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Preface

For a decade I have taught a course on adaptive control. The course
focused on the classical methods of system identification, using such
classic texts as Ljung [1, 2]. The course addressed traditional methods of
model reference adaptive control and nonlinear adaptive control using
Lyapunov techniques. However, the theory had become out of sync with
current engineering practice. As such, my own research and the focus of
the graduate course changed to include adaptive signal processing, and to
incorporate adaptive channel equalization and echo cancellation using
the least mean squares (LMS) algorithm. The course name likewise
changed, from “Adaptive Control” to “Adaptive and Learning Systems.”
My research was still focused on system identification and nonlinear
adaptive control with application to robotics. However, by the early
2000s, I had started work with teams of robots. It was now possible to
use handy robot kits and low-cost microcontroller boards to build several
robots that could work together. The graduate course in adaptive and
learning systems changed again; the theoretical material on nonlinear
adaptive control using Lyapunov techniques was reduced, replaced with
ideas from reinforcement learning. A whole new range of applications
developed. The teams of robots had to learn to work together and to
compete.

Today, the graduate course focuses on system identification using
recursive least squares techniques, some model reference adaptive
control (still using Lyapunov techniques), adaptive signal processing
using the LMS algorithm, and reinforcement learning using Q-learning.
The first two chapters of this book present these ideas in an abridged
form, but in sufficient detail to demonstrate the connections among the
learning algorithms that are available; how they are the same; and how
they are different. There are other texts that cover this material in detail

[2—4].

The research then began to focus on teams of robots learning to work
together. The work examined applications of robots working together for
search and rescue applications, securing important infrastructure and
border regions. It also began to focus on reinforcement learning and
multiagent reinforcement learning. The robots are the learning agents.
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How do children learn how to play tag? How do we learn to play football,
or how do police work together to capture a criminal? What strategies do
we use, and how do we formulate these strategies? Why can I play touch
football with a new group of people and quickly be able to assess
everyone's capabilities and then take a particular strategy in the game?

As our research team began to delve further into the ideas associated with
multiagent machine learning and game theory, we discovered that the
published literature covered many ideas but was poorly coordinated or
focused. Although there are a few survey articles [5], they do not give
sufficient details to appreciate the different methods. The purpose of this
book is to introduce the reader to a particular form of machine learning.
The book focuses on multiagent machine learning, but it is tied together
with the central theme of learning algorithms in general. Learning
algorithms come in many different forms. However, they tend to have a
similar approach. We will present the differences and similarities of these
methods.

This book is based on my own work and the work of several doctoral and
masters students who have worked under my supervision over the past 10
years. In particular, I would like to thank Prof. Sidney Givigi. Prof. Givigi
was instrumental in developing the ideas and algorithms presented in
Chapter 6. The doctoral research of Xiaosong (Eric) Lu has also found its
way into this book. The work on guarding a territory is largely based on
his doctoral dissertation. Other graduate students who helped me in this
work include Badr Al Faiya, Mostafa Awheda, Pascal De Beck-Courcelle,
and Sameh Desouky. Without the dedicated work of this group of
students, this book would not have been possible.

H. M. Schwartz
Ottawa, Canada

September, 2013
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Chapter 1
A Brief Review of Supervised Learning

There are a number of algorithms that are typically used for system
identification, adaptive control, adaptive signal processing, and machine
learning. These algorithms all have particular similarities and differences.
However, they all need to process some type of experimental data. How
we collect the data and process it determines the most suitable algorithm
to use. In adaptive control, there is a device referred to as the self-tuning
regulator. In this case, the algorithm measures the states as outputs,
estimates the model parameters, and outputs the control signals. In
reinforcement learning, the algorithms process rewards, estimate value
functions, and output actions. Although one may refer to the recursive
least squares (RLS) algorithm in the self-tuning regulator as a supervised
learning algorithm and reinforcement learning as an unsupervised
learning algorithm, they are both very similar. In this chapter, we will
present a number of well-known baseline supervised learning algorithms.

1.1 Least Squares Estimates

The least squares (LS) algorithm is a well-known and robust algorithm
for fitting experimental data to a model. The first step is for the user to
define a mathematical structure or model that he/she believes will fit the
data. The second step is to design an experiment to collect data under
suitable conditions. “Suitable conditions” usually means the operating
conditions under which the system will typically operate. The next step is
to run the estimation algorithm, which can take several forms, and,
finally, validate the identified or “learned” model. The LS algorithm is
often used to fit the data. Let us look at the case of the classical two-
dimensional linear regression fit that we are all familiar with:

w(n) =ax(n)+ b 1.1

In this a simple linear regression model, where the input is the sampled
signal x(») and the output is y(n). The model structure defined is a
straight line. Therefore, we are assuming that the data collected will fit a
straight line. This can be written in the form
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yn)=¢'0 1.2

where ¢ = [x(n) 1] and 6" = [« b|. How one chooses ¢ determines the
model structure, and this reflects how one believes the data should
behave. This is the essence of machine learning, and virtually all
university students will at some point learn the basic statistics of linear
regression. Behind the computations of the linear regression algorithm is
the scalar cost function, given by

N

V = z (p(n) — ¢7 (mh)?

n=l|

1.3

The term 4 is the estimate of the LS parameter ¢ . The goal is for the
estimate § to minimize the cost function 7. To find the “optimal” value
of the parameter estimate 4, one takes the partial derivative of the cost
function }© with respect to § and sets this derivative to zero. Therefore,
one gets

N

9 = () — p" (m)d)p(n)
E}ﬂ n=l1
N N
= Z ¢(n)y(n) — Z q&{u]rf)’ (u}é
n=I n=I
Settin L 0, we get
g Y ) g
N N
: . - . 1.
Z r,bl[n}qbf (mf = Z h(n)y(n) 5
n=1

=1

Solving for 4, we get the LS solution

N 1R 1.6
b= [Z <ﬁ(u)¢"'|:m] [ rf}wll'(ﬂl']
1

n=| n=

, =1
where the inverse, [E;Ll f,ﬁ(mqﬁ?'m}l , exists. If the inverse does not exist,

then the system is not identifiable. For example, if in the straight line case
one only had a single point, then the inverse would not span the two-
dimensional space and it would not exist. One needs at least two
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independent points to draw a straight line. Or, for example, if one had
exactly the same point over and over again, then the inverse would not
exist. One needs at least two independent points to draw a straight line.

The matrix |, ¢(n)p” (n)| is referred to as the information matrix and

is related to how well one can estimate the parameters. The inverse of the
information matrix is the covariance matrix, and it is proportional to the
variance of the parameter estimates. Both these matrices are positive
definite and symmetric. These are very important properties which are
used extensively in analyzing the behavior of the algorithm. In the
literature, one will often see the covariance matrix referred to as

P= |3 pme”(n ]‘ "' We can write the second equation on the right of
Eq. (1.4) in the form

N
N - 10
ﬂ == Z{_r{n} — T (D P(n) L7
a6 =l
and one can define the prediction errors as
e(n) = (v(n) — " (M) 1.8

The term within brackets in Eq. (1.7) is known as the prediction error or,
as some people will refer to it, the innovations. The term ¢(n) represents
the error in predicting the output of the system. In this case, the output
term y(n) is the correct answer, which is what we want to estimate. Since
we know the correct answer, this is referred to as supervised learning.
Notice that the value of the prediction error times the data vector is equal
to zero. We then say that the prediction errors are orthogonal to the data,
or that the data sits in the null space of the prediction errors. In simplistic
terms, this means that, if one has chosen a good model structure ¢(n),
then the prediction errors should appear as white noise. Always plot the
prediction errors as a quick check to see how good your predictor is. If the
errors appear to be correlated (i.e., not white noise), then you can
improve your model and get a better prediction.

One does not typically write the linear regression in the form of Eq. (1.2),
but typically will add a white noise term, and then the linear regression
takes the form
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y(n) = ¢’ (M6 + v(n) 1.9

where v(n) is a white noise term. Equation (1.9) can represent an infinite
number of possible model structures. For example, let us assume that we
want to learn the dynamics of a second-order linear system or the
parameters of a second-order infinite impulse response (IIR) filter. Then
we could choose the second-order model structure given by
vn)=—ayy(n—=1)—=ay(n=2)+ byu(n = 1) + byu(n — 2) + v(n) 1.10

Then the model structure would be defined in ¢(») as

¢’ (n) = [_1'{!1 =1) yin=2) wun-=1) wuln- 2}] 1.11
In general, one can write an arbitrary k th-order autoregressive
exogenous (ARX) model structure as
yim)=—-ayvin—=1)—a,yin-2)—=---—a,vin-k) 1.12
+ bu(n = 1)+ byun =2y + - - -+ b, _ju(n — k) + v(n)

and ¢(n) takes the form

ql';"'mj = I.""l” =1) - Yn=m un-=1) --- un- m}‘ 1.13

One then collects the data from a suitable experiment (easier said than
done!), and then computes the parameters using Eq. (1.6). The vector

¢(n) can take many different forms; in fact, it can contain nonlinear
functions of the data, for example, logarithmic terms or square terms,
and it can have different delay terms. To a large degree, one can use ones
professional judgment as to what to put into ¢(n). One will often write the
data in the matrix form, in which case the matrix is defined as

®=[p(l) H2) - PN 1.14
and the output matrix as
Y = Ij‘{l} w2y --- Il'{."'rr\}] 1.15
Then one can write the LS estimate as

~

O=@p)y "oy 1.16
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Furthermore, one can write the prediction errors as

E=Y-®"0 1.17
We can also write the orthogonality condition as &£ = 0.

The LS method of parameter identification or machine learning is very
well developed and there are many properties associated with the
technique. In fact, much of the work in statistical inference is derived
from the few equations described in this section. This is the beginning of
many scientific investigations including work in the social sciences.

1.2 Recursive Least Squares

The LS algorithm has been extended to the RLS algorithm. In this case,
the parameter estimate is developed as the machine collects the data in
real time. In the previous section, all the data was collected first, and then
the parameter estimates were computed on the basis of Eq. (1.6). The
RLS algorithm is derived by assuming a solution to the LS algorithm and
then adding a single data point. The derivation is shown in Reference [1].
In the RLS implementation, the cost function takes a slightly different
form. The cost function in this case is

A
; | . 1.18
V= Z AN (p(n) — @ (m)B)’

n=I

where 4 < 1. The term 4 is known as the forgetting factor. This term will
place less weight on older data points. As such, the resulting RLS
algorithm will be able track changes to the parameters. Once again,
taking the partial derivative of }© with respect to 4 and setting the
derivative to zero, we get

1.19

n=| n=|

N -1 "
§ = |:z A \'_;?fﬁ(f}]qﬁf {”‘}] [Z Ar.‘-. _“(f-’{”}_l'[h‘]]

The forgetting factor should be set as 0.95 < 4 < 1.0. If one sets the
forgetting factor near 0.95, then old data is forgotten very quickly; the
rule of thumb is that the estimate of the parameters § is approximately
based on 1/(1 — 4) data points.
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The RLS algorithm is as follows:

O(n+1)=0(n)+ Lin+ D(n+ 1) = ¢  (n+ 1O(n)) 1.20
Pimygp(n+ 1)
A+ dT(n+ DHP(m)p(n+ 1)

P(m)p(n + D" (n + 1)P(n)
A+dpT(n+ DHPPn+ 1)

Lin+1)=

Pin+1)= l (F(”} -
A

One implements Eq. (1.20) by initializing the parameter estimation
vector § to the users best initial estimate of the parameters, which is
often simply zero. The covariance matrix p is typically initialized to a
relatively large diagonal matrix, and represents the initial uncertainty in
the parameter estimate.

One can implement the RLS algorithm as in Eq. (1.20), but the user
should be careful that the covariance matrix p is always positive definite
and symmetric. If the p matrix, because of numerical error by repeatedly
computing the RLS, ceases to be positive definite and symmetric, then
the algorithm will diverge. There are a number of well-developed
algorithms to ensure that the p matrix remains positive definite. One can
use a square-roots approach whereby the p matrix is factored into its
Cholesky factorization or the Upt factorization. Such methods are
described in Reference [1].

Let us examine Eq. (1.20) and notice that the update to the parameter
estimate is the previous estimate plus a matrix L(n) times the current
prediction error. We will see this structure in almost every algorithm that
will be described in machine learning. In this case, we have an actual
correct answer, which is the measurement y(n), and we call such
algorithms supervised learning.

1.3 Least Mean Squares

In the field of signal processing, there are a few commonly used
techniques to model or characterize the dynamics of a communications
channel and then compensate for the effects of the channel on the signal.
These techniques are referred to as channel equalization and echo
cancellation. There are numerous books on adaptive signal processing
and adaptive filtering [2]. Most of these techniques use the least mean
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squares (LMS) approach to identify the coefficients of a model of the
channel. Once again, as in the LS and RLS algorithms, we must choose an
appropriate model structure to define the communication channel
dynamics. In the field of signal processing, one would typically use what
is known as a finite impulse response (FIR) filter as the underlying model
structure that describes the system. To maintain consistency with the
previous section, one can write the channel dynamics as

v(n) = bou(n) + byu(n = 1)+ - - - + bu(n — k) + v(n) 1.21

where y(n) is the output of the filter, or the communications channel, at
time step n , b; are the filter coefficients that we want to estimate or
learn, and u(n) is the input signal. Typically, the signal u«(») is the
communication signal that we want to recover from the output signal y(n)
. We define an error signal

e(n) = y(n) — (n) 1.22

where j(n) = ¢"(n)@ . This is the same signal as the prediction error in Eq.

(1.8). The LMS algorithm defines the cost function as the expected value
of the prediction errors as

J(n) = E[€*(n)] 1.23

We can write the squared error term as

e(n) = (v(n) — " (n0)* 1.24
= r1':{n} — 2}'{”]@1.{] -+ !’j‘r'qb[n}lqﬁ?'{u}f:‘
We take the expectation and get

Ele*(n)] = :‘:'Iy:{u}] - Eé"r.’il_l'{njrﬁ{;nl + 0T Elp(m)yp” (n))0 1.25

We then define the variance o, = E[y*] as the mean squared power, and
the cross-correlation vector is defined as p = E[y(n)¢(n)]. Then we define
the information matrix, which is almost the same matrix as in Section 1.1,
as R = E|¢(n)¢’ (n)]. If the system statistics are stationary, that is, the
statistics do not change, the terms ;-7 , and R , are constants and the
cost function, as a function of changing ¢, will have the shape of a bowl.
The cost function J(») can be written as
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Jn)=0>-20"p+8" RO 1.26

Once again, as in Eq. (1.4), to find the optimal parameter estimate § to
minimize the cost function, we take the partial derivative of the cost
function J(n) with respect to 4, and determine the value of 4 that sets the
partial derivative to zero. We can take the partial derivative of J(n) as

] e

aJ(n) do, ,}ﬂ‘r';’? i 007 RO 1.27
00 L] B 0f 00

We then compute the partial derivative for each of the terms on the right-
hand side of Eq. (1.27). Taking each term separately, we get

do? 1.28
— =0

R— )
bali] :*EH —IRD
df

Substituting into Eq. (1.27), we get

)J .
AU -2p+2R6=0 1.2
do

Solving for 4, we get the solution for the optimal parameter estimate as

0*=R"p 1.30

Equation (1.30) is the well-known Wiener solution. However, the Wiener
solution in Eq. (1.30) requires the computation of the inverse of a large
matrix R . Notice the similarity between the Wiener solution and the LS
solution in Eq. (1.6). Let us say that we want to estimate the expectations
in Eq. (1.25); then we would get the average by computing
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N
an'_w = '{" “le (f}“”{f}: (”)“

i i
Pove = % “Z_; f,f){n']_r(n}]

Substituting the above values into Eq. (1.30), we get the LS solution given
by Eq. (1.6). In essence, the LMS Wiener solution and the LS solution are
essentially the same.

In the world of signal processing and in particular adaptive signal
processing, the processing speed is very important. Furthermore, the
model structure used in adaptive signal processing, especially for
communication applications, can have many parameters. It would not be
unusual to have 200 terms in the ¢(n) vector, which means the term & in
Eq. (1.21) would be & = 200. In that case, the ® matrix will be 200 x 200,
which would be prohibitively large to take the inverse of in Eq. (1.30). As
such, a gradient steepest descent method is normally implemented. This
is a very common technique throughout the fields of engineering and is
very similar to the well-known Newton—Raphson method of finding the
zeros and roots of various functions. The steepest descent method is an
iterative method. The idea is to start with an initial guess of the
parameter values: often one will simply choose zero for the parameter
values. In the lexicon of signal processing, one would refer to the
parameters as tap weights. Then one iteratively adjusts the parameters
such that one moves down the cost function along the gradient. Let us say
that the current estimate of the parameter vector is ¢(now); then we
compute the next value of the parameter vector as

é{”i’.‘l{f} = é{:mn'] - ug 1.32

where ¢ is the gradient and is given by the derivative of the cost function
with respect to the parameter estimation vector, 4 as defined in Eq.
(1.29). Then, substituting for ¢ in Eq. (1.32), we get

O(next) = B(now) — ulp — ;;Efft';*{mm'} 1.33

In recursive form, it is written as

O(n+ 1) = 8(n) — u2p — u2RO(n) 1.34
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We can also write Eqg. (1.34) in the form

On+ 1= - aR)b(n) - ap 1.35

where a = 2. One may recognize, from systems theory, that if the
eigenvalues of (/ — «R) are less than |, then the recursion in Eq. (1.35)
will converge. This places a limit on the step size of the steepest descent
method. We will come back to this point in the next section when we look
at the stochastic approximation methods. The effect of step size is an
important parameter in machine learning algorithms.

The difficulty in computing the recursion in Eq. (1.34) is the computation
of the statistical terms R and p, where R is the information matrix or
the autocorrelation matrix, and » is the cross-correlation matrix. Their
statistics are often unknown and have to be estimated as we did in Eq.
(1.31). However, these estimates are computationally intensive and one
has to wait until ¥ data points are collected. Instead, the LMS algorithm
proposes that one estimate these matrices based on a single data point at
each sampling time, as

R(n) = p(n)p” (n) 1.36
p(n) = @p(m)y(n)

This is sometimes referred to as the dirty gradient method or the
stochastic gradient method. The idea is that one has to descent in the
general direction of the gradient and not exactly along the gradient.
Think of yourself walking down a hill; you can either go straight down or,
if it is really steep, you may choose to go back and forth traversing the
hill, much the same way as a skier. Either way, you end up at the bottom
of the hill. Now we substitute the estimates for ; and j given by Eq.
(1.36) into the recursive equation given by Eq. (1.34) and we get

O(n + 1) = 0(n) + 2udp(m)y(n) = 2udp(m)¢p’ (m)0(n) 1.37

Now we factor out the term 2u¢(n) and get the standard LMS recursive
algorithm as

O(n+ 1) = 0(n) + 2up(m)(y(n) — T (m)(n)) 1.38
Recall that the term in brackets on the right-hand side, given by
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(v(n) — " (n)@(n)), 1s the prediction error or the innovation. The term
¢$(md(n) is the current prediction of the output y(n). If we compare the
RLS algorithm in Eq. (1.20) to Eq. (1.38), we see that the update has a
similar form. The update to the parameters is the previous estimate plus
a matrix vector times the prediction error. In fact, it can be shown that at
the stationary point, or the value at which the covarinace matrix update
takes the value P(n+ 1) = P(n) in Eq. (1.20), the LMS algorithm is
equivalent to the RLS algorithm for a particular set of parameters.

There is a vast literature on various implementations and convergence
results associated with the LMS algorithm, but the key element for this
book is that the machine learns the parameters of a preconceived model
of the system based on the available experimental data and knowledge of
the correct answer given by y(n). The new parameter is the old parameter
plus a vector based on the data times the known error in the predicted
output.

1.4 Stochastic Approximation

The method of stochastic approximation is an older method of system
identification. In fact, it is a method of finding the zeros of a function and
is very similar to both the RLS and LMS methods, and it is the
fundamental structure for the Q-learning algorithms associated with
reinforcement learning and much of the machine learning literature. The
early work in stochastic approximation comes from the work by Robbins
and Monro [3] and Wolfowitz [4]. A good textbook on the topic is by
Kushner and Yin [5]. Monro formulated the problem as finding the level
at which a continuous function M(#) = « . Writing the problem in the
form M(#) - « = 0 converts it into the problem of finding the zeros of a
function. If one knows the gradient of the function, then one can use the
well-known Newton—Raphson method to find the zeros, but in this case
one takes the noise-corrupted measurements of the function at different
values of ¢ . One then makes small corrections to ¢ in the estimated
direction of zero.

The method of stochastic approximation and the theoretical proofs of
stability are used in the proofs of convergence for several fundamental
algorithms in reinforcement learning. Formulating the problem in a
similar form to the previous sections, we get the function
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M(0) = (v(0) — ¢"0) = 0 and we can write the prediction error and the error
in getting to zero as ¢ = (v — ¢’ 0). The stochastic approximation algorithm
1S

en+1)=06n)—a,(y— qb'f ) 1.39

where «, is a variable step size that goes to zero such that

%)
. 1.40
0< Y ar=A<oo 4
|
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Chapter 2
Single-Agent Reinforcement Learning

The objective of this chapter is to introduce the reader to reinforcement
learning. A good introductory book on the topic is Reference [1] and we
will follow their notation. The goal of reinforcement learning is to
maximize a reward. The interesting aspect of reinforcement learning, as
well as unsupervised learning methods, is the choice of rewards. In this
chapter, we will discuss some of the fundamental ideas in reinforcement
learning which we will refer to in the rest of the book. We will start with
the simple # -armed bandit problem and then present ideas on the
meaning of the “value” function.

2.1 Introduction

Reinforcement learning is learning to map situations to actions so as to
maximize a numerical reward [1]. Without knowing which actions to
take, the learner must discover which actions yield the most reward by
trying them. Actions may affect not only the immediate reward but also
the next situation and all subsequent rewards [1]. Different from
supervised learning, which is learning from examples provided by a
knowledgeable external supervisor, reinforcement learning is used for
learning from interaction [1]. Since it is often impractical to obtain
examples of desired behavior that are both correct and representative of
all the situations, the learner must be able to learn from its own
experience [1]. Therefore, the reinforcement learning problem is a
problem of learning from interaction to achieve a goal.

The learner is called the agent or the player and the outside which the
agent interacts with is called the environment. The agent chooses actions
to maximize the rewards presented by the environment. Suppose we have
a sequence of discrete time steps r =0, 1,2,3, .... At each time step 7, the
agent receives a state 5, from the environment. We define ¢, as the action
the agent takes at time 7. At the next time step, as a consequence of its
action ¢, , the agent receives a numerical reward r,,; € ® and moves to a
new state S:;1, as shown in Fig. 2-1. At each time step, the agent
implements a mapping from states to probabilities of selecting each
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possible action [1]. This mapping is called the agent's policy and is
denoted as 7, and #,(s,a) is the probability of @, =a at s, = 5.
Reinforcement learning methods specify how the agent changes its policy
as a result of its experience to maximize the total amount of reward it
receives over the long run [1].

Agent
State Reward At Action
a
2 It Ttet f
Y- PO Environment ]‘*

Figure 2-1 Agent—environment interaction in reinforcement learning.

Reproduced from [1], with permission of MIT Press.

A reinforcement learning problem can be studied under the framework of
stochastic games [2]. Such a framework contains two simpler
frameworks: Markov decision processes (MDPs), and matrix games [2].
MDPs involve a single agent and multiple states, while matrix games
include multiple agents and a single state. Combining MDPs and matrix
games, stochastic games are considered as reinforcement learning
problems with multiple agents and multiple states.

2.2 »-Armed Bandit Problem

The 1 -armed bandit problem is taken from playing slot machines. The
idea is that one is playing a slot machine with #» arms. Each arm will give
you a different reward, or a different probability of winning or losing. The
idea is to determine which of the » arms will give you the greatest
reward. Therefore, there are n actions that one can take, each of the
actions representing one of the arms that you can pull. The action that
gives the greatest reward is referred to as the greedy reward. How would
one learn which is the best arm to pull to get the greatest expected
reward? You would probably try and pull each arm many times and try to
compute a running average of which arm seemed to give you the most
reward. We will define the value of each arm as the expected reward for
the arm, or action. In this case, pulling a given arm is the same as
choosing an action. Let us estimate the value of an action at trial s as
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where r; is the reward of choosing arm « on the i th time step. However,
there were ¢ actions played in total, but only / of those times was the
arm or action a played. We will denote the actual value of the arm or
action ¢ as Q"(a). The rule for choosing which action to take is to always
choose the greedy action except for the relatively small probability of ¢ of
choosing a random action. The greedy actions are taken based on which
action has the highest expected reward at that particular time step.
However, sometimes one should explore to find out if some other choice
of action would be better. This random selection of some action that is
not the greedy one is referred to as exploration. Within machine
learning, there is a kind of tension between how much exploration there
should be and how much exploitation there should be.

Q/la) = 2.1

Let us take a simple example of the 10-armed bandit. We start by
assigning a random reward for each of the 10 arms from a normal
random distribution with mean zero and variance 1. We take 10 numbers
from the distribution N(0, 1). These 10 numbers will represent the true
value or the expected reward for each of the 10 arms. We get the true
reward for each arm as

0*(@)=[-04 1.3 0.04 053 —-0.15 —-1.01 02 148 036 —05] 2.2

We know that the best choice of action is action 8, with ©*(8) = 1.48. This
is the correct answer that we want the machine to learn. We also set the
exploration variable to ¢ = (.2. This means that there is a 20% chance
that on any given choice the machine will randomly choose an action
without regard to the estimate of the reward.

We start the learning process by guessing at the expected reward for each
arm by choosing our initial guess from the same normal distribution that
we chose the true rewards from, and the true rewards are given in Eq.
(2.2). We then get our first estimate of the true reward as

00u(0) = [0.05 0.86 —0.96 0.73 198 —-1.19 —0.66 0.82 197 -0.13] 2.

Based on the initial estimate, we should choose action 5, which is
estimated by Eq. (2.3) as 0.,,(5) = 1.98, but the true value of action 5 is
really O°(5) = —0.15, and therefore the initial greedy choice we took is a
very poor choice. The machine chooses action 5, and the resulting reward
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is selected from a random distribution of N(-0.15, 1), which has a mean of
—0.15 and a variance of 1. The machine gets the reward Q,(5) = —0.76. The
machine then updates the O, (a) table or vector according to Eq. (2.1) as

Qui(1) =[0.05 0.86 -0.96 0.73 -0.76 -1.19 -0.66 0.82 1.97 -0.13] 2.4

The machine then chooses another arm based on its most recent estimate
of the rewards given by Eq. (2.4). The machine once again makes the
greedy choice and chooses action 9 because O,,,(9) = 1.97. The machine
chooses action 4 = 9, and the machine gets the reward ©0,(9) = 1.50. We
then get the estimate of 0.,(2) as

Q.(2)=10.05 0.86 -096 0.73 -0.76 -1.19 -0.66 082 1.5 -0.13] 2,5

We repeat this process and, on trial number ¢, the machine explores and
arbitrarily chooses action ¢, which we know is not a good choice, because
from Eq. (2.2) the true average reward for action ¢ = 6 is Q°(6) = —=1.01,
The reward the machine gets for choosing action 4 = 6 on the sixth trial is
r = 1.44. The learning process continues until the 18th trial, when it finally
recognizes action 4 = § as the best choice. The results of implementing
the 10-armed bandit problem for different values of ¢ is illustrated in Fig.
2-2,

1.4

1.2}

0.8}
g
2 0.6
o
204 SESRETIETOY .
: Epsilon = 0.0 :
. Epsilon = 0.1 '
2} Epsilon = 0.2 i
0.2 i ; ; :
0 200 400 600 800 1000

Number of plays
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Figure 2-2 Armed bandit with varying ¢.

2.3 The Learning Structure

In this section, we will formulate the basic structure for reinforcement
learning. We will take the case of a single agent. The agent, or robot, is in
a particular state and in that state it can take one of a number of actions.
In some cases, there exists a particular action that is in some sense
optimal for that particular state. We will sometimes refer to that action as
the greedy action and the set of actions the agent should optimally take
in each state is the action policy or the strategy. The terms policy and
strategy are sometimes used interchangeably and sometimes they may
have slightly different meanings: it depends on the context. If in a
particular state the agent should choose a particular action, we will refer
to that as a pure strategy, whereas if the agent should choose an action
with a particular probability, then we refer to that as a distributed policy,
or a mixed strategy. For example, if you are playing the rock-paper-
scissors game, then the optimal strategy is to take each action with a
probability of 1/3, but if you knew in advance that your opponent will
always choose Rock, then your optimal strategy or policy is to choose the
pure strategy of paper.

We will define the actions as «, € A(s,). The action is a member of an
action set for the given state. The possible actions an agent can take
depend on the state the agent is in. Furthermore, there is a defined
number of possible states. Here we have s, € S . If it is currently time 7,
our goal will be to maximize future rewards, given by

R=r 1+rgp+:--+ry 2.6

where 7 is the terminal time. This type of reward function works well
when we have episodic games that have a well-defined terminal time.
However, in many cases we do not have a terminal time and the game
continues indefinitely, such as a regulator in control applications. In
those cases, without well-defined terminal times, one typically uses
discounted future rewards. In this case, the reward is defined as

(= o]
i : 2.7
. ; Sk = Z K 5
Rr:’f+-l+r’rr-1+f"r-ﬂ"'_ A

k=0
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where 7 is the discount factor given as 0 <y < 1. If 7 is close to zero, then
we refer to the algorithm as myopic, but if 7 is close to 1, then the
algorithm is maximizing future rewards.

In reinforcement learning, we want the current state to be a good basis
for predicting the future. Such systems are called MDPs. A decision
system is said to have the Markov property when the current state is all
one needs to know to make decisions about what to do next and into the
future. What to do in the next step does not depend on what happened in
the past, but just the state the system is currently in. For example, a game
of checkers depends only on the current state of the game and not how
one got to that position. A more engineering example is that the future
flight of a ball depends only on its current position and velocity vector; it
does not depend on how it got there. In the Markov world, we can define
the Markov property as the probability of receiving a particular reward,
and changing to another state is completely defined by the current state

and action as Pr{s,,; = ,r,., = rls, a,}; whereas in the non-Markovian
world the same probability would be written as

Pris, =5 r =rlspa,s_1.a, . ... sp.a5} . We can define the probability of
taking action « and transitioning from state s to the next state ¢ as

P!, = Pris,, =4'|s, =s,a, = a}. Furthermore, we can define the expected
reward as R!, = E{r|s, =s,a,=a,5,,, =5},

2.4 The Value Function

The value function, in the framework of reinforcement learning defines
how good a particular state is. The measure of how good a given state is,
is based on the expected future rewards that will be achieved from that
state. The players in the game follow a strategy (s, @), which is the
probability of taking action « when in state s . The value of a state s is
the expected future return of following policy #(s,«) starting from s , and
can be written as

- 2.8
V() = E {R,|s, =5} = E, { Z }f’l‘!‘r*kﬂ js, = _\'}

k=0

We also define the action value function for policy or strategy, = :
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0" (s, a)=E_{R,|s, = 5,0, = a} 2.9

oo
o L -
=E, E Y Tkl lS =84, =a

k=0

The term O"(s.a) is a little different from V*(s). The term O"(s,a) is the
expected return if we choose action a in state s and then follow policy or
strategy = afterwards. We can write the value function as

Vi) = EL{R/ls, =5} = E, {z }’R".I+A-+1 s, = "'"}
k=0
- 2.11
=K, {r,_l + Z }’}‘J',_H‘___l Is; = _x-}
k=1

2.12
- . k. ;e
= £, {"HI Fy E Y Tieke2lSi _"‘}'

k=0

We can then write this in the form

o 2.1
(s) :z:r{.ﬁ', u}ZP‘:\, (R‘\“\, +yE, { Z Yot aaols, = 1})

k=

:Z:r{:.; :.-}Z P (R, + yV*(s)).
i 5

The first sum on the right-hand side of Eq. (2.13) represents the sum over
all the possible actions in state s , where #(s, @) is the probability of taking
a particular action. The second sum in Eq. (2.13) is taken over all the
possible next states. Recall that 7, is the probability of transitioning
from state s to state ¢/ given one has chosen action « . The last term in
brackets on the right represents the immediate reward R;, plus the future
discounted rewards from the next state onwards, given by V*(s).
Equation (2.13) is known as the Bellman equation for V*(s). Similarly, we
can write the state-action value function as

O(s,a) = ) P4 (R, +yV*(s) 2.14

\,"
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2.5 The Optimal Value Functions

We define the optimal state-value function as
F*(s) = max Fi(s) Vs e S 2.15

and, similarly, the optimal state-action value function is given as

Q*(s,a) = 1]1;13{3"’{,‘:, a) 2.16

As such, we are searching for the policy, or the choice of actions that will
give the greatest reward. Then O(s,a) can be written as

- 2.17
Qis,a)=E {r._l + yEyi‘r,_,‘.Hl.w, =384 = H}

k=0

Then the optimal value becomes

Q'(5,®) = E{rypy + v V*(s0els, = 5,6, = a) 2.18

The term (s, a) represents one getting an immediate reward of 74| for
taking action « and then following the optimal policy thereafter. We can
write the value function in the following form:

V*(s) = max g F 2.1
asA(5)
The value function and the state-action function look to the future. They
refer to the expected future rewards. Therefore, if we know the maximum
future rewards from the next state onwards, then all we have to do is to
choose the best action right now. We can write Eq. (2.19) as
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V*(s) = max Q" (s) 2.20

aeEA(s)

= :!E_?Jlif;-ﬁ—'f AR|S, = 5,0, = a}

o
=max£E_, Z_}f&'r;_a;\ |5 =35,a,=a
aeA(z) '

k=0

ol
— 1oy K , P A g g -
=maxE,,  Fu+Y 2,y rapp2ls, =s,a,=a
e A(5)
k=0
=max E_  {ra +rV (s)ls, =50, =a)

asA(s)

= maX )y Po (R, + ¥V (5.1))
G A(5) b 538 '

A

Similarly we can write
g =E {r,H + ymax 0*(s,),d)ls, = 5,4, = n’} 2.21

2.5.1 The Grid World Example

We will take an example of a 3 x 3 grid, as shown in Fig. 2-3. The robot or
agent can be in one of the nine cells at any starting time. It can then move
in one of four directions. The actions then are taken from the set

a € [up, down, right, left]. When the robot or learning agent moves to cell 1, it
then immediately moves to cell 9 and gets a reward of » = +10. If the
agent hits a wall, it remains in its current cell and gets a negative reward
(punishment) of » = —1. We will use Eq. (2.20) to derive the nine
equations and nine unknowns. We will solve Eq. (2.20) with the following
parameters: the discount factor for future rewards y = 0.9, and the action
selection strategy is #(s,a) = 0.25; in other words, the agent will arbitrarily
choose to go either up, down, left, or right with equal probability. There
are four possible actions to transition from a particular state. The only
reward is when the agent gets to state 1 and then transitions with 100%
probability to state 9 and receives a reward of +10. The rewards are all
zero except for 7 = 10,74 = 10,77" = 10,/¥" = 10 and, when the agent

p o PP -] r.l'.l_L:f.'I | Jeft = right - _LV:_:-',;”“ | Jeft _

1 Fay = s f gy = 515 = o ! — T
hits the wall, 22~ *'33 — " 33 44 66
2 _ 'l r(fq.'.s - S ]_ g J_.JH S .!

) - )
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e Hp_ right _ - Jeft e sight _ gad down _ _ Jeft
= I”_?._:_ _]"33 o 1"4-1 — les I**T? ==1, 77 7 . The
-] j.cfusru = —] right -1 .
LI e * T g0 ==
transition probabilities are as follows:
o le gl
Po=1, Pim=1, Pl=1, P§=1 2,22
:r){-':.; = 1. F;gu-u =1 F;:’f — I‘ j-y;:__::.f.lf =
F:.I: =1, !j{{r(.:ll.'ri' =1, Pﬂ'::.:.r ] PJ:'_;:IJI il
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We can now substitute these into Eq. (2.13) to get the nine equations and
nine unknowns for each state. Let us specifically write out the first
equation for the first state, recalling that (s, a) = 0.25, representing equal
probability for the taking of each action and y = 0.9. Writing out the 1"*(1)
equation is a special case because, regardless of which action we take, the
we always move to state 9 and receive a reward of |, = +10. Therefore,
we get

a=|

: : 2.23
j’z"-":[I } ] Z{ﬂzj'} (Z -'DT:} {{j.iliu + y I’,”{g}})
9
The term
ZP;LJ'["TIJ +yV"(9) =r{, +0.9V*(9) 2.24
9

dropping the superscript on 1= for ease of writing, gives the first
equation as

V(1) =10+ 0.9V (9) 2.25
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Now we will go through the same process for state 2. In this case, we do
not automatically jump to another state but we can move to one of four
other states. Recall that hitting a wall will give us a negative reward of —1.
Then we can write

V(2) = Z{D 25) (ZP“ 2 + }ft-‘l[.-;’})
(z Pr(rr +yV(s }) +0.25 (ZP‘;’f;.‘”-‘ng’;‘,‘"” +7 V(.u"])

F
4]

+ 0.25 ( Z PG +y i»’m) +0.25 (Z PLEM (8 4 y Vu-'j),

5 5

2.26

If we examine the probabilities on the right of Eq. (2.26), we note that
i

they take a value of either 1 or 0. For example, if we look at the term 77,
it only takes a value for P, = 1, and all other state transitions for p» = 0.

Furthermore, if the agent tries to go up, it hits the wall and gets a reward
of —1. We can now rewrite equation 2.26 as

V(2) =025(=1 4+ 09720+ 0.25(0 + 0.9V (5)) + 0.25(0 + 0.9 (1))
+ 0.25(0+ 0.9V (3)
=0.225V(1)+ 0.225V(2) + 0.225V(3) + 0.225V(5) — 0.25.

Just for some further practice, we will write out the equation for V(3). In
this case, the agent will hit the wall if it moves up or right, and will receive
areward of —1. Then we get

V(3) = 0.25(=1 4+ 0.9V (3)) + 0.25(0 + 0.9V (6)) + 0.25(—1 + 0.9V (3))
+ 0.25(0+ 0.9V (2))
=0.225V(2)+ 045V (3) + 0.225V(6) — 0.5.

We continue going through the process of determining the equations for
each state, and we then write out the equations in matrix form as 41 = B,
where 4 is given as
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1 0 0 0 0 0 0 0 —0.9 7
-0.225 0.775 =0.225 0 -0.225 0 0 0 0
0 -0.225  0.55 0 0 -0.225 0 0 0
-0.225 0 0 0.775 =0.225 0 -0.225 0 0
A= 0 -0.225 0 -0.225 | -0.225 0 -0.225 0
0 0 -0.225 0 -0.225 0.775 0 0 -0.225
0 0 0 -0.225 0 0 0.55 -0.225 0
0 0 0 0 -0.225 0 -0.225 0.775 -=0.225
| 0 0 0 0 0 -0.225 0 -0.225  0.55 |

and B is given by

B'=[10 -025 -0.5 -025 0 -0.25 -0.5 —-0.25 -0.5]

Solving for this set of nine equations and nine unknowns, we get the true
value of each state as

yT =885 25 —0.07 25 092 -044 -0.07 -044 -127] 2.27

Recall that the value function for each state is for the future discounted
rewards. Therefore, state 1 does not get a value of 10 but a value of 8.85
because we do not know where the agent goes from state 9 onwards. We
show the value of each state in the grid in Fig. 2-4.

1 _ 2 3 L +10
\\ {/
4 5 \E
]
s 8 9

Figure 2-3 Example of the grid world.
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Figure 2-4 Values for each of the states.

This is an important result as we delve into machine learning algorithms.
In some way, we need to learn the value of the state. Furthermore, even
for this relatively simple stochastic game, look at the amount of
information we needed to know to solve for the value of the state. We
needed to know all the transition probabilities from state to state, based
on what action was taken, and in this case it was relatively easy; the
transition probabilities were either 1 or 0. We have to know all possible
actions in each state, and we need to know the rewards a priori.

The goal of machine learning is to try to automatically learn what would
be the best path to take, given any initial state, such that you collect the
greatest reward. You and I can look at this game and almost immediately
recognize the best path to take, but what if you knew nothing about the
game. How would you learn what the best path would be? You would try
out some steps until you eventually hit state 1 and collected your big
reward. This is what we want the agent to eventually learn how to do.

2.6 Markov Decision Processes

An MDP [3]is a tuple (S, 4, Ty, R), where § is the state space, 4 is the
action space, 7 : S x A4 xS — [0, 1] is the transition function, y € [0,1] is
the discount factor, and R : S x 4 x S — R is the reward function. The
transition function denotes a probability distribution over next states
given the current state and action such that

z T(s,a,5)=1 VseS, Vae A4 2.28

YES

where ¢ represents a possible state at the next time step. The reward
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function denotes the received reward at the next state given the current
action and the current state. An MDP has the following Markov property:
the player's next state and reward depend only on the player's current
state and action. A player's policy » : § — 4 is defined as a probability
distribution over the player's actions from a given state. A player's policy
n(s,a) satisfies

Zﬂ'{.h a)=1 VseS§ 2.29

adEA
For any MDP, there exists a deterministic optimal policy for the player,
where #*(s,a) € {0,1} [4]. The goal of a player in an MDP is to maximize
the expected long-term reward. In order to evaluate a player's policy, we
have the following concept of the state-value function: The value of a
state s (or the state-value function) under a policy = is defined as the
expected return when the player starts at state s and follows a policy =
thereafter. Then the state-value function V*(s) becomes

& 2.30
Vis) = E, { Z?H‘HHI |5y = -"'}

k=()

where 7 is a final time step, ¢ is the current time step, "t++1 is the
received immediate reward at the time step  +r+ 1,and y € [0, 1] is a
discount factor. In (2.30), we have T — oo if the task is an infinite-
horizon task such that the task will run over an infinite period. If the task
is episodic, 7' is defined as the terminal time when each episode is
terminated at the time step 7. Then we call the state where each episode
ends as the terminal state s . In a terminal state, the state-value function
is always zero such that V(s;) =0 ¥s; € S . An optimal policy »* will
maximize the player's discounted future reward for all states such that

V'(s)2 V™(s) Vm,Vs€S 2.31

The state-value function under a policy in (2.30) can be rewritten as a
recursive equation called the Bellman equation [5] as follows:

VE(s) = zn(.s; u}z T(s,a, 8 R(s,a, 5+ yVF(s) 2.32
aeAd PES
where T'(s,a,5') = Pr{s,., = s'|s; = s,a, = a} is the probability of the next
state being s,,, = s’ given the current state 5. = s and action «; = ¢ at time
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step k , and R(s,a,5") = E{rj. |5, = s, a, = a, 5., = 5"} is the expected
immediate reward received at state y’ given the current state s and action
a . If the player starts at state s and follows the optimal policy »*
thereafter, we have the optimal state-value function denoted by F*(s).
The optimal state-value function V*(s) is also called the Bellman
optimality equation, where

V*(s) = muxz T(s,a, sV R(s,a,5" )+ yV*(s") 2.33
aeA prymr

We can also define the action-value function as the expected return of

choosing a particular action « at state s and following a policy =

thereafter. The action-value function Q7(s.a) is given as

0" (s,a) = ) T(s,a,5)R(s,a,5) + y V(s)) 2.34
=AY
If the player chooses action a at state s and follows the optimal policy #*
thereafter, the action-value function becomes the optimal action-value
function Q*(s,a), where

O*(s,a) = Z T(s,a, ') R(s, a,8) + y V(') 2.35
TES
In a terminal state 57, the action-value function is always zero such that
Qisr,a)=0V¥ sy €8.

