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Preface

The second edition of Modern Fluid Dynamics (the first edition was published by Springer) has
been thoroughly revised and updated based on multi-year feedback from graduate students
as well as suggestions from colleagues. Specifically, the previous three book parts have been
reduced to a new, two-part, streamlined and reorganized version with a now even stronger
emphasis on the fundamentals, illustrative examples, and computer applications. As it is a
text for first-year graduate students and advanced seniors, the sections on compressible flow
and compartmental modeling have been deleted to provide extra space for more appropri-
ate topics, such as scale analysis, non-Newtonian fluid flow, surface coating, convection heat
transfer, fluid-particle dynamics, microfluidics, and microfluidics, and computational fluid
dynamics applications. Thus, the first part of the new edition, that is, Chapters 1 through 3, is
now easier to read, leading with the sample problem solutions and associated discussions to
an enhanced understanding of the principles of fluid dynamics. With the new knowledge base
gained and skill level acquired from studying Part A in conjunction with Appendix I, modern
fluid dynamics applications are discussed in Chapters 4 through 8 of the new Part B. After
basic introductions to real-world topics, such as mixture flows, lubrication systems, surface
coating, microfluidics, and fluid—structure interactions, representative sample applications are
discussed. Part B concludes with Chapter 9 on mathematical modeling and computer simula-
tion with examples, while Chapter 10 deals with the development and execution of course proj-
ects. Specifically, guidelines are provided for project report writing, followed by lists of tutorial
and numerical projects, both categories being illustrated with insightful project reports. The
necessary background material in engineering math is reviewed in Appendix I, that is, tensor
analysis, integration/differentiation, special integrals, ordinary differential equations, and all
conservation laws. Appendix I now also contains OpenFOAM commands, some of which have
been used in course-project solutions given in Chapters 9 and 10. Appendix II contains conver-
sion factors and fluid properties as well as the Moody chart and drag coefficients for spheres
and cylinders. While traditionally, fluid mechanics books present the material in progressive
order, that is, employing an inductive approach from the simple to the more difficult, the pres-
ent text adopts more of a deductive approach. Indeed, understanding the derivation of the basic
equations and then formulating the system-specific equations with suitable boundary condi-
tions are two key steps for proper problem solutions. Understanding of the fundamentals and
independent application skills are the main learning objectives. For students to gain confidence and
independence, an instructor may want to be less of a “sage on the stage” and more of a “guide
on the side.” Specifically, engaging students in “white-board performances,” that is, interest-
ing problem solutions, tutorial presentations of specific topics of Part B, and selected journal
articles is highly recommended. Requiring an in-depth course project and its associated report
(see Chapter 10) may be a crowning assignment or may even replace the final exam. The need
for the proposed text evolved primarily out of industrial demands and post-graduate expectations.
Clearly, industry and government recognized that undergraduate fluid mechanics edu-
cation had to change measurably due to the availability of powerful software that runs
on workstations and because of the shift toward more complicated and interdisciplinary
tasks that tomorrow’s engineers are facing (see NAS “The Engineers of 2020” at http://
national-academics.org). Also, an increasing number of engineering firms recruit only MS-
and PhD-holders, wondering whether BS-degree engineers are able to follow technical
directions, let alone build mathematical models and consequently analyze and improve/
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xiv Preface

design devices related to fluid dynamics. In the academic environment, a fine knowledge
base and solid skill levels in modern fluid dynamics are important for success in more
advanced thermal sciences courses, in emerging departmental programs, and for new the-
sis/dissertation requirements responding to future educational needs. Building on intro-
ductory courses in thermodynamics, fluid mechanics, heat transfer, and solid mechanics
as prerequisites as well as on a junior-level math background, a differential approach is
most insightful to teach the fundamentals in fluid mechanics and convection heat trans-
fer. Pedagogical elements include a 50:50 physics-mathematics approach when introducing
new material, illustrating concepts, showing flow visualizations, and solving problems.
The problem solution format strictly follows the sequence System Sketch, Assumptions,
and Method—before starting the solution phase, which consists of symbolic math model
development (see Appendix I), numerical solution, graphs, and comments on “physical
insight.” After some illustrative examples, most solved text examples have the same level
of difficulty as suggested assignments and/or exam problems. The ultimate goals are that
the more serious student will be able to solve basic fluid dynamics problems independently,
provide physical insight, and suggest, via a course project, system design improvements. All
figures appearing in this book will be hosted on the CRC Press website: www.crcpress.
com/9781138198104. In addition, an updated and expanded solutions manual, previously
authored by post-doc Dr. Jie Li and now redeveloped by Curtis Promislow and Sriram
Chari, will be available later on for instructors adopting the textbook.

The new edition could not have been completed without the superb assistance provided
by Curtis Promislow in terms of text and equation typing, finalizing figures and tables,
and manuscript formatting. Also, the fine project contributions from Dr. Zelin (Luke) Xu
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Part A

Fluid Dynamics Fundamentals
with Applications

Part A consists of the first three chapters which discuss the essentials in fluid dynamics,
highlighted with some introductory applications. Specifically, Chapters 1 and 2 revisit the
basic concepts learned in undergraduate fluid mechanics with some extensions, in prepa-
ration for Part B. Chapter 3 then focuses on internal versus external laminar flows as well
as turbulent boundary layer and tubular flows.
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1

Review of Basic Concepts

“Fluid dynamics” implies momentum transfer, that is, fluid flow and associated forces
described by vector equations, as well as convective heat transfer and species-mass trans-
fer described by scalar transport equations. Specifically, this chapter reiterates some basic
definitions and continuum mechanics concepts, with an emphasis on how to describe
standard fluid flow phenomena. Most of the material of Part A is also covered in under-
graduate fluid mechanics and heat transfer texts. After refreshing his/her knowledge base,
the student should solve the assigned Homework Problems independently (see Section 1.5)
in conjunction with Appendix I. Please see Table 1.1 for acquiring good study habits. While
a good grade is a primary objective, a thorough understanding of the subject matter and
mastery in solving engineering problems should be the main focus. Once that is achieved,
a good grade comes as a natural reward.

It should be noted that the material of Part A is an extension of the introductory chapters
of the author’s Biofluid Dynamics text (CRC Press, 2006; with permission).

1.1 The Continuum Mechanics Hypothesis

Fundamental to the description of all transport phenomena are the conservation laws,
concerning mass, momentum, and energy, as well as their applications to continua. For
example, Newton’s second law of motion holds for both molecular dynamics, that is, inter-
acting molecules, and for continua, such as air, water, plasma, and oils. Thus, fluid flow
fields are assumed to be continua as long as the local material properties can be defined as aver-
ages computed over material elements/volumes sufficiently large when compared with microscopic
length scales of the fluid, but small relative to the macroscopic structure. Variations in fluid flow
quantities can be described with differential equations. The continuum mechanics method is
an effective tool to physically explain and mathematically describe various transport phe-
nomena without detailed knowledge of their internal nano/micro structures. Specifically,
fluids are treated as continuous media characterized by certain field quantities associated
with the internal structure, such as density, viscosity, temperature, and velocity. In sum-
mary, continuum mechanics deals with three aspects:

e Kinetics: That is, fluid element motion regardless of the cause

® Dynamics: That is, the origin and impact of forces and fluxes generating fluid
motion and waste heat; for example, the stress tensor, heat flux vector, and entropy

e Balance principles: That is, the mass, momentum, and energy conservation laws

Also, all flow properties are in local thermodynamic equilibrium, implying that the mac-
roscopic quantities of the flow field can adjust swiftly to their surroundings. This local
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TABLE 1.1

Suggestions for Students Interested in Understanding Fluid Dynamics and Acquiring a Sufficient
Skill Level

1. Review Topics

Eng. Sciences (Prerequisites) Math Background (see Appendix I)

* Problem solution FORMAT: System sketch, assumptions, method; Algebra, tensor calculus, and
solution, properties, results; graphing with comments Taylor series expansion

¢ Differential force, energy and mass balances (i.e., free-body Calculus and functional analysis
diagram, control volume analysis, etc.) Graphing of profiles and

¢ Symbolic math analyses, where # of unknowns £ # of equations correlations

Surface and volume integrals

Differential equations subject to

inlet/boundary conditions

2. Preparation

e Study book chapters, lecture notes, and problem assignments

* Learn from solved book examples, lecture demos, and review problem solutions (work independently!)

e Practice graphing of results and drawing of velocity or temperature profiles and streamlines

e Ask questions (in-class, after class, office, email)

e Perform “special assignments” in-class, such as White-board Performance, lead in small-group work, etc.
* Solve old test problems with your group

* Solve test-caliber questions and problems: well-paced and INDEPENDENTLY

3. Participation

e Enrich your knowledge base and sharpen your communication skills via presentations
* Understand some fluid mechanics topics in more depth from exploring flow visualizations as well as
doing tutorial or computer project work and report writing

adjustment to varying conditions is rapidly achieved if the fluid has very small character-
istic length and time scales of molecular collisions when compared with the macroscopic
flow variations. However, as the channel (or tube) size, typically indicated by the hydrau-
lic diameter D,, is reduced to the micro- or even the nano-scale, the surface-area-to-volume
ratio becomes larger, because A/ V ~D;'. Thus, as discussed in Chapter 7, wall-surface
effects may become important; for example, wall-roughness and surface forces as well
as discontinuities in gas velocity and temperature relative to the wall have to be dealt
with. Furthermore, when flow microconduits are short, as in microscale cooling devices
and microelectromechanical systems (MEMS), nonlinear entrance effects dominate, while
for long microconduits, viscous heating (for liquids) or compressibility (for gases) may
become a factor. In such cases, the validity of the continuum mechanics assumption may
have to be re-examined (see Chapter 7).

As implied, any flow field can be described at either the molecular/microscopic or the
macroscopic level. The microscopic or molecular models consider the position, velocity,
and state of every molecule of a single fluid or multiple “fluids” at all times. Averaging
discrete-particle information (i.e., position, velocity, and state) over a local fluid volume
yields macroscopic quantities, for example, the velocity field v(x, ), at any location in the
flow. The advantages of the molecular approach include general applicability, that is, no
need for submodels (e.g., for the stress tensor, heat flux, turbulence, wall conditions, etc.),
and an absence of numerical instabilities (e.g., due to steep flow field gradients). However,
considering myriads of molecules, atoms, and nanoparticles requires enormous computer
resources, and hence, only simple channel or stratified flows with a finite number of inter-
acting molecules (assumed to be solid spheres) can be presently analyzed. For example,
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FIGURE 1.1
Dynamics and kinematics of fluid flow in 2-D.

in a I-mm cube there are about 34 billion water molecules (about a million air molecules
at STP), which makes molecular dynamics simulation prohibitive, but on the other hand,
intuitively validates the continuum assumption (see Kleinstreuer, 2006).

Here, the overall goal is to find and analyze on the macro-scale the interactions between fluid
forces, for example, pressure, gravity/buoyancy, drag/friction, inertia, and so on, and fluid
motion, that is, the velocity vector field and pressure distribution from which everything else
can be directly obtained or derived (see Figure 1.1a,b). In turn, scalar transport equations, that
is, convection mass and heat transfer, can be solved based on the velocity field to obtain criti-
cal magnitudes and gradients (or fluxes) of species concentrations and temperatures.

In summary, unbalanced surface/body forces and gradients cause motion in the form of fluid
translation, rotation, and/or deformation, while temperature or concentration Qradients cause
mainly heat or species-mass transfer. Note that flow visualization videos plus web-based uni-
versity sources provide fascinating videos of complex fluid flow, temperature, and species
concentration fields (see Section 1.5.1 assignments).

1.2 Definitions, Fluid Properties, and Constitutive Equations
1.2.1 Definitions

Elemental to mass/momentum/energy transport phenomena is the description of fluid
flow, that is, the equation of motion, which is also called the momentum transfer equation, in
conjunction with the continuity equation, which is a statement of fluid-mass conservation.
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For non-isothermal problems, the heat transfer equation, describing energy conserva-
tion, is also necessary. The momentum equation is an application of Newton’s second
law, Y, i:m =ma, which Newton postulated for the motion of a particle. For most engineer-
ing applications, the equation of motion is nonlinear but independent of the mass and
heat transfer equations; that is, fluid properties are not measurably affected by changes in
solute concentration and temperature. Hence, the major emphasis in Chapter 1 is on the
description, solution, and understanding of the physics of fluid flow. Here is a review of a
few definitions:

® A fluid is an assemblage of gas or liquid molecules that deforms continuously; that
is, it flows under the application of a shear stress. Note, solids do not behave like
that; but what about borderline cases, that is, the behavior of materials such as
jelly, grain, sand, and so on?

e Key fluid properties are density p, dynamic viscosity , species diffusivity D, heat capac-
ities c, and c,, and thermal conductivity k. In general, all six are temperature and spe-
cies concentration dependent. Most important is the viscosity (see also kinematic
viscosity v=p/p), representing frictional (or drag) effects. Certain fluids, such as
polymeric liquids, blood, foodstuffs, latex paints, and so on, are also shear-rate
dependent, and are hence called non-Newtonian fluids (see Section 4.2).

e Flows can be categorized into:

Internal flows External flows
e Qil, air, water, or steam in pipes and inside e Air past vehicles, buildings, and planes
devices * Water past pillars, submarines, and so on
e Blood in arteries/veins or air in lungs * Polymer coating on solid surfaces

e Water in rivers or canals

e Driving forces for fluid flow include gravity, pressure drops or gradients, tempera-
ture differences or gradients, surface tension, electromagnetic forces, and so on.

e Any fluid flow is described by its velocity and pressure fields, which are the key
unknowns in the momentum equation. The velocity vector of a fluid element can
be written in terms of its three scalar components:

v=ui+vj+ok < rectangular coordinates > (1.1a)

or
V=0,6 +0gy + 0,6, <cylindrical coordinates > (1.1b)
V =10,8, +0ply + Uy < spherical coordinates > (110

Its total time derivative is the fluid-element acceleration:

v Dv . - -
= = Atotal = Alocal T Aconvective (12)

dt ~ Dt
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where D/Dt=29/ 8t+(f)- V) in Equation 1.2 is also known as the Stokes, material, or sub-
stantial time derivative, following the fluid element in motion (see Appendix AL2.1).

e Streamlines for the visualization of flow fields are lines to which the local velocity
vectors are tangential. For example, for steady two-dimensional (2-D) flow:
dy v
== 1.3
dx u (13)
where the 2-D velocity components v = (u,v,0) have to be given to obtain, after
integration, the streamline equation y(x).

e Forces acting on a fluid element can be split into normal and tangential forces lead-
ing to pressure and normal/shear stresses. Clearly, on any surface element:

Frormal
P OI' Thormal = noma (14)
Asurface
while
Ftan i
_ gential
Tshear = —, (15)
Asurface

As Stokes postulated, the stress can be viewed as a linear derivative; that is, T~ Vv (see
Appendix AlL1.2), where relative motion of viscous fluid elements (or layers) generate a
shear stress, Ty, In contrast, the total pressure sums up the mechanical (or thermody-
namic) pressure, which is experienced when moving with the fluid (and therefore labeled
static pressure and measured with a piezometer or Pitot tube, as shown in Figure 2.8). The
dynamic pressure is due to the fluid motion (i.e., pv?/2), and the hydrostatic pressure is due
to gravity (i.e., pgz):

ptotal = pstatic + pdynamic + phydrostatic

o, (1.6a,b)
= Pstatic + Ev +pgz =
where
Pstatic T Pdynamic = Pstagnation (17)
Recall for a stagnant fluid body (i.e., a reservoir), where h is the depth coordinate:
Phydrostatic = Po + pgh (1.8)

Clearly, the hydrostatic pressure due to the fluid weight appears in the momentum equa-
tion as a body force per unit volume, that is, pg .
e Dimensionless groups, that is, ratios of forces, fluxes, or process or system param-
eters, indicate the importance of specific transport phenomena. For example, the
Reynolds number is defined as

Re, = Finerta._ oL/v (1.9)

viscous
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where:
v is an average system velocity
L is a representative system “length” scale (e.g., the tube diameter D)

v=p/p is the kinematic viscosity of the fluid

Other dimensionless groups with applications in engineering include the Womersley
number and the Strouhal number (both dealing with oscillatory/transient flows), the Euler
number (pressure difference), the Weber number (surface tension), the Stokes number
(particle dynamics), the Schmidt number (diffusive mass transfer), the Sherwood num-
ber (convective mass transfer), and the Nusselt number (the ratio of heat conduction to
heat convection). The most common source, or derivation, of these numbers is the non-
dimensionalization of partial differential equations describing the transport phenomena
at hand, or more directly using scale analysis (see Section 1.4).

1.2.2 Thermodynamic Properties

Thermodynamic properties, such as mass and volume (extensive properties) or velocity, pres-
sure, and temperature (intensive properties), characterize a given system. In addition,
there are transport (or material) properties, such as viscosity, diffusivity, and thermal con-
ductivity, which are all temperature dependent and may greatly influence, or even largely
determine, a fluid flow field. Just consider tubular flow of air versus honey (at different
temperatures) for the same pressure drop. Any extensive, that is, mass-dependent, prop-
erty divided by unit mass is called a specific property, such as the specific volume v=V/m
(where its inverse is the fluid density) or the specific energy e=E/m. An equation of state is
a correlation of independent intensive properties, where for a simple compressible system,
just two describe the state of such a system. A famous example is the ideal-gas relation,
pV =mRT, where m=pV, and R is the gas constant.

1.2.3 Constitutive Equations
When considering the conservation laws derived in Chapter 2 for fluid flow as well as heat
and species-mass transfer, it is apparent that additional relationships must be found to

solve for the field variables v, p, and T as well as q and 7. This is necessary for reasons of
(1) mathematical closure; that is, a number of unknowns require the same number of equa-
tions, and (2) physical evidence; that is, additional material properties other than the den-
sity p are important in the description of system/material/fluid behavior. These additional
relations, or constitutive equations, are fluxes that relate via “material properties” to gradients
of the principal unknowns. Specifically, for basic linear proportionalities, we recall

e Hooke’s law, that is, the stress—strain relation in tensor (or index) notation is

0;i = Diju€n (L10)

where Dy, is the Lagrangian elasticity tensor.
e Fourier’s law, that is, the heat conduction flux in vector notation is

g=—-kVT (111)

where k is the thermal conductivity.
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FIGURE 1.2
[llustration of the shear stress derivation for simple Couette flow where t,,=1,,,,= constant because u(y) is linear.

e The diffusion flux of species c is

Je=—DuVe (1.12)

where 9,; is the species-mass diffusion coefficient.

* Stokes’ postulate, that is, the fluid shear stress tensor for incompressible fluid flow:
T=w(V+VvT) (113)
where p is the dynamic viscosity.

Of special importance are the stresses and associated viscosity. Clearly, to move fluid
elements relative to each other, a driving force (e.g., a net pressure force a simply a pulling
force) is necessary, to which a shear force Fy,ngentiat= Tshear Aintertace T€ACtS (s€€ Figure 1.2). As
postulated by Stokes, the shear stress is proportional to Vv and the dynamic viscosity,
which is temperature dependent for Newtonian fluids (e.g., air, water, and oil) or shear-rate
dependent for non-Newtonian fluids. Specifically, for incompressible fluid flow, Equation
1.13 holds, so that for simple shear flow (see Figure 1.2),

Ty = Wdu/dy (1.14)
1. Tangential force F, ;= ~Fyog:
F, E
0 pul S0 We 0bserve: Ty =—8— where Firag = Foun
- surface
Twall
d_p =0 ¢ ASurface
dx 5 u(y)
yT (P. )
x
Jy
In general, anywhere in the fluid: t,, = dF
JA dA,

dF,

X
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1.2.4 Stress Tensors and Stress Vectors
While the illustration of a one-dimensional (1-D) shear stress provides some physical
insight (see Figure 1.2), a three-dimensional (3-D) viscous flow field actually features nine
stress components. Generally, in the equation of motion (see Section 2.3), total stress tensor
T is an unknown. That constitutes a closure problem; that is, T has to be related to the
principal variable v or its derivatives. In expanded form,

T=—pl+i (115)

where:
p is the thermodynamic pressure (or the hydrostatic pressure for Vo =0)

I is the necessary unit tensor for homogeneity
T

is the stress tensor, consisting of six shear stresses and three normal stresses
For any coordinate system, the stress vector T relates to the symmetric second-order ten-

sor T as

7l (1.16)

~u

~

T=nx

where 7 is the normal (unit) vector. Without tensor symmetry, that is, T; # T, an infinites-
imal fluid element ( AV — 0) would spin as |® —> 9| . It is more insightful to write Equation
1.15 in tensor notation, so that the total stress tensor reads:

’I;-]' =- p&] + Tij (117)
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where:

—pd; is interpreted as the isotropic part (e.g., fluid statics and inviscid flow)

T; is the deviatoric part, for which a constitutive equation has to be found. Physically,
Tjj = T(i=surface-normal)(j=stress-direction) T€PTesents a force field per unit area as a result of
the resistance to the rate of deformation of fluid elements, that is, internal friction
(Figure 1.2). This fact leads for fluids to the postulate related to solid mechanics,
that is,

Tij = fCt(Sij) (118)

1 . .
where g; = E(Ui’ i+ vj,,») is the rate-of-deformation tensor.

The relation between t; and ¢; (plus vorticity tensor ;) can be more formally derived,
starting with a fluid element displacement from point P (with v at #) to point P’
(V+dv att+dt) a distance ds apart (see Figure 1.1b). Expanding the total derivative in

Cartesian coordinates,

(ou ou o]
ox dy 0z
_ |ov dv dv | .
do=|2 90 R\ vid 119
V7 ox dy oz S vas 119
o
| dx  dy  0Jz |

The spatial changes (or deformations) the fluid element is experiencing can be expressed
as the rate-of-deformation tensor, that is,

AV _ g Vi
ds ox;

Equation 1.20 can be decomposed into the strain-rate tensor ¢; <symmetrical part> and
the vorticity (or rotation tensor) {;;:

(1.20)

an
aixj = 8,']' + Qij (121)

It can be readily shown that

¢ {,=-C,=0, {.=-(,=0, and {,=-(,=w, where o, = 1(80_2%1} and so on;

2{ox 9y
thus, the tensor iy collapses to 2( =V xv = E, the vorticity vector

® g;:=Y;=0v;/0dx; indicates volume change (dilation)

1. . . . .
gjj = E'yij,z # j, represents element distortion
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cally necessary to match Equation 1.21.

) . 1. . .
¢ The shear-rate tensor y; = and hence the 1/2in g; = Ey,-]- is mathemati-

As mentioned, Stokes suggested that T is a linear function of € , which is not the case
for non-Newtonian fluids, rarefied gases, and some fluid flows in microscale devices, for
example, bioMEMS. Specifically, for Newtonian fluids, that is, air, water, and most oils,

= MV D) + 208 (122)

where the viscosity coefficients A and p depend only on the thermodynamic state of the
fluid. For incompressible flow, V-v=0 (see Section 2.2.2), and the total stress tensor
reduces to

T,-]- = —p5,-]- + 2“6,']' (123)
where
Jdu; dv; .
2 i =T = ! / = i 124
Hej =T u(axj+axi) Wy (1.24)

Here, v;; = 2¢; is called the shear-rate tensor (see Appendix ALS5.5 for all stress and shear-
rate components in rectangular, cylindrical, and spherical coordinates).

Of great importance are the wall shear stress vector (T, = WSS) as a result of frictional
(or viscous) effects and the no-slip condition for macro-scale systems, that is, at any solid
surface:

‘_}ﬂuid = ‘_}wall (125)

Typically, Vyan =0; that is, the wall is stationary and impermeable. The experimentally
verified no-slip condition for macro-flow generates velocity gradients normal to the wall
at all axial flow speeds. As illustrated in Figure 1.2, the WSS-elements are:

ou/on (due to the no-slip condition)
Twan = WSS ~ n (due to viscous fluid effects)

Fang /A (tangential force per unit surface area)

Very high or low WSS values have been related to device malfunctions and arterial dis-
eases (Kleinstreuer, 2006). Integration of T, over the entire surface of a submerged body
or inside a conduit yields the frictional drag:

Fviscous = JATwaH dA (126)
A
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Viscous drag (frictional effect) plus form drag (pressure effect) make up the total drag:

Fiag = j (T +p)dA (127)
A

For most cases, it would require elaborate computational fluid dynamics (CFD) analysis
to evaluate the WSS and pressure distributions on a submerged body surface and then to
integrate (see Section 3.2.3).

1.2.5 Flux Vectors

Expanding on Section 1.2.3, flux implies the transport of a quantity per unit area and time.
For example, in heat transfer, energy moves, for example, heat conducts, by molecular
interaction from a point of high temperature to one at lower temperature in a fluid or
solid. A simple steady 1-D experiment of a homogeneous plate (of area A and thickness L)
with one side at T, and the other one at T, (where T;>T,) would show that the heat flow
rate Q~A(T,-T,)/L. Thus, with Q/A being the conductive heat flux in the x-direction, g,
(in kilojoules per second per meter squared), and recognizing that in the limit AT/L is the
temperature gradient in the x-direction, we have g,~dT/dx or

gx = —kdT/dx (1.28)

where k is the thermal conductivity, which may vary with temperature (see Appendix II)
and direction; that is, k, #k, # k.. In general, K¢ > Kjiquia > Kgas largely due to differences
in intermolecular spacing for the three states. In 3-D, the law of heat conduction after Fourier
reads:

j=-kVT (1.29)

Clearly, the negative sign ensures that in light of the negative temperature gradient, the
heat flows in the positive direction, that is, of decreasing temperature (see second law of
thermodynamics).

It should be recalled that k/(pc,) is the thermal diffusivity a, which has the same dimen-
sions (L%/T) as the kinematic viscosity (or momentum diffusivity) and the (binary) mass
diffusivity D, The ratio of v/a=Pr is the Prandt] number. So, it is not surprising that for
ordinary diffusion, that is, one species A (a dye) in a solvent B (say, water), a somewhat
similar transfer process takes place, driven by the concentration gradient of species c:

.

) = —Q)ABVC (130)
where:
i (in kilograms per second per meter squared) is the mass flux vector of species ¢

D, is the binary diffusion coefficient; that is, for dilute suspensions of nanoparticles
(see Chapter 8) D,; =2 can be evaluated from the Stokes—Einstein equation as

. KBT
3nud,

(1.31)
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where:
i is the Boltzmann constant
T isthe temperature in Kelvin

d, 1is the particle/molecule diameter, typically d, < 100 nm

1.3 Derivation and Modeling Approaches

A sound understanding of the physics of fluid flow with mass and heat transfer, as well as
statics/dynamics and stress—strain theory, and a mastery of basic solution techniques are
important prerequisites for studying, applying, and improving engineering systems. As
always, the objective is to learn to develop mathematical models; here, to establish approxi-
mate representations of actual transport phenomena in terms of differential or integral
equations. The (analytical or numerical) solutions to the describing equations should produce
testable predictions and allow the analysis of system variations, leading to a deeper understanding
and possibly to new or improved engineering procedures or devices. Fortunately, most systems
are governed by continuum mechanics laws (see Section 1.1). Notable exceptions are cer-
tain micro- and nano-scale processes, which require modifications of the classical bound-
ary conditions (see Chapter 7) or even molecular models solved via statistical mechanics
or molecular dynamics simulations.

Clearly, transport phenomena, that is, mass, momentum, and heat transfer, form a sub-
set of mechanics, which is part of classical (or Newtonian) physics (see Figure 1.3). Physics
is the mother of all hard-core sciences, engineering, and technology. The hope is that one
day, advancements toward a “universal theory” will unify classical with modern physics,
resulting in a fundamental equation from which all visible/detectable phenomena can be
derived and described.

Physics
Modern physics Classical physics

i Mechanics : Electro-

! (Newton et al.) ! magnetism
Relativity 1 Quantum o M 1
theory i mechanics ° The‘rmodynarfncs | (Mazxwell
(Einstein) |  (Planck et al.) * Solid mechanics |

! e Fluid mechanics |

I I

I I

L Unified theory (?)
FIGURE 1.3

Subsets of physics and the quest for a unifying theory.
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1.3.1 Approaches to Problem Solving

Traditionally, the answer to a given problem is obtained by copying from available sources
suitable equations, needed correlations (or submodels), and boundary conditions with their
appropriate solution procedures. This is called matching, and it may result in a good first-step
learning experience. However, it should be augmented later on by more independent work;
for example, deriving governing equations, obtaining data sets, plotting and visualizing
results, improving basic submodels, finding new, interdisciplinary applications, exploring
new concepts, interpreting observations in a more generalized form, or even pushing the
envelope of existing solution techniques or theories. In any case, the triple pedagogical goals
of advanced knowledge, skills, and design can be achieved only via independent practice, hard
work, and creative thinking. To reach these lofty goals, a deductive or “top-down” approach
is adopted, that is, from the fundamental to the specific, whereby the general transport phe-
nomena are recognized and mathematically described, and then special cases are derived
and solved—after the acquisition of necessary fluid property values and input data sets.

As a first task, exact flow problem identification is very important and sometimes the most
difficult, especially in industrial settings. After obtaining some basic information and reli-
able data, it helps to think and speculate about the physics of the fluid flow, asking:

Viscous fluid flow
Notes: Inviscid (1 ~ 0) and irrotational (¢ = 0) flows are idealized

(i.e., potential) flows where v = V.

/ T

Newtonian fluids Non-Newtonian fluids
(air, water, or oil: p=¢ @ T and c) (u—m = fet (Vv, K, n, 1)
Incompressible fluids Compressible fluids
p = ¢ ; Notes : For gases Ma < 0.3; p=p 1)
for liquids p > pyapor high-speed, high-pressure flows

/\

Internal flows External flows
(m=¢) (boundary-layer theory)
Laminar flows Turbulent flows
Rep, < 2300 for pipe flow Random fluctuations; structures
Rey, < 5 x 105 for flat plate Re>>1; 1Ty =fct (k & o, L t)

/\

Isothermal flows Non-isothermal flows
(T=¢) T=T( 1)
(fluid propertics < 1 — forced convection
Gr . .
evaluated at T) Re2 ~ 1 — mixed convection

> 1 — free convection

FIGURE 1.4
Special cases of viscous fluid flows.
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1. What category does the given flow system fall into, and how does it respond to
normal as well as extreme changes in operating conditions? Figure 1.4 may be use-
ful for the categorization of real fluids and types of flows.

2. What variables and system parameters play an important role in the observed
transport phenomena, that is, linear or angular momentum transfer, fluid-mass or
species-mass transfer, and heat transfer?

3. What are the key dimensionless groups, and what are their expected ranges (see
Section 1.4)?

Answers to these questions assist in grouping the flow problem at hand. For example,
with the exception of “superfluids,” all others are viscous, some more (e.g., syrup) and
some less (e.g., rarefied gases). However, with the advent of Prandtl’s boundary-layer concept
(Sections 3.2.1 and 3.3.1), the flow field, say, around an airfoil has been traditionally divided
into a very thin (growing) viscous layer and beyond that an unperturbed inviscid region.
This paradigm helped to better understand actual fluid mechanics phenomena and to sim-
plify velocity and pressure as well as drag and lift calculations. Specifically, at sufficiently
high approach velocities, a fluid layer adjacent to a submerged body experiences steep
gradients due to the “no-slip” condition and hence constitutes a viscous flow region, while
outside the boundary layer, frictional effects are negligible. Clearly, with the prevalence of
powerful CFD software and engineering workstations, such a fluid flow classification is
becoming more and more superfluous (see discussion in Section 3.2).

While, in addition to air and water, almost all oils are Newtonian, some synthetic motor-oils
are shear-rate dependent, and that holds as well for a variety of new (fluidic) products. This
implies that modern engineers have to cope with the analysis and computer modeling of
non-Newtonian fluids (see Section 4.2). For example, latex paint is shear-thinning; that is, when
painting a vertical door, rapid brush strokes induce high shear rates (y ~ dw/dz), and the
paint viscosity/resistance is very low. When brushing stops, locally thicker paint layers (due
to gravity) try to descend slowly; however, at low shear rates, the paint viscosity is very high,
and hence, “tear-drop” formation is avoided, and a near-perfect coating can dry on the door.

All natural phenomena change with time and hence are unsteady (i.e., transient), while
in industry, it is mostly desirable that processes are steady, except during production line
start-up, failure, or shutdown. For example, turbines, compressors, and heat exchangers
operate continuously for long periods of time and hence are labeled steady-flow devices; in
contrast, pacemakers, control systems, and drink-dispensers work in a time-dependent fash-
ion. In some cases, such as a heart valve, devices change their orientation periodically, and
the associated flows oscillate about a mean value. In contrast, it should be noted that the term
uniform implies “no change with system location,” as in uniform (i.e., constant over a cross-
section) velocity or uniform particle distribution, both of which could still vary with time.

Mathematical flow field descriptions become complicated when laminar flow turns unsta-
ble due to high speed and/or geometric irregularities ranging from surface roughness to
complex conduits. The deterministic laminar flow turns transitional on its way to becoming
fully turbulent, that is, chaotic, transient 3-D with random velocity fluctuations, which help
in mixing but also induce high apparent stresses. As an example of “flow transition,” pic-
ture a group (on bikes or skis) going faster and faster down a mountain, while the terrain
gets rougher. The initially quite ordered group of riders/skiers may change swiftly into an
unbalanced, chaotic group. So far, no universal model for turbulence, let alone for the transi-
tional regime from laminar to turbulent, has been found. Thus, major efforts focus on direct
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numerical simulation (DNS) of turbulent flows, which are characterized by relatively high
Reynolds numbers and chaotic, transient 3-D flow pattern (see Sections 3.2 and 3.3).

1.3.2 Derivation Techniques

There are basically four ways of obtaining specific transport equations reflect-
ing the conservation laws. The points of departure for each of the four methods are
either given (e.g., Boltzmann equation or Newton’s second law) or derived based on
differential mass, momentum, and energy balances for a representative elemental vol-
ume (REV).

1. Lattice-Boltzmann method and molecular dynamics approach: Fluid properties and
transport equations can be obtained from kinetic theory and the Boltzmann
equation, respectively, employing statistical means. Alternatively, for molecular
dynamics simulations, ¥ F =ma is solved for each fluid molecule or bundle of

particles using direct numerical integration.

2. Integral approach: Starting with the Reynolds Transport Theorem (RTT) for a fixed
open control volume (Euler), specific transport equations in integral form can be
obtained (see Section 2.1).

3. Differential approach: Starting with 1-D balances over an REV and then expanding
them to 3-D, the mass, momentum, and energy transfer equations in differential
form can be formulated. Alternatively, the RTT is transformed via the divergence
theorem, where in the limit, the field equations in differential form are obtained
(see Sections 2.2 through 2.4).

4. Phenomenological approach: Starting with balance equations for an open system,
that is, a control volume, transport phenomena in complex flows are derived
largely based on empirical correlations and dimensional analysis considerations.
A very practical example is the description of transport phenomena with com-
partment models. These “compartments” are either well mixed, that is, transient
lumped-parameter models without any spatial resolution, or transient with a 1-D
resolution in the axial direction (see Kleinstreuer, 2006).

1.3.3 Basic Flow Assumptions and their Mathematical Statements

Once a given fluid dynamics problem has been categorized (Figure 1.4), some justifiable
assumptions have to be considered to simplify the general transfer equations, as exempli-
fied here:

Flow Assumption Consequence (Eulerian Description of Section 1.3.4)

Time dependence 9 I
En =0, that is, steady-state; v=v(t), that is, transient flow
t

Dimensionality Required number of space coordinates x=(x,y,z)

Directionality Required number of velocity components v= (1,0, w)

Unidirectional flow Special case when all but one velocity component are zero
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Development phase P
% =0, that is, fully-developed flow, where s is the axial coordinate
S

Symmetry
Bi =0:midplane(n is the normal coordinate)
n

9 =0:axisymmetry

00

1.3.4 Closed versus Open Systems and Associated Flow Descriptions

After a flow problem has been well posed and categorized in terms of the viscous-
flow grouping (see Figure 1.3) in conjunction with a set of proper assumptions, a suit-
able solution technique has to be selected. That decision, however, requires first a brief
review of possible flow field descriptions in terms of the Lagrangian versus Eulerian
framework within the continuum mechanics assumption (Section 1.1). Specifically, two
basic flow field descriptions are of interest, that is, the Lagrangian viewpoint and the
Eulerian (or control-volume) approach (see Figure 1.5, where C. V. £ control volume and
C.S. £ control surface).

For the Lagrangian description, consider Particle A moving on a path-line with respect
to a fixed Cartesian coordinate system. Initially, the position of A is at £,=1,(X,, t,) and a
moment later at Ts=1,(%,,t, + At), as depicted in Figure 1.6, where ry=r1, + Ar . Considering
all distinct points and following their motion for t>t, solid particle (or fluid element)
motion can be described with the position vector:

Work i 7%
f d
[TITITT berforme [TTTITT
Heat . CV. C.s.
supplied s mg=¢ Q--P -
_’rhout

Cloud, fluid
element, or particle C.S.
In i
< . C.V.
Q-- ro
Strearg'l_i.gﬁ's. Q-- __’ Out
£
(a) Closed systems (Lagrange) (b) Open systems (Euler)

FIGURE 1.5
Closed versus open systems.
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v 4 Particle A
Va(Ta, 8)
o
ra(t, + At)
X
2 Ll
FIGURE 1.6
Incremental fluid particle motion.
r =1L, 1) (1.32)
where in the limit we obtain the fluid velocity and acceleration as
ar
— =V =dx/dt 1.33
it / (1.33)
and
At _dv .
2" 3 1.34
de? - dt (139

To illuminate the Lagrangian versus Eulerian flow description, the common scenario of
“river flow” is considered. In the Eulerian fixed coordinate frame, river is approximated as

steady 1-D axial flow; that is, for a stationary observer,

v(x) =1y + Av(l - e“”‘)

It implies that at x=0, the water moves at v,, and then accelerates, so that very far down-
stream, v(x— 00) =v,+ Av. Now, derive an expression for v=0(v,, t) in the Lagrangian frame.

As shown, v = dr/dt, which reads in the present 1-D case:

%: v(x) =1 +Av(1—e"”)

Separation of variables and integration yields
t

J‘ dx ] =Jdt
O(UO+A?J)—AZ)€ " g

so that

x+lln

|:1 + &(1 —e ™ )] = (vy + Av)t
a

(40
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Now, replacing the two x-terms with expressions from the v(x)-equation, that is,

_ _ V-7 . . .
x=-tm{1-2=% ) and e™ =1- % we can write the Lagrangian velocity as
a Av Av
o(t) = Vo(vp + Av)
vy + Avexp[—a(vy + Av)t]
Graph 1:
2 2 —
19F 19 F ,’,
/7
18 F L8 I/
17 F w7 [
= 16F 216k | )
1
E 5B/ | Vo=10mss Est|! |vo=10m/s
Z 14k / Av=1.0m/s S k|l Av=1.0m/s
! a =1.0m1( )or sk ! a =1.0m1¢ ) or
L3H, 05mt(----- ) or TR 05m1(----- )or
1.2 1.2 Hy
i
1.1 L1
1||||I|||||||||||||||||||| 1||||I||||I||||I||||I||||I
0 2 4 6 8 10 0 2 4 6 8 10
x(m) K(s)
Comments:

¢ (learly, the v(x)-dependence in the Eulerian frame has been replaced by v(f); that is,
even during “steady” (Eulerian) processes, time evolves in the Lagrangian frame.

e Although the graphs look quite similar because of the rather simple v(x)-function
considered, subtle differences are transparent when comparing the velocity gradi-
ents (i.e, dv/dx and dv/dt) rather than just the magnitudes v(x) and v().

¢ The mathematical river flow description is much more intuitive and simpler in the
Eulerian frame of reference, which is preferred by engineers.

1.3.5 Material (or Stokes) Derivative

The material-point concept can be extended to a material volume with constant identifiable
mass, forming a “closed system” that moves and deforms with the flow, but no mass crosses
the material volume surface, because it is closed (see Figure 1.5a). Again, the system is
tracked through space, and as time passes, it is of interest to know what the changes in
system mass, momentum, and energy are. This can be expressed in terms of the system’s
extensive property N, which is either mass 7, momentum mv, or total energy E. Thus, the
key question is: “How can we express the fate of N;?” or in mathematical shorthand, what is
the material time derivative “DN,/Dt”? Clearly, D /Dt =9 /9t + 0 V follows the closed sys-
tem and records the total time-rate-of-change of whatever is being tracked (see Section 2.2).

Expanding on previous remarks, a brief illustration of the various time derivatives, that
is, d/0t (local), d/dt (total of a material point or solid particle), and D/Dt (total of a fluid
element), is in order. Their differences can be illustrated using acceleration (see also
Appendix AL2.1):

ou . . _ L
® .1 = — , Where u is the fluid element velocity in the x-direction.
’ at y
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- av . . . . .
® apuide = - is employed in solid particle dynamics. However,

dt
. Dv ov . ... . .
® Aqud = V_v +(v-V)v is the total fluid-element acceleration.
element Dt QZJ —

= Aconvective
Alocal

D -
Clearly, the material (or Stokes) derivative, Di- d/0t+(V-V), operating on the velocity
vector is a powerful operator, describing the “total time-rate-of-change” (i.e., acceleration)

of a fluid flow field. For illustration purposes, an arbitrary velocity field, v =v(x, y, z; t),
is considered, and its total differential is formed.

Recall: The total differential of any continuous and differentiable function, such as
v =v(x,y,z; t), can be expressed in terms of its infinitesimal contributions in terms of
changes of the independent variables:

. oV ov ov ov
av P dx+ oy dy+ P dz+ o dt

Now, the derivation steps are:

e Divide through by dt and recognize that dx/dt=u, dy/dt=v, and dz/dt=w are the
local velocity components:
av_ov ov oV ov

E—a“"‘@v"rgw-f—g

e Substitute the “particle dynamics” differential with the “fluid element” differen-
tial to obtain
av .Dv_ov ov oV oV _ov _ .. _ -
= tU U0 +W = —+ (V- V)V = ajpcal + Aconv.

dt Dt ot ox dy o0z of

As discussed (see Figure 1.5), in the Eulerian frame, an “open system” is considered
where mass, momentum, and energy may readily cross boundaries, that is, being con-
vected across the control volume surface, and local fluid flow changes may occur within
the control volume over time. The fixed or moving control volume may be a large system/
device with inlet and outlet ports, it may be small finite volumes generated by a compu-
tational mesh, or it may be in the limit a “point” in the flow field. In general, the Eulerian
observer, fixed to an inertial reference frame, records temporal and spatial changes of the
flow field at all “points,” or in the case of a control volume, transient mass, momentum,
and/or energy changes inside and fluxes across its control surfaces.

In contrast, the Lagrangian observer stays with each (closed) fluid element or material vol-
ume and records its basic changes while moving through space. Section 2.1 employs both
viewpoints to describe mass, momentum, and energy transfer in integral form, known as
the RTT. Thus, the RTT simply links the conservation laws from the Lagrangian to the Eulerian
frame. In turn, a surface-to-volume integral transformation then yields the conservation laws
in differential form in the Eulerian framework, also known as the control-volume approach.
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1.4 Scale Analysis and Dimensionless Groups

Scale analysis is a simple algebraic procedure whereby ratios of forces (or fluxes) are
formed, based on selected terms of problem-specific equations and physical insight.
Without going through elaborate schemes (e.g., Buckingham'’s pi-theorem) or solving com-
plex equations, scale analysis can provide directly dimensionless groups as well as their
functional dependence on dependent variables. The derivations of the Reynolds num-
ber and the Strouhal number may serve as illustrative examples. The necessary physical
insight is that both are (naturally) dimensionless ratios of selected forces appearing in the
equation of fluid-element acceleration.

Even more insightful and powerful applications of scale analysis will be presented
throughout the text. For example, in Section 2.4 of Chapter 2, it is shown that for fully
developed pipe flow, the Nusselt number Nu = (convection)/(conduction) is constant; in
contrast, in Example 2.9 of natural convection along a vertical (heated) wall, it is demon-
strated that the thermal boundary-layer thickness 8(x) ~ x!/4, while the average air-velocity
Uyyg~ X2 So, while scaling cannot provide numerical values (or exact functions), it can
provide the type of functional dependence for dimensionless groups, dependent variables,
system parameters, and so on.

1.4.1 Examples of Scaling

Known from Newton’s Second Law, the total fluid-particle acceleration is caused by sev-
eral net forces per unit mass:

Ajotal = v +(‘7'V)‘7=—1VP+VV2\7+ g

- -
viscous gravity

inertia
force

transient term

term pressure

force

v F
v V= net

= lyprovies (1.35)
P

Now, by definition:

Re = inertialforce _ (v-V)v

= 1.36a
viscousforce = vV*¥ ( )

Employing the scales v ~v and V = (aax ’aay'aazJ ~ %, where v may be an average veloc-

ity and L a system-characteristic dimension (e.g., the pipe diameter or plate length), we
obtain

)
U-— |0
( L) _ob (1.36b)




Review of Basic Concepts 23

1.4.1.1 A Note on the Reynolds Number

The Reynolds number is considered to be “always important.” Actually, this is not always
the case. For example, for Poiseuille flow Re=0, the inertia term (v-V)v isidentical to zero,
while the fluid flow is in dynamic equilibrium between the driving force (i.e., pressure
gradient) and resistance (i.e,, shear stress). Thus, on a case-by-case basis, some dimension-
less groups may need reinterpretation. For steady pipe flow, we could rewrite the Re#-
definition as the ratio of flow momentum to wall resistance:

Rep=—-— 1.37
€p ) ( )

Another example is the Strouhal number, defined as

localacceleration ~ _ transient term  ov /ot

Str = - = - =— (1.38a)
convective acceleration inertia term (Vv-V)v
We can write with system time scale T (e.g., cardiac cycle: T=1s)
v/T L
— =5tr 1.38b
vLlv VT (1.38b)

Clearly, when T>1, Str—0, and hence the process, or transport phenomenon, is
quasi-steady.

1.4.2 Non-Dimensionalization of Equations

An alternative approach to generate dimensionless groups is the formal non-dimension-
alization of the governing equations describing the system dynamics. Taking the transient
laminar boundary-layer equation (see Section 2.3.2) as an example,

u,  Ou  ou)_ 0p. 0’u
LU 1.39
p(at+”ax+ ay) ox Moy (139)

We non-dimensionalize each variable with suitable, constant reference quantities.
Specifically, approach velocity U, plate length {, system time T, and atmospheric pressure
p, are such quantities. Then, the dimensionless variables are

d=u/Uyd=0v/Uy;k=x/l; 1=y /l; p=p/py,andt =t /T.
Note: In Section 3.2.1, § is defined as i = y/8(x), where 8(x) is the varying boundary-layer

thickness. Being in the plate’s normal direction, §(x) is a physically better length-scale than
the plate length {.

Inserting all variables, that is, u=ul,,t= fT, and so on, into the governing Equation
1.39 yields
A 2 ~ A ~ 2/\
e e N e e = (1403
T ot ? dx dy ?]ox 2~ Joy

Dividing the entire equation by, say, [pu" ] generates
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A A A A 2 A
[4]3%&9”;%91‘:_[ POZ]BFA’J{ M }33 (1.40b)
Tup |9t 0x 9y ply [ox | pUol [0
— —
Strouhal # Euler # inverse
Reynolds #

Comments:

Clearly, three goals have been achieved:

¢ The governing equation is now dimensionless.
® The variables vary only between 0 and 1.

¢ The overall fluid flow behavior can be assessed by the magnitudes of three groups,
that is, Str, Eu, and Re numbers.

1.5 Homework Assignments

Solutions to homework problems done individually or in, say, three-person groups should
help to further illustrate fluid dynamics concepts, and in conjunction with Appendix I,
sharpen the readers” math skills. Note, there is no substantial correlation between good
homework assignment (HA) results and fine test performances, only vice versa. Table 1.1
summarizes three suggestions for students to achieve a good grade in fluid dynamics—for
that matter, in any engineering subject. The key word is “independence”; that is, equipped
with an equation sheet (see Appendix I), the student should be able (1) to satisfactorily
answer all concept questions and (2) to solve correctly all basic fluid dynamics problems.

The questions in Section 1.5.1 emerged directly out of the Chapter 1 text, while
the problems of Section 1.5.2 were taken from lecture notes in modified form when
using White (2006), Cimbala and Cengel (2008), and Incropera et al. (2007). Additional
examples, concept questions, and problems may be found in any undergraduate fluid
mechanics and heat transfer text, or on the Web (see websites of MIT, Stanford, Cornell,
University of Michigan (UM), and so on).

1.5.1 Physical Insight

Whenever possible, answers to Physical Insight questions should feature a sample illustration (or
system sketch), a brief description/explanation and some math in terms of definitions or derivations.

1.1. Test and discuss the hypothesis that doing an excellent job with the three pre-
liminaries, that is, Sketch, Assumptions, and Method, may provide up to 60% of the
correct problem solution.

1.2. What would a “Unified Theory” accomplish (see Figure 1.3), and what type of
practical applications do you expect for Modern Fluid Dynamics?

1.3. Recalling the continuum mechanics hypothesis (CMH) of Section 1.1 discuss if
flowing seeds, grains, rocks, mud, powders, jelly, and so on, form continua.

1.4. With examples, compare fluid motion due to unbalanced versus balanced forces
or gradients.
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1.5. What are the advantages of the differential over the integral approach, and what
could be the disadvantages?

1.6. Why are flows divided into internal and external flows in mechanical engineer-
ing? List other useful categorizations!

1.7. Streamlines: (a) derive Equation 1.3 and provide an example; (b) draw stream-
lines in a channel partially occluded by a block; (c) draw streamlines behind a
sphere in uniform flow at low and high Reynolds numbers.

1.8. Considering Equation 1.4, how does 7, differ physically from p? Give an illus-
trative example.

1.9. Derive Equation 1.8 for a prismatic fluid element and show that in any static fluid
container, p=p(h) only.

1.10. What is the usefulness of dimensionless groups? Provide three applications.

1.11. Compare the math conditions for the continuum hypothesis and the thermody-
namic equilibrium.

1.12. In Section 1.3, it is claimed that “flow problem identification” (FPI) is an impor-
tant and challenging task. Provide FPIs for (a) loud noise in an industrial pipe
network; (b) scatter-marks on a machined part (e.g., a cylinder shaped with a
lathe); (c) a person’s left arm turning cold and losing any feeling.

1.13. When, where and why are inviscid flow calculations still being carried out?

1.14. Provide two examples of where, even by engineers, the Lagrangian modeling
approach is preferred over the Eulerian approach.

1.15. Derive the material derivative D/Dt from a geometric viewpoint, and explain
with an illustration . VS. acony. -

1.16. Why was “enthalpy” dh=du+d(pv) introduced in thermodynamics, and why is
h=h(T) only for an ideal gas?

1.17. In Equations 1.15 and 1.17 why exactly is the unit tensor necessary and what hap-
pens when Vv=07?

1.18. Equation 1.24 is sometimes written with a “minus” sign;, on what physical
grounds?

1.19. Consider steady laminar unidirectional flow in a pipe of radius R and length L
with maximum centerline velocity u,,,, that is,

max”/

U(T) =t [1—(;”

a. Whatis u,, dependent on?
b. Draw velocity profiles for n=0.5, 1.0, and 2.0, and comment!

c. Develop an equation for t,,;, and compute the drag force exerted by the fluid
onto the pipe wall. Why is F, independent of R?

1.20. Categorize the flow described by
0=(uo + bx)i — byj

in terms of time dependence, compressibility, dimensionality, and fluid-element
spin.

25
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1.21. Explain the rationale for Equation 1.21, where mathematics merges into physics:
(a) prove that 200 =V xv=¢; and (b) compare two circular flows, that is, v,=or

and v = g(r # 0), compute the vorticity fields, and sketch them.
r

1.22. Having the strain-rate tensor already, why was the shear-rate tensor introduced,
and how would you (in an alternative way to the book) derive the total stress ten-
sor Tj; = —pd;; + y;; for incompressible flow of Newtonian fluids?

1.23. Heat flux and mass flux are standard flux vector examples. What makes them
“vectors,” and what is the (associated) momentum flux?

1.5.2 Engineering Problems

Before launching into an engineering-problem solution, three preliminary tasks should be
carefully executed:

* A system Sketch with coordinates, expected velocity/temperature profiles, and
given/unknown parameters in symbolic form.

¢ A detailed list of Assumptions concerning flow-field characteristics, system simpli-
fications, submodels, and fluid properties.

® Solution Method in terms of concepts and approach, expressed as brief mathemati-
cal statements.

1.24. A car (with a door 1.2 mx1 m wide) plunges into a lake 8 m deep to the top of
the door. (a) Find the hydrostatic force on the door and the point-force location;
(b) can a strong driver who generates 1 kN m torque (or moment) open the door
under water?

1.25. An inverted cone (D=12 cm, d=4 cm, L=12 cm) rotates at m,=200 rad/s in a tight
housing with all around clearance of /=12 mm filled with oil, where p,(20°C) =0.1
N s/m? and p,(80°C) =0.0078 Pa s. Assuming linear velocity profiles, find the total
power requirement Pyo, =P, + Pootiom+ Psige (Where dP=wdT and dT =rdF) for the
two viscosities, and comment.

1.26. Consider the velocity field described by \7=(O.5+0.8x)2+ (1.5—0.8]/)?, where

i and } are unit vectors in the x- and y-direction, respectively. (a) Classify the
velocity flow field; (b) find the coordinates of the stagnation point; (c) calculate the
material accelerations at point x=2 m and y =3 m; (d) draw some streamlines and
fluid acceleration vectors in the domain, say, -3<x<3mand -1<y<6 m.

1.27. Consider simple shear flow, such as the Couette profile u(y) =u, y/h, where h is the
parallel-plate spacing. Calculate the vorticity component in the z-direction, that
is, ., and determine the direction of rotating fluid particles, if any.

1.28. Compute the temperature inavery thinsilicon chip (which receives 4.,;, = 10 W/m?

and where the allowable T, =85°C) for the following system. The chip sits via
an epoxy joint (thermal resistance Rg; ~10~* m* K/W) on an aluminum block
(8 mm high, k=240 W/m K), and both sides (i.e., top of chip +bottom of block) are

exposed to moving air T,,=25°C, h~100 W/m? K).
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Note: This problem is adapted from Incropera et al. (2007).
Recall: The 1-D heat flux is q,=—k dT/dx, and hence the heat flow rate for linear conduction

kA
QZ‘IAZT(TPTZ)

where:
L is the wall thickness

A is the surface area
T,, arethe surface temperatures

Now, with the thermal resistance R,,=L/kA, Q=AT/R,, and for several resistances in
series

AT
Ry

Y

where AT=T_,,-T,,,and z Ry = ﬁ + 2 (kIA) + Alh
1 1 i n
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Conservation Laws with Illustrative Examples

Every other day, one may observe puzzling fluid mechanics phenomena. Such natural, but
somewhat counter-intuitive, examples include:

1.

10.

11.

12.

13.

14.

15.

Keeping the tailgate of a pick-up truck up reduces aerodynamic drag (why?) and
hence saves gasoline; although, most drivers intentionally keep it down and even
install “airflow” nets to retain cargo when accelerating.

. Under otherwise identical conditions, it is easy to blow out a candle but nearly

impossible to suck it out. Why?

. Very high (horizontal) winds can lift pitched roofs off houses. How?
. When a spoon is brought near a jet, for example, a faucet stream, it gets sucked into

the stream. Try it out and explain!

. Chunks of metal are torn out from ship propellers at high speeds after a long

period of time in operation. Why?

. The long hair of a girl driving a convertible is pushed into her face rather than swept

back. How come?

A snowstorm leaves a cavity in front of a pole or tree and deposits snow behind the
“vertical cylinder.” Impossible?

. Three-dimensional (3-D) effects in river bends create unusual (axial) velocity pro-

files right after the bend and subsequently, lateral material transport results in
shifting riverbeds. Explain!

. Certain non-Newtonian fluids when stirred in an open container climb up the

rotating rod, rather than forming a depressed, parabolic free surface. Weird!

Airplanes flying through microbursts (or high up in the blue sky) may crash. What
is happening during these two very different weather types?

Racecar (and motorcycle) tires are hardly threaded, but passenger car tires are.
Why?

Consider a tsunami (Japanese for “great harbor wave”) hitting either a very shal-
low shore or a deep sea near the shoreline. Describe cause-and-effect for these two
scenarios.

Wildfires spread rapidly because they create their own local weather pattern.
Describe the underlying convection system and how “back-fires” work.

A very small amount of carbon nanotubes added to a liquid measurably increases
the apparent (or effective) thermal conductivity, k, of the dilute mixture (called a
nanofluid) when compared with k (watts per meter per degree Kelvin) of the pure
base fluid. Why?

Gas flow in microchannels may exhibit significantly higher flow rates than pre-
dicted by conventional theory. What’s happening?

29
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So, what are the underlying physical explanations and mathematical descriptions of
these and much more complex phenomena of fluid flow, convection heat transfer, and
fluid-particle dynamics? Questions (1) through (15) can be quickly answered by visual-
izing the unique fluid flow pattern via streamline drawings, assuming steady laminar
flow, and applying basic definitions or Bernoulli’s equation. Others require some extra
background reading and sharp thinking. In any case, the answers rely on an equal dose of
physics, that is, insight into the transport phenomena, as well as applied mathematics, that
is, system modeling and simulation.

The objectives of the next sections (plus Chapter 3) are to provide mathematical modeling
tools and application skills to solve basic fluid flow and convective heat transfer problems,
leading to new physical insight and improved modeling skills. These goals are accom-
plished, first, in the form of derivations of the mass, momentum, and energy conservation
laws with introductory examples. Then, simplified forms of the conservation equations are
employed to solve standard fluid dynamics problems. Derivation of the modeling equations
(Sections 2.2 through 2.4) is a very important task, because that process provides a deeper
understanding of the physics. Specifically, derivation highlights the important transport
phenomena, mathematically represented by each term of the final equations, and provides
a sense of the underlying assumptions, that is, the limitations of a particular mathematical
model. Of course, most people regard derivations as boring and mathematically quite tax-
ing; however, it’s time for them to become converts, for the two beneficial reasons stated. In
addition, scaling and dimensional analysis are standard laboratory/computational tools for
deriving dimensionless groups, estimating the impact of dominant transport phenomena,
graphing results to evaluate engineering systems, and testing kinematic/dynamic simi-
larities between a physical model and the actual prototype (see Section 1.4).

Outside the cutting-edge research environment, fluid dynamics problems are solved
as special cases; that is, the conservation equations are greatly reduced based on justifi-
able assumption on a case-by-case basis. As a result, the featured problems of Sections 2.2
through 2.4 have analytic solutions, because they are basically one-dimensional (1-D).
Nevertheless, the example problems are insightful demonstrations of the conservation
principles with direct applications in engineering fluid mechanics.

As indicated in Chapter 1, for setting up and solving fluid mechanics problems, we fol-
low a three-step approach (see Figure 2.1):

1. Classification of the fluid flow system
2. Mathematical description of the system

3. Solution of the modeling equations with result graphing plus comments

Characterization of the fluid flow system via system sketch, assumptions, and method, that is,
concepts/approach with postulates, may present half of the problem solution. Because it is a direct
guide for system modeling and obtaining the correct results (see Figure 2.1). As was men-
tioned, in this chapter the conservation equations for mass, momentum, and energy trans-
fer are first derived in integral form, that is, in terms of the Reynolds Transport Theorem
(RTT), linking the Lagrangian closed system with the Eulerian control volume (i.e., open
system) as illustrated in Section 1.3.4. Then, via a straight integral transformation using
the divergence theorem (Appendix Al3.1), the fundamental transport equations in differ-
ential form are obtained. To provide additional physical insight, a microscale derivation
approach is given as well, that is, balancing mass, momentum, and energy for a representa-
tive elemental volume AV (open system). Clearly, the preferred modeling equations are in
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Fluid flow system
+  System sketch
« Assumptions
+  Method
+  Postulates

System modeling
+  Reduced equations
+  Boundary conditions
+  #Unknowns = #Equations
o Fluid properties

Y

Solution procedure and results
»  Algebraic, differential, or
integral technique
+  Results and graphs
«  Comments
«  Design improvements

Y

FIGURE 2.1
Sequential steps in problem solving.

differential form, providing more detailed information and physical insight. As mentioned
throughout Chapter 1, both the type of fluid (e.g., Newtonian, non-Newtonian, or homoge-
neous mixture) and flow-system characteristics (e.g., dimensionality, time dependence, flow
regime, etc.) must be determined/assumed a priori for any given system or problem.

2.1 The Reynolds Transport Theorem

Consider B to be an arbitrary extensive quantity of a closed system (or a moving material
volume). Such a closed system may include an ideal piston-cylinder device with enclosed
(constant) gas mass, a rigid tank without any fluid leaks, or an identifiable fluid mass—all
subject to forces and energy transfer. In any case, B represents the system’s mass, momen-
tum, or energy (see Fluid Element in Figure 1.5).

Task 1 is to express in the Lagrangian frame the fate of B in terms of the material deriva-
tive, DB/Dt, that is, the total time-rate-of-change of B see Appendix Al.2.1 discussing
the operator D/Dt). Clearly, for

system (

BEmssem:(Z_)i:O
a Dt (2.1a)

(conservation of mass)

Do - 7 L
—> M —— = Mlyota =ZFsurace+Z 0!
system Dt total f Fb %y (21b)

(conservation of momentum or Newton’s second law)

B=(mv)
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DE
B= Esystem _> - Q W
(2.10)

(conservation of energy or first law of thermodynamics)

In Task 2, the conservation laws, in terms of DB/Dt, are related to an open system, that is,
in the Eulerian frame. Here, for a fixed control volume (CV.) with material streams flowing
across the control surface (C.S.) and possibly accumulating inside (C¥.)., we observe with
specific quantity f=B/m

Total time-rate-of-change of system Local time-rate-of-change of B/ V = pf3
| within the C.v.

property B
[Net efflux of (pB),
i.e., net material

convection across

| control surface C.S.d

In mathematical shorthand:

DB
Dt

closed system

= %Jjj(pﬁ)dv+jj.(p[3)€r-d§ (2.2a)

Clearly, the specific quantity f can be expressed as

(mass per unit mass)

1>

p

B (momentum per unit mass) (2.2b through d)
m

[ <

(energy per unit mass)

Equation 2.2a can be more formally derived and generalized by employing the Leibniz
theorem (see 1-D version in Appendix AL3.2) to describe the total time derivative of a
transient transport function F(X, t). Starting in 1-D, we write the total time derivative of an
integral of a function with respect to x and ¢ for which the integral limits are also functions
of time (see Figure 2.2).

Specifically, in 1-D,

x=b (t) x=b (t)
at J@F(x't) o Jm 65 D e+ E (o) ™0 (t) F (a(t),) “(t) (2.32)

Then, with the Leibniz theorem applied to 3-D, the total time-derivative of F can be
expressed in compact form as

d - ~ IF (x,t) J‘ -
o [ FGr)av - J lav [ F(o)oun ds (2.3b)

v(t) V(t) S(t)
Local time-rate-of-change Net efflux




Conservation Laws with Illustrative Examples 33

Function F (x, t)

/ x=Db(t)
. \ Area = I F(x, £) dx

x=al(t)

FIGURE 2.2
Transport function F(x, t) and its integral.

Now, replacing the moving (deforming) volume V(f) with surface S(f) by control volume
(CV.) with control surface (C.S.) and, of course, F (;C, t) = pB, where B=Bg,/m, we have

di J. pB AV = DBsyst J. a(pB) av + J. pB ;)rel-dz (24)
f C.v. CS.

2.1.1 Extended Cases

Itisimplied in Equation 2.4 that for a moving control volume, the fluid velocity @ is replaced
DY Orelative = Uniuia —Uc.v.. The operator d/ot, acting on the first term on the RHS, has to be
replaced by d/dt when the control volume is deformable, that is, the C.S. moves with time,
as in the case of a draining tank. For a non-inertial coordinate system (see Figure 2.3), for

example, when tracking an accelerating rocket, SF.vermal Of Equation 2.1b is expressed as

- do
Mlqps = M| ——+ arel (25&)
dt
&
Vrel = E
z
Z y Fluid element
X
®
R
Y
X

FIGURE 2.3
Inertial coordinate system and moving/rotating frame.
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where ma,y accounts for non-inertial effects (e.g., arbitrary CV. acceleration):

. dR
Arel = 2.5b
1= (2.5b)
In the case of CV. rotation,
- do
Ayl = XT 2.5¢
1= (2.50)

Specifically, for a rotating material volume, the fluid angular momentum per unit volume
B =p(FxV) must be considered. The law of conservation of angular momentum states that
the rate-of-change of angular momentum of a material volume is equal to the resultant
moment on the volume (see any undergraduate fluids text for details).

2.1.2 Setting up the Reynolds Transport Theorem

There are a few sequential steps necessary for tailoring the general RTT toward a specific
flow system description and solving the resulting integral equations:

1. Identify the extensive quantity B, for example, the mass of the identifiable
material, linear (or angular) momentum, or total energy. As a result, the specific
property of the closed system p =B/, is known (see Equations 2.1 and 2.2).

2. Determine DB/Dt| . for each conservation case, that is, mass, system momen-
tum, or energy (see Equation 2.1).

3. Select a “smart” control volume and determine whether
* The control volume is fixed, or moving at vcv. = ¢, or accelerating at 4,4 = ¢, or
accelerating and rotating (see “Extended Cases”).

e The flow problem is steady or transient; that is, it is o =0 or o #0 (note,
P Y ot ot
%J:”(pﬁ)d‘v’ = (0 when the rate-of-change of (pf) inside the CV. is negligible).
cv.

d

. 0
e A control surface moves; that is, we have a deformable CV. where 7 - T
¢ The fluid properties are constant or variable.

¢ The inflow/outflow velocity fields are constant, that is, uniform, or a function of
inlet/exit space variables.

¢ The resulting integral balance equations for mass and momentum (or energy)
are decoupled or not.

4. Set up the momentum, thatis, force balance, equation for each coordinate direction.
5. Solve the volume and/or surface integrals (use integration tables if necessary).

6. Follow the inflow/outflow sign convention (see Figure 2.4); that is, IN =“~” and
OuT = “+”

7. Check the results for correctness; that is, apply common sense!
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Inflow: V- dA = —v,dA

———]
Inlet area

v, =]

N —<—|

e
Outflow: V- dA = v,dA

| —
—> v,

Outlet area A
—n

 —

FIGURE 2.4
Sign convention for the “net efflux” RTT term. Recall: cos(180°)=-1 and cos(0°)=1.

2.2 Fluid-Mass Conservation: The Continuity Equation

Conservation of mass is very intuitive and a standard occurrence in daily life. One can
observe that a given mass of a fluid may change its thermodynamic state, that is, liquid or
gaseous, but it can neither be destroyed nor created. This, like the other two conservation
laws, can be expressed in integral form for a control volume of any size and shape, or it can
be derived in differential form.

2.2.1 Fluid-Mass Conservation in Integral Form
To track within the Lagrangian frame an identifiable constant mass of fluid, we set (see
Equation 2.2b)

Byygem =m and hence f=1 (2.6a,b)

So, the conversation principle requires that for any closed system, m =¢, that is, Dm/
Dt=0, and hence, Equation 2.1a reads

0= aatjc'U pdV +_C['S[ pv-dA 2.7)

Thus, we just completed Steps (i) and (ii) of the “setting-up-the-RTT” procedure. Aspects
of Step (iii) are best illustrated with a couple of examples.

Example 2.1: Volumetric Flow Rate

Consider a liquid-filled tank (depth H) with a horizontal slot outlet (height 2 and
width w) where the locally varying outlet velocity can be expressed as (see Sketch 1)

u~,2¢(H-z)

A constant fluid mass flow rate, riy,, is added to maintain the liquid depth H. The
z-coordinate indicates the location of the center of the outlet. Find Q.. as a function
of H and h.
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Sketch 1

1[|§

Modern Fluid Dynamics, Second Edition

Assumptions Method
e Steady incompressible ® Mass RTT
flow e Fixed, non-deforming C.V.

e Outflow velocity i Q, the volumetri
=(Q, the volumetric
u(z)=2¢(H-z)
flow rate

based on Torricelli’s law

Solution: Derivation of the u(z)-equation is assigned in Section 2.5. Now, with

%J.J‘ pdV =0 (steady-state because no system parameter changes with time) and p=¢

(incompressible fluid), Equation 2.7 reduces to

ozﬂadix
C.S.

(E.2.1.1)

Fluid mass crosses the
— control surface at two
locations (see Graph).
Recalling that “inflow” is
negative and “outflow”
positive (see Figure 2.4),

Cs. Equation E.2.1.1 reads:
—Q+”z7-d21=o or
z M(Z) Aslot
T L Q=[ovada (E2.1.2)
. J A
Here:
Q = Qoutlet
v, =u(z)=,/2¢(H -z)
dA=w dz
so that
h
Qoutlel :w\/gj. VHiZ dZ
-h
which yields (as Q=Q,,=Q,.,)
Quite =K (H+h)"* (1 -)"*] (E.213)

where K = %w\/g
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For h <« H, as is often the case, Equation E.2.1.3 can be simplified to
Qoutlet = 2wh ng (E214)
The following observations can be made from Example 2.1:

¢ Equation E.2.1.4 is known as Torricelli’s law.
* We can deduce that for incompressible fluid flow through a conduit,

J Ja-dA -0 (2.82)
CS.
or
Qu+ [ 5-dA=0 (2.8b)
Aoutlet
In general,
Q:Jﬁ-d":jvndAzaA (2.80)
A A

where 7 =Q /A is the area-averaged velocity.

e We also recall that the mass flow rate at any point in a conduit is
i = pvA = pQ = constant 29

which holds for any fluid and is a key “internal flow” condition, reflecting conser-
vation of mass.

e Clearly, for a CV. with multiple inlets and outlets,
ZQin = ZQout (210)

The next example considers a deforming (e.g., shrinking) control volume inside a tank due
to a single outflow in terms of a variable velocity. Thus, Equation 2.7 has to be rewritten as

0= i‘[J;jpdV+!£pV-dA (2.11a)

For incompressible fluid flow, we have

av
dt

- -J' j v-dA (2.11b)
oY wy
Example 2.2: Draining of a Tank

Consider a relatively small tank of diameter D, initially filled to height &, The fluid
drains through a long pipe of radius r, (as Poiseuille flow—see Example 2.7) according to
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uﬁ)zZu[l—(;)z}
where

the average velocity is u = ,/2gh (see Example 2.1)
7, is the outlet pipe radius
r is its variable radius, 0<r <7,

The fluid depth is h at time t=0. Find h(t) for a limited observation time At.

Note: The tank is represented by a “deformable CV.” because the fluid level decreases,
and hence, we have a shrinking CV. with moving C.S.

Deforming
Sketch 2 Assumptions and Method Control Volume

3

C.V.

D o Transient laminar
3 - incompressible flow, that is,
iy, =0 and n,, = fet.(t) for
I y _ dh observation time At
surface dt e Stationary tank but deforming,
h(t) that is, shrinking, liquid
volume C.V.

_________ 7 m@u(;ﬂ) e Method: Reduced Mass RTT

Solution: In light of the shrinking CV., Equation 2.11b can be rewritten with
D’n
Vev.=

CS.

u(r) =

(Ezn]$?=_£u00¢4 (E.2.2.1)

where dA =2rrdr is the variable ring element as part of the cross-sectional area of the outlet
pipe. Thus,

dt

dh MJZFI[ [ j} (E.2.2.22)

or

dn )
E*‘4ﬁ§[DJJE (E.2.2.2b)

subject to h(t=0)=h,.
Separation of variables and integration yields

M—ﬁ:@(gji

or

2

ht) |4 88(%Tt (E2.2.3)
; Sle 22.
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Graph 2:
<
X
(8g/hy)V*t
Comments:

e The standard assumption that & =constant, that is, being a reservoir, is only
approximately true when r,/D>0.1.

* A variable free-surface speed dh/dt, that is, accelerated tank-draining, occurs
when r,/D>0.2.

2.2.2 Continuity in Differential Form

In general, the RTT is great for computing global (or integral) quantities, such as flow rates
and mass fluxes or forces and energies, without knowledge of the detailed fluid flow field
inside the open system (i.e., the control volume). However, if it is necessary to find point-by-
point density variations as well as velocity and pressure distributions to analyze fluid flow
patterns, the conservation laws in differential rather than integral form have to be solved.
The conservation equations can be readily derived from the RTT, that is, Equation 2.7,
by considering an infinitesimally small control volume 4V and then expressing each term
in the form of a volume integral. So, because Equation 2.7 contains a surface integral, it
has to be transformed into a volume integral, employing Gauss’s divergence theorem

(Appendix AL3.1):
”v-dss.mv-wv 2.12)
s v
where:
v is a vector in surface S
\% is the del operator (see Appendix AL1.2)

(V-v) is the divergence of the vector field

Using Equation 2.12 to express the surface integral in Equation 2.7 as a volume integral,
Equation 2.7 can be written as

E{[[oae+[[[v-Gwrav =0 (2:13a)

or, following Leibniz’s rule (Appendix AL3.2) and switching the operation for the first
term, we have



40 Modern Fluid Dynamics, Second Edition

j j I [‘;‘Z ‘v ~(p‘7)}dv 0 (2.13b)

Clearly, either dV =0 (not physical) or
op -
Fa V-(pv)=0 2.14)

Equation 2.14 is known as the continuity equation, stating fluid-mass conservation on a
differential basis. Note the special cases:

For steady flow(aat:0) : V-(pv)=0 (2.15)
For incompressible fluids (p = const.): V-5=0 (2.16)

It should be noted that the widely applicable Equation 2.16 holds for transient velocity
fields as well.

2.2.2.1 Differential Mass Balance

To gain more physical insight, Equation 2.14 is now derived for a differential control vol-
ume (see Figure 2.5), that is, a 3-D mass balance over an open system, say, a cube of volume
AV =AxAyAz. The global mass balance then reads:

Sty — Sty = O 2.17)
Ot |5y
However, in 1-D on a differential basis (see Figure 2.3),
0

[(p)]«~(p1)] s | AyAZ = a—‘;Av (2.18)

Now, with Taylor’s truncated series expansion (see Appendix AL2.3),

0
f‘x+Ax Zf‘x+%Ax+ ......

a—pAV pu|x+Ax

_______________

FIGURE 2.5
1-D fluid mass balance for a 3-D control volume.
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we obtain
_pu) AxAyAz = % AxAyAz
0Ox ot

Adding the other two net fluxes (pv) and (pw) in the y- and z-directions, respectively, and
dividing by the arbitrary volume, AV, yields

_0(pu) _o(pv) _ o(pw) _ Op (2.19)
o oy oz ot '

In general,

P4 (p9)=0 (2.20)

Example 2.3: Use of the Continuity Equation
Note: (A) “fully developed flow” and (B) “accelerating flow.”

Problem (A): For steady laminar fully developed pipe flow of an incompressible fluid,
known as Poiseuille flow (see Example 2.6), the axial velocity distribution is described by

02() = Umax {1 - (rJ } (E.2.3.1)
h

Show that, indeed, the radial (or normal) velocity v,=0.

Sketch 3 Assumptions

r=

To o Steady implies: 6_0
_tr %Vz () teady implies: o
r=0 Jd__ ————>Z

Vinax e Incompressible fluid: p=¢

* Axisymmetric pipe: o 0
Note: Dmax = 2VaveragefOr 00

Poiseuille flow

Fully developed flow: ai =0, that is, no changes in axial direction
z

Method and Solution: Based on the assumptions, Equation 2.20 is appropriate and reads
for steady 3-D flow in cylindrical coordinates (see Appendix AL5.1):

10(ro,) 100y | vz

=0 (E.2.3.2)
r or r o0 oz

Clearly, the given velocity profile v, (r) (see Equation E.2.3.1) is not a function of z, that
is, 0v,/0z=0, which implies with /00 =0 (axisymmetry) that Equation E.2.3.2 reduces to

aror) =0 (E.2.3.3)
or

Partial integration yields

v, = f(z)/r (E.2.34)
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where 0<r<r,, noting that r could be zero. That fact and the boundary condition, v,
(r=ry)=0, that is, no fluid penetrates the pipe wall, forces the physical solution v,=0.
Indeed, if v,#0, such a radial velocity component would alter the axial velocity profile
to v,=v, (, 2), which implies developing flow. That happens, for example, in the pipe’s
entrance region or due to a porous pipe wall through which fluid can escape or is being
injected.

Problem (B): Consider 2-D steady laminar symmetric flow in a smooth converging
channel, that is, of infinite extent in the z-direction, where axial velocity values were
measured at five points (see Sketch 4). Estimate the fluid-element acceleration a, at point
C as well as the normal velocity v at point B". All distances are 2 cm, and the centerline
velocities are 5 m/s at A; 7 m/s at B; 10 m/s at C; and 12 m/s at D.

Sketch 4 Method
* Approximate, via simple finite differencing, the reduced
B acceleration and continuity equations.
T— i e Obtain numerical values.
e—e—o—o0— ———>
A B C D
Solution:

From Appendix AL5.2 (or see also Section 1.3), the axial acceleration can be written as

—a—u+ua—u+va—u+wa—u (E.2.4.3)

a, =
ot ox oy 0z

Based on the stated assumptions [{ft =0, 0 =0, w= O] :

u@u zu&:u Up — Ug :1012—7

ay =U—_— c
ox Ax Xp — XB 0.04

a,|. 1250 m /s’

to find v|; we employ the 2-D continuity equation in rectangular coordinates (see
Appendix 5.2.1):

L oy (E.2.4.4)

ox 0oy
which can be approximated as

Mo __Au

Ay Ax
Hence,

Av = —107_50.02 =-25m/s
0.04

Recall that Av=1v|p —v|; where v;=0 <symmetry> so that
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Comments:
e This is an example of first-order finite differencing, where derivatives are
approximated by finite differences of all variables.
¢ Discretization of the governing equations describing the conservation laws is
the underlying principle of computational fluid dynamics (CFD) software (see
Section 9.2).

2.3 Momentum Conservation Equations: Linear Momentum
Transfer and Vorticity Transport

Focusing first on linear momentum transfer, the momentum conservation law is again
derived in two ways, that is, via integral as well as differential approaches. Not surpris-
ingly, Newton’s second law of motion is the foundation of the momentum balance, better
known as the equation of motion.

2.3.1 The Momentum Equation in Integral Form

Forces acting on an identifiable fluid element accelerate it as described by Newton’s second
law of motion, that is, (mé) wid = ZFextemal. Specifically, we set for the RTT (see Equation 2.1b)

Byygtem = mv and hence f=v (2.21a, b)

As previously indicated (see Section 2.1), with m = ¢, m % =3F,,, and hence, Equation 2.2a
reads:

m%‘t’ = matotal = z:fzbocly + Zisurface = % J- p‘_}dv + J ‘_}p‘—’ : d‘& (222& through C)
C.V. Cs.

As an aside, for control volumes accelerating without rotation relative to inertial coordi-

nates, an additional force Fieria ~ @relative @ppears, where a,q is the CV. acceleration relative
to the fixed frame of reference X-Y-Z (see Figure 2.2a). Thus, with
~ _ _ - _ do
(UXYZ =0y t Urelative) Or Axyz ={absolute = —,, 1 frel

dt

we can state that the sum of all forces causes fluid-element acceleration, that is,

- . Do . ) .
Y Fotal = Mlaps = m(th) + arelj . So, for an accelerating and deforming control volume,

m% = SF, + XF; — J Gdm = % J 0¥V + j Gp¥e - dA (2.23)
CcCVv

C.v. C.S.

Returning to Equation 2.22, Example 2.4 illustrates its use by calculating the total drag on
an arbitrary submerged body in steady laminar flow based on a measured velocity profile
behind the body.
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Example 2.4: Force on a Submerged Body

Find the total drag on a submerged elliptic rod of characteristic thickness /, taking into
account the simple velocity profile downstream from the body, that is,

Uy, y
=211+ ;0<y<3h
u(y) 4[%} v

Sketch 5 Assumptions and Method
. o Assumptions: Steady state, 2-D, constant
U, Po / My y, properties, fixed C.V., infinite extent in the
e T z-direction.
Y h 3hil e Method: Set up and solve reduced integral mass
) Fp |} and momentum balances (i.e., RTTs).
1 - l M()’)
. i
! CV. |
N I
I |
G P\ J
Po \‘ m b
Solution: a. Mass Conservation:
min = mboundary + mout (E241)
3h
0= J PV - dA = P11 2(3h) + Ftpoundary + Zp%.'.(l + %) dy (E.2.4.2a)
cs. 0
. 1
mboundary = 6phuw - Z\Bphuw = %phum (E242b)

b. Momentum Conservation (x-momentum):

“Fy= j 0,05 dA = (110, | o110, ) = 110, e (E.2.4.32)
CS.
9 3h
~Fp =~ pit,(6h) + i1, (Z phuw] + ZPI [u(y)Pdy (E.2.4.3b)
0
9
Fo =& pli (E.2.4.30)

Comments:
* The fluid flow field inside the CV.,, especially behind the submerged body, is
very complex, although the measured outflow profile is very simple.
® The RTT treats the entire flow field as a “black box,” and one elegantly obtains
Fp=Fjiaion via the (linear) “velocity defect” measurement, u=u(y).
e While the flow field is 2-D (with z — ), after integration the result, F,=-F, is
obtained in 1-D.
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2.3.2 Momentum Conservation in Differential Form

To obtain the equation of motion describing any point in a fluid flow field, all terms in the
RTT have to be first converted to volume integrals, employing Gauss’s divergence theorem
(see Equation 2.12).

2.3.2.1 The Equation of Motion

The prevailing body forces in Equation 2.22 are problem specific and expressed in terms of
volume integrals, that is,

F, = ”jpfgdv (2.24a)

while surface forces appear as surface integrals, that is,
B = _[ T.dA (2.24b)

where:
fy isa body force per unit mass (e.g., gravity or electrostatic force)

T is the total stress tensor (i.e., pressure as well as normal and tangential stresses, as
discussed in Section 1.2.4)

Now, for a stationary control volume, the linear momentum equation in integral form
reads:

J' pEdV + J' T-dA :% J' 0¥V + J' vpv-dA (2.25)
C.V. C.S. C.Vv. C.S.

Recall: Thls is a vector equation for basically the three-component velocity field v. It

contains T = —pl +7, that is, the (nine- component) total stress tensor (see Section 1.2.4 and
Appendix AL5.5), as an additional unknown, because in most cases, f; is simply weight
per unit mass (g) Thus, to solve Equation 2.25, we have to know the thermodynamic pres-

sure p and an expression for the stress tensor 7. Recall that I is the unit tensor, that is, only
ones on the diagonal and zeros everywhere else in the 3 X3 matrix; it elevates the product

pl to a “pseudo-tensor,” because p is just a scalar.
Now, converting all surface integrals into volume integrals (see Appendix Al3.1) yields

”f[a(pv)+V‘<pW>+V-<pf—%>—pg]dV= 0

or

a(gt")w (pV¥) = —Vp + V-F+pE (2.26)
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Equation 2.26 is Cauchy’s equation of motion (or linear momentum equation) for any fluid
and with gravity as the body force. To reduce its complexity and provide some physical
meaning, let’s consider constant fluid properties and express the unknown stress tensor,
employing Stokes” hypothesis (see Section 1.2), in terms of the principal variable V. In vec-
tor notation:

T= p(vw vvf’) =y (2.27a)
and in index (or tensor notation):
0v; aU]' .
= L =y 2.27b
T ”{axj 6fo MY (2.27b)

where 7y is the shear rate.

Recall: Physically, t; represents a force field per unit area (see Sections 1.2.3 and 1.2.4 and
Example 2.6) as a result of the resistance to the rate of deformation of fluid elements, that
is, internal friction. As mentioned in Section 1.2.4, this insight leads for Newtonian fluids,
such as air, water, typical oils, and so on, to the postulate

T,‘]' = fCt(Sij)
1 . . =
where g; = E(v,-, j+7;,) is the rate-of-deformation tensor. Now, Stokes suggested that T isa
linear function of e::, which is not the case for non-Newtonian fluids (Section 4.2.2), rarefied

gases, and some fluid flows in microscale devices, for example, microelectromechanical
systems (MEMS) (see Section 7.2). Specifically, for Newtonian fluids:

mil

T=n(V-¥)I +2p (2.28¢)
where the viscosity coefficients A and p depend only on the thermodynamic state of the
fluid. For incompressible flow, V-v =0 (see Equation 2.16), and the total stress tensor
reduces to

T,‘j = 2].181']‘ (228d)
As mentioned,
1(ov; oOv;| 1.
i - ! —+ = — i 2.29
o z(axj axi] 2" ¢2)
so that
1= u(w + Wf’) = Wy (2.30a, b)

In summary, Equation 2.30 in conjunction with Equation 2.26 provides closure when solv-
ing the Cauchy equation.



Conservation Laws with Illustrative Examples 47

2.3.2.2 Force Balance Derivation

A more physical approach for deriving the momentum equation starts with a force balance
for a representative elementary volume (REV). Employing rectangular coordinates and
assuming constant fluid properties, external surface and body forces accelerate an REV of mass
m, so that we can write Newton’s second law of motion per unit volume as (cf. Figure 2.6a)

Do = v
pﬁ = Efsurface + Zfbody (231)

Using the definition of the material (or Stokes) derivative (Appendix AL2.1), from the
Eulerian point of view (see Section 1.3), the REV is a control volume for which we record
local and convective momentum changes due to net pressure, viscous, and gravitational
forces. Again, starting with a 1-D force balance and applying the truncated Taylor series
expansion, we obtain (see Figure 2.6b)

%,
I N
and with
AA AyAz
prL/fnet __% AyAz . O
AV pressure ox AxAyAZ ox
:
/ a,v
; /
fpressure /:_ e __‘_\
/ el “ f
7 drag
ro !
fgravity
(a) X
fv|z+ Az
—_—
.ﬂa|x E—— 4_.);7|x+Ax
b
X B S
(b) Sile
FIGURE 2.6

(a) Closed system, i.e., accelerating material volume (REV). (b) Control volume for 1-D force balances.
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In 3-D:

2 i, o, Wy
o =Vp=—| Pi PP
fpréssure P (ax tr 6y )T 0z

Similarly, the net viscous force per unit volume in the x-direction reads (see Figure 2.6b):

6fv
Jret = ol f el =g A2

and with

ot AxAz A __@

AA
f v = ! ’ f net =4 Z
AV viscous oz AJCAyAZ 0z

In 3-D, the net frictional force can be expressed as

Oty OTyx 0Ty |7
+—E 4+ =i+
ox oy 0z

_]?net :V% — aTxy+aTyy+aTZy }_;’_
o oy oz

a’txz +8ryz +a’tzz 12
ox oy Oz

As discussed, with Stokes” hypothesis for incompressible Newtonian fluids, we have again
T=p(Vi+ Vi) (2.30)

With all the forces inserted into Equation 2.31, we obtain the Navier-Stokes (N-S)
equation:

P [g‘t, +(v- V)\?} =-Vp + uV¥v+pg (2.32)

2.3.3 Special Cases of the Equation of Motion

Returning to Equation 2.26, which is generally known as Cauchy’s equation of motion, we
now introduce simplifications of increasing magnitude. Fluid properties, that is, density p
and dynamic viscosity p, are typically constant. However, occasionally p and p are func-
tions of temperature T, pressure p (for gases), and species concentration c. Clearly, the
underlying assumptions for p=¢, p=¢,and c«1 include:

® Only relatively small temperature variations occur.

e There is a low Mach number for gas flow, that is, M=vg,;4 / Asoung <0.3.

e Pressure drops in gas flow are relatively small, and cavitation in liquid flow is avoided.
¢ Concentration variations of components in mixture flows are small.
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Keeping these restrictions in mind, the first simplified form of the equation of motion is
the Navier—Stokes (N-S) equation.

2.3.3.1 The Navier-Stokes Equation

Dividing Equation 2.26 throughout by the constant density p, and recalling that
p/p=v, the kinematic viscosity, we recover Equation 2.32, assuming Stokes’ hypothesis
(Equation 2.30):

Wa@ V== SVp V4 2.39)
ot p T e
Dv —_— fret viscous  fbody

—, =datotal fret pressure

Dt

Clearly, Equation 2.33 is Newton’s particle dynamics equation applied to fluid elements.
This equation and the continuity equation, V-v =0, are called the Navier—Stokes equations.

