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Preface

In the eleven years since the publication of our book Hidden Markov and
Other Models for Discrete-valued Time Series it has become apparent
that most of the ‘other models’, though undoubtedly of theoretical in-
terest, have led to few published applications. This is in marked contrast
to hidden Markov models, which are of course applicable to more than
just discrete-valued time series. These observations have led us to write
a book with different objectives.

Firstly, our emphasis is no longer principally on discrete-valued series.
We have therefore removed Part One of the original text, which covered
the ‘other models’ for such series. Our focus here is exclusively on hidden
Markov models, but applied to a wide range of types of time series:
continuous-valued, circular, multivariate, for instance, in addition to the
types of data we previously considered, namely binary data, bounded
and unbounded counts and categorical observations.

Secondly, we have attempted to make the models more accessible by
illustrating how the computing environment R can be used to carry out
the computations, e.g., for parameter estimation, model selection, model
checking, decoding and forecasting. In our previous book we used pro-
prietary software to perform numerical optimization, subject to linear
constraints on the variables, for parameter estimation. We now show how
one can use standard R functions instead. The R code that we used to
carry out the computations for some of the applications is given, and
can be applied directly in similar applications. We do not, however, sup-
ply a ready-to-use package; packages that cover ‘standard’ cases already
exist. Rather, it is our intention to show the reader how to go about
constructing and fitting application-specific variations of the standard
models, variations that may not be covered in the currently available
software. The programming exercises are intended to encourage readers
to develop expertise in this respect.

The book is intended to illustrate the wonderful plasticity of hidden
Markov models as general-purpose models for time series. We hope that
readers will find it easy to devise for themselves ‘customized’ models
that will be useful in summarizing and interpreting their data. To this
end we offer a range of applications and types of data — Part Two is

xvii



xviii PREFACE

entirely devoted to applications. Some of the applications appeared in
the original text, but these have been extended or refined.

Our intended readership is applied statisticians, students of statistics,
and researchers in fields in which time series arise that are not amenable
to analysis by the standard time series models such as Gaussian ARMA
models. Such fields include animal behaviour, epidemiology, finance, hy-
drology and sociology. We have tried to write for readers who wish to
acquire a general understanding of the models and their uses, and who
wish to apply them. Researchers primarily interested in developing the
theory of hidden Markov models are likely to be disappointed by the
lack of generality of our treatment, and by the dearth of material on
specific issues such as identifiability, hypothesis testing, properties of es-
timators and reversible jump Markov chain Monte Carlo methods. Such
readers would find it more profitable to refer to alternative sources, such
as Cappé, Moulines and Rydén (2005) or Ephraim and Merhav (2002).
Our strategy has been to present most of the ideas by using a single run-
ning example and a simple model, the Poisson—-hidden Markov model.
In Chapter 8, and in Part Two of the book, we illustrate how this basic
model can be progressively and variously extended and generalized.

We assume only a modest level of knowledge of probability and statis-
tics: the reader is assumed to be familiar with the basic probability distri-
butions such as the Poisson, normal and binomial, and with the concepts
of dependence, correlation and likelihood. While we would not go as far
as Lindsey (2004, p. ix) and state that ‘Familiarity with classical intro-
ductory statistics courses based on point estimation, hypothesis testing,
confidence intervals [. .. ] will be a definite handicap’, we hope that exten-
sive knowledge of such matters will not prove necessary. No prior knowl-
edge of Markov chains is assumed, although our coverage is brief enough
that readers may wish to supplement our treatment by reading the rel-
evant parts of a book such as Grimmett and Stirzaker (2001). We have
also included exercises of a theoretical nature in many of the chapters,
both to fill in the details and to illustrate some of the concepts intro-
duced in the text. All the datasets analysed in this book can be accessed
at the following address: http://134.76.173.220/hmm-with-r/data.

This book contains some material which has not previously been pub-
lished, either by ourselves or (to the best of our knowledge) by others.
If we have anywhere failed to make appropriate acknowledgement of
the work of others, or misquoted their work in any way, we would be
grateful if the reader would draw it to our attention. The applications de-
scribed in Chapters 14, 15 and 16 contain material which first appeared
in (respectively) the South African Statistical Journal, the International
Journal of Epidemiology and Biometrics. We are grateful to the editors
of these journals for allowing us to reuse such material.


http://134.76.173.220
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Notation and abbreviations

Since the underlying mathematical ideas are the important quantities, no
notation should be adhered to slavishly. It is all a question of who is master.

Bellman (1960, p. 82)

[...] many writers have acted as though they believe that the success of
the Box—Jenkins models is largely due to the use of the acronyms.

Granger (1982)

Notation

Although notation is defined as it is introduced, it may also be helpful
to list here the most common meanings of symbols, and the pages on
which they are introduced. Matrices and vectors are denoted by bold
type. Transposition of matrices and vectors is indicated by the prime
symbol: /. All vectors are row vectors unless indicated otherwise.

Symbol ~ Meaning Page

A1) ith column of any matrix A 86

A (k) I,(k)/Io(k) 160

B; TP () 37

Ci state occupied by Markov chain at time ¢ 16

c® (Cy,Cy,...,C) 16

{g:} parameter process of a stochastic volatility model ~ 190

1, modified Bessel function of the first kind of order n 156

l log-likelihood 21

L or Ly  likelihood 21, 35

log logarithm to the base e

m number of states in a Markov chain, 17
or number of components in a mixture 7

N the set of all positive integers

Ny nutrient level 220

N (e; 1, 0?) distribution function of general normal distribution 191

n(e; p,02) density of general normal distribution 191

Pi probability mass or density function in state ¢ 31

P(x) diagonal matrix with ¢ th diagonal element p;(z) 32

R the set of all real numbers

xxi
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T length of a time series 35
U square matrix with all elements equal to 1 19
u(t) vector (Pr(Cy =1),...,Pr(Cy =m)) 17
u; (t) Pr(C; = i), i.e. i th element of u(t) 32
Wt at].l = Zz at(i) 46
X observation at time ¢, or just ¢ th observation 30
X®) (X1, Xo,...,Xy) 30
X (1) (X1, Xeo1, Xegt, .- X7) 76
Xg (XavXa+1a~~';Xb) 61
oy (row) vector of forward probabilities 38
(i) forward probability, i.e. Pr(X(®) = x® C;, =) 59
Bt (row) vector of backward probabilities 60
B (3) backward probability, i.e. Pr(X7,, =x/, | Cy =14) 60
r transition probability matrix of Markov chain 17
Yij (i,7) element of I'; probability of transition from
state ¢ to state j in a Markov chain 17
o stationary or initial distribution of Markov chain, 18
or vector of mixing probabilities 7
o vector of forward probabilities, normalized to have
sum equal to 1, i.e. az/w; 46
P distribution function of standard normal distribution
1 (row) vector of ones 19
Abbreviations
ACF autocorrelation function
AIC Akaike’s information criterion
BIC Bayesian information criterion
CDLL complete-data log-likelihood
c.o.d. change of direction
c.v. coefficient of variation
HM hidden Markov
HMM hidden Markov model
MC Markov chain
MCMC  Markov chain Monte Carlo
ML maximum likelihood
MLE maximum likelihood estimator or estimate
PACF partial autocorrelation function
qq-plot quantile-quantile plot
SV stochastic volatility

t.p.m. transition probability matrix
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methods




CHAPTER 1

Preliminaries: mixtures and Markov
chains

1.1 Introduction

Hidden Markov models (HMMs) are models in which the distribution
that generates an observation depends on the state of an underlying
and unobserved Markov process. They show promise as flexible general-
purpose models for univariate and multivariate time series, especially for
discrete-valued series, including categorical series and series of counts.

The purposes of this chapter are to provide a very brief and informal
introduction to HMMs, and to their many potential uses, and then to dis-
cuss two topics that will be fundamental in understanding the structure
of such models. In Section 1.2 we give an account of (finite) mixture dis-
tributions, because the marginal distribution of a hidden Markov model
is a mixture distribution, and then, in Section 1.3, we introduce Markov
chains, which provide the underlying ‘parameter process’ of a hidden
Markov model.

Consider, as an example, the series of annual counts of major earth-
quakes (i.e. magnitude 7 and above) for the years 1900-2006, both inclu-
sive, displayed in Table 1.1 and Figure 1.1.* For this series, the applica-
tion of standard models such as autoregressive moving-average (ARMA)
models would be inappropriate, because such models are based on the
normal distribution. Instead, the usual model for unbounded counts is
the Poisson distribution, but as will be demonstrated later, the series
displays considerable overdispersion relative to the Poisson distribution,
and strong positive serial dependence. A model consisting of indepen-
dent Poisson random variables would therefore for two reasons also be
inappropriate. An examination of Figure 1.1 suggests that there may be
some periods with a low rate of earthquakes, and some with a relatively
high rate. HMMs, which allow the probability distribution of each ob-
servation to depend on the unobserved (or ‘hidden’) state of a Markov
chain, can accommodate both overdispersion and serial dependence. We

* These data were downloaded from http://neic.usgs.gov/neis/eqlists on 25
July 2007. Note, however, that the U.S. Geological Survey has undertaken a sys-
tematic review, which is expected to lead to revision of the observations for years
prior to 1990.


http://earthquake.usgs.gov
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Table 1.1 Number of magjor earthquakes (magnitude 7 or greater) in the world,
1900-2006; to be read across rows.

13 14 8 10 16 26 32 27 18 32 36 24 22 23 22 18 25 21 21 14

8 11 14 23 18 17 19 20 22 19 13 26 13 14 22 24 21 22 26 21
23 24 27 41 31 27 35 26 28 36 39 21 17 22 17 19 15 34 10 15
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Figure 1.1 Number of major earthquakes (magnitude 7 or greater) in the world,
1900-2006.

shall use this series of earthquake counts as a running example in Part
One of the book, in order to illustrate the fitting of a Poisson-HMM and
many other aspects of that model.

Hidden Markov models have been used for at least three decades in
signal-processing applications, especially in the context of automatic
speech recognition, but interest in their theory and application has ex-
panded to other fields, e.g.:

e all kinds of recognition: face, gesture, handwriting, signature;
e bioinformatics: biological sequence analysis;

e environment: wind direction, rainfall, earthquakes;
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e finance: series of daily returns;

e biophysics: ion channel modelling.

Attractive features of HMMs include their simplicity, their general math-
ematical tractability, and specifically the fact that the likelihood is rel-
atively straightforward to compute. The main aim of this book is to
illustrate how HMMs can be used as general-purpose models for time
series.

Following this preliminary chapter, the book introduces what we shall
call the basic HMM: basic in the sense that it is univariate, is based
on a homogeneous Markov chain, and has neither trend nor seasonal
variation. The observations may be either discrete- or continuous-valued,
but we initially ignore information that may be available on covariates.
We focus on the following issues:

e parameter estimation (Chapters 3 and 4);
e point and interval forecasting (Chapter 5);
e decoding, i.e. estimating the sequence of hidden states (Chapter 5);

e model selection, model checking and outlier detection (Chapter 6).

We give one example of the Bayesian approach to inference (Chapter 7).

In Chapter 8 we discuss the many possible extensions of the basic
HMM to a wider range of models. These include HMMs for series with
trend and seasonal variation, methods to include covariate information
from other time series, and multivariate models of various types.

Part Two of the book offers fairly detailed applications of HMMs to
time series arising in a variety of subject areas. These are intended to
illustrate the theory covered in Part One, and also to demonstrate the
versatility of HMMs. Indeed, so great is the variety of HMMs that it
is hard to imagine this variety being exhaustively covered by any single
software package. In some applications the model needs to accommodate
some special features of the time series. In such cases it is necessary to
write one’s own code. We have found the computing environment R
(Thaka and Gentleman, 1996; R Development Core Team, 2008) to be
particularly convenient for this purpose.

Many of the chapters contain exercises, some theoretical and some
practical. Because one always learns more about models by applying
them in practice, and because some aspects of the theory of HMMs are
covered only in these exercises, we regard these as an important part of
the book. As regards the practical exercises, our strategy has been to
give examples of R functions for some important but simple cases, and
to encourage readers to learn to write their own code, initially just by
modifying the functions given in Appendix A.
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Figure 1.2 Major earthquakes 1900-2006: bar plot of observed counts, and
fitted Poisson distribution.

1.2 Independent mixture models
1.2.1 Definition and properties

Consider again the series of earthquake counts displayed in Figure 1.1.
A standard model for unbounded counts is the Poisson distribution,
with its probability function p(x) = e~*A? /2! and the property that the
variance equals the mean. However, for the earthquakes series the sample
variance, s2 = 52, is much larger than the sample mean, Z ~ 19, which
indicates strong overdispersion relative to the Poisson distribution and
the inappropriateness of that distribution as a model. The lack of fit is
confirmed by Figure 1.2, which displays both a bar plot of the observed
counts and the fitted Poisson distribution.

One method of dealing with overdispersed observations with a bi-
modal or — more generally — multimodal distribution is to use a mix-
ture model. Mixture models are designed to accommodate unobserved
heterogeneity in the population; that is, the population may consist of
unobserved groups, each having a distinct distribution for the observed
variable.

Consider for example the distribution of the number, X, of packets of
cigarettes bought by the customers of a supermarket. The customers can
be divided into groups, e.g. nonsmokers, occasional smokers, and regular
smokers. Now even if the number of packets bought by customers within
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each group were Poisson-distributed, the distribution of X would not be
Poisson; it would be overdispersed relative to the Poisson, and maybe
even multimodal.

Analogously, suppose that each count in the earthquakes series is gen-
erated by one of two Poisson distributions, with means A\; and Ay, where
the choice of mean is determined by some other random mechanism
which we call the parameter process. Suppose also that A is selected
with probability d; and Ao with probability §o = 1 — d;. We shall see
later in this chapter that the variance of the resulting distribution ex-
ceeds the mean by 6;02(A\; — A2)2. If the parameter process is a series of
independent random variables, the counts are also independent; hence
the term ‘independent mixture’.

In general, an independent mixture distribution consists of a finite
number, say m, of component distributions and a ‘mixing distribution’
which selects from these components. The component distributions may
be either discrete or continuous. In the case of two components, the
mixture distribution depends on two probability or density functions:

component 1 2

probability or density function  p;(z) pa(x).
To specify the component, one needs a discrete random variable C' which
performs the mixing:

- 1 with probability d;
~ | 2 with probability 6o =1 — 61.

The structure of that process for the case of two continuous component
distributions is illustrated in Figure 1.3. In that example one can think
of C as the outcome of tossing a coin with probability 0.75 of ‘heads’:
if the outcome is ‘heads’, then C' = 1 and an observation is drawn from
p1; if it is ‘tails’, then C' = 2 and an observation is drawn from ps. We
suppose that we do not know the value C, i.e. which of p; or py was
active when the observation was generated.

The extension to m components is straightforward. Let 01, ..., d,
denote the probabilities assigned to the different components, and let
P1, ..., pm denote their probability or density functions. Let X denote

the random variable which has the mixture distribution. It is easy to
show that the probability or density function of X is given by

px) = > dipi(x).
i=1
For the discrete case this follows immediately from

Pr(X =z) = ZPr(X:x | C =i)Pr(C =1).
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active component component densities observations
compt. 1 compt. 2 3 p1tx) p2(x)
5=0.75 8,=025 , , , , ,
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Figure 1.3 Process structure of a two-component mizture distribution. From
top to bottom, the states are 1,2,1,1,2,1. The corresponding component dis-
tributions are shown in the middle. The observations are generated from the
active component density.

Moreover, the expectation of the mixture can be given in terms of the ex-
pectations of the component distributions. Letting Y; denote the random
variable with probability function p;, we have

E(X)=> Pr(C=i)EX |C=i)=>Y §E(Y).
i=1 =1

The same result holds, of course, for a mixture of continuous distribu-
tions.

More generally, for a mixture the kth moment about the origin is
simply a linear combination of the k th moments of its components Y;:

B(X*) =Y 6By}, k=12....
=1

Note that the analogous result does not hold for central moments. In
particular, the variance of X is not a linear combination of the variances
of its components Y;. Exercise 1 asks the reader to prove that, in the
two-component case, the variance of the mixture is given by

Var(X) = &) Var(Y1) 4 65 Var(Ya) + 6162 (E(Y1) — E(Ya))”.



INDEPENDENT MIXTURE MODELS 9

1.2.2 Parameter estimation

The estimation of the parameters of a mixture distribution is often per-
formed by maximum likelihood (ML). In general, the likelihood of a
mixture model with m components is given, for both discrete and con-
tinuous cases, by

m

L(Ol,... ,Bm,él,. ..,5m ‘ L1y - ,Qj‘n) = HZéZpZ(Z‘],OZ) (11)

j=1i=1
Here 64, ...,0,, are the parameter vectors of the component distribu-
tions, d1, ..., d,, are the mixing parameters, totalling 1, and z1, ..., =,

are the n observations. Thus, in the case of component distributions
each specified by one parameter, 2m — 1 independent parameters have
to be estimated. The maximization of this likelihood is not trivial since
it is not possible to solve the maximization problem analytically. This
will be demonstrated by considering the case of a mixture of Poisson
distributions.

Suppose that m = 2 and the two components are Poisson-distributed
with means A; and A2. Let 07 and 3 be the mixing parameters (with
01 + 62 = 1). The mixture distribution p(x) is then given by

AFe=M s AEe~Az

x! z!

p(x) =6

Since do = 1 — §1, there are only three parameters to be estimated: Aq,
Ao and d;. The likelihood is

n Ti ,— A1 Ti ,— Ao
L(A17>\2a61 ‘1‘17"')%71) - H(61A16+(1—51)A26> .

i QCZ' iy

The analytic maximization of L with respect to A1, A2 and §; would be
awkward, as L is the product of n factors, each of which is a sum. First
taking the logarithm and then differentiating does not greatly simplify
matters, either. Therefore parameter estimation is more conveniently
carried out by numerical maximization of the likelihood (or its loga-
rithm), although the EM algorithm is a commonly used alternative: see
e.g. McLachlan and Peel (2000) or Frithwirth-Schnatter (2006). (We shall
in Chapter 4 discuss the EM algorithm more fully in the context of the
estimation of hidden Markov models.) A useful R package for estimation
in mixture models is flexmix (Leisch, 2004). However, it is straightfor-
ward to write one’s own R code to evaluate, and then maximize, mixture
likelihoods in simple cases. For instance, the following single R expres-
sion will evaluate the log of the likelihood of observations x (as given by
Equation (1.1)) of a mixture of Poisson-distributed components, lambda
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being the vector of means and delta the vector containing the corre-
sponding mixing distribution:
sum(log(outer (x,lambda,dpois)%*%delta)).

This log-likelihood can then be maximized by using (e.g.) the R
function nlm. However, the parameters & and A are constrained by
Yo di=1and (fori=1,...,m)d; >0and \; > 0. It is therefore nec-
essary to reparametrize if one wishes to use an unconstrained optimizer
such as nlm. One possibility is to maximize the likelihood with respect
to the 2m — 1 unconstrained parameters

n=logA;, (i=1,...,m)

0 .
Z:1 T —m < :2,..., .
7; = log (1 S 5j> (7 m)

One recovers the original parameters via

Ni=el, (i=1,...,m),

i

and

0 = eimr
143 €™
and 6 =1 — 27:2 ;. See Exercise 3.

(i=2,...,m),

1.2.8 Unbounded likelithood in mixtures

There is one aspect of mixtures of continuous distributions that differs
from the discrete case and is worth highlighting. It is this: it can happen
that, in the vicinity of certain parameter combinations, the likelihood is
unbounded. For instance, in the case of a mixture of normal distributions,
the likelihood becomes arbitrarily large if one sets a component mean
equal to one of the observations and allows the corresponding variance
to tend to zero. The problem has been extensively discussed in the liter-
ature on mixture models, and there are those who would say that, if the
likelihood is thus unbounded, the maximum likelihood estimates simply
‘do not exist’: see for instance Scholz (2006, p. 4630). The source of the
problem, however, is just the use of densities rather than probabilities
in the likelihood; it would not arise if one were to replace each density
value in the likelihood by the probability of the interval corresponding
to the recorded value. (For example, an observation recorded as ‘12.4’
is associated with the interval [12.35,12.45).) One then replaces the ex-
pression [[5_, >3i%, dipi(z;,0;) for the likelihood — see Equation (1.1)
— by the discrete likelihood

bj
L= HZ(SZ/& pi(x,Oi)dx, (1.2)
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Table 1.2 Poisson independent mizture models fitted to the earthquakes series.
The number of components is m, the mizing probabilities are denoted by d;,
and the component means by \;. The maximized likelihood is L.

model i di Ai —log L ~mean variance

m=1 1 1.000 19.364 391.9189 19.364 19.364

m=2 1 0.676 15.777 360.3690 19.364  46.182
0.324 26.840

m=3 1 0.278 12.736 356.8489 19.364 51.170

2 0.593 19.785
3 0.130 31.629
m=4 1 0.093 10.584 356.7337 19.364 51.638
2 0.354 15.528
3 0.437 20.969
4 0.116 32.079
observations 19.364  51.573

where the interval (a;,b;) consists of precisely those values which, if ob-
served, would be recorded as x;. This simply amounts to acknowledging
explicitly the interval nature of all ‘continuous’ observations. Another
way of avoiding the problem would be to impose a lower bound on the
variances and search for the best local maximum subject to that bound.
It can happen, though, that one is fortunate enough to avoid the likeli-
hood ‘spikes’ when searching for a local maximum; in this respect good
starting values can help.

The problem of unbounded likelihood does not arise for discrete-valued
observations because the likelihood is in that case a probability and
thereby bounded by 0 and 1.

1.2.4 Ezamples of fitted mizture models
Miztures of Poisson distributions

If one uses nlm to fit a mixture of m Poisson distributions (m = 1,
2, 3, 4) to the earthquakes data, one obtains the results displayed in
Table 1.2. Notice, for instance, that the likelihood improvement resulting
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m=1 m=2
0.10 0.10
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Figure 1.4 Farthquakes data: histogram of counts, compared to miztures of 1—/
Poisson distributions.

from the addition of a fourth component is very small, and apparently
insufficient to justify the additional two parameters. Section 6.1 will
discuss the model selection problem in more detail. Figure 1.4 presents
a histogram of the observed counts and the four models fitted. It is clear
that the mixtures fit the observations much better than does a single
Poisson distribution, and visually the three- and four-state models seem
adequate. The better fit of the mixtures is also evident from the means
and variances of the four models as presented in Table 1.2. In computing
the means and variances of the models we have used E(X) = >, 0;\;
and Var(X) = E(X?) — (E(X))?, with E(X?) = >, 6:i(\i + A2). For
comparison we also used the R package flexmix to fit the same four
models. The results corresponded closely except in the case of the four-
component model, where the highest likelihood value found by flexmix
was slightly inferior to that found by nlm.

Note, however, that the above discussion ignores the possibility of
serial dependence in the earthquakes data, a point we shall take up in
Chapter 2.
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Table 1.3 Data of Hastie et al. (2001), plus two mizture models. The first
model was fitted by direct numerical mazimization in R, the second is the
model fitted by EM by Hastie et al.

-0.39 0.12 094 167 1.76 244 3.72 428 492 5.53
0.06 048 1.01 1.68 1.80 3.25 4.12 4.60 528 6.22

) 0i i o2 —log L

—_

0.5546 4.656 0.8188 38.9134

2 04454 1.083 0.8114
1 0546 462 087
9 0454 1.06 08 (38:924)

Mixtures of normal distributions

As a very simple example of the fitting of an independent mixture of
normal distributions, consider the data presented in Table 8.1 of Hastie,
Tibshirani and Friedman (2001, p. 237); see our Table 1.3. Hastie et al.
use the EM algorithm to fit a mixture model with two normal compo-
nents.

Our two-component model, fitted by direct numerical maximization of
the log-likelihood in R, has log-likelihood —38.9134, and is also displayed
in Table 1.3. (Here we use as the likelihood the joint density of the
observations, not the discrete likelihood.) The parameter estimates are
close to those quoted by Hastie et al., but not identical, and by our
computations their model produces a log-likelihood of approximately
—38.924, i.e. marginally inferior to that of our model.

As a second example of the fitting of an independent mixture of nor-
mal distributions we now consider the durations series relating to the
much-studied ‘Old Faithful’ geyser. We shall say more about this and a
related series in Chapter 10, in particular as regards serial dependence,
but for the moment we ignore such dependence and describe only the
independent mixture model for the durations of eruptions. This example
provides an illustration of what can go wrong if one seeks to maximize
the joint density, and demonstrates how the technique of replacing ‘con-
tinuous’ observations by intervals is very flexible and can cope quite
generally with interval censoring.

The series we consider here is taken from Azzalini and Bowman (1990),
299 observations of the durations of successive eruptions of the geyser,
recorded to the nearest second except that some of the observations
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Table 1.4 Normal independent mixture models fitted to the Old Faithful dura-
tions series by maximizing the discrete likelihood. The number of components
is m, the mizing probabilities are denoted by d;, and the component means and
standard deviations by p; and o;. The mazximized likelihood is L.

model ¢ s i i —log L

m=2 1 0354 1.981 0.311 1230.920
0.646 4.356 0.401

m=3 1 0277 1890 0.134 1203.872

2 0116 2.722 0.747
3 0.607 4.405 0.347
m=4 1 0272 1889 0.132 1203.636
2 0.104 2.532 0.654
3 0306 4.321 0.429
4 0.318 4.449 0.282

were identified only as short (S), medium (M) or long (L); the accu-
rately recorded durations range from 0:50 (minutes:seconds) to 5:27.
There were in all 20 short eruptions, 2 medium and 47 long. For certain
purposes Azzalini and Bowman represented the codes S, M, L by dura-
tions of 2, 3, and 4 minutes’ length, and that is the form in which the
data have been made available in the R package MASS; we refer to those
data as being in the MASS form.

When Azzalini and Bowman dichotomize the series, they do so at 3
minutes. We therefore treat S as lying below 3:00 (minutes:seconds), L as
lying above 3:00, and M, somewhat arbitrarily, as lying between 2:30 and
3:30. In the model to be discussed in Section 10.4 it will be convenient
to set a finite upper limit to the long durations; both there and here
we take ‘above 3’ to mean ‘between 3 and 20°. We evaluate the discrete
likelihood by using Equation (1.2), with the interval (a;,b;) equal to (0,
3), (2.50, 3.50) and (3, 20) for S, M and L respectively, and otherwise
equal to the observation + % second.

Table 1.4 displays the three models that were fitted by using nlm
to maximize the discrete log-likelihood, and Figure 1.5 compares them
(for m = 2 and 3 only) with those fitted by maximizing the continuous
likelihood of the data in the MASS form (where by ‘continuous likelihood’
we mean the joint density). The attempt to fit a four-component model
by using nlm to maximize the continuous (log-) likelihood failed in that
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Figure 1.5 Old Faithful durations: histogram of observations (with S,M,L re-
placed by 2, 3, 4), compared to independent miztures of 2—4 normal distribu-
tions. Thick lines (only for m = 2 and 3): p.d.f. of model based on continuous
likelihood. Thin lines (all cases): p.d.f. of model based on discrete likelihood.

it terminated at a very high likelihood value, with one of the components
being normal with mean 4.000 and standard deviation 1.2 x 1076, This
is an example of the phenomenon of unbounded likelihood described in
Section 1.2.3, and demonstrates the value of using the discrete likelihood
rather than the continuous.

1.3 Markov chains

We now introduce Markov chains, a second building-block of hidden Mar-
kov models. Our treatment is restricted to those few aspects of discrete-
time Markov chains that we need. Thus, although we shall make passing
reference to properties such as irreducibility and aperiodicity, we shall
not dwell on such technical issues. For an excellent general account of the
topic, see Grimmett and Stirzaker (2001, Chapter 6), or Feller’s classic
text (Feller, 1968).
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1.3.1 Definitions and example

A sequence of discrete random variables {C; : t € N} is said to be a
(discrete-time) Markov chain (MC) if for all ¢ € N it satisfies the
Markov property

PI'(Ct+1 | Ct, ey Cl) = Pr(Ct+1 | Ct)

That is, conditioning on the ‘history’ of the process up to time ¢ is equiv-
alent to conditioning only on the most recent value Cy. For compactness
we define C® as the history (Cy,Co, ..., C}), in which case the Markov
property can be written as

Pr(Cyp1 | C®) = Pr(Ciyy | Cy).

The Markov property can be regarded as a ‘first relaxation’ of the as-
sumption of independence. The random variables {C;} are dependent
in a specific way that is mathematically convenient, as displayed in the
following directed graph in which the past and the future are dependent
only through the present.

Important quantities associated with a Markov chain are the condi-
tional probabilities called transition probabilities:

PI'(CS+t :j | CS = Z)

If these probabilities do not depend on s, the Markov chain is called
homogeneous, otherwise nonhomogeneous. Unless there is an explicit
indication to the contrary we shall assume that the Markov chain under
discussion is homogeneous, in which case the transition probabilities will
be denoted by
7 (t) = Pr(Cote = j | Cs = 9).

Notice that the notation +;;(t) does not involve s. The matrix I'(¢) is
defined as the matrix with (¢, j) element ~;;(¢).

An important property of all finite state-space homogeneous Markov
chains is that they satisfy the Chapman—Kolmogorov equations:

T(t+u) =T()T(u).

The proof requires only the definition of conditional probability and the
application of the Markov property: this is Exercise 9. The Chapman—
Kolmogorov equations imply that, for all ¢t € N,

[(t) = T(1)"
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i.e. the matrix of ¢-step transition probabilities is the ¢ th power of I'(1),
the matrix of one-step transition probabilities. The matrix I'(1), which
will be abbreviated as I, is a square matrix of probabilities with row
sums equal to 1:

Yir ot Vim

TYm1 TYmm

where (throughout this text) m denotes the number of states of the
Markov chain. The statement that the row sums are equal to 1 can be
written as I'1’ = 1’; that is, the column vector 1’ is a right eigenvector of
I" and corresponds to eigenvalue 1. We shall refer to I" as the (one-step)
transition probability matrix (t.p.m.). Many authors use instead
the term ‘transition matrix’; we avoid that term because of possible
confusion with a matrix of transition counts.

The unconditional probabilities Pr(C; = j) of a Markov chain
being in a given state at a given time t are often of interest. We denote
these by the row vector

u(t) = (Pr(Cy = 1),...,Pr(C; =m)), teN.

We refer to u(1) as the initial distribution of the Markov chain. To
deduce the distribution at time ¢ + 1 from that at ¢t we postmultiply by
the transition probability matrix I':

u(t+1) =u(®)T. (1.3)
The proof of this statement is left as an exercise.
Example: Imagine that the sequence of rainy and sunny days is such

that each day’s weather depends only on the previous day’s, and the
transition probabilities are given by the following table.

day t+1

day t rainy sunny

rainy 0.9 0.1
sunny 0.6 0.4

That is: if today is rainy, the probability that tomorrow will be rainy
is 0.9; if today is sunny, that probability is 0.6. The weather is then a
two-state homogeneous Markov chain, with t.p.m. I" given by

0.9 0.1
r = (0.6 o.4>'
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Now suppose that today (time 1) is a sunny day. This means that the
distribution of today’s weather is

u(1) = (Pr(Cy =1),Pr(C1 = 2)) = (0,1).

The distribution of the weather of tomorrow, the day after tomorrow,
and so on, can be calculated by repeatedly postmultiplying u(1) by T,
the t.p.m.:

u2) = (Pr(Cp=1),Pr(Cy=2))=
u@3) = (Pr(C3=1),Pr(C3 =2)) =

(DT = (0.6,0.4),
(2)T = (0.78,0.22), etc.

1.3.2 Stationary distributions

A Markov chain with transition probability matrix T' is said to have
stationary distribution § (a row vector with nonnegative elements)
if T = § and 61’ = 1. The first of these requirements expresses the
stationarity, the second is the requirement that ¢ is indeed a probability
distribution.

For instance, the Markov chain with t.p.m. given by

1/3 1/3 1/3
r=|{23 0o 1/3
1/2 1/2 0

has as stationary distribution & = 55(15,9,8).

Since u(t + 1) = u(¢)T', a Markov chain started from its stationary
distribution will continue to have that distribution at all subsequent time
points, and we shall refer to such a process as a stationary Markov
chain. It is perhaps worth stating that this assumes more than merely
homogeneity; homogeneity alone would not be sufficient to render the
Markov chain a stationary process, and we prefer to reserve the adjective
‘stationary’ for homogeneous Markov chains that have the additional
property that the initial distribution u(1) is the stationary distribution.
Not all authors use this terminology, however: see e.g. McLachlan and
Peel (2000, p. 328), who use the word ‘stationary’ of a Markov chain
where we would say ‘homogeneous’.

An irreducible (homogeneous, discrete-time, finite state-space) Mar-
kov chain has a unique, strictly positive, stationary distribution. Note
that although the technical assumption of irreducibility is needed for
this conclusion, aperiodicity is not: see Grimmett and Stirzaker (2001),
Lemma 6.3.5 on p. 225 and Theorem 6.4.3 on p. 227.

A general result that can conveniently be used to compute a stationary
distribution (see Exercise 8(a)) is as follows. The vector § with nonnega-
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tive elements is a stationary distribution of the Markov chain with t.p.m.
T if and only if

6I,-T+1U) =1,

where 1 is a row vector of ones, I,, is the m x m identity matrix, and
U is the m x m matrix of ones. Alternatively, a stationary distribution
can be found by deleting one of the equations in the system 6T' = § and
replacing it by >, 9, = 1.

1.3.3 Reversibility

A property of Markov chains (and other random processes) that is some-
times of interest is reversibility. A random process is said to be re-
versible if its finite-dimensional distributions are invariant under rever-
sal of time. In the case of a stationary irreducible Markov chain with
t.p.m. I" and stationary distribution 6, it is necessary and sufficient for
reversibility that the ‘detailed balance conditions’
0ivij = 054

be satisfied for all states ¢ and j (Kelly, 1979, p. 5). These conditions are
trivially satisfied by all two-state stationary irreducible Markov chains,
which are thereby reversible. The Markov chain in the example in Section
1.3.2 is not reversible, however, because d1y12 = é—g X % = 3% but doy21 =
% X % = 3—62. Exercise 8 in Chapter 2 and Exercise 8 in Chapter 9 present
some results and examples concerning reversibility in HMMs.

1.8.4 Autocorrelation function

We shall have occasion (e.g. in Sections 10.2.1 and 13.1.1) to compare
the autocorrelation function (ACF) of a hidden Markov model with that
of a Markov chain. We therefore discuss the latter now. We assume of
course that the states of the Markov chain are quantitative and not
merely categorical. The ACF of a Markov chain {C;} on {1, 2, ..., m},
assumed stationary and irreducible, may be obtained as follows.

Firstly, defining v = (1,2,...,m) and V = diag(1,2,...,m), we have,
for all nonnegative integers k,

Cov(Cy, Cryy) = SVIFY — (V') (1.4)
the proof is Exercise 10. Secondly, if T' is diagonalizable, and its eigen-
values (other than 1) are denoted by ws, ws, ..., Wpy, then T’ can be
written as

r=uqQu-!,

where €2 is diag(1, wa, ws, . . ., w;,) and the columns of U are correspond-
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ing right eigenvectors of I'. We then have, for nonnegative integers k,

Cov(Cy,Ciyy) = 6VUQFUV — (6v/)?
= aﬂkb’—albl

m

k

= E aibiwiv
i=2

where a = §VU and b’ = U~!v/. Hence Var(Cy) = Y., a;b; and, for
nonnegative integers k,

p(k) = Corr(Cy, Cryr) Zalbw /Zai ;- (1.5)

This is a weighted average of the kth powers of the eigenvalues wsy, ws,

., Wm, and somewhat similar to the ACF of a Gaussian autoregressive
process of order m — 1. Note that Equation (1.5) implies in the case
m = 2 that p(k) = p(1)* for all nonnegative integers k, and that p(1) is
the eigenvalue other than 1 of T'.

1.3.5 Estimating transition probabilities

If we are given a realization of a Markov chain, and wish to estimate the
transition probabilities, one approach — but not the only one — is to
find the transition counts and estimate the transition probabilities from
them in an obvious way. For instance, if the MC has three states and
the observed sequence is

2332111112 3132332122 3232332222 3132332212 3232132232
3132332223 3232331232 3232331222 3232132123 3132332121,

then the matrix of transition counts is

4 7 6
(fis)=1 8 10 24 |,
6 24 10

where f;; denotes the number of transitions observed from state i to
state j. Since the number of transitions from state 2 to state 3 is 24,
and the total number of transitions from state 2 is 8+104-24, a plausible
estimate of o3 is 24/42. The t.p.m. T is therefore plausibly estimated
by

4/17  7/17  6/17

8/42 10/42 24/42

6/40 24/40 10/40

We shall now show that this is in fact the conditional maximum likeli-
hood estimate of I', conditioned on the first observation.
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Suppose, then, that we wish to estimate the m? —m parameters vij (15
j) of an m-state Markov chain {C}} from a realization ¢y, cg, ..., cpr. The
likelihood conditioned on the first observation is

L=IT1I~
i=1j=1
The log-likelihood is
m m

> fijlogvig | =Y 1 (say),
1=1

1 \j=1

l:

K2

and we can maximize | by maximizing each [; separately. Substituting
1- Zk# Yir for 7, differentiating [; with respect to an off-diagonal
transition probability v;;, and equating the derivative to zero yields

P +&——&+f#.

=ik Y i Vi
Hence, unless a denominator is zero in the above equation, fi;vii = fiivij,
and so v E;”:l fij = fii- This implies that, at a (local) maximum of
the likelihood,

VYii = fii/Zfij and vy = fijvii/ fi = fij/Zfij-
Jj=1 j=1

(We could instead use Lagrange multipliers to express the constraints
Z;nzl vi; = 1 subject to which we seek to maximize the terms I/; and
therefore the likelihood: see Exercise 11.)

The estimator 4;; = fij/ Y pey fit (4,7 = 1,...,m) — which is just
the empirical transition probability — is thereby seen to be a conditional
maximum likelihood estimator of +;;. Note also that this estimator of I'
satisfies the requirement that the row sums should be equal to 1.

The assumption of stationarity of the Markov chain was not used in
the above derivation. If we are prepared to assume stationarity, we may
use the unconditional likelihood. This is the conditional likelihood as
above, multiplied by the stationary probability d.,. The unconditional
likelihood or its logarithm may then be maximized numerically, subject
to nonnegativity and row-sum constraints, in order to estimate the tran-
sition probabilities v;;. Bisgaard and Travis (1991) show in the case of a
two-state Markov chain that, barring some extreme cases, the uncondi-
tional likelihood equations have a unique solution. For some nontrivial
special cases of the two-state chain, they also derive explicit expressions
for the unconditional MLEs of the transition probabilities. Since we use
this result later (in Section 10.2.1), we state it here.



