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Preface

Boundary integral equation methods are among the most powerful and elegant
techniques developed by analysts for solving elliptic boundary value problems.
Applied to a wide variety of situations in mathematical physics and mechanics,
these procedures have the great advantage that they deliver the solution in closed
form, which is very helpful for numerical computation.

It may be surprising, but the construction of boundary integral methods in two-
dimensional cases is, as a rule, more difficult than in higher dimensions. This
anomaly stems from the growth of the relevant fundamental solutions in the far
field and their variable sign in the domain where they are defined, which may give
rise to “pathologies”. Because of these drawbacks, such problems have largely been
neglected in the literature, being passed over in articles and books with the general
remark that their treatment is similar to the handling of their three-dimensional
counterparts.

This book gives a full yet succint description of four indirect and two direct
methods in application to the interior and exterior Dirichlet, Neumann and Robin
problems for the Laplace equation (Chapter 1) and the systems governing plane
strain (Chapter 2) and bending of thin elagtic plates (Chapter 3). In Chapters 1
and 2 the discussion is complete, to allow the reader to see both the common
features and the differences arising in the construction of integral representations for
the solutions of a single equation and a system of equations. By contrast, Chapter 3
goes only as far as setting up the necessary tools (plate potentials, boundary integral
operators, characteristic boundary matrices) and leaves out the solvability proofs,
which, with the obvious changes, would simply duplicate those given for plane
strain. In Chapter 4 the various direct and indirect techniques introduced earlier are
compared and contrasted in order to establish which one is the most suitable for
numerical approximations.

The highly technical details that are essential in the study of the behaviour and
properties of potentials near the boundary—what one might call “microanalysis”™—
are gathered together in a rather substantial Appendix at the end; these details are
for the benefit of the reader who wants to know not only how, but also why the
methods work.

Parts of the book are based on results published previously in [7]-[15].
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Chapter 1
The Laplace Equation

1.1. Notation and prerequisites

Let S* be a finite domain in R? bounded by a simple closed C2-curve 5, and let
S~ =R?\ (St UAS). We denote by = = (z1,72) a generic point in R? referred to
a Cartesian system of coordinates with the origin in S, and by v(z) the outward

(with respect to ST) unit normal at x € 85. We use the notation
6,,@) = 8/31/(11), 85(_,5) = (’)/as(ar)

for the normal and tangential derivatives at z € 05, respectively.
If v is a function defined in a domain that includes 85, then we denote the
restriction of u to 8S by ulgs. However, for the normal derivative of u on 9.5 we

simply write 8,u, since J, is itself a boundary operator.

1.1. Definition. A function f defined on 5t = S+UAS is called Holder continuous
(with index o € (0,1]) on S* if

[f(z) = f)| < clz - yl™ for allz, y e S, (1.1}

where ¢ = const > 0 is independent of z and y and

o ol = [(@1 = 92)? + (@2 = v2)"] /",
If f is defined on S~ = S~UAS, then (1.1) must hold on every bounded subdomain
of §-. In this case the constant ¢ may vary with the subdomain.

We denote by C%*(51) the vector space of all Holder continuous (with index o)
functions on S+, and by C1¥(S*) the subspace of C*(S+) of all differentiable
functions whose first order derivatives belong to C%®(S*). The spaces C**(57),
Ch(8) and C®*(8S), C1*(8S) are defined similarly.

Here we present a brief review of some concepts and results that are necessary in
what follows. A complete discussion and full proofs can be found in the Appendix.

Let x(z) be the algebraic value of the curvature at x € 9S. Since dS isa C?-curve,
we can define

Ko = max |s(z)].
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We set
q = 4max{2xo, K3l},

where | = |05 is the length of 85, and introduce the boundary layer
So={ze R?: z=¢+ov(é), £€08, lo| < %min{%, K,al, (2q)_1}}.

1.2. Definition. A two-point function k(z,y) defined and continuous for all x € Sy
(x € 8S) and y € 5, © # y, is called a y-singular kernel in Sy (on 85), v € [0, 1],
if there is an a = const > 0, which may depend on 35, such that for all z € Sy
(z€0S),z#y,
|k(z, y)I < alz —y|™".
If, in addition,
|k(z, y) — k(= 9)l < alz - 2’ {z -y}

for all z, ' € Sp (z, 2’ € 8S) and y € OS5 satisfying
0<|z—2'] < iz —yl,
then k(z,y) is called a proper y-singular kernel in S (on 95).

We extend this definition to two-point matrix functions by requiring each com-
ponent of the matrix to satisfy the necessary properties.

1.3. Theorem. (i) If p € C(95) and k(z,y) is continuous in Sy x 0S and such
that grad(z)k(z,y) s a proper y-singular kernel in Sp, v € [0,1), then the function
defined by

(o)) = [ k(z,y)e(y)ds(y), z € So,

88
belongs to C1*(8y), with @ =1 —~ for v € (0,1) and any a € (0,1) fory =0.

(i) If p € C(8S) and k(z,y) is continuous on 0S xS and such that (0s(z)k)(z, y)
is a proper y-singular kernel on 85, v € [0,1), then the function defined by

(o) (2) = / k() p(y) ds(y), = € S,

belongs to C1¥(8S), witha =1 — for v € (0,1) and any a € (0,1) for y= 0.

It is clear that if the smoothness properties of k with respect to x extend beyond
So in Theorem 1.3(i), then so do those of v%¢.
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1.4. Theorem. (i) If p € C(8S), then the functions defined by

(vp)(z) = / (nfz - yp(y) ds(y), = € R,
as

(w0 (z) = / (25 — yp)(zs - vs)lw — y| Po(y) ds(y), @€ R,

88

(050)(a) = [ Do (2~ y) nle ~ wl)]oly) dsty), v € R
as

)@) = [ ot (@ = ) e~ )ty dsto), o € B,
85

belong to C**(R?) for any a € (0, 1).
(i) If ¢ € C*=(8S), a € (0,1), then the function defined by

050)(2) = [ [0 (@~ ) s ~ )l =l )]l dsto), o € R
. ) A o
belongs to C%*(R?).
(iit) If ¢ € C%*(889), a € (0,1), then the functions voyp, 1)5’35090, VG0®s vgocp and
VG50 defined as in (i) and (ii) bt with z € 93 belong to C1*(9S).
(iv) If ¢ € CY2(8S), a € (0,1), then the restrictions of the function defined by

(o)) = [ @uiynle - spl)dstw). = e S*UST,
a8

to St and S= are C%“-extendable to ST and 5, respectively.

(v) If o € CO2(8S), a € (0,1), then the function wop defined as in (iv) but with
z € 0S exists in the sense of principal value uniformly for all x € S and belongs
to CL(98).

(vi) If o € C%*(38), a € (0,1), then the function defined by

(079)@) = [@u1nle = s dsty), w5t US,
88

is C%* _extendable to R?.
(vii) If ¢ € C*(8S), a € (0,1), then the function v{y defined as in (vi) but with
z € 8S ezists as principal value uniformly for all x € 3S and belongs to C0*(8S5).
(viii) If ¢ € C12(88), a € (0,1), then the function U({(p defined in (vii) belongs
to C12(8S).
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(ix) If p € C®*(8S), € (0,1), then the restrictions to ST and S~ of the function
vy defined in (i) are CLe_egtendable to St and S, respectively.

(x) If p € CH*(DS), o € (0, 1), then the restrictions to St and S~ of the function
w defined in (iv) are C1*-extendable to St and S—, respectively.

We now discuss briefly a few concepts of functional analysis, which will enable us
to solve the boundary value problems stated later in §1.2. Once again, fuller details
and proofs can be found in the Appendix.

Let z and ¢ be the complex numbers corresponding (in the usual way) to the

points = and y in R2.

1.5. Theorem. C%*(8S), o € (0,1), is a Banach space with respect to the norm
defined by

Holla = “‘10”00 + llas

where

llelleo = sup lp(2)1,
z€05

_ gy l(2) (O]
Iolo = SUp LTl
27

1.6. Definition. Let X and Y be normed spaces. A linear operator K : X — Y is
called compact if it maps any bounded set in X into a relatively compact set in Y

(that is, a set in which every sequence contains a convergent subsequence).

1.7. Theorem. If k(z,() is a proper y-singular kernel on 05, v € [0,1), then the
operator K defined by

(K)(z) = / Bz, Op(¢)de, =€ DS,

a5

is a compact operator from C®*(9S) to C0%(8S), witha = 1—v for y € (0,1) and
any o € (0,1) for y=0.

1.8. Remark. In the Appendix it is shown that the kernels of the integral op-
erators vp, v, 1);’350, Vg0, 'ugo, vGso and wo in Theorems 1.3(i1) and 1.4(iii),(v) are
proper y-singular on 8.5, v € [0, 1); consequently, by Theorem 1.7, the corresponding

operators are compact. Such operators are called weakly singular.

NOTATION AND PREREQUISITES 5

1.9. Definition. Let X and Y be two vector spaces over C. A mapping
(,): XxY=C

is called a non-degenerate bilinear form if

(i) for any @ € X, ¢ # 0, there is ¢ € Y such that (¢, 1) # 0, and for any ¢ € Y,
¥ # 0, there is ¢ € X such that (p,9) # 0;

(ii) for any 1, w2, @ € X, 91, 2, p €Y and a1, az € C

(@11 + 22, ¥) = a1(p1, ) + a2, ),
(10, crpr + aaha) = (@, 1) + a2(ip, ¥a).

1.10. Definition. By a dual system (X,Y") we understand a pair of normed spaces
X and Y together with a non-degenerate bilinear form (-,-): X x Y — C.

1.11. Definition. Let (X,Y) be a dual system with bilinear form (-,-). Two op-
erators K : X = X and K* : Y — Y are called adjoint if for all ¢ € X and
PeY ‘o

(Ko, 1) = (10, K*9).

1.12. Remark. It is shown without difficulty [2] that if an operator K : X — X
has an adjoint K*:Y — Y in a dual system (X, Y), then K* is unique, and both

K and K* are linear.

1.13. Definition. Let (X,Y) be a dual system with bilinear form (-,-), K : X — X
an operator that has a (unique) adjoint K* : Y — Y, I the identity operator (which,
for simplicity, is denoted by the same symbol regardless of the space where it acts),

and w € C, w # 0, and consider the equations

(K-wle=f, feX, (K)
(K*—wl)yp =9, gevy, (K*)

together with their homogeneous versions (Ko) and (K). We say that the Fredholm
Alternative holds for K in (X,Y) if either

(i) both (Kg) and (K}) have only the zero solution, in which case (K) and (K~)
have unique solutions for any f € X and g € Y, respectively, or

(ii) (Ko) and (K3) have finitely many linearly independent solutions {¢1,.. ., On }
and {¢1,...,%n}, in which case (K) and (K*) are solvable, respectively, if and only
if

(f’wi):oi (g,(Pz):O, Z"—‘l,...,’ll.
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1.14. Theorem. If (X,Y) is a dual system and K : X — X a compact linear
operator that has a (unique) compact adjoint K* : 'Y - Y, then the Fredholm
Alternative holds for K in (X,Y).

The proof of this assertion can be found, for example, in the monograph [2].

1.15. Corollary. If K is o weakly singular integral operator {see Remark 1.8),
then the Fredholm Alternative holds for K in the dual system (C%(8S), C**(8S)),
a € (0,1), with the bilinear form

(p,9) = / POV e, o, 1 € CO%(DS). (12)

as

The Fredholm Alternative does not hold in general for operators with proper
I-singular kernels on 85, called (strongly) singular operators. However, there is a

class of such operators for which the assertion remains true.

1.16. Definition. An operator K : C%%(3S) — C%*(8S), a € (0,1), is called

a-reqular singular if it is defined by an expression of the form

(Ko)(z) = / O~ 2 p(Q)dl, 7€ 05,
a8

where k(z,¢) belongs to C%*(9S) with respect to each variable, uniformly relative

to the other one, and satisfies the inequality
(2, Q) = k(< , Q) < lz = ||z = (|77, ¢ = const >0,

for all z, 2/, ¢ € S such that 0 < |z — 2’| < |z — ¢|. (The value of k(z,¢) at z=¢

may also be understood in the sense of continuous extension.)

1.17. Definition. Consider the equation (K) with X =Y = C%%(45), a € (0,1),
and the bilinear form (1.2). Also, suppose that K is an a-regular singular operator
and that

—w+ mik(z,2) #0 for all z € 9S. (1.3)

The number

—w — mik Z,Z
0 "__(_)] ’
a5

= —lar -

an |18 —w + mik(z, z)
where [9(2)]35 denotes the change in 6(z) as z traverses 85 once anticlockwise, is
called the indez of the operator K (or of the equation (K)).

THE FUNDAMENTAL BOUNDARY VALUE PROBLEMS 7

If (K) is & matrix equation where ¢ and f are (n x 1)-vectors, then k€ Mysn,
the modulus on the left-hand side of the inequality in Definition 1.16 is underston:d

to apply to each component of k, condition (1.3) becomes
det [ — wE,, + mik(z, z)] #0 forall z €8S

and the index is defined as [20]

14

1 [a det ( ~wk, — nik(z, z)) ’ (1.4)

= — I‘g =
27 det, ( — wEy, + mik(z, z)) 85
where F,, is the identity (n x n)-matrix.

1.18. Remarks. (i) It can easily be verified that the index of the adjoint operator
K* (or of the adjoint equation (K*)) is —¢.
(ii) Any weakly singular operator (see Remark 1.8) is a-regular singular for any

o € (0,1) and satisfies k{Z, z) = 0. The proof can be found in the Appendix.

1.19. Theorem. If K is an a-reqular singular operator, o € (0,1), of indez zero,
then the Fredholm Alternative holds for K in the dual system (CO‘“(BS), Ch(85))
with the bilinear form (1.2).

1.20. Remark. In {20] it is shown that if the Fredholm Alternative holds for the
operator K in the complex system (C%®(dS), C%*(85)), then it also holds for it
in the real system (C%(85), C**(8S)), provided that we restrict ourselves to real
solutions of (K) and (K*), where K* is the real adjoint of K.

1.2. The fundamental boundary value problems

We denote by A the vector space of functions » in S~ which, in terms of polar

coordinates 7, f, satisfy the asymptotic relations
u(r,0) =0@™Y, (Bu)(r,8) =0 asr— oo, (1.5)

uniformly with respect to §, where 8, = 8/0r. We also define A* = A R. lo
what follows, any function written symbolically as ! or U*" belongs to A or A*,

respectively.

1.21. Definition. Let P, @, K, R, S, £, 0 € C(8S5) be prescribed functions, with
o > 0. The interior and exterior Dirichlet, Neumann and Robin problems are

formulated as follows.
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(D) Find u € C2(S*) N CY(SH) such that
Au(z) =0, z€S8T, and u(z)="P(z), zcds.
(N') Find w € C?(S*)n C*{(S*) such that
Au(z) =0, xSt and (u)(z)=Qz), zcas.
(R*) Find v € C?(ST) N CY(St) such that
Au(z) =0, z€St, and (Ju+ou)(z)=K(z), =zcds.
(D7) Find u € C%(S7)NC*(S™) N A* such that
Au(z)=0, ze€S 7, and u(z)=R(z), =z¢€ds.
(N7) Find v € C%(S7)NCY(S™)N A such that
Au(z)=0, ze€S57, and (Qu)(r)=S5(z), z€ds
(R™) Find u € C2(S™)NCY(§7) N A* such that
Au(z)=0, €857, and (fu—ou)(z)=L(z), ze€as.

1.22. Remark. Considering the Laplace equation does not restrict the generality
of the problems since the non-homogeneous (Poisson) equation can be reduced to
the homogeneous one by means of a particular solution (constructed, for example,

in terms of an area potential [16]).

1.23. Definition. A function u satisfying any of the above six sets of equations and
conditions is called a regular solution of the corresponding boundary value problem.
Since there is no danger of -ambiguity, from now on we use the term solution, for
short.

In the case of (N*) the boundary data must satisfy a necessary condition of

solvability.
1.24. Theorem. If (N') and (N7) are solvable, then

/st=0, /Sds=0,
as

as

respectively.

GREEN’S FORMULAE 9

Proof. The divergence theorem states that, for a smooth function F,

/didea:/F-Vds.

S+ as

If u is a solution of (NT), then, by the divergence theorem,

0= /Auda = /div(gradu) da = /(gradu) cvds = /Byu ds = / Qds.
S+ 5+ as as

as

If u is a solution of (N7), then we consider a disk K of radius R sufficiently large
5o that S+ lies strictly inside Kg, and apply the divergence theorem in $~ N Kp.
Since the boundary of this domain consists of 85 and the circle @K g, and since the
outward normal on 8 in this case is directed into ST, we find that

0= / Auda=<“/+ / >8yuds. (1.6)
L

S-NKg as 6Kn
In terms of polar coordinates with the pole at the centre of K, the second integral
on the right-hand side above can be written as

2

/(8RU)R das.

0
Since u € A, from (1.5) we deduce that the integrand is O(R™'), so, as R — oo,
(1.6) yields the desired equality for S.

1.25. Definition. A solution u of the Laplace equation Au = 0 in SF (57) is
called a harmonic function in S* (S7).
1.3. Green’s formulae

In the theory of boundary value problems for the Laplace and other elliptic equa-
tions a fundamental role is played by the so-called Green’s identities and Green’s

representation formulae.

1.26. Theorem. Ifu,w € C*(ST)NnCYSH), then

/uAv da + /(grad u) - (grad v) da = /u@,,v ds, (1.7)
5+ 5+ as
/(uAv —vAu)da = /(u@uv — vdyu)ds. (1.8)
S+ as
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Proof. Since
div(ugrad v) = (grad u) - (grad v) + uluw,
u(grad v) - v = ud,v,

we apply the divergence theorem to u(grad v) and establish the first identity. Inter-

changing u and v in it, we obtain
/ [vAu + (gradv) - (grad u)] da = /vr?,,u ds,
5+ as

and subtracting this from the first identity, we arrive at Green’s second identity.

1.27. Corollary. (i) If u is harmonic in S*, then
/ | grad u|? da = /u@vuds.
S+ 88
(ii) If v € A* is harmonic in S—, then
/ |grad u|? da = —/ udyuds.
5- s

Proof. (i) This assertion follows immediately from (1.7) with v = u.
(ii) Consider a disk Kp of radius R sufficiently large so that St lies strictly
inside Kg. Applying (i) in S~ N Kr and noting that the outward normal on 95 is

now directed into S*, we obtain

/ | grad uf? da = (—/+ / )ua,,uds.

S—NKgr 85 BKnp

Since u € A*, it follows that, by (1.5), the second integral on the right-hand side is

of the form

27
/[O(R'l) + const] O(R™?)R df;
0
hence, this integral tends to zero as R — oo, which leads to the desired formula.
It is well known that the two-point function

9(z,y) = —(2m) 'In|z - y| = g(y, 2)

GREEN’S FORMULAE 11
is a fundamental solution for the operator —A; that is,
A((2m) Iz — y) = 8(Jz - ),

where ¢ is Dirac’s delta distribution. Using g(z,y), we can now derive Green's

representation formulae for harmonic functions in S*.

1.28. Theorem. (i) If u is harmonic in S*, then

w(z) €St
/ [9(z,1)(B,w)(y) — w(Y)(Buiyy9)(z, )] ds(y) = lu(z) ze€ds,
as 0 re ST,
(ii) If v € A is harmonic in S™, then
0 rc ST,
- [ 180 )(0)) - w0 Guipa)w 1)) dote) = | Jule) = e 5,
88 u(x) ze ST,

Proof. (i) Let z € S5, and let o, . be a disk with the centre at z and radius ¢
sufficiently small so that &, . lies strictly inside S*. By Green’s second identity in
S+\ o, with v(y) = g(z,7),

0= (/+ / ) [!](ﬁv,y)(ayu)(y) — (3,,(y)g)(z,y)u(y)] ds(y). (1.9)
as

B0y, e

Using polar coordinates with the pole at z and noting that the outward normal on

J0g ¢ is directed into o, ., we find that on do,
(au(y)g)(xu y) = "(2'")—181/(1;) In l-'E —yl= (27")—1(6r 1nr)‘T=6 = (27")71571:

s0 the integral over do, ¢ in (1.9) becomes

2T

n) [ [ne)@ae,0) — e ute, e s

0

which tends to —u(z) as e = 0. If z € 38, then we need only the approximation

of a half-disk to isolate z, and the limit is —1u(z) (see the Appendix). If z € §~,

then In |z — y} is harmonic in S* and we do not need to make use of Oz
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(ii) For = € S~, consider a disk Kp with the centre at z and radius R sufficiently
large so that S+ lies strictly inside Kg. By (i) applied to S~ N Kg,

(_ / + / > [9(z, 1)(8,u) (y) = u(y)(Bu(y9)(z,¥)] ds(y) = u(x),
88

OKp

where we have taken account of the fact that for this domain the outward normal
on S is directed into S*. Since u € A, using (1.5) and polar coordinates with the
pole at z, we see that for R large the second integral on the left-hand side in the
preceding equality is of the form

2
/ [(lnR)-O(R™*)+O(R™")- R™|Rd8,

0

which means that it vanishes as R — oo, yielding the required formula. Similar
arguments are applied when z € 85 or z € St

1.4. Uniqueness theorems

Before we solve the boundary value problems set out in §1.2, we need to know how

many solutions we should expect in each case.

1.29. Theorem. (i) Each of (D), (RT), (D7), (N7) and (R7) has at most one
solution.

(ii) Any two solutions of (N*) differ by a constant.

Proof. The difference u of any two solutions satisfles the corresponding homoge-

neous boundary value problem. Thus, for (D*)
(Au)(z) =0, ze€S*, and u(z)=0, =z€ds
By Corollary 1.27(i), this leads to

/ | grad u|? da = 0,
s+
which, since u € C'(S1), implies that (grad u)(z) = 0, z € §F; therefore, u = const

in S+, and the homogeneous boundary condition tells us that u = . The argument

is similar for (D7), where we make use of Corollary 1.27(ii).
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In the case of (N), u still satisfies (gradu)(z) = 0, z € S*, but we end up with
u = const in St because the boundary condition (d,u)(z) = 0, = € 35, offers no
additional information. By contrast, in (N~) the constant must be zero since u € A.

The homogeneous boundary condition of (R*) can be written as
(Bpu)(z) = —(ou)(z), =€ I8,

and from Corollary 1.27(i) it follows that

e / | grad u|? da + / oulds = 0;
s+ as

since o > 0, we conclude that u(z) = 0, z € S*. The same is true in (R~), where

we operate with Corollary 1.27(ii) and the houndary condition
(Ouu)(z) = (cu)(z), =z € dS.

The following statemerit is almost obvious, but we mention it as a separate item

because of its frequent use in the solution of the boundary value problems.

1.30. Corollary. (i) Ifu+c, ¢ = const, is a solution of the homogeneous problem
(D7) or (R7), then c =0 and u™ =
(ii) If u € A is a solution of (D) with boundary data ulss = ¢ = const, then

c=0, u=0.

Proof. (i) By Theorem 1.29(i), the zero solution is the only solution of the homo-
geneous problem (D7) or (R7) in A*; hence, u + ¢ =0, s0 c = —u? = O(r~1).
This implies that ¢ = 0, which, in turn, yields u? = 0.

(ii) The assertion follows from (i) since u — ¢ is a solution of the homogencous

problem (D7).

1.31. Remark. The existence of at most one solution can also be proved for (D¥)
under the less stringent requirement that the solutions should be only C(S*). The
proof is based on the maximum principle (see, for example, [25]). Since we wanted
to make use of Green's identities (by symmetry with the argument used for systems
in Chapters 2 and 3, where a maximum principle is not available), we asked the

solutions to be differentiable up to the boundary.
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1.5. The harmonic potentials

Certain functions play a fundamental role in the solution of boundary value prob-
lems by means of boundary integral equation methods. In this section we briefly

review these functions and their main properties. More details can be found in the

Appendix.
1.32. Definition. The single-layer and double-layer potentials are defined, respec-
tively, by
(Vo)) = [ gl oty dsty), (1.10)
as
Wi)(e) ~ [ o) u)ply) dsta), (111)
as

where @ and ¥ are density functions with suitable smoothness properties.

1.33. Theorem. Let p, 3 € C(3S), and let p be the linear functional on C(8S)

defined by
Py = /cpds.
8s
Then
(i) Vo € A if and only if pp = 0;
(il) Wy € A.

Proof. For y fixed, as |z| > oo

Injz —y|=Inlz|+ Z A (0,y)r T,

n=1

(1.12)
[ee]
-yl = (B, )L
H y
n=1

where (r,8) are the polar coordinates of x and each of A, and p,, is a finite linear

combination of products of various powers of y; and y, with coefficients of the form
ks,

a, + z:(b';1 coslf + ¢l sinlf), an, b4, ¢, = const; (1.13)
1=1

for example,

A1 = ~(y1cos0 4+ yasinf), puy =1, etc
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Noting that

By Inlz — yl = —[(z1 — y1)v1(y) + (z2 — y2)ra(y)] |z — y| >

and replacing (1.12) in (1.10) and (1.11), we find that

(V)(r,0) = —(21) "} (pw) + Zan ,
(1.14)
g (W) (r,0) = Zﬂn n,

with the ap, and B, of the form (1.13). The theorem now follows immediately from
equalities (1.14).

1.34. Theorem. (i) If ¢, ¢ € C(8S), then (V)(z) and (W)(z) are analytic at
allz € STUS™ and

A(Vo)(z) = AWy)(z) =0, zcSTUS™.

(i) If @, b € CO*(DS), a € (0,1), then the direct values Voo and Woth of Vo
and Wi on 8S exist (the latter as principal value). Also, the operators V* defined

by
=(Volls+, YV eo=(Veo)ls-

map C%%(8S) to CH*(S%), a € (0,1), respectively, and
8,(Vrp)= (Wg +3D)e, 0.0V 9) = (W5 —31)¢, ¢eC(dS), (1.15)

where I is the identity operator and W is the adjoint of the direct value operator

W, defined (in the sense of principal value) by
Wio)a) = [ Gu9)@v)elw) dsty), @ € 05 (1.16)
as
(iii) The operators W* defined by

(Wi)|s+ in S*, W = { (Wi)ls- in S,

(Wo— 1) on S, (Wo+ 1Dy onas 17

Wy = {
map C%*(88) to T®*(8§%) and C1*(8S) to C1*(S5%), a € (0,1), respectively, and

8,(Wry) =8, (W), e Ch(dS). (1.18)
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(iv) The operator Wy maps C**(85) to C1*(dS), a € (0,1).

The proof of these statements is based on Theorem 1.4 (see the Appendix), since
Vi = (2n)" (vp), Wi = (2m) "} (wy).

1.35. Remarks. (i) In Theorem 1.34, the derivatives on 85 of functions defined
in S* or §~ are one-sided.

(i) Obviously, A(Vte)(z) =0,z € ST, and AV p)(z) =0,z € S™.

(iii) f V¥ = V= = 0, then, by (1.15), v = 0.

(iv) In view of Theorem 1.34(ii),(iii), Green’s representation formulae for a har-
monic function u in ST and a harmonic function u € A in S™, respectively, can now

be written as

V+(6,,u) - W+ (ulas) = U,

(1.19)
%8 (8,,'11) — W™ (ulas) =0
and
— V7 (O,u) + W (ulss) = u,
1.20
-V (0,u) + W (ulgs) = 0. (1:20)
(v) From (iv) with u = 1 it follows that
Wrl=-1, Wol=-§, W1=0.
(vi) Equality (1.18) enables us to define a boundary operator
Ny : C1(88) = C**(dS)
by setting
Nop = 8,(Wh) =8, W), e Ch*(88S). (1.21)

In accordance with Theorem 1.34(ii),(iit), in what follows we use the notation
(VE@)los = Vie = Vow,  (WH)los = Wiy = (Wo F D). (1.22)

From now on in this chapter we assume that the boundary integral operators Vp,
Wo, Wg, Wo = %I and W§ & %I are defined on C%%(85), while Ny is defined on
C1*(98), o € {0,1). Any other arrangement will be mentioned explicitly. To avoid
cumbersome notation, we also write, for example, AU = 0 instead of the longer
version (AU)(z) = 0, z € S*, when U* is a function defined in S*. The same is

done in the case of functions defined on S—, 85 and R2.
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1.6. Properties of the boundary operators

The boundary operators introduced in Theorem 1.34(ii),(iii) and Remark 1.35(vi)
have a number of very important properties, which we use extensively in the solution

of the boundary value problems.
1.36. Theorem. Vy, Wy, W5 and Ny satisfy the composition formulae

WoVo = VoWg, NoVo=Wg? =11 onC**(3S), (1.23)
j NoWo = WiNo, VoNo=W¢ -1l onC(959). (1.24)

Proof. Let ¢ be arbitrary in C%*(85). By Theorem 1.34(ii), we can write

Vi o = Vo = B € CL%(85),

(1.25)
(V) = v e C"*(3S).

Since V* ¢ is harmonic in S, it admits the representation (1.19), which, by (1.25),
becomes o
Vip=Vty-Wwta (1.26)

All the terms in (1.26) belong to C1*(S%), so we can take their normal derivatives
on 08 to obtain (in view of (1.25), (1.15) and (1.21))

v =(Ws + 30)7 = Nop,
or
No = (W = 3D)r. (1.27)

Similarly, by (1.17), restricting (1.26) to 05 yields

g = Voy — (Wo — %[)ﬂ,
or

(Wo + 118 = Vyy. (1.28)
On the other hand, using (1.15)1, we can write (1.25)2 as

7= (W3 + 3Dy, (1.29)
Replacing § and v from (1.25); and (1.29) in (1.27) and (1.28), we find that

No(Vow) = (Wg — 31)(Ws + 5D,
(Wo + 31)(Vap) = Vo(W5 + 3o,
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from which the arbitrariness of ¢ in C%(48S) produces (1.23).
Equalities {1.24) are derived similarly, the argument being based on the harmonic
function Wt with 1 arbitrary in C1*(8S).

1.37. Theorem. If there is a function ¢ € C%*(8S), ¢ # 0, such that

(Ws + 3¢ =0,
then
VYo = ¢ =const, pp #0. (1.30)

Proof. By (1.15);, (Wg + 1)y = 0 implies that 3, (V*y) = 0. Hence, Yty is a
solution of the homogeneous interior Neumann problem, so from Theorem 1.29(ii)
we obtain (1.30);.

Suppose now that pp = 0. Then, by Theorems 1.33(i) and 1.34(i),(ii), V"¢ is a

solution of the exterior Dirichlet problem

AV ) =0,
Vow=VYip=c
V7 p e A

hence, by Corollary 1.30(ii), V"¢ = ¢ = 0. Since we have also seen in (1.30); that
VYo = ¢ =0, we use Remark 1.35(iii) to deduce that ¢ = 0, which contradicts our

assumption; consequently, py # 0.

1.38. Theorem. (i) The null spaces of Wo — 31 and W§ — 31 consist of the zero
function.

(i) The null spaces of Wy + 31 and Wi + 1I are one-dimensional; they are
spanned, respectively, by 1 and a function ® € C**(8S) such that p® = 1.

Proof. (i) Let 99 be such that (W — 1I)ig = 0, that is,

/ (B(e19) (@ 9)%0(y) ds(y) — babo(z) =0, z < S,
as

Mulsiplying this equation by ds(z), integrating it term by term with respect to z
over 85, changing the order of integration and taking Remark 1.35(v) into account,
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we find that

0~ [ [y ds(m))%(y) ds) =} [[ote) asto
85

as as
- /(Wol)wods _ %/Tl)ods - —/wods -
a8 a5 as

Then, by Theorem 1.33(i), V™4 € A. Also, by Theorem 1.34(i),(iii), A(V 1) =0
in S~ and (W§ — %I)d}o = 0 is equivalent to

3
’ au(V_?ﬁo) =0,

50 V™ 9y is a solution of the homogeneous problem (N7). Since, according to The-
orem 1.29(1), this problem has at most one solution, we conclude that V=1, = 0.
Next, by (1.22);,
Vs tho = Votho = Vg 9o = 0.
In addition, A(V*g) = 0; hence, V¥4 is a solution of the homogeneous problem
(D). Again by Theorem 1.29(i), V*4o = 0, which, in view of Remark 1.35(iii),
means that iy = 0; therefore, the null space of W — %I consists only of the zero
function. By Theorem 1.14 and Remark 1.8, we can apply the Fredholm Alternative

and deduce that the null space of Wy — %I has the same property.
(ii) By Remark 1.35(v),

(Wo+ 31)a=0 for all a = const.

This implies that the dimension of the null space of Wy + %I is at least 1. By
the Fredholm Alternative, the same is true for W§ + %I; therefore, there is a non-
zero o € C%*(8S) such that (W§ + $I)po = 0. By Theorem 1.37, o satisfies
V+po = ¢ = const and pypy # 0.

Let ¢ be another function in the null space of W + %I. By the same argument

as above, Qg satisfies V¥ @g = ¢ = const and p@pg # 0. Since

p((p@o) o — (ppo)@o) = (p@o)(pwo) ~ (Po)(pFo) = 0,

we have

V* ((pPo) o — (peo)Po) = (p@o)e — (po)?, (1.31)
while V= ((p@o)wo — (po)@o) satisfies

(AV™) ((pBo)po — (peo)@o) = 0,
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Vi ((pho)en — (peo)Bo) = Vil ((pB0)eo — (peo)@o) = (Pfo)e = (Po)e,
V™ ((pBo)po — (ppo)do) € A.

By Corollary 1.30(ii),
V™ {(po) o — (po)Po) = (PPo)c — (ppo)é = 0.
From this equality, (1.31), and Remark 1.35(iii), it follows that

{(p@o)po — (Ppa)Po = 0.

Since p@o # 0, we can write

Po = (ppo)(pdo) ™' o,

which means that the null space of Wy + %I is one-dimensional and spanned by q.
Hence, the null space of Wy + %I is also one-dimensional and spanned by 1.

For convenience, without loss of generality, we choose g to be the unique function
® in the null space of W + LI which satisfies

(1,8) = p® = 1.

1.39. Theorem. (i) The null spaces of W& — 31 and W¢? — 11 coincide with those
of Wo + 31 and W§ + LT (that is, they are spanned by 1 and ®, respectively).
(ii) Now = 0 if and only if ¢ = ¢ = const.

Proof. (i) The result follows from the fact that, by Theorem 1.38(i),
(W§ = 5Dp = (Wo — 51)(Wo + 51)p) =0

implies that (Wo + %I)cp = 0, which, in turn, implies that ¢ = const.
The second part of the statement is proved by a symmetric argument.
(ii) If Notp = 0, then, by (1.24)2, ’

0= Vo(Noh) = (VoNo)sb = (Wg — 1),
and (i) yields 9 = const. Conversely, by (1.21) and Remark 1.35(v), for any ¢ € R
Nye = ¢(Nol) = 0, (WH1) = cd,(—1) = 0.

In the proof of Theorem 1.38(ii) we have shown the existence of a non-zero function
@ € C"*(8S) such that Vo® = const and p® = 1. This assertion can be sharpened

and used to define a certain characteristic of the boundary curve.
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1.40. Theorem. For every simple closed C?*-curve 8S and any o € (0,1), there
are a unique non-zero function ® € C%*(9S) and a unique constant w such thot

Vo =w, pd=1. (1.32)

Proof. As already mentioned, we have seen above that such a pair exists. To verify
that it Js unique, let <i>, @ be another pair with the same properties. Since V*® and
V+& are solutions of the interior Dirichlet problems with (constant) boundary data

w and @, respectively, from Theorem 1.29(i) it follows that

VId=w, VVé=u;
hence,

VH@ - ) =w—a.
Then, as p(® —®) =1 -1 =0 and
Vo (@ —0) =V (®-d)=w-0,

the function V= (®—®) € A is the (unique) solution of the exterior Dirichlet problem
with boundary data w — @ = const; therefore, by Corollary 1.30(ii),

50, by Remark 1.35(iii), & — ® = 0, as required.

1.41. Corollary. If Vo = ¢ = const, then ¢ = kw and ¢ = k® for some con-
stant k.

Proof. By (1.23)2 and Theorem 1.39(ii),
(NoVo)p = No(Voy) = Noc =0 = (Wg? — 11)¢,

and from Theorems 1.39(i} and 1.38(ii) it follows that ¢ = k®, k = const. Then, in
view of (1.32)q,
c = Vo = k(WV®) = kw.
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1.42. Remarks. (i) Because of the uniqueness of the solution of (D) and the fact
that A(Vt®) = Aw =0 (in §*) and Vi ® = Vo® = w, we have V& = w.

— 2w

(ii) The numbers 27w and e are called Robin’s constant and the logarithmic

capacity of 85, respectively [17]. For example, for a circle 8K i of radius R [18]

Vol = —(2m)71 / In|z —y|ds{y) = —RInR forallz €3S,

OKnp

2
plz/lds:/RdG:Z'irR,
0

a8
SO

P = (27rR)_1, w = —(27r)_1 InR

and the logarithmic capacity is R.
This means that if the logarithmic capacity of 85 is 1, then w = 0 and the null
space of the boundary operator V, contains non-zero functions. In fact, we can give

a full description of this space.

1.43. Theorem. If the logarithmic capacity of S is 1 (that is, w = 0), then the
null space of Vy coincides with that of Wg + %I. In all other cases, this space consists

of zero alone.

Proof. Suppose that w = 0. By Theorem 1.37, any function ¢ in the null space of
Wg + %I satisfies Vo = ¢ = const. By Corollary 1.41, this implies that ¢ = kw = 0,
so ¢ belongs to the null space of Vj. Conversely, if Voo = 0, then, using the

composition formula (1.23)2, we find that

0 = No(Vow) = (NoVo)p = (W5 — 1D)e,

which, by Theorem 1.39(i), implies that ¢ belongs to the null space of Wy + %I.
Suppose now that w # 0 and that Vo = 0, and consider the function

U™ =V (- (pp)®) + w(pe).

Since
p(o — (pp)®) = pp —pp = 0,

we have the asymptotic formula

U™ (z) = wipp) + UA(z) as |z] = oo.
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Also, since Vy = 0,

U= (z) = (Vop — (p9)(Vo®) + w(pp)) (z) = —w(pp) + w(pp) =0, €8S,

and Y~ is harmonic in S~. By Corollary 1.30(i),
wpp) =0, U™ =V (¢~ (pp)®) = 0.

In turn, this implies that py = 0 and Y~y = 0. Then, since Vi ¢y = Vo =0, we
deduce that Vtp = 0 as the unique solution of the homogeneous problem (D).
Remark 1.35(iii) now yields ¢ = 0.

1.44. Lemma. (i) If q is the functional defined on C(38S) by

q<p=/<I>tpds, (1.33)
as

then for any ¢ € C(8S)
9(Voyp) = w(py).
(i) For any v € C%(8S)

p(Wiv) = Wo(py) = —Lipy.
(ili) For any ¢ € C*(8S)
q(Wop) = —Lqv.

(iv) For any ¢ € CH*(8S)
p(Noy) = 0.