2.7 Learning Value Functions

In the previous section, we computed the value function for each state by
solving nine equations and nine unknowns. Also we saw in the previous
section that just writing out the equations can be tedious even for the
relatively simple example that we had. In this section, we will present the
iterative computer algorithm that will solve the equation for the value
functions. This type of approach is known more widely as dynamic
programming. Given that we already know the transition probabilities,
the action strategies, and the rewards, we can compute the value of the
state as in Eq. (2.13). Recall that we wrote the equation for the value
function in the form 417 = B, and we can also writeitas 41 - B =0,
which is solved for as v = 4-' B, and most of us learned to solve this
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equation using Gaussian elimination. Let us say we just write an
algorithm to find the zero of 41 — B = . Any dirty type gradient
algorithm can work. Most people who have done technical work have
done this type of thing. Sometimes they tried to find the argument of a
function by trial and error. The idea is to solve Eq. (2.36) iteratively. We
will not write out the set of equations, but we will write a machine
learning algorithm to find it. Furthermore, we will construct this learning
algorithm as a gradient search algorithm to find the zero of a function. In
more formal terms, we are

Algorithm 2.1 Value iteration algorithm

Initialize V(s) =0foralls € S
repeat
SetA=0
Foreachs € S:
v« V(s)
V(s) « X, a(s,@) Xy P (RE, + 7 Vils))
A = max(A, |v — V{.s-)l)u '
until A < @ for all s € S (0 is a small positive number)

searching for the stationary point of a recursive algorithm, which is
similar to stochastic approximation.

The algorithm works as follows: we initialize the value function to zero as
V(s)=0 Vs.We then compute Eq. (2.13) and repeating it for
convenience as

Vi () = Y m(s,a) Y P4, (R, + y Vi(s) 2.36

This gives us the first guess at the value of each state. Recall, we must
know z(s,a), P!, and R, in advance. We then compute the difference

A =V, = V; . Once this difference becomes small enough, we stop the
recursion given by Eq. (2.36). Once we get to V., — V;, = 0, then the
algorithm given by the recursion in (2.36) has reached a stationary point.
The value iteration algorithm is given in Algorithm 2.1. We set A = 0.001,
and the algorithm executes 40 iterations before it exits with the result

yT=[885 25 —0.07 2.5 092 -044 -0.07 -044 -127) 2.37
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which is the same result that we got with the exact solution in Eq. (2.27).

2.8 Policy Iteration

In the previous section, we presented a recursive algorithm to solve the »
equations and #» unknown problem to compute the value of each state.
However, we used the known state transition matrices F,, the known
rewards R!,, and the known action strategies =(s,«) to do the
computations. However, can we determine whether a better strategy
would give us a higher reward. If we searched over all the possible
strategies, could we find a strategy that would yield a higher reward and
what would the resulting value of the states be under that new strategy?
In this section, we present the policy iteration algorithm. This algorithm
will compute both the value of the state and the optimal action strategy.
Recall, we wrote out the state-action value function in Eq. (2.14) as

O(s.a)= ) P4, (R, +yV(s)) 2.38

X

The goal is to search for the policy that maximizes Q(s.«), as

O (s,a) = muxz.’"f\,{! +yV(s)) 2.39
[

&

The algorithm has two phases. In the first phase, the value of each state is
computed as was done in the value iteration algorithm. In the next phase,
we compute Eq. (2.39) and search for the maximizing action. If more
than one action yields the equivalent maximizing result, then we assign
the probability of each action equivalently. For example, if two actions
give the same maximizing result, then each action gets a probability of
50%. We implement the policy iteration Algorithm 2.2 on the previous
grid game. This time we get
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Algorithm 2.2 Policy iteration algorithm

1: Initialize V(s) =0foralls e S

Policy Evaluation
repeat
A=0
For each s € §:
O U+ I”r(-.'v')
1 V(s)« X, a0s,a) Ty P4 (R +yVi(s))
8. A=max(A,|lv— V)
9. until A < @ for all s € § (0 1s a small positive number)

ok b

10: Policy Improvement

11: repeat

122 Foreachse S:

13 b« 7(s)

14:  7(s) « max, 3., P, (R%, + y Vi(s"))

15: It b # =(s) Then go back to policy evaluation
16: until b = ()

a different strategy and the value function increases substantially. Figure
2-5 illustrates the resulting strategies for each state and the associated
probability. For example, state 1 has four directions and equal probability
of choosing any action because the next state is always state 9 regardless
of the chosen action; whereas in state 2 the optimal action is to always
choose with 100% probability to take action left and move to state 1.
When in state 5, the up and left actions each have equal probability of
50% (Fig. 2-6). Based on this new strategy, the value of each state can
then be computed as

[f"r=[24.4 220 198 220 198 178 198 178 lﬁ.{]‘

Notice the dramatic improvement in the value of each state in
comparison to the values in (2.37). This is because we have now
computed the value of the state based on the optimal action strategy.
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Figure 2-6 Resulting state values based on the optimal policies.

2.9 Temporal Difference Learning

The idea of reinforcement learning is to learn the best policy and actions.
In Section 2.7 we iteratively learnt, or more accurately we calculated, the
value of the state on the basis of the knowledge of the action strategies
n(s,a), the state transition probabilities #,, and the rewards K,. In
Section 2.8, we presented the policy iteration algorithm that searched for
the optimal policy and we saw how the optimal policy would improve the
value of the states. However, in this case we had to know the state
transition probabilities 7, and the rewards R&;,. In this section, we will
present a machine learning algorithm that will learn the value of the state
based on just observing the rewards from the environment.

Let us return to the original definition of the value of the state as the
expected future rewards as we wrote in (2.13):
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o [ 2.40
Vi(s)= E {R/|s, =s]} = E, {Z}"I‘J',H” I, = .x‘}
1 B 2.41
= "F"JT {r.r+| T ZVA“‘I--A'H |"!'I.f = -"'}
k=1

e 2.42
o r . k.. ' —
= L, {*‘rH B 2 Y kel = -‘}-

k=0

We can then write this in the form

(5 = ra+y I-"“T{.s"} 2.43

Notice that we have identified the value of the state with the action
strategy . If we know the transition probabilities and the rewards, then
we can solve for the value of the state by either deriving the n equations
and » unknowns as we did in Section 2.5.1 or by dynamic programming
as we did in Section 2.7. However, in this case we do not have the luxury
of knowing the transition probabilities 7, nor the rewards R!,.
Therefore, we will use another search method that we are familiar with
from the least mean square (LMS) approach. Let us begin with an initial
estimate of the value function for each state. We will often, in practice,
initialize the value function to zero. Let us rewrite Eq. (2.43) in the form

€=t + V(") - V(s) 2.44

Now we will update our estimate of the value of the state as

Vie1(8) = V() + alr,. + ¥ V(") = V(5)] 2.45

This is the same structure that we saw in the case of the LMS algorithm
defined in Eq. (1.38). The update is the previous value plus learning rate
« (or step size) times the prediction error. The algorithm takes the
following form: We apply
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Algorithm 2.3 Temporal difference algorithm

Initialize V(s)=0foralls € §
Initialize s arbitrarily
repeat
For each step:
Choose action a based on policy z(s)
Get reward r and next state s’
V(s) « V(s)+a(r+y V(') = V(s)
F=
until Finished required number of steps or s reaches a terminal state

this algorithm to the previous grid game. We initialize the action
probabilities to be equal in all directions; therefore, as in Section 2.7,
n(s,a) = 0.25. We set the discount factor y = 0.9, just as we did in the
previous example, and set the learning rate to « = 0.001. We then run the
algorithm for 1,000,000 steps and get the value of the state as

yT = [8.89 245 0.04 2.56 097 -037 -0.13 -042 -1.27).

Recall that the true value of the state is

yT =885 25 —0.07 25 092 -044 -0.07 -044 -1.27]

There is a major difference in what we are doing in this section and what
we did in the case of value iteration. In the case of value iteration we
knew the state transition probabilities /, and the rewards R{,, and we
simply implemented an iterative search algorithm for the zero of the
function but we did not actually play the game. In this section, the agent
has to play the game many times to learn the value of the states. In the
value iteration case, it required only 40 iterations to get an excellent
estimate of the value function, and in this section we played the game
taking 1,000,000 steps and getting the rewards and then estimating the
state value function.

2.10 TD Learning of the State-Action Function

In this section, we estimate the state-action function Q(s,a). We will use
essentially the same algorithm as in the previous section. However, in
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this case we use an ¢ -greedy action selection process. Therefore, we do
not select an action based solely on the current policy, but we choose the
next action based on the highest value in the state-action table. This is
similar to the »n -armed bandit problem. Then with a small probability ¢
we arbitrarily choose another action; this is the exploration phase. The
recursive equation is

QA--- | {-"fr: “:) = Q.f. ('1";~ {.F.,\} + H{JIH-I =t FQA (""I-i- I+ g l} . Q.f. {""':* {.‘;}} 2.46

We begin the algorithm by initializing the Q-table to random numbers. In
our grid game, the Q-table is a 9 x 4 table. In this case, the algorithm will
converge to the optimal Q-table as the algorithm will adapt the action
policy to the greedy action. We have set ¢« = 0.1 and y = 0.9. We run this
algorithm for one million steps through the grid. Table 2.1 shows the
result.

Algorithm 2.4 Temporal difference state-action algorithm

1. Initialize Q(s, a) arbitrarily (random numbers)

2: Initialize the state s arbitrarily

3: Choose action a based on an ¢ - greedy policy

4. repeat

5. Take action ¢ and move to the next state, ', and receive reward r.
6: Choose the next action ¢ at state s', using ¢ - greedy policy

7. 0s,a)) « O(s,a)+ a [r +yO(s',d") — O, a)]

8. Seta=d ands =y

9. until specified number of steps complete or s reaches a terminal state.

Table 2.1 Temporal difference Q-table learning result.

State. Up Down Right Left
1 227 22,6 228 22.7
17.1 16.0 16.4 20.7
15.3 14.1 15.1 18.5
20.7 16.4 16.0 17.6
18.7 14.4 14.2 18.0
16.0 12.8 13.5 16.7
18.5 15.1 14.3 15.5

N Oy b~ W N
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8 15.5 13.7 12.6 16.4
9 14.8 11.6 11.9 13.9

Recall, the value for the optimal action policy is

l-"r=[24.4 220 198 220 198 178 198 178 16.{]‘

State 1 has the same value regardless of the action taken because from
state 1 the agent always goes to state 9 and receives a reward of +10. In
this simulation, state 1 was visited nearly 200,000 times and each action
was taken approximately 45,000 times and the estimated value of the
state-action function is Q(s,a) ~ 22.7. If we look at state 2, we find that
action left has the highest value of Q(2, left) = 20.7; therefore, in state 2 the
best choice would be to go left. We can go down the rest of the table and
choose the action that has the highest expected value. As such, an agent
playing this grid game can look at its current state and then look up in the
Q-table to find which action would give it the highest reward and then, if
it were a rational agent, it would take the action with the highest reward.

2.11 Q-Learning

This is a well-established reinforcement learning method. It was first
proposed in Reference [6] and the proof of stability of this algorithm is
based on stochastic approximation and presented in Reference [7]. The
recursive equation for the Q-table takes the form

Qv s,a,) = Qp(s,,a,) +alr, + ymaxQu(s,,.a) — Op(s,,4,)) 2.47

This algorithm is very similar to the temporal difference (TD) learning
algorithm in the previous section. The key difference is that we now
search for a strictly greedy policy, without exploration, when we compute
max, 0.(s,,1.a). We once again begin by initializing the state s arbitrarily
and initializing the Q-table QO(s,«) arbitrarily. We choose an action based
on an ¢ -greedy action selection policy and then move to the next state
and get a reward. Then, when we compute the prediction error as

i+ ymax, Op(s,,y,a) = O4(s,.a,), we do not use an ¢ -greedy algorithm, we
search for the maximum value in the Q-table. The algorithm can be
written as Algorithm 2.5.
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Algorithm 2.5 Q-learning

Initialize Q(s, a) arbitrarily (random numbers)
Initialize the state s arbitrarily
repeat
Choose action a based on an e-greedy policy
Take action « and move to the next state, s, and receive reward r.
O(s,a)) « O(s,a)+ a [r + ymax, O(s',a") — O(s, a)]
Sets =+
until specified number of steps complete or s reaches a terminal state.

Table 2.2 Temporal difference Q-table learning result.

State. Up Down Right Left
1 23.6 23.7 24.1 23.8
18.3 17.2 16.7 217
16.3 15.0 16.3 19.0
21.5 17.2 17.1 18.3
19.5 15.4 15.4 18.9
16.8 13.6 14.5 17.3
19.3 16.4 14.9 16.1
17.5 14.3 13.7 16.7
9 15.1 13.0 12.9 15.7

oy oG A~ W N

Once again, we set ¢ = (.1 and y = 0.9 and run this algorithm for one
million steps through the grid. We get almost exactly the same Q-table as
before. We then run the algorithm again, but this time we set the
exploration parameter e(k) = e(0) = (1 + 0.000001 = k), where f 1is the step
number. We then get the results illustrated in (Table 2.2). In this case,
the algorithm has converged closer to the optimal values.

2.12 Eligibility Traces

In the previous sections, in the TD learning of the state-value function or
the Q-table we used what is known as a one-step predictor. The update
equations had the form
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Xig1 = X +al(r g +yy(+ 1) = 1) 2.48

where the TD term r,,; + y»(t + 1) — »(1) is based only on what happened in
the last time step. In other words, we only updated the effect of the last
step. In the case of eligibility traces, we will look back further in time. For
example, if the current reward is good, then let us not only update the
current state but also give some of the reward to some of the previous
states that led us to this point. This should improve the time of
convergence of the algorithm. Recall, we are defining the rewards in
terms of discounted future rewards as

. . vy -=1 __ . S e
‘Ilr"{.'=‘r1]"'_}"}.'rl"i"f"J'i.?'l"""'_:*"r : _"Hl'l'I'r{""rl]}I 2.49

A two-step predictor has the form

Rr = Figl + YVig2 + }"2 j'/r'l:""'-' { 2} 2‘50

The eligibility trace keeps track of the last time we visited a particular
state. The current reward is then assigned to recently visited states. States
that have not been visited for a long time are not given much credit for
the current reward.

Let us define the eligibility trace for each state at time ¢ as ¢,(s). The
eligibility trace for each state decays as v« , and the eligibility trace for the
state just visited is increased by 1. Therefore, we update the eligibility
trace as

ity yAe,_1(s) if s#s, 2.51
BT N e, (8) + 1 if s=s,

The one-step prediction error is

‘:’:‘:.r =l ty iIZ’J(H:---I ) e V:':""r}I 2.52
The correction for each state becomes

AV, (s) = ade(s) Vs 2.53
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Algorithm 2.6 TD(4) learning

Initialize V(s) arbitrarily (random numbers)
Initialize the state s arbitrarily
Initialize e(s) = 0
repeat
Choose action a based on z(s)
Take action a, observe reward and move to the next state, s/
Compute TD error as, 6 = r+ y V(s') — V(s)
Compute e(s) = e(s) + 1
repeat
For all states, s
Vis) = V(s) + ade(s)
e(s) = yAe(s)
until All states update and set s = '
until specified number of steps complete or s reaches a terminal state

We run the TD( 4 ) described in Algorithm 2.6, and set y = 0.9, « = 0.001
and 4 = 0.9. We run through the grid for 1,000,000 steps. The estimated
value of the value function is then

yT=[8.87 249 -023 2.5 084 -049 -0.06 -047 -1.29]

However, this is almost the same result as we got when we used the
traditional TD learning algorithm described in Algorithm 2.3. The
promise of using eligibility traces is the increased speed of convergence.
Therefore, we run the simulation again and illustrate the convergence of
V(1). As illustrated in Fig. 2-7, the curve representing the eligibility trace
does converge faster. Whether the improvement in the convergence rate
is worth the extra effort and computational requirements is a users
decision. Furthermore, in this particular example, the algorithm is not
sensitive to changes in the parameter j .
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Figure 2-7 Comparison of TD learning with and without eligibility traces
for V(1).

The final algorithm in this chapter is the O(4) learning algorithm. In this
case we apply the TD( /1 ) corrections to the state-action Q-table. The
eligibility functions then become ¢(s, ). Everything else is largely the
same as in the previous algorithm. As usual, we will compute the
prediction error as

Oy = Iegt + Y Qi(Ses15 drs)) — Q5. 4p) 2.54
and the eligibility trace becomes

yAe,_i(s) if s#s 2.55

es) = :
yde_(9)+1 if s=g,

and then the update for O(s.«) becomes

Q. (s,a)= 0,(s,a) + ad,e (s, a) Vs, a 2.56
The algorithm is described in Algorithm 2.7.
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Algorithm 2.7 Q(4) learning

Initialize Q(s, @) arbitrarily (random numbers)
Initialize the state s arbitrarily
Initialize e(s,a) = 0
repeat
For each step
Choose action a based on x(s)
Take action a, observe reward r and move to the next state, s
Choose &' from s’ using an e-greedy policy.
Compute TD error as, 6 = r+ yQ(s', d") — O(s, a)
Compute e(s,a) = e(s,a) + 1
repeat
For all states, s and a
Q(s,a) = Q(s,a) + ade(s, a)
e(s,a) = yAe(s,a)
until All states update and set s =5’ and a = o
until specified number of steps complete or s reaches a terminal state

!

Setting 4 =09 and y =0.9 and ¢ = (.1 and « = 0.1, we get almost the same
answer as with the standard O -learning as shown in Table 2.2. Once
again, we examine the rate of convergence for the first value in the table,
namely Q(1, UP). The graphs of the convergence of the term Q(1, UP) is
illustrated in Fig. 2-8. The difference between the convergence rates for
the O -learning algorithm and the O(4)-learning algorithm is relatively
minor in this particular case. One has to use good judgement to
determine whether using the more complex O(4)-learning algorithm is of
significant value.
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Figure 2-8 Comparison of Q-learning with and without eligibility traces
for Q(1, UP).
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Chapter 3
Learning in Two-Player Matrix Games

3.1 Matrix Games

In this chapter, we will examine the two-player stage game or the matrix
game problem. Now, we have two players each learning how to play the
game. In some cases they may be competing with each other, or they may
be cooperating with other. In this section, we will introduce the class of
game that we will investigate in this chapter. In fact, almost every child
has played some version of these games. We will focus on three different
games: matching pennies, rock-paper-scissors, and prisoners' dilemma.
These are all called matrix games or stage games because there is no
state transition involved. We will limit how far we delve into game theory
and focus on the learning algorithms associated with these games. The
idea is for the agents to play these games repetitively and learn their best
strategy. In some cases one gets a pure strategy; in other words the agent
will choose the same particular action all the time, and in some cases it is
best to pick an action with a particular probability, which is known as a
mixed strategy.

In the prisoners' dilemma game, two prisoners who committed a crime
together are being interrogated by the police. Each prisoner has two
choices; one choice is to cooperate with the police and defect on his
accomplice, and the other is to cooperate with his accomplice and lie to
the police. If both of them cooperate with each other and do not confess
to the crime, then they will get just a few months in jail. If they both
defect and cooperate with the police, then they will get a longer time in
jail. However, if one of them defects and cooperates with the police and
the other one cooperates with his accomplice and lies to the police, then
the one who lied to the police and tried to cooperate with the accomplice
will go to jail for a very long time. In Table 3.1, the payoff matrix for the
game is shown. This matrix stipulates the rewards for player 1. In the
matrix, the entries represent the rewards to the row player, and the first
row represents cooperation with the accomplice and the second row
represents defection and confession to the police. If the prisoners
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cooperate with each other and both of them pick the first row and
column, then they only go to jail for a short time, a few months, and they
get a good reward of 5. However, if row player defects and tells the truth
to the police and the column player lies to the police and cooperates with
his accomplice, the row player gets a big reward of 10 and goes free,
whereas the column player would get a reward of 0 and be sent to jail for
life. If they both defect and tell the truth to the police, then they each get a
small reward of 1 and go to jail for a couple of years. If this was you,
would you trust your criminal accomplice to cooperate with you because
if he defects to the police and you lie to the police then you will go to jail
for a very long time? Most rational people will confess to the police and
limit the time that they may spend in jail. The choice of action to defect is
known as the Nash equilibrium (NE). If a machine learning agent were to
play this game repetitively, it should learn to play the action of Defect all
the time, with 100% probability. This is known as a pure strategy game. A
pure strategy means that one picks the same action all the time.

Table 3.1 Examples of two-player matrix games.

(a) Matching Pennies i(h) Prisoners’ Dilemma (c) Rock-Paper-Scissors
0 -1 1
I =1 5 0
R, = R, = : R, = I Ee |
= I ] 10 I i
-1 I 0
R, =-R, Ry=(R)! R,=-R,
NE in fully mixed strategies NE in pure strategies NE in fully mixed strategies

The next game we will define is the matching pennies game. In this game
two children each hold a penny. They then independently choose to show
either heads or tails. If they show two tails or two heads, then player 1 will
win a reward of 1 and player 2 loses and gets a reward of —| . If they both
show different sides of the coin, then player 2 wins. On any given play,
one will win and one will lose. This is known as a zero-sum matrix game.
When we say that it is a zero-sum game, we mean that one wins the same
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amount as the other loses. This game's optimal solution, or its NE, is the
mixed strategy of choosing heads 50% of the time and choosing tails also
50% of the time. If player 2 always played heads, then quickly player 1
would realize that player 2 always plays heads and player 1 would also
start to always play heads and would begin to win all the time. If player 2
always played heads, then we would say that player 2 was an irrational
player. So clearly, each one of them should play either heads or tails 50%
of the time to maximize their reward. This is known as a mixed strategy
game; whereas in the prisoner's dilemma game the optimal strategy was
always to defect 100% of the time and as such we refer to that as a pure
strategy.

The next game of interest to us is the game of rock-paper-scissors. This
game is well known to most children. The idea is to display your hand as
either a rock (clenched fist), scissors, or as a flat piece of paper. Then,
paper covers (beats) rock, rock breaks (beats) scissors, and scissors cuts
(beats) paper. If both players display the same entity, then it is a tie. This
game is a mixed strategy zero-sum game. The obvious solution is to
randomly play each action, rock, paper, or scissors with a 33.3%
probability. The only difference to this game is that we now have three
actions instead of two.

More formally, a matrix game (strategic game) [1, 2] can be described as a
tuple (n, 4, ,.R, _,),where n is the agents' number, 4; is the discrete
space of agent i 's available actions, and R; is the payoff function that
agent / receives. In matrix games, the objective of agents is to find pure
or mixed strategies that maximize their payoffs. A pure strategy is the
strategy that chooses actions deterministically, whereas a mixed strategy
is the strategy that chooses actions based on a probability distribution
over the agent's available actions. The NE in the rock-paper-scissors
game and the matching pennies game are mixed strategies that execute
actions with equal probability [3].

The player i 's reward function R; is determined by all players' joint
action from joint action space 4, X --- x 4, . In a matrix game, each player
tries to maximize its own reward based on the player's strategy. A player's
strategy in a matrix game is a probability distribution over the player's
action set. To evaluate a player's strategy, we introduce the following
concept of NE:
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Definition 3.1

A Nash equilibrium in a matrix game is a collection of all players'
strategies (7. ... .7;) such that

I,'|I_|:,a-r=]'>~ Jrf‘ ,JT:.:} > VI;{)?;:, SN o T JT:T}, 3.1
Vmell,i=1, ... ,n 3.2

where V;(-) is player i 's value function which is player i 's expected
reward given all players' strategies, and #; is any strategy of player i
from the strategy space I1,.

- /

In other words, an NE is a collection of strategies for all players such that
no player can do better by changing its own strategy given that other
players continue playing their NE strategies [4]. We define Q,(«,, ... .a,)
as the received reward of player i given players'joint action «;. ... .,
and =,(¢;) (i =1, ... ,n) as the probability of player / choosing action ;.
Then the NE defined in (3.1) becomes

Z Qiay, ... ,a)my(a) -zl (a;)---mpa,) 2 3.3
7 PP =7 AL
Z ':.'?."(”h ».-”:i-]Hr{HI Jorsinix H:'{HJ'} e JI;:{H“L
7SR I =¥ P L o
Ve;ell,i=1,--- ,n

where 7 («;) is the probability of player ;i choosing action «¢; under the
player i 's NE strategy #;.

We provide the following definitions regarding matrix games:

( )

Definition 3.2

A Nash equilibrium is called a strict Nash equilibrium if (3.1) is strict

[5].

- /
( )

Definition 3.3
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If the probability of any action from the action set is greater than o,
then the player's strategy is called a fully mixed strategy.

- /
( )

Definition 3.4

If the player selects one action with probability 1 and other actions
with probability 0, then the player's strategy is called a pure
strategy.

- /
( )

Definition 3.5

A Nash equilibrium is called a strict Nash equilibrium in pure
strategies if each player's equilibrium action is better than all its
other actions, given the other players' actions [6].

- /

3.2 Nash Equilibria in Two-Player Matrix Games

For a two-player matrix game, we can set up a matrix with each element
containing a reward for each joint action pair. Then the reward function
R; for player i(i = 1,2) becomes a matrix.

A two-player matrix game is called a zero-sum game if the two players
are fully competitive. In this way, we have R, = —R,. A zero-sum game has
a unique NE in the sense of the expected reward. This means that,
although each player may have multiple NE strategies in a zero-sum
game, the value of the expected reward ¥; under these NE strategies will
be the same. A general-sum matrix game refers to all types of matrix
games. In a general-sum matrix game, the NE is no longer unique and the
game might have multiple NEs.

For a two-player matrix game, we define 7; = (7;(«¢)), ... , mi(a,, ) as the set
of all probability distributions over player ; 's action set 4;(i = 1.2). Then
V: becomes

l':, — J'l'.'|.R|..H-:r 3.4

An NE for a two-player matrix game is the strategy pair (7. 73) for two
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players such that, for i = 1,2,

Virt,xt) > Vim, x* ), Vx; € PD(A,) 2.5

where —; denotes any other player than player i , and PD(4,) is the set of
all probability distributions over player ;i 's action set A4;.

Given that each player has two actions in the game, we can define a two-
player two-action general-sum game as

H] = 3&

- r12 ‘ R

112] F'j o

1 2

where "y and ¢/ denote the reward to the row player (player 1) and the
reward to the column player (player 2), respectively. The row player
chooses action / € {1,2} and the column player chooses action / € {1.2}.
Based on Definition 3.2 and (3.5), the pure strategies / and / are called a
strict NE in pure strategies if

Fip = F_pps Cyp > Cpy for .I'r.f e {1, 2} 3.7

where —/ and —/ denote any row other than row / and any column other
than column /', respectively.

3.3 Linear Programming in Two-Player Zero-Sum
Matrix Games

One of the issues that arise in some of the machine learning algorithms is
to solve for the NE. This is easier said than done. In this section, we will
demonstrate how to compute the NE in competitive zero-sum games. In
some of the algorithms to follow, a step in the algorithm will be to solve
for the NE using linear programming or quadratic programming. To do
this, we will be required to set up a constrained
minimization/maximization problem that will be solved with the simplex
method. The simplex method is well known in the linear programming
community.

Finding the NE in a two-player zero-sum matrix game is equal to finding
the minimax solution for the following equation [7]:
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max — min Z R.mla;) 3.8
mEPINA)a_j€A_; fr=yh
where 7;(a;) denotes the probability distribution over player ; 's action «;,
and «_; denotes any action from another player other than player ; .
According to (3.8), each player tries to maximize the reward in the worst
case scenario against its opponent. To find the solution for (3.8), one can
use linear programming.

Assume we have a 2 x 2 zero-sum matrix game given as

Ri= Pii: My , Ry==R, 39

o

where R, is player 1's reward matrix and R, is player 2's reward matrix.
We define 7; (j = 1.2) as the probability distribution over player 1's j th
action and 9 as the probability distribution over player 2's j th action.

Then the linear program for player 1 is

Find (p,, p>) to maximize V/,

subject to
mpy+rap2 2V 3.10
Py +rapr 2 V) 3.11
h+p=1 3.12
20, j=12 3.13

The linear program for player 2 is

Find (¢,, ¢,) to maximize V>

subject to
=g —ring: 2 Vs 3.14
=rugy =g 2 V; 3-15
g1+ ¢ =1 3.16
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q;20, j=12 3.17

To solve the above linear programming problem, one can use the simplex
method to find the optimal points geometrically. We provide three 2 x 2
zero-sum games below.

( )

Example 3.1

We take the matching pennies game, for example. The reward matrix
for player 1 is

-1 1
Since p> = 1 — p, the linear program for player | becomes
Player 1: find p; to maximize V,
subject to
2pp =12V 3.19
-2p+12V, 3.20
() E P E | :3.21

We use the simplex method to find the solution geometrically. Figure
3-1 shows the plot of 7 over V', where the gray area satisfies the
constraints (3.19)—(3.21). From the plot, the maximum value of ¥,
within the gray area is () when p, = 0.5. Therefore, p, = 0.5 is the Nash
equilibrium strategy for player 1. Similarly, we can use the simplex
method to find the Nash equilibrium strategy for player 2. After
solving (3.14)—(3.17), we can find that the maximum value of ¥, is (
when ¢, = 0.5. Then this game has a Nash equilibrium

(p; = 0.5, ¢, = 0.5), which is a fully mixed strategy Nash equilibrium.
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Figure 3-1 Simplex method for player 1 in the matching pennies game.
Reproduced from [8], © X. Lu.

~

Example 3.2
We change the reward rj> from —1 in (3.18) to 2 and call this game as

the revised version of the matching pennies game. The reward matrix
for player 1 becomes

1 2 22
SN EIY ;
The linear program for player | is

Player 1: find p, to maximize V/

subject to
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2p =12V, 3.23
i+l 2 3.24

O<p =1 3.25

From the plot in Fig. 3-2, we can find that the maximum value of ¥
in the gray area is |1 when p; = 1. Similarly, we can find the maximum

value of

V, = -1 when ¢, = 1. Therefore, this game has a Nash equilibrium
E}f }'_=11}’, which is a pure strategy Nash equilibrium.
=

.
-

Example 3.3

We now consider the following zero-sum matrix game:

-
R = I | R=-R 3-26

where 7, € R. Based on different values of ;, we want to find the
Nash equilibrium strategies (p,.¢;). The linear program for each
player becomes

Player 1: Find p, to maximize V,

subject to
(r =3y +32V, 3.27
I -12VF 3.28
O<p =1 3.29
Player 2: Find ¢, to maximize V,
subject to

C-ridg =22V, 3.30
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g +12 Vs 3.31

0<gq <1 3.32

We use the simplex method to find the Nash equilibria for the players
with a varying r;;. When r|, > 2, we find that the Nash equilibrium is
in pure strategies (»; = 1.4, = 0). When r|, < 2, we find that the Nash
equilibrium is in fully mixed strategies (p; = 4/(6 —ry;).¢] = 3/(6 —ry))).
For r;; = 2, we plot the players' strategies over their value functions in
Fig. 3-3. From the plot we find that player 1's Nash equilibrium
strategy is p; = 1, and player 2's Nash equilibrium strategy is

¢, € [0,0.75], which is a set of strategies. Therefore, at r;; = 2, we have
multiple Nash equilibria which are p, = 1. ¢, € [0,0.75]. We also plot
the Nash equilibria (7, ¢:) over r; in Fig. 3-4.

1

0.9

0.8

0.7

0.6

0.5

P

0.4

0.3
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0
5 -4 -3 -2 - 0 1 2 3 4 5

v,

Figure 3-2 Simplex method for player 1 in the revised matching pennies
game.
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Reproduced from [8], © X. Lu.
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Figure 3-3 Simplex method at r;; = 2 in Example 3.3. (a) Simplex
method for player 1 at r;; = 2. (b) Simplex method for player 2 at r;, = 2.
Reproduced from [8], © X. Lu.
1 i3
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Figure 3-4 Players' NE strategies versus 7.
Reproduced from [8], © X. Lu.

3.4 The Learning Algorithms

In this section, we will present several algorithms that have gained
popularity within the field of machine learning. We will focus on the
algorithms that have been used for learning how to choose the optimal
actions when agents are playing matrix games. Once again, these
algorithms will look like gradient descent (ascent) algorithms. We will
discuss their strengths and weaknesses. In particular, we are going to
look at the gradient ascent (GA) algorithm and its related version the
infinitesimal gradient ascent (IGA) algorithm and the policy hill climbing
(PHC) algorithm and the variable learning rate version called the win or
learn fast-policy hill climbing (WoLF-PHC) algorithm [3]. We will then
examine the linear reward-inaction (Z; ) and the lagging anchor

www.EngineeringBooksPdf.com



algorithm. Finally, we will discuss the advantages of the L, lagging
anchor algorithm. There are a number of versions of these algorithms in
the literature, but they tend to be minor variations of the ones being
discussed here. Of course, one could argue that all learning algorithms
are minor variations of the stochastic approximation technique.

3.5 Gradient Ascent Algorithm

One of the fundamental algorithms associated with learning in matrix
games is the GA algorithm and its related formulation called the IGA
algorithm. This algorithm is used in relatively simple two-action/two-
player general-sum games. Theoretically, this algorithm will fail to
converge. It can be shown that by introducing a variable learning rate
that tends to zero as lim,_.n — 0, the GA algorithm will converge.

We will examine the GA algorithm presented by Singh et al. [9]. We
examine the case of a 2 x 2 matrix game as two payoff matrices, one for
the row player and one for the column player. The matrices are

. I i ‘ 3-33

f'j| f'j\

and

B I i €1 ‘ 3-34
‘ €1 Cp
Then, if the row player chooses action 1 and the column player chooses
action 2, then the reward to player 1 (the row player) is > and the reward
to player 2 (the column player) is ¢;>. This is a two-action two-player
game and we are assuming the existence of a mixed strategy, although the
algorithm can be used for pure strategy games as well. In a mixed
strategy game, the probability that the row player chooses action 1 is
Pla, = 1} = « and, therefore, the probability that the row player chooses
action 2 must be given by P{a, = 2} = | — « . Similarly, for player 2 (the
column player), the probability that player 2 chooses action 1 is given by
Pla. =1} = f and, therefore, the probability of choosing action 2 is
Pla. =1} =1 - f . The strategy of the matrix game is completely defined
by the joint strategy =(«, ), where « and / are constrained to remain
within the unit square. We define the expected payoff to each player as
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Vi.(a,p) and V (a.p). We can write the expected payoffs as

Via, )= apry; + a(l — pyr;x + (1 —a)fry 3.35
+(1 = a)(l = fry 3.36
=u.af +a(ryy —rp)+ flry —rp)+ry 3.37
Vela, f) = afey + a(l = f)e)n + (1 — a)fiey 3.38
+(1 = a}l = fey 3.39
= u.af +al(c); — )+ flcy) — ) + e 3-40
where
e = PR T T 3.41
e = €] — €13 — € T L1 3.42

We can now compute the gradient of the payoff function with respect to
the strategy as

ep Pu, +(ryy —ry) 3-43
da
4
Ve p) _ N 3.44
dp

The GA algorithm then becomes

vV (ag., fi) .
Wyt = oy + q# 3-45
oV (ay, Bi) .
Prs1 = B + H+ﬁ;‘ 3-46
Py

( )

Theorem 3.1

If both players follow infinitesmal gradient ascent (IGA), where # — 0
, then their strategies will converge to a Nash equilibrium, or the
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average payoffs over time will converge in the limit to the expected
payoffs of a Nash equilibrium.

The first algorithm we will try is the GA algorithm. We will play the mixed
strategy games of matching pennies. To implement the GA learning
algorithm for the matching pennies game, one needs to know the payoff
matrix in advance. One can see from Fig. 3-5 that the strategy oscillates
between 0 and 1. If we try to implement the IGA algorithm, one runs into
the difficulty of trying to choose an appropriate rate of convergence of the
step size to zero. This is not a practical algorithm to use. Therefore, the
GA algorithm does not work particularly well; it oscillates and one can
show this theoretically [3].

1.2

'1 L

0.8}

06}

Alpha

0.4

027

200 400 600 800 1000 1200
lteration number

Figure 3-5 GA in matching pennies game.

3.6 WoLF-IGA Algorithm

The WoLF-IGA algorithm was introduced by Bowling and Veloso [3] for
two-player two-action matrix games. As a GA learning algorithm, the
WoLF-IGA algorithm allows the player to update its strategy based on the
current gradient and a variable learning rate. The value of the learning
rate is smaller when the player is winning, and it is larger when the player
is losing. The term p, is the probability of player 1 choosing the first
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action. Then, | - p, is the probability of player 1 choosing the second
action. Accordingly, ¢, is the probability of player 2 choosing the first
action and | - ¢, is the probability of player 2 choosing the second action.
The updating rules of the WoLF-IGA algorithm are as follows:

aVy(p,(k), q,(k)) .
pk+ 1) = p(k) + na (k) 11 A 3-47
ap
dV5(p (k). g (KD .
¢,k + 1) = g,(k) + nay(k) 2 '# A 3.48
d,
T ins if lzr'l (7 (k), tf (k)) > l/)I 'U"'] iy (k)
ﬂ'l”{} = <
| S otherwise
{rr.,..n- if Va(py (k). qi (k) > Va(pi (k). q7)
a-(k) = ‘
z @ otherwise

where 7 is the step size, «,(i = 1.2) is the learning rate for player i(i = 1,2),
Vip,(k), q,(k)) is the expected reward of player ; at time i given the
current two players' strategy pair (p,(k), ¢,(k)), and (»}.¢,) are equilibrium
strategies for the players. In a two-player two-action matrix game, if each
player uses the WoLF-IGA algorithm with «,,,, > a,,,, the players'
strategies converge to an NE as the step size n — 0 [3].

This algorithm is a GA learning algorithm that can guarantee the
convergence to an NE in fully mixed or pure strategies for two-player
two-action general-sum matrix games. However, this algorithm is not a
decentralized learning algorithm. It requires the knowledge of
Vitpl.q1(k)) and V>(p,(k). ¢7) in order to choose the learning parameters
@min and @yax accordingly. In order to obtain V(p}. ¢,(k)) and V>(p (k). q7),
we need to know each player's reward matrix and its opponent's strategy
at time / ; whereas in a decentralized learning algorithm, the agents
would only have their own actions and reward at time # . Although a
practical decentralized learning algorithm called a WoLF-PHC method
was provided in Reference [3], there is no proof of convergence to NE
strategies.

3.7 Policy Hill Climbing (PHC)
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A more practical version of the gradient descent algorithm is the PHC
algorithm. This algorithm is based on the Q-learning algorithm that we
presented in Chapter 2. This is a rational algorithm that can estimate
mixed strategies. The algorithm will converge to the optimal mixed
strategies if the other players are not learning and are therefore playing
stationary strategies.

The PHC algorithm is a simple practical algorithm that can learn mixed
strategies. Hill climbing is performed by the PHC algorithm in the space
of the mixed strategies. This algorithm was first proposed by Bowling and
Veloso [3]. The PHC does not require much information as neither the
recent actions executed by the agent nor the current strategy of its
opponent is required to be known. The probability that the agent selects
the highest valued actions is increased by a small learning rate 5§ € (0,1].
The algorithm is equivalent to the single-agent Q-learning when § =1 as
the policy moves to the greedy policy with probability 1. The PHC
algorithm is rational and converges to the optimal solution when a fixed
(stationary) strategy is followed by the other players. However, the PHC
algorithm may not converge to a stationary policy if the other players are
learning [3].

The convergence proof is the same as for Q-learning [10], which
guarantees that the O values will converge to the optimal O* with a
suitable exploration policy [9]. However, when both players are learning,
then the algorithm will not necessarily converge. The algorithm starts
from the Q-learning algorithm and is given as

v

]
-—r+]':

a)=(1-a)Q/a)+a( +7 max Q](a")) 3-49
i

7 (ar) = .rrl,f{u]l + A, 3.50

1+1

where

-6, ifa# argmax, Q/(a')
Ay = Z 6, otherwise

a'#a

where &, = min (J’E‘:{HL rﬁ—l )
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The algorithm is given as,

Algorithm 3.1 Policy hill-climbing (PHC) algorithm for agent

Initialize:

learning rates a € (0,1], 6 € (0,1]
discount factor y € (0,1)
exploration rate e

O(a) <0 and 7n/(a) « ﬁ
Repeat : |
(a) Select an action « according to the strategy z|(a) with some exploration
€.

(b) Observe the immediate reward /.

(c) Update Q) ,(a) using Eq. (3.49).

(d) Update the strategy x:+|((¢) by using Eq. (3.50).

We will now run a simulation of the matching pennies games. To
generate the simulation results illustrated in Fig. 3-6, we set the learning
rate « = 1 /(10 + 0.000017), the exploration rate to ¢ = 0.5/(1 + 0.00017), and
5 = 0.0001. We initialize the probability of player 1 choosing action 1, at
80%. One can see that the algorithm will oscillate about the NE as
expected by the theory. In this case, both players are learning. For any
practical application, this is a poor result. Furthermore, it takes many
iterations to converge about the 50% equilibrium point. Another issue
with implementing this algorithm is choosing all the parameters. In a
more complex game, this algorithm would not be practical to implement.
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Figure 3-6 PHC matching pennies game, player 1, probability of
choosing action 1, heads.

In the next case, we set the column player to always play heads, action 1,
and we start the row player at 20% heads and 80% tails. Then the row
player should learn to always play heads 100% of the time. As illustrated
in Fig. 3-7, the probability of player 1 choosing heads increases and
converges to a probability of 100%.
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Figure 3-7 PHC matching pennies game, player 1, probability of
choosing action 1, heads when player 2 always chooses heads.