22 PRELIMINARIES: MIXTURES AND MARKOV CHAINS

Suppose the Markov chain {C;} takes the values 0 and 1, and that
we wish to estimate the transition probabilities v;; from a sequence of
observations in which there are f;; transitions from state 7 to state j
(i,7 =0,1), but foo = 0. So in the observations a zero is always followed
by a one. Define ¢ = f19+ (1 —¢1) and d = f11. Then the unconditional
MLEs of the transition probabilities are given by

=

—(14+d)+ (1 +d)? +4c(c+d—1))
2(c+d—1)

Yo =1 and H10= (1.6)

1.3.6 Higher-order Markov chains

This section is somewhat specialized, and the material is used only in
Section 8.3 and parts of Sections 10.2.2 and 12.2.2. It will therefore not
interrupt the continuity greatly if the reader should initially omit this
section.

In cases where observations on a process with finite state-space appear
not to satisfy the Markov property, one possibility that suggests itself
is to use a higher-order Markov chain, i.e. a model {C;} satisfying the
following generalization of the Markov property for some [ > 2:

Pr(Cy | Ci-1,Ci—2,...) = Pr(Cy | Ci—1,...,Ciy).

An account of such higher-order Markov chains may be found, for in-
stance, in Lloyd (1980, Section 19.9). Although such a model is not in
the usual sense a Markov chain, i.e. not a ‘first-order’ Markov chain, we
can redefine the model in such a way as to produce an equivalent process
which is. If we let Y; = (Ci—i41,Ci—i42,...,Ct), then {Y,} is a first-
order Markov chain on M!, where M is the state space of {C;}. Although
some properties may be more awkward to establish, no essentially new
theory is therefore involved in analysing a higher-order Markov chain
rather than a first-order one.

A second-order Markov chain, if stationary, is characterized by the
transition probabilities

'Y(i,j, k) = P(Ct =k ‘ thl :j7ct72 = Z)?
and has stationary bivariate distribution u(j, k) = P(Ci—1 = 5,0y = k)
satisfying

m

u(y, k) = Zu(i,j)’y(i,j, k) and Z Zu(j, k) =1.

i=1 j=1k=1

For example, the most general stationary second-order Markov chain
{C;} on the two states 1 and 2 is characterized by the following four
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transition probabilities:

a = PI‘(Ot:2 | Ct_1:17ct—2:1)7

b = PrCi=1]Cr1=2,Cr2=2),

¢ = Pr(Ci=1|Ci_1=2,Ct_o=1),

d = PI‘(Ct:2 | C’t_lzl,Ct_2:2).
The process {Y:} = {(Ci¢—1,C:)} is then a first-order Markov chain,

on the four states (1,1), (1,2), (2,1), (2,2), with transition probability
matrix

l1—a a 0 0
0 0 ¢ 1—c¢
1—=d d 0 0 (1.7)

0 0 b 1-b

Notice the structural zeros appearing in this matrix. It is not possible,
for instance, to make a transition directly from (2,1) to (2,2); hence the
zero in row 3 and column 4 in the t.p.m. (1.7). The parameters a, b,
c and d are bounded by 0 and 1 but are otherwise unconstrained. The
stationary distribution of {Y;} is proportional to the vector

(b(1 — d), ab, ab,a(1 - c)),

from which it follows that the matrix (u(j,k)) of stationary bivariate
probabilities for {C}} is

1 ( b(1—d) ab >
b(l—d)+2ab+a(l —c) ab a(l—c) )~

Of course the use of a general higher-order Markov chain (instead
of a first-order one) increases the number of parameters of the model;
a general Markov chain of order | on m states has m!(m — 1) indepen-
dent transition probabilities. Pegram (1980) and Raftery (1985a,b) have
therefore proposed certain classes of parsimonious models for higher-
order chains. Pegram’s models have m + [ — 1 parameters, and those of
Raftery m(m — 1) +1 — 1. For m = 2 the models are equivalent, but
for m > 2 those of Raftery are more general and can represent a wider
range of dependence patterns and autocorrelation structures. In both
cases an increase of one in the order of the Markov chain requires only
one additional parameter.

Raftery’s models, which he terms ‘mixture transition distribution’
(MTD) models, are defined as follows. The process {C;} takes values
in M ={1,2,...,m} and satisfies

l
Pr(Cy=jo | Coor=41, -, Coor=41) = »_ Niq(ji, jo), (1.8)
1=1
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where Zézl A = 1, and Q = (¢q(4,k)) is an m x m matrix with non-
negative entries and row sums equal to one, such that the right-hand
side of Equation (1.8) is bounded by zero and one for all jo, ji, ...,
ji € M. This last requirement, which generates m!*! pairs of nonlinear
constraints on the parameters, ensures that the conditional probabilities
in Equation (1.8) are indeed probabilities, and the condition on the row
sums of Q ensures that the sum over jj of these conditional probabilities
is one. Note that Raftery does not assume that the parameters A\; are
nonnegative.

A variety of applications are presented by Raftery (1985a) and by
Raftery and Tavaré (1994). In several of the fitted models there are
negative estimates of some of the coefficients \;. For further accounts of
this class of models, see Haney (1993), Berchtold (2001), and Berchtold
and Raftery (2002).

Azzalini and Bowman (1990) report the fitting of a second-order Mar-
kov chain model to the binary series they use to represent the lengths of
successive eruptions of the Old Faithful geyser. Their analysis, and some
alternative models, will be discussed in Chapter 10.

Exercises

1. Let X be a random variable which is distributed as a d1, Jo-mixture
of two distributions with expectations p1, o, and variances o? and
o2, respectively, where §; + d, = 1.

(a) Show that Var(X) = 6107 + d203 + §102(p1 — p2)?.

(b) Show that a (nontrivial) mixture X of two Poisson distributions
with distinct means is overdispersed, that is Var(X) > E(X).

(¢) Generalize part (b) to a mixture of m > 2 Poisson distributions.

2. A zero-inflated Poisson distribution is sometimes used as a model for
unbounded counts displaying overdispersion relative to the Poisson.
Such a model is a mixture of two distributions: one is a Poisson and
the other is identically zero.

(a) Is it ever possible for such a model to display underdispersion?

(b) Now consider the zero-inflated binomial. Is it possible in such a
model that the variance is less than the mean?

3. Write an R function to minimize minus the log-likelihood of a Poisson
mixture model with m components, using the nonlinear minimizer
nlm.

Hint: first write a function to transform the parameters 6 and A into

the unconstrained parameters 7 and 1 defined on p. 10. You will also
need a function to reverse the transformation.
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4. Counsider the following data, which appear in Lange (1995, 2002,
2004). (There they are quoted from Titterington, Smith and Makov
(1985) and Hasselblad (1969), but the trail leads back via Schilling
(1947) to Whitaker (1914), where in all eight similar datasets appear
as Table XV on p. 67.)

Here n; denotes the number of days in 1910-1912 on which there ap-
peared, in The Times of London, i death notices in respect of women
aged 80 or over at death.

1 0 1 2 3 4 5 6 7 8 9
n; 162 267 271 18 111 61 27 8 3 1

(a) Use nlmor optim in R to fit a mixture of two Poisson distributions
to these observations. (The parameter estimates reported by Lange
(2002, p. 36; 2004, p. 151) are, in our notation: 6; = 0.3599, \; =
1.2561 and Ay = 2.6634.)

(b) Fit also a single Poisson distribution to these data. Is a single
Poisson distribution adequate as a model?

(¢) Fit a mixture of three Poisson distributions to these observations.

(d) How many components do you think are necessary?

(e) Repeat (a)—(d) for some of the other seven datasets of Whitaker.

5. Consider the series of weekly sales (in integer units) of a particu-
lar soap product in a supermarket, as shown in Table 1.5. The data
are taken from a database provided by the Kilts Center for Mar-
keting, Graduate School of Business of the University of Chicago,
at: http://gsbwww.uchicago.edu/kilts/research/db/dominicks.
(The product is ‘Zest White Water 15 oz.”, with code 3700031165.)

Fit Poisson mixture models with one, two, three and four components.
How many components do you think are necessary?

6. Consider a stationary two-state Markov chain with transition proba-
bility matrix given by
r—|( "1 M2\
Y21 V22
(a) Show that the stationary distribution is

1
01,09) = ——— , .
(91,02) Y12 + Y21 (21,712

0.9 0.1
= ( 0.2 0.8 )

(b) Consider the case


http://gsbwww.uchicago.edu
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Table 1.5 Weekly sales of the soap product; to be read across rows.

1 6 91814 8 8 1 673 3 13 4128 108 2
1715 7122210 4 7 502 5 34 4 75 61 3
4 5 3 7 3 0 4 5 334 4 44 4 35 55 7
4 0 4 3 2 6 3 8 963 4 33 3 32 14 5
5 2 7 5 2 3 1 3 468 8 57 2 42 7415
1512 212013 9 8 01398 0 62 0 32 44 6
325 5 3 2 1 1 312 6 27 3 24 15 6
8§ 14 5 3 6 511 4 599 7 98 3 48 63 5
6 3 1 7 4 9 2 6 646 6137 4 86 44 4
9 2 9 2 2 21313 451 4 65 4 23106 15
5 9 9 7 4 4 2 4 23815 00 3 43 47 5
7 6 0 6 414 5 1 655 4 9414 22 15 2
6 4

and the following two sequences of observations that are assumed
to be generated by the above Markov chain.

Sequence 1: 1 1 1 2 2 1
Sequence2: 2 1 1 2 1 1

Compute the probability of each of the sequences. Note that each
sequence contains the same number of ones and twos. Why are
these sequences not equally probable?

7. Consider a stationary two-state Markov chain with transition proba-
bility matrix given by
T = Y11 712
Yor V22 )

Show that the k-step transition probability matrix, i.e. T'*, is given

by
k[ 01 02 g 02 =0
v (5 n )% W)

where w = 1 — 15 — 721 and é; and Jo are as defined in Exercise
6. (Hint: One way of showing this is to diagonalize the transition
probability matrix. But there is a quicker way.)

8.(a) This is one of several possible approaches to finding the station-
ary distribution of a Markov chain; plundered from Grimmett and
Stirzaker (2001), Exercise 6.6.5.

Suppose I is the transition probability matrix of a (discrete-time,
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homogeneous) Markov chain on m states, and that § is a nonneg-
ative row vector with m components. Show that § is a stationary
distribution of the Markov chain if and only if

6(I,-T+U)=1,
where 1 is a row vector of ones, and U is an m X m matrix of ones.

(b) Write an R function statdist (gamma) that computes the station-
ary distribution of the Markov chain with t.p.m. gamma.

(¢) Use your function to find stationary distributions corresponding to
the following transition probability matrices. One of them should
cause a problem!

0.7 02 0.1
i 0 06 04
05 0 05
010
i. | 3 0 2
010
0 05 0 05
075 0 025 0

"o 075 000 025

0.25 0.25 0.25 0.25
025 025 05 O

1o 0o 02 075
0 0 05 05
1 0 0 0

Lo 0 050

o 07 0 02
0o 0 0 1

9. Prove the Chapman—Kolmogorov equations.

10. Prove Equation (1.4).

11. Let the quantities a;, be nonnegative, with >, a; > 0. Using a La-
grange multiplier, maximize S = Y.\, a;logd; over §; > 0, subject
to Y, 0; = 1. (Check the second- as well as the first-derivative condi-
tion.)

12. (This is based on Example 2 of Bisgaard and Travis (1991).) Consider
the following sequence of 21 observations, assumed to arise from a
two-state (homogeneous) Markov chain:

11101 10111 10110 11111 1.
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(a) Estimate the transition probability matrix by ML (maximum like-
lihood) conditional on the first observation.

(b) Estimate the t.p.m. by unconditional ML (assuming stationarity
of the Markov chain).

(¢) Use the R functions contour and persp to produce contour and
perspective plots of the unconditional log-likelihood (as a function
of the two off-diagonal transition probabilities).

13. Consider the following two transition probability matrices, neither of
which is diagonalizable:

(a)

1/3 1/3 1/3
2/3 0 1/3 |;
1/2 1/2 0

r

0.9 0.08 0 0.02
0 07 02 01
0 0 07 03
0 0 0 1

T =

In each case, write I in Jordan canonical form, and so find an explicit
expression for the t-step transition probabilities (t =1, 2, ...).

14. Consider the following (very) short DNA sequence, taken from Singh
(2003, p. 358):

AACGT CTCTA TCATG CCAGG ATCTG
Fit a homogeneous Markov chain to these data by

(a) maximizing the likelihood conditioned on the first observation;

(b) assuming stationarity and maximizing the unconditional likelihood
of all 25 observations.

Compare your estimates of the t.p.m. with each other and with the
estimate displayed in Table 1 of Singh (p. 360).

15. Write an R function rMC(n,m,gamma,delta=NULL) that generates a
series of length n from an m-state Markov chain with t.p.m. gamma. If
the initial state distribution is given, then it should be used; otherwise
the stationary distribution should be used as the initial distribution.
(Use your function statdist from Exercise 8(b).)



CHAPTER 2

Hidden Markov models: definition
and properties

2.1 A simple hidden Markov model

Consider again the observed earthquake series displayed in Figure 1.1 on
p- 4. The observations are unbounded counts, making the Poisson distri-
bution a natural choice to describe them. However, the sample variance
of the observations is substantially greater than the sample mean, indi-
cating overdispersion relative to the Poisson. In Exercise 1 of Chapter
1 we saw that one can accommodate overdispersion by using a mixture
model, specifically a mixture of Poisson distributions for this series.

We suppose that each count is generated by one of m Poisson distri-
butions, with means A1, g, ..., Ay, where the choice of mean is made
by a second random mechanism, the parameter process. The mean \;
is selected with probability &;, where ¢ =1, 2, ..., m and ) .~ §; = 1.
The variance of the mixture model is greater than its expectation, which
takes care of the problem of overdispersion.

An independent mixture model will not do for the earthquake series
because — by definition — it does not allow for the serial dependence
in the observations. The sample autocorrelation function, displayed in

|1
0.0 | 1 1 1
T

T T T
1 12 13 14 15

Figure 2.1 FEarthquakes series: sample autocorrelation function (ACF).

29
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Figure 2.1, gives a clear indication that the observations are serially de-
pendent. One way of allowing for serial dependence in the observations
is to relax the assumption that the parameter process is serially indepen-
dent. A simple and mathematically convenient way to do so is to assume
that it is a Markov chain. The resulting model for the observations is
called a Poisson—hidden Markov model, a simple example of the class of
models discussed in the rest of this book, namely hidden Markov models
(HMMs).

We shall not give an account here of the (interesting) history of such
models, but two valuable sources of information on HMMs that go far
beyond the scope of this book, and include accounts of the history, are
Ephraim and Merhav (2002) and Cappé, Moulines and Rydén (2005).

2.2 The basics
2.2.1 Definition and notation

® & & ®

G &) &) H )

Figure 2.2 Directed graph of basic HMM.

A hidden Markov model {X; : ¢ € N} is a particular kind of
dependent mixture. With X(*) and C®) representing the histories from
time 1 to time ¢, one can summarize the simplest model of this kind by:

Pr(Cy | CD) =Pr(Cy | Cy1), t=2,3,... (2.1)
Pr(X,; | X® Y c®)=Pr(X, | C)), t € N. (2.2)

The model consists of two parts: firstly, an unobserved ‘parameter pro-
cess’ {Cy : t = 1,2,... } satisfying the Markov property, and secondly
the ‘state-dependent process’ {X; :t =1,2,... } such that, when C; is
known, the distribution of X; depends only on the current state C; and
not on previous states or observations. This structure is represented by
the directed graph in Figure 2.2. If the Markov chain {C;} has m states,
we call {X;} an m-state HMM. Although it is the usual terminology in
speech-processing applications, the name ‘hidden Markov model’ is by
no means the only one used for such models or similar ones. For instance,
Ephraim and Merhav (2002) argue for ‘hidden Markov process’, Leroux
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and Puterman (1992) use ‘Markov-dependent mixture’, and others use
‘Markov-switching model’ (especially for models with extra dependencies
at the level of the observations X;), ‘models subject to Markov regime’,
or ‘Markov mixture model’.

Markov chain state—dependent distribution observations
state1  state 2 3 p1tx) p2(Xx)

5,=0.75 8,=0.25 , , , , :
0 10 20 30 40

(o] o i ; 31.1
y loj 0 10 20 30 40

o (o] 3 . 16.3
O'gl N 0 10 20 30 40

o (o] i | 104
O'QL N 0 10 20 30 40

o (o] i . 14.8
O'Ql N 0 10 20 30 40

(o] o i ) 26.2
o [or R R

[ ] (o] i ) 19.7

0 10 20 30 40

Figure 2.3 Process generating the observations in a two-state HMM. The chain
followed the path 2,1,1,1,2,1, as indicated on the left. The corresponding state-
dependent distributions are shown in the middle. The observations are gener-
ated from the corresponding active distributions.

The process generating the observations is demonstrated again in Fig-
ure 2.3, for state-dependent distributions p; and ps, stationary distribu-

. 09 0.1
tion § = (0.75,0.25), and t.pm. T' = {0 '

case of an independent mixture, here the distribution of C, the state at
time ¢, does depend on C;_;. As is also true of independent mixtures,
there is for each state a different distribution, discrete or continuous.

We now introduce some notation which will cover both discrete- and
continuous-valued observations. In the case of discrete observations we
define, for : = 1,2,...,m,

pz(l") = Pr(Xt =x | C, = ’L)

. In contrast to the

That is, p; is the probability mass function of X; if the Markov chain
is in state ¢ at time t. The continuous case is treated similarly: there
we define p; to be the probability density function of X; if the Markov
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chain is in state ¢ at time ¢t. We refer to the m distributions p; as the
state-dependent distributions of the model. Many of our results are
stated only in the discrete form, but, if probabilities are interpreted as
densities, apply also to the continuous case.

2.2.2 Marginal distributions

We shall often need the distribution of X; and also higher-order marginal
distributions, such as that of (X;, X;x). We shall derive the results for
the case in which the Markov chain is homogeneous but not necessarily
stationary, and then give them as well for the special case in which the
Markov chain is stationary. For convenience the derivation is given only
for discrete state-dependent distributions; the continuous case can be
derived analogously.

Univariate distributions
For discrete-valued observations Xy, defining w;(t) = Pr(C; = i) for

t=1,..., T, we have

> Pr(Cy = i) Pr(Xy =2 | C; = i)

i=1

= Z u;i (t)pi(z).
i=1

hU
=
s
I
=
I

This expression can conveniently be rewritten in matrix notation:
p1(x) 0 1
Pr(X;=z) = (w(t),...,um(t)) - :
0 Pm(x) 1
= u(t)P(x)1,
where P(z) is defined as the diagonal matrix with ¢ th diagonal element

pi(z). Tt follows from Equation (1.3) that u(t) = u(1)I'*"!, and hence
that

Pr(X; =) = u(l)I"'P(x)1". (2.3)

Equation (2.3) holds if the Markov chain is merely homogeneous, and
not necessarily stationary. If, as we shall often assume, the Markov chain
is stationary, with stationary distribution §, then the result is simpler:
in that case 6T'*~! = § for all t € N, and so

Pr(X;=2) = 4&P(z)1. (2.4)
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Bivariate distributions
The calculation of many of the distributions relating to an HMM is most

easily done by first noting that, in any directed graphical model, the joint
distribution of a set of random variables V; is given by

Pr(Vi, V..., Vo) = [[ Pr(Vi | pa(Vi)), (2.5)
i=1
where pa(V;) denotes all the ‘parents’ of V; in the set Vi, Vo, ..., V,,; see

e.g. Davison (2003, p. 250) or Jordan (2004).

Examining the directed graph of the four random variables Xy, X;4,
Cy, Ciyg, for positive integer k, we see that pa(Cy) is empty, pa(X;) =
{C:}, pa(Ciyr) = {C:} and pa(Xipx) = {Crir}- It therefore follows
that

PI‘(Xt, Xt+k7 Ct, Ct+k) = PI’(Ct) PI'(Xt|Ct) PI‘(Ct+k|Ct) Pr(Xt+k|Ct+k),
and hence that

PI'(Xt = ’U,Xt+k = U})

= ZZPT(Xt =0, Xeyr = w,Cy = 1,Cipp = j)
i=1 =1

= Y ) Pr(Cr =) pi(v) Pr(Cepx = j | Cr = i) pj(w)
i=1 j=1

w; (t) Yij(k)

= ) wi(t)pi(v)yi; (k)p; (w).
i=1 j=1

Writing the above double sum as a product of matrices yields
Pr(X;, =v, X =w) = u(t)P)I*P(w)l. (2.6)
If the Markov chain is stationary, this reduces to
Pr(X; =v,X;p=w) = O6P)I*P(w)l’. (2.7)
Similarly one can obtain expressions for the higher-order marginal distri-
butions; in the stationary case, the formula for a trivariate distribution

is, for positive integers k and [,

Pr(X; = v, Xip = w, Xeipy1 = 2) = 6P (0)TFP(w)T'P(2)1'.
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2.2.8 Moments

First we note that

E(X ZEXt|C’t_z)PrC’t—z Zuz E(X; | Cy =),

=1

which, in the stationary case, reduces to

BE(Xy) =Y §B(X: | C =1).
i=1
More generally, analogous results hold for E(¢(X})) and E(g(X;, Xt4)),
for any functions g for which the relevant state-dependent expectations
exist. In the stationary case

E(g9(Xy)) = Z 5:;E(g(X:) | Cr = 1); (2.8)
and

m

E(g(X¢, Xt41)) Z 9(Xe, Xevr) | Cr =1, Copp = j) 6iyi5(k), (2.9)

where v;;(k) = (T*);;, for k € N. Often we shall be interested in a
function g which factorizes as g(X¢, Xtyr) = 91(Xt)g2(Xe4x), in which
case Equation (2.9) becomes

m
E(9(Xt, Xevn)) = Y Blg1(Xe) | Co=0) B(g2(Xi41) | Copr=1) 5175 (k).
ij=1
(2.10)
These expressions enable us, for instance, to find covariances and cor-
relations without too much trouble; convenient explicit expressions exist
in many cases. For instance, the following conclusions result in the case
of a stationary two-state Poisson—HMM:

(] E(Xt) = 51)\1 + 52/\2;
[ Var(Xt) = E(Xt) + 5152()\2 - )\1)2 Z E(Xt),
o COV(Xt,Xt+k) = (5152()\2 — )\1)2(1 — Y12 — ’721)k s for k € N.

Notice that the resulting formula for the correlation of X; and Xy is
of the form p(k) = A(1 — v12 — 721)* with A € [0,1), and that A = 0 if
A1 = Aq. For more details, and for more general results, see Exercises 3
and 4.
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2.3 The likelihood

The aim of this section is to develop an explicit (and computable) for-
mula for the likelihood Lp of T consecutive observations zi, xo, ...,
zr assumed to be generated by an m-state HMM. That such a for-
mula exists is indeed fortunate, but by no means obvious. We shall see
that the computation of the likelihood, consisting as it does of a sum of
m7T terms, each of which is a product of 27T factors, appears to require
O(T'm™) operations, and several authors have come to the conclusion
that straightforward calculation of the likelihood is infeasible. However,
it has long been known in several contexts that the likelihood is com-
putable: see e.g. Baum (1972), Lange and Boehnke (1983), and Cosslett
and Lee (1985). What we describe here is in fact a special case of a
much more general theory: see Smyth, Heckerman and Jordan (1997) or
Jordan (2004).

It is our purpose here to demonstrate that Ly can in general be com-
puted relatively simply in O(T'm?) operations. Once it is clear that the
likelihood is simple to compute, the way will be open to estimate pa-
rameters by numerical maximization of the likelihood.

First the likelihood of a two-state model will be explored, and then
the general formula will be presented.

2.3.1 The likelihood of a two-state Bernoulli-HMM

Example: Consider the two-state HMM with t.p.m.

()

and state-dependent distributions given by

PN I
INUENITE

1
PriX;=z|Ci=1)= 3 (for z =0,1)
and

PI‘(Xt:1|Ot:2):1

We call a model of this kind a Bernoulli-HMM. The stationary distri-
bution of the Markov chain is § = %(1,2). Then the probability that
X, = X5 = X3 = 1 can be calculated as follows. First, note that, by
Equation (2.5),

Pr(X1, X2, X3,C1,C2,C3)
= PI’(Cl)PI'(Xl | Cl)Pr(Cg | Cl)PI‘(XQ | CQ)PI’(Cg ‘ CQ)PI‘(X:; | 03);



36 HMMs: DEFINITION AND PROPERTIES

Table 2.1 Exzample of a likelihood computation.

i g k pi(1) p;j(1) pe(l) 6 7 vk product
111 3 3 3 3 i i %
[ D T S T S SR -
121 3 1 35 3 i i @
122 1 1 1 3 2 3 =
211 1 3 3 3 3 i &
2 1 2 1 z 1 2 L2 o
2 2 1 1 1 i 2 3 7 &
2 2 2 1 1 1 2 3 3 3
B

and then sum over the values assumed by C7, Cy, C5. The result is

PI‘(Xl = ].,XQ = ].,X3 = ].)

2 2 2

= ZZZPI(XI:17X2:17X3:1701:i’02:j703:k)
i=1 j=1 k=1
2 2 2

= D2 > pi(Wigps (D) yepn(1)- (2.11)
i=1 j=1 k=1

Notice that the triple sum (2.11) has m” = 22 terms, each of which is a
product of 27 = 2 x 3 factors. To evaluate the required probability, the
different possibilities for the values of 4, j and k can be listed and the
sum (2.11) calculated as in Table 2.1.

Summation of the last column of Table 2.1 tells us that Pr(X; =
1,Xo =1,X5=1) = %. In passing we note that the largest element
in the last column is %; the state sequence ijk that maximizes the joint
probability

PI‘(Xl == 1,X2 = 1,X3 = 1,01 :i,CQ :j,Cg :k‘>

is therefore the sequence 222. Equivalently, it maximizes the conditional
probability Pr(C; = 4,0y = j,C3 =k | X1 =1,X5=1,X5 =1). This is
an example of ‘global decoding’, which will be discussed in Section 5.3.2:
see p. 82.

But a more convenient way to present the sum is to use matrix nota-
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tion. Let P(u) be defined (as before) as diag(p; (u), p2(u)). Then

1 9 1 9
P(())_<(2) 0) and P(l)_<(2) 1),

and the triple sum (2.11) can be written as

2
D> 6ipi(D)vigpi (Dysepi(1) = SP(HTP(H)TP(1)1.

2
=1 j=1 k=1

(3

2.3.2 The likelihood in general

Here we consider the likelihood of an HMM in general. We suppose there
is an observation sequence x1, o, ..., x7 generated by such a model. We
seek the probability L of observing that sequence, as calculated under
an m-state HMM which has initial distribution § and t.p.m. I" for the
Markov chain, and state-dependent probability (density) functions p;.
In many of our applications we shall assume that ¢ is the stationary dis-
tribution implied by T', but it is not necessary to make that assumption
in general.

Proposition 1 The likelihood is given by

If 8, the distribution of C4, is the stationary distribution of the Mar-
kov chain, then in addition

LT = 6FP($1)FP($2)FP($3) s I‘P(Z‘T)l/. (213)

Before proving the above proposition, we rewrite the conclusions in a
notation which is sometimes useful. For t =1, ..., T, let the matrix B,
be defined by B; = T'P(z;). Equations (2.12) and (2.13) (respectively)
can then be written as

Lt = 6P(z1)B2B3---Bp1’
and
Ly =6B1B3B3---Brl’.
Note that in the first of these equations d represents the initial distribu-
tion of the Markov chain, and in the second the stationary distribution.
Proof. We present only the case of discrete observations. First note that

Ly =Pr(X™) =xM)) = Z Pr(X(™) = x™M ¢ = M),

c1,c2,...,cr=1
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and that, by Equation (2.5),

T T
Pr(X™, Cc™) = Pr(Cy) [[ Pr(Ck | Cr-1) H r(Xp | Cr).  (2.14)

k=2 k=1
It follows that
Lt = Y (OeVercaVemes  Yerorier) Per (#1)pes (12) -+ pey (7))

Cl,.A.,CTII

m

Z 01 Pey (xl)’Ycl,chcz (xQ)’yCz,Cg “Yer_1,erPer (xT)

c1,...,cr=1

= 0P (z1)TP(25)TP(x3) - -TP(x7)1’

i.e. Equation (2.12). If § is the stationary distribution of the Markov
chain, we have 0P (z1) = 6T'P(z1) = 0By, hence Equation (2.13), which
involves an extra factor of I' but may be slightly simpler to code. |

In order to set out the likelihood computation in the form of an algo-
rithm, let us now define the vector oy, fort =1, 2, ..., T, by

a; = 0P (21)TP(22)TP(a3) - - TP(x) = 6P (a1) [[ TP (2s), (2.15)
s=2

with the convention that an empty product is the identity matrix. It
follows immediately from this definition that

Lr=arl’, and a;=a; TP(x;) fort>2.

Accordingly, we can conveniently set out as follows the computations
involved in the likelihood formula (2.12):

a; = 0P(z1);
ap=o; 1 ITP(zy) fort=2,3,....,T
LT = (XT]./.

That the number of operations involved is of order Tm? can be deduced
thus. For each of the values of ¢ in the loop, there are m elements of oy
to be computed, and each of those elements is a sum of m products of
three quantities: an element of o;;_1, a transition probability v;;, and a
state-dependent probability (or density) p;(z:).

The corresponding scheme for computation of (2.13) (i.e. if §, the
distribution of C, is the stationary distribution of the Markov chain) is

o = 5;
ap=o; 1 TP(zy) fort=12...,T;

LT = O’,T]./.



THE LIKELIHOOD 39

The elements of a; are usually referred to as forward probabilities;
the reason for this name will appear only later, in Section 4.1.1.

HMMs are not Markov processes

HMMs do not in general satisfy the Markov property. This we can now
establish via a simple counterexample. Let X; and C; be as defined in
the example in Section 2.3.1. We already know that

29

PrX;=1,X=1,X3=1)= —

1“( 1 y <32 ) A3 ) 48’

and from the above general expression for the likelihood, or otherwise,
it can be established that Pr(X,; =1) = 2, and that

PI‘(X]_ = 1,X2 = 1) = PI(XQ = 17X3 = 1) = %
It therefore follows that
PI‘(X1 = 1,X2 = 1,X3 = 1)
Pr(Xi =1,X2=1)
29/48 29
724~ 30

Pr(Xs=1|X1=1,X,=1) =

and that
PI'(XQ = 1,X3 = ].)

Pr(ngl\ngl) =

PI(XQ = 1)
_ o 17/24 17
5/6 20

Hence Pr(Xs =1| Xo=1) #Pr(X3 =1 X; =1, X = 1); this HMM
does not satisfy the Markov property. That some HMMSs do satisfy the
property, however, is clear. For instance, a two-state Bernoulli-HMM
can degenerate in obvious fashion to the underlying Markov chain; one
simply identifies each of the two observable values with one of the two
underlying states. For the conditions under which an HMM will itself
satisfy the Markov property, see Spreij (2001).

2.3.83 The likelihood when data are missing at random

In a time series context it is potentially awkward if some of the data are
missing. In the case of hidden Markov time series models, however, the
adjustment that needs to be made to the likelihood computation if data
are missing turns out to be a simple one.

Suppose, for example, that one has available the observations z1, x2,
T4, T7, X8, ..., x7 of an HMM, but the observations x3, x5 and x¢ are
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missing at random. Then the likelihood is given by
Pr(Xy =21, X0 =20, Xy =24, X7 =x7,..., X7 = 27)
= D GeiVer.enVeres(2)Vewer (B Veres =+ Verroer
XDe; (T1)Pes (T2)Pey (T4)Per (T7) -+ Peg (T7),

where (as before) v;;(k) denotes a k-step transition probability, and the
sum is taken over all ¢; other than c3, c5 and cg. But this is just

Z 01 Pey (xl )’701 ,caPes (1’2)7327&1 (2)p04 (x4)764,c7 (3)2757 (.’E7)

e X ’ychl,chcT (xT)
= 6P (21)TP(22)T?P(24)T*P(z7) - - - TP (27)1'.

With L;(?”s’ﬁ) denoting the likelihood of the observations other than z3,
x5 and xg, our conclusion is therefore that

L5359 = §P(21)TP(22)T?P(24)T?P(27) - - - TP (27)1.

The easiest way to summarize this conclusion is to say that, in the ex-
pression for the likelihood, the diagonal matrices P(xz;) corresponding to
missing observations z; are replaced by the identity matrix; equivalently,
the corresponding state-dependent probabilities p;(z;) are replaced by 1
for all states 1.

The fact that, even in the case of missing observations, the likelihood
of an HMM can be easily computed is especially useful in the derivation
of conditional distributions, as will be shown in Section 5.1.

2.8.4 The likelithood when observations are interval-censored

Suppose that we wish to fit a Poisson-HMM to a series of counts, some
of which are interval-censored. For instance, the exact value of x; may
be known only for 4 < t < T, with the information z1 <5, 2 < x5 < 3
and x3 > 10 available about the remaining observations. For simplicity,
let us first assume that the Markov chain has only two states. In that
case, one replaces the diagonal matrix P(x1) in the likelihood expression
(2.12) by the matrix

d1ag(Pr(X1 < 5 | Cl = 1),PI‘(X1 < 5 ‘ Cl = 2)),

and similarly for P(z2) and P(x3).

More generally, suppose that a < z; < b, where a may be —oo (al-
though that is not relevant to the Poisson case), b may be oo, and
the Markov chain has m states. One replaces P(x;) in the likelihood
by the m x m diagonal matrix of which the ith diagonal element is
Pr(a < X; <b|Cy =1). See Exercise 12. It is worth noting that missing
data can be regarded as an extreme case of such interval-censoring.
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Exercises

1. Consider a stationary two-state Poisson-HMM with parameters

0.1 09
Tr= ( 04 0.6 ) and A=(1,3).

In each of the following ways, compute the probability that the first
three observations from this model are 0, 2, 1.

(a) Consider all possible sequences of states of the Markov chain that
could have occurred. Compute the probability of each sequence,
and the probability of the observations given each sequence.

(b) Apply the formula
Pr(X; =0,X, =2,X3 =1) = §P(0)TP(2)TP(1)1’

where

o Aje /sl 0 [ 1% /sl 0
P(s) = < 0 Ase= A2 /5! ) - ( 0 35e73/s! ) °

2. Consider again the model defined in Exercise 1. In that question you
were asked to compute Pr(X; = 0, X2 = 2, X3 = 1). Now compute
Pr(X; =0,X3 = 1) in each of the following ways.

(a) Consider all possible sequences of states of the Markov chain that
could have occurred. Compute the probability of each sequence,
and the probability of the observations given each sequence.

(b) Apply the formula
Pr(X;=0,X3=1) = §P(0)T'I,T'P(1)1’ = §P(0)I?P(1)1’,
and check that this probability is equal to your answer in (a).

3. Consider an m-state HMM {X; : t = 1,2,...}, based on a station-
ary Markov chain with transition probability matrix I' and station-
ary distribution § = (01, d2,...,0m), and having (univariate) state-
dependent distributions p;(z). Let u; and o2 denote the mean and
variance of the distribution p;, p the vector (u1, o, ..., tim), and M
the matrix diag(p).

Derive the following results for the moments of {X;}. (Sometimes,
but not always, it is useful to express such results in matrix form.)

(a) B(X¢) =320 ips = o'

(b) E(X?) =321, 6ilo? + 1)

(¢) Var(X,) = X0, 8i(0? + 122) — (8').

(d) If m =2, Var(X;) = 6107 + 6205 + 6102 (1 — p2)?.



42 HMMs: DEFINITION AND PROPERTIES

(e) For k € N, i.e. for positive integers k,
E(Xi Xiyr) = Yoimy Do0my Sipuiyij (k) = ML .
(f) For k € N,
OSMTF ' — (6”'/)2
Var(Xt)

Note that, if the eigenvalues of I" are distinct, this is a linear com-
bination of the kth powers of those eigenvalues.

p(k) = Corr(Xy, Xypk) =

Timmermann (2000) and Frithwirth-Schnatter (2006, pp. 308-312)
are useful references for moments.

(Marginal moments and autocorrelation function of a Poisson—-HMM:
special case of Exercise 3.) Consider a stationary m-state Poisson—
HMM {X; : t = 1,2,...} with transition probability matrix I' and
state-dependent means A = (A, Aa, ..., \p). Let 8 = (01,02, ..,0m)
be the stationary distribution of the Markov chain. Let A = diag(\).

Derive the following results.
(a) E(X;) =6X.
(b) E(X?) =3 (A2 + Xi)d; = AN + 6N,
(c) Var(X;) = AN +8XN — (6X)? = E(X;) + AN — (6N)? > E(X,).
(d) For k € N, E(X¢X¢45) = SATFN.
(e) For k e N,
SATEN — (60)2
SAN + 8N — (6XN)2

p(k) = Corr (X, Xeqr) =

(f) For the case m = 2, p(k) = Aw", where

_ 5152()\2 - )\1)2
5102002 — A1) + N

and w =1—7y12 — y21.

. Consider the three-state Poisson-HMM {X,} with state-dependent

means A; (¢ =1, 2, 3) and transition probability matrix

1/3 1/3 1/3
r=|23 o 1/3
12 1/2 0

Assume that the Markov chain is stationary.

Show that the autocorrelation p(k) = Corr(Xy, X¢1x) is given by

(= 1R {8(=5A1 =320 +8X3)24180(Aa—A1)2 +k(= )P {4(=5X1 —8Xa+8X3) (Ao — A1>}
32{15(A2+21)+9(A3+A2) +8(AZ+A3) } —(15A1 +0A2+8A3)?
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(

—
o
~

o
~—

Notice that, as a function of k, this (rather tedious!) expression is a
linear combmatlon of (—3)* and k(—%)"'. (This is an example of a
non-diagonalizable t.p.m. In practice Such cases are not likely to be
of interest.)

We have the general expression
Ly = 6P(x1)TP(23)---TP(x7)1’

for the likelihood of an HMM, e.g. of Poisson type. Consider the spe-
cial case in which the Markov chain degenerates to a sequence of
independent random variables, i.e. an independent mixture model.

Show that, in this case, the likelihood simplifies to the expression
given in Equation (1.1) for the likelihood of an independent mixture.

