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PREFACE

Many of the standard texts on power transformers are now over ten
years old and some much older. Much has changed in transformer design
since these books were written. Newer and better materials are now
available for core and winding construction. Powerful computers now
make it possible to produce more detailed models of the electrical,
mechanical and thermal behavior of transformers than previously
possible. Although many of these modern approaches to design and
construction are found scattered in the literature, there is a need to have
this information available in a single source as a reference for the designer
or power engineer and as a starting point for the student or novice.

It is hoped that the present work can serve both purposes. As a text for
beginners, we emphasize the physical basis of transformer operation. We
also discuss the physical effects which result from various fault conditions
and their implications for design. Physical principles and mathematical
techniques are presented in a reasonably self-contained manner, although
references are provided to additional material. For the specialist such as
a power or transformer design engineer, detailed models are presented
which focus on various aspects of a transformer under normal or
abnormal conditions. Cost minimization techniques, which form the
starting point for most designs, are also presented.

Although this book primarily deals with power transformers, many
of the physical principles discussed or mathematical modeling
techniques presented apply equally well to other types of transformers.
The presentation is kept as general as possible so that designers or users
of other transformer types will have little difficulty applying many of
the results to their own designs. The emphasis on fundamentals should
make this process easier and should also foster the development of new
and more powerful design tools in the future.

The International System of Units (SI) is used throughout the text.
However, an occasional figure, graph, or table may show quantities in
the British system of units. Sometimes a quantity is given in British units
in parentheses after its metric value.

References are referred to generally by the first three letters of the first
author’s name followed by the last two digits of the publication date, e.g.
[Abc98]. In cases where this format cannot be followed, an appropriate
substitute is made. They are listed alphabetically at the end of the book.

We wish to thank Harral Robin for guidance throughout the course of
this work. We would also like to acknowledge many helpful suggestions
from power industry representatives and consultants over the years.

© 2002 by CRC Press

www.EngineeringBooksPDF.com



1. INTRODUCTION TO
TRANSFORMERS

Summary Beginning with the principle of induction discovered by
Faraday, the transformer slowly evolved to fill a need in electrical
power systems. The development of 3 phase a.c. power has led to a
great variety of transformer types, We discuss some of these types
and their use in power systems. We also discuss and contrast some of
the main construction methods. The principle components of a
transformer are highlighted with special emphasis on core-form power
transformers. Some of the basic considerations which determine the
design of these components are presented. A look at some newer
technologies is given which could impact the future development of
transformers.

1.1 HISTORICAL BACKGROUND

Transformers are electrical devices which change or transform voltage
levels between two circuits. In the process, current values are also
transformed. However, the power transferred between the circuits is
unchanged, except for a typically small loss which occurs in the process.
This transfer only occurs when alternating current (a.c.) or transient
electrical conditions are present. Transformer operation is based on the
principle of induction discovered by Faraday in 1831. He found that
when a changing magnetic flux links a circuit, a voltage or electromotive
force (emf) is induced in the circuit. The induced voltage is proportional
to the number of turns linked by the changing flux. Thus when two
circuits are linked by a common flux and there are different linked turns
in the two circuits, there will be different voltages induced. This situation
is shown in Fig. 1.1 where an iron core is shown carrying the common
flux. The induced voltages V, and V, will differ since the linked turns N;
and N, differ.

1
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2 INTRODUCTION

iron core
Pl
N, - V;
d
b |
changing flux

Figure 1.1 Transformer principle illustrated for two circuits linked by a common
changing flux

Devices based on Faraday’s discovery, such as inductors, were little
more than laboratory curiosities until the advent of a.c. electrical
systems for power distribution which began towards the end of the
nineteenth century. Actually the development of a.c. power systems and
transformers occurred almost simultaneously since they are closely
linked. The invention of the first practical transformer is attributed to
the Hungarian engineers Karoly Zipernowsky, Otto Blathy, and Miksa
Deri in 1885 [Jes97]. They worked for the Hungarian Ganz factory.
Their device had a closed toroidal core made of iron wire. The primary
voltage was a few kilo volts and the secondary about 100 volts. It was
first used to supply electric lighting.

Modern transformers differ considerably from these early models but
the operating principle is still the same. In addition to transformers used
in power systems which range in size from small units which are attached
to the tops of telephone poles to units as large as a small house and
weighing hundreds of tons, there are a myriad of transformers used in the
electronics industry. These latter range in size from units weighing a few
pounds and used to convert electrical outlet voltage to lower values
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INTRODUCTION 3

required by transistorized circuitry to micro-transformers which are
deposited directly onto silicon substrates via lithographic techniques.

Needless to say, we will not be covering all these transformer types
here in any detail, but will instead focus on the larger power
transformers. Nevertheless, many of the issues and principles discussed
are applicable to all transformers.

1.2 USES IN POWER SYSTEMS

The transfer of electrical power over long distances becomes more
efficient as the voltage level rises. This can be seen by considering a
simplified example. Suppose we wish to transfer power P over a long
distance. In terms of the voltage V and line current I, this power can be
expressed as

P-VI (1.1)

where rms values are assumed and the voltage and current are assumed
to be in phase. For a line of length L and cross-sectional area A, its
resistance is given by

L

R=p— 1.2

n (12)
where p is the electrical resistivity of the line conductor. The electrical
losses are therefore

2
Loss=I’R=E]—;I-— (1.3)

and the voltage drop is

Voltagcdmp=[R=£% (1.4)
Substituting for I from (1.1), we can rewrite the loss and voltage
drop as

2

pLP pLP
Loss=—— ,  Voltage drop=— 1.5
0SS AV oltage drop AV (1.5)

© 2002 by CRC Press

www.EngineeringBooksPDF.com



4 INTRODUCTION

Since P, L, p are assumed given, the loss and voltage drop can be made
as small as desired by increasing the voltage V. However, there are
limits to increasing the voltage, such as the availability of adequate
and safe insulation structures and the increase of corona losses.

We also notice from (1.5) that increasing the cross-section area of the
line conductor A can lower the loss and voltage drop. However as A
increases, the weight of the line conductor and therefore its cost also
increase so that a compromise must be reached between the cost of
losses and acceptable voltage drop and the conductor material costs.

In practice, long distance power transmission is accomplished with
voltages in the range of 100-500 kV and more recently with voltages as
high as 765 kV. These high voltages are, however, incompatible with safe
usage in households or factories. Thus the need for transformers is
apparent to convert these to lower levels at the receiving end. In addition,
generators are, for practical reasons such as cost and efficiency, designed
to produce electrical power at voltage levels of ~10 to 40 kV. Thus there
is also a need for transformers at the sending end of the line to boost the
generator voltage up to the required transmission levels. Fig. 1.2 shows a
simplified version of a power system with actual voltages indicated. GSU
stands for generator step-up transformer.

Transmission line Distribution
Transformer
138 kV 12.47kV
138kV 240/120 Volts
13.8 k\
oo
Generator GSU Transformer Transformer House
(Step-Up) (Step-Down)

Figure 1.2 Schematic drawing of a power system

In modern power systems, there is usually more than one voltage
step-down from transmission to final distribution, each step down
requiring a transformer. Fig. 1.3 shows a transformer situated in a
switch yard. The transformer takes input power from a high voltage
line and converts it to lower voltage power for local use. The secondary
power could be further stepped down in voltage before reaching the
final consumer. This transformer could supply power to a large number
of these smaller step down transformers. A transformer of the size
shown could support a large factory or a small town.
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INTRODUCTION N

Figure 1.3 Transformer located in a switching station, surrounded by auxiliary equipment

There is often a need to make fine voltage adjustments to
compensate for voltage drops in the lines and other equipment. These
voltage drops depend on the load current so they vary throughout the
day. This is accomplished by equipping transformers with tap changers.
These are devices which add or subtract turns from a winding, thus
altering its voltage. This process can occur under load conditions or
with the power disconnected from the transformer. The corresponding
devices are called respectively load or no-load tap changers. Load tap
changers are typically sophisticated mechanical devices which can be
remotely controlled. The tap changes can be made to occur
automatically when the voltage levels drop below or rise above certain
predetermined values. Maintaining nominal or expected voltage levels
is highly desirable since much electrical equipment is designed to
operate efficiently and sometimes only within a certain voltage range.
This is particularly true for solid state equipment. No-load tap
changing is usually performed manually. This type of tap changing can
be useful if long term drifts are occurring in the voltage level. Thus it is
done infrequently. Fig. 1.4 shows three load tap changers and their
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6 INTRODUCTION

connections to three windings of a power transformer. The same
transformer can be equipped with both types of tap changers.

Figure 1.4 Three load tap changers attached to three windings of a power transformer.
These tap changers were made by the Maschinenfabrik Reinhausen Co., Germany.

Most power systems today are three phase systems, i.e. they produce
sinusoidal voltages and currents in three separate circuits which are
displaced in time relative to each other by 1/3 of a cycle or 120 electrical
degrees as shown in Fig. 1.5. Note that, at any instant of time, the 3
voltages sum to zero. Such a system made possible the use of generators
and motors without commutators which were cheaper and safer to
operate. Thus transformers were required which transformed all 3 phase
voltages. This could be accomplished by using 3 separate transformers,
one for each phase, or more commonly by combining all 3 phases within
a single unit, permitting some economies particularly in the core
structure. A sketch of such a unit is shown in Fig. 1.6. Note that the three
fluxes produced by the different phases are, like the voltages and currents,
displaced in time by 1/3 of a cycle relative to each other. This means that,
when they overlap in the top or bottom yokes of the core, they cancel
each other out. Thus the yoke steel does not have to be designed to carry
more flux than is produced by a single phase.

© 2002 by CRC Press

www.EngineeringBooksPDF.com



INTRODUCTION 7

-
n

Phase a Phase b ppase ¢

-
s

e
(2]

Relative voitage magnitude
o

Time - relative units

Figure 1.5 Three phase voltages versus time.

Fluxa Flux b yoke Fluxc
0 /‘\ 1#\
) D
D D
Phase a D Phase b ; Phase ¢
D 9 D
leg 1 leg — g P
yoke

Figure 1.6 Three phase transformer utilizing a 3 phase core

At some stages in the power distribution system, it is desirable to
furnish single phase power. For example, this is the common form of
household power. To accomplish this, only one of the output circuits of
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8 INTRODUCTION

a 3 phase unit is used to feed power to a household or group of
households, The other circuits feed similar groups of households.
Because of the large numbers of households involved, on average each
phase will be equally loaded.

Because modern power systems are interconnected so that power can
be shared between systems, sometimes voltages do not match at
interconnection points. Although tap changing transformers can adjust
the voltage magnitudes, they do not alter the phase angle. A phase
angle mismatch can be corrected with a phase shifting transformer.
This inserts an adjustable phase shift between the input and output
voltages and currents. Large power phase shifters generally require two
3 phase cores housed in separate tanks. A fixed phase shift, usually of
30°, can be introduced by suitably interconnecting the phases of
standard 3 phase transformers, but this is not adjustable.

Transformers are fairly passive devices containing very few moving
parts. These include the tap changers and cooling fans which are
needed on most units. Sometimes pumps are used on oil filled
transformers to improve cooling. Because of their passive nature,
transformers are expected to last a long time with very little
maintenance. Transformer lifetimes of 25-50 years are common. Often
units will be replaced before their useful life is up because of
improvements in losses, efficiency, and other aspects over the years.
Naturally a certain amount of routine maintenance is required. In oil
filled transformers, the oil quality must be checked periodically and
filtered or replaced if necessary. Good oil quality insures sufficient
dielectric strength to protect against electrical breakdown. Key
transformer parameters such oil and winding temperatures, voltages,
currents, and oil quality as reflected in gas evolution are monitored
continuously in many power systems. These parameters can then be
used to trigger logic devices to take corrective action should they fall
outside of acceptable operating limits. This strategy can help prolong
the useful operating life of a transformer. Fig. 1.7 shows the end of a
transformer tank where a control cabinet is located which houses the
monitoring circuitry. Also shown projecting from the sides are radiator
banks equipped with fans. This transformer is fully assembled and is
being moved to the testing location in the plant.
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INTRODUCTION 9

Figure 1.7 End view of a transformer tank showing the control cabinet which houses
the electronics.

1.3 CORE-FORM AND SHELL-FORM TRANSFORMERS

Although transformers are primarily classified according to their function
in a power system, they also have subsidiary classifications according
to how they are constructed. As an example of the former type of
classification, we have generator step-up transformers which are connected
directly to the generator and raise the voltage up to the line transmission
level or distribution transformers which are the final step in a power
system, transferring single phase power directly to the household or
customer. As an example of the latter type of classification, perhaps the
most important is the distinction between core-form and shell-form
transformers.

The basic difference between a core-form and shell-form transformer
is illustrated in Fig. 1.8. In a core-form design, the coils are wrapped or
stacked around the core. This lends itself to cylindrical shaped coils.
Generally high voltage and low voltage coils are wound concentrically,
with the low voltage coil inside the high voltage one. In the 2 coil split
shown in Fig. 1.8a, each coil group would consist of both high and low
voltage windings. This insures better magnetic coupling between the
coils. In the shell form design, the core is wrapped or stacked around the
coils. This lends itself to flat oval shaped coils called pancake coils,
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10 INTRODUCTION

with the high and low voltage windings stacked on top of each other,
generally in more than one layer each in an alternating fashion.

core coils

coils coils core core

(a) Core-form (b) Shell-form

Figure 1.8 Single phase core-form and shell-form transformers contrasted

Each of these types of construction has its advantages and
disadvantages. Perhaps the ultimate determination between the two
comes down to a question of cost. In distribution transformers, the shell
form design is very popular because the core can be economically
wrapped around the coils. For moderate to large power transformers,
the core-form design is more common, possibly because the short circuit
forces can be better managed with cylindrically shaped windings.

