 100 iterations. From Figure 5.6,
the log-likelihood values logL(θ(t)|Yobs) estimated by (5.66) do not
stabilize after 80 EM cycles and the convergence is thus slower than
the new MCEM. The computing time for the MLEs is 25.406 hours
for 100 iterations, which is 25.406/0.68033 = 37.344 (or at least
25.406/1.7008 = 14.938) times slower than the new MCEM.
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(a) MCEM with importance sampling at each E-step
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(b) MCEM with Gibbs sampling at each E-step
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Figure 5.7 The assessment of convergence for two MCEM algorithms by
plotting the difference of the consecutive log-likelihood values against the
MCEM iteration t for the children’s wheeze data in six cities. ‖

5.7 Hierarchical Models for Correlated
Binary Data

In the previous section, we have introduced an MCEM algorithm
without using the Gibbs sampler at the E-step to find MLEs of para-
meters for a probit-normal GLMM with repeated binary data. How-
ever, inference based on these results still depend on large sample
size (Louis, 1982).

An alternative is to use a hierarchical model to compute the entire
posterior distribution of the parameter of interest. Zeger & Karim
(1991) use MCMC methods in the hierarchical logit-normal model
where rejection sampling is used in each iteration to obtain samples
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of the fixed and random effects. Thus, each iteration involves finding
the mode and curvature of a complicated likelihood. For longitudinal
binary data, Chib (2000) proposes a four-block Gibbs sampler in the
probit-normal model whose advantages over the logit-normal model
are summarized in McCulloch (1994). Two difficulties for Chib’s
approach are

1) each cycle of the Gibbs sampler requires another Gibbs sampler
to generate truncated multivariate normal distribution; and

2) the Gibbs sampler possibly suffers from the slow convergence
owing to the introduction of too many Gaussian latent vari-
ables.

Most importantly, both approaches encounter the problematic issues
of assessing convergence to the stationary distribution. These results
in serious practical problems such as determining the “burn-in” time
and the correlation between two successive samples are used to com-
pute variance of the estimate (Casella et al., 2001).

From a Bayesian perspective, the hierarchical model further spec-
ify prior distributions for the regression coefficients of the fixed ef-
fects and for the hyperparameter in the distribution of the random
effects of the GLMM (Tan et al., 2006). In practice, noninforma-
tive or vague prior is often used so that Bayesian inference from the
hierarchical model is similar to that from the GLMM whereas the
whole posterior is available from the hierarchical model. The pur-
pose of this section is to present a non-iterative sampling approach
for hierarchical models with correlated binary data to obtain an i.i.d.
sample from the observed posterior distribution after the posterior
mode has been obtained by an MCEM approach (e.g., in §5.6).

The probit-normal GLMM to be considered is given by (5.48) or
(5.52). Let μi be defined by (5.51) and θ =̂ (β,D). The complete-data
likelihood function for θ is given by (5.53). We consider independent
prior distributions:

β ∼ Np(μ0, Σ−1
0 ) and

D ∼ IWishartq(Λ−1
0 , ν0).

Then the complete-data posterior distribution is given by

f(θ|Yobs, Z, b) = f(β|Yobs, Z, b) × f(D|Yobs, Z, b), (5.69)
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where

f(β|Yobs, Z, b) = Np

(
β
∣∣∣β̃, (Σ0 + Σm

i=1XiX
�
i )

−1
)
,

f(D|Yobs, Z, b) = IWishartq
(
D
∣∣∣D̃−1/(ν0 + q + 1 +m), ν0 +m

)
,

and β̃ and D̃ denote the complete-data posterior modes, defined by

β̃ =
(

Σ0 +
m∑
i=1

XiX
�
i

)−1{
Σ0μ0 +

m∑
i=1

Xi(Zi −W�
i bi)
}
,

D̃ =
1

ν0 + q + 1 +m

{
Λ0 +

m∑
i=1

bib
�
i

}
.

Note that f(Z|Yobs, b, θ) and f(b|Yobs, Z, θ) are given by (5.62) and
(5.57), respectively. Therefore, based on (5.69), (5.62) and (5.57),
we can implement the IBF algorithm proposed in §5.1.3 to obtain
i.i.d. samples approximately from the observed posterior distribution
f(β,D|Yobs).

5.8 Hybrid Algorithms: Combining the IBF
Sampler with the Gibbs Sampler

Although the IBF methods introduced in §5.1 have been shown to
be successful in a broad range of statistical models, they have lim-
itations too. The IBF sampler via the EM-type algorithm may not
be feasible, for instance, when

• The observed posterior f(θ|Yobs) is multi-modal;

• It is impossible to find a latent vector Z to augment Yobs;

• Neither the augmented posterior f(θ|Yobs, Z) nor the condi-
tional predictive density f(Z|Yobs, θ) has explicit expression;

• More than two blocks of r.v.’s are involved in the computation.

To partially overcome these difficulties, we can optimize the IBF
sampler via choosing a Z0 based on intermediate results from the
Gibbs sampler or the DA algorithm. Since the IBF procedure holds
for any Z0, so do the non-iterative sampling properties. The idea is
to first produce outputs

{θ[k], Z [k]}Kk=1
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by using a single-path Gibbs sampler (see, e.g., Arnold, 1993) or the
DA algorithm based on f(θ|Yobs, Z) and f(Z|Yobs, θ), and then let

Z0 =
1

K − r + 1

K∑
k=r

Z [k]. (5.70)

Thus, Z0 can be chosen using results after the MCMC has passed
the burn-in period or certain convergence diagnostic approaches. In
this section, we present two examples to illustrate the idea.

5.8.1 Nonlinear regression models

Consider a nonlinear regression model (Bates & Watts, 1988):

Yi = θ1(1 − e−θ2xi) + εi, i = 1, . . . , n, (5.71)

εi
iid∼ N(0, σ2),

where Yobs = {Yi}n1 denote the observed data, xi is the i-th value of
the covariate x, θ = (θ1, θ2)� and σ2 are parameters of interest. The
likelihood function is

L(θ, σ2|Yobs) =
1

(
√

2πσ)n
exp
{
− S(θ)

2σ2

}
,

where the sum of squared residuals is defined by

S(θ) =̂
n∑
i=1

(Yi − θ1δi)2, and δi ≡ 1 − e−θ2xi .

Consider independent prior distributions:

θ ∼ N2(a0, A
−1
0 ) with A0 → 0, and

σ2 ∼ IGamma
(
σ2
∣∣∣q0
2
,
λ0

2

)
, q0 = λ0 = 0.

Then, the joint posterior density is

f(θ, σ2|Yobs) ∝ σ−n−2 exp
{
− S(θ)

2σ2

}
.

Therefore, we have

f(σ2|Yobs, θ) = IGamma
(
σ2
∣∣∣n
2
,
S(θ)

2

)
, (5.72)

f(θ|Yobs, σ
2) = f(θ1|Yobs, θ2, σ

2) × f(θ2|Yobs, σ
2)

= N

(
θ1

∣∣∣∣
∑n

i=1 δiYi
δ2

,
σ2

δ2

)
f(θ2|Yobs, σ

2), (5.73)
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where δ2 ≡∑n
i=1 δ

2
i , and

f(θ2|Yobs, σ
2) ∝ 1

δ
exp
{

(
∑n

i=1 δiYi)
2

2σ2δ2

}
, (5.74)

Since (5.74) is a one-dimensional function of θ2, the grid method (cf.
Example 2.13) can be used to draw samples from (5.74). With the
sampling IBF (5.5), we obtain

f(θ|Yobs) ∝ f(θ|Yobs, σ
2
0)

f(σ2
0 |Yobs, θ)

, (5.75)

for some arbitrary σ2
0 ∈ R+. Using an EM algorithm to choose σ2

0
in (5.75) is not possible for the current situation because it is not
in missing-data structure. Let {θ[k], σ2[k] : k = r, . . . ,K} denote the
final K − r + 1 Gibbs outputs from (5.72) and (5.73), then from
(5.70), we set

σ2
0 =

1
K − r + 1

K∑
k=r

σ2[k].

5.8.2 Binary regression models with t link

(a) Model formulation

The most commonly used link function for binary regression models
is the logit link. If we replace the standard Gaussian cdf Φ(·) by the
logistic cdf

L(x) =
ex

1 + ex
, x ∈ R, (5.76)

then, the probit regression model (5.44) becomes the logistic regres-
sion model:

Yi
ind∼ Bernoulli(pi), i = 1, . . . , n,

pi = L(x�iβ), or logit(pi) = x�iβ. (5.77)

Since the cdf L(·) in (5.76) can well be approximated6 by the cdf of
a t-distribution with 8 or 9 degrees of freedom, we approximate the

6In fact, Mudholkar & George (1978) show that the logistic distribution has
the same kurtosis as the t-distribution with 9 degrees of freedom. Albert & Chib
(1993) show that logistic quantiles are approximately a linear function of quantiles
of t-distribution with 8 degrees of freedom by plotting quantiles of the logistic
distribution against quantiles of a t-distribution for various degrees of freedom.
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logistic regression model (5.77) by a binary regression model with t
link:

Yi
ind∼ Bernoulli(pi), i = 1, . . . , n,

pi = Pr(Yi = 1|β) = Tν(x�iβ), (5.78)

where Tν(·) denotes the cdf of t-distribution with ν (ν = 8 or 9)
degrees of freedom.

(b) Full conditional distributions

We augment the observed binary data Yobs = {Yi}n1 with a latent
vector Z = (Z1, . . . , Zn)� by defining

Yi = I(Zi>0), where {Zi} ind∼ t(x�iβ, 1, ν).

Note that Zi is a scale mixture of normal distribution (cf. Appendix
A.3.5), we have

Zi|λi ∼ N(x�iβ, λ
−1
i ) and λi ∼ Gamma

(ν
2
,
ν

2

)
.

Using a flat prior for β, then the joint posterior density is

f(β,Z, λ|Yobs) ∝
n∏
i=1

{
I(Zi>0)I(Yi=1) + I(Zi≤0)I(Yi=0)

}

× N
(
zi

∣∣∣x�iβ, λ−1
i

)
× Gamma

(
λi

∣∣∣ν
2
,
ν

2

)
.

We obtain the following full conditional distributions:

f(β|Yobs, Z, λ) = Nr(β|(X�ΛX)−1X�ΛZ, (X�ΛX)−1), (5.79)

f(Z|Yobs, β, λ) =
m∏
i=1

TN(Zi|x�iβ, λ−1
i ,R+)

×
n∏

i=m+1

TN(Zi|x�iβ, λ−1
i ,R−), (5.80)

f(λ|Yobs, β, Z) =
n∏
i=1

Gamma
(
λi

∣∣∣ν+1
2

,
ν+(Zi− x�iβ)2

2

)
, (5.81)

where Xn×r = (x1, . . . , xn)�, Λ = diag(λ1, . . . , λn), and the observed
responses are ordered so that Y1 = · · · = Ym = 1 and Ym+1 = · · · =
Yn = 0.
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(c) Implementing IBF sampler utilizing the Gibbs sampler

Using the sampling (5.5), we have

f(β|Yobs) ∝ f(β|Yobs, Z0, λ0)
f(Z0, λ0|Yobs, β)

, (5.82)

for two arbitrary Z0 ∈ S(Z|Yobs), λ0 ∈ S(λ|Yobs), and all β ∈ S(β|Yobs).
The denominator of the right hand side of (5.82) can be evaluated
at a given point β ∈ S(β|Yobs) by

f(Z0, λ0|Yobs, β) = f(Z0|Yobs, β, λ0) × f(λ0|Yobs, β), (5.83)

where

f(λ0|Yobs, β) =
{∫

f(Z|Yobs, β, λ0)
f(λ0|Yobs, β, Z)

dZ

}−1

.=

{
1
L

L∑
�=1

1
f(λ0|Yobs, β, Z(�))

}−1

, (5.84)

here {Z(�)} iid∼ f(Z|Yobs, β, λ0). Based on (5.79), (5.80) and (5.81),
the Gibbs sampler can be used to obtain the desired Z0 and λ0.

5.9 Assessing Convergence of MCMC

Methods

It is well recognized that MCMC methods can give misleading an-
swers because after any finite number of iterations, the generated
samples may not represent the stationary distribution. Therefore,
monitoring convergence to the stationary distribution7 is a key step
in implementing an MCMC method. However, assessing convergence
of the sequence of draws/samples generated by the DA or Gibbs
sampler to the target distribution is more difficult than assessing
convergence of an EM-type algorithm to the MLE. It is whether the
MCMC has converged to the whole stationary distribution that has
to be assessed. In practice, convergence diagnostics built on succes-
sive iterations is used as a tool to indicate the convergence to the
true stationary distribution. Comprehensive reviews on convergence
diagnostics are given by Cowles & Carlin (1996), Brooks & Roberts

7In the sense of a stopping rule to guarantee that the number of iterations is
sufficient.
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(1998), and Mengersen et al. (1999). Several books also include the
subject (Gamerman, 1997; Robert, 1998; Robert & Casella, 1999;
Carlin & Louis, 2000; Chen et al., 2000; Little & Rubin, 2002).

In this section, we first introduce the monitoring approach based
on a so-called potential scale reduction (PSR) statistic proposed by
Gelman & Rubin (1992). Then we present two alternative methods
by using the outputs from the IBF sampler.

5.9.1 Gelman and Rubin’s PSR statistic

Gelman & Rubin (1992) developed a control strategy based on an ex-
plicit PSR statistic to monitor the convergence of the Gibbs sampler.
Their procedure is as follows:

1) Generate L ≥ 2 parallel chains {θ[k]
� : 1 ≤ � ≤ L, 1 ≤ k ≤ K}8

with starting points dispersed over the parameter space;

2) For each quantity of interest ξ = h(θ), calculate the variance
between the L sequence means and the average of the L within-
sequence variances:

B =
K

L− 1

L∑
�=1

(ξ̄� − ξ̄ )2, and

W =
1
L

L∑
�=1

{
1

K − 1

K∑
k=1

(ξ[k]� − ξ̄�)2
}
,

where ξ[k]� =̂h(θ[k]
� ), ξ̄� = 1

K

∑K
k=1 ξ

[k]
� and ξ̄ = 1

L

∑L
�=1 ξ̄�;

3) Estimate Var(ξ|Yobs), the posterior variance of ξ, by a weighted
average of B and W , i.e.,

V̂ar(ξ|Yobs) =
1
K
B +

K − 1
K

W,

which overestimates the variance of ξ[k]� (Gelman, 1996a) while
W underestimates this variance;

4) The PSR is estimated by9

√
R̂ =

√
V̂ar(ξ|Yobs)/W , (5.85)

8The real length of each chain is 2K and just the last K draws of each chain
are retained to diminish the effect of the starting distribution.

9Here we adopt the simplified formula of Little & Rubin (2002, p.207). For
the original formula, please see Gelman & Rubin (2002).
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which declines to 1 as K → ∞. Once
√
R̂ is near10 1 for all

scalar estimands of interest, it is typically desirable to termi-
nate the sampling process and to summarize the target distri-
bution by a set of simulations.

5.9.2 The difference and ratio criteria

Based on the point-wise IBF (1.3) or (1.6), we can develop useful
procedures for determining whether the Gibbs sampler not only has
converged but also has converged to its true stationary distribution.
We focus on the two-block case. The more general situations can be
handled similarly. As in Ritter & Tanner (1992) and Zellner & Min
(1995), we also use the Rao-Blackwellized estimators. Let

{x[k], y[k]}Kk=1 (5.86)

denote the Gibbs outputs from the full conditional pdfs f(X|Y )(x|y)
and f(Y |X)(y|x). For the marginal density fX(x), we can calculate
its Rao-Blackwellized estimator (cf. (1.11))

fX(x) .= f̂4,X(x) =
1
K

K∑
k=1

f(X|Y )(x|y[k]), ∀ x ∈ SX .

On the other hand, for a given x ∈ SX , we first generate

{y(i)}ni=1
iid∼ f(Y |X)(y|x).

Then we approximate fX(x) by (cf. (1.6))

fX(x) .= f̂1,X(x) =
{

1
n

n∑
i=1

1
f(X|Y )(x|y(i))

}−1

.

The difference and ratio criteria are defined by

d(x) = f̂1,X(x) − f̂4,X(x), and (5.87)

r(x) =
f̂1,X(x)

f̂4,X(x)
, (5.88)

respectively, where x ∈ SX . If the Gibbs chain has converged, then
d(x) will be close to zero, and r(x) will be close to 1. The stop-
ping rule is based on testing whether r(x) is around 1 by graphical
methods.

10For most practical problems, values below 1.2 are acceptable. But for an
important data set, a higher level of precision may be required.
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5.9.3 The Kullback-Leibler divergence criterion

Since the KL divergence defined in (1.42) provides a measure of
discrepancy between two density functions, the outputs from the
exact IBF sampling in §4.1 or the IBF sampler in §5.1 can be used
as a benchmark to check the convergence of the DA algorithm or the
Gibbs sampler based on the KL divergence criterion.

Based on f(θ|Yobs, Z) and f(Z|Yobs, θ), let

{Z(i), θ(i)}Ii=1 and {Z [k], θ[k]}Kk=1

denote the outputs from the IBF sampler and the DA algorithm,
respectively. Then, we can estimate the observed posterior density
f(θ|Yobs) by

f IBF(θ|Yobs)
.=

1
I

I∑
i=1

f(θ|Yobs, Z
(i)) and (5.89)

fDA(θ|Yobs)
.=

1
K

K∑
k=1

f(θ|Yobs, Z
[k]), (5.90)

respectively. For a fixed I, from (1.42), the KL divergence between
f IBF(θ|Yobs) and fDA(θ|Yobs) is

KLK [f IBF(θ|Yobs), fDA(θ|Yobs)]
.=

1
L

L∑
�=1

log
f IBF(θ{�}|Yobs)
fDA(θ{�}|Yobs)

, (5.91)

which declines to 0 as K → ∞, where {θ{�}} iid∼ f IBF(θ|Yobs).
Although from a Bayesian inference point of view, such devel-

opment is in fact not of interest as the posterior can be computed
using the IBF sampler. The point here is to use the IBF sampler
as a validation tool in high dimensional problems, where we may
want to build confidence in a simpler model of lower dimension with
both tthe IBF and the Gibbs sampler and then switch to the high
dimension problem using the Gibbs sampler.

5.10 Remarks

Although the Bayesian approach offers flexibility and gives full pos-
terior distribution, proving the existence of the posterior (Arnold &
Press, 1989; Gelman & Speed, 1993) and checking the convergence
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of the MCMC may hinder its application despite of the great pro-
gresses made in establishing the convergence. As Gelfand (1994)
pointed out that “it seems clear that cutting-edge work will always
require individually tailored code with careful diagnostic work to ob-
tain results that can be confidently presented.” It would be desirable
to have an explicit solution or one based on non-iterative sampling
approach without elaborate convergence diagnosis if possible.

In this chapter, we presented such a non-iterative sampling ap-
proach for obtaining i.i.d. samples approximately from an observed
posterior by combining IBF with SIR and EM as an alternative to
perfect sampling. Although both perfect sampling and the IBF sam-
pler generate i.i.d. samples and eliminate problems in monitoring
convergence and mixing of the Markov chain, we have shown that
the IBF sampler is a simple yet highly efficient algorithm that per-
forms well in more complicated models such as the (generalized)
linear mixed model with longitudinal data. Practically, IBF sam-
pling is a method to quickly generate i.i.d. samples approximately
from the posterior once the posterior model is identified.

The IBF sampler under the framework of EM-type algorithms has
several apparent features: First, it utilizes the strengths of SIR, EM-
type algorithms and Gibbs sampler, while bypasses their potential
limitations. In fact, SIR generates independent samples but it does
not provide an efficient ISD directly from the model specification
of a practical problem. It is easy to check if the EM algorithm has
converged to the posterior mode or not, but it is difficult to calculate
its standard errors. For the Gibbs sampler, its advantage is easy to
draw from full conditional distributions whereas the difficulty is to
monitor the stochastic convergence. The IBF sampler generates i.i.d.
samples, provides a built-in class of ISDs, requires the posterior mode
by running an EM or needs a Z0 by implementing a Gibbs sampler,
where the diagnosis of stochastic convergence can be ignored.

Second, the EM or DA algorithm and the IBF sampler share
the structure of augmented posterior/conditional predictive distrib-
utions, thus, no extra derivations are needed for the IBF sampler. In
fact, even when Gibbs sampler is used, the posterior mode via EM
is sometimes also required, e.g., in model selection with Bayes factor
or marginal likelihood based on Gibbs outputs.

Third, the above fact also implies that the IBF sampler is ap-
plicable to problems where any EM-type algorithms can be applied,
including apparently a wide range of practical problems.
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Problems

5.1 Posterior predictive density f(Z|Yobs) can be used to predict
missing values, which are needed in some important applica-
tions. Based on (5.17) and (5.18), show that

(a) For i = n1 + 1, . . . , n1 +n2, x2i|x1i follows normal distrib-
ution with mean x1iρσ2/σ1 + (−ρσ2/σ1, 1)q and variance
σ2

2(1− ρ2)+ (−ρσ2/σ1, 1)Q(−ρσ2/σ1, 1)�, where Q and q
are defined by (5.19) and (5.20), respectively.

(b) For i = n1 +n2 +1, . . . , n, x1i|x2i is also normally distrib-
uted with mean x2iρσ1/σ2 + (1, −ρσ1/σ2)q and variance
σ2

1(1 − ρ2) + (1, −ρσ2/σ1)Q(1, −ρσ2/σ1)�.

(Hint: f(x2i|x1i) = f(x2i|Yobs) =
∫
f(x2i|Yobs, μ) · f(μ|Yobs) dμ.

Note that both f(x2i|Yobs, μ) and f(μ|Yobs) are normal. Using (A.1)
and (A.2), we know that (x2i, μ)|Yobs have a joint normal distribu-
tion. Thus, the marginal distribution of x2i|Yobs is still normal. Its
mean and variance can be calculated by E{E(x2i|Yobs, μ)|Yobs} and
E{Var(x2i|Yobs, μ)|Yobs} + Var{E(x2i|Yobs, μ)|Yobs}, respectively.)

