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Series Preface

The motorcycle is the most prevalent form of mechanized transportation on the planet. In
its human-powered form, the bicycle, it is one of the first pragmatic and useful vehicles
that most people encounter. The dynamics of two-wheeled vehicles have been studied for
many years, and provide the foundation for most vehicle dynamic analyses. Not only are
these dynamics fundamental to the transportation sector, but they are quite elegant in nature,
linking various aspects of kinematics, dynamics and physics. In fact, the dynamics of the
motorcycle and bicycle are inherently linked to their functionality; one cannot easily balance
these vehicles unless they are in motion!

Modelling, Simulation and Control of Two-Wheeled Vehicles is a comprehensive text of
the dynamics, modelling and control of motorcycles. It provides a broad and in-depth per-
spective of all the necessary information required to fully understand, design and utilize
the motorcycle. Topics covered in this text range from basic two-wheeled dynamics that are
used as the foundation for most vehicle dynamic analyses to advanced control and estimation
theory applied to fully developed complex systems models. This text is part of the Automo-
tive Series whose primary goal is to publish practical and topical books for researchers and
practitioners in industry, and for postgraduate or advanced undergraduates in automotive
engineering. The series addresses new and emerging technologies in automotive engineer-
ing, supporting the development of the next generation transportation systems. The series
covers a wide range of topics, including design, modelling and manufacturing, and it pro-
vides a source of relevant information that will be of interest and benefit to people working
in the field of automotive engineering.

Modelling, Simulation and Control of Two-Wheeled Vehicles presents a number of differ-
ent design and analysis considerations related to motorcycle transportation systems includ-
ing integration dynamics, agile manoeuvring systems integration, rider biomechanical mod-
els, passive and active steering control and autonomous control of riderless motorcycles. The
theory and supporting applications are second to none, as are the authors of this wonderful
book. The text provides a strong foundational basis for motorcycle design and development,
and is a welcome addition to the Automotive Series.

Thomas Kurfess
August 2013
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Introduction

Mara Tanelli, Matteo Corno, and Sergio M. Savaresi
Dipartimento di Elettronica, Informazione e Bioingegneria, Politecnico di Milano, Italy

Plenty of books have been written on modeling, simulation and control on four-wheeled
vehicles (cars, in short). As such, one would be tempted to ask: is a “two-wheeled-specific”
book really needed or missing? The editors and authors of this book strongly believe that
the answer is yes.

A thorough technical motivation for this answer will be implicitly given throughout the
book. A simpler, somehow naive, but effective answer, however, is: we drive a car, but we
ride a two-wheeled vehicle: this crucial difference highlights that they just cannot be “simi-
lar” vehicles. In the field of vehicle modeling and automatic control, the majority of scientists
and practitioners have been working on automotive (car)-related modeling and control prob-
lems. As such, one may think that moving from four to two-wheeled vehicles just requires a
small re-casting (re-modeling, re-design of the controllers, re-tuning, etc.) effort. This sort of
prejudice typically vanishes when dealing with real problems, on real two-wheeled vehicles.
Most of the authors of this book have been through this enlightening process. Discovering
that two-wheeled vehicles are not just a “subset of cars” is both challenging and fascinating.

This book helps the reader discover all the peculiar features of modeling and control of
this very special class of vehicles.

The potential interest for a book specifically dealing with two-wheeled vehicles is ampli-
fied by the current and future mobility trends: traffic congestion in urban and metropolitan
areas and the need to reduce energy consumption and pollutant emission are pushing towards
a strong downsizing of vehicles used for urban mobility. The number of E-Bikes, scooters,
motorcycles, narrow-track vehicles (tilting or non-tilting) is expected to grow exponen-
tially in the next decades, especially around large metropolitan areas. Along this trend,
two-wheeled vehicles can play a key role: they have the appealing features of being light
and having a very small energy footprint. Thus, there are good chances that the two-wheeled
vehicles market will soon compete (in volume, and, possibly, in technology) with the today
larger and more advanced automotive market.

Such an expansion, then, will see an increasing interest in finding innovative and original
solutions for solving many challenging problems that deal with the dynamic analysis and
control of such vehicles, and this book can be one of the first comprehensive answer to
such needs.
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xviii Introduction

In this respect, this book lies in the class of edited-books, namely books that are a collection
of chapters written by different authors. The price to pay is a limited homogeneity of notation
and presentation style, but their main advantage is that a single book embeds the perspective
of an (almost) entire scientific community, rather than that of a single research group.

This book has been carefully conceived in order to provide at the same time a broad per-
spective and a rigorous structure. Its contents have been clearly divided into two parts: in
the first part, the modeling and simulation issues are considered, while in the second one
the problem of controlling (mostly by feedback electronic control systems) the vehicle is
analyzed. In many cases, there are pairs of chapters written by the same authors: one in the
first, one in the second part, stressing the fact that modeling and control are just two sides of
the same coin. The valuable coin is the dynamic behavior of a two-wheeled vehicle: weird,
exhilarating, challenging. We want to understand it. We want to control it.

Organization of the book

The two parts of the book are organized as follows.
Part one:

• Chapter 1 (by Vittore Cossalter, Roberto Lot and Matteo Massaro – University of Padova)
is a comprehensive and introductory chapter that describes all the aspects of the kinematic
and dynamic behavior of a two-wheeled vehicle.

• Chapter 2 (by Yizhai Zhang and Jingang Yi – Rutgers University – and by Dezhen
Song – Texas A&M University) further develops the modeling topic, with a special focus
on a reduced-order model suited for modeling fast-dynamics maneuvers.

• Chapter 3 (by Matteo Corno and Sergio M. Savaresi – Politecnico di Milano) explores the
field of black-box control-oriented modeling, by presenting a case study of direct iden-
tification from experiments of the engine-to-slip dynamics, ancillary to traction-control
design. The design-of-experiment in this context represents a major issue and is described
in detail.

• Chapter 4 (by Alessandro Saccon – TU Eindhoven – John Hauser – University of
Colorado Boulder – and Alessandro Beghi – University of Padova) and Chapter 5
(by Francesco Biral, Enrico Bertolazzi and Mauro Da Lio – University of Trento)
present, with different approaches, the problem of simulating the motorcycle dynamics
in a time-optimal maneuver. This problem is a combination of dynamics modeling,
optimization and optimal control issues. This topic is highly relevant not only for the
purpose of automatic (electronic) feedback control, but mostly for better understanding
the sensitivity of the performance of a motorcycle, with respect to different parameter
configurations.

• Chapter 6 (by Valentin Keppler – University of Tubingen) deeply explores the issue of
rider modeling and simulation. This issue is a key element of two-wheeled vehicles simu-
lation, since the rider is so deeply linked with the vehicle dynamics that the two elements
can hardly be simulated separately. In this chapter, the rider simulation is dealt with a
sophisticated bio-mechanics approach.

• Chapter 7 (by Vittore Cossalter and Roberto Lot – University of Padova) ends part one by
presenting a research work that can be considered in-between simulation and control: the
development of a virtual-reality system for the hardware-in-the-loop simulation of vehicle
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Introduction xix

dynamics. The system described in this chapter might have multi-faceted applications: it
can be used as a design and testing tool for advanced electronic control, as a rider-training
system and… even as a sophisticated and fun-to-use toy).

Part two:

• Chapter 8 (by Matteo Corno and Giulio Panzani – Politecnico di Milano) presents a com-
plete (from model-based design to experimental validation) design procedure for a trac-
tion control system of a high-performance motorcycle. Traction control is the most used
electronic control system in high-end motorcycles today, and has a key role both on the
safety and the performance of a sport motorcycle. This Chapter is somehow the continu-
ation of Chapter 3.

• Chapter 9 (by Simos A. Evangelou – Imperial College – and Maria Tomas-Rodriguez –
City University of London) focuses on the key issue of steer dynamics, with an approach
that aims to improve the dynamic behavior by passive mechanical elements.

• Chapter 10 (by Pierpaolo De Filippi, Mara Tanelli and Matteo Corno – Politecnico di
Milano) addresses again the problem of steer dynamics, proposing a solution that employs
closed-loop electronic control systems and relies on a semi-active damping technology.

• Chapter 11 (by Diego del Vecchio – Politecnico di Milano, and Cristiano Spelta –
University of Bergamo) focuses on vertical and pitch dynamics, by presenting a
complete case-study of semi-active suspension control design. Semi-active suspen-
sions have been first presented in motorcycle applications at the end of 2012, and
they constitute – today – one of the fastest-growing electronic-control technology in
motorcycles).

• Chapter 12 (by Yizhai Zhang and Jingang Yi – Rutgers University – and by Dezhen
Song – Texas A&M University) is the natural continuation of Chapter 2, and the problem
of designing an electronic-rider for the autonomous control of a 2-wheeled vehicle is
analyzed.

• Chapter 13 (Ivo Boniolo – University of Bergamo, Giulio Panzani, Diego del Vecchio,
Matteo Corno and Mara Tanelli – Politecnico di Milano, Cristiano Spelta – University of
Bergamo – and Sergio M. Savaresi – Politecnico di Milano) is a sort of appendix chapter,
where three important problems of variable estimation (or software sensing) are consid-
ered: roll-angle estimation, vehicle-speed estimation, and suspension stroke estimation.
Variable estimation from indirect measurements is, today, a key element for the opti-
mization of sensors layout, both for reducing the cost and for improving the safety of the
control systems.

This overview of chapters shows that the book provides a broad perspective on all the
main modeling, simulation and control issues of modern two-wheeled vehicles. Moreover,
the style and content of the chapters (with a good balancing between theory and experimen-
tal results) make this book potentially useful for both practitioners and researchers. From
a technological and industrial point of view, the content of the book is up-to-date: it con-
tains the latest technologies both in terms of electronic control systems (traction control,
suspension control, steer-damping control), vehicle-dynamics optimization, rider-modeling
and virtual-reality hardware-in-the-loop frameworks.
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xx Introduction

A last comment about the authorship: Italy is largely represented and this reflects the fact
that the motorcycle (and bicycle) Italian industry has been, and still is, one of the most vital
and technologically advanced worldwide, with a vast number of large, medium and small
bike and motorbike companies and prestigious brands. UK, USA and Germany are also
represented, consistently with the location of the main motorcycle industries. The most evi-
dent missing contribution is from Japan, that has expressed, in the last 30 years, an enormous
industrial power and potential, but, somehow, this potential has not been equally represented
in the academic research activities (which, in this field, do exist but are quite fragmented).

A final comment for the reader: the books has been conceived for being readable both
end-to-end or by cherry-picking some chapters. Each chapter is almost completely self-
consistent, with the (partial) exception of the twin-chapters (one in part one, one in part
two) written by the same authors.
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1
Motorcycle Dynamics

Vittore Cossalter, Roberto Lot, and Matteo Massaro
University of Padova, Italy

This chapter aims at giving a basic insight into the two-wheeled vehicle dynamics to be
applied to vehicle modelling and control. The most relevant kinematic properties are dis-
cussed in Section 1.1, the peculiarities of motorcycle tyres are reported in Section 1.2, the
most popular suspension schemes are presented in Section 1.3, while Sections 1.4 and 1.5
are devoted to the analysis of the vehicle in-plane and out-of-plane vibration modes. Finally,
Section 1.6 highlights the coupling between in-plane and out-of-plane dynamics.

1.1 Kinematics

From the kinematic point of view, every mechanical system consists of a number of rigid
bodies connected to each other by a number of joints. Each body has six degrees of freedom
(DOF) since its position and orientation in the space are fully defined by six parameters, such
as the three coordinates of a point (x, y, z) and three angles (yaw, roll, pitch). When a joint is
included, the number of DOFs reduces according to the type of joint: the revolute joint (e.g.,
the one defining the motorcycle steering axis) inhibits five DOFs, the prismatic joint (e.g., the
one defining the telescopic fork sliding axis) inhibits five DOFs, the wheel–road contact
joint inhibits three DOFs when pure rolling is assumed (only three rotations about the con-
tact point are allowed while no sliding is permitted), or one DOF when longitudinal and
lateral slippage is allowed (the only constraint being in the vertical direction, where the
compenetration between the wheel and the road is avoided).

1.1.1 Basics of Motorcycle Kinematics

Two-wheeled vehicles can be considered spatial mechanisms composed of six bodies:

• the rear wheel;
• the swingarm;

Modelling, Simulation and Control of Two-Wheeled Vehicles, First Edition.
Edited by Mara Tanelli, Matteo Corno and Sergio M. Savaresi.
© 2014 John Wiley & Sons, Ltd. Published 2014 by John Wiley & Sons, Ltd.
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4 Modelling, Simulation and Control of Two-Wheeled Vehicles

• the chassis (including saddle, tank, drivetrain, etc.);
• the handlebar (including rear view mirrors, headlamp, the upper part of the front suspen-

sion, etc.);
• the front usprung mass (i.e., the lower part of the front suspension, front brake calliper,

etc.);
• the front wheel.

These bodies are connected each other and with the road surface by seven joints:

• a contact joint between the rear wheel and the road surface;
• a revolute joint between the rear wheel and the swingarm, to give the rear wheel spin axis;
• a revolute joint between the swingarm and the chassis, to give the swingarm pivot on the

chassis;
• a revolute joint between the chassis and the handlebar, to give the steering axis;
• a prismatic joint between the handlebar and the front unsprung, to give the sliding axis of

the telescopic fork;
• a revolute joint between the front unsprung and the front wheel, to give the front wheel

spin axis;
• a contact joint between the front wheel and the road plane.

Therefore, the two-wheeled vehicle has nine DOFs, given the 20 DOFs inhibited by the four
revolute joints, five DOFs inhibited by the prismatic joint and the two DOFs inhibited by
the two contact joints (tyre slippage allowed), subtracted from the 36 DOFs related to the
six rigid bodies. It is also common to include the rear and front tyre deformation due to the
tyre compliance, and consequently the number of DOFs rises to 11.

Among the many different sets of 11 parameters that can be selected to define the vehicle
configuration, it is common (e.g. Cossalter et al. 2011b, 2011c) to use the ones depicted in
Figure 1.1: position and orientation of the chassis, steering angle, front suspension travel,
swingarm rotation and wheel spin rotations.

Finally, it is worth mentioning that these DOFs are related to the gross motion of the vehi-
cle, while additional DOFs are necessary whenever some kind of vehicle structural flexibility
is considered, e.g. Cossalter et al. (2007b).

7. steering angle

8. fork travel

10. wheel spin
11. wheel spin

9. swing arm rotation

1, 2, 3: chassis coordinates
4, 5, 6: yaw, roll and pitch angles

Figure 1.1 Degrees of freedom of a two-wheeled vehicle
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Motorcycle Dynamics 5

Some geometric parameters such as the wheelbase p, normal trail an and caster angle 𝜀,
are very important when it comes to the vehicle stability, manoeuvrability and handling.
In more detail, the wheelbase is the distance between the contact points on the road and
usually ranges between 1.2 and 1.6 m, the normal trail is the distance between the front
contact point and the steering axis (usually 80–120 mm) and the caster angle is the angle
between the vertical axis and the steering axis (usually 19–35∘).

In general, an increase in the wheelbase, assuming that the other parameters remain con-
stant, leads to an unfavourable increase in the flexional and torsional deformability of the
frame (this may reduce vehicle manoeuvrability), an unfavourable increase in the minimum
curvature radius, a favourable decrease in the load transfer during accelerating and braking
(this makes wheelie and stoppie more difficult) and a favourable increase in the directional
stability of the motorcycle.

The trail and the caster angle are especially important inasmuch as they define the geomet-
ric characteristics of the steering head. The definition of the properties of manoeuvrability
and directional stability of two-wheeled vehicles depend on these two parameters, among
others. Small values of trail and caster characterize sport vehicles, while higher values are
typical of touring and cruiser vehicles. The trail and caster are related to each other by the
following relationship:

an = Rf sin 𝜀 − d, (1.1)

where Rf is the front tyre radius and d is the fork offset; see Figure 1.2.
Finally, it is worth noting that all these parameters are usually given for the nominal (stand-

still) trim configuration, while they change as the vehicle speed, longitudinal and lateral
accelerations change.

1.1.2 Handlebar Steering Angle and Kinematic Steering Angle

While the driver operates the handlebar steering angle, the vehicle cornering behaviour is
determined by the projection on the road surface of the angle between the rear and front

x
p

a

d

Rf

an
z

ε

Figure 1.2 Wheelbase, caster angle and trail
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Figure 1.3 Kinematic steering angle Δ as a function of the handlebar steering angle 𝛿 for different
values of the roll angle 𝜙

wheel planes, the so-called kinematic steering angle. In two-wheeled vehicles, the relation-
ship between the handlebar and kinematic steering angles varies appreciably with the roll
angle. In particular, the steering mechanism is attenuated (i.e. the kinematic angle is lower
than the handlebar angle) up to a certain value of the roll angle (close to the value of the
caster angle), then it is amplified (i.e. the kinematic angle is higher than the handlebar angle);
see Figure 1.3 for example.

The following simplified expression can be used to estimate the kinematic steering angle
Δ from the handlebar steering angle 𝛿, the caster angle 𝜀 and the roll angle 𝜙:

Δ = arctan

(
cos 𝜀
cos𝜑

tan 𝛿

)
(1.2)

The local curvature of the vehicle trajectory C (or the turning radius Rc) can be estimated
from the kinematic angle Δ and the wheelbase p using the following expression:

C = 1
Rc

≅ tanΔ
p

= cos 𝜀
p cos𝜑

tan 𝛿 (1.3)

Note that Equation 1.3 does not include the effect of tyre slippage, whose contribution will
be described in Sections 1.2 and 1.5.2.

1.2 Tyres

The performance of two-wheeled vehicles is largely influenced by the characteristics of
their tyres. Indeed, the control of the vehicle’s equilibrium and motion occurs through the
generation of longitudinal and lateral forces resulting from the rider’s actions on the steering
mechanism, throttle and braking system. The peculiarity of motorcycle tyres is that they
work with camber angles up to 50∘ and even more, while car tyres rarely reach 10∘.
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Figure 1.4 Tyre forces and torques

1.2.1 Contact Forces and Torques

From a macroscopic viewpoint, the interaction of the tyre with the road can be represented
by a system composed of three forces and three torques, as in Figure 1.4:

• a longitudinal force Fx (positive if driving and negative if braking);
• a lateral force Fy;
• a force Fz normal to the road surface;
• an overturning moment Mx;
• a rolling resistance moment My;
• a yawing moment Mz.

Experimental observations show that the force and torque generation is mainly related to
the following input quantities:

• tyre longitudinal slip 𝜅;
• tyre lateral slip 𝜆;
• tyre camber angle 𝜙;
• tyre radial deflection 𝜁R;
• tyre spin rate 𝜔.

Therefore we can write:
Fx = Fx(𝜅, 𝜆, 𝜙, 𝜁R, 𝜔)
Fy = Fy(𝜅, 𝜆, 𝜙, 𝜁R, 𝜔)
Mx = Mx(𝜅, 𝜆, 𝜙, 𝜁R, 𝜔)
My = My(𝜅, 𝜆, 𝜙, 𝜁R, 𝜔)
Mz = Mz(𝜅, 𝜆, 𝜙, 𝜁R, 𝜔)

(1.4)

with the longitudinal force Fx mainly related to longitudinal slip 𝜅, lateral force Fy mainly
related to the lateral slip 𝜆 and the camber angle 𝜙, overturning moment Mx mainly related
to the camber angle 𝜙, rolling resistance mainly related to the wheel spin rate 𝜔 and yawing
moment mainly related to the lateral slip 𝜆 and camber angle 𝜙.
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ω

Figure 1.5 Tyre radii

The longitudinal slip (positive when driving and negative when braking) is defined as:

𝜅 =
𝜔Re − Vx

Vx
, (1.5)

where Vx is the tyre longitudinal velocity, 𝜔 is the tyre spin rate and Re is the tyre effective
rolling radius. In particular, the effective rolling radius Re can be computed from the freely
rolling tyre as

Re = Vx∕𝜔. (1.6)

Note that the effective rolling radius does not coincide with either the tyre loaded radius
Rl or the the tyre unloaded radius Ru; see Figure 1.5. This should not be surprising since
the tyre is not a rigid body. Experimental observations show that Rl < Re < Ru. However, a
common assumption is Rl = Re.

Sometimes a slightly different formulation of longitudinal slip is adopted:

𝜅
′ =

𝜔Re − Vx

𝜔Re
(1.7)

It can easily be shown that
𝜅
′ = 𝜅∕(1 + 𝜅) (1.8)

and the relative difference between the two is:

𝜀 = (𝜅′ − 𝜅)∕𝜅 = −𝜅′ (1.9)

which is typically lower than 5% in normal conditions (i.e. no skidding).
The lateral slip is defined as:

𝜆 = − arctan
Vy

Vx
(1.10)

where Vy is the lateral velocity of the tyre and Vx is the longitudinal velocity. The sign is
chosen to give positive force for positive slip.

Sometimes another input quantity is considered, the turn slip 𝜙t:

𝜙t = − 1
Rc

= − 𝜓̇
Vx

(1.11)

where Rc is the curvature of the tyre contact point path and 𝜓̇ is the yaw rate. This quantity
is important only at very low speed and therefore is not considered in the following sections.
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Motorcycle Dynamics 9

1.2.2 Steady-State Behaviour

A widely used model for computing the steady-state tyre forces and moment is based on the
so-called Magic Formula (Pacejka 2006). The general form is:

y(x) = D sin[C arctan{Bx − E(Bx − arctan Bx)}] (1.12)

where y(x) passes through the origin x = y = 0, reaches a maximum and subsequently tends
to a horizontal asymptote; see Figure 1.6. For given values of the coefficients B,C,D,E, the
curve shows an anti-symmetric shape with respect to the origin. To allow the curve to have
an offset with respect to the origin (e.g. because of ply-steer and conicity of the tyre), two
shifts SH and SV can be introduced:

Y = y(x) + SV
x = X + SH

(1.13)

Coefficient D > 0 represents the peak value of the curve, while the product BCD corre-
sponds to the slope of the curve at the origin (e.g. the lateral slip stiffness when the lateral
force is reported in the vertical y axis and the lateral slip is reported in the horizontal x axis).
The shape factor C > 0 determines the shape of the resulting curve. The factor B is used
to determine the slope at the origin and is called the stiffness factor. The factor E ≤ 1 is
introduced to control the curvature at the peak and at the same time the horizontal position
of the peak. The various factors depend on the tyre normal load Fz (or tyre radial deflection).

In particular, the slope of the lateral force BCDy is especially sensitive to load variation,
and is usually modelled as follows (Figure 1.7):

BCDy = p1 sin(2 arctan(Fz∕p2)) (1.14)

The sideslip stiffness attains a maximum p1 at a normal load Fz = p2.

x

y

xm

D

Dsin( C )
2

π
arctan(BCD)

Figure 1.6 Main parameters of the tyre Magic Formula

BCDy

Fz

p1

p2

Figure 1.7 Tyre cornering stiffness as a function of normal load
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10 Modelling, Simulation and Control of Two-Wheeled Vehicles

Another widely used tyre formula is the Burckhardt model (Kiencke and Nielsen 2001):

y(x) = 𝜗1(1 − e−x𝜗2 ) − x𝜗3 (1.15)

Again, the curve typically passes through the origin x = y = 0, reaches a maximum and
subsequently decreases. An offset can be added, following the same approach used above.

Typical tyre curves are depicted in Figure 1.8.
A fundamental concept when dealing with tyre behaviour is the coupling between lon-

gitudinal and lateral forces on the contact patch. In practice, the tyre gives the maximum
longitudinal (lateral) force when in pure longitudinal (lateral) slip condition. Indeed, the
theoretical analysis on physical models (Pacejka 2006) shows that the tyre longitudinal and
lateral force generation depends on the following theoretical slip quantities:

𝜎x =
𝜅

1 + 𝜅
𝜎y =

tan 𝜆
1 + 𝜅

(1.16)

rather than on the practical slip quantities 𝜅 and 𝜆, and that there exists a total slip:

𝜎 =
√
𝜎
2
x + 𝜎2y (1.17)
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Figure 1.8 Typical tyre curves
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Motorcycle Dynamics 11

which defines the maximum friction force available from the tyre. The corresponding total
force can be split between the longitudinal and lateral directions, according to the slip 𝜎x
and 𝜎y. Also, the effect of camber can be included into the sideslip as follows:

𝜆
∗ = 𝜆 +

k
𝜙

k
𝜆

𝜙 (1.18)

and the formulas for forces read:

Fx =
𝜎x

𝜎
Fx0(𝜎) Fy =

𝜎y

𝜎
Fy0(𝜎) (1.19)

where Fx0 and Fy0 are the longitudinal and lateral forces in pure slip condition.
There is also a newer empirical approach to modelling force coupling (Pacejka 2006). To

describe the effect of combined slip on the lateral force and longitudinal force characteristics,
the following hill-shaped function G is employed:

G = D cos(C arctan(Bx)) (1.20)

where x is either the longitudinal slip 𝜅 or the lateral slip 𝜆 (or tan 𝜆). The coefficient D is
the peak value, C determines the height of the hill’s base and B influences the sharpness of
the hill, which is the main factor responsible for the shape of the function. The formulas in
combined slip conditions read

Fx = GxFx0(𝜅) Fy = GyFy0(𝜆) (1.21)

1.2.3 Dynamic Behaviour

The relationships between the tyre inputs (slips, camber, load/deflection and spin) and the
tyre outputs (forces and torques) described in the previous section hold in steady-state con-
ditions. However, the tyre forces do not arise instantaneously: to appear the tyre needs to
travel a certain distance, which depends on the tyre characteristics. The physical reason is
the tyre flexibility, and the related behaviour can be explained as follows.

We consider a tyre whose contact point has longitudinal velocity Vx + 𝜁̇x and lateral veloc-
ity Vy + 𝜁̇y, where Vx and Vy are the velocities of the contact point when neglecting tyre
deformation, while 𝜁̇x and 𝜁̇y are the deflection velocities; see Figure 1.9.

contact area

Vx + ζx

C

Vy + ζy

Figure 1.9 Tyre contact area with deflections
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12 Modelling, Simulation and Control of Two-Wheeled Vehicles

The observed longitudinal slip (e.g. with sensors on the rim) is

𝜅 =
𝜔Re − Vx

Vx
(1.22)

with𝜔 the rim spin rate and Re the effective rolling radius, while the actual (or instantaneous)
longitudinal slip experienced by the contact point is

𝜅i =
𝜔Re − 𝜁̇x − Vx

Vx
(1.23)

and therefore

𝜅i = 𝜅 −
𝜁̇x

Vx
(1.24)

Similarly, the observed lateral slip is

𝜆 = − arctan
Vy

Vx
, (1.25)

while the actual (or instantaneous) lateral slip is

𝜆i = − arctan
Vy + 𝜁̇y

Vx
. (1.26)

Under small angle assumption it is

𝜆i = 𝜆 −
𝜁̇y

u
(1.27)

At the tyre–road contact point, the slip-induced longitudinal and lateral forces balance the
deflection-induced forces. Under small slips assumption the following relationships hold:

k
𝜅
𝜅iFz = k

𝜁x
𝜁x k

𝜆
𝜆iFz = k

𝜁y
𝜁y (1.28)

where k
𝜅

and k
𝜆

are the lateral slip stiffness and longitudinal slip stiffness respectively, k
𝜁x

and k
𝜁y

are the lateral and longitudinal structural stiffness and Fz is the tyre normal load.
When introducing Equations 1.24 and 1.27 into 1.28 one obtains:

k
𝜅

(
𝜅 −

𝜁̇x

Vx

)
Fz = k

𝜁x
𝜁x (1.29)

k
𝜆

(
𝜆 −

𝜁̇y

Vx

)
Fz = k

𝜁y
𝜁y (1.30)

which yields, after the elimination of carcass deflections 𝜁x and 𝜁y

Fx0 =
𝜎
𝜅

u
Ḟx + Fx (1.31)

Fy0 =
𝜎
𝛼

u
Ḟy + Fy (1.32)
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Motorcycle Dynamics 13

where Fx and Fy are the actual tyre forces (i.e. computed with the instantaneous slip 𝜅i and
𝜆i), while Fx0 and Fy0 are the tyre forces computed with the practical slips 𝜅 and 𝜆 and:

𝜎
𝜅
=

k
𝛼
Fz

k
𝜁x

𝜎
𝛼
=

k
𝜆
Fz

k
𝜁y

. (1.33)

In practice, there is a deformation-induced lag between Fx,Fy and Fx0,Fy0. The resulting
first-order differential equations are called relaxation equations, with 𝜎

𝜅,𝛼
the relaxation

lengths. Equation 1.33 shows that the longitudinal (lateral) relaxation length increases with
the longitudinal (lateral) slip stiffness and with the normal load, while it reduces with the
longitudinal (lateral) structural stiffness. The relaxation length represents the space that the
wheel has to cover in order for the force to be 63% of the steady-state force. Typical values
of relaxation length are in the range 0.10–0.4 m, the higher values corresponding to higher
tyre normal load and higher speeds.

The equations above describe the effect of flexibilities on the longitudinal force due to
longitudinal slip, and lateral force due to lateral slip. Actually, in two-wheeled vehicles there
is a significant component of the lateral force related to the camber angle𝜙. Therefore, under
small 𝜙 assumption, Equation 1.28 becomes

(k
𝜆
𝜆i + k

𝜙
𝜙)Fz = k

𝜁y
𝜁y (1.34)

where k
𝜙

is the camber stiffness, and after substitution Equation 1.32 gives

Fy0 +
𝜎
𝛼

Vx
Fz𝜙̇ =

𝜎
𝛼

Vx
Ḟy + Fy. (1.35)

Finally, it is worth mentioning the gyroscopic couple that arises as a result of the time rate
of change of the tyre camber distortion, the wheel spin rate and the belt inertia. This effect
is visible for certain types of tyre at high speeds, and leads to an increase of the observed
relaxation length 𝜎

𝛼
(De Vries and Pacejka 1998).

1.3 Suspensions

Suspensions serve several purposes such as contributing to the vehicle’s road-holding/
handling, keeping the rider comfortable and reasonably well isolated from road noise. These
goals are generally at odds. In addition, the suspensions affect the vehicle’s trim while
accelerating, braking, turning and so on. The proper choice of front and rear suspension
characteristics depends on many parameters: the weight of the rider and the vehicle, the
position of the centre of gravity, the characteristics of stiffness and vertical damping of the
tyres, the geometry of the motorcycle, the conditions of use, the road surface, the braking
performance, the engine power and the driving technique, among others.

1.3.1 Suspension Forces

The total force F exerted by the spring–damper group is the sum of the following different
actions:

F = Fe + Fd + Ff + Fp (1.36)
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Figure 1.10 Elastic force as a function of preload

where Fe is the elastic force exerted by the coil spring and/or air spring (or different elastic
components), Fd is the damping force exerted by the shock absorber, Ff is the friction force
and Fp is the end-stroke pad force.

Preloading is commonly used to adjust the initial position of the suspension with the
weight of the vehicle and rider acting on it. It consists of a precompression of the spring:
as a consequence, if the spring is stressed with forces that are lower than or equal to the
preload, it is not compressed. In practice, this adjustment shifts the curve of the elastic force
as a function of travel Fe; see Figure 1.10.

1.3.2 Suspensions Layout

Several suspension layouts have been used over the years and the following sections present
a brief overview.

1.3.2.1 Front Suspension Types

The most widespread front suspension is the telescopic fork (Figure 1.11a). It is made up of
two telescopic sliders which run along the interior of two fork tubes and form a prismatic

(a)

telescopic fork push arm trail arm

(b) (c)

Figure 1.11 Example of front suspensions
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Motorcycle Dynamics 15

joint between the unsprung mass of the front wheel and the sprung mass of the chassis. The
telescopic fork is characterized by limited inertia around the axis of the steering head.

Two limitations of the telescopic fork are the impossibility of attaining progressive force
displacement and the rather high values of the unsprung mass that is an integral part of the
wheel. To overcome the typical defects of the telescopic fork, alternative solutions have been
proposed: push arm (Figure 1.11b), trail arm (Figure 1.11c) and four-bar linkage (like the
BMW Duolever).

The front arm suspension and four-bar linkage suspensions can be designed so as to present
total or partial anti-dive behaviour in braking conditions. Further, the absence of a prismatic
joint eliminates the typical dry friction problems of telescopic forks.

1.3.2.2 Rear Suspension Types

The classic rear suspension is composed of a swingarm (a rocker made up of two oscillat-
ing arms) with two spring–damper elements, one on each side (Figure 1.12a). The main
advantages are the simplicity of construction and the modest reactive forces transmitted to
the chassis. Among its disadvantages are a poorly progressive force–displacement charac-
teristic and the possibility that the two spring–damper units generate different forces and
therefore torsional stress on the swingarm.

An alternative is represented by the cantilever mono-shock system, characterized by
only one spring–damper unit. However, this suspension does not enable a progressive
force–displacement characteristic and the positioning of the spring–shock absorber unit
close to the engine can cause problems with the absorber’s heat dissipation.

The introduction of a four-bar linkage in the rear suspension makes it easier to obtain
the desired stiffness curves. Different attachment points of the spring–damper elements can
be chosen: for example, in the Kawasaki Uni-Trak the suspension element is between the
rocker and the chassis (Figure 1.12b), in the Suzuki Full-Floater it is between the rocker
and the swingarm and in the Honda Pro-Link the element is between the connecting rod and
the swingarm. Modest unsprung masses are obtained, as well as large wheel amplitude, but
langer reactive forces are exchanged between the various parts of the four-bar linkage.

The four-bar linkage (Figure 1.12c) is also the basis of a suspension used especially on
the final shaft transmission with universal joints (e.g. the BMW Paralever). The wheel is
attached to the connecting rod of the four-bar linkage. The suspension acts as if it were
composed of a very long fork fastened to the chassis at the centre of rotation (the point
of intersection of the axes of the two rockers). An additional small four-bar linkage can be

(a)

classic swinging arm swinging arm with four-bar four-bar-linkage suspension

rockers

connecting
rod

(b) (c)

Figure 1.12 Example of rear suspensions
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16 Modelling, Simulation and Control of Two-Wheeled Vehicles

added to provide a suitable attachment point for the spring–shock element and thus a proper
suspension behaviour.

1.3.3 Equivalent Stiffness and Damping

From a dynamics point of view, the vehicle can be considered as a main sprung body (chas-
sis and rider) connected to two unsprung bodies (wheels) with two elastic systems (front and
rear suspension). Also, rather than the characteristics of the spring–damper units, it is impor-
tant to consider the characteristics of the suspensions in terms of wheel vertical displacement
as a function of the vertical force applied. Therefore it is useful to reduce the real suspensions
to equivalent, simpler, suspensions represented by two vertical spring–damper elements that
connect the unsprung masses to the sprung mass. The parameters defining the equivalent sus-
pension are: reduced stiffness, reduced damping, dependence of the reduced stiffness on the
vertical displacement (progressive/regressive suspension), maximum travel and preloading.

To derive the equivalent (or reduced) stiffness, we consider the expression of the variation
of the spring force Fe as a function of the travel:

Fe = F0 + kL(L − L0) (1.37)

where F0 is the spring force at the initial suspension travel L0, kL is the stiffness at L0 and
L is the travel after variation. The power balance between the actual spring force Fe and its
equivalent vertical force Fz at the wheel centre is

Fzż = FeL̇ = Fe
𝜕L
𝜕z

ż (1.38)

Therefore
Fz = Fe

𝜕L
𝜕z

= Fe𝜏, (1.39)

where 𝜏 is the velocity ratio, between the suspension travel velocity and the wheel vertical
velocity. The equivalent stiffness kz is

kz =
𝜕Fz

𝜕z
= kL𝜏

2 + Fe
𝜕𝜏

𝜕z
. (1.40)

When assuming a constant velocity ratio the expression simplifies to

kz = kL𝜏
2
. (1.41)

The derivation of the equivalent (reduced) damping is carried out using the same approach,
and therefore Equation 1.40 can also be used for the damping by replacing kz, kL with cz, cL.

The preload of the equivalent suspension can be computed with the following expression
(again from force power balance):

Fz|L=0 = Fe|L=0𝜏 (1.42)

Finally, the dependence of the reduced stiffness on the vertical displacement can be affected
either by changing the characteristic of the velocity ratio 𝜏 or by changing the characteristics
of the spring element kL.
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kL
suspension

stiffness

reduced
stiffness

z

L

ε

kV =
kL

cos2ε

Figure 1.13 Reduced stiffness for the telescopic fork

1.3.3.1 Front

The equivalent stiffness and damping can be easily computed for the widely spread tele-
scopic fork (Figure 1.13). The velocity ratio is derived by considering the geometric rela-
tionship between the fork travel and the wheel vertical displacement:

𝜏 = 𝜕L
𝜕z

= 1
cos(𝜀)

(1.43)

where 𝜀 is the caster angle. Under the assumption of constant stiffness kL and damping cL
coefficients, and constant velocity ratio 𝜏, the reduced values are

kz =
kL

cos2𝜀
cz =

cL

cos2𝜀
(1.44)

In more complex linkages, the velocity ratio is computed numerically from a kinematic
analysis of the mechanism. When it is not constant, or the spring/damper coefficients are
not constant, the full Equation 1.40 should be used.

Usually the suspension stiffness kL is in the range 13–25 kN/m, and the equivalent stiffness
kz in the range 15–37 kN/m, while the damping coefficient cL is in the range 500–2000
Ns/m, and the equivalent cz in the range 550–2200 Ns/m, with the velocity ratio 𝜏 in the
range 1.05–1.25 and the caster angle in the range 19–35∘.

1.3.3.2 Rear

The velocity ratio of a rear suspension featuring a linkage depends on many parameters and
sometimes cannot be expressed analytically. In any case, the ratio can be easily computed
numerically from a kinematic analysis of the mechanism. Typical values of 𝜏 for a swingarm
with a four-bar linkage are in the range 0.3–0.6. Usually the suspension stiffness kL is in
the range 100–150 kN/m, and the equivalent stiffness kz in the range 10–55 kN/m, while
the damping coefficient cL is in the range 5–15 kNs/m and the equivalent cz in the range
450–5400 Ns/m.
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18 Modelling, Simulation and Control of Two-Wheeled Vehicles

1.4 In-Plane Dynamics

Vehicle dynamics can be divided between in-plane and out-of-plane dynamics. The former
involve the motion of the vehicle in its symmetry plane (e.g. pitch, bounce, suspension travel)
and mostly affect the riding comfort and road-holding, while the latter involve the lateral
motion of the vehicle (e.g. yaw, roll, steer) and strongly affect the stability and safety. In
straight running, two-wheeled vehicles are substantially symmetric and in-plane and out-
of-plane motions are decoupled (therefore they can be examined separately), whereas while
cornering strong interactions occur.

In this section, different in-plane models of increasing complexity are presented to high-
light the main vehicle dynamics involved.

In practice, these dynamics are excited by road undulations and/or by the inertial forces
generated while accelerating/braking. Suppose that the vehicle travels with constant velocity
Vx on a road with equidistant irregularities (e.g. the bays of a viaduct), Figure 1.14. The time
Δt required to cover the distance L between two irregularities (length of the bay) is equal to

Δt = L
Vx

(1.45)

and represents the period of the external excitation. A resonance condition occurs whenever
the excitation frequency is equal to the natural frequency of one of the in-plane vibration
modes of the vehicle. As an example, with L = 12 m and Vx = 24 m/s, it is Δt = 0.5 s, so
the excitation has a frequency of 2 Hz. In general, several frequency components are present
at the same time, depending on the road characteristics.

1.4.1 Pitch, Bounce and Hops Modes

Among the 11 DOFs necessary to fully define the vehicle trim (see Section 1.1), only seven
are involved in the in-plane dynamics: longitudinal and vertical motion of the chassis, pitch
of the chassis, suspension travel, wheels rotation. If we assume that the vehicle is traveling
at constant speed (which is a common assumption when dealing with comfort analysis),
the DOFs further reduce to four: vertical motion of the chassis, pitch angle and suspension
travel. This DOFs are related to four physical vibration modes: bounce, pitch, wheel front
hop and rear hop. Bounce is mainly related to the vertical motion of the chassis, pitch is
mainly related to the pitch of the chassis and hops are mainly related to the wheels’ vertical

wavelength L

front unsprung mass

rear unsprung mass

sprung mass

forward velocity V

Figure 1.14 Road undulation
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rear hop mode
frequency = 10 Hz
damping ratio = 0.6

pitching mode
frequency = 2.5 Hz
damping ratio = 0.7

vertical bounce mode
frequency = 2 Hz
damping ratio = 0.3

rear hop mode
frequency = 15 Hz
damping ratio = 0.2

Figure 1.15 In-plane vibration modes

motion. In practice, every mode involves some contribution from all four DOFs. Figure 1.15
depicts an example of in-plane vibration modes, with typical values of natural frequency and
damping ratio.

In order to model in-plane dynamics, several simple models are commonly used in addition
to complex multibody models. The most popular are reported in the following sections.

1.4.1.1 Half-Vehicle Models

The half-vehicle model is a simple yet widespread model used to analyse the
suspension–tyre dynamics. The name is due to the fact that only one tyre and one
suspension are considered. Two versions are used: one DOF (or SDF) and two DOF.

In the simplest version (Figure 1.16) the model features a mass suspended by a
spring–damper element. The mass may represent either the sprung mass (whose share is
computed from the whole vehicle mass by considering the tyre loads distribution) or the
unsprung mass (wheel rim, brake calliper, etc.). In the former case the spring–damper
element represents the suspension, while the tyre compliance is neglected (Figure 1.16a),
in the latter case the spring–damper element represents the tyre compliance while the
suspension dynamics are neglected (Figure 1.16b). The undamped natural frequency f0,
damped frequency f and damping ratio 𝜁 are

f0 =
1
2𝜋

√
kz

m
f = f0

√
1 − 𝜁2 𝜁 =

cz

2m(2𝜋f0)
(1.46)
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(a) (b)

Figure 1.16 Half-vehicle model with (a) one DOF for sprung mass and (b) for unsprung mass

where kz is the stiffness, cz the damping coefficient and m the mass. As an example, we
consider a vehicle with a mass of 200 kg, including two wheels of mass 15 kg each, a rider
with a mass of 80 kg and the whole centre of mass exactly in the middle. We aim at estimating
the natural frequency of the front wheel–suspension system, given the front suspension
reduced vertical stiffness (see Section 1.3) kz = 15 kN/m and the tyre radial stiffness of
kT = 180 kN/m. If we want the model to capture the suspension mode, we use m = 140 kg
and kz = 15 kN/m, obtaining a natural frequency f0 = 1.64 Hz. Another option is to use a
combination of the suspension spring and tyre spring:

kz′ =
kzkT

kz + kT
(1.47)

In this case, the stiffness reduces to kz′ = 14 kN/m and the natural frequency to
f0 = 1.59 Hz. Otherwise, if we want the model to capture the wheel hop mode, we use
m = 15 kg and kz = 180 kN/m, obtaining a natural frequency of 17 Hz.

In the version with two DOFs (Figure 1.17), the model features two masses, representing
the sprung mass ms and unsprung mass mu, and two spring–damper elements, representing

Figure 1.17 Half-vehicle model with two DOFs
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the suspension characteristic and the tyre radial compliance. Therefore two modes influenc-
ing each other are captured. The expressions for the natural undamped frequencies are:

f 201,02 =
1

4𝜋2

−a1 ±
√

a21 − 4a2a0

2a2
(1.48)

with:
a2 = msmu a1 = kz(ms + mu) + kTmu a0 = kzkT . (1.49)

Using the vehicle parameters defined above, gives f01 = 1.58 Hz (suspension mode) and
f02 = 18.15 Hz (wheel hop mode).

1.4.1.2 Full-Vehicle Models

The full-vehicle model has four DOFs and is depicted in Figure 1.18. Since there are no
analytic and compact expressions for the system natural frequencies, the equations of motion
are reported as:

M{ẍ} + C{ẋ} + K{x} = 𝟎 (1.50)

with:

x =

⎧⎪⎪⎨⎪⎪⎩

z

𝜇

zF

zR

⎫⎪⎪⎬⎪⎪⎭
M =

⎡⎢⎢⎢⎢⎢⎣

m 0 0 0

0 IyG 0 0

0 0 mf 0

0 0 0 mr

⎤⎥⎥⎥⎥⎥⎦
(1.51)

p

rear unsprung

b p − b

sprung

zr

z

zf

mfmr

cz,r , kz,r
cz,f , kz,f

cT,r , kT,r
cT,f , kT,f

Zf

m, IyG

Zr

μ

Figure 1.18 Full-vehicle model with four DOFs

www.EngineeringEBooksPdf.com



22 Modelling, Simulation and Control of Two-Wheeled Vehicles

C =

⎡⎢⎢⎢⎢⎢⎣

cz, f + cz, r cz,f (p − b) − cz, rb −cz, f −cz, r

cz, f (p − b) − cz, rb (p − b)2cz, f + cz, rb
2 −cz, f (p − b) cz, rb

−cz, f (−p + b)cz, f cz, f + cT ,f 0

−cz, r cz, rb 0 cz, r + cT , r

⎤⎥⎥⎥⎥⎥⎦
K =

⎡⎢⎢⎢⎢⎢⎣

kz, f + kz, r −kzV , rb + kz, f (p − b) −kz, f −kz, r

−kz, rb + kz, f (p − b) (p − b)2kz, f + kz, rb
2 −kz, f (p − b) kz, rb

−kz, f (−p + b)kz, f kz, f + kT , f 0

−kz, r kz, rb 0 kz, r + kT , r

⎤⎥⎥⎥⎥⎥⎦
where mf and mr are the front and rear unsprung masses respectively, m is the sprung mass,
kz, f and kz,r are the front and rear suspension reduced stiffness, cz, f and cz,r are the front and
rear suspension reduced damping, kT , f and kT , r are the front and rear tyre radial stiffness
and cT , f and cT , r are the front and rear tyre radial damping.

Note that the undamped radian frequencies 𝜔 can be numerically derived from

|K − 𝜔2M| = 𝟎 (1.52)

while for the full modal analysis the system must be reduced to a standard first-order for-
mulation before computing the eigenvalues.

1.4.2 Powertrain

Powertrain dynamics involve the fluctuation of the vehicle’s longitudinal velocity and wheel
rotations, the three DOFs not considered in the models presented in the previous section.
Figure 1.19 depicts a common motorcycle powertrain layout, which includes the crankshaft
(where the engine propulsive or braking torque is generated), the primary and secondary
shafts (whose velocity ratio is set by the rider operating the gearbox lever), the chain final
transmission and the rear wheel.

x

front wheel

driveshaft

primary shaft

chain
sprocket

secondary shaft

rear wheel

ring sprocket

ωf

ωmωp
ωs

ωr

Figure 1.19 Motorcycle powertrain
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(b)

τ τσ σ

Figure 1.20 Squat and load transfer lines

It is worth noting that the geometry of the final transmission strongly affects the vehicle
trim while varying the propulsive force. In particular, it can be shown (Cossalter 2006) that
the variation of the trim of the vehicle rear end (with respect to the standstill configuration)
mainly depends on a parameter called the squat ratio R:

R = tan 𝜏
tan 𝜎

(1.53)

where 𝜏 is the angle of the load transfer line and 𝜎 is the angle of the squat line; see
Figure 1.20, where the lines are depicted for the swingarm with chain final transmission
(Figure 1.20a) and for the four-bar linkage with shaft final transmission (Figure 1.20b).

In more detail, the transfer load line represents the direction of the transfer tyre force acting
on the rear contact point. The load transfer is originated by the vehicle acceleration and/or
aerodynamic forces. Therefore two transfer lines can be computed: in the case of significant
acceleration, the transfer line is the load line, whereas for mild acceleration, the transfer line
is the aerodynamic line:

tan 𝜏 =
hg

p
or tan 𝜏 =

ha

p
(1.54)

where hg is the height of the vehicle centre of mass, ha is the height of the aerodynamic
centre and p is the wheelbase.

As regards the squat line, it passes through the rear tyre contact point and the point
A, which is the intersection of the swingarm axis with the chain axis, in the case of a
final transmission with chain and swingarm (Figure 1.20a), the swingarm pivot on the
chassis in the case of a final transmission with shaft and swingarm, and the intersection
of the two rockers in the case of a final transmission with shaft and four-bar linkage
(Figure 1.20b).

When R = 1 (often a design target) there is no variation of the trim of the vehicle rear
end while changing the tyre thrust force Fx. In practice, there may be a small variation, due
to the theoretical assumptions. When increasing the longitudinal force with R < 1 the rear
suspension extends, while in the case of R > 1 the rear suspension compresses.
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1.4.3 Engine-to-Slip Dynamics

The engine torque generated at the crankshaft is transferred through the powertrain to the
rear tyre, which generates a longitudinal force as a function of the longitudinal slip. These
dynamics are especially important when it comes to the design of traction control systems
(Massaro et al. 2011a, 2011b, Corno and Savaresi 2010): three simple models are described
below to highlight the physical characteristics of the system.

First we consider a very simple model of the powertrain which does not account for either
the tyre or the sprocket absorber flexibilities; see Figure 1.21(a). Note that the sprocket
absorber is a device usually placed between the rear wheel sprocket and the rim, with the
aim of damping the torsional vibration of the transmission system. This simple model is
presented because it is widespread.

The engine torque T is applied to the crankshaft, it is transmitted through the gearbox
(according to the selected gear ratio) to the output shaft (whose spin rate is 𝛽 in Figure
1.21a), it passes through the chain to the rear wheel rim (whose angular velocity is 𝜔) and
then to the contact point. The external forces acting on the model are the tyre longitudinal
force Fx and the tyre normal load Fz, but rolling resistance is neglected for simplicity. The
equation of motion reads:

(I
𝑤
+ It)𝜔̇ = 𝜏T − R Fx (1.55)

where I
𝑤

is the rear wheel spin inertia, It is the transmission inertia reduced to the rear wheel,
𝜔 is the spin rate of the wheel rim, 𝜏 is the whole transmission ratio, T the engine torque at
the crankshaft, R the longitudinal force arm (assumed equal to the rolling radius) and Fx the
longitudinal force.

In more detail, the transmission inertia reduced to the rear wheel is computed from the
engine spin inertia Ie (plus clutch, starter, etc.), the gearbox primary shaft spin inertia Ip and
the gearbox output shaft spin inertia Io, given the primary ratio 𝜏p (between the crankshaft
and the primary shaft of the gearbox), the gear ratio 𝜏g (between the primary and the output
shaft of the gearbox thus depending on the selected gear) and the final ratio 𝜏f (between the
output shaft and the rear wheel):

It = ((Ie𝜏
2
p + Ip)𝜏2g + Io)𝜏2f (1.56)

Moreover the product of the primary ratio, the gearbox ratio and the final ratio is defined as
the whole transmission ratio:

𝜏 = 𝜏p𝜏g𝜏f (1.57)

and represents the ratio between the engine spin rate and the rear wheel spin rate.

Fz

(a) (b) (c)

Fz Fz

T T T

Fx Fx Fx

β β β
ω

ω
ωω

ω + ξ ω + ξ

ξ ξ

Δ

Figure 1.21 Half-vehicle model
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For computation of the longitudinal road–tyre force, the full non linear formula is lin-
earized about the steady-state condition (i.e. steady-state longitudinal slip 𝜅ss and steady-
state longitudinal force Fx,ss), thus giving the following relationship between the actual force
Fx,𝜅 and the slip 𝜅:

Fx,𝜅 = Fx,ss + k
𝜅
(𝜅 − 𝜅ss)Fz (1.58)

where k
𝜅

is the slope of the longitudinal slip curve at the linearization point (also called the
normalized longitudinal slip stiffness at the linearization point) and Fz is the tyre normal
load. The longitudinal slip is defined as:

𝜅 =
𝜔R − Vx

Vx
(1.59)

The model equation can be written in state space formulation:{
ẋ = Ax + BT

𝜅 = Cx
(1.60)

and the transfer function between engine torque and longitudinal slip can be expressed as:

H(s) = 𝜅

T
(s) = C(sI − A)−1B (1.61)

where I is the identity matrix, s the Laplace variable and:

A =

[
−

R2k
𝜅
Fz

(I
𝑤
+ It)Vx

]
B =

[
𝜏

I
𝑤
+ It

]
C =

[
R
Vx

]
x = [𝜔]. (1.62)

Therefore the system has one pole at:

p = −
R2k

𝜅
Fz

(I
𝑤
+ It)Vx

. (1.63)

Since all the parameters of Equation 1.63 are always positive but k
𝜅
, the plant stability

(i.e., the sign of the pole) is bound to the sign of the normalized longitudinal slip stiffness
k
𝜅
. In particular, the system is unstable when the slip stiffness k

𝜅
is negative, and this usually

happens only for high values of slip (skidding condition), after the peak of the force–slip
curve, which usually occurs for slip values in the range 0.1–0.2. Finally, it is worth high-
lighting that the plant dynamic is very fast at low speeds, p(V → 0) = ∞, and very slow at
high speeds, p(V → ∞) = 0.

As a second step, the tyre circumferential compliance is also considered; see Figure
1.21(b). With respect to the previous model, now the rim angular velocity differs from the
tyre circumferential angular velocity, because of the deflection 𝜉. As a consequence, the
longitudinal slip expression changes to

𝜅i =
(𝜔 + 𝜉̇)R − Vx

Vx
. (1.64)

In practice, when it comes to road tests the tyre circumferential deflection is not considered
and the slip is computed according to Equation 1.59. For this reason, it is common to refer
to Equation 1.59 as practical slip, since this is the slip which is measured in practice, and
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to Equation 1.64 as instantaneous slip (Lot 2004), since this is the actual slip at the contact
point, which is the physical reason of the tyre longitudinal force. In other words, the instan-
taneous slip generates the longitudinal force, while the practical slip is what is observed.
Therefore, the instantaneous slip 𝜅i is used to compute the road–tyre force while the prac-
tical slip 𝜅 is observed when computing the engine-to-slip transfer function Equation 1.61
and when comparing numerical results with road tests. The physical effect of the flexibility
is to generate a phase lag between the practical slip and the actual force. Indeed, the actual
force is in phase with the instantaneous slip.

A spring–damper element is used to take into account the flexibility of the tyre, and in par-
ticular the following expression relates the tyre circumferential deflection 𝜉 and deflection
rate 𝜉̇ to the tyre longitudinal force Fx:

Fx,el = −(k
𝜉
𝜉 + c

𝜉
𝜉̇)R (1.65)

At the contact point, there is force equilibrium between the force due to the elastic deflec-
tion Fx,el and the force due to the slippage Fx,𝜅 :

Fx,el = Fx,𝜅 (1.66)

The system now has two equations (1.56 and 1.66) and two state variables (𝜔 and 𝜉). The
following state space matrices are found:

A =

⎡⎢⎢⎢⎢⎣
−

R2k
𝜅
Nc

𝜉

(I
𝑤
+ It)(k𝜅N + c

𝜉
V)

R2k
𝜅
Nk

𝜉

(I
𝑤
+ It)(k𝜅N + c

𝜉
V)

−
k
𝜅
N

k
𝜅
N + c

𝜉
V

−
Vk

𝜉

k
𝜅
N + c

𝜉
V

⎤⎥⎥⎥⎥⎦
B =

[
𝜏

I
𝑤
+ It
0

]
C =

[R
V

0
]

x =
[
𝜔

𝜉

]
(1.67)

When inspecting the engine-to-slip transfer function (Equation 1.61), it turns out that at
null longitudinal speed the system is vibrating with undamped natural frequency f1,2 and
damping ratio 𝜁1,2:

f1,2 =
1
2𝜋

R

√
k
𝜉

I
𝑤
+ It

𝜁1,2 =
c
𝜉
R

2
√

k
𝜉
(I
𝑤
+ It)

(1.68)

As the speed increases, the frequency reduces and the damping increases up to a critical
velocity (usually in the range 30–60 m/s):

Vcr =
(c
𝜉
R + 2

√
k
𝜉
(I
𝑤
+ It))Fzk𝜅R

k
𝜉
(I
𝑤
+ It)

(1.69)

Above this the system is no longer vibrating (the two poles turn from complex conjugate
pairs to real poles).
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It is worth noting that there is an alternative approach to account for this tyre force lag.
Instead of considering the tyre flexibility, it is possible to add a first-order differential
equation (relaxation equation, see Section 1.2.3) which replaces Equation 1.66 :

𝜎
𝜅

Vx
Ḟx,𝜅 + Fx,𝜅 = F0

x,𝜅 (1.70)

where 𝜎
𝜅

is the relaxation length, Vx is the longitudinal velocity, Fx,𝜅 the actual longitudinal
force, F0

x,𝜅 the longitudinal force computed with the practical slip of Equation 1.59. The two
approaches give similar results when

𝜎
𝜅
=

k
𝜅
Fz

k
𝜉

(1.71)

As a third step, a flexible sprocket absorber is introduced between the rear wheel chain
sprocket and the rear wheel rim, in addition to the compliant tyre; see Figure 1.21(c). The fol-
lowing expression is used to compute the absorber torque Ta as a function of its deflectionΔ:

Ta = kaΔ + caΔ (1.72)

where ka is the absorber stiffness, ca the damping coefficient and Δ the absorber deflection
rate. The state space matrices now read:

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−
R2k

𝜅
Nc

𝜉

I
𝑤
(k
𝜅
N + c

𝜉
V)

R2k
𝜅
Nk

𝜉

I
𝑤
(k
𝜅
N + c

𝜉
V)

ka

I
𝑤

ca

I
𝑤

−
k
𝜅
N

k
𝜅
N + c

𝜉
V

−
Vk

𝜉

k
𝜅
N + c

𝜉
V

0 0

0 0 0 1
R2k

𝜅
Nc
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(1.73)

No compact expressions for poles are available, but they can be easily computed numer-
ically from Equation 1.73. The four complex poles of the system are associated with two
torsional vibrating modes, which may be either identified in the tyre circumferential and
sprocket absorber deflection, or in the wheel and transmission spin.

Finally, it should be noted that when the engine-to-slip dynamics are of interest for fre-
quencies above 30 Hz, the tyre belt dynamics should also be added to the model (thus
increasing the number of state variables above four).

1.4.4 Chatter

The chatter of motorcycles is a vibration phenomenon which appears during braking and
consists of a vibration of the rear and front unsprung masses with frequency in the range
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Figure 1.22 Mechanisms generating longitudinal fluctuating slips

17–22 Hz, depending on vehicle characteristics. This vibration could be very strong and
acceleration of the unsprung masses can reach 5–10 g (Cossalter et al. 2012, 2008).

A physical explanation of the phenomenon is as follows. The braking manoeuvre may
be seen as a composition of two motions: the non-vibrating braking gross motion (i.e. the
sequence of equilibrium positions at chosen deceleration and different speeds), and the
vibrating motion (i.e. the vehicle oscillation around these equilibrium positions). During
braking, the kinetic energy of the gross motion is lost, but if there is an unstable mode part
of this energy which is transferred to the in-plane dynamics, so the chatter appears. In prac-
tice, when riders start braking there is a transient and the vehicle start vibrating around the
equilibrium position. These oscillations lead to a fluctuation of the rear longitudinal slip,
i.e. to a variation of the longitudinal force which may drive energy into the system, depend-
ing on the phase lag between the rear tyre longitudinal force and fluctuations of the contact
point position. The longitudinal slip fluctuations may be grouped into four main origins; see
Figure 1.22: a) the radial deflection of the rear tyre 𝜁R, b) the fluctuation of the swingarm
rotation Φ, c) the fluctuation of the longitudinal speed ẋ and d) the fluctuation of the sprocket
absorber deflection Δ.

The tyre torsion flexibility and the sprocket absorber flexibility are essential factors to
capture the chatter instability, and the chatter vibration depends on the braking style (only
front brake, front brake plus rear brake, with or without engine braking, etc.). In more detail,
the powertrain flexibility is related to a vibration mode (transmission mode) which involves
the powertrain inertia and may become unstable under certain motion condition (e.g., while
braking with certain deceleration at certain speeds). When inspecting the shape of this vibra-
tion mode, components related to the tyre vertical load fluctuation are found, which explain
the chattering behaviour.

It is worth stressing that this instability can appear on a perfectly flat road and with
perfectly balanced wheels. However, it is expected that both road unevenness and wheel
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imbalance can further excite the vibration. In particular, since the wheel spin frequency
f
𝑤

is:

f
𝑤
=

Vx

2𝜋R
(1.74)

with Vx is the vehicle speed and R the rolling radius, the typical speed range where the road
and/or the wheels may further excite the transmission mode is 32–42 m/s (115–150 km/h).

1.5 Out-of-Plane Dynamics

Lateral dynamics involve the lateral displacement of the vehicle, yaw, roll and steer angles.
In straight running, these dynamics are decoupled from in-plane dynamics, whereas while
cornering strong interactions occur. The out-of-plane behaviour has been extensively inves-
tigated over the years because it is related to the vehicle stability and safety (Cossalter 2006,
2011b).

In this section, first the two-wheeled steering static response is presented, then the most
important vibration modes are discussed.

1.5.1 Roll Equilibrium

The equilibrium roll angle 𝜙 can be estimated from the curve radius Rc and the vehicle speed
Vx as

𝜙 = arctan
V2

x

gRc
, (1.75)

where g is the gravitational acceleration, when considering that the resultant of the
centrifugal force and the weight force passes through the line joining the two road–tyre
contact points, under the assumption of think-disk tyre, null steering angle and negligible
tyre/engine gyroscopic effects. When including the effect of the tyre cross-section, Equation
1.75 changes to (Cossalter 2006):

𝜙 = arctan V2

gRc
+ Δ𝜙

Δ𝜙 = arcsin
t⋅sin

(
arctan V2

gRc

)
h−t

(1.76)

which highlights that the actual roll angle increases as the tyre cross-section increases (wide
tyre) and the centre of gravity lowers, with t the tyre cross-section and h the height of the
centre of gravity; see Figure 1.23.

1.5.2 Motorcycle Countersteering

The lateral dynamics of single-track vehicles is mainly controlled by rider’s steering action,
even though the rider’s body movements can give additional contribution. There is a sig-
nificant difference when comparing the rider’s steering action on a two-wheeled vehicle
with that of a driver in a four-wheeled vehicle. In a four-wheeled vehicle the driver turns
the steering wheel right (clockwise) to enter a right turn by applying a clockwise steering
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Figure 1.23 Roll equilibrium

torque, and keeps a clockwise steering torque and steering angle all through the turn; how-
ever, on a two-wheeled vehicle a completely different approach is used. In order to enter a
right turn, the rider has to steer the handlebar angle left (counter-steering manoeuvre) by
applying a counter-clockwise steering torque to the handlebar. As a consequence both a
centrifugal force on the vehicle and a front tyre lateral force are generated, thus the vehicle
leans right into the turn. At this moment, the rider can steer the handlebar into the turn. The
final steering torque may be either clockwise or counter-clockwise, depending the vehicle
characteristics. The preferred behaviour is to have a counter-clockwise steering torque and
a clockwise steering angle when riding a clock wise turn, and motorcycle engineers used to
adjust some vehicle parameters to obtain the desired steering torque behaviour.

It is worth noting that the counter-steering manoeuvre can be avoided by using body move-
ment to enter the turn (Bertolazzi et al. 2007). However, steering torque is rather more
efficient than body movement torque. Skilled riders take advantage of both mechanisms,
while most of the everyday riders ignore the counter-steering approach.

The steering torque applied by the rider to the handlebar is the reaction to the many
force contributions (Cossalter et al. 2010). When considering the equilibrium of the
front frame in steady-state condition, the rider’s steering torque reacts to the forces and
torques depicted in Figure 1.24: the tyre longitudinal force, lateral force, vertical load,
tyre rolling torque, yawing torque, weight and centrifugal force of the front assembly, and
the gyroscopic torque. These contributions can be divided into aligning components and
misaligning components. When the aligning components prevail, the rider’s handlebar
torque is inward to the turn, that is the rider pulls the handlebar with the hand inside
the turn. But when the misaligning contributions prevail, the rider’s handlebar torque
is outward to the turn, that is the rider pushes the handlebar with the hand inside the
turn. The tyre lateral force, tyre rolling torque, front frame centrifugal force and wheel
gyroscopic effect give self-aligning torques around the steering axis, whereas the tyre
longitudinal (braking) force, tyre normal force, tyre yaw torque and front frame weight
force give misaligning torques. It is worth noting that in the unusual case where the
front frame centre of gravity is behind the steering axis the centrifugal contribution
becomes misaligning and the weight contribution aligning. Note that when braking with
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Figure 1.24 Forces and torques acting on the front frame

the front tyre, a significant misaligning component arises, which adds to that related to the
longitudinal friction.

The main contributions to the whole steering torque are those related to the tyre normal
load and to the tyre lateral force, which almost balance each other. As a consequence of the
tyre carcass hysteresis, a rolling torque opposes the wheel rotation and a friction force arises.
The longitudinal friction force on the front tyre leads to a small misaligning contribution to
the steering torque, whose presence is due to the fact that the tyre carcass is not a thin disk,
and therefore the longitudinal force has a non-null component when the vehicle is leaned
because of the migration of the contact point on the tyre carcass. The tyre rolling torque
also gives an (aligning) contribution to the steering torque related to the fact that when the
vehicle is leaned, the rolling torque projection on the steering axis is no longer null. Another
important contribution is that related to the tyre yaw torque. This contribution to the steering
torque is always misaligning and significant. The gyroscopic contribution (always aligning)
to the steering torque arises because the front wheel is both rolling about its spin axis and
yawing as a consequence of the cornering manoeuvre. Finally, minor components are those
related to the front frame weight (misaligning), and to the front frame centrifugal effect
(aligning).

1.5.2.1 Understeering and Oversteering

The steering behaviour of the vehicle depends on many parameters, and in particular on
the tyre properties. Indeed, when considering tyres slippage, the effective steering angle
becomes (Figure 1.25):

Δ∗ = Δ + 𝜆R + 𝜆F (1.77)
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Figure 1.25 Kinematic steering angle Δ and effective steering angle Δ∗

with Δ from Equation 1.2, 𝜆R the rear tyre sideslip angle and 𝜆F the front tyre sideslip angle.
In practice, the effective steering angle Δ∗ is equal to the kinematic steering angle Δ only
when both tyres have the same sideslip, that is 𝜆R = 𝜆F (or when there is no sideslip, which
is a reasonable assumption at very low speeds). Otherwise, it is smaller or larger, giving an
understeering or oversteering behaviour respectively.

The steering behaviour can be expressed by means of the steering ratio 𝜉:

𝜉 =
Rc0

Rc
= Δ∗

Δ
≈ 1 +

𝜆r − 𝜆f

Δ
(1.78)

where Rc0 is the kinematic radius of curvature and Rc is the actual radius of curvature.
The vehicle’s steering behaviour can be defined as follows:

• neutral: 𝜉 = 1 ⇐⇒ 𝜆R = 𝜆F;
• oversteering: 𝜉 > 1 ⇐⇒ 𝜆R > 𝜆F;
• understeering: 𝜉 < 1 ⇐⇒ 𝜆R < 𝜆F.

In case of oversteering vehicles, there may be a critical speed Vcr where Δ = 0 and there-
fore 𝜉 → ∞. Above this speed the vehicle is ridden in counter-steering, i.e. the rider has to
keep the handlebar turned outside the turn (as in speedway races).

Unlike in four-wheeled vehicles, considerable camber angles (up to 50–60∘) are present
while cornering with two-wheeled vehicles. Therefore the steering ratio is also significantly
affected by the characteristics of the lateral force as a function of camber (in addition to the
characteristics of the force as a function of lateral slip). This can be effectively highlighted
when expressing the steering ratio for a simple vehicle model under the assumption of small
roll angles and linear tyre behaviour:

Fy,R = (k
𝜆,R𝜆R + k

𝜙,R𝜙F)Fz,R Fy,F = (k
𝜆,F𝜆F + k

𝜙,F𝜙F)Fz,F (1.79)
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where Fy,R and Fy,F are the rear and front tyre lateral forces respectively, k
𝜆,R and k

𝜆,F are the
rear and front sideslip stiffnesses, k

𝜙,R and k
𝜙,F are the rear and front tyre camber stiffnesses,

𝜆R and 𝜆F are the rear and front sideslip angles 𝜙R and 𝜙F are the rear and front tyre camber
angles and Fz,R and Fz,F are the rear and front tyre normal loads. Solving Equation 1.79 for
the sideslip angles gives:

𝜆R = 1
k
𝜆R

(Fy,R

Fz,R
− k

𝜑R
𝜑R

)
𝜆F = 1

k
𝜆F

(Fy,F

Fz,F
− k

𝜑F
𝜑F

)
(1.80)

In steady turning, under the assumption of small camber angles, we have

Fy,R

Fz,R
≈ 𝜙R ≈ 𝜙F ≈

Fy,F

Fz,F
(1.81)

which can be used in Equation 1.80 to give

𝜆R ≈
1 − k

𝜑R

k
𝜆R

𝜑 𝜆F ≈
1 − k

𝜑F

k
𝜆F

𝜑 (1.82)

When using Equation 1.82 in Equation 1.78, the steering ratio becomes

𝜉 = 1

1 −
(

1−k
𝜑R

k
𝜆R

−
1−k

𝜑F

k
𝜆F

)
V2

x

gR

(1.83)

which shows that it is possible to mitigate the oversteering behaviour by increasing the rear
tyre camber stiffness and reducing the front tyre camber stiffness, as well as increasing the
rear tyre sideslip stiffness and reducing the front tyre sideslip stiffness.

Finally, note that other authors define the steering behaviour differently, using the variation
of the steering ratio (as a function of the vehicle speed Vx while travelling on a curve with
constant radius Rc) rather than its absolute value:

• neutral:
(
𝜕𝜉

𝜕V

)
Rc

= 1;

• oversteering:
(
𝜕𝜉

𝜕V

)
Rc

> 1;

• understeering:
(
𝜕𝜉

𝜕V

)
Rc

< 1.

With this latter definition, there may be oversteering also with 𝜆R < 𝜆F, where the previous
definition defines understeering. In practice, we define oversteering as a condition where,
on a steady turn, the rear tyre sideslip increases more than the front sideslip when increasing
the vehicle speed.

1.5.3 Weave, Wobble and Capsize

In straight motion out-of-plane dynamics involves four of the eleven DOFs necessary to
fully define the vehicle trim (see Section 1.1): the lateral displacement of the vehicle, the
yaw, roll and steer angles. These DOFs combine to give three well-known vibration modes:
capsize, weave and wobble.
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Capsize is a non-vibrating mode which mainly consists of a roll motion combined with
a lateral displacement (plus some less important steering and yaw movements). Depending
on the vehicle characteristics it can be stable at low speeds, then slightly unstable above
a critical speed, or slightly unstable over the whole speed range. In any case, this mode is
easily controlled by rider.

Weave is an oscillation of the entire motorcycle (Figure 1.26), with frequency rising with
speed from 0 up to 3–4 Hz depending on the vehicle characteristics. It is usually unstable for
speeds up to 6–7 m/s, then it is stable and tends to be poorly damped at high speeds (>100
km/h or 28 m/s). High speed instability may occur both hands-off or hands-on the handle-
bars, with the former having the potential to be more stable than the latter under the same
set of running conditions (Massaro et al. 2012). More precisely, at zero speed the weave
consists of two non-vibrating modes: body capsize and steering capsize. These two modes
coalesce to generate the vibrating weave at a speed in the range 0–1 m/s.

Body capsize is a capsize of the whole vehicle an inverted pendulum-like roll instability.
Its time constant 𝜏bc can be estimated with a simple inverted pendulum model:

𝜏bc =

√
Ix + Mh2

Mgh
(1.84)

where Ix is the whole vehicle moment of inertia around the centre of mass, M is the whole
vehicle mass, h is the height of the vehicle centre of mass and g is the gravitational acceler-
ation.

Steering capsize is a steering instability, due to the misaligning effects of both the front
frame mass and the front tyre normal load. Its time constant can be estimated with a simple
front frame model:

𝜏sc =

√
(Mf gbf + Fz,f an) sin 𝜀

If
(1.85)

where Mf is the front frame mass, bf is the distance of the front frame centre of mass from
the steering axis, Fz,f is the front tyre normal load, an is the normal trail and 𝜀 is the caster
angle.
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front frame oscillations

Figure 1.27 Wobble mode

Finally, wobble is a vibrational mode dominated by the oscillation of the front steering
assembly around the steering axis (Figure 1.27) in the range 6–10 Hz. In practice, wobble
mode is usually visible with hands off the handlebars (Cossalter et al. 2007b) and, depending
on front assembly structural compliance and wheel imbalance, may become perceptible to
the rider at low to medium speeds.

Summarizing, the typical stability behaviour of a motorcycle at constant speed in straight
line motion is the following. At standstill, the vehicle is unstable because of body capsize
and steering capsize. Indeed, riders put their feet on the road to prevent the vehicle from
falling over. For speeds up to 6–7 m/s the motorcycle is unstable because of weave mode
and therefore a rider action is needed to stabilize the vehicle. Above 6–7 m/s the vehicle
enters a self-stabilizing zone, so no rider action is necessary to stabilize the system (the two-
wheeled vehicle also keeps upright with the rider’s hands off the handlebars). At increasing
speeds, the capsize may become slightly unstable (with hands off the handlebar), but this
instability is easily stabilized by rider’s passive action on the handlebars. If the vehicle has
been properly designed, there should not be any weave or wobble instability in normal riding
conditions. However, high speed and cargo loading promote poorly damped weave while
wobble may be triggered by wheel imbalance and certain road surfaces. Moreover, these
two vibration modes are dangerous because riders may have difficulty in controlling them.
In addition, most of the parameters improving the stability of one, worsen the other. This is
why their behaviour must be carefully considered when designing the vehicle.

1.5.3.1 Rigid Bodies Model

In this section the results of a basic model made of rigid bodies are presented to discuss
the lateral vibration modes of the vehicle (www.multibody.net). Since the aim is to study
the stability in straight motion at constant speed, the presence of the suspensions can be
neglected and only four DOFs are required: lateral displacement y, yaw angle 𝜓 , roll angle
𝜙 and steering angle 𝛿. Moreover, the tyre properties can be linearized, since only small
lateral slips and the roll angle will be employed by a vehicle vibrating around the upright
trim. Tyre pure rolling can be assumed in the longitudinal direction, since there is no interest
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in the longitudinal dynamics. The effect of tyre flexibility (and the related force lag, see
Section 1.2.3) is accounted for by including in the model the front and rear tyre lateral
deflection 𝜁R and 𝜁F. Note that the non-instantaneous tyre behaviour is essential for capturing
wobble. The only rider input is the steering torque 𝜏. The model has four rigid bodies: the
rear frame (including rider and swingarm), the front frame (handlebar and suspension) and
wheels. Its equations of motion can be written in state space form:

ẋ = Ax + Bu
x = {y, 𝜓, 𝜓, 𝜙, 𝜙, 𝛿, 𝛿, 𝜁R, 𝜁F}T

u = {𝜏} (1.86)

where y, 𝜓 , 𝜙, 𝛿 represent the derivatives of the corresponding variables.
The stability is analysed by computing the eigenvalues of A in Equation 1.86 at different

speeds, see the dotted lines of Figure 1.28. The hands-off vehicle stability reads as follows.
Up to a speed of 0.6 m/s the vehicle is unstable because of both body capsize (real positive
eigenvalue with time constant 0.30 s at 0.1 m/s) and steering capsize (real positive eigenvalue
with time constant 0.17 s at 0.1 m/s). At 0.6 m/s the two unstable modes coalesce to give the
unstable weave (complex conjugate pair eigenvalues), whose frequency rises from 0 at 0.6
m/s to 0.4 Hz at 7 m/s. From here on the weave is stable and its frequency rises with speed (3
Hz at 40 m/s). Note that at high speeds the mode moves towards the instability area. Wobble
has a frequency in the range 7–8 Hz and is unstable for speeds higher than 22 m/s. Capsize
is stable in the whole speed range. There is also another mode, usually called rear wobble or
weave 2: it is vibrating for speeds up to 25 m/s, then it splits into two non-vibrating modes.
This mode is not very interesting because it is very stable over the whole speed range, and
therefore is not shown in Figure 1.28.

−15 −10 −5 0 5
00

2

4

6

8

10

im
ag

in
ar

y 
[r

ad
/s

]

10

real [1/s]

fr
eq

ue
nc

y 
[H

z]

capsize

rider shake

rigid
lumped stiffness
1 m/s

20 m/s
40 m/s

wobble

weave

weave &
rider lean

U
N

S
TA

B
L

E

20

30

40

50

60

Figure 1.28 Example of motorcycle root-locus as a function of speed

www.EngineeringEBooksPdf.com



Motorcycle Dynamics 37

1.5.3.2 Effect of the Frame Compliance

The frame compliance and rider passive mobility can significantly affect the stability of two-
wheeled vehicles (Cossalter et al. 2007b) includes an experimental validation). In particular,
the most important structural flexibility is that of the front assembly with respect to the rear
assembly, while the rider passive roll vibration is the most important rider passive motion
affecting stability.

The model used in the previous section is extended to include the main vehicle compli-
ance (the equations and state matrices are reported at www.multibody.net). In particular,
several DOFs are added to account for: swingarm torsion and bending flexibility (𝛼R and
𝛽R), front frame bending and torsion flexibility (𝛼F and 𝛽F) and rider lateral and roll passive
motion on the saddle (yp and 𝜙p). The motion along these new DOFs is restrained by means
of spring–damper elements tuned to replicate the real vehicle compliance properties. The
additional DOFs are related to the same number of complex conjugate pairs representing
the structural modes of vibration. Even more important, these DOFs enter the weave and
wobble which affects their stability.

In particular, the front frame bending strongly affects the wobble stability (Figure 1.29).
The rigid vehicle model predicts a stable wobble at low speeds (up to 22 m/s in the vehicle
considered here) and unstable wobble at high speeds, but when including the front flexibility
the model predicts an instable vibration mode at low speeds and a stable mode at high speeds.
In other words, the front frame flexibility reverses the behaviour of wobble stability as a
function of speed. The physical reason of the stabilization effect is the additional gyroscopic
effect generated by the deflection rate combining with the wheel spin inertia and spin rate
(Cossalter et al. 2007b).