Proof. (i) Changing the order of integration, we see that

«%@=/w%wm:/@w(/mmeww@)wm

88 as as
:/</mmwwmm@0wmww>
a8s 88

= /(%‘P)wds = w/tpds = w(pp).
GRS a5
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(i) By (1.16) and Remark 1.35(v),

v = [ ([ Bui)(,9)00) ds(y) ) o)

= [ [@uws as@) wir) ast
as a8

= /(W01)1j; ds = (pyp)(Wol) = Wo(py) = f%pw.
a8

(iii) Changing the order of integration, we obtain

awor) = [ 8(2) ( [ @@ ds(y))dsm

as as

-/ ( [ @)@ asta) Jpt ast) = (75 ds
as

as oS

Since, by Theorem 1.38(ii), Wg® = ﬂ%@, we can write

o(Worh) = — L / Sy ds = — L.

a5

(iv) By the divergence theorem,

p(No) = p(0, (W) = /6U(W+¢) ds = /A(whp) da = 0.
a5 S+

1.7. The classical indirect method

First we discuss the interior and exterior Dirichlet and Neumann problems. We seek

the solutions of these problems in the form

u=W'yp for (DY),
=V for (N1),
u=WTp+ec for (D7),
u=V7¢ for (N7),

where ¢ = const.
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From the properties of V£ and W¥ in Theorem 1.34 and the boundary conditions
in each of these problems, it follows that the unknown densities ¢ and 1 must saticfy
the boundary integral equations

(Wo-ie=P  for (DY), (Pc)
We+i)p=0  for (N, W)
(Wo+ i)p=R—~c for (D7), (De)
(Wg - i)y =8 for (N7). (N

It is obvious that (D), (VG) and (Dg), (V) are mutually adjoint. Since
the kernels of these Fredholm integral equations of the second kind are weakly
singular (see Remark 1.8), the corresponding integral operators are compact and the
Fredholm Alternative can be applied in the (real) dual system (C%*(85), C%*(8S)),
« € (0,1), with the bilinear form

(v = [ s,

as

1.45. Theorem. (i) (Dg) has a unique solution o € CH*(8S) for any prescribed
P ¢ CLe(08).
Then (DT) has the (unique) solution

u=Who.

(i) (D) with ¢ = qR is solvable in CH*(dS) for any R € C1*(8S), and its
solution is unique up to an arbitrary constant.
Then (D7) has the (unique) solution (in A*)

u=W7p+gR,

where @ 1s any solution of (Dg).

(i) (NVJ) 4s solvable in C**(8S) for any Q € CO*(S) such that pQ = 0. In
this case the solution is unique up to a term of the form a®, where a 1s an arbitrary
constant.

Then (NT) has the family of solutions

u=Vtp+e,

where 1 is any solution of (Ng) and ¢ is an arbitrary constant.
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(iv) (NG) has a unigue solution ¢ € C**(3S) for any S € C**(8S).
Then, if pS = 0, (N7) has the (unique) solution (in A)

u=V .

Proof. (i), (iv) By Theorem 1.38(i), the null spaces of Wo — I and W§ — 31
consist of zero alone, so, by the Fredholm Alternative, (D) and (V) have unique
solutions ¢, ¢ € C%*(3S).

In the case of (D¢), since P € C1*(4S), from Theorem 1.34(iv) it follows that
Wop € CH(dS). Then ¢ = 2(Wpp + P) € C1*(95), which, in turn, means that
Wt e CH*(5+). Consequently, by Definition 1.21 and Theorem 1.29(1), u = We
is the (unique) sotution of (DF).

In the case of (MG), we apply p to both sides of the equation and make use of
Lemma 1.44(ii) to find that

pp = —pS.

Hence, if pS = 0, then pi) = 0, so V=9 € A. Since A(V~¢) = 0 and, by Theorem
1.34(ii), V-¢ € CL¥(§7), Definition 1.21 shows that u = V74 is the (unique)
solution of (N7).

(i) Since the null space of Wy + £1 is spauned by 1 (Theorem 1.38(ii)) and

(I,Q)Z/stszZO,
38

we conclude that, by the Fredholin Alternative, (Né”) is solvable in C%(0S). The
null space of W + 31 is spanned by ® (Theorem 1.38(ii)), so the solution of (V)
is unique up to a term of the form o®, where a is an arbitrary constant.
For any solution 1 € C%%(dS) of (W) and any ¢ = const we have A(VT¢+c) =0
and VT + ¢ € Ch*(5+), so
u=Vty+e (1.34)

is a solution of (N1). By Remark 1.42(i),
VYV (a®) = a(V¥®) = aw = const,
which is absorbed into the second (arbitrary) term on the right-hand side in (1.34).

(ii) If we take c = [ ®Rds = ¢R, then
a8

((I),Rfc):/@(’R—c)ds:q’R—c(p@):c—c:O,
as
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$0, by the Fredholm Alternative, (Dg) is solvable in C%*(dS) and, since the null
space of Wy + %I is spanned by 1, its solution is unique up to a constant term a. A«
in the case of (DY), ¢ in fact belongs to C*(85), which means that, by Theorem
1.34(ii1), W= € C12(§7). Also, AW~ ¢ + ¢R) = 0 and, by Theorem 1.33(ii),
W=¢ + qR € A*; hence, u = W™ + ¢R is the (unique) solution of (D). The
arbitrary term a in ¢ does not affect u since, by Remark 1.35(v), W™a = 0.

We now turn our attention to the Robin problems. We seek the solution of (RT)

in the form -
u="V*(p ~ (pp)®) + pp. (1.35)
Then the boundary condition (d,u + cu)(z) = K(z), z € 85, yields the boundary
integral equation
(W5 + 30 (0 = (p9)®) + o Vo(p — (p)®) + o (pp) = K. (RE)

Similarly, seeking the solution of (R7) as

u="V" (¢ - (pp)®) + po, (1.36)

we use the condition (8,u — ou)(z) = L(z), £ € 45, to arrive at the boundary
equation
(W5 — 30) (0 — (09)®) — aVo(p — (p0)®) — o (pw) = L. (RE)

Both (R{) and (Rg) are Fredholm equations of the second kind.

1.46. Theorem. Suppose that o € CV%(8S5), a € (0,1).
(i) (RE) has a unique solution ¢ € CO*(8S) for any K € C**(8S).
Then the (unique) solution of (RT) is given by (1.35).
(i) (RG) has a unique solution @ € C**(8S) for any L € C**(8S).
Then the (unique) solution of (R™) is given by (1.36).

Proof. The operators on the left-hand side of both (RE) and (Rg) map C%(2S)
to C%2(9S).
(i) Let @o be a solution of the homogeneous equation (R{), that is,

(W + L1) (00 — (p0)®) + Vo (o — (P00)®) + o (pwo) = 0.
Then V* ((po - (p(pg)CI)) + pyo is a solution of the homogeneous problem (R*), so

V* (o — (ppo)®) + ppo = 0. (1.37)



28 THE LAPLACE EQUATION

On the other hand, since, by (1.32)2, p(o — (ppo)®) = 0, from (1.22) and (1.37)

it follows that the function

U™ =V (o — (ppa)®) + peo
satisfies
AUT =0,
U |as = Volpo — (p0)®) + po = Vg (o — (ppo)®) + pyo = 0,
U™ (z) = p(po — (ppo)®) In|z| + ppo + UMz) = UA(z) + ppy  as |z} — oo.

By Corollary 1.30(i), we then have
poo =0, V(o= (ppo)®) =V 0 = 0;

also, from (1.37) it follows that YVt = 0, and Remark 1.35(iii) now yields ¢o = 0.
By the Fredholm Alternative, since the homogeneous equation (R&) has only the
zero solution, (R&) itself has a unique solution ¢ € C%*(85). The function u given
by (1.35) belongs to C1*(5%) and Au =0 (in S*), so u is the (unique) solution of
problem (R™).
(i) Let g be a solution of the homogeneous equation (R), that is,

(W — 3 {0 — (p20)®) — a V(o — (pp0)®) — a(ppo) = 0.
Then the function

U™ =V (po — (ppo)®) + ppo
satisfies
AU~ =0,

8,U™ — ald™ |ps = 0,
U™ (z) = p(po — (ppo)®) In|z| + ppo + UMz) = UM z) + ppo  as |z| = oo.
This is the homogeneous problem (R7), so, again by Corollary 1.30(i},
ppo =0, V (o~ (ppo)®) +poo =V o =0,
from which
Vo o = Voo = Vi po = 0.

Consequently, V1o = 0 as the unique solution of the homogeneous problem (D+).

From Remark 1.35(iii) we now conclude that ¢ = 0. Hence, by the Fredholm
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Alternative, (Rg) has a unique solution ¢ € C%%(3S). As in (i), u defined by
(1.36) satisfies u € CY*(S™) and Au = 0 (in S7). Since p(e — (pp)®@) = 0, it
follows that u € A*, so u is the (unique) solution of (R7).

1.8. The alternative indirect method

In the classical indirect method, the solutions of (D*) are sought in the form of
double layer potentials, and those of (NT) in the form of single layer potentials.
This gives rise to boundary equations where the integral operators have weakly
singular kernels. In the “alternative” method, the choice of form for the solutions
is the other way round. But when the solutions of (N*) are sought in the form of
double layer potentials, the equations on 85 for their densities have strongly singular
operators, which is not helpful. Consequently, this method makes practical sense
only for the Dirichlet problems, and we choose to solve (D) as an illustration.
We seek the solution of (D¥) as u = V*p. This leads to the boundary integral
equation
Vop =P. (DY)

1.47. Theorem. Ifw # 0, then (DY) has a unique solution ¢ € CO*(dS) for any
P e Ch(08), a € (0,1).
In this case,
u=VTep

is the (unique) solution of (D).

Proof. Applying Ny to both sides in (D}) and using (1.23)2, we find that any
solution of (D}) is also a solution of the equation

(Wg* — 11)¢ = NoP. (1.38)

According to Theorem 1.39(i), the null space of the adjoint operator W2 — é] is
spanned by 1. Since, by Lemma 1.44(iv),

(laNOP) = p(NOP) = 0>

the Fredholm Alternative implies that (1.38) is solvable in C"®(8S) and that its
solution is of the form ¢ = @g + a®, where g is any (fixed) solution and a is an

arbitrary constant. Then we can write

0= (W32 - 1) (po + a®) — NP = No[Vo(po + a®) — P],
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which, by Theorem 1.39(ii), means that

Vo(ipo + a®) — P = o’ = const.
Since Vp@ = w, this yields

Vowo —P =a —aw=qa", (1.39)
where a” is a constant that depends on the choice of ¢,. Now

Vo(wo = a"w ™' ®) = Voo — a” = P;
therefore,

¢ =g —a"w P = g — (Voo — Plw™'® (1.40)

is a solution of (DY) in C%*(8S). Its uniqueness follows from the fact that the
difference | — @2 of any two solutions satisfies Vo(wy1 — ¢3) = 0, which, according
to Theorem 1.43, implies that ¢ — g = 0.

Since VT € C12(5+) and A(VFy) = 0, it follows that u = YVt is the (unique)
solution of (D), independent of the choice of (y in its construction. This can also
be verified directly. If instead of o we take another solution @g of (1.38), then from
(1.39) we see that

Volipo — @o) = a” —a”,
and Corollary 1.41 yields

"

wo =@+ k®, o' =a"+kw
for some constant k. Hence, by (1.40),
0= —ad'wl® =@+ kd - (a" + kw)w 1 = @g — 3w 1.

The situation needs different handling when w = 0. Thus, since here ® cannot
help us make the necessary adjustment of the density of V* as above, we seek the
solution in the form

u=VYp+e, c=const.

Then the corresponding boundary integral equation is

Vop =P —c. (Ph)
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Applying ¢ to both sides of this equality and using Lemma 1.44(i), we find that

0 = w(pp) = q(Vop) = qP — c(ql) = qP — c(p®) = ¢P -,
S0

c=qP. (1.41)

1.48. Theorem. Ifw =0, then (D)) with ¢ given by (1.41) is solvable in C%*(3S)
for any P € CL*(8S), and its solution is unique up to a term of the form a®, where
a is an arbitrary constant.

In this case, the (unique) solution of (DV) is
u=V"(p) +qP,
where @ 18 any solution of (@X)

Proof. As before, we apply Ny to (ﬁz) Since, by Theorem 1.39(ii), Noc = 0, we
again arrive at equation (1.38). But now V@ = w = 0, so (1.39) is replaced by

Voo — P = a' = const,

where @y is any solution of (1.38). Applying ¢ once more, we find that o’ = —¢P,
which means that g is also a solution of (15]{); in other words, the sets of solutions
of (1.38) and (D}) coincide. Consequently, the solution of (D) is unique up to a
term a®, a = const.

Since for any solution ¢ € C%*(3S) of (D) we have Vtp € CH*(§+) and
AVt e + gP) = 0, the function u = V*yp + ¢P is the (unique) solution of (D*).
The arbitrariness a® in ¢ is eliminated by the fact that in this case V*® = w = 0.

1.9. The modified indirect method

The drawback of a non-unique solution for (D}) can be eliminated. Consider a

different fundamental solution for —A, namely,
6%(z,y) = 9w, y) + ¢, = const, (1.42)

and the corresponding modified single layer potential

(Voe)(z) = / (9, 9) + o) ds(y) = (Ve)(a) + clpw).  (1.43)
as
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Since the double layer potential remains unchanged under (1.42), we do not need to
append the superscript ¢ to its symbol. The same is obviously valid for the boundary
operators W and Np.

In what follows we use the notation V<* V% and Vi with the obvious meaning.
1.49. Theorem. If ¢ € C%%(8S), a € (0,1), ¢ # —w and Vfp =0, then ¢ = 0.

Proof. For ¢ € C%*(8S), we define the function

U™ =V = (pp)(V 2) + wipy).

From (1.43), (1.14), (1.32) and the assumption that Viy = 0 we see that i/~ is a
solution of the homogeneous exterior Dirichlet problem

AYUT =0,
U |as = Vip — (pp)(Vo®) +w(py) = 0, (1.44)
U (z) = ~(2m) " (pp) In [z| + c(pyp) + (27) 7 (p®) (pp) In |z] + w(pyp) + U ()
= U (@) + (c+w)(pp) as |z| - oo.
By Corollary 1.30(i), we then must have (¢ + w)(pw) = 0, and, since ¢ # —w, we

deduce that
py = 0. (1.45)

Thus, V¢ ¢ = V"¢, and from (1.44) and (1.45) it follows that V™ ¢ € A is the
solution of the homogeneous problem (D7); therefore, V=" = 0. Then Vyp = 0, s0
Y+ is the solution of the homogeneous problem (D), which means that V't = 0.
We now use Remark 1.35(iii} to deduce that ¢ = 0.

1.50. Theorem. The composition relations (1.23) and (1.24) remain valid if Vo
is replaced by V.

Proof. By (1.42),
Vop = V5 — c(py),
which, replaced in (1.23) and (1.24), written for ¢ € C>*(8S) and ¢ € CH*(d5S),

respectively, yields
Wo(Vse — clpw)) = V5 (W5 ) — cp(W5 ),
No(Vyp — c(pp)) = (Wg? = ;1)w, (1.486)
V5 (Now) — ep(Now) = (W5 — 11).
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Since, by Remark 1.35(v),

Wo(c(pp)) = clpe)(Wol) = —clpy),

by Lemma 1.44(ii)
cp(Wyp) = —5¢(pe),
by Theorem 1.39(ii)
No(e(pp)) = c(pp)(Nol) =0,
and by Lemma 1.44(iv)
cp(Nop) = 0,

the desired equalities follow immediately from (1.46).

For simplicity, in this section we continue to quote the composition formulae as
(1.23) and (1.24), but we understand them with V instead of V.

We now seek the solution of (D¥) in the form u = V¢ with ¢ # —w chosen a
priori, so the problem reduces to the solution of the Fredholm equation of the first
kind

Voo ="P. (Dyy)

1.51. Theorem. IfP € C»*(8S), a € (0,1), then (Dy;) has a unique solution
w € C%*(8S). In this case,
w= V%

is the (unique) solution of (D).

Proof. We follow the general scheme used in the proof of Theorem 1.47.
Applying Ny to (Dyy), in view of (1.23)2 we find that any solution of (Dyy) is also
a solution of the equation
(W5? ~ 31w = NoP. (1.47)

Since the null space of the operator of the adjoint equation is spanned by 1 and, by
Lemma 1.44(iv),
(17 NOP) = p<N0P) =0,

the Fredholm Alternative tells us that (1.47) is solvable in C%®(8S) and its solution
is ¢ = @o + a®, where g is any (fixed) solution of (1.47) and a is an arbitrary

constant. Then we can write

0= (Wg?— 1I)(po + a®) — NoP = No(V5(po + a®) — P),
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which, by Theorem 1.39(ii), implies that

VE(po + a®) — P = o' = const.
Taking (1.32) into account, we rewrite this in the form

o' = Vipo +a(Vol +c(p®)) ~ P = Vipo + ac + w) = P;
hence,

Vipo — P = Voo + c(ppo) — P =d’ —a(w+¢) = a”.
Using q and Lemma 1.44(i), we find that

w(pwo) + c(ppo) — qP = (w+ c)(ppo) — ¢P = o”.
Now
V(o —a’(c+w) ' ®) =P +a" —a"(c+ w) N (Vo® + c(p®))
=P+a —d(c+w) Hw+e)=7P,

50

p=pp—a'(c+w) P =po+ ((c+w) HgP) - ppo)® € CO*(DS)

is a solution of (Dyy).

To show that this solution is unique, we note that the difference @; — w2 of two
solutions satisfies Vi€(1 — @2) = 0; by Theorem 1.49, this yields 1 = 2.

The function

u=Vtp = VT + ((c+w) (qP) — ppo) ®)
satisfies u € C1*(S*) and Au =0 (in ), so it is the (unique) solution of (D¥).

1.52. Remark. Clearly, the representation of the solution of (DM as u = Vetop is
not unique, since the density ¢ depends on the choice of the constant c. However,
u itself is unique, so for any two distinct constants ¢; and ¢y, ¢; # —~w, ca # —w,

the corresponding densities ¢; and ¢y must satisfy

Vitpr = Vit =P.

By (1.43), this means that

Volir — p2) = ca(pps) — c1(pp1) = const;
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hence, according to Corollary 1.41,

w1 — g2 =k®,  ca(pws) - ci(pp1) = kw, k = const, (1.48)

S0

pp1 — pp2 = k(p®) = k. (1.49)

From (1.48), and (1.49) it follows that

~w(pp1 — pwa) = c1{pp1) — calppa),
which yields

P2 = (c1 + w)(c2 + w) ™ (pe1).

Using (1.49) again, we now find that

E={1-(ci+w)(ea+ w) M (pp1) = (e2 — e1)(c2 + w) " Hppr);

therefore, by (1.48),

p3 = 1 + (c1 — c2)(c2 + w) "Hpp1)D. (1.50)

Equality (1.50) shows how any solution ¢ = ¢(c) of the integral equation (Dj;)

can be generated once the solution for a particular value of ¢ # —w has been found.

The modified indirect method enables us to solve an exterior problem that is more

general than (D7). Thus, we consider the boundary value problem

(Au)(z) =0, z €87,
u(z) = R(z), = € as, (Dg)

u(z) = sl |z} + wt (z)  as |z - oo,
where s is a prescribed constant. Clearly, (D7) corresponds to s = 0.

1.53. Theorem. If R ¢ CH*(8S), a € (0,1), then (Dg) has a unique solution,

which can be expressed as a modified single layer potential.

Proof. By Theorem 1.51, there is a density ¢ € C%*(dS) such that V¢ (with
¢ # —w chosen a priori) satisfies

Vit = Vip =R. {1.51)
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Since V5~ = Vi, it follows that the function u = V¢, ¢ # —w, satisfies the first
two relations in (Dg). However, the third one might not hold for this function, so

we modify the procedure and take
w=V""¢, ¢ =const, ¢ #-w, ¢ =¢p+ad, a=-const,

where ¢ is the density mentioned above. It is obvious that u € che(g-).
Suppose first that s # 0. By (1.32),

AV ¢ =0,
Ve ¢’ = Vow + ¢ (pp) + a(Vo® + ¢ (p2))
=V5o+ (¢ —)(pe) +alw+ ) =R,

if (¢’ — ¢){pp) + a(w + ') = 0, that is, if

¢ = (clpp) — aw)(pyp +a) 7%, (1.52)
and
(V¢ )(z) = (V7o) (@) + (V™ ®)(z) + ¢ (py)
= —(2m) " Ypp + a) In|z| + UA ()
=slnlz|+ U (z) as|z] = oo
if

a = —(pp + 2ms). (1.53)
From (1.52) and (1.53) we obtain
¢ = —w - (218) e + w) (pe)- (1.54)
Consequently, if s # 0, then the (unique) solution of (Dg) is
= V“"_((p — (pp + 2ms)B),
with ¢ given by (1.54).
When s = 0, the solution of (Dg) (which now becomes (D)), is unobtainable as

above. In this case (1.53) yields a = —pp, and we have

VS = Ve + (= ) (pp) — (w+ ) pp) = R ~ (c + w)(pp)
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for any ¢’ = const. Hence, to satisfy the boundary condition with Vcl“go’ we need
(c+ w)(pp) = 0. But ¢+ w # 0 and we cannot guarantee that pyp =.0. We recall
that ¢ is the C%“-density satisfying Vi = R, or Vo + c(pp) = R. Applying ¢ to
both sides and using Lemma 1.44(i), we find that

a(Vop) + c(pp)(ql) = w(pep) + c(pp)(p®) = (w + c)(pp) = qR,
and R may not be such that ¢R = 0. However, since, by (1.51) and (1.43),
Vi (e = (09)®) + (c +w)(pw) = R = (pp) (o + ¢(p®)) + (c + w)(pp) = R
and p(¢ — (pp)®) = 0 implies that
Ve (0 — (po)®) + (c + w)(pp) € A%,
it follows that now the (unique) solution of (D7) is

u =V (¢ — (pp)®) + (c+w)(py)-

1.10. The refined indirect method

In the modified indirect method we need to know w so that we can choose ¢ # —w.

To avoid this, we seek the solution of (D) in the form
u=V¥rp-c, (1.55)

where ¢ satisfies pp = s and ¢ and s are constants, with s chosen a priori. Using

the boundary condition, we then obtain the system of boundary integral equations
Vow —c=P, pp=s. (D)

1.54. Theorem. (D;}) has a unigque solution (p, c) with v € C%2(38) for any
P cCle(8S), a € (0,1).
Then the (unique) solution of (DT) is given by (1.55).

Proof. Applying the operator Ny to both sides of the first equation in (”Dﬁ) and
using the composition formula (1.23), and Theorem 1.39(ii), we see that any solution

of (Df}) is also a solution of the Fredholm equation of the second kind

(W3? — 1o = NoP. (1.56)
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By Lemma 1.44(iv), p(NoP) = 0, so (1.56) is solvable in C**(dS). Since the null
space of Wg? ~ 11 is spanned by ® (Theorem 1.39(i)), we write the solution as

@ =g+ k®, (1.57)
where g is any (fixed) solution of (1.56) and k is an arbitrary constant. Then
(W5? = L) (o + k®) = NP,

from which, by applying the operator V4 to both sides and using (1.23); and (1.24),,

we obtain

(Wg — 1D (Volpo + k@) = P) = 0.
Since the null space of W§ — iI is spanned by 1, this implies that
Vo(wo + k®) - P =, (1.58)

where, for g fixed, the constant ¢ depends only on k.
Recalling that p® = 1, from (1.57) we have

pp = plpo + k®) = ppo + &,
so pp = s if
k=s-pyqo. (1.59)

At the same time, applying g to both sides in (1.58) and using Lemma 1.44(i), we
obtain

wp(ipo + k®) — ¢P = c{ql) = c(pP) = c. (1.60)

Replacing & from (1.59) in (1.57) and (1.60), we now conclude that a solution (¢, c)
of (D) is given by

©=1wo+ (5 - ppo)®, c=ws—qP. (1.61)

To show that the solution of (D;f) is unique, we note that the difference ($,) of

two solutions satisfies
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Jonsequently, V™ @ € A, and YV~ @ — € is the solution of the homogeneous problem
(D™). By Corollary 1.30(i),
=0, V- g=0.
Thus, Vy@ = 0, so V@ is the unique solution of the homogeneous problem (D).
Jonsequently, V*@ = 0, and from Remark 1.35(iii) it now follows that ¢ = 0.
Since V*p € CL(8%) and A(Vtp—c) = 0, it follows that V¢ —c is the (unique)
solution of (D).

1.55. Remark. Again, the representation u = V*(yp) — ¢ is not unique. If (1, ¢1)
and (¢2, ca) are the solutions of (Dg) for s; # s2, then from (1.61) we see that

wo = 1 + (.5‘2 — Sl)(I), cy=1c1+ w(32 - 31)‘ (162)
We now turn our attention to the exterior problem (Dg) discussed in §1.9.

1.56. Theorem. (Dg) has a unique solution for any R € CV*(dS), a € (0,1),
which s constructed with the same density and additive constant as in (DV) with P
replaced by R and with s taken from the far-field pattern of the problem.

Proof. The function V™ ¢ — ¢, where (p,c) is the unique solution of (Df) with P
replaced by R, satisfies

AV p—c) =0,
Viw—c=Ve—-c=R,
(V=p - ¢)(z) = (pp) In|z| + UA(z) — ¢ = sn|z| + U (z) as |z] - co.

Hence, V™ — ¢ € CH%(S57) is a solution of (Dg). This solution is unique since the

difference of any two solutions satisfies the homogeneous problem (D7).

1.57. Remarks. (i) Theorem 1.56 illustrates an unusual but very useful feature of
the indirect refined method: the solutions of both (D*) and (Dg) are given by one
and the same formula.

(ii) This method also enables us to determine w and ®. Let (¢1,¢1) and (@2, c2)
be the solutions of (D) corresponding to two numbers s; # s2 and any suitably
smooth data P. Then, by (1.62),

1 — @2 = (51— 52)®, c1 ~c2 = (51— S2)w;
hence,

O =(s1—52) (1 —p2), w=(s1—52)" (e1—ca)
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1.11. The direct method

The direct method is based on Green’s representation formulae. As in the case of
the classical indirect method, first we discuss the Dirichlet. and Neumann boundary
value problems.

For a harmonic function u in St, the representation formula (1.19); restricted to

05 can be written as
Vo(Buu) — (Wo + 31)(ulas) = 0.
Then the boundary integral equations for (D*) and (N*) are

Voo = (Wo + 31)P, (D)
(W0+%I)¢:V0Q, (M)
where ¢ = 0,u and ¢ = u|sg, respectively.
The representation formula (1.20); for a harmonic function u in S~ requires that
w € A, so it can be used only for (N7). Thus, writing it restricted to 05 in the form
~Vo(B,u) + (Wo — 31)(ulas) = 0,
for (N7) we arrive at the boundary integral equation

(Wo — D)y = VoS. (NS)

For the solution of (D”) we need a different representation formula, which is
valid for a harmonic function v € A* in S™. Since in this case u = u? + ¢, where

¢ = const, we apply (1.20); to uA =u—c€ Aand find that
u—c=-V (8, (u-c))+ W ((u—c)las)-
By Remark 1.35(v), we have W™c =0, so
u= -V (8,u) + W (u]as) +c. (1.63)
This equality restricted to 85 yields

—Vo(8yu) + (W — %1)(U|as) +c=0;
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therefore, the boundary integral equation for (D7) is
Voo = (Wo — 31)R +c. (Dp)

The value of ¢ is determined in the process of solution.

In this section we consider only (Df}) and (Dg). The integral equations (A}})
and (V) are solved in §1.12.

Since the unknown function ¢ in (D;}) and (Dp) represents the normal derivative
on 85 of the solution u of the corresponding Dirichlet problem, Theorem 1.24 shows
that ¢ must also satisfy

po =0. (1.64)

In the case of (Dp), this condition also ensures that the solution of (D7) belongs

to A*, as required.

1.58. Theorem. (i) For any P € C*(8S), o € (0, 1), the pair of equations (D}})
and (1.64) has a unique solution ¢ € C**(8S5).
Then (DT) has the (unique) solution

u=Vtp-WHp. (1.65)

(ii) For any R € CY*(8S), a € (0,1), the pair of equations (Df)) with ¢ = qR
and (1.64) has a unique solution ¢ € C%*(dS).
Then (D7) has the (unigue) solution

v=—-V o+W R+ ¢R. (1.66)

Proof. (i) Applying Ny to both sides in (D)) and using (1.23); and (1.24);, we see

that any solution of (Dy) is also a solution of
(W32 — 1D = (W§ + JD(NoP). (1.67)

This equation is solvable in C%(8S5) since the null space of the operator of the
adjoint equation is spanned by 1 (Theorem 1.39(i)) and, by Lemma 1.44(ii},

(1, (wg + %I)(NOP)) = p(Wg + $I)(NoP) = —3p(NoP) + ip(NoP) = 0.
The general solution of (1.67) is

© = o + a?, (1.68)
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where ¢ is a (fixed) solution and a = const is arbitrary. Thus,
(Ws? = LI)(po + a®) = (W5 + F1)(NoP),
which, after operation with Vp, becomes
(We — 1) [Vo(wo + a®) — (Wo + 3)P] = 0.
Consequently, by Theorem 1.39(i),
Vo(po + a®) — (Wo + 3I)P = o’ = const. (1.69)
Next, from (1.68) we find that
pe = ppo + a(p®) = ppo + a,
50 the only function (1.68) that also satisfies (1.64) is
¢ = g — (ppo)®. (1.70)
Since Vp® = w, equality (1.69) with a = —pyg can be rewritten as
Vowo — (Wo + 31)P = o’ + w(ppo). (1.71)
Applying g above and taking Lemma, 1.44(i),(iii) into account, we see that
w(ppo) + 3qP — 3qP = a’ + w(pwo),

or @’ = 0. Then (1.69) reduces to (D7), which means that, for any solution o of
equation (1.67), the function (1.70) is a solution of both (DY) and (1.64).
The difference @ of two such solutions satisfies

VO()Z) = 07 pp = 0.

By Corollary 1.41, there is k = const such that @ = k®, and pg = k(p®) =k =0
implies that ¢ = 0; in other words, the pair (D) and (1.64) has a unique solution.

To verify that u given by (1.65) with ¢ as in (1.70) is the (unique) solution of (D¥),
we note that, since ¢ € C%*(85) and P € C1*(dS), it follows that u € C1(SF).
We also have Au = 0 (in S*). Finally, restricting (1.65) to S and recalling that ¢

is a solution of (Df), we obtain

ulos = Vop — (Wo = )P = [Vop — (Wo + 3 1)P] + P = P;
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that is, u satisfies the required boundary condition.
(ii) Using arguments similar to those in (i), we find that any solution of (D)} =
also a solution of
(Wg? - iDp = (W5 - 31)(NoR). (1.72)

Since, by Lemma 1.44(ii),(iv),
(1, (Wg — L) (NoR)) = p((W5 — 31)(NoR)) = —3p(NoR) — 3p(NoR) =0,

equation (1.72) is solvablé in C**(85) and its general solution is again of the form
(1.68). From (1.64) we deduce once more that the function (1.68) satisfying both
(D5) and (1.64) is given by a = —pypq.

In place of (1.69) and (1.71) this time we obtain

Vo(wo = (ppe)®) — (Wo — 31)R =/, (1.73)
Vowo — (Wo — 31)R = a’ + w(pwo)- (1.74)

Applying ¢ in (1.74) leads to
1 1o
w(ppo) + 39R + 3qR = a’ + w(ppo),

from which o’ = gR. Consequently, (1.73) reduces to (D) with ¢ = qR. The
uniqueness of the solution (1.70) of (Dg) and (1.64) is shown as in (i).

Since u defined by (1.66) belongs to CH*(5), Au = 0 (in $7) and, as follows
from (Dp),

ulas = ~Vop + (Wo + DR +qR = [~ Vop + Wo — 31)R+qR] + R =R,
we conclude that u is the (unique) solution of (D).

We turn our attention to the Robin problems. The boundary condition for (R)
can be written as
dyu = —oulas + K, (1.75)

which, replaced in the representation formula (1.19)q, yields
u= -V (oulas) - W (ulos) + V*K; (1.76)
restricted to 49, this equality becomes

ulas = —Vo(oulas) — (Wo — 31)(ulas) + VoK. (1.77)
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Setting ¢ = u|gs, we rewrite (1.77) in the form
Vo(op) + (Wo + 21)p = VoK. (R)
Since the solution of (R™) belongs to A*, we seek it in the form
we=ut 4 ¢, ¢ = const.
Then the representation formula (1.63) with

dvu = oulgs + L (1.78)
can be written as

u= -V (oulas + L) + W (u|ss) + c. (1.79)
To have u € A*, we need p(oulas + £) = 0. With ulss = ¢, (1.79) becomes
Vo(ap) = (Wo — 51)p — c = ~VoL. (Rp)

Just as for (D*), here the unknown densities ¢ must satisfy a second condition.
Writing the boundary conditions (1.75) and (1.78) as

Opu = —ogp + K,
Ou=0cp+L,

applying p to both sides and taking into account that p(8,u) = 0, we obtain,

respectively,
plop —K) =0, (1.80)

plop+ L) =0. (1.81)
1.59. Theorem. Suppose that o € C%%(3S), a € (0,1), and w # 0.
(i) The pair of equations (R}) and (1.80) has a unique solution ¢ € C“*(8S) for

any K € C%*(889).
Then (R") has the (unique) solution

u=-VHop) - Wrp+ VK.

(ii) The pair of equations (Rp) with ¢ = gp and (1.81) has a unique solution
p € CH2(88) for any L € C*=(8S).

Then (R7) has the (unique) solution

u= -V (ogp)+W p+qp—-V L.
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Proof. (i) Let ¢g be a solution of the homogeneous equation (R}), that is,
Vo(owo) + (Wo + 31)po = 0. (1.82)
Then, by (1.17)3, the function

U™ =V (owo) + W po — plowo) (V™) (1.83)
satisfies
AU~ =0,
U™ = Volowo) + (Wo + 31)wo — p(op0) (Vo) = —wp(opy),
U™ (z) = (p(opo)) In |z] — (p®) (p(o0)) In |z| + UA(z) = UA(z) as |z| — co.

By Corollary 1.30(ii),
wp(cf(pg) = 0> Uu- = 0;

hwen;:e, since w #0, it folléws that p(owp) = 0 and, by (1.83),
V= (apo) + W™ o = 0.
Applying 8, to this equality, we find that
(Ws — 1)(0) + Noo = 0. (1.84)
Then, by (1.82) and (1.84), the function Ut = V*F(opy) + Wy satisfies

AUt =0,
BUU+ + UU+|35
= [(W5 + 31)(090) + Nowo] + o [Vo(owo) + (Wo — 31)po] = opg — ooy = 0.
The unique solution of this homogeneous interior Robin problem is
Ut = V+(U(p0) + W+(p0 = 0.
Operating with 0, in the above equality, we find that

(W§ + 3I)(op0) + Nowo = 0. (1.85)

Next, we subtract (1.84) from (1.85) to obtain gy = 0, which yields ¢q = 0.

Hence, since the homogeneous equation (RB) has only the zero solution, from the
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Fredholm Alternative we conclude that (Ry) has a unique solution ¢ € C%*(85S).
Using Theorem 1.34, we see that VoK, Vo(op), Wop € C1(8S5), so ¢ € C12(88).
To verify that this solution also satisfies (1.80), we apply ¢ to (R). According
to Lemma 1.44(3),(iii),
wp(op) = 399 + 399 = w(pK),
or

wp(a(p - ’C) = 0,

which implies that (1.80) holds.

We need to check that the function u = ~V*(op) — WHy + V1K is indeed the
(unique) solution of (R*). Again by Theorem 1.34, v € C1*(S*) and Au = 0
(in S*). From the expression of u we see that

Tu+ culgs = (Wg + %I)(IC — o) — Nop + U[VO(IC —op) — (Wy — %I)(p]
= (W§+ (K- o0p) — Nop + 0.

To show that the right-hand side above is equal to K, we consider the function
U = [(Wg + H)(K = 09) = Now + 0] ~ K = (Wg — LI)(K - op) — Now.
Using the composition formulae (1.23)y and (1.24),, we find that I/ satisfies

Vol = (Vo(Wg — 3D))(K — o) — (VONO)‘P'
= (Wo — $D)Vo(K — o) — (W§ — 1D)e
= (Wo — 31 [Vo(K — 09p) = (Wo + 31)ip] = 0.

Since w # 0, Theorem 1.43 implies that &/ = 0, which yields the required boundary

condition. )
(ii) Applying q to (R5) with ¢ = qp and using Lemma 1.44(i},(iii), we find that

wp(op) + 399 + 3q9 — g9 = —w(pL),

which can be written as
wplop + L) =0.
Since w # 0, this means that any solution of (Rp) also satisfies (1.81).
Let @0 be a solution of the homogeneous equation (Rp) with ¢ = gy, that is,

Volowo) — (Wo — 31)wo — g = 0. (1.86)
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Then the function V¥ (opg)— W+ @y — gy is the unique solution of the homogeneous
problem (D), so

V*H(opg) — W — qpo = 0.

Applying 8, to this equality yields
(W§ + 21)(0wo) — Nowo = 0. (L.87)

Since £ = 0, condition (1.81) reduces to ppo = 0, so, by (1.86) and (1.87), the

function
U™ =V (o) — W o — g0
satisfies
AU =

U™ ~ ol |as = [(Wg —~ 31) (o) — NO‘PO] — o [Volowo) — (Wo + $1)o — qio0]
= —opo — o(—po) = 0,
U™ (z) = (p(owo)) In |z| + U*(z) — g0 = U™ (z) — g0 as |z] — oo
By Corollary 1.30(i),
qpo =0, U =V (0po) =W o~ qpo =V (opo) — W g = 0.
Operating with 8, in the last equality leads to
(W5 —~ 31)(o90) — Nogo = 0. (1.88)

We now subtract (1.88) from (1.87) and, as in (i), arrive at g = 0. Consequently,
(Rp) has a unique solution ¢ € C%*(35). We have seen that this solution satisfies
condition (1.81). Also, by the mapping properties of the boundary operators, it
belongs to C1*(8S).

Arguments similar to those used in (i) but based on (R5) with ¢ = g show that

u=-V (0p)+W p+gqp—-V LeCH(S)

is the (unique) solution of (R™), which, because of (1.81), belongs to .4*, as stipu-
lated in Definition 1.21.

1.60. Remarks. (i) When w = 0, we need to use a modified fundamental solution
of the form g(z,y) + ¢, where ¢ is a suitably chosen constant, as we did for the
Dirichlet problems in §1.9.

(ii) If o = const, then Theorem 1.59 remains valid even when w = 0.
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1.12. The substitute direct method

To avoid equations of the first kind in the Dirichlet problems, we alter the approach
somewhat. More precisely, instead of restricting Green’s representation formulae
to the boundary we take the normal derivative of both sides of (1.19); and (1.63)
on 0S5 and, in view of Theorem 1.34, find that

dyu = (Wg + 1I)(8,u) — Nolulas),
Oyu = —(W§ — 11)(8,u) + No(ulss),

which for (D¥*) leads to the “substitute” integral equations of the second kind
(W5 — 31 = NoP, (Dg)
(W5 + 31)p = NoR. (D)

Clearly, (D), (M) and (Dg), (M) (see §1.11) are mutually adjoint. We must
remember that ¢ still needs to satisfy condition (1.64), that is,

pp = 0. (1.89)

1.61. Theorem. (i) The pair of equations (DJ) and (1.64) has a unique solution
@ € CO%(8S) for any P € C*(8S), a € (0,1).
Then (DY) has the (unique) solution

u=Vrp—-Wp. (1.90)

(ii) The pair of equations (Dg) and (1.64) has a unique solution ¢ € C**(H5S)
for any R € CH2(8S), a € (0,1).
Then (D7) has the (unique) solution (in A*)

u=—V p+W R+qR. (1.91)
(iil) (V) is solvable in CH>(8S) for any Q € C**(8S) such that pQ = 0, and
its solution is unique up to an arbitrary constant.
Then (NV) has the family of solutions

u=VYrQ - Wty +c, (1.92)

where v is any solution of (N3) and c is an arbitrary constant.
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(iv) (Np) has a unique solution 1 € C1*(3S) for any S € C*(8S).
Then, if pS§ =0, (N7) has the (unigue) solution (in A)

u=-V S+W . (1.93)

Proof. (i), (iv) The integral operators in (DF) and (V) are the same as those in
(NG ) and (DY), respectively. Hence, by the arguments used in the proof of Theorem
1.45(i),(iv), (PJ) and (M) are uniquely solvable in C%(8S). Also, applying p in
(DF) yields (1.89).