1.4 STACKED AND WOUND CORE CONSTRUCTION

In both core-form and shell-form types of construction, the core is made
of thin layers or laminations of electrical steel, especially developed for
its good magnetic properties. The magnetic properties are best along
the rolling direction so this is the direction the flux should naturally
want to take in a good core design. The laminations can be wrapped
around the coils or stacked. Wrapped or wound cores have few, if any,
joints so they carry flux nearly uninterrupted by gaps. Stacked cores
have gaps at the corners where the core steel changes direction. This
results in poorer magnetic characteristics than for wound cores. In larger
power transformers, stacked cores are much more common while in
small distribution transformers, wound cores predominate. The
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INTRODUCTION 11

laminations for both types of cores are coated with an insulating coating
to prevent large eddy current paths from developing which would lead
to high losses.

In one type of wound core construction, the core is wound into a
continuous "coil". The core is then cut so that it can be inserted around
the coils. The cut laminations are then shifted relative to each other and
reassembled to form a staggered stepped type of joint. This type of joint
allows the flux to make a smoother transition over the cut region than
would be possible with a butt type of joint where the laminations are
not staggered. Very often, in addition to cutting, the core is reshaped
into a rectangular shape to provide a tighter fit around the coils.
Because the reshaping and cutting operations introduce stress into the
steel which is generally bad for the magnetic properties, these cores
need to be reannealed before use to help restore these properties. A
wound core without a joint would need to be wound around the coils or
the coils would need to be wound around the core. Techniques for doing
this are available but somewhat costly.

In stacked cores for core-form transformers, the coils are circular
cylinders which surround the core. Therefore the preferred cross-section
of the core is circular since this will maximize the flux earning area. In
practice, the core is stacked in steps which approximates a circular
cross-section as shown in Fig. 1.9. Note that the laminations are
coming out of the paper and carry flux in this direction which is the
sheet rolling direction. The space between the core and innermost coil is
needed to provide insulation clearance for the voltage difference
between the winding and the core which is at ground potential. It is also
used for structural elements.
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12 INTRODUCTION

laminations

Figure 1.9 Stepped core used in core-form transformers to approximate a circular
cross-section

For a given number of steps, one can maximize the core area to
obtain an optimal stacking pattern. Fig. 1.10 shows the geometric
parameters which can be used in such an optimization, namely the x
and y coordinates of the stack corners which touch the circle of radius
R. Only 1/4 of the geometry is modeled due to symmetry
considerations.
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Figure 1.10 Geometric parameters for finding the optimum step pattern
The corner coordinates must satisfy
x? +y? =R? (L.6)

For a core with n steps, where n refers to the number of stacks in half the
core cross-section, the core area, A,, is given by

Ay =4 (% —x)y; = 4D (x; -, YR? - x? (1.7)
i=1 1=l

where x(=0. Thus the independent variables are the x; since the y; can be
determined from them using (1.6) To maximize A,, we need to solve the
n equations

?x[do (1.8)

We can show that
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’A,
ax?

(1.9)

<0

so that the solution to (1.8) does represent a maximum. Inserting (1.7)
into (1.8), we get after some algebraic manipulation,

(R2 - foxi}, -x;(3x; —2x-|_|)]+xiz(x-, - x-,_,)z =0,i=1..,n (1.10)

In the first and last equations (i=1 and i=n), we need to use x,=0 and
Xp1=R.

Since (1.10) represents a set of non-linear equations, an approximate
solution scheme such as a Newton-Raphson iteration can be used to
solve them. Note that these equations can be normalized by dividing by
R* so that the normalized solution coordinates x/R are independent of
R. Table 1.1 gives the normalized solution for various numbers of steps.

Table 1.1 Normalized x coordinates which maximize the core area for a given number
of steps.

# Steps | Fract of circle Normalized x coordinates, x/R
n occupied
A/nR?

1 6366 7071

2 71869 .5257, .8506

3 .8510 4240, 7070, .9056

4 .8860 .3591, .6064, .7951, 9332

5 9079 13138, .5336, .7071, .8457, .9494

6 9228 .2802, .4785, .6379, .7700, .8780, .9599

7 .9337 .2543, 4353, .5826, .7071, .8127, .9002,
9671

8 9419 .2335, 4005, .5375, .6546, 7560, .8432,
9163, .9723

9 9483 2164, 3718, 4998, .6103, .7071, .7921,
8661, .9283, .9763

10 9534 2021, .3476, 4680, .5724, .6648, 7469,
8199, .8836, .9376, .9793

In practice, because only a limited number of standard sheet widths
are kept in inventory and because stack heights are also descretized, at
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least by the thickness of an individual sheet, it is not possible to achieve
the ideal coverage given in the table. Fig. 1.11 shows a 3 phase stepped
core for a core-form transformer without the top yoke. This is added
after the coils are inserted over the legs. The bands around the legs are
made of a high strength non-conducting material. They help hold the
laminations together and prevent them from vibrating in service. Such
vibrations are a source of noise.

Figure 1.11 Three phase stepped core for a core-form transformer without the top
yoke.

1.5 TRANSFORMER COOLING

Because power transformers are greater than 99% efficient, the input
and output power are nearly the same. However because of the small
inefficiency, there are losses inside the transformer. The sources of
these losses are I’R losses in the conductors, losses in the electrical
steel due to the changing flux which it carries, and losses in metallic
tank walls and other metallic structures caused by the stray time varying
flux. These losses lead to temperature rises which must be controlled
by cooling. The primary cooling media for transformers are oil and
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air. In oil cooled transformers, the coils and core are immersed in an
oil filled tank. The oil is then circulated through radiators or other
types of heat exchanger so that the ultimate cooling medium is the
surrounding air or possibly water for some types of heat exchangers.
In small distribution transformers, the tank surface in contact with the
air provides enough cooling surface so that radiators are not needed.
Sometimes in these units the tank surface area is augmented by means
of fins or corrugations.

The cooling medium in contact with the coils and core must provide
adequate dielectric strength to prevent electrical breakdown or
discharge between components at different voltage levels. For this
reason, oil immersion is common in higher voltage transformers since
oil has a higher breakdown strength than air. Often one can rely on the
natural convection of oil through the windings, driven by buoyancy
effects, to provide adequate cooling so that pumping isn’t necessary. Air
is a more efficient cooling medium when it is blown by means of fans
through the windings for air cooled units.

In some applications, the choice of oil or air is dictated by safety
considerations such as the possibility of fires. For units inside buildings,
air cooling is common because of the reduced fire hazard. While
transformer oil is combustible, there is usually little danger of fire since
the transformer tank is often sealed from the outside air or the oil
surface is blanketed with an inert gas such as nitrogen. Although the
flash point of oil is quite high, if excessive heating or sparking occurs
inside an oil filled tank, combustible gasses could be released.

Another consideration in the choice of cooling is the weight of the
transformer. For mobile transformers such as those used on planes or
trains or units designed to be transportable for emergency use, air
cooling might be preferred since oil adds considerably to the overall
weight. For units not so restricted, oil is the preferred cooling medium
so that one finds oil cooled transformers in general use from large
generator or substation units to distribution units on telephone poles.

There are other cooling media which find limited use in certain
applications. Among these is sulfur hexaflouride gas, usually
pressurized. This is a relatively inert gas which has a higher breakdown
strength than air and finds use in high voltage units where oil is ruled
out for reasons such as those mentioned above and where air doesn’t
provide enough dielectric strength. Usually when referring to oil cooled
transformers, one means that the oil is standard transformer oil.
However there are other types of oil which find specialized usage. One
of these is silicone oil. This can be used at a higher temperature than
standard transformer oil and at a reduced fire hazard.
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1.6 WINDING TYPES

For core-form power transformers, there are two main methods of
winding the coils. These are sketched in Fig. 1.12. Both types are
cylindrical coils, having an overall rectangular cross-section. In a disk
coil, the turns are arranged in horizontal layers called disks which are
wound alternately out-in, in-out, etc. The winding is usually continuous
so that the last inner or outer turn gradually transitions between the
adjacent layers. When the disks have only one turn, the winding is
called a helical winding. The total number of turns will usually dictate
whether the winding will be a disk or helical winding. The turns within
a disk are usually touching so that a double layer of insulation separates
the metallic conductors. The space between the disks is left open, except
for structural separators called key spacers. This allows room for
cooling fluid to flow between the disks, in addition to providing
clearance for withstanding the voltage difference between them.

S

] [

inner inner ‘1 —1 [
radius radius — ™1 [
: outer : : : :

. radius L

. — — —

(a) Disk coil (b) Layer coil

Figure 1.12 Two major types of coil construction for core-form power transformers
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In a layer coil, the coils are wound in vertical layers, top-bottom,
bottom-top, etc. The turns are typically wound in contact with each
other in the layers but the layers are separated by means of spacers so
that cooling fluid can flow between them. These coils are also usually
continuous with the last bottom or top turn transitioning between the
layers.

Both types of winding are used in practice. Each type has its
proponents. In certain applications, one or the other type may be more
efficient. However, in general they can both be designed to function
well in terms of ease of cooling, ability to withstand high voltage
surges, and mechanical strength under short circuit conditions.

If these coils are wound with more than one wire or cable in parallel,
then it is necessary to insert cross-overs or transpositions which interchange
the positions of the parallel cables at various points along the winding.
This is done to cancel loop voltages induced by the stray flux. Otherwise
such voltages would drive currents around the loops formed when the
parallel turns are joined at either end of the winding, creating extra losses.

The stray flux also causes localized eddy currents in the conducting
wire whose magnitude depends on the wire cross-sectional dimensions,
These eddy currents and their associated losses can be reduced by
subdividing the wire into strands of smaller cross-sectional dimensions.
However these strands are then in parallel and must therefore be
transposed to reduce the loop voltages and currents. This can be done
during the winding process when the parallel strands are wound
individually. Wire of this type, consisting of individual strands covered
with an insulating paper wrap, is called magnet wire. The
transpositions can also be built into the cable. This is called
continuously transposed cable and generally consists of a bundle of 5-
83 strands, each covered with a thin enamel coating. One strand at a
time is transposed along the cable every 12 to 16 times its width so that
all the strands are eventually transposed approximately every 25-50
cm (10-20 in) along the length of the cable. The overall bundle is then
sheathed in a paper wrap.

Fig. 1.13 shows a disk winding situated over inner windings and core
and clamped at either end via the insulating blocks and steel structure
shown. Leads emerging from the top and bottom of one of the inner
windings are also visible on the right. The staggered short horizontal
gaps shown are transition points between disks. Vertical columns of key
spacer projections are also barely visible. This outer high voltage
winding is center fed so that the top and bottom halves are connected in
parallel. The leads feeding this winding are on the left.
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Figure 1.13 Disk winding shown in position over inner windings and core. Clamping
structures and leads are also shown.
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1.7 INSULATION STRUCTURES

Transformer windings and leads must operate at high voltages relative
to the core, tank, and structural elements. In addition, different windings
and even parts of the same winding operate at different voltages. This
requires that some form of insulation between these various parts be
provided to prevent voltage breakdown or corona discharges. The
surrounding oil or air which provides cooling has some insulating
value. The oil is of a special composition and must be purified to
remove small particles and moisture. The type of oil most commonly
used, as mentioned previously, is called transformer oil. Further
insulation is provided by paper covering over the wire or cables. When
saturated with oil, this paper has a high insulation value. Other types
of wire covering besides paper are sometimes used, mainly for specialty
applications. Other insulating structures which are generally present
in sheet form, often wrapped into a cylindrical shape, are made of
pressboard. This is a material made of cellulose fibers which are
compacted together into a fairly dense and rigid matrix. Key spacers,
blocking material, and lead support structures are also commonly made
of pressboard.

Although normal operating voltages are quite high, 10-500 kV, the
transformer must be designed to withstand even higher voltages which can
occur when lightning strikes the electrical system or when power is
suddenly switched on or off in some part of the system. However
infrequently these occur, they could permanently damage the insulation,
disabling the unit, unless the insulation is designed to withstand them.
Usually such events are of short duration. There is a time dependence to
how the insulation breaks down. A combination of oil and pressboard
barriers can withstand higher voltages for shorter periods of time. In other
words, a short duration high voltage pulse is no more likely to cause
breakdown than a long duration low voltage pulse. This means that the
same insulation that can withstand normal operating voltages which are
continuously present can also withstand the high voltages arising from
lightning strikes or switching operations which are present only briefly. In
order to insure that the abnormal voltages do not exceed the breakdown
limits determined by their expected durations, lightning or surge arresters
are used to limit them. These arresters thus guarantee that the voltages will
not rise above a certain value so that breakdown will not occur, assuming
their durations remain within the expected range.

Because of the different dielectric constants of oil or air and paper,
the electric stresses are unequally divided between them. Since the oil
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dielectric constant is about half that of paper and air is even a smaller
fraction of papers’, the electric stresses are generally higher in oil or
air than in the paper insulation. Unfortunately, oil or air has a lower
breakdown stress than paper. In the case of oil, it has been found that
subdividing the oil gaps by means of thin insulating barriers, usually
made of pressboard, can raise the breakdown stress in the oil. Thus
large oil gaps between the windings are usually subdivided by multiple
pressboard barriers as shown schematically in Fig. 1.14. This is
referred to as the major insulation structure. The oil gap thicknesses
are maintained by means of long vertical narrow sticks glued around
the circumference of the cylindrical pressboard barriers. Often the
barriers are extended by means of end collars which curve around the
ends of the windings to provide subdivided oil gaps at either end of the
windings to strengthen these end oil gaps against voltage breakdown.

JERRREI
11RE0I
LT
LV
winding
key spacer sticks
e —
(a) Side view (b) Top view

Figure 1.14 Major insulation structure consisting of multiple barriers between
windings. Not all the keyspacers or sticks are shown.

