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Preface

This book is intended for use by practicing engineers in industry, but
formatted with examples and problems for use in a one-semester graduate
course.

Chapter 1 provides the data reduction techniques for fitting
experimental failure data to a statistical distribution. For the purposes
of this book only normal (Gaussian) and Weibull distributions are consid-
ered, but the techniques can be expanded to include other distributions,
including non-parametric distributions.

The main part of the book is Chapter 2, which applies probability and
computer analysis to fatigue, design, and variations of both. The essence of
this chapter is the ideas presented in Metal Fatigue (1959) edited by George
Sines and J. L. Waisman and considers the problem of having to deal with a
limited amount of engineering data. The discussions of fatigue by Robert C.
Juvinall in Stress, Strain, Strength (1967) and by J. H. Faupel and F. E.
Fisher in Engineering Design (1981), as well as the books by Edward
Haugen (1968) on the variation of parameters in fatigue, are successfully
combined into a single treatment of fatigue. This book is an extension
of Haugen’s book Probabilistic Mechanical Design (1980) with
applications.

The concepts of optimization are developed in Chapter 3. The tech-
nique of geometric programming is presented and solutions to sample prob-
lems are compared with computer-generated non-linear programming
solutions. Reliability, the topic Chapter 4, is developed for mechanical sys-
tems and some failure rate data is presented as it can be hard to find.

The book is influenced by the consulting work I performed at Hughes
Aircraft Co. from 1977 to 1993. Some of the examples are drawn from this
effort.

Joy Fisher, worked in computer programming in the 1980s and 1990s
keeping track of the changing state of the art in computing and writing
for sections in this book dealing with programming.

iii
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iv Preface

This book was roughed out on a sabbatical leave in 1994 from class
notes and in a summer institute taught by Edward Haugen in the early
1970s. Credit also goes to many students from industry who labored to
understand and use the information.

The editorial and secretarial assistance of Ms. Cathy Herrera is grate-
fully acknowledged.

Franklin E. Fisher
Joy R. Fisher
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1

Data Reduction

Data for load carrying material properties can be modelled using any prob-
ability distribution function. Statistical goodness-of-fit tests should be
applied to determine if the data set could be randomly drawn from that
distribution, Modelling has progressed beyond a simple two parameter (i,%)
Gaussian distribution. This book treats the three parameter (0, §, y) Weibull
distribution, as well as the traditional Gaussian distribution.

Many authors relegate the subject of data reduction to an appendix at
the back of the book. In the opinion of the authors, the topic deserves much
more attention.

. REDUCTION OF RAW TABULATED TEST DATA OR
PUBLISHED BAR CHARTS

A computer program such as SAS (Statistical Analysis System) statistical
software or other compatible software is used to fit test data to a Gaussian
curve.

1 1 /x— m\2
f(X):mexp[—z( P )] (1.1)

where —00 < x < + co with

u-is the mean for an infinite sample size
Z-is the standard deviation for an infinite sample size.
The program also fits data to a Weibull curve,

T _ 18
o) = g7 exp[—[" ”] (1.2)

o é

where y<x < 400 and g (x) = 0 when x <y and
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2 Chapter 1

d-is a scale parameter for infinite sample size
p—is a shape parameter for infinite sample size
y-is a threshold parameter

The computer solves for the Weibull parameters as well as the
Gaussian mean and standard deviation for a set of individual values from
mechanical testing or published bar charts with more than one or two
samples at a given value for the mid point of the bar (cell width).

Some computer software solves for only two Weibull parameters J and
p while 7y is set to zero. The failure curves f{x) and g(x) are used to generate
the reliability

F(x)=1- /x f(x)dx (1.3)
Gx)=1- /xg(x)dx (1.4)
¥

The Weibull G(x), g(x) and Gaussian F(x) f(x) are unity curves with values
from zero to one. The Weibull and Gaussian curves are used throughout
this book except in chapter four where the constant failure-rate for
reliability is introduced to explain the wear and tear on machinery. The
computer calculations for Eqs. (1.1) and (1.2) allows the individual data
to be sorted or listed as a bar chart. Sturges Rule [1.12,1.16] presents an
acceptable means of plotting data on linear coordinates, where, the data
is grouped in cells of width w, over the range R, of the data.

1. Number of cells (K) =1+ 3.3 log;p N where N is the number of indi-
vidual data points. Grouped data from bar charts are already
partitioned as presented in the data source, so the steps outlined
for using Sturges Rule will not apply: however, the number of cells
can be checked.

2. Range (R)=maximum value minus the minimum value.

3. Cell width (W)=R/K.

The number of cells can be rounded off, say —7.2 is 7 cellsand —7.8is 8
cells. Then using a sorted list of values partition the data into the number of
cells and plot N; for each cell versus the value of the data in the center of a
cell width.

The test sample Gaussian curve values are calculated for the middle of
each cell width x; so from Eq. (1.1).

1 1 Xi— U 2
fi(x:) =%e><p[—§(7) ] (1.5)

If there are 8 cells the total is scaled up to reflect the total number of test
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Data Reduction 3

data.
N=y lij:fi(xi) (1.6)
) =
r= Z;:Exi) (1.7)

Equation (1.7) is a scaling factor which at each midpoint expands the
Gaussian unity curve-value fi(x;) to reflect the actual data so that

ZN;=N (1.8)

where N is the total number of test samples and is a check on the calcu-
lations.

The Weibull equation is also expanded and plotted on the same bar
chart with the Gaussian curve.

Equation (1.2) for the midpoints of the cells 7 is expressed as

p—1 i
Xi — A 1Xi—

gty = 2. exp[[ . } 19)
Then

N=Y X g(x) (1.10)
Solving for Y by summing on i

N
= 1.11
Z gi(x) (1D

which expands each midpoint of the Weibull plot so that

N=ZN; (1.12)

Again a check on calculations is made.
The data may be further checked by plotting the sum of the failures

X X 1
on g(x)dx:xj; f(x)dx:—]\—]ZN,- (1.13)

Verus a log scale on the right hand side. This is done by adding from i=1 to
the desired cell, dividing by N and plotting this value at the end of cell i. This
is a probability of failure and when it is 0.5 it gives a good check on the
Gaussian mean and the peak of the Weibull curve. The value 0.5 is also
called a 50th percentile for the data and shows how the data is skewed.
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. WEIBULL EQUATION VARIATIONS

Equation (1.2) may also be stated for infinite sample size

— y18-1 — B
=815 e[ (5]
Comparing Egs. (1.2) and (1.14)
eF =5 (1.15)

Published Weibull parameters have § which is the same for Egs. (1.2)
and (1.14) but, will have either @ or 6; and may have a value for y or
analyzed as if it is zero. Also Eq. (1.4) will be

) .
G(x) = 1 —exp[—(x(S Y } =1 —exp[—<(x@y)) } (1.16)

The distribution is called:

(a) Two parameter Weibull when § and @ or ¢ given and y equal zero
and computer calculated.

(b) Three parameter Weibull the same f and ® or ¢ and y is the lowest
data value or selected by the computer.

lll. PLOTTING RAW TABULATED TEST DATA OR USING
PUBLISHED BAR CHARTS

A. Weibull

The value of y can be determined from the finite sample data and is smaller
than the minimum value.

The finite sample plotting is performed on Weibull paper which is a In
In versus In graph paper as discussed in Appendix A. The data is divided
into cells using Sturges Rule (Section 1.1).

Percent failures

pf=%x 100 (1.17)

are plotted at the end of each cell and a best fit straight line is drawn through
the data and f§ estimated. The Weibull form for the line is

) _
pr=1 —exPI:_(ié—y) } =1 —exp[—(fg—y)ﬂ] (1.18)
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note that

x-n=5"r=0 (1.19)
when

pr=1—exp[—1] =0.632 (1.20)

then drawing a line at p; = 0.632 intersecting the best fit straight line the
horizontal axis is (x~y). Since y and f are known the values for § and
© can be calculated. The operations are developed more thoroughly in
[1.1-1.3]. Abernathy [1.1,1.2] especially has published two books with many
plotted engineering examples.

Now an indication of what kind of distributions the fis may indicate
[1.16].

=1 Exponential distribution with constant rate failure.
=2 Rayleigh distribution.

=3 Log-normal distribution with normal wear out.
a5 or more normal distribution or Gaussian.

B. Gaussian

The data is divided into cells using Sturges Rule and plotted on normal
probability paper and is plotted as a percent p,. The peak at 50% should
be the mean. The values of 6.3 and 93.3 are plus and minus three standard
deviations about the mean. These values may be calculated from the plotted
data.

The same f{x) and g(x) curves described in Section 1.1 can be
calculated. If only estimates are required the plotted data may suffice
but often more information is requested.

IV. CONFIDENCE LEVELS

The values of &, 8, y and Z and p are calculated or derived from plots for a
given sample size N. The test sample size, N < 30, is normally called a small
sample.
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A. Gaussian Distribution

1. Students t Distribution

A sample mean x is calculated from test samples with standard deviation
of s. It is desired to find the infinite sample mean u to a confidence of
95% (higher levels may also be used).

- s -
X — 1097577 I S B =X+ 10975 (1.21)

N
N N-1
Note that 2.5% is in each tail to make 95% therefore for each side tgg75 is
used. The degrees of freedom (d.f) is N—1 and the values of t for 2.5%
can be read in Table E.2.

2. Chi-Square Distribution
2
2o Ni (1.22)
g

where N—1 is the degrees of freedom d.f. calculated from the test sample of
N. ¢? is the infinite sample size standard deviation. Here again 95% con-
fidence xgg975 and xgp 025 are used so that

sVN ___s/N

<0

<0< (1.23)
X0.025 X0.975

values for x2 4,5 and x 5 are read from Table E.3. Here o is used for Z in Eq.

(1.1)

3. One Sided Tolerance Limit
g=x—Ks (1.24)

X, s are from limited sample. Fig. E.1 allows selection of K when the
sample size and percent confidence is known. For example, choosing ¢
so that 90% of the experimental values are greater than ¢ with a 95% con-
fidence limit.

4, Estimate of the Mean

The estimate of the mean, y, and standard deviation ¢ or Z are discussed by
Dixon and Massey [1.8], where small sample size values are arranged in
ascending order x|, x2, ..., X, and number n < 20. The estimate for the
wand o or Z are listed in Tables E.4-E.6. The values do not have a percent
confidence attached but are for the infinite sample size.

The following example shows the good and bad features of a small
sample size and is presented to show the variation in some calculations.
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EXAMPLE 1.1. In order to illustrate the concepts for estimating u
and o or z for small samples, N < 30, select two test stress values 40,000 psi
and 45,000 psi. These are from Eq. E.1 in the range of ultimates for 6061-T6
aluminum, therefore, the final answers can be compared to MILHDBK SF
[1.18] for 0.010-0.249 sheet

A Basis — g,; = 42 Ksi g, = 36 Ksi (1.25)
B Basis — 0, = 43 Ksi g, = 38 Ksi (1.26)

The mean x and standard deviation, s, for test samples of two will be cal-
culated

w-range = 45,000 — 40,000 = 5000 psi (1.27)
Iy 1 .
F-means = Tx = 5 (45,000 +40,000) = 42,500 psi (1.28)
172
N DV o
s=STD Deviation _[—NT:I =

2-1
= 3,536 psi (this for N = 1 will not work out)

3 _ 3)2 3 3y
[(45 x 10° —42.5 x 10°)° 4 (40 x 10° ~ 42.5 x 10°) } (1.29)

Another estimate, range = 6s, and s is 833 psi. This value will be used and
checked against the final ¢ or Z from [1.8]. Now to find u from Eq. (1.21)
for 95% confidence

X — 1975 <u<Xx+to9rs (1.30)

) S
N-1 N -1
df.=2-1=1
t0.975 = o025 = 12.706 (Table E2)
42,500 — 12.706§? < p < 42,500+ 12.706%
- 31,916psi < u < 53,084psi

range infinite sample size for 95% confidence from a sample size of two. Next
estimate ¢ or Z from the data using Eq. (1.23) for 95% confidence

WN VN (1.31)
X0.025 X0.975
from Table E3. for df.=N-1=2-1=1
X0.025° = 0.0009 xo0.025 = 0.0313
x0975° = 5.02 X0.975 = 2.2405
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IN¢

0O 10 20 30 40 50 60 70 80
Stress, ksi

Figure 1.1 Mean, p and standard deviation ¢ or Z for 95% confidence and infinite
sample size.

substituting
8332 83342
<g<
2.2405 =" = 0.0313
525.8 psi < ¢ < 37,631 psi

Now sketch the values in (Fig. 1.1). As it will be seen, some features will
present contradictions
Note from Fig. 1.1

u — 3s = negative values for most of the final results.

If a design allowable is picked for N =2 the approach in Eq. (1.24) and Fig.
1.1 for 95% confidence

o =x—Ks (1.32)

A-basis 99% of values greater than a4 with K =37.094 (Table E.1)
B-basis 90% of values greater than ag with K =20.581 (Table E.1)
oy =42,500-37.094 (833)=11,600 psi for x values
og =42,500—-20.581 (833) =25,356 psi for x values

This is better but still not great. An approach [1.8] will be attempted using
Table E.6. Average of best two

= 1/2(x; + x2) = 1/2(40,000 + 45,000) = 42.500 (1.33)

Copyright © Marcel Dekker, Inc. All rights reserved.

MARCEL DEKKER, INC. ﬂ
270 Madison Avenue, New York, New York 10016 0



Data Reduction 9

from Table E.4
N=2
0.5716% = 0.886 w
Range w = 45,000 — 40,000 = 5,000 psi

3 \/0.886(5,000)
- 0.571
o = 88.081 psi

The calculation Table E.5

B \/0.8862(5,000)
B 0.571
o = 88.091 psi

(1.34)

If 4 and B values for two samples are calculated with K4 =37.094, from
Table E.1 and Kz=20.581.
aoy=u—Kyo
a4 = 42,500 — 37.094 (88.09 psi) (1.35)
oy = 39,232 psi

op=u—Kpo
og = 42,500 — 20.581 (88.09 psi) (1.36)
op = 40,687 psi

These are compared to actual values of 42,000 and 43,000 for A and B basis.
These are now closer and could be used for designing.

5. Larger Data Samples N> 30

When more data is available, say >20-30, the estimates in Example 1.1 get
better for the t and x calculations to get a mean and standard deviation.
When x and s are derived from a log normal plot the highs and lows
for u and o or Z can be placed on the log normal plot with the original data
and limits on the expectations can be made.

B. Weibull Distribution

The confidence limits for the infinite sample size Weibull curves Eqs (1.2),
(1.14) and (1.15) from the test samples [1.1,1.21] are shown in Table 1.1.
The test sample B and 0 are estimated from a plot or a computer
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Table 1.1 Confidence levels

Confidence level Z al2
99% 2.576
95% 1.960
90% 1.645

calculation. Then for the infinite sample size

-0.78 Z,m) (0.78 zaﬁ)
B exp| ——=2) < g < Bexp(—2%2 1.37
-1.05Z, +1.05 Zoz/2)
0 exp( ——2%2) < @ < fexp( ———=2 1.38
d 2 )_._ % 252 (1.38)

These are the ranges for § and @. The values can be substituted into Eq.
(1.16) and plotted on Weibull paper with the test data. Also note Eq. (1.15)
where for infinite sample-size

e =
In terms of the test samples

0% = A (1.39)
For the infinite sample size

e =58

For Eq. (1.38) the ¢ for infinite sample size is in terms of A from raw data

—1.05Z,), 1.05Z,/»
AVBex l:—————“/—] <5< APex (———/) 1.40
e A Wi (140)

It should be noted the spread on f, 6, 6 is smaller as N increases.
On Weibull paper, percent failures are plotted but Eq. (1.16) is a
reliability and Eq. (1.18) is the probability of failure. Which has values when

0<(x—7) <00 (1.41)

or from the lowest value data point y to the highest as partitioned using
Sturges Rule. When the failure is calculated it is multiplied by 100 to
get percent failure. Also note Eq. (1.18) with solutions for y fixed at the
lowest test value

B B
Pr=1 —exp[y ] —1 —ex;{-(@) ] (1.42)
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Table 1.2 90% confidence bounds

on the Weibull line [1.1]

Sample size (1) K(n)
3 0.540
4 0.420
5 0.380
6 0.338
7 0.307
8 0.284
9 0.269

10 0.246
11 0.237
12 0.222
13 0.213
14 0.204
15 0.197
20 0.169
25 0.152
30 0.141
35 0.125
40 0.119
45 0.117
50 0.106
75 0.086
100 0.074

11

The plotting on Weibull paper shows the raw data. And from Table 1.2
upper and lower lines for 90% confidence may be plotted with respect to
the raw data. Then a computer solution must yield a § so that the sloped
line passes through the raw data and is between the confidence lines

Pr(Rd)y—K < P < P(Rd)+K

V. GOODNESS OF FIT TESTS

The following tests [1.5,1.17,1.18,1.23] should be mentioned and judgment
should be exercised as to how much information is desired.

(1.43)
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A. Anderson-Darling Test for Normality

The MILHDBK SF [1.8] pages 9-185 to 9-188 discusses this test which
requires the calculation of the mean, %, and standard deviation, s, after
the raw data is processed by plotting or computer calculation. A variable
is developed
Zi=xi—Xx)/s i=1,...,n (1.44)
The Anderson-Darling Test, AD, statistic is

AD = [Z 1 ;2" In(R[Z:]) + In(l — Fo[Z(n + 1 = i)] )} -n (145

i=1
where

F, is the area F,(x) under the Gaussian curve to the left of x

Then if

AD > 0.752{1 +0.75/n + 2.25/n*]! (1.46)

The data is not normally distributed from the calculation for a 95% con-
fidence level.

B. Anderson-Darling Test for Weilbullness

This[1.18]is a test for a three parameter Weibull fit of raw data and a similar
variable is

Z; = [(xi —1s0)/asol’® i=1,....n (1.47)

However fisg, asg, Tso require data processing. The Anderson-Darling test
statistic

i=n 1—2i
D= [; . ’[m(l —explZi]) + exp[Z+1-1 ] ):l —n (1.48)
if
AD > 0.757[1 + 0.2/+/n]™" (1.49)

It is concluded the raw data is not part of a three parameter Weibull dis-
tribution for a 95% confidence level.

C. AQualification of Tests

When using the goodness of fit tests there is a five percent error on the test.
Further the tests may reject data even when a reasonable approximation
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may exist in the lower tail. Then [1.8] suggests plotting the raw data for
percent failures on Weibull or log normal paper. This is an integration
of f(x) or failure data and tends to smooth out any variations so that a
better estimate of A, or 8, B, y and X, s can be obtained. Then Eqgs. (1.37)
and (1.38) can be used for the Weibull fit of test data and Egs. (1.21)
and (1.22) for the Gaussian fit of the data.

VI. PRIORITY ON PROCESSING RAW DATA

Priority is decided when looking at Sturges Rule Section 1.1 when for
Example 1.1

K=1+33 logm N
K =1+33log,2
K =1.993(2.00)

Range (R) =x; — x; = 500 psi

Cell width (w) = % _3 003 pst

Each cell has 1 failure and examination of probability paper for the Weibull
and Gaussian distribution for percent failures may have one data point at
50% but 100% or 0% does not show on a log scale. As a result there
are two plots with one data point at 50% for each and any line passes
through one data point.

The estimates in Eq. (1.33)-(1.36) must be used. They are as accurate
as can be obtained. The Gaussian curve data is the approximated dis-
tribution. Up to 20 test points is allowable. A computer analysis is out
of the question for N=2.

When 2 < N <20 the individual data points may be used to obtain a
line on both Weibull and Gaussian distribution plots. Note in Table 1.3
individual points allow around 10 data points for N =10 while the partition-
ing into cells allows only 4 data points rounded off. In order to obtain
plotted estimates individual data may be used and fitted to partitioned cells
for greater accuracy.

EXAMPLE 1.2, The rainy season annual rainfall data is published
for the civic center in Los Angeles in July of each year. The data for
1877-1997 (published 4 July 1997 in the L.A. Times) is listed in Appendix
F. This data, 120 values, was entered into a SAS program to generate
Gaussian and the Weibull three parameter distribution. The data is
arranged and partitioned according to Sturges Rule (Section I) then Fig.

= 2500
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Table 1.3 Cells (K) on Weibull and normal probability paper

N K cells

2 cannot obtain a line
2.57(3)
2.99(3)
3.306(3)
3.56(4) use individual data points to better
3.78(4) defined lines 3<N <10
3.984)
4.15(4)
4.30(4) :
15 4.88(5) Sturges Rule partitioned data
20 5.29(5) 15<N<100
30 5.87(6)
100 7.60(8)

O O 0NN B WN

1.2 is plotted using Eq. (1.43) and the K values from Table 1.2. The slope
B=1.516 from Fig. 1.2 and can change as long as the line stays within
the 90% confidence bounds. The SAS computer program calculates the best
fit for the Gaussian distribution and iterates to find the maximum liklihood
estimaters for the Weibull curve to the data Fig. 1.3. The Weibull curve,
the solid line, has estimated values Egs. (1.2), (1.14) of

B =1.58917+£0.12731 6 =11.48905+0.76931
y = 4.68106 £ 0.23477 inches

The variation Eq. (2.13) on the fis 0.01621 with Zg Eq. (2.16) of 40.12731
which allows comparison with Fig. 1.2. The calculated values for the dotted
line Gaussian Eq. (1.1) are for 120 data points

u=1497683  %=6.72417 (1.51)

The 50th percentile from Fig. 1.2 is 11.2 inches, compared to u of 14.97683.
This means the data is skewed to the left in Fig. 1.3.

The SAS computer program calculates a goodness of fit by the
following tests for normality by Anderson—Darling, Cramer-—Von Mises,
and Kolmogorov. The Gaussian curve is not as good of a fit as the Weibull
curve which from the Weibull Anderson—Darling and Cramer-Von Mises
tests is a better fit. :

(1.50)

EXAMPLE 1.3. Aluminum casting, (24 yield strength data points)
from Problem 1.1 casting A is used to obtain the best fit of a Gaussian
or a Weibull distribution. A 11”7 x 17" plot similar to Fig. 1.2 is made
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Figure 1.2 Percent failure rainfall data for Fig. 1.3 per Sturges Rule f~1.516.

and the § through the data is 15.87 and the smallest § is 7.00 with the 50th
percentile of 38,000-39,000 psi. The Gaussian values, Egs. (1.1), are plotted
as a dotted line in Fig. 1.4.

u = 39,370 psi z = 1057 (1.52)
The solid line Weibull curve plotted in Fig. 1.4 has three parameters for Eq.
(1.2), (1.14) of

B =3.12371 £0.4310 6 =3,218.959 + 1,756

1.53
y = 36,497 & 1,634 psi (1.53)

Copyright © Marcel Dekker, Inc. All rights reserved.

MaRcEL DEKKER, INC. (ﬂ
270 Madison Avenue, New York, New York 10016 0



16 Chapter 1

35-

30 V:\

25 ’ \L\ .

20 . *

~3Cc00

rofl f N
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Rainfali in inches

Figure 1.3 Rainfall data at civic center Los Angeles 1877-1997 for July 1-June 30.
Weibull solid line

B =1.5891740.12731, 6 =11.48905+0.76931 y =4.68106+0.23477,
Gaussian dotted line

u=14.97683, 2=6.72417.

The variation Eq. (2.13) on fis 0.18572 and the Z; is 0.4310 (Eq. (2.16)). The
goodness of fit evaluations find both the Weibull curve and the Gaussian
curve are acceptable distributions. Visual examination of Fig. 1.4 would
justify this.

The Example 1.1 is examined for this data and one of the parameters is
the class A and B basis stress levels for design. Using Eq. (1.32) and K=2.25
(Fig. E.1) for A basis and K =1.80 (Fig. E.1) for B basis. u = 39,370 psi with
s=1057 psi and N =24,

o4 = 39,370 — 2.25(1057 psi) = 36,992 psi (1.54)
o = 39,370 — 1.80(1057 psi) = 37,467 psi (1.55)

A class C K=5.8, Fig. E.1 with N=24
ac = 39,370 — 5.80(1057 psi) = 33,239 psi

The p or x and Z=s can be corrected from N =24 to infinite sample size
using Eqgs. (1.30) and (1.31). The d.f. =24—1=23, Table E.2 the ¢ value
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~3c00
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38000 38800 39600 40400 41200
Yield Strength

Figure 1.4 Aluminium casting (A) Problem 1.1 yield data.
Solid Weibull line

B =3.12371 £0.4310 6 = 3,218.959 £1,756 y = 36,497 &+ 1,634 psi

Dotted Gaussian line

u = 39,370 psi Z = 1057 psi.

for 0.025 is 2.069 and x* Table E.3 the 0.025 value 38.08 with square root
of 6.1709 and 0.975 value 11.69 with square root value of 3.419.

Using Eq. (1.30)

1057 1057
39,370 — 2.069 52 < g < 39,370 +2.069 5=~ (1.56)

39,275 < u; < 39,465
Using Eq. (1.31)
1057+/24 . 1057+/24

61709 ~ %1 ="3419
839 <0, < 1,515psi

(1.57)

The Weibull parameters for 24 data points, N, are Eq. (1.53).

B=B=3.12371 0=13218959  y=36,497psi

Convert to infinite sample size with 95% confidence using Eq. (1.37) for
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infinite sample size.
—0.782a/2

T }5ﬂsBexp[

Bexp,:

from Table 1.1
Zgj2 = 1.960 N =24

0.782a/2]
VN

Substituting
0.731934B < § < 1.36624 B

1.58
2.28635 < < 4.26774 (1:58)
The solution from SAS for 24 data points from Eq. (1.53)
2.69271 < B < 3.55471 (1.59)
for infinite sample size ® use Eq. (1.38)
—1.05z4p2 1.05z,/2
0exp|:—————1—:| <@ < Oexpli-————}
BN BN
VN VN (1.60)

0.8741670 < © < 1.143956
281391 < O < 3682.33

The solution from SAS for 24 data points from Eq. (1.53)
1462.96 < 0 < 4974.96 (1.61)

The intercept y for 24 points has an average or mean and what appears as a
standard deviation. The only option is to bound y is by use of an o4 equation
similar to Eq. (1.54) for the infinite sample size

Ya=vEks S,

y4 = 36,497 £3.25(1, 634) (1.62)

31,187 <y, < 41,808 psi
The SAS solution for 24 points gives from Eq. (1.53) yields

34,863 <y < 38,131 psi (1.63)
Now for the infinite Weibull distribution Eq. (1.14)

B is obtained from Eq. (1.58)

@ is Eq. (1.60) while Eq. (1.61) has more spread

y is from Eq. (1.62)

EXAMPLE 1.4. Aluminum casting, 26 tensile strength data, from
Problem 1.1 casting A is used to find the best fit of a Gaussian curve or
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Weibull. A 11”x17” plot similar to Fig. 1.2 is made and the § through the
data is 6.80 and the smallest § is 2.50 with the 50 percentile of
43,500-45,500 psi. The Gaussian values Eq. (1.1) are plotted as the dotted
curve in Fig. 1.5

i = 46,507 psi 7 = 2158 psi (1.64)
The Weibull values Egs. (1.2), (1.14) are plotted as a solid line in Fig. 1.5

f=1.56090+£0.4316 6 =13766.922+739 y=43,108 psi=+ 387 psi

(1.65)

The variation Eq. (2.13) on $is 0.1862641 and Zs (Eq. (2.16)) is 0.4310. The
best goodness of fit found is the Weibull curve.

Again using Example 1.1 and following the format of Example 1.3 the

class A K=3.15, Fig. E.1 and Class B K=1.82, Fig. E.1 for N, 26, samples.
Then with p=x=46,507 psi and s =7 =2158 psi using Eq. (1.32)

oyg = 46,507 — 3.15(2158) = 39,709 psi (1.66)

ap = 46,507 — 1.82(2158) = 42,579 psi (1.67)

~3c00

0 1 1 ! I i -
43500 45000 46500 48000 49500

Tensile Strength

Figure 1.5 Aluminium casting (A) Problem 1.1 tensile strength.

The solid Weibull line
B =1.5609 + 04316 0 =3766.922 + 739 y = 43,108 £ 387 psi
u = 46,507 psi z = 2158 psi.
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A class C K=5.8
ac = 46,507 — 5.8(2158) = 33,991 psi

The p or X and Z =5 can be corrected from N =26 to N infinite using Eqgs.
(1.30) and (1.31). The d.f. =26—1 =25, from Table E.2 the ¢ value for 0.025
is 2.060 then x? from Table E.3 the 0.025 value is 40.65 with square root of
6.376 and the 0.975 value of 13.12 or X =3.622.

Using Eq. (1.30)

2158 2158
46,507 — 2.060 22> < 1y < 46,507 + 2.060 “=>>
25 ~H= + 25 (1.68)

46,329 < g < 46, 685 psi
Using Eq. (1.31)
2158/26 2158426
— g 01 S ———

6376 3.622 (1.69)

1,726 < o1 < 3,038 psi

The Weibull parameter Eq. (1.65), for 26 data points will be converted from
26 points to an infinite sample size. The process starts with Eq. (1.58) and

z%/? = 1.960 Table 1.1 and N = 26 points
B=B=15609 0=3766.922 y=43,108

yields
0.740950 B < f < 1.34962 B (1.70)
1.15655 < B < 2.10662

The solution from SAS for 26 data points from Eq. (1.64)
1.1299 < B < 1.99925 (L.71)

The @ conversion from 26 data points to infinite sample size follows Eq.
(1.60) with

2%/? = 1.960 and N = 26 with 6 = 3766.922
0.7721520 < © < 1.29508 0 (1.72)
2908.64 < @ < 4878.47

The solution for 26 data points from Eq. (1.64) is
3027.92 < 0 < 4505.92 (1.73)

The y conversion to infinite sample size follows Eq. (1.62) with K, =3.15
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from Fig. E.1 and Eq. (1.66)

y4 = 43,108 £ 3.15(387)

41,889 <y, < 44,327 psi
The SAS solution for 26 points from Eq. (1.65) yields

42,721 <y < 43,495 psi (1.75)
The infinite Weibull distribution Eq. (1.14)

B is from Eq. (170)

O is from Eq. (172)

y is from Eq. (1.74)

(1.74)

EXAMPLE 1.5. Select the best fitting curve, Weibull, for the ulti-
mate strength of Ti-16V-2.5Al for 755 tests [1.28]

Stressx 103 psi Number Stressx 10° psi Number
149.6-154.05 3 176.3-180.75 181
154.05-158.5 7 180.75-185.2 148
158.5-162.95 20 185.2-189.65 47
162.95-167.4 47 189.65-194.1 20
167.4-171.85 98 194.1-198.55 5
171.85-176.3 176 198.55-203 3

755

A 11"x17” plot similiar to Fig. 1.2 gave §=7.7 through the data and the
smallest f=15.3 with the 50 percentile of 175,000 psi. The Gaussian values
Eq. (1.1) plotted as a dotted line in Fig. 1.6 are

pu=176.703 ksi Z = 7.494 ksi (1.76)

The Weibull Egs. (1.2) and (1.14) plotted as a solid curve in Fig. 1.6 has
values for the three parameters of

p =4.59132 4 0.34135 0 =33.850 +2.234

1.77
y = 145.707 £ 2.153 ksi 1.77)

The variation Eq. (2.13) on fis 0.11652 and Zg (Eq. (2.16)) is 0.34135
The reader can follow the Examples 1.1, 1.3, 1.4 and 1.6 and can see the
mean and standard deviation comparison for the sample of 755 and infinite
sample size are small.

The titanium ultimate strength properties for 755 tests may be exam-
ined using Eq. (1.32) and Appendix E to find a4, ap, ¢ one sided design
stress values from a Gaussian distribution with 755 samples K4 =2.45, Fig.
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200

175 -

150 -

1256+

100

~3C 00

75

50

25 -
0 SOB'A. &.qh__—L
T T T T T T T T T T ™ T T

151.83 165.17 178.52 191.87 205.22

Ultimate Tensile Strength, ksi

Figure 1.6 Ultimate strength, Ti—16v—2.5 Al, for 755 tests [1.28).
Solid Weibull line

B =4.59132 £ 0.34135 6 =33.8504-2.234 y = 145.707 £ 2.153 Ksi
Dotted Gaussian line

u=176.703 Ksi 2 = 7.494 Ksi.

E.l1, Kp=1.35, Kc=4.45

Agq = X— KAS
aq = 176.703 Ksi — 2.45 (7.494 Ksi) (1.78)
ay = 158.343 Ksi

ap = X — KBS
ag = 176.703 — 1.35 (7.494) (1.79)
ap = 166.586 Ksi

ac = 176.703 — 4.45 (7.494)

oc = 143355 Ksi (1.80)
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The infinite sample size Weibull parameters for 95% confidence from the 755
test sample using Eq. (1.37)

—0.78 Zyp2 +0.78 za,z]
B oSl < B< B a7
EXP[ VN } sh= eXp[ N

from Table 1.1
Zyn = 1.960 N =755
0945881 B<f<1.05722 B
substituting B from Eq. (1.77) the infinite sample size
4.34283 < f < 4.85402
while the computer yields on 755 samples
4,24996 < 8 < 4.93266 (1.81)
then from Eq. (1.38)

B=459132Eq. (1.77) N=755  Z,,=1960
0.9838190 < @ < 1.016456

with 6 =33.850 Eq. (1.77)
then

33.3032 < ® < 34.4077 (1.82)
with from the computer for 755 samples

31.6164 < ® < 36.0853
now the lower value of y is evaluated using K4 values from Eq. (1.78)

yaL = x— K4S

y = 145.707 Ksi —2.45 (2.153)

y 41 = 140.432 Ksi

140.432 Ksi < y, < 150.984 Ksi
Also

136.123 < yc < 155.291 Ksi

(1.83)

while the computer for 755 samples
143.554 < y < 147.860 Ksi
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finding the mean for an infinite sample size Eq. (1.30)

X— fogrs 7 S = 5610.975N_ i
from Table E.2 d.f. =755—1=754 to.975 = to.025 = 1.960
7.494 7.494
703 — 1.96 —— <y 703 Ksi + 1.960 ——
176.703 — 1.96 75 < y; <176.703 Ksi + 1.960 =54 (1.84)
176.684 Ksi < y; < 176.722 Ksi
The infinite standard deviation is Eq. (1.31)
Sﬁ@msww
X0.025 X0.025
with d.f. = N—1 for 150 and above [1.12]
2
N1 approaches 1 for 95 percentile
So
xx~+/N-1
or
o] ~ s ~ 7.494 Ksi (1.85)

EXAMPLE 1.6. Three sets of radiator data (4.26) A, B, and C, with
nine samples each.

A B C
Mean 57,213 cycles 62,073 55,491
Standard 29,287 cycles 28,223 25,913
Deviation
Cv 51.19% 45.47% 46.7%

In small sampling theory [1.27] the means and standard deviations
may be checked for A and B also A and C so that it can be stated the samples
came from a larger Gaussian or near Gaussian distribution

H, : x4 = Xp No difference in the two group (Eq. (1.28))

H; : x4 # Xp and there is significant difference for H,

[=m=—— =
N4+ Ng-2

%4~ ¥p N4S% + Npsz]'"?
1 1 1/2
o\ )
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12
57,213 — 62,073 9(29,287)2 + 9(28,223)2 !
T P92 (1.86)
O'l:g -+ §il ‘
t = —0.3380 o = 30,505 cycles

If a significant level of 0.01 and N4 + Np — 2 = 16 degrees of freedom H, is
rejected if it is outside of the range of —tg 995 to tg995 Where tyg9s to +2.921
(Table E.2). Therefore H, is accepted.

Now comparing A and C:

1/2
| 57,213 55,491 _ [9(29,287)2 +9(25,913)2] !
B 12 - 9+9-2
29,3201 4.} (1.87)
979
t =0.1245 o = 29,329 cycles

Using the same significance levels as before A and C sets are from the
same larger set and so should sets AB and C.

A SAS computer run for 26 samples yields for a dotted line Gaussian
distribution Fig. 1.7

X4pc = 60,329 cycles

(1.88)
Sapc = 25,145 cycles

The estimate for the solid Weibull distribution Fig. 1.7

f=1.71144 £ 0.486265

y = 18,390 £ 6004.5 cycles (1.89)

0 = 46,903 £+ 9671

The goodness of fit computer calculation finds the data fits both the
Gaussian and Weibull curves.

The data is further reduced in a manner as Examples 1.3 and 1.4
following Example 1.1. The class A K=3.15 Fig. E.1 and class B K=1.82

Fig. E.1 for 26 sample. Then with X 4gc = 60,329 cycles and Sypc =25,145
cycles Eq. (1.32) yields

oy = 60,329 cycles — 3.15(25,145) = —18,878 cycles (1.90)

ap = 60,329 — 1.82 (25,145) = 14,565 cycles 1.91)

The sample mean X 4pc and standard deviation S,g¢ are corrected from 26
samples to infinite sample size using the same data as Example 1.4 using
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110000

Figure 1.7 Three combined tests (A, B, C) of radiator data [4.26].

Solid Weibull curve

p =1.71144 £ 0.486265 0 = 46,903 £ 9671 y = 18,390 & 6004.5 cycles

Dotted Gaussian curve
X48c = 60,329 cycles Sapc = 25,145 cycles.

Eq. (1.30) then Eq. (1.31)

25,145
60,329 — 2.060 25’2;45 < g <60,329 +2.060 525

58,257 < y; < 62,401 cycles

and

25,145v/26 _ _25,145v26
6376 ~ '~ 3.622
20,109 < o; < 35,399 cycles

REFERENCES

1.1.  Abernethy RB et al.: Weibull Analysis Handbook AFWAL-TR-2079, NTIS
(AD-A143100) There is a 2nd edition from Gulf Publishing, 1983.

(1.92)

(1.93)

Copyright © Marcel Dekker, Inc. All rights reserved.

MARCEL DEKKER, INC. ﬂ
270 Madison Avenue, New York, New York 10016 0



Data Reduction 27

1.2.
1.3.
1.4.
1.5.
1.6.
1.7.
1.8.

1.9.

1.12.

1.13.

1.14.

1.15.

1.18.

1.19.
1.20.

1.21.

1.22.

1.23.

1.24.

1.25.

Abernethy RB. The New Weibull Handbook, Gulf Publishing Co. 2nd ed.,
1994.

Bowker AH, Lieberman GJ. Engineering Statistics, Englewood Cliffs, NJ:
Prentice-Hall, 1959, also a later 2nd ed. 1972.

Craver JS. Graph Paper From Your Copier, Tuscon, AZ: Fisher Publishing
Co, 1980.

D’Agostina RB, Stephens MA. Goodness-of-fit techniques, Marcel Dekker,
1987, p. 123.

Dieter GE. Engineering Design, New York: McGraw-Hill Book Co, 1983.
Dixon JR. Design Engineering, New York: McGraw-Hill, 1966.

Dixon WJ, Massey Jr FJ. Introduction of Statistical Analysis, 3rd ed. New
York: McGraw-Hill, 1969.

Grube KR, Williams DN, Ogden HR. Premium-Quality Aluminum
Castings, DMIC Report 211, 4 Jan. 1965 Defense Metals Information
Center, Battelle Institute, Columbus, OH, 1965.

Hald A. Statistical Theory with Engineering Applications, New York: John
Wiley & Sons, 1952,

Haugen EB. Probabilistic Approaches to Design, New York: John Wiley &
Sons, 1968.

Haugen EB. Probabilistic Mechanical Design, New York: Wiley Science,
1980.

Hogg RV, Ledolter J. Applied Statistics for Engineers and Physical
Scientists, New York: MacMillian Co, 1992.

Johnson LG. The Statistical Treatment of Fatigue Experiments, New York:
Elsevier Publishing Co, 1964.

Juvinall RC. Stress, Strain, and Strength, New York: McGraw-Hill Inc,
1967. ’

King JR. Probability Charts for Decision Making, Industrial Press, 1971.
Lawless JF. Statistical Models and Methods for Lifetime Data, John Wiley
and Sons, 1982 pp. 452-460.

Mil HDBK-5F. Metallic Materials and Elements for Aerospace Vehicle
Structures, Department of Defense, 1992.

Middendorf WH. Engineering Design, Boston: Allyn and Bacon Inc, 1969.
Natrella MG. Experimental Statistics, National Bureau of Standards Hand-
book 91. August 1, 1963.

Nelson W. Applied Life Data Analysis, New York: John Wiley and Sons,
Inc, 1982.

Owen DB. Factors for one-sided tolerance limits and for variables and sam-
pling plans, Sandia Corporation Monograph SCR-607, March 1963.
Pierce DA, Kopecky KK Testing goodness of fit for the distribution of errors
in regression models, Biometrika, 66: 1-5, 1979.

Salvatore D. Statistics and Econometrics, Schaums Outline, New York:
McGraw-Hill, 1981.

SAS Users Guide: Statistical Version, 6 Ed., Cary, NC: SAS Institute, Inc,
1995.

Copyright © Marcel Dekker, Inc. All rights reserved.

MARCEL DEkkER, INc. (ﬂ
270 Madison Avenue, New York, New York 10016 0



28

Chapter 1

1.26. Sines G, Waisman JL eds. Metal Fatigue, New York: McGraw-Hill Book
Co, 1959.

1.27. Spiegel MR. Statistics, 2nd ed. Schaums Outline, New York: McGraw-Hill,
1988.

1.28. A Statistical Summary of Mechanical Property Data for Titanium Alloys,
OTS-PB-161237, Battelle Memorial Institute, Columbus, Ohio, Feb. 1961.

1.29. Vidosic JP. Elements of Design Engineering, New York: The Ronald Press
Co, 1969.

1.30. Weibull W. A statistical distribution function of wide applicability, J. Appl.
Mech. 18:293-297, 1951.

1.31. Weibull W. Fatigue Testing and the Analysis of Results, New York:
Pergamon, 1961.

PROBLEMS

l. Steps for Solution for Problems

A. Discrete Data Problems 1.1—1.5 and 1.11

1.

Plot percent failures on normal and Weibull paper to estimate Par-
ameters and a graphical check on the computer and conversions
of Weibull parameters.

Perform computer runs

Plot bar charts with Weibull, Gaussian, and percent failure curve on
a single page. Partition using Sturges Rule.

Plot data and Weibull and Gaussian curves on semilog paper for
reliability (1% failure) and select best representation.

