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Introduction

In Spring 2000, Professor Gene Wayne gave a class at Boston University titled “MA 876 - Partial Differential
Equations Seminar”. Most of the lectures were given by Prof. Wayne, but others were given by several of
the graduate students, including Doug Wright, Stephanie Jones, Tony Harkin, Slava Krigman, Bill Basener,
and myself. The following pages are a (hopefully accurate) copy of the notes I took in this class.

This document was produced using AMS-IATEX macros on top of Version 3.1415 of the IATEX2¢e compiler.
I used the amsbook documentclass. The only packages I had to import were epsfig and graphicx for the
pictures, and theorem to define the various theorem environments. All of the pictures were made either with
xfig or Mathematica, and then dumped into PostScript.

For further information (including how to get a copy of this PostScript file), please go to

http://math.bu.edu/people/deville/Notes/. The latest versions of this file will be maintained there
when corrections are made. If you find any errors, or have any general comments on the notes, please send
email to me at deville@math.bu.edu. I will maintain an errata page for these notes (and all future releases),
and any and all comments are greatly appreciated.



Chapter 1

Hamiltonian ODE

1.1 An introduction

Most of the following introduction will be taken from [Arn], Chapters 8 and 9.
An example of a Hamiltonian system is as follows: Let

1
H(p,q) = 51)2 +V(q),

where p and ¢ are scalar quantities. Then Hamilton’s Equations define an ODE on R?:

. OH 9V
P="% " o
. OH
1=3p =P

We will need some differential geometry to get everything working smoothly, so we proceed:

1.2 Symplectic Geometry

Let M>" be a smooth manifold of dimension 2n. Let w(®) be a closed, non-degenerate differential 2-form on

M.
To say that w®) is a differential 2-form means that w(? is a bilinear map

w® T, M? x T,M?" — R,
with
w(Z) (57 77) = _w(Z) (77, 5)

To say that w(® is closed means that dw® = 0.
To say that w® is non-degenerate means that given ¢ € T, M>" # 0, there is an 5 with

w®(&,m) £ 0.

The pair (M?"*,w®) is called a symplectic manifold.
Example: Let M?* = R?, and w® =dpAdg. If

_ &1 _(m
e=(2). o=(1).
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then

=8 &

s = §1772 - 52771-

We can extend this example by choosing M?" = R*" and

w® = dej Adg;.

=1

We will not prove the following theorem, but we should note that it essentially tells us that all symplectic
manifolds look like R2", at least locally.

Theorem 1.1 (Darboux’ Theorem)
Let (M?",w®) be a symplectic manifold. Pick z € M>". In a neighborhood of z, there are coordinates
(2,¢) with

w® = dej Adg;.
j=1 'y

Proposition 1.2
The symplectic form defines a vector space isomorphism between vector fields and 1-forms. o

Proof: Let £ be a vector field. Define a 1 form

wi () = w(n, €).

The map & — wél) is obviously linear. To see that it is injective, suppose that wél) = wél). Then

we () — wg)(n) =0, forallp

w(&n) —w(&n) =0 for ally

Example: For this example, we will again choose the symplectic manifold (R?,dp A dq), and let I be

(1)
3

the map w; "’ — £. We will compute the matrix of 1.

1. By the Riesz Representation Theorem, we know that
1
g = @m).

2. wgl)(n) =w® (n,8) = m& — 2.

3. One can write any 2-form as
w® () = (n, JE)
=m(Ji1ér + J12&2) + n2(J2161 + J2262),

for an anti-symmetric matrix J.

Comparing Steps 2 and 3 gives us that

-
I

(5o)



1.2. SYMPLECTIC GEOMETRY 7

(n,J€) = w(,6) =w{M () = (Q,0) = (,Q),
so that

JE=Q, E=J10=-JQ,

0 -1
()
For (R*™, %" dp; A dgj), the idea is the same, but the notation makes it a little more complicated. Doing
the same calculation gives us

so that

where 1,, is the n x n identity matrix.

Definition 1.1
Given a smooth function H on (M?*",w®), we defined the Hamiltonian vector field associated with
H by

Xy =I(dH),
i.e. that X is the vector field which satisfies the equation
dH (1) = o) (1, Xp1). *

2
Example: Pick H = % +V(q) on (R2?,dq A dq).

Then

D
which makes Q = 6_V
dq
Then

Definition 1.2
For a given Hamiltonian H, Hamilton’s Equations are just the differential equations on (M?",w®)) given
by
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In the above example, this gives us that

i) =\
- — dq
dt \q p

In the next Proposition, we will prove that H is preserved by the flow:

Proposition 1.3
Let gt be the flow associated with H. Then

Hi(zy) = H(g' (x0)). R
Proof: By definition,
d , _x
') = Xn(g'(a0))-
Calculating:
d, . X 9H d, ,
GG @) =Y 55 el )

or

Recalling that

we have that

% (H(g"(0))) = ® (Xr(g" (20)), X1 (9" (20))) = 0
|
The following theorem will say that the Hamiltonian flow preserves the symplectic form:
Theorem 1.4
Let gt be the flow associated with some Hamiltonian H. Then
(gt)* w® =w®,
ie.
()" 0@ (€, m) = w0 (gL€, gln) = P (€, m). N

Proof: We will prove this result for the manifold (R?,dp A dq), and postpone the proof of the general
result for later. Recall that if we have a set A C R?, then

/w(2)—/dp/\dq: area of A.
A A

To prove the theorem for R?, we will prove the equivalent statement for R? that, for any region A C R?, the
area of A is the same as the area of gf(A4), i.e. the Hamiltonian flow preserves area.
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A

Figure 1.1: The region A flowing under the Hamiltonian

Let us consider a region A in the (p,q) plane, and let it flow under the Hamiltonian for some time (see
Figure 1.1).
Let S = AUC U g'(A), the “total boundary” of the above cylinder. Consider the vector field

po ().

OH OH
K= (‘a—q’a—p)

where

Apply the Divergence Theorem:

/// dideV:// F-nds.
int s s

., OFy O0F, OF;3
divF = p + Bq + ot

_-0H o'
~ Opdq  Opdq

// F-ndS =0.
s

Since F'-n =0 on C (the sides of the cylinder are of course tangent to the flow), we have

// F-ﬁd5+// F-ndS=0.
A g*(A)

Now, on A4, 7 = (0,0,—1), and on g*(A4), » = (0,0,1). Thus

P —1 ond ’
1 on gi(4)

] e
o=

area of A = area of g'(A).

We can calculate that

+0=0.

Thus we have that

giving
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[ ]
Example: Let’s consider the Hamiltonian H(p,q) = %pz — %q2, so that
p=4q,
q=p
Then
¢ (po\ _ (cosh(t) sinh(t)\ (po
I \q) = sinh(¢) cosh(t)) \qo /"’
which means that
P\  [cosh(t) sinh(t)\ (P
Q) sinh(t) cosh() Q
P\ _ cosh - smh
g/ \ —sinh cosh(t
Then we calculate
w=dpAdq
= (cosh(t) dP — sinh(t) dQ) A (— sinh(t) dP + cosh(t) dQ)
= cosh?(t)(dP A dQ) — sinh?(t)(dP A dQ)
=dP AN dQ.
1.3 Canonical Transformations
Definition 1.3
A canonical transformation is a map g: R®® — R2" such that g preserves the symplectic form, i.e.
g*w? =w®. s

So, if we have the set of equations

. OH
P\ _ 0
<q> - o |
Op
and we make the change of variables (P, Q) = g(p,q) where g is canonical, then we have
) 0K
P 90
(6)={ o
op
with K(P,Q) = H o g~ (P, Q).
Recall that any 2-form on R™ can be written as

@) (g,n) = (A&,m),

for some anti-symmetric matrix A.
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Corollary 1.5
Given any 2-form w® on R?"+! | there is a £ # 0 (called the null-vector or vortex vector) such that

W(Q)(f,n) =0 for all n € R*"*1, .

Definition 1.4
We say that w® is non-degenerate if the dimension of the set of null-vectors is as small as possible, i.e.

0, even dimension
1, odd dimension. &
Proof:  Write w(®(-,-) as (A-,-). Since A is anti-symmetric,
det(A) = det(AT) = det(—A) = — det(A),

(the last equality being true since we are in an odd-dimensional space). Since det(A) = —det(A), we have
det(A4) = 0.
This means that 0 is an eigenvalue for A, so let £ be its eigenvector. Then

w® (&,m) = (A&, n) = 0 for all 7.

Exercise 1.1
Let w! be any 1-form on R?"*! | where we use the variables (p, g,t), and p and ¢ are n-dimensional. Define

w® (&) = dej Adg; — w'dt.

Jj=1

Show that w(?) is non-degenerate (has only a 1-dimensional null space).

Remark. Given any 1-form pu' on M2"*!, we see from above that for every x € M, du' has at least one
null-vector in T, M?"+!. If u' is non-degenerate, then for every & € M, du' has exactly one null-vector in
T, M2+,

Definition 1.5

If p! is non-degenerate, then the vortex field of ' is the set of vortex directions of du'. An integral curve
of the vortex field is called a vortex line of u'. Given a closed curve v, the set of vortex lines through ~y is
called a vortex tube. &

Lemma 1.6
Let o be a vortex tube for u' and let 41,72 be closed curves encircling o so that 7, — v = 95 for & some

piece of 0. Then
1 1
Iz :?{ e
?{1 Y2 [ )

fofo-

Y1 Y2

f
Y172

- ff =0

since the tangent space to & contains a null-vector for du! at every point (see Figure 1.2).

Proof:  We have that
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4!
V2

Figure 1.2: A picture for Stokes’” Theorem

[ |
If we have a Hamiltonian H = H(p, g,t), we define
wl = ijdqj — Hdt.
i=1
By the above exercise, this is non-degenerate.
Theorem 1.7
The vortex lines of w! as defined above can be written as graphs (p(t),q(t),t) where p, g satisfy
OH OH
pji=—m 4= (1.1)
! 9q; 7 9p; 'S

Proof: By calculation,
dw' =" dp; Adg; — dH Adt,
and we know that there is an A such that
w'(€,m) = (A€, n).

We will prove the case explicitly. If n = 1, then we are on R?, so that

& m
E=18&], n=1mn
&3 n3
Then
w'(&,m) = dq Adq(€,m) — dH A dt(€, )
= (dg A dq)(&,m) {( dq+ %—?dt> /\dt}(&n)
= (dp A da)(€1) = S A €n) — S A )€

=& — o — 86—;[(51773 —&3m) — 88_21(52773 —&3m2).
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If we also write

then equating coefficients gives us that

0 -1 oH
S
_OH _O0H
Op dq
Remark: If we do the same proof for general n, we have that
OH\"
0, 1, (_>
Opj j=1
A=l 0, (6_H>
<8H> " <8H> "
- = - = 0
Op;j /) =1 945 /) j=1
Now, we need to find the eigenvector of A with eigenvalue 0. Let
OH
0
- | ot |,
Op
1

and we can check that for any n, A" = 0.
The vortex tube is parallel to £" at every point. But if (p(t), ¢(t)) solve (1.1), they are also tangent to
", By Existence-Uniqueness, we are done.

Corollary 1.8
Let 71 be a simple closed curve in R?"*!. Consider the tube of solutions to Hamilton’s Equations passing
through ~;. Let 2 be any other simple closed curve encircling the same tube of trajectories. Then

ﬁl(pdq - Hat) = § (pdy - Ha)

V2

and this is called Poincaré’s Integral Invariant. '

Corollary 1.9
Theorem 1.4 is true for all n. '

Proof: Suppose that ¢ is a constant on both 7,2 (see Figure 1.3). By the above Corollary,

f pdq:f pdg.
Y1 Y2

// d(pdq)z// d(pdyg),
// dp/\dq:// dg N dgq.
o1 gt2=t1) (o)

Then by Stokes’,

or
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Figure 1.3:

1.4 Changing Variables

Consider a Hamiltonian system on R?"

. OH
P——a—q
. OH
l]—a—p,

and let g: R2® — R2” be a canonical transformation

(P,Q) =g(p, q)-

Theorem 1.10
Let K(P,Q) = H o g *(p,q). Then the solutions of (1.1) expressed with respect to (P, Q) satisfy

. 0K
P=_-_"
0Q’
. oK
@=3p

We will use the following proposition in the proof of the theorem, then prove the proposition.

Proposition 1.11
Let (P,Q,T) be coordinates on R2"*! and let K(P,Q,T) and S(P,Q,T) satisfy

pdq — Hdt = PdQ — K dT + dS.

Then the solutions of (1.1) expressed in the (P, @Q,T) coordinates are integral curves of

oP 0K
aT ~ ~aqQ’
0Q 0K
aT ~ OP°

(eq:Hamiltons)

[ )

Proof:  (Proof of the Theorem) Consider the 1-form u! —pdg— P d@Q. (It seems strange to mix variables

like this, but there’s nothing illegal about it.)
By Poincaré’s Integral Invariant, we know that

ﬁpdqz ﬁPdQ,



1.5. GENERATING FUNCTIONS AND THE HAMILTON-JACOBI EQUATION 15

%,ul:O.
Y

(p,9)

S(p,q) = / pt
(po,q0)

(This is well-defined since § u' = 0 for every closed path.) Also, since S is independent of path,

so that

Let us define

dS = p' =pdg — PdQ,
or
pdg = PdQ +dS.
Thus

pdg — Hdt = PdQ — Hdt + dS
= PdQ — K dT + dS.

Apply the Proposition, and we’re done.
[ ]

Proof:  (Proof of the Proposition) By Theorem 1.7, the solutions of (1.1) are the vortex lines of
w! = pdq — H dt. Since the vortex lines are independent of coordinates, they will also be vortex lines of

o' = PdQ — K dT +dS.
To find the equations of the vortex lines, consider
do! =dP AdQ — dK N dT.

By the same calculation as before, this says that the vortex lines satisfy

. oK
pP=-2=
0Q’
. 0K
V=%p
|
1.5 Generating Functions and the Hamilton-Jacobi Equation
Recall that we showed before that if
(P(p, ), Qp,q) = g(p,q)
is a canonical transformation, then
pdg — PdQ = dS. (1.2)

Let’s suppose that we can choose ¢, Q as independent variables, i.e. that we can solve @ = Q(p,q) to
express p = p(@, q). By the Implicit Function Theorem, this is possible if

oQ
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Definition 1.6
Such canonical transformations are called free canonical transformations. )

We define the generating function by

Sl(Q)q) = S(p) (Q:q)>q)

Note that
051 051
dS =—d ——dg =pdg—Pd
30 Q+ gg J1=pdd Q,
or
651 aSl
_ 21 = =1 1.3
In summary, for every free canonical transformation, there is some S; so that (1.3) is satisfied.
Theorem 1.12
Given any smooth function S1(Q, ¢) that satisfies
2
det (6 51 ) ,
0Q0q
then S; generates a canonical transformation via (1.3). P
S
Proof: Start with p = a—ql(Q,q). Since
6]) 8251
det | == ) =det | =% 0
“t(55) =4 (5007 #°
we can solve to find @ = Q(p,q). The second equation in (1.3) gives
051
P=— .
20 Qp,9),9)
We need to check that the transformation is, in fact, canonical:
051 051
dq—PdQ = —=dq— —d@Q = dS;.
pdq Q 3¢ 11~ 30 Q =dS,
[ ]

Question: Are all canonical transformations free? By considering the identity transformation (P, Q) =
(p,q), we see that all are not.

Remark. To specify a general transformation g: R2" — R?" requires 2n functions, each of which has
2n variables. On the other hand, a free canonical transformation requires only 1 function of 2n variables,
which is considerably less information.