Consider a multiple sum S of the following general form:

S = ZZ Zf1 i1 Hft G4—1,1t)-

i1=1 1o=1 ip=1
For iy =1, 2, ..., m, define

a1 (in) = fi(in);
and forr=1,2, ..., T —1and i,41 =1, 2, ..., m, define

m

Qrp1(iry1) = Z i (ir) fra1(iryirgn).

ip=1
That is, the row vector a7 is defined by, and can be computed as,
a1 = o Frpq, where the m x m matrix Fy has (i, j) element equal

to ft(l,j)

a) Show by induction that ar(ir) is precisely the sum over all but
i, i.e. that

ZZ Zfl Z1 Hft Zt 17Zt

i1 i iT—1

Hence show that S = ZiT OéT(iT) = aTl’ = a1F2F3 s FT]_/.
Does this result generalize to nonconstant m?

2
s

In Section 1.3.3 we defined reversibility for a random process, and
showed that the stationary Markov chain with the t.p.m. I" given
below is not reversible.
1/3 1/3 1/3
r=1(23 0 1/3
1/2 1/2 0
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9

10.

11.

12

Now let {X;} be the stationary HMM with I" as above, and having
Poisson state-dependent distributions with means 1, 5 and 10; e.g.
in state 1 the observation X; is distributed Poisson with mean 1.
By finding the probabilities Pr(X; = 0, X;4+1 = 1) and Pr(X,; =
1, X¢+1 = 0), or otherwise, show that {X;} is irreversible.

(b) Show that, if the Markov chain underlying a stationary HMM is
reversible, the HMM is also reversible.

(¢) Suppose that the Markov chain underlying a stationary HMM is
irreversible. Does it follow that the HMM is irreversible?

. Write a function pois-HMM.moments (m,lambda,gamma, lag.max=10)

that computes the expectation, variance and autocorrelation function
(for lags 0 to lag.max) of an m-state stationary Poisson-HMM with
t.p.m. gamma and state-dependent means lambda.

Write the three functions listed below, relating to the marginal distri-
bution of an m-state Poisson-HMM with parameters lambda, gamma,
and possibly delta. In each case, if delta is not specified, the station-
ary distribution should be used. You can use your function statdist
(see Exercise 8(b) of Chapter 1) to provide the stationary distribution.

dpois.HMM(x, m, lambda, gamma, delta=NULL)
ppois.HMM(x, m, lambda, gamma, delta=NULL)
dpois.HMM(p, m, lambda, gamma, delta=NULL)

The function dpois.HMM computes the probability function at the ar-
guments specified by the vector x, ppois.HMM the distribution func-
tion, and ppois.HMM the inverse distribution function.

Consider the function pois.HMM.generate_sample in A.2.1 that gen-
erates observations from a stationary m-state Poisson—-HMM. Test the
function by generating a long sequence of observations (10000, say),
and then check whether the sample mean, variance, ACF and relative
frequencies correspond to what you expect.

. Interval-censored observations

(a) Suppose that, in a series of unbounded counts 1, ..., xr, only the
observation x; is interval-censored, and a < x; < b, where b may
be oo.

Prove the statement made in Section 2.3.4 that the likelihood of a
Poisson—-HMM with m states is obtained by replacing P(z;) in the
expression (2.12) by the m x m diagonal matrix of which the 4 th
diagonal element is Pr(a < X; < b | Cy =1).

(b) Extend part (a) to allow for any number of interval-censored ob-
servations.



CHAPTER 3

Estimation by direct maximization

of the likelihood

3.1 Introduction

We saw in Equation (2.12) that the likelihood of an HMM is given by
Ly =Pr (X(T) - x<T>) = 6P (21)TP(z3) - - - TP(z7)1,

where 0 is the initial distribution (that of C7) and P(z) the m x m
diagonal matrix with ¢ th diagonal element the state-dependent proba-
bility or density p;(z). In principle we can therefore compute Ly = a1’
recursively via
o] = 5P(l’1)
and
a;=o; 1 TP(zy) fort=2.3,...,T.

If the Markov chain is assumed to be stationary (in which case § = dT"),
we can choose to use instead

a0:6

and
ar=o; 1 TP(zy) fort=1,2,...,T.

We shall first consider the stationary case.

The number of operations involved is of order Tm?, making the eval-
uation of the likelihood quite feasible even for large T. Parameter es-
timation can therefore be performed by numerical maximization of the
likelihood with respect to the parameters.

But there are several problems that need to be addressed when the
likelihood is computed in this way and maximized numerically in order to
estimate parameters. The main problems are numerical underflow, con-
straints on the parameters, and multiple local maxima in the likelihood
function. In this chapter we first discuss how to overcome these prob-
lems, in order to arrive at a general strategy for computing MLEs which
is easy to implement. Then we discuss the estimation of standard errors
for parameters. We defer to the next chapter the EM algorithm, which
necessitates some discussion of the forward and backward probabilities.

45
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3.2 Scaling the likelihood computation

In the case of discrete state-dependent distributions, the elements of
oy, being made up of products of probabilities, become progressively
smaller as ¢ increases, and are eventually rounded to zero. In fact, with
probability 1 the likelihood approaches 0 or co exponentially fast; see
Leroux and Puterman (1992). The problem is therefore not confined
to the discrete case and underflow; overflow may occur in a continuous
case. The remedy is, however, the same for over- and underflow, and we
confine our attention to underflow.

Since the likelihood is a product of matrices, not of scalars, it is not
possible to circumvent numerical underflow simply by computing the
log of the likelihood as the sum of logs of its factors. In this respect
the computation of the likelihood of an independent mixture model is
simpler than that of an HMM.

To solve the problem, Durbin et al. (1998, p. 78) suggest (inter alia)
a method of computation that relies on the following approximation.
Suppose we wish to compute log(p+ ¢), where p > ¢. Write log(p+ ¢q) as

log p +log(1 4 ¢/p) = logp + log(1 + exp(§ — p)),

where p = logp and ¢ = logq. The function log(1 + %) is then approx-
imated by interpolation from a table of its values; apparently quite a
small table will give a reasonable degree of accuracy.

We prefer to compute the logarithm of Ly using a strategy of scaling
the vector of forward probabilities a;. Define, for t = 0,1,...,T, the
vector

i = o /wy,
where wy = Y, a4 (i) = a1,

First we note certain immediate consequences of the definitions of ¢,
and wy:

wy =opl’ = 61 =1;
¢ = 0;
wipy = wi—1¢—1By; (3.1)
Lt = aT]_/ = ’IUT((ZST]./) = wr.

Hence Ly = wr = Hthl(wt/wt,l). From (3.1) it follows that
wy = wi—1(¢r-1B,1'),

and so we conclude that
T

T
log LT = Zlog(wt/wt_l) = Zlog(qﬁt_lBtl').
t—1

t=1

The computation of the log-likelihood is summarized below in the form
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of an algorithm. Note that I' and P(x;) are m X m matrices, v and ¢;
are vectors of length m, u is a scalar, and [ is the scalar in which the
log-likelihood is accumulated.

set ¢g «— d and [ — 0
fort=1,2,...,T
V — d)tflI‘P((Et)
u«— vl’
l—1l+logu
¢t — v/u
return /

The required log-likelihood, log L7, is then given by the final value of
l. This procedure will avoid underflow in many cases. Clearly, variations
of the technique are possible: for instance, the scale factor w; could be
chosen instead to be the largest element of the vector being scaled, or the
mean of its elements (as opposed to the sum). See A.1.3 (in Appendix
A) for an implementation of the above algorithm.

The algorithm is easily modified to compute the log-likelihood without
assuming stationarity of the Markov chain. If 4 is the initial distribution,
replace the first two lines above by

set wy «— dP(x1)1’, ¢p1 — dP(x1)/wy and | — logw;
fort=2,3,...,T
Of course, if the initial distribution happens to be the stationary distri-
bution, the more general algorithm still applies.

3.3 Maximization of the likelihood subject to constraints
3.3.1 Reparametrization to avoid constraints

The elements of T" and those of A, the vector of state-dependent means
in a Poisson-HMM, do not range over the whole of R, the set of all real
numbers. Neither therefore should any sensible estimates of the param-
eters. In particular, the row sums of I', and any estimate thereof, should
equal one. Thus when maximizing the likelihood we have a constrained
optimization problem to solve, not an unconstrained one.
Special-purpose software, e.g. NPSOL (Gill et al., 1986) or the cor-
responding NAG routine E0O4UCF, can be used to maximize a function
of several variables which are subject to constraints. The advice of Gill,
Murray and Wright (1981, p. 267) is that it is ‘rarely appropriate to alter
linearly constrained problems’. However — depending on the implemen-
tation and the nature of the data — constrained optimization can be
slow. For example, the constrained optimizer constrOptim available in
R is acknowledged to be slow if the optimum lies on the boundary of
the parameter space. We shall focus on the use of the unconstrained op-
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timizer nlm. Exercise 3 and A.4 explore the use of constrOptim, which
can minimize a function subject to linear inequality constraints.

In general, there are two groups of constraints: those that apply to the
parameters of the state-dependent distributions and those that apply
to the parameters of the Markov chain. The first group of constraints
depends on which state-dependent distribution(s) are chosen; e.g. the
‘success probability’ of a binomial distribution lies between 0 and 1.

In the case of a Poisson—HMM the relevant constraints are:

e the means )\; of the state-dependent distributions must be nonnega-

tive, fori =1, ..., m;

e the rows of the transition probability matrix T' must add to 1, and all
the parameters «;; must be nonnegative.

Here the constraints can be circumvented by making certain trans-
formations. The transformation of the parameters )\; is relatively easy.
Define n; = log A\;, for i = 1,...,m. Then n; € R. After we have maxi-
mized the likelihood with respect to the unconstrained parameters, the
constrained parameter estimates can be obtained by transforming back:
)\i = exp ’f}z

The reparametrization of the matrix I'" requires more work, but can
be accomplished quite elegantly. Note that I' has m? entries but only
m(m — 1) free parameters, as there are m row sum constraints

We shall show one possible transformation between the m? constrained
probabilities 7;; and m(m — 1) unconstrained real numbers 7,5, # j.

For the sake of readability we show the case m = 3. We begin by
defining the matrix

— Ti2 T13
T=|m1 — 73|,amatrix with m(m — 1) entries 7,; € R.
731 T32 —

Now let g : R — R™ be a strictly increasing function, e.g.

o e <0
s = o g ={ 7 TE0

Define

01 = { g(mij) fori#j

J 1 for i = j.

We then set v;; = Qij/Ziﬂ oir, (fori,j =1,2,3) and T' = (v;5). It is left
to the reader as an exercise to verify that the resulting matrix I" satisfies
the constraints of a transition probability matrix. We shall refer to the
parameters 7; and 7;; as working parameters, and to the parameters
A; and ;5 as natural parameters.
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Using the above transformations of I' and A, we can perform the
calculation of the likelihood-maximizing parameters in two steps.

1. Maximize Ly with respect to the working parameters T = {r;;} and
n = (M,...,7m). These are all unconstrained.

2. Transform the estimates of the working parameters to estimates of
the natural parameters:

See A.1.1 and A.1.2 for R functions that transform natural parameters
to working and vice versa.

As an illustration we consider the first row of I" for the case g(z) = e
and m = 3. We have

€T

Y11 = 1/ (]. -+ eXp(le) + eXp(Tlg)) y
Y2 = exp(t12)/(1 + exp(r12) + exp(713)),
Y3 = exp(7‘13)/(1 + exp(2) + exp(7'13)).

The transformation in the opposite direction is

T12 = log (v12/ (1 — 112 — m3) ) = log (v12/711),
T13 = log (713/ (I —y2— 713)) = log (713/711).

This generalization of the logit and inverse logit transforms has long been
used in (for example) the context of compositional data: see Aitchison
(1982), where several other transforms are described as well.

3.3.2 Embedding in a continuous-time Markov chain

A different reparametrization is described by Zucchini and MacDonald
(1998). In a continuous-time Markov chain on a finite state-space, the
transition probability matrix Py is given by P; = exp(tQ), where Q is
the matrix of transition intensities. The row sums of Q are zero, but the
only constraint on the off-diagonal elements of Q is that they be non-
negative. The one-step transition probabilities in a discrete-time Markov
chain can therefore be parametrized via I' = exp(Q). This is effectively
the parametrization used in the R package msm (Jackson et al., 2003).

3.4 Other problems
3.4.1 Multiple mazima in the likelihood

The likelihood of an HMM is a complicated function of the parameters
and frequently has several local maxima. The goal of course is to find
the global maximum, but there is no simple method of determining in
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general whether a numerical maximization algorithm has reached the
global maximum. Depending on the starting values, it can easily happen
that the algorithm identifies a local, but not the global, maximum. This
applies also to the main alternative method of estimation, the EM algo-
rithm, which is discussed in Chapter 4. A sensible strategy is therefore to
use a range of starting values for the maximization, and to see whether
the same maximum is identified in each case.

3.4.2 Starting values for the iterations

It is often easy to find plausible starting values for some of the parameters
of an HMM: for instance, if one seeks to fit a Poisson-HMM with two
states, and the sample mean is 10, one could try 8 and 12, or 5 and 15, for
the values of the two state-dependent means. More systematic strategies
based on the quantiles of the observations are possible, however: e.g.
if the model has three states, use as the starting values of the state-
dependent means the lower quartile, median and upper quartile of the
observed counts.

It is less easy to guess values of the transition probabilities 7;;. One
strategy is to assign a common starting value (e.g. 0.01 or 0.05) to all
the off-diagonal transition probabilities. A consequence of such a choice,
perhaps convenient, is that the corresponding stationary distribution
is uniform over the states; this follows by symmetry. Choosing good
starting values for parameters tends to steer one away from numerical
instability.

3.4.8 Unbounded likelihood

In the case of HMMs with continuous state-dependent distributions, just
as in the case of independent mixtures (see Section 1.2.3), it may hap-
pen that the likelihood is unbounded in the vicinity of certain parameter
combinations. As before, we suggest that, if this creates difficulties, one
maximizes the discrete likelihood instead of the joint density. This has
the advantage in any case that it applies more generally to data known
only up to some interval. Applications of this kind are described in Sec-
tions 10.3 and 10.4; code for the latter is in A.3.

3.5 Example: earthquakes

Figure 3.1 shows the result of fitting (stationary) Poisson—hidden Markov
models with two and three states to the earthquakes series by means of
the unconstrained optimizer nlm. The relevant code appears in A.1. The



EXAMPLE: EARTHQUAKES 51

0.08 50

NI
R

0.00 0
} T T T 1 T T T T T T T T T T T T
0 10 20 30 40 1900 1920 1940 1960 1980 2000
m=3
0.08 50
40
0.06 ﬂ
Y| ]

0 10 20 30 40 1900 1920 1940 1960 1980 2000

Figure 3.1 FEarthquakes series. Left: marginal distributions of Poisson—HMDMs
with 2 and 3 states, and their components, compared with a histogram of the
observations. Right: the state-dependent means (horizontal lines) compared to
the observations.

two-state model is

r— 0.9340 0.0660
~\ 0.1285 0.8715 )’

with § = (0.6608,0.3392), A = (15.472,26.125), and log-likelihood given
by | = —342.3183. It is clear that the fitted (Markov-dependent) mixture
of two Poisson distributions provides a much better fit to the marginal
distribution of the observations than does a single Poisson distribution,
but the fit can be further improved by using a mixture of three or four
Poisson distributions.

The three-state model is

0.955 0.024 0.021
I'=1 0.050 0.899 0.051 |,
0.000 0.197 0.803

with & = (0.4436,0.4045,0.1519), A = (13.146,19.721,29.714) and [ =
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—329.4603, and the four-state is as follows:

0.805 0.102 0.093 0.000
r— 0.000 0.976 0.000 0.024
| 0.050 0.000 0.902 0.048 |’

0.000 0.000 0.188 0.812

with & = (0.0936,0.3983,0.3643,0.1439), A = (11.283, 13.853, 19.695,
29.700), and [ = —327.8316.

The means and variances of the marginal distributions of the four
models compare as follows with those of the observations. By a one-state
Poisson-HMM we mean a model that assumes that the observations
are realizations of independent Poisson random variables with common
mean.

mean  variance

observations: 19.364  51.573
‘one-state HMM’:  19.364  19.364
two-state HMM: 19.086  44.523
three-state HMM: 18.322 50.709
four-state HMM: 18.021  49.837

As regards the autocorrelation functions of the models, i.e. p(k) =
Corr(X;1x, X¢), we have the following results, valid for all k¥ € N, based
on the conclusions of Exercise 4 of Chapter 2:

e two states: p(k) = 0.5713 x 0.8055%;
e three states: p(k) = 0.4447 x 0.9141% 4+ 0.1940 x 0.7433%;

e four states: p(k) = 0.2332 x 0.9519% + 0.3682 x 0.8174% + 0.0369 x
0.7252F.

In all these cases the ACF is just a linear combination of the k th powers
of the eigenvalues other than 1 of the transition probability matrix.

For model selection, e.g. choosing between competing models such as
HMMs and independent mixtures, or choosing the number of compo-
nents in either, see Section 6.1.

A phenomenon that is noticeable when one fits models with three or
more states to relatively short series is that the estimates of one or more
of the transition probabilities turn out to be very close to zero; see the
three-state model above (one such probability, v13) and the four-state
model (six of the twelve off-diagonal transition probabilities).

This phenomenon can be explained as follows. In a stationary Markov
chain, the expected number of transitions from state i to state j in a
series of T observations is (T' — 1)d;;;. For d3 = 0.152 and T = 107
(as in our three-state model), this expectation will be less than 1 if
v31 < 0.062. In such a series, therefore, it is likely that if ~3; is fairly
small there will be no transitions from state 3 to state 1, and so when we



STANDARD ERRORS AND CONFIDENCE INTERVALS 53

seek to estimate 737 in an HMM the estimate is likely to be effectively
zero. As m increases, the probabilities §; and +;; get smaller on average;
this makes it increasingly likely that at least one estimated transition
probability is effectively zero.

3.6 Standard errors and confidence intervals

Relatively little is known about the properties of the maximum likelihood
estimators of HMMSs; only asymptotic results are available. To exploit
these results one requires estimates of the variance-covariance matrix of
the estimators of the parameters. One can estimate the standard errors
from the Hessian of the log-likelihood at the maximum, but this approach
runs into difficulties when some of the parameters are on the boundary of
their parameter space, which occurs quite often when HMMs are fitted.
An alternative here is the parametric bootstrap, for which see Section
3.6.2. The algorithm is easy to code (see A.2.1), but the computations
are time-consuming.

3.6.1 Standard errors via the Hessian

Although the point estimates = (f, 3\) are easy to compute, exact in-
terval estimates are not available. Cappé et al. (2005, Chapter 12) show
that, under certain regularity conditions, the MLEs of HMM parame-
ters are consistent, asymptotically normal and efficient. Thus, if we can
estimate the standard errors of the MLEs, then, using the asymptotic
normality, we can also compute approximate confidence intervals. How-
ever, as pointed out by Frithwirth-Schnatter (2006, p. 53) in the context
of independent mixture models, ‘The regularity conditions are often vio-
lated, including cases of great practical concern, among them small data
sets, mixtures with small component weights, and overfitting mixtures
with too many components.” Furthermore, McLachlan and Peel (2000,
p. 68) warn: ‘In particular for mixture models, it is well known that
the sample size n has to be very large before the asymptotic theory of
maximum likelihood applies.’

With the above caveats in mind we can, to estimate the standard er-
rors of the MLEs of an HMM, use the approximate Hessian of minus
the log-likelihood at the minimum, e.g. as supplied by nlm. We can in-
vert it and so estimate the asymptotic variance-covariance matrix of the
estimators of the parameters. A problem with this suggestion is that,
if the parameters have been transformed, the Hessian available will be
that which refers to the working parameters ¢;, not the original, more
readily interpretable, natural parameters 6; (I' and X in the case of a
Poisson-HMM).
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The situation is therefore that we have the Hessian

921
H=- (a@a@)

available at the minimum of —[, and what we really need is the Hessian
with respect to the natural parameters:

21
G=- (aaiae) '

There is, however, the following relationship between the two Hessians
at the minimum:

H=MGM' and G '=MH'M, (3.2)

where M is defined by m;; = 06;/0¢;. (Note that all the derivatives ap-
pearing here are as evaluated at the minimum.) In the case of a Poisson—
HMM., the elements of M are quite simple: see Exercise 7 for details.

With M at our disposal, we can use (3.2) to deduce G~ from H™1,
and use G ! to find standard errors for the natural parameters, provided
such parameters are not on the boundary of the parameter space. It is
however true in many applications that some of the estimated parameters
lie on or very close to the boundary; this limits the usefulness of the above
results.

As already pointed out on p. 52, for series of moderate length the
estimates of some transition probabilities are expected to be close to zero.
This is true of 473 in the three-state model for the earthquakes series. An
additional example of this type can be found in Section 10.2.2. In Section
12.2.1, several of the estimates of the parameters in the state-dependent
distributions are practically zero, their lower bound; see Table 12.1. The
same phenomenon is apparent in Section 16.9.2; see Table 16.1.

Recursive computation of the Hessian

An alternative method of computing the Hessian is that of Lystig and
Hughes (2002). They present the forward algorithm oy = o1 TP ()
in a form which incorporates automatic or ‘natural’ scaling, and then
extend that approach in order to compute (in a single pass, along with
the log-likelihood) its Hessian and gradient with respect to the natural
parameters, those we have denoted above by 6;. Turner (2008) has used
this approach in order to find the analytical derivatives needed to maxi-
mize HMM likelihoods directly by the Levenberg—Marquardt algorithm.

While this may be a more efficient and more accurate method of com-
puting the Hessian than that outlined above, it does not solve the funda-
mental problem that the use of the Hessian to compute standard errors
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(and thence confidence intervals) is unreliable if some of the parameters
are on or near the boundary of their parameter space.

3.6.2 Bootstrap standard errors and confidence intervals

As an alternative to the technique described in Section 3.6.1 one may
use the parametric bootstrap (Efron and Tibshirani, 1993). Roughly
speaking, the idea of the parametric bootstrap is to assess the prop-
erties of the model with parameters © by using those of the model
with parameters ©. The following steps are performed to estimate the
variance-covariance matrix of ©.

1. Fit the model, i.e. compute e.

2.(a) Generate a sample, called a bootstrap sample, of observations from
the fitted model, i.e. the model with parameters ®. The length
should be the same as the original number of observations.

(b) Estimate the parameters © by @ for the bootstrap sample.
(¢) Repeat steps (a) and (b) B times (with B ‘large’) and record the
values © .

The variance-covariance matrix of © is then estimated by the sample

variance-covariance matrix of the bootstrap estimates @*(b), b=1, 2,
.., B:
b

Var Cov 51 EB: (A* A*(.))/ (@*(b) - é*()> )

b=1

where ® () = B1Y2 &' (b).

The parametric bootstrap requires code to generate realizations from
a fitted model; for a Poisson—-HMM this is given in A.2.1. Since code to
fit models is available, that same code can be used to fit models to the
bootstrap sample.

The bootstrap method can be used to estimate confidence intervals
directly. In the example given in the next section we use the well-known
‘percentile method’ (Efron and Tibshirani, 1993); other options are avail-
able.

3.7 Example: the parametric bootstrap applied to the
three-state model for the earthquakes data

A bootstrap sample of size 500 was generated from the three-state model
for the earthquakes data, which appears on p. 51. In fitting models to
the bootstrap samples, we noticed that, in two cases out of the 500, the
starting values we were in general using caused numerical instability or
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Table 3.1 Earthquakes data: bootstrap confidence intervals for the parameters
of the three-state HMM.

parameter MLE  90% conf. limits

A1 13.146  11.463  14.253
A2 19.721  13.708  21.142
A3 29.714  20.929  33.160
Y11 0.954 0.750 0.988
Y12 0.024 0.000 0.195
Y13 0.021 0.000 0.145
Y21 0.050 0.000 0.179
Y22 0.899 0.646 0.974
Y23 0.051 0.000 0.228
Y31 0.000 0.000 0.101
V32 0.197 0.000 0.513
¥33 0.803 0.481 0.947
01 0.444 0.109 0.716
02 0.405 0.139 0.685
03 0.152 0.042 0.393

Table 3.2 FEarthquakes data: bootstrap estimates of the correlations of the es-
timators of \;, fori=1,2,3.

A1 A2 A3
A1 1.000 0.483 0.270

A2 1.000 0.688
A3 1.000

convergence problems. By choosing better starting values for these two
cases we were able to fit models successfully and complete the exercise.
The resulting sample of parameter values then produced the 90% confi-
dence intervals for the parameters that are displayed in Table 3.1, and
the estimated parameter correlations that are displayed in Table 3.2.
What is noticeable is that the intervals for the state-dependent means
Ai overlap, the intervals for the stationary probabilities d; are very wide,
and the estimators \; are quite strongly correlated.

These results, in particular the correlations shown in Table 3.2, should
make one wary of over-interpreting a model with nine parameters based
on only 107 (dependent) observations. In particular, they suggest that
the states are not well defined, and one should be cautious of attaching
a substantive interpretation to them.
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Exercises

1. Consider the following parametrization of the t.p.m. of an m-state
Markov chain. Let 7,; € R (4,7 = 1,2,...,m;% # j) be m(m — 1)
arbitrary real numbers. Let g : R — RT be some strictly increasing

function, e.g. g(x) = €”. Define p;; and ~;; as on p. 48.

(a) Show that the matrix I' with entries ;; that are constructed in
this way is a t.p.m., i.e. show that 0 < v;; <1 for all 7 and j, and
that the row sums of I" are equal to one.

(b) Given a t.p.m. I' = {~,; : 4,5 = 1,2,...,m}, derive an expression
for the parameters 7;;, for 4,5 = 1,2,...,m; i # j.

2. The purpose of this exercise is to investigate the numerical behaviour
of an ‘unscaled’ evaluation of the likelihood of an HMM, and to com-
pare this with the behaviour of an alternative algorithm that applies
scaling.

Consider the stationary two-state Poisson-HMM with parameters

0.9 0.1
I'= < 02 08 > (M1, A2) = (1,5).

Compute the likelihood, L;q, of the following sequence of ten obser-
vations in two ways: 2, 8, 6, 3,6, 1, 0, 0, 4, 7.

(a) Use the unscaled method Lip = a9l’, where ap = 6 and a; =

oy_1By;
_ pi(ze) O .
Bt_r( 0 palzy) )

pilwe) = Nte™ i Jy), i=1,2; t=1,2,...,10.

and

Examine the numerical values of the vectors ag, aq, ..., aqg.

(b) Use the algorithm given in Section 3.2 to compute log L1p.
Examine the numerical values of the vectors ¢q, @1, ..., d10. (It is
easiest to store these vectors as rows in an 11 X 2 matrix.)

3. Use the R function constrOptim to fit HMMs with two to four states
to the earthquakes data, and compare your models with those given
in Section 3.5.

4. Consider the following transformation:
w1 = sin2 91
w; = (H;;ll cos? 9j) sin? 6; 1=2,....m—1

m—1 2
Wy, = [[iL; cos® ;.
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Show how this transformation can be used to convert the constraints
m
wi=1, w; >0 i=1...,m
i=1

into simple ‘box constraints’, i.e. constraints of the form a < 6; < b.
How could this be used in the context of estimation in HMMs?

5.(a) Consider a stationary Markov chain, with t.p.m. I' and station-
ary distribution 4. Show that the expected number of transitions
from state i to state j in a series of T' observations (i.e. in T — 1
transitions) is (T — 1)d;7;;.
Hint: this expectation is Yr_, Pr(X;_ 1 = i, X; = j).
(b) Show that, for 3 = 0.152 and T = 107, this expectation is less
than 1 if y3; < 0.062.

6. Prove the relation (3.2) between the Hessian H of —I with respect to
the working parameters and the Hessian G of —[ with respect to the
natural parameters, both being evaluated at the minimum of —I.

7. (See Section 3.6.1.) Consider an m-state Poisson—-HMM, with natural
parameters 7;; and \;, and working parameters 7;; and 7; defined as

x

in Section 3.3.1, with g(z) = e”.
(a) Show that

3’Yij/37ij = %‘j(l - 'Yij)v for all 4, j; 3’%‘;‘/371'1 = —Yi;Vil, for j #1;
07 /07 = 0, for i # k; and ON;/On; = e = \;, for all 1.

(b) Hence find the matrix M in this case.

8. Modify the R code in A.1 in order to fit a Poisson—-HMM to interval-
censored observations. (Assume that the observations are available as
a T x 2 matrix of which the first column contains the lower bound of
the observation and the second the upper bound, possibly Inf.)

9. Verify the autocorrelation functions given on p. 52 for the two-, three-
and four-state models for the earthquakes data. (Hint: use the R
function eigen to find the eigenvalues and -vectors of the relevant
transition probability matrices.)

10. Consider again the soap sales series introduced in Exercise 5 of Chap-
ter 1.
(a) Fit stationary Poisson—-HMMs with two, three and four states to
these data.

(b) Find the marginal means and variances, and the ACFs, of these
models, and compare them with their sample equivalents.



CHAPTER 4

Estimation by the EM algorithm

I know many statisticians are deeply in love with the EM algorithm [...]
Speed (2008)

A commonly used method of fitting HMMs is the EM algorithm, which
we shall describe in Section 4.2, the crux of this chapter. The tools we
need to do so are the forward and the backward probabilities, which are
also used for decoding and state prediction in Chapter 5. In establishing
some useful propositions concerning the forward and backward proba-
bilities we invoke several properties of HMMs which are fairly obvious
given the structure of an HMM; we defer the proofs of such properties
to Appendix B.

In the context of HMMSs the EM algorithm is known as the Baum-—
Welch algorithm. The Baum—-Welch algorithm is designed to estimate
the parameters of an HMM whose Markov chain is homogeneous but
not necessarily stationary. Thus, in addition to the parameters of the
state-dependent distributions and the t.p.m. I, the initial distribution
0 is also estimated; it is not assumed that éI' = 6. Indeed the method
has to be modified if this assumption is made; see Section 4.2.5.

4.1 Forward and backward probabilities

In Section 2.3.2 we have, for t = 1, 2, ..., T, defined the (row) vector
o as follows:

oy = 0P (21)TP(x) - TP(xy) = 6P (z1) [[ TP (xs), (4.1)

s=2

with 4 denoting the initial distribution of the Markov chain. We have
referred to the elements of a; as forward probabilities, but we have
given no reason even for their description as probabilities. One of the
purposes of this section is to show that ay(j), the jth component of
ay, is indeed a probability, the joint probability Pr(X; = z1,Xs =
$27...,Xt :xt,Ct :j)

We shall also need the vector of backward probabilities 3; which,

59
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fort=1, 2, ..., T, is defined by

B, = TP (2441)TP(zr12) - TP(xr)1’ = ( 11 I‘P(a:s)> 1, (42)

s=t+1

with the convention that an empty product is the identity matrix; the
case t = T therefore yields Br = 1. We shall show that £;(j), the
jth component of 3, can be identified as the conditional probability
PI‘(Xt+1 = .’Et+1,Xt+2 = $t+2,...,XT = IT ‘ Ct = ]) It will then
follow that, fort =1, 2, ..., T,

a(5)B(j) = Pr(XT) = xT) ¢, = j).

4.1.1 Forward probabilities

It follows immediately from the definition of ay that, for t =1, 2, ...,
T -1, a1 = ouI'P(z4y1) or, in scalar form,

41 (7 <Z o (i %J> Pj(@e41). (4.3)

i=1

We shall now use the above recursion, and Equation (B.1) in Appendix B,
to prove the following result by induction.

Proposition 2 Fort=1,2,...,T and j =1,2,...,m,
a(j) = Pr(X(t) =xW c, = 7).

Proof. Since a; = 6P (z1), we have
a1(j) = 6;pj(x1) = Pr(Cr = j) Pr(Xy = 21 | C1 =),

hence ay(j) = Pr(Xy1 = z1,Cy = j); i.e. the proposition holds for ¢ = 1.
We now show that, if the proposition holds for some ¢t € N, then it also
holds for ¢ + 1.

() = D auli)vipi(@sr)  (see (4.3))
i=1

= Y, Pr(X® =x® ¢, =) Pr(Crpr = j | Cr = 1)

X Pr(Xip1 = 241 | Crp1 = J)
= Y Pr(XY =xtHD ¢, =i Oy = ) (4.4)
= Pr(XHV =xUD ¢y = ),

as required. The crux is the line numbered (4.4); Equation (B.1) provides
the justification thereof. O
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4.1.2 Backward probabilities

It follows immediately from the definition of 3; that 8; = T'P(x:41)B, 1,
fort=1,2,...,T—1.

Proposition 3 Fort=1,2,....T—1andi=1, 2, ..., m,
Be(i) = Pr(Xip1 = wyq1, Xeyo = g2, .., Xp = 27 | Cp = 1),
provided that Pr(Cy = 1) > 0. In a more compact notation:
Be(i) = PY(X?H = XtT+1 | C =1),
where XZ denotes the vector (Xg, Xat1,-- -, Xp).

This proposition identifies 3;(i) as a conditional probability: the prob-
ability of the observations being z¢i1,...,xp, given that the Markov
chain is in state ¢ at time ¢. (Recall that the forward probabilities are
joint probabilities, not conditional.)

Proof. The proof is by induction, but essentially comes down to Equa-
tions (B.5) and (B.6) of Appendix B. These are

Pr(Xet1 | Copr) Pr(XEis | Copr) = Pr(X{yy | Cepa), (B.5)
and
Pr(X{y, | Ciyr) = Pr(X{yy | Cr, Cipa). (B.6)

To establish validity for 7' = ¢ — 1, note that, since 84._; = TP(z1)1’,
ﬁTfl(i) = Zj PY(CT :j ‘ CT,1 = Z) PI"(XT =T ‘ CT = j) (45)
But, by (B.6),
PI‘(CT | CTfl)Pl"(XT | CT) = PI"(CT ‘ CTfl) PI’(XT | CTfl,CT)
= PI‘(XT, OT—la CT)/ PI‘(OT_l). (46)
Substitute from (4.6) into (4.5), and the result is
1
_ ) = ——————————————— . P X = _ = ) = ]
Br-1(%) Pr(Cr, :i)zj r(Xr =zr,Cr1 =14,Cr = j)
= PI‘(XT =T, CT_1 = i)/Pr(C’T_l = ’L)
= PI(XT =T | CT,1 = i),
as required.
To show that validity for t+ 1 implies validity for ¢, first note that the
recursion for 3;, and the inductive hypothesis, establish that
Be(i) = 2,75 Pr(Xepr = 21 | Crpr = §) Pr(X{ iy = x40 | Cryr = j).
(4.7)
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But (B.5) and (B.6) imply that

Pr(Xet1 | Copr) Pr(Xfis | Copr) = Pr(X{yy | G, Crin). (4.8)
Substitute from (4.8) into (4.7), and the result is
Bi(i) = S, Pr(Crpr=j|Cr=i)Pr(X[ =x{ty | Cr =i, Cryr =)
1

mzj Pr(X},, =x{,1,Cr =1i,Cipq = j)

= Pr(XtT+1 = XtT+1aOt =)/ Pr(Cy = i),
which is the required conditional probability. |

Note that the backward probabilities require a backward pass through
the data for their evaluation, just as the forward probabilities require a
forward pass; hence the names.

4.1.8 Properties of forward and backward probabilities

We now establish a result relating the forward and backward probabili-
ties ay (1) and (;(i) to the probabilities Pr(X (™) = x(T) C; = 4). This we
shall use in applying the EM algorithm to HMMs, and in local decoding:
see Section 5.3.1.

Proposition 4 Fort=1,2,...,T andt=1,2,...,m,
oy ()3 (1) = Pr(XT) = xD) ¢, =), (4.9)
and consequently o3, = Pr(XT) = xT)) = Ly, for each such t.

Proof. By the preceding two propositions,
ai(i)Bi(i) = Pr(X],Cp=14)Pr(X{, | Cr =)
= Pr(Cy=i)Pr(X! | C; =14)Pr(X],, | Cr =1).

Now apply the conditional independence of X} and XtT_~_1 given Cy (see
Equation (B.7) of Appendix B), and the result is that

(1) B (i) = Pr(Cy = i) Pr(X4, XT, | Oy = i) = Pr(XD), C, =1).
Summation of this equation over i yields the second conclusion. O

The second conclusion also follows immediately from the matrix ex-
pression for the likelihood and the definitions of a; and 3;:

Ly = (6P(z1)ITP(z3)...TP(z,)) (TP(z441)... TP(2r)1’)
= atﬁi'

Note that we now have available T' routes to the computation of the
likelihood L, one for each possible value of ¢. But the route we have used
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so far (the case t = T, yielding Ly = ar1’) seems the most convenient,
as it requires the computation of forward probabilities only, and only a
single pass (forward) through the data.

In applying the EM algorithm to HMMs we shall also need the follow-
ing two properties.

Proposition 5 Firstly, fort=1, ..., T,
Pr(Co=j | XD =x®) = a()B(i)/Lrs (410)
and secondly, fort =2, ..., T,
Pr(Ci1=j,Co=k | X1 =xT)) = a; 1 (5) v pr (1) @(k)/{fﬁ)

Proof. The first assertion follows immediately from (4.9) above. The
second is an application of Equations (B.4) and (B.5) of Appendix B,
and the proof proceeds as follows.
Pr(Ci_q =4, Cy = k | XM = x(1)
= Pr(XD 0,y =4,C, =k)/Lr
Pr(X®D 0y =j) Pr(Cy =k | Coy = j) Pr(XT | C, = k) /Ly

by (B.4)
= w1 () (Pr(Xt | Cy = k) Pr(XT, | C) = k)) /Ly
by (B.5)
= ar1(J) vie pr(ze) Be(k) /L. O

4.2 The EM algorithm

Since the sequence of states occupied by the Markov-chain component
of an HMM is not observed, a very natural approach to parameter esti-
mation in HMMs is to treat those states as missing data and to employ
the EM algorithm (Dempster, Laird and Rubin, 1977) in order to find
maximum likelihood estimates of the parameters. Indeed the pioneering
work of Leonard Baum and his co-authors (see Baum et al., 1970; Baum,
1972; Welch, 2003) on what later were called HMMs was an important
precursor of the work of Dempster et al.

4.2.1 EM in general

The EM algorithm is an iterative method for performing maximum likeli-
hood estimation when some of the data are missing, and exploits the fact



64 ESTIMATION BY THE EM ALGORITHM

that the complete-data log-likelihood may be straightforward to maxi-
mize even if the likelihood of the observed data is not. By ‘complete-data
log-likelihood’ (CDLL) we mean the log-likelihood of the parameters of
interest 8, based on both the observed data and the missing data.