3.8 WoLF-PHC Algorithm
In Reference [3], the authors propose to use a variable learning rule as
OV (ay, i) .
Ay = a + 1l +,;;m 3-51
OV (e, Br) .52
ﬁﬁ'+'| e ﬁ.ﬂ b j;!ﬂ.# 3 5

where the term 1 is a variable learning rate given by / € [/,;,. [ > 0.

The method for adjusting the learning rate / is referred to as the WoLF
approach. The idea is when one is winning the game to adjust the
learning rate to learn slowly and be cautious, and when losing or doing
poorly to learn quickly. The next step is to determine when the agent is
doing well or doing poorly in playing the game. The conceptual idea is for
the agent to choose an NE and compare the expected reward it would
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receive to the NE. If the reward it would receive is greater than the NE,
then it is winning and will learn slowly and cautiously. Otherwise, it is
losing and it should learn fast; the agent does want to be losing.

The two players each select an NE of their choice independently; they do
not need to choose the same equilibrium point. If there are multiple NE
points in the game, then the agents could pick different points; that is
perfectly acceptable because each NE point will have the same value.
Therefore, player 1 may choose NE point «¢ and player 2 may choose NE
point £, and the learning rates are chosen as

o lwin M Viay, Br) > V(e p,) Winning
g lnax  Otherwise Losing
[ = lnin W Vlay, Bi) > Vo(ap, f€) Winning
k™ I Otherwise losing

When we combine the variable learning rate with the IGA algorithm, we
refer to it as the WoLF-IGA algorithm. Although this is not a practical
algorithm to implement, it does have good theoretical properties as
defined by the following theorem.

( )

Theorem 3.2

If in a two-action iterated general-sum game both players follow the
WOoLF-IGA algorithm (with /., > /..;,), then their strategies will
converge to a Nash Equilibrium.

- /

It is interesting to note that winning is defined as the expected reward of
the current strategy being greater than the expected reward of the current
player's NE strategy and the other player's current strategy.

The difficulty with the WoLF-IGA algorithm is the amount of information
that the player must have. The player needs to know its own payoff
matrix, the other player's strategy, and its own NE. Of course, if one
knows its own payoff matrix, then it will also know its NE point or points.
That is a lot of information for the player to know, and as such this is not
a practical algorithm to implement.

The WoLF-PHC algorithm is an extension of the PHC algorithm [3]. This
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algorithm uses the mechanism of win-or-learn-fast (WoLF) so that the
PHC algorithm converges to an NE in self-play. The algorithm has two
different learning rates, 4,, when the algorithm is winning and ¢, when it
is losing. The difference between the average strategy and the current
strategy is used as a criterion to decide when the algorithm wins or loses.
The learning rate 9, is larger than the learning rate 4,.. As such, when a
player is losing, it learns faster than when winning. This causes the player
to adapt quickly to the changes in the strategies of the other player when
it is doing more poorly than expected and learns cautiously when it is
doing better than expected. This also gives the other player the time to
adapt to the player's strategy changes. The WoLF-PHC algorithm exhibits
the property of convergence as it makes the player converge to one of its
NEs. This algorithm is also a rational learning algorithm because it makes
the player converge to its optimal strategy when its opponent plays a
stationary strategy. These properties permit the WoLF-PHC algorithm to
be widely applied to a variety of stochastic games [3, 11—13]. The
recursive Q-learning of a learning agent / is given as

0

]
-—r+]':

a) = (1 — a}("_}f{m +alr +y max Ql(d")) 3.53
i

The WoLF-PHC algorithm updates the strategy of the agent / by
equation 3.32, whereas Algorithm 2.1 describes the complete formal
definition of the WoLF-PHC algorithm for a learning agent ; :

x’ (a) = .rr:{u]l + A, 3.54

1+1

where
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-
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Cn=C+1

Algorithm 3.2 The win-or-learn-fast policy hill climbing (WoLF-PHC) algo-
rithm for agent j

Initialize:
learning rates a € (0,1], 6,, € (0,1] and 6, > 6,
discount factor y € (0,1)
exploration rate ¢
OQa)«~0 and 7#/(a) < ﬁ
C(s) < 0 "
Repeat _
(a) Select an action @ according to the strategy x|(a) with some exploration
€.
(b) Observe the immediate reward v

‘l -
(c) Update QH_l(a) using Eq (3.53).
(d) Update the strategy .'-’I:H (a) by using Eq. (3.54).

We simulate the WoLF-PHC algorithm for the matching pennies game.
We set the learning parameter « = 1/(10 + 0.00001¢) and 6, = 1/(20000 + ;)
and &, = 26,, . The strategy for player 1 is initially set to z, = [0.2 0.8] and
the strategy for player 2 to = = [0.5 0.5]. The results are shown in Fig. 3-8.
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Figure 3-8 WoLF-PHC matching pennies game, player 1, probability of
choosing action 1.

3.9 Decentralized Learning in Matrix Games

Decentralized learning means that there is no central learning strategy
for all of the agents. Instead, each agent learns its own strategy.
Decentralized learning algorithms can be used by players to learn their
NEs in games with incomplete information [14, 15]. When an agent has
“incomplete information,” it means that the agent knows neither its own
reward function, nor the other players' strategies, nor the other players'
reward functions. The agent only knows its own action and the received
reward at each time step. The main challenge for designing a
decentralized learning algorithm with incomplete information is to prove
that the players' strategies converge to an NE.

There are a number of multiagent learning algorithms proposed in the
literature that can be used for two-player matrix games. Lakshmivarahan
and Narendra [14] presented a linear reward—inaction approach that can
guarantee the convergence to a NE under the assumption that the game
only has strict NEs in pure strategies. The linear reward—penalty
approach, introduced in Reference [15], can guarantee that the expected
value of players' strategies converges to an NE in fully mixed strategies
with the proper choice of parameters. Bowling and Veloso proposed a
WoLF-IGA approach that can guarantee the convergence to an NE for
two-player two-action matrix games and the NE can be in fully mixed
strategies or in pure strategies. However, the WoLF-IGA approach is not
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a completely decentralized learning algorithm because the player has to
know its opponent's strategy at each time step. Dahl [16, 17] proposed a
lagging anchor model approach that can guarantee the convergence to an
NE in fully mixed strategies. But the lagging anchor algorithm is not a
decentralized learning algorithm because each player has to know its
reward matrix.

We evaluate the learning automata algorithm L, ; [14] and Ly » [15], the
GA algorithm WoLF-IGA [3], and the lagging anchor algorithm [16]. We
then propose the new L ; lagging anchor algorithm. The Z;_; lagging
anchor algorithm is a combination of learning automata and GA learning.
It is a completely decentralized algorithm and, therefore, each agent only
needs to know its own action and its own reward at each time step. We
prove the convergence of the L, ; lagging anchor algorithm to NEs in
two-player two-action general-sum matrix games. Furthermore, the NE
can be in games with pure or fully mixed strategies. We then simulate
three matrix games to test the performance of the ., ; lagging anchor
learning algorithm.

We first review the multiagent learning algorithms in matrix games based
on the learning automata scheme and the GA schemes. In Section 3.14,
we introduce the new L,_, lagging anchor algorithm and provide the
proof of convergence to NEs in two-player two-action general-sum matrix
games. Simulationsof three matrix games are also illustrated in Section
3.14 to show the convergence of our proposed L ,_; lagging anchor
algorithm.

3.10 Learning Automata

Learning in a two-player matrix game can be expressed as the process of
each player updating its strategy according to the received reward from
the environment. A learning scheme is used for each player to update its
own strategy toward a NE based on the information from the
environment. In order to address the limitations of the previously
published multiagent learning algorithms for matrix games, we divide
these learning algorithms into two groups. One group is based on
learning automata [18], and another group is based on GA learning [9].

Learning automation is a learning unit for adaptive decision making in an
unknown environment [18]. The objective of learning automation is to
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learn the optimal action or strategy by updating its action probability
distribution based on the environment response. The learning automata
approach is a completely decentralized learning algorithm because each
learner only considers its action and the received reward from the
environment and ignores any information from other agents such as the
actions taken by other agents. The learning automation can be
represented as a tuple (4, r,p, U), where 4 = {ay, ... .a,} is the player's
action set, r € [0, 1] is the reinforcement signal, p is the probability
distribution over the actions, and ¢/ is the learning algorithm to update
p . There are two typical learning algorithms based on learning automata:
the linear reward—inaction (Z,_,) algorithm and the linear reward—
penalty ( L,_,) algorithm.

3.11 Linear Reward-Inaction Algorithm

The linear reward—inaction (Lj_;) algorithm for player i(i = 1, ... ,n) is
defined as follows:

pilk + 1)y = pLik) + nr'(k)(1 = pl(k)) ifa,is the current action at k 3.55
pik+1)= pjl[ff} - r;r’{k]pi{k] for all a:: # .
where / 1is the time step, the superscripts and subscripts on p denote
different players and each player's different action, respectively, 0 < < |
is the learning parameter, (k) is the response of the environment given

player i 's action «. at k , and p' is the probability distribution over
player i 's action a¢'(c =1, ... ,m).

In a matrix game with #n players, if each player uses the ,_; algorithm,
then the L;_; algorithm guarantees the convergence to a NE under the
assumption that the game only has strict NEs in pure strategies [14].

3.12 Linear Reward-Penalty Algorithm

The linear reward—penalty (L;_; ) algorithm for player ; is defined as
follows:
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Ptk + 1) = puk) + myr' (k)[1 = pko] = mal1 = (k) Ipl(k) 3.56

pilk + 1) = pi(k) - Jm"{k]pi{k] + 51 = r'(k)] ﬁ — pi(k)| (for alla; # a')
where «' is the current action the player ; has taken, 0 <#,.n, <1 are
learning parameters, and / is the number of actions in the player's
action set.

In a two-player zero-sum matrix game, if each player uses the L _, and
chooses 1 < 1, then the expected value of the fully mixed strategies for
both players can be made arbitrarily close to an NE [15]. This means that
the L, p algorithm can guarantee the convergence to an NE in the sense
of expected value but not the player's strategy itself.

3.13 The Lagging Anchor Algorithm

The lagging anchor algorithm for two-player zero-sum games was
introduced by Dahl [16]. As a GA learning method, the lagging anchor
algorithm updates the players' strategies according to the gradient. We

denote player 1's strategy as a vector v = [py.p,. ... .p,, 1", which is the
probability distribution over all the possible actions. Accordingly, player
2's strategy is denoted as a vector w = [¢,, 45, ... .4,,.]" . The updating rules

are listed as follows:

v(k + 1) =v(k) + nP,, R, Y (k) + ny(¥(k) — v(k))
V(k) =¥(k) + ny(v(k) — v(k))

wik + D =wk) + P, Ry X (k) + ny(w(k) — w(k))
w(k) = w(k) + ny(w(k) — w(k))

where 7 is the step size, y > 0 is the anchor drawing factor, and
P, =1, —(/m)l,, l,f,: is a matrix used to maintain the summation of the

elements in the vector v or w to be |. Y (k) is a unit vector corresponding
to the actions of player 2. If the #;th action in player 2's action set is
selected at time k , then the m; th element in Y (k) is set to 1 and the other
elements in Y (k) are zeros. Similarly, X (k) is the unit vector
corresponding to the actions of player 1, and R, and R, are the reward
matrices for player | and 2, respectively. In (3.57), ¥+ and w are the
anchor parameters for v and w, respectively, which can be represented as
the weighted average of the players' strategies. In a two-player zero-sum
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game with only NEs in fully mixed strategies, if each player uses the
lagging anchor algorithm, then the players' strategies converge to an NE
as the step size y — 0 [17].

This algorithm guarantees the convergence to an NE in fully mixed
strategies. However, the convergence to an NE in pure strategies has
never been discussed. Furthermore, the lagging anchor algorithm in
(3.57) requires full information of the player's reward matrices R, and R,.
Therefore, the lagging anchor algorithm is not a decentralized learning
algorithm.

Table 3.2 compares these algorithms based on the allowable number of
actions for each player, the convergence to pure strategies or fully mixed
strategies, and the level of decentralization. From this table, only the
WoLF-IGA algorithm can guarantee the convergence to both pure and
mixed-strategy NE. But it is not a decentralized learning algorithm.
Although the L, ; algorithm and the L; , algorithm are decentralized
learning algorithms, neither of them can guarantee the convergence to
both pure and mixed-strategy NE. The L,_; lagging anchor algorithm
presented in the next section can guarantee convergence of both pure and
mixed strategies to the NE as shown in Table 3.2.

Table 3.2 Comparison of learning algorithms in matrix games.

Existing algorithms Our proposed
Algorithm
Lagging Lp_;
Applicability Lz ; Lgp WoLF- anchor lagging anchor
IGA
Allowable No Two actions Two No limit Two actions
limit actions
actions
Convergence | Pure Fullymixed Both Fully Both
NE mixed
NE (expected NE
value)
Decentralized? Yes Yes No No Yes
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3.14 .., Lagging Anchor Algorithm

In this section, we design an L ; lagging anchor algorithm which is a
completely decentralized learning algorithm and can guarantee the
convergence to NEs in both pure and fully mixed strategies. We take the
Ly_; algorithm defined in (3.55) as the updating law of the player's
strategy and add the lagging anchor term in (3.57). Then the L;_; lagging
anchor algorithm for player i is defined as follows:

pLik + 1) = plik) + qritk)[1 = pliko)] + nlptik) = plik)) if ¢!, is the action 3.58
piik + 1) = plik) + nlpick) — plok)] taken at time k

pitk + 1) = pitk) — grick)pi(k) + nlp'tk) = piion | 5
4 = o M o ; 4 for all a; # a..
p;(a"( + )= p;(a"-;} + :;[;:rl‘r.liff]l - p;{k}] .

where 7 is the step size and (/;.7) are the lagging parameters for (p..7}).
The idea behind the Z;_; lagging anchor algorithm is that we consider
both the player's current strategy and the long-term average of the
player's previous strategies at the same time. We expect that the player's
current strategy and the long-term average will be drawn toward the
equilibrium point during learning.

To analyze the above L;_; lagging anchor algorithm, we use ordinary
differential equations (ODEs). The behavior of the learning algorithm can
be approximated by ODEs as the step size goes to zero. Thathachar and
Sastry [19] provided the equivalent ODEs of the Lj_; algorithm in (3.55)
as

i

pl= Z ‘u:._p;.{d: — ff:..]l )
=1

where ' is the expected reward given that player i is choosing action «’
and the other players are following their current strategies.

Combining the above ODEs of the L;_; algorithm in (3.59) with the ODEs
for the lagging anchor part of our algorithm, we can find the equivalent
ODE:s for our _; lagging anchor algorithm, given as
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m,

pl= 2 p:'_p;{rf( .= r.”;.]l + (@ - p)

j=1
=i -
Pe=Pc=P:

Based on our proposed L;_; lagging anchor algorithm, we now present
the following theorem:

Vs

Theorem 3.3

We consider a two-player two-action general-sum matrix game and
assume the game only has a Nash equilibrium in fully mixed
strategies or strict Nash equilibria in pure strategies. If both players
follow the L;_; lagging anchor algorithm, when the step size n — 0,
then the following is true regarding the asymptotic behavior of the
algorithm:

¢ All Nash equilibria are asymptotically stable;

¢ Any equilibrium point which is not a Nash equilibrium is unstable.

(.
(

J/

Proof

Given a two-player two-action general-sum game defined in (3.6), we

denote 7, as the probability of player 1 taking its first action and ¢, as
the probability of player 2 taking its first action. Then the L;_; lagging
anchor algorithm becomes

< o 3.61
pr= Y P —d)+ (@ —py)

j=|

¥ )

g = Z {j]fh{fflj - ﬁ’f} + (g4, — q,)

=1
4 =41 —q
where d| = ry1q; +ri)(1 = 1), dy = ryq; +rp(l = qy),
d? = ¢ py + ¢3(1 = py), and d3 = ¢p; + (1 = py). Then (3.61) becomes
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Pr=p(1 =p)luygy +ryn=ral+ @ —py) 3.62

Py =p = P
¢ =q\(1 = gDluap, + ¢y — el +(§) — qy)
q1=q —q

where u) =ry —rjy —ry +ryp and 4y = ¢ — ¢)5 — ¢3; + ¢25. If we let the
right-hand side of the above equation equal to zero, we then get the
equilibrium points of the above equations as

(P1-47) = (0,0),(0, 1), (1,0), (1, 1), (€22 = €21) /12, (2 — r12) /1y). To study the
stability of the above learning dynamics, we use a linear
approximation of the above equations around the equilibrium point
(p}-47.P)-4,). Then the linearization matrix J is given as

B - In* * _ .
(]‘ e Wu g1+ | (1 = pyu, 0 6
Fl2—Trn)—1 : : 3.63
] = 0 6
J[F;.:f'l‘ )= | a |
q; (1 = g7)u, 0 ( “—I :Ei].jf ;’1_.” II+ I
0 0 | o

If we substitute each of the equilibrium points (0,0), (0, 1), (1,0).(1, 1)
into (3.63), we get

- 1 0 0] 3.64

1 -1 0 0

Jr-uru =
0 0 —e5 — | ]
0 0 | —1
where

E) =Py — P2, 02 = 10 — Oy for “}.. ﬂ:!.. 3.65
€ =TIy —I,€3 = 0 — 2 for (0, 1); 3.66
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1 =F=FmE=C01 =0 Ihl' {1..{”-.

2 &

g1 =N =M€ =0 —0n 1ur|{1¢]}
The eigenvalues of the above matrix /. are
A2 =05[—(e, +2) £ /e +4)] and ;4 =0.5[—(e; +2) £ /el +4)]. In

order to obtain a stable equilibrium point, the real parts of the
eigenvalues of /,,. must be negative. Therefore, the equilibrium point
is asymptotically stable if

0.5[-(e1p +2 £/, +H] <0 = 3.69

For the equilibrium point ((¢5, = ¢5)/u5.(r22 = r12)/u;), the linearization
matrix becomes

-1 | pi(L=phu 0| 3.70
| -1 0 0
Jmixed = PR 0 1 I
0 0 1 =1

The characteristic equation of the above matrix is
A’ + @ +e)A’ +2e34+e;,=0 3.71

where ¢; = —pi(1 = p))g (1 — g))u,u,. We set up the Routh table to
analyze the locations of the roots in (3.71) as follows:
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i I 4 +e; | e
A 4 s
A2 44 0.5 e, €

M| (e3+4e3)/(4+0.5¢3)

A €3

Based on the Routh—Hurwitz stability criterion, if (3.71) is stable,
then all the coefficients of the equation must be positive and all the
elements in the first column of the Routh table in (3.72) are positive.
In order to meet the Routh—Hurwitz stability criterion, we must have
e; > 0. Therefore, the equilibrium point ((¢s; = ¢31) /15, (32 = r12) /1)) 18
asymptotically stable if

ey =—pi(l =pDgi(l —gDuu; >0 = 3.73
iy < 0

Case 3.1

Strict Nash equilibrium in pure strategies

We first consider that the game only has strict Nash equilibrium in
pure strategies. Without loss of generality, we assume that the Nash
equilibrium in this case is both players' first actions. According to the
definition of a strict Nash equilibrium in the inequality (3.7), if the
Nash equilibrium strategies are both players' first actions, we can get

Fyp > ra, 61 2 62 3.74
Since the Nash equilibrium in this case is the equilibrium point (1, 1),
we can get ¢; =r; —ry; > 0 and ¢, = ¢;; — ¢, > 0 based on (3.68) and
(3.74). Therefore, the stability condition (3.69) is satisfied and the
equilibrium point (1. 1), which is the Nash equilibrium in this case, is
asymptotically stable.
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We now test the other equilibrium points. We first consider the
equilibrium point ((¢s; = ¢51)/u2, (92 = r12)/u;) . According to the
stability condition (3.73), if this equilibrium point is stable, we must
have u,u, < 0. To be a valid inner point in the probability space (unit
square), the equilibrium point ((¢y; = ¢51)/us. (192 = r2) /1)) must satisfy

0< {9y — {'_w]}er_ﬁ e 375
0 <(ryp—rip)fu; <1

If w1, < 0, we can get

iy > Faga P > Fps i 3.76
{ L el e ifwy > 0,u, <0

€ < €12, 022 < €7

M < Faps P < Fp . 3-77
{” e 1 ifu, <0,u, >0

€1 > €2, Cn > €

However, the conditions in the inequalities (3.76) and (3.77) conflict
with the inequalities in (3.74). Therefore, the inequality u;u, < 0 will
not hold and the equilibrium point ((¢s; = ¢31)/t2. (r93 = r12) /1)) is
unstable in Case 3.1.

For the equilibrium points (0, 1) and (1, 0), based on (3.66), (3.67),
and (3.69), the stability conditions are ry; > 7y, ¢2; > ¢ for (0, 1) and
2 > I, €12 > ¢y for (1,0). However, these stability conditions conflict
with the inequalities ry, > 731, ¢); > ¢j2in (3.74). Therefore, the
equilibrium points (0, 1) and (1,0) are unstable in Case 3.1.

For the equilibrium point (0, 0), the stability condition is

Fas > I'12. €22 > €51 based on conditions (3.65) and (3.69). From the
inequality (3.7), we can find that this stability condition also meets
the requirement for a strict NE (both players' second actions) in
inequality (3.7). Therefore, the equilibrium point (0, 0) is stable only if
it is also an NE point.

Thus, the NE point is asymptotically stable, while any equilibrium
point which is not an NE is unstable.

Case 3.2
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N\

Nash equilibrium in fully mixed strategies

We now consider that the game only has Nash equilibrium in fully
mixed strategies. Singh et al. [9] showed that a Nash equilibrium in
fully mixed strategies for a two-player two-action general-sum matrix
game has the form

Cp =€y Ip—rp 3.78

uy, U

U;f“".? q _.]\-;._-} =

where (p'", 4" ) denotes the Nash equilibrium strategies over players'
first actions which happens to be the equilibrium point of (3.62).
According to the condition (3.73), the equilibrium point

(97 = €31) /15, (127 — r12) /uy) 1s asymptotically stable if u;u, < 0. If we
assume u;u, > 0, we can get

ﬂ‘:{i'::‘*i'u}f”: < 1 3‘79
0 < (ryy—rpp)fu <1

Fip 2 rsra = s
- o - il i = f}‘ e > ()
€l = €12: €02 2> €y

d < Py, Fae < Fyn o .80
{’H 21,722 = T2 ifu, <0,u, <0 3

€1 < €2, 02 < €

According to the inequality (3.7), the above equations contain
multiple NEs in pure strategies: (p\"*. ") = (1,1),(0,0) if u; > 0,1, > 0
and (p)'*, ¢)'"") = (0, 1),(1,0) if u; < 0,u, < 0. However, under our
assumption, the game in Case 3.2 only has an NE in fully mixed
strategies, and NEs in pure strategies do not exist. Therefore, we
always have w1, < 0 in Case 3.2 and the equilibrium point

(¢35 = €31) /15, (r5 = r12) /1), which is also the NE point, is
asymptotically stable.

For the other equilibrium points, based on conditions (3.65)—(3.68)
and (3.69), the stability conditions become
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Fag 2 P9, Crr 2 Oy for {” ”} 3.81

Fap &= F1s €2 = O for (0, 1) 3.82
Fia = ', 012 = € I‘ﬂ.‘.lr{],”} 3.83
Fyy > .0 > € for (1, 1) 3.84

As already noted, the game in Case 3.2 only has an NE in fully mixed
strategies and we always have w1, < 0. Then the inequalities (3.76)
and (3.77) are true in Case 3.2. However, the stability conditions
(3.81)—(3.84) for the equilibrium points (0,0), (0, 1),(1,0), (1. 1) conflict
with the inequalities (3.76) and (3.77). Therefore, the equilibrium
points other than ((¢s, — ¢5;)/u,.(r5 = r12) /1)) are unstable in this case.

Thus we can conclude that the NE point is asymptotically stable while
the other equilibrium points are unstable in Case 3.2.

- /

3.14.1 Simulation

We now simulate three matrix games to show the performance of the
Ly_; lagging anchor algorithm. The first game is the matching pennies
game. This game is a two-player zero-sum game and each player has two
actions: heads or tails. If both players choose the same action, then player
1 gets a reward 1 and player 2 gets a reward —1. If the actions are
different, then player 1 gets —1 and player 2 gets 1. Based on the reward
matrix in Table 3.1(a) and the solutions in Example 3.1, the NE in this
game is in fully mixed strategies such that each player plays heads and
tails with a probability of 0.5. We set the step size n = 0.001 in (3.58) and
p1(0) = ¢,(0) = 0.2. We run the simulation for 30,000 iterations. In Fig. 3-
9, the players' probabilities of taking their first actions start from (0.2,
0.2) and move close to the NE point (0.5, 0.5) as the learning proceeds.
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Figure 3-9 Trajectories of players' strategies during learning in
matching pennies.

Reproduced from [8], © X. Lu.

The second game we simulate is a two-player general-sum game, namely
the prisoners' dilemma. In this game, we have two players and each
player has two actions: defect or cooperate. A player receives a reward of
10 if it defects and the other player cooperates, or receives a reward of o if
it cooperates and the other player defects. If both players cooperate, each
player receives a reward of 5. If they both defect, each player receives a
reward of 1. The reward matrix is shown in Table 3.3(b), where one
player's reward matrix is the transpose of the other player's reward
matrix. This game has a unique NE in pure strategies which is both
players playing defect. We set the step size n = 0.001 in (3.58) and

p1(0) = ¢,(0) = 0.5. We run the simulation for 30,000 iterations. Figure 3-
10 shows that the players' strategies move close to the NE strategies (both
players' second actions) as the learning proceeds.

Table 3.3 Examples of two-player matrix games.
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(a) Matching Pennies
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Figure 3-10 Trajectories of players' strategies during learning in

prisoners' dilemma.

Reproduced from [8], © X. Lu.

The third game we simulate in this chapter is the rock-paper-scissors
game. This game has two players and each player has three actions: rock,
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paper, and scissors. A winner in the game is determined by the following
rules: paper defeats rock, scissors defeats paper, and rock defeats
scissors. The winner receives a reward of 1 and the loser receives —1. If
both players choose the same action, each player gets 0. The reward
matrix is shown in Table 3.3(c). This game has an NE in fully mixed
strategies which is each player choosing any action with the same
probability of 1/3. We set the step size n = 0.001, p,(0) = ¢,(0) = 0.6, and
p1(0) = ¢,(0) = 0.2, We run the simulation for 50,000 iterations. Although
we only prove the convergence for two-player two-action games, the
result in Fig. 3-11 shows that the proposed L_; lagging anchor algorithm
may be applicable to a two-player matrix game with more than two
actions.

g (probability of player 2 playing rock)

11 09 08 07 06 05 04 03 02 0.1 ﬂ{]

— D.g N --..'._. h {].1 —
o (g4(0), g=(0)) %
T 0.8} 102 &
o =
£ 07} jo3 &
© I
2 06} {04 &
] &
& 0.5} 105 &
rd [= 8
S 04} {06 ©
=y =3
5 03} 107 §
S 3 S
5 02} 108 &
= (P1(0), P2(0)) ™ o
o | i o

0 01 02 03 04 05 06 07 08 09 1
P4 (probability of player 1 playing rock)

Figure 3-11 Trajectories of players' strategies during learning in rock-
paper-scissors.

Reproduced from [8], © X. Lu.
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Chapter 4
Learning in Multiplayer Stochastic Games

4.1 Introduction

The agents in a multiagent system can be to some degree preprogrammed
with behaviors designed in advance. It is often necessary that the agents
be able to learn online such that the performance of the multiagent
system improves. However, typically a multiagent system is very complex
and preprogramming the system is for practical reasons impossible.
Furthermore, the dynamics of the agents and the environment can
change over time and learning and adaptation is required.

In early work on multiagent reinforcement learning (MARL) for
stochastic games [1], it was recognized that no agent works in a vacuum.
In his seminal paper, Littman [1] focused on only two agents that had
opposite and opposing goals. This means that they could use a single
reward function which one tried to maximize and the other tried to
minimize. The agent had to work with a competing agent and had to
behave so as to maximize their reward in the worst possible case. They
also recognized the need for mixed strategies because the agent or player
could not be certain of the action taken by its opponent. Littman [1]
introduced the minimax Q-learning algorithm. We have already shown
the idea of the minimax Q-learning algorithm in Chapter 3, Section 3.2.

In a rational multiagent game, each agent must keep track in some way of
what the other learning agents are doing. The types of games and
situations that the learning agent may encounter include fully
competitive games that are zero-sum games. There are also general-sum
cooperative games, where the agents try to get the maximum reward by
cooperating with each other. For example, in the prisoners' dilemma
problem, if it is a cooperative game, then each player should lie to the
police and cooperate with each other and get the least time in jail.
However, if it is a competitive game, then they should each defect to
mitigate against the worst case scenario where one lies to police and the
opponent confesses and the first one goes to jail for life. However, the
agents must communicate to cooperate with each other.
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Typically, in a multiagent system, the agents must keep track of the other
agents' behaviors such that a coherent behavior results. Furthermore, we
have the issue of scalability to consider. The agents must keep track of a
large number of possiblestates and joint actions.

Learning in stochastic games can be formalized as a MARL problem [2].
Agents select actions simultaneously at the current state and receive
rewards at the next state. Different from the algorithm that can solve for a
Nash equilibrium in a stochastic game, the goal of a reinforcement
learning algorithm is to learn equilibrium strategies through interaction
with the environment. Generally, in a MARL problem, agents may not
know the transition function or the reward function from the
environment. Instead, agents are required to select actions and observe
the received reward and the next state in order to gain information of the
transition function or the reward function.

Rationality and convergence are two desirable properties for multiagent
learning algorithms in stochastic games [2]. When we say that a player is
rational, we mean that, if the other players' policies converge to
stationary policies, then the learning algorithm for will converge to a
policy that is a best response to the other players' policies. What does this
mean? Let us say that you are playing the matching pennies game against
a bad player who always plays heads. You win whenever you both play
heads or tails. At first, you assume that your opponent is a rational player
and, therefore, you assume that your opponent is playing the rational
strategy of playing heads and tails each 50% of the time. Therefore, you
start out playing heads and tails 50% of the time. However, after a
number of plays you realize that your opponent always seems to be
playing heads as his stationary strategy. You would then quickly shift and
begin to also play heads all the time. Then you always win and you are
playing the rational strategy but your opponent is not playing a rational
strategy.

In the stochastic learning algorithms, we also have the idea of
convergence. Let us say that all the other players are playing a stationary
strategy. They are not learning or changing their strategy in any way.
Then you adapt to this behavior and converge to some rational strategy.
Or, let us say that everyone in the game is adapting according to the same
algorithm. Then do all the players converge to an optimal strategy or a
Nash equilibrium? If all the players use rational learning algorithms and
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their policies converge, then they must have converged to an equilibrium.
Each player will play the best response to all other players.

In this chapter, we review some existing reinforcement learning
algorithms in stochastic games. We analyze these algorithms based on
their applicability, rationality, and convergence properties.

Isaacs [3] introduced a differential game of guarding a territory where a
defender tries to intercept an invader before the invader reaches the
territory. In this chapter, we introduce a grid version of Isaacs' game
called the grid game of guarding a territory. It is a two-player zero-sum
stochastic game where the defender plays against the invader in a grid
world. We then study how the players learn to play the game using MARL
algorithms. We apply two reinforcement learning algorithms to this game
and test the performance of these learning algorithms based on the
convergence and rationality properties.

4.2 Multiplayer Stochastic Games

A Markov decision process contains a single player and multiple states,
whereas a matrix game contains multiple players and a single state. For a
game with more than one player and multiple states, we define a
stochastic game (or Markov game) as the combination of Markov
decision processes and matrix games. A stochastic game is a tuple

(n, S, A4y, ... .4,.T,y. Ry, ... ,R,) where n is the number of the players,
T:8SxA x---xA,xS8 - [0,1] is the transition function, 4;(i =1, ... .n) is
the action set for the player i, y € [0, 1] is the discount factor, and

R, SxA; x---xA,xS - R is the reward function for player ; . The
transition function in a stochastic game is a probability distribution over
next states given the current state and joint action of the players. The
reward function R/(s,a, ... ,a,,s") denotes the reward received by player i
in state ¢ after taking joint action («,, ... .a,) in state s . Similar to
Markov decision processes, stochastic games also have the Markov
property. That is, the player's next state and reward depend only on the
current state and all the players' current actions.

For a multiplayer stochastic game, we want to find the Nash equilibria in
the game if we know the reward function and transition function in the
game. A Nash equilibrium in a stochastic game can be described as a
tuple of n strategies (7. ... .7,;) such thatforall se § and i=1. ... .n,
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Vi, &y iy gy iy By ) 2 VS BT, viio i By v iy} for all gy =T 4.1

where I1; is the set of strategies available to player i, and Vi(s.#|. ... .7,)
is the expected sum of discounted rewards for player / given the current
state and all the players' equilibrium strategies. To simplify notation, we
use V/(s) to represent Vils.z|. ... .m,) as the state-value function under
Nash equilibrium strategies. We can also define the action-value function
Q*(s,ay, ... ,a,) as the expected sum of discounted rewards for player i
given the current state and the current joint action of all the players, and
following the Nash equilibrium strategies thereafter. Then we can get

I;I'i: (5) = Z Q;[\‘ fys won sy, }‘TT{'H{‘ ay): - Jr;{'l’l* 'f"rr:-W]I 4—'2

Qi (s, ay, ... saQy) = Z T(s,ay, ... a, SHIR(s,ay, ... ,a,,8)+y V()] 4.3
JYeS

where 7 (s,a;) € PD(4,) is a probability distribution over action «; under
player i 's Nash equilibrium strategy,
T(s,ay, ... ,a,,5") = Pris,, =55 =sa,, ... ,a,} is the probability of the next
state being ¢ given the current state s and joint action («, ... .a,), and
Ri(s.a,. ... ,a,, ") is the expected immediate reward received in state y’
given the current state s and joint action («,, ... ,a,). Based on (4.2) and
(4.3), the Nash equilibrium in (4.1) can be rewritten as

Z Qi (s,ay, ... ,a)xy(s,ay) - &l (s,a;) - 7wy (S, @) 4.4
Byoeny By EA M = WA
> Z i (s,ay, ... ,a)x(s,a1) - 75, a;) - - - m;y (S, a)
e il A X% A,

Stochastic games can be classified on the basis of the players' reward
functions. If all the players have the same reward function, the game is
called a fully cooperative game or a team game. If one player's reward
function has always the opposite sign of the other player's, the game is
called a two-player fully competitive game or zero-sum game. For the
game with all types of reward functions, we call it a general-sum
stochastic game.

To solve a stochastic game, we need to find a strategy =; : S — 4, that can
maximize player ; 's discounted future reward with a discount factor r.
Similar to the strategy in matrix games, the player's strategy in a
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stochastic game is probabilistic. An example is the soccer game
introduced by Littman [1], where an agent on the offensive side must use
a probabilistic strategy to pass an unknown defender. In the literature, a
solution to a stochastic game is described as Nash equilibrium strategies
in a set of associated state-specific matrix games [1, 4]. A state-specific
matrix game is also called a stage game. In these state-specific matrix
games, we define the action-value function Q:(s,4, ... ,a,) as the expected
reward for player ; when all the players take joint action «,., ... .4, in
state s and follow the Nash equilibrium strategies thereafter. If the value
of Q/(s.ay, ... ,a,) is known for all the states, we can find player i/ 's Nash
equilibrium strategy by solving the associated state-specific matrix game
[4]. Therefore, for each state s, we have a matrix game and we can find
the Nash equilibrium strategies in this matrix game. Then the Nash
equilibrium strategies for the game are the collection of Nash equilibrium
strategies in each state-specific matrix game for all the states. We present
an example here.

( )

Example 4.1

We define a 2 x 2 grid game with two players denoted as p1 and p2.
Two players' initial positions are located at the bottom left corner for
player 1 and the upper right corner for player 2, as shown in Fig. 4-
1a. Both players try to reach one of the two goals denoted as “G” in
minimum number of steps. Starting from their initial positions, each
player has two possible moves which are moving up or right for player
1, and moving left or down for player 2. Figure 4-1b shows the
numbered cells in this game. Each player takes an action and moves
one cell at a time. The game ends when either of the players reaches
the goal and receives a reward 10. The dashed line between the upper
cells and the bottom cells in Figure 4-1a is the barrier that the player
can pass through with a probability o.5. If both players move to the
same cell, both players bounce back to their original positions. Figure
4-1c shows the possible transitions in the game. The number of
possible states (players' joint positions) is seven containing the
players' initial positions s; = (2, 3) and six terminal states (s, ... .57).

According to the above description of the game, we can find the Nash
equilibrium strategies in this example. The players need to avoid the
barrier and move to the goals next to them without crossing the

www.EngineeringBooksPdf.com



g

barrier. Therefore, the Nash equilibrium is the players' joint action
(a; = Right, a, = Left), Based on (4.2) and (4.3), the state-value
function ¥ (s;) under the Nash equilibrium strategies is

Vi(s)) = Ri(s. Right, Left,s;) + y V;(s7) 4.5
=104+09-0=10

where y = 0.9, R,(s,, Right, Left, s;) = 10, and V7 (s7) = 0 (the state-value
functions at terminal states are always zero). We can also find the
action-value function O;(s.4a,.4,). For example, the action-value
function ©Q7(s;, Up, Down) for player 1 can be written as

4.6
Q7(sy, Up, Down) = Z T(s), Up, Down, s")[R(s,, Up, Down,s") + y V7 (s")]

=0.25(0+ 0.9V (s1)) + 0.25(0 + 0.9V (s5))
+0.25(10 4 0.9¥7(s3)) + 0.25(10 4+ 0.9V (s4))
=0.25-09.-104+025-04+025-104+0.25-10

=17.25

Table 4.1 shows the action-value functions under the players' Nash
equilibrium strategies.

Table 4.1 Action-value function Q}(s;,4;,4,) in Example 4.1.

s s
Qi(sy, ay, az) Left | Down Q5(s, ay, a) Left | Down
Up 4.5 71.25 Up 9.5 T25
a a
Right 10 9.5 Right 10 4.5
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Figure 4-1 Example of stochastic games. (a) A 2 x 2 grid game with two
players. (b) The numbered cells in the game. (¢) Possible state transitions
given players' joint action (., ;). Reproduced from [5], © X. Lu.

4.3 Minimax-Q Algorithm

Littman [1] proposed a minimax-Q algorithm specifically designed for
two-player zero-sum stochastic games. The minimax-Q algorithm uses
the minimax principle to solve for players' Nash equilibrium strategies
and values of states for two-player zero-sum stochastic games. Similar to
Q-learning, minimax-Q algorithm is a temporal-difference learning
method that performs backpropagation on values of states or state-action
pairs. We show the minimax-Q algorithm as follows:

In a two-player zero-sum stochastic game, given the current state s, we
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define the state-value function for player ; as

If’lﬁ":[.\'} = max min Z Q?[.‘;‘, a,a_jr{s,.a), (i=1,2) 4.7
w5y a_EA Foy)

where —i denotes player / 's opponent, 7;(s. ) denotes all the possible
strategies of player / at state s, and O(s.4;.a_;) is the expected reward
when player / and its opponent choose action @, € 4, and a_; € 4_;,
respectively, and follow their Nash equilibrium strategies after that. If we
know 0Q;(s.a;.a_;), we can solve Eq. (4.7) and find player i 's Nash
equilibrium strategy =*(s). Similar to finding the minimax solution for
(3.8), one can use linear programming to solve Eq. (4.7). For a MARL
problem, Q:(s.a;,a_;) is unknown to the players in the game.

The minimax-Q algorithm is listed in Algorithm 4.1. The minimax-Q
algorithm can guarantee the convergence to a Nash equilibrium if all the
possible states and players' possible actions are visited infinitely often.
The proof of convergence for the minimax-Q algorithm can be found in
Reference [6]. One drawback of this algorithm is that we have to use
linear programming to solve for z;(s) and V;(s) at each iteration in
Algorithm 4.1.

Algorithm 4.1 Minimax-Q algorithm

1: Initialize Q(s, a;, a_;), Vi(s) and x;

2. for Each iteration do

3. Player i takes an action «; from current state s based on an
exploration-exploitation strategy

4. At the subsequent state s, player i observes the received reward r; and
the opponent’s action taken at the previous state s.

5. Update Qi(s,a;,a_;) :

Qi(s,a,a_) « (1 —a)Q(s,a,a_)+a [r,- +y Vf[.s")] (4.8)

where a 1s the learning rate and y is the discount factor.

6. Use linear programming to solve Eq. (4.7) and obtain the updated z;(s)
and V;(s)

7: end for

This will lead to a slow learning process. Also, in order to perform linear
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programming, the player ; has to know the opponent's action space.

Using the minimax-Q algorithm, the player will always play a “safe”
strategy in case of the worst scenario caused by the opponent. However, if
the opponent is currently playing a stationary strategy which is not its
equilibrium strategy, the minimax-Q algorithm cannot make the player
adapt its strategy to the change in the opponent's strategy. The reason is
that the minimax-Q algorithm is an opponent-independent algorithm
and it will converge to the player's Nash equilibrium strategy no matter
what strategy the opponent uses. If the player's opponent is a weak
opponent that does not play its equilibrium strategy, then the player's
optimal strategy is not the same as its Nash equilibrium strategy. The
player's optimal strategy will do better than the player's Nash equilibrium
strategy in this case.

Overall, the minimax-Q algorithm, which is applicable to zero-sum
stochastic games, does not satisfy the rationality property but satisfies the
convergence property. The following example of a 2 x 2 grid game
demonstrates the algorithm.

4.3.1 2 x2 Grid Game

The playing field of the 2 x 2 grid game is shown in Fig. 4-2. The territory
to be guarded is located at the bottom-right corner. Initially, the invader
starts at the top-left corner while the defender starts at the same cell as
the territory. To better illustrate the guarding a territory problem, we
simplify the possible number of actions of each player to 2. The invader
can only move down or right, while the defender can only move up or left.
The capture of the invader happens when the defender and the invader
move into the same cell excluding the territory cell. The game ends when
the invader reaches the territory or the defender catches the invader
before it reaches the territory. We suppose both players start from the
initial state s, as shown in Fig. 4-2a. There are three nonterminal states (
51,52,53) in this game shown in Fig. 4-2. If the invader moves to the right
cell and the defender happens to move left, then both players reach the
state s, in Fig. 4-2b. If the invader moves down and the defender moves
up simultaneously, then they will reach the state s; in Fig. 4-2c. In states
s, and s3, if the invader is smart enough, it can always reach the territory
no matter what action the defender will take. As such, the game only has
one step because, if the invader gets to state s> or s3, it de facto wins.
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Therefore, starting from the initial state s,, a clever defender will try to
intercept the invader by guessing which direction the invader will go.