Jacobi tried to transform the Hamiltonian so that in the new variables,

K(P,Q) = K(Q).
This would be a good transformation since we would have

0K

oK
. 0K
C=%p="

P=
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K .
So we would have Q(t) = Q(0) for all ¢. Since @ would not change, neither would Z—Q, so that P = ), where
Q is independent of time. Then
P(t) = Qt + P(0)
Q(t) = Q(0),

and we would have essentially solved the system. Then we have
051

So Jacobi said, try to solve

H (%(Q,qm) - K(Q). (1)

and find K and S;. Equation (HJ) is known as the Hamilton-Jacobi Equation for H.
So if we could solve (HJ), then we’d be in good shape. But we’ve replace our ODE system with a
nonlinear PDE, which is not usually an improvement.
Question: How do we deal with canonical transformations which are not free, e.g. the identity?
Suppose that we are given a canonical transformation and we can choose (P, q) as independent coordi-

nates.

pdqg — PdQ@Q =dS
pdg+ QdP =dS + PdQ + QdP = d(PQ + S).

We define the generating function of second type to be

SZ(Paq) :PQ+S(p)Q)7

where everything on the right-hand side is thought of as functions of P and ¢. In a fashion very similar to

above,

o 8S 055
pdg+QdP =dS; = P dP + B0 dq,
or
055 055
== == 1.4
94 Q=3p (1.4)

As before, any smooth function S, satisfying

025,
det <8P8q> #0,

Equation (1.4) defines a canonical transformation.
Question: What is the generating function for the identity?

j=1
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1.6 Near Identity Canonical Transformations

Let
Se(P,q,¢) = Pq+ eZ(P, q,¢).
Then
08, 0%
P= 3, +66q( .4, €)
0Se 15)>
Q - 6P _q+€a_P(P7q7€)7

where P, () depend on €. So exactly how do P and ) depend on €?

oP 9% 0°%

E - _8_(](P’q,€) _GW(quye)a
0Q oz o5
E - _a_P(P)(be) - GW(P)(LG)'
If we let € = 0, then
oP ox
E __a_q(p)(bo)
0Q 0o%
E - ap(p)(bo)

since P — p, ) — q as e — 0. This infinitesimal canonical transformations satisfy Hamilton’s Equations.

1.7 Canonical Perturbation Theory

Definition 1.7
A Hamiltonian system if called integrable if there is a canonical change of variables

9(p,q) = (1, 9)
where I € R*, ¢ € T™, such that

K(I,¢) = Hog™'(I,¢) = h(I).

(I, ¢) are called the action-angle variables. 'y

Recall as before, if we have an integrable system, then

. 0K Oh
b= 0K _oh_
o Tar Y

where w is independent of time, and thus

¢(t) = wt + ¢(0).

So ¢ just precesses linearly around a torus.
Example: Let H = %(p2 +¢%). Then
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We define

Then

dI =pdp+ qdq

_ 1 dg _gqdp
d¢_1+(q/p)2 (p P’ )

We can calculate that dI A d¢ = dg A dgq, and K(I,¢) = I. So this system is integrable, and the action is
just the Hamiltonian.

q

J

Figure 1.4: The flow for H = (1/2)(p? + ¢*)

Example: Let H = %p2 — cosq. Let’s look for a generating function S(I,q) such that
_os
0S
¢ E:

and if we write

Call My ry a level curve of h(I). Then

0S oS
= —dl + —dq.
ds 6Id + By dq

Restricting to one trajectory, we have that

dS|Mh(I) = pdq7
so that

q
S(I,q) =/ pdg
qo
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where the integral is done on Mp,(r).
Remark. If we integrate around M), we don’t get 0, so S(/, q) is really a multi-valued function.
Calculating,

% pdgq = area enclosed by My,
My (I)
= HMh(I) .

Since ¢ = g—s, and

I
0
21 = EYi (HMh(I)) )

we have that
s, ,, = 271,

or
1

I - %HM}L(I) .

Thus the generating function for the action-angle variables is
q
S(I,q) = (/ pdq>‘ ;
q0 M1y

1
I = %HM;L(I)-

and

Exercise 1.2
Work out the action-angle variables for the Kepler problem.

Exercise 1.3
Consider H = % (p,p) + £ (¢,Vq) with (p,q) € R*", and V is a symmetric n X n matrix with positive
eigenvalues. Show that H is integrable, and construct action-angle variables.

1.8 Nearly Integrable Hamiltonian Systems and KAM Theory

This section is based on [Way96].
Consider the harmonic oscillator

F4+mz = f(t).

If F(t) oscillates with the same frequency of the “natural frequency” of the system, the solutions grow
without bound (even if f is small). This phenomenon is known as resonace. In nonlinear systems, the
problem is even worse, since we can have resonance even when the frequencies are rationally related, instead
of the same.

We should note that the 3-body problem, when we ignore the interaction of the two small masses, is
an integrable system. We could try to understand it perturbatively, but we could end up with the same
problem.
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1.8.1 The formal calculation

So, let’s assume that we have a Hamiltonian as:
H(I,¢) = h(I) +ef(I,9),

with € < 1. If we consider € = 0, the solutions of Hamilton’s equations lie on n-dimensional tori.
Question: Suppose € > 0. Do these tori survive? s
Our first try will be to make a canonical change of variables (I, ¢) = g(I, ¢) so that

H(I,$) = h(]).

Since our system is nearly integrable, we’ll look for a change of variables that is close to the identity, i.e.
we’ll assume that the generating function is

S, ¢) = (I.¢) +ex(l,9),

and then
o5 - ox
I=—=17T —
9% +€8¢)’
~ 08 oY
P=or =t ar

- 08
I=1 3_¢
oS
¢_¢+E’

and this transforms H to H(I,$) = h(I).
Thus the Hamiltonian-Jacobi equation we want to solve is

Y .08 o
h<l+a—¢>+ef<l+a—¢,¢>:H(I).

Linearizing,

and

ef (f-{— Z—Z,(ﬁ) =ef(I, )+ O <€Z_z>

Let’s assume that S (and its derivatives) are O(€). Then the Hamilton-Jacobi Equation simplifies to

D) =nD) + (570, 55

)+ et .6+ 0(),
and we're looking for S, and we’re free to choose h. This is a big improvement, since the above equation is
linear. Let’s ignore the O(e?) term and try to find an approximate solution.

Let us denote
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Then our linear equation is

<w(f>, %> tef () = () — n(D) (L)

Since f is periodic in ¢, we can expand

FI¢) =Y f(I, k)eitho).
kezZmn

Let’s look for

SI,¢) = Y S(I,k)e'™).
kezn

Then if everything is right with the world,

oS

a—¢(i, ¢) = Y ikS(I, k)e'*0).

kezn

Plugging this into (L), we have that

S {z <w(f), k> S, k) + ef (I, k)} eik?) = j(I) — h(D).

kez™

If we consider the case k = 0, then we have to satisfy

A~ ~ ~

ef(1,0) = h(I) = h(),

but this can be satisfied by choosing

Now A has been chosen for us. If we try to solve for the other choices of k, we have

i<w(f), k> S(I,k) +ef(I, k) =0,

so that
Sk = ief(I,k)
’ <w(f),k>’
or
S(I,¢) =ie k) P (1.5)

Equation (1.5) presents some problems. Let’s look at them in dimension 2. In this case, the denominator

is w1 (I)kl + w» (I)kg

1. What if <w(f),k> =07
This will happen if

i.e. is wy,ws are rationally related. This is the resonance problem.
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2. Suppose that wy/wa € Q. Then Dirichlet’s Theorem says that there is a constant C' and an infinite
number of pairs of integers (p;, g;) such that

wi vl

W2 aj

¢

2
J

q
or

Cw
lgjwr — pjwa| < q—2 — 0.
i

This means that even if w;/wy ¢ Q and we don’t have resonance, then there are pairs (ky, k2) such
that the denominator becomes arbitrarily small. This is the Small Denominator Problem.

Remark. The denominators get arbitrarily small for any choice of w, but we’ll show that for “most”
choices of w, the denominators get small in a controlled way.

1.8.2 Some analysis

Proposition 1.13
Fix v > 1. There is a Cy > 0 such that if 0 < C < Cy, there is a subset of {(wy,w2)||w1| + |w2| < 1} of
positive measure such that

C
|[kywi + kows| > W, for all k # 0, (D)

where [k| = [k1| + k- N

Definition 1.8
A pair (w1,ws) satisfying (D) is called a number of type (C,v). The measure of the complement of this
set goes to 0 as C' — 0. Y

Proof: Fix some k # 0. We will compute the measure of the set of points (w1, ws) such that

C
|k1w1 + kQW2| < W (16)

Note that

(k,w) = |k| |w]| cos b,
= |k| - length of the projection of w onto k.

Rephrasing our inequality geometrically (see Figure 1.5), we’re looking for the set of w such that
. c
|k| |proj of w onto k| < ik
or

C

[proj of w onto k| < W,

where C' < v/2C, which we have to keep track of since we mean two different things by |k| above.

Geometrically, we see that
C 4C
m ({w ‘(k/‘,w> < W }) < —|k‘|w+l-
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\‘\ W

W
k
w1
projyw
— —\ width = 20/ |k +1

{w] (w, k) =0} \(//

Figure 1.5: The set of “bad” numbers

The set of all w which do not satisfy (D) is the same as the set of w which satisfy (1.6) for some k. Thus
its measure is bounded above by

Y o
ITNREE N
keznqoy Kl
We will estimate the sum by approximating it with an integral:

4C 4C
Z |k|7+1 ~ /k: Wd k

kezZn—{0} kI>1 |k

rdr

- 40/7“ 1/9 MH
= 4C’27T/ —
r=1 r

&rC
y-1

Remark: If w € R, the set of numbers in a bounded region which satisfy

C
[(k,w)| > W, for all k € Z™ — {0},

has positive measure if v > n — 1 and C is sufficiently small.

To summarize, the denominators get small, but not too small.

So what about the numerators? Since we’ve controlled the denominators somewhat, if we can have the
numerators shrinking sufficiently quickly, the sum will converge.

Suppose that f(I, ) is analytic on a domain
I-r

Ay (1) :={I€C",pcC" < p,|imej| <0,j=1,2,...n}.
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Definition 1.9

We define
1, = s |f(d6)].
(T.0)eAs ,(I%) &
Proposition 1.14
T —olk
FA B < 171, e, N

Proof: The proof will use Cauchy’s Theorem, and the version of the theorem which says that integra-
tion is independent of path. Recall that by definition

n 2 2
f(f,k):(%)/o ) FI, )R dg, .. d,.

By shifting the ¢; contour (see Figure 1.6), we have that

2w
f(Ia (bla B )elk1¢1d¢1
0
27 B ' '
= fU, ¢ +iu,.._)e’kl(¢1+zu) don
0
2w B '
= f(I, 1 +i”’---)e’k1d’le*k1"d¢l,
0

for any p < o. By shifting each contour in a like fashion, we have

A~ 1 n o )

f(I,k?)‘: (2—> //f(]’)¢_+_Z’U/)ez(k@)eﬂkmd(b
™

< eIk (%)// a1,

<Nl e

Since this is true for all 4 < o, it is true for ¢ by continuity.

Figure 1.6: Shifting the contour upward
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Exercise 1.4
Suppose that f(z) is a real-valued, C! function, with f(z + 27) = f(z). Then we know that

f@)y="Y flk)e™.

Suppose that f(k) < Me **l for some M, u. Show that f(z) can be extended to an analytic function f(z)
on the set

{z€(| Imz| <o} foralo<p.

1.8.3 The ground step

Kolmogorov’s Idea: ‘ Let’s “solve” Equation (HJ) by “Newton’s Method”.

1. Take H(I,¢) = h(I) + ef(I,¢) as an approximate solution of (HJ).
2. Linearize to obtain (L) and solve this.
3. Make the canonical transformation whose generating function is the solution of (L).

4. We hope that

H(I, ) = Ho®(I,¢) = h(I) + f(I,9)
with f = O(e?).
5. Lather, rinse, repeat.

Let’s make some standing hypotheses, which we will denote H1,H2,H3:

1. (H1) Suppose that H(I¢) = h(I) + f(I,¢) is analytic on Ay, ,,(I*) for some og,po > 0. Assume
without loss of generality that pp < 1 and o9 < 1/2m.

2. (H2) I* is chosen that that

*

[{w(I*), k)| > ET for all k € Z™ — {0}.

3. (H3) Suppose that ‘92h1k (I*) is invertible.

91,0
We define
8%h
oIol

9h \
(arar)

)

) = max sup
[I—I*|<po

[T—I*[<po

Also, we have

Definition 1.10 .
f(z) is periodic with frequency w if f(z) =Y f(k)e®*, or if there is a function g: T* — R with

ft) = g(wt).

We say that f is quasi-periodic with frequency w = (w1,...,w,) Iif there is a function g: T" — R with

ft) = glwit, ..., wyt). &
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Theorem 1.15 (KAM)
Under hypotheses H1,H2,H3, there is an ¢y > 0 such that if || f||

H(I,¢) = n(I) + f(I, ¢)

has a quasi-periodic orbit with frequency w(I*). o

so.p0 < €0, then the Hamiltonian system

Example: Let H(I,¢) = h(I)+ f(I,¢). If f =0, then
I=o,
¢ =w(I).
In particular, for initial conditions I*, ¢, we have that

I(t) =1TI%,
B(t) = ¢o +w(I")t.

Now, if the components of w(I*) are all rationally related, then we will have a periodic orbit. If they
are not, the orbit will be quasi-periodic. The KAM theorem says that under the right perturbations, these
quasi-periodic orbits survive.

Recall that under our formal calculation, we had that

) T k)i (9)
SU6) =1 UCHLE
keZn—{0} <w(1),k>

We want the transformed Hamiltonian to be analytic, and this would require S to be analytic. Unfortunately,
there is a dense set of w € T" for which (w, k) = 0. Our nondegeneracy condition H2 says, essentially, that
when we move I, this moves w(I).

In other words: Given an I, it may not be true that <w(f),k> = 0 for some k. But for some I" close

to I, there is a k such that <w(f’), k> = 0 for some k, and thus our formal calculation blows up. So as the

situation stands, our calculation is defined only on a set whose complement is dense.

The idea to fix this problem is to truncate the sum for S in such a way that the omitted terms are of the
same order of the stuff we already threw away. Then we’re not doing any worse, and S will make sense in a
much better way.

So we define

where |k| = 320_, [k;l-

Proposition 1.16

If po < QQan N[)_(7+1), and f is analytic on Ay, ,,, then S< is analytic on A, s ,, and

C(y,n)
[EE I 75Gom 1 loa00

Proof: Recall from Proposition 1.14 that
FAB)] < e £, ,, -

On the set Ay, —s,p,, we have that |Im ¢;| < g9 — 6, so that

ei<k,¢>‘ < (7o DIkl
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and

(1.7)

00,00 °

PRy < o0 g

So we've estimated the numerator, and the time have come for the denominator. From the Mean Value
Theorem, we know
I,

‘w(IN) — (1) Sodl

<

I*

I 2
0°h
=1/ (57
<n?Q(I —T17%)
< n2ng.

Thus we can say that

L
> — —n%Qp, |k
S L
— 20k
Then we can say that
. e M 1l
s<Lo|< Y e
0<|k|<No 2k
< <2||flao,po> Z k| eIkl
0<|k|<No
00 n
2 )
< (AW (ng J> |
j=1

Using the fact that

vy 0o
e %
=0

Vo0 — [
;J ‘ (dé)

we have

= 2{[fl 55, p0 2C \"
sn] < (W) (1.2

Cly,n) 1
S L 6n(,.y+1) ||f||o-07p0 *
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[ |
So let’s do the canonical transformation and check to see if everything works out. Let’s look at
. 98< ~ aS<
I=1+— = . 1.8
t e 0=t 5p (1.8)
We want to solve the first equation for I = I (I, ¢). By the Inverse Function Theorem, we can solve for Iif
0 Pt 65<> 14 0%28<
or ¢ oId¢
is invertible. We know that a matrix of the form (1 4+ M) is invertible if ||M|| < 1, which case
A+M)t=1—-M+M*+-..
Theorem 1.17 (Cauchy)
If f(2) is analytic on B,, then
1
sup |f'(2)] < 5 sup |f(2)]-
2€Br_s 2€B; o
Using Cauchy’s Theorem, we have that
|(55) | o
— <n max || ————
919¢ 00—2d,p0/2 ik || D100y, 00—28,p0/2
2
<573 155
6p0/2 0'0*6700
2C £l g po
- pOL(sn(7+1)+1 )
We can state this as a
Proposition 1.18
If
201y _
p0L6”(7+1)+1 ’
then the first equation in (1.8) can be inverted to find I(I, $). Py

We can show that under exactly the same condition, the second equation can bve inverted to find
¢ = ¢(I, $). Summarizing, we have

Proposition 1.19
Suppose that

2C(| £l 55, po ) (1.9)
pOL(sn(’Y+1)+1 ’
and
L
po < 2QTL2N*(”+1>. (1.10)
Then the system
- 0S< ~ 0S<
I=1+ a—¢, =0+ W

defines an analytic and invertible transformation on A, _ss,,,/4-
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o

Now we want to do the canonical transformation and show that we really have a reduction in order.