The minor insulation structure consists of the smaller oil gaps
separating the disks and maintained by the key spacers which are narrow
insulators, usually made of pressboard, spaced radially around the disk’s
circumference as shown in Fig. 1.14b. Generally these oil gaps are small
enough that subdivision is not required. In addition the turn to turn
insulation, usually made of paper, can be considered as part of the minor
insulation structure. Fig. 1.15 shows a pair of windings as seen from the
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top. The finger is pointing to the major insulation structure between the
windings. Key spacers and vertical sticks are also visible.

Figure 1.15 Top view of two windings showing the major insulation structure, key
spacers, and sticks
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The leads which connect the windings to the bushings or tap
changers or to other windings must also be properly insulated since they
are at high voltage and pass close to tank walls or structural supports
which are grounded. They also can pass close to other leads at different
voltages. High stresses can be developed at bends in the leads,
particularly if they are sharp, so that additional insulation may be
required in these areas. Fig. 1.16 shows a rather extensive set of leads
along with structural supports made of pressboard. The leads pass close
to the metallic clamps at the top and bottom and will also be near the
tank wall when the core and coil assembly is inserted into the tank.

Figure 1.16 Leads and their supporting structure emerging from the coils on one side
of a 3 phase transformer

Although voltage breakdown levels in oil can be increased by means
of barrier subdivisions, there is another breakdown process which must
be guarded against. This is breakdown due to creep. It occurs along the
surfaces of the insulation. It requires sufficiently high electric stresses
directed along the surface as well as sufficiently long uninterrupted
paths over which the high stresses are present. Thus the barriers
themselves, sticks, key spacers, and lead supports can be a source of
breakdown due to creep. Ideally one should position these insulation
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structures so that their surfaces conform to voltage equipotential
surfaces to which the electric field is perpendicular. Thus there would be
no electric fields directed along the surface. In practice, this is not
always possible so that a compromise must be reached.

The major and minor insulation designs, including overall winding
to winding separation and number of barriers as well as disk to disk
separation and paper covering thickness, are often determined by
design rules based on extensive experience. However, in cases of newer
or unusual designs, it is often desirable to do a field calculation using a
finite-element program or other numerical procedure. This can be
especially helpful when the potential for creep breakdown exists.
Although these methods can provide accurate calculations of electric
stresses, the breakdown process is not as well understood so that there is
usually some judgment involved in deciding what level of electrical
stress is acceptable.

1.8 STRUCTURAL ELEMENTS

Under normal operating conditions, the electromagnetic forces acting
on the transformer windings are quite modest. However, if a short
circuit fault occurs, the winding currents can increase 10-30 fold,
resulting in forces of 100-900 times normal since the forces increase
as the square of the current. The windings and supporting structure
must be designed to withstand these fault current forces without
permanent distortion of the windings or supports. Because current
protection devices are usually installed, the fault currents are interrupted
after a few cycles.

Faults can be caused by falling trees which hit power lines, providing
a direct current path to ground or by animals or birds bridging across
two lines belonging to different phases, causing a line to line short.
These should be rare occurrences but over the 20-50 year lifetime of a
transformer, their probability increases so that sufficient mechanical
strength to withstand these is required.

The coils are generally supported at the ends with pressure rings.
These are thick rings of pressboard or other material which cover the
winding ends. The center opening allows the core to pass through. The
rings are in the range of 3-10 cm (1-4 in) for large power transformers.
Some blocking made of pressboard or wood is required between the
tops of the windings and the rings since all of the windings are not of the
same height. Additional blocking is usually placed between the ring
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and the top yoke and clamping structure to provide some clearance
between the high winding voltages and the grounded core and clamp.
These structures can be seen in Fig. 1.13. The metallic clamping
structure can also be seen.

The top and bottom clamps are joined by vertical tieplates which
pass along the sides of the core. The tieplates have threaded ends so
they pull the top and bottom clamps together by means of tightening
bolts, compressing the windings. These compressive forces are
transmitted along the windings via the key spacers which must be
strong enough in compression to accommodate these forces. The
clamps and tieplates are made of steel. Axial forces which tend to
elongate the windings when a fault occurs will put the tieplates in
tension. The tieplates must also be strong enough to carry the
gravitational load when the core and coils are lifted as a unit since the
lifting hooks are attached to the clamps. The tieplates are typically
about 1 cm (3/8 in) thick and of varying width depending on the
expected short circuit forces and transformer weight. The width is often
subdivided to reduce eddy current losses. Fig. 1.17 shows a top view of
the clamping structure. The unit shown is being lifted by means of the
lifting hooks.

The radial fault forces are countered inwardly by means of the sticks
which separate the oil barriers and by means of additional support next
to the core. The windings themselves, particularly the innermost one,
are often made of hardened copper or bonded cable to provide
additional resistance to the inward radial forces. The outermost
winding is usually subjected to an outer radial force which puts the
wires or cables in tension. The material itself must be strong enough to
resist these tensile forces since there is no supporting structure on the
outside to counter these forces. A measure of the material’s strength is
its proof stress. This is the stress required to produce a permanent
elongation of 0.2% (sometimes 0.1% is used). Copper of specified proof
stress can be ordered from the wire or cable supplier.

The leads are also acted on by extra forces during a fault. These are
produced by the stray flux from the coils or from nearby leads
interacting with the lead’s current. The leads are therefore braced by
means of wooden or pressboard supports which extend from the clamps.
This lead support structure can be quite complicated, especially if there
are many leads and interconnections. It is usually custom made for each
unit. Fig. 1.16 is an example of such a structure.
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Figure 1.17 Top view of clamping stmcture for a 3 phase transformer.

© 2002 by CRC Press

www.EngineeringBooksPDF.com



INTRODUCTION 27

The assembled coil, core, clamps, and lead structure is placed in a
transformer tank. The tank serves many functions, one of which is to
contain the oil for an oil filled unit. It also provides protection not only
for the coils and other transformer structures but for personnel from the
high voltages present. If made of soft (magnetic) steel, it keeps stray flux
from getting outside the tank. The tank is usually made airtight so that
air doesn’t enter and oxidize the oil.

Aside from being a containment vessel, the tank also has numerous
attachments such as bushings for getting the electrical power into and
out of the unit, an electronic control and monitoring cabinet for
recording and transferring sensor information to remote processors and
receiving control signals, and radiators with or without fans to provide
cooling. On certain units, there is a separate tank compartment for tap
changing equipment. Also some units have a conservator attached to
the tank cover or to the top of the radiators. This is a large, usually
cylindrical, structure which contains oil in communication with the
main tank oil. It also has an air space which is separated from the oil by
a sealed diaphragm. Thus, as the tank oil expands and contracts due to
temperature changes, the flexible diaphragm accommodates these
volume changes while maintaining a sealed oil environment. Fig 18
shows a large power transformer installed in a switchyard. The
cylindrical conservator is visible on top of the radiator bank. The high
and low voltage bushings which are mounted on the tank cover are
visible. Also shown are the surge arresters which in this case are
mounted on top of the conservator.
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Figure 1.18 Large power transformer showing tank and attachments.
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1.9 THREE PHASE CONNECTIONS

There are two basic types of 3 phase connections in common use, the Y
(Wye) and A (Delta) connections as illustrated schematically in Fig.
1.19.In the Y connection, all 3 phases are connected to a common point
which may or may not be grounded. In the A connection, the phases are
connected end to end with each other. In the Y connection, the line
current flows directly into the winding where it is called the winding or
phase current. Note that in a balanced 3 phase system, the currents sum
to zero at the common node in Fig. 1.19a. Therefore, under balanced
conditions, even if this point were grounded, no current would flow to
ground. In the A connection, the line and phase currents are different.
On the other hand, the line to line voltages in the Y connection differ
from the voltages across the windings or phase voltages whereas they
are the same in the A connection. Note that the coils are shown at
angles to each other in the figure to emphasize the type of interconnection
whereas in practice they are side by side and vertically oriented as
shown for example in Fig. 1.16. The leads are snaked about to handle
the interconnections.

line current

(a) Y connection (b) A connection

Figure 1.19 Basic 3 phase connections
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To be more quantitative about the relationship between line and
phase quantities, we must resort to phasor notation. The 3 phase
voltages as shown in Fig. 1.5 can be written

V.=V, cos(wt), V=V, cos(wt+240°), V.=V, cos(mt+120°) (1.11)

where V, is the peak voltage, t is the time, and ® the angular frequency
(@=2f, f the frequency in Hz). Actually the 240° and 120° above should
be expressed in radians to be consistent with the expression for @. When
using degrees, ®=360°f should be understood. Using the identity

e®=cos0+jsin® (1.12)
where j is the imaginary unit (j>=”1), (1.11) 10 can be written
V, =V, Refe}, v, =V, Re{e*“*"“‘“]} V.=V, Re{e"‘“*”""’} (1.13)

where Re denotes taking the real part of.

Complex quantities are more easily visualized as vectors in the
complex plane. Thus (1.12) can be described as a vector of unit
magnitude in the complex plane with real component cos 6 and
imaginary component sin 6 This can be visualized as a unit vector
starting at the origin and making an angle 6 with the real axis. Any
complex number can be described as such a vector but having, in
general, a magnitude different from unity. Fig. 1.20 shows this pictorial
description. As 6 increases, the vector rotates in a counter clockwise
fashion about the origin. If we let 8=wt, then as time increases, the
vector rotates with a uniform angular velocity @ about the origin. When
dealing with complex numbers having the same time dependence, e,
asin (1.13), it is customary to drop this term or to simply set t=0. Since
these vectors all rotate with the same angular velocity, their relative
positions with respect to each other in the complex plane remain
unchanged, i.e. if the angle between two such vectors is 120° at t=0, it
will remain 120° for all subsequent times. The resulting vectors, with
common time dependence removed, are called phasors.
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Imaginary
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general phasor
V, (complex number)

N Real

A

Figure 1.20 Phasors as vectors in the complex plane

Using bold faced type to denote phasors, from (1.13) define
V,=V, , WV, =Ve™® | v =ve” (114

Then to recover (1.13), multiply by the complex time dependence and
take the real part. These phasors are also shown in Fig. 1.20. Note that
the process of recovering (1.13), which is equivalent to (1.11), can be
visualized as multiplying by the complex time dependence and taking
their projections on the real axis as the phasors rotate counterclockwise
while maintaining their relative orientations. Thus V, peaks (has maximum
positive value) at t=0, V} achieves its positive peak value next at ot=120°
followed by V. at wt=240°. This ordering is called positive sequence
ordering and V,, V,,, V. are referred to as a positive sequence set of voltages.
A similar set of phasors can also be used to describe the currents. Note
that, using vector addition, this set of phasors adds to zero as is evident in
Fig. 1.20.

If V,, Vi, V. are the phase voltages in a Y connected set of
transformer windings, let V,, denote the line to line voltage between
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phases a and b, etc, for the other line to line voltages. Then these
voltages are given by,

V.h =V.-Vh N th =Vb—Vc N V“-'-Vc-va (1.15)

Using a phasor description, these can be readily calculated. The line to
line phasors are shown graphically in Fig. 1.21. Fig. 1.21a shows the
vector subtraction process explicitly and Fig. 1.21b shows the set of 3
line to line voltage phasors. Note that these form a positive sequence set
that is rotated 30° relative to the phase voltages. The line to line voltage
magnitude can be found geometrically as the diagonal of the
parallelogram formed by equal length sides making an angle of 120°
with each other. Thus we have

Vol = Ve = Vo = {IVa[? # V[ =2V, Vi cos120°

= IV Vo Ve = V3V,

(1.16)

where | | denotes taking the magnitude. We have used the fact that the
different phase voltages have the same magnitude.

Imag Imag
AR R $\\“ v'b///7
\ a
¥, | Ve > ~ -~ ~ e
b | Vi ~y Real ~ |- 30 Real
L, ~ -
| Pre
‘ P A Vyu
Ve
J
%
a) Vector subtraction b) Line to line voltages
(a)

Figure 1.21 Phasor representation of line to line voltages and their relation to the
phase voltages in a Y connected set of 3 phase windings
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Thus the magnitude of the line to line voltage is V3 times the phase
voltage magnitude in Y connected transformer coils. Since the phase
voltages are internal to the transformer and therefore impact the
winding insulation structure, a more economical design is possible if
these can be lowered. Hence, a Y connection is often used for the high
voltage coils of a 3 phase transformer.

The relationship between the phase and line currents of a delta
connected set of windings can be found similarly. From Fig. 1.19, we
see that the line currents are given in terms of the phase currents by

I. =l!b -lca N lb =lbc-lab N Ic =I“ _Ibc (1.17)

These are illustrated graphically in Fig. 1.22. Note that, as shown in
Fig. 1.22b, the line currents form a positive sequence set rotated -30°
relative to the phase currents. One could also say that the phase currents
are rotated +30° relative to the line currents. The magnitude relationship
between the phase and line currents follows similarly as for the voltages

in a Y connection. However, let us use phasor subtraction directly in
(1.17) to show this. We have

I, =|Ly[e"” - |1, [e"*" =|L,,| - |L.|(cos120°+jsin120°)

1 .3 1) .3
:Ilahl_Ilcal(_‘2'+JT]=|lah||:(l+E]_J7:l (1.18)
ol + 3¢« Bina

where we have used I1,,/=I1,l.
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Figure 1.22 Phaser representation of line currents and their relation to the phase
currents in a delta connected set of 3 phase windings

Thus the magnitude of the line current into or out of a delta connected
set of windings are V3 times the winding or phase current magnitude.
Since low voltage windings have higher phase currents than high voltage
windings, it is common to connect these in delta because lowering the
phase currents can produce a more economical design.