The effect of swingarm bending and torsion flexibility on weave stability is depicted in
Figures 1.30 and 1.31 respectively. In the vehicle analysed, the bending has a negligible to
positive effect on high speed weave stability (again the stabilizing effect is related to the
additional gyroscopic effect induced by bending deflection), while the torsion flexibility
worsens the high speed weave stability.
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The effect of the rider’s passive motion has been considered by allowing the rider to vibrate
on the saddle. The rider’s body is split into a lower body (from feet to hip) and an upper body
(from hip to head). The lower body is allowed to move laterally with respect to the rear frame,
while the upper body is allowed to roll with respect to the lower, around a roll axis passing
in the neighbourhood of the rider’s hip. The rider’s motion is restrained by spring–damper
elements tuned to give the typical rider modal characteristics (the lateral natural frequency
is usually in the range 3.5–4.0 Hz with damping ratio in the range 0.3–0.6, while the roll
natural frequency is in the range 0.8–1.5 Hz and damping ratio 0.1–0.3 (Nishimi et al.
1985, Katayama et al. 1987). The rider’s passive motion is included in the model, and its
stability is compared with the case with rigid bodies in Figure 1.28, where the continuous
lines represent the model with the compliant bodies and the rider’s motion, while the dotted
lines represent the model with rigid bodies. The rider’s lateral motion is related to a new
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vibration mode named rider shake while the roll motion deeply merges with the weave,
whose curve is now split. In practice, the rider’s motion stabilizes the wobble at low speed
and significantly stabilizes the high speed weave, since the effect of roll on weave is the
more important contribution.

When accelerating, the weave mode tends to increase its frequency while that of the wob-
ble reduces, and a coupling between them may also take place. When braking, the wobble
mode increases its frequency and usually reduces its damping while the weave reduces its
frequency and damping. It is worth stressing that all the considerations reported in this
section refers to the free vehicle stability, that is, they remain valid when the rider has hands
off the handlebar or gently grasping the handlebar (Massaro et al. 2012).

1.5.3.3 Effect of the Rider Impedance

In practice, the rider has their hands on the handlebar while riding the vehicle. This may
change the two-wheeled vehicle stability because of the loop created between the rider’s
body, the rear frame (where the rider sits) and the front frame (where the rider’s hands are).
The effect of such rider passive steering impedance on vehicle stability has only recently
been investigated (Sharp and Limebeer 2004, Cossalter et al. 2011a, Massaro and Cole
2012, Massaro et al. 2012, with only the last including a comparison with experimental
road tests).

To model this effect, the rider’s upper body is allowed to yaw with respect to their lower
body and the handlebar. The motion is restrained by spring–damper elements properly tuned
to give the experimentally measured rider’s modal properties, Figure 1.32.

The effect of rider impedance is to stabilize the wobble mode and to destabilize the high
speed weave mode. The effect is similar to that of a steering damper. However, while an
ideal steering damper generates a steering torque 𝜏 proportional to and in phase with the

Figure 1.32 Rider impedance model
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steering angle rate 𝛿̇:
𝜏 = cd𝛿̇ (1.87)

the steering torque generated by the rider changes with frequency, both in magnitude and
in phase. Moreover, while the steering damper generates equal and opposite torques on the
front assembly and on the rear assembly, the rider does it only at low and high frequency,
because of the presence of the inertia.

1.6 In-Plane and Out-of-Plane Coupled Dynamics

In the previous two sections in-plane and out-of-plane dynamics have been treated sepa-
rately, using simplified models in order to highlight the most important vehicle behaviour.
However there are conditions (e.g. entering a curve while braking, Massaro 2011, Massaro
and Lot 2010) where it is essential to capture the coupling between in-plane and out-of-
plane dynamics using full vehicle models like FastBike (Cossalter et al. 2011b; Cossalter
et al. 2011c). Below three typical examples of coupled dynamics are reported.

Cornering Stability

When cornering, the in-plane and out-of-plane dynamics couple (Cossalter et al. 2004)
and all the vehicle vibration modes include both in-plane and out-of-plane DOFs. The
interactions may be predicted from straight line motion stability, when in-plane and
out-of-plane modes have eigenvalues close to each other in the root locus. A typical
coupling is between bounce/pitch and weave: in this condition also the set-up of the sus-
pension can be used to control the cornering oscillations. Similarly, wobble may combine
with wheel front hop mode, to give a steering oscillation combined with the suspension
oscillation.

It is also important to highlight that, while in straight line motion the in-plane modes are
almost speed independent, while in cornering all the modes depend on the speed of travel.

Kick Back

Road undulations or transverse joints, such as on motorway bridges, may unload the front
wheel of the vehicle, which lifts up from the road surface. The rider usually reacts automati-
cally with a steering action bringing the front wheel plane out of the driving direction of the
bike. When the front wheel makes contact with the road surface again, the front frame is not
in force equilibrium with respect the steering axis. As a consequence an impulsive force is
generated, which ‘kicks back’ the front frame opposite to the direction of the steering angle
(Lot and Massaro 2007). The kick back phenomenon can be so heavy that the rider cannot
control the handlebar and consequently loses control of the motorcycle. The steering angle
can reach very high values. This phenomenon may appear both in straight-running (espe-
cially when accelerating) or while cornering. It is worth noting that it is not related to a new
vibration mode, but to the stability of weave and wobble modes. In practice, the less stable
mode is the most excited and therefore the resulting vibration may either be in the wobble
or in the weave frequency range.
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High Side

This phenomenon is due to the interaction between the rear tyre lateral force and the longi-
tudinal force. It can happen during a braking manoeuvre while entering a curve or during a
thrusting manoeuvre while exiting from a curve (Cossalter et al. 2007a).

For example, to exit the curve the rider starts to thrust the rear wheel, therefore the longi-
tudinal driving force increases and adds to the existing lateral force. If the total tyre friction
force reaches the limit value, the rear wheel loses grip and therefore the rear of the motorcy-
cle moves outwards from the turn. The rider reacts by reducing the throttle opening, so the
thrust force reduces suddenly, and the rear tyre regains its grip. The existing large sideslip
(originated by the earlier grip loss), generates a lateral force impulse that violently pushes
the motorcycle upwards and may even throw the rider out of the saddle. In any case, weave
mode is strongly excited by the impulse action.
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2.1 Introduction

Single-track vehicles, such as motorcycles and bicycles, have high manoeuvrability and
strong off-road capabilities. In environments such as deserts, forests and mountains, the
mobility of single-track vehicles significantly outperforms that of double-track vehicles. The
recent demonstration of the Blue Team’s autonomous motorcycle (Figure 2.1a) in the 2005
DARPA Grand Challenge autonomous ground vehicles competition has shown an example
of the high-agility of the single-track platform (Levandowski et al. 2006).

Although the extensive study of the motorcycle dynamics has revealed some knowledge
about motorcycle platforms under steady motion, modelling and control of motorcycles for
agile manoeuvres, such as those by professional racing riders, still remains a challeng-
ing task due to the motorcycle’s intrinsically unstable platform and complex tyre–road
interaction. Professional motorcycle riders can push the safety limits of the tyre–road inter-
action, and maintain the vehicles at high performance while still preserving safety. As a
first step towards understanding the high-performance capabilities of the human drivers
and designing autonomous agile manoeuvres, the objective of this chapter and Chapter 12
is to develop a new modelling and control scheme for an autonomous motorcycle. Com-
pared to with existing studies of motorcycle dynamics and control, the main contribution
of this study is the new modelling and control system design with integrated motorcy-
cle dynamics with tyre–road interaction. First, we relax the common zero lateral velocity
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Figure 2.1 (a) The Blue Team autonomous motorcycle. (b) A Rutgers autonomous pocket bike

non-holonomic constraint for the wheel contact points of the motorcycle system. This non-
holonomic constraint is not realistic for high-fidelity vehicle modelling (Limebeer and Sharp
2006). The existence of non-zero lateral velocity is particularly useful for capturing motorcy-
cle dynamics in agile manoeuvres. Second, we explicitly consider the tyre–road interaction
for designing control algorithms because of the importance of the tyre–road interaction on
motorcycle dynamics. To our knowledge, there is no study that explicitly considers this kind
of tyre dynamics in motorcycle control system design. The presented work in this chapter is
an extension of the work in (Yi et al. 2009). Based on the new dynamics, in the next chapter,
we extend the control system design in (Getz 1995 and Yi et al. 2006) for trajectory tracking
and path-following manoeuvres.

The remainder of the chapter is organized as follows. We review related work in
Section 2.2. In Section 2.3, we discuss dynamic modelling of a riderless motorcycle. In
Section 2.4, we present a motorcycle tyre dynamics model and then integrate the tyre
dynamics with the motorcycle dynamics. Finally, we conclude the chapter in Section 2.5.

2.2 Related Work

Mathematically modelling of a bicycle or a motorcycle has been an active research area for
many years. Although some modelling differences have been discussed in Limebeer and
(Sharp 2006), from control system design aspects, we consider bicycles and motorcycles as
similar platforms, and hence do not explicitly distinguish between them. There is a large
body of work that studies motorcycle stability and dynamics, and readers can refer to two
recent review papers, one from a historical development viewpoint (Limebeer and Sharp
2006) and the other from a control-oriented perspective (Åström et al. 2005).

The motorcycle/bicycle models are obtained from two approaches, the inverted pendulum
modelling approach and the multibody dynamic modelling approach (Åström et al. 2005).
For example, a simple second-order dynamic model is presented in Lowell and McKell
1982) to study the balance stability of a bicycle. Several researchers have studied motorcycle
dynamics using multibody dynamics (Cossalter 2002; Cossalter and Lot 2002; Kessler 2004;
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Sharp 2001). The model developed in (Cossalter and Lot 2002) is very comprehensive and
contains various vehicle components. The model has been implemented in a simulation
package called FastBike for the purposes of real-time simulations. Multibody dynamics
models are not suitable for the control system design due to their complexity while the
inverted-pendulum models overly simplify the problem and do not capture all of the dynam-
ics and geometric characteristics.

In (Sharp 1971) and (Getz 1995), mathematical models of a motorcycle are discussed using
(constrained) Lagrange’s equations. In (Biral et al. 2003), experimental study of motorcycle
handling is compared with the mathematical dynamics model of a motorcycle with rider.
Stability and steering characteristics of a motorcycle are typically discussed using a lin-
earization approach with consideration of a constant velocity (Åström et al. 2005; Cossalter
et al. 2004; Fajans 2000; Jones 1970; Limebeer and Sharp 2006; Meijaard et al. 2007; Sharp
2001). A non-minimum phase property (unstable poles and zeros in motorcycle dynamics) in
these analyses explains the counter-steering phenomenon and other steering stability obser-
vations. In (Jones 1970), it is also demonstrated experimentally the in significance of the
gyroscopic effect of the front wheel.

The concept of an autonomous bicycle without a rider has been proposed by several
researchers (Beznos et al. 1998; Getz 1995; Levandowski et al., 2006; Lee and Ham 2002;
Tanaka and Murakami 2004; Yi et al., 2006). In this chapter, we extend the modelling
and control design in (Getz 1995 and Yi et al. 2006). For the modelling part, we take
a constrained Lagrangian approach to capture the nonlinear dynamics of a motorcycle.
Besides the consideration of control-oriented modelling approach that captures funda-
mental properties of the motorcycle platform with a manageable complexity, several new
features have been adopted and developed. First, we relax the zero lateral velocity of the
wheel contact points, and these modelling relaxations allow wheel sliding in the models,
which provides more realistic vehicle modelling (Limebeer and Sharp 2006). Second, we
explicitly consider the tyre–road interaction for designing control algorithms because of
the importance of the tyre–road interaction in motorcycle dynamics (Lot 2004). The study
of (Hauser and Saccon 2006) is probably the closest work to ours. They employ a non-
holonomic motorcycle dynamic model and focus on the performance and manoeuvrability
analysis of motorcycles using the tyre–road interaction characteristics from passenger
vehicles.

2.3 Motorcycle Dynamics

Figure 2.1b shows the Rutgers autonomous motorcycle prototype. The motorcycle is
rear-wheel driving. Steering and velocity control are considered as control inputs for
the riderless autonomous motorcycle. Weight shifting is not considered as one actuation
mechanism that human riders do because the Blue Team motorcycle had previously
demonstrated an effective manoeuvrability only through vehicle steering and velocity
control (Levandowski et al. 2006).

2.3.1 Geometry and Kinematics Relationships

The riderless motorcycle is considered as a two-part platform: a rear frame and a steering
mechanism. Figure 2.2 shows a modelling schematic of the vehicle. We consider the
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following modelling assumptions: (1) the wheel/ground is a point contact, and thickness
and geometry of the motorcycle tyre are neglected; (2) the motorcycle body frame is
considered as a point mass; and (3) the motorcycle moves on a flat plane and vertical
motion is neglected, namely, no suspension motion.

We denote C1 and C2 as the front and rear wheel contact points with the ground,
respectively. As illustrated in Figure 2.2a, three coordinate systems are used: the navigation
frame  (X, Y , Z axis fixed on the ground), the wheelbase moving frame (x, y, z axis fixed
along line C1C2), and the rear body frame  (xB, yB, zB axis fixed on the rear frame). For
the frame , we use (3-1-2) Euler angles and represent the motion by yaw angle 𝜓 and roll
angle 𝜑. We denote unit vector sets for the three coordinate systems as (I, J,K), (i, j, k) and
(iB, jB, kB), respectively. It is straightforward to obtain that

(2.1)

where the rotation matrix

R(x) =
[

cx sx
−sx cx

]
and cx ∶= cos x, sx ∶= sin x for angle x.

Figure 2.2 A schematic of the riderless motorcycle/bicycle. (a) Kinematic and dynamic modelling
schematic. (b) Top view of the motorcycle/bicycle kinematic steering mechanism
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We consider the trajectory of point C2, denoted by its coordinates (X, Y) in , as the
motorcycle position. The orientation of the coordinate systems and the positive direc-
tions for angles and velocities follow the conversion of the SAE standard (Meijaard
et al. 2007).

We consider the instantaneous rotation centre of the motorcycle motion on the horizontal
plane. Let Or denote the instantaneous rotation centre and O′

r denote the neutral instanta-
neous rotation centre, which is the intersection point of the perpendicular lines of the front
and rear wheel planes; see Figure 2.2. Under the neutral turning condition (Cossalter 2002),
the slip angles of the front and rear wheels are the same, that is, 𝜆f = 𝜆r, and then the
rotation centre angles for Or and O′

r are equal to the kinematic steering angle 𝜙g, namely,
𝛼 = 𝛼

′ = 𝜙g. Let R denote the instantaneous radius of the trajectory of point C2 under
neutral turning conditions. We define 𝜎 as the kinematic steering variable as

𝜎 ∶= tan𝜙g = l
R
. (2.2)

From the geometry of the front wheel steering mechanism (Cossalter, 2002), we find the
following relationship:

tan𝜙gc
𝜑
= tan𝜙c

𝜉
. (2.3)

If we assume a small roll and steering angles, then from (2.3), we obtain an approximation

𝜎̇c
𝜑
= 𝜙̇c

𝜉
. (2.4)

The motion of the motorcycle on the XY plane can be captured by the generalized coor-
dinates (X, Y , 𝜓, 𝜑, 𝜎). Note that the use of variable 𝜎 is to capture the steering impact on
the motorcycle dynamics. The non-holonomic constraint of the rear wheel and the motion
trajectory geometry imply the yaw kinematics equality

𝑣rx = R𝜓̇ = l
𝜎
𝜓̇ . (2.5)

From a differential geometry viewpoint,∗ we can partition the generalized velocities of
the motorcycle as base velocities ṙ = [𝜑̇, 𝑣rx, 𝑣ry, 𝜎̇]T and fibre velocities ṡ = 𝜓̇ . We then
write the constraints in (2.5) simply as

ṡ + A(r, s)ṙ = 0, (2.6)

where A(r, s) =
[
0 − 𝜎

l
0 0

]
.

Due to the steering mechanism and caster angle, the height of the mass centre of gravity of
the motorcycle is changing under steering. As shown in Figure 2.2b, the height change ΔhG
of the centre of gravity G due to the steering action can be calculated as (Yi et al. 2006)

ΔhG = 𝛿bs
𝜑
≈

blt𝜎c
𝜉

l
s
𝜑
, (2.7)

where we use a small angle approximation 𝜎 ≈ 𝜙g from the relationship (2.2).

∗ We here take the description of the base-fibre structure of non-holonomic dynamical systems with symmetry in
(Bloch 2003).
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Remark 1 The height change ΔhG of the gravity centre G due to steering given in (2.7) is
an approximation. A more accurate modelling of ΔhG with experimental validation is given
in (Zhang et al. 2011). The model of ΔhG given in (Zhang et al. 2011) considers the effect
of the tyre size without using a small angle approximation and the resultant relationship
between ΔhG and s

𝜑
is not linear as shown in (2.7). However, we still use the simplified

model (2.7) to design the trajectory tracking and path-following controllers in Chapter 12
and the results can be readily extended to the realistic steering model in (Zhang et al. 2011).

Remark 2 In (Getz 1995 and Hauser and Saccon 2006), the steering axis is assumed to be
vertical. This assumption simplifies the motorcycle dynamics and neglects a significant geo-
metric stabilization mechanism, which is the ‘motorcycle trail’ (denoted as lt in Figure 2.2a
and discussed in (Cossalter 2002; Fajans 2000; Jones 1970; Lowell and McKell 1982).
The resulting model of the motorcycle dynamics cannot capture the influence of the steering
angle 𝜙 on the roll dynamics when 𝑣rx = 0. Namely, we cannot use steering to stabilize the
motorcycle. Such an observation is also pointed out in Åström et al. 2005).

Given the roll angle 𝜑 and the steering angle 𝜙, the camber angle of the front wheel is
approximated as

𝜑f = 𝜑 + 𝜙s
𝜉
. (2.8)

We consider the relationship between velocities of point C2 and the front wheel centre O1.
We write the position vector rO1

= rC2
+ 𝝆C2O1

, where rC2
is the position vector of point C2

and 𝝆C2O1
= liB − rkB = li + rs

𝜑
j − rc

𝜑
k is the relative position vector of G. The angular

velocity of the rear frame is represented as 𝝎 = 𝜑̇i + 𝜓̇k. Thus, we obtain

vO1
= ṙC2

+ 𝝎 × 𝝆C2O1
= (𝑣rx − r𝜓̇s

𝜑
)i + (𝑣ry + l𝜓̇ + r𝜑̇c

𝜑
)j + r𝜑̇s

𝜑
k. (2.9)

2.3.2 Motorcycle Dynamics

We use the constrained Lagrangian method in (Bloch 2003) to obtain the dynamic equation
of the motion of the riderless motorcycle. We consider the motorcycle as two parts: a rear
frame with mass m and a steering mechanism with the mass moment of inertia Js. The
Lagrangian L of the motorcycle is calculated as

L = 1
2

Js𝜙̇
2 + 1

2
mvG ⋅ vG − mg(hc

𝜑
− ΔhG). (2.10)

To calculate the mass centre velocity, we take a similar approach as in (2.9) and obtain

vG = (𝑣rx − h𝜓̇s
𝜑
)i + (𝑣ry + b𝜓̇ + h𝜑̇c

𝜑
)j + h𝜑̇s

𝜑
k.

Plugging the above equations and (2.4)–(2.7) into (2.10), we obtain

L =
Js

2c2
𝜉

𝜎̇
2 + 1

2
m[(𝑣rx − h𝜓̇s

𝜑
)2 + (𝑣ry + b𝜓̇ + h𝜑̇c

𝜑
)2 + h2𝜑̇2s2

𝜑
]

−mg

(
hc

𝜑
−

bltc𝜉
l
𝜎s

𝜑

)
. (2.11)
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Incorporating the constraints (2.6), we obtain the constrained Lagrangian Lc as†

Lc =
Js

2c2
𝜉

c2
𝜑
𝜎̇
2 + 1

2
m

{[(
1 − h

l
𝜎s

𝜑

)2
+ b2

l2
𝜎
2
]
𝑣
2
rx + 𝑣2ry +

2b
l
𝜎𝑣rx𝑣ry +

2bh
l

c
𝜑
𝜎𝜑̇𝑣rx + 2hc

𝜑
𝜑̇𝑣ry + h2𝜑̇2

}
− mg

(
hc

𝜑
−

bltc𝜉
l
𝜎s

𝜑

)
. (2.12)

The moment Ms on the rotating axis is obtained as

Ms =
lt√

1 + (lt∕r)2
(Ffyc

𝜑f
− Ffzs𝜑f

). (2.13)

The detailed calculation of (2.13) is given in Appendix A.
The equations of motion using the constrained Lagrangian are obtained as (Bloch, 2003)‡

d
dt

𝜕Lc

𝜕ṙi
−
𝜕Lc

𝜕ri
+ Ak

i

𝜕Lc

𝜕sk
= − 𝜕L

𝜕ṡl
Cl

ijṙ
j + 𝜏 i

, i, j = 1, … , 4, (2.14)

where 𝜏 i are the external forces/torques, Ak
i is the element of connection A(r, s) at the kth

row and ith column and Cl
ij denote the components of the curvature of A(r, s) as

Cl
ij =

𝜕Al
i

𝜕rj
−
𝜕Al

j

𝜕ri
+ Ak

i

𝜕Al
j

𝜕sk
− Ak

j

𝜕Al
i

𝜕sk
. (2.15)

From state variable 𝜎, from (2.14), we obtain the steering dynamics as

d
dt

(
Js

c2
𝜉

c2
𝜑
𝜎̇

)
−

mgltbc
𝜉

l
s
𝜑
= 𝜏s + Ms. (2.16)

Considering a position feedback control of the steering angle directly, we can reduce the
dynamic equation (2.16) by a kinematic steering system as

𝜎̇ = 𝜔
𝜎
, (2.17)

where the input 𝜔
𝜎

is considered as the virtual steering velocity and given by dynamic
extension

𝜔̇
𝜎
=

c2
𝜉

Jsc
2
𝜑

(𝜏s + Ms) − 2 tan𝜑𝜑̇𝜎̇ +
mgltbc3

𝜉

lJs
s
𝜑
.

Similarly, we obtain the roll dynamics equation

bh𝜎
l

c
𝜑
𝑣̇rx + hc

𝜑
𝑣̇ry + h2𝜑̇ +

(
1 − h𝜎

l
s
𝜑

) h𝜎c
𝜑

l
𝑣
2
rx

−g

(
hs
𝜑
+

ltbc
𝜉

l
𝜎c

𝜑

)
= −bh

l
c
𝜑
𝑣rx𝜔𝜎, (2.18)

† Readers can refer to (Bloch 2003) for the definition of the constrained Lagrangian Lc and also Chapter 5 of (Bloch
2003) for the Lagrange–d’Alembert principle for non-holonomic constrained dynamical systems.

‡ Here the summation convention is used where, for example, if s is of dimension m, then Ak
i

𝜕Al
j

𝜕sk ≡ Σm
k=1Ak

i

𝜕Al
j

𝜕sk .
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longitudinal dynamics equation[(
1 − h𝜎

l
s
𝜑

)
2 + b2𝜎2

l2

]
𝑣̇rx +

b𝜎
l
𝑣̇ry +

bh𝜎
l

c
𝜑
𝜑̇ − 2

(
1 − h𝜎

l
s
𝜑

) h𝜎
l

c
𝜑
𝜑̇𝑣rx

− bh𝜎
l

s
𝜑
𝜑̇
2 = −

[
−2

(
1 − h𝜎

l
s
𝜑

) h
l

s
𝜑
𝑣rx +

2b2𝜎
l2

𝑣rx +
b
l
𝑣ry +

bh
l

c
𝜑
𝜑̇

]
𝜔
𝜎

+ 1
m

Frx −
1

m
√
1 + 𝜎2

(Ffx + 𝜎Ffy) −
1
m

Cd𝑣
2
rx (2.19)

and lateral dynamics equation

b𝜎
l
𝑣̇rx +𝑣̇ry + hc

𝜑
𝜑̇ − hs

𝜑
𝜑̇
2 = −

b𝑣rx

l
𝜔
𝜎
− 1

m
Fry

+ 1
m
√
1 + 𝜎2

(Ffy − 𝜎Ffx). (2.20)

In (2.19), Cd is the aerodynamic drag coefficient.
Let q̇ ∶= [𝜑̇ 𝑣rx 𝑣ry]T denote the generalized velocity of the motorcycle and we rewrite

the dynamic equations (2.18)–(2.20) in a compact matrix form as

Mq̇ = Km + Bm

⎡⎢⎢⎢⎢⎣
𝜔
𝜎

Ffx

Ffy
Frx
Fry

⎤⎥⎥⎥⎥⎦
, (2.21)

where matrices

(2.22)

and

Bm =

⎡⎢⎢⎢⎢⎢⎢⎣

−bh
l

c
𝜑
𝑣rx 0 0 0 0

B
𝜔

− 1
m
√
1 + 𝜎2

− 𝜎

m
√
1 + 𝜎2

1
m

0

−
b𝑣rx

l
− 𝜎

m
√
1 + 𝜎2

1
m
√
1 + 𝜎2

0 − 1
m

⎤⎥⎥⎥⎥⎥⎥⎦
.
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In the above matrix Bm,

B
𝜔
= 2

[(
1 − h𝜎

l
s
𝜑

) h
l

s
𝜑
− b2𝜎

l2

]
𝑣rx −

b
l
𝑣ry −

bh
l

c
𝜑
𝜑̇.

It is clear that the control inputs in (2.17) and (2.21) are the virtual steering velocity 𝜔
𝜎

and
the wheel traction/braking forces Ff and Fr .

2.4 Tyre Dynamics Models

In this section, we discuss how to capture the motorcycle tyre–road interaction. We partic-
ularly present a friction force modelling scheme for motorcycle dynamics (2.21).

2.4.1 Tyre Kinematics Relationships

Figure 2.3 illustrates the kinematics of the tyre–road contact. Let vc = 𝑣cxi + 𝑣cyj + 𝑣czk
and vo = 𝑣oxi + 𝑣oyj + 𝑣ozk denote the velocities of the contact point and the wheel centre in
frame , respectively. We define the longitudinal slip ratio 𝜆s and the lateral sideslip ratio
𝜆
𝛾
, respectively, as

𝜆s ∶=
𝑣cx − r𝜔

𝑤

𝑣cx
, 𝜆

𝛾
∶= tan 𝛾 = −

𝑣cy

𝑣cx
, (2.23)

where 𝜔
𝑤

is the wheel angular velocity and 𝛾 is the sideslip angle.
For the front wheel, the camber angle is defined by (2.8), and the velocity relationship

between C1 and the wheel centre O1 in  is then

𝑣fx = 𝑣fox + r𝜓̇s
𝜑
, 𝑣fcy = 𝑣foy − r𝜑̇f c𝜑, 𝑣fz = 𝑣foz − r𝜑̇f s𝜑. (2.24)

Using the relationships (2.9) and (2.8), we simplify the above velocity calculation and obtain

𝑣fx = 𝑣rx, 𝑣fy = 𝑣ry − r𝜙̇s
𝜉
c
𝜑
+ l𝜓̇ . (2.25)

Fz

φ

ψ

O

C

𝓍

z

y

υc

υc𝓍 υc𝓎 γ

F𝓎

F𝓍

Figure 2.3 Schematic of the tire kinematics
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From the sideslip ratio (2.23) of the rear wheel, we have

𝜆r𝛾 = tan 𝛾r = −
𝑣ry

𝑣rx
= −

𝑣fy

𝑣fx
−

r𝜙̇s
𝜉
c
𝜑
− l𝜓̇

𝑣rx
= tan 𝛾

′

f −
r tan 𝜉c2

𝜑

𝑣rx
𝜔
𝜎
+ 𝜎, (2.26)

where 𝛾 ′f ∶= 𝜙g − 𝛾f and tan 𝛾 ′f = −
𝑣fy

𝑣fx

; see Figure 2.2. We also use relationships (2.4) and

(2.5) in the last step above. Moreover, from (2.2) and the geometry and kinematics of the
front wheel (Figure 2.2), we have

𝜎 = tan𝜙g = tan(𝛾 ′f + 𝛾f ) ≈ tan 𝛾 ′f + tan 𝛾f = 𝜆r𝛾 +
r tan 𝜉c2

𝜑

𝑣rx
𝜔
𝜎
− 𝜎 + 𝜆f 𝛾 .

Therefore, we obtain the relationship between the front and rear wheel sideslip ratios as

𝜆f 𝛾 = 2𝜎 −
r tan 𝜉c2

𝜑

𝑣rx
𝜔
𝜎
− 𝜆r𝛾 . (2.27)

Similarly, we obtain the slip ratio calculation of the front wheel as follows. The longitudinal
velocity of point C1 is calculated as

𝑣f x
𝑤

= 𝑣fxc
𝜙g

+ 𝑣fys
𝜙g

≈ 𝑣rxc
𝜙g

+ (𝑣ry + 𝜎𝑣rx)s𝜙g

= 1√
1 + 𝜎2

[(1 + 𝜎2)𝑣rx + 𝜎𝑣ry].

Then, by the definition (2.23), we obtain the front wheel longitudinal slip ratio

𝜆fs = 1 −
r𝜔f

𝑣f x
𝑤

= 1 − r
√
1 + 𝜎2

(1 + 𝜎2)𝑣rx + 𝜎𝑣ry

𝜔f . (2.28)

2.4.2 Modelling of Frictional Forces

Tyre–road friction force models are complex. Here we focus on modelling of the longitu-
dinal force Fx and lateral force Fy because of their importance in motorcycle dynamics and
motion control.

The tyre–road frictional forces depend on many factors, such as slip and slip angles,
vehicle velocity, normal load and tyre and road conditions. It is widely accepted that the
pseudo-static relationships, namely, the mathematical models of the longitudinal force Fx
and slip 𝜆, and the lateral force Fy and slip angle 𝛾 , are the most important characteristics to
capture the tyre–road interaction. To capture tyre–road friction characteristics, we propose
to approximate the friction forces by a piecewise linear relationship shown in Figure 2.4. Let
F(x) denote the frictional force as a function of independent variable x. The piecewise linear
function F(x) captures the property of the tyre–road forces: when 0 ≤ x ≤ xm, F(x) = kx,
where k is the stiffness coefficient, and when xm < x ≤ xmax, F = (1−𝛼x)Fm

xm−xmax

(x − xm) + Fm,

where 0 ≤ 𝛼x ≤ 1 is a constant that represents the fraction of the force at xmax of the maxi-
mum force Fm. We thus write the force F(x) as

F(x) = k(a1 + a2x), (2.29)
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Unstable

𝓍m

k

o

Fmax

𝓍max

Fs = α𝓍Fmax

x

F(𝓍)

Stable

Figure 2.4 Linear approximation of the tyre–road frictional force F(x)

where

a1 =

{
0 0 ≤ x ≤ xm
(xmax−xm)xm

xmax−xm

xm < x ≤ xmax,
a2 =

{
1 0 ≤ x ≤ xm
−(1−𝛼x)xm

xmax−xm

xm < x ≤ xmax.

With the force model (2.29), we write the longitudinal force as

Fx(𝜆s) = k
𝜆
[a1𝜆 + a2𝜆sign(𝜆s)𝜆s], (2.30)

where the function sign(x) = 1 for x ≥ 0 and −1 otherwise is used to capture both positive
(braking) and negative (traction) forces for Fx(𝜆s). For the lateral force, due to the large
camber angle of the motorcycle tyres, we have

Fy(𝜆eq) = k
𝛾
[a1𝛾 + a2𝛾sign(𝜆eq)𝜆eq], (2.31)

where the equivalent sideslip ratio is

𝜆eq = tan 𝛾eq = tan

(
𝛾 +

k
𝜑

k
𝛾

𝜑

)
≈ 𝜆

𝛾
+

k
𝜑

k
𝛾

tan𝜑.

The values of the longitudinal, cornering and cambering coefficients, k
𝜆
, k

𝛾
, k

𝜑
, depend

on the normal load Fz. Due to the acceleration and deceleration, the normal load Fz often
changes during motion. For front and rear wheels, the normal loads Ffz and Frz are obtained
respectively as

Ffz =
b
l

mg − h
l

m𝑣̇Gx, Frz =
l − b

l
mg + h

l
m𝑣̇Gx, (2.32)

where 𝑣̇Gx is the longitudinal acceleration of the motorcycle at the mass centre G. The rela-
tionship between 𝑣̇Gx and the acceleration of point C2 is obtained as

𝑣̇Gx = 𝑣̇rx − 𝑣ry𝜓̇ − h𝜓̇s
𝜑
− b𝜓̇2 − 2h𝜓̇𝜑̇c

𝜑
.
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The calculation of the above relationship is given in Appendix B. In this chapter, we use the
tyre models in (Sharp et al. 2004) to calculate the dependence of the stiffness coefficients
on the normal load.

2.4.3 Combined Tyre and Motorcycle Dynamics Models

We combine the motorcycle dynamics (2.17) and (2.21) with the tyre dynamics. The con-
trolled input variables are the front and rear wheel angular velocities, namely, 𝜔f and 𝜔r,
respectively, and the steering angle 𝜙. Note that the driving wheel is the rear wheel, and we
can apply only braking for the front wheel, namely, Ffx ≥ 0. For the control system design,
we consider the pseudo-static friction models (2.30) and (2.31), and therefore we write the
longitudinal forces at the front and rear wheels as

Ffx = F1f + F2f𝜆fs, Frx = F1r + F2r𝜆rs (2.33)

and lateral forces

Ffy = F3f + F4f

(
𝜆f 𝛾 +

kf𝜑

kf 𝛾
tan𝜑f

)
, Fry = F3r + F4r

(
𝜆r𝛾 +

kr𝜑

kr𝛾
tan𝜑

)
, (2.34)

where F1i = ki𝜆a1i𝜆, F2i = ki𝜆a2i𝜆sign(𝜆is), F1i = ki𝜆a1i𝜆, F2i = ki𝜆a2i𝜆sign(𝜆is), i = f , r, and
aji𝜆, aji𝛾 , j = 1, 2, are the longitudinal and lateral force model parameters defined in (2.29),
respectively.

Plugging (2.33) and (2.34) into (2.21) and using the relationship (2.27), we obtain

M(q, 𝜎)q̇ = K(q̇, q, 𝜎) + Bu, (2.35)

where input u ∶=
[
𝜔
𝜎

uT
𝜆

]T
, u

𝜆
=
[
𝜆fs 𝜆rs

]T
, matrix

(2.36)

(Km)i is the ith row of matrix K, F34 = F3f + F4f

(
𝜆f 𝛾 +

kf𝜑

kf 𝛾

(
2𝜎 − 𝜆r𝛾

))
, and

(2.37)
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Remark 3 We assume that the motorcycle is rear wheel driven and thus the front wheel
cannot produce any traction force. We consider the following distribution rule for braking
and traction strategy between two wheels. The rear tyre can produce both traction and brak-
ing forces, while the front tyre can only produce braking force. If a braking force is needed,
the front tyre would first be used to brake and produce the amount of braking force needed.
If the needed braking force cannot be fully generated by the front tyre after the slip ratio
reaches 𝜆sm, the rear tyre will then brake to produce the necessary extra braking force.

In Chapter 12, we will develop a trajectory tracking and balancing control for dynamics
(2.35).

2.5 Conclusions

In this chapter, we presented a new nonlinear dynamic model for autonomous motorcycles
for agile manoeuvres. The proposed model is obtained through a constrained Lagrange mod-
elling approach. Comparing with the existing riderless motorcycle models, the new features
of the proposed motorcycle dynamics model are twofold. First we relaxed the assumption
of zero lateral velocity constraints at tyre contact points and thus the model can be used for
agile manoeuvres when wheels run with both large longitudinal slips and lateral sideslips.
Second, we considered the motorcycle tyre models and extended the previously developed
motorcycle dynamics. The control inputs for the proposed motorcycle dynamics are the front
wheel steering angle and the angular velocities for the front and rear wheels. The trajectory
tracking and path following control systems design is based on the new dynamic model and
presented in Chapter 12.

Nomenclature

X, Y , Z A ground-fixed coordinate system.
x, y, z A wheel base line moving coordinate system.
x
𝑤
, y
𝑤
, z
𝑤

A front wheel plane coordinate system.
xB, yB, zB A rear frame body coordinate system.
C1,C2 Front and rear wheel contact points on the ground.
Ffx,Ffy,Ffz Front wheel contact forces in the x, y, z directions.
Frx,Fry,Frz Rear wheel contact forces in the x, y, z directions.
vf , vr Velocity vectors of the front and rear wheel contact points, respectively.
𝑣fx, 𝑣fy Front wheel contact point C1 velocities along the x and y directions,

respectively.
𝑣rx, 𝑣ry Rear wheel contact point C2 velocities along the x and y directions,

respectively.
𝑣f x

𝑤

, 𝑣f y
𝑤

Front wheel contact point C1 velocities along the x
𝑤

and y
𝑤

directions,
respectively.

𝑣X , 𝑣Y Rear wheel contact point C2 velocities along the X and Y directions,
respectively.

𝜔f , 𝜔r Wheel angular velocities of the front and rear wheels, respectively.
𝜈G Velocity vector of the motorcycle frame (with rear wheel set).

www.EngineeringEBooksPdf.com



56 Modelling, Simulation and Control of Two-Wheeled Vehicles

𝛾f , 𝛾r Slip angles of the front and rear wheels, respectively.
𝜆f , 𝜆r Longitudinal slip values of the front and rear wheels, respectively.
𝜑,𝜓 Rear frame roll and yaw angles, respectively.
𝜑f Front steering wheel plane camber angle.
𝜙 Motorcycle steering angle.
𝜙g Motorcycle kinematic steering angle (projected steering angle on the

ground plane).
𝜎 Front kinematic steering angle variable.
m Total mass of the motorcycle rear frame and wheel.
Js Mass moment of rotation of the steering fork (with the front wheel set)

about its rotation axis.
l Motorcycle wheelbase, i.e., distance between C1 and C2.
lt Front steering wheel trail.
h Height of the motorcycle centre of mass.
r Front and rear wheel radius.
𝛿 Rear frame rotation angle from its vertical position.
𝜉 Front steering axis caster angle.
R Radius of the trajectory of point C2 under neutral steering turns.
Cd Aerodynamics drag coefficient.
k
𝜆
, k

𝛾
, k

𝜑
Longitudinal, lateral and camber stiffness coefficients of motorcycle tyres,
respectively.

L(Lc) (Constrained) Lagrangian of the motorcycle systems.

Appendix A: Calculation of Ms

We consider the front wheel centre O1 and the projected steering axis point C3 on the ground
surface. Since the frictional moment is independent of the coordinate system, we set up a
local coordinate system xf yf zf by rotating the coordinate system xyz around the z axis with an
angle 𝜙g (origin at contact point C1). Let (if , if , if )denote the unit vectors along the xf , yf , zf
directions, respectively.

In the new coordinate system, we obtain the coordinates of O1 and C3 as (0, rs
𝜑f
,−rc

𝜑f
)

and (lt, 0, 0), respectively. We write the front wheel friction force vector Ff as

Ff = −Ffxif − Ffyjf − Ffzkf

and the vector rC3C1
= −ltif . The directional vector nO1C3

of the steering axis O1,C3 is then

nO1C3
=

ltif − rs
𝜑f

jf + rc
𝜑f

kf√
l2t + r2

.

Therefore, the friction moment Ms about the steering axis is calculated as

Ms = (rC3C1
× Ff ) ⋅ nO1C3

=
lt√

1 + (lt∕r)2
(Ffyc

𝜑f
− Ffzs𝜑f

).
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Appendix B: Calculation of Acceleration v̇G

Taking the time derivative of the mass centre velocity vG and considering the moving frame
xyz’s angular velocity 𝝎 = 𝜑̇i + 𝜓̇k, we obtain

v̇G =
𝛿vG

𝛿t
+ 𝝎 × vG = (𝑣̇rx − h𝜓̇s

𝜑
− h𝜓̇𝜑̇c

𝜑
)i + (𝑣̇ry + b𝜓̇ + h𝜑̇c

𝜑

−h𝜑̇2s
𝜑
)j + (h𝜑̇s

𝜑
+ h𝜑̇2c

𝜑
)k + (𝜑̇i + 𝜓̇k) × vG

= (𝑣̇rx − 𝑣ry𝜓̇ − h𝜓̇s
𝜑
− b𝜓̇2 − 2h𝜓̇𝜑̇c

𝜑
)i + (𝑣̇ry + 𝑣rx𝜓̇ + b𝜓̇ + h𝜑̇c

𝜑
− h𝜓̇2s

𝜑

−2h𝜑̇2s
𝜑
)j + (𝑣ry𝜑̇ + h𝜑̇s

𝜑
+ b𝜓̇𝜑̇ + 2h𝜑̇2c

𝜑
)k,

where
𝛿vG

𝛿t
denotes the derivative of vG by treating the xyz coordinate as a fixed frame.
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3
Identification and Analysis of
Motorcycle Engine-to-Slip
Dynamics

Matteo Corno and Sergio M. Savaresi
Dipartimento di Elettronica, Informazione e Bioingegneria, Politecnico di Milano, Italy

This chapter presents a method for identifying the engine-to-slip dynamics of motorcycles.
The proposed identification protocol returns dynamic models useful for the design of traction
control systems for powered two-wheelers. After the description of the experimental setup,
the method is presented. The results obtained for a racing motorcycle are used to illustrate the
main features of the method. Two control variables are studied: throttle and spark advance;
for both, step and sweep responses are used. The utility of the method is illustrated by
analysing several aspects: motorcycle benchmarking, road surface and velocity sensitivity.

3.1 Introduction

In the past several years, the automotive industry has greatly benefitted from the mass dif-
fusion of closed loop control systems. Closed loop control systems increase efficiency,
performance, driving pleasure and most of all safety. The success of these systems has been
recognized by legislators: anti-locking systems (ABS) are now compulsory for passenger
cars and active stability control systems will soon follow. Most of these technologies were
born on the racing track, a highly competitive and well-sponsored environment that acts
as a technology showcase demonstrating the potential of these technologies to the public.
The development of these technologies for powered two-wheelers (PTW) started after a
considerable delay, but has been regaining ground in the past few years. Both the market
and the legislator are now aware of the benefits that those systems can bring to PTWs as
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well. In Europe, ABS systems will become compulsory for motorcycles built after 2015.
The initial delay is rooted in technological reasons. The dynamics of single track vehicles
are far more complex than that of four-wheeled vehicles and consequently also the design
of control systems is more complex.

Although the first scientific papers on bicycles and their stability appeared at the end
of the 19th century (e.g. Limebeer and Sharp 2006; Rankine 1869; Schwab et al. 2007),
only in the past few years has the modelling complexity been systematically addressed with
the development of the multibody simulation and modelling approach. Many authors have
developed custom-made simulators (Cossalter and Lot 2002; Hauser and Saccon 2006; Lot
2004; Nehaoua et al. 2007; Sharp et al. 2004; Tanelli et al. 2006) and studied motorcy-
cle stability under different driving conditions. (Limebeer et al. 2001) used a simulator to
analyse vehicle stability under acceleration and braking, both on a level surface and on a
decline or incline. They then improved their simulator, introducing a rider model and focus-
ing on steady turning, stability and design parameter sensitivity in (Limebeer et al. 2002;
Sharp and Limebeer 2004). Another state-of-the-art simulator is Cossalter’s (documented
in Cossalter 2002; Cossalter et al. 1999, 2004a,b). Multibody simulation is well suited to
dynamic modal analysis, but not to control system design. These models are too complex and
require order reduction techniques to be effectively exploited (see Skogestad and Postleth-
waite 2007); and multibody simulators have a large number of parameters that need to be
measured or evaluated, which makes validation of the model expensive and time consuming.
The black-box perspective (Ljung 1987) represents a complementary approach: being based
on input-output data, it does not need the identification of specific physical parameters and, if
correctly applied, it automatically returns the minimum complexity model. In this chapter a
black-box identification protocol for the engine to rear wheel slip dynamics of a motorcycle
during straight running is proposed. The protocol can be employed to identify the relevant
dynamics for traction control purposes. The second part of the chapter illustrates the poten-
tial of the method by quantitatively analysing several aspects: the comparison of throttle
and spark advance, the effect of velocity and road surface and the comparison between two
different kinds of motorcycles. The chapter is structured as follows: Section 3.2 presents
the experimental setup. In Section 3.4, the identification method is described in detail. In
Sections 3.4–3.6 the identified dynamics are analysed from several points of view: compar-
ison of different motorcycles, effects of surface differences and velocity sensitivity. Section
3.7 draws some conclusions.

3.2 Experimental Setup

The reference bike is a superbike championship racing motorcycle. It is equipped with
(Figure 3.1):

• An electronic throttle body (ETB), which electronically controls the position of the throt-
tle valve (see Corno et al. 2011).

• An electronic control unit (ECU), which controls the engine spark-advance; the ECU also
logs sensors data. The clock frequency of the ECU is 1 kHz.

• Two wheel encoders, which measure the rotational speed of the wheels. The wheel veloc-
ity is computed with the 1/ΔT algorithm and filtered with the adaptive notch filter pre-
sented in (Corno and Savaresi 2010).
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Figure 3.1 Available actuators and sensors

• An optical velocity sensor, which measures the real longitudinal velocity of the vehicle
chassis with respect to the road.

• An inertial measurement unit (IMU) located near the vehicle centre of mass, which among
other signals, measures the longitudinal acceleration.

The rolling radius of the wheel is estimated through coasting down tests. The test consists
of a declutched deceleration from high speed. In these tests, the wheel slip can be assumed
to be null; the braking is due to aerodynamic drag and rolling friction. The true velocity,
measured with the optical sensor, can be used to calibrate the rolling radii according to the
following minimizations:

rf = argmin
rf

∫

t1

t0

|𝜔f rf − 𝑣true|dt

rr = argmin
rr

∫

t1

t0

|𝜔rrr − 𝑣true|dt

where rf , rr are the rolling radii of the front and rear wheel, respectively, 𝜔f , 𝜔r are the
corresponding wheel rotational speeds and 𝑣true is the ‘true’ vehicle longitudinal speed. The
optimization is done over the whole coasting-down manoeuvre. This approach has an advan-
tage over the direct measurement of the rolling radius. The vertical component (lift) of the
aerodynamic forces as well as the centrifugal effect on the tyre generate radial forces that
deform the tyre at high velocity. The estimation method accounts for these effects.

3.3 Identification of Engine-to-Slip Dynamics

In this section, the problem of estimating the engine-to-slip dynamics is considered. An
input/output (I/O) approach is used. The output variable is the longitudinal slip 𝜆 of the rear
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wheel, defined as:
𝜆 = 𝜔 r − 𝑣

𝜔 r
(3.1)

where𝜔 and r are the rotational speed and rolling radius of the rear wheel, respectively, and 𝑣
is the longitudinal vehicle speed. The longitudinal slip of the rear wheel is the natural output
variable, since the traction force directly depends on it. The input variables are the throttle
position and the spark advance. They both affect engine torque, and can be easily modulated
by the engine ECU. Another input variable considered in some cases is the inhibition of the
ignition spark in one (or more) cylinders; this variable however provides a very raw torque
control. This approach is in fact being abandoned by all racing teams and manufacturers.

When dealing with the throttle, it should be pointed out that the throttle is a servo-
controlled mechanism and the control variable is the requested throttle position. The
influence of the servo-loop dynamics of the throttle will be discussed later.

The identification method is illustrated around a single well-defined working condition:
in-plane conditions (null roll angle), second gear, 14,000 rpm, dry asphalt.

In order to identify the slip dynamics, two kinds of excitations are used: multi-frequency
sinusoidal signals (also known as ‘frequency sweeps’) and step variations. Both tests are
performed on a long (3.5 km) straight dry asphalt patch; the test rider brings the motorcycle
to a given constant engine speed in a given gear. After steady-state condition is reached, the
test is trigged with a button: the ECU completely overrides the driver command, and the
excitation signal is applied around the neighbourhood of the initial condition. This experi-
ment is repeatable and provides the real dynamic behaviour of the motorcycle (and rider), on
a real test track (on the other hand, test rig experiments are more useful for studying specific
components).

In Figure 3.2, two examples of frequency sweep (from 0 to 12 Hz) experiments are dis-
played. The overall I/O behaviour is significantly nonlinear; this is particularly true when
using the spark advance. The nonlinearity of the response is better analysed in Figure 3.3
where the spectrograms (Oppenheim and Schafer 1989) of the two responses are plotted. The
spectrograms show the frequency components of the signal as a function of the instantaneous
excitation frequency.

From the spectrograms, the nonlinearity of the response shows as high-order harmonics.
It is possible to identify three zones:

• Zone I, in the range [0–2.5 Hz] the response is essentially linear, only the first harmonic
is present in the signal.

• Zone II, in the range [2.5–8 Hz] the response is determined by three harmonics. This is
the range where the dynamics are mostly nonlinear.

• Zone III, in the range [8–12 Hz] the power of the third harmonic diminishes and the
response is determined by two harmonics.

The stronger nonlinear behaviour of the spark advance dynamics is also manifest in the
greater residual power outside the third harmonic that this response exhibits.

Due to the highly nonlinear nature of the system, the choice of the class of mathemat-
ical models to be employed is non-trivial. Here, an extension to higher harmonics of the
describing function approach is proposed (see e.g. Gelb and der Velde 1968; Williamson
1976); by ‘slicing’ the frequency sweep and by looking at a single frequency at a time, it
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Figure 3.2 Example of a throttle sweep and spark advance sweep experiment. From top to bottom:
requested throttle, rear wheel slip, spark advance, rear wheel slip
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Figure 3.3 Spectrograms of the rear wheel slip throttle sweep experiment (top), spark-advance
sweep experiment (bottom). Adapted from (Corno and Savaresi 2010), reproduced with permission
from Elsevier

is possible to extract information on amplification and phase shift of each harmonic using
Fourier transforms. Essentially, if an input signal u(t) = sin(𝜔 t) is considered, the output
signal is written as

y(t) ≈
N∑

i=1
Ai(𝜔) sin(i 𝜔t + 𝜓i(𝜔)) (3.2)

where Ai(𝜔) and 𝜓i(𝜔) are the amplitude amplification and phase shift of the i-th harmonic
and N is the number of harmonics that are taken into account. If N = 1, then a classical
describing function is obtained. Figure 3.4 graphically depicts the idea.

The model is composed of four elements: a pure delay in series with three harmonic gen-
erators. The first harmonic generator is a classical linear system with frequency response
G1(j𝜔); the second and third harmonic generators are nonlinear systems which, when fed
with a sinusoidal input, generate a sinusoidal output at, respectively, twice and three times
the input frequency; the amplitude and phase lag of the output signal depend on the input’s
frequency. Thus, for each input frequency 𝜔i, the harmonic generators are characterized by

www.EngineeringEBooksPdf.com



Identification and Analysis of Motorcycle Engine-to-Slip Dynamics 65

u = sin (ωt)
{delay}

G1( jω)

G2( jω)

G3( jω)

y1 = A1 (ω)sin(ωt + φ1 (ω))

y(t)y2 = A2 (ω)sin(ωt + φ2 (ω))

y3 = A3 (ω)sin(ωt + φ3 (ω))

1st harmonic generator

2nd harmonic generator

3rd harmonic generator

Figure 3.4 Nonlinear slip dynamics model. Adapted from (Corno and Savaresi 2010), reproduced
with permission from Elsevier

a complex number representing the amplification and phase shift:

G1(j𝜔i) =
Λy(j𝜔i)
Λu(j𝜔i)

G2(j𝜔i) =
Λy(j2𝜔i)
Λu(j𝜔i)

G3(j𝜔i) =
Λy(j3𝜔i)
Λu(j𝜔i)

(3.3)

where Λy and Λu are, respectively, the Fourier transform of the input and the output. G1(j𝜔),
G2(j𝜔) and G3(j𝜔) (which can be regarded as higher-order describing functions) can be
computed numerically from the experiments described in Figures 3.2 and then represented
in a Bode-like diagram. Figure 3.5 depicts the amplification and phase lag for each harmonic,
in the case of a throttle sweep experiment (Table 3.1), as a function of the input frequency.

From Figure 3.5 it is possible to draw the following conclusions:

• The first harmonic dominates the others. The three zones mentioned above are seen in
this representation. Up to input frequencies of 2.5 Hz the magnitudes of the second and
third harmonics are negligible, between 2.5 and 8 Hz both the second and third harmonics
have a significant contribution, while above 8 Hz the third harmonic fades.

• All three harmonics have a resonant behaviour. In particular, the first harmonic has a reso-
nance at around 8 Hz, the second at 7 Hz and the third at 4.5 Hz. The third harmonic shows
the presence of a second resonance right after the first one. The resonant behaviour of the
system is attributed to the elasticity of the transmission; the other resonant phenomena
involved in motorcycle dynamics are pitch and heave (see Cossalter 2002).

Table 3.1 Throttle sweep response identified parameters

harmonics 𝜇 𝜔z 𝜔zr 𝜉zr 𝜔p 𝜔pra 𝜉pra 𝜔prb 𝜉prb

1st 0.079 4.1 Hz X X 1.8 Hz 8.2 Hz 0.27 X X
2nd 0.009 6 Hz 5.5 Hz −0.3 X 5.2 Hz 0.22 7 Hz 0.31
3rd 0.008 −4.7 Hz 6 Hz −0.15 X 4.4 Hz 0.31 6 Hz 0.12
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Figure 3.5 Describing functions up to the third harmonics of the throttle-to-slip dynamics and their
rational approximations. The plots are reported from u to y, that is, the pure delay is also represented
in the phase

The generalized describing functions can be described by rational complex functions of
the form:

G(j𝜔) =
B(j𝜔)
A(j𝜔)

=
b1(j𝜔)n + b2(j𝜔)n+1 + … bn+1(j𝜔)
a1(j𝜔)m + a2(j𝜔)m−1 + … am+1(j𝜔)

, (3.4)

where 𝜔 ∈ ℝ. The parameters ai and bi are determined by solving the following
non-parametric identification problem:

min
b,a

l∑
k=1

𝑤f (k)
||||h(k) − B(𝜔(k))

A(𝜔(k))
||||2, (3.5)

where l is the number of available frequencies,𝑤f (k) is a weight that drives the fitting toward
certain frequencies and h(k) is the experimental frequency response. The identified describ-
ing functions take the form

G1(j𝜔) = 𝜇1

(
j𝜔

𝜔z1
+ 1

)
(

(j𝜔)2
𝜔
2
pr1

+ 2 𝜉pr1

𝜔pr1
(j𝜔) + 1

)(
j𝜔

𝜔p1
+ 1

)
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G2(j𝜔) = 𝜇2

(
j𝜔

𝜔z2
+ 1

)(
(j𝜔)2

𝜔
2
zr2

+ 2 𝜉zr2

𝜔zr2
(j𝜔) + 1

)
(

(j𝜔)2
𝜔pr2a

+ 2 𝜉pr2a

𝜔pr2a
(j𝜔) + 1

)(
(j𝜔)2
𝜔pr2b

+ 2 𝜉pr2b

𝜔pr2b
(j𝜔) + 1

)

G2(j𝜔) = 𝜇3

(
j𝜔

𝜔z3
+ 1

)(
(j𝜔)2

𝜔
2
zr3

+ 2 𝜉zr3

𝜔zr3
(j𝜔) + 1

)
(

(j𝜔)2
𝜔pr3a

+ 2 𝜉pr3a

𝜔pr3a
(j𝜔) + 1

)(
(j𝜔)2
𝜔pr2b

+ 2 𝜉pr3b

𝜔pr3b
(j𝜔) + 1

) .
Notice that the first harmonic generator, thanks to the linearity hypothesis, can be treated

and analysed as a transfer function and can be regarded as a linear approximation of the
throttle-to-slip dynamic. A 10 ms pure delay has been introduced to model the air-box
dynamics.

Figure 3.5 shows the comparison between the experimental describing functions and the
analytical expression in the frequency domain. The identified describing functions are also
validated in the time domain by comparing the measured slip at different frequencies with the
output simulated according to the nonlinear model depicted in Figure 3.4. This validation is
reported in Figure 3.6. The figure exemplifies the advantage of taking into account different
harmonics and confirms that for high frequencies a two harmonic approximation yields good
fitting, while a three harmonic approximations is needed for Zone II.

By looking at the time domain response, it is clear that the nonlinearities are partly due to
the asymmetric behaviour of the system. The slip response to an opening of the throttle is
different from the closing one. Figure 3.7 better describes the phenomenon. The differences
between the rising phase and the falling phase are clear:

• The falling phase starts almost immediately after the throttle starts closing; the raising
phase is delayed. The time span between the zero derivative point of the throttle and the
change in sign of the derivative of the slip is four times longer in the rising phase than in
the falling phase.

• In the rising phase, the rate of change during the raising phase is greater than in the falling
phase.

A physical interpretation can be conjectured. When the slip increases, it does so because
of the torque generated by the engine; in the opposite phase the slip decreases because of
friction and engine braking. The torque generation is located at the engine, while friction
is distributed along the entire transmission and this may motivate the faster reaction to the
closing of the throttle.

A switching linear system captures the observed phenomenon. Two linear systems are
defined, and the switching between them is driven by the throttle reference first derivative:

ẋ(t) = Aix(t) + Biu(t) where Ai = Aopen and Bi = Bopen if u̇(t) > 0
y(t) = Cx(t) Ai = Aclose and Bi = Bclose if u̇(t) ≤ 0

where Aopen, Bopen, Aclose, Bclose and C are linear system matrices in the observability canoni-
cal form. The choice of the observability canonical form enables a smooth transition between
the two systems simply by keeping the state vector unchanged at the switching. The parame-
ters of the two linear models have been identified from the step response experiments, which
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Figure 3.6 Time domain throttle responses at 3.5 Hz (top), 5 Hz (centre) and 9 Hz (bottom). Adapted
from (Corno and Savaresi 2010), reproduced with permission from Elsevier

7.7 7.75 7.8 7.85 7.9 7.95 8 8.05 8.1
−3

−2

−1

0

1

2

3

time [s]

sl
ip

 [%
]

rising phase

falling phase

rising phase

falling phasethrottle

λ

Figure 3.7 Throttle sweep experiment (detail). Adapted from (Corno and Savaresi 2010), repro-
duced with permission from Elsevier
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better isolate the asymmetries. The first harmonic approximation transfer function has been
used as the initial point for the following non-convex optimization problem:

min
𝜇,𝜔z,𝜔p

N∑
k=1

𝑤t(k)
(y(k) − ysim(𝜇, 𝜔z, 𝜔p)

N

)2

(3.6)

where y(k) is the measured slip, ysim(𝜇, 𝜔z, 𝜔p) is the slip simulated with the switched system,
N is the number of samples in the experiment and𝑤t is a weight. Note that only the gain, real
pole and real zero are subject to optimization. The resonant mode is not changed because it is
attributed to the transmission chain dynamics which are assumed symmetric. The obtained
values are summarized in the Table 3.2. Figure 3.8 shows the validation of the switched
model.

The overall fitting is satisfactory. To put the fitting in perspective, consider that wheel slip
is subject to a noise with a peak amplitude of 0.5%. This conclusion is confirmed by the
validation test run on the sweep data. Figure 3.9 shows the response of the switched system
for three different frequencies. The switched system successfully captures the asymmetric
behaviour.

The same identification procedure is applied to the spark advance experiments; the results
are briefly commented. Figure 3.10 illustrates the high-order describing functions and their
rational approximations.

From Figure 3.10 it is possible to note the following:

• The first harmonic dominates the others. The three zones are still present: the spark-to-
slip dynamics is characterized by a faster rise of the second and third harmonics: at 3 Hz
the second and third harmonics are 14 dB lower than the first harmonic in the throttle

Table 3.2 Throttle switched systems identified
parameters

open 0.1027 2.2 Hz 1.5 Hz 8.2 Hz 0.27
close 0.071 4.1 Hz 1.9 Hz 8.2 Hz 0.27
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Figure 3.8 Measured and simulated throttle step responses
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Figure 3.9 Validation of the switched system on a throttle sweep experiment. Detail at 3 Hz (top), at
5 Hz (centre) and 9 Hz (bottom). The plots show the throttle input, the measured slip and two simulated
slips (first harmonic approximation and switched system)

response, the gap being 8 dB in the spark-to-slip dynamics. Similarly, the second har-
monic, at its peak, is 4.6 dB below the first harmonic in the throttle-to-slip dynamics,
whereas the peak in the spark-to-slip dynamics is only 3 dB below. The third harmonic
peak is 9 dB away from the first harmonic in the first case compared to the 6 dB in the
second case.

• The three harmonics show a resonant behaviour. The first harmonic has a resonance at
around 8 Hz, the second at 6 Hz (lower than in the throttle dynamics) and the two reso-
nances of the third harmonics are clearly visible at 3–5 Hz and 5.4 Hz.

The same method for identifying rational describing functions has been adopted in this case,
yielding the same choice of structure and the parameters, as shown in Table 3.3.

In order to model the spark-to-slip dynamics no pure delay is needed. The previously men-
tioned asymmetric behaviour is noted also in the spark-to-slip dynamics; a second switching
linear system is derived to describe this behaviour. Table 3.4 shows the identified parameters
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Figure 3.10 Describing functions up to the third harmonics of the spark advance-to-slip dynam-
ics and their rational approximations. The plots are reported from u to y, i.e. the pure delay is also
represented in the phase

Table 3.3 Spark advance response identified parameters.

1st 0.1069 2.2 Hz X X 1.1 Hz 8.9 Hz 0.42 X X
2nd 0.0127 4.1 Hz 6.2 Hz −0.59 X 4.2 Hz 0.34 6.1 Hz 0.13
3rd 0.0104 X 4.4 Hz −2.25 X 3.5 Hz 0.14 5.4 Hz 0.13

Table 3.4 Throttle switched systems identified
parameters.

open 0.0713 4.2 Hz 2.1 Hz 8.9 Hz 0.42
close 0.1069 4.0 Hz 2.0 Hz 8.9 Hz 0.42

and Figure 3.11 plots a comparison between simulation and measured step data. The two
dynamics differ mainly in the low frequency gain.

As can be appreciated, the fitting in the time domain is satisfactory, although not as good
as in the throttle case.

The identification has been carried out assuming the throttle set point as the input and
the absolute rear wheel slip as the output; the following remarks elaborate upon the conse-
quences of these choices.
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Figure 3.11 Measured and simulated spark advance step responses

3.3.1 Relative Slip

The measurement of absolute slip requires expensive equipment that can be employed only
for testing purposes. Traction control systems cannot rely on the measure of the absolute slip;
as a solution, the relative wheel slip is used. The relative slip is obtained by comparison of
the rear wheel speed with the front wheel speed. This method is based on the hypothesis that
during acceleration the longitudinal slip of the front tyre is null. If the tyre is not slipping
then its velocity provides a good approximation of the vehicle velocity. The relative slip is
computed as:

𝜆r =
𝜔rrr − 𝜔f rf

𝜔rrr
.

The effects of using the relative slip are assessed in Figure 3.12, which shows the exper-
imental first harmonic for the two output variables derived from throttle reference sweep
experiments. The two dynamics are essentially the same. A slight difference in the frequency
range [2, 4] Hz related to the vertical dynamics of the motorcycle is observed. Load vari-
ations on the front wheel cause variation of the rolling radius and introduce a bias in the
estimation of the velocity.
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Figure 3.12 First harmonics approximation of the absolute slip (continuous line) and relative slip
(dashed line) dynamics

www.EngineeringEBooksPdf.com



Identification and Analysis of Motorcycle Engine-to-Slip Dynamics 73

1 10
−70

−68

−66

−64

−62

−60
m

ag
ni

tu
de

 [d
B

]

1 10

−150

−100

−50

0

frequency [Hz]

ph
as

e 
[ ]

requested throttle position −−> slip
actual throttle position −−> slip

Figure 3.13 First harmonics approximation of the controlled (continuous line) and intrinsic (dashed
line) dynamics

3.3.2 Throttle Dynamics

The throttle set point has been used as the input variable because that is the control variable
available to a traction control system. Nevertheless, it is interesting to study the intrinsic
wheel slip dynamics, i.e. the dynamics from actual throttle position to rear wheel slip.
Figure 3.13 shows the first harmonic approximations of the rear wheel slip controlled
dynamics (considering the throttle reference as the input) and the rear wheel slip dynamics
(the dynamics from the actual throttle position). The throttle servo controller introduces a
phase loss in the loop. In particular, at 10 Hz, around 30∘ of phase loss is due to the servo.

3.4 Engine-to-Slip Dynamics Analysis

The proposed identification method has several benefits: it can be easily performed on any
motorcycle equipped with a programmable ECU and does not require specific devices (con-
versely, white-box modelling requires the accurate measurement of many parameters such
as engine map, tyre characteristics, transmission stiffness, etc.). Despite its simplicity, it pro-
vides quantitative analysis useful for both designing traction control systems and comparing
different motorcycles and scenarios.

In this section, a series of example uses of the proposed method are provided. The follow-
ing aspects will be considered: an in-depth quantitative comparison of throttle control and
spark advance control, an example of how the method can benchmark different motorcy-
cles and an analysis of the effect of different road surfaces and speeds on the engine-to-slip
dynamics. Please note that these analyses have been done over a period of years of research.
Each analysis has been carried out on a different motorcycle, and possibly under different
conditions, so the conclusions cannot be cross-analysed beyond what is explicitly stated.
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3.4.1 Throttle and Spark Advance Control

Electronic control of throttle in motorcycles has only been introduced recently, see (Panzani
et al. 2013); before the introduction of such technology, engine torque was (and still is)
mainly modulated by spark advance control. By anticipating or delaying the spark in the
cylinder, it is possible to control the generated torque. This method has advantages and
disadvantages over throttle regulation, in particular:

• Spark advance regulation is possible in all petrol engines. Electronic throttle control needs
extra hardware.

• Spark advance regulation directly influences the engine torque. The effects of spark
advance are seen in the same engine cycle that the variation is applied, while variation of
the throttle takes longer to manifest in terms of torque.

• Optimal operation of the engine requires the spark advance to be in a relatively small
range; if engine torque is regulated via spark advance for a long period, the engine effi-
ciency and life may be affected.

• Spark advance guarantees a smaller modulability than throttle control; that is, at a given
engine speed the torque variation that can be generated by action on spark advance is
limited. Throttle control can reach the engine torque limits.

• Spark advance responses are characterized by stronger nonlinearities than throttle
responses.

The above considerations are valid, but their quantification is not trivial. In this subsection,
the first harmonic approximation method and measured data lead to conclusions relevant to
the design of a traction control for motorcycles. In order to have a better vision of the features
of the dynamics, the first harmonics approximation for the throttle-to-slip and spark-to-slip
dynamics are shown in Figure 3.14, while Figure 3.15 shows the comparison between step
responses.
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frequency gains are normalized to 1
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Figure 3.15 Experimental step responses; comparison between different actuations

The figure points to the following conclusions:

• Both dynamics show the transmission resonance at 8 Hz. The resonance in the throttle-
to-slip dynamics seems less damped because of a coupling with the throttle control loop.
By coincidence, the servo loop cut-off frequency is coupled with the resonance of the
transmission and amplifies it.

• Spark advance is ‘faster’ than throttle action. At 10 Hz, there is a 60
∘

difference in phase:
half of this loss is due to the servo-loop. This observation proves that although torque
control is better achieved by spark advance, the real bottleneck is the transmission. Slip
control through throttle control is indeed achievable.

• Although the spark advance provides a slightly faster actuation, it should also be noted
that the response of the system to spark advance variation is less linear, and therefore
more difficult to model and control.

These conclusions are confirmed by the analysis of the step responses, summarized in Figure
3.15. The response to spark-advance is faster than the response to throttle, but the difference
is not critical. This difference is even smaller in closing dynamics which is more relevant to
safety-oriented traction control.

3.4.2 Motorcycle Benchmarking

The proposed method can be used to quantitatively compare different motorcycles. Here we
show the comparison between a racing bike and a standard road bike. The two motorcycles
are different not only for their physical properties but also in terms of electronic system
architecture. The racing bike has a single programmable ECU on which the throttle servo
loop runs and the hardware that generates the voltage for the spark plug is integrated in
the ECU. The road bike electronic system is more modular and based on a CAN-bus. This
architecture does not support the direct actuation of a desired throttle position; the engine
control unit is torque-based. The desired torque is sent (via CAN at a send rate of 10 ms) to
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Figure 3.16 Step responses to the control variable

the ECU, specifying when the torque command is actuated through throttle or spark advance
(the system documentation refers to these two channels respectively as ASR slow and ASR
fast). Once the torque set point has been received by the ECU, a proprietary control algorithm
generates the throttle set point (or spark) which is then sent (via CAN at a send rate of 4 ms)
to the throttle servo loop (EFI) and architecture is functionally laid out. The CAN bus intro-
duces non-deterministic communication delays; (Tindell et al. 1995). The consequences of
the two architectural choices are shown in Figure 3.16 where two responses to step variation
of the control variable are shown overlaid. The delays affecting the road bike are marked in
the figure; once the torque reference step signal is sent, the throttle reference takes around
22 ms to start rising, and another 8 ms are needed for the throttle to actually start moving.
It is easy to predict that these delays will affect the maximum achievable bandwidth of the
traction control system.

The road bike is affected by another disadvantage. Commercial bike engines are mapped
to meet pollution regulations; this limits the range of variation of the spark advance, to the
point where it is practically impossible to perform the protocol to identify the spark advance
dynamics.

Some remarks are due:

• The road bike’s frequency response is dependable only up to 6 Hz; above that frequency
the signal-to-noise ratio greatly degrades.

• The road bike’s transfer function has a different structure. It has a couple of complex
conjugate poles, a real pole and a couple of complex conjugate zeros at 6 Hz.

• The pure delay affecting the road bike is much longer: 75 ms against 10 ms.
• The road bike’s transmission resonance falls outside the aforementioned frequency limit;

nevertheless it exhibits a resonance at 4 Hz which is due to the vertical dynamics. Appar-
ently the suspensions are less stiff.
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bike (dashed), racing bike (solid). The low frequency gain has been normalized to improve readability

basalt tiles wet polished concrete wet brushed concrete

Figure 3.18 Test ground with three different surfaces

The road bike is, not surprisingly, of lower performance: it has a slower slip response and
it is critically affected by delay (Figure 3.17).
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3.5 Road Surface Sensitivity

The proposed method is also useful for quantifying the dynamic effect of other parameters.
Here the focus is on road conditions. A touring bike was tested on three different road sur-
faces: wet basalt tiles, wet polished concrete and wet brushed concrete (see Figure 3.18).
The resulting Bode diagrams are shown in Figure 3.19.

From the analysis the following can be noted:

• As the surface becomes more slippery, the DC gain of the transfer function increases. The
same torque variation generates a greater wheel slip on slippery surfaces.

• As the surface becomes more slippery, the damping of the transmission mode increases.
• As the surface becomes more slippery, the frequency of the transmission decreases.

These tests offer the possibility of better understanding the role of the transmission dynam-
ics. These experiments shows that the frequency of the transmission resonance is not fixed,
but depends on the road surface. Although this may seem counter-intuitive, one should
consider that the tyre–road surface dynamics add an extra equivalent stiffness to the trans-
mission. The tyre–road interaction effectively changes the over transmission stiffness thus
changing its resonant frequency.
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Figure 3.19 Rear slip transfer functions on different surfaces
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Figure 3.20 Engine-to-rear-slip transfer function (upper) and step responses (lower) performed at
different velocities: 120 km/h (left), 90 km/h (centre), 60 km/h (right)

3.6 Velocity Sensitivity

The final analysis relates to the effect of vehicle velocity on the engine-to-slip dynamics.
The well-known and often employed single-corner model of wheel slip dynamics shows
that the velocity has an effect only on the position of the pole and not on the gain of the
transfer function. The tests performed on a racing motorcycle on dry asphalt and shown in
Figure 3.20 confirm this analysis and enable other observations:

• The velocity mainly affects the damping of the resonance. It is better damped at high
velocity.

• The wheel slip pole variations–that according to the single-corner model should move
toward high frequency as the vehicle decelerates–are completely overcome by the depen-
dency of the transmission resonance on velocity. If anything, the position of the complex
poles that determine the resonance increases with the velocity of the vehicle.

The above considerations underline that the classical single-corner model is not ade-
quate for describing motorcycle traction dynamics, as shown in (Corno et al. 2009) for
braking.
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3.7 Conclusions

In this chapter an engine-to-wheel slip identification protocol has been proposed. The pro-
posed method is based on tests performed in real conditions. The tests are frequency sweeps
and step responses. The data-driven black-box approach yields two models of the dynam-
ics: a simple, first harmonic approximation and a more advanced switched linear model
that can model asymmetries in the response. The first harmonic approximation is a power-
ful method for drawing conclusions useful for the design of traction control systems. The
chapter analyses the following aspects: the differences between slip actuation via throttle and
spark advance control, the response of different motorcycles and electronic architectures, the
effect of different surfaces and velocities.

The proposed analysis opens the way to advanced slip controllers, in which the two control
variables are used in coordination to implement advanced strategies that, for example, can
achieve fine traction control without impeding engine efficiency.
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4.1 Introduction

Modern sports motorcycles possess an impressive combination of power and agility, and are
capable of a truly broad range of manoeuvres.

Producing a high-performance motorcycle prototype entails extensive engineering, before
skilled riders can evaluate the performance and handling qualities of the physical system.
At the engineering stage, virtual prototyping can play an important role. During the past
two decades, a major effort has been made by researchers to obtain ever more accurate and
detailed mathematical models of two-wheeled vehicles. For handling and manoeuvrability
studies, a key role is played by multibody modelling: (Cossalter and Lot 2002; Evangelou
2003; Limebeer and Sharp 2006; Lot and Da Lio 2004; Sharp and Limebeer 2001). Models
are used to explore the dynamic properties of motorcycles including linearization to study
vibration modes under constant-speed and constant-turn-radius conditions (Sharp et al.
2004). Multibody codes and related tools are finding increased use among designers and
engineers interested in improving handling qualities, performance and safety.

Simulation studies determine whether the motorcycle can perform manoeuvring tasks such
as path following with a specified velocity profile. Although open-loop simulation can be
used to analyse automobile handling, a virtual motorcycle rider is needed to stabilize the
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roll mode. Without feedback to provide appropriate steering and throttle/brake inputs, the
simulated motorcycle usually falls quickly. The present contribution focuses on the high-
performance manoeuvring required in racing competitions, providing a selective literature
review and summarizing the authors’ contributions in the field.

Simulation models can be used to explore the maximum performance and minimum
lap time problem for terrestrial vehicles. Strategies for approximating the solution to the
minimum-time problem for cars and motorcycles have been extensively developed. For
instance, the quasi-static strategies developed in (Milliken and Milliken 1995) for appro-
ximating the minimum lap time performance for racing cars have been used since the 1950s.
Although transient behaviour is neglected, the approach of (Milliken and Milliken 1995)
allows the use of detailed racing car models. A more direct attack on the minimum-time
problem for racing car performance is described in (Casanova et al. 2000), where an
optimal control problem involving a seven-degree-of-freedom (7DOF) racing car model is
discretized using a parallel shooting method. The resulting nonlinear programme is solved
by using a sequential quadratic programming algorithm. This work produces both the race
line and the velocity profile, dealing with the dynamic behaviour of the racing car model in
a more complete manner. We also note that (Casanova et al. 2000) provide a comprehensive
review of maximum performance research for cars.

Due mainly to instability issues, the exploration of maximum performance for motorcy-
cle models is more recent. In (Cossalter et al. 1999), optimal control techniques are used to
define and assess a notion of motorcycle manoeuvrability. The cost function uses penalty
functions to address constraints such as the width of the road. Using a combination of penal-
ties, (Cossalter et al. 1999) produce plausible approximate race lines. A more direct attack
on the maximum performance and minimum lap time problem for motorcycles is presented
in (Bertolazzi et al. 2005), which also uses penalty functions to handle inequality constraints.
The optimal solution is found by solving a discretized two-point boundary value problem
expressing the first-order optimality conditions. Symbolic software is used to develop rou-
tines for evaluating the derivatives that occur in the boundary value problem. This strategy
is used to compute an optimal trajectory for a complete race track.

One way to reduce the complexity of the maximum performance problem for motorcycles
is to seek the optimal velocity profile for a given fixed path. Removing from consideration
the selection of the race line, we can focus directly on how various constraints limit the
performance of a motorcycle. This is the approach we describe in this contribution.

We have developed over the years a quasi-steady-state technique for approximating the
velocity constraint and acceleration limits that are in play for the vehicle at each location
along the desired path. With this information to hand, an approximately optimal velocity
constraint is constructed and used to build an approximate motorcycle trajectory. With this
tool available, engineers have the possibility of quantifying the impact that a parameter
modification has on the total time required for the vehicle to traverse a given ground path.
Furthermore, such an approximate optimal velocity profile can be used as a reference for
exploring the aggressive trajectory space of a given multibody motorcycle model, obtained
through the use of a closed-loop control strategy, that is, using a virtual rider.

From a control theory point of view, the manoeuvring control problem for a multibody
motorcycle continues to pose a number of interesting challenges. In the study of motorcycle
handling, closed-loop strategies are necessary since open-loop manoeuvres, typically used
when studying car handling, are not effective.
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Theoretical investigations with simplified motorcycle models (Hauser et al. 2004a, 2005a)
suggest that one may uniquely parameterize every upright motorcycle trajectory in the time
interval (−∞,+∞) by specifying the planar trajectory of the rear wheel contact point. In
(Hauser et al. 2004c), an optimal control strategy was developed for finding a state-input
trajectory of a non-holonomic motorcycle that (approximately) implements a desired planar
trajectory. The developed technique provides a means of parametrizing the trajectories of a
non-holonomic motorcycle by those of a non-holonomic car.

Early theoretical studies for tracking a desired ground path with a (simplified) non-
holonomic riderless bicycle can be found in (Getz 1994; Getz 1995 and Getz and Marsden
1995). This inspired an approach for controlling a multibody motorcycle model along
a specified ground path–see (Frezza and Beghi 2003). The control strategy, detailed in
(Saccon et al. 2004), employs the simplified bicycle model from (Getz 1994) and uses
a model-based predictive control (MPC) paradigm. The roll angle is used as a virtual
control input in place of the steering angle. The strategy has been applied to controlling
various multibody models of scooters and motorcycles, as discussed in (Frezza and
Beghi 2006).