Writing (I,$) = ®(I, ¢), we have
HY(I,$) := H o ®(I,9)
= h(I(I,)) + F(I(I,4),0(I,9))
.98 - - - 9S< - o - .

We can write

h(I + 6SS) —h()=h <i+t%>
L g - 98<
- a@(“’fa—qs» a
LJoh (- 0SS\ 8S<
- <ﬁ(’”a—¢>’a—¢>dt
Oh - 9SS Lyon (- HSS Oh ~ 9SS
:<—f””a—¢>+/o <E<I”a—¢>‘ﬁ””a—¢>dt

h - 8S< Lot 02h (- 9SS\ 0SS\ 9S<
_I(I)’a_¢>+/t:0/s:o<<ﬁ (”S 95 ) 95 > 39 >d3dt'

- < 5 1 5 <
f<I+6i,¢> —f(I,d)):/0 % ([+t%,¢> dt

Similarly, writing

gives us that

~ - - < -
H(6) = (D) + (510, %5 ) + 5(1.6)

Loty 702h (. 9SS\ 0SS\ 9S< Yof (. 8S<

Above, we see that the two integrals are formally O(|| f||*). The second and third terms are formally O(|| f]]),
but this is bad and we don’t want them there. Fortunately, they almost cancel. For if we not truncated S,
these terms would exactly cancel, since we picked S to do exactly that.

Recall that

and so

0<|k|<No



1.8. NEARLY INTEGRABLE HAMILTONIAN SYSTEMS AND KAM THEORY 31

Then we have that
0SS\ o S S
<w(f> —>+f<f,¢>>=— Z R 1 3 FE e
S k

,6¢
Z ffk ei(k:d)
k|>N

So we can write

Nr

0SS\ 0SS\ 0S< of 9=
/ /<<8I< 6¢>>’ 59 > 99 >d8dt+/o ar (I“T"”) at

Looking at this, we see that f(f, 0) doesn’t depend on ¢, so we can throw that into h. So as long as the
integrals are O(||f||”) (which is certainly formally true) and the tail of the sum is O(||f]|*) (which we will
make true by a choice of Ny, then we have significantly improved our situation.

We should remark that H' is guaranteed to be analytic on Ao —16,p/4(I")

Lemma 1.20

Csup b =B < 11, -
|T—1*|<po /4 L)

Let’s write the terms we want to bound as:
Yyof (. 0SS\ 0S=
I= =2 ), 22—
| <6I ( ”w)’ 56 > a
< < <
/ / ~ 65 ’65 ’85 ds dt,
621 8¢> ol 0¢

II= Y f(I ke,

|k|>No

Lemma 1.21 (I)

1 ll5y,06 1 llog00 \ 1
||I||ao—46,p/4 <n p0/2 (C(’Y,n) () nL> g

_Clyn) 17l
a 905(’Y+1)n+1L 70,00 °

Lemma 1.22 (II)

) £l 0 1N
2 T0,P0
Xl gy —45,p0 /2 < 17 <5<+—>L 5)

_Clym) s
— 52('y+1)n+2L2 00,p0 ° ‘
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And if (I,¢) € Ao —15,p0/4(I"), then we can say that

I< > £ll,,,, e Hooelklea=30)

IKI>No
= 2 N Ul
k1> No
S Z 6—25“6‘ e_dNo ||f||0'0yP0
k1> No
n
o
S 1 n 9 26726] eiéNO ||f||a'0 pPo
j=0

IN

2 n
(1 i m) ¢ 1 o -

And so we get

Lemma 1.23 (III)

Cly,n) _
||III||00—46,p0/4 < sn € oo “f“(To,po : Q

Let’s summarize all of this in a

Proposition 1.24
If Equations (1.9) and (1.10) hold, then

is analytic on A, _45,p,/4(1*) with
1.
I-r

(D) = h(D)| < 111l for < po/4,

2. and
|7

We can make this term O(||f]|*) if we choose Ny so that

Qn2 1 2 O(’Y) n) — 0N
o snuge < CO | st + g | W+ S e

e 2 [ fll g 0
or
198 11 1,,,
Ng = f
So all is well if we choose Ny large enough. But recall then that that makes
L
Po < yFL?

. \loguj;ugo,po

2n
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so making Ny large makes pg, our domain of analyticity, much smaller. So at the end of the day, we must
check that all of the inequalities are consistent.

- h -
Remark. Another problem is that if we set @([) = %(I), then in general 6(I*) # w*. In particular, we

can no longer be sure that 6(I*) is of type (L,7).

Kolmogorov’s solution to this was to notice that we’re not concerned with I* in particular, just w*. So
we change the action variables from I* to I") where &(I")) = w*. Then we know that

(ot.8)] = g

So what should we choose IY) to be? Let IY) = I* 4+ §I. Then

a1y = gy = 2y 2550 o
— w(I* +6I) + af LI +01,0)
oy (2 97,0 of
—w(I)+<8l( )51> S )+o<( 1, <§,51>>.

Up to first order, we simply choose dI so that

<Z_°}’(I*),51> + aféf’o) (1°,0) =0,

or

ol
h .1 |0f ..
- [8181(1 )} [5(1 ’0)] '

Since the linear piece is invertible, the rigorous justification follows from the Implicit Function Theorem.

1= 52| [‘” r o>]

Exercise 1.5
Complete details of the rigorous argument, and show that there is a C' > 0 such that

cQ

10 =1 < 2=l -

We'll choose p; so that H is analytic on A, ,, (IV)), where 0, = 0 — 48, and we must always check (see
Figure 1.7) that

Po
3 1£llyg,p0 < 5
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H is analytic on this domain

Figure 1.7: Shrinking the domain and moving I*

1.8.4 The inductive argument
Let use define the following inductive constants:

go

Oon = ==, >0
36(1+n2)° 7
On+1 = 0n — 46y,
Pnt+1 = pn/S,
3/92)(n/7)
0= loypys  n=cy’
|log €, |
N, = ———.
On
Note that oy, > 0¢/2 for all n, and that p,, — 0.
Theorem 1.25 (The Inductive Lemma)
There is a C(y,n) > 0 such that if
1.
C(y,n)L
po < Wﬂ
2.
C v, n(4
¢ < (Qg )03 (4r+1) 8 116
then

1. there is a sequence of canonical transformations

S Agy 350,00 /a1 = Aoy —26,, 00 72U1)
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whose generating function satisfies

SS C('y’ n) €k
k ok —0kpr 6n(A{+1) f
’ k
2. If we set
Hk+1 — Hk o (ﬁk — hk+1(I) + fk+1(I,¢),
then
(a)
||fk+1 ||Uk+1,pk+1 S €k+1s
and
(b)
|W*HH(I) = B*(I)] < €, for all | — I, | < prsa-
3. If we set
Ohk
(1) = —(1
(D) = (D),
then
w(ly) = w*(:=w(I")),
and

Iy = L | < pe/8.
o

Whew!
Now, if we look at the induction lemma carefully, we see that at each step, the new Hamiltonian that

pops out is closer to integrable. We’d be done, but note that the domain of analyticity actually shrinks all
the way to 0. We’d be hard pressed to take a derivative of a function defined at a point, so we’ve a bit more
work to do.
Define
Ty, = Bpo---o0dy,
so that
\I,k : Aak—36k,pk/4(I;) — "400,00 (I*)a
and

HY = H0 @,

Now, we know that ¥; must be canonical, so that if (I(*)(¢),¢*)(¢)) is a solution of the system with
Hamiltonian H*, then

(101,60 (1)

is a solution of the system with Hamiltonian HP.
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The equations of motion of H* are

jo _ _OfF
0p’
. ) ofk
(k) — )k N
) w (I + o
By Cauchy’s Theorem, we know that
H orr neg
9¢ Ok —0k,Pk - Pk ’
H a_fk 2ney,
or Tie\pi /2 o Pk

(We do need to check that € /pr, — 0 as k — oo, but it’s true.) We also need to check that the above
tranjectory doesn’t leave the domain of analyticity.

For example, suppose that I(*) (0) = I;;. Then what is the shortest time it can take to leave the domain?
We know that

t
‘[(k)(t) |l < PR Ok
Ok
So we're ok if
)
< ROk
neg

Lemma 1.26
If (I%)(t), p¥) () is a solution of the Hamiltonian system with Hamiltonian H* and initial condition (I}, ¢o)
(with ¢g arbitrary), then

1. (I'®(t),*)(t)) remains in Aoy —350,p0/a(I5) for [t] < Ty,
2.

C(n,v)Qeg

max ( sup |I(t) — If|, sup |o(t) — (w*t + ¢0)‘> < Py

< Ty [t|<Tp
where T}, = 2%, A

(Note that, by the choice of the py, we have that I} — I% . If we pick any compact set M C R, then for
all x € M, we have

(IW(t), ") (1) & (T2, w 't + @) (k— ).
Now consider

Uypp1 — ¥ =V 0Py — Uy,
- \Ifk o ((I)IH-I — 1)

Recall that we define ®;; so that

= 085k
I=I+—5,"

~  0Sly
¢ =¢+ —itL

or ’
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or, roughly, @141 = 1+ O(€gy1)-
More rigorously, we have

Cn,y) e
1kt1 (L, 0) = UL, D)oy pin < 972 3 LH =0 (k—o0).
Opt1 Pry1
This gives
1.
lengo \Ilk(I;O,w*t + ¢0) = (I*(t)> QS* (t))v
2.

Jim | (10(2), 60 () — Wi (12, w*t + do) | = 0.
—00

Also note that W, (I®) (¢), ¥ (t)) is a solution of the system with Hamiltonian H® for all k, so the above
equations show that (I*(t),#*(t)) is a quasi-periodic solution of the system with Hamiltonian H°.

Now a few words about the proof of the inductive lemma:

So, we start with

H(I,¢) = h*(I) + f*(T, ).
We want to construct a ®; so that
H*H(I,6) = H* 0 ®4(1,6) = h* (1) + f*+1(1,9),
where
LA < (1

Take a generating function for @ to be of the form

Zk(17¢) = <fv¢> +SI§+1(IN7¢)’

and
. 8Ss
I=1 +1
+ 96
7 6SI§+1
¢=0¢+ 57

So we want to have

96 9
= BFTN(I) + ML 9).

. . 0S . 05y
H" o ®"(I, ) = h* <I+ —’““) + £ <I+ —’“+1,¢>

Formally expanding;:

7 k 9Sy 1 2 7 17 2
140+ (O )+ OIS 4400 + 01415 = D+ o

99
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So, if we can get that O(||S||) = O(]|fl]), then we can throw away all the higher order terms and get

<
<wdx$%i>+ﬁdwwﬂﬁﬂb—wd»

This is the linearized Hamilton-Jacobi equation. We can solve this by Fourier series
I e) =Y fH (I m)etmo,
Sl§+1 (INa ¢) = Z ‘glcg+1 (f’ m)ei<m’¢>a
so that

%: {z <m, wk(f)> SE . (FLm) + £(7, m)} eitm®) = pAL(Ty — k().

Looking at the m = 0 term,

FE(I,0) = B*H1(T) — WM (D),

or
REY(T) == ¥ (1) + f*(1,0).
For all the m # 0 terms,
gl§+1(f7m) = Ma
(ot
or

- fk(T )
Se(1,¢) = —i Z Ma(m@_
m£0 <wk(1),m>

This means that S kS+1 no longer solves the linearized Hamilton-Jacobi equation, because of the error term

S A myeime.

|m| >Ny,

How big is this error term? Recall that f* is analytic on A, ,, (I*), which implies that

ei<m,¢>‘ < elml(or—di).

Thus
Z fk(f’ m)ei(m,¢> < Z ”fk”ak,pk e~ Imlow glml(or—dx)
|m|> Ny . |m|> N,
DD i
|m|>Ng
< Clflly, pp e

If we plug in our assumed value for Ni, we get that this term is C’)(”fk ||2), and we are done.
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Hamiltonian PDE

Recall that we had to develop the following concepts for ODEs:

1. Symplectic geometry

2. Hamilton’s Equations

3. Canonical Transformations
4. Analytic Maps

5. Complex Analysis, Cauchy’s Theorem

We'll develop the theory of Hamiltonian PDE by thinking of them as infinite dimensional analogs of
Hamiltonian ODE. In the following two examples, we see that PDE can be thought of as infinite-dimensional
ODE:

Example: Consider the PDE
U = Ugy, uw(0,t) = u(mw,t) = 0.
In light of the boundary conditions, we can write u as its Fourier series:

u(z,t) = Z ay(t) sin(kz).
k

If we plug this into the PDE, we get the infinite collection of ODEs

al,(t) = —k%ax (1), k=0,1,2,...

Example: In ODEs, we consider linear systems of the form
= F(z), x €M™

The solutions are paths in M, which we can write as ¢;(z). Analogously, if we think of X as a function
space, we can write a PDE as

ou

— = Ju,

ot
for J some linear operator on X.

39
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2.1 Differentiation in Banach space

Definition 2.1
A Hilbert space is a complete inner-product space. &

Some examples are

27
12[0,2x] = {/: [0,27] - | / (@) dr < oo},
or
2= {{an};o:d a4, €CY lanf < oo} .

Definition 2.2
Let O C X be a domain, and X,Y be Hilbert spaces. If f: O — Y is continuous, then f is continuously
differentiable if there is a bounded linear map (which we call the derivative)

folz): X =Y
which depends continuously on x, such that if x,x + x1 € O, then
f(@+x) = f(x) = fu(@)zr + oz x)- »
We can also define the (Hilbert) adjoint of the derivative as
fr@)=(fulz))": YV = X
so that
(u, £ ()0y = (F* (@), v) x -
A special case of the above is if Y = R, i.e. we have a map
f:rO0CcX —>~R
Then we have that f.(z) € X* (the dual of X).

Theorem 2.1 (Riesz)
If L € X*, then there is a unique y;, € X so that

Lv=(yL,v)x .

Consequently, X ~ X*. o
Since f.(z) € X*, there is an element in X, call it V f(z), with
fe(@)o = (Vf(z),v).
Thus we have a map, called the gradient map

Vi:O—=X
z— Vf(x)

Example: Let X = ¢2, with
f: 02 =R
{zn} = {za I,

where we assume that the x,, are real. Finish this example
Recall that for f: O — R, we have the gradient map Vf: O — X.
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Proposition 2.2

(Vf(@)&m) = (V (), §) - (2.1
Proof:  Define a map
R> - R
(a,8) = f(z + an+ BE)
with z,7,¢ fixed in X. Then
fle+an+ (B+h)§) — f(z +an+ BE)

9 flatan+ 66) = im

op h
i @t an + BE(hE)
h—0 h
= fe(z + an + BE)(€)

= (Vf(z +an + 56),8) .

Then we have

) - ) e
O (9w + o + 90, = Jim SLCH LI TP0) =Vl o0+ 50,0

= (Vfi(z + an + BE)n, f>|a:5:0
= (Vf(z)n, &) -

If we calculate the partial derivatives in the opposite order, we get the other term of (2.1), and by equality
of mixed partials, we are done.

]
2.2 Analyticity
Definition 2.3
Let X be a real Hilbert space. The we define the complexification of X as
XC=XaX,
where we have
i(z1,22) = (—xa, 1). Y

Now, consider O¢ ¢ XC, O€ a domain, and
f:0% Y€,

Definition 2.4
We say that f is analytic if it is differentiable when we consider X© and Y'© as a real vector space, and,
moreover, f(z) is complex linear. Y

Now, consider O C X, X and Y (perhaps real) Hilbert spaces, and f: O = Y.