The algorithm may be described informally as follows (see e.g. Little
and Rubin, 2002, pp. 166-168). Choose starting values for the parameters
0 you wish to estimate. Then repeat the following steps.

e E step Compute the conditional expectations of the missing data
given the observations and given the current estimate of 6. More
precisely, compute the conditional expectations of those functions of
the missing data that appear in the complete-data log-likelihood.

e M step Maximize, with respect to 8, the complete-data log-likelihood
with the functions of the missing data replaced in it by their condi-
tional expectations.

These two steps are repeated until some convergence criterion has been
satisfied, e.g. until the resulting change in @ is less than some threshold.
The resulting value of 0 is then a stationary point of the likelihood of
the observed data. In some cases, however, the stationary point reached
can be a local (as opposed to global) maximum or a saddle point.

Little and Rubin (p. 168) stress the point that it is not (necessarily)
the missing data themselves that are replaced in the CDLL by their
conditional expectations, but those functions of the missing data that
appear in the CDLL; they describe this as the ‘key idea of EM’.

4.2.2 EM for HMMs

In the case of an HMM it is here convenient to represent the sequence
of states ci1, ca, ..., c¢p followed by the Markov chain by the zero-one
random variables defined as follows:

uj(t)=1if and only if ¢; =4, (t=1,2,...,T)
and
vig(t)=1if andonlyif 4oy =jand e, =k (t=2,3,...,T).
With this notation, the complete-data log-likelihood of an HMM — i.e.

the log-likelihood of the observations 1, x2, ..., z7 plus the missing
data ¢y, ¢, ..., cp — is given by
T T
log (Pr(X(T)’ c(T))) = log (661 H Yer_n1,ce Hpct (xt)>
t=2 t=1
T T

log 6., + Z log¥e, 1,e0 + Z log pe, (z4).

t=2 t=1
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Hence the CDLL is

log (Pr(x(T), c(T))>

m m m T
= Zuj(l) log d; + ZZ (Z ’Ujk(t)) log ;i

j=1k=1 \t=2

—1—22% Ylogp;(xy)  (4.12)

j=1t=1
= term 1+ term 2 + term 3.

Here 4 is to be understood as the initial distribution of the Markov
chain, the distribution of C7, not necessarily the stationary distribution.
Of course it is not reasonable to try to estimate the initial distribution
from just one observation at time 1, especially as the state of the Markov
chain itself is not observed. It is therefore interesting to see how the
EM algorithm responds to this unreasonable request: see Section 4.2.4.
We shall later (Section 4.2.5) make the additional assumption that the
Markov chain is stationary, and not merely homogeneous; § will then
denote the stationary distribution implied by I', and the question of
estimating § will fall away.

The EM algorithm for HMMs proceeds as follows.
¢ E step Replace all the quantities v;x(t) and w;(t) by their conditional

expectations given the observations x(T) (and given the current pa-

rameter estimates):

i;(t) = Pr(Cr=3 | xT)) = as(4)B: (5) / Lrs (4.13)
and
djx(t) = Pr(Cr1 =3, Co =k | xT)) = ay1(j) v pr (1) Bi(k) /L.
(4.14)

(See Section 4.1.3, Equations (4.10) and (4.11), for justification of the
above equalities.) Note that in this context we need the forward prob-
abilities as computed for an HMM that does not assume stationarity
of the underlying Markov chain {C}}; the backward probabilities are
however not affected by the stationarity or otherwise of {C}}.

e M step Having replaced v;(t) and w;(t) by v;x(t) and @;(t), max-
imize the CDLL, expression (4.12), with respect to the three sets of
parameters: the initial distribution 8, the transition probability ma-
trix I', and the parameters of the state-dependent distributions (e.g.
Aly -+, Ap in the case of a simple Poisson-HMM).

Examination of (4.12) reveals that the M step splits neatly into three
separate maximizations, since (of the parameters) term 1 depends only
on the initial distribution 4, term 2 on the transition probability matrix
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T, and term 3 on the ‘state-dependent parameters’. We must therefore
maximize:

L 377 a;(1) log §; with respect to

2. 370 DT (Zthz f)jk(t)> log ;. with respect to I'; and

3. 300 Zle @;(t)logpj(z¢) with respect to the state-dependent pa-
rameters. Notice here that the only parameters on which the term
Zthl @;(t)logpj(z:) depends are those of the jth state-dependent
distribution, p;; this further simplifies the problem.

The solution is as follows.

L Set &; = a;(1)/ 3772, 4;(1) = 4;(1). (See Exercise 11 of Chapter 1
for justification.)

2. Set v = fin) Sopy fik, where fir = 321, 0x(t). (Apply the result
of Exercise 11 of Chapter 1 to each row.)

3. The maximization of the third term may be easy or difficult, depend-
ing on the nature of the state-dependent distributions assumed. It is
essentially the standard problem of maximum likelihood estimation
for the distributions concerned. In the case of Poisson and normal
distributions, closed-form solutions are available: see Section 4.2.3. In
some other cases, e.g. the gamma distributions and the negative bi-
nomial, numerical maximization will be necessary to carry out this
part of the M step.

From point 2 above, we see that it is not the quantities v, (t) them-
selves that are needed, but their sums f;. It is worth noting that the
computation of the forward and backward probabilities is susceptible
to under- or overflow error, as are the computation and summation of
the quantities 9, (t). In applying EM as described here, precautions (e.g.
scaling) therefore have to be taken in order to prevent, or at least reduce
the risk of, such error. Code for computing the logarithms of the forward
and backward probabilities of a Poisson—-HMM, and for computing MLEs
via the EM algorithm, appears in A.2.2 and A.2.3.

4.2.3 M step for Poisson— and normal-HMMs

Here we give part 3 of the M step explicitly for the cases of Poisson and
normal state-dependent distributions. The state-dependent part of the
CDLL (term 3 of expression (4.12)) is

m T
Z ZQJ ) log pj(xy).

j=1t=1
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For a Poisson-HMM, p;(z) = e~ Af/z!, so in that case term 3 is
maximized by setting

that is, by

For a normal-HMM the state-dependent density is of the form p;(z) =
(2m02) /2 exp (fﬁ(x - Mj)Q) , and the maximizing values of the state-
J

dependent parameters p; and 02 are

and

4.2.4 Starting from a specified state

What is sometimes done, however, notably by Leroux and Puterman
(1992), is instead to condition the likelihood of the observations — i.e.
the ‘incomplete-data’ likelihood — on the Markov chain starting in a par-
ticular state: that is, to assume that 4 is a unit vector (0, ...,0,1,0,...,0)
rather than a vector whose components J; all require estimation. But,
since it is known (see Levinson, Rabiner and Sondhi, 1983, p. 1055) that,
at a maximum of the likelihood, & is one of the m unit vectors, maxi-
mizing the conditional likelihood of the observations over the m possible
starting states is equivalent to maximizing the unconditional likelihood
over 0; see also Exercise 1. Furthermore, it requires considerably less
computational effort. If one wishes to use EM in order to fit an HMM
in which the Markov chain is not assumed stationary, this does seem to
be the most sensible approach. In our EM examples, however, we shall
treat § as a vector of parameters requiring estimation, as it is instructive
to see what emerges.

4.2.5 EM for the case in which the Markov chain is stationary

Now assume in addition that the underlying Markov chain is stationary,
and not merely homogeneous. This is often a desirable assumption in
time series applications. The initial distribution ¢ is then such that § =
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oI and 61’ = 1, or equivalently
0=1(1,, - T +U)" !,

with U being a square matrix of ones. In this case, d is completely deter-
mined by the transition probabilities T, and the question of estimating
6 falls away. However, the M step then gives rise to the following opti-
mization problem: maximize, with respect to I', the sum of terms 1 and
2 of expression (4.12), i.e. maximize

m m m T
Z @;(1)logd; + Z Z (Z ﬁjk(t)> log vji- (4.15)

j=1k=1 \t=2

Notice that here term 1 also depends on I'. Even in the case of only
two states, analytic maximization would require the solution of a pair
of quadratic equations in two variables, viz. two of the transition proba-
bilities; see Exercise 3. Numerical solution is in general therefore needed
for this part of the M step if stationarity is assumed. This is a slight
disadvantage of the use of EM, as the stationary version of the models
is important in a time series context.

4.3 Examples of EM applied to Poisson-HMMs
4.3.1 FEarthquakes

We now present two- and three-state models fitted by the EM algorithm,
as described above, to the earthquakes data. For the two-state model,
the starting values of the off-diagonal transition probabilities are taken
to be 0.1, and the starting value of 8, the initial distribution, is (0.5,
0.5). Since 19.36 is the sample mean, 10 and 30 are plausible starting
values for the state-dependent means Ay and As.

In the tables shown, ‘iteration 0’ refers to the starting values, and ‘sta-
tionary model’ to the parameter values and log-likelihood of the compa-
rable stationary model fitted via nlm by direct numerical maximization.

Several features of Table 4.1 are worth noting. Firstly, the likelihood
value of the stationary model is slightly lower than that fitted here by
EM (i.e. —I is higher). This is to be expected, as constraining the initial
distribution d to be the stationary distribution can only decrease the
maximal value of the likelihood. Secondly, the estimates of the transition
probabilities and the state-dependent means are not identical for the two
models, but close; this, too, is to be expected. Thirdly, although we know
from Section 4.2.4 that § will approach a unit vector, it is noticeable just
how quickly, starting from (0.5, 0.5), it approaches (1,0).

Table 4.2 displays similar information for the corresponding three-
state models. In this case as well, the starting values of the off-diagonal
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Table 4.1 Two-state model for earthquakes, fitted by EM.

Iteration Y12 Y21 A1 A2 01 —1

0 0.100000  0.10000  10.000  30.000 0.50000  413.27542

1 0.138816  0.11622  13.742 24.169 0.99963  343.76023

2 0.115510  0.10079  14.090 24.061 1.00000  343.13618

30 0.071653  0.11895 15.419 26.014 1.00000  341.87871

50 0.071626  0.11903  15.421  26.018 1.00000  341.87870

convergence 0.071626  0.11903  15.421 26.018 1.00000  341.87870
stationary

model 0.065961  0.12851  15.472  26.125 0.66082  342.31827

Table 4.2 Three-state model for earthquakes, fitted by EM.

Iteration A A2 A3 01 o -1
0 10.000  20.000 30.000 0.33333 0.33333  342.90781
1 11.699 19.030 29.741 0.92471 0.07487 332.12143
2 12.265 19.078  29.581 0.99588 0.00412  330.63689
30 13.134 19.713  29.710 1.00000 0.00000  328.52748
convergence  13.134  19.713  29.710  1.00000 0.00000  328.52748

stationary

model 13.146  19.721 29.714  0.44364 0.40450  329.46028

transition probabilities are all taken to be 0.1 and the starting § is uni-
form over the states.

We now present more fully the ‘EM’ and the stationary versions of
the three-state model, which are only summarized in Table 4.2.

e Three-state model with initial distribution (1,0,0), fitted by EM:

0.9393 0.0321 0.0286
I'=1 0.0404 0.9064 0.0532 |,
0.0000 0.1903 0.8097

A =(13.134,19.713,29.710).

e Three-state model based on stationary Markov chain, fitted by direct
numerical maximization:

0.9546 0.0244 0.0209
I'=1 0.0498 0.8994 0.0509 |,
0.0000 0.1966 0.8034

& = (0.4436,0.4045,0.1519),
and A = (13.146,19.721, 29.714).
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One of the many things that can be done by means of the R package
msm (Jackson et al., 2003) is to fit HMMs with a range of state-dependent
distributions, including the Poisson. The default initial distribution used
by msm assigns a probability of 1 to state 1; the resulting models are
therefore directly comparable to the models which we have fitted by EM.
The two-state model fitted by msm corresponds closely to our model as
given in Table 4.1; it has —! = 341.8787, state-dependent means 15.420
and 26.017, and transition probability matrix

0.9283 0.0717
0.1189 0.8811 /°

The three-state models do not correspond quite so closely. The ‘best’
three-state model we have found by msm has —! = 328.6208 (cf. 328.5275),
state-dependent means 13.096, 19.708 and 29.904, and transition prob-
ability matrix

0.9371 0.0296 0.0333

0.0374 0.9148 0.0479

0.0040 0.1925 0.8035

4.8.2 Foetal movement counts

Leroux and Puterman (1992) used EM to fit (among other models)
Markov-dependent mixtures to a time series of unbounded counts, a se-
ries which has subsequently been analysed by Chib (1996), Robert and
Titterington (1998), Robert and Casella (1999, p. 432) and Scott (2002).
The series consists of counts of movements by a foetal lamb in 240 con-
secutive 5-second intervals, and was taken from Wittmann, Rurak and
Taylor (1984).

We present here a two-state HMM fitted by EM, and two HMMs fitted
by direct numerical maximization of the likelihood, and we compare
these with the models in Table 4 of Leroux and Puterman and Table 2 of
Robert and Titterington. Robert and Titterington omit any comparison
with the results of Leroux and Puterman, a comparison which might have
been informative: the estimates of A\ differ, and Leroux and Puterman’s
likelihood value is somewhat higher, as are our values.

The models of Leroux and Puterman start with probability 1 from
one of the states; i.e. the initial distribution of the Markov chain is a
unit vector. But it is of course easy to fit such models by direct numer-
ical maximization if one so wishes. In any code which takes the initial
distribution of the Markov chain to be the stationary distribution, one
merely replaces that stationary distribution by the relevant unit vector.
Our Table 4.3 presents (inter alia) three models we have fitted, the sec-
ond of which is of this kind. The first we have fitted by direct numerical
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Table 4.3 Siz two-state models fitted to the foetal movement counts time series.

DNM DNM EM EM SEM prior

(stat.) (state 2) (this work) (L&P) feedback

A1 3.1148 3.1007 3.1007  3.1006 2.93 2.84

A2 0.2564 0.2560 0.2560  0.2560 0.26 0.25

Y12 0.3103 0.3083 0.3083 0.3083 0.28 0.32

Y21 0.0113 0.0116 0.0116  0.0116 0.01 0.015

—* - 150.7007 150.7007  150.70 - -

—1 177.5188 177.4833  177.4833 (177.48) (177.58) (177.56)

10™L 8.0269 8.3174 8.3174 (8.3235) 7.539 7.686

Key to notation and abbreviations:

DNM (stat.) model starting from stationary distribution of the
Markov chain, fitted by direct numerical maximization

DNM (state 2) model starting from state 2 of the Markov chain, fitted
by direct numerical maximization

EM (this work)  model fitted by EM, as described in Sections 4.2.2-4.2.3

EM (L&P) model fitted by EM by Leroux and Puterman (1992)

SEM model fitted by stochastic EM algorithm of Chib (1996);
from Table 2 of Robert and Titterington (1998)

prior feedback model fitted by maximum likelihood via ‘prior feedback’;
from Table 2 of Robert and Titterington (1998)

- log-likelihood omitting constant terms
log-likelihood

L likelihood

- not needed; deliberately omitted

Figures appearing in brackets in the last three columns of this table have
been deduced from figures published in the works cited, but do not themselves
appear there; they are at best as accurate as the figures on which they are
based. For instance, 10"®L = 8.3235 is based on —I* = 150.70. The figures
150.70, 7.539 and 7.686 in those three columns are exactly as published.

maximization of the likelihood based on the initial distribution being the
stationary distribution, the second by direct numerical maximization of
the likelihood starting from state 2, and the third by EM. In Table 4.3
they are compared to three models appearing in the published literature.
The very close correspondence between the models we fitted by EM and
by direct maximization (starting in state 2) is reassuring,.

The results displayed in the table suggest that, if one wishes to fit mod-
els by maximum likelihood, then EM and direct numerical maximization
are superior to the other methods considered. Robert and Titterington
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suggest that Chib’s algorithm may not have converged, or may have con-
verged to a different local optimum of the likelihood; their prior feedback
results appear also to be suboptimal, however.

4.4 Discussion

As Bulla and Berzel (2008) point out, researchers and practitioners tend
to use either EM or direct numerical maximization, but not both, to
perform maximum likelihood estimation in HMMs, and each approach
has its merits. However, one of the merits rightly claimed for EM in some
generality turns out to be illusory in the context of HMMs. McLachlan
and Krishnan (1997, p. 33) state of the EM algorithm in general —
i.e. not specifically in the context of HMMs — that it is ‘[...] easy
to program, since no evaluation of the likelihood nor its derivatives is
involved.” If one applies EM as described above, one has to compute
both the forward and the backward probabilities; on the other hand one
needs only the forward probabilities to compute the likelihood, which
can then be maximized numerically. In effect, EM does all that is needed
to compute the likelihood via the forward probabilities, and then does
more. Especially if one has available an optimization routine, such as nlm,
optim or constrOptim in R, which does not demand the specification
of derivatives, ease of programming seems in the present context to be
more a characteristic of direct numerical maximization than of EM.

In our experience, it is a major advantage of direct numerical maxi-
mization without analytical derivatives that one can, with a minimum of
programming effort, repeatedly modify a model in an interactive search
for the best model. Often all that is needed is a small change to the code
that evaluates the likelihood. It is also usually straightforward to replace
one optimizer by another if an optimizer fails, or if one wishes to check
in any way the output of a particular optimizer.

Note the experience reported by Altman and Petkau (2005). In their
applications direct maximization of the likelihood produced the MLEs
far more quickly than did the EM algorithm. See also Turner (2008),
who provides a detailed study of direct maximization by the Levenberg—
Marquardt algorithm. In two examples he finds that this algorithm is
much faster (in the sense of CPU time) than is EM, and it is also clearly
faster than optim, both with and without the provision of analytical
derivatives. In our opinion the disadvantage of using analytical deriva-
tives in exploratory modelling is the work involved in recoding those
derivatives, and checking the code, when one alters a model. Of course
for standard models such as the Poisson—-HMM, which are likely to be
used repeatedly, the advantage of having efficient code would make such
labour worthwhile. Cappé et al. (2005, p. 358) provide a discussion of
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the relative merits of EM and direct maximization of the likelihood of
an HMM by gradient-based methods.

Exercises

1.(a) Suppose L; >0 fori=1,2,..., m. Maximize L = )., a;L; over
a; Z 0, Z;’il a; = 1.
(b) Consider an HMM with initial distribution 8, and consider the
likelihood as a function of §. Show that, at a maximum of the
likelihood, 9§ is a unit vector.

2. Consider the example on pp. 186—187 of Visser, Raijmakers and Mole-
naar (2002). There a series of length 1000 is simulated from an HMM
with states S7; and Sy and the three observation symbols 1, 2 and 3.
The transition probability matrix is

0.9 0.1
A= ( 0.3 0.7 ) :
the initial probabilities are w = (0.5,0.5), and the state-dependent
distribution in state 4 is row i of the matrix

B_ 0.7 0.0 0.3
-\ 00 04 06 /-
The parameters A, B and 7 are then estimated by EM; the estimates
of A and B are close to A and B, but that of 7 is (1, 0). This estimate
for 7 is explained as follows: ‘The reason for this is that the sequence

of symbols that was generated actually starts with the symbol 1 which
can only be produced from state S;.’

Do you agree with the above statement? What if the probability of
symbol 1 in state Sz had been (say) 0.1 rather than 0.07

3. Consider the fitting by EM of a two-state HMM based on a stationary
Markov chain. In the M step, the sum of terms 1 and 2 must be
maximized with respect to I'; see the expression labelled (4.15).

Write term 1 + term 2 as a function of ;2 and 21, the off-diagonal
transition probabilities, and differentiate to find the equations satis-
fied by these probabilities at a stationary point. (You should find that
the equations are quadratic in both 12 and v21.)

4. Consider again the soap sales series introduced in Exercise 5 of Chap-
ter 1.

Use the EM algorithm to fit Poisson-HMMs with two, three and four
states to these data.

5. Let {X;} be an HMM on m states.
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(a) Suppose the state-dependent distributions are binomial. More pre-
cisely, assume that

. n T ng—x
Pr( Xy =z |Ci=j) = (;)pj(l—Pj) .

Find the value for p; that will maximize the third term of Equation
(4.12). (This is needed in order to carry out the M step of EM for
a binomial-HMM.)

(b) Now suppose instead that the state-dependent distributions are
exponential, with means 1/);. Find the value for A; that will max-
imize the third term of Equation (4.12).

6. Modify the code given in A.2 for Poisson-HMMs, in order to fit
normal—, binomial-, and exponential-HMMs by EM.



CHAPTER 5

Forecasting, decoding and state
prediction

Main results of this chapter:
conditional distributions p. 77

Pr(X; =2 | XD = x(70) = 37w, (t)pi (@)
forecast distributions p- 79

Pr(Xpyp =z | XD =x1)) = 37 &(h)pi(x)
state probabilities and local decoding p- 81

Pr(Cy =i | X™ = X(T)) = oy (i)Be(3)/ Lt
global decoding maximize over c¢(T): p. 82
Pr(CT) = () | XT) — 5D

state prediction p- 86

Pr(Cropn =i | XT =xD) = apT"(,i)/ Ly

Convenient expressions for conditional distributions and forecast distri-
butions are available for HMMs. This makes it easy, for example, to
check for outliers or to make interval forecasts. In this chapter, we first
show (in Section 5.1) how to compute the conditional distribution of
an observation under an HMM, i.e. the distribution of the observation
at time ¢ given the observations at all other times. In Section 5.2 we
derive the forecast distribution of an HMM. Then, in Section 5.3, we
demonstrate how, given the HMM and the observations, one can deduce
information about the states occupied by the underlying Markov chain.
Such inference is known as decoding. We continue to use the earthquakes
series as our illustrative example. Our results are stated for the case of
discrete observations X;; if the observations are continuous, probabilities
will need to be replaced by densities.

Note that in this chapter we do not assume stationarity of the Markov

75
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chain {C}}, only homogeneity: here the row vector § denotes the initial
distribution, that of C7, and is not assumed to be the stationary distri-
bution. Of course the results also hold in the special case in which the
Markov chain is stationary, in which case § is both the initial and the
stationary distribution.

5.1 Conditional distributions

We now derive a formula for the distribution of X; conditioned on all
the other observations of the HMM. We use the notation X(—? for the
observations at all times other than ¢; that is, we define

XY = (X, .., X1, Xeqas -, X1),

and similarly x(—%),

Using the likelihood of an HMM as discussed in Section 2.3.2, and the
definition of the forward and backward probabilities as in Section 4.1, it
follows immediately, for t =2,3,...,T, that
b (.~ | X100 _ SPlr0Ba s BATPGBLey - Bt

5P(m1)B2 cee BtfertJrl s BT]-I
x a;1TP(z)8;. (5.1)
Here, as before, oy = 6P (z1)Bo---By, 8, = Biy1---Brl’ and Br = 1;
recall that B, is defined as TP (z;).
The result for the case t =1 is

§P(2)Bs - - Byl
0IB;---Br1’
x 6P(z)B;. (5.2)

Pr (Xl =z | XD = X(—1)> _

The above conditional distributions are ratios of two likelihoods of an
HMM: the numerator is the likelihood of the observations except that
the observation z; is replaced by z, and the denominator (the reciprocal
of the constant of proportionality) is the likelihood of the observations
except that z; is treated as missing.

We now show that these conditional probabilities can be expressed
as mixtures of the m state-dependent probability distributions. In both
Equations (5.1) and (5.2) the required conditional probability has the
following form: a row vector multiplied by the m x m diagonal matrix
P(z) = diag(p1(x), . .., pm(x)), multiplied by a column vector. It follows,
fort=1,2,..., T, that

Pr (X1 =z | XD = X(ft)) x idi(t)pi(z),
i=1

where, in the case of (5.1), d;(t) is the product of the ith entry of the
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vector a1 T" and the i th entry of the vector B;; and in the case of (5.2),
it is the product of the ith entry of the vector 6 and the i th entry of
the vector B1. Hence

Pr (Xt =z | XY = x(_t)) - Zwi(t)pi(x), (5.3)

where the mixing probabilities w;(t) = d; (t)/Z;nzl d;(t) are functions
of the observations x(~* and of the model parameters. The R code for
such conditional distributions is given in A.2.9.

In Figure 5.1 we present the full array of conditional distributions for
the earthquakes data. It is clear that each of the conditional distributions
has a different shape, and the shape may change sharply from one time-
point to the next. In addition, it is striking that some of the observed
counts, which in Figure 5.1 are marked as bold bars, are extreme relative
to their conditional distributions. This observation suggests using the
conditional distributions for outlier checking, which will be demonstrated
in Section 6.2.

5.2 Forecast distributions

We turn now to another type of conditional distribution, the forecast
distribution of an HMM. Specifically we derive two expressions for the
conditional distribution of X7, given X() = x(T); h is termed the
forecast horizon. Again we shall focus on the discrete case; the formulae
for the continuous case are the same but with the probability functions
replaced by density functions.
For discrete-valued observations the forecast distribution Pr(Xpyp =
z | XTI = xT)) of an HMM is very similar to the conditional distribu-
tion Pr(X, = z | X(=9 = x(=9)) just discussed, and can be computed in
essentially the same way, as a ratio of likelihoods:
Pr(XT) =xTM) Xr,) = 2)
Pr(X(T) = x(T)>

JP((El)BQBd L BTth((E)lI

6P($1)B2B3 e BT]./
aTI‘hP(a;)l’

aTl’ '

Pr(Xppp =2 | XT = x™)

Writing ¢r = ar/arl’ (see Section 3.2), we have
Pr(Xryp =2 | XD =xD)) = ;TP (2)1". (5.4)

Expressions for joint distributions of several forecasts can be derived
along the same lines. (See Exercise 5.)
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Figure 5.1 Earthquakes data, three-state HMM: conditional distribution of the
number of earthquakes in each year, given all the other observations. The bold
bar corresponds to the actual number observed in that year.
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Table 5.1 FEarthquakes data, three-state Poisson-HMM: forecasts.

year: 2007 2008 2009 2016 2026 2036
horizon: 1 2 5 10 20 30
forecast mode: 13 13 13 13 14 14
forecast median: 12.7 12.9 13.1 14.4 15.6 16.2
forecast mean: 13.7 14.1 14.5 16.4 17.5 18.0

nominal 90%
forecast interval:  [8,21] [8,23] [8,25] [8,30] [8,32] [9,32]
exact coverage: 0.908 0.907 0.907 0918 0.932 0910

The forecast distribution can therefore be written as a mixture of the
state-dependent probability distributions:

Pr(Xppn =1 | xXT — X(T)) - igi(h)pi(g;) , (5.5)
i=1

where the weight &;(h) is the i th entry of the vector ¢prI'"*. The R code
for forecasts is given in A.2.8.

Since the entire probability distribution of the forecast is known, it is
possible to make interval forecasts, and not only point forecasts. This is
illustrated in Table 5.1, which lists statistics of some forecast distribu-
tions for the earthquake series fitted with a three-state Poisson HMM.

As the forecast horizon h increases, the forecast distribution converges
to the marginal distribution of the stationary HMM, i.e.

Jim Pr(Xrp, = | XM = x(M)) = Jim orT"P(2)1 = 6*P(2)1,

where here we temporarily use §* to denote the stationary distribution
of the Markov chain (in order to distinguish it from 4, the initial distri-
bution). The limit follows from the observation that, for any nonnegative
(row) vector i whose entries add to 1, the vector nI'" approaches the
stationary distribution of the Markov chain as h — oo, provided the
Markov chain satisfies the usual regularity conditions of irreducibility
and aperiodicity; see e.g. Feller (1968, p. 394). Sometimes the forecast
distribution approaches its limiting distribution only slowly; see Figure
5.2, which displays six of the forecast distributions for the earthquakes
series, compared with the limiting distribution. In other cases the ap-
proach can be relatively fast; for a case in point, consider the three-state
model for the soap sales series introduced in Exercise 5 of Chapter 1.
The rate of approach is determined by the size of the largest eigenvalue
other than 1 of the t.p.m. I'.
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Figure 5.2 Farthquakes data, three-state Poisson-HMM: forecast distributions
for 1 to 30 years ahead, compared to limiting distribution, which is shown as
a continuous line.

5.3 Decoding

In speech recognition and other applications — see e.g. Fredkin and
Rice (1992), or Guttorp (1995, p. 101) — it is of interest to determine
the states of the Markov chain that are most likely (under the fitted
model) to have given rise to the observation sequence. In the context
of speech recognition this is known as the decoding problem: see Juang
and Rabiner (1991). More specifically, ‘local decoding’ of the state at
time t refers to the determination of that state which is most likely at
that time. In contrast, ‘global decoding’ refers to the determination of
the most likely sequence of states. These two are described in the next
two sections.

5.83.1 State probabilities and local decoding

Consider again the vectors of forward and backward probabilities, a;
and 3¢, as discussed in Section 4.1. For the derivation of the most likely
state of the Markov chain at time ¢, we shall use the following result,
which appears there as Equation (4.9):

(1), (i) = Pr(XT) =xT) ¢, =4).
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Figure 5.3 Farthquakes data: state probabilities for fitted three-state HMM.

Hence the conditional distribution of C} given the observations can be
obtained, for i =1, 2, ..., m, as

Pr(Cy =1, X(T) = X(T))
Pr(X(T) = X(T))
o (1) B (4)

= e (5.6)

Pr(Cy =i | XD =xM) =

Here L1 can be computed by the scaling method described in Section
3.2. Scaling is also necessary in order to prevent numerical underflow
in the evaluation of the product oy (i)5:(¢). The R code given in A.2.5
implements one method of doing this.

For each time ¢t € {1,...,T} one can therefore determine the distri-
bution of the state Cy, given the observations x(7), which for m states is
a discrete probability distribution with support {1,...,m}. In Figures
5.3 and 5.4 we display the state probabilities for the earthquakes series,
based on the fitted three- and four-state Poisson-HMM models.

For each t € {1,...,T} the most probable state i}, given the observa-
tions, is defined as

if = argmax Pr(C, =i | X™ =x1). (5.7)

i=1,....,m
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Figure 5.4 Farthquakes data: state probabilities for fitted four-state HMM.

This approach determines the most likely state separately for each t by
maximizing the conditional probability Pr(C; =i | X(T) = x(T)) and is
therefore called local decoding. In Figure 5.5 we display the results of
applying local decoding to the earthquakes series, for the fitted three-
and four-state models. The relevant R code is given in A.2.5 and A.2.6.

5.3.2 Global decoding

In many applications, e.g. speech recognition, one is not so much inter-
ested in the most likely state for each separate time t — as provided
by local decoding — as in the most likely sequence of (hidden) states.
Instead of maximizing Pr(Cy = i | X(T) = x(T)) over i for each t, one
seeks that sequence of states ¢y, cs,...,cr which maximizes the condi-
tional probability

Pr(C™ =c™ | XM =x(D); (5.8)

or equivalently, and more conveniently, the joint probability:

T T
Pr(CT XM) = 5o, [T Ver e ] Per(0)-
t=2 t=1
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Figure 5.5 Earthquakes data: local decoding according to three- and four-state
HMMs. The horizontal lines indicate the state-dependent means.

This is a subtly different maximization problem from that of local de-
coding, and is called global decoding. The results of local and global
decoding are often very similar but not identical.

Maximizing (5.8) over all possible state sequences ¢, ¢, ..., ¢r by
brute force would involve m” function evaluations, which is clearly not
feasible except for very small T. Fortunately one can use instead an
efficient dynamic programming algorithm to determine the most likely
sequence of states. The Viterbi algorithm (Viterbi, 1967; Forney, 1973)
is such an algorithm.

We begin by defining

10 = Pr(Cr1=1, X1=m1) = §; pi(71),
and, for t=2,3, ..., T,
&i = max Pr(C(t_l):c(t_l),Ct:i,X(T):x(T)).

C1,C2,...,Ct—1

It can then be shown (see Exercise 1) that the probabilities &;; satisfy
the following recursion, for t=2,3, ..., Tandi=1,2, ..., m:

& = (max(§e-1.07i3))ps (1), (5:9)
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This provides an efficient means of computing the 7" x m matrix of values
&:j, as the computational effort is linear in 7. The required maximizing

sequence of states i1, i, ..., i7 can then be determined recursively from
iT = argmax &7y (5.10)
i=1,....m

and, for t=T—-1,T —2, ..., 1, from

iy = argmax (& Yijisyy)- (5.11)
1=1,....m

Note that, since the quantity to be maximized in global decoding is
simply a product of probabilities (as opposed to a sum of such products),
one can choose to maximize its logarithm, in order to prevent numerical
underflow; the Viterbi algorithm can easily be rewritten in terms of the
logarithms of the probabilities. Alternatively a scaling similar to that
used in the likelihood computation can be employed: in that case one
scales each of the T rows of the matrix {£;;} to have row sum 1. The
Viterbi algorithm is applicable to both stationary and nonstationary
underlying Markov chains; there is no necessity to assume that the initial
distribution & is the stationary distribution. For the relevant R code, see
A.24.

Figure 5.6 displays, for the fitted three- and four-state models for the
earthquakes series, the paths obtained by the Viterbi algorithm. The
paths are very similar to those obtained by local decoding: compare
with Figure 5.5. But they do differ. In the case of the three-state model,
the years 1911, 1941 and 1980 differ. In the case of the four-state model,
1911 and 1941 differ. Notice also the nature of the difference between the
upper and lower panels of Figure 5.6: allowing for a fourth state has the
effect of splitting one of the states of the three-state model, that with
the lowest mean. When four states are allowed, the ‘Viterbi path’ moves
along the lowest state in the years 1919-1922 and 1981-1989 only.

Global decoding is the main objective in many applications, especially
when there are substantive interpretations for the states. It is therefore
of interest to investigate the performance of global decoding in identify-
ing the correct states. This can be done by simulating a series from an
HMM, applying the algorithm in order to decode the simulated obser-
vations, and then comparing the Viterbi path with the (known) series
of simulated states. We present here an example of such a comparison,
based on a simulated sequence of length 100000 from the three-state
(stationary) model for the earthquakes given on p. 51.

The 3 x 3 table displayed below with its marginals gives the simulated
joint distribution of the true state ¢ (rows) and the Viterbi estimate j of
the state (columns). The row totals are close to (0.444, 0.405, 0.152), the
stationary distribution of the model; this provides a partial check of the
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Figure 5.6 Farthquakes: global decoding according to three- and four-state
HMMs. The horizontal lines indicate the state-dependent means.

simulation. The column totals (the distribution of the state as inferred
by Viterbi) are also close to this stationary distribution.

j=1 2 3
i=1 0431 0.017 0.000  0.448
2 0.018 0.366 0.013  0.398
3 0.000 0.020 0.134  0.154
0.449 0.403 0.147  1.000

From this table one may conclude, for instance, that the estimated prob-
ability that the state inferred is 2, if the true state is 1, is 0.017/0.448 =
0.038. More generally, the left-hand table below gives Pr(inferred state =
j | true state = %) and the right-hand table gives Pr(true state = i |
inferred state = j).

j=1 2 3 j=1 2 3
=1 0961 0.038 0.000 i=1 0958 0.043 0.001
2 0.046 0.921 0.033 2 0.041 0.908 0.088
3 0.002 0.130 0.868 3 0.001  0.050 0.910

Ideally all the diagonal elements of the above two tables would be 1; here
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Table 5.2 FEarthquakes data. State prediction using a three-state Poisson—
HMM: the probability that the Markov chain will be in a given state in the
specified year.

year 2007 2008 2009 2016 2026 2036
state=1 0.951 0.909 0.871 0.674 0.538 0.482

2 0.028 0.053 0.077 0.220 0.328 0.373
3 0.021 0.038 0.052 0.107 0.134 0.145

they range from 0.868 to 0.961. Such a simulation exercise quantifies
the expected accuracy of the Viterbi path and is therefore particularly
recommended in applications in which the interpretation of that path is
an important objective of the analysis.

5.4 State prediction

In Section 5.3.1 we derived an expression for the conditional distribu-
tion of the state Cy, for t = 1,2,...,T, given the observations x(). In
so doing we considered only present or past states. However, it is also
possible to provide the conditional distribution of the state C; for t > T,
i.e to perform ‘state prediction’.

Given the observations 1, ..., x7, the following set of statements can
be made about future, present and past states (respectively):

Ly Pr(Cy, =i | X1 = x(1))
arT=T(ji) fort>T state prediction
= arp(i) fort=T filtering
o (4) B (1) for 1 <t <T smoothing,

where T'*=7(,i) denotes the ith column of the matrix T'*~7. The ‘filter-
ing’ and ‘smoothing’ parts (for present or past states) are identical to
the state probabilities as described in Section 5.3.1, and indeed could
here be combined, since B (i) = 1 for all 4. The ‘state prediction’ part
is simply a generalization to t > T, the future, and can be restated as
follows (see Exercise 6); fori =1, 2, ..., m,

Pr(Cryn =i | XD =xD)) = ap (i) /Ly = ¢rT"(,i),  (5.12)

with ¢ = ar/arl’. Note that, as h — oo, ¢rI'"* approaches the
stationary distribution of the Markov chain.

Table 5.2 gives, for a range of years, the state predictions based on
the three-state model for the earthquake series. The R code for state
prediction is given in A.2.7.
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Exercises

1. Prove the recursion (5.9):
§j = (mzax(gt—l,i Yij))pj ().

2. Apply local and global decoding to a three-state model for the soap
sales series introduced in Exercise 5 of Chapter 1, and compare the
results to see how much the conclusions differ.

3. Compute the h-step-ahead state predictions for the soap sales series,

for h = 1 to 5. How close are these distributions to the stationary
distribution of the Markov chain?

4.(a) Using the same sequence of random numbers in each case, generate
sequences of length 1000 from the Poisson—-HMMSs with

0.8 0.1 0.1
r=| 01 08 01 |,
0.1 0.1 0.8

and: (i) A = (10,20, 30); and (ii) A = (15,20, 25). Keep a record of
the sequence of states, which should be the same in (i) and (ii).

(b) Use the Viterbi algorithm to infer the most likely sequence of states
in each case, and compare these two sequences to the ‘true’ under-
lying sequence, i.e. the generated one.

(¢) What conclusions do you draw about the accuracy of the Viterbi
algorithm?
5. Bivariate forecast distributions for HMMs

a Flnd lhe ‘]Olnt dlSlrlbullOIl Of ;( I+ aIld }( I'4+2, gl\/ell }(( )7 m as
SlIIl[)le a f()IIIl as y()u can.

(b) For the earthquakes data, find Pr(X7 1 < 10, X740 < 10| X)),
6. Prove Equation (5.12):
Pr(Cpyn =i | XD =xD)) = ap (i) /Ly = ¢rT"(,0).