Recent works on the control of the multibody motorcycle may also be found in (Lot and
Cossalter 2006) and (Lot et al. 2007). In the former, a look-ahead strategy is adopted and
two separate control loops are employed to regulate speed and lateral deviation errors. In
the latter, the proposed rider model is composed of two parts. A path planning procedure,
the optimal manoeuvre method (Bertolazzi et al. 2006), is used to compute the reference
ground path and speed to be followed. The reference optimal trajectory is then stabilized
using independent PID loops to control speed and lateral deviation.

A discrete-time optimal linear quadratic regulator with preview approach is adopted in
(Sharp 2007). The reference road information is transformed into a vehicle-based reference
frame, so that they represent the rider’s view of the road. The control problem is then
expressed with respect to this reference frame. Speed control is independent of steering and
body lean control and is achieved using a PI regulation. Of interest is the addition of rider
upper body lean as a control input, together with the usual throttle/brake and steering torque
controls.

A model-based predictive control is also employed in (Massaro and Lot 2010). Arc length
and lateral deviation from the desired path provide a notion of tracking error, much as we pro-
pose in this work. There are, however, significant differences. The desired state-control curve
(the tracking reference) is specified by trimming the vehicle pointwise along the desired
ground path as if it were performing a constant-speed, constant-radius turn at each point.
The resulting curve is not a system trajectory, in contrast to that provided by the dynamic
inversion procedure developed in (Saccon et al. 2012). Note also that the control law in
(Massaro and Lot 2010) is obtained using the linearization about this non-trajectory. This
approach appears to work well for a class of smooth manoeuvres for which that curvature
does not vary too rapidly.

The second part of this chapter presents our contribution to this field, describing a nonlin-
ear control system (the virtual rider) with the capability of driving a multibody two-wheeled
vehicle along a general user-specified ground path with a desired velocity profile.

The virtual rider system rests on three main pillars: (a) a dynamic inversion procedure for
computing a state-control trajectory corresponding to a desired manoeuvring task, (b) an
inverse optimal control strategy for shaping the closed loop dynamics and (c) a manoeuvre
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regulation controller charged with executing the manoeuvre planned in step (a) using the
results of step (b) in the computation of the feedback controller.

The numerical strategy for accomplishing (a) was developed in (Saccon et al. 2012), while
a detailed description of parts (b) and (c) can be found in (Saccon et al. 2013), together with
simulation results of the virtual rider driving a multibody motorcycle model, developed using
a commercial multibody software package. Preliminary versions of this work have been
presented in (Saccon 2006) and (Saccon et al. 2008).

The virtual rider is based on a simplified motorcycle model, the sliding plane motorcycle
(SPM) model, which was developed in (Saccon et al. 2012). This rigid motorcycle model
captures many important aspects of real motorcycle dynamics including sliding and load
transfer, but retains a level of simplicity that makes it suitable for control design purposes.
This rigid motorcycle model is used in the dynamic inversion procedure to map a desired
planar trajectory into a corresponding state-input trajectory. We assume that the rider is
firmly attached to the main body of the vehicle, leaving the discussion on the important
control and configuration effects offered by rider motion for future investigation.

The dynamic inversion procedure, inverse optimal control strategy and manoeuvre regu-
lation controller are all based on this simplified model. The complete multibody motorcycle
model, with state dimension typically greater than 20, is accessed through an interface that
makes it looks like the SPM model from an input–output perspective. The manoeuvre reg-
ulation controller for the SPM model is connected directly to this interface, allowing for
closed loop simulations. The SPM model can be viewed as a nonlinear reduced-order model
of the multibody motorcycle, with the virtual rider being a reduced-order controller.

4.2 Principles of Minimum Time Trajectory Computation

During a race competition, the goal of the rider is to complete each lap in the minimum time.
At each point on the track, the motorcycle is subject to physical constraints that limit the
available acceleration and deceleration. The most important constraint is due to the tyres.
Since the lateral and longitudinal forces that a tyre can produce are coupled, a large lateral
force greatly reduces the available longitudinal force. Additional constraints are mainly due
to the engine, aerodynamics and mass distribution.

Consider first the case in which the motorcycle is moving along a straight line. No lateral
force is needed in this case, and the longitudinal acceleration is limited at low speed by the
maximum longitudinal force that the rear tyre can produce. At high speed, owing to the
presence of increased aerodynamic drag, the longitudinal acceleration limit is determined
instead by the maximum engine torque. In contrast, during a turn, the lateral acceleration
is limited by the maximum lateral force that the tyres can produce. The available engine
torque is not normally a limiting factor, however, since the available longitudinal tyre force
is greatly reduced due to the coupling of lateral and longitudinal tyre forces.

The transition from straight running to cornering must be approached with care. As the
radius of curvature of a turn decreases, the required lateral tyre force increases. Further-
more, the required lateral acceleration (and corresponding lateral tyre forces) is proportional
to the square of the velocity. Consequently, it is easy to enter a turn with so much speed that
the lateral force required for turning far exceeds what the tyres can produce. In that case,
the rider must modify the desired trajectory to avoid losing control of the motorcycle.
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4.2.1 Tyre Modelling

To better describe the longitudinal and lateral tyre force coupling, we briefly describe how
tyre forces are modelled using Pacejka’s magic formula (Pacejka 2002b). The magic for-
mula is a set of equations relating load, slip ratio, slip angle and camber angle, denoted
by Fz, 𝜅, 𝛼 and 𝛾 , respectively, to the longitudinal force, side force and aligning moment.
These equations use a clever composition of trigonometric functions to provide a family of
parameterized functions for fitting empirical tyre data. The original formula developed for
car tyres has become standard in that context. The extension to motorcycle tyres necessitates
substantial changes to accommodate the different roles of sideslip and camber forces in the
two cases (Sharp et al. 2004, Lot 2004).

Tyre forces and moments are produced through a combination of geometry and slip. The
camber angle 𝛾 is the angle between the wheel plane and the line perpendicular to the road
surface. Owing to the shape of a motorcycle tyre, non-zero camber results in a lateral force
called camber thrust. Additional tyre forces and moments are produced by slip between
the tyre and the road surface. Roughly speaking, slip occurs when the velocity vector of
the contact point between tyre and road is different from the velocity vector determined
by the speed and heading of the wheel. The slip angle 𝛼 is the angle between the wheel’s
actual direction of travel and the direction toward which it is pointing, while the slip ratio
𝜅 provides a non-dimensional description of the relative motion between the tyre and the
road surface (Pacejka 2002b). The slip ratio is non-zero when the tyre’s rotational speed is
greater or less than the free-rolling speed.

Magic formula parameter values for a given tyre are used to calculate the steady state
force and moment system for realistic operating conditions. Additional features for mod-
elling dynamic effects are developed in (Pacejka 2002b), but are not discussed here. In the
magic formula scheme, the cases of pure longitudinal slip and pure lateral slip are treated
separately and then combined using loss functions that characterize the reduction of forces
in combined slip.

In pure longitudinal slip, the slip angle 𝛼 and camber angle 𝛾 are set to zero so that the tyre
does not generate any lateral force. The longitudinal force Fx0 in pure slip is then a function
of the slip ratio 𝜅 and the normal load Fz. This function is given by

Fx0(𝜅,Fz) = Dx sin
[
Cx arctan(Bx𝜅 − Ex(Bx𝜅 − arctan(Bx𝜅)))

]
,

where the coefficient functions Bx = Bx(Fz), Dx = Dx(Fz) and Ex = Ex(Fz, sgn(𝜅)), as well
as the constant Cx, shape the response. The longitudinal force increases with increasing
slip ratio 𝜅 up to a maximum longitudinal force, followed by a significant drop. When the
tyre is forced to work beyond the peak, the rider experiences a sudden loss of grip as the slip
dynamics transition from a stable region with positive slope to an unstable region. Physically,
the tyre spins up rapidly under power as the shear force decreases under increasing slip ratio
while the engine torque remains nearly constant.

In pure lateral slip, the slip ratio 𝜅 is set to zero so that the tyre does not generate any
longitudinal force. The lateral force in pure lateral slip, which is a function of the slip angle
𝛼, the camber angle 𝛾 and the normal load Fz, has the form

Fy0(𝛼, 𝛾,Fz) = Dy sin
[
Cy arctan(By𝛼 − Ey(By𝛼 − arctan(By𝛼)))

+C
𝛾

arctan(B
𝛾
𝛾 − E

𝛾
(B

𝛾
𝛾 − arctan(B

𝛾
𝛾)))

]
,
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Figure 4.1 The friction ellipse. The envelope of longitudinal and lateral tyre forces, obtained by
varying the slip ratio 𝜅 and slip angle 𝛼, resembles an ellipse, whence the name derives. The shape
and position of this ellipse depend on the load and camber angle

where Cy, C
𝛾

and E
𝛾

are constant and By = By(Fz, 𝛾), Dy = Dy(Fz, 𝛾), Ey = Ey(𝛾 , sgn(𝛼))
and B

𝛾
= B

𝛾
(Fz, 𝛾).

The longitudinal and lateral tyre forces under combined slip are given by (Sharp et al.
2004)

Fx = Fx0(𝜅,Fz) Gx𝛼(𝛼, 𝜅,Fz)

and
Fy = Fy0(𝛼, 𝛾,Fz) Gy𝜅(𝛼, 𝜅, 𝛾,Fz),

where Gx𝛼(⋅) describes the loss of longitudinal force due to sideslip and Gy𝜅(⋅) describes the
loss of lateral force due to longitudinal slip. For further details, see (Pacejka 2002b).

Longitudinal and lateral forces for a given normal load Fz are illustrated in Figure 4.1. The
envelope of these curves, representing the maximum available traction and cornering forces,
is called the friction ellipse. The shape and position of the friction ellipse change according
to the normal load and camber angle.

4.2.2 Engine and Drivetrain Modelling

The engine supplies the torque needed for controlling the speed of the vehicle. In a modern
motorcycle, the engine torque is transmitted through a chain or a driveshaft to the rear wheel.
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The interaction between the rear wheel and the ground produces a shear force causing the
vehicle to move.

It is common practice to measure the steady-state engine torque on a test bench. This mea-
surement is performed by setting the throttle valve to a fixed position and then modulating the
load torque to achieve a desired engine speed. This gives the steady-state torque for several
load points, that is, for several combinations of throttle opening position and engine speed.
The steady-state torque map is used for simulating the engine in handling and performance
analysis.

Engine torque is transmitted to the rear wheel through a set of gears and a chain. A sim-
ple mathematical description of the drivetrain takes into account inertial properties of the
crankshaft, the main and counter shafts and the rear wheel. The load seen by the engine
depends on factors such as the selected gear and the slip ratio.

Figure 4.2 provides an example of how the engine torque, Figure 4.2(a), is transformed
to the rear wheel torque, Figure 4.2(b), as the gear setting ranges from first to sixth. The
envelope of those curves, given by the bold solid line in Figure 4.2(b), represents maximum
wheel torque versus wheel speed. For a more thorough discussion about this transformation,
see (Hauser and Saccon 2006).

4.2.3 Brake Modelling

Since acceleration at high speed is limited by available engine torque, we might expect a
similar deceleration limitation due to the brakes. In reality, this case does not exist since
modern brake disks, pads and hydraulics are dimensioned so that brakes have virtually no
capacity problem. On a racing motorcycle, the rider can always apply sufficient brake force
to lock the wheels. In high fidelity simulations, brakes are typically modelled as torques
applied to the front and rear wheels.
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Figure 4.2 Engine and equivalent wheel torque curves. The effect of the gearbox is to modify the
torque transmitted to the rear wheel, so that engine power is optimized for different vehicle speeds.
The bold solid curve, which depicts the available rear wheel torque, is the envelope of the equivalent
engine torque curves corresponding to first to sixth gears for a sport motorcycle
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4.2.4 Wheelie and Stoppie

Skilled riders like to show off by performing tricks such as the wheelie and the stoppie in
which the front and rear wheels, respectively, come off the ground. Upon passing the apex
(roughly, the point of maximum curvature of a turn), the racing rider opens the throttle to
accelerate out of the turn. The apex of a corner is the place where the chosen race line
touches the inside edge of the track. Since modern motorcycles possess engines with con-
siderable power and torque, this exit acceleration can result in the front wheel lifting off the
ground. This phenomenon is often observed during professional races such as the Super-
Bike and MotoGP championships. Race wheelies, however, are typically short-lived since
a sustained wheelie requires precise throttle action to precisely control the pitch motion of
the motorcycle. A similar phenomenon, the stoppie, can occur during hard braking when
entering a turn. In that situation, if too much torque is applied to the front wheel, the rear
wheel can lift off the ground.

4.3 Computing the Optimal Velocity Profile for a Point-Mass
Motorcycle

We now describe the basis for estimating the maximum velocity profile for a given path. We
start with a detailed description of the algorithm for a point-mass vehicle.

Consider a smooth curve in the plane, which we wish to traverse in minimum time. Here,
we view the motorcycle as a point mass moving along the curve with velocity 𝑣. Using
a moving frame, the accelerations seen by the point motorcycle are given as a tangential
or longitudinal acceleration 𝑣̇ and a perpendicular or lateral acceleration 𝜎𝑣2. The lateral
acceleration depends on the instantaneous curvature 𝜎 = ±1∕R, where R is the radius of the
osculating circle, that is the second-order tangent to the curve at the current location. As
viewed from above, the sign of 𝜎 is positive when the curve is turning right and negative
when the curve is turning left. The curvature is zero at points where the curve is straight,
that is, R = ∞.

The physics of the point motorcycle is thus described by

m𝑣̇ = flong, (4.1)

m𝜎𝑣2 = flat, (4.2)

where the applied force (flong, flat) is an idealization of the force provided by the motorcycle
tyres interacting with the road surface. As such, the force is required to lie in the friction
ellipse given by (

flong

f max
long

)2

+
(

flat

f max
lat

)2

≤ 1, (4.3)

where f max
long and f max

lat are the maximum longitudinal and lateral forces, respectively. Con-
sistent with our curvature definition, we see that flong and flat act in the forward and right
directions, respectively.

Our goal is to find the velocity profile 𝑣 as a function of the arc length s to traverse a given
curve in minimum time. Normally, we view the velocity 𝑣 as a function of time, not arc
length. To indicate that arc length rather than time is the independent variable, we use a bar
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to indicate that a quantity is an explicit function of s. Thus, a curvature profile is given as
𝜎(s) for s ∈ [s0, s1], whereas the corresponding curvature trajectory 𝜎 as a function of t is
given by 𝜎(t) = 𝜎(s(t)), where s(⋅) is an arc-length trajectory. Restated, our goal is to find
a velocity profile 𝑣(⋅) that minimizes the time that it takes to traverse the curve given by a
curvature profile 𝜎(⋅).

Note that the shape of a curve is determined by its curvature profile 𝜎(⋅). Indeed,
let (x(⋅), y(⋅)) be a smooth arc-length-parameterized curve, where the y axis is oriented
90 degrees in the clockwise direction from the x axis, for example, x pointing north and y
pointing east. Differentiating with respect to s (denoted by ′), the orientation of the unit
length tangent vector can be specified by a smoothly varying heading angle 𝜓(⋅). That is,(

x′(s)
y′(s)

)
=
(

cos𝜓(s)
sin𝜓(s)

)
. (4.4)

Differentiating (4.4), we obtain the arc-length acceleration vector(
x′′(s)
y′′(s)

)
= 𝜓

′(s)
(
− sin𝜓(s)
cos𝜓(s)

)
,

which is perpendicular to the tangent vector. Fitting the osculating circle to the curve, we
obtain

𝜓
′(s) = 𝜎(s), (4.5)

so that the curvature is also the rate at which the curve changes direction with respect to
arc length. Integrating (4.4) and (4.5) from an initial position (x(0), y(0)) and heading 𝜓(0)
shows that there is a three-dimensional family of curves with the same shape. We assume
that the curvature profile 𝜎(⋅) is continuously differentiable so that (x(⋅), y(⋅)) is a C3 curve,
providing a five-dimensional profile (x(⋅), y(⋅), 𝜓(⋅), 𝜎(⋅), 𝜎′(⋅)) that prescribes a portion of
the desired vehicle behaviour.

The motion of the point motorcycle can be described using either a velocity trajectory 𝑣(⋅)
or a velocity profile 𝑣(⋅) since each is uniquely determined by the other when the velocity
is strictly positive. This dependence follows from the fact that ṡ(t) = 𝑣(s(t)) = 𝑣(t) yields an
arc-length trajectory t → s(t) that is strictly monotone increasing and hence invertible.

We find it useful to work in the spatial domain with the arc length s as the independent
variable rather than in the time domain. To this end, using 𝑣̇(t) = 𝑣

′(s(t)) 𝑣(s(t)) and a(s) =
f long(s)∕m, we write the longitudinal dynamics (4.1) as

𝑣
′(s) 𝑣(s) = a(s)

or, suppressing the independent variable s,

𝑣
′ = a∕𝑣 . (4.6)

Combining (4.2) and (4.3), it follows that the input acceleration is constrained by

amin(s, 𝑣) ≤ a(s) ≤ amax(s, 𝑣), (4.7)

where, in this case,

amax(s, 𝑣) = +
f max
long

m

√√√√√1 −

(
𝜎(s)𝑣2

f max
lat ∕m

)2
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and

amin(s, 𝑣) = −
f max
long

m

√√√√√1 −

(
𝜎(s)𝑣2

f max
lat ∕m

)2

.

A dynamic velocity profile satisfying (4.6) must also satisfy

𝑣(s) ≤ 𝑣M(s) (4.8)

for all s, where 𝑣M(⋅) is the maximum velocity profile corresponding to the curvature profile
𝜎(⋅). From (4.2) and (4.3), we see that the maximum velocity at s is given by

𝑣M(s) =

√
f max
lat ∕m||𝜎(s)||

with 𝑣M(s) = +∞ (an extended value) whenever 𝜎(s) = 0 to represent the absence of a limit
on velocity.

We say that 𝑣(⋅) is a feasible velocity profile if 𝑣(⋅) satisfies the differential equation (4.6)
and the constraints (4.7) and (4.8) on the domain of definition of 𝜎(⋅). If 𝑣(⋅) is feasible and
sc satisfies 𝑣(sc) = 𝑣M(sc), then sc must be a stationary point of 𝑣M(⋅) since 𝑣′(sc) = 0 (all
available force is used for lateral acceleration), and if 𝑣′M(sc) is not zero then 𝑣(s) > 𝑣M(s)
for some s near sc violating (4.8). Note that, since 𝜎(⋅) is continuously differentiable, 𝑣′M(s)
is defined at all s such that 𝑣M(s) is finite. In practice, contact points normally occur at local
minimizers of 𝑣M(⋅). A local minimum of 𝑣M(⋅) corresponds to local maximum of |𝜎(⋅)|,
which roughly corresponds to the apex of a turn. A contact point sc can also occur at a local
maximum of 𝑣M(⋅), especially if 𝑣M(sc) is also a local minimum, that is, 𝑣M(⋅) is constant
in the neighbourhood of sc. A curvature profile exhibiting this possibility can be easily
constructed. While the question remains open, it appears that it may be possible to construct
a smooth 𝑣M(⋅) allowing a contact point sc that is an isolated local maximizer of 𝑣M(⋅).

An optimal velocity profile maximizes the velocity at each point along the path while
remaining feasible. This property implies, as occurs in various time optimal problems, that
every value of the optimal applied longitudinal force is either the maximum or minimum
allowed by (4.7) and (4.8), so that the point-mass motorcycle is always either accelerating
or braking as much as possible.

To this end, consider the problem of traversing, in clockwise fashion, the curve depicted
in Figure 4.3 whose curvature profile is shown in Figure 4.4. Clearly, the optimal velocity
profile must touch 𝑣M(⋅) at at least one point since otherwise it would be possible to find a
faster velocity profile. Figure 4.5 depicts the maximum velocity profile 𝑣M(⋅) for the path in
Figure 4.3 together with the optimal velocity profile 𝑣opt(⋅). As noted above, each location sc

such that 𝑣opt(sc) = 𝑣M(sc) satisfies the necessary condition 𝑣′(sc) = 0. Also, when a turn is
sufficiently isolated (for example, turns 1 and 2), the approach involves maximum braking,
while the departure involves maximum acceleration. This observation provides a strategy
for determining the optimal velocity profile.

Suppose that the number of connected regions of local minimizers for 𝑣M(⋅) is finite, with
each minimum region defining a turn. For each turn, we compute a locally optimal velocity
profile as follows. Starting at a local minimizer, we integrate forward with

𝑣
′ = amax(s, 𝑣)∕𝑣 (4.9)
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Figure 4.3 An example test track curve. This x-y plane curve test track, which is to be followed in
clockwise fashion, involves three right turns followed by one left turn

and backward with
𝑣
′ = amin(s, 𝑣)∕𝑣 (4.10)

until the maximum velocity constraint (4.8) is violated. The optimal velocity profile 𝑣opt(⋅)
is then given by the minimum of the local profiles–see Figure 4.5. Switches from maxi-
mum acceleration to maximum braking occur at locations where the locally optimal velocity
profile that is globally optimal changes.

In our example, switches from maximum acceleration to maximum braking occur at
approximately 315 and 548 m. Despite the fact that the track has four well-defined turns, we
see in Figure 4.5 that only three locally optimal velocity profiles are used to determine the
optimal velocity profile. In this example, it turns out that the locally optimal velocity profile
for turn four includes a portion of the locally optimal velocity profile for turn three so
that the turn-three profile is not needed (or is redundant). Indeed, as we integrate equation
(4.10) backward from the turn-four minimum region of 𝑣M(⋅) (starting at, say, 755 m), the
dynamic velocity profile converges to the turn-three minimum region of 𝑣M(⋅) within a
finite distance (at approximately 656 m). We then continue until the maximum velocity
constraint is violated at approximately 496 m. The turn-four locally optimal velocity profile
thus covers both turn three and turn four.

This last feature points to an interesting technical detail. The fact that there is a finite-
distance convergence to the turn-three minimum region implies that the vector field at the
point of convergence cannot be Lipschitz, and indeed it is not. Furthermore, at that point, we
do not have the uniqueness properties that are ensured for a locally Lipschitz vector field.
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Figure 4.4 Curvature profile of the test track curve in Figure 4.3. The curvature is shown as a function
of arc length. The direction of the turns is easily determined by the sign of the curvature (positive for
right turns), indicating three right turns followed by one left turn

Non-uniqueness is reflected by the fact that the trajectory can reach the constraint curve
at many different points, depending on where the trajectory starts off from the constraint
curve. The important point for our purposes is that the curve obtained by integrating (4.10)
backward is the unique curve satisfying the given initial condition. Non-uniqueness would
be an issue if we needed to begin at a local minimizer of 𝑣M(⋅) and integrate (4.10) forwards.
Similar remarks apply to (4.9) with reversed directions.

Suppose now that the point motorcycle is subjected to accelerations of a more general
nature, for example, variable aerodynamic drag. In this case, the form of the constrained
dynamic system is unchanged, satisfying (4.6), (4.7) and (4.8). That is, a feasible velocity
profile satisfies

𝑣
′ = a∕𝑣,

where the available acceleration is constrained according to

amin(s, 𝑣) ≤ a(s) ≤ amax(s, 𝑣),

and the velocity state must satisfy the maximum velocity constraint

𝑣(s) ≤ 𝑣M(s).

As noted above, the maximum velocity profile 𝑣M(⋅) is continuously differentiable at all
points of finite value. The acceleration constraints are continuous in s and 𝑣, 𝑣 → amin(s, 𝑣)
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Figure 4.5 Optimal velocity profile. The optimal velocity 𝑣opt(⋅) (solid) is shown together with the
maximum velocity constraint 𝑣M(⋅) (dashed). The optimal solution touches the maximum velocity pro-
file only at points that locally minimize the maximum velocity profile 𝑣M(⋅). Different shades are used
to depict different locally optimal velocity profiles. Switches from maximum acceleration to maximum
deceleration occur at approximately 315 and 548 m. The transitions from maximum deceleration to
maximum acceleration are, in contrast, smooth

is non-decreasing, 𝑣 → amax(s, 𝑣) is non-increasing, and 𝑣 < 𝑣M(s) implies that amax(s, 𝑣) >
amin(s, 𝑣). We are interested in minimizing

J(𝑣(⋅)) =
∫

s1

s0

ds
𝑣(s)

, (4.11)

subject to the dynamics (4.6) and the constraints (4.6) and (4.7). The cost J(𝑣(⋅)), defined in
(4.11), is simply the time that it takes to go from s0 to s1 using the velocity profile 𝑣(⋅).

Now, it is possible to ride the velocity constraint in regions where

amin

(
s, 𝑣M(s)

)
≤ 𝑣

′
M(s)𝑣M

(
s) ≤ amax(s, 𝑣M(s)

)
by choosing a(s) = 𝑣

′
M(s)𝑣M(s). The condition 𝑣′M(s) = 0 above is a special case. To obtain

the set of locally optimal velocity profiles, we begin in each constraint-riding region and inte-
grate backwards using a = amin(s, 𝑣) and forwards using a = amax(s, 𝑣) until the maximum
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velocity constraint is violated. The optimal velocity profile 𝑣opt(⋅) is then given by the min-
imum of the local profiles.

To be concrete, with aerodynamic drag, the acceleration constraints are offset according to

amax(s, 𝑣) = +
f max
long

m

√√√√√1 −

(
𝜎(s)𝑣2

f max
lat ∕m

)2

− bmin𝑣
2

and

amin(s, 𝑣) = −
f max
long

m

√√√√√1 −

(
𝜎(s)𝑣2

f max
lat ∕m

)2

− bmax𝑣
2
,

where bmin and bmax model the minimum and maximum available drag (for example, bmin =
𝜌cDA∕2, see below). The variable drag coefficient b ∈ [bmin, bmax] models the extent to
which the rider can modulate the drag force through body posture. We thus see that bmin
corresponds to the streamlined stance used during acceleration and on high-speed straights,
whereas bmax corresponds to a higher drag upright stance used when braking during the
approach to a turn. Note that, in this case, a local minimum of 𝑣M(⋅) is no longer a possible
contact point for 𝑣opt(⋅) and 𝑣M(⋅).

Figure 4.6 shows the optimal velocity profile when variable aerodynamic drag is included.
Note the loss of the symmetry that is present when there is no aerodynamic drag. Also, since
the presence of aerodynamic drag allows for greater deceleration, the switching points occur
further down the track at approximately 327, 553 and 676 m. In this case, all four locally
optimal velocity profiles are used to determine the optimal velocity profile. Surprisingly for
the drag parameters we use, the time to traverse the 900 m course is slightly shorter than
in the no-drag case. Figure 4.7 compares the optimal velocity and acceleration trajectories
resulting with and without aerodynamic drag.

When the number of contact regions is finite, the number of acceleration switches is also
finite so that 𝑣′opt(⋅), hence 𝑣̇opt(⋅), is piecewise continuous. In the above examples, the no-
drag case possesses two points of discontinuity, whereas the case with aero drag possesses
three, as can be seen in Figures 4.5 and 4.6.

4.3.1 Computing the Optimal Velocity Profile for a Realistic Motorcycle

The algorithm for computing the optimal velocity profile for a point-mass motorcycle
provides a framework for estimating optimal velocity profiles for more comprehensive
motorcycle models. More comprehensive models possess additional states (including roll
angle and rate) and are subject to more complicated constraints than the simple point-mass
motorcycle above. We thus need to manage this additional complexity to evaluate the point-
wise (in space s) maximum velocity as well as the minimum and maximum acceleration
functions. The strategy we have developed is to use a quasi-steady-state approach where
the basic idea is to compute quantities as if some of the system states were in steady state.

The algorithm for computing the optimal velocity profile described in the previous sub-
section can be viewed as providing a quasi-steady-state trajectory for a motorcycle model
subject to acceleration constraints that are independent of the roll angle. The quasi-steady-
state approach that we discuss in (Hauser and Saccon 2006) is based on the idea that we can
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Figure 4.6 Optimal velocity profile with variable aerodynamic drag. The optimal velocity 𝑣opt(⋅)
(solid), when aerodynamic drag is present, is shown together with the velocity constraint 𝑣M(⋅)
(dashed). The loss of symmetry is due to the presence of the aerodynamic drag force. Also, points
of contact between the optimal velocity profile and the maximum velocity profile no longer occur at
local minimizers of 𝑣M(⋅). As before, different shades are used to depict different locally optimal veloc-
ity profiles. Switches from maximum acceleration to maximum deceleration occur at approximately
327, 553 and 676 m
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Figure 4.7 Changes in the optimal velocity profile due to aerodynamic drag. (a) shows the longitudi-
nal velocity (upper) and the corresponding acceleration trajectory (lower) for the point-mass vehicle
when no aerodynamic drag is present, while (b) shows the longitudinal velocity (upper) and accel-
eration (lower) for the point-mass vehicle subject to aerodynamic drag. Periods of acceleration and
braking are shown with a lighter and darker shade, respectively
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obtain a good estimate of the optimal roll angle by assuming that the vehicle is following the
desired path with zero roll angle acceleration. It is lear that the quasi-steady-state roll trajec-
tory obtained in this fashion is not a dynamic trajectory, nevertheless the quasi-steady-state
roll angle provides a reasonable estimate of the dynamic roll trajectory as our experience
suggests. A typical comparison between the quasi-steady-state and actual roll trajectories is
presented in Figure 4.8.

Upon further examination, the dynamic roll trajectory appears to be a filtered version of the
quasi-steady-state roll trajectory. This relationship can, in fact, be made precise, as shown
in (Hauser et al. 2004b, 2005b). Indeed, it can be shown that the dynamic roll trajectory is
approximated by a non-causal low-pass filter that depends on the required lateral acceler-
ation trajectory. In particular, the dynamic roll trajectory is close to the quasi-steady-state
roll trajectory when the variation of the quasi-steady-state roll trajectory is slow relative to
this low-pass filtering.

To determine whether more realistic constraints involving tyre forces, wheelie and so on
are satisfied when a manoeuvre is performed by the complex motorcycle model, we develop
a method for evaluating the interaction forces between the vehicle and the ground, whose
details are described in (Hauser and Saccon 2006). The result is that, for a specific loca-
tion s, with curvature 𝜎(s) and velocity 𝑣x, we can compute the maximum and minimum
acceleration functions amax(s, 𝑣x) and amin(s, 𝑣x). The maximum acceleration is obtained by
increasing the rear wheel longitudinal force up to the point where the front or rear tyre
forces violate the friction ellipse constraint or when the longitudinal force corresponding to
the maximum engine torque is reached. The minimum acceleration function is computed in
a similar fashion, assuming the rear wheel longitudinal force to be zero and increasing the
braking force while checking the tyre and stoppie constraints. As previously mentioned, the
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Figure 4.8 Approximation of the roll trajectory. The quasi-steady-state roll trajectory (dashed)
approximates the dynamic roll trajectory (solid) satisfying the equations of motion
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maximum breaking force is not a real limitation for a modern racing motorcycle, since the
rider can always apply enough braking torque to lock the front wheel.

The computation of the optimal velocity profile is accomplished in much the same way
as for the point mass vehicle. As before, the integration is performed with respect to the
arclength s rather than time. A finite number of points s1,… , sN on the track are chosen.

The algorithm then has the following form:

1. At the current position sk, the velocity is 𝑣 = 𝑣(sk) and the curvature is 𝜎 = 𝜎(sk).
2. Trim the vehicle at constant velocity 𝑣 and curvature 𝜎 obtaining the steady-state roll

angle 𝜑ss together with the interaction forces between the tyres and ground.
3. Holding 𝜑 at 𝜑ss, let F

r

T (sk) be the largest longitudinal rear force Fr
T satisfying:

(a) tyre constraints: the longitudinal and lateral forces of the front and rear wheels
remain within the respective friction ellipses;

(b) engine constraint: the longitudinal force to be produced by the rear tyre can be
generated by the engine;

(c) wheelie constraint: normal load on the front tyre has to be greater than or equal to
zero.

4. Define amax(sk, 𝑣) ∶= 𝑣̇T , where 𝑣̇T is the longitudinal acceleration corresponding to the
maximum lateral force F

r

T (sk). Propagate the velocity profile using

𝑣(sk+1) = 𝑣(sk) + (sk+1 − sk) ⋅ amax(sk, 𝑣(sk))∕𝑣(sk).

5. If the maximum velocity curve is reached (or exceeded) proceed to Step 6. Otherwise,
set k = k + 1 and go to Step 1.

6. Find the next local minimum of the maximum velocity curve, occurring at the location
sj. Set 𝑣(sj) = 𝑣max(sj). Also, set k = j for future use.

7. At the current position sj, the velocity is 𝑣 = 𝑣(sj) and the curvature is 𝜎 = 𝜎(sj).
8. Trim the vehicle at constant velocity 𝑣 and curvature 𝜎, obtaining the steady-state roll

angle 𝜑ss together with the interaction forces between tyres and ground.

9. Holding 𝜑 at 𝜑ss, let −F
f

T (sj) be the largest decelerating longitudinal front force −Ff
T

satisfying:
(a) tyre constraints: the longitudinal and lateral forces of the front and rear wheels

remain within their respective friction ellipses;
(b) stoppie constraint: normal load on the rear tyre has to be non-negative.

10. Define amin(sj, 𝑣) ∶= 𝑣̇T , where 𝑣̇T is the longitudinal acceleration corresponding to

the decelerating lateral force F
f

T (sj). Propagate the velocity profile backwards using
𝑣(sj−1) = 𝑣(sj) − (sj − sj−1) ⋅ amin(sj, 𝑣(sj))∕𝑣(sj), saving for comparison all previously
computed values of 𝑣(sj−1).

11. If the presently determined velocity 𝑣(sj−1) exceeds a previously computed velocity
(signifying intersection), take 𝑣(sj−1) to be the lower of the two and proceed to step 1
(using the k set in Step 6). Otherwise, set j = j − 1 and go to Step 7.

Note that we have omitted the obvious exits or jumps that would be taken whenever we run
off the end of the track in the forward or reverse directions. As for the point-mass motorcycle,
the optimal velocity profile (estimate) is given by the minimum of the local optimal velocity
profiles.
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4.3.2 Application to a Realistic Motorcycle Model

For the sake of illustration, consider a track composed by a simple chicane. The curvature
of the chicane used in our example is shown Figure 4.9, where a change of sign in 𝜎 can be
seen. In the same figure, we report the velocity profile computed with the quasi-steady-state
method as well as the velocity profile followed by a multibody motorcycle model driven
by the virtual rider (dashed line) that we will describe in the second part of this chapter.
The lateral acceleration reaches 1 g at the apex of the turns with a corresponding roll angle
of 45∘.

There is good agreement between the roll angles obtained during dynamic simulation and
the quasi-steady-state method. The roll angles are shown in Figure 4.9, together with the
longitudinal acceleration profiles.
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Figure 4.9 Comparison between quasi-steady-state and dynamic simulation through a chicane
manoeuvre. (a) velocity profile computed with the quasi-steady-state method (solid) and dynamic
simulation with the virtual rider (dashed); (b) acceleration profiles obtained with the quasi-steady-
state method (solid) and simulation (dashed); (c) roll angle profile obtained with the quasi-steady-state
method (solid) and simulation (dashed); and (d) required curvature profile given as input to the quasi-
steady-state method (solid) and that produced by the simulated multibody motorcycle (dashed)

www.EngineeringEBooksPdf.com



Virtual Rider Design: Optimal Manoeuvre Definition and Tracking 101

When using the quasi-steady-state method, it is possible to transition instantaneously from
acceleration to braking. In contrast, when working with a model that includes the suspension
dynamics, it takes time to transition from an acceleration posture in which the rear suspen-
sion is more compressed to a deceleration posture in which the front suspension is more
compressed. During this load-transfer transient, the normal force at the front tyre may be
such that the available braking force is temporarily less than the ideal force predicted by the
quasi-steady-state method. Race pilots use a combination of suspension setup and rider skill
to manage such load-transfer effects.

The interaction forces between tyres and ground predicted by the quasi-steady-state
method and obtained through a dynamic simulation are shown in Figure 4.10. As in the
case of Figure 4.9, there is a good agreement between predicted and simulated forces.
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Figure 4.10 Quasi-steady-state and dynamic tyre forces. (a) and (b) show the longitudinal tyre forces
computed with the quasi-steady-state method (solid) and those obtained by simulation with the virtual
rider (dashed); (c) and (d) show the quasi-steady-state (solid) and dynamic (dashed) lateral tyre forces;
(e) and (f) show, for the same manoeuvre, the normal forces computed with the quasi-steady-state
method (solid) and those obtained by dynamic simulation (dashed)
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Observable differences occur during the transition from acceleration to braking due to
suspension dynamics that are neglected in the quasi-steady-state computation.

4.4 The Virtual Rider

The remainder of this chapter is dedicated to describing the basic principles on which the
virtual rider used in the previous section is based. Further details can be found in (Saccon
et al. 2012; 2013) and references therein.

The virtual rider is based on a simplified motorcycle model, the sliding plane motorcycle
(SPM) model. This rigid motorcycle model is used in a dynamic inversion procedure to
map a desired planar trajectory into a corresponding state-input trajectory. Given such a
state-input trajectory a manoeuvre regulation controller for the SPM model is designed with
desired closed loop response. The manoeuvre regulation controller for the SPM model is
then connected to a complete multibody motorcycle model through an interface that makes
this look like the SPM model from an input–output perspective, allowing for closed-loop
simulations.

4.4.1 The Sliding Plane Motorcycle Model

The SPM model is an idealized reduced-order motorcycle model, inspired by Getz’s non-
holonomic bicycle model (Getz and Marsden 1995). The SPM model differs from Getz’s
model in the way contact between tyres and ground is modelled. While Getz’s model
assumes non-holonomic contact, the SPM model includes a more realistic tyre–ground
interaction model, accounting for lateral sliding and normal load. Our experience in
developing a closed-loop strategy based on a simplified model to control a multibody
two-wheeled vehicle, reported in (Saccon 2006 and Saccon et al. 2008), indicates that the
modelling of lateral sliding in the simplified model is important for achieving satisfactory
tracking results at high speed (greater than 30 m/s) with the complex multibody vehicle.

The SPM is a mechanical system made of a single rigid body. This rigid body makes
contact with the ground at two points that are an idealization of the contact points of front
and rear wheels on a real vehicle. We find it convenient to visualize this rigid body as a
rectangular piece of cardboard on which the layout of a “motorcycle” has been depicted, as
shown in Figure 4.11.

Although the SPM model has no steering assembly, a kinematic variable is introduced
to determine the orientation–relative to the main body–of the (massless) front assembly.
This kinematic variable is taken to be an input. This input, together with the angular and
linear velocities of the main body, determines the amount of lateral sliding of the front
tyre, essential for computing the front tyre’s lateral force. The steering assembly rotation
is parameterized using the effective steer angle 𝛿f rather than the steering-shaft rotation
angle 𝛿. The effective steer angle 𝛿f is defined as the angle formed on the ground by vehicle
heading and the intersection of the steering plane with the ground (Figure 4.11).

We suppose that the longitudinal forces on the front and rear tyres can be directly specified,
and are taken to be model inputs. In contrast, the lateral forces are determined using a linear
tyre model, so that the lateral shear force depends linearly on the sideslip angle 𝛼 and the
(wheel) roll angle 𝜑. The normal load Fz also appears in a linear fashion so that the lateral
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Figure 4.11 Generalized coordinates and steering input for the SPM model

tyre force is given by

Fy = (C
𝛼
𝛼 + C

𝛾
𝜑)Fz, (4.12)

for given cornering stiffness C
𝛼

and camber stiffness C
𝛾
.

Considering Figure 4.11, the generalized coordinates describing the configuration of the
vehicle are the position of the point of contact of rear wheel (xr, yr), roll angle 𝜑, and yaw
angle 𝜓 . The control inputs to the model are two. They are the thrust force Fx and effective
steer angle 𝛿f . The generalized coordinates and inputs for the SPM model are written in
short as q = (xr, yr, 𝜑, 𝜓), and u = (Fx, 𝛿f ), respectively. We obtain a second-order control
system of the form q̈ = f (q, q̇, u).

The SPM is a constrained mechanical system. Two holonomic constraints are enforced
to maintain the two contact points at ground height. Those two holonomic constraints are
non-ideal as they restrict the configuration space and they do work, dissipating or increasing
the system’s energy. To our knowledge, non-ideal holonomic constraints are not typically
discussed in classical mechanics books, although they often lead to compact mathematical
models that are suitable for control purposes.

4.5 Dynamic Inversion: from Flatland to State-Input Trajectories

A typical motorcycle manoeuvring task is to traverse a specified ground path using a desired
velocity profile. Together, these determine a desired flatland trajectory (xd, yd)(t), t ∈ [0, T],
with associated velocity 𝑣d(t), course angle 𝜒d(t), acceleration 𝑣̇d(t), curvature 𝜎d(t) and
curvature rate 𝜎̇d(t).

Our goal is to find an upright SPM trajectory that accomplishes the task of following a
desired flatland trajectory. The passage from flatland to state-input trajectory will be denoted
lifting, as we ‘lift’ a planar trajectory to a full state-input trajectory (including roll) of the
dynamic control system.

In (Hauser et al. 2004c), we have discussed a dynamic inversion procedure for a non-
holonomic motorcycle model based on the embedding of its dynamics into an extended
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control system with extra (artificial) inputs that make the system easy to control. In (Saccon
et al. 2012), we have taken the same approach, adding extra control inputs to extend the
under-actuated SPM model into a fully actuated mechanical system that can be made to
follow any desired velocity–curvature profile. The artificial control effort is then optimized
away, leading to a trajectory of the under-actuated rigid motorcycle model that is still con-
sistent with the specified planar trajectory. By saying ‘optimized away’, we mean that the
magnitude of the artificial inputs is reduced to nearly zero by an iterative optimization pro-
cedure that modifies, in a manner to be clarified, the state and input curves.

To provide exact accomplishment of the desired task, we seek roll and heading angle tra-
jectories, 𝜑(⋅) and 𝜓(⋅), and appropriate thrust and effective steering angle inputs, F(⋅) and
𝛿(⋅), to satisfy the SPM dynamics along the desired trajectory,

⎡⎢⎢⎢⎢⎣
𝑣̇d(t)

𝜒̇d(t) − 𝜓̇(t)
𝜑̈(t)
𝜓̈(t)

⎤⎥⎥⎥⎥⎦
= f

𝑣

⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎣
xd(t)
yd(t)
𝜑(t)
𝜓(t)

⎤⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎣
𝑣d(t)

𝜒d(t) − 𝜓(t)
𝜑̇(t)
𝜓̇(t)

⎤⎥⎥⎥⎥⎦
,

[
F(t)
𝛿(t)

]⎞⎟⎟⎟⎟⎠
, (4.13)

with |𝜑(t)| < 𝜋∕2 and |𝛽(t)| = |𝜒d(t) − 𝜓(t)| small. Note that, within this section alone, we
will use F and 𝛿 to refer to the control inputs Fx and 𝛿f . In particular, 𝛿 will refer to the
effective steer angle rather than the steering shaft rotation angle.

4.5.1 Quasi-Static Motorcycle Trajectory

Our strategy for lifting is to use pointwise or nearly pointwise calculations to get an idea of
what the lifted trajectory might look like, and then use trajectory optimization to transform
the idealized into an actual trajectory. The intuition is that when a motorcycle manoeuvres in
a smooth, slowly varying manner, the resulting trajectory stays close to the equilibrium man-
ifold, and that even when there are rapid transitions, the trajectory may still be reasonably
close in function space.

First note that, when the desired ground trajectory is a constant-speed circle, the lifted tra-
jectory is the trim trajectory,𝜑(t) ≡ 𝜑e,𝜓(t) = 𝜒d(t) − 𝛽e, F(t) ≡ Fe, and 𝛿(t) ≡ 𝛿e, obtained
by solving

⎡⎢⎢⎢⎢⎣
0
0
0
0

⎤⎥⎥⎥⎥⎦
= f

𝑣

⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎣
0
0
𝜑e

0

⎤⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎣
𝑣d

𝛽e

0
𝜎d𝑣d

⎤⎥⎥⎥⎥⎦
,

[
Fe

𝛿e

]⎞⎟⎟⎟⎟⎠
, (4.14)

for the unknowns 𝜑e, 𝛽e, Fe and 𝛿e. When 𝑣d(t) and 𝜎d(t) are ‘slowly’ varying, one can
imagine that there is a corresponding slowly varying motorcycle trajectory that is close to
the pointwise (time-frozen) equilibrium curve, 𝜑(t) ≈ 𝜑e(t) and so on.

We seek curves 𝜑(⋅), 𝜓(⋅), F(⋅) and 𝛿(⋅) that approximately satisfy (4.13) for more aggres-
sive ground trajectories. We begin by finding quasi-static roll and sideslip angle trajectories
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𝜑qs(⋅) and 𝛽qs(⋅) that satisfy the accelerated trim condition

⎡⎢⎢⎢⎢⎣
𝑣̇d(t)
0
0
0

⎤⎥⎥⎥⎥⎦
= f

𝑣

⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎣

0
0

𝜑qs(t)
0

⎤⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎣
𝑣d(t)
𝛽qs(t)
0

𝜒̇d(t)

⎤⎥⎥⎥⎥⎦
,

[
F(0)

qs (t)

𝛿
(0)
qs (t)

]⎞⎟⎟⎟⎟⎠
. (4.15)

Assuming that the desired curve is sufficiently regular ensures that (4.15) can be solved for
its four unknowns provided 𝑣̇d(t) is not too large. These regularity conditions are discussed
in detail in (Saccon et al. 2012). In practice, using realistic motorcycle and tyre parameters,
we have found no difficulties in computing solutions for longitudinal accelerations |𝑣̇d| up
to about 1.6 g (exceeding the capabilities of high performance street bikes!).

Using𝜑qs(⋅) and 𝛽qs(⋅), we define the quasi-static state trajectory (qqs(t), vqs(t)), t ∈ [0, T],
as

qqs(t) = (xd(t), yd(t), 𝜑qs(t), 𝜓qs(t))T ,

vqs(t) = (𝑣d(t), 𝛽qs(t), 𝜑̇qs(t), 𝜓̇qs(t))T ,

where 𝜓qs(⋅) and 𝜓̇qs(⋅) are defined to be

𝜓qs(t) = 𝜒d(t) − 𝛽qs(t), 𝜓̇qs(t) = 𝜒̇d(t) − 𝛽̇qs(t).

In practice, 𝜑̇qs(⋅) and 𝛽̇qs(⋅) are obtained by (numerical) differentiation of 𝜑qs(⋅) and 𝛽qs(⋅),
although they may, in principle, be computed using the linearization of (4.15).

At this point, we have little reason to expect that (qqs(⋅), vqs(⋅)) is the state portion of a
trajectory of the SPM motorcycle, as there are four constraints and only two control inputs.
To remedy this deficit, we will simply add two artificial control inputs. In this manner, we
are embedding the SPM dynamics into the extended SPM system⎡⎢⎢⎢⎢⎣

𝑣̇

𝛽̇

𝜑̈

𝜓̈

⎤⎥⎥⎥⎥⎦
= f

𝑣

⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎣
xr

yr

𝜑

𝜓

⎤⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎣
𝑣

𝛽

𝜑̇

𝜓̇

⎤⎥⎥⎥⎥⎦
,

[
F

𝛿

]⎞⎟⎟⎟⎟⎠
+

⎡⎢⎢⎢⎢⎣
0
0

u
𝜑

u
𝜓

⎤⎥⎥⎥⎥⎦
, (4.16)

where the non-physical control inputs u
𝜑

and u
𝜓

have been added to facilitate direct manip-
ulation of 𝜑̈ and 𝜓̈ . Now, since F and 𝛿 affect 𝑣̇ and 𝛽̇ in a rather direct way, we can expect
to find a quasi-static trajectory of augmented inputs Fqs(⋅), 𝛿qs(⋅), uqs

𝜑 (⋅), uqs
𝜓 (⋅), that, together

with (qqs(⋅), vqs(⋅)), constitutes a trajectory of the extended system (4.16). Indeed, for each
time, one solves the first two equations of

⎡⎢⎢⎢⎢⎣
𝑣̇d(t)
𝛽̇qs(t)
𝜑̈qs(t)
𝜓̈qs(t)

⎤⎥⎥⎥⎥⎦
= f

𝑣

⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎣

xd(t)
yd(t)
𝜑qs(t)
𝜓qs(t)

⎤⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎣
𝑣d(t)
𝛽qs(t)
𝜑̇qs(t)
𝜓̇qs(t)

⎤⎥⎥⎥⎥⎦
,

[
Fqs(t)
𝛿qs(t)

]⎞⎟⎟⎟⎟⎠
+

⎡⎢⎢⎢⎢⎣
0
0

uqs
𝜑 (t)

uqs
𝜓 (t)

⎤⎥⎥⎥⎥⎦
(4.17)
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for the quasi-static force and steering, Fqs(t) and 𝛿qs(t), followed by the (trivial) specification
of uqs

𝜑 (t) and uqs
𝜓 (t) using the last two equations. The artificial inputs, uqs

𝜑 (t) and uqs
𝜓 (t), make

up for the difference between the (now specified) quasi-static angular accelerations, 𝜑̈qs(t)
and 𝜓̈qs(t), and the angular accelerations, 𝜑̈ and 𝜓̈ , that would result from applying the input
(Fqs(t), 𝛿qs(t))T at the state (qqs(t), vqs(t)).

4.5.2 Approximate Inversion by Trajectory Optimization

Recall that our goal is to find curves 𝜑(⋅), 𝜓(⋅), F(⋅) and 𝛿(⋅) that satisfy (4.13). We attack
the (approximate) solution of this time-varying system of differential-algebraic equations in
the following manner.

First, we embed the dynamic portion of (4.13) into the extended, second-order system

[
𝜑̈

𝜓̈

]
= f 34

𝑣

⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎣
0
0
𝜑

𝜓

⎤⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎣
𝑣d(t)

𝜒d(t) − 𝜓
𝜑̇

𝜓̇

⎤⎥⎥⎥⎥⎦
,

[
F

𝛿

]⎞⎟⎟⎟⎟⎠
+
[

u
𝜑

u
𝜓

]
, (4.18)

where f 34
𝑣

indicates the vector containing the third and fourth elements of f
𝑣
, and we’ve

ignored the position curve (xd(t), yd(t)) since f
𝑣

does not depend on it. Using state x =
(𝜑,𝜓, 𝜑̇, 𝜓̇)T and inputs u = (F, 𝛿)T and uhg = (u

𝜑
, u
𝜓
)T , this can be written as the time-

dependent control system
ẋ = f (x, u, uhg, t).

Then, encoding the constraint portion of (4.13) into the function

h(x, u, t) =
[

𝑣̇d(t)
𝜒̇d(t) − x4

]
− f 12

𝑣

⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎣
0
0
x1
x2

⎤⎥⎥⎥⎥⎦
,

⎡⎢⎢⎢⎢⎣
𝑣d(t)

𝜒d(t) − x2
x3
x4

⎤⎥⎥⎥⎥⎦
,

[
u1
u2

]⎞⎟⎟⎟⎟⎠
,

we see that (4.13) is satisfied by (the components of) (x(⋅), u(⋅)) if and only if

ẋ(t) = f (x(t), u(t), uhg(t), t)

0 = h(x(t), u(t), t)

0 = uhg(t)

for (almost all) t ∈ [0, T]. The quasi-static trajectory xqs(t) = (𝜑qs(t), 𝜓qs(t), 𝜑̇qs(t), 𝜓̇qs(t))T ,
uqs(t) = (Fqs(t), 𝛿qs(t))T and uqs

hg(t) = (uqs
𝜑 (t), u

qs
𝜓 (t))T , constructed above, satisfies both the

dynamics and the h ≡ 0 constraint, but does not satisfy uhg(t) ≡ 0.
To find a trajectory (x(⋅), u(⋅), uhg(⋅)) that satisfies the dynamics and approximately satisfies

the constraints, we will use a trajectory optimization approach. Indeed, consider the optimal
control problem

min
(x,u,uhg)(⋅)

∫
T
0 l(x(𝜏), u(𝜏), uhg(𝜏), 𝜏) d𝜏 + m(x(T))

s.t. ẋ = f (x, u, uhg, t), x(0) = x0,
(4.19)
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where the incremental

l(x, u, uhg, t) =
1
2
‖(x, u) − (xqs(t), uqs(t))||2Q,R

+ 𝜌

2
[ ‖uhg||2 + ‖h(x, u, t)||2] (4.20)

and terminal
m(x) = 1

2
||x − xqs(T)||2P (4.21)

cost functions, with suitable symmetric, positive definite weights Q, R and P, and a suit-
able penalty 𝜌 > 0, are used to discourage the violation of the equality constraints (h ≡ 0
and uhg ≡ 0) while expressing the belief that there is a suitable trajectory (x(⋅), u(⋅)) near
(xqs(⋅), uqs(⋅)). Taking x0 = xqs(0), we see that (xqs(⋅), uqs(⋅), u

qs
hg(⋅)) provides the required ini-

tial trajectory.
Given that the dynamics described by f are nonlinear and that the convexity properties of

the incremental cost l are complicated due to the presence of h, it is difficult to say much
in advance regarding the nature of solutions to the 𝜌-parametrized optimal control problem.
Within our practical experience, the posed optimal control problem appears to be relatively
easy to solve when the desired flatland trajectory is within the capabilities of the SPM model.

With an approximate solution (x̃(⋅), ũ(⋅)) to the lifting problem (4.19) in hand, we obtain
an actual trajectory of the SPM model by tracking the approximate state-input trajectory

q̃(t) = (xd(t), yd(t), 𝜑̃(t), 𝜓̃(t))T

ṽ(t) = (𝑣d(t), 𝜒d(t) − 𝜓̃(t), ̇̃𝜑(t), ̇̃𝜓(t))T (4.22)

ũ(t) = (F̃(t), 𝛿(t))T

using a time varying trajectory tracking controller. That is, we use a projection operator to
project the curve (q̃(⋅), ṽ(⋅), ũ(⋅)) onto the SPM trajectory manifold to obtain a trajectory
(q(⋅), v(⋅),u(⋅)) that approximately follows the desired flatland trajectory. A suitable time-
varying feedback for the trajectory tracking controller can be obtained by solving a time-
varying LQR problem for the linearization of the system about the approximate (state-input)
trajectory (4.22). At this point, the artificial controls u

𝜑
and u

𝜓
are no longer present, ensur-

ing a true SPM trajectory.

4.6 Closed-Loop Control: Executing the Planned Trajectory

4.6.1 Manoeuvre Regulation

Given a desired manoeuvre regulation task

y
𝜉
(t) = (xr𝜉(t), yr𝜉(t)),

t ≥ 0, the lifted state-control trajectory 𝜉(t) = (x
𝜉
(t), u

𝜉
(t)), t ≥ 0, for the SPM model,

obtained by using the lifting strategy discussed in the previous section, will be written in
expanded form as

x
𝜉
(t) = (xr𝜉 , yr𝜉 , 𝜑𝜉, 𝜓𝜉, 𝑣𝜉, 𝛽𝜉, 𝜑̇𝜉 , 𝜓̇𝜉)T (t),

u
𝜉
(t) = (F

𝜉
, 𝛿
𝜉
)T (t).
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The virtual rider we have developed is based on a manoeuvre regulation control strategy
(Hauser and Hindman 1995, Hindman 1999). With a manoeuvre regulation controller, the
manoeuvring error is defined using an appropriate ‘distance’ between the current state
x(t) and the entire desired state curve x

𝜉
(⋅), rather than just the desired state x

𝜉
(t) at time

t as it would be for a trajectory tracking controller. As a consequence, in the case that
x(t) = x

𝜉
(t − 𝜏), for some 𝜏 > 0, the controller simply uses the delayed version of the

desired input u
𝜉
(t − 𝜏), avoiding the potentially dangerous speed-up phenomenon. In

the following, we present some important aspects of this theory, referring the reader
to (Banaszuk and Hauser 1995; Hauser and Chung 1994; Hauser and Hindman 1995;
Hindman 1999 and Saccon 2006) for further details and results.

In the control of nonlinear systems, it is common and useful to seek out a coordinate
system in which the nature of the problem is clarified and for which the problem is, per-
haps, somewhat easier to solve. For manoeuvre regulation, we will make use of a transverse
coordinate system that is adapted to the desired manoeuvring task.

The first step in obtaining a manoeuvre regulation controller is to specify a longitudi-
nal parametrization for the desired task. For vehicles, it is natural to use an arc length
parametrization

s
𝜉
(t) =

∫

t

0

√
ẋ2r𝜉(𝜏) + ẏ2r𝜉(𝜏) d𝜏 .

For tasks for which the desired velocity of the vehicle is bounded away from zero, the
mapping t → s

𝜉
(t) is invertible. Using the inverse t

𝜉
(s), we obtain the s parametrized curves

for the state x
𝜉
(s) = x

𝜉
(t(s)), input u

𝜉
(s) = u

𝜉
(t(s)) and output (task) y

𝜉
(s) = y

𝜉
(t(s)). We see

that these quantities are related according to

x
𝜉

′(s)𝜈
𝜉
(s) = f (x

𝜉
(s), u

𝜉
(s))

y
𝜉
(s) = h(x

𝜉
(s)), (4.23)

where f is the SPM model dynamics, 𝜈
𝜉
(s) = 𝜈

𝜉
(t
𝜉
(s)) and 𝜈

𝜉
(t) = ṡ

𝜉
(t), and the prime in

(4.23) indicates differentiation with respect to s. Note that, since we are using an arc length
parametrization, the desired path velocity 𝜈

𝜉
(s) is equal to the vehicle velocity component

𝑣
𝜉
(s) of the desired state task x

𝜉
(s). Exploiting this apparent coincidence and with the aim

of reducing the possibility of confusion that may arise from the use of 𝑣 as the transverse
form control input (that we will introduce shortly), we will use 𝜈, 𝜈

𝜉
(s) and so on, to refer

to vehicle velocity objects below.
The next step in the design of a manoeuvre regulation controller is to construct a local

change of coordinates
x → Ψ(x) = (s, 𝑤1,… , 𝑤n−1)

that is valid on a (tubular) neighbourhood of the state-space curve x
𝜉
(⋅) and that satisfies

Ψ(x
𝜉
(s)) = (s, 0,… , 0). We call s the longitudinal coordinate and 𝑤 = (𝑤1,… , 𝑤n−1) the

transverse coordinates. It is useful to partition the coordinate change accordingly, defining
the mapping W ∶ ℝn → ℝn−1 so that[

s

𝑤

]
=
[
𝜋(x)
W(x)

]
= Ψ(x) . (4.24)

Note that n is the state dimension and, for the SPM model, we have n = 8.
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0
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1

r r

ξ

Figure 4.12 Local coordinates around the path. The arclength s of the point having minimum dis-
tance from (xr, yr) and the (signed) distance 𝑤1 of the point P = (xr, yr) from the path can be used as
coordinates to indicate the position of rear wheel contact point about the desired path y

𝜉
(⋅)

For the SPM model, in a neighbourhood of the desired output manoeuvre, y
𝜉
(⋅), we can

parametrize points using[
xr

yr

]
=
[

xr𝜉(s)
yr𝜉(s)

]
+
[− sin𝜒

𝜉
(s)

cos𝜒
𝜉
(s)

]
𝑤1 = Ω(s, 𝑤1), (4.25)

as depicted in Figure 4.12. We have taken the (transverse) displacement to be orthogo-
nal to the (unit) tangent vector (x′

𝜉
(s), y′

𝜉
(s)) = (cos𝜒

𝜉
(s), sin𝜒

𝜉
(s)) with course heading

𝜒
𝜉
(s) = 𝜓

𝜉
(s) + 𝛽

𝜉
(s). The inverse (s, 𝑤1) = Φ(xr, yr) of this map is locally well-defined

around points (s, 𝑤1) satisfying𝑤1𝜎𝜉(s) < 1where 𝜎
𝜉
(s) = 𝜒

′
𝜉
(s) is the curvature of the path

at (xr𝜉(s), yr𝜉(s)). Note that𝑤1 is the signed distance from (xr, yr) to the (locally) nearest point
(which occurs at location s along the manoeuvre) and represents the lateral displacement of
the rear wheel contact point from the desired ground path.

For the SPM model, the local diffeomorphism (s, 𝑤) = Ψ(x) can be constructed using the
inverse maps of Equation (4.25) and taking, as remaining components of the transverse
coordinates, the mapping

𝑤2 = 𝜑 − 𝜑
𝜉
(s), 𝑤5 = 𝛽 − 𝛽

𝜉
(s),

𝑤3 = 𝜓 − 𝜓
𝜉
(s), 𝑤6 = 𝜑̇ − ̇

𝜑
𝜉
(s), (4.26)

𝑤4 = 𝜈 − 𝜈
𝜉
(s), 𝑤7 = 𝜓̇ − ̇

𝜓
𝜉
(s),

with s = 𝜋(x). The transverse coordinates measure the difference between the current state
and desired state along the desired path at position s = 𝜋(x), recalling that 𝜋(x) is the first
component of the diffeomorphism (s, 𝑤) = Ψ(x).

Let x = Γ(s, 𝑤) denote the inverse of (s, 𝑤) = Ψ(x). Using the state-dependent input
transformation u = u

𝜉
(s) + 𝑣, the system dynamics can be written in (s, 𝑤) coordinates as

(cf. Hauser and Chung 1994)

ṡ = 𝜈
𝜉
(s) + f1(s, 𝑤, 𝑣)

𝑤̇ = A(s)𝑤 + B(s)𝑣 + f2(s, 𝑤, 𝑣) (4.27)

where f1(s, 0, 0) ≡ 0 and f2(s, 𝑤, 𝑣) is higher order in (𝑤, 𝑣). We call (4.27) the transverse
form of the systems dynamics.
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The second equation in (4.27) follows easily by noting that 𝑤 = 0 if and only if x ∈ x
𝜉
(⋅)

and that the state-space curve𝑤 = 0 is invariant (giving 𝑤̇ = 0) under the flow of the system
when 𝑣 = 0 (i.e. we stay on x

𝜉
(⋅) by using u

𝜉
(s) when at x

𝜉
(s)). For the first equation, dif-

ferentiate s = 𝜋(x) to get ṡ = D𝜋(x) ⋅ ẋ = D𝜋(x) ⋅ f (x, u) and evaluate with (𝑤, 𝑣) = (0, 0) to
get ṡ = D𝜋(x

𝜉
(s)) ⋅ f (x

𝜉
(s), u

𝜉
(s)) = 𝜈

𝜉
(s); the last equality can be obtained by differentiating

the identity s = 𝜋(x
𝜉
(s)) with respect to s and using (4.23).

A closer look reveals some of the structure of the transverse form. Using 𝑤̇ = DW(x) ⋅ ẋ,
the nonlinear 𝑤̇ dynamics is seen to be

𝑤̇ = DW(Γ(s, 𝑤)) ⋅ f (Γ(s, 𝑤), u
𝜉
(s) +𝑤),

so that (Saccon 2006)

A(s) 𝑤 = DW(x
𝜉
(s)) ⋅ D1f (x𝜉(s), u𝜉(s)) ⋅ Z(s) 𝑤

+ D2W(x
𝜉
(s)) ⋅ (f (x

𝜉
(s), u

𝜉
(s)),Z(s) 𝑤), (4.28)

B(s) 𝑣 = DW(x
𝜉
(s)) ⋅ D2f (x𝜉(s), u𝜉(s)) ⋅ 𝑣, (4.29)

where Z(s) 𝑤 = D2Γ(s, 0) ⋅𝑤. Note the requirement for the second derivative of the coordi-
nate change. The terms D1f (x𝜉(s), u𝜉(s))) and D2f (x

𝜉
(s), u

𝜉
(s))) in the above expression are

those occurring in the standard linearization of the system, evaluated at (x, u) = (x
𝜉
(s), u

𝜉
(s)).

In (Saccon et al. 2013), the matrices A(s) and B(s) for the SPM model (and other planar
vehicles) are computed explicitly.

One key idea in maneouvre regulation, is to restrict the attention to inputs that do not
depend explicitly on time, so that one can eliminate t (in a neighbourhood of the task in
state space) obtaining

𝑤
′ = AT (s)𝑤 + BT (s)𝑣 + fT (s, 𝑤, 𝑣), (4.30)

where AT (s) = A(s)∕𝜈
𝜉
(s), BT (s) = B(s)∕𝜈

𝜉
(s) and fT (s, 𝑤, 𝑣) is higher order in (𝑤, 𝑣). The

systems (4.27) and (4.30) are trajectory equivalent in the sense that relevant trajectories
of each system can be mapped to trajectories of the other. Indeed, each bounded trajec-
tory (𝑤(s), 𝑣(s)), s ≥ s0 of (4.30) gives rise to a (4.27) trajectory (s(t), 𝑤(t), 𝑣(t)), t ≥ 0,
with (s(0), 𝑤(0)) = (s0, 𝑤(s0)); just integrate the scalar differential equation ṡ = 𝜈

𝜉
(s) +

f1(s, 𝑤(s), 𝑣(s)) to determine the strictly increasing s trajectory s(t), t ≥ 0, and write
𝑤(t) = 𝑤(s(t)) and 𝑣(t) = 𝑣(s(t)). Conversely, every bounded trajectory (s(t), 𝑤(t), 𝑣(t)),
t ≥ 0 of (4.27) with strictly positive and bounded ṡ(⋅) (and regardless of how 𝑣(⋅) was
determined!) gives rise to the (4.30) trajectory (𝑤(s), 𝑣(s)) = (𝑤(t(s)), 𝑣(t(s))), where t(s) is
the inverse function of s(t) : t(s(t)) = t, t ≥ 0.

Expressing the transverse dynamics as a differential equation where the longitudinal state
s becomes the independent variable enables the development of a time-invariant control law
for regulating the transverse states 𝑤 to zero. If, for example, the transverse linearization

𝑤
′ = AT (s)𝑤 + BT (s)𝑣 (4.31)

is exponentially stabilized by a (s-varying) linear state feedback 𝑣 = −K(s)𝑤, then the time-
invariant nonlinear state feedback 𝑣 = −K(s)𝑤 will exponentially stabilize the manoeuvre
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x
𝜉
(⋅) for (4.27), (Hauser and Chung 1994). Written in the original coordinates, the nonlinear

feedback
u = k(x) = u

𝜉
(𝜋(x)) − K(𝜋(x))W(x) (4.32)

exponentially stabilizes the manoeuvre x
𝜉
(⋅) for ẋ = f (x, u). Such a K(⋅) might be devel-

oped using an LQR strategy if the transverse linearization is, for example, uniformly or
instantaneously controllable.

A manoeuvre regulation control law can be obtained if a linear feedback 𝑣(s) = −K(s)𝑤(s)
that exponentially stabilizes the transverse linearization (4.30) can be found. Generally
speaking, stability concepts are not applicable on finite intervals, as is the case here
where the path to be followed has length L < ∞. However, if we extend the path using
constant curvature and the task using constant velocity to one of infinite extent, then a
stabilizing controller can be designed. In practice, it is sufficient that the constant-velocity,
constant-curvature tail of the task be long enough that the components (neglecting (xr, yr)
and 𝜓) of the lifted state-control task (x

𝜉
(⋅), u

𝜉
(⋅)) exhibit near-steady-state values as s

approaches L. In that case, AT (L) ≈ A(𝜎,𝜈)
T and BT (L) ≈ B(𝜎,𝜈)

T where 𝜎 = 𝜎
𝜉
(L) and 𝜈 = 𝜈

𝜉
(L)

are the constant terminal curvature and velocity.
For such a task, we can obtain the desired stabilizing K(⋅) by solving the finite horizon,

linear quadratic optimal control problem

minimize
∫

L

s0

𝑤(s)TQ 𝑤(s)∕2 + 𝑣(s)TR 𝑣(s)∕2 ds +𝑤(L)TPL𝑤(L)∕2

subject to 𝑤
′ = AT (s)𝑤 + BT (s)𝑣, 𝑤(s0) = 𝑤0

(4.33)

for (the limiting case) s0 = 0. Here Q = QT and R = RT are arbitrary positive definite matri-
ces (and possibly time-varying) and PL is the positive definite algebraic Riccati equation
solution associated with the time-invariant LQR problem for A(𝜎,𝜈)

T , B(𝜎,𝜈)
T , Q, R. The feedback

solution to (4.33) provides the (space-varying) gain matrix

K(s) = R−1BT
T (s)P(s), (4.34)

where P(s), s ∈ [0, L], is the solution of the differential Riccati equation (DRE)

−P′ = AT
T (s)P + PAT (s) − PBT (s)R−1BT

T (s)P + Q, P(L) = PL . (4.35)

The minimum value (or cost to go) (Anderson and Moore 1989) of (4.33) is V(s0, 𝑤0) =
𝑤

T
0P(s0) 𝑤0∕2. Since the cost in (4.33) is strongly positive definite on the linear space of

homogenous trajectories of the linear dynamics, it is clear that the Riccati solution P(s) is
positive definite for each s ∈ [0, L]. Extending P(⋅) to the infinite horizon using P(s) = PL,
s > L, we obtain a K(⋅) that exponentially stabilizes (the extended version of) the trans-
verse linearization (4.30) as well as the manoeuvring task 𝑤 ≡ 0 for the nonlinear system
in transverse form (4.27).

We emphasize again that the exponential stability property is obtained for every bounded,
uniformly positive definite choice of Q(⋅) and R(⋅). In this fashion, we obtain a feedback
controller where the gain is scheduled (according to the longitudinal state of the system)
and stability is guaranteed. Note, however, that the quality of regulation for the obtained
K(⋅) is strongly affected by the choice of Q and R. One possible way to choose the Q and R
matrices for the SPM model is discussed in the following.
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4.6.2 Shaping the Closed-Loop Response

Our task is to choose the linear quadratic regulator weights (or weighting functions) Q and
R in such a manner that the (space-varying) closed loop system

𝑤
′ =

[
AT (s) − BT (s) K(s)

]
𝑤 (4.36)

has a satisfactory dynamic response (for a desired class of admissible tasks). For instance, it
is essential that the response from reasonable initial conditions𝑤(s0) = 𝑤0 converges to zero
in a manner that is neither too fast nor too slow and that does not result in too large a response
in, for example, the roll 𝜑. Many of these (and other) considerations are driven by the fact
that the system is a mechanical system that cannot be made to move rapidly without exerting
forces that are larger than what can be produced by tyre–road interations. The roll (lean)
angle is limited by similar considerations. Finally, since we are interested in controlling a
more complex multibody motorcycle model, the feedback 𝑣 = −K(s)𝑤 should provide a
regulator that is somewhat robust to modelling errors including parameter mismatch and
unmodelled dynamics such as the intentionally neglected suspension.

Denote with A(𝜎,𝜈)
T , B(𝜎,𝜈)

T the transverse linearization of the SPM model along the trim
trajectory consisting of a circular path of curvature 𝜎 traversed at constant speed 𝑣. In
(Saccon et al. 2013), we have shown that the transverse linearization A(𝜎,𝜈)

T , B(𝜎,𝜈)
T are constant

matrices due to the particular choice of the transverse coordinates.
Our approach is to find, if possible, a (single) positive definite pair Q, R that results in a

satisfactory (linearized LQR) dynamic response over a desired class of constant operating
conditions (trim trajectories). For each constant (𝜎, 𝜈) in the desired set, we want the dynamic
response of the linear system

𝑤
′ =

[
A(𝜎,𝜈)

T − B(𝜎,𝜈)
T K(𝜎,𝜈)

(Q,R)

]
𝑤 (4.37)

to satisfy the chosen performance measures, where K(𝜎,𝜈)
(Q,R) is the constant LQR gain asso-

ciated with A(𝜎,𝜈)
T , B(𝜎,𝜈)

T , Q, R. This Q, R pair is then used to construct K(s) for the chosen
task using (4.34), (4.35) above. Although we do not have a formal justification, our expe-
rience seems to indicate that the s-varying system (4.36) inherits many of the performance
characteristics of the family of constant systems (4.37).

Due to space limitations, we refer the interested reader to (Saccon et al. 2013) for the
details of the inverse optimal control strategy that we have adopted to obtain the Q and R
matrices. The strategy been successful in designing Q and R matrices that are suitable for
a wide range of velocities and lateral accelerations (hence curvatures). As an example, in
Figure 4.13, we report the locus of open and closed loop poles for a sport motorcycle as
the lateral acceleration is varied from zero to 1.2 g, while holding the velocity constant at
𝑣 = 30 m/s. For the entire range of lateral accelerations, the closed loop eigenvalues remain
inside a rather small region of the complex plane, with sufficient damping. A similar root
locus plot with varying velocity shows a similar dynamic response grouping. We remark
that this design heuristic has been used thus far in the development of manoeuvre regulation
controllers for three racing motorcycles and a couple of sport bikes.
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Figure 4.13 Open and closed loop poles using the same Q and R. Open loop poles are reported in
(a), and closed loop in (b). The velocity is held constant at 𝑣 = 30 m/s while the lateral acceleration
is varied from zero to 1.2 g

4.6.3 Interfacing the Maneuver Regulation Controller with the Multibody
Motorycle Model

This subsection describes how the manoeuvre regulation controller can be used to control a
multibody model of a fully articulated motorcycle. To this end, we have used the commercial
multibody code Adams/Car together with the VI-Motorcycle add-on devoted to motorcycle
dynamics simulation (Figure 4.14).

A modern sport motorcycle is composed of a centre subsystem (including frame, engine,
gear box and fuel tank), a rear subsystem (including swing arm and brake callipers), an upper
steering subsystem (including handlebars and upper fork), a bottom steering subsystem
(including lower fork and brake callipers), and front and rear wheel subsystems (includ-
ing tyres, rims, and brake disks). Tyre–ground interaction is modelled using the Pacejka
magic formula tyre model (PAC-MC 1.1). The tyre model (Pacejka 2002a) includes relax-
ation length, providing phase lag between kinematic slip and tyre force (for both longitudinal
slip and sideslip angle).

The aerodynamics is modelled as a drag force parallel to the ground acting at the centre of
pressure in the opposite direction of vehicle’s motion. The motorcycle model includes a tele-
scopic fork suspension at the front and a monoshock (single linkage) suspension at the
rear. The engine is modelled as a massive disk rotating about the crankshaft axis, which
is orthogonal to the vehicle plane of symmetry. Depending on its spinning rate (RPM) and
the opening of the (virtual) throttle valve, the engine provides a torque that is counteracted
by the frame. A motorcycle gearbox is modelled and connected to the engine. The gearbox
includes primary drive gear ratio, first to sixth gear ratios, and secondary drive gear ratio,
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Figure 4.14 The (standard) VI-Motorcycle motorcycle model. The motorcycle is described using
different assemblies stored in a database that can be connected to form a complete vehicle, ready for
dynamic simulations

this last specified by drive and wheel sprocket radii. The secondary drive is composed of a
massless chain, modelled as two nonlinear ‘springs’ attached at the bottom and top of the
drive and wheel sprockets. The rider is modelled as a rigid body that is firmly attached to
the centre assembly: no rider motion is used in this work.

Because the states and inputs of the sliding plane motorcycle (the control design model) are
different from those of the multibody motorcycle (the plant), we need to develop a suitable
interface between the controller and the plant in order for the former to act on the latter as
if it were the control design model.

The input to the controller is obtained by taking measurements of the multibody plant:
roll angle and rate, yaw angle and rate, and rear then the wheel contact point position and
velocity from the multibody vehicle are passed to the controller without further processing.
The rear wheel contact point for the multibody vehicle is the centre of the contact patch that
the (torus-shaped) rear tyre makes with the ground.

The maneouvre regulation controller produces, as output, the thrust force and the effective
steering angle. These are transformed into the plant inputs, steering angle (at the handle bar)
and throttle and brake commands, as follows. To provide a steering command, the effec-
tive steering angle (output) from the controller are transformed using the approximation
cos𝜑 tan 𝛿f = tan 𝛿 (Saccon et al. 2012, Saccon and Hauser 2009).
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The maximum traction force available depends primarily on the current gear ratio and the
engine RPM. During dynamic simulation, the thrust force demand F from the maneouvre
regulation controller is either positive or negative. If the required amount can be generated
by the engine, then the throttle valve is opened accordingly, up to the wide open position,
at which point it saturates. Saturations may also occur in the other direction (as the throttle
command is rolled off) when the desired (negative) braking force F cannot be fully obtained
using engine braking torque. In that condition, brakes are used to provide the additional
required braking force. For simplicity, the braking torque is always applied on the front
wheel. Further details and numerical simulations can be found in (Saccon et al. 2012; 2013).

4.7 Conclusions

We have presented an effective means for exploring aggressive motorcycle trajectories. In
the first part of this chapter, we considered the problem of generating an optimal speed
profile, taking into account the constraints imposed to the maximum acceleration and decel-
eration by the tyres, engine and the possible lifting of the front wheel (wheelie) and rear
wheel (stoppie). In the second part of this chapter, we detailed a reduced-order manoeu-
vre regulation controller for controlling a multibody motorcycle model along the obtained
optimal speed profile.

The manoeuvre regulation controller is based on a simplified motorcycle model, the slid-
ing plane motorcycle model. Dynamics inversion for this simplified model is obtained by
embedding its dynamics into an extended control system by adding two non-physical con-
trol inputs. By optimizing away this additional control effort, we were able to lift a flatland
trajectory into a full state-input trajectory. This trajectory of the sliding plane motorcycle
model is then used in a manoeuvre regulation control system that can drive a multibody
motorcycle model along the desired curvature–velocity profile.

The proposed control strategy has been found to perform well in the presence of unmod-
elled dynamics such as that due to the suspension system, gear shifting and even short-lived
wheelies. This control architecture has been chosen for several reasons. First, the virtual
rider had to be interfaced with commercial multibody software and needed to be applicable
to different types of two-wheeled vehicles (e.g. scooters or motorcycles) with quite different
suspension and drive train systems, for which standard parametric models are not available.
Second, we are sceptical of the notion that excellent tracking results can only be obtained
with a virtual rider based on a full multibody model. It is our opinion that human riders
base their actions (and predictions) on a mental model (of different kinds, depending on
experience and skill) that neglects many model details (including, for example, tyre relax-
ation length, vehicle mass distribution or tyre profiles). Also, our previous experience in
designing a virtual rider (Saccon et al. 2004), suggests that it is possible to obtain quite
remarkable tracking performance, for relatively low speeds (less that 30 m/s), using only a
simple non-holonomic vehicle model combined with a simple look-ahead strategy.