For example, for steady two-dimensional flow, the N-S equations read in rectangular coor-
dinates (see Appendix AL5.2):

(Continuity) g—z + g; =0
2 2
(x-momentum ) u g—z + vg; = —;gz + v(g;; + Ea)yL;J + 84 (2.34a through ¢)
(y—momentum) ua—v+0@=_lal+v aiv & +
ox dy  pay x> ay’ Y

In general, for transient laminar incompressible 3-D flow, the set of four partial differen-
tial equations (PDEs), subject to appropriate boundary conditions, is now being routinely
solved for the four unknowns, u, v, w, and p, using numerical software packages on work-
stations, high performance computer (HPC) clusters, and supercomputers (see Chapter 9).
In a classroom environment, only reduced forms of Equations 2.34a through c can be
solved, as illustrated in Chapters 3 through 8.

2.3.3.2 Prandtl’s Boundary-Layer Equations

Based on the no-slip condition, the fluid velocity is zero at a stationary wall of a sub-
merged body. Now, consider relatively high-speed fluid flow past a (horizontal) solid sur-
face, say, a flat plate. That uniform, high—Reynolds number stream suddenly has to reduce
to zero at the wall, producing a growing thin shear region in the normal direction. This
growing region of high-velocity gradients is called the boundary layer (B-L). For example,
Figure 2.7 depicts such a (laminar) boundary layer of thickness &(x), formed along a hori-
zontal stationary flat plate (e.g., a giant razor-blade). It is approached by a uniform fluid

stream of velocity u,, that is, for laminar B-L flow within a Reynolds number range of
2

10°<Re <5x10°. It can be readily demonstrated that the v 0 l;

-term (axial momentum

x
diffusion) of Equation 2.34b is negligible (see Section 3.2.1) and that the y-momentum
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3 UO
i— S(x) ~ Vx
u(x,
—> x
FIGURE 2.7
Laminar flat-plate boundary layer.
. 1op . .
equation collapses to ———— = 0; that is, p=p(x) only. As a result, Equations 2.34a through
p
c reduce to (see Appendix A1.7.2):
ou + o _ 0 (2.35a)
Ox oy

and

ou ou_ 1dp  _du
4y —=—=Ft i 2.35b
”ax“’ay pax-'_vay2 (2.350)

inside the boundary layer 0<y<é(x) and 0<x<#, where ¢ is the plate length.

2.3.3.3 Stokes Equation

When the viscous forces are dominant, the Reynolds number is very small (see Section 1.4).
As a result, the term (v-V)v in Equation 2.33 is negligible for creeping (or Stokes) flow. So,
the Stokes equation describing slow flow is in the form

p% =-Vp+uviv (2.36)

Such Re < 1.0 flows, that is, either p>1 and/or £ <1, are encountered in food processing,
porous-media flows, microscale flows, and some fluid-particle flows.

2.3.3.4 Euler Equation
For frictionless flows (p=0), Equation 2.33 reduces to

Dv -

Py Vp+pg (2.37)
which is the Euler equation. Although ideal fluids, that is, inviscid flows, hardly exist, the
second-order term vanishes. For example, flow outside a boundary layer is assumed to be
frictionless, as indicated by the velocity profile in Figure 2.7. In fact, aerodynamics people
employ Equation 2.37 to find the outer pressure field around airfoils (see p ., in Figure 2.7),
which is imposed onto the thin-shear layer, that is, e =Pinner PeCause dp/dy = 0. Then,
the velocity field inside the boundary layer is obtained via a solution to Prandtl’s equations
(Equation 2.24a,b).
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2.3.3.5 Bernoulli Equation

Equation 2.37 applied to a representative streamline along coordinate S yields in general
(see Figure 2.8)

00, + 0, 00, + 1op +gsinf=0 (2.38a)
ot 0s p 0Os s

which leads to the Bernoulli equation. For example, assuming steady incompressible inviscid
flow, multiplying Equation 2.38a through by ds and integrating, yields
,02
i Pig=cC (2.38b)
2 p
where:

* vand p are locally averaged quantities along a representative streamline
¢ the z-coordinate extends against the direction of gravity

Thus, for two points on a representative streamline, the total energy per unit mass is
balanced; that is,

2 2
L T e (2.39)
2 p 2 p

For example, for a given system where v,=0 (e.g., Point 2 of a streamline is on the front
of a submerged body) and gAz ~ 0, we have

2
v
m=m+%l (2.40)
where:
[ is the total or stagnation point pressure
12 is the thermodynamic (or a static) pressure at Point 1

pvi /2 is the dynamic pressure at Point 1

kL Fluid

element

FIGURE 2.8
A fluid element along a representative streamline depicting steady laminar 2-D flow.
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Piezometer PITOT-tube

Pstatic

Pstatic P2 = Protal

Pstatic = P1

P1 = Pgage

FIGURE 2.9
Different manometers to measure different pressures.

One application of Equation 2.40 is the Pitot-static tube, which measures Ap=p,—p,, so
that v;=,/2(p. —p1)/p (see Figure 2.9).

2.3.3.5.1 Notes on Bernoulli’s Equation

Although “steady inviscid flow along a streamline,” as described by Bernoulli’s equa-
tion, is a very idealized case of the momentum equation, some astonishing (approximate)
results can be obtained with this simple flow model:
p.v
L+ —+2z = const. (2.41)
P 28
To demonstrate the power and versatility of the Bernoulli equation, simple answers are
given to the next four questions, related to complex transport phenomena:

A. Why do airplanes fly? Well, they need a lift force larger than the weights of plane +
passengers + baggage.

Sketch 6
Fiige
_—
u, —> _/— \
_ /C
e — S
/W\S'
—_—
7; W
Rationale:

* Bernoulli states that with z,, = Zigwer ® Zupper

P2 P2 p_ 2
e+ U =Put 0 =Pt Vs 242
p 20 P 2” P 20 (242)

Observations:

¢ Above the wing (or airfoil), streamlines cluster, and the air-velocity is very

high, so that with z=constant , p,p., is low according to Bernoulli.
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* The opposite occurs below the wing, that is, vj,yerd Prower T-

e Hence, for an effective airfoil surface A

surf
Flift = (Pl —Pu )Asurface >W (243)

B. Why do roofs fly off houses during episodes of very high winds? Actually, because the
pressure field above the pitched roof is much lower than the atmospheric pressure
in the attic.

Sketch 7
—>
—>
T
—
— ceiling
patm
Rationale:

¢ Similar to the explanation for Question (A), the pressure field on the roof due
to the locally very high wind velocity is very low, so that the pressure force
inside the house, p,y, Aceiling: Plows the roof off the house.

C. What is the wind force on a high-rise window? It is assumed that the air is incompress-
ible and approaches the window horizontally at a uniform and steady velocity (see
Sketch 8).

Sketch 8

Solution: As stated,

2 2
O P, 0 P (2.44)
2¢ pg 28 pg

With the given information, Equation 2.44 reduces to

m=%ﬁ (2.45)

and hence,
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Fr = JPdA =~ P2 Awindow (2.46)

For example, with a 65 mph wind, F;~1 kN for a typical window.

D. How can one describe the vertical motion of a disk suspended on a fluid jet? Specifically, a
horizontal disk of mass M can only move vertically when a water jet (d,, v,) strikes
the disk from below. Obtain a differential equation for the disk height k(f) above
the jet exit plane when the disk is initially released at H > h,, where h, is the equi-
librium height. Find an expression for k,, sketch h(f), and explain.

Sketch 9

The assumptions are:
¢ Steady laminar frictionless flow represented by a streamline with points 0, 1, 2
e Nearz=0: p=¢, vp=¢ and py=p,=p,
* Moving, accelerating, CV.,, that is, v, =0g,q=0c and ac, =d?h/dt?
* Averaged velocities, that is, v, ,=dh/dt; v, ~ 0

®  Muaisk > Maiq ‘cv and A;> A,

Solution:

2 2
* (Bernoulli) Po UEO +8z0 = Py 1271 + gz can be reduced to
p p

02 0P

7:?1+g h(t)= v =Jvg —2gh (2.47a, b)

* (Continuity)vy Ay =0 Ay = Ay = Ay > (2.48)
0

e (Momentum RTT)

FE+ K- J dcy. pdv = % J vpdV + J VPTrel - dA (2.49)

C.v. C.v. c.s.
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can be reduced to

~Mg-Ma = vyal-p (v A1)]+0; 1it2 (2.50)
with v, =0 —@ and u:@ we have
rel 1 dt dt2 7
d*h dn Y
M(g-'-dtz ]zp(vl—dt ) A1 (251)

Substituting v; and A, yields

. A\ 2
h—LAO(,/vg—Zgh—h) +g=0 (2.52)

M\Jvf —2gh

Now, at equilibrium height, h=h,, it =i =0. Thus,

_p\ﬂ]g - 2gh0 ono + Mg =0 (253a)

2 2 2 2
hy = Yolq_ gﬁ\/f Y 1_(Wj (2.53b, c)
29 pvy Ay 2g Mo,

or

Graph 3:

Comments:

1. Although frictionless flow was assumed, the ordinary differential equation (ODE)
for h(t) is nonlinear, which implies oscillations as well as a decrease in amplitude.

2. This problem solution couples Bernoulli’s equation with mass and momentum
conservation and shows the interactive nature of fluid mechanics.

3. The Bernoulli equation is even more powerful when extended to include fric-
tional and form losses; for example, in pipe flow with entrance effects, changes
in cross-sectional area, valves, and so on.
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2.3.4 Basic Examples of Linear Momentum Transfer

To enhance the meaning of each term in the continuity equation as well as in the equation
of motion (i.e., the N-S equation) and to provide a formalism to reduce the coupled equa-
tion for specific applications, three examples are discussed.

Example 2.5: Shear Stress in Simple COUETTE Flow

Consider Couette flow, that is, a viscous fluid between two parallel plates a small gap &
apart, where the upper plate moves with a constant velocity u, due to a tangential force,
Foui- Typically, also an axial pressure gradient is applied; thatis, dp /ox=-Ap /L =¢.

Sketch 10 Assumptions Method
[ Puy=¢ e Steady laminar fully * Reduced N-S
developed equations based on
h y (unidirectional) flow assumptions and
T ¢ Constant fluid properties boundary conditions
x ® Only the pulling force at e Specifically, the
the upper plate maintains pressure gradient is
the fluid motion zero and u=u(y) only

Solution: Translating the problem statement plus assumptions into mathematical short-
hand, we have:

e Movement of the upper plate due to a constant pulling force keeps the viscous
fluid between the plates in motion from u(y=h)=u, to u(y=0)=0 via frictional
effects, which propagate normal to the plate.

e Steady flow=> all time derivatives are zero, that is, % =0.

e Laminar unidirectional flow= only one velocity component is non-zero, that
is, 9=(u,0,0), where u=u(y) only. This implies parallel or fully developed flow,

where o =0 and hence v=0.
ox

In summary, we can postulate that

u:u(y),v:w:O

& o, @=0;gx =0
ox ox

Checking Equations 2.34a through c with these postulates, we realize the following:

¢ Continuity equation confirms v=0= ou_ 0; that is, fully developed flow.
e x-momentum yields ox

0*u
0+0=0+v 0+$ +0 (E.2.5.1)

2

and

% _

y-momentum collapses to @ = pgy < fluid statics >
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Thus, Equation E.2.5.1 can be written as

2
d—‘; = (E2.5.2)
dy
subject to the “no-slip” conditions
u(y=0)=0and u(y=h)=u, (E.2.5.3a, b)
Double integration and inserting the boundary conditions (BCs) yields
u(y)=uo 2 E254
. 6“,’ 614]' . .
Of the stress tensor (Equation 2.27b), t; = 5 + . | only z,, is non-zero, that is,
x]' X :
ou ov
w =M —F— E.2.55
Txy H[ay ax] ( )
With v=0 and Equation E.2.5.5,
Txy = Wy / h= ¢

Of the vorticity vector={=20=Vxv=curlv (Appendix ALl), only ,, is non-zero,
that is,

Oy == ——< =1l /h=¢ (E256a—c)
X

This implies that the fluid elements between the plates rotate with constant angular
velocity o, while translating with u(y).

Note: The wall shear stress at the upper (moving) plate is also constant, that is,

ou u
Ty = u@ y==H (?Oj (E.2.5.7a,b)
so that the pulling force equal to the drag is
- - _ B -

Firag =— I A = Fon =211 A, = constant (E.2.5.8ad)

Profile 1:
Uy T
[ o > U,
s
N 6.0) - @

Comments:

* In the absence of a pressure gradient, only viscous effects set the fluid into
(linear) motion.

57
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® The necessary “pulling force” is inversely proportional to the gap height; that
is, the thinner the fluid layer, the larger is the shear stress and hence F,,.

* As a first-order approximation, the Couette flow model is applicable to planar
lubrication.

Example 2.6: Poiseuille Flow

Consider steady laminar fully developed (unidirectional) flow of an incompress-
ible fluid in a horizontal pipe of length L and constant cross-sectional area (radius r),
known as Poiseuille flow. Establish reduced forms of the N-S equations and solve for the
axial velocity u(r).

Sketch 11 Assumptions Method and Postulates
1 p(x) As stated: Reduced N-S egs. based on the
\\ e 0/0t=0 (steady-state) assumptions and postulates.
p, ® V= u (unidirectional) Postulates:
r=r, " ® 9/0x=0 (fully developed) v =(u,0,0), where u=u(r) only;
r —, 47, ® 0/00=0 (axisymmetric) dap . Ap
0 _y e
r=0 i;_ﬁf _________ P= ox L
| | =P
L
Solution:

® Check continuity: With v=0, V-v=0 can be reduced to ou =0, that is, fully
developed flow. ox
* The equation of motion (Equation 2.33) reduces to

0=-Vp + uvi¥ (E.2.6.1)

Expanded with the postulates and Appendix AL5.3, we have

0- (%j s Mli(riu] (E2.6.2)
L rdr\ dr

subject to the boundary conditions: u(r=r)=0 (no slip) and at r=0, du/dr=0
(axisymmetry).

Note: Using the centerline condition u(r=0)=u,,,, is physically/mathematically correct,
but we do not know u,,,..
So, double integration and invoking the two boundary conditions yields

u(r) :i[%j(rz —rz):umax [1—(;}2] (E.2.6.3)
Comments:

* The solution (E.2.6.3) is the base case for steady laminar internal flows with
numerous applications in terms of industrial pipe flows, such as pipe net-
works, heat exchangers, and fluid transport, as well as idealized tubular
flows in biomedical, chemical, environmental, mechanical, and nuclear
engineering.
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¢ Equation E.2.6.3 not only provides the parabolic velocity profile u(r) but can
also be used to calculate the volumetric flow rate Q (Equation 2.5), wall shear
stress 7,, and pressure drop Ap (using Equation 2.8).

¢ Solved problems in Section 3.1 and sample applications in Part B further illus-
trate the use of the Poiseuille-flow solution (E.2.6.3).

While the previous examples fall into the category of “internal flows,” the next one deals
with “external” flow, that is, a gravity-driven thin film of constant thickness.

Example 2.7: Thin-Film Flow

Consider a liquid fed from a reservoir forming a thin film pulled down on an inclined
plate by gravity. Obtain the velocity profile, flow rate, and wall shear force, assuming a
constant film thickness in the test section 0<x<?.

Sketch 12

Assumptions Method
e Steady laminar fully developed flow o Reduced N-S eqn. ¥ = (1£.0.0): =1
* Negligible air-liquid shear stress only; Vp=0 v =(,0,0); ®
e Constanth, p, p, and p e Only gravity, pgsing, drives the film
* Neglect end effects, that is, 1 =const. flow

® Re <20 to avoid film-surface rippling

Solution:

An inclined x—y coordinate system is attached to the plate; that is, the x-momentum equa-
tion is of interest (note, the y- and z-momentum equations are both zero). Considering
Sketch 12 and based on assumptions v = (u,0,0), Vp~0 (thin-film condition or no sig-
nificant fluid-state pressure variations), and d/0t =0 (steady-state), the N-S equations are
reduced as follows. With v=w=0, continuity V-v =0 indicates that

a—u+0+0 =0 (E2.7.1)
Ox

which implies fully developed (or unidirectional) flow; thus, u=u(y) only.

Consulting the equation sheet (Appendix AL5.3) and invoking the postulates u=u(y),
v=w=0, and dpx =0, we have with the body force component pg sin¢

#u

0= + i E.2.7.2

udyz pg sind ( )

subject to u(y=0)=0 <no slip> and Tinterface :ug—u ~0, which implies that at
Y-
y=h

y=h—du/dy=0. Double integration of Equation E.2.72 in the form u’=K (see
Appendix Al4) yields after invoking the two BCs
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pgh’sind|(y :
=—"°_ "L -2y /h E.2.73
s (R 2730
Clearly,
2
(Y =h) = e P i g (E.2.7.3b)
2p
The average velocity is
1 1] nsi
gy = —Iv-dA = I u dy =P8 siné (E.2.7.4a)
A h 3up
A 0
Hence,
2
Uay = gumax (E274b)

To determine the film thickness, we first compute the volumetric flow rate Q, which is
usually known.

h
0= I v.dA=b I wdy =, (hb) (E.2.75a)

where b is the plate width. Thus,

Q= Psbsing ;s (E.2.7.5b)
3p
from which
3 1/3
he (“Q J (E.2.750)
pgbsin ¢

The shear force (or drag) exerted by the liquid film onto the plate is

1
E= ITW dA = bj[—u?‘
)| Ty

A

dy (E.2.7.6a)
y=0

Thus,

F, =pgbhlsind (E.2.7.6b)

which is the x-component of the weight of the whole liquid film along 0<x<1.
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Graph 4:

Comments:
* Numerical film values can be used to compute the film Reynolds number,

Re;, = o N , and check whether Re, <R, e 20.
v

* Given Q (or m=pQ ), the coating thickness can be estimated.

Notes: The case of wire coating, that is, falling film on a vertical cylinder, is assigned as
a homework problem (see Section 2.5). Additional surface-coating (and film-drawing)
systems are discussed in Chapter 6.

2.3.5 Vorticity Dynamics

The momentum equation (see Equation 2.26, or its simplified form Equation 2.33) describes
the flow-field interactions of pressure, viscous, and body forces, leading to fluid-element
acceleration. A complementary way of flow field description can be obtained in terms of
vorticity transport.

2.3.5.1 Vorticity Vector and Fluid Circulation

Clearly, unbalanced shear stresses set fluid elements into rotation, that is, spinning around
their own axes. This can be expressed with the vorticity vector (see Section 1.2.4 as well as
Appendix AL11 and AL1.2):

E=20=VxD=curld (2.55)

For example, the circumferential velocity v, of a hurricane can be depicted as a combina-
tion of “solid-body-rotation” v,=wr (the eye of a hurricane) and a “potential vortex” v,=K/r
(the outer region), as shown in Figure 2.10.

In cylindrical coordinates with 9=(0;v;0), ¢ reduces to szlag(rve ), which implies
r or

that the eye of the hurricane is rotational {, =2, while irrotational ({,=0), that is, friction-
less, in the outer region. Generalizing the observation, one can conclude that vorticity
dynamics analysis allows a flow field to be separated into one with viscous and one with
inviscid effects. A simple analogy is that rotational circular flow is like a rotating round-
about, while irrotational circular flow is analogous to a moving Ferris wheel.
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Vg

Vg = Or Uezk/r

Rotational Irrotational

FIGURE 2.10
Vorticity regimes of a hurricane.

A quantity directly related to rotational flow is circulation:
r-v-di (2.56)

which is the line (or contour) integral of the tangential velocity around a closed path.
Employing Stokes’ theorem, where the contour integral is transformed into a surface inte-

gral, we have
r:cﬁv.d?:”(wwﬁds (2.57)
(SR
S5 =
For example, for the previous 2-D flow field, described by vy=wr within 0 <r <r,, we have

with {, =20 and dS =2z rdr an expression for the vortex strength:

r

r= 21tJ-(2(o) rdr = 2mor? (2.58a, b)
0
or
r
- 2.59
v 2nr ( )

For r>1, T — Ty = 2nory, resulting in

_ o
2751’0

o (2.60)

Equation 2.60 is known as the free vortex.

2.3.5.2 Vorticity Transport Equation
To transform the N-S equation, we employ the vector identities (see Appendix AlL1.3):

o (V-V)¥ =v(;v-vj—vx§;
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* VxV(p+¢)=0, where ¢ is a potential function with V¢ =f, being a conservative
body force; and

o V.L=0.

Specifically, we take the curl (VX) of each term of the N-S equation, rewritten in the form

D oiv(Ys.5)-9xE=Lvprvvina g, (2.61)
ot 2 p =
Vo
(5-V)5
This results in
%+(” )= 2 Vv + WX (2.62a, b)
at PVL Rate of Net rate of
Total time-rate-of- 4 ¢ i viscous diffusion
change of fluid- &

vortex lines of vorticity
element vorticity

Clearly, the vorticity is not only being convected (‘7 V(Z) and diffused (VVZE_,) but also

generated by a vortex-stretching mechanism via ¢-V¥ .

Note: Equation 2.62 still has two vector unknowns; so, it is of interest to formulate a
higher-order equation, say in 2-D, with only the stream function y(x, y) as the depen-
dent variable. Recalling that u=Jdydy and v=-0dy/ox to satisfy continuity and that

£—oC. = do_ou_ ~V?y, the reduced N-S equation now reads:
ox 0oy
aig_kuaic_vaigzvv‘lg (2.63)
ot ox oy
Using (=(.=-V?y, we obtain

0 2 a\v 0 2 a\ll 0 2 4

— (VY )+——(VVy)-——(Vy)=VV 2.64

o (VY) ayax( v) axay( v)=vviy @64

Special forms of both the vorticity equation (Equation 2.63) and the stream function
equation (Equation 2.64) were of importance in aerodynamics until the advent of commer-
cial and open-source software plus associated platforms.

Next, the physical meaning of the terms of Equation 2.62 is discussed. The equation’s
left-hand side describes the local and convective changes in fluid-element vorticity with
time, that is, total “temporal changes in element-spin rates.” The two terms of the equa-
tion’s right-hand side describe vorticity generation/destruction via vortex-line straining,

E_,-V?/, and vorticity diffusion due to fluid friction, VVZZ, respectively.

2.3.5.3 Vortex-Line Straining

Vorticity generation/destruction occurs via vortex-line stretching or turning. Vortex lines
are lines that are everywhere tangent to the vorticity vectors. In pipe flow, they are rings
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throughout the flow field, while in boundary-layer flows, they are concentrated near the
solid surface (and in the wake region) but vanish in the outer regions, which are assumed
to be irrotational. Consider, for example, a wall in the x—y plane with z as the normal direc-
tion. The vorticity vector components are (see Appendix ALL1 and AlL1.2)

_odw Jv_ Jv

_ou_dw _du _9dv_du _

=== ;G=—-——=_ ;and{,=_-_-=0
¢ dy 0z  0z|, & 0z dx 0z, ¢ ox dy
- . .z 2 A ov| 4+ Ou| +
As (=0, the vorticity vector lies on the wall, thatis, (=i +(,j=——| i+ ].
Now, the wall vortex lines are 0zl 0zl
_
dx B N 04 A
dy v(?rtex Cy wall al
lines oz 0

In contrast, the wall streamlines are described by

ou
dy _o0zl,_ 1
dx stream- a'() dx
lines A I
0z z=0 dy vortex

lines

Clearly, wall vortex lines are orthogonal to wall streamlines, which also holds for 2-D
and axisymmetric flows; that is, ¥ and ¢ are perpendicular.

Now, the flow field vorticity vector (see Equation 2.55) has a component along the vortex
line, causing line stretching, while its orthogonal component causes vortex-line turning,.
Clearly, vortex-line extension and turning actions are absent in planar flows. Specifically,

the vorticity vector being perpendicular to the velocity vector, £ =V x¥, the vortex lines
are normal and uniform to the planar flow. Hence, the lines maintain a constant length
and do not turn.

2.3.5.4 Vorticity Diffusion

Similarly to momentum diffusion, vV2¥, viscous action can diffuse vorticity throughout
a flow field. In fact, in planar flow with only one non-zero-velocity component ¢, and the

term {-VV being always zero, Equation 2.62 reduces to

DCZ 2
—*=vV, 2.65
Dt G (2.65)
This equation is analogous to the scalar convection-diffusion equations discussed
in Section 2.4.2. Considering steady laminar fully developed flows, such as Couette,
Poiseuille-type, and thin-film flows (see Examples 2.5 through 2.6), the vorticity transport
equation collapses to

2
0O=v g sz or dG. _ constant (2.66a, b)
ay-  dy
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Equation 2.66b can be interpreted as vorticity flux, similar to a constant heat flux g, or
species mass flux j,.

2.3.5.5 Helicity

Helical flow is simply a translating vortex, that is, generating a corkscrew-like motion.
Examples in nature include draining bath water, a dust-devil, flow in a meandering river,
Dean’s flow in a curved conduit, vortex shedding from a delta wing, and the Karman vor-
tex street behind bluff bodies.

The helicity of a flow field of domain D is defined as

IIG)zILLVw@ﬂ/zILLth (2.67a, b)

where the dot product ¥- is the scalar quantity /. Thus, the helicity density reads
h=5-(VxV) (2.68)

typically with units of meters per second squared, that is, the same as acceleration. Clearly,
h is zero whenever the velocity vector is orthogonal to the vorticity vector. This implies
that helicity can be viewed as a measure of the complexity of a given flow field. An expression
of the helical structure of flow in dimensionless form is the helical flow index (HFI) with the
range -1 <HFI <1, that is,

6 (2.69)
|

For example, flows in tubes with bends and changing cross sections as well as in bifurca-
tions (see Chapter 9) exhibit varying HFI values. Nevertheless, helicity in certain (biomedi-
cal) flows may be advantageous by stabilizing the flow, by suppressing wall shear-stress
distributions, and for reducing areas of flow stagnation.

1

HFI(%,t) =

<

Example 2.8: Rotationality of a Steady 2-D Flow Field

Given v =ix? + j(~2xy — 1), check whether the flow field is rotational or not.

Graph 5: Assumptions Method

5 - e Steady 2-D flow Reduced vorticity vector
* Incompressible fluid ¢ =vxg being either
41 NoON-zero or zero
34
=

2 4
1
0
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Solution:
From Appendix ALL1:
Vxioioi| W _ +}(@-aﬂj+1€ o _ou (E2.8.1)
oy 0Oz 0z Ox ox oy
It reduces to
7 7| 0v ou
=k| —— | =€, E.2.82
cei{ ) -

With the given v =[u,v], we obtain
€. =2y =20, (E.2.8.3)

Thus, the flow field is rotational, and the fluid elements spin with an angular velocity of
®,=-y while moving along the streamlines (see Graph 5).

As an aside, with V-v = g—u + % =2x —2x =0, the fluid is, indeed, incompressible.

X

2.4 Scalar Transport Equations: Energy and Species-Mass Conservation

Although many natural and industrial fluid flow problems are non-isothermal, fluid
mechanics education typically deals only with constant-temperature flows, leaving ther-
mal flows for separate thermodynamics and convection heat transfer courses. Species-mass
transfer is entirely left to chemical and biomedical engineers. Thus, we highlight the energy
RTT plus the resulting heat transfer equation with an analogy to species-mass transfer to lay
the groundwork for some interesting engineering applications in the remaining chapters.

2.4.1 Macro-Scale Energy Balance

The first law of thermodynamics states that energy forms can be converted but the total
energy is constant, that is, conserved:

Etotal = Ekinetic + E otential T Einternal +...=constant (2703)
p

For observation time At, the macro-scale energy balance for any system can be written as
(see Figure 2.11)

XE,—-ZE,; = AEgystem = [AKE + ApE + AU Jgytem (2.70b)
Net ener%?/ transfer by heat, Change of total energ inside the system
work, and/or mass flow in/out (e.g., l%mehc potentia and internal energies)

where the internal energy U is the sum of all microscopic energy forms, that is, mainly due
to molecular vibration.
On a rate basis:

dE
dt

. AE

SE;, —2E,; = AL

.71)

system system
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For example, for a closed system with heat transferred to the system and work done by the
system (see Figure 2.11a),

. . AE
_W=22
Q At

2.72)

or during At, considering only an internal energy change from State 1 <initial> to State 2
<final>,

Q-W=AU=U,-1, (2.73)

Heat, Q, can be transferred via conduction, convection, and/or thermal radiation; work
done by the closed system, such as a piston-cylinder device, is typically boundary work:

2 2
W= j Fds = j pdv 2.74)
1

1

For an open system, energy forms flowing in and out of the system have to be accounted
for. Thus, Equation 2.71 can be written for a fixed control volume with uniform streams
entering and leaving (see Figure 2.9b):

A4 =2[Q+W]m—E[Q+W]out+2|:n'1(h+vz+gz):| —z[m(h+7’2+ gz):| (2.75)
At V. 2 in 2 out

where:
h=i+p/p=c,T is the enthalpy per unit mass, combining internal energy, i =c,T,
and flow work due to pressure p moving specific volume v, that is, pv
Chin=0?/2 is the kinetic energy
Cpotential =§Z is the potential energy per unit mass

As an aside, for steady, single-inlet/outlet, frictionless flows without heat transferred
and work done, the Bernoulli equation appears as

2 2
{hmgz} {Pg}
p 2 in p 2 out

F As ~h cs. .
th v; T,p r» Qloss
Wb'dﬂryi g
I AE :
Q v 3::6\ Witir
pTY g l Cv. @
IR IS
J) T electr. i ,/ m T
Qi P,
@ @ (b) ~h

FIGURE 2.11
Energy transfer for closed and open systems. (a) Closed system. (b) Open system.
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2.4.2 The Convection-Diffusion Equation for Heat Transfer

Expressing energy conservation in integral form, we select B =E,,, and hence f=e¢, so

that the enerqy RTT reads (Recall: Equations 2.1 and 2.72)

system

DE;
Dt |closed

system

=Q-W= % J pe;dV + J peﬁ-d‘& (2.76)
C.Vv. C.S.

A simple form of energy conservation (see Equation 2.70), directly usable to solve con-
vection heat transfer problems, starts with e =h=1ii+p/p (i.e, the enthalpy per unit
mass) as the principal unknown. The change in total energy may be composed of net
heat conduction, that is, based on Fourier’s law, and net energy dissipation due to viscous
stresses. Thus, after applying the divergence theorem (Appendix Al3.1) again, we obtain

%(ph) +V-(pvh) = -V §+ud 2.77)

With dh=c,dT, or simplified to h=c,T when c, is constant, q =—kVT (after Fourier), and
pd =71;00,0x;, we obtain for thermal flow with constant fluid properties the heat transfer
equation

%+(V-V)T — oV T+ @ 2.78)

pey

where (x=k/pcp is the thermal diffusivity.
In contracted form, with S; being possible heat sources and sinks, Equation 2.78 reads:

DT _ oveT+ Sr (2.79)
Dt

Example 2.9: Thermal Pipe Flow ( §ua = ¢)
Consider Poiseuille flow (see Example 2.6) where a uniform heat flux, g, is applied to

the wall of a pipe with radius .

(A)  Set up the governing equations for the fluid temperature assuming thermally
fully developed flow, that is,

To=T _ @[’j (E.29.1)

where:
T, (x) is the wall temperature
T=T(r, x) is the fluid temperature
T, (x) is the temperature averaged over the cross-sectional area, that is,

T, = ,ij'quA (E292)
uA %
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Note that the dimensionless temperature ©® =0(r) only, describing thermally ful
ly developed flow. Solve a reduced form of the heat transfer equation (Equation 2.79)
and develop an expression for the Nusselt number, defined as

_ convection _2ry g, _ hD

= — = : (E.29.3a, b)
conduction k T,-T, k
where:
h is the convection heat transfer coefficient
k is the fluid conductivity
D  is the pipe diameter
Sketch 13 Assumptions Method
Q. T, (%) As stated, that is, Reduced heat transfer equation
+ + + + + + /* + + ® u(r) as in Equation E.2.9.3 (Equation 2.79) based on
o e 0T/0t=0 <steady-state> assumptions and postulates
_f_r»__%“_f___ /O o (3-V)T = udT / ox
* aVT = Ei(r g)
or

EEREREER o

—

Solution:
A. With the result of Example 2.6 and the reduced heat transfer equation in cylin-
drical coordinates from Appendix I (see also list of assumptions), we have

u(r)ar _ li(,ﬂ (E.2.94)
o oOx ror\ or

B. Employing the dimensionless temperature profile @(r) =0O(7) given as
Equation E.2.9.1, we can rewrite Equation E.2.94 as "o
hD . ., d°©@ 14O
2—@0-7%= + = E.29.5
k ( ) ar*  tdr ( )
Specifically,
or _dT, dT,, 2 q,
Forg, =¢, o = =—m_2 dv _ E.2.9.6a—
OF flu = ¢ ox dx dx 1 pcyu ¢ ( a=q)
Asstated, hD / k= Nup =2 T _, (E.2.9.7a, b)
, = D'kTw—Tm .29.7a,
And with dT/df being finite at 7 =0, we obtain
3 Y
T
T-T,=—(T, -T,)Nup| = ——+—
( Wil g =75 *g

Now, by definition:

2n
TW’[)zﬁ

T, —T, = j(Tw —~T)u(r)rdr (E.2.9.8)
0

69
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so that, when combining both equations and integrating, we have

1

s
1= 4NuDJ.(g—2+j(l 72)rdr (E.2.9.8)
0

from which we finally obtain

Nup =28 _ 436 (E.2.99)

11

Comments:

e It is interesting to note that for hydrodynamically and thermally fully devel-
oped flow in a tube, subject to a constant wall heat flux, the Nusselt number (or
the heat transfer coefficient) is constant.

e The same holds for the isothermal wall condition; however, the Nu-value is
lower (see Kleinstreuer, 1997 or Bejan, 2012).

As announced in Section 14, scale analysis can produce valuable results without solv-
ing the conservation laws. Specifically, dimensionless groups, which govern the system
dynamics at hand, can be derived as well as the functional proportionalities. However,
numerical equations relating such dimensionless groups require experimental measure-
ments or computational analysis.

Example 2.10: Scale Analysis of Natural Convection along a Vertical Wall

Consider steady laminar free convection where, for example, air near a heated vertical
wall rises against gravity. Within that thin thermal wall layer, the governing equations

are (see Sketch 14)
(airflow) u 10 oy TU L op(T-T,) (E.2.10.1)
ox oy ay S S/
buoyancy
inertia frlctlon
where:

p is the volumetric expansion coefficient (3~ —1/T for air)
T, is the ambient air temperature far away from the heated wall
T is the actual air temperature within the thermal boundary layer

Thus, a second equation for T is necessary:

2.
(air temperature) u£+ ﬂ or

ol
Ox oy oy’

[ —
heat convection heat conduction

(E.2.10.2)

Note: Equations E.2.10.1 and E.2.10.2 are special cases of Equations 2.33 and 2.79, respec-
tively. Now, perform the following (see Section 1.4):
(i) Non-dimensionalize Equation E.2.10.1, using u—u, v —»v; ox = ¢, dy = J;
and AT=T,-T,, as scales, that is, reference parameters, where ! is the wall height,
& is the (variable) boundary-layer thickness, and T,, is the (high) wall temperature.
(ii) Form proportionalities between different terms in these equations, represent-
ing forces and fluxes, to generate both dimensionless groups and functional
dependencies for (x) and u(x).



Conservation Laws with Illustrative Examples 71

System Sketch 14 Sketch for Scaling 15
x S
l— § —=
x=£ 1 Twan d(x) (thermal and velocity AT
—> boundary-layer y i
b o> thickness) ! _
a U
g‘ - Tw << Twau l EJ V :
5 - (Vair:()) L T
an e
—
x =0 y
Solution:
(i) Replacing the variables u, v, x, y, and T by u=uu, v=00v,x=%(,y=4 3, and
T =TAT in Equations E.2.10.1 and E.2.10.2, we obtain
, P N PN
el (2o & |k apam
) ox 6 ) oy \& Joy
or, dividing through by (ﬂ2 / 1), we obtain
o (T\(¢Yon v (¢Y 9% AT
u+()() Y () i, SPAT, (E.2.10.3)
ox \u/\d)ay wul\d) ay i
\wjl -2 ~Ri(Richardson
£ Re e number)
o) o(1)
where by definition € <1, Re#>>1, and the Richardson number
3
Ri = SPATC _ Gr . Grashof# (E.2.104)
) ( ug) Re® Reynolds # squared
Nl
\Y

Clearly, we obtained a dimensionless PDE for buoyancy-driven flow plus a new dimen-
sionless group, the Richardson number, which encapsulates buoyancy, inertia, and vis-
cous forces.
(ii) Scale analysis of the first convection term in Equation E.2.10.2 balanced by the
thermal diffusion term yields with 67— AT=T, - T

U—~0— Of U~— (E.2.10.5a, b)

Recall from Equation E.2.10.1 that very near the vertical wall, where the inertia effects
are negligible (i.e, u <1, ou/dx <1, and v« 1), upward buoyancy forces are counteracted
by viscous forces via

gBAT ~ vg‘;z (E.2.10.6)

Eliminating u# in Equation E.2.10.6 with Equation E.2.10.5 yields

ol
A% ? [od gBAT
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or

~1
4
S (Mﬁj =Ra;'/* (E2.10.7)
/ av

where:

Ra=GrPr is the Rayleigh number, a ratio of buoyancy to thermal/viscous forces
Pr=v/ais the Prandtl number, relating the fluid’s kinematic viscosity and thermal
diffusivity

Replacing the wall or plate height # by x, we can deduce that the boundary-layer thick-
ness (here §=4,, for Pr=1) varies as

&~ x4 (E.2.10.8a)

Combining Equation E.2.10.5 with Equation E.2.10.7 provides an expression for the ver-
tical mean or reference velocity, that is,

U~~NX OF U =+§B(Tw —To)! (E.2.10.8b, ¢)

2.4.3 The Species Convection-Diffusion Equation

Similarly to heat transfer (see Equation 2.79), species-mass transfer in a flow field is
described by a scalar transport equation of the form

%E%+(V~V)C=—V~fcisc:9§2ciSC (2.80a through ¢)

where:

o

(in mass per volume [e.g., kilograms per cubic meter]) is the species concentration,
say, a dye in water, pollutants in the air, nanodrugs in blood, and so on
is the fluid flow velocity vector

is the species mass flux (;C = ."I)Vc)
are possible sinks and sources of ¢

with dimensions [length?/time] is the diffusion coefficient (or diffusivity). It is typ-
ically expressed for binary systems with the Stokes—Einstein equation:

SESAR ]

9 = KeTCoip (2.81)
3nud,
where:
the Boltzmann constant k;=1.38 x 1022 J/K
the temperature T is in K
Cslip =0 (1)
d,is the mean diameter of the dissolving molecules of chemicals, or of spreading
nanoparticles less than 100 nm

To better understand Equation 2.80, it is instructive to analyze each of the terms:

oc . . L .
¢ The term 5 Deasures temporal concentration changes at a fixed point in a fluid;

for example, the increase of toxins over time in a farmer’s well.
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e The term (‘7~V)c describes the species convection (or advection); for example,
spatial concentration changes of a chemical in a stream between discharge point
and drinking-water intake.

e The term —-V-j =V (D Vc) represents the spatially net diffusion process of, say,
a dye in water. Clearly, the diffusive flux, j = -9 Vc, occurs from points of high

c-values to areas of low c-values.

* The source term, S, represents creation (or destruction) of a quantity, say, via
chemical reaction.

The Peclet number is a useful dimensionless constant, which compares the rates of
species-mass transfer due to convection and diffusion. The Peclet number is defined as

_ convective transport (V-V)c

Pe=——— (2.82)
diffusive transport V-DVc
Scaling the Peclet number with v~U and V ~ % , it is found that
1
U-—-c
R (2.83a, b)

“9-c 2P
L L

Equation 2.81 can be reduced and depicted for transient convection and diffusion in the
form (see Figure 2.12)

oc =
—+V ot =S 2.84
o Jtotal ( a)
that is,
oc -
a‘}—V'(—ﬁ)VC'FVC):SE (284b)

Simplified forms of Equation 2.84 and problem solutions are discussed and applied in
Bird et al. (2002) and Kleinstreuer (2006), among others.

u . .
: c(t=0,x) | c(t, x)
- 5 : !
! ]
5 . x . x
0 0

FIGURE 2.12
Transient 1-D species convection and diffusion.
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2.5 Homework Assignments

Solutions to homework problems done individually, or initially in three-person groups,
should help to further illustrate fluid dynamics concepts as well as approaches to prob-
lem solving, and in conjunction with Appendix I, sharpen the reader’s math skills.
Unfortunately, there is no substantial correlation between good homework-set results
and fine test performances, only vice versa. Table 1.1 summarizes three suggestions for
students to achieve a good grade in fluid dynamics—for that matter, in any engineering
subject. Working independently, the student should be able (i) to satisfactorily answer all
concept questions and (ii) to solve correctly all basic fluid dynamics problems.

The “Insight” questions (Section 2.5.1) emerged directly out of the Chapter 2 text, while
some “Problems” (Section 2.5.2) were taken from lecture notes in modified form when
using White (2006), Cimbala and Cengel (2008) and Incropera et al. (2007) for teaching
undergraduate courses over the years. Additional examples, concept questions and prob-
lems may be found in any introductory fluid mechanics and heat transfer text, or on the
Web (see websites of MIT, Stanford, Cornell, Penn State, University of Michigan, etc.).

2.5.1 Physical Insight

Whenever possible, answers to Physical Insight questions should feature a sample illustration
(or system sketch), a brief description/explanation, and some math in terms of definitions or
derivations

2.1 Provide quick answers (sketches, streamlines, math, and physics) to the following
counter-intuitive fluid-flow scenarios:

(@) Keeping the tailgate of a pick-up truck up reduces aerodynamic drag (Why?)
and hence saves gasoline, although most drivers intentionally keep it down
and even install “airflow” nets to retain cargo when accelerating.

(b) Under otherwise identical conditions, it is easy to blow out a candle but nearly
impossible to suck it out. Why?

() When a spoon is brought near a jet, for example, a faucet stream, it gets sucked
into the stream. Try it out and explain!

(d) Chunks of metal are forn out from ship propellers at high speeds after a long
period of time in operation. Why?

(¢) The long hair of a girl driving a convertible is pushed into her face rather than
swept back. How come?

(f) Consider a humming bird being quasi-stationary in your moving car. What
happens to it if you suddenly brake?

2.2 Consider the del operator V (see Appendix AL1.2):
(@) Explain V-V, V¥V, and VxV, where v is a velocity vector.
(b) Show that V-V =V?, the Laplacian operator.

() What is the physical meaning of (v-V)v, and how can the result (Equation
AL1.15) be interpreted?
2.3 In light of Section AL2.3, derive a finite-difference approximation for, say, f'(x;)
of second-order accuracy.
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The theorem of Green (or Gauss), known as the “divergence theorem” (see
Equation AL.3.1 in Appendix I), transforms a surface integral of a vector function
into a volume integral and vice versa. (a) Would the conversion also work for a
scalar function? (b) Provide a graphical illustration with physical explanation of
Equation AIL3.1.

Plot the error functions (AI.3.3) and (AL3.4) and give two applications.

Classify the following ODEs and suggest best possible solution techniques:

@ vy’ =a(x)+b(x)y+c(x)y* +d(x)y’

(b) y"=a(x)y" + bx)y

© fw'-y)=8y)

) %y’ +xy' = +n)y = f(x)

In Section 2.1, under “Fundamental Assumptions”, it is stated that a fluid is a
continuum when AV, <107 mmb?, thatis, L,,;, <1 um. What is the ratio of Ag4/
Lyysem for (a) air and (b) water when Ay is an appropriate molecular length scale
and L ~Ln?

Discuss three ways of deriving the RTT. Can it be applied to quantities in all three
tensor ranks, that is, scalar, vector, and tensor? Give one example each!

system

Of interest is the conservation of angular momentum in terms of the RTT, that is,
D - _

aHsystem = ZM

where:

Hgygtem = T xmv is the angular momentum with m being the constant mass

Y M is the net moment applied to the system 7

is the moment radius (or arm)

Express ¥ M for any control volume, that is, stationary, moving, or deforming.

A horizontal fire-hose (nozzle diameter 6 cm) discharges typically 5 m3/min of
water (p=1000 kg/m?). Find the force (and direction) to hold the fire-hose in place.
Comment!

Consider a jet-plane with the engine mounted at the rear end discharging
Mgs =18 kg /s of exhaust gases at v=250 m/s relative to the plane. To shorten
landing, a deflector-vane (called a “thrust reverser”) is lowered into the path of
the exhaust stream, which deflects the gases and hence aids in braking. Analyze
the effect of the vane angle, 6, on the braking force, that is, from a horizontal 6=0°
(no effect) to a 180° (full effect). Discuss the F,,,, (6) plot!

A skydiver (M, = Mpyerson + Mgear) jumps out of a plane, and at terminal velocity v,
he/she opens at t=0 a parachute (Fy,,,=kv?) and lands with a final velocity vp.
Show that k =mg/v} and derive an equation for v(t). Note that v=0v(t, v, v, g), but
not m,,,,; why? Plot v(t) for typical parameter values and comment.

Consider a radial water turbine where water from a nozzle enters the impeller at
its outer edge (diameter D) with velocity v (and mass flow rate ) under angle
0 w.r.t. the radial direction. The water leaves with v in the radial direction. What
are the resulting shaft torque and turbine power output when the maintained
angular velocity is w,?
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2.14 Provide a physical interpretation of Equation 2.22 and sketch an example with all
four terms appearing.

2.15 Employing the REV approach of Section 2.2.2, derive the transient 3-D continuity
equation in cylindrical coordinates. Is the V-v =0 also valid for transient flows?

2.16 List the pros and cons of the integral approach, say, using the RTT or lumped-
parameter method, versus the differential approach, that is, solving reduced
forms of the continuity and Cauchy or N-S equations. Give two examples each of
when to use which methodology.

217 Derive the Bernoulli equation in two distinct ways, relying on first principles.
Interpret each term of the resulting equation in three ways.

2.18 Discuss with examples boundary work versus flow work, and explain why on a dif-
ferential basis, we start with §W rather than dIWW?

2.19 Elaborate on the origin/derivation and similarities between Equations 2.79 and
2.80.

2.5.2 Engineering Problems

Before launching into an engineering-problem solution, three preliminary tasks should be
carefully executed:

1. A system Sketch with coordinates, expected velocity/temperature profiles, and
given/unknown parameters in symbolic form.

2. A detailed list of Assumptions concerning flow field characteristics, system sim-
plifications, submodels, and fluid properties.

3. Solution Method in terms of concepts and approach, expressed as brief mathemat-
ical statements.

2.20 Liquid flow velocity at a solid wall: (a) Empirical evidence shows that Vauia = Vwan,
for example, if the wall/surface is stationary and impermeable, u =v=w=0; how-
ever, wall-velocity-slip may occur; but when and why? (b) From the viewpoint of
two reference frames, that is, one fixed on the ground and the other fixed to the
moving object (say, an airplane), what is v,; in the two reference-frame cases,
and what is v, far away from the plane in both reference frames?

221 Oil at 60°C (p=864 kg/m?% u=725x10" kg/m - s) is pushed (Apg,..=1 atm)
between two horizontal parallel plates (L=1.5 m, W=0.75 m) a small distance
apart. Plot the Reynolds number, Re;, = pu,,...///, as a function of spacing h for 10
pm </ <1 mm, and comment.

2.22 A velocity field is given/measured as
V=(ax + b)i + (cx*—ay)j

where a, b, and ¢ are constants. (a) Classify this flow field; (b) check whether
the associated pressure field, p=p(x, y), is a smooth function. Hint: Cross-
differentiation of the pressure gradients should generate the same results for
“function smoothness,” that is,



Conservation Laws with Illustrative Examples

2.23

2.24

2.25

o1 a[apJ

ox\oy ) oy\ox
Compare “gravity-film flow” for (i) two vertical parallel walls a distance  apart
and (ii) a vertical wall with smooth falling film of thickness i. Assume constant

pressure and no end effects. Plot both velocity profiles and discuss the impact of
h on Q, the volumetric flow rate. Provide one sample application each.

Consider a vertical concentric shaft rotating and translating (d, o,, u,) inside a sta-
tionary cylinder (i.e., housing of inner diameter D) with a lubricant (or slurry) of
properties p and p. (a) What industrial operation can be modeled with this shaft/
pipe annulus? (b) Set up the reduced N-S equations plus BCs based on suitable
assumptions and postulates. (c) Can you solve for the velocity field and draw a
representative velocity profile? (d) Estimate the amount of lubricant that must be
constantly supplied.

Consider levitation of a sphere (D, p,,) in an upward stream of air (p, u, T). (a)

What is the necessary air-velocity u(D) for different property ratios pyfi,;,? (b)
Does your analysis hold for droplets as well?

Recall: Rep = puD <1.0 for creeping flow analysis.
U
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3

Incompressible Viscous Fluid Flow Applications

The previous chapter featured several examples with detailed solutions to illustrate each
topic introduced or just to review them for some readers. They included a few special
cases of the conservation laws in both integral form (i.e., the simplified Reynolds Transport
Theorem [RTT]) and in differential form, that is, the reduced Navier-Stokes (N-S) equa-
tions, being the continuity plus linear momentum equations. In this chapter, additional
physical insight is provided via a few new applications, which also play a role in preparation
for the theories/models in Part B dealing with modern fluid dynamics topics. Specifically,
in Sections 3.1 through 3.3, three basic areas in fluid dynamics are discussed to better pre-
pare students for the subsequent chapters as well as for follow-up courses in the thermal
sciences and for industrial demands.

3.1 Internal Laminar Flows

Numerous industrial and some natural flows are laminar; that is, the flow fields do not
exhibit any random velocity/pressure/temperature fluctuations. However, the Reynolds num-
ber can be quite high; for example, up to 2400 in pipe flow (based on the pipe diameter)
and 5 x 10° in flat-plate boundary-layer flow (based on the plate length). For fluids moving
inside or around non-uniform geometries, the flow fields can be very complex, exhibiting
flow separation, recirculation zones, wakes, and vortices of different sizes. Highly viscous
and many non-Newtonian fluid flows (e.g., polymeric liquids, foodstuff, etc.) are laminar,
that is, characterized by relatively low Reynolds numbers. Generally, laminar (transient
three-dimensional [3-D]) flows can now be readily solved with commercial (or open-
source) software on engineering workstations. One-dimensional (1-D) and unidirectional
flow fields have analytical solutions, while near-parallel flows have approximate solutions,
all based on reduced forms of the N-S equations (see Section 2.3.3). Indeed, such solutions
are most desirable for a better understanding of the physics of fluid flow, that is, “physical
insight,” as well as for benchmark computer model validations.

In unidirectional flows, the velocity vector has only one component; for example, in rect-

angular coordinates v = (u,0,0), where in general = u(y, z, t) and hence, Stokes’ equa-
tion (Equation 2.36) has to be solved. Unidirectional and 1-D flows are fully developed,
typically with a constant pressure gradient and/or gravity as the driving force. Thus, the
resulting 1-D momentum equation expresses a dynamic equilibrium at all times between
an axial force and the frictional resistance; here, in terms of (Newtons per cubic meter):

o= o
driving forces resi?fn&
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In the next sections, applications of Equation 3.1 are discussed with illustrative examples
for a variety of laminar unidirectional flows: steady as well as transient, quasi-unidirec-
tional, and non-isothermal.

3.1.1 Steady Fully-Developed Flows

For steady 1-D incompressible flow, 1 =u(y), or v,=v.(r) in cylindrical coordinates, as already
discovered when discussing Couette and Poiseuille flows in Examples 2.5 and 2.6. In terms
of the reduced x-momentum of the N-S equations, where 1 =1u(y) only and dp/0x = constant,
we have (see Appendix AL5.3)

ap d*u
0=—| == [+u—5+pQs 3.2
(ax) Mgz TP8 (322)
.\ . . ap Ap .
Rewriting Equation 3.2a with “or = 7 = (pm - pout) /1 yields

du _1|(Ap
=== |-pe, | = 3.2b

it is apparent that steady laminar 1-D parallel flows can be described by a second-order
ordinary differential equation (ODE) (see Appendix AlL4):

W =K (3.3)

subject to two boundary conditions, for example, “no slip” at the wall and symmetry.

In general, Table 3.1 summarizes for any fluid flow system, necessary assumptions and
their consequences. To understand and appreciate the “differential approach” for solving
modern fluid dynamics problems, solutions of Equation 3.3 are discussed in subsequent
examples. Working out these solutions (Examples 3.1 through 3.4) independently should

e Strengthen engineering modeling and applied math skills
¢ Provide some interesting insight into the physics of fluid flow

For all practical purposes, the generic steps for setting up differential analysis problems in
fluid mechanics and solving the resulting differential equation include the following:

1. Clever placement of the appropriate coordinate system into the system sketch is
important; this also reveals the principal flow direction and hence, identifies the
momentum component of interest.

2. The velocity vector v and pressure gradient Vp are the key unknowns; thus,
based on the given flow system and with the help of Table 3.1, postulates for v and
Vp have to be provided first. Specifically, determine which v -component and
Vp -component is non-zero and what are their functional dependences. That can
be determined via the stated assumptions, boundary conditions, and checking of
the continuity equation (see Examples 2.5 through 2.7).

3. Once functional postulates are determined, the non-zero component of the N-S
equations can be deduced and the resulting ODE integrated, subject to appropri-
ate boundary conditions.
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TABLE 3.1

Flow Assumptions and Their Impact

Flow Assumption Explanation Examples
. Py Transient flow examples: pulsatile flow; fluid-structure
Time dependence —-=0 implies vibration; flow start-up/shutdown; and so on.

ot

steady-state, but flow is
transient when v=v (t)

Dimensionality Required number of
space coordinates

Directionality Required number of
velocity components:
0 = (u,v,w)
orv= vz,vr,ve)

Development B

phase % =0: fully developed

flow (s = axial
coordinate)

Symmetry

1>

9 =0: mid-plane (n

on
normal coordinate)

9 =0: axisymmetry

20

Laminar — Renax < Regitical

Flow regime: < Turbulent — Re > Regigical

1-D: Couette flow; Poiseuille flow; thin-film flow
2-D: Boundary-layer flow; pipe-entrance flow
3-D: Everything real ...

Usually same as “Dimensionality” with some exceptions:
for example, for the rotating parallel disk (or viscous

clutch) problem, v :(O,Ue,O), where vy = vy(r, 0) is
unidirectional, but the system is 2-D

“Fully developed” ... implies no velocity profile changes in
that direction, say, s

Self-explanatory

2400 for pipe flow

where Regigca =

5x10° for flat plate B-L flow

For Part B homework assignments, test, and exams, it is suggested that the Transport
Equations (see Appendix ALS5) are the only information source when setting up detailed
math models for specific problem solutions.

Notes:

® Viscosity dependence:

* When p=¢ or p=fct. (T), use the N-S equation. When p— n=n (shear rate, etc.), use
the Cauchy equation. Momentum decoupling from heat (or species-mass) transfer

if the fluid properties are constant

Now, for the next four examples, the goals should be to learn how to

1. Set up a math model based on the three prelims, that is, Sketch, Assumptions and
Method with Postulates for v and Vp

2. Integrate the resulting ODE with appropriate boundary conditions (BCs)
3. Graph the results, that is, profiles, functions, etc.

4. Comment, providing explanations of unique features, summarizing new physical

insight and possible applications
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Example 3.1: Generalized Parallel Plate Flow

Consider viscous fluid flow between parallel tilted plates a small constant distance h
apart, where the flow is fully developed for the test section 0< x <I of interest. Here, the
flow is generated due to the moving upper plate at u, = ¢, a constant pressure gradient,
dp/dx, and a component of gravity (see also the special case in Example 2.5).

Sketch 1 Assumptions Method and Postulates
¢ Steady laminar ® Reduced N-S equation
unidirectional flow where § = (1,0,0) and
e Constant /1, dp/ox, and
. ' dp Ap
fluid properties - ==y
ox I

* u=u(y) only

Solution:

With the postulates

v=w=0, u=u(y) only, —g—p ~ % =¢ and fy,q,=pgsing, continuity is fulfilled, and the
X

x-momentum equation (see Appendix AI5.3) reduces to

2
0= %(%) collheg sing (E31.12)
or
2 (A .
37’2‘ - H{(lp) +pg sm(]):| =¢ (E.3.1.1b)

subject to u(y=0)=0 and u(y =h)=u,. Again, we have to solve an ODE of the form u" =K.
Introducing a dimensionless pressure gradient

__ M (& -
P= 2wt |:( ; )+pg s1n(|):| (E.3.1.2)

we can write the solution u(y), known as Couette flow, in a more compact form, that is,

u(y) :1_p(1)(1_1) (E.31.3)

uy h h h

Graph 1 ($p=0):

y:h N S Uy
5p>0 ’7 g_p:()
ox \C op x
\—] W<O

V=000, 0,
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Comments:

* The pressure gradient, P or dp/ox, greatly influences u(y). Clearly, dp/dx <0
implies a “favorable” and dp/ox >0 an “adverse” pressure gradient.
e For u,=0, we have flow between parallel plates, driven by a pressure force and

gravity:
u(y) = +;lu|:(Alp) +pg sin ¢][z - (%) } (E.3.14)

Example 3.2: Steady Laminar Fully Developed Flow in a Pipe (see Example 2.6)

Sketch 2 Assumptions

' e As stated
zb@ \N\/—/@ e Constant —dp/dp=Vp/1
%é\ﬂ‘% T Note: op/ox = (p,_p,)/ (x,_x,) or
Q

° 787;7: pin_pout :&
ox x—0 1

¢ Constant fluid properties p and p

Method

Reduced N-S equations in cylindrical coordinates:
® 0/0t=0<steady-state>
® 0/00=0<axisymmetric>
* d/0x=0<fully developed>

Postulates: o =(u, 0, 0); u=u(r) only; Vp — gp =

X
Boundary Conditions: The obvious one is u(r=r;)=0, and the second one could be
u(r=0)=u,,, however, u,, is unknown. Thus, we use symmetry on the centerline,
that is,

du
dr

r=0 -
.. du Ju . .
Continuity: P +0+0=0= > o 0 (i.e, fully developed flow confirmed)

x-Momentum:

ap 10 odu .
-_°r el sy | E3.21
0 axﬂl[rar(rar)] pg sin O (E.3.2.1)
With u=u(r) only and —dp/dx=Ap/l, we write
1{ d( du 1{(-Ap .
il I PRl [ P =K = E.3.2.2
r[dr(rdr)] H|:( ] )+pg sin 6] ¢ (E3.2.2)

After separation of variables:

J.d(ri—u) = KJ‘rdr +C (E.3.2.3a)
r
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so that
du K C]
— =t E.3.2.3b
dr 2 r ( )
A second integration yields
K »
u =Zr +CiInr + G, (E.3.2.30)
From the first B.C.:
K
0= Zro + C] In T + Cz (E324a)

while the second B.C. (see Equation E.3.4.2b) yields

0=0+g
’

which forces C, to be zero. From Equation E.3.4.3a, we have

C, = —%02 (E.3.2.4b)

so that with K= l('ATP +pgsin 9) , we obtain
u

u(r) = m[l_(rﬂ (E324)
4 10

For a horizontal pipe, =0, and hence,

u(r)= Zi(Al”)[l - (:Oﬂ = U {1 - (;ﬂ (E.3.2.5a, b)

e The average velocity, u, = ﬂz%ju(r)dA where dA =2nrdr, is the cross-sec-

tional ring, so that
2 2 A
1-| 2| fdr= i(—p) (E.3.2.6a,b)
0 8” l

n
a:i(%)j
2u\ I d

e The volumetric flow rate, Q=u, A, where A =mr7, can be used to calculate the
necessary pressure drop to maintain the flow:

_mn (Ap
Q= 8M( ] ) (E.3.2.7)

so that with a given Q-value (or Reynolds number)

Notes:

8uQ,
4
T

Ap = (E.3.2.8)
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® The pressure drop Ap=p;, — P, is positive, while the pressure gradient

Ip
—<0
ox
¢ By inspection of Equation E.3.4.5, u(r=0)=u,,,, where
= ()21, E329
max — 4“ Z - 2 av ( oSl )

e The wall shear stress, that is, the frictional impact of viscous fluid flow on the
inner pipe surface, is

du

Twal =T, = o . (E.3.2.10a)
[ Ap
Tw =77 E.3.2.10b
5(%) (E:32100
Thus, a second expression for the pressure drop (or gradient) is found:
Ap= P (E.3.2.11)
To

Comments:

e The Poiseuille flow result (Equation E3.2.5) is fundamental in approximating
and analyzing laminar flow of a Newtonian fluid in straight tubes, blood ves-
sels, porous-media pores, microconduits, and so on.

¢ Equations E.3.2.7 and E3.2.11 will be also valuable in solving industrial pipe-
flow problems in conjunction with the extended Bernoulli equation.

e Poiseuille-type flows appear also in other parallel-plate geometries, as illus-
trated with Example 3.1.

Examples 3.3: Two Cases of Parallel Flow in Cylindrical Tubes

Case A: Consider flow through an annulus with tube radius R and inner concentric
cylinder aR, where a <1, creating a ring-like cross-sectional flow area.

Sketch 3 Assumptions Method

I= / ;} ¢ Steady laminar Reduced N-S equations in

RRHAAIIHHAAIAIAHAAAIAHAAAAS axisymmetric flow cylindrical coordinates

A
N e Constant dp/dz and
= v,(r
P 1y o R Pow) constant p and p
z IaR
—_— Y S L — —_— _q:_ —
- dp  Ap
Postulates: v=(0,0,0,); Vp= %=1 " ¢; v.=v.(r) only 0d/dt=0<steady-state>;
Z

0/0$p =0 <axisymmetric>
Continuity Equation: 0+ 0+ (dv,/0z) =0, that is, fully developed flow

Boundary Conditions: v,(r=aR)=0 and v,(r=R)=0.
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Solution:
Of interest is the z-momentum equation, that is, with the stated postulates (see
Appendix AL5):

ap 10( oo,
0=--" - E.3.3.1
az+u|:r ar(r oar )] ( )
Thus, with P = l(—%) :
n l
d( do
=P E3.3.1b
dr (r dr ) ’ (E3.3.Ib)
After double integration, we obtain
P,
v.(r)= Zr +CInr + G, (E.3.3.2)

Invoking the BCs yields two equations for C, and C, as

0= g(aR)2 +CiIn(aR)+C,
and

0=§R2+C1lnR+C2

Inserting the C-expressions into Equation E.3.3.2 results in

2 2 2
o.(rn="R11 —(1) _ 1o 1n(5) (E333)
4 R In(1/a) r
The axial shear stress, counteracting the pressure-driven flow, is
2
. =p o KPR (L) __1-a (5) (E.3.3.4a, b)
dr 2 R) 2In(1/a)\r

Comments and Additional Results:
¢ For Poiseuille flow, that is, no inner cylinder, the solution is (see Example 3.2)

v.(r)= ZL(AI”)P —(;)2] (E.3.3.5)

This solution is not recovered when letting a — 0 because of the prevailing importance
of the natural logarithm term near the inner wall.

* The maximum annular velocity is not in the middle of the gap aR<r<R but
closer to the inner cylinder wall, where the velocity gradient is zero, and hence,

T,.| 0

r=bR

This equation can be solved for b, so that v,(r=bR)=v

max
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* The average velocity is v,, = J v,(r)dA , where dA =2nrdr

<cross —sectional ring of thickness dr> , so that

R? 1-a* 1-4%

_R(4p _
UaU_SH( | ) -2 1n(l) (E.3.3.6)
a
and hence,
Qo [m(1-a")]= 5o (%) (1‘a4)—(1_a2)2 (E337)
— Yav -~ 8“ l NeNe N

1
In (7)
a
e The net force exerted by the fluid on the solid surfaces comes from two wall
shear stress contributions:

E = (=ta|,_J@naRD + (.| _, )2nRI) (E.3.3.82)

< F=nRAp(1-a) (E.3.3.8b)

Case B: Again, we have two concentric cylinders, but now with dp/0z=0 and the inner
cylinder rotating at constant angular velocity o, while the outer cylinder rotates with
a constant o;. In the case that one of the cylinders is stationary, we are dealing with
cylindrical Couette flow.

Sketch 4 Assumptions Method
e Steady laminar ® Reduced N-S equations in
axisymmetric flow cylindrical coordinates
* Long cylinders, that is, no e Postulates: v =(0,05,0) and
end effects
® Small w's to avoid Taylor P> = P» =0
vortices 00 o0z
Solution:
Clearly, v,=v,=0and % = % =0. Also, v3=14(r) only (see Continuity and BCs); thus, we

can reduce the 6-component of the N-S equation (Appendix AL5) to

d0(19
0=0+ “[ar(rar(me))] (E.3.3.9a)

subject to
vo(r=aR)=my(aR) and ©ve(r=R)=w;R. (E.3.39D, ¢
Again, as in simple Couette flow after start-up, the moving wall-induced frictional

effect propagates radially, and the forced cylinder rotations balanced by the drag resis-
tance generate an equilibrium velocity profile.



88 Modern Fluid Dynamics, Second Edition

Double integration yields

vg(r)=Cyr + G (E.3.3.10a)
r
where:
2 2
C, = AR = @Ry (E.3.3.10b, 0)
R* —(aR)
and
IZZR4((DU - (1)1)
C="
R* —(aR)
Additional Results:
¢ The r-momentum equation reduces to
vs  1dp
%o SO (E.3.3.11)
r por

Thus, with the solution for v,4(r) known, Equation E.3.3.11 can be used to find
dp/or and ultimately, the load-bearing capacity.

e Applying this solution as a first-order approximation to a journal bearing where
the outer tube (or sleeve) is fixed, that is, ®; =0, we have in dimensionless form

2
w(r) _ a 2(5 _L) (E3312)
R 1-a°\r R

¢ The torque necessary to rotate the inner cylinder (or shaft) of length I is

1
T = I(aR)dF = (uR)J‘cre\r:aR dA (E.3.3.13)
0
where:
dA = n(aR)dzp
wn ()
" R u d?’ r r=aR
Hence, with
Taustace = Tro|_ . =2 GRS (E.3.3.14)
surface = V10|, _ p %8 Rz —([ZR)Z «J.0.
the torque needed is
T = TusAur (aR) = 4t (aR)" Do (E.3.3.15)
—a

Graph 2:

T/[4nuRzl(u0]
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Comments:
® An electric motor may provide the necessary power, P=Tw,, which turns into
thermal energy, which has to be removed to avoid overheating.
® Graph 2 depicts the nonlinear dependence of T(a) for a given system. As the
gap between rotor (or shaft) and stator widens, the wall stress increases (see
Equation E.3.3.14) as well as the surface area and hence, the necessary torque.

Example 3.4: The Cone-Plate Viscometer

Determine the viscosity of a fluid in a basic cone-plate viscometer with given cone angle
6 and radius R, applied torque T, and resulting constant angular velocity . Plot the
result as T = T(R, p) Hint: Assume a linear vy(z) and justify.

Sketch 5 Assumptions Method
Toequw 7, o, e Steady circumferential e Differential approach
unidirectional flow, that is, v, dT=rdF=rt,dA
- R and v, are zero e Integrate over “wetted surface”
- ® 0«1, thatis, vy(z) is linear and dA=2xrds
. cos(0)~1 dr i

" « Constant T, oy, * Note that ds= p—

No end effects, that is, my<1

%/

)

Plate

Solution 1:

Instead of solving the reduced N-S equations in cylindrical coordinates, we build on the
assumption of a linear v,(z) as graphed and start with the differential expression for the
torque, that is, dT=rdF.

dA = 2nrds

>

\_) ®q R

r

ro

0 K vo(z, 1)

\
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¢ From the graph, the linear circumferential velocity v, can be deduced as

z rm
o = (1@, )= = ° E34.1
0 = (1) h  rtan® ( )
e Also, dT=rdF; dF =t dA; where
dve
Ty = L— (E.3.4.2a through ¢)
dz z=h
®, 2
~dT= 2mu redr (E.34.3)
tan®
e Hence
h K
T= K'[ ridr = ERa (E.3.4.4)
0
¢ Finally, with K=2nw,/tand, the test-fluid viscosity is
% T tan©
=5 E.34.5
H= ok ( )
Graph 2: Comments:
o ® Because of the stated assumptions, v,=1,(z) only and
- lo T=T(R, p, &, 0).
/// /) * As expected, the device size, in terms of R, has the strongest
/ / influence on T.
K /o
// /
’ ,
/
R

Note: A more involved steady laminar flow problem, which has an analytic solution,
is the Von Karman pump (see Homework Assignment Section 3.4), where a thin disk
rotating in a reservoir (an infinite body of a quiescent viscous fluid) sucks the fluid in,
switls it, and distributes it radially.

3.1.2 Near-Parallel Flows

Steady laminar flows in conduits with slightly non-parallel walls have some practical
importance. Examples include tapered tubes, cone-plate viscometers, slider bearings,
converging/diverging slit flows, and so on. For such cases, the key assumption is that
of “unidirectional” flow (as in Poiseuille or Couette flows), although there is a small sec-
ond velocity component, which is first ignored. Then, the slight geometric changes, and
hence more realistic flow fields, are incorporated by invoking the “no-slip” condition at the
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FIGURE 3.1
Slightly tapered tube.

converging or diverging wall. To illustrate the two-step procedure, let us consider a mildly
tapered pipe where the radius changes linearly as (Figure 3.1)

R(z)=R; - A—fz (34)

With the underlying assumption of Poiseuille flow, the z-momentum equation reduces to

_ 9, |19, 9
0= az+u[1’ E)r(r or J] (3.5)

which implies that pressure p(z) is linear and radial velocity v,=0 (see also continuity). As
usual, the boundary condition at =0 is dv,/dr=0 because of symmetry, but the no-slip
condition at the tube wall now reads:

v, [r=R(z)]=0 (3.6)

Equation 3.6 introduces the unique tube geometry and approximately the two-dimen-
sional (2-D) flow pattern. The solution is (see Example 3.2)

0, =0, (7, 2) = Umax I:l - (R:z)) ] (3.7)

Checking the continuity equation for axisymmetric flow

1i(r v,)+ 00;
ror 7 oz
we see that v,# 0 because v, =v,(z, ). In fact, Equation 3.8 can be employed to find an expres-
sion for v,(r, z) considering that v,(r=0)=0 or v,[r=R(z)] =0. Also of interest is a reasonable
limit on R(z) to keep v,<v,, that is, to justify the assumption of (initial) Poiseuille flow (see
HA in Section 3.4). Additional examples of nearly unidirectional flows include lubrication
and stretching flows, which are discussed in Chapters 5 and 6. The topics are further ana-
lyzed in Papanastasiou (1994), Kleinstreuer (1997), Middleman (1998), and Panton (2013), as
well as in more specialized texts and review articles.
In the next section, temperature effects are included as part of basic momentum transfer
to model fluid heating and cooling.

=0 (3.8)



92 Modern Fluid Dynamics, Second Edition

3.1.3 Forced Convection Heat Transfer

The incompressible viscous fluid flow applications discussed so far can be readily extended
to non-isothermal systems. Indeed, most natural and industrial flow fields are subjected to heat
fluxes; for example, in airflows due to unique weather pattern and in heat exchangers for resi-
dential, business, and industrial applications. Descriptions of such thermal flows require the
solutions of special forms of both the momentum equation and the heat transfer equation (see
Section 2.4). Figure 3.2 summarizes the interactions between fluid mechanics and heat transfer.
Specifically, in Section 1.2.3, the heat flux vector, that is, Fourier’s law, was introduced as

G=-kVT 3.9)

where k is the (isotropic) thermal conductivity.

Then, in Section 2.4.2 focusing on forced convection, the heat transfer equation was derived:

L GV T=aV T+ @45, (3.10)

ot pc,
where:

a=k/(pc,) is the thermal diffusivity

pd@=1;00v;/0v; is the viscous dissipation function

Sheat is an additional source or sink of energy, for example, due to chemical

reaction

In rectangular coordinates, we have (see also Appendix AlL5.6)

o] (3] (2
ox oy oz

2 2 2
N 8u+av N av+8w N 8w+8u 311
dy dx oz 9y ox oz 10
2
2( du . dv  Jdw
3lox dy oz
Convection heat transfer
° Forced convection
Free convection
Mixed convection
v Velocity field N
Fluid mechanics (uncoupled) Heat transfer
° Continuity eq. Temperature field ° Conduction: ¢~ VT
) Eq. of motion (coupled) ° Convection: s~ AT
° Buoyancy effect B -induced
Hoyaney-ncuee > e Radiation: q~ T4
(coupled)

FIGURE 3.2
Convection heat transfer components.
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where for most flows, the (du/dy)* term in Equation 3.11 is most significant. Specifically,
flow field regions with steep velocity gradients and fluids of high viscosity may generate
measurable temperature increases. Equation 3.9 is used for Equation 3.10; that is, the net
heat conduction term reads for constant fluid properties:

—V.§=kV2T (3.12)

While in Equation 3.10, heat conduction, oV?T, is a diffusional transport phenomenon,
heat transfer by convection, (0-V)T, occurs typically much more rapidly. Nevertheless,
it is the thermal diffusion process, oV?T, that is the essence of convection heat transfer.
Specifically, as fluid elements of different temperatures are convected and brought into
contact, heat is transferred from regions of high to low temperatures via conduction.

Now, with an eye on practical applications, we focus on the surface/wall heat flux, g,
which moves from a hot surface of temperature T, into a moving stream with reference
temperature T, Simpler to use than Equation 3.9, 4, can be based on the temperature dif-
ference AT=T,-T,, as attributed to Newton:

s = h(T. - Tet) (3.13)

where:
h  is the convective heat transfer coefficient
o is either the T, .., the cross-sectionally averaged fluid temperature, that is, T (x),
or T,, as in thermal boundary-layer theory (Sections 3.2 and 3.3.1), or the fluid bulk
temperature T,=(T;,+T,,)/2, with T, and T, being constant. As always, the heat

out.
flow rate is then

T

Q=A g, (3.14)
where A; is the surface area through which the heat flux g, transfers.

3.1.3.1 Convection Heat Transfer Coefficient

The heat transfer coefficient /1 in Equation 3.13 encapsulates all possible system parame-
ters, such as temperature difference, thermal boundary-layer thickness, Reynolds number,
fluid Prandtl number, and wall geometry. Clearly, / is not a property such as k, but it is a
convenient artifact to calculate g, or T, and ultimately, Q, which also greatly depends on the
heat transfer area A, (see Figure 3.3a). For example, for boundary-layer flow (Figure 3.3b),
combining Equation 3.13 and the 1-D version of Equation 3.9, we have

qs -k dT

h: = —_—
TS — Tm Ts — Tw ay y=0

(3.15a, b)

Typical h-values range from 20 to 300 for gases to 5000-50,000 W/(m? °C) for liquid metals.
As expected, h-values are much larger for turbulent flow than for laminar flow due to the
intense microscale mixing effect of near-wall turbulence (Figure 3.3b).
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Newton’s law of cooling

thermal film
resistance

qs T

surface

OT|
supplied = 4s = k dy y=0

Thermal boundary layers

 htd(x) S
1;
", h am(x) /
T, '
Laminar B-L Turbulent B-L

FIGURE 3.3
The convection heat transfer coefficient.

3.1.3.2 The Nusselt Number

Equation 3.15a can be non-dimensionalized by inspection, using the axial coordinate x as
a length scale, that is,

hx_ Ny = 0%

B LA 16a, b
p T (3.16a, b)

where Nu, is known as the local Nusselt number, being the ratio of convection over conduc-
tion. Similarly, the average Nusselt number based on system length L, where L could be a
plate length or a pipe diameter, is

Nu; = - (3.17)

where
hi= L!h(x)dx (318)

For forced convection, neglecting buoyancy and viscous dissipation, we have the local
Nusselt number dependence of the form

Nu, = N, (i Re, Pr) (3.19)
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The functional dependence of the Nusselt number can be obtained via scale analysis (see
Section 1.4 and HWA in Section 3.4).

In summary, the main objective is to find the temperature field T=T(x,y,z) and then
obtain h (or Nu,) to calculate the surface heat flux or surface temperature as well as the
total heat transfer rate. The following solution steps are for constant-property fluids, that
is, one-way coupled problems:

* Solve, subject to appropriate boundary conditions, a reduced form of Equation 3.10
after securing a computed (or measured) velocity profile (see Sections 3.1
through 3.3).

e Calculate the wall temperature gradient and obtain, via Equation 3.15, h(x) and
then Nu(x).

3.1.3.3 The Reynolds-Colburn Analogy

Note that, as an alternative approach, Reynolds and Colburn established an analogy between
heat and momentum transfer. It is based on the similarity between dimensionless temper-
ature and velocity profiles in boundary layers (see Section 3.4 for HWAs):

%Cf(x) =St, Pr¥® for 0.6 <Pr<60 (3.20)

By definition, the skin-friction coefficient and Stanton number are

2 ‘wal
C, = pTuZH and  St, = Nu,/(Re, Pr)= h(x)/(pc,u..) (3.21a through c)

Clearly, once the wall shear stress of a thermal boundary-layer problem is known, Nu(x) or
h(x) can be directly obtained. An illustrative example is given in Section 3.2.2.

Example 3.5: Simple Couette Flow with Viscous Dissipation

As an example of planar “lubrication” with significant heat generation due to oil-film
friction, consider simple thermal Couette flow with adiabatic wall and constant tempera-
ture of the moving plate.

Sketch 6 Assumptions Method
[ T e Steady laminar 1-D flow e Reduced N-S and heat
_ Uy .
y=d e \ e Vp=0 transfer equations.
(7_1” _ 0) u(y) I=To * u,and d are constant e Constant thermal wall
ox conditions.
yT e
x
Solution:

Based on the postulates v = [u(y), 0, 0] and Vp=0, the N-S equations reduce to
0=20 < continunity >

and
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d*u
0= dT/Z < X-momentum > (E.3.5.1a)

subject to u(y=0)=0 and u(y=d)=u,. Thus,

u(y)= uo% (E.3.5.1b)
a 2
The heat transfer equation (Equation 3.10) with @ = (8;) from Equation 3.11 reduces to
LA (”")2 E.3.5.2
a7 Ml (E352)
. ar
subject to T 0 and T(y=d)=T,
Y-

Double integration yields

2 2
T(y)=T,+ 91— ¥ E3.5.3
W)=To+"5 d (E-3.53)
. oT
At the plate surface with 4: =g (]/ = d)= —k @ , we have
y=d
2
g =p— (E.3.54)
d
Graph 3:
1‘0,16'2
- — pud=1e06
08 % ———- pud=te06
. {ug =7e-06
06 7‘.“ ______ uu(Z)zle 05
=<
S— ‘\
S 0aq
024 S el
0~0 T T T T T _\_---_\__—_\—___\
01 02 03 04 05 06 07 08 09 1.0
d (m) le-2
Comments:

¢ Clearly, as p and u, increase and the spacing decreases, g, shoots up.

e For simple Couette flow, du/dy evaluated at y=d is equal to u,/d, so that
d,=U,T,.; here, which is a simple example of the heat transfer and momentum
transfer relation (see Reynolds-Colburn analogy).
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e Of interest would be the evaluation of the mean fluid temperature,

T, = lJ.p u T dA , to estimate h from g,=h(T,-T,).
1
A

Example 3.6: Lubricated Shaft Rotation with Heat Generation

Somewhat similarly to Example 3.3 (Case B), consider thermal cylindrical Couette flow
where the rotating shaft (R, o;) is adiabatic, and the stationary housing (R, T) is iso-

thermal. In light of viscous dissipation, find T(r) as well as T, at r=R; and Quan(r = Ry).

1ax

Sketch 7 Assumptions Method

e Steady laminar 1-D

axisymmetrical flow equation
® No gravity or end effects e Postulates:
¢ Constant properties, that ® 7,=0,(r) only and
is, only one-way Vp =0
coupling e Constant thermal wall
BCs

Reduced #-momentum

Solution:

Based on the postulate and assumptions, the Continuity Equation is satisfied, and the
0-momentum equation in cylindrical coordinates reduces to (see Appendix AI5.3)

d(1d
——— = E.3.6.1
dr(r dr(rve)) 0 (E.3.6.1a)
subject to
Ue(r=R)=(@R); and ve(r=Ry)=0 (E.3.6.1b, ¢

Double integration and invoking the BCs yields

‘DR(RO/R)Z[R _ f] (E.3.6.2)
(%)
R} 4
R;

O, =
o () r R,
The heat transfer equation (see Appendix AI5.4) reduces to

k d( dar

where

dve () ’
r r
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As stated,

daT
dr

=0;T(r=Ry)=Ty (E.3.6.3¢, d)

r=R;

With v,(r) given, Equation E.3.6.3b can be determined, and hence, Equation E.3.6.3a can
be integrated subject to Equations E.3.6.3c and d. Thus,

2

T(r)=T,+ % | 2R (R) —(5) +z1n(&) (E364)
4k 1_(1{1) Ry r ¥

Ro
Now, either by inspection of Equation E.3.6.4 or by setting dT/dr to zero, T,,,, occurs at
r=R;. In dimensionless form,
2
T‘“aX—‘T"Z [ R} g0 Re (E.3.6.5)
Ry R;
L 2(.0,‘R,‘
4k Y
at
Ry
The wall heat transfer rate per unit length is
Qua = (21Ro )g(r = Ry) (E.3.6.6a, b)
where g(r=Ry)= —kd—T
dr r=Ro
Hence,
~ 2
0, = MR (E.3.6.6¢)
(&)
1—-] —
Ro
Graphs 4:

(@) Velocity profiles
0~

Vo
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(b) Temperature profiles

I(r)

(©) Wall heat flow rate

A

Qy

ARy<AR;

Comments:

e For small gaps, that is, R,—R;<«1, the velocity profiles are almost linear,
despite the hyperbolic term in Equation E.3.6.2. Clearly, with AR <1, v,(r) is
“linearized.”

¢ Thisisnot the case for T(r) due to the strong viscous heating effect (see Graph 4b).

* As expected, Qw ((1)1-) decreases with a strong nonlinear influence of the gap
size (see Graph 4c).

The next section returns to isothermal flow, but transient in nature, that is, u=u(r, f). Of the
three problem solutions discussed, Stokes’ first problem is a very important one, because
it paves the way to an understanding of Prandtl’s boundary-layer theory.

3.1.4 Transient One-Dimensional Flows

Time-dependent viscous flows occur in nature (e.g., blood flow and respiratory airflow as
well as tidal motion and wind pattern) as well as in industry (e.g., flow-induced vibration,
internal flow start-up or shutdown, pressure waves, etc.). As such flow phenomena are
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even more interesting than steady unidirectional flows, the necessary inclusion of time
renders the mathematics involved a bit more complicated. In short, instead of ODEs, par-
tial differential equations (PDEs) have to be solved. The reward is that more realistic fluid
flow problems can be solved, and some of these basic transient flow solutions provide new
physical insight into more complex flow phenomena.

Of the two start-up problems considered, the first one (after Stokes, 1845) is a suddenly
accelerated plate above which a body of viscous fluid is set into motion due to frictional
effects. The resulting expression for the thickness of that region of influence indicates the
existence of a boundary layer, some 56 years later fully described by Ludwig Prandtl for a
very different scenario. The second problem solution is a suddenly applied (constant) pres-
sure gradient for tubular flow, which, after some time, establishes itself as Poiseuille flow.

3.1.4.1 Stokes’ First Problem: Thin Shear-Layer Development

Consider a horizontal plate (or wall) carrying a stagnant body of fluid (i.e., #=0 when <0
for all y; see Figure 3.2). Suddenly, the solid surface (at y=0) attains a finite velocity, that
is, u=U, when t>0. Recalling that v,,,,= 04,4 (n0-slip condition), this plate motion sets up,
within a growing layer, parallel flow of the viscous fluid, that is, 1 = u(y, t). The atmospheric
pressure is constant everywhere.

Thus, with the postulates

5=[u(y, ), 0, 0]and Vp=0 (3.22a,b)
we can reduce the x-momentum equation to be

ou _ du

a oy
Equation 3.23 is known as the transient one-dimensional diffusion equation (cf. Equation 2.80).
In the present case, it describes “momentum diffusion” normal to the axial parallel flow
induced by the wall motion and transmitted by frictional forces.

As implied, the associated initial/boundary conditions are that u(t <0,y) =0, but u(t>0;
y=0)=U,, while for y — oo, u=0

Because the evolution of u(y) with time shows similar profiles (see Figure 3.4), the inde-
pendent variables y and t can be combined in conjunction with the fluid viscosity v to a
new dimensionless similarity variable:

(3.23)

y

Uy

FIGURE 3.4
Changing velocity profiles with time inside thin shear layer.
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n=n(y, t; v) (3.24a)
Thus, we formally demand:
]2yt v =[1] (3.24b)

Via non-dimensionalization (pi-theorem) or by simple inspection with 2=1, we obtain

For convenience, the dimensionless independent variable can be written as

=Y 3.24d
n 2 \/W ( )

It is apparent that
u(y, t)~ f[n(v. )] (3.252)

where f(n) is a dimensionless dependent variable. To turn the proportionality into an equa-
tion, we use the plate speed U, so that

u(y, t)=Uof (n) (3.25b)

Now, with Equations 3.24d and 3.25b, the governing PDE Equation 3.23 can be transformed into
ou df on _ Uy , Uy,
g, —=Uy———= =—-—nfetc. |,
(Eg ot dnot 4ot Jr= gy et

an ODE for f(n) by applying the chain rule
as outlined in Section 3.2.1:

fr+2mf' =0 (3.26)
subject to
f(m=0)=Tand f(n—>)—0 (3.27a,b)

The solution is f(n) = 1-erf(n), where erf(n) is the error function (Appendix AL3.2), so that

n
2 .
uio _ 1—ﬁ!exp(—n Jin (3.29)

When plotting Equation 3.28, it turns out that for n=2.0, the moving-plate effect on the
fluid body peters out, thatis, f(n=2)= LIL = 0.01. This implies that the region of frictional
0

influence, that is, 0 <y <§, can be estimated from y(n=2) =35 as

& =~ 4vt (3.29a)
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Replacing t in terms of the plate travel time, that is, t =x/U,, Equation 3.16a can be rewrit-

ten as
X
O=4 [v— (3.29b)
V' U

which can also be expressed as

) 4
o 3.30
x +/Re, (.30
where:
Re,=Uyx/v is the local Reynolds number
S is the steady-state extent of the shear layer in which u=u(y)

Outside the shear layer, that is, ¥ > 8, # =0 in this case.

Note: The system parameter §(x) is fundamental to laminar thin-shear-layer (TSL) or
boundary-layer (B-L) theory (see Section 3.2).

Akin to Stokes’ First Problem is his Second Problem, which is that of an oscillating flat
plate (see White, 2006; Panton, 2013, among others). As mentioned, laminar flow generated
by the start-up of a rotating disk in a reservoir of a viscous fluid is even more complicated.
It is 3-D, because fluid exits the finite disk (v,-component) radially due to of the centrifugal
force; this vanishing fluid is constantly replaced by swirling, incoming fluid (i.e., the v, and
v, components). Setting up these and other transient flow problems is part of the HWAs
in Section 3.4.

3.1.4.2 Transient Pipe Flow

An industrial application, that is, sudden start-up of fluid flow in a pipe, is given in
Example 3.7. Another famous example of transient internal flow is pulsatile flow in
a tube, for example, blood flow in a straight artery. It was first solved analytically in
1955 by Womersley, as discussed in Nichols and O’Rourke (1998), and is here given as
Example 3.8.

Example 3.7: Start-Up Flow in a Tube

Consider a viscous fluid at rest in a horizontal tube when suddenly a constant pressure
gradient, Ap/L, is applied. For example, a valve connecting a pipe to a reservoir is sud-
denly opened. Find an expression for the resulting u(r,f) function.