5.2 Censored data from an exponential density (McLachlan
& Krishnan, 1997). In survival or reliability analysis, a study to
observe a random sample y = (y1, . . . , ym)� iid∼ Exponential(θ)
is generally terminated before all of them are able to be ob-
served. Suppose that the first r observations of y are uncen-
sored and the remaining m− r are censored (ci denotes a cen-
sored time) so that the observed data Yobs = {y1, . . . , ym; cr+1,
. . . , cm}. Augment the Yobs with latent failure times Z =
(zr+1, . . . , zm)�, where zi > ci for i = r + 1, . . . ,m.

(a) Show that the complete-data likelihood is given by

L(θ|Yobs, Z) ∝ θm exp{−θ(Σr
i=1yi + 11�Z)}.

(b) If the Gamma(α0, β0) prior is put on θ, then

θ|(Yobs, Z) ∼ Gamma(m+ α0, y
∗ + 11�Z + β0),

11�Z − c.|(Yobs, θ) ∼ Gamma(m− r, θ),

where y∗ =̂ Σr
i=1yi and c. =̂ Σm

i=r+1ci.

(c) Write down the IBF sampling for this example.
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5.3 Failures for nuclear pumps (Gaver & O’Muircheartaigh,
1987). Table 5.9 gives multiple failures of pumps in a nuclear
plant. Assume that the failures in time interval (0, ti] for the
i-th pump follow a homogeneous Poisson process with rate λi
(i = 1, . . . ,m). Then, the number of failures Ni =̂N(ti)

ind∼
Poisson(λiti). Let Yobs = {ti, Ni}m1 and λ = (λ1, . . . , λm)�.

(a) If prior distributions are specified by λi
iid∼ Gamma(α0, β)

and β ∼ Gamma(a0, b0), then

f(λ|Yobs, β) = Πm
i=1Gamma(λi|Ni + α0, ti + β),

f(β|Yobs, λ) = Gamma(β|a0 +mα0, b0 + Σm
i=1λi).

(b) For the data in Table 5.9, implement the Gibbs sampler.
Devise and implement a hybrid algorithm described in
§5.8.

Table 5.9 Numbers of failures and times for 10 pumps
in a nuclear plant

Pump i 1 2 3 4 5 6 7 8 9 10
Failures Ni 5 1 5 14 3 19 1 1 4 22
Time ti 94.32 15.72 62.88 125.76 5.24 31.44 1.05 1.05 2.10 10.48

Source: Gaver & O’Muircheartaigh (1987).

5.4 Hierarchical models for clinical mastitis data (Schukken
et al., 1991). Table 7.5.1 of Robert & Casella (1999, p.334)
displays counts of the number of cases of clinical mastitis11

in 127 dairy cattle herds over 1 year period. Let Xi denote
the number of cases in herd i (i = 1, . . . ,m). Assume that
Xi ∼ Poisson(λi), where λi is the rate of infection in herd
i. However, the data lack of independence because mastitis
is infectious. To account for this overdispersion, Schukken et
al. (1991) presented a complete hierarchical model by specifying
λi ∼ Gamma(α0, βi), βi ∼ Gamma(a0, b0). Let Yobs = {Xi}m1 .
Show that

λi|(Yobs, βi) ∼ Gamma(λi|Xi + α0, 1 + βi),
βi|(Yobs, λi) ∼ Gamma(β|a0 + α0, b0 + λi).

For this dataset, implement the Gibbs sampler. Devise and
implement a hybrid algorithm described in §5.8.

11Mastitis is an inflammation usually caused by infection.
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5.5 Biochemical oxygen demand data (Marske, 1967). The
model (5.71) was derived from a study to determine the bio-
chemical oxygen demand (BOD), where a sample of stream wa-
ter was mixed with soluble organic matter, inorganic nutrients
and dissolved oxygen, and then subdivided into BOD bottles.
Each one of them was inoculated with a mixed culture of mi-
croorganisms, sealed and incubated at fixed temperature. The
bottles were opened periodically and assayed for dissolved oxy-
gen concentration, from which the BOD was calculated in mil-
ligrams per liter. Measuremnts are taken at days 1,2,3,4,5,and
7. The BOD values which are averages of two analyses on each
bottle are given by 8.3, 10.3, 19.0, 16.0, 15.6, and 19.8. Write
a program to compute the posterior distributions of θ1, θ2 and
σ2 for the nonlinear regression model (5.71) using the BOD
data, where.

5.6 Based on the method described in §5.8.2, write a computer pro-
gram to fit the prostatic cancer data in Table 5.5 (cf. Example
5.6) using the binary regression model (5.78) with t link:

pi = T8(β1 + β2xi2 + β3xi3 + β4xi4), i = 1, . . . , 53.

5.7 Design and implement a hybrid algorithm described in §5.8 for
the capture-recapture model in Problem 4.9.

5.8 Hierarchical Poisson changepoint models (Maguire et al.,
1952). Carlin et al. (1992) analyzed British coal-mining disas-
ter data (see Table 1 therein) from 1851-1962 by use a hier-
archical Poisson changepoint model. At the first stage, they
let

yi ∼ Poisson(θ1ti), i = 1, . . . , r,
yi ∼ Poisson(θ2ti), i = r + 1, . . . , n,

where θ1 and θ2 are unknown parameters. At the second stage,
they consider independent prior distributions: k is assumed to
follow a discrete uniform distribution on {1, . . . , n},

θj|bj ∼ Gamma(aj0, bj), j = 1, 2.

At the third stage, they let

bj ∼ Gamma(cj0, dj0), j = 1, 2,

© 2010 by Taylor and Francis Group, LLC



PROBLEMS 209

and b1 is independent of b2. Denoted the observed data by
Yobs = {yi}n1 . Define

Y1 =̂
∑r

i=1 yi, Y2 =̂
∑n

i=r+1 yi,

T1 =̂
∑r

i=1 ti, T2 =̂
∑n

i=r+1 ti.

Prove that three full conditionals are given by

f(θ1, θ2|Yobs, r, b1, b2) =
∏2
j=1 Gamma(θj|aj0 + Yj, bj + Tj),

f(b1, b2|Yobs, r, θ1, θ2) =
∏2
j=1 Gamma(bj |aj0 + cj0, θj + dj0),

f(k|Yobs, θ1, θ2, b1, b2) ∝ (θ1/θ2)Y1 exp{(θ2 − θ1)T1}.
For the data (Table 1 of Carlin et al., 1992), implement the
IBF sampling described in §5.1.2.

5.9 Item response model (Albert, 1992). Assume that n stu-
dents take an examination with J items. The answer for each
item is true (T) or false (F). Let Yij equal 1 if the i-th stu-
dent correctly answers the j-th item and 0 otherwise. For
i = 1, . . . , n and j = 1, . . . , J , let

Yij
ind∼ Bernoulli(pij), pij = Φ(αjbi − βj),

where bi denotes the unobserved12 “ability” for the i-th stu-
dent, αj > 0 measures the discriminatory power (to discrimi-
nate between strong and weak students) of the j-th item and
βj represents the difficulty of the j-th item.

(a) Mimic the technique presented in §5.5 to introduce a vec-
tor of independent latent r.v.’s Z = {Zij}. Derive three
full conditionals

f(θ|Yobs, Z, b), f(Z|Yobs, θ, b) and f(b|Yobs, Z, θ),

where θ = {αj , βj}.
(b) Design an IBF sampler by following §5.7.
(c) Tanner (1996, p.190-191) gives scores for 39 college stu-

dents in a quiz of an introductory statistics course consist-
ing of six questions. A correct answer was scored 1 and an
incorrect answer was scored 0. Using the IBF sampling,
apply the item response model to these data.

12Usually, we treat bi as latent random variable and (αj , βj) as parameters.
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CHAPTER 6

Constrained Parameter Problems

Constrained parameter problems refer to statistical models where
some of the model parameters are constrained, e.g., by certain or-
der. Such problems arise in a variety of applications including, for
example, ordinal categorical data, sample surveys (Chiu & Sedransk,
1986), bioassay (Ramgopal et al., 1993), dose finding (Gasparini &
Eisele, 2000), and variance components and factor analysis models
(Dempster et al., 1977; Rubin & Thayer, 1982). The most com-
mon parameter restriction is an ordering of the model parameters,
namely, the order restrictions (Barlow et al., 1972; Robertson et al.,
1988; Silvapulle & Sen, 2005).

From a frequentist perspective, model fitting methods for isotonic
regression such as the pool-adjacent-violators procedure provide ex-
plicit MLEs of parameters of interest for some simple cases while
for more general cases the solution is obtained by non-linear pro-
gramming approach (Schmoyer, 1984; Geyer, 1991). One alternative
method for fitting the isotonic regression is to use EM-type algo-
rithms (Meng & Rubin, 1993; Liu, 2000; Tan, Tian & Fang, 2003;
Tan, Tian, Fang & Ng, 2007; Tian, Ng & Tan, 2008).

This chapter describes how the EM and the DA algorithms can
be used for maximum likelihood and Bayesian estimation in normal
distribution subject to linear inequality constraints (§6.1 and §6.2),
Poisson distribution (§6.3) and binomial distribution (§6.4) with a
class of simplex constraints.

6.1 Linear Inequality Constraints

6.1.1 Motivating examples

To motivate statistical models with linear inequality constraints, we
consider several examples. For example, toxicities or responses at
ordered doses of a drug are often ordered. Let d1, . . . , dm denote
the dose levels of the drug and ni mice be treated at dose di (i =
1, . . . ,m), where the first (m − 1) groups are the treatment groups
and the last one is the control group without the drug (i.e., dm = 0).
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We assume d1 > · · · > dm. Denote by Yij the logarithm of the
tumor volume for mouse j (j = 1, . . . , ni) under dose di. Suppose
that all outcomes are independent and the outcomes in group i have
the same normal distribution, that is,

Yi1, . . . , Yini

iid∼ N(μi, σ2
i ), i = 1, . . . ,m. (6.1)

Since it is expected that higher doses yield greater response (greater
tumor reduction), it is reasonable to impose a monotonic constraint
on the means by

μ1 ≤ · · · ≤ μm, (6.2)

which is called simple ordering in the setting of isotonic regres-
sion/inference.

Similarly, other ordered constraints on the means may arise in
different designed experiments. For example, an experiment where
several treatments are expected to reduce the response (e.g., systolic
blood pressure) in the control would result in a simple tree ordering
on the means of the form

μi ≤ μm, i = 1, . . . ,m− 1. (6.3)

Some authors study the so-called umbrella orderings (Shi, 1988;
Geng & Shi, 1990), i.e., the means satisfy an unimodal trend

μ1 ≤ · · · ≤ μh ≥ μh+1 ≥ · · · ≥ μm. (6.4)

For a class of discrete distributions without nuisance parameters,
Liu (2000) considers a general increasing convex ordering: μ1 ≤
μ2 ≤ · · · ≤ μm and μ2 − μ1 ≤ μ3 − μ2 ≤ · · · ≤ μm − μm−1, which is
equivalent to

0 ≤ μ2 − μ1 ≤ μ3 − μ2 ≤ · · · ≤ μm − μm−1. (6.5)

He also considers the increasing concave ordering: μ1 ≤ μ2 ≤ · · · ≤
μm and μ2 − μ1 ≥ μ3 − μ2 ≥ · · · ≥ μm − μm−1, which are equivalent
to

μ2 − μ1 ≥ μ3 − μ2 ≥ · · · ≥ μm − μm−1 ≥ 0. (6.6)

6.1.2 Linear transformation

From a Bayesian perspective, parameters are r.v.’s. Let S(μi) denote
the support of μi and S(μ) the joint support of μ=(μ1, . . . , μm)�. In
Sections 1.3.1 and Section 3.9, we defined two useful notions: product
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measurable space (PMS) and non-product measurable space (NPMS).
Namely, if S(μ) =

∏m
i=1 S(μi), then S(μ) is called a PMS; otherwise,

it is called a NPMS.
In simple ordering (6.2), S(μ) is a NPMS. Making a one-to-one

linear transformation on the simple ordering, we have μ = B1 θ,
where θ belongs to

R × R
m−1
+ = {(θ1, . . . , θm)�: θ1 ∈ R, θi ≥ 0, i = 2, . . . ,m}, (6.7)

B1 = Δm and Δm is an m×m matrix defined by

Δm =̂

⎛
⎜⎜⎜⎝

1 0 · · · 0
1 1 · · · 0
...

...
. . .

...
1 1 · · · 1

⎞
⎟⎟⎟⎠ . (6.8)

Obviously, R × R
m−1
+ is a PMS. In other words, a NPMS is trans-

formed into a PMS via a linear mapping. Such a linear mapping
exists for all other types of constraints considered in §6.1.1. For sim-
ple tree ordering (6.3), such a transformation is μ = B2 θ, where
θ ∈ R × R

m−1
+ and

B2 =
(

11m−1 −Im−1

1 00�m−1

)
.

For umbrella ordering (6.4), we obtain μ = B3 θ, where θ ∈ R×R
m−1
+

and

B3 =
(

Δh O
11m−h11�h −Δm−h

)

with Δk defined in (6.8). For the increasing convex ordering (6.5),
we have μ = B4 θ, where θ ∈ R × R

m−1
+ ,

B4 =
(

1 00�m−1

11m−1 Ωm−1

)
, and (6.9)

Ωm−1 =

⎛
⎜⎜⎜⎜⎜⎝

1 0 · · · 0 0
2 1 · · · 0 0
...

...
. . .

...
...

m− 2 m− 3 · · · 1 0
m− 1 m− 2 · · · 2 1

⎞
⎟⎟⎟⎟⎟⎠
. (6.10)
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For the increasing concave ordering (6.6), we have μ = B5 θ, where
θ ∈ R × R

m−1
+ and

B5 =
(

11m−1 −Ω�
m−1

1 00�m−1

)
.

6.2 Constrained Normal Models

In this section, we introduce a unified framework for estimating nor-
mal means subject to order restrictions when the variances are known
or unknown. This unified approach encompasses various classes of
restrictions such as simple ordering, simple tree ordering, umbrella
ordering, increasing convex and increasing concave ordering. The
MLEs and Bayesian estimates of the parameters in the univariate
normal model (6.1) with these restrictions are derived by using EM-
type algorithms and the IBF sampler. We illustrate the methods
with two real examples.

6.2.1 Estimation when variances are known

In model (6.1), we first assume that σ2 = (σ2
1 , . . . , σ

2
m)� is a known

vector. The aim is to estimate the mean vector μ = (μ1, . . . , μm)�
subject to a linear constraint

μ = B θ or μi =
q∑

k=1

bikθk, i = 1, . . . ,m. (6.11)

Based on the discussion in §6.1.2, we assume without loss of gener-
ality that B = (bik) is a known m× q scalar matrix and θ belongs to
the following domain

R
r × R

q−r
+ = {(θ1, . . . , θq)� : θk ∈ R, k = 1, . . . , r,

θk ∈ R+, k = r + 1, . . . , q}. (6.12)

(a) Data augmentation

Since σ2 is known, for each i, the sample mean Yi = 1
ni

∑ni
j=1 Yij is

a sufficient statistic of μi. Thus, we denote the observed data by
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Yobs = {Yi}mi=1. Noting the linear invariant property1 of the normal
distribution, we augment the Yobs by latent variables

Z(σ2) =
{
Zik(σ2) : 1 ≤ i ≤ m, 1 ≤ k ≤ q − 1

}

to obtain the complete-data

Ycom(σ2) =
{
Yobs, Z(σ2)

}
=
{
Zik(σ2) : 1 ≤ i ≤ m, 1 ≤ k ≤ q

}
,

where

Zik(σ2) ind∼ N

(
bikθk,

σ2
i

qni

)
, 1 ≤ i ≤ m, 1 ≤ k ≤ q,

Yi =
q∑

k=1

Zik(σ2), 1 ≤ i ≤ m. (6.13)

By mapping Ycom(σ2) to Yobs, the transformation (6.13) preserves
the observed-data likelihood

m∏
i=1

N(Yi|μi, σ2
i /ni).

To derive the conditional predictive distribution of the latent data
Z(σ2) given Yobs and θ, we first prove the following result.

Theorem 6.1 (Tan, Tian & Fang, 2003). Let r.v.’s W1, . . . ,Wq be
independent and Wk ∼ N(βk, δ2k), k = 1, . . . , q, then

(W1, . . . ,Wq−1)�|(
∑q

k=1Wk = w)

∼ Nq−1

(
β−q +

w −∑q
k=1 βk∑q

k=1 δ
2
k

· δ2−q, diag(δ2−q) −
δ2−qδ2�−q∑q
k=1 δ

2
k

)
, (6.14)

where β−q = (β1, . . . , βq−1)� and δ2−q = (δ21 , . . . , δ
2
q−1)

�. Especially, if
δ21 = · · · = δ2q = δ2, then

(W1, . . . ,Wq−1)�|(
∑q

k=1Wk = w)

∼ Nq−1

(
β−q +

w −∑q
k=1 βk
q

11q−1, δ
2

(
Iq−1 −

11q−111�q−1

q

))
. ¶

(6.15)
1The linear invariant property indicates that linear combinations of indepen-

dent r.v.’s from a particular family of distributions still have distribution in that
family.
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Proof. Let β = (β1, . . . , βq)� and δ2 = (δ21 , . . . , δ
2
q )�. Since W =

(W1, . . . ,Wq)� ∼ Nq(β, diag(δ2)),
(

W∑q
k=1Wk

)
=
(

Iq
11�q

)
W ∼ Nq+1

((
β

11�qβ

)
,

(
diag(δ2) δ2

δ2� 11�qδ2

))
.

From the property of multivariate normal distribution, we have

(W1, . . . ,Wq)�|(
∑q

k=1Wk = w)

∼ Nq

(
β +

w −∑q
k=1 βk

11�qδ2
· δ2, diag(δ2) − δ2δ2�

11�qδ2

)
. (6.16)

Let

Σ = diag(δ2) − δ2δ2�

11�qδ2
,

then
Σ = D1/2(Iq − Σ1)D1/2,

where

D = diag(δ2) and Σ1 = D1/211q(11�qD11q)−111�qD
1/2.

Note that Iq − Σ1 is a projection matrix and the rank of a projec-
tion matrix equals its trace. So rank (Iq − Σ1) = q − 1, implying
rank (Σ) = q−1 < q. That is, the distribution in (6.16) is a degener-
ate q-dimensional normal distribution. From (6.16), we immediately
obtain (6.14) and (6.15). ‖End‖

(b) MLE via the EM algorithm

The likelihood function of θ for the complete-data Ycom(σ2) is

L(θ|Ycom(σ2)) ∝
m∏
i=1

(σ2
i )

−q/2

× exp

{
−1

2

m∑
i=1

[
qni
σ2
i

q∑
k=1

(Zik(σ2) − bikθk)2
]}

,

where θ ∈ R
r × R

q−r
+ defined by (6.12). Therefore, the sufficient

statistics for θk are

Sk =
m∑
i=1

(
nibik
σ2
i

)
Zik(σ2), k = 1, . . . , q.

© 2010 by Taylor and Francis Group, LLC



6.2 CONSTRAINED NORMAL MODELS 217

The complete-data MLEs of θk are given by

θ̂k =
Sk∑m

i=1 nib
2
ik/σ

2
i

, k = 1, . . . , r, and

θ̂k = max
{

0,
Sk∑m

i=1 nib
2
ik/σ

2
i

}
, k = r + 1, . . . , q.

Let Zi(σ2) = (Zi1(σ2), . . . , Zi,q−1(σ2))�, then from (6.13) and
(6.15), the conditional predictive distribution of Z(σ2)|(Yobs, θ) is

f(Z(σ2)|Yobs, θ) =
m∏
i=1

f

(
Zi(σ2)

∣∣∣∣
(∑q

k=1 Zik(σ
2) = Yi

)
, θ

)

=
m∏
i=1

Nq−1(Zi(σ2)|Ei, Vi), (6.17)

where

Ei = (bi1θ1, . . . , bi,q−1θq−1)�+ 11q−1
Yi −

∑q
k=1 bikθk
q

, (6.18)

Vi =
σ2
i

qni

(
Iq−1−

11q−111�q−1

q

)
. (6.19)

Given Yobs and the current estimate θ(t) = (θ(t)
1 , . . . , θ

(t)
q )�, the E-

step is to calculate the conditional expectation of the complete-data
sufficient statistic Sk,

S
(t)
k = E

(
Sk|Yobs, θ

(t)
)

=
m∑
i=1

(
nibik
σ2
i

)
·
(
bikθ

(t)
k +

Yi −
∑q

�=1 bi�θ
(t)
�

q

)
(6.20)

for k = 1, . . . , q. The M-step is to update the estimates of θ

θ
(t+1)
k =

S
(t)
k∑m

i=1 nib
2
ik/σ

2
i

, k = 1, . . . , r, and

θ
(t+1)
k = max

{
0,

S
(t)
k∑m

i=1 nib
2
ik/σ

2
i

}
, k = r + 1, . . . , q. (6.21)

The standard errors of θ can be obtained by using the method of
Louis (1982). Therefore, with the δ-method (see, e.g., Tanner, 1996,
p.34), we can obtain the restricted MLE and standard errors of μ
via the linear transformation (6.11).
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Remark 6.1 The choice of the initial value θ(0) is crucial. Denote
the restricted MLE of μ by μ̂ = (μ̂1, . . . , μ̂m)�. Theorem 1.6 of
Barlow et al. (1972, p.29-30) shows that

min{Y1, . . . , Ym} ≤ μ̂i ≤ max{Y1, . . . , Ym}, i = 1, . . . ,m.

Hence, μ(0) can be chosen from a partial ordering of {Y i}mi=1 such
that μ(0) ∈ S(μ). For example, if S(μ) = {(μ1, . . . , μm)� : μ1 ≤
· · · ≤ μm}, then we take μ(0) = (Y(1), . . . , Y(m))�, where Y(1), . . . , Y(m)

denote the ordered values of Y1, . . . , Ym. Hence, the initial value
θ(0) = B+ μ(0), where B+ denotes the Moore-Penrose inverse matrix
of Bm×q. Especially, when q = m, we have B+ = B−1. ¶

(c) Bayesian estimation via the IBF sampler

Obviously, the statistical inferences on μ such as CIs and hypothesis
testing depend on the large sample theory. Thus, for small sample
size, Bayesian method is an appealing alternative.