Definition 2.5
Then we say f is analytic if it can be extended to a map

F:0° 5 vC®

which is complex analytic.
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L)
Recall that we defined f.(z) so that
fo: OF = L(XC YT,
and note that L(X®,YC) is a Banach space.

Definition 2.6

. 0° & L(XC, L(XC,Y%)) ~ L2(XC, V),
where we define
LX(XC YY) = {£: X© x XC = Y| £ is bounded and bilinear}.
Analogously, we can define
P 0C 5 Lr(xC, V). *
Theorem 2.3 (Taylor)
If f: O° - YCisCP for p > 1 and = + th € OF for all ¢ € [0, 1], then

1

(p— 1)vf’£p_1)($)(h,h,h,...,h) +R,

Flo+ 1) = 1(@) + @) + 512 @) 0 R + o+

where

1A%

1Blly < 55 sup || 77+ 1)
P oo<i<i

If feC>® and R — 0 as p — oo for small h, then f has a Taylor series
1
fat+h) =3 510 @ .. h).
k>0 [ )

Definition 2.7
f: 0% = YC is weakly analytic on OF if for all z € O, h € X© and £ € Y*, the map

¢p:C—->C
z = L(f(z + zh))

is analytic in a neighborhood of 0 € C. )

Definition 2.8
We say that f: O — YC is locally bounded if for all x € O, there is a neighborhood N > z, N C OF,
such that f is bounded on N. &

Theorem 2.4 (Big Ol’ Theorem)
Let f: O® — Y, then the following are equivalent

1. f is analytic on OF,
2. f is locally bounded on OF and f is weakly analytic on OF,

3. f € C* and can be represented by a Taylor series in a neighborhood of any z € OC€.
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Moreover, if X©, Y are Hilbert, and suppose {y;} is a countable subset of Y'C such that {y;} spans Y'C.
Let £; = (-,yi)yc, then the following is also equivalent to the above:

4. f is locally bounded and the maps

z = Li(f(x + zh))

are analytic in a neighborhood of 0. Py

Definition 2.9
We define the operator norm of a linear map as

1E e ye = sup [1F(@)]ly-.

zeX
2l xe=1 »

Theorem 2.5 (Cauchy)
If F: OY = Y© admits a bounded analytic extension to OF + §, then for all u € OF, we have

1
1F () xe ye < 5 sup [[F()lly--
zeOC+4 ‘

Proof: Consider the map

¢: B5(0) = C
A= (Fu+Az),y)y,

where O is fixed and ||z|| = ||y]| = 1. Note that ¢ is analytic on Bs(0). If we let 75 be the contour around
0 with radius §, then Cauchy’s Theorem for one complex variable tells us that
1

-~ A 5 (Z‘f’_(%2 dc‘

1, Sup.epyo) [9(2)]
o 27r5—62

—1 s ole).

d 2eBs(0)

|4'(0)]

IN

Looking at the right hand side, we have

1 1
5 sup [6(N)] =5 sup [(F(u+Az),y)y|
AEB5(0) XEB;(0)
1
=3 suwp (F(u'),y)yl
u' €046
1
<5 swp [IF@)ly llylly
uw €OC446
1
:5 sup ||F(u')||Y
u' €046

One the other hand, by definition
(F(U’ + hx)ay>y - (F(u)7y>Y

¢'(0) = Jim, h
o F(u+ hz) — F(u)
_}LL“B< h ’y>y

= (Fe(u)(@), )y -
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Choosing

_ F.()(=)
PR @I
we get
[1F% (u)(2)]ly < % sup  [|F(u)]y -
' €OC48
Taking the supremum over all z with norm 1 gives us the conclusion.

Theorem 2.6 (Inverse Function Theorem)
Let F: O® — Y* be an analytic map and assume there is an x € O such that F.(z) is an isomorphism.
Then F' can be analytically inverted in a neighborhood of F(x). a

2.3 Hilbert scales

Let Xy be a Hilbert space with orthonormal basis {¢y},z, where Z C 7™ has the property that -7Z=1.

Let {0;},c be a positive sequence such that §; — oo and §_; = 6; for all j.

Definition 2.10
For s € R, let X be a Hilbert space with basis {¢0; °}. If u,v € X, then we can write

u = uppr°,
v = v,

and we define

(w,v); := ) TUpvy.
= ,

Now, let u € Xy. We know that v = > updr, = > urbj (t‘)k_sgzﬁk), so that

lully = (uyu), =Y (uibf) (webi) = Y |uxl” 67°.

Definition 2.11
The sequence of spaces { X}, is called the Hilbert scale of Xy, and {¢;} is called the basis of the scalg,

For example, suppose that u € Xy. Then we can write u = > urdr. We can also write this as

w="Ywb; (6, )
which is in X provided that
lally = > uxl* 67° < oo.
k
Example: Let Xy = L%[0,2n], with ¢re’*® for k € Z. Let’s choose 6, = |k|. Then X,, has basis
{|k| ™ e}, Let f be m-times differentiable, i.e. f(™ € L2. Then we can calculate that
f(m) — Zimk_mukeikm-
But since f(™) € L2, we have that
DR e < oo,
k

and thus f € X,,. In this case, up to some more proof, we have that X, = H?, the s-th Sobolev space.
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Proposition 2.7
For a Hilbert scale {X,}, if s > r, then X, CC X,., and X, is a dense subset of X,.. a

Proof: (We'll wait on the proof of compactly contained, but we’ll prove that X is a dense subset of
X,

1. Let’s choose u € Xs. Then writing v in this basis, we have
w=> w6} o)
= > urby *05 (6" o)
So we have that
ve X, & Z |ug|” t‘)i(r_s) < 00.
Now, we know that 3" |ux|” < oo, since u € X, and that

92" 5 0 as k — co.

2. | X, is dense in X, |
Choose v € X,.. For any € > 0, we’ll find u € X with

lu =], <e.

We can write v = >, vg0, "¢, and thus |lv]I> = 3 |vg|* < oc. Since this is convergent series, there is
a K so that

Z log|” < €.

k>K

Choose

u = Z vy 0, b

k<K

We clearly have that u € X, since this is a finite sum. Then we have that

v—u= Z vk, "Dk,

k>K

and

o —ull2 =Y [wl” < €.

5. [compac]

We won’t prove it here, but for the record, if we were to show compact containment, we would have
to show one of the following (which are equivalent):

(a) Every bounded sequence in X is precompact when considered as a sequence in X,..

(b) The identity embedding is ,: Xs — X, (which is bounded by part 1 above) is a compact operator,
i.e. sends closed and bounded sets of X to compact sets of X..
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Definition 2.12
We define X, = Ny X, and X_, = U X. »

Proposition 2.8
The spaces X and X_; are conjugate with respect to the X, inner product. P

Proof: Forgetaboutit
[ ]

Proposition 2.9
If —oo <a<b<oo,with0<6 <1, and ¢ = (1 —0)a+ 6b, then X, interpolates X, and X, in the sense
that for all u € X, C X, C X,,
1-9 )
lell, < flully " llwlly - [y

Proof: This will follow from a rarely seen formulation of the Holder inequality, i.e.
P q
k
So let’s write u = Y ug . Then

lull, = luel* 67
k
— Z |Uk|2 9]26(1*9%10201)
k

_ Z |uk|2(170) 92(1—0)11 |Uk|20 alzceb
k

[4
1-6
< (St att) ™ (St or
k
1-0 4
= flully " flully -
|

Now we’ll prove the last part of the above theorem, that X is compactly contained in X, for s > r.
Proof: What we will do is start with a bounded sequence in X and show that it is precompact in
X,. So assume that we have {a’} with

lo’]], < B.

Let A be the set which is the sequence {a’}. Let’s assume that A is not compact in the X,, which means
that there is a sequence {b’} C A which has no convergent subsequence. Let’s choose {¢/} C {}’} so that

> 4e

r

. .
Hc7 -

for some € > 0, and for all j, j'. We know that we can do this, or {¢/} would have a convergent subsequence.
Since the ¢/ are limit points of A, we know that for all j, we can find & € A with ||cj —d ||r < €. Then
we have that

Hdﬂ" - de > 2e.
Since we can write

W =Y a8 o= 3l b,
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we know that
Jod 2 = S [ | 02,
k

r—s)

Since r < s, we know that 02( — 0 as |k| = oo. Then we can conclude that there is a K, so that for

|k| > K, we have
2
2(r—s) €

Thus we have

o/l < 37 Jab[ 0+ 3 fai o
|k|<K |k|>K
2
< Z aizei(rfs)_‘_ Z ‘airé
[k| <K |k|>K
12 2(r—s) €2
< Z ay| 6, " +Z.
|k|<K

Writing each &/ as dj< + dj> in the obvious way, we can conclude that

€
< —.
r = 2

|«

Putting it all together, we have

% < Hdﬂ" @

<[ -

e

)
”

and thus

] >
- —ir

What we have now is an infinite sequence which is contained in a bounded set, yet it’s elements are
separated by a constant amount. Although this can happen in infinite dimensions, it can’t in finite dimen-
sions. More specifically, we can consider the d?’s lying in CF, using the obvious map. Since all norms are
equivalent in CX | we have a bounded infinite sequence, no two elements of which are close. A little measure
theory or a picture will show that this can’t happen.

The last result of this section is a theorem which tells us how to compare two differently constructed
Hilbert scales.
Let’s consider a Hilbert scale Xy with basis {¢}. Choose

O = clk|™ + o(|k™),
ék = |k| + 1.

Let {X,} be the Hilbert scale formed from using the weights 6y, and {X,} be the one formed from 6.

Theorem 2.10 (Christmas theorem)

For all s € R, X5 =~ X,,5, in the sense that the identity map from one space to the other is one-to-one, onto,
and bounded. .
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Proof: We choose u € X. Then u = Eukﬂlzsm. We want to show that u € Xms. We can write
u= Zukﬁgséﬁsé;msqﬁk,

giving
2
2 2 —spms
luli%,, = S el (65°05) .
k

But we know that the sequence

1 kl+1)" 1
9 lam — (| -
EOR T R o) e

and we can conclude that u € X,,;.

As an example as to why we would want the previous theorem, consider the PDE

ue = 2 ((a(a) 2
= o \ "oz )

with a(z) > ap > 0, defined for 0 < = < 27 and with periodic boundary conditions (we enforce u(x,t) =
u(z + 2m,t)). Then we can define the Hamiltonian for the system for be

H o= /0 7 @)

2

ou
% dCE 5

but enough of that for now.
Consider the eigenvalue problem

2 (a@:)%) — et

Then Sturm-Liouville theory gives us that 6, = c|k|* + o(|k|?). If we expand u as
u(z,t) = Zak(t)¢k(x):
then

2
H=) 6lal” =l =%,
k

so that H is equivalent to the standard Sobolev H? norm.

2.4 Linear maps between scales
Consider two Hilbert scales {X;},{Ys} and a linear map
L: Xoo =Y .
We will have a string of definitions following:

Definition 2.13
We define the operator norm of L from X, to Y, as

I1L()

sup —— o2
TE€X ||~75|X31 .

z#0 *

|| ||31732 -
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Definition 2.14
L is a morphism of order d between {X} and {Y,} for s € [sg, s1] if

I Ll ;g < oo for s € [s,s1]-
If L1 exists and L™ defines a morphism of order —d from {Y;} to {X,} for s € [sop — d,s; — d], then L is

an isomorphism of order d. If {X,;} = {Y,}, then L is an automorphism of order d. If the order of L
is —A < 0, then we say that L is a A-smoothing morphism.

L]
Definition 2.15
Let L: Xg — Ys_4 be of order d for s € [sg, s1]. Then
L :Y;,— X;
Yoos = X
¢ ¢olL,
is of order d for s € [—s1 + d, —so + d]. We call L* the adjoint of L.
L]
Definition 2.16
If X, =Y, and we have that
(Lu,v) = (u, Lv) for all s € [sg, $1],
then we say that L is symmetric. If s € [sg,d — so|, then we say that L is self-adjoint.
L]
Theorem 2.11 (Interpolation)
If {X,} and {Y;} are real Hilbert scales, and L: X, — Y_, is a linear map such that
IL0la, 5, = €15
100y 5, = €25
then for all 8 € [0, 1], we have that
LN, < o = cley™,
where
a =0a; + (1 —0)as,
b=6b + (1 —6)bs.
)

Also, more generally, if we have L = L,,, where L,, depends analytically on u € H, H A complex Hilbert
space, and the maps

Lu: Xa, = Xo,
Lu: Xay = X,

are bounded uniformly in norm, then for all 8 € [0,1], L,, depends analytically on u as an operator X,, —
Xb

0"
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2.5 Differential Forms

Let d > 0 and X4 be a Hilbert space. For O and open subset of X, the tangent space to O at ¢, T30, is Xq4
itself.

Definition 2.17
A differential k-form on O is a continuous function

OxXgx-+xXqg—R

which is polylinear and antisymmetric in the last k entries. &

Definition 2.18
A 1-form is denoted a(g) dt, a: O — X_q4, and we define

a(t) de(§) = (alk), &g, for § € Xog. &

Definition 2.19
A 2-form is denoted A(r) dg A dg, where

A() de A del§,m) = (A®)E;m)g > for & € Xa,

as long as A(¢): X4 — X_4 is bounded and anti-self-adjoint. *

For example, Let Xy = R”, and let A be an n X n anti-symmetric matrix, then A(z)dz A dz =
- Ei<j Aij dx; A d:L’j.

Definition 2.20
A k-form wy, on O C Xy is analytic if the corresponding map from O to the linear space of skew-symmetric
polylinear functions is analytic, i.e. depends analytically on the base point. &

Theorem 2.12 (Cartan’s Formula)

k+1

dw(g)[gla N 7€k+1] = Z %wk(i)[&a - '7éi7 .. 7§k+1]‘
i=1 !

Example:
1. Let f be a C! function on O. Then df = V£(¢) dt.

2. Let w be a 1-form on O, w = a(t) dt. Then d(a(t) dr) = (ax — a*) dr A dg.

2.6 Flows

Let w; be any C'-smooth closed k-form on O C Xy which depends C2-smoothly on ¢ € [0,1]. Let V (¢, t) be
a nonautonomous C'-smooth Lipschitz vector field on O. Consider

E=V(,t),t €0,

and denote the flow maps S}, , where Sf (¢(t,)) = ¢(t). Let @ C O such that S§Q C O for ¢ € [0, 1] and write
¢t for S,
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Theorem 2.13 (Cartan’s Identity)

d * *aUJt *
= (@) wr = ¢ ==+ do™ (V)

ow

% t

= — +D

¢ (m + (VJM)>
everywhere in ), where

VJwt (62)"')&6):wt(V7£2)"'7£k)- .

Proof:  We'll prove it in the case where k = 0. In that case, we have w; = w(x,t), so that ¢*w; =
w(¢'(x),t) and
d % _ d t
Efﬁ wr = aw(fﬁ (z),1)

0 0 Ot
=% (@), 1) + 52 (¢ (@), 1) - o

= (00" %4 X Vi),

= (67 5 + @) (Greove@.n).

2.7 Symplectic Structures and Hamiltonian Equations

Let O C X4 for d > 0 and oy = J drAdp be a closed 2-form. We define (O, az) to be a symplectic manifold
and ({X},as) to be a symplectic Hilbert scale. Recall that symplectic forms define an isomorphism
between vector fields and 1-forms. If we let A be a C* function h: Og4 — R, then we can define a Hamiltonian
vector field by

OéQ(Vhaf) = —dh(f)

for all £ € TOy.
There is a Riesz-like theorem for 2-forms which gives us that

implies
Vi = J(©)Vh(p),
where J = —7'. We call J the operator of the Poisson structure and J the operator of the

symplectic structure. Also, we usually will assume that V} is at least C!.
If his Ct-smooth on Og4 x R, the Hamiltonian equation is

i(t) = J(Vh(gt). (2.2)

If the order of V}, is 0, i.e. V1 Xq — Xy, as V}, is C'-smooth and Lipschitz, then (2.2) is well-posed. This
will mean that for any ¢(0) € Oy, there is a unique solution which depends smoothly on initial conditions.