Sketch 8 Assumptions Method
px) * Pressure gradient at * Reduced N-S equations
op Ap ® Superposition of steady
Tox L ¢ forall and transient flow
I L I times contributions
r ¢ Transient laminar 1-D

L ___T_f _________________ flow

e Constant fluid properties
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Solution:

It is postulated that the actual velocity u(r,f) can be decomposed into a steady-state part
and a transient part, that is,

u(r,t) = u(r)s

Jru(rt), (E:3.71)

With Gz[u(r, 1);0; 0] and —Vp—)%:(z, the governing momentum equation is
(Appendix AL5.3)

ou 1(Ap) v o du

o _Z AP VO, om E372

ot p(L) rar(rar) ( )
subject to

=0 (E.3.7.3a through c)

u(r,t: 0): O;u(u = ro,t)=0, and a—u
a?" r=0

Clearly, the steady-state part, u,,, is the Poiseuille-flow solution; that is,

Uss(F) = Umax [1 - (:J ] (E.3.74a)

Umax = i(%) (E.3.7.4b)
4u\ L

where

Knowing u,(r), the following dimensionless variables are employed:

N U A r A vi
u = —r ’ r = —, and t = —
Umax h [}

(E.3.7.5a—)

So, Equation E.3.72 can be transformed to the well-known “transient 1-D diffusion”
form:

o il o (E-376)
subject to
» e 9
af=0)=1-# @(f=1) =0, and %5 =0 (B377athrougho)
7=0

The product solution consists of an fct.(7) , in terms of an infinite series, times a decay-
ing exponential function in t. Thus,

i~ Z fet(#)xe (E.3.7.8)
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Graph 5:

A . t=0.01-0.05
r=1

0.1-0.5

Modern Fluid Dynamics, Second Edition

10.0

0.25

Comments:

____________ e—do -

-+l
0.5 0.75 091.0

¢ The final solution for the axial tubular velocity u(f’ , t) is graphed for 0<7<1
and 0<#<10.0 . Whenat f =~10.0, u,— 0 and u=u, thatis, Poiseuille flow has
been established.

e Itis interesting to note that the suddenly elevated tube-inlet pressure starts the
core-fluid off almost uniformly (for 0.01 < < 0.05), and then, after = 0.2, in
conjunction with the no-slip condition, a parabolic velocity profile forms.

Example 3.8: Pulsatile Blood Flow through an Artery

Sketch 9 Assumptions Method
e Laminar, fully * Reduced N-S
developed flow equations
- with constant fluid e Prescribed pressure
properties waveform

¢ Fixed tube walls

e Complex function

with no slip postulated for u(r,t)

e Pressure gradient

follows harmonic
function

Solution:

The velocity profile for flow through a rigid tube driven by a pulsatile pressure gradient
was first given by Womersley (Womersley, 1955) under the assumptions of fully devel-
oped, laminar flow with constant fluid properties. Based on these assumptions, the gov-
erning equation for the fluid motion is the time-dependent 1-D momentum equation,
expressed here in cylindrical coordinates:

ou _ 8l+vi

o oz

)
or

(E3.8.1)

It is assumed that the pressure gradient can be modeled as a simple harmonic function,

that is,

LA

0z L

[cos((ot) + isin(u)t)]

(E.3.8.2)



Incompressible Viscous Fluid Flow Applications 105

where:
A is the complex conjugate of the amplitude of the harmonic function A
o =2xf is the angular frequency (f is the frequency at which the pressure gradient

oscillates)

Note that Euler’s equation has been used in the last step to convert the complex expo-
nential into a sum of sine and cosine terms. Substituting Equation E.3.8.2 into E.3.8.1
yields

QU _ 1oy, VO ou
at—p(Ae )+rar(r ar) (E.3.8.3)

Equation E.3.8.3 can be simplified by postulating u=ae*t, where a=£(r) is some function
that contains the radial dependence of the velocity profile. Substituting this assumed
form for the velocity profile into Equation E.3.8.3 yields

%((1@“’”) = %(A*e""”) + %%(r‘%(ae“’” )) (E.3.84)

where f{r) is some function that is dependent on the radial position. This is based on
the knowledge that the velocity profile will also be time dependent. Differentiating and
algebraic simplification produces

li(rai}r A el (E.3.8.5)
ror\ or VY

Expanding the first term on the left-hand side (LHS) reveals this expression to be a form
of the Bessel differential equation (Nichols and O'Rourke, 2005). The solution, subject to
the appropriate boundary conditions, is then

% 1 :3/2
Al —M (E.3.8.6)

g ]0(70\/1/—Vi3/2)

where ], is the zeroth order Bessel function of the first kind (Nichols and O'Rourke,
2005). The Womersley number is defined as

oa=1nJo/Vv (E.3.8.7)

So, the solution for the velocity profile is

32 1
. Jo| 0?2 )
_ AT 1- To iot
ip.(xz To (wﬁ/z)

(E.3.8.8)

Now that the velocity profile is known, the volumetric flow rate can be determined by
integrating over the cross section of the tube:

2 4% 2 1 :3/2 ,
Q= J J udA = M;A [1‘ w-s{z ](j(laiszz)]?‘”’ (E.3.89)

p
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Graphs 6a through c:
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Comments:

05 1.0

e Although the assumed p(f)-profile does not represent an actual cardiac
cycle, the resulting axial velocity distributions clearly show the well-known

M-profile evolution with time.

* The transient flow rates lag somewhat behind the p(t) -profile. Why?
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3.2 External Laminar Flows

So far, with the exception of thin-film analyses, all flows have been internal—as is the case
in numerous applications. Specifically, we learned that internal fully developed flows, such
as Couette and Poiseuille, are uniformly dominated by viscous effects throughout the
entire flow domain. However, entrance flows in tubes, pipes, slits, and so on feature highly
viscous effects confined to rapidly growing “wall layers” in the entrance region with a
reducing uniform core in the center zone. Such entrance flows are two-dimensional (2-D);
that is, they are developing flows. In any case, for internal flow, a basic condition is that
71 = constant, which cannot be generally applied to external flow fields.

External, high—Reynolds number flows past plates or over submerged bodies develop thin
shear layers, featuring steep velocity gradients. Clearly, the effect of no-slip wall veloc-
ity triggers an expanding boundary layer (Figure 3.4). As demonstrated via the solution to
Stokes” First Problem in Section 3.1.4, the boundary-layer thickness relates to the fluid’s
kinematic viscosity and the axial coordinate as (see Equation 3.29)

&~+/vand &~ x"? (3.31a, b)

From Equation 3.30, Prandtl’s hypothesis of 1904 can be deduced; that is, for high Reynolds
numbers resulting in thin shear layers;

8~ /Z—L and 8/L~Re, (3.32a, b)

On physical grounds, as the oncoming (free-stream) fluid particles are reaching the sub-
merged body surface, say, a flat plate (see Figure 3.5), they stick to the solid surface (see
“no-slip condition”). That affects the neighboring fluid layers, and hence, the frictional
effect propagates outwards, that is, normal to the solid surface, until at distance 8(x) the
presence of the flat plate is no longer registered. Thus, for high-Reynolds number flows, a
thin shear layer §(x) forms. Using Equation 3.32a and scaling the continuity equation yields

6 v
0@ (3.33a)
L u
Fully developed turbulent
flow
Transition region Uy
A _&~x6/7
Stable lami- | T <smoothed
' ! -
", nar B-L flow : - B-L edge>
> S~al/21 | u~y\/7
> U Laminar flow |
— ) ! lus |
— P I b |
1 turbulent | ] buffer |
— r layer
_— U~y2 | sports, streaks | Terub™>Uaminarh - — — = = = = =/ = — — Hherlaye
. etc. X laminar sublayer
]

: ' x=L
x Recrit Retrub

FIGURE 3.5
Flat-plate laminar and turbulent boundary layers with velocity profiles.
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Based on this,

82 82
e <<a72 (3.33b)
Equation 3.33b implies that axial momentum diffusion, vo*u/0x?, is negligible. However, the
convective term vdu/0y has to be retained, because, although v is quite small, the normal
gradient ouy is very large inside the boundary layer. Employing Equation 3.33 and scale
analysis with the scales X=x/I, Y=y/8(x), U=u/U, V=0v/V,, and P=p/P,, the steady 2-D
N-S equations then reduce to (see HWA Section 3.4)

ou dv
o 0 (3.34)

ou Ju_ 1laop du

Maix'FU@——Baix‘FVaiyz (335)
and
1 dp
0=-—-"F 3.36
pJy £

Clearly, continuity, that is, fluid-mass conservation, is fully preserved, the x-momentum
equation is slightly simplified, and the y-momentum equation collapses to dp/dy=0.
Equation 3.36 implies that the pressure is constant across the boundary layer, and hence,
p(x) can be determined with the Euler equation just outside the boundary layer. Clearly,
in reality, there is no “edge”, but for practical purposes, we postulate that §(x) has been
reached when the ratio u(y)/U, differs less than 1% from unity there, and all velocity gra-
dients are basically zero at y=56(x) (see Figure 3.4).

3.2.1 Momentum Boundary-Layer Flow

While Prandtl’s B-L theory will prevail as an educational tool to gain physical insight and
explain special fluid flow phenomena, solutions to the B-L equations (outside aerodynam-
ics) have become largely superfluous. The reason is that nowadays, commercial as well as
open-source N-S equation solvers, which run on basic workstations, are being routinely
employed to tackle simulation problems in academia and industry. In any case, the mother
of all B-L flows is flow past a (razor-thin) horizontal flat plate, of which only the upper half
is usually shown (see Figure 3.5).

3.2.1.1 Solution Methods for Flat-Plate Boundary-Layer Flows

Other than direct numerical solutions of Equations 3.34 through 3.36, B-L flows are solved
with the similarity analysis (for B-Ls with steady laminar self-similar velocity profiles) and
the integral method (for both laminar and turbulent B-Ls).

3.2.1.1.1 Similarity Analysis for Laminar Boundary-Layer Flows

One elegant solution of Equations 3.34 and 3.35 relies on the similarity of the axial veloc-
ity profiles u(x, y). Employing the stream-function approach, u=dy/dy and v=-0dy/ox,
Equation 3.34 is automatically fulfilled. Similarly to Stokes” First Problem solution in
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Section 3.1.4, a similarity variable n=n(x, y) =y(U,/vx)!/? is postulated, which combines both
independent variables x and y. Now, setting u/U,=f"(n) =df/dn, the PDE Equation 3.35 can
be transformed into a third-order ODE for f(7), as illustrated with a HW Assignment (see
Section 3.4). Specifically, we obtain

2f 7"+ ff" = (3.37)
subject to
f0)=u(x,0)/Uy=0, f(o)=1, and f(0)=v(x,0)=0 (3.38a through c)

The derivation of Equation 3.37 starts with the determination of both the similarity
variable

U
n(xy)=y 7; (3.39)

and the similarity function in terms of the stream function, which automatically fulfills
continuity:

v (x,y)=/vlUox f(n) (3.40)

The velocity components are then

_oy _omady _ |Uo , ,
— JvU =U,
~ oy E)y om  Vwx vlox f of (3.41a)

UE—% _ VUof [ qu af 311 l ’VUO (ﬂf f) (3.4lb)

Differentiating produces

au an af UO uO 1 . uoﬂ ,
- S, T 342
ox ax Uof']=tog 5o =" x%f o f (3.42a)
3

8u an af B

ay ay( of') =4 ® 9y on J_x (3.42b)

azu _ a au uO an af 7” .

Ay dy [ay) Jvx dy dy  vx (3.420)

Since dp/dy =0, the pressure outside of the B-L at any given x-location must equal the pres-
sure inside the B-L at that x-location. Outside of the B-L, it is known that u = U,=constant
and v=0. Evaluating the x-momentum equation under these conditions show

ar _y, (3.43)
dx
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That is, p=constant. Substituting Equations 3.41 through 3.43 into the momentum

Equation 3.35 yields

3

o[- o 3 - ) S| o] B

uén 7 ” ugn n”rn ug ” qu s
I § +— = P -
2x r'f 2x ff 2x i X f
uz uz
—v ” + —vU ” — O
X f 2x i

Ug f’”}

vXx

(3.43a through ¢)

Dividing through by U2/2x yields 2" +f" =0, which is exactly the third-order ODE in
terms of f() given as Equation 3.37. This equation can then be numerically solved to yield
key properties of the B-L; for example, the B-L thickness, 5, and skin-friction coefficient, C,
Tabulated values for n(x, v), f, f, f*, and f” are given in Table 3.2.

The numerical (Runge-Kutta) solution of this system includes the following results:

and

where:

TABLE 3.2

Twall 0.664
p/2U%  JRe,
Rex _ UO X

(3.45)

(3.46)

347

Tabulated Values from Numerical Solution to Blasius Equation

n(x,y) fw ' f7(m) f7(m)
0.0000 0.0000 0.0000 0.3321 0.0000
1.0000 0.1656 0.3298 0.3230 -0.0267
2.0000 0.6500 0.6298 0.2668 -0.0867
3.0000 1.3968 0.8460 0.1614 -0.1127
4.0000 2.3058 0.9555 0.0642 -0.0741
5.0000 3.2833 0.9915 0.0159 -0.0261
6.0000 4.2796 0.9990 0.0024 -0.0051
7.0000 5.2792 0.9999 0.0002 -0.0006
8.0000 6.2792 1.0000 0.0000 0.0000
9.0000 7.2792 1.0000 0.0000 0.0000
10.000 8.2792 1.0000 0.0000 0.0000
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and

ou
Tw =

=15, (3.48)

y=0

Equation 3.45 reveals that &(x) ~ Jx and that even for laminar B-L flow, the Reynolds
number has to be very large for hypothesis Equation 3.32b to hold. Nevertheless, it should
be noted that at the leading edge, x=0, we have a singular point/line as Re,=0. Another
interesting observation can be made when evaluating Equation 3.35 at the wall, where
u=0v=0. Thus, at the wall,

*u

dul  _1dp
oy*

= 349
1 ox (349)

y=0

Equation 3.49 indicates that the magnitude of the pressure gradient determines qualita-
tively the velocity profile near the wall. Clearly, for constant-pressure flow (Blasius, 1908),
0°u/0y*=0, and hence, the profile is linear at the wall. However, a negative (or favorable)
pressure gradient causes a fuller profile because of the negative curvature, while a positive
(or adverse) pressure gradient with positive curvature (i.e., ¢>u/0y>>0) may generate B-L
separation and reverse flow.

When u(y) = Uydf(n)/dn is plotted at any x-station, it could be well approximated by a parabolic
function (or something locally similar, e.g,, an exponential function or a sine- or tanh-function).
Indeed, that idea of approximating the (unknown) u(x, y) -profile, subject to appropriate bound-
ary conditions, is the kernel of the momentum integral relation (MIR) after Von Karman (1921).

3.2.1.1.2 Integral Method for Laminar or Turbulent Boundary-Layer Flows

For all kinds of similar or non-similar, laminar or turbulent B-L type flows, the Von Karmén
(1921) MIR may be most appropriate. The approximate solutions provide local as well as
global system parameters such as the B-L thickness, wall shear stress, flow rates, fluxes, drag
coefficients, and forces, in addition to realistic velocity profiles. Specifically, suitable velocity
functions are postulated, subject to standard boundary conditions, and then, momentum con-
servation is preserved. Clearly, the more accurate the assumed tangential/axial velocity pro-
files, the better are the results for the system parameters. To best illustrate the integral method,
we focus on the steady laminar (or turbulent) 2-D flat-plate B-L problem (see Figure 3.4).
Along the B-L edge, Euler’s equation holds, so that

- F1> g—z =U aa—g (3.50)
and hence, Equation 3.34 can be rewritten, with pou/dy = Ty AS
ungg;‘:u‘ng;ag;‘ (3.51)
From Equation 3.33, we obtain
ou  ou
u(x,y)= —Jlady + f(x) or v=— ady (3.52a, b)
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which will be used to eliminate the normal (vertical) velocity v in Equation 3.51.
Now, integrating Equation 3.51 across the B-L yields

y=5(x)
J' (L[au " Z)al dUJ J aTyx _ Twall (353)

ox  dy

y=0

Integration by parts of the vou/dy term with Equation 3.52b inserted results in

j J yldy = - Uja—dy _[ (3.54)

so that Equation 3.53 finally reads:

)

J' [1(U — ) dy+—J(u u) dy = ? (3.55)

0

As mentioned, with the right choice of u(x, y), both sides of the momentum balance
(Equation 3.55) have to be matched (see Example 3.8 or Appendix Al.4.3).

Example 3.8: Blasius Flow

Consider steady laminar high—-Reynolds number flow past a horizontal flat plate with
zero pressure gradient, that is, given 1= U= constant Employing the MIR with a basic
polynomial for u(x, y), find 8(x) and v =(u,v,0) .

Sketch 10 Assumptions Method
u ,u ® As stated e Integral B-L Equation 3.55
* — 8() e Constant fluid properties with U=u.= &
> | v ® Mass-less plate with upper e Postulate:

: L’ u B-L only o u(x, y)=a+by+cy?
> \Y > e where the coefficients are
> ! ] functions of x
. P .

I ¢ w
—_—> 1

x
Solution:

With U=@ and invoking Leibniz’ rule, Equation 3.55 reduces to

8

P Lic'!u(um —u)dy="1,= ua—u (E.3.8.1)

dy

y=0

where 1 =U is given and we employ the postulate

u(x, y) =a+by+cy’ (E.3.8.2a)
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Clearly, the three x-dependent coefficients are determined by the following BCs:

Ju

u(y=0)=0, u(y=98)=u., and @
y=3

=0 (E.3.8.2b through d)

Note: A simple linear velocity profile postulate would have missed incorporating the
third B.C.

(Equation E.3.8.2d) and hence, would have generated an incorrect result.

Using Equations E.3.8.2a through d yields

a=0, b=u./5, and c=-u./(28%)

so that only §(x) remains as an unknown:

2
y 1y
S Y)=Ue| | = E.3.8.3
u(x, y)=u [S(X) z(s(x)) } (E3.83)
Inserting Equations E.3.8.3 into E.3.8.1, carrying out the integration, and evaluating 7,
yields
0.0666 pui2 90— = (E.3.84a)
dx )
or
e g M (E.3.8.4b)
dx 0.0666 p u..
subject to 8(x=0)=0. Thus,
82
o =k (E.3.8.40)
or
x) _ 5477 (E.3.85)
X Re,
Comments:

* The expected 8(x)~ Jx is depicted in Figure 3.5.
e Compared with the “exact” solution (Equation 3.45), this simple approxima-
tion for u(x, y) is off by just under 10%.

3.2.2 Thermal Boundary-Layer Flow

In most natural and industrial scenarios, the wall-surface temperature differs from the
fluid temperature. Hence, in such cases of forced convection heat transfer, momentum as well
as thermal B-L developments have to be considered. The major concerns include:

® Are the fluid properties constant or not (see degree of coupling in Figure 3.2)?
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e [s the B-L flow laminar or turbulent, or a mixture of both with a significant zone

of transitional flow?

e Is the value of the Prandtl number, Pr=3§,, . cntum/Othemals

greater than unity?

equal to one, or less or

In general, the modeling equations for one-way coupled, steady laminar thermal B-L flow in

2-D rectangular coordinates read:

ou
ox
I
ox dy
and
ua—T+v— =
ox -

v

Y 0 (3.56)
1dp.  du

—B% Vo (3.57)

oT o°T

Clearly, the general convection heat transfer problem (see Section 2.4) has been reduced to
solve three equations for three unknowns (11,0,T) when dealing with (laminar) B-L flows.
It is insightful to start with scale analysis (Section 1.4.1). With reference to Figures 3.3 and

3.4, we select:

u~u.=Uy,v~Vy,x~L y=380rdy, and T ~ AT = Tyyan — I..

While continuity is balanced, that is, % ~ %, Equation 3.57 carries the proportionality

between the inertia terms and the viscous terms. As both inertia terms are equivalent, that is,

we compare

which implies, as shown in Example 3.8, that

o ~

vL
Ue,

o Vot
8§ L’
U
) 1
9o_ 3.59a, b
L \}ReL ( )

With the shear stress T= u(Vz7+Vz7”) , that is, T~ u%’, we have for the skin-friction

coefficient

(3.60a)
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the same relation:

c, ~Hu=vRe 1 (3.60b)

Lpuc, Re;

In Equation 3.58, the convection terms #AT/L and V,ATf,, are balanced by thermal diffu-
sion; that is, we compare

2 AT AT
‘L 82,

because within the momentum B-L, we scale u ~ u.. = ¢, which yields

Sth 1 HDOL

. Pe, =
L Pe’ o o

=PrRe; (3.61a through c)

3.2.2.1 Thick Thermal Boundary Layers
Dividing Equation 3.61 by 3.59b yields for thick thermal B-Ls, such as liquid metals (Pr<1),

& 1
O~ 5
5 Pr

3.2.2.2 Thin Thermal Boundary Layers
For water and oil, where Pr>1 (i.e., 8,,<9), the thermal B-L exhibits =u(y), and hence, the

axial velocity has to be scaled as

U~ Ue, % (3.62a)

Scaling of the convection-diffusion terms in Equation 3.58 yields

AT, AT (3.62b)
L th
Combining both:
S 5 O o L : o
w7~ Oy OF — ~ = 3.63a, b
LY L uNL(SM) L (3.63a, 1)

1
Using % ~Re; 2, we obtain

(5]:’) ~Re;?Pr! (3.64a)
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Hence,

3
(SLW) ~Re;?Pr /3 (3.64b)

Using again Re;'"? ~ 8 /L, we obtain for thin thermal B-L flow

S -
S Pt (3.65)

3.2.2.3 Nusselt Number Correlations

Now, recalling that the convection heat transfer coefficient is defined as

K 2l (AT
" al
he o Yo T8y _ k. (3.66)
T,-T. T,-T. AT by
we have with proportionality Equation 3.64b:
k 1/2 1/3
h~ ZReL Pr (3.67)
Hence, the Nusselt number Nu; = M = @ exhibits the dependence
conduction k
Nu; ~ Re/?Pr'/? (3.68)

Indeed, based on experience, the averaged Nusselt number for flat plates of length L have
the form

Nu = Nu, =CRe}' Pr" (3.69)
For example, measurements of laminar B-L flows (Pr>0.6) yield

Nu =0.664 Re}/* Pr'/® (3.70)

and for turbulent B-L flows (0.6 <Pr<60; 5x10°<Re; <107)

Nu = 0.037 Ref/* Pr'/° (3.71)

Example 3.9: Analysis of Thermal Blasius Flow

Assuming that the basic thermal B-L flow is decoupled from the momentum B-L flow
(see Example 3.8) and Pr> 1, that is, §,,<§, find numerically g,,.,,(x), Nu(x), and /5,
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Sketch 11 Assumptions Method
%/ 5 e Constant pressure  ® Use similarity
. - results f(n),
- S, (x) (' . uouter uoo)
Uy Too > I " e Constant n=yu.. / vx, for
_— \ properties Blasius flow
- . \
b |
T, x=L *

Previous numerical Blasius B-L flow results (see Table 3.2):

U,

n=y,— 0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2 5.0
VX

fn) 0 0027 0106 0238 0420 065 092 131 157 3.2

af u

d—:— 0 0133 0265 0394 0517 063 073 081 0.88 0.99

MmN U

Solution:

Assuming a similarity solution 6(n), Equation 3.58 can be transformed with

T-T, y [u.
0= "1 and n=L "= E.391a,b
T T, and A\ ( a, b)

This yields (see Section 3.2.1 and HWA in Section 3.4.2)

4’0 Pr 4o
—+— —=0 E.39.2
subject to
8(n=0)=0and 6(n— )=1 (E.39.3a, b)

Of special interest is the dimensionless temperature gradient at the plate surface, which
directly relates to q,,(x), hi(x), and Nu(x). The numerical result shows that

Z—?} =0.332Pr"/® for Pr>0.6 (E.3.9.4)
n=0
Now,
T.-T, 00 u.. do
h(x)=—Tv = =T lwg —k = (E.3.9.5)
T,-T. T,-T. oy =0 vx dn -0
so that
hex T 1/2
Nu(x)=Nu, = P 0.332 Re2Pr3 ~ x (E.3.9.6)
while
o (x)= 03322k ReY2Pr'/® ~ x7V/2 (E.39.7)

X



118 Modern Fluid Dynamics, Second Edition

Note that Nu=2Nu; =0.664 Re/*Pr'/* (see Equation 3.63). The numerical solution of
Equation E.3.9.2 also yields

S Pr'/? (E.3.9.8)
B

where 8 =5.477x / \/Re, based on the integral analysis of Example 3.8, or & =5x / \/Re,

based on the (exact) similarity solution.

Comments:
® The convective term udT/dx in Equation 3.51 made the solution more
challenging.
¢ Scaling produced all the basic dependencies for §/8,, h and Nu, obtained with
just some algebra.

While the solution to Example 3.9 required numerical analysis using computer software,
the next example illustrates basic thermal B-L flow solutions using only algebra based on
the Reynolds-Colburn analogy. Even if the local skin-friction coefficient C(x) is numeri-
cally not known, the dependence of key thermal quantities, such as the wall heat flux, can
be evaluated.

Example 3.10: Reynolds-Colburn Analogy Applied
to Laminar Boundary-Layer Flow

Consider a heated plate of length L and constant wall temperature T,, subject to a cool-
ing air-stream (i, T,.). Find a functional dependence for g,,(x).

Sketch 12 Assumptions Method
¢ Thermal Blasius Reynolds-Colburn
flow (see also analogy
Section 3.2.1)

¢ Constant properties

Solution:

Rewriting Equation 3.20, we have

pe qu(i(Tx)_T )=CfPr‘2/3 (E.3.10.1)
p Heollo = Lo

From Section 3.2.2 or Example 3.8, we know that

Cs ~Re'? (E.3.10.2)

where actually C ¢ =0.664 /\/Re, , as shown in Section 3.2.1. Now, with everything else
being constant,

Ju(x) ~ % K=z (E.3.10.3a, b)
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Graph 12:

qw q,,(%)

N

Comments:

* The wall heat flux from the plate surface decreases nonlinearly with plate dis-
tance because of the increasing Re(x) as well as the growth of the thermal B-L
thickness 8,,(x), leading to milder wall temperature gradients.

® C(learly, it was easier to obtain this result using the R-C analogy than to solve
the actual PDEs describing fluid flow and heat transfer in thin wall layers (see
Examples 3.8 and 3.9).

3.2.3 Drag and Lift Computations

Drag and lift computations are naturally most important in aerodynamics as part of
any aircraft design (see Bertin, 2002, among others). In general, fluid flow around a sub-
merged body, for example, an airplane, a submarine, a race car, or a cruising bird, or fixed
objects such as weather balloons, commercial signs, buildings, and large trees, produces
a resulting force. It can be decomposed into a component parallel to the object motion (or
free-stream), called the drag, and in the vertical direction, that is, against gravity, called lift.
Both the total drag and lift are due to frictional and net pressure effects, and hence, the
surface force exerted by a fluid on the object is (see Figure 3.6)

GFsurface = Tpressure + Fviscous (372&)
That is,
Fs =C-ﬁ|:— (p—p-)i + T f] ds (3.72b)
top o Lift
FIGURE 3.6

Pressure and wall shear stress around an airfoil causing lift and drag.
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where:
n  is the normal unit vector

A

t  is the tangential unit vector

Assuming that the free-stream is parallel to the x-axis (see Figure 3.5), then from
Equation 3.72a,

FDlrag = f‘form + Ffriction = ; FS and f:Lift = } FS (373a through C)

Considering the streamlines around an idealized airplane wing (see Figure 3.6), we
detect accelerating airflow above the wing. This, according to Bernoulli’s equation (see
Section 2.3.3), translates into a low (i.e, suction) pressure, while the opposite is true
beneath the wing. The difference, Ap. Ao geNerates almost entirely the lift force,
Flt, in Equation 3.73c. In contrast, the total drag results from the front-and-back pressure
difference times projected vertical area, also called form drag, as well as the net wall shear
stress on the object’s surface area (see Equation 3.73¢ in conjunction with Equation 3.73b),
called frictional drag.

In general, detailed p and t,, distributions from numerical (computational fluid dynam-
ics) simulations have to be known to solve the closed surface integral Equation 3.72b.

Alternative approaches for finding Fs are

1. Analytic solutions, employing the momentum RTT, as discussed in Section 2.3
2. Measurements of drag and lift coefficients based on dimensional analysis

Specifically, Method (ii) relies on empirical values of the lift and drag coefficients,
defined, respectively, as

C,=—— (3.74)
% ul A,
and
Cp=— 1D (3.75)
% uZ A,
where:
u,, is the free-stream velocity

p is the fluid density
A, isthe projected area, that is, either the frontal (plane normal) or the mid-plane area
Figure 3.7a,b depict typical force coefficients for an airfoil and a sphere, respectively.
The Cp(Rep) curve for spheres shown in Figure 3.7b encapsulates different flow struc-
tures and regimes:

e For Re<1, we are in the Stokes regime, and C,=Rej, without any flow separation,
which starts at Re,~ 10 and vortex shedding at Re,~ 90.

¢ Atabout Re,=10% the drag is 95% due to net pressure (i.e., form drag).
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20 I | log CDrag
— R
Stall
i Sphere
Cuige !
Airfoil ! |
Rep=DL | 100
1.0 !
! 10 -
C 1
(@) ! 1
A 1
o = angle of attack !
! 0.1
I
0 T T T ‘ ‘ ) ‘
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(a) > o (b) 1 102 105 oglep
FIGURE 3.7

Lift and drag coefficients. (a) Airfoil lift coefficient as a function of inclined angle, where C,(o.,) decreases
because of upper boundary-layer separation, called “stall.” (b) Average drag coefficient for a smooth sphere in
uniform flow (see Appendix II).

® Note: Cp~v may decrease, but Fj,~v? increases.

* Between 10° < Re, < 10%, the B-L becomes turbulent, and flow separation is delayed
from angle O%paraion = 80" to Oliparasion = 140,

e At about Rep=2 X 105, Cp(Rep) dips, that is, a sudden drag reduction leading to
instabilities at high speeds or, on a positive note, longer travel distances of, say,
dimpled golf balls.

Because of the flow field complexities around submerged bodies, analytical solutions
are not available. A famous exception is Stokes” equation for flow around a sphere when
Re,<1.0, as discussed in Panton (2013) and its derivation assigned in Section 3.4.2.

Fotal = J.rw dA + J.p dA = 4muUR + 2nuUR = 6mulUR (3.76)
A A
| —) | —
g:;tgonal form drag

where:
U is the free-stream velocity
R is the sphere’s radius

Equation 3.76 will be frequently applied in Section 4.3.1.
Curve-fitted correlations (see Figure 3.7b) have been proposed for a wide range of
Reynolds numbers. For example, for a sphere up to the “drag crisis” of Re,~2x 10,

CD,sphere = Ftotal = 24 + 6 +0.4 (377a,b)
% UZ Aproj Rep 1+ \/ReD
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In contrast, a simple drag coefficient for a cylinder in laminar cross flow reads (White,

1974):

10

CD cvli =1+
,cylinder 2/3
ReD

Example 3.11: Commercial Passenger Jet

(3.78)

Consider a cruising airplane (m=70x10° kg, A,=150 m?, v=350 mph) at 12 km altitude
(p.;ir=0.312 kg/m?). What are the necessary angle of attack, lift-to-drag ratio, and engine
power requirement to maintain the cruising speed? How would you estimate the mini-

mum take-off velocity?

Note: For modern aircraft, C,,,,,=3.5 <double-flapped wings> and C, cruising™ 0.03.

Sketch 13 Assumptions

Method

® Only the wings
generate F, and F;
e Steady (2-D)

e 1-D force balance
e Power=Fp-v
¢ Use of lift/drag

incompressible flow coefficients
tow flaps
Solution:
e Force coefficients:
E .
Ci=-——;i=L orD (E.3.11.1)
fvm A,
e Force balance:
Fweight = Flift (E3112)
e Power:
P = Fyag X velocity (E.3.11.3)
* Angle of attack: C;=C,(x),
knowing that
C.= b (E.3.11.4)
P2 A,

With F,=W=m-g=686.7 kN in this case, as well as the conversion
1mph £0.447 m/s and A,=150 m? we have C, =1.20. Hence, from Figure 3.8a

(or a handbook), a= 10°.
Furthermore,
¢ Lift-to-drag ratio and power requirement:

P=Fp-v where F =Cp A,,%vz =172 kN

(E.3.11.5a through c)
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flow mixing
Jet spreading
and decay
I
I
___________ ! - R —_——— e —— e -
X x Uel = Umax
i
' N
Laminar exit profile Fully turbulent
u(y) w./ Uye=U region
x=0 x=1
flow regions.
Thus,
- ;i ~40 and  P=2620kW (E.3.11.6a, b)
D
e Minimum take-off speed v,,;,=fct.(C; ,max):
Take-off requires FL‘max >W, thatis,
Comn Ay g Vi 2 Mg = Woiane (E.3.11.7a through ¢)

or

Comment:

2 mg
Umin 2 | ————— =46.8m/s
P CL/max Ap /

Clearly, a take-off speed exceeding v, say, v=150 mph may be safer.

3.2.4 Steady Planar

and Round Jets

Free jets are distinct, relatively fast streams of a fluid or fluid-particle mixture, emanat-
ing from a nozzle and dispersing into a reservoir of the same or a different fluid, or into
a vacuum. They appear ubiquitously in nature and industrial applications, ranging from
ink-jet printers to fuel-injection pumps and spray-coating devices. The stream-ejector is
either a simple pipe-end or a controllable nozzle. While for a basic analysis, it is assumed
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that the jet is steady, laminar, planar 2-D, or round; however, in reality turbulence rapidly
develops—first in the high-stress regions around the jet-edges away from the exit plane
and then in the entire jet (see Figure 3.8). Turbulent jets are discussed in Pope (2011), Bogey
and Bailly (2010), and many others.

Assuming steady laminar incompressible jets evolving at constant pressure in a bound-
less environment, the present analysis relates to the fundamentals of B-L theory and the
similarity method (see Section 3.2.1). Specifically, with dp/dx=0, Prandtl’s x-momentum
equation can be written in the form

ou>  9(uv) [au E)U) 0’u
e g ) ey S =y

(3.79)

ox  dy ox  dy oy’
[ ——

=0

Integrating each term from y=—o0 to = oo for any axial location x yields with the Leibniz
rule

9 J.u dy+uvj dy=v— g;‘d}/ (3.80)
. du .
Noting that u(yy=+c0) =0 and @ =0, we obtain
y=teo
J ]:u dy=0 (3.81)
ox « = )
Hence,
J-uz dy =constant (3.82)

—oo.

Multiplying Equation 3.82 by the fluid density, p, yields the (constant) x-momentum flux J,:
= pJ.u2 dy =constant (3.83)

At the exit (x=0) with average injection velocity U, and slit height H,
J=Jo=pUsH (3.84)

Now, of interest are the jet velocity field (4, u;,=u,,,, and ,), the spreading (b(x)), the mass

flow rate (m (x)), and the momentum flux (J(Re)). As mentioned, the starting point for the
mathematical analysis are the steady, 2-D laminar B-L equations:

au v
—+—=0
E)x 3y (3.85)

and
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ou  du o*u
u£+v£—vafy2 (386)
subject to
ou
u(y:ioo)zo, @ =0 'Z)(O):O (387a, b)
y=0

As the developing axial velocity profiles are similar, we postulate
y =Cix? f(n) (3.88)

n=Couyx™ (3.89)

where x7 indicates the scale of the jet thickness b(x). To determine the four unknown con-
stants, p, g, C; and C,, we proceed as follows. Using the stream function and considering
momentum flux, Jo v, and g can be determined.

oy an
= — = C P£r —_—
u an P fr(m) » (3.90)
Also, from an/dy=C,x1,
x7dn
dy=—-— 391
y="c. 69

Applying Equations 3.90 and 391 into the momentum flux equation yields

oo +oo q oo
J= pJ.u2 dy = pCiC; J.xz”’zqf'2 (n)é—dn = constant x x* ™ jf'z (n)dn (392
2

—o0 —o0

In this equation, f(n) is only a function of n and hence, not a function of x. Thus, we obtain
the relation for p and g as

x%P77 = constant

or

2p—q=0 (3.93)

To find a second equation for p and g, we consider the x-momentum Equation 3.86:

o o
ox dy oy’
where
N e
v=-2-= CipxP' f (n)-Cux o (394)
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and

F Fm . o
S S M_ e 3.95
ox “amox Y Cvx (3:95)

Using the expression for df/dx, Equation 3.94 now reads:
v=-Cypx" ' f +C,Coqyx" " f* (3.96)
and hence, the x-momentum equation can be converted to
CiC3 (p—q)x 217 2 —CiCapx™ 27 ff7 = vCiCix 1 £ (3.97)

To achieve similarity, the x-dependence has to vanish; that is, we have to set the exponents
of x equal. As a result,

2p-29-1=p-3q
or
p+g=1 (3.98)

Combining Equations 3.93 and 3.98 yields

p= % and q= % (3.99a, b)
Now, the stream function and n can be written as
v =Cix"’f(n) (3.100)
and
n=Coyx?"? (3.101)

Inserting in Equation 3.97 the p and g values and dividing through by C, and C3 yields

LG () =5 G = vCaf (3102)

where C, and C, are arbitrary constants. Dimensional homogeneity requires that

%Cl = VC2 (3103)

That is,

1

v =Cix3f(n) (3.104a)
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2

where [y]= [Lt] (- W ~ udy)
so that
C1 = [LS/S / t]

And hence, with [v]= [L2 / t]

which implies that
cI=[1]
Finally,
Co=v, [1/1]
and

The resulting ODE for this jet problem can be written as

frefref =0

Now,

\Il — V—1/2x1/3f (n)
and

n — %V_I/ZX_Z/?’:V

127

(3.104b)

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

The boundary conditions are symmetry about the x-axis and a quiescent ambient fluid.

This translates for the similarity variables to

£(0)=£7(0)=0

and

(3.110a)

(3.110b)



128 Modern Fluid Dynamics, Second Edition

3.2.4.1 Exact Solution

A suitable trial profile matching the axial jet-velocities is in dimensionless form (Schlichting
and Gersten, 2014):

f(n) = 2a tanh (an) (3.111)
so that
f(n)=2a* sech; (an) (3.112)

The solution for the axial velocity then reads:

oy o 1, 2( a?
u= @ = Clczxp qf (Tl) = 3x]/3 f (T]) = B(W)SQC h2 (ﬂn) (3113)

The coefficient a can be obtained by using the momentum flux, J.

1/2 3 7%

] = const.= pjuzdy = 4pv3 J' sech*(an)d(an) (3.114)
so that with | = J, = pUGH,
1
9 |
a= 3.115
(16;)& ) 1)

Using this expression for a together with Equations 3.109 and 3.113, the axial velocity in
the jet is

2 1
2( 97, ) 1 9, )°
u:3(16prJ ysech’ [16‘)\%) 3V1gx2/3 (3.116)

At the centerline, y=1=0 and sech(0) =1, so that the maximum x-velocity is

2(9 Y73 23
umax=3(16) (0 1,3] (3.117)
(pux)

The jet thickness, 2b(x), can then be defined as twice the distance y where 1 =0.01u,,,.
Noting that

1

9 | b(x)
= sec h? =0.01, 3.118
_— sec (1 6p \/;) 3y1/252/3 ( )

u

umax

the boundary of the jet can be written as

2,2

1/3
Jet boundary = 2b(x) = Zy‘l% = 21'8[)(]!: J (3.119)
0
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u
Umax

FIGURE 3.9
Velocity profiles for axisymmetric jet.

2
in the laminar, self-similar region b ~ x%. Considering the Reynolds number based on the
half-boundary of the jet, the Reynolds number is described as

Re= Mmoo s (3.120)
A%

Mass flow rate per unit width away from the jet exit can be written as
oo
i = qu dy = (36]opx)"”° ~ x' (3.121)

Due to fluid entrainment from the ambient, the mass flow rate increases with x. This implies
that a larger momentum flux can entrain more ambient fluid from the reservoir. The non-
dimensionalized jet velocity profiles at various x-locations are shown in Figure 3.9.

3.3 Turbulent Flows

When a critical (flat-plate) Reynolds number of about Re; =5x 105 has been reached, the
B-L flow becomes fully turbulent after undergoing transition, as indicated in Figure 3.5. In
contrast, for flow in straight smooth pipes, the flow field may become turbulent when the
inlet Reynolds number exceeds 2000, based on the tube diameter. Because of the very high
wall shear stresses, fully developed turbulent velocity profiles look quite different from
laminar velocity distributions. For example, in laminar flow, the axial velocity follows
u~y? (or v,~1? in pipe flow), whereas for turbulent flow, u ~In y* (the log law) or v, ~r/n,
with n=n(Rep), as tabulated in Appendix AL7.3.2.

The traditional approach for tackling turbulent flow problems is the numerical solu-
tion of the Reynolds-averaged Navier—Stokes (RANS) equations. Such turbulence model-
ing is necessary because present computational resources are insufficient to solve the
actual (i.e., instantaneous) variables directly. So, the instantaneous dependent variables,
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here v representing pressure, velocity, temperature, and so on, are decomposed according
to Reynolds as

5]

v=0+7"; 5=ijv dt (3.122a, b)
At "
1

where:
v is the time-averaged (i.e., smoothed) variable
v’ is the randomly fluctuating part

This time-smoothing (or filtering) procedure applied to the N-S equations (see Section

2.3.2 and Appendix AL5) generates apparent (or Reynolds) stresses, —pv’v’, caused by the

3-D velocity fluctuations v’ = (u’,v",w’) . Clearly, the off-diagonal entries of the v'v’ ten-
sor (see Appendix Al1.2 for the dyadic product) may cause large (turbulent) shear stresses.
The sum of the diagonal, using the Einstein convention of repeated indices, is called the
turbulence kinetic energy:

%(u’z + 0%+ ?) =k= %W (31234, b)

The RANS equations then read in index notation (with the Einstein convention of term-
summation with repeated indices):

% (3.124)
axi
and
85,- _ 8271 1 a?) 8251‘ a v
o=tV 5 ey 3.125
ot ! BJC] o) axi ax] ax] ax] ( ]) ( )
|
~y.glam ~V.gturb
if ij
The new (unknown) stress tensor Tj" =—p 0 v} is expressed, following Boussinesq’s
idea, as
T 9v;
= Vi = (3.126)
p ox;

The turbulent eddy viscosity v, is a complex function of the turbulence kinetic energy, turbu-
lence energy dissipation, turbulence time and length scales, velocity gradients, flow-system
geometry, fluid viscosity, and so on. Starting with Boussinesq (1877) and Kolmogorov (1942),
numerous v-models have been postulated (see Wilcox, 2006; Pope, 2011; Libby, 1996, among
others), each only applicable to a rather small class of (fully) turbulent flows. For example,

dit
dy
Viurbulence ~ 1k —®; k= 1/22(01»')2, o= g/k
Large Eddy Simulation (LES)

; lmix = Ky

2
lmix

(3.127a through d)
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The simplest eddy-viscosity model is Prandtl’s mixing-length hypothesis, in which the
size-change of the interacting eddies, as measured from the wall, is [ ; =ky, with k=0.41
being the von Karman constant. Quite popular is the k-o turbulence model, where in addi-
tion to the RANS equations, PDEs for turbulence kinetic energy k and dissipation func-
tion e have to be solved iteratively to gain a suitable v~ expression (see Wilcox, 2006). In
large eddy simulation (LES), the large eddies are simulated directly, but a suitable tur-
bulence model is required for the small, near-wall eddies. While the future belongs to
direct numerical simulation (DNS), whereby the N-S equations are solved without any
turbulence modeling, DNS still cannot be used for actual turbulent flow problem solu-
tions, because it requires numerical time and mesh-length scales smaller than the eddies
appearing in a given turbulent flow field.

In any case, engineers have always found a way to bypass tasks that are mathematically
or numerically difficult—as is the case in turbulence modeling. One simple approach is to
forego the solution of the RANS equations and directly postulate turbulent velocity profiles
for B-L flow (see Section 3.3.1) or pipe flow (see Section 3.3.2). Even easier and more power-
ful is the use of the extended Bernoulli equation to solve steady, fully developed turbulent flow
in horizontal pipes:

Ap 4T L L) v
—=hp=—""(2)= () — 3.128a through ¢
ps " pg D7D )2g ( g9

where:

hy is the frictional loss (in meters), while the Darcy friction factor f=f(Rep, €/D) encapsulates
turbulence effects in pipes with surface roughness e (see Moody Chart in Appendix II)

To illuminate Equation 3.128b, a 1-D force balance for pipe flow relates pressure drop to
wall stress (see HWA in Section 3.4):

Ap

= g TwallL (3129)
To

Hence, the friction factor in horizontal pipes with D =2r, reads:

f=8t (3130)

pv
In terms of the “friction velocity,” defined as

U= |- (3.131)

we can express f as

f= 8()2 (3132)
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3.3.1 External Flows

As mentioned in Section 3.2, turbulent flow past submerged bodies is traditionally mod-
eled based on B-L theory, that is, interactions between potential flow outside the boundary
layer and the thin-shear layer. Specifically, a solution to Euler’s equation for the assumed
outer ideal flow yields the pressure field that is imposed on the thin-shear layer described
by Prandtl’s B-L equations. However, present-day use of software and workstations allows
direct solutions of the RANS equations with suitable turbulence models (Pope, 2011).
Alternatively, turbulent velocity profiles, representing the thin-shear layers for different
conditions, are discussed and applied in subsequent examples.

3.3.1.1 Boundary-Layer Velocity Profiles

Clearly, postulating semi-empirical turbulent velocity profiles directly bypasses any solu-
tion of the RANS equations. The one-seventh law u /U = (y/8)"” (see Example 3.12) is a
very popular one. More accurate is a “composite profile,” consisting of the (linear) lami-
nar sublayer and the log law, for which the inner variables u* =u /u, and y*=yu./v are
employed (see Figure 3.10). Here, u; = \/Tyai/p is the “friction velocity,” while y* represents
a “wall Reynolds number.”

In the viscous sublayer, the velocity profile at the wall is linear:

u =y for0<y <5 (3.133a)
The log law describing the “overlap layer” reads:

u' = 1 Iny*+ B for 20 to 30<y" =500 (3.133b)
K

Where based on measurements, k=041 and B=5.0. There is a buffer region 5<y" <30
where another log law may be needed:

ut=501Iny"-3.0 (3.133¢)
45 |
40 | Viscousi Overlap Defect
sublayer, layer layer

100 101 102 103 10%
y+

FIGURE 3.10
Semi-log plot of a composite velocity profile for turbulent boundary-layer flow.
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Finally, the wake (or defect) layer has also the natural-log form:

1 21 . H,(my
f==Iny"+C+——sin’| =< 3.133d
u ” ny ” sin (2 5) ( )
where:
k =041
C =5-8
IT = 0.6

It is of interest to note the percentage fractions of the three “layers” in relation to the B-L
thickness 8(x). For example, with y,.. =20, y; =500, y!, =6200, and hence, with
Odublayer = 20, Olog =500, and &, = 5700, the extents of the three regions are as follows:

® (.3% occupy the viscous sublayer
e 7.7% are part of the log-buffer zone
® 92% constitute the turbulent core

Clearly, for some calculations, it is sufficient to only employ the log law. In general, basic
turbulent velocity profiles covering the entire B-L can be efficiently used with the integral
method (Section 3.2.1 or Appendix Al.3.4), as illustrated in Example 3.12.

Example 3.12: Steady Turbulent Boundary-Layer Flow
past a Flat Plate with u_,=U=constant

1/n
For this Blasius-flow problem, we assume — = [1] with measured T, =£(pvz) ,
where: d 8

=l

V= Upyg

Othe friction factor is f = 0.3164Re;"* (Blasius) with Re; = v(25)/v =0(107)

Find o(n, U) and hence 1, as well as §/x for 5x108<Re <108 Determine also the
skin-friction coefficient.

Sketch 14 Assumptions Method
® Asstated in ¢ Use integral
Example 3.12 method
— > e Laminar B-L e Solve ODE for 8(x)
portion is
- "
w = U negligible
M=
—_—
Solution:

The averaged axial velocity is

v= %J.ﬁ(y, 8; U, n)dA (E-3.12.1)
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With n=y/8(x) and dA =wdy=wddn; A=wd, the averaged velocity can be expressed as

1
u Jl 1/ Jl 1/ u Yn+l nUu

=— "dwdy =U Tin=— =— E.3.12.2
T ws on wey on n 1+1/nn , n+l ( )

We derived (see Equation 3.55) for u = U= constant that

9 (P, - T
— | (w(U-u)|dy=—" E.3.12.3
ox 0[ ( )] Y p ( )
Here, after inserting the given f and Re,,

N 1/4

T, = 0.03325p0"/* (g) (E.3.12.4)

The LHS of Equation E.3.12.3 can be rewritten as

w2 [la-() o 2T [a- D) @

Using n=7 and with y/5=n, we have to solve
d B T v )"
- S(x)JOnlf 7(1-n"")dn|= p—i‘;z = 0.03325(5) (E.3.12.6)

Integration yields an ODE for §(x):

dd AN
8!/ d—: 0.24(u) subject to  §(x=0)=0 (E.3.12.7)
X
Hence,
v 1/5
5=0.38 (u) x*/° (E.3.12.8)
or
5 038
Thus,
of (x)= -1 =0.084707/* Re;'/* (E.312.10)
¥

Recalling that 8, n..~x? while 8, ~x*° the turbulent boundary-layer thickness
grows, almost linearly, much faster than in the laminar case.

Example 3.13: Drag of a Ship Based on Turbulent Boundary-Layer Flow Analysis

Evaluate the B-L thicknesses above and below the waterline and the maximum fric-
tional drag for a ship 50 m long and 10 m high) traveling at 15 mph. The kinematic
viscosities are v,;,=1.5x 10" m?/s (at 20°C) and v, ., =1.3x107° m?/s (at 10°C) for 5 m of
ship surface below the waterline.

water
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Sketch 15 Assumptions Method
PSS Swater e Fully turbulent flow e Use of correlations for
/,/”' S for0<x<L 8(x) and Cp(x)
7 ¢ Constant pressure
s e Straight ship walls
x=0 Ship x=L
Solutions:

From Section 3.3.1, for turbulent B-L flow in the range 5x 10° <Re, <10, we have

8(x)

~0.14 Re;”
and

(E.3.13.1)

To (%)

EUZ
2

cr (%)

~0.025 Re;"” (E.3.13.2)

Here, Re;| =UL /vy =222 x 107, while Rer| . =256 x10°; thatis, both are turbu-
lent B-L flows. Hence,

0.625 m  for air
dx=0)= { 044 m  for water (E313.32,b)
Now, the drag force is
L
Fy= er (x) h dx (E.3.13.4a)
0
or
F L
L= J'cf (x) d(f):o.os Re;"” (E.3.13.4b)
P 4 L
2
F» =0.03 Re;"’ guz Lh=21x10* N (E.3.1340)
and hence
Paip = F U 1.4x10° N ™ > 0.14 MW (E.3.13.5)
s
Comment:

Clearly, the actual power required to maintain a speed of 15 mph through calm seas is
larger because the two-fluid form drags were not considered.
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3.3.1.2 Summary of Modeling Results

Employing the integral method of Section 3.2.1 (or see Appendix AlL3.4), a turbulent B-L
flow analysis based on a logarithmic velocity profile (see Equation 3.133b) can provide some
good results within the range of 10°<Re,<10° (see HW Assignment in Section 3.4):

3 g 14Re? (3.134)
X
1, = 0.0125pU2Re, * (3.135)
c; ~0.025Re, (3.136)
F» = 0.015pULW Re, (3137)
and
¢ ~0.030Re, 7 (3.139)

Compared with laminar B-L flow, in turbulent flat-plate B-L flow, 8(x) grows almost lin-
early rather than in a quadratic manner (see Equation 3.134 and Figure 3.5). As expected,
the wall shear stress is much larger due to the steeper velocity gradients at the plate
surface. The behavior of the skin-friction coefficient for flat-plate flow in the laminar-
transitional-turbulent regimes is shown in Figure 3.11 for a restricted Reynolds number
range. Clearly, industrial operations in the chaotic, highly nonlinear transitional regime
should be avoided.

Other skin-friction correlations for turbulent flow past a flat plate (Wilcox, 2006) include

C; =0.0576 Re;"® (3.139)

0.015

0.010 - Cf‘laminar =0.664 Rex_l/z

0.005 : Chlurbulent = 0-025 Re, 717
1
0.000

T o T o T T
103 104 105 106 107 108
—— > Re,

FIGURE 3.11
Flat-plate skin-friction coefficient C; (Rex )
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and from White (2006)

0.455
cy= 045 (3.140)
[logm (Re, )]

For example, considering turbulent flow past a razor-like flat plate with zero pressure gra-
dient, the form drag is negligible, and hence, the total drag on the plate of length L and
width w is due only to viscous effects. Specifically,

L
Fdrag = Fviscous = J.Twall (X)dA, dA = wdx (3141)
0
or
1
B = (‘2’ uiLw)_[c 7 (x)d [i) (3.142)
0

When selecting for C; using Equation 3.138, we obtain

F _ 7
Cp= ;)/2% =0.031Re;"” = & (L) (3.143a through )
When using Equation 3.140, the result is
0.523
=— " 1.15C,(L (3.1444a, b)
”” [In(0.06Re, ) ()

3.3.2 Internal Flows

The B-L results of Section 3.3.1 can be directly related to internal turbulent flows. For
example, we recall the following for turbulent pipe flow:

e Shear layers develop in the entrance region of length L ~ 10D, being shorter than in
laminar pipe flow due to the rapid cross-mixing.

e Again, for fully developed flow, the velocity profile is rather blunt; that is, the aver-
age velocity is near (81.7%) the maximum flow at the center.

¢ Also, the shear-stress field is very much larger than in laminar flow.
* The Reynolds analogy holds for turbulent pipe flow as well.

Starting with semi-empirical (time-smoothed) velocity profiles for turbulent pipe flow, the
convenient power law are frequently employed:

— 1/n _ 1/n
L (1 - r) and o 8.74(%) (3.145a, b)
R U, \Y

umax
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where:
R is the pipe radius
n (typically 7) is a function of Re, (see Appendix AL7.3.2)
the friction velocity u, = /T, /p
the wall coordinate y=R-r

While Equation 3.145a matches the BCs u (r=R) =0 and u (r=0) =u,,,,, its derivative at ¥=0
is not zero (see HWA in Section 3.4). Equation 3.145b can be rewritten in terms of inner vari-
ables u* and y*, as introduced in Section 3.3.1. When using just Equation 3.145b, the viscous
sublayer u*=y* is ignored, which is permissible, because the turbulent core covers 92% of
the tubular cross section (see Section 3.3.1 and HWA in Section 3.4).

Example 3.15: Fully Turbulent Flow Characteristics in a Smooth Pipe

Water at 20°C flows through a horizontal pipe (D=0.1 m, Q=4x10"2 m3/s) driven by
Ap/1=2.59 kPa/m. Of interest are the “laminar sublayer thickness” 8, the ratio of centerline
to average velocity; and, for radial position r,=0.025 m, the ratio of turbulent-to-laminar
shear stresses, where 7y,,;,,,, is the laminar stress portion of the turbulent flow field at r=r,.

Sketch 16 Assumptions

Steady fully developed turbulent flow
Smooth pipe
Constant properties

¢y=R4

Ttotal = Tlaminar + Tturbulent
Extent of laminar sublayer is 0 <y*<5 (see Equation
3.133a)

N
P
)

e o o o o

u(y) is linear in laminar sublayer

Method

e Mass conservation Q = JV/ dA=u,, A
A

e A1-D force balance on a C.V. of nR?Ax yields Ap~4t,, 1/ D
e Turbulent velocity profiles:

Umax

— 1/n
(i) Pipe flow: oo (1 - %) ; n=n(Re)

uavg

Here, we have Rep = =5.07 x 10° and hence, n=8.4 (see Appendix AL7.3.2 or
Schlichting and Gersten, 2014)

(ii) Pipe wall: u*=y* for 0<y*<5 and friction velocity U; = /T, /P

Properties: For water at 20°C, p=998 kg/m?, and v=10-° m?/s (see Appendix II).

Solution:
(@) Sublayer thickness &,

yi(y=38,)= % =50 (E.315.1)
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& = SVM ;
Hence, numerically,
T, =648 N/m?>  and
so that
4, =0.02mm

(b) With n~84 for Re,=5.07x10°% we have

w=2(%)
4\ ¢

1, =0.255m/s

R , 1/84
Q=0 (nRZ) = UmaxJ.(l - E) (2mrdr)
0

or

while u,,,=6.04 m/s.
() Anywhere in the pipe, we have

Trx = Trotal = Tturb +

Tlam

139

(E.3.15.2a, b)

(E.3.15.3a, b)

(E.3.15.4)

(E.3.15.5)

A 1-D force balance (or the momentum RTT) for fully developed flow yields

= ¢, or with ‘E(?’ = %) = Tyall

1-n

Ap _ 21,
)4
Trotal = 2t r
total — D
Numerically,
Tt (7 =7, = 0.025 m) = 32.4 N/m?

Recalling

dﬂ !“Lumax

am = L —— = —=11
o # dr r R (

We have numerically

Tiam (r = rp) = (vp)j—f

r=rp

Finally,

K= Tturb — Tiotal ~ Tlam

Tlam Tlam

_ L)T
R

:=0.0266N/m?

=1220

(E.3.15.6a, b)

(E.3.15.6¢)

(E.3.15.7a, b)

(E.3.15.8)

(E.3.15.9a through c)
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Comments:
¢ The laminar sublayer, only 20 pm thick, exhibits a very steep velocity gradient
and hence a very large wall shear stress.
* While u,,,,/t,,=2.0 for laminar flow because of the parabolic velocity profile,
the ratio is only 1.186 for turbulent pipe flow.
* Midway between pipe centerline and wall, the turbulent shear-stress portion
is an astonishing 1220 X T, inar-

Example 3.16: Log-Law Applications for Turbulent Couette Flow

Consider two parallel plates with spacing h, upper-plate velocity 1, and Ap=0.
Employing the standard log law, that is, Equation 3.133b, find the following, assuming
that the turbulent shear-stress distribution is approximately equal to the wall shear
stress:
1. Turbulent stress and eddy-viscosity expressions based on the Boussinesq and
Prandtl postulates, respectively
2. Upper-plate velocity for water at 20°C with the measured data #=0.03 m and
Tyan=15 Pa
3. Velocity profile u(y)

Sketch 17 Assumptions Method
y=h 1 u, ©® Steady 1-D flow e Log law, that is,
i ¢ No pressure Equation 3.133b
" gradient * Boussinesq:
' ® Ty ¥ Ty fOr du
) : u(y) 0<y<h tt=v,pE
T ¢ Constant density
y=0 X ! e Prandtl:
2.2 dj
Vi =pKy ay
Solution:
. u 1, yu, . . , .
Given —=—-In“—+B where k=041 and B=5.0, with Boussinesq’s postulate is
U, K Vv
t,=v,p(du/dy) and du/dy=u_/ky, we have for the case where 17,=7,
vt . 2
T =Vip— =Ty = Pli; (E.3.16.1)
Ky
or
Vi = Ky (E.3.16.2)
With the Prandtl model, the Boussinesq hypothesis reads:
T, = | pry? dul|du (E.3.16.3)
dy| | dy

where «ky=I[, is the eddy mixing length. Again, 1, =1,= pu? = vipdu/dy, where
du/dy=u_/xy. Substitution yields
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2 2 o U |du
pur =(pKY — |7
[ K”y]dy

or

du
Uy = Ky@

fo-
KoYy

resulting in another log-law expression:

Now, we can integrate

U
u:uz?lny+C1

(E.3.16.4)

(E.3.16.5)

(E.3.16.6)

(E.3.16.7)

With u(y = 0.51) = timax =1 /2 due to symmetry, we can rewrite Equation 3.133b as

o =lln(hu1)+8; B=5 and k=041
2u, ¥ 2v

With the numerical values,

e = JTu/p = \/15/998 = 0.123 m /s

Il 1n(h”1 )+ 2uB=572m/s
K 2v

Note that

Reh _ 05110]’1
\Y

= 85,628

Comments:

(E.3.16.8)
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E.3.16.9a)

(E.3.16.9b)

(E.3.16.10)

* The assumption that t,=71, in the entire gap distorts the results, implying a

quasi-linear velocity profile.

* Nevertheless, the numerical values for the very different velocities are of

interest.

3.3.2.1 Turbulent Convection Heat Transfer

In most industrial applications, turbulent pipe flow is non-isothermal; that is, heat
conduction and forced convection have to be considered as well. Again, what has been
learned from thermal turbulent B-L flow can be adopted for internal flow analysis.
Specifically, of major interest are the transport phenomena occurring at the wall, that
is, wall friction and wall heat transfer. So, we can normalize the two wall fluxes for
fully developed thermal flow with fluids at Prandtl number, Pr=v/a, of unity when
momentum and heat transfer are the same. This implies that the wall gradients of
the dimensionless velocity and temperature are identical; thus, the Reynolds analogy

reads:
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Cs Re~Nu or C;~Nu/(Re Pr)=St(Stanton number) (3.146a, b)

where C;is known as the friction coefficient (or the Fanning friction factor). Much more fre-
quently used is the Darcy friction factor f=4C; defined as

2(Ap/L)D
f= 8t _2(4/1) (3.147a, b)
Py, Pl
where:
Ap/L is the constant pressure gradient
D  isthe tube diameter
p  is the fluid density
u,  is the mean (or average) velocity
Clearly, for Poiseuille flow,
64
aminar — 3.148
ﬁ ReD ( )

However, for turbulent pipe flow, semi-equational correlations are necessary (see also
Moody chart in Appendix II). For example, Petukhov and Zhilin (1970) suggested

Fuusbutent = (0.79 In Rep—1.64) (3.149)

covering the range 3000 <Re <5x10°. Furuichi et al. (2015) reviewed friction factors for
pipe flow at high Reynolds numbers. More importantly, they measured and proposed an
accurate friction factor up to Re,=1.8 x10".

Again, connecting momentum transfer in pipes to convection heat transfer (see Reynolds-
Colburn analogy of Equations 3.20 and 3.21a through c) results in an empirical extension
of Equation 3.146b as

% = é =St Pr*/® = % (3.150a through c)
ep l'r
Equation 3.150 combined with Equation 3.149 yields
Nup = 0.023Rep® Pr'/? (3.151)

Equation 3.151 is very similar to the empirical Dittus-Boelter equation (see Incropera et al.,
2007) for 0.6 <Pr<160 and Rej,>10% when assuming L/D >10. For a broader range of Pr #
and Re # applications, Gnielinski (1976) postulated:

_ (f/8)(Rep—10°)Pr
T 1e127(f /8) (Pr-1)

(3.152)

which holds for 0.5 <Pr <2000 and 3000 <Re, <5 x 10°.
In summary, there are basically three methods for solving fully developed thermal flow
in conduits:
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. Solve the turbulent momentum and heat transfer equations directly, or the RANS
forms with suitable turbulence models for t; ,,paren: a0 G 4pparent-

. Employ the integral method by postulating smart turbulent v- and T-profiles that
satisfy the BCs.

. Use the Reynolds-Colburn analogy to obtain typically the Nusselt number, given
the friction coefficient C; or the Darcy friction factor f.

. In terms of the axial coordinate x, the local friction coefficient is (see Equation 3.150)

Cy (x)= 2S¢, Pr'/3 (3.153)

The next four examples illustrate the use of the derived equations/correlations and high-
light characteristics of internal turbulent flow, typically in contrast to laminar pipe flow.

Example 3.17: Derivation of Friction Factor and Nusselt Number Correlation for
Turbulent Pipe Flow with Constant Wall Heat Flux and Unit Prandtl Number

Consider steady fully developed turbulent pipe flow. Given measured flow rate, pipe
geometry, pressure drop over pipe length, and fluid properties, find expressions for
the friction factor and the Nusselt number based on the Reynolds-Colburn analogy.
Summarize three basic solution methods for this problem category.

Sketch 18 Assumptions Method
T = const or q; = const hx  Gux 1
. e Nuy=—=-""" e T, =—”. TdA
Voutc;r'»hconv. u k kAT (X) m b pl)
Ksolia or Niup=hD/k o 4= _kVT, where
r=R Q
¢ Ktuia qs = A :
y=R-r surf.
i => ch= o =TT =T
P, - s~ Lref
oT
3 "75 = qwall = _kﬂuid ai
r=0 N ey A S yy=0
X
v
¢ WwEpo | = épvﬁwan
Yy
Solution:

Rearranging, that is, normalizing the wall fluxes due to friction and heat transfer, we have:
e Wall friction:

A(0/ous)|  _ f pougl _ f
= =-—R E.3.171
dyn) |, 4 w4 o (E3171)
e Wall heat transfer:
(-1 -1)] _w_,, 3172

d(y/L) k

o
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Note that for Pr~1, v=a (same diffusivities, say for a gas), wall momentum and heat
transfer are the same (since the LHS slopes/gradients are identical); hence, we have the
Reynolds analogy:

%Re:Nu or Lo N _g (E.3.17.3a, b)

4 RePr

Empirical extension with the Reynolds-Colburn analogy then reads:

£ = pTw =c; =25tpPr*’3;  Stp = Nun/(Rep Pr) (E.3.174a, b)
2
o
) avg

For example, from turbulent pipe flow experiments,

f=0.184Rep™?; 2x10* <Rep <10° (E.3.17.5)

so that

Nup = 0.023Rel® Pr'/? (E.3.17.5)

for Rep>10% 0.7 <Pr<160; and L/D > 60. Equation E.3.17.5 matches the purely empirical
Dittus-Boelter correlation. Note: use f =0.3164 Rep® when 4 x 103 <Re;, < 105.

Summary of solution methods:
1. Solve the turbulent momentum and heat transfer equations directly or the

apparent

RANS forms (v=v+v and T=T+T’) with turbulence models for Tij

apparent

and ¢; .
. Employ turbulent v- and T-profiles with the integral method.
3. Use the Reynolds-Colburn analogy.

N

Example 3.18: Turbulent Thermal Pipe Flow

Consider fully developed hot air flow in a metal tube (77 =0.05 kg/s; L=5 m; D=0.15 m).
Because of the cold ambient (T,,=0°C, h =6 W/mZk), the air inlet temperature T, =103°C

ambient —

drops to T,=77°C at the tube outlet. Find the heat loss and surface temperature at x=L.

Sketch 19 Assumptions Method

- e Steady-state * Energy balance
T, :: e Air £ Ideal gas Q=ric, (T, -Tz)
— Moy e Constant properties * Radial heat loss
and parameters modeled as resistance in
. - 1 1 o Tube-wall effects series

Maie [ l—  negligible ¢ Nup-correlation

- D T, D T, |:1 Equation 3.151
[ Y |
1_, x=L
x=0

Solution:

e Properties (Appendix II) for T,;~360 K, Pr=0.7, c,=1010 J/kgK, k=0.03 W/m,
p=208.2x%107 N-s/m?
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® Reynolds number Rep = A :=20,384 (i.e., turbulent)
urnD

* Heat loss over entire tube: Q = riic, (T, = T) = 1313 W

e Tube surface temperature T, at x=L (see thermal resistance network, which
implies Qheat= AT/Rthermal)

T(x:L): TZ TwallE Ts Tambient= Tw
(Radial heat flux)
Ripner= — Rypper= ——
nner hinner oute hinner
Hence, we can write:
T.-T.
g(x=L)=5"—7— (E.318.1)
—+
hi hamb.
where:
k

h,‘ :h(x:L):NHDB

Nup = 0.023Rel/° Pr'/®

Finally, with Nu;,=57.22 and hence h;=11.44 W/m?>K, we have

J
s(x=L)=305 E.3.18.2
9:(x=L)=305 5 (E318.2)
Now, applying again

g =h(T,-T.) (E.3.18.3)

we obtain
T.=77 - 30 _5p34°c (E.3.18.4)

11.44
Comments:

® As just an end-point temperature (i.e., T,,..,) Was required, only a global (or whole-
system) analysis was necessary. Thus, the combination of overall energy balance plus
aradial resistance network representing the radial heat flux yielded the desired result.

e A differential analysis, that is, reduced forms of the N-S and convection heat
transfer (CHT) equations with appropriate closure models, would make an inter-
esting Course Project (see Chapter 10).

Example 3.19: Mean Temperature Development for Thermal Turbulent Pipe Flow

The mean fluid temperature is very useful; for example, as used in the dimen-
sionless temperature profile, which is a function of the pipe radius only. Consider
fully developed turbulent flow in a tube of diameter D. Find an expression for
T,(x), given the mean inlet temperature, wall temperature, average heat transfer
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coefficient, and mass flow rate. What is T,,(x) when the tube is subjected to a con-

stant wall heat flux ¢,,?

Sketch 20 Assumptions

Method

qw e Steady fully developed
l (or T,) tubular flow with
thermal B.C.

. r Tty e Constant fluid
m T properties
j : L T)

¢ 1-D energy balance for
an REV (ie., 1R?Ax)

in terms of T,

mean

° Qwall,i.n = Qﬂow,out

Solution:

For the uniform heat flux case with g, given, the overall energy balance Qwan,m = ('Qﬂow,out

can be written for an arbitrary pipe section Ax=x,-x; as

G (TDAx)
- = Tm - Tm
=) Tun)
in the limit
dT, _ gu(nD)
dx e,

or

T, (x) = Tm,O + anw X

itc,

(E.3.19.1)

(E.3.19.2)

(E.3.19.3)

The two classic cases, that is, T,,=const. and g,,=const., are depicted in Graph 8a and b,

respectively.

Graph 8:

T,

wai

J1 = const.




Incompressible Viscous Fluid Flow Applications

Example 3.20: Falling Film Where the Film Thickness Is h=h(z,t)

147

Sketch 21 Assumptions Method
y ¢ Transient, laminar, e 1-D fluid mass
--D flow balance, that is, PDE
® v,(y) is steady and for h(z, t)
z Pt fully developed ¢ Determination of
e Constant fluid vavg via the reduced
properties N-S equation

-~
0y
&
<

o h(zp)
a_m 1~ My
ot |REV
7
,/ >\// // // ’ REV
, ’ 7 ’ ’ ’
Az // ’ // // // hxAzxw
/7 /7 7 7 7 7
/ / 7/ 7/ 7 7/
’ ’ ’ ’ ’ ’

e Trial solution
h=A\z/t witht>0

Solution:

Considering the 1-D global mass balance
om

N, — min - 7”./lout
ot

Then, with depth w=1and v =10, = %J.UZ (y) dA , we have
A

oh
pAzE = poh|, —pvh|

z+Az

Dividing by Az and taking the limit, that is,

n__ o
ot 0z
leads to the expression
oh oh
5, avg — =0
ot T Oavg 0z

The average film velocity, Vv
solution of the reduced N-S equation:

0-u 7.
n dy? pg
Invoking the boundary conditions
o(y=0)=0 and ol g

(E.3.20.1)

(E.3.20.2)

(E.3.20.3)

(E.3.20.4)

is obtained from the velocity profile, v,(y), which is the

(E.3.20.5)

(E.3.20.6)
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after double integration yields

o(y)= piﬁz {2(%) - (Zﬂ (E:3.207)

The average film velocity is therefore

1
Vung = ZJUZ (y)dA = %hz (E.3.20.8)

A

Using the trial solution h(z,t)= A,/z/t as well as the v,,, result in the PDE (Equation
E.3.20.4) yields an equation that may be used to determine the unknown coefficient, A:

al(z)" Pg .of 2 821/2_
a6 )] 3209

Hence,
0
P2 pz0 or A={3u (E.3.20.10)
3u g

Finally, we obtain the solution for the film height as

h(z, t)= %\E (E.3.20.11)

pg vt
Graph 9:
h(z)

Comments:
* h(z,t)—>h(z) as t— oo
e Ji(z=0)=0for t>0
* Re, <1 to avoid ripple effect

3.4 Homework Assignments

As mentioned, homework problems done ultimately independently should help to fur-
ther illustrate fluid dynamics concepts as well as approaches to problem solving and,
in conjunction with Appendix I, can sharpen the reader’s math skills. The key word is



Incompressible Viscous Fluid Flow Applications 149

“independence”; that is, the student should be able to (1) satisfactorily answer all concept
questions and (2) solve correctly all basic fluid dynamics problems.

The “Insight” questions emerged directly out of the Chapter 3 text, while some
“Problems” were taken from lecture notes in modified form when using White (2006),
Cimbala and Cengel (2008) and Incropera et al. (2007) over the years. Additional examples,
concept questions, and problems may be found in any undergraduate fluid mechanics
and heat transfer text, or on the Web (see websites of MIT, Stanford, Cornell, Penn State,
University of Michigan, etc.)

3.4.1 Physical Insight

Whenever possible, answers to Physical Insight questions should feature a sample illustra-
tion (or system sketch), a brief description/explanation, and some math in terms of defini-
tions or derivations.

3.1 Concerning Table 3.1, provide additional examples with sketches illustrating the
different flow assumptions and associated math descriptions.

3.2 Show that Equation 3.3 also holds for basic flows in cylindrical coordinates, and
discuss the impact on the velocity field in the case of cylinder rotation.

3.3 For Case A in Example 3.3, determine the location of the maximum velocity.
Knowing Q from measurements, what can Equation E.3.3.7 be used for?

34 Consider steady laminar flow of the Von Karman pump, where a thin disk rotat-
ing in a reservoir (i.e, an infinite body of a quiescent viscous fluid) sucks the
fluid in, swirls it, and distributes it radially. Sketch the system, set up the reduced
momentum equations plus BCs based on sound postulates, and discuss an
application.

3.5 Revisiting Section 3.1.2, develop a criterion that sets the limit for the “nearly
parallel-flow” assumption.

3.6 Why is there a minus sign in Equation 3.9?

3.7 Provide practical applications when the viscous dissipation function in Equation
3.10 is important.

3.8 In an extension of Example 3.5, evaluate T}, and find #. Comment!

mean

T,

wallr

3.9 How do heat conduction and convection heat transfer differ? How do T, ,s.cer
T, Tty Toue and T, differ?

3.10 The convective heat transfer coefficient /1=q,,,;/(L,yan—Ires) is considered by some
researchers as an artifact that masks the actual physics of convection heat trans-
fer. Discuss this topic.

3.11 Why is the Nusselt number for the isothermal wall condition larger than for the
constant heat flux case?

3.12 Derive Equation 3.20 and comment on the advantages of heat-momentum trans-
fer and heat-mass transfer analogies.

3.13 Revisit Example 3.6 and discuss the case of high-speed spindle rotation, that is,
;> 1 and g,,,; #0.

3.14 Considering problem solutions to linear momentum or convection heat transfer,
it is evident that the flow rate of fluids or heat can be expressed as the ratio of
“driving force”/resistance; for example,
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Ap
2 Rpuia for momentum transfer
Q = T

_ar
2 Rthermal

Write a report on the derivations and multitude of applications of such correla-
tions. Is there something similar for species-mass transfer?

for heat transfer

3.15 List examples of transient flows in industry and nature. Why is Stokes” First
Problem solution so important? For which applications does it provide math
models?

3.16 Discuss the three figures of Example 3.8; that is, explain the time-lag between
pressure-profile and resulting flow rate as well the reason for the M-profile
formation.

3.17 Draw representative streamlines through the boundary layer of steady laminar
flow past a flat plate. Comment!

3.18 In Example 3.8, why is the basic polynomial such a good choice for the axial
velocity profile in Blasius flow? Find an expression for the normal velocity v(x, )
and graph v(y) at different x-stations.

3.19 Summarize and discuss 2-D problems described by PDEs that can be transformed
to ODEs with suitable “combined variables.”

3.20 Why is the velocity above an airfoil (or wing) much higher than below (see Figure
3.5)? What are the implications?

3.21 While ups and downs of the drag curve Cg,,,(Rep) for a sphere of diameter D are
described (see Figure 3.6), now provide explanations for the Cg,,, ~Rep decrease
and dip, as well as the flow-separation delay when moving from laminar to tur-
bulent flow.

3.22 Check out the details in the open literature of the Stokes Equation 3.76. Why is the
form drag twice the frictional drag? Discuss a system where it is the opposite.

3.23 Generate a review report on laminar and turbulent jets with industrial applica-
tions (see Section 3.2.4).

3.24 List causes of turbulence in natural and industrial settings, and show that turbu-
lent flow is always transient, 3-D, and chaotic.

3.25 Derive the RANS Equations 3.124 and 3.125.

3.26 Write a report on practical turbulence models to gain closure (see Equations 3.127a
through c).

3.27 Turbulent pipe velocity profiles: (a) Plot Equation 3.145a for exponents n=7 and
10, and discuss the pros and cons of this i(r)-profile correlation. (b) Compare
Equation 3.145a with Equation 3.145b. (c) Derive an expression for u asa
function of exponent 7.

ang/umaX

3.28 Derive Equation 3.128, list useful expressions for friction factor f(Re), and
comment.

3.29 Derive, plot, and discuss the results given with Equations 3.1.34 through 3.138.
Why are all dependent variables a function of Re;"” ?
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3.30 Derive and explain the connection between Cg,,, and Cyn griction (S€€ Equations
3.143 and 3.144).

3.31 Graph and compare carefully Equation 3.145a versus Equation 3.145b, take the
derivatives at ¥=0, R (or y=R, 0), and comment on the results.

3.32 Discuss the pros and cons of the different solution methods for turbulent CHT in
pipes. For what (dimensionless) temperature does the temperature field appear
to be thermally fully developed, that is, the T-profile does not change in the axial
direction?

3.33 Considering the T, =¢ case, develop an equation for T,(z), mentioned in
Example 3.19.

3.4.2 Engineering Problems

Before launching into an engineering-problem solution, three preliminary tasks should be
carefully executed:

1. A system Sketch with coordinates, expected velocity/temperature profiles, and
given/unknown parameters in symbolic form

2. A detailed list of Assumptions concerning flow field characteristics, system simpli-
fications, submodels, and fluid properties

3. Solution Method in terms of concepts and approach, expressed as brief mathemati-
cal statements

3.34 Consider horizontal tubular flow (D;=D,,.=5 cm, p=10° kg/m?®) for which a
Venturi meter (D,=Dy,,,=3 cm and K=0.98) with a differential pressure gage
measures Ap=p, —p,. (@) Develop an equation for the mass flow rate #1, and plot

1 (Ap) for 1<Ap <10 kPa. (b) Compute the average tube velocity for Ap=>5 kPa.
3.35 A 50 hp air-compressor sucks in ambient air (Q=0.3 m3/s, p=100 kPa, p=1.15 kg/m?,

p=18x10-5 ﬁ) through a long pipe (D=20 cm, L=20 m, £=0.15 mm). What per-
m-s

centage of the compressor power is lost due to the (frictional) pipe resistance?

3.36 Consider two parallel-connected pipes, both of diameter D and of the same mate-
rial but of lengths L and X', where 1<X<4. Find and plot the flow rate ratio
Q,/Q, as a function of X.

3.37 A typical industrial process is the discharge of a highly viscous liquid from a
tank [D, h(t=0)=H] via a horizontal long small pipe (d,L). Assuming laminar flow
and negligible losses (e.g., pipe entrance, etc.), derive an ODE for k(f), which is the
fluid depth. Solve for t=t(h; L, d; D, H), and graph h(t).

3.38 Consider steady fully developed flow of a power-law fluid (17, n) in a slit of small
spacing 2h formed by two plates (L x W).

(@) Compare your velocity profile with the Poiseuille solution (m=p, n=1):

a6l Bl
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(b) Show that the mass flow rate is

o prhz h(AP) 1/n
(1/n)+2|m\ L
(9 How would your results change if the plates were vertical, that is, 100% down-
ward flow, and still subject to a pressure gradient?

3.39 Commercial capillary viscometers (see Bird et al., 2002) can be modeled as cylin-
drical Couette flow. Assuming that the inner cylinder (radius kR, 0<k<1) is
stationary and the outer one (radius R, forming a small gap of filled with an
unknown power-law fluid) rotating at low angular velocity o, due to a measured
torque, how would you obtain the power-law fluid parameters m and n? R—«xR

340 Consider flow of a power-law fluid (m,1; p) in a horizontal annulus (kR and R).
The fluid is kept in motion due to the translatory motion (u,) of the inner cylinder

(xR).
(@) Derive the velocity profile v,(r;v,kR;n) and show that it simplifies to
1 R
&=M forn—1.
Vo In x

(b) Find an expression for the mass flow rate riz for n#1/3; whatis m (n#1/3)?

341 Consider flow of two immiscible fluids (viscosities p, and p, with different den-
sities) between parallel horizontal plates a small distance 2k apart, driven by
Ap/L =constant. Assuming that the interface stays planar and each fluid takes up
half the channel, find the shear stress t,, and velocities u;(y) for —-h <y <0 and u,(y)
for 0<y<h.

342 Aninverted U-tube acts as a water siphon (see Schematic 1). The bend in the tube
is 1 m above the water surface; the tube outlet is 7 m below the water surface.
The water issues from the bottom of the siphon as a free jet at atmospheric pres-
sure. Determine (after listing the necessary assumptions) the speed of the free jet
and the minimum absolute pressure of the water in the bend (see Point A). Note:
Patm=1.01X10° N/m? and p=999 kg/m?.

Schematic 1
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343 Consider steady fully developed airflow in a smooth tube where a Pitot-static
pressure arrangement measures Py, and Pgenaiion @S shown. Estimate (a) the cen-
terline velocity; (b) the volumetric flow rate; and (c) the wall shear stress.

Schematic 2

— A Properties:
Pair= 12 kg/m3
Air Hair=1.8x107 kg /(ms)
----------- —>=-=-N""---X 8cm  puue=998 kg/m3
20°C 1 Hyater=0.001 kg / (ms)

k\)(/ater l 40 mm

344 Draw very carefully a gravity-driven vertical velocity profile, v,(r), in an annulus,
that is, a ring-like gap formed by a cylinder placed concentrically in a pipe. Is the
profile symmetric with respect to the gap’s center? If not, why not? With a slight
fluid-dynamic system change, can the ratio of the wall shear stresses ever be one?

345 Consider a viscometer consisting of two concentric cylinders (R, and R,) where the
inner one is fixed and the outer one rotates with w,=const. The gap, AR=R,-R,,
is filled with a viscous (unknown) fluid. Solve for the velocity profile in the annu-
lar gap R, <r<R,, and find an expression for the shear stress at the surface of the
inner cylinder.

346 A (wide, vertical) moving belt drags upward at velocity v, a viscous fluid layer of
thickness h. Develop expressions for the film’s velocity profile, the average fluid
velocity, the shear-stress distribution, and the volumetric flow rate per unit width.
What is the condition for the minimum belt speed to achieve net upward flow?

347 A horizontal disk of mass M and face area A can move vertically when a water
jet (d,v,) strikes the disk from below. Obtain a differential equation for the disk
height h(t) above the jet exit plane when the disk is initially released at H> h,,
where hy is the equilibrium height. Find an expression for h, sketch h(t), and
explain.

3.48 Consider two inclined (angle ) parallel plates a distance d apart, where the upper
plate moves at u, = ¢ and a constant pressure gradient is applied to the viscous
fluid (p, p). Derive an expression for the velocity, and graph typical profiles for
different dp/dx values. Evaluate t,,,; and graph t,.(y).

349 Expanding on the modeling equations for the Von Karman pump (see Problem 3),
solve for the velocity field and plot the results.

3.50 The axial velocity of an incompressible fluid flowing between parallel plates is
given as u(y) =fct.(Ay, By?).
(i) Determine v(x, v).
(i) When and where is u=u(x, y)?
(iii) Draw a velocity profile for each case.
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3.51 Convection heat transfer: Consider a well-insulated tube (D;=20 mm, D,=40
mm) with an electric wall heater providing g.,=10° W/m? to increase the average
water temperature T,(x=0)=20°C to T;(x=L)=60°C when #it.er =0.1kg/s with
C,=4179]/kg K.

(@) Find the necessary tube length.

(b) Assuming a constant convection coefficient #=1500 J/m?-K, find the inner-
surface inlet and exit temperatures.

3.52 Consider a well-insulated counter-flow heat exchanger (i.e., a thin-walled, double
pipe system), which connects a water heater to a shower. Specifically, cold water
(c,=4.18 kJ/kg°C) enters at 15°C at a rate of 0.25 kg/s and is heated to 45°C by hot
water (c, =4.19k]J/kg°C) that enters at 100°C with 3 kg/s. Determine (a) the rate of
heat transfer and (b) the rate of entropy generation in the heat exchanger.

3.53 Expand Example 3.19 by solving the CHT problem for the isothermal wall case.

3.54 Consider a mixing chamber where liquid water at 200 kPa and 20°C is mixed with
superheated steam at 200 kPa and 150°C, and the mixture leaves at 60°C and 200
kPa. The chamber loses heat at a rate of 1200 k]/min to the ambient (T, pien:=25°C).
Find S01=Sgen-



Part B

Modern Fluid Dynamics Topics

The fundamentals of fluid mechanics and convection heat transfer were discussed in the
first three chapters, that is, Part A. From there, it seems to be a bit of a jump to start Part B
with two-phase flow applications, such as flow through saturated porous media, mixture
and non-Newtonian fluid flows, as well as fluid-particle dynamics. However, sticking to
simple but essential aspects of these modern topics, the new material is presented as a logi-
cal extension of what has been discussed in Part A. In Chapter 4 for example, “two-phase
flow” is reduced to laminar fully developed flow in: either tiny straight tubes (or pores), or
homogeneous mixture flows, or flow of well-dispersed particle suspensions. Thus, in Part
B, the system geometries, basic assumptions, and governing equations stay the same for
the most part, although the math requirements may go up a notch. The same holds for the
material given in Chapters 5 through 7. Chapter 8 then adds some solid mechanics essen-
tials to analyze fluid-structure interaction phenomena. While almost all problems posed
in Chapters 1 through 8 have analytic (or simple approximate) solutions, Chapter 9 deals
with numerical solutions of more complex systems and hence, discusses more challenging
fluid-particle dynamics problems.

It is very important as part of an in-depth education and for a professional career to
learn how to carry out detailed problem solutions and subsequently proper report-writing.
For that purpose, Chapter 10 provides a guide to accomplishing such assignments as they
may be encountered in industrial, governmental, and/or academic environments.
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Mixture Flows

By definition, a mixture flow, typically with two phases, is the interactive flow of two
distinct phases with common interfaces in, say, a conduit or around a submerged body.
Each phase, representing a volume fraction (or mass fraction) of solid, liquid, or gaseous
matter, has its own properties, velocities, and temperatures. Typical examples are dilute
(or dense) particle suspension flows, which include droplets in gas flow, air-bubbles or
vapors in liquid flow, as well as liquid/gas flow with solid particles. Thus, such mixtures
may form various two-phase combinations, including solid—gas or solid-liquid flows
as well as liquid—gas or gas-liquid flows. In addition to the flow-system geometry plus
inlet conditions, the characteristics of the particulate matter, mainly particle size, shape,
density, and concentration, together with the type of carrier fluid, determine the two-
phase flow behavior and hence, the type of solution approach. In addition to predicting
the volume or mass fractions of the flow phases, it is also important to know the flow
regimes, that is, characteristic flow patterns based on the interfaces formed between the
phases (see Figure 4.1). Two-phase systems can be grouped into flows of separated phases,
mixed phases, and dispersed phases. Examples of separated flows include liquid layers
on a wall in gas flow, for example, an oil film on water, the mucus layer in lung airways,
and liquid jets in gas flow (or vice versa). Mixed-phase flows are encountered in phase-
change processes, such as boiling fluid flow channels and steam pipes with vapor core
and annular liquid wall film, as well as heat pipes with large vapor bubbles and evaporat-
ing liquid layers on heated surfaces. A frequent occurrence of dispersed flows is solid par-
ticle distributions in a liquid or gaseous stream. Traditionally, two-phase flow theories
and applications were the domains of applied mathematicians as well as chemical and
environmental engineers. However, for pipe-network design, pump sizing, and applied
force evaluation, mechanical engineers have to know basic two-phase flow modeling
techniques. The reason is that many industrial fluids to be conveyed may actually be
non-Newtonian fluids, such as polymeric liquids, slurries, foodstuff, synthetic oils, and
so on. Furthermore, biomedical engineers encounter fluid-particle dynamics problems
in both the cardiovascular and the pulmonary systems, especially during drug delivery.
Interacting multi-component droplet-vapor mixtures, which may appear in electronic
cigarette smoke and welding fumes, as well as during fuel-handling, spray operations,
and combustion processes, to name a few, are highly complex. In any case, a more direct
two-phase flow classification would be that the particles, droplets, or bubbles are the
dispersed (or “particle”) phase, while the carrier fluid is the continuous (or fluid) phase. The
degree of phase-coupling may vary from one-way for very dilute particle suspensions to four-
way in dense multi-particle suspensions. In the latter case, not only does fluid flow affect (as
always) particle motion, but particles also alter the local flow field. Furthermore, particle-
particle as well as particle-wall interactions occur due to collisions, and particle-induced
flow fields may affect other particles, which can be solid and/or liquid.