Figure 4-2 A 2 x 2 grid game. (a) Initial positions of the players: state s;.
(b) Invader in top-right versus defender in bottom-left: state 5. (c)
Invader in bottom-left versus defender in top-right: state s;. Reproduced
from [5], © X. Lu.

We define the reward functions for the players. The reward function for
the defender is defined as
dist;r, defender captures the invader 4.9
Ry =
P —10, invader reaches the territory

where

distyr = |x,(ty) = x| + |y,t) = vy

The reward function for the invader is given by

{—rﬁ.w IT defender captures the invader 4.10
Rf —

10, invader reaches the territory

The reward functions (4.9) and (4.10) are also used in the 6 x 6 grid
game.

Before the simulation, we can simply solve this game similar to solving
Example 4.1. In the states s; and ¥3, a smart invader will always reach the
territory without being intercepted. The value of the states s, and s; for
the defender will be ¥Vj(s,) = =10 and Vj(s;) = —10. We set the discount
factor as 0.9 and we can get O} (51, 0pigne) = ¥ Vipls2) = =9,
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Q815 Ayps Ogopn) = ¥ Vip(83) = =9, Q5 (81, Uegis Oon) = 1, and @ (815 dyps Opign) = 1,
as shown in Table 4.2 and Table 4.3a. Under the Nash equilibrium, we
define the probabilities of the defender moving up and left as 7,(s;.a,,)
and 7 (s, a,y), respectively. The probabilities of the invader moving down
and right are denoted as 7,(s.0,,) and 7;(s,,0,), respectively. Based on
the O -values in Table 4.3a, we can find the value of the state s, for the
defender by solving a linear programming problem shown in Table 4.3b.
The approach for solving a linear programming problem can be found in
Section 3.2.

Table 4.2 Minimax solution for the defender in the state s,.

Defender

0 | Up |Left

Down -9 1

Invader
Right 1 -4

Table 4.3 Minimax solution for the defender in the state s,. (a) O -
values of the defender for the state s,. (b) Linear constraints for the
defender in the state 5.

Defender Objective: Maximize R

Op Up | Left (=9) - mp (59, Ay K1) - TR (5, Qpep) 2 R

Hp

]}DWH _9 I {I_} . T’[D {Sl‘ “l'l'll'-"}+ [_{-}} : T’[D {Sl.“ll"..”} = E
Invader '

Right 1 -9 Tp (5y, @M (5).dyq) = 1
(a) (b)

We define R(s,a,0) to denote the immediate reward to the agent for
taking action ¢ € 4 in state s € § when its opponents take action o € O .
The idea is for the agent to maximize its reward in the worst possible
case. In other words, the agent assumes that the other agent is playing its
best possible strategy in a purely competitive game. Therefore, the agent's
optimal policy would be to maximize the minimum possible reward. Just
like in the case of the prisoners' dilemma, the action should be to defect
because this will limit cost of the worst possible outcome regardless of
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what the other player does. If the prisoner/player decides not to defect,
and if the other player does defect, then the prisoner/player will go to jail
for a long time; therefore, to maximize the worst possible outcome, the
prisoner/player should defect.

Now imagine that we would be satisfied with a policy that guarantees an
expected reward  no matter what the other player, in this case an
opponent, chooses as its action. In this case, the defender's reward matrix
in state s is

-9 1

A1
RJ’}("".I} — I | -9 4

Recall that the policy in this case is given as the probability that the agent
in state s, will choose to go up, 75(s5;.4,,), and the probability that the
agent will choose to go left, 7p(s). @z).

Then we get the following equations for the expected reward, regardless
of which action the opponent takes:

{_{}} ) Kf}':-"‘ll-”rrp} + {. | } ) HIJ('\']' {:-lrl.:'.ll.lr'] = f{

(1) - mp(sy,a,,) +(=9) - wp(s), app) = R
‘EH{'I".I » “ul.u} + ﬂ'n':-" B “fujﬁ )= |

Therefore, the goal is to maximize the expected reward k regardless of
what the opponent does.

After solving the linear constraints in Table 4.3b, we get the value of the
state 5, for the defender as V,(s;) = =4 and the Nash equilibrium strategy
for the defender as #,(s,.4,,) = 0.5 and #},(s;,a,,) = 0.5. For a two-player
zero-sum game, we can get O;, = —0;. Similar to the approach in Table
4.3, we can find the minimax solution of this game for the invader as
Vils)) =4, m(81,04,) = 0.5, and 7, (s, 0,i,) = 0.5. Therefore, the Nash
equilibrium strategy of the invader is to move down or right with
probability 0.5, and the Nash equilibrium strategy of the defender is to
move up or left with probability 0.5.

The implementation of the minimax Q-learning algorithm begins by
initializing the Q matrix, the value function ¥(s), and the policy z;(a) for
each agent. In the example shown here, we initialize O(s.a;.a_;) =0 and
Vi(s) = 0. We arbitrarily initialized the probability of the defender to go
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up as 7,(up) = 1.0 and = (lef1) = 0.0 and of the invader z,(right) = 1.0 and
x(down) = 0.0. We set the discount factor as y = 0.9, the learning rate to
a = 0.1, and the exploration probability to ¢ = (.1. The constraint
condition for the linear programming problem for the defender is

Rp(s,up, right)z(s, up) + Rp(s, left, right)z(s)), left) = Vp(s)) 4.12

Rp(s, up, down)rz(s,, up) + Rp(s, left, down)z(s)), left) = Vip(s))
(s, up) + mpisy, left)y = 1

Similarly, for the invader we get
Ry (s, right, up)r (s, right) + R;(s, down, up)z,(s,), down) = V() 4.13

R;(s, right, left)r;(s,, right) + R;(s, down, left)m;(s)), down) = V;(s))
w8, right) + m;(s,, down) = 1

The linear programming algorithm is run separately for both the invader
and the defender. The algorithm (such as the simplex method) will
determine the values of =, (s,.up), 7,(S,,left), and Vp(s;) at each iteration.
The agents do not know a priori the rewards. The best estimate of the
rewards is the state-action function Q(s,a). Therefore, the minimax Q-
learning algorithm updates both the expected rewards and the policy,
n(s,a), simultaneously. To use MATLAB to compute the linear

programming solution, we need to get the equations into the correct
form. MATLAB structures the linear programming problem as

mj nflx 4.14
given the constraints
A-x<b inequality constraints
Ay - x = b,, equality constraints

and

Ib < x < ub lower and upper bounds on x

Notice that MATLAB formulates the problem as a minimization problem.
We convert the reward maximization problem in the minimax algorithm

www.EngineeringBooksPdf.com



into a minimization problem by multiplying by —1. We substitute the
agents' best estimate of its reward for Rj(s;.a;,a_;) and R;(s),q;,a_;) with
Op(sy.a,a_;) and Qy(sy,a;,a_;) and rewrite the minimization problem for
the defender and the invader. For the case of the defender, we write the
minization problem as

min j{’: Xy
where /) =10,0,-1] and x| = [xzp(s,, up), zp(sy, left), Vp(s))], subject to the
constraint
—Op(s),up, right)mp (s, up) = Qp(s,, left, right)mp(s), left) + Vp(s)) <0

=Qp(sy, up, down)zp(s,, up) — Qpisy, left, down)mp(s,, left) + Vp(s)) <0

and

mp(s), up) + mp(sy, left) = 1

Then the matrix 4 becomes

—QOp(s),up,right)y  —=Qp(s,, left,right) 1
A=

—Qpls),up, down) =Qpls,, left, down) 1
The matrix » becomes » = [0 0]”. The equivalency condition, which
states that the action probabilities sum to 1, is given by

Ay = |mp(s), up) wp(sy, left)]

and b, = 1.
For the sake of completeness, we also write out the matrix equations for
the invader as

min jl',‘r Xy
X;

where If;j" =[0,0,-1] and 1:: = [x;(sy, right), m;(s,, down), V(s,)], subject to the
constraint

—Qy(sy, right, up)a(s,, right) — Q(s,, down, up)m;(s,, down) + V;(s,) <0

=Q(sy,right, left)p(s,, right) = Q(s,, down, left)x;(s,, down) + V;(5,) £ 0
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and

wi(sy, right) + (s, down) = 1

Then the matrix 4 becomes

—Q(sy up,right)  —Q(sy, left,right) 1
/“f -
—Qy(sy,up, down) —Q(s,, left,down) 1

The matrix » becomes » = [0 0]”. The equivalency condition, which
states that the action probabilities sum to 1, is given by

Aoy = L7y, right)  mi(s,, down)]
and b, = |

We first apply the minimax-Q algorithm to the game. To better examine
the performance of the minimax-Q algorithm, we use the same parameter
settings as in Reference [1]. We use the ¢ -greedy policy as the
exploration-exploitation strategy. The ¢ -greedy policy is defined such
that the player chooses an action randomly from the player's action set
with a probability ¢ and a greedy action with a probability | — ¢ . The
greedy parameter ¢ is given as 0.2. The learning rate « is chosen such
that the value of the learning rate will decay to 0.01 after one million
iterations. The discount factor 7 is set to 0.9. The number of iterations
represents the number of times the step 2 is repeated in Algorithm 4.1.
After learning, we plot the players' learned strategies in Fig. 4-3.
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Figure 4-3 Minimax Q-learning for the defender/invader game. Action
probability for the defender.

4.4 Nash Q-Learning

The Nash Q-learning algorithm, first introduced in Reference [7], extends
the minimax-Q algorithm [1] from zero-sum stochastic to general-sum
stochastic games. In the Nash Q-learning algorithm, the Nash © -values
need to be calculated at each state in order to update the action-value
functions and find the equilibrium strategies. Although Nash Q-learning
is applied to general-sum stochastic games, the conditions for the
convergence to a Nash equilibrium do not cover a correspondingly
general class of environments [8]. The corresponding class of
environments are actually limited to cases where the game being learned
only has coordination or adversarial equilibrium [8, 10]. The Nash Q-
Learning algorithm is shown in Algorithm 4.2.
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Algorithm 4.2 Nash Q-learning algorithm

|
2
3

. Initialize Q,(s.ay,...,a,)=0,Va,€ A;,i=1,...,n

. for Each iteration do

Player i takes an action «; from current state s based on an
exploration-exploitation strategy

At the subsequent state s’, player i observes the rewards received from
all the players ry, ..., r,, and all the players’ actions taken at the previous

state s.
5. Update Q8 dy; iy @)

Qi(s,ayq,...,a,) < (1 —a)Q(s,ay,...,a,)+ a[rr- + yNashQ,-(a"}] (4.15)
where a 1s the learning rate and y 1s the discount factor

6:  Update NashQ;(s) and x.(s) using quadratic programming
7. end for

To guarantee the convergence to Nash equilibria in general-sum
stochastic games, the Nash Q-learning algorithm needs to hold the
following condition during learning: every stage game (or state-specific
matrix game) has a global optimal point or a saddle point for all time
steps and all the states [8]. Since the above strict condition is defined in
terms of the stage games as perceived during learning, it cannot be
evaluated in terms of the actual game being learned [8]. Similar to the
minimax Q-learning, the Nash Q-learning algorithm needs to solve the
appropriate search algorithm (such as the Lemke—Howson algorithm) at
each iteration in order to obtain the Nash O -values, which leads to a
slow learning process.

The Nash Q-learning algorithm extends the Q-learning algorithm to the
noncooperative multiagent context. The learning agent maintains a Q-
function overjoint actions and performs updates by assuming the
existence of Nash equilibrium. This algorithm provably converges given
certain constraints on stage games. Hu and Wellman [8] find that agents
are more likely to reach a joint optimal path with Nash-Q than with
single-agent Q-learning. Although the single-agent properties of Q-
learning do not transfer to the multiagent case, the ease of application
does.
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Direct implementation of Q-learning to the multiagent context is affected
by three issues. The environment is no longer stationary, the familiar
guarantees are no longer true, and the nonstationary environment is
populated by other agents which we assume to be rational. Explicitly
accounting for the fact that the agent is operating with other “rational”
agents improves the learning process [1, 8, 11]. The reward depends on
the joint actions of the other learners. The default or baseline solution
concept for general-sum games is the Nash equilibrium. In the
framework of general-sum stochastic games, we define optimal Q -values
as those values received in Nash equilibrium and refer to them as Nash
Q-values. The goal is to find the Nash © -values through repeated play.
Agents have to learn the behavior of the other agents and then determine
their own best response. In Reference [8], two grid games are proposed.
In grid game 1, there are three equally valued global optimal points. Grid
game 2 does not have a saddle point or a global optimal point but three
sets of other Nash equilibria and in these cases the algorithm does not
always converge.

As we recall from the single-agent Q-learning, the agent's objective is to
find a strategy (policy) = so as to maximize the sum of discounted future
rewards, given by

oo

i"{."r‘, .JT} — Z ﬁFE[J"r |JT4. -\I.” j— .\'}

1=l

4.16

The search algorithm attempts to find the stationary point of

.1
V(s, ") = max {r(.s‘, a) + ﬁZp(.\"L‘.‘,n, (s, J?“}I} 4-17

The solution to the above Bellman equation is guaranteed to be optimal.
Define the optimal Q-function as

O (s,a) =r(s,a)+ ﬁZ;J{.ﬁ"L&; ayw(s’, %) 4.18

The term O°(s,a) is the total discounted reward for taking action «, in
state s and then following the optimal policy thereafter. By definition, we
have
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Vs, n*) = max (s, a) 4.19

If we know Q*(s,a), then the problem can be solved simply by taking the
action that maximizes max, Q*(s,a). The Q-learning algorithm is a
stochastic approximation algorithm, given by

Qaspa)=(01—-a)Qs,,a,)+ alr, + fmax Q,(s,,,,a)) 4.20
o

Hu and Wellman [8] limit their work to stationary strategies and state the

following theorem:

Vs

Theorem 4.1

Theorem 4 (Fink, 1964): Every n -player discounted stochastic game
possesses at least one Nash equilibrium point in stationary strategies.

.

J/

The Q-learning algorithm is extended to multiagent games on the basis of

the framework of stochastic games. The Nash © -value is the expected
sum of future discounted rewards when all agents follow Nash

equilibrium strategies from the next step onwards. This is different from

the single-agent case where the future rewards are based only on the
agent's own optimal strategy.

Vs

Definition 4.1

.

Vs

Hu and Weliman [8]
Agent ;'s Nash Q-function is defined over (s,«', ... ,«") as the sum of

agent ;'s current reward plus its future rewards when all agents
follow a joint Nash equilibrium strategy. That is,

Q'(s,a', ... ,d") =ris,a, ... ,f;"}+ﬁz;}(.s"|.s; a, ....aw',z', ..., 7" 4.21
=Y

where (7', ... ,#") is the joint Nash strategy, ri(s,a', ... ,¢") is agent i 's
reward in state s and under joint action (4', ... ,¢"), and
Vigs',x', ... ,x") is agent ; 's total discounted reward from s’ given the

other agents follow their Nash equilibrium strategy.
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In the Nash Q-learning algorithm, the multiagent Q-learning algorithm
updates with future Nash equilibrium payoffs, whereas the single-agent
Q-learning updates are based on the maximum 4 -values in the agent's
own payoff table. To know the Nash equilibrium payoffs, the agent must
also know the reward received by the other agents. The agent must be
able to observe these rewards in some way. We define the difference
between the Nash equilibria for a stage game and for a stochastic game.

Definition 4.2

Hu and Weliman [8]

An n -player stage game is defined as (M, ... , M"), where for

k=1, ...,n theterm am* is agent k 's payoff function over the space of
joint actions M* = [i*(a', ... .a")|a' € A', ... ,a" € A"} and /¢ is agent &

's payoff.

The Nash Q-learning algorithm executes as follows: initialize the © -table
as Q/(s,a', ... .a")=0,¥se S,a' € A', ... ,a" € A", At each time ¢, agent i
observes the current state and takes an action. Then the agent observes
its reward, the rewards received by the other agents, and the new state.
The agent then computes a Nash equilibrium at the new state for the
stage or matrix game, Q!(s"), ... , Q'(s"), and updates its O -values as

Q:H{.ﬁu a...,ah=(1- rr,}Q:{.w. gl gy (I,|J"i -+ ﬁ.-‘u’r;.s‘f:Qj(.~"}| 4.22

The notation for all players or agents playing their Nash equilibrium
strategy is #,(s), ... . 7,(s"), and the term Q\(s'. z;(s'), ... .z, (s")) is the Nash
equilibrium payoff for state ¢'. Therefore, for agents to determine the
Nash equilibrium, they each have to know the other agents' O -values.
Thus agent / must learn the © -values for the other agents. For example,
agent / may initialize the O -values for the other agents as

Ol (s,a', ... .a"y=0forall j and all 5,4, ... ,a". Agent i observes the other
agents' rewards and actions and then updates the other agents' O -values.
The update rule is the same as above, that is
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Q:._'_]I:.‘n'.. a,..,.dh=(- aI}Qj{.H;. P L L 1 ! ﬂ’,|l"i + fNashQ(s")] 4.23

Therefore, only the entry in the Q -table associated with the current state
and action is updated. Although the Nash Q-learning algorithm can be
written easily as in Algorithm 4.2, the algorithm is extremely complex.
The user has to maintain multiple Q -tables and then compute a Nash
equilibrium that all agents agree upon. One of the difficulties in
implementing the Nash Q-learning algorithm is the computation of the
Nash equilibrium. Hu and Wellman [8] use the Lemke—Howson
algorithm [12]. We will present a detailed description of this algorithm in
Section 4.6. We will present the examples of the following two grid games
that are also proposed in Reference [8] and used to evaluate several other
algorithms as well. The games are illustrated in Figs. 4.4 and 4.5.

® © \ ©

w4—1—»E

S

e L

Barrier

Wall: prob 1/2

Mot wall: prob 1/2
(a) (b)
Figure 4-4 Two stochastic games [7]. (a) Grid game 1. (b) Grid game 2.

ol O 0

T,
i\

il &l il =

(@) (b)

Figure 4-5 (a) Nash equilibrium of grid game 1. (b) Nash equilibrium of
grid game 2. Reproduced from [8] with permission from MIT press.

The agents can move Up, Down Right and Left. If two agents move to the
same cell, then they bounce back unless it is the goal cell. The game ends
when an agent reaches the goal state. If both agents reach the goal state at
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the same time, then both get rewarded with positive payoff. Agents do not
initially know their goals or their payoffs. The agents choose actions
simultaneously. The grid cells are defined as starting with cell state o at
the bottom left corner and incrementing from left to right until the top
right hand corner which is cell state 8. For example the bottom right
hand corner is cell state 2. The action space is A’ = { Left, Right, Down, Up)
and a given state is given by s = (/', /) where /' and /* represent the
locations of the first and the second agents. If an agent reaches its goal,
then it gets a reward of 100. If the agents collide, both agents bounce back
to their original position and get a negative reward of —1, and if the agent
moves to an empty cell, it receives 0 reward.

In grid game 1, the state transitions are deterministic, and in grid game 2
the transition through the barrier is 50%. For example, if agent 1 chooses
action Up, and agent 2 chooses action Left, from state (0. 2), we get the
state transition probabilities as

P((0, 1|(0,2), Up, Left) = 0.5

and

P((3, )|(0,2), Up, Left) = 0.5

P((1,5)(0,2), Right,
Up) = 0.5 - The
Nash Q-learning algorithm assumes that the strategies are stationary. A
stationary strategy assigns probability distributions over an agent's
actions based on the current state, regardless of the history. This means
that, if the agents are in the same state, then the action strategy would be
the same for all the agents.

Similarly, we have P((1,2)[(0,2), Right, Up) = 0.5 and

Assuming we have pure strategies, such as in game 1, and the strategy is
based only on the location of the agents, then the strategies represent a
path. The notation (/', any) refers to agent 1 being in state /' and agent 2
being in any state. Then we get a Nash equilibrium strategy as in Table
4.4. One of the Nash equilibrium strategies is depicted in Fig. 4-5. The
value of the game for agent 1 is defined so that its accumulated reward
when both agents follow their Nash equilibrium is given as

1:'{.\'“] = Zﬁrff{l',lﬁl,ﬁz*.\'”] 4.24
)
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In grid game 1 and initial state s, = (0, 2), this becomes, given f = 0.99

0'(59) = 04 0.99 X 0+ 0.99 2 x 0+ 0.99° x 100 = 97 4.25

Based on the value for each state, we can derive the Nash QO -values for
agent 1 in state 5 as

)]{.‘ﬁ ..Hl..{.f:} = r]{.'; o al, f;:'} + (s |, ..Hl..{f:}f‘l[.ﬁj] 4.26
) i f )

We will evaluate the © -value for different actions for agent 1 in state (0,
2). Let us start with the action (Right, Left). If we take the action (Right,
Left), then the two agents will bump into each other. This will give a
penalty of r'((0,2), Right, Left) = —1. Therefore, the O -value for taking the
action (Right, Left) in state (0, 2) and then following the optimal path
afterwards, from state (0, 2) (because the agents bounce back to state (0,
2))is

Q' (so, Right, Left) = =1 + pv'((0, 2)) 4.27
We have already computed that »'((0, 2)) = 97, and therefore
Table 4.4 States and strategies.
State  z'(s)
(0,2) Up

(3,5) Right
(4, 8) Right

(5,any) Up

O' (5o, Right, Left) = =1 +0.99 x 97 = 95.1 4.28
But, for the O -value for both agents going Up, we get

0' (59, Up, Up) = 0+ 0.990'(3,5) = 97 4.29

The Nash © -values for the agents when in state (0,2) are given in Table
4.5. For grid game 2, we can derive the Nash O -values. In this case, it is
more complicated because we do not have deterministic state transitions.
Let us start the agents in state (0, 1) as shown in Fig. 4-6. Then the
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optimal path for this position is one in which agent 2 takes two steps Up
and gets the reward. Agent 1 cannot get to the goal before agent 2.
Therefore, the value for agent 1 is
0'(0,1)=0+0.99%x0+0.99°x0 =0 4.30
Table 4.5 Grid game 1: Nash Q -values in state (0, 2).
Action  Left Up

Right 95.1,95.1 97, 97
Up 97,97 97,97

Goal state

Barrier Barrier

Agent 1 Agent 2

Figure 4-6 Grid game with barriers, start position (0,1).
However, if we start in state (1, 2), then agent 1 takes two steps Up and
wins, and the value for agent 1 is

0'(1,2) = 0+ 0.99 x 100 = 99 4.31

However, if we start in state (0, 2), then we can only compute the value in
expectation because if the agents choose the action Up, there is only 50%

probability that they would go Up and a 50% probability that they stay in

the same spot. For starting in state (0, 2), we get the O -value as

0'((0,2), Right, Left) = =1 +0.990'((0,2)) 4-32

The next action is 0'((0, 2), Right, Up). In this case, there is only a 50%
chance that the agent goes Up. So we write out the O'-value as

0'(so, Right, Up) = 0 +0.99 (%ﬂ'{ 1,2) + %f.-‘l a1, 51) 4-33

If the agents take actions (Right, Up), then we may end up in the position

www.EngineeringBooksPdf.com



(1, 2) or (1, 5). Now, recall that if the agents are in state (1, 2), then the

optimal solution from there is to take two steps Up. Similarly, the agent
in state (1, 5) has the optimal solution of two steps, Up and Left. Recall,
the values of v'(1,2) = v'(1,5) = 0+ 0.99 x 100 = 99. Then we can compute

0'((0,2), Right, Up) = 0 + 0.99 (%{L}.‘;‘Q} + %m.@m) =0.98 4-34

Now let us take the case of Q'((0,2), Up, Left). In this case, there is only
50% chance that agent 1 moves Up and 50% chance that the agent stays
in the same position. Then we can compute

0'((0,2), Up, fem—ﬁﬂ}gg( 010, 1) + 20'3, 1 ) 4.35

We already know that the value of ;! = ¢; this is because agent 2 will take
two steps Up and win. If agent 1 gets through the barrier, then it is in
position (3, 1) and agent 1 then takes two steps, Up and Left, and wins at
the same time as agent 2 takes two steps, Up and Up, and wins.
Therefore, we get v'(1,3) = 0+ 0.99 x 100 = 0.99, and we can compute the
optimal © -value as

0'((, }L;;rhﬂ}—i}+ﬂ‘3‘9( xn+1x99) 49 4.36
Finally, we compute the value for Q'((0,2)Up, Up). In this case, there are
four possible outcomes for the next state. Each agent has a 50%
probability of moving Up, therefore there is 25% probability for both
agents to move Up at the same time. The probability of achieving state (3,
2) is 25%, state (3, 5) is 25%, state (0, 2) is 25%, and state (0, 5) is 25%.
So the ©Q -value for Q'((0,2), Up, Up) is

0'((0,2), Up, Up) = 0+ 0.99 (&p‘m,z; i }‘:‘]{3,5) i ﬁt"{f].2}+ éf"'i“- 5)) 437

We know the value of ©'(3,2) =99, v'(3,5) =99, and ¢'(0,5) = 0. Then,
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. I 1 | | '

'((0,2), Up, Up) = 99 =p'(0.2)+ = xS - —x0

Q' ((0, 2), Up, Up) E}+{19J(4: (0, }+4><J9+4><99+4><{)
=0.99 x }Ir‘m,zj g 245 424 5

=0.99 x j—lr]{[LE] +49

Now let us define R, = ¢v'(0,2) to be agent 1's optimal value by following a
Nash equilibrium strategy starting from state (0, 2). The obvious Nash
equilibrium for agent 1 of game 2 from the initial state (0, 2) is (Right,
Up). Given that (Right, Up) is the Nash equilibrium then, »'(0,2) = 0.98.
Then we can derive the other values in the QO -table. On the other hand,
the obvious Nash equilibrium for the second agent is (Up, Left), but for
agent 1 Q'((0,2), Up, Left) = 49. Furthermore, there is also a mixed strategy
of ({ P(Right) = 0.97, P(Up) = 0.03}, { P(Left) = 0.97, and P(Up) = 0.03}). There
are three sets of possible Nash equilibria for grid game 2.

4.4.1 The Learning Process

Let us say that learning of agent 1 begins by initializing the O -table as
O'(s,a',a*) =0 forall s, 4', and 4°. These are agent ; 's internal beliefs,
and have nothing to do with the other agent. We start the game from the
initial state (0, 2). The agents then move simultaneously and observe the
action taken by the agents and the rewards that the agents receive. The
agents then update their O -tables according to the following:

Q::H (s,a',a®) = (1 - crr]lQ::(.w._ a',a’) + af,lri + yNashQ/(s)] 4.38

The process is repeated in the next state until the goal state is reached.
Then a new game starts and each agent is randomly assigned a new
starting position except for the goal state. The training stops after 5000
episodes. Each episode takes approximately eight steps. Therefore, one
experiment takes 40,000 steps. Furthermore, the learning rate is given
by

a(s,a',a) = N S 4.39

n,(s, a',a®)

where #,(s,a', a*) is the number of times the states and actions (s,a', %)
have been visited.
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If we look at the algorithm, we see that we have to compute the Nash
equilibrium of the stage game with (Q'(s') and 0°(s')). There may be a
choice between multiple Nash equilibria. Hu and Wellman [8] use the
Lemke—Howson [12] algorithm to compute the Nash equilibrium for the
two-player game. The Lemke—Howson algorithm resembles the simplex
algorithm from linear programming.
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4.5 The Simplex Algorithm

The simplex algorithm is a well-known algorithm for solving linear
programming problems. These are problems of maximizing a utility
function or a cost function subject to a number of linear constraints. The
linear programming model is as follows: Maximize

n
, | 4.40
y=Y e,

=1
subject to the set of constraints

Z”a}-‘f;‘ <b i=NL2,..,mand x;20
=1

4.41

The simplex algorithm searches for vertices of a polytope that defines the
accessible region of the solution space. One goes from vertex to vertex to
find the solution. The algorithm assumes nonnegativity. Inequalities are
converted into equalities by adding slack variables. Let us take the
following example. This example is taken from Design and Planning of
Engineering Systems [13] (Fig. 4-7). Maximize

V = ]3.1'1 + 11x, 4.42
subject to the constraints

4x, + 5x, <1500 4.43

L 1

5x, + 3x, <157
Xy 4+ 2x, <420
and the nonnegativity constraint x; > 0 and x, > 0. For each one of the

constraints, we add a slack variable x;, x4, or x5. We therefore convert the
inequality constraints into equality constraints, as

4x) + 5x; + x3=1500 4.44
5.1';| + 3"\.: + Xy = 15?5

X + 2."[: + Xg = 42[}
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The constraint equation
600

500

400 f Constraint C

/

Constraint B

/

& 300

200

100 Constraint D

D 1 1 1 1 1
0 50 100 150 200 250

X,

300 350 400 450

Figure 4-7 Constraint equations plotted for the simplex method.

The slack variables represent how much room one has before one hits the
constraint. One initializes the system to start with the variables set to

x; =0 and x, = 0. This gives the solution to the slack variables as

xT =10,0,0,1500, 1575,420]. The nonzero variables are known as the
variables in the basis. In this first step we have selected, the origin as the
first vertex and the value of the reward or value function = is zero, - = (.
We now have to move to the next extremal point. This is equivalent to
moving one variable out of the basis and moving another variable into the
basis. The next step is to determine which variable leaves the basis and
which one enters the basis. We put into the basis the variable that causes
the greatest growth in the payoff or reward function. Therefore, in this
case we put x| into the basis because the payoff function will grow by 13
units for every unit of x; whereas it only grows by 11 units for every unit
of x,. Then the first constraint is reached when x, = 1500/4 = 375 and then
x; = 0. The second constraint is reached when x, = 1575/5 = 315 and then
x4 = 0. The final constraint is reached when x, = 420 and x; = 0.

www.EngineeringBooksPdf.com



Therefore, x| hits constraint C first when it is equal to 315. Then ¥, enters
the basis, and x; = 0 leaves the basis. We then write the variables in the
basis in terms of only the variables not in the basis. This is a form of
Gaussian elimination. At the next vertex we get x; = 315, x, =0, and

x4 = 0. We then write the system of equations as

z=13x; - 1lx, =0 A 4.45
4x) + 3x3 + x5 £ 1500 B
X1 + 3% + X4 £ 1575 C

Xy + 2.\': + X = 420 D
Recall that it is the x4 slack variable that goes to (. Therefore, we use Eq.
C, to solve for x|. Essentially, using Gaussian elimination we multiply Eq.
Cby 13/5 and add Eq. Cto Eq. A and get
z—16/5x, + 13/5x, = 4095 Al
Then multiply Eq. C by —4/5 and add to Eq. B and we get

13/5x, + x3 —4/5x, = 240 BI
Similarly, divide Eq. C by 5 and we get

X1+ 3/5%+1/5x,=315 Cl
And, finally, multiply Eq. C by =1/5 and add it to Eq. D and we get

7/5%y = 1/5x4 + x5 =105 DI

We see from these equations that, if ¥, increases, then so does the payoff
function = . This is because the coefficient of x; in Eq. A1 is negative. So,
x> will enter the basis and either x; or x5 will leave the basis. The slack
variable ¥; remains zero because we are moving along the edge defined
by constraint C. Along this edge, the slack variable is zero.

Therefore, when x; and x4 are zero, x> can grow to 5.24/13 = 92.3; if x4
and x5 are zero, then x> can grow to 5105/7 = 75; and if x; and x4 are zero,
then x> can grow to 5315/3 = 525, The limiting case is when s is zero and
x4 = 0. This represents the intersection of the two constraints C and D.
Then we use Gaussian elimination again and write out the equations in
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terms of x4 and x5 only. Then we multiply Eq. D1 by 16/5x5/7 and add it
to Eq. A1 and get

z4+ 15/Tx4 + 16/7x5 =4335 A2
We can longer increase =z without violating a constraint condition.
Similarly, we remove ~; from Eq. B1 by multiplying Eq. D1 by —13/5x5/7
and add it to Eq. B1.This gives
xy—3/Tx4—=13/7x5=45 B2

Similarly, for Eq. C1 we multiply Eq. D1 by —=3/5x5/7 and add it to Eq. C1
and get

Xy + 10/35x, = 3/7xs =270 C2
Finally, we multiply Eq. D1 by 5/7 and get
X, = 1/Tx, +5/Txs =75 D2

To summarize, we can write the equations as
z+15/7x, + 16/7xs = 4335 A2 4.46
x3—=3/1x, = 13/7x; = 45 B2
x; +10/35x, — 3/7x; =270 C2

Xq — If?."l.'_l + 5;?'&-‘ =15 D2

Recall that the slack variables x; and s are zero at the intersection of the
constraint equations C and D. Then the optimal value for the cost or
payoff function is - = 4335 and x; = 270 and x, = 75 and the slack value of
the constraint given by Eq. B is x; = 45.

4.6 The Lemke-Howson Algorithm

This algorithm is applicable to the two-player game. Player 1 has m
actions and player 2 has n actions. We label the actions of player 1 as
M = {1, ... ,m} and the actions of player2as N = {m+ 1, ... ,m+n}. The
payoff for the players is given by the usual payoff matrix. We have two
payoff matrices, matrix 4 and matrix g for player 1 and player 2,

www.EngineeringBooksPdf.com



respectively. If there is a mixed strategy, given by the action profile (x, ),
then the payoff for player 1is x” 4y and the payoff for player 2 is x" By .
The support of a vector is defined as supp{-} and represents the indices of
elements of the vector that are nonzero. The term x denotes all possible
mixed strategies for agent 1, and ¥ denotes all possible mixed strategies
for agent 2. We assume that 4 and p have all positive elements and that
neither 4 nor g have all zero rows or columns. Let B; denote the column
of B corresponding to action ; , and let 4/ denote the row of 4
corresponding to action ; . Define the two polytopes

Pi={xeR"|(VYieM:x;20) (yjeN:x"B <) 4.47

and

Po={rveR'|(VjeN :y,=20) (VieM: Ay < 1)} 4.48

The strategy is given by nrml(x) := (¥ .x;)"'x . The inequalities that define
P, have the following meaning:

e if x € P, meets x; > 0 with equality, for example, x; = 0, then ; is not
in the support of x;

e if x € P; meets x’ B; < 1 with equality, then ; is the best response to
nrml(x).

The solution techniques to find the Nash equilibrium of general-sum
games are the Lemke—Howson algorithm and its extensions. For
completeness, we will present the Lemke—Howson algorithm.
Furthermore, these algorithms are based on methods from linear
programming such as the simplex method. The Lemke—Howson
algorithm is the central algorithm of the Nash Q-learning algorithm even
though theseminal paper by Hu and Wellman [8] only cite the algorithm
in passing.

The Lemke—Howson algorithm resembles the simplex algorithm. This
algorithm is used for two-player bimatrix games. The Nash Q-learning
algorithm uses this algorithm on each iteration to solve for the Nash
equilibrium of the two-player game. In particular, Hu and Wellman [8]
use this algorithm for their examples. Let player 1 have m actions given
by the set M = {1, ... .m}, and player 2 n actions given by the set
N={m+1,..,m+n}. We represent the payoff matrix for the players as
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an m x n matrix. We define the payoff matrix for player 1 with the matrix
A and that for player 2 as the matrix p . We think of player 1 as choosing
actions that are represented by rows, and player 2 as choosing the
columns. We define an /m -dimensional row vector x that represents the
probabilities of player 1 choosing each of the possible actions. The
elements of the row vector x will sum to 1. Similarly, we define an # -
dimensional column vector to represent the probabilities of player 2
choosing each action. Therefore, + € R” is the mixed strategy for player 1,
and y € R" is a column vector representing the mixed strategy for player
2. The expected reward for player 1 can then be written as

R, = x" Ay 4.49
and the expected reward for player 2 can be written as

R, = x"By 4.50

Similar to the simplex method, we define the support of any strategy as
those actions that do not have zero entries in x or y. We assume that
matrix 4 has no all-zero columns and that 5 has no all-zero rows and
that the entries of 4 and B are all nonnegative. Let B; denote a column
of  ,and 4 denote a row of 4 . Then we define the two polytopes as
follows:

Pi={xeR"|(VieM:x;20) (VeN:x"B <) 4.51

P,={yeR'|VeEN:y;20) (VieM: Ay<1)} 4.52

The inequalities described in the polytopes defined above have the
following meanings: If x; = 0, then ¥; is not in the support or basis of x .
Recall this language from the description in the simplex method. The
second equality constraint is x’ B; = 1. This means that player 2's action

is the best response to strategy x of player 1. If the sum of the elements in
column p/ is greater than 1, then the sum of the elements of x will be less
than 1, and to get the strategy we will need to normalize x as

-]
4.53
nrml(x) 1= (2\,) X

i
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Let us define labels as follows: A strategy x € P, has label

ke MUN = (1,2, ... ,m+n) ifeither ke M and x, =0 or ke N and
x" B, = 1. We then can state the following theorem:
Theorem 4.2

Suppose that x € P, and y € P, and neither x nor » is the all-zero
vector. Then, x and » together have all labels from 1to f , iff
(nrml(x), nrml(y)) is a Nash equilibrium.

g

We give a simple example to illustrate how the Lemke—Howson
algorithm is implemented. Let us take the case of a two-player two-action
game, where the reward matrices have the following values:

|4 6 13 2 4.54

The polytopes P, and P, are defined by the limits of the constraints
A'y <1 and B'7x < 1,and both x; > 0 and »; = 0 as illustrated in Figs. 4.8
and 4.9. We will convert these inequalities into equality constrains by

adding slack variables as we did in the simplex method. Define the slack
variable r; as

Ay+r;=1 4.55
Similarly
B'“r.{ + .H'J: = ] 4056
Then, similar to the simplex method, we write r;, = 1 — A’y as
rn=1-=4y;—-6y; Al
Iy = | — 5}'_‘; = .?'Il-q_ A2
Similarly, the s constraint s, = 1 — B"x becomes
s3=1-=3x,-x, Bl
5y = ] — 2.\'| = 4.\'2 B2
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We can now draw out the constraint conditions as illustrated in Fig. 4-8.
Taking the slack variables as being equal to zero, s, = s, = 0. The equality
constraints for the (x,, x;) polytope become

Xy = I — 3.1’]
s
Xy = 4 2.11
Similarly, for the (1. 1;) polytope we have the constraints
1 _2
Ya= i 5.1 3
s a1 5.
. -I - 3 3- 3
Constraints for polytope 1
ﬂ-25 1 L 1 1 L] 1 1 1 L]
02 1
0.15 4
Xp = 1/4 —1/2 x,
o B2 constraint, s, =0

| |
/ |

Xo = 1-3 Xy
B1 constraint, s3 =0

0.05

ﬂ 1 1 1 L 1 1 1 L 1
0 005 01 015 02 025 03 035 04 045 05
X

Figure 4-8 Polytope defined by 7.
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Constraints for polytope 2
0.35 : ; ; :

0.3

Ya=1/3-5By,
A2 constraint, r; =0

l

0.25

0.2

¥4

0.15

0.1

¥a= 1/6 — 2/3 ¥a

0.05 A1 constraint, r; = 0

0 0.05 01 0.15 0.2 0.25
Y3

Figure 4-9 Polytope defined by 7.

We will start by arbitrarily allowing x; into the basis. Then the constraint
B1 limits the growth of x| to 1/3, as seen in Figs. 4.8. Along the B1
constraint, the slack variable 3 is zero. Then, from the complementary
condition s;y; = 0, we bring 1 into the basis. From Eq. B1 we solve for x|
as

where x, = 0 and s, = 0. Substituting for x; into constraint Eq. B2, we get
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373273
2 2
¥qg = I —E‘I"E'I_w'l'?'s‘—‘i\w
110
y=5— <X+ %53 BY
3 . |

This is what just happened: we arbitrarily let agent 1 choose action 1 and
found that condition B1 was satisfied first when s; =0, at x, = % and

x, = 0. This means that the best response by agent 2 to agent 1 choosing
action 1 is for agent 2 to take action 3, which represents the first column
of the payoff function given by matrix 5. This is obvious because, if agent
1 picks action 1, then agent 2 should pick action 3, which is the first
column of the B matrix and then agent 2 receives a reward of 3. If agent
2 chooses action 4, then its reward would be only 2. Given that agent 1
chooses action 1, this means that agent 2 chooses action 3, and this is
equivalent to having »: enter the basis. The limiting condition on ¥; is
given by the constraint A2. We then solve for 13 because of constraint A2
as

Py =

1
il
We then compute 7, as

I
Yozl where y4,=0 and r,=0

LV 7S

|=§—? 4+§f1 r’\f
Therefore, the best response to agent 2 taking action 3 is for agent 1 to
take action 2 because r, = 0. We then pivot along the s; = 0 line in the

(x},x5) polytope. We then add ~: to the basis because we have x,r, =0,
and solve for ¥, from Eq. B2' as
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I .3
T\:=§+§-*'_a_*4
X —L—i—ln‘ —iw where s;=5,=0
“10°"5° 107 o
R U 2 P 1
Y1=3 3(|ﬂ+5"-‘ m”) 33
9 16 1
T30 150 IS

Then we choose to take ¥, into the basis because s; = 0, and it is clear that
the best response to agent 1 taking action 2 is for agent 2 to take action 4
and get a reward of 4. We then solve for »; from Eq. A2" and get

11 S| SR
TR T
I 5 r
: A e 2y A
=g 1 1"

Then r, =0, and x; would enter the basis, but it is already in the basis so
the algorithm ends. We now normalize the game strategy. The current

solution is given by x; = = = =, x, = =, yy = 1, and J, = . We then

%10 X2 T 1o
normalize the strategy as

3 €
10 _ 0 _1
lm-i_l_i_ and \au-i+i—4
10 10 10 10
3 |
18 18 1
htb_i_,_i:u and 14”—i+L=E
18 18 18 I8
Now let us check if this works. Given that x, = [3,71” and y, =3, 11", the
payoff to agent 1 is
n"l-{'l — -.1-‘.; J4_1It'
3 3
4114 6|4
=1, |5 3| I =45
4 4
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We can also write this in the form before normalization, in which case we
get the constraint condition as

|
|4 6‘ 6 ‘ | |
/[_1' — s —

5 31| 1

18
which satisfies the constraint condition. We can also check the payoff for
agent 2.

| — st
fu|— ]
Il
[
ih

and once again we can verify the constraint conditions as

-
D

3 1]f10|_ [
2 4111 |
10
Recall the conditions x] Ay, > x” Ay, and x/ By, > x/ By . This says that if

agent 2 plays its best policy, and if agent 1 plays any policy, it does no
better than the optimal policy ¥y, and similarly for agent 2. Therefore, we
now show that we cannot find any x that will make R, greater than the
optimal policy selection. We know that the optimal payoff for agent 1 is
given by R} = x/ Ay, =4.5. Can we find a policy x # x, such that

Jql = 'r?."j!.r” - 4.5? We have

BT =
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4.57

a
o
fal—

" 14.5
4.5

| vV x; and

Xy 8t. X +Xx=1

Similarly, for agent 2 we have R, = x] By, > x/ By , but we know that
x!B=125,2.5] and that x” B = [1, 1]. Therefore, if agent 2 picks its optimal
policy )i, then agent 1 will always get the payoff 4.5, regardless of what
strategy it uses; similarly, if agent 1 picks its optimal strategy x;, then
agent 2 gets its optimal payoff off 2.5 regardless of what strategy it picks.
We now see the importance of setting the constraint conditions for agent
1to ensure that g7 x = 1 and for agent 2 Ay = 1. Then for condition

B”x = 1, this means that the payoff to agent 2 is limited by the strategy of
agent 1, and similarly the condition 4y = | means that the payoff to agent
1is limited by the strategy of agent 2, yielding the maximum payoff for
each constrained by the other.