CHAPTER 6

Model selection and checking

In the basic HMM with m states, increasing m always improves the fit
of the model (as judged by the likelihood). But along with the improve-
ment comes a quadratic increase in the number of parameters, and the
improvement in fit has to be traded off against this increase. A criterion
for model selection is therefore needed.

In some cases, it is sensible to reduce the number of parameters
by making assumptions on the state-dependent distributions or on the
t.p.m. of the Markov chain. For an example of the former, see p. 175,
where, in order to model a series of categorical observations with 16 cir-
cular categories, von Mises distributions (with two parameters) are used
as the state-dependent distributions. For an example of the latter, see
Section 13.3, where we describe discrete state-space stochastic volatility
models which are m-state HMMs with only three or four parameters.
Notice that in this case the number of parameters does not increase at
all with increasing m.

In this chapter we give a brief account of model selection in HMMs
(Section 6.1), and then describe the use of pseudo-residuals in order to
check for deficiencies in the selected model (Section 6.2).

6.1 Model selection by AIC and BIC

A problem which arises naturally when one uses hidden Markov (or
other) models is that of selecting an appropriate model, e.g. of choosing
the appropriate number of states m, sometimes described as the ‘order’
of the HMM, or of choosing between competing state-dependent distri-
butions such as Poisson and negative binomial. Although the question
of order estimation for an HMM is neither trivial nor settled (see Cappé
et al., 2005, Chapter 15), we need some criterion for model comparison.
The material outlined below is based on Zucchini (2000), which gives an
introductory account of model selection.

Assume that the observations z1,...,xr were generated by the un-
known ‘true’ or ‘operating’ model f and that one fits models from two
different approximating families, {g; € G1} and {g2 € G2}. The goal of
model selection is to identify the model which is in some sense the best.

There exist at least two approaches to model selection. In the fre-
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quentist approach one selects the family estimated to be closest to the
operating model. For that purpose one defines a discrepancy (a measure
of ‘lack of fit’) between the operating and the fitted models, A(f, 1)
and A(f,g2). These discrepancies depend on the operating model f,
which is unknown, and so it is not possible to determine which of the
two discrepancies is smaller, i.e. which model should be selected. Instead
one bases selection on estimators of the expected discrepancies, namely
Ef(A(f,g1)) and E¢(A(f, §2)), which are referred to as model selection
criteria. By choosing the Kullback—Leibler discrepancy, and under the
conditions listed in Appendix A of Linhart and Zucchini (1986), the
model selection criterion simplifies to the Akaike information criterion
(AIC):
AIC = —2log L + 2p,

where log L is the log-likelihood of the fitted model and p denotes the
number of parameters of the model. The first term is a measure of fit,
and decreases with increasing number of states m. The second term is a
penalty term, and increases with increasing m.

The Bayesian approach to model selection is to select the family which
is estimated to be most likely to be true. In a first step, before considering
the observations, one specifies the priors, i.e. the probabilities Pr(f € G;)
and Pr(f € Gs) that f stems from the approximating family. In a second
step one computes and compares the posteriors, i.e. the probabilities that
f belongs to the approximating family, given the observations, Pr(f €
G1 | xM) and Pr(f € G | xT)). Under certain conditions (see e.g.
Wasserman (2000)), this approach results in the Bayesian information
criterion (BIC) which differs from AIC in the penalty term:

BIC = —2log L + plog T,

where log L and p are as for AIC, and T is the number of observations.
Compared to AIC, the penalty term of BIC has more weight for T > e?,
which holds in most applications. Thus the BIC often favours models
with fewer parameters than does the AIC.

For the earthquakes series, AIC and BIC both select three states: see
Figure 6.1, which plots AIC and BIC against the number of states m of
the HMM. The values of the two criteria are provided in Table 6.1. These
values are also compared to those of the independent mixture models of
Section 1.2.4. Although the HMMs demand more parameters than the
comparable independent mixtures, the resulting values of AIC and BIC
are lower than those obtained for the independent mixtures.

Several comments arise from Table 6.1. Firstly, given the serial depen-
dence manifested in Figure 2.1, it is not surprising that the independent
mixture models do not perform well relative to the HMMs. Secondly,
although it is perhaps obvious a priori that one should not even try to
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Figure 6.1 Earthquakes series: model selection criteria AIC and BIC.

Table 6.1 Farthquakes data: comparison of (stationary) hidden Markov and
independent mixture models by AIC and BIC.

model k —log L AIC BIC
‘1-state HM’ 1 391.9189 785.8 788.5
2-state HM 4 3423183 692.6 703.3
3-state HM 9 3294603 676.9 T701.0
4-state HM 16 327.8316 687.7 730.4
5-state HM 25 3259000 701.8  768.6
6-state HM 36 324.2270 720.5 816.7
indep. mixture (2) 3  360.3690 726.7 734.8
indep. mixture (3) 5 356.8489 723.7 737.1
indep. mixture (4) 7 356.7337 727.5  746.2

fit a model with as many as 25 or 36 parameters to 107 observations, and
dependent observations at that, it is interesting to explore the likelihood
functions in the case of HMMs with five and six states. The likelihood
appears to be highly multimodal in these cases, and it is easy to find
several local maxima by using different starting values. A strategy that
seems to succeed in these cases is to start all the off-diagonal transi-
tion probabilities at small values (such as 0.01) and to space out the
state-dependent means over a range somewhat less than the range of
the observations.

According to both AIC and BIC, the model with three states is the
most appropriate. But more generally the model selected may depend
on the selection criterion adopted. The selected model is displayed on
p- 51, and the state-dependent distributions, together with the resulting
marginal, are displayed in Figure 3.1 on p. 51.
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Figure 6.2 FEarthquakes data: sample ACF and ACF of three models. The bold
bars on the left represent the sample ACF, and the other bars those of the
HMDMs with (from left to right) two, three and four states.

It is also useful to compare the autocorrelation functions of the HMMs
with two to four states with the sample ACF. The ACFs of the models
can be found by using the results of Exercise 4 of Chapter 2, and ap-
peared on p. 52. In tabular form the ACF's are:

k: 1 2 3 4 5 6 7 8

observations 0.570 0.444 0.426 0.379 0.297 0.251 0.251 0.149
2-state model 0.460 0.371 0.299 0.241 0.194 0.156 0.126 0.101
3-state model 0.551 0.479 0.419 0.370 0.328 0.292 0.261 0.235
4-state model 0.550 0.477 0.416 0.366 0.324 0.289 0.259 0.234

In Figure 6.2 the sample ACF is juxtaposed to those of the models with
two, three and four states. It is clear that the autocorrelation functions of
the models with three and four states correspond well to the sample ACF
up to about lag 7. However, one can apply more systematic diagnostics,
as will now be shown.

6.2 Model checking with pseudo-residuals

Even when one has selected what is by some criterion the ‘best’ model,
there still remains the problem of deciding whether the model is indeed
adequate; one needs tools to assess the general goodness of fit of the
model, and to identify outliers relative to the model. In the simpler con-
text of normal-theory regression models (for instance), the role of resid-
uals as a tool for model checking is very well established. In this section
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we describe quantities we call pseudo-residuals which are intended to ful-
fil this role much more generally, and which are useful in the context of
HMMs. We consider two versions of these pseudo-residuals (in Sections
6.2.2 and 6.2.3); both rely on being able to perform likelihood computa-
tions routinely, which is certainly the case for HMMs. A detailed account,
in German, of the construction and application of pseudo-residuals is
provided by Stadie (2002). See also Zucchini and MacDonald (1999).

6.2.1 Introducing pseudo-residuals

To motivate pseudo-residuals we need the following simple result. Let
X be a random variable with continuous distribution function F. Then
U = F(X) is uniformly distributed on the unit interval, which we write

U ~U(0,1).

The proof is left to the reader as Exercise 1.

The uniform pseudo-residual of an observation z; from a contin-
uous random variable X is defined as the probability, under the fitted
model, of obtaining an observation less than or equal to x;:

Uy = PI‘(Xt S .’L't) = FXt (xt)

That is, u; is the observation x; transformed by its distribution function
under the model. If the model is correct, this type of pseudo-residual
is distributed U(0,1), with residuals for extreme observations close to
0 or 1. With the help of these uniform pseudo-residuals, observations
from different distributions can be compared. If we have observations
Z1,...,x7 and a model X; ~ Fy, for t = 1,...,T (i.e. each z; has its
own distribution function F}), then the x;-values cannot be compared
directly. However, the pseudo-residuals u,; are identically U(0,1) (if the
model is true), and can sensibly be compared. If a histogram or quantile-
quantile plot (‘qq-plot’) of the uniform pseudo-residuals u; casts doubt
on the conclusion that they are U(0,1), one can deduce that the model
is not valid.

Although the uniform pseudo-residual is useful in this way, it has a
drawback if used for outlier identification. For example, if one considers
the values lying close to 0 or 1 on an index plot, it is hard to see whether
a value is very unlikely or not. A value of 0.999, for instance, is difficult
to distinguish from a value of 0.97, and an index plot is almost useless
for a quick visual analysis.

This deficiency of uniform pseudo-residuals can, however, easily be
remedied by using the following result. Let ® be the distribution func-
tion of the standard normal distribution and X a random variable with
distribution function F. Then Z = ®~! (F(X)) is distributed standard
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Figure 6.3 Construction of normal pseudo-residuals in the continuous case.

normal. (For the proof we refer again to Exercise 1.) We now define the
normal pseudo-residual as

Zt = @71(%) = ¢71(FXt (Z’t))

If the fitted model is valid, these normal pseudo-residuals are distributed
standard normal, with the value of the residual equal to 0 when the obser-
vation coincides with the median. Note that, by their definition, normal
pseudo-residuals measure the deviation from the median, and not from
the expectation. The construction of normal pseudo-residuals is illus-
trated in Figure 6.3. If the observations x1, . . ., 7 were indeed generated
by the model X; ~ Fj, the normal pseudo-residuals z; would follow a
standard normal distribution. One can therefore check the model either
by visually analysing the histogram or qqg-plot of the normal pseudo-
residuals, or by performing tests for normality.

This normal version of pseudo-residuals has the advantage that the
absolute value of the residual increases with increasing deviation from
the median and that extreme observations can be identified more easily
on a normal scale. This becomes obvious if one compares index plots of
uniform and normal pseudo-residuals.

Note that the theory of pseudo-residuals as outlined so far can be
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Figure 6.4 Construction of normal pseudo-residuals in the discrete case.

applied to continuous distributions only. In the case of discrete obser-
vations, the pseudo-residuals can, however, be modified to allow for the
discreteness. The pseudo-residuals are no longer defined as points, but
as intervals. Thus, for a discrete random variable X; with distribution
function Fx, we define the uniform pseudo-residual segments as

[uy 3w/ ] = [Fx, (2); Fx, ()], (6.1)

with z; denoting the greatest realization possible that is strictly less
than z;, and we define the normal pseudo-residual segments as

22 ] = (07 (uy ); @7 (u))] = [@7 (Fx, (2)); @ (Fix, ()] (6.2)

The construction of the normal pseudo-residual segment of a discrete
random variable is illustrated in Figure 6.4.

Both versions of pseudo-residual segments (uniform and normal) con-
tain information on how extreme and how rare the observations are,
although the uniform version represents the rarity or otherwise more
directly, as the length of the segment is the corresponding probability.
For example, the lower limit u; of the uniform pseudo-residual inter-
val specifies the probability of observing a value strictly less than xy,
1 — u gives the probability of a value strictly greater than x;, and the
difference uzr —u; is equal to the probability of the observation z; un-
der the fitted model. The pseudo-residual segments can be interpreted
as interval-censored realizations of a uniform (or standard normal) dis-
tribution, if the fitted model is valid. Though this is correct only if the
parameters of the fitted model are known, it is still approximately correct
if the number of estimated parameters is small compared to the size of
the sample (Stadie, 2002). Diagnostic plots of pseudo-residual segments
of discrete random variables necessarily look rather different from those
of continuous random variables.
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It is easy to construct an index plot of pseudo-residual segments or to
plot these against any independent or dependent variable. However, in
order to construct a qg-plot of the pseudo-residual segments one has to
specify an ordering of the pseudo-residual segments. One possibility is
to sort on the so-called ‘mid-pseudo-residuals’ which are defined as

-+
! <“t;“t) . (6.3)

Furthermore, the mid-pseudo-residuals can themselves be used for check-
ing for normality, for example via a histogram of mid-pseudo-residuals.

Now, having outlined the properties of pseudo-residuals, we can con-
sider the use of pseudo-residuals in the context of HMMs. The analysis
of the pseudo-residuals of an HMM serves two purposes: the assessment
of the general fit of a selected model, and the detection of outliers. De-
pending on the aspects of the model that are to be analysed, one can
distinguish two kinds of pseudo-residual that are useful for an HMM:
those that are based on the conditional distribution given all other ob-
servations, which we call ordinary pseudo-residuals, and those based
on the conditional distribution given all preceding observations, which
we call forecast pseudo-residuals.

That the pseudo-residuals of a set of observations are identically dis-
tributed (either U(0,1) or standard normal) is their crucial property. But
for our purposes it is not important whether such pseudo-residuals are
independent of each other; indeed we shall see in Section 6.3.2 that it
would be wrong to assume of ordinary pseudo-residuals that they are
independent.

Note that Dunn and Smyth (1996) discuss (under the name ‘quantile
residual’) what we have called normal pseudo-residuals, and point out
that they are a case of Cox—Snell residuals (Cox and Snell, 1968).

6.2.2 Ordinary pseudo-residuals

The first technique considers the observations one at a time and seeks
those which, relative to the model and all other observations in the
series, are sufficiently extreme to suggest that they differ in nature or
origin from the others. This means that one computes a pseudo-residual
z; from the conditional distribution of X;, given X(~%); a ‘full conditional
distribution’; in the terminology used in MCMC (Markov chain Monte
Carlo). For continuous observations the normal pseudo-residual is

Zt = @71 (PI'(Xt S Tt ‘ X(it) = X(it))> .

If the model is correct, z; is a realization of a standard normal random
variable. For discrete observations the normal pseudo-residual segment



MODEL CHECKING WITH PSEUDO-RESIDUALS 97
is [2;; 2], where
2y =@t (Pr(Xt <a | XY = x(ft)))

and
=0 (PY(Xt < | XY = X(_t))) .

In the discrete case the conditional probabilities Pr(X, = 2 | X(-9) =
x(=%) are given by Equations (5.1) and (5.2) in Section 5.1; the contin-
uous case is similar, with probabilities replaced by densities.

Section 6.3.1 applies ordinary pseudo-residuals to HMMs with one to
four states fitted to the earthquakes data, and a further example of their
use appears in Figure 9.3 and the corresponding text.

6.2.3 Forecast pseudo-residuals

The second technique for outlier detection seeks observations that are ex-
treme relative to the model and all preceding observations (as opposed to
all other observations). In this case the relevant conditional distribution
is that of X, given X(*~1). The corresponding (normal) pseudo-residuals
are

2z =071 (Pr(Xt <y | XD = x(tfl)))
for continuous observations; and [z; ; z;7] for discrete, where
27 =o! (Pr(Xt <z | XOD = X(tfl)))

and
=01 (Pr(Xt <z | XOD = x(t_l))) .

In the discrete case the required conditional probability Pr(X; = x; |
X1 = x(=1)) is given by the ratio of the likelihood of the first ¢
observations to that of the first ¢ — 1:

o, TP(z)1/

Pr(X; = | XD = x(t-1)) = T
a1

The pseudo-residuals of this second type are described as forecast pseudo-
residuals because they measure the deviation of an observation from
the median of the corresponding one-step-ahead forecast. If a forecast
pseudo-residual is extreme, this indicates that the observation concerned
is an outlier, or that the model no longer provides an acceptable descrip-
tion of the series. This provides a method for the continuous monitoring
of the behaviour of a time series. An example of such monitoring is given
at the end of Section 15.4: see Figure 15.5.

The idea of forecast pseudo-residual appears — as ‘conditional quan-
tile residual’ — in Dunn and Smyth (1996); in the last paragraph on
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p- 243 they point out that the quantile residuals they describe can be
extended to serially dependent data. The basic idea of (uniform) forecast
pseudo-residuals goes back to Rosenblatt (1952), however. Both Brock-
well (2007) and Dunn and Smyth describe a way of extending what
we call forecast pseudo-residuals to distributions other than continuous.
Instead of using a segment of positive length to represent the residual
if the observations are not continuous, they choose a point distributed
uniformly on that segment. The use of a segment of positive length has
the advantage, we believe, of explicitly displaying the discreteness of the
observation, and indicating both its extremeness and its rarity.

Another example of the use of forecast pseudo-residuals appears in
Figure 9.4 and the corresponding text.

6.3 Examples
6.3.1 Ordinary pseudo-residuals for the earthquakes

In Figure 6.5 we show several types of residual plot for the fitted models
of the earthquakes series, using the first definition of pseudo-residual,
that based on the conditional distribution relative to all other observa-
tions, Pr(X, = z | X(=*) = x(=%). The relevant code appears in A.2.10.
It is interesting to compare the pseudo-residuals of the selected three-
state model to those of the models with one, two and four states.

As regards the residual plots provided in Figure 6.5, it is clear that the
selected three-state model provides an acceptable fit while, for example,
the normal pseudo-residuals of the one-state model (a single Poisson
distribution) deviate strikingly from the standard normal distribution.
If, however, we consider only the residual plots (other than perhaps the
qq-plot), and not the model selection criteria, we might even accept the
two-state model as an adequate alternative.

Looking at the last row of Figure 6.5, one might be tempted to con-
jecture that, if a model is ‘true’, the ordinary pseudo-residuals will be
independent, or at least uncorrelated. From the example in the next
section we shall see that that would be an incorrect conclusion.

6.3.2 Dependent ordinary pseudo-residuals

Consider the stationary Gaussian AR(1) process X; = ¢X;_1 + &, with
the innovations e, independent standard normal. It follows that || < 1
and Var(X;) = 1/(1 — ¢?).

Let t lie strictly between 1 and T'. The conditional distribution of X}
given X (1) is that of X, given only X;_; and X;41. This latter condi-
tional distribution can be found by noting that the joint distribution of
X, X¢—1 and X1 (in that order) is normal with mean vector 0 and
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Figure 6.5 FEarthquakes: ordinary pseudo-residuals. Columns 1-4 relate to
HMDMs with (respectively) 1, 2, 8, 4 states. The top row shows index plots
of the normal pseudo-residuals, with horizontal lines at 0, £1.96, +2.58. The
second and third rows show histograms of the uniform and the normal pseudo-
residuals. The fourth row shows quantile-quantile plots of the normal pseudo-
residuals, with the theoretical quantiles on the horizontal azis. The last row
shows the autocorrelation functions of the normal pseudo-residuals.
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covariance matrix

so Ly 1 &
- 1
1_¢2 ¢ ¢2 1

The required conditional distribution then turns out to be normal with
mean ¢(X;_1 + X441)/(1 + ¢?) and variance (1 + ¢?)~!. Hence the cor-
responding uniform pseudo-residual is

@(@g‘ﬁ(&4+xﬂo¢u¢ﬂ7

1+ ¢

and the normal pseudo-residual is

2t = (Xt - L(thl + Xt+1)) V1492

1+ ¢?

By the properties of ordinary normal pseudo-residuals (see Section 6.2.2),
z¢ is unconditionally standard normal; this can also be verified directly.

Whether (e.g.) the pseudo-residuals z; and z;41 are independent is not
immediately obvious. The answer is that they are not independent; the
correlation of z; and 2,41 can (for ¢ > 1 and ¢ < T — 1) be obtained by
routine manipulation, and turns out to be

—6(1-¢%)/(1+¢%);

see Exercise 3. This is opposite in sign to ¢ and smaller in modulus. For
instance, if ¢ = 1/v/2, the correlation of z; and 2,1 is —¢/3. (In contrast,
the corresponding forecast pseudo-residuals do have zero correlation at
lag 1.)

One can, also by routine manipulation, show that Cov(z, z¢42) = 0
and that, for all integers k > 3,

COV(Zt, Zt+k) = ¢ COV(Zt, Zt+k71)~
Consequently, for all integers k > 2,

Cov(zt, zt4x) = 0.

6.4 Discussion

This may be an appropriate point at which to stress the dangers of
over-interpretation. Although our earthquakes model seems adequate
in important respects, this does not imply that it can be interpreted
substantively. Nor indeed are we aware of any convincing seismological
interpretation of the three states we propose. But models need not have
a substantive interpretation to be useful; many useful statistical models
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are merely empirical models, in the sense in which Cox (1990) uses that
term.

Latent-variable models of all kinds, including independent mixtures
and HMMs, seem to be particularly prone to over-interpretation, and
we would caution against the error of reification: the tendency to regard
as physically real anything that has been given a name. In this spirit we
can do no better than to follow Gould (1997, p. 350) in quoting John
Stuart Mill:

The tendency has always been strong to believe that whatever received a
name must be an entity or being, having an independent existence of its
own. And if no real entity answering to the name could be found, men did
not for that reason suppose that none existed, but imagined that it was
something peculiarly abstruse and mysterious.

Exercises

1.(a) Let X be a continuous random variable with distribution func-
tion F. Show that the random variable U = F(X) is uniformly
distributed on the interval [0,1], i.e. U ~ U(0,1).

(b) Suppose that U ~ U(0,1) and let F be the distribution function
of a continuous random variable. Show that the random variable
X = F~1(U) has the distribution function F'.

(c) i. Give the explicit expression for F~! for the exponential dis-
tribution, i.e. the distribution with density function f(z) =
Ae M x> 0.
ii. Verify your result by generating 1000 uniformly distributed ran-
dom numbers, transforming these by applying F~!, and then
examining the histogram of the resulting values.

(d) Show that for a continuous random variable X with distribution
function F, the random variable Z = ®~1(F(X)) is distributed
standard normal.

2. Consider the AR(1) process in the example of Section 6.3.2. That
the conditional distribution of X, given X(~% depends only on X;_;
and X1 is fairly obvious because X; depends on Xy, ..., X;_o only
through X; 1, and on X;49, ..., X7 only through X, ;.

Establish this more formally by writing the densities of X(™) and
X (=% in terms of conditional densities p(z, | z,_1) and noting that,
in their ratio, many of the factors cancel.

3. Verify, in the AR(1) example of Section 6.3.2, that for appropriate
ranges of t-values:
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(a) given X;—1 and X1,

X oo N(9(Xio1 + Xea) /(1 4+6%), (14 6%)7);

b) Var(z;) = 1;

c) Corr(zy, z41) = —¢(1 — ¢%) /(1 + ¢°);

d) Cov(zt, zt42) = 0; and

e) for all integers k > 3, Cov(zt, ze4x) = ¢ Cov(z, Zerk—1)-

—~ N —~

4. Generate a two-state stationary Poisson-HMM {X;} with t.p.m. I" =

06 04

04 0.6

for t = 1 to 100, and A\ = 2 and Ao = 7 for t = 101 to 120. Fit a

model to the first 80 observations, and use forecast pseudo-residuals
to monitor the next 40 observations for evidence of a change.

, and with state-dependent means \; = 2 and Ay = 5

5. Consider again the soap sales series introduced in Exercise 5 of Chap-
ter 1.

(a) Use AIC and BIC to decide how many states are needed in a
Poisson-HMM for these data.

(b) Compute the pseudo-residuals relative to Poisson-HMMs with 1-4

states, and use plots similar to those in Figure 6.5 to decide how
many states are needed.



CHAPTER 7

Bayesian inference for
Poisson—hidden Markov models

As alternative to the frequentist approach, one can also consider Bayes-
ian estimation. There are several approaches to Bayesian inference in
hidden Markov models: see for instance Chib (1996), Robert and Titter-
ington (1998), Robert, Rydén and Titterington (2000), Scott (2002),
Cappé et al. (2005) and Frithwirth-Schnatter (2006). Here we follow
Scott (2002) and Congdon (2006).

Our purpose is to demonstrate an application of Bayesian inference to
Poisson—-HMMSs. There are obstacles to be overcome, e.g. label switching
and the difficulty of estimating m, the number of states, and some of
these are model specific.

7.1 Applying the Gibbs sampler to Poisson—-HMMs

We consider here a Poisson-HMM {X;} on m states, with underlying
Markov chain {C;}. We denote the state-dependent means, as usual, by

A= (A1, ..., Am), and the transition probability matrix of the Markov
chain by T.
Given a sequence of observations x1, o, ..., T, a fixed m, and prior

distributions on the parameters A and I', our objective in this section is
to estimate the posterior distribution of these parameters by means of
the Gibbs sampler. We shall later (in Section 7.2) drop the assumption
that m is known, and also consider the Bayesian estimation thereof.

The prior distributions we assume for the parameters are of the follow-
ing forms. The r th row I';. of the t.p.m. I is assumed to have a Dirichlet
distribution with parameter vector v,., and the increment 7; = A; —\;_;
(with Ag = 0) to have a gamma distribution with shape parameter a;
and rate parameter b;. Furthermore, the rows of I' and the quantities 7
are assumed mutually independent in their prior distributions.

Our notation and terminology are as follows. Random variables Y7,
..., Y,, are here said to have a Dirichlet distribution with parameter
vector (v1, ..., vpy) if their joint density is proportional to

111—1 112—1 .

Y= Ya -

U
 Ym
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m—1

More precisely, this expression, with y,, replaced by 1 — > """ y;, is
(up to proportionality) the joint density of Y7, ..., Y;,—1 on the unit
simplex in dimension m — 1, i.e. on the subspace of R™™! defined by
Z?:ll yi < 1, y; > 0. A random variable X is said to have a gamma
distribution with shape parameter a and rate parameter b if its density
is (for positive x)

f(J?) _ b* maflesz

~ T(a) '

With this parametrization, X has mean a/b, variance a/b? and coefficient
of variation (c.v.) 1/+/a.

If we were to observe the Markov chain, updating the transition prob-
abilities " would be straightforward. Here, however, we have to generate
sample paths of the Markov chain in order to update T

An important part of Scott’s model structure, which we copy, is this.
Each observed count z; is considered to be the sum Zj x;; of contri-
butions from up to m regimes, the contribution of regime j to x; being
x;¢. Note that, if the Markov chain is in state ¢ at a given time, regimes
1 to ¢ are all said to be active at that time, and regimes i + 1 to m to
be inactive. This is an unusual use of the word ‘regime’, but convenient
here.

Instead of parametrizing the model in terms of the m state-dependent
means (in our notation, the quantities \;), Scott parametrizes it in terms
of nonnegative increments 7 = (74,..., 7y ), where 7; = X\; — \;_1 (with
Ao = 0). Equivalently,

i
)\i = E Tj-
j=1

This has the effect of placing the A;s in increasing order, which is useful
in order to prevent the technical problem known as label switching. For
an account of this problem, see e.g. Frihwirth-Schnatter (2006, Section
3.5.5). The random variable 7; can be described as the mean contribution
of regime j, if active, to the count observed at a given time.

In outline, we proceed as follows.

e Given the observed counts x(T) and the current values of the param-
eters I' and A, we generate a sample path of the Markov chain.

e We use this sample path to decompose the observed counts into (sim-
ulated) regime contributions.

e With the MC sample path available, and the regime contributions,
we can now update I' and 7, hence A.

The above steps are repeated a large number of times and, after a ‘burn-
in period’, the resulting samples of values of I" and A provide the required
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estimates of their posterior distributions. In what follows, we use 8 to
represent both T' and A.

7.1.1 Generating sample paths of the Markov chain

Given the observations x(7) and the current values of the parameters 6,
we wish to simulate a sample path C(T) of the Markov chain, from its
conditional distribution

T—1
Pr(C) | x™),0) = Pr(Cr [ x),0) x T] Pr(C: | x™), Cf4,0).
t=1
We shall be drawing values for Cr, Cr_1, ..., C, in that order, and

quantities that we shall need in order to do so are the probabilities

Pr(Cy,x® | 0 ay(C,

Pr(C, | x,0) = P(r(tx(t) |01) ) = té ) x at(Cy), fort=1,...,T.
t

(7.1)

As before (see p. 59), oz = (au(1),...,a¢(m)) denotes the vector of
forward probabilities

(i) = Pr(x(t), Cy=1),

which can be computed from the recursion a; = a;—1T'P(xy) (t =
2,...,T), with ey = 6P(z1); L; is the likelihood of the first ¢ obser-
vations.

We start the simulation by drawing C'7, the state of the Markov chain
at the final time T, from Pr(Cr | x(7),0) o< ar(Cr), (i.e. case t = T of
Equation (7.1)). We then simulate the states Cy (in the order t =T — 1,
T —2, ..., 1) by making use of the following proportionality argument,
as in Chib (1996):

pr(C, | xT,Cl 4, 0)
x Pr(C; | x,0) Pr(x,,,CL, | x",Ct,0)
x Pr(C; | xY,0) Pr(Ciy1 | C1,0) Pr(xt, CL, | xY 0y, Cryq,0)
x  ay(Cy) Pr(Ciyq | C, 0). (7.2)

The third factor appearing in the second-last line is independent of Ci,
hence the simplification. (See Exercise 4.) The expression (7.2) is easily
available, since the second factor in it is simply a one-step transition
probability in the Markov chain. We are therefore in a position to sim-
ulate sample paths of the Markov chain, given observations x(T) and
parameters 6.
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7.1.2 Decomposing the observed counts into regime contributions

Suppose we have a sample path C(T) of the Markov chain, generated as
described in Section 7.1.1, and suppose that C; = i, so that regimes 1 to
i are active at time t. Our next step is to decompose each observation
zy (t =1,2, ..., T) into regime contributions x4, ..., x; such that
Z;Zl xji = x¢. We therefore need the joint distribution of Xy, ..., Xj,
given Cy = i and X; = x; (and given 6). This is multinomial with total
x¢ and probability vector proportional to (71,...,7;); see Exercise 1.

7.1.8 Updating the parameters

The transition probability matrix I' can now be updated, i.e. new esti-
mates produced. This we do by drawing I';., the r th row of the t.p.m. T,
from the Dirichlet distribution with parameter vector v, +T,., where T,
is the r th row of the (simulated) matrix of transition counts; see Section
7.1.1. (Recall that the prior for I, is Dirichlet(v,.), and see Exercise 2.)

Similarly, the vector A of state-dependent means is updated by draw-
ing 7, (j =1, ..., m) from a gamma distribution with parameters
aj + Zthl x5 and b; + Nj; here N; denotes the number of times regime
j was active in the simulated sample path of the Markov chain, and
xj; the contribution of regime j to z;. (Recall that the prior for 7; is
a gamma distribution with shape parameter a; and rate parameter b;,
and see Exercise 3.)

7.2 Bayesian estimation of the number of states

In the Bayesian approach to model selection, the number of states, m,
is a parameter whose value is assessed from its posterior distribution,
p(m | x(M). Computing this posterior distribution is, however, not an
easy problem; indeed it has been described as ‘notoriously difficult to
calculate’ (Scott, James and Sugar, 2005).

Using p as a general symbol for probability mass or density functions,
one has

p(m | xD) = p(m) p(x® | m) /p(xT) oc p(m) p(x' T [ m),  (7.3)

where p(x(T) | m) is called the integrated likelihood. If only two models
are being compared, the posterior odds are equal to the product of the
‘Bayes factor’ and the prior odds:

p(ma [ xT) — p(xT) | my)  p(ma)

plmy | @)~ px® [my)  plmy)’ (7.4)
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7.2.1 Use of the integrated likelihood
In order to use (7.3) or (7.4) we need to estimate the integrated likelihood

p(x™ | m) = / (0,0, xT) | m) d6,, — / p(xT) | m,0,) p(Byn | m) 6.

One way of doing so would be to simulate from p(0,, | m), the prior
distribution of the parameters 6,, of the m-state model. But it is con-
venient and — especially if the prior is diffuse — more efficient to use a
method that requires instead a sample from the posterior distribution,
(0., | XM m). Such a method is as follows.

Write the integrated likelihood as

00 | )
<D | m.8,, pOm | m) . 0,,)d6,,;
[ im0, Pl 0,

i.e. write it in a form suitable for the use of a sample from some con-
venient density p*(@,,) for the parameters 6,,. Since we have available

a sample 02]) (j = 1,2,...,B) from the posterior distribution, we can
use that sample; i.e. we can take p*(0,,) = p(0,, | x7),m). Newton and
Raftery (1994) therefore suggest inter alia that the integrated likelihood
can be estimated by

B B
F= Y ™ [ m ) [ 3w, (75)
j=1 j=1

where o)
P’ | m)
p(65) | x(1),m)
After some manipulation this simplifies to the harmonic mean of the
likelihood values of a sample from the posterior:

’U}j:

-1

B
I=|B"> p™ im0 (7.6)

Jj=1

see Exercise 5 for the details. This is, however, not the only route one
can follow in deriving the estimator (7.6); see Exercise 6 for another
possibility.

Newton and Raftery state that, under quite general conditions, Iis
a simulation-consistent estimator of p(x(™) | m). But there is a major
drawback to this harmonic mean estimator, its infinite variance, and
the question of which estimator to use for p(x(™) | m) does not seem
to have been settled. Raftery et al. (2007) suggest two alternatives to
the harmonic mean estimator, but no clear recommendation emerges,
and one of the discussants of that paper (Draper, 2007) bemoans the
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disheartening ‘ad-hockery’ of the many proposals that have over the
years been made for coping with the instability of expectations with
respect to (often diffuse) priors.

7.2.2 Model selection by parallel sampling

However, it is possible to estimate p(m | x(T)) relatively simply by ‘par-
allel sampling’ of the competing models, provided that the set of compet-
ing models is sufficiently small; see Congdon (2006) and Scott (2002).
Denote by @ the vector (01,8s,...,0k), and similarly 8U); K is the
maximum number of states. Make the assumption that

p(m, 0) = p(em | m)p(m);

that is, assume that model m is (for j # m) indifferent to values taken

by 0j°
We wish to estimate p(m | x(T)) (for m =1, ..., K) by
B .
B~ p(m | x"),0). (7.7)
j=1

We use the fact that, with the above assumption,
plm | 1,60 o< G,

where ' _ _
G =p(xT |63, m)p(6%) | m) p(m). (7.8)
(See Appendix 1 of Congdon (2006).) Hence

K
p(m | xM,09)) =69/ 3" al,
k=1

This expression for p(m | x(™),0W) can then be inserted in (7.7) to
complete the estimate of p(m | x(T)).

7.3 Example: earthquakes

We apply the techniques described above to the series of annual counts
of major earthquakes. The prior distributions used are as follows. The
gamma distributions used as priors for the A-increments (i.e. for the
quantities 7;) all have mean 50m/(m+1) and c.v. 1 in one analysis, and
2 in a second. The Dirichlet distributions used as priors for the rows of
T all have all parameters equal to 1. The prior distribution for m, the
number of states, assigns probability % to each of the values 1, 2, ..., 6.
The number of iterations used was B = 100000, with a burn-in period
of 5000.
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Figure 7.1 FEarthquakes data, posterior distributions of m given a uniform
prior on {1,2,...,6}. Each panel shows two posterior distributions from inde-
pendent runs. In the left and centre panels the c.v. in the gamma prior is 1.
Left panel: harmonic mean estimator. Centre panel: parallel sampling estima-
tor. Right panel: parallel sampling estimator with c.v. = 1 (left bars) and c.v.
= 2 (right bars).
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Figure 7.2 Farthquakes data: posterior distributions of the state-dependent
means for one- to siz-state Poisson—HMMs.

Figure 7.1 displays three comparisons of estimates of the posterior
distribution of m. It is clear from the comparison of two independent
runs of the harmonic mean estimator (left panel) that it is indeed very
unstable. In the first run it would have chosen a three-state model by
a large margin, and in the second run a four-state model. In contrast,
the parallel sampling estimator (centre and right panels) produces very
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Figure 7.3 Three-state Poisson—-HMM for earthquakes data: posterior distri-
bution of transition probability matrixz T.

consistent results even if the c.v. of the prior distributions for the -
increments is changed from 1 to 2, and clearly identifies m = 3 as the
posterior mode.

The posterior distributions of the Poisson means for m = 1,...,6
are displayed in Figure 7.2. The posterior distributions of the entries
of T for the three-state model are displayed in Figure 7.3. Table 7.1
lists posterior statistics for the three-state model. The posterior modes
are generally quite close to the maximum likelihood estimates given on
p- 51. In particular the values A are almost the same, but the posterior
modes for the entries of I are mostly a little closer to 0.5 than are the
corresponding MLEs.

7.4 Discussion

From the above example it seems clear that the Bayesian approach is de-
manding computationally and in certain other respects. The model needs
to be parametrized in a way that avoids label switching. In HMMs the
labels associated with the states are arbitrary; the model is invariant un-
der permutation of the labels. This is irrelevant to maximum likelihood
estimation, but it is a problem in the context of MCMC estimation of
posterior distributions. One must ensure that only one of the m! per-
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Table 7.1 FEarthquakes data: posterior statistics for the three-state model.

parameter  min Q1 mode median mean Q3 max

A1 6.21 12.62 13.12 13.15 13.12 13.68 16.85
A2 13.53 19.05 19.79 19.74 19.71 2042 27.12
A3 22.08 2833 29.87 29.59 29.64 30.88 43.88
Y11 0.001 0.803 0.882 0.861 0.843 0.905 0.998
Y12 0.000 0.047 0.056  0.085 0.104 0.139 0.964
Y13 0.000 0.020 0.011  0.042 0.053 0.075 0.848
Y21 0.000 0.043 0.050 0.070  0.083 0.108 0.979
Y22 0.009 0.784 0.858 0.837 0.824 0.880 0.992
Y23 0.000 0.052 0.060 0.082 0.093 0.122 0.943
Y31 0.000 0.021 0.011  0.049 0.068 0.096 0.758
Y32 0.000 0.144 0.180 0.213 0.229 0.296 0.918
Y33 0.010 0.627 0.757 0.718 0.703 0.795 0.986

mutations of the labels is used in the simulation. In the algorithm for
Poisson-HMMs discussed above, label switching was avoided by ordering
the states according to the means of the state-dependent distributions.
An analogous reparametrization has been used for the normal case by
Robert and Titterington (1998). Prior distributions need to be speci-
fied for the parameters and, as a rule, the choice of prior distribution
is driven by mathematical convenience rather than by prior informa-
tion. The above difficulties are model specific; the derivations, priors and
hence the computer code all change substantially if the state-dependent
distribution changes.

Although the computational demands of MCMC are high in com-
parison with those of ML point estimation, this is not a fair compar-
ison. Interval estimation using the parametric bootstrap, though easy
to implement (see Section 3.6.2), is comparably time-consuming. Inter-
val estimates based instead on approximate standard errors obtained
from the Hessian (as in Section 3.6.1) require potentially demanding
parametrization-specific derivations.