In the frequent case of solid spheres in gas or liquid flow, there are two basic solution
options when it can be assumed that the particle suspension is dilute:
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FIGURE 4.1
Flow regimes in vertical pipes with co-current gas-liquid flows.

1. For flows of nanoparticles dispersed at low-volume concentrations in a carrier
fluid, the Navier-Stokes (N-S) and one-way coupled mass transfer equations are
solved within the Euler—Euler framework.

2. Particles with measurable inertia (say, d,> 100 nm), after solving the N-S equations
for the fluid flow field, are tracked with Newton’s Second Law of Motion within
the Euler-Lagrange framework.

These modeling approaches are discussed and illustrated with examples throughout this
chapter.

Critical heat transfer may change the thermodynamic state of a phase or may generate
two-phase flow in the first place, as discussed by Naterer (2002) and Faghri and Zhang
(2006). Other recent two-phase or multiphase books include the texts by Crowe et al. (1998)
and Kleinstreuer (2003), and the handbook edited by Crowe (2006).

It should be evident from reading the brief introduction that a very dilute suspension
of uniformly distributed (micron or nano) particles, which only slightly affect the mix-
ture properties, constitutes the simplest two-phase flow problem and hence, the easiest
case to solve. Such well-mixed particle suspensions, which are actually pseudo two-phase
flows, can be described with the single-fluid mechanics equations and fall into the cat-
egory of flow mixture models (see left box in Figure 4.2). In contrast, when a distinct particle
phase interacts with the continuous phase, more complex separate flow models are needed
to describe the two-phase dynamics (see right box in Figure 4.2).

One “two-phase flow” application is flow through a saturated porous medium, where
the dispersed phase is actually a rigid porous structure forming small irregular con-
duits in which a fluid flows. Thus, in most cases, it is actually (steady, laminar) single-
phase flow. So, we start with “porous media flow,” describing it as a special case of
Poiseuille flow in a network of very small tubes (see Section 4.1). Then in Section 4.2,
two groups of pseudo two-phase flows are discussed, that is, quasi-homogeneous mix-
ture flows and non-Newtonian fluid flows. Again, they are treated as extensions of
solutions to Newtonian fluid flows given in Chapters 2 and 3. Section 4.3 (see right box
in Figure 4.2) provides problem solutions of separated flows, for example, solid spheres
moving in air, water, or oil.
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Two-phase flow models

- i
Flow mixture models Seperated flow models
(well-mixed or well-dispersed media, (e.g., side-by-side interacting
ie., pseudo two-phase flows) fluids, or “particles” in gas or
« Dense, uniformly dispersed liquid carrier fluids)
micron and submicron-size « Free surface or two-
particle flows with effective layer/two-fluid flows
mixture properties » Particle or particle cloud
« Dispersed phase with particle trajectories
drift velocity relative to carrier + Non-uniform, non-
fluid flow equilibrium particle sus-
+ Non-Newtonian fluid flows pension flows
»  Quasi-homogeneous equilibrium flows « Two interacting-fluid flows

FIGURE 4.2
Two-phase flow modeling categories.

4.1 Porous Medium Flow

A porous medium is typically a fixed solid matrix with a connected void space, which is
either 100% filled with a moving fluid (i.e.,, saturated flow of, say, water) or filled with
a liquid-gas combination, known as unsaturated flow. The fraction of void space to total
volume is the porosity, which may go up to 0.6 in nature and up to 0.99 in industry, such
as for metallic foams. The permeability k (in meters squared), depending greatly on the
medium’s effective pore diameter and porosity, indicates the ease with which a fluid is
flowing through a porous medium. Darcy in 1856 established for groundwater flow a 1-D
linear proportionality between the driving force (say, d,/d,, and/or gravity) and the flow
resistance, no/k, where v is the superficial (or volume-averaged) velocity. This correlation
only holds for small, volume-averaged “filtration” velocities; that is, the Reynolds number
based on the pore (or particle) diameter has to be less than 1. A major extension of Darcy’s
law is the Brinkman-Forchheimer equation, discussed in the next section. Materials with
flow-through-porous-media applications include soils, rocks, and sands as well as foams,
composites, fibers, and tissues and also membranes, filters and packed beds. A review on
convection in porous media is given by Nield and Kuznetsov (2013).

4.1.1 Saturated Porous Medium Flow

In numerous natural and industrial processes, a fluid flows (or just seeps or migrates)
through a fully saturated porous medium. Examples include blood flow through tissue,
groundwater flow through geologic media, oil or steam dispersion through sand and
porous rock, fluid flow through a container packed with spheres, pellets, or granular
material (with upward flow known as “fluidized beds”), moisture migration through a
porous composite, mixture flow across membranes or filters, coolant flow through nano-
channels, and so on. In any case, as indicated in Figure 4.3, the local velocity field through
conduits packed with spheres, pellets, cylinders, fibers, cells, or granular material is very
complicated. The same holds for flow in capillaries, pores, fissures, and nanochannels.
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FIGURE 4.3
Upward flow through a porous medium column.

For that reason, a volume-averaged, that is, superficial velocity has been introduced (see
Figure 4.3) as

(i) = %Jaw: % (4.1a,b)

where, assuming incompressible fluids:
Q is the volumetric flow rate
A is the cross-sectional area of the porous medium

It should be noted that the length-scale of the control volume, V'3 is smaller than the
characteristic length of the system, say, channel height or pipe diameter; but also, V3 s d,,
that is, the pore (or pellet) diameter, so that we have d, < V'/? < Ly em. Note, the integral
extends over the volume space occupied by the fluid. Clearly, (i1)is a function of the driving
forces (e.g., pressure gradient and/or gravity) and fluid properties (i.e., viscosity and den-
sity) as well as the porous medium structure and type of material. As with all complicated
fluid flow problems, possible solutions start with dimensional analysis and experimental
investigations. Specifically, based on Darcy’s observations in 1856, the uniform superficial
one-dimensional (1-D) velocity of a viscous fluid through a homogeneous porous medium
is (Figure 4.3)

__®(dp
(uy = " (dz + pgz) 4.2

where a [L?] is the permeability, that is, v/ [L] can be used as a length-scale representa-
tive of the effective pore diameter.

Note that a&/u =K is the “hydraulic conductivity.” Not surprisingly, a has been corre-
lated to the porosity ¢; for example, by Ergun (1952) as

3d2
= e 4.3)

where C=150-180.
Assuming negligible gravitational effects, Equation 4.2 can be used to determine the key
driving force, that is, the pressure gradient, as



Mixture Flows 161

dp _Culu) (1-¢)’
dz d; e
The porosity, or void fraction, is a volume ratio; that is, € =Vyia/Viotal = ¥ partictes / V total- It can

be employed to construct a particle Reynolds number; for example, for a uniformly packed
bed of spheres,

4.5)

d
Re, = plu)d, (4.6a)
(I-e)u
Alternatively, the Reynolds number is based on /e, that is,
Re= V= (4.6b)
v

In any case, Equation 4.2 holds for Re <1, but it is often used up to Re~ 10. When Equation
4.2 without the gravitational term is compared with the Poiseuille flow result for a hori-
zontal tube of radius R, that is,

2
uaverage = R(_ dl ) (47)
8u
the similarity is obvious. Thus, it is conducive that a homogeneous porous medium could
be modeled as an assemblage of tiny (straight) tubes (i.e., pores) with steady laminar fully
developed flow of a viscous fluid (see Example 4.2).

Because of the obvious shortcomings of Equation 4.2—for example, Re <0 (1), 1-D flow
only, the no-slip condition cannot be enforced, local variations in the flow field and porous
material structure are averaged out—several additions to Equation 4.2 have been proposed.
As mentioned, the two most famous ones are the Brinkman (1947) and the Forchheimer
(1901) extensions to Darcy’s law, where in three dimensions (3-D)

puld AV2i 4.8)
® Brinkman

Forchheimer  term
term

vp=-tia-c;
x

where:
uzu)
C; is a dimensionless form-drag constant, which depends on the characteristics of the
porous medium and the bounding walls, if any; typically, C;~0.55
the effective viscosity [i = u; however, the ratio [l / can depend again on the nature of
the porous medium

When comparing Equation 4.8 with the N-S Equation 2.33, it is apparent that the
nonlinear Forchheimer term relates to the inertia force. It is a necessary addition for
porous media flow with Re> 10, that is, when the pore-flow is still laminar but the form
drag posed by the porous material structure becomes important. The second-order
Brinkman term relates to the viscous drag term. It is necessary to enforce no-slip bound-
ary conditions; that is, the term is significant in thin wall shear layers, typically of thick-

ness Ve << Lgystem-
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Porous
media

FIGURE 4.4
Unidirectional channel flow with porous medium flow.

Quite frequently, channel flow interacts with (saturated) porous medium flow (see
Figure 4.4) where the magnitude and gradient of the velocity have to match at the inter-
face between fluid layer and medium. As a first approximation, Beavers and Joseph (1967)
suggested

Ju o

- =7 (uslip - up.m.) (49)
dy 40 Je
where:
uslip: u(]/ = 0)
u, . is the averaged superficial velocity well below the interface

More realistic interface conditions are given by Ochoa-Tapia and Whitaker (1995):

u=v (4.10a)
and
ldl_dlziu (4.10b)
edy dy Ve

where &, p and ¢ are measured coefficients.

4.1.2 Modeling of Flow through Saturated Porous Media

Two examples illustrate the background of Darcy’s law (see Example 4.1) and a possible
derivation of the hydraulic conductivity K (Example 4.2), while Examples 4.3 and 4.4 dem-
onstrate the application of extensions to Darcy’s law.

Example 4.1: Darcy’s Experiment

Sketch 1 depicts the basic setup of Darcy’s experiment. In terms of the form factor
$=A/I of the porous slab, find the flow rate for the given data, that is, A=10 m?,
I=1.5m, h=1.0 m, and the Darcy coefficient k=yK=0.5 cm/s, where y = pg. Derive also
Darcy’s law.
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Sketch 1 Assumptions
Feed e Steady laminar flow with Re<1.0
Qi v ¢ o ® Height I kept cor}stant
= g ¢ Constant properties
R R SO LR * Homogeneous “sand-filter”
0,00 00000 v ;
80,0 Sém(':i filter 5 = S without wall effects
I % © (area A height I) Qout  Method:
o OO 000 ©O o (@] . .
090 00 &L 909 e Bernoulli and mass conservation
N e RE R R
_i_ Permeability k
Solution:

* Based on dimensional analysis, we can state:

Q=Q| @ wov A hl (E4.1.1)
~korK ~Ap

¢ From laboratory observations:

Q_h O &

= after Bernoulli (see Equation 2.41)
A A pgL

Darcy employed a coefficient of proportionality k, so that

Q= (k};)A=uang (E4.1.2)

That coefficient depends on both the porous matrix and the fluid properties, that is,
k=eepg/n=vyK (E4.1.3a,b)
where:
@  is the permeability
y=pg is the specific weight
K is the hydraulic permeability

From these findings, the previous equations can be formulated, that is,

Ung = (1) = —KZ—Z (E4.14)

and as a 3-D extension:

vp=-t3% (E4.1.5)
x

For the present problem,

=6.6mand Q=kh$:=0.033m?>/s

_A
0=
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Note: Typical Darcy coefficients, with [k]=length/time, for averaged grain sizes and
different soil types are given as follows:

Clean Fine Coarse
Soil Type Gravel Gravel Sand Fine Sand Clay
Grain size (mm) 4-7 2-4 0.5 0.1 0.002
k-range (cm/s) 2.5-4.0 1.0-3.5 0.01-1.0 0.001-0.05 10-°-10-°

Example 4.2: Evaluation of the Hydraulic Conductivity

As discussed, a possible porous-medium model is a structure with n parallel tubes of
diameter d, representing straight pores or capillaries. Assuming steady laminar fully
developed flow in horizontal tubes, find an expression for the hydraulic conductivity
K=ee/p.

Sketch 2 Method

Equate volumetric flow rate obtained from
Poiseuille flow with Darcy’s law, where

dp/dx~¢ and (u) :%:_K%

ﬁéé@
Qﬁ éé
/;ééé

Solution: Using the Poiseuille-flow result of Equation E.2.6 to obtain the flow rate per
pore (or tube) n, we have

-
oai

N

4
g = Vg Apube = — md dl (E421a)
n 128u | dx
As indicated in Figure 4.3, (1) = Q/A = €0, so that A=n/e A, ..
Hence,
Q 1 dp \d’n
= =(u)—App. =—-K| — — EA4.2.1b
n () g dx | 4e ( )
so that by inspection,
2
= :2—; (E42.2)

where the porosity range is 0 <e <1.0.

Comments:

® Once the average pore diameter has been estimated and setting £=0.5-0.7,
with the known fluid viscosity, K and e can be calculated, and hence, suitable
porous medium flow analyses can be carried out.

e Equation E.4.2.2 can be compared to the semi-empirical correlation by Ergun
(see Equation 4.3); that is, in both cases, K~d? and .
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Example 4.3: Creeping Flow in a Channel Filled with a Porous Medium

A slab of homogeneous porous medium of thickness h, bound by impermeable channel
walls, represents a good base case for axial flow through porous insulation, a filter, a
catalytic converter, tissue, and so on.

165

Sketch 3 Assumptions Method
7 ¢ Creeping flow, that Use of the

69°50°1% % g o %°, %o is, (u)=u, where DarcX—Brinkman

y OOOOO h/2 ° O op e 00 u=u(y) only equation to
500 |0 e Jpjox=¢ invoke no slip at

o® o oo
Q=L 0 Aho00 272, Q- —--- * Constant properties channel walls
* Symmetry
Solution:

For the present case, the 1-D form of Equation 4.8 without the “high-speed” Forchheimer
term reads:

dp__u, d’u

+ === E4.3.1
dx e Hdyz ¢ ( Y
or
2
du 1, 1(‘17’): (E.4.3.1b)
dy® e u\ dx

subject to ul y = ZJ:O and du/dy=0at y=0.

The homogeneous solution to Equation E.4.3.1b can be found on page 130 of Polyanin
and Zaitsev (1995) or in other math handbooks:

(E4.3.2)

__wh(dp),_osh(yA=)
u(y)=- (dx)l cosh(h/\/g)

An effective hydraulic conductivity can be estimated, given the channel flow rate per

unit depth, that is,
O= 2Tudy = h (ZZ )[ EXEIN nh(\/_)] (E433)
Defining K, as it/ (dp/dx) = —% we obtain
%= Kff =1- 2*/—t nh(Z\/_) (E4.34)

Graphs 1:
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Comments:

¢ Theleft-hand graph depicts a u(y)-profile determined by the (1-cosh y)-function,
to be compared to Equation E.4.3.1b with Equation E.2.6 for Poiseuille-type
flow without gravitational effect.

e The right-hand graph shows the expected nonlinear increase of the non-
dimensionalized K,; with channel height /.

Example 4.4: Radial Flow through a Porous-Walled Tube

Consider pressure-driven flow in the radial direction through a porous tubular wall.
Applications include radial flow in a porous pipe, ultrafiltration, tubular filter or mem-
brane, seepage into a lymph vessel, and so on. For the given system (see Sketch 4), find
the radial p(r) distribution and v(r) profile as well as the added mass flow rate over the

tube length L.
Sketch 4 Assumptions Method
P Vo= Q/Ag¢ e Steady radial e Darcy’s law:
R ST secpage in G- Xy
2 902 399 0870 86000% P8 o R<r<R, u
250 000 a0 80 Jardg 00 .C where
[ =R, 5908 2%0%P 000 PP 0 onstant v=(0,0,0)
! pressures and a ’ (’)
.@ r =m properties and v=olr
r=0-- 0" L»Z_ ___________ i * No gravity effect * Mass balance
Z= 7=

Solution:
Writing Equation 4.8 in reduced form (see Assumptions and Method),

v=-2vp (E4.4.1)
u

Taking the divergence of Equation E.4.4.1, we have with V-v =0 (see continuity equa-
tion for incompressible fluids)

0=-2v?% (E4.4.2)

n

where V2 is the Laplacian operator (Appendix AI1.2).
For our 1-D case in cylindrical coordinates, Equation 4.4.2 is simply
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1d rd—p =0 (E4.4.3)
rdr\ dr

subject to p(r=R,)=p; and p(r=R,)=p,. Note that the internal pressure p; is a constant
value averaged over the tube length.
Double integration leads to

p(r) = Cilnr + G, (E44.4a)

Invoking the boundary conditions (BCs) where p,>p; we have

p—pi _ In(r/Ry)

= (E4.4.4Db)
Po —Pi In(R, / Ry)
Now, with Darcy’s law in the r-direction, that is,
v= —ae(dpj (EA.4.5a)
wl dr
we obtain with the given p(r) and Ap=p,—p;
oy=-2_4 1 (E.44.5b)
o ln(RZ / Rl) r
A radial mass balance provides the added mass flow rate
Am = _PU‘ r=Rq Asurfacc (E446a)
where A, f.ce=27R,L, so that
__2mephp (E.4.4.6b)
Hln(Rz / Rl)
Graph 2:

Ry/R; = 1.5

o // R/R. = 14
/-—/r<2/1<1 =13
-~ /RZ/R1 2

= Ry/Ry=1.1

Comments:
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* The v(r)-function Equation E.4.4.5b is hyperbolic; that is, for a given Ap, e, p,
and geometry, v decreases inversely with r; however, as A = A(r) as well,
the product Av=Q is constant everywhere.

¢ As expected, radial mass influx increases with wall permeability, tube length,
and pressure difference.

¢ This simple example may relate to radial flow through capillary tissue or
across a tubular membrane, filter, and so on.

surface

4.2 Pseudo Two-Phase Flows

As demonstrated in Section 4.2.1, with some nifty assumptions/concepts, solving quasi-
homogeneous flow problems is rather straightforward. The requirement is that the two
phases form a near-perfect mixture with effective properties and that the phases are in
thermodynamic equilibrium, that is, no velocity-slip between particles and fluid as well
as locally equal temperatures. Similarly, basic non-Newtonian fluids as well as flows with
drift flux (Kleinstreuer, 2003) fall also into the category of flow mixture models and hence
can be solved as single-phase flows. However, when a given fluid-particle system deviates
from the underlying assumptions of “quasi-homogeneous flow,” alternative solution meth-
ods should be considered (see Figure 4.2 and Section 4.3).

4.2.1 Quasi-Homogeneous Mixture Flows

Of the various modeling and simulation approaches outlined, the easiest one is based on
the assumption of a quasi-homogeneous mixture, for which, in straight conduits, analytic
or approximate solutions exist. Focusing on such mixture flows with well-dispersed par-
ticles, the dispersed phase is characterized by the particle volume fraction, mass concen-
tration, and loading. In light of the continuum assumption (see Section 1.1), all quantities
are defined as volume ratios. For these ratios, the mixture volume sample cannot approach
zero but a small volume 8V, so that the molecular range is excluded. It should be noted
that in the open literature, subscripts c, f, or 1 all indicate the continuous phase or carrier
fluid, while subscripts p, d, or 2 all refer to the particle or dispersed phase. For example, the
volume (or void) fraction of the dispersed phase is

oy =o= lim 894 _ Vparicies 4.11)

88 Sv Vmixture

Then, the volume fraction of the continuous fluid phase is

SVc — vfluid

O = 5\%?\1' N Vo (4.12a,b)
so that
o +0. =1 (4.13)

With the two-phase volume fractions defined, the mixture (or effective) density is

P = 0ePe +0iPg = P+ Pa (4.14a,b)
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where p; =nm,, with n being the number of particles per unit volume and m, being the
particle’s mass. The dispersed-phase concentration is given as

=P (4.15)
Pe
The local loading is the mass-flux ratio:
r= P (4.16a)
pCvC
while the total loading is
K=ty /1. =Py /Pc=cC (4.16b)

This implies that k is approximately equal to the concentration c. Clearly, the mixture mass
flow rate, important for internal flows, is

1ty = it + 111, = (pQ), +(pQ), 4.17a,b)

which leads to the “quality” (i.e., particle mass concentration)

X=ty / 1, 4.18)
In contrast, the mixture mass flux is
1y,
Gu=—"=G.+Gy (4.19a,b)
A
and the volume flux is
= O = % —jtji=om (4.20a through d)
Pm

where v, is the superficial velocity of the mixture, which is composed of the phase super-
ficial velocities

Vs =00, and v, =004 (4.21a,b)
while the actual phase velocities are
ve=j./0 and vy=j; /04 (4.22a,b)
Finally, the relative (or slip) velocity between the two phases is
U, =0~y 4.23)

The drift velocity, which indicates deviatory motion of the particle phase from the mixture
flow, is
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v¥* =9, -0, (4.24)

With these basic phase definitions established, we can now consider mixture properties,
such as density p,, and dynamic viscosity p,, (see Figure 4.5). Specifically,

Pm=0pr+(1-0)p; (4.25a)
or

1 x 1-x
="+
pm p2 pl

where oo=0a, =V, /V=V,/V, and x =11, /1. At low-volume fractions of spherical par-
ticles (say, «<0.05), the mixture viscosity is (Soo, 1990; Zapryanov and Tabakova, 1999)

(4.26b)

W = | 142,50 42T 04 4.27)
M2 + 14
which for p,>> 1, reduces to
Mo ‘solid spheres =t (1 + 250() (428)

where range for the particle volume fraction is 0 <a<0.05. Now, with p;>>p, and again
0<a<0.05,

Wi gas bubbles = 351 (1 + (X) (4:29)

Similarly to Equation 4.26b, for well-dispersed gas-liquid flows, for example, droplets in
air or bubbles in liquid flow, we have

1 x 1-x
+

=t 4.30)
um MZ ul
or
Py
P2 Mo
FIGURE 4.5

Approximation of two-phase (dispersed particle) flow to a uniform mixture flow.
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Mo = 0ty + (10 py 4.31)

The next two examples deal with quasi-homogeneous mixture flows as extensions to the
single-fluid flow solutions discussed in Chapter 3.

Example 4.5: Poiseuille-Type Mixture Flow
Consider steady laminar fully developed pipe flow (radius R, length L) where the “void”

fraction of solid particles in air ranges from a=0 to a=0.05. Find u(r) and plot u/u,,,, vs. r/R.
Sketch 5 Assumptions Method and Postulates
e Poiseuille flow ® Reduced N-S equations
p(x) ¢ One-way coupling e Constant —dp/dx=Ap/L
* Quasi-homogeneous * Axial velocity u=u(r) only
FZR mixture flow * Mixture viscosity:
Pm u(r) ¢ Constant mixture W=y (1-2.5x)
T Hm properties Vool
X Upax .\ e Particles and fluid e where o= &
r=0 - elements are in mixture
thermodynamic
equilibrium

Solution: Based on the assumptions, continuity is fulfilled, and the x-momentum equa-
tion reduces to (see Example 3.2)

dp wd( d
O=—F+=—|r— EA45.1
dx - r dr [r dr ) ( )

subject to u(r=R)=0and du / dr

u(r)= ;@{1_(;)2] (E4.5.2)

Umax

+—0 =0. Hence,

where, according to Equation 4.28,

W = (142.50) gy for 0<0<0.05 (E4.5.3)

Graph 3:

1.0

Umax

Comments:
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Clearly, for a=0, the original Poiseuille flow is recovered.

Note that Equation E.4.5.2 1ooks the same as the Poiseuille-flow solution, except
for u,,,, being dependent on ,, which in turn, is a function of a.

When a>0, the flow rate decreases for the same (given) pressure drop because
of the higher resistance, and hence, the velocity profile is flatter.

Example 4.6: Bubbly Pipe Flow
Of interest are the total pressure drop and void fraction of steady turbulent bubbly flow

in a vertical pipe (D =25 mm, L =45 cm). The upward flow is a mixture of water (r1,=0.42
kg/s, pj=10° kg/m?) and air bubbles (1,=0.01 kg/s, p,=1.1777 kg/m?).

Sketch 6 Assumptions Method/Concepts
¢ Steady fully developed ¢ Constant mixture
MV Ve turbulent flow with properties p,, and p,,
P2 ﬂ near-uniform velocities ¢ Extended Bernoulli
LT 00 s o [o ® Thermodynamic equation
0O 9 o o° equilibrium, that is, v,=v, e Blasius friction factor
gl 0° 00O and T=¢ for smooth pipes
L o,°0%%° f=0.316 Re;"*
c)C)O (;TZ Cz) % * Void fraction a=Q,/Q
O o| O ©
e
<~ D —>
Solution:

Mass Conservation: 1 =1, +11, and hence, v=v, =v, =11/ (pmA), while quality
X =ty /1

* Mixture Properties (see Equations 4.26b and 4.30):

1 -1
ow=| Z 4120 | and =] E4 12X (E4.61 and 2)
Pg Pe We %

Thus, the numerical property values with x=0.023 and v=17.65 m/s are as follows:

P, =p=49.64 kg/m?, p, =p=4435x10"* kg/(m s), and Re,=pvD/p=49,388
e After Blasius (see Section 3.2.1), the pipe friction factor for turbulent flow is

f= % =0.0212 (E4.6.3)
D

¢ The extended Bernoulli equation reads (see Section 2.33):

2 2
ﬂ+071+21:ﬂ+072+22+hf (E464)
pPs 28 pg 28
where
L \v?
W, = . E4.6.5
r=f ( D ) 29 ( )

Hence,
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Ap=Az+h; =31.7kN/m’ (E.4.6.6)

¢ The volumetric flow rates for the two phases are

. 3
0= A 0.00833 m3/s < bubbles > (E4.6.7ab)
p ) 10.00042m’/s < water >
e Hence, the void fraction is
A
o=—2= Q =0.96 (E4.6.8)
v oQ

Comments:

e Although the quality (x=0.023) is rather low, the almost 1000-fold density dif-
ference between the carrier fluid and the air-bubbles generates 20x the volu-
metric flow rate for air when compared with water flow.

* Asaresult, a=0.96; that is, the pipe is mainly filled with air bubbles, under the
assumption of homogeneous equilibrium flow.

As discussed and illustrated, certain two-phase flows can be treated as a single-
phase flow if both phases are in quasi-thermodynamic equilibrium; that is, their prop-
erties, velocities, and temperatures do not deviate measurably. The flow regimes for
gas—liquid flows are typically bubbly or misty flows, while for solid-particle-suspen-
sion flows, the void fraction is assumed to be very low—say, less than 5%—and the
relative velocity, Ugq-Uparticer D€INg minor. Area-averaging of both phases and the use of
mixture properties result in 1-D transport equations. Specifically, for a conduit of area A
and inclined angle 6, we obtain the following flow-system equations (see homework
assignment [HA] in Section 4.4):

Continuity:
Agg+aax(va)=O 4.32)
Momentum:
Aa(aiv)+£C(pva):—a(§:)+‘cwP+pgAsin9 4.33)
Energy:
9(pe) oP

10 p
+Z$(0Ape)=zqw+qgen+ 4.34)

ot ot

where:
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T, is the wall shear stress

p is the conduit perimeter

the specific energy ise=h+v2/2+g, sind, with h=u+p/p=h +x(h,—h) being the enthalpy
Geo is the wall heat flux

is the internal heat generation, say, due to viscous effects or chemical
reaction

qgen

For steady homogeneous mixture flow in a rigid pipe of diameter D, the momentum
Equation 4.33 reduces to

dp _Ap 9 4t .
el e AP + 0 4.35
T L ax POV p RSN 5

while the energy Equation 4.34 becomes with dh=c,dT the heat transfer equation:

dT d(p_2), 4w , Gsen :
= Tt [+ 0 4.36
Pey dx dx (2 v ) vD v pgsm (4.36)

Knowing the quality x =ri1, /711, we can express the mixture density as

pd pc
= PaPe 4.37)
P px +pa(1-x)

and the void fraction as
x

— B 4.38
¢ x+(1-x)pa/pe 1.38)

while the momentum flux is
pv:(r'rthrrhd)/A:m/A 4.39)

Now, omitting the inertial and gravitational forces, Equation 4.35 can be greatly simplified.
Specifically, for the wall shear stress, we recall t,~ Ap/L~h;=h(f, L/D, v*), as discussed in
Section 2.3.3. Hence,

2
=4tw=2fpv (4.40)
D D

_dp
dx

friction

where Beattie and Whalley (1982) suggested for the annular and bubbly regimes (see
Figure 4.4)

F/2 2348~ 4logy, HB}F I{ii’;’?] 41)

The Reynolds number Rej,=p, /1 requires the evaluation
of the dynamic viscosity, for example,
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W= (" +1"x] 4.42)

An application of 1-D homogeneous mixture flow is given in Umbarkar and Kleinstreuer
(2015), among others.

4.2.2 Non-Newtonian Fluid Flow

Werecall that gases and small-molecule liquids (e.g., water and basic oils) are Newtonian.
The main reason is that the random, thermally driven molecular actions (i.e., spin,
vibration, and translation, as well as collision) within such fluids are very strong. Such
vigorous kinetics completely overcomes any tendency of any applied forces to produce
a molecular configuration state (i.e., local molecular restructuring) that differs signifi-
cantly from the isotropic, homogeneous state of statistical equilibrium. So, as a result
of any externally induced shear stress (Fy,ngenial/A), fluid mass displaces, that is, it flows
continuously without changing the fluid configuration on the molecular level. Non-
Newtonian fluids behave quite differently. They are macro-molecule fluids (MW > 400);
for example, toothpaste, foodstuffs, paints, exotic oils, polymeric liquids, and multi-
fluid blends, as well as particle suspensions, including blood (when ¥ <200 s™), and
slurries.

For Newtonian fluids, such as air, water, and basic oils, Stokes” hypothesis of a linear rela-
tionship between shear stress and shear rate holds (Section 2.3). In contrast, non-Newto-
nian fluids exhibit nonlinear viscous effects (see Figure 4.6). Shear-rate dependence and/or
memory of the viscosity of such fluids is due to their component make-up and/or molecu-
lar structure (Tanner and Walters, 1998; Macosko, 1994; Bird et al., 1987). Assuming steady
incompressible isothermal fluid flow, only shear rate- (or shear stress)-dependent liquids
are considered; that is,

T; =W ¥; is now replaced by t; =n(7, 1) ¥; (4.43,444)
Shear stress Bingham plastic
T~n(y) Pseudoplastic

(shear-thinning)
Ty Newtonian

Dilatant
(shear-thickening)

Shear rate y ~ |V\7|

FIGURE 4.6
Stress/shear rate-dependent behavior of fluids.
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Here, n is the non-Newtonian (or apparent) viscosity. Clearly, complex non-Newtonian
fluid flow phenomena such as rotating-rod climbing and jet-swelling after extrusion or the
visco-elastic effect of fluid recoil, stress relaxation, and overshoot are not discussed (see
Tanner and Walters, 1998).

4.2.2.1 Internal Flow of Power-Law Fluids

As is deducible from Equation 4.43 versus Equation 4.44, viscous inelastic liquids are also
labeled generalized Newtonian fluids because of their similar constitutive equations. The
simplest empiricism for n(Y) is the two-parameter power law expression:

n=my"" (4.45)

where the constants m and n characterize the fluid. Clearly, when n=1, then m=y,
and Equation 4.43 is recovered. If n <1, the fluid exhibits shear-thinning (i.e., pseudo-
plastic) behavior, while for n>1 the fluid is called dilatant (or shear-thickening) as
shown in Figure 4.6. Although the power law is widely used, the parameters m and
n are not actual fluid properties, and it cannot describe the viscosity at very low
shear rates (e.g., blood). When Equation 4.45 is used to model viscous inelastic liquid
flows, the point of departure is the reduced equation of motion (i.e., the Cauchy equa-
tion of Appendix AI5.2), not the N-S equation, which implies constant fluid prop-
erties. For example, considering steady unidirectional flow, the simplified forms of
Equation 2.26 read:

0= _dp + Aty for planar Couette flows (4.46)
dx dy
Aat,, , I
0= W +pgsin® for thin-film flow 4.47)
0= _dp + li(rrm) for tubular Poiseuille flow (4.48)
dx rdr

Examples 4.7 and 4.8 illustrate the use of Equations 4.46 through 4.48; that is, problem solu-
tions of Chapters 2 and 3 are extended with applications to power-law fluids.

Example 4.7: Power-Law Fluid Flow in a Slightly Tapered Tube

Assumptions and

Sketch 7 Postulates Method
e Steady laminar e Solve Equation 4.48 with
unidirectional flow reduce'd formof 7,.,
e Power-law fluid assuming v,=v,(r) only
e However, v,(1, z)
Postulates:

dependence appears via
e §= [vz (r,z);(),'()] no-slip condition

o —dp/dz=Ap/L=x

f L !
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Solution:

Slightly tapered tube:
R(Z)=R0—L)£RL z (E4.71)
Shear stress and power law (Appendix AL6.6):
n-1
T. =1 (Z): andn=my"" = m(d;rz)
so that
1, = m(—‘m) (E4.72)
dr
where the negative sign ensures that ¥ stays a positive quantity.
z-momentum Equation 4.48:
14d Po—PL
—(r 1) =——— E4.73a
rdr (re) L ( )
or after integration
T, = —%r + G (E4.7.3b)
2L 4

Clearly, C,=0, because at the centerline r =0, but t,, is finite; actually, ,,(r=0) =0,
as can be seen from a 1-D force balance for fully developed flow:

1= T (EA4.74a,b)
2L R

Combining Equations E.4.7.3b with E.4.7.2 and E.4.74b yields

m(— do, ) =Ty~ (EA75)

dr R

Taking the nth root of both sides and integrating results in

T "y Ry —R,
v, =—| % +C, subject to v,| r=R(z) = Ry— 2"tz l=0
mR n+1 L

n+l
n

Thus,

(EA4.76)

. WnR(z)
”z(r’z):{mzz(z)) el 1'[R(z)

|\ N4

TUmax

-
N—o

where T, = —i—zR from Equation E.4.7.5.

177
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* Pressure drop based on volumetric flow rate given a Q-value and with

R
Q= J.z?dA = 21‘CJ.UZ (r, z)rdr
0

A
we obtain
" -3n _ p-3n
Ap= %[Q('m +1)] R =Ry E477)
3n [ nn Ry—R;
Graph 4:
I~ —-—-—-—-—--- ——
n = 1 (Newtonian fluid) |
_________ [
v, ~ |
Vinax - n < 1 (Shear thinping)
\\{ |
1 \\ I
|
|
|
|
\\ |
\
J
1.0 r/R
Comments:

e With n < 1.0, the axial velocity profile becomes flatter because of the shear-thin-
ning effect.

e It is of interest to compare these profiles with the results of Example 4.5 for
dilute homogeneous particle suspension flows.

Example 4.8: Film Thickness of a Flowing Polymer

Consider a steady laminar thin layer (= ¢) of a power-law fluid (i, 71) moving down an
incline (angle 6, width w) with a volumetric flow rate Q. Find the film thickness .

Sketch 8 Assumptions Method
M ¢ Steady laminar ¢ Equation 4.47 subject to
unidirectional flow no-slip and zero interface
® No surface ripples, stress conditions
that is, h=constant e Power law
h
0
Solution:

Integration of Equation 4.47 subject t0 Ty, erace=T,.(y =/) =0 yields

T, =p g hsin® (1 - ZJ (E4.8.)
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Equation E4.8.1 implies that 7, (y=0)=1,,,=pgh sinf. Now, with Ty =m

after taking the nth root yields

_du _|pghsin® -y .
dy m h

Integration subject to u(y=0) =0 results in

where

C= pghsin® " nh
B m n+1

The volumetric flow rate is

h

szjﬂyﬁW:th(L— L )

2n+1
0

_whn(pghsing )"
2n+1 m

Given Q, we can solve for the film thickness, that is,

. m 1/(2n+1) (2n+1)Q n/(2n+1)
o gsin® nw

Graph 5:

Newtonian (m = W; n = 1.0)

_dl and
dy

(E4.8.22)

(E4.8.2b)
(E.4.8.20)

(E4.8.3a)

(E.4.8.3b)

(E4.84)

179
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Comments:

* Asexpected, h(Q) is a nonlinearly increasing function.

* As mentioned, power-law fluids with n<1.0 are shear-thinning, which gen-
erates a blunter velocity profile (see Example 4.5); thus, the film thickness
decreases with lower n-values.

4.2.3 Internal Flow of Bingham Plastics

For thick suspensions and pastes (e.g., ketchup and toothpaste), no flow occurs until a
certain critical stress, called the yield stress 7, is reached. So, only after a sufficient force
is applied does the mixture flow like a Newtonian fluid (see Figure 4.6). Such action is
described by the two-parameter Bingham model:

oo for  1<7

= 4.4
N Wo + T—O for 1=1, (4:49a,b)
Y

Equation 4.49 is an illustration of a constitutive equation for a “viscoplastic” material.
Example 4.9 illustrates the use of the Bingham model. More accurate but also more complex
non-Newtonian fluid models for specific applications are discussed in Bird et al. (1987),
Macosko (1994) and Tanner and Walters (1998), among other texts. Convection heat trans-
fer results in terms of Nusselt number correlations for pipe and slit flows with power-law
fluids are summarized in Bird et al. (2002).

Example 4.9: Cylindrical Couette Flow with a Bingham Plastic

Consider two concentric cylinders (length L, R;,...=kR, and R, ...=R) where the outer one
rotates at angular velocity o, due to torque T, maintaining the steady laminar flow of a
Bingham fluid (t,, p,). Develop a relationship for T=T(wy; R, k, L; To,Hp).

Sketch 9 Assumptions/Postulates Method

® Two cases depending
on T, < Ty OF Ty > Ty

¢ Constant torque on
outer cylinder and
slow rotation

Postulates:

D z7=[0, vo (1), 0]

* Vp= ap only
dr

e Reduced O-momentum
equation with only 7, , Being
non-zero

¢ Bingham fluid model n(t)

® Two cases depending on T,
relative to 1,

Solution:

Note that for Case I, there are actually two scenarios, that is, 7(r=R) =1,,.; <t and t,,> T,
for r<r,. For Case II, there will be t,,>7, in the entire gap. While continuity is pre-
served, the 8-momentum equation in cylindrical coordinates (see Appendix AL6.2)

reduces to

(E49.)
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Integration yields

T = r% (E49.2)
implying two unknowns. Thus, recall
Tro (7 =R) =Tyar = ﬁ = % (E.4.9.3a through ¢)
and hence, with C=T/2xL,
o = — L1 =1im, for kKR<r <R (E494ab)

2L

As indicated with Equation 4.49a, b, there is a radial location r, where t,,(r =7,) =7, being
the yield stress. So, from Equation E.4.94,

T

= E495
2TEL7’02 ( )

To

Clearly, 7, has to be between kR and R for some form of fluid flow to be observed (see
Equation E.4.9.4). Specifically, for kR <r<r,, there will be nonlinear viscous flow and for
7o<t <R, there will be uniform (or plug) flow.

Using the shear rate component 7,q =rd(ve) (see Appendix AlL6.6), we rewrite
Equation 4.49b as dr\ r

T = n[rd(”e )] (E4.9.6)
dr\ r

With Equation 4.49b, we have

N=po+ L=y +— 0 (E4.9.7a, b)
¥ P2
dr[ r ]
so that
T =To + Mo rd(”") (E49.8)
dr\ r

Combining Equations E.4.9.8 and E.4.9.5 to solve for v,(r) when kR <r <R, we obtain

dfve ). T 5 T, (E499)
dr\ r 2nLp, Wo

Integration, assuming that vy(r=r,) =r,m,, yields for kR<r<r,

2
05 (r) = o1 + T (r) () |% " (E.4.9.10)
4TCLH.07’0 1o r Ho L
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while for ry<r<R
Vg =Wy Ty (E49.11)

Graph 6 shows schematically the impact regions of Equation E.4.9.10 in light of the 7,()
function given by Equation E.4.9.8.

Graph 6:

T

2mLr,?
> T —> = oo
' T 0 n
: = < Tre — M finite
1

Fixed cylinder

Ty =

Graph 7 depicts vy(r) when T, is between kR and R (see Graph 6).

Graph 7:

r=«kR Fixed cylinder

Now, if the yield stress 1, is exceeded in the entire gap, that is, t,,,; > 7, if 7> R, Equation
E.49.10 yields with the B.C. y4(r=R) =0,R

2
Vo(r)= @ 14— L) (R} |- (E4912)
4nLpoR\ R r Lo R
Invoking the no-slip condition vy(r=xR)=0 yields the desired expression for the
torque:
2
4mLp, (kR
T "“0(2)[@0 _ T, K] (E49.13)
1-x Mo
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Comments:

e Equation E.4.713 is known as the (80-year-old) Reiner-Rivlin equation. With
the geometry of the “concentric-cylinder viscometer” given and T and o, mea-
sured, the Bingham plastic parameters i, and t, can be determined.

4.3 Fluid-Particle Dynamics

As mentioned, naturally occurring and industrial two-phase flows are all around us, rang-
ing from dust-storms in arid regions to bubbly flows in pipes, air-fuel injection in internal
combustion engines, and drug delivery via inhalation or injection. Such particulate matter
forms a discrete phase moving separately from the continuous phase (see right box in Figure 4.2).

For separated flow models, two size-dependent categories are of interest, where micro-
spheres are typically described with the Euler-Lagrange approach (see Section 4.3.1). In
contrast, nanoparticles (i.e., dp< 100 nm) in liquid flow are modeled in the Euler-Euler
frame (see Section 4.3.2). Here, Euler implies continuum solution of the conservation
laws and Lagrange means particle tracking, that is, the solution of Newton’s second law.
Consequently, two separate sets of equations are needed, where in general, both transport
equations may contain coupling terms in the case that two-phase interactions are impor-
tant (see Michaelides, 1997). However, quite frequently the dispersed phase, that is, solid
particles, droplets, or bubbles, is uncoupled from the continuous phase (or carrier fluid).
Especially solid, non-rotating spheres with d,>1 ym and a high particle-to-fluid-density
ratio simplify the trajectory equation significantly when the flow field is laminar.

4.3.1 Micron-Particle Transport and Deposition

Considering relatively small, quasi-spherical particles as well as low particle and shear
Reynolds numbers, that is, Re, =d, ‘v—v,,‘ /vl and Re, = vd,f / (VL) <« 1, respectively,
Newton’s second law of motion is applicable in the form (Michaelides, 1997; Crowe et al.,
1998; Kleinstreuer, 2003, among others)

5, - - B, I . _
mp T: = Fdrag + Fpressure + Finteractive + Flift + FBasset + Fgravity + Fvirtual mass (450)
| ——
2 i:body
where:
m, is the particle mass

v, =dx / dt is the particle velocity vector
while all external forces are point forces acting on the particle’s mass center

While drag, gravity, and lift are the most common ones, the pressure force is due to
fluid acceleration because of the pressure gradient in the absence of the particle; particle-
particle interaction forces are important in dense particle suspensions, while particle-wall
interactions have to be simulated when determining particle deposition; the Basset force
is a an “unsteady-drag force” accounting for temporal development of the fluid flow near
the particle; and the “virtual mass” term accounts for the work required to change the
momentum of the surrounding fluid as the particle accelerates.
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Now, for laminar flow with negligible particle lift (0,~0), one-way coupling prevails;
that is, the particle presence does not influence the fluid flow. A high-density ratio, that is,
pp/pc > 1, ensures that only Fdrag and perhaps ﬁgraviw are important (see Crowe et al., 1998;
Buchanan et al., 2000, among others). For cases with particle rotation, the Saffman lift force
and/or the Magnus effect have to be considered (see Loth and Dorgan, 2009, among oth-
ers). For example, soccer and tennis balls receive intentionally significant rotations when
kicked/hit to generate unusual ball trajectories that may confuse the goalie/opponent.
Even stranger trajectories can be produced via sphere-rotation and sphere-surface uneven-
ness in baseball, cricket, and golf. Following Bernoulli, crowding of streamlines above the
rotating sphere causes locally higher velocities and hence, lower pressures when com-
pared with the sphere’s underside. This net pressure differential generates a force perpen-
dicular to the flight path and the axis of rotation, known as the Magnus effect (see HWA in
Section 4.4).

Back to the simplified case when only drag and gravity accelerate the sphere, we have

av, - =
m,——=Fy, +E 4.51
14 dt D G ( )
where
- T 2 - —_ | -
F = gpd,, Cop(Vy =)V, = V| (4.52)

which always keeps Fy,,, opposite to the flow direction. Furthermore,
Fo=m, g 4.53)

with the particle mass being m, =p,n d, /6. The particle drag coefficient is given as
Cpb, =Cp/Caip (4.54)

where Cg;, is the slip correction factor, being of (1) after Clift et al. (1978).
The drag coefficient is defined as

Fp
g O‘SpUZAprojected (455)
One should recall that F, is actually the total drag, consisting of the form drag due to pres-
sure differences around the particle and the viscous drag because of the net wall shear
effect. The projected particle-area for a sphere is nR% For example, Stokes obtained for
uniform flow of velocity v at Re,<1 around a stationary sphere of radius R (see HWA
Section 4.4)

F» = 6unoR (4.56)

Clearly, for particle Reynolds numbers Re, =pd, ‘v - v,,‘ / u<1, Equation 4.55 combined
with Equation 4.56, using v, = Ugyia — Uparticter Yi€lds
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Cp =24/Re, 4.57)

Quite accurate Cp-correlations for solid spheres and droplets exposed to higher-Reynolds
number flows are

24 6
CDsphere =_—+

Re 1++/Re

+0.4,0<Re<2x10° @.58)

—0.84
CDdroplel ~27Re (4.59)

It should be noted that for spherical, non-interacting droplets, the Cp-values are somewhat
lower because of the friction-induced internal circulation, known as Hill’s vortices.

An insightful application of the base case is the derivation of the Stokes particle equation.
Starting with Equation 4.51, where the key quantities are depicted in Figure 4.7, we have

p,dy dv, w5 24 . o\ - Py
p6 p dtp =gpd§ Re, (V=9,)F -9, [+~ g (4.602)
or, after inserting Re, =pd, ‘\7—\7,,‘ /L,
av, 18w ,. _ . -
=" (v-v, )+ 4.60b
dt ppdg (V VP) g ( )

Multiplying through with p,d; /18y and expanding the resulting coefficient on the

left-hand side with (D/U)(U/D), where U is a representative system velocity, say u in

average

tubular flow, and D is a length scale, such as the tube diameter, we have

D ppdU dv, _ (‘7_‘7 )+ Py g @.61)
U J18uD dt "7 18
—

Stokes
Number

y m,
- - .
’ <~ F drag
- —_—
< | .

z F, grav

FIGURE 4.7
[lustration of key quantities for determining spherical particle dynamics.
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FIGURE 4.8

Deposition efficiency (DE) of micron-particles in a horizontal pipe, assuming Stokes flow.

Thus,

D 4V _
u dt

It should be noted that as ﬁ
t=tterm

ﬂuid, 77;; = Uterminal = ppd;g /18“

(‘7 - ‘7;7 ) + Uterminal gl,\(

4.62)

=0 with v =0, that is, a quiescent body of viscous

Clearly, the magnitude of the Stokes number

2
StD = Lpdpu
18uD

indicates particle behavior in shear flow as follows:

(4.63)

1. Stp>>1 implies streamline crossing of larger particles having significant inertia.

2. In contrast, for St,<1, the small nanoparticles with dp< 100 nm follow the

streamlines.

Knowing the flow field v(x,t), the individual particle velocities v,(t) can be obtained,

subject to given initial conditions. A second integration, x = Jlfrp dt, then provides the

particle locations, that is, trajectories. It is typically assumed that a particle has deposited
on a surface when it approaches within one radius, that is, the particle touches the wall.
An application of Equation 4.62 for microsphere suspension flow in a horizontal pipe
(D=0.2 cm and L=1 cm) is shown in Figure 4.8 for U=10 and 20 m/s. The deposition
efficiency (DE) is defined as the ratio of the number of particles deposited in a specific
region to the number of particles that have entered this region (Kleinstreuer et al., 2007).
Not surprisingly, the deposition efficiency increases with larger particles at lower inlet

velocities.
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Example 4.10: Analyze the Dynamics of a Falling Sphere
from Rest in a Reservoir of a Newtonian Fluid

Sketch 10 Assumptions Method
\V4 * 1-D analysis ¢ 1-D Newton's
I b =(£=0)=0 ¢ Newtonian second law with
2 P or non- Frag and Fooie,
L. =L Newtonian e Stokes flow with
v fluid Cp=24/Re,
o Uf =0 . .
reservoir ¢ Newtonian vs.
‘ ®,=0 °* p,>ppw,=0 power-law fluid
l 7 flow
mg
FDT
Solution:

Using Equation 4.51 with m, =m = gppd;:‘ and F, =Cp [gvaijected ), we have

m% = Fyray — Firg (E410.1)
or
T dv = b 24
Zp,d = ="p od® — = pd*Cpv*; Cp = —— E.4.10.2a,b
6P gr T P8t TPt T Re ( ab)
In compact form,
dv_ 18u
at S pd "

(E4.10.3)

Note that this is a linear, homogeneous, first-order ordinary differential equation (ODE)
of the form

b+ Av+B=0, (EA4.10.4a)
subject to the initial and steady-state conditions

v(t=0)=0 and do =0 (E.4.10.4b,¢)
dt

Uterminal
Inserting the proposed solution v(t)=Ce" + %_with_i) =aCe” into the ODE yields
a+A=0ora=-A=-18—%
Using the initial condition v(t=0)=0,

c:_E__M

A 18u
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Finally,
2t 2 2 ot
o(t) =8 ¢t P8T (= R8Ty (E410.5a,b)
Uterminal

where t=p,d?/18y; is the characteristic time constant.

Graph 8:

1O Fmmm e

tit

Comments:

¢ Following an exponential function, the particle approaches the terminal veloc-
ity when f=r.

¢ Clearly, the particle diameter and density as well as the type of fluid greatly
determine when steady-state is reached.

Example 4.11: Particle Being Accelerated from Rest by a Steady Uniform Air-Stream

Sketch 11 Assumptions Concepts
u,=U ® Spherical particle e Carrier fluid
— e Steady unidirectional v=(u=U,0,0)
- (air)flow with p,>p e Particle trajectory:
> ) b J y:

ap, Uy e Drag is the dominant du,

- > point force my ar =k
> PD ~ CDAproiected
—_—
—_—
— mp, d,

Solution:

Using Equation 4.51 with E; =0, the 1-D form reads:

du,

_p
mPW—EACD(u—uP)‘u—u,,‘ (E4.11.1)

where:
u—up = Urelative=Uy
Cp is given with Equation 4.58
Apoj=dym/ 4
m, =p,nd,/6

With u=U =¢, du,/dt=—-du,/dt, and hence, Equation E.4.11.1 can be rewritten as
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or

(E4.11.2a,b)

Subject to u,(t=0)=0, that is, u,(t=0)=u=U. Separation of variables and integration

yields

Graph 9:

Comment:

ty=U=1t,=[(B + U™)-exp(-0.687 At)~ B

u, u,

Lo oo e =

0.8

0.6 H!i

0.4 Hi

u,(t) (A= 178, B = 303)

02l u,(t) (A= 70, B = 485)
——————— u,(t) (A= 25, B = 910)
0‘0 [ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 J
0 0.0002  0.0004 0.0006 0.0008 0.001
Time (t)

]—1 /0.687

(E4.11.3)

Pushed by the free-stream, the particle accelerates from rest and exponentially reaches
the fluid velocity at a point in time that depends on A =18f/(pd?), that s, f,=1n[1/(0.6878A)].

4.3.2 Nanoparticle Transport

189

Nanoparticles, practically 10-* m<d,<10-5 m, and their transport in micro/nanochannels
deal with a key system parameter in micro/nanofluidics, thatis, € = Aguface/Veystem =1 11,
where the system length-scale I could be the hydraulic diameter (Kleinstreuer, 2014). To
illustrate how tiny a nanosphere actually is, consider the equivalent ratios: nanosphere/
soccer ball =soccer ball/Planet Earth! For submicron particles, Brownian motion becomes
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effective, that is, random particle motion due to molecular bombardment by the sur-
rounding fluid. That results in particle diffusion with decreasing nanoparticle diameter.
Thus, rather than employing the Euler-Lagrange modeling approach (i.e., solving the
fluid flow equations and then the particle trajectory equation), nanomaterial transport is
best described in the Eulerian—Eulerian frame, certainly when the particle diameter is less
than 100nm. Again, assuming laminar flow with low nanoparticle loading, say, below 6%
by volume, and hence, only one-way coupling, the momentum equation is solved first and
then the mass transfer equation:

Y 9 d Y
—+ =W Y)=—| Doano— |E£S 4.64
at Xi (u ) axi [A axi:| v ( )
where:
Y=C/C, is the nanoparticle mass fraction
1 is the fluid velocity vector
Dharo is the nanomaterial diffusion coefficient
S, is a possible nanoparticle sink or source
Specifically, according to Stokes—Einstein,
kB T Cshp
ano 4-65
Do =3 s (4.65)
where:
ky=1.38x102J K is the Boltzmann constant
T is the temperature in Kelvin
Caiip =O(1) is the Cunningham slip correction factor (Clift et al., 1978)

Based on Fick’s law, the regional deposition efficiency can be computed as

Y
DE=|9—
[ on

A J/(Qin Yin ) (466)

where:
n  is the surface normal
A is the surface area
Q,, is the inlet volumetric flow rate
Y;, isthe inlet mass fraction

Theories on nanofluid flow and sample problem solutions are given in Kleinstreuer
(2014), while applications of nanoparticle transport and deposition related to biomedical
engineering are discussed in Kleinstreuer (2006).

Example 4.12: Nanoparticle Convection, Diffusion and Uptake from a Planar Source

Consider steady 1-D flow of a liquid through a porous plug that releases a low, constant
concentration of nanoparticles, which disperse and dissolve/vanish according to a first-
order reaction.
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Sketch 12 Assumptions Method

e Steady 1-D isothermal e Uniform flow
plug flow 0 = Q_ ¢

¢ Constant properties A

* Low-volume ® Reduced form of
nanoparticle release Equation 4.64 with

¢ Idealized nanoparticle axial diffusion only
sink

Solution:
In light of the assumptions, Equation 4.64 can be reduced, with y —c, u—v,and S, — ke, to

2
0¥ _ 94 g (E412.1)
where:
v=Q/A
the binary diffusion coefficient D is given with Equation 4.65

k is a constant reaction coefficient

Equation E.4.12.1 can be recast as

RO (E412.2)
) )
subject to the BCs
¢(x=0)=cy and c(x =) —0 (E4.12.3a,b)

The trial solution c(x) = Cet™ satisfies Equation E.4.12.2, where

0= ”{1— 1+4kf)}

22 v (E412.3a,b)

to match the BCs. Hence,

c(x)=co exp[—;;;( 1+ 4:29 _1]}

(E4.12.3a,b)

Parameter values:

* The nanoparticle diffusion coefficient for T=300 K, Cy;, ® 1, pyae,=09x 107 kg
m/s,and d,=10 nm is

P=4.88x10"" m?/s

* Assuming the ratio 4k®/ % in Equation E.4.12.4 to be in the range of
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4kD
01<—-<10 ,
v
we can now graph a family of curves:
C
Co 29
Graph 10:
&
= \
z Y 4kDIV* = 0.1
077 S S N 4KDN? = 5.0
L 1 AY
N 4kDV? =10.0
L AN
0.2+ NN
- \ \\
\ N
L N .
0 [ 1 .\.".'ﬁ--rr:.:“_‘:'t-.-.-.._ L |
0 1 2 3 4 5
vx/2D
Comment:
. 4kD .
As expected, c(x) decays swiftly for —— >1.0 because of the stronger first-order uptake.
v
——

4.4 Homework Assignments

Solutions to homework problems done individually or in, say, three-person groups should
help to further illustrate fluid dynamics concepts as well as approaches to problem solv-
ing, and in conjunction with Appendix I, sharpen the reader’s math skills. Unfortunately,
there is no substantial correlation between good homework results and fine test perfor-
mances, only vice versa. Table 1.1 summarizes three suggestions for students to achieve a
good grade in fluid dynamics—for that matter, in any engineering subject. The key word
is “independence”; that is, equipped with an equation sheet (see Appendix I), the student
should be able: (1) to satisfactorily answer all concept questions and (2) to solve correctly
all basic fluid dynamics problems.

4.4.1 Physical Insight

Equation 4.8).

4.1 Discuss the underlying physics of Equation 4.2 as well as its extensions (see

4.2 Compare, for actual porous media flow, porosity vs. permeability vs. hydraulic

conductivity vs. the Darcy drag coefficient. Provide real-world applications.
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4.3 Listexamples of natural and man-made (i.e., industrial) flows in terms of (1) quasi-
homogeneous mixture flows and (2) separated (or truly two-phase) flows.

44 Concerning Example 4.1, justify Equation E.4.1.1 and derive Equation E.4.1.2 to
confirm Equation E4.1.5.

4.5 Extend Example 4.2 by (1) estimating hydraulic conductivity K and permeability
@ based on realistic p-m flow values and (2) comparing Equation E.4.2.1b with the
1-D version of Equation E.4.1.5.

4.6 Concerning Example 4.3, derive the solution (Equation E.4.3.2) and plot the dimen-
sionless velocity for different (realistic) permeability (i.e., ) values. Comment!

4.7 Relate the results from Example 4.4 to different tubular filtration processes.

4.8 Definitions: (a) What are the underlying assumptions for k~c to hold (see
Equation 4.16b)? (b) Is Equation 4.18 related to the definition of “steam quality”
in thermodynamics? (c) Give an example with sketch and explanation for the
particle drift velocity (see Equation 4.24). (d) Derive and discuss Equation 4.28 vs.
Equation 4.31.

49 Derive Equations 4.32 through 4.34 from first principles and set up a typical
application.

4.10 Discuss the reduction of Equations 4.35 through 4.40 and set up a specific prob-
lem, that is, modeling equations with realistic p-m coefficient values.

411 Set up the governing equations and boundary conditions for power-law fluid
flow in an annulus formed by a stationary (cylindrical) housing and a rotating
and translating shaft.

412 In Graph 6 of Example 4.9, the shear stress t,, varies inside the gap; however,
vy =1y0y = ¢ (see Graph 7). Explain this mathematically and physically.

413 Devise an experiment, based on Equation E.4.913, by which both unknown
Bingham plastic parameters t, and p, can be determined.

4.14 Derive and discuss the different Reynolds numbers in fluid-particle flows.

415 The forces in Equation 4.50 are so-called point forces; what does that mean? Discuss
alternative (numerical) methods to solve for (spherical) particle trajectories.

4.16 What does the correction factor Cg,

417 Derive Equation 4.41, interpret Equation 4.63, and discuss the steady-state par-
ticle velocity.

accomplish?

4.18 Solve the falling sphere problem and plot v,(t) for different fluids, for example, oil,
syrup, and a power-law fluid.

419 Discuss Equation 4.65 for dp< 100 nm; that is, research its derivation and state its
limits of application.

4.20 Plot the results of Example 4.7 for n>1 and comment.

4.4.2 Engineering Problems

4.21 Find v,(r) for creeping flow through a porous-medium tube of radius 7, (see
Example 4.3). List possible applications.

4.22 Consider steady fully developed flow of a power-law fluid (1, n) in a slit of small
spacing 2h formed by two plates (L x W).
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(@) Show that the mass flow rate is

o 2w [ (ap)
1/n) +2{m| L
(b) How would your results change if the plates were vertical, that is, 100% down-
ward flow?

4.23 Commercial capillary viscometers can be modeled as cylindrical Couette flow.
The inner cylinder (radius kR, 0 <k <1) is stationary, and the outer one (radius R)
rotates at low angular velocity o, due to a measured torque. A small gap of R-kR
is filled with an unknown power-law fluid. How would you obtain the power-
law fluid parameters m and #?

4.24 Consider the flow of a power-law fluid (m, ; p) in a horizontal annulus (kR and
R). The fluid is kept in motion due to the translatory motion (v,) of the inner cyl-
inder (kR).

(@) Derive the velocity profile v.(r;v,kR;n) and show that it simplifies to

EZM for 11— 1.

1
(b) Fvlond an gx’f)ression for the mass flow rate mz for n #1/3; whatis 1 (n#1/3)?

4.25 Consider the flow of two immiscible fluids (viscosities p, and p, with different
densities) between parallel horizontal plates a small distance 2k apart, driven by
Ap/L=const. Assuming that the interface stays planar and each fluid takes up
half the channel, find the shear stress t,, and velocities u,(y) for -h <y <0 and u,(y)
for 0<y <h.

4.26 Consider steady laminar flow in a network of 12 tubes forming a cube, driven by
an effective pressure drop Ap=p(1) —p(8), where (1) is the (corner) inlet and (8) is
the diagonally opposite outlet.

(@) Find an expression for the mass flow rate m = ri(Ap; p,, R, L), where R
and L are the same radius and length of each of the 12 tubes.

(b) Convert this system to a simple “flow-through porous media” model by
extracting Darcy’s velocity. Comment!

4.27 Provide definitions, characteristics, differences, and applications of constitutive
equations vs. closure models in two-phase flow analysis.

4.28 Red blood cells (RBCs) in tubular flow appear to congregate in the tube’s central
core, resulting in a cell-free plasma layer along the vessel wall. Thus, there are
two regions: a constant plasma layer of thickness & with viscosity p, and a homo-
geneous mixture region, 0 <r<(R-8) with p,,. Typical parameter values are R=10
pm, 8=1 um, and p,/p,,=0.25.

(@) Find u(r) for each of the two domains.

(b) Find Q=Q,+ Q) and compare the result with the Hagen-Poiseuille expression:

TRA
Q="""
8uL

Relate p to p,/p,, for /R« 1.

(0 Plot for the given numerical data u,(r) +u,(r) as well as Poiseuille’s u(r).
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4.29 A spherical particle of mass m is released at the upper plate corner (x=0; y=Hh) in
Poiseuille flow between two horizontal parallel plates, a small distance 2/ apart.
For Re<1.0, find the minimum channel length when the particle just touches the
lower plate (i.e, x=L;,, y=-h).

4.30 A sphere (D, p,), submerged in a viscous fluid (p,p), is released from rest, that is,
v(t=0)=0. Assuming a constant drag coefficient, derive the ODE for v(t), using the
specific gravity S=p,/p as a system parameter.

(@) Without solving the ODE, provide graphs for v(t) and a(f). Comment!

(b) Solve the ODE, check the influence of the sphere’s buoyancy, and discuss the
assumption of ¢p =¢.
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5

Basic Lubrication Systems

Lubrication is a subset of tribology, the theory of friction, lubrication, wear and damage.
It also deals with the replacement of mechanical or biological systems, such as gliding/
rotating machine parts or movable joints. For two solids to slide relative to each other, a
tangential resistance, that is, a frictional force, F, has to be overcome:

F=fN G.1)

where:
N is the normal load
f is the friction coefficient, with a typical range of 0.01 <f<1.0

Low friction coefficients can be achieved when the two solid body surfaces stay sep-
arated at all times via a suitable lubricant. Load-carrying lubrication relies on the
wedge-film effect to work, where a minimum angled surface/plate velocity is required
to generate a load-carrying pressure field (see Figure 5.1a). Water-skiing and hydro-
planing are just two practical examples of the amazing impact of the wedge effect.
In any case, hydrodynamic lubrication greatly reduces wear and hence, surface damage.
Clearly, friction and wear should be considered as separate phenomena, as in the case
of “boundary” lubrication, when friction and wear are determined by the surface prop-
erties of the solids and the chemical nature of the lubricant rather than just its viscosity.
Specifically, wear is the removal of one material by another due to sliding contact. Wear
debris may ultimately cause device/machine (or human-joint) failure. Other lubrica-
tion modes include squeeze-film and elasto-hydrodynamic lubrication. In the latter of which
bounding material deformation, for example, cartilage in joints, is considered as well
(see Figure 5.1a through d).

The basic mechanism of squeeze-film lubrication is shown in Figure 5.1b, while the human
knee joint (Figure 5.1d) is an illustrative example of coupled hydrodynamic lubrication
with squeeze-film material deformation, labeled elasto-hydrodynamic lubrication. For exam-
ple, for the problem of human-joint replacement, selection of the right cup-and-ball mate-
rial (e.g., polyethylene, metal alloys, or ceramics) and lubricant, as well as perfect sphericity
and surface finish, is important. Also of concern are the minimum sustained radial clear-
ance and constant properties of the pseudo-synovial fluid in light of realistic load changes
during walking, running, and so on. In any case, problems may arise when particles are
entrained due to wear, or boundary lubrication occurs when the fluid film breaks.

In summary, this chapter on lubrication starts in Section 5.1.1 with simple slot flow,
that is, flow between slightly converging plates (see also Section 3.1.2). It then expands to
squeeze-film and planar lubrication (Sections 5.1.2 and 5.1.3), which are special cases of the
Reynolds lubrication equation (Section 5.2). A more recent direction in tribology is the use
of nanoparticles in lubricants to reduce friction and avoid/mitigate wear (Section 5.3). For
some background information on that topic, see Section 4.3.2, discussing the transport and
applications of nanoparticle-liquid mixtures.

197
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Fixed plate Load Load

- l >
= Vo =
- h(t) @ —_—
y T -~ —_—
- —
- >
Moving part —>u0
(a) x=0 x x=1L (b) L

Membrane Elastic cartilage

Lubricant
(synovial fluid)

(© (d)
FIGURE 5.1

Lubrication models: (a) hydrodynamic model of a slider bearing; (b) squeeze-film model; (c) journal bearing;
and (d) knee-joint bearing (i.e., elasto-hydrodynamic model).

5.1 Lubrication Approximations

Underlying aspects of lubrication approximations are that geometrically the spacing (or
lubricating film thickness) h(x) is much less than the system’s length scale [; that is, h <,
or e=h/l—0; and, the Reynolds number Re =uh,/v is small, allowing the use of the Stokes
equation (see Section 2.3.3), where typically the flow field is laminar, quasi-steady, and
two-dimensional (2-D). Several lubrication approximations are introduced and illustrated,
starting with simple slot flow (see Figure 5.2) and ending with the more encompassing
Reynolds lubrication equation in Section 5.2.
For 2-D slot flow, the continuity equation reads:

ou dv
=0 2
pw + 3y (5.2a)

It can be scaled (see Section 1.4), resulting in

Uy Do
—+—=0 5.2b
I (5.2b)

or
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FIGURE 5.2
Axisymmetric slot flow with mildly varying height.

Vo = %uo = €Uy (5.3)

where e=h/l« 1. Based on the condition & </, the normal velocity v is much less than the
axial velocity u.

5.1.1 Slot-Flow Analysis

As a preliminary task, we analyze flow between slightly converging plates (see Figure 5.2),
known as slot flow. Following the approach outlined in Section 3.1.2, first, (steady lami-
nar) unidirectional flow is assumed. Thus, starting with Stokes” steady 2-D equation (see
Equation 2.36) and applying scale analysis, the y-momentum component collapses to

dap
0= - 54
oy (64)
The x-momentum reduces to
dp  9%u
0 - + _ 55
o TR oy (5.5)

Considering such slot flow with locally varying clearance /(x), we have as the solution to
Equation 5.5 (see Section 3.1.2 and Figure 5.2)

o3 )4]

This is Poiseuille-type flow, depending on the local height h(x) and the local pressure gra-
dient. Clearly, via the boundary condition u(y=h(x)=0), the axial velocity is not only a
function of y (as in Poiseuille flow) but also dependent on x. To complete the slot-flow
analysis, global continuity, 11 =pvA = pQ = constant, requires for incompressible flow

3
Q= JU” dA = 2 j udy:= ZM(ALPJ (5.7a through ¢)
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Given the flow rate per unit depth, the quasi-constant pressure gradient, dp/dx=-Ap/L,
can be eliminated in Equation 5.6. Alternatively, Equation 5.7c delivers the overall pressure
drop, that is,

L
d
p-p=2Q) 5 (538)
0

Clearly, Equation 5.8 is based on the geometric fact that e=h/L <1, that is, the lubrication
approximation. This underlying assumption is used to describe numerous other applica-
tions; for example, slightly expanding/contracting flows in narrow channels, thin films,
small blood vessels, filter pores, and so on.

5.1.2 Squeeze-Film Lubrication

A unique application in lubrication are squeeze-film systems (see Figure 5.1b). Here, h=h(t)
only, and of major interest (again) is the pressure field p(r;,f) due to the closing gap. Example
5.1 considers a basic case with first a Newtonian fluid and then a power-law fluid as well
as a visco-elastic fluid as lubricants.

Example 5.1: Sample Squeeze-Film System

Consider squeeze-film lubrication under a constant load L for different fluids:
Newtonian, power-law, and linear visco-elastic.

Model Schematic 1 Assumptions Method/Approach
# L e Transient 2-D ® Reduced continuity and
axisymmetric equation of motion
| | incompressible fluid e Insert appropriate
o) z T flow rheology models for t,,
h(o) I:(z) r w=hi2 Gap height 1 <R and * Average v(r, z, t) over z:
——o—> h<v R k2
e Normal stresses are v=— J. vdz
R —>| h
| negligible 0
* L ® Neglect end effects
Solution:

Based on the postulates v = [0; v =v(r, z, t); w= h/2:| and Vp=dp/dr, we reduce the
continuity equation (Appendix AL5.1) to

19(r0) dw _ (E5.1.1)
r or 0z

and the equation of motion (Appendix AL5.2) to
) 9
9 )=, E.5.12
or plrt) oz ( )

Integration of Equation E.5.1.1 across the gap —h1/z<z <h/2 requires

_ [10(ro)
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Specifically,
" ! R ho( h
weft o)
2 2 2 2
“h/2
and
L\ h/2
- 19(r0) ;,_ 14(r0) [ az=-22 (opn
r or r dr rdr
—h/2 —h/2
so that
:@_—li(rhf)
dt rdr
where

7 _2 J o(r, z; t)dz
h
0
Before integrating Equation E.5.1.2 across the gap, t,, has to be defined.

i. Newtonian fluid:

Thus, Equation E.5.1.2 reads:
’v _dp
d0z%  dr

subject to v(z=+h/2)=0.
Integration across the gap yields

56T

(E.5.1.4a)

(E.5.1.4b)

(E.5.1.5)

(E.5.1.6)

(E.5.1.7)

(E.5.1.8)

(E.5.19)

Evaluating the average radial velocity (i.e, Equation E.5.1.6), as needed in

Equation E.5.1.5, we have
h/2 2 3
hﬁ:l(dl J. 2 _hi dz = i@
n\ dr g 4 12u dr
so that
L () 1w

rdrdr) K dt
subject to p(r=R)=0 and dp/dr=0. Thus, double integration yields

_3uR G (r Y
p - h3 ;l{(jlz ) 1}

(E.5.1.10)

(E.5.1.11)

(E.51.12)

201
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Now, the load can be evaluated as

R R
L =deA = 2njprdr LN %3 (E.5.113)
0 0

Clearly, p(r) and hence L are proportional to /%, which indicates the signifi-
cance of the “small-gap-wedge effect”

ii. Power-law fluid:

T, = K(a”)nl T, = K(a—v)ﬂ (E.5.1.14)
rz — aZ rz T az oJeds

Starting over with Equation E.5.1.2 for this basic non-Newtonian fluid, the load
is (see Section 4.2.2)

_2n(2+1/n)

L n (@nel) i3 (E.5.1.15)
n+3

K sgn(fz)‘h

As expected, when n=1 and hence, K=, Equation E.5.1.13 for Newtonian fluid
flow is recovered.

iii. Linear visco-elastic fluid:

t ’
= [o(t-) 2 ar (E51.16
Z

This closure model leads to (see homework assignments in Section 5.3.2)

L= 3’“2R4 jQ(t ) (/) (E5.117)

Graphs 1 (for Case (i) “Newtonian fluid flow”):

v/v max

1.5

6k L=1x10°Nm-,,R=0.3m
r = 4}
E L=5x10"Nm, R 0.3 m
=4 .
0.5‘ 2_
L=5x10*Nm-1,R = 0.5 n}
O 1 1 1 1 0 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0 0.2 0.4 0.6 0.8 1

z/h /R
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Comments:

* As expected, the radial squeeze-film velocity v(z) is parabolic due to the
approaching disks.

e Ata given time t with w ~ hdisk, a pressure gradient dp/dr is created, which is
driving the fluid outward.

e The pressure distribution (see Equation E.5.1.12) clearly depends on the disk-
approach speed hdisk = h(L) and the disk radius R. In turn, the load L deter-
mines the disk speed (see Equation E.5.1.13).

e A Course Project (see Section 10.2) would be a good venue to further explore the
impact of non-Newtonian lubricants.

5.1.3 Planar Lubrication

As pointed out a few times, for steady fully developed internal flows (e.g., Couette and
Poiseuille), the pressure gradient is constant, and hence, parabolic velocity profiles are
ensured. When one stationary wall is slanted (or curved), and the other flat surface drags
viscous fluid into the narrowing passage, the lubrication approximation e=h/L <1, dis-
cussed in Section 5.1.1, can be applied. In such planar bearings, the local pressure builds
up, capable of sustaining a significant load exerted on the fixed wall, thatis, L=p, .- A
(see Figure 5.3).

Very similar to the slot-flow analysis of Section 5.1.1, that is, assuming a small, only
slightly varying gap h(x), it can be shown that the viscous forces are dominant. Clearly,

surface

2 2
VKU, STZ < gyl;, and gg =0 (5.9a through )
Specifically,
Fin rtia uau/ax uz/l (h)2
= ~ =Re| | <1 (5.10a through ¢)
Foscons v(0%)/(ay?)  vu/m? ~ I &
px=0)=py
P —Po
pmax
Area = load
T X
0.0 1.0 n

FIGURE 5.3
Slider bearing: (a) velocity profiles and (b) pressure distribution.
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Notes:

e Although Re,= Ul/v may be relatively high in lubrication, Re,(h/)? <« 1. To illustrate
that fact numerically, assume U=10 m/s, h,,,=0.1 mm, /=4 cm, and v,;=7x10"*
m?/s. As a result, Re,=570, but Re(11/1)>=0.004 (see White, 2006).

® As discussed, the two major forces in lubrication are the viscous and the pres-
sure force. Their ratio forms a dimensionless group called the “bearing number,”

B=(uUl)/(psh?), which is of the order of one for typical slider bearings.

With the simplifications, the scaled Navier-Stokes (N-S) equations then reduce to the
Reynolds lubrication equations as

V-5=0 and Vp=pVZ%+pg (5.11a, b)

For the given 2-D system with a very mild h(x)-variation (Figure 5.3), these equations are
simplified to

ou o%u

—=0 and d—pzu

- s (5.12a, b)
subject to
u(y=0)=U; u[yzh(x)]zO (5.13a, b)
and
p(x=0)=p, and p(x = {)=py (5.13c, d)

Integration with respect to y yields

u(x,y)zu{l y J_wxﬂz(dm y (1_ y J 614

" h(x) 2u | dx )h(x) h(x)

Clearly, the velocity field in Equation 5.14 is a combination of simple Couette and basic
Poiseuille flow. Now, the pressure gradient is obtained via the (given) flow rate:

h(x) 3
h ) h
Q= Ju(x, y) dy | 1(;2] (dZ)+zu (5.15)

0
so that

dx dx
[n(x)] ()]

Note: h(x) is a design function where the stationary surface is usually slightly curved.
Clearly, the last term in Equation 5.16 indicates that (see also Equation E.5.1.12)

plx)=po+outl [ -1200 (5.16)
0 0

p(x)~h~
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This implies that very small gap sizes may produce very high pressure levels and hence,
load-carrying capacities. As this can be interpreted as a “safety measure” (i.e., L— oo as
h— 0), very thin lubrication films may rupture or get perturbed by entrained wear-particles.

Example 5.2: Simple Slider Bearing with a Given Volumetric Flow Rate

Sketch 1 Assumptions Method
e Steady quasi-unidirectional e Planar lubrication equation
laminar flow in a very small gap ¢ Conservation of mass
¢ Negligible inertia terms ° ‘ hy — h1‘ <L

* No end effects
¢ Constant fluid properties

Solution:

Again, the basic problem solution is a combination of Couette flow and Poiseuille flow

(see Equation 5.14):
- y PlYy(1_Y E.5.21
u(x, y) u (1 A ) ( ) (1 ) ( )

Here, we suggest a linear h(x):

h=h(x)=h+ %x (E.5.2.2)
So, the flow rate Q is
h(x) h h
Q = J. u(x, y)dy=——"2-U =« (E.5.2.3)
) I+ hy
From Equation 5.15, we have
dp__12n (Q - —) (E.5.2.4)
dx

The maximum pressure occurs at an x-location where dp/dx =0, that is,

_2Q_ 2k _,  h—h

Popt = - Il i L Xopt (E.5.2.5a)
Thus,
mL
- E.5.2.5b
ot S ( )

The sustaining force per unit width, that is, the load, is

L
F _[P po)d (E.5.2.6)
0
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where with Equation E.5.2.4, we obtain
()= po+ ot [ 5 1200 45 (E527)
0 0
Tasks:
* Solve Equations E.5.2.7 and E.5.2.6 with I(x)=1h + Lzhlx
* Plot p(x) and indicate x,,, and p,,,, for a reasonable geometry (see Graph 2a).
¢ Plot velocity profiles of Equation E.5.2.1, similar to Graph 2b.
Graphs 2:
51 1
:,.-«_. x=0
4.5 001F ----x=05L
I \ S -x=1L
N = ’
= = 0005
R 35 § !
3k
| of
oA L1 P I R I S T S
0 0.002 0.004 0.006 0.008 0.01 0 0.0001 0.0002 0.0003 0.004 0.0005
(@) *(m) (b) i y(m) by
Comments:
1. When x=x,,,=mL/(l; +h,), p(x) reaches its maximum p,,,,,
2. The u(x,y) -distributions vary greatly relative to the x position; as x increases,
the backflow region decreases.
I
5.2 The Reynolds Lubrication Equation

To generalize the “planar (or slider) bearing” of Section 5.1.3, we now consider that
the upper slanted (or curved wall) also moves downward with a vertical velocity (see
Example 5.1 and Figure 5.4):

ok

=-V 5.17
o (517)

o(t) =—

Now, h=h(x,t), and the squeezing effect will produce flow in the z-direction as well. Hence,
with the following scales:

x,z~L;  y~hy; t~%,‘ uw~U;, v~—; p~p—_—
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u
14
W u(x, y, t) hy
u
I o 7 h(x, £)
L{ O
x Ox
/
x=0 x=L
FIGURE 5.4
Generalized slider bearing.
we have to solve
dp  u
O=—"+u——> 5.18
o T8 oy (5.18)
and
o dw
O=—"F+pu—— 5.19
5, tH oy (5.19)

subject to the no-slip conditions at y=0 and y=h(x, t). The results are (see HWA in
Section 5.3) for the axial flow

G366 (o A

If the pressure gradient is zero, simple Couette flow is recovered. For the film flow in the
z-direction, that is, due to the squeeze effect, we have

w(x,y,z;t)= Z(g’;)l(%)z - (Zﬂ (5.21)

Knowing the velocity field of the lubrication film, we now can develop an equation with
a varying spacing h(x, ) for the pressure gradients in the x-direction and z-direction (see
Figure 5.4). We start out with the continuity equation, that is,

ov _du  Jdw
A R 5.22
oy ox " 0z 62

h
Integrating Equation 5.22 across the gap, recalling that V =0h /dt = jg—v dy and applying
Y

0

the Leibniz rule (see Appendix AL3.2), we obtain



208 Modern Fluid Dynamics, Second Edition

oo, dulh

T V= . Ou Y _E)xJFaaz.(!‘w dy (5.23a through ¢)
where
dqu(h
u(h)=U and hence, {M( )} =
ox
In detail:
[ (72 (2 AR
dy= | YoV LuYla 5.4
Jst [2;1(&)[ h]+ h] Y 6:242)
0 0
h 2 1 Ty o), U
J’udy_i P 72_1/7 ul L =P (5.24b)
) 2ul ox )| 3h® 2h S 2h . 12].1 ox
and
W (op v
dy = vVl 525
'[w y= [Zu(az)( hﬂ Y (:253)
h (Y v v _ (o
.O[w Y Zu(az)[Shz Zh]o 12u(8z) G235)
With the given results of the integral expressions, the continuity equation now reads
3 3
_Oh__ 9| I (dp NCUACANOS 9Pp (5.26a)
ot ox 12u | ox 2 oz| 12u\ oz
or
oh 9| K (op)| Uoh 9 ap
—=—| | ||t =— 5.26b
ot 8x[12u(8x):|+2 8x+az|:12u(azj:| ( )
For planar bearings, the geometry condition is 0h/0z =0, so that Equation 5.26b reduces to
oh 0 dp \|, U oh
— 5.27
ot 8x|:12u[8x):|+2 ox (6-272)

It can be rewritten in three dimensions (3-D) as

o [wo h-
S=v| Dvpel 527b
ot [12 P ] (-27b)
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In non-dimensional form, with
< P=Po g i PP o dx
= s - X==, dx=—"
P=uuL Pra ™7 L
ht
and a linear gap
~ h R
h= (%) =1+ o _ ,
I I
we have
dh="Lan d a}f _(he_
1 ax I’l1
Without squeezing action, V =0h/ot = dh(x)/ot =0, we obtain
~ .
0= 10| yputlfop ) U (h (5.28)
Lox|12u = hL | ox 2L\ Iy
which in compact form reads:
3 [~s(3p h
|72k |[=6|1-2 5.29
Example 5.3: Find the Pressure Build-Up in a Basic Slider Bearing with a Linearly
Increasing Gap, U=Constant and Atmospheric Inlet and Outlet Pressures
Sketch 2 Assumptions Method
¢ Laminar flow ¢ Continuity equation
¢ Lubrication * Reduced N-S equation
approximation o 7— -0;
¢ Constant fluid ’ [u(y) w(y)]
properties ) 2
hy ¢ No end effects * Vp= |:87p,0;87;z7:|
I e Linear h(x)
’ o h(x)=h +f =l
Pyl (x)=" L F
X
v
x=0 x=1L

Solution: Equation 5.29 is first rewritten in terms of the dimensionless pressure gradient,

where at x=x,, (or h=h,), the film pressure has the mean value of p,,,:

b

(E.5.3.1)
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9P _

% h2

Integration in the axial direction yields

X

= [

0

m

h3

hZ

5

(E.5.3.2)

(E.5.3.3)

(E.5.3.4)

(E.5.3.5)

At either end of the channel, the pressure is a minimum. Thus, the appropriate bound-

ary conditions for the pressure in the channel are fi(fc = O) =0 and p(x 1) 0

Applying these boundary conditions yields the following pressure distribution
L

(i
pll i

by

h
L}
h

ut ] (1-%) (E5.3.6)

LB

hi1-

Or in a more compact form:

p(x)—po=-6U

1

p(x)_po utix ].—E (E.5.3.7)
of 2= UL o
h2+h1 |:h1 +(h2—h1)z]

It should be noted that the “wedge effect,” that is, i,>h;, has to be preserved. In other
words, Equation E.5.3.7 is not applicable to Couette-type flows.

Graph 3:
20 1
15 4 T ‘\\ — hy/hy =125
- (e T TS ~ ---hy/ hy=15
§ ‘N +N /,.//" ''''''' NS > AN \\\ - - hz/hl =175
2| 09 4 oSN == Iy by =20
Y ~N
E 3 N N \\
% \'\4\ \\
5 SO\
\.\\'\\\
N\
O T T T T : 1
0.0 0.2 0.4 0.6 0.8 1.0
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Comments:
¢ As the geometry parameter h,/h, increases, the hydraulic resistance goes up,
and the load-carrying capacity diminishes.
e With larger h,/h,ratios, the peak-pressure location shifts toward the slider
front-end.

As in (planar) slider bearings, a wedge effect for high-load lubrication can be generated
when a rotating cylinder is placed eccentrically in a stationary housing (see Figure 5.1c).
This is called a journal bearing, as it appears in most rotating machinery (see Example 5.4).

Example 5.4: Long, Eccentric Journal Bearing

Consider a rotating shaft of radius R, inside a stationary housing of inner radius R,,
both of length L. The difference R,—R;=c is the variable clearance, and the ratio e/c=¢ is
the eccentricity, where e is the off-center distance (see Sketch 3). Again, it is the “con-
fined wedge-flow effect” that generates the high, load-bearing pressure distribution.
Different from the clearance is the very small gap h. Here, h=c(1+ecosB) <« 1, which

implies h(0=0)=h,, =c(l+e)=c+eand h(®=m)=h;,=c—e.
Derive an expression for the internal pressure in the form p(6), where p = ioz .
Hwo (R1 / c )
Sketch 3 Assumptions Method
e Steady laminar flow * Reduced lubrication equation
\\\9 =0 e Slow shaft rotation (Equation 5.24)
_ e I/Ri<1; R,/Lx1 ¢ Reynolds pressure conditions
® h=h(e, 0) as given at 0=0,,;,: p=0and dp/d0=0
e Stretched coordinate
x=R,0
¢ Constant properties
¢ No end effects
Solution: Non-dimensionalization yields
0= :ﬁ, 5 =—%  and P :(p—po)/[ucoo(Rl /c)z]
Ry c L/2
Employing Equation 5.29 with l=h(x) becoming k() and (R,/L)*~0, we have
d(r;0p) ,oh
— |’ =E=6— E541
00 ( 20 ) 20 ( )

Integrating twice yields

0 ~
) h-C
p(6)= 6‘[]7;19 (E.5.4.2a)
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where the integration constant C depends on the assumed pressure boundary con-
ditions. For example, setting p=0 and dp/d6=0 when a vapor cavity starts to form at
0=0_,,, we get (Szeri, 1980)

cav/

C = h(0a) (E.5.4.2b)

Typical 6,,-values are 249.2° when £=0.1 and 219.7° when £ =0.5. For the latter case, the
p(8) distribution is given in Graph 4.

Graph 4:
300
250
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0 50 100 150 200 250 300 350

Angle (deg)

Comments:
® The pressure distribution in the journal bearing follows qualitatively that of
planar bearings (see Example 5.2).
* Again, the magnitude of i and the pressure boundary conditions greatly
determine p(8) and hence the load-carrying capacity of the journal bearing.

5.3 Lubricants with Nanoparticles

Nanofluids, being very dilute suspensions of nanospheres or short carbon-nanotubes in a
liquid, have numerous applications in microsystem cooling, drug delivery, and enhanced
lubrication, to name just a few (Kleinstreuer and Xu, 2016; Kleinstreuer, 2014, among oth-
ers). Adding either soft or hard nanoparticles to lubricants can significantly reduce friction
and wear and increase the load-carrying capacity of bearings (see Figure 5.5). Typically,
such nanoparticles are metal or metal oxides, sulfides, or non-metals, which are well sus-
pended at around 1% in volume.

_—

REE LT M v

~—
Basic machine oil with NPs

FIGURE 5.5
Boundary lubrication with a nanofluid.
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Under boundary nano-lubricating conditions, the nanoparticles first nestle into the
rubbing surfaces, generating a surface-polishing effect. In addition, they separate the
asperities of the moving surfaces, preventing their direct contact, and hence, may act like
a ball-bearing. The friction-related mechanisms of lubricants with nanoparticles can be
deduced by analyzing scanning electron microscopy images and energy-dispersive spec-
trometry patterns of the wear surface. Clearly, using nanofluids as lubricants can provide
improved efficiency in energy use and reliability of mechanical systems.