The rated power into a phase of a 3 phase transformer is the terminal
voltage to ground times the line current. We can deal with magnitudes
only here since rated power is at unity power factor. Thus for a Y
connected set of windings, the terminal voltage to ground equals the
voltage across the winding and the line current equals the phase
current. Hence the total rated power into all three phases is 3xthe phase
voltage xthe phase current which is the total winding power. In terms of
the line to line voltages and line current, we have, using (1.16), that the
total rated power is ¥3x the line to line voltagexthe line current.

For a delta connected set of windings, there is considered to be a
virtual ground at the center of the delta. From the geometrical
relationships we have developed above, the line voltage to ground is
therefore the line to line voltage+v3. Thus the total rated power is 3x
the line voltage to groundxthe line current=v3xline to line voltagexthe
line current. Since the phase voltage equals the line to line voltage and
the phase current=1/43x the line current according to (1.18), the total
rated power can also be expressed as 3xthe phase voltagexthe phase
current or the total winding power. Thus the total rated power, whether
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expressed in terms of line quantities or phase quantities, is the same for
Y and delta connected windings. We also note that the rated input
power is the same as the power flowing through the windings. This may
be obvious here, but there are some connections where this is not the
case, in particular autotransformer connections.

An interesting 3 phase connection is the open delta connection. In
this connection, one of the windings of the delta is missing although the
terminal connections remain the same. This is illustrated in Fig. 1.23.
This could be used especially if the 3 phases consist of separate units
and if one of the phases is missing either because it is intended for future
expansion or it has been disabled for some reason. Thus instead of
(1.17) for the relationship between line and phase currents, we have

Il = Ilb _Il:l ’ Ib = _Ilb » Ic = Il:l (119)

But this implies
L+L,+1.=0 (1.20)

so that the terminal currents form a balanced 3 phase system. Likewise
the terminal voltages form a balanced 3 phase system. However only 2
phases are present in the windings. As far as the external electrical
system is concerned, the 3 phases are balanced. The total rated input or
output power is, as before, 3xline voltage to groundxline current=vy3xline
to line voltagexline current. But as (1.19) shows, the line current has the
same magnitude as the phase or winding current. Also, as before, the
line to line voltage equals the voltage across the winding or phase
voltage. Hence the total rated power is ¥3xphase voltagexphase current.
Previously for a full delta connection, we found that the total rated
power was 3xphase voltagexphase current. Thus for the open delta, the
rated power is only 1/¥3=0.577 times that of a full delta connection. As
far as winding utilization goes, in the full delta connection 2 windings
carry 2/3x3xphase voltagexphase current=2xphase voltagexphase
current. Thus the winding power utilization in the open delta connection
is ¥3/2=0.866 times that of a full delta connection. Thus this connection
is not as efficient as a full delta connection.
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Figure 1.23 Open delta connection

1.10 MODERN TRENDS

Changes in power transformers tend to occur very slowly. Issues of
reliability over long periods of time and compatibility with existing
systems must be addressed by any new technology. A major change
which has been ongoing since the earliest transformers is the improvement
in core steel. The magnetic properties, including losses, have improved
dramatically over the years. Better stacking methods, such as stepped
lapped construction, have resulted in lower losses at the joints. The use
of laser or mechanical scribing has also helped lower the losses in these
steels. Further incremental improvements in all of these areas can be
expected.

The development of amorphous metals as a core material is
relatively new. Although these materials have very low losses, lower
than the best rolled electrical steels, they also have a rather low
saturation induction (~1.5 Tesla versus 2.1 Tesla for rolled steels). They
are also rather brittle and difficult to stack. This material has tended to
be more expensive than rolled electrical steel and, since expense is
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always an issue, has limited their use. However, this could change with
the cost of no-load losses to the utilities. Amorphous metals have found
use as wound cores in distribution transformers. However, their use as
stacked cores in large power transformers is problematic.

The development of improved wire types, such as transposed cable
with epoxy bonding, is an ongoing process. Newer types of wire
insulation covering such as Nomex are being developed. Nomex is a
synthetic material which can be used at higher temperatures than paper,
It also has a lower dielectric constant than paper so it produces a more
favorable stress level in the adjacent oil than paper. Although it is
presently a more expensive material than paper, it has found a niche in
air cooled transformers or in the rewinding of older transformers. Its
thermal characteristics would probably be underutilized in transformer
oil filled transformers because of the limitations on the oil temperatures.

Pressboard insulation has undergone improvements over time such
as precompressing to produce higher density material which results in
greater dimensional stability in transformer applications. This is
especially helpful in the case of key spacers which bear the
compressional forces acting on the winding. Also pre-formed parts
made of pressboard, such as collars at the winding ends and high
voltage lead insulation assemblies, are becoming more common and
are facilitating the development of higher voltage transformers.

Perhaps the biggest scientific breakthrough which could
revolutionize future transformers is the discovery of high temperature
superconductors. These materials are still in the early stage of
development. They could operate at liquid nitrogen temperatures which
is a big improvement over the older superconductors which operate at
liquid helium temperatures. It has been exceedingly difficult to make
these new superconductors into wires of the lengths required in
transformers. Nevertheless, prototype units are being built and
technological improvements can be expected [Meh98].

A Dbig change which is occurring in newer transformers is the
increasing use of on-line monitoring devices. Fiber optic temperature
sensors are being inserted directly into the windings to monitor the
hottest winding temperature. This can be used to keep the transformer’s
loading or overloading within appropriate bounds so that acceptable
insulation and adjacent oil temperatures are not exceeded and the
thermal life is not too negatively impacted. Gas analysis devices are
being developed to continuously record the amounts and composition of
gasses in the cover gas or dissolved in the oil. This can provide an early
indication of overheating or of arcing so that corrective action can be
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taken before the situation deteriorates too far. Newer fiber optic current
sensors based on the Faraday effect are being developed. These weigh
considerably less than present current sensors and are much less bulky.
Newer miniaturized voltage sensors are also being developed. Sensor
data in digitized form can be sent from the transformer to a remote
computer for further processing. Newer software analysis tools should
help to more accurately analyze fault conditions or operational
irregularities.

Although tap changers are mechanical marvels which operate very
reliably over hundreds of thousands of tap changing operations, as with
any mechanical device, they are subject to wear and must be replaced
or refurbished from time to time. Electronic tap changers, using solid
state components, have been developed. Aside from essentially
eliminating the wear problem, they also have a much faster response
time than mechanical tap changers which could be very useful in some
applications. Their expense relative to mechanical tap changers has
been one factor limiting their use. Further developments perhaps
resulting in lower cost can be expected in this area.

As mentioned previously, there are incentives to transmit power at
higher voltages. Some of the newer high voltage transmission lines
operate in a d.c. mode. In this case, the conversion equipment at the
ends of the line which change a.c. to d.c. and vice versa requires a
transformer. However this transformer does not need to operate at the
line voltage. For high voltage a.c. lines, however, the transformer must
operate at these higher voltages. At present, transformers which operate
in the range of 750-800 kV have been built. Even higher voltage units
have been developed, but this technology is still somewhat
experimental. A better understanding of high voltage breakdown
mechanisms, especially in oil, is needed to spur growth in this area.
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2. TRANSFORMER CIRCUIT MODELS,
INCLUDING MAGNETIC CORE
CHARACTERISTICS, AND
APPLICATIONS

Summary The characteristics of transformer cores are discussed in
terms of their basic magnetic properties and how these influence
transformer design. Special emphasis is placed on silicon steel cores
since these are primarily used in power transformers. However, the
magnetic concepts discussed are applicable to all types of cores. The
magnetic circuit approximation is introduced and its use in obtaining
the properties of cores with joints or gaps is discussed. Basic features
of the magnetization process are used to explain inrush current and
to calculate its magnitude. The inclusion of the transformer core in
electrical circuit models is discussed. Although non-linearities in the
magnetic characteristics can be included in these models, for inductions
well below saturation a linear approximation is adequate. For many
purposes, the circuit models can be further approximated by
eliminating the core. As an application, an approximate circuit model
is used to calculate the voltage regulation of a two winding
transformer.

2.1 INTRODUCTION

Transformer cores are constructed predominantly of ferromagnetic material.
The most common material used is iron, with the addition of small amounts
of silicon and other elements which help improve the magnetic properties
and/or lower losses. Other materials which find use in electronic transformers
are the nickel-iron alloys (permalloys) and the iron-oxides (ferrites). The
amorphous metals, generally consisting of iron, boron, and other additions,
are also finding use as cores for distribution transformers. These materials
are all broadly classified as ferromagnetic and, as such, share many properties
in common. Among these are saturation magnetization or induction,
hysteresis, and a Curie temperature above which they cease to be
ferromagnetic.

39
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Cores made of silicon steel (~3% Si) are constructed of multiple
layers of the material in sheet form. The material is fabricated in
rolling mills from hot slabs or ingots. Through a complex process of
multiple rolling, annealing, and coating stages, it is formed into thin
sheets of from 0.18-0.3 mm (7-11 mil) thickness and up to a meter (39
in) wide. The material has its best magnetic properties along the
rolling direction and a well constructed core will take advantage of
this. The good rolling direction magnetic properties are due to the
underlying crystalline orientation which is called a Goss or cube-on-
edge texture as shown in Fig. 2.1. The cubic crystals have the highest
permeability along the cube edges. The visible edges pointing along
the rolling direction are highlighted in the figure. Modern practice can
achieve crystal alignments of >95%. The permeability is much lower
along the cube diagonals or cube face diagonals. The latter are
pointing in the sheet width direction.

Figure 2.1 Goss or cube-on-edge crystalline texture for silicon steel.

In addition to its role in aiding crystal alignment, the silicon helps
increase the resistivity of the steel from about 25 pQ-cm for low carbon
magnetic steel to about 50 pQ-cm for 3% Si-Fe. This higher resistivity
leads to lower eddy current losses. Silicon also lowers the saturation
induction from about 2.1 T for low carbon steel to about 2.0 T for 3%
Si-Fe. Silicon confers some brittleness on the material, which is an
obstacle to rolling to even thinner sheet thicknesses. At higher silicon
levels, the brittleness increases to the point where it becomes difficult to
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roll. This is unfortunate because at 6% silicon content, the
magnetostriction of the steel disappears. Magnetostriction is a length
change or strain which is produced by the induction in the material.
This contributes to the noise level in a transformer.

The nickel-iron alloys or permalloys are also produced in sheet
form. Because of their malleability, they can be rolled extremely thin.
The sheet thinness results in very low eddy current losses so that these
materials find use in high frequency applications. Their saturation
induction is lower than that for silicon steel.

Ferrite cores are made of sintered power. They generally have
isotropic magnetic properties. They can be cast directly into the desired
shape or machined after casting. They have extremely high resistivities
which permits their use in high frequency applications. However, they
have rather low saturation inductions.

Amorphous metals are produced by directly casting the liquid melt
onto a rotating, internally cooled, drum. The liquid solidifies extremely
rapidly, resulting in the amorphous (non-crystalline) texture of the final
product. The material comes off the drum in the form of a thin ribbon
with controlled widths which can be as high as ~25 ¢m (10 in). The
material has a magnetic anisotropy determined by the casting direction
and subsequent magnetic anneals so that the best magnetic properties
are along the casting direction. Their saturation induction is about 1.5
T. Because of their thinness and composition, they have extremely low
losses. These materials are very brittle which has limited their use to
wound cores. Their low losses make them attractive for use in
distribution transformers, especially when no-load loss evaluations are
high.

Ideally a transformer core would carry the flux along a direction of
highest permeability and in a closed path. Path interruptions caused by
joints, which are occupied by low permeability air or oil, lead to poorer
overall magnetic properties. In addition, the cutting or slitting
operations can introduce localized stresses which degrade the magnetic
properties. In stacked cores, the joints are often formed by overlapping
the laminations in steps to facilitate flux transfer across the joint.
Nevertheless, the corners result in regions of higher loss. This can be
accounted for in design by multiplying the ideal magnetic circuit losses,
usually provided by the manufacturer on a per unit weight basis, by a
building factor >1. Another, possibly better, way to account for the
extra loss is to apply a loss multiplying factor to the steel occupying the
corner or joint region only. More fundamental methods to account for
these extra losses have been proposed but these tend to be too elaborate
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for routine use. Joints also give rise to higher exciting current, i.e. the
current in the coils necessary to drive the required flux around the core.

2.2 BASIC MAGNETISM

The discovery by Oersted that currents give rise to magnetic fields led
Ampere to propose that material magnetism results from localized
currents. He proposed that large numbers of small current loops,
appropriately oriented, could create the magnetic fields associated with
magnetic materials and permanent magnets. At the time, the atomic
nature of matter was not understood. With the Bohr model of the atom,
where electrons are in orbit around a small massive nucleus, the localized
currents could be associated with the moving electron. This gives rise to
an orbital magnetic moment which persists even though a quantum
description has replaced the Bohr model. In addition to the orbital
magnetism, the electron itself was found to possess a magnetic moment
which cannot be understood simply from the circulating current point of
view. Atomic magnetism results from a combination of both orbital and
electron moments.

In some materials, the atomic magnetic moments either cancel or are
very small so that little material magnetism results. These are known as
paramagnetic or diamagnetic materials, depending on whether an applied
field increases or decreases the magnetization. Their permeabilities
relative to vacuum are nearly equal to 1. In other materials, the atomic
moments are large and there is an innate tendency for them to align due to
quantum mechanical forces. These are the ferromagnetic materials. The
alignment forces are very short range, operating only over atomic
distances. Nevertheless, they create regions of aligned magnetic moments,
called domains, within a magnetic material. Although each domain has a
common orientation, this orientation differs from domain to domain. The
narrow separations between domains are regions where the magnetic
moments are transitioning from one orientation to another. These
transition zones are referred to as domain walls.