A warning note regarding MCMC has been sounded by Celeux, Hurn
and Robert (2000), and echoed by Chopin (2007):

[...] we consider that almost the entirety of MCMC samplers implemented
for mixture models has failed to converge!

This statement was made of independent mixture models but is presum-
ably also applicable to HMMs.
Another Bayesian approach to model selection in HMMs is the use of
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reversible jump Markov chain Monte Carlo techniques (RJMCMC), in
which m, the number of states, is treated as a parameter of the model
and, like the other parameters, updated in each iteration. This has
the advantage over parallel sampling that relatively few iterations are
‘wasted’ on unpromising values of m, thereby reducing the total number
of iterations needed to achieve a given degree of accuracy. Such an ad-
vantage might be telling for very long time series and a potentially large
number of states, but for typical applications and sample sizes, models
with m > 5 are rarely feasible. The disadvantage for users who have to
write their own code is the complexity of the algorithm.

Robert, Rydén and Titterington (2000) describe in detail the use of
that approach in HMMSs with normal distributions as the state-dependent
distributions, and provide several examples of its application. As far
as we are aware, this approach has not been extended to HMMs with
other possible state-dependent distributions, e.g. Poisson, and we refer
the reader interested in RJIMCMC to Robert et al. and the references
therein, especially Green (1995) and Richardson and Green (1997).

Exercises

1. Consider u defined by u = 2221 u;, where the variables u; are inde-
pendent Poisson random variables with means 7.

Show that, conditional on u, the joint distribution of w1, us, ..., u; is
multinomial with total u and probability vector (71,...,7:)/ > ;- 7).
2. (Updating of Dirichlet distributions) Let w = (wy,wa, ..., wy,) be
an observation from a multinomial distribution with probability vec-
tor y, which has a Dirichlet distribution with parameter vector d =
(di,da, ..., dm).
Show that the posterior distribution of y, i.e. the distribution of y
given w, is the Dirichlet distribution with parameters d + w.

3. (Updating of gamma distributions) Let y1, y2, .., ¥, be a random
sample from the Poisson distribution with mean 7, which is gamma-
distributed with parameters a and b.

Show that the posterior distribution of 7, i.e. the distribution of 7
given y1, ..., Yn, is the gamma distribution with parameters a +
Yoy and b+ n.

4. Show that, in the basic HMM,
Pr(X{,,,Clis [ X1, Cy, Cip) = Pr(X{,, Cliy | Crpa).

(Hint: either use the methods of Appendix B or invoke d-separation,
for which see e.g. Pearl (2000), pp. 16-18.)
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5. Consider the estimator I as defined by Equation (7.5):

I= ijp(x(T) |m,0%))/2wj.
J J

(a) Show that the weight w; = p(@%) | m)/p((a%) | x(T),m) can be
written as p(x@ | m)/p(x™ | m,0%).

(b) Deduce that the summand w; p(x(™) | m, 9%)) is equal to p(x(™) |
m) (and is therefore independent of 7).

(¢) Hence show that I is the harmonic mean displayed in Equation
(7.6).

6. Let the observations x be distributed with parameter (vector) 6.

Prove that ) )
—— =E(—— | x];
p(x) (p(XIB)‘ )

i.e. the integrated likelihood p(x) is the harmonic mean of the like-
lihood p(x | @) computed under the posterior distribution p(@ | x)
for 8. (This is the ‘harmonic mean identity’, as in Equation (1) of
Raftery et al. (2007), and suggests the use of the harmonic mean of
likelihoods sampled from the posterior as estimator of the integrated
likelihood.)



CHAPTER 8

Extensions of the basic hidden
Markov model

A second principle (which applies also to artists!) is not to fall in love with
one model to the exclusion of alternatives.

McCullagh and Nelder
Generalized Linear Models (1989, p. 8)

8.1 Introduction

A notable advantage of HMMs is the ease with which the basic model
can be modified or generalized, in several different directions, in order
to provide flexible models for a wide range of types of observation.

We begin this chapter by describing the use in the basic HMM of
univariate state-dependent distributions other than the Poisson (Section
8.2), and then show how the basic HMM can be extended in other ways.
The first such extension (Section 8.3) adds flexibility by generalizing
the underlying parameter process; the assumption that the parameter
process is a first-order Markov chain is relaxed by allowing it to be a
second-order Markov chain. This extension can be applied not only to
the basic model but also to most of the other models to be discussed.

We then illustrate how the basic model can be generalized to construct
HMDMs for a number of different and more complex types of observation,
including the following.

e Series of multinomial-like observations (Section 8.4.1): An example
of a multinomial-like series would be daily sales of a particular item
categorized into the four consumer categories: adult female, adult
male, juvenile female, juvenile male.

e Categorical series (Section 8.4.2): An important special case of the
multinomial-like series is that in which there is exactly one observa-
tion at each time, classified into one of ¢ possible mutually exclusive
categories: that is, a categorical time series. An example is an hourly
series of wind directions in the form of the conventional 16 categories,
i.e. the 16 points of the compass.

e Other multivariate series (Section 8.4.3): An example of a bivariate

115
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discrete-valued series is the number of sales of each of two related
items. A key feature of multivariate time series is that, in addition to
serial dependence within each series, there may be dependence across
the series.

e Series that depend on covariates (Section 8.5): Many, if not most, time
series studied in practice exhibit time trend, seasonal variation, or
both. Examples include monthly sales of items, daily number of shares
traded, insurance claims received, and so on. One can regard such
series as depending on time as a covariate. In some cases covariates
other than time are relevant. For example, one might wish to model
the number of sales of an item as a function of the price, advertising
expenditure and sales promotions, and also to allow for trend and
seasonal fluctuations.

e Models with additional dependencies (Section 8.6): One way to pro-
duce useful generalizations of the basic HMM as depicted in Figure
2.2 is to add extra dependencies between some of the random vari-
ables that make up the model. There are several different ways to do
this. For instance, if one suspects that the continuous observations
X;—1 and X; are not conditionally independent given the Markov
chain, one might wish to use a model that switches between AR(1)
processes according to a Markov chain, that is, a Markov-switching

AR(1).

8.2 HMMs with general univariate state-dependent
distribution

In this book we have introduced the basic (univariate) HMM by concen-
trating on Poisson state-dependent distributions. One may, however, use
any distribution — discrete, continuous, or a mixture of the two — as
the state-dependent distribution; in fact there is nothing preventing one
from using a different family of distributions for each state. One simply
redefines the diagonal matrices containing the state-dependent probabil-
ities, and in the estimation process takes note of whatever constraints
the state-dependent parameters must observe, either by transforming
the constraints away or by explicitly constrained optimization.

In what follows we describe HMMs with various univariate state-
dependent distributions without going into much detail.

e HMMSs for unbounded counts

The Poisson distribution is the canonical model for unbounded counts.
However, a popular alternative, especially for overdispersed data, is
the negative binomial distribution. One can therefore consider replac-
ing the Poisson state-dependent distribution in a Poisson-HMM by
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the negative binomial, which is given, for all nonnegative integers z,
by the probability function

1 —_ xr
() F(IJFE) < 1 )”11‘ < ;i )
pi\x) = ’
F(;)F(x_Fl) L+ nipi L+ nipi

7

where the parameters u; (the mean) and n; are positive. (But note
that this is only one of several possible parametrizations of the neg-
ative binomial.) A negative binomial-HMM may sensibly be used if
even a Poisson-HMM seems unable to accommodate the observed
overdispersion. Conceivable examples for the application of Poisson—
or negative binomial-HMMs include series of counts of stoppages
or breakdowns of technical equipment, earthquakes, sales, insurance
claims, accidents reported, defective items and stock trades.

e HMMs for binary data

The Bernoulli-HMM for binary time series is the simplest HMM. Its
state-dependent probabilities for the two possible outcomes are, for
some probabilities m;, just

pi(0)=Pr(X;=0|Cy=i)=1—-m; (failure),
pi(l)=Pr(X,=1|Cr=4)=m (success).
An example of a Bernoulli-HMM appears in Section 2.3.1. Possible
applications of Bernoulli-HMMs are to daily rainfall occurrence (rain
or no rain), daily trading of a share (traded or not traded), and con-
secutive departures of aeroplanes from an airport (on time, not on
time).
e HMMs for bounded counts

Binomial-HMMs may be used to model series of bounded counts. The
state-dependent binomial probabilities are given by

n —
tpi(xt) — (xt>ﬂ,;vt(1 _ Wi)nt It’
t

where n; is the number of trials at time ¢ and z; the number of
successes. (We use the prefix ¢t as far as possible to indicate time-
dependence.)

Possible examples for series of bounded counts that may be described
by a binomial-HMM are series of:

— purchasing preferences, e.g. n; = number of purchases of all brands
on day ¢, x; = number of purchases of brand A on day ¢;

— sales of newspapers or magazines, e.g. n; = number available on
day t, x; = number purchased on day t.
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Notice, however, that there is a complication when one computes the
forecast distribution of a binomial-HMM. Either np,p, the number
of trials at time T + h, must be known, or one has to fit a separate
model to forecast npyp. Alternatively, by setting npip = 1 one can
simply compute the forecast distribution of the ‘success proportion’.

e HMMSs for continuous-valued series

So far, we have primarily considered HMMs with discrete-valued state-
dependent component distributions. However, we have also mentioned
that it is possible to use continuous-valued component distributions.
One simply has to replace the probability functions by the correspond-
ing state-dependent probability density functions.

Important state-dependent distributions for continuous-valued time
series are the exponential, Gamma and normal distributions.

Normal-HMMs are sometimes used for modelling share returns series
because the observed kurtosis of most such series is greater than 3,
the kurtosis of a normal distribution. See Section 13.2 for a multi-
variate model for returns on four shares. Note that the (continuous)
likelihood of a normal-HMM is unbounded; it is possible to increase
the likelihood without bound by fixing a state-dependent mean
at one of the observations and letting the corresponding variance o;
approach zero. In practice, this may or may not lead to problems
in parameter estimation. If it does, using the discrete likelihood is
advisable; see Section 1.2.3.

8.3 HMMs based on a second-order Markov chain

One generalization of the basic HMM is that which results if one replaces
the underlying first-order Markov chain in the basic model (or in the
extensions to follow later in this chapter) by a higher-order chain. Here
we describe only the model that has as parameter process a stationary
second-order chain. Such a second-order chain is characterized by the
transition probabilities

’Y(Z’]’k) = P(Ct =k ‘ thl :jvct72 = 2)7

and has stationary bivariate distribution u(j, k) = P(Cy—1 = j,Cy = k).
(See Section 1.3.6 for a more detailed description of higher-order Markov
chains.)

We mention here two important aspects of such a second-order HMM,
which is depicted in Figure 8.1. The first is that it is possible to evaluate
the likelihood of a second-order HMM in very similar fashion to that of
the basic model; the computational effort is in this case cubic in m, the
number of states, and, as before, linear in T, the number of observations.
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Figure 8.1 Directed graph of second-order HMDM.

(See Exercise 3.) This then enables one to estimate the parameters by
direct maximization of the likelihood, and also to compute the forecast
distributions.

The second aspect is the number of free parameters of the (second-
order) Markov chain component of the model. In general this number
is m?(m — 1), which rapidly becomes prohibitively large as m increases.
This overparametrization can be circumvented by using some restricted
subclass of second-order Markov chain models, for example those of Pe-
gram (1980) or those of Raftery (1985a). Such models are necessarily
less flexible than the general class of second-order Markov chains. They
maintain the second-order structure of the chain, but trade some flexi-
bility in return for a reduction in the number of parameters.

Having pointed out that it is possible to increase the order of the
Markov chain in an HMM from one to two (or higher), in what follows
we shall restrict our attention almost entirely to the simpler case of
a first-order Markov chain. The exception is Section 10.2.2, where we
present (among other models) an example of a second-order HMM for a
binary time series. We note in passing that the complications caused by
the constraints on the parameters in a Raftery model have been discussed
by Schimert (1992) and by Raftery and Tavaré (1994), who describe how
one can reduce the number of constraints.

8.4 HMMs for multivariate series
8.4.1 Series of multinomial-like observations

One of the variations of the basic model mentioned in Section 8.2 is the
binomial-HMM, in which, conditional on the Markov chain, the obser-
vations {z; : t = 1,...,T} are the numbers of successes in ny, na, ...

)
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nr independent Bernoulli trials. The m-state model has m probabilities
of success m;, one for each state 1.

A multinomial-HMM is the obvious generalization thereof to the
situation in which there are ¢ > 2, rather than two, mutually exclusive
and exhaustive possible outcomes to each trial. The observations are
then ¢ series of counts, {zy; :t =1,....T, j=1,...,q} with zy + 24+
...+ xyy = ny where n, is the (known) number of trials at time ¢. Thus
for example xo3 represents the number of outcomes at time t = 2 that
were of type 3. The counts z;; at time ¢ can be combined in a vector
Xt = ((Zitl,l'tg, . 7xtq)~

We shall suppose that, conditional on the Markov chain C), the T
random vectors {X; = (X1, X¢2,...,Xyq) : t = 1,...,T} are mutually
independent.

The parameters of the model are as follows. As in the basic model,
the matrix I" has m(m — 1) free parameters. With each of the m states
of the Markov chain there is associated a multinomial distribution with
parameters n; (known) and ¢ unknown probabilities which, for state i, we
shall denote by 71, m;2,...,myq. These probabilities are constrained by
Z;I-:l mij = 1 for each state ¢. This component of the model therefore has
m(q—1) free parameters, and the entire model has m? —m+m(q—1) =
m? +m(q — 2).

The likelihood of observations X, ..., xp from a general multinomial—-
HMM differs little from that of a binomial-HMM; the only difference is
that the binomial probabilities

tpi(we) = (nt>7rf"(1 — )"
Tt
are replaced by multinomial probabilities

— — — ) — Nt Ti1,Tt2 Ttq
i(x:) =P(Xe =% | Cr =14) = (Ilﬂﬂ,xtz, . 7xtq)ﬂ-i1 LSRR
Note that these probabilities are indexed by the time t because the
number of trials n; is permitted to be time-dependent. We assume that
the mq state-dependent probabilities 7;; are constant over time, but that
is an assumption that can if necessary be relaxed.
The likelihood is given by

LT = (5 1P(X1)F QP(XQ) e ]__‘TP(XT)]_/,

where ;P(x;) = diag (¢p1(X¢t),..., tPm(X¢)). Parameters can then be
estimated by maximizing the likelihood as a function of m(q — 1) of the
‘success probabilities’, e.g. m;; for j =1, 2, ..., ¢—1, and of the m?—m

off-diagonal transition probabilities. If one does so, one must observe not
only the usual ‘generalized upper bound’ constraints » i Vig S 1 on the
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transition probabilities, but also the m similar constraints Z?;i m; <1
on the probabilities 7;;, one constraint for each state 7 — as well as, of
course, the lower bound of 0 on all these probabilities.

Once the parameters have been estimated, these can be used to esti-
mate various forecast distributions. There is, however, the same compli-
cation to such forecasts as described already in the case of the binomial—-
HMM. We have assumed that n;, the number of trials at time ¢, is
known. This number, being the sum of the ¢ observed counts at time
t, is certainly known at times ¢t = 1,2,...,7T. But in order to compute
the one-step-ahead forecast distribution, one needs to know np41, the
number of trials that will take place at time 7'+ 1. This will be known in
some applications, for instance when the number of trials is prescribed
by a sampling scheme. But there are also applications in which npy; is
a random variable whose value remains unknown until time 7' 4 1. For
the latter it is not possible to compute the forecast distribution of the
counts at time 7'+ 1. As before, by setting nr41 = 1 it is possible to
compute the forecast distribution of the count-proportions.

An alternative approach is to fit a separate model to the series {n;},
to use that model to compute the forecast distribution of np4 ;1 and then,
finally, to use that to compute the required forecast distribution for the
counts of the multinomial-HMM.

8.4.2 A model for categorical series

A simple but important special case of the multinomial-HMM is that in
which n; = 1 for all ¢. This provides a model for categorical series, e.g.
DNA base sequences or amino-acid sequences, in which there is exactly
one symbol at each position in the sequence: one of A, C, G, T in the
former example, one of 20 amino-acids in the latter. In this case the
state-dependent probabilities ;p;(x) and the matrix expression for the
likelihood simplify somewhat.

Because n; is constant, the prefix ¢ is no longer necessary, and because
>t_, @ = 1, the g-vector x; has one entry equal to 1 and the others
equal to zero. It follows that, if

x = (0,...,0,1,0,...,0),

then p;(x) = m;; and
P(x) = diag (m1j,...,Tm;) -

For convenience we denote P(x), for x = (0,...,0,1,0,...,0) as above,
by II(j). In this notation the likelihood of observing categories j1, ja,



122 EXTENSIONS OF THE BASIC HIDDEN MARKOV MODEL
.., jr at times 1, 2, ..., T is given by
Ly = 6I1(j1)TII(j2)T - - - T(j7)1".
If we assume the Markov chain is stationary, it is implied, for instance,

that the probability of observing category [ at time ¢ + 1, given that
category k is observed at time t, is

STI(k)TTI(1)1/
SII(k)l

and similarly, that of observing [ at time ¢ + 1, given k at time ¢t and j
at time t — 1, is

(8.1)

OTI(j)TTI(k)TTI(I)1’
OII(j)TTII(k)1’
The above two expressions can be used to compute forecast distributions.

An example of a forecast using Equation (8.1) is given in Section 12.2.2
(see p. 172).

8.4.8 Other multivariate models

The series of multinomial-like counts discussed in the last section are, of
course, examples of multivariate series, but with a specific structure. In
this section we illustrate how it is possible to develop HMMs for different
and more complex types of multivariate series.

Consider ¢ time series {(Xs1, Xi2,...,X4q) : t =1,...,T} which we
shall represent compactly as {X;,: ¢ =1,...,T}. As we did for the basic
HMM, we shall assume that, conditional on C(T) = {C; :t =1,..., T},
the above random vectors are mutually independent. We shall refer to
this property as longitudinal conditional independence in order to
distinguish it from a different conditional independence that we shall
describe later.

To specify an HMM for such a series it is necessary to postulate a
model for the distribution of the random vector X; in each of the m states
of the parameter process. That is, one requires the following probabilities
to be specified for t =1,2, ..., T,i=1,2, ..., m, and all relevant x:

i(x) =Pr(Xy =x | Cr =0).

(For generality, we keep the time index t here, i.e. we allow the state-
dependent probabilities to change over time.) In the case of multinomial—
HMMSs these probabilities are supplied by m multinomial distributions.

We note that it is not required that each of the ¢ component series
have a distribution of the same type. For example, in the bivariate model
discussed in Section 11.5, the state-dependent distributions of X;; are
gamma distributions, and those of X5 von Mises distributions; the first
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component is linear-valued and the second circular-valued. Secondly, it is
not assumed that the m state-dependent distributions of any one series
belong to the same family of distributions. In principle one could use a
gamma distribution in state 1, an extreme-value distribution in state 2,
and so on. However, we have not yet encountered applications in which
this feature could be usefully exploited.

What is necessary is to specify models for m joint distributions, a task
that can be anything but trivial. For example there is no single bivari-
ate Poisson distribution; different versions are available and they have
different properties. One has to select a version that is appropriate in
the context of the particular application being investigated. (In contrast,
one can reasonably speak of the bivariate normal distribution because,
for many or most practical purposes, there is only one.)

Once the required joint distributions have been selected, i.e. once one
has specified the state-dependent probabilities ;p;(x;), the likelihood of
a general multivariate HMM is easy to write down. It has the same form
as that of the basic model, namely

LT =0 1P(X1)F 2P(X2) e I‘TP(XT)]_/,
where x1,...,xp are the observations and, as before,

tP(Xt) = dlag (tpl (Xt)7 ey tpm(xt)) .

The above expression for the likelihood also holds if some of the series
are continuous-valued, provided that where necessary probabilities are
interpreted as densities.

The task of finding suitable joint distributions is greatly simplified if
one can assume contemporaneous conditional independence. We
illustrate the meaning of this term by means of the multisite precipitation
model discussed by Zucchini and Guttorp (1991). In their work there
are five binary time series representing the presence or absence of rain
at each of five sites which are regarded as being linked by a common
weather process {C;}. There the random variables X;; are binary. Let
¢7i; be defined as

tTj :Pr(th =1 ‘ Ct :Z) :1—PI‘(th =0 | Ct:Z)

The assumption of contemporaneous conditional independence is that
the state-dependent joint probability ;p;(x¢) is just the product of the
corresponding marginal probabilities:
q
pi(x¢) = H tﬂfj‘j(l L (8.2)
j=1
Thus, for example, given weather state i, the probability that on day ¢ it
will rain at sites 1, 2, and 4, but not at sites 3 and 5, is the product
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dependence along time

=l --e—e< - o—>0--->
Markov chain \ /
CF2 ---foooof--s *—>0—>@L -t o-|---o >

(X‘“) [X”) pairs independent
Xe2) \X72

[XTH) (XM] (X51] pairs independeni
X32) Xaz2) Xsz

state-dependent process (X”J (X”) [X“) [X‘”] (X51] (Xm) [X”) pairs dependent
Xi2) Ka2) Xa2) Xa2) Xs2) \Xez2) \X72

Figure 8.2 Contemporaneous conditional independence.

of the (marginal) probabilities that these events occur: ¢m;1 ¢mi2(1 —
+m3) ¢mia(1 — ¢745).

For general multivariate HMMs that are contemporaneously condi-
tionally independent, the state-dependent probabilities are given by a
product of the corresponding ¢ marginal probabilities:

q
tpi(Xt) = H Pr(Xy; =z | Cp = ).
=1

We wish to emphasize that the above two conditional independence
assumptions, namely longitudinal conditional independence and contem-
poraneous conditional independence, do not imply that

e the individual component series are serially independent; or that
e the component series are mutually independent.

The parameter process, namely the Markov chain, induces both serial
dependence and cross-dependence in the component series, even when
these are assumed to have both of the above conditional independence
properties. This is illustrated in Figure 8.2.

Details of the serial- and cross-correlation functions of these models
are given in Section 3.4 of MacDonald and Zucchini (1997), as are other
general classes of models for multivariate HMMs, such as models with
time lags and multivariate models in which some of the components are
discrete and others continuous. See also Exercise 8.

Multivariate HMMs (with continuous state-dependent distributions)
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Figure 8.3 Structure of HMM with covariates Y: in the state-dependent prob-
abilities.

might for instance be used for modelling multivariate financial time se-
ries. For example, one could fit a two-state multivariate normal HMM
to a multivariate series of daily returns on a number of shares where, as
in the univariate case, the states of the Markov chain might correspond
to calm and turbulent phases of the stock market; see Section 13.2 for
such a model.

8.5 Series that depend on covariates

We now discuss two ways in which covariates can be introduced into
HMDMs: via the state-dependent probabilities, and via the transition
probabilities of the Markov chain.

8.5.1 Covariates in the state-dependent distributions

HMDMs can be modified to allow for the influence of covariates by postu-
lating dependence of the state-dependent probabilities ¢p;(x;) on those
covariates, as demonstrated in Figure 8.3. This opens the way for such
models to incorporate time trend and seasonality, for instance.

Here we take {C;} to be the usual Markov chain, and suppose, in the
case of Poisson—-HMMs, that the conditional mean (\; = E(X; | Cy = 1)
depends on the (row) vector y; of ¢ covariates, for instance as follows:

log +A\; = Biy;.
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In the case of binomial-HMMs, the corresponding assumption is that

logit ¢p; = Biy}.

The elements of y; could include a constant, time (t), sinusoidal compo-
nents expressing seasonality (for example cos(27t/r) and sin(27t/r) for
some positive integer r), and any other relevant covariates. For example,

a binomial-HMM with

logit «p; = Bi1 + Biat + Biz cos(2mt/r) + Biasin(27t /1) + Bisze + Picwe

allows for a (logit-linear) time trend, r-period seasonality and the in-
fluence of covariates z; and wy, in the state-dependent ‘success prob-
abilities’ ;p;. Additional sine-cosine pairs can if necessary be included,
to model more complex seasonal patterns. Similar models for the log of
the conditional mean ;\; are possible in the Poisson-HMM case. Clearly
link functions other than the canonical ones used here could instead be
used. The expression for the likelihood of T consecutive observations
x1,...,xr for such a model involving covariates is similar to that of the
basic model:

Ly =61P(x1,y1)T2P (22, y2) - - - T o Pz, yr)1',

the only difference being the allowance for covariates y; in the state-
dependent probabilities ;p; (¢, y:) and in the corresponding matrices

P (2, y) = diag(ep1(@e, Yt), - - -, tPm (Tt Yt))-

Examples of models that incorporate a time trend can be found in
Sections 13.1.1, 14.2 and 15.2. In Section 14.3 there are models incorpo-
rating both a time trend and a seasonal component.

It is worth noting that the binomial- and Poisson-HMMs which allow
for covariates in this way provide important generalizations of logistic
regression and Poisson regression respectively, generalizations that drop
the independence assumption of such regression models and allow serial
dependence.

8.5.2 Cowvariates in the transition probabilities

An alternative way of modelling time trend and seasonality in HMMs
is to drop the assumption that the Markov chain is homogeneous, and
assume instead that the transition probabilities are functions of time,
denoted for two states as follows:

T = ( tY11  tY12 )
t —_ .
tY21  t722
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More generally, the transition probabilities can be modelled as depend-
ing on one or more covariates, not necessarily time but any variables
considered relevant.

Incorporation of covariates into the Markov chain is not as straightfor-
ward as incorporating them into the state-dependent probabilities. One
reason why it could nevertheless be worthwhile is that the resulting Mar-
kov chain may have a useful substantive interpretation, e.g. as a weather
process which is itself complex but determines rainfall probabilities at
several sites in fairly simple fashion. We illustrate one way in which it
is possible to modify the transition probabilities of the Markov chain in
order to represent time trend and seasonality.

Consider a model based on a two-state Markov chain {C}} with

Pr(C; =2[Ci1=1)= 1712, Pr(Ci=1|Ci1=2)= 721,
and, for i =1, 2,
logit 17i3—i = Biy-
For example, a model incorporating r-period seasonality is that with
logit 47vi 35— = Bi1 + Biz cos(2mt/r) + Bis sin(2nt/r).

In general the above assumption on logit;v; s—; implies that the tran-
sition probability matrix, for transitions between times ¢ — 1 and ¢, is
given by

1 exp(B1y})
_ | l+exp(Biy;) 1+exp(Biyy)
tF ’
eXP(BQYt) 1

L+ exp(B2y;) 1+ exp(Bay})

Extension of this model to the case m > 2 presents some difficulties, but
they are not insuperable.

One important difference between the class of models proposed here
and other HMMs (and a consequence of the nonhomogeneity of the Mar-
kov chain) is that we cannot always assume that there is a stationary
distribution for the Markov chain. This problem arises when one or more
of the covariates are functions of time, as in models with trend or season-
ality. If necessary we therefore assume instead some initial distribution
4, i.e. a distribution for Cf.

A very general class of models in which the Markov chain is non-
homogeneous and which allows for the influence of covariates is that of
Hughes (1993). This model, and additional details relating to the models
outlined above, are discussed in Chapter 3 of MacDonald and Zucchini
(1997).
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8.6 Models with additional dependencies

In Section 8.3 we described a class of models which have dependencies
in addition to those found in the basic HMM as depicted by Figure 2.2
on p. 30: second-order HMMs. In that case the additional dependencies
are entirely at latent process level. Here we briefly describe three further
classes of models with additional dependencies.

In the basic model of Figure 2.2 there are no edges directly connect-
ing earlier observations to X; the only dependence between observations
arises from the latent process {C;}. There may well be applications, how-
ever, where extra dependencies at observation level are suspected and
should be allowed for in the model. The additional computational fea-
tures of such models are that the ‘state-dependent’ probabilities needed
for the likelihood computation depend on previous observations as well
as on the current state, and that the likelihood maximized is conveniently
taken to be that which is conditional on the first few observations. Fig-
ure 8.4 depicts two models with such extra dependencies at observation
level. In Section 14.3 we present some examples of models with addi-
tional dependencies at observation level; the likelihood evaluation and
maximization proceed with little additional complication.

Some models with additional dependencies at observation level that
have appeared in the literature are the double-chain Markov model of
Berchtold (1999), the M1-Mk models of Nicolas et al. (2002) for DNA
sequences, those of Boys and Henderson (2004), and hidden Markov
AR(k) models, usually termed Markov-switching autoregressions.

There is another type of extra dependency which may be useful. In the
basic model, the distribution of an observation depends on the current
state only. It is not difficult, however, to make the minor generalization
needed for that distribution to depend also on the previous state. Fig-
ure 8.5 depicts the resulting model. If we define the m xm matrix Q(z) to
have as its (7, j) element the product v;; Pr(X; =z | Ci—1 =14,C; = j),
and denote by d the distribution of C1, the likelihood is given by

Ly = 0P (21)Q(22)Q(x3) - -- Q(ar)1". (8.3)

If instead we denote by & the distribution of Cy (not C4), the result is
somewhat neater:

Ly = 6Q(21)Q(x2) - - Q(ar)1'. (8.4)

Extra dependencies of yet another kind appear in Section 13.3.3 and
Chapter 16, which present respectively a discrete state-space stochastic
volatility model with leverage (see Figure 13.4), and a model for animal
behaviour which incorporates feedback from observation level to moti-
vational state (see Figure 16.2). In both of these applications the extra
dependencies are from observation level to the latent process.
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Figure 8.4 Models with additional dependencies at observation level; the upper
graph represents (e.g.) a Markov-switching AR (1) model, and the lower one a
Markov-switching AR(2).

Figure 8.5 Additional dependencies from latent process to observation level.

Exercises

1. Give an expression for the likelihood function for each of the following
HMMs. The list below refers to the state-dependent distributions.

(a) Geometric with parameters 6; € (0, 1), i =1,2,...,m.

(b) Exponential with parameters \; >0, i =1,2,...,m.
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(c¢) Bivariate normal with parameters

2
i = M1 . — 071; J1221'
1 T 1 T
M2 ’ 012 03; ’

fori=1,2,...,m.

2. Let {X:} be a second-order HMM, based on a stationary second-
order Markov chain {C;} on m states. How many parameters does
the model have in the following cases? (Assume for simplicity that
one parameter is needed to specify each of the m state-dependent
distributions.)

(a) {C:} is a general second-order Markov chain.
(b) {C}} is a Pegram model.
(¢) {C}:} is a Raftery model.

3. Let {X;} be a second-order HMM, based on a stationary second-order
Markov chain {C}} on m states. For integers ¢ > 2, and integers i and
j from 1 to m, define

v (i, 7;x) = Pr(X® =x® 0,1 =i, C,=7).

Note that these probabilities are just an extension to two dimensions
of the forward probabilities ay(7), which could more explicitly be de-
noted by oy (i; x®). For the case t = 2 we have

VQ(Z-M]';X(t)) = U’(Zvj)pl(‘rl)p](‘rQ)
(a) Show that, for integers ¢t > 3,

v (G, by x®) = (Z ve_1(i, 3; x4 DY (i, 4, k)) pr(z).  (8.5)

(b) Show how the recursion (8.5) can be used to compute the likelihood
of a series of T observations, Pr(X (™) = x(1)),

(¢) Show that the computational effort required to find the likelihood
thus is O(T'm3).

4. Consider the generalization of the basic HMM which allows the distri-
bution of an observation to depend on the current state of a Markov
chain and the previous one; see Section 8.6. Prove the results given
in Equations (8.3) and (8.4) for the likelihood of such a model.

5. Find the autocorrelation functions for stationary HMMs with (a) nor-
mal and (b) binomial state-dependent distributions.

6. (Runlengths in Bernoulli-HMMs) Let {X;} be a Bernoulli-HMM in

which the underlying stationary irreducible Markov chain has the
states 1, 2, ..., m, transition probability matrix I' and stationary
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distribution §. The probability of an observation being 1 in state i is
denoted by p;. Define a run of ones as follows: such a run is initiated
by the sequence 01, and is said to be of length k£ € N if that sequence
is followed by a further k£ — 1 ones and a zero (in that order).

(a) Let K denote the length of a run of ones. Show that

SP(0)(TP(1))*TP(0)1’
JP(0)IP(1)1/ ’
where P(1) = diag(p1,...,pm) and P(0) =1, — P(1).

(b) Suppose that B = I'P(1) has distinct eigenvalues w;. Show that the
probability Pr(K =k) is, as a function of &, a linear combination
of the k th powers of these eigenvalues, and hence of wf _1( 1—wy),
i=1,...,m.

(c¢) Does this imply that K is a mixture of geometric random variables?
(Hint: will the eigenvalues w; always lie between zero and one?)

Pr(K=k) =

3

(d) Assume for the rest of this exercise that there are only two states,
with the t.p.m. given by

F_(l—’712 Y12 )7
Vo1 1 =921

and that p; =0 and py € (0,1).
Show that the distribution of K is as follows, for all k£ € N:

Pr(K=Fk) = ((1—720)p2)"""(1 = (1 = y21)p2).

(So although not itself a Markov chain, this HMM has a geometric
distribution for the length of a run of ones.)

(e) For such a model, will the length of a run of zeros also be geomet-
rically distributed?

7. Consider the three two-state stationary Bernoulli-HMMs specified
below. For instance, in model (a), Pr(X; =1 | C; = 1) = 0.1 and
Pr(X; =1|Cy =2) =1, and X; is either one or zero. The states
are determined in accordance with the stationary Markov chain with
t.p.m. T'. (Actually, (c) is a Markov chain; there is in that case a
one-to-one correspondence between states and observations.)

Let K denote the length of a run of ones. In each of the three cases,
determine the following: Pr(K = k), Pr(K < 10), E(K), ok and
corr( Xy, Xiyk).

(a)
0.99 0.01
I'= < 0.08 0.92 ) p=(011).
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(b)
0.98 0.02
F‘(Qm w3)7 p = (0,0.9).

0.9 0.1
I'= < 0.4 0.6 >’ p=(0.1)

Notice that these three models are comparable in that (i) the uncon-
ditional probability of an observation being one is in all cases 0.2; and
(ii) all autocorrelations are positive and decrease geometrically.

8. Consider a two-state bivariate HMM {(X31, Xt2) : t € N}, based on
a stationary Markov chain with transition probability matrix I" and
stationary distribution § = (41, d2). Let ;1 and p;o denote the means
of Xy1 and X;o in state 4, and similarly 0% and 0% the variances.
Assume both contemporaneous conditional independence and longi-
tudinal conditional independence.

(a) Show that, for all nonnegative integers k,
Cov(Xs1, Xeyr2) = 0102(p11 — po1)(paa — paz) (1 — y12 — 7y21)".

(b) Hence find the cross-correlations Corr( Xy, Xi1.2).

(¢) Does contemporaneous conditional independence imply indepen-
dence of X;; and X7

(d) State a sufficient condition for X;; and X2 to be uncorrelated.
(e) Generalize the results of (a) and (b) to any number (m) of states.

9. (Irreversibility of a binomial-HMM) In Section 1.3.3 we defined re-
versibility for a random process, and showed that the stationary Mar-
kov chain with the t.p.m. I" given below is not reversible.

1/3 1/3 1/3
r=[23 o 1/3
12 1/2 0

Let {X;} be the stationary HMM with T' as above, and having bi-
nomial state-dependent distributions with parameters 2 and 0/0.5/1;
e.g. in state 1 the observation X is distributed Binomial(2, 0).

By finding the probabilities Pr(X; = 0,X;41 = 1) and Pr(X; =
1, X1 = 0), or otherwise, show that {X,} is irreversible.
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CHAPTER 9

Epileptic seizures

9.1 Introduction

Albert (1991) and Le, Leroux and Puterman (1992) describe the fitting
of two-state Poisson—HMMs to series of daily counts of epileptic seizures
in one patient. Such models appear to be a promising tool for the analysis
of seizure counts, the more so as there are suggestions in the neurology
literature that the susceptibility of a patient to seizures may vary in
a fashion that can reasonably be represented by a Markov chain; see
Hopkins, Davies and Dobson (1985). Another promising approach, not
pursued here, is to use an AR(1) analogue based on thinning; see Franke
and Seligmann (1993).

9.2 Models fitted

Table 9.1 Counts of epileptic seizures in one patient on 204 consecutive days
(to be read across rows).

0300001 1021120 0121313
0420112 1211101 0221210
0021201 0101000 0000O0T1O0
0000100 0100010 0010010
0210110 0022011 3112103
6131221 0121012 0022101
0020100 0100100 0000013
0000010 1110000 0101210
0000014 0000000 0O0OO0OO0O
0000000 OOOOOOO O

We analyse here a series of counts of myoclonic seizures suffered by one
patient on 204 consecutive days*. The observations are given in Table
9.1 and displayed in Figure 9.1.

* The 225-day series published by Le et al. (1992) contained a repeat of the obser-
vations for a 21-day period; see MacDonald and Zucchini (1997, p. 208). Table 9.1
gives the corrected series.

135
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count
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Figure 9.1 Epileptic seizure counts on 204 days.

Le et al. use an HMM of the type described by Leroux and Puter-
man (1992). Their model does not assume that the underlying Markov
chain is stationary. It is fitted by maximizing the likelihood conditional
on the Markov chain starting in a given state with probability one, and
then maximizing over the possible initial states.

We consider a similar HMM, but based on a stationary Markov chain
and fitted by maximization of the unconditional likelihood of the ob-
servations. We investigate models with m = 1, 2, 3 and 4 states. (The
one-state model is just the model which assumes that the observations
are realizations of independent Poisson random variables with a common
mean. That mean is the only parameter.)

Table 9.2 gives the AIC and BIC values for the models. From the
table we see that, of the four models considered, the three-state model
is chosen by AIC, but the two-state model is chosen, by a large margin,
by BIC. We concentrate on the two-state model, the details of which are
as follows. The Markov chain has transition probability matrix

0.965 0.035
0.027 0.973 )’
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Table 9.2 Epileptic seizure counts: comparison of several stationary Poisson—
HMMs by means of AIC and BIC.

no. of states k£ -1 AIC BIC
1 1 232.15 466.31 469.63
2 4 211.68 431.36 444.64
3 9 205.55  429.10 458.97
4 16 201.68 435.36 488.45

Table 9.3 Sample ACF for the epileptic seizure counts.

k 1 2 3 4 5 6 7 8
p(k) 0.236 0.201 0.199 0.250 0.157 0.181 0.230 0.242

and starts from the stationary distribution (0.433, 0.567). The seizure
rates in states 1 and 2 are 1.167 and 0.262 respectively.