Definition 2.21
A PDE with boundary conditions is called a Hamiltonian PDE if for a suitable symplectic Hilbert scale,
and a suitable Hamiltonian, the PDE can be written in the form (2.2). Y
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Note that if V}, is unbounded, or ord V}, = d; > 0, then
Vi : Od xR — dedl-

Definition 2.22

A continuous curve ¢: [0,T] = Oy is a solution of the Hamiltonian equation (2.2) in X4 if it defines
aC! map :[0,T] - Xg4—a, and both sides of (2.2) coincide as curves in X4_gq,. If £(t),t > 7 exists and is
unique, then we write

i(t) = Sta(n),
or
t(t) = S Tr(r) if equation is autonomous,
and S is called the flow map. »
We should be aware that for Hamiltonian equations with ordVj, > 0, there are no general existence

theorems for flow maps.
Example: [Semi-linear Equation] Let

where V = B 4+ V° with B linear (possible with positive order) and V° nonlinear, but ord V? = 0, and V°
Lipschitz bounded on bounded sets.
For a specific example, consider the nonlinear Schrédinger equation

w(z,t) = i(Vu + f(jul’)u), zeT"

Proposition 2.14
If (2.2) is semi-linear, and ord (V) = 0, then for any ¢, the flow maps S*: O, — X, are well defined for
[t| < T, where T = T(c) > 0. If V0 is C'-smooth, then S* is C*. a

Example: [Nonlinear string equation] We consider the equation
0
U = Ugg + %f(ux):
where

fw)=C+av’+..., a #0,

and with boundary conditions
u(z,t) = u(x + 2m,1t), / u(z,t)dz = 0.
0

We rewrite it as a system

. 0 ou
et (152))

Let w = <:> Then we can rewrite the equation as the system

w = Aw + F(w),
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where

We want to write the equation as
w = JVh.

Our Hilbert scale will be Z, = H§ x Hj, where H{ is the Sobolev space of functions which have s

derivatives in L?, and mean value 0. We let J = ( 0 1). Then we let

-1 0
27 1 1
h :/ {— o + = Juy 2 +f(ux)} da.
0 2 2
So what is dh? We check:
27T
dh(”) U)f = {’UEZ + Umfi + f,(uz)fi} dx

0
2m 8
= uz&y %W + fl(ux)§1 (2)7T + / {U& — Ugp&1 — %f(uz)gl} dz
0
= <(_’U’-’E-’E - fl(u.’t)a ’U), §>L2 )
since the boundary terms drop out because we’re in H{.

Definition 2.23
Quasi-linear Hamiltonian PDE are equations of the form

4= Au+ F(u),

and ord A > ord F. &

0 _
Example: [Equations of KdV Type] Let X, = H§, and J = so that ordJ =1. We let J = —J L.

%7
— o\t
Then our symplectic scale is (X, J du A du) = (H§, — <%> du A du).

Let us consider

Then
2w 1
dh(u)v = / <_ZUIUI + f'(u)v) dx
0
_ _1 112w o 1 " !
=——u'v'|g" + u'v+ fl(u)vp dz
1 . 2

1 " !
= <Zu +f (u),v>L2,

since the boundary term again drops out.
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Then we have Vh(u) = fu” + f'(u), which gives

P _6 1// '

u—JVh_—am <4u +f(u)>
_1/// 0 '
= +_6mf(u)'

The above is an equation of KdV type. If we choose f = iu3, then we get the classical KdV. A non-
trivial result is that if we choose initial conditions in Hj with s > 3, then there exists a unique solution for
all time.

2.8 Symplectic Transformations
Let {X,},{Y;} be Hilbert scales, with O C X4,Q C Yj, with d,d > 0. Let us consider ap = Jdx A dr,
symplectic on O, and B2 = Y dp A dy, symplectic on Q.

Definition 2.24
A C'-smooth map ®: Q — O is called a symplectic map if

<I>*a2 = ﬁ2,
i.e. for any vy € @ with ®(y) =¢,

(T ()€, @u(0)n) . = (T(M)E, )y,

0 0

for all {,n € Y;, or
©*(v) 0 J(r) © Pu(v) = T ().

If ®.(v) defines isomorphisms of Y;, X4, then we say that ® is a symplectomorphism. &

For right now, we will restrict to the case where d = d> 0, such that ord J = ord ¥ = —d,.

Consider the following hypothesis on ®:

(C1): Let ®: @ — O be a C'-smooth symplectomorphism such that ®,(y): Y; — X is a linear map
continuous in y € @, for all |s| < d.

Incidentally, it can be shown that if .J, T are constant isomorphisms on order 0, then (C1) is automatically
satisfied.

Theorem 2.15 B .
Let O C X4,Q C Yy, d > 0, be given symplectic structures by as, 82 and assume that ord J = ord Y = —dj;.
Define the vector field V;, = JVh, and assume that it defines a C'-smooth map

Vh: OxR— Xd—d17
of order d; < 2d. Consider the differential equation
£(t) = Va(x,1).

Let ®: @ — O be a symplectic map satisfying (C1) such that V}, in O is tangent to ®(Q) in the following
sense:

Vi(®(n)) = P, ()€, for all p € @, for some £ =£(v) € Yy_g,- ((C2))
Then the map ® transforms solutions of the equation
D =Y (»)VyH (v,1), H=nho, (2.3)
to solutions of

i(t) = JVh = Vi(t,1). N
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Note: Let’s consider this (C2). We know that Vj,: O x R = X4_g4,, be definition. Since we know that
®(y) € O, we have that V,(®(v)) € X4—q,-

On the other hand, since ®: Q — O, we know that ®,: Y; — X,;. To make (C2) true, we would want
that ®, maps from Y;_4, to X4_4,. This is not going to be true in general. But if we assume (C1), we will
have it. Since d; < 2d, this means that |d — d;| < d, which, with (C1), implies that ®.(y): Yg_q, = Xg—a;,
and, furthermore, since ®.(y) is an invertible map on these spaces (being a symplectomorphism), we can
solve the equation for £.

Proof:  Let n(t) be a solution of (2.3). By (C1) the curve g(t) = ®(y(t)) is C'-smooth in Yy 4, and
continuous in Y. Since

and

we calculate that

Corollary 2.16
Let O C (X4, a2) and the Hamiltonian vector field V}, be as in the theorem, and let ®: O — X4 be C'-smooth
satisfying (C1) such that

‘I>*CK2 = KCKQ,
for some K # 0. Then ® transforms solutions of
i(t) =K' J()VH (1)

to
i) = Vi(s, ). a

Recall that a useful way to construct symplectic maps of domains O C (Xg,«s) is to get them as flow
maps St of additional nonautonomous Hamiltonian equations

{t) = JV[(e,t) = Vi(e,t),
where f is such that V; is Lipschitz.

Theorem 2.17
Let f be a C'-smooth function on R x O such that the map

Vf: RxO — Xy
is Lipschitz in r,# and C'-smooth in r. Let O' C O. Then the flow maps

S7: (0%, az) = (0, a)
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are symplectomorphisms provided that they map O! to O. Moreover,

1SD) . @l < exp(|t — 7] Cy),

where

Ci= stugp 1(Ve). (E’t)”d,d'
If V; are analytic, then so are the S7. P

_ Consider the constant coefficient form az = Jdg A dp where ord J = dj. (Constant coefficient means
J doesn’t depend on t!) For any p, the maps (S7).(y) define zero-order morphisms of the scale for s €
[-d — dj,d]. Let’s further assume that V; is A-smoothing, and

(V) (e, D)l < Ci.

Since
ST() =£+/; V1(S0(0),0) do,
then
(S7), =1+ / " (Vp). (S(0.0) - (7). (&) db.

(We can take the derivative this way since the symplectic form is constant coefficient.)
Since the (V). are A-smoothing, and (S7 ). satisfy the estimate above, the flow maps are symplectomor-
phisms, and are close to the identity up to A-smoothing maps, i.e.

16ST)s = Ly gyn < Cult =] 17,

forsed—A—dj,d+ Al

2.9 Linearizing

Definition 2.25 (Linearized Equation)
Let £(t),t € R be a solution for i = V. If for each ( € X4 and each 6 the linearized equation

C(t) = Vaa (e(2), 1)C(1),  C(B) =¢

has a unique solution ((t) € Xy defined for all t, and such that ||((t)||, < C'||<||, uniformly in 6,t (for 0,t
lying in a compact region), then we write

¢(t) = S5, ()¢
and say the flow {S%__(r)} of the linearized equation is well-defined on X . »

6 %%

Note that when the St are C'-smooth, we have that S7, = S7 ..

Theorem 2.18
Assume that the Hamiltonian vector field V; defines a Ct-smooth map on Rx O — X, 4, and dy —d; < 2d.
Let a point ¢, be in O such that the solution

£(t) = S, (&)

exists for all ¢ € [t,,T] and, for these ¢’s, the flow maps SfO**(gO) for the linearized equation are well-defined
in X4. Then the maps S} are symplectic. o
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NOTE: Does the first condition in the above theorem refer to the whole right hand side of the equation,
or just the nonlinearity?
The idea of the proof is this: We check that as (£(t))[S}, .., Sty wetl] = a2(¢(t))[€, 7], or, equivalently, that

[({t) = as(e(2))[E(2), m(2)]

should be independent of ¢, where £, n are solutions of the linearized equation. Thus we have to check that

= (TaE®, () = o.

Corollary 2.19
If i(t) = V¢(r,t) is semi-linear (i.e. Vy = B+ V? and V° defines a C*'-smooth map R x O — X,), then the
flow maps Stt0 are C'-smooth symplectomorphisms. -

Note: The previous note asks the question on whether or not there is any restriction on the order of the
linear piece. We know that the nonlinear piece has order 0, is this enough?

Definition 2.26
Consider C' functions Hy, H, on O which have continuous gradient maps of orders dy,d» < 2d such that
di + ds + dj < 2d. Then the Poisson bracket {H,,H,} is defined to be the continuous function given as

(J(£)VHi(r), VH2(x)) - &

We should note that
e The Poisson bracket is skew-symmetric (since J is),
e {H H}=0,aslong as ordVH < d—dy/2.

Now, let Hy, Hs,J be y-analytic on O C X, (i.e., extend to bounded analytic maps on O +v € X§. Let
ord VH; < —dy. Consider { = JVH,(¢) in O, and let ST be its flow map.

Theorem 2.20
Take Vi as above, and further assume that ||Vi||, < K. Then the maps S7: Q@ = O, for 7 € [0,6/K] are
well-defined analytic symplectomorphisms, and

Hy(S7(r)) = Hy + 7 {H\, 2} + O((TK)?), 2 €Q,

or

d T j—
S H2(57(0) o {Hy, Ha} (¢)-

In words, let’s consider the flow under H;, and then follow a trajectory of that system (a level curve of
H,). If we evaluate H; along this curve, it of course doesn’t change. However, if we evaluate H, along this
curve, the theorem tells us that, to first order, the change is {H;, H»}. -

Proof: The flow maps S™ are well-defined for sufficiently small 7 since V; is uniformly Lipschitz by
the Cauchy estimate. In other words, since we know that V; is y-analytic, and [|Vi||, < K, then Cauchy’s
Theorem tells us that SUPgeo Vix < K /7. Let’s choose a subregion @ of O, such that the minimum distance
from @ to 00 is 6. If t € Q, then [|S7(¢) —t||; £ 7K, and thus S” stays in O for 7 € [0,0/K]. The previous
theorem says that since V; is uniformly Lipschitz, then S is a symplectomorphism. Since

Vi(S7(1)) = Vi) + O(TK?),
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we have that

5 =£+/OTV1(59(£))d0
=+ 7V(t) + O(F°K?).
Hence,

H>(S7(r)) — Ha(x) = (VHa (1), ST(x) — 1) + O(IS™ (1) — ¢II3)
=7 (VH,, JVH,) + O(T>K?).

Example: [nonlinear Schrédinger, revisited] Consider the equation
W(z,t) = i(—uge + P|ul)u), zeS,
where P is a real polynomial. Consider the Hilbert scale
Za=H"(S"0),

with the scalar product in Zy defined as

2m
(u,v):/ uvdx.
0

Choose wy = J du A du, where Ju(x) = iu(x). Of course, the order of J is 0. Let our Hamiltonian be

h=: / - (Il + QUuf)u) dz,  Q'=P,

2
and we see that Vh: Z; — Z;_» (essentially because the right hand side of the equation has two z deriva-
tives). There is a result that says that for all d > 1/2, the Sobolev space H? is an algebra, i.e. the product of
any two functions in H? is again in H¢. (Note that this is not true for all d, most notably in the case where
d = 0, for the product of two L? functions is not in L?.) Since H? is an algebra for d > 1/2, the operator

u— P(ju)’)u

is of order 0 as long as d > 1/2.

Thus the NLS equation is semi-linear and well-defined in Z;. Since dy = 0, and the order of Vh is 2,
and h is continuous in Z;, we can conclude that h(St(u)) is constant for u € Z;.

Note: The next comment will harken back to the question of whether the corollary about semi-linear
equations stated above was true for a linear part of any order.

For d € (1/2,1), the flow maps are continuous, but the Hamiltonian is not. It turns out, though, that
if we define h(u) = oo for u € Z; \ Zi, then we still have H(S*(u)) is constant, even for the “orbits with
infinite energy”.



Chapter 3

Integrable Hamiltonian PDE

3.1 Integrable Subsystems of Hamiltonian Equations

3.1.1 Some examples

Consider a Hilbert scale {Z,} defined by {6x] k € Z C Z}, with 6, > 0, 6 = c|k|™ + o(|k|™). By
Theorem 2.10, we know that Z, = Z.s, where 6 = (|k| + 1).

Let ay = Jdz Adz supply the symplectic structure, where J is an anti-selfadjoint morphism of the Hilbert
scale of the order —dy < 0. Let H =1/2(Az,z) + H(z), where A is a self-adjoint morphism with order d4.
The symplectic structure corresponds to the Hamiltonian equation

i = JVH = J(Au+ VH(w)) = Vi (u).

Definition 3.1
We say that H is quasi-linear if H is analytic on a domain Oq C Zg, for d > d4 /2, and VH is analytic of
order dgr, with d < d4. &

We state the following corollary which follows from interpolation:

Corollary 3.1

Let L be a bounded linear operator L: X, — X, that is symmetric (resp. anti-symmetric) in a real or
complex Hilbert scale {Xs}. Then L extends to a selfadjoint (resp. anti-selfadjoint) morphism of the scale
of order a — b, for s € [—b, al. P

So for any u € O4 C Zg, since (VH).: Zg = Zq_a, is a bounded linear operator, then (VH), extends
to a selfadjoint morphism of the scale {Z;}, of order dp, for s € [-d — dp,d], or

VH,: Zy = Zs_ay

IV H.,]| < o0.

s,s—dg

We denote d; = ord Vyy = d4 +dy < 2d+ dy. We do not assume that the flow maps of the the equation
are defined on the whole domain Oy.

Example: [KdV] Let {Z;| s € Z} = {H§(S',R)}. This the Sobolev scale of 2r-periodic functions with
0 mean value.

Let

) 102 1 [,

Then we have that

-1
(Zs, Jdu A du) = (Hg,— (%) du/\du) .

99
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The Hamiltonian is

7wn:%m%m+H@)

1 2 1 1 27
3 /0 Zu"u dz + 1 /0 u® dz

1 1 2 1 27
:guu' g”—g/o (u')Qda:—kZ/O u® dx

27T
/0 {—é(u')2 + iuB] dz.

i = JVH = J(Au+ VH)
a1, 3,
~ oz (4“ e

%(u" + 3u?),

Then (3.1.1) becomes

NN

under the boundary conditions

u(z,t) = u(x + 2m,t),

27
/ udr =0,
0

and we have that ordVyy = dy =dys +dy = 3.
Example: [Higher-order KdV] The KdV equation is an equation from an infinite hierarchy of Hamil-
tonian PDE’s. The [th equation from the hierarchy can be written as

u = JVH,,

with the Hamiltonian
2 2
%@:m/ kﬁwwﬁ+hm}m
0

where the higher-order terms have no derivatives with order more than | — 2, and K; # 0. The first
Hamiltonian in the hierarchy, H;, is the Hamiltonian in the previous example. It turns out that

1 2

Ho(u) = 5 / [(u")2 — 5u’u" — 5u4] dz,
0

and we can calculate that the actual second KdV equation is

1 10
o— —0B) _ -2 "2 ’ 3
W= qu 19 (5(’LL) + 10uu +10u).