In the Bayesian model, conjugate priors of θ exist and will be
used. More specifically, the components of the θ are assumed to
be independent and for k = 1, . . . , r, θk ∼ N(θk0, σ2

k0), and for
k = r + 1, . . . , q, θk is normally distributed with mean θk0 and vari-
ance σ2

k0 but truncated to the interval [0,+∞), denoted by θk ∼
TN(θk0, σ2

k0; R+), where θk0 and σ2
k0 are known scalars. With prior

distribution

π(θ) =
r∏

k=1

N(θk|θk0, σ2
k0) ·

q∏
k=r+1

TN(θk|θk0, σ2
k0; R+), (6.22)

the complete-data posterior distribution of θ is

f(θ|Yobs, Z(σ2)) =
r∏

k=1

N(θk|uk(σ2), v2
k(σ

2))

×
q∏

k=r+1

TN
(
θk

∣∣∣uk(σ2), v2
k(σ

2); R+

)
, (6.23)

where

uk(σ2) = v2
k(σ

2)

(
θk0
σ2
k0

+
m∑
i=1

qnibikZik(σ2)
σ2
i

)
, and

v2
k(σ

2) =

(
1
σ2
k0

+
m∑
i=1

qnib
2
ik

σ2
i

)−1

, k = 1, . . . , q. (6.24)
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The conditional predictive distribution of the latent data Z(σ2) given
Yobs and θ is given exactly by (6.17).

To obtain i.i.d. posterior samples of μ (μ = B θ), we only need
to obtain i.i.d. samples of θ from f(θ|Yobs). It suffices to generate
i.i.d. samples of Z(σ2) from f(Z(σ2)|Yobs). From the sampling IBF
(5.1), we have

f(Z(σ2)|Yobs) ∝ f(Z(σ2)|Yobs, θ̃)
f(θ̃|Yobs, Z(σ2))

, (6.25)

where θ̃ is the mode of the observed posterior f(θ|Yobs). If we use
diffuse priors, i.e., σ2

k0 → +∞ for k = 1, . . . , q, then the posterior
mode is the same as the MLE, we have θ̃ = θ̂. Therefore, the IBF
sampler presented in §5.1.1 can be readily applied.

6.2.2 Estimation when variances are unknown

From the assumption of (6.1), the observed data can be denoted by
Yobs = {Yij : i = 1, . . . ,m, j = 1, . . . , ni}. The goal of this subsection
is to estimate the mean vector μ = (μ1, . . . , μm)� and the variance
vector σ2 = (σ2

1 , . . . , σ
2
m)�, where μ is estimated subject to a linear

restriction (6.11), and θ = (θ1, . . . , θq)� ∈ R
r × R

q−r
+ . Denote the

unknown parameter vector by ψ = (θ, σ2).

(a) MLE via the EM-type algorithm

The likelihood function of ψ for the observed data Yobs is given by

L(ψ|Yobs) =
m∏
i=1

ni∏
j=1

1

(2πσ2
i )

1
2

exp
{
− (Yij−μi)2

2σ2
i

}

=
m∏
i=1

ni∏
j=1

1

(2πσ2
i )

1
2

exp
{
− (Yij−

∑q
k=1 bikθk)

2

2σ2
i

}
, (6.26)

where θ ∈ R
r × R

q−r
+ and σ2 ∈ R

m
+ . Given Yobs and θ ∈ R

r ×
R
q−r
+ , the MLE of σ2 maximizes the conditional likelihood function

L(σ2|Yobs, θ), we obtain

σ2
i =

1
ni

ni∑
j=1

(
Yij −

q∑
k=1

bikθk

)2

, i = 1, . . . ,m. (6.27)
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Similarly, given Yobs and σ2 ∈ R
m
+ , the MLE of θ maximizes the

conditional likelihood function

L(θ|Yobs, σ
2) =

m∏
i=1

N

(
Yi

∣∣∣∣
q∑

k=1

bikθk,
σ2
i

ni

)
, θ ∈ R

r × R
q−r
+ , (6.28)

resulting in
θ = arg max

θ∈Rr×Rq−r
+

L(θ|Yobs, σ
2). (6.29)

Thus, we are back to the case considered in §6.2.1. In other words,
after introducing the same latent data Z(σ2) as in §6.2.1 (cf. (6.13)),
we can utilize (6.20) and (6.21) to find θ satisfying (6.29).

Remark 6.2 In the absence of missing data, the ECM algorithm
is a special case of the cyclic coordinate ascent method for function
optimization. In fact, the formulae (6.27) and (6.29) can be viewed
as the first CM-step and the second CM-step of an ECM algorithm
without missing data. In each CM-step 2, we use the EM algorithm
to find the conditional MLE of θ given σ2 by introducing latent data
Z(σ2), which varies with σ2. ¶

(b) Bayesian estimation via the IBF sampling

We use independent priors on θ and σ2: θ ∼ π(θ) and σ2
i ∼ IGamma

(qi0/2, λi0/2) with known qi0 and λi0, i = 1, . . . ,m. The observed-
data posterior distribution f(ψ|Yobs) is proportional to the joint prior
π(θ)

∏m
i=1 π(σ2

i ) times the observed likelihood L(ψ|Yobs) given by
(6.26). We obtain

f(σ2|Yobs, θ) =
m∏
i=1

IGamma
(
σ2
i

∣∣∣∣qi0 + ni
2

,
λi(θ)

2

)
, (6.30)

f(θ|Yobs, σ
2) ∝ π(θ)L(θ|Yobs, σ

2), θ ∈ R
r × R

q−r
+ ,

where

λi(θ) =̂λi0 +
ni∑
j=1

[
Yij −

q∑
k=1

bikθk

]2
,

π(θ) and L(θ|Yobs, σ
2) are given by (6.22) and (6.28), respectively.

Since f(θ|Yobs, σ
2) is quite intractable, we augment the observed data
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Yobs by the latent data Z(σ2) defined in (6.13). Similar to (6.23) and
(6.17), we have

f(θ|Yobs, Z(σ2), σ2) =
r∏

k=1

N(θk|uk(σ2), v2
k(σ

2))

×
q∏

k=r+1

TN
(
θk

∣∣∣uk(σ2), v2
k(σ

2); R+

)
, (6.31)

f(Z(σ2)|Yobs, θ, σ
2) =

m∏
i=1

Nq−1(Zi(σ2)|Ei, Vi), (6.32)

where uk(σ2), v2
k(σ

2), Ei and Vi are given by (6.24), (6.18), and
(6.19), respectively.

To implement the IBF sampler, we first need to find the posterior
mode ψ̃ = (θ̃, σ̃2). Let ψ̂ = (θ̂, σ̂2) denote the MLE obtained in
§6.2.2(a). If we use flat priors, i.e., σ2

k0 → +∞ for k = 1, . . . , q
and (qi0, λi0) = (−2, 0) for i = 1, . . . ,m, then the posterior mode
ψ̃ is the same as the MLE ψ̂. However, in practice, a flat prior
on θ and non-informative priors on σ2

i are commonly used, that is,
(qi0, λi0) = (0, 0) for i = 1, . . . ,m. Hence, we have

θ̃ = θ̂, σ̃2
i =

(
ni

ni + 2

)
σ̂2
i , i = 1, . . . ,m. (6.33)

Having obtained (θ̃, σ̃2), by (6.32) we can easily compute

Z0 = E(Z(σ̃2)|Yobs, θ̃). (6.34)

Now we consider sampling from

f(θ, σ2|Yobs) = f(θ|Yobs) · f(σ2|Yobs, θ).

Since sampling from f(σ2|Yobs, θ) given by (6.30) is straightforward,
we elaborate sampling from f(θ|Yobs). Note that

f(θ|Yobs, σ̃
2) ∝ f(θ|Yobs, Z0, σ̃

2)
f(Z0|Yobs, θ, σ̃2)

, (6.35)

where Z0 is given by (6.34), we can obtain i.i.d. samples from
f(θ|Yobs, σ̃

2) by the IBF sampler based on (6.31) and (6.32). Fur-
thermore,

f(θ|Yobs) ∝ f(θ|Yobs, σ̃
2)

f(σ̃2|Yobs, θ)
. (6.36)

Then, with (6.35) and (6.30), we can obtain i.i.d. samples from
f(θ|Yobs) by the IBF sampler.
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6.2.3 Two examples

We analyze two real datasets to illustrate the proposed method. The
first involves binomial data where an arcsin transformation is used
to derive normal distribution with known variances. The second is
to demonstrate the case of unknown variances. Since both examples
involve small sample sizes, the Bayesian analysis is presented.

Example 6.1 (Diesel fuel aerosol experiment). An experiment was
conducted by Dalbey & Lock (1982) to assess the lethality of diesel
fuel aerosol smoke screens on rats. Rats were enclosed in chambers in
which a specified dose of diesel fuel aerosol could be monitored and
controlled. Let pi denote the proportion of rats that died at dose di,
i = 1, . . . ,m. If ri, the number of rats tested at dose di, is reasonably
large, then arcsin (

√
pi ) can be considered normal with mean μi and

variance σ2
i = 1/(4ri) (see, e.g., Schoenfeld, 1986, p.187). Table 6.1

lists the proportions of rats that died at the various doses and the
corresponding values of arcsin (

√
pi ). Schmoyer (1984) analyzed this

data set and obtained MLEs of pi subject to a sigmoid constraint.

Table 6.1 Data from the diesel fuel aerosol experiment

Group Dose di ri pi, proportion arcsin(
√
pi ) Variance

i (h·mg/L) of dead = Yi σ2
i = 1

4ri

1 8 30 0.000 0.000 1/120
2 16 40 0.025 0.158 1/160
3 24 40 0.050 0.225 1/160
4 28 10 0.500 0.785 1/40
5 32 30 0.400 0.684 1/120
6 48 20 0.800 1.107 1/80
7 64 10 0.600 0.886 1/40
8 72 10 1.000 1.571 1/40

Source: Schmoyer (1984). Note: ri is the number of rats tested
at dose di.

We use the normal model (6.1) to fit the tranformed data. Now
we have m = 8, all ni = 1,

Yi = arcsin (
√
pi ) ∼ N(μi, σ2

i ),

where Y1, . . . , Ym are independent and σ2
i = 1/(4ri) are known. The

objective is to estimate the mean vector μ = (μ1, . . . , μm)� subject
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to (i) the monotonic ordering (6.2) and (ii) the increasing convex
ordering (6.5).

Case 1: Monotonic ordering. In (6.12), set r = 1 and q = m = 8,
we have μ = B θ, where B = (bik) = Δ8 given by (6.8) and θ =
(θ1, . . . , θ8)�∈ R×R

7
+ given by (6.7). Let μ(0) be the ordered values

of Y1, . . . , Y8, we take

θ(0) = B−1 μ(0)

= (0.000, 0.158, 0.067, 0.459, 0.101, 0.101, 0.221, 0.464)�.

Using (6.20) and (6.21), the EM with the initial value θ(0) converged
to the restricted MLE θ̂ given in the second column of Table 6.2 af-
ter 180 iterations with precision 10−3. The corresponding restricted
MLE μ̂ are displayed in the third column of Table 6.2.

Table 6.2 ML and Bayes estimates for the monotonic ordering

MLE MLE Posterior Posterior 95% Posterior
i of θi of μi mean of μi std of μi CI of μi
1 0.000 0.000 0.000 0.018 [-0.036, 0.037]
2 0.158 0.158 0.158 0.026 [ 0.106, 0.210]
3 0.067 0.225 0.225 0.033 [ 0.160, 0.289]
4 0.484 0.709 0.708 0.040 [ 0.629, 0.788]
5 0.000 0.709 0.727 0.042 [ 0.646, 0.811]
6 0.324 1.033 1.051 0.055 [ 0.943, 1.159]
7 0.000 1.033 1.085 0.061 [ 0.965, 1.210]
8 0.538 1.571 1.621 0.095 [ 1.438, 1.809]

Source: Tan, Tian & Fang (2003). Note: μ = B θ and B = Δ8 given
by (6.8).

In Bayesian setting, we use diffuse priors, i.e., σ2
k0 → +∞ for

k = 1, . . . , 8. Therefore, the posterior mode is the same as the MLE,
we have θ̃ = θ̂. Based on (6.25) and (6.23), we conduct the IBF
sampler (J = 30, 000, I = 10, 000, without replacement) to obtain
posterior samples of θ. The posterior samples of μ can be obtained
via μ = B θ. The corresponding Bayes estimates of μ are given in
Table 6.2. From the third column and the fourth column in Table
6.2, the MLE or posterior mode of μi is slightly different from the
posterior mean of μi for i = 2, . . . , 8. This is true since the mode of
a truncated normal distribution is different from its expectation.
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Case 2: The increasing convex ordering (6.5). From (6.10), we
have μ = B θ, where B = (bik) = B4 is given by (6.10) and θ =
(θ1, . . . , θ8)� ∈ R × R

7
+ is given by (6.7). Let μ(0) be the ordered

values of Y1, . . . , Y8, we have

B−1 μ(0) = (0, 0.158,−0.091, 0.392,−0.358, 0, 0.120, 0.243)�.

Replacing the above two negatives by 0, we let the initial value

θ(0) = (0, 0.158, 0, 0.392, 0, 0, 0.120, 0.243)�.

Using (6.20) and (6.21), the EM with this initial value θ(0) converged
to the restricted MLE θ̂ given in the second column of Table 6.3 after
2000 iterations with precision 10−3. The corresponding restricted
MLE μ̂ is displayed in the third column of Table 6.3.

For Bayesian analysis, we use the same diffuse priors as in Case
1, the corresponding Bayesian estimates of μ are given in the last
three columns of Table 6.3. Figure 6.1 shows a comparison among
the unrestricted, the monotone ordered and the increasing convex
MLEs of μ. There are apparent differences between the unrestricted
and the restricted estimates.

Table 6.3 ML and Bayes estimates for the increasing
convex ordering

MLE MLE Posterior Posterior 95% Posterior
i of θi of μi mean of μi std of μi CI of μi
1 0.007 0.007 0.007 0.018 [-0.030, 0.042]
2 0.141 0.148 0.147 0.018 [ 0.109, 0.184]
3 0.000 0.289 0.292 0.020 [ 0.250, 0.333]
4 0.075 0.505 0.512 0.025 [ 0.460, 0.562]
5 0.000 0.721 0.740 0.033 [ 0.673, 0.807]
6 0.000 0.937 0.981 0.044 [ 0.895, 1.070]
7 0.000 1.153 1.244 0.060 [ 1.127, 1.362]
8 0.201 1.571 1.604 0.103 [ 1.507, 1.911]

Source: Tan, Tian & Fang (2003). Note: μ = B θ and B = B4 is given
by (6.9).
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Figure 6.1 Comparison among the unrestricted MLE of μ, MLE with
monotonic ordering and MLE with the increasing convex ordering. ‖

Example 6.2 (Half-life of an antibiotic drug). The effects of an
antibiotic drug are estimated by an experiment in which increasing
doses are administered to m = 5 groups of rats and the outcomes are
measurements of the half-life of the antibiotic drug, listed in Table
6.4.

Table 6.4 Half-life of an antibiotic drug in rats

Group Dose di ni Outcome (hour) Average Sample
i (mg/kg) Yij Yi variance
1 5 5 1.17 1.12 1.07 0.98 1.04 1.076 0.005
2 10 5 1.00 1.21 1.24 1.14 1.34 1.186 0.016
3 25 4 1.55 1.63 1.49 1.53 1.550 0.004
4 50 5 1.21 1.63 1.37 1.50 1.81 1.504 0.054
5 200 5 1.78 1.93 1.80 2.07 1.70 1.856 0.021

Source: Hirotsu (1998). Note: ni is the number of rats given the drug.

The usual analysis of variance is not adequate, because of the
ordering of the doses. Hirotsu (1998) applies the cumulative χ2 test
to this data set and his testing result is in favor of a monotone rela-
tionship in the mean half-life, i.e., μ1 ≤ · · · ≤ μ5. Let Yi1, . . . , Yini

iid∼
N(μi, σ2

i ), i = 1, . . . , 5. The aim is to estimate the mean vector
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μ = (μ1, . . . , μ5)� and the variance vector σ2 = (σ2
1 , . . . , σ

2
5)
� subject

to the monotone restriction (6.2).
Let μ(0) be the ordered values of Y1, . . . , Y5, we set θ(0) = B−1 μ(0)

= (1.076, 0.110, 0.318, 0.046, 0.306)�, where B = (bik) = Δ5 is given
by (6.8). Given θ(0), we first implement the CM-step 1 to compute
σ2(0) = (σ2

1 , . . . , σ
2
5)
� using (6.27). Given σ2(0), we then implement

the CM-step 2 to find θ(1) using (6.29), which consists of one E-
step and one M-step. This EM-type algorithm converged after 150
iterations with precision 10−3. The restricted MLE μ̂ and σ̂2 are
given in the third column of Table 6.5 and the second column of
Table 6.6, respectively.

Table 6.5 ML and Bayes estimates of μ for
the monotonic ordering

MLE MLE Posterior Posterior 95% Posterior
i of θi of μi mean of μi std of μi CI of μi
1 1.076 1.076 1.076 0.006 [1.062, 1.088]
2 0.110 1.186 1.185 0.010 [1.165, 1.207]
3 0.361 1.547 1.546 0.013 [1.520, 1.574]
4 0.000 1.547 1.562 0.018 [1.529, 1.601]
5 0.308 1.856 1.871 0.029 [1.813, 1.928]

Source: Tan, Tian & Fang (2003). Note: μ = B θ and B = Δ5 is given
by (6.8).

To implement the IBF sampling, we first find the posterior mode
θ̃ and σ̃2. Again the flat prior on θ and the non-informative pri-
ors on σ2

i are used. Therefore, from (6.33), we obtain θ̃ = θ̂ (the
second column of Table 6.5) and σ̃2 (the third column of Table
6.6). Then we compute Z0 by using (6.34). The first IBF sam-
pling is implemented by drawing an i.i.d. sample of size J = 30, 000
of θ from f(θ|Yobs, Z0, σ̃

2) and, then, obtaining an i.i.d. sample of
size J1 = 20, 000 of θ from f(θ|Yobs, σ̃

2) based on (6.35). Based on
(6.36), the second IBF sampling is implemented by generating an
i.i.d. sample of size I = 10, 000 of θ from f(θ|Yobs), denoted by
θ(�), � = 1, . . . , I. Finally, we generate σ2(�) from f(σ2|Yobs, θ

(�)) for
given θ = θ(�). Then σ2(1), . . . , σ2(I) are i.i.d. samples of σ2 from
f(σ2|Yobs). The posterior samples of μ can be obtained by μ = B θ.
The corresponding Bayesian estimates of μ and σ2 are given in Tables
6.5 and 6.6, respectively.
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Table 6.6 ML and Bayes estimates of σ2 for
the monotonic ordering

MLE Posterior Posterior Posterior 95% Posterior
i of σ2

i mode of σ2
i mean of σ2

i std of σ2
i CI of σ2

i

1 0.004 0.003 0.007 0.011 [0.001, 0.024]
2 0.013 0.009 0.021 0.025 [0.004, 0.073]
3 0.003 0.002 0.005 0.008 [0.001, 0.023]
4 0.045 0.032 0.077 0.092 [0.017, 0.291]
5 0.017 0.012 0.030 0.044 [0.006, 0.108]

Source: Tan, Tian & Fang (2003). ‖

6.2.4 Discussion

Apparently, the EM algorithm in Case 2 of Example 6.1 converges
slowly requiring 2000 iterations. To accelerate the EM, one way is
to apply the parameter expanded-EM algorithm (Liu et al., 1998).
Another way is to reduce the number of latent variables introduced.
In (6.13), we introduced a total of m(q − 1) normal latent variables,
which are universal for arbitrarily known m × q scalar matrix B =
(bik). For some specific B, e.g., B = Δm given by (6.8), we only
need to introduce latent data Z(σ2) = {Zik(σ2), i = 2, . . . ,m, k =
1, . . . , i−1} and to obtain a complete-data Ycom(σ2) = {Yobs, Z(σ2)}
= {Zik(σ2), i = 1, . . . ,m, k = 1, . . . , i}, where

Zik(σ2) ind∼ N
(
θk,

σ2
i

i ni

)
, i = 1, . . . ,m, k = 1, . . . , i, (6.37)

and
∑i

k=1 Zik(σ
2) = Yi (i = 1, . . . ,m). Then there are only m(m −

1)/2 latent variables introduced in (6.37) and the EM is expected to
converge faster.

The IBF sampler can not be directly applied to constrained pa-
rameter models because of the non-product parameter space. The
main point of this section is to show that the IBF sampler can still
be applied by getting rid of the constraints imposed on the parame-
ters through, e.g., a linear mapping (Liu, 2000). The simplicity of
the IBF sampling built on the EM algorithm makes the IBF sampler
very appealing in a Bayesian framework.
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6.3 Constrained Poisson Models

6.3.1 Simplex restrictions on Poisson rates

Let λ = (λ1, . . . , λm)� and λi > 0 for i = 1, . . . ,m. Liu (2000)
considered the following constrained Poisson model

ni|λi ind∼ Poisson(λi), i = 1, . . . ,m, (6.38)

subject to

λ = Bθ or λi =
q∑

k=1

bikθk, i = 1, . . . ,m, (6.39)

where θ = (θ1, . . . , θq)� with θk ≥ 0 are unknown parameters, B =
(bik) is a known m× q scalar matrix with

bik ≥ 0 and max
1≤i≤m

bik > 0, k = 1, . . . , q. (6.40)

Since all entries in the transformation matrix B are non-negative,
the constrained λ lies in the convex cone

C = {λ : λ = Bθ, θ ∈ R
q
+}.

Based on the discussions in §6.1, it is easy to see that only
monotonicity restrictions2 and the increasing convex ordering on λ
are special cases of the constraint (6.39)3. The objective is to esti-
mate θ.