There are very few numerical studies of enhanced lubrication when using nanoparticles.
This can be attributed to the fact that the lubrication process often involves the deformation
of nanoparticles, which is difficult to model. Nevertheless, some studies have revealed lubri-
cation characteristics using numerical methods. For example, Lv et al. (2011) used molecu-
lar dynamics (MD) simulations to study the frictional mechanisms of nanofluid lubricants.
They showed nanoparticle rotations under low pressure as well as trapping and aggregation
of nanoparticles under higher pressures. These effects separated the friction surfaces and led
to enhanced lubrication properties. The MD simulations of Hu et al. (2014) demonstrated that
phase transition took place under high load, while the transition pressure of a nanoparticle-
added lubricant was higher than that of the base lubricant. Nanoparticles could effectively
increase the load-carrying capacity, especially for nanoparticles with smaller sizes, due to
stronger micro-motions and volume effects. The authors demonstrated that the improved
load-carrying capacity is due to the organized molecular structures of the lubricant near the
nanoparticles and to the deformation of nanoparticles. Shenoy et al. (2012) used a modified
Reynolds equation to numerically investigate the effect of a nanoparticle additive on the
fluid film of a journal bearing. The results indicated that dispersing TiO, nanoparticles in
engine oil can reduce end-leakage as well as friction, thus improving the load capacity of
the bearing. Binu et al. (2014) used a modified viscosity model to incorporate the nanopar-
ticle effect on the rheology of the fluid-particle mixture, that is, a TiO,-based lubricant. They
introduced coupled stresses to the Reynolds equation to account for the impact of nanoparti-
cles. The model predicted a significant increase in load-carrying capacity of the journal bear-
ing. Nicoletti (2014) found that adding nanoparticles to the base oil modified the volumetric
heat capacity of the lubricant, resulting in a lower temperature and hence, a larger viscosity,
implying an improved load-carrying capacity.

In summary, using nanoparticles as additives to lubricants can greatly enhance their tri-
bological properties by reducing friction and wear as well as increasing the load-carrying
capacity. Low weight percentages of nanoparticles seem to provide the best performance.
The mechanisms for enhanced lubrication performance are manifold and depend on the
material structure of the nanoparticles. Under film-lubrication conditions, where the load
is supported by the lubricant and any solid-solid contact is avoided, the potential increase
of the lubricant’s viscosity due to nanoparticle addition needs to be considered. Again, a
homogeneous suspension of nanoparticles in lubricants is vital for proper applications, as
large aggregates of nanoparticles may be detrimental to the lubrication process.

5.4 Homework Assignments

The “Insight” questions emerged directly out of the Chapter 5 text. Some “Problems”
were taken from lecture notes based on the open literature after content modification and
enhancement. Additional examples, concept questions, and problems may be found in



214

Modern Fluid Dynamics, Second Edition

good undergraduate fluid mechanics and heat transfer texts or on the Web (see websites of
MIT, Stanford, Cornell, Penn State, University of Michigan, etc.).

5.4.1
51

52
53

54

55

5.6
57

5.8

59

5.10

5.4.2

511

Physical Insight

Interpret and illustrate Equation 5.1 (1) mathematically and (2) physically, espe-
cially the extreme cases of f=0.01 and f=1.0.

Derive via scale analysis Equations 5.4 to 5.7c.

Find an expression for p(x) based on a linear k(x) in slot flow. Plot the pressure
distribution for different system parameters and comment.

Derive in Example 5.1 the load-expression Equation E.5.1.15. Plot for reasonable
h(t)-functions the loads given with Equations E.5.1.13 and E.5.1.15 for different p-
and (n < 1)-values.

Develop an equation for (1) the reactive force in slot flow (see Figure 5.2) and (2)
the load in squeeze-film lubrication (see Example 5.1).

Why is there possibly backflow in a slider bearing (see Figure 5.3)?

Compare the slot-flow analysis of Section 5.1.1 with planar lubrication (Section
5.1.3) in terms of 2-D modeling equations and the expected results for u(x,y) and
p@).

Extend Example 5.2 by implementing the following tasks: (1) Solve Equations
E.5.2.7 and E.5.2.6 with h(x) =h, + (h,~h,/L)x; (2) Plot p(x) and indicate x,,; and p.x
for a reasonable geometry; (3) Plot velocity profiles of Equation E.5.2.1.

Concerning Example 5.4, derive Equation E.5.4.1 and solve Equation E.5.4.2a with
the given information for C and h(0).

Derive Equations 5.20 and 5.21 with examples.

Engineering Problems

Consider a basic slider-block as shown:

y
u i p(L) = py
h(x) p, u 2

pO)=po M,

7/ Z
x=0 x=L

To apply the Reynolds Lubrication Theory, we recall that h,<«L and U=¢, so
that due to the “wedge effect,” a high pressure in the lubrication layer generates a
large lift, that is, load-carrying capacity of the planar bearing.

n_o [y ho d(,sdp h
— =V | —Vp+-U| to —|W¥-"|=6|1--2>
ot {12 P ] ? dx( dx) ( hlj

which is now in dimensionless form with U=1 (unity).
a. Solve for p(x) —p, and dp/dx.
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b. Plot m , find the location for p,,,,, and comment.
6 hy —hy
hy + Iy

2
c. Find the velocity field, v =Vp y——y—h + U z—1 , and indicate how to
2u 2u h

compute the hydrodynamic forces, that is,

F = ~[a[p(x)-p]aa + [i-z.da
A A
512 Consider a sphere of radius R approaching a horizontal wall vertically under
force F, in a viscous fluid p. Note that the distance h(t,x); that is, the sphere-wall

gap function is small: e=/,/R <« 1. Thus, the film-lubrication region is of interest.
Specifically,

a. Show that the Reynolds equation (see Equation 5.27a) reduces to

oh 19 op
2u == 2y oE
ME)t‘ xax(x Bx)

and determine the gap function h(x,t) =hy(t) +f(x, R) , where h(t) is the smallest
clearance.

The reference pressure at the film’s outer boundaries, +x,, is p(x = +x,) =p,,

E

R
plx = —xp) : P& = —xp)
ho(2) - h(x, t)
[ / ]
K x

bl 1)

. x dh .

b. Find dp/dx = 6“?5 as well as an expression for p(x) - p,.

c. Assuming that only the film pressure contributes to the vertical force, develop
an equation for

E = an.:b [p(x)— pb]xdx

xi

d. With the approximation > 1, show that F, = 6muR? Llo /dt , and discuss
various scenarios for 0 ho
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E ~ (k" and % = const., etc.)

e. Given a constant F, (e.g., the sphere’s weight), find h(f) subject to h(t=0)=h
plot dhy/dt as well as h(t) and comment.

f. The result of (e) indicates that the sphere will not touch the wall within a finite
time interval, which contradicts experimental observations. What happens?

513 Consider a nanofluid as a lubricant in the planar bearing of Example 5.3 and
compare the pressure results for nanofluid flow (i.e., mixture flow) versus oil (i.e.,
a Newtonian fluid).

initialr
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Fluid Spreading, Film Drawing, and Surface Coating

6.1 Introduction

Pressure, viscous, and gravitational forces, as well as surface tension for free-surface prob-
lems play key roles in planar fluid spreading, surface coating, slit flow, lubrication systems,
and film drawing. Typically, nearly parallel flow and one-dimensional (1-D) free-surface
force balances are assumed to solve basic thin-film problems. The underlying fluid-inter-
face assumptions are that the free-surface curvature C=R relates to the second derivative
of the film thickness /1, which is very small, that is, i/L < 1. Such a geometric simplification
entails a negligible normal velocity component, and consequently, 0u/ox ~0 from continu-
ity and dp/dy~0 from the y-momentum equation. Hence, the x-momentum equation can
be reduced to

2
0= —% + l.lgyl;l +Pgx T Jsurface - tension (61)
In general, for free-surface flows, p=p(x, y, t); but for many practical applications, one can
assume a hydrostatic pressure, that is, p=pgh. For thin-film or device geometries with
slightly non-parallel boundaries, u=u(x, y).

Section 6.2 deals with the mechanics of gas-liquid interfaces that are formed when net
pressure and surface-tension forces are in equilibrium. Of major interest are the static
interface function z=z(x) and the interface angle with a solid surface. Section 6.3 provides
an introduction to film-drawing and coating processes, which are illustrated with several
examples. The chapter closes with a brief summary of spray-coating systems.

6.2 Fluid-Interface Mechanics

Meniscus and droplet formation are two static examples involving fluid-interface mechan-
ics, while gravity-spreading of a pool of fluid is a dynamic example of free-surface flow.
For a more general case, consider two immiscible, relatively moving fluids A and B, form-
ing interface S of mean curvature C. Ignoring surfactant and temperature gradients, the
equilibrium forces are net total stress tensor T and surface tension ¢ =F/! (Figure 6.1).

The force vector balance reads:

7-(Ty=Ta)+nCo=0 6.2)

217
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F,, =0l

<surface tension>

<Total stress

Interface S tensor of A>

Radius of curvature R

FIGURE 6.1
Free-body diagram for interface between two immiscible fluids A and B.

where:
C=R" is the mean curvature of the interface S
c is a given fluid surface tension
T= %total = —pf +7 ,p is the thermodynamic pressure
I is the unit tensor
T

combines the normal and tangential (i.e., shear) stresses

Under static, that is, no-flow conditions, Equation 6.3 reduces to the Young-Laplace
equation:

~Ap+Co=0 (6.3)

where Ap is the static pressure difference between the two fluids. The mean surface curva-
ture has to be determined based on the interface geometry:

>

Ch= 6.4)

SRS

where:
f1 is the normal unit vector
t is the tangent unit vector
s is the interface arc length

Specifically, for a cylindrically symmetric surface described by h(x), with /i and h" being
the contour derivatives (see Homework Assignments in Section 6.5),

h”

c—__ "™
[1+0r)7T"

6.5)
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Schematic 1-D force balance

F pull

Fpull - Fs.t cos 6 — Whet =0

where

= HLt
plate FS

o and
|2
Whet = (pH - pliq4 hliq, )Ltg

=0P=2(L+1t)c

(a) u Whet = M8 — Piig. Miq. Ltg (b)

FIGURE 6.2
(a) System schematic and (b) Force balance.

Usually, I in Equation 6.5 is very small, so that the radius of curvature becomes R=1/h".
When applied to standard gas-liquid configurations, we have

0 for planar surfaces
C=42/R for spheres of radius R
1/R  for cylinders of radius R

If a meniscus forms between a rising liquid (on a vertical wall as shown in Example 6.1)
and air, a 1-D force balance between surface tension and gravity yields (see Equation 6.3)

(¢}
2 4peh=0 6.6
P8 (6.6)

where:
o (N/m) is the surface tension
R~1/h" 1is the meniscus curvature
pgh is the fluid static pressure

Example 6.1: Meniscus at a Vertical Wall

Consider a gas-liquid interface with capillary rise i at a vertical wall forming the
contact angle 6, which is the inclination angle ¢ =n/2-6. Find / and 6.

Sketch 1 Assumptions Method

¢ Cylindrically * Young-Laplace equation
symmetric surface with C=1/R and

e 1-D static analysis: Ap=-Apgz from fluid
surface-tension statics, where Ap is the
force balances two-fluid density change
gravity

Ih

X
pliquid
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Solution: Equation 6.3 now reads:
Apgz+ Co=0 (E.6.1.1)

With Equation 6.5, we now have

=_1 z" Apg
C E = W = —TZ =-Kz (E.6.1.2a through d)
subject to z(x = 0) = 0 and z/(x = 0) = tan(p) = 0. Instead of solving this nonlinear ordinary

differential equation (ODE) numerically, we start with the simplification C=R" thatis,
z' = 0. Now, the circular arc length As=RAg, or

% = dd% (E.6.1.3)
Eliminating ds, we recall sing= % , so that
Integrating
sing-de = -Kzdz (E.6.14)
yields
cosQ= —gzz +C (E.6.1.5)

where at z=0, we have the incline angle ¢ = 0°, that is, cos ¢ =1 and C, = 1. Thus,

cosp—1=-2sin?| 2 |= _Kp
2 2

or

z=12 |- sin(“’J (E.6.1.6)
Apg 2

Finally, z=h when the contact angle is 6, or p=n/2-6.
Hence,

h=2 Gs'm(n—e) (E.6.17)

where 0 <x/2 for h to be positive.
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Graph 1:
4 B c
) — e ® 2.7 mm (water)
L - o
5L e T 2.0 mm (olive oil)
[~ < .
_ [ s - \/A:g ~ 1.6 mm (ethyl alcohol)
g [~ <
Eaf Tl
< [ s
1 —
0 1 1
0 45° 90
0
Comments:

* Asexpected, h ~oc; that is, with increasing parameter Ai , the (pulling) sur-
pg

face-tension force ﬁc gets larger, and hence, /1 increases.

* The magnitude of the vertical component of 136 depends greatly on 6, that is,
0°<6<90° implying that for 6=0° F,,cy=F,.» and hence, h=h,,,, while for
0=90° F,,,1icar=0-

Clearly, the key parameter in air-liquid interface mechanics is the surface tension o.
Example 6.1 indicates that, if not known beforehand, c-values can be obtained from a ver-
tical-plate force balance measuring the upward pulling force, the fluid densities, and the
contact angle, as shown in Figure 6.2.

Thus, ignoring the buoyance effect on the plate portion in the air,

Fpull = ZG(L + t) cosBO+ (pH — pliq.hliq. )Ltg (67)
With hy,, from the net-weight expression (see Figure 6.2) and the plate geometry plus den-

sity known, only the pulling force and the contact angle have to be measured to compute
the surface tension from Equation 6.7.

Example 6.2: Surface Coating

In contrast to the falling film of constant thickness (see Example 2.7), we now consider
more realistic surface coating. A thin plate is being submerged into a finite reservoir of
a coating solution and then vertically withdrawn at a constant velocity.

The interplay of drag force, gravitational effect, and surface tension is described by the
Reynolds lubrication equation (see Section 5.2.1) combining pressure gradient, drag
force, and gravity, while the Young-Laplace equation (Equation 6.6) relates pressure
gradient and surface tension.

Solution: Based on the stated assumptions, Stokes’ equation reduces to

dp  d*u
- ——pg=0 E6.2.1
ay TR ( )
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Sketch 2 Assumptions Method
u e Steady laminar, e Differential approach
quasi-unidirectional * Reduced Stokes
flow equation
¢ Constant properties (Equation 2.36)
_ e Smooth film surface e Static force balance at
1 ig * Negligible shear stress plane interface
at the air-liquid e Free surface meniscus
interface radius:
¢ Plug flow
wy=1)=u,=z¢ and 1= (212
- ) Q=u,hy; that is, I, is R=%
Coating the final coat thickness
solution e Film solidification at
y=1,thatis, iy =,
and u=1u,
subject to
du
u(x=0)=u, and — =0 (E.6.2.2a, b)
)
Double integration yields
xY x
u(x,y) =u, + P[h(y)I’ [(h) - 2(h ﬂ (E.6.2.3a)
where
d
pP= [d5 +pg ] /(ZM) (E.6.2.3b)

Recall from Example 6.1 that a meniscus is formed between a rising liquid on a vertical
wall and air, where a 1-D force balance between surface tension and gravity yields (see
Equation 6.6)

%Jr pgh=0 (E.6.2.4)

where:
pgh=p is the hydrostatic pressure

. . n2 3/2 77
meniscus radius R= [1 —(K) ] h
Hence, recognizing that ()* <1, we obtain after differentiation

dp __ _d’h

=—0—Fx E.6.2.5
dy N dy® ( )

Now, the flow rate per unit depth is

I
Q= |udx= _(P +pg ]+ u,h=u,h (E.6.2.6a through ¢)
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Substituting dp/dy and then rearranging Equation E.6.2.6c results in

3 3
s dfﬁl—pfg B () =0 (E.6.2.7)
3ldy> o c

Introducing the capillary number Ca=1,11/c and Stokes number St =pu, / (pght), we
recast Equation E.6.2.7 in the form:

3
@h  Ca  3Ca (1_ h JZO (E.6.2.8)

- - +7
dy® KISt K h

Note that Ca and St may vary within the limiting assumptions of laminar ripple-free
film flow; that is, Ca~10-5, and St is in the range of 0.1-1.0.

Numerical solution of Equation E.6.2.6b, subject to h(y=I)=h;, h(y=0)=h, and
dh/dy(y=1)=0, could be achieved with a Runge-Kutta ODE solver. Alternatively, com-
bining Equation E.6.2.5 with Equation E.6.2.8 yields

dp___d&h___Ca 3Ca(1_hl)

dy” Cay " st S\ h
(E.6.2.9a through c)
Bupp h
= — 1 e
pg+ hZ ( h )
Now, we have
dp 3u, N
p=|“F qy="rf1-4
( dy + pg)/( 1) 2 ( p J (E.6.2.10)

where /1 =(y). We substitute P into Equation E.6.2.3a, and rearranging yields

uey) 3 (1_ s ){(x )2 _ z(x J] (E.6.2.11)
u, 2 h h h

Assuming realistic film thicknesses & (i.e., different y-stations) in the range i <h <hy,
we can plot Equation E.6.2.11 as follows.

Graphs 2:
(@) Vertical film velocity u[x, h(y)]
14F h=h
LE | =2,
“E — — h=3h
1 SR (P h=4hy = h
h 1 0
£\
081 "\
S F
3 C \\'\.
= oef NN
04fF NS
F XNe-o.
02 NN
r AN
: \\.\
= ~= -
~0.2 E 1 1 LT J
0 2 4 6 8

(2) x (mm)
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(b) Emerging film thickness /(y)
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0
0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008

(b)
Comments:

e For various assumed h-values, that is, y-stations, Graph 2a depicts the local
film velocity profiles at iy <h<h, according to Equation E.6.2.11.

* Numerical solution of Equation E.6.2.8 is shown in Graph 2b as h(y) for hy=8
mm and s; =2 mm, to coat a plate of 20 mm length.

6.3 Drawing and Coating Processes

For certain drawing processes in which an applied force pulls the film out of an extruder,
the normal stresses are more important than the shear stresses, and hence, Equation 6.1
has to be updated (see Figure 6.3a and Example 6.3). A classic example surface coating is

Notes:

¢ Fpa = (-p+ ZTW) A
(a) * Q=uyHyw = u(h)-h(x) w

o,

o

2H, 2H,

R
(0 .‘”\

0

FIGURE 6.3

DIE
Liquid

¢

Film/sheet

Solid

(d)

Thin-film drawing and coating processes. (a) Film drawing, (b) spin coating, (c) calendaring, and (d) film casting.
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dip-coating (Example 6.2). Other thin-film applications include spin coating, calendering (or
extrusion coating), and sheet casting (see Figure 6.3b through d). In most cases, the material is
non-Newtonian, such as polymers or melts, and its thermodynamic state changes from liquid
(in the die) to solid (as the end product). Specifically, in film drawing, molten material is drawn
out of a die and pulled up as a solid, thin sheet/film onto a large roll (see Figure 6.3a). For spin
coating (see Figure 6.3b), a polymeric liquid is fed through the center of a fast-spinning disk,
which then spreads radially and coats the disk surface. In polymer processing via calendering
operation (see Figure 6.3c), a relatively thick sheet is reduced to a final thickness determined
by the clearance of the two counter-rotating rollers. In addition, such rollers can impart any
surface pattern onto the sheet. Film casting is another extrusion process, whereby a liquid film
from a die is turned into a solid thin sheet via a cooled, rotating roller (see Figure 6.3d).

Example 6.3: Film Drawing

Consider an ultimately solidified thin sheet/film being drawn out of a die with force
F,ui (see Figure 6.3a). Assuming a steady, slow extrusion process, find expressions for
h(x) and u(x) for a given pulling force, volumetric material flow rate, and die-exit veloc-
ity and opening.

Sketch 3 Assumptions Method
y ¢ Steady two- e Mass conservation
Die w e d dimensional with Q=u(hw) and
— (2-D) flow du v _
Ot h(x) ¢ Constant ox dy
= ugHyw i i
) properties * Dynamic
H, I el Ay ll:»— - e Thin film for boundary
! .
: which H<L, conditions (BCs)
_ | v<u, and * Reduced
Fu=& Navier-Stokes
e Normal stresses (N-S) equation
are important where

Tnormal = Ttangential

Solution:
Ju dv
+ Continuity: ——+--=0 E.6.31
ontinuity ax " oy ( )
2 2
+ x-momentum: 0= —g—p + u[281;+ 8121)
* ox" (E.6.3.2)
net normal
stress changes
ap azv azv (E633)
+ y-momentum: 0= —@+ “(zaxz + 3y2]
¢ Free-surface boundary conditions
x -direction: T, = (E.6.3.4a)
y=%h/2



226

y -direction: [-p+ TW]‘y:ih/z =0

+ Dynamic B.C: —p+2u—
N

pressure plus
normal stress

Modern Fluid Dynamics, Second Edition

(E.6.3.4b)

au Fpull
= e E.6.3.5
ox hw ( )

—
external
force/area

With Equation (E.6.3.4a), we assume throughout the film that the shear stress is negli-

gible, implying that

1 =p| 9 %
" ”ax oy

]:o

Hence, one solution is that dv/0x =0u/dy =0, so that Equations E.6.3.2 and E.6.3.3 reduce

to
0 Ju
—| -p+2u— |=0 E.6.3.6
&(p us (E636)
and
d v
—|-p+2n-- (=0 6.3.
ay( P Hay (E.6.3.7)
Integrating Equation E.6.3.6 subject to B.C. (Equation E.6.3.5) yields
ou_ F
—-p+2U—=—o E.6.3.8
pra ox hw ( )

Integrating Equation E.6.3.7 subject to B.C. (Equation E.6.3.4b) yields

v

-p+2u—=0

dy

From the assumption t,,=0, we also have dv/dy=-du/dx, so that p=-2u(du/dx) and

hence, Equation E.6.3.8 now read:

du _F

dx 4uhw

To replace du/dx, we use Q=Uy(How)=uhw=

uh = ¢ to obtain

(E.6.39)

¢ and differentiate the expression

=0 (E.6.3.10)

Now, with u=Q/(hw) and Equation E.6.3.9, an ODE for h(x) appears:

Q @+h F
hw dx

Ao~

0 (E.6.3.11a)
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or

dh, F g (E.6.3.11b)
dx  4pQ

subject to h(x=0) =h,.
Separation of variables and integration leads to:

h(x) = Hy exp|:—45Q x] (E.6.312)

The constant flow rate 1,H,=hu implies that

F x:| (E.6.3.13)

u(x)=U, exp|:4MQ

Graphs 3:

(@) Film-thickness developments for different extrusion forces

1k
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(b) Developing film velocity for different driving forces
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Comments:

¢ Thefilmthickness decreases exponentially with distance, with the film-thinning
greatly influenced by the magnitude of the pulling force (see Graph 3.a). Of
course, at a certain axial location x=x_,,, the film has been solidified, and hence,
h=constant.

* The axial film velocity increases exponentially with distance and pulling force
(see Graph 3.b). Again, at a critical distance x, the solid film moves with a con-
stant velocity u,,.

exit 7

Example 6.4: Spin Coating

A material supplied by steady flow from the center is radially spread and thinned
on a horizontal, fast-spinning disk (see Figure 6.3b). Assuming lubrication-type flow,
derive the radial velocity profile v,(r, z) and film thickness k() during the material-
application stage for a given material flow rate Q and disk angular velocity o, (after
Papanastasiou, 1994).

Sketch 4 Assumptions Method
Q_)m e Steady 2-D e Differential approach
0 axisymmetric flow, ® Reduced continuity and N-S
where equations

o v =[vr,v0 =rwo,0] * Use assumed postulates for
¢ Constant properties v and Vp
° 0,=0,r, 2)
e where 0v,/dr < dv,/ 0z
e Note: Vp =0

Q

Solution: Based on the stated assumptions/postulates, the 2-D continuity equation in
cylindrical coordinates reduces to

1i(rv,) =0 (E.6.4.1a)
ror
which implies that
0, =L@ (E.6.4.1b)
r

The r-momentum equation reduces to

v, Ui _ 9%,

v, -2y
o r 92>

(E.6.4.2a)

With the “lubrication assumption” of Section 5.1.3, that is, dv,/0r < 0v,/0z, and v, = ro,,
Equation E.6.4.2a becomes

2 2
J o, (E.6.4.2b)
0z v

subject to v,(z=0)=0 (no slip) and aav

"I =0 (no stress).
Z z=h
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Double integration yields

v,(r, z) = 0\)/(2)|:h(r)z - 222:|r (E.64.3)

The film thickness /(r) can be obtained via the constant supply-rate condition:

h(r)
Q=vA= I v.(r, 2)dA; dA=2nrdz (E.6.44a, b)
0
Hence,
2 .2
Q=27 s (E.6.4.5)
3 v
so that
3vQ 1/3
%
h(r) = E.6.4.6a
") [21“0(2, r? ] ( )
orwith =7
R
1/3 2/3
p=lo[ 3V ) k[ (E.6.4.6b)
R 2mmyRr R
Graph 4:
0.06 -
N K=0.001
0.05 |- - - - -K=0005
; —immem K= 0.01
0.04 |
& L
ICIE
PR i -\.\.
0.02 Tl
T S )
0 i ! L PN I [ — —t—T—
0;2 0.4 0.6 0.8 1
ro=2ry/R -
Comments:

The film thins in radial direction in balance with the two key parameters, that is, mate-
rial supply rate Q and disk rotation w, where I ~ (Q'/° and w=%/3). Note that the region
0<#<0.2 was not considered in this model.

Example 6.5: Calendering Operation

Consider a rolling process whereby a relatively thick sheet (2H,) is pressed into a thin
sheet of 2H (see Figure 6.2c). While the material gage pressure is zero upstream of
the rollers until x=x,,, it rapidly peaks inside the gap x;, <x<x,, and then returns to

229
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atmospheric pressure for x >x,,, when the sheet takes on the final thickness 2H. Thus,
the focus is on h(x) for —x;, <x <x,,. Given the roller separation 2H;, the roller data (R, w,)

and sheet thicknesses (2H; and 2H) as well as the constant material supply rate Q, find
the pressure distribution along the calendered sheet.

Sketch 5 Assumptions Method
Roller \_R e Steady operation ¢ Lubrication
/A where H(x 2 X,,1)=@ equation
: Y ®g e Ratiox/R«1 e Mass conservation
! ! u(y) ® Unit width or depth w * Geometric
Hy ‘H, |k — e Stated pressure correlations
! ! developments e Symmetry
i,l 1 J\_ _ __A_:_Q‘_ o J\_ - * Axisymmetric process
—x

in X

Solution: We start with basic geometric considerations, where the inlet-to-outlet height
between rollers is

h(x)=(R+H;)-+R* -x* (E.6.5.1)
With x/R<«1,
o 1/2 5
X X
h(x)=(R+H;)-R|1-| = =H;+—— E.6.5.2a, b
() =R+ H) [(R)] e (£6520,)
Thus,
h Hy=H, + 5 E.6.5.3
=Xin) = = + n .0.0.
(x=x)=Ho=Hy+ 2 (E.653)
and
h(x=Xou)=H=H 4 o (E.6.5.4)
out 1 R .0.0.
The volumetric material supply rate is
Q= Iu(y)dA =0A=(Rwy)(2H w) (E.6.5.5a through ¢)
A
Thin-film equation (or lubrication theory) reads:
0= _ + ou (E.6.5.6)
dx " ay? o
subject to
ou
uly =h(x=0)]=Ray, and o =0 (E.6.5.7a,b)
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Double integration yields

2 2
u(x,y) = Ray — Zl[d’;(;)]{l —(ZJ ] (E.6.5.8)

Again, the pressure gradient is deduced from Q= , thatis,

k 2
Q= ZJudy =2h|:R(1)0 _n dl :|
) 3l dx (E.6.5.9a through c)

=2RwyH;
Now, solving for the pressure gradient:

dp _ 3uRoy(h—Hy)

E.6.5.10
dx K ( )

where

2
h(x)=H; + X for —xj <x<Xoue (E.6.5.11)
2R
and

p(x = xout) = 0/

non—dimensionalizationA of Equation E.6.5.8 yields with X =W, y=y/H,
u=u/U=u/Roy,and h=h/H,,
.2
PO 3x* y
,y)=1- —[1- ~ E.6.5.12
U y) 2(1+x2)|: (1+x2” ( )

Graph 5:

12

% =x/(2RH1)*® = —0.75
- - - =% =x/2RH))*® = -0.25
—mmm % = x/(2RH1)*® = 0.0
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Comments:
¢ As the deformable sheet approaches the roller, that is, —x;, <x <0, the highly
nonlinear material velocity profile flattens out and becomes uniform at x=0.

 Because the axial coordinate appears as %”in Equation E.6.5.9, the same veloc-
ity development occurs for 0 <x <x,.

6.4 Spray-Coating

Simple spray-coating of surfaces requires atomization of a liquid, forming a spray of drop-
lets of different sizes. The underlying theory still relies on Rayleigh’s instability analysis of
inviscid jet break-up and Weber’s extension to viscous liquids. Specifically,

ay _snf,, s )"
(D) _\/E(H\/pc_D] 6.8)

where:
d is the droplet diameter
D is the jet diameter

K, p, and o are the fluid properties (see Figure 6.4)

Basic spray processes are greatly dependent on the atomizer design and function. More
elaborate techniques, collectively known as thermal spraying, are surface-coating processes
whereby melted (or just heated) coating material, such as metals, ceramics, or plastics in
powder or liquid form, are sprayed over large surfaces, generating micrometer to mil-
limeter thicknesses. A common variant of thermal spraying is plasma spraying, in which
a high-temperature (>10,000 K), high-velocity (>100 m/s) fluid-particle stream is gener-
ated by mixing the coating material into a plasma jet emanating from a plasma torch
(Pawlowski, 2009). In contrast, cold spraying, in which coating particles are accelerated
by the carrier gas through a converging-diverging (de Laval) nozzle, has gained numer-
ous applications. If the powder-particle impact velocity exceeds a threshold value (300-
1200 m/s), these particles deform and adhere to the target surface. Using kinetic energy

-0
| \ | 090,04
- - :
. D : Udroplet
> Miiquid - 0 1 G
= Vinj i —
| AN - : Vair
=~ ~o 1
S~
Diffuse jet Primary Y
break-up break-up | S~
Secondary
break-up

FIGURE 6.4
Spray-coating nozzle and droplet evolution.
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(rather than heat) for deposition, thermal stresses, surface-oxidation, and certain chemical
reactions can be avoided (see Moridi et al., 2014 for details). More recently, simple one-step
spray-coating processes have been developed, using a spraying gun loaded with stearates
or silica nanoparticles, to create (artificial) super-hydrophobic surfaces. Such coated (metal
or plastic) surfaces can be self-cleaning, antifogging, or anticorrosion, or can separate two
fluids (Li et al., 2015).

6.5 Homework Assignments

Solutions to homework problems done individually or in, say, three-person groups should
help to further illustrate fluid dynamics concepts as well as approaches to problem solv-
ing, and in conjunction with Appendix I, sharpen the reader’s math skills. Ultimately, work
“independence” should be achieved. Specifically, after studying the text and equipped
with Appendix Al the student should be able (1) to satisfactorily answer all concept ques-
tions, and (2) to solve correctly all basic fluid dynamics problems.

6.5.1 Physical Insight

6.1 What is the physical reason for the surface-tension force, and in which type of
systems may it become dominant?

6.2 The thin-film analysis assumes no rippling of the free surface, that is, low
Reynolds numbers. Discuss conditions, characteristics, and potential solution
methods for more realistic cases with Re,>Re

critical®
6.3 Derive Equation 6.1; how does it differ from the thin-film equation of Section 2.3.2
and the planar lubrication equation in Section 5.1.3?

64 In conjunction with Figure 6.1, derive Equation 6.2, and rewrite Equations 6.3 and
6.4 for a cylindrical interface.

6.5 Connect Equation 6.7 with the result of Example 6.1 to provide an expression
for F,,;, to be evaluated with some practical parameter values from the open
literature.

6.6 Write tutorial reports on (1) film-drawing or (2) coating processes. Specifically,
illustrate the basics with process videos, empirical correlations, and math model-
ing/simulation results.

6.7 Concerning Example 6.3, justify the assumption Q/w=uh=constant, and discuss
its implications.

6.8 Revisiting Example 6.3, set up a more rigorous math model plus BCs, and suggest
a solution method with expected results.

6.9 Revisiting Example 6.4, set up a more rigorous math model plus BCs, which
includes the region 0< 7 <0.2, and suggest a solution method with expected
results.

6.10 Revisiting Example 6.5, derive Equation E.6.5.1, and determine the final sheet
thickness H,.

6.11 Write a tutorial report on spray-coating (see Section 6.4).
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6.5.2 Engineering Problems

6.12 In Example 6.2, solve Equation E.6.2.8 numerically using MATLAB®. With
some practical data, compare the result graphically with Equation E.6.2.11.
Comment!

6.13 Derive Equation 6.5 and apply the result to a cylinder of radius R.

6.14 In an extension of Task 6.8, solve numerically the complete problem given in
Example 6.4.

6.15 Thin film on an incline (see Leal, 2007): Consider gravity-driven flow of a thin layer
of a Newtonian fluid on a flat slope with angle 6 and fluid width W.

(@) Based on suitable assumptions/postulates, derive the governing equation for

h(x, y, t), that is,
: 3
aih+gsm9%:gcose a9 hﬂ)j +i h3% M
of 3v  ox 3v |ox{ dx ) dy| Oy

where v = p/p is the kinematic viscosity.
(b) Assuming steady-state and a constant material supply Q[L?/T], consider a
downstream test section where # is still h=h(x,y), but h < y(x) < x, where h

and ¥ are characteristic lengths, that is, film thickness and cross-slope extent,
respectively. Show that now

on’ d(,s0h
——=(cot®) —| h” — 2
ox (co )ay[ ByJ @
where it is postulated that h(x, y) = h(x)- HMn), n = 7L,
at is,
HO) == (i =) ®
14

2/7
h(x) ~ [VQJ (xcot®) ™’ @)
gsin®
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and

gsin
() Confirm Equations 3 through 5, solve for Equation (2), plot h(x,y) for reason-
able parameters 0 and vQ/(gsin 6), and comment.

1/7
y<x>~( er) (xcot0)*”” )
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7

Microscale Fluid Dynamics

7.1 Introduction

In the age of device miniaturization, for example, microelectromechanical systems (MEMS)
or laboratory on a chip (LoC), the fluid-particle dynamics in such devices has to be mod-
eled/simulated down from the macro-scale to the microscale or even the nano-scale.
Fortunately, the continuum mechanics hypothesis is valid for fluid flow in most microchan-
nels and microtubes (see Section 1.1). In fact, it may even hold for gas flow in nano-size
conduits if the Knudsen number is small enough, that is, Kn=A,,/Dyydrauic <0.1, where
Amip 1S the mean-free-path of the gas molecules (see Section 7.3.2). Thus, the fundamentals
described in Part A can be employed to solve almost all problems in the research area of
microscale fluid dynamics, which is also known as microfluidics (Kleinstreuer, 2014).
Microfluidics encompasses the science and technology of systems that process/manipulate
small amounts of fluids, say 102 to 10~ L, and probe the nano/microparticle dynamics in
microchannels with characteristic “length” scales of, say, L=10-500 um. Here, L represents
a hydraulic diameter or channel height or width. Appendix ALZ3 lists unit prefixes from
“femto” (10-15) to “peta” (10°) as well as length-scales from nano- to macro-systems. To appre-
ciate microconduit sizes, one should recall that the diameter of a human hair is about 80 pm. More
impressive is a relative-size illustration of the nanoworld, equating two ratios in the form

Nanosphere-to-soccer-ball = Soccer-ball-to-planet-earth.

Of major interest are gas and liquid flows, as well as the fluid-particle dynamics in micro-
channels plus the associated drivers (i.e., “pumps”), mixers, and heaters. Other microsystem
components, such as fluid-particle reservoirs, actuators, valves, sensors, and controllers, as
well as microchannel materials and fabrication techniques, are discussed elsewhere (see Lee
and Sundararajan, 2010; Meng, 2011, among others). Presently, the main focus in microscale
research and development (R&D) is on device fabrication and expansion of microsystem
applications. This implies innovative advances in the material sciences and manufacturing
technology as well as the creation of the necessary design software. Supportive of these
R&D activities are the fluid flow, heat/mass transfer, and particle transport aspects of
microsystems, which are introduced in this chapter. However, phase changes such as boil-
ing and condensation as well as thermal radiation are excluded; for boiling and radiation
processes, see Tong and Tang (1997) and Zhang (2007), among others.

Clearly, the very high surface-to-volume ratio of microsystems forms the foundation of
their many advantages over macro-scale devices and processes. Specifically, the implications
of such geometric scaling, known as the “size-reduction effect,” can be illustrated in terms of
the area-to-volume ratio of a simple fluid conduit, or for that matter, for an entire device:
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TABLE 7.1

Macrochannel versus Microchannel Flows

Modern Fluid Dynamics, Second Edition

Condition/Phenomenon Flow in Macroconduits

Flow in Microconduits

Continuum mechanics Each fluid is a continuum

hypothesis
Type of fluid (i.e., liquid ¢ Special considerations for
Vs. gas) compressible and /or

rarefied gases

e Differentiate between
Newtonian and non-
Newtonian liquids

No-slip condition Can generally be assumed

Entrance effects Entrance length is usually
negligible when compared with

the length of the conduit

Important to evaluate laminar
versus transitional versus
turbulent flows

Reynolds number

Turbulence Transition varies with geometry
of domain, but often requires
larger Re-numbers than in
microchannel flow. Example,
Rep| =200

Surface roughness Is often negligible or included in
the friction factor (see Moody
chart in Appendix II)

Viscous heating Is often small/negligible

Wall-temperature
condition

Usually, thermodynamic
equilibrium is assumed

Diffusion Present, but very slow; therefore,
often negligible

Surface tension Is negligible outside capillaries
under fluid static conditions

Electro-hydrodynamic
effects, such as
electro-osmosis (EO)

Negligible

Continuum assumption fully holds for most
liquid flows when D, >10 pm and for gases
when D, >100 pm

May have to treat gas flow and liquid flow
differently because of the impact of a given
fluid’s molecular structure and behavioral
characteristics

Velocity-slip may occur on solid
hydrophobic, rough surfaces. Temperature
jumps at a heated /cooled wall may occur in
rarefied gas flows

Entrance lengths may be on the order of a
microchannel length. Stronger mixing may
occur in that region

Typically, Rep, < (1) justifies Stokes flow
and allows for non-mechanical pumps
driving fluid flow

Transition to turbulence may occur earlier,
for example, at Re >1200. Although
turbulent flow is desirable for mixing, it is
avoided for controlled (i.e., laminar)
conditions

May need to be considered due to
manufacturing limitations at this small
scale. It may cause complex flow fields near
walls

May become a major heat source due to
high-velocity gradients in tiny channels
with viscous fluids

For rarefied gas flows, there may be a
temperature jump between the solid wall
and the gas

Due to the small channel size, diffusion is
important and is part of mixing processes

May become a major contributing force, and
hence, is being used for small fluid-volume
transfer

In a liquid electrolyte, an electric double
layer (EDL) can be formed, which is set into

motion via an applied electric field (E):
Ey = EDL= feoulomb = “EO = Uslip

Source: After Kleinstreuer, C. Microfluidics and Nanofluidics: Theory and Selected Applications, John Wiley & Sons,

Hoboken, NJ, 2014.
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Device surface area _ é B E _ 71)
Device volume v B '

where [ is the system length-scale, such as the hydraulic diameter, channel height, or
width. So, in the micro/nano-size limit, the ratio becomes very large, which implies that
in micro/nanofluidics, a system’s surface area—related quantities become dominant, which
typically include the pressure force and shear stresses, as well as surface tension. Table 7.1
provides a quick look at other size-related aspects, contrasting important flow conditions
and phenomena in macro-scale conduits of the order of meters and millimeters with those
in microchannels that are of the order of micrometers.

While this chapter is based on the first edition of the book, some parts are revised
and updated versions of previous book material (Kleinstreuer, 2014) and a review article
(Kleinstreuer 2016).

7.2 Microscale Flow Systems

In any microfluidics system, the microchannel forms the central element, which is typi-
cally connected to necessary accessories such as a pump, a valve, a mixer, and/or a heater.
Figures 7.1a, b depict a general flowchart of a microfluidics system as well as an application
for microscale biochemical production (LoC).

Reservoir Regulators Results

« Solutions L Actuators . Pro(%uctlon

« Particles « Sensors . SOrtlng

« Reactants « Controllers « Targeting
A

Feedback control

()

Sample  Flow
loading metering Mixing Reaction Separation Detection

Sample
inlets

Photodetector or
optical sensor

Electrokinetic pumps
Air purge
Manifold or microvalves

Separator or
chromatographic Sample
column outlet

Micromixer
(b) Thermal reactor

FIGURE 7.1
(a) Key components and interactions of microfluidic systems and (b) microfluidic system example. (From Chang
and Yeo, 2010.)
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Microfluidic devices are manufactured using planar substrates such as silicon wafers,
glass slides, ceramic blocks, stainless steel, polymer, or even paper chips. The type of mate-
rial selected affects not only device architecture, cost, and fabrication method (e.g., micro-
machining or soft lithography) but also microscale phenomena (e.g., surface roughness or
heat transfer effects). Polydimethylsiloxane (PDMS) is the most frequently used material to
fabricate microsystems. When uncured, PDMS flows freely at room temperature, and once
cured, it produces a mechanically strong and optically transparent substrate.

Clearly, it is an interdisciplinary undertaking to produce a desired outcome with, say,
an LoC, a diagnostics system, a drug-delivery device, or a special MEMS. The underly-
ing functionalities of such micro-devices may be based on mechanical, electrical, thermal,
magnetic, optical, chemical, and/or biological transport phenomena, all obeying the three
conservation laws. For example, electro-mechanical, say, piezo-electric actuators are used
for micro-valve or micro-pump displacements, while electric motors or syringe pumps
provide angular or linear displacements. In contrast, not having to deal with moving parts,
electro-osmosis allows fluid pumping, while electrophoresis allows particle manipulation.
Thermal energy transfer via electric heaters is used for temperature-driven gas expan-
sion, finite liquid volume displacement, and/or control of chemical reactions (Zhang 2007).
Applications of microfluidic technologies can be most frequently found in chemistry, biol-
ogy, and medicine as well as in chemical, biomedical, and mechanical engineering. As
mentioned, the advantages of microfluidic devices over conventional-size equipment are
largely based on the very high surface-to-volume ratio. In addition to the implied savings
in space, material, energy, and hence, cost, miniaturized process devices feature:

¢ Higher heat and mass transfer rates
e Safer handling of hazardous/toxic chemicals

¢ Integrated analytic platforms (e.g., chips), such as LoC and micro-total analysis
systems (u-TAS) for biochemical and biomedical processing

e Simplified flow and screening process control

* [nvivo robotic diagnostics and treatment; for example, as in image-guided surgery
or drug delivery

While microfluidics and microsystem applications can be very advantageous, they
may also face a number of problems, as already alluded to with some entries in Table 7.1.
Specifically, critical considerations associated with microfluidics systems include

¢ Possible violation of the Continuum Mechanics Hypothesis, especially when deal-
ing with rarefied gases in micro/nanoconduits

e Malfunctioning of accessories, for example, tiny pumps, valves, heaters, actuators,
sensors, controllers, and so on

e Slip flow for liquids on hydrophobic and rough surfaces, or more generally for
rarefied gases

¢ Need for wall-temperature jump condition in the case of rarefied gases
¢ Impact of microchannel entrance flow in small devices

* Microchannel-wall effects, such as roughness, electric charge, and so on
¢ Air bubbles and/or impurities in microchannel flow

e Particle/cell aggregation and bio-fouling leading to clogging
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* Temperature rise due to Joule heating (see electro-osmosis) or viscous dissipation
e Evaporation effects impairing especially digital microfluidics operation

® Macro-scale to microscale flow connection problems

e Early onset of chaotic flow and hence, turbulence effects

e Compressibility of rarefied gases

Detailed fluid-particle dynamics modeling and simulation can greatly assist in analyzing
the key transport phenomena, determine ways to avoid the listed problems associated with
microsystems, and evaluate methodologies for achieving optimal end-products or goals.

|
7.3 Fluid Flow in Microconduits
7.3.1 Scale Analysis

As implied in Section 1.4 and mentioned in Section 7.1, the scaling laws are fundamental to
system, device, or process miniaturization. We start again with the geometric ratio:

2
Surfacearea _ I* _ & (7.2)

K - o~
System volume I’

Clearly, in the limit as [ — 0, k — oo, implying that surface-related forces, fluxes, and process
characteristics can become dominant in microfluidics over volume-based quantities, such
as gravity. Scaling some basic dimensionless groups illustrates the length dependence of
common transport phenomena. For example, considering capillary rise of height in a lig-
uid column of diameter D:

Fsurface tension _ (4DTC)Y — LL - l—2
Fweight DZTChpg hD pg

(7.3)

In contrast, the Stokes number, a ratio of particle travel and fluid flow residence times,
can be scaled as
2 2
_ Tparticle M - I-1 12

St = — = (74)
Thluid 18uD !

The result is the same for the Reynolds number, that is, the ratio of inertia to viscous
forces:

Re=Dr _p (75)
A%

Trickier is the Peclet number, Pe = Convection/Diffusion, which scales as

vD vD
=" ogp ~ 21
a

Pe ~ 12 76)

for a constant diffusivity D (or thermal diffusivity a). However, as shown with
Equation 7.7, when the diffusivity scales as D ~ ™', the result is Pe ~ .
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It is apparent that the length-scale dependence of forces, fluxes, and dimensionless
groups varies with the given system dynamics, so one has to decide which parameters
can be kept constant or not. In any case, it is most important to note that in microchannel
flow, very different forces may become significant. For example, as shown directly with
Equation 7.3, surface tension can be more important than gravity or viscous forces, and
mass or momentum diffusion may trump convection or inertia for devices with I <« 1.

Example 7.1: Evaluate the Dominant Forces in the Navier—Stokes

(N-S) Equation for Microchannel Flow as L, e, =0
Sketch 1 Assumptions Method
Fluid element ~ ® Constant fluid properties ¢ Extended N-S equation
e Additive net surface and e Characteristic length
body forces scaling

—_
pressure -7

ol

F drag

-t y—-—

F body

Solution: The linear momentum equation for a fluid-element of mass m reads:

Do - - . - -
mﬁ =F pressure +F viscous F gravity +FE, surface tension T F electro-static T°* (E711)

Equation E.71.1 can be rewritten with relative length scales associated with each term as

m@+m(5~v)5 = —va+V~%v+m§+ 7l +puEY (E.71.2)
5t —_— —_—— T =
* 4 J& r ©*L 2 o|* L_4
1 1 - ! 1 3 2

The relative L-scale of each term indicates that for L — 0 only four terms remain impor-
tant, that is, mainly surface tension force as well as Coulomb’s (electrostatic) force, but
also the net pressure and viscous forces. So, in summary,

¢ Fluid acceleration is negligible, that is, 4 = Do/Dt < 1.

e Gravity, being a body-force term, has a minimal effect, if any.

e Next to surface tension and electrostatic (or Coulomb) force, surface forces
such as pressure and drag are most important.

The surface-area to body-volume ratio (see Equation 7.2) indicates that previously ignored
mechanisms to travel distances and associated time scales become important in very nar-
row channels. Specifically, in a microsystem, diffusion, rather than convection, may be the
dominant transport mechanism at very small time levels. Material migration via diffusion
and associated times needed, as well as time scales in momentum/heat/mass transfer, can
be illustrated as follows.

e Diffusion scaling: For molecular or nanoparticle transport, diffusional effects
become important in microfluidics. The suitable Stokes—Einstein equation for the
binary diffusion coefficient reads:
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kgT

@ziﬁ»
3npd

I (7.7)

where the Boltzmann constant k;=1.38x1072* J/K, T is in degrees Kelvin and p in
kilograms per meter per second, while the particle diameter d is in meters.
Based on Einstein’s random-walk analysis, the diffusion length of a molecule in solution is

x =291 (7.8a)

So, assuming 9P = const., the diffusion time can be estimated as
T="~] (7.8b)

For a typical binary diffusivity of D =10" m?/s, the nanoparticle diffusion times decrease
rapidly as, say, the channel width or height x decreases. Specifically, when

«x=1mm = 1t=500s
ex=10pum = t=0.05s
ex=1pm = 1=0.5ms

«x=100nm = t=0.05ms

As an example, it takes only one-twentieth of a second for a small nanoparticle to cross a
channel of 10 pm width.

Time scales: Flow fields are transient due to (sudden) operational system changes.
Examples include start-up, on-and-off switching, and periodic boundary condi-
tions, such as pulsatile (blood) flow, inlet pressure waveforms, vibrating walls,
and so on. In general, momentum, energy, and species-mass transfer phenomena
have to adjust to those time-dependent changes.

Considering a flow field, for the velocity field to adjust, the characteristic time is (see
Example 7.2)

To =" (79)
u
For the temperature field:
L
o =P (710)
k
while for the species-mass field:
LZ
c=— 711
=g (711)
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where:
L is the system’s characteristic length
k  is the fluid conductivity
D is the binary diffusion coefficient

For example, using water flow at T=20°C in a microchannel of h=L=100 pm, the adjust-
ment times to reach a new equilibrium (i.e., steady-state), after a sudden change in flow
conditions, are:

1, =10ms, 1r =100ms, and t, =10s

Clearly, the relatively large species-diffusion time is rate limiting,.

Example 7.2: Characteristic Time Scale for Momentum Transfer

Given transient liquid flow (p, p) in a microchannel of height & and mean velocity U,
derive the momentum time scale t,. Calculate its value for p=10° kg/m? p=10- Ns/m?,

h=10 pm, and u,,, =U=0.1m/s.
Sketch 2 Assumptions Method
® Transient laminar ¢ Reduced N-S equation
y u(x, y; t) two-dimensional ¢ Non-dimensionalization
h*““t’;c““‘f ------ }----- flow with
L > constant

properties

Solution:

The N-S equation without body forces states:

p[§+ (. V)z?] = Vp+uvi (E72.1)

With v =9/U; p=p/py; t =t/1; and V =Vh, we rewrite the momentum equation as

UV pU’ (- c\- Poc=. N, So-
p?¥+ P (V~V)V——7Vp+?UVv (E.72.2a)
or
2 NG ~ ~
%BLJFLLU’({,.@){,:_MV%LVZQ (E.7.2.2b)
ut ot u nua

Setting the coefficient of the transient term equal to one (unity), we obtain

S (E.72.3)
while the coefficient of the inertial term is, as expected,

Re, = (E.72.4)
A%
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with the given system values,

7,=100 ps and Re, 1.0 (i.e., Stokes flow).

Comments:

A frequent application of transient microchannel flow is periodic flow due to changes
in inlet pressure (e.g., in hemodynamics) or in electric potential (e.g., electrokinetic flow
driven by alternating current fields). Then, 7,=f~!, and the dimensionless group is the
Strouhal number, Str=fh/U, where f is the frequency.

As in macrosystem analyses, it is quite often sufficient to estimate global quantities
that are characteristic of fluid flow or heat transfer processes in microconduits. One is the
hydraulic resistance, and it is of interest to see how it scales with a representative geometric
parameter of a microsystem. Specifically,

Rhydraulic = AP/ Q (712)

where:
Ap is the pressure drop across the flow conduits
Q is the volumetric flow rate

As shown in Example 7.3, Ryqauic Scales typically with I3, implying a significant flow
resistance when L« 1 for any microscale flow system. Table 3.4 in Kleinstreuer (2014) lists
the velocity, flow rate, and hydraulic resistance results for most common flow conduits.

Example 7.3: Parallel-Plate Hydraulic Resistance

Consider Poiseuille-type flow between two horizontal parallel plates (i.e., micro-spac-
ing h, length L, and infinite width w) forming a microchannel, where Ap=p(0) —p(L).

Sketch 3 Assumptions Method
p(x) e Poiseuille-type ® Reduced N-S equation
flow Postulates:
e Constant fluid e Vp=Ap/L=¢
properties o = [u(y); 0;0]
: u(y) See Equation E.3.1.4 in
y h _9 Example 3.1
{ .
>
x=0 x=L
Solution:

¢ Based on the postulates, the x-momentum equation reduces to

2
0= % . “ZT;; (E73.1)

while continuity is satisfied. The boundary conditions (BCs) are

u(0)=0 and u(h)=0 (E.7Z.3.2a,b)
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Hence,

M o el (Y
u(y)—2uL(h Yy 2uLh {h ( ” (E.73.3a, b)

e Flow rate Q= J. u(y)dA; dA=wdy, so that
A

_RPw(Ap
Q= 12”( i j (E.7.3.4)

* Here, the hydraulic resistance Ry4, = Ap/Q leads to

12pL

i I® (E.7.3.5)

Rhydr. =

Comments:

® Clearly, for microchannel flow, let alone flow in nanochannels, the hydraulic
resistance can be large, which may present a challenge to micro-pumping,.

¢ Itshould be noted that in complex conduits, for example, suddenly expanding/
contracting channels, the Hagen—Poiseuille law (Equation [E.7.3.4]) does not
hold. For example, considering three different flow regions in series, we have

Q=0Q;=Qu=Qyy but, Ap# (R;+ Ry + Ry)Q.
Notes:

Similarly, a thermal resistance concept, R=AT/Q, can be defined for solutions of convec-
tion heat transfer problems, where here Q=g- A is the heat transfer rate (Joules/second):

1. For conduction across a wall of thickness L and area A, it is R,,4=L/(kA).
2. For convection with AT=T,,,..~Te, it would be R_,,=1/(hA), where h is the
heat transfer coefficient (see Section 2.4.2).

7.3.2 Fluid Properties and Flow Conditions

It has been established that the surface-to-volume ratio xk=S/V=L"! may imply a signifi-
cant shift in the importance of certain forces, fluxes, and processes as L — 0. Impressive
length-scale examples include the human-hair diameter being about 80 um and a DNA
strand being around 2.5 nm. They may serve as geometric yardsticks in microfluidics and
nanofluidics, respectively.

Clearly, as fluid flow systems get smaller and smaller, one has to consider the micro-struc-
ture of liquids and gases. Especially for rarefied gases, the channel width may be of the order
of the mean-free-path of a representative molecule, or even the average distance between two
molecules. With liquids, groups of molecules move about each other, and the internal energy
is a function of microscopic activities, including sensible and bonding energies. In gases,
however, molecules exhibit random, highly temperature-dependent motion. Specifically, for
gases, elevated sensible energy (and hence, a large part of the internal energy) may cause
gas molecules to travel relatively large distances before collision. Based on kinetic theory,
assuming ideal hard-sphere collision, the mean-free-path is (Probstein 1994)

\oo K nRT 1 o myg
"o\ 2 2wd?  2mpd?

(713a through c)

as a statistical average,
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where:
R is the specific gas constant for ideal gases
n;  is the number of molecules per unit volume

1

d.=d is the molecular (collision) diameter
m,  is the mass of a gas molecule

The associated ideal gas expressions read:
p=pRT =nksT (7.14a, b)
Of special interest is the mean intermolecular distance:
S ~n /3 (7.14¢)

where:
n  is the number of molecules per cubic meter
Oy 1s in meters
T is the temperature in degrees Kelvin
kg is the Boltzmann constant (1.38 x 10-2]/K)

For all practical purposes, the conditions when the continuum assumption holds are as
follows.

For liquids:

® Dyygr. OF Lyygiem =10 pm, where Dy, 4, =4A/P
and/or

® O/ Lystem <3.0x107%, where 8y = intermolecular spacing

For gases:

>100 um and/or

* The Knudsen number, Kin =%,/ Ly em <0.01, where Ay, = mean-free-path.

® Dyygr0rL

system
Note: 0.01 <Kn<0.1 is the “slip-flow” regime, where the N-S equations still hold, but with
velocity-slip and temperature-jump BCs.

To contrast liquid and gas property values, here are a few data for air and water at stan-
dard temperature and pressure conditions.

e Water:  Intermolecular distance §;,~0.3-0.4 nm
Molecular diameter d~0.3 nm
Number density n~3.34x 10" mm~

o Air: Mean spacing §;,,~ 3.3 nm

Mean-free-path A ., ~ 65 nm

mfp

Typical diameter d ~0.375 nm (N, molecule)
Number density n~2.69x 10" cm™2 (air)

As indicated, the Knudsen number value for gas flow in micro/nanoconduits determines
the “modeling regime.” Specifically,
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Fluid continuum 001<K A 01
« 01<Kn=—<0.
(Cauchy or N-S equations) T

Slip-flow regime

(N-S equations with slip BCs)
(715)

Rarefied gases of free

molecular flow
0.1<Kn<10
—

Transitional flow regime

(Lattice-Boltzmann or direct
simulation Monte Carlo methods)

%
(molecular dynamics
simulation)

It should be noted that Kn=2A/L depends on the definition of L, for example, L = Dyyar, Mepanners
B,pacings and s0 on, and may vary with conduit length, because A varies with axial temperature
changes. A simple length-scale application for gas flow is given with Example 74.

Example 7.4: Gas Flow Characteristics

Consider nitrogen (N,) gas flow at v=100 m/s, p=200 kPa, and T=350 K in a microcon-
duit of D, =1 um.

Given: My, =28kg/kmole , dy, =3.75x10""m , A, =64 nm, R,=8.3145 k]/(kmol K),
k=c,/c,=14,v=2x10"*m?/s, and k;=1.38x10> J/K,

Find:

® §/d to determine whether the gas is rarefied, where 6/d > 1 (say, at least 5/d > 7)
implies a “dilute” gas
where:
8=39,,, is the intermolecular distance
d is the molecular diameter

e Kn=M\/L
where:
A= kmfp

L=D,
to determine the modeling regime (see Equation 7.15)

® Re=9vD,/v to determine the flow regime, recalling that Rep, <1200 to ensure
laminar flow (see Table 7.1)

* Ma=0v/cy g ¢ =VKRT tocheck whether the gas isincompressible, thatis, Ma <0.3

Sketch 4 Assumptions Method
N, molecule ¢ Ideal gas law ¢ Correlations based on kinetics
O (j ¢ Averaged, constant theory, that is, Equations 7.13
@) properties through 7.15
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Solution:

Gas constant Ry, =R, /My, :=0.2968 k]/ (kg . K) , where R, is the universal gas constant
Number of molecules 1= p/ksT :=4.14x10%® /m?, so that the intermolecular distance
is 5~n?:=2.89x10"m

Speed of sound in N, gas: ¢, = kRT :=381m/s

Hence,

e 3/d:=7.7,thatis, here N, is a rarefied gas, because 6/d>7

e Kn=2A/D, :=0.064, that is, the N-S equations with no-slip wall condition are
applicable, mainly because N, is a borderline “rarefied gas”

e Re=0vD,/v:=92, thatis, laminar flow

*  Ma=v/c, :=0.26, that is, incompressible gas, because Ma<0.3

7.3.3 Wall Slip Velocity and Temperature Jump

The standard wall-boundary condition in vector form, including no-slip velocity and
impermeable wall, is

?_jﬂuid = Z_jwall (716)

It is correct for macro-scale flows and is applicable for most microscale flows. However, in
many natural and industrial microfluidics cases, effective or apparent slip velocities can
be observed. Examples include

¢ Rarefied gases on actual solid surfaces, where due to the large molecular spacing,
an apparent gas motion occurs at the wall

e Liguids on rough and hydrophobic surfaces, labeled “super-hydrophobic” surfaces,
where entrained gas/air molecules in the wall crevices assist the liquid to slide
effectively over the wall

e Liquid flow in microconduits with molecule-depletion layer, which is a math mod-
eling concept for certain fluids that exhibit a very low viscosity at the wall

¢ Electro-osmotic flow of electrolytes with ultra-thin electric double layers (EDLs),
which is discussed in the next Section 7.3.4

e Porous wall-layer flow, which again is a math modeling concept

Sticking with the first two examples, the underlying physics for velocity-slip differs
greatly between rarefied gas molecules and liquid molecules. Due to the very low number
density of rarefied gas molecules and the associated large mean-free-path, the near-wall
molecules hardly collide with the solid surface, which, statistically averaged, results in an
effective slip velocity. As mentioned, the mean-free-path, ¢, =KnD,, is often taken as the
key model parameter when gas flow is in the “slip range,” that is, 0.01 <Kn <0.1.

For liquid flow in micro- or nanochannels, the average intermolecular distance &, is
employed to assure fluid continuum, that is, §;,,/D,, >3 x10-%. Nevertheless, the slip length
L, can be from ¢(10nm) to ¢(100pum). Relatively high apparent L-values may be encoun-
tered when rough hydrophobic surfaces with air/vapor pockets allow liquids to “glide”
over the wall with minimum resistance (see Figure 7.2). Alternatively, a depletion of liquid
molecules, or particles in the case of suspensions, causes much lower viscosities in a thin
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Bulk flow
u(y)
L] and Mpulk >> Hywall layer
@ Low resistance flow = ug;, Liquid-molecule
- “depletion layer”

JTTT 78 KT P T R
Ugip Air/vapor bubbles

FIGURE 7.2
Example of effective velocity-slip of liquids at a rough and hydrophobic surface.

wall layer. This may lead to apparent velocity-slip, as has been demonstrated for liquid
flow in carbon nanotubes. For non-Newtonian fluids (Section 4.2.2), a determination of the
degree of true or apparent velocity-slip is more complicated. In addition to the physical
and chemical characteristics of the conduit surface, the properties of the non-Newtonian
fluid or nanoparticle suspension have to be known. Thus, one has to simulate the effects
of wall characteristics as well as apparent density, complex viscosity, yield stress, elastic
modulus, particle concentration, and electric charge.

7.3.3.1 Velocity-Slip Models

For rarefied gas flow, Maxwell suggested a wall velocity-slip dependent on the mean-free-path
and the wall velocity gradient. In contrast, for liquid flow with wall slip, Navier postulated the
“slip length” L,, a hypothetical linear extension of the velocity profile into the wall (Figure 7.3).

Specifically, as a first-order approximation, Maxwell suggested for rarefied gas flow in the
Knudsen number range of 0.01 <Kn=2,,,/D, <0.1:

0
Uglip = 7\'mfp £ (717)

n=0
where:
Mntp is the mean-free-path
D,=4A/P is the hydraulic diameter
nl is the wall-normal vector

For liquid flow, the Navier model envisions a linear extension of the velocity profile into
the wall, generating a slip length L. Again,

Navier slip-model for liquids %sip = —Ls %

r=r, y=0

Rarefied gas flow Usip = ~Amgp ?Tl:

Qup  Qup

Q I v Tf‘ T u(y)
ey, Y e

(a)

FIGURE 7.3
Slip-flow schematics for (a) gas flow (Maxwell) and (b) liquid flow (Navier).
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u
dy

uslip = Ls (718)

=0

Clearly, such “slip flows” generate higher volumetric flow rates than no-slip flows. For
example, in reference to basic Hagen—Poiseuille flow (see Section 2.3.4), that is,

4
Ty [ Ap

=< |17 719
s ( L j 719)

the flow rate enhancement ratio « is greater than one (see Figure 7.3a):
K= Q (7.20a)

Qi
where

Q=0+ Usnp(m’oz) = Qup + Qsiip (7.20b, ¢

In fact, for Poiseuille-type flow in carbon nanotubes (CNTs), k <8 has been measured.

7.3.3.2 Temperature-Jump Model

For cooled or heated rarefied gases, deviations from the wall temperature have been observed
due to thermal non-equilibrium conditions in the wall region. Example 7.5 illustrates the
case of an elevated fluid temperature due to viscous heating remaining higher than the
wall temperature, that is, Ty, =Ty~ Tvan- Specifically, the relatively few gas molecules
near/at the wall cannot attain instantaneously the exact wall temperature. Hence, as a
first-order approximation,

mimfpal (7.21a, b)

Tas x,ﬁ=0 =Twa +Tum = lywan +
g ( ) 1 jump 1 PI'(K+1) aya

where the heat-capacity ratio k=c,/c, and the Prandtl number Pr=v/a.

Example 7.5: Nitrogen-Gas Flow with Viscous Heating and Velocity-Slip

Consider thermal micro-Couette gas flow with viscous heating in the slip regime.
0.01<Kn<0.1.

System Description:

* Nitrogen at T;,=T,,;=300 K and A,,;,~ 64 nm
e Channel parameters: 1=0.8 pm and U=100 m/s

Sketch 5 Assumptions Method

e Slip regime: Reduced N-S

u Kn=)\/h=0.08 equations
[ >

Tin=Tya Ap=0

¥ ® One-dimensional e Viscous heating
I Y ‘ u(y) Ny 3 () (1-D) conduction, e Slip-flow regime
T x A m neglecting Postulates:
A Y X = L convection, with * u=u(y) only
x=0 Uslip Tactual = Twall + Tjump viscous heatlng * Vp:O

pP = p(du/dy)*
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Solution:

Fluid flow: The reduced x-momentum equation reads:

d*u

F; or integrated u(y)=Cyy +C, (E.75.1a, b)
Y

O=p

BCs: u(y =0) =g, = Aottt /dy|,_o=C, and at y = (see negative unit vector for the moving
surface):

Wy =h)=U-ugy =U-1" ; where=hKi (E.75.2a, b)

dy y=0

With du/dy=C, from the basic solution, we have with the first B.C,,

Cz = hKTlCl (E753a)
and with the second B.C.,
U -hKnC, =Cih+GC, (E.7.5.3b)
Hence,
u
Ci=—— E.7.5.3
' 1+ 2Kn) (E.7:530
Finally,
u y
= < [+ K E.754
“w) 1+21<nKhj+ ”} (E734
Check: For Kn— 0, that is, Lyygem =13 Ay, u(y) =U y/h (i.e., simple shear flow)

Heat transfer: The reduced energy equation reads:

2 2 2 2
0=k DL fdu) o d T m) U (E.75.5a, b)
dy dy dy® k| h(1+2Kn)
klhd+2Kn |
)

subject to (see Equation 7.21b)

T(y=0)=Ty + Tymp =T, + 2= K1 4T (E.75.6a,b)
k+1 Pr dy
y=0
where:

s

Co

Pr="

o

Employing symmetry, that is, dT/dy|,_,,,=0, we have after double integration
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dar h
——=-Ay+C - C=A_ E.75.7a,b
dy y+G-G=47 ( a, b)
and
A
T(y)=—5y +Cy+C (E.7.5.8)
Hence, at y=0,
=G
—
T, + 2% hﬂ(ﬁA}Cz (E759)
k+1 Pr \( 2
and finally,
A y : y 2k Kn
T(y)=To+ 1|~ = | +| 7 [+ E751
W +2 { (hj +(hj+1<+1 Pr} (E.7.510)

With the numbers for nitrogen, that is, k=14, Pr=0.72, and p=1.656x10-°> N xs/m?, as
well as Kn=0.08, U=100 m/s, and h=0.8 pm, we can calculate the theoretical tempera-

ture jump as T}, =Tos — T ® 0.3 K.
Graph1 Comment
1r ® Tiump is minimal, as confirmed by
I direct simulation Monte Carlo
I (DSMC) results of Fang and Liou
0.75 | (2002).
Kn = 0.08 e Recall: DSMC is a numerical method
- | —e— DSMC for modeling rarefied gases (typically
051 Kn = 0(1)) by solving the Boltzmann
[ =~~~ Theory equation by tracking simulation
o025 [ molecules, which represent a large
’ number of real gas molecules.
0 L n n " L 1 " -
299 300 302

7.3.4 Electro-Osmotic Flow

As briefly mentioned in Section 7.3.3, an electrolyte (e.g., saltwater) subject to an elec-
trostatic field exhibits an apparent slip velocity at the charged conduit wall. In general,
surface-modulated driving forces, such as surface tension and especially electro-osmosis,
are often employed for liquid flow in micro- and nanochannels in the Stokes-flow regime
(Re<1.0). The advantages of such “pumps” include minimal space requirements, no mov-
ing parts, and low costs. Movement of charged particles is accomplished via electrophoresis.
In fact, there are four distinct electrokinetic phenomena (i.e., electro-osmosis, electropho-
resis, streaming, and sedimentation), of which two are depicted in Figure 74.

In electro-osmosis, when a solid surface, for example, plastic or glass, contacts an electro-
lyte, such as salt water, the solid surface is already charged or becomes naturally charged.
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“AV~Ex “AVNEx
s,
T ST S o == S S Anode A Cathode
——)
Anode :>QEO ﬁ Uko Cathode @ + + @ @
I\ +
FURTTEUY F% JEDL L
/////////////////
Stationary, negatively charged wall of Movement of charged micro sphere
micro channel and applied electric field in stationary solution

FIGURE 7.4
Electrokinetic phenomena: (a) electro-osmotic (EO) flow; (b) particle movement due to electrophoresis.

The latter occurs due to the difference of electron (or ion) affinities between the solid surface
and the solution. As a result, the surface charge, being either negative or positive depending
on the type of solid-electrolyte pairing, causes a special layered ion-structure at the solid—
liquid interface. This is labeled the EDL, which has a net mobile electric charge. The EDL
consists of the stationary Stern mono-layer and the diffuse layer. Now, applying externally

an electric field, E, between the channel inlet and outlet induces a Coulomb force, which
causes a major part of the EDL to move; for example, the positive ions moving toward the
cathode (see Figures 74a and b, 7.5, and 7.6). This moving fluid layer of typically nanome-
ter thickness A, (known as the Debye length) is also known as the diffuse layer. It drags
with it via viscous effects the adjacent layers and hence, practically the entire quasi-neutral
bulk fluid. This phenomenon is known as electro-osmotic flow. Thus, electro-osmosis works
like a (non-mechanical) pump. It is most desirable in devices where the length-scales are in
micrometers to nanometers, the flow rates are very low (Re<1.0), or the fluid-volumes to be
conveyed are in the nanoliter and picoliter range, as in digital microfluidics.

Before discussing the underlying physics of electro-osmosis, a few definitions are in
order:

e Jon: An atom or molecule for which the total number of electrons (-) does not
match the total number of protons (+) will result in a net positive charge (i.e., cat-
ions) or net negative charge (anions). The process of gaining or losing electrons
from a neutral atom/molecule is called ionization. This electron-transfer process is
driven by the tendency to attain a stable electronic configuration, that is, a “closed

shell.”
AV~E,
{1
Bulk fluid motion at up = Uelectrosmosis
due to friction
@)| Diffuse layer ® e ® ® @® @ © ) mobilela f predomi
yer of predominantly
—qvé of Debye length ® @® © 0O @@ cations moving towards cathode C:))
g Pp =0 (Inm) [CCECRCICICEC @ with max. velocity u,, ~ E, = AV/L E
zgilesl;em) laver 0 IOXCKON ) @~ immobile, positive ions 5
4 / (cations or counter-ions)
ga ively charged / « Channel length L
DRI
éo lid/ surfa/c/e/ , « Cross section A

FIGURE 7.5
Moving diffuse layer generating microchannel flow rate Qo =1uzpA.
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For example, sodium is stable when it loses an (extra) electron and hence,
becomes a cation: Na— Na*+e~. The opposite holds for the chlorine atom, where
gaining an electron, that is, Cl+¢~— CI-, yields an anion. As an aside, being oppo-
sitely charged, ionic bonds are formed: Na*+ CI-— NaCl (salt).

Electrolyte: A substance containing free ions that make the medium electrically
conductive. For example, salt in water forms an ionic solution; that is, solid salt
dissolves into component elements: NaCl‘son i Na*,q +Cl 5

Another example is CO, dissolving in water, producing H;0O*, CO;*, and HCO;~
ions. As an aside, all higher life forms require a subtle electrolyte balance between
the intracellular and extracellular milieu for proper body hydration, blood pH,
and nerve and muscle functions.

EDL: As mentioned, an electrolyte (e.g., salt water) in contact with a plastic or glass
wall forms a double layer of ions. For example, a negatively charged surface attracts
and immobilizes cations (also called counter-ions), forming an inner sublayer, that is,
the Stern layer of net electric surface potential ¢,,,;;=Pgrern— Ppun- The adjacent larger
layer, known as the movable diffuse layer of thickness A, also contains mainly cations.
It typically exhibits an exponentially decaying electric potential (see Figure 7.6).

In 1-D, as indicated in Figure 7.6 and with Equation 743, the electric potential can
be approximated as

O(y) ~ due " (7.22)

where:
y is the wall-normal coordinate
Ap is the Debye length in the range 1 <A, <50 nm, with typically 25 <¢, <100 mV

For example, ion concentrations of 1-100 mM may generate A,—values of
107! nm, respectively. Clearly, there is a “slipping plane” (i.e., the shear surface) that
separates potentially moving fluid, that is, the electrolyte, from the ion (or Stern)
layer attached to the (charged, typically solid) surface.

) ~ pely)

Polar liquid (water)

Diffuse I
iffuse layer Ap oL @ @ @ @
Shear surface

Liquid | S i 8 @@@@@@@
Salid" i 2 ’ OO0

Charged planar surface

w
(zeta potential) (wall potential)

FIGURE 7.6

Decay of the electric potential in an electric double layer (EDL): ions, the resulting electric potential, and the

electrical double layer with zeta potential { <¢,

wall*
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Although electro-osmosis deals with moving fluid layers driven by forces, the laws of
electrostatics (i.e.,, Coulomb, Gauss, Poisson, etc.) are applicable. In other words, although
resulting observations/laws hold strictly only for static charges (e.g., ions in a quiescent
electrolyte), they actually describe slowly moving charges as well; say, conducting liquids
at Re<1.0. In general, electrostatics deals with phenomena involving time-independent
distributions of electric point charges and resulting electric fields. Coulomb’s law, concern-
ing the interactive force between charged bodies at rest, is fundamental. The Coulomb (or
electrostatic) force between two point charges q; and g; a distance r; apart reads:

= =3 1 qiqd;
B =hi = gy g7 1 (Coulomb) (723a)

where:

F; is the force exerted on g; by charge g;
gy is the permittivity in a vacuum
e; is the unit vector

Typical values of the relative permittivity (or dielectric constant) are

1 in a vacuum
1.0005 indry air
€ .
g =—=16 in glass
€0 S
12 in silicon
80 in water

where:
e isin [C/(Vm)]
€ =8.85x107* C/(Vm)

Clearly, 1 Coulomb (C)=1 Nm/V. The electric permittivity indicates how much electric
field is caused by a source charge (see Gauss’s law).

Clearly, oppositely charged particles cause attractive forces, while equally charged par-
ticles generate repulsive forces. For example, the repulsive electrostatic force increases as
particle-charge +g, moves toward particle-charge +4,. The associated electric fields are due
to electromagnetic waves traveling outward at the speed of light.

Rewriting Coulomb’s law as

‘ﬁ‘ = Foulomb = k qlrzqz (723b)

where k=899x10° Nxm?/C? is the electrostatic constant, Equation 7.23a is similar to
Newton’s gravitational force between two objects of masses m; and m, a distance r apart.

Now, the electric field vector E[N/C 2 V/m] is defined as

Fi_ 1 aq
q;  4meo 1j

M
Il

é,‘j (7248., b)

. A Tij . . S .
where unit vector ¢; = -". Thus, for a continuous spatial distribution of charges,
Ty
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Fo_ L J3 - j perr 4 (7.25a, b)
47[80 r 47[80
where p,, is the volume-charge density, that is,
Agq C
= < | = 7.26
Pa = lim [nﬁ} (726)

For an ensemble of point charges g, as in an electrolyte, we have

Z q: = L PadV (7.27)

The electric field E being conservative (see Chang and Yeo 2010) and irrotational (i.e.,
VxE=0 ), it can be derived from a scalar potential function ¢ [V]:

E=—vo D’J or [ﬂ (728)

Clearly, ¢ is the electric potential (or net voltage), while typical values for the electric field
E are

3x10% N/C at the surface of a uranium nucleus
5x10* N/C within a hydrogen atom

10® N/C near a charged plastic rod

10-2 N/C inside a copper wire

The flux of the electric field through a (spherical) surface A surrounding a point charge is

IE.dA = IEﬁdA = 4nr2(4 1 qz] - (7.29a through )
3 ey 1

For an ensemble of point charges in an electrolyte, i.e,, Zg; we have
I E-fdA = Zq, I pud¥ (Gauss) (7.30)

Applying the divergence theorem (Appendix AL3.1), J.E" ndA = J V-Edv , we have

Iv Edv = J“’“’ v or ﬂ v2¢—pfl}dv:0 (7.31)
€o
Hence,
V-E=-V%= P (Poisson ) (7.32)

€0
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or for a heterogeneous dielectric, that is, insulating, medium,

e=¢

-V-(eVd) =pa — -V =pa; =88 (7.33a through c)

Note: Actual microfluidics materials are typically “weak electrical conductors” and hence,
have finite permittivities e ranging from low (e.g., insulators such as glass or polymers or
silicon) to high (e.g., electrodes), with aqueous solutions being in-between.

Now, from the definition E = F/q and with p,=4/V, we have the Coulomb electric force
per unit volume:

fe = fu=paE=~(-eVP)Vo (7.34)

Thus, when an electric field (Eext,) is externally applied to an electrolyte (p,) in, say, a micro-
channel, a new body force f. has to be added to the N-S equation:

p%zt’ +p(3- V)3 = —Vp + WV5 + p§ + puFun (7.35)

The expression for the new body force is then
fo = paE = —eV*9E (7.36)
In summary:

¢ An applied voltage difference or electric potential, AV =¢,,,, results in an external
electric field E.. = ~Vexe. [V/m].
¢ For a continuous medium, Maxwell showed that the charge density is

Pat =~V - (6E) —=> = —£V e [C / ms} (7.37a, b)

where € = g,g is the dielectric constant (or permittivity).

e The charge density p, along the wall is confined to the EDL~ A, thick, that is,
P~ Pex- Specifically, based on statistical thermodynamics analysis (Boltzmann)
and following the Debye-Hiickel linear approximation,

pa == fex (7.38)
D

Hence,

_xiz(l)ext. = =€V, OF V= 7% (Poisson — Boltzmann) (7.39a, b)
D D

so that

]?el = pyE = —eV*§E = —}\izd)f (740a through c)
D
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For axial (1-D) flow:

§ d
f= sdyqz’Ex (741)

For the 1-D case, the Poisson-Boltzmann equation reads:

2
a9 _ 4ly) (742)
d]/ A D
Equation 742 is now integrated for the two extreme cases in terms of channel geometry,

that is, a single wall, as in a very wide channel, and a narrow microchannel.

Case I: Equation 742 is subject to two BCs, that is, ¢(y=0) =1~ (zeta potential) and
d(y = o, i.e.,, y=Ap) =0 (zero bulk potential), resulting in

o

oY) = b eXp(—y) (743)

Note: Equation 743 is suitable for a single charged surface or very wide channels where
the focus is on one charged wall.

Case II: For the sketched microchannel flow, we impose @(y=Hh) = ¢,,.;~ ¢ and dp/dy=0 at
y=0. Then, the solution of Equation 742 is

0y =G

oY) =00 —— < (744)
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Notes:

* These 1-D solutions hold for relatively low ¢,,.;~( values, say, { <50 mV.

e To avoid Joule heating, the applied electric current I~E,,, should be low as well.

Example 7.6: Electro-osmotic Flow of an Electrolyte in
a Microchannel with Charged Surfaces

Consider saltwater (i) in a microchannel (height /1, length L, and permittivity €) with zeta
potential (= ¢,,.; and Debye length A, subject to an electric field Ex=-A¢/Ax=-AV/L.
Find the induced velocity u(y) and plot several non-dimensional velocity profiles.
Discuss the interpretation of u(y=Ap)=ugo~uy;, when Ap/h << 1.

Sketch 6 Assumptions Method
AV =Ad ~E, ¢ Steady laminar ® Reduced N-S equation with
: I fully developed J?coulumb = pelEext. = _avzd)éext;
flow “fo=—e(dp/dPE,
SRSISNSISNS; * Constant « (1)~ Cexp(-y k)
_______ —>=._______EDL properties/ Postulates:
) parameters e Vp=0and 7 - u(y)

y?_ A —— * byu~Gand ¢ Employ wall BCs at y=0
% EDL Y Z‘}LD) ~0 and y="h for both u(y) and
é é é é éﬁ é e No viscous ()

heating

Solution: Based on the assumptions and postulates, a reduced form of Equation 7.35 in
conjunction with Equation 741 yields the x-momentum equation:

du d% d*u a*o
OZHW—SWE,C or diyz_Kdiyz:O (E761a, b)

where K=¢E,/u=¢ as E,=—d¢/dy~AV/L.
Integrating Equation E.7.6.1b twice yields u(y) -K¢(y) = Ay + B, which is subject to the
u- and ¢- conditions at y=0 and y =4, that is, u=0 and ¢~ (. Hence,

€

E.
u(y) = . [6(n)-¢] (E76.2)
Clearly, only ¢(y) creates the electrolyte flow. Specifically, in the wall region 0 <y <A,
d(y) =~ Cexp(-y/Ap), and hence, Equation E.76.2 reads with the non-dimensionalized
P=h/2\pand §y=y/h and E,.=AV/L:

o _u(yuL _ N
Ay = 1-exp[ 2Py ] (E.7.6.3)

Outside the EDL, when A, <1, at y>A;, the exponential term is approximately zero,
and we have

U =go = gy, =AV C/(pL) (E.7.6.4a through )

In summary, the u(y)-profile has to be pieced together by adjusting the ¢(y)-function
between the two EDLs at the walls and the microchannel center.
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Graphs 2:
1.0
0.8
0.6
— P=10
= ----P=20
0.4
0.2
0.0 T T .
0.0 0.2 0.4 0.6
b
Comments:

* For very thin EDLs, we have ugo = tgip = Upux = HeoEy for Ay <y <h—Mp where
peo =&/pdre/pl is the electro-osmotic mobility.
® Measuring i, and knowing E. = AV/L yield pz, and hence, ¢~ {=pgop/e.

7.3.4.1 Summary

Assuming steady electrolyte flow with constant fluid properties and uniform zeta poten-
tial, we have shown the following:

¢ Continuity:

V-9=0 (745)
e Momentum transfer:
p(D-V)o+Vp—puV2s—p,E=0 (7:46)
and by deduction,
e Energy transfer:
pc,(@-V)T +V - (kVT)—p® —oc,(E-E) =0 (747)

where the term o,(E-E) indicates Joule heating. The applied electric potential can be
obtained from

V3= —% (748)

As shown with Example 7.6, for a microchannel of height 2 where the driving Coulomb
force balances the viscous resistance force, we have for ¢,,,;~¢

U =Ugo (1 - 2] (7.49)
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Following Dutta and Beskok (2001), the electric potential ¢(y) is

4ksT . ezt y|-h
=—"—tanh™'| tanh 7.
¢ ez l: " [4kBT jexp[ Ap 750

Horiuchi and Dutta (2004) showed that the ratio of Joule heating to viscous dissipation for
1-D microchannel flow is

< c.0h B

K C,Z 82

(751)

Here, 5 <5), is the wall layer, where @(y) #0(0<y <9), and typical parameter values are
6,=10"S/m, A, =-100 mV, >3, p=10-3 Ns/m?, and permittivity e =¢.€, (see previous list
of e-values). It should be noted that k=«(h, Ay, (7% plus medium parameter values) but is not
explicitly dependent on E, = AV/L.

Clearly, Section 7.3.4 is only a very brief introduction to steady creeping flow of simple
electrolytes in microchannels. More may be found in texts by Tabeling (2005), Nguyen and
Wereley (2006), Kirby (2013), and Kleinstreuer (2014).

7.4 Homework Assignments

As always, two types of homework problems, that is, text-illuminating questions and basic
microscale engineering problems, are suggested. The problems in Section 7.4.2 were taken
in modified and extended form from the open literature as well as previous homework
and test assignments of the author’s fluid dynamics as well as micro/nanofluidics courses.

7.4.1 Physical Insight

71 Using Figure 71a as a guide, develop a flowchart for a microfluidic system, such
as an LoC (see Figure 7.1b), or a MEMS (e.g., ink-jet printer), or a PoC (point-of-
care) device, for example, for blood-sugar analysis.

7.2 Select a specific microfluidics system and provide images and descriptions of
major system aspects from fabrication to application.

7.3 Discuss major functions and applications of microscale systems in mechanical
(or chemical or biomedical) engineering.

74 After reading Sections 7.1 and 7.2 plus Table 7.1, select five microscale problem
areas, and provide real-world microsystem examples.

7.5 Most dimensionless groups (see Section 7.3.1) scale with L?, that is, appearing to
be “irrelevant as L —0.” Nevertheless, considering the three conservation laws,
discuss the reduced modeling equations most useful for micro/nanosystem anal-
ysis in light of dominant forces, fluxes, time scales, and/or transport phenomena.

76 Consider a square microchannel of width and height & and length 10h. Form
k=5/V and plot (/) for 0 <h <4 units.
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7.7 Redo Example 71 for heat transfer and species-mass transfer.

78 Contrast the Strouhal number, St=fL/v, with the Womersley number,
Wo =L(wp/p)"/?, and provide applications.

79 Redo Example 7.2 for heat transfer and species-mass transfer with suitable param-
eter values.

710 Similarly to the analysis shown in Example 7.3, derive Ryomma=AT/Qpear and
Rspecies-mass = AC/ 1.

711 Show that for steady fully developed flow in an ellipsoidal tube with u=u(y, z),
the hydraulic resistance is again R4, ~ I (see Example 7.3).

712 In light of Section 7.3.2, select, illustrate, and discuss one flow device with impor-
tant applications for all three geometric system scales, that is, from macro- to
nano-scale.

713 Section 7.3.2 provides gas flow-modeling regimes in terms of the Knudsen num-
ber Kn=A g,/ liygem- Why is there not a sound theory for liguid flows in microcon-
duits? Discuss ideas for developing such liquid flow—modeling regimes.

714 Obtain a specific data set for argon from the open literature, and redo Example 74.

715 Review gas versus liquid properties (i.e., density, viscosity, and conductivity),
contrasting macro-scale with nano-scale phenomena and resulting property
values.

716 Provide an updated literature review on wall slip velocity and wall-temperature
jump models with applications (see Section 7.3.3). What is the underlying nano-
scale physics?

717 Concerning Section 7.3.4, research the differences between electrophoresis and
dielectrophoresis, and give applications of other electrokinetic phenomena.

718 Research the impact of the diffuse layer on electro-osmosis in microchannel flow.

719 Derive, illustrate, and explain Equation 7.21 and then Equations 7.34, 7.36, and
7.40.

720 Derive Equation 744 of Case II. Estimate Joule heating, o,(E-E), and compare it
with viscous heating, p®, for a reasonable set of parameter values.

721 Redo Example 7.6 for P <10, that is, using Equation 7.44.
7.22 Review the paper by Dutta and Beskok (2001), derive Equation 7.50, and contrast
it with Equation 3.57a.

7.23 Review the paper by Horiuchi and Dutta (2004) and derive/discuss Equation 7.51.
Cite practical applications where k> 1, that is, Joule heating is important.

7.4.2 Engineering Problems

724 Consider a quasi-spherical drop (D, o, 6) about to fall from the tip of a capillary
(D). It is assumed that the contact angle 6 =0 when the drop actually falls. Based
on a 1-D force balance, that is, F,cos6 = (ocnD, )cosb=m,g, find the falling-drop vol-
ume V.. and an expression for the diameter ratio D,/D,. Introducing the Bond
number ( Bo=D?pg/c ), show that D,/D.=1.82Bo"%.
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725 As a correction to V,,,, of Problem 7.24, Harkins and Brown (1919) suggested
Yirop=YmaxC, Where C=0.6+04(1-0.488B0'3)*2. Estimate V4., for D.=1 mm,
6=0.06 N/m, and p=1000 kg/m?3.

7.26 Consider spherical micro-bubble growth (radius R) in a very viscous fluid.
a. Using the reduced continuity equation and the dynamic boundary condition
o,[r = R(t)] = dR/dt = R, show that v,(r) = RR?/r?

b. With only the pressure and viscous forces being dominant, show that the
internal bubble pressure is

p(t) = p.. + 4uRR

c. Find R(f)/R,, where Ry=R(t=0), Ap=p—pe, and compute/graph R(t)/R, for
R,=100 pm, Ap=900 kPa, p=1000 kg/m3, and p=100 Pas.

727 Considerarod (kR. L) falling with velocity v, in a tall, liquid-filled cylinder (radius R)
with a closed bottom. Assuming axisymmetric steady laminar fully developed
flow between these cylinders, find the velocity distribution v,(r) in the micro-gap.