Example: [Sine-Gordon Equation] Fill this in later.

3.1.2 Integrable Subsystems

We assume that (3.1.1) has an invariant submanifold 72" C O4 N Z,, such that the restriction of (3.1.1) to
72" is integrable.
Recall that a finite-dimensional Hamiltonian system is integrable is there is a canonical change of variables

g: (p,q) = (1,9)
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such that

and the system then becomes

f=-%55=0 I()=10).
oK
¢ =55 =w()) = w(I(0)),
SO
o(t) = wt + ¢o.

We need to make some assumptions on 72", most of which have to do with whether or not it has
singularities, and then as restricted to 72" would be degenerate. We’ll fix this potential problem by working
on a submanifold of 72", where the singularities have been removed.

First, let’s write

T2 = ®y(R x T"), R C R, and T" is a standard n-torus.

We assume that R is the real part of a complex analytic subset R¢, which is itself the zeros of an analytic
map : II° — CV~". Choose RS to be a proper subset of R® which contains all of the singularities, and denote
R to be the real part of RS. Choose RS, to be a proper subset of R® which contains all of the points where
®(a2) is non-degenerate, and denote R, to be the real part of RS, . In summary,

Ry :=R\ (R, U Ry)
is a set on which
1. the manifold 72" is non-degenerate, and
2. ®ja, restricted to Ry is non-degenerate.
We also denote
T := ®o(Rp x T™).
We will make four assumptions on 72".

1. ®9: R x T™ — Z; is analytic for all . From this we can also deduce that for some p > 0, ®¢ extends
to an analytic map : II° x {|Im 2| < p} — Z;.

2. We can choose Rs and Ry above in a way so that Ry, Rj are smooth analytic manifolds, and
@0(R0 X Tn) — 7
is an analytic immersion.

3. The set T@" is a smooth analytic submanifold of each space Z;, invariant for the equation (3.1.1), as
well as in each torus

T"(@) = Bo({w} x T"), @€ R".
Also, the equation restricted to T"(x) takes the form
2 =w(z),

where w extends to an analytic map w: I1¢ — C".

Note: Assumptions (2) and (3) assure than that manifold 72" is filled with smooth time-quasiperiodic
solutions of (3.1.1).
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4. The frequency map w(z) is assumed to be non-degenerate, i.e.
ws(z): Ty Ry — R"

is an isomorphism.

This can be viewed as amplitude-frequency modulation, i.e. by changing the amplitude vector x, we
can change the frequency vector w in a prescribed direction.

This implies that, for almost all x, the components of the vector w(z) rationally independent. Thus
the flow 2 = w(z) will be ergodic. Then we have that 77" is filled with smooth time-QP solutions of
(3.1.1).

Using Theorem 2.15, Equation (3.1.1) restricted to 77" is Hamiltonian. To check this, we need that
1. @, is linear and continuous (follows from assumption #2),
2. Vy restricted to Z; is tangent to ®o(Rg x T") (follows from assumption #3)

We want to claim that our system here is, in some sense, integrable. First we need some definitions.

Definition 3.2
Two functions fi, fo are in involution if {f, fo} = 0. We also say that f; and f, are independent. A
function f is a constant of motion (or first integral) of a Hamiltonian system with Hamiltonian H iff

{f,H}=0. &

Definition 3.3
If, in a system with n degrees of freedom, we know n constants of motion that are in involution, then then
system is Liouville-Arnold integrable (or, classically, integrable in quadrature). &

Lemma 3.2
The Hamiltonian equation (3.1.1) which satisfies assumptions (1)—(4) is Liouville-Arnold integrable in 762Z

We need one more definition before we prove the lemma:

Definition 3.4
A manifold M is Lagrangian if for any two vectors tangent to the manifold, £&,n € T, M, we have that

02(5:77) =0. *

Proof: Our goal is to show that we can find n independent constants of motion.
From assumption (4) we know that the flow

z = w(zx), on T"(z)

is ergodic, for almost all z.
Claim: A torus with ergodic flow is Lagrangian.
Since the flow maps of equation (3.1.1) are symplectic, their restriction to the torus preserve the form

Q2 = Ck2|Tn(z) .
Since the flow on the torus is ergodic, then
0y = Z Qi dz; A de,

with some constant coefficients a;;.
Of course, if we wanted to calculate a;;, we could simply average 2y along the 2-torus Tj; = {2| z; =
0 for [ #14,j}. Noting that {2, is exact, and using Stokes’ Theorem,

aij:/ QQZ/ dé': 520
Tl] Tl] BTl]
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Thus Qs = 0, and the torus is Lagrangian, and the claim is proven.

This is true for almost all tori, and by continuity (®o is analytic), we have that all the tori T"(x) are
Lagrangian.

Choose © € Rg. We choose coordinates x1, ..., 2, in the vicinity of the torus T"(x) C T&", and consider
the functions

fi2 Tg™ = o(a,y) — x;

As the f;’s are constant on each torus T"(z), then for any z € T"(z), and every tangent vector { € T, T"(z),
we have

<de(Z),f> = _92(ij (Z);E) =0.

Thus the vectors V7, (z) lie in the skew-orthogonal complement to 77" (x) (which is equal to 7,77 (x),
since the torus is Lagrangian).
Here, the functions f; are in involution as

{fj,fk} :Q2(ij7vfk)
= _<dfjvvfk>
= —(df;, IV fr) = = {f; fr} -

Similarly, each f; commutes with the Hamiltonian of the equation, and we thus have n independent
constants of motion.

By the last lemma, we know that Ry can be covered by a countable system of domains Ry ;, with
ro = URy_;, such that (3.1.1) restricted to each manifold

To = ®o(Ro,; x T")

admits action-angle variables (p,q) with actions p € P; CC R", and angles ¢ € T", so that we have
wy = dp A dg and (3.1.1) restricted to 75’7 takes the form

p=0
¢ = Vh(p),

and the actions p depend only on z.
If we want to construct the action-angle variables (p, ¢): choose the cycles @1, ..., Qn,

Q={(q1;-- ) i €S',q5 =0, #1}
to be homotopic to any n-cycles forming a basis of Hy(T",Z). One choice is
Qir~2Z :={pt.}x---xS" x-- x{pt.}cT"
with the circle in the Ith place.
Lemma 3.3

Under this choice of the @, and assumptions (1)—(3), the gradient Vh(p(x)) equals w(z). If, in addition,
assumption (4) holds, then ¢ = z + ¢°(=). -

Proof:  We know that
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SO
Oh
q(t) = o—t + ¢°,
(¥ Opj
and thus
@ — %, t — oo.
t Op

But this number can be interpreted geometrically as the number of intersections of any trajectory on T"(z)
with the cycle @;, i.e. the number of times is wraps around the torus.
Similarly, we can write

wjt +w°

: — Wy,

which can be interpreted as the number of intersections of any trajectory with the cycle Z;.
Since ); ~ Z;, we have that

oh

a—p—w.

By (3), we have that

so that

which gives us that
q = z + const, along each trajectory.

If we further assume (4), we get that the trajectories are dense in the torus 7" (z), so the assertion follows.

]
3.2 Lax-Integrable Equations
3.2.1 General Lax-Integrable Theory
Consider a Hamiltonian PDE
i = JVH(u). (3.1)

Definition 3.5
This equation is called Lax-integrable (or of Lax type) if there exist linear operators Ly, Ay, 4 € Zso,
such that a curve u(z,t) is a smooth solution of (3.1) iff

d

We should note that KdV, Sine-Gordon equations are equations of Lax type. We further assume that
the maps

u — Eu(t): u — Au(t)

are analytic, and that %Eu(t) is well-defined for any u(t) € Zs, which is C'. We will also write £; =
Ly, Ar = Aur)-



3.2. LAX-INTEGRABLE EQUATIONS 65

Lemma 3.4
Let xo € Zs be a smooth eigenvector of Ly, i.e. Loxo = Axo- Also, assume that the initial value problem

x=Aix,  x(0)=xo (3.3)

has a unique smooth solution x(t) € Zs. Then

Lex(t) = Ax(t), for all ¢. A
Proof:  We denote
§(t) = Lix(t),
n(t) = Ax(?)
Calculating,
if—iﬁ =[A Llx+ LAy = ALy = A¢
as = dat X =1 LlX X = X = )
whereas

d d
P a)\x = My = An.

Thus both £(¢) and n(t) both solve the initial-value problem, and by the uniqueness assumption, they must
be equal.

Note: The L-periodic spectrum of £, is made up of first integrals for (3.1.1) whenever (3.3) defines a
flow in the space of L-periodic vector functions.

3.2.2 The KdV Equation(s)

For KdV, we have an infinite sequence of first integrals,

I, = /ps(u,...,u(s))da:,

with ps; a polynomial. For example, we have

I, :/udm,
10:/u2dm,
2
Il :/<M+u3> dx.
2
_19
u_48:r
u(z,t) = u(x + 27, t),

2m
/ u(z,t)dz = 0.
0

Consider the KdV equation

(tgr + 3u?),

The Lax pair will be

82
b= o

o3 3 0 3
Av=gE tougy t g
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From [Mc77],[MT76], we know that the spectrum of the problem £,v = Av acting on C? functions of
period 47 will be single or double eigenvalues

A <AL <A < A3 < Ay — .

The corresponding eigenfunctions will be smooth if u(z) is smooth.
Example: Let u =0, then we have the eigenvalue problem

0%
Toar =
and the eigenvalues are
k2
>\2k - Z:
12
A21—1 1

and the corresponding eigenfunctions are

ok = (27r)_1/2 cos (%3) ,

P11 = (271')_1/2 sin (%) )

We also know that if u(z,t) is a smooth function periodic in x, then the equation
U= Ay(a,t)v, v(z,0) = vo(z),

has a unique, smooth, periodic (in z) solution v(z,t) for smooth, periodic initial data vo(z).
If we let our Hilbert scale be Z; = H*(R/4xZ), then the above lemma says that A(u(t,-)) is time-
independent if u(z,t) solves KdV.

Definition 3.6
The segment A; = [A2j_1, \2;] is called the jth spectral gap. The gap is open if Asj > A\aj_1, otherwise
it is closed. »

We define an integer n-vector v as
v=(vi,...,Vpn), v << Uy
and consider the set 7,2 defined as
72" = {u()| the gap A;(u) is open, iff j = v;}

Furthermore, if u € | 27, i.e. the operator £, has n open spectral gaps, we say that u is an n-gap potential.
Now, given a r = (r1,...,7;), we define

Trr) = {ue T |Ay, | =r;}.
Note that, by definition,

7= J ).

reRy

Using, again, results from elsewhere: In [GT8T], the spectrum A(u) is actually defined by the n-vector r,
and depends analytically on it. This is nontrivial, since we see that we can specify the spectrum simply by
specifying the gaps. Furthermore, each set 7,”(r) is non-empty, and is an analytic n-torus for Hg(S), for
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all s. From [Mc77],[Mos78],[GT87],[MT76], we can also say that the 7,7(r) are analytically glued together,
so that 7,2 is an analytic 2n-submanifold on each H§.

In summary: Since we’ve established that A(u(t,-)) is independent of time, then each set 7(r) is
invariant for the KdV flow. Thus we have the existence of KdV-invariant 2n-manifolds 7,2" that are foliated
by invariant n-tori 7,*(r).

One would expect, if we take an n-gap potential, and shrink one of the gaps, we should get an n — 1-gap
potential. More specifically, let v = (v1,...,v,), and take u € 7,>". If we were to change u so that the
vith gap shrank to a point, we would expect to get an n — 1-gap potential from the set 7’(?,’1‘*2””") The
following theorem says that this occurs in an analytic way:

Theorem 3.5

The closure of 7,2" in H§ (for s > 1), is a 2n-dimensional analytic submanifold of H§, diffeomorphic to
R*" = {z}. This manifold contains all finite-gap manifolds 7,27 where v™ C v(m < n). It passes through
the origin, and its tangent space at the origin is spanned by eljE € H§, with

1
e = 7 cos(y ),
e, = 7= sin(y;z).
Furthermore, we can choose coordinates z;, k = 1,...,2n, so that
1.
a = el+’ —6 = el_.
O0za1—1 0z '

2. If we take u with ||u||, small, and write it as
oo
u = \/;Z (u;rcosja: —u;sinj:r) ,
i=1
then

2
zop—1 = uwh + O(|ull),

- 2
22k = Uy, + O([luf[)-

3. We also have that

2 2 _ .2 .
z3;_1 +25; =rj, forall j.

o

Using Vey’s version of the integrability theorems (see [Vey78],[Ito89]), we can reword the above theorem
as below:

Theorem 3.6
If § is sufficiently small, and s > 1, then there is a 6; > 0 and an analytic map

U: 05, (R™) = =" CHy,  y=U(,y),

such that its image is contained in 7<2". The transformation y — z = 2(U(-,¥)) is a diffeomorphism of the
form z =y + O(|y[°) (so that y(0) = 0). Furthermore,

1. Uras = Eln:l Vl_ldy2l—1 A dyai,

2. The pullback of the Hamiltonian of the KdV equation is an analytic function, h™, of the arguments
1 2 2 2
Y1 T Y3, Yap—1 T Yap,
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3. for any | < n, the submanifold formed by the potentials u(z) such that |A,,| = 0 corresponds to the
subspace {y| y2—1 = y2r = 0},

4. the finite-gap torus 72"(r) can be written, in y coordinates, in the form {y3,_, + y3, = Ci(r)}. a

These coordinates will give us action-angle variables on 7,2". We choose

Loy 2
I = Q_Vj(y2j—1 +v35), (3.4)
aj = Arg(yzj—1 + iy2;). (3.5)

These coordinates are symplectic, since we can see by calculation that U*as = dI A dg. The KdV
Equation restricted to 7,=" takes the form

I=0,
g=Vh"(I).
Then we can write the finite-gap solutions which fill the manifold 72" as
u(t,z) =U(x;I,q+tVh"™(I)). (3.6)

Note that (see [Kuk00]) we can also write

R =\/y5; 1 +v5; = /205,

so that

1
Uray = 5 > dR? A dg;,
J

and since we know
=D (1 o)
7 2I/j ! ’
then we can say that

Rj =r;(1+ O(|r]%)). (3.7)

3.2.3 An integrable example
Most of this section is from [AS]. Recall the KdV equation:

1
us = (Uga + 3u2)x . (3.8)
We have the Lax pair
d2
Lu=—gm
d? 3 d 3
A= o= + su— + ~u,.

ded 2 dr 4

We know that u(z,t) solves the KAV iff £, = [Ay, Lu].
Recall that the eigenvalues of £, are constants of motion, i.e.