6.3.2 Data augmentation

Let Yobs = {ni}mi=1 denote the observed counts. The observed-data
likelihood function is

L(λ|Yobs) =
m∏
i=1

Poisson(ni|λi) =
m∏
i=1

λni
i

ni!
e−λi . (6.41)

2Including both the increasing ordering and the decreasing ordering.
3However, the simple tree ordering, the umbrella ordering, the sigmoid or-

dering (Schmoyer, 1984), the bell-shaped ordering, and the increasing concave
restriction on λ are excluded in (6.39), since some entries in these transformation
matrices are negative. These facts imply that the scope of application for the
proposed methods in this section is limited.
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Because of the convolution property4 of the Poisson distribution, we
augment the observed data Yobs by latent variables

Z = {Zik : 1 ≤ i ≤ m, 1 ≤ k ≤ q − 1}
to obtain a complete-data set

Ycom = {Yobs, Z} = {Zik : 1 ≤ i ≤ m, 1 ≤ k ≤ q},
where

Zik
ind∼ Poisson(bikθk), 1 ≤ i ≤ m, 1 ≤ k ≤ q, (6.42)

ni =
q∑

k=1

Zik, 1 ≤ i ≤ m. (6.43)

The transformation (6.43) from Ycom to Yobs preserves the observed-
data likelihood (6.41).

To derive the conditional predictive distribution of the latent
variables Z given Yobs and θ, we require the following fact (cf. Prob-
lem 6.1).

Theorem 6.2 Let {Xk}qk=1 be independent r.v.’s and for each k,
Xk ∼ Poisson(γk), then

(X1, . . . ,Xq)�|(Σq
k=1Xk = n) ∼ Multinomial q(n, p)

where p = (p1, . . . , pq)� and pk = γk/
∑q

j=1 γj , k = 1, . . . , q. ¶

6.3.3 MLE via the EM algorithm

The complete-data likelihood function is given by

L(θ|Yobs, Z) =
m∏
i=1

q∏
k=1

Poisson(Zik|bikθk)

∝
q∏

k=1

θSk
k exp

{
− θk

m∑
i=1

bik

}
, θ ∈ R

q
+.

where Sk =
∑m

i=1 Zik is a sufficient statistic of θk. Therefore, the
complete-data MLE of θk is given by

θ̂k =
Sk∑m
i=1 bik

, k = 1, . . . , q.

4The convolution property indicates that sums of independent r.v.’s having
this particular distribution come from the same distribution family.
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Let Zi = (Zi1, . . . , Ziq)�, then from (6.42), (6.43) and Theorem
6.2, the conditional predictive distribution of Z|(Yobs, θ) is

f(Z|Yobs, θ) =
m∏
i=1

f
(
Zi

∣∣∣(Σq
k=1Zik = ni), θ

)

=
m∏
i=1

Multinomial q(Zi|ni, pi), (6.44)

where

pi = (pi1, . . . , piq)�, pik =
bikθk∑q
j=1 bijθj

, k = 1, . . . , q. (6.45)

Given Yobs and the current estimate θ(t) = (θ(t)
1 , . . . , θ

(t)
q )�, the E-

step computes the conditional expectation of the sufficient statistic
Sk,

S
(t)
k = E

(
Σm
i=1Zik

∣∣∣Yobs, θ
(t)
)

= θ
(t)
k

m∑
i=1

nibik∑q
j=1 bijθ

(t)
j

, k = 1, . . . , q. (6.46)

The M-step updates the estimates of θ

θ
(t+1)
k =

S
(t)
k∑m

i=1 bik
, k = 1, . . . , q. (6.47)

6.3.4 Bayes estimation via the DA algorithm

For Bayesian estimation, with prior distribution

π(θ) =
q∏

k=1

Gamma(θk|αk0, βk0), (6.48)

the complete-data posterior distribution of θ is

f(θ|Yobs, Z) =
q∏

k=1

Gamma(θk|αk0 + Sk, βk0 + Σm
i=1bik). (6.49)

The predictive distribution for the missing values is given by (6.44).
This leads to the following DA algorithm:

I-step: Given the current sample of θ, impute the missing values
Z by generating a sample from (6.44);

P-step: Given the current imputed complete data, generate θ from
(6.49).
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6.3.5 Life insurance data analysis

Broffitt (1988) considered the estimation of mortality rate in life
insurance. Table 6.7 displays the age ti from 35 to 64 years, the
number Ni of people insured under a certain policy, and the number

Table 6.7 Mortality rate data in life insurance

Index Age Ni, number ni, number ni/Ni Restricted
i ti insured died MLE of pi
1 35 1771.5 3 0.00169 0.00098
2 36 2126.5 1 0.00047 0.00098
3 37 2743.5 3 0.00109 0.00098
4 38 2766.0 2 0.00072 0.00099
5 39 2463.0 2 0.00081 0.00127
6 40 2368.0 4 0.00168 0.00156
7 41 2310.0 4 0.00173 0.00186
8 42 2306.5 7 0.00303 0.00216
9 43 2059.5 5 0.00242 0.00245
10 44 1917.0 2 0.00104 0.00275
11 45 1931.0 8 0.00414 0.00304
12 46 1746.5 13 0.00744 0.00334
13 47 1580.0 8 0.00506 0.00364
14 48 1580.0 2 0.00126 0.00393
15 49 1467.5 7 0.00477 0.00423
16 50 1516.0 4 0.00263 0.00453
17 51 1371.5 7 0.00510 0.00482
18 52 1343.0 4 0.00297 0.00512
19 53 1304.0 4 0.00306 0.00613
20 54 1232.5 11 0.00892 0.00727
21 55 1204.5 11 0.00913 0.00842
22 56 1113.5 13 0.01167 0.00956
23 57 1048.0 12 0.01145 0.01070
24 58 1155.0 12 0.01038 0.01185
25 59 1018.5 19 0.01865 0.01299
26 60 945.0 12 0.01269 0.01413
27 61 853.0 16 0.01875 0.01528
28 62 750.0 12 0.01600 0.01642
29 63 693.0 6 0.00865 0.01756
30 64 594.0 10 0.01683 0.01871

Source: Liu (2000).
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ni of insured who died (i = 1, . . . ,m and m = 30). Anyone who
started or ended a policy in the middle of a year is counted as half.
Let pi denote the true mortality rate (i.e., the probability of death)
at age ti. It is reasonable to assume that {pi} follows an increasing
convex ordering over the observed range, that is,

0 ≤ p2 − p1 ≤ p3 − p2 ≤ · · · ≤ pm − pm−1 ≤ 1.

From (6.5) and (6.9), the above increasing convex constraints can be
written as

p = (p1, . . . , pm)� = B4θ, (6.50)

where B4 is defined by (6.9) and θ = (θ1, . . . , θm)�∈ R
m
+ . The aim is

to estimate the unknown mortality rates p subject to the constraints
(6.50). The observed mortality rates (= ni/Ni) against the ages
are shown in Figure 6.2 as a solid line. The observed deaths ni at
each age are assumed to follow independent binomial distributions
with unknown mortality rates pi and known population sizes Ni (cf.
(6.51)). Using Poisson approximation, Gelman (1996b) obtained the
MLEs of pi under the restriction (6.50) with a direct optimization
routine.
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Figure 6.2 The observed mortality frequencies and the MLE of the
mortality rate under the increasing convex constraints.
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Furthermore, Liu (2000) assumes that

ni|λi ind∼ Poisson(λi), i = 1, . . . ,m,

where λi = Nipi and {pi} are subject to the constraints (6.50). We
have

λ = (λ1, . . . , λm)� = diag(N1, . . . , Nm)p = Bθ,

where Bm×m =̂ diag(N1, . . . , Nm)B4 and θ ∈ R
m
+ . Thus, the condi-

tions (6.39) and (6.40) are satisfied.
Let θ(0) = 0.0001 · 11m be the initial value of θ. Using (6.47) and

(6.48), the EM algorithm converged to the restricted MLE after 3000
iterations. The restricted MLEs {p̂i} are given in the 6-th column of
Table 6.7 and are dotted in Figure 6.2.

6.4 Constrained Binomial Models

6.4.1 Statistical model

Let Ni be known positive integers, 0 ≤ pi ≤ 1, i = 1, . . . ,m, and
p = (p1, . . . , pm)�. Liu (2000) considers the following binomial model

ni|(Ni, pi)
ind∼ Binomial(Ni, pi), i = 1, . . . ,m, (6.51)

subject to simplex constraints

p = Bθ or pi =
q∑

k=1

bikθk, i = 1, . . . ,m, (6.52)

and
q∑

k=1

B∗
kθk ≤ 1, (6.53)

where θ = (θ1, . . . , θq)�with θk ≥ 0 are unknown parameters, Bm×q=
(bik), bik ≥ 0 are known scalars, and

B∗
k ≥ max

1≤i≤m
bik > 0, k = 1, . . . , q,

are known scalars. For convenience, we define

θ0 =̂ 1 −
q∑

k=1

B∗
kθk, bi0 =̂ 0, and B∗

0 =̂ 1.
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It follows from (6.53) that 0 ≤ θ0 = B∗
0θ0 = 1 −∑q

k=1B
∗
kθk, i.e.,∑q

k=0B
∗
kθk = 1. Therefore, from (6.52), we obtain

0 ≤ pi =
q∑

k=0

bikθk ≤
q∑

k=0

B∗
kθk = 1, (6.54)

for all i = 1, . . . ,m.
Liu (2000) states that monotone increasing, monotone decreas-

ing, increasing convex, decreasing convex, increasing concave, and
decreasing concave constraints on pi are special cases of (6.52) and
(6.53). It is useful to set n′i = Ni − ni and p′i = 1 − pi for some
restrictions.

6.4.2 A physical particle model

Motivated by the EM implementation of Shepp & Vardi (1982) and
Lange & Carson (1984) for the Poisson emission tomography, Liu
(2000) establishes a physical particle model, which suggests a DA
scheme for the constrained binomial model (6.51).

Table 6.8 Illustration for the physical particle model

Particle • 1, . . . , N1︸ ︷︷ ︸
N1

1, . . . , N2︸ ︷︷ ︸
N2

· · · 1, . . . , j, . . . , Ni︸ ︷︷ ︸
Ni

· · · 1, . . . , Nm︸ ︷︷ ︸
Nm

Location
⋃

0 1 · · · k · · · q

Probability B∗
0θ0 B∗

1θ1 · · · B∗
kθk · · · B∗

qθq

Detector
⊙

1 2 · · · i · · · m

# detected n1 n2 · · · ni · · · nm

The physical particle model is described by Table 6.8. There
are a total of N =

∑m
i=1Ni particles, where each particle is emitted

at one of 1 + q locations at random with probabilities {B∗
kθk}qk=0.

When emitted at location k, the particle is detected by detector i
with probability bik/B

∗
k . Among the Ni particles, we observed ni

particles detected by the detector i. Therefore, the observed data
set is Yobs = {Ni, ni}mi=1.

(a) MLEs based on complete observations

Note that the counts emitted at the 1 + q locations are not avail-
able. Had the counts emitted at the 1 + q locations been available,
estimation of the unknown parameters θ would be trivial.
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For 1 ≤ i ≤ m, 1 ≤ j ≤ Ni, k = 0, 1, . . . , q, we introduce 0-1
latent variables

Zij(k) =

⎧⎨
⎩

1, if particle j is emitted at location k
and is detected by detector i,

0, otherwise,
(6.55)

and define Zij =̂ (Zij(0), Zij(1), . . . , Zij(q))�, then

Zij |θ ∼ Multinomial(1;B∗
0θ0, B

∗
1θ1, . . . , B

∗
qθq), (6.56)

where
∑q

k=0 Zij(k) = 1. Therefore, the likelihood function for the
complete-data Ycom = {Yobs, Z} = Yobs ∪ {Zij : 1 ≤ i ≤ m, 1 ≤ j ≤
Ni} is given by

L(θ|Ycom) ∝
m∏
i=1

Ni∏
j=1

(B∗
0θ0)

Zij(0) · · · (B∗
qθq)

Zij(q)

=
q∏

k=0

(B∗
kθk)

Sk ,

so that the complete-data MLEs of θ are5

θ̂k =
Sk
NB∗

k

, k = 0, 1, . . . , q, (6.57)

and Sk =
∑m

i=1

∑Ni
j=1 Zij(k) is the sufficient statistic of θk.

(b) Consistency of the statistical model and the physical model

Next, we verify that the statistical model (6.51) with simplex con-
straints (6.52) and (6.53) can describe the physical particle model.
In fact, by further introducing the unobservable variables

Yij =
{

1, if particle j is detected by detector i,
0, otherwise,

we obtain
Yij |(Zij(k) = 1, θ) ∼ Bernoulli(bik/B∗

k). (6.58)

5Since
∑q

k=0 Zij(k) = 1, we have
∑q

k=0 Sk =
∑m

i=1

∑Ni
j=1{
∑q

k=0 Zij(k)} =∑m
i=1 Ni = N .
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By using (6.58) and (6.56), we have

Pr{Yij = 1|θ} =
q∑

k=0

Pr{Yij = 1|Zij(k) = 1, θ}Pr{Zij(k) = 1|θ}

=
q∑

k=0

bik
B∗
k

(B∗
kθk)

=
q∑

k=0

bikθk
(6.54)
= pi, ∀ j = 1, . . . , Ni. (6.59)

Finally, let ni =
∑Ni

j=1 Yij (0 ≤ ni ≤ Ni), then ni denotes the number
of particles detected by detector i among the Ni particles. It is clear
that n1, . . . , nm are independent and satisfy (6.51).

6.4.3 MLE via the EM algorithm

The conditional predictive distribution is given by

f(Z|Yobs, θ) =
m∏
i=1

Ni∏
j=1

f(Zij|Yobs, θ)

=
m∏
i=1

Ni∏
j=1

1∑
y=0

f(Zij, Yij = y|Yobs, θ)

=
m∏
i=1

Ni∏
j=1

1∑
y=0

f(Zij|Yobs, Yij = y, θ) · Pr(Yij = y|Yobs, θ)

=
m∏
i=1

Ni∏
j=1

1∑
y=0

f(Zij|Yij = y, θ) · Pr(Yij = y|Yobs, θ), (6.60)

where6

Yij|(Yobs, θ) ∼ Hgeometric(1, Ni − 1, ni), (6.61)

Zij |(Yij = 1, θ) ∼ Multinomialq+1(1,π
(1)
i ), (6.62)

Zij |(Yij = 0, θ) ∼ Multinomialq+1(1,π
(0)
i ), (6.63)

π
(1)
i = (bi0θ0, . . . , biqθq)�/pi, and

π
(0)
i = ((B∗

0 − bi0)θ0, . . . , (Bq − biq)θq)�/(1 − pi).

6Liu (2000) does not give formulae such as (6.60) and (6.61). It seems to us
that he assumes that {Yij} are observable.
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(a) Two useful theorems

To derive (6.61)-(6.63), we need the following results.

Theorem 6.3 Let {Xk}qk=1 be independent r.v.’s and for each k,
Xk ∼ Binomial(nk, p), then

Xk|(Σq
k′=1Xk′ = x+) ∼ Hgeometric(nk, n+ − nk, x+), (6.64)

where n+ =
∑q

k=1 nk. ¶

Proof. Let X+ = Σq
k=1Xk and X−k = X+ −Xk, then

X+ ∼ Binomial(n+, p) and
X−k ∼ Binomial(n+ − nk, p).

Thus, we have

Pr{Xk = xk|X+ = x+} =
Pr{Xk = xk, X−k = x+ − xk}

Pr{X+ = x+}

=

(nk
xk

)(n+ − nk
x+ − xk

)
(n+

x+

) ,

where xk = max(0, x+ − n+ + nk), . . . ,min(nk, x+). According to
the notation in Appendix A.1.2, we obtain (6.64). ‖End‖

Theorem 6.4

Pr{Yij = 1|Zij , θ) =
q∏

k=0

(
bik
B∗
k

)Zij(k)

, and (6.65)

Pr{Yij = 0|Zij , θ) =
q∏

k=0

(
1 − bik

B∗
k

)Zij(k)

. ¶ (6.66)

Proof. From (6.58), we have

Pr{Yij = 1|Zij(k) = 1, θ} = bik/B
∗
k , and

Pr{Yij = 0|Zij(k) = 1, θ} = 1 − bik/B
∗
k.

Note that
∑q

k=0 Zij(k) = 1, we obtain (6.65) and (6.66). ‖End‖
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(b) Derivation of (6.61)-(6.63)

First, from (6.59), we have Yij|θ ind∼ Binomial(1, pi), j = 1, . . . , Ni.
Since

Yij|(Yobs, θ)
d= Yij|(ΣNi

j=1Yij = ni, θ),

from (6.64), we immediately obtain (6.61).
Next, from (6.65), (6.56) and (6.59),

Pr{Zij |Yij = 1, θ} =
Pr{Zij , Yij = 1|θ}

Pr{Yij = 1|θ}
=

Pr{Yij = 1|Zij , θ} · Pr{Zij |θ}
Pr{Yij = 1|θ}

=
{∏q

k=0(bik/B
∗
k)
Zij(k)} · Pr{Zij |θ}
pi

=
1!∏q

k=0 Zij(k)!
·

q∏
k=0

(bikθk/pi)Zij(k)

= Multinomialq+1(Zij |1, π
(1)
i ),

which implies (6.62). Similarly, we can prove (6.63).

(c) The E-step and M-step

On the one hand, from (6.62) and (6.63), we obtain

E(Zij(k)|Yij = 1, θ) =
bikθk
pi

, and

E(Zij(k)|Yij = 0, θ) =
(B∗

k − bik)θk
1 − pi

.

Rewriting them in a unified equation, we have

E(Zij(k)|Yij , θ) =
bikθk
pi

· Yij +
(B∗

k − bik)θk
1 − pi

· (1 − Yij). (6.67)

On the other hand, from (6.61) and Appendix A.1.2, we have

E(Yij |Yobs, θ) =
ni
Ni
, and E(1 − Yij |Yobs, θ) = 1 − ni

Ni
. (6.68)

Therefore, the E-step is to compute the conditional expectation of
the sufficient statistic

Sk =
m∑
i=1

Ni∑
j=1

Zij(k),
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that is,

S
(t)
k =

m∑
i=1

Ni∑
j=1

E
(
Zij(k)

∣∣∣Yobs, θ
(t)
)

=
m∑
i=1

Ni∑
j=1

E
{
E
(
Zij(k)

∣∣∣Yobs, Yij , θ
(t)
)∣∣∣Yobs, θ

(t)
}

=
m∑
i=1

Ni∑
j=1

E
{
E
(
Zij(k)

∣∣∣Yij, θ(t)
)∣∣∣Yobs, θ

(t)
}

(6.67)
=

m∑
i=1

Ni∑
j=1

E

{
bikθ

(t)
k Yij

p
(t)
i

+
(B∗

k − bik)θ
(t)
k (1 − Yij)

1 − p
(t)
i

∣∣∣∣Yobs, θ
(t)

}

(6.68)
=

m∑
i=1

Ni∑
j=1

{
bikθ

(t)
k ni

p
(t)
i Ni

+
(B∗

k − bik)θ
(t)
k (Ni − ni)

(1 − p
(t)
i )Ni

}

= θ
(t)
k

m∑
i=1

{
nibik

p
(t)
i

+
(Ni − ni)(B∗

k − bik)

1 − p
(t)
i

}
, (6.69)

for k = 0, 1, . . . , q, where p(t)
i =

∑q
k=0 bikθ

(t)
k .

From (6.57), the M-step updates the estimates of θ

θ
(t+1)
k =

S
(t)
k

NB∗
k

, k = 0, 1, . . . , q. (6.70)

6.4.4 Bayes estimation via the DA algorithm

For Bayesian estimation, with the conjugate prior distribution

π(θ) ∝
q∏

k=0

θck−1
k , θk ≥ 0,

q∑
k=0

B∗
kθk = 1, (6.71)

the complete-data posterior of (B∗
0θ0, . . . , B

∗
qθq)� is

(B∗
0θ0, . . . , B

∗
qθq)

�|(Yobs, Z) ∼ Dirichlet(c0 +S0, . . . , cq +Sq). (6.72)

The predictive distribution for the missing values is given by (6.60).
This leads to the following DA algorithm:

I-step: Given the current sample of θ, impute the missing values
Z by generating a sample from (6.60);
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P-step: Given the current imputed complete data, generate θ from
(6.72).

Problems

6.1 Isotonic regression under simple order (Silvapulle & Sen,
2005, p.47-49). Consider the weighted least squares

min
μ1≤···≤μm

m∑
i=1

wi(yi − μi)2,

where {wi}, {yi} and {μi} are known positive numbers, known
observations, and parameters of interest, respectively. Let
μRLSE = (μRLSE

1 , . . . , μRLSE
m )� denote the restricted LSE of μ,

μRLSE is called the isotonic regression of y = (y1, . . . , ym)� with
respect to the weights {wi} and the simple order. Show that
μRLSE has the following explicit forms:

μRLSE
i = min

t≥i
max
s≤t

wsys + · · · + wtyt
ws + · · · + wt

, i = 1, . . . ,m,

= max
s≤i

max
t≥s

wsys + · · · +wtyt
ws + · · · + wt

, i = 1, . . . ,m.

This algorithm is known as the pool adjacent violators algo-
rithm (PAVA).

6.2 Prove Theorem 6.2.

6.3 Based on (6.44) and (6.49), devise an IBF sampler to generate
i.i.d. posterior samples of θ.

6.4 Using the DA algorithm in §6.3.4 to compute Bayesian esti-
mates of {pi} for the life insurance data in Table 6.7.

6.5 Mimic Example 6.1, using normal approximation to obtain the
MLEs of pi under the restriction (6.50) for the life insurance
data in Table 6.7.

6.6 Prove (6.63).

6.7 By using the EM algorithm ((6.69) and (6.70)) and the DA
algorithm ((6.71) and (6.72)) to compute the restricted MLEs
and Bayesian estimates of pi for the life insurance data in Table
6.7.
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CHAPTER 7

Checking Compatibility & Uniqueness

7.1 Introduction

Checking compatibility for two given conditional distributions and
identifying the corresponding unique compatible marginal distribu-
tions are important problems in mathematical statistics, especially
in Bayesian statistical inferences.