4.7 Nash-Q Implementation

Our goal with the Nash-Q algorithm is to reproduce the results obtained
by Hu and Wellman. The results were very conclusive in grid games 1 and
2. We wanted to recreate the situation when both agents were Nash-Q
learners. Hu and Wellman's observations showed that both agents
learned a Nash equilibrium strategy 100% of the time. The high
percentage is a very good indicator that the algorithm works very well in
that particular situation.

The Lemke—Howson algorithm was used to find the Nash equilibrium of
bimatrix games. We used the original version from Hu and Wellman and
adapted it for our environment in MATLAB. The algorithm is designed to
find more than one Nash equilibrium when they exist. It is based on the
work from Reference [14]. The inputs are the two payoff matrices for both
players, and the outputs are the Nash equilibria. In our multiple
implementations, we kept the parameters from Reference [8]. The author
had their agents play for 5000 games. The number of games necessary to
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reach convergence is affected by the variation of the learning rate « .
Where «a is inversely proportional to the number of times each state
tuples (s,4', &) are visited. We considered 5000 a reasonable number of
games because after some testing we calculated that each state would be
visited on average 93 times.

We started the implementation with a more general approach to the
learning technique than in Reference [8]. In our first implementation,
our agents were always able to choose any of the four actions. This meant
that if the agent chooses to go into a wall, it would be bounced back and
would receive either a negative reward or no reward. Also, our Lemke—
Howson algorithm would use the Nash O -values of all four actions for
each state. It meant that the algorithm was calculating more than it
needed. The results obtained were not conclusive. In our second
implementation, we changed the code so that the agents would not be
able to choose an action that would lead out of bounds. The fact that
Nash-Q is an offline learner helped us to create the boundaries when
choosing randomly the next step. This change positively affected the
results, and we got a success rate of about 25%. This was still far from the
success rate noted in the literature. In our last implementation, the
Lemke—Howson algorithm was used only on the possible actions. This
means that the agent would calculate the Nash equilibrium strategy of the
next state with only the actions that are allowed in that state. We were
able to achieve 100% success in getting a Nash equilibrium strategy for
two Nash-Q learners. Table 4.6 shows the value of the Nash Q -values in
the starting state (1,3).

Table 4.6 Grid game 1. Nash QO -values in state (1,3).
Up Left

Up 96,95 92,92
Right 85,85 89,85

We decided to use the same method of Hu and Wellman to confirm their
results. This means that the agent will choose a random action in every
state. The starting positions of the players change in every game. They
start in a random position except for their goal cell. This ensures that
each state is visited often enough. According to Reference [8], the
learning rate depends on the number of times each state-action tuple has
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been visited. The value of « is a(s,a',a®) = , where #, is the number

of times the game was in the state-action tuple (s,4',4*) [8]. This allows
the learning rate to decay until the state-action tuple is visited often
enough. We found that if we remove the states where both players
occupied the same cell, the states where one or both of the players are in
their goal cell, and the inaccessible actions (the players cannot try to
move into the wall), we would get 424 different state-action tuples of the
form (s,a', ) [8]. The learning rate would be negligible after 500 visits

with a value of & = 0.002.

We also implemented an online version of the algorithm. In this version,
the agents start each episode from the state s(1,3), which is the original
starting position. The main difference is that the agent now uses an
exploit-explore learning technique where the agent choose a random
action with a probability of | — ¢ and the Nash equilibrium strategy with

a probability of ¢ . The value of ¢ varies during learning as €(s) = —

ni%)?

where 7, is the number of times the game was in the state s [8]. This
means that the chance that the agent will choose a random action
increases with time. This is not desirable for an online learning agent,
because it would cause the average reward to decrease with time. It is
necessary for the Nash-Q agent to visit as many different states as
possible to ensure convergence to a Nash equilibrium strategy.

Our final results correspond perfectly with those in the literature when
looking at two Nash-Q learners playing grid games 1 and 2. We tested
each grid game 20 times, and the agents found the Nash equilibrium
strategy 100% of the time. We also kept track of the performance of each
agent. The performance was calculated by the average reward per step the
agent was able to accumulate. The performance of an agent is important
because it tells us how well the agent can optimize their policy. To ensure
that the values reflect not only the results of one game, we took the
average of the value over five games. It also gave us a smoother curve on
the graphs which made it easier to read. In Figs. 4.10—4.12, we illustrate
the performance of the algorithm in grid game 1 when both agents are
Nash-Q learners. It shows the average rewards per step when the two
agents use the three learning technique: exploit-explore, explore only,
and exploit only.
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Agent 2 is an exploit-explore agent

6 T T T T T I 1 L I
Agent 1 plays exploit-explore
-------------- Agent 1 plays explore
B -==== Agent 1 plays exploit i
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Steps in the game x 10%

Figure 4-10 Nash-Q learner with exploit-explore. Reproduced from [15],
© P. De Beck-Courcelle.
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Agent 2 is an explore agent
5 T T T T T

Agent 1 plays exploit-explore
-------------- Agent 1 plays explore
e Agent 1 plays exploit H
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o
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0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Steps in the game x 10%

Figure 4-11 Nash-Q learner with explore only. Reproduced from [15], ©
P. De Beck-Courcelle.
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Agent 2 is an exploit agent
11 . . . .

Agent 1 plays exploit-explore
oL e Agent 1 plays explore
----- Agent 1 plays exploit

Agent 1 average reward

4] 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Steps in the game x 104

1 | |

Figure 4-12 Nash-Q learning with exploit only. Reproduced from [15],
© P. De Beck-Courcelle.

The Nash-Q algorithm converges to a Nash equilibrium strategy only
when all the assumptions and conditions are met. The algorithm is also
very demanding on computation time. Its needs to keep track of all the
players' actions and rewards in a separate Q -table. It also needs to
evaluate the Nash equilibrium at every step to update its O -values. The
Lemke—Howson algorithm is equivalent to the simplex algorithm in
terms of computation. Both these actions require a large amount of
processing power and consume a lot of time.

4.8 Friend-or-Foe Q-Learning

For a two-player zero-sum stochastic game, the minimax-Q algorithm [1]
is well suited for the players to learn a Nash equilibrium in the game. For
general-sum stochastic games, Littman proposed a friend-or-foe Q-
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learning (FFQ) algorithm such that a learner is told to treat the other
players as either a “friend” or a “foe” [10]. The FFQ algorithm assumes
that the players in a general-sum stochastic game can be grouped into
two types: player i 's friends and player i 's foes. Player i 's friends are
assumed to work together to maximize player i 's value, while player i 's
foes work together to minimize the value [10]. Thus, an # -player general-
sum stochastic game can be treated as a two-player zero-sum game with
an extended action set [10].

The FFQ algorithm for player ; is given in Algorithm 4.3. Note that the
FFQ algorithm is different from the minimax-Q algorithm for a two-team
zero-sum stochastic game. In a two-team zero-sum stochastic game, a
team leader controls the team players' actions and maintains the value of
the state for the whole team. The received reward is also the whole team's
reward. For the FFQ algorithm, there is no team leader to send
commands to control the team players' actions. The FFQ player chooses
its own action and maintains its own state-value function and
equilibrium strategy. In order to update the action-value function

Qi(s.ay, ... .a, .0y, ....0,), the FFQ player needs to observe its friends and
opponents' actions at each time step.

Littman's FFQ algorithm can guarantee the convergence to a Nash
equilibrium if all states and actions are visited infinitely often. The proof
of convergence for the FFQ algorithm can be found in Reference [10].
Similar to the minimax Q- and Nash Q-learning algorithms, the learning
speed is low because of the execution of linear programming at each
iteration in Algorithm 4.3.
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Algorithm 4.3 Friend-or-foe Q-learning algorithm

Initialize Vi(s) =0 and Qys,ay,...,q,,0y,...,0,) =0 where (q,..., m)
denotes player i and its friends’ actions and (oy,...,0,) denotes its
opponents’ actions.
for Each iteration do
Player i takes an action «; from current state s based on an
exploration-exploitation strategy.
At the subsequent state s', player i observes the received reward r;, its
friends” and opponents’ actions taken at state s.
Update Qi(s,ay, ... ., 501, -. ,05,):

Q8,815 v 08y 501500040 ) — (1 = @) OS85 008, 10144445 0p,)

+ [r,- +y Vs )]

where a 1s the learning rate and y 1s the discount factor.
Update V(s) using linear programming:

Vi(s) = max min 2
Hl{""-'l-""-‘lrm(-"’,'101 ,,,,, UMEU b D XU 2 g i E»’:‘|)('-')<~':'
QL8 8y vl by, s Os oer s 0 )T (8, 81) - - - 7 (S, 1) (4.58)

end for

4.9 Infinite Gradient Ascent

It is known in the game theory literature that the strategies need not
converge when they are computed by the gradient ascent in two-person
iterated games. Singh et al. proved that the average payoffs of two players
will always converge to the expected payoffs of some Nash equilibrium
even if their strategies do not converge. Let a two-player two-action
general-sum game be defined by the following matrices:

R:["H "|:I and €= |11 ‘12

2 22

1 tn»

where R is the payoffs of the row player (player 1) and C is the payoffs of
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the column player (player 2). Assume that player 1 plays action i and
player 2 plays action j. Thus, the payoffs that player 1 and player 2 get are
R; and C;;, respectively.

Player 1 and player 2 are said to follow a mixed strategy as they can
choose their actions stochastically. Let us assume that « € [0,1] is the
probability of player 1 to choose action 1 and (! — «) is the probability of
player 1 to choose action 2. Let us also assume that § € [0,1] is the
probability of player 2 to choose action 1 and (1 — ) is the probability of
player 2 to choose action 2. Thus, player 1's expected payoff to the
strategy pair (a. f) is

Vi, p)=ry(af)+ rw((1 —a)(1 = )+ rip(all = )+ ry((1 = a)f) 4.59
and player 2's expected payoff to the strategy pair («, f) is

Vi, f) = ci(af)+ cn((1 —a)l = )+ cpa(a(l = ) + ¢5((1 — a)f) 4.60

The effect of changing a player's strategy is estimated by calculating the
partial derivative of its expected payoff with respect to its mixed strategy
as follows:

iV (a, f
da

aV (a,
a, f) R 4.62
ap = -

where u = (r|; + ry) — (rs) + rp2) and # = (¢} + ¢22) — (¢ + ¢19).

In the gradient ascent algorithm, at each time step the current strategy of
each player is adjusted in the direction of its current gradient with some
step size 1 so as to maximize its expected payoff:

aV (a;, fi,
@, = & + p———— (@A) 4.63
da
oV (ay, ) .6
B = Pi +H# 4-04

The step size # is usually in the range 0 < 5 < 1. It is clear that each
player assumes that the opponent's strategy is known. Singh et al. proved
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that the agents, their average payoffs, or both of them will converge to a
Nash equilibrium in case of the infinitesimal step size (/im,_;). However,
the IGA (infinite gradient ascent) algorithm is not practical because it
cannot be applied to a large number of real problems because of the
following two reasons:

1. The opponent's strategy is assumed to be totally known by the player;

2. The IGA algorithm is designed for two-player two-action iterated
general-sum games; for many-player many-action general-sum
games, the extension will not be straightforward.

4.10 Policy Hill Climbing

Policy hill climbing (PHC) is a simple practical algorithm that can play
mixed strategies. This algorithm was first proposed by Bowling and
Veloso (2002). The PHC does not require much information as neither
the player's recently executed actions nor its opponent's current strategy
is required to be known. The PHC is a simple modification of the single-
agent Q-learning algorithm. A hill climbing is performed by the PHC
algorithm in the space of the mixed strategies. The PHC algorithm is
composed of two parts. The reinforcement learning is the first part, as the
Q-learning algorithm maintains the values of the particular actions in the
states. The game-theoretic part is the second part in which the current
strategy in each system's state is maintained.

The probability that selects the highest valued actions is increased by a
small learning rate 5 € (0,1] so that the policy is improved. The
algorithm is equivalent to Q-learning when s = 1, as the policy moves to
the greedy policy with probability 1 while executing the highest valued
action. The PHC algorithm is rational and converges to the optimal
solution when a fixed (stationary) strategy is followed by the other
players. However, the PHC algorithm may not converge to a stationary
policy if the other players are learning although its average reward will
converge to the reward of a Nash equilibrium. The PHC algorithm is
illustrated in Algorithm 4.4.

4.11 WoLF-PHC Algorithm
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Algorithm 4.4 Policy hill climbing algorithm

T I ; .
I: Initialize Q,(s,qa;) < 0 and #,(s,a;) « ——.Choose the learning rate a, o

I3

|4

and the discount factor y.
- for Each iteration do

3. Select action a, from current state s based on a mixed
exploration-exploitation strategy
4. Take action @, and observe the reward r; and the subsequent state s’
. Update Q,(s,a,)
0,(s,a,) = Ois,a,) + a|r; + y max Q(s', a)) — O(s. a,)] (4.65)
@
where a’ is player i's action at the next state s and a,. is the action player
i has taken at state s.
6:  Update m(s, a;)
mi(s, ;) = w5, a;) + A, (Va; € 4)) (4.60)
where
~bg if a.# argmax, ¢, 0;(s,a;)
A, = ] ‘ (4.67)
Euﬂtuf by, otherwise
5, = min(;ﬂr,-{.‘.', a), L) (4.68)
e |4;] -1
7: end for

The WoLF-PHC (win-or-learn-fast policy hill climbing) algorithm is an
extension of the PHC algorithm [2]. This algorithm uses the mechanism
of WoLF so that the PHC algorithm converges to a Nash equilibrium in
self-play. The algorithm has two different learning rates: 4, when the
algorithm is winning, and &, when it is losing. The difference between the
average strategy and the current strategy is used as a criterion to decide
when the algorithm wins or loses. The learning rate ¢, is larger than the
learning rate é,.. As such, when an agent is losing, it learns faster than
when it is winning. This causes the agent to adapt quickly to the changes
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in the strategies of the other agents when it is doing more poorly than
expected, and learns cautiously when it is doing better than expected.
This also gives the other agents the time to adapt to the agent's strategy
changes. The WoLF-PHC algorithm exhibits the property of convergence
as it makes the agent converge to one of its Nash equilibria. This
algorithm is also a rational learning algorithm as it makes the agent
converge to its optimal strategy when its opponent plays a stationary
strategy. These properties permit the WoLF-PHC algorithm to be widely
applied to a variety of stochastic games [2, 16—18]. The recursive Q-
learning of a learning agent / is given as

Q:I+|'[-s', a)y=(1- rr}f_)’;(.a', a) + a(r' + y max QI[-""~ a')) 4-69

I

Algorithm 4.5 describes the WoLF-PHC algorithm for a learning agent /,
and the algorithm updates the strategy of agent / by the following
equation:

I (o P
r (s,a) =m(s,a)+ A, 4.70
where
—d,, if a # arg max, Q\(s,a’)
ﬂ.\” = . .
Y .0, oOtherwise
aF=a = o
: : ' )
8., = min ( 7/(s, a),
a ( * 14,1 =1
O (s.d S T
g O if X pm(s,d)Q, (5,d") > X 7p(5,a)Q,, (5,a)
8, otherwise
J?:H(.r, a) = J?:{x. a)+ {JI:[.\', a) - ,r?:(.r__a'}} L= A!

Ci1(8)

Coas)=C(s)+ 1.
The WoLF-PHC algorithm for player i is provided in Algorithm 4.5.
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Algorithm 4.5 WoLF-PHC learning algorithm

Initialize Qi(s,a;) < 0, m;(s,a;) < %' and C(s) « 0.Choose the learning
rate a, 6 and the discount factor y I
for Each iteration do
Select action a, from current state s based on a mixed
exploration-exploitation strategy
Take action a,. and observe the reward r; and the subsequent state s’

Update QO,(s,a.)

O(s,a,) = Oi(s,a,) +a|r; + ymax O, a!) - O(s,,) @.71)

where a! is player i’s action at the next state s" and a, is the action player i
has taken at state .
Update the estimate of average strategy x;

C)=C(s)+1 (4.72)
1

75, a;) = 7S, a;) + m (s’r;-(s, a;) — w5, a;)) (Va; € A;) (4.73)

where C(s) denotes how many times the state s has been visited.
Update x;(s, a;)

zi(s,a;) = m(s,a) + Ay, (Va; € 4) (4.74)
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where

—0, if a.# argmax, ., 0:(s,q;)
A, = o (4.75)
2t O, Otherwise

8y, =min(7z;(s,a;),

Sty

=1 ey

{5”. if 3, cq 78, 0)0(s,a,)> Y, o4 7i(8,a;)0:(s, a;)

0; otherwise

end for

Different from the previously mentioned learning algorithms, the WoLF-
PHC algorithm does not need to observe the other players' strategies and
actions. Therefore, compared to the other three learning algorithms, the
WoLF-PHC algorithm needs less information from the environment.
Since the WoLF-PHC algorithm is based on the PHC method, neither
linear programming nor quadratic programming is required in this
algorithm. Since the WoLF-PHC algorithm is a practical algorithm, there
was no proof of convergence provided in Reference [2]. Instead,
simulation results in Reference [2] illustrated the convergence of players'
strategies by carefully choosing the learning rate according to different
examples in matrix games and stochastic games.

4.12 Guarding a Territory Problem in a Grid
World

The game of guarding a territory was first introduced by Isaacs [3]. In the
game, the invader tries to move to the territory as close as possible while
the defender tries to intercept and keep the invader away from the
territory as far as possible. The practical application of this game can be
found in surveillance and security missions for autonomous mobile
robots. There are a few published works in this field since the game was
introduced [19, 20]. In these works, the defender tries to use a fuzzy
controller to locate the invader's position [19] or applies a fuzzy reasoning
strategy to capture the invader [20]. However, all these works assume
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that the defender knows its optimal policy and the invader's policy. There
is no learning technique applied to the players in their works. In our
work, we assume that the defender or the invader has no prior knowledge
of his optimal policy and the opponent's policy. We apply learning
algorithms to the players and let the defender or the invader obtain its
own optimal behavior after learning.

The problem of guarding a territory in Reference [3] is a differential game
problem where the dynamic equations of the players are typically
differential equations. In our work, we will investigate how the players
learn to behave with no knowledge of the optimal strategies. Therefore,
the above problem becomes a multiagent learning problem in a
multiagent system. In the literature, there are a number of papers on
multiagent systems [21, 22]. Among the multiagent learning applications,
the predator—prey or the pursuit problem in a grid world has been well
studied [22, 23]. To better understand the learning process of the two
players in the game, we create a grid game of guarding a territory, which
has not been studied so far.

Most multiagent learning algorithms are based on MARL methods [22].
According to the definition of the game in Reference [3], the grid game
we established is a two-player zero-sum stochastic game. The minimax-Q
algorithm [1] is well suited to solve our problem. However, if the player
does not always take the action that is most damaging to the opponent,
the opponent might have better performance using a rational learning
algorithm than the minimax-Q [21]. The rational learning algorithm we
use here is the WoLF-PHC learning algorithm. In this section, we run
simulations and compare the learning performance of the minimax-Q
and WoLF-PHC algorithms.

The problem of guarding a territory in this section is the grid version of
the guarding a territory game in Reference [3]. The game is defined as
follows:

e We take a ¢ x 6 grid as the playing field, as shown in Fig. 4-13. The
invader starts from the upper-left corner and tries to reach the
territory before the capture. The territory is represented by a cell
named T in Fig. 4-13. The defender starts from the bottom and tries to
intercept the invader. The initial positions of the players are not fixed
and can be chosen randomly.
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¢ Both players can move up, down, left, or right. At each time step, both
players take their actions simultaneously and move to their adjacent
cells. If the chosen action will take the player off the playing field, the
player will stay at the current position.

e The nine gray cells centered around the defender, shown in Fig. 4-13b,
is the region where the invader will be captured. A successful invasion
by the invader is defined as the situation where the invader reaches
the territory before the capture or the capture happens at the
territory. The game ends when the defender captures the invader or a
successful invasion by the invader happens. Then the game restarts
with random initial positions of the players.

e The goal of the invader is to reach the territory without interception,
or move to the territory as close as possible if the capture must
happen. On the contrary, the aim of the defender is to intercept the
invader at a location as far away as possible from the territory.

® ®

(a) (b)

Figure 4-13 Guarding a territory in a grid world. (a) Initial positions of
the players when the game starts. (b) Terminal positions of the players
when the game ends. Reproduced from [5], © X. Lu.

The terminal time is defined as the time when the invader reaches the
territory or is intercepted by the defender. We define the payoff as the
distance between the invader and the territory at the terminal time.

Payoft = [x,(t7) — x¢| + |y, (1) = yrl 4.77
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where (x;(7;), y;(;)) is the invader's position at the terminal time /s and
(xy,vy) is the territory's position. Based on the definition of the game, the
invader tries to minimize the payoff while the defender tries to maximize
the payoff.

4.12.1 Simulation and Results

We use the minimax-Q and WoLF-PHC algorithms introduced in
Sections 4.3 and 4.11 to simulate the grid game of guarding a territory.
We first present a simple 2 x 2 grid game to explore the issues of mixed
strategy, rationality, and convergence. Next, we enlarge the playing field
to a 6 x 6 grid and examine the performance of the learning algorithms
based on this large grid.

We set up two simulations for each grid game. In the first simulation, the
players in the game use the same learning algorithm to play against each
other. We examine whether the algorithm satisfies the convergence
property Fig. 4-14. In the second simulation, we will freeze one player's
strategy and let the other player learn the optimal strategy against its
opponent. We use the minimax-Q and WoLF-PHC algorithms to train the
learner individually and compare the performance of the minimax-Q-
trained player and the WoLF-PHC-trained player. According to the
rationality property shown in Table 4.7, we expect the WoLF-PHC-
trained defender has better performance than the minimax-Q-trained
defender in the second simulation.
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Figure 4-14 Players' strategies at state s; using the minimax-Q
algorithm in the first simulation for the 2 x 2 grid game. (a) Defender's
strategy #p(s).4,4) (solid line) and #p(sy.4,,) (dash line). (b) Invader's
strategy (s}, 04,.,) (solid line) and #;(s, 0,;s;) (dash line). Reproduced
from [5], © X. Lu.

Table 4.7 Comparison of multiagent reinforcement learning algorithms.

Algorithms Applicability Rationality Convergence
Minimax-Q Zero-sum SGs No Yes
Nash-Q learning Specific general-sum No Yes
SGs
Friend-or-foe Q Specific general-sum No Yes
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learning SGs
WoLF-PHC General-sum SGs Yes No

We now apply the WoLF-PHC algorithm to the 2 x 2 grid game.
According to the parameter settings in Reference [2], we set the learning
rate a as 1/(10+1/10000), 5, as 1/(10+¢/2), and 6, as 3/(10+ ¢/2), where

¢ is the number of the current iteration. The number of iterations denotes
the number of times the step 2 is repeated in Algorithm 4.5. The result in
Fig. 4-15 shows that the players' strategies converge close to the Nash
equilibrium after 15,000 iterations.

1

0.75 |

0.5 I.

Probabilities

0.25 |

0 5,000 10,000 15,000
(a) lterations

0.75

0.5

Probabilities

0.25

0 5,000 10,000 15,000
(b) lterations

Figure 4-15 Players' strategies at state s, using the WoLF-PHC
algorithm in the first simulation for the 2 x 2 grid game. (a) Defender's
strategy #p(s).4a,y) (solid line) and #p(sy.4,,) (dash line). (b) Invader's
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strategy #;(s|, 04, (solid line) and #;(s,.0,;,4,) (dash line). Reproduced
from [5], © X. Lu.

In the second simulation, the invader plays a stationary strategy against
the defender at state s, as shown in Fig. 4-2a. The invader's fixed
strategy is to move right with probability 0.8 and move down with
probability 0.2. Then the optimal strategy for the defender against this
invader is to move up all the time. We apply both algorithms to the game
and examine the learning performance for the defender. Figure 4-16a
shows that, using the minimax-Q algorithm, the defender's strategy fails
to converge to its optimal strategy, whereas Fig. 4-16b shows that the
WoLF-PHC algorithm guarantees the convergence to the defender's
optimal strategy against the invader.
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Figure 4-16 Defender's strategy at state s, in the second simulation for
the 2 x 2 grid game. (a) Minimax-Q-learned strategy of the defender at
state 5, against the invader using a fixed strategy. Solid line: probability
of defender moving up; Dashed line: probability of defender moving left.
(b) WoLF-PHC learned strategy of the defender at state s, against the
invader using a fixed strategy. Solid line: probability of defender moving
up; Dashed line: probability of defender moving left. Reproduced from

[5], © X. Lu.

In the 2 x 2 grid game, the first simulation verified the convergence
property of the minimax-Q and WoLF-PHC algorithms. According to
Table 4.7, there is no proof of convergence for the WoLF-PHC algorithm.
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But simulation result in Fig. 4-15 shows that the players' strategies
converged to the Nash equilibrium when both players used the WoLF-
PHC algorithm. Under the rationality criterion, the minimax-Q algorithm
failed to converge to the defender's optimal strategy in Fig. 4-16a, while
the WoLF-PHC algorithm showed the convergence to the defender's
optimal strategy after learning.

We now change the 2 x 2 grid game to a 6 x 6 grid game. The territory to
be guarded is represented by a cell located at (5. 5) in Fig. 4-17. The
position of the territory will not be changed during the simulation. The
initial positions of the invader and defender are shown in Fig. 4-17a. The
number of actions for each player has been changed from 2 in the 2 x 2
grid game to 4 in the 6 x 6 grid game. Both players can move up, down,
left, or right. The gray cells in Fig. 4-17a is the area where the defender
can reach before the invader. Therefore, if both players play their
equilibrium strategies, the invader can move to the territory as close as
possible with the distance of two cells shown in Fig. 4-17b. Different from
the previous 2 x 2 grid game where we showed the convergence of the
players' strategies during the learning, in this game we want to show the
average leaning performance of the players during the learning. We add a
testing phase to evaluate the learned strategies after every 100 iterations.
The number of iterations denotes the number of times step 2 is repeated
in Algorithms 4.1 or 4.5. A testing phase includes 1000 runs of the game.
In each run, the learned players start from their initial positions shown in
Fig. 4-17a and end at the terminal time. For each run, we find the final
distance between the invader and the territory at the terminal time. Then
we calculate the average of the final distance over 1000 runs. The result
of a testing phase, which is the average final distance over 1000 runs, is
collected after every 100 iterations.
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(b)

Figure 4-17 A 6 x 6 grid game. (a) Initial positions of the players. (b)
One of the terminal positions of the players. Reproduced from [5], © X.
Lu.

We use the same parameter settings as in the 2 x 2 grid game for the
minimax-Q algorithm. In the first simulation, we test the convergence
property by using the same learning algorithm for both players. Figure 4-
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18a shows the learning performance when both players used the
minimax-Q algorithm. In Fig. 4-18a, the x -axis denotes the number of
iterations and the ) -axis denotes the result of the testing phase (the
average of the final distance over 1000 runs) for every 100 iterations.
From the result in Fig. 4-18a, the average final distance between the
invader and the territory converges to 2 after 50,000 iterations. As shown
in Fig. 4-17b, distance 2 is the final distance between the invader and the
territory when both players play their Nash equilibrium strategies.
Therefore, Fig. 4-18a indicates that both players' learned strategies
converge close to their Nash equilibrium strategies. Then we use the
WoLF-PHC algorithm to simulate again. We set the learning rate « as

1/(4+1/50), 6, as 1/(1+1¢/5000), and &, as 4/(1 + ¢/5000). We run
simulation for 200,000 iterations. The result in Fig. 4-18b shows that the
average final distance converges close to the distance of 2 after the
learning.
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Figure 4-18 Results in the first simulation for the ¢ x 6 grid game. (a)
Result of the minimax-Q learned strategy of the defender against the
minimax-Q-learned strategy of the invader. (b) Result of the WoLF-PHC
learned strategy of the defender against the WoLF-PHC-learned strategy
of the invader. Reproduced from [5], © X. Lu.

In the second simulation, we fix the invader's strategy to a random-walk
strategy, which means that the invader can move up, down, left, or right
with equal probability. Similar to the first simulation, the learning
performance of the algorithms is tested on the basis of the result of a
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testing phase after every 100 iterations. In the testing phase, we play the
game 1000 times and average the final distance between the invader and
the territory at the terminal time for each run over 1000 runs.

We test the learning performance of both algorithms for the defender in
the game and compare them. The results are shown in Fig. 4-19a and b.
Using the WoLF-PHC algorithm, the defender can intercept the invader
further away from the territory (distance of 6.6) than using the minimax-
Q algorithm (distance of 5.9). Therefore, on the basis of the rationality
criterion in Table 4.7, the WoLF-PHC-learned defender can achieve
better performance than the minimax-Q-learned defender when playing
against a random-walk invader.
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Figure 4-19 Results in the second simulation for the ¢ x 6 grid game. (a)
Result of the minimax-Q-learned strategy of the defender against the
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invader using a fixed strategy. (b) Result of the WoLF-PHC-learned

strategy of the defender against the invader using a fixed strategy.
Reproduced from [5], © X. Lu.

4.13 Extension of .., Lagging Anchor Algorithm
to Stochastic Games

The proposed Lj_; lagging anchor algorithm is designed on the basis of
matrix games. In this section, we extend the algorithm to the more
general stochastic games. Inspired by the WoLF-PHC algorithm in
Reference [2], we design a practical decentralized learning algorithm for
stochastic games based on the L ; lagging anchor approach in (3.59).
The practical algorithm is shown in Algorithm 4.6.

We now apply Algorithm 4.6 to a stochastic game to test its performance.
The stochastic game we simulate is a general-sum grid game introduced
by Hu and Wellman [8] and that we have already reviewed in section 4.4.
Recall that. The game runs under a 3 x 3 grid field as shown in Fig. 4-20a.
We have two players whose initial positions are located at the bottom left
corner for player | and the bottom right corner for player 2. Both players
try to reach the goal denoted as “G” in Fig. 4-20a. Each player has four
possible moves which are moving up, down, left, or right unless the
player is on the sides of the grid. In Hu and Wellman's game, the
movement that will take the player to a wall is ignored. Since we use
exactly the same game as Hu and Wellman, the possible actions of hitting
a wall have been removed from the players' action sets. For example, if
the player is at the bottom-left corner, its available moves are moving up
or right. If both players move to the same cell at

P2 P1 e

B
- || -
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Figure 4-20 Hu and Wellman's grid game. (a) Grid game. (b) Nash
equilibrium path 1. (¢) Nash equilibrium path 2. Reproduced from [24] ©
M. Awheda and Schwartz, H. M.

Algorithm 4.6 A practical Lz_; lagging anchor algorithm for player i

1: Initialize Q,(s,q;) « 0 and x,(s,q;) < ﬁ.Choose the learning rate a, 5

and the discount factor y.
. for Each iteration do
Select action a, at current state s based on mixed exploration-exploitation
strategy
4. Take action a, and observe the reward r and the subsequent state s’
5. Update Q,(s,a,)

J

ey

Qi(s,a.) = Qds,a.) + a [rf +y max Q(s", a') = Oy(s, a(.)]
6:  Update the player’s policy z;(s, )
mi(s.a) = ms,a) + n0s,a) [l — s, a)| + n|z (s, a,) — x(s,a,)]
Ti(s,a,)=ms,a.)+ ﬁ'[:r,-{f.', a,) — m(s, af.]]
(s, a)) = (s, a) — nQ(s, a)m(s, a) + n|wds, ap) — m(s, ay)]
(s, a)) = (s, @) + n|m(s, @) — 7i(s, @)
(foralla; # a,)

7: end for
(Q/(s, a;) is the action-value function, (s, a;) is the probability of player i
taking action g, at state s and a, 1s the current action taken by player 7 at
state s)

the same time, they will bounce back to their original positions. The two
thick lines in Fig. 4-20a represent two barriers such that the player can
pass through the barrier with a probability of 0.5. For example, if player |
tries to move up from the bottom-left corner, it will stay still or move to
the upper cell with a probability of 0.5. The game ends when either of the
players reaches the goal. To reach the goal in the minimum number of
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steps, the player needs to avoid the barrier and first move to the bottom
center cell. Since both players cannot move to the bottom center cell
simultaneously, the players need to cooperate such that one of the players
has to take the risk and move up. The reward function for player i

(i = 1,2) in this game is defined as

.

100 player i reaches the goal 4.78
ri=1q-1 both players move to the same cell (except the goal)
0 otherwise

According to Reference [8], this grid game has two Nash equilibrium
paths as shown in Fig. 4-20b and c. Starting from the initial state, the
Nash equilibrium strategies of the players are player 1 moving up and
player 2 moving left, or player | moving right and player 2 moving up.

We set the step size as n = 0.001, the learning rate as « = 0.001, and the
discount factor as y = 0.9. The mixed exploration-exploitation strategy is
chosen such that the player chooses a random action with probability
0.05 and the greedy action with probability (.95. We run the simulation
for 10,000 episodes. An episode is when the game starts with the players'
initial positions and ends when either of the players reaches the goal.
Figure 4-21 shows the result of two players' learning trajectories. We
define 7, as player |'s probability of moving up and ¢, as player 2's
probability of moving up from their initial positions. The result in Fig. 4-
21 shows that the two players' strategies at the initial state converge to
one of the two Nash equilibrium strategies (player 1 moving right and
player 2 moving up). Therefore, the proposed practical Z;_; lagging
anchor algorithm may be applicable to general-sum stochastic games.
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Figure 4-21 Learning trajectories of players' strategies at the initial state
in the grid game. Reproduced from [5] © X. Lu.

4.14 The Exponential Moving-Average Q-
Learning (EMA Q-Learning) Algorithm

The exponential moving-average (EMA) approach is a model-free
strategy estimation approach. It is a family of statistical approaches used
to analyze time series data in finance and technical analysis. Typically,
EMA gives the recent observations more weight than the older ones [25].
The EMA estimation approach is used in Reference [26] by the hyper Q-
learning algorithm to estimate the opponent's strategy. It is also used in
Reference [25] by the IGA agent to estimate its opponent's strategy. The
EMA estimator used to estimate the strategy of the agent's opponent(s)
can be described by the following equation [25, 26]:
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7 () = (1 =, (s) + niia™) 4.79
where 77/(s) is the opponent's strategy, # is a small constant step size (
0 <n<1),and u(a) is a unit vector representation of the action -/
chosen by the opponent (—/) at the state s . The unit vector ii(«/) contains
the same number of elements as ;-/. The elements in the unit vector
u(a) are all equal to zero except for the element corresponding to the
action 4~/ which is equal to 1.

In this work, we are proposing a simple algorithm that uses the EMA
approach. This algorithm is called the EMA Q-learning algorithm. The
proposed algorithm uses the EMA mechanism as a basis to update the
strategy of the agent itself. Furthermore, it uses two different variable
learning rates %, and 7 when updating the agent's strategy instead of
only one constant learning rate # used in References [25, 26]. The values
of these variable learning rates are inversely proportional to the number
of iterations. The recursive Q-learning algorithm for a learning agent ; is
given by the following equation:

Q:+L':""‘”} = (] = H}Q’:(x, a+00r +¢ max Q{(.a", a')) 4.80

Algorithm 4.7 The exponential moving-average (EMA) Q-learning algorithm
for agent j

Initialize:

learning rates @ € (0,1], #; and n,, € (0,1]
constant gain k

exploration rate €

discount factor ¢

Ql(s,a) <0 and 7/(s) « #
Repeat , _

(a) From the state s select an action a according to the strategy z/(s, a) with
some exploration.

(b) Observe the immediate reward # and the new state s’.

(c) Update Q‘;H(.v, a) using Eq. (4.80).

(d) Update the strategy ;er (s, a) by using Eq. (4.81).

The EMA Q-learning algorithm updates the strategy of the agent j by Eq.
(4.81), whereas Algorithm 4.7 lists the procedure of the EMA Q-learning
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algorithm for a learning agent ; .

J‘T:._|{-‘i]' = (1 = kp)x)(s) + knui(a) 4.81

where

k is a constant gain.

n, if a=argmax,Q|(s.d")
9=
n; otherwise
B w(@) if a=argmax, Q\(s,a’)
wia) =
u(a”) otherwise

i(a') 1s a unit vector representation of the action ,/ with zero elements
except for the element corresponding to the action 4/ which is equal to 1.
This is to make the EMA Q-learning learn fast when the chosen action of
agent / is equal to the greedy action obtained from the agent's O -table.

On the other hand, #(a”) = ﬁ [1 — ii(@")]. This is to make the EMA Q-

learning learn cautiously and increase the opportunity of exploring the
other agent's actions when the chosen action of agent / and the greedy
action obtained from the agent's © -table are different.

4.15 Simulation and Results Comparing EMA Q-
Learning to Other Methods

We have evaluated the EMA Q-learning, WoLF-PHC [2], GIGA-WoLF
[27], weighted policy learning (WPL) [28], and policy gradient ascent
with approximate policy prediction (PGA-APP) [29] algorithms on a
variety of matrix and stochastic games. We only show the EMA Q-
learning, the PGA-APP, and the WPL algorithms. The results of applying
the WPL, PGA-APP, and EMA Q-learning algorithms to different matrix
and stochastic games are presented in this section. A comparison among
the three algorithms in terms of the convergence to Nash equilibrium is
provided. We use the same learning and exploration rates for all
algorithms when they are applied to the same game. In some cases, these
rates are chosen to be close to those used in Reference [29]. In other
cases, the values of these rates are chosen on a trial-and-error basis to
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achieve the best performance of all algorithms.

4.15.1 Matrix Games

We revisit matrix games to illustrate the improved performance of the
EMA Q-learning algorithm. The EMA Q-learning, PGA-APP, and WPL
algorithms are applied to the matrix games. They are also applied to the
three-player matching pennies game. Figure 4-22 shows the probability
distributions of the second actions for both players in the dilemma game.
The EMA Q-learning, PGA-APP, and WPL algorithms are shown. In this
game, the parameters of the EMA Q-learning algorithm are set as follows:
N = ﬁ, n=00In,, k=1, {=0,and ¢ = 0.05 with an exploration rate
¢ = 0.05. The parameter 7 is set as y = 0.5 in the PGA-APP algorithm and
the learning rate # is decayed with a slower rate in the WPL algorithm
and is setas 1 = “,_H.'j._: -~ Figure 4-23 shows the probability distributions of
the first actions for the three players in the three-player matching pennies
game while learning with the EMA Q-learning, PGA-APP, and WPL
algorithms. In this game, the
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Dilemma game by PGA-APP algorithm

Dilemma game by EMA Q-learning algorithm
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Figure 4-22 Probability distributions of the second actions for both
players in the dilemma game. (a) The EMA Q-learning, (b) PGA-APP, and
(c) WPL algorithms are shown. Reproduced from [24] © M. Awheda and
Schwartz, H. M.
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Figure 4-23 Probability distributions of the first actions for the three
players in the three-player matching pennies game. (a) The EMA Q-
learning, (b) PGA-APP, and (c) WPL algorithms are shown. Reproduced
from [24] © M. Awheda and Schwartz, H. M.

parameters of the EMA Q- learnlng algorithm are set as follows:
N = m , =21, k=1, ¢=0,and ¢ = 0.8 with an exploration rate

= 0.05. The value of 7 is set to y = 3 in the PGA-APP algorithm and the
learning rate 7 is decayed slowly in the WPL algorithm and is set as # as

n= m Figure 4-24 shows the probability distributions of player 1's

actions in the Shapley's game while learning with the EMA Q-learning,
PGA-APP, and WPL algorithms. In this game, the parameters of the EMA

Q-learning algorithm are set as follows: #,. = #ﬂ s m=2,,k=1,¢=0,
and ¢ = (.8 with an exploration rate ¢ = (.05. The learning rate # and the
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50+i/50

y = 3. On the other hand, in the WPL algorithm, thelearning rate # is
decayed slowly and is set as # = ———. Figure 4-25 shows the probability

S0414200°
distributions of the first actions for both players in the biased game while
learning with the EMA Q-learning, PGA-APP, and WPL algorithms. In
this game, the parameters of the EMA Q-learning algorithm are set as

follows: n, = ——=, 5, =0.0ln,, k=1, £ =095, and g = 0.8 with an

10+i/52
exploration rate ¢ = (.05. In the PGA-APP algorithm, the values of ¢ and
r are set as follows: ¢ =0 and y = 3. In the WPL algorithm, the
parameter ¢ is set as ¢ = 0 and the learning rate » is decayed with a

. _ | . .
slower rate and is set as # = j5;7755;- As shown in Figs. 4.22-4.24, the

players' strategies successfully converge to Nash equilibria in all games
when learning with the EMA Q-learning, PGA-APP, and WPL algorithms.
It is important to mention here that the WPL algorithm successfully
converges to Nash equilibrium in the three-player matching pennies
game although it was presented to diverge in this game in Reference [29].
On the other hand, Fig. 4-26 shows that both PGA-APP and WPL
algorithms fail to converge to a Nash equilibrium in the biased game;
only the EMA Q-learning algorithm succeeds to converge to a Nash
equilibrium in the biased game.

and

parameter 7 in the PGA-APP algorithm are set as follows: n =
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Figure 4-24 Probability distributions of player 1's actions in the
Shapley's game. (a) The EMA Q-learning, (b) PGA-APP, and (c) WPL
algorithms are shown. Reproduced from [24] © M. Awheda and

Schwartz, H. M.
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Biased game by PGA-APP algorithm
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Figure 4-25 Probability distributions of the first actions for both players
in the biased game. (a) The EMA Q-learning, (b) PGA-APP, and (c) WPL
algorithms are shown. Reproduced from [24] © M. Awheda and
Schwartz, H. M.
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Figure 4-26 Grid game 1. (a) Probability of action North of player 1
when learning with the EMA Q-learning algorithm with different values
of the constant gain k . Plots (b) and (c) illustrate the probability of action
North of player 1 and player 2, respectively, when learning with the EMA
Q-learning, PGA-APP, and WPL algorithms. Reproduced from [24] © M.
Awheda and Schwartz, H. M.