Eu(t)Xt = AXt;
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where

Xt =X = -AUX-

X' —ux=Axex"+ @+ N)x=0. (3.9)

Let’s fix some point z € [0, 27]. (Recall that we’re looking for solutions of KdV with periodic boundary
conditions, i.e. u(z,t) = u(z + 2m,t).)
Define ¢(z; zo, V\), ¢*(z; 20, VA) to be solutions of (3.9) that satisfy initial conditions

¢(330,330;‘/X) =1
¢*($0,$0,‘/X) =1
3.10
¢ (z0; 0, VA) = iV 210
¢;($0,$0;\/X) = —ivVA
Define
& (x; 20, VA) = <;i i£> (3.11)

Since we know that ¢, ¢* are two linearly independent solutions of a second-order initial value problem
(and thus span the set of solutions), we know that we can write

®(z + 2m; 20, VA) = T(z0, VA)®(2; 20, VN). (3.12)

Definition 3.7
The matrix T above is known as the monodromy matrix. Y

By calculation, we see that T" must have the form

G+ )
b* a* )’
Note that det ®, the Wronskian of (3.9), is independent of z. Thus
det ®(z + 27; zo, VA) = det ®(z, ; 2o, VA),

and therefore

detT =1.
Putting these two together, we have that

la]* = [b” = 1. (3.13)

We define Ej, E,, ... to be the eigenvalues of £,, acting on functions periodic of period 4x. (See Figure 3.1)
Consider a new boundary eigenvalue problem for (3.9):

Lyr =r, r(zo) = r(xo + 27) = 0. (3.14)
Since (r,r;) solve (3.9), we have that

r=A¢+ Bo*,
Ty = A¢x +B¢;:
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Rearp p B B B E =B
13 \72
A

\73

Figure 3.1: The eigenvalues E; and v;

71

so that
(r,rz) = (A, B)®.
Since
r(zg) =0= A+ B,
then
—-A=B
Also,

r(zo +2m) =0 = (A, —A)P(zo + 27)
— (4, —A)TD (o)

= (4,-4) (ba ;) G —Z;/x/XX>

The eigenvalues v that satisfy (3.14) have the property that Ima + Imb = 0. From (3.13), we have that
ap +aj — (b +b7) =1
ap — bk +aj —b3 =1
Since ar + by = 0, we know that a? — b = 0, and thus, for eigenvalues v, we have
ag =1+0b% > 1.

This says that the ’s must be inside the gaps (see figure).

Theorem 3.7
Suppose that we have N open gaps. Then the solution of KdV satisfies
2N+1 N
u(zo) = Y Ej—2) ;. (3.15)
j=1 j=1 [ )
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Proof:  We will consider yet more solutions of equation (3.9). We define the Bloch eigenfunctions,
which are solutions v (z; 2o, v/A) that satisfy

z,/}i(mO;mO:\/X) = 17
V(20 + 27r;330,\/x) = A

A calculation similar to above gives us that
Az: —2agA+ +1=0. (3.16)
For A large, we expect that
Y (220, V) & exp(£ivV A (z — zp)).

Let’s consider

—il d
X == i (log )
Thus, for A large, we have that
X+ & +V\.

Furthermore, if we use asymptotic methods and plug into Equation (3.9), we can calculate that

X+ R (\/X— 1;(3:\/(;_‘) - 2iuz>(\$0) +.. )

We also know that
Yy = Ad + Bo*.
So we have
Yy(zg)=1=A+B
P! (o) = ixY = ixs (wo) = iVA(A - B).

This and similar calculations for ¢_ gives us that

(1 + ﬁ) b+ % (1 - ﬁ) o* (3.17)

’(/J:t(l’;l’g,\/X) = \/X

DN | =

We also know that
by (z + 2150, VA) = Aptps (2320, V)

Using Equations (3.16) and (3.17), we can equate coefficients to get

(iv 1_%”1)’%) VA, (3.18)

ar + by

X% =

Remarks: It can be checked (but won’t be here) that (1 —a%) and (ar + br)/v/A are entire functions of
A. We know that a general entire function X can be written

j=1

X(z) = {ﬁ(z—m)} “E(2),
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where r; are the roots of X, and Z(2) is entire and has no zeros.
Recall that the E;’s are the roots of (1 — a%), and the 7;’s are the roots of a; + by. Renumbering the
E;’s and 7v;’s, to get the open gaps first, we can write

7

We should note that since all the gaps past IV are closed, we have double roots in the first expression
above, and also, that ynyr = Ey(nyp)-
Now, we have

2N+1 o)

1-ap=g() [] & (A = Ex(nin) ),
j=1 k:l
N 00

ar+b

= H A=) H A= YIN+k)

RV Y

Xor = (ar +br)

oy (i\/Hfl(A - E») [T, O\ = Bagvan)

92 (M) Ty A = %) TTeey A = vv4e)

00 (4L 0= 5)

g2(N TTZ, (A =)

So as A — o0,

- inspggtion/\( g1(A) ) (3.18)
on (92(A))?

Therefore

ZICVINN
(92(N))?

as A — 00. Since g; and g, are both entire functions without zeros, the quotient is entire, so by Liouville’s
Theorem,

So we can deduce that

j=1

Hk 1(A=7)?
2N+1
~ A+ Z ~Ej +2Z%+(’)<7>

oity? = L0 B)
OR -

Equating coefficients gives

2N+1

—u = Z —E; +227],

or

2N+1

u = Z E; —22%
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Now, we can calculate that

2
b _
d.T() N
H ('Yj - 'Yk)
k=1
k#j
N 1 2N
JNERI
@ _ k=1 k=1
dt N
T =)
k=1
kj
Define the Riemann surface
2N+1
RE)= [ A-E)),
j=1

putting the branch cuts in the open gaps. (see Figure 3.2)

El E2 E3 E4 E5

—————— Q) Qeemm———)

Figure 3.2: Da branch cutz

Define a coordinate P; = (7y;,0;) on the Riemann surface, with o = £1, which tells us which branch that
we’re on.

Define
N-1 X
E*dE
Qo (E) = Com———r.
(B) b (R(E))/2
k=0
We introduce new coordinates
N P;
(P P =Y [ ()
j=1"F2i

making the normalization

where a; is the loop encircling the jth branch cut.
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It is shown in [AS] that the change of coordinates
(Pl,...,PN) — (771,...,17]\[)
is invertible, so we can write

P = fi(m,...,nn).

We calculate

N
i _ ng(p)ﬂ
j

dl‘o -1 dl‘o
N N—-1 k 1/2
Y (B(7))
= ZZZ (Z Okal/Z( )) N

j=1 k=0
[T -
=1
1#]

Note: By Cauchy’s Theorem,

I=1
1#]
and so
dnm , .
—T’ = QZCNfl,m =: ZVm-
dCEO
Similarly,
dn IN+1
d—;” = —8iCN_9.m — 4CN_1.m ; Ej | = —iW,,.

So we can write
N (2o, t) = iViyx — iW,,t + 1,,(0,0),
or
Pj = f;(iVx —iWt + n(0)), (3.19)

which implies that the -y;’s are quasi-periodic functions.
Thus when we write

2N+1

N
U(Cﬂ,t): Z E’j—Z’)/j,
j=1 j=1

we see that the E;’s are independent of ¢, and the +;’s are quasi-periodic with respect to ¢, thus w is
quasi-periodic.
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3.2.4 A theorem on the frequencies

As we saw in the last section, when we have finite-gap solutions to KdV, they have space-quasiperiodic
profiles (with frequency V), which precess around tori (with time frequencies W).

It it proven in [Kuk00] that V = v, the numbering of the open gaps. The properties of W are going to
be important, since, as we recall, in KAM, the way we precess around tori is important to whether or not
the tori will survive under perturbation.

What we will show is

Theorem 3.8
3
_ Y 3

W;(r) = i + o r? 4. (32(2
i

We should note that this theorem says quite a lot. First, it says that as » — 0, W; looks like —Vj3/4.
Secondly, we claim that W never depends on r linearly, but quadratically, and, further, that the jth frequency
component depends quadratically only on the jth radial component. A priori, W; could depend on ry, but
this must happen at a very high order.

We will prove the theorem in the 1-gap and 2-gap cases, and see a technique to push the theorem for all
finite-gap solutions.

It is proven in [Kuk00] that as u — 0, for fixed V, we can say that

3

W-—>_j.
J 4

What does it mean to fix V and send v — 07 Fixing V tells us which gaps are open, but not how far
open they are. As we send u — 0, the gaps must necessarily close, but the open ones are staying open, so
essentially we are sending each r; — 0. In other words,

W; - —=L, r—0, (3.21)

proving the first term in the theorem.

By statement #2 in Theorem 3.6, we know that W is an analytic function of R?,..., R2, with R; =
(1 + O(|r]*)) (see Equation (3.7).

Let’s consider a small-gap solution, i.e. a solution u with |r| < 1. Using (3.6) and the fact that VA" = W,
we have

u="U(z; R,tW(R) + q)
=U(0; R, tW(R) + Vz + qo).

The second equality follows from the last section where we showed that these finite-gap solutions must have
a quasi-periodic profile. For simplicity, we denote

G(q,R) =U(0; R, q),
so that we have
u(t,z; R, q) = G(W(R)t + Vz + qo, R) (3.22)

(compare this to Equation 3.19).
We can deduce from Theorem 3.5 that

G(¢,R) = % S Ry cosq; + O(|RP). (3.23)
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Example: [l-gap potentials] Let n = 1, so that V.= V; =: k. We have an invariant 2-torus 7; filled
with time-periodic solutions w(z,t). We know that

w = G(kz + Wt + qo, R),

where we know that G(Y, R) is analytic, 2r-periodic in Y and W, and analytic in R?. Since

/wdszfor all ¢,

/GdeO.

1
G(Y,R) = R—=cosY + R?gs(Y) + R*g3(Y) + -+,
VT

where go and gs3 also satisfy the periodic boundary conditions, and by (3.21),

then

By (3.23), we have that

-1
W= T’“B + R*W, + O(RY).

We really want to find W5, and we’ll do so by a compatibility condition. Let’s plug the formula for w
into KdV to get

WG = 1k3Glu + §k(G2)I’
4 4
or
E*G" — AW G + 3kG* = const.

Plugging Equation (3.23) into the above, and equating the coefficients for R? and R?, we get:

3k
R?: k*gy + k*gs + — cos®(Y) = const., (3.24)
m

R?: kg 4+ k3g3 — 4W5 cos(Y) + 6kga cos(Y) = const.. (3.25)

Solving equation (3.24) gives us that

1
92 =~ cos(2x).

If we plug this into (3.25), we get

-1/ 3 3
g5 + g3 = = <% - 4W2> cos(Y) + T cos(Y) sin*(Y).

This is an inhomogeneous equation, but note that cos(Y’) solves the homogeneous equation. So forcing
the equation with cos(Y) will lead to resonance (and we couldn’t get a solution with periodic boundary
conditions). Therefore

3
—— = 4W.
2km >
or
3
Wy = —,
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proving the theorem for the 1-gap case with the formula

k3  3R?

For more gaps, we will use a “method of descent”-like method. First, some notation:
IftU = (Uy,...,U,), and m < n, we denote

U™ = Uy,...,Up,...,Up).

Recalling part 3 of Theorem 3.6, consider a n-gap manifold TVSQn. When we close a gap, we get the
manifold 7—31—2‘
We should also note that

Wm(R)|Rm:0 = W(R™), (3.27)
which is simply a restatement of part 3 of Theorem 3.6.

Theorem 3.9
1. Let m <n, R € R" with |R| < 1. Assume that R,, =0 ,and r; # 0 for [ # m. Then

un—1(t,z; R™,q) = G(Va + Wt + ¢; R™)

is an (n — 1)-gap solution in T." (R™) with frequency W™,

2. Let r¢ be the vector (Ry,...,¢,..., R,), with the € in the mth spot. If we choose ¢,, € S*, then

v= 2G’(V:v + Wt + g, RY)
Oe e=0

solves

.1
UV — ZVgga =

4

N

0
%(un,lv). (328g

Proof: Clear after Equation (3.27).

|
Also, since U is analytic in y, then so is G. If we change variables to
wj = Y25-1 + inj =: Rjeiqj,
W—j = Wy,
then G must also be analytic in the w variables, so we can write

n
G(g,R) = Z Csw® = Z Cs H R;"Jrs*p exp(igp(sp — s—p))- (3.29)

s€RY seRZy  p=l1

Example: [2-gap potential] Let’s assume that we have a 2-gap potential with the mth and kth gaps
open, k # m. Assume that we have a

ueT*R,R) C TS 0<R <R« 1.

»m?
So we know we have

ut,z; R, R ,q) =GV + Wt +¢q,R, R) (3.30)
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We know that V = (k,m), so denote W = (W, Wy,),q = (qk, ¢m)-
If we set R’ to 0, then we get the 1-gap potential
w(t,z; R) = u(t,z; R,0),

and we know that

vi= Wu(t,x,R, 0) o

solves equation (3.28) with u,_; = w. By earlier arguments, Wi (R,0) = W(R), so that W (R,0) satis-
fies (3.26) with R = Ry,.
Since W (R, R') is an analytic function of R?, (R')?, we have that

Differentiating Equation (3.30) with respect to R', we have
U |p_g =G (Ve + Wt+¢q,R,0).
Considering Equation (3.29) gives us

oG
OR'

= Z Cs(R* 51 exp(iqy (s1 — 5-1)) (52 + s_2)(R')*2 T2 exp(iga(s2 — 5_2))).
sERZ

If we plug in R’ = 0, and write

Z =mx + Wyt + qm,
Y = kz + Wit + g,

we get
Ci(1+ f(Y,R))e'” + Cy(1+g(Y, R))e™ 7,
with f(V,0) = g(¥,0) =0, and |Cy| + |Ca| # 0.

Taking linear combinations, we can write
v=¢e?H(Y,R)
H=1+Rh(Y)+Rhy(Y)+--,

where we’ve simply expanded H in a Fourier series with respect to R.
Substituting v into

o1
v — Z'Uacmc = 5(“%—17})30’
and multiplying both sides by e, we get
7 (0 18\ 3 ;0
C_lZ (a — Z%) e’ZH = ie_lZ%(welZH). (331)

According to Equation (3.21), we know that the function W,, (R, 0) has the form

3
W (R, 0) = —mT +wo R+ O(RY,

and thus

3
e~ <— - ——> e'Z = iwyR* + O(RY).
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The left hand side of (3.31) is, after some serious calculation,

k 8 5 (. k 0
where
8?3 0?2 0
_ 2
M=k —6Y3+3zmlcay2 (k* 3m)8Y

After some more calculation, we can get that the right hand side of (3.31) is

3 0 3 ) ) 0
ER (zmwl + kaY ) + §R2 <zmw2 + imw hy + ka—Y(wlhl + w2)> 4o

Equating coefficients for the R and R? terms gives us

—EMh = §zm 9 - wy + §k:w (imsinY + kcosY)
4T 2\ ay Pt T 2[
k 2\ "'[3 3

_ZMh2 =1 <6Y> {im(u& + wlhl) — w2:| + ik(wlhl + ’LUQ)

Since the average

3 3 cos2Y [
<§m(w2 +wihy) — uJ2> = <§m <m - %smYcosY) —w2> = —wy

must vanish, we know that wy = 0. Therefore we know v has the form

v = elmatWnttam) (1 - ij?? sin(kz + Wit + qx) + (’)(R2)> )

and since wy = 0, we know that W,,, = —m?*/4 + O(r*). So for R’ = 0, and R — 0, we have

k> 3R? .
__F o 32
Wi Ry + O(RY), (3.32)
m3
Wi = =+ O(RY). (3.33)

Lemma 3.10
For any finite-gap manifold TVQ" the corresponding frequency vector W(R) has the following asymptotics
as R=(Ry,...,R,) — 0:

3
W;(R :——V3 —32 O(R|*
and the result remains true with the R variables replaced with the r variables. 'y

Proof:  The zeroth-order terms follows from (3.21). For small R, each W is an analytic function of
the R = ;’s. If we apply (3.27) iteratively, we get that W;(0,..., R;,...,0) is the frequency of the one-gap
solution w above, and thus (3.26) implies that

ow; 3
oy T &V
if we apply (3.27) again, we find that the function W;(0,...,R;,..., Ry, ...,0) is the first component of the
frequency vector of a two-gap solution. Equation (3.32) gives us that
ow;
O

and the result follows.
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3.3 Linearized Equations and their Floquet Solutions

3.3.1 Motivation

Most of this motivation comes straight from [Arn83].
Consider the ordinary differential equation

z = A(t)z,

where A(t): C — C is 2r-periodic in time. Since we have a 2w-periodic vector field, the solutions must also
be 27-periodic, and thus to solve the system, it suffices to know the monodromy map

M:C"—-C"?
z(0) — z(27).
This is the analytic version of the Poincaré map idea in dynamical systems. There is a theorem

Theorem 3.11 (Floquet’s Theorem)
If M is non-degenerate (in the sense of linear algebra), then there is a 2m-periodic change of variables
x = B(t)y so that

y = Ay.
27r)\5_

Also, if the eigenvalues of A are Ay, then the eigenvalues of M are us =e

o

The situation is a little more complicated in the case where we have a quasi-periodic vector field. For
example, assume we have the differential equation

& = Az + v(t)z,
where v(t) is small and quasi-periodic. Let’s look for a change of variables
z =y +h(t)y,
with h small, to put our system in the form
y=Ay.
Then we calculate:

T=y+h(t)y + h(t)y
= Ay + hAy + hy.