Definition 7.1 Two conditional distributions f(X|Y ) and f(Y |X) are
said to be compatible if there exists at least one joint distribution
for (X,Y ) with them being its conditional distributions. ¶

A considerable literature has been spawned on the discussions of
checking the compatibility of conditional densities in the past 30
years (e.g., Besag, 1974; Arnold & Strauss, 1988; Casella & George,
1992; Gelman & Speed, 1993, 1999; Hobert & Casella, 1996, 1998;
Robert & Casella, 1999). Amongst, the Gibbs sampler may perhaps
be one of the most widely discussed MCMC sampling algorithms
in the Bayesian computation literature for generating joint distrib-
ution via individual conditional distributions. This chapter mainly
concerns with the following three issues:

• First, how do we check the compatibility of two given condi-
tional distributions?

• Moreover, if f(X|Y ) and f(Y |X) are compatible, is the associated
joint density f(X,Y ) unique?

• Finally, when f(X,Y ) is unique, how do we find it?

For a two-dimensional random vector (X,Y ) taking values in the
sample space (X ,Y), a fundamental issue in probability and sta-
tistics is to use some combinations of marginal and/or conditional
densities to determine the joint density function of (X,Y ). Given
the marginal density fX and the conditional density f(Y |X) (or sym-
metrically, given both fY and f(X|Y )), we can uniquely characterize
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the joint density as follows:

f(X,Y )(x, y) = fX(x)f(Y |X)(y|x), (x, y) ∈ (X ,Y), (7.1)
= fY (y)f(X|Y )(x|y), (x, y) ∈ (X ,Y). (7.2)

Secondly, it is well-known that marginal densities fX and fY are
not sufficient to determine the joint density f(X,Y ) uniquely. For
example, let fX and fY be two positive densities defined in the real
line R and FX and FY be the corresponding cdfs, then, for any given
α ∈ [−1, 1],

fα(X,Y )(x, y) =
{
1 + α[2FX (x) − 1][2FY (y) − 1]

}

× fX(x)fY (y), (x, y) ∈ R
2, (7.3)

is a joint pdf of (X,Y ) with marginal pdfs fX and fY (Gumbel, 1960,
p.704). Moreover, marginal normality is not enough to characterize
a bivariate normal distribution. The simplest example (Arnold et
al., 1999, p.54) perhaps is

f(X,Y )(x, y) =
{

1
πe

−(x2+y2)/2, if xy > 0,
0, otherwise,

(7.4)

which has standard normal marginals. Obviously, (7.4) is not a bi-
variate normal density.

Thirdly, it is well known that (see, e.g., Theorem 7.4 in §7.2) two
full conditional distributions can over-determine (i.e., contain more
than necessary information to characterize) the joint distribution.

Fourthly, two conditional means, say E(X|Y = y) and E(Y |X =
x), are not enough to characterize the joint density. As a result, some
statisticians turned to determine whether E(X|Y = y) and fY |X are
enough to characterize the joint density (e.g., Papageorgiou, 1983;
Wesolowski, 1995a, 1995b; Arnold et al., 1999, 2001).

In this chapter, we consider compatibility in the following three
situations:

(a) given f(X|Y ) and f(Y |X);

(b) given E(X|Y = y) and f(Y |X); and

(c) given fY and f(Y |X).

Moreover, we further distinguish the product measurable space (PMS)
from the non-product measurable space (NPMS), and the continu-
ous case from the discrete case. Can we characterize the marginal
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density fX (hence, the joint density f(X,Y )) for the above cases with
different combinations? To our knowledge, such materials and re-
lated examples have not been introduced in the current textbooks of
probability and statistics. One aim of this chapter is to bridge this
gap.

In §7.2, we consider the case of two continuous conditional distri-
butions (i.e., Case (a)) under PMS. In §7.3, we focus on finite discrete
conditional distributions (i.e., Cases (a) and (b)) under PMS. The
NPMS case is presented in §7.4. Finally, we discuss Case (c) under
PMS in §7.5.

7.2 Two Continuous Conditionals: PMS

7.2.1 Several basic notions

Let two random variables/vectors (X,Y ) be absolutely continuous
with respect to some measure μ on the joint support

S(X,Y ) =
{
(x, y) : f(X,Y )(x, y) > 0, (x, y) ∈ (X ,Y)

}
.

The absolute continuous assumption allows discussion of a contin-
uous variable (i.e., its pdf is Lebesgue measurable) with a discrete
variable (i.e., its pmf gives rise to a counting measure).

Definition 7.2 If S(X,Y ) = SX × SY , then the measure μ is said to
be product measurable and μ can be written as μ1×μ2; otherwise,
it is said to be non-product measurable, where

SX =
{
x : fX(x) > 0, x ∈ X

}
and

SY =
{
y : fY (y) > 0, y ∈ Y

}

denote the supports of X and Y , respectively. ¶

For example, from (7.3) we have

S(X,Y ) = R
2 = SX × SY ;

while from (7.4) we obtain

S(X,Y ) = {(x, y) : xy > 0} �= R
2 = SX × SY .
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Next, we define two 2-dimensional domains1

S(X|Y ) =
{
(x, y) : f(X|Y )(x|y) > 0, x ∈ X , y ∈ Y

}
and

S(Y |X) =
{
(x, y) : f(Y |X)(y|x) > 0, x ∈ X , y ∈ Y

}
.

7.2.2 A review on existing methods

In PMS, Arnold & Press (1989) obtained the following necessary and
sufficient conditions for the compatibility of two conditional distrib-
utions.

Theorem 7.1 (Arnold & Press, 1989). A joint pdf f(X,Y ) with con-
ditional densities f(X|Y ) and f(Y |X) exist iff

(i) S(X|Y ) = S(Y |X) = S(X,Y ); and

(ii) there exist two functions u(x) and v(y) such that
∫
SX

u(x)dx <
+∞ and

f(X|Y )(x|y)
f(Y |X)(y|x)

=
u(x)
v(y)

, ∀ x ∈ SX and y ∈ SY . ¶

It can be ready shown that fX(x) ∝ u(x) and fY (y) ∝ v(y). In
addition, the condition

∫
SX

u(x)dx < ∞ is equivalent (via Tonelli’s
Theorem) to the condition

∫
SY
v(y)dy < ∞ and only one of them is

required to be checked in practice. However, this theorem does not
show how to identify the functions u(x) and v(y), especially for the
cases of multiple solutions.

To prove the uniqueness of fX , consider a Markov chain with
state space SX and transition kernel

K(x, x′) =
∫
SY

f(X|Y )(x|y)f(Y |X)(y|x′) dy. (7.5)

Given the existence of fX , Arnold & Press (1989) provided the fol-
lowing necessary and sufficient condition for the uniqueness of fX .

Theorem 7.2 (Arnold & Press, 1989). Let f(X|Y ) and f(Y |X) be
compatible, then the marginal density fX can be uniquely deter-
mined iff the Markov chain with state space SX and transition kernel
K(x, x′) defined in (7.5) is indecomposable. ¶

1It is quite important to distinguish S(X|Y ) from the conditional support
S(X|Y )(y) defined in (7.25).
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It is noteworthy that it is difficult to check the above condition
for uniqueness in practice. Second, Theorem 7.2 does not give an
expression for fX(x). Theorem 7.3 below provides a positivity con-
dition which is a sufficient condition for fX (hence for f(X,Y )) being
unique (Hammersley & Clifford, 1970; Besag, 1974) and the unique
solution fX is given explicitly (Ng, 1997a; Tian & Tan, 2003).

Theorem 7.3 (Ng, 1997a). Suppose that f(X|Y ) and f(Y |X) are
compatible. If f(X|Y )(x|y) > 0 and f(Y |X)(y|x) > 0 for all x ∈ X and
y ∈ Y, then the marginal density fX is uniquely determined by the
point-wise IBF:

fX(x) =

{∫
S(Y )

fY |X(y|x)
fX|Y (x|y) dy

}−1

,
for any given
x ∈ SX . ¶ (7.6)

Proof. Under the assumptions, we have X = SX and Y = SY . By
combining (7.1) with (7.2), we have

fY (y) =
f(Y |X)(y|x)
f(X|Y )(x|y)

fX(x), x ∈ SX , y ∈ SY . (7.7)

Integrating this identity with respect to y, we immediately obtain
(7.6). ‖End‖

In practice, uniqueness can be readily determined via Theorem
7.3 than via Theorem 7.2 (see §7.3 for more details). However, the
positivity condition in Theorem 7.3 is still too stringent to be prac-
tically satisfied (e.g., see Example 7.4 in §7.3.3). By relaxing the
positivity assumption, the following theorem gives another sufficient
condition for uniqueness (Patil, 1965; Gelman & Speed, 1993; Ng,
1997a; Arnold et al., 1999).

Theorem 7.4 (Ng, 1997a). Suppose that fX|Y and fY |X are com-
patible. If there exists some y0 ∈ Y such that fY |X(y0|x) > 0 for all
x ∈ X , then the marginal density fX(x) is uniquely determined by
the sampling IBF:

fX(x) ∝ fX|Y (x|y0)
fY |X(y0|x) . ¶ (7.8)

The above theorem suggests that two fully specified conditional
densities can overly determine (i.e., contain more than necessary
information to characterize) the joint distribution. Although the
sampling IBF (7.8) is easy to apply in practice, Theorem 7.4 can
not be applied to situations (see, Examples 7.5 and 7.6 in §7.3.3) in
which there is no y0 ∈ Y such that fY |X(y0|x) > 0 for all x ∈ X .
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7.2.3 Two examples

Example 7.1 (Measurement error models). Let a r.v. Y of interest
be unobservable. We are only able to observe

X = Y + ε1,

where ε1 is a Gaussian error. By exchanging the role of Y for X, the
question is whether it is possible to have X = Y + ε1 and

Y = X + ε2

simultaneously (Arnold & Press, 1989). Let hi(·) denote the pdf of
εi for i = 1, 2. The proposed model, if exists, will have conditional
distributions in location family

f(X|Y )(x|y) = h1(x− y) and f(Y |X)(y|x) = h2(y − x).

Using (7.8) and setting y0 = 0, we have

fX(x) ∝ h1(x)
h2(−x) , −∞ < x < +∞. (7.9)

If both h1(·) and h2(·) are standard normal densities, then

X|(Y = y) ∼ N(y, 1) and Y |(X = x) ∼ N(x, 1).

From (7.9), we have fX(x) ∝ 1 for x ∈ R, which is not a density.
Therefore, the two conditionals are incompatible.

Similarly, if the distribution of X|(Y = y) is a Student’s t-
distribution with 5 degrees of freedom with location y, then

h1(z) =
1√

5B(1/2, 5/2)

(
1 +

z2

5

)−3

.

From (7.9), we obtain

fX(x) ∝ (1 + x2/5)−3ex
2/2, x ∈ R.

It is easy to verify that
∫ ∞

−∞
(1 + x2/5)−3ex

2/2 dx = +∞,

indicating that fX(x) is not a density. Hence the two conditionals
are also incompatible. ‖
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Example 7.2 (Restricted exponential distributions). Casella and
George (1992) considered two conditional distributions that are ex-
ponential distributions restricted to the interval [0, b), that is,

f(X|Y )(x|y) ∝ y exp(−yx), 0 ≤ x < b < +∞, (7.10)

f(Y |X)(y|x) ∝ x exp(−xy)∫ b
0 x exp(−xy) dy

, 0 ≤ y < b < +∞. (7.11)

Applying (7.8) and setting y0 = 1, the marginal distribution of X is
given by

fX(x) ∝ 1 − exp(−bx)
x

=̂h(x), 0 ≤ x < b < +∞. (7.12)

Note that h(x) is a strict decreasing function in [0, b), we have

h(x) ≤ h(0) = b, and
∫ b

0
h(x)dx ≤ b2 < +∞.

Hence, fX(x) exists, i.e., (7.10) and (7.11) are compatible.
If let b = +∞, then from (7.12),

fX(x) ∝ 1/x, 0 ≤ x < +∞.

Obviously, fX(x) is not a density. In other words, the two condi-
tionals are incompatible when b = +∞. ‖

7.3 Finite Discrete Conditionals: PMS

In this section, we focus on finite discrete conditional distributions.
For i = 1, . . . ,m and j = 1, . . . , n, we define the joint distribution
matrix Pm×n, and conditional probability matrices Am×n and Bn×m
as follows:

P = (pij) = (Pr{X = xi, Y = yj}), (7.13)
A = (aij) = (Pr{X = xi|Y = yj}), and
B = (bij) = (Pr{Y = yj|X = xi}), (7.14)

where
∑m

i=1

∑n
j=1 pij = 1, and all column totals for A and all row

totals for B are identical to 1.
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Definition 7.3 Two conditional distribution matrices A and B are
said to be compatible if there exists at least one joint distribution
matrix P such that

pij = aijp·j = bijpi·, ∀ i, j, (7.15)

where p·j =
∑m

i=1 pij and pi· =
∑n

j=1 pij. ¶

In addition, we let

ξ = (ξ1, . . . , ξm)�∈ Tm with ξi = Pr{X = xi}, (7.16)
η = (η1, . . . , ηn)�∈ Tn with ηj = Pr{Y = yj}.

7.3.1 The formulation of problems

The aim is to find possible solutions to the system of linear equations
in (7.15) subject to the complex constraints P ∈ Tmn. In fact, we
only need to find a compatible marginal distribution of X, say, ξ.
Once we obtain ξ, we have P = diag(ξ)B. Equivalently, we only
need to find ξ ∈ [0, 1]m that satisfies

1 = ξ1 + · · · + ξm, and

0 = ξibij − aij

m∑
k=1

ξkbkj, ∀ i, j. (7.17)

This system can be rewritten in the following matrix form

e1 = Dξ, ξ ∈ [0, 1]m, (7.18)

where e1 = (1, 0, . . . , 0)� is the unit vector of N -dimensional with
N = 1 +mn, and D is an N ×m matrix with its 1-st row being 11�m
and the (i − 1)n + j + 1-th row (i = 1, . . . ,m and j = 1, . . . , n) is
given by

(00�i−1, bij ,00
�
m−i) − aij(b1j , . . . , bij , . . . , bmj).

7.3.2 The connection with quadratic optimization
under box constraints

For any given e1 and D, we can use the �2-norm (i.e., the Euclidean
distance) to measure the discrepancy between e1 and Dξ and denote
it by

�2(e1,Dξ) = ||e1 −Dξ||2.
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Here, we consider the following quadratic optimization problem with
unit cube constraints:

ξ̂ = arg min
ξ∈[0,1]m

�2(e1,Dξ). (7.19)

In practice, the built-in S-plus function “nlregb” (non-linear least
squares subject to box constraints) can be used to calculate ξ̂. For
convenience, an S-plus function named “lseb” is given in §7.3.6.

We consider the following ways to produce initial values of ξ
for our function lseb. We may generate random numbers V (0)

i (i =
1, . . . ,m) from the chi-square distribution with ni degrees of freedom
and let

ξ(0) = (V (0)
1 , . . . , V (0)

m )�
/ m∑

i=1

V
(0)
i .

Alternatively, we notice that when rank(D) = N ≤ m and without
constraints, the solution to (7.19) is not unique and all solutions
assume the form:

ξ̂ LSE
τ = D+e1 + [Im −D+D]τ,

where τ is an arbitrary vector in R
m and D+ = D�(DD�)−1 de-

notes the Moore-Penrose generalized inverse of matrix D. When
rank(D) = N ≤ m and with constraints, the solution to (7.19) is
also not unique. In general, different initial values will result in dif-
ferent solutions. In this case, we suggest

ξ(0)τ = min
{

max{00m, ξ̂ LSE
τ }, 11m

}
. (7.20)

Theorem 7.5 For the constrained optimization problem (7.19), we
have the following results:

(i) When the solution ξ̂ calculated from (7.19) is unique and the
resulting �2-norm < 10−10 (say), then A and B are compatible
and the unique X-marginal is specified by ξ̂;

(ii) When ξ̂ is unique but the corresponding �2-norm ≥ 10−10, then
A and B are incompatible;

(iii) When (7.19) has multiple solutions (denoted by {ξ̂τ , τ ∈ R
m})

and all �2-norms < 10−10, then A and B are compatible and
the multiple X-marginals are specified by {ξ̂τ , τ ∈ R

m}. ¶
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Proof. We first note that the system of linear equations (7.18) has
solution(s) iff �2(e1,Dξ) = 0. On the other hand, the constrained
optimization problem (7.19) may have unique solution or multiple
solutions. Therefore, if ξ̂ is unique and the resulting �2-norm is al-
most equal to zero, then the system of linear equations (7.18) has
a unique solution. In other words, A and B are compatible and
the unique X-marginal is given by ξ̂. If ξ̂ is unique and the corre-
sponding �2-norm is greater than some pre-specified small constant,
then solution to (7.18) does not exist. In this case, A and B are
incompatible. If the constrained optimization algorithm converges
to different solutions for different initial values, then (7.18) has mul-
tiple solutions. That is, A and B are compatible and have multiple
compatible joint distributions. ‖End‖

7.3.3 Numerical examples

Four examples are used to illustrate the proposed methods. In Ex-
ample 7.3, we first apply Theorems 7.1 and 7.3 to check the com-
patibility and uniqueness problems, and then apply Theorem 7.5(i)
for confirmation. In Example 7.4, we apply Theorems 7.1 and 7.4
to check the compatibility and uniqueness problems, and then apply
Theorem 7.5(i) for verification. Finally, we notice that Theorems 7.3
and 7.4 become useless to Examples 7.5 and 7.6, we apply Theorem
7.5(ii) and 7.5(iii) to check the compatibility problem.

Example 7.3 (Uniqueness). Consider two conditional distribution
matrices

A =

⎛
⎝1/7 1/4 3/7 1/7

2/7 1/2 1/7 2/7
4/7 1/4 3/7 4/7

⎞
⎠ and

B =

⎛
⎝ 1/6 1/6 1/2 1/6

2/7 2/7 1/7 2/7
1/3 1/12 1/4 1/3

⎞
⎠ ,

where X = SX = {x1, x2, x3} and Y = SY = {y1, . . . , y4}. By using
(7.6), the X-marginal is given by

X x1 x2 x3

ξi = Pr{X = xi} 0.24 0.28 0.48

Similarly, the Y -marginal is given by
Y y1 y2 y3 y4

ηj = Pr{Y = yj} 0.28 0.16 0.28 0.28
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It is easy to verify that the two conditions in Theorem 7.1 are sat-
isfied. Therefore, A and B are compatible. Since all aij > 0 and
bij > 0, the uniqueness of fX(x) is guaranteed by Theorem 7.3. The
unique joint distribution of (X,Y ) is given by

P =

⎛
⎝0.04 0.04 0.12 0.04

0.08 0.08 0.04 0.08
0.16 0.04 0.12 0.16

⎞
⎠ .

Alternatively, the system of linear equations (7.17) becomes

1 = ξ1 + ξ2 + ξ3,

0 = ξibij − aij(ξ1b1j + ξ2b2j + ξ3b3j),

where i = 1, 2, 3 and j = 1, 2, 3, 4. Using 113/3 as the initial value,
from (7.19), we obtain

ξ̂ = (0.24, 0.28, 0.48)�,

and the �2-norm is 9.50928× 10−34 . Using (2/3, 0.5/3, 0.5/3)� as the
initial value, we obtain the same ξ̂ while the �2-norm is 2.63251 ×
10−32. Therefore, according to Theorem 7.5(i), A and B are com-
patible and the unique compatible X-marginal is specified by ξ̂. ‖
Example 7.4 (Uniqueness). Consider two conditional distribution
matrices

A =

⎛
⎝1/6 0 3/14

0 1/4 4/14
5/6 3/4 7/14

⎞
⎠ and B =

⎛
⎝ 1/4 0 3/4

0 1/3 2/3
5/18 6/18 7/18

⎞
⎠ ,

where X = {x1, x2, x3} and Y = {y1, y2, y3}. By using (7.8) with
y0 = y3, the X-marginal is given by

X x1 x2 x3

ξi = Pr{X = xi} 2/14 3/14 9/14

Similarly, letting x0 = x3 in (7.8) yields the following Y -marginal
Y y1 y2 y3

ηj = Pr{Y = yj} 3/14 4/14 7/14

The joint distribution of (X,Y ) is given by

P =

⎛
⎝1/28 0 3/28

0 2/28 4/28
5/28 6/28 7/28

⎞
⎠ .
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Since S(X|Y ) = S(Y |X) = S(X,Y ) = {(xi, yj) : i, j = 1, 2, 3, (i, j) �=
(1, 2), (2, 1)}, the first condition in Theorem 7.1 is satisfied. It is easy
to verify that the second condition is satisfied as well. Therefore, A
and B are compatible, and the uniqueness of fX(x) is ensured by
Theorem 7.4.

Alternatively, using 113/3 as the initial value, from (7.19), we
obtain

ξ̂ = (0.142857, 0.214286, 0.642857)� = (2/14, 3/14, 9/14)�

and the �2-norm is 7.65557× 10−33 . Using (2/3, 0.5/3, 0.5/3)� as the
initial value, we obtain the same ξ̂ while the �2-norm is 5.07964 ×
10−32. Therefore, according to Theorem 7.5(i), A and B are com-
patible and the unique compatible X-marginal is specified by ξ̂. ‖

Example 7.5 (Incompatibility). Consider two conditional distribu-
tion matrices

A =

⎛
⎝1/6 0 3/14

0 1/4 4/14
5/6 3/4 7/14

⎞
⎠ and B =

⎛
⎝ 3/4 0 1/4

0 1/3 2/3
5/18 6/18 7/18

⎞
⎠ .