The proposed virtual rider provides quite satisfying tracking results for aggressive
manoeuvres (such as that experienced, in racing applications). A detailed discussion of
such numerical experiments, however, goes beyond the scope of this contribution, where
the aim has been to expose the key ideas underlying the virtual rider and to show that
the feedback strategy has been successfully applied to a multibody (code) model. We are
confident that this control paradigm can be extended to include rider motion (thought of
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as an input) and paths with banking and elevation changes, which are of interest when
simulating high performance motorcycle manoeuvres for racing applications. We refer the
reader to (Hauser and Saccon 2006; Saccon et al. 2012; 2013) for further discussion on the
generation of optimal velocity profiles and the development of the virtual rider.
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5
The Optimal Manoeuvre

Francesco Biral, Enrico Bertolazzi, and Mauro Da Lio
Department of Industrial Engineering, University of Trento, Italy

Motorcycle riding mostly owes its popularity to the sense of freedom that users experience
(Broughton et al. 2009; Sexton et al. 2004). Thanks to the comparable mass between the
human and the machine, motorcyclists use their upper body movements as an additional
input enhancing the sensation of control over the vehicle and giving the impression of being
part of the machine entity. Those additional degrees of freedom let riders express themselves
with a personal riding style that is not possible to such an extends in other motorised vehi-
cles. Moreover, compared to cars, due to the natural vehicle instabilities such as wobble and
weave (Cossalter et al. 2004; Limebeer et al. 2001), motorcycles provide more of an oppor-
tunity to challenge the rider’s control skills, manoeuvring around obstacles in a variety of
road scenarios (e.g., rural and/or mountain roads or off roads). Sensation seeking, which is
one of the main factors for riding, is provided by the perception of longitudinal acceleration,
roll rate and speed (Watson et al. 2007; Sexton et al. 2004). The more motorcyclists practice
and improve their riding experience the more they push the vehicle to its limits seeking fun
and coming close to the intrinsic machine instabilities. Riding experience and skill plays an
important role in the efficiency of the control actions and repeatability of the manoeuvres
(Rice 1978). The above considerations make it evident that the rider has a major influence on
the machine performance and dynamic behaviour. Therefore, it is more true than for other
ground vehicles that the assessment of two-wheeled vehicles cannot be done without the
inclusion of the rider in the evaluation process. Assessing motorcycle performance is quite
a difficult task due to a large variability of riding style, thanks to the number of inputs that
can contribute to the control strategy, and the central role of the subjective perception of
the riding experience. Despite the difficulty, the objective evaluation of motorcycle perfor-
mance is a fundamental mission of the motorcycle designer for both commercial and racing
machines. On the other hand the results of the assessment process, both from numerical
simulations and experimental tests, depend on how the vehicle is manoeuvred by the rider
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to accomplish a given task or goal such as a standardised test, or a manoeuvre to avoid an
obstacle or to complete a lap in the minimum time. Thus the fundamental question in the
evaluation process is: given a specific motorcycle, is there a manner in which to ride the
machine in the most efficient way according to a desired goal? If such a manner exists, we
will call it the optimal manoeuvre and it can be used as a reference to compare and rank
other similar motorcycles. If the goal is an objective definition of the absolute performance,
then the optimal manoeuvre is a measure, or baseline, of the best intrinsic performance
that can be achieved with the machine, regardless of the human rider’s skills. On the other
hand, as we have said above, the rider’s skills and experience must be included somewhat
in the evaluation process. Therefore the optimal manoeuvre can be searched among the set
of manoeuvres that also satisfy the human’s riding skills and preferences. This manoeuvre
is still optimal, but only for the specific group of riders whose skills and preferences were
objectively defined. The optimal manoeuvre that satisfies the riding preferences in some
measure models how a real human rider of the selected group will ride to accomplish the
given task. For this reason, later on we will also call it the reference manoeuvre. Thus assess-
ing the rider–motorcycle performance is also a matter of defining the limitations and riding
preferences of a selected group of users, which is not always an easy task.

The reference manoeuvre may also be a central concept for the design of intelligent riding
support systems to help riders to safely manoeuvre. Motorcyclists ride their machines
more for pleasure than for mobility reasons and they say that they really enjoy riding fast
(Broughton et al. 2009). Enjoyment of the riding experience contributes to the tendency
to engage in dangerous behaviour that, combined with overconfidence of proper riding
skills, downplays hazardous conditions (Chen and Chen 2011), which leads to loss of
control with dramatic consequences for riders’ health (injuries and death) due to their
physical vulnerability. Therefore the development of riding support systems that help the
motorcyclist to correctly assess the risk level of the road scenario and the manoeuvre
they are executing is expected to have great potential for reducing motorcycle crashes.
Nevertheless, their development is a challenging task since, from one side they should
interfere as little as possible with the riding enjoyment and must take into account the
riding style and skills, and on the other side they must understand correctly the level
of risk of the actual manoeuvre – to avoid false or missed alarms. Therefore, to effi-
ciently support the rider, the system must be able to evaluate the safest manoeuvre that
a particular group of users (i.e., novice or experienced) should do in a certain situation
and provide suitable warning and intervention if they deviate from the identified correct
behaviour. An example of such a system is presented in (Biral et al. 2010; 2012 and
Huth et al. 2011).

The essential idea proposed here is to develop an unique approach both to objectively
measuring the motorcycle-rider performance and also to generate realistic rider con-
trol behaviour by calculating optimal manoeuvres according to a desired goal and the
machine role.

The approach proposed here may also have a relevant impact on the definition and archi-
tecture of virtual rider models. Especially in its wider definition, the reference manoeuvre
can be adopted as a target optimal plan that is used to model riders’ planning capabilities
and introduced into a receding horizon control scheme. This aspect is out of the scope of
the chapter but a short discussion will be reported in the conclusions paragraph.

www.EngineeringEBooksPdf.com



The Optimal Manoeuvre 121

5.1 The Optimal Manoeuvre Concept: Manoeuvrability and Handling

Many researchers have faced the problem of assessing the motorcycle performance from
both theoretical and experimental points of view (Kooijman and Schwab 2011). To serve
this purpose a number of indices that quantify motorcycle performance and how easily they
are controlled have been proposed in the literature and some of them experimentally com-
pared for a lane change manoeuvre (Cossalter and Sadauckas 2006). Most of those indices
are combined with the subjective opinion of the riders in order to evaluate the machine–rider
system as a whole. Alternatively, here the intent is to propose an objective evaluation method
based on quantitative metrics that also include the rider’s behaviour and characteristics. To
succeed in achieving this goal it is necessary to map subjective opinion or preferences to
measurable quantities. On the other hand, objectifying personal sensations, perceptions or
the workload is a hard task and the work done here does not pretend to be complete. Nev-
ertheless, a general framework is derived, and some examples of how to mathematically
transpose the rider’s skills into the proposed formulation are shown.

We start by recalling that, in the early 1950s, the aeronautics and aerospace fields faced
the problem of evaluating the best intrinsic performance of an aeroplane which can be
realistically obtained by a human pilot. Despite the differences between the two fields (a
well-trained pilot behaves in a standardized manner, aircrafts are designed to behave simi-
larly for each role, etc.) there are also some points of contact with the motorcycle dynamics
such as the combination of roll and yaw motion and high impact of pilot behaviour on aircraft
performance.

(Paranjape and Ananthkrishnan 2006) reviewed the performance metric for combat air-
craft, which are called agility metrics. The agility metrics are measures of merit used to
quantify the manoeuvring capability of aircraft to execute certain tasks. When these manoeu-
vres are complex and on a long timescale (i.e. greater than 10–20s) they are called functional
agility metrics (e.g. combat cycle time is the time to complete the manoeuvre that has the
goal to accomplish a 180∘ turn heading change and then return to the same Mach number).

In the aeronautics fields the agility is considered as the combination of manoeuvrability
and controllability. The first concept measures the highest values of some parameters (e.g.
peak velocities and turn rates) that the aircraft can achieve during a certain manoeuvre and
they form the so-called manoeuvrability envelope. The second concept quantifies how easy
it is to control precisely those parameters (Blaye 2002). Manoeuvrability and controllability
are usually contradictory objectives since a precise control of the aircraft flight parameters
is more easily attained when the peak values of the parameters are limited, which means
manoeuvring the vehicle far from the manoeuvrability envelope. Therefore agility relates
both to aircraft performance and handling qualities which are defined as ‘those qualities or
characteristics of an aircraft that govern the ease and precision with which a pilot is able to
perform the tasks required in support of an aircraft role’ (Harper and G.E 1986).

As a result we can conclude that handling is intimately linked to the characteristic dynamic
response of the vehicle and human pilot acting together to perform, at best, a certain task,
whereas the manoeuvrability is an expression of the maximum performance that can be
achieved by the machine for the same task, regardless of the influence of the pilot’s ability.
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In other words, handling is the result of the ability of the pilot to exploit the controllability
of an aircraft to flight close to the manoeuvrability envelope. Both manoeuvrability and
handling are simultaneously affected by several variables such as the dynamics system’s
parameters and environmental characteristics. Additionally, both metrics are task dependent:
what is preferred for one task may be less desirable for another.

The above concepts are applicable to all vehicles, and in particular they are here devel-
oped for two-wheeled vehicles. It is evident that the manoeuvre that generates the maximum
performance of the motorcycle represents the most efficient way to ride the vehicle and there-
fore can be defined as optimal. This consideration links the manoeuvrability metric with the
optimal manoeuvre which is an ideal manoeuvre that does not involve the rider’s ability, and
it makes it possible to evaluate the metric itself. For instance, if the metric is the minimum
time to complete a lane change, then the optimal manoeuvre is the motorcycle trajectory,
velocity and so on, along with the history of the rider’s controls that actually generates the
fastest manoeuvre. When the metric is the minimum time, the path of the optimal manoeuvre
traced in the state space of the motorcycle is the so-called manoeuvrability envelope, which
is defined by the time evolution of the combination of peak values of the state variables
when the motorcycle accomplishes a desired manoeuvre (e.g., lane change, curve entrance,
obstacle avoidance or minimum lap time). As a consequence, for the same machine, the
manoeuvrability envelope differs from task to task but in any case encloses the set of all
possible feasible manoeuvres (or time evolution of the states) that the machine could exe-
cute to successfully complete the task. If we include the rider influence in the evaluation,
that is we want to assess the motorcycle handling, we need to define some constraints in the
manoeuvre execution to comply with the human rider’s limitations, riding skills and pref-
erences. Therefore, the optimal manoeuvre that is searched for in this case is a subset of
manoeuvres contained in the manoeuvrability envelop. Similarly it happens for other met-
rics, such as the safest or a low consumption manoeuvres. Therefore the manoeuvrability
envelope of a manoeuvre outlines the best possible performance out of every motorcycle and
contains the set of all admissible states.

Given a machine type (e.g., sport, racing etc.), for every motorcycle we mean every possi-
ble layout or setup obtained by changing the design parameters. From the discussion above,
it emerges that the generation of an optimal manoeuvre involves an optimisation process
that also human riders, in a similar fashion, adopt to learn how to ride at best their motorcy-
cle. The concept of the optimal manoeuvre to evaluate the performance of a motorcycle as
a solution of an optimisation problem was first introduced by (Cossalter et al. 1999). They
formulated an optimisation problem to minimize a goal function which is the mathematical
representation of the manoeuvrability/handling metric. They associate the minimum value
of the metric (i.e. a unique scalar) to the best manoeuvre in order to compare different motor-
cycles. They had in mind the problem of the optimal design of racing motorcycles. However,
the concept can be extended and shift the focus from the assessment of two-wheeled vehicle
handling qualities to the evaluation of the manoeuvre itself. In other words, given the motor-
cycle as it is, with its own handling qualities, the objective is to find the best way to ride the
motorcycle in a specific situation trying to meet a desired goal (Bertolazzi et al. 2009; Biral
et al. 2005). Developing further this concept, provided a real-time and robust solver, the
optimal manoeuvre can be used in a receding horizon scheme to control a real or virtual
motorcycle that calculates not only the optimal controls but also the reference manoeuvre
to accomplish.
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5.1.1 Optimal Manoeuvre Mathematically Formalised

There are four essential ingredients of the optimal manoeuvre concept. Each of these ingre-
dients has a mathematical representation that is used to formulate the optimisation problem
that yields the optimal manoeuvre as a solution.

The first ingredient is the two-wheeled vehicle with its handling qualities and peculiarities.
The vehicle is characterised by its dynamics which is often modelled with a set of ordinary
differential equations (or differential algebraic):

x′(t) = f (x(t), u(t), t, p) (5.1)

where x(t) ∈ ℝn are the states of the dynamical system, u(t) ∈ ℝm are the controls and p ∈
ℝk are the parameters that identify different systems. It is worth noting that some rider
characteristics maybe modelled as differential equations that can be added to (5.1).

The second ingredient is the manoeuvre to be accomplished in a time horizon T starting
from initial time ti. The manoeuvre may be generated in a short timescale (e.g., lane change,
obstacle avoidance) or on a long timescale (e.g. complete a lap of a circuit, follow a piece
of rural road). Usually the manoeuvre definition is also completed by the specification of an
initial and a final state: in some cases the manoeuvre is actually a transition between these
two states.

x(ti) = xinit (5.2a)

x(ti + T) = xfin (5.2b)

where ti is the initial time and ti + T is the final time. The constraints are the third ingredient.
They help to better define the manoeuvre: for instance, they restrict the space where the
manoeuvre can be executed. Sometimes the constraints are part of the goal definition: for
example they may implement some safety aspects such as keeping a certain margin from
maximum tyre adherence or clearance from an obstacle. Finally, the rider’s preferences and
skills are represented as a range of values that can be assumed by both the control and the
state variables. All these constraints might be of equality or inequality type and they might
be active at a single point (position in space or time, e.g. pass a location with a predetermined
speed) and/or path constraints.

C(x(t), u(t)) ≤ 𝟎 (5.3)

The final ingredient is the metric or the goal (also called the cost function) that defines the
concept of optimal. As stated it can be a measure of the vehicle qualities or a way to specify
the properties of the manoeuvre that we want to generate (safest, fastest, etc.). A general
mathematical definition of the goal is:

 (u) = Φ(x(ti), x(ti + T)) +
∫

ti+T

ti

L(x(t), u(t), t, p)dt, (5.4)

where L is an integral merit function whose value must be minimized/maximized over the
horizon T (e.g. the energy consumption) and Φ is a terminal term which measures the
metric at the initial and/or final states (e.g. condition of steady-state or stable condition).
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The concept of the optimal manoeuvre has its natural counterpart in the formulation of an
optimal control problem (OCP) based on the above ingredients. Constrained optimal control
problems lead naturally to the concepts of feasible control and feasible manoeuvre.

Definition 5.1.1 Admissible Control, Feasible Manoeuvre An admissible control u(t) ∈
 is said to be feasible, provided that (i) the response x(t) is defined on the entire interval
ti ≤ t ≤ ti + T, and (ii) u(t) and x(t) satisfy all the constraints (5.1), (5.2) in the time interval.
The pair 𝜉(t) = (u(t), x(t)) is called the feasible manoeuvre. The set of feasible manoeuvres
Ξ is defined as:

Ξ ∶= {𝜉(⋅) ∶ 𝜉 feasible}

Similarly, the set of feasible controls  is defined as:

 ∶= {u(⋅) ∶ there exist x(⋅) such that (u(⋅), x(⋅)) ∈ Ξ}

Having defined the merit function (5.4), the set of constraints to be satisfied (5.2), (5.3),
and the set of admissible controls and feasible manoeuvres, we can state the optimal control
problem as follows: find an admissible control u ∈  which satisfies the constraints in such
a manner that the cost functional  (u) has a minimum value when the dynamic system (5.1)
transits from the initial to the final states (5.2a), (5.2b). The optimal manoeuvre is that
special feasible manoeuvre that is associated to the minimum value of the cost functional.
Therefore we can define what an optimal manoeuvre is:

Definition 5.1.2 Optimal Manoeuvre A feasible manoeuvre 𝛏o ∈ Ξ is called optimal if it
satisfies the constraints in such a manner that the cost functional  (u) has a minimum value
when the dynamic system transits from the initial to the final states.

If the rider’s actuation limits and abilities are not included in the problem formulation the
optimal manoeuvre 𝛏o(t) = (uo(t), xo(t)) is the best intrinsic manoeuvre that can be extracted
from the machine and it defines the manoeuvrability envelope for the given task. If the rider’s
influence is in some way included then the optimal manoeuvre qualifies the motorcycle
properties in relation to the human rider point of view. Finally, if the focus is the quality of
the manoeuvre then the optimal manoeuvre is the manoeuvre that best fits the specifications
defined by the goal function and the constraints. For instance, it can be the safest manoeuvre
that a group of human riders can produce when entering into a rural road curve.

5.1.2 The Optimal Manoeuvre Explained with Linearized
Motorcycle Models

To exemplify the concepts discussed in Section 5.1 we use a set of linearized models of
the motorcycle lateral dynamics which are described in (Astrom et al. 2005; Limebeer and
Sharp 2006). In Section 5.3 a more complex model and example will be considered.

As a first approximation, the rider controls the motorcycle direction by generating lateral
forces via the steering system. If we initially assume that there is no sideslipping of the
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Figure 5.1 Perspective view of inverted pendulum model of a motorcycle with fixed rider (left),
side view of the motorcycle model with front frame (right). G is the overall centre of mass of machine
and human together. The picture on the right shows the main vehicle model parameters such as the
inclination of the steering axis 𝜀 and the front frame and overall centre of mass positions in their
respective frames

vehicle tyres and thus the rolling is non-holonomic, we can assimilate the linearized lateral
dynamics of a motorcycle to that of an inverted pendulum on a kart. Despite its simplicity,
the model captures the main dynamic behaviour of a motorcycle entering into a stationary
corner at constant speed for small roll angles. Although the model does not use the rider’s
actual control (i.e., the steering torque) the results and observations obtained have a general
validity (and can be extended to more general problems and more complex models).

The inverted pendulum has one degree of freedom: the roll angle 𝜙 and being the lateral
velocity and yaw rate constrained by the no-slipping condition on the tyre contact point. 𝜙dot
represents the roll rate and the linearized lateral dynamics is expressed by the following set
of first-order differential equations:

𝜙
′(t) = 𝜙dot(t), (5.5a)

Ixx0
𝜙
′
dot(t) = m g h 𝜙(t) − m h V2

L
𝛿(t), (5.5b)

The overall moment of inertia with respect to the roll axis Ixx0
is the sum motorcycle moment

of inertia about roll axis Ix through the centre of mass and the Stainer term m h2. The model
parameters are described in Table 5.1. In reality, a human rider moves the handlebar to
generate the lateral forces Fy on the tyres and control the motorcycle roll angle and vehicle
directionality. In this model, we neglect the steering system dynamics and assume that the
rider directly controls the lateral force and the motorcycle directionality by defining the
trajectory curvature radius with the steering angle 𝛿(t). Of course, this assumption is valid
as far as the tyre slipping condition is held true and the steering axis is vertical (i.e. 𝜀 = 0).

We now want to find the fastest manoeuvre to move the motorcycle from the straight
running to steady-state cornering with a given target small roll angle (i.e., curve entrance
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Table 5.1 Parameter values and units for a standard machine used in the numerical examples

Parameter Value Unit Description

Lr 0.606 m distance of motorcycle CoM to rear wheel centre
L 1.443 m wheelbase
h 0.654 m height of motorcycle CoM
g 9.807 m gravity acceleration
m 273.0 kg overall motorcycle mass
Ixz −5.47 kg m2 mixed x-y motorcycle moment of inertia
Ix 40.79 kg m2 motorcycle roll moment of inertia
rf 0.292 m rear wheel radius
rr 0.317 m front wheel radius
𝜀 24.5 ∘ steering axis inclination
mf 27.75 kg front frame mass
Ixf

2.487 kg m2 front frame roll moment of inertia
Iyf

0.143 kg m2 front frame pitch moment of inertia
Izf

0.484 kg m2 front frame steering axis moment of inertia
xgf

0.024 m front frame centre of mass x position
zgf

−0.189 m front frame centre of mass z position
lfz 0.082 m distance between steering system origin and wheel centre
lfx 0.028 m front frame offset

CoM stands for centre of mass and Lf = L − Lr

manoeuvre). The associated OCP that yields the fastest manoeuvre can be formulated as
follows:

minimize: T (5.6a)

subject to: ODE (5.5) (5.6b)

and boundary conditions: 𝜙(0) = 𝜙dot(0) = 0, 𝜙(T) = 𝜙1, 𝜙dot(T) = 0, (5.6c)

and control constraint: − 𝛿max
≤ 𝛿(t) ≤ 𝛿

max (5.6d)

where [−𝛿max
, 𝛿

max] is the set of admissible control steering angles, T is the minimum
manoeuvring time. Since the rider influence is not taken into account, the goal of the formu-
lated problem is the assessment of the motorcycle manoeuvrability, and the corresponding
metric is the minimum time. The analytical and numerical solution of a general optimal con-
trol problem is studied in some detail in Section 5.2. Here we use the analytical solution of
the problem (5.6) that is derived in Section 5.2.3 to understand the manoeuvrability concept.
Therefore, from the analytical solution, the minimum time manoeuvre is obtained, applying
the following control history:

𝛿(t) = sign(𝜙1)𝛿max

{
−1 for 0 ≤ t < ts,

+1 for ts ≤ t ≤ T ,
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where ts and T are, respectively, the switching time and the manoeuvre time given by

f = −|𝜙1| gL

V2𝛿max
, 𝛼 =

√
mgh√
Ixx0

, 𝑤 = 1 − f − 1
2

f 2 + 1
2
√

f (f + 4)(f 2 − 4)

T =
ln(𝑤) − ln(1 + f )

𝛼
, ts =

ln(1 +𝑤) − ln(2)
ln(𝑤) − ln(1 + f )

, (5.7)

that yields the solution for roll angle and roll rate:

𝜙(t) = sign(𝜙1)
𝛿

maxV2

gL

{
cosh(t𝛼) − 1 for t < ts,

cosh(t𝛼) + 1 − 2 cosh((t − ts)𝛼) for t ≥ ts,
(5.8a)

𝜔(t) = 𝛼 sign(𝜙1)
𝛿

maxV2

gL

{
sinh(t𝛼) for t < ts,

sinh(t𝛼) − 2 sinh((t − ts)𝛼) for t ≥ ts,
(5.8b)

The solution is made of two parts related to the steering angle that switches between the
minimum and maximum value at instant time ts (i.e. switching time). This problem is known
as bang-bang control. Notice that a solution exists provided that −1 ≤ f < 0, that is if

|𝜙1| < 𝛿
maxV2

gL
. (5.9)

Equation (5.9) shows that the optimal control exists only if the inequality is satisfied. In
other words, not all states can be reached, and this depends on the forward velocity V and
the motorcycle design parameters. The chart on the left of Figure 5.2 shows, in the state
space, the roll angle 𝜙 and roll rate 𝜙dot associated to the minimum time manoeuvre to move
from the initial state (steady-state straight running) to the final state (steady-state cornering).
The fastest manoeuvre – the manoeuvrability envelope – encloses the set of admissible and
reachable states for this type of manoeuvre. In other words, all other suboptimal manoeuvres
are included in this region (shaded area in Figure 5.2). The size of the set of reachable states
determines the degree of manoeuvrability and the larger the area the greater the manoeuvra-
bility of the machine. However, note that the shape and size of the manoeuvrability envelope
depends on a specific task or manoeuvre (e.g., a lane change has a different manoeuvra-
bility envelope compared to an obstacle avoidance manoeuvre). The analytical solution of
Equation (5.7), (5.8) shows that optimal manoeuvre and the minimum time T are functions
of the motorcycle design parameters. Therefore, if we change the machine design parame-
ters in order to improve its manoeuvrability, the set of reachable states is expected to be
larger. Indeed, this is what happens. For example, given the same control force history
the machine with a lower centre of mass completes the manoeuvre in less time, yielding
larger roll rates, as shown in Figure 5.2. But a machine with higher centre of mass needs
more time to complete the manoeuvre and is characterized by a smaller set of admissible
states (i.e. it reaches lower roll rates). As a first conclusion, the degree of manoeuvrability
is an intrinsic characteristic of the machine, which defines the best achievable performance
for a desired manoeuvre and the optimal manoeuvre extracts the best manoeuvre from the
set of the admissible ones. Figure 5.2b shows the initial counter-steering manoeuvre: the
rider firstly turns the handlebar on the opposite side to the direction he/she intends to steer
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Figure 5.2 Minimum time optimal manoeuvre with bang-bang control steering angle. The optimal
manoeuvre has been calculated with two values of motorcycle centre of mass height. The phase portrait
and the control angle are respectively shown on the left and on the right graphs. The plot compares
two manoeuvres with different height h of centre of mass: T = 0.107s for h = 0.634 m and T = 0.125
s for h = 0.750 m. For this simulation, the roll moment of inertia is Ixx0

= m h2 and the mixed moment
of inertia Ixz = 0

and then the steer angle goes in the same direction, to stabilize the machine at the desired
roll angle.

The optimal manoeuvre calculated with the previous model corresponds to the maximum
performance achievable with the given machine. However, it is not possible for a human
rider to change the steering angle in zero time, therefore the steering rate has to be limited.
An additional equation is added to (5.5) with a new inequality constraint to limit the steering
rate:

𝛿
′(t) = 𝛿dot(t) − 𝛿max

dot ≤ 𝛿dot(t) ≤ 𝛿
max
dot

With the new optimal control problem the resulting manoeuvre is significantly slower, and
the set of reachable states is a subset of the bang-bang solution on steering angle (Figure 5.3).
Since the rider’s limits are taken into account, the set of reachable states now defines the han-
dling envelope, which measures the overall performance of machine and rider together. We
could have carried out parametric analysis on design variables to understand their effect on
handling. However, the rider’s main control input is the steering torque, being leaning (which
applies a roll moment to the rear frame) ‘too sluggish to be practical’ in fast manoeuvres,
such as emergency situations (Limebeer and Sharp 2006). Therefore, to include the steering
torque in the model, the linearized dynamics of the steering system is considered. To this
end an additional body – the front frame – is constrained with a hinge to rotate with respect
to the rear frame about a steering axis. The steering axis is inclined at an angle 𝜀with respect
to the axis z, orthogonal to the road plane. The front wheel is attached to the front frame with
a horizontal offset lfx with respect to the steering axis. The offset has a direct contribution to
the normal trail value nt (Figure 5.1), which in turn affects motorcycle stability in straight
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Figure 5.3 Comparison between the minimum time optimal manoeuvre, with bang-bang steering
angle and the minimum time with limited steering torque 𝛿dot. The figure shows (a) the phase portrait
between roll angle 𝜙 and roll rate 𝛿dot, (b) the steering angle versus roll angle and (c) steering torque
versus roll angle. For this simulation, the roll moment of inertia is Ixx0

= m h2 and the mixed moment
of inertia Ixz = 0

running and the rider effort via the steering torque. The new model becomes:

Ixx0
𝜙
′
dot(t) = I1𝛿

′
dot(t) + I2 V𝛿dot(t) + N1𝛿(t) + m g h 𝜙(t) − m h V2

L
Δ(t), (5.10a)

Izzf0
𝛿
′
dot(t) = N1 sin(𝜀)𝛿(t) + Fzf

nt𝜙(t) + 𝜏(t), (5.10b)

𝜙
′(t) = 𝜙dot(t), 𝛿

′(t) = 𝛿dot(t), 𝜏
′(t) = 𝜏dot(t) (5.10c)

where Δ(t) = cos(𝜀)𝛿(t) is the steering angle on the road plane and 𝜏dot(t) is the steering
torque rate, which is the limited control: −𝜏max

dot ≤ 𝜏dot(t) ≤ 𝜏
max
dot . The other parameters in
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(5.10) are as follows:

nt = sin(𝜀) rf − lfx , ls = cos(𝜀) Lf + nt, Fzf
=

Lr m g

L

hgf
= − sin(𝜀) ls − sin(𝜀) xgf

+ cos(𝜀) zgf

lgf
= cos(𝜀) xgf

+ sin(𝜀) zgf
+ cos(𝜀) ls

Ixx0
= h2 m + Ix, Izzf0

= mf x2gf + Izf

Ixz0
= Ixz − Lr h m, IxzfG0

= hgf
mf xgf

− Izf
sin(𝜀)

I1 =
Ixz0

nt

L
+ IxzfG0

, I2 =
Ixz0

L
−

m h nt

L
, N1 = nt Fzf

+ g mf xgf

The optimal manoeuvre being searched is again the transition from straight running to
steady-turning at constant speed. This requires to calculate the steady-state steering angle
and torque from (5.10) given the final roll angle 𝜙(T):

𝛿(T) = −
g h m L

(−h m V2 cos(𝜀) + L N1)
𝜙(T) (5.11a)

𝜏(T) =
(h m V2 cos(𝜀) − L N1) nt Fzf

+ L sin(𝜀) g h m N1

L N1 − h m V2 cos(𝜀)
𝜙(T) (5.11b)

The solution of the bang-bang steering torque rate problem is compared with the bang-bang
steering rate solution. Despite the fact that the steering torque is bang-bang, the inclusion of
the steering system dynamics in the model deteriorates the overall lateral dynamics perfor-
mance. As shown in Figures 5.4a and 5.4b it is not possible to achieve the same steering rate
values that characterize the manoeuvre without the steering system. Moreover, in Figure 5.4d
the steering torque changes sign rapidly around a roll angle of 10∘ in order to avoid the
steering rate overcoming the limit of 60∘ /s. From the results, we can state that the steer-
ing system reduces the manoeuvrability performance of the motorcycle. On the other hand,
an accurate design of the steering system may improve the motorcycle stability and reduce
the rider effort, in other words improving the machine handling. One of the key parame-
ters is the normal trail nt which, as shown in (5.11b), has an effect on the steering torque
value in steady-state conditions and is expected to also have an effect in transient phase
(Biral et al. 2003a). In order to exemplify the effect of the steering system parameters on the
machine performance we have compared the optimal manoeuvres obtained with three motor-
cycles that differ from each others in terms of the normal trail only. The simulation results
are reported in Figures 5.5 and 5.6. One major difference with the manoeuvre obtained in
Figure 5.4 is that the phase portrait now has a different shape close to the final roll angle. The
reason is the higher roll moment of inertia, which is now included in the simulations (not
present in simulation of Figure 5.4). The roll dynamics is slower and a roll angle overshoot
is necessary to stabilize the machine at the desired steady-state value. The phase portraits of
Figures 5.5a–c show that there is no significant difference in the three manoeuvres except
in the optimal control 𝜏dot shown in Figure 5.5d. However, the steering torques are different
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Figure 5.4 Comparison between the minimum time optimal manoeuvre with bang-bang steering
torque the and minimum time with bang-bang steering torque rate. The figure shows (a) the phase
portrait between roll angle 𝜙 and roll rate 𝛿dot, (b) the steering angle versus roll angle, (c) steering rate
versus roll angle and (d) the steering torque and steering rate versus the roll angle. For this simulations,
the roll moment of inertia is Ixx0

= m h2 and the mixed moment of inertia Ixz = 0

in the three cases, as shown in Figure 5.6a. In particular, the steering torque is lower for
smaller normal trail than the reference one (nt = 0.1 m). In other words, despite the fact that
the reduction of the normal trail does not yield a better manoeuvring time, which is substan-
tially the same for all three manoeuvres, the rider’s effort was reduced. Figure 5.6b gives
more insight on the benefit derived by the reduction of the normal trail. The graph compares
the steering power and the steering energy in the three cases that are respectively defined as:

P(t) = 𝛿dot(t) 𝜏(t), E(t) =
∫

T

0
|P(t)| dt.
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Figure 5.5 Comparison between the minimum time optimal manoeuvres with bang-bang steering
torque with three different normal trail values. The figure shows (a) the phase portrait between roll
angle 𝜙 and roll rate 𝛿dot, (b) the steering angle versus roll angle and (c) the steering rate versus roll
angle and (d) the steering torque rate versus roll angle. For this simulation, the roll moment of inertia
is Ixx0

= Ix + m h2 and the mixed moment of inertia Ixz ≠ 0

Reducing the normal trail requires a lower steering torque to complete the manoeuvre in
the same time and indeed reduces the steering energy and therefore the rider’s manoeuvring
effort. The reader may also note that the steering power is also negative, since the rider has to
slow down the roll motion to zero roll rate. This example clearly shows that it is possible to
improve the motorcycle handling without deteriorating the machines’ intrinsic performance
limit (i.e., the manoeuvrability). Therefore, with linearized models of motorcycle lateral
dynamics, we have shown that handling and manoeuvrability are two distinct concepts that
can be objectively assessed by posing them as the same optimal control problem but with
different metrics. The solutions adapt the input’s time evolution for riding a motorcycle to
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Figure 5.6 Graph (a) compares the steering torque for three different values of normal trail. Graph
(b) compares the steering power and energy for the same three normal trail values. Top part graph also
reports the minimum manoeuvring time T

accomplish a desired manoeuvre (such as curve entrance, lane change, minimum time lap
etc.) in a way that minimizes a given metric. In particular, for handling, the metric that
measures the rider’s effort has an effect on the solution and the use of the rider’s controls.
Comparing the results obtained by solving the same problem (i.e., transit from straight run-
ning to steady-state cornering), we get more complex manoeuvres that reflect the additional
complexity added in the motorcycle dynamic models. Usually this complexity restricts the
set of reachable states and therefore the machine manoeuvrability. Those concepts were
largely applied to investigate the effect of the power train (Cossalter et al. 2010; Biral et al.
2003b), tyre characteristics (Da Lio et al. 1999), the position of the centre of mass and other
design parameters (Bobbo et al. 2009; Biral et al. 2002) of racing motorcycles. It was also
used to understand the influence of the rider’s upper torso movements on the manoeuvre
effectiveness (Biral et al. 2006; Bertolazzi et al. 2007b).

5.2 Optimal Manoeuvre as a Solution of an Optimal Control Problem

The analytic solution of an optimal control problem (OCP) is possible only for very simple
cases, but when the motorcycle model is nonlinear and subject to constraints of different
nature (i.e. equality, non-linear inequalities, etc.) a numerical solution is the only viable
method. This section explains the derivation of the necessary equations of the optimal con-
trol problem. The approach used is to start from unconstrained problems, then consider
limitations on control input only, and finally extend to the general case of constrained OCP.
Initially an unconstrained OCP is formulated as an optimization problem of an integral func-
tion subject to a feasible manoeuvre. Via the calculus of variation the necessary conditions
are derived, including the equations for the optimal controls. In Section 5.2.1 the necessary
OCP equations are derived for the case with limited controls using an novel approach that
is easier to understand compared to the original derivation of the principle of Pontryagin. In
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Section 5.2.2 the general formulation for an OCP with constraints only on controls is derived.
The results will be applied to derive the analytical solution of a simple dynamic model of
inverted pendulum introduced in Section 5.1.2. Finally, the solution of a constrained OCP
for complex dynamic system is discussed, including the numerical solution.

An optimal control problem is a constrained optimization problem with a dynamical sys-
tem as constraint. Consider the following initial value problem (IVP):

x′(t) = f (x(t), u(t), t), x(ti) = xinit, t ∈ (ti, tf ), (5.12)

where x(t) ∈ ℝn are the states of the dynamical system and u(t) ∈ ℝm are the controls. If
the controls u(t) are known and regular enough (e.g. piecewise continuous) and f (x,u(t), t)
is regular enough as a function of (x, t) (e.g. piecewise continuous in (x, t) and Lipschitz in
x) then IVP (5.12) has an unique solution. This is sometimes called a controlled dynamical
system. Now we introduce a payoff or performance index functional  (u):

 (u) = Φ(x(ti), x(tf )) +
∫

tf

ti

L(x(t),u(t), t)dt, (5.13)

which returns a scalar where x(t) satisfies (5.12) (i.e., is a feasible manoeuvre) given a
control history u(t). The term Φ(x(ti), x(tf )) in (5.12) is called the initial/final payoff while
L(x(t), u(t), t) in (5.13) is called the running payoff. An optimal control is a control history
u(t) which determines x(t) by the dynamical system (5.12) that minimizes the (total) payoff
functional (5.13). The optimal control problem is classified depending on the structure of the
performance index. If it contains only the terminal payoff, it is called the Mayer problem, if
it contains only the running payoff it is called the Lagrange problem, otherwise, in general
it is called a Bolza problem.

A necessary conditions for a solution of problem (5.12) with (5.13) is that the first variation
of the functional  (x, 𝛌, u) is zero where:

 (x, 𝛌,u) = Φ(x(ti), x(tf )) +
∫

tf

ti

H(x, 𝛌,u, t) − 𝛌(t) ⋅ x′(t)dt, (5.14a)

H(x, 𝛌,u, t) = L(x,u, t) + 𝛌 ⋅ f (x, u, t), (5.14b)

and (5.14b) is called the Hamiltonian. The first variation of the functional is denoted as 𝛿
and is evaluated as the following derivative (the Gâteaux variations),

𝛿 = d
d𝛼

 (x + 𝛼𝛿x, 𝛌 + 𝛼𝛿𝛌, u + 𝛼𝛿u)|
𝛼=0 = −

∫

tf

ti

𝛌(t) ⋅ 𝛿x′ + 𝛿𝛌(t) ⋅ x′(t)dt

+
∫

tf

ti

[𝜕xH(x, 𝛌, u, t)𝛿x + 𝜕𝛌H(x, 𝛌,u, t)𝛿𝛌 + 𝜕uH(x, 𝛌,u, t)𝛿u]dt

+ 𝜕xi
Φ(x(ti), x(tf ))𝛿x(ti) + 𝜕xf

Φ(x(ti), x(tf ))𝛿x(tf ),

where 𝛌(t) are Lagrange multipliers or costates, used to satisfy constraint (5.12). The func-
tions 𝛿x(t), 𝛿u(t), 𝛿𝛌(t) are the variations and can be interpreted as the direction of the
derivative in the infinite-dimensional function space. The function 𝛿x(t), 𝛿u(t), 𝛿𝛌(t) can be

www.EngineeringEBooksPdf.com



The Optimal Manoeuvre 135

arbitrarily chosen except for 𝛿x(t), which at initial point must satisfy 𝛿x(ti) = 0 to match
initial boundary condition. Function 𝛿x′(t) is the derivative of 𝛿x(t) so that can be integrated
by parts

−
∫

tf

ti

𝛌(t) ⋅ 𝛿x′(t)dt = 𝛌(ti) ⋅ 𝛿x(ti) − 𝛌(tf ) ⋅ 𝛿x(tf ) +
∫

tf

ti

𝛌′(t) ⋅ 𝛿x(t)dt. (5.15)

Collecting the terms involving the variations (and noticing that 𝛿x(ti) = 0) the following
equality is obtained:

0 = d
d𝛼

|
𝛼=0 =

∫

tf

ti

[A ⋅ 𝛿x + B ⋅ 𝛿u + C ⋅ 𝛿𝛌]dt + D ⋅ 𝛿x(tf ), (5.16)

where
A = 𝜕

T
x H(x, 𝛌, u, t) + 𝛌′(t), B = 𝜕

T
u H(x, 𝛌,u, t),

C = 𝜕𝛌H(x, 𝛌, u, t) − x′(t), D = 𝜕
T
x(tf )

Φ(x(ti), x(tf )) − 𝛌(tf ).
(5.17)

Equation (5.16) must be satisfied for any admissible variation 𝛿x(s), 𝛿𝛌(s) and 𝛿u(s). The
following Lemma is a simplified version of Du Bois–Reymond lemma and is used to build
an equivalent boundary value problem (BVP) from (5.16).

Lemma 5.2.1 Du Bois–Reymond If h(t) is a continuous function on [a, b] and for all 𝑣(t)
continuous with 𝑣(a) = 𝑣(b) = 0 we have ∫

b
a h(t)𝑣(t)dt = 0, then h ≡ 0.

From Lemma 5.2.1, it follows that A = B = C = 𝟎; moreover from the arbitrariness of 𝛿x(tf )
it follows that D = 𝟎. Thus the solution of OCP (5.12) with (5.13) must satisfy the BVP:

equations: x′ = 𝜕
T
𝛌 H(x, 𝛌,u, t), (5.18a)

co-equations: 𝛌′ = −𝜕T
x H(x, 𝛌,u, t), (5.18b)

BC: x(ti) = xi, 𝛌(tf ) = 𝜕
T
xf
Φ(x(ti), x(tf )), (5.18c)

Notice that (5.18a) is the original ODE (5.12), and (5.18a) are a new set of differential
equations called co-equations. The last equation in (5.18c) is called the transversality con-
dition. Finally, u(t) must satisfy the algebraic equation

𝜕
T
u H(x, 𝛌,u, t) = 𝟎. (5.19)

If x(t), 𝛌(t), u(t) are solution of (5.18) with (5.19) and this solution is a minimum then the
second variation of  must be non-negative:

𝛿
2
 = d2

d𝛼2
 (x + 𝛼𝛿x, 𝛌 + 𝛼𝛿𝛌,u + 𝛼𝛿u)

||||𝛼=0 ≥ 0 (5.20)

Choosing 𝛿x(t) = 𝛿𝛌(t) = 𝟎 the condition on second variation reduces to

∫

tf

ti

𝛿uT [𝜕2uH(x, 𝛌,u, t)]𝛿udt ≥ 0, (5.21)
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and because 𝛿u(t) is an arbitrary function it follows that 𝜕2uH(x, 𝛌, u, t) is a semi-definite
positive matrix. This suggests that (5.19) is a stationary point for the function H(x, 𝛌,u, t)
with x, 𝛌, t fixed and (5.21) imply that this stationary point is a local minimum. Hence u(t)
is the solution of the more general problem

u(t) = argmin{v ∈ ℝm | H(x(t), 𝛌(t), v, t)}, (5.22)

and thus the solution of OCP (5.12) with (5.13) must satisfy the following BVP:

equations: x′ = 𝜕
T
𝛌 H(x, 𝛌,u, t),

co-equations: 𝛌′ = −𝜕T
x H(x, 𝛌,u, t),

BC: x(ti) = xi, 𝛌(tf ) = 𝜕
T
xf
Φ(x(ti), x(tf )),

CTRL: u(t) = argmin{v ∈ ℝm | H(x(t), 𝛌(t), v, t)}.

(5.23)

Notice that the boundary conditions are derived by selecting the variation 𝛿x(t) which satisfy
𝛿x(ti) = 𝟎; alternatively, it is possible to choose 𝛿x(t) freely and impose the condition x(ti) +
𝛼𝛿x(ti) = xi. This additional constraint can be forced by using a multiplier 𝛍 yielding a new
functional:

̃ (x, 𝛌,u,𝛍) =  (x, 𝛌,u) + 𝛍 ⋅ (x(ti) + 𝛼𝛿x(ti) − xi).

Minimization of ̃ results in the following variation associated to the optimal control prob-
lem (5.12) with (5.13)

0 = d̃
d𝛼

||||𝛼=0 = d
d𝛼

||||𝛼=0 + 𝛿𝛍 ⋅ (x(ti) − xi) + 𝛍 ⋅ 𝛿x(ti)

=
∫

tf

ti

[A ⋅ 𝛿x + B ⋅ 𝛿u + C ⋅ 𝛿𝛌]dt

+ D ⋅ 𝛿x(tf ) + (E + 𝜇) ⋅ 𝛿x(ti) + 𝛿𝛍 ⋅ (x(ti) − xi),

where A, B, C, D are defined in (5.17) and E is defined as

E = 𝜕
T
xi
Φ(x(ti), x(tf )) + 𝛌(ti). (5.24)

Again from Lemma 5.2.1 it follows that A = B = C = 𝟎 and from the arbitrariness of 𝛿x(ti),
𝛿x(tf ) and 𝛿𝜇 it follows that D = 𝟎, E + 𝛍 = 𝟎 and x(ti) = xi. And thus we obtain (5.18) with
(5.19). Notice that 𝜇 appears only in E + 𝜇 = 𝟎 and thus E can take any values which will
be compensated by 𝜇, thus, equations E + 𝜇 = 𝟎 and multiplier 𝜇 can be eliminated, and
we get BVP (5.23). Using an appropriate multiplier it is possible to impose initial and final
values for x(t).

5.2.1 The Pontryagin Minimum Principle

More often the controls u(t) are bounded in a compact set  , that is,

u(t) ∈  , (5.25)
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then 𝛿u(t) cannot be arbitrary but must satisfy u(t) + 𝛼𝛿u(t) ∈  . This complicates the
derivation of a necessary condition using only variations. A simple heuristic to deduce nec-
essary conditions is provided by using barrier function:

p(u, 𝜀) = −𝜀 log dist(u,ℝm \  ), where dist(u,) = inf {|u − v|, v ∈ } , (5.26)

which is small and positive for u ∈  and is ∞ for u ∉  . Adding this barrier function to
the performance index (5.13) results in:

̃ (u) = Φ(x(ti), x(tf )) +
∫

tf

ti

L(x(t), u(t), t) + p(u(t), 𝜀)dt. (5.27)

Repeating the derivation of the BVP (5.23) now with unconstrained u(t) results in the same
ODE and BC but CTRL modifies to:

CTRL′∶ u(t) = argmin{v ∈ ℝm | H(x(t), 𝛌(t), v, t) + p(u(t), 𝜀)}. (5.28)

From the definition of p(u, 𝜀) it follows that u(t) ∈  . Moreover, as 𝜀 becomes small the
problem (5.28) approximates the following minimization

CTRL′′∶ u(t) = argmin{v ∈  | H(x(t), 𝛌(t), v, t)}. (5.29)

Thus, the solution of OCP (5.12) with (5.13) and controls bounded by (5.25) is equivalent
to BVP (5.23) with the CTRL equation substituted with CTRL′′. Equation (5.29) is a part
of the Pontryagin minimum principle (PMP) which yields an equivalent BVP from an OCP.
For a detailed and rigorous derivation of the PMP see (Pontryagin et al. 1962) or (Kirk and
Kreider 1970) or (Ross 2009).

5.2.2 General Formulation of Unconstrained Optimal Control

The optimal control problem can be formulated in slightly more general form as follows:

minimize:  (u) = Φ(x(ti), x(tf )) +
∫

tf

ti

L(x(t), u(t), t)dt, (5.30a)

ODE constraint: A(x(t), t)x′(t) = f (x(t), u(t), t), (5.30b)

boundary Conditions: b(x(ti), x(tf )) = 𝟎, (5.30c)

controls constraints: u(t) ∈  . (5.30d)

A(x, t) is a non-singular matrix with continuous and piecewise differentiable entries and it
corresponds to the mass matrix of the multibody model considered in many problems.

Denote with ̃ (x, 𝛌,u, 𝜇) the functional:

̃ (x, 𝛌,u, 𝜇) = (x(ti), x(tf ), 𝜇) +
∫

tf

ti

H(x, 𝛌, u, t) − 𝛌(t) ⋅ (A(x, t)x′(t))dt,

(xi, xf , 𝜇) = Φ(xi, xf ) + 𝜇 ⋅ b(xi, xf ), (5.31)

H(x, 𝛌,u, t) = L(x,u, t) + 𝛌 ⋅ f (x,u, t).
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Denote with 𝛈(x, 𝛌, t) = A(x, t)T𝛌 so that the variation of the term 𝛌TA x′ takes the form:

𝛿(𝛌TA(x, t)x′) = d
d𝛼

(
𝛈(x + 𝛼𝛿x, 𝛌 + 𝛼𝛿𝛌) ⋅ (x′ + 𝛼𝛿x′)

)|||𝛼=0,
= 𝛈(x, 𝛌, t) ⋅ 𝛿x′ + x′ ⋅

[
𝜕x𝛈(x, 𝛌, t)𝛿x + 𝜕𝛌𝛈(x, 𝛌, t)𝛿𝛌

]
.

Integrating by parts and noticing that 𝜕𝛌
𝜕𝛈 = A(x, t)T , the following equality is obtained:

𝛿(𝛌TA(x, t)x′) = d
dt
(𝛈 ⋅ 𝛿x) −

d𝛈
dt

⋅ 𝛿x + x′ ⋅
[
𝜕x𝛈(x, 𝛌, t)𝛿x + 𝜕𝛌𝛈(x, 𝛌, t)𝛿𝛌

]
,

= d
dt
(𝛈 ⋅ 𝛿x) +

[
N(x, 𝛌, t)x′ − A(x, t)T𝛌′

]
⋅ 𝛿x +

[
A(x, t)x′

]
⋅ 𝛿𝛌,

where
N(x, 𝛌, t) = [𝜕x𝛈(x, 𝛌, t)]T − 𝜕x𝛈(x, 𝛌, t). (5.32)

Because u(t) is determined by the PMP, we consider the first variation of (5.31) only for
𝛿x(t), 𝛿𝛌(t) and 𝛿𝜇(t):

𝛿̃ =
∫

tf

ti

[
Ã ⋅ 𝛿x + B̃ ⋅ 𝛿𝛌

]
dt + C̃ ⋅ 𝛿x(tf ) + D̃ ⋅ 𝛿x(ti) + Ẽ ⋅ 𝛿𝜇, (5.33)

where (omitting some parameter dependencies)

Ã = 𝜕
T
x H + AT𝛌′ − Nx′, B̃ = 𝜕

T
𝛌 H − Ax′,

C̃ = 𝜕
T
xf
 − 𝛈(x(tf ), 𝛌(tf ), tf ), D̃ = 𝜕

T
xi
 + 𝛈(x(ti), 𝛌(ti), ti),

Ẽ = 𝜕
T
𝜇
.

(5.34)

From the Du Bois–Reymond Lemma 5.2.1, it follows that Ã = B̃ = 𝟎; moreover, from the
arbitrariness of 𝛿x(ti), 𝛿x(tf ) and 𝛿𝜇 it follows that C̃ = D̃ = Ẽ = 𝟎. Then the solution of
OCP (5.30) must satisfy the following BVP:

ODE: S(x, 𝛌, t)
(

x′

𝛌′
)

=
(
𝜕

T
x H(x,u, t)
𝜕

T
𝛌 H(x,u, t)

)
, t ∈ (ti, tf ) (5.35a)

BC: 𝟎 = B(x(ti), 𝛌(ti), x(tf ), 𝛌(tf ), 𝜇), (5.35b)

PMP: u(t) = argmin{v ∈  | H(x(t), 𝛌(t), v, t)}, (5.35c)

where

S(x, 𝛌, t) =
(

N(x, 𝛌, t) −A(x, t)T
A(x, t) 𝟎

)
,

B(xi, 𝛌i, xf , 𝛌f , 𝜇) =
⎛⎜⎜⎝
𝜕xi

(xi, xf , 𝜇) + A(xi, ti)T𝛌i

𝜕xf
(xi, xf , 𝜇) − A(xf , tf )T𝛌f

𝜕
𝜇
(xi, xf , 𝜇)

⎞⎟⎟⎠ ,
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and

𝜕
T
x H(x,u, t) = 𝜕

T
x J(x, u, t) + 𝜕T

x f (x, u, t)𝛌,

𝜕
T
𝛌 H(x,u, t) = f (x, u, t),

𝜕
T
xi
(xi, xf , 𝜇) = 𝜕

T
xi
Φ(xi, xf ) + 𝜕T

xi
b(xi, xf )𝜇,

𝜕
T
xf
(xi, xf , 𝜇) = 𝜕

T
xf
Φ(xi, xf ) + 𝜕T

xf
b(xi, xf )𝜇,

𝜕
T
𝜇
(xi, xf , 𝜇) = b(xi, xf ).

5.2.3 Exact Solution of a Linearized Motorcycle Model

Let us make use of the method so far described to derive the analytical solution of an optimal
manoeuvre for the linearized model (5.6) that transits the machine from steady-state straight
running to steady-state turning at constant velocity V . It is more convenient to make a change
of variable for (5.5) to reformulate the problem (5.6) into one with a fixed domain by setting
t = 𝜁T . If we define x̂(𝜁 ) = x(𝜁T) for a generic state variable x then it follows that x̂′(𝜁 ) =
x′(𝜁T)T , which yields the new formulation of the optimal control problem (5.6):

minimize: T , (with T > 0)
subject to: 𝜙̂

′(𝜁 ) = T 𝜙̂
′
dot(𝜁 ), 𝜙̂

′
dot(𝜁 ) = T h

Ixx0

(
m g𝜙̂(𝜁 ) − m h V2

L
𝛿(𝜁 )

)
,

𝜙̂(0) = 𝜙̂dot(0) = 𝜙̂dot(1) = 0, 𝜙̂(1) = 𝜙1,
|||𝛿(𝜁 )||| ≤ 𝛿

max
.

(5.36)

The optimal control (5.36) contains the parameter T to be optimized. The general formula-
tion of optimal control of Section 5.2.2 does not consider parameter optimization. Although
the formulation can be extended to include this case, for simplicity we recast the problem
to fit the formulation considered in Section 5.2.2.

The new constant function T̂(𝜁 ), (that satisfies T̂ ′(𝜁 ) = 0) is added, and the problem (5.36)
becomes:

minimize T̂(1), (withT̂(𝜁 ) > 0)

subject to: 𝜙̂
′(𝜁 ) = T̂(𝜁 ) 𝜙̂′

dot(𝜁 ), 𝜔̂
′(𝜁 ) = T̂(𝜁 ) h

Ix

(
mg𝜙̂(𝜁 ) − m h V2

L
𝛿(𝜁 )

)
,

(5.37)

T̂ ′(𝜁 ) = 0 , 𝜙̂(0) = 𝜙̂dot(0) = 𝜙̂dot(1) = 0, 𝜙̂(1) = 𝜙1, |𝛿(𝜁 )| ≤ 𝛿
max
.

Now the problem is formulated as in (5.30) with the following correspondence

x = (𝜙̂, 𝜙̂dot, T̂)T , 𝛈(x, 𝛌, t) = 𝛌 = (𝛌1, 𝛌2, 𝛌3)T , Φ(x(0), x(1)) = T̂(1),

L(x, u, t) = 0, A(x, t) = I, N(x, 𝛌, t) = 𝟎,  =
[
−𝛿max

, 𝛿
max

]
,

f (x, u, t) = T̂

⎛⎜⎜⎜⎝
𝜙̂dot

h
Ixx0

(
mg𝜙̂ − m h V2

L
𝛿

)
0

⎞⎟⎟⎟⎠ , b(x(0), x(1)) =
⎛⎜⎜⎜⎝

𝜙̂(0)
𝜙̂dot(0)
𝜙̂(1) − 𝜙1
𝜙̂dot(1)

⎞⎟⎟⎟⎠ .
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After a few manipulations (5.37) becomes

equations: 𝜙̂
′ = T̂𝜙̂dot, Ixx0

𝜙̂
′
dot = T̂h

(
mg𝜙̂ − m h V2

L
𝛿

)
, T̂ ′ = 0,

co-equations: Ixx0
𝛌′1 = −mghT̂𝛌2, 𝛌′2 = −T̂𝛌1,

Ixx0
𝛌′3 = −𝛌1Ix𝜔̂ − 𝛌2h

(
mg𝜙̂ − m h V2

L
𝛿

)
;

BC: 𝜙̂(0) = 𝜙̂dot(0) = 𝜙̂dot(1) = 0, 𝜙̂(1) = 𝜙1,

𝜇1 + 𝛌1(0) = 0, 𝜇2 + 𝛌2(0) = 0, 𝛌3(0) = 0,

𝜇3 − 𝛌1(1) = 0, 𝜇4 − 𝛌2(1) = 0, 𝛌3(1) = 1;

PMP: 𝛿(𝜁 ) = argmin
𝛿∈[−𝛿max,𝛿max]

T̂

[
𝛌1𝜔̂ + 𝛌2(h∕Ixx0

)
(

mg𝜙̂ − m h V2

L
𝛿

)]
. (5.38)

This is a BVP with unknowns 𝜙̂, 𝜙̂dot, T̂ , 𝛌1, 𝛌2 and 𝛌3. From PMP and the physical
condition T̂(𝜁 ) > 0 we can solve the control 𝛿(𝜁 ) = sign(𝛌2(𝜁 ))𝛿max. This means that the
control 𝛿(𝜁 ), apart from the special case when 𝛌2(𝜁 ) = 0, switches between the extrema
values ±𝛿max. In this case the solution (or the control) is called bang-bang.

Notice that 𝛌1(0), 𝛌2(0), 𝛌1(1), 𝛌2(1) can be chosen freely because we have four multipliers
𝜇 that can be used to satisfy the corresponding boundary condition. Thus, the multiplier 𝛍
and the boundary condition for 𝛌1 and 𝛌2 can be eliminated. The general solution of the first
two co-equations with T̂(𝜁 ) = T constant is:

𝛌1(𝜁 ) = C1e
𝜁T𝛼 + C2e

−𝜁T𝛼
,

𝛌2(𝜁 ) =
C2e−𝜁T𝛼 − C1e

𝜁T𝛼

𝛼
h m g,

𝛼 =
√

m g h√
Ixx0

.

(5.39)

From the PMP we know that the control 𝛿(𝜁 ) switches at the point where 𝛌2(𝜁 ) = 0, that is
when

C2e
−𝜁T𝛼 = C1e

𝜁T𝛼 ⇒
C2

C1
= e2𝜁T𝛼 ⇒ 𝜁s =

1
2T𝛼

log
C2

C1
. (5.40)

and, thus, there is at most one switching point 𝜁s only when C1 and C2 are different from 0
and with equal sign; moreover, if the switching point is on 𝜁s > 0 then |C2| > |C1|.

Using this information we build the general solution of the first two state equations using
the constant functions

T̂(𝜁 ) = T and 𝛿(𝜁 ) =
g L

h V2 F, T and F constants
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before the switching point 𝜁s, thus, for 𝜁 ≤ 𝜁s:

𝜙̂(𝜁 ) = 1
𝛼
(C3e

𝜁T𝛼 − C4e
−𝜁T𝛼) + F,

𝜔̂(𝜁 ) = C3e
𝜁T𝛼 + C4e−𝜁T𝛼

.

(5.41)

The general solution of the first two state equations with the functions T̂(𝜁 ) = T and
𝛿(𝜁 ) = − g L

h V2 F constants after the switching point 𝜁s is for 𝜁 ≥ 𝜁s:

𝜙̂(𝜁 ) = 1
𝛼
(C5e

(𝜁−𝜁s)T𝛼 − C6e
−(𝜁−𝜁s)T𝛼) − F,

𝜔̂(𝜁 ) = C5e
(𝜁−𝜁s)T𝛼 + C6e−(𝜁−𝜁s)T𝛼.

(5.42)

The constants C1, C2, C3 and C4 must satisfy

2C1 = 𝛌1(0) − 𝛼𝛌2(0), 2C2 = 𝛌1(0) + 𝛼𝛌2(0),

2C3 = 𝜔̂(0) + 𝛼𝜙̂(0) − 𝛼F = −𝛼F, 2C4 = 𝜔̂(0) − 𝛼𝜙̂(0) + 𝛼F = 𝛼F,

and thus they can be determined from initial values 𝜙̂(0) = 𝜔̂(0) = 0, 𝛌1(0) and 𝛌2(0); we
can rewrite (5.39) and (5.41) as

𝛌1(𝜁 ) = 𝛌1(0) cosh(𝜁T𝛼) − 𝛼𝛌2(0) sinh(𝜁T𝛼), 𝜙̂(𝜁 ) = F(1 − cosh(𝜁T𝛼)),

𝛌2(𝜁 ) = −
𝛌1(0)
𝛼

sinh(𝜁T𝛼) + 𝛌2(0) cosh(𝜁T𝛼), 𝜔̂(𝜁 ) = −𝛼F sinh(𝜁T𝛼).
(5.43)

The constants C5 and C6 must satisfy

2C5 = 𝜔̂(𝜁s) + 𝛼𝜙̂(𝜁s) + 𝛼F, 2C6 = 𝜔̂(𝜁s) − 𝛼𝜙̂(𝜁s) − 𝛼F, (5.44)

and thus they can be determined from values at switching point 𝜁s obtained from the initial
piecewise solution:

𝜙̂(𝜁s) = F(1 − cosh(𝜁sT𝛼)), 𝜔̂(𝜁s) = −𝛼F sinh(𝜁sT𝛼), (5.45)

and (5.42) become:

𝜙̂(𝜁 + 𝜁s) =
𝜔̂(𝜁s)
𝛼

sinh(𝜁T𝛼) + 𝜙̂(𝜁s) cosh(𝜁T𝛼) − F(1 − cosh(𝜁T𝛼)),

𝜔̂(𝜁 + 𝜁s) = 𝜔̂(𝜁s) cosh(𝜁T𝛼) + 𝛼𝜙̂(𝜁s) sinh(𝜁T𝛼) + 𝛼F sinh(𝜁T𝛼).
(5.46)

Using the identity for hyperbolic functions:

cosh(x + y) = sinh x sinh y + cosh x cosh y,

sinh(x + y) = cosh x sinh y + sinh x cosh y,

in (5.46) with (5.45), after some manipulation:

𝜙̂(𝜁 + 𝜁s) = F(2 cosh((𝜁 + 𝜁s)T𝛼) − cosh(𝜁T𝛼) − 1),

𝜔̂(𝜁 + 𝜁s) = 𝛼F(2 sinh((𝜁 + 𝜁s)T𝛼) − sinh(𝜁T𝛼)).
(5.47)
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Using the identity 𝜁T = t and 𝜁sT = ts in (5.43) and (5.47) we can write exact solution as
follows:

𝜙(t) = F

{
1 − cosh(t𝛼) 0 ≤ t < ts,

2 cosh((t − ts)𝛼) − cosh(t𝛼) − 1 ts ≤ t ≤ T ,

𝜔(t) = 𝛼F

{
− sinh(t𝛼) 0 ≤ t < ts,

2 sinh((t − ts)𝛼) − sinh(t𝛼) ts ≤ t ≤ T ,

(5.48)

where ts is the switching time and

F = ±h V2

g L
𝛿

max

where the sign depends on the boundary condition. To compute switching time ts and
manoeuvre time T we must solve the nonlinear system:

𝜙1 = 𝜙(T) = F(2 cosh((T − ts)𝛼) − cosh(T𝛼) − 1),

0 = 𝜔(T) = 𝛼F(2 sinh((T − ts)𝛼) − sinh(T𝛼)),

whose solution is

T =
ln(𝑤) − ln(1 + f )

𝛼
, ts =

ln(1 +𝑤) − ln(2)
𝛼

,

𝑤 = 1 + f − 1
2

f 2 + 1
2
√

f (f + 4)(f − 2)(f + 2), f = −
𝜙1

F
.

(5.49)

Notice that real solutions for T and ts are obtained for f ∈ (−1, 0]. This means that

F = −sign(𝜙1)
h V2

g L
𝛿

max

and not all the angles 𝜙1 are reachable but only the ones that satisfy:

|𝜙1| < h V2

g L
𝛿

max
.

5.2.4 Numerical Solution and Approximate Pontryagin

The exact solution of steering problem (5.6) formulated as the BVP (5.35) uses the Pon-
tryagin minimum principle (5.35c) to obtain the control law F(t). However, the solution of
this problem for multiple controls and a complex domain  may be difficult. Also for a
simpler problem like the curve initiation problem the solution may be discontinuous. In real
applications exact solution of the optimal control problem is a rare event so that numerical
solution of the BVP (5.35) is mandatory. Discontinuity of the control is a problem for the
convergence of a numerical method for the BVP (5.35). To simplify the numerical solution
we can smooth the problem and obtain the solution of an approximate problem (and thus, a
suboptimum). A solution based on barrier or penalty functions is the following. Let p(x) be
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a function such that p(x) = ∞ for x outside  and p(x) = 0 inside  ; this is an ideal barrier
function which can be used to transform the problem (5.30) to the equivalent one:

minimize:  (u) = Φ(x(ti), x(tf )) +
∫

tf

ti

L(x(t), u(t), t) + p(u(t))dt, (5.50a)

ODE: A(x(t), t)x′(t) = f (x(t), u(t), t), (5.50b)

BC: b(x(ti), x(tf )) = 𝟎, (5.50c)

where the constraint (5.30d) is substituted with the barrier function p(x) in equation (5.50a).
This problem is now approximated by using a smooth barrier p

𝜀
(x) which has the property

that p
𝜀
(x) is regular and small for x internal points of . For example, for = [−𝛿max

, 𝛿
max]

a possible barrier function is

p
𝜀
(x) = −𝜀 log cos

(
𝜋

2
x
𝛿max

)
. (5.51)

The effect of 𝜀 and the shape of p
𝜀
(x) is shown in Figure 5.7. Using barrier (5.51) in prob-

lem (5.38) after some manipulations results in:

minimize T̂(1) − 𝜀 T̂(1)
∫

1

0
log cos

(
𝜋

2
𝛿(𝜁 )
𝛿max

)
𝜁, (withT̂(𝜁 ) > 0)

subject to: 𝜙̂
′(𝜁 ) = T̂(𝜁 ) 𝜔̂(𝜁 ), 𝜔̂

′(𝜁 ) = T̂(𝜁 )m h
Ix

(
g𝜙̂(𝜁 ) − h V2

L
𝛿(𝜁 )

)
,

T̂ ′(𝜁 ) = 0, 𝜙̂(0) = 𝜔̂(0) = 𝜔̂(1) = 0, 𝜙̂(1) = 𝜙1.

(5.52)

and after few manipulation from (5.52) and PMP the control 𝛿(𝜁 ) satisfies:

𝛿(𝜁 ) = argmin
𝛿∈ℝ

H = argmin
𝛿∈ℝ

T̂

[
𝛌1𝜔̂ + 𝛌2

m h
Ix

(
g𝜙̂ − h V2

L
𝛿

)
− 𝜀 log cos

(
𝜋

2
𝛿

𝛿max

)]
.
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Figure 5.7 On the left is shown the shape of barrier function (5.51) for 𝜀 = 0.1, 𝜀 = 0.05 and 𝜀 =
0.01, and on the right, the shape of the penalty function (5.56) for n = 2, n = 4 and n = 8
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The minimum can be found by searching for stationary points of the Hamiltonian function

0 = 𝜕
𝛿
H = T̂

[
−𝛌2

m h2 V2

Ix L
+ 𝜀

𝛿max

𝜋

2
tan

(
𝜋

2
𝛿

𝛿max

)]
,

and thus

𝛿(𝜁 ) = 𝛿
max

{
2
𝜋

arctan

(
𝛌2(𝜁 )

2𝛿maxm h2 V2

𝜋 𝜀 Ix L

)}
.

Notice that 2
𝜋

arctan
(

x
𝜀

)
≈ sign(x) and thus this solution is an approximation of the true

optimal control. This control is now smooth, and any numerical method can be used to
approximate the solution of the BVP derived from problem (5.52). For example, in (Berto-
lazzi et al. 2005; 2006, 2007a) second-order finite difference is used for the discretization.
In Figure 5.8 the results using a second-order discretization with 𝜀 = 10−4 on a mesh of 40
points is shown.

A second-order finite difference for the BVP (5.35) is the following:

S(xk+1∕2, 𝛌k+1∕2, tk+1∕2)
ΔT

(
xk+1 − xk
𝛌k+1 − 𝛌k

)
=

(
𝜕

T
x H(xk+1∕2, uk+1∕2, tk+1∕2)
𝜕

T
𝛌 H(xk+1∕2, uk+1∕2, tk+1∕2)

)
, (5.53)

𝟎 = B(x0, 𝛌0, xN , 𝛌N , 𝜇), (5.54)

uk+1∕2 = U(xk+1∕2, 𝛌k+1∕2, tk+1∕2), (5.55)

where U(x, 𝛌, t) is a function assumed known or computable which solves the PMP:

U(x, 𝛌, t) = argmin{v ∈  | H(x(t), 𝛌(t), v, t)}.

Here ΔT = (tf − ti)∕N and tk = ti + k ΔT . Moreover xk ≈ x(tk) and 𝛌k ≈ 𝛌(tk). Half
integer such as k + 1∕2 means averaging, for example 𝛌k+1∕2 = (𝛌k + 𝛌k+1)∕2. Discretized
BVP (5.53–5.54–5.55) constitutes a non-linear system which must be solved. This non-
linear system is difficult to solve and a robust nonlinear system solver must be used like TEN-
SOLVE (Bouaricha and Schnabel, 1997) or affine invariant Newton solver (Deuflhard 2011).
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Figure 5.8 Exact and numerical solution of inverted pendulum bicycle model with 𝜀 = 10−4, m =
250, g = 9.81, Fmax

y = mg, Ix = 45, 𝜙1 = 10∘ , h = 0.6
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(Bertolazzi et al. 2007a) describes a variant of the affine invariant Newton solver for the solu-
tion of the nonlinear systems as a result of the discretization of the optimal control problems.

5.2.4.1 Optimal Control with Unilateral Constraints

In many applications not only the controls are subject to unilateral constraints but also the
states, so we have inequalities like:

C(x(t), u(t)) ≤ 𝟎, where C(x,u) =
⎛⎜⎜⎜⎝

C1(x, u)
C2(x, u)

⋮
Cm(x, u)

⎞⎟⎟⎟⎠ ,
which are added to problem (5.30). The introduction of inequality constraints complicates
the variational approach, but the use of barrier functions allow the problem to be reduced
again to the form of (5.30). A barrier function is a continuous and positive function over the
feasible set which goes to ∞ as x approaches the boundary. A barrier function for C1(x,u)
may be b(C1(x, u)) where:

b(x) = −𝜀 log x, or b(x) = 1
x
.

This kind of barrier produces a nonlinear system that is extremely difficult to solve. An
alternative is to use penalty functions which are a regularized version of the function [x]+ =
max(x, 0) and take the form:

p(x; h, n) =

{
0 x < 0,(

x
h

)n
x ≥ 0.

(5.56)

The behaviour of (5.56) for n = 2, 4, 8 is shown by the plot on the left of Figure 5.7. This
penalty is equal to zero for non-positive x and increases very rapidly for x > h and positive
n. The parameter h determines the degree of influence of the penalty. See (Bertolazzi et al.
2007a) for a deeper discussion on penalties and the choice of the parameters.

5.3 Applications of Optimal Manoeuvre to Motorcycle Dynamics

The concepts of manoeuvrability and handling are mathematically formalized in
Section 5.1.1 as the solution of an optimal control problem that minimises a desired
metric. In Section 5.1.2 examples have been introduced that practically explains the above
concepts by means of motorcycle linearized models to transit from steady-state straight
running to steady-state cornering. It has been shown how the manoeuvrability is an intrinsic
characteristic of a machine, therefore it depends only on the design parameters, while
handling involves the rider’s skills and how the machine may fit those skills and limitations.

In this section the above concepts are further extended by modelling and introducing the
rider’s riding capability and the corresponding limitations in the optimal control formulation
to complete minimum time manoeuvres. The machine model used in the simulation of this
section includes the main non-linearities (e.g. tyre and engine characteristics, and large roll

www.EngineeringEBooksPdf.com



146 Modelling, Simulation and Control of Two-Wheeled Vehicles

angles) as described in (Bertolazzi et al. 2006). Comparisons of simulations and experimen-
tal data show that in such cases the optimal manoeuvres retain the same characteristics as
real ones.

5.3.1 Modelling Riders’ Skills and Preferences with the Optimal
Manoeuvre

The way that an expert human rides depends on what is his/her final goal and personal riding
skills and experience.

For example, the study of (Davoodi et al. 2012) found that most riders are capable of
responding to an unexpected object along the roadway in 2.5 s or less. Expert riders show
superior control of the machine compared to first-time riders, but training leads to an
improvement in the riding skills of novice riders, improving their capacity to adapt the
speed to the situation, reducing trajectory-corrective movements, and changing their pattern
of gaze exploration (Stasi et al. 2011). Again, (Rice 1978) has experimentally shown that
expert riders efficiently move their upper body to precisely control the motorcycle. In
particular, in some situations they lean in such a way as to reduce the time necessary to
enter into a curve, eliminating the counter-steering manoeuvre. Most of the above aspects,
and others, can be engineered in the optimal control formulation with additional differential
equations that model the band width of the human rider control actions (Schwab and
Meijaard 2013) (e.g., body part movements or steering torque or throttle rotation) or with
inequality constraints on some variables such as maximum steering torque and steering
rate. One complex aspect in motorcycle dynamics is the concurrent use of the four inputs
(steering torque, front brake, rear brake and throttle). In particular, the rear brake is quite
critical in cornering manoeuvres since its incorrect use can lead to a rider falling. Only
few top riders are able to correctly use the rear tyre braking force, because this causes a
lack of rear lateral support which results in an open-loop unstable state (Kelly 2008): for
F1 drivers and (Corno et al. 2008) for motorcycles. One possible way to take into account
the way riders use the longitudinal and lateral controls is to properly shape the pattern
of longitudinal and lateral accelerations generated in the g-g plots. In fact, it has been
experimentally shown (Lot and Biral 2009) that the envelope of longitudinal and lateral
accelerations of a large set of manoeuvres of a rider shows how efficiently the rider is
able to act on the motorcycle controls. On the other hand, it is also a measure of the set of
accelerations that the rider considers comfortable or reachable, given the uncertain road
surface conditions and the machine dynamic properties.

Figure 5.9 shows the g-g plot of two riders, with different skills and experience, riding
the same motorcycle on the same circuit. As shown, the two pattern are different, and in
neither case does it completely covers the corresponding adherence ellipse. In particular,
rider 1, who is a less aggressive rider, even if with long riding experience, used the rear
brake much less in cornering compared to rider 2. Nevertheless, rider 2 is still not using all
available lateral acceleration in the braking phase. The pattern of the acceleration envelope
can be properly introduced in the OCP formulation with a specific inequality constraint for
longitudinal acceleration as function of lateral acceleration. One possible implementation is
the following:

ax(t) ≥ −ay0 −
|||||
ay(t)
ayL

|||||
nB

, (5.57)
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Figure 5.9 Distribution of normalized lateral and longitudinal accelerations for two riders on
the same race track and the same machine. Lighter points mean more frequent value for the pair
(ax∕g, ay∕g). Figure also shows circle of estimated roll angle. Data 2002 courtesy of MDRG of Uni-
versity of Padova

where ay0 and nB are parameters that define the shape of the envelope in the braking phase
and can be estimated from the acceleration envelope of a single or group of riders to be
modelled. When nB = 1, the inequality reduces to a straight line, and for nB < 1 it is a curved
line as shown in Figure 5.9 for rider 1.

Another interesting piece of information that helps in designing an OCP problem that pro-
duces human-like manoeuvres is based on the nature of human motor strategies. A number
of studies have been carried out to try to understand what is the criteria that produce human
motion-like in general (Liu and Todorov 2007; Viviani and Flash 1995; Breteler et al. 2002,
and for the specific domain of driving Yamakado and Abe 2008). Minimum jerk is one of
the most important movement rules and is regarded as a principle of maximum smoothness.
Drivers’ bodies are sensitive to jerk, and jerk reflects the changing forces applied to the vehi-
cle. For example, car drivers exploit this information to keep total tyre force within a certain
range by a coordinated control between longitudinal and lateral accelerations. For example,
in driving, minimum jerk trajectories are those that minimize the root mean square (rms)
value of driver control. One example of implementation is the following:

j(jx, jy) =
(

jx
jx0

)2

+
( jy

jy0

)2

, (5.58)

where jx, jy are the generic definition for the longitudinal and lateral jerk of the vehicles,
which can be mapped into the corresponding derivatives of the lateral and longitudinal con-
trols. In a similar way other rider characteristics can be objectified and introduced in the
OCP formulation forming a sort of weighted sum of different criteria. In fact, riders’ con-
trol strategies often arise from a trade-off of several other criteria which allows us to model
a variety of motor strategies. For example, a cost function combining minimum jerk and
minimum time can model a variety of human behaviours under different time pressures. In
Section 5.3.2, as an application example of all the above concepts, the minimum lap time
problem of motorcycles is discussed.
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5.3.2 Minimum Lap Time Manoeuvres

Racing riders produce optimized manoeuvres that in some cases extract the best possible
performance from the motorcycle. Nevertheless, the optimal manoeuvre formulation must
take into account their riding preferences and limitations. The comparison between the opti-
mal manoeuvre and experimental data is reported in (Bertolazzi et al. 2006 and Cossalter
et al. 2010). In this section, we compare the minimum lap time optimal manoeuvre with no
limitation on combined longitudinal and lateral accelerations (called reference) and the opti-
mal manoeuvre obtained using the limitations imposed by (5.57) to mimic the behaviour of
rider 1 of the previous section. The circuit used in the simulation is located in Adria (Italy)
since it is the same as the experimental data of Figure 5.9. The motorcycle dynamic model
is nonlinear and is the one explained in (Bertolazzi et al. 2006). A quite convenient way to
formulate the corresponding OCP is to change the coordinates from cartesian x(t), y(t), 𝜓(t)
to curvilinear 𝜁 (t), n(t), 𝛼(t), since it is easy to model the road shape and it is straightforward
to impose the path constraints. The curvilinear coordinates are the position of the motorcy-
cle along the road middle line 𝜁 , the orientation of the motorcycle with respect to the tangent
to the middle line 𝛼(t) and the lateral displacement n(t).