On the other hand,

& =Ax+ hz
= Ay + Ahy + vy + vhy.

If both h and v are small, we can neglect their product and get
Ay + hAy + hy = Ay + Ahy + vy,
or
hAy — Ahy + iLy = vy,
or

[h,A] + h = v. (3.34)
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This is known as the homological equation.

Recall that A and v are given, and we are solving for h. Of course, we may not be able to solve this
equation for every choice of A, v.

We assume that A has a compete eigenbasis, i.e. that there are n vectors e, such that

Ae, = \pep.-

If we write h and v in Taylor series as

v = E Uk,ne’kten,
k,n

h = E hk,neikten,
k,n

plug these into (3.34), and equate coefficients, we have

Vk,n
Bioy = —kom
T

Thus we have a resonance condition. If the frequencies of v are the same as the eigenvalues of A, we’re in
a bit of trouble. One way to look at this is that if we have a vector field v and a linear constant-coefficient
piece A such that there are resonances, Equation (3.34) is not solvable. Another way to look at this is, given
a linear, constant-coefficient piece A, we are restricted in the class of time-dependent perturbations v we can
allow. We will see an analogy in the PDE’s later.

In summary, we take a quasi-periodic vector field, and make it autonomous by a change of variables. We
should note that the change of variables is essentially to use our quasi-periodic solutions to parameterize our
new vector field. These solutions are known as Floquet solutions.

3.3.2 Floquet theory for Hamiltonian PDEs

We assume that we have a symplectic space (Z,as) with Z = Z; for some fixed d, and ay = Jdz A dz. We
assume that we have a quasi-linear PDE

o= JVH(u) = J(Au + VH(u)) =: Vy(u), (3.35)

where ord A = ds,ord VH = dy < da,ord J = dj, and we assume that d > d4/2.
We also assume that we have an invariant 2n-torus 72" C Z, where we parameterize

T2 = ®y(R x T™).
Recall that we also excise all of the singularities in this torus by restricting our action variables and get
T&"™ = ®o(Ro x T™).

See Theorem 3.6 for a review of the properties of ®¢ and Ry.
By part 3 of Theorem 3.6, we know we have a quasi-periodic solution

uo(t) = wo(t;ro, 20) = Po(w(t)),
where
wo(t) = (ro, 20 + tw(rop)).
We will linearize (3.35) about ug to get
0 =J(Av + (VH).(ug)v) =: JAwv. (3.36)

We denoted the flow maps of this linearized equation as St,,(uo(7)) if they exist. We make the further

T
assumption that for all ug € 752", the maps St,, (uo(7)) are well-defined in Z; for —0o < t,7 < 0.
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This is in analogy to the previous section in that, we now have a linear equation, but it nonautonomous,
and, furthermore, the vector field depends quasi-periodically on time.

What we will show in this section is, if we assume that we have a “complete” system of Floquet solutions
(in a sense to be made precise later), which is essentially a nondegeneracy condition on our PDE, then we
can write down the change of variables that makes our PDE constant-coefficient.

It should be noted that this assumption is not restrictive. For example, Kuksin shows in [Kuk00] that
any Lax-integrable equation has such a system.

Definition 3.8
We say that v(t) is a Floquet solution if there is a ¥, a section of the complexified tangent bundle on Z,
based at T¢™, i.e. ¥: Ry x T — TCZ|7-02n , and a function v(r) such that
v(t) = v(t; T, 20) = € W (wy(t)),
where
wo(t) = (ro, 20 + tw(rop)).

We also say that v is a skew-orthogonal Floquet solution is ¥ is a section of T+T3", i.e. ¥ is a normal
vector to our torus, instead of a tangent vector. &

We should note that, given v, the function v is not uniquely defined. For example, if we write
v = ei<s’z>‘l!1(r, z), s€ezm,
then we can write
v = ei("(ro)+<w(ro)7S>)tei(s720>q;l(wo(t))’

so that v(r) is really only defined up to the Z-module w(r) - Z™.
We will assume

1. We have a family v;(t) of Floquet solutions, such that different solutions have different exponents.
Note that if v; is a solution, then so is 77 with the exponent —7;(r). In other words, we know our
family of Floquet exponents is invariant with respect to the involution

Vi —U.

2. Our family of Floquet exponents is invariant with respect to the involution v — 7, which will imply
that it is also invariant with respect to v — —v.

3. For any j # k, there is an r € Ry with v; # vy.

4. The v}, are real-analytic on R, and ¥y, extends to an analytic map II¢ x {|Im 2| < §} — Z°.

Just to make our life easy, we will enumerate our solutions to that v_; = —v;.
Note that ¥; (restricted to an n-torus 77" (r)) are eigenvectors of S§, acting on TJ-C762”| Tn(r) because
Sé*\:[/j = eiyj(r)\I’j.

Assumption #4 above is crucial, and a bit of a cheat. In general, this will not be true. What can be shown
in a general setting (e.g. Lax-integrable equations) is that by excising even more of our action variables, we
can have, for all “large” indices (|j] > j1), that the v; are analytic, by playing with some algebraic geometry
(see [Kuk00]). This would cause us a lot of problem in the proofs later, but the results will be essentially
the same. But we’re making our lives easy here.

As simple example of what can go wrong is the 1-parameter family

1 —-a
Ba:<1 _1>_

Although the eigenvalues of B, are continuous functions of a, they aren’t even differentiable. Of course, the
differentiability fails only at one point, so by excising some of the a values, we can get the eigenvalues to be
analytic.
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3.3.3 Complete Floquet systems

Let {¢;} be a symplectic Hilbert basis of the real Hilbert space Zs, in that it respects the form, i.e. for
J >0,

as[pj, d-r] = (Jbj, d—k) = 10k,
with u; > 0. We set p_; = —p;. Since the ¢4, form a Hilbert space basis, we know that
Tk = kb -

This means that with respect to the basis ¢y, the operator J is almost diagonal, in that the indices almost
match up. Remember that ord.J = —d; < 0, and thus ord J = d; > 0.
Let’s denote 1/]‘-] = u;l, and thus we have, by Theorem 2.10, that

Crl'k% <l <Cik™.
Now we define a new basis on Z¢ as

Vj = —=(¢j —id—;)

12 (65 +id—j) = ;.

Nis

V=

S

We can easily check that
o[y, P-i] = i6j k.
Using the definition of inner product in a complex Hilbert space, this means that
Jubj = ipjiy,
or
T = v ;.
Note that we have a basis which still respects the symplectic form, but for which J is now diagonal.
Assume that we have a system of Floquet solutions {v;}, with the corresponding sections ¥;. For each
(r,z) € Ry x T, we define the map ®; as
Oy (r,z): Y] = Z°¢
’L/Jj — \I’j (T, Z)

We would like to define a complete family of Floquet solutions in the most natural sense, in that we can
fill up our space with Floquet solutions. Our definition would be

Definition 3.9 (But not really the definition)
A family of Floquet solutions {v;} is called complete if the exponents satisfy assumptions (1)—(4) above,

and the sections form a skew-orthogonal basis of T+T2™°. &

What we’ll really define is

Definition 3.10
A family of Floquet solutions {v;} is called complete if the exponents satisfy assumptions (1)—(4) above,
and

1. They are skew-orthogonal Floquet solutions,

2. (a) Bj = —ias[¥;, ¥_;] is independent of z,
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(b) there is a nonempty subdomain of Ry where 3; # 0,
(¢) W, W_i] =if;(r)djk,

3. The ¥;(w) are analytic in w and asymptotically close to ¥;, and the v;(r) are asymptotically close to
constants, i.e.

(a) The map ®,(w) is analytic in w and equals the identity up to a A-smoothing transformation, i.e.
[®1(w) = g 40a <C, for allw € Y°.
b) The B;(r) are analytic in R$, and there exists u; such that
( j y 15 Hj
(—dy—A
18;(r) — pil < C2|§]9 77,
(c) We have that
lvi ()] < Cs lj|"4
LA
|V;(r)] < Cali]|™
with A < du +dy.
[
In words, assumption #2 essentially means that the ¥; act like a symplectic basis, and when they show

up in the inner product, they are independent of z.
We have a lemma (proven in [Kuk00]) that says that these two definitions are the same, i.e.

Lemma 3.12
Under the assumptions of our definition, the ¥; form a complete (in the sense of span) skew-orthogonal
basis of T+72mc, N

3.3.4 Non-resonance conditions

Definition 3.11

Assume that we have {v;} a family of Floquet solutions with exponents v;(r), which satisfy assumptions
(1)—(4). Let us further assume that there is an open set O C Ry such that for all s € Z", and for j, k € Z
with j # —k, then

(w(r),s) +vj(r) £0, in O,
(w(r),s) +vi(r) +vi(r) #0, in O,
where (recall that) w(r) comes from the pullback of the equation to Ry x T",
7 =0,
z =w(r).
Note that we can also restate these conditions as
vj(r) 0,
vj $_£ Vi,
if we think of these as lying in R™ /(w(r) - Z™). If this is true, we say the exponents are non-resonant. &
Note that the definition has to only hold on an open set, but we get a lot for free, simply by analytic

continuation. If an analytic function is equal to 0 on an open set, then it must be 0 almost everywhere,
which we will state in the following
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Lemma 3.13
If a system of Floquet exponents is non-resonant, then each resonance function is not zero almost everywher&.

Definition 3.12
An Floquet family which satisfies assumptions (1)—(4) on the exponents, satisfies (1)—(3) of the completeness
definition, and satisfies the non-resonance condition is called complete non-resonant. &

It is shown in [Kuk00] that if the non-resonance condition is satisfied, then we also have (1), (2a), and
(2¢) of the completeness definition. We can summarize this in the following;:

Corollary 3.14

If we have a Floquet family {v;} which satisfies assumptions (1)—(4) on the exponents, (2b) and (3) of
the completeness definition, and the non-resonance condition, then it is a complete non-resonant family,
i.e. gives a family of sections which are skew-orthogonal to 72", span the orthogonal complement, and are
non-resonant. o

This corollary is actually a significant improvement. The reason is that it is typically very difficult to
check assumption (2) in the completeness definition, since it is a condition on the ¥;. On the other hand,
non-resonance is relatively easy to check, since it’s a restriction on the exponents.

The next theorem is the culmination of this whole section, in that we state and prove the analogous
result to Floquet’s Theorem for ODEs.

Theorem 3.15 (The Badness!)
Given a complete non-resonant Floquet family, we can normalize ¥;,; such that

Qaldj, ¢k = i1k 1
still holds, and Jy; = Z'V}II/JJ'. Furthermore,
1. for all (r, 2), the map ®4(r, z) defines a symplectic isomorphism
Dy(r,z): Y — quo(,,’z)TQn’c
which is analytic in r and z.
2. The nonautonomous map ®; sends solutions y(t) of the autonomous Hamiltonian equation
y = JB,y, yeye (3.37)
to solutions of (3.36). Also, B, is self-adjoint, ord B, = ord A, and

ordV, B, <A —dj.

3. JB, is diagonal in the basis formed by the %;, and, for all j,

JBT’(/J]' = il/j(T‘)’(/Jj. ‘

Before we prove this, we should again remark that assumption #4 on the exponents, the assumption of
analyticity, will make this proof much, much easier. The general case is dealt with in [Kuk00], and is much
more difficult.

Proof: The numbers 3;(r) are real, nonzero, and odd in j. Assumption (3b) of completeness gives us
that

1 .
|ﬁ](r)| > 5“3; as j) — o0,
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and thus is true for |j| > j; for some ji. For |j| > ji, the function sgnj - 8; > 0. If, for some j with
|7] < j1 the function sgnj - 8; < 0, then simply interchange v; and v_; (because we didn’t want 'em like
that anyway).

We know that, 3;(r)v] is positive (since the map j — v/ is odd in j). All we have to do now is normalize:

Replace ¥; by (Vjﬂj(?"))_l/2 ¥ ,;, and we can check that
(W5, O] = al;, ¢ ;]
Define the linear operator B, on this basis as
v;(r
Brl/)] = L‘])I/}ja
Vi
and extend linearly,so that
JBT’QZJ]' = ’L.I/j (T)’QZJ]'.

Clearly, we can define B; in a self-adjoint way, and we are done.

3.4 A normal form theorem

To summarize, what we did in the last section was put new coordinates on the invariant torus 72" to put
the equation in constant coefficient form. What we will do here is put a skew-orthogonal coordinate neat
the invariant torus, and show that we can put the Hamiltonian into a nice normal form near the invariant
torus.

Recall that we have action-angle variables (p, ¢) on the torus, and the previous section says that we have
coordinates to give us

p=0 (3.38)
§=Vh=uw (3.39)
j = JBpy. (3.40)

Let’s assume that we have a complete Floquet family, so that all of Z is filled by either p, ¢, or y
coordinates. We define

CK%/ = a2|Y )
and we know in these coordinates that
a%/ = Jdy A dy.
Recall that both &, and ®; are functions of p, g, so we define a function

®(p,q,y) = o(p, q) + 21(p,q)y-
Since
‘I’|Wx{o} =@
Pl yx0s(y) = P1(w) (up to translation),

we know that ® is a symplectomorphism, and if we define ws®*as, we know that ws = dp A dg on the set
{y=0} =75
We would like to say that
Wy = dp/\dq@a%/,

but this isn’t exactly true. We can say that they differ by an exact piece, as in the following lemma, from
[Kuk00]:
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Lemma 3.16
If Wy = (I)*Oég, then
wy = dp Adg® ay + d(L(w,y) dw),
where

L= %@ (@1 (w)y, V@1 (w)y] o

We want to see what happens to the Hamiltonian under this change of variables. We will denote w =
(p,q) € W. Let

®' = &, (p,q+tVh).
Note that ®° = ®; (w), and that the Floquet-like theorem from the last section says that
v(t) = @y(1),

where y solves (3.38) and v solves (3.36).
Recall that the Hamiltonian

1
H(v) = 3 (Av,v) + H(v).
If we change variables, we have
1 1
Ho® = 5 (A®o, Do) + (APo, 1Y) + 5 (A®yy, 1y) + H(®).

If we expand this in y, then we have

1
(5 (A‘I’o, ‘I>0> + H(‘Po)) +
+ ((A®o, @1y) + (VH(®Po), P1y)) +

+ (3 (A1, 1)+ H(®) = H(B0) — (VH (00, 313))

The constant term is just the Hamiltonian on the torus (which we know is integrable). The linear term
is

Vy(Ho @)

y=0"

Since the torus is invariant, this must be 0. Thus we have

1
Hod=h(p)+ 3 (Bpy,y) + h2(p,q,y),

where hy = O(||y||*).

If we expand hsy in y, we get

h2(p7q)y) = <B(p7 q)y)y> +h3(p7q)y)7

N | =

where 3 = O([ly|1°).
It is proven in [Kuk00] that

Theorem 3.17

There is a symplectic transformation ¢ that gives

Ho®oo=h(p) + 3 (Byyu) + 3 (B0.0.0) + ha(pa,0), (341

with hs = O(||y||*), and, furthermore, in these coordinates,

cmzdp/\dq@agf. A
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We see that ¢ must be O(y?) close to 1. Thus ¢, (w,0)[go1xy = 1. Then we know that
(@0 9), (w(t),0)y(t) = (u(w(?),0)) y(?)
A priori, the map
y = (2.(w(t),0))y

sends solutions of (3.38) to solutions of (3.36). On the other hand ® o ¢ sends solutions of the system with
Hamiltonian (3.41) to solutions of (3.35). Thus (® o ¢),(w) sends solutions of

y=J(Bp+B(pq))y (3.42)
to solutions of (3.35), and ¢.(w) sends solutions of (3.42) to solutions of (3.38). Therefore
JBpy = J(By + B(w(t)))y,
or

B(p,q) =
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