The ACF of the model can be computed by the results of Exercise 4
of Chapter 2. It is given, for all positive integers k, by

SN ! N
p(k) = (1 + (>\2—/\1)%152> (1 =2 —721)

0.235 x 0.939".

1.0

0.8

0.6

ACF

0.4

NIRENE |
00 Ll !I Lo

T T
0o 1 2 3 4 5 6 7 8 9 10 1

T T T
1 12 13 14 15

Figure 9.2 Sample and theoretical ACF for the epileptic seizures data. At each
lag the left bar represents the sample ACF, and the right bar the ACF of a
stationary two-state Poisson—HMDM.
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Table 9.4 Observed and expected numbers of days with r = 0,1,2, ... epileptic
setzures.

observed no. expected no.

<

0 117 116.5
1 54 55.4
2 23 21.8
3 7 7.5
4 2 2.1
5 0 0.5
>6 1 0.1

204 203.9

Table 9.3 gives the corresponding sample ACF. Figure 9.2, which dis-
plays both, shows that the agreement between sample and theoretical
ACF is reasonably close.

The marginal properties of the model can be assessed from Table 9.4,
which gives the observed and expected numbers of days on which there
were 0, 1, 2, ..., 6 or more seizures. Agreement is excellent.

9.3 Model checking by pseudo-residuals

We now use the techniques of Section 6.2.2 to check for outliers under the
two-state model we have chosen. Figure 9.3 is a plot of ordinary normal
pseudo-residual segments. From it we see that three observations of the
204 stand out as extreme, namely those for days 106, 147 and 175. They
all yield pseudo-residual segments lying entirely within the top %% of
their respective distributions.

It is interesting to note that observations 23 and 175, both of which
represent four seizures in one day, yield rather different pseudo-residual
segments. The reason for this is clear when one notes that most of the
near neighbours (in time) of observation 175 are zero, which is not true of
observation 23 and its neighbours. Observation 23 is much less extreme
relative to its neighbours than is 175, and this is reflected in the pseudo-
residual. Similarly, observation 106 (six seizures in a day) is less extreme
relative to its neighbours than is observation 175 (four seizures).

However, a more interesting exercise is to see whether, if a model had
been fitted to (say) the first 100 observations only, day-by-day monitor-
ing thereafter by means of forecast pseudo-residuals would have identi-
fied any outliers. The two-state model fitted from the first 100 observa-
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Figure 9.3 Epileptic seizures data: ordinary (normal) pseudo-residual seg-
ments, relative to stationary two-state Poisson—HMM fitted to all 204 obser-

vations.

T T
110 120 13

T
140

T
150

T T
160 170 1

day

T
80

T T
190 200

Figure 9.4 Epileptic seizures data: forecast pseudo-residual segments, relative
to stationary two-state Poisson—-HMM fitted to data for days 1-100 only.
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tions has transition probability matrix

0.983 0.017
0.042 0.958 )~

and seizure rates 1.049 and 0.258.

From a plot of forecast pseudo-residuals, Figure 9.4, we see that the
same three observations stand out: days 106, 147 and 175. Observation
106 emerges from such a monitoring procedure as the clearest outlier
relative to its predecessors, then 175, then 147.

Exercises

1. Consider the two-state model for the epileptic seizures.

Compute the probabilities Pr(C; = i | X(™)) for this model, for
i=1,2 and all ¢.

Perform both local and global decoding to estimate the most likely
states. Do the results differ?

Perform state prediction for the next three time points; i.e. find
the probabilities Pr(Cryp =i | X(T)) for h =1, 2, 3.

Compute the forecast distribution Pr(Xr,j, = 2 | X)) for h =1,
..., 10.

Fit a stationary three-state Poisson—-HMM to the epileptic seizures.

Find the general expression for the ACF of this model.

For lags 1 to 8, compare this model ACF with the sample ACF
given in Table 9.3.



CHAPTER 10

Eruptions of the Old Faithful geyser

10.1 Introduction

There are many published analyses, from various points of view, of data
relating to eruptions of the Old Faithful geyser in the Yellowstone Na-
tional Park in the USA: for instance Cook and Weisberg (1982, pp. 40—
42), Weisberg (1985, pp. 230-235), Silverman (1985; 1986, p. 7), Scott
(1992, p. 278), and Aston and Martin (2007). Some of these accounts
ignore the strong serial dependence in the behaviour of the geyser; see
the comments of Diggle (1993).
In this chapter we present:

e an analysis of a series of long and short eruption durations of the
geyser. This series is a dichotomized version of one of the two series
provided by Azzalini and Bowman (1990).

e univariate models for the series of durations and waiting times, in
their original, non-dichotomized, form; and

e a bivariate model for the durations and waiting times.

The models we describe are mostly HMMs, but in Section 10.2 we also
fit Markov chains of first and second order, and compare them with the
HMMs.

10.2 The binary time series of short and long eruptions

Azzalini and Bowman (1990) have presented a time series analysis of
data on eruptions of Old Faithful. The data consist of 299 pairs of ob-
servations, collected continuously from 1 August to 15 August 1985. The
pairs are (ws, d;), with w; being the time between the starts of successive
eruptions, and d; being the duration of the subsequent eruption.

It is true of both series that most of the observations can be described
as either long or short, with very few observations intermediate in length,
and with relatively low variation within the low and high groups. It is
therefore natural to treat these series as binary time series; Azzalini and
Bowman do so by dichotomizing the ‘waiting times’ w; at 68 minutes
and the durations d; at 3 minutes, denoting short by 0 and long by 1.
There is, in respect of the durations series, the complication that some

141
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of the eruptions were recorded only as short, medium or long, and the
medium durations have to be treated as either short or long. We use the
convention that the (two) mediums are treated as long™*.

Table 10.1 Short and long eruption durations of Old Faithful geyser (299 ob-
servations, to be read across rows).

101110110101011010110101010111
110101010101010101010101011111
010101011010111011111011101010
101010101010101010101101010101
0r1r101111111011111011111110101
010101011111101010101110101011
010111101010101110101011011011
101010101101111111010101111011
011101101011101011111011101010
11010111111110101010101010110

It emerges that {W;} and {D;}, the dichotomized versions of the se-
ries {w;} and {d,}, are very similar — almost identical, in fact — and
Azzalini and Bowman therefore concentrate on the series {D;} as rep-
resenting most of the information relevant to the state of the system.
Table 10.1 presents the series {D;}. On examination of this series one
notices that 0 is always followed by 1, and 1 by either 0 or 1. A summary
of the data is displayed in the ‘observed no.” column of Table 10.3 on
p- 144.

10.2.1 Markov chain models

What Azzalini and Bowman first did was to fit a (first-order) Markov
chain model. This model seemed quite plausible from a geophysical point
of view, but did not match the sample ACF at all well. They then fitted a
second-order Markov chain model, which matched the ACF much better,
but did not attempt a geophysical interpretation for this second model.
We describe what Azzalini and Bowman did, and then fit HMMs and
compare them with their models.

Using the estimator of the ACF described by Box, Jenkins and Reinsel
(1994, p. 31), Azzalini and Bowman estimated the ACF and PACF of
{D;} as displayed in Table 10.2. Since the sample ACF is not even

* Azzalini and Bowman appear to have used one convention when estimating the
ACF (medium=long), and the other when estimating the t.p.m. (medium=short).
There are only very minor differences between their results and ours.
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Table 10.2 Old Faithful eruptions: sample autocorrelation function (p(k)) and
partial autocorrelation function (¢rr) of the series {D:} of short and long
eruptions.

k 1 2 3 4 5 6 7 8

p(k) —0.538 0.478 —0.346 0.318 —0.256 0.208 —0.161 0.136
o —0.538 0.266 —0.021 0.075 —0.021 —0.009  0.010 0.006

approximately of the form o*, a Markov chain is not a satisfactory model;
see Section 1.3.4. Azzalini and Bowman therefore fitted a second-order
Markov chain, which turned out not to be consistent with a first-order
model. They mention also that they fitted a third-order model, which
did produce estimates consistent with a second-order model.

An estimate of the transition probability matrix of the first-order Mar-
kov chain, based on maximizing the likelihood conditional on the first
observation as described in Section 1.3.5, is

0 1 ) ( 0 1 )
To2 - . (10.1)
( 105 B9 0.5412 0.4588

Although it is not central to this discussion, it is worth noting that
unconditional maximum likelihood estimation is very easy in this case.
Because there are no transitions from 0 to 0, the explicit result of Bis-
gaard and Travis (1991) applies; see our Equation (1.6) on p. 22. The
result is that the transition probability matrix is estimated as

0 1
( 0.5404  0.4596 ) (102)

This serves to confirm as reasonable the expectation that, for a series of
length 299, estimation by conditional maximum likelihood differs very
little from unconditional.

Since the sequence (0,0) does not occur, the three states needed to
express the second-order Markov chain as a first-order Markov chain
are, in order: (0,1), (1,0), (1,1). The corresponding t.p.m. is

0o 2 2 0 0.6635 0.3365
1 0 0 |=|1 o 0 . (10.3)
0o 3 0 0.3933 0.6067

The model (10.3) has stationary distribution %(104, 104, 89), and the
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Table 10.3 Old Faithful: observed numbers of short and long eruptions and
various transitions, compared with those expected under the two-state HMM.

observed no. expected no.

short eruptions (0) 105 105.0
long eruptions (1) 194 194.0
Transitions:

from 0 to 0 0 0.0
from 0 to 1 104 104.0
from 1 to O 105 104.9
from 1 to 1 89 89.1
from (0,1) to O 69 66.7
from (0 71) to 1 35 37.3
from (1,0) to 1 104 104.0
from (1,1) to O 35 37.6
from (1,1) to 1 54 51.4

ACF can be computed from
k) = E(Di Dy 1) — E(Dy)E(Dy 1)
r Var(Dy)
2972 Pr(D; =Dy 4 =1) — 1932
193 x 104

The resulting figures for {p(k)} are given in Table 10.4 on p. 145, and
match the sample ACF {p(k)} well.

10.2.2 Hidden Markov models

We now discuss the use of HMMs for the series {D;}. Bernoulli-HMMs
with m = 1, 2, 3 and 4 were fitted to this series.
We describe the two-state model in some detail. This model has log-

- 0.000 1.000 .
likelihood —127.31, I'= ( 0.827 0.173 ) and state-dependent probabil-

ities of a long eruption given by the vector (0.225, 1.000). That is, there
are two (unobserved) states, state 1 always being followed by state 2,
and state 2 by state 1 with probability 0.827. In state 1 a long erup-
tion has probability 0.225, in state 2 it has probability 1. A convenient
interpretation of this model is that it is a rather special stationary
two-state Markov chain, with some noise present in the first state; if
the probability 0.225 were instead zero, the model would be exactly a
Markov chain. Since (in the usual notation) P(1) = diag(0.225, 1.000)
and P(0) = I, — P(1), a long eruption has unconditional probability
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Figure 10.1 Old Fuaithful, short and long eruptions: sample autocorrelation
function, and ACF of two models. At each lag the centre bar represents the
sample ACF, the left bar the ACF of the second-order Markov chain (i.e.
model (10.3)), and the right bar that of the two-state HMM.

Table 10.4 Old Faithful, short and long eruptions: sample ACF compared with
the ACF of the second-order Markov chain and the HMM.

k 1 2 3 4 5 6 7 8

p(k) for model (10.3) —0.539 0.482 —0.335 0.262 —0.194 0.147 —0.110 0.083
sample ACF, p(k) —0.538 0.478 —0.346 0.318 —0.256 0.208 —0.161 0.136
p(k) for HM model —0.541 0.447 —0.370 0.306 —0.253 0.209 —0.173 0.143

Pr(X; = 1) = 6P(1)1' = 0.649, and a long eruption is followed by a
short one with probability 6P(1)I'P(0)1'/6P (1)1’ = 0.541. A short is
always followed by a long. A comparison of observed numbers of zeros,
ones and transitions, with the numbers expected under this model, is
presented in Table 10.3. (A similar comparison in respect of the second-
order Markov chain model would not be informative because in that
case parameters have been estimated by a method that forces equality
of observed and expected numbers of first- and second-order transitions.)

The ACF is given for all k € N by p(k) = (1 + a)"'w*, where w =
—0.827 and a = 0.529. Hence p(k) = 0.654 x (—0.827)%. In Figure 10.1
and Table 10.4 the resulting figures are compared with the sample ACF
and with the theoretical ACF of the second-order Markov chain model
(10.3). It seems reasonable to conclude that the HMM fits the sample
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Table 10.5 Old Faithful, short and long eruptions: percentiles of bootstrap sam-
ple of estimators of parameters of two-state HMM.

percentile: 5th 25th  median  75th  95th

A21 0.709 0.793 0.828 0.856  0.886
1 0.139 0.191 0.218 0.244 0.273

ACF well; not quite as well as the second-order Markov chain model as
regards the first three autocorrelations, but better for longer lags.

The parametric bootstrap, with a sample size of 100, was used to esti-
mate the means and covariances of the maximum likelihood estimators
of the four parameters 712, ¥21, p1 and po. That is, 100 series of length
299 were generated from the two-state HMM described above, and a
model of the same type fitted in the usual way to each of these series.
The sample mean vector for the four parameters is (1.000, 0.819, 0.215,
1.000), and the sample covariance matrix is

0 0 0 0
0 0.003303 0.001540 O
0 0.001540 0.002065 O
0 0 0 0

The estimated standard deviations of the estimators are therefore (0.000,
0.057, 0.045, 0.000). (The zero standard errors are of course not typical;
they are a consequence of the rather special nature of the model from
which we are generating the series. Because the model has 412 = 1 and
p2 = 1, the generated series have the property that a short is always
followed by a long, and all the models fitted to the generated series also
have ’3/12 =1 and ﬁg = 1)

As a further indication of the behaviour of the estimators we present
in Table 10.5 selected percentiles of the bootstrap sample of values of 491
and p;. From these bootstrap results it appears that, for this application,
the maximum likelihood estimators have fairly small standard deviations
and are not markedly asymmetric. It should, however, be borne in mind
that the estimate of the distribution of the estimators which is provided
by the parametric bootstrap is derived under the assumption that the
model fitted is correct.

There is a further class of models that generalizes both the two-state
second-order Markov chain and the two-state HMM as described above.
This is the class of two-state second-order HMMs, described in Section
8.3. By using the recursion (8.5) for the probability v;(j, k; x;), with the
appropriate scaling, it is almost as straightforward to compute the like-
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lihood of a second-order model as a first-order one and to fit models by
maximum likelihood. In the present example the resulting probabilities
of a long eruption are 0.0721 (state 1) and 1.0000 (state 2). The param-
eter process is a two-state second-order Markov chain with associated
first-order Markov chain having transition probability matrix

1—a a 0 0
0 0 0.7167 0.2833
0 1.0000 0 0 (10.4)
0 0 0.4414 0.5586

Here a may be taken to be any real number between 0 and 1, and the four
states used for this purpose are, in order: (1,1), (1,2), (2,1), (2,2). The
log-likelihood is —126.9002. (Clearly the state (1,1) can be disregarded
above without loss of information, in which case the first row and first
column are deleted from the matrix (10.4).)

It should be noted that the second-order Markov chain used here as the
underlying process is the general four-parameter model, not the Pegram—
Raftery submodel, which has three parameters. From the comparison
which follows it will be seen that an HMM based on a Pegram—-Raftery
second-order chain is in this case not worth pursuing, because with a
total of five parameters it cannot produce a log-likelihood value better
than —126.90. (The two four-parameter models fitted produce values of
—127.31 and —127.12, which by AIC and BIC would be preferable to a
log-likelihood of —126.90 for a five-parameter model.)

10.2.8 Comparison of models

We now compare all the models considered so far, on the basis of their
unconditional log-likelihoods, denoted by I, and AIC and BIC. For in-
stance, in the case of model (10.1), the first-order Markov chain fitted
by conditional maximum likelihood, we have

I = 1og(194/299) + 105 1og(105/194) + 89 log(89/194) = —134.2426.

The comparable figure for model (10.2) is —134.2423; in view of the
minute difference we shall here ignore the distinction between estima-
tion by conditional and by unconditional maximum likelihood. For the
second-order Markov chain model (10.3) we have

I =1log(104/297) + 3510g(35/104) 4+ 691og(69/104)
+ 351og(35/89) + 54log(54/89) = —127.12.
Table 10.6 presents a comparison of seven types of model, including for

completeness the one-state HMM, i.e. the model which assumes inde-
pendence of the consecutive observations. (Given the strong serial de-
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Table 10.6 Old Faithful, short and long eruptions: comparison of models on
the basis of AIC and BIC.

model k —1 AIC BIC

| Lstate HM 1 19380 389.60  393.31

(i.e. independence)
Markov chain 2 134.24  272.48 279.88
second-order Markov chain 4  127.12 262.24 277.04
2-state HM 4 127.31 262.62 277.42
3-state HM 9 126.85 271.70 305.00
4-state HM 16 126.59  285.18 344.39
2-state second-order HM 6 126.90  265.80 288.00

pendence apparent in the data, it is not surprising that the one-state
model is so much inferior to the others considered.)

From the table it emerges that, on the basis of AIC and BIC, only
the second-order Markov chain and the two-state (first-order) HMM are
worth considering. In the comparison, both of these models are taken to
have four parameters, because, although the observations suggest that
the sequence (short, short) cannot occur, there is no a priori reason to
make such a restriction.

While it is true that the second-order Markov chain seems a slightly
better model on the basis of the model selection exercise described above,
and possibly on the basis of the ACF, both are reasonable models ca-
pable of describing the principal features of the data without using an
excessive number of parameters. The HMM perhaps has the advantage
of relative simplicity, given its nature as a Markov chain with some noise
in one of the states. Azzalini and Bowman note that their second-order
Markov chain model would require a more sophisticated interpretation
than does their first-order model. Either a longer series of observations
or a convincing geophysical interpretation for one model rather than the
other would be needed to take the discussion further.

10.2.4 Forecast distributions

The ratio of likelihoods, as described in Section 5.2, can be used to pro-
vide the forecasts implied by the fitted two-state HMM. As it happens,
the last observation in the series, Dagg, is 0, so that under the model
Pr(Dspp = 1) = 1. The conditional distribution of the next h values
given the history D99 i.e. the joint h-step ahead forecast, is easily
computed. For h = 3 this is given in Table 10.7. The corresponding
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Table 10.7 Old Faithful, short and long eruptions: the probabilities Pr(Dsoo =
1, D301 = i, D3oa = j | D) for the two-state HMM (left) and the second-
order Markov chain model (right).

j=0 1 j=0 1
i=0 0.000 0.641 i=0 0.000 0.663
1 0.111 0.248 1 0132 0.204

probabilities for the second-order Markov chain model are also given in
the table.

10.3 Univariate normal-HMMs for durations and waiting

times
1.0 1.0
m=2 m=3
0.8 0.8 |
061 0.6 |
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Figure 10.2 Old Faithful durations, normal-HMMs. Thick lines (m = 2 and
3 only): models based on continuous likelihood. Thin lines (all panels): models
based on discrete likelihood.

Bearing in mind the dictum of van Belle (2002, p. 99) that one should
not dichotomize unless absolutely necessary, we now describe normal-—
HMDMs for the durations and waiting-times series in their original, non-
dichotomized, form. Note that the quantities denoted w;, both by Az-
zalini and Bowman (1990) and by us, are the times between the starts
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Figure 10.3 Old Faithful waiting times, normal-HMMs. Models based on con-
tinuous likelihood and models based on discrete likelihood are essentially the
same. Notice that the model for m = 3 is identical, or almost identical, to the
three-state model of Robert and Titterington (1998): see their Figure 7.

of successive eruptions, and each w,; therefore consists of an eruption
duration plus an interval that lies strictly between eruptions. (Azzalini
and Bowman note that w; therefore exceeds the true waiting time, but
ignore this because the eruption durations d; are small relative to the
quantities wy.)

We use here the discrete likelihood, which accepts observations in the
form of upper and lower bounds. Section 1.2.4 contains a description of
the bounds used for the durations: see p. 13. The waiting times are all
given by Azzalini and Bowman to the nearest minute, so (for instance)
wy = 80 means that wy € (79.5,80.5).

First we present the likelihood and AIC and BIC values of the normal-
HMMs. We fitted univariate normal-HMMs with two to four states to
durations and waiting times, and compared these on the basis of AIC
and BIC. For both durations and waiting times, the four-state model
is chosen by AIC and the three-state by BIC. We concentrate now on
the three-state models, which are given in Table 10.10. In all cases the
model quoted is that based on maximizing the discrete likelihood, and
the states have been ordered in increasing order of mean. The transition
probability matrix and stationary distribution are, as usual, " and 4,
and the state-dependent means and standard deviations are p; and oy,
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Table 10.8 Old Faithful durations: comparison of normal-HMMs and indepen-
dent mizture models by AIC and BIC, all based on discrete likelihood.

model k —log L AIC BIC
2-state HM 6 1168.955 2349.9  2372.1
3-state HM 12 1127.185 22784 2322.8
4-state HM 20 1109.147 2258.3 2332.3

indep. mixture (2) 5 1230.920 2471.8  2490.3
indep. mixture (3) 8 1203.872 2423.7  2453.3
indep. mixture (4) 11 1203.636 2429.3  2470.0

Table 10.9 Old Fuaithful waiting times: comparison of normal-HMDMs based on
discrete likelihood.

model k —log L AlIC BIC

2-state HM 6 1092.794 2197.6  2219.8
3-state HM 12 1051.138  2126.3 2170.7
4-state HM 20 1038.600 2117.2 2191.2

Table 10.10 Old Faithful: three-state (univariate) normal-HMMs, based on
discrete likelihood.

Durations:
T i 1 2 3
0.000 0.000 1.000 6; 0.291 0.195 0.514
0.053 0.113 0.834 i 1.894  3.400 4.459
0.546 0.337 0.117 o; 0.139 0.841 0.320
Waiting times:
T ) 1 2 3
0.000 0.000 1.000 0; 0.342 0.259 0.399
0.298 0.575 0.127 w;  55.30 7530 84.93

0.662 0.276 0.062 o; 5.809 3.808 5.433
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for : = 1 to 3. The marginal densities of the HMMSs for the durations
are presented in Figure 10.2, and for the waiting times in Figure 10.3.

One feature of these models that is noticeable is that, although the
matrices I' are by no means identical, in both cases the first row is
(0,0,1) and the largest element of the third row is 731, the probability of
transition from state 3 to state 1.

10.4 Bivariate normal-HMM for durations and waiting times
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Figure 10.4 Old Faithful durations and waiting times: perspective and con-
tour plots of the p.d.f. of the bivariate normal-HMDM.(Model fitted by discrete
likelihood. )

Finally we give here a stationary three-state bivariate model for dura-
tions d; and waiting times wy4 1, for £ running from 1 to 298. The pairing
(dt, wt) would be another possibility; in Exercise 2 the reader is invited
to fit a similar model to that bivariate series and compare the two mod-
els. The three state-dependent distributions are general bivariate normal
distributions. Hence there are in all 21 = 15 + 6 parameters: 5 for each
bivariate normal distribution, and 6 for the transition probabilities. The
model was fitted by maximizing the discrete likelihood of the bivariate
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observations (dy, w¢41); that is, by maximizing
LT = (5P(d1, wg)FP(dQ, ’LU3) e FP(dT_l, ’LUT)]_,,

where P(d;,w;y1) is the diagonal matrix with each diagonal element
not a bivariate normal density but a probability: the probability that
the tth pair (duration, waiting time) falls in the rectangle (d; ,d;") x
(wy, +1,wt++1). Here d; and d; represent the lower and upper bounds
available for the ¢ th duration, and similarly for waiting times. The code
used can be found in A.3. Figure 10.4 displays perspective and contour
plots of the marginal p.d.f. of this model, the parameters of which are
given in Table 10.11. Note that here I', the t.p.m., is of the same form
as the matrices displayed in Table 10.10.

Table 10.11 Old Faithful durations and waiting times: three-state bivariate
normal-HMM, based on discrete likelihood.

r i (state) 1 2 3
0.000 0.000 1.000 0; 0.283 0.229 0.488
0.037 0.241 0.722 mean duration  1.898 3.507 4.460

0.564 0.356 0.080 mean waiting time 54.10 71.59 83.18
s.d. duration 0.142 0.916 0.322
s.d. waiting time 4.999 8.289 6.092
correlation 0.178 0.721 0.044

Exercises

1.(a) Use the code in A.3 to fit a bivariate normal-HMM with two states
to the observations (d¢, wi11).
(b) Compare the resulting marginal distributions for durations and

waiting times to those implied by the three-state model reported
in Table 10.11.

2. Fit a bivariate normal-HMM with three states to the observations
(dy, wy), where ¢ runs from 1 to 299. How much does this model differ
from that reported in Table 10.117

3.(a) Write an R function to generate observations from a bivariate
normal-HMM. (Hint: see the code in A.2.1, and use the package
mvtnorm.)

(b) Write a function that will find MLEs of the parameters of a bi-
variate normal-HMM when the observations are assumed to be
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known exactly; use the ‘continuous likelihood’, i.e. use densities,
not probabilities, in the likelihood.

(c¢) Use the function in 3(a) to generate a series of 1000 observations,
and use the function in 3(b) to estimate the parameters.

(d) Apply varying degrees of interval censoring to your generated series
and use the code in A.3 to estimate parameters. To what extent
are the parameter estimates affected by interval censoring?



CHAPTER 11

Speed and change of direction in
larvae of Drosophila melanogaster

11.1 Introduction

Holzmann et al. (2006) have described, inter alia, the application of
HMMs with circular state-dependent distributions to the movement of
larvae of the fruit fly Drosophila melanogaster. It is thought that loco-
motion can be largely summarized by the distribution of speed and di-
rection change in each of two episodic states: ‘forward peristalsis’ (linear
movement) and ‘head swinging and turning’ (Suster et al., 2003). Dur-
ing linear movement, larvae maintain a high speed and a low direction
change, in contrast to the low speed and high direction change charac-
teristic of turning episodes. Given that the larvae apparently alternate
thus between two states, an HMM in which both speed and turning rate
are modelled according to two underlying states might be appropriate
for describing the pattern of larval locomotion. As illustration we shall
examine the movements of two of the experimental subjects of Suster
(2000) (one wild larva, one mutant) whose positions were recorded once
per second. The paths taken by the larvae are displayed in Figure 11.1.

wild mutant
20 20
10 | 10 A
e
i . e
-10 | 7\L -10
-20 - -20 -
} T T T 1 } T T T 1
-20 -10 0 10 20 -20 -10 0 10 20
Path over 180 seconds Path over 381 seconds

Figure 11.1 Paths of two larvae of Drosophila melanogaster.
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First we examine the univariate time series of direction changes for the
two larvae; then in Section 11.5 we shall examine the bivariate series of
speeds and direction changes.

11.2 Von Mises distributions

We need to discuss here an important family of distributions designed
for circular data, the von Mises distributions, which have properties that
make them in some respects a natural first choice as a model for unimodal
continuous observations on the circle; see e.g. Fisher (1993, pp. 49-50,
55). The probability density function of the von Mises distribution with
parameters p € (—m, 7| (location) and x > 0 (concentration) is

f(x) = 2rIo(k)) " exp(rcos(z — p)) for x € (=, 7). (11.1)

Here Iy denotes the modified Bessel function of the first kind of order
zero. More generally, for integer n, I,, is given in integral form by

L(k) = (2m)* /Tf exp(k cos z) cos(nx) dx; (11.2)

—T

see e.g. Equation (9.6.19) of Abramowitz et al. (1984). But note that
one could in the p.d.f. (11.1) replace the interval (—m, x| by [0,27), or
by any other interval of length 2.

The location parameter g is not in the usual sense the mean of a
random variable X having the above density; instead (see Exercise 3) it
satisfies

tan u = E(sin X) /E(cos X),

and can be described as a directional mean, or circular mean. We use
the convention that arctan(b,a) is the angle 6 € (—m, 7| such that
tanf = b/a, sin@ and b have the same sign, and cos# and a have the
same sign. (But note that if b = a = 0, arctan(b, a) is not defined.) With
this convention, u = arctan(E sin X, E cos X), and indeed this is the defi-
nition we use for the directional mean of any circular random variable X,
not only one having a von Mises distribution. The sample equivalent of p,
based on the sample 1, z2, ..., 27, is ft = arctan()_, sinay, Y, cosxy).

In modelling time series of directional data one can consider using an
HMM with von Mises distributions as the state-dependent distributions,
although any other circular distribution is also possible. For several other
classes of models for time series of directional data, based on ARMA
processes, see Fisher and Lee (1994).
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1.5 1 1.5 1

Figure 11.2 Marginal density plots for two-state von Mises—HMDMs for direc-
tion change in Drosophila melanogaster: wild subject (left) and mutant (right).
In the plots in the first row angles are measured in radians, and the state-
dependent densities, multiplied by their mizing probabilities 0;, are indicated
by dashed and dotted lines. In the circular densilty plots in the second row,
North corresponds to a zero angle, right to positive angles, left to negative.

11.3 Von Mises—HMDMs for the two subjects

Here we present a two-state von Mises—-HMM for the series of changes
of direction for each of the subjects, and we compare those models, on
the basis of likelihood, AIC and BIC, with the corresponding three-
state models which we have also fitted. Table 11.1 presents the relevant
comparison. For the wild subject, both AIC and BIC suggest that the
two-state model is adequate, but they disagree in the case of the mutant;
BIC selects the two-state and AIC the three-state.

The models are displayed in Table 11.2, with u;, for instance, denoting
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Table 11.1 Comparison of two- and three-state von Mises—HMMs for changes
of direction in two Drosophila melanogaster larvae.

subject no. states no. parameters —log L AIC BIC
wild 2 6 158.7714  329.5  348.7
3 12 154.4771  333.0 371.3
mutant 2 6 647.6613 1307.3 1331.0
3 12 638.6084 1301.2 1348.5

Table 11.2 Two-state von Mises—HMMs for the changes of direction in two
Drosophila melanogaster larvae.

wild, state 1  wild, state 2 mutant, state 1 mutant, state 2

4 0.211 0.012 —0.613 —0.040

Ki 2.050 40.704 0.099 4.220

I < 0.785 0.215 ) ( 0.907 0.093 )
0.368 0.632 0.237 0.763

8 0.632 0.368 0.717 0.283

the location parameter in state 7, and the marginal densities are depicted
in Figure 11.2. Clearly there are marked differences between the two
subjects, for instance the fact that one of the states of the wild subject,
that with mean close to zero, has a very high concentration.

11.4 Circular autocorrelation functions

As a diagnostic check of the fitted two-state models one can compare the
autocorrelation functions of the model with the sample autocorrelations.
In doing so, however, one must take into account the circular nature of
the observations.

There are (at least) two proposed measures of correlation of circular
observations: one due to Fisher and Lee (1983), and another due to
Jammalamadaka and Sarma (1988), which we concentrate on. Using the
latter one can find the ACF of a fitted von Mises-HMM and compare
it with its empirical equivalent, and we have done so for the direction
change series of the two subjects. It turns out that there is little or no
serial correlation in these series of angles, but there is non-negligible
ordinary autocorrelation in the series of absolute values of the direction
changes.
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The measure of circular correlation proposed by Jammalamadaka and
Sarma is as follows (see Jammalamadaka and SenGupta, 2001, (8.2.2),
p. 176). For two (circular) random variables © and ®, the circular cor-
relation is defined as

E(sin(© — pg) sin(® — 1))
[Varsin(© — pup) Varsin(® — p4)]1/2’

where 119 is the directional mean of ©, and similarly ;14 that of ®. Equiv-
alently, it is

E(sin(© — pg) sin(® — pig))
[Bsin(0 — 1g) Esin®(® — pog)] /2
see Exercise 1 for justification.
The autocorrelation function of a (stationary) directional series X; is
then defined by

p(k) =
this simplifies to

p(k) =

E(sin(X; — p)sin(Xppp — p)
[Esin?(X; — 1) Esin?(Xepp — p)]1/2’

E(sin(X; — p) sin( X — 1)) .
Esin®(X; — p)

Here p denotes the directional mean of X; (and X;.), that is

(11.3)

u = arctan(E sin Xy, E cos X3).
An estimator of the ACF is given by

g sin(z; — fi) sin(zpyp — [ /g sin? (z¢ —

with [ denotlng the sample directional mean of all 7" observations .

With some work it is also possible to to use Equation (11.3) to compute
the ACF of a von Mises—HMM as follows. Firstly, note that, by Equation
(2.10), the numerator of (11.3) is

Z ZfSi’Yij(k)E(Sin(Xt —p) | Cp = )E(In(Xeqr — 1) | Crqn = j),
i=1 j=1
(11.4)
and that, if C; = i, the observation X; has a von Mises distribution with
parameters p; and ;. To find the conditional expectation of sin(X; — p)
given C; = i it is therefore convenient to write

sin(Xy —p) = sin(Xy — pi +pi — p)
= sin(Xy — p;) cos(p; — ) + cos(Xy — ;) sin(p; — p).
The conditional expectation of cos(X; — p;) is I (ki)/Io(ks), and that
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of sin(X; — p;) is zero; see Exercise 2. The conditional expectation of
sin(X; — p) given C; = i is therefore available, and similarly that of
sin( Xy, —p) given Cpyp = j. Hence expression (11.4), i.e. the numerator
of (11.3), can be computed once one has p.

Secondly, note that, by Exercise 4, the denominator of (11.3) is

1

Esin?(X, — p) = 3

(1 _ Z 8 As (ki) cos(2(pi — M)))v

where, for positive integers n, A, (k) is defined by A, (k) = I,(k)/Io(K).
All that now remains is to indicate how to compute p for such a von
Mises—HMM. This is given by

w = arctan (Esin Xy, E cos X;) = arctan (Z 0; sin Z 0; cos ui> .

(2 7

The ACF, p(k), can therefore be found as follows:

20 205 0 (R) Av (ki) sin (i — ) Au (k) sin(pt; — 1)
$(1 =2, 6 Aa(ki) cos(2(ps — )

As a function of k, this is of the usual form taken by the ACF of an HMM;
provided the eigenvalues of IT' are distinct, it is a linear combination of
the kth powers of these eigenvalues.

Earlier Fisher and Lee (1983) proposed a slightly different correlation
coefficient between two circular random variables. This definition can
also be used to provide a corresponding (theoretical) ACF for a circular
time series, for which an estimator is provided by Fisher and Lee (1994),
Equation (3.1). For details, see Exercises 5 and 6.

We have computed the Jammalamadaka—Sarma circular ACF's of the
two series of direction changes, and found little or no autocorrelation.
Furthermore, for series of the length we are considering here, and cir-
cular autocorrelations (by whichever definition) that are small or very
small, the two estimators of circular autocorrelation appear to be highly
variable.

An autocorrelation that does appear to be informative, however, is the
(ordinary) ACF of the absolute values of the series of direction changes;
see Figure 11.3. Although there is little or no circular autocorrelation
in each series of direction changes, there is non-negligible ordinary au-
tocorrelation in the series of absolute values of the direction changes,
especially in the case of the mutant. This is rather similar to the ‘styl-
ized fact’ of share return series that the ACF of returns is negligible,
but not the ACF of absolute or squared returns. We can therefore not
conclude that the direction changes are (serially) independent.

p(k)
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Figure 11.3 ACFs of absolute values of direction changes. In each pair of ACF
values displayed, the left one is the (ordinary) autocorrelation of the absolute
changes of direction of the sample, and the right one is the corresponding
quantity based on 50 000 observations generated from the two-state model.

11.5 A bivariate series with one component linear and one
circular: Drosophila speed and change of direction

We begin our analysis of the bivariate time series of speed and change
of direction (c.0.d.) for Drosophila by examining a scatter plot of these
quantities for each of the two subjects (top half of Figure 11.4). A smooth
of these points is roughly horizontal, but the funnel shape of the plot in
each case is conspicuous. We therefore plot also the speeds and absolute
changes of direction, and we find, as one might expect from the funnel
shape, that a smooth now has a clear downward slope.

We have also plotted in each of these figures a smooth of 10000 points
generated from the three-state model we describe later in this section.
In only one of the four plots do the two lines differ appreciably, that of
speed and absolute c.o.d. for the wild subject (lower left); there the line
based on the model is the higher one. We defer further comment on the
models to later in this section.

The structure of the HMMs fitted to this bivariate series is as follows.
Conditional on the underlying state, the speed at time ¢ and the change
of direction at time ¢ are assumed to be independent, with the former
having a gamma distribution and the latter a von Mises distribution.
In the three-state model there are in all 18 parameters to be estimated:
six transition probabilities, two parameters for each of the three gamma
distributions, and two parameters for each of the three von Mises distri-
butions; more generally, m? 4+ 3m for an m-state model of this kind.

These and other models for the Drosophila data were fairly difficult
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Figure 11.4 Each panel shows the observations (change of direction against
speed in the top panels, and absolute change of direction against speed in the
bottom panels). In each case there are two nonparametric regression lines com-
puted by the R function loess, one smoothing the observations and the other
smoothing the 10000 realizations generated from the fitted model.

Table 11.3 Comparison of two- and three-state bivariate HMMs for speed and
direction change in two larvae of Drosophila.

subject no. states no. parameters —logL AlIC BIC
wild 2 10 193.1711  406.3  438.3
3 18 166.8110 369.6 427.1

mutant 2 10 332.3693 684.7  724.2
3 18 303.7659 643.5 T714.5

to fit in that it was easy to become trapped at a local optimum of the
log-likelihood which was not the global optimum.

Table 11.3 compares the two- and three-state models on the basis of
likelihood, AIC and BIC, and indicates that AIC and BIC select three
states, both for the wild subject and for the mutant. Figure 11.5 de-
picts the marginal and state-dependent distributions of the three-state
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Figure 11.5 Three-state (gamma-von Mises) HMMs for speed and change of
direction in Drosophila melanogaster: wild subject (left) and mutant (right).
The top panels show the marginal and the state-dependent (gamma) distribu-
tions for the speed, as well as a histogram of the speeds. The middle panels
show the marginal and the state-dependent (von Mises) distributions for the
c.o.d., and a histogram of the changes of direction. The bottom panels show
the fitted marginal densities for c.o.d.
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Figure 11.6 Sample and 3-state-HMM ACFs of absolute change of direction
(top panels) and speed (bottom panels). The ACFs for the absolute change of
direction under the model were computed by simulation of a series of length
50000.

model. Figure 11.6 compares the sample and three-state model ACF's for
absolute c.o.d. and for speed; for the absolute c.0.d. the model ACF was
estimated by simulation, and for the speed it was computed by using the
results of Exercise 3 of Chapter 2.