In the case of (Dg), v € C%*(8S) and P € C1*(8S) imply that u given by (1.90)
belongs to CH*(S*). Also, Au =0 (in S*). From (1.90) we now see that

ulos = Vo ~ (Wo — §1)P. (1.94)
The function
G = [Vop— (Wo— 3P| =P =Vop — (Wo + :D)P (1.95)

satisfies
NoG = (NoVo)p — (No(Wo + 31))P

= (W5? = §D)¢ — (W5 + 31)(NoP)
= (W + 3D [(Wg — 1D)¢ — NoP] = 0;

therefore, by Theorem 1.39(ii), ¢ = ¢ = const. From this, (1.95), (1.89) and Lemma
1.44(3),(iii) we find that

96 = ¢ = q(Vow) — ¢(Wo + )P = w(pp) + 34P — 3qP =0,

which means that G = 0. In turn, (1.94) shows that this is equivalent to u|ss = P.
We have thus verified that (1.90) is the (unique) solution of (D).

In the case of (M), we have ¢ = 2(Wyyp — VoS) € C1*(8S5), so u defined by
(1.93) belongs to C»*(§~). In addition, Au = 0 (in S7) and, if p§ = 0, then
1 € A. To show that u is the (unique) solution of (N7), we also need to check the
boundary condition for (1.93). That equality yields

Tu=—(Wg — 3)S + Noip, (1.96)
and we operate with the function

H=[—(W§ -34S+ Noyp] — 8 = Noyp — (Wg + L1)S, (1.97)
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which satisfies
VoH = (VoNo)p — (Vo(W§ + 31))S

= (W& — 1D — (Wo + 1) (VoS)
= (Wo + 3D [(Wo — 31)¢ — Vo] = 0.

By Theorem 1.43, if w # 0, then % = 0. If w = 0, then there is ¢ = const such that
U = c®. Applying p to this and (1.97) and using Lemma 1.44(ii),(iv), we see that

¢ = c(p®) = pH = ipS ~ 1pS =0,

8o 7{ = 0 in either case. By (1.96), this is equivalent to Tu = S.
(iii) The null space of Wy + 11 is spanned by ®, and, by Lemma 1.44(i),

(2,V0Q) =q(WQ) = w(pQ) = 0;

hence, by the Fredholm Alternative, (M) is solvable in C%*(8S). Since the null
space of Wy + %I is spanned by 1, the solution ¢ is unique up to an arbitrary
constant.

Just as in the case of (N ), we have ¢ € C1*(85), so u given by (1.92) belongs to
Cclx(§4). Also, Au =0 (in S*). To check that u satisfies the boundary condition
of (N*), we apply T to (1.92), that is,

Tu= (Wg+ 31)Q — No,
and convince ourselves that the function
X =[(Wg+3DQ— Noy| - Q= (W§ — 31)Q — N
satisfies
VoX = (Vo(Wg — 51))Q — (VolNo)¥
(Wo - 3D (V0Q) — (Wg — ;1)v
(Wo — 1D [VoQ — (Wo + 3)¢} = 0.

As in (iv), we use this in conjunction with the equality

pX = p(Wg Q) — 1pQ — p(Noth) = —pQ =0

to conclude that X = 0, which is the same as Tu = Q.
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(i) By Lemma 1.44(iv),

(1, NoR) = p(NgR) = 0,
8o, by the Fredholm Alternative, (Dg) is solvable in C%*(85) and its solutions are
=g+ ad, (1.98)

where o is any (fixed) solution and @ is an arbitrary constant. However, we are
interested only in the function (1.98) that also satisfies (1.89), and this one clearly
corresponds to @ = —pyo; that is,

¥ = po — (po)®.
The difference @ of any two such solutions satisfies
(W5 +30)¢ =0, pp=0,

s0 ¢ = a®, a = const. But then pp = a(p®) = a = 0, which means that @ =0,
Thus, we conclude that the pair of equations (Dg ) and (1.89) has a unique solution,
independent of the solution ¢y of (Dg) used in its construction.

To check that u given by (1.91) is the (unique) solution of (D7), we note first
that w € CH*(§7), Au=0 (in S7), and u € A* (because of (1.89)). As regards the
boundary condition, (1.91) yields

ulas = Vo + (Wo + 3R + ¢R,
and we easily see that the function

Y=[-Vop+ (Wo+3)R+qR| - R = Vo + (Wo - )R +qR

satisfies
NoY = —(NoVo)p + (No(Wo — 1)) R
=~(Ws? — D¢ + (W5 — 31)(NoR)
=~(Ws = 3D [(Wg + 2D — NoR] =0
and

aY = —q(Vop) + ¢(WoR) — 1qR + qR = —C(pp) ~ 2qR - 1gR + qR = 0,

which, as in (1), leads to ulss = R.
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1.62. Remark. The operators of (Dé), (Dg) are adjoint to those of (D), (P3),
and the operators of (M), (N5) are adjoint to those of (NVZ), (NVp).

1.63. Remark. There is a substitute method for the Robin problems as well. In-
stead of u|as, we can take 0,u as the unknown function in the boundary integral
equations for (R¥).

Restricting the representation formula (1.19); to 85, we find that

Vo(0,u) — (Wo + 11)(ulas) = 0. (1.99)
If we set

6 = (d,u)/o, (1.100)

then the boundary condition for (R™) can be written as ulsps = —8+X /o and (1.99)

reduces to
Vo(ob) + (Wo + 11)0 = (Wo + L1)(K /o). (RE)
Proceeding in the same way with the representation (1.63), we arrive at
Vo(Ouu) — (Wo — 31)(ulas) —c =0,

and the substitution u|as = 6 — £/, with § as in (1.100), leads to the boundary
integral equation

Vo(o0) — (W — 1) — ¢ = ~(Wo — $1)(£/0). (R)

Since of = J,u, we must remember to impose on #, in both (’Rg) and (Rg), the

additional condition

p(oh) = 0. (1.101)

Noting that the operators on the left-hand side in (RJ) and (R3) coincide with
those in (Rf;) and (Rp), we conclude that the substitute equations for the Robin
problems are manipulated in the same way as those in the direct method.

It is easy to see that the (unique) solution of (R{) satisfies (1.101). Applying ¢
to the former, we obtain wp(cf) = 0, which, if w # 0 (as stipulated in the solvability
theorem), yields p(c8) = 0.

The same technique used in (Rg) leads to

c=wp(ol)+q(6 — L/0o).
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In this case, the procedure developed in the direct method indicates that (Rg) with
¢ = ¢(@ — £/0) has a unique solution. Consequently, if w # 0, then here we also
find that p(c8) = 0.

As in §1.11, it is not difficult to verify that the functions suggested by the repre-

sentation formulae, namely,

u=Vo0) - WH(-0+K/o),
w=—-V(00)+ WH(@ — L/o)+q(8 - L/o),

are, respectively, the (unique) solutions of (R*) and (R™) when w # 0.



Chapter 2
Plane Strain

2.1. Notation and prerequisites

In what follows My, is the vector space of (p x g)-matrices; H®, i = 1,...,q,
are the columns of a matrix HH € Myy,; HT is the transpose of H; {Eij}ti=, is
the standard ordered basis for the subspace of constant matrices in M, «,; and
E, = Ey, + - -+ E,p is the identity (n x n)-matrix.

If X is a space of scalar functions and ¢ € My, then ¢ € X means that every
component of ¢ belongs to X. For simplicity, we use the term ‘function’ in both
the scalar and matrix-valued cases.

Next, if @ € Mpyq and L is an operator defined on functions # € M, and such
that L0 € M,x1, then LO € M, , is the matrix with columns (LO)®) = LO®),
i =1,...,q. Also, if v is an operator defined on scalar functions, then v6 is the
(p x 1)-vector of components v0;, j =1,...,p.

From now on, unless otherwise stipulated, Greek and Latin indices take the values
1,2 and 1,2, 3, respectively, the convention of summation over repeated indices is
understood, and we write

O3tp = by = 3¢/8$i-

The equilibrium equations of three-dimensional elasticity are
tiji + fi =0, (2.1)

where t;; = ¢;; and f; are the components of the stress tensor and body force vector,
respectively. These equations are used in conjunction with the constitutive relations,

which for a homogeneous and isotropic material are
tij = )\uk,kéij + M(ui,j + iji), (2.2)

where u; are the displacements and A and p are the elastic (Lamé) coefficients.

The components of the stress vector ¢ in a direction n = (ny, na,n3)T are
t; = tijnj, (23)
and

€= gtij(wig + uy:) = Flijui (2.4)

is the internal energy density.
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In the theory of plane strain it is assumed that
Ua = U (T1,22), uz =0, (2.5)

fo = fa(z1,22), f3=0,

n= (nl,ng,O)T.

Then (2.1)-(2.4) yield the equilibrium equations, constitutive relations, stress vector
components and internal energy density, respectively, in the form

tap,p + fo =0, (2.6)

tap = Ay yOap + p(ta,s + ug,a), (2.7)
ta = tapng, (2.8)

€ = ttap(ta,s + Up o) = Sagtas. (2.9)

Replacing (2.7) in (2.6), we obtain the equilibrium equations in terms of the
displacements; that is,

(A + B)u o + Bt ps + fo =0,

or

(A +p)graddivu + pAu+ f =0, (2.10)

where v = (u,u2)T, f = (f1, 2)T, and A = 87 + 8 is the two-dimensional Lapla-

cian. In the absence of body forces (f = 0), (2.10) can be written as
A(D1,02)u =19, (2.11)

where A(0,,0,) is the matrix differential operator defined by

A+ (A + p)o? A+ 11)646
A(01,02) = v Do, , - (2.12)
(A+ u)8102 pA A+ (A + M)62
Throughout this chapter we assume that
A+p>0, pu>0. (2.13)

These conditions are less restrictive than those imposed on the Lamé coefficients in

three-dimensional elasticity, namely,

3A+2u>0, p>0.
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Clearly, if the latter are satisfied, then so are inequalities (2.13), but the converse is

not necessarily true.
2.1. Theorem. Systern (2.11) is elliptic.

Proof. From (2.12) it follows that
(det A) (D1, 85) = (A -+ 20)AA, (2.14)

and conditions (2.13) imply that (A + 2u) # 0; therefore, the matrix A(£;,&2) is
invertible for all (£, &2) # 0, which means that (2.11) is an elliptic system.

Suppose that ST or S~ (defined as in Chapter 1) is occupied by a homogeneous
and isotropic material. Using formulae (2.7) in (2.8) (with n, = v4), we find that

the components of the stress vector on the boundary 05 can be written in the form
Lo = tagly = Tapug, (2.15)
where the boundary stress operator T is defined by

A+ 2 Is} 13, O + A 0
(A +2p)v101 + pe0s Q201 V102 ) (2.16)

T =
(91,02) ( A0y + 102 pr101 + (A + 2u)v202

Finally, substituting (2.7) in (2.9) leads to
E£=E(u,u) = %[()\ + 2,u)(u§,1 + u%yz) + 2Aug qug 2 + plug g + UM)Z].
A general three-dimensional rigid displacement is of the form
(ag + bszs — bya, az + byzy — b3z1, ag + bazy — brza)7,

where a; and b; are constants. Hence, comparing with (2.5), we deduce that the

general form of a two-dimensional rigid displacement is
(a1 + baz2, ag — byz1)T. (2.17)

Let F be the vector space of all such displacements, and let

_ 1 O T
F—(O 1 _m). (2.18)
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The columns F®) of F form a basis for F, and, using (2.12), (2.16) and (2.18), we

can easily check that

(AF)(z) =0, z€R?
(TF)(z)=0, ze€dS.
Also, if we set

ki =a1, ky=az, ks=bs,

then we can write (2.17) as F'k, with a constant k € Mzy1.

2.2. Theorem. €&(u,u) is a positive quadratic form, and £(u,u) = 0 if and only
fueF. o

Proof. We have
E(u,u) = %[()‘ + 2#)“%,1 + 2 ug gug 2 + (A + 2#)“%,2 + pluy g + U2,1)2}‘,
and the quadratic form
(A + 2l g + 22wy 1z g + (A + 20)u3

is positive if
A — (A4 2p)? = —4p(A + p) <O,

which is guaranteed by (2.13). Clearly, £(u,v) = 0 if and only if
U3y =Uz2 =uya+uzy =0,
which is equivalent to (2.17).

2.3. Lemma. Ifue C%ST)NCYSH), then
/FT(Au)da:/FT(Tu)ds. (2.19)
s+ as

Proof. Since (2.11) is equivalent to (2.6) with fo, = 0, it follows that, by the
divergence theorem and (2.15),

/(Au)a da = /Aaﬁu,ﬂ da = /taﬂ,ﬁ da
S+ S+

S+

= /taﬂl/ﬁ ds = /TagUg ds = /(Tu)ads, (2.20)

a8 as a8
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and
/(1:2141[3 - (ElAzﬂ)’LLg da
S+

= /(ﬂfztw,ﬂ — Z1tap,p) da = / [(z2t1p — T1tap),s —t1p02p + tapdig] da

S+ Sy
= /(xgtlﬁl/ﬁ — Titopvp) ds = /(932T1B — 21 Thp)up ds. (2.21)
a5 as

Equalities (2.20) and (2.21) can be written together as (2.19).

2.2. The fundamental boundary value problems

Let A be the vector space of functions u € Mgy in S~ which, in terms of polar
coordinates 7,6 with the pole at the origin, as r = |z| — oo admit an asymptotic

expansion of the form

u1(r,8) = v~ (ymosin@ + my cos§ 4 mg sin 30 + my cos 30) + uy(r, §),

uz(r, 8) = r~1(m3zsin @ + ymg cos § + my sin 30 — mg cos 30) + iy (r, 9), (2.22)
where mg, ..., my4 are arbitrary constants,
Y= 43+ (2.23)
and
=072, 8i=0(r"%), dtu=0("?), (2.24)

uniformly with respect to 6.
Also, we define
A* =A@ F;

that is, a generic element of A* is written as u = u?+ Fk, with an arbitrary constant
k€ May1.

Extending the convention adopted in Chapter 1, if u is a function defined in a
domain that includes 95, then we denote its restriction to 85 by ulss, but we simply
write Tu instead of (Tu)lss, since T is itself a boundary operator.

2.4. Definition. Let P, Q, K, R, S, £ € C(95) be given (2 x 1)-matrix functions,
and let o € C(8S5) be a given positive definite (2 x 2)-matrix function. We consider
the following interior and exterior Dirichlet, Neumann and Robin problems.
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(D*) Find u € C2(S*) N C1(S+) such that
(Aw)(z) =0, s€S*, and u(z)=P(), zeds.
(N*) Find u € C?(S*) N C*(ST) such that
(Au){(z) =0, z€S*, and (Tu)(z)=Q(z), =&ds.
(R*) Find u € C?(S1) N CY(SY) such that
(Au)() =0, z€S§*, and (Tu+ou)(z)=K(z), =cos.
(D7) Find v € C*(S™)NC(S™) N .A* such that
(Au){z) =0, ze€S™, and u(z)=R(z), =zecds.
(N7) Find u € C?(§~)n C*(S~) N A such that
(Au)(@)=0,. s €S, and (Tw)(z)=S(x), «cas.
(R™) Find v € C?(S7)nCYS~) N A* such that
(Au)(z) =0, z€S-, and (Tu-ou)(z)=L(z), = cds.

A function satisfying any one of the above sets of equations is called a reqular

solution of that boundary value problem, or simply a solution.

2.5. Remark. The same boundary value problems for the non-homogeneous sys-
tem (2.11) can always be reduced to the corresponding ones in Definition 2.4 by
means of a particular solution of the non-homogeneous system, usually constructed

in terms of a so-called area potential.

2.6. Theorem. If (N*) and (N7) are solvable, then
pQ = 01 PS = 07

respectively, where p is the operator defined on C(8S) by

pp = /FTgods.
85
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Proof. If u is a solution of (N1), then, by (2.19),
0= / FT(Au) da = p(Tu) = pQ.
S+

Now let u € A be a solution of (N7), and consider a disk Kp with the centre at
the origin (in S*) and radius R sufficiently large so that 5+ lies strictly inside Kg.
Applying (2.19) in S~ N K, we find that

0 :S—Q/KR FT(Au)da = <—a{ +a;[,, )FT(TU) ds, (2.25)

where we have taken into account the fact that the outward normal to S~ N Kg on
85 is directed into ST.

Since on the circle Kg

1 = Rcosf, x5 = Rsind,
8 = (cosf)dp — (sin@)R™'y, 0y = (sinf)Og + (cosO)R™'0, (2.26)

vy =cosf, vy —=sind,

from (2.16) and (2.24) it follows that, for R large,
(Tw)(R,0) = O(R™?), (Tu@)(R,0)=O0(R™?). (2.27)

The first of these inequalities implies that

/(FT(T'U.))(!d.S: /Fﬂa(T’LL)ﬁdS: / dpa(Tu)gds

OKr 8K r OKr
2
= / (Tu)y ds = /O(R"Z)Rde —0 as R —>oco. (2.28)
OKp 0

Also, direct computation by means of (2.22), (2.26) and (2.27); shows that

/(FT(Tu))sds= /F53(Tu)gdsv / [£2(Tu)y — o1 (Tw)2] ds

8Kn 8Kn 8K r
2

— / [(5in0) (Tyatia) — (cos 0)(Taatia)| R d6

0
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‘ 2
t = / {(— sin 6) [(ml + m3) cos 8 + 4mg sin 30 + (mg + 3my) cos 30]

+ (cos 0) [(my + ma) sinf + (myg + 3my) sin 30 — 4mg cos 36} } df
+O(R™}Y) =0 as R - oo. (2.29)

From (2.25), (2.28) and (2.29) we now conclude that pS = 0.

2.3. The Betti and Somigliana formulae

The next assertion is the analogue of Green’s first identity with u = v.

2.7. Theorem. Ifu € C?(ST)YNCY(SH), then

/uT(Au)da+2/5(u,u)da:/uT(Tu) ds. (2.30)
S+

s+ as

Proof. Integrating by parts, we obtain

/uT(Au) da = /uo,tag’g da = / [(uatag),g «ua_ﬁtag} da

5+ S+

S+

/uataﬁuﬁ ds — / %talg(ua,g + ul;,a) da
a5 S+
8S

uwT(Tu) ds - Z/E(U, u) da,

S+

which yields (2.30).
The so-called Betti formulae are an immediate consequence of Theorem 2.7.

2.8. Corollary. (i) Ifu € C*(ST)NCY(St) satisfies (Au)(z) = 0, z € S*, then
2/€(u,u) da:/uT(Tu)ds. (2.31)
s+ 88
(i) Ifu € C2(ST)NCHS™)NA* satisfies (Au)(z) =0, z € S, then
2/8(u, u)da = w/uT(Tu) ds. (2.32)
5= as

Proof. (i) This follows directly from (2.30).
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(ii) Let K g be a disk with the centre at the origin and radius R sufficiently large
so that S+ lies strictly inside Kr. Applying (2.31) in S~ N Kp and noting that here

the outward normal on 85 is directed into ST, we obtain
2 / E(u,u) da = (——/+ /)uT(Tu)ds.
S-NKg 35 0Kn

We need to investigate the asymptotic behaviour of the integral over O0Kpas R — oo.
Suppose first that u = u? € A. By (2.22) and (2.27),

2%
/ (T (Tut) ds = / O(R™Y)-O(R™®)-Rdf -0 as R - oo.
0

8K R

Then, using (2.28) and (2.29), for u = u? + Fk we find that
(uA + FE)T(Tut)ds + 0 as R — oo,
K g

which leads to (2.32).

The analogue of Green’s second identity is called the reciprocity relation.
2.9. Theorem. Ifu, v € C*(St)NCY(ST), then

/ W™ (Av) — o7 (Au)] da = / [T (Tv) — v (Tw)] ds. (2.33)

S+ as

Proof. Let sog be the stresses generated by the displacements v. Then
/ [uT(AU) - UT(Au)] ds = /(uasag,g — vatap,p) ds
5+ 5+

= / [(uasag — Uatag),g —(ua,gsaﬁ — Ua‘gtaﬁ)] da

g+
= /(uasaﬂ — Vatag)vp — /(ua,gsaﬁ — Vg glag) da.
as S+

Using (2.7), we see that

Ua,fSaf ~ Va,plap
= Mg ,a¥y,y + Hlia,s(Va,p + Uga) — Ma,ally,y ~ 10a,p(tap + uga) =0,

which proves (2.33).

THE BETTI AND SOMIGLIANA FORMULAE 63

At this stage we need to construct a matrix of fundamental solutions for the

operator —A. If we replace u in (2.11) by

D(z,y) = (adj A)(8z) [t(z, y) Ea], (2.34)

where the symbol 9, indicates that the operator acts with respect to the point z,
then

A(8:)D(x,y) = A(8:)(adj A)(8:) [t(z, y) Er] = ~0(|z ~ yl) F2

if ¢ is a solution of the equation
(det A)(0z)t(z,y) = —d(lz — yl).
By (2.14), this means that
(AA)(@a)t(m, ) = = [\ + 2)] 8l = ). (235)
Since (87) !z — y|®In|z — y} is a fundamental solution for AA, that is,
(AA)(0;)(lz — yi* In]z — yl) = 8nd(lz — y]),
from (2.35) it follows that
t(z,y) = — [Brp(A +2p)] o — ylPInlz — 9. (2.36)

Therefore, a matrix D(z,y) of fundamental solutions for —A is given by (2.34) with
t as in (2.36) and, from (2.12),

. pA+ A+ )02 —( A+ p)hd
(adj A) (91, 82) = 0; —( i . (2.37)
—(A+p)dhdy  pA+ (N +p)of
This immediately implies the symmetry property
D(z,y) = D(y,z) = D™ (z,y). (2.38)
Along x;vith D(x,y) we é.]so consider the matrix

which plays an essential role in our arguments.
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Using (2.36) and (2.37), from (2.34) and (2.39} we obtain the explicit expressions

D(z,y) = —[4mpu(y + 1)]_1 [(2yIn|z —y|+ 2y + 1) B,y
— 2(Ta = Ya) (@5 — yp)lz — Y| 7> Eap],

P(w,y) = —(2m) (v = (v + 1) G5y In |z ~ y)eapFap
+ (Ou(y) In |z — Yy B>
=207+ 1) 0y ((Ta — va) (25 — yp)lz — yl *)eas Fsp], (2.41)

(2.40)

where  is given by (2.23) and e,p is the two-dimensional Ricci tensor defined by
1 fa=1,0=2,
eugz{—l ifa=2,0=1,
0 ifa=4p

Since, as seen above, for all z € R?, = # y, we have
A(0z)D(z,y) =0
and, by (2.38) and (2.39),

[A(8:) PO (z, 1)), = Ajk(0a) P (3,9) = A3k () [Tt (8,) Dix (9, 7))
= Tu(8,) [Aj1(82) Dia(z, )] = Tu(0y) [A(02) D(z,y)] , = 0,

gt

it follows that the columns D) and P® of D and P, respectively, are solutions of
(2.11) at all points = # y.
We are now ready to state the analogue of Green’s representation theorem, which

involves the so-called Somigliana formulae.

2.10. Theorem. (i) Ifu e C*(ST)NCY(5+) satisfies (Au)(z) =0, T € ST, then

ulz) ze€S8t
/ [D(z, ) (Tu)(y) — Plz,y)u(y)] ds(y) = { lu(z) =z €ds, (2.42)
0

a5 resS .

(i) If w € C?(ST)NCY(S7) N A satisfies (Au)(z) =0, z € S, then

0 zeSt
—/ [D(z, v)(Tu)(y) — P(z,y)uly)] ds(y) = { sulz) = €ds, (2.43)

uw(z) zeS.

THE BETTI AND SOMIGLIANA FORMULAE 65

Proof. (i) First, let z € ST, and let 0, . be a disk with the centre at z and radius
¢ sufficiently small so that @, . lies strictly inside S*. By (2.33) applied in 5+, .
with u and v replaced by the columns D(®) and w, respectively,

(/ / ) (D) (y,2)(Tw)(v) — wT (W)T(8,) D (3, 2)] dis(y) =

Bog,e

In view of (2.38) and (2.39), the integrand above can be written in terms of compo-

nents as
Dga(y, 2)(Tu)a(y) ~ up(y) (T(8,) DV (y, 1)),
= Diap(u,2)(Tw)a(y) = (T54(8y) Doy, ))us(y)
= Dag(2,y)(Tu)p(y) — Pap(z, y)us(y);
therefore,
( / [ ) pen@oe - Pepuast =0 e
80y e

By (2.40) and the boundedness of the derivatives of u in S,
/ D(z,y)(Tu)(y)ds(y) = O(elne) = 0 ase — 0.
Foy e
Next, we write
[ Peutist)= [ Pen)u) - u@] s+ ([ Pl ds)uio)
8oy e 8oz,c 00z ¢

Since in this case the normal on do, . is directed into o, ., we use (2.41) and polar
coordinates g, § with the pole at z to see that, for y € do, ., the matrix P is of the
form
(2m) e By + 716 (0),
2 ~
where [ G(6)df = 0. Also, by the continuity of u in 5F, we have u(y) —u(z) = O(e),
0

y € Qo . Consequently,

/P(x v)u(y) ds(y /o -

80g,e

O(e™Nedd + (Ez + 79(0) da) u(e),
0

which tends to u(x) as £ — 0. The first formula (2.42) now follows from (2.44).
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If x € 85, then only the approximation of half of the digk o . is needed to isolate
the point. When z € S, D(z,y) is analytic at any y € St and the argument
involving o . is not necessary.

(i1) Let x € 5, and let Ky be a disk with the centre at z and radius R sufficiently
large so that S lies strictly inside K. Applying (2.42) in §— N Kp, we find that

[+ [ )@ - e i) = ),
a8 9K pn

since here the outward normal on AS is directed into S*. If we switch to polar
coordinates with the pole at z, then, by (1.12), (2.40), (2.41), (2.22) and (2.24), for
I large the guantity between square brackets above is O(R~?1n R), so the integral
over K g vanishes as R — co and we obtain (2.43)3. The cases z € 85 and z € S+

are treated as in (1).

2.4. Uniqueness theorems

These assertions form an important step in the solution of the boundary value

problems stated in §2.3.

2.11. Theorem. (i) (DF), (D7), (N7), (R*) and (R™) have at most one solution.
(ii) Any two solutions of (NT) differ by a rigid displacement Fk.

Proof. The difference u of any two solutions of (D) satisfies the same problem
with homogeneous boundary conditions, so, by (2.31),

/lf,'(u,u)da: 0.

S+

Since u € C1(S*) and £ is a positive quadratic form (Theorem 2.2), this yields
E(u,u) =0, (2.45)

which, in turn (again by Theorem 2.2), implies that u is a rigid displacement. The
homogeneous boundary condition for © now dictates that v = 0.
The reasoning is similar for (D7), where use is made of (2.32).
In (N+), u satisfies (2.45); consequently, it is an arbitrary rigid displacement. In
(N7), since u € A, the rigid displacement must be zero.
For (R1) we write
(Tu)(z) = ~(ouw)(z), =z €S,
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and (2.31) leads to

/E(u, u) da -+ / uT(ou)ds = 0.

5+ as
Since ¢ is positive definite, we deduce that u is a rigid displacement in S+ which
vanishes on 85, so u = 0.

The argument is analogous in (R7), with
(Tu)(z) = (ou)(z), =z €8s,
replaced in (2.32).

2.12. Corollary. (i) Ifu + Fk, where k M3y is constant; is a solution of the
homogeneous problem (D7) or (R7), then k = 0 and u = 0.

(i) If u € A is a solution of (D7) with ulps = Fk, where k € May, is constant,
then k =0 and u = 0.

Proof. (i) By Theorem 2.11(i), u* + Fk = 0 is the only solution in A* of (DFY or
(R*) with homogeneous boundary data. Then Fk = —u? € A, so Fk = 0. Since
the columns F® of F are linearly independent, we deduce that k = 0, which implies
that u4 = 0.

(i1) We apply (i) to u — Fk.

2.5. The elastic potentials

The elastic potentials are constructed by means of the matrices D(z,y) and P(z,y)

of singular solutions introduced in §2.3.

2.13. Definition. The single layer potential and double layer potential are defined
by

(Vo)) = [ Dia,w)ely) dsty),
a5

(W) (z) = /'P(z, W)¥(y) ds(y),

a5

where @, 1) € My are density functions with certain smoothness properties.

2.14. Theorem. If ¢, ¥ € C(8S), then
(1) Vo€ A if and only if pp = 0;
(ii) Wy € A
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Proof. Computing additional terms in (1.12), we find that, as |z] — oo,

Injz — y| = In|z| — (z1y1 + z2y2)lz| = + O(|z|72),

. 3 (2.46)
|z = y|7% = |27 + 2(z191 + z2y2) ] + O(|2] 7).
Using (2.46) and (2.26) in (2.40) and (2.41), we arrive at the expansions
(Ve)(r,0) = M (r,0)(p) + (Vo)A (r,6), (2.47)
(W)(r,0) = (W)(r, 0),
where
sy + )M (r,6)
—2v(Inr + 1) + cos 26 sin 26 7y + 1) sin@) (2.48)
- ( sin 20 —2y(Inr + 1) —cos20  —r~'(y+1)cosd
and (V)4 and (Wap)A fit the pattern (2.22) with the coefficients
mo = [8mu(A + 2/‘)]71()‘ + 1) /(.UUPZ + y2i01) ds,
8s
my = [87ru(/\ + 2u)]_1 [4u, / y1p1ds + (A + ) /(y1<p1 — Y2¢02) ds] ,
as as
my = [Bru(A+2p)] [411 / Yapads — (A + p /(1/1<P1 Yaipa) ds ]
S
my = ms = [8mp(A+ 2u)]* (M) /(y1<p1 — yatpn) ds
88
for the former and
mg = [4m(A + 2“)]‘1()‘ + 1) /(Vﬂ/)l +v19h2) ds,
as
[47r (A +2u)] [4 (A+p) 1/11/)1 ds+ (n—A) /(uﬂpl — vatha) (ls},

as

my = [47r (A + Q,u [4 A+ p) 1/21/)2 ds — (= A) /(ulwl — Votha) ds],
85

My = My = [47r()\ + 2;1)]_10\ + 1) /(l/lwl — vatha) ds

as

for the latter. The assertion now follows immediately from (2.47).
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2.15. Lemma. (AM®)(z)=0,z¢€ 8.

Proof. Changing back from polar to Cartesian coordinates and taking (2.23) into
account, from (2.48) we readily obtain

S+ 2)] ' [~ 2(A+ 3p)(tnfa] + 1) + A+ p)(a} — 23] 2],
8mu(A+ 2#)]‘1[— 200+ 3u)(In [z] + 1) = (A + (23 - )[2)7%),
M35 (z) = Ms?(x) = [4mp(A+20)] 7 (A + p)mazale] 2,

‘ Taalz| 7 M53(x) = (dmp) M [ 2

The desired equality can now be verified directly.

2.16. Theorem. (i) If ¢, ¥ € C(8S), then (Vp)(z) and (Wy)(z) are analytic at
allz € STUS™ and

A(Vy)(z) = AWe)(z) =0, ze€StUS™.

(i) If p € C%(8S), then the direct values Vou and Wy of Vi and W4 on 95
exist (the latter in the sense of principal value). Also, the operators V* defined by

Vie=(Ve)lsr, Ve=(Ve)ls-
map C%*(dS) to CH*(5%), a € (0,1), respectively, and
T(Vre) = Wy +3D)e, TV e)=(Wy - 3Dp, »eC(a8), (249

where I is the identity operator and Wg is the adjoint of the direct value operator

W, defined (in the sense of principal value) by

(W5 e)(z) = / (T(8:)D(z,))e(y) ds(y), = € S.

as

(iii) The operators W* defined by

(Wi)ls+  in ST,
(Wo — 30)¢  on 88,

(Wi)ls- in ST,

(Wo+ 3Dy ondS (2.50)

o (5 3 o
map C%(38) to C%*(5%) and C1*(8S) to CL¥(ST), a € (0,1), respectively, and
TWry) =T(W™9), € Ch*(d9). (2.51)

(iv) The operator Wy maps C%*(8S) to C1*(85), a € (0,1).
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The proof of this assertion follows from Theorems 1.3 and 1.4 since, by (2.40) and
(2.41), the potentials can be written as

Vip = —[dmp(y + 1)] 7' [2y(ve) + (27 + 1)(Fp) — 205 (Eagw)],
Wi = "(2,”)#1 [(’Y - 1)(7 + 1)~1Uf(5aﬁEaﬂ1/)) + wip — 2(’Y + 1)_1U;ﬁ(8a5E5ﬁ1/))],

o = ((pe)1, (pp)2) " = </tp1 ds,/cpz ds)T.

as as
2.17. Remarks. (i) The derivatives on 85 of the functions defined in S* or 5§~ in
Theorem 2.16 are one-sided.
(i) AVTe)(z) =0,z € ST, and A(V ) (z) =0,z € S™.
(il) If VY = V= = 0, then, by (2.49), ¢ = 0.

{iv) The Somigliana relations (2.40) and (2.41) can be rewritten in the form

where

VHTu) — Wh(ulss) = u, V™ (Tu) — W (ulas) = 0, (2.52)
VYV (Tu) + W (ulps) =u, —VT(Tu)+Wt(u|ss) = 0. (2.53)

(v) From (2.52) with u = F(*) we derive the equalities
WHYF = —-F, WoF =—-;F, W F=0.

They do not contradict (2.53) since the latter are valid for u € A, and F ¢ A.
(vi) Formula (2.51) makes it possible to define a boundary operator

Ny : CH*(88) — C%=*(3S)

by setting
Nop = TWH) = T(W™ ), o € CH*(DS). (2.54)

(vii) In view of Theorem 2.16, we adopt the notation
(VE@)los = Vi = Vop,  (WEh)las = Wirw = (Wo T 31). (2.55)

For simplicity, we also write certain equations in the style AU{* = 0 as an abbrevi-
ation for (AU*)(z) = 0, z € ST, when U™ is a function defined in S*. The same

convention is used in the case of §—, 85 and R2.

Unless stated otherwise, in the rest of this chapter we assume that the boundary
integral operators Vo, Wy and W¢ and the combinations Wo & 21 and W + 11 are
defined on C**(85), while Ny is defined on C1*(85), a € (0,1).
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2.6. Properties of the boundary operators

We start with the algebra of the boundary operators. If the proof of the correspond-
ing assertion for the Laplace equation (Theorem 1.36) seemed a little too convoluted,

then here is an alternative.

2.18. Theorem. Vy, Wy, W5 and Ny satisfy the composition formulae

WoVo = oWy,  NoVp =Wg* — 11  on C%%(85), (2.56)
N()W() = VV(;(IV()7 V()N() = W02 et i] on C“‘(@S)‘ (257)

Proof. Consider the function
u=Vry —Who, (2.58)

where ¢ is arbitrary in C1%(8S) and 1 is arbitrary in C%%(8S). Clearly, u satisfies
(Au)(z) =0, z € ST. Setting

U'as = Q, Tu = :37
restricting (2.58) to 85 and using (2.55), we can write
o= Vop — (Wo — 11)e. (2.59)

Now taking the normal derivative {(on 95) in (2.58) and using (2.49) and (2.54), we
arrive at

f=Ws + 3% - Nog. (2.60)

On the other hand, applying the Somigliana representation formula (2.52); to u

and restricting it to 85, we obtain
a=Vof - (Wo — 31)o (2.61)

Finally, as above, taking the normal derivative in the restriction of (2.52); to S¥,
we find that
B = (W + 11)B — Noo (2.62)

If we define the matrices

_ _(~Wo-iD
7= (3) 0= (0) = (" wiltn)
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then (2.59)-(2.62) can be written as
U=Q0e, U=QU.

Substituting U from the first of these equalities into the second one leads to the
equation (@2 ~ Q)© = 0. Given the arbitrariness of © in C1*(d5) x C%*(8S), this
implies that @? = @, which is equivalent to (2.56) and (2.57).

2.19. Theorem. The operators Wy + £I and W§ + 11 are of index zero.
Proof. If we set z = x; + iz2 and ( = y; + iy, then
log(¢ —2) =In|{ — 2| +40 =Injz — y|+i0, 0 =arg((— z).

Differentiating this equality along 95 with respect to the arc element at y and using

the Cauchy-Riemann equation
Ds(yf(z,y) = ugyy Injz — yl,
we find that
¢ — 271 d¢ = () In | = yl) ds(y) + i(Buy) In |z ~ y]) ds(y).
We now replace (Js(y) In |z — y|) ds(y) from this in (2.41) and write
(Wo— 300 =Ko+ K p - 30,
where

(K°p)(z) = —(2m) My = (v + 1) 'eapLap /(C - 2)"'p(C)d¢, z €08,
as

and K% is a weakly singular operator (see Remark 1.8). It is easy to check that the

properties required in Definition 1.16 are satisfied with

ES(z,2) = —(2m) " y = 1)(v + 1) teapEap, 2 € DS,

so K is a-regular singular, o € (0,1). Also, by Remark 1.18(ii), K is a-regular
singular and k¥ (z,2) = 0. Consequently, Wy — %I is a-regular singular and, with ~
given by (2.23),

]Ac(z, z) = ];'S(sz) + ];w(z’z) = "'(271—)_1”(/\ + 2“)—150ﬂEaﬂ7 z € 09;
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therefore,
det ( — 2By + mik(z,2)) = 2O+ ) (A + 3p)(A +2u) "2 £ 0 for all » € 95.

This means that the index of Wy — %I, given by (1.4), is p = 0. Similarly, the index

of Wy + 11 is also zero, and, in view of Remark 1.18(i), so are those of W & 1.

2.20. Corollary. The Fredholm Alternative holds for the pairs of equations
(Wo—3D)e=f, (W5—-3Db=g, f g€C"05),
Wo+3De=f, Wg+iDy=g, f geC®(89),

in the dual system (C%(8S),C**(85)), a € (0,1), with the bilinear form

(o, 9) = / ¢ ds.

as

The proof of this assertion follows immediately from Theorems 1.19 and 2.19.
2.21. Theorem. If there is p € C%%(85), ¢ # 0, such that
(W5 + 3D =0,

then
V¥p = Fk

for some constant k € Mgy1, and

py # 0.

Proof. By (2.49), (Wg + 31)¢ = 0 is equivalent to T(V*t¢p) = 0, which implies that
V+¢ is a solution of the homogeneous problem (N*). By Theorem 2.11(ii), Vty is
a rigid displacement Fk.

If pp = 0, then the equality

Voo =Voo=Vio=Fk

means that YV~ € A is a solution of (D7) with boundary data 'k, so. by Corollary
2.12(ii), Fk = V~¢ = 0. Consequently, we also have Vtp = Fk = 0, and we use
Remark 2.17(iii) to deduce that ¢ = 0, which contradicts the assumption in the
theorem. Hence, pp # 0.
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2.22. Theorem. (i) The null spaces of Wo — 31 and Wi — LI consist of the zero
vector alone.