For different τ , using (7.20) as initial values, we obtain the same ξ̂
= (0.088927, 0.228110, 0.673934)� from (7.19) and the same �2-norm
0.00902916. Therefore, according to Theorem 7.5(ii), A and B are
not compatible. ‖

Example 7.6 (Multiple solutions). Consider two conditional distri-
bution matrices

A =

⎛
⎜⎜⎜⎝

a
a+b 1 0 0
b
a+b 0 0 0
0 0 e

e+f
g

g+h

0 0 f
e+f

h
g+h

⎞
⎟⎟⎟⎠ and

B =

⎛
⎜⎜⎜⎝

a
a+c

c
a+c 0 0

1 0 0 0
0 0 e

e+g
g
e+g

0 0 f
f+h

h
f+h

⎞
⎟⎟⎟⎠ . (7.21)

Let p > 0 and q > 0 such that p+q = 1. If a+b+c = e+f+g+h = 1
with all numbers being positive, then there exist infinitely many joint
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distributions defined by

P =

⎛
⎜⎜⎝
pa pc 0 0
pb 0 0 0
0 0 qe qg
0 0 qf qh

⎞
⎟⎟⎠

with A and B being its conditional matrices.
Let a = 0.1, b = 0.6, c = 0.3, e = 0.2, f = 0.3, g = 0.4 and

h = 0.1. Using 114/4 as initial values, from (7.19), we obtain

ξ̂ = (0.134848, 0.202273, 0.397727, 0.265152)�.

The �2-norm is 7.82409 × 10−34 and the corresponding joint distrib-
ution is

P =

⎛
⎜⎜⎝

0.0337121 0.101136 0 0
0.2022727 0 0 0
0 0 0.132576 0.2651515
0 0 0.198864 0.0662879

⎞
⎟⎟⎠ .

Using (0.1, 0.2, 0.4, 0.3)� as the initial value, from (7.19), we obtain

ξ̂ = (0.0867424, 0.1301136, 0.4698864, 0.3132576)�,

the �2-norm is 3.18952 × 10−34, and the corresponding joint distrib-
ution is

P =

⎛
⎜⎜⎝

0.0216856 0.0650568 0 0
0.1301136 0 0 0
0 0 0.156629 0.3132576
0 0 0.234943 0.0783144

⎞
⎟⎟⎠ .

According to Theorem 7.5(iii), A and B are compatible with multiple
solutions. ‖

7.3.4 Extension to more than two dimensions

Theorem 7.5 can be readily extended to higher-dimensional settings.
In this subsection, we will illustrate the corresponding results for
the three-dimensional case. For i = 1, . . . ,m, j = 1, . . . , n and k =
1, . . . , l, we let

pijk = Pr{X = xi, Y = yj, Z = zk},
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aijk = Pr{X = xi|Y = yj, Z = zk},
bijk = Pr{Y = yj|Z = zk,X = xi},
cijk = Pr{Z = zk|X = xi, Y = yj},
ξ = (ξ1, . . . , ξm)�∈ Tm with ξi = Pr{X = xi},

Δl×m = (δki) = (δ1, . . . , δm) with δki = Pr{Z = zk|X = xi},
where δi ∈ Tl for i = 1, . . . ,m.

Definition 7.4 Three conditional distribution arrays (aijk), (bijk)
and (cijk) are said to be compatible if there exists at least one
joint distribution (pijk) such that

pijk = aijk Pr{Y = yj, Z = zk}
= bijk Pr{Z = zk,X = xi}
= cijk Pr{X = xi, Y = yj}, ∀ i, j, k. ¶

Note that pijk = bijk × δki × ξi, we only need to find the X-
marginal ξ ∈ [0, 1]m and the conditional matrix Δ ∈ [0, 1]lm such
that

1 = 11�mξ,
1 = 11�l δi, ∀i,
0 = bijkδkiξi − aijkΣm

i′=1bi′jkδki′ξi′ , ∀ i, j, k,
0 = bijkδki − cijkΣl

k′=1bijk′δk′i, ∀ i, j, k.
This system of linear equations can be rewritten as

e = Gζ, ξ ∈ [0, 1]m, Δ ∈ [0, 1]lm, (7.22)

where ζ� = (ξ�, δ�1, . . . , δ
�
m). Similar to (7.19) and Theorem 7.5, we

consider the following quadratic optimization problem with unit cube
constraints

(ξ̂, Δ̂) = arg min
ξ∈[0,1]m, Δ∈[0,1]lm

||e−Gζ||2. (7.23)

Theorem 7.6 For the constrained optimization problem (7.23), we
have the following results:

(i) If the solution (ξ̂, Δ̂) calculated from (7.23) is unique and the
resulting �2-norm < 10−10, then (aijk), (bijk) and (cijk) are
compatible, the unique X-marginal is specified by ξ̂ and the
unique Z|X-conditional is determined by Δ̂;
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(ii) If (ξ̂, Δ̂) is unique but the corresponding �2-norm ≥ 10−10, then
(aijk), (bijk) and (cijk) are incompatible;

(iii) For different initial values, if (7.23) converges to different solu-
tions: {

(ξ̂τ , Δ̂τ ), τ ∈ R
(1+l)m

}

and all �2-norms < 10−10, then (aijk), (bijk) and (cijk) are
compatible, the multiple X-marginal are specified by

{
ξ̂τ , τ ∈ R

(1+l)m
}
,

and the multiple Z|X-conditional are determined by

{
Δ̂τ , τ ∈ R

(1+l)m
}
. ¶

7.3.5 The compatibility of regression function
and conditional distribution

Let X = {x1, . . . , xm} and Y = {y1, . . . , yn} and P , B, ξ be defined
in (7.13), (7.14) and (7.16), respectively. If the regression function
is defined by

φ = (φ1, . . . , φn)� = E(X|Y ) with φj = E(X|Y = yj),

and the conditional distribution matrix B is said to be compatible,
then there exists at least one X-marginal specified by ξ ∈ Tm such
that

φj =
m∑
i=1

xi Pr{X = xi|Y = yj}

=
m∑
i=1

xibijξi

/ m∑
i=1

bijξi, j = 1, . . . , n,

where min{x1, . . . , xm} ≤ φj ≤ max{x1, . . . , xm}. Hence, we only
need to find ξ ∈ [0, 1]m such that

1 = ξ1 + · · · + ξm, and

0 =
m∑
i=1

(φj − xi)bijξi, j = 1, . . . , n. (7.24)
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Note that system (7.24) can be expressed as the same matrix form
as (7.18), where e1 =̂ (1,00�n)� and

D =

⎛
⎜⎜⎜⎝

1 1 · · · 1
(φ1 − x1)b11 (φ1 − x2)b21 · · · (φ1 − xm)bm1

...
...

. . .
...

(φn − x1)b1n (φn − x2)b2n · · · (φn − xm)bmn

⎞
⎟⎟⎟⎠ ,

respectively. Similarly, we can show that system (7.24) is equivalent
to the constrained quadratic optimization problem in (7.19).

Theorem 7.7 For the system (7.24), we have the following results:
(i) If the solution ξ̂ calculated from (7.19) is unique and the re-

sulting �2-norm < 10−10, then φ and B are compatible and the
unique X-marginal is specified by ξ̂;

(ii) If ξ̂ is unique but the corresponding �2-norm ≥ 10−10, then φ
and B are incompatible;

(iii) If (7.19) has multiple solutions (denoted by {ξ̂τ , τ ∈ R
m}) and

all �2-norms < 10−10, then φ and B are compatible and the
multiple X-marginals are specified by {ξ̂τ , τ ∈ R

m}. ¶
Example 7.7 (Uniqueness and incompatibility). Let X = {x1, x2,
x3} = {1, 2, 3}. Consider the regression function values:

φ = E(X|Y ) = (φ1, φ2, φ3)� = (5/3, 2, 2)�

and the following conditional distribution matrix

B =

⎛
⎝20/47 15/47 12/47

20/53 15/53 18/53
0 15/27 12/27

⎞
⎠ .

From (7.19), using 113/3 as the initial value yields

ξ̂ = (0.2611, 0.5889, 0.1500)� = (47/180, 106/180, 27/180)�

and the �2-norm is 3.29334 × 10−32. Using (2/12, 4/12, 6/12)� as
the initial value produces the same ξ̂ while the �2-norm is 4.06163 ×
10−32. According to Theorem 7.7(i), φ and B are compatible and the
unique compatible X-marginal is specified by ξ̂. The unique joint
probability matrix is given by

P =

⎛
⎝0.1111 0.08333 0.06667

0.2222 0.16667 0.20000
0.0000 0.08333 0.06667

⎞
⎠ =

⎛
⎝1/9 1/12 1/15

2/9 2/12 3/15
0 1/12 1/15

⎞
⎠ .
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If we replace φ by (5.5/3, 2.2, 2.5)� with other settings remaining
the same, it can be shown that φ = (5.5/3, 2.2, 2.5)� and B are
incompatible by Theorem 7.7(ii). From (7.19), using 113/3 as the
initial value yields

ξ̂ = (0.119825, 0.569671, 0.309541)�

and the �2-norm is 0.00896194. If we use different initial values, the
same ξ̂ and �2-norm are obtained. In addition, the sum of compo-
nents of ξ̂ is 0.991037 < 1. ‖
Example 7.8 (Multiple solutions). Let X = {x1, x2, x3, x4} = {1,
2, 3, 4}. Consider the following regression function values

φ = E(X|Y ) = (φ1, φ2, φ3, φ4)�

=
(
a+ 2b
a+ b

, 1,
3e+ 4f
e+ f

,
3g + 4h
g + h

)�
.

Let the conditional distribution matrix B be given in (7.21) with
a = 0.2, b = 0.3, c = 0.5, e = 0.1, f = 0.4, g = 0.3 and h = 0.2. From
(7.19) and using 0.25114 as the initial value, we obtain

ξ̂ = (0.6708, 0.2875, 0.0167, 0.025)�,

the �2-norm is 4.96896 × 10−32, and the corresponding joint distrib-
ution is

P =

⎛
⎜⎜⎝

0.191667 0.479167 0 0
0.287500 0 0 0
0 0 0.00416667 0.01250000
0 0 0.01666667 0.00833333

⎞
⎟⎟⎠ .

Using (0.1, 0.2, 0.4, 0.3)� as the initial value, we get

ξ̂ = (0.6611, 0.2833, 0.0222, 0.0334)�,

the �2-norm is 3.4249 × 10−34, and the corresponding joint distribu-
tion is

P =

⎛
⎜⎜⎝

0.188889 0.472222 0 0
0.283333 0 0 0
0 0 0.00555556 0.0166667
0 0 0.02222222 0.0111111

⎞
⎟⎟⎠ .

According to Theorem 7.7(iii), φ and B are compatible with multiple
solutions. ‖
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7.3.6 Appendix: S-plus function (lseb)

To find the least squares estimate with box constraints, we provide
the following S-plus code (lseb).

function(y, X, a, b, th0) {
# Function name: lseb(y, X, a, b, th0)
# Aim: To find \thLSE = arg min ||y - X \th ||^2
# subject to a <= \th <= b
# Input: y: m x 1; X: m x q; a, b, th0: q x 1
# Output: \thLSE and ||y - X \thLSE ||^2
# ---------------------------------------------------
# NLS<- nlregb(nres = m, start = th_0, residuals =
# fun.r, jacobian = fun.j, lower = 0, upper = Inf)
# is the S-plus function of non-linear least
# squares subject to box constraints, where
# NLS[[1]] = \thLSE: minimizing ||y - X \th||^2
# NLS[[2]] = funmin = ||y - X \thLSE ||^2
# ---------------------------------------------------
fun.r <- function(th, y, X) { c(X %*% th - y) }
fun.j <- function(th, y, X) { X }
m <- length(y)
NLS <- nlregb(nres = m, start = th0, res = fun.r,

jac = fun.j, lower = a, upper = b, y = y, X = X)
thLSE <- NLS[[1]]
precise <- NLS[[2]]
options(digits = 6)
return(thLSE, precise)

}

7.3.7 Discussion

In this section, based on �2-norm criterion, we presented a unified
method to check the compatibility and uniqueness for two finite dis-
crete conditional distributions. Extension to three-dimensional cases
is also introduced. Furthermore, the method can be applied to check-
ing the compatibility and uniqueness of one finite discrete regression
function and one finite discrete conditional distribution. One advan-
tage of using the �2-norm criterion is that the built-in S-plus function
can be utilized to solve the quadratic optimization problem with box
constraints.

Although other criteria (e.g., �1-norm or KL divergence) are use-
ful alternatives to the �2-norm, the corresponding optimization algo-
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rithms may be more complex. Moreover, if X and/or Y are infinite
discrete random variables (e.g., Poisson, geometric variates), the pro-
posed iterative algorithm would be more difficult to implement.

7.4 Two Conditional Distributions: NPMS

Denoted the conditional supports of X|(Y = y) and Y |(X = x) by

S(X|Y )(y) = {x : f(X|Y )(x|y) > 0, x ∈ SX}, ∀ y ∈ SY , (7.25)
S(Y |X)(x) = {y : f(Y |X)(y|x) > 0, y ∈ SY }, ∀ x ∈ SX , (7.26)

respectively. For the NPMS case, i.e., S(Y |X)(x) �= SY , in §3.9,
we introduce a so-called transition method to derive the marginal
density of X based on two known conditional densities. The key to
the transition method is its ability to find a point y∗ (y∗ may not
belong to SY ) satisfying (3.22).

However, when such a point y∗ is not available, Song et al. (2006)
extended Theorem 7.1 to the following necessary and sufficient con-
ditions for the compatibility of two conditional distributions in the
NPMS S(X,Y ) ⊆ SX × SY .

Theorem 7.8 (Song et al., 2006). The given conditionals f(X|Y )

and f(Y |X) are compatible iff
(i) S(X|Y ) = S(Y |X) = S(X,Y ); and
(ii) there exist functions u(x) and v(y) such that

f(X|Y )(x|y)
f(Y |X)(y|x)

=
u(x)
v(y)

, ∀ (x, y) ∈ S(X,Y ), (7.27)

where u(x) and v(y) are positive and integrable in SX and SY ,
respectively, and

∫
SX

u(x)dx <∞. ¶
They further proved that if (7.27) holds, then u(x)/

∫
SX

u(t)dt is
one marginal density of X. Examples 7.9 and 7.10 below show how
to check the compatibility of the given conditionals.

Example 7.9 (Uniform distribution on an arc-shaped domain). We
consider the following two conditional densities:

f(X|Y )(x|y) =
I(1−[1−y2]1/2<x<y)

y − 1 +
√

1 − y2
, 0 < y < 1, and

f(Y |X)(y|x) =
I(x<y<[1−(x−1)2]1/2 )√

1 − (x− 1)2 − x
, 0 < x < 1.
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0 1

x

0

1

y

Figure 7.1 The joint support S(X,Y ) = {(x, y) : (x−1)2+y2 < 1, y > x}.

It is clear that

S(X|Y ) = S(Y |X) = S(X,Y )

=
{
(x, y) : (x− 1)2 + y2 < 1, y > x

}
,

SX = SY = (0, 1),

S(X|Y )(y) =
{
x : 1 −

√
1 − y2 < x < y

}
, and

S(Y |X)(x) =
{
y : x < y <

√
1 − (x− 1)2

}
.

Since there is no transition point y∗ satisfying (3.22), the transition
method of Tian & Tan (2003) does not apply. Now, by using (7.27),
we have

f(X|Y )(x|y)
f(Y |X)(y|x)

=

√
1 − (x− 1)2 − x

y − 1 +
√

1 − y2
=
u(x)
v(y)

.

Therefore,

fX(x) = (π/4 − 1/2)−1(
√

1 − (x− 1)2 − x), 0 < x < 1,

and f(X,Y )(x, y) = (π/4 − 1/2)−1. ‖
Example 7.10 (Improper models). Let the putative conditional
densities be given by

f(X|Y )(x|y) = y · I(0<x<y−1), y > 0, and
f(Y |X)(y|x) = x · I(0<y<x−1), x > 0.

Note that

S(X|Y ) = S(Y |X) = S(X,Y ) = {(x, y) : x > 0, y > 0, xy < 1}
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and SX = SY = (0,∞). From (7.27), we have

y

x
=
u(x)
v(y)

.

As the function u(x) = x−1 is not integrable, the two conditionals
are not compatible. ‖

The following example shows that two compatible conditionals
are not able to uniquely determine the joint distribution.

Example 7.11 (Mixture uniform distributions). Consider two con-
ditional densities:

f(X|Y )(x|y) = 0.5 · I[0,2]|[0,1](x|y) + I(2,3]|(1,3](x|y) and
f(Y |X)(y|x) = I[0,1]|[0,2](y|x) + 0.5 · I(1,3]|(2,3](y|x),

where

IX|Y(x|y) =
{

1, if x ∈ X given y ∈ Y,
0, otherwise.

0 1 2 3

x

0

1

2

3

y

Figure 7.2 The joint support S(X,Y ) = {[0, 2]× [0, 1]}∪ {(2, 3]× (1, 3]}.

It is easy to see that

S(X|Y ) = S(Y |X) = S(X,Y ) = {[0, 2] × [0, 1]} ∪ {(2, 3] × (1, 3]}

and SX = SY = [0, 3]. By using (7.27), we have

f(X|Y )(x|y)
f(Y |X)(y|x)

= 0.5 · I[0,2]×[0,1](x, y) + I(2,3]×(1,3](x, y),
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where

IX×Y(x, y) =
{

1, if x ∈ X and y ∈ Y,
0, otherwise.

We choose

u(x) = c · I(0≤x≤2) + d · I(2<x≤3), and
v(y) = 2c · I(0≤y≤1) + 0.5d · I(1<y≤3),

where c > 0 and d > 0. The compatibility of the two conditionals is
guaranteed as

∫
SX

u(x)dx <∞. The joint pdf can be shown to be

f(X,Y )(x, y) = c · I[0,2]×[0,1](x, y) + 0.5d · I(2,3]×(1,3](x, y),

which is a mixture uniform distribution for any given c and d satis-
fying 2c+ d = 1. ‖

7.5 One Marginal and Another Conditional

Suppose that we are given one marginal density fY and another
conditional density f(Y |X), we ask whether there exists at least one
joint pdf f(X,Y ), how to identify them, and when the joint pdf is
unique? It is obvious that f(X,Y ) is unique if fX is unique. This
section will answer this question partially. We only consider the
PMS case, i.e., S(X,Y ) = SX × SY .

7.5.1 A sufficient condition for uniqueness

Let X and Y be two r.v.’s which may be continuous, discrete or
mixed.

Definition 7.5 The marginal density fY and the conditional den-
sity f(Y |X) are said to be compatible if there exists at least one
marginal density fX such that

fY (y) =
∫
SX

f(Y |X)(y|x)fX(x) dx, ∀ y ∈ SY . ¶ (7.28)

We summarize the implications of (7.28) as follows:

• In signal analysis, equation (7.28) is a general mathemati-
cal model for describing the distortion of an input signal fX
through an input-output system with linear distortion charac-
terized by an impulse response function f(Y |X), resulting in a
distorted signal fY ;
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• In image analysis, fX represents the true undistorted image
and fY represents the recorded blurred image with the blurring
mechanism characterized by f(Y |X);

• Mathematicians know equation (7.28) as Fredholm’s integral
equation of the first kind (Vardi & Lee, 1993), if fY is a
non-negative real-valued function and f(Y |X) is a non-negative
bounded real-valued function. For example,

fX(x) = e−x · I(x>0) (7.29)

is a solution to the integral equation

Φ(y − 1)
φ(y − 1)

=
∫ ∞

0
exp[x(y − 0.5x)] fX (x) dx, y ∈ R,

where Φ and φ denote the cdf and the pdf of N(0, 1);

• Statisticians recognize equation (7.28) as the formula for a mix-
ture of densities. Thus fY and f(Y |X) are compatible iff fY can
be expressed as a mixture of the given conditional densities
{f(Y |X)(y|x) : x ∈ SX}.

Seshadri & Patil (1964) obtained the following sufficient condi-
tion for fX(x) to be unique.

Theorem 7.9 (Seshadri & Patil, 1964). Let fY and f(Y |X) be com-
patible, a sufficient condition for fX (and hence for f(X,Y )) to be
unique is that the conditional density f(Y |X) is of the following ex-
ponential form:

f(Y |X)(y|x) = exp[xa(y) + b(y) + c(x)], (7.30)

where a(·), b(·) and c(·) are three real-valued functions. ¶
Example 7.12 (Uniqueness). Let

fY (y) = (1 + y)−2 · I(y>0) and

f(Y |X)(y|x) = xe−xy · I(y>0).

It can be shown that (7.29) is a solution to (7.28) so that fY and
f(Y |X) are compatible. Since

f(Y |X)(y|x) = exp[x(−y) + 0 + log(x)] · I(y>0)

has the form of (7.30), the uniqueness of fX is ensured by Theorem
7.9. Hence, the unique joint density is

f(X,Y )(x, y) = xe−x(y+1) · I(x>0, y>0). ‖
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Example 7.13 (Multiple solutions). Let

fY (y) = e−y · I(y≥0) and

f(Y |X)(y|x) =
{
e−y(1 + α− 2αe−x)

−2αe−2y(1 − 2e−x)
}
· I(x≥0, y≥0),

where −1 ≤ α ≤ 1. When α = 0, we have f(Y |X)(y|x) = e−y,
which implies that Y and X are independent. When −1 ≤ α < 0 or
0 < α ≤ 1, f(Y |X) does not take the form of (7.30). From (7.28), we
obtain∫ ∞

0
[e−y(1 + α− 2αe−x) − 2αe−2y(1 − 2e−x)]fX(x) dx = e−y.

Upon simplification, we have
∫∞
0 e−yfX(x) dx = 0.5. Hence, for any

given λ ∈ (1,∞),

fλX(x) =
(λ− 1)n

Γ(n)
yn−1e−(λ−1)y , y ≥ 0,

is a desired solution, where n = log(0.5)/ log([λ − 1]/λ). Therefore,
fY and f(Y |X) are compatible. ‖
Example 7.14 (Incompatibility). Let

fY (y) = Poisson(y|μ) and
f(Y |X)(y|x) = Poisson(y|λ(x)).