B. Bar Data Problems 1.6-1.10 and 1.12

The same steps but Sturges Rules is used to calculate how many separate
bars there should be.
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Problem 1.2 Mechanical properties of an aluminum casting alloy [1.9]

0.2% Offset

Tensile yield
strength, strength, Elongation in
Coupon Kpsi Kpsi 2 inches, %
1 53.1 442 5.0
2 52.6 428 4.0
3 52.4 431 5.7
4 50.4 43.8 3.6
5 524 44.2 6.0
6 53.6 451 5.5
7 51.2 41.7 43
8 53.8 44.3 6.4
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Problem 1.3 Mechanical, properties of tens 50-T6 aluminum sand casting [1.9]

0.2% Offset

Tensile yield
Specimen strength, strength, Elongation in
location Kpsi Kpsi 2 inches, %
1 41.7 38.5 1.0
2 37.8 36.7 1.0
3 45.1 39.3 2.0
4 43.4 394 1.5
5 43.8 38.8 1.5
6 438.3 40.4 4.5
7 44.1 38.6 2.0
8 41.9 37.3 1.5
9 43.4 39.0 1.5
10 40.9 394 1.0
11 39.0 35.9 1.0
12 34.2 33.9 1.0
13 40.3 36.7 1.0
14 42.0 37.1 1.5
15 39.2 37.0 1.0
16 47.6 42.0 1.5
17 50.9 39.9 8.0
18 47.6 39.8 3.0
19 49.6 39.8 6.5
20 37.3 Not valid 1.0
21 38.2 37.8 1.0
22 49.4 39.1 5.5
23 50.2 40.0 5.0
24 51.1 40.5 6.5
25 442 38.3 2.0
26 422 38.1 1.5
27 42.7 38.0 1.5
28 422 385 1.5
29 48.8 40.8 4.0
30 483 40.3 35
31 41.8 40.6 1.0
32 43.7 36.9. 25
33 41.4 36.6 ) 1.5
34 46.0 39.0 2.5
35 435 38.5 2.0
36 39.5 37.1 1.5
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Problem 1.4 Mechanical properties of an A356-T6 casting [1.9]

0.2% Offset

Tensile yield
Specimen strength strength, Elongation in
location Kpsi Kpsi 2 inches, %
1 44.9 36.0 4.5
2 44.1 35.5 4.0
3 41.4 37.4 1.5
4 49.7 35.7 10.0
5 48.0 37.4 7.0
6 47.1 36.0 5.0
7 46.6 37.5 4.5
8 45.4 35.8 4.0
9 44.3 35.6 4.0
10 45.8 36.8 3.0
11 437 353 3.0
12 43.6 35.7 3.0
13 422 34.9 2.5
14 45.6 35.2 7.5
15 45.5 34.3 6.5
16 47.4 38.5 5.0
17 48.8 36.9 8.0
18 45.6 36.2 5.0
19 493 38.0 7.5
20 49.9 36.6 7.5
21 50.6 36.8 12.0
22 51.9 39.1 13.0
23 49.5 37.9 8.0
24 39.1 34.3 2.0
25 47.2 38.8 5.0
26 50.0 38.9 10.0
27 50.1 39.1 9.0
28 47.8 38.5 6.0
29 49.8 37.4 9.0
30 50.8 37.4 10.0
31 49.2 37.2 8.0
32 49.6 37.5 10.0
33 45.5 35.7 5.0
34 453 37.3 4.0
35 433 353 3.0

Copyright © Marcel Dekker, Inc. All rights reserved.

MARCEL DEkkER, INc. (ﬂ
270 Madison Avenue, New York, New York 10016 0



Data Reduction 33

Problem 1.5 Mechanical properties of a modified A 356 aluminum alloy sand cast
7-38 pylon [1.9]

0.2% Offset

Tensile yield
Sample strength, strength, Elongation in
location Kpsi Kpsi 2 inches, %
1 47.8 41.2 3.6
2 51.3 41.1 7.0
3 49.5 43.5 3.5
4 533 41.4 7.0
5 52.4 45.1 7.0
6 532 43.4 8.0
7 53.4 41.8 10.0
8 53.0 43.4 8.6
9 52.7 41.7 9.0
10 53.1 42.8 8.5
11 53.8 438 8.0
12 53.6 41.6 11.0
13 54.4 435 10.5
14 54.1 43.7 12.1
15 54.1 43.5 9.3
16 535 44,0 7.9
17 53.6 439 10.0
18 52.9 43.3 7.1
19 51.5 41.4 7.0
20 50.7 40.8 6.0
21 54.2 41.5 13.0
22 52.9 439 6.4
23 53.0 42.3 7.9
24 52.8 41.0 8.0
25 47.6 40.6 3.6
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Problem 1.6 Select the best distribution to
fit the following titanium Ti-8MN tensile
elongation data in percent at 75°F for 116
samples [1.28]

Percent elongation Number
8.3-10.3 4
10.3-12.3 14
12.3-14.3 6
14.3-16.3 5
16.3-18.3 22
18.3-20.3 26
20.3-22.3 26
22.3-243 10
24.3-26.3 3

Problem 1.7 Select the best distribution to
fit the following titanium Ti-16V-2.5Al yield
data for solution treated and aged at 75°F
[1.28] for 130 samples

Yield strength

Kpsi Number
142.95-148.80 1
148.80-154.65 4
154.65-160.50 11
160.50-166.35 35
166.35-172.20 21
172.20-178.05 11
178.05-183.90 18
183.90-189.75 22
189.75-195.60 7
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Problem 1.8 Select the best distribution to
fit the following titanium Ti-6A1-4V tensile
modules of elasticity data for 115 samples

[1.28]

Modulus x10° psi Number
11.45-12.1 1
12.1-12.75 1
12.75-13.4 10
13.4-14.05 32
14.05-14.7 29
14.7-15.35 13
15.35-16.00 2
16.00-16.65 16
16.65-17.3 6
17.3-17.95 5

Problem 1.9 Select the best distribution for
titanium Ti-5A1-2.5SN tensile elongation in
percent for 75°F [1.28] for 1835 samples

Percent Elongation Number
6.8-7.9 16
7.9-9.0 34
9.0-10.1 108

10.1-11.2 137

11.2-12.3 255

12.3-134 296

13.4-14.5 363

14.5-15.6 414

15.6-16.7 134

16.7-17.8 60

17.8-18.9 12

18.9-20.0 6

35
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Problem 1.10 The life experience of electric lamps!
Select the best distribution for the data

Class Renewals of original

Call no. interval units, or frequency
0 0-99.5 755
1 99.5-199.5 1,142
2 199.5-299.5 2,340
3 299.5-399.5 3,322
4 399.5-499.5 3,775
5 499.5-599.5 4,303
6 599.5-699.5 4,983
7 699.5-799.5 5,511
8 799.5-899.5 5,738
9 899.5-999.5 5,888
10 999.5-1,099.5 5,888
11 1,099.5-1,199.5 5,838
12 1,199.5-1,299.5 5,511
13 1,299.5-1,399.5 4,983
14 1,399.5-1,499.5 4,303
15 1,499.4-1,599.5 3,775
16 1,599.5-1,799.5 3,322
17 1,699.5-1,799.5 2,340
18 1,799.5-1,899.5 1,142
19 1,899.5-1,999.5 755
75,614

! Taken from the mortality experience of electric lamps obtained
from periodic inspections of lamps by the National Electric
Lamp Association in 1915. The mortality is due entirely to
use and therefore does not represent any replacements due to
inadequacy, obsolescence or public requirements.

Chapter 1
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Problem 1.11 Tensile strength of steel bolts (pounds)

Producer A Producer B Producer C
9,220 9,930 9,570
10,030 10,040 9,280
9,180 9,850 9,350
9,250 9,730 9,430
10,150 9,330 9,710
9,330 9,890 9,570
9,090 10,100 9,750
8,910 9,330 9,310
9,140 9,670 9,140
9,230 9,590 9,640
9,310 9,240 9,670
9,230 9,540 9,010
10,200 9,160 9,180

Do the three sets of data come from a Gaussian distribution? Find
the best distribution for the separate and combined data.

Problem 1.12 Data for 161 tests are
taken on the coefficient of friction

between two surfaces

u Number
0.13 1
0.14 1
0.15 6
0.16 84
0.17 17
0.18 19
0.19 2
0.20 11
0.21 7
0.22 0
0.23 5
0.24 1
0.25 3
0.26 0
0.27 4

What value of g, coefficient of friction, would
you use for designs and why? Note how 1-P;
(Eq. (1.17)) which is R(y) is close to
R(u) =Exp(—Ap) a form used in Chapter 4.

37
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2

Application of Probability to
Mechanical Design

. PROBABILITY

Probability, to anyone who deals with concrete ideas of whether a part or
system will function, is not an exact science. Even after a probability is cal-
culated it is not certain exactly what information the individual has to work
with or needs. We start our discussion with

P(4) ZA}L‘I&O% 0<PA)<1 2.1)

Now P(A) is probability of 4 even occurring
N is total number of events in which 4 can be the outcome
n4 is the number of events in which A4 is the outcome.

P (A4) can also be thought of as an archery target area where the small area
ny is the bullseye (Fig. 2.1) and represents the area where 4 happens or

Figure 2.1 Probability of hitting a bullseye.
39
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arrows in the bullseye and the large area is N or number of arrows shot hence
the total number of events. For probability problems where two events or
more occur there is more complexity. Take two events 4 and B

P(A + B) = P(4) = P(B) — P(AB) 2.2)

P(4 + B) means either A or B can happen or both and P(4B) is the prob-
ability 4 happens followed by B. In terms of areas Eq. (2.2) is shown in
Fig. 2.2.

EXAMPLE 2.1 |2.7]. The chance of success of a moon rocket is
0.20. What is the probability of success (Eq. (2.2)) if two rockets are sent.

P(4 + B) = P(4) + P(B) — P(4B)

P(4)=0.20

P(B)=0.20

P(AB) = P(A4) P(B) for events which happen independently.
In other words shot A4 can succeed, independently of shot B.
P(4 + B) = 0.20 + 0.20 — 0.04 = 0.36

EXAMPLE 2.2. Consider the possibility of drawing an ace (4) or
any spade (B) from a full deck of cards.
P(A + B) = P(4) + P(B) — P(AB) = probability of drawing an ace or
a spade or both

P(A) = 4 aces/52 cards
P(B) = 13 spades/52 cards

P(AB) is one card being the ace of spade

P(A+B)=%+13 1 16 _ 4 chances

520527 52 13 trys

Figure 2.2 Probability of overlapping of events A and B.
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For a case of three events 4 + B+ Clet X = A’ + B for 4 in Eq. (2.2) then
PA+B+C)=PX +C)=PX)+ P(C)— P(XC)
= P(X) + P(C) — P(X)P(C)

now substitute
X=4A4+F
P(x) = P(4' + B)+ P(C) — P(C)[P(A' + B

now use Eq. (2.2) for P(A'+B)
P(4+ B+ C) = P(4) + P(B)) + P(C) — P(4'B) — P(C)[P(4)
+ P(B") — P(A4'B")]

Also it is found
P(A4'B) = P(A")P(B') for independent events which is substituted into

the equation
P(A+ B+ C) =[P(4)+ P(B)— P(A)P(B)] + P(C)
— P(O)][P(A") + P(B) — P(4)P(B)]
= P(A"Y+ P(B) + P(C) — P(A)P(B) — P(A)P(C")
— P(C)P(B') + P(A)P(B)P(C)
dropping the primes yields
P(4+ B+ C) = P(A) + P(B)+ P(C) — P(A)P(B) — P(A)P(C)

(2.3)
— P(C)P(B) + P(A)P(B)P(C)

EXAMPLE 2.3 [2.17]. Discrete events E1 or E2 may be approached
using Example 2.2, (E; or E; means it doesn’t occur).

nl n2 n3 n4 n
EE Ej E_2 E E; E E Total
ny+m ny +n3
PE)=——  PE)=——

Now consider P(E; + E») probability of E; or E; or both
n +n-+n
P(E\ + E) = nmhTm
Now to substitute for P(E}) and P(E;) which are sums yielding

2n1+n2+n3_ﬂ

P(Ey + Ey) = P(Ey) + P(Ey) — P(E\Ey) = "
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’;—‘ which is P(Ey, E») probability of E; followed by E. We have
P(E\ + Ey) = P(E1) + P(Ey) — P(E, E) again Eq. (2.2).

Before proceeding to Bayes theorem it is known

P(A) + P(4) =1 (2.4)

Lets take the rocket shots Example 2.1

P(4) = 0.20 probability of success
P(A4) =1—~0.20 = 0.80 probability of failure.

Il. BAYES THEOREM

Lets now consider two events which are not independent or

P(AB) = P(A)P(B/A) (2.9
also
P(BA) = P(B)P(A/B) (2.6)
using Egs. (2.5) and (2.6)
P(A)P(B/A)
P(A/B) + W 2.7

Some definitions are in order.

P(AB) — The probability that “4” happened followed by B.

P(A) -

P(B) -

It is not known whether or not “B” happened. P(A4) is the
probability that ““4” did.
It is not known whether or not “4” happened. P(B) is the
probability that “B” did.

P(B/A) — “A4” is known to have happened. This is the probability that it

was followed by “B”.

P(A/B) — “B” is known to have happened. This is the probability that it

was followed by “4”.

Now noting Eq. (2.4)
P(A) + P(4) = 1

B must occur with 4 or 4 so

P(B) = P(AB) + P(AB)
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and
P(B) = P(A)P(B/A) + P(4)P(B)A) (2.8)

placing Eq. (2.8) into Eq. (2.7)
P(A)P(B/A)

P(4/B) = = - 2.9
“4/B) P(A)P(B/A) + P(A)P(B/A) 29)

for “4” with more than two alternates
P(A/B) = P(A)P(B/4) (2.10)

> i P(4)P(B/4;)

EXAMPLE 2.4. [2.17]. Using the Example 2.3 table for E; and E,
find P(E,/E)) using Eq. (2.5). The probability of ““E;” has happened, that
“Ey” will follow, note “E,” happens in n; and n3 but “E;” only occurs
in n; so

nj
_oom_nm T PEE)
P<E2/El)_m+n2_nl +n2_ P(El)
n

should E; and E; be independent which means E; and E, can happen sep-
arately or it means when E; occurs E; does not follow.

P(E\Ey) = P(E1)P(Ey)

now
PE)="11"2 o4
p(Ez)znl_+n_3.=2/4
P(E\Ey) = Q/4)2/4) = =L or 2
150 = 16 4%

if the events are not independent
P(E\Ez) = P(ER)P(Ey/ Ey)

EXAMPLE 2.5. A sorting example is solved using Eq. (2.8).
Given are two urns in a box, urn 1 with 3 white balls and 5 red balls;
urn 2 with 5 white balls and 7 red balls.
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What is the probability of picking a red ball without looking from this
set up. Use Eq. (2.8).

P(B) = P(A)P(B/A) + P(A)P(B/ A)

Let

B =red ball

A=urn 1

A = urn 2 since its not urn 1
Now

PO=PQ=3 PRM=1  PRD=T:

So the sum of the joint probabilities are
P(Ry= P()P(R/1) + P(2)P(R/2)

- ()43

5 7 15+14 29
PRO=Tt2~"2 ~ &

lll. DECISION TREES [2.33]

A means of analyzing logical possibilities is a decision tree and to
demonstrate, Example 2.5 is reworked. The probability of picking a red
ball out of a box with urn 1 with 3 white balis, 5 red balls and urn 2 with
5 white balls and 7 red balls

EXAMPLE 2.6. Inthediagram urn selection is an even option (1/2)
and once an urn is selected the R or W selection is the ratio of the balls in
each urn. The second draw following the flow diagram the R or W ratio
is reduced by one if a R or W ball is selected and so is the total number
in the urn for the second draw.

In the first draw, the probability of drawing a red ball is in Fig. 2.3.
7 29

P(R) =1/2(5/8) + 1/2(12) =1
The same reasoning could be used to select parts out of vendor’s boxes as to
how many defective parts could be selected for an assembly. Decision trees
by Tribus [2.55] are used to decide on testing or reworking parts during
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Start

Draw 2 R W R W R W R w

Figure 2.3 Successive draws from a supply box.

assembly and the associated costs. The following example depicts some
of the concerns during manufacturing assembly.

EXAMPLE 2.7 [2.39]. An automatic assembly machine positions
board A on top of board B, both nominally one inch thick with a properly
drilled hole, and a machine screw, nominally 2} inches long, with a con-
trolled }1 inch thick nut torqued on at final assembly Upon assembly for
boards A and B the machine also selects an oversized 11 inch board 1
in 100 times, and undersized 21 inch screws C are selected 1 in 50 times.

The nuts have a sorter to mamtam inches thickness, and, the drill
holes are also controlled.

There are three assembly failures

AB- 2(1l over sized) and nut cant be started on 21 inch screw.
BC*B(I81 over sized) and C- 2—g allows half engagement of nut.

CA-A(lg over) and C- 21 allows half engagement of nut.
Therefore how many failures may occur.
Then P(4)= 1(1) = P(B) with P(C)=1/50. Make the substitution

x=AB y:BC z=CA

P(AB+ BC+ CA) = P(x+y +2)
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Using Eq. (2.3) with proper substitution

P(x +y+2)= P(x)+ P(y) + P(z) — P(x)P(y) — P(x)P(z)
— P(2)P(y) + P(xyz)

Note combination

P(x)P(y)—AB followed BC which can’t happen since ABC are con-
trolled 1 each for an assembly. Therefore only the first three conditions
can occur.

P(x) = P(4B) = P(A)P(B) = (r(lr) (1_(1)6)
P(y) = P(BC) + P(B)P(C) = (L) (%)
P(z) = P(CA) = P(C)P(4) = <_ <_1_)

1 1 1 1
P(AB + BC + CA) — (m) (1"(%) + (m) (5—0)
+ L L 1 failures
100/\50/ ~ 2000 assemblies

A solution is to sort boards 4 and B and screw C. However, the cost of
one board sorter and one screw sorter must be compared to the cost of
ending 1/2000 failures. It should be noted that a nut sorter as well as a
check on the drilled holes can be factored into the assembly.

Should the nut be oversized for 1/50 this would add another possible
failure mode.

There are situations when events can happen in several different ways
then the permutations and combinations must be examined.

EXAMPLE 2.8. Find the probability that of 5 cards drawn from a
deck, two will be aces. Proceed knowing the aces can be drawn in several
ways, in fact, the permutations are for 5 cards, n with two of them aces, r.

n n! 1.2.3.4.5
C(;) =r!(n—r)! = [(1 -2)1 .2,3)] =10 (2.11)

So
i=10
P(Z of 5 cards)

. = Z P (any one arrangement)
being aces —
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assuming each has the same probability regardless of arrangement

P(24 in 5 card) = 10P(AANNN)

P(AANNN) = P(A)P(A4/A)P(N/AA)P(N|AAN)P(N/AANN)

P(4)=4/52
P(A/A) =3/51 with three aces still in the deck

4
P(N/A, A) = % any card minus two aces
47
P(N/A,A,N) = YT

P(N/AANN) zg

o2 )3

=[~0.0399 (1 chance/25 trys)]

IV. VARIANCE

A. Total Differential Estimate of the Variance

In this discussion some of the statements from [2.18-2.24] are stated without
proof and it should be noted sample sizes are infinite. A function ¥ (x, y, z,

...) with a total differential of

l//i_l/-/:&//i:%

oy o
dx+5;dy+azdz...

Has the estimate of the variance Zj, as

o0 YY)
Z‘/, ==

I R % AN
(OY) = <§);> (6x;) +2555Xi5y,’ + <5> (0y:)

v \ax

n ox dy n n

ay
if x; and y; are independent

> (Gxidy) =0

2 2
72 _ (?.‘k) TOx) 0 Yoxon) (ﬁ)m 2.15)

(2.12)

2.13)

(2.14)
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with

the approximate

X

X)X
7 n

standard deviation for a function is
. 12
. L\ )
Zy~ [Z;(a_x,) z (2.16)
}':

where Z,; is standard deviation of each independent variable.
Given a normal or Gaussian function for the sum of variables x and y

z=xxy 2.17)
where x and y are distributed normally with

0z % 1

ax  ay

and %, and Z, are standard deviations of x and y substituted into Eq. (2.16)

. az\2., (9z\%,

= [(ﬁ) N (5) Zﬁ} 2.18)

R=2+%
The Gaussian function for the product of variables x and y

z=2Xxy (2.19)
where

0z 0z

R T
with the means u, and y, substituted with Z, and Z, the standard deviations
into Eq. (2.16)

2 =28+ 1z (2.20)
The division of variables x and y

=2 .21)

y
where
0z _ 1 dz b

wy BT

and again the means substituted for x and y and Z, and Z, substituted into
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Eq. (2.16)

or

222 4 232

p = Wi TG 2.22)

Hy

The derivation Egs. (2.12)-(2.16) is for what is termed wncorrelated
variables. This means all the variables in the equation are independent
of each other and a single variable can be changed without changing the
value of the rest. This may be seen when examining Eq. (2.12). The case
of E, Youngs modulus, from a tension test is not a result of uncorrelated
variables where the

g=2 (2.23)

€
stress in the sample is divided by the strain. Hence stress or strain can not be
varied independently of each other. The Eq. (2.23) consists of a measure of
the force applied and the elongation because of it making Young’s Modulus
Eq. (2.23) a correlated variable. The mean and standard deviations are dis-
cussed by Haugen [2.18] and Miscke [2.42] for both correlated and
uncorrelated variables.

It should also be noted that many of the terms like “E” and “c” are
quoted as uncorrelated variables. The relationship for coefficient of vari-
ation is developed which is the Gaussian standard deviation divided by
its mean and multiplied by 100 for

v

C, = % x 100 a percentage. (2.24)

which gives a percentage variation which becomes a constant number for
various materials. Some of the values quoted in the literature and
[2.18,2.19,2.44,2.53] are shown in Table 2.1. Haugen [2.18] performed an
extensive study of many design parameters.

EXAMPLE 2.9. When parts are placed in an assembly the overall
average assembly dimension and its variation are important. The problem
of the stack up variation in parts can be examined using Eq. (2.18) and
the stack up of z=x+y. If the coeflicient of variation for x and y are

5, 001 2, 00
== P— =L =4
Cor *3576 =, = T2s76

X

The dimensions vary 1% about the means +2.576 z approximately for 99%
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Table 2.1 Typical examples of coefficient of variation
percentages reported in the literature

Condition Cv percent
Concrete beam strength 15
Weld strength 10
Buckling strength thin wall cylinders 20
Timber flexure strength 16
Tensile strength of metallics : S
Yield strength of metallics 7
Tensile strengths of filamentary composites 12

Endurance limit for steel
Aluminum and steel modulus
Titanium modulus

O W 0

of the data. Substituting into Eq. (2.18)
o (001 NP /001
== \2376" ) T\3576M

which simplifies to

0.01
vl 2 29172
= E gl ]
To obtain C,,
3 0.01 p2+ )2

vz

TXx+y 2576 ptp,

expanded to seven stack up dimension variables
i=7
z= ZXI'
i=1
the percent coeflicient of variation for z

I=7 1/2

2

. E Hxr

Zz 0.01 |:1=| :I

G = X 100 = =501 < 100

Hxr
=1

x 100

0.01 11.83222
G = i2.576 28
C,. = £0.16404%
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The end dimension will be

@, =28 in
v z:uxi
Z=CT00

28
z, = 0.16404{ —
z, = 0.1640 (10())

z, = 0.0459325

the stack up dimension will be

i=7
z= ) x4 2.576(0.0459325)
i=1

z=28in+0.11832 in

for 99% of the assembly.

B. Card Sort Solution Estimate of Variance

The normal functions for z examined have nicely behaved partial
derivatives. However there are functions which can take several pages of
partial derivatives to evaluate.

Therefore it becomes time consuming to obtain an answer when a close
estimate might suffice. Further using a computer to generate distributions
may also be too time consuming. The card sort selects specific values of
the variables to find either or

(2.25)

Zmax — H; = Xz,

[, — Zmin = X3 (2.26)

the cards or variables are selected to make z a maximum or minimum. If the
variable appears in the denominator (bottom) a large value card makes z
grow toward a minimum while a small value card makes z grow toward
a maximum. If a variable appears in both the denominator and numerator
(top) the zy.x means the large value card is used both places since only
one card or value is used in both places. When more complicated functions
are used the functions or combinations will have to be examined to see
if the cards selected cooperate to yield zyux OF Znin-

The variables are between two bounds for 99% for approximately
+2.576 standard deviations of the data. The probability of being greater
or less than (X)), O (X)min 1 0.01/2.
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When a function z is maximized several cards or variables are select so

probability of
P(z) > P(zmax)

and this is a card selection of variables separately

P(2) = P(zmax) = P(X1X2X3X4 . .. Xp)

from Example 2.1

P(x1x3x3%4 . . . Xn) = P(x1)P(x2)P(x3)P(x4) . .. P(xp)

0.01

PCx) = P(X) = ——

So Eq. (2.29)

P(x1xox3xs...xp) = (

0.1

(2.27)

(2.28)

(2.29)

(2.30)

.31

This is the area under the Gaussian tail beyond zmax or below zmin. This
one sided Gaussian curve (Fig. 2.4) and Table 2.2 may be analyzed to
see how many standard deviations, XZ., this range Eq. (2.25), Eq. (2.26)

represents.

EXAMPLE 2.10. Example 2.9 is now solved using a card sort

method.

Eq. (2.25) is set up for

z=Xx4+y

Table 2.2 Tabulated values for (P(0.01/2))"

and X for Fig. 2.4

n -X n -X

1 2.5758 9 9.4351
2 4.0556 10 9.9754
3 5.1577 11 10.488
4 6.0737 12 10.9779
5 6.8738 13 11.4467
6 7.593 14 11.8974
7 8.2516 15 12.3318
8 8.8627 16 12.7517
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Figure 2.4 One sided standard deviation, x and ? for n cards selection for a
function of n variables for Pr = (21)".

with the same conditions for a single card

0.01
Xmax = 2. 576( 5 576)"* o

Xmax = L.OL p,

the same expression holds for yn.x and a second card
Zmax = 1.01 p, + 1.01 g,

then
Bz = Py + 1y

when Fig. 2.4 and Table 2.2 are examined for n cards (and in this case n = 2),
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Xz, is 4.056 z. so that

XZ, = zZmax — 2
4.056 z, = 0.01 u, +0.01 [
. 0.01p,+0.01 Hy

Fe= 4.056
and
z, 0.01(u, +u,) 0.01
C,=2c= TR 100) = —— (10
W 4056(u, + uy)( ) =705 100

C, =0.24654%

for the second part of Example 2.9 and expanding for seven cards with
X=28.2516 Fig. 2.4 and Table 2.2

YT, 825163 uy
C, = 0.12119 percent

The stack up dimension is p; =28 in

, 012119
= 7100

the stack up dimension will be

(28) = 0.03393

=7
7= p; +2.576(0.03393)
i=1

z =128 in=£0.087404 in

the percent error is in the tolerance

. r_0.11832~O.O87404X 100
percent error = SIS

= 26.13% on the low side.

Example 2.9 is considered to be the exact solution.

EXAMPLE 2.11. Find the Ry for two 10% resistors in parallel (Fig,
2.5) whose mean and standard deviations are (g, Z;) = (10,000; 300) ohms
and (up, z3) =(20,000; 600) ohms. Use Eq. (2.16).
RT 1s
1 1 1 _ R+ R

Rr R Ry RiR,
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|
Rr R, R

Figure 2.5 Parallel resistors for Example 2.11.

RT is
Ry = F(R{Ry, Ry + R2)
Substituting the mean values y; and up

Ur = 6667 ohms
the standard deviation is Eq. (2.16)
i=1 2 172
. ORT\" . 12
ZT[;( R; ) (ZI) :|

Figure 2.5 Parallel Resistors for Example 2.11 taking partial derivatives of
Ry with respect to Ry and R; then substituting the mean values yields

ORr _ 1

7 0444
R (y + )
B

]
=1 _—0.1111
Ry (i +#2)2

substituting into the Z7 = [(0.4444[300])2 4 (0.1111[600])?]'/2
zr = +149.1 ohms

therefore
(tr, Zr) = 6667 £ 149.1 ohms

This is considered to be an exact solution for the standard deviation. The
coefficient of variation is

Cr = 21100 = 2.24%
Hr
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EXAMPLE 2.12. Examine Example 2.11 using a card sort to obtain
the standard deviation Zr. In Example 2.11

Ur = 6667 ohms
and

Z; = 300 ohms with Z; = 600
in order to obtain Ry p;, multiply Z; and Z; by 2.576 standard deviations and
subtract from g; and

Rt R o ~ 022 + 1458y =613 o

From Eq. (2.26) and from Fig. 2.4 and Table 2.2 for two card sorts
X=4.056.

uT - RTmin = XZC

6667 — 6151
Zo=———=12722 0h
%= 7T4056 7:22 ohms
The percentage error compared to the exact solution for z,
percentage error = 1—41!1;911& x 100 = 14.68% on the low side

C. Computer Estimate of Variance and Distribution

When an equation has several variables and the distributions of each of
these variables can be determined, it is possible to use the distribution
of the variables to computer generate and graphically determine what form
the equation takes. This would also give an independent check on validity
for Egs. (2.16), (2.25), and (2.26) where no previous experience is available.
Further, the computer generated data could be used in a solution sizing
parts in a coupling equation Eq. (2.42).

V. SAFETY FACTORS AND PROBABILITY OF FAILURE

The applied load f(a) is held in equilibrium by a resisting capacity f(4) of
which both will have a distribution due to the variables not being considered
as constant values. The desired condition is that the capacity is always
greater than the load and the overlap coupling of the two distributions Fig.
2.6 is a small failure value. These should be prescribed values set by the
design criterion. The failure values can be found by computer analysis
for distributions other than Gaussian or normal functions. However, when
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f(a) and f(A4) are Gaussian or normal functions [2.18]

1 1[{a—p, 2

f(a)———za mem{—i( T )] (2.32)
_ bl (A

f(A)_EA 2nexp[ 2( 2 )} (2.33)

The range for these evaluations is from minus to plus infinity for a and 4.
The reliability or probability that capacity is greater than the load is shown
in the following equation

A—a>0 (2.349)
and letting

{=A-a (2.35)
then from Eq. (2.17)

He=Hq— Uy (2.36)

=[5+ 5" (2.37)

Then f({) = f(4)—f(a) is a normal distribution which can also be verified by
computer with two normal distribution inputs. Then

_ 1 1 C—/‘c)z
0=, mexp[ 2( . ] 2.38)

f(A)
Capacity

- MG——Failure

Ha | M

Figure 2.6 Distribution of capacity and load with resulting failure.
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Again with a range from minus infinity to plus infinity. The probability of
Eq. (2.34) being valid or the reliability {>0 is Eq. (2.38) integrated from
zero to infinity

T ¢ llc)
R() = 3 J_J [ (5c ]d( (2.39)

which is the integration of a normal or Gaussian distribution. Using a math
handbook for evaluation, let

=k (2.40)
Zt
when { =zero
Pl
T
when { =00
1 =22 _infinity
Zt
then from a math handbook
RO =R() = Jexp[— ——] (2.41)
jas
B4
Now the coupling equation is
M R (2.42)

T (G4 + G

The R(¢) from zero to infinity is 0.5 and from 0 to —¢ the value added after
say t=3.5 add 0.4998 to 0.5 or R(r)=0.998 or

RO+ P =1 (2.43)
Then
P(f) = 1%

which is not accurate enough for a failure rate of one per 10° items or more.
Table 2.3 shows the value of minus ¢ and the P(¢) for more accurate cal-
culations using Eq. (2.42).
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Table 2.3 Values of minus 7 and P(¢) for Egs.
(2.42) and (2.43) with P(¢) = 10~°

—t D —t D
Zero infinity 7.3488 13
1.2816 1 7.6506 14
2.3263 2 7.9413 15
3.0912 3 8.2221 16
3.7190 4 8.4938 17
4.2649 5 8.7573 18
4.7534 6 9.0133 19
5.1993 7 9.2623 20
5.6120 8 9.5050 21
5.9478 9 9.7418 22
6.3613 10 9.9730 23
6.7060 11 10.1992 24
7.0345 12 10.4205 25

EXAMPLE 2.13. A material part has a yield coefficient of variation
C4= £0.07 and a yield strength mean g4 of 35,000 psi with an applied
mean stress of 20,000 psi, 1., and a coefficient of variation of C, = £ 0.10.
Find ¢ for Eq. (2.42) and the reliability and failure.

Bq— My
() + G
54 = Capy = £0.07(35,000 psi) %, = Capr, = 0.10(20,000 psi)
Z4 = £2450 psi £, = £2000 psi
35000 -20,000
T [(2450)2 + (2000)7)12
from Table 2.3

—4.7428

1
t=—-4.7534is P(ty = 106 making R(?)

A value 0.999999. Also note the factor of safety is

fy 35
FS =—==—=1.75
u, 20

a

Now both P(¢) and factor of safety defines the parts safety.

EXAMPLE 2.14. A simple example to give a feel for what can be
done with these concepts [2.19]. A tension sample Fig. 2.7 has the following
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requirements.
Load = (P, %,) = (6000,90) Ib
Tensile ultimate 4130 steel = F, 2p = (156,000;4300) psi

1

Praiture = 7000 R=10.999 s0 t = —3.0912(~ -3)

The cross-sectional area A = nr?

The standard deviation Z, = (34/9r)dr = 277z,
We are given from manufacturing

Z, = :I:gﬂl—5 7 for 99% of the samples z, = £2.576

2.576
7, = 5.83 x 1073 7 ~ 0.0057

The applied stress is
(P,2,) _ (6000,90)

G, %) == =5

6) (A, S4) (nrzv 2nrzy)
G- P 6000
T wr

from Eq. (2.22)

7252 4 p232
~2~|:A Z,+ P ZA]
ol

A4
with
A=n? P=6000Ib %,=2r(0.005/%) %,=90Ib
8.1 3.6 11, 700
w2 oL, 20 ~ s
e ™ [1000[n2;4 + nzﬂ]] 2t

] - _* I |
-+ -1 2
T Pz

Figure 2.7 A tension sample.
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The coupling, Eq. (2.42), is used

F—o

with
F =156,000psi &= 67?;020
Zp =4300psi 7 = 1—:—[’2—7;71()—0

Substituting and squaring both sides, two solutions for 7 are found. They are
t=-3 is a structural solution and = +3 for a safety device which is
designed to be failed under these conditions.

Structural Member
R=0999 P,=0.001

ry = 0.116" 4 0.00058”

F =156,000 zp =4,300 psi

Safety Device

R=0.001 P;=0.999

71 = 0.1055” 4 0.00053”

F =156,000 psi zp = 4,300 psi

oy = 141,000 psi  z, = 2,559 psi 6, = 171,500 psi Z, = 3,093 psi
156,000 156,000
Safety factor = 121,000 — 1.106  Safety factor = 171500 — 0.909

The curves are shown in Fig. 2.8 and Fig. 2.9.

EXAMPLE 2.15. Another application of the card sort may be used
to develop the standard deviation for the stress due to applied loads.

. P P
g —=—=——
A ar?
Material Stress on
Strength L.oaded Part

1715 ksi

156 ksi
Figure 2.8 Safety device t= +3 and R=10.001.
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Stress on
Loaded Part

141 ksi

Figure 2.9 Structural member ¢=-3 and R=0.999.

From the Example 2.14 and Eqgs. (2.25) and (2.26)
Fmax = 3(0.0057) +r = 1.015%
P, = 60001b 4+ 3(901b) = 6270 1b
Ppin = 60001b — 3(901b) = 57301b

Notes:

Chapter 2

Material
Strength

Fmin = —3(0.0057) + r = 0.985r

1. If P is Ppax or Ppin it also applies in both numerator and
denominator. In other words one cannot use Pp,,; in the numer-

ator and Py, in the denominator.

2. The same can be said for rpax and ryip as for Ppayx and Puin.
3. However since the calculation is to find op,x and oy, the following

are valid statements

_ Prax

Omax = ~ 5
T in
Pmin
Omin = 5
T hax

Substituting
62701b 2057.05
O'max

TA0985F P
_57301b 177041
T 0.9857F P2

Omin

Copyright © Marcel Dekker, Inc. All rights reserved.

MARCEL DEKKER, INC. ﬂ
270 Madison Avenue, New York, New York 10016 0



Application of Probability to Mechanical Design 63

Again as in the resistor Example 2.10 two variables are selected to obtain
Omax and o;, and each is separated from the respective mean by 4.056 stan-
dard deviations, 4.056 Z

2(4.056 Z;) = Gmax — Tmin
. 2057.05 1770.41 1
o= ( ZE ) 2(4.056)

. 35.34

Zg = —
72

The previous calculated value, Example 2.14

L 11,700
%=
. 3443
Zg = ;—2

The percent error is the difference of z, in Example 2.14 and Example 2.15
divided by Z, in Example 2.14

(34.43 —35.34)
34.43
72
% error = 2.64% on the high side.

% error = 100

f2

35.34 ..
Now compare Z, = - solution in Eq. (2.42) for Example 2.14

F—-o

= —3=
- v9q1/2
[ + 21"

Noting
Z, 3534 1
== 576000 = +0.0185
P
Substituting

~3 = [156,000 — ¢][(4300)% + (0.01855)%]"'/2
Squaring and transposing
9[(4300)* + 3.4240 x 10~*0?] = (156,000)*> — 2(156,000)g + o*
[1 —3.08158 x 1073]6% — 2(156,000)c — 9(4300) + (156,000)*> = 0
Ad*+Bo+C=0
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(=B) £ [B? —44 C]'\?
7= 24
. 2(156,000)=£[[2(156,000)” — 4(0.99692)[—9(4300)*+ (156,000)*]]"/2

2[0.99692]
312,000 £ 31,039
7= T200.99692]
o1 = 172,049 psi  As before this is a safety device

oy = 140,915 psi  This is a structural member

6000
02 =3
nr
172
F= [ﬁ%] =0.1164" compared to 0.116 in Example 2.14.

%, = 0.005(0.1164) = 0.0006

EXAMPLE 2.16. The card sort and partial derivative can be com-
pared to obtain the standard deviation for loading of a cantilever beam
for and its stress in Fig. 2.10.

_MC
7=
__(PDh2
i3 /12
_6PL M
A

——
1

t
h s
Ls

Figure 2.10 Tip loaded cantilever beam.
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If
Cjp=2L=4001 Cp=5==+00l

p L
Cop=2=1001 C,=2=2+001

b h

for 3 standard deviations
Pmox = 1.039  Lmax = 1.03L  bmax = 1.030 Ay = 103
Poin =097 Lmin =097L  bumin =097 hyin = 0.97h
6pmaxLmax  6(1.03p)(1.03L) 6pL
= 5 = _ = = 1.1624| =—
bmin(hmin)”  (0.975)(0.97h) bh?
for a card sort, 4 terms selected from Fig. 2.4 and Table 2.2 the spread
Omax—2r and Z, is
6.0737 35 = Gumax = &
s - 1.16245 — G
77 6.0737
using the partial derivative method Eq. (2.16)

Omax

=0.02674 o

90 6L 80 _ 6p

AT
do _6pL( 1\ 3o _6pL( 2h
b R »2) oh  p! ht
%, =2001p 2, =+001L % =40.01h %, ==+0.01k

substituting and collecting terms

3 = %;[(0’01)2 +(0.01)2 +(0.01)? + (2 x 0.01)%]*2

Z, = 0.02646 ¢
0.026465 — 0.026746

%error = 0.02606s x 100 = 1.06% to the high side

for the partial derivative

%s = 6[CL + C2 + C3 + Cu)1'?
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VI. FATIGUE

This section uses materials from [2.10] Faupel and Fisher, Engineering
Design, 2nd Edn (1981) John Wiley and Son Inc. the pages 766-782 and
795-798 are used with the permission of Wiley Liss Inc., a subsidiary of
Wiley and Sons Inc. Revisions and additions have been made to reflect
the uses of probability.

The material is developed to reflect the probability variations in all of
the parameters and to use the concepts in Section V. Authors such as
[2.9,2.17,2.26] and others cited are drawn upon to attempt to apply prob-
ability to a semi-empirical approach to fatigue through the use of a,—0),
curves and data concerning the variation of parameters.

The critical loading of a part is in tension under varying loads and
temperatures. When the materials are below their high temperature creep
limits and above the cold transition temperatures for ductility and operating
with a linear stress-strain motion or a reversible one the ¢,—a,, curves can be
used. The creep limits and cold transition temperatures should be deter-
mined for a proposed material as the character will define the thermal limits
of a part. Conversely thermal maximums and minimums of a design will
define the only materials which can meet the design requirements. The tem-
peratures below the cold transition can be analyzed with ¢,—0,, curves with
proper corrections for temperature. The problem of elastic buckling may
also be considered for the proper fatigue life.

The equations for the fatigue curves are

Soderberg’s law Z4+L=1 (2.44)
oy O,
Goodman's law 2+ %~ (2.45)
oy O,
Gerber'’s law <£'£) I (2.46)
Oy O,

o, and o, are derived from the loading, the part shape and dimensions. The
unknown values can be solved for but Egs. (2.44)-(2.46) will allow only
one unknown in each equation. Two or more unknowns require as many
equations or an iteration procedure.

If the Soderberg curve, Eq. (2.44), for a simple stress is examined [2.9]

K[O'm KzO‘r Om
Oy

[ a O'y/Kl

g

+ =1
o./K>

(2.47)

For all three equations (Eqgs. (2.44)—(2.46)), the K; factors influencing fatigue

270 Madison Avenue, New York, New York 10016
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can be applied either to 0, and o, or 6, and ¢,. When stresses are complex 6,
and o, can be treated using combined stresses, where for plane stress the
distortion energy gives

0-:11 = \/;%cm - O'Xmo'ym + O-)%m + 3‘[)2cym (248)
0, = /0% — 050y + 0%, 4372, (2.49)

The ratio ¢,/0¢, and the slope of a line drawn on a ¢,~a,, curve from
6,=0,,=0 to intersect the material property line as shown Fig. 2.11.
The factor of safety based on the deterministic or average values of loads
and dimensions can be determined, however, the probability of failure,
Py, is still not known. The a,—a,, plots also show R values of stress ratios
for slopes and from both the factor of safety is

N =A/B (2.50)

the stress variations are related Fig. 2.12 and we see that the alternating
component is in each instance that stress which when added to (or
subtracted from) the mean stress o,, the stress variations are related Fig.
2.12 and we see that the alternating component is in each instance that stress
which when added to (or subtracted from) the mean stress o,, results in the

3 N
& g TestConditions
ot Unnotched =
sm

Maximum Stress, ksi
»
[

100 % e & A 3
L0 ¢ A=1.0

8 A=0.3 ]

754 8y Notched ——— {
) 2, Ke30

: Az

50} A=10 1
A=03

25| Note: Stressegffare based 3

upon net selttion

P P B I S | 1

—17‘5‘ —‘IS(.) -125 -100 -75;. -50-25 50 75 100 125 150 175 200 225 250

Minimum Stress, ksi

(=]
»
o

Figure 2.11 Typical constant life fatigue diagram for heat-treated Aisi 4340 alloy
steel bar, F,, =260 Ksi [2.65].