728 Consider radial flow between horizontal parallel micro-disks of inner radius R,
outer radius Ry, and spacing 2h. Given inlet flow rate Q =4nR hu

a. Show that v,(r,z) = (:%)1{1_[;] }
i

b. Show that Ap=- ii}g In(R;/Ry)

c. Plot v, and Ap using the base values Q=10"*m3/s, R;=5 mm, R;=50 mm,
h=200 pm, p=1000 kg/m?, and p=10 Pa-s. Check whether Re;, <1.0!
729 Consider 2-D flow in a microchannel (i, L) with the bottom wall being porous
where fluid is being withdrawn at velocity as v,,,;(x).

a. Show that for e=h/L <1 and Re,=u;,h1/v <1.0 (Stokes flow), the N-S equations
reduced to

mean’/

ou ov
—t—=

2
0; P-0 and 0=-F "
Oox oy oy ox oy

b. Using the dimensionless variables x = x/L, iy =y /h, il = u/u,, O =v/(euy), and
P = (P = Pret.)/[tin /(€h)], show that

ﬁ(J%l 9) = 6i\lavg.(£)[9 - 92]/

where 1, (0) = 1.

c. Employing the continuity equation, show that
(%, §) = v, (N)[1-35" +27°]

d. Plot the velocity profiles and comment!
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7.30 For Poiseuille flow with velocity-slip between parallel plates a distance / apart or
in a tube of radius r,,

a. Show that u(y) =4u[(y/h) - (y/h)*] + ug;, for microtube flow. Interpret 1, and v,!
b. Derive expressions for the mass flow rates 7ty and #itgee, plot 7iz,(h) and
(1), and comment.

7.31. Consider thermal micro-Couette flow of a gas (U, i; Ap=0; T(y=0)=T, =¢; and
q(y=h)=4,=0)) in the slip-flow regime 0.01 <Kn=A/2h<0.1. Assume 1-D fluid
flow and only thermal diffusion with viscous heating.

a. Show that, indeed, Kn=2\/2h.

b. Derive the velocity profile and temperature distribution.

c. Graph T(y/h) for U=100 m/s, T,,;=300 K, #=500 pm, k=14, and Pr=0.7 by
selecting Kn=0.0, 0.01, and 0.1.

d. Comment and explain!

7.32. Consider electro-osmotic microchannel flow characterized by i; Ap; b, €, {, and E..
Derive and graph i = u(y)/uwax as a function of y/A;, for two different sets of BCs
with regard to the linearized ¢(y)-distribution. Comment!

7.33. Consider pressure-driven flow (Ap/L =¢ ) of a particle suspension, which can be
described by a power-law fluid (1, n) in a microchannel of height 2h.

a. Obtain the velocity profile, and check your answer for n=1 and m =, that is,

-]

b. Graph u(y) for n=0.2 and 1, where u_,,=0.8 and 1 m/s, respectively.

7.34. Consider a tube of diameter D=5 pm and length L=10 cm, filled with an electro-
lyte (e=7.08 x1071°C/(V-m); p=10-3Pa-s). The wall potential, that is, approximately
the zeta potential, is {=-100 mV, based on a voltage of 1 kV, which is applied
across the tube length. Calculate the pressure drop required to achieve the same
volumetric flow rate as Q. Plot the velocity profiles and comment!

u(y) = h
i

2u
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8

Fluid—-Structure Interaction

8.1 Introduction

Almost all problems solved in the previous chapters dealt with static fluid—structure sce-
narios. Geometric configurations of solid structures at rest, or with independently moving
surfaces, largely determined the fluid flow fields. Examples include internal flow through
a conduit or external flow past submerged bodies. Both the flow field along the static struc-
ture as well as the fluid stresses and forces on the structure walls could be readily deter-
mined. This included cases of independently moving surfaces, as in planar and rotational
Couette flows.

In contrast to the static cases, dynamic fluid—structure interactions (FSls) are characterized
by the following two-way coupled mechanisms (see Figure 8.1):

(i) Transient, typically fluctuating displacements of a structure wall induce fluid
motion, where the fluid stays in contact with the moving wall.

(ii) The unsteady flow field imposes varying shear stresses and pressure loads onto a
fluid-solid interface and hence, initiates or modifies the motion of the structure, as
in vortex shedding.

Clearly, most often, such dynamic coupling occurs when transient fluid flow causes
structure movement (or even structure reconfiguration). Examples include blood flow
past heart valves and in elastic arteries, turbulent flow causing conduit or machine-part
vibration, container or structure motion due to surface waves, vibro-acoustic coupling
in speakers, wind effects on wires, towers, and bridges, or ocean waves affecting off-
shore structures. Specifically, high winds, strong river currents, major ocean waves, and
atmospheric explosions can cause severe damage to all kinds of structures, while on a
microscale, fluid flow-induced vibration may lead to material fatigue, internal/external
cracks, and ultimately, structure collapse.

FSIs are modeled based on the equation of motion (Section 2.3) and the dynamic equa-
tions of deformable solids (Section 8.2). Suitable coupling conditions at the fluid—structure
interface have to be enforced. Specifically, the fluid and solid wall have the same motion
(i.e.,, wetted surface), and the fluid and structural stresses exerted on the wall are balanced;
that is, they are locally in dynamic equilibrium.

Section 8.2 deals briefly with stress fields in solids, conditions of equilibrium, stress—
strain relations, and compatibility conditions. Subsequently, applications to slender-body
dynamics and flow-induced vibrations in terms of mass-spring-damper systems are dis-
cussed in Sections 8.3 and 8.4, respectively.

267
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FIGURE 8.1
Fluid—structure interactions: (a) static cases and (b) dynamic examples.

8.2 Solid Mechanics Review

As mentioned in Section 8.1, FSI is an integral part of most transport phenomena in bio-
logical, environmental, and industrial systems. In this section, the basic solid mechanics
equations are reviewed. They are needed to solve FSI problems in conjunction with the
conservation laws (Chapter 2). Typically, a pressure due to fluid flow generates a load on a
structure, which results in wall stress, strain, and deformation.

8.2.1 Stresses in Solid Structures

As outlined in Section 2.3, the state of material interaction at any point in a body is speci-
fied by the stress tensor (see also Appendix AL1.2):

G111 C12 C13 O xx Txy Txz
Gij =|On O» O3 |=| Tyx Oy Tyz (8.1&, b)
G31 O3 O33 Tax sz Oz

where o;; (no sum on i) are the normal stresses, that is, generated by forces F; perpendicular
to surfaces A, while the shearing stresses 6; =1; (i#)) are caused by tangential forces F;
acting on surfaces A, (i #j) with normal vector #; (see Figure 8.2).

As alluded to in Section 2.3, the stress tensor is symmetric, that is, 6;=c;. This equality
of shearing stresses can be readily shown in applying to the solid cube of Figure 8.2a the
static conditions Y M =1a =0,

where:
M=7txF isthe applied moment or torque, that is, force times lever distance
I is the moment of inertia
a is the angular acceleration vector
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FIGURE 8.2
Stresses and forces: (a) 3-D solid element with positive stresses; (b) 2-D force components and stresses in the
A, -plane.

y

The normal and shearing stresses relate to the following forces and moments (Figure 8.2b):

® Axial force ~ IciidA ,where I1; (no sum on i) are either tensile or compressive stresses

e Shear force ~ jrijdA (i#7), which try to move (shear) adjacent parts of a solid

* Moments (or torques), which may bend a beam, for example, M, ZIGxedA,

M, = —J. 6.ydA, and so on, or may twist a body, for example, T = J.(’cxzy — Ty 2)zdA

Clearly, the symmetric stress tensor has six independent components. These can be fur-
ther reduced to three principal stresses, which act in mutually perpendicular, principal
directions. They act normal to three principal planes on which all shearing stresses are
zero. Thus, Equation 8.1a now reads after the coordinate transformation from o; to o;;:

o (0]
Cjj = O3 (8.1¢)
0)] O3

where 6, 6,, 05 are the principal stresses. The principal stresses can be combined accord-
ing to von Mises” deformational theory in terms of an effective stress c,, known as the von
Mises stress.

1/2

_L _ 2 _ 2 _ 2
G, = ﬁ[«sl 62)* +(0; —63)* + (05— 1)* | (8.2)

Equation 8.2 is typically used to determine the locations and magnitudes of maximum
stresses in human hard or soft tissues as well as medical devices and implants.

The next two examples illustrate how internal stresses are computed for two-dimensional
(2-D) plate bending and cylinder twisting (Example 8.1) as well as internal stress distribu-
tions, including principal stresses, for a bar under axial tension (Example 8.2).
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Example 8.1: Simple Bending and Torsion Formulas
for 2-D Solids of Linearly Elastic Material

Consider a 2-D beam subject to pure bending and then a cylinder subject to simple tor-
sion. Show that ., =—M_y/I, where I is the moment of inertia, and 1, =Tr / J, where ] is
the polar moment of inertia.

Sketches 1a and 1b

(@) Bending
x ioxx()’) >
M, <. L M,
J

(b) Torsion

Assumptions:

e The normal stress o,,(y) is linear in y, and all other stresses in the beam are
zero (pure bending).
e The resultant of the internal force of the beam is zero, that is, J‘
A
* The torsional loading does not reshape or re-orientate the cross-sectional
planes of the cylinder.

C,dA=0"

Solution:

Bending
The moments of the internal forces about the beam’s centerline (i.e., normal axis) are
equal to the applied moment around the z-axis (see Sketch 1a):

M, = —j YO dA (E.8.1.1)
A
With o,,=ky, where k is a constant, we have

M. = -k j YA = kI, (E.812)
A

where I, is the moment of inertia of the cross section A about the z-axis; for example,
I,=bh3/12 for a rectangular beam with A=bh and I,=nR*/4 for a cylinder of radius R,
thatis, A;=nR>.

Thus, with k=-M,/I,

O = _Mz]/ / I (E813)
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Torsion
The resultant of the shearing stress distribution being equal to the applied torque yields
(see Sketch 1b)

T=rdA; 1(r)= %rm (E.8.14a, b)
Thus,

Tmax 2 Tmax
T- —jr dA =T g (E.8.1.5a, b)
R J R

where [=nR*/2 is the polar moment of inertia of the cylinder’s cross section. Finally,
with t,,./R=1/r, we obtain

T=Tpe=Tr/] (E.8.1.6)

Example 8.2: Stresses on an Inclined Plane of a Bar under Uniaxial Tension

Consider a bar (A=10> mm?) subject to a tensile load of N=100 kN. Determine the stress in
a plane slanted by a=35° and verify stress symmetry and the existence of a principal plane.

Sketch 2 Assumption
O ¢ Uniform stress distributions in/on every plane
T

N y N wx&n 4 3

R e e e L LT C - e e L -

X

A7

Solution:

With respect to the incline, the loading force N generates a tensile stress oy because of
the normal N cos « and a shearing stress Tg, because of the tangential N sin a. Thus,
with 6,,=N/A, we have

Ncos o

Oy =——— =0, COS>0 E.8.2.1
A / cos o ( )
and
Ten = —M = —0,, Sin 0. cos o (E.8.2.2)
A /cosa

In letting the “cutting angle” vary, that is, 0°<a<180° 6 and Tg, undergo maxima
and minima. For example,

Ge (@=0°180°)=0,,=0,,,, when Tz, =0

and

T&T\ ((X =455, 1350) =Thax when Oy = i%sm
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Graph 1:
C,/2 o
0 o
45° 0° 135° 180°
~0,/2
Comments:

On plotting Tgy, it is revealed that both symmetry of the stress tensor (see Equation 8.1a)
and principal planes or axes (see Equation 8.1b) actually exist. Specifically,

20 (0)] = [120/(0 +90°)

and at «=0° and 180°
Ott = Olmax = Oy When Tzy =0
With the given data,

Ou = % =100 MPa, 6z = G, cos” o.= 67.11 MPa, and T¢, = —G,, sin 6 cos 6 = 47 MPa

8.2.2 Equilibrium Conditions

So far, we have assumed uniformly distributed stresses across each surface caused by an
external load. It is more likely that stress components will vary from point to point in a
body. Nevertheless, all external forces and internal stresses have to be in static equilib-

rium, that is,
2 F=0 (83)

21\7{: 0 (84)

For example, considering a thin 2-D solid element of differential area dA,=dxdy (see
Figure 8.3), we take the moments about the origin (see Equation 8.4) and can show that

T, =T, Now, employing EF" =0 (see Equation 8.3), we obtain

(cxx + a;’; dx) dy — Gudy + [rxy+ ag;y dy] dx —1,,dx+ fdxdy =0

or

00, N 0Ty

=0
ox 9y *f
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G, + 8ny d
y Yy ay Y
0Ty, 4
F at
’ Tyy + B:y dx
Oy dy —— acxx
Fx Oy + dx
Ty ox
M x

=
T )
Gyy Surface dA,
FIGURE 8.3

Differential 2-D solid element with varying forces and stresses.
Similarly,

d6,, 0Ty
=0
oy " ox ty

In three dimensions (3-D), using tensor notation with the summation convection of
repeated indices, we have the equilibrium condition:

80,7
ax]-

+£=0 8.5)

with i, j=x, y, z and o, #6; (i #]).

Clearly, given the external forces per unit volume f;, Equation 8.5 contains six unknown
stress components; that is, three additional equations have to be found. This brings us to
the three basic principles for solving solid mechanics problems:

1. Conditions of equilibrium (see Equation 8.5)

2. Stress—strain relations, where material properties in terms of constitutive equations
correlate forces, causing stresses in a given solid with body displacements

3. Conditions of compatibility, where body continuity is everywhere preserved, consis-
tently with local strain distributions and deformations

Equation 8.5 can be readily extended to dynamic structures, where in general (see Newton’s
second law of motion),

pa; = Gij/j + f, in Q(t) (86)
where:
a;=dv;/dt is the acceleration of a material point in the domain Q at time ¢
fi are the external forces per unit volume

p is the mass density
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Equation 8.6 is subject to appropriate boundary conditions and necessary stress—strain
relations, as discussed in the next section.

8.2.3 Stress—Strain Relationships

When a force and/or moment is applied to an object, material deformation may occur in the
form of body elongation/contraction, beam bending, rod twisting, and/or simple shearing.
In all these cases, body elements undergo shape changes. In contrast, during rigid-body
motion, no stress is induced. This is the case for translatory displacement due to an axial
force, such as for any flying/moving, non-deforming object, such as balls, cars, planes, and
ships. In summary, deformation relates directly to stress when body element distortions,
that is, shape changes, occur, say, due to stretching, compression, and/or twisting.

8.2.3.1 Deformation Analysis

Asillustrated in Fung (1994) and other texts, a line element in a 3-D body, AA” = ds, trans-

lates, stretches, and rotates, because of body deformation, to BB’ = dsg (see Figure 8.4).
Clearly, with point A at (a, a,, a;) and point B at (b, b,, b;), the distance to the neighboring
point A'(a, +day, a,+da,, a;+da;) is, after Pythagoras,

(dsa)’ = (day)* +(day)* + (das )?
Similarly,
(dsg)* = (dby)* + (db,)* + (dbs)*

Now, the determination of any continuous body deformation requires known mapping
functions

bi=bi(ay, a, as) or a;=ai(by, by bs)

for every point in the body. The components of the displacement vector u = Ar (see
Figure 8.4) are then

A K by

FIGURE 8.4
Line element changes during body deformation. (After Fung, Y., A First Course in Continuum Mechanics: For
Physical and Biological Engineers and Scientists, Prentice Hall, Englewood Cliffs, NJ, 1994.)
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Given the mapping functions, we can write

ab,‘ aai
dbi = aa]- dﬂ]‘ and dﬂ,‘ = aibj db]
so that the displacements can be expressed, using the Kronecker delta, as
ds3 = 8,dada, = 8, 9% %y, dp
A ittt if Bbl abm 1 UYm
and
ob; db;
dSé = Sljdbldb, = 8,‘]‘ aal ﬁ dﬂl dﬂm
Forming the difference, that is, a measure of body deformation, we obtain
ZEijdtlldﬂ]‘
dsi —dsi = or
2€ijdb,'dbj

where the symmetric tensor E; is the Lagrangian (or Green’s) strain tensor, and the tensor
g; is the Eulerian (or Cauchy’s) strain tensor. Clearly, if the length of each line element
stays the same, dst —ds3 =0, implying that E; = €; =0, and the body is at rest or undergo-
ing rigid-body motion.

Using the displacement vector u;=b;—a; we can form

ab,- _ au,' +5. and aai aui
aaj B aaj v ab] ab]

where ;= (uy, u,, u3) and b;= (x,, x,, x3). Thus, inserting these relations into the displacement
expression and neglecting squares and products of the derivatives of the displacement
components u;, the Cauchy infinitesimal strain terms reduce to

1 8uj E)u,-
oL 7
SJ 2[8}@ +8xj) (8 )

=5, -

or in terms of the engineering shearing strain (i.e., the shear-rate tensor of Section 2.4):

ou; ouj . . (8.8)
i=—%+ 1# ‘
71 o, o (i)
Equation 8.7 can be written as
_ i 1 l -
xx 2 ’ny 2 Y xz
1 1
&= EYW Eyy Esz (8.9
11,
i 2 ’sz 2 Yzy 2z |
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Clearly, for infinitesimal displacements, E; = ¢;;, because it is immaterial whether the
derivatives 1, ; are calculated at the position of a point before or after deformation.

Now, the cause of displacements, that is, stresses, has to be correlated to strain.
Specifically, a stress—strain relationship describes the mechanical property of a material
and is therefore a constitutive equation. For linear elastic materials, for example, hard tissue

(bones) and basic metals, Hooke’s law holds:
Gij = C,']'k]ekl (810)

The tensor of rank four, Cijxy is symmetric; that is, the 3¢=81 elastic constants (or moduli)
can be reduced to 36 (Fung, 1994). For an isotropic elastic solid, that is, when the properties
are identical in all directions, Equation 8.10 reduces to

;= 7\«8}{)(8,']‘ + 2“8,']' (811)

Clearly, instead of 36 material values, only two, that is, the Lamé constants A and p, are
needed (see Section 1.2.4 for comparison with viscous flow). Writing Equation 8.11 out and
solving for the six e-components, we obtain

1fow o
140 v _J2\ox; ox
€j=——0;j—— Oud; =

£ i (8.12a through c)

2
where:
the “shearing strain” y;=1,/G,
E is Young’s modulus
U =—€,, /€ =€, / € is the Poisson ratio expressing (lateral strain)/(axial strain)
G =y is the shear modulus

Because only two independent constants are needed for homogeneous isotropic elastic
materials (see Equation 8.11), E, v, and G are related, that is,

_E
T 2(1+0)

Actual materials, such as biological soft and most hard tissues, rubber, and shape mem-
ory alloys (SMAs), do not follow Hooke’s law. Clearly, compared with metals, these other
materials exhibit nonlinear relationships and hysteresis; that is, the nonlinear loading and
unloading curves differ. Mechanical models, a combination of (linear) springs and viscous
dashpots, mimic some visco-elastic behavior. For example, as outlined in Humphrey and
Delange (2004) and other solid mechanics books, the Kelvin model relates the load F to the
deflection (or displacement) u(t) as

(8.13)

F+aF = b(u+ci1) (8.14a)

subject to

aF(t =0)=bcu(t =0) (8.14b)

where a to ¢ are constant system parameters.
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8.2.3.2 Simplifications
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Hooke’s law, for a linear elastic, isotropic material, that is, Equation 8.12, can be rewritten as

1
Exx = — [Gxx
E
1
Ew=F [oyy

1
€z =710
E[

_1+v
€y =

1+v
€. = = Ty

zx

E

E T

:712)(_

Clearly, for plane stress analysis, 6,=0, and the remaining normal stresses are:

in rectangular coordinates

E

Oy = 1o (Exx +0E,,)
E

ny = m (Syy + ngx)

-0(0,, +0,)] (8.15a)
—0(01 +02)] (8.15b)
- U(Gxx + Gy )] (815C)
1 1
T, =Y. 8.15d
oG v =5 Y (8.15d)
1 1
=>c Ty = 5 Yy (8.15e)
1 1
=— T, =—Vu 8.15f
o= oY (8.15f)
in polar coordinates
E
O, = m (8-,-, + 0899)
(8.16a through d)
Ogp = —— (869 + UEW)

1-02

Provided that Young’s modulus E and Poisson’s ratio v are known, each of these equa-
tions contains extra unknowns; thus, equilibrium equations have to be established first,
which relate forces to stresses, as illustrated next.

Example 8.3: Displacement of a Non-Uniform Rod under Axial Stress

Consider a vertical, axially loaded rod with suddenly changing cross section and mate-
rial property as shown (cf. bone with implanted metal segment). Find the total axial

displacement u.
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Sketch 3 Assumptions Method
* Segmentally constant A; and E; Use of Equation 8.15a, where
¢ Only normal, that is, axial force N 6,,=0..=0
applied
X * Hooke’s law holds

Solution:
The reduced governing equations read:

L

€4y = % and Au= Jexxdx, where 6, = % (E.8.3.1a through ¢)
0
Specifically, with axial displacement u(x=0)=0,
Ly N L N
Upotal = J‘— dx + J.— dx; L=Li+L, (E.8.3.2a)
o A1E1 y AzEz
1

and hence,

L L )_NL1(1+L2AlEl)

U = N + =
ot (AlEl A, ) AR\ L A E

8.2.3.3 Plane Stress Analysis

If the body force F,=0, then c,,=7,,=7,,=0 (cf. “thin plate problem”). Thus, three equations
are necessary to calculate o,,, 6, and t,,, subject to surface tractions, that is, surface forces
per unit area:

Px = Ol +Tym (8.17a)

and

py =Tyl+oy,m (8.17b)

where I =cos(i1, x) and m=cos(i, y) are the direction cosines for the normal vector 7.
The first two equations for o, c,, and t,, are obtained from Equation 8.5:

9 | 0Ty
ox  dy

fe=0 (8.18a)

do,, N JTy,

=0 8.18b
oy ox t ¢ )
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The third one is the equation of compatibility in terms of stress:

2> 9 1 (df 9
(M+ay2)(0'xx+0yy)=—l_v(£c+£) (819&)

and strain:

%,  0°€, 07y
3y ox® | axdy (6:10)

Equation 8.19a, b can be derived from the compatibility condition for strain components
that directly relate to the displacements u and v.

When the body forces f, and f, are zero, the task of evaluating planar stress, strain, and
displacement subject to Equation 8.17a, b is less challenging. Similarly to the stream function
P(x, y) satisfying the continuity condition, V.o =0, automatically, a stress function ®(x, y) is
introduced, where

82—(1)0 =az—q) and = =—82(D
ay> " ox? Y 9xay

Now, the balance of Equations 8.18a, b with Equation 8.19a yields

Ox =

o'e  20'®  o'®
+ + =
ox* ox’oy* oy’
Traditionally, the biharmonic Equation 8.20 has been approximately solved, sub-

ject to Equation 8.17a, b, with polynomial functions of various degrees (see Ugural and
Fenster, 2003).

0 (8.20)

8.3 Slender-Body Dynamics

Structure vibrations caused by fluid flow may lead to noise, material fatigue, system dam-
age, or even total destruction. However, controlled fluid-induced vibration can be desir-
able, as with music using wind instruments, as well as for enhanced mixing or particle
sorting.

A body, subject to a flow field, experiences surface pressures and stresses, resulting in
surface forces such as drag and lift (see Section 3.2.3). In turn, the body may not only
move but also deform under these exerted forces. Such body deflections change the flow
boundary conditions and hence the flow field, which again alters the surface forces. Thus,
fluid-dynamic forces and structural motions may interact significantly. In any case, flow
instabilities, such as vortex shedding from a fixed body (see Figure 8.5a and Section 2.3.5),
as well as elastic instabilities, are of interest. They may cause structure oscillations or even
the coupled FSIs of both (see Figure 8.5b). As mentioned, the fundamental aspects of cou-
pled fluid-flow and elastic-body phenomena are important for the safe design of tall build-
ings, suspension bridges, towers, off-shore structures, piping systems, and power lines on
a large scale, as well as medical implants, such as stent-grafts, and microelectromechanical
systems (MEMS) for cooling or drug delivery on a small scale.
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Classification of flow-induced vibration has been done in terms of the sources of excita-
tion, according to the nature of the vibration, or via the type of fluid flow, that is, steady or
unsteady (see Paidoussis, 1998). Specifically, steady flows may cause instabilities in terms
of self-excited vibrations and vortex-induced vibrations. An example of self-excited oscil-
lations (or flutter) is the thrashing, shaking motion of a garden-hose when dropped on the
ground. Transient flows causing structure vibrations include random/chaotic (i.e., turbu-
lent) flows as well as wavy and oscillatory flows. A commonly observed phenomenon of
internal oscillatory flow is the water hammer, a quite noisy occurrence of pressure waves
in pipe networks after sudden valve opening.

8.3.1 Flow-Induced Slender-Body Oscillations

Consider planar isothermal fluid flow (u,,,,,= U) in a flexible pipe (elasticity-module E and
mass moment of inertia I) with lateral deflection w(x, t) of small amplitude and long wave-
length compared with the pipe diameter (see Figure 8.5c). For a representative elementary
volume AAs (Figure 8.6) with accelerating fluid mass m, the following forces have to be
taken into account: net pressure, gravity, and fluid—pipe interaction forces, that is, tangen-
tial (wall shear stress) and normal (reaction) forces. Thus, applying Newton’s second law
in the x- and z-direction, where ds~ dx and the deflections w are small, we have per unit
length As:

ap ow
—Ag—‘thHﬂf g+R$:mf A (8.21a)
and
Flow field around a submerged structure
(Note: Unsteady vortex shedding at different Vibration of an idealized
free-stream Re#s slim structure Water-tube oscillation
. Concentrated
Recirculation zone Trfm51ent mass v(t)
fluid force

F(t)
=

5~

Shear layer
Square L) x) Wake with

Tube with modu

and inertia [
Massless

Free- cylinder V) ) vortices structure
stream Shear layer with body N
stiffness k g
Stagnation point Flow-separation point
(a) (b) (©
FIGURE 8.5

Example of fluid-structure transients: (a) flow field around a square cylinder submerged in an angled
free-stream; (b) 1-D cantilever vibration; and (c) oscillation of an elastic tube caused by fluid flow.
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FIGURE 8.6
Forces on (a) accelerating fluid element and (b) coupled pipe segment.

d ow ow
R-A P (p ax) T, S f» =my as . (8.21b)
where:

A is the cross-sectional area

p is the gage pressure
T, 1is the wall shear stress

S is the wall surface

R is the reaction force

m  is the mass, where subscript f denotes fluid and p indicates pipe

The pipe segment is subject to longitudinal tension T and a transverse shear force F,
that is,

oM Pw
F=—-=E]—. 8.22
ox ox® 6.22)
Thus, following Paidoussis (1998),
oT Jw
g+rwS—mpg—R$=m,, a,. =0 (8.23a)
and
oF 0 Jw ow
—+R+—|T—|+1,S— = 2 8.23b
o0x ax( ax] ' 0x Myl ( )
Recalling that a, = az—w while af,= d—u and af, = [8 +U a:lz w, substitutin
& YO NPT L FTRRaP Y &

3
Equation 8.22, F = EI 3—? , using Equation 8.21a, b to eliminate R, and combining terms
x

yields a partial differential equation (PDE) for small lateral motion of a vertical pipe with
axial uniform flow U():
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4
Elng+{me2—T+pA(1—2v8) [(mf+mp)g M :|(L— )}
X ox?
(8.24a)
2 a 82
+2m; U " ;U +(mf+mp)g +(mf +my) Btzf =0

For Equation 8.24a, averaged tension and pressure over pipe length L were assumed,
while v is the Poisson ratio, and §=0 implies no pipe constraint to axial motion at x=L.
Neglecting gravity, pressure, and wall tension effects, and assuming U = constant, Equation
8.24a reduces to

o'w o*w o*w
El —— +m;U* —— +2m; U
oxt T 9 T T oo
Flexural Centrifugal force Coriolis force
restoring force (8 2 4b)
*w
+(ms+m,) —5 =0
( f P) at2

Inertial force

Clearly, Equation 8.24b subject to appropriate initial/boundary conditions has to be
solved numerically for w(x, t), representing “free vibration” (see Section 8.4).

8.3.2 Flow-Induced Concentrated-Mass Oscillations

In the previous section, we considered the lateral small-scale deflection, w=w(x, f), of a
flexible pipe, induced by transient or steady axial flow. The described fourth-order PDE
for w(x, t) is essentially the same as for an oscillating cantilever. In fact, a cantilevered tube
conveying fluid at sufficiently high velocities may exhibit flutter of the single-mode type
(see Paidoussis, 1998, among others), as seen with wings and beams.

In this section, we focus on a (vertical) elastic cantilever, for example, a tower or high-
rise, where the mass of the structure is concentrated at the end point, and the displacement
x(t) is caused by a transient load F(t), say, a gusty wind. Figure 8.7 depicts this single-
degree-of-freedom system (see also Figure 8.5b). Specifically, in response to the excitation
force F(t), the body mass m accelerates, X, and moves, x(f), while it is opposed to a restoring
force R=kx and slowed down by a damping force D = cx. Thus, Newton’s second law of

motion, ¥ F. = mi, describes the basic mass-spring-damper system in the form:
F(t)—kx —cx = mx (8.25)

Here, for linear systems, k (the “spring” constant or body stiffness) and c (the damping
coefficient combining internal body friction and external fluid resistance) are independent
of the displacement.

As shown in the next section, Equation 8.25 is commonly written in more “vibrational
terms” as

¥+ 2K oy 5c+co?\,x=@ (8.26)
m
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Concentrated
m\ structure mass

Mass-less structure
with “spring”
constant k

FIGURE 8.7
Mass-spring-damper model representing slender-elastic-body dynamics.

where:

c
K = —— is the damping ratio
2\km ! piig

oy =2afy = \/? is the system’s natural angular velocity (or circular frequency)
m

For K=1, free motion of the system is non-oscillatory; but, when k<1 and o,,..q=®y (0r
Fiorcea= Fratura), Tesonance oscillation may occur, leading potentially to system destruction.

Example 8.4 summarizes a vibrating slender-body application, illustrating a solution to
Equation 8.26. Section 8.4 then provides in more detail the theoretical background for both
translatory and rotational vibration induced by unbalanced forces.

Example 8.4: Slender-Body Oscillations Caused by a Harmonic Load

Consider an excitation function of the form F(f)=F, cos ot, although in reality, F(f) is
non-harmonic when structures are subject to, say, turbulent flow or vortex shedding,.

Sketch 4 Model 1 Assumption Method
AN~ M E(Y) k e Linear, single-degree- Newt.on’s second law of
T0) RD —sl m M of-freedom system motion
k, ¢
—— c
x(t)
Solution:

Equation 8.26 with F(t)=F, cos wt, @=2xf, has the solution (see Polyanin and Zaitsev,
1995, p. 130):

x(t) = Ky H(w) cos(wt — @) (E.84.1)

where

H(w)={n ol [1—("’)] +4K2(°’) (E:842)
(O] (QJN;



284 Modern Fluid Dynamics, Second Edition

The damping ratio is

C
K= (E.84.3)
2\mk
and the phase angle is
®
ZK()
_ ()
p=tan” | — 1% (E.8.4.5)
®
1-] —
[Q)N;
Graphs 2a and 2b:
® Resonance example with damping e Forced oscillation with damping effects
50 4 -
. k=001 .
----x=005 3F K =0.01
A0F e =01 N \ [———-x=005
3 s g W ——
wz 30F LF
g r = g
g A = OF
T - " s
20 -1f
E of
10 | g
* -3F ooy = 0.9
S T o S I | V) S S SR R SR
0 02 04 06 08 1 12 14 0 0.5 1 1.5 2 2.5
/oy t
Comments:

* As expected, the amplitude of the resulting forced vibration spikes at = 0,1
with values greatly dependent on k ~¢, the damping coefficient (Graph 2a).

e Forced oscillations are strong when w is near o, ;.- Again, k~c has a measur-
able effect on the amplitude F H (see Equation E.8.4.1 and Graph 2b).

8.4 Flow-Induced Vibration

Dynamics, that is, body (or fluid) motion caused by forces, encompasses (1) kinematics,
that is, the study of motion disregarding the forces, and (2) kinetics, that is, the relation-
ship between forces and the resulting motion. As indicated in Section 8.3.1, the dynamic
response to forced vibration (or oscillation) of a linear, single-degree-of-freedom system is
the solution to

mi+cx+kx=FFt) and I0+c0+k0=T(t) (8.27a, b)
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where F(f) in Equation 8.27a can be any transient input, such as a harmonic forcing func-
tion F(f) =F, sin(wt) or displacement x(f), while T(f) is a moment or torque. As mentioned,
such excitations may be caused by gusty winds, unbalanced rotary parts, earthquakes, or
uneven surfaces. The homogeneous solution of Equation 8.27a and b, that is, F(f)=T(t) =0,
is known as the free response (or free vibration), triggered solely by the initial conditions.
The particular solutions of Equation 8.27a and b have the form of the forcing function plus
its derivative to match the second-order ordinary differential equation (ODE).

Numerous applications of Equation 8.27a and b and their solutions are discussed in
mechanical-vibration texts (e.g., Palm, 2007). In the framework of FSIs, of special interest
are the different forms of the damping coefficient ¢, as related to viscous flow. The (linear)
spring constants, k, are given in strength-of-material books or deduced from experiments
(see Roark et al., 2001). In general,

dF / dx for force —deflection elements
k= ] (8.28a, b)
dT /de  for torque —angular — twist elements
Damping is the fluid resistance force or torque, that is,
F=cv or T=cw (8.29a, b)
where:
c is the damping coefficient
v is the mean velocity of the moving part

o=2nf is the angular velocity in radians per unit time, while the frequency f is in
cycles per unit time (Hertz)

Figure 8.8 summarizes the two basic damping elements: translational and rotational
(or torsional) dampers. Oscillating machine-part lubrication, shock absorbers, and door
closers are just a few sample applications. Example 8.5 discusses the associated damping
coefficients.

Example 8.5: Derivations of Damping Coefficients

Correlations for ¢=F /v are derived, considering translatory and rotational Couette
flows with approximately linear velocity profiles, as well as a basic piston-orifice-
cylinder system.

Simple Couette flow (e.g., basic thin-film lubrication):

Sketch 5 Method
o |_> Fpuu, V=«

Vv
T
L A < |Fdrag| = l:pull
h i du
Ty U(Y) o F= Tawall A/ Twal =W ——
dy

Solution:

y

e Linear velocity profile u(y)=v Y

y=h

By definition,

(E.8.5.1)

SR
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System sketches

Cylinder
Housing

Piston

Orifices
or valves

(Enlarged side-view)

Damper symbols

c T(t) <
¢ e =
0 D o C
A4 2.7 | |
T
F(t)
FIGURE 8.8

Basic viscous flow systems and associated damper/dashpot symbols.

FetAd=p % azpaY (E.8.5.2a through ¢)
dy| h
y=h
Hence, withv= o,
c=L_p4 (E.8.5.3)
v h
Cylindrical Couette flow (e.g., journal bearing)
Sketch 6 Method
N e Shaft (R, L) and housing (R+) forming a small gap, so that
— r
o(r) = vg "

e Torque T=F4,,R=A1,R

Solution:
By definition (Equation 8.29b),

(E.8.54)

el
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Thus,

and hence,

T=At, R=2nLR) (u % ) R (E.8.5.5a, b)
r r=R

du UR
Tw=WL—| =U—- UR=0R (E.8.5.6a through ¢)

dr|,_x h

3
T= % ® (E.8.5.7)
c=L _opurr L (E8.5.8)
Q) h

Piston-orifice-cylinder damper (i.e., part of a suspension system)

287

Sketch 7

Method

/. Aeffective
/\

o Effective orifice area A
e Constant flow rate Q=X Q;

Ap i W : W . Q= */gp from Poiseuille flow where R is the flow resistance
N A JF 2 . Es:taAlﬁiih F(0) relation
Solution:
F=ApA=(QR’> A=(w ARy A (E.8.5.9a through c)
or
F=R*A*?? (E.8.5.10)
Hence,
c= % =R*A%v (E.8.5.11)

Now, with the fluid-structure damping coefficient illuminated and “spring constant” k
given based on structure properties (see Roark et al., 2001, among others), Equation 8.27a
and b can be solved step-by-step, starting with the free-response case, that is, when F(f) or

T(t) are zero.

8.4.1 Harmonic Response to Free Vibration

8.4.1.1 Undamped Vibration Case

Clearly, when there is zero (or negligible) damping, the system oscillates at its natural
frequency, that is, the case of free undamped vibration, and Equation 8.27a and b reduce to
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mi+kx=0and I6+k® =0 (8.30a, b)

where the translatory mass m is equivalent to the mass moment of inertia I. With the trial
solution x=A sin(wf) and hence, ¥ = — ®” A sin ot , Equation 8.30a reads:

(-mo*+k) (Asinot)=0
This implies
-mw’+k=0

As a result, the frequency of the free response is the natural frequency:

Jk/m for linear oscillations
W=y =
N Jk/1 for rotational oscillations

8.4.1.2 Damped Vibration Case
1-D free vibration with damping is described by

mi+ci+kx=0and I0+cO+k0=0 (8.31a, b)

With the trial solution x = Aest for Equation 8.31a, the characteristic equation reads:

ms*+cs+k=0 (8.32a)
Hence,
—o+Al? —
8,0 = %47”]{ (8.32b)
m

Equation 8.32b implies three distinct cases depending on the character of the roots s, ,,
that is, 5, =s, real, s, #s, real, or s, , complex. Specifically, Equation 8.32b implies:

(i) Critical damping when ¢* —4km =0, that is,
Corit = 2N km (8.33)

(i) Overdamping when c> c_, <real roots>

(iii) Underdamping when c>c_;, <real roots>

crit

The three cases are summarized via the damping ratio, which is defined as

=l critically damped system

> 1 exponential behavior occurs  (8.34a through c)
<l oscillation occurs
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2<km

Now, with k=% and oy = \/? (see Equation 8.26), c=2x~km =2x mwy, and
m

Equation 8.32b can be rewritten as (i= J-1 )

2
=2k m oy i 2Vkm ,[1—|-<
5= . (xiz) (8.35)
m

Hence,

s=—Koy+ioyvl-Kk?

or
51,2=ﬂil’b

The inverse of the first term is a time constant, thatis, t=a"! (see the trial solution x = Ae®),
and the second term is the system’s damped (natural) frequency:

op = oyV1-%2 (8.36)

Clearly, we always have o, <oy, which implies that only the underdamped case with k<1
lends physical meaning to these frequencies o, and w,. With the two roots of the character-
istic equation, the general solution is a linear combination of the postulate x = Ae®, that is,

x=A e+ A e?
With the initial conditions x(t=0)=x, and x(¢t = 0) = v,, the coefficients are

Uy — S Xp

A1 = and A2 = X _Al

51—5

For the underdamped case, k<1, s,=a+ib, and s,=a—1b, so that

x=A; e(a+ib)t +A, e(a—ib)t — eat(Aleibt +Aze—ibt)
or in equivalent form, employing Euler’s identities (see Section AL2.4 of Appendix I),

x = Be" sin(bt + @) (8.37)

where:
B is the amplitude
¢ is the phase angle

Applying the initial conditions (ICs), x(t=0)=x,=B sing and x(t=0)=v,=aBsin¢
+b B cos ¢, yields

Vg —a Xy

sin(p:% and cos @ = v B

so that the phase angle

¢ =tan™ (be) (8.38)

Up—a Xy
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_B= e—t/‘l.'

FIGURE 8.9
Free response oscillations of an underdamped case.

while the amplitude B can be deduced via the identity sin?p + cos?p =1. The free response
of the mass-spring-damper system to the ICs x=x;and x = v, at =0 is shown in Figure 8.9.
Here, a=—«k wy < 0 and b=wy in radians per unit time is the natural frequency. Clearly, due
to the damping effect (x #0), the amplitude of the oscillations decays exponentially to zero,
and the system mass gains a stable equilibrium.

Example 8.6: Torsion Viscometer

Consider a thin disk of diameter D and inertia I, suspended by a torsion wire of “spring
constant” k, oscillating in a viscous fluid layer of height # and damping coefficient c.
Develop an equation for the fluid viscosity u=u(D, i, I, ®y, and ®).

Sketch 8 Assumptions Method
Free response, single-degree-of- * Newton’s second law of motion
freedom mass-damper-spring * Rotational damper
k system for rotating disk T=co
(Do

u
\0 l«<—D —>

1
_ 7 ¥
h
B

Solution:
The equation of motion of the “freely” oscillating disk is (see Equation 8.27b)

16+c0+k6=0 (E.8.6.1)

where:
I isthe disk inertia
¢ is the damping coefficient
k is the wire (spring) constant

Similarly to Example 8.1B, the damping constant can be derived as (see also Von Karman'’s
“rotating disk in an infinite fluid reservoir” in, for example, Kleinstreuer, 1997)
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4
_knD (E.8.6.2a)
32h
or
u = 32hc/(nD*) (E.8.6.2b)
With the trial solution 8 =Ae®, the characteristic equation of (E.8.6.1) reads:
I +cs+k=0 (E.8.6.3a)
Hence,
e+ A2 —
5y, = CENC 4K (E.8.6.3b)
’ 21
As shown (see Equations 8.33 and 8.34):
c 2
Kk=—+— and Op=0y1-K
2\/H D N
or
op ) c
k=,1-| 2| = E.8.6.4a
( Oy ) N ( )
so that
® 2
c=2Jkl |1- (D) (E.8.6.4b)
N
With k=1 %,
® 2
c=2Toy,[1- (D) (E.8.6.5)
(Q)N;
and finally with Equation E8.6.2b:
64hI op )
=— oy l-| =2 E.8.6.6
u - D4 N ((DN ) ( )
Example 8.7: Free Response to a Linear Mass-Damper-Spring System,
2X +6x +18x =0, Based on the Initial Body Displacement x(0) =2
Sketch 9 Assumptions Method
k As stated: 1-D, underdamped system e Newton’s second law

|>_;(t) ‘

e Parameter identification by

comparing Equation 8.27a with the
I given ODE
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Solution:
e Compare given ODE with Equation 8.27a; thus, m=2, c=6, and k=18.

Hence, x = _c - 0.5, that is, underdamped, wy =+k/m =3rad/s, and
2Vkm

Op =0yvV1-x2 =2.6rad/s

* The roots of the characteristic equation

25> +65+18=0
are
S10=—15%+2.6i=atbi
which implies: t=4"1=2/3s; @=b=2.6 rad/s; and period p = 2 =242s
(UN
¢ Hence, in comparison with Equation 8.37,
x(t) = Be " ¥'sin(2.6t + @)

where the parameters B and ¢ depend on the initial conditions.

|
N~}
[Sa1

e ICs: x(t=0)=2 and x(t=0)=0, so that sing= % = % and
Uy —a Xo 3 . . . .
cos9p=————=——. Employing the identity sin’p+cos’p=1, we have
bB 2.6B
iz + Lz =1 or B=2.31. Hence, ¢ =tan* _bxo =1.04 (or 1.04+mx); but,
B® 6.76B Uy — axo
with sin @ = 2z >0 and cos @ = 3 >0, ¢ is in the first quadrant.
2.31 2.6-231
e Finally,
x(t) = 2.31e™ sin(2.6t +1.04) (E.8.7.1)
Graph 3:
10 :— 0
sE - - - -0
B / \ T )
0 :r ."
LN
= - Y-
® 5F
S -
T o
® 9
Hi
-15 ;-
20 |
L 1 L L |
0
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Comments:
¢ For the given system values, say, m=2 kg, k=18 kg/s> and c=6x10* N xs/cm
the initial displacement, that is, x,=x(t=0)=2 cm, is damped out after t~2s.
e This causes within the start-up period of, say, 0<t<14 s rather large mass
velocities x(t) and accelerations X(t).

8.4.2 Harmonic Response to Forced Vibration

Free vibration implies one-way fluid-structure coupling where a mass-spring system, set
into oscillatory motion via initial conditions, is damped due to the interaction with a vis-
cous fluid. If in addition to the initial conditions x(t=0)=x, and x(t = 0) = vy, the system
is subjected to a forcing function, say, F(t) = F,sin ot caused by a periodic stream, we have a
two-way coupled FSI case:

mX +cx +kx = R sin ot (8.39)
The trial solution reads:
x(t) = Ae” sin (bt + @)+ B sin ot +C cos ot (8.40)
free response forced response plus derivation

For the underdamped case, we have two complex conjugate roots s,=a+ib and s,=a—ib,
where

a=—— and b= (8.41a, b)
2 2m
implying that 4mk—c?>0. As before, the phase angle ¢ depends on the ICs.
With the ICs X(0) = %(0)=0, we obtain the forced response as
x(t) = ko e [_w (ac + k —mo?) sin bt + cw cos bt]
(k —mm?)* + (cw)? b (8.42)

+ [(k —mw?*) sin ot —cw cos a)t] }

With a=t'l=- ZL =—k 0y <0, the terms multiplied by e* vanish with time; that is, the
m

first bracket is the disappearing transient response. What remain with time are the sin ot
and cos ot terms, known as the “steady-state”, that is, periodic, response:

)

(= mo?) + (co) [(k = mw?*) sin ot —cw cos wt] (8.43)

Xs5(f) =

Example 8.8: Harmonic Response of an Underdamped System

Consider the forced response to the mass-damper-spring system described by
X+ x+x=sin of

for the two imposed frequencies w; =1 and w,=2.
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Sketch 10 Assumptions Method
¢ e Linear, single-degree-of-freedom, e Identification of coefficients m, ¢, k, and
second-order system Fy by comparison with Equations 8.39
m e Zero initial conditions and 8.42
® One-way coupled FSI e Solution x(t) given by Equation 8.42
C k
Solution:

e Comparison of the given ODE with Equation 8.39 yields
m=c=k=F,=1, so that for both cases

c

2Vkm

* The roots are s, ,=a+bi, where

=0.5 thatis, we have an underdamped system.

a=- = _05st=1"1
2m

NAmk - c? :ﬁ
2

2m

and b= =0.866rad/s=wy

e Casel(w,=1):
Thus, in comparison with Equation 8.42:

x(t) = e*¥[0.5774 sin(0.866t) + cos(0.866t)] — cos ¢ (E.8.8.1)

. 1 L .
Note: With t===-2, e 2| =0, and hence, the “steady-state” response is
a =8

Xg(t) = —cos t (E.8.8.2)

e Casell (w,=2):
Again in comparison with Equation 8.42:

x(t) = 0.0769{3’05 [ 8.0829 sin(0.866t) + 2cos(0.866t) |

~[3sin 2t +2cos 2t]} (E-8.8.3)
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Graph 4:

05F 4.

CaseI (0, = 1.0)
s - Case II (o, = 2.0)

x(t) (m)

—0.5F

_1F
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t(s)

Comments:

e Casel (i.e, ®,=1) with forcing function sin(t): The forced oscillation is damped
during 0<f<8s; then, Equation E.8.8.2, that is, the “steady” oscillations, takes
over.

e Case II (i.e., m,=2) with forcing function sin(2t): At the higher frequency, the
initial “overshoot” is damped, and then at f~6 s, x,/(f)=0.0769(-3 sin 2t—2 cos 2t)
prevails.

8.5 Homework Assignments
The following questions and assigned tasks, all directly relating to the text, should enhance
the reader’s knowledge base and skill level.
8.1 Why are Couette-flow and lubrication systems, despite having moving surfaces,
categorized as static FSI cases?

8.2 Prove that 6;=0;, that is, 5 being a symmetric tensor (see Section 8.2.1 and

Appendix AL1.2).

8.3 Show how to transform Equation 8.1a for ;=0 to Equation 8.1b, and express o,
to 63 in Equation 8.1c.

84 Derive Equation 8.2, and discuss its usefulness.

8.5 Provide a fluid dynamics application (i.e., sketch, physics, and math model) that
would cause the scenario/result of Example 8.1.

8.6 Provide a fluid dynamics application (i.e., sketch, physics, and math model) that
would cause the scenario/result of Example 8.2.

8.7 Relate Equations 8.3 and 8.4, as well as Equation 8.6, to fluid mechanics.

8.8 Derive Equation 8.12a through c, and discuss how they relate to (similar) fluid
flow equations.
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8.9 Following the introduction to Section 8.3 as a guide, research “structure vibra-
tion” with applications from the macro-scale, for example, visible effects, to the
nano-scale, explaining slender-body cracks, break-up, and destruction.

8.10 Sketch, derive, and discuss the Kelvin model for visco-elastic material behavior.
Graph F(t), u(t), and F(u).

8.11 Describe the causes of elastic tube oscillation as validated in Figure 8.5c. What
happens when the inlet velocity v=constant?

8.12 The period (P) of vibration of a beam is a function of its length (L), moment of
inertia (I), elasticity (E), Poisson ratio o, and density p. Find via inspection the
Pi-parameters where the dimensionless o already is a dimensionless group (DG).
Express your results in terms of (elascity) x (inetia), that is, the EI-product.

8.13 Derive Equation 8.22 as well as Equation 8.23a, b.

8.14 Derive Equation 8.26, and discuss the system parameters x and o,. Provide an FSI
example that illustrates ¢, k and .

8.15 Discuss Equations 8.28a, b and 8.29a, b with FSI examples.
8.16 Redo Example 8.8 with higher damping, that is, c=1.5.

8.17 The natural frequency f of vibration of a mass m attached to a vertical rod (length
L and stiffness El) depends only on m, L, and EL

(i) Determine the constant Pi-group.

(ii) Givenm=2kgand for steel E=2x10" Pa, L=40 cm, and D=12 mm as well as
a measured f=09 Hz, find the frequency for m=1 kg attached to an alumi-
num rod (E =74 x10' Pa) of the same D and L.

818 A 4 mm car-antenna vibrates strongly at 8 Hz while the car travels at 45 mph
over an uneven road, which can be approximated as a sine-wave of amplitude
2 cm and wavelength 2.5 m. So, either vortex shedding due to the wind or the
forced road-frequency causes the antenna vibration. Recalling that the Strouhal
#=fd/v~0.2 for a wide range of Reynolds numbers (i.e., 2x10? to 2x10%), deter-
mine the cause of vibration.
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Computational Fluid Dynamics
Modeling and Simulation

9.1 Introduction

The laws of physics describe all natural and anthropogenic occurrences, ranging from post-
Big-Bang phenomena to transport and conversion processes in fluid dynamics, mechanics,
biology, chemistry, brain-functions, and much more. In the broader field of modern fluid
dynamics, math modeling describes transport phenomena based on the conservation laws,
while computer programs solve the related partial differential equations (PDEs) to simu-
late, say, fluid flow, convective heat transfer, fluid-particle dynamics, and fluid—structure
interaction (FSI). So far, the conservation laws in the form of such PDEs have been reduced
to ODEs for analytic or approximate solutions in specific problem areas (see Chapters 2-8
and AppendixI). Now, to obtain more realistic solutions to actual transport phenomena, the
PDEs for mass, momentum, and energy transfer have to be solved numerically, subject to
appropriate initial and boundary conditions. Computational fluid dynamics (CFD) is a tech-
nique in which PDEs are replaced by a system of algebraic equations that can be solved
using computers. The resulting CFD software, which runs on engineering workstations or
supercomputers, can be licensed, or free open-source software can be downloaded for prob-
lem adaptation (see Table 9.1). With CFD-simulation results, distributed fluid flow, particle
trajectory, and convection heat transfer quantities, such as the velocity, pressure, position,
and temperature, can all be analyzed in time and space. The derivations or integrations of
these results then yield stresses and fluxes or flow rates and forces. CFD methods are well
documented in Versteeg and Malalasekera (1996), Ferziger and Peric (2002), Tu et al. (2008),
Zikanov (2010), Pletcher and Tannehill (2011), and White (2016), to name a few. They are
routinely applied to gain new physical insight and to improve engineering system design
and hence, performance. Nowadays in aircraft, automobile, and machine-part design, CFD
simulations have replaced wind-tunnel or other experimental tests, relying often on either
general-purpose or problem-specific commercial CFD-software tools. Such software has to
run efficiently on suitable computer platforms, considering important aspects such as paral-
lel processing, overall computer-run time, and numerical accuracy. It is needless to mention
that experimental analysis will remain important for obtaining new discoveries, verifying
theories, and validating computer models. Salient features of any math model with CFD
simulation are depicted in Figure 9.1, where next to “results”, in-depth problem formulation
is most important. Especially for modern multi-scale problems, the spatial and temporal scales
involved have to be considered (Figure 9.2). An example of multi-scale geometric structure
would be fluid flow in a microchannel with nano-scale wall-roughness, as appears in micro-
electromechanical systems (MEMS) and laboratory on a chip (LoC) devices.
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TABLE 9.1

Modern Fluid Dynamics, Second Edition

Popular General-Purpose Navier-Stokes Equation Solvers

N-S
Equation Discretization
Solver Scheme Provider Pros Cons
CFX Element-based ANSYS, * Robust in convergence e Limited ability in
finite volume Inc. * Better tolerance on grid multi-physics coupling
method quality ¢ High memory cost in
e Easy to define transient simulations
parameters and
functions for advanced
modeling
* Multiphase flow
modeling
Fluent Finite volume ANSYS, e Flexible in adding e Limited ability in
method Inc. user-defined functions multi-physics coupling
* Solution accuracy e Difficult in setting up
* Dedicated to CFD fluid-structure
modeling with built-in interaction simulations
advanced features
* Good online forum
resource
COMSOL Finite element =~ COMSOL, e Easy coupling for e Limited grid generation
multiphysics method Inc. multi-physics capabilities
simulations e Limited performance in
e Great flexibility, easy to complex and
define/modify multiphase CFD
equations problems
¢ User-friendly graphic e Computational
interface efficiency
e Link with external tools ¢ Limited run-time
such as SolidWorks, control
MatLab® * High licensing fees
e Comprehensive tutorial
STAR-CCM+ Finite volume  CD-adapco * Robust and easy e Computational cost
method meshing e User-friendliness
e Solution accuracy
e Powerful in
turbomachinery
simulation
OpenFOAM Finite volume Open e Free of charge and ¢ No graphic user
method source direct portability interface (GUI)
¢ Flexible in modifying e Steep learning curve
code for problem- ¢ Meshing and
specific simulations post-processing
* Good online forum e Solution stability and
support accuracy

Before undertaking any mathematical modeling and subsequent CFD work for flow-system
simulation, three basic questions have to be answered for each new engineering problem:

¢ Are sufficient project/system information and data sets for input and validation
available, so that all important problem aspects are fully recognized, and the mod-
eling objectives can be achieved (see Figure 9.1)?
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Math modeling:
« Conservation laws I
« Boundary conditions PDE—solver.
Problem recognition + Closure models * Algebralc'
formulation
and Matri
Problem formulation ¢ vatrx
solution
System geometry « Accuracy
and tests
Domain discretization
Results:
« Post-processing
« Graphics
«» Analysis
« Design

FIGURE 9.1
Key elements of math modeling and computer simulation.

® In the age of multi-scale modeling and computation of complex transport phe-
nomena, can the most suitable solution method and fast computers be identified
in light of the project-specific space-time scales (see Figure 9.2)?

e [sit cost-effective and manageable to develop an accurate and predictive computer
simulation model (or license commercial CFD software), which leads toward use-
ful discoveries and practical applications (see Figure 9.1)?

The next sections deal with major aspects of mathematical modeling and computer sim-
ulations of engineering transport phenomena (Section 9.2) as well as examples of computer
simulations in modern fluid dynamics (Section 9.3).

9.2 Modeling Objectives and Numerical Tools

As already alluded to in Part A, math modeling objectives include an understanding of the
system-specific transport phenomena and the ability to improve the design/function of a
flow system or device. To achieve these goals, powerful, flexible, and accurate numerical
tools, that is, CFD software, in conjunction with fast, large-memory, multi-processor com-
puter hardware are necessary. Figure 9.1 provides the sequential steps from the given prob-
lem to its solution for any CFD technique after considering the best modeling approach as
indicated in Figure 9.2. Selecting the continuum mechanics approach, Figure 9.3 depicts
the development phases of a numerical model to execute CFD simulations with the goals
of new physical insight and possible device improvement.

The implications of the content of each of the four development phases depicted in
Figure 9.3 are discussed next.

9.2.1 Problem Recognition and Modeling Scale

To diagnose the cause of a problem correctly is especially challenging in the industrial
environment when the system at hand is large and/or complex. For example, what is
the cause of the periodic noise in a pipe network: component vibration due to sudden
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FIGURE 9.2
Modeling/simulation approaches for different spatial and temporal scales.

transient flow (also known as water hammer) or turbulent flow? What is the cause of mal-
function of an electronic device: a local “hot spot” temperature exceeding a thermal mate-
rial tolerance? Why did a medical stent implant break: fatigue micro-cracks caused by
pulsatile fluid-pressure loads? What is the cause of excessive local particle deposition
in a pipe network: a flow recirculation zone right after a sudden pipe expansion? Once
the nature of a problem is known, the type and characteristics of a system can be identi-
fied. As a follow-up to these four sample problems, the CFD-system categories would

Problem recognition
and
system identification

Mathematical modeling
and
Data acquisition

—

CFD simulations
and
Model validation

\_+

Result interpretation
and
Design improvements

FIGURE 9.3
Theoretical and computational modeling steps.
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be transient turbulent flow, convection-conduction heat transfer, FSI, and fluid-particle
dynamics, respectively.

Throughout the text, it is assumed that the continuum mechanics hypothesis is valid; hence,
(reduced) forms of the system of Navier-Stokes (N-5S) equations describe almost all scales of
fluid flow phenomena (see Section 1.1). However, at very small scales, fluids are subject to
interfacial phenomena (e.g., wall-roughness, hydrophobic fluid—solid behavior, and charged
surfaces), which significantly affect the main portion of the flow field in MEMS, LoCs, micro-
channel heat sinks, and nano-electronic devices. So, to achieve solutions to certain multi-scale
problems, a hybrid molecular-continuum simulation approach is necessary (see Figure 9.2). It
combines computer resources—intensive molecular dynamics (MD) simulations with conven-
tional continuum mechanics analyses based on the N-S equations; thus, coupled MD and N-S
solvers exchange information. Less expensive, but also with lower resolution, are meso-scale
models (e.g., based on the lattice-Boltzmann equation), which comprise a single solver.

9.2.2 Mathematical Modeling and Data Needs

Models may be classified as

e Verbal, that is, a theory or concept
e Physical, for example, a laboratory set-up or electric analog

e Mathematical/computational, which could be deterministic analytical or numeri-
cal, stochastic, empirical, molecular discrete, multi-scale, or problem specific;
where the last one is the common model identifier

Thus, a physical or mathematical model represents a real process or several transport
phenomena. After math model completion, the descriptive equations are then discretized
following a specific numerical scheme, for example, the finite difference, control volume,
or finite element method. This is documented in the form of a numerical program, which
is then executed on a computer to generate simulation results.

To construct a model, data sets have to be made available concerning the given system’s
geometry and hence, dimensionality, initial (if transient) and boundary (or operational)
conditions, fluid properties, and necessary closure models in the case of turbulent flow,
heat and mass transfer, fluid-structure-interaction (FSI), and/or fluid-particle dynamics.
Typically, the system’s geometry plus the simulation-input conditions largely determine
the results. In addition, an independent set of reliable experimental and/or benchmark
numerical data is needed for computer model validation.

9.2.3 Computational Fluid Dynamics

The first and very important step for geometrically complex systems is generating a grid
(or mesh) that defines cells (or control volumes). For such two-dimensional (2-D) or three-
dimensional (3-D) cells, all dependent variables (e.g., velocity, pressure, temperature, and/
or species concentration) are computed throughout the system domain. Computational
meshes are either structured, where the domain is discretized into large blocks made up of
cells, or unstructured, where more variable cells directly accommodate complex geometric
domains (see Figure 9.4). Simply put, a mesh that fills the flow region, bounded by walls or
free surfaces, is the underlying grid for the discrete representation of the governing equa-
tions, typically PDEs. Mesh refinements are necessary until the results, typically in terms
of velocity profiles, are independent of the cell density.
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FIGURE 9.4

Types of 2-D meshes. (a) Structured quadrilateral mesh. (b) Unstructured triangular mesh. (c) Hybrid mesh.
Notes: To (b): triangles of different sizes accommodate more easily complex domains; identifiable grid lines
discretize the computational domain; cell (in 3-D) has volume V and surface S. To (c): structured cell blocks are
combined with a triangular grid in the more complex region or near walls.

Boundary conditions are specified on each edge of the 2-D system or on each face of the
3-D domain. Values of material properties (e.g., fluid density and viscosity and/or Young’s
modulus and Poisson ratio) and submodels in the case of turbulent flow or particle sus-
pension flows have to be given as well.

Starting with initial guesses for all dependent variables, the discretized forms of the gov-
erning equations are solved interactively, usually at each cell center. Various numerical meth-
ods (e.g, finite difference, finite volume, finite element) are available to discretize the system
operations, typically coupled PDEs (see Chapter 2), into a set of algebraic equations. A suitable
matrix solution algorithm and associated convergence parameters are then activated to obtain
the solution. Clearly, a numerical solution is reached when, after hundreds (or thousands) of
iterations, the mass and momentum residuals have decreased to, say, 10~ or less.

9.2.3.1 Simulation Accuracy

Computer model validation has a numerical part and a comparison part. Numerical vali-
dation includes a refined mesh, so that the results are just independent of the mesh density,
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where mass and momentum residuals should be less than 107, or at least 10-%. The com-
parison part involves matching of simulation results with exact (analytical) solutions and/
or benchmark experimental data sets. If there is no confidence in the accuracy (and real-
ism) of the simulation results, there is no reason to talk/write about predictive model capa-
bility, new physical insight, or quantitative data for system/device improvement. In this
context, the article by Roache (2009) on computer model validation versus numerical code
verification is of interest.
Computer simulation results are never exact, usually for four reasons:

¢ Incomplete mathematical description
e Simplified geometry
* Incomplete flow data

e Numerical errors

Potentially, the most severe error sources are shortcomings in modeling when the
physics of complex transport phenomena or property functions are mathematically not
fully described. This may very well be the case when modeling turbulence, multiphase
reactive flows, and FSIs. Input data as well as critical and/or boundary conditions can
be erroneous when the system geometry inlet/outlet flows and fluid properties are
only assumed and not measured for realistic scenarios. Intrinsic to all numerical meth-
ods is the discretization error, which depends mainly on the degree of flow domain
resolution with a fine mesh as well as the type and accuracy of the numerical method
employed.

Obviously, the finer the mesh, the better the representation of the system geometry and
the local flow field. Indicative of a mesh (or grid) is the grid spacing /, that is, the charac-
teristic length scale of a 2-D or 3-D mesh element or cell. In fact, the order of numerical
code accuracy is directly related to the power of . Most numerical algorithms are sec-
ond-order approximations of the governing equations. For convergence of explicit time-
integration schemes, the grid-size and time-step are coupled via the Courant number,
C=AtZ(u/h),<C, =1, wherei=1, 2, 3.

As mentioned, there are basically structured and unstructured meshes (Thompson et al.
1999; Durbin and Medic, 2007, among others). Structured meshes feature identifiable grid
lines, which can be numbered sequentially, say, in 3-D: i, j, k, forming grid points x(, j, k),
y(, j, k), and z(i, j, k). Cells (or elements) of structured grids may be quite distorted when
geometrically complex flow domains are meshed, that is, discretized. However, straight
wall geometries can be easily accommodated, and boundary conditions can be readily
enforced. In contrast, unstructured meshes, typically triangles for 2-D and tetrahedral ele-
ments for 3-D flow domains, map faithfully any physical space to the computational space
(see Figure 94).

9.2.3.2 Equation Discretization

Along with flow domain discretization, that is, meshing, it is required to discretize the
governing equations, typically the N-S equations, subject to given initial/boundary
conditions. Most codes use the finite (or control) volume method (FVM), as indicated in
Table 9.1, employing either structured grids or unstructured meshes. The mesh decom-
poses the fluid flow domain into connected cells. The flow variables are assigned to
each cell; typically, velocity and pressure are stored at the center of each cell, that is, the
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individual control volume. Specifically, integral forms of the conservation equations (see
the Reynolds Transport Theorem [RTT] in Section 2.1) are solved via an iteration method
of successive approximations (see Durbin and Medic, 2007, among others). For example,
the linear momentum equation integrated over a cell (see Figure 9.4) of “control volume” V
with the “control surface” S and individual (inter)faces reads:

d - A N A
S (909) == (99 -is) = (pis) + D (uVv-is) ©1

i i i

The left-hand side (LHS) is the time-rate-of-change of momentum inside the cell (i.e.,
control volume) due to net momentum efflux across the cell (inter)faces f; as well as all the
pressure and viscous forces acting on the cell faces f;. Clearly, the equations of each cell are
coupled with all neighboring cells, because the interface values needed are interpolated
between the cell centers, and so is the velocity gradient in the viscous force term gener-
ated with adjacent center velocity values. Furthermore, the local time derivative (see LHS.
of Equation 9.1) is also replaced by a second-order (Euler) approximation. Discretization
of the nonlinear convection term, pvv , is most crucial, requiring usually second-order
(or higher) up-winding, such as the numerical QUICK scheme (see Patankar, 1980 or
Hoffman 2001).

Focusing on numerical solutions of fluid dynamics problems, general-purpose soft-
ware codes, known as Navier—Stokes equation solvers, are either commercial or open-source.
Table 9.1 summarizes the features of the most popular commercial as well as open-source
CFD codes.

9.2.3.3 Boundary Conditions

The most common boundary conditions are prescribed velocity inlet, no velocity-slip on
walls, and zero-gage pressure outlet conditions (see Figure 9.4a). Alternatively, the inlet
pressure is prescribed, and a zero-velocity gradient, that is, via a long exit conduit, is
assumed at the extended outlet, implying fully developed flow. Across a line/plane of
symmetry, the gradients of all field variables are zero. For systems with repetitive geom-
etries, such as turbine blades or heat exchanger tubes, periodic boundary conditions are
imposed.

Mathematically, parabolic PDEs, for example, Prandtl’s boundary-layer equation, have
solutions that march forward toward the open end, guided by the wall or edge boundary
conditions. In contrast, for elliptic PDEs, for example, the Laplace heat conduction equa-
tion, the domain-surrounding boundary conditions greatly determine the solution. If the
magnitude of any field variable on a boundary (or inlet/outlet) is assigned, it is called a Dirichlet
condition, while if enforcing the gradient of a dependent variable, it is labeled a Neumann condi-
tion (or Neumann problem).

9.2.4 Result Interpretation and Data Management Plan

Smartly depicting and then interpreting results from predictive (i.e., realistic and accu-
rate) computer simulations is the final step. As part of post-processing, functional forms
of dependent versus independent variables (or dimensionless groups) are graphed in fig-
ures, or flow fields are visualized via videos, for physical insight report/manuscript writ-
ing and conference presentation. Specifically, to gain new physical insight and for useful
applications, it is important that the flood of data sets is turned into smart 2-D or 3-D
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color figures (see Section 9.3). Useful plotting software includes Tecplot, ParaView, Ensight,
and FieldView, as well as built-in post-processing tools in CFD-equation solvers such as
Fluent-Post (ANSYS) or Post-processing (COMSOL). Clearly, after successful computer sim-
ulations and result graphing, a comprehensive research report should be written, which is
the point of departure for conference papers, journal articles, theses, and dissertations (see
Chapter 10). In summary, result interpretation is the scientific part of a research project,
while result application as part of, say, device/process improvement or new design is the
engineering part (see Section 9.2.5).

In this computer age, engineers and scientists have to cope with floods of data (even
mega-data) sets, which for proper management and dissemination, require an efficient
and effective plan, known as the data management plan (DMP). Federal funding agencies
(e.g., the National Science Foundation, Department of Defense), companies (e.g.,, IBM,
Microsoft), and universities (e.g., Massachusetts Institute of Technology, University of
California San Diego) have developed extensive guidelines, examples, and associated soft-
ware to generate personalized DMPs.

9.2.4.1 Data Management Plan

All aspects of the DMP have to be addressed for the computational results generated at
home computer labs or centers and displayed in accordance with project-sponsored fund-
ing agencies.

1. Types of data, samples, and other materials to be produced in the course of the
project
Gigabytes of computer simulation data will be generated when applied to the
problem solutions. Figures, graphs, and correlations will be produced, and the
fundamental and applied research results will be published in archival journals
and in book chapters and presented at conferences. New numerical algorithms
will be coded in C++ for the extension and improvement of the OpenFOAM engi-
neering software and made available to the public.

2. Standards to be used for data and metadata format and content

All computer-generated data are in digital form and securely stored and safely
networked between all project participants.

3. Methods and policies for providing access and enabling sharing

There is no disaster recovery plan required, because all data used and gener-
ated are in digital form, and there is no sensitive information, such as human
subjects concerns. Also, all data will be stored in a computer that is securely net-
worked. All data will be transferred within a secure virtual network between all
collaborators. The data generated from computational modeling and simulation
studies are for publications, including conference presentations, journal articles,
and book chapters. The intellectual property and copyrights are owned by the
home university.

4. Provisions for re-use, re-distribution, and the production of derivatives

There is no limitation on the data requestor’s ability to re-use or re-distribute the

data or materials. However, any person who downloads the data will be required

to read an agreement by which it is understood that the data may only be used for
nonprofit problem-solution or instructional purposes.
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5. Methods for archiving and preserving access to data and materials

After data publication in the form of conference presentations, journal articles,
book chapters, and numerical codes, the data will be shown on the university
website. Also, the programs, user’s manual, and tutorials for setting up and run-
ning OpenFOAM software will be uploaded on university and sponsor websites
and hence, made available free-of-charge.

9.2.5 Computational Design Aspects

After gaining sufficient physical insight into the mechanics of fluid flow, convection heat
transfer, fluid-particle dynamics, and/or FSIs, the next major task is new (or improved)
engineering system design. This is accomplished via virtual prototyping, that is, on the com-
puter rather than in the laboratory or wind tunnel, where scaled physical models would
have to be employed. The flow chart in Figure 9.5 lists the major steps from innovative idea
(via computer simulation and lab testing) to prototype commercialization.

Clearly, some of the activities and tasks can be executed in parallel. Typically, the uni-
versity functions as a major supporter concerning the protection of intellectual property
rights, financial research support, and contacts with industry for licensing and commer-
cialization. In any case, “Theoretical Proof-of-Concept” and “Numerical System Design”
are of major interest within modern fluid dynamics.

9.2.5.1 Computer Simulations

In general, validated computer simulations and computational design analysis assist in
evaluating the performance of a system described by a set of extensions and /or differences
in geometric design, material properties, thermodynamic loads, and operational require-
ments. Typically, best system geometry and optimal operational conditions are the key design goals.
A well-planned parametric sensitivity analysis (PSA), for example, varying the values of
input parameters or even boundary conditions, may generate results that describe a flow
system’s behavior within realistic bounds. PSA can be either deterministic or probabilistic.
In the deterministic case, all parameters change continuously within the expected design/
operational space, resulting in continuous responses, that is, actual system performance.
However, quite often, device dimensions and positioning, material properties, and loads
are not deterministic parameters, which poses the question of “design robustness.” Again,
computational analysis can swiftly assess how significant fluctuations in system param-
eter values may influence the design performance, including potential device failure.

In summary, for device/system improvement, first, the transport phenomena have to
be fully understood via CFD analysis; that is, geometric and operational changes can be
tested via computer experiments. Examples include automobile or aircraft design for drag
reduction and/or (downward) lift modification, heat exchangers with improved mixing
and reduced size/weight, fuel-injection systems generating higher combustion efficien-
cies, bio-MEMS for targeted drug delivery, medical implants to improve the quality of life,
green-energy converters of high efficiency and reliability, and so on.

9.2.5.2 Computer-Aided Design

Historically, computer-aided design (CAD) software emerged in response to the needs
of architects as well as urban and industrial complex planners. Fluid dynamics-related
CAD applications focusing on optimal design in terms of system shape and function,
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that is, best geometric and operational features, range from automotive and aerospace vehi-
cles to heat exchangers and microfluidics systems. Two of the author’s research proj-
ects may serve as illustrative examples. A patented methodology for direct drug delivery
from a particle-release point to a diseased site has led to new designs of both a smart
inhaler system and a smart micro-catheter. First, the underlying idea of direct lung- or
liver-tumor targeting was tested via computer simulations of controlled fluid-particle
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streams on a patient-specific basis (see Kleinstreuer and Zhang 2003; Kleinstreuer et
al., 2008a,b, 2014; Kleinstreuer 2015). Then, the best operational conditions for device
improvement were computed and analyzed (see Xu et al. 2016; Kolanjiyil et al. 2016).
Another example is uniform nanoparticle transport and mixing for micro-cooling
devices or nanomedicine systems (see Kleinstreuer et al., 2008a, b; Kleinstreuer et al.,
2014). Still, for inventions to be acceptable, laboratory proof-of-concept has to follow
any convincing computer simulation result (see Richards et al. 2012), while for medical
devices clinical outcome is the ultimate litmus test.

9.3 Computer Simulation Examples

The previous sections mentioned the importance of validation studies prior to a detailed
computational analysis of a system. Computer model validation can be achieved via
detailed comparisons with an analytic solution, considering a simplified version of the
computer model, or reliable experimental data sets, or benchmark numerical results, for
example, from direct numerical simulations (Section 9.3.1). Establishing an acceptable
match between the output of the computer model and reliable data sets, typically the
velocity field, gives confidence that the new model is indeed a predictive tool for engineer-
ing analysis.

The remaining sections deal with additional examples of computer model validation as
well as sample case studies of internal flow and external flow (i.e., Sections 9.3.2 and 9.3.3).

9.3.1 Computer Model Validations

A straightforward way to validate the computer model is to directly compare the predicted
velocity distribution with measured data. The latter can be obtained using such methods
as particle image velocimetry, laser Doppler velocimetry, and hot-wire anemometry (see
Tavoularis; among others). For example, Lieber and Zhao (1998) measured the instanta-
neous flow velocity distribution at different sites of a bifurcation geometry representative
of physiological conditions of human airways. Figure 9.6 compares predictions of velocity
profiles using CFX12 (Ansys, Canonsburg, PA) with the measurement at two locations of
the geometry.

The computer simulation was transient, with a fully developed inlet velocity profile
given as

2 2

1= Uy (1 _Z ;j’ jsin(0.327t) 9.2)

where:
U,p.y is the maximum flow velocity

R is the radius of the parent tube

y and z are the coordinates with the origin positioned at the center of the inlet plane

t isthe time

Opening boundary condition was imposed at the outlets, and no-slip boundary con-
ditions were assigned to the walls. The simulation was run from t=0s to t =19.2 s with
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Comparison between computational and experimental flow velocity data at Re,=1278: (a) model geometry with
location of velocity measurements; (b) Cross section 1 aligned with bifurcation plane; (c) Cross section 2 aligned
with bifurcation plane; (d) Cross section 2 perpendicular to bifurcation plane.

a time step of 0.02 s. The comparison was performed at a moment when the instanta-
neous Reynolds number was 1278. Overall, Figure 9.6 indicates that good comparisons
were achieved between model predictions and measurements. Specifically, Figure
9.6b shows a near-parabolic inlet profile at Station 1, known from Poiseuille flow in
straight tubes. At Station 2, viewed in the bifurcation plane, the velocity profile is
highly skewed due to the inertia effect forming a boundary-layer along the inner wall
of the daughter tube (see Figure 9.6¢). Still at Station 2 but from a 90°-shifted angle,
Figure 9.6d depicts an M-shaped velocity profile; again, because of 3-D boundary-layer
formation. An additional check relates to “mass conservation”; that is, the integral over
the velocity profiles at any cross sectional plane should be the same; clearly, the mass
flow rate results in Figure 9.6d for experimental versus numerical profile-integration
differ a little.

Turning to an example in fluid-particle dynamics, multiple experiments have been con-
ducted on particle deposition in a symmetric double-bifurcation geometry. Thus, com-
parisons between the computationally predicted deposition efficiencies and experimental
results are a common validation study. The computational procedure normally uses non-
dimensional parameters such as the Reynolds number and Stokes number to develop a
simulation model that mimics the experimental conditions. For example, Figure 9.7 com-
pares predictions of the commercial finite volume solver CFX11 (Ansys, Canonsburg, PA)

of particle depositions in a double bifurcation with the experimental analysis of Kim and
Fisher (1999).
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FIGURE 9.7
Comparison between computational and experimental particle-deposition data.

The computational simulations were conducted with varying particle diameters and at
a constant Reynolds number (i.e, 3.1 pm<d,<84 pm and Re=1200) to match the experi-

2
mental Stokes numbers St = Py Uy
where: 18uD
D s the inlet tube diameter
d, 1isthe particle diameter
p, is the particle density
p  is the fluid dynamics viscosity
U, is the average velocity at the inlet defined by the definition of Reynolds number
(Rep=U,D/v) where v is the fluid kinematic viscosity

The deposition efficiency (DE = # of deposited particles/# of incoming particles) results
illustrate a good match with the experimental data using dimensionless parameters.

As expected, the first bifurcation region has higher DE values than the second one due
to impaction. For both regions, the DE numbers increase exponentially with larger Stokes
numbers.

A variation of the previous particle-deposition validation is the evaluation of the
number of particles that exit the daughter branches of a bifurcation (see Figure 9.8a).
For the case of a symmetric bifurcation with different daughter branch diameters,
the proportion of particles exiting each branch for different flow ratios between the
branches was measured by Bushi et al. (2005) in an attempt to model embolism tra-
jectories through the human cardiovascular system. The exit percentages of neutrally
buoyant solid particles of 0.6 mm diameter were obtained for a symmetric bifurcation
where one daughter branch had the same diameter as the parent vessel, and the other
daughter branch had a diameter of 2/3 of the parent vessel. Different ratios of flow
(Q,/Q,) were established by varying the downstream resistance (i.e., outlet pressure) at
the daughter branch outlets. Figure 9.8b illustrates the close match of the experimental
and numerical data sets.
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Comparison of numerical and experimental data concerning particle-exit percentages. (a) Computational
geometry. (b) Comparison of experimental and numerical data.

With the smaller Outlet 2 posing a larger flow resistance, more particles exit Outlet 1
and in larger amounts as Q,/Q, increases. In addition to validating the computational
modeling methodology, the experimental comparison also provides vital information and
experience in determining appropriate meshes that result in a stable solution that is inde-
pendent of further mesh refinements.

9.3.2 Sample Case Studies

The computational case studies range from a basic comparison of internal Newtonian ver-
sus non-Newtonian fluid flow to an FSI example. Additional case studies are presented in
Chapter 10, following the guidelines discussed in Section 10.2.

9.3.2.1 Steady Laminar Newtonian versus Non-Newtonian
Fluid Flows in a Constricted Tube

9.3.2.1.1 Introduction

Laminar fluid flow in a locally constricted conduit has numerous natural and indus-
trial applications. Examples include the Venturi tube, or fouling in pipes due to deposi-
tion of constituents in the fluid, and airway or blood-vessel restrictions in the human
body. Selecting math modeling and simulation of pathological cardiovascular condi-
tions (constrictions, stenoses, aneurysms, atherosclerosis, etc.) as an example, evaluat-
ing the resulting hemodynamics (flow of blood) continues to increase understanding
of the various conditions and in turn, improve healthcare (Kleinstreuer, 2006, among
others). One fundamental example is the transport properties of human blood. This
report documents a fundamental investigation of three different models of human
blood (Newtonian, Quemada, and a modified model proposed by De Gruttola et al,,
2005) and their influence on the resulting hemodynamics of laminar flow separation
and recirculation.
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FIGURE 9.9
Computational domain used in this study.

A geometry containing a symmetric constriction of the vessel was used to determine
the effects of blood viscosity models on flow separation and recirculation after the con-
striction. The constriction was modeled as a 75% area reduction in cardiovascular stenosis
and matched the dimensions used in Zhang and Kleinstreuer (2003). Figure 9.9 provides a
visual representation of the geometry and its corresponding dimensions.

The minimum point of the vessel radius is R/2, which occurs at the z-coordinate of zero.
A structured grid was used for the 3-D mesh, implementing an “O-Grid” orientation and
clustering several layers of elements near the walls to capture high gradients of flow. Mesh
independence was ensured by testing the velocity profiles of multiple locations throughout
the domain for meshes of different element densities (cf. Zhang and Kleinstreuer, 2003).

The governing equations for the analysis were the conservation of momentum and the
constitutive viscosity law relating shear stress and apparent viscosity. Equation 9.3a and
b list the conservation of momentum for an incompressible fluid with a non-accelerating
control volume and no body forces along with the constitutive relation between viscosity
and shear stress. Specifically,

p| iy 00| O 9.3a)
ot ax] ax,- 6x]
with
0v; 622]»

= L 9.3b
Tjj ﬂ{ 6x,- ox; } ( )

where:

x; are the three orthogonal coordinate directions

t represents time

p is the fluid domain density

is the fluid velocity vector

p is the fluid pressure

T, is the fluid shear stress tensor

is the apparent dynamic viscosity of the fluid

The domain is governed by the function

R—Rcos(nz) if |z/<D ©4)
r(z)= 2 2D

R if |z2/>D
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where:
R is the non-constricted radius
D is the non-constricted diameter of the vessel

The computational domain has its origin at the center of the constricted portion of the
vessel, a pre-constriction length of 7D, and a post-constriction length of 17D. At the inlet, a
uniform velocity profile was applied, whereas a zero gauge pressure was used for the out-
let condition. Three different models for the apparent viscosity of blood were used in this
study. The first one is a Newtonian viscosity, which is approximated based on the experi-
mental data of Merrill (1969); the second is the Quemada model with parameters given by
Buchanan et al. (2000) that were fitted to the Merrill (1969) experimental data; and the third
one is an exponential form presented by De Gruttola et al. (2005). The Newtonian model is
just Equation 9.5a; the full Quemada model can be simplified to a modified Casson model,
whose simplified form is shown in Equation 9.5b; and the DGBP model (after De Gruttola
et al., 2005) is given with Equation 9.5c and d.

N = UNewt

o= I)z

(9.5a through d)
T] = T]DGBP = H lasmaB (1 - Ht)exp(m)
P 1.64—Ht
B=1+ %
i

where:
y s the shear rate of the fluid
Ht is the blood hematocrit

Table 9.2 lists the parameters and their corresponding values for each viscosity model
(see Figure 9.10). An important note is that De Gruttola et al. (2005) listed the units of the
curve-fitted parameter b as (s™). However, that is inconsistent with exponential units of the
shear rate and has been adjusted in Table 9.2.

The other transport property of blood is the density. Both the Newtonian and Quemada
models used a constant density of 1060 kg/m?, while the DGBP model included an equation

TABLE 9.2

Parameters of the Different Viscosity Models

Newtonian Unewt = 0.0309 [L]
m-s

Quemada nm:0.02654|: g ] 10—004360[ ] A=0.02181[s" ]
m-s m- S

m-s

DGBP uplasm_0014[ } Ht=0.25,045,0.65;b=6.0[s"" ];n=075
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FIGURE 9.10
The different viscosity models versus shear rate.

for the density based on the Ht level and volume fractions of white blood cells (WBCs) and

platelets. The DGBP density model is given as Equation 9.6, with parameter values listed
in Table 9.2:

PDGBP = Pplasma (1 - Ht) + precH!
9.6)
+ Vf WBCpWBC + Vf plateletpplatelet

where:
Pplasmar PrEC, Pwicy AN Pyl are the density of plasma, red blood cells (RBCs), WBCs,
and platelets, respectively
Vfwec and Vf jjaeiet are the volume fraction of WBCs and platelets (Table 9.3)

Simulations of steady flow through the domain (see Figure 9.9) at different Reynolds
numbers were conducted to analyze laminar flow separation and recirculation in regions
downstream of the vessel constriction. Fluid flow was introduced at the inlet with a para-
bolic velocity profile, and inlet Reynolds numbers of 250, 500, and 750 were selected for
the analysis. The range was based on physiological Re values in the carotid artery (a com-
mon location of stenoses), which has an approximate mean Re of 250 and a maximum Re
of about 1100. Using the conservation of mass and volume flow rate, the Re value in the
constriction can be calculated to be twice that of the upstream Re value for this geometry.

TABLE 9.3

Parameters of the DGBP Density Model
Pplasma 1030 kg/m?

PrBC 1096.5 kg /m?
Pwec 1077.5 kg/m?3
Pplatelet 1040 kg/m?

Ht 0.25, 0.45, 0.65
Vusc 6.8293 x 103

Vfglatelet 1.707 x 10*
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Thus, the selected Re values ensured that the Re in the vessel constriction was well below
2000 for each Re specified at the inlet to avoid turbulent flow effects.

The commercial finite volume solver CFX11 (ANSYS Inc., Canonsburg, PA) was used to
solve the governing and constitutive equations. A high-resolution advection scheme was
specified for the solver, where simulations concluded when root mean square error residu-
als were less than 10-°. Simulations were run using a single Intel 3.59 GHz processor on a
Dell Precision 670 workstation with 8 GB of RAM. Run times varied between 13 min (for
the Newtonian Re=250 case) to 1.5 h (for the Re =750 cases).

9.3.2.1.2 Apparent Viscosity

The viscosity models were first plotted to illustrate their different behavior at the same
shear strain rates. Figure 9.10 depicts each viscosity model as a function of shear rate;
it illustrates significantly different responses of the apparent viscosity models. When
specific regions of the viscosity model behavior are examined, when Yy00q is greater
than 200 s, the different models all predict a nearly constant behavior, suggesting a
Newtonian fluid flow response. The two-phase nature of blood suggests that under high
shear rates, the particles move away from the high—shear rate regions, leaving primar-
ily plasma, a Newtonian fluid with a lower viscosity than whole blood. Conversely, the
models (see Nichols et al.,, 2011) all predict an increase in viscosity as yu0oqa —> 0, which
further illustrates shear-thinning behavior. However, the Quemada model more cor-
rectly levels off to a maximum viscosity, whereas the DGBP model continues to expo-
nentially increase in value with no upper limit. Another important point is the influence
of Ht on the different viscosity models. Figure 9.10 reveals similar overall shapes to the
viscosity versus y curves, yet the multiple Ht values offset the different graphs to illus-
trate that an increase in particle concentration is met with an increased baseline viscos-
ity, and vice versa.

9.3.2.1.3 Model Validation

A model validation was conducted by comparing the primary reattachment length of
laminar flow over a backward-facing step with experimental and previously validated
computational data sets (see Figure 9.11).

The discrepancy between the experimental data and the computational simulations at
higher Reynolds numbers is due to the fact that the experiment encountered 3-D physics,
whereas the simulation was only 2-D. Such a trend is also seen with the 2-D simulations
of Biswas et al. (2004). The stenosis geometry is a full 3-D geometry and enables the range
of Reynolds numbers to be modeled with confidence for accurate predictions of their reat-
tachment lengths.

9.3.2.1.4 Recirculation Regions

The length of the recirculation after the vessel constriction is an important parameter for
blood particle trajectories and future cardiovascular disease development. Different mod-
els of blood viscosity can have a pronounced effect on the recirculation zone and its length.
Figure 9.12 illustrates the different lengths of flow separation calculated with the different
viscosity models for different Reynolds numbers.

The reattachment length trends of the different viscosity models are a direct result of the
viscosity values of each model illustrated in Figure 9.10. Recirculation regions tend to have
a very low shear rate, which increases the viscosity of a shear-thinning fluid (e.g., blood)
in these regions of recirculation. An elevated viscosity provides an increased resistance to
flow and limits the vortex development in the regions of flow separation when compared
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FIGURE 9.11
Comparison of reattachment lengths for 2-D flow over back-step.

with Newtonian fluids. Both the Quemada and DGBP viscosity models capture the shear-
thinning behavior of blood, and hence, produce higher viscosities in this region than the
Newtonian fluid, and consequently, have lower reattachment lengths than the Newtonian
model. Moreover, the DGBP model with Ht=0.45 has a visibly higher viscosity than the
Quemada model for almost all shear strain rates, and consequently, has a smaller reattach-
ment length than the Quemada model.
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FIGURE 9.12
Reattachment lengths of different viscosity models at different Reynolds numbers.
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9.3.2.1.5 Velocity Fields

Velocity profiles (see Figure 9.13) at three locations downstream of the vessel constriction
reveal a growing discrepancy between the viscosity models as the (axial) z-coordinate
increases. Such a trend is again related to the impact of the type of viscosity, with the
Newtonian viscosity having the lowest value and thus providing the lowest flow resis-
tance at the vessel centerline and near the wall.