In non-oriented magnetic materials, the domains are typically very
small and randomly oriented. With the application of a magnetic field,
the domain orientation tends to align with the field direction. In
addition, favorably orientated domains tend to grow at the expense of
unfavorably oriented ones. As the magnetic field increases, the domains
eventually all point in the direction of the magnetic field, resulting in a
state of magnetic saturation. Further increases in the field cannot orient
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more domains so the magnetization does not increase but is said to
saturate. From this point on, further increases in induction are due to
increases in the field only.

The relation between induction, B, magnetization, M, and field, H,
in SI units, is

B=y,(H+M) (2.1)
For many materials, M is proportional to H,
M=yH (2.2)

where ¥ is the susceptibility which need not be a constant. Substituting
into (2.1)

B=p,(1+x)H=p,uH (2.3)

where ,=1+y is the relative permeability. We see directly in (2.1) that,
as M saturates because all the domains are similarly oriented, B can
only increase due to increases in H. This occurs at fairly high H or
exciting current values, since H is proportional to the exciting current.
At saturation, since all the domains have the same orientation, there are
no domain walls. Since H is generally small compared to M for high
permeability ferromagnetic materials up to saturation, the saturation
magnetization and saturation induction are nearly the same and will be
used interchangeably.

As the temperature increases, the thermal energy begins to compete
with the alignment energy and the saturation magnetization begins to
fall until the Curie point is reached where ferromagnetism completely
disappears. For 3 % Si-Fe, the saturation magnetization or induction at
20 °Cis 2.0 T and the Curie temperature is 746 °C. This should be
compared with pure iron where the saturation induction at 20 °Cis 2.1
T and the Curie temperature is 770 °C. The fall off with temperature
follows fairly closely a theoretical relationship between ratios of
saturation induction at absolute temperature T to saturation induction
at T = 0 °K to the ratio of absolute temperature T to the Curie
temperature expressed in °K. For pure iron, this relationship is shown
graphed in Fig. 2.2 [Ame57]. This same graph also applies rather
closely to other iron containing magnetic materials such as Si-Fe as
well as to nickel and cobalt based magnetic materials.
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Mormmalized Saturation Magnetization vs
Nomalized Absolute Temperature
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Figure 2.2 Relationship between saturation magnetization and absolute temperature,
expressed in relative terms, for pure iron. This also applies reasonably well to other
ferromagnetic materials containing predominately iron, nickel, or cobalt.

Thus to find the saturation magnetization of 3 % Si-Fe at a temperature
of 200 °C=473 °K, take the ratio T/T:=0.464, From the graph, this
corresponds to My/My=0.94. On the other hand, we know that at 20 °C
where T/T-=0.287 that My/M,=0.98. Thus M,= 2.0/0.98=2.04. Thus
M,(T=200°C)=0.94(2.04)=1.92 T. This is only a 4 % drop in saturation
magnetization. Considering that core temperatures are unlikely to reach
200 °C, temperature effects on magnetization should not be a problem
in transformers under normal operating conditions.

Ferromagnetic materials typically exhibit the phenomenon of
magnetostriction, i.e. a length change or strain resulting from the
induction or flux density which they carry. Since this length change is
independent of the sign of the induction, for an a.c. induction at
frequency f, the length oscillations occur at frequency 2f. These length
vibrations contribute to the noise level in transformers.
Magnetostriction is actually a fairly complex phenomenon and can
exhibit hysteresis as well as anisotropy.
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Another source of noise in transformers, often overlooked, results
from the transverse vibrations of the laminations at unsupported free
ends. This can occur at the outer surfaces of the core and shunts if these
are not constrained. This can be shown qualitatively by considering the
situation shown in Fig. 2.3. In Fig. 2.3a, we show a leakage flux density
vector B, impinging on a packet of tank shunt laminations which are
flat against the tank wall and rigidly constrained. After striking the
lamination packet, the flux is diverted into the packet and transported
upward since we are looking at the bottom end. In Fig. 2.3b, the outer
lamination is constrained only up to a certain distance from the end, d,
beyond which it is free to move. We show its loose end at a distance x
from the rest of the packet. Part of the flux density B, is diverted along
this outer packet and a reduced flux density B, impinges on the
remaining packets. We can assume the magnetic shunts are linear since
the flux density they carry is usually far below saturation. The
magnetic energy for linear materials is given by

1
E,,,_EJ'H-BdV (2.4)
Using B=p,u. H, this becomes

1
2ok,

E,= szdV (2.5)

In highly oriented Si-Fe, W, is generally quite large (U4,>5000) so that
most of the magnetic energy resides in the oil or air where p,=1. Thus
we can ignore the energy stored in the laminations. For the situation
shown in Fig. 2.3, let ¢ be a distance along which B, is parallel and
reasonably constant and let B, also be constant through a cross-sectional
area A determined by d and a unit distance into the paper. Then the
magnetic energy associated with Fig. 2.3b is

A X)a2 X2 A 2 X2 z]
E,=—]||{-=[Bf +=B; |=—| B -—(B;{ -B
L [( 2) 1*3 2] 2“0[ 1 2( 1 2) (2.6)

[+]
The magnetic force component in the x direction is

_ G, A2 2 2.7)
P == 0= 4 (B1 ~B3)
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Since B,<B,, this force acts to pull the outer lamination outward in
the direction of x. It is independent of the sign of B so that if B is
sinusoidal of frequency f, F,, will have a frequency of 2f. Thus it
contributes to the transformer noise at the same frequency as
magnetostriction.

laminations —

tank
wall

B;

(a) No loose laminations (a) Loose end lamination

Figure 2.3 Geometry for simplified force calculation for a loose end lamination.

2.3 HYSTERESIS

Hysteresis, as the name implies, means that the present state of a
ferromagnetic material depends on its past magnetic history. This is
usually illustrated by means of a B-H diagram. Magnetic field changes
are assumed to occur slowly enough that eddy current effects can be
ignored. We assume the B and H fields are collinear although, in
general, they need not be. Thus we can drop the vector notation. If we
start out with a completely demagnetized specimen (this state requires
careful preparation) and increase the magnetic field from 0, the material
will follow the initial curve as shown in Fig. 2.4a. This curve can be
continued to saturation, B,. If at some point along the initial curve, the
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field is reversed and decreased, the material will follow a normal
hysteresis loop as shown in Fig. 2.4b. If the magnetic field is cycled
repeatedly between +H,,,,, the material will stay on a normal hysteresis
loop determined by H,,,,, their being a whole family of such loops as
shown in Fig. 2.4¢. The largest loop occurs when B, reaches B,. This
is called the major loop. These loops are symmetrical about the origin.
If at some point along a normal loop, other than the extreme points,
the field is reversed and cycled through a smaller cycle back to its
original value before the reversal occurred, a minor or incremental
loop is traced as shown in Fig. 2.4d. Considering the many other
possibilities for field reversals, the resulting hysteresis paths can become
quite complicated.

H—=
(a) Initial curve (b) Following a normal hysteresis loop
after reversal from the initial curve.

Bs /-4-'—— Bt

i N

\

| —

L LA

(c) Family of normal hysteresis loops ~ (d) Minor or incremental hysteresis loops

Figure 2.4 Hysteresis processes
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Perhaps the most important magnetic path is a normal hysteresis
loop since this is traced in a sinusoidal cyclic magnetization process.
Several key points along such a path are shown in Fig. 2.5. As the field
is lowered from H,,, to zero, the induction remaining is called the
remanence, B,. As the field is further lowered into negative territory, the
absolute value of the field at which the induction drops to zero is called
the coercivity, H.. Because the loop is symmetrical about the origin,
there are corresponding points on the negative branches. At any point
on a magnetization path, the ratio of B to H is called the permeability
while the slope of the B-H curve at that point is called the differential
permeability. Other types of permeability can be defined. The area of
the hysteresis loop is the magnetic energy per unit volume and per cycle
dissipated in hysteresis processes.

B 4

e

Figure 2.5 Key points along a normal hystersis loop

In oriented Si-Fe, the relative permeability for inductions reasonably
below saturation is so high that the initial curve is close to the B axis if
B and H are measured in the same units as they are in the Gaussian
system or if B vs u,H is plotted in the SI system. In addition, the
hysteresis loops are very narrow in these systems of units and closely
hug the initial curve. Thus for all practical purposes, we can assume a
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single valued B-H characteristic for these high permeability materials
coinciding with the initial curve. Since inductions in transformer cores
are kept well below saturation in normal operation to avoid high
exciting currents, the effects of saturation are hardly noticeable and the
core, for many purposes, can be assumed to have a constant
permeability.

2.4 MAGNETIC CIRCUITS

In stacked cores and especially in cores containing butt joints as well
as in gapped reactor cores, the magnetic path for the flux is not through
a homogeneous magnetic material. Rather there are gaps occupied by
air or oil or other non-magnetic materials of relative permeability
equal to 1. In such cases, it is possible to derive effective permeabilities
by using a magnetic circuit approximation. This approximation derives
from the mathematical similarity of magnetic and electrical laws. In
resistive electrical circuits, the conductivities of the wires and circuit
elements are usually so much higher than the surrounding medium
(usually air) that little current leaks away from the circuit. However,
in magnetic circuits where the flux corresponds to the electric current,
the circuit permeability, which is the analog of conductivity, is not
orders of magnitude higher than that of the surrounding medium so
that flux leakage does occur. Thus, whereas the circuit approach is
nearly exact for electric circuits, it is only approximate for magnetic
circuits [Del94].
Corresponding to Kirchoff’s current law at a node

ZJL- =0 (2.8)

where I; is the current into a node along a circuit branch i (positive if
entering the node, negative if leaving), we have the approximate magnetic
counterpart

Z‘I’t =0 (2.9)

where @, is the flux into a node. Whereas (2.8) is based on conservation
of current and ultimately charge, (2.9) is based on conservation of flux.
Kirchoff’s voltage law can be expressed
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ZVi =§E-de=emf 2.10)

where the voltage drops V; are taken around the loop in which an emf is
induced. The electric field path integral in (2.10) is an alternate way of
expressing the voltage drops. With E<>H, the magnetic analogy is

§H-de = mmf = NI (2.11)

In this case, (2.11) is exact.
In terms of the current density J and flux density B, we have

1=[JdA , ©=[B.dA (2.12)

so that J and B are corresponding quantities in the two systems. Ohm’s
law in its basic form can be written

J=cE (2.13)
where o is the conductivity. This corresponds to
B=uH (2.14)

in the magnetic system, where . is the permeability.

To obtain resistance and corresponding reluctance expressions for
simple geometries, consider a resistive or reluctive element of length L
and uniform cross-sectional area A as shown in Fig. 2.6. Let a uniform
current density J flow in the resistive element and a uniform flux density
B flow through the magnetic element. Then

I=JA , ®=BA (2.15)

Let a uniform electric field E drive the current and a uniform magnetic
field H drive the flux. Then

V=EL , NI=HL (2.16)

Using (2.13), we have
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I \ L
I—GE = V_[J)I (2.17)

where the quantity in parenthesis is recognized as the resistance. Similarly
from (2.14),

L
Nl=| — @
= [ l] (2.18)

where the quantity in parenthesis is called the reluctance. A similar
analysis could be carried out for other geometries using the basic field
correspondences.

T — s L .

—_— —_—
] . B S
1=1a \A ——t ®=BA —

V=EL NI=HL

(a) Simple resistive electrical element (a) Simple reluctive magnetic element

Figure 2.6 Geometries for simple resistance and reluctance calculation

As an application of the circuit approach, consider a simple
magnetic core with an air gap as shown in Fig. 2.7. A flux @ is driven
around the circuit by a coil generating an mmf of NI. The path through
the magnetic core of permeability u={L ., has mean length L and the
path in the air gap of permeability [, has length L,. The reluctances in
the magnetic material and air gap are

_ L L
KoM, A Ko

R n (2.19)

Since these reluctances are in series, we have

NI:G! 2 =] 1+ _o) 50
uou’A qu} l"'op'rAk "L ( )
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Thus since [, can be quite large, the reluctance with air gap can be
much larger than that without so that more mmf is required to drive a
given flux. Note that we ignored fringing in the air gap. This could be
approximately accounted for by letting the area A be larger in the air
gap than in the core material.