Copyright © Marcel Dekker, Inc. All rights reserved.

MARCEL DEkkER, INc. (ﬂ
270 Madison Avenue, New York, New York 10016 0



68 Chapter 2

Stress, o

Figure 212 Typical sinusoidal fatigue loading with a mean stress.

maximum (or minimum) stress. The average or mean stress ¢, and the alter-
nating component g, are Fig. 2.12.

Omax + Omi Omax — Omi

O'm — max min and 0’, — max min (251)
2 2

where a compressive stress is a negative number. For a complete reversal,

o, =0; that is,

Omin = —Omax and o, = opgax. In every case,
' (2.52)

Omax = Om + Oy

A parameter used to locate the curves of Fig. 2.11 is a stress ratio R defined
as

R O _n =0 @53
Omax Om + O

with stresses used algebraically; R = —1 for completely reversed stress, Fig.
2.11.

The curve Fig. 2.11 represents an average for o,, 0,, 0,, and 0,,. Hence
when N =1 the Py =50% which should be avoided. The 6,—a,, curve from
extensive testing as per [2.27] will show with the average and spread about
the average or mean. The unfortunate case is that only o,, ¢,, and a'e
are generally known as estimates of Cp from much test data. The Cy
can be derived from class A and B materials in [2.1,2.18,2.63,2.65] for met-
allic materials.

Cpo, = £0.08 = 222

O
Cog,, = +0.07 =" (2.54)
Tyt
%
Cy,, = £0.05 ===
]
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In order to generate a design curve, g, is one of the important factors
formulated by Marin and presented by Shigley [2.51] where

0o = kokypkckakoky . . . kikmal, (2.55)

o} represents data from a smooth polished rotating beam specimen. The k
values can be applied to the stresses or to correct ¢.. Material data can
have some k values incorporated in the test or no k values at all. When
developing a design curve for combined stresses, it is better to place the
k values with the individual stresses where possible. The factors, & values,
influencing fatigue behavior will be discussed where most of the corrections
are to o, or g,. o} will be discussed in Section VI. B.

A. Some Factors Influencing Fatigue Behavior

The number of variables and combinations of variables that have an influ-
ence of the fatigue behavior of parts and structures is discouragingly large,
and a thorough discussion concerning this subject is virtually impossible.
At best, the designer can make rough estimates and predictions, but even
to do this requires some knowledge of at least the various principal factors
involved. In the following discussion some high-spot information is pre-
sented with the caution that fatigue behavior is extremely complicated
and any data or methods of utilizing the data should be viewed in a most
critical way.

Surface factor, k,

40 60 80 100 120 140 160 180 200 220 240
Tensile strength, 5, 10° psi}

Figure 2.13 k, versus surface roughness and tensile strength (after Johnson [2.25]
courtesy of machine design).
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1. Surface Condition, k,

By surface condition is meant the degree of smoothness of the part and the
presence or absence of corrosive effects. In general, a highly polished surface
gives the highest fatigue life, although there is evidence suggesting that the
uniformity of finish is more important than the finish itself. For example,
a single scratch on a highly polished surface would probably lead to a fatigue
life somewhat lower than for a surface containing an even distribution of
scratches. Typical trend data of Karpov and reported by Landau [2.30]
are shown in Fig. 2.14 for steel. Reference [2.32] also shows data for forgings
that are similar to the k, for tap water. The Machinery Handbook [2.62]
shows a detailed breakdown of surface roughness versus machining or
casting processes. This information can be used for steels to find the &, from
a theoretical model development by Johnson [2.25] in Fig. 2.13.

The data for k, is plotted with the equations derived by [2.18] from
data shown in [2.9] for steel.

Ground:
k, = 1.006 — 0.715 x 1075 (2.56)
Machined: 4
o =0.947 — 0.159 x 10~%G,,, (2.57)
O L e R e T
Mirror polish
100

—————— Ground

Sharp circular notch

60

Mill scale

40

Percent endurance strength

20—

ol 1 | S I R U R N ! |
40 60 80 100 120 140 160 180 200
Tensile strength of steel (1000 psi)

Figure 2.14 Effect of surface condition on fatigue of steel.
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Hot rolled:
2091 05455, .
k, = 019 +0.05450us parabolic form (2.58)
(ault/2)
As forged:
—0.002667, .
.= 20955 _0 00266 a parabolic form (2.59)
(Guiy2)

The standard deviations [2.18] and coefficients of variation [2.51] are in
Table 2.4.

2. Size and Shape, k;

The subject of size and shape effects in design is discussed; the same general
conclusions and methods presented here also apply to fatigue loading.
For example, it is seen that the small bar has less volume of material exposed
to a high stress condition for a given loading and consequently should
exhibit a higher fatigue life than the larger bar. Some data illustrating this
effect are shown [2.15]. Shape (moment of inertia) also has an effect as shown
[2.15]. In design it is important to consider effects of size and shape, but by
proper attention to these factors a part several inches in diameter can
be designed to on the basis of fatigue data obtained on small specimens.
A rough guide presented by Castleberry, Juvinall, and Shigley is

1 for d < 0.30in.(2.26, 2.51)
0.85 03 <d <2in.(2.26,2.51)
1-@=9305 < 4 < gin.29) (2.60)

0.65-0.75 4<d=<12(2.18)
¢y, & 5 to 6% min(2.18)

kp

Table 2.4 £, standard deviations z, and coefficients of variation

Surface finish Shigley, Miscke [2.51] Haugen [2.18]
Ground Cy=0.13 Z, =0.103
Cold drawn & machined Cy=0.06 z, =0.0406
780.5
Hot rolled Cy=0.11 Zy :2:8—
Gutrj2)
2780.5

Forged Cy=0.08 Zy=

g v T @)
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The kp, greater than 0.5, is for steel and only serves as a guide to other
materials. When 4<0.30 many materials fall into the range of spring
diameters where ultimate and endurance limit strengths [2.9] are stated
as a function of wire diameter and the kj, is greater than one. This also applys
for constant material thickness.

3. Reliability, k.

The k. value corrects o) for an 8% standard deviation when no other data are
available. In Fig. 2.15 the ¢,—0a,, curve can be developed; however, the solid
line is the average or mean of all data. The reliability of a design using any
point on the solid line is 0.50. Tests have been conducted [2.27] where
the dotted lines A and B represent data spread of + 3¢ derived from several
tests along the curve. Eq. (2.61)-(2.64)

The k. values [2.51] are as follows:

R(0.50) = 1.00 (2.61)
R(0.90) = 0.897 (2.62)
R(0.95) = 0.868 (2.63)
R(0.99) = 0.814 (2.64)

Note: this correction is used when attempting to derive a design line to be

Figure 2.15 ¢, — 0, with material property variations.
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used with a factor of safety calculation. Further note (Eq. (2.54))

C, = £0.08 for o}
C, = £0.07 for metallic yields
C, = £0.05 for metallic ultimates

k. =1 for a coupling equation calculation (Eq. (2.42)) and %.=0.

The values correct o, or increase the amplitude stress depending on the
calculation. If a curve is developed and line A in Fig. 2.15 is to be drawn,
some knowledge about the spread of the data about the ¢,, mean should
be obtained. However, if k. is only used on aé, it should be noted that a
line ¢ is generated where the reliability is 0.99 at o, and slips to 0.50 at
the ultimate, o,,. The curve would be more accurate if k. is applied to both
o, and o, until material data are available.

4. Temperature, ky

In general, the endurance limit increases as temperature decreases, but
specific data should be obtained for any anticipated temperature condition
since factors other than temperature, per se, could control. For example,
for many steels the range of temperature associated with transition from
ductile to brittle behavior has to be allowed for. In addition, for some
materials, structural phase changes occur at elevated temperature that
might tend to increase the fatigue life. The low temperature k,; values [2.11]
for —186°C to —196°C are approximately in Table 2.5.

The values decrease linearly with temperature to the room tempera-
ture value of one. These k; values increase ¢, and decrease o, and o,.

Unlike low temperature values, k, is not linear above room tempera-
tures for metals. Typical k; values are in Table 2.6.

Many k, values for specific alloys and temperatures can be found in
[2.1,2.11,2.65]. The actual ¢,—0,, curves are available for many materials
at elevated and cyrogenic temperatures with ¢! and o, test values. The

Table 2.5 Low temperature
correction, kq, for metals

Carbon steels 2.57
Alloy steels 1.61
Stainless steels 1.54
Aluminum alloys 1.14
Titanium alloys 1.40
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Table 2.6 Metal correction values, kq, above
room temperature

Magnesium (572°F) 0.4

Aluminum (662°F) 0.24
Cast alloys (500°F) 0.55
Titanium (752°F) 0.70
Heat resistant steel (1382°F) 0.63
Nickel alloys (1382°F) 0.70

curves are 50 percentile curves and the variations on a; 0y, and o, still must
be estimated with known C, data.

5. Stress Concentration, k.

The subject of stress concentration is considered separately in [2.10,2.49]

and the discussion concerning the effect of mechanical stress concentrators

such as grooves, notches, and so on, on fatigue behavior is included as part

of [2.10,2.49]. Later in this chapter the effect of stress concentrations such

as inclusions in the material is considered. In general, the presence of

any kind of a stress raiser lowers the fatigue life of a part or structure.
Stress concentrations are introduced in two ways:

a. The geometry of a design and loading creates stress concentrations
Fig. 2.16. This is introduced into the design calculations by
Kr—1
K, -1

q= (2.65)
where g = the notch sensitivity factor [2.9,2.51,2.54]

K, =theoretical factors [2.9,2.51,2.54]
Often to find ¢ a notch radius, r, is required which is generally not known
until the design is completed. Therefore, to start a design

K = K, (2.66)

K is used in Eq. (2.55) to correct o, for a single state of stress as

1
ke =— .

X (2.67)
Otherwise, for combined states of stress K is used in Eq. (2.49) for the
design of ductile materials and in Eqgs. (2.48) and (2.49) for the design
of brittle materials. For example: for a ductile material with a bending stress
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Figure 2.16 Typical notch sensitivity data for steel (data by Peterson [2.49]).

and an axial load.

M,c P,
K =
7 Ty

oy = Kpy (2.68)
where K, and K, stand for the stress concentration factors for bending and
tension.

In general Ky is from Eq. (2.65) where

Kr=1+44q(K, —1)

If g=1 then Ky =K, which is the first iteration of a part size then Ky is
calculated when the notch radii and part across sections dimensions are
known. The variations are in K, and ¢. Haugen [2.18] has plotted and cal-
culated K, for some shapes. The Cys are 210.9% with R(0.99) and 95% con-
fidence for the smaller radii and higher Ks but the 10.9% becomes smaller as
the K, curve flattens out.

The g average values are published in most texts but in [2.52] and {2.36]
the coefficient of variation for ¢, and C,, Table 2.7, may be developed and
the estimates are as follows

EXAMPLE 2.17. The card sort may be used to find 2, for the maxi-
mum or minimum variables where a symmetric distribution is used, such
as tolerance on a part size

Copyright © Marcel Dekker, Inc. All rights reserved.

MARCEL DEkkER, INc. (ﬂ
270 Madison Avenue, New York, New York 10016 0



76 Chapter 2

Table 2.7 C, for q average values

Q and T steel Normal steel Ave. aluminum

C, +8.33% +5.26% +7.33%

In the equation
Kr=1+4g(K, —1)
For gnign
Grigh = (1 + 3C,) = 1.2499 g = g[+3(0.0833)]
Kunigh = K1 + 3Cvki) = 1.327 K, = K,[1 + 3(0.109)]
If =1 and K,=2.6
Kr=1+1Q26-1)=26

K =1+ [1.2499(1)][1.327(2.6)—1) =4.0625
Now

4.0556 ¥ = Ky, — Ky

The 4.0556 is from Fig. 2.4 and Table 2.2 where P(qnionKinign) acts as 4.0556
standard deviations.

, 4.0625-2.6

_ = 0.3606
o 4.0556 0.360
The
Cy = %_f — mg x 100 = +£13.87%
Ky 2.6

Should the sort be taken as a one sided distribution Fig. 2.17
Fig. 2.17 one sided distribution Ky

Ghigh = (1 + 2.5758Cvq) = 1.2146 ¢
Kinigh = Ki(1 + 2.5758Cvkt) = 1.2808 K,

Substituting

Kpign = 1 +[1.2146(1)][1.2808(2.6) — 1] = 3.8301
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K, K, High

Figure 2.17 One sided distribution for K;.

again

4.0556 7; = 3.8301 — 2.6 = Kpigh — Ky

. 3.8301-26
= T = 03033 (2.69)
Cv — 3_,{_ — 9&3 x 100 = +£11.66%

K; 2.6

Here the choice is 11.66% or 13.87% depending if the sort is taken from a one
sided on a two sided distribution. Shigley and Miscke (2.51) quotes 8-13%
for Cys for steel samples of various notch shapes.

b. Stress concentrations also develop with cracks in a material
whether caused by machining, heat treatment, or a flaw in the material.
Therefore, some consideration should be given to crack size. In Fig. 2.19
grooves or cracks in polished samples [2.11] for 1-10 rms finish are less than
0.001 mm (3.95 x 10~° in.) while in a rough turn, 190-1500 rms, the cracks
are 0.025-0.050 mm (0.001-0.002 in.) long. The minimum detectable crack
[2.34] with X-ray or fluoroscope is about 0.16 mm (0.006 in.). In Fig. 2.18
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Figure 2.18 Inherent flaw in a large part.

Figure 2.19 Surface crack in a large part.

the inherent flaws [2.12] in steel, 2a length, under the surface run from 0.001
t0 0.004 in. decreasing with strength. Aluminum and magnesium alloys vary
from 0.003-0.004 in. while copper alloy has, 2a crack length, of up to
0.007 in.

In [2.10] cracks are discussed as well as what K;¢c and K, mean in
fatigue. When cracks grow [2.16] Ky, is exceeded, and when cracks split
a part into pieces Kjc has been exceeded.

2 2
! (1.5E x 10—4> <ay < 1 (1.85 X 10—4> (2.70)
g T ag

I

where E'is the modulus and ¢ is the highest stress. Work by Siebel and Gaier
presented by Forrest [2.12] on machining grooves will be compared with a,,
in Table 2.8. An operating stress of 30 kpsi is selected for the illustration.
The representative rms values are from [2.30,2.62].
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Table 2.8 a4, compared to machined grooves

Groove depth ag; (30 kpsi)

rms (inches x 1073%) (inches x 1073)
Polish 8 0.04 Steel (7-10)
Fine grind 10 0.08 Aluminum (0.8-1.2)
Rough grind 70 0.2-04 Magnesium (0.3-0.5)
Fine turn 10-90 0.4-0.8 Titanium (2-3)
Rough turn 90-500 0.8-2
Very rough turn >500 >2

In (2.1) (2.18) (2.65) the Cyps is
1% < Coie < 28% Q.71)

For various materials fabricated by rolling, forging, also the forming
directions, and thickness of the samples. Each material must be researched
for applicable data and the variation of k;. is not straight forward and easily
expressed.

The surface crack in Table 2.8 and Fig. 2.19 is accounted for in kg,
surface conditions, and its effects are further reduced by residual stresses
ks, surface treatment kj, and discussed in fretting k;. However, the inherent
flaw (Fig. 2.18) must be detected by nondestructive testing such as x-rays.
Then, the part is either scrapped or repaired.

6. Residual Stress, k¢

The subject of residual stress is considered separately [2.10] which may be
referred to for more details. For present purposes it is to be noted that,
in general, a favorable residual stress distribution in a part leads to an
increased fatigue life; typical applications are shot peening or surface rolling
of shafts and autofrettage of cylinders.

Shot peening on any part surface—whether it be machined, surface
hardened, or plated—will generally increase endurance strength. The shot
peening residual stress is compressive and generally half of the yield strength
and with a depth of 0.020-0.040 in. The shot peening effect [2.9] disappears
for steel above 500°F and for aluminum above 250°F. The correction to
the endurance strength for shot peening is

kr=(1+7Y) (2.72)

where Y is the improvement.
Typical values for steel are shown in Table 2.9

Copyright © Marcel Dekker, Inc. All rights reserved.

MaRrcEeL DEkkER, INc. (ﬂ
270 Madison Avenue, New York, New York 10016 0



80 Chapter 2

The roughest surface will realize the largest values of Y improvement.
However, the overall net effect of shot peening is to increase o, so that

0.70¢! < ¢, < 0.900! (2.73)
e e

where ¢! is the endurance strength of a mirror-polished test sample, and o, is
calculated from

e = kakyo! (2.74)

Surface rolling induces a deeper layer than shot peening (0.040 to 0.05 in.).
The Y improvements are shown in Table 2.10.

Actual cases with discussion are presented by Frost [2.12], Forrest
[2.11], Faires [2.9], Lipson and Juvinall [2.32] as well as [2.54,2.63 Vol.
II; 2.8].

Cold-working of axles also imparts compressive residual stresses that
tend to increase the fatigue life. If, however, collars are press-fitted on shafts,
an effective stress raiser is formed at the interface (Fig. 2.20) which offsets
any beneficial effect of the compressive residual stress and usually results
in a lower fatigue life. This difficulty may be overcome to a large extent
by the modified arrangements of the collar shown.

Table 2.9 Shot peening improvements for steel

fabrication

Surface Y Y C,,
Polished 0.04-0.22 0.13 23%
Machined 0.25

Rolled 0.25-0.5 0.375 11.1%
Forged 1-2 1.5 11.1%

Table 2.10 Surface rolling improvements for materials

Surface or material Y Y Gy,
Straight steel shafts 0.5 0.2-0.8 20%
Polished or machined steel parts 0.28 0.06-0.5 26.2%
Magnesium 0.5

Aluminum 0.25 0.2-0.3 6.7%
Cast iron 1.065 0.2-1.93 27.1%
Any condition 0.50 0.1-0.9 26.7%
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High stress concentration

W/%%
%%%f

Stress relief by grooves or tapering

Figure 2.20 Various assemblies of collars shrunk on a shaft.

EXAMPLE. Straight shaft of steel with surface rolling find C,, s
Table 2.10
where

Kfmind = 1+ 3(1 = 3C,) = 1 +0.5(1 = 3[0.2]) = 1.2
Kfmax = 1+ 5(1+3C,) = 1 4+0.5(1 +3[0.2]) = 1.8

Since 1 variable is used as a card sort and the range is six standard deviations

62f :kfmax _kmin

; _18-12_06

T=76 T 6 (2.75)
3 0.1

_Z_; — [)
Cy, =7 =13 x 100 = 6.67%

7. Internal Structure, kg

For the purposes of this book the only internal structural aspects of fatigue
behavior of materials of interest are inclusions that act as stress con-
centrators and (probably related to inclusions) directional effects giving rise
to different fatigue properties in the longitudinal and transverse directions of
fabricated materials. By longitudinal is meant the axis of rolling direction in
sheet, for example. More will be said about this later in the design appli-
cation examples where it is pointed out that the transverse fatigue properties
of many steels, for example, are distinctly lower than the longitudinal
fatigue properties. Here much data is required. Generally kg=1, C,
undefined, Z, = 0.
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8. Environment, k,

The effects of tap and salt water on steel are shown in Figure 2.14. The same
effects for nonferrous metal [2.11,2.47] for all tensile strengths over 6 Z;, are

0.40 < ky < 0.64  £;(0.52,0.040) (2.76)
Two exceptions are electrolytic copper and copper-nickel alloys for which

0.85 < kj, < 1.06, £,(0.955,0.035) | .77
and nickel-copper alloys for which

0.64 <k, <0.86, k4(0.75,0.0367) (2.78)

These results are from tests conducted from 1930-1950; therefore, care
should be taken with newer alloys.
The effect of steam on steel under pressure is

0.70 <k < 0.94,  k,(0.82, 0.040) (2.79)

However, for a jet of steam acting in air on steel the values are one-half of
Eq. (2.79).

A corrosive environment on anodized aluminum and magnesium
yields

0.76 < ky <1, kx(0.88,0.040) (2.80)

while for nitrided steel

0.68 <k, < 0.80 kx(0.74, 0.020) (2.81)

9. Surface Treatment and Hardening, k;

Surface treatment protects the surface from gross corrosion. Results [2.12]
for chrome plating of steel are represented by the reduction of the fatigue
strength

Y =0.3667 —9.193 x 10¢! (2.82)
where ¢! is the fatigue strength of the base material. Then k; is
ki=1+Y (2.83)

For nickel plating [2.54], Y'is —0.99 in 1008 steel and —0.33 in 1063 steel. If
shot peening [2.9] is performed after nickel and chrome plating, the fatigue
strength can be increased above that of the base metal.
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The endurance strength of anodized aluminum in general is not
affected. Osgood [2.47] and Forrest [2.11] present effects of other surface
treatments.

Surface hardening of steel produces a hardened layer to resist wear and
cracking. Table 2.11 compares typical layer thicknesses and increases in ¥
from [2.8,2.9,2.11,2.12,2.63 Vol I1]. Rotating beam samples exhibit Y values
of 0.20-1.05 for carburizing or nitriding. The soft layer under the surface
hardening should always be checked to see if its endurance strength is
adequate. In the soft layer the tension residual stresses will balance the com-
pression stresses in the outer layer.

10. Fretting, k;

Fretting can occur in parts where motions of 0.0001-0.004 inches maximum
take place between two surfaces. The surface pairs exist as

1. Tapered cone and shaft assemblies
Pin, bolted, or riveted joints

Leaf springs

Ball and bearing race

Mechanical slides under vibration
Spline connections

Spring connections

Keyed shafts and joints

XN R LN

These surfaces, under pressure, work against each other producing pits and
metal particles. Extensive action can result in cracks and finally failure.

Table 2.11 Surface hardening-Y increases and layer thickness, inches

Flame and
induction
hardening Carburizing Nitriding
Layer thickness 0.125-0.500 0.03-0.1 0.004-0.02
(inches) (induction)
a0.125 (flame)
Steel ., 2,)= (0.735, 0.038)-
(0.73, 0.0233) 0.62-0.85
0.66-0.80
Alloy steel (0.35, 0.0967) (0.19, 0.0567) (0.65, 0.1167)
0.06-0.64 0.02-0.36 0.30-1.00
Rotation beam (0.625, 0.1417) (0.625, 0.1417)
samples 0.2-1.05 0.2-1.05
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The action can be recognized in disassembled parts by a rust color residue in
ferrous parts and by a black residue for aluminum and magnesium parts.
Desirable surface pairs [2.11, 2.26, 2.47] can be selected to reduce fretting.
Steel surfaces react well while cast iron must be lubricated to obtain the
same performance. _

Sors [2.54] concludes k; is 0.70-0.8 (k;, Z;) =(0.75, 0.0167) in general
and 0.95 for good surface matches. Frost {2.12] reports similar values with
some surface pairs lower.

Fretting may be reduced [2.8, 2.9, 2.15] by constraining the motion or
by closer fits, lubricated surfaces or gaskets, and residual stresses imparted
to the surfaces. A constraining example: a flywheel on a shaft with a keyed
cone fit held in place with a loading nut. Surface lubrication with molyb-
denum disulfide, MoS,; as well as other inhibitors extends the life of a surface
before fretting. Further, reductions can be obtained if the surfaces are shot
peened or surface rolled prior to assembly.

11. Shock or Vibration Loading, kx

These effects increase both ¢, and a,, and in essence decreases the life of a
designed part or system. The most effective method is to develop the stresses
from the loading because of the extensive methods involved, such as struc-
tural dynamic programs and even models loaded with quasi-static design
accelerations. A quasi-static design can be used to estimate a desired fatigue
life.

The quasi-static loads are educated guesses at what loads a data based
design criterion is telling the designer. The fact that some material properties
change with the rate of loading, mostly for the better, should be kept in
mind. The damping for quasi-static loads is assumed or guessed (this also
happens in computer models). In Eq. (2.55) for ¢, the value of kx=1
and 7; =0 for a calculation of Z,.

12. Radiation, k;

Radiation tends to increase tensile strength and decrease ductility. The effect
is discussed in more detail in [2.47] Unless data is available k; =1, CvkL =0.

13. Speed

For most metallic materials and other materials that do not have
viscoelastic properties, stress frequencies in the range from about 200-7000
cycles per minute have little or not effect on fatigue life. The fatigue life
could be affected, however, if during the rapid stress fluctuations, the tem-
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perature increased appreciably. For speeds over 7000 cycles per minute
there is some evidence that the fatigue life increases a small amount.

For viscoelastic materials (polymers), considerably more caution must
be exercised in interpreting fatigue data. Normally, fatigue tests are con-
ducted at as rapid a frequency of stressing as possible, with due consider-
ation for temperature rise. However, polymers will exhibit different
fatigue characteristics depending on the stress frequency, which, depending
on the material, will yield different results in ranges of high and low loss
factors. In general, in applications involving fatigue loading it is best to
use materials that exhibit low loss factor under the conditions expected
to persist in the application; if the part is used as a damper or energy
absorber, it should be used at a frequency characterized by a high loss factor.
For example, a vibrating part made of polymethyl methacrylate at room
temperature should not be used at a frequency of 600 cycles per minute
since this is where the loss factor is maximum (Fig. 2.21). Thus, in evaluating
fatigue data for polymers curves such as shown in Fig. 2.21 should be
available.

14. Mean Stress

A structure stress-cycled about some mean stress other than zero has dif-
ferent fatigue characteristics than one cycled about zero mean stress.
The precise reason for this is unknown, but it is believed due to hysteresis
effects caused by plastic flow that changes the fatigue characteristics on each
cycle. The effect of mean stress has been included empirically in the design
examples discussed later in this section.

The mean stress, Eq. (2.48), for brittle metals requires the application
of K values as shown in Eq. (2.68). For some steels, for example, the cri-
terion for brittleness can be found approximately from Charpy or Izod test
data shown in Fig. 2.22. Above the transition temperature the metal acts
in a ductile manner while below the transition temperature the metal acts
in a brittle fashion.

The combined mean stress Fig. 2.23 using distortion energy or Von
Mises energy criterion is Eq. (2.48)

o) = \/aim — OxmOym + 05 + 375, (2.84)

Z, the standard deviation needs to be calculated or a distribution function
developed.
The reversal Fig. 2.24 or amplitude stress Eq. (2.49)

0} = \J0%, = ualya + 02, + 312, (2.85)

Copyright © Marcel Dekker, Inc. All rights reserved.

MarcEeL DEkkER, INc. ﬂ
270 Madison Avenue, New York, New York 10016 0



86 Chapter 2

600
28—
Polystyrene
26— ysty ~1500
Polymethyt methacrylate
24 y y! y
22— —400
20— - 2
(=]
: g
18— Polyethylene —]300 ;n'
S
® K
s
(%]
]
— 12
10— —100
6 —0
Polymethy! methacrylate
4+
Polystyrene
2 F/—/?’—_\
0 I I | {
0.01 10 10 100 1000

Frequency (cps)

Figure 2.21 Dynamic data for three polymers at room temperature.

Here %,,, the standard deviation needs development. Further, note, for
ductile materials K will be applied to the stress condition for ¢, and also
to g, for brittle materials. In calculating o, a simple but important case
is a rotating beam subjected to a constant bending moment. For no stress
concentration the stress Fig. 2.25 is

M,,c

Op = O0xq = :I:T (286)

for a reversal stress from a constant bending moment.
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Figure 2.22 Typical charpy or Izod test of steel.
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Figure 2.23 Mean plane stress.

When the shaft is not rotating (w=20)

ST (2.87)
i
gy = e

B. Fatigue Properties of Materials

Fatigue life of a material is not a property like modulus, which, under nor-
mal conditions, is a material constant. The endurance limit of a material
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Figure 2.24 Amplitude plane stress.

Q, =1 B

m

Rotating beam stress

O N

tensuon

Rotatnon position

Figure 2.25 A reversal stress from a constant bending moment in a rotating beam.

is influenced by the type of test used and numerous other variables, of which
many have already been mentioned. Therefore for any particular material it
is necessary to examine fatigue data with respect to the end use conditions.
Nevertheless, as a guide, a few properties are presented here to assist in
the selection of materials for particular applications. More detailed property
information on specific materials should be obtained from the fabricator or
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vendor. Information can also be obtained from [2.1, 2.63, 2.64, 2.66] as well
as from publications like Machine Design, Modern Plastics, and Materials
Engineering, which publish data yearly. Most organizations that publish
standards and mechanical strength properties such as SAE, ASME, AISC,
AITC, and others are listed in [2.60].

As previously mentioned most ferrous materials are characterized by a
more or less definite endurance limit which is of the order of half the ultimate
tensile strength of the material. Typical data for a wide range of ferrous
materials are shown in Fig. 2.26. In using such data it is necessary to con-
sider the fact that most steels exhibit anisotropy of fatigue properties
and that the values reported in the curves (like Fig. 2.26) are probably from
tests of specimens cut in the longitudinal direction. The annealed austenitic
stainless steels have very good fatigue-corrosion resistance and are not
as notch-sensitive as other steels; however, in the cold-worked condition,
their fatigue properties are about the same as those exhibited by other steels.
Typical fatigue data for a variety of other materials are shown in Figs. 2.27
to 2.31.

The ¢! data for fatigue strength is presented versus strength [2.15], low
cycle fatigue (<103 cycles) material data for cylic loading [2.1, 2.3] and
[2.65]. The design life in cycles may be selected. When designing for more
than 108 or 10° cycles [2.2] a reduction value may be used here called
ky, (in [2.2], this is called K; and Cy) the values are:

150

125 e

8

~
n

[£)]
(=]

Fatigue fimit (1000 psi)

A\ *
L4

N
[
4

0 25 50 75 100 126 150 175 200 225 250
Tensile strength (1000 psi)

Figure 2.26 Rotating-bending fatigue limits of cast and wrought steels at
one-million cycles. (After Grover, Gordon, and Jackson [2.15]. Courtesy of naval
weapons, U.S. Department of the Navy). [Z, = gurt/30; 0, < 100,00]
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40
® Casting alloys
% X Wrought alloys
Q.
(o]
S
% x
X X
g2 FS/TS=035 1% = %
: | gl
é‘ ¢ ° ® * ‘.X‘ x x
l.“é .‘ b .. ’
% 020 040 0,60 380

Tensile strength (1000 psi)
Figure 2.27 Rotating-bending strengths at 100 million cycles of magnesium alloys.

(After Grover, Gordon, and Jackson [2.15]. Courtesy of the Bureau of Naval
Weapons, U.S. Department of the Navy). [E,,; = 6yLT/20)

80

T T T T
_~ X Copper and copper-base alloys .
a ® Nickel-base alloys
8 60 FS/TS = 0.35~—f<"e]
< o /L“}:
o0

a 40 - L v./
5:’. x.x *.‘.xx/x
G XX PP

X X
é; 20 x &55&/' x X
8 P

/X l
o

0 20 40 60 80 100 120 140 160 180
Tensile strength (1000 psi)

Figure 2.28 Rotating-bending fatigue strengths at 100 million cycles of some
nonferrous alloys. (After Grover, Gordon, and Jackson [2.15]. Courtesy of the
Bureau of Naval Weapons, U.S. Department of the Navy). [Z, = oyvL1ys0]

1. Bending
kem = (km, Zm) = (0.85,0.01967)@10'° cycles for gear materials
(2.89)
= 1@10" cycles and %,, =0 (2.90)
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40
- x Cast alloys
] 30 o Wrought alloys
: oy wm— c— | —
%20 = i I T e
5 Lt DR .
= - o ® ° [
173 2 |* * s .‘
bl e
E A /. ‘:03 )S—)-e()( oA, - x

/_:, - T
0

0 10 20 30 40 50 60 70 80 90
Tensile strength (1000 psi)

Figure 2.29 Rotating-bending fatigue strengths at 500 millions cycles of alumi-
num alloys. (After Grover, Gordon, and Jackson [2.15]. Courtesy of the Bureau
of Naval Weapons, U.S. Department of the Navy). [Wrought Z, = 5%;
CAST = 2%

100

Douglas fir
White oak

Tmax, % of ultimate strength

oL
1

10 102 108 10* 10° 10° 107 108
Cycles to failure

Figure 2.30 Typical fatigue test data for wood. Repeated tension parallel to grain
at 900 cycles per min (see [2.40]).

2. Contact
ky = (l_cm, %) = (0.7625, 0.0383)@10'° cycles for gear materials
2.91)
=1@107 cycles and %,, = 0 (2.92)
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12, I |
210
=
S sl _
re \ Acetal resin (1800
2 6 B cycies per min)
ﬁ Nylon
£ {1200 cycles
5 41 per min)  —
E A Repeated tension
3 2 B Repeated bending ]
= —— A Polyethylene

0 | | | (1200 cycles per min)

10° 10 10° 10° 107

Cycles to failure

Figure 2.31 Typical fatigue test data for three polymers.

The scatter bands [2.15] show for aluminium alloys at 5 x 10® cycles sand
cast:

Ni¢

&

G,

£ =x11.11% (2.93)
O-E
permanent mold castings:
Zg1
T =+12.31% (2.94)
Ue
Wrought alloys:
Zg1
6—]" =17.07% (2.95)

Titanium alloys [2.11] behave as cast and wrought steel in Fig. 2.26. Wood,
polymers with low modulus filler, and plywood [2.11, 2.15, 2.54] for 107
cycles have
FS
0.20 < 05 < 0.40. (2.96)

Unidirectional nonmetallics with high modulus fibers with tension fatigue

loads for 107 cycles [2.29, 2.48]
ES

0.70 < 75 S 0.95. 2.97)

However, for fully reversed stress [2.48, 2.50] for unidirectional and cross

270 Madison Avenue, New York, New York 10016
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plied laminates

0.30 < ;—g < 0.60. (2.98)

Surface endurance strengths [2.32] such as in gear teeth with contact stresses
are generally 2.5-5.0 times flexural endurance limits.

3. Low Cycle Fatigue Using Strain

The ¢! —N curve may also be presented as &, strain, versus N, cycles. Since
the yield is exceeded at 10* cycles the dimensionless value of strain, e, is
used. Fig. 2.32 a data curve by S. S. Manson et al. [2.67] shows various
metals and condition on one ¢ versus N curve. Boller and Seegar [2.3] uses
the same data but separate plots of each material are presented. Individual
curves for each material may be constructed from handbook data Fatigue
Curves With Testing by Peter Weihsmann, [2.59].

Note some authors [2.6, 2.35] present total strain amplitude versus 2N
or a form of

Ag,  Ae,  Agp

of o
S =t st = +&/(2n)° (2:99)

The curve Fig. 2.33 is coﬁstructed as follows

Point A Ae¢ = (0,,/E) plotted at N = 1/4(0.25)

Point B Ae = (6. /E) at stated cycles 10%,10%,5 x 108 but obtain N greater
also include k,, Egs. (2.89) and (2.90).

Point C  Ae = g = Ine[100/(100 — R,)] Ra — % reduction of area plotted
at N = 1/4(0.25)

Point D Ae =¢, = (0,,/E)Plottedat N = 10* cycles the boundary between
plastic and elastic strain

This method was used on the curve by Manson et al. [2.67] in Fig. 2.32 for A
356 aluminum casting and 17-4pH (H900) where both materials are
different. The method showed good agreement in Fig. 2.34.

Manson [2.35] simplified the previous Eq. 2.99 to yield
0w 1 06 1

& wom T was = A + Asy (2.100)

Ae =35 06 =

where

E — is Youngs Module
o4 — ultimate tensile strength
¢ — true strain at fracture in tension
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A g (log strain)

log cycles

Figure 2.33 Ag versus 10 N cycles construction [2.59].

When calculating the variation of Ae versus N note the variables o,y, 6, E,
gr, estimates could be made on the Ag versus N curve for C, coefficient of
variation, from Fig. 2.34.

C. o,—om Curves

The average design lines [2.65] and Fig. 2.11 are available but the exact
spread about the lines is not given. The curves with the spread about
the average design lines [2.27] require much labor to generate the curves
alone for room temperature data. The ideal curves conditions are for

1. Fatigue curves like [2.27] are desirable but the heat treatment,
sizes, surface finish and temperature variations are not mentioned.

2. The first curves [2.65] and Fig. 2.11 show no coefficient of vari-
ation or temperature variation. The coeflicient of variation aver-
ages are known and the o, and Z,. may be calculated and
plotted.

3. Fatigue curves Fig. 2.35 have to be constructed from o, and oy,
and o,;,. The variation with temperature may be developed if
the mechanical properties as a function of temperature is known.
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Application of Probability to Mechanical Design 97

Figure 2.35 Fatigue curve construction.

4. Fatigue curves with the established method of using a factor of
safety
(3-4) - ductile materials

(5-6) - brittle materials

with a R(0.99) can also be drawn on a ¢,—0,, curve Fig. 2.15 with
many designs checked this way.

The conditions 1, 2, 3 are ideal for computer or handwritten solutions, when
the o,/ design line is known. Note in Fig. 2.35

logh . . . .
—- = Zero thus ¢, or o, is the intersection on the g, line
g

4
.

g, ... _ . . . .
—~ = infinite S0 &, 1s the intersection on the o, line
o

m

The equations for a one dimensional overlap calculation can be used by
setting the py
1 1
Pr=1% " 1

for a one sided distribution curve.
Pr=9.8659 x 107" for z = —6 standard deviations
N 1
109
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Solutions may be solved for only one unknown, area or a cross sec-
tional dimension. The factor of safety can be calculated after solving for
the unknown. Confidence levels can be found if the size of the input data
1s known for a’e, Gy, and oyy;.

The one piece of information needed for the 6,—a,, plot is the standard
deviation Z,, of the endurance value o, from Eq. (2.55)

G = kakoke - ki,

This is a calculation similar to Example 2.16 which is a well behaved product

Spe = ae[Cjaé +3 ka,»] v 2.101)

EXAMPLE 2.18. Use the cantilever beam (Example 2.16) of a
copper-based alloy

o, = 0.35s, use s, = 80,000 psi Fig. 2.28

Gylt/50
o = U0 10,0571 :
Coo. = G350 = +0.057 (2.102)

%5, = 0.05715, = Cyp, 5,

km Eq.(2.89)10'° cycles

%, 0.0196
="pgs = £002305=Cy,

Zm = 0.02305 ki, = Cic, ki
ky (Section A.12) radiation k; =1 Cy, =0..Z =0

ki (Section A.11) dynamics (in stress calculation) l_ckz 1, 24, =Cu, =0

- Zi .01
k; (Section A.10) fretting k; = 0.75, Z_ 0.0167 = +0.0222 = Cy,
k; 0.75 /
ki (Section A.9) surface treatment none k; =1 Cy, =0
. z, 0.035
ky Eq. (2.77) environment kj, = 0.955, %: G52 = £0.0367 = Ci,

kg (Section A.7) internal structure kg =1 Cy,, =0

kr (Section A.8) residual stress, none ky = 1 Cka =0

k. (Section A.5) stress concentration k, =1 Cy, =0
applied to stress
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kq (Section A.4) temperature (R.T) kg =1 Cy, =0

k. (Section A.3) Reliability k, =1 Cy, =0

ky (Eq.(2.60)) size and shape ky = 0.85 C, = 0.06
Z, 0.0406

k, (Fig. 2.14) Table 2.4 surface condition — = ——— = 0.0496 = Cy,

k, — 0.819
Now G, = kakpk, - - - km0,
= (0.819)(0.85)(0.955)(0.75)(0.85)(0.35[80, 000 psil)
G, = 11,867 psi (2.103)
i=m 1/2
%5, = Ge [cfg,e +3 ka,}
= 5.[(0.0571)% + (0.0496)* + (0.06)* + (0.0361)?

+(0.0222)* + (0.02305)%]'/2

) 2.104)
Zoe _ 10.1081 (

Oe

%, = +0.1081(11,867) = 1283 psi

Note:

Z”f/ = 40.0571 for material alone (2.105)

Now to construct a ¢,—a,, curve knowing

Zoe _ 40.1081 2 —1+0.05 Eq. (2.54)
O, Gut

Construct the mean values on the line in Fig. 2.36
Im 9
Oyt Oe

for a factor of safety 1.
The cantilever beam size is found from

05 = /0% + 3},

g, is plotted on the o,/0,, curve solutions obtained per Sect. C.2
5. Coupling Eq. (2.42)
g5 — Oy

VB + 2

t=—

Copyright © Marcel Dekker, Inc. All rights reserved.
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20

Copper-based alloy
O, = 80,000 psi

O, ksi

10

TGO,

O, ksi

Figure 2.36 Coupling diagram for ¢, — g, plot.

1 1 1
set Pf :Wﬁ)—g or (W,Z: —6)
or some selected value from Table 2.3

then

. o, 2 do; 2
2s = O__,r'YG’, + aj.__‘,r; Yo,

Remember o, and %, have the unknown dimension, g,, can be scaled
from Fig. 2.36 as well as Z,. This is now an algebra problem with
C, on each of the variables in the o, equation.
6. Monte Carlo
This is a computer solution where g, Z,; are known and o; is
known with a distribution on the variables be it Gaussian or
Weibull. (65 can also be a Weibull distribution). The computer
picks values on all known and unknown variables according to
their distributions, finds all values of o, > o5 which is a failure,
and does enough calculations to find
1

~ maximum calculations 103, 106, 10°

172

Py

should it find more than one failure in the first calculations the
unknown dimension is made larger and the calculations repeated
until a suitable answer is found.

7. Established method with a factor of safety N. Pick the o — 3Z; line
as design line and if N=4 and take 1/4 o5 along the ¢,/0,, line and
this becomes a design point for o,. When the average value for the

MaRcEL DEKKER, INC.
270 Madison Avenue, New York, New York 10016
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Application of Probability to Mechanical Design 101

unknown is found use the variations and calculate Eq. (2.42)
05 — 0

)
zg+zg

gs
N=—
Ts

1=-—

then the actual Py can be found for the design.