What is noticeable about the models for c.o.d. depicted in Figure
11.5 is that, although not identical, they are visually very similar to the
models of Figure 11.2, even though their origin is rather different. In one
case there are two states, in the other three; in one case the model is
univariate, and in the other it is one of the components of a bivariate
model.

This application illustrates two attractive features of HMMs as models
for bivariate or multivariate time series. The first is the ease with which
different data types can be accommodated — here we modelled a bivari-
ate series with one circular-valued and one (continuous) linear-valued
variable. Similarly it is possible to model bivariate series in which one
variable is discrete-valued (even categorical) and the other continuous-
valued. The second feature is that the assumption of contemporaneous
conditional independence provides a very simple means of modelling de-
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pendence between the contemporaneous values of the component series,
whether these are bivariate or multivariate. Although the range of de-
pendence structures which can be accommodated in this way is limited,
it seems to be adequate in some applications.

Exercises

1. Let p be the directional mean of the circular random variable ©, as
defined on p. 156. Show that Esin(© — u) = 0.

2. Let X have a von Mises distribution with parameters p and x. Show
that

Ecos(n(X — p)) = In(k)/Iy(k) and Esin(n(X — pu)) =0,
and hence that
E cos(nX) = cos(nu)I,(k)/Io(k)
and
Esin(nX) = sin(nu) I, (k) /Io (k).
More compactly,
E(e™X) = ™I, (k)/Io(k).
3. Again, let X have a von Mises distribution with parameters y and k.
Deduce from the conclusions of Exercise 2 that
tan p = E(sin X)) /E(cos X).
4. Let {X;} be a stationary von Mises-HMM on m states, with the

i th state-dependent distribution being von Mises (u;, ;), and with p
denoting the directional mean of X;.

Show that
1
G2 _ , N cos -
Bain (X, =) = 5 (1= 3 6 cos(2s = ).

where As(k) = I2(k)/Io(k). Hint: use the following steps.

Esin®(X; — ) = ZéiE(sin2(Xt —p) | Cp = i);

sin? A = (1 —cos(24))/2; Xy —p = X¢ — i + pi — 115
E(sin(2(X; — 1)) | Gy = 1) = 0

and

E(COS(Q(Xt — ,uz)) | Ct = Z) = IQ(KJz)/Io(Hl)
Is it necessary to assume that g is the directional mean of X7
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5. Consider the definition of the circular correlation coeflicient given by
Fisher and Lee (1983): the correlation between two circular random
variables © and ® is

E(Sil’l(@l - 62) Sin(q)l - (I)Q))
[E(sin2(®1 - @2))E(sin2((1)1 - @2))]1/2’
where (01, ®;) and (O3, ®5) are two independent realizations of (O, ®).

Show that this definition implies the following expression, given as

Equation (2) of Holzmann et al. (2006), for the circular autocorre-

lation of order k£ of a stationary time series of circular observations

Xti

E(cos X cos Xp)E(sin X sin X ) — E(sin X cos X)E(cos Xg sin X},)
(1 — E(cos? Xj))E(cos? Xg) — (E(sin X cos Xg))?2 '

(11.5)

6. Show how Equation (11.5), along with Equations (2.8) and (2.10),
can be used to compute the Fisher—Lee circular ACF of a von Mises—
HMM.



CHAPTER 12

Wind direction at Koeberg

12.1 Introduction

South Africa’s only nuclear power station is situated at Koeberg on the
west coast, about 30 km north of Cape Town. Wind direction, wind
speed, rainfall and other meteorological data are collected continuously
by the Koeberg weather station with a view to their use in radioactive
plume modelling, inter alia. Four years of data were made available by
the staff of the Koeberg weather station, and this chapter describes an
attempt to model the wind direction at Koeberg by means of HMMs.

The wind direction data consist of hourly values of average wind di-
rection over the preceding hour at 35 m above ground level. The period
covered is 1 May 1985 to 30 April 1989 inclusive. The average referred
to is a vector average, which allows for the circular nature of the data,
and is given in degrees. There are in all 35064 observations; there are
no missing values.

12.2 Wind direction classified into 16 categories

Although the hourly averages of wind direction were available in degrees,
the first group of models fitted treated the observations as lying in one of
the 16 conventional directions N, NNE, ..., NNW, coded 1 to 16 in that
order. This was done in order to illustrate the application of HMMs to
time series of categorical observations, a special class of multinomial-like
time series.

12.2.1 Three HMMs for hourly averages of wind direction

The first model fitted was a simple multinomial-HMM with two states
and no seasonal components, the case m=2 and ¢=16 of the categorical
model described in Section 8.4.2. In this model there are 32 parameters
to be estimated: two transition probabilities to specify the Markov chain,
and 15 probabilities for each of the two states, subject to the sum of the
15 not exceeding one. The results are as follows. The underlying Markov
0.964 0.036
0.031 0.969
distribution (0.462, 0.538), and the 16 probabilities associated with each

chain has transition probability matrix ( > and stationary

167
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Table 12.1 Koeberg wind data (hourly): 1000X probabilities of each direction
in each state for (from left to right) the simple two-state HMM, the simple
three-state HMM, and the two-state HMM with cyclical components.

2-state HMM 3-state HMM cyclic HMM

1 N 129 0 148 0 1 127 0
2 NNE 48 0 47 0 16 47 0
3 NE 59 1 16 0 97 57 2
4 ENE 44 26 3 0 148 27 40
5 E 6 50 1 0 132 4 52
6 ESE 1 75 0 0 182 1 76
7 SE 0 177 0 23 388 1 179
8 SSE 0 313 0 426 33 0 317
9 S 1 181 0 257 2 1 183
10 SSW 4 122 2 176 0 7 121
11 SW 34 48 20 89 0 59 26
12 WSW 110 8 111 28 0 114 3
13 W 147 0 169 2 0 145 0
14 WNW 130 0 151 0 0 128 0
15 NW 137 0 159 0 1 135 0
16 NNW 149 0 173 0 0 147 0

03 -

Probability
o
N
T

o
o
T

Figure 12.1 Koeberg wind data (hourly): probabilities of each direction in the
sitmple two-state HMM.
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Figure 12.2 Koeberg wind data (hourly): probabilities of each direction in the
three-state HMM.

of the two states are displayed in columns 3 and 4 of Table 12.1. A graph
of these two sets of probabilities appears as Figure 12.1. The value of
the unconditional log-likelihood achieved by this model is —75 832.1.

The model successfully identifies two apparently meaningful weather
states which are very different at least as regards the likely wind di-
rections in those states. In state 1 the most likely direction is NNW,
and the probability falls away on either side of NNW, reaching a level
of less than 0.01 for all directions (clockwise) from E to SSW inclusive.
In state 2 the peak is at direction SSE, and the probability falls away
sharply on either side, being less than 0.01 for all directions from WSW
to NE inclusive. Two generalizations of this type of model were also fit-
ted: firstly, a model based on a three-state Markov chain rather than a
two-state one; and secondly, a model based on a two-state Markov chain
but incorporating both a daily cycle and an annual cycle. We shall now
describe these two models, and in due course compare all the models
considered on the basis of AIC and BIC.

The three-state HMM has 51 parameters: six to specify the Markov
chain, and 15 probabilities associated with each of the states. Essentially
this model splits state 2 of the two-state model into two new states, one
of which peaks at SSE and the other at SE. The transition probability

matrix is
0.957 0.030 0.013

0.015 0.923 0.062
0.051 0.077 0.872

and the stationary distribution is (0.400, 0.377, 0.223). The 16 prob-
abilities associated with each of the three states are displayed in Fig-
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ure 12.2 and columns 5-7 of Table 12.1. The unconditional log-likelihood
is —69525.9.

As regards the model which adds daily and annual cyclical effects to
the simple two-state HMM, it was decided to build these effects into the
Markov chain rather than into the state-dependent probabilities. This
was because, for a two-state chain, we can model cyclical effects parsi-
moniously by assuming that the two off-diagonal transition probabilities

PI’(Ct 752 | Ct,1 :Z) = t7i,3—i (Z = 1,2)

are given by an appropriate periodic function of ¢t. We assume that
logit +7;,3— is equal to

a;+b; cos(2mt/24) + ¢; sin(27t/24) + d; cos(2wt/8766) + e; sin(27t/8766)

daily cycle annual cycle
(12.1)
fori=1,2and t =2, 3, ..., T. A similar model for each of the state-
dependent probabilities in each of the two states would involve many
more parameters. As discussed in Section 8.5.2, the estimation technique
has to be modified when the underlying Markov chain is not assumed
to be homogeneous. The estimates in this case were based on the initial
state of the Markov chain being state 2, and the log of the likelihood
conditioned on that initial state is —75658.5. (Conditioning on state 1
yielded a slightly inferior value for the likelihood, and similar parameter
estimates.)
The probabilities associated with each state are given in the last two
columns of Table 12.1, and the estimated parameters for the two off-

diagonal transition probabilities are given below, in the notation of Equa-
tion (12.1).

7 a; bz C; dl €;

1 —3.349 0.197 —-0.695 —0.208 —0.401
2 =3.523 —-0.272 0.801 0.082 —0.089

From Table 12.1 it will be noted that the general pattern of the state-
dependent probabilities is in this case very similar to that of the simple
two-state model without any cyclical components.

12.2.2 Model comparisons and other possible models

The three models described above were compared with each other and
with a saturated 16-state Markov chain model, on the basis of AIC and
BIC. The transition probabilities defining the Markov chain model were
estimated by conditional maximum likelihood, as described in Section
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Table 12.2 Koeberg wind data (hourly): 1000x transition probability matriz of
saturated Markov chain model.

610 80 22 8 3 1 1 2 4 0 3 3 14 20 37 190
241 346 163 37 15 1 3 3 3 3 9 10 29 37 36 64
56 164 468 134 28 [§ 9 6 4 6 6 18 32 18 19 25
13 33 163 493 144 32 17 11 11 17 7 12 14 14 10 10
9 7 48 249 363 138 53 27 33 22 11 6 8 7 13 9

4 9 10 51 191 423 178 51 25 23 8 7 4 6 4 4

1 1 3 6 23 141 607 160 36 8 6 3 2 1 1 1

1 1 1 3 5 16 140 717 94 13 5 3 2 1 0 0

4 1 2 4 5 8 25 257 579 TT 17 9 5 3 1 0

2 2 2 1 6 5 10 36 239 548 93 41 10 5 2 0

5 2 3 5 3 3 8 12 38 309 397 151 38 12 8 5

4 2 2 3 1 3 2 5 17 56 211 504 149 19 16 7
10 5 5 3 4 1 2 5 4 13 28 178 561 138 30 13
13 5 4 3 3 3 1 1 1 7 8 27 188 494 199 43
31 9 7 4 5 2 1 1 2 1 3 11 43 181 509 190
158 23 9 5 1 1 2 1 0 2 2 4 17 54 162 559

Table 12.3 Koeberg wind data (hourly): comparison of four models fitted.

model k -l AIC BIC

92-state HMM 32 758321 151728 151999
3-state HMM 51 695259 139154 139585
Z-state HMM 40 75658.5° 151397 151736
with cycles
saturated

Markov chain 240  48301.7 97083 99115

* conditional on state 2 being the initial state

1.3.5, and are displayed in Table 12.2. The comparison appears as Table
12.3.

What is of course striking in Table 12.3 is that the likelihood of the
saturated Markov chain model is so much higher than that of the HMMs
that the large number of parameters of the Markov chain (240) is virtu-
ally irrelevant when comparisons are made by AIC or BIC. It is therefore
interesting to compare certain properties of the Markov chain model with
the corresponding properties of the simple two-state HMM (e.g. uncon-
ditional and conditional probabilities). The unconditional probabilities
of each direction were computed for the two models, and are almost
identical.

However, examination of Pr(X;;; =16 | X; = 8), where X; denotes
the direction at time ¢, points to an important difference between the
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Table 12.4 Koeberg wind data (daily at hour 1): comparison of two models
fitted.

model k -1 AIC BIC

2-state HM 32 3461.88 6987.75 7156.93
saturated MC 240 3292.52  7065.04 8333.89

models. For the Markov chain model this probability is zero, since no
such transitions were observed. For the HMM it is, in the notation of
Equation (8.1),
OIT(8)I'TI(16)1"  0.5375 x 0.3131 x 0.0310 x 0.1494
SII(8)1 0.5375 x 0.3131

= 0.0046.

Although small, this probability is not insignificant. The observed num-
ber of transitions from SSE (direction 8) was 5899. On the basis of the
HMM one would therefore expect about 27 of these transitions to be to
NNW. None were observed. Under the HMM 180-degree switches in di-
rection are quite possible. Every time the state changes (which happens
at any given time point with probability in excess of 0.03), the most
likely direction of wind changes by 180 degrees. This is inconsistent with
the observed gradual changes in direction; the matrix of observed transi-
tion counts is heavily dominated by diagonal and near-diagonal elements
(and, because of the circular nature of the categories, elements in the cor-
ners furthest from the principal diagonal). Changes through 180 degrees
were in general rarely observed.

The above discussion suggests that, if daily figures are examined rather
than hourly, the observed process will be more amenable to modelling
by means of an HMM, because abrupt changes of direction are more
likely in daily data than hourly. A Markov chain and a two-state HMM
were therefore fitted to the series of length 1461 beginning with the
first observation and including every 24th observation thereafter. For
these data the HMM proved to be superior to the Markov chain even on
the basis of AIC, which penalizes extra parameters less here than does
BIC: see Table 12.4. Although a daily model is of little use in the main
application intended (evacuation planning), there are other applications
for which a daily model is exactly what one needs, e.g. forecasting the
wind direction a day ahead.

Since the (first-order) Markov chain model does not allow for depen-
dence beyond first order, the question that arises is whether any model
for the hourly data which allows for higher-order dependence is supe-
rior to the Markov chain model; the HMMs considered clearly are not.
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Table 12.5 Koeberg wind data (hourly): comparison of first-order Markov chain
with lag-2 Raftery models.

model k —1 AIC BIC
saturated MC 240 48 301.7 97083.4 99115.0

Raftery model with o |, g7 6+ 966575  98697.6
starting values
Raftery model fitted

by max. likelihood

241  48049.8" 96581.6 98621.7

* conditioned on the first two states

A saturated second-order Markov chain model would have an excessive
number of parameters, and the Pegram model for (e.g.) a second-order
Markov chain cannot reflect the property that, if a transition is made
out of a given category, a nearby category is a more likely destination
than a distant one.

The Raftery models (also known as MTD models: see p. 23) do not
suffer from that disadvantage, and in fact it is very easy to find a lag-2
Raftery model that is convincingly superior to the first-order Markov
chain model. In the notation of Section 1.3.6, take Q to be the tran-
sition probability matrix of the first-order Markov chain, as displayed
in Table 12.2, and perform a simple line-search to find that value of
A1 which maximizes the resulting conditional likelihood. This turns out
to be 0.925. With these values for Q and \; as starting values, the
conditional likelihood was then maximized with respect to all 241 pa-
rameters, subject to the assumption that 0 < A; < 1. (This assumption
makes it unnecessary to impose 163 pairs of nonlinear constraints on
the maximization, and seems reasonable in the context of hourly wind
directions showing a high degree of persistence.) The resulting value for
A1 is 0.9125, and the resulting matrix Q does not differ much from its
starting value. The log-likelihood achieved is —48 049.8: see Table 12.5
for a comparison of likelihood values and the usual model selection cri-
teria, from which the Raftery model emerges as superior to the Markov
chain. Berchtold (2001) reports that this model cannot be improved on
by another MTD model.

12.2.8 Conclusion

The conclusion we may draw from the above analysis is that, both for
hourly and daily (categorized) wind direction data, it is possible to fit a
model which is superior (according to the model selection criteria used)
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to a saturated first-order Markov chain. In the case of the hourly data,
a lag-2 Raftery model (i.e. a particular kind of second-order Markov
chain model) is preferred. In the case of the daily data, a simple two-
state HMM for categorical time series, as introduced in Section 8.4.2,
performs better than the Markov chain.

12.3 Wind direction as a circular variable

We now revisit the Koeberg wind direction data, with a view to demon-
strating some of the many variations of HMMSs that could be applied
to data such as these. In particular, we do not confine ourselves here to
use of the directions as classified into the 16 points of the compass, and
we make use of the corresponding observations of wind speed in several
different ways as a covariate in models for the direction, or change in
direction. Some of the models are not particularly successful, but it is
not our intention here to confine our attention to models which are in
some sense the best, but rather to demonstrate the versatility of HMMs
and to explore some of the questions which may arise in the fitting of
more complex models.

12.3.1 Duaily at hour 24: von Mises—HMMs

The analysis of wind direction that we have so far described is based
entirely on the data as classified into the 16 directions N, NNE, ...,
NNW. Although it illustrates the fitting of models to categorical series,
it does ignore the fact that the observations of (hourly average) direc-
tion are available in degrees, and it ignores the circular nature of the
observations.

One of the strengths of the hidden Markov formulation is that almost
any kind of data can be accommodated at observation level. Here we can
exploit that flexibility by taking the state-dependent distribution from
a family of distributions designed for circular data, the von Mises distri-
butions. The probability density function of the von Mises distribution
with parameters p and « is

f(z) = (2nIy(r)) " exp(k cos(x — p)) for x € (—m,7);

see also Section 11.2.

In this section we shall fit to the directions data (in degrees) HMMs
which have 1-4 states and von Mises state-dependent distributions. This
is perhaps a fairly obvious approach if one has available ‘continuous’
circular data, e.g. in integer degrees. We do this for the series of length
1461 formed by taking every 24th observation of direction. By taking
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Table 12.6 Koeberg wind data (daily at hour 24): comparison of models fitted
to wind direction. m is the number of states in an HMM, k is in general the
number of parameters in a model, and equals m* + m for all but the Markov
chain model. Note that the figures in the —l column for the continuous models
have to be adjusted before they can be compared with those for the discretized
models.

model m k -l —l(adjusted) AIC BIC

von Mises—HM 1 2 2581.312 3946.926 7897.9 7908.4
von Mises—HM 2 6 2143.914 3509.528 7031.1 7062.8
von Mises—HM 3 12 2087.133 3452.747 6929.5 6992.9
von Mises—HM 4 20 2034.133 3399.747 6839.5 6945.2
discretized von M-HM 1 2 3947.152 7898.3  7908.9
discretized von M-HM 2 6 3522.848 7057.7 7089.4
discretized von M-HM 3 12 3464.491 6953.0 7016.4
discretized von M-HM 4 20 3425.703 6891.4 6997.1
saturated Markov chain 240 3236.5 6953.0 8221.9

every 24th observation we are focusing on the hour each day from 23:00
to 24:00, and modelling the average direction over that hour.

It is somewhat less obvious that it is still possible to fit von Mises—
HMDMs if one has available only the categorized directions; that is a sec-
ond family of models which we present here. To fit such models, one uses
in the likelihood computation not the von Mises density but the integral
thereof over the interval corresponding to the category observed. For
the purpose of comparison we present also a 16-state saturated Markov
chain fitted to the same series.

A minor complication that arises if one wishes to compare the continu-
ous log-likelihoods with the discrete is that one has to bear in mind that
the direct use of a density in a continuous likelihood is just a convention.
The density should in fact be integrated over the smallest interval that
can contain the observation, or the integral approximated by the density
multiplied by the appropriate interval length. The effect here is that, if
one wishes to compare the continuous log-likelihoods with those relating
to to the 16 categories, one has to add 1461log(27/16) = —1365.614
to the continuous log-likelihood, or equivalently subtract it from minus
the log-likelihood [. The resulting adjusted values of —I appear in the
column headed ‘—I(adjusted)’ in Table 12.6.
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12.83.2 Modelling hourly change of direction

Given the strong persistence of wind direction which is apparent from
the transition probability matrix in Table 12.2, the most promising ap-
proach, however, seems to be to model the change in direction rather
then the direction itself. We therefore describe here a variety of mod-
els for the change in (hourly average) direction from one hour to the
next, both with and without the use of wind speed, lagged one hour,
as a covariate. Observations of wind speed, in cm s~!, were available
for the same period as the observations of direction. The use of lagged
wind speed as a covariate, rather than simultaneous, is motivated by
the need for any covariate to be available at the time of forecast; here a
1-hour-ahead forecast is of interest.

12.3.3 Transition probabilities varying with lagged speed

Change of direction, like direction itself, is a circular variable, and first
we model it by means of a von Mises-HMM with two, three, or four
states. Then we introduce wind speed, lagged one hour, into the model
as follows.

The usual transformation of the transition probabilities in row 4 (say)
is

Yij = eTij/ (]— + Zk#ie‘rik) ] 7& 7;7

with ~;; then determined by the row-sum constraint. Here we use instead
the transformation

i =Pr(Cr =37 | Cio1 =1,5i-1 =5) = e'r”'/Zk’":le'”’c i=12,...m

where
Tii = 1S
and S;_1 is the speed at time ¢t — 1. Equivalently, the transformation is,
for row i,
Yij = eTij/ (ems + Zk;ﬁ,e‘rik) J 7é i

with v;; determined by the row-sum constraint. This structure allows
the speed at time ¢ — 1 to influence the probabilities of transition from
state ¢ to j between times ¢t — 1 and t¢.

In passing, we note that there would be no point in introducing an
intercept 79; as follows:

Tii = 10i + 1i8-

In all the corresponding transition probabilities, 179; would be confounded
with the parameters 7;; and therefore non-identifiable. This can be seen
as follows. With 7;; = no; + 7;8, vi; would then be given by

Vii = enw/ (ems + Zk#ieﬂ'k—nm) )
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Table 12.7 Koeberg wind data (hourly): comparison of von Mises—HM models
fitted to change in wind direction. The covariate, if any, is here used to influ-
ence the transition probabilities. The number of states is m, and the number
of parameters k.

covariate m k -1 AIC BIC
- 1 2 21821.350  43646.7 43663.6
- 2 6 8608.516 17229.0 17279.8
- 3 12 6983.205 13990.4 14092.0
— 4 20 6766.035 13572.1 13741.4
speed 2 8 6868.472 13752.9 13820.7
speed 3 15  5699.676 11429.4 11556.3
speed 4 24 5476.199 11000.4 11203.6
V/speed 2 8 6771.533 13559.1 13626.8
v/speed 3 15 5595.228 11220.5 11347.4
v/speed 4 24 5361.759 10771.5 10974.7

and ;; (for j # ¢) by
Yij = eﬂ'j*ﬂm/ (enis + Zk#eﬂ'k*nm) .

The results are displayed in Table 12.7, along with results for the
corresponding models which use the square root of speed, rather than
speed itself, as covariate. In these models, the square root of speed is in
general more successful as a covariate than is speed.

12.83.4 Concentration parameter varying with lagged speed

A quite different way in which the square root of speed, lagged one hour,
could be used as a covariate is via the concentration parameter () of the
von Mises distributions used here as the state-dependent distributions.
The intuition underlying this proposal is that the higher the speed, the
more concentrated will be the change in wind direction in the following
hour (unless the state changes). One possibility is this: we assume that,
given S;_; = s, the concentration parameter in state i is

log k; = Gio + i V/s. (12.2)

However, a model which seems both more successful (as judged by
likelihood) and more stable numerically is this. Given S;_; = s, let the
concentration parameter in state 7 (not its logarithm) be a linear function
of the square of the speed:

ki = Cio + G 8™ (12.3)
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Table 12.8 Koeberg wind data (hourly): comparison of von Mises—HMMs fit-
ted to change in wind direction. Here the covariate is used to influence the
concentration parameter k, as in Equation (12.3). The number of states is m,
and the number of parameters k.

covariate m k -1 AIC BIC

speed? 1 3 10256.07 20518.1 20543.5

speed? 2 8  4761.549  9539.1 9606.8

speed? 3 15 4125.851 8281.7  8408.7

speed? 4 24 3975.223 7998.4 8201.6
7 7

m=1 m=2
6 6 1500 cm/s
5 5
44 1500 cmis 44 1000 cm/s
34 3
1000 cm/s
2 A 2 500 cm/s
11 590 cmis 11 250 cmis
cm/s
0 ) T T T T T T T T T T T T T T T T T T 0 L T T T T T T T T T T T T T T T T T T
-180 -120 -60 0 40 80 140 -180 -120 -60 0 40 80 140
7 7
m=3 1500 cm/s m=4
64 6+ 1500 cm/s
5 - 5
4] 1000 cm/s 44 1000 cm/s
34 3
2 500 cm/s 2 500 cm/s
14 250 cm/s 1 250 cm/s
ol | 50 cm/s
-180 -120 -60 0 40 80 140 -180 -120 -60 ' 0 40 80 140

Figure 12.3 Koeberg wind data (hourly), von Mises—HMMs of form (12.3):
marginal distribution, for one to four states and several values of lagged speed,
for change of direction (in degrees).

To ensure that k; is positive we constrain ;o and (;; to be positive.
Table 12.8 presents the log-likelihood values, AIC and BIC for four such
models, and Figures 12.3 and 12.4 and Table 12.9 present some details
of these models.

We have in this section considered a multiplicity of models for wind
direction, but more variations yet would be possible. One could for in-
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124 state = 1 124 state = 2
delta[ 1]=0.397 delta[ 2] = 0.321
104 1500 cm/s 10
8 81
1000 cm/s
6 64
47 500 cm/s 47
24 250 cm/s 2
-180 -120 -60 0 40 80 140 -180 -120 -60 0 40 80 140
12 4 state =3 124 state =4
delta[ 3] =0.195 delta[ 4 ] = 0.087
10 10
8 81
6 64
4+ 44
2 A 24
07 T T T T T T T T T T T T T T T T T T 07 T T T T T T T T T T T T T T T T T T
-180 -120 -60 0 40 140 -180 -120 -60 0 40 80 140

Figure 12.4 Koeberg wind data (hourly), four-state von Mises—HMM of form
(12.3): state-dependent distributions for change of direction (before multipli-
cation by mizing probabilities 0; ).

Table 12.9 Koeberg wind data (hourly): parameters of four-state von Mises—
HMM fitted to change in wind direction. Here the covariate is used to influence
the concentration parameter k, as in Equation (12.3).

0.755 0.163 0.080 0.003
| 0182 0707 0.045 0.006
~ | 0.185 0.000 0.722 0.093
0.031 0.341 0.095 0.533
i 1 2 3 4
85 0.397 0.321 0.195 0.087
i —0.0132 0.0037 —0.1273 —0.1179
Gio 0.917 0.000 0.000 0.564
Ci1i 31.01x107° 448 x107° 9.61x107° 0.53x10°°
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stance allow the state-dependent location parameters p; (not the con-
centrations) of the change in direction to depend on the speed lagged
one hour, or allow the concentrations to depend on the speed in different
ways in the different states; there is no reason a priori why a single rela-
tion such as (12.3) should apply to all m states. In any application one
would have to be guided very much by the intended use of the model.

Exercises

1.(a) Write an R function to generate a series of observations from an
m-state categorical HMM with ¢ categories, as described in Section
8.4.2. (Hint: modify the code in A.2.1.)

(b) Write functions to estimate the parameters of such a model. (Mod-
ify the code in A.1.)

(c) Generate a long series of observations using your code from 1(a),
and estimate the parameters using your code from 1(b).

2. Use your code from 1(b) to fit two- and three-state models to the
categorized wind directions data, and compare your models with those
described in Section 12.2.1.

3. Generalize Exercise 1 to handle multinomial-HMMs, as described in
Section 8.4.1, rather than merely categorical.



CHAPTER 13

Models for financial series

Because that’s where the money is.

attributed to Willie Sutton

13.1 Financial series I: thinly traded shares on the
Johannesburg Stock Exchange

One of the difficulties encountered in modelling the price series of shares
listed on the Johannesburg Stock Exchange is that many of the shares
are only thinly traded. The market is heavily dominated by institutional
investors, and if for any reason a share happens not to be an ‘institu-
tional favourite’ there will very likely be days, or even weeks, during
which no trading of that share takes place. One approach is to model
the presence or absence of trading quite separately from the modelling
of the price achieved when trading does take place. This is analogous
to the modelling of the sequence of wet and dry days separately from
the modelling of the amounts of precipitation occurring on the wet days.
It is therefore natural to consider, as models for the trading pattern
of one or several shares, HMMs of the kind discussed by Zucchini and
Guttorp (1991), who used them to represent the presence or absence of
precipitation on successive days, at one or several sites.

In order to assess whether such models can be used successfully to rep-
resent trading patterns, data for six thinly traded shares were obtained
from Dr D.C. Bowie, then of the University of Cape Town, and various
models, including two-state HMMs, were fitted and compared. Of the
six shares, three are from the coal sector and three from the diamonds
sector. The coal shares are Amcoal, Vierfontein and Wankie, and the
diamond shares Anamint, Broadacres and Carrigs. For all six shares the
data cover the period from 5 October 1987 to 3 June 1991 (inclusive),
during which time there were 910 days on which trading could take place.
The data are therefore a multivariate binary time series of length 910.

13.1.1 Univariate models

The first two univariate models fitted to each of the six shares were a
model assuming independence of successive observations and a Markov
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Table 13.1 Siz thinly traded shares: minus log-likelihood values and BIC values
achieved by five types of univariate model.

Values of —I:
model Amcoal Vierf’n Wankie Anamint Broadac Carrigs
independence 543.51 629.04 385.53 612.03 599.81 626.88
Markov chain 540.89 611.07 384.57 582.64 585.76 570.25

second-order M. chain  539.89 606.86 383.87 576.99 580.06 555.67
2-state HMM, no trend 533.38 588.08 382.51 572.55 562.96 533.89
2-state HMM, single trend 528.07 577.51 381.28 562.55 556.21 533.88

Values of BIC:

model Amcoal Vierf’n Wankie Anamint Broadac Carrigs
independence 1093.83 1264.89 777.88 1230.88 1206.43 1260.58
Markov chain 1095.41 1235.77 782.77 1178.91 1185.15 1154.13

second-order M. chain  1107.03 1240.97 794.99 1181.23 1187.37 1138.59
2-state HMM, no trend 1094.01 1203.41 792.27 1172.35 1153.17 1095.03
2-state HMM, single trend 1090.22 1189.08 796.63 1159.17 1146.49 1101.83

chain (the latter fitted by conditional maximum likelihood). In all six
cases, however, the sample ACF bore little resemblance to the ACF of
the Markov chain model, and the Markov chain was therefore consid-
ered unsatisfactory. Two-state Bernoulli-HMMs, with and without time
trend, and second-order Markov chains were also fitted, the second-order
Markov chains by conditional maximum likelihood and the HMMs by un-
conditional. In the HMMs with trend, the probability of trading taking
place on day t in state ¢ is ;p;, where

logit +p; = a; + bt;

the trend parameter b is taken to be constant over states. Such a model
has five parameters. In the HMM without trend, b is zero, and there are
four parameters. The resulting log-likelihood and BIC values are shown
in Table 13.1.

From that table we see that, of the five univariate models considered,
the two-state HMM with a time trend fares best for four of the six shares:
Amcoal, Vierfontein, Anamint and Broadacres. Of these four shares, all
but Anamint show a negative trend in the probability of trading taking
place, and Anamint a positive trend. In the case of Wankie, the model
assuming independence of successive observations is chosen by BIC, and
in the case of Carrigs an HMM without time trend is chosen.

Since a stationary HMM is chosen for Carrigs, it is interesting to
compare the ACF of that model with the sample ACF and with the
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Table 13.2 Trading of Carrigs Diamonds: first eight terms of the sample ACF,
compared with the autocorrelations of two possible models.

ACF of Markov chain 0.350 0.122 0.043 0.015 0.005 0.002 0.001 0.000
sample ACF 0.349 0.271 0.281 0.237 0.230 0.202 0.177 0.200
ACF of HM model 0.321 0.293 0.267 0.244 0.223 0.203 0.186 0.169

ACF of the competing Markov chain model. For the HMM the ACF is
p(k) =0.3517 x 0.9127%, and for the Markov chain it is p(k) = 0.3499.
Table 13.2 displays the first eight terms in each case. It is clear that the
HMM comes much closer to matching the sample ACF than does the
Markov chain model; a two-state HMM can model slow decay in p(k)
from any starting value p(1), but a two-state Markov chain cannot.

13.1.2 Multivariate models

Two-state multivariate HMMs of two kinds were then fitted to each of
the two groups of three shares: a model without time trend, and one
which has a single (logit-linear) time trend common to the two states

Table 13.3 Comparison of several multivariate models for the three coal shares
and the three diamond shares.

Coal shares

model k —1 BIC

3 ‘independence’ models 3 1558.08  3136.60

3 univariate HMMs, no trend 12 1503.97  3089.69
3 univariate HMMs with trend 15 1486.86 3075.93
multivariate HMM, no trend 8 1554.01  3162.52
multivariate HMM, single trend 9 1538.14  3137.60

Diamond shares

model k -1 BIC

3 ‘independence’ models 3 1838.72  3697.88

3 univariate HMMs, no trend 12 1669.40 3420.56
3 univariate HMMs with trend 15 1652.64  3407.48
multivariate HMM, no trend 8 1590.63  3235.77
multivariate HMM, single trend 9 1543.95 3149.22
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Table 13.4 Coal shares: univariate HMMs with trend.

share t.p.m. a1 as b
0.774 0.226
Amcoal ( 0019 0.981 ) —0.332 1.826 —0.001488

0.980 0.020

Vierfontein (0.091 0.909

) 0.606 3.358 —0.001792

0.807 0.193

Wanlie (0.096 0.904

) —5.028 —0.943 —0.000681

and to the three shares in the group. The first type of model has eight
parameters, the second has nine. These models were then compared with
each other and with the ‘product models’ obtained by combining inde-
pendent univariate models for the individual shares. The three types of
product model considered were those based on independence of succes-
sive observations and those obtained by using the univariate HMMs with
and without trend. The results are displayed in Table 13.3.

It is clear that, for the coal shares, the multivariate modelling has
not been a success; the model consisting of three independent univari-
ate hidden Markov models with trend is ‘best’. We therefore give these
three univariate models in Table 13.4. In each of these models ;p; is the
probability that the relevant share is traded on day t if the state of the
underlying Markov chain is ¢, and logit ;p; =a; + bt.

For the diamond shares, the best model of those considered is the
multivariate HMM with trend. In this model logit ;p;; = a;; + bt, where
Dij is the probability that share j is traded on day t if the state is i.
The transition probability matrix is

0.998 0.002
0.001 0.999 )~

the trend parameter b is —0.003160, and the other parameters a;; are as
follows:

share aij az;

Anamint 1.756 1.647
Broadacres 0.364 0.694
Carrigs 1.920 —0.965
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Table 13.5 Coal shares: means, medians and standard deviations of bootstrap
sample of estimators of parameters of two-state HMMs with time trend.

share Y12 21 a1 az b

Amcoal mean 0.251 0.048 —1.40 2.61 —0.00180
median  0.228  0.024 —0.20 1.95 —0.00163
s.d. 0.154 0.063 4.95 3.18 0.00108

Vierfontein mean 0.023 0.102 0.599 4.06 —0.00187
median  0.020 0.097 0.624 3.39  —0.00190
s.d. 0.015 0.046 0.204 3.70 0.00041

Wankie mean 0.145 0.148 —14.3 0.09 —0.00081
median  0.141 0.089 —20.9 —0.87 —0.00074
s.d. 0.085 0.167 10.3 4.17 0.00070

13.1.8 Discussion

The parametric bootstrap, with a sample size of 100, was used to inves-
tigate the distribution of the estimators in the models for the three coal
shares which are displayed in Table 13.4. In this case the estimators show
much more variability than do the estimators of the HMM used for the
binary version of the geyser eruptions series; see p. 146. Table 13.5 gives
for each of the three coal shares the bootstrap sample means, medians
and standard deviations for the estimators of the five parameters. It will
be noted that the estimators of a; and as seem particularly variable. It
is, however, true that, except in the middle of the range, very large dif-
ferences on a logit scale correspond to small ones on a probability scale;
two models with very different values of a; (for instance) may therefore
produce almost identical distributions for the observations. For all three
shares the trend parameter b seems to be more reliably estimated than
the other parameters. If one is interested in particular in whether trad-
ing is becoming more or less frequent, this will be the parameter of most
substantive interest.

As regards the multivariate HMM for the three diamond shares, it is
perhaps surprising that the model is so much improved by the inclusion
of a single (negative) trend parameter. In the corresponding univariate
models the time trend was positive for one share, negative and of simi-
lar magnitude for another share, and negligible for the remaining share.
Another criticism to which this multivariate model is open is that the
off-diagonal elements of the transition probability matrix of its under-
lying Markov chain are so close to zero as to be almost negligible; on
average only one or two changes of state would take place during a se-
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quence of 910 observations. Furthermore, it is not possible to interpret
the two states as conditions in which trading is in general more likely
and conditions in which it is in general less so. This is because the prob-
ability of trading (¢p;;) is not consistently higher for one state ¢ than the
other.

In view of the relative lack of success of multivariate HMMSs in this
application, these models are not pursued here. The above discussion
does, we hope, serve as an illustration of the methodology, and suggests
that such multivariate models are potentially useful in studies of this
sort. They could, for instance, be used to model occurrences other than
the presence or absence of trading, e.g. the price (or volume) rising above
a given level.

13.2 Financial series II: a multivariate normal-HMM for
returns on four shares

It is in practice often the case that a time series of share returns displays
kurtosis in excess of 3 and little or no autocorrelation, even though the
series of absolute or squared returns does display autocorrelation. These
— and some other — phenomena are so common that they are termed
‘stylized facts’; for discussion see for instance Rydén, Terdsvirta and
Asbrink (1998) or Bulla and Bulla (2007).

The model we shall discuss here is that the daily returns on four
shares have a multivariate normal distribution selected from one of m
such distributions by the underlying Markov chain, and that, conditional
on the underlying state, the returns on a share at a given time are
independent of those at any other time; that is, we assume longitudinal
conditional independence. We do not, however, assume contemporaneous
conditional independence. Indeed we impose here no structure on the
m 4 x 4 variance-covariance matrices, one for each possible state, nor
on the transition probability matrix I'. A model for p shares has in
all m{m — 1 + p(p + 3)/2} parameters: m? — m to determine T, mp
state-dependent means, and mp(p + 1)/2 state-dependent variances and
covariances.

We evaluate the (log)-likelihood in the usual way and use nlm to
minimize minus the log-likelihood, but in order to do so we need an
unconstrained parametrization of the model. This is by now routine
in respect of the transition probabilities (e.g. via the generalized logit
transform). In addition, each of the m variance-covariance matrices X is
parametrized in terms of T, its unique Cholesky upper-triangular ‘square
root’ such that the diagonal elements of T are positive; the relation be-
tween X and T is that X = T'T.

We fitted models with two and three states to 500 consecutive daily
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