4.15.2 Stochastic Games

It is important to mention here that we are only concerned about the first
movement of both players from the initial state. Therefore, the figures
that will be shown in this section will represent the probabilities of
players' actions at the initial state.

4.15.2.1 Grid Game 1
The EMA Q-learning, PGA-APP, and WPL algorithms are used to learn
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grid game 1 depicted again in Fig. 4-27a. Grid game 1 has 10 different
Nash equilibria [8]. One of these Nash equilibria is shown in Fig. 4-28a.

Figure 4-28a
® ® X ©
w~—1—» E

S

[ L

Barrier

Wall: prob 1/2

Mot wall: prob 1/2
(a) (b)

Figure 4-27 Two stochastic games [8]. (a) Grid game 1. (b) Grid game 2.
Reproduced from [24] © M. Awheda and Schwartz, H. M.

o 1O 6

i\

(@) (b)

Figure 4-28 (a) Nash equilibrium of grid game 1. (b) Nash equilibrium
of grid game 2 [8] with permission from MIT press. Reproduced from
[24] © M. Awheda and Schwartz, H. M.

shows that the action North is the optimal action for both players when
they are at the initial state. The learning and exploration rates used by all
algorithms are the same. The parameters of the EMA Q-learning

algorithm are set as follows: #, = |:++v n=0.001n,, k=5, {=0,and

6 = 0.8 with an exploration rate ¢ = m , where ; is the current number
of episodes. The values of the parameters of the PGA-APP algorithm are
the same as those of the EMA Q-learning algorithm except that y = 3 and
17 has a very slow decaying rate, n = ]“Jrr.:,jm. The WPL algorithm also has
the same parameters as the EMA Q-learning algorithm except that the

learning rate # has a very slow decaying rate of # =

1047 5000 °
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Figure 4-26a shows the probability of selecting action North by player 1 at
the initial state when learning with the EMA Q-learning algorithm with
different values of the constant gain / . Player 2 has similar probability
distributions when learning with the EMA Q-learning algorithm with
different values of the constant gain / . Figure 4-26a shows that player 1's
speed of convergence to the optimal action (North) increases as the value
of the constant gain / increases. Figure 4-26a shows that the probability
of selecting the optimal action North by player 1 requires almost 80
episodes to converge to | when k =5 and 320 episodes when / =3.
However, when / = |, many more episodes are still required for the
probability of selecting the action North to converge to |. Figure 4-26b
and c shows the probabilities of taking action North at the initial state by
both players when learning with the EMA Q-learning, PGA-APP, and
WPL algorithms. This figure shows that the probabilities of taking action
North by both players converge to the Nash equilibria (converge to 1)
when learning with the EMA Q-learning algorithm. However, the PGA-
APP and WPL algorithms fail to make the players' strategies converge to
the Nash equilibria. Figure 4-26 shows that the EMA Q-learning
algorithm outperforms the PGA-APP and WPL algorithms in terms of the
convergence to Nash equilibria. It also shows that the EMA Q-learning
algorithm can converge to Nash equilibria with a small number of
episodes by adjusting the value of the constant gain / . This will give the
EMA Q-learning algorithm an empirical advantage over the PGA-APP
and WPL algorithms.

4.15.2.2 Grid Game 2

The EMA Q-learning, PGA-APP, and WPL algorithms are also used to
learn grid game 2 as depicted in Fig. 4-27b. Grid game 2 has two Nash
equilibria [8]. Figure 4-28b shows one of these Nash equilibria. It is
apparent from this particular Nash equilibrium that the action North is
the optimal action for player 1 at the initial state, whereas the action West
is the optimal action for player 2. Thus, for the algorithms to converge to
this particular Nash equilibrium, the probability of selecting the action
North by player 1 should converge to 1. The probability of selecting the
action West by player 2, on the other hand, should also converge to 1.
The learning and exploration rates used by all algorithms are the same.
The parameters of the EMA Q-learning algorithm are set as follows:

oy = I[++r_, m = 0.001n,., k=10, ¢ =0.1,and # = —— with an exploration

10,0001 §
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rate ¢ = ——, where ; is the current number of episodes. The values of
the parameters of the PGA-APP algorithm are the same as those of the
EMA Q-learning algorithm except that y = 3, { = 0, and # has a very slow
decaying rate of # = mﬂ.} <5 The WPL algorithm also has the same

parameters as the EMA Q-learning algorithm except that ¢ = 0 and # has
a very slow decaying rate of n =

1047/ 5000

Figure 4-29a shows the probability of selecting action North by player 1
when learning with the EMA Q-learning, PGA-APP, and WPL algorithms.
Figure 4-29a illustrates that the probability of selecting the action North
by player 1 successfully converges to 1 (Nash equilibrium) when player 1
learns with the EMA Q-learning algorithm. However, the PGA-APP and
WPL algorithms fail to make player 1 choose action North with a
probability of 1. Figure 4-29b shows the probability of selecting action
West by player 2 when learning with the EMA Q-learning, PGA-APP, and
WPL algorithms. As can be seen from Fig. 4-29b, the probability of
selecting action West by player 2 successfully converges to 1 (Nash
equilibrium) when player 2 learns with the EMA Q-learning algorithm.
The PGA-APP and WPL algorithms, on the other hand, fail to make
player 2 choose action West with a probability of |. Figure 4-29 shows
that the EMA Q-learning algorithm outperforms the PGA-APP and WPL
algorithms in terms of the convergence to Nash equilibria. This will give
the EMA Q-learning algorithm an empirical advantage over the PGA-APP
and WPL algorithms.

1.3

| Learing with EMA Q-learning Learing with EMA Q-learning |
2r e Learing with PGA-APP 2re e Learing with PGA-APP I
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Figure 4-29 Grid game 2. (a) Probability of selecting action North by
player 1 when learning with the EMA Q-learning, PGA-APP, and WPL
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algorithms. (b) Probability of selecting action West by player 2 when
learning with the EMA Q-learning, PGA-APP, and WPL algorithms.
Reproduced from [24] © M. Awheda and Schwartz, H. M.
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Chapter 5
Differential Games

5.1 Introduction

In the not too distant future, teams of robots will work together to
accomplish a multitude of tasks. At the time of writing this book, we have
seen the extensive use of aerial drones in surveillance, mapping, and
other more unsavory tasks. We are also witnessing the beginning of truly
autonomous vehicles for transportation. How long will it be before cars
routinely drive themselves? We are currently on the verge of having
multiple autonomous vehicles working together as some type of swarm.
These groups of robots or autonomous vehicles will be a combination of
aerial-, land-, and sea-based vehicles. These vehicles will have different
configurations and capabilities. Unlike in the previous chapters, these
vehicles will not be constrained to a grid, but, instead, they will be
operating in a continuous and dynamically changing environment. The
actions of these vehicles will be mathematically described by differential
equations. The actions that the autonomous vehicles take will essentially
and ultimately be control actions. These actions may be the setting of
voltages on various actuators. We will refer to these types of systems as
differential games (DGs).

The goal of these types of agents is to learn how to work together and how
to adapt to changes in their own or other robots' capabilities. For
example, if one or more of the other robots are disabled or destroyed, the
remaining autonomous vehicles would have to adapt in real time to such
a situation. Furthermore, the autonomous vehicles do not initially know
the capabilities of the other robots, and each vehicle has to learn how to
work with others.

In this chapter, we will use two well-known games to evaluate various
methods of multiagent learning in these DGs. One of the games that we
will examine is the “evader—pursuer” game and the other game is the
“guarding a territory” game.

Future security applications will involve robots protecting critical
infrastructure [1]. The robots will work together to prevent intruders
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from crossing a secured area. They will have to adapt to an unpredictable
and continuously changing environment. Their goal is to learn what
actions to take in order to get optimum performance in security tasks. We
model this application as the “guarding a territory” game. The DG of
guarding a territory was first introduced by Isaacs [2]. In this game, the
invader tries to get as close as possible to the territory, while the defender
tries to intercept and keep the invader as far away as possible from the
territory. The Isaacs' guarding a territory game is a DG where the
dynamic equations of the players are differential equations. In the
pursuer—evader game, the pursuer tries to capture the evader, while the
evader tries to escape from capture. The practical application of this game
can be found in surveillance and security missions for autonomous
mobile robots.

A player in a DG needs to learn what actions to take if there is no prior
knowledge of its optimal strategy. Learning in DGs has attracted
attention in References [3—6]. In these articles, reinforcement learning
algorithms are applied to the players in the pursuer—evader game. Early
work on the guarding a territory game can be found in References [7, 8],
but there is no investigation on how the players can learn their optimal
strategies by playing the game. We assume the defender has no prior
knowledge of its optimal strategy or the invader's strategy. We investigate
how reinforcement learning algorithms can be applied to the DG of
guarding a territory.

Traditional reinforcement learning algorithms such as Q-learning may
lead to the curse of dimensionality problem because of the intractable,
continuous state space and action space. To avoid this problem, one may
use fuzzy systems to represent the continuous space [9]. Fuzzy
reinforcement learning methods have been applied to the pursuer—
evader DG in References [4—6]. In Reference [5], we applied a fuzzy
actor—critic learning (FACL) algorithm to the pursuit evasion game.

5.2 A Brief Tutorial on Fuzzy Systems

Fuzzy systems have been used in a wide variety of applications in
engineering, science, business, medicine, psychology, and other fields
[10]. In engineering for example, some potential application areas
include [10] the following:
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Aircraft/spacecraft: flight control, engine control, avionic systems,
failure diagnosis, navigation, and satellite attitude control;

Robotics: position control and path planning;

Autonomous vehicles: ground and underwater;

Automated highway systems: automatic steering, braking, and
throttle control for vehicles.

In this chapter, we make use of fuzzy inference systems (FISs) for the
control of both the robots and the critic. The critic is an FIS that
approximates the continuous Q-function over the continuous state and
action spaces. Therefore, we provide a short tutorial of fuzzy systems in
the following section.

5.2.1 Fuzzy Sets and Fuzzy Rules

Fuzzy sets use linguistic labels arranged by membership functions (MFs)
to perform numerical computation [11]. Fuzzy set theory provides a way
of dealing with information linguistically as an alternative to calculus.

The universe of discourse X is defined as a collection of elements x that
have the same characteristics. A fuzzy set 4 in X can be denoted by
Reference [11]

A = {(x, u(x)|x € X'} 5.1

where 1,(x) is the MF for the fuzzy set 4 . The MFs can have values
between 0 and 1. The MF maps the elements of the universe of discourse
to membership degrees between 0 and 1. If x,(x) has values of 0 or 1, the
fuzzy set 4 is called a crisp or a classical set.

The interpretations of set operations, such as union and intersection, are
complicated in fuzzy set theory because of the graded property of MFs.
Zadeh [12] proposed the following definitions for union and intersection
operations:

Union p,z(x) = max|pu(x), pg(x)]
Intersection . z(x) = min[u (x), ug(x)]
where 4 and B are fuzzy sets.

MFs are normally described using graphics. Figure 5-1 shows various
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types of MFs commonly used in fuzzy set theory. The Gaussian MF, for
example, in Fig. 5-1b is given as

M 4(X) = exp (_(

X—m

=))

5.2

where the Gaussian MF parameters are the mean » and the standard

deviation o .

1 - 1

A

(a) Singleton

(b) Gaussian

(c) Generalized bell

(d) Sigmodial

Figure 5-1 Examples of membership functions.

(e) Triangular

Reproduced from [13], © B, Al Faiya.

(f) Trapezoidal

The trapezoidal MF has four parameters, as shown in Fig. 5-1f. The

trapezoidal MF is defined as

H(x) = 5

(0
X—1(
f—a
1
X—v
A=y

0

X<a

tazsx<f

S xsy
ty<x=< A

x> A

53

Fuzzy IF-THEN rules can effectively model human expertise in an
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environment of uncertainty and imprecision [11]. Fuzzy IF-THEN rules
are defined as

R,:if xisAthenyis B 5.4

where x, » are called fuzzy or linguistic variables. The sets 4 and B are
fuzzy sets defined in X, v . “x is 4 ”is called the antecedent or premise,
“y is B ” is called the consequence or conclusion.

The fuzzy IF-THEN rules used in a Takagi—Sugeno (TS) fuzzy system give
a mapping from the input fuzzy sets to a linear function in the output [14,
15]. The rules have the following form:

R, : IF x, is A} AND x, is Ay AND ... AND x;is A; THEN 5.5
5 -l !,
fi=K+ - +Kx;

where f; is the output function of rule / and K! is the consequent
parameter.

When f; is a constant, then we have a zero-order TS fuzzy model [11]. Let
k' be the constant for the output f;. The number of rules is determined
by the number of inputs and their corresponding MFs. Given two inputs
and three MFs for each input, we need to construct nine (3? = 9) rules.
The rules are given as follows:

R, : IF x, is Ay AND x; is A, THEN f, = K'
R, : IF x, is A, AND x, is A; THEN f, = K*

M, : IF x, is A| AND x, is A, THEN f; = K*
R, : IF x| is Ay AND x, is Ay THEN f, = K*
M : IF x; is Ay AND x, is A; THEN f = K°

=

¢+ IF x| is Ay AND x, is Ag THEN f, = K®
2 IF x, is Ay AND x, is Ay THEN f; = K’
Mg : IF x, is A; AND x, is As THEN f; = K®
Ry : IF x| is Ay AND x, is A, THEN f, = K°.

=

Another format for constructing the fuzzy rules is the tabular format, as
shown in Table 5.1.
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Table 5.1 Tabular format.

5.2.2 Fuzzy Inference Engine

A fuzzy inference engine is used to combine fuzzy IF-THEN rules in the
fuzzy rule base into a mapping from a fuzzy set 4’ in ¥ to a fuzzy set 5’
in ¥ . One of the commonly used fuzzy inference engines is called the
product inference engine. In this section, the structure of the product
inference engine is presented and explained.

We first provide the two operations on fuzzy sets: intersection and union.
Assume we have two fuzzy sets 4 and B defined in the same universe of
discourse U ; the intersection of these two fuzzy sets is a fuzzy set whose
MF is

Hanp(X) = T(p (), pp(x)) = p (x) * pp(x) 5.6

where * is defined as a 7 -norm operator. Two commonly used ¢ -norm
operators are the following:

Minimum: T,;,(a, b) = min(a, b) 5.7
Algebraic product: T,,(a,b) = ab 5.8

The union of two fuzzy sets 4 and p is a fuzzy set whose MF is given by

Haup(X) = S(p(X), pp(X) = p4(X)Fpp(x) 5.9

where + is denoted as an s -norm operator. Two commonly used s -norm
operators are as follows:

Maximum: S,,,(a, b) = max(a, b) 5.10
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Algebraic sum: S (a,b)=a+ b —ab 5.11

~ap

In the product inference engine, the algebraic product is used for all the 1
-norm operators and max is used for all the s -norm operators.

To interpret the IF-THEN operation, one can use Mamdani implication.
In the Mamdani implication, a fuzzy IF-THEN rule can be considered as a
binary fuzzy relation, given by

HR(X, V) = Map(X, V) = pyp(X, V) = py(x) * pg(y) 5.12

where 4 — B is used to interpret the fuzzy relation. If (5.8) is used as the
{ -norm operator * in (5.12), then the latter is called the Mamdani's
product implication. In fuzzy logic, the generalized modus ponens is
defined as

premise 1(rule): if xis A4 then yis B
premise 2(fact): xis A’
conclusion: yis B

Based on the generalized modus ponens, the fuzzy set p’ is inferred as
Hp (V) = sup T p (), p g pg(x, ¥)I 5.13
xeX

where 7] denotes the 7 -norm operator and sup denotes the greatest
element in the set.

In the individual rule-based inference, each fuzzy IF-THEN rule
generates an individual output fuzzy set, and the whole output of the
fuzzy inference engine is the combination of all the individual output
fuzzy sets. In the product inference engine, we combine the individual
output fuzzy sets by union.

Overall, the product inference engine includes the following three parts:

1. algebraic product for all the 7 -norm operators and max for all the s -
norm operators;

2. Mamdani's product implication;
3. individual-rule-based inference with union combination.

Based on the above structure of the product inference engine, (5.13)
becomes
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M
# (1) = max u () 5-14

-mdxlxup(;f Mg (X)) (1)
=l xeX H 1

We take an example here. Assume that we have two fuzzy IF-THEN rules
with two antecedents for each rule such that

premise 1 (rule 1): if x, is /I: and x, is /lé then y is B' 5.15
premise 2 (rule 2): if x, is A7 and x; is A3 then y is B*

premise 3 (fact):  x, is 4] and x; is 4}

conclusion: yis B

Then the output of the product inference engine for (5.15) becomes

2 - 5.16
pp(y) = max l:lliﬁjlﬂ_.;-, (X )p e (X2) ]_[ (X (1)]

j=1

5.2.3 Fuzzifier and Defuzzifier

Figure 5-2 shows the fuzzy system structure. The first block in the fuzzy
system is the fuzzifier. The fuzzifier converts each input, which is a
precise quantity, to degrees of membership in an MF [16]. The
fuzzification block matches the input values with the conditions of the
rules. The fuzzification determines how well the condition of each rule
matches that particular input. There is a degree of membership for each
linguistic term that applies to that input variable.

/ Fuzzy rules \
IF-THEN
» Fuzzification Defuzzification B
Input Output
— Fuzzy inference engine 4T

e w

Figure 5-2 Fuzzy system components.
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Reproduced from [13], © B, Al Faiya.

Defuzzification is the conversion of a fuzzy quantity into a precise
quantity. The weighted average defuzzification method is frequently used
in fuzzy applications since it is one of the most computationally efficient
methods [17]. The weighted average defuzzification method is expressed
as

M J f
Z (1—[ IHII".{-Y}'})
=1\ ji=I

where J is number of inputs and A is number of rules.

M J ; 5.17
Z ( ;f"!:{-r,f}) f."
=1 \ j=I

=

5.2.4 Fuzzy Systems and Examples

Fuzzy systems are also known as FISs, or fuzzy controllers when used as
controllers. TS fuzzy systems and Mamdani fuzzy systems are commonly
used in fuzzy applications. We want to investigate how well fuzzy systems
can approximate a given system. The following theorem from Reference
[15] is known as the “Universal Approximation Theorem.” We will then
give an example to show the capability of fuzzy systems.

( )

Theorem 5.1

For any given real continuous function g(x) on a compact set / ¢ R"
and arbitrary ¢ > (0 with Gaussian MFs, there exists a fuzzy logic
system /(x) in the form of (5.17) such that

sup |[f(x) — g(x)| < e 5.18
xel/

The proof is given in Reference [15] [pp. 124—126].

The next example introduced in Reference [18] shows the capability of
fuzzy systems. It shows that fuzzy systems are good approximators of a
given nonlinear system. The objective of the following example is to
introduce the reader to FISs and to show how adding MFs can improve
the approximation of nonlinear system by using an FIS.

www.EngineeringBooksPdf.com



-~

Example 5.1

Consider a first-order nonlinear system. The dynamic equation of the
system is given by Reference [15]

] — =10

x(1) = + u(t) = f(x) + u(t) 5-19

1 + {)—.'l.'l: I

g

J

We define five fuzzy sets over the interval [-3. 3]: negative medium (NM),

negative small (NS), zero (ZE), positive small (PS), and positive medium
(PM). The MFs are given by

tin s (X) = exp(=(x + 1.5)%) 5-20
tins(X) = exp(—=(x + 0.5)%)
Hzp(X)=¢ex p(—.n‘jl
pps(X) =exp(—(x — 0.5)%)
Hppg(X) = exp(—=(x — 1.5))

Figure 5-3a shows the five MFs.
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Figure 5-3 Membership functions. (a) Membership functions of five
fuzzy sets. (b) Membership functions of seven fuzzy sets.

Reproduced from [13], © B, Al Faiya.

To estimate the dynamics of the system, the following linguistic
descriptions (fuzzy IF-THEN rules) are given to the designer:
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R':

R:

if x is near — 1.5 then f(x) is near — 0.6 5.21

if
if
if
it

x 1s near — 0.5 then f(x) 1s near — 0.2
x is near 0 then f(x) is near 0
x is near 0.5 then f(x) is near 0.2

x 1s near 1.5 then f(x) 1s near 0.6

We set the conclusions y' = 0.6, > =-0.2, ¥ =0, »*=0.2,and »° = 0.6 as
in (5.4). Since there is only one antecedent for every fuzzy IF-THEN rule,

we rewrite (5.17) as

2 .22
) 5
f(x)=—

5
2l g(x)]
I=1

_ =06p53(x) = 0.2p55(x) + 0.2upg(x) + 0.6 pp(X)

Hnar(X) + pns(X) + pzp(X) + pps(X) + ppp(x)

—0.6e~x+1.57° _ 0 2~ (x+0.5° 4 (0 2~ (x-05F 4 () Ge—(x-1.5F

{’"r-"""'l"-;': + {J—[.'l.'-!'-ﬂ‘..:"l: + (,—1.'3 + E"'“‘""”'ﬁ:': + f,--i'l.'--l.ﬁI:

To improve the performance of the fuzzy system, we need more specific
MFs and linguistic descriptions in the fuzzy system. Therefore, we define
seven fuzzy sets over the interval [-3. 3]: negative big (NB), negative
medium (NM), negative small (NS), zero (ZE), positive small (PS),
positive medium (PM), and positive big (PB). The MFs of the fuzzy sets
NB and PB are defined as p;(x) = exp(—=(x + 2.5)%), ppp(x) = exp(—(x — 2.5)°)
. The MFs of fuzzy sets NM, NS, ZE, PS, and PM are the same as in (5.20).
Figure 5-3b illustrates the MFs of the seven fuzzy sets. The fuzzy IF-
THEN rules are given as follows:

R': if x is near — 2.5 then f(x) is near — 0.85 5.23
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if x 1s near — 1.5 then f(x) is near — 0.64
if x is near — 0.5 then f(x) is near —0.24
if x 1s near 0 then f(x) 1s near 0

R’: if x is near 0.5 then f(x) is near 0.24

R°: if x is near 1.5 then f(x) is near 0.64

R": if x is near 2.5 then f(x) is near 0.85

where y!' = -0.85, y? = -0.64, y° =-0.24, y* =0, »° =0.24, y° = 0.64, and
17 = (.85, are the conclusions in (5.4).

AR

Then the fuzzy system becomes

7

.2
Z .1J|ﬁ';r'l{'1-]] 5 4
r\ I_—]

Jx)=—
3 ()]
J=]

=42 5% - 532 —{x+0.5)
B —(0.85¢ (x+2.5F _ 0.64¢ (x+1.5) —0.24e {x+0.5) g
{)—{.K'+2.5}: + (_r—{.‘l.'+].5ﬁ: + (_;—[.1'+'U.5:|-‘ + ()—.'ll.':+

0.24¢—x-0.5) e 0.64¢—*-1.5° I 0.85¢—(x-2.57

(;_{."I.'—{]..;l:l: _I_ (.:—{.‘I.'— | .ﬁ:l: _|_ (.:—[.\.'—2.5]:

Figure 5-4 shows the estimation j(x) (dashed line). Figure 5-5 shows the
estimation error (solid line) |f(x) — f(x)| over the interval [-3, 3].
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Figure 5-4 Nonlinear function f(x) and the estimation f(x) with five
rules and seven rules.

Reproduced from [13], © B, Al Faiya.

D.4 T T T T T

03F~. - - - If(x) = fix)! for 5 rules | 7
T — If(x) = f(x)l for 7 rules

55 () — fix) _

-3 —2 -1 0 1 2 3
Figure 5-5 Estimation error |f(x) — f(x)| with five rules and seven rules.
Reproduced from [13], © B, Al Faiya.
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5.3 Fuzzy Q-Learning

The value of the game is based on the assumption that both players play
their Nash equilibrium strategies. In practical applications, one player
may not know its own Nash equilibrium strategy or its opponent's
strategy. Therefore, learning algorithms are needed to help the player
learn its equilibrium strategy. Most of the learning algorithms applied to
DGs, especially to the pursuer—evader game, are based on reinforcement
learning algorithms [4-6].

A typical reinforcement learning approach such as Q-learning needs to
discretize the action space and the state space. However, when the
continuous state space or action space is large, the discrete
representation of the state or action is computationally intractable [19].
Wang [20] proved that an FIS is a universal approximator which can
approximate any nonlinear function to any degree of precision.
Therefore, one can use fuzzy systems to generate continuous actions of
the players or represent the continuous state space.

The fuzzy system in this chapter, as shown in Fig. 5-6, is implemented by
TS rules with constant consequents [21]. We structure the FIS for the use
as part of a reinforcement learning system in the following way. It
consists of M rules with n fuzzy variables as inputs and one constant

number as the consequent. Each rule / (/ = 1, ... , M) is of the form
R4 T e B oo, and i o F, 5.25
THEN u = ¢/
where ¥ = (x. ... .x,) are the inputs passed to the fuzzy controller, /! is

the fuzzy set related to the corresponding fuzzy variable, u is the rule's
output, and ¢ is a constant that describes the center of a fuzzy set. If we
use the product inference for fuzzy implication [20], t-norm, singleton
fuzzifier, and center-average defuzzifier, the output of the system
becomes
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where ,// is the membership degree of the fuzzy set F/ and

n _
I “f-;'{_,_.r_] 5.27
{I)" = i
W 7] ’
> ()
=1 i=1
Fuzzy rule base
—  »  Fuzzifier Defuzzifier ——»
Crisp points Crisp points

r r

—»{ Fuzzy inference engine
Fuzzy sets Fuzzy sets

Figure 5-6 Basic configuration of fuzzy systems.

Reproduced from [13], with permission of Carleton University.

Among fuzzy reinforcement learning algorithms, one may use a fuzzy Q-
learning (FQL) algorithm to generate a global continuous action for the
player based on a predefined discrete action set. We assume that the
player has m possible actions from an action set 4 = {4,.a,. ... .a,}.To
generate the player's global continuous action, we use the following form
of fuzzy IF-THEN rules:

R, : IF x; is F‘lr sepand., wxgle 5.28
THEN u=d'

where ' is the chosen action from the player's discrete action set 4 for
rule /. The action 4/ is chosen on the basis of an exploration-exploitation
strategy [23]. In this chapter, we use the ¢ -greedy policy as the
exploration-exploitation strategy. The ¢ -greedy policy is defined such
that the player chooses a random action from the player's discrete action
set 4 with a probability ¢ and a greedy action with a probability | — ¢ .
The greedy action is the action that gives the maximum value in an
associated ¢ -function. Then we have
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; random action from A Prob(e) 5.29
s arg mu:r({fﬂ{e". a)) Prob(l — &)
HE /

where ¢(/, ) is the associated ¢ -function given the rule / and the player's
action ¢ € 4 . Based on (5.26), the global continuous action at time ¢
becomes

\
| - 5.30
Ul(x,) = Z 'IDiﬂi
I=1

where ¥, = (x|, x5, ... ,x,) are the inputs, A7 is the number of fuzzy IF-
THEN rules, and « is the chosen action in (5.29) for rule / at time .

Similar to (5.30), we can generate the global Q-function by replacing ¢; in
(5.26) with ¢,(/.a') and get

W
J 5.31
0(x) =) ®lq,l.dl)

I=1

We can also define ¢;(X,) as the global Q-function with the maximum ¢ -
value for each rule. Then (5.31) becomes

i

' 5.32
O (x) = Z @/ max gq,(l,a)

=1 :

where Max 4,l.a) denotes the maximum value of ¢,(/.a) forall 4 € 4 in
rule /.

Given (5.31) and (5.32), we define the temporal difference (TD) error as

Erpl = Pyt Y07 (K1) — QX)) 5.33

where y € |0, 1) is the discount factor and 7.+ is the received reward at
time ¢ + 1. Then the update law for the ¢ -function is given as

Gy =gl d)y+né @,  (=1,..,M) 5.34
where # is the learning rate.

The FQL learning algorithm is summarized in Algorithm 5.1.
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Algorithm 5.1 FQL algorithm

I: Initialize ¢(-) = 0 and Q(-) = 0;

2. for Each time step do

3. Choose an action for each rule based on (5.29) at time £;
4. Compute the global continuous action U,(X,) in (5.30);
5:  Compute Q,(x,) in (5.31):

6: Take the global action U,(X,) and run the game:

7. Obtain the reward r,,; and the new inputs X, at time 7 + [;
8: Compute Q7 (x,y) n (5.32);

9: Compute the temporal difference error £, in (5.33);

10: Update ¢,,,(/,a}) in (5.34) for I =1,..., M;

11: end for

5.4 Fuzzy Actor-Critic Learning

In FQL, one has to define the player's action set 4 based on the
knowledge of the player's continuous action space. Suppose we do not
know how large the action space is or the exact region the action space is
in, the determination of the action set becomes difficult. Moreover, the
number of elements in the action set will be prohibitively large when the
action space is large. Correspondingly, the dimension of the ¢ function in
(5.34) will be intractably large. To avoid this, we present in this section an
FACL method.

The actor—critic learning system contains two parts: one is to choose the
optimal action for each state called the actor, and the other is to estimate
the future system performance called the critic. Figure 5-7 shows the
architecture of the actor—critic learning system. The actor is represented
by an adaptive fuzzy controller which is implemented as an FIS. We also
propose to implement the critic as an FIS. We have implemented the
adaptive fuzzy critic in References [6, 24]. We showed that the adaptive
fuzzy critic in Reference [6] performed better than the neural network
proposed in Reference [19]. In the implementation proposed in this
chapter, we only adapt the output parameters of the fuzzy system,
whereas in Reference [6] the input and output parameters of the fuzzy
system are adapted, which is a more complex adaptive algorithm. The
reinforcement signal 7, is used to update the output parameters of the
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adaptive controller and the adaptive fuzzy critic, as shown in Fig. 5-7.

v | error
alue :
State :[ hinctian ]7 Action

/ [

Reward

&r Environment ;——/

B
|
L )

Figure 5-7 Architecture of the actor—critic learning system.

Reproduced from [13], with permission from MIT Press.

The actor is represented by an adaptive fuzzy controller which is
implemented by TS rules with constant consequents. Then the output of
the fuzzy controller becomes

M
u, = Z EDIH{ 5-35
/=1

where ;/ is the output parameter of the actor.

In order to promote exploration of the action space, a random white noise
v(0,0) is added to the generated control signal « . The output parameter
of the actor ,/ is adapted as

Ww—u g .26
J = wl + PA(- r, ou 5.30

}_
1+l o odw

I

where g € (0,1) is the learning rate for the actor.

In order to avoid large adaptation steps in the wrong direction [25], we
use only the sign of the prediction error A and the exploration part
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(ut, —u,)/o in (5.36). Then, Eq. (5.36) becomes

. u —u 3 .
H‘L] = u‘i + fisign {ﬂ. ( “ f) } i 5-37

o du!

where

T4 (x) 5.38
i=1

/

du
= = ([)I

ow' M gn
2 (H H"-{r,-l)

=1 i=1

The task of the critic is to estimate the value function over a continuous
state space. The value function is the expected sum of discounted rewards

defined as
Vi=E { Z }’&".r+k+t } .

k=l

where ¢ is the current time step, ’:+x+1 is the received immediate reward
at the time step 1+ k + 1, and y € [0, 1) is a discount factor. Equation
(5.39) can be also rewritten recursively as

V: =ty VHI 5.40
After each action selection from the actor, the critic evaluates the new
state to determine whether things have gone better or worse than
expected. For the critic in Fig. 5-7, we assume TS rules with constant
consequents [25]. The output of the critic j~ is an approximation to 7,
given by

M
. 5.41
- { ol
V=Y ¢,

=1

where ¢ denotes a discrete time step, ¢ is the output parameter of the
critic defined as ¢ in (5.25), and ¢/ is defined in (5.27).

Based on (5.40) and the above approximation J,, we can generate a
prediction error A as
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A= Frgl + | I':’.r+l - i:f; 5'42

This prediction error is then used to train the critic. Supposing it has the
parameter ¢’ to be adapted, the adaptation law would then be

P §,‘+a&.—— 543

where a € (0, 1) is the learning rate for the critic. We set § < «, where # is
given in (5.36), so that the actor will converge more slowly than the critic
to prevent instability in the actor [24]. Also the partial derivative is easily
calculated to be

[T #(x) >-44
i=]

ﬂ = ={I}f

agl M yn
E ()

I=1 \i=l

The FACL algorithm is summarized in Algorithm 5.2.

Algorithm 5.2 FACL algorithm

I- Initialize ¥ =0,¢'=0and w' =0forl=1,..., M.

- for Each time step do

3 Obtain the inputs X,.

4. Calculate the output of the actor u, in (5.35).

5. Calculate the output of the critic ¥, in (5.41).

6:  Run the game for the current time step.

7. Obtain the reward r,,, and new inputs X, ;.
Calculate ¥, based on (5.41).

9:  Calculate the prediction error A in (5.42).

10: Update ¢!  in(5.43) and w! | in (5.37).

11: end for

Il

5.5 Homicidal Chauffeur Differential Game

DGs [2] are a family of dynamic, continuous-time games. The homicidal
chauffeur DG is one type of DG. It was originally presented by Isaacs in
1954. A pursuer or a group of pursuers attempt to capture one or a group
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of evaders in minimal time, while the evaders try to avoid being captured.

The game terminates when the evader is within the lethal range of the
pursuer (capture or termination time), or when the time exceeds 1 min
(escape). Players evaluate the current state and then select their next
actions. The players' strategies are not shared, and therefore each player
has no knowledge of the other player's next selected action. We assume
that the environment is obstacle-free.

The existence of optimal strategies in the pursuit—evasion DG is
determined by Isaacs' condition [26—28]. The formal results concerning
optimal strategies for pursuit—evasion DGs are given in References [26,
29]. The homicidal chauffeur game and Isaacs condition for the game are
discussed below.

In our model, a homicidal chauffeur game is played by autonomous
robots. The chauffeur (the pursuer p ) is a car-like mobile robot, and the
pedestrian (the evader £ ) is a point that can move in any direction
instantaneously. In Isaacs' homicidal chauffeur DG, a pursuer aims to
minimize the capture time of an evader. The evader's objective is to
maximize the capture time and avoid capture.

We assume that the players move at a constant forward speed w;. The
pursuer's speed is greater than the evader's speed, but the evader can
move in any direction. The steering angle of the pursuer is given as

—u, = U, =u, where !, is the maximum steering angle. The
maximum steering angle results in a minimum turning radius R, defined
by

L, 5.45

R, = ———
tan(u, )

where L, is the pursuer's wheelbase.

The dynamic equations for the pursuer p and the evader £ are [26]

&, = w,cos(f),) 5.46

www.EngineeringBooksPdf.com



¥, = w,sin(d,)

0, = EH‘”

X, = w,cos(u,)
V. = w,sin{u,)

where (x,y), w, and ¢ denote the position, the velocity, and the
orientation, respectively, as shown in Fig. 5-8. The angle difference ¢
between the pursuer and the evader is given as

4 = tan-! (1 —_l-p) d 5.47

Xe — X

N KgmX

p x”
Figure 5-8 Homicidal chauffeur problem model.
Reproduced from [13], © B, Al Faiya.
The relative distance between pursuer and evader is found as
d = \/(.\'(. = X, + (¥ — yp)? 5.48

The capture occurs when the distance ¢ < 7.

In Reference ([[26]], pp. 232—237), Isaacs presented a condition for the
pursuer to succeed in capturing the evader. Assuming that the pursuer's
speed is greater than the evader's, the capture condition is given as
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I/R,> V1 —y2+sin"'y—1 5:49

where 7 /R, is the ratio of the radius of capture to the minimum turning
radius of the pursuer, and r = w,/w, <1 is the ratio of the evader's speed
to the pursuer's speed. If the inequality (5.49) is reversed, £ escapes from
P indefinitely.

Based on the capture condition in (5.49) and Isaacs' solution of the
problem, the evader's optimal strategy can be obtained by solving the
following two problems [26, 29, 30]:

1. When the evader is far enough from the pursuer, the evader's control
strategy is to maximize the distance between the evader and the
pursuer as follows:

u, = tan™' ——= 5.50

2. When the distance between the pursuer and evader becomes such that
d < R,, the evader adopts a second control strategy to avoid capture.
The pursuer cannot turn more than a minimum turning radius &, .
The evader will make a sharp turn, normal to its direction, and enter
the pursuer's non-holonomic constraint region. As shown in Fig. 5-9,
a non-holonomic player is constrained to move along paths of
bounded curvature such as the pursuer's minimum turning radius &,
given in Eq. (5.45). The evader's second control strategy is given as

u, =0,+xn/2 5.51

TIFeN
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Figure 5-9 The vehicle cannot turn into the circular region defined by its
minimum turning radius R .

Reproduced from [13], © B, Al Faiya.
The pursuer's optimal control strategy is to minimize the distance and

capture the evader in minimum time. The pursuer controls its steering
angle as follows [28, 29, 31]:

Vo =V, .
u, = tan™' ( : ) -0, 5:52
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5.6 Fuzzy Controller Structure

We use two inputs (fuzzy variables) to the fuzzy controller and generate
one output from the fuzzy controller. The inputs for the pursuer are the
angle difference ¢ and its rate of change ¢ . The inputs for the evader are
the angle difference ¢ and the distance 4 . We add the distance as an
input to the fuzzy controller for the evader. The reason is that the evader
has higher maneuverability than the pursuer and the distance between
the evader and the pursuer is critical for the evader to decide if it needs to
make a sharp turn.

For simplicity and to avoid the curse of dimensionality, we use two inputs
and three fuzzy sets for each input to construct the controller. The
pursuer's fuzzy sets are negative (N), zero (Z), and positive (P) for the
angle difference ¢ and its derivative ¢ . The evader's fuzzy sets are
negative (N), zero (Z), and positive (P) for the angle, and far (F), close
(C), and very close (V) for the distance.

We apply a zero-order TS FIS [11]. TS FIS consists of fuzzy IF-THEN
rules and a fuzzy inference engine. Given the fuzzy variables x; and the
corresponding fuzzy sets 4; and B;, the fuzzy IF-THEN rules are

R, : IF x, is Ay AND x, is By THEN f, = K' 5.52

where »; represents ¢ and ¢ for the pursuer, ¢ and «# for the evader. f
is the output function of rule / and g’ is the parameter for the
consequence part of the fuzzy rules.

Three MFs are used for each input, which results in constructing 32 = 9
rules. The Gaussian MFs are given as

xi—c\’ 5-53
pa, () =exp [ - ——
{Tj.

The Gaussian MF parameters are the mean ¢ and the standard deviation
o . We use reinforcement learning to learn the MF parameters. Figure 5-
10a and b show the initial MF's before tuning.
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Figure 5-10 Membership functions before training. (a) Pursuer
membership functions before training. (b) Evader membership functions

before training.
Reproduced from [13], © B, Al Faiya.

The steering angle « is the output formed by the weighted average

defuzzifier, and expressed as

9 2 .
b3 ((l_[ ,u,_,l,(:r,-]) K’) 5.54
=1 i=1

9

(I:[ -”.-i_r(*rl'})
I=1 i=1

The fuzzy rules are illustrated using the tabular format. Tables 5.2 and 5.3
show the fuzzy decision table and the output constant x’ for the pursuer
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and the evader, respectively, before learning.

Table 5.2 Pursuer's fuzzy decision table before learning.

¢ N Z P
¢
N =05 | 025 0.0
Z | -025] 00 0.25
P 0.0 0.25 0.5

Table 5.3 Evader's fuzzy decision table before learning.

d
i
N -2 —mt/2 —m/4

VC CS FA

P w2 w2 /4

5.7 Q(.)-Learning Fuzzy Inference System

A learning agent in a reinforcement learning problem interacts with the
environment and receives a reward , at each time step . The agent's
goal is to

maximize the long-run discounted return R, [23]

e
. 5.55
Rr = Z J"Rr.r+|"f+il
k=0

where (0 < y < 1) is the discount factor,  is the current time step, and 7
is the episode terminal time.

One common type of reinforcement learning is Q-learning. Q-learning
estimates the action-value function Q(s.a) to achieve the best expected
return. The action-value function is given as
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oo 5.56
Q("’I: “‘} — f{ { Z ?Jllf'lg‘._i_lr‘i_l |"’I.I' = 5. “f — ﬂ}

k=0

Desouky and Schwartz [31] proposed the Q( 4 )-learning fuzzy inference
system (QLFIS) technique. In Reference [31], QLFIS was successfully
applied to train the pursuer to capture the evader in minimum time. We
apply Desouky's QLFIS algorithms for our model to train both the evader
and the pursuer. The construction of the learning system is shown in Fig.
5-11. Q( 4 )-learning is used to tune the input and the output parameters
of the fuzzy logic controller (FLC) and the function approximator which is
implemented by an FIS. In Reference [31], Desouky derived and
presented the update rules of the learning process.

Ny
N\ i
u + Up
—» FLC ¥ » System

X ;
: N,

/ 8y | Fpq+max Q(sy,1,U°)
FIS O(Sr,”} - -+ u
/

Figure 5-11 Construction of the learning system where the white Gaussian
noise N'(0,s:) is added as an exploration mechanism.

Reproduced from [13], © B, Al Faiya.
As shown in Fig. 5-11, the TD error 4, is given as
8, =t +7 max 08401, 8) — O3, a,) 5.57

We apply the eligibility traces ¢, to Eq. (5.56). The Q( 4 )-learning action-
value function in is updated by

Q.05 a)= 0.(s,,a,) + abd, e, 5.58

where (0 < « < 1) is the learning rate, and the replacing eligibility traces is
represented as
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aQ,(s;,a,) 5.59
dg

Given the parameters ¢ = [K ¢ ¢]" to be tuned in the fuzzy systems, the

update rules for the FIS are defined by Reference [31]

e,=yAe_+

d0,(s,, u,) } 5.60

Eps(t + 1) = Epys(t) + 1, {Nf’;—l + =
OCis

and the update rules for the FLC are defined by

1 _ S du (U, —u 5.61
ErLct + 1) = Eppe(n) + 6, {dé,r.-f_(- ( = ) }
where
[ 00,(s,u) | _ : .62
- 2o ;
: d I: ] {K# = Qf[""llf'-' “rﬂ E(If - E{)
dQ,(s,, 1) M @y e
e | o |7 2 ) |
SFIS ! (K = Q,(s,,u,))  2(x;— {-D—
00,(s,,u,) @, ;
T i PN (c})?
[ d_HI, I i EI{E’F | 5'63
dK (K —u) 2x;—cl)?
ou 9y o / 1f
Vo | 855 |7 2/ ;)
SFLE ah: {K.l' i H)(} 2(.\’1 = ,::I}
ot o [}
2d T (o)

with the learning rate # for the FIS and ¢ for the FLC. The firing strength
@; and the normalized firing strength @, of the rule / are defined as

follows [31]:
2 el Y 5.64
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9
Y
=1

fE?‘r =

5.65

The learning algorithm used in our simulation is shown in Algorithm 5.3,
where M is the number of episodes (games) and N is the number of steps

(plays).