EXAMPLE 2.19. COMBINED FATIGUE STRESSES. A large
300-1b gear, Fig. 2.37 transmits torque in one direction through a shaft
whose bearings are preloaded with a 100-1b force so that the load in the
shaft varies from 0-200 1b. The critical area is the change in shaft diameter
which is made of SAE 4340 steel. The two shaft diameters are required.
Assume D/d=2.

T,, = 45,000 in Ib
T, = 15,000 in Ib
M,, = 150 1b (30 in) = 4500 in Ib

F,=1001b
F, =100 1b
T.r 16T, 16T, M,.c 32M,
Tm=7=n—d3§ T, = Kir & ) O'\Cr'—KtBTm K nd3m
4F, 4F
Oxm Zﬁy Oxr KtF@

From (2.9, 2.51, 2.54)
Kp =235 Kpg=2025 Kg=165 C,==+0.1166 (Eq. 2.69)

The stress concentration will be applied only to Eq. (2.49) g, since the system
is considered ductile. The o, — o,, curve will be drawn and allowable stress

ﬂ Di; * ) =:= {D 0.06d ‘-d NL 29—'3
\.= 30" :I, I };: b ‘
| 1L

Figure 2.37 Bull gear and shafting.
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levels obtained. The material parameters will be determined for Z,, first.
4340 steel 1/2-in diameter g,, =210 kpsi is heat treated and drawn to 800°F.

Ge = kakpke .. k10, (2.106)
o, Fig. 2.26.
., Ow , Oy Z, Oy 2
_ — o = _—e - —— = :]: . = vo'
Go= he=35 =7, =200667=Cy

e

k. Eq. (2.57) surface finish and Table 2.4

ko, =0.947 — 0.159 x 107%6,, = 0.6131 with %, = £0.0406 and
z, 0.0406

O =, 06131~ 066

ky (Eq. (2.60)) size shape d<2”
ky =085 z,=0.06%k, C,=0.06

k. Section A.3 Reliability coupling Eq. (2.42) ke=1 C,=0
kg Section A.4 Temperature k; = 1 since oil operates @ 180°F C, =0
k. Section A.5 Apply stress contrations on stresses k. = 1 C, =0
k; Eq. 2.72 Shot peening ¥, = [(1.22 — 1.13)/3] = £0.03, ks = 1.13,

C, = 0.0265
kg Section A.7 Internal structure ke =1 G, =0
ky, Section A.8 Environment (in oil) ky=1 C,=0
k; Section A.9 No surface treatment ki=1 C, =0
k; Section A.10 Fretting k=095 C, =
ki Section A.11 Shock in stress calculation k=1 C, =
k; Section A.12 Radiation kj=1 C, =0
k,» Eq. 2.90 107 cycles k=1 C,=0
Evaluation per Example 2.18

g, = (0.6131)(0.85)(1.13)(0.95) (2105000 psi)
6. = 58,741 psi
I=n 172
- i e
o= (2.107)

= 5,[(0.0667)*+) (0.066)* + (0.06) + (0.0265)*]'/

“

Zg,

~

= 30.1145

e

Zoul _ 10.05 (Eq. (2.54))

Gut

MaRrcEeL DEkkER, INc.
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The combined stresses for the shoulder are

1/2
7=\t +3,) @109
where
32M,, 4F, 32(4500 in Ib) 4(100 1b)
. =Kpgm Ta_20 2.
7 B + Ko nd? 2025 nd3 +2.35 nd?
16
Our = —5[18,225 + 58.75d]
167, 16 . 16
Texyr = th—n'd—3 = ﬁ[165(15,000 n lb)] = ;:1'—3(24’750)
16
7 = —5 (18,225 + 58.75d)% + 3[24,750)]'/?

and

a;n = [O-)Zcm + 3,)))20)"1]1/2

4F,, 16
Oxm = —7111_2 = J[ZSd]
16T, 16 (2.109)

Texym = nd3 = TEd3 (45,000 in lb)

’ 16 211/2
o = 55\/[(250?) +3(45,000)%]"
find the ratio o,/

o, [(18,225+ 58.75d)? + 3[24,7507]""*

I = 2.110

a, [(25d)* + 3(45,000)%]'/? (2.110)
neglect the terms with d

ol 1

—/m =0.5976 = Te7%

Note the o, /a,, line will be used with no variation assuming the angle vari-
ation is small.
Obtain a solution for Section C.7.

1. Mean Curve
Using mean curve Fig. 2.38 and f.s. =3 then g, — 3%Z,s curve
a. mean curve f.s.=3

o, = 13,426 psi = (18,225)% + 3(24,750)21'% (2.111)

16
pori]
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o, ksi

0 50 100 150 200 250
o, ksi

Figure 2.38 Bull gear material and stress due to loading.

solving for &

_46,58216
T 13,426 1
d = 2.605" ¢ [does not include sudden loading]

d =17.670 in?

b. Section C4 g, — 3%,
o5 — 3z, curve with f.s. = 3 and with o, = 10,000 psi
46,582 16
3 3 3
- =23, 2.11
d 10,000 7 23.724 in ( 2)

d = 2.8734"¢ [does not include sudden loading]

c. Section C.5

Now obtain a solution for d using the coupling equation Eq. (2.42), or
a Monte Carlo program could be used here. Here z=—6 standard
deviations, P; =9.8659 x 10~!° from Section C.5 with the g, Eq. (2.108)
simplified by dropping 4.

320\ 2 167,\21"
"= [(KT) +3(Kr o) }

. 16Ty,
G, -‘=n—d3—\/§

and

MARCEL DEkkER, INc.
270 Madison Avenue, New York, New York 10016
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Application of Probability to Mechanical Design

now

a5 = [(a,)* + (e))1'?

16 [( A V. 2 01"
= = [( 3T ) +{(Kis2My)’ + 3(Kir T,) }]

evaluating for average values

105

2.113)

Gy = ;_53.[(\@[45,000 in 1b])% + {(2.025[2 x 4500 in 1b])?

+ 3(1.65[15,000 in 1b)*}]'/
_ 16
G: = —(90,802)
2. Card Sort

We have six variables in Eq. (2.113) to generate a maximum value
for a card sort and find Z; from Example 2.14, for 3 Z measuring

errors 0.01, Eq. (2.69), and with

%4 =0.010 d.

yielding

dmind = [1 = 300.0D)}d  (Tp)max = 1017},
=0.970d (1) ax = 1017,

(M)yax = 1.01M,

Then from Fig. 2.4, and Table 2.2 with

X z, =17.593 Es = Osmax — Os

Substituting into Eq. (2.113)

16
Os max — ;&g 107,425

Evaluating

16
—5 (107,425 - 90.801) ¢

= 593 = 218940
5 %218940
_—S=ET~—=0.02411(2.411%)
(o3
S 22.90,801

—390,80

So
z, = +0.024110,

(KiB)max = 1.3498K,

(KiT)max = 1.3498K,7

(2.114)

Copyright © Marcel Dekker, Inc. All rights reserved.
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Now to substitute into the coupling equation

t= ——af;af = —6 [six sigma criterion] (2.115)
Vi + 22
. 2.18 .

Scale from Fig. 2.38 aS:Tg— 50,000 ="78,056 psi. Then from the spread

. 1.45 1 .

Zg = mSO,OOOM =6,713 psi
substituting

78,056 — &,

[(6,713)* 4 (0.024115,)*]'/?
so both sides

6 (78,056)* — 2(78,056)0, + o>
© (6,713) + (0.024114,)°

Combining

0.979073 o2 — 2(78,056) o, +[(78,056)* — 36(6713)*] = 0
Ao’ +Bo,+C=0
—B++B?—44c
%= 24
[safety device py high]
2(78,056) + 82,846
72 = TT5(0.979073)
[Structural member no dynamic effects from loading]
2(78,056) — 82,846
%1 = TT50.97073)

= 122,033 psi

= 37,416

Now

- 16
o5 = 37,416 = $(90801)

solve for d®
o _16(90,801
n \37,016
d=2312

) = 12.3596

With no sudden loading taken into consideration

MaRrcEeL DEkkER, INc.
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Safety factor

N=25_ w =2.0862 3 =N safety factor on other solutions
os 37,416

The gear will be mounted on the shaft and

1. It may be keyed on the shaft with one or more keys

. A spline may be the more efficient method with locknuts etc.
3. The gear could be flanged and the shaft mounted to it. This inter-

face should be checked.

4. The shock load should be incorporated. Complete the back
checking on sizes
Calculate a critical speed and include any base vibration motions
6. Include the axial force and check the factor of safety.

o

D. Fatigue Considerations in Design Codes

National codes and standards frequently provide methods of analysis that
address the problem of fatigue, or cyclic loading. In applications where
use of such codes is mandatory, the rules must be followed in detail. A
notable example of this is provided by the ASME Boiler and Pressure Vessel
Code [2.61] which contains detailed procedures for evaluating the fatigue
behavior of pressure vessels and pressure vessel parts. This is an excellent
treatment of the subject and is recommended to the reader for study
and use (see also [2.56]). Information on the American Institute of Steel
Construction Code (AISC) is presented in [2.51,2.64]. An excellent source
of fatigue data for aircraft materials is also presented in [2.65].

In the example in Fig. 2.37 allowable stress can be developed for com-
parison. If the impact constant k. is placed in the stress calculations, the
allowable stress is 0.31 oy,.

E. Summary For Fatigue Calculations

1. When designing a system or a component, the critical frequencies,
deflections, shock and vibration levels, operating temperatures, and sur-
rounding environment must be known. The system must meet the overall
requirements while often components must exceed them, as in deflections.
Components with maximum deflections A when assembled will always have
larger maximum deflections, as do springs in series.

2. Determine the component critical parameters such as deflections,
stresses, frequency, or failure modes. Attempt to assign a value to these
parameters even though it is understood that they will often change.
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3. When the components are designed, the maximum and minimum
static loads should be corrected to include the shock and vibration effects
in the design. This does not mean that a vibration analysis can be neglected.
Also, fracture mechanics should be checked to include important
parameters.

4. Free-body diagrams when drawn will determine end conditions at
mating parts. Self-aligning bearings develop simply supported ends while
double bearings approach fixed-end conditions.

5. The determination of the effects of k& values, Eq. (2.55), on
endurance limits will force the designer to select the materials and/or
the manufacturing process such as machined or cast parts, heat treatment,
and surface coating or treatment.

6. When the g, — 0, curve is selected or drawn, the proper safety factor
should be determined.

7. When complex systems or parts are designed, a finite element check
for frequencies, deflections, and loads from the known operating con-
ditions will allow a check on a system design before parts are fabricated.
The parts should further be checked using fracture mechanics for
acceptability.

8. When a part or a system is manufactured, finished products should
be tested to failure to verify the designing and manufacturing. However,
there are cases where only one item is produced and used. Then, some form
of non-destructive inspections at servicing must be performed to maintain
a check on the system.

9. Keep a record of successful designs and failures so that design cri-
teria can be modified for a particular class of designs. This is how design
criteria and future design codes will be developed.

EXAMPLE PROBLEM 2.20. An Egiloy metal pulley belt Fig. 2.39
is driven by a sprocket metal pulley of radius r. The ultimate strength is
368,00 psi; 6, =280,000 psi; and ¢, = 128,800 psi. The starting torque of
5 oz-in plus bending of the belt around the pulley creates the stress

51 1
= A:—

o=F/Ad=] 16 92 (0.5333 in)(0.0015 in)
Ib

(391) .
o, =|—) psi
r

The bending stress due to bending around the pulley is
1 d*y M

rdx  El

(2.116)

MarcEeL DEkkER, INc.
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Y
Figure 2.39 Example 2.20 metal belt on a pulley.

and

Mc E
o5 = Ic=7c @.117)

with ¢=0.0015in/2 and E =30 x 10° psi

30 x 10° /0.0015 22,500
op = ; > = ; ps1

Omax + Omin + Tmin _ [ 22,500 391) N 391]

r
11 641 psi
r

amax Omin 1[(22 500 391) 391]
v=""3 =2 s

11, 250 i E
- r YT

Omean =

Q

Ee
2

(2.119)

(2.118)
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Find %, for the belt holes [2.9] using the tension curve where A<20d or
h=<20(0.046)<0.920"”

d 0.046 0.0015
0.368 Ki~321 t)r=gorcs

5 = 0125 =0.065«3

From Fig. 2.16 and Table 2.7 ¢~0.96 QT steel. Now find Z; with
Kr=14¢q(K,—1) The

v

C, = %" = 40.0833 Table 2.7 ¢ ~ 0.96

Cx = % — 40.109 K, ~ 3.21 Sect. A.5

1
t

1/2
(aKfu )2+<3Kf, )2 /
—Z —Zk
b ag 1 aK,

K [1+q(K - 1)

x 100 (2.120)

with parameters from Section A.5 Example 2.17
oKy - Ky
=(K, -1 d —==
” (Ki—1) an oK, —
Z, = 0.0833g z, = 0.109K,

We find

%
.~ 1+12.16°
K; /o

Now to develop the ¢, — g, plot by establishing Eq. (2.55) and S,

0o = kakpke - 0, (2.121)
k,—ground finish Eq. (2.56) Z,= £0.103 Table 2.4
k, =0.7429
z 0.103
v, = il = prusd ]
G, k, 0.7429 0.1386
ky—size effect in o, = 128,800 k; = 1 7, =Cp =0
k. —is 1 when solving for py zZe=C,, =0
kg — 1 since temperature near room temperature z; = C,, =0
k. — use Ky with stress k, = 1 here and zZ,=C, =0
kr — 0.0015" thk tape k; =1 zr=C, =0

MaRrcEeL DEkkER, INc.
270 Madison Avenue, New York, New York 10016
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kg — 1 for what is known Z;,=0C, =0
ky — corrosion neglect kj, = 1 =G, =0
k; — surface treatment none k; = 1 z=C,, =0
k; — fretting none k; = 1 zi=C, =0
ki — shock or vibration, this is a smooth

operation k; =1 Zr=0C,, =0
k; — radiation none is known k; =1 Z1=C, =0
o, — 128,000 Zy = £0.080,

In addition k,, =k, from (2.2) for up to 10'% cycles, K,,,=0.85 Eq (2.89)
0.01967 z,
Cyn = 085 ko 0.0231

now find Eq. (2.55)

&, = (0.7429)128,000(0.85)
&, = 80,828 psi

i=n 172
Zg = a;[cf +y cfm} (2.122)
i=1

Zgt
— = [(0.08) +(0.1386)" + (0.02312]*= +0.161

with Table 2.1

Sult

= £0.05

A g, — o, plot can be drawn
Zy = £0.161(80,828 psi) and Z,;, = +0.05(368,000)
The

11,250

o N 0.9664 ~ (1

o = 11,641 = 00664~ (1)
Ky

r

K; used both in o,, 0, as 5,;,>200,000 psi
The S and Zg values are derived from Fig. 2.40. The s value

1EA\* [1Ec\?
2=dri=(37) +(55)

\/EEC
§=——
2 r

(2.123)
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1001

o, ksi

349.6 ksi

368 ksi

'
0 100 200 3(')0
G, ksi

Figure 2.40 o, — o, curve for Egiloy metal pulley belt.

1/2

Zs ZE r
= 0‘0315 E =30x10° r=unknown Example 2.14
Z.  £0.0001/3 Ip Zr o _
— = "0.0015 " 0.0222 = +0.03 == +0.5% = 0.0057
7. =0.0222¢ ZzZg = +0.03E %, =+0.0057
%, = ??[(0.03)2 +(0.0222)° + (0.005)%]'/ (2.124)
? = 40.0377 (2.125)
Using the coupling equation Eq. (2.42) along the slanted line.
(= ST EAT (2.126)
[ /Zg _*_53] [(15,000 psi)“ + (0.0377s)7]
5 (96,000 — 5)°

C = 15,0002 1, 4213 x 10352
(96,000)> — 2(96,000)s + 5% = (15,000¢)* + 1.4213 x 1073(zs)?
[1 — 1.42131 x 1073£%]s* — 2(96,000)s + [(96,000)* — (15,0002)°] = 0
—B+[B?—44C)'?
24
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Condition 1. Table 2.3

1
=— t = ~4.7534
106

96,000 + 72,226
- 0.96789
57 = 173,806 psi safety device 51 = 24,563 structural member

Condition 2. Table 2.3

Py

P = ﬁ t=-23263
96,000 + 35,765
T 099231

s> = 132,786 psi safety device s1 = 60,702 structural member

Now

V2 Ee
SEh ==

1
Fr=100
0.0015

_ V2B 230X 10 =0.26210
T2 s 2 60,702 psi

2r=d =0.5242" ¢

1
Pr =
7= 106
001
V3 30 x 106(—)——5
r="- Ts@z_ =0.64772
2r =d = 1.2954"

This curve is shown in Fig. 2.41.

F. Monte Carlo Fatigue Calculations

The computer fatigue calculations using the Gaussian and Weibull
distributions are set up as in Fig. 2.6 with t (Eq. (2.42)) set to obtain
low probability of failure. The computer randomly picks a value for the
unknown variable and calculates the load or stress while for the capacity
or strength of a part or material the computer picks a value with in the
distribution found previously. If the capacity is greater than the load or
stress the selection is good, however, if load or stress is greater than

Copyright © Marcel Dekker, Inc. All rights reserved.
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0.5 - 0»5'241”
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Figure 241 Py, structural member, versus pulley diameter for 0.0015” thick egiloy
belt for 10' cycles.

capacity, this is a failure. The selected value of 7 can set a Py of 107 or one
failure in a million calculations of material capacity selections. A properly
programmed computer converges to the correct value of the unknown
variable. Appendix B presents the set up for the two examples 2.21 and 2.22.

EXAMPLE 2.21. Use a tip loaded cantilever beam, Example 2.16,
with a radius at the wall of r/k equal to 0.01 and with w/A, beam width

Copyright © Marcel Dekker, Inc. All rights reserved.
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to depth equal to 6 which yields a k; of 2.10. Also from Example 2.16 using

v

% — 40.02674 2.127)
ag
with
_ 6PL
g—=—
bir?

The Monte Carlo simulation is used to solve for a P; = 10~ for the beam
cross section. The beam stress ¢ is expressed from Gaussian parameters.
The aluminum casting is expressed as a Gaussian and Weibull distribution
from Example 1.4 with

Weibull Averages Gaussian Averages
p (shape) — 1.561 u (mean) — 46,508 psi
0 (scale) — 3766.9 Z (standard deviation) — 2159 psi

y (threshold) — 43,109 psi

The first solution is a Weibull distribution for strength and a Gaussian dis-
tribution for the stress.

Weibull formulation. The curve o, — ¢, (Fig. 2.42) is set up like Figs
2.38 and 2.40. The end of the failure line on the o, axis is the lowest value

10 -

e
&

G, 1
2.461

0 . .

0 10 20 30 40
O ksi

Figure 2.42 y, Weibull aluminum casting parameter.
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of y from the Weibull (Example 1.4) while the lowest value of y on the o, axis
is taken from the low side of the known Gaussian representations. This is
developed later (Eq. (2.131)). The o, values on the o, axis are developed
from Eq. (2.55) and Example 2.18.

i=1 1/2
Zoe = &;[Cﬁw +3 ka,] (2.128)
i=1

The value for g, for y=43,109 psi Fig. 2.29 is 7500 psi and Z, is roughly
2500/3.
The coefficient of variation is

9

Zg
Cy,=—=0.111
The rest of the variations for the ki’s are as follows.
kn Eq (2.90) for 5§ x 108 cycles km =1 Cymn=0
ky Section A.12 radiation ki =1 Cy=0
ky, Section A.12 dynamics with stresses kn=1 Cp=0
k; Section A.10 fretting (none) ki=1 C,;j=0
k; Section A.9 surface treatment (none) ki=1 C,;=0
ki Eq. (2.80) environment kn=0.88 Cy, = 4% = 0.0455
kg Section A.7 internal structure ke =1 Cyg=0
ky Section A.6 residual stress (none) kr=1 Cy=0
k. Section A.S5 stress concentration ke=1 Ce=0
applied to stress Egs. _
kg Section A.4 room temperature ka=1 Cu=0
k. Secton A.3 reliability ke=1 C.=0
ky Eq. 2.60 b < 2" size and shape kp =085 C,, =0.06
k, Fig. 2.14 and Table 2.4 mill scale _
hot rolled k,=0.80 C,=0.11
Now substituting k's Eq. (2.55)
Go = feaey - Fon,
. = (0.8)(0.85)(0.88)7500 psi (2.129)
. = 4,488 psi
Now substituting into Eq. (2.128)
Z5e = 2[(0.111)? 4 (0.11)% + (0.06)* + (0.0455)4]'/2
Zoe = F0111)° + Q.11 + (0.06)" +(0.0455)’] 2.130)

Eae = :|:017356'g = Cv&e&,g

Note the variation on the &, value is 0.111 compare to 0.1735 with all
variations included.
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The next step is to pick a y for the o, axis from the Gaussian rep-
resented o,.. The following is used

(0e), =7 =0.—2.576Z,
= a,[1 — 2.576(0.1735)] (2.131)
(0¢), =y =2,482 psi

Now the material failure line ends are defined. Next to define the
stress, “‘s” along the o,, 0, slope of 1, then set the material value for S,
similar to Fig. 2.38 for interations using a Monte Carlo simulation can
be performed.

In Example 2.16 stress in the beam was found

6PL
bh?

When the load P is varied from O to 30 Ibs and back there are two
components formed on the o, — g, curve

g =

__ Omax — Omin _ 6PmaxL  6(0)L l
Lo b2 2

0, = 5

1
Oq = 7 Omax

2

The same can be said for o,

Omax + Omin 1
O = T = 2 O

Now the stresses have K, multiplied by each of them. This is because a
casting is sensitive to stress concentration in both ¢, and g,,. Now s is along
the line o,/0,, equal to one. As in Fig. 2.38 s is required.

s =02 + 622

6P L 2.132)
s=Ki g V2
Now A=2b so
6K, Prax L
T
PAL (2.133)
s = 1.06066 —

b3
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where

k1001163 2=+001 ZL=14001 Zt=1001
K P L

1

K, =210 P=301lbs L=15 b =solve for

o Qe

This is the Gaussian stress formulation to obtain S from the Weibull failure
line

1 on Oy
= (2.134
N )22 (yae)L )
where
N — one for calculations
Gq
22 -1
Om
yr ~ 1s 41,889 psi low side Eq. (1.74)
(yoe), — 1s 2,482 psi Eq. (2.131)
substituting
1 1 + 1
1~ 741,889 " 2,482
om = 2343 psi =g,
o =10+ 221
Vo = ¥ 20, = 3314 psi
The parameters for the Weibull to obtain a conservative b.
v, = 3314 low value for line intercept o,/0,, = 1 (2.135)
p=1.1299 Eq. (1.71) skews material property lower (2.136)
0 = 4878.47 Eq. (1.72) larger to make b larger (2.137)

Equations (2.133) and (2.135), (2.137) are used in a Monte Carlo simulation
to obtain a solution for 4. This is discussed in Appendix B.

The second solution is that of Gaussian stress versus Gaussian fatigue
strength.

Gaussian. The a,—a,, curve Fig. 2.43 is set up similar to Figs. 2.38 and 2.40
where the ultimate tensile strength  and Z are used on the ¢,, axis to obtain a
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0 10 20 30 40
6, Kksi

Figure 243 S, Z; Gaussian aluminum casting parameters.

minimum
Eq. (1.68) HUmin = 46,329 psi
Eq. (1.69) z=3,038 psi

so S.

SL = thmin — 2576 Zmmax

.= i (2.138)
St = 38,503 psi with S = 46,507 psi

Then &, is 4,488 psi from Eq. (2.129)
The mean line using S =46,507 and ¢, = 4488 psi is used on the failure
line with o,/6,, =1 and N=1 in Fig. 2.43.

1 Om O
N~ [46,507 + 4488]
om = 4093 psi = g,
s = [0+ ¢2]"/* = 5788 psi
for the lower line at under 2.576 7 Fig. 2.43 %L _ 1 and N=1

OmL
1 OmL . OaL :|
—=|—=+4
N [SL (6e)r
1= M + _0-515_
38,503 ' 2,482 (2.140)
OmL = Og1 = 2,332

(2.139)

os. = 62, + 02,1 = 3298 psi
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Now to obtain Zg

2.576 ES = O_'S — OSL

2.141
= 5788 — 3298 psi ( )
Zs = 967 psi standard deviation (2.142)
and
S = 5788 psi Gaussian mean (2.143)

The stress due to the load is Eq. (2.133). _

Again a Monte Carlo simulation yields a value for b using Eqs (2.133),
(2.142) and (2.143). The Py is 107°. The Monte Carlo simulation is discussed
in Appendix B. The computer results for iterations starting from the low
side, are

Weibull
5=10.7015 in (2.144)
bmax = b[1 + 2.576(0.01)] (2.145)

Boax = 1.02576 b

bmax = 0.7196
h =2b = 1.4030 (2.146)
Bmax = 2bmax = 1.43914 in (2.147)
The factor of safety is
N = SC0%) (2.148)
S

S(50%) is derived from Eq. (1.18) where x is S(50%) when
X —NB
pr=05= exp[—(—g—) ]

The natural log of both sides is

—0.693147 = —(x - y)ﬂ

The 1/f root of both sides yields with §=1.1299

(x > y) = 0.722978
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Then
S(50%) = x = 0.7229780 + y (2.149)

The parameters used
y=13314psi 0=4878.47 B =1.1299
S(50%) = 6,841 psi

Now 5 is Eq. 2.133 with =0.7015 in Eq. (2.144)
K,PL
B (2.150)

5 = 1.06066
5 =2,904

Substituting into in Eq. (2.148) with Eq. (2.149), (2.150).
6,841 psi

2,904 (2.151)
N =236

N =

These Weibull cross section dimensions and safety factors are compared in
Table 2.12 with the Gaussian solutions. The Gaussian computer result is
for iterations starting from the low side.

Gaussian
b=0.875in (2.152)
bmax = 1.02576 b
max (2.153)
Prmax = 0.8975
h=2b=1.750" (2.154)
hmax = 2bmax = 1.795 in (2.155)
The factor of safety N is
N= g (2.156)

Table 2.12 Cross sectional dimensions Examples 2.21 for Weibull and
Gaussian Monte Carlo simulation

Solution b (in) bmax (in) b (in) hmax (in) N
Weibull 0.7015 0.7196 1.4030 1.4391 2.36
Gaussian 0.875 0.8975 1.750 1.795 3.86
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where S =5788 psi Eq. (2.143) and 5 is Eq. (2.133) with

- K,PL
§ = 1.06066 7 2.157)
s = 1,496
Substituting into Eq. (2.156) and Eq. (2.143)
_ 5788
T 1496 (2.158)
N =3.86

EXAMPLE 2.22. The same tip loaded cantilever beam used in
Example 2.21 is used but the material is ductile Ti-16V-2.5Al titanium with
the ultimate strength found in Example 1.5. The values for the conservative
sizing of b for the beam is

Weibull
Eq. (1.81) low value for f =4.25 (2.159)
Eq. (1.82) high value for conservative b © = 36.0853 (2.160)
Eq. (1.83) low value for y = 141.000 kpsi (2.161)
Gaussian
Eq. (1.84) low value for p = 176.684 kpsi (2.162)
Eq. (1.85) larger value for Z = 7.494 kpsi (2.163)

The goodness of fit shows these curves close, hence the b solutions should be
closer than Example 2.21. Since a ductile material is being used, the stress
will be different than the casting in Example 2.21. In Eq. (2.132) the K,
is used on the ¢, stress alone yielding for the titanium

s= [0+ %]

§= (K “maX>2+(6max>2 2
= [ 3 > ] (2.164)
s ="DR(K2 41"

Table 2.13 Cross sectional dimensions for Example 2.22 for Weibull and
Gaussian simulation

Solution b (in) bmax (in) & (in) hmax (in) N
Weibull 0.3279 0.3363 0.6558 0.6727 2.67
Gaussian 0.3813 0.3911 0.7626 0.7822 3.60
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with h=2b
maxL
s = SFmas S[K? + 117
2b(2b)

[ (2.165)
5= 0.75F[K,2 + 172

with
2K 4001163 2= 4001 “L=4001 2= 4001
K P L b

t

K, =210 p=301lbs L=15" b= unknown

Equation (2.165) is the Gaussian formulation to use with the Weibull and
Gaussian curves for the titanium in separate Monte Carlo simulations
to solve for b These are shown in Table 2.13 for b, bnax, » Amax, and the
safety factors. The material representation by Gaussian and Weibull curve
are developed next.

Weibull
The development follows that in Example 2.21 and Eq. (2.128) except
yr is 141,000 and from Fig. 2.26

o = S;” -u (2.166)
. Suit _ 7L

By =S =1k (2.167)
Co =22 2L _ 100667 (2.168)

¢ 30y, 15

and k,,, is for 1 x 10° cycles and the values are the same now substitute into
Eqs. (2.128) and (2.129)

C_Te = I_Ca]_cb e -kmO';
141,000
o, = (0.8)(0.85)(0.88) 0 (2.169)
G, = 42,187 psi
Substituting into Eq. (2.130)
s = 2 2 2 291/2
Zse = 7,0(0.0667) + (0.11)° 4 (0.06)" 4 (0.0455)7] (2.170)

%50 = £0.14915,
Note Eq. (2.168) C,; = +0.0667 and C,;, = £0.1491. Now using Eq.
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(2.131)

(Ge)1 = Vor = e[l — 2.576(0.1491)]

2.171
Yor = 25,984 psi ( )

Now similar to Fig. 2.42 using y;,. as a failure line in Eq. (2.134).
1 om 0,
N v v
with
N=1 OafOm = 2.10
then

(2.172)

0, =2.10 op,
substituting
Om 2.100,,
= 141,000 T 25,984
om = 11,375 psi
o, = 2.10(11,375) = 23,888 psi

1

Now ys

vs =log+a]"”

2.173
ys = 26,458 psi ( )

minimum from Eq. (2.159)

p=4.25 (2.174)
minimum from Eq. (2.160)

® = 36.085 kpsi (2.175)

The Weibull parameters Eqs. (2.172), (2.173), (2.174) are used with Eq.
(2.165) in a Monte Carlo simulation to find b, byax, £, hmax and the safety
factor. The next step is the Gaussian formulation for the material

Gaussian
The failure line is the low side of a Gaussian curve in the same fashion
as Example 2.21. On the o, axis Eq. (2.138) using Eqgs. (2.162) and (2.163).

SL = Umin — 2.576 Zmax
= 176,684 psi — 2.576(7,494 psi) (2.176)
Sy = 157,379 psi

The other end of the line is on ¢, axis and is (7.)r. as per Egs. (2.139) and
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(2.140). First using Eq. (2.128) and (2.129). But

o Suit _ Hmin _ 176,684 pSl
g, = 7 = 2 = 7

176,684
2

o, = (0.8)(0.85)(0.88)
&, = 52,864 psi

125

2.177)

(2.178)

Now using the mean lines for u= 176,684 and 6, = 52,864 psi in Eq. (2.139)

1 | om 4T
N~ |176,684 " 52,864}
% _210 and N=1
Om

| = [ o, 2.100,,]

| 776,684 * 52,864

Om = 22,034 psi
0, = 2.10(22,034 psi) = 46,271 psi
s = [0% + 02]"/? = 51,250 psi

Now Eq. (2.128) and Eq. (2.168)

%5e = 3.[(0.0667)% + (0.11)% + (0.06)% + (0.0455)2])!/2

Zge = £0.1491 &,

Now using Eq. (2.140)

1 OmL  Ogl
_N‘ - [S—L + (O'e)L:I
Sy = 157,379 psi Eq. 2.176
(0.); = 6, — 2.576(0.14915,)
= 52,864[1 — 2.576(0.1491)]
(0.); = 32,560 psi

Gak _210N =1

OmL

(2.179)

(2.180)

(2.181)

(2.182)
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Substituting
[ OmL n 2100,
157,379~ 32,560

O = 14,114 psi (2.183)
ar = 2.10(14,114 psi) = 29,640

os. = [o%, + 02,1"% = 32,829 psi

Now to obtain zg Eq. (2.141) using Egs. (2.180) and (2.183)

2.576z5 = 0s — OsL
= 51,250 — 32,829 (2.184)
zg = 7,151 psi

Now
gs 7151 psi
== —— = %(0. .
Cys % = 51,250 psi 0.1395 (2.185)
g =S = 51,250 psi (2.186)
Zs = 7151 psi (2.187)

Equations (2.186) and (2.187) are used with Eq. (2.165) in a Monte Carlo
simulation to find b, bmax, %, Amax, and safety factor from Weibull Eqs.
(2.144)~(2.151) with $=0.3279 and Gaussian Eqs. (2.152)-(2.158) with
b=0.3813 in Table 2.13. All iterations started from the low side.

G. Bounds on Monte Carlo Fatigue Calculations

1. The minimum Py for a structural member stress s1.
There are some features of a Monte Carlo or probability solution which
should be discussed. They are, how small can the Py be, and find a factor
of safety, N. How to select t and hence the Py to produce N. First the
C,s and C,; for material and the stress due to loading should be developed.
The value for C,s is from Egs. (2.186) and (2.187)

Cis =Z§S
7151 (2.188)
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Now to develop C, using a card sort for 5 Eq. (2.165)

5= 0.75%[1%,2 + 1)1/ (2.189)
K; will be used as [2.10].
i 5.0
5= 0.75@—1’;(51&1)[(2.1)2 +11'2 = 7857305 (2.190)

Now select maximum values for P, L, K; and minimum values for &

Liax = L[1 4+ 2.576(0.01)] = 15.3864 in
bmin = B[1 — 0.02576] = 0.97424 b
Prax = P[1.02576] = 30.7728 lbs

Kimax = K[1.02576] = 2.1541

Note four cards or parameters are selected x=6.0737 Table 2.2 and Eq.
(2.25)

X Zs = Smax — § (2.191)
7728)(15.
Smax = 0.75 (30.77 8)(15_33864) [(2.1541)% + 172
(0.97424b) 2.192)
912,037 '
Smax - 53
Substituting Eq. (2.190) and (2.192) into Eq. (2.191) Now
6.0737 3, = 91%3037 _ 7855'?05
209152 (2.193)
Zg = 7
Now
Cvs = é
y . (2.194)
209152 b :
Now using the coupling Eq. (2.42)
Hs — Uy
l=————— (2.195)
[5+2]"
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Using Eq. (2.186)
s = S = 51,250 psi
i, = s which is to be solved for
%s = C,sS Eq. (2.188)
From Eq. (2.194)
Zg = CysS
Now substituting in to the coupling Eq. (2.195) and squaring
2 ($-3°

T (CosS) + (G (2.196)

Solving for an unknown s
PICAS? + C2 5] = § — 255+ 5
(1-ACF - 255+ ($* - ACK5H) =0
A +B5+C=0

Now solving the quadratic equation

—B++/B>—44C
< .1
5 74 (2.197)

Now examine the solutions for S Eq. (2.197)

1. If A=0 then s is infinite and the stress due to loading is greater
than S which is the stress the material can resist (Example 2.14)
hence a failure.

A=1-12C
[ , 1 ] (2.198)
— = =
Cl
substitute Eq. (2.194)
-1
T Cy +0.0266433
t=137.53

2. If C=0 then
C =8 - PCkS?

then S% # 0 but

MaRcEL DEKKER, INC.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

)



Application of Probability to Mechanical Design 129

1-£Cl=0
. 1
B CvS
Noting Eq. (2.42) and substituting Eq. (2.188)
|

"= 101395

=+7.168

Table 2.3
Py~ 107"

Also note Eq. (2.188) inverted

S 51,250
_g: T8 = 7.168 (2.199)
Now substitute C=0 into Eq. (2.197)
. —B+B
S=—5 (2.200)
for +B
51=0

This is a structural member which cannot be sized since member size
approaches infinity.

for— B
5= ~(—B) — (—B)
24
. 4) (2.201)
2721 -2C)
5, = 2.0757S

57 1s a safety device not a structural stress like 5. It would appear that ¢
greater than Eq. (2.199) does not allow a structural design with the
Gaussian—-Gaussian formulation for a structural member. Note the
Gaussian—Weibull formulation may not be as severely limited as y is the
lowest stress in the Weibull formulation.
2. tand Py in terms of the safety factor N
Now examine Eqs. (2.42) and (2.196)

2= (S — 57
(Cys8)? + (Cys3)?
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Divide top and bottom by s and set N = S/5 for structural factor of
safety

o (N- 1)?

= 2.202
(CisN)* + C2, (2.202)

from Eq. (2.194) C2 =(0.0266433)> =0.000709
If N=1 C,s= £0.1395 Eq. (2.188) then

(CysN)* =0.01946

In this case dropping C2 causes in the denominator the following
percent error for N=1

[1 - —(;*35—2] x 100 = 3.52%
(CusN)Y 4+ (Cy)
Now drop C2 in Eq. (2.202)‘ and take the square root
[ %;_]\; (2.203)
Now with C,s= £0.1395 Eq. (2.188)
t= :|:7‘168£_—1 (2.204)

If a safety factor of 3 is desired
3 -

t = +4.7787

Table 2.3
Pr=107°

Now when ¢t = £7.168 in Eq. (2.199) substituting in Eq. (2.204)

N -1
+7.168 = £7.168 ———
N

+ N =[N 1]

for + sign
N=N-1
0=-1
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A contradiction and for — sign
—N =—[N -1]
0=+1

Another contradiction hence no structural factor of safety for the
Gaussian—Gaussian formulation. The Gaussian-Weibull may be again
not be as severely limited. The conclusions and useful tools are shown
in Table 2.14 including calculation limitations for Gaussian distributions

H. Approximate Dimension Solution Using Cardsort and
Lower Material Bounds

Now attempt to formulate a means to use an upper bound on a
cardsort for s, the stress due to loads and set it equal to a lower bound
on the material properties. A cantilever beam sized in fatigue in Example
2.22 is used with the o, — g,, curve developing S for ductile titanium
Ti-16V-2.5A1 Egs. (2.173)~(2.175) for the Weibull distribution and Egs.
(2.186) and (2.187) for the Gaussian distribution. The original tensile
strength data is Example 1.5 for 755 samples which fits both Weibull
and Gaussian curves equally well.

The Gaussian form of the stress due to the load, s, for a maximum
possible spax 18 6.0737 standard deviations above the mean, 5, with a prob-
ability of not being exceeded of approximately 1/10°. This is developed
in Egs. (2.190)-(2.192)

912.037

Smax = =

| b’ (2.205)
P(Smax >) = W

The smax Will be set equal to a lower value of the Gaussian and the Weibull
distributions.

Table 2.14 Calculations limitations for Gaussian

distributions
Gaussian-Gaussian Gaussian—Weibull
S
At < o Eq. (2.199) A. t not as limited here
s
with Py >10"12 Table 2.3
N-—-1 . ..
B.t< Eq. (2.203) B. again ¢ not as limited
CisN
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Gaussian—Gaussian
The material representation is Eqs. (2.186) and (2.187)

S = 51,250 psi
zs = 7151 psi
A lower value K, 99.999% greater with 95% confidence from Appendix E

where o, = ¥ — K,.S with K, =4.8 from Fig. E1 for 100 samples.
o = 51,250 psi — 4.8(7151 psi)

yields

o, = 16,925 psi (2.206)
Now set smax Eq. (2.205) equal to «. Eq. (2.206)

-3 912.037

16925 (2.207)
b =0.3777 in (0.3813 Example 2.22; Table 2.13)
from Eq. (2.3777)
bmax = (1 +0.02576)b

. (2.208)
bmax = 0.3874 in (0.3911 Example 2.22; Table 2.13)

and
h=2b

Now to calculate b for

Gaussian—Weibull
The Weibull representation of the material is Eqgs. (2.173)—(2.175) with
y, = 26,458 psi Eq. (2.173) and setting it equal to Eq. (2.205)

-3 912.037
3 _
~ 26,458 (2209
b = 0.3255 in (0.3279 Example 2.22; Table 2.13) (2.210)
Bmax = 0.3338 (2.211)

Probability of failure and safety factor

Gaussian—Gaussian
The overlap areas of stress and material will give the total failure Py. The Py
material is 1/10° and Pr(spmax >) = 1/10°

1 1 1

b= 155" 105 = 108 @212
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The factor of safety

N= 5 (2.213)
5
with § Eq. (2.190)
5 182005 (2.214)
b3
and Eq. (2.207)
5 = 14,569 psi (2.215)
and substituting into Eq. (2.213)
51,250
" 14,569 (2.216)
N =3.52

Gaussian-Weibull 1
The probability of failure Py is that of P(smax >) =T since y;, = 26,458 psiis
the lowest value of the material representation

1
Py = Plsmax >) = | (2.217)

Now to find S(50 percentile) for the Weibull representation. From Eq.
(2.149) set up

XT;” = 0.693147'/6 (2.218)
x is the 50 percentile value so substituting Egs. (2.173)—(2.175)
x—26,458 1/4.25
36.085 (0.693147)
S = 59,562 psi

Substitute S into Eq. (2.213) and Eq. (2.214) with b from Eq. (2.210) into the
factor of safety.

_ 59,562

~ 22,763 (2.219)
N =12617

These approximate values compare closely with values in Table 2.13 which
is a Monte-Carlo simulation with Py = 1/10°.
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PROBLEMS

PROBLEM 2.1

A rectangular cross-section beam Fig. Prob. 2.1 is to be used to support a
chain hoist. Neglect the weight of the beam.
MC

S=7T

If I=5bA3/12 and coeflicients of variations are
Cr=22%; Cs==%10%; Cp=C,==%1%

Find: (%) with P=1000 lbs and F.S. =1.25

PROBLEM 2.2

Assuming variations Cs = +5.5% and C, = £ 5.% with F.S. =1.25 in Prob-
lem 2.1 and G, and C, are £1%.
Compute L. Compute the Py

PROBLEM 2.3

In designing spherical fuel tanks for a rocket engine, the internal diameters
are 10.00£0.051in (P=0.99) and the specific weight of the fuel is
50.0£0.6 1bm/cu.ft. (P =0.99). Show which variable contributes the great-

P

)
i

o~
i

-

R
h _
Ll '

Figure Problem 2.1
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est percent uncertainty in computing estimates of the weight of the contents
of the tanks.