Figure 2.7 Air gap magnet driven by mmf=NI

In general, for two reluctances in series having the same cross-
sectional area A but lengths Ly, L, and permeabilities Wy, L5, the total
reluctance is

L L Lif, f
CUmA A Al (221)

where L=L,+L,, f;=L,/L, f,=L,/L. Thus the effective permeability of the
combination is given by

| f, f,
—=—+* (2.22)
Ber Hp M2

This could be extended to more elements in series. An identical
relationship holds for the effective conductivity of a series of equal cross-
sectional area resistive elements.
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Thus in a transformer core with joints, the effective permeability is
reduced relative to that of an ideal core without joints. This requires a
higher exciting current to drive a given flux through the core. The core
losses will also increase mainly due to flux distortion near the joint
region. For linear materials, the slope of the B-H curve will decrease for
a jointed core relative to an unjointed core. For materials which follow
a hysteresis loop, the joints will have the effect of skewing or tilting the
effective hysteresis loop of the jointed core away from the vertical
compared with the unjointed ideal core. This can be seen by writing
(2.11) as

H,¢ +H,¢, =NI=H 4¢ (2.23)

where H; is the field in the core steel and H, the field in the gap. ¢, and
¢, are core and gap lengths, ¢ the total length, and H an effective
applied field. Assuming the gap is linear with permeability m, (relative
permeability 1), we have

Bo=t,H, (2.24)

Also assume that there is no leakage, that the core and gap have the
same cross-sectional area, and the flux is uniformly distributed across
it. Then B,=B,=B from flux continuity. Thus we get for the H field in the
core material

Hy =H—-—-% (2.25)

Since ¢ = ¢;, H, is more negative than H. when B is positive. To see
the effect this has on the hysteresis loop of the jointed core, refer to
Fig. 2.8. On the ascending part of the loop, we show the H.4 value
which applies to the jointed core. Since B>0, H;<H by (2.25) so the B
value associated with Hg corresponds to a B value lower down on the
loop for the intrinsic core material. The same situation applies on the
descending part of the loop. The points on the B=0 axis have H;=H.¢
so the loop is fixed at these points. The net effect is that the loop is
skewed towards the right on the top (and towards the left on the bottom).
Notice that the remanence falls for the jointed loop because according
to (2.25), when H.4=0, H;<0 and the associated B value is lower down
on the loop.
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Figure 2.8 Effect of air or oil gaps on the hysteresis loop

2.5 INRUSH CURRENT

When a transformer is disconnected from a power source, the current is
interrupted and the magnetic field or mmf driving flux through the core
is reduced to zero. As we have seen in the preceding section, the core
retains a residual induction which is called the remanence when the
hysteresis path is on the positive descending (negative ascending) branch
of a normal loop. In other cases, there could also be a residual induction
but it would not have as high a magnitude. In order to drive the core to
the zero magnetization state, it would be necessary to gradually lower
the peak induction while cycling the field. Since the intrinsic normal
hysteresis loops for oriented Si-Fe have fairly flat tops (or bottoms), the
remanence is close to the peak induction. However, the presence of gaps
in the core reduces this somewhat. When the unit is re-energized by a
voltage source, the flux change must match the voltage change according
to Faraday’s law,

do
V=-N—
it (2.26)

For a sinusoidal voltage source, the flux is also sinusoidal,
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D=0, sin(0t+0) (2.27)

where @, is the peak flux. Assuming uniform flux density, we have @,
=B,A., where A_ is the core cross-sectional area. Substituting into (2.26),
we get

V=—NwB,A, cos(ot+@) (2.28)
Hence the peak voltage, using w=27f, where f is the frequency in Hz, is
V,=2nfNB,A, (2.29)

Thus to follow the voltage change, the induction must change by =
B, over a cycle. If, in a worst case scenario, the voltage source is
turned on when the voltage is at a value which requires a -B, value
and the remanent induction has a positive value of nearly B, then the
induction will triple to nearly 3 B, when the voltage reaches a value
corresponding to +B,. Since B, is usually ~10 to 20 % below saturation
in typical power transformers, this means that the core will be driven
strongly into saturation, which requires a very high exciting current.
This exciting current is called the inrush current and can be many
times the normal load current in a transformer.

Actually as saturation is approached, the flux will no longer remain
confined to the core but will spill into the air or oil space inside the coil
which supplies the exciting current. Thus, beyond saturation, the entire
area inside the exciting coil, including the core, must be considered the
flux carrying area and the incremental relative permeability is 1. Let
B, be the residual induction in the core which, without loss of
generality, we can take to be positive. In the following, we will assume
that this is the remanence. Thus the residual flux is ®,=B,A.. Let A® be
the flux change required to bring the voltage from its turn-on point up
to its maximum value in the same sense as the residual flux. A® could
be positive, negative or zero, depending on the turn-on point. We
assume it is positive here.

Part of the increase in A® will simply bring the induction up to the
saturation level, entailing the expenditure of little exciting power or
current. This part is given approximately by (B~B,)A., where B, is the
saturation induction. Beyond this point further increases in A® occur
with the expenditure of high exciting current since the incremental
relative permeability is 1. Since beyond saturation, the core and air or
oil have the same permeability, the incremental flux density will be the
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same throughout the interior of the coil, ignoring end effects. Letting the
interior coil area up the mean radius R, be A(A=nR,,), the incremental
flux density is

A®-(B, -B
B, =_—(A= ) (2.30)

The incremental magnetic field inside the coil, ignoring end effects, is
H;,.=NI/h, where NI are the exciting amp-turns and h the coil height.
If we ignore the exciting amp-turns required to reach saturation since
these are comparatively small, then H;,.=H, where H is the total field.
Since the permeability for this flux is [, we have B,.=pt.Hin.=pt,H which
implies

h
HoA

NI=——[a0®-(B,-B,)A,] (2.31)

For transformers with stacked cores and step-lapped joints, B,~0.9 B,..
Assuming, in the worst case, that the voltage is turned on at a correspond
flux density that is at the most negative point in the cycle, we have,
using (2.29)

2V,
AD,,, = TN - 2B A, (2.32)

In this expression, it is the flux change that matters since this is directly
related to the voltage change as indicated in the first equality. In the
second equality, we are measuring this flux change mathematically as
if it all occurred in the core even though we know this is not true
physically. Thus (2.31) becomes

hA
NI = ;(2.9Bp -B,) (2.33)

Ko

For h=2 m, A/A=0.5,B,=1.7 T, B=2 T, we obtain NI=2.33x 10° A-t. For
N=500, I=4660 Amps. This is quite high for an exciting current.
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While the voltage is constrained to be sinusoidal, the exciting current
will be distorted due mainly to saturation effects. Even below saturation
there is some distortion due to non-linearities in the B-H curve. Fig.
2.9a illustrates the situation on inrush. The sinusoidal voltage is
proportional to the incremental induction which is shown displaced by
the remanent induction. It requires high peak H values near its peak
and comparatively small to zero H values near its trough. This is
reflected in the exciting current which is proportional to H. This current
appears as a series of positive pulses separated by broad regions of near
zero value as shown in Fig. 2.9b. The high exciting inrush current will
damp out with time as suggested in Fig. 2.9b. This is due to resistive
effects.

/

[
=

|(a) B-H curve indirectly relating voltage to exciting current —l

HHANAG

(b) Exciting current proportional to H vs time

I

Figure 2.9 Distortion of exciting current due to saturation
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Because the inrush current can be as large as a fault current, it is
important to find some way of discriminating them so that false alarms
are not set off when the unit is turned on. To this end we examine the
time dependence of the two types of current. Using (2.27), we can write

AD = @, sin(ot +)- @, sing = B,A [sin(ot +¢)-sing]  (2.34)

Thus, using (2.31) and ignoring the resistive damping since we are only
interested in examining the first few cycles,

hA . .
I(t)= m“;[lap sin(wt +¢) - (Bs +B,sing-B, )] (2.35)

This last equation holds as long as I(t) is positive. It is nearly zero for
negative values of the expression on the right hand side since then the
core is not saturated. Thus (2.35) will remain positive over a cycle for
values of ot between

ot, =sin”" X-¢ , ot,=n-sin" X-¢
B, +B, singp-B, (2.36)
B

where X=

P

Thus the interval per cycle over which (2.35) is positive is

ot, —ot, =n-2sin"' X (2.37)
Shifting the time origin to t;, (2.35) becomes

1[sin(ot +sin X)-X| , 0satsm-2sin”X
0 , m-2sin” X<ots2n (2.38)
[ - MAB,
? HoNA

I(t)=
where

Extreme values of X are determined by sin@==1,

-B -
Xm.m=-]+.(B_'_._’) , xm“=]+(_B.’B_B')

P P

(2.39)
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Thus X cannot be <-1. If X>1, this simply means there is no noticeable
inrush current. (2.38) is graphed in Fig. 2.10 for X = -0.5.

Inrush current vs time

5 10 15 20 25

Time - relative units

16
1.4
124

14
o8 {
086

Current- relative units

Figure 2.10 Inrush current (normalized) for X=-0.5

Let us find the harmonic content of (2.38) by performing a Fourier
analysis. To facilitate this, rewrite (2.38) as

lm_,{\h-x2 sinmt+Xcosml—X],0$ml <m-2sin”' X

- (2.40)
0 ,m=-2sin" X<sot<2n

I(t) =

We use the expansion,
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I(t)=a,+a; cosmt+a, sinmt+...+b; sinwt+b, sinwt+...
where

a, = % _j}(mt)d(mt) (2.41)
a, = % [ 1ot)cos(nat)d(ot)
b, = % [1(ot)sin(not)i(ot)

Evaluating the first few harmonics and letting o=ni2 sin'X, we get

.£=L{,)1 X?(1-cosa)+ Xsina ~ Xa}

I, 2=

b 1] e s x(ﬁ+s“‘2°‘)—xma

Ip = 2 4

_2=l [cosa - 1+1—cos3a +X sma+sm3a _Xsta

I, = T2 6 2 6 2
b_2=_1_ [sina  sin3a X (1-—cosa)+(]-cos3a) —Z(l—cosm)
1, = |2 6 2 6 2

(2.42)

The ratio of second harmonic amplitude to fundamental amplitude is

given by
2™ \a) +b]

243
F e (243)

This is tabulated in Table 2.1 for a range of X values.
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Table 2.1 Ratio of second to first harmonic amplitudes for inrush current as a function
of the parameter X

X /1" X 27"
0.9 0.018 0.1 0.479
0.8 0.048 0.2 0.534
0.7 0.085 0.3 0.591
0.6 0.127 0.4 0.647
0.5 0.171 0.5 0.705
0.4 0.219 0.6 0.763
0.3 0.268 0.7 0.822
0.2 0.318 0.8 0.881
0.1 0.371 0.9 0.940

0 0.424

Thus we see that the second harmonic is a significant fraction of the
fundamental for most X values. In fact, the lowest practical X value can
be determined from (2.39) by setting B,=2 T, B,=0.85 B,=1.7 T, B,=0.9
B,=1.53 T. We obtain X=-0.72. At this value, the ratio of second to first
harmonic is >8 % which can be considered a lower limit.

For comparison purposes, we now examine the time dependence of
the fault current. We will ignore the load current at the time of the fault
and assume the transformer is suddenly grounded at t=0. The
equivalent circuit is shown in Fig. 2.11 which will be derived later.
Here R and L are the resistance and leakage reactance of the
transformer, including any contributions from the system. The voltage
is given by

V=V sin(ot+Q) (2.44)

where ¢ is the phase angle which can have any value, in general, since
the fault can occur at any time during the voltage cycle. The circuit
equation is

dl
. RI+L— , t20
V, sin(ot +¢) = . dt

245
, t<0 ( )
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R L
A% A A A A YY"
] ——

Figure 2.11 Circuit for fault current analysis
Using Laplace transforms, the current transform is given by [Hue72]

V. (ssing + o cosq)
I(s) = —&
© (R+ Ls)(s2 +m2) (2.46)

Taking the inverse transform, we obtain

V, K
I(t)= ————l———[sin(ﬁ -@)e L +sin(ot+¢-p)
R 1+(3I—‘—)z
R (2.47)
= tan-![ OL
where P =tan ( R )

- +(g§]’ (2.48)

Using this and letting T=wt, v=0L/R, we can rewrite (2.47)
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I(r)= Ip,,,[sin(ﬁ - q:)e-% +sin(t+¢- B)}

= Ip_,,[sin(ﬁ-¢{e_7 _COS‘t]+COdB—(p)sintJ (2.49)

where B=tan v
To find the maximum amplitude for a given ¢, we need to solve

T

ﬂ_ 'n(g_ i—sint —cos(B— )COSt‘O
at_s, @ . P = (2.50)

In addition, if we wish to determine the value of ¢ which produces the
largest fault current, we need to solve

% = cos(p —cp)[e_z - cosr]— sin(p ~¢)sint =0 (2.51)

Solving (2.50) and (2.51) simultaneously, we find
tan(B-¢@)=v=tanP (2.52)

1

e v -vsint-cost=0 (2.53)

Equation (2.52) shows that =0 produces the maximum amplitude and
the time at which this maximum occurs is given by the solution of (2.53)
for 1>0. Substituting into (2.49), we obtain

mex — 1+ v? sint (2.54)

p.ss

Lo

b

This is the asymmetry factor over the steady state peak amplitude with
T obtained by solving (2.53).
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The asymmetry factor is generally considered to be with respect to
the steady state rms current value. This new ratio is called K in the
literature and is thus given by substituting I = V2o in (2.54),

K:#x.: /2(1+v2)sim , v=9’R£=-’f (2.55)
r

ms,ss

with T obtained by solving (2.53). We have expressed the ratio of leakage
impedance to resistance as x/r. x and r are normalized quantities, i.e.
the leakage reactance and resistance divided by a base impedance value
which cancels out in the ratio. (2.55) has been parametrized as [IEE57]

n

K=2 1+e'2(¢*5) sing, , ¢= tan"(%) =f and §= vV (2.56)

This parametrization agrees with (2.55) to within 0.7 %. Table 2.2
shows some of the K values obtained by the two methods,

Table 2.2 Comparison of exact with parametrized K values

v=x/r K (exact) K (parametrized)
1 1.512 1.509
2 1.756 1.746
5 2.192 2,184
10 2.456 2.452
50 2.743 2.743
1000 2.828 2.824

At @=0 where the asymmetry is greatest, (2.49) becomes

I(1:) = [2_1_"1’.5?_ \{e-z —c051]+sinr (2.57)
V1+v?

This is graphed in Fig. 2.12 for v=10.
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Fault current vs time
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Figure 2.12 Fault current versus time for the case of maximum offset and v=x/r=10.

The lowest Fourier coefficients of (2.49) are

0
Lpss

p.ss

1

p.ss

I

b,
I

p.ss
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The ratio of second harmonic amplitude to fundamental, (2.43), is
tabulated in Table 2.3 for a range of ¢ and v values.