Algorithm 5.3 QLFIS algorithm

- MFs « Fig. 5.10

|

2. K! « Tables 5.2 and 5.3

3 O@s,u) « 0 {FIS Q-values}
4 e« 0 {eligibility traces of the FIS}
55y «<095;4<09;0, « 0.08

6: fori <1 to M do

7: r;t-:—(ﬂ.l—ﬂﬂ'?(ﬁ))
g g<—(0.01-o+009(ﬁ'))

% (0,) %(0,0) {pursuer initial position}
10. initialize (x,, y,) randomly tevader initial position}

11 update s, = (¢, ¢)
122 update s, = (¢, d)

13 u+ Eq. (5.59) {for the pursuer and the evader}

14 forj < 1 to Ndo

155 u, < u+ Ny {for the pursuer and the evader}

16: O(s,, u) < Eq. (5.59)

17: play the game, observe the next states s, and s, and the reward r
18: Q81,1 « Eq. (5.55)
19: 6, — Eq. (5.58)

20: e, « Eq. (5.60) {for the FIS}
ot E(t+ 1)pg < Eq. (5.61)  {update FIS input and output parameters}
23 E(t + Vg < Eq. (5.62) {update FLC input and output parameters}

23: S S cu—u
24-  end for
25: end for

5.8 Simulation Results for the Homicidal
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Chauffeur

We simulate the system for different numbers of episodes. The number of
steps is 600, and the sampling time is (.1 s.

The pursuer is twice as fast as the evader such that w, =2 m/s and w, = |
m/s. The pursuers wheelbase is 1. = (0.3 m. At each episode, the position
of the evader is initialized randomly. The initial position of the pursuer is
at the origin (x,,1,) = (0,0), and the initial orientation of the pursuer is

0 = ( rad. We consider the kinematic equations of the pursuer and the
evader given in Eq. (5.45).

The game terminates when the pursuer captures the evader, or when the
time exceeds 60 s (escape). The capture radius is # < (.15 m which is half

the wheelbase of the pursuer # < L The maximum steering angle of the

pursuer is =0.5 <u, ~<0.5 rad with R, = 0.5491 m. Given the stated
parameters of the system and using Isaacs' capture condition, there exists
a strategy for the evader to avoid capture.

We now use the learning algorithm presented in Algorithm 5.3 to
simulate the game. The initial conditions of the learning system are given
in steps 1—5 of Algorithm 5.3. To evaluate the learning technique
efficiency of the evader, the pursuer's parameters are initialized such that
the pursuer can capture the evader with their initial strategies before
learning. We apply the same learning algorithm QLFIS to both players.

At the beginning of the learning, the pursuer always captured the evader,
as shown in Fig. 5-12. After 500 episodes, in Fig. 5-13, the evader
increased the capture time and made successful maneuvers. Figure 5-14
and Table 5.4 show that the evader learned to escape from the pursuer
after 1000 episodes. The evader makes sharp turns when the distance

d < R,. The evader avoids capture by changing its direction and entering
into the pursuer's turning radius constraint. The learners' fuzzy
consequence parameters x’ after 1000 episodes are shown in Tables 5.5
and 5.6.
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Figure 5-12 The pursuer captures the evader with 100 learning
episodes.

Reproduced from [13], © B, Al Faiya.
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Figure 5-13 The evader increases the capture time after 500 learning
episodes.

Reproduced from [13], © B, Al Faiya.
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Figure 5-14 The evader learns to escape after 1000 learning episodes.
Reproduced from [13], © B, Al Faiya.

Table 5.4 Capture time (s) for different numbers of learning episodes.

Game No. of episodes Capture time (s)
Theoretical — > 60 (escape)
100 12.90
After learning using QLFIS 500 25.10
1000 > 60 (escape)

Table 5.5 The evader's fuzzy decision table after 1000 learning episodes.
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VC CL FE

—1.5848 | —1.5782 | -0.4074
—1.5758 | 1.5526 0.0331
1.5930 1.5794 | 0.2626

o Nz

Table 5.6 The pursuer's fuzzy decision table after 1000 learning

episodes.
¢ N z P
¢
N -0.4763 | -0.2503 | -0.0075
Z —0.2413 | 0.0023 0.1522
P | -0.0046 | 0.2650 | 0.4777

For comparison, we show the results of the theoretical solution described
in Section 5.5. Given the stated parameters of the system and using Isaacs
capture condition, there exists a strategy for the evader to avoid capture
when —0.5 <u, <0.5 rad. Figure 5-15 shows that the evader can escape
from the pursuer by making sharp turns. We then increase the maximum
steering angle of the pursuer to —0.7 <u, ~<0.7 rad. In this case, the
capture condition is satisfied. The pursuer can capture the evader as
shown in Fig. 5-16 with capture time = 11.90 s.
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Figure 5-15 The evader avoids capture when #, = 0.5 rad.

Reproduced from [13], © B, Al Faiya.
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Figure 5-16 The pursuer can capture the evader when u, = 0.7 rad.
Reproduced from [13], © B, Al Faiya.

5.9 Learning in the Evader-Pursuer Game with
Two Cars

The pursuit—evasion model is shown in Fig. 5-17. Equations of motion for
the pursuer/evader robot are [29]

X; = v;cos(6;) 5.66
V; = v;sin(8;)

: U
g; = !—’ tan(u;)
“I

€« 2

where “; 7 is “p ” for the pursuer and is “¢ ” for the evader, (x;. ;) is the
position of the robot, ¢; is the orientation, Z; is the robot wheelbase, #; is
the steering angle, «; € [-u; .u; | and v; is the velocity of the robot
which is governed by the steering angle, to avoid slips, such that

vi=V; _cos(u;) 5.67

mi

r

where V; is the maximum velocity of the robot. Our scenario is to make
the pursuer faster than the evader, thatis, ¥, > V.  but at the same
time to make the pursuer less maneuverable than the evader, that is,

up, . <. . The control strategy for the pursuer is to drive the angle
difference between the pursuer and the evader, 5, to be zero where the
error in angle, & , is calculated as

§ = tan™! (_r{. s ) -, 5.68

Xe — Xp

The control strategy for the evader is to maximize the distance between
them in two ways [29, 32]:

1. If the distance between the pursuer and the evader is greater than a
certain value «, then the control strategy for the evader is
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Vo =V,
u, = tan™! ( . ) -0, 5-69

Xi =%

2. If the distance between the pursuer and the evader is smaller than «,
then the evader exploits its higher maneuverability. Therefore, the
control strategy for the evader will be

5.70

Figure 5-17 The game of two cars.
Reproduced from [13], © B, Al Faiya.

This strategy will increase the maneuverability of the evader and make it
more difficult (but not impossible) for the pursuer to catch the evader.
We choose this strategy to show the effect of our proposed techniques on
the system. The classical control strategy of the pursuer that we compare
our results with is defined by

.

2 e 5.71
_IFJUTI'\I.I'\. ) {::' { _EF-FITI'.I\

H, =46 |

g P =0 S U

IHI:I.I'\.

u,

Ir max

o> u,

Ir max

where 5 is defined by (5.68).
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The capture occurs when the distance between the pursuer and the
evader is less than a certain value, #. We call this the capture radius,
which is defined as

, \/(.x't. =X, + (e = 3 5.72

5.10 Simulation of the Game of Two Cars

The initial position of the pursuer is at the origin (x,,,) = (0,0), and the
position of the evader is initialized randomly at each episode. The initial
orientation of the pursuer and the initial positions are the same as in the
homicidal chauffeur game. The initial orientation of the evaderis ¢, =0
rad. We use the kinematic equations of the pursuer and the evader given
in (5.66).

Similarly, the game is initialized such that the pursuer can capture the
evader as shown in Fig. 5-18. After 500 episodes, in Fig. 5-19, the evader
increased the capture time and made a successful maneuver. Figure 5-20
and Table 5.7 show that the evader learned to escape from the pursuer
after approximately 1300 episodes. The evader makes sharp turns to

enter into the pursuer's turning radius constraint when the distance
d <R
<R

35 . . . .

30

25

20
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0 : .
0 10 20 30 40 50 60 70

Figure 5-18 The pursuer captures the evader with 100 learning episodes.
Reproduced from [13], © B, Al Faiya.
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Figure 5-19 The evader increases the capture time after 500 learning
episodes.

Reproduced from [13], © B, Al Faiya.
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Figure 5-20 The evader learns to escape after 1300 learning episodes. (a)
The evader learns to escape after 1300 learning episodes. (b) Zoomed
version of (a).

Reproduced from [13], © B, Al Faiya.

Table 5.7 Summary of the time of capture for different numbers of
learning episodes in the game of two cars.

Game No. of episodes Capture time T, (sec)

Theoretical — > 60 (escape)
100 13.70

After learning using QLFIS 500 27.50
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1300 > 60 (escape)

Figures 5.21 and 5.22 show the MFs of the evader and the pursuer after
learning. The consequence parameters g’ after training are shown in
Tables 5.8 and 5.9.
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Figure 5-21 The pursuer's membership functions after training. (a) The
angle difference . (b) The rate of change of the angle difference ¢ .
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Reproduced from [13], © B, Al Faiya.
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Figure 5-22 The evader's membership functions after training. (a) The
angle difference @. (b) The distance between the pursuer and the evader
d.

Reproduced from [13], © B, Al Faiya.

Table 5.8 The evader's fuzzy decision table and the output constant g’
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after learning.

Table 5.9 The pursuer's fuzzy decision table and the output constant g’

\ W C F

¢
N | -1.591 | -1.572 | -0.337
Z | -1613 | 1571 0.146
P 1.537 1.573 0.429

after learning.
¢ N Z P
¢
N | —0.4660 | —0.2512 | -0.0005
—(.3507 | 0.0274 0.1765
P | —0.0124 | 02615 | 0.4830

Without Eligibility Traces. We now apply Q-learning without the use of
eligibility traces. In each episode, we record the time of capture and plot
the time versus 500 episodes. Then we run 10 simulations and average
the result. The solid line in Fig. 5-23 is the result from using Q(4)-
learning. The dashed line is the result from using Q-learning. Compared
to Q-learning, the learning speed is similar to that with the eligibility
traces. The convergence speed of the player's learning process has not
improved significantly when using Q( 4 )-learning.
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Figure 5-23 The time of capture with the use of eligibility traces in the
game of two cars.

Reproduced from [13], © B, Al Faiya.

This section presented the applications of fuzzy Q(1 )-learning and fuzzy
Q-learning to pursuit—evasion DGs. The fuzzy controller, the convergence
of the learning process, and the learning speed were investigated. The
QLFIS technique was then used to train both the evader and the pursuer
simultaneously. The trained evader learned to make sharp turns (extreme
strategy) to maximize the time of capture and, if possible, avoid being
captured. Simulation results of the homicidal chauffeur game and the
game of two cars showed that the evader successfully learned to escape
from the pursuer. The use of eligibility traces did not significantly
improve the learning speed when used in Q( 4 )-learning. Moreover,
eligibility traces required more computations per episode.

5.11 Differential Game of Guarding a Territory

In this section, we apply fuzzy reinforcement learning algorithms to the
DG of guarding a territory and let the defender learn its Nash equilibrium
strategy by playing against the invader. To speed up the defender's
learning process, we design a shaping reward function for the defender in
the game. Moreover, we apply the same FACL algorithm and shaping
reward function to a three-player DG of guarding a territory including
two defenders and one invader. We run simulations to test the learning
performance of the defenders in both cases.
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In reinforcement learning, a reinforcement learner may suffer from the
temporal credit assignment problem where a player's reward is delayed
or only received at the end of an episodic game. When a task has a very
large state space or continuous state space, the delayed reward will slow
down the learning dramatically. For the game of guarding a territory, the
only reward received during the game is the distance between the invader
and the territory at the end of the game. Therefore, it is extremely
difficult for a player to learn its optimal strategy based on this very
delayed reward. To deal with the temporal credit assignment problem
and speed up the learning process, one can apply reward shaping to the
learning problem [33]. Shaping can be implemented in reinforcement
learning by designing intermediate shaping rewards as an informative
reinforcement signal to the learning agent and reward the agent for
making a good estimate of the desired behavior [23, 34, 35]. The idea of
reward shaping is to provide an additional reward as a hint, based on the
knowledge of the problem, to improve the performance of the agent [33].

The Isaacs' guarding a territory game is a two-player zero-sum DG. The
invader's goal is to reach the territory. If the invader cannot reach the
territory, it at least moves to a point as close to the territory as possible
[2]. Accordingly, the defender tries to intercept the invader at a point as
far away as possible from the territory [2]. We denote the invader as I and
the defender as D in Fig. 5-24. The dynamics of the invader I and the
defender D are defined as

Xp(f) =sinbp, yp(f)=cosfp 5.73
Xp(1) =snb;, i(r) =cosb, 5.74

—x<0p=sn, —-m20;<nm

where 0, is the defender's strategy and ¢, is the invader's strategy.
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Figure 5-24 The differential game of guarding a territory.
Reproduced from [18], © X. Lu.

In order to simplify the problem, we establish a relative coordinate frame
centered at the defender's position with its »’-axis in the direction of the
invader's position as shown in Fig. 5-24. The territory is represented by a
circle with center 7 (x’.,)’) and radius R . Different from ¢, and ¢, in
the original coordinate frame, we define u; as the defender's strategy and
u; as the invader's strategy in relative coordinates.

The payoff for this game is defined as

P (up,uyp) = \/{.x",u,}— XL+ ) —y7) — R 275

where ip denotes the players' initial positions, R is the radius of the
target, and /s is the terminal time. The terminal time is the time when the
invader reaches the territory, or the invader is intercepted before it
reaches the territory. The above payoff indicates how close the invader
can move to the territory if both players start from their initial positions
and follow their stationary strategies #, and #; thereafter. In this game,
the invader tries to minimize the payoff p while the defender tries to
maximize it.

In Fig. 5-24, we draw the bisector BC of the segment ID. According to the
dynamics of the players in (5.73) and (5.74), the players can move in any
direction instantaneously with the same speed. Therefore, the region
above the line BC is where the invader can reach before the defender, and
the region below the line BC is where the defender can reach before the
invader. We draw a perpendicular line TO to the bisector BC through the
point T. Then point O is the closest point on the line BC to the territory T.
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Starting from the initial position (7, D), if both players play their optimal
strategies, the invader can only reach point O as its closest point to the
territory.

The value of the game can be found as the shortest distance between the
line BC and the territory. We define the value of the game as

PGc, u') =|| TO || =R 5.76

4
.IrJ'”f

where #}, and ¥, are the players' Nash equilibrium strategies given by

u}y = 2DO, 5.77
u) = 210, 5.78

xSty S A, -7 < H? <

5.12 Reward Shaping in the Differential Game of
Guarding a Territory

In reinforcement learning, the player may suffer from the temporal credit
assignment problem where a reward is received only after a sequence of
actions. For example, players in a soccer game are given rewards only
after a goal is scored. This will lead to the difficulty in distributing credit
or punishment to each action from a long sequence of actions. We define
the terminal reward when the reward is received only at the terminal
time. If the reinforcement learning problem is in the continuous domain
with only a terminal reward, it is almost impossible for the player to learn
without any information other than this terminal reward.

In the DG of guarding a territory, the reward is received only when the
invader reaches the territory or is intercepted by the defender. According
to the payoff function given in (5.75), the terminal reward for the
defender is defined as

R Dist the defender captures the invader 579
D= . .
0 the invader reaches the territory
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where Dist;; is the distance between the invader and the territory at the
terminal time. Since we only have terminal rewards in the game, the
learning process of the defender will be prohibitively slow. To solve this,
one can use a shaping reward function for the defender to compensate for
the lack of immediate rewards.

The purpose of reward shaping is to improve the learning performance of
the player by providing an additional reward to the learning process. But
the question is how to design good shaping reward functions for different
types of games. In the pursuit—evasion game, the immediate reward is
defined as

Fru1 = Distyp(t) = Distyp(t + 1) 5.80

where Dist;;(1) denotes the distance between the pursuer and the evader
at time 7. One might consider the above immediate reward as the
shaping reward function for the DG of guarding a territory. However, the
immediate reward in (5.80) is not a good candidate for the shaping
reward function in our game. The goal of the pursuer is to minimize the
distance between the pursuer and the evader at each time step. Different
from the pursuer, the goal of the defender in the DG of guarding a
territory is to keep the invader away from the territory. Since the
defender and the invader have the same speed, the defender may fail to
protect the territory if the defender keeps chasing after the invader all the
time.

Based on the above analysis and the characteristics of the game, we
design the following shaping reward function for the defender:

Pl = Y70} = Yyt 4+ 1) 5.81

where )’.(1) and /(7 + 1) denote the territory's relative position of the )’-
axis at time ¢ and r + 1, respectively.

The shaping reward function in (5.81) is designed based on the idea that
the defender tries to protect the territory from invasion by keeping the
territory and the invader on opposite sides. In other words, if the invader
is on the defender's left side, then the defender needs to move in a
direction where it can keep the territory as far to the right side as
possible. As shown in the relative coordinates in Fig. 5-24, the invader is
located on the positive side of the )’-axis. Then, the goal of the defender
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in Fig. 5-24 is to keep the invader on the positive side of the )’-axis and
move in a direction where it can keep the territory further to the negative
side of the )'-axis.

5.13 Simulation Results

We assume that the defender does not have any information about its
optimal strategy or the invader's strategy. The only information the
defender has is the players' current positions. We apply the
aforementioned FQL and FACL algorithms in Section 5.4 to the game and
make the defender learn to intercept the invader. To compensate for the
lack of immediate rewards, the shaping reward functions introduced in
Section 5.12 are added to the FQL and FACL algorithms. Simulations are
conducted to show the learning performance of the FQL and FACL
algorithms based on different reward functions. Then we add one more
defender to the game. We use the same FACL algorithm to both
defenders independently. Each defender only has its own position and
the invader's position as the input signals. Then the FACL algorithm
becomes a completely decentralized learning algorithm in this case. We
test, through simulations, how the two defenders can cooperate with each
other to achieve good performance even though they do not directly share
any information.

5.13.1 One Defender Versus One Invader

We first simulate the DG of guarding a territory with two players whose
dynamics are given in (5.73) and (5.74).

To reduce the computational load, ;*/(x,) in (5.26) is defined as a
triangular MF. In this game, we define three input variables, which are
the relative » -position »; of the invader, the relative x -position X, of the
territory, and the relative » -position ), of the territory. The predefined
triangular MFs for each input variable are shown in Figs. 5.25—5.27. The
number of fuzzy rules applied to this game is 4 x 5 x 5 = 100. The selection
of the number of rules and the MFs in the premise part of the fuzzy rules
is based on the prior knowledge of the game.
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Figure 5-25 MFs for ).
Reproduced from [18], with permission of Carleton University.
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Figure 5-26 Membership functions for input variables.
Reproduced from [18], with permission of Carleton University.
Iy

4 NM NS ZE PS PM

-
-20 -10 O 10 20 y'r

Figure 5-27 Membership functions for input variables.
Reproduced from [18], © X. Lu.

For the FQL algorithm, we pick the discrete action set 4 as

A= {n3n/4,x/2,n/4,0,—n /4, —n /2, =31 /4) 5.82

The ¢ -greedy policy in (5.29) is set to ¢« = (0.2. For the FACL algorithm, we
set the learning rate ¢ = 0.1 in (5.43) and f = 0.05 in (5.35). The
exploration policy in the FACL algorithm is chosen as a random white
noise (0, o) with ¢ = 1. To reduce the influence of the future rewards to
the current state, we choose a small discount factor y = 0.5 in (5.33) and

(5.42).
We now define episodes and training trials for the learning process. An
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episode or a single run of the game is when the game starts at the players'
initial positions and ends at a terminal state. A terminal state in this
game is the state where the defender captures the invader or the invader
enters the territory. A training trial is defined as one complete learning
cycle which contains 200 training episodes. We set the invader's initial
position at (5,25) for each training episode. The center of the territory is
located at (20, 10) with radius g = 2.

( )

Example 5.2

We assume that the invader plays its Nash equilibrium strategy all the
time. The defender, starting at the initial position (5. 5), learns to
intercept the NE invader. We call the invader that always plays its
Nash equilibrium strategy as the NE invader. We run simulations to
test the performance of the FQL and FACL algorithms with different
shaping reward functions introduced in Section 5.12. Figures
5.28—-5.30 show the simulation results after one training trial
including 200 training episodes. In Fig. 5-28, with only the terminal
reward given in (5.79), the trained defender failed to intercept the
invader. The same happened when the shaping reward function given
in (5.80) was used in the FQL and the FACL algorithms, as shown in
Fig. 5-29. As we discussed in Section 5.12, the shaping reward
function in (5.80) is not a good candidate for this game. With the help
of our proposed shaping reward function in (5.81), the trained
defender successfully intercepted the invader, as shown in Fig. 5-30.

This example verifies the importance of choosing a good shaping
reward function for the FQL and FACL algorithms for our game.
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Figure 5-28 Reinforcement learning with no shaping function in
Example 5.2. (a) Trained defender using FQL with no shaping function.
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(b) Trained defender using FACL with no shaping function.

Reproduced from [18], © X. Lu.
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Figure 5-29 Reinforcement learning with a bad shaping function in
Example 5.2. (a) Trained defender using FQL with the bad shaping
function in Example 5.2. (b) Trained defender using FACL with the bad
shaping function in Example 5.2.

Reproduced from [18], © X. Lu.
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Figure 5-30 Reinforcement learning with a good shaping function in
Example 5.2. (a) Trained defender using FQL with the good shaping
function in Example 5.2. (b) Trained defender using FACL with the good
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shaping function in Example 5.2.

Reproduced from [18], with permission of Carleton University.

Example 5.3

In this example, we show the average performance of the FQL and
FACL algorithms with the proposed shaping reward function given in

(5.81).

The training process includes 20 training trials with 200 training
episodes for each training trial. For each training episode, the
defender randomly chooses one initial position from the defender's
initial positions 1—4 shown in Fig. 5-31. After every 10 training
episodes in each training trial, we set up a testing phase to test the
performance of the defender trained so far. In the testing phase, we
let the NE invader play against the trained defender and calculate the
performance error as follows:

PE;, = P}y, u}) = Pyy(up, u), (=1, 0555) 5.83

where ip represents the initial positions of the players, the payoffs
Py, (. 1;) and P (up. ;) are calculated based on (5.75), and PE;,
denotes the calculated performance difference for players' initial
positions ip . In this example, the invader's initial position is fixed
during learning. Therefore, the players' initial positions ip are
represented as the defender's initial positions 1—6 shown in Fig. 5-31.
We use PL,,(TE) to represent the calculated performance error for the
defender's initial position ip at the 7F th training episode. For
example, PE|(10) denotes the performance error calculated based on
(5.83) for defender's initial position 1 at the 10th training episode.
Then we average the performance error over 20 trails and get

20
= - . 5.84
PE,(TE) = jl” Z PETYTE), (ip=1,....6)
=% Tri=l

where PE,(TE) denotes the averaged performance error for players'
initial position /p at the 7F th training episode over 20 training trails.

Figure 5-32 shows the results where the average performance error
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PE,(TE) becomes smaller after learning for the FQL and the FACL

algorithms. Note that the defender's initial positions 5 and 6 in Fig. 5-
31 are not included in the training episodes. Although we did not train
the defender's initial positions 5 and 6, the convergence of the
performance errors PEs and PE; verify that the defender's learned
strategy is close to its NE strategy. Compared to Fig. 5-32a for the
FQL algorithm, in Fig. 5-32b the performance errors for the FACL
algorithm converge closer to zero after the learning. The reason is that
the global continuous action in (5.30) for the FQL algorithm is
generated based on a fixed discrete action set 4 with only eight
elements given in (5.82). The closeness of the defender's learned
action (strategy) to its NE action (strategy) is determined by the size
of the action set 4 in the FQL algorithm. A larger size of the action
set encourages the convergence of the defender's action (strategy) to
its NE action (strategy), but the increasing dimension of the Q
function will cause a slow learning speed, as we discussed at the
beginning of Section 5.4. For the FACL algorithm, the defender's
global continuous action is updated directly by the prediction error in
(5.42). In this way, the convergence of the defender's action (strategy)
to its NE action (strategy) is better in the FACL algorithm.
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Figure 5-31 Initial positions of the defender in the training and testing
episodes in Example 5.3.
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Reproduced from [18], with permission of Carleton University.
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Figure 5-32 Example 5.3: average performance of the trained defender
versus the NE invader. (a) Average performance error
PE,(TE)(ip =1, ... ,6) in the FQL algorithm. (b) Average performance

error PE,(TE)(ip =1, ... ,6) in the FACL algorithm.

Reproduced from [18], © X. Lu.

5.13.2 Two Defenders Versus One Invader

We now add a second defender to the game with the same dynamics as
the first defender as defined in (5.73). The payoff for this game is defined
as

Pupy, ups, tty) = \/{.x'j(f,-) - X+ () -y — R 5.85

where “p,-¥p,, and u; are the strategies for defender 1, defender 2, and
the invader, respectively, and R is the radius of the target. Based on the
analysis of the two-player game in Section 5.11, we can also find the value
of the game for the three-player DG of guarding a territory. For example,
we call the gray region in Fig. 5-33 as the invader's reachable region
where the invader can reach before the two defenders. Then the value of
the game becomes the shortest distance from the territory to the invader's
reachable region. In Fig. 5-33, point O on the invader's reachable region
is the closest point to the territory. Therefore, the value of the game
becomes

PGi, iy 1) =|| TO || —R 5.86

where ), .1}, .1; are the NE strategies for defender 1, defender 2, and the

invader, respectively. Based on (5.86), the players' NE strategies are given
as

ujy, = £D,0, 5.87
”;}1 — LD_:{}. 5.88
u; = AR}. 5.89
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Figure 5-33 The differential game of guarding a territory with three
players.

Reproduced from [18], © X. Lu.

We apply the FACL algorithm to the game and make the two defenders
learn to cooperate to intercept the invader. The initial position of the
invader and the position of the target are the same as in the two-player
game. Each defender in this game uses the same parameter settings of the
FACL algorithm as in Section 5.13.1. Moreover, each defender has the
information of only its own position and the invader's position without
any information from the other defender. Each defender uses the same
FACL algorithm independently, which makes the FACL algorithm a
completely decentralized learning algorithm in this game.

( )

Example 5.4

We assume that the invader plays its Nash equilibrium strategy given
in (5.89) all the time. The two defenders, starting at the initial
position (5, 5) for defender 1 and (25, 25) for defender 2, learn to
intercept the NE invader. Similar to the two-player game in Section
5.13.1, we run a single trial including 200 training episodes to test the
performance of the FACL algorithm with different shaping reward
functions given in Section 5.12. In Fig. 5-34, two defenders failed to
intercept the NE invader with only the terminal reward and with the
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shaping reward function given in (5.80). On the contrary, with the
proposed shaping reward function in (5.81), the two trained
defenders successfully intercepted the NE evader after one training
trial, as shown in Fig. 5-35.

g
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Figure 5-34 Reinforcement learning without shaping or with a bad
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shaping function in Example 5.4. (a) Two trained defenders using FACL
with no shaping function versus the NE invader after one training trial.
(b) Two trained defenders using FACL with the bad shaping function
versus the NE invader after one training trial.

Reproduced from [18], © X. Lu.
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Figure 5-35 Two trained defenders using FACL with the good shaping
function versus the NE invader after one training trial in Example 5.4.

Reproduced from [18], © X. Lu.

Example 5.5

In this example, we show the average performance of the FACL
algorithm with our proposed shaping reward function for the three-
player game. Similar to Example 5.3, we run 20 training trials with
200 training episodes for each training trial. The training process
includes 20 training trials with 200 training episodes for each
training trial. For each training episode, the defender randomly
chooses one initial position from the defender's initial positions 1—2
shown in Fig. 5-36a.
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After every 10 training episodes, we set up a testing phase to test the
performance of the defender trained so far. The performance error in
a testing phase is defined as

PE, = f’,kj{tfjj__,z.*:},:f:} — Pip(up , up,, up), (ip=1,...,4) 5.90
where ip represents the defender's initial positions 1—4 shown in Fig.
5-36a, and P, (1), . u), ) and Py, (up  up,.u}) are the payoffs calculated
based on (5.85). Then we average the performance error over 20 trails
and get

20
PE,,(TE) = % 2 PETNTE), (p=1,....4)
= Tri=1

5-91

where PE, (TE) denotes the averaged performance error for players'

initial position iy at the 7 th training episode over 20 training trails.
The simulation result in Fig. 5-36b shows that the average
performance error PE,(TE) (ip =1, ... ,4) converges close to zero after

200 training episodes. Based on the simulation results, the two
trained defenders successfully learned to intercept the NE invader.
Although there is no training performed for positions 3 and 4, as
shown in Fig. 5-36a, the convergence of PE; and PE; in Fig. 5-36b
verifies the good performance of two trained defenders. Simulation
results also verify the effectiveness of the proposed shaping reward
function to the FACL algorithm in the three-player DG of guarding a
territory.
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Figure 5-36 Example 5.5: average performance of the two trained
defenders versus the NE invader. (a) Initial positions of the players in the
training and testing episodes. (b) Average performance error for the
trained defenders versus the NE invader.

Reproduced from [18], © X. Lu.
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Chapter 6
Swarm Intelligence and the Evolution of
Personality Traits

6.1 Introduction

Swarm intelligence can be defined as the study of the social insect
metaphor for solving problems in computer science or engineering [1]. It
is a very powerful idea and a very interesting topic of research.

In this chapter, we study some of the ideas involved in the subject. We
start by discussing the evolution of swarm intelligence and swarm-based
robotics. We continue by discussing the necessity of the representation of
the environment. Thereafter, we introduce the concept of personality
traits as applied to swarm-based robotics.

6.2 The Evolution of Swarm Intelligence

Swarm intelligence grew out of the observation of social insect colonies. It
emphasizes the distributedness and direct or indirect interaction among
(relatively) simple agents [1]. The approach is also designed to be flexible
and robust, because a large number of agents will make the whole system
resistant to individual failures.

The first and main application of swarm intelligence is in combinatorial
optimization. It may be thought of as an alternative to classical
approaches and, more specifically, genetic programming. Thus, it is also
successfully applied to communication networks [1]. A more exciting
approach is the trial of achieving artificial intelligence based on simple
agents—a type of collective intelligence. In this sense, intelligence is
perceived as the capacity of solve problems and not pure rationality.

One of the main ideas of swarm intelligence is the small amount of
(formal) communication among the many individuals in the society. The
concept is that the individuals would be able to get information directly
from the environment just by observing the behavior of the other
individuals. This was named stigmergy (from the Greek stigma: sting,
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and ergon: work) [2]. The implications of this idea are enormous. First of
all, the need for the bandwidth of communication among the agents is
largely reduced. Second, the representation of the environment turns out
to be very important because it is through this representation (and not
the world itself) that a robot communicates. And finally, when we walk
toward a robotic representation, sensors become a key aspect of the
implementation.

In robotics, the key advantage of swarm intelligence is its simplicity.
Since hardware has advanced so much in the past decade or so, it has
become possible to implement simple robots and test them in operation.
Most important is the possibility to implement the algorithms in very
simple chips, such as field-programmable gate arrays (FPGAs).

In this chapter, we deal mostly with the approach of swarm intelligence
applied to robotics. We try to understand the nature of cooperation
among them and try coordination algorithms that will provide a basis for
future development.

6.3 Representation of the Environment

The way the environment is represented has a great influence on which
techniques may be used to control the robots as well as in how the payoff
tables used by game theory are implemented. In order to reduce the
robots' computational requirements, the environment is represented by
potential fields in a technique known as co-fields [3].

Co-fields are based upon cooperation through social potential fields [4].
Each robot is considered to be a particle with a given position in a fixed
time. The environment, containing the other robots, obstacles, and
enemies, is represented individually by potential fields. The potential
fields represent attraction or repulsion among the objects. In the
approach presented here, the meaning of the field is determined by the
robot through the adaptation of personality traits as discussed in next
section. For now, we may say that the algorithm the robot is running
might prefer a downhill—where the robot looks for a low potential valley
within its representation—or an uphill—where the robot pursues a peak—
approach depending on the task it has and the personalities it developed.

For each robot, according the potential field created by any object it
perceives, we may write the “force” [5] acting over it by
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Fr= Z F, + Z F, 6.1
e e

where, again, the attractive and repulsive forces are defined differently
for each robot. As a result of that, each individual robot perceives the
world in a potentially very different way from the others, much like
people. In Fig. 6-1, the actual configuration of the world and the ways
each one of two robots perceives it are shown. As can be seen, robot A
does not know anything about robot B, which, on the other hand, has a
representation of its own state (position) that does not fit the actual data,
and the other three objects are represented as a cluster (in the form of a
big attractor) and not individually. The differences in the representations
may result from the learning of new traits of personality or from noise in
the sensors. Either way, the robot will have some outcome from its
reading. Even if it means it will do nothing, this will come as a result of a
computation. In Eq. (6.1), F, is the resultant of the individual forces

(attractive and repulsive) acting on the robot.

@

% L L
A A A

w@®

(a) (b) " (©)

Figure 6-1 (a) Actual configuration of the world. (b) The way robot A
perceives it. (¢) The way robot B perceives it. Reproduced from [21] © S.
Givigi and H. M. Schwartz.

The direction of the robot's movement is the direction of the resultant
force. Observe that the force may be represented as

'F"f' = |f‘f|;':rf 6.2

where 4, is the unit vector in the direction of the resultant force. In other
words, it is
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_;F _ F‘r 6.3
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We use this notation in order to emphasize that the fields just define the
direction of the movement, but the final decision to move in that
direction and the velocity of the movement are determined by the
personality traits as defined in the next section. The goal of the robot
(equalize the sum of forces or get to a maximum/minimum value of
them) is highly dependent on the task it has to perform.

6.4 Swarm-Based Robotics in Terms of
Personalities

One of the suggestions of the theory of evolution is that animals have
emotions [8]. Moreover, these emotions are shared by the same species.
Also, traits of personality (a term that is used interchangeably with
emotions) are important for the maintenance of objectives and
collaboration [6]. Using these ideas, we can define a way robots may react
to their environment [7, 9].

In our problem, the robots are assumed, initially, to be homogeneous in
configuration and capabilities (understood as the set of traits of
personality available to each one of them). However, like ants in a colony,
they should differ from each other in order to better perform a complex
task. But we do not want to add complexity to our algorithms. In order to
solve this dilemma, we make use of personality traits. Therefore, the
algorithms are the same for every robot, but changing these numerical
values (the “traits”) will change the behavior of individual robots.
Although simple, this idea is very powerful and, when combined with
reinforcement learning, may lead to a heterogeneous population in which
some robots are able to specialize in executing certain tasks but at the
same time they may learn how to execute a different action if it becomes
necessary.

Personality traits are represented by real numbers 7;. They are used in
order to represent the individual intentions when faced with changes in
the environment. The choice of actions is made considering the traits of
personality a robot has and the payoffs related to each action at a given
moment in time. Notice that the payoffs may change according to a
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change in the representation of the environment. We may give a human
example to explain that. In our diet we usually would not consider eating
worms. However, if we were lost in a jungle, we would do anything that
would keep us alive. In the same way, a robot can change the values of its
payoffs if the environment as it perceives it changes. Thus, the payoffs or
rewards are dependent on the personalities of the robots.

( )

Definition 6.1

For a player i, we define the personality traits to be

:}I'zliyi‘ "":".l.llr 6.4
and the reward functions defined for each one of the n personality
traits are represented by the vector

EslBiicab P 6.5

However, in this section we are going to drop the subscript i, since the
algorithm to be introduced in the next section will be explained for just
one robot.

The reward functions &; represent how well a personality trait
contributes to the success of the robot. These functions are arbitrary and
defined based on the problem under consideration [9]. When an action
a; is chosen to be executed, all personality traits 7 are then updated. The
effect of the action taken is evaluated using the equation

L M
(s, ¥, &) = h (Z }’;'Ex{""f-‘ ., f})

j=1

where the individual reward functions &; are related to how beneficial for
the robot the execution of action @; in the presence of state s, is
according to each personality trait 7; and, therefore, determines the
reward and/or penalty related to the trait of personality. Function /(-) is a
suitably defined function that weights the cost function inside the
summation in a way particular to each problem under consideration.
Notice that the reward functions ¢; are some feedbacks from the
environment. Since there could potentially be more robots acting on the
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environment, the reward that one particular robot gets depends indirectly
on the actions taken by the other agents present. Furthermore, we
assume that the weights 7; (i.e., the personality traits) are normalized, so

n

6.7
E yp=lLy=20
f=1

However, notice that the personality traits vector 7 is not a probability
vector. In other words, 7; is not the probability of the robot to take action
J . Indeed, the dimension of the personality traits vector and the number
of actions are, in general, not the same.

Equation (6.6) takes into account all the traits of personality 7, and the
environment as represented at time ¢ (the current time step). Moreover,
action @; is the action under consideration and s, is the state that the
robot perceives the environment to be in at time 1.

Furthermore, some procedure for evolving the personalities is necessary.
The main purpose of that is to diminish the dilemma between stability
and adaptability (plasticity) of learning.

The dynamics of the personality vector are described by the following
general difference equation

Vo1 = Fo + nFF, E) 6.8

where the function F(j,, &) depends on the application under
consideration.

Equation (6.8) implies, because the utility function is a function of all
personality traits, that each trait of personality influences the others
(notice that the term F(7,, £) may include the reward functions for all the
other personality traits). Therefore, changing a single trait will affect all
the others. Furthermore, since the utilities include the actions of all other
players (as explained above), the utilities and actions of other players also
influence how the personality traits for one robot change.

The implementation of swarm-based robotics in terms of personalities is
a very promising research topic. The implementation of such a technique
is straightforward. It may also be shown that such a procedure results in

coordination among a large number of robots [10].

In the following sections, some applications of the ideas presented so far
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are presented. Game theory and swarm intelligence are linked in the
solution of some problems that may be related to multiple robotic
environments, and algorithms and heuristics based on the idea of
personality traits will be developed.

6.5 Evolution of Personality Traits

Swarm robotics has been defined by Sahin as the study of how a large
number of relatively simple physically embodied agents can be designed
such that a desired collective behavior emerges from the local
interactions among agents and between the agents and the environment
[11]. In our approach, we use a looser definition in what concerns the
term desired collective behavior. We are more interested in what Beni
[12] called unpredictability of the system. In other words, we are
interested in the patterns and behaviors that will arise from the group
interactions.

In practice, swarm intelligence is not intended to generate a rational
individual entity as classical artificial intelligence proposes [1]. However,
through investigation of simple computational models that may be
implemented in simple machines, swarm intelligence tries to explore how
complex tasks might be performed by a social entity because of behaviors
that are not directly predicted by the particular characteristics of each
individual [13]. For example, if we have a society with a majority of
peaceful agents, when some aggressive individuals enter the community,
we cannot say that the majority will make the new individuals become
peaceful. It is our purpose to try to predict such behaviors through
modeling and simulation in order to justify techniques that may be used
in a swarm-based robotic environment.

In order to observe the emergence of group behaviors, we rely on the
concept of “personality traits” [6, 7]. Using the adaptation of personality
traits discussed, the underlying behavior of each robot changes, and by
changing each robot's behavior the group's behavior also changes [1].

In order to demonstrate the ideas presented so far, we introduce three
simulations that incrementally become more complex and together show
how powerful is the approach suggested. We start, in Section 6.6, with a
description of the general framework for simulation. In Section 6.7, we
introduce a simulation of a zero-sum (matrix) game wherein no saddle
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point exists and therefore mixed strategies must be used. A theoretical
proof of convergence is given, and the theoretical optimal solution is
compared with the results obtained by the learning procedure presented
in this chapter. In Section 6.8, we define some concepts that will be used
in the solution of the problems presented in the following sections.
Section 6.9 presents a more complex application than the one discussed
in Section 6.7. In this section, we model a robotic conflict using a non-
zero-sum game. Moreover, this time, we will have more players (three
robots) and the reward will not only be the payoff table but a combination
of payoffs and goal achievement. There is no proof of convergence for this
case, and its existence is an open question. The results shown are based
on heuristics. In Section 6.10, we introduce a situation in which the
robots do not perceive the environment completely. Therefore, we will
make use of potential fields for the representation of the environment
and a still more complex learning procedure. This is also an open
problem. However, the results are very promising. Finally, Section 6.11
concludes the chapter with a discussion of all simulations, bringing them
together in a detailed manner.

6.6 Simulation Framework

All the simulations presented in this chapter will follow a single
framework. However, the meaning of some of the terms will change as we
go forward in considering more complicated situations. The general
framework is described in Algorithm 6.1.
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Algorithm 6.1 General algorithm

1: Define, 1if necessary, the variables necessary to represent the environment
and initialize them. This may take several steps of the algorithm.
Initialize learning rate n. This value 1s dependent on the problem under
consideration.

3: Define how many personality traits are necessary for the problem under
consideration and initialize them.

4: Define the payoffs for the game. These payoffs may be a matrix (or set of
matrices) as in Sections 6.7 and 6.9, or reward functions &; representing the
contribution of a trait of personality to the success of a mission combined
with a matrix describing the state of the environment as in the simulation
in Section 6.10.

5: Play the game. The rules for the game will be introduced in each simula-
tion. In general, we use an equation in the form of (6.6).

6: Update the personality traits according to (6.28) and (6.29) in the case of
the robots leaving the room and the robots tracking a target. In the case
of the zero-sum game, the updating takes a slightly different form, which
will be described shortly.

7. Normalize (if necessary) the personality traits y; for each robot according
o { ot

b

For each of the simulations presented in this chapter, the steps in
Algorithm 6.1 could be expanded as needed. Specially, in the simulations
shown in Section 6.10, each of the steps above is implemented as a series
of several items in the algorithm.