PROBLEM 2.4

Flow in a circular pipe (laminar flow) is given by

Q _ Tcd4th
128ulL
What is the percentage uncertainty in the flow rate if:
Ca=1% P =099 G, =3% P =099
Ch, =2% P =099 C,=3% P =099
Cr=3% P =099

Which uncertainty contributes most to the uncertainty in Q and find Cp.

PROBLEM 2.5

The following data represent the pumping ability of a certain type of pump.
(i.e. ten pumps of the same kind.)

OUTPUT (gal/min) 101 103 90 97 98 100 100 102 99 110
Pump# 1 2 3 4 5 6 7 8 9 10

The following table represents the pumping requirements for a country
estate:

DAY Mon Tues Wed Thurs Fri Sat Sun
req.gpm 100 70 70 90 80 90 60

Assume that the above data are samples from Gaussian distributions.
When using a pump of the type given above, what is the probability of
failure? (i.e. not enough capacity.)

What is the factor of safety of the pump-country estate combination?

PROBLEM 2.6

An equilateral triangle, height b =25.62" £:0.010”, is hung from long wires
and used as a torsional pendulum oscillating about a vertical axis. The test
sample center of gravity is above that of the plate and the test sample
moment of inertia is determined about a vertical line. The I from Weights
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Engineering Handbook, Society of Allied Weight Engineers, Los Angeles
(1976) is

W1+ W) <TT+P>2
Ir =1 -1
r ”[ W, Ty
W,b?
12

Wr = Weight Test Sample
Wp = Weight of Plate

where Ip =

T(r+p) — Period of vibration plate plus test sample
Tp — Period of vibration plate alone

Find Cy and 2.576 Z;r by a cart sort solution when

W, =14.3431bs Wr =29.625albs T, = 1.1725 sec/cycle
Tr4p = 1.665 sec/cycle

and

weights to £0.01 grams and time to £0.01 sec

PROBLEM 2.7

A shear washer in Fig. Prob. 2.7 is to fail as a safety device through the
thickness, with an applied force 990 lbs £10 1bs. Use

P
ult = ndt
with
d = 0.25540.005
t=1¢+0.001

P =990 1bs = 10 Ibs
Using a bronze with a,;, 80,000 psi find 7 using Eq. (2.42) with the left hand
side ¢ of £ 4 for a safety device and compare with 7 for a structural member.
PROBLEM 2.8

A hardened steel pin Fig. Prob. 2.8 with 180,00 psi ultimate strength is
pressed into a 6061-T6 aluminum flange. The pin diameter is
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Figure Problem 2.7
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Figure Problem 2.8

Chapter 2
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0.0940-0.0935 in. while the hole is 0.0932-0.0930 inches. Find the mean and
standard deviation for the combined stress near the pin in the flange, as well
as the factor of safety and probability of failure for the 6061-T6 aluminum
flange. Also, find the mean and standard deviation of the force to press
the pin in.

Use the easier card sort solution.

PROBLEM 2.9

A gull wing solder tab Fig. Prob 2.9 is modeled as a beam (solder tab) resting
on an elastic foundation (solder) which has below the tab a circuit board
(assumed rigid). The forces are

1
szFy:Fzzloz:I:goz

h=L=2b=0.100"+0.010"

Esotder = 4 x 10° psi Egpper = 16 x 10° psi
t. = 0.020" £ 0.002"
0.004” < ¢ < 0.010”

Figure Problem 2.9
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From W. Griffel’s, Handbook of Formulas for Stress and Strain, Fredrick
Ungar Company (1966) and M. Hetenyi, Beams on Elastic Foundations,
University of Michigan Press (1946)

1.

Yo deflection at x=0 of M, = hF,
v 2M2
mo — K
where
o [(Es) 121"
TL\E ) 1583
bE
K="7
s
Yp deflection at x=0 of P = F,
2F2
vp="
Y71, deflection at x=0 of T, = hF,
b
YTD = Ed)v
with
6. = 1200 coshol
* T O Keb3 sinal
where
K Eg
K ==
0 b is
Eg\ b2 + 27"
o= [0.78(—S> +3’C]
E, st
The solder stress is

Ytutal - F Ymo + YP + YTo
ts s Is

s = Eg

Find the mean and standard deviation of the stress using a card
sort solution.
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i

—} = |ot— [ 2Somtt

Figure Problem 2.10

PROBLEM 2.10

Using titanium Ti-16V-2.5 AL and using Eqgs. (2.17) and (2.175) in with Eq.
(2.173) modified for the stress concentration. The stationery shaft Fig.
Prob. 2.10 has an applied moment of 0-250 in lbs and the original R
was 0.002 in. What would be the probability of failure for the Gaussian
and Weibull representation of the titanium? What R should be used to pro-
duce a Py = 1/108.
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Optimum Design

. FUNDAMENTALS

The concept behind optimum design is to get the most from an engineering
design with the least cost, effort, or materials. The analysis generally starts
with a

A. Criterion Function
C=C(x, -z

Generally there is only one such function and it can represent any or all of
the following

Cost of manufacturing a product
Total weight of a design

Power developed by a design
Energy absorbed by a design
Efficiency of the design

SNk W=

These are some of the factors which the engineer must take into
account to get the least or most out of their design with the criterion
function. There are other constraints that must be satisfied:

B. Functional Constraints

These are the physical laws which an engineer must follow for a successful
design

1. Stress equations

2. Calculations for thrust, lift, drag
3. Deflections

4. Buckling

145
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Functional constraints are factors which engineers have studied in
their undergraduate years and dealt with during career.
The last of the constraints is the regional constraint.

C. Regional Constraints
These are the physical limitations

1. Number of men in a shop

2. Gross weight of an aircraft not to exceed the design weight of the
runway

3. Truck widths less than one lane of a highway

These generally state that a parameter must be less or greater than a
stated number. The design criterion most engineers use are the equations
taught in undergraduate course work which are called functional con-
straints. Then to fabricate the design, vendors are selected and the lowest
cost or criterion function to fabricate is selected. The maximum sizes or
limitations on the design are regional constraints which for the most part
are common sense. However, when optimizing with a computer or
employing an analyst all of the above criterion function, functional con-
straints, and regional constraints must be stated as clearly as possible.
The first solution will show if the equations are not constrained by giving
answers like infinity, zero, or a negative dimension (all real values greater
than zero positive). Various industries optimize differently depending upon
their specific concerns.

Il. INDUSTRY OPTIMAL GOALS

A. Flight Vehicles

Light weight is the most important consideration, therefore, the stress is
pushed as high as possible. It would appear that ¢, 6, would be
the most important consideration. However, the thin wall cross sections
will often buckle below the compression yield of the material and
can fail by fatigue even when the material is in compression. The loads
causing stress when properly defined are always varying. Variation in
the tension stresses causes fatigue and development of cracks in the thin
walls. As if this is not enough, thermal stresses will cause creep above
certain temperatures. In turn the performance created by the engines
must be prescribed to develop proper design parameters. The optimiza-
tion entails
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1. Criterion function
Maximize performance
Minimize weight
Minimize cost (lastly)
2. Functional
All the equations to properly define the vehicle function. This
can be several computer programs, or analysis of structural
vibrations and response which present stiffness requirements
3. Regional constraints
Vehicle weight is a maximum value often dictated by their
runway capacity
Must fit in a prescribed space
Crew size
Travel a given speed
Design life

B. Petro or Chemical Plants

These plants function for 30-50 years and are expected to survive major
carthquakes and explosions with as little damage as possible. The criterion
here is a process to produce a product and the design of pressure vessels,
pipes, and physical containment of the parts of the process. When vessels
are welded a proof test of 140% of the operating pressure is applied to cause
a failure should a critical crack size exist. Corrosion allowance of 1/16 to
1/4 inch on one or both sides of a vessel are added to the design thickness.
Thin wall vessels (which are optimal) are a minimum weight structure
for the applied loads.

1. Criterion function
Maximize profitable life
Minimum cost

2. Function constraints
All equations to define a process or vessel being designed

3. Regional constraint
Weight and size of vessels or components being designed as they
must be sent by trucks over roads, barged down waterways, or
on railroad flatbeds over existing railroads. Bridge clearance
and total land area are also problems here

C. Main and Auxiliary Power and Pump Units

The criterion here is high reliability and excellent performance. The strength
of the parts, cavitation, and creep are prime considerations. Means of fab-
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rication become critical in holding down costs. In power units the emissions
due to burning of fossil fuel becomes a challenge and are not readily solved.
Vibration becomes a problem.

1. Criterion function

Maximize performance

Minimize cost
2. Function constraints

All equations describing the system
3. Regional constraints

Volume and weight

Emissions

D. Instruments and Optical Sights

The operating character of the main equipment (tanks, ships,
helicopters. .. ) is important and becomes a design parameter for the auxili-
ary equipment. Servo systems that control them have natural frequencies
generating instabilities in the system. The design criterion is based on fre-
quency and small deflections and rotations to minimize instrument and sight
errors. Note: With this criterion the stress is seldom large and does not pre-
sent a problem but is present mostly in the computation of frequency
and optical errors.

1. Criterion function
Maximize functional performance
Minimize weight as unit must fit in a confined space
Minimize cost but not sacrifice performance
2. Functional constraints
Frequencies, deflections, and functional performance are critical
3. Regional constraints
Sizes and weight
Optical rotational and deflection limits

E. Buildings or Bridges

The design criterion requires that on unsupported spans, deflections are less
than L/360 where “L” is in inches (keeps drywall, tile, etc. from cracking).
Bridges are arched to minimize deflections (imagine watching a car or truck
in front of you sinking relative to you on a bridge and what your reaction
would be!). Buckling and wind loads affect building complexes and bridges.
Earthquakes also are a major concern, such as the 1994 Northridge
earthquake which cracked many welded joints in steel structures (the fixes
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for these are still being studied). The material behavior of the beam and
columns are vital, in bridge construction as older chain link bridge material
has changed with time, causing the bridge to fall into the river sometimes
with people on the span. Structural members are minimized for cross sec-
tional area and weight for the applied loads.

1. Criterion function

Minimize cost

Maximize life of structure
2. Functional constraints

Buckling, tension stresses due to design loads
3. Regional constraints

Size and height

F. Ships or Barges

Ships or barges are buoyed upward by displaced water that provides a uni-
form elastic support to the structure. The ships and barges roll and pitch
overall as well as elastically deflect along the length. The members must
withstand the fatigue stresses and buckling loads.

1. Criterion function
Maximize cargo
Minimize costs
2. Functional constraints
Buckling and fatigue loads
3. Regional constraints
Size to fit in the canals at Panama and Suez, berths at ports
Draft to fit in most channels and harbors

lll. OPTIMIZATION BY DIFFERENTIATION

The optimum design is obtained by several mathematical techniques. When
all functional constraints can be substituted into a criterion function the
derivative with respect to each variable may be set equal to zero. For n
variables this can yield n equations for a solution.

EXAMPLE 3.1 [3.23]. An open top rectangular tank with its base
twice as long as wide is to have a volume of 12 cubic feet. Determine
the most economical dimensions, if the bottom sheet material cost 0.20
dollars per square foot and the sides 0.10 dollars per square foot.

Let: a — width of base 2a - length of tank
b — height of tank
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Dollar cost of the bottom
Cp = a(24a)(0.20) = 0.404*
Dollar cost of the sides
Cs = 2(ab)(0.10) + 2(2a)($)(0.10) = 0.60 ab
The total cost of criterion function
C = 0.404* +0.60 ab
The functional constraint
V = (base) (width) (height) = 12 ft’
V = (2a)(@)(b) =12 £’

b:;

Now placing the functional constraint into the criterion function
C =0.404 +0.60ab = 0.40 &> + 0.60a<%>

C=0404% +?

To obtain the minimum cost

dc 3.60
= 0800 - =7 =
3 _ 360
~0.80

a=1.65ft b:%:2.20ft
a

So the cheapest tank is 1.65 ft x 3.30 ft x 2.20 ft

Note: This example had a regional constraint because the shape is
specified as a rectangle. Also note that when a, b, ¢ are not specified a definite
relation other than the product is 12 ft? yields another solution of a cube
2.29 ft on a side. The functional constraints such as plate stresses due to
monitoring of the tank and discontinuity stresses for the vertical and hori-
zontal plates intersecting are missing. Further note, nothing is stated about
what the tank holds.

EXAMPLE 3.2. Find the value of R for maximum power Fig. 3.1
being transmitted to R.
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T R,
e VAVAVAY.

Figure 3.1 Model for power transmission.

R,—internal resistance of the generator plus the leads.

Criterion function
Pr=TI*R
Functional constraint

— Eg
T R,+R

Substituting for 7

_ ER

" (R, + RY
dP  |(R,+ R’ —R[2(R,+ R)| .,
_— 4 Eg=0
dR (R, + R)
dp (R, + R)
— =0=E’~—2"[(R,+R)—2R
IR g(ROJFR)‘,[( ) ]

or R=R,

which says 50% efficiency but maximum delivery of power. This is not prac-
tical from a cost basis, however; the communication engineer must deliver
maximum power.

There is also another method for using functional constraints with a
criterion function.
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IV. LAGRANGIAN MULTIPLIERS

A criterion function is known
C=c(x;--xp) 3.1

and functional constraints are
Fi=filx1---x)=0

3.2
to Fypy = fru(x1 -+ %) =0 (3.2
If C is to be optimized the total differential [3.22] is developed
aC acC
or
S 9C
dC =) —dx;= 4
C ; o dx; =0 (3.4)

Also Egs. (3.2) can be differentiated and multiplied by 4;, the Langrangian
multiplier.

= §F
MdFy =Yk idxi =0
i=] i

to
. OFy,

mAdFy, = m o UAi = 3.5

Amd. ;A o dx; =0 (3.5)
add Egs. (3.4) and (3.5)

dC+ MdFy + - AudFy, =0 (3.6)
or

=1 /3¢ oF; o,

;(&;+lla—x[+'“+lma—xi)dxl—0 3.7

Since dx;s are independent and not zero the bracket portions are zero
or

aC aF oFy, .
- /'{t._..._.. im——z =1,2,3,..., .
ox; + x; oot ax; 0 =123 " C¥
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One of the advantages of Lagrange’s method is that it does not require
one to make a choice of independent variables. This is sometimes important
in a complex problem. The Lagrange multipliers are often used to verify
Kuhn-Tucker necessary conditions [3.22,3.25] for more complex computer
optimization. The conditions are incorporated into the computer program
and most users are unaware of them. The user’s main concern is how to
formulate the criterion function, function constraints, and the regional con-
straints that are bounded to obtain a reasonable solution. Also, are all
functions continuous and in a form a computer will work with?

A simple Lagrangian multiplier example is presented.

EXAMPLE 3.3.[3.22]. Find the dimensions of the box of largest
volume which can be filled inside an ellipsoid;

X2 y2 22
StEto=1 (3.9)

The sides of the box are to be
2x, 2y, 2z (for the sake of symmetry)
so the criterion function C is
V = 8xyz (3.10)

and the functional constraint is

2 P2 2
F=54la 510 (3.11)
Using Eq. (3.8) there is only one A yielding
ac oF; 2x
ac oF; 2y
ay+/1lay_.8x+zlbz_o (3.13)
ac aF 2z
&+M5;—&y+hg—0 (3.14)
Now divide by 2 and multiply in order the Eqs. (3.12)-(3.14) by x, y, z.
2
4xyz+/11-(;:0 (3.15)
32
dxyz + 4 i 0 (3.16)
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2

4xyz+/11i—2:0 | (3.17)
Adding Egs. (3.15)—(3.17) and noting the last term is equal to 1
2 2 2
12xyz+/11<g+ﬁ+g>:0 (3.18)
Substituting 4; separately into Egs. (3.12)-(3.14)
2x=:i:«2/—a§ 2y=d:‘2/b§ 22::&% (3.19)

The regional constraint requires that only positive values are used.

V. OPTIMIZATION WITH NUMERICAL METHODS

Many times a problem [3.7,3.23] becomes so complex computer numerical
iterations are required for a solution.

EXAMPLE 3.4. A hot-water pipe line [3.7,3.23] is to be designed to
carry a large quantity of hot water from the heater to the point of use.
The cost in dollars per length consists of four items. In this case, only posi-
tive values are desired.

(a) Cost of pumping the water from pipe pressure losses

G, =K, % = % (3.20)
(b) Cost of heat lost from pipe from the heat transfer through the
wall
K, 1
Ch = [D + 2x)/D] ~ In[(D + 2x)/D] (3.21)
(¢) Cost of pipe
Coipe = K3D =0.50D (3.22)
(d) Cost of insulation
CiKsx = 1.0x (3.23)
When the costs are summed
C=Co+ Ch+ Goipe + G (3.24)

The optimal solution [3.7] yields
D = 1.86 inches and x = 1.37 inches with C = 4.56 dollars per length
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Vl. LINEAR OPTIMIZATION WITH FUNCTIONAL
CONSTRAINTS

A criterion function is
C=C(x--xp) (3.25)
with linear functional constraints
Ry < Fi(xy -+ xy) < R
(3.26)

Rmme(xl"‘xn)SR:,,

When Egs. (3.25) and (3.26) are linear, it means sums of single power
variables. This condition is called linear programming. It should also be
realized that a regional constraint is

X1, X2, ..., %X, >0 (3.27)

It has been found that the optimum solution is found at the corners defined
by the regional constraints. The constraints in two variables can be easily
handled by plotting on graph paper, however, for three or more variables
a simplex method is used. Most of the linear programming problems involve
mixing, production scheduling, and transportation. These problems tend to
be industrial process, chemical, or civil engineering in nature. A few com-
ments are in order about the simplex method.

A. Simplex method [3.14]

The simplex method makes use of the fact an optimum solution is
obtained in the corners of the region defined by the regional constraints.
The following process is followed for two or three variables.

1. Select a corner of the region as a starting point. The farthest the
criterion function is translated from the origin, will yield a mini-
mum or maximum.

2. Choose an edge through this corner such that C increases in value

along the edge.

Proceed along the edge of the next corner.

Repeat steps (2) and (3) until an optimum solution is reached.

5. If a function constraint is parallel to the criterion function any
point on the function constraint line yields the same value for
the criterion function.

Bw
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The five step outline is the same as

C=ci1x1+cxy+c3x3 4+ + cuXp (3.28)

and the functional constraints which bound the solution of the criterion
function are

a\x) +axxy + -+ + ayx, = by

3.29
an X1 + amX2 + -+ + AunXn = by (3.29)

with regional constraints for positive values
x>0 n=1,2,...n (3.30)

There are other conditions which arise in an actual programming of the
above equations.
A simple example of the simplex method in two dimensions follows.

EXAMPLE 3.5 [3.14]. Optimize a two variable criterion function
F=x-2y+4 3.31
with the functional constraints

x+y<4
x+2y>-2

3.32
I (3.32)

Plot the functional constraints in Fig. 3.2 and follow the five step simplex
method steps outlined. Start at point B where F=—1 (step 1) and move
along the two edges (step 2) to corner A where F=2 and C where F=5.
Now with steps 2 and 3 travel along the edges from A to D and C to D
where at D, F=12. The five steps can be used in another fashion.

(a) Plot the criterion function through the origin where F=4 then

(b) Take perpendicular distances d; and d; where the largest trans-
lation of the criterion function is a maximum or minimum. In
this case F=—1 at B which happens to be a minimum and at
D, F=12 the desired maximum.

(c) Also note statement 5 where a functional constraint is parallel to
the function constraint. As seen from Fig. 3.2 along any or
the parametric lines for F the value of F is constant.

As can be seen corners A and C need not be evaluated and in fact since
d, > d) corner D is the only corner to be evaluated but one does not know
where the regional minimum is located.
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Figure 3.2 Applicable region for example 3.5.

This graphical approach can be extended to three variables but the
visual problems with three dimensions are sometimes difficult and a linear
programming computer solution saves time. A computer solution is defi-
nitely required for more than three variables.

VIi. NONLINEAR PROGRAMMING

Linear programming is a function of sum of variables which have single
powers like x, y, z. In nonlinear programming the variables have powers
and can be products, such as x3, y?, \/z or xy, ¥z, x> /z. Many engineering
problem definitions fall into this category. The following example is also
reworked later using geometric programming in Example 3.11 [3.12].
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EXAMPLE 3.6. Find the minimum surface area of an open tank
with volume no less than 1 unit. The radius is, r, and the height is h.

(a) The criterion function is the area of the tank

go(x) = mr + 2mrh (3.33)
(b) The functional constraint is that of the volume
gi(x) =nrth > 1 (3.34)
The constraint is rewritten
@) isnPh—120 (3.35)

This is done to comply with the format the computer accepts as
input. This must be studied carefully. The answer for r and &
are shown in Example 3.11. Always try a problem with known
answers to check a new or questionable computer routine.
Another example sets up the equations for a nonlinear optimiza-
tion problem.

(c) There is a regional constraint in here as the shape of the tank is
round

EXAMPLE 3.7. A steel spherical tank holds 250 gallons and is
fabricated in two hemispheres and welded to two flanges which are bolted
together. The steel for the two halves (neglecting the flanges) is 0.50 dollars
per cubic inch and the weld cost is 1.50 dollars/t around the two flanges.
The allowable stress is 15 Kpsi for a thin wall analysis.

(a) Criterion function

Cost = material cost + welding cost/2 flanges

= 0.50(4nR*1) + 1—'f—o(an) (3.36)

3
go = 2nR%t + J;—]S

(b) Functional constraint 1

3 . 3

Volume is 4nR > 250 gallon (231 o )
3 gallon

(3.37)

__471R3 1 o1
B =TT 750 im0
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(¢) Functional constraint 2

PR
o =~ < 15,000 psi (3.38)

(d) Regional constraint
all variables > 0
This has been solved in Example 3.12 by geometric programming
cost =$1807.12 R=123.978" =0.25011" P =312.9 psig

EXAMPLE 3.8 [3.1]. A spring optimization derivation [3.1] is
summarized as the author developed it and then one of the functional con-
straints is modified to make the derivation for a fatigue type loading. Figure
3.3 and notation is that of the author. The equations are

The spring weight which is the criterion function is

2 oG ([ db 7?90, _ ,
= — D 3.
32P ey (02) Ty ) (339
The yielding constraint is
16PmaxD0‘75
—_—myd2~75 < (3.40)

Figure 3.3 Spring cross section.
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Harmonic surging constraint

1G(13fy) (d\ [32¢ |
[6P (5>V6_g51 (G40

Spring bulking constraint

2 v 5
1.4G&(1 +3) (d ) y

S0+ 0)Pmax \DS (342

D5
The author’s [3.1] derivation is a lengthy one and a challenge to duplicate.
Nomenclature for Fig. 3.3 and Egs. (3.39)-(3.42)

C=spring index=D/d

d=wire diameter (in)

z =decimal percentage of d, allowance for clearance between adjacent coils
D =mean coil diameter (in)

6 =deflection corresponding to load Pp,x (in)

G =torsional modulus of elasticity

K=Wahl factor

g = acceleration of gravity

n=number of active coils

Q =number of inactive coils (end coils)

P .x =maximum spring load (Ibs)

¢ = density of spring material (Ibs/in?)

7, =maximum allowable shear stress (psi)

v =Poissons ratio

Jfn»=natural frequency of fundamental mode of vibrations, cps
fa=frequency of actuation, cps

The derivation [3.1] is modified for Eq. (3.40) from that of a yielding con-
straint to one dealing with fatigue. The approach [3.9] is to use a proposed
Wahl failure line [3.24] documented by Faires.

1 1,—-1, 21,

A (3.43)

where
8KP,,D 8KP,D
Ty = s Ty, = 7 (3.44)
with [3.1]
2
K=~ Yo (3.45)
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with

2<C<12
and

Pm — Pmax + Pmin Pa _ Pmax - Pmin (346)

2 2
with
0 o
S = — no = = .4
Spu=r Sw= (3.47)

The author [3.1] presents a sample problem which is duplicated here for a
fatigue condition. A squared and ground spring is subjected to
Pox =88.2 1bs and Py, = % (88.2 Ibs). These are substituted in Eq. (3.46)
yields

__Pmax'l“_l‘Pmax 5 _Pmax_JTPmax 3

Pm“ 2 —8Pmax Pa— 2 —8Pmax (3.48)
Omax = 0.5906 in, N =1.15, @ =2, and f; = 10 cps.

Table 3.1 is a sample of values found for a variety of materials. The com-
puter solutions found need to be checked for validity.

1. The materials limits need examination.

(a) Are the answers in the range of the equations used for S,
and S,,? ASTM 313 was not!

(b) Are the values exceeding the maximum stress values for
Sys and S,,,? Here d is substituted into S, and S, to verify
this. Also the maximum force is used in the stress equation
to check again for maximum stress.

(¢) Check all function constraints for the criterion function
(the weight).

EXAMPLE 3.9. A two pound steel disk Fig. 3.4 is supported by a
round thin wall tube and requires bending and torsional frequencies of
greater than 200 Hz each. The minimum thickness for a spring dimension,
t, is greater than 0.0015 in, R is less than 2.1211 in so the round spring
can be attached and the spring length L is greater than 0.100 in. Since
the tube can have thin wall torsional and bending buckling, it must be
checked for both. A minimum weight spring is desired. The equations
are developed.

Copyright © Marcel Dekker, Inc. All rights reserved.
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4
¢ — ] 0, 5l —
A
/]
R
¢
2 - - -
A u
y « | 42422
g ROUND SPRING &
7 %Q
/ o
§L< L - v
Figure 3.4 Torsional spring cross section.
(a) Ciriterion function
Wipring = 2nRtLy (3.49)

There are now four functional constraints
(b) Torsional frequency constraint [3.5]

w 1 K@

f:g:% Z

from torsion

TL

Z_9

GJ
T GJ
g=Ro=7

where for thin wall tube the area moment of inertia is
J =2nR%t

The I, is the mass moment of inertia

2
A =%%= 11.6436 x 107> m - b - sec?
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Substituting

s L [GmR 1 72
T L 11.6436 x 103

Now the torsional frequency is

3,1/2
f= 3.69714[9%]

The value is to be greater than 200 Hertz so constraint 1,
torsional frequency is

200Hz[ L ]
=

3.69714 | GR3¢

Constraint 1 torsional frequency

L 12 )
54.0958[m] <1 (3.50)

Bending frequency constraint [3.5]

o o 1[g 172
B 2n - 2n 557‘
where dsr 18

wiL3

OST = 3F7

Substituting
1 [3(386.4)]1/2 [EI]W

B=az| 21b J5)

EIY?
fo= 3.83164[23-]

The [ is half of J
ExR3 )
fa= 3.83264[T]

/5 1s to be greater than 200 hertz

200Hz [ L3 17 |
3.83164 /7 | ER3t| —

MaARCEL DEKkER, INC.
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(d)

©

Constraint 2 Bending frequency

L3 1/2
29.449 I:_ER_%] <
Torsional buckling [3.21]

0.6E
2R\’
()
Now 1 = \/ga and o is to be greater than 10,000 psi

———0'6E 3 < 10,000 psi

15 /23—
21.5(5) V3
t

0.6 3 1 E

215 /310,000 R/ = |

(3.51)

TCR =

Constraint 3 Torsional buckling

36.7423 x 1076

R (3.52)

t
Bending buckling [3.21]
_04E
GCR = 2_R_
t

0.2E
OCR =

~|>a|

The left side is 10,000 psi

0.2F .
R—/t < 10,000 psi

Constraint 4 Bending bucking

0.2E

10,000/ ~ (3:53)

There remains three regional constraints, noting R, ¢, L any of which
are zero will make Eq. (3.49) zero weight.

Copyright © Marcel Dekker, Inc. All rights reserved.
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(f) The radius of the spring must be less than 2.122 in so it can be
mounted on the back of the disk.
Constraint 5

R <2121l in (3.54)

Also to be fabricated the spring thickness should be more than 0.0015 in
Constraint 6

t>0.0015 in (3.5%)

The length must also be developed from some limited dimension (assume
0.100 in or stack up considerations.
Constraint 7

L>0.100 in (3.56)

The Egs. (3.49)-(3.56) can be placed in a non linear program and
values for R, t L found. Use y =0.283 Ibs/in® and £ =30 x 10° psiand com-
pared to Example 3.13.

The spring problem submitted to a nonlinear optimization routine
found the following answers:

W, = 0.00024 Ibs

R =0.900 in
t =0.0015in
L =0.100 in

The answers indicate for a frequency greater than 200 Hz, the length
and thickness need a regional constraint from manufacturing consid-
erations.

When the frequency constraints are less than 200 Hz the same
optimization routine found:

W, =0.0102 lbs

R =0.897 in
t =0.0015 in
L =4281in

The geometric programming solution in Example 3.13 using some of
the seven constraints in Example 3.9 results in the following values:

W, = 0.00711 1bs

R =0.900 in
t =0.0015 in
L =296195 in

MaARCEL DEKkER, INC.
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VIll. GEOMETRIC PROGRAMMING

First let’s look at some inequalities [3.3,3.8,3.25]
(Ui = Up)’ 20 (357
U} =20,U,+ U; >0
add 4U, U, to both sides
U? 42U U, + U2 > 4U, U,
Now take the square root
U+ U, = 20,0,
Divide by 2 yields
1 1

> U2 2 ul*u,”? (3.58)

U+

consider four non-negative numbers

U + Uz>l/2 (03 + U4)‘/2

(3.59)

4

1 1 1 |
ZU1+ZU2+—U3+ZU4Z( 5 5

On the right hand side use Eq. (3.58)
U+ U, =20, 0y
Us + Uy > 202U

So Eq. (3.59) becomes

1 1 1 1
ZUI +ZU2 +ZU3 +ZU4 > (Ull/zU21/2)1/2(U31/2U‘:/2)1/2

> U11/4 U21/4 U31/4 Ui/4

(3.60)

Zener made the observation if one lets
u; = 0;U; then Eq. (3.60) (3.61)
and

Ui = u;/é;

() () s\ () (3.62)
Uy +uy+uz +ug > 3, 5 5 5s

Copyright © Marcel Dekker, Inc. All rights reserved.
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Now if this is true allow u, = u3 = u4 in Eq. (3.60) then

13
gUi+7Us = ultut

or
81Us + 64Uy = U UL

and using Eq. (3.62)
aelil) ()

Now the general expression for geometric programming is
S LUy + 82Uz + 83Us + 04Uy -+ + 8, U, = UM U - U

Using Eq. (3.61)

& 8 on
+u2+u3+‘..un> E‘_l_ % &
“ =) \& s
Now in Eq. (3.65) if all Us are equal

01+0,+03+---6,>1 or

Z&n =1 for a minimum

So the equations are

Y au=[]u
Y ai=1

or

uj = 0;U;

Su=TI(E)

EXAMPLE 3.10. Minimize the following function [3.3,3.8]

B
&= o + Boxaxs + B3x1x3 + Bax1x2

Chapter 3

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)
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use the form Eq. (3.70)

Zu=T1(E)

2.0i=1 (3.72)
__h _
u = P Uy = Prxax3
u3 = Pyx1x3 us = Pax1x
So
b + Brxaxs + Bixixz + fyxixy >
X1X2X3
5 5 5 b (3.73)
B Bax2x3\ 7 (B3x1x3\ 7 [ Bax1x2
01X1X2X3 02 83 54
01+ 0 +03+0,=1 (3.74)

Look at the right hand side of Eq. (3.73) and rearrange

= () G ()

A minimum is obtained if

4
(g_:) x1—51 +53+54x2-51+52+54x;6| +02+8 (375)

x1—51+53+(54x2—51+52+54x3—51+52+53 =1 (376)

or the exponents are zero
—01+0463+64=0
—01+02+0+04=0

61+, +53+0=0
o1+ +63+04=1

and in Eq. (3.77)

(3.77)

61 =2/5 6,=1/5 63=1/5 d4=1/5
Examine the degrees of difficulty
DD=T—-(N+1)
T = Number of terms (3.78)
N = Number of variable

Copyright © Marcel Dekker, Inc. All rights reserved.
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From Eq. (3.71) Example 3.10

4 terms in the original expression
3 variables
DD = zero

This means the equation can be solved as an algebra problem. However, if
DD>zero this becomes an interation problem for a geometric programming
optimization routine. The next example contains constraints and is more
difficult.

EXAMPLE 3.11. Look at an example from [3.12] expanded from
the original text which outlines a method to formulate other problems.

Find the minimum area of an open cylindrical tank Example 3.6 with
volume no less than 1 unit. The radius is r and the height is 4.

go(x) = 7 + 2nrh area of tank

(3.79
gi(x) =nr’h > 1 constant
Degree difficulty=T—(N+1)=3-2+1)=0
Let uy =nr® and u, = 2nrh Eq. (3.70) substituted into Eq. (3.79)
S ()" (1)
g0 = 5 5
or
w2\ (2mrk\®
- —_ 3.80
g02(51><52> (3.80)
- 1
In the volume constraint divide by —- so
rth
1
> m‘ or
gl - nrzh —_

—1— orl>
nr2h =4l

3
12 |4
= 5 Hy (3.81)
1 :

or placing g in a similar form as go with u} =

MarceL DEkkER, Inc.
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This obtains a dual objective function
V(6) = gog1 or

a2\ (2% 1 1 o |
o= () ()| G (i) |
V(8 = l>5l (2_“)62 YRS ’ o 251+6:-26)) 1 (5:-3))
~\o) \& J\st)| (3.82)

V{(6) — go(x) for a minimum

or

Now V(6) is a minimum if the powers on r and 4 are 0 or orthogonality
constants for Eq. (3.82)
201 +6,-26, =0

(3.83)

S—6l=0
Also Eq. (3.67)

h+d=1 (3.84)
for the constraint, a 2nd normality constraint

o =m (3.85)
A solution gives

Si=1/3 6,=2/3 6/ =2/3 u =2/3 (3.86)

Answers are obtained when V(J) is evaluated r°, h° are 1

N 2/.3 1 73 23
V)= (173) (%) [2n/3] @/3)

2/3 '
— (30) (3 [i E} (3.87)

2n3
1\23
V(6) = 377:(—)
i1

Now from J;

5 _l__ U, _ nr?
YTITVE) T N\
3n<—>
T
() (3.88)
T A\n

L
-

T

Copyright © Marcel Dekker, Inc. All rights reserved.
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Next from 6,
5=2/3= U, 2nrh

V() = 1 2/3
L6
= (3)

Substitute for r Eq. (3.88)
NG
h= (;) (3.89)

Now check if V(d) =g by substituting for r and A
go = nr? + 2nrh

S CNECNON
=)

Yes! they are equal and a minimum has been found. Next check the con-
straint:
rh > 1 (3.91)

Substituting for r and 4

(ORICHR
0"

T
T

constraint is satisfied.

EXAMPLE 3.12. From Example 3.7
Criterion function

Cost = 2nR*t + 53;5 (3.92)
Functional constraints
Volume
R3
4R 57,750 in® (3.93)

MarcEeL DEkkER, INc.
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Stress in a sphere

PR

Regional constraint
Variables

R>0
t>0
P>0

In the cost let

U = 21'CR2t U, = 37§R
Volume
. 3
1> 3(57,750 in”)
- 4nR3
3(57,750)
Ul ==~
1 4nR3
Stress

PR
_ < 1
24(15,000) =

., PR
Ur = 2(15,0007)

_ 2nR%t % 37R\*
g0 =175 16,

- .
1 (367,750\ | L
s1= (5% 4nR? ) :Iﬂl

is [ __PR g b2
£28 1\ 57G0,000),) |2

173

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

(3.100)

(3.101)
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Now create the dual objective function
V(9) = gog142 (3.102)

DD.=T—(N+1)=4~(3+1)=0

Substituting
5 ,
v - (2R " 3R\ (367.750\" | [/ PR N\,
“\ s 52t amrsl ) || \30,000i87) |
Now combining all the variables

5! ”

2m\% (37\%| (3(57,750)\ ' 1 \*
V = | — J— AN A My Mo
) (51) (52) l:( 4n5{ Hy (30,0005’1’) Hy

1t

X P(SII,R2(51+(32—35/1+5| tél—éz—a/{

(3.103)
Now first orthogonalities
o1+d=1 ) (3.104)
5} =i (3.105)
8 =, (3.106)
From powers on P, R, ¢
6 =0 (3.107)
201 +0, 38 +8] =0 (3.108)
51 —8—96{=0 : (3.109)

Now from inspection from Eq. (3.107) and Eq. (3.106)

Si=pmp=0
Substituting Eq. (3.107) into Eq. (3.109) and solving Eq. (3.104) and Eq.
(3.109)

o1+dr=1
01—0+0=0

MaARCEL DEKkER, INC.
270 Madison Avenue, New York, New York 10016
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Adding
201 =1
5 1
=3 (3.110)
1
51 = 52 = 5

Substitute Eq. (3.110) and Eq. (3.107) into Eq. (3.108)

1 1 . B
2<§> + (§> 3814+ (0)=0

3 I
3301 =0 G.111)
3
_3sl = =
38l =~
Si=1/2=p

Now substitute Eq. (3.111) and Eq. (3.110) into the V($) Eq. 3.103
20 \"2 /3 \'"2] (3(57,750)\'/? |

Y Bl atadl 4 /2
o=(3) (7) |(m) oo

1 0 0.0 p0.0
8 [(15,000(0)) }Op R

The terms to the zero power are equal to 1

(3.112)

=1 if a#0

The last constraint due to stress is not binding and can be dropped out of the
problem formulation as it really doesn’t affect the cost. Thus, evaluating the
V(8) minimum cost without the last constraint

12 172
V(o) = [(4n)(6n) ——-—(6[51'7350])] G)

= [367[57,7501]"/%(1/2)'/*
= $1807.12

(3.113)

to evaluate variables R and ¢.

Copyright © Marcel Dekker, Inc. All rights reserved.
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Now from §;

5.1 U 2nR%
'T27 V() 1807.12 (3.114)
Rt = 143.806
From 6,
5 1 Uy 3nR 1
2 = = =
. 2 V() t 1807.12 (3.115)
7= 95.8707
From 4}
8 1 3(57,750)
— Ul i —3 =
U 4nR
R — 3(57,750 in®) (3.116)
47
R = 23.9785"
Now looking at the stress constraint even when it’s not binding.
PR < 15,000
2t
From Eq. (3.115)
p
—=(95.8707) < 15,000
2( )= 3.117)
P < 312.921 psig
This is highest pressure which also allows minimum cost.
Now substitute Eq. (3.116) into Eq. (3.115)
R 23.9785
—= = 95.8707
t t (3.118)
¢t =0.2501"

So

Cost = $1807.12
Prax = 312.9 psig
t=0.2501"

R =23.98"

MarcEeL DEkkER, INc.
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EXAMPLE 3.13. Example 3.9 is examined for a geometric pro-
gramming solution. First collect Egs. (3.49)—(3.56)

(a) Criterion function

Wipring = 2nRtL y (3.119)

(b) Functional constraint 1 for torsional frequency
L 12

54.0958[m:| <1 (3.120)

(¢) Functional constraint 2 for bending frequency
L3 1/2

29.449[m:| <1 (3.121)
(d) Functional constraint 3 for torsional buckling

36.7423 x 10‘6—Elg <1 (3.122)

(R/1)

(e) Functional constraint 4 for bending buckling
2 x 10-5i51 (3.123)
()
t

(f) Regional constraint 5 for spring mean radius

R <2122 in (3.124)
(g) Regional constraint 6 for spring thickness

t > 0.0015 in (3.125)
(h) Regional constraint for spring length

L >0.100 in (3.126)

Before starting examine the degrees of difficulty Eq. (3.78) where for selected
E and y

Terms =7 Variables (3)R, ¢, L
DD=7-3+1)=3

The ideal DD is zero and if three of the constraints could be left out a
hand solution it could be solved. However, a check of all constraints
at the end for values of R, ¢, and L must hold. Constraints 5 and 6
give an indication of where the answer for R and ¢ should be; so ignore
these but start solving for values using them. Then constraints 3 and 4
are similar for R and ¢ and some selected values indicate the bending
constraint 4 is to be selected. Constraint 4 is needed so the spring main-

Copyright © Marcel Dekker, Inc. All rights reserved.
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tains stability. Constraint 3 will be ignored but definitely checked at the
end.

The modulus, E, and the density, y, are related [3.13] from vibration
E/y the specific stiffness

E
o= 105 x 10% in (3.127)

for most common structural members. This could introduce another vari-
able to solve for, but, what does one do when the solved value for E does
not exist in any known material. The best method is to introduce the known
discrete values of F and y for common materials.

The relationship for E and G [3.21] is

E E

G:2(1—u):5€

(3.128)

Now substitute E=30 x 10° psi and y=0.283 Ib/in® into Egs. (3.119)-
(3.123) and (3.128). Note: If a known spring material is used more precise
numbers are available. The equation for solution are

Spring weight, go

Wepring = 1.77814 Rtl = A RtL (3.129)
Constraint 1 fr
oz 72
15.9254 x 1073 5 <1
- (3.130)
- L - /2
Blmm] =1
Constraint 2 fp
r L3 = 1/2
537663 x 1073 5 <1
- (3.131)
‘L3 q1/2
‘7] =1
Constraint 4 ocgp
600(%) <1
(3.132)
D) =1

MARCEL DEKKER, INC.
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Following Example 3.12 in Eq. (3.129)
Uy =A4RtL

then

0
8o = (%) (3.133)
1

In Eq. (3.130)

172
Ui :B[R—%]

134
on (3.134)
81 = sU
In Eq. (3.131)
” L3 2
tr=c¢ [m}
giving
U’ 5/1/
&= (—‘) (3.135)
g1
and lastly in Eq. (3.132)
no__ i
vn=D (R)
U 5 (3.136)
= (=L
»~(7)

The dual objective function is developed
V() = 20818283

Substituting Eqgs. (3.133)-(3.136) and rearranging

A7 (B) c\* p\"
_ | = - Hy -~ Ha - 1)
V(a) - [51:| {(5i) :I/J'l |:<5/l/) :|:u2 |i(5/1//) i|1u3 (3137)

"

RO, -361-18, (3135351418 [ 51+55-430)
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Now from orthogonality Eq. (3.67) and Eq. (3.85)

Y ai=1

6y =1and 8} =y,
3 =t

8 = s

The powers on R, ¢, and L are zero for a minimum
o1 —381/2-381/2-6/" =0

51 —8,/2-8//2+68" =0

o1 +6,/2+387/2+0=0
Solving using Eq. (3.138) and Eqgs. (3.142)-(3.144)
di=1 8/=5/2 & =-3/2 6" =-1/2

Chapter 3

(3.138)

(3.139)

(3.140)

(3.141)

(3.142)
(3.143)

(3.144)

(3.145)

Now to substitute & values Eq. (3.145) into Eq. (3.137) yields

V(6) = 0.00589 1bs

This will be the weight of the spring go Eq. (3.129) and (3.133) if optimum

values for R, ¢ and L can be found.