Note that

f(Y |X)(y|x) = exp
{
y log λ(x) − log y! − λ(x)

}
,

therefore f(Y |X) does not have the form of (7.30) unless λ(x) = ex.
However, fY and f(Y |X) are incompatible. In fact, the moment gen-
erating functions of Y and Y |X are given by

MY (t) = esμ and MY |X(t) = esλ(x),

where s =̂ et − 1 > −1. From (7.28), it is easy to obtain MY (t) =∑∞
x=0MY |X(t)fX(x). That is,

esμ =
∞∑
x=0

esλ(x)fX(x),

implying that if Y and X are not independent (in which case λ(x)
depends on x), no solution exists for fX . ‖
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Especially, if f(Y |X)(y|x) is a function of y − x alone (f(Y |X) is
then said to be space invariant or position invariant), equation (7.28)
is a convolution formula. To demonstrate this point, we consider the
following example.

Example 7.15 (Convolution). Let Y ∼ N(0, 2) and Y |(X = x) ∼
N(x, 1). We can verify that

fY (y) =
1

2
√
π
e−y

2/4 and f(Y |X)(y|x) =
1√
2π
e−(y−x)2/2

are compatible. The corresponding marginal distribution of X is
N(0, 1) and its uniqueness is ensured by Theorem 7.9. Hence

f(X,Y )(x, y) =
1
2π
e−(2x2−2xy+y2)/2,

namely, (X,Y ) follows a bivariate normal distribution with means 0
and 0, variances 1 and 2, and correlation coefficient ρ = 1/

√
2. ‖

7.5.2 The continuous case

Suppose that we are given fY and f(Y |X), how can we identify the
corresponding marginal density fX? In fact, (7.28) is exactly a math-
ematical inversion of a linear system with positive parameters, sub-
ject to positivity constraints on the solution.

Vardi & Lee (1993) make the connection of such linear inverse
problem with positivity restrictions with statistical estimation prob-
lems from incomplete data via the famous KL divergence (cf. §1.6.2).
Let g(y) and h(y) be two densities with the same support SY , the
KL divergence, KL{g(y), h(y)}, between g(y) and h(y) is defined in
(1.42). From (1.43), we obtain

KL{g(y), h(y)} ≥ 0 and KL{g(y), h(y)} = 0 iff g(y) = h(y).

Instead of directly finding fX satisfying the integral equation (7.28),
one can find

f̂X(x) = arg min
fX(x)≥0

KL
{
fY (y),

∫
SX

f(Y |X)(y|x)fX(x) dx
}
.

To compute f̂X(x), Vardi & Lee (1993) used the EM algorithm
to derive the following iterative scheme: ∀ x ∈ SX ,

f
(t)
X (x) = f

(t−1)
X (x)

∫
SY

f(Y |X)(y|x) · fY (y)∫
SX

f(Y |X)(y|x′)f (t−1)
X (x′) dx′

dy, (7.31)
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where f (0)
X (x) is an arbitrary strictly positive density of X, and t =

1, 2, . . .. If equation (7.28) has a non-negative solution, then the al-
gorithm (7.31) converges to it. Moreover, even when equation (7.28)
does not have a non-negative solution (i.e., fY and f(Y |X) are incom-
patible), the algorithm (7.31) still converges to f̂X(x), which min-
imizes the KL divergence between fY and

∫
SX

f(Y |X)(y|x)fX(x) dx
over all non-negative fX .

Vardi & Lee (1993) presented two complicated methods to derive
the (7.31). We show in fact an alternative and rather straightforward
derivation exists. For all x ∈ SX and y ∈ SY , from (7.7) and (7.28),
we have

f(X|Y )(x|y) =
f(Y |X)(y|x)fX(x)

fY (y)

=
f(Y |X)(y|x)fX(x)∫

SX
f(Y |X)(y|x′)fX(x′) dx′

and (7.32)

fX(x) =
∫
SY

f(X|Y )(x|y)fY (y) dy. (7.33)

Given the (t − 1)-th iteration, f (t−1)
X (x), of fX(x), from (7.32) and

(7.33), we obtain

f
(t−1)
(X|Y )(x|y) =

f(Y |X)(y|x)f (t−1)
X (x)∫

SX
f(Y |X)(y|x′)f (t−1)

X (x′) dx′

and
f

(t)
X (x) =

∫
SY

f
(t−1)
(X|Y )(x|y)fY (y) dy,

which implies (7.31).

7.5.3 The finite discrete case

We assume that X and Y are discrete random variables taking values
on X = {x1, . . . , xm} and on Y = {y1, . . . , yn}, respectively and
define ξi = Pr{X = xi}, ηj = Pr{Y = yj} and

bij = Pr{Y = yj|X = xi}
for i = 1, . . . ,m and j = 1, . . . , n.

Definition 7.6 The marginal probability vector η = (η1, . . . , ηn)�
and the conditional probability matrix Bm×n = (bij) are said to be
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compatible if there exists at least one marginal probability vector
ξ = (ξ1, . . . , ξm)� such that

ηj =
m∑
i=1

bijξi, j = 1, . . . , n. ¶ (7.34)

Therefore, the discrete version of (7.31) can be used to iteratively
solve the marginal probability vector, ξ(∞), of X:

ξ
(t)
i = ξ

(t−1)
i

n∑
j=1

(
bij∑m

i′=1 bi′j ξ
(t−1)
i′

)
ηj , (7.35)

where i = 1, . . . ,m, t ≥ 1, ξ(0) = (ξ(0)1 , . . . , ξ
(0)
m )� ∈ Tm is an initial

vector. In matrix notations, equation (7.35) becomes

ξ(t) = ξ(t−1) � (Ba), an×1 =̂ η/(B�ξ(t−1)), t ≥ 1, (7.36)

where � and / denote component-wise vector operator of multiplica-
tion and division, respectively. The corresponding joint probability
distribution is given by

P = (pij) = (Pr{X = xi, Y = yj}) = diag(ξ(∞))B.

Example 7.16 (Incompatibility). Let η = (0.65, 0.35)� and

B =
(

1/6 5/6
3/8 5/8

)
. (7.37)

Applying the algorithm (7.36) with ξ(0) = (0.5, 0.5)� as the starting
value, we obtain the X-marginal ξ(∞) = ξ(36) = (0, 1)� at the 36-th
iteration and the corresponding joint probability distribution is

P =
(

0 0
0.375 0.625

)
.

Since the resulting Y -marginal η∗ = (0.375, 0.625)� does not coincide
with η, then the given η and B are incompatible. ‖

Example 7.17 (Uniqueness). Consider η = (31/96, 65/96)� and B
is still given by (7.37). Applying the algorithm (7.36) with ξ(0) =
(0.5, 0.5)� as the starting value, we obtain the X-marginal ξ(∞) =
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ξ(272) = (0.25, 0.75)� at the 272-th iteration and the corresponding
joint probability distribution is

P =
(

1/24 5/24
9/32 15/32

)
=
(

0.041667 0.20833
0.281250 0.46875

)
.

Since its Y -marginal η∗ = (0.32292, 0.67708)� coincides with η, it
follows that η and B are compatible. In addition, different initial
values yield the same final results but with varying numbers of itera-
tions. For example, when ξ(0) = (0.1, 0.9)�, (0.2, 0.8)� and (0.3, 0.7)�,
the numbers of iterations required for reaching convergence are 292,
248 and 251, respectively. ‖

Example 7.18 (Multiple solutions). Let η = (1/3, 2/3)� and

B =

⎛
⎝1/4 3/4

3/5 2/5
1/8 7/8

⎞
⎠ .

Applying the algorithm (7.36) with ξ(0) = 113/3 as the starting value,
we obtain the X-marginal

ξ(∞) = ξ(43) = (0.32801, 0.35228, 0.31971)�

at the 43-th iteration and the corresponding joint probability distri-
bution is

P =

⎛
⎝0.082002 0.24601

0.211367 0.14091
0.039964 0.27975

⎞
⎠

Table 7.1 The X-marginal ξ(∞), the joint probability
distribution matrix P and the resulting Y -marginal

η∗ using different starting values ξ(0).

ξ(0) (0.1, 0.2, 0.7)� (0.2, 0.3, 0.5)� (0.4, 0.4, 0.2)�

T 49 41 54
ξ(∞) (0.095, 0.414, 0.491)� (0.189, 0.389, 0.422)� (0.435, 0.324, 0.241)�

P

⎛
⎜⎝

0.0237 0.0711
0.2482 0.1655
0.0614 0.4301

⎞
⎟⎠
⎛
⎜⎝

0.0473 0.1420
0.2333 0.1555
0.0527 0.3691

⎞
⎟⎠
⎛
⎜⎝

0.1087 0.3261
0.1945 0.1297
0.0301 0.2109

⎞
⎟⎠

η∗ (0.33333, 0.66667)� (0.33333, 0.66667)� (0.33333, 0.66667)�

NOTE: T denotes the number of iterations for reaching convergence.
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Since the resulting Y -marginal η∗ = (0.33333, 0.66667)� coincides
with η, then the given η and B are compatible. However, in this
example, different initial values will yield different X-marginal ξ(∞)

and different joint probability distribution P (see Table 7.1). There-
fore, the compatibility may not be unique. ‖

7.5.4 The connection with quadratic optimization
under box constraints

Example 7.18 showed that there may exist infinitely many joint dis-
tributions (or there may exist infinitely many X-marginal distribu-
tions) with the given η and B as its Y -marginal and Y |X-conditional
distributions. Let {ξk : k ∈ K} denote the family of marginal dis-
tributions of X. It is then reasonable to ask whether the shortest
X-marginal under �2-norm exists, i.e., if there is some k0 ∈ K such
that

||ξk0 || = min
k∈K

||ξk||,

and if there is, how to identify it? The answer may be positive if we
replace the KL entropy criterion by the standard Euclidean distance.
In this section, we only consider the finite discrete case.

The system of linear equations in (7.34) can be rewritten as

η = B�ξ, ξ ∈ Tm. (7.38)

It is easy to see that if solution to equation (7.38) exists (i.e., the
given η and B are compatible), then the solution is given by

ξ̂ = arg min
ξ∈Tm

||η −B�ξ||2. (7.39)

Note that Tm is a subset of the unit cube [0, 1]m, if we can identify

ξ̃ = arg min
ξ∈[0,1]m

||η −B�ξ||2, (7.40)

and ξ̃ ∈ Tm, then ξ̃ = ξ̂. The S-plus function lseb in §7.3.6 can be
used to calculate ξ̃.

Similar to the discussions in §7.3.2, when rank (B�) = n ≤ m and
there are no constraints, then the solution (7.40) is not unique and
all solutions have the form

ξ̃ LSE
τ = (B�)+η + [Im − (B�)+B�]τ,
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where τ ∈ R
q is an arbitrary vector and C+ = C�(CC�)−1. Clearly,

ξ̃ LSE = (B�)+η

is the unique solution with the shortest �2-norm among all ξ̃ LSE
τ .

When rank (B�) = n ≤ m but there exist constraints, then the
solution (7.40) is also not unique. In general, different initial values
will result in different solutions. We suggest taking

ξ(0)τ = min{max{0, ξ̃ LSE
τ }, 1} (7.41)

to run the lseb p times (say, p = 100 or 500 times) and then
choose the solution with the shortest �2-norm. The following ex-
ample demonstrates the idea.

Example 7.18 (Continuation). Note that rank (B�) = 2, then ξ is
not unique. We apply the lseb to find ξ, which minimizes ||η−B�ξ||2
subject to ξ ∈ [0, 1]3. We used 100 different initial values (indexed
by 1, 2, . . . , 100) of the same form as (7.41), where the first τ = 003

and the other 99 τ ’s are i.i.d. random numbers from [0, 1]3.

0 20 40 60 80 100
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2

0.
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0.
6

0.
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0

(a) xi_1
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4
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8

1.
0

(b) xi_2
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(c) xi_3

0 20 40 60 80 100
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0.
5

0.
6
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7
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8
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9
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0

(d) the length of xi

Figure 7.3 The algorithm lseb is used to find ξ, which minimizes ||η −
C�ξ||2 subject to ξ ∈ [0, 1]3. Given 100 different initial values (indexed by
1, 2, . . . , 100), the algorithm stops with precise ||η − C�ξ||2 ≤ 10−30. Plots
(a), (b), (c) and (d) show the 100 different ξ = (ξ1, ξ2, ξ3)� and its length
||ξ|| against the indexes of the initial values.
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The stopping rule for the algorithm is ||η − B�ξ||2 ≤ 10−30. Figure
7.3 shows the 100 different ξ = (ξ1, ξ2, ξ3)� against the indices of the
initial values. The vector

ξ = (0.32817869, 0.352234, 0.31958763)�

has the shortest length 0.577846, which corresponds to the initial
value ξ(0) = min{max{0, (B�)+η}, 1}. ‖

Problems

7.1 Uniqueness (Arnold et al., 2002, p.238). Consider the follow-
ing conditional distribution matrices

A =
(

1/4 1/2
3/4 1/2

)
and B =

(
1/3 2/3
3/5 2/5

)
,

where X = SX = {x1, x2} and Y = SY = {y1, y2}. Show that

(a) The X-marginal and Y -marginal are given by

X x1 x2

ξi = Pr{X = xi} 3/8 5/8

and
Y y1 y2

ηj = Pr{Y = yj} 1/2 1/2

(b) The unique joint distribution of (X,Y ) is

P =
(

1/8 1/4
3/8 1/4

)
.

7.2 Uniqueness (Arnold et al., 2004, p.142). Consider the follow-
ing conditional distribution matrices

A =

⎛
⎜⎜⎜⎜⎝

3
22 0 0 2

11
1
4

7
22 0 6

31
4
11 0

6
11

9
22

11
31

5
11 0

0 13
22

14
31 0 3

4

⎞
⎟⎟⎟⎟⎠, B =

⎛
⎜⎜⎜⎜⎝

1
4 0 0 1

3
5
12

1
3 0 2

17
8
21 0

2
7

3
14

11
42

5
21 0

0 13
42

1
3 0 5

14

⎞
⎟⎟⎟⎟⎠.

Prove that the unique compatible X-marginal is

ξ̂ = (12/117, 21/117, 42/117, 42/117)�
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and the joint distribution of (X,Y ) is given by
⎛
⎜⎜⎝

0.02564 0 0 0.03418 0.04273
0.05982 0 0.05128 0.06837 0
0.10256 0.07692 0.09401 0.08547 0

0 0.11111 0.11965 0 0.12820

⎞
⎟⎟⎠ .

7.3 Incompatibility (Arnold et al., 2002, p.234). Show that the
following two conditional distribution

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 0 1
10 0 0

0 1
3

3
10

4
7 0

1 1
3

2
10

2
7 1

0 1
3

3
10

1
7 0

0 0 1
10 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

and B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 0 1 0 0

0 1
5

1
5

3
5 0

1
9

2
9

3
9

2
9

1
9

0 2
5

1
5

2
5 0

0 0 1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

are not compatible.

7.4 Multiple solutions (Arnold et al., 2004, p.142). Show that
the following two conditional distribution matrices
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
4

1
3 0 0 0 0

3
4

2
3 0 0 0 0

0 0 5
12

3
7 0 0

0 0 7
12

4
7 0 0

0 0 0 0 9
20

5
11

0 0 0 0 11
20

6
11

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
3

2
3 0 0 0 0

3
7

4
7 0 0 0 0

0 0 5
11

6
11 0 0

0 0 7
15

8
15 0 0

0 0 0 0 9
19

10
19

0 0 0 0 11
23

12
23

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

are compatible with multiple solutions.
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APPENDIX A

Basic Statistical Distributions

and Stochastic Processes

In this appendix, we list some useful distributions including abbrevi-
ation, support, density, mean, variance, covariance, properties, rela-
tionship with other distributions and the random variable generation
method or some existing S-plus functions. An exhaustive review of
statistical distributions is provided by Johnson & Kotz (1969-1972)
and Johnson et al. (1992, 1994, 1995). In addition, we provide a
summary of the Poisson process and the nonhomogeneous Poisson
process (Ross, 1983). All computer codes referred to in the following
are in S-plus/R.

A.1 Discrete Distributions

A.1.1 Finite Discrete: X ∼ FDiscreted({xi}, {pi}), pi ≥ 0, i =
1, . . . , d,

∑d
i=1 pi = 1,

Pr(X = xi) = pi, i = 1, . . . , d.

E(X) =
∑
xipi and Var(X) =

∑
x2
i pi − (

∑
xipi)2. The uniform

discrete distribution is a special case of the finite discrete distri-
bution with pi = 1/d for all i. The S-plus function, sample(x,
N , prob = p, replace = F) produces samples from this distribu-
tion, i.e., a vector of length N randomly chosen from {x1, . . . , xd}
with corresponding probabilities {p1, . . . , pd} without replacement.
For example, sample(0:1, 100, c(0.3, 0.7), T) will produce 100 i.i.d.
Bernoulli(0.3) samples.

A.1.2 Hypergeometric: X ∼ Hgeometric(m,n, k),

Hgeometric(x|m,n, k) =
(
m
x

)(
n

k − x

)/(
m+ n
k

)
,

where x = max(0, k−n), . . . ,min(m,k). E(X) = km/N ′ and Var(X)
= kmn(N ′−k)/[N ′2(N ′−1)], whereN ′ = m+n. The hypergeometric
can be described by an urn model with m red and n black balls.
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Any sequence of k drawings resulting in x red and k − x black balls
has the same probability. It is similar to the binomial distribution
but sampled from a finite population without replacement. The S-
plus function, rhyper(N,m,n, k), can be used to generate N i.i.d.
samples of X.

A.1.3 Poisson: X ∼ Poisson(λ), λ > 0,

Poisson(x|λ) = λxe−λ/x!, x ∈ N.

E(X) = λ and Var(X) = λ. If {Xi}di=1
ind∼ Poisson(λi), then

∑d
i=1Xi ∼ Poisson(

∑d
i=1 λi), and

(X1, . . . ,Xd)|(
∑d

i=1Xi = n) ∼ Multinomiald(n, p),

where p = (λ1, . . . , λd)�/
∑d

i=1 λi. The Poisson and gamma distrib-
ution have the following relationship:

∞∑
x=k

Poisson(x|λ) =
∫ λ

0
Gamma(y|k, 1) dy.

The Poisson generator in S-plus is rpois(N,λ).

A.1.4 Binomial: X ∼ Binomial(n, p), integer n > 0, p ∈ [0, 1],

Binomial(x|n, p) =
(n
x

)
px(1 − p)n−x, x = 0, 1, . . . , n.

E(X) = np and Var(X) = np(1 − p). When n = 1, the binomial is
also called the Bernoulli distribution. If

{Xi}di=1
ind∼ Binomial(ni, p),

then
d∑
i=1

Xi ∼ Binomial

(
d∑
i=1

ni, p

)
.

The binomial and beta distribution have the following relationship:

k∑
x=0

Binomial(x|n, p) =
∫ 1−p

0
Beta(x|n − k, k + 1) dx, 0 ≤ k ≤ n.

The binomial generator in S-plus is rbinom(N , n, p).
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A.1.5 Multinomial: X ∼ Multinomial(n; p1, . . . , pd) or X ∼
Multinomiald(n, p), integer n > 0, p = (p1, . . . , pd)�∈ Td,

Multinomiald(x|n, p) =
(

n
x1, . . . , xd

) d∏
i=1

pxi
i ,

where xi ≥ 0,
∑d

i=1 xi = n. E(Xi) = npi, Var(Xi) = npi(1− pi) and
Cov(Xi,Xj) = −npipj. The binomial distribution is a special case of
the multinomial with d = 2. The conditional sampling method (cf.
§2.2.5) can be used to simulate a multivariate draw of X as follows:

• Draw Xi ∼ Binomial(n−∑i−1
j=1Xj , pi/

∑d
j=i pj), 1 ≤ i ≤ d−1;

• Set Xd = n−∑d−1
j=1 Xj .

The corresponding S-plus code is given by

function(n, p) {
# Function name: rmultinomial(n, p)
# Generate one random vector (x_1, ..., x_d) from
# Multinomial(n; p_1, ..., p_d) with d >= 3
d <- length(p)
N <- n
S <- 1
x <- rep(0, d)
for(i in 1:(d - 1)) {

if(n == 0) { x[i] <- 0 }
else { x[i] <- rbinom(1, n, p[i]/S) }
n <- n - x[i]
S <- S - p[i] }

x[d] <- N - sum(x)
return(x) }

A.2 Continuous Distributions

A.2.1 Uniform: X ∼ U(a, b), a < b,

U(x|a, b) = 1/(b − a), x ∈ (a, b).

E(X) = (a + b)/2 and Var(X) = (b − a)2/12. A noninformative
distribution is obtained by letting a → −∞ and b → ∞. If Y ∼
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U(0, 1), then X = a + (b − a)Y ∼ U(a, b). The random number
generator in S-plus is runif(N, a, b).

A.2.2 Beta: X ∼ Beta(a, b), a, b > 0,

Beta(x|a, b) = xa−1(1 − x)b−1/B(a, b), x ∈ (0, 1),

where B(a, b) = Γ(a)Γ(b)/Γ(a + b) denotes the beta function.

E(X) = a/(a+ b),
E(X2) = a(a+ 1)/[(a + b)(a+ b+ 1)], and
Var(X) = ab/[(a+ b)2(a+ b+ 1)].

When a = b = 1, Beta(1, 1) = U(0, 1). The k-th order statistics from
a sample of N i.i.d. U(0, 1) follows Beta(k,N − k + 1). The beta
and gamma distribution have the following relationship:

X
d=

Y

Y + Z
,

where Y ∼ Gamma(a, 1), Z ∼ Gamma(b, 1), and Y and Z are
independent. The beta distribution is the conjugate prior for the
binomial likelihood. A noninformative distribution is obtained as
a, b→ 0. The beta generator is rbeta(N, a, b).

A.2.3 Dirichlet: X ∼ Dirichlet(a1, . . . , ad) or X ∼ Dirichletd(a),
a = (a1, . . . , ad)�, ai > 0, i = 1, . . . , d,

Dirichletd(x|a) =
1

Bd(a)

d∏
i=1

xai−1
i , x = (x1, . . . , xd)�∈ Td,

where Bd(a) = B(a1, . . . , ad) =
∏d
i=1 Γ(ai)/Γ(

∑d
i=1 ai) denotes the

multivariate beta function. Let a· =
∑d

i=1 ai, then

E(Xi) = ai/a·,
Var(Xi) = ai(a· − ai)/[a2

· (a· + 1)], and
Cov(Xi,Xj) = −aiaj/[a2

· (a· + 1)], i �= j.