(i) The null spaces of Wo + LI and W§ + LI are three-dimensional and are
spanned, respectively, by {F®} and the (linearly independent) columns {®} of a
(2 x 3)-matriz ® € C%*(95).

Proof. (i) If 4o € C%*(85S) is in the null space of W¢ — 1, then, by (2.39) and
Remark 2.17(v),

0 = p(Wgtho) — 5 (po)

-/ FT(az)( [ Pt ds<y>) ds(z) ~ H(po)

as as
- [ ([ Fr@me o) asto) Jvow ast) - v
as a8
. T
- [ ([ @@into)r@ dse) ot dsts) - o)
as as
= [Wary ads - 3ipo) = =} [ FTpo s~ $onto) = ~pi,
a8 as

This means that, by Theorem 2.14(i), V"¢ € A. Since
TV o) = (W§ — 2Dwpo =0, AV ) = 0,

it follows that V™4 is a solution of the homogeneous problem (N7), so V™ 4y = 0.
Then

Vo = Voo = Vg o,

which means that V*py = 0 as the unique solution of the homogencous problem
(D). By Remark 2.33(iii), 1o = 0. We now use Corollary 2.20 and the Fredholm
Alternative to conclude that the null space of Wy — %I also consists of the zero
vector alone.

(i1) Since, by Theorem 2.16(iv), any wo € C%%(9S) satisfying (Wy + %I)Wo =0
belongs to C1*(AS), we prove the assertion for W, + %I in CL*(38).

We know that any rigid displacement F'k satisfies

A(FE)y=0, T(Fk)=0,
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so from the Somigliana formula (2.52); restricted to 85 we find that
—~(Wo — 1I)(Fk) = Fk,

or
(Wo + 31)(Fk) = 0

for any constant k& € Msy;. Consequently, the columns F(®) of F belong to the
null space of Wy + %I. Since the F'(®) are linearly independent, it follows that the
dimension of this space is at least 3.

Let f© ¢ CL2(dS) be arbitrary in the null space of Wy + 3I. Then for any
constant ¢ € May, the CY*-function f(® — Fe¢ also belongs to the null space of
Wo + %I; in other words,

Wo + 1D(f©@ — Fe) = 0.

Since this is equivalent to Wy (f(%) — Fe¢) = 0, and since W= () — Fc) € A, it
follows that W~ (f(® —Fc) is a solution of the homogeneous problem (D7); therefore,

W= (f© — Fe) = 0. (2.63)
Then, by (2.51) and (2.63),
TW(f® - Fc) =0 =TWH(f® — Fo),

which implies that W (f© — Fc) is a solution of the homogeneous problem (NV).
Hence, by Theorem 2.11(ii) and Remark 2.17(v),

WH(FO — Fe) = WO — WHF)e = WO  Fe = Fk (2.64)

for some constant k € Msy1. Recalling that the origin is in ST, we now choose ¢

to be the (constant) vector of components
ca = —-(WHf(0)5(0,0), c3=—~3eapV )0 p(0,0). (2.65)

(This choice is possible since, by Theorem 2.16(iii), W f(© ¢ ¢1(§1).) Consider-
ing (2.64) at the origin, we find that

ko = W) ,(0,0) + cq = 0.
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Since
Eaﬁ(Fk)a”g == (Fk‘,)l,g - (Fk)g)l = 2’(13,

equality (2.64) also yields
ks = 1eapWVt £©)ap(0,0) + 2¢5] = 0.
Consequently, (2.64) reduces to
WH(F©® — Fe) = 0. (2.66)

Restricting (2.63) and (2.66) to 35 and using (2.50), we conclude that fO _Fec=0;
that is, (% is a linear combination of the F) with coefficients given by (2.65), which
means that the null space of Wy + %I is three-dimensional and is spanned by {F()}.

By the Fredholm Alternative, the null space of W + -%I is also three-dimensional
and is spanned by the (linearly independent) columns ®® of a (2 x 3)-matrix
o c CV(3S).

2.23. Remark. Clearly, ® is not unique. A little later we will choose ® uniquely

by asking it to satisfy a certain convenient calibration.

2.24. Theorem. (i) The null spaces of wg - %I and W;? — %I coincide with
those of Wo + 31 and Wy + 31 (that is, they are spanned by {F®} and {9},
respectively). )

(ii) Now = 0 if and only if ¢ = Fk, where k € M3y is constant.

Proof. (i) In view of the mapping properties of Wy and W§ in Theorem 2.16, the

compositions
WE— 1= (Wo— sD(Wo+ §I), Wg? I = (W5~ 31)(Wg + in
are legitimate. By Theorem 2.22(i), the equations
(W§ —Dp =0, (W5*~3N)yp=0
are equivalent, respectively, to
Wo+ D=0, (Wg+ iy =0,

which proves the assertion.
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(ii) If ¢ = Fk, then, by Remark 2.17(v),
Noyp = TW™*(Fk)) = TW'F)k = —(TF)k = 0.
If Notp = 0, then, by (2.57),,
0 = Vo(Now) = (Voo = (W§ — D)y,

and we apply (i) and Theorem 2.22(ii) to deduce that ¢ = Fk for some constant
vector k € Mzy1.

As in Chapter 1, there is a more formal characterization of the boundary contour
88 in terms of the matrix ®.

2.25. Theorem. For every simple closed C?-curve 8S and any o € (0,1), there
are a unique (2 x 3)-matriz & € CY*(35) and a unique constant (3 x 3)-matriz C
such that the columns &) of & are linearly independent and

Vob = FC, p®d = Fj. (2.67)

Proof. From Theorems 2.22 and 2.24(i) we know that there is a (2 x 3)-matrix
® € C%(HS) with linearly independent columns ®® which satisfies

(W32 - 10N® =0.
By (2.56)2, this equation is equivalent to
(NoVo)® = No(Vo®) = 0,
which, according to Theorem 2.24(ii), implies that
Vo® = FK (2.68)
for some constant K € ngg.
Suppose that det(p®) = 0. Then the columns of p® are linearly dependent, so

there is a constant non-zero h € M3y such that

(p®)h = 0. (2.69)
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By (2.47), (2.68) and (2.69),

A(V~(®h) — FKh) =0,
Vi (®h) — FKh = (Vo® — FK)h =0,
(V7= (®h) — FKh)(z) = (M®(p®)h + U™ — FKh)(z)
= (—FKh+U"(z) as|z| — .

This is the homogeneous problem (D7), whose unique solution is
V7 (®h) - FKh=10. (2.70)

Next,
Vg"(é[)h)#FKh:VO*((I)h) —FKh=0

means that
V¥ (®h) — FKh =10 (2.71)

as the unique solution of the homogeneous problem (D'). Since TF = 0, from
(2.70), (2.71) and Remark 2.17(iii} it follows that ®h = 0, which contradicts the
linear independence of the o) Consequently, det(p®) # 0; therefore, the constant
(3 x 3)-matrix p® is invertible. In this case, by (2.68),

Vo(2(p®)™") = (Vo) (p®) ' = FK(p®)™"

and
p(2(p®) ") = (p®)(p®) " = Es,

so we can take ®(p®)~! and C = K(p®)~! as a solution pair to our problem. We
remark that the equality det(p®) # 0 implies that the columns of ®(p®)~* are three
linearly independent, combinations of the &), so they also form a basis for the null
space of W§ + %I. Consequently, without loss of generality, we denote ®(p®)~! by
® and bear in mind that p® = Es.

The difference ®, € of any two solutions satisfies

A(V~d - FC) =0,
Vy® - FC=Vy® — FC =0,
(V=& - FC)(z) = (M*™(p®) + U (z) = UM z) as |z] = co.
By Corollary 2.12(i),

FC=0, V™ ¢=0
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Since the columns F) of F are linearly independent, we deduce that ¢ = 0. Also,
the equality

Vi®d =@ =V;0=0
implies that V*® = 0 as the unique solution of the homogeneous problem (DV);
therefore, by Remark 2.17(iii), ® = 0, which means that the solution pair @, C is
unique.

2.26. Remarks. (i) The equality p® = Ej3 is equivalent to the biorthogonality of
the sets {F®} and {®()}; that is,

(F, o)) :/(F@))T@(ﬁ ds =65, i,7=1,2,3.
as

(i) Since (D%) has at most one solution and V*® and FC satisfy (D*) and
coincide on 85S, it follows that V+® = FC.

(iii) There seems to be no obvious connection between the Robin constant (or the
logarithmic capacity of 85) and the matrix C.

2.27. Example. We take 85 to be the circle 9K g with the centre at the origin and
radius R. By direct calculation we find that for all z € 0K g

/ In|z — y|lds(y) = 2rRIn R,

AKp
/ (%o — vz — 4] ds(y) = 7R,
AKgn
/ (21— y2)(z2 — wa)|z — 2 ds(y) = 0,
8Kr
/ Yo In|z — ylds(y) = —mRz,,
OKg
/ Yal(zp — yp)’lz — y| ™% ds(y) = inRz., a#8,
OKp
/ 1 (51— 1) (@2 — v)lz — ¥~ ds(y) = — Ln Ry,
aK g

/ y2(z1 — y1) (32 — y2)|z — y| " ds(y) = InRz,.
Y/
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Then from (2.40) and (2.23) it follows that

/Du(:v,y)dS(y)= / Daa(z,y) ds(y) = [2u(A +21)] 7" (A + 3p)R(n R + 1),
OKn OKnp

/ Di(z,v) ds(y) = / Dus(z,) ds(y) = 0,

aKg aKn
/ [y2D11(z,y) — y1D1alz, y)] ds(y) = (2p) "' Raa,
oKg
/ (y2D21(z,y) — 11 D2a(z,y)] ds(y) = —(2u) "' Ry,
oKg
50
_ 1 0 )
‘/OF a VO (0 1 —.'E1>
- A+ 3u)(ln R + 1) 0 (A +2p)x
— lapr 2] R (€ K%
(2102 + 20)] ( 0 O+ 3w)(InR+1) —(\+2p)zs )
Also,
1 0 T
pF:/FTFds=/ 0 1 —2; | ds = 2rRdiag{1,1, R?};
s 6s \zz —z1 =i+ 23
therefore,

[4mp(X + 2u) R Vo (F(pF)~1) = [dmp(A + 20) R*} (Vo F)(pF) ™!

((A+3M)R2(lnR+1) 0 (A +2p)zy _ e
0 A+ 3wR*(InR+1) —(A+2wa )]

where
C = [4rp(A+2p)R?) " diag{(A + 3p)R2(In R + 1), (A + 3u) RZ(In R+ 1), (A + 21) }.

Since p(F(pF)~!) = E3, we have & = F(pF)~'. As mentioned in Remark 2.26(iii),
no meaningful connection is apparent between C and the logarithmic capacity of
0K g, which is R (see Remark 1.41(ii)).

2.28. Corollary. If Voo = Fc with a constant c € M3y, then
=0k c¢=Ck

for some constant k € Mzyy.
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Proof. Using the composition relation (2.56)2, we find that, by Theorem 2.24(ii),
(W5? = 1D = (NoVo)p = No(Voy) = No(Fe) = 0.

Since the ®® form a basis for the null space of Wg® — 11, this means that ¢ is a
linear combination of the ®(*); in other words, ¢ = ®k for some constant & € May;.
Then, by Theorem 2.25,

Fe = Vop = V(D) = (Wd)k = (FCOYk = F(Ck),
or
F(c—-Ck)=0.
In view of the linear independence of the F(¥) we conclude that ¢ = Ck.

2.29. Theorem. The equation Voo = 0 has non-zero solutions if and only if S
1s such that detC = 0.

Proof. Suppose that det C = 0. Then the columns of C are linearly dependent, so
there is a constant k € M3y, k # 0, such that Ck = 0. By Theorem 2.25,

Vo(Tk) = (Vo®)k = (FC)k = F(Ck) = 0.

Since the columns of ® are linearly independent and k # 0, it follows that ®k # 0,
which means that the equation Vo = 0 has non-zero solutions.

Suppose now that detC # 0, and that ¢ satisfies Voo = 0. By Theorem 2.25 and
expansion (2.47),

AV o+ (FC— V™ ®)(py)) =0,
Vi @+ (FC = V5 @) (pp) = Vo + (FC — Vo) (pyp) = 0,
(V¢ + (FC— V™ ®)(pp))(x)
= (M (pp) + (V) + (FC)(pp) — M (p2)(pp) — (V&) (p)) ()
= (F(C(pp)) —l—MA)(m) as |z] = oo.

By Corollary 2.12(i), this homogeneous problem (D7) yields
F(C(pp)) =0, V o+ (FC -V ®)(pp) =0.

Since the columns of F' are linearly independent, it follows that C(p®) = 0, and our
assumption that det C # 0 implies that this homogeneous algebraic system has only
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the solution py = 0; hence, V"¢ = 0. But
Vow=Vopo=Vyp=0,

so we also deduce that V¥ = 0, since V¢ is the the unique solution of the
homogeneous problem (D). Using Remark 2.17(iii), we now conclude that ¢ = 0.

Thus, if the equation Voo = 0 has non-zero solutions, then det C = 0.

2.30. Corollary. The null space of Vy is the subspace of the null space of W3 + %I
consisting of all functions of the form ¢ = Ok, where k is any constant (3 x 1)-vector
such that Ck = 0. More precisely, if rank C =i, i = 0,1,2,3, then the dimension of
the null space of Vy 15 3 — i. In particular, if detC # 0, this space consists of the

zero vector alone; if C = 0, it coincides with the null space of W§ + %I.

Proof. By Corollary 2.28, Vo = 0 implies that
=0k, Ck=20 (2.72)
for some constant k € Mjzy1, so
Wg +3De = ((Wg + @)k = 0;

that is, the null space of Vp is the subspace of all ¢ = ®k in the null space of W + %I
such that Ck = 0.

If rank C = 0, then C = 0 and V,® = 0. This means that all the ®@ are in the
null space of V4, so this space coincides with the span of {Q(i)}, which is the null
space of Wi + 31.

If rank C = 1, then only one of the columns of C is linearly independent, so there

are two constant linearly independent (3 x 1)-vectors a and b such that
Ca=0, Cb=0,
which implies that
Vo(®a) = (Vo®)a = (FC)a = F(Ca) =0, Vo(®b) =0.

This means that the null space of V; is spanned by the linearly independent vectors
$a and ®b; therefore, it is two-dimensional.
Similarly, if rank ¢ = 2, then exactly two of the columns of C are linearly in-

dependent, so there is a constant non-zero a € Msjy; such that Ca = 0. Hence,
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Vo(®a) = 0, which tells us that the null space of V; is the one-dimensional space
spanned by ®a.

Finally, if rank C = 3, then detC # 0 and the columns of C are linearly indepen-
dent, so Ck = 0 in (2.72) implies that k = 0, which, in turn, yields ¢ = 0.

2.31. Example. From Example 2.27 it is obvious that for R = e~

2
@:(QW)"IG((l) ? ezxz),

—€e T
C = (4mp) ‘e’ diag{0,0,1} # 0
and
_ 0 0 T
Vo = (dmp) e 2) =
0 (4mp) " 'e (0 0 _l_1> FC.

Clearly, detC = 0, but € # 0. As we know, the null space of W + %[ is the span of
{®®}, which in this case coincides with the space F of rigid displacements, while
the null space of Vp is the span of {®() &(2) 0}, which is a proper subspace of F.

2.32. Lemma. (i) The characteristic matriz C is symmeiric, that is,
T =c,

and if q is the operator defined on C(8S) by

qtpz/(PTsods,
as )

then for any ¢ € C(8S)
7(Vo) = C(py).

(ii) For any ¢ € CO*(8S)

p(Wg) = — ¢
(iii) For any ¢ € C%*(9S)

q(Woyp) = —Lqv.

(iv) For any ¢ € C1H2(8S)
p(Noy) = 0.
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Proof. (i) Changing the order of integration and using (2.38), we find that

q(Voy) = /@T(Vmp) ds

as
= [o7( [ D@t dst)) asto)
as as
T
:/(/DT(x,y)@(cc)ds(:c)) ©(y) ds(y)
85 as
:/( D(y, z)®(z) ds(m)) p(y) ds(y)
as a5
= 2@ Tpds = "C) Y pds
6[(1/@) od BZ(FC) pd
= TETpds =CT .
alc Frods=C"(pp)

If we now operate with q‘in (2.67); and take (2.73) into account, we obtain
CT(p2) = q(Vo®) = (FC) = (¢F)C = (p®)™C,

or CT = C. This brings (2.73) to the form g(Voy) = C(py).
(ii) Similarly, by Remark 2.17(v),

p(Wip) = / F(Wgy) ds

as

= [ F@( [ 1ean@vvw s ) éste)
a5 a5

-/ F%)( JRCARERT ds<y>) ds(x)
85 85

- [( [ wepen) e ds(m))Twy) ds(y)

85 0S8

- / ( / p(y,zm(m)ds(z))Tw(y)ds(y)

as 88

= /(WOF)T1/1 ds = -1 /FT1/; ds = —1ipip.

a5 as

THE CLASSICAL INDIRECT METHOD

(iit) By Theorem 2.22(ii),

oWor) = [ W) ds = [ 70 [ Plowvast)) aste)
85 o8

as

- [ @ [ @D ) s asw)) ase)

as as

=/</T(ay)p(y,a;)@(x) ds(x))Tw(y) ds(y)
as  as

= [wse) pas =~ [ @%pds Loy,
as a8

(iv) Finally, by (2.19),

p(Noy) = p(T(WHy)) = / FTT(WHy)ds = / FTAW™* @) da = 0.
as S+

2.7. The classical indirect method

85

We begin by considering the interior and exterior Dirichlet and Neumann problems.

Thus, for (D*) and (N*) we seek solutions of the form

uw= Wty for (D%),
u=Vty for (N1),
u=WTp+Fk for (D7),
u=VY for (N7),

where k € M3y, is constant and will be specified in the solution process.

Using the properties of the elastic potentials from Theorem 2.16 and the corre-

satisfy the boundary integral equations

(Wo—3l)p="P for (DY),
(Wg+i)y =2 for (N1,
(Wo+3I)¢=R—Fk for (D7),
(W -3y =38 for (N7)

sponding boundary conditions, we find that the unknown densities ¢ and ¥ must

(D)
(V)
(Dg)

(M)
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From the form of their kernels it is seen that (Dg), (V) and (Dg), (V) are
pairwise adjoint. Also, as mentioned in Corollary 2.20, the Fredholm Alternative
can be applied to them in the (real) dual system (C%*(9S), Cc%=(8S)), a € (0,1),
with the bilinear form

(o) = [ ¢pds.
a8
2.33. Theorem. (i) (D}) has a unique solution ¢ € CH*(dS) for any prescribed
P e CLe(88S).
Then (D*) has the (unique) solution

u=WTFp.

(i) (DgG) with k = qR is solvable in C1*(dS) for any R € CLo(38), and its
solution is unique up to an arbitrary rigid displacement Fa.
Then (D7) has the (unique) solution (in A*)

u=W7 ¢+ F(qR),

where ¢ is any solution of (D).

(iil) (V) is solvable in C™*(8S) for any Q@ € C®*(85) such that pQ = 0. In
this case the solution is unique up to a term of the form ®a, where a € Mgy, is
constant and arbitrary.

Then (N1) has the family of solutions

u =V + Fk,

where ¥ is any solution of (NY) and k € M3y, is constant and arbitrary.
(iv) (NG) has a unique solution ¢ € C9*(9S).
Then, if pS = 0, (N7) has the (unique) solution (in A)

u="VyY .

Proof. (i), (iv) Theorem 2.22(i) states that the null spaces of Wg — 1T and Wo— i
comsist only of the zero vector, which means that, by the Fredholm Alternative,
equations (DF) and (V) have unique solutions ¢, ¢ € C%*(35).

Given that P € CH*(8S), and taking Theorem 2.16(iv) into account, we see
that the solution ¢ = 2(Wop + P) of (DY) belongs in fact to C1*(8S); hence,
Wt e C1*(51), and, since A(Wp) = 0, it follows that u = W is the (unique)
solution of (D).
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Operating with p in (NVg) and using Lemma 2.32(ii), we conclude that
P = —pS;

therefore, if pS§ = 0, then py = 0, which means that V"¢ € A. Also, A(V™9) =0

and V™4 € CH*(57) (see Theorem 2.16(ii)), so u = V™1 is the (unique) solution
of (N7).
(iii) By Theorem 2.22(ii), the null space of Wy + 11 is spanned by {F"}. Since

sz/FTst=O
as

is equivalent to

(FD Qy=0, i=1,2,3,

the Fredholm Alternative indicates that (MZ) is solvable in C*(8S). We recall
that the null space of W§ + $1I is spanned by {®"}; hence, the solution of (V) is
unique up to a term Pa, where a € M3z is constant and arbitrary.

For any solution 1 € C%%(85) of (V) and any constant k € Msx; we have
Vi + Fk € Cb*(S%) and A(VTy + Fk) = 0, s0 u = V¥y + Fk is a solution of
problem (N*). The arbitrariness of k incorporates that arising from the term ®a in
¥, since

VYV (®a) = (VT ®)a = (FC)a = F(Ca).

(ii) For k = qR = [ ®TRds, (2.67), yields
8s

alqﬂ (R~ F(¢qR))ds = qR —a[(tI)TF)(qR) ds = qR — (64 FTo ds)T(qR)

.=qR — (p®)T(qR) =0,
which is equivalent to
(@9 R~ Fk) = (8, R~ F(gR)) =0, i=1,2,3.

By the Fredholm Alternative, this means that (Dg) is solvable in C%*(35). Since
the null space of Wy + %I is spanned by {F®}, the solution of (Dg) is unique up to
a term Fa, where a € Mgy is constant and arbitrary. Just as in the case of ('Dé).
o actually belongs to C1*(dS), so W~ € C1*(§~). Also, Theorem 2.14(ii) shows
that W=p + F(qR) € A*, and A(W~p + F(qR)) = 0. Hence, u = W™ + F(qR)
is the (unique) solution of (D). The term Fa in p is irrelevant, since W~ F = (.
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For the Robin problems (R*) and (R™) we seek solutions of the form

u=V*{p - 8(pp)) + F(pyp), (2.74)
u="VY" (¢ - ®(pp)) + Flpyp). (2.75)

Then the boundary conditions
Tu+oulgs =K, Tu—oulgs =L

give rise, respectively, to the boundary integral equations

I

I

W5 + 31 (0 — D(pp)) + aVo (v ~ ®(pe)) + o F(py)
py

K, (RE)
(W5 ~ 3D — 2(pp)) — aVa(p ~ B(pp)) — o F(pp) = L c

: (Re)

Since the dominant terms in the kernels of (R) and (R5) are the same as in those
of (W) and (NVG), the index of each of these equations is zero, so the Fredholm

Alternative can be applied to them.

2.34. Theorem. Let o € CY*(8S), o € (0,1).
(1) (RE) has a unigue solution ¢ € C%%(8S) for any K € C**(8S).
Then the (unique) solution of (R) is given by (2.74).
(it) {Rg) has a unigue solution ¢ € C*(3S) for any £ € C*=(98S).
Then the (unique) solution of (R7) is given by (2.75).

Proof. Since 0 € C%*(dS), the operators occurring in (R&) and (Rg) map
C%(38) to CO*(8S).

(i) Consider a solution @ of the homogeneous equation (RY), in other words, a
function @ € C%*(85) such that

(W5 +3D)(p — 2(p@)) + aVo(@ ~ ®(pp)) + oF(p@) = 0. (2.76)

This means that V* (g— ®(p@)) + F(p@) is the (unique) solution of the homogeneous
problem (R1); therefore,

Ve - 3(pp)) + F(pp) = 0. (2.77)
Since p(¢—®(pp)) = 0, from (2.55), (2.76) and (2.77) we deduce that the function

U™ =V~ (¢ - 0(pp)) + F(pp)

satisfies
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AU~ =0,
U |as = Vo(@ — 2(p@)) + F(pp) = V5 (& ~ B(pg)) + F(pp) = 0,
U (z) = [M*p(@ - (pp)) + U* + F(pp)](x)
= (U + F(pp))(z) as |z| — co.
By Corollary 2.12(i),

F(pg) =0, V(¢ —2(pp)) + F(pp) = V™ (¢ — B(pp)) = 0.

Since the columns of F' are linearly independent, this implies that pg = 0 and
V™~ = 0; also, (2.77) yields V*@ = 0; hence, by Remark 2.17(iii), ¢ = 0.

Since the homogeneous equation (R&) has only the zero solution, the Fredholm
Alternative states that (R¢;) has a unique solution ¢ € C%(8S). By the properties
of the elastic potentials in Theorem 2.16, u given by (2.74) belongs to C1*(5+) and
satisfies Au = 0 (in S*), so it is the (unique) solution of (R*).

(ii) If @ is a solution of the homogeneous equation (Rg), that is,

(Wg - 3D)(# - 2(v9)) ~ oVo(p — ®(pp)) — o F(pp) =0,
then, by (2.47), the function

U =V (¢ - 2(pp)) + Flpp)

- satisfies

AU~ =0,
TU™ — o™ |gs =0,
U (z) = [M®p(¢ — &(pp)) + U™ + F(pp)] ()
= (UA + F(p(ﬁ))(z) as |z] = oo,

which is the homogeneous problem (R™). Applying Corollary 2.12(i) once more, we
conclude that

F(pp) =0, V(@ - 2(p@)) + F(pp) =V~ (@ - 2(p@)) = 0

hence, as above, pp =0 and
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so V+@ = 0 as the unique solution of the homogeneous problem (D). Remark
2.17(iii) now implies that @ = 0. Consequently, by the Fredholm Alternative, (Rs)
has a unique solution ¢ € C%*(89).

The function u given by (2.75) belongs to C1*(5™) and satisfies Au = 0 (in S7).
Also, u € A* since p(¢ — ®(pyp)) = 0, which means that u is the (unique) solution
of (R7).

2.35. Remark. The sole purpose of the term ®(pyp) in the density of V* is to
ensure that p applied to the density yields zero. This term can be replaced by any
other that has the same effect. For example, in [21] the correction term in the
density is F(pF) ™ (py).

We can now make use of Theorem 2.33 to give the boundary curve 39S another
characterization, equivalent to that in Theorem 2.25, in terms of the solution of a

generalized exterior Dirichlet problem.

2.36. Theorem. For every simple closed C%-curve S and any o € (0,1), there are
a unigue (2 X 3)-matriz ® € C°(S~)NCH*(57) and a unique constant C € My
such that

Ad =0,
Blas = 0, (2.78)
(x) = (M™® — FC+ ®M(z) as |z| — oo
Proof. Since, by Lemma 2.15, AM > = 0, the given problem is equivalent to finding
& such that
A(® - M™) =0,
(® — M®)|as = —M*|as, (2.79)

(® — M*®)(z) = (-FC+ &) (z) as |z| = co.

Regarding this as an exterior Dirichlet problem for each of the columns (& — M 0)(@),
from Theorem 2.33(ii) with R = —(M>){)|55 we deduce that (2.79) has a unique
solution if

C= (](Moolag). (2.80)
By Theorem 2.33(ii), this solution can be expressed as

d— M™® =W — Fg(M®|gs) = W & — FC
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with some (2 x 3)-matrix de C12(dS). Then C given by (2.80) and, from the above
equality,

S=M®+W & - FC=M>® - FC + &4

are a solution pair for (2.78).
The difference &, C of any two such solutions satisfies
Ad =0,
Blas =0,

&(z) = (~FC + 3" (x) as |z| — oo,

s0, by Corollary 2.12(i),

Since the columns of F' are linearly independent, this implies that C = 0; therefore,

the solution pair of (2.78) is unique.

2.37. Theorem. The pairs ®, C and &, C in Theorems 2.25 and 2.36 are connected
by the relations
C=C ®=Vd-FC, &=-T3.

Proof. By Theorem 2.25, V=& — FC satisfies
A(Y~® — FC) =0,
Vy®— FC =0,
(V=& — FC)(z) = (M*(p®) + U* — FC)(x)
= (M® — FC +UM(z) as |z] = oo,

which is problem (2.78). Since this problem has a unique solution, it follows that
C=C, ®=V"&-FC. (2.81)

riven that (Wi — %I)@ =0, or Wjd = —%@, and TF = 0, applying T to (2.81),
and taking (2.49), into account, we obtain

T®=T(V @)= W5 —31)=-38—- 3% =-9.
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2.8. The alternative indirect method

As in the case of the Laplace equation, in plane elasticity we can also devise a
procedure that allows us to replace the singular integral equations of the Dirichlet
problems arising in the classical indirect method with weakly singular ones.

Thus, seeking the solution of (D¥) in the form u = V¢, we are led to the

boundary integral equation
Vop = P. (PR)

2.38. Theorem. If detC # 0, then (D}) has a unique solution ¢ € C%%(dS) for
any P € CH¥(885), o € (0,1).
In this case,
u="Vtp

is the (unique) solution of (D).

Proof. Operating with Ny in (D}) and applying the composition formula (2.56)2,
we see that any solution of (D}) also satisfies

(Wg? — Lo = NoP. (2.82)

By Theorem 2.24(i), the null space of the adjoint operator W2 — %I is spanned by
the rigid displacements {F(#}. Lemma 2.32(iv) now yields

/ FT(NyP)ds = p(NyP) = 0,
as

which is equivalent to
(FO NgP) =0, i=1,2,3,

s0, by the Fredholm Alternative, (2.82) is solvable in C%*(8S) and its solutions are
of the form
¢ = ¢+ Pa,

where @ is any (fixed) solution and a € M3y, is constant and arbitrary. Writing
(W5? = $1)(@ + ®a) - NoP =0,

operating with V4 in this equation and taking the composition formulae (2.56); and
(2.57)2 into account, we find that

(W§ — 1) (Vo(@ + ®a) — P) =0,
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which, by Theorem 2.24(i), means that
Vo(@ + ®a) — P = Fd/,
where @’ € M3y is constant. Recalling that Vy® = FC, we deduce that
Vo — P = Fd' — F(Ca) = Fa”, (2.83)

where o is a constant (3 x 1)-vector that depends on the choice of @. Operating
with ¢ in (2.83) and applying Lemma 2.32(i), we find that

C(pp) — ¢P = (¢F)a" = (p®)"a" = o (2.84)
Next, since C is invertible and
Vo(g — ®(C'a")) = Vop — (FC)(C™'a") = Vo — Fd” = P,
we use (2.84) to conclude that
p=¢—d(C ") =3+ 2(C(qP) — pp) (2.85)

is a solution of (D¥) in C**(85).
The difference @ of two solutions satisfies Vo = 0, which, by Theorem 2.29, yields
@ = 0; in other words, (DX) has a unique solution regardless of the choice of @.
By Theorem 2.16, the function u = V*¢ belongs to CH*(S+) and satisfies
A(Vtep) =0, s0 it is the (unique) solution of (DT). By (2.85), we may also write it
as
u=Vto =Vt + F(qP - C(pp)). (2.86)

If detC = 0, then the above argument breaks down because C~! does not exist.

Instead, here we seek the solution as

w="V"rp+ Fe,
where ¢ € M3y is constant, so the boundary integral equation is

Vo = P — Fe. (Df)
Operating with ¢ in this equation and applying Lemma 2.32(i), we find that

Clpyp) = q(Vow) = qP — (qF)c = qP — ¢
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therefore,
c = qP — C(pyp). (2.87)

2.39. Theorem. If detC = 0, then (D)) with ¢ given by (2.87) ds solvable in
C2(38) for any P € CL2(8S), a € (0,1), and its solution is unique up to a term
of the form ®a, where a € M3y« is constant and arbitrary.

In this case the (unique) solution of (DY) is again given by (2.86), where @ is any
solution of (f)j)

Proof. Replacing ¢ from (2.87) in (D}), we see that the latter can be written in
the form
Vop — (FC)(pp) =P — F(qP). (2.88)

Proceeding as in the proof of Theorem 2.38 and recalling that NoF" = 0, we deduce
that any solution of (2.88) is also a solution of (2.82), which is solvable in C%(85),

and we arrive again at the equality
Vop — P = Fa' — F(Ca), (2.89)

where @ is any (fixed) solution. Operating with ¢ on both sides and making use of

Lemma 2.32(i), we obtain
C(pp) — qP = o’ — Ca,

S0
a' = C{pp) — qP + Ca;

hence, (2.89) becomes
Vop = P + (FC)(pp) — F(qP),

which is equation (2.88). This means that, conversely, any solution of (2.82) is also a
solution of (2.88), and, therefore, of (D). As already mentioned, the arbitrariness
in the solution of (2.82) is ®a; consequently, the solution of (D) has the same
arbitrariness.
The function
u=Vrg+ Fc=V'p+ F(qP — C{pp))

belongs to C1*(S*) and satisfies Au = 0 (in S*), so it is the (unique) solution
of problem (D). Once again, its uniqueness is not affected by the choice of the
solution @ of (D}).
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2.9. The modified indirect method

As in Chapter 1, we can still have a unique solution for (D}) whatever the value of
det C if we choose a suitably modified matrix of fundamental solutions for —A. In

this case we take

D¥(z,y) = D(z,y) + F(z) HF" (y), (2.90)

where H € M3y is constant and symmetric but otherwise arbitrary, and introduce

the corresponding modified single layer potential

(V7o)(e) = [ D" (@ 5)ela) ds(o) = (Vo)a) + F@)H o). (2.91)
as

Since TF = 0, from (2.90) it is clear that the modified double layer potential coin-
cides with the original one, so we continue to use the old symbols for the operators
Wy, Wi and Ny.

Throughout this section we use the notation V%, V(f{i and V{7 with the obvious

meaning.

2.40. Theorem. Ifdet(H+C) #0, ¢ € C**(8S), a € (0,1), and Vil = 0, then
o= 0.

Proof. Let
U™ = Vo — (V7 ®)(pp) + (FC)(pp) = V™ (¢ — B(pp)) + F(H +C)(py).
Since AF = 0 and V{Ty = 0, the function U~ satisfies

AU~ =0,
U los = Vo — (Vo) (pp) + (FC)(pp) = Vi o = 0,
U (z) = [V (o — ®(pp)) + F(H + C)(pp)] (=)
= [M>p(p — ®(pp)) + U™ + F(H + C)(pp)](x)
= [UA + F(H +C)(pp)](z)) as |z] - oo

This is the homogeneous problem (D7), and Corollary 2.12(i) implies that

F(H +C)(pp) =0,

_ (2.92)
U™ =V (- ®(pp)) + F(H +C)(pp) = V™ (¢ — B(pyp)) = 0.
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Since the columns of the matrix F' are linearly independent, from (2.92), it follows
that (H + C)(py) = 0, which, given that det(H + C) # 0, yields pp = 0; therefore,
equation (2.92), reduces to V™ ¢ = 0. In turn, this means that

Vip=Vop=V5p=0;

therefore, VT = 0 as the unique solution of the homogeneous problem (D*). Using

Remark 2.17(iii), we now conclude that ¢ = 0.
2.41. Theorem. Compositions (2.56) and (2.57) hold if Vy is replaced by V.

Proof. Substituting
Vow = Vo — (FH)(py)

in (2.56) and (2.57), and working with ¢ € C%%(8S) and ¢ € C1*(8S5), we arrive
at the equalities

Wo (Ve e — (FH)(pp)) = VT (W5 o) — (FH)p(Wi ),
No (Vo — (FH)(pp)) = (W3? — 1D)e, (2.93)
VI (Now) — (FH)p(Nop) = (W — 1)

From Remark 2.17(v), Lemma 2.32(ii), Theorem 2.24(ii) and Lemma 2.32(iv),
respectively, we see that

Wo((FH)(pp)) = (WoF)H(pp) = —3(FH)(py),
(FH)p(Wgp) = —3(FH)(pp),
No((FH)(pp)) = (NoF)H(pp) = 0,
(FH)p(Noth) = 0,

so the proof follows immediately from (2.93).

For simplicity, in this section we continue to quote the composition formulae as
(2.56) and (2.57), but we understand them with Vi instead of V5.

We now seek the solution of (D) in the form u = VH%yp with H such that
det(H + C) # 0 chosen a priori. Then the problem reduces to the solution of the
Fredholm equation of the first kind

Vol =P. | (D)
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2.42. Theorem. (D;;) has a unique solution p € C**(dS) for any P € CH*(9),
a € (0,1).
In this case,
w= Vit

is the (unique) solution of (D).

Proof. We follow the procedure set out in the proof of Theorem 2.38.
Operating with Ny in (Dy;), we deduce that any solution of (Dy) also satisfies

(W32 - Do = NoP. (2.94)

The null space of the operator of the adjoint equation is spanned by {F (i)} and, by

Lemma 2.32(iv), .
/ FT(NyP)ds = p(NoP) = 0,
85

which is equivalent to
(F9 NyP)=0, i=1,2,3.

Hence, by the Fredholm Alternative, (2.94) is solvable in C%(9S) and its solutions
are

p =@+ Pa,

where @ is any (fixed) solution and a € M3y is constant and arbitrary. Writing
(Wg? — §D)(@ + @a) = NoP =0,

applying Vo to this equation and taking the composition formulae (2.56); and (2.57)9

into account, we obtain
W¢ = 3D(V (2 + ®a) - P) = 0.
By Theorem 2.24(i), this means that
VH (g + Qa) - P = Fd/,
where a' € M3y, is constant. The above equatiori can be rewritten in the form

VHg — P = Fd' — Vfl(®a) = Fo' - (Vo + (FH)(p®))a
= Fla' — (H + C)a] = Fa", (2.95)
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or, equivalently,
Vop + (FH)(pp) ~ P = Fa".

Operating with ¢ in this equality, we find that, by Lemma 2.32(i),
(H +C)(pp) — qP =a". (2.96)
The condition det(H + C) # 0 implies that H + C is invertible, so, by (2.95),

Vi (¢ - ®(H +C)"a") = Vg - (VOH<I>)(H + C)‘1 4
= Vg~ [Vod + p®)](H +C)~'a”
=VHg - F(H+ C)(H +C) " =VHp - Fa" = P.
Consequently,
p=¢—®(H+C)""a" € CO*(d9),
with a” given by (2.96), is a solution of (Dyy).
This solution is unique since the difference ¢ of two solutions satisfies V{ ¢ = 0,
which, by Theorem 2.40, yields ¢ = 0.
The function
u=Vtp =Vt (5 o(H+0)a")
= VI (3~ 2 (pp) — (H +) " (aP))
belongs to C1*(5%) and satisfies Au = 0 (in S*); therefore, u is the (unique)
solution of (D).

2.43. Remark. It is useful to find out the connection between two different rep-
resentations of the solution u of (D¥). Let H; # H, be two distinct constant
symmetric (3 x 3)-matrices such that det(H, +C) # 0, and let ©(®) be the densities
corresponding to them. Constructing » in terms of each of these densities and using
the boundary condition, we obtain

Ve = Ve = P,

or
Vo™ + (FH) (pp) = Vo + (FH,) (pp™) = P.

This implies that

Vo(p™ — o) = F(Hy(pp?) - Hy(pp)),
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which, by Corollary 2.28, yields
o) — @ = @k, Hy(pp®) — Hi(pp) = Ck (2.97)
for some constant k& € Msy1; hence,
pet) — pp®) = (p®)k = k. (2.98)
From (2.97) we deduce that
Clpp™) — pp?) = Ha(pp?) — Hi(peV),

or
(Hy +C)(peV) = (Ha + C)(pp?).