The equations to size the dimensions are developed from Egs.

(3.129)~(3.132).

5 U _q _L7I814RIL
"TVG)T T 0.00589

511 7 -3 L 2
m U, 5.9253 x I:R3t:l
511/ B L3 1/2

d_pyr=1=5. 1073 =

o U 37663 x [R3J

o _ U/ =1=600(1/R)

U

(3.146)

(3.147)

(3.148)

(3.149)
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Constraint 3 is not used but will be checked with Egs. (3.119)—(3.126)

Constraint 5 R <2.1211 in
Constraint 6 ¢ > 0.0015 in
Constraint 7 L > 0.100 in

Equate Eq. (3.148) and Eq. (3.147) solving for L yielding
L =296195" (3.150)

into Eq. (3.146) substitute Eq. (3.149) for R and Eq. (3.150)
t =0.001366" (3.151)

But constraint 6 states ¢ >0.0015in. from Eq. (3.149), 1=0.0015"
R =0.900" (3.152)

Into Egs. (3.119) substitute Eq. (3.150), (3.152) and t = 0.0015"
ws = go = 0.00711 1bs (3.153)

¥(8) = 0.00589 lbs (3.154)

The other constraints Eq. (3.120)-(3.126) must be checked for solutions for
R, t, and L.
Constraint 1
0.828 <1
Constraint 2
0.828 <1
Constraint 3
0075 <1
Constraint 4
1<1
Constraint 5
0.9in <2.1211 in
Constraint 6
0.0015 in > 0.0015 in
Constraint 7 for L
2.96195 > 0.100 in
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Note: The equality constraints are the binding equations of the
solution. Also, in previous examples V(d) and go (the w;) always equated
if all constraints were useable. Here only three of the seven are used hence
V(o) didn’t get the proper feed back from all seven constraints. From
the check of constraints, constraints 4, 6, 7 are more important.
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PROBLEMS

PROBLEM 3.1

Find the dimensions of the largest area rectangle that can be inscribed in a
circle with a radius of 10 ft.

PROBLEM 3.2

Storage containers are to be produced having a volume of 100 cubic feet
each. They are to have a square base and an open top. What dimensions
should the container have in order to minimize the amount of material
required (i.e. minimize the cost)?

PROBLEM 3.3

A manufacturer produces brass bolts and mild steel bolts at an average cost
of 40¢ and 20¢, respectively. If the brass bolts are sold for X cents and the
mild steel bolts are sold for Y cents, the market per quarter is 4,000,000/ XY
brass bolts and 8,000,000/ XY mild steel bolts. Find the selling prices for
maximum profit.

PROBLEM 3.4

A thin wall cantilever tube with a thickness t greater than 0.002 in and 60 in
long is loaded at the tip with a 500 lbs load offset 6 in. perpendicular from
the center of the tube. The material is 6061-T6 aluminum with an allowable
tension of 31,900 psi. Include the torsional buckling and bending perpen-
dicular buckling constraints. Solve for the minimum weight of the tube using
nonlinear or geometric programming.
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PROBLEM 3.5

An open conveyor bucket with dimensions on the right triangular cross sec-
tion of 24 width by & height and L length has a capacity of one cubic foot.
The cost for material is five dollars per square foot and welding is ten dollars
per linear foot. Find the dimensions to produce 2 minimum cost conveyor
bucket.

PROBLEM 3.6

A toy manufacturer makes two types of plastic boats. The manufacturing
data are as follows:

Production time req.

Process X Y Available time
Molding 10 5 min 80
Sanding and painting 6 6 66
Assembling 5 6 90

Profit per unit $1.20 $1.00

Find the production rates of the two models which will maximize profit.

PROBLEM 3.7

A container manufacturer produces two types of boxes. The production
requirements are as follows:

Mfg. time required, min per unit Available capacity per

Machine Box A Box B time period, min.
1 4.0 2.0 2,000

2 3.0 5.0 3,000
Profit per unit 20¢ 10¢

Find the production rates for maximum profit.
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PROBLEM 3.8

A casting company wishes to know the production of products (P;, P>, Ps,
P4, Ps, Pg) in Table Problem 3.8 which will give a maximum profit. The
operations are shown below.

Table Problem 3.8

Available Operating Product
Operation Time/Wk Cost Time/Unit(min.)
P P, P; Py Ps P
M, casting 2200 min $0.15/min 8 3 4 5 6 2
M, deburring 2400 min $0.08/min 4 4 6 2 3 2
M; drilling 2400 min $0.17/min 0 1 2 8 4 3
M, tapping 400 min $0.09/min 4 6 2 0 0 0
M; drilling 400 min $0.012/min 1 5 2 0 0 0
Material cost 0.80 0.65 0.30 0.40 045 1.00
Selling price/unit 7.00 5.50 4.50 5.50 4.30 4.00

Solve for P;—Pg to maximize profit

PROBLEM 3.9

A steam plant [3.16] has two boilers which it normally operates. Both are
equipped to burn either coal, oil, or gas according to the following
efficiencies:

Coal Oil Gas
Boiler 1 0.80 0.82 0.84
Boiler 2 0.60 0.65 0.76

Total steam supply required of the two boilers is 150 heat units/day. Maxi-
mum output Boiler 1 is 100 units/day and of Boiler 2 is 90 units/day.
A contract requires 120 units of gas/day to be purchased; maximum limit
on coal must be 150 heat units/day; and oil must be 20 heat units/day.

Coal Oil Gas

Fuel costs in cents/heat unit 25 27 29
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Verify the solution

X1 coal in Boiler 1
X, coal in Boiler 2
X3 oil in Boiler 1
X4 oil in Boiler 2
X5 gas in Boiler 1
X gas in Boiler 2

Cost/Day:
Y =25X1+ 25X, + 27X3 + 27 X4 + 29X + 29X
1. Total steam:
0.80X, +0.6X> + 0.82X3 + 0.65X; + 0.84X5 + 0.76 X = 150
2. Max capacity of Boiler 1:
0.8X7 +0.82X;3 4+ 0.84X5 < 100
3. Max capacity of Boiler 2:

0.6X; +0.65X; +0.76 X5 < 90
4. Gas contract:

X5+ Xg = 120

5. Oil supply limitation:
X3+ X4 <20

6. Coal supply:
X1+ X, <150

Solve for variables using linear programming for minimum cost.
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Reliability

I. INTRODUCTION

The reliability of a component or system can be represented in a statistical
sense by the probability of a component or system performing satisfactorily
at a particular time under a specified set of operating conditions. The defi-
nition of what constitutes ‘satisfactory’ may depend upon the nature of
the system. Some devices, such as switches and valves, may have only
an ‘operate’ or ‘non-operate’ mode. Other devices may be judged satisfac-
tory or not depending on the required output level of some performance
variable such as power or thrust. The present introductory discussion will
consider the first two of the following four aspects of reliability:

1. The change in reliability of a component or system with age

2. The reliability of a system as influenced by the arrangement of
components

3. The precision of estimates of reliability and other associated
reliability parameters

4. The ability of a product to perform within specified limits under
the influence of some external stress or environment

The object of the present discussion is to introduce some basic concepts and
complete treatments can be found in the various references cited.

This major emphasis to date on the use of mathematical reliability
models has been in the aero-space and defense industries. Particular atten-
tion has been given in the literature to studies of electronic systems. There
has been somewhat less emphasis on the mathematical aspects of reliability
as applied to mechanical systems. The reduced emphasis is not due to lack
of interest, but rather to the comparatively high reliability of typical mech-
anical systems. In addition, high unit costs (of equipment for testing
specimens) and the lengthy test requirements (because of good existing
reliability) have limited the number of studies. Although complex electronic

187
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equipment is also costly, the components (tubes, transistors, resistors, etc.)
are comparatively inexpensive and can be tested individually under a variety
of controlled conditions. A study of the mathematical principles of
reliability has many useful concepts to offer the designer, despite the lack
of extensive quantitative design data on mechanical systems.

Attempts at establishing quantitative statements concerning reliability
were initiated during World War II and were mainly concerned with
developing good vacuum tubes and reliable radio communication.

Between 1945 and 1950 studies [4.29] revealed that:

1. A navy study made during maneuvers showed that the electronic
equipment was operative only 30% of the time.

2.  Anarmy study revealed that between 2/3 and 3/4 of their equip-
ment was out of commission or under repairs.

3. An Air Force study over a 5-year period disclosed that repair and
maintenance costs were about 10 times the original cost.

4. A study uncovered the fact that for every tube in use there was
one on the shelf and seven in transit.

5. Approximately one electronics technician was required for every
250 tubes.

6. 1In 1937 adestroyer had 60 tubes, by 1952 the number had risen to
3200 tubes.

It must be remembered that these studies were based on equipment
produced during World War II by anyone able to walk to a production
line. The engineering design work for many of these items was based
on pre-World War II design concepts. The analytical techniques coming
from design work on Korean and World War 1I weapon systems may
have contributed as much to improvement of systems reliability as
the mathematical concepts of reliability. Also note that airplanes in
World War II were designed by using slide rules and desk calculators,
where as the advent of analog and digital computers has allowed
designers to simulate performance before committing themselves to a
fixed design. In other words, more variations and parameters can be con-
sidered in the analyses today.

What the concept of reliability has done is to bring to engineering the
benefits of statistics and probability for use in design. This in itself gives
the engineer additional tools to use while designing.

Missile projects [4.29] such as the “Sparrow,” “Regulus” and
“Redstone” missiles and those since 1950 have used reliability concepts.
The 10% reliability of the early Vanguard program increased to virtually
100% in the Minuteman. (The engineering design capabilities during this
time period were also increasing by leaps and bounds.)
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1.

During the Korean War less than 30% of the combat airplane
electronic equipment was operational. Later similar equipment
is over 70% operational. (The Korean War was fought with almost
half the planes and virtually all the ships of World War II
Vintage.)

In 1958 only 28% of all United States satellite launchings were
successful, whereas in 1962, 83% of all United States launchings
were successful.

In 1959 passenger-car Warranties were for a period of 90 days or
4000 miles whichever came first. In 1997, 100,000 mile warranties
are offered.

It is understood that Reliability is ““‘the probability that a device will
perform its specific function for a specific time under specific operating con-
ditions.” Note that to define Reliability

1.
2.

3.
4.

satisfactory performance must be stated

time is involved (either calendar time or number of operating
cycles)

operating conditions must be stated

then after testing the probability can be estimated

There are several areas of interest in reliability for engineers:

el .

designing with reliability in mind

measuring reliability

management or organization of systems for high reliability
prediction of reliability by means of mathematics

Il. RELIABILITY FOR A GENERAL FAILURE CURVE

The best possible way to discuss Reliability would be to start with the basic
part of its definition-probability.

There are various distribution curves for failure data which are not
necessarily Gaussian. These alternative distributions are approximated
by curve-fitting the failure data. Some of the distributions which can be
found in handbooks [4.10] are:

Binomial distribution
Geometric distribution
Poisson distribution
Triangular distribution
Normal distribution
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ft)

Time

Figure 4.1. A failure curve.

Log-normal distribution
Gamma distribution
Beta distribution
Exponential distribution
Weibull distribution

All of those listed above will not be covered in detail. They are only
mentioned to show the various mathematical models which could be used.
Those listed above are by no means inclusive. As always, a goodness-of-fit
test should be conducted to determine whether the chosen distribution is
appropriate.

Look at the normal curve where =0 and Z=1 from Eq. (1.1)

7(x) __l_ex l:_ x_2:I 4.1)
RV ‘
the data curve is
1 1 /x— m\2
f) “Z/—EGXP[—§< =) ] @.2)

Note the variable x could just as well be the time variable . Also the area
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under the curve is normalized, Eq. (4.1), knowing the whole area is /2.

+o0 o0
J ydx = J—l exp[ x2]dx (4.3)
—0C —OO\/E

Therefore areas under portions of the curve can be interpreted as
probabilities. Let the variable x be ¢, the integral

+00

J f(dt = area = A 4.4)
Dividing by A

J [—Igﬂdt —1 @.5)

Therefore, any areas under the f{r) versus ¢ curve also represent probability

and also represents the number of items tested if all failed during testing.
Reliability is the probability that a device will perform its specified

function for a specified time under specified operating conditions.

Take a time #; on the f{1) curve Fig. 4.1 and note that to the left of the ¢
line are the failures and to the right are the items which have not failed. In
computing the reliability interest is in the percent of those which have
not failed up to time ¢;. Further, since the normalized area under the curve
is 1, the area under the curve from ¢;.

o0
{
R(n) = J& dt (4.6)
A
151
Another parameter, the Mean Time To Failure is useful.
o0 o0
MTTF = J tfl(Tt)dt = J R(t)dt 4.7
0 0

ll. RELIABILITY FOR A RATE OF FAILURE CURVE

The concept of time as applied to mathematical models for reliability may
refer to clock time (i.e. hours, minutes, etc.) or to the number of cycles
of operation (e.g., number of times used, cycles of stress, etc.). For the pur-
poses of the following discussion, it will be assumed that the conditions
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constituting failure have been defined. If a number N of identical items is
tested for reliability until some Ny have failed, at some time ¢ an empirical
estimate of the reliability is

N~ Nr(0) _ Ns(9)
N N

where N refers to the number of items remaining in service. Although tests
are conducted on a limited sample, one would prefer to have N as large
as possible in order to provide reasonable precision in the estimates com-
puted from the data. The requirement for a large test sample is analogous
to the conditions required for the experimental measurement of the
probabilities associated with coin-flipping or dice-throwing. It is worth
noting that, for games of chance, a reasonable mathematical model makes
a priori predictions about the experimental results. In studying reliability,
experiments should be conducted to infer a suitable mathematical model
so that projections of future performances can be calculated.

The reliability, R(?) is Eq. (4.8), or the probability of survival at time .
In a similar manner define unreliability or the probability of failure as

R(t) = (4.8)

Q) = Nr(/N 4.9)
and note that
RO+ Q) =1.0 (4.10)

Assume that the variables R(¢) and N,(¢) in the empirical definition as con-
tinuous (instead of discrete) in order to study reliability from a mathemat-
ical standpoint. Differentiating Eq. (4.10), dividing by N, and
substituting Eq. (4.9)

| [0, dg0] _ LTdno | )

Nl d TTa [TN|a T Na
and rearranging and multiply by N
0= N dR(r) dNs(9)
TN dt  Ny(t)dt
substituting Eq. (4.8)
_ LdR(z) + dNs (1)
" R(H) dt  Ny(vdt
The second term is frequently called the instantaneous failure rate or hazard
rate, A(¢) which yields

d[ln R(?)]
dt

+h(t)=0 4.11)
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Integrating Eq. (4.11) and defining R(0)=1.0

- j‘h(r)dr
R(f)=e b 4.12)

Now consider the mathematical models for A(z) in Appendix A and D.

IV. RELIABILITY FOR A CONSTANT RATE OF FAILURE
CURVE

The form of Eq. (4.12) suggests considering A(¢) a constant as a simple fail-
ure model. This model is frequently called the exponential or constant haz-
ard rate model. In addition to the obvious simplicity, there are sound
physical reasons for seriously considering this model. Figure 4.2 shows a
failure rate versus age (time) curve which is typical of the performance
of many systems and some types of components.

The central portion of the curve Fig. 4.2 represents the useful life of the
system and is characterized by chance or random failures. The high initial
failure rate is due to shakedown or debugging failures and can be reduced
by improving production quality control and/or breaking in equipment
before leaving the factory. Aging failures are minimized by preventative
maintenance—i.e. repair or replacement of parts susceptible to aging. Hence,
in Fig. 4.2 there is a kind of empirical justification for assuming A(?) a con-
stant over a substantial portion of the life if a system, provided measure-
ments are taken to minimize or eliminate the initial and wear out failures.

‘g Break-in Wear out
e

:;-Eu Constant

u failure rate

Time
Figure 4.2. Typical bath tub aging curve.

Copyright © Marcel Dekker, Inc. All rights reserved.

MaRrcEeL DEkkER, INc. (ﬂ
270 Madison Avenue, New York, New York 10016 0



194 Chapter 4

As an example: telephone equipment for underwater Atlantic phone
cables have been tested for a 20 years burn in so that the remaining 20 years
life at lower constant rate failure is available.

From another standpoint, assume that chance or random events
(failures) are most likely to cause unreliability. If these chance or random
events have a small probability of occurrence in a large number of
samples, the mathematical model might be described by a Poisson dis-
tribution.

P(n) = l:(:@ (4.13)

where m is the mean number of occurrences and P(n) is the probability of
an event occurring exactly » times. In reliability there is interest in the
probability of no failures

0 —
R = P(0) = &"5(—”’) = exp(—m) (4.14)
The corresponding unreliability is represented by the series
0= Zp(n) Zm_ﬁ) (4.15)

Equations (4.14) and (4.15) satisfy the condition that

R+ 0=1.0=P(0) +ZTM iwiexp[}n — m]

n=0 n! n=f
m0 ml m2 m3 X
exp(m) = —+T+—2!—+§+---=Z;W
n=

(4.16)

Set A(f) = A and interpret A as the failure rate and Az as the mean number
of occurrences (in time ¢), hence

R(t) = exp[—41] 4.17)

A similar result is obtained by performing the integration indicated in Eq.
(4.12), letting A(z)=A. A continuous function A(¢) is substituted for the
discrete variable m for the purpose of developing a mathematical model.

The reciprocal of the failure rate, A, is usually called the mean time to
failure, MTTF, in a one-shot system. The exponential model is known
as a one-parameter distribution because the reliability function is com-
pletely specified when the MTTF or ; is known. Although the failure rate
is constant, the failures are distributed exponentially with respect to time.
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Equation (4.17) has been plotted in Fig. 4.3 to show how reliability is related
to age and MTTF. The figure shows that:

1. Accurate MTTF estimates are necessary to define the reliability of
relatively unreliable devices.

2. Age or operating time is an important parameter in determining
the reliability of devices with poor reliability.

3. Accurate MTTF estimates are less important for highly-reliable
devices.

Itis also important to note that the reliability for the exponential model
at t=MTTF is only 0.368 (and not 0.5), and, the failure Q(t)=0.632.

In complex equipment where wear out failure is significant, if the aging
characteristics of different parts varies, then the failure pattern of the com-
ponents as reflected in the reliability of the total system often appears
as a series of random or chance events. Hence, the reliability of a com-
plicated system may appear to be an exponential function, even if the indi-
vidual failure characteristics of the components are not of the
exponential type. Cumulative failure data for a marine power plant Fig.
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Figure 4.3. Constant reliability as a function of time.
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Figure 4.4. Components for a typical marine power plant [4.30].

Table for Fig. 4.4 numbered components
L.

PN RN

1.
12.

13.

14.
15.
16.

4.4 are estimated along with some typical MTTF’s by Harrington and
Riddick [4.8] and [4.30] in Table 4.1. In examining Fig. 4.4 component data,
keep in mind that there are 8760 hr/year (continuous operation) or about
2080 hr/year at 40 hr per week.

Main turbine

Turbo generator

Gland leaks

Aux. condensor

Aux. condensor pump
Aux. air ejector

Main condensor

Main condensor pump
Main air ejector

Gland leak and vent
Distiller air ejector
Low pressure heater drum
cleaner vent air ejector
Atmosphere drum tank
drain pump
Atmospheric drain tank
Make-up feed

Vent

17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31
32.
33.
34.

Drum cleaner

Low pressure heater

To tanks

Flash distilling plant
Distilling heater drain pump
Deaerating feed heater
Main feed pump
Contam steam generator
Feed pump

Drain tank

Cargo dehumidation
Hot water

Galley and laundry
Ships heating

Fuel oil tank heaters
Steam atomizing
Inspection tank

Boilers
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Table 4.1 Machinery plant component failure rates and mean time
between failures [4.30]
Failure
No. of  Total Total per
units no. of  hours 100,000 Reliabitity
Component included failures operation MTBF hours R=e™#
Pumps-main feed 2 4 85,680 21,400 4.7 0.7542
Main condste. 2 4 80,600 20,150 5.0 0.7407
Aux. condste. 2 3 85,680 28,600 3.5 0.8104
Main circ. 2 8 80,600 10,080 10.0 0.5489
Aux. circ. 2 7 85,680 12,250 8.2 0.6113
Other SW 6 7 51,400 7,340 13.6 0.4421
Lube oil 2 3 80,600 26,900 3.7 0.8010
FO serv. 2 2 85,680 42,800 2.3 0.8711
FO trans. 2 0 13,700 13,700 7.3 0.6452
Main boiler 2
Tubes 6 128,400 21,400 4.7 0.7542
Refractory 14 128,500 9,200 10.9 0.5200
SH tube supports 6 128,500 21,400 4.7 0.7542
Safety valves 13 128,500 9,900 10.1 0.5456
Soot blowers 17 18,500 7,560 13.2 0.4505
Drum desuperheater 3 128,500 42,900 2.3 0.8711
Superheat temp. 5 128,500 25,700 3.9 0.7914
control
Feed reg. valve 9 128,500 14,300 7.0 0.5711
Generators 2 1 171,200 171,200 0.6 0.9646
Main turbines 2 0 161,200 161,200 0.6 0.9646
Main red. gear 1 1 80,600 80,600 1.2 0.9305
DFT 1 1 85,680 85,680 1.2 0.9305
HP feed heater 1 1 85,680 85680 1.2 0.9305
LP feed heater 1 0 85,680 85,680 1.2 0.9305
FW evaporator 2 0 85,680 85,680 1.2 0.9305
Air ejector main 1 0 80,600 80,600 1.2 0.9305
Aux. 2 0 85,600 85,600 1.2 0.9305
Evap. 2 1 80,600 80,600 1.2 0.9305
Condensor-main 1 0 80,600 80,600 1.2 0.9305
Aux. 2 0 85,680 85,680 1.2 0.9305
Gas air heaters 2 5 128,500 25,700 3.9 0.7914
Forced draft blower 2 0 85,680 85,680 1.2 0.9305

*Based on operation for 6000 h.
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EXAMPLE4.1. The (hypothetical) data in Table 4.2 resulted from a
reliability test. Plot a reliability curve and estimate the MTTF from the
resulting straight line approximation. Compute the MTTF from the data
and show the corresponding straight line approximation.

The notation is from Eq. (4.8) where:

N — number of samples in the test (24)

AN; — number of samples which failed during the test interval time
Ng — average number of units still in service during the test interval
R(?) - reliability at the end of the test interval.

Note R(?) is known before the time interval starts or at the end, and the true
location in the interval is never known. The R(f) values are plotted here,
some individuals plot points at the mid span of the interval (which is
arbitrary). When the data is plotted (Fig. 4.5) note that

t=0 R@()=1=¢exp(—4ip)
t=(1/4) R() = exp(—l%) =exp(—1) = 0.368

The MTTF in this case is 24000 hr at the intersection of the best fitted line
and R(1/4)=0.368.
The failure rate (failures per hour) is calculated from the first time
interval
_ANr 1 7 1

= —= =2276 x 1074
Ns A~ I[24+17]1500 hr 76 x

failures

The MTTF is a weighed function of the ANy, the time interval and N set to
21 since 3 units did not fail

11 1
MTTF =5 =5 Z LANg = 52[7(1.5) + 5(3.0) + 3(4.5) + 2(6.0)
+2(7.5) + 1(9.0) + 1(10.5)] x 10° hr

MTTF = % =4.0714 x 10> hr (4000 hr from Fig. 4.5)

The algebra for the following calculation is not considered correct when
calculating a 4, because using an N of 24 instead of 21 the MTTF of 4148 hr
is high compared to 4000 hr from Fig. 4.5

A= %[7(2.276) +5(2.298) + 3(1.9048) -+ 2(1.667)

4 failures

+2(2.222) + 1(1.481) + 1(1.905)] x 107 = 2.1095 x 10~ e

1
The MTTF:I: 37095 x 104 10_4:4740 hr

MaRrcEeL DEkkER, INc.
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Figure 4.5. Reliability data for Example 4.1,

The convention is with N=21

LNy 1] 7 5 3 2 2
MITF =5 Ti_ﬁ[z.276+2.298+1.9048+1.667+2.222
1 1 .
m"*l.gos}xlo =4822 hr

It should be realized that A=A(z) in Eq. (4.12) and
R(t) = exp(~A?)

A is the slope of the line Fig. 4.5 fitting the actual data by computer
non-linear regression or the visual best fit. The selected line represents a
smoothing of errors from the interval calculations. The general rule is
to plot R(r) and compare to constant failure rate, Gaussian, and Weibull
reliability curves.

V. GAUSSIAN (NORMAL) FAILURE CURVE

The Gaussian or normal distribution function is sometimes used as the
mathematical model for components or devices which fail primarily by

Copyright © Marcel Dekker, Inc. All rights reserved.
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wearing out. Equation (4.2) describes the two-parameter Gaussian model

R() = ﬁTexp[—%(%liY]dt (4.18)

t

where p is the mean life of Z is the standard deviation, a measure of the
dispersion of reliability values about the mean life. 1 and Z are computed
from a limited sample of experimental data. The discrete events (failures)
are represented by a continuous model. The frequency or number of failures
versus time is described by the familiar bell-shaped curve. The standard
deviation is a measure to the peakedness of flatness of this distribution
as illustrated in Fig. 4.6. The reliability as a function of time is the cumu-
lative probability shown in Fig. 4.7.

Assuming that there are no censored observations estimate u and z
from

2t 4.19)

- \/(2&)—#&-)2_ NZ &)~ N(E 1)
= = NN - 1)

N -1 N -1

(4.20)

Frequency

u

Figure 4.6. Normal distributions of failures with time.
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Figure 4.7. Gaussian reliability curve with time.

FREQUENCY

20 30 40 REVS X I0® ~

Figure 4.8. Gaussian failure of a bearing Example 4.2.

Censored observations [1.7,1.22,4.24] will drop extreme values from the
data set using statistical methods so that better values for pu and Z may
be obtained with better confidence.

EXAMPLE 4.2. Estimate the reliability of a bearing at 20 x 10° and
at 40 x 10 if the mean life is 30 x 10° revolutions and the standard deviation
is 5x 10% Revs, in Fig. 4.8.

The simplest method of solution is to use tabulated values of the prob-
ability integral. Most tables are normalized with the argument given in
terms of the number of standard deviations (i.e. ¢/u). In this case, there
is interest in computing the reliability of +2 Z either side of the mean life.
Graphically speaking, the area from 20 x 10% cycles to 40 x 10° cycles. Since
the area Eq. (4.2) under the normalized distribution curve +2 Z is 0.9544

I 1
— 2
R20x 106 =05+~ | —— ——[x K
(20 x 10°) 05+2J2mexp[2 E]dx
—274p

MARCEL DEkkER, INc.
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from Fig. 4.8 and a math handbook.
R(20 x 10%) = 0.5 4 0.3413 4 0.1359 = 0.9772
Similarly,

R(40 x 10%) = 0.5 — 0.3413 — 0.1359 = 0.0228

VI. CONFIGURATION EFFECTS ON RELIABILITY
A. Series System

Components in series are frequently represented by a block diagram Fig.
4.9.

The system composed of elements 4, B, and C represents a series of
machines or operations which must be performed (or operate) in unbroken
sequence (or simultaneously) to achieve the required output. Since all
elements must operate, it is the mathematical probability.

R(system) = P(system) = P(A) and P(B) and P(C)
If the probabilities are independent,
R(systems) = P(4)P(B)P(C) = R(4)R(B)R(C) = R(ABC) @21

This relationship is analogous to the more familiar result for efficiencies,
where the efficiency of a machine is obtained as a product of the efficiencies
for the parts. The series Christmas tree lights represent this when one light
burns out all the lights fail or go out. The system fails and one can’t easily
find the light that burned out but one knows the system failed when one
or more lights burns out. It can also be noted for the exponential model
of Eq. (4.17) that one simply sums the exponents in order to obtain the
reliability for a series system.

B. Parallel System

Components in parallel are represented by a block diagram Fig. (4.10).
where the desired output is obtained if any one of the elements 4, B, or
C operates successfully.

input-‘ A H B C l~output

Figure 4.9. Series reliability block diagram.

Copyright © Marcel Dekker, Inc. All rights reserved.
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input B output

LMo

Figure 4.10. Parallel reliability block diagram.

The probability that 4 and B and C will all fail to work is
Q(system) = Q(A)Q(B) and Q(C)

(4.22)
= (1.0-R(A))(1.0-R(B))(1.0-R(C))
Hence resulting in a form of Eq. (2.3)
R(system) = 1.0-Q(system) = R[4 4+ B + C] @.23)

= 1.0-[1.0-R(4)] [1.0-R(B)] [1.0-R(C)]

EQUATION 4.22 APPLIED IF ONLY ONE ELEMENT
OPERATES. The extra elements are termed redundant. They are necess-
ary only in the event of failure in the primary element. As an example,
the parallel office fluorescent lights when one burns out the rest give light
and the system has not failed. The burnt fluorescent can be replaced quickly
and the system does not stop functioning.

C. Series—Parallel Systems

Systems with groups of components in parallel and others in series can
usually be analyzed by applying Eqs (4.21)-(4.23) to parts of the system
and then reapplying the equations to groups of parts. The process is anal-
ogous to the calculation of resistance (or conductance) in complex electrical
circuits by repeated application of the simple rules for series and parallel
circuits.

EXAMPLE 4.3. In order to simplify the reliability block diagram in
Fig. 4.11:

Compute reliability for A1, A2, A3 in simple or partial parallel = A’
Compute reliability for A4, A5, A6 in simple or partial parallel = A”

MaRcEL DEKKER, INC.
270 Madison Avenue, New York, New York 10016
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Compute reliability for B1, B2 in series =B’

Compute reliability for B3, B4 in series = B”
Compute reliability for BS, B6 in series =B”
Compute reliability for B7, B8 in series = B!V

Then shown in Fig. 4.12
The further reduction for Fig. 4.12 requires one to:

Compute reliability for B’ and B” in parallel = B(1)
Compute reliability for B” and B!V in parallel = B(2)

The results in Fig. 4.13
Figure 4.13 can be simplified further to:

Compute reliability for A’, B(1), C1 in series=A(1)
Compute reliability for A”, B(2), C2 in series =A(2)

Then in Fig. 4.14 the results are

" e
HZz_‘,
& e
I

2]
3]

H
%]

—— output

Bt
L | Ag

E3
E

Figure 4.11. Complex reliability block diagram.

output

Figure 4.12. Figure 4.11 simplified block diagram.
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Figure 4.13. Figure 4.11 block diagram further simplified.

input ﬂ output
A(2)

Figure 4.14. Final simplification for Fig. 4.11 block diagram.

Compute reliability from Fig. 4.14 for A(1), A(2) in simple partial
parallel from Eq. (4.23). Reliability of components in series and parallel
with constant rates of failure with constant rate of failure are treated.

D. Reliability of Series Components

The reliability of the series components is
n
Rs=Ri-Ry-Ry--R, =[] R (4.24)
i=1

with a constant rate of failure
Rg = exp[—Aiflexp[—421]. . . exp[—Anl] 425
Rg = exp[—X 4]

for the above expression to hold:

1. The system reliability configuration must truly be a series one
2. The reliabilities of the components must be independent
3. The components must be governed by a constant-hazard rate

model
The MTTF is
MTTF = I (4.26)

1
Z/In~/11+/12+"'+/1n
i=1

Copyright © Marcel Dekker, Inc. All rights reserved.
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E. Reliability of Parallel Components

The reliability of parallel components is
R,=1-— []‘[(1 - exp[—lit])] 4.27)
i=1

for two components in parallel with different failure rates
Ry =1— (1 —exp[=A1 (1 — exp[—421])
= exp[—411] + exp[—121] — exp[—4; + A2)1]

o0
MTTF = J Rt @.28)
0
_ [_ exp[-Aif] exp[—4af] | exp[—(41 + lz)t]] s
B A A (h1+4) 0
Two parallel components
1 1 1
MTTF = 34 3= 5 (4.29)

Two and more parallel components can be developed in the same derivation.
For three parallel components of different failure rates [4.8],
1 1 1 1

MTTF or MTBF = —+ —+—— -
Mo A Ay (A (Lt i)

1 (4.30)
(2 +43) * (h+ 4+ 43)
When the rates are equal 4; =1, for two components [4.29]
2 1 3
MTBF:E_ﬂzﬁ 431
The failure rates equal for 3 parallel components
33 1 1 3.1 11
MTBF—§_2—}L_+§_Z[3_§+§}_@: 4.32)

The constant failure rates [4.8,4.20] for two to five parallel components
yields the following reliabilities.
Two parallel components

R, = 2exp[—Af] — exp[—24{] 4.33)
Three parallel components '
R, = 3exp[—Af] — 3 exp[—247] + exp[—31] (4.34)

Copyright © Marcel Dekker, Inc. All rights reserved.
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Four parallel components

R, = 4exp[—A1] — 6 exp[—241] + 4 exp[—3At] — exp[—441] 4.35)
Five parallel components
R, = Sexp[—A1] — 10exp[—247] + 10exp[—341] — 5exp[—44i] (4.36)

+ exp[—541]

F. Reliability of Standby Components [4.24]

The standby unit (Fig. 4.15) is in parallel with a primary unit, however, the
standby is switched on only when the primary unit fails. The 4 rates are
the same for both units and all standbys.

The Poissons distribution yields an identity which applies

At (AP (Af)"
When n=1 (one standby)
R =[1 + Aflexp[—At] (4.38)
n=2 (two standbys with a switch to primary)
B 2
R=(1+ % + %—} exp[—Ad] 4.39)
for » units as standbys
B 2 n
At (M) (A1)
R={1+ T + TR + p exp[—Af] (4.40)

EXAMPLE 4.4. A water pump station Fig. 4.16 has been set up for
high reliability.

1. Calculator R(¢) for the system

~

Standby!

|Primary|

Figure 4.15. Standby systems.

270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

)

MaRcEL DEKKER, INC.



Reliability 209

2. Select typical failure rates find foyerhaw for pumpset 1 or 2 when
system R(7) =0.95 What is the motor pump set reliability at this
time?

3. First draw a reliability block diagram for one system delivering
water pressure and add the standbys after the model is developed.

The numbered components for Figs. 4.16-4.18 are

Electric drive pump

Valve

Electric power

Pressure flow regulators
Electric power standby
Motor pump set 1 standby

SRl

in — out

3 1

5 6

Figure 4.16. Water pump station.

=1 [— =
in - 3 " 1 : out

Pump Set 1 °

Figure 4.17. Half of water pump station Fig. 4.16.

Copyright © Marcel Dekker, Inc. All rights reserved.
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in@——i 1 l——-@ out

Figure 4.18. Motor pump set 1 for Fig. 4.17.

The 4s are calculated using Appendix D with Kz =10 in Eq. (D.2) and ¢
values from Table D.3. The Ags are stated for failures 1076 h

[upper extreme, mean, lower extreme] x 10~°

Electric drive pump

Ag, Pump [27.4,13.5,2.9] with 1; = 16KF

Shut off valves

Ag, valves [10.2, 6.5, 1.98] with 1, = AgKFr

Electric power

Ag, generator [2.41, 0.9, 0.04] with 13 = AgKF

Pressure regulators

Ag, flow pressure regulars [5.4, 2.14, 0.70] with 14 = AgKF

In the motor pump set 1 (Fig. 4.18) reliability, use the upper extreme in
Eqgs. (4.24) and (4.25)

R > = RiRy Ry = exp[—Z4;t] = exp[— (41 + 242)f] = exp[—%t]

Electric Power
R;3 = exp[—A3{]

Pressure flow regulators in parallel for equal is Eq. (4.33) is Fig. 4.17
R4 = 2exp[—A4t] — exp[—2441]

with one stand by pump and electric power, reliability increases by (1 + A;t)
Eq. (4.38) the system reliability is in series Eq. (4.21) and (4.38)

Rgystem = {Ri2(1 + A2)HR3(1 + A30)}{Rs}

Rgystem for top and bottom loops are the same then in parallel Fig. 4.16 from
Eq. (4.23)

Rsystem =1~ (1 - Rstop)(1 - Rsbottom)
Let’s evaluate Rgysiem using ¢ =8760 hr or one year.

A. Evaluate R, with standbys to the motor pump set 1 Eq. (4.38)

478 478
Ry, = [1 + W(smo)] exp[— W(876O):I =0.0788

MaRrcEeL DEkkER, INc.
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Copyright © Marcel Dekker, Inc. All rights reserved.

) 1



Reliability 211

Note the poor reliability with Kz = 10 now change A from 27.4 x 10~°
to 2.9 x 1075 on the pump and the shut off value g from 10.2 x 1076 to
1.98 x 107 will change R; .

Calculate R, again

68.6 68.6
Ry = [1 + W(S%O)] exp[—W(876O):| — 0.8778

much better but still not great. Use 68.6 x 10~° for 1, ,

B. Evaluate electric power with standby

Ry = [1 + 2%(8760)] exp[— 23% (8760)} = 0.9806

10
C. Pressure flow regulators for a parallel setup (Eq. (4.33))
54 54
Ry =2exp l:— 1—06(8760)] — exp[—zﬁ(8760)] =0.8580

Need low extreme for less failures, and increased reliability.
Lets evaluate for top loop and then top and bottom loops in
parallel

Top Loop  Ryseem = {0.8778}{0.9806}{0.8580} = 0.7385

Parallel Rgystem = 1 — (1 — 0.7385)(1 — 0.7385)
=1-0.06838 = 0.9316

Need low extremes in all components, hence, increased reliability.
Motor pump set 1

68.6
Ry = exP[_l_()6(8760)]
Ry =0.5483

This is not good! However, with standby yields 0.8778.

Redo B For electric power with low extreme A=(0.04 x 107%) x 10 =
0.4 x 107%/hr using Eq. (4.38)

0.4

RF[‘*W

(8760)] exp[—%‘)—i(smm} = (1.0035)(0.9965) = 1

Copyright © Marcel Dekker, Inc. All rights reserved.
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Redo C For pressure regulators with lower extreme A=(0.70 x
107%) x 10=7 x 10~%/hr. Eq. (4.33)

Ry = 2exp{— 1—(7)6(8760)} - exp[—Z (I_ZJG> (8760):]

= 1.8810 — 0.8846
R4 =0.9965

Ryystem = {0.8778} {1.00} {0.9965} =0.8747 for the top loop
Now since the system is made of two parallel components, Eq. (4.23)

Rsystem =1- (1 - Rsys)(1 - Rsys)
=1-(1-0.8747)(1 — 0.8747)
Rgystem = 0.9843 yearly overhaul for pump needed for the parallel
setup

1.57 .
ststem = (m) failures

EXAMPLE 4.5. Determine the reliability of the automotive gear
box Fig. 4.19 noting 3rd gear is used 93% of the time; 2nd gear 3%, 1st
gear 3% and reverse 1%. Find the time to reduce the reliability to 0.90.
The reliability of 3rd, 2nd, Ist, and reverse are each series in components
and the operation of the gear box is a series combination of 3rd, 2nd,
Ist and reverse.

The Reliability Model for 3rd Gear

Assuming the driver wishes to operate the car in 3rd gear, maximum speed,
shifts F into the position shown and pushed D to the left Fig. 4.19 so that
the clutch piece C engages with B, in which case P runs at the same speed
as the engine shaft E. This means a series reliability model Eq. 4.24 for
93% of the time shown in Fig. 4.20. In Fig. 4.20 the numbers represent
reliabilities

R; — A bearing and seal
R, — A bearing and seal
R; — A jaw clutch

R4 — Shifting fork

Rs — Left shaft

R — Right shaft

R; — Housing

MARCEL DEkkER, INc.
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D

A //////////// S ’
. ..
.————_—_——_—._—_

N / 1

//4—
7

Figure 4.19. Automobile gear box used with permission [4.1]

n— R R, H Rr,JH rRZH R, |out

Figure 4.20. Third gear series reliability model for Fig. 4.19.

Now for 93% of the time with third gears or direct drive.
Ria = RIR3R4R3R;

Second Gear Reliability Model

Second highest, 2nd gear, speed is obtained Fig. 4.19 by slipping D to the
right until it comes into contact with H, the ratio of gears then being A
to G and H to D; F remains as shown. This creates a series reliability model
Eq. (4.24) for 3% of the time, shown in Fig. 4.21, resulting in the numbered
reliabilities are

R; — four bearings and seals
R, — Two gear pairs

Copyright © Marcel Dekker, Inc. All rights reserved.
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R3 — Lower shaft
R4 — Left shaft
Rs — Right shaft
Rg ~ Shifting fork
R; ~ Housing

Ria = R{RAR3RsR;

First Gear Reliability Model

The same reliability model as 2nd gear for 3% of the time in Fig. 4.21.
For lowest speed, first gear, D is placed as shown in Fig. 4.19 and F slid
into contact with J

Rlst = R2nd

Reverse Reliability Model

The same reliability model as 1st and 2nd gear except adding 5-6 bearings
(use 6), 3 gear pairs, and 4 total shafts. The shaft P Fig. 4.19 and the
car are reversed by moving F to the right until it meshes with L, the gear
ratio being A to G and K to L to F. Note: K gear is in front of gear L.
The reliability Fig. 4.22 is shown and the numbers represent

R; — Six bearing and seals
R, ~ Three gear pairs

R3 — Four shafts

R, — Shifting fork

Rs5 — Housing

The reliability for one percent of the time is in reverse as follows

Rreverse = R?RgRg&RS

R RH R RH R o

Figure 4.21. Second gear series reliability model for Fig. 4.19.

R RH RHRH ] o

Figure 4.22. Reverse gear scries reliability model for Fig. 4.19.
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The reliability of the components are from Table D.3. The s for the com-
ponents are stated (high extreme) (mean) (low extreme) x 10~° for failure
rates/hr.