The relationship between cartesian coordinates and curvilinear coordinates is established
on the basis of their derivatives (i.e. the velocities) as follows:

d𝜁 (t)
dt

= cos(𝛼(t))u(t) − sin(𝛼(t))𝑣(t)
sn(t)𝜅(𝜁 (t)) − 1

, (5.59a)

dsn𝜁 (t)
dt

= cos(𝛼(t))𝑣(t) − sin(𝛼(t))u(t), (5.59b)

d𝛼(t)
dt

= 𝜓̇(t) + (sin(𝛼(t))𝑣(t) − cos(𝛼(t))u(t))𝜅(𝜁 (t))
sn(t)𝜅(𝜁 (t)) − 1

, (5.59c)

where u(t) and 𝑣(t) are the components of the motorcycle reference point velocity vector pro-
jected in the moving frame (Figure 5.10). To reformulate Equations (5.1) in space domain,
let us consider the set of coordinates x(𝜁 ) as a function of 𝜁 instead of time t and compute
the total derivative with respect to 𝜁 :

dx(t(𝜁 ))
d𝜁

= dx(t)
dt

dt
d𝜁
. (5.60)

Let us call 𝜁
𝑣
= d𝜁(t)

dt
, which can be obtained by solving (5.59a). Using (5.60) to compute

the derivatives in the dynamic system model of (5.1) and changing variable t to variable 𝜁
we get:

dx(𝜁 )
d𝜁

𝜁
𝑣
= f (x(𝜁 ),u(𝜁 ), 𝜁 , p). (5.61)

In this new set of coordinates the path constraints that force the motorcycle to stay within
the road geometry are:

WL(𝜁 ) ≤ sn(𝜁 ) ≤ WR(𝜁 ), (5.62)

where WL(𝜁 ) and WR(𝜁 ) represent respectively the left and right widths of the road, which
can be different along the road profile. The reader may also note that the domain of inte-
gration is now fixed and corresponds to the circuit length L, which is an advantage for the
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Road
reference line

Figure 5.10 Meaning of the curvilinear coordinates. The road is defined by its reference line which
is described with a sequence of segments of given length L and curvature 𝜅 and left WL and right
WR width. Pr projection of the vehicle point G

𝑣
on the reference line. n is the distance of G

𝑣
from

reference line and 𝛼 is the orientation of the vehicle with respect to reference line tangent in Pr.

numerical method’s convergence. The goal function becomes:

L(x(𝜁 ),u(𝜁 )) =
∫

L

0

⎡⎢⎢⎣
𝑤T

𝜁
𝑣
(𝜁 )

+

(
j
𝜏
(𝜁 )

j
𝜏max

)2

+

(
jSr
(𝜁 )

jSrmax

)2

+

(
jSf
(𝜁 )

jSfmax

)2⎤⎥⎥⎦ d𝜁, (5.63)

and in combination with the inequality constraint (5.57) it models a rider who wants to
complete a manoeuvre in minimum time combining to some degree the longitudinal and
lateral forces in the braking phase. Other trajectory constraints are the following:

|𝜏(𝜁 )| ≤ 𝜏
max (5.64a)|𝛿dot(𝜁 )| ≤ 𝛿
max
dot (5.64b)

Sr(𝜁 ) ≤ Srmax(u(𝜁 )) (5.64c)

Sf (𝜁 ) ≤ 0 (5.64d)(
Sr(𝜁 )

𝜇Xr Nr(𝜁 )

)2

+
(

Fr(𝜁 )
𝜇Yr Nr(𝜁 )

)2

≤ 1 (5.64e)( Sf (𝜁 )
𝜇Xf Nf (𝜁 )

)2

+
( Ff (𝜁 )
𝜇Yf Nf (𝜁 )

)2

≤ 1. (5.64f)

Inequalities (5.64a) and (5.64b) limit the maximum steering torque and steering rate which
are due to human rider’s limitations. Inequality (5.64c) limits the maximum traction at rear
wheel so as not to exceed the engine torque envelope. Inequality (5.64d) prevents the front
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wheel producing tractive forces. Inequalities (5.64e) and (5.64f) are an approximate imple-
mentation of the rear and front tyre ellipse of adherence where Si, Fi and Ni, with i = r, f , are
respectively the longitudinal, lateral and vertical tyre forces. Inequalities (5.64e) and (5.64f)
could be avoided using more complex tyre model such as the one proposed by Pacejka which
uses the Magic Formula (Pacejka 2006). Parameters 𝜇Xr, 𝜇Yr and 𝜇Xf , 𝜇Yf are the longitudi-
nal and lateral adherence limits for rear and front tyres respectively. Finally, we impose the
initial conditions to be equal to the motorcycle in straight run with free forward velocity and
rear longitudinal force. The final conditions will be imposed to be equal to initial one (i.e.
cyclic conditions) in order to simulate the motorcycle performing a circuit lap starting with
maximum speed.

The optimal control equations which derived from (5.61)–(5.64) yield a highly non-linear
boundary value problem of the type defined by (5.35) that is numerically solved with the
software described in (Bertolazzi et al. 2007a).

Figure 5.11 reports the g-g plots of the two simulated minimum manoeuvres combined
with the rear and front tyre engagements. The plots show the typical pattern of Figure 5.9.
The acceleration points do not fill completely the friction circle in the upper part (i.e. for
positive accelerations) because the front wheel load almost reached zero. For rider 1, the
negative accelerations are not optimally combined with lateral ones and therefore the friction
ellipse is not fully filled with points which means that tyres are not used at their limits. On
the other hand the maximum use of tyre forces would be possible by properly distributing
the braking tyre effort between front and rear. The simulation results were obtained with a
constraints on center of mass accelerations but we could get almost the same result by putting
the limit on the rear brake only. A minimum use of the rear braking force when cornering has
a clear effect on the longitudinal velocity evolution. The top graph of Figure 5.12 highlights

−1
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0μ x
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0

g-g plot reference manoeuvre
rear tyre adherence
front tyre adherence
CoM normalized acc

μy

1 −1

−1

0μ x
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g-g plot rider 1 manoeuvre
rear tyre adherence
front tyre adherence
CoM normalized acc

μy

1

Figure 5.11 g-g plots of reference optimal manoeuvre and of optimal manoeuvre with limitation
of combined longitudinal and lateral accelerations. The plots show rear and front tyre adherence and
acceleration of the centre of mass projected on the ground
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Figure 5.12 Comparison between reference optimal manoeuvre and optimal manoeuvre with lim-
itation of the combined longitudinal and lateral accelerations. The top plot shows forward velocity
with zoom on the first corner. The middle plot shows the roll angle. The bottom plot is the trajectory
for the reference manoeuvre

that the reference manoeuvre yields a more prolonged and stronger deceleration despite the
higher roll angle. On the contrary the rider 1’s manoeuvre has to anticipate the braking before
rolling the motorcycle into the corner in order to reduce the speed since he brakes less due
to the constraint (5.58). This behaviour is more evident for greater decelerations and at the
transition between fast straight pace and sharp corners. The simulated lap time difference is
about 1.6s (the reference manoeuvre being the fastest) which is due to only a suboptimal use
of the rear brake when leaning the motorcycle. The results clearly show the effectiveness of
the proposed method to model the rider’s skill and preferences.
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5.4 Conclusions

This chapter started with the question of assessing in an objective manner the intrinsic per-
formance of a motorcycle or combined with its rider. The task is tough due to the large
variability of the riding style, the number of input that may contribute to the control strat-
egy, and the central role of the subjective perception of the riding experience. The answer is
found in the formulation of the task to complete a manoeuvre as an optimal control problem
that minimizes a desired metric of the performance and possibly includes riding limitations,
skills and preferences. Similarly to aircraft engineering, if we only consider the machine
characteristics we evaluate the manoeuvrability, otherwise we assess handling. In both cases,
either we consider the rider’s limitations or not, the solution is optimal and is a baseline, or a
reference manoeuvre, for others obtained by changing the design parameters. The final value
of the metric is the performance index which evaluates the machine and can be used to com-
pare the performance of different vehicles. With the aid of linearized models of motorcycle
lateral dynamics we have shown that handling and manoeuvrability are two distinct concepts
that measure the performance of the machine alone or with the rider in the loop. We have
also shown that manoeuvrability is restricted by the machine’s subsystem dynamic proper-
ties but it is possible to design the machine in order to reduce the effort and substantially
keep the same manoeuvrability performance. In the last part of the chapter we proposed a
method to include the human rider’s experience or attitude limitations in order to obtain an
suboptimal manoeuvre which resembles that of a particular category of riders.

Despite the benefits that may derive from using the optimal control approach to solve the
above problems the solution of optimal manoeuvres with complex motorcycle models is not
trivial. The reasons are the highly non-linear relationship that links the optimal inputs and
the state variables that must satisfy the inequality constraints. Additionally, as proved for the
linearized model of (5.5), the solution may not even exist since some states are not reachable
due to the control limitations. To this end, we have proposed an indirect method based on
an approximation of the Pontryagin’s minimum principle that is numerically efficient and
can also handle complex motorcycle models (Cossalter et al. 2010).
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6
Active Biomechanical Rider Model
for Motorcycle Simulation

Valentin Keppler
Biomotion Solutions GbR and Department of Sports Science, University of Tübingen,
Germany

Compared with other vehicles such as cars, the mechanical interaction between rider and
motorcycle is much closer. Today the dynamics of motorcycles is well understood (Limebeer
and Sharp 2006) and even complex multibody models of motorcycles have been realized
(e.g., Berritta et al. 2000). But models that consider the influence of the rider on the dynam-
ics of the driver–vehicle system are mostly restricted to upper body lean and steering torques
acting between frame and steering head. On the other hand, it is well known that experienced
riders are able to damp out weave mode by relaxing their arms, and that things get worse
when riders try to stiffen up in order to get control of the motorcycle again. So there is evi-
dently a strong influence from the mechanical coupling between rider and motorcycle on
the ride stability. Therefore, to enable the analysis of issues such as motorcycle ride com-
fort, ride safety and unstable ride modes, we have developed a biomechanical rider model
which is able to steer the motorcycle by pushing the handlebars. This approach describes
the rider–motorcycle interaction realistically by means of a physical model of an active
human rider.

At the beginning of this chapter we describe some basic principles of biomechanical full-
body models, human motor control principles and how they can be applied in multibody
models to simulate moving virtual humans. In the next section we describe the biome-
chanical active rider model (Keppler 2010, 2012) which has been developed by Biomotion
Solutions and which is available as a control element for SIMPACK, a state-of-the-art multi-
body system (MBS) simulation package.

Finally, some simulation results are presented to demonstrate how the biomechanical rider
model (Figure 6.1) is used to identify parameters of rider vibration characteristics, to inves-
tigate the influence of the rider’s biomechanical parameters on the dynamic ride stability and
to perform some ride simulations with road excitations to calculate the ride comfort. As the
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Figure 6.1 A biomechanical rider model steering a motorcycle by arm movements

biomechanical rider model is an alternate approach compared to the artificial steering-torque
approach, we discuss the differences between steer by torque and steer by moving the han-
dlebars. Both approaches will be compared and the pros and cons will be discussed.

6.1 Human Biomechanics and Motor Control

Biomechanical models of the human operator can be used in a broad variety of application
fields. The best known are whole body simulation, models for car crash simulation, in which
the exposure and influence of external forces on the human driver can be analysed. As the
human body mass and the forces applied from the human to the car are small in comparison
to the car, the man–machine interaction is neglected in most cases. On the other hand it has
been shown that, surprisingly, the coupling of a pilot and his F-16 fighter is too strong to
be neglected. The so-called roll ratcheting is caused by the high amplification of the fighter
pilot’s steering commands to the aircraft as it is fly-by-wire controlled. Pilot-induced oscil-
lations have been described in Smith and Montgomery (1996). A stopped roll-motion of
the plane excited soft tissue oscillations in the pilot’s upper extremities are amplified by the
fly-by-wire controller which finally lead to unexpected plane oscillations. Clearly, it has to
be expected that the rider’s motions can not be neglected in the case of rider–motorcycle
interaction, so the use of biomechanical full body models will gain more and more impor-
tance in the future. The motivation was to develop an active biomechanical rider model that
can be used in a broad range of applications. Therefore it should be able to perform standard
riding tasks like crossover manoeuvres or cycle passing.

To make the model capable of pushing the handlebars by arm movements a bridge has to
be built between virtual rider control algorithms such as the steer by road preview and human
motor control which has been used in the past to simulate fast targeted arm movements or
the simulation of standing or walking (e.g., Henze 2002; Mergner et al. 2003).
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6.1.1 Biomechanics

The mechanical principles of human motion have been the subject of scientific research for
a long time. So Giovanni Alfonso Borelli who lived in Italy from 1608 till 1678 described
in his book De motu animalium∗ how muscles and bones act as systems of lever arms
(Figure 6.2), deflection pulleys and ropes, which finally lead to the observed motions of
animals and man. Since then a lot of research in the field of biomechanics has been done.
With the development of computer simulation techniques biomechanical models of humans
have been developed to analyse human motion.

6.1.1.1 The Human Body as a Multibody System

It is commonly accepted to describe the human body as a marionette consisting of 17 rigid
bodies for MBS simulations. There are two principal ways to parametrize the body properties
for each segment. Of course, parameters like mass, inertia and geometric properties can be
determined for one specific subject, which might be of interest for individual computer-aided
surgery planning or performance analysis of athletes. But more common are human body

Figure 6.2 One of the oldest biomechanical publications by (Borelli 1680) explains biological
motion as a result of muscles and skeleton. Source: Giovanni Alfonso Borelli, De Motu Animalium
[Public domain], via Wikimedia Commons

∗ N.B. De Motu Animalium (Movement of Animals) is also the title of a text by Aristotle (384–322 bc) about the
general principles of animal motion.
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models which are based on statistical data. There are some established sets of data which
can be used, such as those of (Chandler et al. 1975; Clauser et al. 1969 and NASA 1978).

6.1.1.2 Muscles and Skeleton

As there are no servo motors acting in human limbs, active motion results from contraction
of muscles which act between two or more joints. As an additional complication there is
no such thing as a pushing muscle, so actuated joints need more than one muscle to enable
controlled motion, and this leads to the classification of muscles as agonist or antagonist.
Segment motion and dynamically adjusted joint stiffness is realized by fine-tuned muscle
contractions of all involved muscles. The interested reader might look at the work of (van
Soest 1992), who describes how muscle-skeletal models can be helpful in understanding
human movement and how the ‘hill type’ muscles (Hill 1938), the de facto standard in mus-
cle simulation, can be modelled in biomechanical simulation.

By a defined contraction of agonist and antagonist muscles (Figure 6.3) the segment’s
position can be held in a stable position and joint stiffness can be modulated by increasing
or decreasing of the co-contraction level. Increased co-contraction results in an inherent sta-
bility of the body segments against spontaneous disturbances such as impacts during ground
contact whilst walking, and this is known as a preflex. More information on the major influ-
ence of optimally tuned joint stiffness and damping can be found, for example, in (Blickhan
et al. 2007). It seems to be expected that a motorcycle rider will adapt co-contraction during
manoeuvres or if expecting disturbances due to road condition. At least for car drivers it
has been experimentally shown by (Pick and Cole 2006) that the muscle co-contraction is
increased during lane change manoeuvres. Even if it might be possible to model the complete
body as a musculo-skeletal model, this approach might be too complex as it would entail
building up a motor controller which is capable of handling this complex system (consisting
of more than 100 joints and about 750 muscles). Co-contraction results in a net joint stiffness
at a desired equilibrium point and we are looking at comparable small motion amplitudes
around the equilibrium point, so it is a reasonable approach to use a simplified model for our
purposes that models the co-contracted muscles as a PID-controller for closed loop control
of a joint position.

Tnet

Figure 6.3 Net joint torque resulting of co-contraction of agonist and antagonist muscles
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6.1.1.3 The Motion of Soft Tissue

The human body mass contains a significant fraction of soft tissue like muscles, viscera
and adipose, it treating as a system of rigid bodies might lead to false simulation results.
From analyses of the soft tissue motion during running, for example, it has been shown
that wobbling mass oscillations range from 1 to 30 Hz (Schmitt 2011). So, especially if
MBS models of humans are used to simulate impacts (e.g. drop jumps) or vibration analy-
ses (hand–arm vibration, ride comfort) pure rigid body models lack accuracy. To solve this
problem the so-called wobbling mass model was introduced in (Denoth et al. 1985 and Gru-
ber et al. 1987). The wobbling mass model has been shown to be important in the simulation
of impact dynamics (e.g. Gruber et al. 1998; Keppler and Günther 2006) and in ride comfort
analysis (Mutschler et al. 2004).

6.1.2 Motor Control

Having modelled the 17-segment-body with joint actuators alone is not sufficient to per-
form forward dynamic simulation of movements. The model also has to implement control
structures, which makes the calculation of appropriate joint torques possible, and this in turn
leads to the desired motion pattern. The way humans control their motions is the subject of
the research of human motor control. In the following, some basic aspects of how the human
body processes sensory input in order to find a suitable muscle activation pattern to perform
desired motions, we will discuss.

6.1.2.1 The Input

As everyone knows our senses can be dazzled. One obvious example is a subject standing on
one leg in front of a vertically patterned wall. If this pattern is suddenly shifted sideways the
sensory signals are erroneous and the subject tends to fall over. If the subject closes their eyes
the overall stability is a little bit poorer but upright standing is still possible. This shows that
sensory input stimulus is redundant. Even simple human motions such as standing upright
can be hard to model, but there are simulation models that deal with human sensor fusion
and motor control (Maurer et al. 2006; Mergner et al. 2003).

An interesting early work on the simulation of a bicycle rider model was published by
(Doyle 1987) who investigated blindfolded bicycle riding (Figure 6.4). He recorded the bicy-
cle’s motion by use of gyroscopes and the steering angle changes resulting from the rider’s
input. He then reproduced the rider’s steering input in a computer model and described the
steering pattern of the rider as a combination of delayed repeat of the roll rate and short inter-
mittent ballistic accelerations. As this rider model just uses the vestibular and proprioceptive
sensor channels steering responses might be smoother if the experiment were reproduced
with the same bike but with eyes open because the vestibular input is based on accelerations,
so slow low amplitude movements with respect to the reference system can not be detected
properly.

Doyle (personal communication) states, ‘The main thing the visual system provides is a
clear indication of the vertical angle which the vestibular system is not good at. If the rider
can see that the vertical is being approached he can anticipate with a counter correction.
Blindfolded he either tends to go through the vertical and only picks up confirmation as the
acceleration builds up on the other side or the current input fails to drive the bike as far as
the upright and it starts to fall back on the same side.’
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Figure 6.4 Cyclist riding blindfolded. Source: Doyle 1987. Reproduced with permission from
Anthony Doyle

6.1.2.2 The Output

The next question is how we process the combined and weighted sensor signals to muscle
stimulus patterns. There are a lot of muscles that have to be stimulated in a coordinated
pattern to shift a single joint position, so we are dealing with highly overdetermined sys-
tems. The same problem occurs at the level of multi joint movements. In order to control
the steering angle, the motorcycle rider needs to change about 14 joint angles, so the ques-
tion is how the human handles this problem. One approach to explain how human motor
control deals with overdetermined problems is the 𝜆-model of the equilibrium point hypoth-
esis which was published by (Feldman 1974). Basically it describes the idea that for any
given joint space configuration there exists a set of muscle lengths in which this position is
at a mechanical equilibrium point. So by giving a desired motion it should be possible to
calculate the corresponding target muscle sets and stimulation patterns.

It has been said that there is a need of more detailed internal models (van Ingen Schenau
et al. 1995) which are probably located in the cerebellum. So (Pellionisz and Llinas 1985),
for example, postulated that the cerebellum can be seen as a metric tensor which transforms
between different referent systems. In reality a motorcycle rider uses vision, the vestibular
system,† the proprioceptive channels and the sensations that come from the machine to hands
and buttocks to calculate the actual motion state of his motorcycle and then he uses this
information by means of internal models to interpolate into the future in order to initiate
suitable roll motions at the right time by counter steering.

For our motorcycle rider simulation we generalized the ideas about an internal model
of body metrics and the 𝜆-model of the equilibrium point hypothesis and postulated the

† For the details of the mechanics of the human vestibular system and a description of otholites see for example (Jäger
and Haslwanter 2004).
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joint space model (JSM) which handles the sensor fusion and copes with redundancy to
calculate desired joint trajectories for a given motion target. This includes the idea that for
every steering angle there exists a posture vector in human joint space which fulfils the
boundary conditions. We also decided to use as input a fusion of visual input (road preview)
and vestibular input (roll angle) to calculate target steering angles as output from the motor
control unit.

6.2 The Model

Motorcycle dynamics is well understood by analytical models (e.g. Limebeer and Sharp
2006) which, due to the chosen analysis method, require stringent model reduction. Nowa-
days, it is even possible to simulate complex motorcycle models based on real existing
designs (e.g., Berritta et al. 2000). By using one of the available industry standard multibody
simulation packages even complex three-dimensional simulations can be handled comfort-
ably. The underlying multibody package used in our simulation is SIMPACK (SIMPACK
AG, Gilching Germany) which is often used in automotive or wheel–rail simulation. The
simulation is based on three models: the human body, the motorcycle and the motion control
model.

6.2.1 The Human Body Model

Based on anthropometrical data (e.g., NASA 1978) we have implemented a 17-segment full
body model. The model consists of two legs (foot, shank and thigh), a three-part trunk, neck,
head and two arms (hand, fore arm, upper arm) as depicted in Figure 6.5. Furthermore, each
of these rigid bodies is coupled with a so-called wobbling mass, which takes into account that
human body tissue is not a rigid material (see Figure 6.6). The consideration of wobbling
masses is important for ride comfort simulations (Keppler and Günther 2006; Mutschler
et al. 2004).

Figure 6.5 Human body model consisting of 17 segments. Automatic model generation allows for
variation of anthropometric parameters such as stature, body weight and gender
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Transformation: Rotation+Translation Shank
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(b) video analysis
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Figure 6.6 Wobbling mass model: A second rigid body, which simulates the soft tissue, is coupled to
the bone. The wobbling mass can rotate and translate with respect to coupling marker and is connected
by a nonlinear force element (d). The pictures show a measurement setup (a) which was used to
visualize and quantify the motion and frequencies of wobbling masses as presented by (Keppler and
Günther 2006). The depicted grids on the shank and thigh have been filmed at high speed and the
coordinates have been tracked. The motion of the grid points is visualized as a quiver plot (c). (Source:
Keppler V and Günther M 2006. Reproduced with permission from Elsevier)
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A human body model can be built up from scratch, piece by piece using the SIMPACK pre-
processor, while each anthropometric parameter like mass or inertia is calculated by means
of regression equations. But due to the large number of model parameters, building a human
body model is an elaborate and error-prone task. It might be interesting to generate a range
of different rider anthropometrics so it is of benefit to use an automatic model wizard (e.g.,
Varibody, Biomotion Solutions figure as shown in Figure 6.5) to generate the human body
model based on user input of gender, stature and body weight.

6.2.1.1 Wobbling Masses

Fel (ri, i∈{x,y,z}) = Ac ∗ (Cnli ∗ Δr
Sect

i + Ci ∗ Δri) (6.1)

Fdiss (ri, i∈{x,y,z}) = Ac ∗
(

Dnli ∗
d
dt
(ri)Sedt + Di ∗

d
dt
(ri)

)
Tel (ri, i∈{al,be,ga}) = Ac ∗ (Cnli ∗ Δr

Secr

i + Ci ∗ Δri)

Tdiss (ri, i∈{al,be,ga}) = Ac ∗
(

Dnli ∗
d
dt
(ri)Sedr + Di ∗

d
dt
(ri)

)
F (ri, i∈{x,y,z}) = Feli + Fdissi

T (ri, i∈{al,be,ga}) = Teli + Tdissi

Parameter symbols are explained in Table 6.1.

Table 6.1 Symbols for wobbling mass force law

Symbol Unit Description

Fi N Force acting in i
Ti Nm Torque acting about i
Feli N Force elastic in i
Fdisi N Force dissipative in i
Teli Nm Torque elastic in i
Tdisi Nm Torque dissipative in i
Δri m Delta translation in ri i ∈ {x, y, z}
d
dt
(ri) m/s Velocity translation in ri

Δri rad Delta rotation ri i ∈ {al, be, ga}
d
dt
(ri) rad/s Velocity rotation in ri i ∈ {al, be, ga}

Ac m2 Cross-sectional area scaling
Ci N/m Stiffness linear in i
Cnli N/mSe Stiffness non-linear in i
Se Exponent nonlinear term
Di Ns/m Damping linear in i
Dnli Ns/mSe Damping nonlinear in i
Ca Nm/rad Stiffness linear rotational
Cnla Nm/radSr Stiffness nonlinear rotational
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Table 6.2 Symbols for joint actuators

Symbol Description

KP proportional gain
KD derivative gain
KI integral gain

6.2.1.2 Joint Actuators

To enable both the passive posture maintenance and the active motion generation, actuators
have to be implemented at each joint of the human body model. The torques which are
acting between the two coupling points at the segments are calculated by Equation 6.2, and
the actuator works at three different modes:

• passive torque for posture maintenance
• active motion defined by motorcycle rider controller
• torque/force by motorcycle rider controller

In the “defined motion” case, PID controllers are used to let the joint “degree of freedom
(DOF)” follow set values. The formula for the PID controllers are as follows: The set point
(SP) is the value to be reached by the controller, the process variable (PV) is the measured
value. The only variable used by the controller is Δ(t) = SP − PV .

Pout(t) = KP ∗ Δ(t) + KD ∗ d
dt
(Δ(t)) + KI ∗

∫

t

− inf
Δ(t′)dt′ (6.2)

The parameters are explained in Table 6.2, and suitable parameter values have been identified
by comparison with measurement data found in literature.

6.2.1.3 Grip Force

There are grip force models described in literature (e.g., Dong et al. 2007) which are mainly
used to calculate vibration issues. We implemented a simplified grip force model as a three-
component force and torque model as described in Equation 6.3 and parameter symbols
are declared in Table 6.3. Parameter values for the grip force model have been taken in
accordance with literature data (Dong et al. 2007).

Fi

(
ri,

d
dt
(ri)

)
i∈{x,y,z}

= Ct ∗ (ri − roffset
i ) + Dt ∗

d
dt
(ri)

Ti

(
ri,

d
dt
(ri)

)
i∈{al,be,ga}

= Cr ∗ (ri − roffset
i ) + Dr ∗

d
dt
(ri) (6.3)

6.2.1.4 Seating Force

The seat contact force has been modelled as a simplified sphere-to-plane contact, as
described in Equation 6.4. To ensure accurate results, the force element uses the root
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Table 6.3 Symbols for grip force law

Symbol Unit Description

Fi N Force acting in i
Ti Nm Torque acting about i
Δri m Delta translation in ri i ∈ {x, y, z}
d
dt
(ri) m/s Velocity translation in ri

Δri rad Delta rotation ri i ∈ {al, be, ga}
d
dt
(ri) rad/s Velocity rotation in ri i ∈ {al, be, ga}

Ci N/m Stiffness linear in i
Di Ns/m Damping linear in i
Ca Nm/rad Stiffness linear rotational
Da Nm/rad Damping linear rotational

switching functionality from the SODASRT solver from SIMPACK. Tangential forces are
calculated with a velocity regularization friction model.

Fz

(
z,

d
dt
(z)

)
=
{

z ≥ 0 ∶ 0
z < 0 ∶ Cz ∗ z + Fdz

(6.4)

𝑣tan =
√

(
∑ d

dt
(ri)2)|i∈{x,y}

Ftan

(
ri,

d
dt
(ri)

)
i∈{x,y}

=
⎧⎪⎨⎪⎩

Fz ≥ 0 ∶ 0
Fz < 0 ∧ 𝑣tan > 𝑣reg ∶ 𝜇 ∗ Fz

Fz < 0 ∧ 𝑣tan ≤ 𝑣reg ∶ 𝜇 ∗ Fz ∗ (𝑣tan∕𝑣reg) ∗ (2 − 𝑣tan∕𝑣reg)

Fi

(
ri,

d
dt
(ri)

)
i∈{x,y}

= Ftan

(
ri,

d
dt
(ri)

)
∗
( d

dt
(ri)∕𝑣tan

)

Fdz

(
z,

d
dt
(z)

)
=
⎧⎪⎨⎪⎩

d
dt
(z) ≥ 0 ∶ 0

d
dt
(z) < 0 ∶ Dz ∗

d
dt
(z) ∗

{
z ≥ ldt ∶ 1
z < ldt ∶ z∕ldt

6.2.2 The Motorcycle Model

The motorcycle model is built as a 3D multibody system using SIMPACK as simulation
platform. The bike consists of a fork-mounted front wheel connected to the steering axis
by a one-DOF prismatic joint. The steering is connected by a one-DOF hinge joint to the
frame. The swing-arm-mounted rear wheel also has one DOF of rotation (see Figure 6.7).
Parameters for inertia and masses were chosen in accordance with commonly used literature.
Suspension systems were modelled as linear spring damper force elements.
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Figure 6.7 Motorcycle model consisting of six rigid bodies

6.2.3 Steering the Motorcycle

It has been shown that a motorcycle model can be enabled to follow a track or even per-
form optimal manoeuvres which result in minimized lap time. The common approach is to
control the roll angle by a torque that acts between the frame and the steering. This is a
phenomenological model which has to be restricted to fit real human riders’ abilities such
as physical strength and reaction times. So, commonly torques are saturated to a maximum
torque which is in agreement with human riders. As the roll angle to torque transformation
is almost instantaneous there is also a need to low-pass filter the steering torque to a value
of about 5–8 Hz cut-off. Generally, there are two different approaches to get the desired roll
angle which has to be set to perform ride simulations. The first approach is to let the virtual
rider ‘look’ at a point in front of its actual position and to control the roll angle with respect
to the expected lane position error. This method has the benefit that it is quite flexible and
needs no prior ‘optimal ride’ calculation. The second variant results in optimal manoeuvre
with respect to a given objective function (lowest fuel consumption or shortest lap time).
This method requires calculating the roll angle and speed for each position on the track
prior to the MBS simulation by an optimal control approach, such the H∞.

We decided to use the road preview approach as the target for our rider model was to anal-
yse the mechanical interaction between rider and motorcycle. We don’t want to reproduce
a minimum lap time, but are interested in how the rider–handlebar coupling influences the
weave and wobble modes. For this approach, the road preview approach is suitable.

6.2.3.1 JSM–Joint Space Model

We have implemented passive and active actuators in this model. The lower extremities, the
trunk and head–neck, are stabilized by passive impedances whose parameters are chosen
according to literature values (e.g., Keppler 2003). To enable the rider model to control
the handlebars, shoulders and elbows are actuated via muscle torque generators. Muscle
torques are generated by PID controllers in the joints, which take the desired joint space
configuration as a set value. Their input is provided by the Biomotion motorcycle rider
model controller. The controller layout follows the scheme in Figure 6.8 and extends roll-
angle control, as described, for example, by (Cossalter and Lot 2006), to a joint space model
controller. For every desired steering angle a R1 ⇒ Rn transformation has to be provided by
the controller (where n gives the number of controlled segment angles). As discussed earlier,
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Yaw error

Track error

Motorcycle states

Velocity control

Multibody model

Roll control Steering angle JSM control Rider-
motion

Figure 6.8 Human body model consisting of 17 segments

the human brain is capable of performing coordinated transformations, and manages internal
mechanic models, so we can see that the JSM as a kind of low-level model of the cerebellum.

To avoid any issues which may result on a co-simulation approach, we implemented
the complete rider controller as a SIMPACK control loop element, which is commercially
available as a SIMPACK add-on module. Appropriate roll angles can be computed by PID
controllers using as input the lateral track error of the bike’s position and the yaw-angle,
which describes the difference between the bike’s direction and the curvature of the road
trajectory. The model uses a speed-dependent road preview (SIM 2011) with a propor-
tional preview time tpreview of 1–2 seconds. The calculation of the preview point follows
Equation 6.5 and is explained by Figure 6.9. PID parameters have to be chosen carefully
to ensure stable operation. Due to the fact that in heavier motorcycles the influence of
the (counter) steering is the dominant mode (Sharp 2007) we have not yet implemented a
lean control.

spreview = smotorcycle + s0 + tpreview ∗ ṡvehicle (6.5)

Speed control is currently implemented as a PID control which allows the model to main-
tain the predefined set value by applying an appropriate torque at the rear wheel.

6.3 Simulations and Results

With the rider–motorcycle model we conducted a set of simulations. As a first step we
identified the joint impedances for a motorcycle rider by comparing the frequency response
function (FRF) of the rider with measured data from literature (Cossalter et al. 2006). With
this validated model we performed a variation of biomechanical factors and analysed their
influence on the ride stability and ride comfort.
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Figure 6.9 Velocity-dependent track preview sensor

6.3.1 Rider’s Vibration Response

Values for joint stiffness and damping vary over a broad range in the biomechanical litera-
ture. In literature (Cossalter et al. 2006) measurement data describing the rider’s FRF (cross
spectrum from steering axis acceleration and excitation torque) to steering axis excitation
can be found. Cossalter (2006) matched the measured data using a reduced rider model
and optimized the parameters for inertia, stiffness and damping. For the whole-body model
we reproduced this measurement of the FRF in the simulation of the biomechanical rider
model. We performed some parameter variations to evaluate the influence of segment stiff-
ness of trunk and hand–arm system (Figures 6.10 and 6.11). The biomechanical rider model
showed a good accordance to the measurements. The FRF plots show that the stiffness of the
hand–arm system influences the location of the first maximum of the FRF between 1 and
4 Hz, a frequency which is near the wobble mode of motorcycles. Thus it has to be expected,
that the muscular co-contraction has a significant influence on motorcycle weave mode.

6.3.1.1 Comparing FRF to the Steer by Torque

We wanted to take a first look at the differences between the steer by torque and the biomo-
tion model, so we performed the mock-up simulation with a torque-controlled excitation
of the handlebars in order to calculate the FRF by cross-spectrum of the excitation torque
and angular acceleration of the steering head. As the literature values for the PD gains of a
torque control vary over a broad range, we varied them in the simulation too. As expected,
the torque controller shows a simpler structure (Figure 6.13) in the FRF compared to the
FRF of the biomechanical model (Figure 6.12). By using high gains in the torque controller
it is possible to shift the resonance out of the range of wobble and weave. As the stiffness,
mass and inertia properties of the human body model are restricted to a physiologically
reasonable range, the critical resonances in the biomotion model are given explicitly by a
physical model.

www.EngineeringEBooksPdf.com



Active Biomechanical Rider Model for Motorcycle Simulation 169

FRF Biomotion Rider - Stiffness Variation
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Figure 6.10 Parameter variation of the arm joint stiffness

FRF Biomotion Rider - Damping Variation
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Figure 6.11 Parameter variation of the arm joint damping
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(a)  low damping (b) high damping

Figure 6.12 FRF biomotion rider

(a)  low damping (b) high damping

Figure 6.13 FRF of steer by torque

6.3.2 Lane Change Manoeuvre

First we present the results of a lane change manoeuvre (Figure 6.14 and 6.15) which are
quite reasonable and in good accordance with published data (e.g. Bellati et al. 2003). There
are some minor differences which result from the fact that the model from Bellati et al. is
controlled by giving desired roll angles while the biomotion model follows a given trajectory
by calculating the desired roll angles using a road preview sensor.

6.3.3 Path Following Performance

As discussed in Chapter 4 and Chapter 12 optimal track and speed profiles for a specific track
can be calculated. This approach has to be assumed superior to the road preview approach
which we used to control the motorcycle roll angle. The biomotion rider, due to the limita-
tions of the simple trajectory planning, will not perform a perfect lap time, but it is considered
to be useful to simulate average riders analysing vehicle handling, ride stability or ride com-
fort. To get an impression of the limitations and the capabilities of the biomotion rider with
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Figure 6.14 The position of the motorcycle during a lane change manoeuvre and the given track

road preview we did some comparisons with the results of optimal manoeuvre methods on
two different test tracks (Figure 6.16).

While the performance of the biomotion rider model with simple road preview on test
track 1 is acceptable (Figures 6.17 to 6.19, the result shows a minor problem at position
825 m. The motorcycle is too fast, which leads to a peak in roll angle. The tyres reached
the physical limits probably because the deceleration wasn’t initiated soon enough or the
distribution of braking torque between front and rear wheel has been suboptimal. Test track
2 (the course at Adria) seems to be more demanding for the speed and track strategy, so the
road preview control only could perform at 60% of optimal speed on this track (Figures 6.20
to 6.22. Note that we used the optimal manoeuvre track as input for the controller. The reason
for the limitation to 60% speed on the second test track was that the goal was to perform
the complete track. As the biomotion model had the most problems with a chicane near the
1400 m point the speed factor had to be reduced for this track to the value of 60%.

In particular, the calculation of an appropriate speed profile seems to be crucial for the
simulation. The current implementation of the speed control of the biomotion rider is a
combination of linear roll angle dependency, pitch control to prevent wheelie and stoppie
and a fixed braking torque distribution between front and rear wheel. This approach is too
simple to show good performance in lap time simulation, especially because the linear roll
dependency has the effect that the rider starts braking too near to the corners, which often
leads to unstable riding. It can be expected that taking into account more than one preview
point would help to enhance lap time performance.
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Figure 6.15 The motorcycle roll angle during lane change

Test Tracks for Path Following Tests
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Figure 6.16 Two different tracks have been used to compare the biomotion rider with optimal
manoeuvre methods
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Test Track - Optimal Manoeuvre A. Saccon Results: Velocity
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Figure 6.17 The velocity profile of the biomotion rider compared to the optimal manoeuvre results
as described in Chapter 4

Test Track - Optimal Manoeuvre A. Saccon Results: Roll Angle
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Figure 6.18 The roll angle profile of the biomotion rider compared to the optimal manoeuvre results
as described in Chapter 4
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Track Following Track A
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Figure 6.19 Comparison of the performed track and the optimal manoeuvre results described in
Chapter 4

Course of Adria - Results: Velocity
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Figure 6.20 The velocity profile of the biomotion rider compared to the optimal manoeuvre results
as described in Chapter 12
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Course of Adria - Results: Roll Angle
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Figure 6.21 The roll angle profile of the biomotion rider compared to the optimal manoeuvre results
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Figure 6.22 Comparison of the performed track to the optimal manoeuvre results using 60% scaled
speed profile from optimal manoeuvre
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6.3.4 Influence of Physical Fitness

To gain insight into which factors are dominant for ride stability we varied the muscular
tension of the rider under a circuit ride on the track depicted in Figure 6.23. When entering
the circuit, the rider–bike system has to adapt to the new roll angle which then has to be
held constant. So we took the parameters identified in the previous section and multiplied
them by a ‘strength’ factor.

As can been seen in Figure 6.24 the rider–bike system tends to oscillate more when the
rider’s physical strength is lower (which may also indicate a correlation with the rider’s
age). We performed the same parameter variation with a crossover manoeuvre confirming
this tendency.

6.3.5 Analysing Weave Mode

Motorcycle and rider are a coupled system whose dynamics emerge from the interaction
between them. Experienced riders report the possibility of provoking or damping down
highly dangerous unstable ride modes such as weave or wobble. We used our rider model to
analyse the rider–bike system near weave mode. Riding at 60 m/s, a transient disturbance
moment was applied by a sudden hip shake of the rider. The bike then showed a short latency
in which a negative damped oscillation showed up, which finally led to exponential rising
amplitude in yaw angle and to crashing. Furthermore, we analysed the sensitivity of the
weave phenomenon to the muscular tension of the rider’s body as depicted in Figure 6.25.
The results predict strong influence of biomechanical factors on ride dynamics.

Figure 6.23 Track profile of circuit
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motorcycle yaw stability under variation of physical strength
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6.3.6 Provoking Wobble Mode

As the ‘tightness’ of the rider’s control on the handlebars seems to influence the weave mode,
we wanted to compare different rider model approaches to simulating wobble. Therefore
we extended our model to be able to ‘shake’ its hip. This sudden movement, together with a
high ride velocity of 55 m/s might lead to unstable riding. We compared the different model
approaches (Figure 6.26):

1. Biomotion rider steering the bike with hand–arm movements and gripping the handlebar
2. Steering by torque with ‘hands-free’ condition

While all other model parameters have been kept identical in the two simulations, the model
with biomotion rider went into severe wobble, while the model with artificial steering
torque kept stable. This indicates a strong influence of the coupling between upper body and
motorcycle.

6.3.7 Road Excitation and Ride Comfort

According to ISO 2631-1:1997 (Mechanical vibration and shock – evaluation of human
exposure to whole-body vibration) ride comfort can be expressed by weighted accelera-
tion exposure. We performed a simulation under ‘bad road’ conditions, which enables the

Figure 6.26 The biomotion model with ‘hands-free’ condition and steer by torque
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Figure 6.27 The anthropometric model enables ride comfort analysis (e.g. ISO 2631) responding to
realistic road excitations

calculation of the rider’s vibration response to road excitations (Figure 6.27). Having a
whole-body model allows for the estimation of medical or psychophysical ride comfort mea-
sures for the head or the wearing comfort of helmets, which may correlate with forces and
torques at the cervical spine. In most cases a subjective ride comfort value is a superposi-
tion of different ride comfort measures and it is still an open question in vehicle dynamics
simulation as to which values correlate with a common subjective ride comfort perception.

6.4 Conclusions

The results of the simulations have shown that it is possible to simulate stable track-
following by steering the motorcycle with the handlebars, which allows for taking the
rider–bike interaction into account. Simulation results gained by this coupled system show
a strong influence of the rider’s biomechanics to the dynamics of rider-bike systems. Taking
the human factor into account during the engineering design task may help to accelerate
the development process and to enhance efficiency in prototyping and testing. By the use
of state-of-the art multibody simulation systems it is possible to run a broad variety of
motorcycle rider simulations even on notebooks in only a few seconds. We showed that
it is helpful to use realistic biomechanical models to understand and interpret measured
data. As a prospect for further research we see many open fields which can be worked
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with biomechanical rider models. Especially measurements during riding would be of
interest, as we felt that the impedances gained by the parameter identification from the
measurement data were perhaps too low. It might be possible that under ‘riding condition’
the co-contraction of the rider’s musculature would lead to higher values for joint stiffness
and damping.
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7
A Virtual-Reality Framework
for the Hardware-in-the-Loop
Motorcycle Simulation

Roberto Lot and Vittore Cossalter
University of Padova, Italy

7.1 Introduction

Simulators have been used in the aviation and automotive industries for many years for
hardware-in-the-loop testing, ergonomics, training and other applications. By contrast, the
range of motorcycle riding simulators is very limited. Honda started to develop a series
of motorcycle simulators in 1988: its first prototype consisted of a five degrees of free-
dom (DOF) mock-up with lateral, yaw, roll, pitch and steer motion on a swinging system
for restitution of longitudinal acceleration and was based on a linear four-DOF motorcycle
dynamics model. In 1996, as a consequence of a change to the Japanese Road Traffic Act,
which required the use of simulators in riding school lessons, Honda put a mass-produced
model on the market. This second simulator had a simplified three-DOF mock-up (roll,
pitch and steer motions) and it was based on a suitably tuned empirical motorcycle model
(Yamazaki 1996). In 2002, Honda presented a third prototype which consisted of a six-
DOF manipulator for the mock-up motion, a head-mounted display for visual projection, a
four-DOF model for lateral motorcycle dynamics and single-DOF model for longitudinal
dynamics (Chiyoda et al. 2000 and Miyamaru et al. 2002). The University of Padova started
the development of a riding simulator in the 2000’s and presented the first prototype in 2003
(Cossalter 2003). In 2003, the PERCRO laboratory also presented its riding simulator with
a real scooter mock-up, mounted on a Stewart platform (Ferrazzin et al. 2003) and in 2007
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INRETS presented a riding simulator based on a three-DOF platform and a linear five-DOF
motorcycle mathematical model (Nehaoua et al. 2007).

The motorcycle simulator of the University of Padova (Cossalter et al. 2011b) is most
likely one of the most advanced and reliable, as it is able to reproduce important motorcy-
cle behaviours such as handlebar counter-steering, capsize, weave and wobble instabilities,
wheelies, skidding, kick-back, etc., as illustrated in following sections.

7.2 Architecture of the Motorcycle Simulator

A simulator is a complex system that aims to reproduce a real environment in a restricted
and controlled area where it is possible to simulate any actions under totally safe conditions.
On the motorcycle simulator of the University of Padova (UNIDP) (Figure 7.1), the rider
sits on a motorcycle mock-up, equipped with controls as on a real bike. The handlebar and
footpads are sensorized, the rider’s control actions are transferred to the realtime multibody
model of the motorcycle, and the simulated dynamics are then converted into references for
the motion and visual cues.

7.2.1 Motorcycle Mock-up and Sensors

The rider sits on a motorcycle mock-up and operates the same inputs available on a real
motorcycle. The rider actions are monitored by measuring the steering torque, the body
lean, the throttle position, the front brake lever and the rear brake pedal pressures, the clutch
position and the gearshift lever position. In particular, the steering torque is measured by
means of a transducer on the handlebar steering axis, the throttle position is measured with a
linear position transducer connected to the accelerator cable, the front/rear brake actions and
the clutch position are measured by means of pressure sensors, and the gearshift command
is detected by two micro-switches connected to the gearshift lever. Body lean is measured
by different techniques, one that yields significant improvement of riding feeling is based
on the measurement of the foot peg forces and indirect estimation of body lean detects. In
more detail, when the rider leans to the right, the right foot-peg sensor has an increase in
the force, while when the rider leans to the left, the left foot-peg sensor has an increase in
force. The variation in the force magnitude between the right and left foot-pegs is related to
the rider’s movement on the saddle.

Figure 7.1 The UNIDP motorcycle riding simulator
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7.2.2 Realtime Multibody Model

For hardware-in-the-loop applications, it is essential to have a detailed and reliable multi-
body model of the motorcycle. The simulator is equipped with a realtime version of the
validated code (Cossalter et al. 2011a), with which it is able to capture all of the most
important vehicle dynamics such as counter-steering, capsize, weave and wobble instabili-
ties, wheelies, skidding and kick-back. The model complexity has been reduced to capture
the essential features to give a reliable and fast code suited to realtime simulation, and the
simulator mathematical model is nonlinear and has 14 DOFs (Figure 7.2), corresponding
to the position and orientation of the chassis, the steering angle, the front and rear suspen-
sion travels, the front and rear wheel rotations, the engine spin rate, the front frame bending
deflection (modelled with a spring–damper element which restrains the rotation of the front
frame with respect to the chassis about the double arrow axis shown in Figure 6.2) and
the sprocket absorber deflection. Note that the structural flexibility is important to prop-
erly model the wobble mode (Cossalter et al. 2007; Koenen and Pacejka 1982; Sharp 2001;
Spierings 1981). Indeed, when neglecting this flexibility it is common to have strong high
speed wobble instability thus making the simulator behaviour very different from that of a
real bike. The modelling of the sprocket absorber (which accounts for the elastic element
between the chain sprocket and the rear wheel rim) is important for proper modelling of
the engine-to-slip dynamics which are essential when it comes to traction control design
and test (Corno and Savaresi 2010; Massaro et al. 2011). Moreover, this flexibility is related
to the chatter instability that can appear in a racing motorcycle during braking (Cossalter
et al. 2008). As far as the road–tyre model is concerned, the force generation is computed
according to a nonlinear dynamic tyre model. In particular, the forces are computed using
the well-known magic formula (Pacejka 2006), and the tyre transient behaviour related to the
longitudinal and lateral carcass flexibility is managed by means of the relaxation equations.
More details of the road–tyre 3D model may be found in (Lot 2006).

The inputs of the mathematical model are those measured by sensors on the mock-up:
steering torque, engine torque (which depends on throttle position and engine spin rate),
front and rear brake pressures, clutch position, gear ratio and rider lateral position estimated
from the differential footrest pressures.

7 – steering angle

8 – suspension travel

13 – frame deflection

9 – suspension travel

10 – wheel spin
14 – torsion absorber

12 – engine spin

11 – wheel spin

1, 2, 3 – chassis coordinates
4, 5, 6 – yaw, roll and pitch angles

Figure 7.2 The realtime multibody model
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7.2.3 Simulator Cues

Once the motion of the virtual bike has been computed, it is important to generate the mock-
up motion and the audiovisual cues in order to give the rider a proper riding feeling. In
particular, the mock-up should provide motion sensations as close as possible to those of real
riding, and the audiovisual system should generate the proper environmental cues. Unfor-
tunately, simulators suffer from the mock-up’s limited motion capability, limited resolution
and range of the projection system, and limited fidelity of audio systems. Therefore, to obtain
a realistic riding feeling, the proper setup of the system cues is essential.

7.2.3.1 Washout Filter

On a simulator, it is physically impossible to precisely replicate real cues in term of motion,
visual and acoustic stimuli. The most relevant problem is associated with the replication
of accelerations and angular speeds, with conflicts with the workspace constraints of the
motion platform. Therefore, the washout filter technique has been employed to provide a
reduced, yet realistic, riding feeling (Grant 1997). The fundamental idea is to separate accel-
erations and angular speeds into low and high frequency components. Accelerations at low
frequency cannot be reproduced realistically without involving large mockup displacement,
so they are scaled and then generated by using the gravitational effect, that is by slowly tilt-
ing the simulator. However, medium and high frequency acceleration with zero mean may
be realistically reproduced by actually shaking the simulator. As shown in Figure 7.3, the
implemented washout is made up of two parts: a first layer includes a matrix that combines
the various inputs in a linear combination, and, after that, a second layer of low-pass filter-
ing which provides the output for the platform. As the riding feeling is a holistic experience,
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the washout filter is used to drive the scenario visualization too. Washout parameters have
been tuned using a trial-and-error procedure based on the subjective evaluation of feelings.
Appropriate tuning led to a different washout for the visual and motion systems. While cor-
nering, for example, the roll angle is divided into two parts: the biggest one is used to tilt the
virtual horizon on the screen, while a smaller part is used to give a motion cue by rotating
the mock-up motorcycle.

7.2.3.2 Motion Cues

Figure 7.4 shows a schematic of the motorcycle mock-up whose serial kinematic chain is
composed of four mobile frames plus a fixed one to reproduce the motion of the vehicle in
terms of lateral displacement, yaw, roll, pitch and steer rotations. The first mobile member is
the yaw frame, which is linked to the fixed frame by a pin-in-slot joint and has two degrees
of freedom: lateral displacement and yaw rotation. The range of the lateral displacement is
±0.3m (speed ±0.3m/s) and that of yaw rotation is ±20∘ (speed ±20∘/s). In order to reduce
the load on the pin-in-slot joint the yaw frame is suspended by means of four long steel cables
attached to the ceiling. Two servomotors equipped with ball screws A2 and A3 drive the yaw
rotation and the lateral displacement: when the two servomotors rotate in the same direction
lateral motion is generated; when the two servomotors rotate in opposite directions yaw
rotation is generated. The second mobile member is the roll frame, which is linked to the yaw
frame by means of two revolute joints which define the roll axis of the roll frame with respect
to the yaw frame. The roll range is ±20∘ (speed ±60∘/s), and it is driven by a servomotor
R1 equipped with a 50:1 speed reducer. Note that even if the real vehicle reaches roll angles
up to 50∘, it is not necessary to reproduce such angles on the simulator. Indeed, due to
the combination of the gravity force and the centrifugal force, in the real environment the
resulting force acting on the rider lies always in the neighbourhood of the vehicle symmetry
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pitch

roll

A3
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R1

R5

A4

yaw

steer

Figure 7.4 Motion cue capabilities of the riding simulator
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plane. Therefore only limited roll angles are required to give the same motion cue on the
virtual environment of the simulator. The third mobile member is the pitch frame, which is
mounted on the roll frame with another revolute joint. It makes rotation about the pitch axis
possible and is driven by a servomotor equipped with a ball screw A4. The pitch range is±10∘
(±50∘/s). Finally, the handlebar frame is moved by a servomotor R5 mounted on the pitch
frame and is equipped with a 10:1 speed reducer; the steering range is ±10∘ (±50∘/s). Each
axis of the simulator is equipped with a brush-less servomotor and position loop control.

It has been found by (Chiyoda et al. 2000) that the position of the roll axis is very important
for a proper reproduction of the riding cues, in particular when entering a curve. In this
simulator the position of the instantaneous roll axis is adjustable by varying the parameters:
the ratio between the lateral velocity (motors A2 and A3) and the roll rate (motor R1).

7.2.3.3 Visual and Acoustic Cue

The visual scenario is projected onto a wide screen in front of the rider plus another two
positioned at the sides with a 45∘ angle in order to obtain a 180∘ horizontal field of view, which
remarkably improves the sensation of speed, as captured by the eyes’ side portions (Brandt
1973). A 5.1 surround sound system generates the environmental sounds encompassing the
rider. Special attention has been devoted to reproduction of the engine sound. The engine
sound mainly depends on crankshaft spin rate and throttle position (i.e. engine load), and so
the simulator engine sound also depends on these two parameters. In order to have a reliable
reproduction, the engine sound of a real motorcycle has been recorded at different engine
spin rates, from 1000 rpm (idle) to 12,000 rpm (maximum spin rate). The reproduced sound
is obtained by modulating the loudness and pitch according to the engine speed.

7.2.4 Virtual Scenario

The scenario software is able to reproduce various sets of simulation conditions: race tracks,
a city with traffic and pedestrians, rural environments and test courses for slalom, lane
change, steady cornering and other specific situations. In the virtual scenario, the user inter-
acts with several multimedia components: voice messages, text, graphics (rendered through
the 3D engine used for the visual system) and sound generation. Moreover, the core engine
has custom functions and objects that allow traffic management, scene environment man-
agement, vehicle control and feedback, multimedia component control and so on. From the
practical point of view, this means that it is possible to ride the simulator among other vehi-
cles (motorcycles, cars and trucks), traffic lights and pedestrians that behave according to
programmer-implemented rules. In particular, it is possible to simulate dangerous situations.

7.3 Tuning and Validation

The proper tuning of a simulator is essential to assure the best riding experience within
strict technological and physical constraints. Since it is physically impossible to reproduce
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accelerations as they are in real life using the simulator, the tuning of the washout filter is
crucial and has been carried out by expert riders coping with different riding aspects and in
particular:

• the perception of the speed;
• the braking feeling and the feeling while riding on bumpy roads;
• the feeling during transient cornering;
• the vehicle responsiveness during lane changes, overtaking and obstacle avoidance

manoeuvres;
• the riding experience at low speed.

The quality of tuning has been assessed by a final validation conducted on a sample of riders
having different ages and levels of experience and skill, using both objective and subjective
criteria. The aim of the validation process is sketched in Figure 7.5. The interaction between
a rider and a motorcycle is represented on the right: the rider controls the vehicle motion by
operating the handlebar, throttle and other commands, simultaneously a feedback is given
to the rider in terms of motion, acoustic and visual cues. The interaction between a rider
and a simulator is represented on the left: the rider actions on the motorcycle mock-up are
quite similar to those in the real vehicle, such actions are monitored by means of appropri-
ate sensors installed on the handlebar, brakes, clutch lever and foot pegs, as illustrated in
Section 7.2. Rider actions are used as inputs for the motorcycle multibody software, which
gives as output the simulated vehicle motion. The latter is then used to feed the washout
filter and finally to provide motion, visual and acoustic cues, that is to produce a feedback
that closes the loop. Both the simulation of vehicle dynamics and the generation of proper
riding cues are essential in providing a realistic riding experience and hence need valida-
tion. In particular, the response of the virtual motorcycle to the given rider inputs, may be
objectively validated by comparing the virtual and real motion in analogous experimental
manoeuvres. Objective validation of the fidelity rider feeling appears not to be feasible, so
it has been evaluated by means of subjective rating based on focused questionnaires.
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Figure 7.5 Objective and subjective validation of the motorcycle simulator
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7.3.1 Objective Validation

The objective evaluation of a simulator may be performed by comparing the behaviour of
the real and virtual motorcycles during the same riding actions. Despite the fact that there are
many riding conditions with several uncontrolled parameters, the literature concerning the
objective evaluation of motorcycle handling characteristics helps to select manoeuvres that
are representative of the more general vehicle behaviour (Cossalter 2006; Cossalter 2007;
Cossalter and Sadauckas 2006; Ferrazzin et al. 2003; Rice 1978; Weir 1978). In particular,
the slalom, lane change and steady turning manoeuvres have been selected for the validation
of the University of Padova simulator, as these manoeuvres also belong to the set commonly
used by motorcycle manufacturers to develop their own vehicles. Tests were carried out
by two skilled riders, and the motorcycle used for the tests was equipped with a special
handlebar with steering torque and steering angle sensor, foot pegs with load cells, GPS and
an inertial measurement unit with accelerometers and gyrometers. As an example, Figure 7.6
shows the comparison between a slalom manoeuvre performed on the riding simulator and
on the motorcycle. Figure 7.6a depicts the rider steering torque, which is the input of the
system, and the following plots represent the motorcycle outputs in terms of roll rate (7.6b),
yaw rate (7.6c) and steering angle (7.6d), showing a good agreement between simulator and
road tests.

7.3.2 Subjective Validation

Since no suitable objective tools are available for the verification of the appropriateness of
the simulator’s visual, acoustic and motion cues, a subjective evaluation based on the rider’s
rating has been performed, as motorcycle manufacturers usually do when developing new
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Figure 7.7 Subjective rating

products. Riding sensations have been collected by means of a questionnaire (Cossalter
et al. 2011b) for a sample of 20 riders of different age, sex, experience and skill. The
questionnaire, which included both technical questions and questions about perception
and cognitive processes, was developed with the aid of two skilled riders who are also
experts in motorcycle dynamics. The questionnaire focused on different aspects and
situations including speed perception, the feeling accompanying braking and acceleration,
the feelings of cornering, overtaking and obstacle avoidance. Also, for each situation, they
rated the fidelity of the simulator response to rider input, motion cues (in particular roll
motion feeling and longitudinal acceleration feeling), and audio/visual cues. Examples of
validation results are shown in Figure 7.7 by using radar charts for the different evaluation
points. It is worth noting that these results are consistent with the judgements that expert
riders made during simulator tuning.

7.4 Application Examples

A motorcycle simulator may be employed in several applications, which includes hardware-
in-the-loop testing (ABS, TC, etc.), road education, rider training, ergonomics, etc. Some
application examples are given in the following sections.
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7.4.1 Hardware- and Human-in-the-Loop Testing of Advanced Rider
Assistance Systems

The European research project Saferider aimed at studying the potential of advanced rider
assistance systems (ARAS) and on-board information systems (OBIS) on motorcycles for
the most crucial functionalities, and developing efficient and rider-friendly human–machine
interfaces (HMI) for rider comfort and safety (Bekiaris et al. 2009). Within this project,
motorcycle simulators have been used to develop and implement ARAS systems, as well all
to test the effectiveness, acceptance and workload of some ARAS/HMI combinations. Three
different functions have been implemented: the curve warning, which acts to support a rider
to positively and safely negotiate a curve in the road ahead of the vehicle (Biral et al. 2010;
Huth et al. 2012), the frontal collision warning, which detects objects in front of the vehicle
and provides a warning message in case of danger (Biral and Sartori 2010), and the inter-
section support, which assists the rider in managing possibly dangerous situations located at
intersections (Biral et al. 2012). These different functions share a common modular archi-
tecture, which is based on perception–decision–action layers paradigm. The perception
layer aims to collect all the data from the sensors (i.e. linear and angular positions, speeds
and accelerations), other vehicles (possible presence of obstacles) and infrastructures (inter-
section geometry). In addition, the perception layer merges all available data to make the
scenario reconstruction and identify the relevant case. Data is then processed by the decision
layer, which assesses the risk level of the scenario and interacts with the other systems;
this layer is supported by the ARAS control module (ACM). Finally, the action layer is
responsible for managing the warnings to the rider by means of proper HMI elements. This
architecture is precisely replicated in the simulator implementation (Figure 7.8), where the
perception layer includes emulated GPS, inertial measurement unit (IMU), vehicle interface
module (VIF, which gathers vehicle built-in sensors such as wheel spin rates, etc.) and
laser scanner. All these (virtual) sensors were connected to a devoted CAN bus, where they
are indistinguishable from real sensors, due to common timing and protocol. The decision

PERCEPTION

Vehicle
interface

ACM
(PC104+)

MOTORCYCLE SIMULATOR

Saferider CAN bus

HMI
manager

Digital maps

Smart
helmet

Haptic
glove

Visual
dispaly

GPS &
IMU

Laser
scanner

DECISION ACTION

Figure 7.8 The H2IL architecture adopted in the Saferider project
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layer consists of the ACM, which manages the ARAS software and interactions with the
other systems, hosted by a PC/104+ with a 1.4 3GHz CPU running Linux OS. Finally, the
action layer includes the HMI manager and a set of HMI elements: a visual display, a force
feedback haptic throttle and a vibrating haptic glove (M. et al. 2010), which have been
employed with the aim of reducing the visual messages. The HMI manager processes the
warning provided by the ACM and properly activates the various HMI elements.

The utilization of a riding simulator in this contest gives the possibility of operating in
a flexible environment where both real (hardware-in-the-loop) and emulated devices have
been used together. Moreover, testing of such safety-critical functions in a virtual environ-
ment avoids any risk to the user. As an example, the curve warning (CW) system is now
illustrated in more detail. The CW function warns the rider in the case of excessive speed
or inadequate behaviour so that the road ahead can be positively and safely negotiated. The
system is based on the calculation of a reference optimal safe manoeuvre, predicting speed
and roll patterns by processing perception layer data at a frequency of 5–10 Hz. Compared
with existing systems, the CW function presented is not based on a set of heuristic rules, nor
does it relate to the legal or to any assumed speed constraint. To better understand the CW
concept let us consider how it works when the motorcycle is approaching a curve. Based on
real road geometry and the current vehicle state the CW function uses a receding horizon
method to compute a preview of the evolution of vehicle dynamics (i.e., velocity, lateral
and longitudinal acceleration, roll angle etc.) at the maximum speed compatible with the
fixed safety and comfort requirements. Figure 7.9(a–c) shows the speed and acceleration
profiles calculated from their given initial values. Figure 7.9a shows that the preview speed
decreases and reaches its minimum in the middle of the curve and finally it increases again
at the curve exit. The calculated preview manoeuvre is just one of the possible paths round
the curve ahead and in particular it represents the fastest manoeuvre that complies with the
given specifications for safety and comfort. Therefore, if the rider is actually riding faster,
or accelerating more than the preview manoeuvre, they are potentially in danger and the
CW provides a warning. The potentially dangerous behaviour is identified on the basis of
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preview jerk (i.e., the time derivative of the acceleration, Figure 7.9c): as the jerk becomes
more negative, the urgency of reducing acceleration (or decelerating even more) increases,
so two jerk thresholds have been selected for cautionary and imminent warning. As the
rider’s behaviour differs from the preview manoeuvres, these must be continuously updated
to real speed and acceleration, as also to the changing road scenario conditions (e.g., road
geometry). Consequently as the vehicle approaches the curve, a sequence of manoeuvres is
computed as fast as possible.

7.4.2 Training and Road Education

Simulators are only a representation of the reality, and experiments in educational psychol-
ogy have shown that there is no transfer if the learning environment clearly deviates from
reality (Groeger 2000). However, training with simulators also has some advantages in terms
of both didactics and safety-related aspects. From a didactic point of view (Fuller 2008 and
SWOV 2010) demonstrated that simulators benefit from a fast exposure to a wide variety
of traffic situations, improved possibilities for feedback from different perspectives, unlim-
ited repetition of educational moments, computerized and objective assessment and so on.
From a safety-related perspective, the advantages are even more pronounced, as the vir-
tual environment gives the opportunity to safely experience situations which may be very
dangerous in reality, for example slippery asphalt, riding in the fog, accidents and other
unexpected events. In addition, such situations may be replicated with and without assistance
systems such as ABS, TC (or even advanced, forthcoming systems like CW and FCW), to
better realize how such systems work. Also, the initial training of totally inexperienced users
about vehicle commands and elementary riding presents safety-related aspects and can take
advantage of the safe simulator environment.
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Traction Control Systems Design:
A Systematic Approach

Matteo Corno and Giulio Panzani
Dipartimento di Elettronica, Informazione e Bioingegneria, Politecnico di Milano, Italy

This chapter presents a systematic approach to the design of traction control systems for
motorcycles. Several aspects are considered: activation strategy, reference generation and
gain-scheduling. Tests on instrumented motorcycles are used to show several critical aspects.

8.1 Introduction

The development of vehicle dynamics control (VDC) systems for powered two-wheelers
(PTW) followed a different path from that of systems for passenger cars. For the latter,
braking control systems (mainly anti-lock braking systems–ABS–see Savaresi and Tanelli
2010) were the first commercially successful VDC systems. For PTWs, VDC systems that
act on the engine initially had better success. There are several reasons for this. First of
all the difficulty in actuation: PTWs are sensitive to mass increase, and the first braking
pressure controllers were bulky and heavy (Dardanelli et al. 2010). Cultural reasons also
played an important role. Braking and traction control systems for PTWs appeared almost
simultaneously (the first ABS system in 1988, and the first traction control in 1992), and they
were marketed as safety systems. Unfortunately, their poor performance (a non-professional
driver could easily outperform these systems) kindled a doubtful attitude among motorcycle
enthusiasts. It was the successful employment of traction control systems by racing teams
that encouraged a re-evaluation of these systems. Racing teams sent out the message that now
traction control systems are something that even professional riders need, in order to reach
the limits of a motorcycle. The change of perspective, from safety to performance-oriented
systems, accelerated the development of advanced control systems for PTWs (Corno et al.
2008; De Filippi et al. 2011; Seiniger et al. 2012), and give an overview of the potential
effects of safety systems in motorcycles.

Modelling, Simulation and Control of Two-Wheeled Vehicles, First Edition.
Edited by Mara Tanelli, Matteo Corno and Sergio M. Savaresi.
© 2014 John Wiley & Sons, Ltd. Published 2014 by John Wiley & Sons, Ltd.
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In the PTW context, traction control (TC) systems represent an interesting field where
different philosophies have been tested and applied. TC and ABS systems control similar
dynamics, but they refer to two completely different scenarios. The ABS market is domi-
nated by two companies, and motorcycle manufacturer’s shop for off-the-shelf ABS systems
(sometimes with limited customization). On the other hand, TC is perceived as added value
by the customers; so motorcycle manufacturers invest in developing their own interpretation
of traction control. This led to a proliferation of systems. At the end of 2008, only Ducati
and BMW provided TC-equipped motorcycles, but by the end of 2012 the list of brands
sporting their own version of TC included BMW, Ducati, Aprilia, MV-Agusta, Kawasaki,
Honda and Yamaha among others.

Most TC systems act by reducing the engine torque to prevent excessive slip (or angular
acceleration) of the driving wheel. The scientific literature is rich in studies on traction con-
trol applied to four-wheeled vehicles (Austin and Morrey 2000; Chun and Sunwoo 2004;
Ferrara and Vecchio 2007; Kabganian and Kazemi 2001; Kang et al. 2005; Liu et al. 2011).
Despite the growing industrial interest, TC systems for motorcycles have not received much
attention by the scientific community. Only a handful of examples can be found: (Cardinale
et al. 2008, Hirsch 2009 and Tanelli et al. 2009b). The first paper shows preliminary results
on a traction control system for a super-motard; the proposed control law acts on the spark
and is quite empirical. No systematic study is presented but rather a trial and error tuning
procedure is employed. Tanelli et al. presented a second-order sliding mode approach and
its effectiveness is proven with a multibody motorcycle simulator. However, no experimen-
tal validation is provided for the sliding mode approach; also Hirsch (2009) only presents
simulation results.

Historically, the first two manufacturers to introduce TC on the market were BWM and
Ducati. Two systems were available: the ASC (automatic stability control) implemented on
the BMW GS 1200, and the DTC (Ducati traction control) available from 2007 on the 1098
and 1198 Ducati super-sport motorcycles. Being commercial systems, only very limited
technical details are available. They implement two different philosophies:

• Safety oriented. This approach is followed by BMW on their R 1200 GS. Spark advance
is used to prevent real wheel spinning on low-friction surfaces (gravel roads and wet sur-
faces). The system limits the engine torque whenever rear wheel slip reaches high values.
The BMW TC is designed to prioritize safety and therefore its behaviour is very conser-
vative. One of its biggest drawbacks is that once the system activates, the intervention is
too abrupt and felt by the rider as uneven vibration in the engine torque.

• Performance oriented. This approach is the one followed by most manufacturer’s in the
past few years. The first commercial motorcycle to provide a race-kit with TC was the
Ducati 1098 R. This kind of TC is designed to act on high grip surfaces especially dur-
ing cornering. Its goal is to reach maximum longitudinal acceleration while providing
enough lateral force to negotiate the corner, according to a philosophy similar to the one
adopted in (Tanelli et al. 2009a). The reception from the market was not always enthusi-
astic; for example Chris Signlin (test rider from Motorcycle USA) said, “I had high hopes
for Ducati’s system, but it didn’t quite perform. The biggest problem is how abrupt it is
and it can really disrupt the chassis. It isn’t something I’d be comfortably using in a race.”
Since 2008, performance-oriented TC systems have been continuously improved. At the
beginning of 2013, test riders seem to agree that the Aprilia APRC system (Panzani et al.
2010a,b; Savaresi et al. 2010) had solved most issues. In Signlin’s words: “I was blown
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away by how good the Aprilia’s TC was. I wasn’t expecting it to be that good. My favorite
feature was how consistent and smooth it felt. I got comfortable with it right away, which
gave me confidence to be aggressive on the throttle.”

These are closed-loop systems, meaning that the rear wheel slip determines the control
action. Some after-market companies adopted an open-loop approach. Open-loop systems,
not requiring many measurements from the motorcycle, are easily installed. Open-loop sys-
tems rely on static maps applying a predetermined engine spark advance based on engine
RPM, gear and throttle position. Open-loop systems work only in the very specific condi-
tions for which they have been tuned and they cannot be made robust against varying road
and tyre conditions.

This chapter presents a complete and systematic treatment of the issues that practitioners
face when designing a TC system for a road motorcycle. We do not aim at presenting a
state-of-the-art TC system; rather we propose and advocate a scientific approach to a prob-
lem often approached heuristically. The proposed approach enables us to fill the gap between
the two aforementioned philosophies, designing a control system that guarantees safety on
difficult roads but at the same time does not limit the bike’s performance, and leaves the
rider a certain amount of control. In the chapter numerous experimental results exemplify
the topics. Real-world testing, although more expensive and time-consuming than simula-
tions, offers more dependable results, especially on low-friction surfaces that are notoriously
difficult to model and simulate.

All closed-loop traction control systems can be casted into the general functional
schematic of Figure 8.1, where 𝜃 is the throttle grip position, u is the control variable of
choice, T the engine torque, 𝜆 the wheel slip defined in Section 8.2 and ax the longitudinal
vehicle acceleration. The control problem in its most general form is composed of four
different components. The first concerns torque modulation. The TC system needs to
control the wheel torque; different solutions exist: throttle command, spark advance, igni-
tion control or pressure brake modulation (see Chapter 3 for a detailed discussion). Each
method has its own features but in the following a general approach will be proposed for the
design, whereas experimental results will be presented on an electronic throttle-equipped
motorcycle. The second component is the dynamics under control: the transmission, the
motorcycle and the wheel slip dynamics itself. The third issue is that of designing the wheel
slip controller. This approach requires a target wheel slip. Most safety-oriented systems
employ a constant threshold; this approach has some limitations that will be discussed. In
the following, a throttle grip position dependent reference wheel slip will be presented.

The chapter is organized as follows: in Section 8.2, the most relevant concepts regarding
wheel slip dynamics are recalled; in Section 8.3, the TC system is designed, taking into
account many aspects: activation, deactivation, wheel slip reference generation and robust-
ness. The system is then tuned and tested in Section 8.4.

slip
reference

θ slip
controller

u T ax, λtorque
modulation transmission wheel slip

dynamics

Figure 8.1 A schematic view of the overall TC problem
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8.2 Wheel Slip Dynamics

Wheel slip dynamics are often described by the single corner model (e.g., Savaresi and
Tanelli 2010). Although (Corno et al. 2009) prove the shortcomings of the single corner
model when it comes to motorcycles, it is still very useful for studying the main dynamics
that TC systems face. The single corner model is based on the following assumptions:

• load transfer phenomena, which are induced by pitch motion, are neglected;
• the dependence of friction forces from the vertical load is modelled as a proportionality

relation;
• the wheel radius is assumed to be constant, even though, during braking, a consequence

of the pitch motion is a dynamic change in the wheel radius which is function of the
instantaneous vertical load;

• straight-line running;
• tyre relaxation dynamics (Pacejka 2002) are neglected.

The model is given by the following set of equations (Figure 8.2)

J𝜔̇ = −rFz𝜇(𝜆) + Td

m𝑣̇ = Fz𝜇(𝜆).

}
(8.1)

where

• J [kg m2], m [kg] and r [m] are the moment of inertia of the wheel, the quarter-car mass
(m includes both the sprung and unsprung mass of the quarter-car), and the wheel radius,
respectively;

ω

Td

v

Fz

Fx

Figure 8.2 Single corner model diagram
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Figure 8.3 Longitudinal and lateral friction coefficient dependency on wheel slip (𝜆) and sideslip
angle (𝛼)

• 𝜔 [rad/s] is the angular velocity of the wheel;
• 𝑣 [m/s] is the longitudinal velocity of the wheel axis (assumed equal to the velocity of the

vehicle’s centre of gravity);
• Td [Nm] is the driving torque (which is the input variable);
• Fz [N] is the vertical tyre–road contact force;
• 𝜇(𝜆) is the longitudinal friction coefficient. This depends on the tyre–road contact charac-

teristic and on the longitudinal wheel slip (among several other parameters). The friction
coefficients 𝜇 are defined as the ratio of longitudinal (lateral) force and the vertical tyre
load.

During traction, the longitudinal wheel slip is defined as

𝜆 = 𝜔r − 𝑣
𝜔r

(8.2)

and determines the longitudinal and lateral forces that the tyre exerts, according to nonlin-
ear maps. Figure 8.3 depicts an example of friction coefficients’ dependency on longitudinal
wheel slip and sideslip–see (Pacejka 2002) for a complete treatise of tyre forces. Inspecting
the Figure 8.3 the importance of a traction control system is immediately clear. The longitu-
dinal characteristic has an ascending part, a peak (at 𝜆∗), and a descending part; an excessive
longitudinal wheel slip will determine a nonmaximal longitudinal force and a poor lateral
stability as, for 𝜆 larger than 𝜆∗, the lateral force quickly drops. The goal of an ideal TC
system is therefore to make sure that 𝜆 does not exceed 𝜆∗.

TC systems are also important from a dynamical point of view; when the wheel slip
exceeds 𝜆∗ the dynamics become open-loop unstable and the rider cannot control it. To
see this, consider system (8.1); the state variables are 𝑣 and 𝜔. As 𝜆, 𝑣 and 𝜔 are linked by
an algebraic relationship, it is possible to replace the state variable 𝜔 with the state variable
𝜆. Plugging

𝜆̇ = vr
(𝜔r)2

𝜔̇ − 1
r𝜔
𝑣̇

and
𝜔r = 𝑣

(1 − 𝜆)
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into the first equation of (8.1), gives

𝜆̇ = −1−𝜆
𝑣

[
(1−𝜆)r2

J
+ 1

m

]
Fz𝜇(𝜆) +

r
𝑣

(1−𝜆)2

J
Td

m𝑣̇ = Fz𝜇(𝜆)

}
. (8.3)

The longitudinal dynamics of the vehicle (expressed by the state variable 𝑣) is much slower
than the rotational dynamics of the wheel (expressed by the state variable 𝜆 or 𝜔) due
to large differences in inertia (see e.g., Corno et al. 2011). Henceforth, 𝑣 is considered a
slowly varying parameter. Under this assumption and linearizing the longitudinal friction
curve as

𝜇(𝜆(𝜔, 𝑣)) =𝜇(𝜆(𝜔, 𝑣)) + 𝜕𝜇

𝜕𝑣

||||𝜔,𝑣𝛿𝑣 + 𝜕𝜇

𝜕𝜔

||||𝜔,𝑣𝛿𝜔 = (8.4)

=𝜇(𝜆) + 𝜕𝜇

𝜕𝜆

||||𝜆 𝜕𝜆𝜕𝑣 ||||𝜔,𝑣𝛿𝑣 + 𝜕𝜇

𝜕𝜆

||||𝜆 𝜕𝜆𝜕𝜔 ||||𝜔,𝑣𝛿𝜔 = (8.5)

=𝜇0𝜆 + 𝜇1(𝜆)
1
𝜔r
𝛿𝑣 + 𝜇1(𝜆)

𝑣r
(𝜔r)2

𝛿𝜔 (8.6)

the single corner model can be approximated by the following transfer function

G
𝜆
(s) =

[(
1−𝜆

)2

vJ

]
s + 𝜇1(𝜆)Fz

M𝑣
(1 − 𝜆)

[
(1 − 𝜆) r2M

J
+ 1

] . (8.7)

The transfer function (8.7) is a simple model which represents only the bulk of the wheel-slip
dynamics. Nevertheless, some important features can be observed:

• The stability of the dynamics is uniquely determined by the slope of the friction charac-
teristic at the linearization point 𝜇1. If the slope is positive the dynamics is open-loop
asymptotically stable, whereas if the slope is negative the dynamics is unstable. The
change of slope happens at 𝜆∗, which thus separates the longitudinal wheel domain into
a stable region and an unstable region. This observation confirms the necessity of trac-
tion control systems: not only the longitudinal and lateral forces drop if 𝜆 > 𝜆∗, but once
that value is crossed the wheel slip will quickly diverge to 1, unless the wheel torque is
reduced.

• The linearization velocity affects the position of the pole, but not the gain. In particular, as
the velocity decreases, the pole is pushed toward high frequency. Note that as the velocity
tends to 0, the dynamics gets infinitely fast. See the upper plots in Figure 8.4.

• The linearization wheel slip affects both the position of the pole and the gain. As shown
in the bottom plot of Figure 8.4 the closer the wheel slip is to 𝜆∗ the lower the pole is and
the higher the DC gain.

• The vertical load has an effect primarily on the gain. In particular, as the vertical load
increases the gain decreases.
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Figure 8.4 Bode plots of the wheel torque to wheel slip transfer functions as modelled by the single
corner model. Dependency on longitudinal velocity (upper plot) and linearization wheel slip (lower
plot)

As clearly shown by transfer function (8.7), wheel slip control has several advances over
the competing approach of wheel acceleration control. The most compelling advantage is
that, given a minimum velocity, it is always possible to stabilize wheel slip dynamics with
a fixed structure controller (refer to Savaresi and Tanelli 2010 for a detailed discussion on
the topic). This, of course, greatly simplifies the control system design.