6.7 A Zero-Sum Game Example

The game that we will analyze in this section is reported in Reference [14]
and is represented in Table 6.1. This is a zero-sum game, meaning that
the payoffs for each player always add to zero. For example, if player A
plays the strategy A1 and player B plays the strategy B1, player A gets
rewarded 4 units while player B gets a penalty of 4; whereas if player B
decides to play strategy B2, then player B gets a reward of 4 units while
player A gets penalized 4 units.

Table 6.1 Zero-sum game example.
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B1 B2 B3 B4 B5 B6
Player A A1 4 -4 3 2 -3 3
A2 -] -] -2 0 0 4
strategies A3 -1 2 1 -1 2 -3
As may be seen from Table 6.1, there is no saddle point for the game,
therefore there must be a mixed strategy set for both players. The optimal

strategies, calculated using a linear programming solver such as the
simplex method, for both players, are shown in Table 6.2.

Table 6.2 Optimal mixed strategies.
Player Strategy Optimal frequency (%)

Player A A1 24
A2 21
A3 55
Player B B1 0
B2 36
B3 0
B4 57
Bs 0
B6 7

6.7.1 Convergence

A general proof of convergence of strategies (or actions) to a Nash
equilibrium is virtually impossible to be obtained for Eq. (6.8) of Section
6.4 or, equivalently, for the algorithm presented in Section 6.6.
Therefore, we now provide a proof of convergence for the special case of
zero-sum games.2 Our proof will follow closely the one found in
Reference [15]. However, one fundamental difference exists. Since we use
personality traits, the strategies' dynamics depend on them and
additional considerations must be made. Therefore, personality dynamics
are introduced in order to derive the strategies dynamics.

For a zero-sum game, the utility functions for the two players involved
would be
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=}

Us(py, py) = —pi MTp 6.1
Y Sy o 2 I

where p, € R" and p, € R™ are arrays of probabilities where 7;, is the
probability that strategy n for player i be executed. The matrix A e ™"
is the payoff matrix for both players. For the simulation at hand, matrix
M 1s

4 -4 -
M=|-1 -1 =2 0 0 4
-1 2 ] -1 2 =3

-
2
|
ad
ad
2
[
-

In order to proceed with our proof, we need to define some notations.
This is done in the following definition.

( )

Definition 6.2

Consider ¥ =[xy, ... ,x,], where n represents the number of strategies.

e A(n) denotes the simplex [16] in r" (Fig. 6-2), that is

n
Am={X€R":x;20Vi=1,...,mand ) x;=1}
j=1

e Int(A(n)) is the set of interior points of a simplex [16], that is

iniA(n))={xe€ An) : x;>0Vvi=1, ... ,n}
e hd(A(n)) is the boundary of the simplex [16] (Fig. 6-2), that is

bd(A(n)) = {x € A(n) : X & int(A(n)))
e 0; € bd(A(m)) is the i th vertex of the simplex A(n), that is

I

0;={X€AMm) :X;=1and X; = 0Vj # i}

www.EngineeringBooksPdf.com




Simplex of dimension 2

1.5 . .
A(n)
®  bd(A(n))
1 —
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05} i
ﬂﬂ 0.5 1 1.5

X1

Figure 6-2 Simplex of a player with two strategies. Reproduced from
[21] © S. Givigi and H. M. Schwartz.

Now we define the best response mappings as

B(p;) = arg max U (p,,p) 6.12
FrEA(N) -
f-(p,) = arg max U5(p,,p,) 6.13

P eEA)

The utilities in (6.9) and (6.10) are implementations of the utility
function (6.6). We also need to define the reward functions related to
each personality trait (the functions &;) and the function used to update
the personality traits (function (7, £) used in (6.8)) for each of the
players. Note that the arguments for the utility functions are apparently
different from the parameters found in (6.6); however, the parameters
are embedded in the definitions of 7, and 7., because they are dependent
on 7; and 7, respectively (6.15). Function /(-) is the identity.

Let us now define the concept of empirical frequency (expectation of the
opponent executing each of its actions). The empirical frequency ¢; is
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calculated as the running average [15] of the observed actions of the
opponent (recall that we have access to the action the opponent has
played at each time step)

ol " 1 = -
ql(ﬁ.} = ql{k - I}+ F(“:ul-ﬁ'—ll L ql“‘: o |}}

N " ] .. a
'!Jr:(ﬁ'} o {IZ{‘{"' - |}+ F(”:J:I.f;—ll F=e ff:“\.' E I”

where «a;(k — 1) is the action executed by player ; at time step k — | and &;
is a vertex of the simplex as defined in Definition 6.2. We may assume
that as & — o0, §;(k) — p;. Therefore, in the proof we are going to use both
termsinterchangeably.

Let us define a mapping from the personality space to the strategy space
d:R"— A(n) as

q, = A¥ 6.15
0 = A7,
Notice that 4 transforms from personalities to likelihood of actions. We

can now define the reward functions for each personality trait, defined as
(for each player)

E=A4"4,4,"51(@) 6.16
& = A" (4,4, By 6.17

where 4, € R and 4, € R"", These reward functions make use of the
pseudo-inverse and are used in the convergence proof. In our example
(with matrix a defined in (6.11)), » = 3 strategies and i = 6 strategies.
Therefore, we select r, = 5 personality traits and r, = 10 personality traits.
Notice that according to (6.16) and (6.17) *; = » and r, = m . Moreover,
rank(A,) = n and rank(A,) = m . Other than those, no assumption is made.
Furthermore, the functions used to update the personality traits (7 (7, &)
in (6.8)) are

A
[y
@]

Fig.E)=¢& -7

F(7n€)=6 -1

The resulting personality dynamics are
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Fr=4,74,4,"31(@) - 7, 6.19
ya=Ay" (A4, Ba (@) - 12

In this simulation, we relaxed the condition of normalization presented in
(6.7). However, this is just for simplicity of calculations. Had we wanted
to do so, this could have been easily implemented. Matrices 4, and A4,
used were

0.3267 0.5071 0.7707 0.0478 0.3606 6.20
A, =10.5406 0.7828 09703 0.1291 0.4767
0.1427 0.2456 0.3197 0.9082 0.2506

and

0.8686 0.6813 0.0693 0.2760 0.5695 0.5676 0.6390 6.21
0.6264 0.6658 0.8529 0.3685 0.1593 0.9805 0.6690
0.2412 0.1347 0.1803 0.0129 0.5944 0.7918 0.7721
< 109781 0.0225 0.0324 0.8892 0.3311 0.1526 0.3798
0.6405 0.2622 0.7339 0.8660 0.6586 0.8330 0.4416
0.2298 0.1165 0.5365 0.2542 0.8636 0.1919 0.4831

0.6081 0.1034 0.1500
0.1760 0.1573 0.3844
0.0020 04075 0.3111
0.7902 0.4078 0.1685
0.5136 0.0527 0.8966
0.2132 09418 0.3227

The values of matrices in (6.20) and (6.21) were generated randomly. The
point is that, if the matrices satisfy the conditions listed above, the
algorithm will converge. More importantly, if 4, and 4, are the identity
matrices of the necessary dimensions, the algorithm reduces to fictitious
play and convergence is still guaranteed [17].

Using these definitions, we find that the strategy dynamics for player | is

g, (0= A,7,(1) 6.22
=A(A, (A A, Bi(@a () = 71(0)
= F1(q2(0) — §,(1)
In the same way, the strategy dynamics for player 2 is
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a0 = B(q,(0) = §2(1) 6.23

We now define a function that measures the maximum possible reward
for the players

Vig,,q:) = max UV(X, q2) = U1(4,,q2)

Kl 2
Xedin)

E

where Max Ui(%, %) ig the best “strategy”® that may be used by player 1.

veEA(n)

Using (6.12), we know that

max U'(X,q,) = ($,(§2)' Mg, 6.25

xeAin)

Therefore, from (6.24), using the definitions of utility functions in (6.9)
and (6.10) together with the definition of best response mappings in
(6.12) and (6.13), and collecting terms, one gets

i@, 3 = (5@ - )" Mg, 6.26

In the same way

Va(@2:41) = —(Bo(q1) — 32)" Mg, 6.27
Finally, we may say that V,(7,,4,) = 0 and V:(§,.3,) > 0 with equality if
and only if ¢, = 4,(g,) and g, = (7).

Now we prove that the learning procedure will converge to the optimal
solution. We start by the following lemma:

( )

Lemma 6.1

Deﬁne Vi) = V1@, (1), 32(0) _and Vi(t) = lf::;f;r;(_n.an{m.Then
Vi) ==V +§ Mg, and V(1) = = V(1) — ; M7,

g
-

AN

Proof

By definition (6.24)
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lf’]{r‘} = i| max U(X, g,(1)) = U 5(g,(0), g,(1))]

t xeiin)

d - - d L -
=2 ms X. 3 gt Ma,
.:.l’flx]rlal.*.i|ﬁ|U'“’q“m}] d{lql (NMg,(1)]

= Vg, [ max Vi (%, DG = 41 (OMGo(1) — 3] (VM (1)
We now use the fact that [18] ([15], Lemma 3.2)

V, max UV (x,q:() =V,

9 seAm) 12

which yields (using (6.22) and (6.26))

max [x" Mg,(0)) = ] @, ()M

TEA(n)

V()= Bl @ (0)Migy (1) = (B (G2(0) — §1 (1) MGy(1) — g (DM, (1)
= —(B1(@(1) — G (D) Mgy (1) + (B (g2(0) — 1 (1) MGy(1)
=—V(0) + 4 (VM (1)

Therefore, i7,(1) = —V,(1) + §| ()M{,(1)- A similar derivation may be
used for 7,(1), yielding 7,(1) = - V5(1) — g3 (0 M 7§, (1) -

g

And, finally, we enunciate the convergence theorem:

-

Theorem 6.1

The solutions of the system of differential equations (6.22) and (6.23)
satisfy 1im(g,(1) = £1(2(1) = 0 and lim(g(1) = Ax(q:()) = 0,

g

-

Proof

We know from Lemma 6.1 that /(1) = —7,(1) + ! ()M é,(r) and
V(1) = =5(1) — i3 (nM 7§, (1) - Define the function V,(1) = V(1) + V5(1).
Taking its derivative, we have

Vi) = V(1) + V(1)

= —V1(1) = V()

Since 7,(1) > 0 and ¥,(r) > 0 with equality only at the equilibrium
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point of (6.22) and (6.23), V,,(1) is a Lyapunov function and the
theorem follows the arguments.

6.7.2 Simulation Results

We now present the results for the problem presented in the matrix in
(6.11).

Suppose that both players are initialized with personality traits set to
random values (in the interval [0, 1]). This means that both players start
with a random probability of playing each strategy that is different from
the optimal one shown in Table 6.2. The question we want to answer is: if
we use personalities as described above, will the players learn to play the
best mixed strategy? If not, will there be any improvement over time?

Algorithm 6.2 is followed by both players. As described in (6.20) and
(6.21), we have created five personality traits for player |1 and 10
personality traits for player 2. Observe that this is not necessary and we
could have used a much larger number of personalities (or, on the other
hand, a smaller number greater than or equal to the number of actions)
to characterize our player.

The utility functions are defined in (6.9) and (6.10). If we discretize the
equation of dynamics for the personality traits ((6.22) and (6.23)), we
end up with equations of the form (6.8) where, again, the value # may be
called the learning rate and is set to a positive number, and functions
F(y, &) are defined as in (6.18).
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Algorithm 6.2 Zero-sum game

I: B« 0.1

2: 1« 0.01

3: Set the number of personality traits for player 4 equal to 5 and for player
B equal to 10.

4: Initialize the personality traits 7, and 75 randomly.

5. Define the payoffs for the game to be according to the matrix in (6.11).
Also, define the mappings from the personality traits spaces to the actions
spaces according to the matrices in (6.20) and (6.21).

o: Player A initializes the empirical frequency of player B, p,, as 0. Player B
initializes the empirical frequency of player A4, p,, as 0.

7. for i = 1 to 5000 do

8. Player A calculates the action to play according to its probability distri-

bution g; = A,¥. The action chosen 1s called a.
9:  Player B calculates the action to play according to its probability distri-
bution ¢, = 4,7. The action chosen is called 5.
10:  Both players play their actions.
11:  The payoft for player 4 is M, and the payoff for player B is —
12 Update personality traits as described in (6.8).
13 Player 4 updates empirical frequency of player B according to (6.14).
14:  Player B updates empirical frequency of player 4 according to (6.14).
15:  Record the payoff for player B (=M ;).
16: end for

ahe

We then ran the simulation described in Algorithm 6.2. The loop in line 7
was run for 5000 iterations. We then collected the final probabilities of
using each one of the three actions at player 4 's disposal and each one of
the six actions at player B's disposal as well as the value that player B
obtained in each simulation (the value obtained by player 4 is just the
negative of the one obtained by player B). The results are summarized in
Table 6.3. One may notice that, indeed, the procedure made the
personalities converge to their optimal values. Furthermore, we observe
that the disadvantageous actions B1 and B3 were almost never used.
Moreover, action B5, which is dominated by action B2, was never used.
The learning procedure even caught the subtlety with which B2
dominates B5. Furthermore, the average payoff for player B was 0.0710,
which is very close to the theoretical value of the game, 0.07 [14]. Notice
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that for a zero-sum game the approach reduces to fictitious play.
Therefore, convergence to the Nash equilibrium will always occur. This is
not the case for the other simulations presented in this chapter.

Table 6.3 Experimental results obtained for both players.
Player Action Optimal frequency (%) Experimental frequency (%)

Player A A1 24 22.04
A2 21 23.93
A3 > 54.03
Player B B1 0 1.05
B2 36 36.10
B3 0 0.02
B4 57 56.39
B5 0 0
B6 7 6.4

6.8 Implementation for Next Sections

In the next two simulations, we are going to use the following
implementation.

Going back to (6.8), we have to define how the function F(y, &), will
behave. Defining A&i(1) = E(s,, a;, 1) — E(s,_1. a1 — 1), where @; is the action
taken at time 1 and @; the action taken at time s — 1, we define the step as

AE(1
Ary = —22 6.28

n

2 AE(D)
=1

where #n is the number of personality traits of a robot. Now we define the
adaptation law as

yilt) =yt = 1)+ nAy(1), 0 <n <1 6.29

Equations (6.28) and (6.29) imply, because of the presence of all
personality traits in the denominator, that each trait of personality
influences the others. Therefore, changing a singular trait will affect the
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way all the others work. Furthermore, the convergence of (6.29) is highly
dependent on the value of the learning rate #: if this is small, the
convergence is too slow and the robots take too long to adapt to new
situations; if it is too high, the system oscillates a lot around some value
before it converges, and when it does, it has a large probability to go to a
local maximum (minimum). In our simulations, we use a small value for
this term so that we achieve a smooth convergence. Equation (6.29) is in
the same form as used in the reinforcement learning literature. More
details may be found in Reference [19].

When the state is recognized, the action is chosen according to the
formula known as the randomized strategy [19], which is useful for
leading the robot to explore new actions and not just exploit a learnt
sequence of actions. For completeness sake, we will repeat the next
equation, which demonstrates the randomized strategy:

kl’-"i'-.;.lfl.f',-".f 3
.P{_'a...'|-".} = m— 60 O
Y KV era)/T
j=1

In (6.30), P is the probability that action @; will be executed when the
state is s in the presence of the personality traits 7, where 7 = [y, ... .7,]
is a vector of personality traits (as introduced in Section 6.4). The term
is a coefficient that defines how often the robot explores new solutions or
exploits the ones it already knows as better ones. When & increases, the
probability that the robot explores new choices decreases, and vice versa.
T is a temperature parameter inspired in the Boltzmann theory of
statistical mechanics. It is desired that, over time, 7 decreases to
diminish exploration [19]. The utility function 7/(.) is related to the action
under consideration and the current state. U7(.) is the long-term expected
reward and not just the instantaneous one. This means that the decisions
the robot takes are based on the expectation to solve the problem (find a
target or perform a predefined task) and not just on the instantaneous
reward. This difference is implemented in the personalities, because as
robots learn over time, they will develop the capability to “predict” the
payoffs of their actions. Moreover, n is the number of personality traits.
And, finally, m is the number of possible actions that a robot may
perform. In all simulations we will use k = ¢ (i.e., exp(l) = 2.7183) and

T = 1. T = 1 means that we do not reduce exploration as time goes by.
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k = ¢ means that the robots have a preference for exploitation of already
learnt strategies but are also open to exploration [19].

6.9 Robots Leaving a Room

Our second simulation is similar to the one introduced and reported in
Reference [9]. The setup is as follows: Three robots of 1 unit in diameter
are located in a room with dimensions § x & (corners at (0,0), (0,8), (8,8),
and (8,0)). There is a door centered at (3, 8) and with dimensions so that
just one robot may pass. Inside the room, there are three robots located
at positions (3 +31/2,8 — 3v/2). (3,6), and (3 — 31/2,8 — 31/2), that is, at a
distance 6 units from the door (Fig. 6-3). It is assumed that one robot
knows the positions of the other two without any noise, and it is also
assumed that the robots only move in a straight line from their initial
position toward the center of the door with a fixed speed, 1 unit per
second. The problem may be described as a game shown in Table 6.4,
which has the payoffs for player A. The values ¥ and Y in the table must
follow the rule

XeZtand Ye Z™ 6.31

where the values of ¥ and y will depend on how the designer chooses to
represent the environment. If the designer wants to enhance the action
“Walk” for player A, then set |X| > | Y|. On the other hand, if the designer
wants to enhance the action “Wait,” then set | Y| > | .X|. And finally, if both
are considered to be at the same level, set | X| = |Y].
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Figure 6-3 Artistic depiction of the problem of robots leaving a room.
Reproduced from [21] © S. Givigi and H. M. Schwartz.

Table 6.4 Modeling of a game between two robots trying to leave a
room.

Player A Walk —1 ¥
strategies Wait v o

Before we state the algorithm, we need to make some definitions.

-

Definition 6.3

Definitions for Algorithm 6.3.

i. The payoffs for the robots 1 and 3 in Fig. 6-3 are according to the
matrix

o i :
i e [_1 ﬂl 6.32

where |X| =1 and |Y| =1 (Table 6.4 and Eq. (6.31)). For player 2,
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.

11.

the payoff table is

] 3
-1 0
where ¥ =3 and ¥y = —1 (Table 6.4 and (6.31)). The values are
different such that robot 2's expected reward is greater than its
expected penalty.

M, = 6.33

The probability for a robot to move is given by
P(Walk) = — 6.34
en 4 et

where 7 is related to action 1, that is, “Walk,” and 72 is related to
action 2, that is, “Wait.”

Algorithm 6.3 Robots leaving the room

l:

12

h

Each robot will have two personality traits, initialized as y; = =, i = 1,2,
which define which strategy (“Walk” or “Wait” in Table 6.4) the robot will
play.
Define the payoffs for the robots 1 and 3 according to (6.32) and the pay-
offs for robot 2 according to (6.33).
Robots < [1, 2, 3].
while there are robots in the room do
For each robot calculate the probability to move according to the per-
sonality traits. The probability to move is given by (6.34), that is, A4, €
{ Walk, Wait} (where [ is the robot’s id).
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6 for /! € Robots do

T if no other robot 1s the room then

8 There 1s no conflict. Set action to “Walk,” that 1s, 4, <« Walk.

9; else

10: if/l=1orl=3 M« M, (6.32), otherwise M < M, (6.33)

11 for j € Robots, j # [ do

12: F(y .€4) < M(A4;, A)) {Payofl for robot / playing against robot ;.
13: Update the personality trait related to the action chosen according

to the equation y, (1) < v, (1 — 1) + nF(y 4, €4).

14: end for | ' R

15: Normalize all personality traits y; so that ), y, = Ly, 2 0.

16: end if =

172 Add action 4, to list of actions L, taken so far.

18: if action is to walk and there is no collision then robot / moves

else robot / keeps its current position for one time step.

19: if robot / reached door then remove / from list Robots
20:  end for

21: end while

The results were obtained after 100 repetitions of the game with a
learning rate # = 0.01. First of all, one of the robots on the sides (robots |
and 3) converged to a purely “cooperative” robot, that is, its personality
trait for waiting for the others became | ; whereas the other robot on the
side converged to a purely “competitive” robot, that is, its personality
trait for always walking became 1. Second, the robot in the middle
chooses its actions on a 50/50 basis. As result of all this, the average of
the 100 games is 10.04 s to leave the room and the standard deviation is
1.82 s. Also, 24 out of the 100 repetitions obtained the best solution of § s.

One may notice that the robots did not work only for their own
advantage. Table 6.4 shows that the strategy “Wait” is dominated by the
strategy “Walk.” However, behaving the way they did made the overall
result much better for the group. This is one of the interesting results that
will be exploited in the next simulation. Here we see the spontaneous
emergence of altruistic behavior which enhances the performance of the
group. The emergence of altruism is due to the calculations done in steps
13 and 15 of the algorithm. Notice that the matrices in (6.32) and (6.33)
do not have a positive payoff for the strategy “Wait.” However, since the

www.EngineeringBooksPdf.com



traits that determine the execution of the actions are normalized (step
15), the negative payoffs that the strategy “Wait” gets combined with the
negative payoffs of the collisions when strategy “Walk” is chosen will
drive one of the robots to be altruistic.

6.10 Tracking a Target

We now make use of all the ideas presented so far and define a more
complex and challenging simulation mission to be accomplished by
several robots working together. We set up the simulation environment
as shown in Fig. 6-4. In this figure, we depict a target (a tank) and several
robots that are moving around it. Their objectives are to find the target
and go back to the base. In our simulation environment, the position of
the target changes from simulation to simulation and the robots perceive
the environment as potential fields (Gaussian potential fields). Each
single robot is able to identify the target potential field, the other robots'
fields, and the base field. No noise is added to the readings, and some
delay is possible in the measurements. We also assume that the low-level
dynamics of the robots and the control loops necessary to stabilize them
are already implemented.

Figure 6-4 Artistic depiction of the simulation environment.
Reproduced from [21] © S. Givigi and H. M. Schwartz.

Each robot has three traits of personality: “courage” (1), “fear” (72), and
“cooperation” (73), which influence which action the robot will take. For
example, a courageous robot may pursue the gradient of the target, while
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a cooperative and fearful one may tend to huddle together with other
robots in order to look for the target as a group. Again, these behaviors
are derived from our assumptions on the definition of the “emotions” of
the robots.

For this simulation, the environment is supposed to be in only two states:
0,, meaning high risk for the robot (of being shot), and ¢, which means
that the robot is in a low risk of being shot. The decision about which
state the robot is in is psychological, that is, it depends on the values of
traits of personality of each robot. In this way, if a robot is “courageous,”
high risk has a different meaning compared to a “fearful” robot.

Let o(.) be a function determining the threshold in separating states ¢,
and 0,. Let also 7; be the trait “courage,” r» “fear,” and r; “cooperation.”
Define F,;,, asthe maximum potential field found so far. We then define
the probability for the robot to identify the environment as state ¢, (high
risk) as

Fr
P{H||.H’} e ‘_|"_"{"i_ —{T(]q.}’:..;l’_:;} 6.35
| .Uu\'l
Since the traits of personality are normalized (as explained in the

previous sections), we choose the threshold function to be

oYYyl =n-rn-n 6.36

Therefore, if the trait of personality 7 (courage) is dominant, the
probability the robot will identify the environment as being “high risk”
will decrease. On the other hand, since P(6,|5) = | — P(8,|s), the probability
increases when “fear” (¥2) and “cooperation” ( 7:) are dominant. Notice
that P(.) could be out of the interval [0, 1]; if that happens, we simply
truncate it.

In the same way, only two actions are possible. We will call them «;,
which means to follow an uphill approach (getting closer to the
dangerous target), and @, which means to follow a downhill path
(according to danger). Table 6.5 describes the payoffs related to each
decision when the robot identifies the environment to be in each specific
state. The values in Table 6.5 are empirical, and by choosing different
payoffs the robots would end up with different behaviors. Also notice that
the table is not exactly a payoff table as we had in the previous examples;
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in this case we do not have a conflict among the robots. The numbers in
the table mean that, when the robot perceives the state to be in the “high
risk” state @, it is more “profitable” to execute action @ (downhill path),
and when the robot finds itself in the low risk state @,, the robot would
prefer to execute action @, (uphill path). Later on (in Eq. (6.37)), we will
see that the choice is not so straightforward, but in general the rules just
explained will be applied.

Table 6.5 Utility payoffs for states.

Actions @, -1 5

After the robot identifies the target, it gets back to the base with its
estimation of the target location. The closer the robot gets to the target,
the greater the danger of being shot (at each time step we divide the
potential field where the robot is by the maximum value of the field-, the
position of the target, and according to this number, randomly shoot at
the robot simulating an action taken by the enemy). When the robot is
shot, we assume that it is still operational, but has to go back to the base
in order to avoid malfunctioning. Actually, since we may have a large
number of robots, this assumption is not necessary, but by making use of
it we simplify our simulation environment. When the robot is shot, we
artificially increase its “fear” trait of personality in order to avoid being
shot in the future. The task “get back to base” is hardwired in this
approach, and after the robot identifies the target it just follows the track
back to safety. Notice that this behavior is artificial and not desired,
because the robot must be able to help other robots in need even if it is on
its way back to the base. However, we do not implement this feature for
the sake of simplicity.

The traits of personality are defined as follows:

1. Courage (71): the robot goes in the direction of danger, that is, in the
direction of the increasing potential field, therefore, this trait makes it
more likely for the robot to identify the environment as in the “low
risk” state (state ¢, in Table 6.5).

2. Fear (72): the robot goes in the opposite direction of danger, that is, in
the direction of the decreasing potential field, therefore, this trait
makes it more likely for the robot to identify the environment as in the
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“high risk” state (state ,).

3. Cooperation (73): robots tend to huddle together in order to decrease
the possibility of being shot. This trait makes the robots work
together.

The behavior in (3) is explained by the assumption in the simulation that
the chance of the robot being shot is inversely proportional to the number
of robots huddled together. This is not a deliberate hypothesis; in fact, the
same assumption has been made when studying the formation of
patterns of animals in the wild (flock formation, fish schooling, etc.) [20].

To choose an action, we use the value function v : ¥ x 4 — R in (6.37)
which maps the state of the environment and the action under
consideration to a reward. In the case of game theory, we need to
calculate the expected value of the value function. Therefore, define

J(s,, 7, a;) = E v;€i(s,, ;. 1), that is, the summation in (6.6). Now, define
j=1

Uls,.v.a;) = E{J(s,.7.a)|(s.a;)} as the expected value for the payoff for all
possible actions @;. We can think of this as a game against Nature [14], in
which the environment is supposed to play with a mixed strategy P(6;|s).
Therefore, the expected outcome of the game in Table 6.5 is

U'(s,, 7, ) = E{J (s, 7, @)|(s @)} = [=1(PB, [9) + 5(PO,]9) (5,7, ¢)  6.37
U(s,, ¥, a2) = E{J(s,, 7. a: D|(s,, a5) } = [4(P(O, |s) = 2(P(05 )] (s, 7, a3)

Equation (6.37) is the application of game theory expectation calculation

to the framework introduced in Section 6.4. Actually, this equation is just

the implementation of (6.6) in terms of game theory, where /(-) is the
expectation function.

Then, the action is chosen randomly based on the probability (6.30),
where k =e¢ (exp (1)=2.7183), T =1):

(5, F.m;)
.!U{ﬂ'f,] —_— j_ 6038

i e L7(s, 5
=1

Before we state the algorithm, we need to introduce some definitions:

(Definition 6.4 w
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Definitions for Algorithm 6.4.

i. The target is identified by a Gaussian field. If (X, ¥;) designates
the position of the target, let

il L=Yy)

(=X

T(x,y)=Ke 2 & e 1 o
be the Gaussian field irradiated by it. ¢ is the standard deviation
of the field and K is a term to scale the sensitivity of the robots.

ii. The robots also irradiate Gaussian fields. If (X, Y) is the position
of a robot, let

R(x,y) =
o\ 2n
be the Gaussian field around it. ¢ is the standard deviation of the
field.

iii. The uphill unit vector for robot i located at (x;.);) is

VT(x;,y:)+ X VR(x;, ¥ 6.41

J#i

= IVT(x, y) + X ?R;'(-fie-rf)l‘

fEl

iv. The downhill unit vector for robot ; located at (x;. ;) is

d, = —ii, 6.42
v. The probability for the robot identifying that it is in state ¢, (high
risk) is
IVT(x;, yi) = 2 VR (x;, y) 6.43
=
P, s,) = = —n+n+r
“‘.Hn.rl

where |F);,.| is the maximum field found so far for each robot.
Accordingly, the probability to be in state ¢, (low risk) is

P(6,|s,) =1 — P(0,]s,) 6.44
vi. The probability of executing action «@; is
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Vil.

iil.

SU(5,F )
By ¢ ! 6.45

elVsFa) 4 pUlsF.m;)

Accordingly, P(a;) =1 - P(a;). Equation (6.45) is (6.30), where
k=e, T=1,and p=2.

The personality traits are updated using the adaptation law

where
AE(L
Ari(t) = = e 6.47
2 &
i=1

The probability of a robot being shot is

IVT(x;,v;) = Z "‘-"Rgi-\';e}';‘” 6.48
P(shot) = = .0.01
\sHac) max(|T(x;, y)|)

where (x;, ;) are all the points visited by the robot previously.
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Algorithm 6.4 Tracking of a target

k2

Lh

6

16
17

{Initializations} Define a base and set the initial position of all robots to it.

Randomly select theoposition of the target (X, ¥;) and its standard devi-

ation o. Set K = ]\?f}_ and create the Gaussian field according to (6.39).

Initialize each pe;b‘(;l;ality trait to a random value in [0, 1]. Normalize

them so that 37:_, 7, =1; 7, > 0.

For each robot located at the position (X, Y), define the field around it

to be according to (6.40) with ¢ = 4.

Initialize a list Robots < [1, 2, ..., n] with all robots.

repeat

for i € Robots {for all robots} do
Calculate the gradient VT'(x;, y;) at the current position of the robot.
for j € Robots; j # i do calculate the gradient of each robot’s field
VR (x; 3.
Calculate probabilities of identifying the robot in states 6, and 6,
according to (6.43) and (6.44).
Calculate the rewards for each personality trait &£(.), &(.), and &;(.).
Calculate the expected values for the execution of each action accord-
ing to (6.37).
Calculate the uphill unit vector (6.41) and the downhill unit vector
(6.42). Calculate the probability of executing action a; (uphill) and «,
(downhill) as described in (6.45). Randomly select the action to be exe-
cuted using these probabilities.
Calculate the step for the adaptation of traits of personality according
to (6.47).
Update the personality traits using the adaptation law in (6.46).
Calculate the probability of a robot being shot as in (6.48).
if robot i is shot then remove robot i it from list Rebots and go back to
base.
end for
until all robots are back to base

As stated in Algorithm 6.4, the choice for the reward functions £(.) is
dependent on the application. It may be argued that the reward functions
would have to include some kind of external payoff based on the success
of the task. However, this is not considered in the model of Algorithm
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6.4.

The interpretation of the reward functions used in Algorithm 6.4 is as
follows:

e &,(.) is the function for the personality trait 7/, “courage.” For action
a; “follow the uphill gradient,” the reward is &,(s,.a,.1) = VT (x,,y,) - i, .
Notice that this value is positive if the angle between the gradient v 7
and the uphill unit vector #; is in the interval (—99° 9¢°) and negative
otherwise. For action @z, “follow the downhill gradient,” the reward is
E(s,. a0, 1) = VT(x,,y,) - d,- Notice that this value is positive if the angle
between the gradient v7 and the downbhill unit vector ¢4 is in the
interval (—90°,90") and negative otherwise. In other words, the
personality trait “courage” returns a larger value if the direction of the
movement is closer to the gradient of the target. Since #; and 4, are
constituted by a summation of the gradient of the target and the
gradients of the robots (Eqs.(6.41) and (6.42)), the direction that is
closer to the danger is preferred.

e &5(.) is the function for the personality trait r», “fear.” For action @,
“follow the uphill gradient,” the reward is €205 @1:1) = E VR(x;, 1)) - 1,
. Notice that this value is positive if the angle between the summation
of gradients E VR;(x. ) and the uphill unit vector 7, is in the
interval (-90°,90°) and negative otherwise. For action @, “follow the

downhill gradient,” the reward is €205 @. 1) = (X VR(x;. ) - d; Notice

j#i
that this value is positive if the angle between the summation of
gradients E VR;(xi.»)) and the downhill unit vector 7, is in the

interval (—90°,90") and negative otherwise. In other words, the
personality trait “fear” returns a larger reward for the action that
moves the robot closer to other robots.

e &5() is the function for the personality trait 73, “cooperation.” For both
actions, the reward is calculated as €205+ % 1) = L VR(Xe 00 for

j#i
k = 1,2 where (x..y,) is the future position of the robot. Let j; be the
robot's current position and |#;| the speed of the robot, which in our
case is 1 unit per second. For action @; “follow the uphill gradient,” the

reward function &;(.) is evaluated at (x,,y,) = (p; + &, - |t’;]). For action
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a,, “follow the downhill gradient,” the reward function é&;(.) is
evaluated at (x,, y,) = (5, + 4, - |7,|)- The personality trait “cooperation”
assumes that when the robot moves closer to other robots, the
survival of the groups is enhanced.

Indeed, the concept of success in the definition of reward functions is
very subjective. Depending on the information we have available and the
complexity of the model we establish, success would have a completely
different meaning. For example, with the same setup of Algorithm 6.4 we
may assume that the robots know where the target is, and the task could
be just to get close to it. In this case, the reward functions &;(.) could
include external information on how dangerous the environment
becomes at each step, say how close a shot came to hit the robot, or how
close we got to the target. Notice that in Algorithm 6.4 we did not assume
that this information was available.

Since we chose a low value for the learning rate (# = 0.01), it is expected
that there will be a slow convergence of the traits of personality to a
steady-state value. Results for one arbitrarily chosen robot are depicted
in Fig. 6-5. This figure indicates that the traits of personality do converge
to a steady-state value. In this figure, the value function is U'(s,. 7. @),
where @; is the action executed at time 7. Notice that the value function
varies around some range (this is not necessarily the case; until further
proof, this should be taken as a particularity of the simulation analyzed).
We may notice that the robot becomes a “fearful” robot (7> increases,
while the other traits decrease). Therefore, we may hypothesize that this
particular robot is in some kind of cluster of robots, which makes
variations on the cost functions for the particular traits more difficult.
Moreover, the particular values of the personalities are characteristic of
the one simulation at hand. If we had a different initialization, we could
get to different steady-state values for the traits of personality, since the
environment changes considerably as well as the robots' initial conditions
(the initial values for the traits of personality). Table 6.6 shows that in a
given run all the robots do converge to a steady-state value and they are
related to each other. This is not necessarily true for different payoff
tables (like Table 6.5) and reward functions (&, &, &;) and must be
considered (until further proof) as a particularity of the simulation setup
under analysis.
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Figure 6-5 Utility function and personality traits of one robot.
Reproduced from [21] © S. Givigi and H. M. Schwartz.

Table 6.6 Convergence of the personality traits.

Courage (71) Fear (72) Cooperation (73)
Number of Standard Standard Standard
robots Average deviation Average deviation Average deviation
10 0.1648 0.1377 0.1158 0.1435 0.7194 0.2743
20 0.2451 0.1006 0.2381 0.1713 0.5167 0.2316

30 0.1209 0.0930 0.3066 0.1827 0.5636 0.1692

In order to evaluate the quality of the simulations, we measure the quality
of the target location by the robots. When the i th robot goes back to
base, it records the position (xs.Vs) where it was shot (recall, we suppose
that the robot just goes back to base when it is shot). Therefore, if (xy,y)
is the actual position of the target, the error of the best target location is

(Il Cxpoyp) = (x5, 05) ID.i=1, ... ,n,where n is the number of robots in the
simulation. We also measure the total time it takes for all the robots to
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get back to base and the average location error for all robots in the
simulation. The results are shown in Table 6.7, wherein we give the
average and standard deviation of the target location error, total time of
the missions, and average location error for all robots. All the results are
obtained through 10 executions of the target-tracking mission.

Table 6.7 Simulation results.

Target location Total time Location error for all
error robots
Number Standard Standard Standard

of
robots Average deviation Average deviation Average deviation
10 12.2000 6.5201 93.3000 55.6698 17.3810 7.7339
20  9.5880 3.8975 136.1000 45.4715 155337  5.4713
50 8.4136 3.9315 322.5000 117.8740 15.3012 5.5135

The results indicate that the behaviors of some robots are independent of
the number of robots in the fleet. There is also a tendency to get a better
location of the target with increasing number of robots. This is due to our
assumption that the robots are less likely to get shot when they are in
larger numbers (Eq. (6.48)) because of huddling together, which has been
observed in the simulations. In fact, in order to visualize better the effect
of the other robots in how a robot decides to act, we considered the
enemy (the tank) to be more accurate and replaced (6.48) by

IVT(x;, ;) = 10 Y VR (x;, v)) 6.49
P(shot) = e 0.1
max(| 7(x;, y)|)

That is, the robots are 10 times more likely to be shot than predicted in
the algorithm (therefore the probability is multiplied by (.1 instead of
0.01). Also, the presence of other robots in the neighborhood makes it
more unlikely for a robot to be shot (this is the meaning of the factor 10
in the equation above). In this way, robots will take advantage of the
increase in the number of robots in the neighborhood. Table 6.7 also
indicates that, as the number of robots increases, the total time for target
location also increases, although not linearly. This happens for two
different reasons: First, the robots take longer to leave the base (we
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assume that just one robot leaves the base at each time step). Second, as
we have a larger number of robots, the chance of being shot decreases
(again, (6.49)) and, therefore, they take much longer to get back to base.

When we use the probability in (6.48) (as in the simulation illustrated in
Fig. 6-5), the traits “fear” and “cooperation” are always more important,
giving rise to the most interesting behavior observed in the simulation,
namely the tendency for the robots to huddle together. In most
simulations, they formed a big group and kept as such until the individual
robots were being shot by the enemy. This may also be seen in Table 6.7
because, as we increase the number of robots, the average distance to the
target slightly decreases. This is also a result from the emergent huddling
behavior. Figure 6-6 shows a picture of the state of the robots in the
simulation. We can see that the robots do huddle together, but some of
them (the more courageous ones) move farther from the center of the
swarm. However, they are more likely to be shot (a result seen from

(6.48)).

Target

Figure 6-6 State of the robots during the simulation. Reproduced from
[21] © S. Givigi and H. M. Schwartz.

Another aspect observed in the simulations was the behavior of robots
after some of them were shot. Observe that, since the number of active
robots decreases, the reward &-(.) for the personality trait >, “fear,”
calculated in step 19 of Algorithm 6.4, and &;(.) for the personality trait 7;
, “cooperation,” calculated on step 20, decrease. Therefore, the reward
&,(.) for the trait of personality 7|, “courage,” gets more important for the
remaining robots and they tend to “attack” the target more directly. This
was a behavior observed when just some few robots were left. Since there
is no other robot to help them, the remaining robot takes more risks and
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move toward the target, thereby increasing the risk of being shot.

In order to examine how resilient to spurious behaviors the swarm was,
we fixed some robots as courageous and ran the simulation again. The
idea was to check out when the group would start showing different
group behaviors than the ones observed so far. Figures 6.7—6.9 are
snapshots of the simulation over the period of time when some robots
were set to “courageous.” We also reduced the probability of getting shot
even more, to just 10% of the value in (6.49). Figure 6-7 shows the state
of the simulation when 2 out of 20 robots were made courageous. It does
not look very different from the state of the simulation in Fig. 6-6. Figure
6-8 shows the state of the simulation when 5 out of 20 robots were made
courageous, and Fig. 6-9 shows the state of the simulation when 10 out of
20 robots turned courageous. We see that in Fig. 6-8 the group of robots
start to break and, in Fig. 6-9, when half the robots turn courageous, the
group of robots is completely broken. This suggests that the swarm of
robots is resilient to outlier individuals up to some limit, but as the
number of robots with some specific trait of personality increases, the
swarm dynamics can dramatically change. In the cases depicted in Figs.
6.7—-6.9, we see that, when more robots become courageous, they drive
the entire group to a courageous state. We note that for this behavior to
become noticeable we artificially and arbitrarily should set for the
courageous robots the trait of personality 7i, “courage,” to 1 and the
other two traits to zero.

Figure 6-7 State of the simulation when two robots turned courageous.
Reproduced from [21] © S. Givigi and H. M. Schwartz.
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Target

Figure 6-8 State of the simulation when five robots turned courageous.
Reproduced from [21] © S. Givigi and H. M. Schwartz.

Target

Figure 6-9 State of the simulation when 10 robots turned courageous.
Reproduced from [21] © S. Givigi and H. M. Schwartz.

The last interesting behavior that we want to discuss is how some robots
turn around and follow other more courageous robots, that is, they wait
until the courageous robots take the lead and then follow them. Figure 6-
10 shows one robot that turned back and is waiting until a more
courageous one passes by so it may follow the latter. The reason why this
happens is that the traits of personality “fear” and “cooperation” are
much bigger than the trait “courage.” Therefore, the robot is (a) afraid of
being shot and (b) wanting to share the risk with other robots.
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Robot waiting
for a more
courageous one

Figure 6-10 Robot waiting for a more courageous robot. Reproduced
from [21] © S. Givigi and H. M. Schwartz.

Target

6.11 Conclusion

This chapter has presented a unique method of modeling and controlling
a swarm of robots. It integrates ideas from game theory and incorporates
the novel use of adaptive personality features to achieve an intelligent
swarm. Three different simulations have been presented. Each simulation
scenario highlights a different aspect of swarm intelligence using game
theory and adaptive personalities.

The first simulation illustrated how two agents or robots can play a zero-
sum game and how the agent/robot personalities would converge to the
Nash equilibrium. A proof of convergence theoretically validated the
method. The second simulation is an example of three robots that must
cooperate in leaving a room. We showed how the proposed method could
achieve optimal performance. Furthermore, one robot converges to the
“always walk” condition, another converges to the altruistic “always wait”
condition, and the third converges to the mixed 50% wait and 50% walk
strategy.

The third simulation illustrated how the proposed method could be used
to locate a target. The effect of different robot personalities on the
performance of the swarm was shown. Cooperative robots tend to huddle
into a tight swarm, whereas more courageous robots leave the swarm and
lead the pack. We also demonstrated that the swarm was resilient to
spurious individuals. By fixing some individuals as “aggressive,” we
showed that it takes up to half of the swarm to change the resulting group
behavior. This is an important result because malfunctioning robots must
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be dealt with.
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