Bearings and Seals
From Eq. (D.2)
A= AcKF
Ky =30 for rail-mounted equipment with Eq. (D.2.), Table D.2

(a) Ball bearing high speed heavy duty (high, mean, low) x 10-¢
failure/hr

e = (3.53,1.8,0.072) = A
(b) Rotating seals
A =(1.12,0.7,0.25) = Ag>

For all —6 components use the high extreme 3.53 x 10~ for ball bear-
ing and 1.12 x 10~ for rotating seals which means shorter life, cheaper
parts, and maybe a good design. For a bearing and its seals reliability

R = exp[—Kr(ie1 + AG2)1]
I 139.5 ;
=P T 106 hr

Gear Pairs

Kr=30
(c) Spur gears for high failure rate

A =(4.3,2.175,0.087) = Ags

129
Rgear = exp[Krigst] = exp[— 10 br t}

Shafting

Kr=30
(d) Shafting

Ac =(0.62,0.35,0.15) = Aga

18.6
Rinafiing = eXp[Krica] = exp[~ 10 hr t:l

Copyright © Marcel Dekker, Inc. All rights reserved.
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Shifting Fork (Fig. 4.23)

Kr=30
(e) Three mechanical joints

Ac =(1.96,0.02,0.011) = Ags
(f) Three structural sections

Ag = (1.35,1.0,0.33) = Ags

Combining Fig. 4.23 there are three mechanical joints and struc-
tural member in series.

Rnitt = Rjoints Rstruct = €Xp[—3Kr(Ags + Age)t]
2979
= P 7106 hr

Housing

Kr=30
(g) housing, cast, machined bearing surfaces

Ag = (0.91, 0.40,0.016) = Ag7
27.3
Rpousing = exp[—Krigrt] = exp[— 105 br ’:I

Jaw Clutch

KF =30
(h) Jaw clutch

Ag = (1.1,0.04,0.06) = Ags

Note: 0.04 can not be the average. Should be 0.08 or 0.58 per an error in data
printout.

33
Rjaw = exp[—KFrigst] = exp|:— 105 br f:]

The automobile gear box functions with 1st, 2nd, 3rd, and reverse and the

n— RIH RY| out

Figure 4.23. Shifting fork reliability model for Fig. 4.19.
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time factor is

t3ra = 0.93¢ t is the actual gear box operating time

t2na = 0.031
fis = 0.031
0.017

Treverse = m

The terms are substituted into the reliability equation to obtain the system
reliability developed in Table 4.3.

Rsystem = (R3rd)(R2nd(Rlst)(Rreverse)
_ 715.248 ;
106 hr
Let Rgysem =0.90 and take In, of both sides

715.248
106 hr

Rsystem = exp[

t =—-0.1054

t=147.3 hr continuous operation at rated power
Should lower extreme failure values be used, the hours would increase.
Note: Alone for 3rd gear

27.
Ryq = exp[—?()—z}ll? 147.3 hr:I =0.918

Lower failure values for just 3rd gear components

2(Ae1 + Ag2) = 2(0.072 4+ 0.25) = 0.644 not 9.3 (a) (b) bearings and seals

Ags = =0.060 not 1.1 (h) jaw clutch
Ay = = 0.087 not 4.3 (c) spur gears
2h64 = = 0.300 not 1.24 (d) shafting

Table 4.3 Summary of transmission As and a check on A sums

Components 3rd 2nd Ist Reverse s
Bearing seals 2(0.93)(139.5) 4(0.03)(139.5) 4(0.03)(139.5) 6(0.01)(139.5) 301.32
Jaw clutch (0.93)(33) None None None 30.69
Gear parts None 2(0.03)(129) 2(0.03)(129) 3(0.01)(129) 19.35
Shafts 2(0.93)(18.6) 3(0.03)(18.6) 3(0.03)(18.6) 4(0.01)(18.6) 38.69
Shifting fork (0.93)(297.9) (0.03)(297.9) (0.03)(297.9) (0.01)(297.9) 2979
Housing (0.93)(27.3) (0.03)(27.3)  (0.03)(27.3) (0.01)(27.3) 27.3
Asums 627.192 35.91 35.91 16.236 715.248
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3(Ags + Ags) = 3(0.011 4 0.33) = 1.023 not 9.93 (e) shifting fork
A1 = = 0.016 not 0.91 (g) cast housing
A= total slum =2.113 not 26.78

2.13
" i 217. — .
A3rd reduces from 627.192 (26.78) to 49.885
the system A without corrections to rest of columns in Table 4.3 is
A =715.248 — 627.192 + 49.885 = 137.94

When Rsysiem =0.90
B 137.94
106

t="764.1 hour increase of 5.19 to the prior value. The change in the rest of
the gear combinations would increase the operating hours.

t=-0.1054
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PROBLEMS

PROBLEM 4.1

A manufacturer sells a motor with major components having the following
reliability characteristics:

(I) Electrical failure (insulation, windings, etc.) MTTF = 20,000 hr
(I) Mechanical failure (impeller, casing, etc.) MTTF = 10,000 hr

(IIT) Bearing wearout (2 bearings) ¢ = 1800 hr g = 600 hr, each
(IV) Brush wearout (2 brushes) u = 1000 hr o = 200 hr, each

(a) Calculate the reliability at 500 hr
(b) If the manufacturer has a 500 hr guarantee, how many motors
will he have to replace or repair per 1000 sold?
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PROBLEM 4.2

The motor in problem 1 is improved by using sealed bearings and by using a
better quality alloy in the casing and impeller. The improved motor has the
following reliability characteristics:

Electrical failure (insulation, windings, etc.) MTTF = 20,000 hr
Mechanical failure (impeller, casing, etc.) MTTF = 20,000 hr
Bearing wearout (2 brngs) u = 2500 hr ¢ = 600 hr, each
Brush wearout (2 brushes) u = 1000 hr o = 200 hr, each

(a) What is the reliability of the improved model at 500 hr
(b) If the manufacturer wishes to have a replacement or repair rate of
5 motors per 100 sold, what should be his guarantee period?

PROBLEM 4.3
The following data were obtained from the reliability testing of a group of
special gear boxes:

Hoursx 10* 0-1 1-2 2-3 34 45 56 6-7 7-8
Numbers failed 21 12 6 3 1 1 0 1 total=45

Find the MTTF by plotting the data on semi-log paper.

PROBLEM 4.4

The following data were obtained from tests on hydraulic valves:

Hours cyclesx10®> 0-1 1-2 23 34 45 5-6
Numbers failed 11 6 3 2 1 1 total=24

Find the MTTF by plotting the data on semi-log paper.

PROBLEM 4.5

The main boiler feed pump in a power plant has a MTTF =200,000 hr.

(a) Find the reliability after one year of continuous operation at
24 hr/day, 7 days/week.
(b) Find the reliability after one year of operation at 40 hr/week.
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PROBLEM 4.6

A propulsion system with four boilers, a two propeller outputs with
shafting, reduction gears, and two turbines have steam supplied with
two arrangements:

(a) One-boiler MTTF of 350,000 hr providing half-speed with three
boilers on standby.

(b) Two boilers in series providing cruise speed with the other two in
series on standby.

Find the reliability of both conditions and the over haul time if R(t) =0.95 as
a criterion. Find the reliability in cruise speed if remaining boilers are not in
series standby but are used separately as standbys on the individual boilers
in operation.

PROBLEM 4.7

The cross section shown in Problem 4.7 gives an indication of parts in a hand
held power saw. Find the reliability of the saw with the information in
Appendix D. Roughly estimate the time for the reliability to equal 0.90.
[Note: This is a crude estimate.]

PROBLEM 4.8

Variable speed pulley patent drawings Problem 4.8 shows the pulley in two
extreme positions. Estimate the reliability from information in Appendix
D and find the time when R(t) =0.90.

Counterbalance moves with equal and
— opposite inertial force to spindle.

Blades are available
tor a variety of )
differentmaterials. Lever adjusts shoe for

depth-of-cut control. - *‘ - ( B-Amat " p 3
-A motor generates y
Rotating shaﬂdmoves the wohble' plates l:_oup!ed to \ to 2,800 strokes/min.
i in
spindie an: Tube chassis restricts spindie

Primary wobble plate attaches to spindle. and counterbalance to axial
wobble plate to only.

Prob 4.7. Super Sawall cross section (Permission of Milwaukee Electric Tool
Corp. Brookfield, WI)
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Prob 4.8.
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Linearization of the Weibull Equation

The Weibull Equation Eq. (4.11) and [1.5]

Integrating

R() = exp [— jh(r)dr] (A2)
if h(t) is Weibull fr(o)m Eq. (1.2) and Eq. (1.16)

Lo ) = B (A3)

Integrating from y the lowest value of the data to t=1

1 ,
nR(t)=—<(@—y)
0 b (A.4)

1
_
= 5(! ?)

This equation is a natural logarithmic form of the following in the two forms
Eq. (1.16) also called Q(¢) the failure

_
o) =1 —exp[—(t 5” ] (A.5)
— A
o0 =1- exr)[—(’—%) ] (A.6)
and also note A(r) is a constant
0@) = 1 — exp[—Ad] (A7)
223
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Further noting f ranges from about 1 to higher values most generally
around 5-10 for a Gaussian distribution. In all forms by definition
normalized

RO+ 00 =1 (A.8)

The equation is solved for the failure Q(r) using Egs. (A.5) and (A.6) with
Eq. (1.4) the two forms are

—_
o) =1 exp[~ ¢ 5”) ] (A.9)
t—nF
o) = 1-exp| (5’| (A.10)
Rearranging, taking the natural logarithm twice, and noting lne=1
In In[l—;Q(t)] = flIn(t—-7y)—Ind (A.11)
1 _ t—y
lnln[l - Q(t)] - ﬁln(T) (A.12)

Weibull paper as used in Chapter 1 Examples may be used for a graphical
representation and values of § and é or § obtained assuming y is the actual
lowest number. These are crude considering the SAS computer uses several
runs to obtain final results. Here again and explained in Chapter 1 the value
for 7 is related to half of y or even zero to match the graphical solution on
Weibull paper. In fact running three runs with y! =0, y/2, and y would allow
comparison of three separate runs to see if the fs and ds or 8s change.
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Monte Carlo Calculations

I. MONTE CARLO SIMULATIONS

The simulation procedure can be broken down into seven steps:

L.

Fit failure criterion data (usually yield strength or tensile strength)
to an appropriate distribution function. Goodness-of-fit statistics
are useful in the determination of an acceptable model.

Define the applied stress on the part to be designed.

Assign a distribution function to each variable in the stress
equation and assume a starting value for each, variables are
typically load and dimensions.

Generate random variates from the failure criterion distribution
and from each of the variable distributions.

Calculate the stress using the random variate for each variable and
compare that stress with the random variate from the failure cri-
terion distribution. Whenever the stress exceeds the failure
variate, a failure has occurred.

Repeat the last two steps n times, where 1/n=probability of
failure; e.g., a probability of failure of 107% requires 10°
calculations.

If only one failure has occurred in the n calculations, the design is
valid for a probability failure of 1/a. If no failure occurred, or
more than one occurred, adjust the assumed design variables (step
4) and repeat last three steps until only one failure occurs in n
simulations.

225
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. GENERATING RANDOM VARIATES

Most computer programming languages are capable of generating a random
variate from a uniform distribution where every real number on an interval
0<n<N has an equal probability of being randomly chose (N is generally
).

The random number generator uses a seed to initialize the process. If
the user does not provide a value for the seed, the computer will use it’s
internal clock for initialization. Each call to the random number generator
then creates a random number and a new seed for the next call.

Computer generated random numbers are commonly referred to as
pseudo-random variates since the computer will generate the same sequence
of numbers, if it is given the same seed for initialization.

Unless the user knows how the computer arrives at its internal seed, it
is strongly suggested that an external seed be used. The last generated seed is
then saved and used to initialize the random number generator on the next
application.

lll. GENERATING RANDOM VARIATES FROM OTHER
DISTRIBUTIONS

Many algorithms for generating other random variates from a uniform ran-

dom variate are widely available in the literature. A collection of usable

algorithms can be found in Rubenstein [B1].

REFERENCES

Bl. Rubenstein RY. Simulation and the Monte Carlo Method, John Wiley and
Sons, 1981.
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Computer Optimization Routines
[3.20]

Optimization problems can be categorized as:

. UNCONSTRAINED MINIMIZATION OF THE CRITERION
FUNCTION

minimize C(x;) (C.1)
where
1. The criterion function is continuous and can be either linear or
non-linear
2. The function is not automatically minimized for all the variables

equal to zero
3. Negative solutions must be assigned a meaning or ignored

Il. CRITERION FUNCTION WITH SIMPLE REGIONAL
CONSTRAINTS

minimize C(x;) (C.2)
with

Li<x;<U; for i=1,2,3,...,n (C.3)
where

1. The criterion function is continuous and can be either linear or
non-linear

2. Each x; is bounded by L; and U;. L; or U; could be zero. Not all x;
have to be constrained

3. The criterion function is not automatically minimized for all the
variables equal to zero

227
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il. CRITERION FUNCTION WITH LINEAR FUNCTIONAL

CONSTRAINTS
minimize C(x;) for i=1,2,...n (C.9)
with
F, = ZAijj + B =0 (C.5)
J
where

1. The criterion function is continuous and can be either linear or
non-linear

2. The criterion function is not automatically minimized for all the
variables equal to zero

IV. CRITERION FUNCTION WITH NON-LINEAR

CONSTRAINTS

minimize C(x;) (C.6)
with

Py -
and

x;i=12,...,n
where

1. The criterion function and function constraints are continuous
2. Thecriterion function when properly constrained should not auto-
matically minimize when all the variables are zero

V. TECHNIQUES FOR SOLUTION

There are dozens of algorithms for optimizing functions—none will work for
all cases, and all find local minima. The global minimum can be inferred by
finding local minima over a realistic range of the variables. Not all functions
will have a global minimum.

All of the techniques are iterative in nature and require repeated cal-
culations of the criterion function, the gradient function, the Hessian matrix
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(second order partial derivatives), values of constraints, and the Jacobian
matrix (first-order partial derivatives) of the constraint functions.

Not all techniques require the use of derivatives and some algorithms
use approximations instead of the derivatives. If more than one algorithm
can be used for an application, each should be used as a check.

A good review of algorithms is given by [C.1]

REFERENCES

C.1.  More JJ, Wright SJ. Optimization Software Guide. Philadelphia, PA: SIAM
Society for Industrial and Applied Mathematics, 1993.

Copyright © Marcel Dekker, Inc. All rights reserved.

MaRrcEeL DEkkER, INc. (ﬂ
270 Madison Avenue, New York, New York 10016 0



Appendix D

Mechanical Failure Rates for
Non-Electronic Reliability

I. SOURCES FOR INFORMATION

The task of finding failure rates can be a difficult one. Older reports are filed
in

Defense Technical Information Center
Cameron Station
Alexandria, VA 223214-6145, USA

These reports have been written by and for the defense industry in
order to estimate overall system reliability.
The failure rates are also filed in a computer data base at

Government Industry Exchange Program (GIDEP)
GIDEP Operations Center

P.O. Box 8000

Corona, CA 91718-8000, USA

Failure rates are stated in test reports for a specific system which can
be time consuming when looking for an overall failure for a class of systems.
GIDERP is better known for the notices for obtaining hard-to-find mechan-
ical or electric components to maintain and manufacture military or govern-
ment systems. Alerts are also issued for components which are not being
manufactured to specifications. Here all future systems in the field must
be checked to ensure proper performance. GIDEP also holds seminars twice
a year for users to understand the program.

One of the most concentrated efforts is at Grifiss Air Force Base at

The Reliability Analysis Center
P.O. Box 4700
Rome, NY 13442-4700, USA

231
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The center offers publications and maintains a consulting staff and publishes
a Reliability Journal [4.19] and a 1000 page report [4.18] in NPRD 95 “Non
Electronic Parts Reliability Data” which gathers data from several sources.
In this appendix excerpts from [4.17] Tables D.6 and D.7 are presented as
well as a reliability Section II from [4.21] published with permission.

The reference [4.30] offers failure rates for the marine industry and
these are in Table 4.1.

When the failure rates are selected the environment is important. The
second item is the number of items and hours to develop the failure.
One item is how long a system can be expected to operate. Table D.1 is
a good guide from bearing life estimates. It should be noted bearing life
and MTTF need not be the same. So that

Rt)y=e* (D.1)

set R(¢) to say, 0.90 for life 100,000 hr Table D.1 and solve for the 1 and
MTTF. The number may or may not be possible for the physical system.

The following Sections II and III are published with permission of the
McGraw-Hill companies from Mechanical Design and Systems Handbook,
Harold A. RothBart, Editor, McGraw-Hill, Inc., 1964. The chapter cited
is 18.11 System Reliability Analysis by Carl H. Levinson. The source
for Section Il is “Generic Failure Rates,” Martin Company Report,
Baltimore, Md.

Table D.1 Bearing-life recommendations for various classes of machinery

Type of application Life, kh

Instruments and apparatus for infrequent use Up to 0.5

Aircraft engines 0.5-2

Machines for short or intermittent operations where service 4-8
interruption is of minor importance

Machines for intermittent service where reliable operation is 8-14
of great importance

Machines for 8-hr service which are not always fully utilized 14-20

Machines for 8-hr service which are fully utilized 20-30

Machines for continuous 24-hr service 50-60

Machines for continuous 24-hr service where reliability is of 100-200

extreme importance

Reproduction with permission of the McGraw-Hill companies from J. Shigley and C.R.
Mischke, Mechanical Engineering Design, Sth Edition 1989.
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Section I1I is from Earles, D., Eddins, M., and Jackson D. A theory of
component part life expectancies, 8th National Symposium on Reliability
and Quality Control, 1962.

Il. FAILURE-RATE TABULATION

Table D.3 is a comprehensive tabulation of many different components and
their failure rates and has been compiled from an analysis of component
performance in actual applications. It should be noted that the following
severity factors K, Table D.2, must be used in applying the failure rates
in order to take into account the effects of environment: Therefore, the fail-
ure rate

A= AgKF (D.2)

lll. COMPONENT LIFE EXPECTATION

Table D.5 gives a comprehensive tabulation of life expectancies for many
different components. Systems-maintenance procedures should be based
upon these life expectancies. Where maintenance is not practical, such
as in space-vehicle applications, alternate-mode operation with appropriate
switching must be provided. This is necessary if the design cannot be
changed so as to utilize a longer-life component. It should be noted that
the life expectancy severity factors K; from Table D.4 must be used in
determining component life expectancies in order to take into account
the effects of the environment. Therefore, the wear-out life

ty = tKy (D.3)

Table D.2 Severity factors Kr

Laboratory computer 1
Ground equipment 10
Shipboard equipment 20
Trailer-mounted equipment 25
Rail-mounted equipment 30
Aircraft equipment (bench test) 50
Missile equipment (bench test) 75
Aircraft equipment (in flight) 100
Missile equipment (in flight) 1000
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Table D.3 Generic failure-rate distributions Ag

Upper A6/10% hr Lower
Component or part extreme mean extreme
Absorbers, r-f 1.20 0.687 0.028
Accelerometers 1.5 2.8 0.35
Accelerometers, strain gage 21.4 8.0 1.00
Accumulator 19.3 7.2 0.40
Actuators 13.7 5.1 0.35
Actuators, booster servo 33.6 12.5 0.86
Actuators, sustainer servo 33.6 12.5 0.86
Actuators, small utility 9.6 3.6 0.17
Actuators, large utility 18.5 6.9 0.60
Adapters, bore-sight 6.53 2.437 0.01
Adapters, wave-guide 9.31 3.475 0.139
Alternators 2.94 0.7 0.033
Antennas 3.52 2.0 0.48
Antenna drives 10.04 5.7 1.36
Attenuators 1.30 0.6 0.15
Base castings 0.70 0.175 0.015
Baffles 1.3 1.0 0.12
Batteries, chargeable 14.29 1.4 0.5
Batteries, one shot 300 cycles 30 cycles 10 cycles
Bearings 1.0 0.5 0.02
Bearings, ball, high-speed heavy-duty 3.53 1.8 0.072
Bearings, ball, low-speed light-duty 1.72 0.875 0.035
Bearings, rotary, sleeve-type 1.0 0.5 0.02
Bearings, rotary, roller 1.0 0.5 0.02
Bearings, translatory, sleeve shaft 0.42 0.21 0.008
Bellows 4.38 2.237 0.090
Bellows, motor in excess of 0.5 in stroke 5.482 2.8 0.113
Bellows, null-type 5.879 3.0 0.121
Blowers 3.57 2.4 0.89
Boards, terminal 1.02 0.0626 0.01
Bolts, explosive 400 cycles 40 cycles 10 cycles
Brackets, bore-sight 0.05 0.0125 0.003
Brackets, mounting 0.05 0.0125 0.003
Brackets, miscellaneous 0.55 0.1375 0.034
Bracket assemblies 7.46 2.1 0.94
Brushes, rotary devices 1.11 0.1 0.04
Bulbs, temperature 3.30 1.0 0.05
Bumpers, ring assembly 0.073 0.0375 0.002
Bumper ring supports (bracket) 2.513 1.2875 0.052
Bushings 0.08 0.05 0.02
Buzzers 1.30 0.60 0.05
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Table D.3 continued

Upper 26/10° hr Lower
Component or part extreme mean extreme
Cabinet assemblies 0.330 0.03 0.003
Cable assemblies 0.170 0.02 0.002
Cams 0.004 0.002 0.001
Circuit breakers 0.04 0.1375 0.045
Circuit breakers, thermal 0.50 0.3 0.25
Clamshell, plug-in assemblies 0.70 0.175 0.10
Clutches 1.1 0.04 0.06
Clutches, magnetic 0.93 0.6 0.45
Clutches, slip 0.94 0.3 0.07
Connectors, electrical 0.47/pin 0.2/pin 0.03/pin
Connectors, AN type 0.385/pin 0.2125/pin  0.04/pin
Counters 5.25 4.2 3.5
Counterweights, large 0.545 0.3375 0.13
Counterweights, small 0.03 0.0125 0.005
Coolers 7.0 4.20 1.40
Couplers, directional 3.21 1.6375 0.065
Couplers, rotary 0.049 0.025 0.001
Couplings, flexible 1.348 0.6875 0.027
Couplings, rigid 0.049 0.025 0.001
Covers, bore-sight adapter 0.347 0.1837 0.02
Covers, dust 0.01 0.006 0.002
Covers, protective 0.061 0.038 0.015
Crankcases 1.8 0.9 0.10
Cylinders 0.81 0.007 0.005
Cylinders, hydraulic 0.12 0.008 0.005
Cylinders, pneumatic 0.013 0.004 0.002
Delay lines, fixed 0.25 0.1 0.08
Delay lines, variable 4.62 3.00 0.22
Diaphragms 9.0 6.00 0.10
Differentials 0.168 0.04 0.012
Diodes 1.47 0.2 0.16
Disconnects, quick 2.1/pin 0.4/pin 0.09/pin
Drives, belt 15.0 3.875 0.142
Drives, direct 5.26 0.4 0.33
Drives, constant-speed, pneumatic 6.2 2.8 0.3
Driving-wheel assemblies 0.1 0.025 0.02
Ducts, blower 1.3 0.5125 0.21
Ducts, magnetron 3.0 0.075 0.04
Dynamotors 5.46 2.8 1.15
Fans, exhaust 9.0 0.225 0.21
Filters, electrical 3.00 0.345 0.140
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Table D.3 continued

Appendix D

Upper 46/105 hr  Lower
Component or part extreme mean extreme
Filters, light 0.80 0.20 0.12
Filters, mechanical 0.8 0.3 0.045
Fittings, mechanical 0.71 0.1 0.04
Gaskets, cork 0.077 0.04 0.003
Gaskets, impregnated 0.225 0.1375 0.05
Gaskets, monel mesh 0.908 0.05 0.0022
Gaskets, O-ring 0.03 0.02 0.01
Gaskets, phenolic 0.07 0.05 0.01
Gaskets, rubber 0.03 0.02 0.011
Gages, pressure 7.8 4.0 0.135
Gages, strain 15.0 11.6 1.01
Gears 0.20 0.12 0.0118
Gearboxes, communications 0.36 0.20 0.11
Gears, helical 0.098 0.05 0.002
Gears, sector 1.8 0.9125 0.051
Gears, spur 4.3 2.175 0.087
Gear trains (communications) 1.79 0.9 0.093
Generators 241 0.9 0.04
Gimbals 12.0 2.5 1.12
Gyros 7.23 4.90 0.85
Gyros, rate 11.45 7.5 3.95
Gyros, reference 25.0 10.0 2.50
Hardware, miscellaneous 0.121 0.087 0.0035
Heaters, combustion 6.21 4.0 1.112
Heater elements 0.04 0.02 0.01
Heat exchangers 18.6 15.0 2.21
Hoses 3.22 2.0 0.05
Hoses, pressure 5.22 3.9375 0.157
Housings 2.05 1.1 0.051
Housings, cast, machined bearing surface 091 0.4 0.016
Housings, cast, tolerances 0.001 in or wider 0.041 0.0125 0.0005
Housings, rotary 1.211 0.7875 0.031
Insulation 0.72 0.50 0.011
Iris, wave-guide 0.08 0.0125 0.003
Jacks 0.02 0.01 0.002
Joints, hydraulic 2.01 0.03 0.012
Joints, mechanical 1.96 0.02 0.011
Joints, pneumatic 1.15 0.04 0.021
Joints, solder 0.005 0.004 0.0002
Joints, solder 0.08 0.04 0.02
Lamps 35.0 8.625 345
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Table D.3 continued

Upper A6/10% hr Lower
Component or part extreme mean extreme
Lines and fittings 7.80 0.02 0.05
Motors 7.5 0.625 0.15
Motors, blower 5.5 0.2 0.05
Motors, electrical 0.58 0.3 0.11
Motors, hydraulic 7.15 4.3 1.45
Motors, servo 0.35 0.23 0.11
Motors, stepper 071 0.37 0.22
Mounts, vibration 1.60 0.875 0.20
Orifices, bleeds fixed 2.11 0.15 0.01
Orifices, variable area 3.71 0.55 0.045
Pins, grooved 0.10 0.025 0.006
Pins, guide 2.60 1.625 0.65
Pistons, hydraulic 0.35 0.2 0.08
Pumps 243 13.5 2.7
Pumps, engine-driven 31.3 13.5 3.33
Pumps, electric drive 27.4 13.5 2.9
Pumps, hydraulic drive 45.0 14.0 6.4
Pumps, pneumatic driven 47.0 14.7 6.9
Pumps, vacuum 16.1 9.0 1.9
Regulators 5.54 2.14 0.70
Regulators, flow and pressure 5.54 2.14 0.70
Regulators, helium 5.26 2.03 0.65
Regulators, liquid oxygen 7.78 3.00 0.96
Regulators, pneumatic 6.21 2.40 0.77
Relays, general-purpose 0.48/cs 0.25/cs 0.10/cs
Resistors, carbon deposit 0.57 0.25 0.11
Resistors, fixed 0.07 0.03 0.01
Resistors, precision tapped 0.292 0.125 0.041
Resistors, WW, accurate 0.191 0.091 0.052
Resolvers 0.07 0.04 0.02
Rheostats 0.19 0.13 0.07
Seals, rotating 1.12 0.7 0.25
Seals, sliding 0.92 0.3 0.11
Sensors, altitude 7.50 3.397 1.67
Sensors, beta-ray 21.30 14.00 6.70
Sensors, liquid-level 3.73 2.6 1.47
Sensors, optical 6.66 4.7 2.70
Sensors, pressure 6.6 3.5 1.7
Sensors, temperature 6.4 33 1.5
Servos 3.4 2.0 1.1
Shafts 0.62 0.35 0.15
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Table D.3 continued

Upper A/ 108 hr Lower
Component or part extreme mean extreme
Shields, bearing 0.14 0.0875 0.035
Shims 0.015 0.0012 0.0005
Snubbers, surge dampers 3.37 1.0 0.3
Springs 0.221 0.1125 0.004
Springs, critical to calibration 0.42 0.22 0.009
Springs, simple return force 0.022 0.012 0.001
Starters 16.1 10.0 3.03
Structural sections 1.35 1.0 0.33
Suppressors, electrical 0.95 0.3 0.10
Suppressors, parasitic 0.16 0.09 0.02
Switches 0.14/cs 0.5/cs 0.009/cs
Synchros 0.61 0.35 0.09
Synchros, resolver 1.94 1.1125 0.29
Tachometers 0.55 0.3 0.25
Tanks 0.27 0.15 0.083
Thermisters 1.40 0.6 0.20
Thermostats 0.14 0.06 0.02
Timers, electronic 1.80 1.2 0.24
Timers, electromechanical 2.57 1.5 0.79
Timers, pneumatic 6.80 3.5 1.15
Transducers 45.0 30.0 20.0
Transducers, pressure 52.2 35.0 23.2
Transducers, strain gage 20.0 12.0 7.0
Transducers, thermister 28.00 15.0 10.0
Transformers 0.02 0.2 0.07
Transistors 1.02 0.61 0.38
Tubes, electron, commercial, single-diode 2.20 0.80 0.24
Turbines 16.67 10.0 3.33
Valves 8.0 5.1 2.00
Valves, ball 7.7 4.6 1.11
Valves, blade 7.4 4.6 1.08
Valves, bleeder 8.94 5.7 2.24
Valves, butterfly 5.33 34 1.33
Valves, bypass 8.13 5.88 1.41
Valves, check 8.10 5.0 2.02
Valves, control 19.8 8.5 1.68
Valves, dump 19.0 10.8 1.97
Valves, four-way 7.22 4.6 1.81
Valves, priority 14.8 10.3 7.9
Valves, relief 14.1 5.7 3.27
Valves, reservoir 10.8 6.88 2.70
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Table D.3 continued

239

Upper 26/10° hr Lower
Component or part extreme mean extreme
Valves, shutoff 10.2 6.5 1.98
Valves, selector 19.7 16.0 3.70
Valves, sequence 81.0 4.6 2.10
Valves, spool 9.76 6.9 2.89
Valves, solenoid 19.7 11.0 2.27
Valves, three-way 7.41 4.6 1.87
Valves, transfer 1.62 0.5 0.26
Valves, vent and relief 15.31 5.7 3.41
Table D.4 Life-expectancy severity factor K
Electronic

and Electro- Dynamic
Installation All electrical ~ mechanical mechanical
environment equipment  equipment equipment equipment
Satellites 2.50 2.60 2.40 2.10
Laboratory computer 1.00 1.00 1.00 1.00
Bench test 0.54 0.55 0.51 0.50
Ground 0.30 0.31 0.26 0.25
Shipboard 0.19 0.21 0.17 0.15
Aircraft 0.16 0.18 0.14 0.12
Missiles 0.15 0.17 0.13 0.11

IV. CONSTANT FAILURE RATE DATA

The failure rates in Section IV are condensed from RADC non electronic
reliability notebook, RADC-TR-85-194, October 1985, Ray E. Schafer
et al. The notation is retained from the original document. The A values
may be corrected using Eq. (D.3) for more severe environment than listed

in Table D.7. The environment is defined in Table D.6.
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Table D.5 Generic life-expectancy distributions #¢

Appendix D

Component or part

Upper extreme Mean £g/10°

Lower extreme

Accelerometers
Accumulators

Actuator, electric counter
Actuator, linear

Actuator, rotary
Air-conditioning unit

Alternators

Amplifier, signal transistor, a—c
Antenna drivers

Antennas, plasma sheath
Antenna switch

Attenuators

Auxiliary power units

Batteries, chargeable
Battery, lead-acid
Battery, primary type
Beacon, S-band radar
Bearings, dry
Bearings, lubricated
Bearings, ball
Bearings, ball, midget
Bearings, ball, precision
Bearings, ball, turbine
Bearings, clutch release
Bearings, heavy-duty, lub
Bearings, light-duty, lub
Bearings, precision, lub
Bearings, rotary, roller, lub
Bearings, stagger roller
Bearings, tracker roller
Bellows, plastic
Bellows, steel and beryllium
copper
Bellows, aluminium and
magnesium
Blowers

0.052 hr,
0.5 cycle
0.1 hr,
0.01 cycle

10.0 cycles
0.0017 hr

0.01 hr

0.013 hr
0.001 hr

0.01 hr
0.001 hr
0.005 cycle
0.016 hr
0.0012 hr
0.02 hr
0.016 hr
0.001 hr
0.003 hr

0.01 hr
0.05 hr

0.050 cycle
10.0 cycles

0.1 cycle
0.008 hr

0.02 hr,

0.1 cycle
0.06 hr,
0.008 cycle
0.1 cycle
0.2 cycle,
0.0004 hr
0.50 cycle
0.004 hr,
0.15 cycle
0.009 hr
0.004 hr
0.008 hr
0.000050 hr
0.04 hr
0.005 hr
0.0036 hr
0.000500 hr

0.002 cycle
0.0015 cycle
0.12 hr
0.040 hr
0.0005 hr
0.007 hr
0.006 hr
0.008 hr
0.04 hr
0.00065 hr
3.0 cycles
0.002 hr
0.006 hr
0.020 hr
0.052 hr
0.016 hr
0.6 cycle
0.01 cycle

0.1 cycle

0.01 cycle
0.004 hr

0.001 hr,
0.02 cycle
0.02 hr,
0.002 cycle

0.001 cycle
0.007 hr

0.001 hr

0.001 hr
0.000040 hr

0.0025 hr
0.0000013 hr
0.00003 cycle
0.0008 hr
0.00001 hr
0.002 hr
0.0005 hr
0.00005 hr
0.0001 hr

0.001 hr
0.005 hr

0.001 cycle
0.001 cycle

0.001 cycle
0.001 hr
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Table D.5 continued

241

Component or part

Upper extreme

Mean t5/10° Lower extreme

Blowers, vane, axial
Brake, assembly
Brushes, rotary device
Buckets, turbine wheel
Buzzers

Cameras (slit)

Cams

Capacitor, ceramic

Capacitor, ceramic variable
Capacitors, electrolytic

Cells, solar

Choppers

Chopper, synchro

Chopper, microsignal

Circuit breakers

Clutch, high-speed backstopping
Clutch, precision indexing
Coatings, vitrous ceramic
Commutators

Compressors (lub. bearings)
Compressor diaphragm (oil-free)
Connector, electrical

Contactors

Contactors, power
Contractor, rotary power
Control package, pneumatic
Converter, analog

Counters to digital
Counters, electronic
Counter, Geiger

Counter, heavy-duty
Counter, magnetic
Cylinder, piston 250 psi, air

Delay lines, fixed

Delay lines, variable

Detection mechanism, star
wheel

Detectors, micrometeorite

0.005 hr
0.01 br

1.0 cycle
0.0025 hr

0.002 hr
100.0 cycles
0.02 br

0.012 hr

0.02 br
0.008 hr

0.05 cycle

0.0006 hr
0.014 hr
0.02 hr

0.024 hr

0.0005 cycle
0.1 cycle

0.004 hr
0.6 cycle
100.0 cycles

50.0 cyeles

0.025 hr

0.05 hr

0.0025 hr
0.020 hr
0.003 hr
0.0065 hr
0.1 cycle
0.001 hr

0.001 hr
1.0 cycle
0.016 hr
0.016 hr
0.01 hr
0.003 hr
0.005 hr
0.026 hr
0.004 hr
0.035 cycle
0.019 hr
80.0 cycles
0.00045 hr
0.006 hr
0.007 hr
0.003 hr .
0.019 hr
0.0001 cycle
0.05 cycle
0.05 cycle
0.1 cycle
0.02 hr
0.003 hr
0.003 cycle
60.0 cycles
0.0034 hr
0.2 cycle
400.0 cycles
30.0 cycles

0.005 hr
0.010 hr

0.10 cycle
0.01 hr

0.001 hr
0.001 hr

0.01 cycle,
0.0005 hr

0.0005 hr
0.1 cycle
0.002 hr

0.004 hr

0.0005 hr
0.0012 hr

0.01 cycle

0.0001 hr
0.001 hr
0.002 hr

0.012 hr,

0.00005 cycle
0.02 cycle

0.002 hr
0.1 cycle
30.0 cycles

12.0 cycles

0.01 hr

0.001 hr
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Table D.5 continued

Appendix D

Component or part Upper extreme Mean 1¢/10° Lower extreme
Diaphragms, Teflon 0.01 cycle 0.005 cycle  0.001 cycle
Differentials 1.0 cycle
Digital telemetry extraction

equipment 0.007 hr
Diodes, semiconductor 0.20 hr
Drive assembly 0.016 hr
Drive, belt 0.002 hr
Drives, direct lub bearing 0.02 hr 0.01 hr 0.002 hr
Drive rotary solenoid 5.0 cycles
Equalizer, pressure-bellows

type 100.0 cycles
Fastener, Nylatch 0.06 cycle
Fasteners, socket head 0.45 cycles 0.4 cycle 0.3 cycle
Fastener, threaded (bolt and

nut) 8.0 cycles
Filter, electrical 0.02 hr 0.012 hr 0.008 hr
Filter, pneumatic 0.040 hr
Gaskets, rubber nonworking 0.044 hr 0.035 hr 0.026 hr
Gaskets, phenolic 0.088 hr 0.035 hr 0.018 hr
Gages, pressure 10.0 cycles 0.1 cycle 0.001 cycle
Gages, electric field and ion 0.04 hr
Gage, gas density 0.04 hr
Gear boxes, communications 0.02 hr 0.005 hr 0.002 hr
Gear head 0.001 hr
Gears, steel 10.0 cycles 1.0 cycle 0.1 cycle
Gear trains, communications 0.0025 hr 0.0018 hr 0.001 hr
Generators 0.02 hr 0.01 hr 0.002 hr
Generator, brushless synchronous

motor 0.010 hr
Generators, d— 0.02 hr 0.006 hr 0.002 hr
Generator, phase 0.03 hr
Generators, reference 0.02 hr 0.008 hr 0.0015 hr
Generator, solid propellant 0.00004 sec
Gyros, rate 0.040 hr 0.001 hr 0.0001 hr
Gyros, reference 0.002 hr 0.001 hr 0.0002 hr
Heater elements 0.016 hr 0.012 hr 0.001 hr
Hoses, flex 0.8 cycle 0.5 cycle 0.25 cycle
Hoses, plastic, metal-braided 0.5 cycle 0.22 cycle  0.05 cycle
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Table D.5 continued
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Component or part

Upper extreme Mean 15/10° Lower extreme

Indicator, elapsed time
Inductor

Inertial reference package
Integrating hydraulic package
Inverters, 400 cps

Jack, tip
Joints, mechanical 1.0 cycle
Joint, rotary
Junction box
Lamps 0.025 hr
Lines and fittings 0.02 hr
Meters, electrical

0.0135 hr
Meter, relay 20.0 cycles
Monitor, speed (engine)
Monitor, cosmic-ray
Motors (lub. bearings) 0.02 hr
Motors, blower (lub. bearings) 0.02 hr
Motors, electrical (lub. bearings) 0.2 hr

Motor, electrical, a—c

Motors, electrical, d—

Motors, electrical, d—¢ torque

Motor, electrical, d—c
subminiature reversible

Motor, electrical, d—¢ nonferrous
rotor

Motor, hydraulic

200.0 cycles

Motors, servo 0.02 hr
Multiplexer

Pistons, hydraulic 0.1 cycle
Power unit, electrohydraulic

Potentiometers 0.03 hr
Pump

Pumps, engine-driven 0.005 hr
Pumps, electric-driven 0.001 hr
Pumps, ion 0.2 hr

Pump, pneumatic-driven
Pump, variable-displacement
(hyd.)

0.01 cycle
0.15 hr
0.02 hr
0.02 hr
0.04 hr

0.0001 cycle
0.1 cycle
0.016 hr
0.04 hr

0.02 hr
0.007 hr

1.0 cycle,
0.009 hr
15.0 cycles
0.01 hr
0.04 hr
0.007 hr
0.007 hr
0.01 hr
0.03 hr
100.0 cycles
200.0 cycles

0.003 hr

0.002 hr
0.01 hr

0.008 hr
0.012 hr

0.05 cycle
0.002 hr
0.02 hr
0.005 hr
0.0035 hr
0.0005 hr
0.02 hr
0.003 hr

0.001 hr

0.0025 cycle

0.000005 hr
0.003 hr

0.005 hr
10.0 cycles

0.002 hr
0.002 hr
0.001 hr

0.4 cycle

0.001 hr

0.01 cycle
0.00025 hr
0.002 hr

0.00015 hr
0.002 hr
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Table D.5 continued

Appendix D

Component or part

Upper extreme

Mean t;/10° Lower extreme

Pump, variable displacement
(hyd.) miniature
Pumps, vane, miniature

Recorders, video-tape
Rectifiers -
Regulator, flow and pressure
Regulator, pressure pneumatic
Regulator, gas pressure
Regulators, voltage

Relays, general-purpose
Relays, heavy-duty

Relays, sensitive

Resistors, carbon deposit
Resistors, composition
Resistors, variable, composition
Resolver

Rheostat

Ring, seal

Rotor

Seals, mechanical

Seals, electronic

Sensor, temperature

Sensors, pressure differential,
bellows type

Servo

Socket, electron tube

Solar collector

Solar cells

Solenoids

Spark plug

Switches

Switch, cam

Switch, miniature

Tachometers

Thermostats

Timers, electronic

Timer, pneumatic

Timer, high-precision totalizer
Timer, elementary

0.0005 hr

0.005 hr
0.04 hr

0.04 hr
0.7 cycle
0.2 cycle
0.3 cycle
0.05 hr
0.04 hr
0.017 hr

0.01 hr

1.0 cycle
0.065 hr

100.0 cycles

0.05 cycle

0.016 hr
0.5 cycle
0.02 hr

0.00025 hr
0.002 hr

0.002 hr
0.021 hr
0.001 hr
0.04 hr
0.0015 hr
0.02 hr
0.2 cycle
0.145 cycle
0.2 cycle
0.015 hr
0.014 hr
0.016 hr
0.002 hr
0.03 hr
0.001 min
0.01 hr

0.007 hr
0.01 hr
0.01 hr

0.35 cycle
0.04 hr
0.02 hr
0.0035 hr
0.000720 hr

60.0 cycles

0.0025 hr
0.03 cycle
0.01 cycle
0.2 cycle

0.01 hr
0.25 cycle
0.01 hr
0.0025 hr
2.0 cycles
0.04 hr

0.00003 hr

0.001 hr
0.003 hr

0.005 hr
0.02 cycle
0.02 cycle
0.02 cycle
0.012 hr
0.011 hr
0.014 hr

0.003 hr

0.01 cycle
0.02 hr

20 cycles

0.01 cycle

0.005 hr
0.02 cycle
0.005 hr
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Table D.5 continued

Component or part Upper extreme Mean tg/ 10° Lower extreme
Transducer 0.01 hr

Transducer, potentiometer 0.015 hr

Transducer, strain gage 0.02 hr

Transducer, temperature 0.005 hr

Transducer, low-pressure 10.0 cycles

Transducer, power 0.02 hr

Transducers, pressure 0.1 cycle 0.05 cycle 0.02 cycle
Transformers 0.03 hr 0.01 hr 0.004 hr
Transistors 0.2 hr

Tube, electron, receiving 0.009 hr

Tubes, electron, power 0.01 hr 0.007 hr 0.003 hr
Turbines (limited by bearings) 0.015 br 0.011 hr 0.008 hr
Turbines, gas 0.1 hr 0.05 hr 0.007 hr
Valves 0.2 cycle 0.15 cycle 0.06 cycle

1. Assume continuous operation.

2. Assume a theoretical laboratory computer element or component in order to comply with
general trend data for actual usage element or component. Equipment that is normally not used
in laboratory computers can be visualized in such an application for purposes of arriving at a
generic condition.