The condition det(H, + C) # 0 implies that Hz + C is invertible, so
o = (Hy +C) 7 (H1 + C)(pp'™).
We now rewrite (2.98) as
k= [Bs — (Hy +C) " (Hy + )] (pe)
and conclude from (2.97); that
@ = oM L B[(H, + ) (Hy +C) — Es](pe™).

This formula shows how any solution of (D) can be constructed from the solution

corresponding to a particular choice of matrix H.

As in the case of the Laplace equation, this indirect method makes it possible for
us to solve a generalized exterior Dirichlet problem Specifically, we consider the

boundary value problem

(Au)(z) =0, ze S,
u(z) = R(x), =z €08, (Dg)
u(z) = (M®s + vt )(z) as |z| = oo,

where s is a given constant (3 x 1)-vector. When s = 0, (Dg) becomes (D7).
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2.44. Theorem. (Dg) has a unique solution for any R € che(88), a € (0,1),

which can be expressed as a modified single layer potential.
Proof. In Theorem 2.42 we have shown that we can find ¢ € C%*(dS5) such that
Vit =Vifp =R (2.99)

Then V¥~ satisfies the first two equations in (Dg). But there is no guarantee that
the third one also holds for this function. Consequently, we modify the procedure

and seek the solution in the form
u=V"y, Y=+ ok, (2.100)

where ¢ is the density mentioned in (2.99), L is a matrix of the same type as
H and the constant (3 x 1)-vector k is determined in the construction. Clearly,
we Ch*(5) and Au=0 (in S7).

By (2.47), as |z] = o0

(VE=9)(z) = VP + (VET Bk (2)
= M*™(pyp) + (FL)(pp) + M*(p®)k + (FL)(p®)k + U™
= M®(pp + k) +U*.

This matches the far-field pattern of (Dg) if
k=s—pp. (2.101)

We also need to check if this function satisfies the boundary condition. Since

VE=p =V o+ (FL)(pp)
=V o+ (FH)(pp) + F(L - H)(pp) = V¥ o+ F(L - H)(pp),

from (2.101) and (2.100) we see that

VE 4 = VE (o + Bk) = V¥ + (V@) (s — pp)
=V o+ F(L - H)(pp) + (Vo® + (FL)(p®)) (s — pp)
=R+ F((L—-H)pp)+ (L+C)(s—pp)). (2.102)

When s # 0, we have VJ‘_'«/J =Rif

(L= H)(pp) + (L +C)(s —pp) =0,
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or
Ls = H(pp) + C{pp — 8) = (H + C){pyp) — Cs. (2.103)

The matrix L is determined from this equation, but with some arbitrariness. How-
ever, this arbitrariness is unimportant for the solution of (Dg) since, by (2.100),
and (2.103),

u=Vi"yp = V(¢ + Ok)
=V (o + (s ~ py))
=V (p+®(s — pp)) + (FL)p(p + &(s — pp))
=V (p+8(s — py)) + F(Ls)
=V (¢ + (s —pp)) + F[(H +C)py) - Cs].

If s = 0, that is, in the case of (D7), (2.101) reduces to
k=—pp

and (2.102) becomes
Vo =R~ F(H+C)(pp),

which is independent of L. To satisfy the boundary condition we need to have
(H + C)(pp) = 0, but det(H + C) # 0, and we cannot guarantee that pp = 0 in
general. But we see that

"V (¢ - ®(pp)) + F(H +C)(pp)
=R~ (Vo® + (FH)(p®))(pp) + F(H + C)(py)

— R~ (FC)(pg) — (FH)(pg) + P(H +C)(pp) = R,
and, since p(io — ®(pp)) = 0,
VE=(ip — B(py)) + F(H + C)(pp) € A"
Consequently, the (unique) solution of (D7) is
u="V""(p - B(py)) + F(H +C)(py),

where ¢ is the density in (2.99).
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2.10. The refined indirect method

To bypass the need to know C beforehand in order to choose a suitable matrix H in

the modified indirect technique, here we seek the solution of (D*) as
uw=Vtp - Fc, (2.104)

where ¢ € M3 is constant. Since this expression contains two unknown quantities
v and ¢, we adjoin an additional condition on the former, namely, pp = s, with
a constant s € Mayy chosen a priori. Applying the boundary condition, we then
obtain the system of integral equations

Vop — Fe="P, pp=s. (D)

2.45. Theorem. (D}) has a unique solution ¢, ¢ with v € CO%(98S) for any
P e Che(885), ac (0,1).
Then the (unique) solution of (DT) is given by (2.104).

Proof. We operate with Ny in the first equation in (D) and use the composition
formula (2.56); and Theorem 2.24(ii) to deduce that any solution of (D) also
satisfies the Fredholm equation of the second kind

(Wg? — Ly = NyP. (2.105)
Applying Lemma 2.32(iv), we find that
p(NOP) = 0)

which is equivalent to
(F(i)7N0P):Oa 1=1,2,3,

s0, by the Fredholm Alternative, (2.105) is solvable in C%*(4S) and its solution is
unique up to a solution of the corresponding homogeneous equation; that is,

@ = @+ a, (2.1086)

where ¢ is any (fixed) solution and ¢ € Mjzy1 is constant and arbitrary. Now we

can write

(W2 = 11)(p + ®a) = NyP,
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which, after operation by Vo and use of the compositions (2.56); and (2.57),, yields
W2 = 11)(Vo(+ 80) — ) —0.

By Theorems 2.24(i) and 2.22(ii), this means that
Vo(@ + ®a) — P = Fe, (2.107)

where ¢ € M3y is constant; therefore, we have a solution pair for the first equation
in (Dg). Now we need to specify a so that the second equation is also satisfied.

Applying p in (2.106), we obtain
po = p(@ + ®a) = p@ + a;
hence, the second equation in (Dj) holds if
a =5 — pp.
Also, operating with ¢ in (2.107), we find that, by Lemma 2.32(i),
Cp(@ + ®a) = qP = (gF)e= (p2)Tc =c,

or
c=Cpp+a)—qP =C(pp+s—pp) —qP =Cs~qP.

. Consequently, a solution of (D5}) is

p=0¢+®(s—pp), c=Cs—qP. (2.108)
The difference ¢, ¢ of two solutions satisfies
Voo — Fc=0, pp=0.

The later equality implies that V™ ¢ € A. Hence, V"¢ — Fc is a solution of the
homogeneous problem (D7), so from Corollary 2.12(i) it follows that

Thus,
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s0 Yty = 0, because V¥ is the unique solution of the homogeneous problem (D).
By Remark 2.17(iii), ¢ = 0. At the same time, the linear independence of the
columns of F leads to ¢ = 0, which completes the proof of uniqueness.

Since u given by (2.104) belongs to C**(8§%) and Au = 0 (in S+), this function
is the (unique) solution of (D).

2.46. Remark. Clearly, the representation u = V*¢ — Fc is not unique. Let
(@), ¢{®) be two solutions of (Dy), corresponding to s(*) # s(2). Then (2.108)
yields

@ = o 4 &(s@ —5M)), @ =MD (s — s, (2.109)

The generalized exterior problem (Dg) in §2.9 can also be solved by this method.

2.47. Theorem. (Dg) has a unique solution for any R € CH*(39), o € (0,1),
which is constructed from the same density and additive rigid displacement as in
(D+) with P replaced by R, and with s taken from the far-field patiern of the problem.

Proof. Let ¢, ¢ be the solution of (Dff) with boundary data R. Then, by (2.47),

AV~ p~Fc) =0,
Voo—Fe=Wp—-Fc=7R,
(V- Fe)(z) = (M°°(pzp) +UA - Fc) (z) = (M™s +UA*)(17) as |z — oo

that is, V"¢ — Fc is a solution of (Dg), which is unique since the difference of two

solutions satisfies the homogeneous problem (D7).

2.48. Remarks. (i) As in Chapter 1, this method provides the solutions of (DV)
and (Dg) by means of the same formula.

(ii) We can now compute the characteristic matrices C and &.

Let 5 and s®, ¢ = 1,2,3, be any set of 4 constant (3 x 1)-vectors such that
s — 5(9) are linearly independent. Then the constant (3 x 3)-matrix S with columns
s — 50 ig invertible. We construct the solutions (@, ¢(® and p®, () of (DY)
corresponding to the vectors s and s and the same arbitrary data P € C1*(85),
and define the (3 x 3)-matrices ¥ and C' whose columns are, respectively, @) — (0

and ¢ — ¢, By (2.109), we can now write
®S=¥, CS=C,

from which we obtain
d=5"1v, Cc=S5"C
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2.11. The direct method

We now set up our boundary integral equations for (D), (N*) and (R*) starting
from the Somigliana representation formulae.
Let u be a solution of the equation (Au)(z) =0, z € S*. By (2.52); restricted to
the boundary 95,
Vo(Tw) = (Wo + $1)(ulas) = 0.

In the Dirichlet problem (D) we know u|ss = P, while T = ¢ is unknown; in the
Neumann problem (N1), Tu = Q is known and u|ss = 1 is unknown. Thus, the

corresponding boundary integral equations for (D) and (N1 are, respectively,
Vop = (Wo + 51)P, (D)
(Wo + 31)9 = VoQ. (V)

Formula (2.53); for a function u that satisfies (Au)(z) =0, z € S, is applicable
only if u € A, which is indeed the case in (N7). Restricting this formula to §S, we

arrive at
—Vo(Tw) + (Wo — 31 )(ulss) =0,

so the exterior Neumann problem gives rise to the equation
(Wo — 31)¢ = VoS. (Mp)

The solution u € A* of (D7) requires an alternative representation formula, which

_can easily be derived from the usual one. Writing u = u? + Fe, where ¢ € My is

constant, we apply (2.53)1 to u? = u — Fc € A and find that
u—Fe= -V~ (T(u—Fc)) + W ((u— Fc)|as).
Since T'F = 0 and, by Remark 2.17(v), W™ F = 0, we obtain the representation
u= -V (Tu)+ W (ulss) + Fec. (2.110)
The restriction of this equality to S has the form
—Vo(Tu) + (Wo — 31)(ulas) + Fe=0,
which leads to the boundary integral equation

Vow = (Wo — LD)R + Fe. (D5)
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The rigid displacement Fc is found during the construction of the solution.

It is clear that (Dg) and (Dp) are equations of the first kind, so they have to
be considered by themselves. The equations for (N*) are investigated in the next
section.

The unknown function ¢ in (Df}) and (D) satisfies an additional condition
because it is the vector of the moments and transverse shear force on 85, that

is, » = T'u. Using (2.19) in Lemma 2.3, we immediately see that
pp = 0. (2.111)

In the exterior Dirichlet problem, (2.111) also guarantees that the solution u belongs
to A* (see Theorem 2.14(1)), as stipulated in Definition 2.4,

2.49. Theorem. (i) For any P € C1*(dS), a € (0,1), the pair of equations (D)
and (2.111) has a unigue solution ¢ € C**(9S).
Then (D*) has the (unique) solution

u=Vrp - wrp. (2.112)

(ii) For any R € C1*(85), a € (0,1), the pair of equations (D) with ¢ = R
and (2.111) has a unique solution ¢ € C**(8S).
Then (D7) has the (unigque) solution

w= -V p+W R+ F(qR). (2.113)

Proof. (i) We operate with Ny in (D‘S) and use the compositions (2.56), and (2.57)1
to deduce that any solution of (Df;) is also a solution of the equation of the second
kind

(Wg? — 1D = (W§ + 1) (NoP). (2.114)

By Lemma 2.32(ii),

/ FT(Wg + LD)(NoP) ds = p(Wg (NoP)) + Lp(NoP)
as
= —3p(NoP) + 3p(NoP) = 0.

Since this is equivalent to
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it follows that, by the Fredholm Alternative, equation (2.114) is solvable in C%*(35)

and its solutions can be written as
¢ = ¢+ Pa, (2.115)
where @ is any (fixed) solution and a € M3 is constant and arbitrary. Writing
(W52 = 11)(@ + ®a) = (Wg + $1)(NoP)
and applying V; to both sides, we see that, by (2.56); and (2.57),,
(W§ — 5D [Vo(@ + ®a) — (Wo + 11)P] =0,
which, in view of Theorem 2.24(1), yields

Vo(@ + ®a) — (Wo + $1)P = Fd/, (2.116)
or

%@_(WO_Q_%I)’P:F(I/—F(C(L), (2.117)

where a' € M3y is constant and arbitrary.
Using p in (2.115) leads to

pyp =pp + (pPla=pd +a,
so the solution in (2.115) that satisfies (2.111) corresponds to ¢ = —pg; that is,
=@ — ®(pp). (2.118)

To check if this is a solution of (DF), we operate with ¢ in (2.117) for a = —p@.
By Lemina 2.32(i),(iii),

C(pp) + 3qP — 34P = d' +C(pp),
or a’ =0, so (2.116) takes the form
Vo(7 — ®(pp)) = (Wo + 31)P,

which is equation (Df)). This shows that for any solution @ of (2.114), the function
(2.118) satisfies both (D) and (2.111).
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The difference @ of two solutions of this pair of equations satisfies
Vo =0, pp=0.
From Corollary 2.30 it follows that ¢ = ®k for some constant k € Mj3,;. Then
0=pp = (p2)k =k,

s0 ¢ = 0, which means that the solution (2.118) of (D) and (2.111) is unique,
regardless of the choice of the solution ¢ of (2.114) used in its construction.

Now we must check that u given by (2.112) is the solution of (D'). First of
all, ¢ € C%(8S) and P € CH*(4S) imply that Ve, WP € CH(S+); hence,
uw € GH*(8%). Also, Au =0 (in ST). To verify the boundary condition, we restrict
(2.112) to 8S; then, by (DY),

ulas = Voo — (Wo — 31)P = [Vop — (Wo + 1D)P] + P =P,

as required.
(i) We manipulate (D) as in (i) and, by Theorem 2.24(ii), deduce that any

solution of (Dg) is also a solution of the equation of the second kind
(We? = 3D = (W — 31)(NoR). (2.119)
This equation is solvable in C®*(85) since, by Lemma 2.32(ii),(iv),
[ FEO; — A(NR) ds = (W5 (NoR)) — o)
s = ~1p(NgR) = 1p(NgR) = —p(NgR) = 0.

Given that the null space of W2 — 21 is spanned by {®®}, the solutions of (2.119)
are of the form (2.115), where @ is any (fixed) solution of (2.119).

Continuing to follow the procedure used in (i), we find that

Vo(@ + ®a) — (Wo — $I)R = Fd', (2.120)
or

Vop — (Wp — 31)R = Fa' — F(Ca) (2.121)

with a constant and arbitrary a’ € Mjy;, and that the solution (2.115) of (2.119)

which also satisfies (2.111) is once again (2.118), corresponding to a = —p@.
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We verify that (2.118) is a solution of (D) by operating with ¢ in (2.121) for
a = —p@. In view of Lemma 2.32(i),(1ii), this yields

C(p@) + 3R + 2qR = a' + C(pp),

or a’ = ¢R. This makes (2.120) coincide with (Pg) for ¢ = ¢R. The uniqueness of
the solution (2.118) of (Dg) and (2.111), irrespective of the choice of the solution @
of (2.119) in its construction, is shown as in (i).

We check that u given by (2.113) is the solution of (D7). The restriction of (2.113)
to 85 and (Dg) with ¢ = ¢R lead to

ulos = ~Vop + Wo + 3I)R + F(gR)
= [ Vop + (Wo -~ )R + F(qR)] + R = R.

Also, u € ChH*(57), Au =0 (in S7) and, since ¢ satisfies (2.111), u € A*.

We now discuss the Robin problems, and begin by writing the boundary condition
for (R*) in the form
Tu = —oulas + K.

We replace this in the representation formula (2.52); and obtain
u=—Vt(oulss) = WH(ulss) + VK, (2.122)
which, restricted to 85, yields
ulos = ~Vo(oulas) — (Wo — 21)(ulss) + VoK.
With the notation ¢ = u|ag, this can be rewritten as
Vo(op) + (Wo + 11 = VoK. (RH)
We seek the solution of (R7) in the form
u=ut+ Fe,
where ¢ € M3y is constant. Using (2.110) with

Tu = oulas + £,
we find that
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u= -V ((fu'as + ,C) + W~ (’u,'as) + Fe. (2123)

Replacing u|ss = ¢ in (2.123) and restricting this equality to 95, we arrive at the

boundary integral equation
VQ(O'(,D) - (W()- %I)QD—FCZ —V()E, (RB)

with ¢ to be determined during the process of solution.
As in the Dirichlet problems, in (R*) the density ¢ must satisfy an additional
condition. Since ¢ = ulsg, we write the boundary conditions of (R*) and (R7),

respectively, as
Tu=—-op+ K,

Tu=ocp+ L.
Operating with p in both these equalities and recalling that, by Lemma 2.3, we have

p(Tu) = 0, we arrive at the constraints

plop - K) =0, (2.124)
plop+ L) =0. (2.125)

2.50. Theorem. Suppose that ¢ € C*(8S) and that detC # 0.

(i) The pair of equations (R}) and (2.124) has a unique solution ¢ € CcL(88)
for any K € C%(9S).

Then (R1) has the (unique) solution

u=-Vt(op) - Whrp+ VK.

(ii) The pair of equations (Rp) with ¢ = qp and (2.125) has a unique solution
p € CH*(8S) for any L € CO*(8S).
Then (R7) has the (unique) solution

u=-V{op)+ W o+ F(qp) -V L.

Proof. (i) Consider a solution @ of the homogeneous equation (RY); in other words,

a function @ such that

Vo(o@) + (Wo + 31)@ =0, (2.126)
or

Vo(op) + (Wo — 31)¢ = —¢. (2.127)
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This means that, by (2.126) and (2.47), the function

U =V (@) + W g - (V O)p(o@) (2.128)
satisfies
AU =0,
U |as = Volog) + (Wo + 31)¢ — (Vo@)p(0@) = —F(Cp(ap)),
U~ (2) = [M*p(o@) — M@ (pB)p(o®) +UA)(x) = UA(z) as Ja| > oo,

which is an exterior Dirichlet problem. By Corollary 2.12(ii),
F(Cp(o@)) =0, U™ =0; (2.129)

hence, since the columns of F' are linearly independent and det C # 0, we first obtain
Cp(o@) = 0 and then p(c@) = 0. Now combining this with (2.128) and the second
equality (2.129), we deduce that

Vi{op)+ W@ =0,

which, under operation by T, leads to

(Wg — £1)(0®) + Nop = 0, (2.130)

or

(Wg + 3D)(0@) + No@ = 0. (2.131)
By (2.131) and (2.127), the function

Ut =vtea) + Wwhe
satisfies

AUT =0,
TU' + ot |ss

= [(Wg + 31)(0@) + No@] + 0 [Volo@) + (Wo — 31)@] = 0@ —0¢ = 0.

Clearly, the unique solution of this homogeneous problem (R1) is
Ut =vtoe)+wWhg=0.
Applying T to the second equality, we obtain

(Wg + 2D)(0®) + Nop = 0. (2.132)
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We now subtract (2.130) from (2.132) and arrive at 0@ = 0, which implies that
@ = 0. Consequently, since the homogeneous equation (R{) has only the zero
solution, it follows that, by the Fredholm Alternative, (Rg) itself has a unique
solution ¢ € ¢%*(9S). From the mapping properties of the boundary operators

(Theorem 2.16) we see that, in fact,
p= 2[V01C — Volop) — Wo(p] e C1*(88S).

We need to check that this solution also satisfies (2.124). Operating with ¢ in
(R{) and using Lemma 2.32(1),(iii), we see that

Cplow) — Lap + 3q0 = C(pK),
or

Cplow — K) = 0.

Since det C + 0, we conclude that p(op — K) = 0, as required.

We now verify that u = —V+(op) — WHp 4+ VK is the solution of (R*). By
Theorem 2.16, @, g, K € C%*(dS) tmplies that u € clLe(5+). In addition, Au =0
(in St). Restricting u to 05, computing Tu and using (Rf), we obtain

Tu + oulps = (Wi + 1)K = 0) = Now + 0 [Vo(K — ) = (Wo — 31)9]
= (W + 31)(K —0p) — Nop + 0.

By (2.56); and (2.57)s, the function

U= [(Wg+ 3K —-o0p) - Nop + o] —K
= (Wy — 3D)(K —op) = Now

satisfies
Vol = (Vo(Wg — 51))(K — o) = (VolNo)g
= (Wo — 3D)Vo(K — o) = (W§ — iD)e
— (Wo — 1D)[Vo(K = o) — (Wo + 31)] = 0.

Since detC # 0, from Theorem 2.29 it follows that U = 0. The definition of U now
shows that Tu + oulas = 0.
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(ii) Operating with ¢ in (Rp) for ¢ = g and taking Lemma 2.32(i).(iii) into

account yields
Cplaw) + 3ap + 39 — qp = —C(pL),
or
Cplop + L) = 0.
|

As in (i), we again infer that p(cp + £) = 0, which means that any solution of (Rp)
also satisfies (2.125).

Consider a solution @ of the homogeneous equation (Rp) with ¢ = gy, that is, a

function @ such that

Vo(op) — (Wo — 31)@ — F(gp) =0, (2.133)
also written as

Volo@) — (Wo + 31)¢ — Flqp) = —¢. (2.134)
Then, by (2.133), the function

ut =vtop) - Wre - Fgp)

, satisfies,

AUT =0,
Utlas = Volo@) — (Wo — 31)¢ — F(a@) =0,
which is the homogeneous problem (D1); therefore,
Ut =v*(pe) - Whg - Fgp) = 0.
Since TF = 0, applying T to the second equality leads to

(Wg + LD (0@) — Nop =0, (2.135)
or

(Ws = 31)(0@) — Nop = ~0. (2.136)

On the other hand, for £ = 0 condition (2.125) reduces to p(c@) = 0, so from
(2.136) and (2.134) it follows that the function

U=V~ (0p) - W@ - Flgp)

satisfies
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AUT =0,
TU~ — ol |ps = [(Wg — LD)(0@) — No@] — o [Volo@) — (Wo + 1)@ — F(q5)]
=~0p—o(-p) =0,
U= (z) = [M*p(o@) + UM = F(qp)](z) = [U* ~ F(q9)](z) as |z| = 0.

This is the homogeneous problem (R™), so, by Corollary 2.12(i),
Flgp) =0, U =V (0¢) =W ¢~ F(gp) =V (0@¢) -W" 9 =0.
Applying T' to the last equality above yields
(Wg — 11)(0@) — Nop = 0. (2.137)

If we subtract (2.137) from (2.135), then as in (i) we obtain ¢ = 0. Thus, (Ry) has
a unique solution ¢ € C%*(8S) which satisfies (2.125) and which, by the mapping
properties of the boundary operators, belongs actually to C1(88S).

The fact that u = -V~ (0@) + W™ + F(gqp) — V™ L is the solution of (R7) is
shown as in (i), but this time we make use of (Rp) with ¢ = qi, and (2.125) implies
that w € A*, as required.

2.51. Remarks. (i) If detC = 0, then we need to use a modified fundamental
solution of the form proposed for the Dirichlet problems in §2.9. :

(i) Theorem 2.50 holds even when detC = 0 if o is a constant matrix.

92.12. The substitute direct method

Equations of the first kind are not very helpful sometimes because they may give
rise to ill-posed problems. If instead we want to deal with equations of the second
kind in (D*), then we apply T' to the Somigliana formulae (2.52); and (2.110) and
use Theorem 2.16 to find that

Tu = (VV(’)k -+ %I)(TU.) had NO(ulBS)’
Tu = —(We — 3 (Tu) + No(ulas).

For the Dirichlet problems, these equalities produce the “substitute” integral equa-

tions
(Wg — $1)¢ = NP, (D3)
(W§ + 31)o = NoR. (Dg)
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We bear in mind that in either case ¢ must still satisfy (2.111); that is,
pp = 0. {2.138)
It is obvious that (DJ), (Np) and (Dg), (M) are mutually adjoint.

2.52. Theorem. (i) The pair of equations (DJ) and (2.138) has a unique solution
© € C0%(3S) for any P € CH*(dS), a € (0,1).
Then (D) has the (unique) solution

uw=Vtp - WP (2.139)

(ii) The pair of equations (Dg) and (2.138) has a unique solution ¢ € C%e(9S5)
for any R € CH2(85), a € (0,1).
Then (D7) has the (unique) solution (in A*)

u=-V p+W R+F(R). (2.140)

(i) (W) is solvable in CV*(3S) for any Q € C%2(38) such that pQ = 0, and
its solution is unique up to an arbitrary rigid displacement Fa.
Then (NT) has the family of solutions

u=VtQ - W'y + Fe, (2.141)

where ¥ is any solution of (Ng) and ¢ € M3y is constant and arbitrary.
(iv) (M) has a unique solution ¢ € C1*(95) for any § € C**(95).
Then, if pS =0, (N7) has the (unique) solution (in A)

w= -V S+W (2.142)

Proof. (i), (iv) The integral operators of (Dd) and (M) coincide with those
of (M) and (DE), respectively, so the unique solvability of (D) and (V) in
C%(9S) follows from the proof of Theorem 2.33(i),(iv). At the same time, oper-
ating with p in (Dg ), we see that, by Lemma 2.32(ii),(iv), pp = 0; in other words,
the unique solution of (DF) also satisfies (2.138), as required.

Now we need to check that (2.139) and (2.142), in which ¢ and ¢ are the unique
solutions of (DF) and (M), satisfy (DT) and (N7), respectively, in accordance with
Definition 2.4.

Since ¢ € C%*(dS) and P € CH*(9S), the mapping properties of Y+ and Wt
(see Theorem 2.16) indicate that V¥, WHP € CH*(S%), so u given by (2.139)
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belongs to C(St). Also, Au = 0 (in S*). All that remains to verify is that u
satisfies the boundary condition of (D¥). Restricting (2.139) to 85, we have '

ulos = Vo — (Wo — 31)P, (2.143)

and we want to show that the right-hand side above is equal to P. To this end, we

consider the difference
G = [Vop — (Wo — LI)P] = P = Vo — (Wo + 31)P. (2.144)

Applying Ny and taking (DJ) and the compositions (2.56)3 and (2.57), into account,

we find that .
NoG = (NoVo)p — (No(Wo + 31))P

= (Wg? = 10w — (W5 + 31)(NoP)
= (Wg + 3D [(W§ — 1) — NoP] =0,
s0, by Theorem 2.24(ii),
G=Fk (2.145)

for some constant k € M3sy,. Operating with ¢ in (2.144) and (2.145) and equating
the results, taking into account (2.138) (which is satisfied by the solution ¢ of (Dg))
and noting that ¢F = (p®)T = Ej;, we arrive at

k = qG = q(Vow) — a(WoP) = 3qP = Clpp) + 5qP — 34P = 0.

Now (2.145) yields G = 0, which, combined with (2.143), shows that u|gs = P, as
desired.
In the case of (Np ), since ¢, § € C**(9S), it follows that, in fact,

P = 2(Woh — Vo S) € CH*(9S),

s0 V=S, W=1h € C1(57); this means that u given by (2.142) belongs to C1*(S™).
Also, Au = 0 (in S7) and, if pS = 0, then u € A (by Theorem 2.14). To check that
u satisfies the boundary condition of (N7), we apply T in (2.142) and find that

Tu=—(W;§ — 51)S + Notp. (2.146)
Consider the function

H=[— (W - LS+ Nop| =S = Noyp - (Wg + 31)S. (2.147)
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Then o
VoH = (VoNo)y — (Vo(W§ + 31))S

= (W§ - 1Dy — (Wo + 1) (VoS)
= (Wo + 3)[(Wo — 31)¢ = VoS] = 0.

=

[STECEN

By Corollary 2.30,
H = Dk, (2.148)

where k is some constant (3 x 1)-vector such that Ck = 0. Applying p to (2.147)
and (2.148) and using Lemma 2.32(ii),(iv), we see that

k= (p®)k = p(®k) = pH = 1pS — 1pS = 0.

Consequently, H = 0, which, in view of (2.147) and (2.146), shows that Tu = S; in
other words, u given by (2.142) is indeed the (unique) solution of (N7).

(iii) The null space of the adjoint Wg + LI of the operator on the left-hand side
in (V) is spanned by {®(®}. Also, by Lemma 2.32(1),

/ BT (Vo) ds = q(VoQ) = C(pQ) = 0,
88

which is equivalent to

(@9 VQ) =0, i=1,2,3;

therefore, by the Fredholm Alternative, (M) is solvable in C%2(885). Since the null
space of Wy + %I is spanned by {F®} it follows that the solutions of (N are

Y =9+ Fe,

where ¢ is any (fixed) solution.

As in the case of (NV), here ¢ € C1*(dS), so u given by (2.141) belongs to
Ch(8t). Since Au = 0 (in S*), we only need to verify that u satisfies the boundary
condition of (N1). First, (2.141) yields

Tu= (W§ +3i0)Q — Noy.
Next, the function

X =[(W5+iDQ— Novp| — Q= (Wg — 21)Q — Noy

satisfies
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VX = (Vo(Wg — 30))Q — (Vo)
= (Wo — $1)(VoQ) ~ (Wg — §1)¥
= (Wo — D) [VoQ — (W + $1)9] =0,
and, since p@ = 0,

pX = p(W3 Q) — 1pQ — p(Nop) = —pQ = 0.

Combining these equalities, just as in (iv) we conclude that & =0, which means
that Tu = Q; that is, u given by (2.141) is a solution of (N*) for any constant
(3 x 1)-vector c.

(i) Lernma 2.32(iv) implies that

/ FT(NgR) ds = p(NoR) = 0,
a5

which is equivalent to
(FP NgR) =0, i=1,2,3;

s0, by the Fredholm Alternative, (Dg) is solvable in C%*(88) and its solutions are
¢ =@+ Pa, (2.149)

where @ is any (fixed) solution and @ € Msyy is constant and arbitrary.
However, we need ¢ to satisfy (2.138); thus, operating with p in (2.149), we find
that @ = —p@, which reduces (2.149) to the solution

o =5 D(pp). (2.150)
The difference @ of two solutions of (Dg) and (2.138) satisfies
(W +30)¢=0, pp=0.

The first equation tells us that, by Theorem 2.22(i1), ¢ = ®a with some constant
a € Mszy,. But the second equation shows that a = 0, so the pair of equations
(Dg) and (2.138) has a unique solution (2.150), irrespective of the solution ¢ of
(Dg) chosen in its construction.

It remains to verify that u defined by (2.140) is the (unique) solution of (D7).
Since ¢ € C"*(dS) and R € C1*(dS), it follows that u € C1e(57). In addition,
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Au =0 (in S7) and (2.138) implies that © € .4*. Finally, the restriction of (2.140)
to0 05 is written as

ulos = ~Vow + (Wo + $1)R + F(gR).
Setting

Y=[-Vop+ (Wo+3)R+F(qR)] - R = ~Vop + (W - 3I)R + F(¢R),

we find that
NoY = —(NoVo)e + (No(Wo — 31))R
= —(Wg? = D)o+ (Wg - LI)(NoR)
= —(Wg — 3D[(W5 + 31)¢ — NoR} = 0
and

gV = —q(Voyp) + gq(WoR) — 54R + (¢F)(qR) = ~C(py) — 3qR ~ 3qR +¢R = 0.
Consequently, as in (i), we deduce that u|gs = R, which completes the proof.

2.53. Remark. The operators of (’Dé’), (Dg) are adjoint to those of (DZ), (Dg),
and the operators of (N ), (NVg) are adjoint to those of (NF), (Np).

2.54. Remark. We can also devise a substitute method for (R*), where we can
choose T'u as the unknown function in the corresponding boundary integral equa-
tions.

Thus, the Somigliana formula (2.52), restricted to 05 yields

Vo(Tw) — (W + %I)(u|ag) =0.
Writing
0 = (Tu)/o, (2.151)

from the boundary condition of (R1) we have
ulps = —0 + K/o,
and the above equation becomes
Vo(e8) + (Wo + 31)8 = (Wy + 3 1){(K /o). (RE)
Similarly, restricting the representation (2.110) to 05, we obtain

Vo(Tu) — Wy — $1)(ulag) — Fe =0,
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which, under the substitution
ulps =6 — L/o,
where 6 is given by (2.151), reduces to
Volof) — (Wo — 318 — Fc = —(Wy — 311)(L /o). (Rg)

As in the direct method, since 08 = Tu, it follows that in both the interior and

exterior problems ¢ must satisfy the additional restriction
p(cf) = 0. (2.152)

We remark that the operators on the left-hand side in (R$) and (Rg) are the
same as those in (R}) and (Ry), respectively, so the handling of the substitute
equations is similar to that of the equations in the direct method.

Operating with ¢ in (RY) and using Lemma 2.32(i),(iii), we arrive at
Cp(of) =0,

so, if detC # 0, then (2.152) is satisfied by the (unique) solution of (Rd).
Doing the same in (Rg ), we obtain

Cp(of) + b = c+ ¢{L/0),
or
c=Cplab)+q(0 — L]o). (2.153)

Following the procedure in §2.11, we infer that (Rg) has a unique solution for
c=q(0—-L/o).

Then (2.153) shows that when detC # 0, this solution also satisfies (2.152).
Just as in the proof of Theorem 2.50, it can now be verified that the functions

w= V¥ (af) - WH (-0 + K/o),
u= -V (68)+ WY (08— L/o) + Fq(f — L[o),

suggested by the Somigliana representation formulae (2.52); and (2.110), are the
(unique) solutions of (R*) and (R™), respectively.

Chapter 3
Bending of Elastic Plates

3.1. Notation and prerequisites

In this chapter we adopt all the symbols and conventions introduced in Chapter 2.
Let S be a domain in R? bounded by a simple closed C%-curve 85, and let
hg = const be such that 0 < hy <« diam S. By a thin plate we understand an elastic
body that occupies the region = S x [~hg/2, ho/2]; here hg is called the thickness
of the plate.
For functions s defined in © we consider the averaging operators Iy, Iy and Jy, Ji

given by
_ z3=ho/2
(Tos)(z) = hg'* [s(mi)]m3:~h0/2’
— x3=ho/2
(T15) (@) = b [mas(@)] 22007
ho/2
(Jos)(zy) = by / s(z;) dzs, (3.1)
—ho/2
ho/2
(J18)(zy) = hg'" / z35(zi) dz3
~ho/2
and write

Nog = Titapy  Nia = Jotaa,

3.2
9o = J1fa +Titza, g3 = Jofaz + Lotaa. (3:2)

It can be shown that N, (o not summed), N1 = Nay and N3, are the bending and
twisting moments (with respect to the middle plane 23 = 0) and transverse shear
forces acting on a vertical cross-section element of the plate perpendicular to the
Tq-axis, all averaged over the thickness, and that Jyfs, J1fo and Zotss, Z1tsq are
the averaged body force and moments and the averaged force and moments acting
on the faces z3 = thg/2, respectively. Since there is no danger of ambiguity, in what
follows we omit the word ‘averaged’ when we refer to these forces and moments.
Writing

No = Nopyg, N3 = Nagvg, (3.3)
where v = (v1,72)7 is the unit normal on 85 pointing towards the far field, we can
also show that the components of the moment with respect to the middle plane and

those of the transverse shear force on the boundary are egoNg and N3. If, on the
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other hand, the moment is computed with respect to the origin, then its components
are £go(Ng — xaN3). 1t is obvious that prescribing the N; on 85 is equivalent to
prescribing the epa(Ng — zgN3) and Nj.

In the model of bending of plates with transverse shear deformation it is assumed

that the displacements are of the form
T3ua(T1,22), u3(T1,%2)- (3.4)
It should be emphasized that here
1w = (’LLl,Ug,’U,g)T

is not the displacement vector itself, but a vector that characterizes the displace-
ments uniquely in accordance with (3.4). However, for simplicity we will refer to
the u; as the displacements.

Applying Ji to (2.1)o and (2.2)a, and Jo to (2.1)3, (2.2)3 and (2.4), from (3.1) and
(3.2) we now obtain the equilibrium equations, constitutive“ relations and internal

energy density, respectively, in the form

Naﬁ,ﬂ - NBa = Ga,

(3.5)
N3g,p = 93
Nog = h2 [/\u7,75a,@ + u(ua,ﬁ + Uﬂ,a)], (36)
N3q = p{tta +u3,a),
E = INag(tap + upa) + 5Nsa(ua + 3,a), (3.7)

where
h? = hj/12.
We can also write the equilibrium equations in terms of the displacements. Thus,
substituting (3.6) in (3.5), we arrive at
RE(A + 1)ug g + h2 g pp — B(te +U3,0) + 9o =0, (3.8)
pug,g + pus,pp + 93 =0,

or

h2(A + p) grad diva + R puAi — pii — pgradug +g =0,
pdiv e + pAug + g3 =0,
where

= (u,ug)t, §= (g1,92)T.
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For the purpose of our analysis we assume that the body forces and moments and
the forces and moments acting on the faces of the plate are negligible (in othes
words, g; = 0) and write (3.8) as

A(Ol,(?g)u =0, (39)

where A(8y,8,) is the matrix differential operator

R2pA + h2 (A + p)df — 2\ + p)010, —udy
R2(A + p1)0102 R2pA 4+ h2(A+ p)035 — p —pdz | - (3.10)
1oy Jite)) A

As in all two-dimensional problems concerning homogeneous and isotropic mate-

rials, in what follows we assume that
A+pu>0, p>0. (3.11)
3.1. Theorem. System (3.9) is elliptic.

Proof. Considering the matrix

R2pf o + B2 + p)€} W2 (X + p)éiéo 0
Ag(€1,82) = h2 (A + w)éie R2plobe + RE(N+ )63 0
0 0 /J‘éag(y

corresponding to the second order derivatives in (3.9), we see that

det Ag(£1,&2) = W p* (A + 2u)(E2 +€2)2 > 0 for all (§1,62) # 0

therefore, Ag(£1,&2) is invertible for all (€1,&) # 0, which means that (3.9) is an

elliptic system.

The moments and transverse shear force on the boundary (see (3.3)) can be
written in the form

Ni = Nigl/ﬂ = Tijuj,

where, with (3.6) replaced in (3.3), the boundary matrix differential operator
T(61, 32) is

]7,2()\ + 2[1,)1/181 + h2uuz82 hzullzal + hz)\V162 0
h2Avy0q + hzuljlaz hzuulal + ’112()\ -+ 2u)1/282 0 . (312)
pr1 o2 ol
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Finally, from (3.7) and (3.6) we obtain the expression of the internal energy density
per unit area of the middle plane: :

E = E(u,u) = §{F* [Ma,atip,g + tia,s(ta,s + tp,a)]
+ p(te + Uz o) (e + ’113,(,)}. (3.13)

Comparing the general form of a three-dimensional displacement
(a1 + bzzg — baza, ag + bizg — bazy, ag + bazy — blxz)T
with (3.4), we deduce that we must have
a1 = ag = by = 0;
that is, an arbitrary admissible rigid displacement for this model is of the form
u(z) = (c1, €2, €o — 171 — C232) 7, (3.14)

where cq, co and cg are constants. We denote by F the vector space of all such

displacements and remark that the columns F' () of the matrix

1 0 0
F= 0 10 (3.15)
—Xr1 —XT3 1

are linearly independent and span F; hence, they form a basis for F. It is also easily

verified that
(AF)(z) =0, =z€R?

0,
(TF)(z)=0, =zecdS
With the notation

ki=c1, ko=rc2, ks=co,

we can write the general admissible rigid displacement (3.14) in the form F'k, where

k € May is constant and arbitrary.