When d = 2, we have Dirichlet(a1, a2) = Beta(a1, a2). The Dirichlet
and gamma distribution have the following relationship:

Xi
d=

Yi∑d
j=1 Yj

, where {Yi}di=1
ind∼ Gamma(ai, 1).
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The Dirichlet is the conjugate prior for the multinomial likelihood.
A noninformative distribution is obtained as ai → 0 for all i. Let

{Wi}d−1
i=1

ind∼ Beta(a1 + · · · + ai, ai+1),

then, the following SR (Fang et al., 1990, p.146)

• Xi
d= (1 −Wi−1)

∏d−1
j=i Wj, i = 1, . . . , d− 1, W0 ≡ 0;

• Xd
d= 1 −Wd−1

can be used to simulate a multivariate draw of X = (X1, . . . ,Xd)�∼
Dirichlet(a1, . . . , ad). The corresponding S-plus code is given by

function(a) {
# Function name: rDirichlet(a)
# Generate one random vector (x_1, ..., x_d) from
# Dirichlet(a_1, ..., a_d) with d >= 3
d <- length(a)
w <- rep(0, d - 1)
for(i in 1:(d - 1)) {

w[i] <- rbeta(1, sum(a[1:i]), a[i + 1]) }
x <- rep(0, d)
x[1] <- prod(w)
for(i in 2:(d - 1)) {

x[i] <- (1 - w[i - 1]) * prod(w[i:(d - 1)]) }
x[d] <- 1 - sum(x[1:(d - 1)])
return(x) }

A.2.4 Logistic: X ∼ Logistic(μ, σ2), −∞ < μ <∞, σ2 > 0,

Logistic(x|μ, σ2) =
exp(−x−μ

σ )
σ[1 + exp(−x−μ

σ )]2
, x ∈ R.

E(X) = μ and Var(X) = π2σ2/3. The logistic is another symmetric
and unimodal distribution, more similar to the normal in appearance
than the Laplace, but with even heavier tails. Both the cdf and its
inverse function have closed-form expressions:

F (x|μ, σ2) =
[
1 + e−

x−μ
σ

]−1
, x ∈ R,

F−1(x|μ, σ2) = μ+ σ log
x

1 − x
, x ∈ (0, 1).
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The logistic generator in S-plus is rlogis(N,μ, σ).

A.2.5 Laplace or (Double Exponential): X ∼ Laplace(μ, σ2),
−∞ < μ <∞, σ2 > 0,

Laplace(x|μ, σ2) =
1
2σ

exp(−|x− μ|/σ), x ∈ R.

E(X) = μ and Var(X) = 2σ2. Like the Gaussian distribution, the
Laplace is symmetric and unimodal, but has heavier tail. |X − μ| ∼
Exponential(1/σ). Let {Yi}4

i=1
iid∼ N(0, 1), then Y1Y4 − Y2Y3 ∼

Laplace(0, 22) (Nyquist et al., 1954). The inversion method (cf.
§2.2.1) can be used to draw N i.i.d. samples from the standard
Laplace(0, 1) distribution. The S-plus code is given by

function(N){
# Function name: rLaplace(N)
# Generate N i.i.d. samples from the
# standard Laplace(0, 1) distribution
u <- runif(N)
x <- rep(0, N)
for(i in 1:N) {

if(u[i] < 0.5) { x[i] <- log(2 * u[i]) }
else { x[i] <- - log(2 * (1 - u[i])) } }

return(x) }

A.2.6 Exponential: X ∼ Exponential(β), rate β > 0,

Exponential(x|β) = βe−βx, x ∈ R+.

E(X) = 1/β and Var(X) = 1/β2. If {Xi}ni=1
iid∼ Exponential(β),

then
∑n

i=1Xi ∼ Gamma(n, β). The exponential distribution gener-
ator in S-plus is rexp(N , β).

A.2.7 Gamma: X ∼ Gamma(α, β), shape α > 0, rate β > 0,

Gamma(x|α, β) =
βα

Γ(α)
xα−1e−βx, x ∈ R+,

where Γ(α) =
∫∞
0 yα−1e−y dy denotes the gamma function. We have

Γ(α + 1) = αΓ(α), Γ(1) = 1 and Γ(1/2) =
√
π. E(X) = α/β and

Var(X) = α/β2. The case of α = 1 is the exponential distribution
Exponential(β). The case of α = ν/2 and β = 1/2 is the chi-square
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distribution Gamma(ν/2, 1/2) = χ2(ν). If X ∼ Gamma(α, β) and
c > 0, then

Y = cX ∼ Gamma(α, β/c).

If {Xi}ni=1
ind∼ Gamma(αi, β), then

∑n
i=1Xi ∼ Gamma(

∑n
i=1 αi, β).

The gamma is the conjugate prior for the Poisson mean and for
the inverse of the normal variance. A noninformative distribution is
obtained as α, β → 0. The gamma generator in S-plus is rgamma(N ,
α, β).

A.2.8 Inverse Gamma: X ∼ IGamma(α, β), shape α > 0, scale
β > 0,

IGamma(x|α, β) =
βα

Γ(α)
x−(α+1)e−β/x, x ∈ R+.

E(X) = β/(α−1) (if α > 1) and Var(X) = β2/[(α−1)2(α−2)] (if α >
2). Obviously, we have IGamma(x|α, β) = Gamma(x−1|α, β)/x2. In
addition, if X−1 ∼ Gamma(α, β), then X ∼ IGamma(α, β). The
inverse gamma is the conjugate prior for the normal variance σ2. A
noninformative distribution is obtained as α, β → 0.

A.2.9 Chi-square: X ∼ χ2(ν) ≡ Gamma(ν2 ,
1
2), degree of freedom

ν > 0,

χ2(x|ν) =
2−ν/2

Γ(ν/2)
xν/2−1e−x/2, x ∈ R+.

E(X) = ν and Var(X) = 2ν. If Y ∼ N(0, 1), then X = Y 2 ∼ χ2(1).
If {Xi}ni=1

ind∼ χ2(νi), then
∑n

i=1Xi ∼ χ2(
∑n

i=1 νi). The chi-square
generator is rchisq(N , ν).

A.2.10 F or (Fisher’s F): X ∼ F (ν1, ν2), ν1, ν2 positive integers,

F (x|ν1, ν2) =
(ν1/ν2)ν1/2

B(ν12 ,
ν2
2 )

x
ν1
2
−1

(
1 +

ν1x

ν2

)− ν1+ν2
2

, x ∈ R+.

E(X) = ν2
ν2−2 (if ν2 > 2), Var(X) = 2ν2

2 (ν1+ν2−2)
ν1(ν2−4)(ν2−2)2 (if ν2 > 4).

An alternative definition of F (ν1, ν2) is X d= [χ2(ν1)/ν1]/[χ2(ν2)/ν2].
The F generator is rf(N , ν1, ν2).

A.2.11 Inverse chi-square: X ∼ Iχ2(ν) ≡ IGamma(ν2 ,
1
2), ν > 0,

Iχ2(x|ν) =
2−ν/2

Γ(ν/2)
x−(ν/2+1)e−1/(2x), x ∈ R+.
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E(X) = 1
ν−2 (if ν > 2) and Var(X) = 2

(ν−2)2(ν−4) (if ν > 4).

A.2.12 Normal or (Gaussian): X ∼ N(μ, σ2), −∞ < μ < ∞,
σ2 > 0,

N(x|μ, σ2) =
1√
2πσ

exp
[
− (x− μ)2

2σ2

]
, x ∈ R.

E(X) = μ and Var(X) = σ2. If {Xi} ind∼ N(μi, σ2
i ), then

∑
aiXi ∼

N(
∑
aiμi,

∑
a2
iσ

2
i ). If X1|X2 ∼ N(X2, σ

2
1) and X2 ∼ N(μ2, σ

2
2),

then X1 ∼ N(μ2, σ
2
1 + σ2

2). A noninformative or flat distribution is
obtained as σ2 → ∞. The normal generator is rnorm(N , μ, σ).

A.2.13 Inverse Gaussian (or Wald): X ∼ IGaussian(μ, λ), μ >
0, λ > 0,

IGaussian(x|μ, λ) =

√
λ

2πx3
exp
[
− λ(x− μ)2

2μ2x

]
, x ∈ R+.

E(X) = μ and Var(X) = μ3/λ. If X ∼ IGaussian(μ, λ) and c > 0,
then cX ∼ IGaussian(cμ, cλ). If {Xi}ni=1

ind∼ IGaussian(μi, cμ2
i ), then

Σn
i=1Xi ∼ IGaussian(Σn

i=1μi, c(Σ
n
i=1μi)

2). Let X ∼ IGaussian(μ, λ),
then λ(X − μ)2/(μ2X) ∼ χ2(1). This result first obtained by Shus-
ter (1968) can be used to simulate N i.i.d. draws from the inverse
Gaussian distribution. The corresponding S-plus code is given by

function(N, mu, lambda){
# Function name: rigaussian(N, mu, lambda)
# Generate N i.i.d. samples of x from
# IGaussianDE(mu, lambda) with density
# c exp[-lambda(x-mu)^2/(2 mu^2 x)], mu, lambda > 0
# where c = [lambda/(2 \pi x^3)]^{1/2}
y <- (rnorm(N, 0, 1))^2
a <- (mu^2/(2 * lambda)) * y
b <- 4 * mu * lambda * y + mu^2 * y^2
x1 <- mu + a - (mu/(2 * lambda)) * sqrt(b)
u <- runif(N)
x <- rep(0, N)
for(i in 1:N) {

if(u[i] < mu/(mu + x1[i])) { x[i] <- x1[i] }
else { x[i] <- mu^2/x1[i] } }

return(x) }
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A.2.14 Lognormal: X ∼ LN(μ, σ2), −∞ < μ <∞, σ2 > 0,

LN(x|μ, σ2) =
1√

2πσx
exp
[
− (log x− μ)2

2σ2

]
, x ∈ R+.

E(X) = exp(μ + 0.5σ2) and Var(X) = [E(X)]2[exp(σ2) − 1]. If
log(X) ∼ N(μ, σ2), then X ∼ LN(μ, σ2). The lognormal generator
is rlnorm(N , μ, σ).

A.2.15 Multivariate Normal or (Gaussian): X ∼ Nd(μ,Σ) or
N(μ,Σ), μ ∈ R

d, Σd×d > 0,

Nd(x|μ,Σ) =
1

(
√

2π )d|Σ| 12
exp
{
− 1

2
(x− μ)�Σ−1(x− μ)

}
,

where x ∈ R
d. E(X) = μ and Var(X) = Σ. Assume that

X|Y ∼ Nd(AY, Σx|y) and Y ∼ Nq(μy, Σy), (A.1)

then the joint pdf of (X,Y ) is also multinormal because E(X|Y ) =
AY is a linear function of Y . Using the following identities:

E(X) = E(E(X|Y )), Var(X) = E(Var(X|Y )) + Var(E(X|Y )),

we have E(X) = Aμy, Var(X) = Σx|y +AΣyA
�, and

Cov(X,Y ) = E(XY�) − E(X)E(Y�)
= E(E(XY�|Y )) −AμyE(Y�)

= A[E(Y Y�) − E(Y )E(Y�)]
= AΣy,

which results in
(
X
Y

)
∼ Nd+q

((
Aμy
μy

)
,

(
Σx|y +AΣyA

� AΣy

ΣyA
� Σy

))
. (A.2)

The multinormal generator is rmvnorm(N , mean = μ, cov = Σ).

A.2.16 Wishart: X ∼ Wishartd(A, ν), scale matrix Ad×d > 0,
degree of freedom ν > 0,

Wishartd(X|A, ν) =
|X| ν−d−1

2 e−0.5 tr (A−1X)

2
νd
2 π

d(d−1)
4
∏d
i=1 Γ(ν+1−i

2 ) · |A| ν
2

,
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where Xd×d > 0. E(X) = νA. When d = 1 and A = 1, the Wishart
reduces to the chi-square distribution: Wishart1(1, ν) = χ2(ν). The
Wishart is the conjugate prior for the inverse covariance matrix Σ−1

of a multinormal distribution. A noninformative distribution is pro-
portional to |X|−(d+1)/2 obtained as ν → 0 and |A−1| → 0. When ν
is an integer and ν ≥ d, the multinormal generator can be used to
simulate a draw from the Wishart based on the following idea:

• Draw Y1, . . . , Yν
iid∼ Nd(00, A);

• Set X =
∑ν

i=1 YiY
�
i , then X ∼ Wishartd(A, ν).

The corresponding S-plus code is given by

function(d, A, v){
# Function name: rwishart(d, A, v)
# Generate one random matrix X from the
# Wishart distribution Wishart_d(A, v)
# Input: dimension d>=2, degree of freedom v>=d,
# positive define matrix A of d by d
# Output: positive define random matrix X of d by d
D <- diag(eigen(A)$values)
G <- eigen(A)$vectors # A= G D G’
Asqrt <- G %*% sqrt(D) %*% t(G)

# Asqrt= G D^{1/2} G’
Z <- matrix(rnorm(d * v), ncol = v)
X <- Asqrt %*% Z %*% t(Z) %*% t(Asqrt)

# X = A^{1/2} ZZ’ A^{1/2}
return(X) }

Non-integral ν requires the general algorithm originally proposed by
Odell & Feiveson (1966).

A.2.17 Inverse Wishart: X ∼ IWishartd(A−1, ν), scale matrix
Ad×d > 0, degree of freedom ν > 0,

IWishartd(X|A−1, ν) =
|X|− ν+d+1

2 e−0.5 tr (AX−1)

2
νd
2 π

d(d−1)
4
∏d
i=1 Γ(ν+1−i

2 ) · |A−1| ν
2

,

where Xd×d > 0. E(X) = (ν−d−1)−1A. When d = 1 and A−1 = 1,
the inverse Wishart reduces to the inverse chi-square distribution:
IWishart1(1, ν) = Iχ2(ν). If X−1 ∼ Wishartd(A−1, ν), then X ∼
IWishartd(A−1, ν). This can be verified by using the following fact:

If Xd×d = X�, then J(X−1 → X) = |X|−(d+1),
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where J(Y → X) =̂ |∂Y/∂X| denote the Jacobian determinant. The
inverse Wishart is the conjugate prior for the covariance matrix Σ
in a multinormal distribution. A noninformative distribution is pro-
portional to |X|−(d+1)/2 obtained as ν → 0 and |A| → 0.

A.3 Mixture Distributions

A.3.1 Gamma Poisson: X ∼ GPoisson(α, β), shape α > 0, rate
β > 0,

GPoisson(x|α, β) =
(x+ α− 1

x

)( β

β + 1

)α( 1
β + 1

)x
,

where x = 0, 1, 2, . . .. E(X) = α/β and Var(X) = α(β + 1)/β2. The
gamma Poisson is a robust alternative to the Poisson distribution.
If

λ ∼ Gamma(α, β) and X|λ ∼ Poisson(λ),

then X ∼ GPoisson(α, β). This mixture gives an algorithm for sim-
ulating from the gamma Poisson distribution.

A.3.2 Negative Binomial: X ∼ NBinomial(r, p), integer r > 0,
0 < p < 1,

NBinomial(x|r, p) =
(x+ r − 1

x

)
pr(1 − p)x, x = 0, 1, 2, . . . .

E(X) = r(1−p)/p and Var(X) = r(1−p)/p2. The negative binomial
is a special case of the gamma Poisson with α = r being positive
integer and β = p/(1−p). The X is the number of Bernoulli failures
before r successes are achieved, where the probability of success is
p. The geometric distribution is the special case of the negative
binomial with r = 1. The built-in negative binomial generator is
rnbinom(N, r, p).

A.3.3 Beta Binomial: X ∼ BBinomial(n, a, b), integer n > 0,
a, b > 0,

BBinomial(x|n, a, b) =
(n
x

)B(x+ a, n− x+ b)
B(a, b)

, x = 0, 1, . . . , n.

E(X) = na/(a + b) and Var(X) = nab(a + b + n)/[(a + b)2(a +
b + 1)]. The beta binomial is a robust alternative to the binomial
distribution. If

p ∼ Beta(a, b) and X|p ∼ Binomial(n, p),
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then X ∼ BBinomial(n, a, b). This result yields a sampling method
to generate the beta binomial distribution.

A.3.4 Dirichlet Multinomial: X ∼ DMultinomiald(n, a), n pos-
itive integer, a = (a1, . . . , ad)�, ai > 0 for all i,

DMultinomiald(x|n, a) =
(

n
x1, . . . , xd

)
Bd(x+ a)
Bd(a)

,

where x = (x1, . . . , xd)�, xi ≥ 0,
∑d

i=1 xi = n.

E(Xi) = nai/a·, a· =̂
∑d

i=1 ai,

Var(Xi) = n(a· + n)ai(a· − ai)/[a2
· (a· + 1)],

Cov(Xi,Xj) = −n(a· + n)aiaj/[a2
· (a· + 1)], i �= j.

When d = 2, the Dirichlet multinomial reduces to the beta binomial.
The Dirichlet multinomial is a robust alternative to the multinomial
distribution. If

p ∼ Dirichletd(a) and X|p ∼ Multinomiald(n, p),

then X ∼ DMultinomiald(n, a), which can be used to generate the
distribution.

A.3.5 t or (Student’s t): X ∼ t(μ, σ2, ν), −∞ < μ < ∞, σ2 > 0,
ν > 0,

t(x|μ, σ2, ν) =
Γ(ν+1

2 )
Γ(ν2 )

√
νπσ

[
1 +

(x− μ)2

νσ2

]− ν+1
2

, x ∈ R.

E(X) = μ (if ν > 1) and Var(X) = ν
ν−2σ

2 (if ν > 2). The case
of ν = 1 is called the Cauchy distribution. The t is a common
heavy-tail alternative to the normal distribution in a robust analysis.
If

τ ∼ Gamma(ν/2, ν/2) and X|τ ∼ N(μ, τ−1σ2),

then X ∼ t(μ, σ2, ν). This mixture gives an algorithm to generate
the t-distribution. In addition, let Z ∼ N(0, 1), we have the following
SR:

X − μ√
τ−1σ2

∣∣∣∣τ d= Z, or X
d= μ+

σZ√
ντ/ν

d= μ+
N(0, σ2)√
χ2(ν)/ν

.
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This SR results in an alternative method to generate the t-variate.
When μ = 0 and σ2 = 1, it is called the standard t-distribution,
denoted by t(ν). The t(ν) generator is rt(N , ν).

A.3.6 Multivariate t: X ∼ td(μ,Σ, ν), location parameter μ ∈
R
d, dispersion matrix Σd×d > 0, degree of freedom ν > 0,

td(x|μ,Σ, ν) =
Γ(ν+d2 )

Γ(ν2 )(
√
νπ )d|Σ| 12

[
1 +

(x− μ)�Σ−1(x− μ)
ν

]− ν+d
2

,

where x ∈ R
d. E(X) = μ (if ν > 1) and Var(X) = ν

ν−2Σ (if
ν > 2). The multivariate t provides a heavy-tail alternative to the
multinormal while accounting for correlation among the components
of X. If

τ ∼ Gamma(ν/2, ν/2) and X|τ ∼ Nd(μ, τ−1Σ),

then X ∼ td(μ,Σ, ν). This mixture gives a sampling method to
generate the multivariate t distribution. Equivalently, we have the
following SR:

X
d= μ+

Nd(00,Σ)√
χ2(ν)/ν

,

which itself can be served as the definition of the multivariate t-
variate.

A.4 Stochastic Processes

A.4.1 Homogeneous Poisson: {Xi, i ≥ 1} ∼ HPP(λ), where
λ > 0 denotes the rate. A counting process {N(t), t ≥ 0} with
successive event times 0 < X1 < X2 < · · · is said to be a Poisson
process with rate λ, if

(a) N(0) = 0;

(b) The process has stationary and independent increments;

(c) Pr{N(h) ≥ 2} = o(h);

(d) Pr{N(h) = 1} = λh+ o(h).

Property: Let {Xi, i ≥ 1} ∼ HPP(λ), then

1. For all s, t ≥ 0, N(t+ s) −N(s) = N(t) ∼ Poisson(λt);
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2. {Xi −Xi−1} iid∼ Exponential(λ), X0 ≡ 0;

3. The joint pdf of X1, . . . ,Xn is λne−λxn ;

4. Given that N(t) = n, Xi (i = 1, . . . , n) has the same distribu-
tion as the i-th order statistic of n i.i.d. samples from U(0, t).

The second property can be used to generate all the event times
occurring in (0, t] of a Poisson process with rate λ.

A.4.2 Nonhomogeneous Poisson: {Xi, i ≥ 1} ∼ NHPP(λ(t), t
≥ 0) or {Xi, i ≥ 1} ∼ NHPP(m(t), t ≥ 0), where λ(t) and m(t)
=̂
∫ t
0 λ(s)ds denote the intensity function and the mean function,

respectively. A counting process {N(t), t ≥ 0} is said to be a nonho-
mogeneous Poisson process with intensity λ(t), if

(a) N(0) = 0;

(b) The process has independent increments;

(c) Pr{N(t+ h) −N(t) ≥ 2} = o(h);

(d) Pr{N(t+ h) −N(t) = 1} = λ(t)h+ o(h).

Property: Let {Xi, i ≥ 1} ∼ NHPP(m(t), t ≥ 0), then

1. N(t+ s) −N(s) ∼ Poisson(m(t+ s) −m(t));

2. The joint pdf of X1, . . . ,Xn is [
∏n
i=1 λ(xi)]e−m(T ), where T =

xn if it is failure truncated and T = t if it is time truncated;

3. Conditional on Xn = xn, X1 < · · · < Xn−1 are distributed as
n− 1 order statistics from the following cdf

G(x) = 0 · I(x≤0) +
m(x)
m(xn)

· I(0<x≤xn) + 1 · I(x>xn).

4. Conditional on N(t) = n, X1 < · · · < Xn are distributed as n
order statistics from the following cdf

G(x) = 0 · I(x≤0) +
m(x)
m(t)

· I(0<x≤t) + 1 · I(x>t).
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