The single corner only models the wheel slip dynamics; it provides useful indications for
the design of the controller, but it is not sufficient. As shown in Figure 8.1, the design of the
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Figure 8.5 Identified transfer functions of a touring motorcycle for different surfaces at 𝑣 = 20 mph

wheel slip control requires the characterization of many other effects: the actuator dynamics,
the torque generation mechanism and the transmission dynamics. Modelling and calibrat-
ing those aspects individually is very time-consuming; Chapter 3 presents a data-driven
approach to solving this problem that will be adopted here. In the following we will refer
to the results obtained for a touring motorcycle, but it is easily applicable (and has been
applied) to other motorcycles as well. The identified transfer functions from control input
(throttle demand) to longitudinal wheel slip are shown in Figure 8.5 for different surfaces.
The identified model retains the main characteristics of the single corner model (note, for
example, how the gain of the dynamics increases as the friction coefficient decreases) and
enables the design and tuning of the controller. The single corner model is then also useful
to predict how the identifying characteristic changes as the boundary conditions vary, that
is, the effect of velocity, load and wheel slip.

8.3 Traction Control System Design

This section describes to the design of the TC system. Figure 8.6 represents the detailed
block diagram of the proposed traction control. The TC system is composed of four sub-
systems: 1) a supervisor that manages the activation and deactivation of the system; 2) the
wheel slip controller which modulates the control variable (in this case the throttle demand)
in order to track a desired wheel slip; 3) the slip reference generator; 4) a surface transi-
tion recognition that is necessary to deal with sudden changes of friction and to perform the
controller gain scheduling. In the following the four subsystems will be described in detail.

8.3.1 Supervisor

The TC system activation must be accurately managed in order to avoid negatively affecting
the riding experience. A finite state machine (Figure 8.7) governs the possible states of the
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Figure 8.6 Complete traction control system block diagram
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Figure 8.7 Traction system finite state machine

TC system. Depending on the value of velocity and wheel slip, the machine is in one of three
states:

• off–the traction control system is enabled only above a threshold velocity 𝑣th. This is
necessary because, as the velocity tends to 0, the wheel dynamics becomes infinitely fast
and the wheel slip computation is affected by numerical errors. The use of the deadband
𝜀 avoids chattering.

• idle–in this state the control system is ready to intervene if the activation rule is triggered.
• TC active–in this state the control system is active and modulates the engine torque.

The activation is wheel slip based (𝜆 > 𝜆th); on the other hand the deactivation is based on
the value of the driver’s requested throttle (measured at the throttle grip) and the TC system
requested throttle. If the driver is requesting a lower throttle than currently applied by the TC
system, the TC system is shut off. This behaviour is imposed by a motorcycle proprietary
ECU, and serves as an additional safety system; the TC system cannot deliver more torque
than commanded by the driver. The combination of the deactivation and activation logics
does not guarantee the absence of chattering, that is continuous transition between the master
‘idle’ and ‘TC active’ state. The TC system must therefore be designed so that in case of
chattering of the finite state machine (FSM), there is no chattering in the requested torque.
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8.3.2 Slip Reference Generation

A fixed threshold and slip reference system would suffer from two drawbacks: 1) The ideal
threshold wheel slip heavily depends on the surface. High friction surfaces need higher
wheel slip than low friction surfaces; 2) A fixed wheel slip would deprive the driver of
any control when the TC is active. In fact, this is one of the biggest complaints with safety-
oriented TC systems. Both problems are solved with the introduction of a scheduled wheel
slip reference. The activation threshold is fixed, but once it is crossed, the driver can mod-
ulate the wheel slip reference through the throttle grip. This strategy is implemented by a
two-threshold mechanism. When the activation logic is triggered the current wheel slip and
throttle position are saved and referred to as 𝜆hold and 𝜃hold; these values are then used to
generate the map:

[𝜃hold, 100%] → [𝜆threshold, 𝜆max]. (8.8)

The rider controls the slip by opening or closing the throttle; when the throttle is fully open
the rider is requesting the maximum allowed slip. This mechanism guarantees better safety,
robustness and controllability than the usual single-threshold logic. In the single-threshold
logic an error in tuning can result in a limited or dangerous motorcycle. By allowing the
rider to directly control the reference slip, the system helps the rider to control the bike,
without limiting its performance. Map (8.8 ) can implement different shapes, and the practi-
tioners can use it to give different feelings to the motorcycle. Figure 8.8 plots three examples.
In the first case a linear map is employed, which guarantees uniform sensitivity; a convex
shape gives a better controllability at low wheel slips, while a concave map is better suited
for precisely modulating high wheel slip. Of course, the practitioners have the freedom to
implement other ideas and strategies. Note that the maps should also be defined for values
lower than 𝜃hold and do not need to intercept the origin. The deactivation logic is not based
on wheel-slip, but on 𝜃, so it is possible that during the modulation the throttle grip is closed
with respect to the initial position. This strategy also avoids deadlocks in the ‘TC active’
state. In the remainder of the analysis, a simple linear map between throttle position and slip
reference is employed.
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Figure 8.8 Three possible wheel slip reference–throttle grip maps: linear, convex, concave
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Figure 8.9 Wheel slip control law block diagram

8.3.3 Control Law Design

The wheel slip control law is the heart of the TC system. In order to avoid chattering and
the resulting discontinuity in wheel slip, a linearized control scheme is devised (Figure 8.9).
The throttle at the activation instant, 𝜃hold, is used as the linearization throttle around which
the controller modulates the control variable.

The control action is determined by a closed loop term that provides robustness and track-
ing and a feedforward term to improve reactiveness. The dynamics shown in Figure 8.5
allows for a model-based control law design, thus simplifying the tuning phase. The dynam-
ics are described by a transfer function with the following structure:

G(s) = 𝜇

s2

𝜔2
z

+ 2 𝜉z

𝜔z
+ 1(

s2

𝜔2
p

+ 2 𝜉p

𝜔p
+ 1

)(
s

p1
+ 1

)e−s𝜏 (8.9)

The system’s dynamics are subject to considerable variation. The plots show how they
are predicted to vary on different surfaces, and the methodological analysis showed that
the dynamics depend on the level of wheel slip and velocity. Two strategies are possible:
schedule the controller depending on the velocity and wheel slip (as shown in Corno et al.
2009); or approach the problem with a fixed structure controller. The first approach can give
good performance, but the scheduling may become difficult to tune and manage. The second
approach is simpler to implement but the achievable bandwidth is limited. A third, hybrid
approach is possible: a weakly gain scheduled controller proves to be robust, reasonably
performing and cost-efficient to implement. The controller is based on a PID with lead–lag
filter robustly designed for all conditions whose parameters are only marginally adapted as
the friction changes.

A 5× multiplicative uncertainty is added to the wheel slip dynamics to account for varying
velocity, surface and wheel slip levels. The resulting loop transfer functions are shown in
Figure 8.10. The resulting bandwidth varies from 0.06 Hz to 1 Hz, a considerable variation
that can be avoided only by the precise knowledge of the friction characteristics or by using
more advanced design techniques such as the one described by (Tanelli et al. 2009b).
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The closed-loop term has been tested by using step responses. Figure 8.11 shows the results
Despite the conservative design approach, the control guarantees repeatable responses on
different surfaces and a good tracking of the reference.

The controller accurately tracks the desired wheel slip, when requested through the
throttle grip, but the system does not react quickly enough to reject a sudden loss of
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Figure 8.11 Wheel slip reference step responses for two different surfaces. Wheel slip (top plot)
and requested throttle (bottom plot)
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friction, such as when driving through a puddle. A feedforward action guarantees safety
in these cases. The feedforward action is based on a threshold on the time derivative of
𝜆: if, despite the TC being active, an increase of wheel slip is detected, the feedforward
action applies a reduction of the throttle proportional to 𝜃hold (with gain Kff ). Figure 8.12
shows the feedforward gain tuning effects. At 0 s, the motorcycle crosses from a dry asphalt
road to a wet concrete road. Without the feedforward term, the wheel slip reaches 30%
before converging to a steady state. This response is suboptimal for two reasons: 1) the
high wheel slip may compromise the vehicle stability; 2) the controller overcompensates
the initial spike causing an undershoot that limits the longitudinal acceleration. If tuned
correctly, the feedforward term solves both issues. The figure helps in understanding the
role of Kff . If too high a value is chosen (Kff = 0.95) the first problem is solved and thus
the manoeuvre is safe, but the motorcycle is not accelerating as much as the rider intends.
A less aggressive tuning (Kff = 0.50) provides a better response: the initial spike is absent
as well as the undershoot. Being an open-loop term, the effect of the feedforward action will
depend on the motorcycle conditions; however, the choice of Kff is considerably simplified
by the fact that the closed-loop term provides most of the control effort.
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Figure 8.12 Tuning of the feedforward component. Effect on wheel slip (top plot), requested throttle
(centre plot) and longitudinal velocity (bottom plot)
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8.3.4 Transition Recognition

Although not critical from the safety point of view, the transition from low to high friction
also needs to be addressed. When, with the TC activated, the motorcycle goes from a
slippery to a high grip surface, the TC may be perceived as sluggish. This is another
consequence of the robust tuning of the controller. The only way to improve the response
is to introduce gain scheduling, based on the road surface. The main issue with such an
approach is the recognition of the road friction coefficient. Many results are available
(Rajamani et al. 2012 and works cited therein), showing that robust online road surface
estimation is far from being solved. The difficulty is partially solved by scheduling, based
on the detection of sudden changes of friction. The sluggish behaviour is perceived only
as a consequence of sudden increases of friction. If the road condition changes slowly, the
bandwidth of the controller is high enough to track the desired wheel slip. Recognizing
sudden friction changes can be easily and robustly done.

The system recognizes the transition using the information on the longitudinal acceleration
and wheel slip and schedules the closed loop controller accordingly. In particular, the integral
time of the controller is adjusted in order to speed up the transient: the controller starts from
the most conservative setting and adjusts itself.

Figure 8.13 presents the idea of the transition recognition algorithm. The plot shows the
throttle, longitudinal acceleration and wheel slip during an acceleration test that starts on
a low friction surface and then transitions (at around 6 s) onto a high friction road. The
transition is characterized by a sudden drop of wheel slip and a longitudinal acceleration
increase. These two conditions are characteristic of such a phenomenon and can be used
to recognize the transition. The transition recognition algorithm is based on two equal
derivative filters that estimate ȧx and 𝜆̇: by comparing their sign (using thresholds) it is
possible to detect the event. From experimental tests, a threshold that recognizes transition
in less than 100 ms is found.

Figure 8.14 plots the comparison of the fixed structure controller and the gain-scheduled
controller. The gain-scheduled controller considerably speeds up the response, and the
motorcycle accelerates more promptly, a difference that is well appreciated by the test rider.
Every time the controller is activated or the feedforward action intervenes, the controller is
reinitialized.

8.4 Fine tuning and Experimental Validation

This section uses the illustration of several experimental results to show and clarify the main
features of the proposed approach. In analysing and commenting the results the following
variables are considered:

• Wheel slip: both peak wheel slip and reference tracking error. The peak weakly relates to
stability, and reference tracking to performance.

• Yaw rate: correlates with lateral stability. When the wheel slip is too high, the rear lateral
force drops and the motorcycle wags.

• Longitudinal acceleration: peak acceleration and mean acceleration.

The most important parameters that need to be tuned are 𝜆th and 𝜆max, respectively the
wheel slip that activates the traction control and the maximum allowed wheel slip. Their

www.EngineeringEBooksPdf.com



Traction Control Systems Design: A Systematic Approach 213

15

20

25

30
u
 [%

]
a

x
 [m

/s
2 ]

0

1

2

3

5 5.2 5.4 5.6 5.8 6 6.2 6.4 6.6 6.8 7

0
5 5.2 5.4 5.6 5.8 6

time [s]
6.2 6.4 6.6 6.8 7

5 5.2 5.4 5.6 5.8 6 6.2 6.4 6.6 6.8 7

5

10

w
he

el
 s

lip
 [%

]

Figure 8.13 Transition from a low to a high friction surface with a fixed structure controller. The
transition happens at around 6 s. Requested throttle (top plot), longitudinal acceleration (centre plot)
and wheel slip (bottom plot)

tuning is critical because they directly influence the character of the motorcycle. Under the
hypotheses of perfect wheel slip reference tracking, the choice of 𝜆th only depends on the
road surface. As pointed out in the design phase, the wheel slip controller is far from having
infinite bandwidth, so the choice of 𝜆th affects the peak wheel slip and the tuning of the feed-
forward action. Figure 8.15 graphically represents the trade-offs (without the feedforward
action). As 𝜆th is increased, the TC intervention is delayed, and the wheel builds up momen-
tum, leading to a higher initial overshoot. On the other hand, choosing too low a threshold
heavily affects the acceleration. The plot shows that 𝜆th = 3% leads to a very smooth track-
ing of the wheel slip reference but considerably limits the acceleration in the first 2 seconds.
The final choice does not depend only on quantitative analysis; subjective feedback plays a
critical role. Some riders prefers the initial spike as it sends a clear message that he/she has
done something wrong.

Also, the choice of 𝜆max mainly affects the riding feeling. The TC stabilizes the wheel slip
dynamics: the rider’s task is therefore considerably simplified, but they set the wheel slip ref-
erence. Depending on the level of expertise, they may be able to drive the motorcycle safely
with high wheel slip or not. Some riders may prefer a thrilling motorcycle that is still capable
of drifting and thus requires some expertise; others prefer a perfectly safe but thrill-less
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Figure 8.16 Acceleration on wet polished concrete for different levels of 𝜆max, wheel slip, yaw rate
and longitudinal acceleration

motorcycle. Figure 8.16 better explains the quantitative advantages and disadvantages of
having a high 𝜆max. Note that the wheel slip accurately tracks the reference. The longitudinal
acceleration in the second part of the manoeuvre is not affected by the tuning because the
friction curve is rather flat around 𝜆∗. On the other hand 𝜆max has a clear effect on the yaw
rate. The higher the wheel slip the greater the yaw rate oscillations, indicating an incipient
lateral instability. Were an estimation of the vehicle roll angle available (Ryu et al. 2002 and
Boniolo et al. 2009), 𝜆max could be scheduled as a reasonable choice between 5% to 6%.

In order to assess the overall effect of the TC system, four different scenarios are investi-
gated: acceleration on basalt tiles, acceleration on polished concrete, transition from high to
low friction and transition from low to high friction. The following tests are performed by
professional test riders: they are instructed to accelerate as fast as possible, with the TC sys-
tem assist (TC on) and without (TC off). For safety reasons, the tests could not be properly
blinded: the rider was always aware of what kind of system they were testing.

Figure 8.17 plots the results of a series of accelerations on wet basalt tiles, from an initial
velocity of 12 mph. The following conclusions can be drawn:

• The traction control system successfully controls the wheel slip in all cases. The TC sys-
tem clearly outperforms the manual acceleration in terms of wheel slip peak. When the
TC is active, the average wheel slip peak is less than 12%, an improvement of 43% with
respect to the manual acceleration.

• The TC yields a more stable motorcycle: yaw rate oscillations peaks are reduced of 61%
with respect to the manual acceleration.

• The TC does not limit acceleration performance. No differences are observed either in
the maximum or the mean acceleration.

• From all standpoints, the manoeuvres performed with TC are more consistent than the
manual ones.

The basalt tiles are the most challenging conditions (lowest friction) tested. In these chal-
lenging conditions, it can be concluded that TC control improves safety without impeding
performance. Tests performed starting from higher velocity (𝑣 = 25 mph) confirm the con-
clusions.
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Figure 8.17 Acceleration on wet basal tiles from 12 mph. Velocity (top plot), yaw rate (bottom left
plot), longitudinal acceleration (bottom centre plot) and wheel slip (bottom right)

A series on analogous tests has been performed on wet polished concrete. Wet polished
concrete has a higher friction coefficient than basalt tiles and is a more common condition
for road motorcycles. The tests performed starting at 25 mph are shown in Figure 8.18. The
following conclusions are due:

• The traction control system successfully controls the wheel slip. When the TC is active
the wheel slip peak is 9%, which represents an improvement of 50% with respect to the
manual manoeuvre.

• The TC system makes the manoeuvres more stable. The peak yaw rate during the test is
reduced of 70% with respect to the manual acceleration.

• In this case the TC affects the acceleration profile. During the first phase of the acceler-
ation, the rider reaches higher acceleration without the traction control; however, as the
velocity increases, the motorcycle loses stability and the rider is forced to close the throt-
tle. With the TC on, the motorcycle reaches a lower maximum acceleration during the
first phase, but then, by precisely modulating the wheel slip, the rider is better able to
accelerate at higher velocity. As a consequence the peak acceleration is reduced by 15%
on average, while the average acceleration over the entire manoeuvre improves by about
7.5%. The difference with respect to the previous scenario is due to the fact that the two
surfaces have different optimal wheel slip. The chosen 𝜆th is closer to 𝜆∗ of the basalt tiles
than of the polished concrete.

• The TC helps the rider accelerate more consistently.
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Figure 8.18 Acceleration on polished concrete from 25 mph. Velocity (top plot), yaw rate (bottom
left plot), longitudinal acceleration (bottom centre plot) and wheel slip (bottom right)

As pointed out in the design section, sudden transitions can strain the TC system. In the
remainder of the section two𝜇-jump, that is sudden changes of friction coefficient, are tested,
Figure 8.19 plots the results of a series of tests where wet asphalt suddenly changes to wet
basalt tiles. The rider is instructed to get to at the friction jump at around 25 mph. The
following conclusions can be drawn:

• This is a very challenging manoeuvre even for professional riders. The rider is not able
to manually deliver a consistent acceleration. In some cases, they are forced to brake the
rear wheel to stabilize the motorcycle (negative rear wheel slip).

• The post jump maximum wheel slip with and without the TC system are comparable, but
note that the TC is able to recover from the initial peak faster than the rider.

• The better control of the wheel slip is also seen in terms of yaw rate. The maximum yaw
rate peaks are lower with the TC activated and are rejected more quickly. The oscillations
without the TC ends at 6 s, while the TC rejects them at around 4.2 s.

• In terms of acceleration, the TC is not able to perform as well as the best manual trial, but
on average it delivers more consistent performance and a better overall (across the tests)
acceleration.

In conclusion, the TC system considerably improves stability and repeatability, even if it
limits the best achievable performance.
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Figure 8.19 𝜇 jump: high-to-low friction transition. Velocity (top plot), yaw rate (bottom left plot),
longitudinal acceleration (bottom centre plot) and wheel slip (bottom right)

The reverse 𝜇-jump (from low to high friction) validates the scheduling approach. The
rider accelerates on wet basalt tiles that suddenly change into a wet asphalt road. This test
is non-safety-critical, and the TC system is not expected to improve either safety or per-
formance. A good TC system should not interfere with or impede the manoeuvre. Figure
8.20 summarizes the results. It can be seen that the acceleration performance is marginally
affected. The TC reduces the mean acceleration of 4% and the peak acceleration of 20%.
In analysing these results, one should also keep in mind that, for safety reasons, it is not
possible to properly blind the tests. The rider is always aware of what system is being test-
ing and the transition is clearly visible; it is therefore impossible to exclude some level of
anticipation of the opening of the throttle when the TC was inactive.

8.5 Conclusions

This chapter presents a systematic approach to the design of TC systems for motorcycles.
The design of a TC system for a touring motorcycle is taken as an example to quantitatively
describe different aspects. After a brief introduction to the problem and the state of the art,
the controller architecture has been detailed. Particular attention has been given to the three
main aspects of the design: the activation logic, the set point generation and the control law
tuning.
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Figure 8.20 𝜇 jump: low-to-high friction transition. Velocity (top plot), yaw rate (bottom left plot),
longitudinal acceleration (bottom centre plot) and wheel slip (bottom right)

The proposed control architecture offers a compromise between the two approaches cur-
rently followed by the industry: performance- and safety-oriented solutions. This is obtained
by letting the rider use the throttle to specify a reference slip. By setting a limit to the max-
imum slip, safety is increased without impeding performance. This aspect is believed to be
crucial for the success of a traction control system for motorcycles.

The slip dynamics model identified in the previous chapter was employed to design a
robust controller that was then refined using experimental results. The experimental results
confirmed the thesis presented in (Corno et al. 2009) that a fixed structure slip controller
cannot guarantee both robustness and performance. These limitations have been solved by
introducing a feedforward action and a scheduling of the controller based on the recognition
of changes in friction.
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9.1 Introduction

In this chapter we introduce the main characteristics of motorcycle oscillatory modes and
then discuss how their damping can be increased by employing steering compensation. Two
of the modes, weave and wobble, have a major influence on vehicle lateral stability. If they
become lightly damped or undamped, under certain operating conditions, they can have a
detrimental effect on rider safety, and also they significantly reduce the riding comfort and
manoeuvrability of the vehicle.

Steering damping, which is the most common solution to alleviate the instability problems
of wobble mode, has a negative effect on weave stability. Mechanical steering compensators
comprising springs, dampers and inerters, when employed as replacements for conventional
steering dampers are thought to provide simultaneous stabilization of wobble and weave.
Here, we analyse the influence of such passive mechanical networks on vehicle stability, and
describe how they can be designed and implemented, the focus being on high-performance
sports motorcycles.

Our approach is influenced by classical passivity ideas from circuit theory as well as
analogies between electrical and mechanical networks. In the standard electrical-mechanical
current-force analogy, an inductor corresponds to a spring, while a damper can be rep-
resented by a resistor. In order to complete this analogy, another mechanical component
is needed to represent a capacitor. Although a mass is analogous to a capacitor with one
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terminal grounded, a new device is required that does not have any restriction on its termi-
nal connections. The inerter, as proposed by (Smith 2002), is a suitable mass-like element,
and it can be of either translational or rotational nature.

In this chapter we also introduce the phenomenon of burst oscillations in racing motorcy-
cles that are accelerating at high speed. Such steering oscillations reduce rider confidence
and are therefore harmful to lap times, and potentially dangerous for riders. We study and
explain the bursting phenomenon using a high-fidelity computer model, and then propose
a design methodology using mechanical steering compensators to damp these oscillations.
The methodology is analogous to that used to improve the constant-speed dynamic perfor-
mance of road-going sports machines already mentioned. An important difference in the
study of bursting oscillations is the need to deal with acceleration, since it is under these
conditions that the bursting occurs.

The chapter is divided in the following sections. Section 9.2 introduces the main
motorcycle modes and discusses qualitatively their characteristics. Section 9.3 describes a
high-fidelity motorcycle model that is then used in Section 9.4 to illustrate quantitatively the
characteristics of the oscillatory modes and the influence of steering damping on machine
stability. Section 9.5 describes a design methodology for steering compensation that
improves modal damping. Section 9.6 provides an analysis of burst oscillations followed
by a design of steering compensation to suppress these oscillations. Finally, conclusions
are given in Section 9.7.

9.2 Motorcycle Main Oscillatory Modes and Dynamic Behaviour

The free steering system of motorcycles and the corresponding self-steering action is the
cause of their oscillatory nature. For obvious safety reasons there is a need to control the
oscillatory tendency of motorcycles throughout their operating range. Also, it is required
that motorcycles respond to the rider’s commands. Therefore stability is pursued, taking
into account handling qualities. The dynamic response of motorcycles is a consequence of
these requirements, which are the currently adopted design principles for modern machines.

Broadly speaking, motorcycle natural modes can be divided in two groups, in-plane and,
out-of-plane modes (Cossalter et al. 2004; Limebeer et al. 2002; Sharp et al. 2004):

• In-plane modes

These are modes whose shape involves freedoms in the motorcycle’s plane of symmetry,
such as pitch, bounce and front/rear wheel hop. They usually only affect rider comfort and
do not represent a threat to the machine’s stability.

• Out-of-plane modes

These involve lateral motion, and, depending on their frequency and damping properties,
they can seriously affect motorcycle stability, so they have the potential to compromise rider
safety. These modes are capsize, weave and wobble.

Capsize mode is a slightly unstable slow roll mode that disappears when speed is increased
above a certain limit. A speed of approximately 7 m/s will usually stabilize this mode, with
its natural frequency being approximately 0.8 Hz at that speed. This mode is usually easily
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dealt with by the rider’s action and therefore it does not represent a concern when discussing
stability of motorcycles.

Weave mode is a fishtailing-type motion involving yaw and roll of the motorcycle body and
steering system oscillations. It is well damped at low to moderate speeds but becomes less
damped as the speed is increased. The natural frequency of this mode is zero at very low
speed and increases to somewhere in the range of 2–4 Hz, depending on the mass and size
of the machine, with the lowest frequencies corresponding to the heaviest motorcycles.

Wobble mode is a steering oscillation that is reminiscent of the supermarket cart front-
wheel caster shimmy. The few existing and properly documented wobble oscillations involve
moderate speeds, although there are many anecdotal accounts of wobble at high speeds. The-
oretical results indicate that the torsional stiffness of the motorcycle frame at the steering
head determines whether it will be prone to wobbling at medium speeds or at high speeds,
corresponding to compliant and stiffer framed machines respectively (Foale 2002; Sharp and
Alstead 1980; Spierings 1981). The natural frequency of this mode does not change much
with speed. It is normally in the range 6–9Hz and it is governed primarily by the mechanical
trail, the front frame steer inertia and the front tyre cornering stiffness (Evangelou and Lime-
beer 2000a). The stiff framed machines, being prone to wobbling at high speed, are often
fitted with a steering damper in order to achieve wobble stability, but a steering damper will
normally have a destabilizing effect on high speed weave.

The in-plane and out-of-plane modes in straight running conditions are uncoupled for
small perturbations and they can be studied separately. On the other hand, when the motor-
cycle is cornering, the out-of-plane (lateral) modes and the in-plane modes associated with
tyre deflections and suspension motions become coupled (Koenen 1983; Sharp et al. 2004).
Linearization for small perturbations from cornering trim states allows modes to be cal-
culated and analysed, but the mode shapes become complex. Weave couples strongly with
bounce and pitch, since their natural frequencies are similar; similarly, wobble interacts with
front suspension motions (Limebeer et al. 2002). Under cornering, the motorcycle becomes
prone to resonate in response to regular road forcing when the combination of road undu-
lation wavelength and vehicle speed produces a forcing frequency that is matched to the
natural vibration frequencies of the machine. Moderate lean angles are found to represent
worst case conditions (Limebeer et al. 2002).

In addition to small oscillations, motorcycles can obviously undergo more general
motions. The full motorcycle/rider equations that describe the general motion are math-
ematically complex and contain general nonlinear terms. The virtual machine and, by
implication, real machines, can be expected to demonstrate the behavioural properties
of general nonlinear dynamical systems (Nayfeh and Mook 1979). General motions will
naturally be associated with larger amplitudes of vibration, in which the nonlinear terms
increase in relative importance in the equations of motion. The experience of the rider
will arise mostly from operation near trim states, and as this experience does not consider
nonlinear phenomena, suddenly encountering new situations of different character can be a
source of difficulty for the rider (Shaeri et al. 2004).

There are several works that deal with unusual operating circumstances. Some of them
have shown by accurate simulations the important role that road undulations, road camber
and acceleration play in the weave and wobble mode stability and damping (Evangelou et al.
2008, 2012; Limebeer et al. 2002). An improved understanding of the small perturbation
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and nonlinear behaviour of motorcycles brings implications for motorcycle design, rider
training, road maintenance and accident investigation.

9.3 Motorcycle Standard Model

We make use of a mathematical model to analyse and illustrate the behaviour of motorcycles.
The model comprises multiple rigid bodies introduced in a tree structure, and it is an evolu-
tion of prior computer models (Evangelou and Limebeer 2000a,b; Sharp and Limebeer 2001;
Sharp et al. 2003, 2004, 2005). It represents the class of modern road-going sports machines,
and has a parameter set based on the Suzuki GSX-R1000. The machine geometry is shown
in Figure 9.1, in which the motorcycle’s seven constituent masses are represented by circles
that have a diameter that is proportional to the mass of the associated body. All the critical
points, such as mass centres, body joints and so on, are individually marked.

The model involves a main frame that is allowed unrestricted motion with six degrees
of freedom. The swinging arm, upper body of the rider and front frame are attached to
it with pitching, leaning and steering freedoms respectively. Twisting of the front frame
is also allowed, and it involves small angular displacements at the steering head about an
axis that is perpendicular to the (inclined) steering axis. The model also has spinning road
wheels, standard rear monoshock suspension, and telescopic front forks that allow linear
in-line displacements. The mathematical model employed here also takes into account the
aerodynamic forces and moments, which are proportional to the square of the speed. Wide
road tyre models with vertical compliance are used to track dynamically the migration of
both of the ground-contact points as the machine rolls, pitches and steers. The forces and
moments due to the interaction between the ground and the tyre are generated from the
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Figure 9.1 Motorcycle model in its nominal configuration. The constituent bodies are shown as
circles, with their radii proportional to their mass. All the critical points of the model are individually
marked
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combined slip, normal load and camber angle relative to the road using ‘magic formulae’.
The lateral tyre carcass compliance is modelled using standard linear first-order relaxation
type tyre models (de Vries and Pacejka 1997, 1998; Pacejka 2002; Tezuka et al. 2001).

The overall model is built with the multibody modelling code VehicleSim® (formerly
called AutoSim, Anon. 1998) and it can be obtained from the website.∗ The VehicleSim
model can be configured to generate C++ code that numerically integrates the nonlinear
equations of motion, or it can be used to generate a MATLAB script with a symbolic state-
space representation that describes small perturbations around a prescribed trim condition.
Here, the trim states are found by nonlinear simulation in which the machine is controlled
at constant forward speed and roll angle by speed-error to rear-wheel-drive-moment and
roll-angle-error to steering-torque PI and PID feedback loops respectively. Once obtained,
the trim states are used to set up, in numerical state-space form, the open-loop linearized
equations of motion.

One of our purposes is to describe a phase-compensation-based design for better influ-
encing the self-steering action as compared to using conventional steering dampers. Such
compensation is achieved with the use of passive mechanical networks consisting of springs,
dampers and inerters. The effects of a steering damper (or a more general steering com-
pensator) can be introduced in the motorcycle model through the differential equations that
describe it. For the particular purposes of our study, the generalized regulator feedback struc-
ture (Green and Limebeer 1995), shown in Figure 9.2, is used to represent the integration
of the steering compensation system with the rest of the model. The steering compensator
appears as the feedback element, K(s). The generalized plant, P(s), is a linear time-invariant
model of the subject motorcycle. It has vertical road displacement disturbances d(s) and
steering torque Ts(s) as inputs, and the steering angle 𝛿(s) and the steering velocity as out-
puts. The vertical road displacement disturbances are introduced to take into account the
effect of road profiling on steering oscillations.

Although Figure 9.2 shows a frequency-domain model of the linearized system, it is repre-
sentative of the physical interconnection of the steering compensator and machine in general,
and therefore it is also applicable to nonlinear time-domain studies.

Figure 9.2 Diagram representing the steering compensator function as a feedback arrangement. P(s)
is the linearized motorcycle model, K(s) is the steering compensator, signal d(s) represents vertical
road displacement disturbances, Ts(s) is the steering torque and 𝛿(s) is the steering angle. s is the
standard Laplace transform variable

∗ http://www.imperial.ac.uk/controlandpower/motorcycles/
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If P(s) is partitioned as:

P(s) =
[

P11(s) P12(s)
P21(s) P22(s)

]
,

then the generalized regulator configuration in this case is defined by[
𝛿(s)
s𝛿(s)

]
=
[

P11(s) P12(s)
sP11(s) sP12(s)

] [
d(s)
Ts(s)

]
,

and
Ts(s) = K(s)s𝛿(s),

which gives
𝛿(s) = (I − sP12(s)K(s))−1P11(s)d(s).

Repeated reference will be made to the Nyquist criterion of the open-loop system
sK(s)P12(s), in which P12(s) maps the steering torque Ts(s) into the steering angle 𝛿(s).

9.4 Characteristics of the Standard Machine Oscillatory Modes and
the Influence of Steering Damping

Many modern road motorcycles are equipped with a conventional steering damper. The
mechanical function of a damper is to create a moment that opposes the angular velocity
of the steering assembly with respect to the main frame. In respect of stability, its purpose
is to alleviate high-speed wobble oscillations in the case of stiff-framed motorcycles, and
medium-speed oscillations in the case of older and more flexible-framed vehicles.

The characteristics of the main motorcycle oscillatory modes, wobble and weave, are now
illustrated in the root-locus diagrams of Figures 9.3 and 9.4. The diagrams are generated
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Figure 9.3 Straight running root-loci with forward speed the varied parameter, for the machine
with no steering damping (∘) and with 6.944 Nms/rad (nominal) steering damping (×). The speed
is increased from 5 m/s (◽) to 75 m/s (⋆)
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using linearizations of the standard motorcycle model described in Section 9.3. Figure 9.3
loci correspond to the case that the machine is operating under straight-running conditions,
and both free-steering (open loop) and damper-fitted (closed loop) cases are shown. The
forward speed of the vehicle ranges from 5 to 75 m/s in steps of 2 m/s. It can be seen
from this diagram that the wobble-mode frequency varies between 47 and 57 rad/s while the
weave mode frequency varies between 10 and 28 rad/s. It can also be seen clearly that when
a steering damper is not fitted, the damping of the wobble mode decreases with increasing
speed, and the mode becomes unstable at approximately 25 m/s, while the weave mode is
stable for all speeds. On the other hand, once the nominal steering damper with damping
constant of 6.944 Nms/rad is fitted, satisfactory wobble mode stability is achieved, but at the
expense of weave mode damping. This clearly represents a conflict in the choice of suitable
steering damper coefficients that can provide simultaneous wobble and weave damping.

Figure 9.4 shows root-loci for the machine fitted with the nominal steering damper for
three values of lean angle. It can be seen that increased values of roll angle tend to increase
the high-speed weave-mode damping. Since the coupling between the in-plane and out-of-
plane dynamics increases with roll angle, the weave mode vulnerability to road displacement
forcing is expected to maximize at an intermediate value of roll angle (∼15∘) (Limebeer
et al. 2002). It can also be seen from Figure 9.4 that for roll angles up to 30∘, the high-speed
wobble-mode damping increases with roll angle. At low speeds, the wobble-mode damping
decreases monotonically with roll angle, and the vulnerability of this mode is worst at low
speed and high roll angles.

The effect of changing the steering damper coefficient can be studied further by generat-
ing the Nyquist diagram shown in Figure 9.5. The frequency response for straight running
at 75 m/s is considered. In the case of a steering damper as the fitted compensator in the
feedback loop of Figure 9.2, K(s) becomes a constant, c, say. According to the well-known
Nyquist criterion, closed-loop stability is achieved when there are N counter-clockwise
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Figure 9.4 Root-locus plots with forward speed the varied parameter, for three cases of roll angle:
straight running (×), 15∘ (∘) and 30∘ (+). The nominal steering damper is fitted. The speed is increased
from 7 m/s (◽) to 75 m/s (⋆)
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Figure 9.5 Straight-running Nyquist diagram for the open-loop motorcycle model for a forward
speed of 75 m/s. The frequency at A is 47.6 rad/s, at B it is 33.8 rad/s and at C it decreases to 28.4 rad/s

encirclements of the −1∕c point, where N is the number of unstable poles of the open-
loop system and c is the value of the steering damping. As can be seen from Figure 9.3, at
75 m/s the wobble mode of the nominal motorcycle, without its steering damper, is unsta-
ble with a corresponding complex conjugate pair of poles in the right-half plane. Therefore,
under these operating conditions, two counter-clockwise encirclements of the −1∕c point
are required. This is achieved for a (small) range of damper values, as is obvious from the
Nyquist diagram. Indeed, if the amount of steering damping is too low, the wobble mode
becomes unstable, and if it is too high, the weave mode becomes unstable. With reference to
Figure 9.5, this aspect of the motorcycle behaviour can be better illustrated. When the steer-
ing damping value is low, such that the −1∕c point is located at A, the system is marginally
stable and will oscillate at 47.6 rad/s, which is the wobble-mode frequency. When the steer-
ing damping is now increased, the −1∕c point lies between A and C where it is encircled
twice in a counter-clockwise sense and the machine will be stable. When the steering damper
is increased further, to cause the −1∕c point to be coincident with the point C, the machine
will oscillate at 28.4 rad/s, with the weave mode now being marginally stable. Any further
increases in the steering damping will render the machine unstable due to the absence of any
encirclements of the −1∕c. The nominal steering damper value of 6.944 Nms/ rad locates the
−1∕c point at−0.144, which is approximately midway between points A and C in Figure 9.5.

9.5 Compensator Frequency Response Design

The first step in the design of passive steering compensator networks is to understand the
influences of the spring and the inerter, as isolated components – the damper has already
been studied in the previous section. Their effect on the wobble- and weave-mode damping
and stability is particularly of interest.
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Figure 9.6 Straight-running root-loci with forward speed as the varied parameter for three cases of
torsional spring: 100 Nm/rad (×), 200 Nm/rad (∘) and 400 Nm/rad (+). The speed is increased from
5 m/s (◽) to 75 m/s (⋆). All cases correspond to the nominal machine without a steering damper

The root-loci in Figure 9.6 show the effect of a simple torsional spring on the modal damp-
ing of the machine. As the spring stiffness is increased, the wobble-mode natural frequency
increases. At intermediate and high speeds, the wobble mode is unstable for all spring stiff-
ness values but it becomes less unstable as the stiffness increases. The spring has a negligible
effect on the weave mode, for example at high speed, where the weave-mode damping is
low. When the spring is considered as the feedback element in Figure 9.2, K(s) = k∕s, where
k is the spring stiffness.

The inerter is a two-terminal mechanical device with the property that an equal and oppo-
site force applied at its terminals is proportional to the relative acceleration between them
(Smith 2002). There are linear and rotational versions of the inerter, and their inertance is
measured in kilograms and kgm2 respectively. In its rotational form, the inerter provides
a resisting moment M that is proportional to the relative angular acceleration between its
terminals. In mathematical form,

M = b(𝜔̇1 − 𝜔̇2),

where 𝜔1 and 𝜔2 are the angular velocities at the two terminals, and b is the inertance.
Figure 9.7 illustrates the effect on the machine modal damping characteristics of introducing
an inerter, for which now K(s) = bs. It can be seen that the wobble mode natural frequency
reduces as the value of inertance is increased. This is not surprising as the change is similar
to increasing the moment of inertia of the front frame assembly, whose rotation is the main
component of the wobble mode shape. Increased inertance also makes the wobble mode
more unstable and increases the damping of the high-speed weave mode.

When comparing Figures 9.3 and 9.7, it is suggested that an effective steering compensator
should behave like an inerter at low frequencies (2–3 Hz) in order to improve the damping of
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Figure 9.7 Straight-running root-loci with forward speed as the varied parameter for three cases of
steering inertance: no inertance (×), 0.1 kgm2 (∘) and 0.2 kgm2 (+). The speed is increased from 5 m/s
(◽) to 75 m/s (⋆). All cases correspond to the nominal machine without a steering damper

the weave mode, while acting as a damper at higher frequencies (5–9 Hz) in order to stabilize
the wobble mode. This can be interpreted as a form of lead compensation. Over the still lower
frequency range of 0−0.5 Hz used by the rider (Aoki 1979; Sugizaki and Hasegawa 1988),
for balancing and path-following control, the compensator network must apply minimal
torque to the steering system to allow unhindered rider steering action. Therefore high values
of constant gain (damper-like) or spring-like properties are undesirable in that frequency
range (Evangelou et al. 2006).

The three simple passive elements already considered can be combined into networks, the
simplest containing only two components, to offer more possibilities. It is easy to show that
a damper in series with an inerter provides the compensator function K(s) = scb∕(sb + c),
where b and c are the inertance and damping coefficient respectively. The frequency response
of this function is very similar to that of an inerter at frequencies below the break frequency
c∕b, and to that of a damper at frequency above c∕b. This frequency response function can
therefore be beneficial for simultaneous control of weave and wobble. Extending the above
type of reasoning to networks with three components allows further networks to be utilized
with potentially more promising properties. A related network is one comprising the series
connection of a damper, an inerter and a spring (Figure 9.8).

Figure 9.8 Simple steering compensation network comprising the series connection of a damper
(c Nms/rad), inerter (b Kgm2) and spring (k Nm/rad)
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Although being mostly similar, this network offers one important generalization in com-
parison to the two-component device scb∕(sb + c) identified above: it allows a rapid phase
change in the neighbourhood of the resonant frequency 𝜔n =

√
k∕b. As with the series

combination of damper–inerter, it has inerter-like characteristics at low frequencies. In the
neighbourhood of 𝜔n it is damper-like and at high frequencies it has the characteristics of
a spring. In our application, 𝜔n will be tuned to the frequency of the wobble mode so as to
introduce damping there. The compensator function provided by this network is:

K(s) = k
s

s2 + s k
c
+ k

b

It may be observed that this is a second-order rational function and it is a special case of a
positive-real biquadratic function. It is possible to re-parametrize the network in terms of its
undamped natural frequency and damping ratio as

K(s) = k
s

s2 + 2𝜁𝜔ns + 𝜔2
n

in which

𝜔n =
√

k
b

and

𝜁 =
√

bk

2c
.

The frequency response characteristics of the network are shown in Figure 9.9, where it
can be verified that this network introduces inerter-like behaviour at low frequencies and
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Figure 9.9 Frequency response characteristics of the series damper–inerter–spring network with
the resonant frequency normalized to 𝜔n = 1. Three values of damping ratio 𝜁 are illustrated
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damping in the vicinity of 𝜔n, which can be tuned to the frequency of the wobble mode. The
frequency response magnitude peak occurs exactly at the frequency𝜔n and takes the value of
the damper constant c. The damping ratio 𝜁 is another parameter that can be used to tune the
frequency response. It determines the sharpness of the magnitude peak and the rate of change
of phase with frequency. Smaller values of 𝜁 make the transition from inerter-like to damper-
like faster. The larger 𝜁 is, the wider the frequency range, where the damper-like behaviour
persists. The parameters 𝜔n and 𝜁 fully define the phase characteristics of the network.

The steering compensator is designed by selecting appropriate values for 𝜔n, 𝜁 and k.
Trial parameters 𝜔n = 50 rad/s, closely matching wobble-mode frequency, and 𝜁 = 0.4 are
selected. With reference to the Nyquist diagram for the 75 m/s straight-running condition in
Figure 9.5, parameter k is chosen to position the point −1 at an appropriate location in the
stable k-value range. It is observed that k = 320 Nm/rad places the point −1 in the middle
of the range; however, since it does not produce adequate wobble-mode damping perfor-
mance at high lean angles, the spring stiffness is increased to k = 500 Nm/rad. This change
globally improves the wobble-mode damping but some weave-mode stability is sacrificed.
After back substitution, inerter and damper parameter values of b = 0.2 kgm2 and c = 10
Nms/rad, respectively, are found. The influence of this particular choice of parameters on
the Nyquist diagram is illustrated in Figure 9.10. It may be observed that the network opens
up the interval over which two counter-clockwise encirclements can be achieved, by moving
the real-axis crossing point associated with weave-mode instability towards the origin, and
the wobble-mode crossing point to the left of the diagram. The resulting root locus plot,
when this mechanical network is applied, is shown in Figure 9.11. Although the design is
based on a single high-speed straight-running linearized model, substantial improvements in
the modal damping of both wobble and weave under all operating conditions are achieved.
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Figure 9.10 Nyquist diagram of the straight-running motorcycle with a forward speed of 75 m/s.
The solid line corresponds to the standard machine, and the dashed line to the compensated system
using the series damper–inerter–spring network shown in Figure 9.8, with design values 𝜔n = 50
rad/s, 𝜁 = 0.4 and k = 500 Nm/rad
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Figure 9.11 Root loci for the compensated motorcycle with forward speed the varied parameter.
Four values of roll angle are illustrated: straight running (×), 15∘ (∘), 30∘ (+), and 45∘ (♢). The speed
is varied from 7 m/s (◽) to 75 m/s (⋆). The machine is fitted with the series damper–inerter–spring
network shown in Figure 9.8, with the parameter values b = 0.2, c = 10 and k = 500

9.6 Suppression of Burst Oscillations

9.6.1 Simulated Bursting

Race-track measurement data presented in (Evangelou et al. 2012) reveals the presence of
steering oscillations under high-speed acceleration conditions. Once the oscillations begin,
they persist for a few seconds with a frequency of the order of 28 rad/s, which is consis-
tent with weave-type behaviour. We attempted to replicate with a simulation model the
measured bursting behaviour. The model of the subject motorcycle used is described in
(Evangelou et al. 2012) and it is very similar to the one already described in Section 9.3.
A simulation is set up in which the vehicle is operating under straight-running conditions
with a speed reference of 𝑣 = 𝑣0 + A sin(0.2 t), where 𝑣0 = 70 m/s and A = 25 m/s. The
output from this simulation is shown Figure 9.12. The motorcycle forward speed varies
sinusoidally between 45 and 95 m/s, while its acceleration varies between ±5 m/s2. In order
to represent the influence of road roughness, a low-amplitude steering torque disturbance is
introduced into the simulation. The discontinuities in the acceleration signal originate from
the ‘snap’ operation in the chain drive. Burst oscillation in the steering angular rate signal
with amplitude of almost 2 rad/s can be observed when the machine is accelerating. The
bursting appears to begin soon after the motorcycle reaches the peak acceleration of 5 m/s2.
This oscillation is also visible in the forward acceleration signal of the machine. The spectral
content of the steering velocity bursting signal is shown in Figure 9.13. The data between
10 s and 20 s in Figure 9.12 was used to produce this result. It can be seen that the burst-
ing frequency increases from approximately 33 rad/s to approximately 38 rad/s, indicating a
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Figure 9.12 Simulated weave-mode type burst oscillations under straight-running conditions in
the subject motorcycle. In the simulation the machine speed is varied according to 𝑣 = 𝑣0 +
A sin(0.2 t)m/s, while a small steering torque tp = 𝜀 cos(2𝜋4.5 t)Nm is applied simultaneously. The
solid (green) line is the motorcycle speed, the dot-dashed (red) line is 10× the acceleration, while the
solid (blue) bursting characteristic is 10× the steering velocity in rad/s. The parameter values used in
the simulation are 𝑣0 = 70m/s, A = 25m/s, and 𝜀 = 5.0 × 10−5 N-m
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Figure 9.13 Short-period Fourier transform of the steering velocity signal given in Figure 9.12. Data
between 10 s and 20 s was used–bursting is apparent between 14 s and 18 s (in Figure 9.12)
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correspondence with the machine’s weave mode (Figure 9.3). The slight increase in fre-
quency is in agreement with increases in the machine speed.

9.6.2 Acceleration Analysis

The influence of acceleration on machine stability is now investigated on the basis of a
linear time-invariant small perturbation analysis. It is observed that bursting-type instabil-
ities occur on time scales over which vehicle speed variations caused by acceleration are
relatively unimportant and, therefore, for the analysis the machine speed can be assumed
constant. This situation is very similar to the analysis of the constant-speed machine on an
inclined road surface where gravitational forces produce an analogous effect to longitudinal
acceleration-related forces of inertia. The analysis framework is based on modelling ideas
that make use of d’Alembert acceleration-related forces (Evangelou et al. 2012; Limebeer
and Sharma 2010; Meijaard and Schwab 2006). When the motorcycle is accelerating at
a m/s2, then inertial forces of magnitude Fi = mia are applied at the mass centres of each of
the motorcycle’s constituent masses. These forces act in the rear-wheel longitudinal direc-
tion in the case of the main frame, the rear swing arm and the rear wheel, while the inertial
forces act in the front-wheel longitudinal direction in the case of the front steered body, the
front suspension body and the front wheel.

Figure 9.14 illustrates the effect of accelerating and braking on the machine straight-
running modal characteristics, and provides an insight into the causes of the bursting shown
in Figure 9.12. Taking the constant-speed plots as reference, it can be seen that braking

−12 −10 −8 −6 −4 −2 0 2
0

10

20

30

40

50

60

Real axis

Im
ag

in
ar

y 
ax

is

Figure 9.14 Straight-running wobble- and weave-mode eigenvalue root-loci of the subject motorcy-
cle fitted with a steering damper, showing the effect of acceleration-related inertial forces. The speed
is varied between 9 m/s (◽) and 95 m/s (⋆) for five cases of acceleration-related inertial force: −4 m/s2

(▿), −2 m/s2 (♢), 0 m/s2 (×), 2 m/s2 (∘) and 4 m/s2 (+)
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causes the wobble-mode frequency to increase, while acceleration causes it to reduce. It is
also clear that braking causes the weave-mode frequency to decrease, while acceleration
causes it to increase. Of importance to the present research is the destabilizing interaction
that occurs between the wobble and weave modes under steady acceleration at elevated
speeds. This interaction increases the wobble-mode damping substantially, while at the same
time causes the weave-mode damping to reduce and even become unstable over the range of
speeds from 60 to 93 m/s. The design challenge is to avoid these destabilizing interactions.

The nature of the machine oscillatory behaviour is further understood from Figure 9.15,
which shows the shape of the straight-running weave-mode eigenvector at 70 and 80 m/s, for
a range of d’Alembert acceleration and braking forces. It is evident that firm acceleration
reduces the relative magnitudes of the roll, yaw and lateral translation components of the
weave-mode eigenvector, thereby making this mode more ‘wobble-like’.

In Figure 9.16 the bursting phenomenon is investigated from a frequency-response
perspective using open-loop Nyquist diagrams for the steering damper loop illustrated in
Figure 9.2. The frequency responses are for the open-loop transfer function mapping Ts(s)
to s𝛿(s) at 80 m/s with the damper gain included, for various acceleration and braking
cases. The open loop stability of the subject motorcycle is as in the (o) plot in Figure 9.3,
indicating that two counter-clockwise encirclements of the −1 point are required for
closed-loop stability. The fitted damper will stabilize the machine at each illustrated value
of acceleration and braking in Figure 9.16, except for the 4 m/s2 acceleration case where
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Figure 9.15 Straight-running weave-mode eigenvector loci of the subject motorcycle fitted with a
steering damper with acceleration-related inertial force as the varied parameter. Two cases of speed
are shown, 70 m/s (×) and 80 m/s (∘), while the acceleration-related inertial forces are varied between
−4 m/s2 (◽) and 4 m/s2 (⋆). The 13 eigenvector components corresponding to the generalized coor-
dinates are shown and are normalized so that the steer angle component is +1. As with the classical
weave mode, the five dominant components are: the machine’s yaw, roll, frame twist and steer angles,
and the lateral translation
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there is no point on the negative real axis that is encircled twice, and therefore no damper
will work. What can be concluded from this observation is that some form of phase
compensation is required.

9.6.3 Compensator Design and Performance

A steering compensator is synthesized using the approach taken in Section 9.5, to address
bursting instabilities. It is clear from Figure 9.16 that phase-lag compensation is required in
the 4 m/s2 acceleration case. The network illustrated in Figure 9.17 offers the desired phase
characteristics and it is therefore chosen for further study.

The compensator function for the spring–damper network is K(s) = k∕(s + k
c
), defined

completely by selecting values for c and k. Trial parameter values are chosen and subse-
quently optimized using the robust frequency-domain optimization approach employed in
(Evangelou et al. 2012). These component values are constrained to be positive, in order
to maintain network realizability. After optimization calculations are performed, the opti-
mal damper value is found to be c= 7.30 Nms/rad, while the optimal spring stiffness is
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Figure 9.16 Nyquist diagrams of the steering compensation loop for the straight-running motorcy-
cle at 80 m/s with the damper gain included. Four acceleration-related inertial forces are illustrated:
−2 m/s2 (dotted line), 0 m/s2 (solid line), 2 m/s2 (dashed line) and 4 m/s2 (dash-dot line)

Figure 9.17 Series spring (k Nm/rad) damper (c Nms/rad) steering compensation network
with phase-lag characteristics. The optimized spring–damper values are k= 921.6 Nm/rad and
c= 7.30 Nms/rad
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Figure 9.18 Nyquist diagram for the straight-running subject motorcycle at 80 m/s with a steer-
ing damper fitted (solid line), and with the steering phase-lag compensator fitted (dashed line). The
acceleration-related inertial force is 4m/s2. This diagram illustrates the stability margin improvement
at high speed and high acceleration, brought about by a steering compensator

k= 921.6 Nm/rad. These figures correspond to a compensation network that is a slightly
smaller damper than the nominal one on the subject motorcycle, in series with a stiff spring.
Therefore, large changes in behaviour are not expected.

Figure 9.18 shows the result of steering compensation on the Nyquist diagram of the
machine under high-speed straight-running conditions, where acceleration-related burst
instability is the problem identified in Figure 9.16. It is clear that bursting under steady
acceleration can be prevented using a spring–damper phase-lag compensating network,
since it is able to maintain two counter-clockwise encirclements, in contrast to the steering
damper. The amplitude of the steering velocity burst is of the order of 2 rad/s when a damper
is installed (see Figure 9.12). With no other changes, this figure reduces to 1.58×10−4 rad/s
when the optimized compensator is installed.

Figure 9.19 illustrates the impact of the steering compensator on the wobble and weave
modes for straight-running at 80m/s. It shows from a different perspective from Figure 9.14
how acceleration at high speed produces a destabilizing interaction between wobble and
weave modes. The acceleration-related inertial forces are swept between ±5 m/s2. The wob-
ble mode, which is the higher frequency mode seen in the figure, is well damped both with
the steering damper and the optimized spring–damper compensator, so steering compen-
sation has no significant impact on this mode under the present operating conditions. As a
result of the modal interaction the weave mode goes unstable under steady acceleration. In
contrast to the wobble mode case, the compensator has a strong influence on the weave mode
stability at high levels of acceleration. Although the weave mode still appears to be ‘unsta-
ble’, we are not considering conventional stability but fast growth rate (bursting) behaviours.

Figure 9.20 is the counterpart to Figure 9.14 when the steering compensator is fitted. In
comparison to the steering damper fitted motorcycle, the machine’s wobble-mode frequency
increases when the steering compensator is fitted, which reduces the interaction between this
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Figure 9.19 Root-loci for the straight-running subject motorcycle at 80 m/s showing the wobble-
and weave-mode eigenvalues, with the acceleration-related inertial force varied from −5 m/s2 (◽) to
5 m/s2 (⋆). The (×) plot is the case when the steering damper is fitted and the (∘) corresponds to the
case when the phase-lag compensator is fitted (damper 7.3 Nms/rad; spring 921.6 Nm/rad)

0

10

20

30

40

50

60

Real axis

0 2−2−4−6−8−10−12

Im
ag

in
ar

y 
ax

is

Figure 9.20 Straight-running root-loci of the phase-lag compensator fitted motorcycle with speed
as the varied parameter, for acceleration-related inertial force of −4 m/s2 (▿), −2 m/s2 (♢), 0 m/s2 (×),
2 m/s2 (∘) and 4 m/s2 (+). The speed is varied from 9m/s (◽) to 95m/s (⋆) in steps of 2 m/s

mode and the weave mode. Indeed, at 4 m/s2, the compensator is successful in stabilizing
the high-speed weave mode in the sense of moving into the left half-plane the eigenvalues of
the constant-speed model augmented with acceleration-related forces. Although under low-
speed braking conditions the steering compensator has a destabilizing effect on the wobble
mode, it has no other negative effects.

www.EngineeringEBooksPdf.com



240 Modelling, Simulation and Control of Two-Wheeled Vehicles

9.7 Conclusions

The design of motorcycles is influenced by the need for them to operate stably while being
responsive to the commands of the rider. The existence of the free-steering system is funda-
mental to the operation of motorcycles, but depending on the amount of impedance in the
steering freedom, the balance between machine stability and handling can be influenced.

The primary motorcycle modes that have the potential to compromise rider safety are
oscillatory in nature and involve lateral motions of the vehicle. These are known as wobble
and weave modes. Their nature and characteristics have been described with reference to a
high-fidelity motorcycle mathematical model.

It has been explained how steering damping that is commonly used to reduce wobble
mode oscillations, has a detrimental effect on weave mode stability. Mechanical networks
consisting of the basic passive elements, springs, dampers and inerters, have been used to
influence the motorcycle steering impedance so that stability of both wobble and weave is
improved, without compromising the manoeuvrability of the vehicle. A simple but effective
design methodology for steering compensation has been presented. Further improvements
in the design are possible by optimizing the network parameters using robust frequency-
domain optimization. The optimization criterion can take into account the need for robust
stability, and also the role played by road displacement forcing in triggering unstable weave
and wobble phenomena.

Burst oscillations arising in racing motorcycles under steady acceleration at high speeds
have also been investigated. The bursting phenomenon is a consequence of destabilizing
interactions between the classical wobble and weave modes in the region of weave-mode
frequencies. This phenomenon is potentially dangerous to the rider and can be detrimental
to lap times by undermining rider confidence. A simple mechanical steering compensator is
proposed as a curative measure and it is tested on a high-fidelity simulation model. The sta-
bilizing influence of the compensator arises from the phase lag it introduces in the steering-
damper loop. The compensator can be constructed from the series combination of a stiff
spring and a conventional steering damper.
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10
Semi-Active Steering Damper
Control for Two-Wheeled Vehicles

Pierpaolo De Filippi, Mara Tanelli, and Matteo Corno
Dipartimento di Elettronica, Informazione e Bioingegneria, Politecnico di Milano, Italy

This chapter is devoted to the analysis and control of steering dynamics of powered
two-wheelers (PTWs). It is shown that under certain conditions the steering dynamics can
become unstable. Steering instabilities can be controlled via semi-active steering dampers.
Two different control strategies, focused on the control of low- and high-frequency
oscillations, are presented. The control strategies are validated by simulation and on an
instrumented motorcycle.

10.1 Introduction and Motivation

Powered two-wheelers are prone to instabilities of some of their vibrational modes. There
are two principal modes of vibration in straight-running and steady-state cornering: weave
and wobble (see Cossalter 2002; Limebeer et al. 2002). Weave is a low-frequency oscillation
of the vehicle chassis. Wobble is a higher frequency oscillation of the steering handle around
its axis. Some operating conditions can trigger instabilities or under-damped behaviour of
these modes. When this happens, most riders are incapable of controlling the oscillations.
Steering instability is therefore a safety-critical issue for PTWs (e.g. Duke 1997).

Several authors have analysed these dynamics (e.g., Limebeer et al. 2002; Sharp and
Limebeer 2004; Cossalter et al. 2002). These analyses are carried out using multibody
models. They enable an accurate description of the phenomenon and detailed sensitivity
analyses showing that wobble and weave depend on many static and dynamic parameters:
steering axle caster angle, wheelbase and wheel inertia, roll angle and forward velocity
being the most important. Simulations show that passive steering dampers, generating a
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Figure 10.1 Magnitude of the frequency response Gd𝛿( j𝜔) with roll angle 𝜑 = 30∘ and (a) speed
𝑣 = 50 km/h and (b) speed 𝑣 = 140 km/h; maximum (dashed line) and minimum (solid line) steer
damper value. See also (De Filippi et al. 2011), reproduced with permission from IEEE

moment opposite to the steering handle–chassis relative angular velocity, can improve
vehicle stability. The tuning of these devices is however not straightforward.

Figures 10.1a,b and 10.2a,b summarize the issue. They show the frequency responses
Gd𝛿( j𝜔) and GTs𝛿

( j𝜔), the dynamics between a road disturbance d and, respectively, the
steering torque Ts and the steering angle 𝛿 for a sports motorcycle at low and high speed as
a function of the steering damping coefficient.

The frequency responses are obtained from simulations performed using Bikesim®, tuned
to fit a sports motorcycle. The figure agrees with the results in (Evangelou et al. 2006),
showing that:

• at low speed the wobble mode is under-damped and the weave mode is well-damped,
while at high speed both modes’ resonances are present;

• increasing the steering damping coefficient damps the wobble mode, but excites the weave
mode, while decreasing the damping has the opposite effect.
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Figure 10.2 Plot of the magnitude of the frequency response GTs𝛿
( j𝜔) with roll angle 𝜑 = 0∘ and

(a) speed 𝑣 = 50 km/h and (b) speed 𝑣 = 140 km/h; maximum (solid line) and minimum (dashed line)
steer damper value. See also (De Filippi et al. 2011), reproduced with permission from IEEE
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Given the safety relevance and the complex dynamic relationship, devising suitable indus-
trial control strategies for steering instabilities is non-trivial. This work presents genuine
semi-active control laws to tackle this problem.

Other researchers have looked at the issue. Scientifically, the interest has mainly been on
the analysis of the steering dynamic behaviour (Limebeer et al. 2002; Sharp and Limebeer
2004 and many others). To the best of the authors’ knowledge, the only attempt at studying
the control problem is presented in (Evangelou et al. 2006; Evangelou et al. 2007; Limebeer
et al. 2006). Specifically, (Evangelou et al. 2006 and Evangelou et al. 2007) present the
design of a mechanical compensator. The device is composed of a spring, a damper and an
inerter (Smith 2002). The approach has been tested in simulation, obtaining good results.
However, the device is complex and still at the prototype phase. Another approach is shown
in (Limebeer et al. 2006), where active compensators, powered by electric motors, are con-
sidered.

Industrially, the most common solution is based on a tunable passive steering damper,
which the rider can adjust to their liking. Recently, some high-end motorcycles have been
being equipped with semi-active steering dampers (e.g. Wakabayashi and Sakai 2004). From
what is known of these systems, they are adaptive systems; the damping coefficient is varied
according to static maps (usually a function of the longitudinal velocity and/or accelera-
tion). The damping coefficient is varied quasi-statically, thus yielding a limited performance
improvement with respect to passive solutions.

The approach presented in this chapter is appealing from both the scientific and indus-
trial standpoint: it proposes novel semi-active control algorithms that improve the trade-off
between weave and wobble via feedback control and it is also based on available off-the-
shelf semi-active dampers.

The chapter is structured as follows. An analytical model is derived in Section 10.2, and
this is validated against both simulation and experimental data. The model reveals a paral-
lelism between vertical and steering dynamics. Based on this, in Section 10.3 the concept of
sky-hook and ground-hook (e.g. Fischer and Isermann 2004; Savaresi et al. 2003; Williams
1997) are adapted to the steering dynamics domain. Two control laws are proposed: the rota-
tional ground-hook, aimed at minimizing the absolute vibration of the steering axis, and the
rotational sky-hook, focused on the chassis oscillations. In Section 10.4, the proposed strate-
gies are validated on challenging manoeuvres performed in simulation. Finally, Section 10.5
presents experimental results obtained on an instrumented bike.

10.2 Steering Dynamics Analysis

In this section a control-oriented model of the motorcycle steering dynamics is derived. Two
bodies are considered to constitute the vehicle: the main frame and the steering assembly.
These can rotate around the steering axis (see Figures 10.3a,b). The symbols c𝜃 and s𝜃 stand
for cos(𝜃) and sin(𝜃), respectively; the subscripts f and r indicate the front and rear wheel,
respectively.

The model is derived based on the following assumptions:

• The forward speed is constant in magnitude 𝑣, i.e, only steady-state cornering or straight-
running is considered.

• The longitudinal force exerted by the tyre is equal to zero, as the forward speed is constant
and tyre–road friction and aerodynamic forces are neglected.
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Figure 10.3 Side view (left) and view from above (right) of the motorcycle with reference frames
and notation. Adapted from (De Filippi et al. 2011), reproduced with permission from IEEE

• The tyre moments are neglected.
• The tyre sideslip angles 𝛼i, the tyre roll angles𝜑i, i = {f , r} variations around the nominal

condition and the steering angle 𝛿 are small.
• The product of inertia between the steering assembly and the main frame is neglected.
• The gyroscopic effects are neglected.
• The pitch dynamic is neglected.

The following reference frames (Figure 10.4) need to be defined: Oxr ,yr ,zr
is a moving refer-

ence frame, its origin fixed at the intersection, denoted by pr, between the motorcycle vertical
axis and the road plane. The vertical axis zr can rotate of an angle 𝜓r with respect to the iner-
tial reference frame; the vector xr is directed as the longitudinal axis of the motorcycle; yr
completes the frame. The origin of the second moving reference frame Oxb,yb,yb

coincides
with the one of the first and the second reference rolls (with the bike) at an angle 𝜑.

Thanks to the above assumptions, the acceleration ar of the point pr is written as (see also
Figure 10.3a,b)

ar = −𝑣(𝛽̇ + 𝜓̇r)s𝛽xr + 𝑣(𝛽̇ + 𝜓̇r)c𝛽yr, (10.1)

where 𝛽 is the chassis sideslip angle, i.e. the angle between the centre of mass velocity and
the vehicle longitudinal axis (Figure 10.3b). If the motorcycle is cornering (i.e. 𝜑 ≠ 0), the
relation between 𝜓̇r and the angular velocity 𝜓̇ , as measured in the reference frame Oxb,yb,zb

,
is given by

𝜓̇r = c𝜑𝜓̇ + s𝜑𝜑̇.

Finally, if a small vehicle sideslip angle 𝛽 and steady-state cornering (𝜑̇ = 0) are assumed,
the absolute value of the acceleration is

|ar| ≈ |ay| = (𝛽̇ + 𝜓̇c𝜑)𝑣, (10.2)

where ay is the vehicle lateral acceleration in the reference frame Oxr ,yr ,zr
.

www.EngineeringEBooksPdf.com



Semi-Active Steering Damper Control for Two-Wheeled Vehicles 247

δ

φ

β  v

road plane

Vertical plane

Plane of symmetry

δ*

yr

xr xb
pr

ψr

ψ

yb

Figure 10.4 Schematic view of the main reference frames and kinematic coordinates. Adapted from
(De Filippi et al. 2011), reproduced with permission from IEEE

As the product of inertia between the steering assembly and the main frame is neglected,
the lateral force balance in the body reference frame (see also (10.2)) yields

Mv(𝛽̇ + 𝜓̇c𝜑) − Fyf c𝛿∗ − Fyr = 0, (10.3)

where Fyf and Fyr are the tyre lateral forces. Now 𝛿∗ = 𝛿c𝛿c𝜑 where 𝜀 indicates the caster
angle (Figures 10.3a,b) is the angle between the vehicle and the tyre longitudinal axes due
to a steering manoeuvre possibly while cornering. The torque balance computed around zb
yields

Jz𝜓̈ − Fyf c𝜑lf c𝛿∗ + Fyrlrc𝜑 = 0, (10.4)

where Jz is the yaw inertia. The torque balance around the steering axis takes the form

Js𝛿 + c𝛿̇ + Fyf tnc𝜀c𝜑f
= Ts, (10.5)

where Js is the steer inertia, Ts is the steering torque, tn is the normal trail and c is the steering
damping coefficient. Assuming small tyre sideslip angles 𝛼i, the tyre lateral forces result

Fyi = Fzi (k𝛼i
𝛼i + k𝜑i

𝜑i), i = {f , r} , (10.6)

where

k𝛼i
∶= 1

Fzi

𝜕|Fyi
|

𝜕𝛼i

|||||𝛼i=𝛼i,𝜑i=𝜑i

, k𝜑i
∶= 1

Fzi

𝜕|Fyi
|

𝜕𝜑i

|||||𝛼i=𝛼i,𝜑i=𝜑i

, i = {f , r}, (10.7)
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are the cornering and camber (or roll) stiffnesses, respectively (e.g. Cossalter 2002; Pacejka
2002), and Fzi in (10.7) are the vertical load on the wheels. The wheel sideslip and roll angles
are (Figure 10.3(b))

𝛼f = −𝛽 −
lf c𝜑
𝑣
𝜓̇ +

tn c𝜀 c𝜑
𝑣

𝛿̇ + 𝛿∗, 𝛼r = −𝛽 +
lr c𝜑
𝑣
𝜓̇ (10.8)

𝜑f = 𝜑 − 𝛿s𝜀, 𝜑r = 𝜑.

Equations (10.3)-(10.8) define a fourth-order nonlinear dynamical model with states x =
[𝛽 𝜓̇ 𝛿̇ 𝛿]T . Let us consider the equilibrium x associated with the constant input Ts. Letting
Δx = x − x and ΔTs = Ts − Ts, the following linear parametrically varying (LPV) model is
obtained: {

Δ̇x = A(𝜌)Δx + B ΔTs

Δy = CΔx
, (10.9)

where
𝜌 = [𝑣, 𝜑] (10.10)

is the vector collecting the time-varying parameters.
The roll dynamics are not modelled; the model is, however, capable of capturing the effect

of a roll angle with a time-varying parameter.
The dynamic matrix A(𝜌) of model (10.9) has some interesting features, defining aij the

ij-th element of matrix A(𝜌):

• It is strongly dependent on the linearization point. Wobble and weave strongly depend on
both velocity and roll angle.

• The direct terms (a11, a12, a21, a22, a33, a34) are predominantly negative and thus have a
stabilizing effect; the damping coefficient c is part of them (see a33).

• The cross terms (a13, a14, a23, a24, a31, a32) are predominantly positive and have a desta-
bilizing effect.

10.2.1 Model Parameters Estimation

The control-oriented model depends on several parameters, some of them (lengths, wheel-
bases and masses) are known, others (such as tyre stiffnesses) are not. The latter are identified
from data; in this first phase simulation data is employed.

The simulation experiment consists of a double-impulse steering torque input, performed
at different constant velocities. This type of experiment can be also carried out on a real
bike and hence simplifies the direct comparison between the simulator and the experimental
data.

The parameter vector 𝜃 to be identified is composed of: the normal trail tn, the yaw inertia
Jz, the steer inertia Js and the tyre stiffnesses k𝛼 and k𝜑i

, i = {f , r}. The parameter estimation
procedure consists of two steps.
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Table 10.1 Identified parameters: simulation and experimental results

Parameter Simulation Experimental

normal trail tn [m] 0.12 0.085

Front wheel cornering stiffness k𝛼f
[rad−1] 16 20

Rear wheel cornering stiffness k𝛼r
[rad−1] 15.8 18

Front wheel roll stiffness k𝜑f
[rad−1] 0.3 0.7

Rear wheel roll stiffness k𝜑r
[rad−1] 1.8 0.7

Yaw inertia Jz [kg m2] 30 22

Steer inertia Js [kg m2] 0.6 0.45

1. The parameter space is gridded, and the optimal point 𝜃o selected as the minimizer of the
steering angle simulation error, i.e.

𝜃
∘ = argmin𝜃J(𝜃) =

(
1
N

N∑
k=1

(
𝛿sim(k) − 𝛿mod(k; 𝜃)

)2)1∕2

, (10.11)

where N is the number of data points and 𝛿sim(k) and 𝛿mod(k) are the simulator and model
steering angles, respectively.

2. The optimal point 𝜃o provided by the previous step is employed as initialization for a
gradient-based algorithm which refines the optimization based on the same cost func-
tion (10.11), yielding a final parameter vector denoted as 𝜃∗. Table 10.1 summarizes the
identified parameters.

Figure 10.5a plots the comparison between the steering angle of the control-oriented model
and of the multibody simulator at 𝑣 = 140 km/h. The optimal cost function is J(𝜃∗) = 0.023∘

at 𝑣 = 140 km/h, computed over the time span t ∈ [0, 3] s.
The model is further validated via the yaw rate comparison shown in Figure 10.5b.

The simulation error for the yaw rate is 0.355∘ /s, computed over the time span t ∈ [10, 13]
s. Note that this validation compares a variable that does not appear in the optimization cost
function.

The frequency analysis of the proposed model yields interesting considerations.
Figure 10.6 plots the model eigenvalues as a function of the speed (from 50 to 170 km/h)
and the magnitude Bode diagram of GTs𝛿

( j𝜔) at high speed and for different values of the
damping coefficient.

The model accurately describes the weave and wobble modes characteristics. Inspecting
Figure 10.6, one can conclude that:

• the weave frequency moves, as a function of the speed, within a frequency range of
[2.8, 4] Hz, whereas the wobble frequency is within [8, 10] Hz.
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• The damping of the weave mode monotonically decreases as speed increases; the same
is true for the wobble mode, although its damping variation is more limited.

• The magnitude plot of GTs𝛿
( j𝜔) is in general accordance with Figure 10.2b. The wobble

mode is more damped; this is probably due to the absence of tyre relaxation dynamics in
the model.

• The dependence of weave and wobble modes on the steering damper coefficient is cor-
rectly reproduced.

It can be concluded that, under the adopted simplifying assumptions, the model correctly
describes the resonant modes of interest.
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10.2.2 Comparison between Vertical and Steering Dynamics

The control-oriented model helps to highlight the similarities between the steering and ver-
tical dynamics of a motorcycle. To do this, the control-oriented model is further simplified,
considering only the steering rotational dynamics. If 𝜑 = 0 and ay = 0, then the weave and
wobble cause only a perturbation of the chassis sideslip angle and 𝜓 = −𝛽 (Figure 10.3a,b).
Under these assumptions, the lateral force balance (10.3) can be neglected, obtaining

M𝜙𝜙̈ + R𝜙(𝜌)𝜙̇ + K𝜙𝜙 = QTs
Ts, 𝜙 =

[
𝜓 𝛿

]T
, (10.12)

where

M𝜙 =
[

Jz 0
0 Js

]
, K𝜙 =

[
Fzrk𝛼r

lr − Fz f k𝛼f
lf −Fz f k𝛼f

lf c𝜀
Fz f k𝛼f

tn Fz f k𝛼f
tnc𝜀

]
(10.13)

R𝜙(𝑣) =
1
𝑣

[
Fzrk𝛼r

l2r + Fz f k𝛼f
l2f −Fz f k𝛼f

lf tn
−Fz f k𝛼f

lf tn cv + Fz f k𝛼f
t2n

]
= 1
𝑣

R̃𝜙 +
[
0 0
0 c

]
are mass, stiffness and damping matrices, respectively, and QTs

= [0, 1]T . This model has
some interesting features:

• The mass matrix is positive definite and diagonal; the elements on the diagonal are iner-
tias. The fact that the chassis inertia is greater than the steering inertia is reflected in the
numerical value of the matrix elements.

• For all speed values 𝑣 > 0 the damping matrix R𝜙(𝑣) is symmetric, positive definite and
inversely proportional to 𝑣.

• The stiffness matrix is not symmetric, as the force field is not conservative. Further, the
yaw stiffness (see the element k𝜙11

) depends on the difference between front and rear tyre
stiffness, while the steer stiffness (see k𝜙22

) depends only on the front tyre stiffnesses and
normal trail.

The modal matrix analysis (Meirovitch 1975) reveals further considerations. The modal
matrices Φ𝑣 for speed 𝑣 = 50 and 𝑣 = 140 km/h (where each column is normalized with
respect to the element of largest magnitude) are

Φ50 =
[
0.82 −1
−1 0.2

]
,Φ140 =

[
0.8 −1
−1 0.2

]
. (10.14)

The natural frequencies associated with the weave mode are 3.9 Hz at 50 km/h and 3.5 Hz at
140 km/h, while the ones associated with the wobble mode are 8.4 Hz at 50 km/h and 9.5 Hz
at 140 km/h. Moreover, the weave-mode column exhibits opposite yaw and steer compo-
nents, while the wobble-mode column presents a dominant value of the steer component.
This is consistent with the observation that, when the weave is excited, the steering assembly
and the chassis oscillate in counter-phase, whereas the wobble mainly affects the steering
axle. It can be concluded that the model retains the main characteristics of the considered
modes.

Model (10.12) points to a parallelism between the vertical and steering dynamics of PTWs.
The vertical dynamics of a single-corner system (see (SAE 1992) for details) is

Mẍ + Rẋ + Kx = QdF, x =
[
z zt

]T
, Qd =

[
0 1

]T
, (10.15)
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Table 10.2 Variables and parameters mapping

Vertical Steering

Physical meaning Symbol Symbol Physical meaning

Sprung M ↔ Jz Yaw
mass inertia

Unsprung m ↔ Js Steer
mass inertia

Sprung mass ż ↔ 𝜓̇ Chassis
vertical velocity yaw rate

Unsprung mass żt ↔ 𝛿̇ + 𝜓̇ Steering assembly
vertical velocity yaw rate

Suspension Δz = z − zt ↔ 𝛿 Steering
elongation angle

where F is the vertical force and z and zt are the vertical position of the body and of the
unsprung mass, respectively, and

M =
[

M 0
0 m

]
,R =

[
c −c
−c c

]
,K =

[
k −k
−k k + kt

]
(10.16)

are the mass, damping and stiffness matrix, with c, k and kt being the damping coefficient and
spring elastic constant of the suspension and the elastic constant of the tyre. These matrices
have the same structure as those in (10.13); in particular, the mass matrix is diagonal, with
elements of different magnitude. The body mass M is associated with the resonance of the
vehicle chassis, while the unsprung mass m is associated with the wheel resonance. Thus, in
the proposed parallelism, the body resonance can be linked to the weave resonance, while the
wheel resonance is associated with wobble. Table 10.2 summarizes the parallelism between
the two domains.

The problem of controlling the steering dynamics is dynamically similar to that of control-
ling the vertical dynamics. In the next section, the concepts of sky-hook (SH) and ground-
hook (GH) will be extended to the out-of-plane modes of interest.

10.3 Control Strategies for Semi-Active Steering Dampers

In vertical dynamics control, a classical strategy used when a comfort objective is pursued
is the sky-hook damping (e.g. Fischer and Isermann 2004; Savaresi et al. 2003; Williams
1997). The SH suspension control rationale is to isolate the sprung mass from the road: this
idea can be envisioned as an ideal shock absorber that links the chassis and a fixed reference
frame (the ‘sky’). According to this configuration, in the ideal formulation of SH control,
there is a shock absorber delivering a force proportional to the chassis vertical velocity:

FSH(t) = cSHż(t). (10.17)
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Conversely, when handling is the main objective, the GH algorithm is employed, in which
the ideal shock absorber is linked to the tyre of the vehicle and to a fixed reference frame
(‘the ground’) and delivers a force proportional to the tyre vertical velocity:

FGH(t) = −cGHżt(t), (10.18)

providing a good isolation of the tyre from road disturbances.
These two control strategies pursue different objectives: SH yields the minimization of the

body vertical acceleration (comfort objective), at the cost of worsening the wheel resonance;
on the other hand, GH minimizes the wheel vertical acceleration (handling objective) while
achieving a suboptimal damping of the chassis resonance. A trade-off arises between the
two objectives and the two control strategies alone cannot provide simultaneous isolation of
both the body and the wheel.

According to the previously mentioned similarities, the SH and GH concepts can be
extended to motorcycle steering dynamics.