Table 2.3 Ratio of second harmonic to fundamental amplitude of fault current for
various values of the reactance to resistance ratio and voltage phase angle

v=x/r |@=0° | @=30° ) @=45°|@=90° | =120° [ @=135°
0.0992 ]0.0357 |0 0.119 ]10.168 | 0.166
0.128 0.0752 | 0.0440 | 0.0752 | 0.152 0.167

0.127 100831 |0.0566 |0.0475 |0.123 0.145

0.118 0.0819 | 0.0589 |[0.0323 |0.101 0.124

0.109 0.0778 |0.0576 |[0.0232 [0.0543 | 0.107

0.0996 | 0.0731 | 0.0550 [ 0.0175 | 0.0735 | 0.0941
0.0916 | 0.0684 | 0.0521 [0.0137 |0.0644 | 0.0835
0.0845 | 0.0641 |0.0493 |0.0110 | 0.0572 | 0.0750
9 0.0784 | 0.0601 | 0.0465 | 0.0090 | 0.0515 | 0.0680
10 0.0730 | 0.0565 | 0.0440 | 0.0075 | 0.0467 | 0.0622
15 0.0540 | 0.0432 | 0.0341 ]0.0036 | 0.0320 | 0.0434
20 0.0427 | 0.0347 | 0.0276 | 0.0022 ] 0.0242 | 0.0333
25 0.0352 1 0.0290 ] 0.0232 | 0.0014 | 0.0195 | 0.0270
50 0.0188 | 0.0158 | 0.0128 | 0.0004 | 0.0099 | 0.0138
100 0.0097 { 0.0083 | 0.0067 [ 0.0001 | 0.0050 | 0.0070
500 0.0020 | 0.0017 | 0.0014 |0 0.0010 | 0.0014
1000 | 0.0010 | 0.0008 | 0.0007 [0 0.0005 | 0.0007

=R R F =N AT 0 £ LR Y ) P

For power transformers x/r is usually >20. We see from Table 2.3
that the second harmonic content relative to the fundamental is <4.3 %
for x/r>20. On the other hand, we found in Table 2.1 that the second to
first harmonic ratio is >8 % under virtually all conditions for the inrush
current. Thus a determination of this ratio can distinguish inrush from
fault currents. In fact x/r would need to fall below 10 before this method
breaks down.

2.6 TRANSFORMER CIRCUIT MODEL WITH CORE

To simplify matters, we will consider a single phase, two winding
transformer. For a balanced 3 phase system, the phases can be analyzed
separately for most purposes. We wish to develop a circuit model of
such a transformer under normal a.c. conditions which includes the
effects of the core. Capacitive effects have been traditionally ignored
except at higher frequencies. However, under no-load conditions, these
are not necessarily negligible in modern transformers made with high
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permeability steel cores. We will indicate several ways by which
capacitive effects can be included.

If the secondary winding were open circuited, then the transformer
would behave like an inductor with a high permeability closed iron
core, It would therefore have a high inductance so that little exciting
current would be required to generate the voltage or back emf. Some
I’R loss will be generated by the exciting current, however this will be
small compared with the load current losses. There will, however, be
losses in the core due to the changing flux. These losses are to a good
approximation proportional to the square of the induction, B*>. Hence
they are also proportional to the square of the voltage across the core.
Thus these losses can be accounted for by putting an equivalent resistor
across the transformer voltage and ground, where the resistor has the
value

Vins
W,

R, = (2.59)

where V., is the rms phase voltage and W. is the core loss. The open
circuited inductance can be obtained from

dl,, Vims
=

Lo =—"— (2.60)

V=L
° dt ¢ ol

ex,rms

where L, is the inductive component of the exciting current, which we
assume to be sinusoidal with angular frequency ®. Thus the circuit so
far will look like Fig. 2.13. The resistance R, is the resistance of the
primary (or excited) winding. Note that as saturation is approached,
the inductance L. as well as the resistance R, will become non-linear. If
necessary, capacitive effects can be included by putting an equivalent
capacitance in parallel with the core inductance and resistance. Since
the core losses are supplied by the input power source, there is a
component of the total excitation current, L., which generates the
core loss. We labeled it .. in the figure. It will be in quadrature with L.
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Figure 2.13 Transformer circuit model with secondary open circuited

When the secondary circuit is connected to a load, the emf generated
in the secondary winding by the changing core flux will drive a current
through the secondary circuit. This additional current (amp-turns)
would alter the core flux unless equal and opposite amp-turns flow in
the primary winding. Since the core flux is determined by the impressed
primary voltage, the net amp-turns must equal the small exciting
ampturns. Hence the primary and secondary amp-turns due to load
current must cancel out.

Fig. 2.14 shows a schematic of the flux pattern in a two winding
transformer under load. The currents are taken as positive when they
flow into a winding and the dots on the terminals indicate that the
winding sense is such that the induced voltage is positive at that
terminal relative to the terminal at the other end of the winding when
positive exciting current flows into the transformer. Notice that the bulk
of the flux flows through the core and links both windings. However
some of the flux links only one winding. When referring to flux
linkages, we assume partial linkages are included. Some of these can be
seen in the figure.
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load

Figure 2.14 Schematic of a 2 winding single plase transformer with leakage flux

The voltage equations for the two windings are

dr dx
V, =R, +— |  V,=R,],+—2 2.61
1 g 2 A ( )

where A; and A, are the total flux linkages for windings 1 and 2 and Ry,
R, their resistances. We are ignoring core loss here as that would
complicate matters unnecessarily.

The traditional way to further develop (2.61) is to subdivide the total
flux linkages into contributions from the two windings. Thus

A=A+ 7L12, Ao = Ao+ Aoy (2.62)
where A, are the flux linkages contributed by winding 1 to itself and A4,

are the flux linkages contributed by winding 2 to winding 1 and similarly
for A, and A,;. Further, for linear materials, we can write
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Ay = L > Az =M1,

(2.63)
Ay =Ly, > Ay =Myl

where L and M are self and mutual inductances and M;,=M,,=M. Thus
(2.61) can be written

dt dt dt (2.64)

Assuming sinusoidal voltages and currents and reverting to phasor
notation (bold faced type), (2.64) becomes

Separating the exciting current component out of I; so that I;=I+I; and
using amp-turn balance,

N,JI,=-N,I, (2.66)

we obtain by substituting into (2.65).

Vl = RII] +jm[L1 - &M)I] +j(0 &Mlex
N2 N2

, N, . (2.67)
V, =R, +jo} L, —?M I, + joMI,,
1
Defining single winding leakage inductances as
N N
Ly=L-=tM v Le =L2'_2M 2.68
N, N, (2.68)

the circuit model corresponding to (2.67) is given in Fig. 2.15. These
single winding leakage inductance are for one winding with respect to
the other and thus depend on both windings.
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Figure 2.15 Circuit model of a 2 winding transformer under load

We have introduced an ideal transformer in Fig. 2.15. In such a
device the currents into it are related by (2.66) and the voltages by

LN

E, = ‘N_z' (2.69)

Using (2.66)-(2.69), we can write

. N N . .
V,=E, +(R2 + joLy, )Iz = (N_szl ‘[#}(Rz +joLy, )11
1 2

2
N N ‘ , (2.70)
[

or

2
N N . '
(’!:I—;‘]Vz =E, —(.I:I—ﬂ (Ry +joL )L,

Thus the circuit diagram in Fig. 2.15 can be redrawn as shown in Fig.
2.16. The missing element in Fig. 2.15 or 2.16 is the core loss and
possibly capacitive effects. This could be added by putting a resistance
and capacitor in parallel with the voltage E,.
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Figure 2.16 Circuit model of a 2 winding transformer under load referred to the
primary side

It is instructive to develop a circuit model using a more fundamental
approach which does not neglect the core non-linearities [MIT43]. We
will utilize the concept of flux linkages per turn so that if A is a flux
linkage, N the number of turns linked, then ®=A/N is the flux linkage/
turn. If the flux linked every turn of a circuit 100 %, then would be the
total flux passing through the circuit.

Assume only coil 1 has current flowing through it. Let @, be the flux
linkage/turn in coil 1 produced by this current. Let ®,; be the flux
linkage/turn linking coil 2 produced by the current in coil 1. Define the
leakage flux of coil 1 with respect to coil 2 as

A A
®, =0 -0y =L -2 2.71
1 1 21 N, N, ( )

Similarly, if only coil 2 is carrying current, we define the leakage flux
of coil 2 with respect to coil 1 as

Qp =@y — Dy =5~ (2.72)

where @,, is the flux linkage/turn linking coil 2 and ®, is the flux
linkage/turn linking coil 1 produced by current in coil 2. Referring to
Fig. 2.14, we note that much of the flux produced by coil 1 or 2 flows in
the core and thus links both coils. Most of the remaining flux will have
paths in air or only partially in the core. Thus the leakage flux associated
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with either coil consists of this remaining flux which has a large part of
its path in air or oil. Therefore, the mmf required to produce it will be
almost entirely in oil or air which means that it, as well as the current,
will be linearly related to the leakage flux. In other words, non-linearities
in the core will have little impact on the leakage flux. Thus the single
winding leakage inductances defined as

N,® N,®
Ly= ___11 4 v Lp= ‘““"'—21 £ (2.73)
1 2

will be essentially constant.
From (2.62) we see that the total flux linking winding 1 and 2 can be

expressed as
MEN(O+@yp) Ay =Ny(Ppy +Dy) (2.74)
Substituting from (2.71) and (2.72),
MENUD,+D +DQy) Ay =Ny{(D), + D, + D) (2.75)
Letting ®=®,+®,, and using (2.73), (2.75) becomes
=L +N@® | A, =L, L +N,® (2.76)

so that the voltage equations (2.61) become

dl do dI dd
A\ =RIII+Ltld_tl+Nl—dT » V3 =R,1,+L, d_:"‘Nz‘at— (2.77)

@ is the sum of the fluxes linking one coil and produced by the other.
In order to add these legitimately, we need to assume that the material
characteristics are linear. However, we can, at this stage, assume that
these mutual fluxes are produced by the combined action of the currents
acting simultaneously. This will allow non-linear effects to be included
and @ can therefore no longer be regarded as the sum of separate fluxes.

As before, we expect the core excitation current, I, to be supplied by
the primary coil so that

L=L+], (2.78)
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where [ satisfies the amp-turn balance condition (2.66) when load current
flows in coil 2. Thus, from (2.77) and (2.78) we obtain the equivalent
circuit shown in Fig. 2.17. This model is identical with that derived
earlier and shown in Fig. 2.15 where linearity was assumed except that
now it is clear that the core characteristics may be non-linear. Also the
constancy of the leakage inductances as circuit elements is apparent.
As before, we can reposition the ideal transformer and derive a circuit
model equivalent to that shown in Fig. 2.16 except that the linear
inductive element (N;/N,)M is replaced by the possibly nonlinear N,d®/
dt This is shown in Fig. 2.18.

Vi A~ NN
II—ﬂ II‘
do < E
N_
" at

Figure 2.17 Circuit model of a 2 winding transformer under load, including a possibly
non-linear core

NN Ly NN R N:No o

, +—,

Figure 2.18 Circuit model of a 2 winding transformer under load referred to the
primary side and including a possibly non-linear core
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With the addition of core loss and possibly capacitive effects which
can be accounted for by placing a resistance and capacitance in parallel
with E;, Figs. 17 or 18 can be regarded as virtually exact circuit models
of a 2 winding transformer phase under load. In practice, because the
exciting current is small, it is usually permissible to transfer the shunt
branch to either side of the impedances as shown in Fig. 2.19, where the
resistances and reactances have been combined to give equivalent
quantities

2 2

N N

R =R1+(ﬁl] R, ., Ly =L,I+[Rl] L, (2.79)
2 2

These are the 2 winding resistance and leakage inductance referred to
the primary side. Although the equivalent resistance includes the I’R
losses in the windings, it can also include losses caused by the stray flux
since these are proportional to the stray induction squared to a good
approximation which, in turn, is proportional to the square of the current.
For sinusoidal currents, we can define an equivalent impedance by

Zl,eq = Rl,eq +ijl,eq (280)
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Rl,eq Ltl,eq Ni:N;
Vi AAAAYY v
) &
I, ’ II‘ I, — L
N, 3%
dt

(a) Shunt branch transferred to the right

R1,eq Ltl,eq N;: N, Vv,

—1,

PR -
(b) Shunt branch transferred to the left

Figure 2.19 Approximate circuit models of a 2 winding transformer under load referred
to the primary side and including a possibly non-linear core

For many purposes, it is even possible to dispense with the exciting
current branch so that the approximate equivalent circuit reduces to
Fig. 2.20, with the simplified circuit equations

VI = I]ZLeq +E1 N VZ = Ez (2.81)
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A Ni: N \4
1 Ziwe 14 N2 2

L—

4——-12

E, E;

Figure 2.20 Approximate circuit model of a 2 winding transformer under load referred
to the primary side and ignoring core excitation

Using (2.66), with I,'=I, since we are ignoring exciting current, and
(2.69), we can write for (2.81)

2
N N N N
Vy=-| 2LZ,  + —LE,=| L{E,-|—2|2Z,I
l (Nl)z b [szz (Nz)[z (Nl hea2

lor (2.82)

2 2
N N N
R b R E

Letting E,'=V, and E,'=(N,/N,)V4, (2.82) becomes

2

N . ,

\'A =(§2-J Z, L+E, , WV, =E (2.83)
1

where E;'/E,'=N/N,. The circuit model for (2.83) is shown in Fig. 2.21
where

2 2 2
N N . I[N
i (e (R oo o (]|

Z,.q1s the equivalent impedance referred to the secondary side. It should
noted that the equivalent circuits with the core excitation branch included
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could be transformed to ones having the impedances on the secondary
side by similar methods.

N1:N2

V1 V2

Zoeg

Il -
4-————[2

0 [

E, E;

Figure 2.21 Approximate circuit model of a 2 winding transformer under load referred
to the secondary side and ignoring core excitation

We should note that the exciting current may not be restricted to the
primary winding when load current flows but may be shared by both
windings. This can lead to legitimate circuit models with shunt
branches on either side. These are all mathematically equivalent since
impedances can be transferred across the ideal transformer present in
the circuit. We demonstrated this above for a series impedance. We
show this now for a shunt impedance by means of Fig. 2.22.