It should be noted that the velocity profiles near the constriction are practically identical
except for the centerline velocity. This is due to the high velocity of the fluid exiting the
constriction, thereby overcoming the elevated viscosity of the non-Newtonian models.

An interesting result is observed when plotting the wall shear stress (WSS) through the
vessel constriction up to the 5D location (z-coordinate=10) downstream. The Quemada
model actually predicts a peak-WSS lower than the Newtonian model, while the DGBP
Ht=0.45 model has the highest peak-WSS value. Figure 9.14 depicts the WSS trends over
the specified range.

The reason for these WSS distributions is that a lower limit was not placed on the
Quemada model, and at shear rates above 10% s}, the Quemada model may actually pre-
dict a lower viscosity than the Newtonian model, due to its shear-thinning behavior. The
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FIGURE 9.13

Velocity profiles of the three viscosity models: (a) z=D, (b) z=2.5D, (c) z=4D.
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FIGURE 9.14
WSS distributions in the constricted tube for each viscosity model.

DGBP Ht=0.45 model will not predict a viscosity lower than the Newtonian value until
higher shear rates occur. The magnified window of Figure 9.14 reveals that in regions
where the Quemada model would predict a higher viscosity than the Newtonian model,
the WSS is greater than with the Newtonian model. It is important to note that the vary-
ing WSS values of each viscosity model do not violate the conservation of momentum,
because the velocity is not fully developed at this point. The presence of the additional
terms (specifically, the dependence on the z-coordinate) creates discrepancies between the
Newtonian and the non-Newtonian WSS values.

9.3.2.1.6 Conclusions

The study analyzed the effects of non-Newtonian versus Newtonian viscosity models
on the local flow parameters in a constricted tube. As expected, the local fluid dynam-
ics are influenced by the non-Newtonian viscosity models. Specifically, the reattachment
lengths, peak-WSS values, and regions of the velocity field are measurably affected. The
pressure gradient of the different viscosity models did not reveal significantly different
distributions, which implies that the pressure drop in the constricted portion of the vessel
is unchanged for each model. The recirculation zones proved to be highly dependent on
the viscosity of the fluid, and such knowledge should be taken into consideration when
simulating pathological conditions where large recirculation regions occur (i.e., in aneu-
rysms, the carotid artery, etc.).

De Gruttola et al. (2005) have shown that their DGBP model accurately predicts local con-
centrations of RBCs, WBCs, and platelets. However, when compared with the whole blood
behavior as a function of shear rate, the model exhibits similar results to the validated
Quemada model only in elevated—shear rate regions, but is offset from the Quemada model
by a factor related to the assumed Ht value. The low—shear rate regions yield vast differences
between all three models. In particular, the DGBP model predicts a much higher viscosity for
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the lower-shear regions than the Quemada model. More experimental data on whole blood
behavior in this low—shear and strain rate region is needed to determine which model best
predicts actual blood behavior. An advantage of the DGBP model is the ability to incorporate
a locally varying Ht value in future work, whereas the simplified Quemada model has the Ht
term lumped in as one of its parameters. For the experimental data used, the Quemada model
still appears to be a more accurate predictor of whole blood behavior, but the DGBP model
has the potential to come close to the Quemada model predictions given the right parameters,
both curve-fitted and operational. Not surprisingly, the Newtonian model was the easiest to
implement, but it did not match the whole blood behavior under various shear rates.

In conclusion, the current study highlights specific effects of non-Newtonian viscosity
models on the local fluid dynamics. Physical insight gained from this study illustrates the
need to incorporate non-Newtonian effects of blood where significant amounts of recir-
culation exist, regardless of the vessel size. Therefore, future analyses should incorporate
and continue to investigate the non-Newtonian behavior of whole blood within low shear
regions and for different pathological conditions. In reality, the hematocrit is a function
of time and space within the flow domain; thus, for future analyses, a scalar transport
equation for Ht(X,t) should be developed and validated, taking into account both RBC
diffusion and convection.

9.3.2.2 Transient Laminar Flow Past a Tall Obstacle

9.3.2.2.1 Background Information

An excellent example of external flow, relying on Chapters 2, 3, and 8, is the multi-physics
phenomenon of FSI. As discussed in Chapter 8, FSI implies the coupling of solid and fluid
dynamics as either two-way or one-way coupling. In one-way coupling, results are only
passed on to one system. A common example is water flowing through a rigid pipe, where
the flow of water results in pressure loading of the pipe, but the pipe does not deform
and thus does not affect the fluid flow. Conversely, in two-way coupling, the results are
passed between both system components. An example is transient flow through a flexible
tube, say, an artery. In such a case, the pulsatile blood flow causes a varying pressure load,
which causes arterial wall deformation, and the changing geometry measurably affects
the fluid flow field. Figure 9.15 contains diagrams illustrating the different coupling of one
and two-way fluid-structure interactions.

Important considerations of FSI simulations are the computational mesh and time-step
iterations. Often, FSI simulations are computationally demanding and require fine-tuned
parameters to achieve desired accuracy and manageable simulation time.

One-way FSI Two-way FSI

ﬂPhysics A Physics Aﬂ ﬁ Physics B
results results results
FIGURE 9.15

Coupling diagrams of one- and two-way FSI.



320 Modern Fluid Dynamics, Second Edition

9.3.2.2.2 Theory

The ultimate governing equations of most FSI systems are the conservation of momen-
tum and mass for fluid flow coupled with the conservation of momentum (Newton’s sec-
ond law) for solid bodies and equations of mechanical equilibrium for solid bodies. The
unknown quantities of the first set of equations include fluid pressure, orthogonal fluid
velocity components, solid displacement/deformation, and solid forces/stresses. To solve
for these unknowns, additional equations are needed, called constitutive equations. They
link the fluid forces with fluid motion and solid forces with solid displacement/defor-
mation. These equations often describe the material properties/parameters of the fluid
or solid and have a wide range of complexities (i.e., Newtonian vs. non-Newtonian vis-
cosity models; isotropic Hooke’s law vs. anisotropic strain-energy functions). Specifically,
Equations 9.7a through e and 9.8a and b provide the fluid, solid, and mesh displacement
governing equations. They were solved with the commercial simulation product CFX11
(Ansys, Canonsburg, PA).

Fluid domain-continuity:

s 0(pri) _

ot Gx,-

Fluid domain-momentum:

0 ; 0 ; ;i
(va)Jr(Uj_vjm) (psvi) :_iPJr@Jrfiv
ot 6x]- ax,‘ 8x]-
Fluid domain-constitutive law: (9.7a through e)

avi ij
N P
J 1

Fluid domain-mesh displacement:
V(CapV8) =0

Laisp = f(V)

Solid domain-mechanical equilibrium:

3(51-,- Vs
— *+PsJi = Psli
o, P fi" =psa

Solid domain-constitutive laws:

Hooke’s law ( oy = CWEH) (9.8a through d)

Strain-energy function (Gi]' = %, Y= w(Eij))
ij

Visco-elastic model ((5,-]- =f (E,-]-,t))
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is the three orthogonal coordinate directions
t represents time

p; is the fluid domain density

is the fluid velocity vector

vi"  is the mesh velocity vector

p is the fluid pressure

is the fluid shear stress tensor

n is the apparent dynamic viscosity of the fluid

d is the displacement relative to the previous mesh position

V is the cell/element control volume

f is a volumetric body force vector acting on the fluid domain

is the solid stress tensor

£ is a volumetric body force vector acting on the solid domain
p, is the solid domain density

is the acceleration vector of the solid domain

Cii is the general stiffness matrix

E; isthe Lagrange strain tensor

It is noteworthy that the convective terms in the fluid conservation of momentum are the
most altered, as convective terms must take into account the deformable mesh and its velocity.

Further description is needed to understand the mesh displacement equations listed in
Equation 9.7d and e. The overall methodology is to use a diffusion transport equation to
define mesh displacement at every control volume point throughout the domain. Mesh
displacement relative to the previous mesh locations (§) is the variable that is acted on by a
gradient and divergence operation, and Iy, is a stiffness function that enables the option
of a non-uniform diffusion of displacement throughout the computational fluid domain.
Often, the stiffness parameter is a function of the element control volume, which enables
the mesh to have different stiffness values at different points in time for transient analyses.
Such a function is very important to prevent mesh folding and negative volume elements
from forming during FSI analyses with large displacements. It is important to note that
Equation 9.7d and e are used in CFX11 and should not be regarded as the only method to
transfer the deformations calculated by the solid domain to the fluid mesh.

Two primary forms of coupling methodologies exist between the solid and fluid domains.
The first is a direct coupling method, which solves both fluid and solid physics in a single
computational step. The second is an iterative coupling methodology that solves the fluid and
solid physics in a sequential process (i.e., fluid physics are solved first, fluid loads are passed on
as inputs to the solid physics simulation, resulting solid displacements are then mapped to the
fluid domain mesh, fluid physics are then solved on the deformed mesh). Iterative coupling is
more prevalently used in most situations in attempts to control the nonlinearities of both the
fluid domains and ensure that physics are not eliminated through the coupling procedure.
Figure 9.16 provides a flowchart illustrating the computational algorithm of the iterative cou-
pling methodology per time step, where the fluid domain is solved prior to the solid domain.

9.3.2.2.3 System Description

An example of one-way FSI is the wind loading of a tall building, where building dis-
placements do not significantly alter the surrounding airflow. A simplified 2-D simulation
of flow over a building is used for this illustration. Recent simulations of wind-loaded
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Convergence?

Apply solid domain displacements
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FIGURE 9.16
Iterative coupling procedure per time step with fluid physics being solved first.

structures have shown the increased importance of 3-D simulations to capture all the
physical phenomena; thus, the following analysis is used for illustration purposes and
should not be used for more complex structural health design considerations. Figure 9.17
summarizes the preliminary steps, that is, system sketch, assumptions, and concepts.

9.3.2.2.4 Simulation Implementation

ANSYS products along with SolidWorks 2008 were used to develop the example.
SolidWorks was used to create the fluid and solid domain geometry files, ANSYS ICEM
CFD generated the fluid mesh, ANSYS CFX carried out the fluid calculations, and ANSYS
Workbench generated the solid mesh and carried out the solid calculations. Figure 9.18
illustrates the system dimensions and computational mesh. Notice regions of mesh refine-
ment, which correspond to high gradients of the simulation variables (velocity, pressure,
stress, and displacement). A caveat must be made when conducting FSI analyses; that is,

Sketch: Assumptions: Method:
«+ Constant fluid and solid + Conservation of
’/\’ properties momentum
/\ « Isotropic linear elastic + Mechanical
/\ solid material equilibrium
Wind-load « Sinusoidal airflow at + One-way FSI
entrance of fluid domain simulation
t » Von karman velocity + Iterative coupling
profile at entrance of fluid procedure
N domain
» SST turbulence model

FIGURE 9.17
Sketch, assumptions, and concepts of 2-D flow over obstacle.
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Computational domains

Fluid domain
W=02H
20H
H =450 (m)
Solid domain
| L = 20H | L = 20H
Enlarged fluid computational mesh Solid computational mesh

M

FIGURE 9.18
Fluid and solid computational domains and meshes.

mesh refinement is a very sensitive parameter, which can have a prominent effect on the
final FSI solutions. In simulations where large displacements occur, the fluid mesh can
be stretched and/or skewed in ways that cause mesh folding (negative volume elements)
or can cause regions of originally sufficient mesh refinement to be stretched in ways that
negate the mesh refinement and cause inaccurate solutions to regions of high gradients.
Ways around these problems include knowledge of the system physics, using adaptive
mesh refinement with element death throughout the solution procedure, or specifying a
function of the mesh element size that diffuses the displacements to regions of the fluid
mesh that can handle these displacements (cf. Equation 9.6e).

The computational settings applied to the coupled systems are summarized in Table 94,
while the boundary conditions of each domain are illustrated in Figure 9.19.

TABLE 9.4
Computational Settings of the Coupled Systems
Fluid Domain Solid Domain
Air at 25°C: Mixture of concrete and steel
e 1, =1.831 x 105 Pa*s * Eygg26.00x 101 Pa
® p;=1.185kg/m?3 ® 4;=0.23
RMS residual <1x10* 2 norm convergence for force and displacement

von Karman inlet velocity profile

2
. Vo(zg—(g) J 0<y<$, §=02H

e V,=15[m/s]-sin(w-t)
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Fluid initial and boundary conditions

. Free slip
V(r, t) : : Deformable P(t)=0
! inoslip
Rigidnoslip  Rigidnoslip
Inlet fluid velocity Solid boundary conditions
Vo(®) (0
{ | Free2-D
[
15 (m/s) | | displacement
[} 1
[} 1
t Fixed/ | !
—15 (m/s) No displacement | !

FIGURE 9.19
Boundary conditions of fluid and solid system.

For this simulation, the iterative coupling methodology is implemented, which requires
additional parameters to be specified that are related to the number of internal loops
(k in Figure 9.16) and the convergence criteria of the variables passed between the two
physical domains. The conditions are:

e Max. number of iteration loops is 10
* Min. number of iteration loops is 2

e [teration loops repeat until both domains’ local physics converge and the coupling
variables (fluid mesh displacement and applied loads) residuals <1 x 103

Three types of simulations were conducted, and the results of two studies are shown.
The first was a steady-state simulation with the inlet velocity at 15 m/s, and the second was
a transient simulation that simulated developing flow until a near-steady-state point was
reached. The third case was a transient simulation with a time-step of 5 s for a total time of
180 s. The amplitude and frequency of the inlet sinusoidal velocity for the transient cases
were set at 15 m/s and 2r rad/min, respectively.

Again, prior to the full solution of the FSI system, a validation comparison with flow
over a back-step (see Figure 9.20a) was completed to ensure the solver’s ability to predict
vortex behavior and reattachment lengths. Specifically, 2-D simulations of steady flow over
a back-step using ANSYS CFX11 were compared with the experimental data from Armaly
et al. (1983) and Lee and Mateescu (1998) along with the numerical data of Biswas et al.
(2004). The results are presented in Figure 9.20b.

The additional vortices only develop at Rej, values larger than 400, which is where the
3-D effects begin to have a prominent influence on the 2-D simulation accuracy. Despite
the growing discrepancy illustrated in Figure 9.20b for the x,-reattachment length, the
x,-reattachment length data sets reveal a good match for all simulated Reynolds numbers.

9.3.2.2.5 Simulation Results

The steady flow simulation can be compared against specific time points of the developing
flow simulations to illustrate the characteristic time when the system’s physics can be mod-
eled as a pure time-independent process. Figure 9.21 illustrates the difference between the
steady solutions and the developing flow simulations.
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System sketch of reattachments lengths
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FIGURE 9.20

(a) System sketch of reattachment lengths x, and x;; (b) comparison of experimental and numerical reattachment
lengths for steady laminar flow over a back-step.

The different plots in Figure 9.21 are on different length scales to provide a clear view
of each time point’s regions of recirculation. A measurable vortex develops immediately
downstream the building after 55 s of a constant inlet velocity and continues to increase in
length and height during a continuous inflow of fluid for 300 s. Additionally, at around 300
s, a small recirculation zone, directly upstream of the building, is noticeable at the base of
the building structure. Despite the length of time simulated with constant inflow velocity,
the dimensions of the 300 s recirculation zones are much lower than the dimensions of the
steady-state recirculation zones. Therefore, the time needed to establish steady-state phys-
ics of fluid flow is greater than 5 min of constant inflow velocity.

Interestingly, the stress fields for the developing flow simulations also show some dif-
ferences from the stress fields of the steady flow simulations. Figure 9.22 highlights the
maximum von Mises stress at different time levels of all simulations.

Figure 9.22 clearly illustrates that even if the flow over the building is constant, the result-
ing loads applied to the building vary with time and are the cause of the varying stress
values with respect to passing time. Furthermore, an approximately 400% difference exists
between the maximum von Mises stress level calculated by the steady flow simulation and
the developing flow simulation. Thus, time effects should be a significant consideration
when conducting analyses of flow over structures, and questions regarding the validity
of steady-state simulations to estimate structure loading should be investigated prior to
using steady-state simulations for detailed analyses of structures.
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FIGURE 9.21
Steady flow simulation data compared with developing flow simulation data.

The time scales of all simulations varied significantly. Table 9.5 lists the different comple-
tion times of the various simulations completed for the external flow study. All simulations
were completed using a single Intel 3.59 GHz processor on a Dell Precision 670 workstation
with 8 GB of RAM using a 64 bit Windows operating system.

Results of the transient computational simulations exhibit measurable differences from
the constant inlet velocity simulation results. Specifically, vortices develop at different
locations and primarily during deceleration phases of the inlet velocity. Figure 9.23 illus-
trates the velocity fields around the building at different time points during the third
period. Only the third period is shown, since the previous two periods do not exhibit vis-
ible dynamic equilibrium/cyclic repetition, whereas a visible amount of dynamic equilib-
rium/cyclic repetition is observed in the third period.

An interesting result of the transient simulations is the development of multiple vortices
at both upstream and downstream locations of the building. During the maximum levels
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FIGURE 9.22
Maximum von Mises stress versus time.
TABLE 9.5
Simulation Run Times
One-Way FSI Simulation Run Time
2-D steady flow 40 min
2-D developing flow with constant inflow velocity 6 h and 38 min

of retrograde flow, the vortices significantly diminish, and they begin to return during the
deceleration portion of negative inflow velocity, continuing to be present at the beginning
of the acceleration of positive inflow velocity. Throughout both the positive and the nega-
tive inflow velocities, a recirculation zone the size of the steady-state recirculation never
develops during the three periods of oscillating flow.

Figure 9.24 illustrates the oscillatory behavior of the average force applied to the build-
ing’s side surface.

The plot in Figure 9.24 reveals that the average force applied to the building is
approximately shifted 90° behind the average inlet fluid flow velocity. A cosine func-
tion can be used to fit the discrete force with an amplitude of 0.36 x10° N and a fre-
quency of 2z rad/min. Mesh position, velocity, and acceleration can also be calculated
at the center-point of the building’s upper surface. Mesh position is a direct output
of the FSI simulations, whereas mesh velocity and acceleration are calculated using a
first-order forward-difference Taylor series expansion of the discrete position data of
the fitted FSI position data.

9.3.2.2.6 Summary and Conclusions

Simulations of steady flow and developing flow over a simple structure, using one-way
iterative FSI coupling, have been documented. An understanding regarding the charac-
teristic time needed to reach steady-state has been investigated. The characteristic time
required is greater than 5 min, where the potential to underestimate the maximum stress
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FIGURE 9.23
Velocity fields around building at time points during the third period.

in the structure can be by a factor of 400% when using a steady-state simulation. Clearly,
oscillatory inlet flows produce more complex velocity fields and resulting oscillatory loads
that are not captured in any constant velocity simulation.

The present study illustrates the utility of one-way FSI analyses and their ability to pro-
vide useful insight and understanding of complex physical phenomena that may not be
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FIGURE9.24 Fitted FSI position, velocity and acceleration data.

possible with experimental analyses alone. It should be noted that to accurately determine
the natural frequency and damping ratio of a system, additional experiments/simulations
should be conducted to ensure that the fitted parameters enable the system behavior to
be matched in more than a single implementation. Additionally, the oscillatory loads and
displacement of the vibrating structure should include an analysis of fatigue to ensure that
the strength of the structure under oscillatory loads does not decrease to a level that makes
fatigue failure a possibility.
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Course Projects

10.1 Introduction

There are significantly different end-of-the-semester approaches for testing to what degree
students have learned the fundamentals plus applications in a challenging subject, say,
fluid dynamics. The common approach is to take a final exam, which has the merits of
uniformity as well as a certain comprehensiveness, fairness, and simplicity (at least for
the instructor). Doing a course project, presenting in-class some preliminary results and writing
a research report is an alternative (or complementary) way of demonstrating a good under-
standing of the fundamentals and practical application skills. If proper, subject-specific
research topics have been selected, such course project-related activities may probe a stu-
dent’s knowledge base and skill level more thoroughly and could certainly be a better
preparation for future job assignments in engineering and technology. Of course, the cho-
sen topic should not be too narrow, or too complicated, or one for which a detailed solution
can be readily found in the public domain.

This chapter starts out showing how to write a research report; that is, it provides guide-
lines that are applicable to standard assignments in industry, government, and academia
as well (Section 10.2). Then, features of and some suggestions for different types of course
projects are listed, relying on the material previously presented (Section 10.3). Actual
course projects with some interesting physical insight are given for the two project catego-
ries: those with a strong tutorial component and those that require computer simulations.
On rare occasions, an exceptional research report may form the basis for a journal article.

10.2 Guidelines for Project Report Writing

A course project is more than a homework problem. As a starter, it typically requires a
brief literature review to document the state-of-the-art for the given task. The antagonistic
interplay between a rather accurate mathematical description of an assigned problem and
finding a tractable solution method puts a premium on making the right assumptions and
selecting a suitable equation solver, often in terms of available software and hardware.
The resulting work has to be documented in an appropriate format, that is, a project report,
which should have the following features:

® ToC: There should be a table of contents with page numbers (if needed for lengthy
reports).

331
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® Nomenclature: This is optional but recommended for complex problem solutions.

e Abstract: This is a summary of the fluid dynamics problem analyzed, solution
method employed, and novel results with physical insight presented.

e Introduction: This should include project objectives and task justification, a system
sketch with state-of-the-art description, the basic approach or concept, and ref-
erences of the literature review in terms of “author (year),” for example, “White
(1998)”; succinctly list the differences between the published system/problem and
your results.

e Theory: This should include basic assumptions, governing equations, inlet/bound-
ary conditions, property values in the form of a data table, ranges of dimension-
less groups, closure models, and references.

e Solution method and model validations: On a first-year graduate level, it is always
recommended to devise an interesting flow system for which an analytic/approxi-
mate solution is available. Still, linear partial differential equations (PDEs) and
most ordinary differential equations (ODEs) can be solved with the popular
MatLab software. In many cases, numerical equation solvers (e.g., OpenFOAM or
commercial software) are needed to obtain realistic results. For model validation,
the two basic approaches are (1) numerical accuracy checks, that is, mesh inde-
pendence of the results as well as mass and momentum residuals less than, say,
10-* and (2) quantitative proof, for example, comparison with an exact solution of
a (typically much) simpler system, and/or experimental data comparisons, or (at
least) qualitative justification that the solution is correct.

e Results and discussion: Results should include graphs with interpretations; that is,
explain physical insight (note: number the figures and discuss them concisely),
draw conclusions, and provide applications.

e Conclusions and future work: Conclusions are an extended form of the Abstract, list-
ing what novel contributions have been made and what their significance is while
adding limitations of the study as well as future work.

e References: All sources (e.g., websites) and literature must be cited in alphabetical
order, following the format: Author (year), or first author and second author (year),
or first author et al. (year).

* Appendices: These should include lengthy derivations, computer programs, and so on.

10.3 Course Project Suggestions

Course projects may range from the basic type, that is, the tutorial kind, to the more chal-
lenging advanced research kind. What type of project to select depends on the student’s
interest, learning experience, and skill level. In any case, for course project topics to be
acceptable, they should have the following requirements:

® They should cover a major topic in fluid dynamics, that is, fluid flow, fluid-particle
dynamics, and/or convection heat transfer, stressing fundamental aspects as well
as an application.
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¢ They must be doable within the given time frame, such that preliminary results
should be available for in-class presentation at the end of the semester.

e Except for combined theoretical-experimental studies, all projects are done
individually.

e Student-initiated topics have to be approved by the instructor based on a brief
write-up addressing/proposing the flow problem or system, a brief literature
review, a list of assumptions, the modeling equations with boundary conditions
and input data, the solution method (with identification of the software/computer,
if needed), anticipated results with possible application, and ways to validate the
expected results.

Expanding on the given guidelines for writing a course project report, there are several
basic tasks to be accomplished:

a) As a first step, a thorough literature review is necessary, taking up the major part
of the Introduction. Clearly, all topics are well documented in the open literature,
and videos illuminating the unique flow phenomena plus nifty applications are
readily available.

b) A challenge is to set up a specific system/problem by which the fundamentals can
be explained and thereby, natural as well as man-made applications can be illus-
trated. The necessary math model builds on and expands the material learned from
Part A and/or Part B. Some problem solutions can be gained via analytical means,
while others require computational tools. In any case, as with all reports, the course
project should be a fine balance between math and physics of fluid dynamics.

¢) The Theory section connects the chosen flow system with its solution method by
describing the expected fluid flow field mathematically and hence, indicates a
suitable solution method. If the flow (or fluid-particle, or convection heat transfer)
equations appear to be too difficult, the project objectives will have to be curtailed
and a revised, well-posed math model developed. Next, necessary input data sets
have to be collected, and the expected value-ranges of key dimensionless groups
(definitely including the Reynolds number) have to be determined.

d) A prime course project choice should be an interesting flow system for which an
analytic/approximate solution is available. The popular MatLab software can be part
of this approach when linear PDEs or ODEs have to be solved. In many cases,
however, numerical equation solvers (e.g., the free OpenFOAM library or commercial
software) are needed to obtain realistic results. For model validation, the two basic
approaches are (1) numerical accuracy checks, that is, mesh independence of the
results as well as mass and momentum residuals less than, say, 10-* and (2) quan-
titative proof, for example, comparison with an exact solution of a (typically much)
simpler system, and/or experimental data comparisons, or (at least) qualitative
justification that the solution is correct.

e) Results, in terms of figures, tables, and/or correlations, should be displayed in
dimensionless form. Once the velocity, pressure, and temperature distributions
are known, their derivatives (or integrations) generate all the practical answers in
terms of shear stresses, flow rates, and forces. Then, with parametric sensitivity
analysis (PSA), the full range of flow-system behavior can be explored, intrigu-
ing flow field structures uncovered, and flow rates and forces evaluated. Figures
with their captions and legends should be largely self-explanatory. The related



334 Modern Fluid Dynamics, Second Edition

discussions explain the reasons for unusual trends and summarize new physical
insight, expanding on scientific implications and/or on practical applications.

f) Conclusions are an extended form of the abstract, listing what novel contributions
have been made and what their significance is while adding limitations of the
study as well as future work.

10.3.1 Tutorial Project with Analytic Solutions

By definition, tutorial projects provide interesting material for students to learn the essen-
tials plus applications in Modern Fluid Dynamics. Thus, after topic selection, the main focus
is on a comprehensive literature review, canvasing appropriate textbooks, journal articles,
university websites, and internet videos/tutorials. Just copying literature sources is tempt-
ing but not at all the main objective of a tutorial course project report! Here, the goals are to first
understand the relevant research papers, book chapters, and videos and then consider a variation to
the selected flow system or assemble something novel to produce new physical insight based on new
figures, tables, and/or a video.
Examples in this project category may include

1. Couette flow variations and particle transport analysis

2. Comparison of Poiseuille, annular, and slit flow phenomena

3. The Reynolds lubrication equation applied to slider and journal bearings
4. Illustration and applications of the Magnus effect

5. The occurrence and implications of Dean'’s flow

6. Depiction and discussion of exotic non-Newtonian fluid flow behavior

7. Fluid-particle flow for small versus large Stokes numbers in tubes

8. Hiemenz flow with different fluids

9. Evaluation of the Nusselt number for laminar versus turbulent pipe flow

10. Laminar vortex shedding behind a cylinder in cross flow (the von Karman vortex
street)

It is no accident that each topic title carries the name of a major contributor to fluid
dynamics, implying that the main focus of these projects is on the understanding of the
essentials. Tutorial Projects #2 and #10 were selected to illustrate the basic tasks outlined
in the previous section. While Project #2 summarizes and extends the in-class material
of Chapters 2 and 3, Project #10 focuses on the wake formation caused by laminar flow
perpendicular to a horizontal (or vertical), infinitely long cylinder. Note: a course project
report for tutorial Project #10 requiring computer simulations appears in Section 10.3.2.

Up front, using Project #2 as an example, the physical insight that could be gained
includes:

¢ The three Poiseuille-type flow characteristics are very similar; however, with
some distinct aspects because of the geometric differences.

e The normalized velocity and shear-stress profiles of tubular flow and slit flow are
the same. However, the u_ . /V ratio is different.

¢ The friction factor of slit flow is greater than that of tubular flow for the same
Reynolds number, indicating a higher head loss due to the elevated shear stress.

max
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¢ Tubular flow and slit flow can be seen as two limiting cases of annular flow. This
is because annular flow characteristics approach those of tubular flow when
R,/R,— 0 and approach those of slit flow when R,/R,— 1.

e The volumetric flow rates of the three Poiseuille-type flows all scale with the pres-
sure drop, the reciprocal of viscosity, and the channel length. However, they scale
with conduit radius (or height/width) to the fourth power.

Notes:

e All Course Project Reports are displayed as self-contained documents, that is,
with their own numbering systems for sections, equations, tables, and figures as
well as nomenclature and references.

® Course Project Report #2 was done by Zelin (Luke) Xu.

10.3.2 Computer Simulation and Design Projects Using Open-Source Software

As indicated, problems amenable to analytic/approximate solutions have all been docu-
mented in textbooks or review articles. Thus, the modern focus is on numerical solutions
as discussed in Chapter 9. The major goal is to develop a computer simulation model that
is predictive, that is, realistic and accurate. Such a reliable tool can then be used to display
interesting flow phenomena, gain new insight, expand on a basic theory, and improve
engineering devices. The typical objectives for device design are both optimal geometry
and operation, leading to improved performance, cost savings, and enhanced reliability.

The sample course project reports presented are the two tutorial projects #2 and #10 as
well as Design Project #11 which is on improved nanofluid flow mixing in microchannels
forming a Y-junction. Course projects #10 and #11 were done by Sriram V. Chari.

Concerning Tutorial Project #10, “Laminar Vortex Shedding behind a Cylinder in Cross
Flow,” the most notable observations are as follows:

¢ For Reynolds numbers less than unity, the flow field front and aft of the cylinder
is the same, known as Stokes flow; however, for Re> 1, flow separation occurs, and
hence, a wake starts to form.

e Although the approaching flow is uniform and steady, after a critical Reynolds num-
ber (Re>45) is reached, the wake field becomes unsteady and vortex shedding starts.

® The oscillating flow field can rattle structures in the cylinder’s wake, as happened
with a cooling tower on the west coast of England.

Appendix 1: Comparison of Poiseuille, Annular, and Slit Flow Phenomena

Course Project Report of Tutorial Category #2

A1.1 Introduction

Poiseuille-type flow is steady laminar fully developed fluid flow caused by a constant pres-
sure gradient or gravity. For internal flows, the conduit is a pipe with circular cross section,
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a narrow slit, or an annulus formed by a cylinder inside a concentric tube. An example of
external Poiseuille-type flow is a moving thin film on an incline. In any case, the stream-
lines are parallel to the walls, and the fluid is Newtonian with viscosity p.

Poiseuille-type flow is one of the few cases in fluid dynamics where exact solutions can
be obtained. Sample applications include airflow in lungs, flow through a drinking straw
or a hypodermic needle, microfluidics and nanofluidics (Kleinstreuer, 2014), and blood
flow in arteries. It has also been used in various studies as a baseline case to validate mea-
surements or simulations.

In this tutorial, the analytical solutions of three kinds of Poiseuille-type flow are derived
and compared. Specifically, tubular flow, slit flow, and annular flow solutions are presented
for velocity profiles, wall shear stresses, volumetric flow rates, hydraulic resistances, and
pressure drops.

A1.2 Poiseuille Flow in a Pipe

A pipe with radius R and length L is considered (see Figure A1.1), where flow is in the fully
developed regime. The Navier—Stokes equation can be conveniently solved in a cylindrical
coordinate system. Let u represent the velocity in the flow direction.

A1.2.1 Assumptions

e Fully developed flow: g—u =0
x

Ju
e Steady-state: — =0
eady-state "

* Flow is steady and unidirectional with parallel streamlines, that is, o =u(r) only

2

¢ Flow is axisymmetric: # =0

With the stated assumptions, the x-component of the Navier-Stokes (N-S) equation
becomes

1op _du 1u

= — All
wox or* ror (ALY)

N u(r) !
- X AW [Py
==

I L I

FIGURE A1.1
Fully developed flow through a tube.
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The left-hand side is a function of x only, and the right-hand side is a function of r only.
Since x and r are independent, the two sides of the equation must equal the same constant:

1df du)_~_10p (A12)
rdr\ dr W ox

Here, the two terms on the right-hand side of Equation Al.l1 have been combined.
Integrating twice, we obtain

u(r)z%errCl Inr+C, (AL3)

The constants C, and C, can be obtained using the following conditions:
u=0atr=R
u<ocoatr=0 (A14)
c-ldr
W dx
Finally, the velocity profile can be obtained as
2 2
u(r)=—de(1—r) (AL5)
4u dx
where

dp__AP
ox L
The normalized velocity profile is shown in Figure A1.2. It is a parabolic profile, where
the maximum velocity appears at the center line of the pipe:

(AL.6)

R* AP
Upax =———— (A1.7)
4u L
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FIGURE A1.2
Velocity and shear stress profiles of Poiseuille flow in a pipe.
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The average velocity is found as

R
J. u(r)2mrdr 2
APR” 1
V=20 -y = suL = Eumax (A1.8)
Hence, the volumetric flow rate is
R 4
Q = u(r)ZTl:rdr = TEAPR = VAcross section (A19)
0 8uL

For a horizontal tube, the pressure drop can be easily obtained to be

ap = SHLQ (A1.10)
TR

It is also of interest to compute the shear-stress distribution of the flow, that is,

duj_r AP _
LLalr 2 L

Equation Al1.11 indicates that shear stress varies linearly with 7 (see Figure A1.2).

C-r (A1.11)

A1.3 Pressure-Driven Flow in a Narrow Slit

Slit flow is three-dimensional due to the existence of the side walls. However, it can be
simplified when the aspect ratio of the cross section is very large, that is, W/d>>1. In this
case, the flow can be treated as two-dimensional, whereby the edge effects are neglected.
The three components of the velocity vector are u, v, and w (Figure Al.3).

A1.3.1 Assumptions

¢ Fully developed flow: g—u =0
x

¢ Steady-state: du_ 0

e Flow is unidirectional and parallel to the wall: v=0, w=0, ¥ =u(y) only
2

* Negligible edge effects: g—u =0
Z

2

With the above assumptions, the x-component of the N-S equation becomes

I L |

_—

Fluid in

FIGURE A1.3
Fully developed flow through a rectangular channel with slit cross section.



Course Projects 339

1dp 9°
ﬁﬁ = ay% (Al12)

Similarly, for the equation to hold, the two sides of the equation must equal the same
constant C. It is easy to obtain that

dp __AP (AL13)
dx L
After integration, Equation A1.6 becomes
AP ,
=—y +Cy+C All4
u(y) ul y 1y +L ( )
Applying the no-slip boundary conditions
u=0aty=d/2
and (A1.15)
u=0aty=-d/2
the velocity profile can then be obtained as
2 2
u(y) =20 (2 (A116)
8uL d

Similarly to Poiseuille flow in tubes, the velocity profile of slit flow is also parabolic. The
maximum velocity appears at the mid-plane where y=0:

APd*

Unmax = (A117)
8uL
The average velocity is found to be
2
_Apd”_2, (AL18)
12uL 3

It should be noted that in contrast to Poiseuille flow in a tube, where V =0.5u,,,,, the aver-
age velocity of slit flow is two-thirds of its maximum velocity due to the different shape of
the flow cross section.

The volumetric flow rate of slit flow can be calculated as

2

Q= [ utwiy -

—d/2

APdPW
12uL (A1.19)

So, the pressure drop across the length L will be

12uLQ

AP = A1.20

d*w ( )
The shear-stress distribution can be obtained as
du| AP

=U—|=— A1.21

i "L y ( )
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Note: With the assumption that W>1 to assure one-dimensional flow, the results given
with Equations A1.19 through A1.21 are reported as Q/W in square meters per second,
that is, volumetric flow rate per unit width.

A1.4 Pressure-Driven Flow in an Annulus

Annular flow features an asymmetric velocity profile. However, analytical solution is still
possible in a cylindrical coordinate system. Again, let u represent the velocity in the flow
direction (Figure Al.4).

A1.4.1 Assumptions

Fully developed flow: g—u =0
x

Ju
Steady-state: — =0
eady-state o

Flow is unidirectional and parallel to the wall: o =u(r) only

2
o . u
Flow is axisymmetric: — =0

06’
Under these assumptions, the x-component of the N-S equation becomes
1dp_~_19( du (A1.22)
W 0z ror| or
where C is a constant. After integration, it becomes
u(r):£1’2+cl Inr+GC, (A1.23)
4uL
The boundary conditions are
u=0atr=R,
and
P, p) lg
I L I
FIGURE A1.4

The two velocity profiles should be clearly asymmetric, that is, the max velocities have to be closer to the inner
(dashed) surfaces.
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u=0atr=R, (A1.24)

Substituting Equation A1.22 into Equation A1.21, we obtain

u(r) = APRE [1 72 (1-R/R3)

B 4ul _Riﬁ_ ln(Rz/Rl) ln(Rz/r)jl (4129

The maximum velocity can be found by differentiating u(r) with respect to r and setting
the value to be zero. The corresponding radial position is found to be

SR 1/2 A12
"=|2n (ko k) (a1.20
and
_APRZ |, (1-RE/RE)(1
T [1‘ In(Ry/Ry) (z““(Rz/fo)ﬂ (A127)

The maximum is closer to the inner radius but approaches the midpoint between cylin-
ders as the clearance R, - R; becomes small. Three normalized velocity profiles with differ-
ent R;/R, ratios are compared in Figure A1.5.

The volumetric flow rate can be obtained as

Q= Ju(r)andr =

Ry

mAPRS |, ( Ry )4 _ M (A1.28)

SI.,LL Rz In (Rz/Rl)

and the average flow rate is simply Equation A1.26 divided by the cross-sectional area:

CRAP|. (R} 1-(Ri/Ry)’
o= B (] x129

The shear-stress distribution can be obtained as

du|_ AP lzr (RE-R¥) 1] (A1.30)

=udr

_E _ln(Rz/R]);

Clearly, it is no longer a linear function of r because of the more complex flow geometry.
In addition, the shear stress at the inner wall is larger than at the outer wall due to the
greater curvature effect of the smaller inner cylinder. As a result, the velocity profile is no
longer symmetric inside the gap; that is, it is skewed toward the inner cylinder. As R,—R,,
the second term in the bracket approaches zero, and the velocity profile approaches a sym-
metric one (see Figure A1.5).

Table A1.1 provides a comparison of the flow characteristics of the three Poiseuille-type
flows.
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FIGURE A1.5
Velocity profiles of annular flow.

A1.5 Friction Factor
The wall shear stress can be computed from the velocity gradient at the wall. For Poiseuille

flow in a tube,

= (A1.31)
dr|,_g
According to its definition, the Darcy friction factor can be expressed as
_ 8t (A1.32)

f pv2
Therefore, the Darcy friction factor can be obtained for all of the flows discussed here.
For Poiseuille flow in a tube,

8 RAP 8 8uV 6d4u 64
_ 8 RAP_ 8 8uV _64u _64 A133
f pV> 2 L pV®> d pVd Re ( )

where Re=Vd/v is the Reynolds number. Similarly, for slit flow, we have

_ a8 _ 96 (A1.34)

f= pVd  Rep,

where D, is the hydraulic diameter, defined as

= 4><are'a (A1.35)
wetted perimeter
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For annular flow, where the two shear stresses at the inner and outer walls are different,
a friction factor can be defined using the head loss (White, 1999):

Dh 2g
=hy——< A1.36
where, for a horizontal annular, the heat loss h=AP/pg. Substituting h, D,, and V into
Equation A1.33, the friction factor for laminar flow in a concentric annulus can be

obtained as

640 (R.-R,)’

f= Rep, | ° R} +R? —(R%—Rf)/ln(Rz/Rl)

(A1.37)

where { is a dimensionless correction factor for the hydraulic diameter.
An interesting observation is that the friction factor of annular flow approaches that of
Poiseuille flow when R,/R, — 0, and it approaches slit flow when R;/R,— 1.

A1.6 Conclusions and Limitations

The three Poiseuille-type flow characteristics are very similar; however, there are some
distinct aspects because of the geometric differences. The normalized velocity and shear-
stress profiles of tubular flow and slit flow are the same. However, the u,,, /V ratio is
different. The friction factor of slit flow is greater than that of tubular flow for the same
Reynolds number, indicating a higher head loss due to the elevated shear stress. Tubular
flow and slit flow can be seen as two limiting cases of annular flow. This is because annu-
lar flow characteristics approach those of tubular flow when R,/R,—0 and approach those
of slit flow when R;/R,—1.

The volumetric flow rates of the three Poiseuille-type flows all scale with the pressure
drop, the reciprocal of viscosity, and the channel length. However, they scale with conduit
radius (or height/width) to the fourth power. Therefore, it is expected that changing chan-
nel size will have a very strong effect on the flow rate, indicating distinct fluid flow behav-
ior in micro- or nanochannels compared with regular-size conduits (Kleinstreuer, 2014).

The derivations assumed that the conduits are horizontal, thus avoiding the gravity
effect on the flow field. If the conduits are inclined, the pressure term should be aug-
mented to p+pgz sin 0 to reflect the effect of gravity. Its derivative being a constant, this
will not alter the velocity profile of the flow.

The derivation of these solutions is limited to flow in the laminar regime. As the Reynolds
number of the flow increases, instabilities will arise due to wall-roughness effects, and
transition to turbulent flow will occur. The velocity profile will be blunted in this case, and
the friction factor will be significantly larger than the one for laminar flow.

Critique: This project in Category #2 is a nice analytical tutorial, which highlights the
fundamentals and mentions some applications of Poiseuille-type flows. Thin-film flow
analysis and the equations for the hydraulic resistances, Ry, 4, =Ap/Q, are missing as well
as a discussion of the limitations when applying Poiseuille-type flow results to computer
model validations and real-world internal flow scenarios. An abstract summarizing the
essentials of the project should have been included.

Nevertheless, this report may serve as a guide to tackle some of the other tutorial course
projects.
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Appendix 2: A Circular Cylinder in Laminar Cross Flow

Course Project Report of Tutorial Category # 10

A2.1 Introduction

Flow past a circular cylinder is a classic problem in fluid dynamics, which has prac-
tical applications: wind blowing past the columns of a suspension bridge, construc-
tion cables and electric wires exposed to the wind, tall structures such as chimneys
obstructing the wind, and so on. The type of flow past a cylinder is governed by
the Reynolds number, which is the ratio of the inertia force and the viscous force
(Re = Fertia / Foiscous =UwXD/ v). Experimental studies show that as the Reynolds number
increases, the flow shows a series of different flow structures, even when the approach-
ing flow is steady and uniform. The flow Reynolds number determines whether the flow
is steady or unsteady. At Re~ 45, the flow becomes unsteady, and a unique phenomenon
called vortex shedding is observed. Vortex shedding has been a topic of interest to physi-
cists and engineers studying fluid flow phenomena. The unsteady wake that is formed
has been the cause of catastrophic structural failures in the past. Vortex-induced vibra-
tion problems are often encountered while designing bridges, cooling towers, oil rigs,
and so on. Considering the impact vortex shedding can have, it is imperative to take this
into account while designing structures.

Table A2.1 shows the flow structures at different Reynolds numbers. For Re<1, the
viscous forces are more dominant than the inertia forces. This type of flow is called
creeping flow. The pressure distribution is symmetric about the horizontal axis. Also,
the streamlines are symmetric about the vertical and horizontal axes. As the Reynolds
number increases, the effect of the viscous forces diminishes. At Re~ 1, the inertia forces
are as important as the viscous forces. At Rex 10, the flow separates at the cylinder sur-
face, generating a pair of standing vortices behind the cylinder. With increasing Re, the
length of the recirculation region increases linearly until the wake becomes unstable at
Re ~ 45, resulting in the onset of the Von Karmén vortex street by Hopf bifurcation [See
Carlsson, n.d.].

In this tutorial, laminar cross flow over a circular cylinder has been simulated in
the open-source computational fluid dynamics (CFD) software OpenFOAM to visualize
the different flow characteristics at different Reynolds numbers in the laminar regime.
With complex phenomena such as boundary-layer separation and oscillatory effects
dominant in this regime beyond a certain Reynolds number, it is difficult to find an
analytical solution. In such circumstances, CFD simulation becomes an effective means
of simulating and understanding the nature of such complex phenomena. This tuto-
rial deals with two different Re values (Re=20 and 200). The aim is to plot the velocity
contours, the streamlines, and the lift and drag coefficients with respect to time and
calculate the Strouhal number corresponding to the vortex shedding frequency. The
Strouhal number (5St) is a non-dimensional number that gives the frequency of vortices
that are shed downstream in the wake, and it is non-dimensionalized by the diameter
(D) and the free-stream velocity (U,,). Also, a comparison of the evolution of stream-
lines over time is shown for Re=20 and Re=200. The post-processing has been done
using ParaView and Tecplot 360.
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TABLE A2.1

Flow Patterns at Different Reynolds Numbers

_/\ No separation Re<1
/\ A pair of standing vortices are 5<Re<45
) formed in the wake

Laminar vortex shedding 45<Re<200

Transition to turbulence in the wake 200 < Re <300

_//\w Wake is fully turbulent 300<Re<3x10°
ﬂ\ 5 Turbulent vortex shedding Re>3x10°

A2.2 Mathematical Model
A2.2.1 System Sketch

20D

2t 10D t 30D 13

FIGURE A2.1
System sketch.
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A cylinder of diameter unity is considered for this tutorial. The selection of the com-
putational domain is an important part of any numerical simulation. This arbitrarily
selected domain is only an approximation of the actual physical space around the cyl-
inder. Most of the boundary conditions used in simulations can be accurately applied
only if they are sufficiently removed from the region where the flow physics is being
studied. The purpose behind keeping the domain large is that the inflow and outflow
boundary conditions should not adversely affect the accuracy of the simulation. On the
other hand, maintaining a very large domain size increases the computational cost of
the simulation. Keeping this in mind, an upstream length of 10 times the diameter of the
cylinder (10D) and a downstream length of 30 times the diameter of the cylinder (30D)
have been maintained. A uniform velocity boundary condition is applied at the inlet.
The upstream length of 10D has been selected to ensure that the velocity profile becomes
fully developed by the time the flow reaches the cylinder. A downstream length of 30D
has been selected to ensure that the flow field immediately after the cylinder is not influ-
enced by the outflow boundary condition. If this is not the case, then the calculated lift
and drag coefficients and the Strouhal number will have inordinately high values. The
width of the flow domain is maintained at 20 times the cylinder diameter (20D) to elimi-
nate the effect of the side boundaries on the flow field near the region of interest, which
is the cylinder (Figure A2.1).

A2.2.2 Assumptions and Postulates

Laminar 2-D flow of a Newtonian fluid:

5=5(x;y;t)

p=p(x;y;t)

Notes:
. 0
1. Transient | — #0
ot

2. Incompressible (p = <z)
3. Negligible effect of gravity

A2.2.3 Boundary Conditions

A uniform velocity Uco enters the domain at the inlet (1-2) at x=10D. The outlet of the
domain is defined by the face 3-4. The flow exit is treated as a pressure outlet. The walls of
the domain are defined by the boundaries 1-4 and 2-3. The velocity at the cylinder wall is
zero to satisfy the no-slip condition (Table A2.2).

A2.2.4 Describing Equations

Based on the assumptions and postulates, the continuity and momentum equations for an
incompressible, laminar, fully developed flow can be reduced as follows.
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TABLE A2.2

Boundary Conditions

Boundary Boundary Condition
Inlet u(=10D, y)= Uoco
Side Walls u(x, 10D)=u(x, —10D) =0v(x, 10D) =v(x, —~10D) =0
Cylinder Wall u=v=0
Outlet P
ox

x=30D

A2.2.4.1 The Continuity Equation

V-0=0 (A2.1)
A2.2.4.2 The Momentum Equation
9 5vo=—-Lyprtvg (A2.2)
ot p p

A2.3 Case Setup: Cylinder in Cross Flow
A2.3.1 Mesh

Generating a good mesh is perhaps the most important and time-consuming part of set-
ting up the simulation. If the mesh is not fine enough, the solution may not be accurate,
and if the mesh is too fine, then it becomes computationally expensive, and it will take a
long time for the solution to converge. The mesh can be generated in OpenFOAM itself by
specifying the geometry and mesh parameters in the blockMeshDict file in the polyMesh
folder. For this tutorial, the mesh has been generated in ANSYS ICEM. Care should be
taken to ensure that the elements in the boundary layer must be fine and must gradually
increase in size as we move away from the boundary layer. This helps capture the features
in the boundary layer. This has been achieved using the O—Grid feature in ANSYS ICEM
(Figure A2.2).

FIGURE A2.2
O-Grid.
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Since this mesh has been created in ANSYS ICEM, it needs to be converted into
OpenFOAM format. This is done by the command fluentMeshToFoam “name-of-mesh”.
msh. For example, if the mesh file is saved as cylinder.msh, the command will be fluent-
MeshToFoam cylinder.msh.

A2.3.2 Mesh-Independence Test

A mesh-independence test has been performed to analyze the effect of mesh refinement
on the accuracy of the solution. Representative results for three meshes are presented in
Table A2.3 for Re=200. The solution is considered to have converged when the residuals
resulting from solving the mass and momentum equations fall below 10-°.

From Table A2.3, it can be seen that as the number of hexahedral elements is increased
from 118,312 to 224,134, there is no appreciable change in the values of the lift and drag
coefficients or the Strouhal number. So, to reduce the computational cost without com-
promising the accuracy of the result, Mesh 2 with 118312 hexahedral elements has been
chosen for all computer simulations.

A2.3.3 Boundary Conditions

The boundary conditions are set in the “0” folder. For the sake of simplicity, the kine-
matic viscosity (v) in the transportProperties has been set as 0.01. The diameter of the
cylinder is 1 m. So for a Reynolds number of 200, the velocity has been set as 2 m/s. The
boundary conditions for pressure have been set in the p file in the “0” folder. Note that
the pressure in OpenFOAM is the kinematic pressure (p / p) and has units of meters
squared per second squared. The dimensions of a physical quantity in OpenFOAM are
specified in square brackets. Each element inside the square brackets corresponds to
the exponent of a fundamental unit: mass, length, time, temperature, quantity, current,
luminous intensity (Table A2.4).

TABLE A2.3
Meshes used in Mesh-Independence Study
Mesh No. Cell Size Clims Clavg Str
1 88,087 0.3959 1.2626 0.2046
2 118,312 0.4549 1.3499 0.2050
3 220,484 0.4578 1.3516 0.2052

TABLE A2.4

Fundamental Units in OpenFOAM

No. Property SI Unit

1 Mass Kilogram (kg)

2 Length Meter (m)

3 Time Second (s)

4 Temperature Kelvin (K)

5 Quantity Kilogram-mole (kgmol)

6 Current Ampere (A)

7 Luminous intensity Candela (cd)
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A2.3.3 Control Dictionary

The control dictionary contains parameters such as the type of solver, start time, end time,
time steps, and so on. In our case, since the lift and drag forces have to be calculated, a
separate function block has been defined at the end. The forces function computes the
forces and moments acting on the patch CYLINDER, while the forceCoeffs function calcu-
lates the lift, drag, and pitching moment coefficients. The solver used is icoFoam, which is
a transient solver for incompressible laminar flow of Newtonian fluids. It makes use of the PISO
algorithm, which couples the pressure and momentum equations to resolve the flow field.

A2.3.4 Numerical Schemes

The N-S equations are converted from PDEs to algebraic form using the different discreti-
zation schemes. These should be chosen properly to suit the case that is being solved. For
example, first-order schemes are too diffusive and underpredict the forces and gradients,
but at the same time, the solution converges faster using a first-order scheme.

A2.3.4.1 Time Schemes

A number of temporal discretization schemes are available in OpenFOAM. When specify-
ing time schemes, care must be taken to ensure that an appropriate discretization scheme
is used. To specify first time derivative terms, the keyword ddtSchemes is used. The com-
monly used discretization schemes are Euler, which is a first-order bounded implicit
scheme, and crankNicholson y, which is a second-order bounded implicit scheme. Other
schemes are also available.

A2.3.4.2 Laplacian Schemes

Laplacian terms are computed using Gauss integration over the cell. To do this, the gra-
dient values must be calculated first, which is done via interpolation schemes using cell
and face center data. It requires the selection of both an interpolation scheme and a sur-
face normal gradient scheme. The keyword laplacianSchemes is used to specify Laplacian
schemes. Some of the commonly used interpolation schemes are linear, upwind, linearUp-
wind, and limited Linear.

A2.3.4.3 Gradient Schemes

Gradient terms are calculated using the Gauss integration or least squares method. Other
methods are also available although not commonly used. The Gauss integration method
requires an interpolation scheme. Gradient limiters can be used to handle fluctuations in
the solution flow field. The keyword gradSchemes is used to specify gradient schemes.

A2.3.4.4 Divergence Schemes

The easiest method for calculating divergence is the central difference method, which
makes use of the Gauss Linear interpolation schemes. These are specified by using the
keyword divSchemes.

A2.3.5 Solution and Algorithm Control

The specifications of the linear solution solver, tolerances, and other algorithm controls
are specified in the fvSolution file. The solvers in OpenFOAM can distinguish between
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symmetric and asymmetric matrices. The symmetry depends on the structure of the equa-
tion being.

A2.4 Post-Processing: Results and Discussion

In this section, the velocity contours and streamlines at different time intervals are shown
for Re=200. Initially, two standing vortices are formed behind the cylinder, eventually
leading to the onset of oscillatory effects, resulting in the phenomenon called Von Karman
vortex street. The periodic shedding of vortices into the wake produces an oscillating lift
and drag force on the cylinder. The variation in C; and C; with respect to time is plotted,
and the non-dimensional Strouhal number is calculated.

A2.4.1 Comparison between Re=20 and Re=200

In this section, a comparison is made between the evolution of streamlines at Re=20 and
Re=200 with time. As shown in Table A2.1, for Re=20, the two standing vortices do not
detach from the cylinder wall, and hence, vortex shedding does not occur. At Re=200,
however, the two standing vortices elongate with time and eventually break away from
the cylinder wall and start shedding alternately into the wake downstream of the cylinder
(Figure A2.3).

A2.4.2 Velocity Contours

The evolution of the velocity field over time is shown for Re=200.

A2.4.3 Streamlines

The evolution of streamlines over time for Re =200 is shown in Figures A2.4 through A2.18.

These figures depict the temporal evolution of the velocity contours and streamlines at
Re=200. At t~0.1 s, the boundary layer remains attached to the cylinder. Since there is no
separation, there is no wake formed downstream of the cylinder. Figure A2.11 shows a
pair of symmetric standing vortices formed near the cylinder wall. These vortices elongate
with time, as shown in Figures A2.12 through A2.14, exhibiting an irregular growth. With
the passage of time, the detachment of vortices from the cylinder wall takes place, and the
vortex due to flow over the upper part of the cylinder sheds and starts traveling down-
stream into the wake. In the next instant, the lower vortex breaks away from the cylinder
wall and starts traveling downstream into the wake. This oscillatory motion continues as
the flow proceeds over the cylinder, as shown in Figures A2.9 through A2.18.

A2.4.4 Plot of Lift and Drag Coefficients

The periodic shedding of vortices into the wake results in an oscillating lift and drag force
on the cylinder, which is an indication of the onset of the Von Ka’ rma’” n vortex street. As
the flow proceeds over the cylinder, the vortex shedding causes the drag and lift coeffi-
cients to oscillate about a mean value, as shown in Figures A2.19 and A2.20.

A2.4.4.1 Plots of Cl and Cd with time
The coefficients of lift and drag are calculated using the following formulae:
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t=0.1s

FIGURE A2.3
Evolution of streamlines at Re =20 and Re=200.
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FIGURE A2.4
Velocity field at t~0.1s.

FIGURE A2.5
Velocity field at t~5 s.

FIGURE A2.6
Velocity field at t~ 10 s.
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FIGURE A2.7
Velocity field at t~20 s.

FIGURE A2.8
Velocity field at t~21s

FIGURE A2.9
Streamlines at f~0.1 s.

=] =

FIGURE A2.10
Streamlines at f~0.5 s.



Course Projects

FIGURE A2.11

Streamlines att~1s.

FIGURE A2.12

Streamlines at t~3s.

FIGURE A2.13

Streamlines at t~4 s.

FIGURE A2.14

Streamlines at t~5s.

FIGURE A2.15

Streamlines at t~9 s.

355
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FIGURE A2.16
Streamlines at f~ 10 s.

FIGURE A2.17
Streamlines at t~21 s.

FIGURE A2.18
Streamlines at t~22 s.
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FIGURE A2.19
Plot of C, over time.
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FIGURE A2.20
Plot of C, over time.
E
Ci=7 ! (A2.3)
ZpAUL?
2
E
cd=17d (A2.4)
ZpAUL?
2

OpenFOAM calculates F; and F, acting on the cylinder by integrating the pressure and
shear forces acting on it. This is specified in the function block in the controlDict file. The
lift force acts perpendicular to the direction of the relative motion of the fluid; in this case,
in the vertical direction. The drag force, on the other hand, is the resistive force acting on
a body moving through a fluid. The drag force is generated parallel and opposite to the
direction of motion of the body through the fluid. These directions are specified in the
function block in the controlDict file.

A Fast Fourier Transform (FFT) of the plot of C; versus time can be used to ascertain the
dominant frequency of vortex shedding.

Using this frequency, the non-dimensional Strouhal number (Str) can be calculated. The
Strouhal number is defined as

Str= i (A2.5a)
U.

Experiments have shown that the Strouhal number for large Reynolds numbers is
approximately equal to 0.2 (Str=0.2). From Figure A2.21, it can be seen that the dominant
frequency is 0.41 Hz. The corresponding Strouhal number is

Str

= 0'4;(1 =0.205 (A2.5b)



358 Modern Fluid Dynamics, Second Edition

0.6 press

T D S o= g (e | A A== 1
' | ' | ' | | ' |
| | | | | ' | | |
i i i | i i | i |
| S U TN NN N S
05 F----- T S oo i g i oo e G e i omim o o i i l
i i | i i i i i i
i R R R T N T
0.4 F----- + - S S o s O (DU "
' | | 1 | ' 1 ' |
| | | | | | | ' |
i ' [} ) [} [} [l [} ] [l
=] [l | | | | | ' | |
E : N N
2 03p----- 4 R ma o e e Sttt L
g i i | | i i | i i
< | | | | | | ' | |
| | | i i i | i |
R s e e R s s S
' | | | | | | | |
| | | | | ' | | |
| | | | | | | | |
| | i i | i | i |
01 p=--- t e Bamas s et i o
| | ' | ' | | | |
! ] ) ' 1 1 | 1
' | ' | ' ' | ' |
D ] ) | ] | ] 1 1
0 . A S W I . S
0.00 0.20 . . 0.80 1.00 120 140 1.60 1.80 200 2.20
Frequency (Hz)

FIGURE A2.21
Fast Fourier Transform of C,.

In Table A2.5, the C,, C,, and Str corresponding to Re=100, 200 and 300 have been com-
puted. The simulations for the same have been performed in OpenFOAM, which matches
the values found in literature (see Majumdar et al., 2009; Davidson et al., 2013).

Table A2.6 lists the necessary computer resources, that is, the storage and typical run
times for the simulations at different Reynolds numbers.

From Table A2.6, it can be seen that the computational time and storage for Re=300 are
very large when compared with Re=200, and the same can be observed when comparing
requirements for Re=200 and Re=100. This is because with higher Reynolds numbers, the
velocity increases, and so does the non-dimensional Courant number (Co). The Courant
number is defined as

TABLE A2.5
Lift and Drag Coefficients and Strouhal Number at Different Reynolds Numbers
Clrms Cdavg St
Literature Literature Literature
(Majumdar (Majumdar (Majumdar
Re OpenFOAM et al., 2009) OpenFOAM et al., 2009) OpenFOAM et al., 2009)
100 0.1821 0.1792 1.3484 1.3353 0.1662 0.1569
200 0.4549 0.4244 1.3499 1.3365 0.2050 0.1957
300 0.6337 0.6041 1.3981 1.3667 0.2214 0.2150
TABLE A2.6
Typical Computer Resources Required to Run the Simulations
Re CPU Time (s) CPU Storage (GB)
100 2,691 12.5
200 8,880 13.7

300 17,250 25.1
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Co (A2.6)
where:

U is the mean or local velocity

8t is the time step

dx  is the distance traveled

The Courant number indicates how the fluid is moving in the domain through the com-
putational cells. If Co <1, the fluid elements move from one cell to another within one time
step. If Co>1, the fluid particles move through more than one cell during each time step,
and this may negatively impact the convergence of the solution. It is therefore advisable
to maintain a Courant number less than one. Since the mesh is fixed, and the velocity has
to be increased to increase the Reynolds number, the only way to keep a check on the
Courant number is to reduce the time step (5t). Thus, for the same end time, more data is
written by the solver, which increases the central processing unit (CPU) time and storage.

Critique: Project #10 provides a lot of physical insight into the fluid-flow structures at
different laminar Re#s behind a cylinder in cross flow. Still, a brief discussion of laminar
boundary-layer development as well as locations of flow separation at critical laminar ver-
sus turbulent Re#s would have been nice. Using open-source library functions, this report
may help students to master OpenFOAM (see Appendix AL74) and extend the analysis to
convection heat transfer, turbulent flow, and/or flow past other submerged objects.

Appendix 3: Enhancement of microfluidic mixing through
optimization of microchannel geometry and inlet flow conditions

Course Project of Category # 11

This report deals with the fluid-particle dynamics simulations as well as design sug-
gestions for “improved mixing of nanofluids in microchannels forming a Y-junction.”
Again using OpenFOAM (see Appendix Al.74), the merging of two different nanoparticle
streams in wavy wall-shaped microchannels under oscillatory flow conditions is simu-
lated and discussed. Specifically, inlet conditions and the basic microchannel geometry
are changed with the goal of improving nanoparticle mixing, which is especially impor-
tant in chemical and biomedical engineering.

Nomenclature
ot Time step
dx Cell size
Cy Coefficient of drag
C Coefficient of lift

Cdavg Average value of drag coefficient
Cims  Root mean square (RMS) value of lift coefficient

Co Courant number
Uoco Free-stream velocity (m/s)
v Kinematic viscosity

Diameter (m)



360 Modern Fluid Dynamics, Second Edition

p Density (kg/m3)

f Frequency of vortex shedding
FFT Fast Fourier Transform

p Pressure (m?/s?)

Re Reynolds number

Str Strouhal number

U Velocity (m/s)

A3.1 Introduction

The efficient mixing of two or more species is of particular importance in the areas of chem-
ical engineering and biomedical processing. Microfluidic devices are used for this purpose.
As the characteristic dimensions of these flow channels are in the microscale, the Reynolds
number is typically of O(0.1) . In such laminar Re# regimes, the mixing process is largely
governed by molecular diffusion, which is an inherently slow process. Consequently, many
strategies have been devised to ensure effective mixing. The mixing efficiency is character-
ized in terms of the degree of mixing (Cheaib et al., 2016; Glasgow and Aubry, 2003). One
of the common ways of achieving this is by increasing the contact area between the two
species to be mixed. Many active and passive mixing methods are employed to achieve
this. Typically, active mixing methods leverage the ability of external forces to accelerate the
molecular diffusion process. For example, ultrasound transducers are integrated into the
microfluidic device to generate acoustic waves to enhance mixing between the two incom-
ing fluids or solutions. However, it has been shown that these acoustic vibrations can be
a source of heat generation, resulting in undesirable reaction between the incoming fluid
streams. Also, from a manufacturing standpoint, it becomes difficult to embed these tiny
auxiliary devices into a micromixer. In passive mixing, however, the geometry of the micro-
channel itself is modified to create flow patterns that aid in rapid mixing. Passive micromix-
ers do not require external energy, and the mixing process depends entirely on the chaotic
advection process triggered by flow instabilities, which can be created by geometry modi-
fications. This helps to distort or elongate the interface between the streams to be mixed.

In this Design Project #11, the effects of geometry modification and inlet flow variation
are studied. Specifically, the following system parameters are computed:

1. The temporal average of the degree of mixing after the pulsating flow reaches a
quasi-steady-state

2. The mixing length, which is the location down the outlet channel at which a
desired level of mixing is obtained

Based on these goals, the microchannel geometry and inlet flow conditions that yield the
highest average degree of mixing with the smallest mixing length are selected. Specifically,
the average degree of mixing is explored, as it depends on geometric and inlet flow parame-
ters such as the angle between the two inlet streams, the amplitude and frequency of pulsa-
tions, and the phase difference between the two inlet streams. The frequency is represented
in terms of the Strouhal number. First, the geometry is optimized before the inlet flow
parameters are varied. The report considers different phase shifts of the wavy walls of the
microchannels. Once the phase shift that yields the highest degree of mixing is selected, the
angle between the two inlet streams is increased for three different values of a. It is shown
that as a increases, the average degree of mixing also increases. Extending this analysis, it
can be argued that purely from a mixing standpoint, a Tjunction, which is a special case
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of a Yjunction with a=90° would yield the highest average degree of mixing. However, in
most of the applications where such microchannels are used, space constraints necessitate
the need for a compact geometry that does not occupy a lot of space. For this reason, the
included angle between the two inlet channels is increased only up to 60°.

Once the microchannel geometry that yields the highest degree of mixing is selected, the
inlet flow parameters are varied. The degree of mixing, which is undergoing spatial varia-
tions in the exit channel as well as temporal fluctuations over one pulsation cycle, is shown
to be most sensitive to the amplitude and frequency of pulsation. For a fixed amplitude, the
average degree of mixing increases with higher Strouhal (St) numbers. It reaches a peak at
a particular St-value and then decreases with further St-increases. Finally, a microchannel
with both optimized geometry and inlet flow conditions is proposed, which takes advan-
tage of the flow instabilities created by the modified geometry and pulsating flow to yield
the highest degree of mixing within the constraints mentioned earlier.

The geometry modifications are done in two distinct parts. First, the phase shift between
the wavy walls of the Y-channel is varied for three different shift values (0°, 90° and 180°).
Once the shift that yields the highest degree of mixing has been determined, the bifurca-
tion angle between the input streams is varied (30° 45° and 60°). After the geometry is
optimized, the impact of changing the inlet flow conditions using time pulsing is explored.
The pulsating flow is achieved by imposing a velocity of the form V +8V sin(wt+¢) , where
V, 8V, w, and ¢ are the average velocity, pulse amplitude, pulse frequency, and phase shift,
respectively. For inlet flow modification, pulsations with different phase shifts (30°, 45°,
and 60°) and different phase amplitudes (0.5, 1, 1.2 mm) have been considered.

This report is organized in three distinct parts, as follows. First, the geometry of the
Y-shaped microchannel is described, and the criteria for effective mixing are outlined.
Then, the governing equations are presented along with the modified material properties
due to the addition of nanoparticles. Finally, the computational aspects of the simulation
are discussed, followed by a presentation of the results.

The average degree of mixing, as formulated by Glasgow and Aubry (2003), is expressed as

L(g—gmx)zv.ﬁm

J. glgnaxv : 7,/\1 dA
A

{=1- (A32.1)

A  is the channel cross section
1 is the unit vector normal to dA
v is the velocity vector
& is the mass fraction
Emax 1S the mass fraction when perfect mixing occurs (€., =0.5). {=1 denotes complete
mixing, and {=0 indicates no mixing

A3.2 Mathematical model
A3.2.1 System sketch

The bifurcating microchannel geometry is schematically represented in Figure A3.1, where
the length of the outlet channel is L=175 pm, and H=100 pm is the width of the channel.
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FIGURE A3.1
Schematic diagram of physical model.

The angle between the two inlet streams is varied (¢ =30° 45° and 60°) to determine the
angle that yields optimum mixing while maintaining the Y-configuration.
A3.2.2 Assumptions

1. Laminar flow with constant fluid properties

2. Transient flow (aat * O)

3. Incompressible flow (p=C)
4. Negligible end effects

A3.2.3 Postulates

1. Vp:[gZ;O;O]

2. 5=[vx;vy;0]

A3.2.4 Governing Equations

To non-dimensionalize the system of N-S equations, the following non- dimensional vari-
ables are used:

V= v I £ ,p*zlp ,andC*:£

vk =
/L " 1/f Lov: C,

_v
VI
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The continuity, momentum, and species-mass transfer equations are given below. For
each case, the standard form of the equation is first presented, followed by the non-dimen-
sional form.

A3.2.4.1 Continuity Equation

For incompressible flow, the mass conservation equation in divergence free form is given as

V-v=0 (A3.34.0)
Vv =0 (A3.34.2)
A3.2.4.2 Momentum Equation
N - 1 2
— +0VU=—=Vp+0,VD (A3.34.3)
ot p
N e 1 s
St—+0 . Vp +—V™ +f, A3.3.44
ot VP Re U+ footy ( )

A3.2.4.3 Species-Mass Transfer Equation

aa—f +9-VC = DeffV°C (A33.45)
st% Ly ve s v (A3.3.4.6)
ot PeD

A3.3 Case-Study Setup

The CFD simulations presented in this report have been carried out using the open-source
CFD software OpenFOAM® (see Appendix Al74). The results are obtained after the sim-
ulation has reached a quasi-steady-state, when the solution no longer varies with time.
This means that the simulations must run for a sufficiently long time, and appropriately
sized time step sizes must be chosen.

A3.3.1 Mesh

Generating a good mesh is perhaps the most important and time-consuming part of set-
ting up the simulation. If the mesh is not fine enough, the solution may not be accurate,
and if the mesh is too fine, then it becomes computationally expensive, and it will take a
long time for the solution to converge. The mesh can be generated in OpenFOAM itself by
specifying the geometry and mesh parameters in the blockMeshDict file in the polyMesh
folder. For this tutorial, the mesh has been generated in ANSYS ICEM. Care should be
taken to ensure that the elements near the wall must be fine and must gradually increase
in size as we move away from the wall. This helps to capture the large velocity gradients
near the wall (Figure A3.2).
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FIGURE A3.2
Grid layout for a=60° and phase shift of 90°.

Since this mesh has been created in ANSYS ICEM, it needs to be converted into
OpenFOAM format. This is done by using the command fluentMeshToFoam “name-of-
mesh”.msh. For example, if the mesh file is saved as Ychannel.msh, the command will be
fluentMeshToFoam Ychannel.msh.

The impact of mesh size on the simulation results was also considered. To neglect end
effects, the outlet channel length up to 160 pm has been considered in the results (Section
A34).

Figure A3.3 shows the variation of the average degree of mixing along the outlet channel
for different mesh sizes. It can be seen that a coarse grid overpredicts the degree of mix-
ing, especially at the start of the outlet channel. The coarsest grid, which corresponds to
N=1036 elements, yields an error of 35.6% when compared with a refined grid comprising
20,711 hexahedral elements. A mesh-independence test has been performed to analyze the
effect of mesh refinement on the accuracy of the solution. Representative results for three
meshes are presented in Table A3.1 for an included angle of 30° between the two inlet
streams and a phase shift of 90°. The solution is considered to have converged when the
residuals resulting from solving the mass and momentum equations fall below 104

From Table A3.], it can be seen that as the number of hexahedral elements is increased
from 6248 to 20,711, there is no appreciable change in the value of {. So, to reduce the com-
putational cost without compromising the accuracy of the result, Mesh 3 with 6248 hexa-
hedral elements has been chosen for all computer simulations.

A3.3.2 Material Properties

This report describes the mixing between two different nanofluids. A single-phase
approach is considered. In this approach, the suspended nanometer-sized particles are
in thermal equilibrium with the bulk liquid phase. The relative velocity between the two
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FIGURE A3.3
Impact on mesh size on the average degree of mixing.

phases is negligible. This is because the nanoparticles are so small that they closely follow
the fluid streamlines, making the nanofluid behave like a homogeneous mixture.

The mixture properties in the case of nanofluids are a function of the particle volume
fraction. If the particles are assumed to be spherical and mono-disperse and to form a
homogeneous dilute suspension in the base fluid, the modified density and viscosity of the
nanofluid can be expressed as follows:

Per = 0P, +(1-0)pbf (A34.2.1)
and
B~ (1-9)*° (A34.2.2)
My

Equation A3.4.2.1 was developed by Brinkman (1952) to account for moderate particle
concentrations up to 4%.

For these simulations, two different nanofluids were introduced through the two inlets.
An ALO;-water nanofluid with an Al,O; volume fraction of 4% was introduced through
the top inlet, and an AlL,O;—water nanofluid with an AlL,O; volume fraction of 2% was
injected through the bottom inlet. Table A3.2 gives the nanofluid properties in SI units.

TABLE A3.1
Meshes used in the Mesh Independence Study

No. Cell Size C at

1 1,036 42.8071
2 3,022 42.3142
3 6,248 42.0384
4 20,711 41.9370
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TABLE A3.2
Material Properties of Nanofluids

Density (p.g) Viscosity (p.¢)
Inlet 1 1117.28 9.3x10+
Inlet 2 1057.64 9.8x10

A3.3.3 Boundary Conditions

The boundary conditions are set in the “0” folder. The boundary conditions for pressure
have been set in the p file in the “0” folder. Note that the pressure in OpenFOAM is the
kinematic pressure p/p and has the units of meters squared per seconds squared. The
dimensions of a physical quantity in OpenFOAM are specified in square brackets. Each
element inside the square brackets corresponds to the exponent of a fundamental unit:
mass, length, time, temperature, quantity, current, and luminous intensity (Table A3.3).

The simulations are divided into two broad categories. In the first part, geometry opti-
mization is the end goal. In these simulations, a uniform, constant velocity is assigned to
each of the two inlets. A zero—pressure gradient boundary condition is applied at the exit
of the outlet channel. A no-slip boundary condition is applied at the walls (Table A3.4).

The second part of the simulations involves inlet flow modifications. Instead of a uni-
form velocity, pulsating velocity profiles of the form V+&Vsin(wt) V +38Vsin(wt +¢) are
applied at the two velocity inlets. The ¢ denotes the phase shift between the two profiles.
The exit is set as a pressure outlet (Table A3.5).

TABLE A3.3

Fundamental Units in OpenFOAM

No. Property SI Unit

1 Mass kilogram (kg)

2 Length meter (m)

3 Time second (s)

4 Temperature Kelvin (K)

5 Quantity kilogram-mole (kgmol)
6 Current Ampere (A)

7 Luminous intensity candela (cd)
TABLE A3.4

Boundary Conditions for Geometry Modification
Boundary Boundary Condition

Inlet 1 V-n=U,

Inlet 2 Y-i=U,

Wall v=0

Outlet @ =0
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TABLE A3.5
Boundary Conditions for Inlet Flow Modification
Boundary Boundary Condition
Inlet 1 V +8Vsin(wt)
Inlet 2 V +8Vsin(wt + )
Wall v=0
Outlet P =0
ox

A3.3.4 Numerical Schemes

The N-S equations are converted from PDEs to algebraic form using the different discreti-
zation schemes. These should be chosen properly to suit the case that is being solved. For
example, first-order schemes are too diffusive and underpredict the forces and gradients,
but at the same time, the solution converges faster using a first-order scheme.

A3.3.4.1 Time Schemes

A number of temporal discretization schemes are available in OpenFOAM. When specify-
ing time schemes, care must be taken to ensure that an appropriate discretization scheme
is used. To specify time derivative terms, the keyword ddtSchemes is used. The commonly
used discretization schemes are Euler, which is a first-order bounded implicit scheme, and
crankNicholson (y), which is a second-order bounded implicit scheme. Other schemes are
also available.

A3.3.4.2 Laplacian Schemes

Laplacian terms are computed using Gauss integration over the cell. To do this, the gra-
dient values must be calculated first, which is done via interpolation schemes using cell
and face center data. It requires a selection of both an interpolation scheme and a sur-
face normal gradient scheme. The keyword laplacianSchemes is used to specify Laplacian
schemes. Some of the commonly used interpolation schemes are linear, upwind, linearUp-
wind, and limitedLinear.

A3.3.4.3 Gradient Schemes

Gradient terms are calculated using the Gauss integration or least squares method. Other
methods are also available although not commonly used. The Gauss integration method
requires an interpolation scheme. Gradient limiters can be used to handle fluctuations in
the solution flow field. The keyword gradSchemes is used to specify gradient schemes.

A3.3.4.4 Divergence Schemes

The easiest method for calculating divergence is the central difference method, which
makes use of the Gauss Linear interpolation schemes. These are specified by using the
keyword divSchemes.

A3.3.5 Solution and Algorithm Control

The specifications of the linear solution solver, tolerances, and other algorithm controls
are specified in the fvSolution file. The solvers in OpenFOAM can distinguish between
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symmetric and asymmetric matrices. The symmetry depends on the structure of the equa-
tion being solved.

A3.3.6 Quasi-Stationary State

The results presented in this report are all recorded when the simulation results no longer
vary between subsequent cycles.

In Figure A34, the average degree of mixing, shown by the solid black line, is plotted
along the length of the outlet channel. The dotted lines represent {+oc, and {+o,, where
o, is the standard deviation of the temporal fluctuations over a cycle at quasi-stationary
state for each location. It can be seen that the average degree of mixing increases down the
channel due to mass diffusion across the interface between the two inlet streams, while the
temporal fluctuations decrease. This can be attributed to the fact that these fluctuations are
damped due to viscous effects, which become more pronounced toward the channel outlet.

A3.4 Results and Discussion

For low Re# flows through microchannels, the mixing length can be prohibitively long (1
cm). To reduce the mixing length, there must exist some transverse components that distort
the volume of fluid over the channel cross section. The presence of secondary flow struc-
tures triggered by geometry modifications will help reduce the length over which diffusion
must act to homogenize the unmixed regions in the outlet channel. These chaotic fluctua-
tions in the flow serve to stretch and fold the fluid, thus reducing the overall mixing length.

A3.4.1 Comparison between Diffusion and Dispersion

Figure A3.5 shows the variation of the average degree of mixing along the length of the
outlet channel with and without geometry modifications. In this case, a wall phase shift of
0° is considered for the modified geometry. It can be seen that the peak average of mixing
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FIGURE A3.4
Variation of average degree of mixing and standard deviation along the length of the outlet channel.
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FIGURE A3.5
Schematic diagram of simple geometry.

in this case is smaller than for the modified geometry with wavy walls. This can be attrib-
uted to the additional flow structures generated in the flow by the wavy nature of the
walls of the two inlet streams. The undulating walls present an anisotropic resistance to
the flow. There is less resistance to flow in the direction parallel to the crests and troughs
of the walls (along y’) than the orthogonal direction (along x’). Here, X’ and y’ represent the
local coordinate axes as shown in Figure A3.6. This generates an axial pressure gradient
along y’, which in turn, gives rise to transverse components in the flow, resulting in the
formation of recirculation zones.
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FIGURE A3.6
Comparison between simple and modified geometry.
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A3.4.2 Modification of Geometry
A3.4.2.1 Effect of Phase Shift

Numerical simulations for the transient mixing of two inlet streams were carried out for
three different values of phase angles (0°,90° and 190°). Quasi-steady-state is reached when
the same volume fraction of Nanofluid 1 appears for each of these phase angles.

Figure A3.6 shows the variation of the mixing index (see Equation A3.2.1) along the
outlet channel for different phase shifts. It can be seen that for the phase shift ¢$=90° the
mixing index is the highest at every location along the outlet channel.

The vortical structures created due to wall-geometry modifications are shown in
Figures A3.7 through A3.9 for different phase shifts. It can be seen that when ¢=180°, the
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FIGURE A3.7
Variation of average degree of mixing for different phase shifts.

FIGURE A3.8
Streamline pattern for ¢p=0°.
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FIGURE A3.9
Streamline pattern for ¢p=90°.

vortices trapped in the troughs of the channel walls recirculate in the indentations without
having much interaction with the core flow. For walls with ¢=0°, the flow separates near
the channel walls, and standing vortices are formed in the troughs created by the channel
geometry. In this configuration, there is greater interaction between the mean flow and the
vortices formed, which shows a higher, albeit marginal, increase in the degree of mixing
compared with the case with ¢=180° With $=90° there is a perceptible increase in the
degree of mixing, as shown in Figure A3.10. This enhanced mixing can be attributed to the
impingement of the core flow into the space occupied by the vortices, resulting in greater
interaction between the mean flow and the recirculation zones formed in the troughs.
This increased interaction between the core flow and the vortices in the two inlet chan-
nels results in increased perturbations at the start of the outlet channel, which in turn,
increases the average degree of mixing along the length of the outlet channel.

A3.4.2.2 Effect of Included Angle

The included angle a between the inlet channels has been varied to analyze the effect of
the angle between the two inlet streams on the degree of mixing.

Figure A3.11 depicts the variation of the average degree of mixing along the outlet chan-
nel for different values, that is, a=30° 45°, and 60°. With larger a-values, the average degree
of mixing increases. This can be attributed to the effect of gravity, which becomes more
pronounced as the value of a increases. To counter the effect of gravity in the bottom chan-
nel, more pumping power would be required. However, because only the degree of mixing
along the outlet channel was of interest, extraneous factors such as pumping power have
been neglected in this study.

Extending this analysis for higher values of o suggests that the degree of mixing for
a Tjunction will be higher than for any of the cases considered. However, most of these
microchannels are used in lab-on-a-chip and other miniaturized total analysis system (p-
TAS) devices, where space constraints limit the modification of geometry of these devices.
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FIGURE A3.10
Streamline pattern for ¢p=180°.
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FIGURE A3.11
Variation of average degree of mixing along the outlet channel for different included angles.

A3.4.3 Modification of Inlet Flow Conditions
A3.4.3.1 Effect of Pulsation Amplitude

Numerical simulations for the transient mixing of two pulsating streams were carried out
for different values of pulsation amplitude, as shown in Table A3.6.

The simulations were run with ¢$=90° and St=2.

Figure A3.12 depicts the variation of the average degree of mixing for different values
of 8V/V at three different locations down the outlet channel in the quasi-stationary state.
From Figure A3.12, it can be seen that as the amplitude of the pulsating velocity profile
increases, the mean degree of mixing also increases. It is also observed that as the length
along the outlet channel increases, the average degree of mixing also increases. The slope
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TABLE A3.6
Different Amplitude Values for St=2
avIv \%4 1%
0.5 0.05 0.025
2 0.05 0.1
3 0.05 0.15
4 0.05 0.2
5 0.05 0.25
6.5 0.05 0.325
7.5 0.05 0.375
10 0.05 0.5
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FIGURE A3.12
¢ versus 8V/V for St=2 at x/H=9.5, 11.5, and 13.0.

of the curve increases for all values of 8V/V, which suggests that the average degree of
mixing is not bounded by §V/V values. However, it can be seen that for 3.5<8V/V <6.5,
the slope of the curve rises sharply, showing a marked improvement in mixing compared
with other values of §V/V.

A close-up view of the outlet channel is shown in Figure A3.13 at different instants of
time during one pulsation cycle for different 6V/V.

Figure A3.13 shows the evolution of species mass fraction with the flow during one
pulsation cycle at intervals of T/6 for St=1.0 and §V/V=0.5. Here, the mass fraction of
only one species is shown. This is indicative of the average degree of mixing where {=0.5
denotes perfect mixing. The mass fraction variation of the species entering through the top
channel along the length of the outlet channel is shown in Figure A3.13. Black indicates a
mass fraction of 1. Grey indicates a mass fraction of 0. White represents a mass fraction of
0.5 indicating well-mixed regions. The interface region represented by the narrow white
band, clearly separates the black and grey regions where the mass fractions are 0 and 1
respectively. The width of this interface region remains fairly constant as the flow devel-
ops. Figures A3.13 through A3.15 show the evolution of species mass fraction with the flow
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FIGURE A3.13
Average degree of mixing for St=1.0 and S5t=0.5.

during one pulsation cycle at intervals of T/6 for St=1.0 and 6V/V =2.0 and 7.5 respectively.
In both cases, the width of the interface region grows as the flow evolves and is greater
than that at 5V/V =0.5. This results in better mixing. With §V/V =7.5, the width of the inter-
face region is almost double the interface width when 8V/V=2.0.

A3.4.3.2 Effect of Pulsation Frequency

Numerical simulations were carried out for different values of pulsation frequency to
investigate the impact of frequency on the degree of mixing. Table A3.7 lists the different
frequency values in terms of the non-dimensional Strouhal number for which the simula-
tions were carried out.

The variation of the average degree of mixing along the outlet channel at different pulsa-
tion frequencies is plotted for three different values of pulsation amplitude: 5V/V=0.5,3,5.

From Figures A3.16 through A3.18, it can be seen that the average degree of mixing is
small at high frequencies. At low frequencies as well, the average degree of mixing is
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FIGURE A3.14
Average degree of mixing for St=1.0 and 8V/V=2.0.

small. The highest degree of mixing occurs at a certain range of Strouhal numbers for
each value of 8V/V. The degree of mixing initially increases with increase in Strouhal
number, reaches an optimum value and then decreases with further increase in Strouhal
number. This can be attributed to the fact that pulsating flows increase the interface length
between the two input streams across which mixing takes place. As the pulsation fre-
quency increases, the interface length between the two streams increases which increases
the degree of mixing. However, this property of pulsating flows is valid only up to cer-
tain frequencies beyond which the degree of mixing decreases with further increase in
frequency. This is because at very large frequencies, the time period of pulsation is so
small that the interface-overlap between the two streams is almost non-existent, resulting
in a decrease in the overall degree of mixing. The Strouhal numbers which yield maxi-
mum degree of mixing decreases as the value of 5V/V increases. As the pulsation ampli-
tude increases, the interface overlap at low frequencies increases. However, with further
increase in frequency, the increase in the overlap length due to increase in amplitude is
negated by the reduced time period of pulsations which reduces the overlap length.
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Average degree of mixing for St=1.0 and §V/V =7.5.

TABLE A3.7

Frequency Values at Different
Strouhal Numbers for Different

Pulsation Amplitudes

St f VIV
0.1 5 0.5,3,7.5
0.2 10 0.5,3,7.5
0.4 20 0.5,3,7.5
0.5 25 0.5,3,7.5
0.6 30 0.5,3,7.5
0.8 40 0.5,3,7.5
1.0 50 0.5,3,7.5
2.0 100 0.5,3,7.5
3.0 150 0.5,3,7.5

4.0 200 0.5,3,7.5
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Average degree of mixing at different frequencies and 6V/V=0.5.
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Average degree of mixing at different frequencies and 8V/V =3.0.
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Average degree of mixing at different frequencies and 8V/V=75.
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FIGURE A3.19
Average degree of mixing for St=1.0 and 3.0 and 8V/V=7.5.

Figure A3.19 shows the evolution of flow at the outlet channel during one pulsation
cycle for 6V/V =7.5 and 5t=3.0 and 1.0. The figures shows the evolution of flow during
one pulsation cycle for 5t=1.0 and 3.0 and 6V/V =7.5. The figures on the left are for
the case when 8V/V=7.5 and S5t=3.0. The figures on the right indicate §V/V =75 and
St=1.0. The color scheme has been selected in such a way that black indicates a volume
fraction of 1 and grey indicates a volume fraction of 0. The change in the interface
between the two fluids can be clearly seen at different stages of the flow cycle. Initially,
the two fluids flow into the mixing channel. At the end of T'=T/6, both streams reverse
direction. That is, the stream represented by black flows into the bottom inlet chan-
nel, and the stream represented by grey flows into the top inlet channel. However, as
the pulsation cycle progresses, this behavior diminishes, and a narrow, well-defined
interface separating the two streams can be seen during the second half of the pulsa-
tion cycle. At large frequencies, the reduced time period of pulsations produces an
interface whose width is much smaller than the characteristic length of the channel,
H. Optimal mixing occurs at intermediate frequencies, where the interface width is of
the same order of magnitude as H. At high frequencies, the Strouhal number is high.
Hence, from Equation A3.3.4.6, it can be seen that the diffusive term, which is primar-
ily responsible for mixing in laminar flows, is dominated by the transient term. On the
other hand, at low frequencies, the transient term becomes negligible. This is because
the transient term, which has the Strouhal number as its coefficient, is directly propor-
tional to the frequency of pulsations. In this case, the balance is between the advective
term and the diffusive term. From Figures A3.16 through A3.18, it can be seen that the
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FIGURE A3.20
Average degree of mixing for different phase angles.

average degree of mixing is low at very low frequencies. This leads to the conclusion
that at very low frequencies, the advective term is greater than and dominates the dif-
fusive term. Thus, the mixing of the two inlet streams is bounded at both very high
and very low frequencies.