3.2. Theorem. FE(u,u) is a positive quadratic form, end E(u,u) = 0 if and only
ifu € F.

Proof. We write (3.13) as

E(u,u) = %{hz [E()(u,, w) + p(ug g + uz‘l)z] + /1[(711 +uz)? + (ug + u;;,2)2] },
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where, as seen in the proof of Theorem 2.2,
Eo(u,u) = (A + 2p)ud | + 2Mug1uz s + (A + 2p)u3 5

is a positive quadratic form; consequently, so is E(u, u).
Clearly, E(u,u) = 0 for u of the form (3.14). Conversely, E(u, u) = 0 implies that

uy =uz2 =0,
u12 +ug2,1 =0, (3.16)
U’3,01 + Ua = 07
SO

= si(ea), (3.17)
Uz = 32($1)7

which, when used in (3.16)9, yield

s1{z2) = azg +c1,

s2(z1) = —azy + 2,

where a, ¢; and cy are arbitrary constants. Since uz 12 = uso1, from the last two

equations we find that a = 0; therefore, by (3.17),
Ug = Ca,
and from (3.16)3 it follows that
U3,a = ~Ca

which finally leads us to

U3 = Cp — Cala;,

where cp is an arbitrary constant.

3.3. Lemma. Ifu€ C*(S*)NCST), then

FT(Au)da = [ F*(Tu)ds. (3.18)
/ /

S+ as
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Proof. Given the equivalence of (3.9) and (3.5) (with g; = 0), we use the divergence
theorem to obtain the relations

/(Am- — T Az da = /(Naﬂ’ﬁ — N3o — 2o N3g g) da

S+ S+
- / (Nag — aNag)ys da = /(Nag — 2o Nyg)vp ds = /(Tm. 2Ty )us ds,
s+ as as
/A3iui da = /Ngﬁ,g da = /Ngﬁl/ﬁ ds = /T3i1ti ds,
st S+ as as

which, in view of (3.15), are equivalent to the required equality.

3.2. The fundamental boundary value problems

We denote by A the space of all functions u € M3y defined in S~ which, in polar
coordinates 7, # with the pole at the origin, have, as r = |z| — oo, an asymptotic
expansion of the form

uy(r,0) =771 [mo sin @ + 2my cos@ — mo sin 36 + (mg — my) cos 36’]
+p72 [(2m3 + 1ny4) sin 26 + ms cos 260 — 2m3 sin 40 + 2me cos 49}
+ 73 [2m7 sin 360 + 2mg cos 30 + 3(mg — my) sin 50
+ 3(m1o — mg) cos 56] + @iy (,6),

us(r,8) = 1~ [2mg sin  + mg cos 6 -+ (ma — my) sin 36 + mg cos 36]
+ 772 [(2me + ms) sin 20 — my cos 20 + 2me sin 46 + 2m; cos 40]
+ 77 %[2m108in 30 — 2mg cos 360 + 3(myg — mg) sin 50 (3.19)
+ 3(my — mg) cos 50] + i (r,6),

ua(r,0) = —(mi+my)Inr — [m1 + mg + mg sin 26 + (my — my) cos 29]
+rt [('rn,g + mq) sin 6 + (ms + mg) cos @ — mg sin 30 + meg cos 39]
+772 [mn sin 20 + mqy cos 20 + (mg — my) sin 46

+ (m1o — ms) cos 40] + ds(r, 0),

where mq, ..., my2 are arbitrary constants and

e = 0@, fiz=0(r"%),
Opiiq = O(r7®), 8,ii3 = O(r™%), (3.20)
Ogliy = O('F*‘I), Oglig = O(T‘_B),
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uniformly with respect to 8.
We also define

A*=A®F,

that is, the set of all functions of the form u = u? + Fk, where u* € A and
k € M3y is constant and arbitrary.

As is clear from (3.13), A and A* are classes of finite energy functions.

3.4. Definition. Let P, Q, R, S, K, £ € C{(0S) be given (3 x 1)-matrix functions,
and let o € C(0S5) be a given positive definite (3 x 3)-matrix function. We consider

the following interior and exterior Dirichlet, Neumann and Robin problems.

(D*) Find u € C2(ST) N C*(St) such that

(Au)(z) =0, zeST,
u(z) = P(z), =z€08S.

(N*) Find u € C?(St) N C*(S™) such that

(Au)(z) =0, xz€ST,
(Tu)(x) = Q(r), =eds.

(R™) Find u € C?(S*) N CY(SH) such that

(Au)(z) =0, =€ ST,
. (Tu+ou)(z) =K(x), ze€ds.

(D7) Find u € C*(S™)NCY(S~) N A" such that

(Au)(z) =0, ze€S57,
u(z) =R(z), z€s.

(N7) Find u € C*(S~) N C*(S7) N A such that

(Av)(z) =0, z€S57,
(Tu)(z) = S(x), =z€ds.

(R™) Find u € C*(S™)nC'(S~) N A* such that

(Auv)(z}) =0, ze€S7,
(Tu — ou)(z) = L(z), =z €IS
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A function satisfying any one of the above sets of equations is called a regular

solution of that boundary value problem, or just a solution.

3.5. Remark. The above boundary value problems for the non-homogeneous sys-
tem (3.9) can be reduced to those in Definition 3.4 by means of a suitably constructed

particular solution of the non-homogeneous system (see §3.7).

3.6. Theorem. If(N1) and (N7) are solvable, then
pQ=0, pS§=0,

respectively, where p is the operator defined on C(9S) by

pyp = /FT<pds.
as

Proof. The first equality is derived as in the case of Theorem 2.6, by means of
(3.18). In the same way we establish the analogue of formula (2.25), where we need
to show that

/ FY(Tu)ds =0 as R — oo. (3.21)

OKRr

Bearing in mind that u € A and using (2.26), (3.12), (3.19) and (3.20), we see that

(Tw)o = Tapup + Taaus = Tagug = O(R7?),

(3.22)
(Tu)s = Tspug + Taauz = O(R™Y),

(FT(TU))a = Fpo(Tu)p + Fso(Tu)s
= 8ga(Tu)g — zo(Tu)z = (Tu)a — zo(Tu)z = O(1),
(FT(Tw)), = Fp3(Tu)p + Fs3(Tu)s = (Tu)s = O(R™Y),
which would seem to indicate that (3.21) does not hold. This is explained by the
coarseness of (3.22). If we make use of the full detailed structure of the expansion

(3.19) instead of considering just the order of magnitude of the terms, after a long

but straightforward calculation we obtain the more refined estimate

(Tw)s = O(R™3). (3.23)
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Consequently, we now find that
FT(Tu) = O(R™?),
from which (3.21) follows immediately.

3.3. The Betti and Somigliana formulae

These equalities are similar in notation to those established in Chapter 2, but the
symbols involved represent different. quantities and the proofs require more accurate

estimates.

3.7. Theorem. Ifue C?(S*)NCY(ST), then

/uT(Au) da+2/E(u,u) da:/uT(Tu) ds. (3.24)

St s+ as

Proof. Using the divergence theorem, (3.7) and the equivalence of (3.9) and (3.5)
(with g; = 0), we find that

/uT(Au) da = /Ui(AU)ida = / [ta(Nap,p — N3a) +uaNag g] da

S+ S+ ' st
_ / [taNap + u3Nsp),s — Naptia,s ~ Nia(ta + u3.0)] da
S+
= /UiNiﬁVﬂ ds — / [Naptia,p + Naa(ta + 3] da
as st
= /uT(Tu) ds -2 / E(u,u) da,
as st

which yields (3.24).
As in plane strain, the Betti formulae follow directly from Theorem 3.7.

3.8. Corollary. (i) Ifue C*(S*)nC*(5F) satisfies (Au)(z) =0, z € S*, then

2 | E(u,u)da= [uT(Tu)ds.
5[ a'é
(i) Ifu e CHST)N CY(S~)N A* satisfies (Au)(z) =0, z € S7, then
2 | E(u,u)da=— [ uT(Tu)ds.
Jrena=]

as
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Proof. (i) This is a direct consequence of (3.24).

(ii) As in the proof of Corollary 2.8(ii), we derive the equality

2 / B(u, 1) da = (*a./er /)uT(Tu)ds

S NKg 8Kp

and must show that
u (Tu)ds >0 as R — oo. (3.25)
OKnp

Since TF = 0, we see that, by (3.14), (3.19), (3.22); and (3.23), for u € A* we have
WT(Tw) = s (T} +us(Tu)y = O(1)O(R?) + O(R)O(R™) = O(R"?),

which means that (3.25) holds and we obtain the desired formula.

3.9. Theorem. Ifu,v e C3(SH)NCYSY), ihen

/ [uT (Av) — vT(Au)] da = / W (Tv) - o™ (Tu)] ds. (3.26)

S+ as

Proof. Denoting by Sig the moments and shear forces generated by the v;, we can

write
/ [U,T(Av) - vT(Au)] da
S+

= / [’u,a(Sa/)‘g - Sga) + U3S3[3,g - Ua(Nag’ﬁ — N3a) — ’U3N3gyg] da
S+

= / [(vaSap + u3S3s),s —(vaNag + vaNag),s
S+

- U‘a,ﬂsaﬂ + Uoz,ﬂNaﬂ e (ua + u3,a)53a + (Ua + U3,CY)N3Q] da
= /(U,,;Sw — U,;Niﬁ)ljg ds — / B(u, U) da.

a8 S5+

Using (3.6), we easily check that, in fact, B(u,v) = 0, so (3.26) holds.

We can obtain a matrix of fundamental solutions for —A by writing

D(.’IJ, y) = (a'dJ A)(az) [t(m, y)ES] (327)
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in place of u in (3.9); here d, signifies action with respect to z. Applying A(8,) to
(3.27), we find that

A(8:)D(z,y) = A(0a)(adj A)(0:) [t(x, y) Es] = (det A)(35) [t(z, y) Ea],  (3.28)
so D(x,y) is a matrix of fundamental solutions for —A if ¢ satisfies
(det A)(0z)t(z,y) = —d(|z — yl); (3.29)

that is, £ is a fundamental solution for the scalar operator — det A.

Direct computation based on (3.10) leads to the expression
(det A)(0y,82) = R p (A + 2u) AA(A ~ B2,
so t must be a solution of the equation
AA(A = B™2) (B, y) = — [h* 1P (A + 2)] " 6 (|2 - ). (3.30)

We seek { as a linear combination of the fundamental solutions of A, AA and

A — h~2; in other words,.

t(z,y) = biIn|z — y| + bolz — yl* Inz — y| + b3 Ko(h™ |z — y), (3.31)

where K is the modified Bessel function of the first kind and order zero. Recalling
that

A(8)(In [z — yl) = 2nd(lz — yi),
(AA)(@a)(lz ~ ) Infa — y]) = 876 (| — yl),
(A = h72)(85) Ko(h™ |z — yl) = —2n8(jz — ),

we apply A(8;) to (3.31) and arrive at

A(8)t(z,y) = 27 (b — b3)d(|z ~ y]) + 4be (1 + In |z — y])
+bsh 2P Ko(h™Hz — 1)), (3.32)

so asking that this expression should contain no d-terms leads to

by = b. (3.33)
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We repeat the procedure in (3.32) and find that
(AAY(O,)t(z, y) = 2m(dby — bsh™2)5(|z — y]) + bah ™ Ko(h ™Mz —~yl);  (3.34)

therefore,

by = Lbah 2 (3.35)

Finally, applying the operator A —h™?2 to both sides in (3.34) and taking (3.30) into

account, we deduce that
—2mbsh~45(|z — yl) = — (B2 (A + 2] 7 01z — w]);

hence,
by = [2mp(A +21)] (3.36)

From (3.31), (3.35) and (3.36) we now obtain
t(z,y) = t(lz —y) = ¢[(4h® + |z — y|*) In|z — y| + 4R°Ko (b |z — y])], (3.37)
i

where

a = [87h*p* (A + 2p)] -

This means that a matrix of fundamental solutions for —A is D(z,y) given by
(3.27), where ¢ is as in (3.37) and the entries of adj A, computed directly from (3.10),

are

(adj A)ap(01,02) = R (A + 2u)8apgAA — B2 p(X + p)A0a85 — 1*840p,
(adj A)a3(Br, 02) = A (A + 20) AA — R2u(A + 3p)A + 4%, (3.38)
(adj A)ag(al, ()2) = —(adj A)gn(al, 02) = u28a(112A — 1)

From (3.27), (3.37) and (3.38) it follows that
D(z,y) = D" (y, ). (3.39)
Another important matrix of singular solutions is
P(z,y) = [T(8,)D(y,)] - (3.40)
As in Chapter 2, it is easily shown that

A(0:)D(z,y) =0, A(D:)P(z,y) =0, z€R’ z#y;
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that is, the columns D® and P® of D and P are solutions of (3.9) at all points
T #y.

It is essential that we know the behaviour of both D(z,y) and P(z,y) near z = y.
Since, as £ — 0+, we have [1]

Ko(€) = —(1+ 3%+ g5¢" +- ) Ing,
we use (3.31) to find that for z close to y
ta,y) = (12870 (O +20)] o — ol Infz — yl + (o),

where { € C®(R?). Consequently, from (3.27), (3.37), (3.38), (3.40) and (3.12) we
deduce that for |z — y| small

D(z,y) = —(2n) M|z — y|(a' By + p Ea)
+2au(A + 1) (T — Yo) (25 — yp)|z — Y| > Bap + D(z,y), (3.41)
P(z,y) = —(2n) " [eap(Bsty) In e — y) EBap + (Do) In |z — y]) B
— (N + 1)earBs(y) (Ta = ¥a) (@5 — yp)lz — y|7*) Eyp
+ 3€apOs() (Ta = ya) Infz — y[) (X' Bag + h ™" Eps)
— 10,0 (e = ya) In|z — y|) Esa] + Plz, 1), (3.42)
where :
o = (A +3p) 20200 +20)] Y, (5.43)
XN=XA+2p)7 p=p(r+2p)7"

and D(z,y) and P(z,y) satisfy the conditions in Theorem 1.3.

Before we establish the Somigliana formulae for plates, we need a more detailed
analysis of the behaviour of D(z,y) and P(z,y) as one of the points z. y remains
fixed while the other moves away from the origin. This analysis is based on a further

refinement of (1.12), beyond the extra terms specified in (2.46). Thus, as {z| — oc,

|z —y|™2 = |22 + 2(z191 + Zay2) |~y
+ 4{z1yr + z2y2) 22|78 + O(|2] ),

Inle — y| = ln|o| — (2191 + zaye)|z| "% + Llyl?|=} (3.44)
— (zay1 + z212) e~ + (w11 + zoye) |yl !

— 5@y + 22y2)’ || ° + O(l2] 7).
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To this we adjoin the asymptotic formula [1]
Ko(h Yz —y]) = O(|z| = 2e~1=h. (3.45)

From (3.44), (3.45), (3.27), (3.37), (3.40), (3.12) and (2.26) we obtain the esti-
mates

Ds3 = O(|r|21n ),

Da3, Dao = O(|z]In|z]),

D11, Das = O(Inlzl),

Diz, D21 = O(1), (3.46)
Pyo = O(Injzl),

Pap, P33 = O(Js|™"),
Pas = O(|z|2).

3.10. Theorem. (i) Ifu € C2(ST)NCY(ST) satisfies (Au)(z) = 0, v € S*, then

uw(z) =z€ST,
/[D(T ¥)(Tu)(y) - Pz, y)uly)] ds(y) = { lu(z) z¢€as,
0

as re ST

(ii) If uw € C*(S™)NCY(ST) N A satisfies (Au)(z) =0, z € S, then

0 z e ST,
- [ D) - Pleyuw]dst) = § o) 2 <05,
as u(r) z€S.

Proof. (i) This part is established in exactly the same way as Theorem 2.10(1),
with the Greek indices replaced by Latin ones.
(ii) The equality

<# f + / )[D(m,y)(mxy)—P(x,mu(y)]ds(y):u(z> (3.47)

88 OKg

is also derived as in the proof of Theorem 2.10(ii), and we need to show that the

integral over 8K p vanishes as R —+ oo. If we use (3.46) and the fact that, for u € A,
Ue = O(R™Y), wus=O(InR),

then we see that the integrand in (3.47) is O(R~*In R) and the required vanishing

act does not seem to happen. Once again, we need to derive finer estimates by

UNIQUENESS THEOREMS 135

using the explicit expansions (3.19) and (3.20), and (3.23). Thus, after a simple but

tedious computation, we arrive at the asymptotic equalities

Doi(, y)(Tu)i(y) — Pai(z, y)ui(y) = O(R~?In R),
Do (2, y)(Tw)a(y) — Prilz, y)ui(y)
= [4(A + 2p)] “'(4XIn R + 3 + 24) [mo 5in 20 + 2(ma — my) cos 20| R~
+O(R™%InR),
Das(z, y)(Tw)s(y) = [(m7+me—2mu1) sin 20+ (mg+mo ~2myy)cos20] R~ In R
+O(R™?InR).

This yields an expression of the form

D(z,y)(Tu)(y) ~ P(z,y)uly) = G(R,0) + O(R™*In R),

27
/ G(R,6) db =
0

Consequently, the integrand in (3.47) is, in fact, O(R~2In R), which leads to the

where

second Somigliana formula.

A similar analysis is made when z € 8S and when z € S +.

3.4. Uniqueness theorems

These assertions, like many others in what follows, are handled in the same way as

in Chapter 2. From now on we list all such statements without proof.

3.11. Theorem. (i) (D*), (D7), (N7), (RY) and (R™) have at most one solution.
(i1) Any two solutions of (N1 differ by a rigid displacement Fk.

3.12. Corollary. (i) If u? + Fk, where k € May is constant, is a solution of the
homogeneous problem (D7) or (R7), then

(i) If u € A is a solution of (D7) with ulas = Fk, where k € M3y, is constant,
then
k=0, u=0.
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3.5. The plate potentials

Once again, these important tools in boundary integral equation methods are defined

in terms of the matrices D(z,y) and P(z,y) constructed in §3.3.

3.13. Definition. The single layer and double layer plate potentials are defined by

(Vo) (z) = /'Du,y)so(y)ds(y),
as

Wilz) = [ Plo,y)biy) dsto),

as
where @,1) € M3y are density functions required to satisfy certain smoothness

properties.

3.14. Theorem. If p, ¢ € C(85), then
(i) Vo € A if and only if pp = 0,
(il) Wy € A.

Proof. Substituting the expressions (3.44) in (3.27) and (3.40), we find that

(V)(r,8) = M (r.0)(pp) + (Vo)A (r,6),
(Wi)(r,0) = (Wp)™(r,6),

where M (r,6) is the (3 x 3)-matrix with columns

(3.48)

M=PN(r,0) = —ap(p(2Inr + 2 + cos 20), psin 26,
— (ur(2In7 + 1) — 4R*(A 4 2p)7 1) cos H)T,
M@ (r ) = —ap(sin26, p(21nr + 2 — cos 26),
— (pr(2In7T + 1) — 4h%(X 4 2p)r~ 1) sin 9)T,
MG (7, 0) = —ap(pr(2lnr + 1) cosd, ur(2Inr + 1) sin 6,
— e+ 4R2(A + 2) Inr + 4h2(0+ 3p))
The coeficients my, . . ., m1y with which (V)4 and (W)4 fit the pattern (3.19)

are too cumbersome and we omit their explicit expressions.
3.15. Lemma. (AM*)(z)=0,z€ 5.

3.16. Theorem. (i) If ¢, ¥ € C(8S), then (Vp)(x) and (W1p)(x) are analytic at
allz € STUS™ and

AV)(z) = AWy)(z) =0, zeStUS™.
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(ii) If p € CO*(DS), then the direct values Vo and Woyp of Vi and Wip on a8

exist (the latter in the sense of principal value). Also, the operators VE defined by
Vip = (Vellsr, Vo= (Volls-
map C%*(38) to L (§%), o € (0,1), respectively, and
T(Vhe) = (W + 1Dp, TV 9) = (W5 —3D)e, @€ CP*(05),

where I is the identity operator and W§ is the adjoint of the direct value operator

Wo, defined (in the sense of principal value) by
Wio)w) = [ (10D e dstw), = <05
as
(iii) The operators W defined by

(W)ls+ in S*,

‘ (Wi)ls- in S,
Wi = { (Wo— LI)p  on 88,

W= { (Wo + 3yp on 08

map CO*(8S) to C»*(5%) and CH*(dS) to CLe(8%), a € (0,1), respectively, and
TW*y) =TW ), o€ Ch(95).

(iv) The operator Wo maps C**(8S) to C1*(95), a € (0, 1).

The proof of this assertion follows from Theorems 1.3 and 1.4 since, by (3.41) and

(3.42), we can write
Vo =v((a'Eqyy + p E33)p) + 2ap(A + p)vhs(Bape) + Ve,
Wep = wp — (2m) " [0 (eap Bagth) — (X + 105 (Ear Brp)
+ 102 (eap(N Eap + h™2Egs)¥) — $va(Eaa®)] + W,

(Vo)(z) = / Diz,)o(v) ds(y),
as

where

(7)) = [ Plaubty) dsto)

as

Full details can be found in [3].
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3.17. Remarks. (i) The derivatives on S5 of the functions defined in S5+ or S in
Theorem 3.16 are one-sided.
(i) AV*Te)(a) =0,z € ST, and A(V7p)(z) =0,z € 57,
(iil) If YVt = V7 = 0, then, by Theorem 3.16(ii), ¢ = 0.
(iv) With the notation in Theorem 3.16, we can rewrite the Somigliana relations
in Theorem 3.10 as
V¥(Tu) = W (ulss) = u,
(3.49)
V7 (Tu) = W (ulps) = 0
and

= V7 (Tw) + W (ulos) = u,
(3.50)
—VH(Tw) + Wt(ulsg) = 0.

(v) From (3.49) with v = F®) we derive the equalities

W*HF = -F,
WoF = —}F,
W™F =0.

They do not contradict (3.50) since the latter are valid for u € A,and F ¢ A

(vi) The last formula in Theorem 3.16(iii) enables us to define a boundary operator
No : Ch%(8S) — C%(85)
by writing
Now = TOWH) = T(W™9), o € CH(S).
Tn view of Theorem 3.16, we may use the notation
(VEp)los = Vip = Vo,
WEP)las = Wop = (Wo ¥ 31)0.

From now on in this chapter we assume that the boundary integral operators Vo,
W, and W¢ and the combinations Wy & 11 and Wg + 31 are defined on cY2(9S),
while Ny is defined on CH2(89), e € (0,1).
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3.6. Properties of the boundary operators

The algebra of these operators works just as in Chapter 2.

3.18. Theorem. Vo, Wy, Wi and Ng satisfy the composition formulae

WO‘/O = VOWJ, NO‘/O = W(;Z - %I on OO'“(BS),
NoWo = WiNo, VoNo =W~ 3l onCH(D5).

3.19. Theorem. Wy I and W5 + LT are operators of indez zero.

Proof. Proceeding as in the case of Theorem 2.19 and using (3.41) and (3.42). we
can write
(Wo — 1) = K*0 + KV = 50,

where

(K*9)(2) = —(20) " WeapFap [ (¢ = D700l 2 €05,
as

and K" is a weakly singular operator. We see that Definition 1.16 holds with
lAcS(z,z) = —(ZW)’lu'eagEQg, z € 05,
while, as before, k¥ (z,2) = 0. Hence, Wy — %I is a-regular singular, o € (0,1), and
k(z,2) = 5 (z,2) + k¥ (2,2) = —(2n) 'WeapBap, 2 €05
therefore, by (3.43),

det [ — 1 By £ mik(z,2)] = ~§(1 - u'?)
LA+ )+ 3 (A + 2u)"2#0, 2¢€08,

which means that the index of Wy — 31 (see (1.4)) is zero.
We show in a similar manner that the index of Wy + %I is zero. Finally, by

Remark 1.18(ii), Wy + %I are also operators of index zero.

3.20. Corollary. The Fredholm Alternative holds for the pairs of equations

(WO—%I)(p:fv (Wg—%])lp:g, f’gecﬂ,a(as),
(Wo+iDg=1 (W3 +3iDw=g, f g€ (@S),
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in the dual system (C™*(85),C"*(9S)), a € (0,1), with the bilinear form

(p, 1) = / Ty ds.

as

3.21. Theorem. If there is ¢ € C%*(9S), ¢ # 0, such that
(W5 + 3@ =0,

then
Vip = Fk

for some constant k € May1, and

pe # 0.

3.22. Theorem. (i) The null spaces of Wy — 31 and W§ — 11 consist of the zero
vector alone.

(it) The null spaces of Wy + %I and Wi + %I are three-dimensional and are
spanned, respectively, by {F(} and the (lincarly independent) columns {#®M} of a
(3 x 3)-matriz & € C"*(95).

Proof. This is conducted just as in the case of Theorem 2.22 except that here we
replace (2.65) by
c=-(WHF)(0,0).

With this choice, k = 0 and then f® = Fe, as required.
3.23. Remark. & is not unique.

3.24. Theorem. (i) The null spaces of W2 ~ 11 and W§? — 11 coincide with
those of Wy + £1 and W + 1 (that 1s, they are spanned by {(FO} and {@W},
respectively).

(it) Nowp = 0 if and only if = 'k, where k € M3, is constant.

3.25. Theorem. For every simple closed C%-curve S and any o € (0,1), there
are a unique (3 x 3)-matriz & € C¥(3S) and a unique constant C € Mgys such

that the columns ®® of @ are linearly independent and

Vod = FC, pd = E.
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3.26. Remarks. (i) The equality p® = Ej3 is equivalent to the biorthogonality of
the sets {F()} and {®W}; that is,

(F®, o0)) = /(F(”)T@U) ds=38;, i,5=1,2,3
85
(ii) Since (D) has at most one solution, it follows that V*® = F(.

(iii) No obvious connection can be found between the Robin constant (or the

logarithmic capacity of 85) and the matrix C.

3.27. Remark. Since the D,g contain Kq explicitly, integrals involving their ex-
pressions are difficult to compute, even when 0S is a circle, so we do not have
a readily available example that produces the matrices ® and C for some specific

boundary curve. This will be partially remedied later (see Example 3.31).
3.28, Corollary. If Vo = Fc with a constant ¢ € Mgzy,, then

p=%k, c¢=Ck
for some constant k € Max1.

3.29. Theorem. The equation Vo = 0 has non-zero solutions if and only if 95
18 such that detC = 0.

8.30. Corollary. The null space of Vy is the subspace of the null space of W3 + %I
consisting of all functions of the form v = ®k, where k is any constant (3 x 1)-vector
such that Ck = 0. More precisely, if rank C =1, 1 = 0,1,2, 3, then the dimension of
the null space of Vy is 3 — 1. In particular, of detC # 0, this space consists of the

zero vector alone; if C = 0, it coincides with the null space of Wy + %I.

3.31. Example. It is clear that the matrix D(z,y) of fundamental solutions is not

unique: we can add to it any (3 x 3)-matrix D(z,y) such that
A(8:)D(z,y) =0, =z,y€R?,
provided that (D + D)(z, y) satisfies (3.39); in other words,
(D + D)(=,v) = (D + D) (y, ).

We choose D to be the constant matrix whose entries are all equal to zero except
.D33, which is equal to apc, ¢ = const. For simplicity, we continue to use the old
symbol D instead of D + D.
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Let 85 be the circle 8K with the centre at the origin and radius R. Direct
computation shows that for all x € 0Kg

/ In|r — y|ds(y) = 2rRIn R,
8Kn

/ |z —y|?Inlz — y|ds(y) = 27 R*(2In R + 1),

OKnp

/ yoln |z — y| ds(y) = ~7Raa;
9Knp

therefore, by (3.27), (3.38)3, (3.38)y (with an additional term apc) and (3.37),

/ D (e, ) ds(y) = / (ad A)aa(3a)t(x, ) ds(y) = —dmap?R(In R + 1)zq,
OKnp OKn

/ Dis(o, ) ds(a) = [ (adi @)tz ) ds(o) (3.51)
oK p 8Knp
= 2mapR{[pR? — 4h*(A + 2u)|(In R 4 1)

+ pR?InR — 4h%u + c}.
If we take
R=et, c=ple™?+4h?), (3.52)
then equalities (3.51) become
| Patwwasw =0,
KR

and we can write
Vo) =0,

This means that for the choice (3.52) the null space of V; contains non-zero vectors.
By Corollary 3.28, there is a constant k € Mgy such that

ok =FO, Ck=0.

Since F®) #£ 0, it follows that k # 0, so C is singular, as predicted by Theorem 3.29.

3.32. Lemma. (i) The characteristic matriz C is symmetric; that s,

¢t =¢,

BOUNDARY INTEGRAL EQUATION METHODS 143

and if q is the operator defined on C(0S) by

qp = /‘I’des,
as

then for any p € C(99)
7(Vop) = Clpy)-

(i) For any ¢ € C%*(8S)

p(Wst) = —3p9.
(iii) For any ¢ € C%(8S)

q(Woyp) = — 509

(iv) For any ¢ € C1*(8S)
p(Now) = 0.

3.7. Boundary integral equation methods

In §§3.1-3.6 we have developed all the background details required by the construc-
tion of boundary integral equation methods in the case of equilibrium bending of
plates with transverse shear deformation. It turns out that, once this information
is available, the development of the techniques discussed in §§2.7-2.12, both direct
and indirect, follows exactly the same pattern here as for plane strain. The various
symbols now stand for different quantities, but the mathematical procedures, rela-
tionships and assertions remain the same and could be reproduced verbatim. For
this reason we omit them all. However, to help the reader follow these methods
with direct reference to plates, we have arranged that, with one (inconsequential)
exception, every single subheading in the first 6 sections of this chapter mirrors its
counterpart in Chapter 2.

Before we conclude Chapter 3, we clarify the staterent in Remark 3.5 by in-
dicating exactly how the boundary value problems (D), (N*) and (R*) for the

non-homogeneous system (3.9); that is,
(Av)(z) = f(z), z€S*, (3.53)

where f is a prescribed function, can be reduced to the corresponding problems for

(3.9), stated in Definition 3.4. We consider (D) as an example.
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In [23] it is shown that if f € C1*(S*), @ € (0,1), then the function

Ulz) = / D(e,y)f(y) da(y), =€ S, (3.54)

is a (regular) solution of (3.53) in S*. Furthermore, in {24] it is proved that if f €
L%(S%), then U(zx) defined by (3.54) with = € 85 belongs to C»*(8S), @ € (0,1).
This means that for f € CH*(S+) N L>(S*) the function

i(z) = u(z) - U(z), zecSt,
where u is the solution of (3.53) in ST such that ulss = P, satisfies

(Ai)(z) =0, z€S8™,

i(z) = P(z) — U(z), €88, (3:55)

which is (D) for (3.9). Since in the boundary integral equations for (D) we require
P € CH*(9S), we see that this condition is also satisfied by the new boundary data
in (3.55).

The other boundary value problems are treated similarly, with some additional
restrictions on the behaviour of f in the far field for the exterior ones.

Chapter 4
Which Method?

4.1. Notation and prerequisites

As we have seen, there are essentially two distinct categories of boundary integral
equation methods: direct and indirect ones. The construction of these two types is
based on different approaches. The former start from the representation formulae,
where the solution at any peint in the domain is expressed in terros of its boundary
value and its image under the associated boundary operator. If the problem models
a physical situation, then the unknown functions have a direct physical significance.
By contrast, the indirect methods use “designer” solutions, postulated in a form that
makes use of an abstract function chosen exclusively on grounds of mathematical
convenience.

Since the original problem is the same in both cases, it is obvious that, whichever
representation we choose, it must ultimately produce the same solution. It is, there-
fore, interesting and useful to compare these representations, find the mathematical
connections between the various unknown functions and decide which of the tech-
niques seems to be best suited for computational work.

In what follows we quote the necessary results from Chapter 2. However, the
discussion is general and its conclusions for the Laplace equation and bending of
elastic plates are exactly the same, as is the notation.

Before we begin, we compile a list of the boundary integral equations established
and solved in each method, using different symbols for the different density functions
involved. For simplicity, we confine ourselves to the interior Dirichlet problem (D).

Thus, the integral equations in §§2.7-2.12 are now written in the form

Wo— 3D =", (D&)

Vob =P, (D)

Vox + (FH)(px) = P, (D)
Voo — Fc="P, po=s, (D)
Vou = (Wo + 1P, py =0, (D)

(Wg — )7 = NoP. (D)
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Throughout this chapter we assume that the Dirichlet boundary data P is a

Clfunction.

4.2. Connections between the indirect methods

We start by looking at connections between the solutions of the integral equations

arising from the classical, alternative, modified and refined indirect methods.

(i) (D§) and (DF). Since, by Theorem 2.33(i), (DY) has a unique solution, the
operator Wo — 11 : C1*(88) — C1*(985) is invertible and we can write

o= Wo—~ 3)7'P = ((Wo— 31)"'Vo)6.

Conversely, if detC # 0, then, by Corollary 2.30, Vp : C%*(8S) — C'*(dS) is
invertible, so

0=V, 'P= (Vg (Wo— D))o
(i) (D) and (D). As in (i),
o= (Wo—$D)7'P = (Wo— 51)7" (Vox + (FH)(px))-
On the other hand, (Dj;) is, in fact, the equation (see §2.9)
Vilx =P,

which, by Theorem 2.42, is uniquely solvable; therefore, Vi . 0%%(8S) — C1*(8S)

is invertible and we find that

x= Ve 'P = (Vg (Wo — 3D

(ili) (DY) and (D). Again as in (i),
=Wy~ 3)7'P = (Wy — 1) (Voo — Fe).
The other way round, by (2.108) and Lemma 2.32(iii),

Voo =P+ Fec="P+ F(Cs—¢P)
= (Wo — §I)p + F(Cs — q(Wo — 31)%)
= (W — )¢ + F(Cs + qp).
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If det C # 0, then, by Corollary 2.30,

o=V ((Wo — L)y + F(Cs + qp)).

(iv) (D)) and (Dy;). Subtracting the two equations term by term, we find that
Vo(f — x) = (FH)(px) = F(H (px)),

so, by Corollary 2.28,
6—x=%®k Hpx)=Ck (4.1)

for some constant k € Mgzx1. Hence, since p® = E3,

P —px = (p2)k =k, (4.2)
and from (4.1)3 it follows that

H(px) = Ck = C(pf — px).

Recalling that H is chosen so that IT 4 C is invertible, this yields

px = (H +C)7'C(ph), (4.3)
and (4.1)1, (4.2) and (4.3) imply that

X=0-Bk=6—0(pf—px) =0—0(p0 — (H+C)"'C(pf)).  (4.4)

If det # = 0, then 8 is not uniquely determined; according to (4.4), it would seem
that neither is x, which would contradict Theorem 2.42. To resolve this apparent
paradox, let ¥ be constructed by means of (4.4) from another solution 6 # 8 of
(Df). Then

Vo(0 - 0) =0, (4.5)

which, by Corollary 2.28, means that
6—0==%®a, Ca=0 (4.6)

for some constant ¢ € Mgy 1. From (4.6); we also find that

p(f —6) = (pP)a = g; (4.7)
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therefore, by (4.4) and (4.6),
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in other words, x is indeed unique.
If det C # 0, then 6 is unique and from (4.1)7 it follows that

k= (CTTH)(px),
so, by (4.1)1,
6 = x + (2C7 H)(px)-
If det C = 0, then
=x+ Ok,

where k is any solution of (4.1),.

(v) (Df) and (D). Subtracting the former from (D)1, we obtain
VQ(U - 9) = FC,
so, by Corollary 2.28, there is some constant k € M3y, such that

oc—0=2>ak c¢=Ck. (4.8)
Consequently,
po —pb = (pO)k =k,
which, since po = s, can be written as
k=s—pb.
By (4.8), this leads to
o=0+30(s—pb), c=C(s—pb). (4.9)

As remarked in (iv), # may not be unique. Let &, ¢ be another pair generated by
(4.9) from a different solution 6 # 6 of (D}). Then (4.5), (4.6) and (4.7) again hold,
and (4.9) yields

o—6=0-0—3p(f—08) =da— ba=0,
c—é=—Cp(f - 8) = —Ca=0;

therefore, the pair o, ¢ is unique, as stipulated by Theorem 2.45.

THE INDIRECT METHODS 149
Conversely, if det C # 0, then # is unique and, by (4.8)s,
k=C"l¢

80, according to (4.8)1,
f=0—®k=0—(BC )

If det C = 0, then
0 =0 — ®k,

where k is any solution of (4.8),.
(vi) (D3 and (D). We subtract (Dyy) from (Df); and arrive at
% | 4$%W—m=F@+mmﬂ
By Corollary 2.28, there is a constant k € M3y such that
o—x =%k, c+ H(px)=Ck.

Then
po —px = (p@)k =k
and, by (D)2,

c = —H(px) + Ck = —H(px) + C{ps — px) = C(po) — (H + C)(px).
o =x+®k = x + ®(pc - px),

which, by (Dy)2, become

c=Cs— (H—I—C)(px), (4.10)
o=x+®(s—px). (4.11)
The other way round, from (4.11) it follows that
x=0—0k=0—-2(s—px),

while (4.10) yields
px=(H+C)7(Cs - c);

hence,

x=0-®(s—(H+C)""Cs-c)).
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4.3. Connections between the direct and indirect methods

Owing to the boundary operators involved, in this case the connections between the

solutions of the direct and indirect methods are one-sided.
(i) (D) and (DY). Applying Wy + 11 to (DE), we find that
FW§ = 1D = (Wo + 31)P = Voo,

or, by (4.1.2),

(VoNo)yp = Vob,
which we rewrite as

Vo(¥ — Now) = 0.

If det C # 0, then, by Corollary 2.30,
W = Nop. (4.12)

In view of Lemma 2.32(iv), % satisfies (Dg})2 automatically.
If det C = 0, then, again by Corollary 2.30,

¥ = Nop + ®a,

where a € Mjyq is any constant vector satisfying Ca = 0. In this case, (D)2

implies that we must have

which yields @ = 0. Consequently, (4.12) holds whether C is singular or not.

(ii) (D) and (DY). Applying Wo + 11 to (DY), we find that
((Wo+ 31)Vo)0 = (Wo + 31)P = Vouh,
which, in view of (4.1.1)1, is equivalent to
Vo — (W5 + 31)6) = 0.
If det C # 0, then, by Corollary 2.30,

b= (W§ + 31)6. (4.13)
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By Lemma 2.32(ii),
p¥ = p(W50) + 3 (p0) =0,

80 (’DB)Z is satisfied.
If det C = 0, then
=Wy + %I)0+ ®a,

where a is any constant (3 x 1)-vector such that Ca = 0. For % to satisfy (Df)2, we

now must have
p = p(W50) + 3(pf) + (pP)a =a =0,

50 (4.13) holds in either case.

(iii) (D) and (Dir). We operate with Wo + ilin (D3;) and see that
(Wo + 2D Vo)x + (Wo -+ 31)(FH)(pp) = (Wo + 31)P = Voy.

Since, by Remark 2.17(v}, we have WoF = —%F, we use (4.1.1); to rewrite this
equation as
Vo (¥ — (W3 + 30)x) = 0.