10.3.1 Rotational Sky-Hook and Ground-Hook

The rotational sky-hook (RSH) strategy (Figure 10.7) is ideally characterized by a shock
absorber linked to the chassis and to an appropriate frame. This frame translates with the
motorcycle and rotates only around the longitudinal and transverse axes, following the pitch
and roll rotations of the motorcycle chassis (Table 10.2). This configuration focuses on the
isolation of the chassis from road or steering torque disturbances.

The ideal shock absorber delivers a torque proportional to the yaw rate:

𝜏sh(t) = csh𝜓̇(t), (10.19)

while the real steering damper can only deliver a torque proportional to the steering angular
velocity:

𝜏(t) = c(t)𝛿̇(t). (10.20)
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Figure 10.7 Schematic view of the ideal ground-hook (left) and sky-hook (right) damping schemes.
Adapted from (De Filippi et al. 2011), reproduced with permission from IEEE
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The ideal RSH strategy is emulated by a time-varying c(t); the desired c(t) is determined
equalling the ideal and the actual torques in (10.19) and (10.20). If the industrial standard
of a two-state damper is assumed, c(t) can take only two values, which will be referred to as
cmin and cmax. This choice leads to a two-state approximation of the RSH control algorithm
(Rajamani 2006; Savaresi and Spelta 2007; Savaresi et al. 2005), given by

c(t) =

{
cmax if 𝜓̇(t)𝛿̇(t) ≥ 0
cmin if 𝜓̇(t)𝛿̇(t) < 0

. (10.21)

The rotational ground-hook (RGH) control strategy (Figure 10.7) is based on an ideal
shock absorber connected to the steering assembly and the same reference frame described
for the RSH case. This configuration yields a better rejection of both road and steering torque
disturbances. In the RGH approach, the ideal shock absorber delivers a torque proportional
to the sum of the yaw rate and steering angular velocities:

𝜏gh(t) = cgh(𝛿̇(t) + 𝜓̇(t)), (10.22)

while a real steering damper always delivers the torque computed in (10.20). Following the
same rationale as before, the controlled damping coefficient c(t) is selected as

c(t) =

{
cmax if 𝛿̇(t)

(
𝛿̇(t) + 𝜓̇(t)

)
≥ 0

cmin if 𝛿̇(t)(𝛿̇(t) + 𝜓̇(t)) < 0
. (10.23)

Both control strategies require yaw rate and steering velocity measurements, for which
sensors are readily available.

The RSH and RGH control strategies are designed to provide high attenuation of the
motorcycle chassis oscillations and the front-assembly oscillations respectively. Figure 10.8
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Figure 10.8 Plot of the magnitude of the closed-loop frequency response GTs𝛿
( j𝜔) with roll angle

𝜑 = 0∘ and speed 𝑣 = 140 km/h obtained with cmin (solid thick line), cmax (solid thin line), RSH (dash-
dotted line) and RGH (dotted line). Adapted from (De Filippi et al. 2011), reproduced with permission
from IEEE
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depicts the frequency response GTs𝛿
( j𝜔), relating steering torque to steering angle at a for-

ward velocity of 140 km/h. To estimate GTs𝛿
( j𝜔), constant-speed straight running has been

simulated using Bikesim, and a frequency sweep torque disturbance is applied to the steer,
ranging from 1 to 20 Hz (Wellstead 1981). Two linear passive steering dampers (cmin =
0.016 Nm/s and cmax = 0.044 Ns/m) and the RSH and RGH control algorithms have
been tested.

From Figure 10.8, the following remarks are in order:

• The RSH algorithm provides an attenuation comparable to that achieved by cmin around
the weave resonance frequency.

• The RGH algorithm provides a damping comparable to that achieved by cmax around the
wobble resonance.

• The RSH algorithm yields an intermediate attenuation at high frequency, slightly better
than cmin, but worse than cmax.

• The RGH algorithm provides an intermediate attenuation at low frequency, better than
cmax, but worse then cmin.

• The two approaches are not symmetric. The damping difference between RSH and cmin
at high frequency is smaller than that between RGH and cmax at low frequency. This
phenomenon is understood by recalling that Figure 10.8 considers a steering torque dis-
turbance and by analysing the ideal RSH and RGH strategies in (10.21) and (10.23). The
RSH, with its torque proportional to the chassis yaw rate, tends not to intervene when
a high frequency torque is applied to the steering assembly. Conversely, the RGH strat-
egy, by exerting a torque proportional to 𝛿̇ + 𝜓̇ , acts also when the excitation is at low
frequency. The opposite is true in case of road disturbances, as will be shown later.

10.3.2 Closed-Loop Performance Analysis

To better appreciate the differences between the control algorithms, the cost functions Js and
JsN are defined:

Js =
1
N

N∑
k=1

(𝛿(k) − 𝛿)2, (10.24)

where 𝛿(k) is the steering angle, 𝛿 is the steady-state steering angle and N is the number
of samples in the test. The second cost function is obtained by normalizing (10.24) by the
worst case of all the considered situations (control architectures and velocity).

JsN =
Js

JsMax
, (10.25)

This cost function is better suited to comparing different strategies. In Table 10.3 the val-
ues of (10.25) resulting from steering torque disturbance tests performed at 50 km/h and
140 km/h are collected. From Table 10.3, we can say:

• At low speed the RGH provides the best results, close to the cmax passive setting.
• RSH outperforms cmin. It yields roughly the same damping for the weave mode, but RSH

delivers better performance than cmin around the wobble mode. An improvement of 8%
at low speed and 4% at high speed is obtained.
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Table 10.3 Values of the normalized cost function JsN in (10.25) for
𝑣 = 50 km/h and 𝑣 = 140 km/h, obtained with the different passive and
semi-active control strategies

Control strategy Low speed High speed Mean value

cmin 1 1 1
cmax 0.58 0.79 0.55
RSH 0.91 0.95 0.94
RGH 0.56 0.60 0.48

• RGH outperforms cmax: it reaches similar damping for the wobble mode, and RGH damps
the weave better than cmin. An improvement of 4% at low speed and 23% at high speed is
observed.

• Considering the mean value of the cost function, RSH yields an improvement of 6% with
respect to cmin and RGH an improvement of 7% against cmax.

The closed-loop performance in case of road disturbance is also evaluated. Figure 10.9
shows the frequency response Gd𝛿( j𝜔) with roll angle 𝜑 = 30∘ and speed 𝑣 = 140 km/h for
the different control strategies. To identify Gd𝛿( j𝜔), the motorcycle has been simulated in
steady-state cornering with the road height profile defined by a frequency sweep (exciting
the 1 to 20 Hz frequency range).
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10.4 Validation on Challenging Manoeuvres

The initial validation has been performed using frequency sweeps; to further validate the
proposed control strategies, some realistic but challenging manoeuvres have been considered
in simulation.

10.4.1 Performance Evaluation Method

In order to assess and compare the control strategies, a mixed frequency/time-domain eval-
uation is proposed. A stability control system for two-wheeled vehicles must consider:

• the attenuation of the oscillation of the steering assembly at the weave and wobble natural
frequencies;

• the minimization of the effects of external disturbances on the steering assembly and on
the chassis of the vehicle.

Thus, in order to evaluate the closed-loop performance of a controlled semi-active steering
damper, both the steer rate 𝛿̇ and the roll rate 𝜑̇ of the vehicle are considered.

The magnitude spectrum Δ̇( j𝜔) is employed to define the following cost functions:

Jweave,i =
Δ̇i( j𝜔weave)
Δ̇cmax

( j𝜔weave)
(10.26)

Jwobble,i =
Δ̇i( j𝜔wobble)
Δ̇cmin

( j𝜔wobble)
, (10.27)

where Δ̇i( j𝜔weave) and Δ̇i( j𝜔wobble) are the amplitude spectra of the steer rate evaluated at
the weave and wobble natural frequencies when algorithm i is implemented. These cost
functions are normalized with respect to the worst case, namely, the value obtained by a
passive steering damper with a high and low damping coefficient for the weave- and wobble-
oriented cost function, respectively.

Cost functions (10.26) and (10.27) evaluate the performance of the control strategies
around the weave- and wobble-mode natural frequencies. Another interesting aspect is
the roll dynamics is that if the roll rate of the bike is minimized in response to external
disturbances, the overall stability of the vehicle is improved. Given these two control
objectives, the H2-norm of the steer and roll rate has been considered. The H2-norm is
appropriate for signals that decay to zero as time progresses and is related to the energy of
the signal. The following cost functions are defined:

Jsteer,i =
||𝛿̇i||2

maxi||𝛿̇i||2 (10.28)

Jchassis,i =
||𝜑̇i||2

maxi||𝜑̇i||2 (10.29)

where the cost functions are normalized with respect to the worst case.
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10.4.2 Validation of the Control Algorithms

In the following simulations, the rider is simulated as a basic roll stabilizing controller with
a bandwidth of 0.5 Hz; the rider’s body does not move with respect to the vehicle frame.
The steering damper actuator bandwidth is 30 Hz, comparable with that of a commercial
semi-active steering damper. The front and rear torque actuators (brakes and engine) have
a bandwidth of 10 Hz (Dardanelli et al. 2010; Panzani et al. 2011). The manoeuvres are
designed to excite the bike, accounting for the main source of disturbances: wheel torque,
steering torque and road unevenness.

10.4.2.1 Panic Braking Manoeuvre

The first test simulates a perturbation on the front and rear wheel torque. This is obtained by
simulating a braking during high-speed cornering: the rider suddenly pulls the front brake
lever and releases the throttle. In this situation, the longitudinal tyre force is increased while
the lateral force is decreased, yielding a disturbance that acts on both the steering system
and the rear frame. Figures 10.10a,b plot steer rate and roll rate. The following conclusions
can be drawn:

• As soon as the torque is applied, the steering assembly oscillates while the motorcycle
tends to steer out of the corner.

• Analysing the steer rate, weave and wobble resonances are clearly visible: during the first
part of the transient response, a passive steering damper with a low value of the damping
coefficient (cmin) yields the worst performance, while during the second part it guarantees
the best attenuation of the resonance and vice versa for the passive steering damper with
cmax. This test confirms that the RSH and RGH algorithms achieve intermediate perfor-
mance: the RSH performs better than cmin during the first part of the transient response
and as cmin during the second part. The same consideration is valid comparing the RGH
algorithm to cmax.
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Figure 10.10 Time histories of the steer rate (a) and roll rate (b) in response to a step disturbance on
the front braking torque (100 Nm) with a sudden closing of the throttle at 𝑣 = 130 km/h and 𝜑 = 30∘
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front braking torque (100 Nm) with a sudden closing of the throttle at 𝑣 = 130 km/h and 𝜑 = 30∘

Figure 10.11 plots the frequency-based analysis. The magnitude spectrum of the steer rate
is depicted. The weave and wobble resonances are clearly visible.

To better appreciate the performance of the control strategies, Figures 10.12a,b depict the
values of the cost functions (10.26)–(10.29) for different values of the passive damping
coefficient and for different semi-active control strategies. A large value of the damping
coefficient increases the attenuation of the wobble mode but has a detrimental effect on
the weave. The RSH and RGH algorithms achieve very good results around the weave
and wobble mode, respectively, and guarantee better overall performance than passive

0.6 0.65 0.7 0.75 0.8

(a) (b)

0.85 0.9 0.95 1

0.4

0.5

0.6

0.7

0.8

0.9

1

Jweave

J w
ob

b
le

RSH

RGH

Passive

Increasing c

Increasing c

0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
0.88

0.9

0.92

0.94

0.96

0.98

1

Jsteer

J ch
as

si
s

RSH

RGH

Passive

Figure 10.12 Values of the cost functions (10.26), (10.27) (a) and (10.28), (10.29) (b) calculated
during a braking cornering manoeuvre at 𝑣 = 130 km/h and 𝜑 = 30∘
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configurations. Once again, it is clear that tuning a passive steering damper is non-trivial;
a semi-active steering damper can damp both the weave and wobble mode, increasing the
overall stability of the motorcycle.

10.4.2.2 Lowside

The second test evaluates the performance of the control algorithms when the rider sharply
accelerates while exiting a corner. To simulate this situation, the so-called lowside phe-
nomenon, a step of the rear wheel torque is applied. The disturbance acts on the rear frame
and, to a lesser extent, on the steering assembly. Figures 10.13a,b show the time histories
of the steer rate and roll rate during the manoeuvre. Wobble oscillations of the steering sys-
tem are naturally well damped, while weave oscillations are visible in the second part of
the transient. The RGH outperforms the RSH during the high frequency oscillations, while
the RSH algorithm attenuates the weave oscillations better than the RGH. These control
strategies achieve intermediate performance with respect to the passive configurations cmin
and cmax: the RGH algorithm outperforms cmax at low frequency, while the RSH algorithm
outperforms cmin at high frequency.

Figures 10.14a,b show the values of the cost functions (10.26)–(10.29). As expected, cmin
and the RSH better damp the weave mode, while cmax and the RGH algorithm improve the
attenuation of the wobble mode. Also, the best passive configuration is cmin, because the
lowside manoeuvre mainly excites the weave mode.

10.4.2.3 𝝁-Jump

Another challenging and interesting manoeuvre is the so-called 𝜇-jump test. In this case, a
sudden change of the tyre–road friction coefficient, from 𝜇 = 0.7 to 𝜇 = 1 and then back
to 𝜇 = 0.7 is simulated. A 10-metre wide friction patch is simulated. Figures 10.15a,b plot
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Figure 10.13 Time histories of the steer rate (a) and roll rate (b), in response to a step disturbance
on the rear traction torque (200 Nm) at 𝑣 = 130 km/h and 𝜑 = 30∘
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Figure 10.15 Time histories of the steer rate (a) and roll rate (b) to a double step variation of the
tyre–road friction coefficient at 𝑣 = 130 km/h and 𝜑 = 30∘

the resulting steer and roll rates. At approximately t = 0.3 s, when the front wheel exits the
high friction patch, the motorcycle is subject to a second disturbance.

Both weave and wobble modes are excited. As soon as the front tyre passes over the first
transition, the motorcycle tends to steer into the corner, as the friction coefficient increases,
while the steering assembly starts to oscillate. The considerations outlined in the previ-
ous section still hold, showing that the semi-active control strategies consistently achieve
the stabilization goal. Namely, cmin and the RSH algorithm better damp the weave mode,
while cmax and the RGH algorithm guarantee good performance around the wobble natural
frequency.
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Figure 10.16 Values of the cost functions (10.26), (10.27) (a) (10.28), (10.29) (b), calculated during
a 𝜇-jump test at 𝑣 = 130 km/h and 𝜑 = 30∘

Moreover, by inspecting the values of the cost functions (10.26)–(10.29) depicted in
Figures 10.16a,b, the following observations can be made:

• The passive configurations cmin and cmax guarantee the best performance around the weave
and wobble mode, respectively: an improvement of 34% and 57%.

• Considering a passive steering damper, the best overall performance is achieved with an
intermediate value of the damping coefficient.

• The RSH and RGH algorithms achieve good performance around the weave and wobble
natural frequencies, respectively.

10.4.2.4 Leaning Kick-back

Another critical maneouvre from the stability point of view is the so-called leaning kick-
back. During this test, the motorcycle passes over a bump during a curve. Figures 10.17a,b
depict the steer and the roll rates. Wobble oscillations are clearly visible on the steering angu-
lar rate, while both weave and wobble oscillations are visible on the roll rate. As expected,
the passive configuration with the maximum value of the damping coefficient and the RGH
algorithm better damp the steering assembly and chassis wobble oscillations. However, the
passive configuration with the minimum value of the damping coefficient and the RSH algo-
rithm increase the damping of the chassis weave oscillations.

The cost functions (10.26)–(10.29) shown in Figures 10.18a,b confirm the above con-
siderations. RGH is the best overall solution, reducing both steering assembly and chassis
oscillations. Among the passive configurations, cmax behaves the best.

10.4.2.5 Kick-back

Another challenging manoeuvre is the kick-back test. The motorcycle passes over a bump
while riding straight, then while the front wheel is lifted, the steer is rotated so that, when the
front wheel touches the ground, its plane is out of the driving direction. It has been exper-
imentally shown (Lot and Massaro 2007) that such a test excites both weave and wobble
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km/h and 𝜑 = 30∘
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Figure 10.18 Values of the cost functions (10.26), (10.27) (a) (10.28), (10.29) (b), calculated during
a leaning kick-back test at 𝑣 = 130 km/h and 𝜑 = 30∘

modes. Figures 10.19a,b plot the time histories of the steer and roll rates, confirming the
observations outlined so far.

Figures 10.20a,b depict the values of the cost functions (10.26)–(10.29) calculated during
the kick-back test. By inspecting the figure, the following conclusions are drawn:

• During such a critical manoeuvre, a passive steering damper with cmax improves the damp-
ing of the wobble mode; however, the minimum value of the damping coefficient cmin
cannot guarantee a good attenuation of the weave resonance.

• The RSH algorithm achieves the best attenuation of the weave mode: an improvement of
27% with respect to cmax and 6% with respect to the best passive configuration (cmin).

• The RSH algorithm achieves the best overall performance: a reduction of 33% of the
steering assembly oscillations and of 20% of the chassis oscillations.
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Figure 10.19 Time histories of the steer rate (a) and roll rate (b) to a kick-back at 𝑣 = 130 km/h on
straight running
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Figure 10.20 Values of the cost functions (10.26), (10.27) (a) and (10.28), (10.29) (b), calculated
during a kick-back test at 𝑣 = 130 km/h in straight running

10.4.2.6 Highside

The most challenging test is the high-side manoeuvre. The high-side is a dangerous phe-
nomenon that happens while entering or exiting a curve (Cossalter 2002). The manoeuvre
is simulated as an acceleration during a curve. The total friction force exerted by the tyre
increases as the vertical load at the rear wheel increases. When the total friction force reaches
its limit value, the rear wheel loses grip and the lateral force drops. As a consequence, the
motorcycle slip outwards; the driver tries to control the vehicle by counter-steering and sud-
denly closing the throttle. By doing so, the rear wheel regains adherence and a step-like
lateral force is generated that twists and pushes the motorcycle upwards.
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Figure 10.21 Time histories of the steer rate (a) and roll rate (b) obtained during the highside
manoeuvre

Figures 10.21a,b plot the time histories of the steer rate and roll rate. Only the weave mode
is excited, and thus the passive configuration cmin and the RSH control strategy achieve the
best performance. RGH outperforms the passive configuration cmax, achieving intermediate
performance.

Figure 10.22 depicts functions (10.28)–(10.29) evaluated for the highside test. The best
overall performance is obtained with the passive configuration cmin. The RSH algorithm
guarantees an attenuation level of the chassis oscillation similar to that obtained with cmin
and a slight loss of performance is registered regarding the steering assembly oscillations.
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Figure 10.22 Values of the cost functions (10.28), (10.29) obtained during the highside manoeuvre
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10.5 Experimental Results

To experimentally investigate the steering dynamics, a sport motorcycle was used. The vehi-
cle was equipped with

• a removable two-state semi-active steering damper, actuated via a solenoid valve;
• a linear steering potentiometer;
• two wheel encoders to measure the vehicle speed;
• a one-axis MEMS gyroscope to measure yaw rate.
• a 1 kHz vehicle control unit with logging capabilities.

The following test protocol was adopted: while riding straight at a constant speed, the rider
applies a double torque impulse to the steering handle, letting the handle go after the per-
turbation. The test was repeated at different speeds, ranging from 50 to 140 km/h. This
test – which can be safely performed by a professional rider – excites only the weave mode,
because of the limited power of the input signal.

First, the control-oriented model is identified and validated. The unknown parameters are
identified using the modified gradient-based algorithm described above and initialized with
the parameters identified from the simulator. Note that, because of the lack of steering torque
sensor, the actual input is unknown. Thus also the input parameters were fed to the optimiza-
tion and identified.

Figures 10.23a,b report the validation results at 𝑣 = 140 km/h. The plots show the sim-
ulated and measured steering angle and yaw rate. The fit is satisfactory: the steering angle
average error is 0.028∘ , while for yaw rate it is 0.514∘∕s, both computed over a time span of
1.5 s. The sensitivity to the damping coefficient of the steering damper is also investigated.
Three damping levels have been tested: cmin, cmax and c0. The first two obtained with min-
imum and maximum current applied to the semi-active steering damper, and the last one
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Figure 10.23 Time history of the steering angle response (a) and yaw rate response (b) to a double-
impulse torque input at speed 𝑣 = 140 km/h; model (dashed line) and measured data (solid line).
Adapted from (De Filippi et al. 2011), reproduced with permission from IEEE
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Figure 10.24 Time history of the steering angle response to a double-impulse torque input at 𝑣 = 140
km/h: c0 (solid line), cmin (dashed dotted line) and cmax (dashed line). Adapted from (De Filippi et al.
2011), reproduced with permission from IEEE

without any added steering damping (a certain level of damping is always present, due to
friction).

Figure 10.24 shows the expected dependency of the weave mode damping on the damp-
ing coefficient (see also Figure 10.2(b)). In fact, the oscillations settle more quickly as c
decreases. Also, it is evident that the actual rider input torque varies from one test to another,
making it impossible to compare the results by simply comparing the time response. To
overcome the limitation, the damping of the modes for each experiments is evaluated via
Kung’s subspace identification algorithm (Kung 1978; Lovera and Previdi 2000). Specifi-
cally, a fourth-order linear time-invariant dynamical model was identified from the measured
impulse responses. The left panel of Figure 10.25 shows the map of weave eigenvalues as a
function of the steering damper coefficient at a forward speed of 110 km/h. As expected, the
lowest available damping coefficient yields the best damping. The right panel of Figure 10.25
maps the identified weave eigenvalues as a function of speed. The weave mode is well-
damped at low speed, while it is resonant at high speed. The experimental characteristics
are in agreement with what was discussed in Section 10.2.

Figure 10.26 shows the final validation. The RSH and RGH are tested using the same
protocol at 𝑣 = 110 km/h. The normalized cost function JsN in (10.25) is plotted for the
different damping solutions

10.6 Conclusions

In this chapter, the steering dynamics of PTWs have been discussed from a control-oriented
point of view. The analysis underlined a parallelism between vertical and steering dynamics
that has then been exploited to propose two innovative control strategies for semi-active
steering damper control. A rotational sky-hook and a rotational ground-hook algorithm have
been worked out to effectively damp the weave and the wobble resonance, respectively.

The performance of the control strategies has been evaluated both via a full-fledged motor-
cycle simulator and with an instrumented vehicle.
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The topic of this chapter is the experimental analysis and development of a control system for
a semi-active suspension in a two-wheeled vehicle. The control system is implemented via
a semi-active electro-hydraulic damper, located at the rear suspension of a motorcycle. The
entire design and analysis procedure is carried out: the semi-active damper is characterized; a
model to effectively describe the suspension system is introduced and analysed; a wide range
of control strategies are considered. The strategies are then implemented in the electronic
control unit of the motorbike. Tests at bench have been carried out in an innovative layout to
measure the tyre deflection and to have a comprehensive picture of both the so-called road-
holding performance and comfort performance. The chapter presents a detailed evaluation
of the experiments in both the time and the frequency domain.

11.1 Introduction and Problem Statement

The topic of this chapter is the introduction and the experimental analysis of a semi-active
suspension system for motorcycles (Ahmadian et al. 2004; Bosch 2000; Canale et al. 2006;
Choi et al. 2000; Giua et al. 2004; Hong et al. 2003; Hrovat 1997; Kawabe et al. 1998;
Kiencke and Nielsen 2000; Poussot-Vassal et al. 2006; Savaresi et al. 2005; Savaresi et al.
2010; Tseng and Hedrick 1994). Among the many different types of electronically con-
trolled suspension systems (Canale et al. 2007; Balas et al. 2003; Filardi 2003; Williams
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1997; Spelta et al. 2009), semi-active suspensions seem to provide an attractive compromise
between cost (energy consumption and actuators/sensors hardware) and performance. In the
field of road and off-road vehicles, semi-active suspensions have been recently introduced
in production cars, heavy trucks, trains and agricultural tractors, but they are still under pre-
production testing on motorcycles. For this reason, the topic of controllable suspensions in
vehicle applications has received considerable interest among both academic and industrial
researchers. This topic is characterized by two main streams: the research and development
of the technology suitable for controllable suspension and the research, design and testing of
new algorithms for controllable suspension systems (Poussot-Vassal et al. 2012 and Savaresi
et al. 2010 give a recent survey of the existing literature).

This chapter presents a complete case study of the design, implementation and testing
of an electronic control system for a semi-active rear suspension on a high-performance
motorcycle. Semi-active systems are traditionally based on a layout comprising two sensors
(Silani 2004), such as one accelerometer and one potentiometer. The accelerometer is placed
either on the body side or the wheel side. The potentiometer is used to monitor the suspension
deflection. An alternative layout is made up of two accelerometers one on the body side
and one on the wheel side: in this layout the deflection velocity of the suspension can be
obtained by integrating the difference of the two accelerometers. In this research area a major
improvement would be a semi-active suspension system equipped with only one sensor,
without significant degradation of performance, and with an evident advantage in terms of
reduction of cost and complexity (Poussot-Vassal et al. 2006). Recently, a control strategy
has been theoretically developed in this direction: the Mix-1-Sensor. This rationale uses
only one body accelerometer and it has been shown to ensure quasi-optimal performance
(Savaresi and Spelta 2009). The goal of this work is the practical implementation and the
illustration of results from real tests, moving from an idealized environment to a real vehicle.
Part of this chapter is rooted in the work by (Savaresi et al. 2008).

The chapter outline is as follows: in Section 11.2 the semi-active damper is described
and modelled, and its main features and control-relevant characteristics are illustrated. In
Section 11.3 the ‘quarter-car’ model describing the suspension system is considered. In
Section 11.4 the performance evaluation methods for controllable suspensions are briefly
introduced. Section 11.5 focuses on the presentation of three different semi-active control
algorithms. Section 11.6 is devoted to the illustration of the test-rig and the experimental
protocol used for the analysis. The control algorithms are implemented on a motorcycle
and their performances are experimentally evaluated and compared in Section 11.7. Some
concluding remarks end the chapter.

11.2 The Semi-Active Actuator

The basic concept of electro-hydraulic semi-active damper is depicted in Figure 11.1. Com-
pared to the classical passive element, the electro-hydraulic device comprises electronic
valves instead of passive valves, so that by the means of an electric signal, it is possible to
vary the valve characteristic and thus the resulting damping (for details of the state-of-the-art
technologies, see Savaresi et al. 2010).

The semi-active shock absorber presented here is an electro-hydraulic semi-active actu-
ator that has been developed specifically for motorcycle applications. This component is
equipped with one current-driven solenoid electro-hydraulic valve, which can continuously
vary the damping level within its controllability range. The electro-hydraulic valve has
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Figure 11.1 Description of an electro-hydraulic semi-active shock absorber (This picture appeared
originally in: Savaresi et al. Semi-Active Suspension Control for Vehicle. Butterworth Heinemann,
Elsevier. August 2010). Reproduced with permission from Elsevier

no embedded electronics, so it must be commanded by an external electronic control
unit (ECU), which implements a fast servo-loop to control the desired level of current. This
shock absorber can be addressed as an electronically controlled device, but not as a ‘smart’
device (Savaresi et al. 2006).

The following equations provide a model of the adjustable shock absorber:

Fd = c(t) (ż(t) − żt(t))

ċ(t) = −𝛼c(t) + 𝛼cin(t − 𝜏)

cin(t) ∈ [cmin, cmax] (11.1)

where Fd represents the damping force delivered by the shock absorber; ż(t) − żt(t) is the
stroke speed defined as the difference between the vertical velocities of the vehicle body
and the wheel, respectively (Figure 11.5); cin(t) and c(t) stand for the requested and actual
damping ratio, respectively; 𝜏 is the physical delay between the request and the actuation
of the damping coefficient; cmin and cmax represent the minimum and maximum level of
damping that can be requested to the actuator; 𝛼 is the closed-loop actuation bandwidth:
semi-active electrohydraulic shock absorbers usually feature a bandwidth of 20–30Hz. Note
that in (11.1) ż(t) − żt(t) and cin(t) are the inputs, and the output is the damping force Fd.
The dynamical behaviour of the damping coefficient is described by a first-order differential
equation with delayed input. The force delivered by the shock absorber is proportional to
the stroke speed, scaled by the actual damping. Notice that the model of a passive, i.e., non-
controllable, shock absorber can be obtained from (11.1) by simply setting cin(t) as constant.

To characterize the passive-like behaviour of the shock absorber, this has been tested with a
10 Hz sinusoidal excitation. Figure 11.2 depicts the classical speed–force domain response
of the shock absorber in two extreme configurations: cin = cmin and cin = cmax. The ratio
between the minimum and maximum damping is the so-called controllability range of the
shock absorber. Notice that this ratio is about 1:3, and it is large enough to obtain good results
with semi-active algorithms (Figure 11.9). Consider that a different mechanical layout or
the use of other technologies based on magneto-rheological fluids or electro-rheological
fluids might provide a wider controllability range (up to a 1:10 ratio) (Savaresi et al. 2005).

www.EngineeringEBooksPdf.com



274 Modelling, Simulation and Control of Two-Wheeled Vehicles

−200−400−600 0 200 400 600
−6000

−4000

−2000

0

2000

4000

6000

−600
−6000

−4000

−2000

0

2000

4000

6000

Elongation speed [mm/s]

−200−400 0 200 400 600

Elongation speed [mm/s]

D
am

pe
r 

fo
rc

e 
(N

)

D
am

pe
r 

fo
rc

e 
(N

)

Figure 11.2 Damper characteristics in the speed–force domain. Left: minimum damping (cmin);
right: maximum damping (cmax) (This picture appeared originally in: Spelta et al. Experimental anal-
ysis and development of a motorcycle semi-active 1-sensor rear suspension. Control Engineering
Practice. 2010. vol. 18. pp. 1239–1250). Reproduced with permission from Elsevier

In Figure 11.2, the behaviour of the maximum and minimum fixed damping can be observed
and compared to the linear approximation (obtained by the linear regression of the experi-
mental data), as proposed by (11.1). Notice that the speed–force trajectories show a slight
hysteresis and a little regressive behaviour for very high elongation speed around ±400
mm/sec. This is mainly due to the asymmetric characteristics of the hydraulics circuits that
manage the bound and rebound phase.

To highlight the damping actuation dynamic the following test can be performed: the
shock absorber is tested by a constant elongation speed excitation; during the excitation, a
switch from the minimum to the maximum damping (and vice versa) can be requested. An
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Figure 11.3 Details of the transient behaviour of the damper, subject to a step-like variation of the
damping request

www.EngineeringEBooksPdf.com



Semi-Active Suspension Control in Two-Wheeled Vehicles: a Case Study 275

−6000

−4000

−2000

0

2000

4000

6000

−500

0

500

164163.8163.6163.4163.2163 164.2 164.4 164.6 164.8 165
300

800

1300

Modelled force

Measured force

Suspension deflection speed

Current
(damping request)

Time (s)

Figure 11.4 Time history of the shock absorber response during a test reproducing realistic on-road
conditions. From top to bottom: damping force (measured and simulated); elongation speed z(t) −
zt(t); damping request (expressed by the valve current set-point)

example of this test is displayed in Figure 11.3 where, during the compression phase (nega-
tive forces), the damping request switches from its minimum value cmin to its maximum value
cmax. Notice that the force response to a step on the damping request shows approximately
a linear first-order dynamic behaviour, as assumed by (11.1), although it looks slightly per-
turbed in the middle of the rise time: the force reaches the target in less than 20 ms, with
a delay of 5 ms. Note that the ECU servo-loop controlling the damping actuation runs at a
frequency of 1 kHz.

A final validating test of (11.1) can be performed at bench as follows: The shock absorber
is excited with an elongation speed signal resembling the response of the suspension to a
realistic road profile (Robson and Doddas 1970). The damping request signal is designed as
a pseudo-random signal with steps of variable duration and amplitude as it can measures in
common semi-active suspension control (Savaresi et al. 2005). The results of this analysis
are depicted in Figure 11.4, which shows the adherence of the experimental data to the signal
obtained by simulation according to (11.1).

11.3 The Quarter-Car Model: a Description of a Semi-Active
Suspension System

The dynamic model of a semi-active suspension can be described effectively by the quarter-
car model (Figure 11.5–Gillespie 1992; Isermann 2003). Taking into account the dynamical
description of the electronic shock absorber given by (11.1), the quarter-car model can be
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Figure 11.5 Quarter-car representation of the rear part of the motorcycle (This picture appeared
originally in: Spelta et al. Experimental analysis and development of a motorcycle semi-active 1-
sensor rear suspension. Control Engineering Practice. 2010. vol. 18. pp. 1239–1250). Reproduced
with permission from Elsevier

defined by the following set of differential equations:⎧⎪⎪⎨⎪⎪⎩
Mz̈(t) = −k(z(t) − zt(t) − Δk)c(t)(ż(t) − żt(t)) − Mg

mz̈t(t) = k(z(t) − zt(t) − Δk) + c(t)(ż(t) − żt(t)) − kt(zt(t) − zr(t) − Δt) − mg

ċ(t) = −𝛽c(t) + 𝛽cin(t)
zt(t) − zr(t) > Δt

(11.2)

where z(t), zt(t) and zr(t) are the vertical positions of the body vehicle, the unsprung mass and
the road profile, respectively; M is the quarter-car body mass; m is the unsprung mass (tyre,
wheel, brake calliper, suspension links etc.); k and kt are the stiffness of the suspension
spring and the tyre, respectively; c(t) and cin(t) are the actual and the requested damping
respectively, as described by (11.1); and Δk and Δt are elongation of the unloaded spring and
the elongation of tyre, respectively. The model of (11.2) is a fifth-order nonlinear dynamic
model. It is nonlinear as the damping coefficient c(t) is a state variable. The constraint zt(t) −
zr(t) > Δt ensures the avoidance of the tyre–road contact-loss phenomenon.

Remark: Stability properties of the semi-active quarter-car model The controllable
device in (11.2) is a shock absorber, which has no influence on the equilibrium point. The
steady state derives from the stiffness values of the springs (and their unloaded lengths) and
from the comprised masses. Due to the presence of only variable damping, (11.2) can be
regarded as strictly passive, so the equilibrium is stable with respect to any control law of
damping and with any values of the system parameters. (Kahlil 2002) gives the definition
of passive systems and studies the stability property of such systems. To give an example
for the stability analysis of (11.2), assume that the damping control represents by a switch-
ing rule. Note that this is a realistic assumption in a digital semi-active suspension system
(Savaresi et al. 2005b). In this case, the quarter-car model can be regarded as a system
commutating between two different stable linear modes defined by the damping cmin and
cmax. It can be shown, by algebraic manipulation, that each mode of the switching system
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is associated with a state matrix: Ai = Amin,Amax. It is easy to see (by solving the related
LMI, as described in Boyd et al. 1994) that there is a positive definite matrix P so that
AT

i P + AiP < 0 for any i. According to the results on stability of switching systems reported
by Liberzon, 2003, the model of (11.2) is thus stable with respect to any possible switching
control (global uniform asymptotic stability).

The general high-level structure of a semi-active control architecture is as follows:

• The control variable is the requested damping coefficient cin(t).
• The measured output signals are usually two: the vertical acceleration z̈(t) of the motor-

cycle body, and the suspension displacement z(t) − zt(t) (alternatively: the vertical accel-
eration z̈(t) and the vertical acceleration of the unsprung mass z̈t(t)).

• The controlled variables are the chassis vertical acceleration z̈(t) for a comfort-oriented
strategy design and assessment, and the tire deflection zt(t) − zr(t) for a road-holding-
oriented strategy design and assessment.

• The input disturbance is the road profile zr(t); it is assumed to be a non-measurable and
unpredictable signal (no road preview by sonar, laser or video camera is available).

The design of a control algorithm delivering the best possible performance is a non-trivial
issue, since (11.2) is nonlinear with respect to the control variable cin which is limited by
strongly asymmetric thresholds (Guzzella and Isidori 1993; Koo et al. 2004; Savaresi et al.
2005b; Savaresi and Spelta 2007; Savaresi and Spelta 2009; Spelta et al. 2011).

11.4 Evaluation Methods for Semi-Active Suspension Systems

Regarding the suspension systems (either passive, semi-active or active), it is of great impor-
tance to have specific evaluation tools to measure the efficiency of a new structure, a novel
control algorithm in order to evaluate the improvements brought with respect to a nominal
reference system. More specifically, when dealing with suspension systems, the two main
aspects of interest (for both academic and industrial applications) are:

• comfort characteristics;
• road-holding (or handling) characteristics.

When the comfort objective is considered, it mainly concerns the passenger’s comfort.
Generally speaking, the passenger’s comfort is determined by several elements such as the
human state (feeling, age, health, general abilities etc.) and chassis vibrations as a result
of the road disturbance transmission. It is worth noting that only the latter element can be
controlled by the suspension. Although this is addressed as a comfort goal, it has been of
interest for the automotive community (both for industrial and academic research) since
the comfort feeling due to vibrations and road unevenness may be of impact on the driving
capabilities and on the decision abilities. Therefore the comfort objective also has an effect
on the general safety level of the vehicle. The literature provides the following index to have
a measure of the comfort level perceived by the driver (Savaresi et al. 2010b):

∫

T

0
(z̈(t))2dt (11.3)
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where T is an observation period for the metric commutation. Index (11.3) represents a
concise index to measure the level of the vibrations transmitted to the chassis. Note that in
the case T → ∞ then (11.3) is the L2 norm of the signal z̈(t). The following normalized index
can also be adopted for suspension system evaluation, in order to provide a measure of how
the road unevenness is transmitted to the body.

Jc =
∫

T
0 (z̈(t))2dt

∫
T
0 (z̈r(t))2dt

(11.4)

Note that to maximize the comfort level, Jc must be minimized.
The road-holding is the vehicle capability to keep the contact with the road surface, aiming

at maximizing the wheel tracking. Generally speaking, the interaction between the tyre and
the road surface represents the actuation of the longitudinal and lateral forces that govern
the vehicle dynamics. Concisely, the tyre provides longitudinal and lateral forces according
to the following relations:

Fx = Fx (Fn, 𝜆, 𝛼, 𝛾, 𝑣) (11.5)

Fy = Fy (Fn, 𝜆, 𝛼, 𝛾, 𝑣)

where Fx, Fy are the longitudinal and lateral forces as a nonlinear function of Fn, 𝛼 and 𝜆,
𝛾; Fn is the vertical load acting on the tyre; 𝜆 is the tyre slip; 𝛼 is the sideslip angle; 𝛾 is the
Camber angle; and 𝑣 is the vehicle speed. Fn is defined as:

Fn = (M + m)g − kt(zt(t) − zr(t) − Δt) (11.6)

The symbols used in Equation (11.6) are consistent with the symbols used in (11.2). It is
assumed that the nonlinear functions Fx and Fy increase monotonically with respect to the
vertical load Fn (Tanelli and Savaresi 2006). Therefore, the literature usually assesses the
road-holding objective with the following index (Savaresi et al. 2010):

∫

T

0
(zt(t) − zr(t))2dt (11.7)

Equation (11.7) represents a concise index to measure the variations of the vertical forces
acting on the tyre, so of a loss of lateral and longitudinal traction capability. Note that if T →
∞ then (11.7) stands for the L2 norm of the signal zt(t) − zr(t). The following normalized
index can also be adopted for suspension system evaluation, in order to provide a measure
of how the road unevenness reflects on the road-holding loss:

Jrh =
∫

T
0 (zt(t) − zr(t))2dt

∫
T
0 (zr(t))2dt

(11.8)

To maximize the comfort level, Jrh must be minimized. Note that the knowledge of the road
vertical profile zr(t) is necessary for computing index Jrh. Since zr(t) is a non-measurable
signal on road, the road-holding can be assessed only either in a simulation environment or
on the test bench (as described in the next section).
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Indexes Jc and Jrh give a simple concise measure of suspension system performance in
terms of comfort and road-holding, respectively. In order to provide a more detailed anal-
ysis of the suspension behaviour it is interesting to have a frequency domain perspective.
Note that, since the quarter-car-based semi-active model is highly nonlinear, the classical
frequency response (FR) cannot be used. So it has been substituted with another similar
frequency-domain analysis tool, called approximate frequency response (Gelb and der Velde
1968; Williams 1997). This tool provides the approximate FR from the vertical acceleration
of the road disturbance z̈r(t) to the vertical body acceleration z̈(t), and the approximate FR
from the road disturbance zr(t) to the tyre deflection zt(t) − zr(t).

11.5 Semi-Active Control Strategies

The algorithms are presented using the classical notation of a quarter-car model (11.2). Some
of these algorithms belong to the class of comfort-oriented algorithms, in the sense that their
main goal is to provide a high-quality filtering of the road disturbances, without deteriorat-
ing road-contact performance. Despite this comfort-oriented flavour, these algorithms are
typically also used on high-performance sports vehicles. One of the presented algorithms is
the so-called ground-hook that aims at addressing explicitly the road-holding performance.

11.5.1 Sky-hook Control

One of the most widely used semi-active control strategies is based on the heuristic approx-
imation of the ideal concept of sky-hook (SH) damping (Karnopp et al. 1974; Karnopp et al.
1983). The two-state approximation of the sky-hook requires an ON-OFF controllable shock
absorber; the control law is given by:{

cin = cmax if ż
(
ż − żt

)
≥ 0

cin = cmin if ż(ż − żt) < 0. (11.9)

If a continuous modulation of the damping coefficient is available, a slightly more sophis-
ticated expression of the SH algorithm can be implemented:

cin = sat
[cmin, cmax]

[
cSHż

ż − żt

]
(11.10)

where cSH is a tuning parameter, and represents the desired ideal SH damping ratio. The
classical choice for this parameter is simply cSH = cmax. The drawback of rule (11.10) is that
all the damping force is spent for the body, thus leaving the unsprung mass badly damped;
this behaviour can be corrected by evenly distributing the damping force between the body-
mass and the wheel-mass, obtaining:

cin = sat
[cmin, cmax]

[ 1
2
cSHż + 1

2
cSH

(
ż − żt

)
ż − żt

]
(11.11)

Algorithm (11.11) is called the continuous SH. Note that algorithms (11.9)–(11.11)
require knowledge of ż and (ż − żt), so in principle two sensors are required. The usual
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sensor layout for semi-active applications consists of the use of two vertical accelerometers,
one body-side and one wheel-side. Alternatively, a stroke sensor can be adopted (such
as a potentiometer) instead of one of the two accelerometers. The use of a single sensor
is possible if complemented by an observer system to estimate the non-measurable
signals–see an example provided by (Delvecchio et al. 2011).

11.5.2 Mix-1-Sensor Control

Similarly to SH, this strategy requires a two-level damper, the control law being given by:{
cin = cmax if

(
z̈2 − 𝛼2ż2

)
≤ 0

cin = cmin if (z̈2 − 𝛼2ż2) > 0 (11.12)

This control law is extremely simple since, like SH, it is based on a static rule which
makes use of ż, z̈ only. The Mix-1-Sensor algorithm is demonstrated to be an approximation
of the optimal damping control for a semi-active suspension system (Savaresi and Spelta
2009). The key idea of (11.12) is condensed to (z̈2 − 𝛼2ż2). In fact, (11.12) selects, at the
end of every sampling interval, the maximum damping cmax or the minimum damping cmin,
according to the current value of (z̈2 − 𝛼2ż2): if (z̈2 − 𝛼2ż2) > 0, cmin is requested, otherwise
cmax is selected. The amount (z̈2 − 𝛼2ż2) can therefore be considered as a frequency-range
selector working in the time domain. Parameter 𝛼 is the only tuning knob that characterizes
algorithm (11.12). The value of 𝛼 represents the desired cross over frequency of the trade-
off between under-damped (cmin) and over-damped (cmax) suspension. For further details on
the design of this control strategy and on the effectiveness of the frequency-range selector
(z̈2 − 𝛼2ż2), the reader is referred to (Savaresi and Spelta 2007). Since (11.12) computes only
the amount (z̈2 − 𝛼2ż2) it requires the use of one sensor only (typically an accelerometer)
to monitor z̈, then by integration ż can be derived. This feature makes the Mix-1-Sensor
extremely appealing for real implementation.

11.5.3 The Ground-Hook Control

The ground-hook control (GH) is the semi-active heuristic approximation of the ideal con-
cept of ground-hook damping (Hrovat 1997); it is the most widely used control strategy
in semi-active suspension systems for addressing the road-holding objective. The two-state
approximation of the ground-hook requires an ON-OFF controllable shock absorber; the
control law is given by: {

cin = cmax if żt

(
ż − żt

)
< 0

cin = cmin if żt(ż − żt) ≥ 0 (11.13)

Similarly to the SH, the GH control also requires the use of two sensors.
To conclude this section, note that SH and GH algorithms have no tuning knobs, even

though evolutions of the basic SH algorithm, equipped with tuning parameters, have been
recently presented in (Poussot-Vassal et al. 2006 and Sammiar et al. 2000). Instead, the Mix
algorithms have a key tuning parameter, which is the so-called cross-over frequency. This
parameter is typically set at the classical c-invariant frequency of the suspension, but it can
be moved from that position for fine-tuning purposes.
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11.6 Experimental Set-up

The experimental facility presented here is a four-post test-rig, adapted for a two-wheeled
vehicle. For motorcycle testing, since a two-wheeled vehicle has no an intrinsic equilibrium
condition at stand still, the test-rig has been equipped with an additional structure to keep the
vehicle in the vertical position, while leaving all the in-plane movements (pitch and heave)
completely free. The test-rig displacement is measured by the test-rig acquisition system,
and then synchronized with the vehicle signals. The control algorithms are implemented in
the vehicle ECU, according to the following experimental layout:

• The basic suspension sensor set includes a body-side vertical MEMS accelerometer, hav-
ing a range of 10 g; a wheel-side vertical MEMS accelerometer, range of 25 g; a stroke
sensor, consisting of a potentiometer, with range of 0–60 mm.

• To measure the tyre deflection a distance sensor was installed at the wheel hub to acquire
the distance between the wheel and the bench plate. The distance sensor is from Baumer
(OADM 13I6475/S35A) featuring a response time of less than 0.9 ms, appropriate for this
kind of application.

• The shock absorber, introduced in the previous section, is driven by a feedback control of
the current. The current is measured by a Hall-effect based transducer by LEM, having
the range ±5A;

• The electronic control unit is based on a Freescale microcontroller desinged for automo-
tive applications. The suspension code runs at a frequency of 1 kHz, so the algorithms,
the filters and the observers are digitalized accordingly, by using a Tustin transformation.

The testing protocol used for evaluating the performance of the semi-active algorithms
consists of three types of experiments. The first type of test-rig experiment is a time-varying
sinusoidal excitation (usually called a frequency sweep). The explored frequency range is
0.1–30 Hz. The whole experiment lasts about 2 minutes, and the amplitude of the sinusoidal
excitation decreases as the frequency increases. The test-rig displacement for this excita-
tion is illustrated in Figure 11.6. This amplitude profile (as a function of the frequency)
is designed in order to achieve the maximum amount of excitation, while avoiding loss of
contact of the wheel. Figure 11.6 displays also an example of the signals measured on the
vehicle (the two accelerations and the suspension stroke) when the damping coefficient is set
at its minimum value (cmin). Notice that the occurrence of the two classical main resonances
(the body and the wheel resonance) is clearly shown by the behaviour of the stroke signal.

The filtering effect of the suspension is clearly visible by the direct comparison of the
body and wheel accelerations. The second type of excitation is a broad band signal, which
reproduces a typical road profile. This excitation signal is displayed in Figure 11.7, both in
the time domain and in the frequency domain. Notice that the amplitude (peak-to-peak) of
this excitation is about 6 cm. The spectral content of this signal is similar to a band-limited
integrated white noise, which is commonly used to resemble a realistic road profile (Robson
and Dodds 1970). The last type of experiment consists in a series of impulse excitation as
described in Figure 11.8.

11.7 Experimental Evaluation

In this section the test-rig and the on-road results are presented and discussed. This study
was carried out according to the testing protocol introduced in the previous section. For
conciseness, the section is mainly focused on the response to the ‘sweep’ test, as the driven

www.EngineeringEBooksPdf.com



282 Modelling, Simulation and Control of Two-Wheeled Vehicles

0 20 40 60 80 100 120

0 20 40 60 80 100 120

0 20 40 60 80 100 120

0 20 40 60 80 100 120

−50

0

50

 [m
m

]
 [m

m
]

0

20

40

−20

0

20

−20

0

20

 [g
]

Time [s]

 [g
]

Actuator position

Suspension deflection

Body vertical acceleration

Wheel vertical acceleration

Time−varying sinusoidal excitation (‘frequency sweep’) − Frequency range: 0−30Hz

Figure 11.6 Example of the time-history of the bench acquisition. From top to bottom: test rig
displacement, suspension stroke, body acceleration, wheel acceleration

10 15 20 25 30
−0.04

−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

−120

−110

−100

−90

−80

−70

−60

Frequency [Hz]
101100

A
m

pl
itu

de
 (

dB
) Signal

spectrum

T
es

t r
ig

 d
is

pl
ac

em
en

t [
m

]

Time [s]

Broad band (‘random’) excitation
signal − time−domain

Broad band (‘random’) excitation
signal − frequency−domain

Figure 11.7 Broadband excitation in the time domain (left) and in the frequency domain (right) (This
picture appeared originally in: Spelta et al. Experimental analysis and development of a motorcycle
semi-active 1-sensor rear suspension. Control Engineering Practice. 2010. vol. 18. pp. 1239–1250).
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sensor rear suspension. Control Engineering Practice. 2010. vol. 18. pp. 1239–1250). Reproduced
with permission from Elsevier

conclusions are consistent also with the ‘random’ tests. First, the analysis is made in the
frequency domain, by analysing the estimated frequency response from the road profile to
the body displacement. Time-domain performances are then considered, using a condensed
performance index and a direct time-domain signal analysis. For a comprehensive descrip-
tion of suspension performance evaluation, both in time and frequency domain see (Savaresi
et al. 2010a), and the reference cited therein.

In order to understand the basic behaviour of the rear suspension of the vehicle, first it
is interesting to analyse the performance of the vehicle without control algorithms (namely
in a passive-like configuration). For this purpose, Figures 11.9 and 11.10 depict the sus-
pension system performances when the damping coefficient is kept fixed at cmin and cmax.
In particular, Figure 11.9 shows the approximate FR from the road vertical acceleration
z̈r(t) to the body vertical acceleration z̈(t) (comfort-oriented evaluation in the frequency
domain), while Figure 11.10 depicts the approximate FR from the road vertical displacement
zr(t) to the tyre deflection zt(t) − zr(t) (road-holding-oriented evaluation in the frequency
domain). The obtained results are very clear and show the classical behaviour of an under-
damped and an over-damped suspension and its trade-off: when cmin is used, the two main
resonances (the body resonance at 2.5 Hz and the wheel resonance at 12 Hz) are clearly vis-
ible since they are poorly damped. Inspecting Figures 11.9 and 11.10 some considerations
can be drawn:

• From the comfort point of view, the use of cmax setting ensures a better damping of the
body resonance, but it suffers from a bad filtering at mid to high frequencies, where the
low damping setting cmin clearly out performs. This is known as comfort trade-off, and
any passive setting represents an acceptable compromise between damping and filtering.

• From the road-holding point of view the filtering performances highlight that the use
of high damping (cmax) improves the road-holding quality at both the wheel and body
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resonances, but it shows a bad filtering behaviour for the mid frequencies, where the low
damping setting (cmin) provides a better filtering. This recalls the road-holding trade-off,
and any passive setting is a compromise between the best filtering at mid frequencies of
a low-damped suspension and the best damping of the high-frequency wheel resonance.
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Figure 11.10 Road-holding-oriented filtering performance of the passive-like suspension configu-
ration, depicted in the frequency domain
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• In the frequency range up to about 10 Hz the passive-like settings behave similarly in
terms of both comfort performance and road-holding performance. The use of cmax setting
provides the best results around the body resonance, while the use of cmin setting ensures
good results in terms of filtering beyond the body resonance and up to 10 Hz. This is not
surprising since controlling the body movements of the motorcycle increases the general
level of driveability of the vehicle. Beyond 10 Hz the performance shows a clear trade-
off between comfort and road-holding: the best setting in terms of comfort is the worst
in terms of road-holding, and vice versa. From this point, in the frequency range up to
10 Hz an improvement in terms of comfort also corresponds to an improvement in terms
of road-holding.

• Any semi-active control of damping aims to remove the comfort trade-off, without the
road-holding trade-off deteriorating.

Figures 11.11 and 11.12 show the frequency domain performance of the semi-active algo-
rithms introduced in Section 11.5. To help the analysis, the performances of the passive
settings cmin and cmax are also reported. The results may be easily interpreted and the fol-
lowing conclusions can be drawn:

• In terms of comfort (Figure 11.11) both the SH and the Mix-1-Sensor provide optimal per-
formance over the entire range of frequency (Savaresi and Spelta 2009 gives the optimality
analysis of the Mix-1-Sensor). They show a good damping of the body resonance as with
the cmax setting and, at the same time, a good filtering as provided by the cmin setting. This
behaviour of both SH and Mix-1-Sensor clearly shows that the comfort trade-off is fully
removed. The performance of GH is extremely poor both in terms of resonance damping

0
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SH–C
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Figure 11.11 Comfort-oriented filtering performance of the suspension, depicted in the frequency
domain: comparison between the proposed control strategies
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Figure 11.12 Road-holding-oriented filtering performance of the suspension, depicted in the fre-
quency domain: comparison between the proposed control strategies

and high-frequency filtering. This is not surprising as the ideal concept of the ground-hook
is based on the assumption that the wheel is ideally linked to a fixed reference (instead of
the ground) while the body remains undamped.

• In terms of handling (Figure 11.12), as already mentioned, the algorithm’s behaviour
resembles the comfort-oriented performances up to the wheel resonance. Therefore,
despite their comfort-oriented flavour, the SH and the Mix-1-Sensor represent the
optimal strategies to damp the body resonance and to filter the mid frequencies, but they
cannot effectively damp the wheel resonance, with a consequent loss of road-holding at
this frequency; the GH represent the best trade-off algorithm around the wheel resonance
as it also outperforms the cmax setting.

• Interestingly enough the Mix-1-Sensor and the SH fully solve the comfort trade-off, with-
out deteriorating the road-holding performance. In other words, they behave like a cmin
setting around the wheel resonance, but they ensure the optimal performances in the rest of
the frequency domain of interest. This kind of result cannot be achieved with any passive
configuration of damping.

• In terms of results, the Mix-1-Sensor and the SH differences are almost negligible. They
are also similarly characterized by a low demanding rule in terms of computational com-
plexity, but the former algorithm requires only a single sensor (an accelerometer placed
body-side), while the latter needs two sensors. This difference, in terms of sensor layout,
may be extremely interesting for industrial applications.

Moving to time-domain analysis, Figure 11.13 provides a condensed comparison of the
performance of all the tested algorithms and fixed-damping configurations. The performance
index used in Figure 11.13 is defined by (11.4) and (11.8). For comparison purposes, the
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indexes are normalized with respect to the value achieved by the cmax setting. These results
were obtained from the test-rig experiments with the random-walk excitation (see Figure
11.7). According to the definition of these indexes, the smaller Jc and Jrh are, the bet-
ter the filtering performance is. Figure 11.13 confirms most of the results drawn from the
frequency-domain analysis. It is clear also how the semi-active control is able to overcame
the compromises of a standard (non-controllable) suspension. Mix-1-Sensor exceeds the
comfort performances of both the cmax and cmin settings without a deterioration of the road-
holding index, as it provides a value of Jc similar to that of an under-damped suspension and
a value of Jrh similar to that of an over-damped suspension. It is also interesting to observe
that, from Figure 11.13, we could conclude that the SH and the fixed damping provide almost
the same performance; however, this condensed performance index hides the fact that SH
provides the same filtering performance but with the advantage of a much better resonance
damping; this fact can only be appreciated by the direct frequency-domain analysis.

To conclude the analysis, the performance of the system has been evaluated for the bump
test, as illustrated in Figure 11.14. As the results depict, when a cmin fixed damping is used,
the suspension reacts to the bump with a large stroke movement (almost 30 mm peak-to-
peak); the consequence is a good filtering (the acceleration peaks body-side are small). The
drawback is that, when the bump is passed, the settling time is relatively long and charac-
terized by serious undamped oscillations. On the other hand, when a cmax fixed damping
is used, the suspension reacts to the bump with a small stroke movement (less than 15 mm
peak-to-peak); the consequence of this is poor filtering (the acceleration peaks body-side are
large). The benefit of this fixed tuning is clear in the second part of the transient: when the
bump is passed, the settling time is relatively short and very well damped. The semi-active
Mix-1-Sensor algorithm inherits the best of the two fixed settings: in the first part of the
transients it keeps the damping low, to get a good filtering (low acceleration peaks), and in
the second part of the transient it sets the damping to the maximum value, in order to provide
a short settling time.
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Figure 11.14 Example of the suspension response to a 45 mm bump. Suspension stroke (top); body
acceleration (bottom)

Focusing on the bump experiment, it is interesting to inspect the handling behaviour of
the algorithm. In Figure 11.15 the tyre deflection is displayed for the 45 mm bump exper-
iment (where the zero stands for the steady-state condition of the tyre deflection). Notice
that after encountering the bump (dashed line), the tyre deflection decreases since the tyre
is compressed. This phase obviously is not critical from the road-holding point of view,
since the vertical load increases. The critical part is when the tyre deflection gets larger
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than its steady-state value, and in this case the vertical load decreases and the available
lateral and longitudinal forces are smaller. The road-holding of the vehicle therefore deteri-
orates. The fixed-damping cmax provides the worst performance, because the high hydraulic
friction makes the recovery from the compression phase slower. On the other hand, the
fixed-damping cmin provides the best performance, since the suspension rapidly returns to
the original position; its problem (as usual) is the undamped behaviour. Notice, however, that
this behaviour has little impact of the handling performance. Finally, semi-active algorithms
(like Mix-1-Sensor) provide a good compromise: the tyre deflection rapidly returns to the
initial condition, and the damping after the initial phase is very good. As already observed,
even if these algorithms can be classified as comfort-oriented, it is interesting to observe that
their handling performance is good on large road disturbances that are able to excite all the
range of frequencies.

11.8 Conclusions

In this chapter, the semi-active suspension system design has been proposed and exper-
imentally studied, in terms of both the classical comfort objective and the road-holding
objective. The semi-active actuator specifically developed for motorcycle applications has
been presented. Some state-of-the-art semi-active algorithms have been considered, then
implemented on the vehicle control unit and finally tested on a two-post test-bench. The
testing layout provided a comprehensive analysis in terms of both comfort and road-holding
performance. The experiments confirm the effectiveness of the use of semi-active technol-
ogy in this class of vehicles, highlighting how the appropriate control algorithm is able to
remove the compromises that characterize the traditional (non-controllable) system. In par-
ticular, the experimental work has shown that so-called comfort-oriented control strategies
are able to also provide good road-holding performance.

Current research is focusing on the study of new road-holding-oriented control design,
capable of optimizing the wheel dynamics while also guaranteeing the best comfort
behaviour.
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12.1 Introduction

In Chapter 2, we presented a new dynamic model of autonomous motorcycles for agile
manoeuvres. The new features of the dynamic model in Chapter 2 are the relaxation of the
zero lateral velocity non-holonomic constraint of the wheel contact points and the integra-
tion of the tyre–road friction models. The control inputs to the motorcycle dynamic model
are the steering angle and the wheel angular velocities. The objective of this chapter is to
develop a simultaneously trajectory-tracking and path-following control system using the
model developed in Chapter 2.

Control of an autonomous motorcycle only using the steering and speed changes as inputs
is challenging due to the platform’s non-minimum phase and under-actuation properties.∗

For such systems, there does not exist an analytical causal compensator for exactly output
(trajectory) tracking while keeping the internal (balancing) stability (Grizzle et al. 1994).
With an additional rider lean (weight shifting) as a control input, it has been shown that
manoeuvring a bicycle becomes easier because adding the extra control input essentially
eliminates the right half-plane zeros (Åström et al. 2005). In (Beznos et al. 1998), an
autonomous bicycle is designed and balanced using gyroscopic actuators. The controller
in (Beznos et al. 1998) is based on a linearized bicycle model. In (Getz 1995), a nonlinear
control method is designed for trajectory tracking and balancing. In (Lee and Ham 2002),

∗ An under-actuated mechanical system refers to a mechanical dynamic system in which the number of control inputs
is less than the number of the generalized coordinates (Bullo and Lewis 2004). Readers can also refer to (Sastry 1999)
for an overview of the control of nonlinear non-minimum phase systems.
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a balancing and tracking control mechanism is designed by on-board shifting weights. In
(Tanaka and Murakami 2004, 2009), a simplified inverted pendulum model is utilized for
bicycle balancing. A proportional derivative (PD) controller with a disturbance observer
is employed to design a controller to balance the bicycle. The authors, however, focus on
balancing the bicycle in straight-line motion.

In this chapter, we employ and extend the control design in (Getz 1995 and Yi et al. 2006).
In (Getz 1995), an external/internal convertible (EIC) dynamical system is presented, and
the motorcycle dynamics are an example of an EIC system. A nonlinear tracking control
design is also discussed for the non-minimum phase bicycle dynamic systems. In our previ-
ous work (Yi et al. 2006), we extended the dynamic models to consider motorcycle geometric
and steering mechanism properties. In both (Getz 1995 and Yi et al. 2006), non-holonomic
constraints of zero lateral velocity at the rear wheel contact point are enforced, and only rear
wheel friction force is considered for traction/braking forces. In Chapter 2, we relaxed the
non-holonomic constraints assumptions and considered that both wheels can produce brak-
ing actuation though traction is only from the rear wheel. With the new model, the EIC model
based control design is presented in this chapter. The control systems design takes advantage
of the control actuation flexibility and reduces the design complexity compared to those in
(Getz 1995 and Yi et al. 2006). Two simulation examples demonstrate the effectiveness and
efficacy of the control systems design.

We also present a path-following design to overcome the large errors shown in trajec-
tory tracking. For autonomous vehicles, particularly under-actuated mechanical systems,
manoeuvre regulation or path following control has demonstrated a superior performance
comparing with the trajectory tracking design in the time domain (Aguiar and Hespanda
2007; Aguiar et al. 2005; Al-Hiddabi and McClamroch 2002; Hauser and Hindman 1995;
Skjetne et al. 2004). In the path-following control design, the desired velocity profile along
the trajectory is obtained either using a Lyapunov-based approach or requiring online solving
of an optimization problem, which is non-causal for non-minimum phase dynamical sys-
tems such as motorcycle dynamics. We use a velocity field concept to generate the desired
velocity profile for motorcycle systems. Our approach is inspired by the work in (Li and
Horowitz 2001) of passivity-based control of fully actuated robot manipulators. We inte-
grate the velocity field concept with the EIC control design of under-actuated non-minimum
phase motorcycle dynamics. The presented trajectory-tracking and path-following control
design is an extension of the work presented in the conference papers (Zhang and Yi 2010;
Yi et al. 2009).

The remainder of the chapter is organized as follows. In Section 12.2, we present the
EIC-based tracking and balancing control design. We then present a tracking error improve-
ment by path-following control design in Section 12.3. Both trajectory-tracking and path-
following control designs are validated through simulation results. Finally, we conclude the
chapter and discuss future research directions in Section 12.4.

12.2 Trajectory Tracking Control Systems Design

12.2.1 External/Internal Convertible Dynamical Systems

The motorcycle dynamics with tyre models is presented by (2.35) in Chapter 2. We now
consider how to put such a system into the form of an external/internal convertible (EIC)
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dynamical system. The EIC form of a nonlinear dynamical system can be viewed as a special
case of the normal form.

Definition 1 (Getz 1995) A single-input, single-output, n (= m + p)-dimensional time-
invariant nonlinear control system is called in an external/internal convertible form if the
system is of the form

Σ(u)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

ẋi = xi+1, i = 1, · · · ,m − 1,
ẋm = u,

𝛼̇i = 𝛼i+1, i = 1, · · · , p − 1,
𝛼̇p = f (x,𝛂) + g(x,𝛂)u,
y = x1,

(12.1)

with input u ∈ ℝ, output y ∈ ℝ, state variables (x,𝛂), with x ∶= (x1, · · · , xm) ∈ ℝm and
𝛂 ∶= (𝛼1, · · · 𝛼p) ∈ ℝp. The coordinates (x,𝛂) are assumed to be defined on the open ball
Br ⊂ ℝn around the origin. The origin is assumed to be an equilibrium of the system, namely,
f (𝟎, 𝟎) = 0. The functions f (x,𝛂) and g(x,𝛂) are Cn in their arguments, and g(x,𝛂) ≠ 0 for
all (x,𝛂) ∈ Br. Moreover, we refer to the external subsystem of Σ(u) as

Σext(u)

{
ẋi = xi+1, i = 1, · · · ,m − 1,
ẋm = u

(12.2)

and the internal subsystem of Σ(u) as

Σint(u)

{
𝛼̇i = 𝛼i+1, i = 1, · · · , p − 1,
𝛼̇p = f (x,𝛂) + g(x,𝛂)u.

(12.3)

Figure 12.1 shows the structure of an EIC system. An EIC system is convertible because
under a simple state-dependent input and an output transformation, the internal system is
converted to an external system, and the external system is converted to an internal system
(dual structure). To see such a property, let

u = g(x,𝛂)−1[𝑣 − f (x,𝛂)] (12.4)

Ext. subsystem
Int. subsystem

Figure 12.1 An external/internal convertible system
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define a state-dependent input transformation, u → 𝑣. Define 𝜉 = 𝛼1 as the dual output.
Apply transformation (12.4) to the EIC system (12.1) and the resulting system is referred to
as the dual of Σ(u).

Σd(𝑣)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

ẋi = xi+1, i = 1, · · · ,m − 1,
ẋm = −g(x,𝛂)−1f (x,𝛂) + g(x,𝛂)−1𝑣,
𝛼̇i = 𝛼i+1, i = 1, · · · , p − 1,
𝛼̇p = 𝑣,

𝜉 = 𝛼1.

(12.5)

Thus the use of input transformation (12.4) and the output assignment 𝜉 = 𝛼1 converts the
internal dynamics of Σ(u) to the external dynamics of Σd(𝑣), and the external dynamics of
Σ(u) to the internal dynamics of Σd(𝑣).

Since the EIC form is a special normal form of nonlinear dynamical systems, we can apply
the input–output linearization method (Isidori 1995; Sastry, 1999) to convert (2.35) into an
EIC form. Let M22 ∈ ℝ2×2, B22 ∈ ℝ2×2 and K2 ∈ ℝ2 denote the block elements of matrices
M, B and K, given by (2.22), (2.37) and (2.36), respectively. Using the input transformation

u𝜆 = B−1
22 M22[M−1

22 (M21𝜑̈ − K2 − B21𝜔𝜎) + ua], (12.6)

Equation (2.35) becomes

⎧⎪⎨⎪⎩
M11𝜑̈ = K1 − M12ua + B11𝜔𝜎 ,[
𝑣̇rx

𝑣̇ry

]
=

[
arx

ary

]
=∶ ua,

(12.7)

where ua is the controlled acceleration of point C2 in the xyz coordinate system. We also
define the controlled jerk of point C2 and yaw acceleration as

uj ∶=
⎡⎢⎢⎣
urx
ury
u𝜓

⎤⎥⎥⎦ =
⎡⎢⎢⎣
ȧrx
ȧry
𝜓̈

⎤⎥⎥⎦ =
[

u̇a
𝑣rx𝜔𝜎+𝜎arx

l

]
, (12.8)

where we use kinematics l𝜓̇ = 𝜎𝑣rx in the calculation. Let (X, Y) denote the coordinates of
the contact point C2 and then we have[

𝑣X
𝑣Y

]
=
[

Ẋ
Ẏ

]
=
[

c𝜓 −s𝜓
s𝜓 c𝜓

] [
𝑣rx
𝑣ry

]
.

Differentiating the above equation twice (dynamic extension), we obtain[
𝑣̈X
𝑣̈Y

]
= U + uJ , (12.9)

where

U =
[
−2𝑣̇rxs𝜓 − 2𝑣̇ryc𝜓 − 𝑣rx𝜓̇c𝜓 + 𝑣ry𝜓̇s𝜓
2𝑣̇rxc𝜓 − 2𝑣̇rys𝜓 − 𝑣rx𝜓̇s𝜓 − 𝑣ry𝜓̇c𝜓

]
𝜓̇
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and

uJ ∶=
[

c𝜓 −s𝜓
s𝜓 c𝜓

] [
urx
ury

]
+
[
−𝑣rxs𝜓 − 𝑣ryc𝜓
𝑣rxc𝜓 − 𝑣rys𝜓

]
u𝜓 . (12.10)

We define the new inputs uX and uY such that

uJ = −U +
[

uX
uY

]
(12.11)

and then the motorcycle dynamics (12.7) are in the EIC form as

Σext ∶

{[
𝑣̈X

𝑣̈Y

]
=

[
uX

uY

]
, (12.12a)

Σint ∶ 𝜑̈ =
g

h

(
s𝜑 +

bltc𝜉𝜓̇

h𝑣rx
c𝜑

)
− 1

h

(
1 − h𝜓̇

𝑣rx
s𝜑

)
𝜓̇𝑣rxc𝜑 −

1
h

c𝜑u𝜓y, (12.12b)

where
u𝜓y ∶= bu𝜓 + ary. (12.13)

Remark 1 When the motorcycle runs along a straight line, 𝜎 = 0 and matrix B22 becomes
singular and we cannot use input transformation (12.6). In this case, we calculate the total
braking force from the second equation of the motion and split the front and rear wheels
in a way not producing any net moments around mass centre G. A similar approach is dis-
cussed in (Gerdes and Rossetter 2001). If the resultant total force is traction, then it must
be produced by the rear wheel.

12.2.2 Trajectory Tracking Control

12.2.2.1 Control System Overview

The trajectory control system then guides the motorcycle to follow the desired trajectory  :
(Xd(t), Yd(t))while keeping the platform balanced and stable. We here employ and extend the
control design approach in (Getz 1995). Figure 12.2 illustrates such a control scheme. The
trajectory control design consists of two steps. The first step is to design a tracking control
uext of the external subsystem Σext for the desired trajectory  . The second step is to design
a balancing controller for the internal subsystem Σint around the internal equilibrium mani-
fold, denoted as (t). The internal equilibrium manifold (t) is an embedded sub-manifold
in the state space and is dependent on the external control uext and the external subsystem.
Estimations of internal equilibrium (t) and its derivatives are obtained by a dynamic inver-
sion technique (Getz 1995). The final causal control system is a combination of external and
internal design.

12.2.2.2 Approximate Tracking Control

We assume that the desired trajectory  ∶ (Xd(t), Yd(t)) is differentiable at least up to fourth
order, that is, C4.† This is feasible since the motion planning algorithm can usually generate
a set of piecewise circular curves (C∞) for  (Song et al. 2007).

† For the external subsystem control, we only need  to be C3. The requirement for C4 is due to the estimation of the
internal (roll angle) equilibrium and its derivatives by a dynamic inversion technique.
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EIC system
controller

Next

Motorcycle dynamics Σ

ext

ext

int

Figure 12.2 EIC-based approximate output tracking control of the autonomous motorcycle
dynamics

We design a controller uext to track the desired trajectory (Xd(t), Yd(t)) for the external sub-
system Σext (12.12a) disregarding, for the moment, the evolution of the internal subsystem
Σint (12.12b).

uext ∶=
[

uext
X

uext
Y

]
=
[

X(3)
d

Y (3)
d

]
−

3∑
i=1

bi

[
X(i−1) − X(i−1)

d

Y (i−1) − Y (i−1)
d

]
, (12.14)

where constants bi, i = 1, 2, 3, are chosen such that the polynomial equation s3 + b3s2 +
b2s + b1 = 0 is Hurwitz. Under such a control, we define a nominal external vector field
Next as

Next ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ẋ(t)
Ẍ(t)

X(3)
d −

3∑
i=1

bi

(
X(i−1) − X(i−1)

d

)
ẏ(t)
Ÿ(t)

Y (3)
d −

3∑
i=1

bi(Y (i−1) − Y (i−1)
d )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (12.15)

By external control (12.14) and the input transformation (12.11), we find the input uext
J =

−U + uext. From (12.10), we obtain uext
j as[

urx
ury

]
+
[
−𝑣ry
𝑣rx

]
u𝜓 =

[
c𝜓 s𝜓
−s𝜓 c𝜓

]
uJ . (12.16)

Note that uJ ∈ ℝ2 and uj ∈ ℝ3 and the above equation is under-determined. There are many
options to determine uj by (12.16). Here we propose to choose u𝜓 = 𝜓̈ = 0 because such a
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choice significantly reduces the complexity of the control design as shown in the following:

uext
j =

⎡⎢⎢⎢⎣
uext

rx

uext
ry

uext
𝜓

⎤⎥⎥⎥⎦ =
[

R(𝜓)uext
J

0

]
=
[

R(𝜓)
(
−U + uext

)
0

]
. (12.17)

Next, we consider the internal (roll angle) equilibrium, denoted as 𝜑e, by substituting
uext
𝜓 and uext

ry above into the internal subsystem dynamics (12.12b). We define the implicit
function F𝜑 of 𝜑 as

F𝜑 ∶=g

(
tan𝜑 +

blt𝜓̇c𝜉
h𝑣rx

)
−
(
1 −

h𝜓̇s𝜑
𝑣rx

)
𝜓̇𝑣rx − uext

𝜓y, (12.18)

uext
𝜓y = buext

𝜓 + ary = ary, and the roll angle equilibrium 𝜑e ∶= 𝜑e(𝜓̇ , 𝑣rx, u
ext
j ) is a solution of

the algebraic equation F𝜑e
= 0. We define an internal (roll angle) equilibrium manifold (t)

as
(t) =

{(
X(0,2), Y (0,2), 𝜑(0,1)) | 𝜑 = 𝜑e, 𝜑̇ = 0

}
. (12.19)

The internal equilibrium manifold (t) can be viewed as a time-dependent graph over the
six-dimensional (X, Y)-subspace in ℝ6 of the external subsystem (12.12a) that is evolved
with the external nominal vector field Next (12.15) under the external subsystem control uext.

For motorcycle balance systems, we like to control the roll angle 𝜑 around (t) while the
external subsystem is tracking  under the control of uext. Note that 𝜑̇e ≠ 0 and 𝜑̈e ≠ 0 in
general, and here we approximate the derivatives 𝜑̇e and 𝜑̈e by using directional derivatives
(Isidori 1995; Sastry 1999) along the vector field Next. We define the directional derivative

(or Lie derivative) as LNext
𝜑e ∶= LNext

𝜑e +
𝜕𝜑e

𝜕t
and L

2
Next
𝜑e ∶= LNext

LNext
𝜑e. With the above

approximations for 𝜑̇e and 𝜑̈e, the stabilizing control of the internal subsystem Σint (12.12b)
around (t) is then given by the following feedback linearization:

uint
𝜓y =

(
c𝜑
h

)−1 [g

h

(
s𝜑 +

bltc𝜉𝜓̇

h𝑣rx
c𝜑

)
− 1

h

(
1 − h𝜓̇

𝑣rx
s𝜑

)
𝜓̇𝑣rxc𝜑 − 𝑣𝜓y

]
, (12.20a)

𝑣𝜓y = L
2
Next
𝜑e −

2∑
i=1

ai

(
𝜑(i−1) − L

i−1
Next
𝜑e

)
, (12.20b)

where constants a1 and a2 are chosen such that the polynomial equation s2 + a2s + a1 = 0
is Hurwitz. Therefore, the internal control is obtained from (12.13) as

uint
𝜓 = 1

b
(uint
𝜓y − ary). (12.21)

The final control system design of the motorcycle balance system (12.9) combines the
above development in (12.21) and (12.17) as

uj =
⎡⎢⎢⎢⎣
uext

rx

uext
ry

uint
𝜓

⎤⎥⎥⎥⎦ . (12.22)
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It is noted that the coupling between the external- and internal-subsystem control designs
is through the introduction of the internal equilibrium manifold (t). By defining (t), we
approximately decouple the external and internal subsystems using the EIC dual structural
properties of the motorcycle system.

We define 𝝑(t) = [X(t) 𝑣X(t) 𝑣̇X(t) Y(t) 𝑣Y (t) 𝑣̇Y (t)]T as the state variables of the external
subsystem and 𝝔(t) = [𝜑(t) 𝜑̇(t)]T as the state variables of the internal subsystem. We
also define the output 𝛇(t) = [X(t) Y(t)]T and the desired output 𝛇d(t) = [Xd(t) Yd(t)]T . We
assume that the desired trajectory 𝛇d(t) and its derivatives (up to the fourth order) are
bounded by a positive number 𝜀 > 0, namely, 𝛇d(t) ∈ B(4)

𝜀 ∶= {x(t) | ||x(0,4)(t)||∞ < 𝜀},
where ||x(0,n)(t)||∞ ∶= supt≥0||x(0,n)(t)||∞. We also define the tracking errors e𝜗i = 𝝑i − X(i−1)

d ,
e𝜗

i+3 = 𝝑i+3 − Y (i−1)
d , i = 1, 2, 3, e𝜑j = 𝜑(j) − 𝜑(j)

e , j = 0, 1 and e ∶= [e𝜗1 , · · · , e𝜗6 , e𝜑1 , e𝜑2 ]
T .

We also define the perturbation error p𝜑 (= O(||𝛇(0,4)d (t)||,||e||) as the approximation errors
by using the directional derivatives for 𝜑̇e and 𝜑̈e in the internal subsystem control design
(12.20b), namely,

p𝜑 = L
2
Next
𝜑e − 𝜑̈e +

2∑
i=1

ai(𝜑
(i−1)
e − L

i−1
Next
𝜑e).

We similarly define another two perturbation errors pX (= O(||𝛇(0,4)d (t)||,||e||) and pY

(= O(||𝛇(0,4)d (t)||,||e||) due to the resulting errors in the external subsystem state 𝝑(t)
using the internal subsystem control uint

𝜓y in the external subsystem (12.22). An explicit
formulation for pX and pY can similarly be found by the dual structure of the EIC system
(Getz 1995). We consider the perturbation vector for the error dynamics of Σ(u) (12.11)
under control (12.22) as

p(𝛇(0,4)d (t), e) = [0, 0, pX , 0, 0, pY , 0, p𝜑]T .