N;:Nz NI:NZ

(a) Shunt impeda_n;:e on primary side (b) Shunt impeda;: on secondary side

Figure 2.22 Transfer of shunt impedances across the ideal transformer
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In Fig 22a, we have the relationships

E_N L_ N

E=1,Z , == , L=-=2 | L =L+l
1= L exfn E, N, 1, N, 1=ty (2.85)
Manipulating these equations, we obtain
N N
E,=|—2(1I+ =1L |Z
2 (Nl 1 [N]]z} | (2.86)

From Fig. 2.22b, we have L=I,'+L, ., and I;/I,'=-N,/N;. Using these, (2.86)
becomes

2

N

E, =(ﬁ2—) L)Ly = Zs], (2.87)
1

Thus the equivalent shunt impedance on the secondary side is obtained
in the same manner as for series impedances as is seen by comparing
(2.84). The voltage and currents transform in the usual way across the
ideal transformer in both circuits of Fig. 2.22.

We see from Fig. 2.20 and 2.21 that if the shunt branch is ignored so
that the exciting current is zero and equal and opposite amp-turns flow
in the 2 coils, then the inductance of this configuration is the 2 winding
leakage inductance. This can then be obtained from the energy in the
magnetic field by methods to be described later.

We mentioned earlier that in modern power transformers, which
typically have very low core exciting current, capacitive effects can be
important in situations where the core characteristics play a role. We
indicated that one way of including these effects was by placing a shunt
capacitance across the core. However, for greater accuracy, a better
method is to use the circuit model shown in Fig. 2.23 or one of its
equivalents. This model also includes the core losses by means of a core
resistance. There are shunt capacitances across the input and output so
that even if one of the coils is open circuited, the shunt capacitance
would act as a load so that current would flow in both windings. This
model has been found to accurately reproduce test results over a
frequency range near the power frequency.
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Figure 2.23 Circuit model of a 2 winding transformer under load, including a possibly
non-inear core, core losses, and capacitative effects

When the core has non-linear ® vs I, characteristics, since E;= N,
d®/dt, a sinusoidal E;, will result in a non-sinusoidal I.,, For ®
reasonably below saturation, the non-linearities are mild enough that
I, can be considered sinusoidal for most purposes when the primary
circuit is driven by a sinusoidal voltage. In this case N; d®/dt can be
replaced by a magnetizing inductance or reactance. As the transformer
is driven into saturation, the exciting current becomes nonsinusoidal
and also constitutes a greater fraction of the load current. In this case, it
begins to matter which coil carries it. As was seen in the extreme case of
inrush current, the exciting current depended on the mean area of the
coil through which it flowed. In this extreme, the circuit modals we
have developed here are no longer applicable. One would need to work
directly with flux linkages. One could define non-linear inductances
and mutual inductances as in (2.63) but it would no longer be true that
M= M,;. Also the I’s and M’s would depend on possibly both I; and I,.

2.7 PER UNIT SYSTEM

Transformer impedances, along with other quantities such as voltages
and currents are often expressed in the per unit (p.u.) system. In this
system, these quantities are expressed as a ratio with respect to the
transformer’s nominal or rated phase quantities. Thus, if the rated or base
phase voltages are Vy;, Vi, and the base currents are I, I, where 1 and 2
refer to the primary and secondary sides, then the base impedances are
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V,
Zb.=l—"‘ , L=t (2.88)

bl Ib2

The rated or base voltages, currents, and impedances are assumed to
transfer from one side to the other by means of the ideal transformer
relationships among voltages, currents, and impedances. These base
quantities are all taken to be positive. Thus the minus sign is neglected
in the base current transfer across sides. Hence, it can be shown that the
base power, Py, is the same on both sides of a transformer,

Po=Vii I11=Vin I (2.89)

In an actual transformer, the real power into a transformer is nearly the
same as that leaving it on the secondary side. This is because the
transformer losses are a small fraction of the power transferred,

The primary side voltage, V1, current, I, and equivalent impedance,
Z, . are expressed in the per unit system by

v, . Z,
VI,pu =V, = — ) Il.pu ==, Zl.eq,pu =2)q = 7 = (2.90)
bl bl : bl

and similarly for the secondary quantities. Often the p.u, values are
multiplied by 100 and expressed as a percentage. However, it is best not
to use the percentage values in calculations since this can lead to errors.
As indicated in (2.90), we use lower case letters to denote p.u. quantities.

Since the base quantities transfer across the ideal transformer in the
same manner as their corresponding circuit quantities, the p.u. values
of the circuit quantities are the same on both the primary and secondary
sides. Thus the 1 or 2 subscripts can be dropped when referring to p.u.
quantities. Although voltages, currents, and impedances for
transformers of greatly different power ratings can differ considerably,
their per unit values tend to be very similar. This can facilitate
calculations since one has a pretty good idea of the magnitudes of the
quantities being calculated. Thus, the 2 winding leakage impedances
when expressed in the p.u system are generally in the range of 5-15 %
for all power transformers. The exciting currents of modern power
transformers are typically ~0.1% in the p.u. system. This is also their
percentage of the rated load current since this has the value of 1 or 100
% in the p.u, system. The 2 winding resistances which account for the
transformers losses can be obtained in the p.u. system by noting that
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modern power transformers are typically >99.5 % efficient. This means
that <0.5 % of the rated input power goes into losses. Thus we have

Losses _ Rl,eqlgl _ Rl,eq _ Rl,eq =R

Rated Power Vi l,, Vi /Iy 2y

Legpu =1<05%  (2.91)

We omitted a 1 subscript on the per unit equivalent resistance, r, since it
is the same on both sides of the transformer. Using this and the above
estimate of the leakage impedance in the p.u. system, x, for power
transformers, we can estimate the x/r ratio,

x 005-015
—_——>10-30
r <0005 (2.92)

Thus 10 is probably a lower limit and, as previously shown, is high
enough to allow discriminating inrush from fault current on the basis of
second harmonic analysis.

2.8 VOLTAGE REGULATION

At this point, it is useful to discuss the topic of voltage regulation as an
application of the transformer circuit model just developed. In this context,
the core characteristics do not play a significant role so we will use the
simplified circuit model of Fig. 2.21. Voltage regulation is defined as
the change in the magnitude of the secondary voltage between its open
circuited value and its value when loaded divided by the value when
loaded with the primary voltage held constant. We can represent the
load by an equivalent impedance, Z;, and the relevant circuit is shown
in Fig. 2.24. In the figure, we have shown a load current, I, where
I=-L.
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N1 H Nz
v, 7o \A
L= — L
E, E, l
/3

Figure 2.24 Approximate circuit models of a 2 winding transformer with load included
and referred to the secondary side

It is convenient to perform this calculation in the per unit system, We
will use lower case letters to represent per unit quantities. Thus since
base quantities transfer across the ideal transformer like their
corresponding physical quantities, we have

e =tl=F2 g ¢ IR R (2.93)
17y Ny T ’ | A .
Vbl Vb2 Ib] Ib2

Therefore the ideal transformer can be eliminated from the circuit in the
per unit system. Also, since z, .=z, ., We can drop the numerical subscript
and denote the equivalent transformer p.u, impedance by

Z=TI+JX (2.94)

where r is the p.u. equivalent resistance and x the p.u. 2 winding leakage
reactance. Similarly we write

z .
zp =R =1+ X (2.95)
Zb2

The p.u. circuit is shown in Fig. 2.25.

© 2002 by CRC Press

www.EngineeringBooksPDF.com



84 TRANSFORMER CIRCUIT MODELS

Vi V2

il —

Figure 2.25 The circuit of Fig. 2.24 shown in the p.u. system

Thus when the secondary terminal is open circuited so z; and its
ground connection are missing in Fig. 2.25, we obtain for the open
circuited value of v,,

V2,0c=V1 (2.96)

We assume that v, is a reference phasor (zero phase angle) and v, is
therefore its magnitude. When the load is present, we have

vy=ipzp vy =igfz+z) (2.97)

Thus, from (2.97),

vy vy

V2 =(z+z,_)“(1+z/zL) = lvzl=|I+Z/ZL| (2.98)
Hence the voltage regulation is given by
. Voc —'1V2[
Re gulation = —’—ET—=[1+Z/ZLI—I (2.99)
V2

It is customary to express z; in terms of the load voltage and current
via (2.97),
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Vo lvzleje' ) lvzlei(ev-ei) ) IVzleje

' ic|

=2 (2.100)
i figle’® i

ZL=

where 0=0,”0; is the angle by which the voltage leads the current. For an
inductive load, 0 is positive. Letting v, and i, represent the magnitudes
of the load voltage and current, i.e. dropping the magnitude signs, the
impedance ratio in (2.99) can be written

2. (r+_ix)ﬁ“—e‘je = l—"(r+jx)(cose — jsin®)
z v v
- i : 2 (2.101)
= v—"[(rcose +x5inB)+ j(xcos6 - rsin6)]
2
Substituting (2.101) into (2.99), we get
. 2 . 2
Regulation = 1+:/—L(rcos9 +xsin9):| +[l—l‘(x cosf - rsine)} -1
2 V2
(2.102)

. N2
= ‘/1 +2l—[‘(rcos9+xsin9)+(ﬂ‘-) (r2 +x2) -1

V2 V2
Since z is generally small compared with z;, the terms other than unity

in (2.102) are small compared to unity. Using the approximation for
small €,

Vl+e zl+-§-e—%ez (2.103)

the regulation is given to second order in z/z; by

. , 2
Re gulation = -l-E-(rcose +xsinB) + -zl-(lL—] (xcos® - rsin6)’ (2.104)
V2 V2
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Summary Leakage reactances are calculated for transformers having
up to six separate windings per leg but with 2 or 3 terminals per phase.
These calculations may be applied to single phase units or to one phase
of a 3 phase unit. Windings may be connected in series or auto-connected.
In addition, tap windings or series taps within a winding may be
identified. Terminal-terminal and positive/negative sequence leakage
reactances are calculated, as well as the T-equivalent circuit model
leakage reactances for 3 terminal transformers. Expressions for per-unit
quantities are also given. When taps are present within a winding or as
separate windings, calculations are performed for the all in, all out, and
center or neutral position and for all combinations if more than one
type of tap is present. The calculations are based on a 2 winding reactance
formula which assumes that the windings are uniform along their length,
with a correction for end fringing flux. This has been found to be very
accurate for most purposes but, if greater accuracy is desired, a better
two winding reactance calculation could be substituted without changing
most of the formulas presented here.

3.1 INTRODUCTION

The reactance calculations performed here are on a per phase basis so
they would apply to a single phase unit or to one phase of a three phase
transformer. The phase can have up to six windings, interconnected in
such a way that only 2 or 3 terminals (external or buried) result. Thus
auto-transformers, with or without tertiary, are included as well as
transformers with tap windings. it should be noted that these reactances
are positive or negative sequence reactances. Zero sequence reactances
are somewhat sensitive to the three phase connection and to whether the
transformer is core-form or shell-form, but this does not appear to be
true for the positive/negative sequence reactances. Thus, in the following
discussion, we will be dealing with a single phase system which may or
may not be part of a 3 phase system.

It is usually desirable to design some reactance into a transformer in
order to limit any fault current. In addition, these reactances determine
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the voltage regulation of the unit. Hence it is desirable at the design
stage to be able to calculate these reactances based on the geometry of
the coils and core and the nature of the (single phase) winding
interconnections.

We begin by discussing ideal transformers, i.e. having no reactance
or resistance, since real transformers are usually described by adding
lumped resistance and reactance circuit elements to a model of an ideal
transformer. The following references have been used in this chapter:
[MIT43], [Lyo37], [Blu51], [Wes64].

3.2 IDEAL TRANSFORMERS

In an ideal 2 winding transformer as depicted in Fig. 3.1, the entire flux
¢ links both windings so that, by Faraday’s law, the induced emf’s are
given by

do dé
E;=-N,— , E,=-N,— 31
i 1t 2 25 (3.1)
Hence
E_N
E, N, (3.2)

We use the convention that the current is positive when entering the
positive terminal and that the fluxes generated by these positive currents

add.
I { I
1 S < 2
TP T

E PN, NzE/'WD
I 5 i

| p E/*')

—
Figure 3.1 Ideal 2 winding transformer
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In an ideal transformer, zero mmf is required to generate the flux so
that

N1I1+N212=0 (3.3)
which implies

L__N

1 = N, (3.4)

i.e., the secondary current I, is leaving terminal 2 (negative) when the
primaiy current I; enters terminal 1. Also, from the above equations

EIII
—— —l
E,l, (3.5)

i.e. the instantaneous power entering terminal 1 equals the power leaving
terminal 2 so that the unit is lossless as expected.
For a 3 winding unit, the above formulas become

Ly = (\\2" (3.6)
and
N+ N, L+ N3 =0 (3.7)
which imply
E+E,L+E,1,=0 (3.8)

i.e. the net power into the unit is 0, or the power entering equals the
power leaving. The generalization to more than 3 windings is
straightforward.

If the ideal transformer has a load of impedance Z, connected to its
secondary terminals as shown in Fig. 3.2, we have the additional
equation

E2='Izzz (3 9)
where -1, is the load current, usually denoted I;.
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I, R
P

E DNy N Zy
1 D (/.D
J C"""> E/"D

Figure 3.2 Ideal 2 winding transformer with a load on its secondary terminals

But from the above equations,

2 2
E, (N, N, NYVE, (N,
—_—] — E ——— I = - — —_—_—= — Z
L (sz 2/( Nl)z (Nz I, (N7 (3.10)

Thus, as seen from the primary terminals, the load appears as an
impedance Z,

Elzllzl (3.11)
where
N 2
Z =Ltz
1 (Nz) 2 (3.12)

At this point we introduce per-unit values. That is, we choose base
values for voltages, currents, etc. and express the actual voltages, currents,
etc. as ratios with respect to these base values. Only two independent
base values need to be chosen and these are usually taken as power or
VI and voltage V. The base power is normally taken as the VI rating of
the unit per phase and the voltage