The discussion now proceeds as in (ii) and leads to the equality

¥ = (W +3D)x-

(iv) (D) and (Df). We use the same procedure as in (ii) and (iii) to obtain

(Wo + L1)Vo)o — (Wa + 3D)(Fe) = (Wo + 31)P = Voy,

and then
Vo(y — (W5 + 31)0) =0,

from which it follows that
P = (W + 310

(v) (D) and (o), (DL, (D), (D). The relationships are obviously the same
as in (i)—(iv) since
T=Tu=1.
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4.4, Overall view and conclusions

From the formulae established in §§4.2 and 4.3 it is clear that the solutions of the
boundary integral equations in any of the indirect methods can parametrize those
in all the other methods. It is also clear that none of the solutions of (DY), (D}),
(D3;) and (D) can be expressed in terms of the “physical” solutions of (D). For

convenience, we summarize all the connection formulae in one table.
(D) and (DY): o=
0= (Vg (Wo—1D)e if detC # 0

(DE) and (D)

(DY) and (D}):

o=V (W — 1) + F(Cs + q¢)) if det C # 0
(DY) and (D): 0 =x + (BC~1H)(px) if det C # 0
x=0—®(pf — (H +C)~'C(ph))
(D}) and (DE): 8 =0 — (BC Ve if detC # 0

o=0+ ®(s—pb), c=C(s— ph)
(D) and (DR): x=0-®(s— (H+C)"(Cs —¢))

o=x+®(s—px), c=Cs— (H+C)(px)

(D) and (DE): = Noyp

(Dfh) and (Df): ¢=(W§ +Lin0
(D) and (D) ¢=(Wg + 31)x
(DY) and (DY): ¥ = (W5 + 310
(DF) and (DF): =1

A very important point about all these methods is to identify which one is the
most useful for numerical computations. Two features are essential in making such
a decision: the corresponding equation should preferably be weakly singular (as
opposed to strongly singular), it should be uniquely solvable, and its solution should
not require foreknowledge of anything other than the prescribed data. The following
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summary encapsulates these features for each of the techniques included in the above
table.

(D¢) has a unique solution (Theorem 2.33(1)), but is strongly singular.

(DY) is weakly singular, but is not uniquely solvable if det ¢ = 0 (Theorems 2.38
and 2.39).

(D7) is weakly singﬁlar and has a unique solution (Theorem 2.42), but the com-
putation of this solution requires prior knowledge of the characteristic matrix C,
which is not readily available.

(Dy) is weakly singular and has a unique solution that can be computed exclu-
sively from the data (Theorem 2.45).

(D) is weakly singular and, under the additional “physical” condition pt) = 0,
has a unique solution even when C is singular (Theorem 2.49(i)).

(Dd) has a unique solution (Theorem 2.52(i)), but is strongly singular.

Consequently, if we consider only the interior Dirichlet problem, then the two
clear favourites are the refined indirect method and the direct method. However, the
picture changes if we widen the discussion to include the exterior Dirichlet problem.
The solution of (Dp) makes explicit use of the matrix @ (Theorem 2.49(ii)), which
is not known a priori. On the other hand, the refined indirect method can solve the
more general exterior Dirichlet problem (D) (see §2.9), and it does so by means
of the same equation (D) with a simple change of data. As an added bonus, this
technique also enables us to calculate the matrices C and ® (Remark 2.48(ii)).

"It is therefore clear that the refined indirect method offers the best overall com-

putational prospects.
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Al. Geometry of the boundary curve

For simplicity, we use the same symbol to indicate both a point and its position
vector in R?. Also, ¢ with or without subscripts denotes various positive constants.
Suppose that the boundary 95 is given in terms of its arc coordinate s by an

equation of the form

T = "/)(5)7 se [07”7 TP(U) = Tl)(l),

with the inverse relationship written as s = s(z), z € 8S; here [ is the length of 85.
Since 45 is a C%-curve, we also have

93p(0+) = 82y (1-),
where 9; = 9/8s.

Denoting by 7(z) the unit tangent to 85 at = € 85, orientated in the direction
in which s increases, which is chosen so that {v(z), ()} is right-handed, we can
write

Ta = €8aVg, (Al)
where €4g Is the the two-dimensional Ricci tensor. If k{z) is the algebraic value of

the curvature at z € 95, then

Js7(x) = —k(z)v(x),

(A2)
Osv(z) = s(z)7(2).
Let
(€, 9) = Talas 'Tflz:-'E%‘i'.'Eg
be the standard inner product and the Euclidean norm in R2.
Al. Lemma. There is a constant q > 0 such that

[(v(z), £ — )| < qlz —y|", (A3)
[v(z) = v(y)| < gz —y] (A4)

for all xz, y € 8S.

GEOMETRY OF THE BOUNDARY CURVE ¥

[
[

Proof. Since 45 is a C%-curve, we can define

ko = sup |&(z)|. {AD)
x€DS

It is obvious that kg > 0, for kg = 0 would imply that 45 was a straight line,

therefore, not a closed curve.
Let x = (s) and y = #(t). By (A2),
as(z)lx - y|2 = 2(r(z), v — ¥}

Oylr = y1? = 2[1 = K(2)(v(2), = ~ v)],
so for y € S sufficiently close to z
=yl = [1 = k(@) v(a), & — p)](s - 1),
(v(y), = —y) = —3r(@")(w(z"), v(E))(s —1)?,

where 2/, 2" € 85 lie between z and y.
Suppose first that |z — y| < (2k0) 1. Then |z —y|? > 1(s — £)?; consequently,

Hv(y), z —u)| < Kolz — y[z.

For |z — y| > (2r0)~ ! we have |(v(y), z — y)| < |z — y| <1 < 4kl |z — y|* hence,
for all z, y € 0S5
[(v(y), © — y)| < max{ro, 4rj}lz - yf*.
Next, vg () — vo(y) = k(z")7a(z")(s — 1), where 2" € 9 lies between 2 and y.

Reasoning as above, we find that for all z, y € 05
(=) — v(y)| < 8rolz — yl.
The inequalities (A3) and (A4) are now obtained by setting
q= rnax{8n0, 4:{%[}.

A2. Lémma. Let z, yy € 08, and let « be the angle between v(z) and v(y). and vy
the acute angle between the support lines of v(x) and z—y. If0 < r = const < (29) 1,
where q 1is the constant specified in Lemma Al, then for all x and y such that
|z — yl < r we have

(i) 2 <cosa<1;
(i) % <siny < 1.
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Proof. (i) By Lemma Al,

w(z), v(y)) = 1 - (v(z), v(z) —v(y)) 2 1 - gr >

[STE

(ii) By the Mean Value Theorem, there is 2’ € 85 between 2 and y such that
7(z') is parallel to z —y. By (i), the acute angle 3 between 7(z) and z — y satisfies
<c

% 0s 3 < 1. Statement (ii) now follows from the fact that sin~y = cos f3.

A3. Lemma. If
Em,r:{yeaS:[z——ylgr}, z €98, (AB6)
with v as in Lemma A2, then for allz € 8S and y € &,
Yo —t] < o —y] < |s — ¢, (A7)
where £ = Y(s) and y = ().
Proof. Let
a=19(s1), b=1(s)

be the end-points of the arc X, ,. Without loss of generality, we may assume that
0 < sy <s3. Forany y € £, , between z and b

(r(v), = — )

= cos (),

where J is the acute angle between the support lines of 7(y) and z — y; hence

b

t

lz—y| = /cos[)‘(a) do.

8

By the Mean Value Theorem, there is n € 85 between z and y such that
|z =yl = (t — s) cos A(n).
Similarly, for any y € 2, , between a and x
dilz — y| = —cos B(¢),

so that, in general, for any y € I . we can write |z — y| = (s, )]s — t|, where, by
Lemma A2, % <e(s, t) <1.
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A4. Remark. From the proof of Lemma A3 it is clear that |z — y| is a monotonic
function of t on the intervals ) = {t :y € ¥, ,, t <sland b ={t:y e L,,, t = s},
'decreasin’g on the former and increasing on the latter. This obviously implies that
|z — 4’| # |z —y"| for all ¢, "' € B, such that ¢/ = (t'), v’ = ¥ ("), ¢ # ¢".
t',t" € I, or t', t" € I, and that there is a bijective correspondence between the

points of the arc ¥, and those of its projection on the tangent to 05 at z.

A5. Remark. A slightly modified pair of inequalities (A7) holds for all z, y € 95
if by |s —t| we understand the length of the shorter arc of 45 joining z and y. Since
|s —t] <1 <lr~ o —y| for |z — y| > r, we conclude that for all z, y € 85

cls—¢ <z —yl <|s—t,
where ¢ = min{1, ri=1}.

A2. Properties of the boundary layer

Many of the results in this Appendix are proved by considering the behaviour of
certain two-point functions in the neighbourhood of the boundary. To help the
fluency of such proofs, here we make a preliminary examination of some frequently

used properties.
A6. Lemma. The curves
0S5, = {x€R2 rx =&+ ov(f), 6683}, o =const, 0<]|o|<ryl,

where kg is given by (A5), are parallel to S and well defined; that is, the support
lines of v(€) and v(¢’) do not intersect between 0S5 _1/., and 0S,,., for any points
£,¢ €98.

Proof. Let w be the arc coordinate on §S,. Then

dz ( d€ dv ) ds ds
+

E.

I Uds = [1+am(£)]7’(§)

Since (dw)? = |dz|® = [1+ an(g)]z(ds)z and 14+ ox(£) > 1 — |o|rkg > 0, it follows
that 7(z) = 7(§).
If for some z we have

r=E+ov(€) =€ +ow(E), ol lo'l<rg', €#E,

then 7(z) = 7(£) = 7(£). This leads to v(€) = v(¢'), which contradicts the above

assumption, so the assertion is proved.
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A7. Lemma. Consider the boundary layer

Sag = {J;ERZ:.’E:f-f-UV(f), 66657 ‘U| SUO}-
If

1
s . _ —_
z,8" € Sy, |z—2|< ik ¢ =¢+o'vE), r< min{xj", (2q) 1},

where kg is defined by (A5) and q is the number specified in Lemma Al, then
&~ &'l < 4]z —2|.

Proof. Without loss of generality, suppose that |z — £} > |z' — &'|. Let & be the
point of intersection of the support lines of v(¢) and v(€'), and n the point on the
line through ¢ and &o such that n — 2’ is parallel to £ — £. By Lemma AB, since &
does not lie between 9S_,/,, and 051/, We have |€g — €] > (2¢)™?; therefore,

Iy — | I — ¢l r/4
=1 —
€= =€~ ' T/(2r)

Let 9 be the angle between £ — £, and #’ — z, and v the acute angle between v(€)
and £’ — ¢. By (A8),

=1— ikor > L. (A8)

€ =&l <2l -2 <2z —a'| +In—al) <2(ir+ 1r) =7,
s0, by Lemma A2 and (A8),

/ sin~y
z—x|=
| | sin

In—a'| 2 3ln~2'| > }l¢ - ¢,
as required.

A8. Lemma. With the notation in Lemma A7, if z, 2’ € Srsq satisfy

1
Ix_xll < g", r élnin{’q’ovl7 (2(1)——1}’ E::'LZ)(S), 6/:1/)(31)’ y:"/}(t%

and
E1={y€Be,:|s—t| <8z -2}, (A9)
where Yi¢ . is defined by (A6), then ¢ € ¥y, and for ally € &,
() Iz~ yl > 3l€ —yl;
(i) |z — yl > 3|z - &[;
(iif) ' -yl > 31€" —yl > 1ls" —¢].
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Proof. By Lemma A7, | — ¢'| < 4|z — 7’| < r, s0, by Lemmas A3 and A7,
ls — '] <216 - &' < 8|z - '},

which implies that £’ € I;.
(i) Let v be the acute angle between v(€) and £ — y, and ¥ the angle between
z — £ and z —y. Since | ~ y| < r, Lemma A2 yields

sin vy

z—y| = —y| > Le—yl
lz — yl Sinﬁlf yl > 31€ -yl
(i1) As above, )
Sln'y 1
€T — = — — > = bl .
o=l = gyl = €12 e =€

(iii) The fact that £’ € & implies that |¢' —y} < |s'— ¢} < 8|z —z'| < 7. Repeating
the argument in (i) with £’ instead of £, we obtain |z’ — y| > 1[¢’ — y|. Also, by

Lemma 1.3, |¢' — y| > %|s' — t|, which completes the proof.

A9. Lemma. With the notation in Lemma A8, if x, z' € S, /4 satisfy
! 1 : -1 —1
|z — 2] < gh 7 <min{kg ', (2¢)7"}
and
Vo=Se \Z1={y €, :|s—t>8z—uz} (A10)
then mes Xo > 0, and for all y € 2,
(i) |z —yl > 31€ —yl;
(ii) J¢' —y| > 116~ vl;
(i) o ~ &'| < glz - yl;
(iv) 1€ =yl < 3l§ —yl.
Proof. Since mes¥; < 16jz — 2'l < 2r < mesX, it follows immediately that

mes Yq > 0.

(i) This is proved exactly as the first assertion in Lemma AS8.
(ii) By Lemma A3 and (i),

e —yl 2 eyl e ol 2 -yl = Hs— 6> 4iE -yl - de -yl = Hle—ul
(iii) By Lemma A7, |¢ — ¢'| < 4z — 2’| < r. Applying Lemma A3 and (i), we now

obtain
|z — 2’| < §ls —t] < 16—yl < §lz —yl.
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(iv) By Lemma A8, £’ € ¥;; consequently, using Lemma A3, we find that

€ —yl < -yl +le -1 <le—yl+1s— [ <IE—yl+]s—t] <3¢y,
as required.

A10. Lemma. With the notation in Lemma A8, 4f the points x, =’ € S, 4 satisfy
|z — 2| < 3r and r < min{ky", (29)7'}, and T¢, is defined by (AB), then for all
y €05\ Ser

(i) Iz — o] < Yo — ol
(i) |z —yl > 3l€ - yk;
(iif) Jo' — y| > 31€ — yk;
(iv) €'~y < 26 —y.

Proof. Let y € 85\ Z¢ .
(i) Since z € S, /4,

lo—yl 2 lE—yl— |z =& >r—gr=73r>2z-2|
(ii) As above,
lz —yl 2 1€ —yl = 47 > |€ ~yl = 316 — vl = §I€ —ul.
(ii) By (ii),
oyl > o=yl ~ o= ol > oyl — 3r > 2le— 3l - L — vl = 2e — .
(iv) By Lemma A7,

€ -yl <l —yl+IE =&l < —yl+dlz—a'| <|g—yl+r <2 ~y|

Al1l. Lemma. With the notation in Lemmas A8 and A9, if v, ¥’ € S, /4 satisfy
0<|z—2< %r, r < min{%, Ky, (2q)7'}, then there are positive constants ci,
¢a, ¢z and cq such that
(i) [ |z —yl""ds(y) < erle = z'|'7 for any v < 1, where ¢y depends on v;
Ty

(i) [ |&' —y|7" ds(y) < calz — '|'77 for any v < 1, where c; depends on v;
231

(i) [ |z —y|7"" 1 ds(y) < calz — 2|77 for any v € (0,1), where c3 depends on v;
a7

(iv) [z —y|"tds(y) < ca|lnlz — a:'”
P2
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Proof. Let § = |t —2'|, z = {4+ ov(f), o' =& +o'w({), {, & € 5, £ = (s),
¢ =Y(s), y =¥(t), and

Pi={t:yeti}={t:|s—1 <86},

(A11)
Ty={l:yeBa}={t:y€Be,, |5s—1t] > 85}

Without loss of generality, suppose that the point corresponding to the origin of the

arc coordinate lies outside ¢ ,.

(i) By Lemmas A8 and A3,

2.47 .81*7(51’
L=

’y.

/!w -y Tds(y) < 27/ € —y| "7 ds(y) < 47/ |s — |7 dt =
P b o

(ii) By Lemma A8 and the definition of I'y in (A11), s’ € T'y, which means that

Is — ¢'| < 84; therefore, as above,

/?x’—yl‘”dS(y) §47/IS’—tI‘7dt
r

3

<

(Js = s +86) T < =47,

2.47 2.47 . 1617
1—v 11—«

(iii) Applying Lemmas A9 and A3 and calculating the integral explicitly in terms

of the end-points of I';, we obtain
—y-1 +1 -1 g < B5-
iz~ yl ds(y) < 47 |s — ¢ dt < =677,
2, s v
iv) If a and b are the end-points of ¢ ., a = ¥(s,), b = ¥(ss), 8a < s < s, then
3
/ |z - y| ' ds(y) < 4/]5 — 1] dt = 4[In(s — 55) + In(sp — 5) — 2In(85)}.
p2% Ty

Since r < %, from Lemma A3 it follows that s — s, < 2|z — al = 2r < 1 and,
similarly, s, — s < 1; hence,

[ o=l dstw) < 8j1ma,
B

which completes the proof.
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A12. Remark. It is obvious that all the conditions in Lemmas A2, A3, A6, A10

and A1l are satisfied if, for example, we choose z, =’ € S, /4 such that
|z — 2| < ir, r=min{}, kg', (29)7'}. (A12)
From now on we use the notation
So = Sr/a, S§ ={zcSo:z=~E+0v(f), £€0S, ~ir<o <0}, S5 =50\5;7.

A13. Remark. For z € 85 we introduce local coordinates (p, w) along the positive
tangent and inward normal to &S at z, respectively. Since 85 is a simple C2-curve,
in accordance with Remark A4 there is a twice continuously differentiable function
f on [—r, r| satistying f(0) = f'(0) = 0 and such that the equation of ¥, can be
written in the form w = f(p). If v is the angle between v(z) and v(y) and S is the
acute angle between the support lines of z — y and 7(z), then, by Lemma A2, we
find that for ally € £

[£(p)] = |z —y|sinB < 1V3r,
£ ()| = Itana] < V3, 1f"(p)] < o[t + F*(9)])"” < ko
A14. Theorem. Ifz,y € dS, z =19(s) and y = Y(t), then

|z~ yl
s — ]

—1 asy-—uzm,

uniformly on 0S.

Proof. Using the local coordinates (p,w) defined in Remark A13, we can write

()= 302" (p1), [ (p) =pf"(p2), (A13)

with p; and pp between 0 and p. Consequently, for p > 0

fi(p) =l ~yl = [02+ P2 = p+ S0P 1(),

P
- (A14)
falp) = 1s — ] = / [ 7202 d0 = p+ 102 £ ("),

[¢]

where 0 < p/, p" < p. From this we find that

fip) 1‘ _ o) = £5 ()
f2(p) 2+ pf3 (e
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Now (A13) and (A14) yield

V() = p[3 £ (p1) + £ (p2) + L7 (p1) () = 1 (p1) £ (p2)
307 o)1 )] L+ 3077 o0)])
1(0) = F (o) " (D)L + £2(0)] 2,

so that, by Remark A13,

|f{'({)’)| <er, |ff(p) <, e =const >0,

for all p € [-r, r] and all z € 9S.
Let 0 < p < ¢j*. Since

124 pf5 (P > 2= plf5(p")] > 1,

we conclude that

f1(p)
fa(p)

- 1’ < eap,

where the positive constant ¢ is independent of .
The same inequality (with |p| on the right-hand side) is obtained for —c7* < p < 0.

A15. Theorem. With the notation in Theorem Al4,

Im—_—y—l—%l asy — T,
P

uniformly on 0S.
Proof. As above, we find that

2lel*1"(p1)
[+ 4e2072(on)]

fi(p)
0

< clp)?,

_11:
+1

where p; lies between 0 and p and c¢ is independent of z.

A16. Remark. If f is continuously differentiable in Sp, then

(grad f)(z) = [7(%)Bs(m) + v(z)0p)) f(z), = €8S (A15)
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A3. Integrals with singular kernels

We write S for either St or S~, consider the set of all functions in C(S) (C*(S))
that are continuously extendable (continuously extendable together with their first
order derivatives) to § = SUS, and denote by C(S) (C'(5)) the space of the cor-
responding extensions. The following assertion shows that this notation is justified.

A17. Theorem. Let f € C'(S), and let f(x) = p(€) and (grad f)(z) — q(£) as
S>3z €& €dS, where p and g are continuous on dS. Then the function

_J =), zeSs,
(=) {pm, z € 08,

has (one-sided) derivatives at all x € 8S and

(grad f)(z), =z €S,

(grad f)(z) = {q(@ e

(that is, the operations of differentiation and extension to S commute for f).

Proof. Clearly, f ¢ C(5) N CY(S). Consequently, for points £ = (&1, &) € 8S and
z = (z1, &) € S, 1 # &1, in a sufficiently small neighbourhood of ¢ we have

f(z) - F©)

1~ &

— q1(8)| = |02, F () = @1 ()] = |0, £ () — 01 (8],

where 7 = (11, £2) with n; between x; and £;. The result for Bmlf now follows from
the fact that the right-hand side tends to zero as z — £. The argument for 0,, fis

similar.

A18. Remark. The above spaces are also introduced for functions defined on 85.
Let f(z) be such a function, and let = ¢(s) in terms of the arc coordinate. Then
for simplicity we also write f(s) = f(i(s)). In this case, the derivative of f is
defined to be

o)~ 5@ _ 0~ 1)

t—s t—s t—s

)

f'(s) = f'(=) = 9:f () = lim

where z, y € 35 and y = 9(t), provided that the limit exists. We specify that in
what follows the notation f’ for the derivative does not extend to position vectors.
Thus, =’ will denote a point on 85 and not dz/ds.

Clearly, if f is defined and differentiable on a domain that includes 5, then the
derivative along 89 of the restriction of f to 85 coincides with ((grad f)(z)}, 7(z)).
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Al9. Lemma. If0<fB<a<], then
(i) C%(8) c COF(S);
(it) fg € CYB(8) for all f € C¥*(8) and g € C*B(5).
The proof consists in the verification of the required properties.

In view of Lemma A3, we do not distinguish between C%=(dS) and C%=({0,]),
which is defined by means of the inequality

1f(s)— f@®)l <cls—¢t|* foralls, te]0,l]

Obviously, Lemma A19 also holds for functions on 05S.

A20. Remark. If f is bounded in §, that is, |f(x)] < M = const for all z € §,
and (1.1) holds for all z, y € S such that |z — y| < §, where § = const > 0, then
it holds (possibly with a different c) for all z, ¥ € S. This is casily seen, since for

|z — y| > & we can write
|f(z) = fy)| < 2M < 2M 6|z — y|*.

A21. Remark. If ¢ € C%%(8S) as a function of x = (s), then, by Lemma A3,

@ € C%*(98) also as a function of s, and vice versa.

A22. Remark. A kernel k(z,y) may have a lower “singularity index” v (see Defi-
nition 1.2) when it is considered on 85 rather than in Sy. For example, the function
k(z,y) = O0,(y)In|z — y| is a proper I-singular kernel in Sp, but, by Lemma Al, a

proper O-singular kernel on 85.

A23. Lemma. If k(z,y) is y-singular in Sy, v € [0,1], and continuously differ-
entiable with respect to T, for all x € Sy and y € 85, = # y, and if the kernels
|z — Y0, k(z,y) are y-singular in So, then k(z,y) is a proper y-singular kernel

mn S().

Proof. Let z, 2’ € Sp and y € 85 be such that 0 < |z — 2’| < i}z — y|. For any z”

on the line between = and z’ we have_
Iz =yl > o —y| — o — 2" > |z —y| - Flo —yl = §lz - y);
consequently,
k(z,y) = k(z',9)| < 2o — 24| 8z, k(z", )] < clz = o'| |z -y,

where ¢ = const depends only on ~.
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A24, Remark. If k(z,y) is a vy-singular kernel on 85, v € [0,1], and continu-
ously differentiable with respect to the arc coordinate s of = at all points z € 95,
z # y, and if |z — y|0s(y)k(z,y) is y-singular on 45, then k(z,y) is a proper
v-singular kernel on 8S. The proof of this statement is similar to that of Lemma
A23, use also being made of Remark A5.

The following assertion is proved by direct verification.

A25. Lemma. (i) If ki(z,y) is O-singular and kqo(z,y) is y-singular, v € [0,1],
then ki(z,y)ko(z,y) is y-singular.

(i1) If ky(z,y) is v -singular and ko(z,y) is yo-singular, 0 < v; < vo < 1, then
kv(z,y) + ko(x,y) is ya-singular.

A26. Remark. Lemma 1.27 also holds with “singular” replaced by “proper singu-

lar” in its statement.

A27. Theorem. If k(z,y) is a y-singular kernel on 8S, v € [0,1), then the
function

f(z) = / Kz, y) ds(y) (A16)
a8

s continuous on 05.

Proof. Let z,a, b,y € 35,z =9(s), a = ¥(s—e1), b = ¥(s+e2), y = ¥(t}, where
€1, €2 > 0 are arbitrarily small, and let

IE(S):/|s~t|*7dt, I(s):/ls—tFth.
b as

Clearly,

(er e )
therefore, I.(s) — I(s) uniformly with respect to s as €1, €2 — 0. Since, by Defini-
tion 1.2 and Lemma A3,

k(z,y)l < clz —y|™7 <cls = |77

for all z,y € 0S5, = # y, the improper integral (A16) converges uniformly with
respect to 2 € 95, and the assertion follows from a well-known theorem of analysis
(see, for example, [22]).
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A28. Theorem. If k(z,y) is a proper v-singular kernel in Sy (on 85), v € [0,1),
and p € C(8S), then the function

K () = / ke, y)e(y) ds(y), 7€ S (x € BS),

as
belongs to C%P(Sp) (C*P(8S)), with f =1 -7 fory € (0,1) and any § € (0,1) for
v = 0. In addition,
|K (z) — K(z')|

sup < ¢ sup lp(z)l,
sa'cSo (05) 1T — /1P z€dSs
T#z'

where ¢ = const > 0 may depend on 7.

Proof. K(z) is obviously an improper integral for « € 45.

Let £z,, ¥1 and X be the sets defined by (A6), (A9) and (A10). In view of
Remark A20, we may consider z, 2’ € Sy satisfying (A12).

Setting

c=¢+rov(E), o =¢+ov(E), & €S,
we can write
K(.’E) - K(m’) = Il ‘|"12+13,

where, by Definition 1.2, Remark A12 and Lemmas A8-All,
L] = 1 [ - k(x’,y)]cp(y)ds(y)‘
pMY
< ¢1 sup ()| / (e =y + |' — yi™) ds(y)
€8S
P}
< eolz — /"7 sup ()],
T€DS
L] = \ [ - e et ds(m]
< sl o'l sup fof@)] [ Jo—ol " daly)
zE8S

2

< gz — &' sup ()l iy €(0,1),
TEOS

L] < eslz — 2/||In |z — '} sup |o(z)] ify=0,
€IS
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L) = | / k(e y) - k(m',m]w(y)ds(y)l
85\ T,
< cole '] sup (o) / 2~y ds(y)
BS\Egm

< err 198\ a — '] sup li()| = el — o sup lp(a)]
x€aS TE€EFS

The assertion now follows from the fact that the constants c1,...,cs > 0 are inde-
pendent, of z and z’ (although they may depend on ).

The result is established for z, 2’ € 85 as a particular case of the above, by
setting z = £ and '’ = £’

A29. Remark. It is obvious that Theorem A28 holds if the kernel k(z,y) is con-
tinuous on S x 95 (38 x 99).

A30. Theorem. If k(z,y) is a proper 1-singular kernel in Sy (on 85), ¢ belongs
to C%(8S), @ € (0,1], and

2(5) = [ ko)) - 0l6)] dsto), (A17)

as
where x = £ +ov(€) € Sy (z = £ € 8S), then ® € COP(Sy) (® € C¥B(S)) for any
B € (0, o). If, in addition, o € (0,1) and

< c=const > 0 (A18)

[ kendsw

S\ Z¢ 5

for allz € Sy (z € 8S) and all 0 < § <7, then ® € CO*(Sy) (® € C**(89)).

Proof. Clearly, ® exists as an improper integral if z € 85, and, by Theorem A27,
is continuous on 9S.

As in the proof of Theorem A28, let z, 2’ € Sy be chosen so that (A12) holds.
Writing

M@—¢@3=/H@mﬂmw—wﬁﬂ—waﬂdw—wﬁﬂ}@@)
38 i
+/{M@w)—ﬂfwﬂww)—ﬂgﬂ
p273

— k(z, ) [0(&) — o(€)]} ds(y)

INTEGRALS WITH SINGULAR KERNELS 169

[ ko) - ] o) - ol€)
9\ Ze.r

— k(z,y) [0(€) — 0(€")]} ds(y)
=1 +1I+ I,

from Definition 1.1, Remark A12 and Lemma A1l we now find that
] < /(IE e I =yl ds(y) < ol — 21

12| < csla — & / € — yl° ds(y) + ealé — €1° / €~ o1 dsty)
<ecslz -2 |“+66|x—x |°‘|ln|z—x|l forae (0,1),
12| < e3lz — | / € -yl ™" ds(y) + cal€ — I / € =yl ds(y)
= s

< crfe — |||z - a'|| fora=1,

|I3] < eslz — 2| / |€ — y|> % ds(y) + colé — €| / € =yl ds(y)
85\T¢ 85\ Te

< cgr® 298] |z — o] + cror” DS |z — '|* < cnle — 2%,

where ¢4, .., c11 are positive constants independent of z and z'.
This proves the first part of the assertion. For the second part we combine the

Jast terms in I, and I and use the fact that [ k(z,y)ds(y) is bounded for all
. 85\5
z, 2 € Sy satisfying the conditions of the theorem. (See Remark A36 below for a

full explanation of this detail.)
The result for z, o' € 85 is again obtained by setting z = ¢ and z’ = £

A31. Remark. By Theorem A27, estimate (A18) holds on 25 if k(z,y) is a -
singular kernel on 85, v € [0,1).

A32. Theorem. Let k(z,y) be a B-singular kernel on 95, B € [0,1), such that
() g(z) = 0,[ [ k(z,y) ds(y)] ezists for allz € 85, and g € C(0S);
as
(i) [K(&,9) — Kz 0)] (5 = )71 = hol, y) + Ol sl o | ==2) for all poinis
z, 3,y €05,0 < |z—a'| < jlz—yl|, where z = 1)(s), 7' =1(s'), and |z —ylko(z,y)
is a y-singular kernel on 85, v € [0,1).
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If o € C**(8S), a € (B,1], a > v, then the function
F@) = [ Ko v)o)dst), =05,
88
belongs to C*(8S) and
0.F(2) = [ ko(e. )[i) ~ 0(z)] ds(y) + p(a)g(a). (A19)

as

Proof. Let G(x) be the function on the right-hand side in (A19). By Theorem A27
F(r) and the first term in G(z) exist as improper integrals and are continuous on
85, the second term in G(z) is continuous by assumption.

Let z, 2’ € 05 be such that 0 < |z — 2’| < &7, with r satisfying (A12). We have
[F(2') = Fx)](s' — s)™* — G(x)

—(s' —5)"L /{k(ﬂc’,y) [o(y) = w(2)] = k(z,9) [e(y) — 0(2)]} ds(y)
£

+ (5" = ) pla') ~ ()] / k(&' ) ds(y) — / ko(z, ) [0v) — o(2)] ds(y)

o o

" / {[k(a',9) = k(z,9)](s' = )" ~ ko2, )} [o(y) — 0(z)] ds(y)
PP

" / {["9) = bz, 0)](s" = 9) ™" = ko(w, 1)} o(y) - ()] ds(y)
35\, »

¥ w(m){ L{ k') ds(y) —6{ Kr.y) ds(y)] (s' =51 g(m)}

:II+I2+13+14+15+15.

By Definition 1.1, Remark A12 and Lemmas A8 and Al1,

] <els’ — st /(|£l L y|* P ds(y) < cals’ — s]*7P,
b3

Bl < cals = 51 [ fa’ — i d) < s’ = 5],
b3

s < 65/ lz — y|*™ " ds(y) < cgls’ — 5|*7.
b
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By Lemma A9, y € Ty implies that |z — 2’| < 1|z — yl; hence,

L] < crls’ — s / Iz — |7 T2 ds(y) < cals’ — 5|77,
o
Finally, by Lemma A10,

|I5] < eols’ — 5] / |z — y|* "2 ds(y) < cols’ — -

85\Xy .,

Since all the constants cq,...,c1p > 0 are independent of « and z’, we find that
I; 30ass’—s—=0,7=1,...,5.

In addition, by our assumption (i), Iy — 0 as s’ —s — 0, which proves that F'(x)
exists for all z € 85 and is given by (A19), whose right-hand side is obviously a

continuous function on 95.

A33. Remark. Under the conditions in Theorem A32, if g € C%%(85) and ko(z.y)
is a proper 1-singular kernel on 85, then, by Theorem A30, F' € C1#(85S) for any
B € (0,c). If, furthermore, o € (0,1) and ko(z,y) satisfies the estimate (A18), then
F € Ch*(8S).

A34. Remark. In practice it is helpful to have some easily checked condition
in place of assumption (ii) in Theorem A32. Suppose that k(z,y) is continuously
differentiable with respect to s(x) for all z, y € 85,  # y, and that |z —y185 (K (, v)
is a proper v-singular kernel on 85, v € {0,1). Then for z, 2,y € 85 such that

0 < |z —2'| < Llz — y| we have
[k(z',y) = k(z, )} (s" ~ ) = Oy k(z,y) + [Bs(m) k(2" y) — Bs(my k(z, )],
where /' € 95 lies between z and z'. Since
|9sayk(a”, y) = Buio k(. 9)| < cls — 'l 1o —y1 777,

it follows that, under the above conditions, assumption (ii) in Theorem A32 holds
with ko(x» y) = 6s(m)k($7y)'

A35. Definition. Let k(z,y) be defined and continuous for all points z, y € a8,
z # y. We say that [ k(z,y) ds(y) exists as principal value if
as

lim / k(z,y)ds(y) (A20)

§—0
AS\%z .5

exists for all z € 8S.
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Obviously, an ordinary (even improper) integral exists as principal value, but the

converse is not true in general.

In what follows, the principal value of an integral (if it exists) is denoted by the
same symbol as an ordinary integral, the difference in meaning being either explicitly

stated, or understood from the context as the only possible alternative.

A36. Remark. Let k(z,y) be a I-singular kernel on 85, and let ay, ay and by, by,
ay < by < by < ag, be the arc coordinates of the end-points of the sets Yes and

Tos={ye€dS:|t—s|<d}, (A21)

respectively, where 2 = 9(s) and y = +(t). Since
[ Henae)- [ ko)
| [ e

8S\T, 5 98\Bx s
by az
< c(/[s—t|—1dt+/]s—t|‘1dt>
Ze6\lz 8 ai b2
= cln(i:-(2 L2 S) = cln(ﬂ LB s)
S—by by—s ) ) !

Theorem A14 implies that if [ k(z,y)ds(y) exists in the sense of principal value,
8s

then its definition can equivalently be given as

lim k(z,y)ds(y).
50

85\T; 5

Moreover, if the limit (A20) exists uniformly for all z € 85, then so does the above
one, and vice versa.

A37. Remark. Let p be the local coordinate of y € £, , measured from z along
the support line of 7(z) (see Remark A13), and consider the set

Aps={yeZ,,:|p| <6}, 6< %r.

Since § < %r, all points in the neighbourhood of z such that |p| < § belong to Yar
Denoting by —a and b, a, b > 0, the p-coordinates of the end-points of a8, we find
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that for a 1-singular kernel k(z,y) on 05

l /k(z,y)ds(y)— /k(m,y)ds(y)l

85\ 5 8S\Az s
:' / k(w,y)ds(y)l <o [ ol ds)
A s\Zz s Az s\Zz 5
—a 8 5 s
< Cz(/(—P)_ldb‘F/P?ldﬂ) = Czln(a ‘ 5)’
=5 b

where ¢; does not depend on z. Consequently, by Theorem A15, if [ k(z,y) ds(y)
as
exists in the sense of principal value, then it can also be defined as

lim / k(z,y) ds(y).

§—0
8S\Az .5

Furthermore, from Theorem A15 it follows that the existence of either of these two
equivalent limits uniformly with respect to € 85 implies the same property for

the other one.

A38. Theorem. Let k(z,y) be a proper 1-singular kernel in Sq that is y-singular
on 85, v €[0,1), and let

10) = [ awdstw), w e S\ 05,
a8s

(A22)
folz) = /k(m,y) ds(y), = €d8s,
as
and
F(o) = [ Kayew)dsw), @€ 50\05,
o8 (A23)
Fy(z) =/k(w»y)w(y) ds(y), =€ a8,
a5
where ¢ € C%*(85), a € (0,1]. Also, consider the functions
I )_{f(l"), z €5y,
p(z) + folz), =z €05, (A24)
f(=z), T € Sy,

[ = { (@) + folz), @ €S,
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and
Ft(z) = {F(x)’ TEST,
p(z)e(z) + Fo(z), = €dS,
(A25)
F“(m):{F(x)’ z €Sy,
—p(x)o(z) + Fo(z), = €ds,

where p € CO*(8S). If f+ € CO(5) and f~ € CO2(57), then F+ ¢ € CO8(SH
and F~ € CYP(57), with B =« for o€ (0,1) and any 8 € (0,1) for o = 1.

Proof. From the properties of k(x,y) it is clear that fi and F, are improper inte-
grals. To prove the statement for F*, it suffices to consider z, z’ € Sy satisfying
(A12). Let z={ +ov(€) € S, £ €8S, and 2’ = ¢ € 8S. Then

k(z, y)e(y) ds(y) — k(z',y)e(y) ds(y)
/ 0]
:/ k(z, ) [ely) — /k 2, ) [oly) — o(z')] ds(y)
as

+W@~¢Wﬂ/ﬂuwMU
a8

+ﬂf(/ﬂawmwrmuv—/Mfqum) (A26)

as as

that is,

FH(z) = FH (') = ®(z) — B(z') + [(€) - 0(€)]F*(2)
+ [ (@) = fH ()] e(8), (A27)

where © is given by (A17). The equality (A27) is similarly obtained when z, =’ € St
z, 2’ € 05, or x € 85, 2’ € Sf. Since, by our assumption, both fo and f are
bounded, (A22) shows that k(z,y) satisfies estimate (A18). The assertion now
follows from (A27) and Theorem A30.

F~ is treated analogously.

This theorem can be generalized to certain 1-singular kernels on 5.

A39. Definition. A 1-singular kernel on 85 is called integrable if f k(z,y) ds(y)

exists as principal value for all z € 95, and uniformly integrable if the integral in

(A20) converges uniformly with respect to z € 8S.
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For convenience, we extend this concept to y-singular kernels, v € (0, 1), and note
that all such kernels are uniformly integrable.

A40. Remark. If the kernel k(z,y) is uniformly integrable, then [ k(z,y) ds(y) is
8

s
continuous on 8S. This is shown by writing the principal value of the integral as the
sum of a uniformly convergent infinite series. Evidently, any uniformly integrable
kernel satisfies (A18) on 05.

A41. Theorem. Ifk(z,y) is 1-singular on 8S and integrable, and if ¢ € C%%(8S),
€ (0,1}, then the integral

[ ki v)e(w) dsw)
85

exists in the sense of principal value for all z € 8S. If k(z,y) is uniformly integrable,

then the above principal velue exists uniformly with respect to x € 9S.

Proof. We write

/'kwmwwwﬂw= | Hewletw) - e@] dstw

85\ Dz.5 9S\Z4,5
/ k(z,y)ds(y)

85\Zz 5

The result follows from the fact that, as § — 0, the first term on the right-hand side

converges uniformly since its integrand is O(jz — y|*~1).

A42. Theorem. Suppose that

(i) k(z,y) is a proper 1-singular kernel in Sy that is integrable on 0.5,

(i) £t and f~ defined by (A24), where p € C**(85), a € (0,1], and fy 1s under-
stood as principal value, belong, respectively, to C**(SF) and C*(57).

Then the functions F+ and F~ defined by (A25), where ¢ € C®*(8S) and Fy 1s
understood as principal value, belong, respectively, to COP(SF) and C*P(57) with
B=a fora € (0,1) and any f € (0,1) fora=1.