We assume an affine perturbation for p(y(0,4)d (t), e), namely, there exist constants k1 > 0 and
k2 > 0, such that ||p(𝛇(0,5)d (t), e)||∞ ≤ k1𝜀 + k2||e||∞.

We only state the convergence properties of the approximate tracking control design.
The proof of these properties follows directly from Proposition 6.7.4 and Theorem 6.7.6
in Getz (1995) and we omit them here.

Theorem 1 For the balance system (12.11), assuming that the desired trajectory
𝛇d(t) ∈ B(4)

𝜀 for some 𝜀 > 0, and if the affine perturbation constant k2 > 0 is a suffi-
ciently small real number, then there exists a class- function r(𝜀) such that for all
(e𝜗(0), e𝜑(0)) ∈ Br(𝜀), (e𝜗(t), e𝜑(t)) converges to zero exponentially until (e𝜗(t), e𝜑(t)) enters
Br(𝜀). Once (e𝜗(t), e𝜑(t)) enters Br(𝜀), it will stay in Br(𝜀) thereafter.

12.2.2.3 Estimation of the Internal Equilibrium Manifold

A dynamic inversion technique approach in (Getz 1995) is used to estimate the internal equi-
librium state 𝜑e in (12.20b). To illustrate the dynamic inversion technique, we differentiate
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F𝜑 = 0 with time, and using the fact that uext
𝜓 = 𝜓̈ = 0 we obtain

𝜑̇e = 1
gsec2𝜑e + h𝜓̇c𝜑e

(
gbltc𝜉𝜓̇ 𝑣̇rx

h𝑣2rx

+ 𝜓̇ 𝑣̇rx + uext
ry

)
=∶ E(𝜑e, 𝜓̇ , 𝑣rx, 𝑣̇rx, u

ext
ry ). (12.23)

A dynamic inverter for an estimate 𝜑̂e of the internal equilibrium 𝜑e is designed as

̇̂𝜑e = −𝛽F𝜑̂ + E(𝜑̂e, 𝜓̇ , 𝑣rx, 𝑣̇rx, u
ext
ry ), (12.24)

where F𝜑̂e
is given by (12.18), and 𝛽 > 0 is the inverter gain. The proof of the exponential

convergence of the estimation (12.24) follows directly from the development of the dynamic
inversion technique in (Getz 1995).

The estimate of the directional derivative LNext
𝜑e in (12.20b) is obtained by (12.24),

namely, LNext
𝜑e = E(𝜑e, 𝜓̇ , 𝑣rx, 𝑣̇rx, u

ext
ry ). The estimate of L

2
Next
𝜑e is obtained by directly

taking one more directional derivative of LNext
𝜑e along Next. For brevity, we give the

derivation in Appendix A. We also list the calculation of LNext
uext

rx and LNext
uext

ry in Appendix

A. Such calculations are needed for computing L
2
Next
𝜑e. The approximation errors in

estimating 𝜑e (by 𝜑̂e) and its directional derivatives LNext
𝜑e and L

2
Next
𝜑e (by LNext

𝜑̂e and

L
2
Next
𝜑̂e, respectively) are considered as additional terms in the perturbation p(𝛇(0,4)d (t), e).

Therefore, the stability results of the approximate control design in the previous section are
still held.

Remark 2 Although the above control system design is similar to those in (Getz, 1995),
the final form is much simpler because we have chosen uext

𝜓 = 0 in (12.17). We have such
a flexibility by (12.16) to determine uj because we now have three control input variables,
while in (Getz 1995) only the rear wheel driving torque and the steering angle are controlled.
Because of this difference, we only require that the trajectory  is at least C4 rather than C5

as required by the controller in (Getz 1995). Using optimization techniques by considering
the input constraints for determining uj by (12.16) is an extension of the control design and
is currently ongoing research.

12.2.3 Simulation Results

In this section, we demonstrate the control systems design through two numerical examples.
The first example is taken from (Yi et al. 2006) for showing a general motorcycle trajectory,
and the second example illustrates aggressive manoeuvres with large sideslip angles.

We use a racing motorcycle prototype in (Sharp et al. 2004 and Corno et al. 2008) in our
simulation. The motorcycle parameters are listed in Table 12.1. We use the tyre 160/70 in
(Sharp et al. 2004) for the racing motorcycle since the test data is available. The tyre stiffness
coefficients listed in Table 12.1 are calculated under the nominal load Fz = 1600 N.

Figure 12.3 shows the tracking performance of a general trajectory. The position errors
under the control system in Figure 12.3b are within 1 metre with the centre line of the
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Table 12.1 Motorcycle model parameters

m(kg) b(m) l(m) lt(m) h(m) 𝜉(deg) r(m) 𝜆sm 𝜆𝛾m(deg) 𝜇m k𝜆(N) k𝜑(N/rad) k𝛾 (N)

274.2 0.81 1.37 0.15 0.62 26.1 0.3 0.1 6 3 41504 23968 1227
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Figure 12.3 Tracking performance of a general trajectory. (a) Trajectory positions. (b) Tracking
position error. (c) Rear wheel contact point velocity magnitude

track throughout the entire course. The desired velocity in Figure 12.3c is determined by the
curvature of the trajectory. Figure 12.4 shows the roll angle 𝜑, the body-frame velocities 𝑣rx
and 𝑣ry of rear wheel contact point C2, and steering angle 𝜙. From Figure 12.4a we clearly
see that the lateral velocity 𝑣ry is quite small most of the time because the motorcycle is
generally running along a straight line. At turning locations, the longitudinal velocity is
reduced and the lateral velocity increases. The roll angle and steering angle are small for
such a small-curvature trajectory.

Figure 12.5 shows the longitudinal slips and sideslip angles of the front and rear wheels.
Again, it is clear that the slip values at both wheels are small. The front wheel only brakes
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Figure 12.4 Roll angle and steering angle of the general trajectory tracking. (a) Rear wheel contact
point body-frame velocities 𝑣rx and 𝑣ry. (b) Roll angle 𝜑. (c) Steering angle 𝜙
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Figure 12.5 Longitudinal slips and slip angles at the front and rear wheels. (a) Slip ratio 𝜆fs and 𝜆rs.
(b) Slip angles 𝛾f and 𝛾r
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and the rear wheel generates traction or braking forces. For example, when the motorcycle
accelerates around 120 s, the rear wheel slip has a large negative spike to produce the traction
force. When the vehicle needs to reduce velocity, both wheels brake with a set of large
positive slip spikes shown in Figure 12.5a. The sideslip angles shown in Figure 12.5b clearly
illustrate that at large-curvature locations, the sideslip angles are increased to produce the
lateral forces for turning. Typically, the rear sideslip angles are small and close to zero.

The second example shows that the motorcycle runs under a more aggressive manoeu-
vre. The desired trajectory is (“8”-shape) with circular radius of 25 metres; see Figure
12.6a. In a figure, the motorcycle starts from the origin and moves along the direction
indicated by the arrows in the figure. The desired velocity of the motorcycle moving
along the “8”-shape trajectory is designed to be varying significantly as shown in
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Figure 12.6 An “8”-shape trajectory tracking. (a) Trajectory positions. (b) Tracking position error.
(c) Rear wheel contact point velocity magnitude
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Figure 12.7 Roll angle and steering angle of the “8”-shape trajectory tracking. (a) Rear wheel con-
tact point body-frame velocities 𝑣rx and 𝑣ry. (b) Roll angle 𝜑. (c) Steering angle 𝜙

Figure 12.6c. Comparing with the previous example, the tracking errors of the “8”-shape
trajectory are much larger; see Figure 12.6b. This is mainly due to the quick change of the
desired velocity profile.

Figure 12.7 shows the body-frame velocity, roll angle and steering angle for the “8”-shape
trajectory. We clearly see the change of the lateral velocity during each circle of the trajec-
tory. The lateral velocity magnitude is large due to the smaller turning radius. The maximum
roll angle is around 15∘ and that is much larger than that of the previous example. The steer-
ing angle is large as well, to make the motorcycle turn in a tighter circle. The oscillations in
both the roll angle (Figure 12.7b) and the steering angle (Figure 12.7c) are probably due to
the variations in the desired velocity.

12.3 Path-Following Control System Design

In this section, we extend the modelling approach of Chapter 2 by coupling the longitudi-
nal and the lateral friction forces. We then introduce a velocity-field manoeuvre regulation
control in which the goal of the control system design is to follow the trajectory path, while
the desired velocity is self-tuned online.
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12.3.1 Modelling of Tyre–Road Friction Forces

In Chapter 2, we presented a piecewise linear model of the motorcycle tyre–road friction
forces. However, the dependency and coupling effects between the longitudinal and lateral
forces are not considered. Here we extend the previous results and present a coupled friction
force model.

We consider the pseudo-static friction model of the longitudinal force Fx, longitudinal slip
ratio 𝜆s, lateral force Fy and sideslip ratio 𝜆𝛾 (𝜆𝛾 = tan 𝛾 , 𝛾 is the slip angle). We propose
to approximate the friction forces by a piecewise linear relationship given by (2.29). To
capture the coupling effects between Fx and Fy, we consider that the model parameters k
and xm along the x and y directions are dependent on each other. For example, the values
of the longitudinal stiffness kx (k value in (2.29) for Fx) and the maximum slip ratio 𝜆sm
(xm value in (2.29) for Fx) are functions of tyre slip angle ratio 𝜆𝛾 . Similarly, tyre cornering
stiffness ky (k value in (2.29) for Fy) and the maximum sideslip ratio 𝜆𝛾m (xm value in (2.29)
for Fy) also depend on the longitudinal slip ratio 𝜆s. Denoting k0x and 𝜆sm0 (k0y and 𝜆𝛾m0)
as the parameter values of longitudinal (lateral) force Fx (Fy) when coupling effects with
Fy (Fx) are not considered, we use the following equations to update parameters kx and 𝜆sm
(parameters ky and 𝜆𝛾m). For the longitudinal direction, we have

kx = k0x(a1𝜆𝛾 + 1), 𝜆sm = 𝜆sm0 (12.25)

and for the lateral direction force,

ky = k0y

a2𝜆s + 1
a3𝜆s + 1

, 𝜆𝛾m = (a3𝜆s + 1)𝜆𝛾m0, (12.26)

where a1, a2 and a3 are three parameters in the coupled tyre model. We use (12.25) and
(12.26) to capture the coupling effects because such relationships have been observed in
experiments.

Figure 12.8 shows the property of the coupled tyre mode when kx0 = 30, 000 N and ky0 =
24, 000 N. In this example, we use a1 = −5

3
, a2 = −2 and a3 = 10 for the motorcycle tyres.

For slip ratio 𝜆s, we set 𝜆sm0 = 0.15, 𝜆max = 0.5, 𝛼x = 0.8, and for sideslip ratio 𝜆𝛾 , we set
𝜆𝛾m0 = 0.11, xmax = 1, 𝛼x = 0.9. In the following, we use the coupled coefficients (12.25)
and (12.26) in the dynamic model (2.35) to design a path-following controller.

12.3.2 Path-Following Manoeuvring Design

We propose to use velocity field based approach to design the path-following control of
the motorcycle system. We assume that the motorcycle motion planning modules such as
the one in (Song et al. 2007) generate the desired trajectory  : (Xd(𝜏),Yd(𝜏)). Note that the
trajectory  is parameterized by 𝜏, which is not necessarily the same as the time t. Therefore,
the desired outcome of the control design is to follow the trajectory path without specifying
the velocity trajectory associated with the path. Instead, the desired velocity profile is a part
of the control design process using a time-suspension technique.
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Figure 12.8 Approximate piecewise linear tyre force characteristics. (a) Longitudinal force with
various tyre slip angle ratios 𝜆𝛾 . (b) Lateral force with various tyre slip ratios 𝜆s. The tyre stiffness
parameters are taken from (Sharp et al. 2004)

12.3.2.1 Time Suspension and Velocity Field Design

We use a time suspension technique to design the desired velocity profile. The basic idea of
time suspension is to use self-placing technique to adjust the desired rate of the progression
of the parameter 𝜏 related to  . In other words, we do not need to assign any desired veloc-
ity profile in advance, and the motorcycle will instantaneously adjust its velocity according
to the changes of the path-following errors. One obvious advantage of using the time sus-
pension technique in our design is to reduce tracking error and thus to improve tracking
performance.

We also use a velocity field design concept. The adopted velocity field approach is to
define a reference input as a vector of velocities in the moving plane, rather than directly in
terms of a reference-parameterized path. The main benefit of using a velocity field design is
to further improve tracking performance (Li and Horowitz 2001). To construct the velocity
field, we use a potential function-based approach that is similar to those in (Li and Horowitz
2001). We define the following potential function to capture the position errors along the
path.

U(X, Y) = 1
2
𝛽1[(1 − cos(X − Xd)) + (1 − cos(Y − Yd))], (12.27)

where 𝛽1 > 0 is a constant gain. At any position, we design the velocity vector by[
Vx(𝜏)
Vy(𝜏)

]
= 𝜆1(X, Y)

⎡⎢⎢⎣
dXd

d𝜏
dYd

d𝜏

⎤⎥⎥⎦ − 𝜆2(X,Y)
[

h sin(X − Xd)
h sin(Y − Yd)

]
, (12.28)

where 𝜆1(X,Y) = e−𝛽2U(X,Y), 𝜆2(X, Y) = 2 − e−𝛽2U(X,Y) and 𝛽2 > 0 is a self-pacing parameter.
The time suspension level is defined by the following dynamics of 𝜏:

𝜏̇ = d𝜏
dt

= 𝜆1(X, Y). (12.29)
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Remark 3 We consider the time suspension parameter dynamics (12.29) as a part of aug-
mented motorcycle dynamics (2.35). Note that the 𝜏 dynamics is related to the potential
function U(X, Y) and therefore to the path-following errors. When the motorcycle follows
the desired trajectory, U(X,Y) = 0 and 𝜏̇ = 1. In this case, 𝜏 can be considered as the time
variable t. When the path-following errors are large, the progression of desired trajectory
(i.e., 𝜏̇) is reduced and the controlled trajectory converges to the desired path with increased
𝜆2(X,Y). It is noted that 0 < 𝜆1(X, Y) ≤ 1 and 1 ≤ 𝜆2(X, Y) < 2.

12.3.2.2 Controller Design

For motorcycle control systems design, we combine the EIC-based control approach dis-
cussed in the previous section with the velocity field approach discussed earlier.

The EIC-based trajectory control design consists of two steps; see Figure 12.2. The veloc-
ity vector parameterized by 𝜏, rather than desired trajectory path specified in time t, is used
as the reference input to the EIC control. We combine the EIC control and the velocity
field design as follows. At any position and on any particular 𝜏, we use (12.27) and (12.28)
to calculate the current velocity vector. Then we construct a special trajectory for the EIC
controller as ⎡⎢⎢⎣

Xd(𝜏)
X1

d(𝜏)
X(2,4)

d (𝜏)

⎤⎥⎥⎦ =
⎡⎢⎢⎣

X(𝜏)
Vx(𝜏)
𝟎

⎤⎥⎥⎦ ,
⎡⎢⎢⎣

Yd(𝜏)
Y1

d (𝜏)
Y (2,4)

d (𝜏)

⎤⎥⎥⎦ =
⎡⎢⎢⎣

Y(𝜏)
Vy(𝜏)
𝟎

⎤⎥⎥⎦ ,
where 𝜏 is updating by (12.29). The basic design idea is to let the velocity vector be the only
design components in the desired trajectory space. With this treatment, we can fully inherit
the EIC controller design and its properties that are stated in the previous section.

12.3.3 Simulation Results

In this section, we demonstrate the control systems design through two examples: one is for
an “8”-shape trajectory-following manoeuvre and the other for a more agile manoeuvre. We
use the same racing motorcycle and tyre profiles as in the previous section.

The first example shows that the motorcycle runs under a regular “8”-shape path-following
manoeuvre along the trajectory with relatively large curvatures. The desired parameterized
trajectory (Figure 12.9a) is given by the following equation parameterized by 𝜏[

Xd(𝜏)
Yd(𝜏)

]
=
[
25 sin(0.1𝜋𝜏)
40 cos(0.05𝜋𝜏)

]
(12.30)

Figure 12.9 shows the simulation results. As shown in Figure 12.9a, the starting point of the
motorcycle is (0, 40). We use self-pacing parameter 𝛽2 = 100 in (12.28) and parameter 𝛽1 =
0.0025 in (12.27), and the initial velocity is 0.1 m/s. In the simulation, we add white noise
with standard variations 0.02 m/s, 0.005 m/s2, 0.3∘ and 0.6∘ to velocity, acceleration, roll
angle and yaw angle measurements, respectively. By comparing with the desired trajectory,
the simulation results show that the motorcycle successfully tracks the desired trajectory
under the velocity field control. Figures 12.9b and 12.9c clearly show the desired and actual
motorcycle roll angle 𝜑 and steering angle 𝜙, respectively. The roll angle and steering angle
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Figure 12.9 (a) Trajectory tracking. (b) Roll angle 𝜑. (c) Steering angle 𝜙

are relatively large when turning at small radius curvatures and small along the straight
trajectories.

Figure 12.10 shows the positions, the longitudinal velocity and the lateral velocity of point
C2. From Figure 12.10a, the motorcycle takes about 65 s to go through one entire circle. It
is quite clear that the motorcycle tunes its own velocity automatically using the self-placing
technique. When tuning at a small radius, the tracking errors become large. The motorcy-
cle control system then reduces the rate of the progression in time, namely, its longitudinal
velocity, to reduce the errors. Meanwhile, due to the sharp direction change, the lateral veloc-
ity is relatively large; see Figure 12.10b.

The tyre slip ratios and angles during the manoeuvre are shown in Figure 12.11. For the
front wheel, we see a maximum 15∘ sideslip angle while for the rear wheel, the slip angle
reaches almost 6∘. Figure 12.12a shows the tracking error performances of the motorcycle
under different values of self-pacing parameter 𝛽2. From this figure, we can see that when
self-pacing is increased (i.e, increasing 𝛽2), the tracking errors become smaller, that is, the
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Figure 12.10 A typical motorcycle path-following manoeuvre. (a) Motorcycle position and velocity
(b) Longitudinal velocity 𝑣rx and lateral velocity 𝑣ry

better path-following performance. When 𝛽2 = 0, the maximal error is always smaller than
0.3 m. Of course, the better performance is traded-off by the smaller motorcycle velocity.
This can be observed by the progression factor 𝜏̇ as shown in Figure 12.12b. From Figure
12.12b, we see that increasing 𝛽2 reduces the value of 𝜏̇ in general, which implies that
the time has been expanded more. We can clearly see when 𝛽2 = 0, 𝜏̇ = 1 and then the
progression always remains at one, which implies that no time suspension exists. In this
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Figure 12.11 Slip ratios and angles at the front and rear wheels during the “8”-shape trajectory
tracking. (a) Slip ratio 𝜆s. (b) Slip angles 𝜆𝛾

case, the path-following system is the same as time-based trajectory tracking, as shown in
the previous section. Note that the oscillation of both path-following errors and progression
𝜏̇ are due to the repeated motion trajectory.

In the second example, we show that the motorcycle runs with a more agile “8”-shape
path-following manoeuvre. In this manoeuvre, the motorcycle will turn sharply at much
smaller radii. The desired parameterized trajectory, as shown in Figure 12.13a, is defined as[

Xd(𝜏)
Yd(𝜏)

]
=
[
7.5 sin(0.5𝜋𝜏)
15 cos(0.25𝜋𝜏).

]
(12.31)
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Figure 12.12 (a) Path-following errors under various values of self-pacing parameter 𝛽2. (b) Pro-
gression (i.e. 𝜏̇) under various values of self-pacing parameter 𝛽2

The start point of motorcycle is (0, 15). We choose self-pacing parameter 𝛽2 = 80 and param-
eter 𝛽1 = 0.00825. The initial velocity and noise characteristics are the same as those in the
previous example.

From Figure 12.13a, we see that even in this extremely tight trajectory case, the motorcycle
can still follow the desired trajectory under the velocity field control. From Figures 12.13b
and 12.13c, it is clear that the steering angle and roll angle are both larger than those of
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Figure 12.13 Motorcycle agile motion. (a) Path-following performance. (b) Roll angle 𝜑. (c) Steer-
ing angle 𝜙

the previous example due to the much smaller radius curvatures. Figures 12.14a and 12.14b
show the motorcycle position and velocity information for this manoeuvre. We see a large
lateral velocity 𝑣ry. Figures 12.15a and 12.15b show the tyre slip ratios and slip angles,
respectively. It is noted from Figure 12.15a that the required longitudinal slip ratio of the
rear tyre nearly reaches 0.15, which is almost the maximal stable slip ratio of the tyre model.
From Figure 12.15b, we also see the large slip angles in this agile manoeuvre.

We clearly see the large sideslip angles shown in Figure 12.16a. Particularly for the front
wheel, we have seen a 15∘ sideslip angle. For the rear wheel, the sideslip angle reaches
almost 6∘, which is around the saturation point of the tyre characteristics. In other words, the
motorcycle rear wheel is starting to slide on the ground. If the sideslip angle increases further,
the stability of the motorcycle will change significantly. The longitudinal slips are rela-
tively small since the longitudinal acceleration of the motorcycle is not large, and the racing
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Figure 12.14 Motorcycle agile manoeuvre. (a) Position and velocity (b) Longitudinal velocity and
lateral velocity

motorcycle tyre is stiff. This simulation example demonstrates that the proposed dynamic
model and control systems capture the realistic aggressive motorcycle manoeuvres.

Compared with the time-based trajectory tracking control design in the previous chapter,
the simulation results in this section show that the velocity field based path-following design
achieves smoother velocity profiles and much smaller tracking errors.
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Figure 12.15 Slip ratios and angles under the agile manoeuvre. (a) Slip ratio 𝜆s. (b) Slip angles 𝜆𝛾

12.4 Conclusion

The focus of this chapter was on the control systems design of autonomous motorcycles for
agile manoeuvres. Both trajectory tracking and path-following control were presented. The
nonlinear trajectory tracking control design took advantage of the external/internal convert-
ible (EIC) dynamical structure of the motorcycle dynamics, and was extended with three
control inputs. Such an extension allowed flexibility in control systems design and therefore
simplified the complexity of the final calculation. We demonstrated the trajectory tracking
control systems design through two simulation examples using a racing motorcycle pro-
totype. To further improve the tracking performance, we presented a velocity field based
path-following control design. We first extended the motorcycle dynamics by considering
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Figure 12.16 Longitudinal slips and slip angles at the front and rear wheels of the “8”-shape trajec-
tory tracking. (a) Slip ratio 𝜆fs and 𝜆rs. (b) Slip angles 𝜆f and 𝛾r

the coupled longitudinal/lateral tyre friction forces. A velocity field design was presented
to provide a desired velocity profile through a time suspension technique. We then com-
bined the velocity field design with the previously developed EIC motorcycle controller.
The control system automatically tuned the velocity profile based on the tracking errors and
trajectory properties. The simulation results of a typical manoeuvre and an agile manoeu-
vre demonstrated that the velocity field based path-following control design reduced the
tracking errors.
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There are several ongoing research directions. We are currently implementing the pro-
posed control systems on a Rutgers autonomous motorcycle platform. We will report the
implementation results in future. We also plan to study how professional racing drivers con-
trol motorcycles for agile manoeuvres.
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Appendix A: Calculation of the Lie Derivatives

The calculation of LNext
uext

rx and LNext
uext

ry is obtained by taking the Lie derivative along
the nominal external vector field (12.15) and the control input (12.17). The calculation are
as follows:

LNext
uext

rx =
[
−s𝜓 c𝜓

]
𝜓̇(−U + uext) +

[
c𝜓 s𝜓

]
(
−
[
−2uext

rx s𝜓 − 2uext
ry c𝜓 − 3𝑣̇rx𝜓̇c𝜓 + 3𝑣̇ry𝜓̇s𝜓 + 𝜓̈

(
𝑣rxs𝜓 + 𝑣ryc𝜓

)
2uext

rx c𝜓 − 2uext
ry s𝜓 − 3𝑣̇rx𝜓̇s𝜓 − 3𝑣̇ry𝜓̇c𝜓 − 𝜓̈(𝑣rxc𝜓 − 𝑣rys𝜓 )

]
𝜓̇

+

[
LNext

uext
X

LNext
uext

Y

])
= 𝑣̇rx𝜓̇

2 + (2uext
ry − uext

X s𝜓 + uext
Y c𝜓 )𝜓̇ + LNext

uext
X c𝜓

+ LNext
uext

Y s𝜓 , (12.32)

LNext
uext

ry = 𝑣̇ry𝜓̇
2 − (2uext

rx + uext
X c𝜓 + uext

Y s𝜓 )𝜓̇ − LNext
uext

X s𝜓

+ LNext
uext

Y c𝜓 . (12.33)

In these equations, we have[
LNext

uext
X

LNext
uext

Y

]
=

[
X(4)

d (t)
Y (4)

d (t)

]
− b3

[
uext

X − X(3)
d (t)

uext
Y − Y (3)

d (t)

]
−

2∑
i=1

bi

[
X(i) − X(i)

d (t)
Y (i) − Y (i)

d (t)

]
.

Similarly, we calculate L
2
Next𝜑e by directly taking a directional derivative of LNext

𝜑e along
the vector field Next. From (12.23), we have

L
2
Next
𝜑e = (h𝜓̇c𝜑e

+ gsec2𝜑e)−1
[

gbltc𝜉
h

(
𝜓̇uext

rx

𝑣2rx

−
2𝑣̇2rx𝜓̇

𝑣3rx

) + 𝜓̇uext
rx +

LNext
uext

ry + (h𝜓̇s𝜑e
− 2gsec2𝜑e tan𝜑e)(LNext

𝜑e)2]. (12.34)
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13.1 Introduction

Electronic control systems are present on all commercial cars: anti-lock braking systems
(ABS) and traction control (TC) are employed to improve performance and safety in accel-
eration and braking manoeuvres (Borrelli et al. 2006; Savaresi and Tanelli 2010), while
electronic stability control (ESC) systems actively modify the vehicle dynamics in order to
restore vehicle stability in the face of dangerous manoeuvres (Abe et al. 2001; Canale et al.
2009, 2007).

The development of active control systems for two-wheeled vehicles, however, has started
with a significant time delay. This is due to economic, cultural and technical factors. In par-
ticular, the Powered-Two-Wheelers (PTW) market is limited and the amount of investment
on R&D is limited. Moreover, many riders believe that they do not need any help riding
their bikes and that electronic control systems alter the riding experience. Finally, and most
interesting from an engineering point of view, dealing with motorcycle dynamics is more
complex than it is for four-wheeled vehicles (Cossalter et al. 2004; Limebeer et al. 2001).
Only in recent times have motorcycle manufacturers started working on production versions
of traction control systems, ABS and slow-adaptive control of steering dampers (Kazuhiko
et al. 2010; Savaresi et al. 2010a; Wakabayashi and Sakai 2004).
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In the scientific literature, some preliminary results have been obtained that address the
control of two-wheeled vehicles. The problem of controlling the traction of motorcycles
is addressed in (Cardinale et al. 2009; Tanelli et al. 2009c). The design of braking control
systems is addressed in (Tanelli et al. 2009a; Corno et al. 2009). Moreover, some interest-
ing results have also been obtained with semi-active control strategies: in (De Filippi et al.
2011b; De Filippi and Savaresi 2011) an industrially amenable control strategy to damp
the weave and wobble modes by acting on a semi-active steering damper was proposed. In
(Evangelou et al. 2010), burst oscillations are suppressed with a mechanical steering com-
pensator. In (Evangelou 2010), cornering weave oscillations are reduced by controlling the
geometry of the rear suspension. In (Yi et al. 2009) the control of an autonomous motorcycle
using the steering torque and the wheel angular velocity as control parameters is presented.
Recently, the first results in active stability control system were presented (De Filippi et al.
2010; De Filippi et al. 2011a).

To implement such control systems, it is crucial to have a reliable set of measurements or
estimations of the variables involved in the motion of interest. As discussed in the previous
chapters, when moving on curves there is a crucial variable which determines a motorcycle
behaviour: the roll angle. This angle, also known as the tilt angle, is the inclination of the
vehicle with respect to the vertical direction and it represents the amount of inclination that
the vehicle needs in order to ensure the force balance on the curve and hence to reach a
steady-state cornering condition.

Besides the roll angle, the longitudinal speed is fundamental for describing traction and
braking conditions, when significant accelerations or decelerations make the wheels slip. As
discussed in Chapters 3 and 8, when the wheel does slip, it means that there is a difference
between the wheels and vehicle speed, so that both these variables are needed to design slip
control systems. While wheel speed can be derived from a direct processing of the wheel
encoder signals, vehicle speed cannot be directly measured (optical sensors can be used for
this purpose, but can be employed only for test and prototyping purposes).

In view of this discussion, this chapter is devoted to illustrating an approach to the estima-
tion of the roll angle that is based on a reduced sensor configuration, and an approach for
deriving a reliable estimate of the vehicle speed both in traction and in braking conditions.
Further, in order to provide a wider view on estimation problems in two-wheeled vehicles,
the estimation of the suspension stroke is also addressed, as it allows a significant simplifica-
tion of the vehicle setup for suspension control systems. In fact, by estimating this variable
one can eliminate the stroke sensor, which is both costly and delicate, thus hardly usable on
commercial vehicles.

13.2 Roll Angle Estimation

As the previous chapters of this book have revealed, a reliable and real time estimation of the
vehicle roll angle, that is the inclination of the vehicle with respect to the vertical direction,
is the key to implementing effective and reliable control systems to enhance both safety and
performance on board two-wheeled vehicles. This variable greatly influences the tyre–road
contact forces, which are the means by which traction and braking forces are transmitted to
the ground. As it is not possible to obtain a direct measure of the lean angle on commercial
vehicles (a direct measurement can be achieved only by means of optical sensors that are
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only suitable for racing bikes, see (Norgia et al. 2009), it is important to devise effective
estimation methods.

Thus, to move a step further in active control systems design for two-wheeled vehicle,
the enabling technology comes from an effective estimation method that is able to pro-
vide the roll angle value in a reliable way and in real time. Moreover, to suit industrial cost
constraints, such a method should rely on a low-cost sensor configuration.

Besides its usefulness in control system design, a reliable online measure of the roll angle
can also be employed in the racing context to assess tyre performance. In fact (Cossalter
2002; Cossalter et al. 2002; Sharp et al. 2004), the roll angle has a major impact in deter-
mining the tyre–road contact forces that ensure the stability of a motorcycle on a curve.

Note that, in principle, one may think of estimating the roll angle by simply integrating
the output of a gyroscope that measures the roll velocity. This choice, even though viable in
principle, has many drawbacks, the most significant of which is that numerical integration
is particularly sensitive to measurement errors, which cause a drift in the integrated signal.
Hence, more refined methods must be devised to obtain a reliable roll angle estimate under
all driving conditions.

For this, the reader can refer to (Boniolo and Savaresi 2010), where the problem of roll
angle estimation is treated in detail and in different contexts. Further (Boniolo et al. 2009b)
presented a first solution to estimate the lean angle, based on the wheel speed signal and
four gyroscopes, while in (Boniolo et al. 2009a) an analysis of the most suitable signals to
be employed for this purpose was carried out within a neural network framework. Besides
these results, (Tseng et al. 2007) employs kinematics-based observers to estimate the roll
and pitch angles using an inertial measurement unit, while (Gasbarro et al. 2004) proposes
an approach for estimating the whole vehicle trajectory. Both these attempts need expensive
sensor systems and, most importantly, cannot provide a roll angle measure in real time. Some
other approaches may be found in the patent literature. For example, in (Gustaffson et al.
2002; Hauser et al. 1995; Schiffmann 2003; Schubert 2005) several methods are described,
the common purpose of which is to devise robust estimation approaches with low cost (and
small size) equipment.

In this section, the problem of the estimation of the roll angle of a two-wheeled vehi-
cle with a reduced and low-cost set of sensors is addressed see also (Boniolo et al. 2012).
This specific approach has been chosen as it has the merit of offering an amenable solution
for practical applications on commercial vehicles. To present the method, an incremental
approach is followed: first, a solution requiring only a two-axis accelerometer is presented,
which offers limited accuracy but can be employed with control systems that need threshold-
based information on the lean angle value (e.g., a classification such as small, medium,
large). Then a refined solution is devised, which employs two additional gyroscopes and
an ad hoc algorithm to realize the data fusion of the different sensors. The main feature of
this more advanced approach is that the speed measurement is not needed. This has several
advantages: first, the vehicle speed cannot be directly measured, but it must be estimated
via indirect measurements when the vehicle is subject to accelerations/decelerations (in this
case, the wheel speed is no longer a good estimate of the vehicle speed, due to the presence
of wheel slip), and vehicle speed estimation for two-wheeled vehicles is a difficult problem,
see (Savaresi and Tanelli 2010) and the dedicated section of this chapter. Further, the wheel
speed signal is not always accessible to the lean angle estimation system, especially if this
is performed by an additional plug-in system not deployed with the bike, but added, for
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example, as an after-market kit. These systems cannot, in fact, access the vehicle bus where
the internal signals are transmitted. Finally, the proposed system can be used also in combi-
nation with other sensors that enable more sophisticated estimation methods as a redundant
scheme that allows the detection of possible malfunctioning of the additional sensors and
provides an additional estimation to be used in case of faults.

The section is organized as follows. Section 13.2.1 describes the reference frames and
the needed notation, while Section 13.2.2 illustrates the vehicle set-up used in the tests.
Section 13.2.3 discusses the accelerometer-based estimation method, and Section 13.2.4
shows how the use of a refined estimation scheme comprising two additional gyroscopes
can yield improved performance.

13.2.1 Vehicle Attitude and Reference Frames

As is well known, the attitude of a rigid body can be represented in different ways, see (Shus-
ter 1993), where a survey on the attitude representation is reported. In this application, the
motorcycle attitude is described based on Euler angles. Thus, to define the vehicle attitude,
the reference frames must be first introduced (Figure 13.1) (Cossalter 2002). Specifically, the
roll axis is considered, without loss of generality, as the longitudinal axis of the vehicle. The
pitch axis is the axis of rotation due to the lowering of the motorcycle steering head when it
is turned, while the vertical rotations of the vehicle act on the yaw axis. Conventionally, the
roll angle is denoted by 𝜑, the pitch angle by 𝜗 and the yaw angle by 𝜓 .

Now that the rotation axes have been defined, the body reference frame (xyz) of the vehicle
is chosen as a dextral, time-varying coordinate system positioned at the centre of gravity
(COG) of the vehicle. The body reference frame has its x axis being the roll axis of the

Body frame

Inertial frame

Intermediate frame

y

z

x Zʹ 

Y

Z

X

Yʹ 

Xʹ 

Figure 13.1 Definition of the measurement axes, adapted from (Boniolo et al. 2012). Reproduced
with permission from IEEE
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vehicle and the z axis being the yaw one. The orientation of the body reference frame can
thus be described with respect to the inertial reference frame (XYZ), that is a dextral, fixed
and time-invariant coordinate system. In this case, the attitude angles of the vehicle are
defined as absolute Euler attitude angles 𝜑, 𝜗 and 𝜓 (or simply Euler attitude angles). The
rotation between the two frames (XYZ) and (xyz) is described by the following rotation
matrix

RZXY (𝜑, 𝜗, 𝜓) = RY (𝜗)RX(𝜑)RZ(𝜓) =⎡⎢⎢⎣
c𝜗c𝜑 − s𝜑s𝜗s𝜓 c𝜗s𝜓 + s𝜑s𝜗c𝜓 −c𝜑s𝜗

−c𝜑s𝜗 c𝜑c𝜓 s𝜑
s𝜗c𝜓 + s𝜑c𝜗s𝜓 s𝜗s𝜓 − s𝜑c𝜗c𝜓 c𝜑c𝜗

⎤⎥⎥⎦ , (13.1)

where RX(𝜑), RY (𝜗) and RZ(𝜓) represent the elementary rotations around the X axis of an
angle 𝜑, around the Y axis of an angle 𝜗 and around the Z axis of an angle 𝜓 , and s𝜀 and c𝜀
stand for sin𝜀 and cos𝜀, respectively. Further, the models of the angular rates measurements
expressed in the body frame are given by (Boniolo and Savaresi 2010, Shuster 1993)

𝜔̃(t) = 𝜔(t) + Δ𝜔(t) + 𝜂𝜔(t), (13.2)

where

𝜔(t) =
⎡⎢⎢⎣
𝜔x
𝜔y
𝜔z

⎤⎥⎥⎦ =
⎡⎢⎢⎣
c𝜗𝜑̇ − s𝜗c𝜑𝜓̇
𝜗̇ + s𝜑𝜓̇

s𝜗𝜑̇ + c𝜑c𝜗𝜓̇

⎤⎥⎥⎦ , (13.3)

while the accelerations can be written as

ã(t) = a(t) + Δa(t) + 𝜂a(t), (13.4)

where

a(t) =
⎡⎢⎢⎣
ax
ay

az

⎤⎥⎥⎦ =
⎡⎢⎢⎣
−c𝜑s𝜗(V̇z + g) + c𝜗V̇x + s𝜑s𝜗(𝜓̇ + Vx + V̇y)

s𝜑(V̇z + g) + c𝜑(𝜓̇ + Vx + V̇y)
c𝜑c𝜗(V̇z + g) + s𝜗V̇x − s𝜑c𝜗(𝜓̇ + Vx + V̇y)

⎤⎥⎥⎦ (13.5)

In (13.5), Δ𝜔(t) is such that Δ̇𝜔(t) = 𝜂Δ𝜔
(t) and represents the model of the offset of the gyro-

scopes, Δa(t) is such that Δ̇a(t) = 𝜂Δa
(t) and is the model of the offset of the accelerometers,

and 𝜂𝜔(t), 𝜂Δ𝜔
(t), 𝜂a(t) and 𝜂Δa

are zero-mean Gaussian white noises with variance 𝜎𝜔, 𝜎Δ𝜔
,

𝜎a and 𝜎Δa
, respectively. Further, 𝜂𝜔(t) and 𝜂Δ𝜔

(t) are assumed to be independent, and the
same holds for 𝜂a(t) and 𝜂Δa

. Finally, Vx, Vy and Vz are the longitudinal, lateral and vertical
velocities of the vehicle, while g is the gravitational acceleration.

It is worth mentioning that the vehicle attitude can be also defined with reference to the
road reference frame, which is a dextral, fixed coordinate system, the vertical axis of which
is always perpendicular to the road plane, and the yaw rotation with respect to the inertial
reference frame is null. In this case, the attitude angles are referred to as road attitude angles
and in what follows they will be indicated with the subscript r. A difference between the
Euler and road attitude angles arises in the presence of slopes and banks on the road, that act
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Figure 13.2 Schematic view of the attitude angles, adapted from (Boniolo et al. 2012). Reproduced
with permission from IEEE

on the inertial measurements as pitch and roll dynamics, respectively (Figure 13.2). Denot-
ing the road slope by 𝛼 and the bank angle by 𝛽, the inertial and road attitude angles are
related by

𝜑 = 𝜑r + 𝛽, 𝜗 = 𝜗r + 𝛼, 𝜓 = 𝜓r. (13.6)

From a practical viewpoint, the principal drawback of the inertial measurements provided by
a strap-down Inertial Measurement Unit (IMU) is that they provide information on the Euler
attitude angles, but it is not possible to gather separate knowledge of the road inclination and
of the road attitude angles. Thus, all the methods based on inertial measurements are affected
by errors introduced by the road inclination.

13.2.2 Experimental Set-up

The results to be presented were obtained from data measured on an instrumented sports
motorcycle, namely an Aprilia Tuono1000 Factory (Figure 13.3).

On the test vehicle, the following set of sensors was available: an IMU composed of
three single-axis silicon sensing micro electro-mechanical systems (MEMS) gyroscopes
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φ

Figure 13.3 Close-up of the electro-optical triangulator (a) and schematic view of the triangulation
principle used to measure the road roll angle with electro-optical sensors (b); picture of the test vehicle
(c) and close-up of the inertial measuring unit (d), adapted from (Boniolo et al. 2012). Reproduced
with permission from IEEE

(CRS-07), a three-axis ST-Microelectronics MEMS accelerometer (LIS3L02AS4) and two
Hall-effect wheel encoders with 48 teeth to measure the front and rear wheel rotational
speed. For comparison purposes, the real value of the lean angle was measured using
electro-optical techniques as (Figure 13.3) 𝜑r = arctan(d1 − d2∕L), where d1 and d2 are the
distances measured on the left side and on the right side of the vehicle, respectively, and L
is the mounting distance between them; see (Norgia et al. 2009) for more details.

The signals were logged with a sampling frequency of 100 Hz and filtered with a second-
order low-pass filter having a cut-off frequency of 7 Hz. The experimental tests were carried
out on the Enzo Ferrari circuit at Imola, Italy (Figure 13.4).

13.2.3 Accelerometer-Based Roll Angle Estimation

To start the presentation of the proposed estimation approach, let us recall that in steady-state
turning conditions the roll angle 𝜑 can be expressed as (Cossalter 2002)

𝜑 = arctan

(
𝜓̇Vx

g

)
. (13.7)
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Figure 13.4 Enzo Ferrari circuit in Imola, Italy, adapted from (Boniolo et al. 2012). Reproduced
with permission from IEEE

This expression is obtained considering that a motorcycle in turning conditions is subject
to a moment balance at the point of contact between the tyre and the road that defines the
lean angle of the vehicle (Cossalter 2002; Cossalter et al. 1999; Tanelli et al. 2009a). Note
that, in general, 𝜑 is an approximation of 𝜑r, as the two are equal only under the following
assumptions: (a) the motorcycle is running along a turn of constant radius at constant speed
(steady-state working conditions), and thus the gyroscopic effect is negligible (Cossalter
2002); (b) the track is plane; (c) the tyre thickness is null; (d) the rider’s COG is in the
principal symmetry plane of the motorcycle.

Further, note that, in steady-state cornering, the lateral and vertical accelerations given in
(13.5) reduce to

ay ≃ s𝜑g + c𝜑𝜓̇Vx (13.8)

az ≃ c𝜑g − s𝜑𝜓̇Vx. (13.9)

In turn, this implies

a2y + a2z ≃ g2 + 𝜓̇2V2
x , (13.10)

which yields

| ̇̂𝜓| =
√

(ã2y + ã2z ) − g2

V2
x

arctan

(
𝜓̇Vx

g

)
. (13.11)

Substituting (13.11) into (13.7), the absolute value of the roll angle 𝜑 can be obtained as

|𝜑̂| = arctan

(
(ã2y + ã2z ) − g2

g

)
. (13.12)

The main advantage of the estimate given in (13.12) is that it does not require the speed
measurement, and it is obtained using only two single-axis accelerometers.
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Figure 13.5 Detail of the estimation results obtained with the estimate in (13.12) in the experimental
tests on the Imola circuit, adapted from (Boniolo et al. 2012). Reproduced with permission from IEEE

Figure 13.5 reports a detail of the estimation results obtained by means of Equation (13.12)
in an experimental test on the Imola circuit. These tests disclosed the two main limitations
related to the estimate based on (13.12):

• The proposed algorithm is based on the assumption of steady-state conditions, and as
such the accuracy of the roll angle estimate lowers during transients.

• Typically, the acceleration signals measured on a motorcycle are affected by significant
noise due to the chassis vibrations. This makes it necessary to employ a low-pass filter
before using the signals for the estimation. As a consequence, the roll angle can be recon-
structed with the desired accuracy only for values of 𝜑r larger than 20∘ and for dynamic
variations only up to 0.5 Hz.

Under these constraints, the error-to-signal ratio∗ of the estimate obtained in the experi-
mental tests is 9% (consider that the ESR of the estimation method proposed in (Boniolo
et al. 2009b), which used four gyros and the speed signal, was 8%). This performance can
be regarded as appropriate for use with traction and braking control systems, which in gen-
eral need a threshold-based indication of the roll angle value (an estimation error up to 5∘,
compatible with the obtained performance, can be easily tolerated, as in general it translates
into a 1.5–2% variation of the wheel slip, that is within the natural oscillations exhibited
by the measured signals; see (Tanelli et al. 2009a)). Note, further, that traction and braking
controllers also need an estimate of the magnitude of the roll angle, based on which the
tyre–road forces vary, while the sign is not mandatory. The same holds true for roll-over
detection systems. However, it is interesting to investigate possible improvements to the
estimation obtained with (13.12) that may overcome the aforementioned limitations.

∗ The error-to-signal ratio is defined as the ratio between the mean square error of the estimation error 𝜑r − 𝜑̂ and the
mean square error of the reference signal, in this case 𝜑r . This cost function gives an indication of the effect of the
estimation error on the overall signal reconstruction performance.
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13.2.4 Use of the frequency separation principle

To provide a more accurate roll angle estimate, one can adopt the approach depicted in
Figure 13.6, which was first analysed in (Boniolo et al. 2009a, 2009b). It is based on the
idea of splitting the input inertial signals and the vehicle speed into an high frequency (sub-
script HF) and a low frequency (subscript LF) component, using a linear filter. This filter
is based on the frequency separation principle depicted in Figure 13.6: the filter extracts
the low frequency information about the variable to be estimated from one signal and the
high-frequency information from the other. These signal components are then processed
independently, after having been split by the frequency separation block and then, at each
sampling instant, the LF estimate 𝜑̂LF and the HF estimate 𝜑̂HF are added to build the final
roll angle estimate 𝜑̂. In this way, one expects to obtain a more accurate estimation over all
the frequency domain.

It should be noticed that, as underlined also in (Boniolo and Savaresi 2010), to extract
high and low frequency components without losing information, the two filters ought to
be complementary in the frequency domain sense: HPfilter(j𝜔) + LPfilter(j𝜔) = 1, ∀𝜔. This
ensures that no loss of information occurs at any frequency.

As can be seen in Figure 13.7, the estimate obtained from (13.12) can be used to reconstruct
the absolute value of the roll angle 𝜑̂LF, while its sign can be retrieved using the measurement
𝜔z obtained from a vertical gyroscope (note that if the sign of the roll angle is not relevant
for the considered application, this gyroscope is not needed). The HF component 𝜑̂HF is
then obtained by integrating the HF component of the body-fixed roll rate 𝜔x (note that the
HF components does not contain the bias term and thus does not pose a drift problem during
integration). The frequency separation block is made of a standard first-order high pass (HP)
filter with cut-off frequency fsp and of a summing junction that splits the signal into the LF
and HF components. Only the value of the parameter fsp must be tuned, and its value has
been determined to minimize the ESR of the final estimation error, yielding an optimal value
of fsp = 0.2 Hz.

To evaluate the performance of the overall approach, Figure 13.8 shows the roll angle
estimate: the ESR of the estimation amounts to 7.5%, thus yelding approximately a 20%
improvement while maintaining a low-cost sensor configuration.

ωz, LF ; ay, LF ; az, LF

ωx, HF 

φ̂LF 

φ̂HF 

φ̂

Low frequency
estimation

+

+
Frequency
separation

Input
measurements

- Accelerations
  (accelerometers)

- Angular sppeds (gyros)
   - Vehicle speeds (encoder)
   

High frequency
estimation

Figure 13.6 High-level architectural view of the proposed estimation algorithm, adapted from
(Boniolo et al. 2012). Reproduced with permission from IEEE
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Figure 13.7 Estimation of the LF component of the roll angle from lateral and vertical acceleration
measurements, adapted from (Boniolo et al. 2012). Reproduced with permission from IEEE
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Figure 13.8 Detail of the results obtained with the method shown in Figure 13.6 in the experimental
tests on the Imola circuit, adapted from (Boniolo et al. 2012). Reproduced with permission from IEEE

13.3 Vehicle Speed Estimation

If we consider the safety-oriented control of longitudinal vehicle dynamics–braking and
traction control–the application of the wheel slip control paradigm is widespread (Corno
et al. 2009; Panzani et al. 2013; Savaresi and Tanelli 2010; Tanelli et al. 2009a, 2009b): the
torque applied to the wheel is regulated in order to prevent excessive slipping of the wheel(s)
(Johansen et al. 2003; Petersen et al. 2003; Savaresi et al. 2007). According to its definition,
the wheel slip (usually referred to as 𝜆) is given by

𝜆 = 𝜔 R − 𝑣
𝜔 R

or𝜆 = 𝑣 − 𝜔 R
𝑣

, (13.13)

where R is the wheel radius, 𝜔 the wheel angular speed and 𝑣 the speed of the wheel centre
(that is, from another perspective, the vehicle longitudinal speed). The different definitions

www.EngineeringEBooksPdf.com



330 Modelling, Simulation and Control of Two-Wheeled Vehicles

above are applied, respectively, for the traction and the braking control problem, and lead to
a positive wheel slip in both cases. The wheel slip cannot be directly measured; in fact, while
for the wheel angular speed 𝜔 it has been already shown in (Bascetta et al. 2009; Bélanger
et al. 1998; Corno and Savaresi 2010; Savaresi and Tanelli 2010) how it is possible to have
accurate measurements by means of a shaft encoder, an accurate estimate of the vehicle
speed 𝑣 is very difficult to obtain; see (Jiang and Gao 2000; Ryu et al. 2002; Tanelli et al.
2008, 2009b), also on four-wheeled vehicles. There are several possibilities to directly and
precisely measure this quantity. The most widespread are as follows:

• Using optical sensors: they estimate the vehicle speed (longitudinal and lateral), applying
a correlation analysis between two subsequent photographs (Ator 1966). Although they
provide an accurate speed measurement, these systems are expensive. Moreover, they are
quite sensitive to weather, surface and light conditions.

• Using a GPS system (Ryu et al. 2002): in this case several drawbacks, such as the loss of
accuracy in speed estimation, for example in urban paths or in tunnels, or the high cost
of high accuracy/sampling GPS devices can be pointed out.

• Model-based velocity estimation: the existing methods are based on filtering techniques
and sensor fusion (Jiang and Gao 2000; Kobayashi et al. 1995; Semmler et al. 2002).
They have been shown to be rather successful in four-wheeled vehicles. The difficulties
of obtaining a control-oriented model for motorcycles has not, up to this point, allowed
the extensions of these methods to two-wheeled vehicles.

The aim of this section is to present innovative solutions for the estimation of vehicle
speed in traction control applications–based on the wheel slip control paradigm–by means
of standard vehicle low-cost sensors.

In traction control applications, the front wheel speed 𝑣f = 𝜔f Rf has been typically used
to estimate the vehicle speed 𝑣. As a matter of fact, as all motorcycles are rear wheel driven,
during traction no torque is applied at the front wheels and the wheel slip is thus negligible.
So the forward wheel speed 𝜔f Rf provides a good estimate of the vehicle speed 𝑣. Hence,
applying the wheel slip definition (13.13), the rear wheel slip can be expressed as

𝜆r =
𝜔r Rr − 𝜔r Rr

𝜔r Rr
. (13.14)

Equation (13.14) is usually referred to as relative slip , see (Tanelli et al., 2009). In the
scientific literature, this solution is proposed to estimate the longitudinal slip during traction.
However, in the last few years the standard motorcycle equipment has been experiencing an
important enrichment, following the path traced by four-wheeled vehicles. This is due, on the
one hand, to the decreasing cost of standard electronic devices, and, on the other hand, to the
increased awareness that more effective safety systems require more resources and dedicated
equipment. An inertial measurement unit (IMU), which measures acceleration and angular
rates, is now typically present on the newest generation of motorcycles. In Section 13.3.1,
we will show how the basic estimate 𝑣 = 𝜔f Rf can be considerably improved by exploiting
the longitudinal accelerometer signal ax.
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13.3.1 Speed Estimation During Traction Manoeuvres

In this section, the traction control oriented vehicle speed estimation is discussed. To this
end, a sensor fusion approach is undertaken: the wheel velocity and longitudinal accelerom-
eter measurements are fused to overcome their respective limitations. Particular attention is
devoted to obtaining reliable, easily implementable and cost-effective techniques that rely
on standard electronics and sensors. All the proposed methods are introduced and discussed,
before being experimentally validated on an instrumented sports motorcycle.

13.3.2 Experimental Setup

The proposed approach well suites a high-end sport motorcycle. The experimental vehi-
cle used to validate the vehicle speed estimation algorithm is equipped with the following
sensors:

• Front and rear wheel encoders. The motorcycle is equipped with two Hall-effect encoders
with 48 teeth; the angular wheel velocity is estimated using the 1∕ΔT method, reported
for example in (Corno and Savaresi 2010). It is worth noticing that the resulting speed
estimate is affected by considerable disturbances at high frequency. As shown in (Panzani
et al. 2012) it is not uncommon to measure a periodic high frequency noise related to the
wheel rolling frequency and its harmonics, caused by an eccentricity of the Hall sensor.
As a result, this algorithm provides an accurate estimation of the wheel velocity at low
frequency.

• A single-axis MEMS longitudinal accelerometer. Typically, acceleration measurements
are affected by low frequency noise and drift. The most important source of this noise
is the effect of gravity on the acceleration measurement due to a non-perfect horizontal
alignment of the measurement axis.

• An optical sensor that provides an accurate measurement of the vehicle velocity (with an
error lower than 0.1 km/h); this device is, however, very expensive and not available for
production vehicles; in this context, it has been employed as a reference to validate the
proposed method.

13.3.3 Vehicle Speed Estimation via Kalman Filtering and Frequency Split

Wheel encoders and longitudinal acceleration measurements show somewhat complemen-
tary characteristics from a frequency domain perspective. The wheel velocity measurement
is affected by high frequency noise; conversely, the accelerometer is affected by low fre-
quency noise and it carries most of the valuable information in the high frequency range.
The low frequency noise actually makes the open loop integration of the acceleration signal
impossible (this would cause a rapid drift in the estimated speed). This situation is rather
common in kinematic estimation problems (Boniolo and Savaresi 2010a; Euston et al. 2008;
Pascoal et al. 2000), and was discussed in Section 13.2 also for the roll angle estimation prob-
lem. Similarly to what was done in Section 13.2 to refine the estimate, a complementary filter
will be used to solve this problem.

Applied to vehicle speed estimation, the estimated speed is the sum of high and low fre-
quency components (respectively 𝑣hf and 𝑣lf ): the high-frequency component is obtained
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Figure 13.9 Block diagram representation of the frequency separation principle

by the integration of a high-pass filtered longitudinal acceleration ax. The low-frequency
component comes from the low-pass filtered front wheel speed 𝑣f = 𝜔f Rf .

According to the proposed approach (Section 13.2.4), the designer has two degrees of
freedom: the order of the high-pass filter, and its cut-off frequency. Most of the times, a
first-order high-pass filter is used and the cut-off frequency is experimentally tuned, giving

HPfilter(s) =
s

s + 𝜏
LPfilter(s) = 1 − HPfilter =

𝜏

s + 𝜏
, (13.15)

with 𝜏 being the location of the pole that has to be tuned. This approach is very intuitive, easy
and efficient to implement, but there is no guarantee of optimality, and tuning is essentially
a trial and error procedure.

In the following, we aim to prove that the frequency separation principle can be recast
into the wider class of Kalman filter estimators. Such an interpretation is advantageous for
several reasons.

• A more rigorous interpretation is given to the frequency separation principle, for which
the original idea stemmed from heuristic and intuitive reasoning.

• The Kalman filter approach sets the order of the filter to be used in the frequency separa-
tion scheme, thus fixing one of the degrees of freedom in the design of the vehicle speed
estimator.

• The choice of the filter cut-off frequency is no longer dependent on the experimental
tuning but depends, at least in principle, on the characteristic of the noise that is accounted
for by the Kalman filter approach.

To properly set the estimation problem within the Kalman filtering theory, a dynamic
model of the system is needed. To this end, the following equations are introduced

𝑣̇ = b + ax + 𝜂1
ḃ = 𝜂2

𝑣f = 𝑣 + 𝜀1. (13.16)

The first equation represents the relationship between vehicle speed (𝑣) and acceleration (ax)
(here considered as an input): in an ideal set, the vehicle speed derivative would be equal to
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the measured acceleration. A constant term b and a white noise disturbance 𝜂1 are added to
account for unmodelled dynamic and noise effects (such as mounting offset, pitch dynamics
and sensor drift). The offset dynamic is described as a Brownian motion driven by 𝜂2. The
output of the system is the front wheel speed, affected by a Gaussian measurement noise
modelled with the term 𝜀1. The following noise characteristics are assumed:

𝜂1∼  (0, q1), 𝜂2∼  (0, q2), 𝜀1∼  (0, r1)

The dynamic system can be written in the compact matrix form

ẋ = A x + B u +𝑤

y = C x + D u + 𝜀, (13.17)

where

x =
[
v o

]T
u = ax y = 𝑣f

A =
[
0 −1
0 0

]
B =

[
1 0

]T
C =

[
1 0

]
D = [0]

𝑤 ∼  (0,Q) 𝜀 ∼  (0,R) Q =
[

q1 0
0 q2

]
R = [r1].

The steady-state Kalman filter is

̇̂x = Ax̂ + B u + K(y − C x̂), (13.18)

where K is the Kalman gain, that is computed according to

K = P CT R−1. (13.19)

Since the steady-state filter is here considered, P is the symmetric positive semi-definite
covariance matrix that satisfies the associated algebraic Riccati equation (ARE), which can
be solved symbolically. Let us define

P =
[
𝛼 𝛽

𝛽 𝛾

]
,P > 0,

where 𝛼, 𝛽 and 𝛾 are unknown constants. The ARE equation results in

0 = − 1
r1

[
𝛼2 𝛼𝛽

𝛼𝛽 𝛽2

]
+
[
−2𝛽 −𝛾
−𝛾 0

]
+
[

q1 0
0 q2

]
, (13.20)

the solution of which yields

𝛼 =
√

q1 r1 + 2r1
√

r1 q2

𝛽 = −
√

r1 q2 (13.21)

𝛾 = −𝛼𝛽
r1
.
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The final expression of the Kalman filter will be

̇̂x = (A − KC)x̂ + B u + K y.

The filter outputs are the estimate of the vehicle speed and the sensor time-varying offset,
while its two inputs are the longitudinal acceleration (through vector B) and the front wheel
velocity (through vector K), i.e.,

K = 1
r1

[
𝛼

𝛽

]
,

where 𝛼 and 𝛽 depend only on the white noise variance. The complete filter can be written
as

̇̂x = (A − KC)x̂ + B ax + K𝑣f = Ãx̂ + B ax + K𝑣f =

=
⎡⎢⎢⎢⎣
− 𝛼

r1
−1

− 𝛽
r1

0

⎤⎥⎥⎥⎦ x̂ +
[
1
0

]
ax +

⎡⎢⎢⎢⎣
𝛼

r1
𝛽

r1

⎤⎥⎥⎥⎦ . (13.22)

The state-space expression of the Kalman filter (13.22) can be easily recast into an I/O
representation, where the two inputs are the front wheel speed and the vehicle acceleration,
and the single output of interest is the vehicle speed. In particular, the relationship between
the longitudinal acceleration and the vehicle speed estimate is given by

V̂ax(s) =
s

s2 + 𝛼

r1
s − 𝛽

r1

Ax(s), (13.23)

While that between front wheel speed and vehicle speed estimate is of the form

V̂vf (s) =

𝛼

r1
s − 𝛽

r1

s2 + 𝛼

r1
s − 𝛽

r1

Vf (s). (13.24)

Analysing expressions (13.23) and (13.24), it can be seen that the overall Kalman filter
estimate can be represented with the block diagram shown in Figure 13.9 with

HPfilter(s) = sV̂ax(s) =
s2

s2 + 𝛼

r1
s − 𝛽

r1

, LPfilter(s) = V̂vf (s) =

𝛼

r1
s − 𝛽

r1

s2 + 𝛼

r1
s − 𝛽

r1

. (13.25)

From the above expressions a complementary second-order filter is easily recognized
(notice that HPfilter(j𝜔) + LPfilter(j𝜔) = 1,∀𝜔). It has thus been shown that the frequency sep-
aration principle–and its complementary filter application–can be interpreted as a Kalman
filter estimation technique. It is interesting to notice that for the complementary filter to be
optimal for system (13.16), it has to be implemented as a second-order filter. Furthermore,
expression (13.21) provides the optimal tuning for the parameters of the low- and high-pass
filters.
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13.3.4 Experimental Validation

To test the effectiveness of the proposed estimators, data from an instrumented sports motor-
cycle has been used. Figure 13.10 compares the estimated velocity with a more traditional
low-pass filter (i.e., a low-pass filter using only the front wheel velocity tuned to have the
same noise rejection properties), during a sudden motorcycle acceleration (from approxi-
mately 78 km/h). This manoeuvre helps to appreciate the effect of the high-frequency cor-
rection brought by the acceleration signal: it helps smoothing the front wheel measurement,
removing the effect of the noise without introducing phase lag. Conversely, the solution
based only on the front wheel introduces a considerable amount of phase lag. The advan-
tages of the proposed data fusion in terms of noise filtering are better appreciated in Figure
13.11, where the Kalman filter estimate and the measured velocity during an acceleration at
high speed are depicted, together with the squared estimation error. As can be seen, the pro-
posed sensor fusion method considerably reduces the estimation error without introducing
phase lag: almost a 10-fold reduction of the squared estimation error is obtained.

It is also interesting to consider the difference between the optimal second-order comple-
mentary filter and the first-order one (Figure 13.12). Since the same cut-off frequency has
been used for both filters, both first- and second-order estimates show a similar noise sup-
pression level, but the first-order estimate exhibits a low-frequency estimation error due to
the non-correct filtering of the low-frequency bias affecting the accelerometer.
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Figure 13.10 Track test comparison between different speed signals (top plot): measured vehicle
speed, front wheel speed, low-pass filtered and estimated vehicle speed; high-frequency estimate com-
ponent constructed from the longitudinal acceleration (bottom plot)
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13.4 Suspension Stroke Estimation

In motorcycle applications, the suspension stroke measure represents key information for
control systems such as the traction control and semi-active suspension control systems. The
knowledge of the stroke suspension is the basis for many strategies of semi-active suspension
control existing in the literature (Hrovat 1997; Poussot-Vassal et al. 2012; Savaresi et al.
2010b). Furthermore, the measure of the front suspension elongation helps to detect the
wheelie phenomenon (Panzani et al. 2013) and thus it is helpful in traction control systems.

One of the most common solution for the stroke measurement is the use of a linear poten-
tiometer placed in parallel to the suspension itself. This kind of solution is able to provide
an exact measure of the stroke, but it suffers from a low reliability due to its weakness in
intensive usage and to the adverse road and weather conditions. For this reason, the search
for alternative solutions has been of interest for both academic and industrial researchers.
The research focused mainly on solutions oriented to the stroke speed estimation based on
the use of accelerometers and Kalman filtering (Delvecchio et al. 2011; Koch et al. 2010).
On the one hand, the use of accelerometers leads to a reliable solution for industrial appli-
cations, while on the other hand it suffers from the impossibility of estimating the absolute
value of the stroke (unless a specific zeroing system is available). Note that this kind of
information would be of interest in the case of end-stop management (Spelta et al. 2011).

This section presents a system to estimate the absolute stroke of a suspension, based on the
information of the pressure and temperature of the gas included in the damper compensation
chamber. In fact, it can be shown that a suspension elongation is strictly related to the gas
physical conditions of the compensation chamber. The estimation procedure, based on the
adiabatic transformation assumption, is able to guarantee a level of accuracy adequate for
semi-active suspension control. Some experimental results are also presented to demonstrate
the effectiveness of the proposed solution.

13.4.1 Problem Statement and Estimation Law

The suspension system on a motorcycle generally includes a hydraulic shock absorber as
represented in Figure 13.13. The shock absorber includes two parts: a tube filled with a fluid
(usually an oil) and a piston attached to a rod moving up and down in the fluid. The tube is
linked to the wheel, and the piston rod is linked to the vehicle chassis. The damping effect is
achieved by the viscosity of the fluid flowing through the valves of the piston rod. The varia-
tion of the suspension elongation is related with the variation of the volume of the piston rod
within the tube. As the fluid is incompressible, this volume variation must be compensated
by an air-spring, usually called compensation chamber. Therefore the gas volume, and thus
the gas pressure and temperature, may vary due to the piston rod movements. The relation-
ship between suspension elongation and the gas volume in the compensation chamber can
be exploited for the estimation of the stroke suspension (this idea was first introduced by
Savaresi et al. 2009).

To define the mathematical relationship between the stroke suspension and the internal
gas status, consider the following assumptions:

• The gas in the compensation chamber can be viewed as a perfect gas. Note that this kind
of assumption is common to describe the air behaviour.
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Figure 13.13 Description of a hydraulic damper with pressure/temperature sensor embedded in the
compensation chamber

• The air chamber is adiabatically isolated from the surrounding environment. This kind of
assumption sounds reasonable as the suspension dynamics (thus the gas dynamics) are
much faster than the heat exchange dynamics between the chamber and the environment.

• Although the separating piston can be subjected to some non-uniform deformations, the
volume of the air chamber can be assumed as cylindrical.

Under the aforementioned assumptions, the equations describing the relationship between
the suspension stroke and the gas pressure are

pV = kT (13.26)

pV𝛾 = p0V0 (13.27)

V = r2𝜋(h − az), (13.28)

where p, V and T are the pressure, volume and temperature of the gas respectively, and k is
a constant gain, depending on the gas mass. The constant 𝛾 is the adiabatic constant of the
gas (for air, 𝛾 = 1.4), while p0 and V0 are the gas pressure and the gas volume, respectively,
in a specific nominal condition. Further, r is the diameter of the damper, z is the suspen-
sion compression, h is the air chamber height, while the compression of the suspension is
null (fully extended shock absorber) and 𝛼 is the ratio between the stroke compression and
the resulting air chamber compression due to the compensation of the piston rod volume.
Equations (13.26)–(13.28) can be solved as a function of z, namely

z = (h − 𝛼z0)
(

P0

P
T
T0

)1∕𝛾

, (13.29)

where z0 represents the value of the stroke in relation to a known condition (V0, p0).
Equation (13.29) may represent the stroke estimation based on the pressure and temperature
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of the compensation gas spring. By inspecting (13.29), the following remarks can be
made:

• T and P are the measures coming from the sensors installed on the compensation chamber.
• T0, p0 are the gas pressure and the gas temperature measured for a known suspension

stroke z0. In practice, during an end-of-line procedure, the suspension elongation can
be mechanically set at the nominal condition z0, then the gas pressure p0 and the gas
temperature T0 can be measured and saved. Usually, a simple nominal condition is given
by the fully extended damper, namely z0 = 0.

• h and 𝛼 are internal mechanical parameters of the damper. Note that, since the estimation
given by (13.29) is linear with respect to h and 𝛼, these can be identified with a regression
of the experimental data.

13.4.2 Experimental Results

The experimental tests to assess the performance of the proposed approach were carried out
on a hypersport motorcycle. Specifically, the considered experimental set-up is the following
(Figure 13.14):

• A combined temperature–pressure sensor was installed in proximity to the compensation
chamber of one leg of the front fork (Figure 13.14). The sensor is distributed by Bosch
GmbH (Germany) for automotive applications (part number: AZ0261230). Its range is
0–3 bar.

• A linear potentiometer was installed in parallel to the front suspension, in order to have
the correct information of the suspension stroke. This sensor is a 150 mm SLS 130 poten-
tiometer by Penny and Giles Ltd (UK).

Figure 13.14 Installation of the pressure/temperature sensor on the front shock absorber in a
motorcycle
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• The signals of the gas temperature, the gas pressure and of the potentiometer are acquired
by a data acquisition system with a 12-bit resolution and 1 kHz sampling frequency by
e-Shock SRL (Italy)

The vehicle with the sensor and the data acquisition system was tested during standard
driving conditions. An example of the data acquisition is shown in Figure 13.15. Note that,
as expected, the temperature variation shows a dynamic much slower than the dynamics
of the stroke sensor. The test was repeated several times: part of the dataset was used for
the parameter identification of (13.29); part of the dataset was exploited for the validation
of the estimation rule. The data was evaluated by the numerical evaluation and optimization
of the following cost function

JS =
∑n

i=0 (z(i) − ẑ(i))2∑n
i=0 (z(i))2

,

where z and ẑ are the measured and estimated stroke, respectively. Note that index Js stands
for the error-to-signal ratio of the stroke elongation estimation. For evaluation purposes, the
following cost function is also introduced:

JV =
∑n

i=0
(
ż(i) − ̂̇z(i)

)2∑n
i=0 (z(i))2

,

where ż and ̂̇z are the measured and estimated stroke speed, respectively. Note that, similarly
to index JV , index Js represents the error-to-signal ratio of the stroke elongation estimation.

Figure 13.16 shows the experimental comparison between the acquired data (from the
potentiometer) and the estimated data given by (13.29) fed by the combined pressure–
temperature sensor. To improve the validation of the estimation rule, the stroke speed infor-
mation was also reported. Note that this kind of measure is given by the numerical derivation

460 470 480 490 500 510 520 530 540
45

50

55

 (
m

m
)

460 470 480 490 500 510 520 530 540
−200

0

200

(m
m

/s
e

c
)

460 470 480 490 500 510 520 530 540
1

1.5

(b
a

r)

460 470 480 490 500 510 520 530 540
323

324

325

Time (s)

K

Figure 13.15 Data Acquisition. From top to bottom: stroke displacement; stroke speed; gas pressure;
gas temperature

www.EngineeringEBooksPdf.com



Estimation Problems in Two-Wheeled Vehicles 341

20 20.5 21 21.5 22 22.5 23 23.5 24 24.5 25
0

50

(m
m

)

20 20.5 21 21.5 22 22.5 23 23.5 24 24.5 25
−10

0

10

(m
m

)

20 20.5 21 21.5 22 22.5 23 23.5 24 24.5 25

−500

0

500

(m
m

/s
e

c
)

20 20.5 21 21.5 22 22.5 23 23.5 24 24.5 25
−50

0

50

Time (s)

(m
m

/s
e

c
)

experimental data estimated data

Figure 13.16 Experimental results. Comparison between experimental data and estimated data (dot-
ted line). From top to bottom: stroke elongation; estimation error of the stroke elongation; stroke speed;
estimation error of the stroke speed

of the stroke elongation measure, compared with the numerical derivation of the stroke elon-
gation estimation. By inspecting Figure 13.16, some considerations can be made:

• The estimation of the stroke of the shock absorber can be considered as accurate. Both
the stroke elongation and the stroke speed are well described by the estimated signals.

• The error of the stroke elongation estimation is within 5 mm; the performance index is
Js = 3.45%. The error of the stroke speed elongation is within 20 mm/sec.

• The accuracy of the estimation suggests the correctness of the adiabatic assumption.

Remark 1 (On the temperature sensor) As already mentioned, the temperature signal
features a dynamic much slower than the pressure signal dynamic (Figure 13.15). For a
safe motorcycle usage, the range of the environmental temperature might be in the range
0–40∘C equal to a range of about T = 273 − 313K. By considering a nominal temperature
of 20∘C (T0 = 293K) the ratio T∕T0 can be considered as unitary, thus the temperature
signal is negligible. Under this assumption the estimated stroke elongation is given by

z = (h − 𝛼z0)
(

P0

P
T
T0

)1∕𝛾

≈ z = (h − 𝛼z0)
(

P0

P

)1∕𝛾

. (13.30)

To assess the validity of the simplified solution given by (13.30), some on-road tests were
carried out. These were performed in several environmental conditions. The estimation per-
formances in terms of indexes Js and J𝑣 are shown in Figure 13.17, which compares the
achievable results with the estimation rule (13.29), and the results achieved by the estimation
rule (13.30). As expected, in the case of lack of the temperature information, the estimation
performance degrades. This is a clear trade-off between the complexity of the system and
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Figure 13.17 Estimation performance in the case of combined pressure-temperature sensor (left)
and in the case of pressure sensor only

the achievable results. However, the overall performances suggest that the simple use of a
pressure sensor can be an interesting solution for industrial applications.

13.5 Conclusions

This chapter presented three estimation problems that are relevant for control systems design
of two-wheeled vehicles. Specifically, an effective approach for the estimation of the roll
angle of the vehicle starting from a very limited set of sensors was presented, and its valid-
ity assessed on experimental data measured on the Imola circuit. Further, the longitudinal
speed estimation was considered, and the problem was solved for traction manoeuvres, again
proving the effectiveness of the method on a test vehicle. Finally, the problem of estimating
the suspension stroke was addressed, and an innovative solution based on measurements of
the pressure and temperature of the gas in the damper compensation chamber was discussed
and validated on an instrumented motorcycle.
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Rotational Ground-Hook, 254
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Rotational Sky-Hook, 253
Sky-Hook, 252, 279
underactuation, 293

Driver
assistance systems, 192
grip force, 164
seat contact force, 164

Driving torque
see also, Traction

torque, 203

Electronic throttle, 60
control, 74
position, 62, 201

Engine, 88
ignition spark, 62
sound, 188
spark advance, 62, 201

control, 74
torque, 62, 86, 201

Frame compliance, 37

Generalized velocity, 47

Handlebar, 4
Hardware-in-the-loop, 185
Human Machine Interface (HMI), 192

Inertial Measurement Unit (IMU),
61, 324
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Lean angle
see, Roll

angle, 227

Maneuver
𝜇-jump, 260
“8”-shape trajectory, 304
autonomous, 43
coasting down, 61
constraint, 86, 123
control, 84
definition, 123
feasible, 124
high-side, 41, 264
kick-back, 40
kickback, 262
leaning kickback S, 262
low-side, 260
optimal, 85, 120
panic brake, 258
preview, 193
regulation, 107
safest, 120
slalom, 190
stoppie, 5, 90, 171
time, 126
wheelie, 5, 90, 171

Mass
quarter-car, 202
unsprung, 4

Model identification
experiment

frequency-sweep input, 62, 281
pseudo-random excitation, 275
sinusoidal input, 273
step input, 62

experimental, 59
Input/Output, 61
Kalman filter, 332
parameter estimation, 248
spectrogram, 62

Motorcycle
see Two-wheeled vehicle, 3
autonomous, 43

Pitch
angle, 3

Powered two-wheeler, 199
see Two-wheeled vehicle, 59

Rider
ability, 124
biomechanical model, 155
control action, 184
frequency response, 168
hip shake, 176
human body model, 163
impedance, 39
limit, 128
lower body, 39
modal properties, 39
muscular tension, 176
passive mobility, 37
perception, 192
physical strenght, 176
preference, 120
sensation, 191
skill, 120
upper body, 39
virtual, 85, 102, 120

Road
plane, 4

Roll
angle, 3, 6, 48, 125, 299

estimation, 320
observer, 321

dynamics, 49
rate, 125

Simulator, 183
audiovisual cues, 186
Bikesim, 244
mock-up, 183
riding, 183
SIMPACK, 161
tuning, 188
VehicleSim, 225
virtual scenario, 188
visual scenario, 188
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Speed
longitudinal, 62

Steer
inertia, 248

Steering
angle, 6, 48, 244, 305
axis, 4
compensator, 221

inerter, 229
control, 243
damper

passive, 245
semi-active, 245

damping coefficient, 244
dynamic model, 245
instability, 243
mechanism, 47
system, 130
torque, 184, 244
virtual, 49

Suspension, 13
control, 271

comfort-oriented, 277
handling-oriented, 277

damper, 13
electro-hydraulic, 271
electro-rheological, 273
magneto-rheological, 273
passive, 272

damping force, 273
equivalent damping, 16
equivalent stiffness, 16
front, 13

telescopic fork, 14
preload, 16
rear, 13

cantilever mono-shock, 15
swingarm, 15

semi-active, 271
spring, 13
stroke, 281
stroke measure estimation, 337

Traction
control, 59, 199
control system, 203

force, 51, 115
Trajectory

control, 297
curvature, 6, 86, 167
curvature profile, 91
minimum time, 86
optimization, 104
tracking, 107
turning radius

see, curvature, 6
Two wheeled vehicle

dynamics
in-plane, 62

Two-wheeled vehicle
model

linearized, 124
degree of freedom (DOF), 4
dynamics, 3, 123

bounce mode, 18
burst oscillation, 222
capsize mode, 33, 222
chatter, 27
countersteering, 29
engine to slip, 59
engine-to-slip, 24
hop mode, 18
in-plane, 18
out-of-plane, 18
oversteering, 31
pitch mode, 18
roll equilibrium, 29
spark-to-slip, 69
understeering, 31
weave mode, 33, 176, 221, 243
wobble mode, 33, 176, 221, 243

kinematics, 3
attitude, 323
caster angle, 5, 47
normal trail, 5, 248
wheelbase, 5

model
black-box, 64
full-vehicle, 21
half-vehicle, 19
Lagrangian, 48
mathematical, 44, 224
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Two-wheeled vehicle (continued)
multibody, 19, 161
non-holonomic, 115
point mass, 90
rigid bodies, 35
single corner, 202
sliding plane motorcycle, 102

powertrain, 22
transmission, 75

Two-wheeleed vehicle
kinematics

normal trail, 128
Tyre, 6

absolute slip, 72
Burckhardt force model, 10
camber angle, 7
combined slip, 11
deflection, 288
effective rolling radius, 8
lateral slip, 7, 51, 87
lateral velocity, 8
longitudinal slip, 7, 51, 62, 87, 302
longitudinal velocity, 8
Pacejka force model, 9, 87, 185
piecewise linear model, 52
radial deflection, 7
relative slip, 72
relaxation dynamics, 13, 185, 225
rolling radius, 61
rolling resistance moment, 7
Side slip angle, 302
sideslip angle, 11, 51, 87
spin rate, 7, 8

stiffness, 248
yawing moment, 7

Tyre-road
contact force, 7

lateral, 7, 53, 86
longitudinal, 7, 53
vertical, 7, 53, 203

frictional force
see also, contact force, 52

kinematics, 51
longitudinal friction coefficient, 203
overturning moment, 7
surface, 78

Velocity
lateral, 125
longitudinal, 203

estimation, 331
optimal profile, 90

computation, 99
see also, speed, 90

Wheel
encoder, 60
front, 4
rear, 3
slip control, 205
slip reference generation, 208

Yaw
angle, 3
inertia, 248
rate, 125
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