3. Assume no adjustments other than automatic.

4. The mean and extremes do not necessarily apply to statistical samples but encompass
application and equipment-type variations, also.

5. The values should be applied as operating installation conditions only and no compari-
sons made at the generic level.

Table D.6 Definitions of environment abbreviations

Abbreviation Environment

AIF Airborne, Inhabited, Fighter
AIT Airborne, Inhabited, Transport
ARW Airborne, Rotary Winged
AUF Airborne, Uninhabited, Fighter
AUT Airborne, Uninhabited, Transport
GB Ground, Benign

GF Ground, Fixed

GM Ground, Mobile

ML Missile, Launch

NS Naval, Sheltered

NSB Naval, Submarine

NU Naval, Unsheltered
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Table D.7 Constant failure rates condensed from [4.17]

Failure rate (failures per million hours)

80% Failure 80%

AL rate Au
ENV Bound Estimate Bound
Accelerometer Forced Balanced Identification Number 1
GM 8.562 26.633 37.887
Accelerometer Pendulum, Linear Identification Number 2
AUF 15.559 30.408 55.906
Accelerometer Pendulum, Single axis Identification Number 3
AUF 3.747 6.065 9.590
Accumulator Hydraulic-pneumatic Identification Number 5
ARW 481.314 522.513 567.516
Actuator Electromagnetic Identification Number 9

(Linear)
GF 2.007 8.893 26.933
Actuator /Mechanical Identification Number 11
AUT 1.140 5.110 15.303
Air conditioner /Comfort Identification Number 13
GF 635.451 711.111 796.307
Air conditioner / General Identification Number 14
GM 0.0 0.000 847.136
Air conditioner /Process Identification Number 15
GF 0.0 0.000 12.876
Antenna /Communication Identification Number 16
GM 2.744 6.658 14.246
Antenna (airborne) /Microwave Identification Number 17
(communication)

ARW 16.088 19.120 22.734
Antenna /Radar Identification Number 18
GF 0.446 2.000 5.989
Axle /General Identification Number 19
GM 3.932 9.539 20.410
Azimuth encoder /Optical Identification Number 20
NU 9.105 40.800 122.185
Bearing /Sleeve Identification Number 24
GM 3.152 4.661 6.814
Bearing nut /General Identification Number 25
ARW 425.572 546.468 700.711
Belt /Geared Identification Number 27
GF 0.0 0.000 117.927
Belt /Timing Identification Number 28
GM 5.110 9.987 18.362
Belt /V-Belt Identification Number 29
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Table D.7 continued
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Failure rate (failures per million hours)

80% Failure 80%
AL rate Ay
ENV Bound Estimate Bound
GM 3.752 16.812 50.348
Binocular /Nitrogen Identification Number 30
pressurized
GM 607.566 1058.201 1778.231
Blade assembly /General Identification Number 31
ARW 294.660 364.312 450.364
Blowers & fans /Axial Identification Number 32
NS 1.319 1.584 1.904
Blowers & fans /Centrifugal Identification Number 33
GM 2.990 4.840 7.653
Boot (dust & moisture) /General Identification Number 34
ARW 234177 327.881 456.106
Brake /Electromechanical Identification Number 35
GF 6.595 16.000 34.234
Brushes /Electric motor Identification Number 36
GF 0.446 2.000 5.989
Burner /Catalytic Identification Number 37
NS 471.959 530.241 596.124
Bushings /General Identification Number 38
GM 0.654 0.777 0.924
CAM /General Identification Number 39
AUT 0.912 4.088 12.242
Camera /Motion (TV) Identification Number 40
GF 83.686 135.457 214.193
Cesium beam tube /General Identification Number 41
GF 22.300 34.277 51.848
Compressor /General Identification Number 46
GF 1.785 8.000 23.958
Compressor /High pressure Identification Number 47
Compressor /Low pressure Identification Number 48
NS 149.846 202.076 271.479
Computer mass /Fixed head disk Identification Number 49
memory
NS 17.853 80.000 239.580
Computer mass /Magnetic tape Identification Number 50
memory
NS 70.938 101.781 144.790
Computer mass /Moveable head Identification Number 51
memory disk

Copyright © Marcel Dekker, Inc. All rights reserved.

MaARCEL DEKkER, INC. ﬂ
270 Madison Avenue, New York, New York 10016 o



248 Appendix D

Table D.7 continued

Failure rate (failures per million hours)

80% Failure 80%

AL rate Au
ENV Bound Estimate Bound
GF 73.911 105.904 150.655
Control tube assembly /General Identification Number 52
ARW 55.922 109.294 200.936
Cord/cable /General Identification Number 53
NU 0.272 0.440 0.696
Counter / Analog Identification Number 54
GF 3.070 6.000 11.031
Counter /Digital Identification Number 535
AUT 0.0 ‘ 0.000 32.899
Counter /Mechanical Identification Number 56
AUF 0.0 0.000 8.157
Counter /Water clock Identification Number 57
GF 34.322 55.556 87.848
Coupling /Fluid Identification Number 59
NSB 64.321 85.470 113.232
Coupling /General Identification Number 60
NS 0.538 1.305 2.793
Crankshaft /General Identification Number 62
AUT 4212 10.220 21.867
Cross head /General Identification Number 63
ARW 30.031 72.862 155.899
Diffuser /General Identification Number 65
AUT 0.0 0.000 10.966
Disc assembly /General Identification Number 66
ARW 340.987 386.173 437.651
Distillation unit /From distilling Identification Number 67

plant
NS 345.030 483.092 672.016
Drive /Gear Identification Number 68
AUT 1.140 5.110 15.303
Drive /General Identification Number 69
ARW 203.130 291.449 414.605
Drive /Variable pitch Identification Number 70
GF 4.836 7.151 10.454
Drive for computers /Capstan motor Identification Number 71

tapes & discs

GF 3.728 7.286 13.396
Drive for computer /Discs Identification Number 72

tapes & discs
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Table D.7 continued

Failure rate (failures per million hours)

80% Failure 80%
AL rate Ay
ENV Bound Estimate Bound
GB 7.319 17.758 37.995
Drive for computer /Magnetic tape Identification Number 73
tapes & discs transport
NS 19.529 38.168 70.172
Drive for computer /Reel motor Identification Number 74
tapes & discs
GF 4.740 7.286 11.021
Drive rod /General Identification Number 75
GM 0.0 0.000 27.060
Drum /General Identification Number 76
GF 0.0 0.000 12.764
Duct /General Identification Number 77
GF 2.023 2.902 4.128
Electric heaters /Resistance Identification Number 78
NU 11.211 27.200 58.198
Electromechanical /General Identification Number 79
timers
AUF 2.071 4.048 7.443
Engines /General Identification Number 80
ARW 1328.109 1392.106 1459.500
Feedhorn /Waveguide Identification Number 81
AUT 41.485 81.000 62.695
Filter /Gas (air) Identification Number 82
GM 2.192 3.242 4.739
Filter /Liquid Identification Number 83
GF 3.070 6.000 11.031
Filter /Optical Identification Number 84
AUT 0.912 4.088 12.242
Fittings /General Identification Number 85
NS 9.105 40.800 122.185
Fittings /Permanent Identification Number 86
GF 1.023 2.000 3.677
Fittings /Quick disconnect Identification Number 87
GF 0.550 1.333 2.853
Flash lamp /General Identification Number 89
AUT 4.561 20.440 61.212
Fuse holder /Block Identification Number 90
GM 0.889 3.985 11.935
Fuse holder /Extractor post Identification Number 91
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Table D.7 continued
Failure rate (failures per million hours)
80% Failure 80%
AL rate Au
ENV Bound Estimate Bound
GF 1.649 4.000 8.559
Fuse holder /Plug Identification Number 82
GM 0.370 1.680 4.971
Gas dryer desicator /Molecular sieve Identification Number 93
NS 17.035 76.336 228.607
Gaskets and seals /General Identification Number 94
NU 1.308 3.173 6.790
Gaskets & seals /Static Identification Number 95
NU 0.801 1.395 2.344
Gear / Antirotation Identification Number 96
GM 807.898 1578.948 2902.393
Gear /Bevel Identification Number 97
GF 0.550 1.333 2.853
Gear /Hypoid Identification Number 99
GF 1.116 5.000 14.974
Gear /Worm Identification Number 101
AUT 0.000 0.000 8.048
Gear box /Multiplier Identification Number 102
ARW 2071.857 2159.230 2250.676
GF 0.0 0.000 16.096
Gear box /Reduction Identification Number 103
GF 1.116 5.000 14.974
Gear train /Bevel Identification Number 104
AUF 5.126 5.813 6.596
Generator /AC Identification Number 105
GM 3.932 9.539 20.410
Generator /General (oxygen Identification Number 106
generator)
NS 1759.922 1900.320 2052.836
Glass (sight gauge) /General Identification Number 107
ARW 328.998 437.174 579.174
Grommet /General Identification Number 108
AUT 0.760 3.407 10.202
Gimbals /General Identification Number 109
AUT 8.425 20.440 43.734
NU 4.553 20.400 61.092
Gimbals /Torque Identification Number 110
AUF 3.599 5.164 7.347
Gyroscope /Single axis Identification Number 111
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Table D.7 continued

Failure rate (failures per million hours)

80% Failure 80%
AL rate Au

ENV Bound Estimate Bound
AUT 391.885 449.677 516.352
Gyroscope /Two axis rotor Identification Number 112
AUF 42.919 49.422 56.949
Heat exchangers /Coplates Identification Number 113
GM 5.641 11.025 20.269
Heat exchangers /General Identification Number 114

GF 1.319 3.200 6.847
Heat exchangers /Radiator Identification Number 115
GM 2.310 5.604 11.991
Heater { Water Identification Number 116

GF 363.796 422.222 490.362
Heater blankets /General Identification Number 117
AUT 2.281 10.220 30.606
Heater flex element /Heater tape Identification Number 118
AUF 0.423 0.736 1.237
High speed printer /Electrostatic Identification Number 119
GM 630.498 705.568 790.100
High speed printer /Impact Identification Number 120

GB 1.981 8.879 26.590
High speed printer /Thermal Identification Number 121

GF 22.102 29.370 38.909
Hose /Flexible Identification Number 122
NSB 39.185 53.763 73.397
Housing /General Identification Number 125
ARW 229.535 279.309 339.940
Incinerator /From sewage Identification Number 126

treatment

NS 838.583 2034.588 4353.273
Instruments /Ammeter Identification Number 127

GF 1.785 8.000 23.958
Instruments /Flow meter Identification Number 128

GF 8.079 15.789 29.029
Instruments /Humidity Identification Number 129

indicator

AUT 4.561 20.440 61.212
Instruments /Indicator Identification Number 130

GF 2.108 4.120 7.575
Instruments /Indicator (light) Identification Number 131

NS 0.538 1.305 2.793
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Table D.7 continued
Failure rate (failures per million hours)
80% Failure 80%
AL rate Ay

ENV Bound Estimate Bound

Instruments /Indicator (fluid Identification Number 132
level)

GM 406.086 793.651 1459.126
Instruments /Pressure gauge Identification Number 133
AUT 26.596 40.880 61.836
Instruments /Time meter Identification Number 134
NS 1.499 2.611 4.387
Instruments /Total time meter Identification Number 135
GF 14.955 17.132 19.640
Instruments /Voltmeter Identification Number 136
NS 1.053 1.704 2.694
Joint microwave rotary /General Identification Number 137
GM 4.867 7.878 12.457
Keyboard /Electromechanical Identification Number 138
GB 1.981 8.879 26.590
Keyboard /General Identification Number 139
GF 4.495 6.909 10.451
Keyboard /Mechanical Identification Number 140
GF 2.679 4.866 7.841
Knob /General Identification Number 141
NS 0.298 0.722 1.545
Lamp / Xenon Identification Number 142
NS 6503.187 7704.156 9131.840
Lamp holder /General Identification Number 143
NS 0.910 1.584 2.663
Lens /Optical Identification Number 144
AUT 0.0 0.000 2.742
Low speed printer /Dot matrix Identification Number 145
GF 244.654 325.097 430.693
Manifold /General Identification Number 146
NS 0.538 1.305 2.793
GF 0.550 1.333 2.853
Metal tubing /General Identification Number 147
GF 0.077 0.150 0.278
Modules /General Identification Number 148
ARW 521.754 557.491 595.895
Motor generator set /AC Identification Number 149
GM 0.0 0.000 425.209
NS 17.035 76.336 228.607
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Table D.7 continued
Failure rate (failures per million hours)
80% Failure 80%
AL rate Av
ENV Bound Estimate Bound
Motor generator set /DC Identification Number 150
NS 8.518 38.168 114.303
Motor generator set /General Identification Number 151
AUF 22.261 25.384 28.964
Motor, Electric />1 Horse power, Identification Number 152
AC
GF 0.550 1.333 2.853
Motor, Electric />10 Horse power, Identification Number 153
AC
GF 2.480 11.111 33.275
Motor Electric /DC Identification Number 154
NS 14.110 18.510 24225
Motor, Electric /DC (4 horsepower) Identification Number 155
GB 0.0 0.000 83.323
Motor, Electric /Hydraulic, DC Identification Number 156
GF 2.480 11.111 33.275
Motor, Electric /Servo, DC Identification Number 157
GF 7.183 10.058 13.991
Motor, Electric /Stepper Identification Number 158
AUF 6.219 7.986 10.240
O-Ring /General Identification Number 159
AUT 15.823 17.629 19.354
Particle separator /General Identification Number 160
ARW 858.023 921.859 990.418
Pitch horn /General Identification Number 161
ARW 383.404 437.178 498.245
Plotter /Electromechanical Identification Number 162
NS 4816 6.909 9.829
Power circuit breaker /Current & voltage Identification Number 163
trip
GF 7.363 9.930 13.340
Power circuit breaker /Current trip Identification Number 164
NS 1.819 2.796 4.230
Power switch gear /General Identification Number 165
GM 0.734 3.288 9.846
Precipitator ! Electrostatic Identification Number 166
NS 184.230 360.057 661.965
Prism /Optical Identification Number 167
AUT 0.0 0.000 10.966
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Table D.7 continued

Appendix D

Failure rate (failures per million hours)

80% Failure 80%
AL rate Au
ENV Bound Estimate Bound
Propeller /General Identification Number 168
(from ship)
MS 368.167 893.256 1911.242
Proportioning unit /From distilling Identification Number 169
plant
NS 0.0 0.000 102.357
Puliey /Gear belt Identification Number 170
GF 3.439 5.287 7.997
Pulley /Grooved Identification Number 171
NS 0.538 1.305 2.793
Pulley /V-Pulley Identification Number 172
GM 6.452 12.609 23.182
Pump /Centrifugal Identification Number 173
NS 32.693 37.279 42.537
Pump /Rotary Identification Number 177
NS 60.857 272,702 816.675
Pump /Vacuum Identification Number 178
GF 5.429 10.610 19.507
Pump /Vacuum-lobe type Identification Number 179
GF 199.298 244.444 298.946
Pump /Vacuum-ring seal Identification Number 180
type
GF 2.480 11.111 33.275
Purifier /Centrifugal Identification Number 181
NS 1033.057 1527.717 2233.328
Quill assembly /General Identification Number 182
ARW 1186.734 1296.933 1418.125
Radome /Microwave, Identification Number 183
antenna
AIF 3.005 7.291 15.600
Refrigeration plant /From air Identification Number 184
conditioning plant
NS 95.233 107.106 120.541
Regulator /Electrical Identification Number 185
GF 1.093 2.652 5.673
Regulator /Pneumatic Identification Number 187
(vacuum breaker)
GF 80.982 111.111 151.687
Regulator /Pressure Identification Number 188
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Table D.7 continued

Failure rate (failures per million hours)

80% Failure 80%
/lL rate /IU

ENV Bound Estimate Bound
GF 1.023 2.000 3.677
Regulator /Temperature Identification Number 189
NS 17.035 76.336 228.607
Resilient mount /General Identification Number 190
NS 0.744 1.295 2.176
Resilient mount /Shock mounts Identification Number 191
GM 91.369 178.571 328.303
Retaining ring /General Identification Number 192
NS 0.347 0.678 1.247
Seal /General Identification Number 193
ARW 393.223 510.037 660.340
Seal /Solder Identification Number 194
AUF 1.583 2.172 2.965
Sensors /Water level Identification Number 195
GF 52.594 77.778 113.701
Sensors/transducers/transmitter/acoustic Identification Number 196

(hydrophones)
NSB 0.0 0.000 184.244
Sensors/transduces/transmitter/airflow Identification Number 197
GM 216.928 526.316 1126.124
Sensors/transducers/transmitter/flow Identification Number 198
(liquid)
AUF 4.178 10.136 21.688
Sensors/transducers/transmitter/humidity Identification Number 199
AUT 4.561 20.440 61.212
Sensors/transducers/transmitter/infrared Identification Number 200
AUT 574.805 643.855 721.631
Sensors/transducer/transmitter/motion Identification Number 201
GM 71.867 93.217 120.687
NS 0.0 0.000 65.669
Sensors/transducer/transmitter/ Identification Number 203

temperature
GM 9.989 13.273 17.584
Shaft /General Identification Number 204
AUT 2.761 4.809 8.082
Shock absorbers /Combination Identification Number 205
AUT 5.616 13.627 29.156
Shock absorbers /Resilient Identification Number 206
WU 4,175 8.160 15.002
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Table D.7 continued

Appendix D

ENV

80%
AL
Bound

Failure rate (failures per million hours)

Failure 80%
rate Au
Estimate Bound

Slip ring-brush
AUF

Slip rings
GF
Solenoids
NS
Solenoids
GF
Solenoids
GF

Spring

GF

Spring

AIF

Spring

GF
Sprocket
AUT

GF
Steamboiler

NS

Stow pin
NU
Switch

NS
Switch
NS
Switch
GM
Switch
GF
Switch
GF
Switch
NS
Switch
GF

/Power and signal

0.421
/General
0.149
/General
9.105
/Linear
2.480
/Rotary
20.947
/Compression
6.254
/General
11.192
/Torrision
7.315
/General
0.912
3.517
/General
(from ship)
378.790
/General
3.131
/Coaxial

(electromechanical)

26.236
/Flow (liquid)
3.415
/Interlock
410.902

/Pressure (air flow)

2.983
/Rocker
8.452
/Thermostatic
2.383
/Thumbwheel
2.792

Identification Number 207
0.568 0.763
Identification Number 208
0.667 1.996
Identification Number 209
40.800 122.185
Identification Number 210
11.111 33.275
Identification Number 211
33.906 53.614
Identification Number 212
10.892 18.303
Identification Number 213
21.873 40.214
Identification Number 214
14.296 26.282
Identification Number 215
4.088 12.242
5.693 9.002
Identification Number 216

510.820 686.262
Identification Number 217

6.120 11.252
Identification Number 218

35.997 49.143
Identification Number 219
5.050 7.313
Identification Number 220
631.579 955.348
Identification Number 221
4.176 5.809
Identification Number 222
10.519 13.082
Identification Number 223
2.986 3.739
Identification Number 224
4.006 5.899
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Table D.7 continued

257

Failure rate (failures per million hours)

80% Failure 80%
Ar rate Ay

ENV Bound Estimate Bound
Switch /Wave guide Identification Number 225
GF 1.649 4.000 8.559
Switchboard control /From oxygen Identification Number 226

generator
NS 542.640 598.377 661.336
Syncro /Transmitter Identification Number 227
NS 3.502 5.178 7.570
Syncro assembly /General Identification Number 228
NS 36.723 45,701 56.838
Switch /Rocker Identification Number 229
AUF 0.532 1.291 2,782
Switch / Thermostatic Identification Number 230
AUT 43.795 61.320 85.300
Switch /Thumbwheel Identification Number 231
NU 29.294 57.252 105.258
Switch /Wave guide Identification Number 232
GF 1.785 8.000 23.958
Switchboard control /From oxygen Identification Number 233

generator
GM 20.568 33.292 52.643
Syncro /Transmitter Identification Number 234
AUT 0.0 0.000 32.899
Syncro assembly /General Identification Number 235
NS 0.812 0.988 1.203
Valve /Pneumatic Identification Number 243
GF 1.649 4.000 8.559
Valve /Solenoid operated Identification Number 244
GF 2.480 1111 33.275
Valve (fill & drain) /Hand operated Identification Number 247

plug valve
ML 0.0 0.000 922.383
Valve (bipropellant-low thurst)/torque Identification Number 249

motor operated

ML 0.0 0.000 5152.230
Washer /Flat Identification Number 250
GM 0.152 0.165 0.180
NS 0.343 0.426 0.530
Washer /Lock Identification Number 251
GM 0.097 0.116 0.138

MARCEL DEKKER, INC.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

) 7



258 Appendix D
Table D.7 continued
Failure rate (failures per million hours)
80% Failure 80%
AL rate Ay

ENV Bound Estimate Bound
NS 0.711 0.861 1.043
Washer /Sherr Identification Number 252
NS 0.350 1.569 4.699
Washer /Spring Identification Number 253
GF 0.669 1.623 3.473
Washer /Star Identification Number 254
GF 0.010 0.018 0.030
Water demineralizer /Mix-resin Identification Number 255
NS 17.035 76.336 228.607
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Statistical Tables

. ONE SIDED o; VALUES FOR A NORMAL DISTRIBUTION

One sided «; values, such as class ‘A’ and ‘B’ structural materials stress limits
are often used for designing. In Fig. E.1 the K; values for n—1 degrees of
freedom are plotted so that the K; value may be estimated. The values
are substituted into the following equation

=X-KS i=A4,B,C (E.1)
where

X is the Gaussian mean of the data set with n values.

S is the standard deviation of the same data set.

K, values will exceed o 99% of the time with 95% confidence.

K3 values will exceed o 90% of the time with 95% confidence.

K¢ values will exceed o 99.999% of the time with 95% confidence.

When more accurate values are not available from Fig. E.1 the following
equations may be used to compute K factors in lieu of using table values:
[1.18]

Ky = 2.236 + exp[1.34 — 0.522 In(n) + 3.87/1] (E.2)
Ky = 1.282 + exp[0.958 — 0.520 In(r) + 3.9/x]. (E.3)

These approximations are accurate to within 0.2% of the table values for n
greater than or equal to 16.
Values for n from 2 to 5 are shown in Table E.1.

Il. STUDENTS t DISTRIBUTION AND y’ DISTRIBUTIONS

The following Tables E.2 and E.3 have been reprmted with the permission of
Addison Wesley Longman Ltd.
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Figure E.1. One sided limit factors K; with 95% confidence for the normal dis-
tribution and n—1 degrees of freedom (data plotted from ref. [1.18))

Table E.1 K; values for n 2 to 5(1.18)

n KA KB KC

2 37.094 20.581 68.010
3 10.553 6.155 18.986
4 7.042 4.162 12.593
5 5.741 3.407 10.243
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Statistical Tables

Table E.2 Proportions of area for the ¢ distributions

261

Proportions of Area
for the ¢ Distributions

Areas reported below:

Proportion of
area (one tail}

df 0.10 0.05 0.025 0.01 0.005 df 0.10 0.05 0.025 0.01 0.005
1 3.078 6.314 12.706 31.821 63.657 18 1.330 1.734 2.101 2.552 2.878
2 1.886 2920 4303 6.965 9.925 19 1.328 1.729 2.093 2.539 2.861
3 1.638 2.353 3.182 4.541 5.841 20 1.325 1.725 2.086 2.528 2.845
4 1.533 2132 2776 3.747 4.604 21 1.323 1.721 2.080 2.518 2.831
5 1476 2015 2571 3.365 4.032 22 1.321 L1.717 2.074 2.508 2.819
6 1.440 1.943 2447 3.143 3.707 23 1.319 1.714 2.069 2.500 2.807
7 1.415 1.895 2365 2.998 3.499 24 1.318 1.711 2.064 2492 2.797
8 1.397 1.860 2306 2.896 3.355 25 1.316 1.708 2.060 2.485 2.787
9 1.383 1.833 2262 2.821 3.250 26 1.315 1.706 2.056 2.479 2.779
10 1.372 1.812 2228 2.764 3.169 27 1314 1.703 2.052 2.473 2.771
11 1.363 1.796 2201 2.718 3.106 28 1.313 1.701 2.048 2.467 2.763
12 1.356 1.782 2.179 2.681 3.055 29 1.311 1.699 2.045 2462 2.756
13 1.350 1.771 2160 2.650 3.012 30 1.310 1.697 2.042 2.457 2.750
14 1.345 1.761 2.145 2.624 2977 40 1.303 1.684 2.021 2423 2.704
15 1.341 1.753 2131 2.602 2947 60 1.296 1.671 2.000 2.390 2.660
16 1.337 1.746 2.120 2.583 2.921 120 1.289 1.658 1980 2.358 2.617
17 1.333 1.740 2.110 2.567 2.898 oo 1.282 1.645 1960 2.326 2.576
* Example. For the shaded area to represent 0.05 of the total area of 1.0, value of ¢ with 10

degrees of freedom is 1.812.

Source: From Table II1 of Fisher and Yates, Statistical Tables for Biological Agricultural and
Medical Research, 6th ed., 1974, published by Longman Group Ltd., London (previously pub-

lished by Oliver and Boyd, Edinburgh), by permission of the authors and publishers.
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Statistical Tables

ORDER-STATISTIC ESTIMATES IN SMALL SAMPLES

265

Table E.4 Unbiased estimate of ¢ using the range w (variance to be
multiplied by ¢?)

N Kiw Variance Eff. N Kiw Variance Eff.
2 0.886w 0.571 1.000 11 0315w 0.0616 0.831
3 0.591w 0.275 0.992 12 0.307w 0.0571 0.814
4 0486w 0.183 0.975 13 0.300w 0.0533 0.797
5 0430w 0.138 0.955 14 0.294w 0.0502 0.781
6 0395w 0.112 0.933 15  0.288w 0.0474 0.766
7  0.370w 0.0949 0.911 16  0.283w 0.0451 0.751
8 0.351w 0.0829 0.890 17 0.279w 0.0430 0.738
9 0337w 0.0740 0.869 18  0.275w 0.0412 0.725
10 0.325w 0.0671 0.850 19  0.271lw 0.0395 0.712
20 0.268w 0.0381 0.700

Adapted by permission of the Biometrika Trustees from E.S. Pearson and H.O. Hartley, The
Probability Integral of the Range in Samples of n Observations From a Normal Population,

Biometrika, Vol. 32, 1942, p. 301.

Table E.5 Modified linear estimate of ¢ (variance to be multiplied by ¢%)

N Estimate Variance  Eff.
2 0.8862(X>—X)) 0.571 1.000
3 0.5908(X3—X)) 0.275 0.992
4  04857(X4—X1) 0.183 0.975
5 0.4299(Xs—X)) 0.138 0.955
6 0.2619(Xs + Xs—X2— X)) 0.109 0.957
7 0.2370(X7 + Xe—X2—X1) 0.0895 0.967
8  02197(X3+ X7—X,—X)) 0.0761 0.970
9  0.2068(Xe + X3s—X2—X1) 0.0664 0.968
10 0.1968(X 0+ Xo—X2—X1) 0.0591 0.964
11 0.1608(X; + X0+ X3—X4—Xr— X)) 0.0529 0.967
12 0.1524(X 2 + X11 + Xo— X3 — X2 —X7) 0.0478 0.972
13 0.1456(X 13 + Xi2 + X10—X4—X2—X1) 0.0436 0.975
14 0.1399(X14+ X153 + X 11 — Xs—Xo—X1) 0.0401 0.977
15 0.1352(X|5+X14+X12—X4—X2—X1) 0.0372 0.977
16 0.1311(X6 + Xi15s + X13—Xs— X — X)) 0.0347 0.975
17 0.1050(X;7 + X16 + X15 + X13—X5—X3—Xa— X)) 0.0325 0.978
18 0.1020(X g + X17 + X16 + X14a—X5—X3—X— X1) 0.0305 0.978
19 0.09939(X19 + X8 + X17 + X 15— X5—X3—-X—X1) 0.0288 0.979
20 0.09706( X0 + X190 + X138 + Xi6—Xs—X3—X—X)) 0.0272 0.978
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Table E.6 Several estimates of the mean (variance to be multiplied by ¢2)

Appendix E

X2+ X3+ ...
Median Midrange Mean of best two + Xn-1)/(N=2)
N Var. Eff. Var. Eff. Statistic Var. Eff. Var. Eff.
2 0.500 1.000 0.500 1.000 %(Xl +X;) 0.500 1.000
3 0449 0.743 0.362 0.920 %(Xl +X;) 0362 0920 0.449 0.743
4 0.298 0.838 0.298 0.838 %(Xz +X3) 0298 0.838 0.298 0.838
5 0.287 0.697 0.261 0.767 %(Xz +Xs 0231 0867 0.227 0.881
6 0215 0.776 0.236 0.706 %(Xz +Xs5) 0.193  0.865 0.184 0.906
7 0210 0.679 0.218 0.654 %(Xz +Xs) 0.168 0.849 0.155 0.922
8 0.168 0.743 0.205 0.610 %(X3 +Xs) 0.149  0.837 0.134 0.934
9 0.166 0.669 0.194 0.572 XX3+X;) 0.132 0843 0.118 0.942
10 0.138 0.723 0.186 0.539 %(X; +X;) 0.119 0.840 0.105 0.949
11 0.137 0.663 0.178 0.510 %(X;; +Xy) 0.109 0.832 0.0952 0.955
12 0.118 0.709 0.172 0.484 %(X4 +X) 0.100 0.831 0.0869 0.959
13 0.117  0.659 0.167 0.461 X4+ Xy0) 0.0924 0.833 0.0799 0.963
14 0.102 0.699 0.162 0.440 %(X4 + X11) 0.0860 0.830 0.0739 0.966
15 0.102 0.656 0.158 0.422 %(X‘; + X12) 0.0808 0.825 0.0688 0.969
16 0.0904 0.692 0.154 0.392 XXs+X2) 0.0756 0.827 0.0644 0.971
17 0.0901 0.653 0.151 0.389 %(Xs +Xi3) 0.0711 0.827 0.0605 0.973
18 0.0810 0.686 0.148 0.375 %(X5 + X14) 0.0673 0.825 0.0570 0.975
19 0.0808 0.651 0.145 0.362 3(X¢+ X14) 0.0640 0.823 0.0539 0.976
20 0.0734 0.681 0.143 0.350 %(X6 + X15) 0.0607 0.824 0.0511 0.978
oo 1.57/N 0.637 0.000 i(P»s+Pjs) 1.24/N 0.808 1.000

Tables E.5 and E.6 are reproduced with permission of the McGraw-Hill Companies from
Wilfrid J. Dixon and Frank J. Massey Jr., Introduction to Statistical Analysis, 3rd Edn,

McGraw-Hill Book Company, 1969, p. 488.
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Appendix F

Los Angeles Rainfall 1877-1997

Table F.1. Los Angeles Times 4 July 1997
Date Inches Date Inches Date Inches
1877-78 21.26 1905-06 18.65 1933-34 14.55
1878-79 11.35 1906-07 19.30 1934-35 21.66
1879-80 20.34 1907-08 11.72 1935-36 12.07
1880-81 13.13 1908-09 19.18 1936-37 22.41
1881-82 10.40 1909-10 12.63 1937-38 23.43
1882-83 12.11 1910-11 16.18 1938-39 13.07
1883-84 38.18 1911-12 11.60 1939-40 19.21
1884-85 9.21 1912-13 13.42 1940-41 32.76
1885-86 22.31 1913-14 23.65 1941-42 11.18
1886-87 14.05 1914-15 17.05 1942-43 18.17
1887-88 13.87 1915-16 19.92 1943-44 19.22
1888-89 19.28 1916-17 15.26 194445 11.59
1889-90 34.84 1917-18 13.86 1945-46 11.65
1890-91 13.36 1918-19 8.58 1946-47 12.66
1891-92 11.85 1919-20 12.52 1947-48 7.22
1892-93 26.28 1920-21 13.65 1948-49 7.99
1893-94 6.73 1921-22 19.66 1949-50 10.60
1894-95 16.11 1922-23 9.59 1950-51 8.21
1895-96 8.51 1923-24 6.67 1951-52 26.21
1896-97 16.86 1924-25 7.94 1952-53 9.46
1897-98 7.06 1925-26 17.56 1953-54 11.99
1898-99 5.59 1926-27 17.76 1954-55 11.94 '§
1899-1900 791 1927-28 9.77 1955-56 16.00 2
1900-01 16.29 1928-29 12.66 1956-57 9.54 g
1901-02 10.60 1929-30 11.52 1957-58 21.13 2
1902-03 19.32 1930-31 12.53 1958-59 5.58 Z
1903-04 8.72 1931-32 16.95 1959-60 8.18 §
1904-05 19.52 1932-33 11.88 1960-61 4.85 g
a
267 g
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268 Appendix F
Table F.1. continued

Date Inches Date Inches Date Inches
1961-62 18.79 1973-74 14.92 1985-86 17.86
1962-63 8.38 1974-75 14.35 1986-87 7.66
1963-64 7.93 1975-76 7.22 1987-88 12.48
1964-65 13.69 1976-77 12.31 1988-89 8.08
1965-66 20.44 1977-78 33.44 1989-90 7.35
1966-67 22.00 1978-79 19.67 1990-91 11.99
196768 16.58 1979-80 26.98 1991-92 21.00
1968-69 27.47 1980-81 8.98 1992-93 27.36
1969-70 7.77 1981-82 10.71 1993-94 8.14
1970-71 12.32 1982-83 31.25 1994-95 24.35
1971-72 7.17 1983-84 10.43 1995-96 12.46
1972-73 21.26 1984-85 12.82 1996-97 12.40

Average 120 Years-14.98 inches
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Appendix G

Software Considerations

I. DATA REDUCTION

SAS (Statistical Analysis System, Cory NC) was used exclusively in the
development of the examples in this book. However, SAS is not the only
software package that yields successful results.

Estimates of Weibull distribution parameters can be made by
maximizing the likelihood function:

L+, .0) = () TTos = exp’—z_(—"*';*’)ﬂ }

i
(G.])

Estimates Eq. (1.14) of y, 8, and 6 then are called maximum likelihood
estimators, or MLE. Any non linear programming procedure (see
optimization section below) can be used to find the MLEs for a Weibull
distribution.

Source code for a FORTRAN program to calculate MLE:s is given by
Cohen and Whitten [G.1]. They also discuss alternative techniques for par-
ameter estimation, such as moment estimators [G.2] and Wycoff, Bain,
Engelhardt, and Zanakis estimators.

Simple non linear regression analysis can return a set of parameters
based on a least-squares analysis, but hypothesis testing should be done
to provide a figure of merit to determine whether a good fit has been
achieved and whether the data set could have been randomly drawn from
a Weibull distribution.

Probability of failure calculations can be done in any programming
language that offers a random number generator based on a uniform dis-
tribution. The algorithms of Rubinstein [B.1] provide the techniques for
generating random variates from a wide variety of distributions.

269
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270 Appendix G

IIl. OPTIMIZATION (NON-LINEAR PROGRAMMING)

Today, many procedures for optimizing non-linear criterion functions with
constraints are available. A review of these is given by Moré and Wright
[C.1].

Many of these procedures are available as UNIX freeware or
shareware. The National Institute of Science and Technology (NIST)
has a Guide to Available Mathematical Software (GAMS) which can be
accessed on the Internet:

http://gams.nist.gov

Optimization problems can also be solved using the computers of
Argonne National Laboratory and Northwestern University. Problems
can be submitted either from a web page or by e-mail using their templates
see:

http://www.mcs.anl.gov/home/otc for details and source code for
some routines.

In the past, the authors have used IMSL, (Visual Numerics, Inc.
Houston, TX), a large collection of statistical and mathematical subroutines
for FORTRAN or C programming languages.
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Aluminium castings, 29-33
tensile strength, 18
yield strength, 14
Amplitude or reversal stress, g,, 68,
85
Non-rotating shaft (o = 0), 87
rotating shaft (o # 0), 86
Automatic assembly failure, 45

Bathtub aging curve, 193
Bayes theorem, 42
Bearing
life, 232
reliability, 202
Bull gear shaft sizing, 101
card sort, 105
coupling equation, 106
Monte Carlo, 104

Card drawing, 46
Card sort probability, 52
Card sort variance, 51
Cantilever aluminium casting beam
sizing, 114
Gaussian material
representation, 118, 121,
122
Weibull material representation,
115, 120, 121
Cantilever beam loading

card sort mean, standard
deviation, 64
Gaussian mean, STD deviation,
65
Cantilever beam sizing, 98
coupling equation, 99
Monte Carlo, 100
Cantilever titanium beam sizing, 122
Gaussian material
representation, 122, 124
card sort and lower material
bounds, 131
Gaussian Material Lower, 132
Safety Factors, 133
Weibull Material Lower, 132
Weibull maerial representation,
122, 123
Cell number, 2, 13
Cell width, 2, 13
Coefficient of variation, 49
card sort, 52
Criterion function, 145

Decision trees, 44
Distortion energy
o,,— plane stress, 67
o, — plane stress, 67

Electric lamp data, 36
Endurance stress factors, 69
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k,, surface condition, 70
kp, size and shape, 71
k., reliability, 72
kg4, temperature, 73
k., stress concentration, 74
kr, residual stress, 79
kg, internal stress, 81
ky, environment, 82
k;, surface treatment, hardening,
82
k;, fretting, 83
kg, shock or vibration loading, 84
k,, radiation, 84
k,,, life extension, 90
speed, 84
Exponential distribution, 5

Failure curve
constant rate, 193
Gaussian, 191
general, 191, 200
rate of, 191
Fatigue codes, 107
Fatigue curves a,, o,,, 95
Gerber, 66
Goodman, 66
safety factor, N, 67
Soderberg, 66
test curves, 67
test curve R, 68
Friction data, 37
Functional constraint, 145

Gaussian
coupling equation, 58
Probability or Failure, 56, 59
Reliability, 56, 59

Gaussian confidence levels
Chi-Square Distribution, 6, 7,

259

One Sided tolerance, 6, 8, 9, 259
Large Samples, 1

Subject Index

Small Samples, 5, 6
Students t distribution, 5, 7, 259
Gaussian distribution, 5
Mean, 7, 266
reliability, 2
standard deviation, 7, 8, 265, 266
test or failure data, 1
Gaussian scaling factor, 3
Generic failure rates Ag, 234
Generic failure rates, Ay, 246
Goodness of fits
Anderson-Darling Gaussian, 12
Anderson-Darling Weibull, 12
Cramer-Von Mises, 14
Kolmogorov, 14

Life-Expectancy, K, 239
Log-Normal Distribution, 5

Marine Machinery Failure Rates,
197
Marine Power Plant, 196
Mean Stress, g,,, 68, 85
Non Rotating Shaft (w = 0), 87
Rotating Shaft w #0, 86
Mean time to failure, 191, 194, 206,
207, 232
Metal, Egiloy, pulley belt, 108
coupling equation, 112
Py structural member, 113
diameter determination, 113
Monte Carlo calculations, 225
P limitations, 126, 129
Py, coupling Eq. safety factor,
130

One sided tolerance limit, o, 259
Optimization
computer routines, 227
differentiation, 149, 150
geometric programming, 167
Lagrangian multipliers, 152
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Subject Index

linear with constraints, 155

non-linear with constraints, 157,
269

numerial methods, 154

simplex method, 155

Optimization examples

compression spring, 159

cost function for rectangular
tank, 168

cost hot water pipe, 154

open tank, 158, 170

rectangular tank cost, 149

resistor for maxiumum power,
150

spherical steel tank, 3, 158, 172

torsional and bending spring,
161, 177

two dimensional function, 156

volume box inside ellipsoid, 153

Optimization goals

building or bridges, 148

flight vehicles, 146

instruments and optical sights,
148

petro chemical plants, 147

power and pump units, 147

ships or barges, 149

Parallel resistor equivalents

card sort, 56

coefficient of variation, 55

Gaussian mean, standard

deviation, 55

Parallel system, 203
Percent failures, 5, 10
Probability of failure, 39

(A + B), 40

(AB), 40

(A), 40

(A), 42

(A/B), 42

(B/A), 42
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Py, card sort, 52

Radiator data, 24

Rainfall data, 14, 267

Range, 2, 13

Rayleigh distribution, 5

Regional constraints, 146

Reliability (constraint failure rate)
automotive gear box, 212
parallel components, 207
series components, 206
standby components, 208
water pump station, 208

Rotating beam fatigue limits
aluminium alloys, cast and

wrought, 91

cast and wrought steels, 89
magnesium alloys, 90
non-ferrous alloys, 90
titanium alloys, 92

Severity factor, Kr, 233

Steel bolt tensile strength, 37

Series system, 203

Sorting from boxes, 43

Series-parallel system, 204

Stress or strain cycles in fatigue
low cycle fatigue-strain, 93, 96
polymers, 92
wood, 91

Sturges rule (Plotting), 2

Tension sample sizing
card sort diameters, 61
coupling equation, 61
safety device diameter, 61
safety factor, 61
structural member diameter, 61
t¢ life expectancy, 240
Titanium, 34
elongation, 35
modulus, 35
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ultimate strength, 21
Variance

card sort, 51

total differential, 47, 48

Weibull distribution
reliability, 2

Subject Index

SAS estimation, 269

test or failure data, 1
Weibull equation linearization, 223
Weibull confidence level bounds, 10
Weibull confidence levels, 9
Weibull scaling factor, 3
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