Proof. By Theorem A41, Fy exists in the sense of principal value for all z € 45.
As in the proof of Theorem A38, let z, 2’ € Sf, z # 2/. Uz, 2" € 50+, then

. equality (A27) is established immediately. If z € Sy,x' €8S (orz €8S, z' €57),

we write (A26) with the integrals extended over S\ £y 5 (05 \ Lz 5) in the first
instance, then let § — 0. Noting that the limit of the second term on the right-hand
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side coincides with the improper integral ®(z') (@(z)), we again arrive at (A27).
Finally, we see that this is also true if both z, 2’ € 85, when the integrals in (A26)
are initially extended over S\ (X4 5 UZ, 5). Hence, (A27) holds for all z, 2’ € S,
z # ', and the result follows from assumptions (i) and (ii) and Theorem A30.

The reasoning is similar in the case of Sy .

A4. Potential-type functions

In what follows we examine the Holder continuity and continuous differentiability
on 5t and 5§~ of functions that are analytic in S+ and S-. Hence, it suffices to
consider the behaviour of such functions in the boundary layer Sp.

We begin by giving a brief account of the main properties of the functions

(v9)(z) = — / (In |z — yl)p(y) ds(y), (A28)
as

(wp)(z) = - / (Buiy o |2 — 9o (y) ds(y) (A29)
as

mentioned in Theorem 1.4.
A43. Theorem. If p € C(8S), then vp € CO*(R?) for any o € (0, 1).

Proof. The assertion follows from Theorem A28 in view of the fact that, as can
easily be verified by means of Lemma A23, the kernel k(z,y) = —In|z — y| of v is
a proper y-singular kernel in Sy for any v € (0,1).

A44. Theorem. If ¢ € C**(8S), o € (0,1], then the restrictions of we to S+
and S~ have C%P-extensions to ST and S, respectively, with = « for o € (0,1)
and any B € (0,1) for a« = 1. These extensions are given by

+(g zesSt
(wp) " (z) = { (_u;::(x() J)r (wop)(z), = E 25: (A30)
(wi) ™ (z) = {:;2) + (wop) (), Z« 2 g;
where
(wne)(@) = = [ @u Inls — v)p(w) dsta), = € 95. (A31)

85
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Proof. Applying Lemmas A23 and Al, we can easily verify that
k(z,y) = —Byy) Infz —y| = (v(y), ¢ — )|z —y| >

is a proper l-singular kernel in Sy and 0-singular on 85. Consequently, wpy is an
improper integral.

Let £ € ST, and consider a disk 0,5 C S* with the centre at z and radius &
sufficiently small so that &, s lies entirely in S*. Using the divergence theorem in
S+ \ o, 5 and the fact that In |z — y| is a solution of the Laplace equation for z # y,
we find that

0= / A(y)In|z — ylda(y)

S+\Uz,6

_ (Bé_ / )au(y) In|z - y| ds(y)

Boz.s

= /Bu(y) Injz — y|ds(y) - 2,
as
where do, s is the circular boundary of ¢y 5; hence,

' / OupyInlr —ylds(y) =2n, ze ST (A32)
as

The procedure is similar for z € 35, except that in this case o, s is replaced by
Oz,5 N S* and 8o, 5 by its part lying in St. It is not difficult to show that, for §
small, the length of this part is equal to 78 + O(§2), which leads to

/aV(y) In|z —ylds(y) ==, =z€as. (A33)
as

Finally, the direct application of the divergence theorem yields

/Bu(w In|z - ylds(y) =0, z€S. (A34)
as

In view of these integrals and the expression of k{(x,y) we now see that

—om, z €St
@)= [ Kawast) = {77 TS0
65 k) 3

folz) = /k(x, y)ds(y) = —m, z€08. (A35)

as
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From (A24) with p(z) = —7, z € 85, we obtain

fH(=z) =-2n, ze€b’y,

[ (z)=0, ze€b5.
Since f+ € C%*(S) and f~ € C%*(S; ), the result follows from Theorem A38.

A45. Remark. Theorem A44 implies that if ¢ belongs to C%%(85), o € (0,1],
then, as ST > 2’ — z € 85, wy tends to finite limits given by

(wp) (@) = Fro(o) — [ Gy le - ubplu)dstw), zeds,  (A30)
as

where the last term is an improper integral. It can be shown [2] that we can also
be extended by continuity to St and S~ if ¢ € C(885), but then the two extensions
(we)t and (wp)™ are merely continuous.

A46. Theorem. If p € C%*(8S), o € (0,1], then the first order derivatives of
vp in 8T and S~ have C%P -extensions to ST and S, respectively, with f = o for
a €(0,1) and any § € (0,1) for o = 1. These extensions are given by

+ (grad(w))(ff)a T €57,
(rad(ve)) () = { ) + (grad(vy)),(z), = €8S,
(grad(mp))(m), z €S,

(grad(ve))~ (z) = {w( Jo(z) + (grad(ve))o(z), = € S,

where

(arad(vp)) (=) = / (grad(z) Injz — y))¢(v) ds(y), € OS,
as

the integral being understood as principal value.

Proof. By checking the properties required in Lemma A23, we convince ourselves
that k(z,y) = — grad(z) In|z — y| is a proper l-singular kernel in Sy and on 85.
From (A15) and the fact that

(grad(z) +grad(y)) Injz —y| =0, =z #y,
it follows that

k(z,y) = (8sy) In |z = y)7(y) + (Bu gy Infz —yl)v(y), = #v.
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Consequently, using integration by parts and denoting by a and b the end-points of
the arc X, 5, for z € 85 we can write

k(z,y) ds(y)
BS\T, 5

= / @iy e~ s ds)+ [ @ugyy o — ully) dsty)

95\ 4,5 O5\Zz s
= [7(a) - 7(8)] In& — / (In |z — y)&(y)v(y) ds(y)
CT BS\EIJ
+ / By In |5 — ) (y) ds(y).
S\ 5

Since 85 is a C?-curve, the first term on the right-hand side vanishes as § — 0, while
the other two tend to (v(kv))(z) and ~(wov)(z), respectively; therefore, k(z.y) is
integrable on 4.5 and

Jo(z) = /k(x,y) ds(y) = (v(fsy))(m) — (wor)(z), =z €8S,
85

where fy is understood as principal value.

On the other hand, if z € Sp\ 95, then, again integrating by parts and taking
(A1) into account, we find that

- /k(m,y) ds(y) = (v(s)) () — (wr)(z), @€ So\AS.
as

By Theorems A43 and A44, the function f is C%“-extendable to S’J and S_'U_ and

the values of the corresponding extensions on 85 are given by the formula
) = (v(nu))(x) + mv(z) + (wor)(z) = £rv(z) + folz), =€ ds;

in other words, these expressions are (A24) with p = 7 € C%}(dS). As stated,
St eC™(5F) and f~ € C%(S;). The assertion now follows from Theorem A42
with F' and Fp in (A23) defined by

F(z) = - /(grad(z) In|z — yl)e(y) ds(y) = (grad(mp))(z), z € Sp\ 98,
a5

- / (srad(z) In [z — yl) o (y) ds(y) = (@rad(ve)), (=), = € 05,

the latter understood as principal value.
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A47. Remark. Theorem A46 implies that if ¢ € C%*(9S), a € (0,1], then, as
S* 52" — z €8S, grad(vp) tends to finite limits given by

(grad(ve)) * (z) = £rv(z)p(z) - /(grad(:c) Injz —yl)e(y) ds(y), =€ s, (A37)
a5

where the last term is understood as principal value.

A48. Remark. Theoremns A46 and A17 also imply that if ¢ € C%*(8S), a € (0, 1),
then the restrictions of vy to S* and S~ belong, respectively, to C*#(5+) and
CHP(S~), with B = o for o € (0,1) and any 3 € (0,1) for & = 1. We denote these
restrictions by (vep)™ and (ve)~; hence,

(grad(v(p)“L)(z) = (grad(vgo))+(m), ze 8,

(grad(vy) ™) (z) = (grad(ve)) " (z), ze€ 8§~

A49. Theorem. If p € CY*(dS), o € (0,1], then the restrictions of wy to S+
and S~ have C*P-extensions (wp)* and (we)~ to S+ and §-, respectively, with
B = o fora € (0,1) and any § € (0,1) for o = 1. These extensions are given by
{A30) and satisfy the equality 8, (wyp)* = 8, (wp) "~ on 8S.

Proof. Let z # y. Since
Aly)Injz —y| =0, (grad(x) + grad(y)) In|z —y| =0,

we can write

Il

02, (Ouyy In |z — y|) =v5(y)9y, (0z, Infz — y]) + v, () A(y) In |z — y|
vp(y)0ys (~0y, In|z — y) + vy (y)dy, (8y, In |z — )
Vﬁ(y)ayy y)ayg)(a'cﬁln |:C - yl):Eﬁ'r s(y)(azaln IJ) - yl)

Consequently, using integration by parts, we find that for z € Sy \ 5
0, (wp)(x / Or. (Buiyy Iz — y))ely) d(y)

= ep,0a, / (In |z — y)¢' (4) ds(y) = £rpa, (vi')(z).  (A38)
as

From this, Theorem A46 and the fact that ¢’ € C%*(85) we deduce that grad(we)
has C%P-extensions (grad(w(p))+ and (grad(we))~ to S+ and S, respectively. By
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Theorem A44, the extensions (we)t and (we)™~, given by (A30), of we are Hélder
continuous on S+ and S, respectively. Since (grad(we) ) (z) = (grad(wey)) : (z),
z € §*, and (grad(wp)™)(z) = (grad(we)) (z), = € S~, the first part of the
assertion follows from Theorem A17.

To complete the proof, we remark that, in view of (A38) and (A37), for z € S
Theorem A17 yields

8, (wp)* (z) = ((grad(we)*) (), v(z))
=<(grad( ) :v),um)
= £48(02y (v9)) * () (2)
= cor1,(0) [ (32, Inle — u'(s) iy,
as

where the integral is understood as principal value.

A50. Theorem. The function wop defined by (A31) as the direct values on 88 of
the double layer potential with density ¢ € C%(3S), o € (0,1], belongs to CcrP(89),
with § = a for a € (0,1) and any B € (0,1) for o = 1.

Proof. As noted in the proof of Theorem A44, the kernel k(z,y) = =8y Inlz -yl
is O-singular on 3S; consequently, (woe)(z) is an improper integral for all = € 95.
On the other hand, the kernel

), (@) ), z —y)ir(z), = — y)

|z —y|? lz -yl

k0($7 y) = as(z)k(xuy) = (A39)

is 1-singular on 8S. Verifying the conditions of Lemma A23, we deduce that ko(z,y)
is a proper 1-singular kernel on 9S.

Next, by writing (- ,-) in terms of the cosine of the angle between the vectors, we
find that

(), 7(=)) + (v(z), 7(y)) = 0, z,y€ds. (A40)
Using the same technique, (A39) and (A40), for z, y € 85, = # y, we now obtain

(Os(a) + 053 (2, y) = 2|z — y| 7 [(v(2), & — y){(7 (), = — v)
—{v(y) T —y)(r(@), T —y) + (v(y), 7(2))] = 0. (Adl)
From this and (A39) we conclude that ko(z,y) satisfies (A18).

The assertion now follows from Theorem A32 with § = v = 0 and g(z) = —m,
x € 85 (according to (A35)), and Remarks A34 and A33.
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A5. Other potential-type functions.

We turn our attention to the Holder continuity and continuous differentiability of
the other functions with ~y-singular kernels mentioned in Theorems 1.3 and 1.4. For
convenience, the various parts of these theorems are given as separate assertions.

Also, as already observed, it suffices to establish the necessary properties in Sp.

A51. Theorem. Letk(z,y) be continuous in Sox S and such that grad(z)k(z,y)
is a proper y-singular kernel in Sp, v € [0,1), and let

(vp)(x) = / k(e 9)o() ds(y), = € So.

as

If o € C(8S), then v®p € CLP(Sy), with B =1—+ fory € (0,1) and any B € (0,1)
fory=0.

Proof. Clearly, v*p € C(So) N C*(SF) N C(Sy). The statement follows from the
fact that for z € Sp \ 85,

(srad(v0)) (@) = [ erad(a)b(z,v)ily) ds(v),

as

which, by Theorem A28, belongs to C%%(Sp).

A52. Theorem. Let k(z,y) be continuous on 8S x 3S and such that Oy k(z,y)
is a proper y-singular kernel on 85, v € [0,1). If p € C(88S), then the function

(vge)( /k z, y)e(y) ds(y), =z €S,

belongs to CYP(8S), with =1~ for v € (0,1) and any B € (0,1) for y=0.

Proof. Consider the function

(vis0)(z) = / k{z,y)p(y)ds(y), §&>0.
BS\Z4.5

1t is obvious that (v3;p)(z) = (v§p)(z) as & — 0, for all z € 3S. On the other hand,

8, (visi) (z) = / Doy k(1) 0 y) ds(y),
8S\Z: s
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which converges uniformly to [ 8,4)k(z, y)p(y) ds(y) as § — 0 (see the proof of
as

Theorem A27). By a well-known theorem of analysis, vg¢ is differentiable at all
z € 05 and

s (U5 9)( /3s(z)k($ ¥)o(y) ds(y).

We complete the proof by applying Theorem A28 to the above integral to deduce
that 9,(vip) € C*P(8S).

A53. Theorem. If @ € C(35), then the functions

Ohao)e) = [N ) o) 4o, e s, (A12)
as

(050)@) = [ Bu (2~ v2) Inle ~ u) o) ds), =€ S, (A83)
as

(v5e)(z) = /[3u(y>((:v7 —yy)Injz —y|)]e(y)ds(y), z€ S, (Ad4)

s
belong to C%*(Sy) for any a € (0,1).

Proof. By direct verification or by means of Lemma A23, we easily convince our-

selves that (zy — y,)(25 — ys)|z — y| =% is a proper 0O-singular kernel in Sg. Similarly,

(Ty =y )7 (y), T~ y)

lz — yl?

A5y ((zy —yy) In|z —yl) = =y In|z — y| -

and

(Zy =y )(v(y), = — y)
|z — y?

D) (@ = y) Infz = yl) =~y (W) I |z — ] -

are proper o-singular kernels in Sy for any ¢ € (0,1). The result now follows from
Theorem A28.

A54. Theorem. If p € C™*(3S), o € (0,1], then the function

Wee)le) = | (asm (=g~ yy) (s = -’”))«o(m ds(y), z€Sy  (Ad5)

Jz - y|?
88

belongs to C%P(Sy), with B = o for a € (0,1) and any B € (0,1) fora =1.
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Proof. The direct verification of the properties in Definition A16 shows that the
kernel k{z,y) of the operator vZs is a proper l-singular kernel in Sy. Also, for any
T,y €05,z #y,

(24 — yy)(@s — ys) (zp = ¥p)(@s ~ Yo)
89 . Y v — 14 14 [4 o
W e PP O R

L(y) In ]z — 9, (A46)

where
Cyyys = Cyyéy = —Cybyy = ~Coyyy = €6y,
(A47)
Cyiys = Cyséy = Cyyss = 0 (7, 0 not summed),
which means that k(z,y) is 0-singular on 9S. Consequently, vSs¥ is an improper
integral for x € 05.

Since for z, y € 85, z # v,

hm (I'Y B y'Y)(z‘5 - yJ)
y—= lz -yl

= Ty(2)75(2),

we find that f and fy defined by (A22) are identically zero. Hence, f+ and f~
defined by (A24) with p(z) = 0, v+ € 85, belong to C®%(8S). The result now
follows from Theorem A38.

A55. Theorem. If p € C%%(35), a € (0,1], then

(v p)(z) = / (Buyy Inlz — v])o(v) ds(y), € DS, (A48)
a8

exists as principal value uniformly for all x € 8S. Furthermore, v({cp € C"P(8S),
with B =« fora € (0,1) and any B € (0,1) fora = 1.

Proof. For x,y € 85, = # y, we have

(7 (y), = — )|
jz — yf?

T (Y) _ o {T(y), 2 —y)(zy —yy)

lz -yl |z — 3

Ias(y) 1n|93—yH= < Cllz_ylula

|z = Y110z, (Ba(y) In |2 — y])| = < eafr -yl

where c; and cy are positive constants; therefore, by Lemma A23, 0y, In|z — y| is
a proper l-singular kernel on 85. This kernel is also uniformly integrable since if a
and b are the end-points of Yz 5, then
By InJz — vl ds(y) = In IIZ ~ ‘;,l =0 (A49)
S\, 5
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for all0 < § < r and all z € 3S. We can now write

/ (Buyy 1] — ) o(y) ds(y) = / By 1112 — o) [0() — ()] ds(v),

AS\Zs 5 85\Z4,s

and the first part of the assertion follows from Definition A35 and the uniform
convergence, as 6 — 0, of the right-hand side, whose integrand is O(|]z — y|>~1).

Consequently,

(wh)(@) = / (Buiyy In |7 — o) [0(v) — (=) ds(u), = € BS, (A50)
as

in the sense of principal value.
To complete the proof, we apply Theorem A30 with £ = z and make use of the
last part of Remark A40.

AB6. Theorem. If € .C%*(85), o € (0,1], then the function

(v p)(z) = / (Boy In e — 9)p(y) ds(y), € 50\, 05, (A51)
. 08

is COP -extendable to R?, with f = « for a € (0,1) and any § € (0,1) fora =1.

Proof. In the proof of Theorem A55 it was shown that k(z,y) = 05, Inlz — y| is
an integrable, proper 1-singular kernel on 8S. The same reasoning indicates that
k(z,y) is also a proper 1-singular kernel in Sy. In view of (A49), formulae (A22)
yield
fzy=0, z€5)\08S,
‘ folz) =0, z€d8§,

the latter understood as principal value. From (A52) and (A24) with p(z) = 0,
z € 8S, it follows that f+ € C%*(SF) and f~ € C**(Sy) (both these functions

are identically zero). The application of Theorem A42 now completes the proof.

(A52)

A57. Remark. Since p = 0, (A51) also represents the extension of v/ to R?, that
is, it holds for z € R?, but for z € S the integral on the right-hand side (denoted
by v{¢ in (A48)) must be understood as principal value.

Alternatively, since

/85(,,) In|z - ylds(y) =0, z€R*\aS,
as
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we see that the extension of v/y to R? is also given by the right-hand side of {A50)
with z € R®.

A58. Theorem. If p € CY*(3S), a € (0,1], then the function vl defined by
(A48) belongs to C1P(8S), with B = a for a € (0,1) and any B € (0,1) fora=1.

Proof. By Theorem A55, v({(p is Holder continuous on 8S.

Let z = 1(s) € 35 be arbitrary but fixed, and let a = (s — §) and b = 9(s + §)
be the end-points of the arc I'; 5 defined by (A21). Integrating by parts, we find
that

/' (In} — 4’ (v) ds(y) = (@) In |2 — a] — (b In |z  b]
BS\Fz‘g

- [ il -wewasy).  (45)

AS\I'; 5

The first term on the right-hand side can be written in the form

e(z)(tn]z — ol = |5 b]) + [(a) ~ ()] Inl = o] = [(8) — ()] In | — B]

Since

In|z —a] ~In|z — b =1n<|x;a| : |mib|)
and ¢ is differentiable on 8.9, it follows that, by Theorem A14, this expression tends
to zero as § — 0.
In the proof of Theorem A55 it was shown that ;) In |z — y| is an integrable,
proper l-singular kernel on 35. Setting

F(z) = /(lnlx—yl)w’(y)ds(y), Fi(z) = / (Inlz — y)¢'(y) ds(y)

8s 35\Fe,s

and passing to the limit as § — 0 in (A53), we see that, by Theorem A55 and
Remark A36,

F(x) = lim Fy(z) = —(v])(z). (A54)

On the other hand, by Leibniz’s rule for differentiating an integral whose limits

depend on the differentiation variable,

Fi(z) = / (Os(a) In |z — y)¢' (y) ds(y) + ¢'(a) In]z — af ~ ¢ (b) In |z ~ b].
AS\I'z s
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Since ¢’ € C%(885), we deduce as above that the sum of the last two terms tends

to zero uniformly as § — 0. Hence,

I Fils) = [ @y nle ~ u)w' @) dsto) (A55)
as

where the integral is understood as principal value and, by Theorem A55, the con-
vergence is uniform with respect to z. A well-known result of analysis now implies
that F(z) is differentiable and that F'(z) is equal to the right-hand side in (A55).
Taking (A54) into account, we conclude that 8,(v]¢)(z) exists and

0.4)@) =~ [ Oy nle — yw' ) dsta), = € 05.
as

By Theorem 1.57, 8,(v{©) € C"*(8S), as required.

A59. Theorem. If¢ € C%*(8S), o € (0,1], then the functions

(vE0p)(z) = / Bt (@y — ) |z — y])|@(v) ds(y), =€ dS,  (A56)
ER)

(0500)(@) = | ot (52 = vV nfo = yD]o()dsta), = €05, (AST)
as

belong to C*P(8S), with 8= a for a € (0,1) and any B € (0,1) fora = 1.
Proof. The kernel

(Ty =) (Y), T — y)
|z —yl|?

k(:l:,y)r= as(y)((m’r ~Yy)In|z — y|) = —Ty(y)In lz -yl -

is 6-singular on &S, where 6 € (0,1) is arbitrary, so (v5y¢)(x) is an improper integral
for all z € 8S. Also, the kernel

ko(x, y) = as(z)k(xv y)

(:U’Y B yrz(—’i(yﬂlv T — y) (A58)

= =74 (¥)0s(c) In |2 — Y| — Oy(z)

is 1-singular on 8S. Using Lemma A23, we find that ko(z,y) is a proper l-singular
kernel on 45.

Since (2) —7(y), 7~ )

|z~ y?

(T
k("L"y) = (8s(z) + a.l(y)) In |1: - yl =
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is O-singular on 88, the first term on the right-hand side in (A58) can be written in
the form

—k(2,9)7(y) + Bty (74 (¥) In |z — y]) + £(y)vy(y) In|z — ).
Similarly, since

]5'16(567 y) = (as(z) + as(y)) (m’y _|:3:7_)_(;[62* ya)
- [Tv(w) - T’y(y)](mé — Ys) " [Té(z) - Té(y)](z'r —Yy)
|z — yl? |z — |2
= 1)@ we)(r(8) ~ 7(y), 5~ )
lz —yl*

is 0-singular on 85, the second term on the right-hand side in (A58) becomes

(2 =y ){r(y),  — v) N s(y)(zy — yy) (v (Y), = - y)

~kys(z, ¥)7s(y) + Day) o — y]? [z — g2

Denoting by a and b the end-points of ¥; 5, we find that

| 2@l - ul) ds(y) = (@) e - o] - vy 8) Info

5\ Sy, 5 |.’E _ a!

|z~ bl

= 7,{(a}In + [ry(a) = 7(b)] In |z — b

= [ry(a) — 7,(0)] In|z — b] > 0
uniformly as § — 0, and that

(zy —y)7(y), 2 — )
: |z — y|? ds(v)
(vy —ay)(r(a), z—a)  (zy —by)(7(h), z— D)

B ET A P

asw)
A5\B, .5

uniformly as & — 0. Consequently, ko(z,y) satisfies estimate (A18).
The result now follows from Theorem A32 with any 8 € (0,a), v = 0, and
g(z) =0, z € 08, and Remarks A34 and A33.

The function Ug()(p is treated similarly.
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A60. Theorem. Ifp e C"*(8S), o € (0,1], then the function defined by

OSso0)@) = [ (6s<y> (2 = v)(ms - "’”)w(y) ds(y), z€dS,  (A59)

|z —y]?
068

belongs to C1P(3S), with B = a for a € (0,1) and any B € (0,1) for o = 1.

Proof. From the formula (A46) and the estimates in Lemma Al we see that the

kernel

(zy — yy) (@5 — ys)
|z — y|?

k(m, y) = as(y)

is 0-singular on dS; hence, (vfréogo)(x) is an improper integral for all z € §S. Next,
a simple calculation shows that

ko(z,y) = Os(ayk(z,y)

(xp - yp)(md - ycr)(
lz —yf?

= Cydaulippe au(av) In|r — yl)(au(y) Injz - y')

(mp - yp)(xa - ya)a
|z -yl

+ Cyépo s(m)(au(y) In l.’L‘ - y|)> (A60)
where the c,s,, are given by (A47), is a 1-singular kernel on 85. Moreover, using
Lemma A23, we easily convince ourselves that ko(z,y) is a proper 1-singular kernel
on 9S.

The first term on the right-hand side in (A60) is O-singular on 8S. By (A4l), the

second term can be written in the form

(z,~y )(770 - Yo)
Cyépo [ - 88(1/)( £ prf nE Ouy) In|z — y|

+ (au(y) In l.’L‘ - yl)as(y)

(xp = Yp) (T — UU)} ,

lz — yl?

from which, in view of what was said above about k({z,y), we immediately deduce
by direct verification that ko(z, y) satisfies estimate (A18).

The assertion now follows from Theorem A32 with § = v = 0 and g(z) = 0,
z € 885, and Remarks A34 and A33.
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A6. Complex singular kernels

Extending an earlier convention, for a function f given on 05 we write f(z) = f(z),
where z = 1 4 129.

We now assume that C(9.5) and C*(8S) are complex vector spaces, and construct
the complex spaces C%*(9S) and C1*(4S) by defining Hélder continuity in terms
of the inequality

[f(z) = F(O] <clz —¢|™ forall 2, ¢ €8S,

and the derivative as

d . Q) — f(z)
!
= e— = 1
[(z) =+ f(2) Jm = 2 (€08,
if this limit exists.
Since |z — ¢} = |z — y|, where ¢ = y; + iy, it is obvious that Holder continuity

with respect to z and Holder continuity with respect to z {or s, according to the
discussion in §A2) are equivalent. The same can also be said about Hélder contin-
uous differentiability on 8S. We can see this from the equality f'(s) = 9(z)f'(2)

where

)

d
9(z) = d—‘: = 71(2) + ira(2), . (A6D)
which implies that f’ € C%*(dS) in terms of z if and only if f’ € C%*(8S) in terms
of s, in view of Lemma A19 and the fact that both 9(z) and

9(2) = [9(2)] 7" = 11(2) — ima(2)

belong to C'(8S). This shows that our somewhat loose use of the same symbol for
a function on 85, whether it is expressed in terms of z or z, is justified in relation
to Holder spaces.
In the light of these arguments, and because for a kernel k(z,y) and a density ¢

on 4§ ‘

[ et st = [ ke, a0,

as 85
we conclude that the definition of y-singular and proper y-singular kernels on 85,
and all the associated results established in §A4 on the behaviour on 85 of integrals

with such kernels, can be understood in terms of either real or complex variables.
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A61. Theorem. Ifp € C%*(8S), a € (0,1), then the integral

W(z) = / g‘f’%dg, €08, (A62)

as

exists in the sense of principal value, uniformly for all z € 85, and belongs to
C%8(8S), with B = a for a € (0,1) and any f € (0,1) fora =1.

Proof. Let z = z1 +izy and ( =y +iy2. Differentiating with respect to s(y) the
equality
log(¢ —2z) =In{¢ — 2|+ i = lnjz — y] + 40,

where 6 = arg(¢ — z), and using the Cauchy-Riemann relation

6s(y)e(xa y) = au(y) In "'E - y|a

we obtain p
5 = 0y Inlo -~ ylds(s) + Dy Inle — ] dsty). (AG3)

Hence, we can write

[ #a— [ @mia-shewas)ti [ @ mle-e)ds

85\, 5 85\% 5 35\, 5

and then establish the result from Theorems A55 and A44 by passing to the limit
as § = 0.

A62. Remark. The function ¥ defined by (A62) can be expressed in terms of an

improper integral. Writing

e(Q) ,. () — w(z)
/g——;f%* / (Ta Kl C~z

85\, 85\, B\, .5

replacing (¢ — z)71d¢ by its expression in (A63), letting § — 0 and using formulae
(A49) and (A35), we find that, in the sense of principal value,

ACO P " () — p(2) :
== d¢ = wip(z) + e d¢, z€0d8S, (A64)
J o [5

where the integrand of the last term is O(|z — ¢(|*71) if p € C**(8S), a € (0,1].
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A63. Theorem. Ifp e C1*(3S), a € (0,1], then U defined by (A62) belongs to
CLP(38), with f = o for @ € (0,1) and any B € (0,1) for o = 1.

Proof. By (A63), (A48) and (A31), ¥(2) = (v(’;w)( :) —i(wpp)(z), and the assertion
follows from Theorems A58 and A50.

A64. Theorem. If K°:C%(8S) — C%»*(8S), o € (0,1), is the operator defined
by
o) = [ L ac, zeos, (A65)
8s

then (K*)% = —n%1, where I is the identity operator.

Proof. From Theorem A61 it is clear that the operator composition (K*®)? is mean-
ingful.
In {20] it is shown that a functlon f(2,¢) which is Holder continuous with respect

to both its variables z and ( satisfies the Poincaré-Bertrand formula

EZCiZQS fn(g_ Z) dn) d¢ = -7’ f(z, z) +0[ (l%d() dn. (A66)

Using (A66) and the fact that, by (A64) with ¢ = 1,

/ d¢ =mi, 2z€dad8§, (A6T)

in the sense of principal value, we find that for any ¢ € C%*(85) and z € 85

? j}[ = (/ P2y dn) dc = ~p(2 *a[ | </ e an=g )
()1 /[ (/C ot an = —r(2),
as

as required.

A65. Theorem. Let f(z,¢) be a function defined on 58S x S which belongs to
C%(0S), a € (0,1], with respect to each of its variables, uniformly relative to the
other one, and satisfies the inequality

F(,0) ~ [, Ol < clz - ]|z = ¢(|*", ¢ = const >0,

COMPLEX SINGULAR KERNELS 19:

for all z, 2', ¢ € BS such that 0 < |z — 2’| < 3|z — ¢|. Then the function

Az) = 'fc(fi) ¢, z€ds,

as

where the integral is understood as principal value, belongs to C8(88), with B =«
for @ € (0,1) and any B € (0,1) fora = 1.

Proof. Let z = 21 + iz,. Writing

/f C)dg_ / f@O 12 4y g, ) / C—7

LA 9S\Zz » AS\Zs .»

from Theorem A61 and the fact that the integrand of the first term on the right

hand side is O(jz — ¢|*71), we conclude that A(z) exists in the sense of principa

value for all z € 95.
To establish the Holder continuity of A, for z, 2/, { € 05 we use the decompositio:

2[A(Z) —A(z')] :/<f(Z,C)—*f(Z; 2:) _ f(Z,C)_f(Z, zl)> d(
as

= (=7
f&%O—f@ﬁﬂmf&CO—f@ZiU
+/< = (=7 %
160 -£E0) [ 160160,
/‘ = “+ B

+f(z,z)/CTz-— (z,z’)/z%%
as d(
[ /c

=11+Iz+13+14+15+16.

+ f(#, z)

Let 2/ =z} +izh and { = y; + 1y, and let Ty 1, ¥4 and ¥y be the sets defined b
(A6), (A9) and (A10), with  and &’ satisfying (A12). By Lemmas A8-A1l, (A67
and Remark A36,

- | (12 S0
<o /(Im —ylo |2 -y ) ds(y) < ealz - 2|,
P
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|112|—‘/< Z)[f(Z’C)—f(Zv ') dC'

< eslz — 2| / o — 4" 2ds(y) < calz — 7|7 ifae (0,1),

pap3

12| < eslz — 2'|*|Injz = 2|| ifa=1,

1 1
= [ (55 5 ) Vo -6 4|
AS\Tq,r
< cglz — 2| / lz — y*"?ds(y) < ez — 2},
A5\ ,r
d
O O B O B > PR
S\
consequently,
|| = |L1 + T 4 Tz + $ia] < colz — 2')P,
where the constants c¢y,...,c9 > 0 may depend on a.
Similarly,

|I] < eiolz — 2’17,  c10 = const > 0.

Next, we find that

z

L] = l JHlre 0 - 1] - (16,0 - 1 2]} 22
2
< e / |z — y[a_lds (y) < c1a)z — 2'|%,

|132|—'/f Z’CZ. i dCl

< e13]z — 2| /IT —y|*2ds(y) < cualz — 2'|* ifa € (0,1),
A

3] < erslz = 2| | In]z = 2| ifa=1,

|I33|: f(21<éi£(zac) dc‘
85\T¢ r
< crolz 7| / & — 4] 2ds(y) < exrlz — 7,
9S\E,.,
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d d ,
= |2 =1 AN ([ 2= [ ) el o
89S S\ 5,
therefore,
3] = |Is1 + Isa + Iag + Ina| < crolz — 217,
where the constants ¢11, ..., 19 > 0 may depend on «. In exactly the same way, but

using’Ez:,r instead. qf .EI"" we find that
4| < caolz — 2'|P,  ea0 = const > 0.
Finally,
s = [mi[f(z, 2) = f(z, 2)]| < en]z = 2|7,
s = l”i[f(zl’ z) — f(«, Z/)” < cpalz = 2%,

where ¢51 and ¢q5 are positive constants.

Combining the above inequalities, we now obtain
|A(z) — A(Z')] < coalz — 2/|P,  co3 = const > 0,
as required.

A7. Singular integral equations

We discuss briefly the elements of functional analysis mentioned in §1.1.

A66. Theorem. C%%(8S) is a Banach space with respect to the metric defined ir
Theorem 1.5.

Proof. It is easy to verify that the mapping

lole = Hlelloo + 16l (A68’

where o)~ ()]
pz) — ¢
lollo = sup lo(2)l, lpla = sup ————=2~,
2€88 zceas |z —¢]
z#¢
satisfies the norm axioms.
Let {©,}32, be a Cauchy sequence in C%*(8S); that is, for any e > 0 arbitrarily

small there is a positive integer no(e) such that

lon — @mlla <& for all n, m > ng(e).
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By (A68),
llom — ‘Pm”oo <e forall n, m > ng(e),

which means that {¢,}52, is also a Cauchy sequence in C(05). Since C(35) is a
complete space, there is ¢ € C(35) such that

lon — @llee = 0 asn — co. (A69)

From (A68) we also deduce that
|n — @mla <€ for all n, m > ng(e).

Passing to the limit as m — oo and using the uniform convergence of {©,}%, on
35, we now obtain

lon — @la < e  for all n > ng(e). (A70)

Hence, there is ¢ = const > 0 such that for all z, { € 38, z # ¢,

lp(z) — Q)]
|z — (]

in other words, ¢ € C"*(8S). Also, from (A69) and (A70) it follows that

< l(wola <g

len —@lle = 0 asn - oo;

that is, {¥n}52, converges in the norm (A68), which means that C?®(385) is com-
plete.

A67. Theorem. If k(z,() is a proper y-singular kernel on 8S, v € [0,1), then
the operator K defined by

(Ke)(z) = / Kz, Opl(Q) ¢, = € S, (AT1)
as

is a compact operator from C%2(88) into C®2(8S), with o = 1 —« for v € (0,1)
and any o € (0,1) fory=0.

Proof. According to Theorem A28 and the fact that C%*(d5) C C(8S), the oper-
ator K : C%*(88) — C%%(385) is well defined.
Let M; ¢ C%%(88) be a bounded set, that is,

fella < e=const >0 for all p € M;. (A72)
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Also, let {0,152, C My = K(M;). We denote by {¢,}52, a sequence in M; such
that 8,, = Kp,, n=1,2,...
In view of (A68), inequality (A72) implies that

sup |on(2)] <c,
z2€08

lon(2) = pn(2)] < clz = 2|7

foralln=1,2,... and all z, £’ € 0S; in other words, {4, }22 ; is uniforinly bounded
and equicontinuous in C(85). By the Arzela-Ascoli Theorem, it contains a uni-
formly convergent subsequence. For simplicity, we denote this subsequence again
by {¢n}52 ;. Hence, there is a ¢ € C(3S) such that

len — @llc =+ 0 asn — oo. (AT3)

Let 8 = K¢. By Theorem A28, § ¢ C%*(35). For z € 05 we have

10n(2) — 6(2 |</|kz<||son (Ol d¢
< c1 sup Jon(2) ~ p(2)] / I — ¢}
r€dS

conseciuently, by Theorem A27,
16 — Ollo < c2llon — @llo, n=1,2,...,
where ¢; and ¢y are positive constants. On the other hand, by Theorem A28,
6n — Ola < csllpn — @llay n=1,2,...
The last two inequalities together with (A68) and (A73) yield
167, = Ol = 0 asn — oo,

which proves that KX is compact on C%(85).

A68. Remark. Let K be the operator defined by (A71), and consider the dual
system (C%*(dS), C%*(85)), a € (0,1), with the bilinear form

(6, ) = / PP, . € COX(DS), (A74)

as
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which is easily seen to be non-degenerate (according to Definition 1.9). Using (A74),
we find that the operator defined on C%*(9S) by

(o) = [ ( [ et dé>¢(z) ds

s 98

= [ e[ s 0o dz ) dt = (o, k"),

as as

where
(o)) = [ k(000 g
as
with k*(z, () = k((, z), is the (unique) adjoint of K, as mentioned in Definition 1.11.
This means that if k(z,¢) is a proper (1 — )-singular kernel on A5 with respect to
both 2z and ¢, then, by Theorems A67 and 1.14, the Fredholm Alternative holds for
K and K*.

Theorem A65 enables us to introduce the concept of a-regular singular operator
(see Definition 1.16).

A69. Theorem. If k(z, y) is a proper y-singular kernel on 8S, v € [0,1), with
respect to both x and y, then the operator K defined on C®1~7(3S) by

(Kp)() = / bz, vely) ds(y), = €8S,
a8

is (1 — v)-regular singular, and the function /;(z, €) n the expression of K in Defi-
nition 1.16 satisfies
k(z,2) =0, z€88S.

Proof. Clearly, (K¢)(x) 1s an improper integral for all z € 95.

In accordance with our notational convention, we write

as a5

[ Fevrew dst) = [ kw03 ac = [ 22 ac,
as

where 9(z) is defined by (A61) and

By Definition 1.2, IAc(z, z) = 0 in the sense of continuous extension.
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Let z, 2/, ¢ € S be such that 0 < |z — 2/| < 2|z — (|. In this case,
=2 == lz=F > 2= Cl = gla = =5l =C (A7)
Since |9(¢)| =1, ¢ € 35, we have
k(2 Q) = (=, O = 1(¢ = 2)k(2,0) = (= #)k(2', )l

< |Z - C‘ lk‘(27C) - k:(z',()| + |Z - Zl| |k(Z,7C”
Salz=2(lz = ¢I77 + 12" = ¢77),

which, on the basis of (A75), shows that
lk(2,0) = k(2 Ol < ealz = 2] |z = (|7

and that
k(2 Q) = k(2. Q)] < eslz = 27,
where the constants ¢, ¢3, ¢3 > 0 are independent of z, 2’ and (.
If |z — 2| > 1]z — (|, then
|2/ = ¢l < |z = 2|+ |z = ¢| < 8l2 — s

consequently,

|k(2,Q) — k(=" Q) < |z = ¢l k(= Q) + 12" = ¢l [K(2', )

Se(lz= (T =) S elz = 2,

where ¢4 is independent of z, 2’ and (.
The Hoélder continuity of I;:(z, ¢) with respect to ¢ is proved similarly: we write

k(2,¢) — k(z, ¢)| < I¢ — 21 [k(2, O 9() — 9(¢)]
+1¢ — 2l k(2,¢) — k(z, O+ 1¢ = (L k(2 ¢

and use the fact that 9 € C®*(35).

The importance of a-regular singular operators is illustrated by Theofem 1.19.
If the index (see Definition 1.17) of such an operator is zero, then the Fredholm
Alternative holds for it in the dual system (C%%(8S),C%*(8S)) with the non-
degenerate bilinear form (A74). A comprehensive discussion of this assertion can
be found in [19] and [20].
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