A3.4.3.3 Effect of Phase Difference

In this section, the impact of phase difference between the two streams is discussed. The
phase difference angles of 45° 90° 135°, and 180° are considered. The simulation is run
with 8§V/V=0.5.

Figure A3.20 shows the variation of the average degree of mixing along the outlet chan-
nel. It can be seen that the maximum degree of mixing is achieved for a phase difference
of 180°.

A3.5 Conclusions

This project focuses on the effects of both geometry optimization of a microscale
Y-junction and variation in inlet flow conditions on the average mixing-level in the out-
let channel. It is observed that a phase shift of 90° and a bifurcating angle of 60° yield
the highest degree of mixing. The dependence of the average degree of mixing on non-
dimensional parameters such as St, 8V/V, and ¢ is also presented. In the case of pul-
sating inlet flow, the average degree of mixing experiences both temporal and spatial
fluctuations. For larger amplitudes (5V/V > 5), the peak degree of mixing occurs at lower
frequencies. On the other hand, for smaller amplitudes (8V/V <5), the peak shifts toward
the higher-frequency side. Thus, to achieve optimal mixing, a trade-off must be made
between frequency and amplitude. In most cases, a higher energy input is required to
generate large pulsations (Cheaib et al., 2016). Hence, to minimize the energy cost, a low-
amplitude, high-frequency pulsation is preferred to achieve optimal mixing. Also, the
phase difference between the two streams has been varied, and its effect on the degree
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of mixing has been analyzed. It is found that a phase shift of 180° between the two pulsa-
tions yields the highest degree of mixing.

Critique: Fundamentally, Project #11 provides new physical insight into microfluidics
and species-mass transfer in wavy channels with pulsatile inflow conditions. Computer
experiments with different geometric and flow parameters yielded significant improve-
ments in terms of average mixing of two nanofluid streams in the outlet channel.

Of interest would be the development of a correlation for the mixing parameter as a
function of the key dimensionless groups.
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Appendix I: Review of Tensor Calculus,
Differential Operations, Functions, Integral
Transformations, ODE Solutions, Modeling
Equations, and OpenFOAM Commands

AI.1 Tensor Calculus

Here, we restrict our review to tensor manipulations as needed in the text. Further infor-
mation and solved examples can be found in the Appendix of Bird et al. (2002).

Al.1.1 Definitions

Recall: Tensors of rank n have 3" components. For example:

* A tensor of rank “zero” is a scalar, which has only one component, that is, its mag-
nitude (e.g., pressure).

e A tensor of rank “one” is a vector, which has in general three components, that is,
three magnitudes and three directions (e.g., velocity).

¢ Atensor of rank “two” is usually labeled a tensor, which has nine components (e.g.,
stress).

Coordinate Systems Vector Products

® Dot product v
=5,

ﬁ~\7=\7~ﬁ=‘ﬁH\7‘COS(X — scalar

a

UXV=-Vxu=@® — vector

¢ Dyadic product

x=rcosH

y=rsin®

z=z

uv = 4 —stensor
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Clearly, the type of vector product may result in a scalar (see dot product) or a tensor
of rank two with nine components (see dyadic product). This is further illustrated when
using the del operator, which has the characteristics of a vector (see Section AL1.2).

Al.1.2 Operations with V

e By definition,

a. Inrectangular coordinates: V= ;ﬁ + } 9 +k 9 (ALl.1a)
ox "oy Oz
o . ~ O 10 5 0
b. In cylindrical coordinates: V=e —+ég——+é&,— (AL1.1b)

or r 00 0z

* When operating on a scalar, say, the pressure, Vp generates a vector, that is, the
pressure gradient:

20 ~0 i 0 ap ap op 2
vp=|il4j o SR P D AT12
P (1 ox otk ]p or' oyl Tz (al12

* When operating on a vector, it can produce:
a. A scalar in the case of a dot product, for example, V-v
b. A vector in the case of a cross product, for example, Vxv
c. A tensor in the case of a dyadic product, for example, Vv

Note: VeV =V2is the Laplacian operator (see Equation Al1.8a and b).
Specifically,

1. V-v =div v is the divergence of the velocity field:

Vv = fi+}i+ﬁi (ui +vj +wk)
ox "oy oz

:(z‘-f)gi+(§-})?+(§-i€)gﬂ+
x x X (AL1.3)
A 0U A A0V 4 A oW
GO +G- D +Gk)—+
oy oy oy
ow oOu av ow

(k- l)*+(k ])*+(k k)7 = ay )

because i-i = ‘iHi‘cosoc; a=0=i-i= 1, while ;} =0 <a=90">
A 1 if i=j
In general, 6,-8; =0;; := , known as the Kronecker delta
0 if i#j
2. Vxv=curlv is the curl (or rotation) of the velocity field:
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~

Vx{,:[fa+}aay+ka]x(uf+v}+wlz)

ox 0z
:(fxf)g—z+(fx})g—z+(fxl€)%+ (AL14)
(}xg)g;l...etc.

Recalling the results for the cross products between unit (or base) vectors:

fx}:lg }xlA‘:flg gxg:O

jxk=i  kxj=-i jxj=0
kxi=] ixk=—j kxk=0
we obtain
apmi( @), (20w, a0 _ou
oy Oz 0z Ox ox Oy
or
ik
_ |0 0 ol < ..
Vxi=curlo=— — — =((vorticity vector) (ALL5)
ox oy Oz
u v w

3. VU = grad v is the dyadic product, or gradient, of the velocity field:

~ (29 ~0 20 AA A
Vv:(zax+18y+kazj(m+v1+wk)

M\ oU [(m\OV (2
= (11 )—ax + (z])—ax + (lk)iax + (AL1.6)
A\ ou
Ji|]—+...etc.
e
Now, the unit vector dyadic product Siéj indicates the location (i.e., Si is the unit nor-

mal to the particular surface) and direction (i.e,, 5 j gives the direction) of a tensor. Thus,

wow
Jx oJx  ox

Vv =gradv= 3; g; ?jyu ~7 <stress tensor> (AL1.7)
wow
Jz 0z 0z
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Notes:

e Theuseof V-V, VxV,and V¥V, plus illustrations, was introduced in Chapter 1.
e The dot product reduces the rank of a tensor, for example, V-v — scalar and
V.7 — vector.

® The dyadic (or gradient) product increases the rank, for example, Vp — vector
and Vv — tensor.

2
e The divergence of a scalar gradientis V-Vs=V?*s=3% a—i, where V2 is the Laplacian
operator producing a scalar field: ox

2 2
Rectangular coordinates:V* = % + E)ayz + % (AL1.8a)
o . o2 1 0’ 82
Cylindrical coordinates:V f—( a) 2 892 7 (AI.1.8b)

e The transpose of a second-order tensor, a, with components 4 is denoted by a"
and is defined by

fr =i Al.19a
[ﬂ :|ij (1] ( )
For example,

D1y D1Wo 01w3
A=VW = VW Vr Wy VW3 (AIlgb)
U3 U3W,  U3W3

whereas

01wy (%L%] U3
*tr = (VW)" =| 01W> VW, V3W, (A119C)

D1ws3 VW3 U3W3

Al.1.2.1 Sample Problem Solutions

To illustrate a few tensor manipulations, the following sample problems are solved. Given

the components of a symmetric tensor 7, thatis, t;=1;;
2,

TXX =37 T
2, T,.=1,
T

Ty =
Ty =

and the components of a vector Vv, for example, v, =5, v, = 3, v,=7, evaluate

@) i¥; (b) ¥ v9:and(d) -5
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where & is the unit tensor, that is,

1 (0
6,']‘ = 1
[0) 1

Solution: A good preliminary exercise is to write down the vectors and tensors in
component form.

3 2 -1Y5
1 %v= isi{zjrijvj}z(slazss) 21 i 3) 3

= 1431 + 2332 - 253 < avector >
where §; £ unit vector in the i-direction, with i=1, 2, 3.
2. v-t=71 v because 7is symmetric
3. vww= 8,6,0,0; = 258,8, +156,8, + 358,
Ziz]‘ i0iU; 101 102 103
+158,8, + 98,5, + 218,85

+358:0; +218:5, + 49855,

4 %.s=zizlsis,(zjrﬁsj,J:%:3slsl+zslsz_1slss

28,8, +28,5, + 18,0,
~18;8; +18;5, +08:5;
AL1.3 Some Tensor Identities

Vrs =rVs+sVr (AL1.10)
(V-59) = (Vs-¥)+s(V-¥) (AL1.11)
(V- [FxW]) = (W-[V x¥]) - (V- [V x W]) (AL112)
[V x59] = [Vsx 9]+ S[V x V] (AL113)
[V-V¥] = V(V-9)-[Vx[Vx¥]] (AL1.14)
[V-VV] = LV - )-[V x [V x ¥]] (AL1.15)

[V-9W] = [V - VW]+W(V-¥) (AL1.16)
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[V-55] = Vs (AL117)
[V-s%]=[Vs-T]+s[V 7] (AL1.18)
V(- W) = [(V¥)- W]+ [(VW)- V] (AL1.19)

Al.2 Differentiation

Al.2.1 Differential Time Operators

To understand and solve fluid mechanics problems, the basic skills in linear algebra, dif-
ferentiating and integrating functions, graphing and analyzing functions, as well as curve
fitting are definitely prerequisites. If a review is necessary, the reader may want to consult
M. Spiegel (1971), Schaum’s Outline series, or M. D. Greenberg (1998), Prentice-Hall, among
many other texts.

The different notations and the physical meanings of various time derivatives (i.e., dif-
ferential operators) are presented as follows:

* Partial time derivative: d#/dt = Changes in variable “#” with time observed from a
fixed position in space, that is, stationary observer.

* Substantial or material time derivate: D#/Dt = Changes of variable “#” with time
following the fluid/material element in motion. The Stokes (or material) derivative is
defined as

D#_0% | (5.v)# (AL2.1)
Dt ot
D/Dt of Equation AIL2.1 can operate on a vector or a scalar, where in any case, the
Lagrangian time-rate-of-change is expressed in terms of Eulerian derivatives. For
example, ¢ being a species concentration[M/L?], the material time derivative is

@E@+(v.v)c (AL2.2a)
Dt ot

In rectangular coordinates,

Dc:('ic u@+vg+w@ (A2.2b)
Dt ot ox oy 0z

while in tensor notation,

Dc _oc oc |

=" +vi—; k=123 (AL2.2¢9)
Dt ot = ox
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where:
oc . . . . . .
= local time derivative (i.e., accumulation of species c)
ot
oc . . .. . .
Vi . = convective derivatives (i.e., mass transfer by convection)
Xk

Note: Repeated indices imply summation of these terms; here, k=1, 2, 3 <Einstein
convention>.

e Total time derivative: d#/dt = Changes of # with respect to time observed from a
point moving differently from the flow field. For example,

dc_dc dxdc dydc  dzaic (AL2.3)
dt ot dtox dt oy dt oz

where dx/dt =u, dy/dt =v, and dz/dt =w are the velocity components of the moving
observer.

Al.2.2 The Total Differential

The derivation of the material derivative D#/Dt of Equation Al2.1 starts with the defini-
tion of the total derivative. For example, the fluid velocity is a function of three spatial
coordinates, say, x, y, and z, and time ¢ if the flow is unsteady; thus, v =v(x,y,z,t). The
total differential is defined as

‘=@dx+@dy+@dz+@dt (AL24)
ox oy 0z ot

If the spatial coordinates x, y, and z are also functions of time, then the total (particle)
time derivative is

v _ovdx ovdy  ovdz, ov (AL2.5)
dt  ox dt oy dt 62 dat ot

Actually, Equation AL2.5 represents the total acceleration of a particle. For fluid-element

acceleration, Ecllt is replaced by F with dx/dt=u, dy/dt=v, and dz/dt =w being the three

velocity components in Cartesian coordinates. Such differentiation can be extended to the
calculation of fluid acceleration and mass transport, where the local quantities change
with time. For a scalar, say, the steady-state pressure, we have

dp = @dx+@dy+@dz (AL2.6)
Ox oy 0z

Al.2.3 Truncated Taylor Series Expansions and Binomial Theorem

To approximate a function, say, y(x), around some point x=x, we employ two or three
terms of the Taylor series. For one independent variable,
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X X+E&

d 1 d?
x=x0+7y‘x=xg(x_x0)+*7z x=xo(x_x0)2 +

y®=y dx 2 dx

(AL2.7)
d’y
d

x:xo(x_x0)3 +...

1 3
6 dx’®
Clearly, the first two terms provide a straight-line fit and the first three a parabolic fit of
y(x) at x=x,.
If we want to estimate the value of y a very small distance away from the known y(x),
that is, what is y(x + &) where € <1, we can write with Equation AL.2.7:

y(x+e) = y(x)+ Z—y\ms (AL2.8)
X

As the previous graph for y(x) indicates, the step size & and local curvature of y(x) deter-
mine the accuracy of Equation AL2.8. Equation AL2.8 is employed in Section 1.3 to derive
equations in differential form.

For functions of two variables, for example, f(x, y), we write:

flx+e,y+8)~ f(x,y)+2f;”s+gf;y§5 (AL2.9)

When dealing with rational fractional functions, it is often advantageous to express them
in terms of partial fractions and then expand them using the binomial theorem. For example,
the expansion

(c+ s)n =c"+nc" e+ @c”‘zsz
' (A1.2.10)
n n(n-1)(n-2) o33

3!

+...

is valid for all values of n if |e| < |c|. If |c| < |¢|, the expansion is valid only if # is a non-
negative integer.
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|
Al.3 Functions

Al.3.1 Hyperbolic Functions

Next to the circular trigonometric functions, the hyperbolic functions sinh(x), cosh(x),
and tanh(x) appear frequently in science and engineering and hence, in the present
text.

Graphs Relations
y = sinhx . 1 x x

sinh(x)==(e* —e™)

N S y = coshx 2

\ —_— y = tanhx 1

\

. cosh(x)=—(e" +e™)

. 2
I L - cosh?(x) —sinh?(x) =1

S ez L sinh(x  y) = sinh(x)cosh(y)
*cosh(x)sinh(y)

cosh(x + y) = cosh(x)cosh(y)
+sinh(x)sinh(y)

Al.3.2 Error Functions

Numerous natural phenomena follow exponential functions. For example,

erf (x) = % J‘Oxeféz de (AL3.3a)
where
erf(0)=0 and erf(o)=1 (AL3.3b, ¢

The integrand exp(-£?) is a normal probability distribution. Thus, Equation AIL.3.3 is a
solution part of processes governed by Gaussian-type distributions. The “complementary
error function” is defined as

1—erf(x) = erfc(x) (AL.34)

The error function, complementary error function, trigonometric functions, and expo-
nential function have been plotted in Figure AL1.
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erf (x)
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FIGURE Al.1
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Complementary error function
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Graphs of useful functions. (a) Error function, (b) complementary error function, (c) sine, (d) cosine, (e) tangent,
and (f) exponential.
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Al.4 Integral Transformations
Al.4.1 The Divergence Theorem

As established by Gauss, the divergence theorem states that the integration over the dot

product of a vector field, v, with a closed regular area element, dA, is equal to the integra-
tion of the divergence of Vv, thatis, V-V, over the interior volume, V:

L[ .dA = J' ‘\[J.(V ¥)dv (AL3.1)

Equation AL3.1is used in Section 1.3 when all surface integrals in the Reynolds Transport
Theorem are converted into volume integrals to express the conservation laws of mass,
momentum, and energy in differential form.

Sample Problem: Given v = 4xzi - yZ} + yzlz, that is, u=4xz, v=—y? and w=yz, in a unit
cube, thatis, 0<x<1,0<y<1, and 0<z <1, show that Equation AL3.1 holds.
Solution:

1. Six-sided surface integral: ” -dA = J. I
where:

fi=i atx=1and fi=— atx=0with dA=dydz
i=jaty=land i=—] aty=0with dA=dxdz
A=k atz=1and i =—k atz=0 with dA=dxdy

Thus,
1 11
JAV-A'dA :Ij4xz 2
0 00

w1 dydz :4]/3)(;226)

© L

Similarly,

© Cy

1 1
Jrrjaa=u][via
0 0

and the other three negative surface integrals are zero. Hence,

o'—.»—-

IIG-ﬁdA:2—1+1+O+O+O:§
2 2

111
2. Volume integral: JJIV -vdv = ‘”.J‘{ + N + awjdxdydz
v 000

111 4 >
‘”.J‘(élz -2y +y)dxdydz = z
000
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Comment:

It is evident that such integral operations over variable vector fields result in scalars
(i.e, numbers); this implies that the Reynolds Transport Theorem generates scalar
quantities, that is, numerical values for flow rates, averaged velocities, forces, wall
stresses, pressure drops, and so on.

Al.4.2 Leibniz Rule

A switch in the order of operation is justified by Leibniz’s Rule: if F(t) = f (x,t)dx and a,
b are constants, then

‘Z_dU flx t)dx} b%dx (AL32)

Equation AL3.2 is occasionally applied when dealing with the transient term <volume
integral> in the RTT. In general, the Leibniz rule reads:

d (oo

(o , .
dt Jaw fx, by = L ot dx +bf[b(t), t]-afla(t), 1]

Al.4.3 Integral Methods

Two solution techniques dealing with integral equations are briefly discussed. The first
method starts with the integration of a given set of partial differential equations (PDEs)
that describe a given flow system, known as the integral method. The second approach starts
with balance equations in integral form, that is, the Reynolds Transport Theorem, which
ensures the conservation laws for a control volume.

Von Karman Integral Method: In contrast to separation of variables and similarity
theory, the integral method is an approximation method. The Von Karman integral
method is the most famous member of the family of integral relations, which in
turn, is a special case of the method of weighted residuals (MWR). Specifically, a
transport equation in normal form can be written as (cf. Equation 1.7)

L(g)= %‘tp +V-(Vo)-vVip-5=0 (AL3.5)
where:

L is a (nonlinear) operator

¢ is a dependent variable

S represents sink/source terms

Now, the unknown ¢-function is replaced by an approximate expression, that is,

a “profile” or functional ¢ that satisfies the boundary conditions but contains a
number of unknown coefficients or parameters. As can be expected,

L()#0,ie,L($)=R (AL3.6a, b)
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where R is the residual. In requiring that
IWRdQ -0 (AL3.60)
Q

we force the weighted residual over the computational domain Q to be zero
and thereby determine the unknown coefficients or parameters in the assumed
¢ -function. The type of weighing function W determines the special case of the
MWR, for example, integral method, collocation method, Galerkin finite element
method, control volume method, and so on (cf. Finlayson 1978).

The Von Karman method is best applicable to laminar/turbulent similar or
non-similar boundary layer—type flows for which appropriate velocity, concentra-
tion, and temperature profiles are known; that is, thin and thick wall shear lay-
ers as well as plumes, jets, and wakes. Solutions of such problems yield global
or integral system parameters, such as flow rates, fluxes, forces, boundary-layer
thicknesses, shape factors, drag coefficients, and so on.

In general, a two-dimensional (2-D) partial differential equation is integrated in
one direction, typically normal to the main flow, and thereby transformed into an
ordinary differential equation (ODE), which is then solved analytically or numeri-
cally. Implementation of the integral method rests on two general characteristics
of boundary layer-type problems: (1) the boundary conditions for a particular
system simplify the integration process significantly, so that a simpler differential
equation is obtained, and (2) all extra unknown functions, or parameters, remain-
ing in the governing differential equation are approximated on physical grounds
or by empirical relationships. Thus, closure is gained by using, for example, the
entrainment concept for plumes, jets, and wakes or by expressing velocity and
temperature profiles with power expansions for high—Reynolds number flows
past submerged bodies.

Sample Problem: Integral method applied to the Blasius problem (U,=u,=¢, that is,
op/ox=0)

Sketch Assumptions
y Ues e Steady laminar 2-D flow with
constant fluid properties
— U
)
-

— >
—> Poo Ti) >/ u(y)
u Ly x

Recall: For the Blasius problem, the boundary-layer equations reduce to

aM+a—v=0 and a—u+ua—u+va—u=1@
ox dy ot dx dy p dx
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¢ Solving for v in the continuity equation yields

y
ou ou
v=—|—dy+f(x)=—-|—4d
I oy W) | &
¢ Integration across the x-momentum equation yields

3(1) J

[ (w2tv 2oy _1j
ox

y=0

3
e Inserting ov(x,y) and integrating the term Ivay dy by parts, that is,
Judv =uv— Ivdu, yields 0

_!;C[”(U—”)]dyJ;

where U=u_. Now, a suitable u(x, y) profile has to be postulated, which matches
the boundary conditions at y=0 and y=5(x).

Solution: For laminar flow over a flat plate,
u 2
Uy (yj
U & \d
is a suitable profile, where d(x) is the key unknown.
With the previously derived momentum integral relation,
d | ds
w(X)=p— | u(U=-u)dy :=0.133pU>*
()0 g [l )y =013%pU
We also know that

2
=ul=
S

y=0

Tw(x)zug;‘

Combining both results leads to an ODE for (x):

udx
0.0665pU

5(x)=548 | M
(x) ,/pu

= 0dd subject to 8(x=0)=0

Integration yields
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and hence,

o (x)=0356pU% [ H

T (%) P \/puX

Graph:
TW
/Tw(x)
X

|

ALS5 Ordinary Differential Equations

For most fluid mechanics applications, the key differential equations are the equation
of continuity, that is, conservation of fluid mass, and the Navier-Stokes equations, that
is, conservation of linear momentum for constant fluid properties, as well as the scalar
transport equations for species-mass and heat transfer. They reflect the conservation laws
in terms of differential balances for fluid mass, momentum, species concentration, and
energy.

If the dependent variable, say, the velocity, is a function of more than one independent
variable (e.g., x, y, z, t or 1, 0, z, ), then the describing equation is a PDE; otherwise, it is
an ODE. Clearly, solving PDEs requires usually elaborate transformations or numerical
algorithms (see Ozisik 1993; Hoffman 2001). For that reason and to gain direct physical
insight, simplified base-case problems are discussed (see Chapter 1), where the continuity
equation is fully satisfied and the Navier—Stokes equations are reduced to ODEs. Exact
solutions for ODEs are listed in Polyanin and Zaitsev (1995). Numerical ODE solutions
may be obtained with commercial software such as MatLab and Mathcad, which for their
underlying finite-difference approximations rely on selected terms of the Taylor Series
(see Section AIL.2.3).

After the development of a mathematical model describing approximately the fluid flow
problem at hand, the resulting ODE (or system of coupled ODEs) has to be classified. One
has to determine whether the ODE, say, for y(x), is

e Linear or nonlinear (e.g., 12, yy, \y", etc.
e With constant coefficients or not
e Homogeneous or inhomogeneous

Of first, second, or n-th order

An initial value problem (IVP) or a boundary value problem (BVP)

The last two types of ODEs can be solved numerically with the Runge-Kutta method
(IVPs) or a shooting method (BVPs) as available from www.netlib.org/odepack.
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Fortunately, most introductory fluid flow problems are governed by ODEs of the form

dn
2y LS ®]=30) (AL41)

which can be solved by direct integration, subject to n boundary conditions (BCs).
Typically, n=2 and g(y) =K, a constant, so that Equation Al.4.1 can be rewritten as

d{df} =K (Al4.2a)
dy | dy
or
af
d| = |=Kd Al4.2b
{ dy } y ( )
Hence,
af
——=Ky+C Al4.2
dy y+4 ( Q)
and integrating again yields
K 2
fy)= SV FGY+G (A14.3)

where the integration constants are determined with two given boundary conditions for

fy).

In cylindrical coordinates, we may encounter an ODE somewhat similar to Equation
AI4.1 of the form

1df(r) d*f(r)
B e Al44
r o dr " ar? 8(r) ( )
which can be rewritten for direct integration as
1d( df(r) ]
= R AT Al4.4b
rdr (r dr 8 ( )

For example, with g(r)=K=constant and f=v, say the fully developed axial velocity in a
tube of radius R, we have

d (r dv(r)j = Krdr (Al4.5a)
dr
so that after integration
i) _K, G (AL4.5b)
dr 2 r

Integrating again yields
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v(r) = %rz +CiInr+GC, (A14.6)

The differences between the solutions of Equations Al.4.3 and Al.4.6 as well as the impact
of different BCs on Equation Al.4.6 were discussed in Section 1.3.

Another interesting case where term contraction allows direct integration is as an ODE
of the form

df(x) noon_ 1 dr o, = olx): n=
. fx)= Fa[x f)]=gx); n=12 (AL4.72)
which yields after the first integration

X f(x) = j' xg(x)dx +C; (AL4.7b)

The term jx” g(x)dx could be solved via integration by parts, that is,

b b
I udv = (uv)|} - I vdu (AL4.8)

Numerous natural processes can be described by a linear, inhomogeneous second-order
ODE with constant coefficients, that is,

f"+Af'+Bf = F(x) (AL4.9)
where F(x) is a prescribed (forcing) function. Typically,
f(x) = fromog. + finhomag. (AI14.10a)
In general, f; ., admits exponential solutions, for example,
flx)~e™ (AL4.10b)
where A can be obtained from the quadratic equation
A’ +AL+B=0 (AL4.10¢)
so that

f(x)=Ce"™ +Coe™ (AL4.10d)

Table ALl summarizes typical ODEs describing transport phenomena, where fand g are
functions of x and the quantities 4, b, and c are real constants.
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TABLE Al.1
Typical ODEs and Their General Solutions

Equation General Solution

Ay _ f(x) Igdyzjfdx+C1

gx ()

de+f(x)y=g(x) y:eijm(-l'ejfdxgdx+cl)

2 y=C, cos ax+C, sin ax

—g +a’y=0

dazcy y= C,; cos hax+C,sin hax or y=Cse*>+C e

—Z—a’y=0

dx

1d(, d]/ 2 _& & i

L A =0 Yy =—-cosax+—sinax

x dx [ dx ] Ty X X
I

Appendix I

AIL6 Transport Equations (Continuity, Momentum
Transfer, and Heat Transfer)

Al.6.1 Continuity Equation

Note: For p=¢ = V-v=0

¢ Rectangular coordinates: % + ai(pu) +2 (pv)+ 9 (pw)=0
x

oy 0z
o . op 10 1o 0
e Cylindrical coordinates: —~+ - P)+ o (pve)+——(po.) =0
ylindrical coordinates o 7o (pf’v ) 20 (PUe) oz (PU )

Al.6.2 Equation of Motion (or Linear Momentum Equation)

Cauchy Equation
Dv = -
—=-Vp+V-1+
Py p T+pg
where
D# _o# (V-V)#
Dt ot

¢ Rectangular coordinates

LU B Y (I b
Plor ™ ox oy oz |T Tax | ox ™ Tay oz | TPEx
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¢ Cylindrical coordinates

2
N 8v,+vrﬁv,+@60,+ ov, U _ op
ot or r 00 oz r

o 2o g 9% Vo 0% I 00 ) _10p
ot or r 00 0z r

ot "or r 00 1574 0z
4{15(7 )+lﬁt + 9. }r
rort )T g T T gy e | TRSE

Al.6.3 Momentum Equation for Constant-Property Fluids

Navier—Stokes Equation

Dv 2 —
—=-Vp+uVv+
th p+u Pg

¢ Rectangular coordinates

=)
|
+
I
+
1
+
]

ou Ou _ou _ ou op ou o'u  ou
= + —+ A2 + ?

o oy

op v v 0%
o Ta Ta TP

op {6%{1 Sw  w

}pgx

©
2
+
9|
+
Q
Q|
+
R
N—e
|
Q|

R ) Y
"o oy 622} b

o
2|
B

+
2
+
<
+
R
N—
|
|

407
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® Cylindrical coordinates

+7, . -
ot or r 00 oz r or

2(10 ) 18, P _2an],
Marlrar ) ) a2 "oz o0 | P8

(609 Ov, LY Bv, N 0v, N U,?)e) 10p

2
(807 8v,+viav,+v 0v, Ue]:_ap

p| —+v, —+u,
ot or r 00 0z r

+ 6(16(w )j+16209+6209+26vr +

Moarlrar V) 2 002 T a2 T2 ap TS0

p[avz 6vz+viavz+v 6vzj:_6‘p

r z

+0
ot or r 00 oz 0z

{1 a( avzj 1 6%, 8202}
+ul=—|r +— + +pg.

ror\C or ) r? 00*  oz*

Al.6.4 Heat and Species-Mass Transfer Equation for Constant-Property Fluids

Heat Transfer Equation

pc DT _ vt + ud; *_y (thermal diffusivity)
"D y
t pcy

® Rectangular coordinates (see Section AL6.6 for viscous dissipation function ®)

+“(D

pey

oT 6T T  oT {62T T a%r}
+ = 724‘72"1‘ >
ox~ oy° oz

u v w—-= —
ot Ox oy 0z
e Cylindrical coordinates

Q‘HJ gJF&ngU ﬂza 18(7’8TJ+162T+62T + Mo
ot Tor r a0 oz ror or) r*00* oz* | pep

Species-Mass Transport Equation

e For species-mass transport of concentration ¢ (M/L3):

De = DigVic+S; Dip = KT (Stokes—Einstein binary mass diffusivity)
Dt 3nud,

® Rectangular coordinates
8C oC aC  oC {azc 8°C azc}+
R Y

—tU— 40—+ W—=Dap| — + +
ot ox oy oz lax® oy o
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® Cylindrical coordinates

+Sc

6C  oC v, oC Uaczﬁ)A{la(rac

or ror’ or

oc, o wmaC,  oC 16°C o°C
o0 or r o0 "oz

700 o

Note: The equations of Section AL6.3 in conjunction with Sections AL6.1 plus AL6.4
are nowadays summarized as the System of Navier—Stokes Equations.

Al.6.5 Dissipation Function for Newtonian Fluids

® Rectangular coordinates
2 2 2 2 2
( ou j v [ ow ) dv . ou ow . ov
O=2|| — | +| — | +| —| |+| —=F+— | +| —+—
[ Ox oy 0z Ox oy oy Oz

{au ow T
+| =+ =
0z Ox

e Cylindrical coordinates
a'U, 2 1809 (o : (avz )2
D=2 e
H&) +(r 86+ r) " 0z
N ra(zz(,J+1av, 2+[1avz+ave]2+[au +avz—
or\ r r 90 r a0 oz 0z or

Al.6.6 Stresses: %:H[V‘"H(V‘?)q (Stokes) and Fluxes: g =—kVT (Fourier)

Note: For incompressible fluids:

e Rectangular coordinates

ou ov ow
Txx_z 7 =2 7 Tzz:2 ~
Mo’ = Hyy =
[ov ou
'ny:‘fyx:lyl 67+@

[ou  ow
- + R
|0z Ox
oT oT oT

=~k qy=-k_—; g.=-k
q o’ oy q Py

Tox =Tz =M

[ ow 67)}
Tye =Ty =W —+—
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® Cylindrical coordinates

10vy v, 0v,
rr:2 7 _2 -+t 7 zz:2
Ty e “(r 20 j _r™
T T ra(vej+lav'
0= tor =H or\ r r 00
o=t = [1avz+6ve}
== =W T

R SN

oT
ki’. ’ qz = —_
r 00 0z

qr=-
AL.6.7 Fick’s law

It relates the diffusive flux to the concentration gradient under steady-state conditions.
j=-DVC

where:

j =diffusive flux
D =diffusion coefficient or diffusivity

The negative sign indicates that the flux is positive when there is movement from a
higher to a lower concentration.

I
Al.7 Supplementary Material

AL7.1 Prefixes and Length-Scale Information

For proper communication and relative-size appreciation, prefixes and a few length-scale
examples are given here.

Unit Prefixes:

Femto - 1015
Pico - 10-12
Nano - 10~
Micro - 10-¢
Milli - 1073
Kilo - 10°
Mega - 100
Giga - 10°
Tera - 1012
Peta - 10%°
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Length-Scale Examples:

Nature Man-made
¢ Human hair~80 um e Nanomaterial (1-10° nm)
® Air particlex 6 pm ® Microelectromechanical system (MEMS) (0.5-10° pm)

* Nanoelectromechanical system (NEMS) (10-500 nm)
e Pollutants (1 nm to millimeters)

Length Scales of Nano- and Microsystems:

1 nm 1 um 1 mm
I I I
Nano- | T Micro
-~
technology | needles
Human
Molecules Smoke hair Micro-pumps,
-~ >
particles valves, sensors,
(80 pm)

etc.

Al.7.2 Prandtl’s Boundary-Layer Equations

In his seminal work published in 1904, Prandtl observed that when a solid body was intro-
duced into the flow, the effects of friction were felt over only a limited region in the vicinity
of the submerged body. This distance is typically much smaller compared with the char-
acteristic length-scale in the streamwise direction. Prandtl’s theory of boundary-layer flow
is shown in Figure AL2.

The figure shows steady laminar flow over a horizontal wall. The viscous effects are
felt over a short distance (x) from the plate. The flow beyond this short distance is free
of friction effects, or, in other words, it is assumed to be inviscid. This region, where the
viscous and the inertial forces are both influential, is known as the boundary layer, and it
is contained within the coordinates 0 <y <&(x) and 0 <x <[, where [ is the plate length. 5(x)
denotes the thickness of the boundary layer, and its variation in the streamwise direction
is given by the relation: 8(x)~+/x . Moreover, the boundary-layer thickness is lower for
lower viscosities.

This implies that as Re — oo, the boundary-layer thickness 8(x) — 0. The system of Navier—
Stokes equations for a 2-D steady laminar incompressible flow is as follows:

ou  ov

—_—t—=

ox oy
ou ou_ 1dp o’u  o'u

(x-momentum) U400 =-—-+V| o+ |[+&;
ox Oy p Ox ox" oy

v v 1op 0’v 0%
(y-momentum) u—+v—=————+vV FJFW +gy
x

ax oy poy

(Continuity) 0
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y A Yo
(IS
:: u,, Pouter (=) d(x) ~ Vx
—r A
L} u = ] X

FIGURE Al.2
Steady laminar flat-plate boundary-layer flow.

Prandtl was able to use the aforementioned information to reduce this system of equa-
tions to a more tractable form. This reduced form of the equations came to be famously
known as the Boundary-Layer Equations.

The first step in this direction would be to non-dimensionalize this system of equations
using the free-stream velocity (U,,) as the characteristic velocity and the plate length (/) as
the characteristic length. In the x-momentum equation, the pressure terms and the inertial
terms must be of the same order for the equation to be satisfied.

g 130p
dx p Ox
U, 1p-p.

u,—~-+—==
I p 1
ugg Np_poo

Therefore, we use the term (pUZ2) to non-dimensionalize the pressure. Non-
dimensionalizing allows us to recast the existing set of equations into a more compact and
physically meaningful form. Thus, all the variables are non-dimensionalized as follows:

A~ U A v A X A Y
n=— v=—n X== Y=
u, U, 1 1
~__P
P plUz

By non-dimensionalizing the equations in this manner and neglecting the body force
components, we can obtain a non-dimensional form of the governing equations as follows:

ol o0

7,\"‘7,\:0

ox oy
.ou .on_ op 1 (o o
AtV =t ot
ox oy ox Relox™ oy
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It can be observed that for the boundary layer, the streamwise and the cross-stream
expanse can be given by 0 <y <8(x) and 0 <x<I/. Also, it is assumed that for a flow with a
reasonably high Re, the boundary-layer thickness is extremely small compared with the
plate length (5 <1). The ratio of the boundary-layer thickness to the plate length is denoted
by the symbol e. Therefore, we can express the orders of the spatial coordinates as follows:

x ! y 9

=t =¥ log
YA yff

According to the definition of the boundary layer, as y — 8(x), the streamwise velocity
approaches the free-stream velocity (u — U,). Within the boundary layer, the streamwise
velocity varies from zero to the free-stream velocity (0<u <U,). It follows from this that
the order of the non-dimensional streamwise velocity is 1.

If we now examine the continuity equation, we observe that the orders of ¥ and # are
1, and therefore, the order of the first term in the continuity equation is 1. To satisfy the
continuity equation, the order of the second term must also be 1. However, the order of i
is g, and therefore, the order of v must also be ¢.

While the flow is largely inviscid outside the thin boundary-layer region, the inertial
forces and the viscous forces are comparable within the boundary-layer region.

Inertial Forces ~ Viscous Forces

ou  du
pU——~n 5
x

0 Gyz
u.. u..
pU- ="~
L
72 pU.t

/ 1
8 ~ [
Re
Thus, it can be seen that for flows with a reasonably high Reynolds number, the ratio
of the boundary-layer thickness to the plate length would be very small, and of an order

much less than 1. If we investigate the inertia terms and the viscous terms in the x-momen-
tum equation, it is seen that the inertial terms are of the order of 1.

TS LU
ox 1 dy €

1(0* o*) (1 1 e 1
—N =t |-+t |-+
Re| ox™ 9y 1(1 € 11
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We can see that the first term among the viscous terms that physically represents the axial
diffusion is of the order &%, which is extremely small compared with 1. As the Reynolds
number increases, the effects of axial diffusion fizzle out. As a result, the axial diffusion
term can be neglected in the x-momentum equation while considering flows with a rea-
sonably high Re. It can be seen from AL6.1.2 and from the definition of X that the order of
the pressure term would also be 1.

@» .1 4
ox 1

Thus, the entire x-momentum equation is of the order 1, except for the axial diffusion
term, which is of the order of €2« 1.

If we look at the y-momentum equation, it is seen that both the inertial terms and the
viscous terms are of the order &, except for the axial diffusion term, which is of the order
of e¥xe. It follows from this that the pressure term must also be of the order of € for the
equation to be satisfied.

ox 1 oy e

1(0% 0% ) e(e &) (€ &
Re|ldx* ay> | 1(1 ¢ 1 1

It can be seen that while the pressure variation in the x-direction is of the order 1, the
variation in the y-direction is of the order . Thus, the variation of pressure in the x-direc-
tion is more pronounced than the variation along the y-direction. As Re — oo, the pressure
variation along the y-direction asymptotically goes to zero. Thus, the y-momentum equa-
tion essentially reduces to express the fact that the pressure variation along the y-direction
across the boundary layer is negligible or zero.

@ =0 p=pKX)
oy

It is reasonable to assume that for a high Reynolds number, the pressure is only a func-
tion of the x-coordinate. As the pressure does not vary significantly across the boundary
layer, it is said that the pressure is “imposed” or “impressed” on the boundary layer by the
external flow. This means that the pressure distribution can be estimated through the use
of the inviscid Euler’s equation at the boundary.

ou_ _1oap

o p Ox

On integrating the Euler’s equation, we obtain the Bernoulli’s equation, which estab-
lishes a relation between pressure, velocity, and the density of the fluid.

2
p+ % = constant
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Thus, we can now state the non-dimensional form of the boundary-layer equations, as
follows:

ol 00
T+7A:0
ox oy
A A A~ 2/\
ﬁ@+@%:—@ﬁ+i 6}21
ox oy 0x Rel oy
P o
Y

Reverting to the original system of dimensional variables, we get

ou ov
— =

0
ox Oy

Al.7.3 Turbulent Velocity Profiles in Pipes
Al.7.3.1 Composite (Log-Law) Profile

e Law of the wall: u* =y, u* zi, y'= Yu-
U,
where:

y=R-r is the wall coordinate
U = /Twa/p 1is the friction velocity
v=p/p

A%

is the kinematic viscosity

Note: The linear profile u*=y* holds within the viscous sublayer 0 <y* <5, that is,

y= 8subltzyer = 5\//1/!1
® Logarithmic law: u*=2.5In y*+5.0; y*>5.0

Note: The log law matches experimental data outside the viscous sublayer 0 <y* <5.

Al.7.3.2 One-Seventh Power Law (n=7):
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Note: The power law fails to (i) generate a zero slope at the pipe centerline and
(ii) calculate the wall shear stress correctly. However, it is easy to use, and when
n=n(Rep) is selected, it provides reasonable profiles.

e Power-law exponent 1 =n(Rep)

Rep =D 4x100 23x100 11x105 11x10° 32x10°
%

n 6.0 6.6 7.0 8.8 10.0
Uaverage 0.791 0.807 0.817 0850  0.865
Unmax

Al.7.4 OpenFOAM Commands

Al17.4.1 About OpenFOAM

OpenFOAM (Open Field Operations and Manipulation) is a C++ library of efficient com-
putational fluid dynamics (CFD) modules to solve complex transient 2-D and 3-D flow
and fluid—structure interaction problems. OpenFOAM is publicly distributed with a vast
number of executables called applications, which can be customized, or new library mod-
ules can be programmed. The applications fall into two categories: solvers, which are each
designed to solve a specific problem in continuum mechanics, and utilities, which are
designed to perform tasks that involve data manipulation. One can easily modify solvers
and utilities to create custom applications with some prior knowledge of the underlying
method, physics, and programming skills involved. The overall structure of OpenFOAM
is shown in Figure AL3.

Al.7.4.2 Basic File Structure in OpenFOAM

Ij <Case>
- Ij system

— controlDict
- fvSchemes

— fvSolution

— Ij Constant

— ... Properties

= Ij polyMesh

Points

Faces
Owner
Neighbour
Boundary

- Ij Time directories

File Structure in OpenFOAM
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Open source field operation and manipulation (openFOAM) C++ library

Pre-

processing

/

\

Post-processing

\

Utilities

Meshing
tools

User
applications

Standard
applications

ParaView

Others
e.g., EnSight

417

FIGURE AL.3
File structure in OpenFOAM.

Al74.2.1 System Directory

The system directory consists of three sub-directories: controlDict, where run-time
control parameters such as start time, end time, and write interval are included;
fvSchemes, where the discretization schemes are selected; and fvSolution, where the
solvers for the momentum and pressure equations, tolerances, and residual controls
are set.

Al.7.4.2.2 Constant Directory

The constant directory has a folder called polyMesh, where details about the mesh
are present. It also has a file called transportProperties, where physical properties
of the fluid such as kinematic viscosity, density, thermal diffusivity, and so on are
set.

Al7.4.2.3 Time Directories

The boundary fields such as U and p for the patches defined in the mesh must always be
initialized in a folder that corresponds to the startTime in the controlDict. Since usually, all
simulations start at time t=0, this folder is called the “0” folder. Data for subsequent time
steps is written by the solver in folders below the “0” folder.

Al.7.4.3 OpenFOAM Solvers

OpenFOAM does not have a generic solver applicable to all cases. Instead, users must
choose a specific solver for a class of problems to solve. The solvers with the OpenFOAM
distribution are in the $FOAM_SOLVERS directory. Some of the commonly used solvers
have been listed in the table below. The description of the solvers is taken from the ESI
OpenCFD website.

‘Basic” CFD codes

laplacianFoam Laplace equation solver for a scalar

scalarTransportFoam Passive scalar transport equation solver
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Incompressible flow
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icoFoam
nonNewtonianlcoFoam
simpleFoam

pimpleFoam

Transient solver for incompressible, laminar
flow of Newtonian fluids

Transient solver for incompressible, laminar
flow of non-Newtonian fluids

Steady-state solver for incompressible flows
with turbulence modeling

Large time-step transient solver for

incompressible, turbulent flow, using the
PIMPLE (merged PISO-SIMPLE) algorithm

Compressible flow

rhoCentralFoam Density-based compressible flow solver based on
central-upwind schemes of Kurganov and Tadmor

rhoPimpleFoam Transient solver for turbulent flow of compressible
fluids for heating, ventilation, and air conditioning
and similar applications

rhoSimpleFoam Steady-state solver for turbulent flow of
compressible fluids

sonicFoam Transient solver for trans-sonic/supersonic,
turbulent flow of a compressible gas

Multiphase flow
cavitatingFoam Transient cavitation code based on the homogeneous

compressibleInterFoam

interFoam

multiphaseEulerFoam

twoLiquidMixingFoam
twoPhaseEulerFoam

equilibrium model from which the compressibility of
the liquid /vapor “mixture” is obtained

Solver for two compressible, non-isothermal
immiscible fluids using a VOF (volume of fluid)
phase fraction-based interface capturing approach

Solver for two incompressible, isothermal immiscible
fluids using a VOF phase fraction-based interface
capturing approach

Solver for a system of many compressible fluid phases
including heat transfer

Solver for mixing two incompressible fluids

Solver for a system of two compressible fluid phases
with one phase dispersed, for example, gas bubbles
in a liquid including heat transfer
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Heat transfer and buoyancy-driven flows

buoyantBoussinesqPimpleFoam
buoyantBoussinesqSimpleFoam
buoyantPimpleFoam

buoyantSimpleFoam

chtMultiRegionFoam

Transient solver for buoyant, turbulent flow of
incompressible fluids

Steady-state solver for buoyant, turbulent flow of
incompressible fluids

Transient solver for buoyant, turbulent flow of
compressible fluids for ventilation and heat transfer

Steady-state solver for buoyant, turbulent flow of
compressible fluids, including radiation, for ventilation
and heat transfer

Transient solver for buoyant, turbulent fluid flow and
solid heat conduction with conjugate heat transfer
between solid and fluid regions

Particle-tracking flows

DPMFoam

icoUncoupledKinematicParcelFoam

reactingParcelFoam

sprayFoam

uncoupledKinematicParcelFoam

Transient solver for the coupled transport of a single
kinematic particle cloud including the effect of the
volume fraction of particles on the continuous phase

Transient solver for the passive transport of a single
kinematic particle cloud

Transient solver for compressible, turbulent flow with
a reacting, multiphase particle cloud and optional
sources/constraints

Transient solver for compressible, turbulent flow with
a spray particle cloud

Transient solver for the passive transport of a particle
cloud

Al.7.4.4 OpenFOAM Utilities

Some of the commonly used OpenFOAM utilities/commands are:

Al7.4.4.1 Pre-Processing

applyBoundaryLayer

Apply a simplified boundary-layer model to the velocity and turbulence fields based on

the one-seventh power law.

changeDictionary

Utility to change dictionary entries; for example, can be used to change the patch type in
the field and polyMesh/boundary files.

engineSwirl

Generates a swirling flow for engine calculations.

foamUpgradeCyclics

Tool to upgrade mesh and fields for split cyclics.
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mapFields

Maps volume fields from one mesh to another, reading and interpolating all fields present
in the time directory of both cases. Parallel and non-parallel cases are handled without the
need to reconstruct them first.

mapFieldsPar

Maps volume fields from one mesh to another, reading and interpolating all fields present
in the time directory of both cases.

mdInitialise

Initializes fields for a molecular dynamics (MD) simulation.
setFields
Sets values on a selected set of cells/patch faces through a dictionary.

wallFunctionTable
Generates a table suitable for use by tabulated wall functions.

Al.7.4.4.2 Mesh Generation

blockMesh

A multi-block mesh generator.

extrudeMesh

Extrude mesh from existing patch (by default outward facing normals; optional flips faces)
or from patch read from file.

extrudeToRegionMesh

Extrude faceZones (internal or boundary faces) or faceSets (boundary faces only) into a
separate mesh (as a different region).

foamyHexMesh
Conformal Voronoi automatic mesh generator.

snappyHexMesh

Automatic split hex mesher. Refines and snaps to surface.
3.6.3 Mesh conversion

ansysToFoam
Converts an ANSYS input mesh file, exported from I-DEAS, to OpenFOAM format.

cfx4ToFoam
Converts a CFX 4 mesh to OpenFOAM format.

datToFoam

Reads in a datToFoam mesh file and outputs a points file. Used in conjunction with
blockMesh.
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fluent3DMeshToFoam
Converts a Fluent mesh to OpenFOAM format.

fluentMeshToFoam

Converts a Fluent mesh to OpenFOAM format, including multiple region and region
boundary handling.

foamMeshToFluent
Writes out the OpenFOAM mesh in Fluent mesh format.

gambitToFoam
Converts a GAMBIT mesh to OpenFOAM format.

gmshToFoam
Reads .msh file as written by Gmsh.

star4ToFoam
Converts a Star-CD (v4) pro-STAR mesh into OpenFOAM format.

Al7.4.4.3 Mesh Manipulation

attachMesh
Attaches topologically detached mesh using prescribed mesh modifiers.

autoPatch

Divides external faces into patches based on (user-supplied) feature angle.

checkMesh
Checks validity of a mesh.

createBaffles

Makes internal faces into boundary faces. Does not duplicate points, unlike
mergeOrSplitBaffles.

createPatch

Utility to create patches out of selected boundary faces. Faces come either from existing
patches or from a faceSet.

mergeMeshes

Merges two meshes.

mirrorMesh

Mirrors a mesh around a given plane.

moveDynamicMesh

Mesh motion and topological mesh changes utility.
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moveMesh

Solver for moving meshes.

refineMesh
Utility to refine cells in multiple directions.

renumberMesh

Renumbers the cell list to reduce the bandwidth, reading and renumbering all fields from
all the time directories.

rotateMesh

Rotates the mesh and fields from direction nl to direction n2.

setsToZones

Add pointZones/faceZones/cellZones to the mesh from similar named pointSets/faceSets/
cellSets.
splitMesh

Splits mesh by making internal faces external. Uses attachDetach.

stitchMesh
“Stitches” a mesh.

transformPoints

Transforms the mesh points in the polyMesh directory according to the translate, rotate,
and scale options.

Al7.4.4.4 Post-Processing
pdfPlot

Generates a graph of a probability distribution function.

temporallnterpolate

Interpolates fields between time-steps, for example, for animation.

particleTracks

Generates a VTK file of particle tracks for cases that were computed using a tracked-par-
cel-type cloud.

steadyParticleTracks

Generates a VIK file of particle tracks for cases that were computed using a steady-state
cloud. Note: case must be re-constructed (if running in parallel) before use.

streamFunction

Calculates and writes the stream function of velocity field U at each time.
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wallHeatFlux

Calculates and writes the heat flux for all patches as the boundary field of a volScalarField
and also prints the integrated flux for all wall patches.

writeCellCentres

Writes the three components of the cell centers as volScalarFields so that they can be used
in post-processing in thresholding.

Al7.4.4.4.1 Post-processing data converters

foamDataToFluent
Translates OpenFOAM data to Fluent format.

foamToEnsight
Translates OpenFOAM data to EnSight format.

foamToGMV
Translates foam output to GMV readable files.

foamToTecplot360

Tecplot binary file format writer.

foamToVTK
Legacy VTK file format writer.

Al7.4.4.5 Parallel Processing

decomposePar

Automatically decomposes a mesh and fields of a case for parallel execution of
OpenFOAM.

reconstructPar
Reconstructs fields of a case that is decomposed for parallel execution of OpenFOAM.

reconstructParMesh
Reconstructs a mesh using geometric information only.
Al74.4.6 Thermophysical-Related Utilities

chemkinToFoam

Converts CHEMKINIII thermodynamics and reaction data files into OpenFOAM
format.

equilibriumCO
Calculates the equilibrium level of carbon monoxide.
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equilibriumFlameT

Calculates the equilibrium flame temperature for a given fuel and pressure for a range of
unburned gas temperatures and equivalence ratios; the effects of dissociation on O,, H,0O,
and CO, are included.

mixtureAdiabaticFlameT
Calculates the adiabatic flame temperature for a given mixture at a given temperature.
Al7.4.4.7 Miscellaneous Utilities

foamDictionary
Interrogates and manipulates dictionaries.

foamFormatConvert
Converts all IOobjects associated with a case into the format specified in the controlDict.

AI.8 Greek Letters

o Thermal diffusivity (m?/s)

B Coefficient of volume expansion
8(x) Boundary-layer thickness

P Dissipation function

Y Specific weight (N/m?3)

n Non-Newtonian fluid viscosity
Mnip Mean-free-path

i Dynamic viscosity (kg.m/s)

v Kinematic viscosity (m?/s)

p Density (kg/m?)

T Shear stress tensor

® Angular velocity (rad/s)
3 Stream function
¢ Vorticity vector
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AII.1 Conversion Factors

Dimension Metric Metric/English
Acceleration 1m/s?=100 cm/s? 1 m/s?2=3.2808 ft/s?

1 ft/s?>=0.3048> m/s?
Area 1 m?=10* cm?=10° mm?=10-° km? 1 m?=1550 in.2=10.764 ft*

1 f2=144 in.2=0.09290304* m?
Density 1g/cm®*=1kg/L=1000 kg/m? 1 g/cm?®=62.428 Ibm/ft*=0.036127

Energy, heat, work,
internal energy, enthalpy

Force

Heat flux
Heat transfer coefficient
Length

Mass

Power, heat transfer rate

1kJ=1000]=1000 N m=1 kPa m?
1kJ/kg=1000 m?/s?

1 kWh=3600 kJ

1calb=4.184]

11T cal’=4.1868 ]

1 cal>=4.1868 kJ

1N=1kg -m/s>=10°dyn

1 kgf=9.80665 N

1W/ecm?=10* W/m?
1W/m?2-°C=1W/m?-K

1 m=100 cm=1000 mm = 10° um
1km=1000 m

1kg=1000g
1 metric ton=1000 kg

1W=1]/s
1 kW =1000 W=1.341 hp
1hpe=7457 W

Ibm/in.?
11bm/in.2=1728 Ibm/ft3
1 kg/m?*=0.062428 Ibm/ft3
1 kJ=0.94782 Btu
1 Btu=1.055056 kJ
=5.40395 psia - ft3=778.169 Ibf - ft
1 Btu/lbm =25,037 ft?/s?=2.326 k] / kg
1 kJ/kg=0.430 Btu/Ibm
1 kWh=3412.14 Btu

1 therm=10° Btu=1.055x10° kJ
(natural gas)

1 N=0.22481 Ibf

11bf=32.174 1bm - ft/s?>=4.44822 N
1W/m?2=0.3171 Btu/h - ft?
1W/m?-°C=0.17612 Btu/h - ft*> - °F
1 m=39.370 in.=3.2808 ft=1.0926 yd
1ft=12in.=0.3048* m

1 mi.=5280 ft=1.6093 km
1in.=2.54"cm

1 kg=2.2046226 Ibm

1 Ibm =0.45359237 kg
10z=28.349% g

1 slug=32.174 Ibm =14.5939 kg

1 short ton=2000 Ibm =907.1847 kg
1kW=3412.14 Btu/h

=737.56 1bf - ft/s

1 hp =550 Ibf - ft/s=0.7068 Btu/s
=42.41 Btu/min=2544.5 Btu/h
=0.74570 kW

1 boiler hp=33,475 Btu/h

1 Btu/h=1.055056 kJ/h

1 ton of refrigeration =200 Btu/min

(Continued)
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(Continued)
Dimension Metric Metric/English
Pressure 1Pa=1N/m? 1 Pa=1.4504x 10 psia
1 kPa=10° Pa=10"° MPa =0.020886 1bf/ft
1 atm=101.325 kPa=1.01325 bar 1 psi=144 Ibf/ft>=6.894757 kPa
=760 mm Hg at 0°C 1 atm =14.696 psia=29.92 in. Hg at 30°F
=1.03323 kgf/cm? 1in. Hg=3.387 kPa
1 mm Hg=0.1333 kPa
Specific heat 1kJ/kg-°C=1kJ/kg-K=1]/g-C 1 Btu/lbm - °F=4.1868 k] /kg - °C

Specific volume

Temperature

Thermal conductivity
Velocity

Volume

Volume flow rate

1m3/kg=1000 L/kg=1000 cm?/g

T(K)=T(°C)+273.15
AT(K)=A T(°C)

I1W/m-°C=1W/m-K

1m/s=3.60 km/h

1 m?*=1000 L=10° cm? (cc)

1m3/s=60,000 L/min=10° cm?3/s

1 Btu/lbmol - R=4.1868 kJ /kmol - K

1kJ/kg - °C=0.23885 Btu/Ibm - °F

=0.23885 Btu/lbm - R

1m3/kg=16.02 ft3/Ibm

1 £t3/Ibm=0.062428 m®/kg

T(R) =T(°F) +459.67 =1.8T(K)

T(°F)=1.8 T(°C) +32

AT(°F)=AT(R)=1.8 AT(K)

1W/m-°C=0.57782 Btu/h - ft - °F

1m/s=3.2808 ft/s=2.237 mi/h

1mi/h=1.4667 ft/s

1mi/h=1.6093 km/h

1m3=6.1024 x10* in.3=35.315 ft®

=264.17 gal (US.)

1U.S. gal=231in.3=3.7854 L

1 fl 02=29.5735 cm?®=0.0295735 L

1U.S. gal=128fl oz

1m3/5=15,850 gal/min (gpm)=35.315
ft3/s

=2118.9 ft3/min (cfm)

2 Exact conversion factor between metric and English units.

b Calorie is originally defined as the amount of heat needed to raise the temperature of 1 g of water by 1°C,
but it varies with temperature. The international steam table (IT) calorie (generally preferred by engineers)
is exactly 4.1868 ] by definition and corresponds to the specific heat of water at 15°C. The thermochemical
calorie (generally preferred by physicists) is exactly 4.184 ] by definition and corresponds to the specific
heat of water at room temperature. The difference between the two is about 0.06%, which is negligible. The
capitalized calorie used by nutritionists is actually a kilocalorie (1000 IT cal).

¢ Mechanical horsepower. The electrical horsepower is taken to be exactly 746 W.
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All.1.1 Some Physical Constants
Universal gas constant R,=8.31447 kJ /kmol - K
= 8.31447 kPa - m3/kmol - K
=0.0831447 bar - m*/kmol - K
=82.05L:atm/kmol - K
=1.9858 Btu/lbmol - R
=1545.37 ft - Ibf/Ibmol - R
=10.73 psia - ft*/Ibmol - R
Standard acceleration of gravity §=9.80665 m/s?
=32.174 ft/s?
Standard atmospheric pressure 1 atm=101.325 kPa
=1.01325 bar
=14.696 psia
=760 mm Hg (0°C)
=29.9213 in Hg (32°F)
=10.3323 m H,0 (4°C)
Stefan—-Boltzmann constant 6=5.6704x10° W/m? - K*
=0.1714x10® Btu/h - ft> - R*
Boltzmann’s constant k=1.380650x102*]J/K
Speed of light in vacuum c=6.71x10° mph
=9.836x10° ft/s
Speed of sound in dry air at 0°C and 1 atm ¢=331.36 m/s
=1089 ft/s
Heat of fusion of water at 1 atm hy=333.7 k] /kg
=143.5 Btu/Ibm
Enthalpy of vaporization of water at 1 atm he=2256.5 k] /kg
=970.12 Btu/lbm
I
AIL.2 Properties
Table AIL.2.1 Molar Mass, Gas Constant, and Critical-Point Properties
Critical-Point Properties
Molar
Mass Volume
(Mkg/  GasConstant Temperature Pressure (m3/
Substance Formula kmol) (RKJ/kg - K?) (K) (MPa) kmol)
Air — 28.97 0.2870 1325 3.77 0.0883
Ammonia NH; 17.03 0.4882 405.5 11.28 0.0724
Argon Ar 39.948 0.2081 151 4.86 0.0749
Benzene CoHq 78.115 0.1064 562 492 0.2603
Bromine Br, 159.808 0.0520 584 10.34 0.1355
n-Butane C.H,, 58.124 0.1430 4252 3.80 0.2547
Carbon dioxide CO, 44.01 0.1889 304.2 7.39 0.0943

(Continued)
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Table AIL.2.1 (Continued) Molar Mass, Gas Constant, and Critical-Point Properties

Critical-Point Properties

Molar
Mass Volume
(Mkg/  GasConstant Temperature Pressure (m3/
Substance Formula kmol) (RKJ/kg - K?) (K) (MPa) kmol)
Carbon monoxide CcO 28.011 0.2968 133 3.50 0.0930
Carbon tetrachloride CCl, 153.82 0.05405 556.4 4.56 0.2759
Chlorine Cl, 70.906 0.1173 417 7.71 0.1242
Chloroform CHCl, 119.38 0.06964 536.6 5.47 0.2403
Dichlorodifluoromethane CCLF, 120.91 0.06876 384.7 4.01 0.2179
(R-12)
Dichlorofluoromethane CHCLF 102.92 0.08078 451.7 5.17 0.1973
(R-21)
Ethane C,Hy 30.070 0.2765 305.5 4.48 0.1480
Ethyl alcohol C,H;OH 46.07 0.1805 516 6.38 0.1673
Ethylene C,H, 28.054 0.2964 282.4 5.12 0.1242
Helium He 4.003 2.0769 53 0.23 0.0578
n-Hexane CHy, 86.179 0.09647 507.9 3.03 0.3677
Hydrogen (normal) H, 2.016 4.1240 33.3 1.30 0.0649
Krypton Kr 83.80 0.09921 209.4 5.50 0.0924
Methane CH, 16.043 0.5182 191.1 4.64 0.0993
Methyl alcohol CH,OH 32.042 0.2595 513.2 7.95 0.1180
Methyl chloride CH,C1 50.488 0.1647 416.3 6.68 0.1430
Neon Ne 20.183 0.4119 445 2.73 0.0417
Nitrogen N, 28.013 0.2968 126.2 3.39 0.0899
Nitrous oxide N,O 44.013 0.1889 309.7 7.27 0.0961
Oxygen O, 31.999 0.2598 154.8 5.08 0.0780
Propane C;Hg 44.097 0.1885 370 4.26 0.1998
Propylene C;Hg 42.081 0.1976 365 4.62 0.1810
Sulfur dioxide SO, 64.063 0.1298 430.7 7.88 0.1217
Tetrafluoroethane CF,CH,F 102.03 0.08149 374.2 4.059 0.1993
(R-134a)
Trichlorofluoromethane CCL,F 137.37 0.06052 471.2 4.38 0.2478
(R-11)
Water H,0 18.015 0.4615 647.1 22.06 0.0560
Xenon Xe 131.30 0.06332 289.8 5.88 0.1186

Source: Kobe, K.A. and Lynn, Jr., RE. Chem. Rev., 52, 117-236, 1953 and ASHRAE, Handbook of Fundamentals,
American Society of Heating, Refrigerating and Air-Conditioning Engineers, Inc., Atlanta, GA, pp. 16.4
and 36.1., 1993.
3 The unit kJ/kg - K is equivalent to kPa - m3®/kg - K. The gas constant is calculated from R=R,/M, where
R,=8.31447 kJ /kmol - K and M is the molar mass.
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Table All.2.2 Ideal-Gas Specific Heats of Various Common Gases

(a) At300 K

Gas Formula Gas Constant (R kJ/kg - K) C, (kJ/kg - K) C, (kJ/kg - K) k

Air — 0.2870 1.005 0.718 1.400
Argon Ar 0.2081 0.5203 0.3122 1.667
Butane C,H,, 0.1433 1.7164 1.5734 1.091
Carbon CO, 0.1889 0.846 0.657 1.289

dioxide
Carbon CO 0.2968 1.040 0.744 1.400
monoxide

Ethane C,H, 0.2765 1.7662 1.4897 1.186
Ethylene C,H, 0.2964 1.5482 1.2518 1.237
Helium He 2.0769 5.1926 3.1156 1.667
Hydrogen H, 4.1240 14.307 10.183 1.405
Methane CH, 0.5182 2.2537 1.7354 1.299
Neon Ne 0.4119 1.0299 0.6179 1.667
Nitrogen N, 0.2968 1.039 0.743 1.400
Octane CgHyg 0.0729 1.7113 1.6385 1.044
Oxygen O, 0.2598 0.918 0.658 1.395
Propane C,H, 0.1885 1.6794 1.4909 1.126
Steam H,O 0.4615 1.8723 1.4108 1.327

Source:Kyte, B. G., Chemical and Process Thermodynamics, 3rd ed., Pearson Education, Inc., Upper Saddle River, NJ,
2000. Adapted with permission.
Note: The unit kJ/kg - K is equivalent to k] /kg - °C.

(b) At Various Temperatures

C, (K C,(KJ/ C,(J/  C, (I C,(J/  C, ]/

kg K) kg K) k kg-K) kgK) k kg-K) kgK) k
Temperature
(K) Air Carbon dioxide, CO, Carbon monoxide, CO
250 1.003 0.716 1.401 0.791 0.602 1.314 1.039 0.743 1.400
300 1.005 0.718 1.400 0.846 0.657 1.288 1.040 0.744 1.399
350 1.008 0.721 1.398 0.895 0.706 1.268 1.043 0.746 1.398
400 1.013 0.726 1.395 0.939 0.750 1.252 1.047 0.751 1.395
450 1.020 0.733 1.391 0.978 0.790 1.239 1.054 0.757 1.392
500 1.029 0.742 1.387 1.014 0.825 1.229 1.063 0.767 1.387
550 1.040 0.753 1.381 1.046 0.857 1.220 1.075 0.778 1.382
600 1.051 0.764 1.376 1.075 0.886 1.213 1.087 0.790 1.376
650 1.063 0.776 1.370 1.102 0.913 1.207 1.100 0.803 1.370
700 1.075 0.788 1.364 1.126 0.937 1.202 1.113 0.816 1.364
750 1.087 0.800 1.359 1.148 0.959 1.197 1.126 0.829 1.358
800 1.099 0.812 1.354 1.169 0.980 1.193 1.139 0.842  1.353
900 1.121 0.834 1.344 1.204 1.015 1.186 1.163 0.866  1.343
1000 1.142 0.855 1.336 1.234 1.045 1.181 1.185 0.888 1.335

(Continued)
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Table AIL.2.2 (Continued) Ideal-Gas Specific Heats of Various Common Gases

(b) At Various Temperatures

C,(KJ/  C,(kJ/ C, &/  C, K]/ C, &/ C,(J/

kg K) kg K) k kg-K) kgK) k kg-K) kgK) k
Temperature
(K) Air Carbon dioxide, CO, Carbon monoxide, CO

Hydrogen, H, Nitrogen, N, Oxygen, O,

250 14.051 9.927 1.416 1.039 0.742 1.400 0.913 0.653  1.398
300 14.307 10.183 1.405 1.039 0.743 1.400 0.918 0.658  1.395
350 14.427 10.302 1.400 1.041 0.744 1.399 0.928 0.668  1.389
400 14.476 10.352 1.398 1.044 0.747  1.397 0.941 0.681 1.382
450 14.501 10.377 1.398 1.049 0.752 1.395 0.956 0.696  1.373
500 14.513 10.389 1.397 1.056 0.759 1.391 0.972 0712 1.365
550 14.530 10.405 1.396 1.065 0.768 1.387 0.988 0728  1.358
600 14.546 10.422 1.396 1.075 0.778 1.382 1.003 0.743  1.350
650 14.571 10.447 1.395 1.086 0.789 1.376 1.017 0.758  1.343
700 14.604 10.480 1.394 1.098 0.801 1.371 1.031 0.771  1.337
750 14.645 10.521 1.392 1.110 0.813 1.365 1.043 0.783  1.332
800 14.695 10.570 1.390 1.121 0.825 1.360 1.054 0794 1327
900 14.822 10.698 1.385 1.145 0.849 1.349 1.074 0.814  1.319
1000 14.983 10.859 1.380 1.167 0.870 1.341 1.090 0.830  1.313

Source: Wark, K., Thermodynamics, 4th ed., McGraw-Hill, New York, 1983, p. 783, Table A-4M. Originally pub-
lished in Tables of Thermal Properties of Gases, NBS Circular 564, 1955.

Table AIL.2.3 Properties of Common Liquids, Solids, and Foods

(a) Liquids

Boiling Data at 1 atm

Freezing Data

Liquid Properties

Normal  Latent Heat Latent Specific
Boiling of Heat of Density, Heatc,
Point Vaporization Freezing Fusion i, ~ Temperature P (kg/ (k)/kg -
Substance °C) h, (kJ/kg)  Point (°C) (KJ/kg) °C) m3) K)
Ammonia -33.3 1357 -77.7 3224 -33.3 682 4.43
-20 665 4.52
0 639 4.60
25 602 4.80
Argon -185.9 161.6 -189.3 28 -185.6 1,394 1.14
Benzene 80.2 394 5.5 126 20 879 1.72
Brine (20% 103.9 — -17.4 — 20 1,150 3.11
sodium
chloride
by mass)
n-Butane -0.5 385.2 -138.5 80.3 -0.5 601 2.31
Carbon -78.42 230.5 (at 0°C) -56.6 0 298 0.59
dioxide
Ethanol 782 838.3 -114.2 109 25 783 2.46
Ethyl 78.6 855 -156 108 20 789 2.84
alcohol

(Continued)



Appendix I1 431

Table AII.2.3 (Continued) Properties of Common Liquids, Solids, and Foods

(a) Liquids

Boiling Data at 1 atm Freezing Data Liquid Properties
Normal Latent Heat Latent Specific
Boiling of Heat of Density, Heat
Point Vaporization  Freezing Fusion h;;  Temperature P (kg/ kJ/kg -
Substance (°C) hy, (KJ/kg) Point (°C) (KJ/kg) (W®) m3) K)
Ethylene 198.1 800.1 -10.8 181.1 20 1,109 2.84
glycol
Glycerine 179.9 974 18.9 200.6 20 1,261 2.32
Helium -268.9 22.8 — — —-268.9 146.2 22.8
Hydrogen -252.8 4457 -259.2 59.5 -252.8 70.7 10.0
Isobutane -11.7 367.1 -160 105.7 11.7 593.8 2.28
Kerosene 204-293 251 -24.9 — 20 820 2.00
Mercury 356.7 294.7 -38.9 114 25 13,560 0.139
Methane -161.5 510.4 -182.2 58.4 -161.5 423 3.49
-100 301 5.79
Methanol 64.5 1100 -97.7 99.2 25 787 2.55
Nitrogen -195.8 198.6 -210 25.3 -195.8 809 2.06
-160 596 2.97
Octane 124.8 306.3 -57.5 180.7 20 703 2.10
Oil (light) 25 910 1.80
Oxygen -183 212.7 -218.8 13.7 -183 1,141 1.71
Petroleum — 230-384 20 640 2.0
Propane -42.1 427.8 -187.7 80.0 -42.1 581 2.25
0 529 2.53
50 449 3.13
Refrigerant- -26.1 217.0 -96.6 — -50 1,443 1.23
134a -26.1 1,374 1.27
0 1,295 1.34
25 1,207 1.43
Water 100 2257 0.0 333.7 0 1,000 4.22
25 997 4.18
50 988 4.18
75 975 4.19
100 958 4.22

2 Sublimation temperature. (At pressures below the triple-point pressure of 518 kPa, carbon dioxide exists as a
solid or gas. Also, the freezing-point temperature of carbon dioxide is the triple-point temperature of —-56.5°C.)
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Appendix 11

AIL3 Drag Coefficient: (a) Smooth Sphere and (b) an Infinite
Cylinder as a Function of Reynolds Number
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Appendix 11

AIL.4 Moody Chart
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Index

2-D and 3-D meshes, 301-304
boundary conditions, 304
equation discretization, 303-304
simulation accuracy, 302-303

Active mixing methods, 360
Annular flow, 340-342
ANSYS ICEM, 348-349, 363-364

Bending and torsion, 270-271
Bernoulli equation, 51-55
Bingham plastics, 180-183
Binomial theorem, 395-396
Biofluid Dynamics, 3
Blasius flow, 112-113, 116-118
Boundary conditions, 304
Boundary layer, 49

equations, 412

velocity profiles, 132-135
Boundary lubrication, 197
Bubbly pipe flow, 172-175
Buoyancy-driven flows, 419

CAD, see Computer-aided design (CAD)
Calendering operation, 229-232
Casson model, 313
Cauchy’s equation of motion, 46, 406—-407
Central difference method, 367
CFD codes, 417
CFDs, see Computational fluid dynamics (CFDs)
CFX11 finite volume solver, 315
Chari, Sriram V., 335
Closed vs. open systems, 18-20
Cold spraying, 232
Compressible flow, 418
Computational fluid dynamics (CFDs), 297-329
modeling objectives and numerical tools,
299-308
2-D and 3-D meshes, 301-304
data management plan, 304-306
design aspects, 306-308
mathematical, 301
problem recognition and scale, 299-301
result interpretation, 304-306
overview, 297-299
simulation examples, 308-329
case studies, 311-329
model validations, 308-311

Computer-aided design (CAD), 306-308
Computer simulations, 306
Cone-plate viscometer, 89-90
Conservation laws, 29-77
fluid-mass, 35-43
continuity in differential form, 39-43
in integral form, 35-39
momentum conservation equations, 43-66
in differential form, 45-48
equation of motion, 48-55
in integral form, 43-44
linear momentum transfer, 56—61
vorticity dynamics, 61-66
overview, 29-31
Reynolds transport theorem, 31-35
extended cases, 33-34
setting up, 34-35
scalar transport equations, 66-73
convection-diffusion equation for heat
transfer, 68-72
macro-scale energy balance, 66-68
species convection-diffusion equation,
72-73
Conservation of angular momentum, 34
Constitutive equations, 8-10, 8-10, 320
Continuity equation, 39-43, 348, 363, 406
in differential form, 39—-40
Continuum mechanics hypothesis, 3-5, 237
Control-volume approach, 21
Convection-diffusion equation
for heat transfer, 68-72
species, 72-73
Convection heat transfer, 141-148
Conversion factors, 425-426
Couette flow
with Bingham plastic, 180-183
log-law applications for, 140-141
shear stress in, 56-58
with viscous dissipation, 95-97
Coulomb’s law, 256
Courant number, 358-359
Course projects, 331-335
guidelines for report writing, 331-332
overview, 331
suggestions, 332-335
with analytic solutions, 334-335
computer simulation and design
projects, 335
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Creeping flow, 165-166, 345
Critical-point properties, 427-428

Damped vibration, 288293
Damping coefficients, 285-287
Darcy friction factor, 342
Darcy’s experiment, 162-164
Darcy’s law, 159
Data management plan (DMP), 304-306
Deformation analysis, 274-276
Dell Precision 670, 326
DGBP density model, 313-314, 316, 317, 318-319
Differential approach, 17
Differential mass balance, 40-43
Differential operations, 394-396
binomial theorem, 395-396
Taylor series expansions, 395-396
time operators, 394-395
total differential, 395
Diffusion scaling, 242
Dimensionless groups, scale analysis and,
7-8,22-24
examples, 22-23
non-dimensionalization of equations, 23-24
Direct coupling method, 321
Direct numerical simulation (DNS), 131
Dirichlet condition, 304
Dispersed flows, 157
Dissipation function, 409
Divergence schemes, 350
DMP, see Data management plan (DMP)
DNS, see Direct numerical simulation (DNS)
Drag and lift force
coefficients, 351-359, 434
computations, 119-123
Drawing and coating processes, 224-232

EDL, see Electric double layer (EDL)
Elasto-hydrodynamic lubrication, 197
Electric double layer (EDL), 254, 255
Electrolyte, 255
Electro-osmotic flow, 253-262
Entrance flows, 107
Equation of motion, 6, 43, 45-46
Bernoulli equation, 51-55
Euler equation, 50
Navier—Stokes equation, 49
Prandtl’s boundary-layer equations, 49-50
Stokes equation, 50
Equation of state, 8
Error functions, 397-398
Euler equation, 50
Euler-Lagrange approach, 183

Index

External flow, 132-137
boundary-layer velocity profiles, 132-135
modeling results, 136-137
External laminar flows, 107-129
drag and lift computations, 119-123
momentum boundary-layer, 108-119
Nusselt number correlations, 116-119
solution methods for flat-plate, 108-113
thermal, 113-115
thick thermal, 115
thin thermal, 115-116
steady planar and round jets, 123-129
solution, 128-129

Fast Fourier Transform (FFT), 357
Fick’s law, 410
Film casting, 225228
First law of thermodynamics, 66
Flat-plate boundary-layer flows, 108-113
integral method, 111-113
similarity analysis, 108-111
Flow-induced vibration, 284-295
harmonic response to forced vibration,
293-295
harmonic response to free vibration, 287-293
Flow mixture models, 158
Fluid flow phenomena, 3-27
constitutive equations, 8-10
continuum mechanics hypothesis, 3-5
definitions, 5-8
derivation and modeling approaches, 14-21
closed vs. open systems, 18-20
flow assumptions and mathematical
statements, 17-18
material-point concept, 2021
problem solving, 15-17
techniques, 17
flux vectors, 13-14
scale analysis and dimensionless groups,
22-24
examples, 22-23
non-dimensionalization of equations,
23-24
stress tensors and stress vectors, 10-13
thermodynamic properties, 8
Fluid-interface mechanics, 217-224
Fluid-mass conservation, 35-43
continuity in differential form, 39-43
in integral form, 35-39
Fluid-particle dynamics, 183-192
micron-particle transport and deposition,
183-189
nanoparticle transport, 189-192
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Fluid properties, 6
Fluid spreading, 217-235
drawing and coating processes, 224-232
fluid-interface mechanics, 217-224
overview, 217
spray-coating, 232-233
Fluid-structure interaction (FSI), 267-296, 319
flow-induced vibration, 284-295
harmonic response to forced vibration,
293-295
harmonic response to free vibration,
287-293
overview, 267-268
slender-body dynamics, 279-284
flow-induced concentrated-mass
oscillations, 282-284
flow-induced slender-body oscillations,
280-282
solid mechanics, 268-279
equilibrium conditions, 272-274
stresses, 268-272
stress—strain relationships, 274-279
Flux vectors, 13-14
Force balance derivation, 47-48
Forced convection and heat transfer, 92-99
coefficient, 93-94
Nusselt number, 94-95
Reynolds-Colburn analogy, 95-99
Form drag, 120
Frictional drag, 120
Friction factor, 143-144, 342-344
FSI, see Fluid-structure interaction (FSI)
Gas constant, 427-428
Gas flow characteristics, 248-249
Gauss integration method, 350, 367
Gradient schemes, 350, 367

Harmonic load, 283-284
Harmonic response
to forced vibration, 293-295
underdamped system, 293-295
to free vibration, 287-293
damped, 288293
undamped, 287-288
Heat transfer
and buoyancy-driven flows, 419
equation, 68-72, 408
Helical flow index (HFI), 65
Helicity, 65-66
HFI, see Helical flow index (HFI)
Hill’s vortices, 185
Hooke’s law, 276, 277
Hopf bifurcation, 345
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Hybrid molecular-continuum simulation, 301
Hydraulic conductivity, 164

Hydraulic resistance, 245

Hydrodynamic lubrication, 197

Hyperbolic functions, 397

IcoFoam, 350
Included angle effect, 371- 372
Incompressible flow, 418
Incompressible viscous fluid flow applications,
79-154
external laminar, 107-129
drag and lift computations, 119-123
momentum boundary-layer, 108-119
steady planar and round jets, 123-129
internal laminar, 79-106
forced convection and heat transfer, 92-99
near-parallel, 90-91
steady fully developed, 80-90
transient one-dimensional, 99-106
overview, 79
turbulent, 129-148
external, 132-137
internal, 137-148
Integral approach, 17
Integral transformations, 399-403
divergence theorem, 399-400
Leibniz rule, 400
methods, 400-403
Intel 3.59GHz processor, 326
Internal laminar flows, 79-106, 137148
forced convection and heat transfer, 92-99,
141-148
coefficient, 93-94
Nusselt number, 94-95
Reynolds-Colburn analogy, 95-99
near-parallel, 90-91
steady fully developed, 80-90
transient one-dimensional, 99-106
pipe, 102-106
Stokes’ first problem, 100-102
thin shear-layer development, 100-102
Ions and ionization, 254
Iterative coupling methodology, 321

Journal bearing, 211-212

Lagrangian vs. Eulerian flow, 18-20
Laminar boundary-layer flow, 118-119
Laminar cross flow, 345-359
cylinder in, 348-351
boundary conditions, 349
control dictionary, 350
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mesh, 348-349
mesh-independence test, 349
numerical schemes, 350
solution and algorithm control, 350-351
mathematical model, 346-348
assumptions and postulates, 347
boundary conditions, 347
equations, 347-348
system sketch, 346-347
overview, 345-346
post-processing, 351
lift and drag coefficients, 351-359
Re =20 vs. Re =200, 351
streamlines, 351
velocity contours, 351
Laminar flow, 16
Laplacian schemes, 350, 367
Large eddy simulation (LES), 131
Lattice-Boltzmann method, 17
Leibniz rule, 400
LES, see Large eddy simulation (LES)
Linear mass-damper-spring system, 291-293
Linear momentum equation, see Cauchy’s
equation of motion
Linear momentum transfer, 56—61
Liquid and solid properties, 430-433
Log-law applications, 140-141
Lubrication systems, 197-216
approximations, 198-206
planar lubrication, 203-206
slot-flow analysis, 199-200
squeeze-film lubrication, 200-203
and nanoparticles, 212-213
overview, 197-198
Reynolds lubrication equation, 206212

Macro-scale energy balance, 66—-68
Magnus effect, 184
Material-point concept, 20-21
Mathematical modeling, 301
MD, see Molecular dynamics (MD)
Mesh and mesh-independence test, 348-349,
363-364
Method of weighted residuals (MWR), 400
Microfluidic mixing, in microchannel geometry
and inlet flow conditions, 359-379
case-study setup, 363-368
boundary conditions, 366-367
material properties, 364-366
mesh, 363-364
numerical schemes, 367
quasi-stationary state, 368
solution and algorithm control, 367-368

Index

mathematical model, 361-363
assumptions, 362
governing equations, 362-363
postulates, 362
system sketch, 361-362
overview, 360-361
results, 368-379
diffusion vs. dispersion, 368-369
included angle effect, 371-372
phase difference effect, 379
phase shift effect, 370-371
pulsation amplitude effect, 372-374
pulsation frequency effect, 374-379
Microfluidics, 237
Micron-particle transport and deposition, 183-189
Microscale fluid dynamics, 237-265
flow in microconduits, 241-262
electro-osmotic flow, 253-262
properties and conditions, 246249
scale analysis, 241-246
wall slip velocity and temperature jump,
249-253
flow systems, 239-241
overview, 237-239
MIR, see Momentum integral relation (MIR)
Mixed-phase flows, 157
Mixture flows, 157-195
fluid-particle dynamics, 183-192
micron-particle transport and deposition,
183-189
nanoparticle transport, 189-192
overview, 157-159
porous medium, 159-168
modeling, 162-168
saturated, 159-162
pseudo two-phase, 168-183
Bingham plastics, 180-183
non-Newtonian fluid, 175-180
quasi-homogeneous, 168-175
Molar mass, 427-428
Molecular dynamics (MD), 301
approach, 17
simulations, 213
Momentum boundary-layer flow, 108-119
Nusselt number correlations, 116-119
solution methods for flat-plate, 108-113
integral method, 111-113
similarity analysis, 108-111
thermal, 113-115
thick thermal, 115
thin thermal, 115-116
Momentum conservation equations, 43-66
in differential form, 45-48
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equation of motion, 45-46
force balance derivation, 47-48
in integral form, 43-44
linear momentum transfer, 56—61
special cases of equation of motion, 48-55
Bernoulli equation, 51-55
Euler equation, 50
Navier—Stokes equation, 49
Prandtl’s boundary-layer equations,
49-50
Stokes equation, 50
vorticity dynamics, 61-66
diffusion, 64-65
helicity, 65-66
transport equation, 62-63
vector and fluid circulation, 61-62
vortex-line straining, 63—-64
Momentum conservation law, 43
Momentum equation, 348, 363, 407-408
Momentum integral relation (MIR), 111
Momentum transfer, 244-245
equation, 5
and time scale, 244-245
Moody chart, 435
Movable diffuse layer, 255
Multiphase flow, 418
MWR, see Method of weighted residuals (MWR)

Nanoparticle
convection and diffusion, 190-192
lubricants and, 212-213
transport, 189-192
Navier—Stokes equation solvers, 304
Navier—Stokes (N-S) equation, 49, 158, 242, 301,
407-408
Near-parallel flows, 90-91
Neumann condition/problem, 304
Newtonian fluids, 175
Newtonian model, 313, 316, 317, 318
Newton’s second law, 6
Nitrogen-gas flow, 251253
Non-Newtonian fluids, 6, 16, 175-180, 250
N-S equation, see Navier-Stokes (N-S) equation
Nusselt number, 94-95, 116-119, 143-144

ODE, see Ordinary differential equation (ODE)
Open Field Operations and Manipulation
(OpenFOAM®), 345, 348, 357, 363, 366
description, 416
file structure in, 416417
constant directory, 417
system directory, 417
time directories, 417
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solvers, 417-419
utilities, 419-424
mesh generation, 420-421
mesh manipulation, 421-422
parallel processing, 423
post-processing, 422-423
pre-processing, 419-420
thermophysical-related, 423-424
Open-source software, 335
Ordinary differential equation (ODE), 401,
403-406

Parallel flow, in cylindrical tubes, 85-89
Parallel plate flow, 82-83
Parallel-plate hydraulic resistance, 245-246
Parallel processing, 423
Parametric sensitivity analysis (PSA), 306, 333
Partial differential equations (PDEs), 49, 297,
304, 400, 401
Particle-tracking flows, 419
Passenger jet, 122-123
Passive mixing methods, 360
PDEs, see Partial differential equations (PDEs)
PDMS, see Polydimethylsiloxane (PDMS)
Phase shift effect, 370-371
Phenomenological approach, 17
Physical constants, 427
PISO algorithm, 350
Planar lubrication, 203-206
Plane stress analysis, 278-279
Plasma spraying, 232
Poiseuille flow, 58-59, 171-172, 335-338
Polydimethylsiloxane (PDMS), 240
Polymer film thickness, 178-180
Porous medium flow, 159-168
modeling, 162-168
saturated, 159-162
Power-law fluid flow, 176-180
Prandtl, Ludwig, 100
Prandtl’s boundary-layer concept, 16, 49-50,
304, 411-415
Problem recognition and modeling scale,
299-301
PSA, see Parametric sensitivity analysis (PSA)
Pseudo two-phase flows, 158, 168-183
Bingham plastics, 180-183
non-Newtonian fluid, 175-180
power-law fluid flow, 176-180
quasi-homogeneous mixture, 168-175
Pulsatile blood flow, 104-106
Pulsation
amplitude, 372-374
frequency, 374-379
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Quasi-homogeneous mixture flows, 168-175
Quemada model, 313, 316, 317, 318-319

Radial flow, 166-168
RANS, see Reynolds-averaged Navier-Stokes
(RANS) equations
Representative elemental volume (REV), 17, 47
Reynolds-averaged Navier—Stokes (RANS)
equations, 129, 130
Reynolds-Colburn analogy, 95-99, 118-119
Reynolds lubrication equation, 206212
Reynolds number, 7-8, 23, 434
Reynolds Transport Theorem (RTT), 17, 21,
31-35, 400
extended cases, 33-34
setting up, 34-35

Saturated porous medium flow, 159-162
Scalar transport equations, 66-73
convection-diffusion for heat transfer, 68-72
macro-scale energy balance, 66-68
species convection-diffusion, 72-73
Scale analysis, 241-246
and dimensionless groups, 7-8, 22-24
examples, 22-23
non-dimensionalization of equations, 2324
of natural convection on vertical wall, 70-72
Self-excited vibrations, 280
Separated flows, 157, 158
Shaft rotation and heat generation, 97-99
Shear stress, in Couette flow, 56-58
Size-reduction effect, 237
Slender-body dynamics, 279-284
flow-induced concentrated-mass oscillations,
282-284
flow-induced slender-body oscillations,
280-282
Slider bearing, 205-206, 209-211
Slit flow, 338-340
Slot-flow analysis, 199-200
Solid mechanics, 268-279
equilibrium conditions, 272-274
stresses, 268-272
stress—strain relationships, 274-279
deformation analysis, 274-276
plane stress analysis, 278-279
simplifications, 277-278
Species-mass transfer equation, 363, 408-409
Specific heats of gases, 429-430
Specific property, 8
Spin coating, 228-229
Spray-coating, 232-233
Squeeze-film lubrication, 197, 200-203

Index

Start-up flow, in tube, 102-104
Steady 2-D flow field, 65-66
Steady flows, 80-90, 280
Steady laminar Newtonian vs. non-Newtonian
fluid flows, 311-319
apparent viscosity, 315
model validation, 315
overview, 311-315
recirculation regions, 315-316
velocity fields, 317-318
Steady planar and round jets, 123-129
Steady turbulent boundary-layer flow, 133-134
Stiffness parameter, 321
Stokes derivative, see Material-point concept
Stokes equation, 50
Stokes’ first problem, 100-102
Stresses
and fluxes, 409-410
on inclined plane, 271-272
in solid structure, 268-272
Stress—strain relationships, 274-279
deformation analysis, 274-276
plane stress analysis, 278-279
simplifications, 277-278
Stress tensors and stress vectors, 10-13
Strouhal number, 345, 357, 375
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